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We provide a constitutive model of semiflexible and rigid amyloid fibril networks by combining the
affine thermal model of network elasticity with the Derjaguin-Landau-Vervey-Overbeek (DLVO) theory of
electrostatically charged colloids. When compared to rheological experiments on β-lactoglobulin and
lysozyme amyloid networks, this approach provides the correct scaling of elasticity versus both
concentration (G ∼ c2.2 and G ∼ c2.5 for semiflexible and rigid fibrils, respectively) and ionic strength
(G ∼ I4.4 and G ∼ I3.8 for β-lactoglobulin and lysozyme, independent from fibril flexibility). The pivotal
role played by the screening salt is to reduce the electrostatic barrier among amyloid fibrils, converting
labile physical entanglements into long-lived cross-links. This gives a power-law behavior of G with I
having exponents significantly larger than in other semiflexible polymer networks (e.g., actin) and carrying
DLVO traits specific to the individual amyloid fibrils.
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Amyloid fibrils are β-sheet rich supramolecular polymers
resulting from the self-assembly of proteins or peptides
[1,2]. In vivo they rarely exist as isolated single filaments,
but they rather further entangle into percolating networks
first and amyloid plaques and deposits afterwards, all with
multiple characteristic length scales [1,3]. These structures
initially identified in nature, in the context of pathological
protein-prone neurodegenerative diseases, have also been
discovered as key functional components in biological
organisms ranging from bacteria to humans [1,4,5].
Artificial variants of these systems are now also emerging
as functional materials for the design of ultralight aerogels,
drug delivery platforms, cell scaffolds, artificial bones,
degradable films, solar energy conversion, and water puri-
fication [6,7]. Many of these applications depend strongly
on the structural and mechanical properties of the amyloid
fibril networks [7,8]. Yet, compared to other biological
networks, such as elastin for example, the structure-
properties relationship in amyloid networks, and how
physical properties of the individual fibrils are reflected at
larger scales, is significantly less established. A theoretical
framework to describe the elasticity of semiflexible or rigid
networks has been developed over the last two decades,
primarily to study actin gels [9–15]. These approaches have
been particularly successful to describe the dependency of
elasticity on polymer concentration, chain flexibility
[15,16], cross-linking procedure [12–14], and cross-linking
density [15]. Other factors, such as the connectivity archi-
tectures [11], the affinity and size of cross-linker [10], and
the deformation nature (affine or nonaffine) [9], have also
been studied. The predicted elasticity dependencies above
have been validated primary against actin [9–15], collagen
[17], fibrin [18], and intermediate filaments networks

[19,20], all systems with moderate surface charge density
and exhibiting a relatively low rheological dependence on
ionic strength [12,19–21]. Therefore, it is still unclear
whether the same description can be adopted to study other
biological networks of stiff and semiflexible polymers, such
as amyloid fibrils, where the nature of physical interactions
among individual filaments can be significantly different as
a result of the complex interplay between Derjaguin-
Landau-Vervey-Overbeek (DLVO) [22,23], hydrophobic,
and hydrogen bonding interactions. Indeed, although pre-
vious works demonstrated the formation of hydrogels from
mature amyloid fibrils by the addition of sodium chloride
[24], alteration of pH and addition of calcium [25], or
thiolation [26], the quantitative analysis on the network
elasticity is still not clearly described, nor it is understood
how the elasticity of amyloid fibril networks is ruled by
intrinsic and extrinsic factors, such as chain flexibility,
contour length, ionic strength, etc. A proper physical
understanding of the basis of amyloid networks elasticity
would not only shed light on the fundamentals, but also
foster the expanding field of applications of amyloid fibrils
in nanotechnology. Here, we investigate the elasticity of
amyloid fibril networks from β-lactoglobulin and lysozyme
at different fibril concentrations, chain flexibilities, and
contour lengths. We use ionic strength to modulate the
strength of filament-filament interactions and we show that
the theoretical background of the elasticity of semiflexible
or rigid networks, when duly combined with the DLVO
theory to quantify the interaction strength, provides a robust
framework to describe the elasticity of amyloid hydrogels
in a very broad window of experimental conditions.
We use β-lactoglobulin fibrils as the first model amyloid

network because these fibrils have been both deeply
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characterized at the single fibrils level [27] and used in a
number of highly promising applications already [28–30].
Individual β-lactoglobulin amyloid fibrils possess semi-
flexible multistranded twisted ribbonlike structures, with
an average diameter ∼4 nm, a contour length L spanning
several micrometers, and a persistence length lp ∼ 2 μm
[27]. Furthermore, these fibrils can be, under specific
conditions, structurally modified into fully rigid fibrils
[31]. The nature of the network is complex: Loveday et al.
demonstrated that β-lactoglobulin or whey protein isolate
monomer could form fibrillar hydrogels in the presence
of salt by heating at low pHs, as a result of simultaneous
fibrillization and cross-linking of protein monomers [32].
β-lactoglobulin was purified according to previous proto-

cols [33], and then a 2 wt% protein solution was heated at
pH 2 and 90 °C for 5 h under stirring to produce mature
semiflexible amyloid fibrils; these same fibrils were further
homogenized in order to prepare rigid fibrils [31]. The
structural information of individual fibrils was examined
byatomic forcemicroscopy (AFM) and analyzed byour open
source software FiberApp [34]. Elastic modulus G0 and loss
modulus G00 of fibril hydrogels were monitored by a stress-
controlled rheometer with a cone-plate geometry. An applied
strain of 1.0%was used to ensure that all measurements were
in the linear elastic regime. Different fibril concentrations
were obtained either by diluting a 2 wt% fibril solution with
pH 2Milli-Qwater or by concentrating the same solution by
airflow. Ionic strengthwas adjusted by the addition of sodium
chloride, potassium chloride and calcium chloride.
AFM imaging of mature β-lactoglobulin amyloid fibrils

[Fig. 1(a)] shows multistranded fibrils with an average

contour length hLi ¼ 2137 nm and persistence length lp ¼
2438 nm (see Supplemental Material [35]). Figure 1(b)
shows an AFM image of shortened fibrils with hLi ¼
366 nm [35]. The fibril flexibility can be quantified by
comparison of L and lp. A fibril is considered to be flexible
when lp ≪ L, rigid when lp ≫ L, and semiflexible when
lp ≈ L [34]. Therefore, the mature and short fibrils can be
classified as semiflexible and (approximately) rigid fibrils,
respectively.
The gelation condition of both fibrils was identified by

altering the fibril concentration c and ionic strength I, as
shown in the phase diagrams [35]. Transparent (at low ionic
strengths, ca. I < 50 mM NaCl) and translucent (at high
ionic strengths, ca. I > 135 mM NaCl) solutions are
observed for both fibrils, which is consistent with the
phase diagram of semiflexible fibrils in the previous study
[24]. The elasticities of both fibril gels were investigated
by rheological measurements in the ionic strength range of
50–110mMNaCl. Figure 1(c) shows the frequency sweep of
a representative semiflexible fibril hydrogel. Clearly, G0
exceedsG00 and is nearly frequency independent, suggesting
the amyloid fibril network is typically elastic. In comparison,
the rigid fibrils showed a relativelyweaker elastic behavior at
identical c and I [Fig. 1(d)]. This can be explained by the
lower number of cross-linking points at the same total fibril
contour length for shorter fibrils. The network elasticity,
plateaumodulusG0, was characterized by studying the value
of G0 at frequency 1 rad=s. The graphical representation
outlined by summarizing G0 at different I and c shows that
the elasticity of amyloid fibril networks can be tuned over 2
orders of magnitude, at least [35].
To systematically study the origin of the elasticity, for

both semiflexible and rigid fibrils, we plot the G0 depend-
ency on I at fixed c and the other way around. Amyloid
fibril hydrogels show increasing G0 with raising I. From
previous studies, it is known that the addition of sodium
chloride in mature fibrils does not alter their morphology
[37], inferring that the increase in G0 arises from the
alteration of the network structures instead of the properties
of individual fibrils. Quantitative analysis shows an average
power law G0 ∼ I4.4�0.2 [Fig. 2(a)], i.e., a characteristic
exponent much higher than those of other filament
networks cross-linked by the divalent ions or specifically
binding proteins, such as vimentin filament in calcium or
magnesium (with an exponent of 0.51) [19], neurofilament
in magnesium (with an exponent of 0.60) [20], and actin
filament in scruin or fascin (with an exponent of 1.5–2.0)
[12,21]. This unexpected finding implies a different mecha-
nism for the percolating amyloid fibril network on addition
of sodium chloride, as discussed further below. Figure 2(b)
further examines the G0 dependency on c at fixed I, and an
average scaling law G0 ∼ c2.2�0.1 is found, i.e., in good
agreement with the theory of cross-linked networks pre-
dicting 2.2 for semiflexible polymers [12,13,15] and with
other experimental studies such as the cross-linked actin or

FIG. 1. AFM images and frequency sweeps of β-lactoglobulin
amyloid fibrils. AFM images of (a) semiflexible and (b) rigid
fibrils. Elastic modulus G0 and loss modulus G00 of (c) semi-
flexible and (d) rigid fibrils at fibril concentration c ¼ 2 wt% and
ionic strength I ¼ 110 mM NaCl.
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intermediate filament (exponent 2.0–2.5) [19–21], collagen
(exponent 2.2–2.4) [17], fibrin (exponent 2.2) [18], stiff
DNA (exponent 2.3) [38], and synthetic peptide filament
networks (exponent 2.2–2.7) [39].
For rigid fibrils, scaling behaviorsG0 ∼ I4.4�0.2 andG0 ∼

c2.4�0.1 are found, as displayed in Figs. 2(c) and 2(d). In this
case, G0 exhibits a slightly stronger dependency on c
compared to semiflexible ones and above the exponent of
infinitely stiff or pure rod, predicted to be two [16]. Yet, the
exponent still falls into the range of the scaling exponents for
the cross-linked network, as mentioned above. In contrast,
the G0 dependencies on I are identical for both fibrils,
indicating that the mechanism for cross-linking the amyloid
fibril networks followed by the monovalent salt does not
depend of fibril length and flexibility. Furthermore, replacing
NaClwithothermonovalent (KCl) and divalent (CaCl2) ions,
does not produce significant changes in either the power law
or the experimental exponent [35], pointing at pure electro-
static and not ion-specific effects. Normalizing G0 by the
fibril concentration dependency c2.2 for semiflexible fibrils
and c2.4 for rigid fibrils results in a collapse of all data points
on one singlemaster curveG0 ∼ I4.4 [Fig. 3(a)].Normalizing
G0 by the ionic strength dependency I4.4 produces themaster
curves, respectively, for semiflexible G0 ∼ c2.2 and rigid
G0 ∼ c2.4 fibrils [Fig. 3(b)]. The good overlaps further
validate the scaling dependencies of G0 on I and c.

For gelled amyloid fibril systems, G0 is larger than G00,
exhibiting no crossover in the investigated frequency range
(0.1–100 rad=s). This kind of rheological behavior suggests
the fibril networks have a large characteristic relaxation
time, implying the cross-linking parts of the networks are
long-lived junctions and not simple entanglements [40].
Moreover, G0 for entangled networks has a much weaker
dependency on c, as verified by both rheological measure-
ments and theoretical considerations: an exponent of 1.4
was first found by Isambert and Maggs [41]. In contrast, the
dependencies of G0 on c for the amyloid fibril networks
here are very similar to those predicted for the cross-linked
networks [12,13,15]. It is important to note, however, that
the fibril hydrogels in the present investigation are purely
physical networks; no chemical cross-linking strategy is
involved or has been added during the formation of amyloid
fibril networks. Based on the unexpectedly high scaling
exponent of G0 on c and I, it becomes plausible to expect
that the amyloid fibril hydrogels become, at least in the
accessible frequency domain, lastingly cross-linked upon
salt addition. In other words, ions mediate attractive inter-
actions between the positively charged fibrils, which once in
contact with each other, become cross-linked analogous to
chemically cross-linked networks. With this in mind, the
affine thermal model developed by MacKintosh et al. [15]
andWeitz and co-workers [12,13] can be applied, with some
needed modifications, also to the present amyloid network
in the presence of salts. In the affine thermal model, the
elasticity can be expressed as [12,13,15]

G0 ∼
κ20

kBTξ2l3c
; ð1Þ

FIG. 2. Elastic modulusG0 of β-lactoglobulin fibril networks at
different ionic strength I and fibril concentration c. Semiflexible
fibrils: (a) G0 versus I at fixed c; the solid lines indicate a scaling
of G0 ∼ I4.4; (b) G0 versus c at fixed I; the solid lines indicate a
scaling of G0 ∼ c2.2. Rigid fibrils: (c) G0 versus I at fixed c; the
solid lines indicate a scaling of G0 ∼ I4.4; (d) G0 versus c at fixed
I; the solid lines indicate a scaling of G0 ∼ c2.4.

FIG. 3. Normalized G0 of β-lactoglobulin fibril networks.
(a) G0 are normalized by G0 ∼ c2.2 (semiflexible fibrils) or G0 ∼
c2.4 (rigid fibrils) with reference to G0 at c ¼ 4 wt% showing an
identical scaling law G0 ∼ I4.4 for both fibrils; the symbols for
different fibril concentrations are identical to those in Figs. 2(a)
and 2(c). (b) G0 are normalized by G0 ∼ I4.4 with reference to G0

at I ¼ 110 mM. The scaling exponents of 2.2 and 2.4 are,
respectively, for semiflexible and rigid fibrils; the symbols for dif-
ferent ionic strengths are identical to those in Figs. 2(b) and 2(d).
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where κ0 is the bending modulus, kB is the Boltzmann
constant, T is the absolute temperature, lc is the cross-link
length, and ξ is the network mesh size; ξ ∼ c−1=2 for lp ≫ ξ
[42]. For classical polyelectrolytes, κ0 (or lp) could be
certainly influenced by I, as the ionic screening effect is
weakening the intramolecular electrostatic repulsion [43].
However, for amyloid fibrils, the ionic screening effect on lp
is negligible [44], as lp arises by the hydrogen bonding β
sheets and is orders of magnitude above the Debye length.
Therefore, the tunability of G0 by varying I and c is only
associated with changes in lc and ξ.
As pointed out by Odijk [45], the most likely binding

sites on polymers for effective cross-linking are sites where
polymer strands interact sterically, i.e., the entanglement
parts. Therefore it is reasonably postulated that

lc ∼ leIx; ð2Þ

where le is the entanglement length, and x is a dimension-
less scaling parameter capturing the cross-linking induced
by I. For semiflexible fibrils, le ∼ ðκ0=kBTÞ1=5c−2=5 [15].
By using Eq. (1), the predicted elasticity modulus of
semiflexible fibrils can be written as

G0 ∼ c11=5I−3x: ð3Þ

In contrast, le ≈ ξ ∼ c−1=2 for rigid fibrils, in this case, G0

scales as

G0 ∼ c5=2I−3x: ð4Þ

These theoretically predicted dependencies ofG0 on c of
11=5 ¼ 2.2 and 5=2 ¼ 2.5 for semiflexible and rigid
fibrils, respectively, are fully consistent with the exper-
imental results shown in Fig. 3 featuring corresponding
exponents of 2.2� 0.1 and 2.4� 0.1. The 0.1 difference
between theoretical and experimental exponents for short
fibrils may arise from their imperfect rigid nature. Thus, the
stronger G0 dependency on c for rigid fibrils arises from
the steeper dependence of entanglement density on mass
concentration.
As previously noted, G0 has the same dependence on I

for both fibrils and much higher exponent was observed
compared to other cross-linked filament networks. This
unexpected behavior can be elucidated by the DLVO
theory. As postulated above, the cross-links caused by I
occur at the entanglement contacts. To model the physical
interactions at entanglement points, we assume the fibrils as
a sequence of spheres inscribed within the fibril cylinders
and account the total potential between nearest constitutive
spheres only, as this is expected to produce the right scaling
form with the ionic strength. The interaction potential
FDLVO between such two constitutive charged particles
R, whose surface is separated by a distance D, can then be
written as the sum of the screened electrostatic repulsion in

the Debye-Hückel approximation and the van der Waals
attractive contribution [22,23,46]

FDLVO ≈
2πσ2R
κ2ε0εr

e−κD −
AR
12D

ð5Þ

where σ is the surface charge density of the particles, ε0 is the
dielectric permittivity in a vacuum (8.85 × 10−12 F m−1), εr
is the relative dielectric permittivity in water (80.1), A is the
Hamaker constant, and κ−1 is theDebye length, expressed as
κ−1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ε0εrkBT=2NAe2I
p

; here kB ¼ 1.38 × 10−23 J K−1,
T ¼ 296 K, NA is the Avogadro constant (6.02×
1023 mol−1), e is the elementary charge (1.6 × 10−19 C),
and I is the total ionic strength (in mol m−3). For
β-lactoglobulin fibrils, σ≊0.03 Cm−2 [35] and R ¼ 2 nm
[27];A can be assumed to be on the order of≈3kBT, which is
a typical approximate value of the Hamaker constant of
proteins in water [46]. Using the above-mentioned values
with Eq. (5) yields

FDLVO

kBT
≈ 2

�

183.4
I

e−0.104
ffiffi

I
p

D −
1

4D

�

; ð6Þ

whereD is now expressed in nanometers. In order for a long-
lived cross-link to occur, contact needs to be established
among two fibrils; i.e., the associated DLVO energy barrier
needs to be overcome, with an aggregation probability
p ¼ e−F=kBT , where F is the maximum of FDLVO −D curve
[Fig. 4(a)]. This leads to a functional dependence ofp versus
I which, in the limited range of I considered, can be

FIG. 4. The probability of cross-linking at the entanglement
rationalized by DLVO theory. (a) Interaction potential
FDLVO=kBT versus distance D of nearest constitutive spheres
at different ionic strengths. (b) The probability of cross-linking at
the entanglement p as a function of ionic strength I; in the
investigated ionic strength range, the functional form can be
approximated to a scaling law of the type p ∼ I4.1, as shown by
the red solid line.
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approximated to a simple power law of the type p ∼ I4.1

[Fig. 4(b)].
In a three-dimensional network, the overall volume of

the network can be written as V total ¼ l3cNc ¼ l3eNe [35],
where Nc and Ne are the total number of cross-link and
entanglement points, respectively. But the probability p of
a cross-link occurring from an entanglement is simply
Nc=Ne, and thus

lc ≈ lep−1=3: ð7Þ

This then provides the correct form for the scaling
exponent in Eq. (2), and yields via Eqs. (3) and (4), G0 ∼
p ∼ I4.1 for both fibril gels, which is well in line with the
rheological measurements (experimental scaling 4.4). This
indicates the cross-linking mechanisms occurring in amy-
loid fibril networks: once the electrostatic barrier is over-
come and fibrils come in contact, the adhesive forces
among them become sufficiently strong to make their
contact assimilable to a cross-link, at least in the timescales
experimentally accessible. This is very much consistent
with the acclaimed irreversible aggregation among pro-
teinaceous colloids.
It is important to point out that the present approach is

not specific to the β-lactoglobulin amyloids, but is gen-
erally applicable to other amyloid networks as well. For
example, by following an analog series of experiments and
analysis in lysozyme amyloid gels, identical scaling expo-
nents of 2.2� 0.1 and 2.4� 0.1 are found for the scaling of
G0 with c in semiflexible and rigid networks, respectively
[35]. For the ionic strength dependence, G0 is found to
scale in this case as I3.8�0.2 experimentally, again in good
agreement with the I4.0 theoretical prediction for lysozyme
fibrils [35]. This indicates that the combined DLVO and
affine network theories offer a general framework to study
amyloid fibril networks, where the scaling exponents of
the stiffness versus density are universal, while those
related to electrostatic barriers carry DLVO traits specific
to the individual system considered [35].
In summary, by combining the affine thermal model of

the elasticity of rigid and semiflexible polymers with the
DLVO theory, we have been able to capture the correct
scaling behavior of the elasticity with concentration and
ionic strength for both semiflexible and rigid amyloid
networks. A key point is the possibility of letting physical
entanglements evolve into long-lived cross-links once the
electrostatic barrier energy is overcome in presence of salt.
These results expand and complete our understanding on
the elasticity of nonentropic networks, in particular, when
nonspecifically binding ions modulate the final stiffness.
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