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A B S T R A C T

Numerical stability analysis for aerostatic bearings was performed to obtain optimized design parameters for
small submillimeter to millimeter range diameter cylindrical rotors. Such rotors are used in nuclear magnetic
resonance (NMR) application to rotate sample around an axis inclined by magic angle (54.74𝑜) relative to the
magnetic field direction at rotational frequencies of about 100 kHz (magic-angle spinning, MAS). The governing
Reynolds equation for the fluid film between rotor and bearing was modified for small size aerostatic bearings
with relatively large nozzle diameters. The modified Reynolds equation was solved using a finite-volume
method to obtain pressure and film thickness around the rotor. This led to the solution of the maximum stable
inertial force as a function of rotational frequency and design parameters. The comparison with aerostatic
bearings with infinitesimal nozzle sizes was obtained for supported rotor weight and critical vibrational
frequency of the rotor. The stable inertial force was found to correspond to a specific nozzle diameter and a
specific rotor–bearing clearance. Numerical investigation also shows an enhancement of stable inertial force
with decreasing nozzle number or increasing molecular mass of the impinging gas for a specific range of
nozzle parameters. Experimental observations further confirmed the role of nozzle diameter, nozzle number
and molecular weight of the gas in enhancing the rotor spinning frequency. Further, design decisions were
made based on such analysis and were tested for varying rotor size and bearing properties. Using design
optimization based on numerical simulation, the maximum frequency of rotation for a home-built 0.4 mm
MAS rotor could be enhanced from 25 kHz up to 110 kHz, still below the extrapolation from large rotors.
1. Introduction

Solid-state NMR is an emerging analytical method for the character-
ization, at atomic resolution, of structure and dynamics of materials [1,
2], and biomolecules [3,4]. To obtain highly resolved spectra, e.g. of
proteins, the anisotropic spin interactions must be averaged out by
mechanically rotating the sample around an axis inclined by an angle
of 54.74◦, which is termed as the magic-angle, with respect to the
strong external magnetic field (10 T–28 T) applied in NMR exper-
iments. In most high-resolution experiments, the rotation frequency
in magic-angle spinning (MAS) [5] has to be at least comparable to
the size of the anisotropic interactions to be averaged. In practice,
MAS frequencies vary between 10 kHz and 160 kHz. Typically, e.g. for
protein spectroscopy, the faster the spinning, the better the spectral
resolution [6]. Spinning at 100 kHz and above have recently opened
a whole new avenue of proton-detected solid-state NMR, in particular
for biomolecules. [7,8]. Fast spinning was so far always achieved by
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reducing the rotor diameter [6]. A rotational frequency of 160 kHz
was achieved with a rotor diameter of 0.5 mm [8]. As a next step it
was attempted to use 0.4 mm rotor diameter. But this did not improve
the frequency of rotation. Instead with initial bearing design, the rotor
frequency could not be stabilized beyond 25 kHz. Therefore, the present
study of the bearing design was initiated.

The sample to be investigated is contained in a cylindrical rotor
sleeve with a diameter of 0.4 to 10 mm. Microturbines are used to
drive the rotation of such MAS rotors [9]. Two bearings are used for
MAS rotors as illustrated in Fig. 1. The position along the rotor axis is
stabilized by an axial bearing (not shown). The bearing system provides
support with minimum contact friction to the fast rotating MAS rotor
and should have a minimal resisting torque. Such a bearing systems is a
particular type of tribological application to support smooth running of
devices, which have fast- and slow-moving parts. Such devices are char-
acterized by additional unbalanced fluctuating forces, which can lead
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List of Abbreviations

𝐴𝑛 Bearing nozzle area, 𝐴𝑛 =
(

𝜋𝑑2𝑛
4

)

�̄�𝑛 Dimensionless bearing nozzle area, �̄�𝑛 =
𝐴𝑛
𝐿𝑅𝑏

𝐵𝑖𝑗 , �̄�𝑖𝑗 Bearing damping, �̄�𝑖𝑗 = (𝑐𝜔𝑟𝐵𝑖𝑗 )∕(2𝑃𝑎𝐿𝑅𝑏)
𝐶𝑏 Bearing center position
𝐶𝑑 Nozzle discharge coefficient
𝐶𝑗 Rotor center position
𝑐 Clearance between rotor and bearing
𝑐𝛽 Exponential growth rate of displacement

amplitude
𝐷𝑟 Rotor diameter
𝑑𝑛 Nozzle diameter
d𝑉 Differential area, d𝑉 = d𝜃d�̄�
𝑒, 𝜀 Eccentricity, 𝜀 = 𝑒∕𝑐
𝑒0, 𝜀0 Equilibrium eccentricity, 𝜀0 = 𝑒0∕𝑐
𝐹𝑖, 𝐹𝑖 Force along 𝑖th direction, 𝐹𝑖 = 𝐹𝑖∕(2𝑃𝑎𝐿𝑅𝑏)
𝑔 Acceleration due to gravity
ℎ, ℎ̄ Film thickness, ℎ̄ = ℎ∕𝑐
ℎ0, ℎ̄0 Equilibrium Film thickness, ℎ̄0 = ℎ0∕𝑐
𝑗 Imaginary root of unity
𝑚𝑟 Rotor mass
𝐾𝑖𝑗 , �̄�𝑖𝑗 Bearing stiffness, �̄�𝑖𝑗 = (𝑐𝐾𝑖𝑗 )∕(2𝑃𝑎𝐿𝑅𝑏)
𝐿 Bearing length
𝐿𝑗 Rotor length
�̇� Nozzle mass flow rate
�̄� Dimensionless inertial force �̄� =

(

0.5𝑚𝑟𝜔2
𝑟 𝑐

2𝑃𝑎𝐿𝑅𝑏

)

�̇�𝑛𝑑 Non-dimensional mass flow rate through
nozzle

𝑁𝑟 Number of nozzles in bearing
𝑃𝑎 Ambient pressure
𝑝𝑠, 𝑃𝑠 Nozzle pressure, 𝑃𝑠 = 𝑝𝑠∕𝑃𝑎
𝑝, 𝑃 Fluid pressure, 𝑃 = 𝑝∕𝑃𝑎
𝑃𝜀, 𝑃𝜙 Dynamic pressure perturbation due to small

change in 𝜀 and 𝜙
𝑄𝑟 Source term due to nozzle mass flow in

non-dimensionalized Reynolds equation
𝑅𝑏 Bearing radius
𝑅𝑗 Rotor radius
𝑅0 Universal gas constant per unit mass
𝑇 0 Nozzle gas temperature
𝑈0 Relative speed between bearing and rotor

wall
𝑆𝑛𝑜𝑧𝑧𝑙𝑒 Source term due to each nozzle mass flow

in Reynolds equation
𝑊 , �̄� Rotor load, �̄� = 𝑊 ∕(2𝑃𝑎𝐿𝑅𝑏)
�̄�𝑟 Dimensionless rotor weight stabilized by

each bearing, �̄�𝑟 =
(

0.5𝑚𝑟𝑔 sin 𝜃𝑚𝑎𝑠
2𝑃𝑎𝐿𝑅𝑏

)

𝑥, �̄� Space coordinate along direction perpendic-
ular to rotor axis and weight axis, �̄� =
𝑥∕𝐿

𝑦, �̄� Space coordinate along weight axis, �̄� = 𝑦∕𝐿
𝑧, �̄� Space coordinate along the rotor shaft, �̄� =

𝑧∕𝐿

to vibrations of the rotor. Bearing systems minimize such vibrations by
providing stiffness and damping to the rotor motion. Friction control,
vibration control and load support are therefore essential requirements
2

t

�̄�, 𝑌 The amplitude of vibration along �̄�, �̄�
direction respectively for rotor center

𝜇 Dynamic viscosity
𝜔𝑟 Rotation frequency of the rotor

𝛬 Bearing number 𝛬 =
(

6𝜇𝜔𝑟𝑅2
𝑏

𝑃𝑎𝑐2

)

𝛬𝑚𝑎𝑥 Maximum experimentally obtained Bearing
number

𝛬𝑠𝑖𝑚 Bearing number used in numerical simula-
tion

𝜆 Aspect ratio, 𝜆 = 𝐿∕2𝑅𝑏

∇ Gradient operator, ∇ =
[

𝜕
𝜕𝜃

𝜕
𝜕�̄�

]𝑇

𝜙 Attitude angle
𝜙0 Equilibrium Attitude angle
𝜌 Gas density
𝜃, �̄� Angular coordinate along the bearing

perimeter with respect to the weight axis,
�̄� = (𝜃 − 𝜙0)

𝜃𝑛 Angular position of the nozzle
𝜅 Specific heat ratio for nozzle inlet gas
𝜃𝑀𝐴𝑆 Angle for magic-angle spinning, 𝜃𝑀𝐴𝑆 =

54.74◦

𝛺 Whirl rotation frequency
𝛾 Whirl ratio, 𝛾 = 𝛺∕𝜔𝑟
𝛾𝑐 Critical whirl ratio
𝜏 Dimensionless time, 𝜏 = 𝛺𝑡
𝜀𝑝 Small perturbation magnitude of eccentric-

ity ratio
𝜙𝑝 Small perturbation magnitude of attitude

angle
△𝜃 Grid size along 𝜃 direction
△�̄� Grid size along �̄� direction

for bearing devices. Different types of bearings such as magnetic bear-
ings and lubrication bearings are used in different machines [10]. The
use of magnetic bearings in MAS systems is prohibited due to the
presence of a strong external magnetic field. Further, the presence of
magnetic parts can distort the homogeneous magnetic field which is a
prerequisite for the NMR experiment. Therefore, lubrication bearings
are used in MAS devices. Traditional lubrication materials such as oil
cannot be used in MAS devices due to interference with the NMR
experiments. Therefore, air or inert gases such as Nitrogen or Helium
are used as lubrication fluid. Rotating devices create non-symmetrical
pressure distributions in the surrounding fluid, which provide restor-
ing forces against device vibrations. Such self-compliant bearings are
called aerodynamic bearings. However, for high rotation frequency,
aerodynamic bearings are not adequate to stabilize rotor vibrations and
high-pressure gas feeds are needed to stabilize the rotor and to provide
enough load support. Bearings with such thrust feeds of air or other
gases are described as aerostatic bearings or thrust bearings [11,12].
The critical design parameters of aerostatic bearings are bearing length
(𝐿), gap between rotor and bearing (described as clearance (𝑐)), the
rifice hole diameter (𝑑𝑛) and the number of orifice holes (𝑁𝑟). In the
est of the paper, the term nozzle is used to represent orifice holes.
urther, the bearing radius (𝑅𝑏) also plays an important role in bearing
esign. The weight of the rotating device leads to a shift in the rotor
enter location relative to the bearing center as portrayed in Fig. 2.
he magnitude of this displacement is denoted as eccentricity (𝑒). The
ymmetrical pressure distribution around the rotor is disturbed by this
otor displacement, which results in a net force balancing the rotor
eight or any other external force, such that the rotor floats within
he bearing.
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Fig. 1. The configuration of MAS rotor and bearing system.
Computational fluid dynamics (CFD) analyses of MAS turbines are
reported in [9,13–15]. The CFD simulation in [9] shows that the main
stability criteria for MAS turbines are rotor speed and turbine stability;
and not the turbine performance efficiency. The corresponding stability
of the rotor is dependent on the applied bearing system. This therefore
requires a closer look into the stability analysis of aerostatic bearings.
Rotor sizes of few millimeters or even less than a millimeter are com-
mon in MAS applications. Design principles for NMR rotors to achieve
maximum frequency of rotation are discussed by Doty et al. [16]. In this
paper, the optimal bearing design principles are obtained based on the
asymmetric load distribution at rotation frequencies around 3 − 6 kHz.
Such theoretical analyses are based on large diameter rotor size and
cannot be scaled down to smaller rotors due to limitations of manufac-
turing and stability issues. However, for fast MAS rotation, the rotor
diameter and therefore bearing radius are reduced to submillimeter
range [17]. Due to design limitations, the ratio of nozzle diameter to
bearing radius (𝑑𝑛∕𝑅𝑏) is relatively large for aerostatic bearing used
for MAS compared to ones used for large rotors. The usual Reynolds
equation solved for bearing studies assumes an infinitesimal nozzle
diameter (𝑑𝑛∕𝑅𝑏 ≪ 1) [18]. In this paper, this assumption is relaxed
by allowing for finite nozzle diameters, which results in a modified
Reynolds equation. Further, for the numerical calculations the grid
around the nozzles is resolved. In Appendix A, the modified Reynolds
equation is derived for large nozzle size. The modified Reynolds equa-
tion is solved using a finite-volume method to obtain static equilibrium
and dynamic inertial force for the rotor–bearing system.

The static equilibrium of the bearing–rotor system is characterized
by initial eccentricity (𝑒0) and attitude angle (𝜙0) as depicted in the
Fig. 2(𝑎). The attitude angle is defined as the angular position of rotor
center relative to the axis passing through bearing center along the
direction of the gravitational force of the rotor. The static equilibrium
characteristics are governed by the pressure distribution of fluid around
the rotor and the gravitational force. The torque required to balance
the resistance torque from the bearing is usually provided by high-
pressure fluid feed to turbine blades attached to the rotor [13]. In
order to stabilize the device along the direction of the rotation axis, a
thrust bearing is applied in the back end of the rotor with nozzle feed
along the axis of rotation. The high-pressure gas feed on the turbine
blades also provides additional fluctuating forces perpendicular to the
axis of rotation. These forces disturb the static equilibrium position
3

of the rotor inside the bearing system. Therefore, movement occurs
for the rotor in the plane perpendicular to the axis of rotation. The
pressure perturbations, in the fluid filled gap surrounding the rotor
provides the resistance to such movement of the rotor. This resistance
can be modeled as stiffness and damping provided by the fluid film
surrounding the rotor as illustrated in Fig. 2(𝑏). The limited damping is
one of the reasons for enhanced instability of aerostatic or aerodynamic
bearings [19,20]. Two types of instability are observed in bearing
system. These are respectively pneumatic hammer instability and whirl
instability. Pneumatic hammer is caused mainly due to externally
applied force resonance with stiffness provided by fluid film. The whirl
instability, which is usually of the order of half the value of rotation
speed, is governed mainly by a limited damping effect. Further details
of different form of instability developed in such bearing system are
described in details in [19]. The variation of resistance force due to
fluid film with the displacement of rotor center provides the stiffness
and damping calculation. This resistance force is therefore estimated to
describe the main source of such instabilities and vibrations [12,21].
The numerical estimation of this resistance force as a function of
design parameters provides the controlling features for the dynamics of
vibrations [12,22]. Nozzle geometry and clearance value of the rotor–
bearing system can be optimized to minimize rotor vibrations. The
analysis of these properties for critical vibration frequencies is therefore
important to design a bearing for a specific rotor size and rotor speed.
For an infinitesimally small nozzle size relative to the bearing size, the
numerical analysis of the static equilibrium and dynamic properties
of the bearing are reported in various publications, e.g. in [22–33].
These analyses are useful for relatively large turbine or rotor diameter
(>10 mm). To construct MAS rotors, in particular for proton-detection
experiments in proteins, rotation at about (∼100 kHz) or higher is
desirable. This is only possible with rotors of a diameter below 1 mm. In
this paper, the influence of design parameters in stability characteristics
of bearing used in such MAS rotors is systematically analyzed. The
analysis suggests suitable design properties for the bearing to maximize
the stabilizing inertial force. The dependence predicted is compared to
the behavior of a test system realized for a rotation frequency of 110
kHz.

Section 2 describes the governing equations for static and dynamic
studies of bearing–rotor systems. Section 3 describes the linear sta-
bility analysis of the governing Reynolds equations, which leads to
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Fig. 2. Simple geometric representation of the aerostatic bearing. Part (𝑎) depicts the static equilibrium configuration of the rotor–bearing system. The inner circle in the top left
and bottom figure (𝑏) represent the rotor with a diameter of 𝐷𝑟. The shaded gray region in all three figures represents the fluid film. The green region represents the bearing with
a radius of 𝑅𝑏. The red channels represent bearing nozzles with a diameter of 𝑑𝑛. The top left and right figure represents the front and side view of the rotor–bearing system. The
bottom figure (𝑏) represents the perturbed configuration of the rotor–bearing system with imaginary stiffness and damping provided by the fluid film. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)
the estimation of stiffness and damping calculations for the bearing.
Section 4 describes the numerical finite-volume method applied to
resolve the Reynolds equation. Section 5 describes the results of static
load calculations and stability analysis results to obtain the critical
frequency, stiffness and damping parameters. Section 5.4 describes the
experimental results with different bearing designs. Finally, in Section 6
conclusions are drawn for the design of aerostatic bearings with small
rotors and fast rotation. The design principles discussed in [16] concen-
trate on large rotors. There the speed limitations based on maximum
turbine power generation are analyzed. Here, it is shown that for
small rotors with high-speed motion the speed is also severely limited
by the bearing design. There exists a range of maximum rotational
frequencies, which is driven by bearing stabilizing properties.
4

2. Governing equations

Fig. 2(𝑎) depicts the rotor–bearing system with initial static equilib-
rium configuration (𝑒0, 𝜙0). The top view of the rotor–bearing system
looking along the bearing axis is sketched on the left. The right part
of Fig. 2(𝑎) depicts the side view of the rotor–bearing system. The
variables 𝑅𝑏, 𝐷𝑟, 𝐿 and 𝑑𝑛 denote the bearing radius, rotor diameter,
bearing length and bearing nozzle diameter respectively. The variables
𝐶𝑗 and 𝐶𝑏 represents the rotor and bearing centers and 𝑒0 is the equilib-
rium eccentricity of the rotor–bearing configuration, which represents
the displacement of the rotor center from bearing center. Fig. 2(𝑏)
depicts the imaginary spring and damper system corresponding to the
fluid film. The eccentricity ratio 𝜀 is defined as the ratio of eccentricity
𝑒 to clearance 𝑐 =

(

𝑅𝑏 −
𝐷𝑟
2

)

. The term 𝜀0 defines the initial static equi-
librium eccentricity ratio. Given the angular position 𝜃, as represented
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in Fig. 2(𝑎), the fluid film thickness and the dimensionless film thickness
are given as

ℎ0 = 𝑐 + 𝑒0 cos(𝜃 − 𝜙0) (1)
nd ℎ̄0 =

(

ℎ0∕𝑐
)

= 1 + 𝜀0 cos(𝜃 − 𝜙0) (2)

espectively. This asymmetrical film thickness along the angular coordi-
ate 𝜃 leads to the asymmetrical pressure distribution, which provides
he hydrodynamic force balance perpendicular to the bearing axis. This
erm is denoted as rotor load. The nozzle entries illustrated by red
hannels in Fig. 2 further provide high-pressure fluid flow to stabilize
he rotor load. The stiffness and damping matrices 𝐾𝑖𝑗 and 𝐵𝑖𝑗 are
efined as

𝐾𝑖𝑗 = −
𝜕𝐹𝑗

𝜕𝑟𝑖
(3)

and 𝐵𝑖𝑗 = −
𝜕𝐹𝑗

𝜕�̇�𝑖
, (4)

here 𝐹𝑖 defines the applied force along the 𝑖th coordinate direction
on the rotor due to pressure distribution around the rotor, and terms 𝑟𝑗
and �̇�𝑗 define the position and velocity of the rotor center respectively
along the 𝑗th direction with 𝑖, 𝑗 ∈ {1, 2, 3}.

The rotor rotates with an angular frequency of 𝜔𝑟. Following are a
few important numbers, which govern the rotor–bearing system’s static
and dynamic equilibrium:

Bearing number, 𝛬 =
6𝜇𝜔𝑟𝑅2

𝑏

𝑃𝑎𝑐2
(5)

imensionless inertial force, �̄� =
0.5𝑚𝑟𝜔2

𝑟 𝑐
2𝑃𝑎𝐿𝑅𝑏

(6)

Aspect ratio, 𝜆 = 𝐿
2𝑅𝑏

(7)

Whirl ratio, 𝛾 = 𝛺
𝜔𝑟

(8)

he terms 𝑚𝑟, 𝜇 and 𝑃𝑎 denote the rotor mass, fluid film viscosity
nd the ambient pressure at the bearing exit. The term 𝛺 represents
requency of externally imposed vibration. The term 𝛬 is denoted as
earing number and represents the dimensionless relative wall speed of
he rotor–bearing system, where rotor wall speed (𝜔𝑟𝑅𝑏) is scaled with
reference speed of

(

𝑃𝑎𝑐2∕6𝜇𝑅𝑏
)

. Therefore, the bearing number also
efines the non-dimensional operating point for rotor speed indepen-
ent of the rotor geometry. The term �̄� is the inertial force and plays
critical role in stability analysis of the system. The term 𝜆 defines the
eometrical aspect ratio of the bearing.

.1. Nozzle size adjustment in Reynolds equation

In cylindrical coordinates, the Reynolds equation for the fluid film
etween rotor and bearing with infinitesimally small nozzles (𝑑𝑛∕𝑅𝑏 ≪
) is given as

1
𝑅2
𝑏

𝜕
𝜕𝜃

(

𝜌ℎ3

12𝜇
𝜕𝑝
𝜕𝜃

)

+ 𝜕
𝜕𝑧

(

𝜌ℎ3

12𝜇
𝜕𝑝
𝜕𝑧

)

= 1
2
𝜕
(

𝜌ℎ𝑈0
)

𝑅𝑏𝜕𝜃
+

𝜕 (𝜌ℎ)
𝜕𝑡

− 𝑆𝑛𝑜𝑧𝑧𝑙𝑒, (9)

where the terms 𝜌, 𝑝 and ℎ respectively denote fluid density, fluid
pressure and gap size between rotor and bearing. The terms 𝑈0 and
𝑛𝑜𝑧𝑧𝑙𝑒 respectively denote the relative speed between bearing and rotor
all and the source term in the Reynolds equation due to the nozzles.
he terms 𝜃 and 𝑧 denote angular and axial coordinates of the rotor
urface. With the approximation of infinitesimal nozzles, the source
erm 𝑆𝑛𝑜𝑧𝑧𝑙𝑒 is replaced by singularities ∑𝑁𝑟

𝑘=1 𝛿(𝐱 − 𝐱𝑛𝑘 )�̇�𝑛𝑘 with �̇�𝑛𝑘
representing mass flow through the 𝑘th nozzle located at position 𝐱𝑛𝑘 .
Therefore, integrating the term 𝑆𝑛𝑜𝑧𝑧𝑙𝑒 over a small area 𝐴 such that
𝑛 ∈ 𝐴, where 𝐴𝑛 represents the area of the nozzle located at the
osition 𝐱𝑛𝑘 , leads to

𝑆𝑛𝑜𝑧𝑧𝑙𝑒d𝐴 = �̇�𝑛𝑘. (10)
5

∫𝐴 R
or simplicity of the notation and calculations, in the rest of the paper
he subscript 𝑛𝑘 is removed for the term mass flow rate through the
ozzle i.e. �̇�𝑛𝑘 = �̇�. The nozzle mass flow model obtained from [34] is
iven as

̇ =
𝐶𝑑𝐴𝑛𝑝𝑠𝛿
√

𝑅0𝑇 0
, (11)

here 𝐴𝑛 =
(

𝜋𝑑2𝑛∕4
)

for a circular nozzle with nozzle diameter 𝑑𝑛. The
terms 𝐶𝑑 , 𝑅0 and 𝑇 0 in Eq. (10) are nozzle flow coefficient, universal
as constant per unit mass and temperature of the inlet gas respectively.
he term 𝛿 in Eq. (11), as defined in [24,34], is given as

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

√

2𝜅
(𝜅−1)

[

(

𝑝𝑟
𝑝𝑠

)2∕𝜅
−
(

𝑝𝑟
𝑝𝑠

)(𝜅+1)∕𝜅
]

for subsonic conditions and
√

𝜅
(

2
𝜅+1

)
(𝜅+1)
(𝜅−1) for supersonic conditions.

(12)

The term 𝜅 in Eq. (12) is the ratio of constant pressure specific heat
capacity to constant volume specific heat capacity for the inlet gas.
The terms 𝑝𝑟 and 𝑝𝑠 respectively represent the local fluid pressure at
the nozzle location and nozzle inlet pressure. Using the characteristic
scales 𝐿, 𝑐, 𝑃𝑎 and 1∕𝛺 for non-dimensionalization of 𝑧, ℎ, 𝑝 and 𝑡, the
dimensionless Reynolds equation for infinitesimal nozzles yields

𝜕
𝜕𝜃

[

ℎ̄3 𝜕𝑃
2

𝜕𝜃

]

+ 1
4𝜆2

𝜕
𝜕�̄�

[

ℎ̄3 𝜕𝑃
2

𝜕�̄�

]

= 2𝛬 𝜕
𝜕𝜃

(

𝑃 ℎ̄
)

+4𝛾𝛬 𝜕
𝜕𝜏

(

𝑃 ℎ̄
)

− 1
8𝜆

�̄�𝑟 (13)

here �̄� = 𝑧∕𝐿, ℎ̄ = ℎ∕𝑐, 𝑃 = 𝑝∕𝑃𝑎 and 𝜏 = 𝛺𝑡. The dimensionless
ource term �̄�𝑟 due to nozzle mass flow is such that

∫�̄�
�̄�𝑟d𝜃d�̄� = 𝛤0𝑃𝑠𝛿 (14)

where 𝛤0 =
24𝜇𝜋𝑑2𝑛𝐶𝑑

√

𝑅0𝑇 0

𝑃𝑎𝑐3
. (15)

The term �̄� represents an area covering an infinitesimal nozzle scaled
by

(

𝑅𝑏𝐿
)

. The terms d𝜃 and d�̄� represent the differential coordinates
in 𝜃 and �̄� direction. Typically a nozzle diameter size of 0.1 − 0.2 mm
is used for a bearing size of 5 − 10 mm diameter (𝑑𝑛∕𝑅𝑏 = 0.02) and a
similar order for the bearing length [16]. For such scenarios the nozzle
entry size can be assumed to be infinitesimal compared to the bearing
domain size. However, in high-speed MAS systems, the nozzle diameter
is of the order of bearing size (𝑑𝑛∕𝑅𝑏 ≈ 0.33). Therefore, the Reynolds
equation has to be modified to include the effect of finite sized nozzle
diameter in the source term. The systematic derivation of the Reynolds
equation from continuity and Poiseuille equations is presented in the
appendix (𝐴). The nozzle source term for finite sized nozzles is modeled
as

𝑆𝑛𝑜𝑧𝑧𝑙𝑒 = d�̇�
d𝐴𝑛

, (16)

where 𝐴𝑛 represents the nozzle area. Using relation (11) and (16)
in Eq. (9), the governing dimensionless Reynolds equation for relatively
large nozzle size is given as

𝜕
𝜕𝜃

[

ℎ̄3 𝜕𝑃
2

𝜕𝜃

]

+ 1
4𝜆2

𝜕
𝜕�̄�

[

ℎ̄3 𝜕𝑃
2

𝜕�̄�

]

= 2𝛬 𝜕
𝜕𝜃

(

𝑃 ℎ̄
)

+ 4𝛾𝛬 𝜕
𝜕𝜏

(

𝑃 ℎ̄
)

−

(

𝑅2
𝑏

𝜋𝑑2𝑛

)

�̄�𝑓𝑖𝑛𝑖𝑡𝑒
𝑟 (17)

where �̄�𝑓𝑖𝑛𝑖𝑡𝑒
𝑟 = 𝛤0𝑃𝑠𝛿 (18)

The detailed derivation of dimensionless Reynolds equation for finite
sized nozzles is presented in appendix (𝐴). In the rest of the paper,
the infinitesimal nozzle term is used for (𝑑𝑛∕𝑅𝑏) → 0 and the large
ozzle term is used for finite values of (𝑑𝑛∕𝑅𝑏). The term 𝛤0 is called
ozzle restriction number. This non-dimensional term assembles all the
ontributions from nozzle, bearing geometry and the gas property in
he source term (due to mass flow through nozzle) of dimensionless

eynold’s equation.



Tribology International 175 (2022) 107855R. Deb et al.

a

w
p
u
t
I
(
a
e
b

𝑃

w

T
i
S
e
a

T
o
p
a
t
a

a

F
b

w

𝑥

w

3. Linear stability analysis of the bearing

In the following it is considered a linear stability analysis with two
degrees of freedom, because of the long rotor length compared to the
clearance (𝑐) [27,35]. A perturbation about an equilibrium position
(𝜀0, 𝜙0) is obtained as whirl rotation with a frequency of 𝛺 and a whirl
ratio of 𝛾 = (𝛺∕𝜔𝑟). The corresponding film thickness and fluid film
pressure are given as

ℎ̄ = ℎ̄0 + 𝜀𝑝 exp(𝑗𝜏) cos �̄� + 𝜀0𝜙𝑝 exp(𝑗𝜏) sin �̄� (19)

nd 𝑃 = 𝑃0 + 𝜀𝑝 exp(𝑗𝜏)𝑃𝜀 + 𝜀0𝜙𝑝 exp(𝑗𝜏)𝑃𝜙, (20)

here �̄� = (𝜃 − 𝜙0). The terms 𝑃𝜀 and 𝑃𝜙 represent the dynamic
ressure-perturbation components and 𝑗 denotes the root of minus
nity i.e. 𝑗2 = −1. The terms 𝜀𝑝 and 𝜙𝑝 define the magnitude of
he perturbation function around the equilibrium position (𝜀0, 𝜙0).
nserting the solutions (19) and (20) into the Reynolds Eqs. (13) and
17), the governing equations for perturbation pressure are obtained
s in [35]. In this paper, a systematic derivation of the perturbation
quation is given in appendix 𝐵. The perturbed pressure Eq. (20) can
e reformulated as

̄ = 𝑃0 + 𝜺𝒑𝑅𝑒[𝑃𝜀] + �̇�𝒑𝐼𝑚[𝑃𝜀] + 𝜀0𝝓𝒑𝑅𝑒[𝑃𝜙] + 𝜀0�̇�𝒑𝐼𝑚[𝑃𝜙], (21)

here

𝜺𝒑 = 𝜀𝑝 exp(𝑗𝜏), �̇�𝒑 =
𝜕𝜺𝒑
𝜕𝜏

= 𝑗𝜀𝑝 exp(𝑗𝜏) (22)

and 𝝓𝒑 = 𝜙𝑝 exp(𝑗𝜏) and �̇�𝒑 =
𝜕𝝓𝒑

𝜕𝜏
= 𝑗𝜙𝑝 exp(𝑗𝜏). (23)

he terms 𝑅𝑒[𝑃𝜀], 𝑅𝑒[𝑃𝜙], 𝐼𝑚[𝑃𝜀] and 𝐼𝑚[𝑃𝜙] represent the real and
maginary parts of the perturbation pressure components 𝑃𝜀 and 𝑃𝜙.
olutions for dynamic-pressure perturbation components lead to the
stimation of dimensionless stiffness and damping provided by the
erostatic bearing as follows:
[

�̄�𝜀𝜀 �̄�𝜙𝜀
�̄�𝜀𝜙 �̄�𝜙𝜙

]

= −𝑅𝑒

[

1
2 ∫

1

0 ∫

2𝜋

0

[

cos �̄� cos �̄�
sin �̄� sin �̄�

] [

𝑃𝜀 0
0 𝑃𝜙

]

d�̄�d�̄�

]

, (24)

[

�̄�𝜀𝜀 �̄�𝜙𝜀
�̄�𝜀𝜙 �̄�𝜙𝜙

]

= −𝐼𝑚

[

1
2 ∫

1

0 ∫

2𝜋

0

[

cos �̄� cos �̄�
sin �̄� sin �̄�

] [

𝑃𝜀 0
0 𝑃𝜙

]

d�̄�d�̄�

]

. (25)

he terms 𝑅𝑒[] and 𝐼𝑚[] in Eqs. (24) and (25) represent the operators to
btain the real and imaginary parts of a complex number. The reference
arameters used for non-dimensionalization of stiffness and damping
re (2𝑃𝑎𝐿𝑅𝑏∕𝑐) and

(

2𝑃𝑎𝐿𝑅𝑏∕(𝑐𝜔𝑟)
)

, respectively. Using coordinate
ransformation from (𝜀, 𝜙) to fixed axes (�̄�, �̄�), stiffness and damping
long fixed coordinates (�̄�, �̄�) are given as
[

�̄�𝑦𝑦 �̄�𝑥𝑦
�̄�𝑦𝑥 �̄�𝑥𝑥

]

=
[

cos𝜙0 − sin𝜙0
sin𝜙0 cos𝜙0

] [

�̄�𝜀𝜀 �̄�𝜙𝜀
�̄�𝜀𝜙 �̄�𝜙𝜙

] [

cos𝜙0 sin𝜙0
− sin𝜙0 cos𝜙0

]

(26)

nd
[

�̄�𝑦𝑦 �̄�𝑥𝑦
�̄�𝑦𝑥 �̄�𝑥𝑥

]

=
[

cos𝜙0 − sin𝜙0
sin𝜙0 cos𝜙0

] [

�̄�𝜀𝜀 �̄�𝜙𝜀
�̄�𝜀𝜙 �̄�𝜙𝜙

] [

cos𝜙0 sin𝜙0
− sin𝜙0 cos𝜙0

]

.

(27)

or the rotor center, the governing equations of motion with two
earings are given as

𝑚𝑟
d2𝑥
d𝑡2

+ 2𝐵𝑥𝑥
d𝑥
d𝑡

+ 2𝐵𝑦𝑥
d𝑥
d𝑡

+ 2𝐾𝑥𝑥𝑥 + 2𝐾𝑦𝑥𝑦 = 0 (28)

and 𝑚𝑟
d2𝑦
d𝑡2

+ 2𝐵𝑥𝑦
d𝑦
d𝑡

+ 2𝐵𝑦𝑦
d𝑦
d𝑡

+ 2𝐾𝑥𝑦𝑥 + 2𝐾𝑦𝑦𝑦 = 0. (29)

Using non-dimensionalization of space, time and force variables using
characteristic parameters 𝑐, (1∕𝛺) and (2𝑃𝑎𝐿𝑅𝑏), the Eqs. (28) and (29)
become
[

�̄�𝛾2 0
2

] [ ̈̄𝑥
]

+
[

�̄�𝑥𝑥𝛾 �̄�𝑦𝑥𝛾
] [ ̇̄𝑥

]

+
[

�̄�𝑥𝑥 �̄�𝑦𝑥
] [

�̄�
]

= 0, (30)
6

0 �̄�𝛾 ̈̄𝑦 �̄�𝑥𝑦𝛾 �̄�𝑦𝑦𝛾 ̇̄𝑦 �̄�𝑥𝑦 �̄�𝑦𝑦 �̄�
here �̄� = 𝑥∕𝑐, ̇̄𝑥 = d�̄�
d𝜏 and ̈̄𝑥 = d2 �̄�

d𝜏2 . Assuming a perturbation function
for each component of the fluctuation with a whirl frequency 𝛺, the
perturbation functions are given as

�̄� = �̄� exp (𝑠𝜏) (31)
and �̄� = 𝑌 exp (𝑠𝜏) , (32)

where 𝑠 =
(

(𝑐𝛽∕𝛺) ± 𝑗
)

. The terms �̄� and 𝑌 represent the initial
amplitudes of the fluctuating dimensionless rotor center components
̄ and �̄�, respectively. The term 𝑐𝛽 represents the exponential growth
rate of the displacement amplitude. Setting the solutions (31) and (32)
into Eq. (30), the relation
[(

�̄�𝛾2𝑠2 + �̄�𝑥𝑥𝛾𝑠 + �̄�𝑥𝑥
) (

�̄�𝑦𝑥𝛾𝑠 + �̄�𝑦𝑥
)

(

�̄�𝑥𝑦𝛾𝑠 + �̄�𝑥𝑦
) (

�̄�𝛾2𝑠2 + �̄�𝑦𝑦𝛾𝑠 + �̄�𝑦𝑦
)

] [

�̄�
𝑌

]

=
[

0
0

]

(33)

is obtained. The non-trivial solution of Eq. (33) requires the deter-
minant of the matrix to be zero. The stability requirements for the
fluctuations are that the amplitudes of the fluctuations decay with
time. This requires 𝑐𝛽 ≤ 0. Therefore, the neutral or critical stability
solution requires that 𝑠 = ±𝑗 (purely imaginary). Putting these values
of 𝑠 in Eq. (33) and assuming the determinant to be zero provides the
solution for critical inertial force �̄�𝛾2𝑐 and critical whirl ratio 𝛾𝑐 as

�̄�𝛾2𝑐 =

(

�̄�𝑥𝑥�̄�𝑦𝑦 + �̄�𝑦𝑦�̄�𝑥𝑥 − �̄�𝑥𝑦�̄�𝑦𝑥 − �̄�𝑦𝑥�̄�𝑥𝑦
)

�̄�𝑥𝑥 + �̄�𝑦𝑦
(34)

and 𝛾2𝑐 =

(

�̄�𝛾2𝑐 − �̄�𝑥𝑥
) (

�̄�𝛾2𝑐 − �̄�𝑦𝑦
)

− �̄�𝑥𝑦�̄�𝑦𝑥

�̄�𝑥𝑥�̄�𝑦𝑦 − �̄�𝑥𝑦�̄�𝑦𝑥
. (35)

The critical inertial force �̄�𝛾2𝑐 represents the impedance to self-excited
vibrations. The stability criterion requires that

�̄�𝛾2 ≤ �̄�𝛾2𝑐 , (36)

𝛾2 ≤ 𝛾2𝑐 (37)

and 𝛾2𝑐 ≥ 0. (38)

4. Numerical methods

Numerical simulations using the Reynolds equation and stability
analysis were performed, for which the finite-volume method was
employed. The cylindrical domain around the rotor is divided into
finite-size area segments. An integration of the Reynolds equation is
given as

∫𝑉
∇ ⋅

[(

ℎ̄3 𝜕𝑃 2

𝜕𝜃 − 2𝛬𝑃 ℎ̄
)

ℎ̄3

4𝜆2
𝜕𝑃 2

𝜕�̄�

]𝑇
d𝑉 = −∫𝑉

𝑆𝑟d𝑉 , (39)

hich after use of Gauss divergence theorem becomes

∫𝜕𝑉

[(

ℎ̄3 𝜕𝑃 2

𝜕𝜃 − 2𝛬𝑃 ℎ̄
)

ℎ̄3

4𝜆2
𝜕𝑃 2

𝜕�̄�

]𝑇
⋅ d𝐴 = −∫𝑉

𝑆𝑟d𝑉 . (40)

Here 𝑆𝑟 represents the relevant source term in the Reynolds Eqs. (13)
and (17). Fig. 3 depicts the simple square grid discretization employed.
With this discretization, Eq. (40) can be reformulated as
[

(

ℎ̄3 𝜕𝑃
2

𝜕𝜃
− 2𝛬𝑃 ℎ̄

)

|

|

|

|

|𝐸
−
(

ℎ̄3 𝜕𝑃
2

𝜕𝜃
− 2𝛬𝑃 ℎ̄

)

|

|

|

|

|𝑊

]

× ▵ �̄� +

[

(

ℎ̄3

4𝜆2
𝜕𝑃 2

𝜕�̄�

)

|

|

|

|

|𝑁
−
(

ℎ̄3

4𝜆2
𝜕𝑃 2

𝜕�̄�

)

|

|

|

|

|𝑆

]

▵ 𝜃 = −𝑆𝑟 ▵ 𝜃 ▵ �̄�,
(41)

where (⋅)||
|𝐸∕𝑊 ∕𝑁∕𝑆

denotes special values of the center of eastern,
western, northern or southern faces, respectively. The central difference
scheme is used for derivatives of 𝑃 2 along the faces. The central red
node, as depicted in Fig. 3, stores the pressure and thickness values
(𝑃 , ℎ̄). This collocated arrangement requires face values in 𝐸, 𝑊 ,
𝑁 and 𝑆 faces to be calculated, which are constructed as averages
of the neighbors. The nonlinear system of the Eqs. (41) for all grid
nodes is solved using the Newton–Raphson method. The source term
𝑆 is linearly dependent on local fluid pressure (18) and therefore can
𝑟
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Fig. 3. Figure depicts the grid discretization and data storage points for rotor surface in the numerical simulation.
Fig. 4. The figure demonstrates the meshing around the nozzles for number of grid nodes 60,120 and 240 in each of �̄� and 𝜃 direction. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)
𝑚

simply be modeled as function of pressure values at each grid node.
The geometrical shape of large nozzle hole is simply approximated
using square mesh as demonstrated in Fig. 4. The yellow region in this
figure represents the approximation of a circular nozzle geometry on
the bearing surface. The Fig. 5 depicts the grid converged solutions for
grid nodes 𝑁 = 60, 120, 240 in each of �̄�, 𝜃 directions. The solutions
are obtained for 𝜀 = 0.15, 𝛤0 = 20, 𝜆 = 1.75 and (𝑑𝑛∕𝑅𝑏) = 0.7143.
As demonstrated in the figure, the finite volume method along with
iterative algorithm for static equilibrium solutions, described in [24],
provides grid converged solutions for the modified Reynolds equation.
In the rest of the paper in all the numerical analysis, 240 grid nodes are
used in each of �̄�, 𝜃 directions for analysis and optimization of bearing
design parameters.

5. Results

The rotor size used in the current MAS application is in the range
of 0.5 to 10 mm diameter. The corresponding bearing diameter is
only slightly larger than the rotor diameter. The length of the bearing
(∼0.7 − 2 mm) is limited by the requirement of the RF-coil, used to
generate pulses interacting with the spins as well as picking up the
free induction decays from the spin system in response to the pulses.
Therefore, the nozzle-entry diameter (𝑑𝑛) to bearing-diameter (𝑅𝑏) ratio
is large compared to the more commonly described individual bearings
where it approaches zero. The following results analyze the static and
dynamic solutions for pressure, stiffness, damping, bearing supported
load and maximum stable inertial force calculations using finite-volume
7

method described in Section 4. The boundary conditions are ambient
non-dimensionalized pressure of 𝑃 = 1 at �̄� = 0, 1 and periodic pressure
values (𝑃 (𝜃 = 0, �̄�) = 𝑃 (𝜃 = 2𝜋, �̄�)).

5.1. Bearing stability analysis

Fig. 6 shows the static equilibrium pressure solutions of the
Reynolds equation obtained for an aerostatic bearing using a finite-
volume method. The bearing geometric properties used are 𝜆 = 2.14,
(𝑑𝑛∕𝑅𝑏) = 0.7143 and 𝑁𝑟 = 5. The bearing number used is 𝛬 = 1 and the
eccentricity ratio is 𝜀0 = 0.03. The center column of the figure shows
the pressure solution for a large nozzle case, i.e. of Eq. (17), which two
nozzle restriction parameter values (𝛤0 = 5, 10) (Fig. 6(𝑏) and (𝑒)). The
dimensionless nozzle inlet pressure used in this simulation is 𝑃𝑠 = 5.
The left column depicts pressure solutions for the infinitesimal nozzle
case, i.e. of Eq. (13) with 𝛤0 ∈ {9, 25}. The choice of the particular
nozzle restriction number for infinitesimal nozzles is such that the total
nozzle mass flow difference with respect to the large nozzle case is
less than five percent. The comparison of the mass flow rate �̇�𝑛𝑑 for
large nozzles and the infinitesimal case through each of the five nozzles
placed at equal angular separation of 72◦ is given Fig. 6(𝑐) and (𝑓 ).
Here, two cases of 𝛤0 ∈ {5, 10} for large nozzles are employed. Note
that 𝜃𝑛 depicts the angular position of the nozzle. The term �̇�𝑛𝑑 in the
right column of Fig. 6 is defined as

̇ 𝑛𝑑 =

⎧

⎪

⎨

⎪

(

𝛤0𝑃𝑠𝛿
8𝜆

)

for infinitesimal nozzle
(

𝑅2
𝑏
2

)

(

𝛤0𝑃𝑠𝛿
)

d𝜃d�̄� for finite sized nozzle,
(42)
⎩

𝜋𝑑𝑛 ∫�̄�𝑛
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Fig. 5. Grid converging solutions of load (�̄� ), attitude angle (𝜙), critical frequency square (𝛾2𝑐 ) and critical inertial force (�̄�𝛾2𝑐 ) using finite volume method.
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here �̄�𝑛 represents the dimensionless nozzle area scaled by reference
𝑅𝑏𝐿

)

. Comparison of finite (𝑑𝑛∕𝑅𝑏) ratio to the infinitesimal nozzle
ase (𝑑𝑛∕𝑅𝑏 → 0) (Fig. 6, left and middle column) shows the effect
f resolving the nozzle diameter by the numerical mesh. Infinitesimal
ozzle solutions show a concentrated high-pressure peak compared to a
istributed nozzle pressure region in the large nozzle case. Therefore,
he force calculation cannot be correctly obtained using infinitesimal
ozzle approximation for finite value of (𝑑𝑛∕𝑅𝑏) ratio. This emphasizes

the importance of resolving the nozzle size in numerical methods
for finite non-zero values of (𝑑𝑛∕𝑅𝑏). Now it can be computed, by
integrating the pressure over the cylindrical rotor surface, the total
hydrodynamic force applied to the rotor. The equilibrium attitude angle
(𝜙0) is defined such that total hydrodynamic force contributes only
along the load direction (�̄�) and the total force perpendicular to the
load direction (�̄�) is zero. The static load

(

�̄�
)

and the equilibrium
attitude angle (𝜙0) at different 𝛤0 are depicted in the left and center
plots of Fig. 7. The static load here represents the total applied force
by the bearing to the rotor, which is scaled by

(

2𝑃𝑎𝐿𝑅𝑏
)

. With all other
properties (bearing geometry and gas property) kept fixed, varying
nozzle restriction number provides an understanding of the role of
nozzle diameter to optimize the total applied force provided by the
bearing. Under equilibrium conditions, this applied force acts along the
̄ direction in Fig. 2. Both load and attitude angle increase with increas-
ing bearing number because the larger bearing number leads to higher
fluid speeds at the rotor wall and therefore larger velocity gradients
between bearing and rotor wall. Further, an increase in eccentricity
leads to increased gradients due to the smaller film thickness sections
8

ompared to larger film thickness sections. As a result, the pressure
ifference between two ends rises. This contributes to enhancement of
he net force along the 𝜀 and 𝜙 directions due to increased pressure
ifference. For a fixed speed of rotation, larger rotor mass requires an
ncrease in 𝜀0 to exert more force along the load axis, which leads to
n increase in 𝜙0 to balance the forces perpendicular to the load axis.

Fig. 8 shows the dynamic pressure perturbation components (real
nd imaginary parts of 𝑃𝜀 and 𝑃𝜙) for large nozzles with aerostatic
earing parameters 𝛤0 = 10, 𝜆 = 2.14, (𝑑𝑛∕𝑅𝑏) = 0.7143 and 𝑁𝑟 = 5.
eal and imaginary parts of 𝑃𝜀 represent the sensitivity of the pressure
olution to small changes in 𝜀 and �̇�. Similarly, the real and imaginary
arts of 𝑃𝜙 represent the sensitivity of the pressure solution to small
hanges in 𝜙 and �̇�; cf. Eq. (21). Integrating these perturbation compo-
ents of the pressure field along the rotor surface provides the stiffness
nd damping coefficients according to Eqs. (24) and (25), respectively.

The numerical solutions of stiffness and damping are provided in
igs. 9 and 10. The diagonal components of stiffness �̄�𝑥𝑥 increase
eakly with bearing number compared to the off-diagonal component
̄𝑥𝑦. The diagonal components of damping �̄�𝑥𝑥 vary strongly with
earing number compared to the diagonal stiffness components. As a
esult, the critical inertial force

(

�̄�𝛾2𝑐
)

, obtained in the right plot of
ig. 7, increases only weakly with bearing number. This, therefore,
imits the maximum stable inertial force with increasing bearing num-
er (frequency of rotation). As a result, the bearing performance in
erms of stability is limited by increasing frequency of rotation. Further,
he diagonal components of stiffness increases for a fixed value of the
earing number with decreasing nozzle number (𝛤 ) as obtained in the
0
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Fig. 6. Comparison of simulation results for dimensionless pressure solutions (𝑃 ) around the rotor for an infinitesimal nozzle case (𝑑𝑛∕𝑅𝑏 → 0) and a large nozzle case in the
left and center column, respectively. Figure (𝑎) and figure (𝑑) depict the dimensionless pressure solutions for infinitesimal nozzles (𝑑𝑛∕𝑅𝑏 → 0) with 𝛤0 = 9 and 25, respectively.
Figure (𝑏) and figure (𝑒) depict the dimensionless pressure solutions for (𝑑𝑛∕𝑅𝑏) = 0.7143 using 𝛤0 = 5 and 10, respectively. Figure (𝑐) and figure (𝑓 ) presents the comparisons of
dimensionless mass flow rate �̇�𝑛𝑑 (defined in Eq. (42)) through each nozzle for the large and infinitesimal nozzle cases. The bearing number, eccentricity ratio, aspect ratio and
number of nozzles used in this simulation are 𝛬 = 1, 𝜀0 = 0.03, 𝜆 = 2.14 and 𝑁𝑟 = 5, respectively.
Fig. 7. Static solutions
(

�̄� , 𝜙
)

and dynamic solutions
(

�̄�𝛾2𝑐
)

for varying 𝛬 with different values of 𝛤0 ∈ {10, 40, 70, 100} using 𝜀0 = 0.03, 𝑁𝑟 = 5, 𝜆 = 2.14 and (𝑑𝑛∕𝑅𝑏) = 0.7143. The
figure shows that both load and attitude angle increase with increasing bearing number.
left plot of Fig. 9. Therefore, the nozzle restriction parameter can be
optimized to obtain better bearing performance in terms of stability.
This further provides an understanding of the role of nozzle diameter
in stabilizing the rotor–bearing system. Further investigations of the
effect of 𝛤0 on the critical inertial force estimation are discussed in the
following subsection.

5.2. Comparison of bearing with varying nozzle-diameter to bearing-radius
ratio

This subsection is focused on the large nozzle case. As given in
Fig. 6, the static equilibrium pressure solution varies significantly for
infinitesimal (𝑑𝑛∕𝑅𝑏 → 0) and finite nozzle (𝑑𝑛∕𝑅𝑏 ∼ 1) cases. This
figure shows that for infinitesimal nozzle cases the pressure distribu-
tions is more focused near the nozzle entry region. In contrast, the
nozzle size effect leads to a more spread out pressure distribution for
9

large nozzle. This therefore leads to different solutions of static load
and critical inertial force for varying nozzle restriction numbers. In
the remaining part of this subsection, the dependence of bearing char-
acteristics (�̄� , �̄�𝛾2𝑐 ) on nozzle restriction parameter (𝛤0) is analyzed.
Fig. 11 depicts the dependence of static and dynamic solutions on
nozzle restriction number 𝛤0 for different values of nozzle diameter
to bearing radius ratio (𝑑𝑛∕𝑅𝑏). The solutions are given for 𝛬 = 0.5,
𝜀0 = 0.03, 𝜆 = 2.14 and 𝑁𝑟 = 5. For a constant bearing number
and eccentricity ratio, the static load �̄� and dynamic critical inertial
force �̄�𝛾2𝑐 achieve maxima for varying nozzle restriction number. This
observation is also true for varying nozzle diameter if the bearing
geometry is kept constant. The goal of geometric optimization is to
choose the nozzle diameter 𝑑𝑛 such that the maximum �̄�𝛾2𝑐 can be
achieved. For small 𝛤0 values, the variables �̄� and �̄�𝛾2𝑐 increases faster
with increasing 𝛤0. The nozzle restriction number (𝛤0) corresponding to
a maximum value of �̄�𝛾2 increases with increasing (𝑑 ∕𝑅 ) ratio. This
𝑐 𝑛 𝑏
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Fig. 8. The real and imaginary parts of the dynamic pressure components 𝑃𝜀 and 𝑃𝜙 for 𝛤0 = 10, 𝛬 = 1, 𝜀0 = 0.03, 𝑁𝑟 = 5 and 𝜆 = 2.14. The real parts are denoted by 𝑅𝑒[𝑃𝜀] and
𝑅𝑒[𝑃𝜙]. The imaginary parts are denoted by 𝐼𝑚[𝑃𝜀] and 𝐼𝑚[𝑃𝜙]. The figure obtains the sensitivity of pressure solutions for small perturbation in eccentricity (𝜀) or time derivative
of eccentricity (�̇�).
Fig. 9. Stiffness solutions varying with bearing number 𝛬 at different values of 𝛤0 ∈ {10, 40, 70, 100} using 𝑁𝑟 = 5, 𝜀0 = 0.03, 𝜆 = 2.14 and (𝑑𝑛∕𝑅𝑏) = 0.7143.
indicates that the nozzle diameter corresponding to maximum stable
inertial force increases with increase in (𝑑𝑛∕𝑅𝑏) ratio. The maximum
values of �̄� and �̄�𝛾2𝑐 increase with increasing in (𝑑𝑛∕𝑅𝑏) ratio. Further
increase in 𝛤0 from the point corresponding to the maximum �̄�𝛾2𝑐 leads
to a decrease in load and critical inertial force solutions at a slower
rate and converges to a constant value for large 𝛤0. In order to design
the bearing to maximize the rotation speed, the choice of small value
of 𝛤0 near the optimum point is favorable. However, the sharp decay
of critical inertial force for smaller 𝛤0 leads to higher sensitivity to
manufacturing tolerances of the bearing design. Therefore, the effect
of manufacturing errors and the optimized design can be minimized
by approaching the maximum point of the nozzle restriction parameter
from the direction of larger 𝛤 .
10

0

5.3. Effect of number of nozzles

In this subsection, the impact of number of bearing nozzles on the
bearing characteristics is investigated. Fig. 12 provides the solutions
of load and critical inertial force with varying nozzle restriction num-
bers for different values of number of nozzles (𝑁𝑟). The solutions are
obtained for 𝛬 = 0.5, 𝜆 = 2.14, (𝑑𝑛∕𝑅𝑏) = 0.4762 and 𝜀0 = 0.03. The
maximum values of �̄� and �̄�𝛾2𝑐 decrease with increasing nozzle re-
striction number as presented in the right plot of Fig. 12. Furthermore,
the maximum value of critical inertial force increases with increasing
numbers of nozzles. However, since the peak value location of 𝛤0 shifts
towards lower values with increasing nozzle number, the enhancement
of stability performance with changing 𝑁 depends very much on the
𝑟
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Fig. 10. Damping solutions varying with bearing number 𝛬 at different values of 𝛤0 ∈ {10, 40, 70, 100} using 𝑁𝑟 = 5, 𝜀0 = 0.03, 𝜆 = 2.14 and (𝑑𝑛∕𝑅𝑏) = 0.7143.

Fig. 11. Static and dynamic solutions for varying nozzle restriction number 𝛤0 with different nozzle diameter to bearing radius ratios. There exists an optimum value of 𝛤0, which
leads to maximum stable critical inertial force (�̄�𝛾2𝑐 ).

Fig. 12. Figure shows the static and dynamic solutions for varying nozzle restriction number 𝛤0 at different values of number of nozzles (𝑁𝑟). The maximum balancing weight
and maximum critical inertial force increases with increase in number of nozzles (𝑁𝑟). However, the optimum nozzle diameter size decreases with increasing number of nozzles.
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Fig. 13. Four components of the experimental setup. Figure (a) shows the full setup of rotor and stator. Figure (b) depicts the nozzle entry to the turbine. Figures (c) and (d)
respectively provide images of bearing and the turbine blades of the rotor.
operating point for 𝛤0. Furthermore, the effect of more than five nozzles
is relatively small.

5.4. Comparison of bearing design

5.4.1. Experimental set-up
The Fig. 13 provides images of different components of the rotor–

turbine–bearing system, which is used in the experiment for compar-
ison of bearing design. The part (a) of the figure portrays the entire
setup of rotor and stator. Two gas-flow streams provide the required
high pressure for turbine (drive) and bearing as mentioned in the figure.
The drive gas-flow stream goes through six nozzles illustrated in the
part (b) of the figure, which are used to provide high-pressure gas feed
to rotate the turbine. The part (c) of the figure illustrates the image
of a bearing with six nozzles. The nozzles, which are not visible here,
are placed between each pair of the six holes located concentrically
from bearing center. The rotor has the turbine in front, which is
further microscopically visualized in the part (d) of the figure. A dark
mark is placed in back end of the rotor, which is detected via optical
sensors placed in the stator. An oscilloscope is used to convert these
measurements into frequency calculation. Following steps describe the
experiment to test the bearing performance.

1. At first, the high-pressure gas stream is provided via bearing
entry into the experimental setup.
12
2. After fixing bearing pressure to a particular value, the drive
entry is provided with high pressure stream. The pressure is in-
creased while observing oscilloscope frequency calculation. The
oscilloscope provides an average frequency value and standard
deviation of the frequency value. A target frequency value is
set in the oscilloscope and drive pressure is increased until this
target value is reached, while keeping the standard deviation
minimized (<20 Hz). The corresponding drive pressure, bearing
pressure and the measured frequency are noted.

3. Step two is repeated until any instability is observed in the
oscilloscope frequency calculation. This instability is indicated
in oscilloscope by large standard deviation in the observed av-
erage frequency (>1 kHz). At this point, the bearing pressure
is increased to a higher value unless the observed instability
disappears.

4. The steps two and three are repeated until it is impossible to
increase the rotation frequency by enhancing the drive pressure.

Fig. 14a portrays the internal part of the experimental setup, which
is sketched in Fig. 13a. The cross-section of the aerostatic bearing
used to stabilize the rotor is displayed in Fig. 14b. The details of
the experimental results with different bearing types are reported and
discussed in the following sub-section.
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Fig. 14. Top: 3𝐷 sketch of experimental setup. Bottom: the internal cross-section of a bearing.
5.4.2. Comparison of experiments with numerical results

In this section, a commercially available bearing denoted as 𝐵𝑒2 is
compared with in house development of three different bearing types
denoted as 𝐵𝑒1, 𝐵𝑒3 and 𝐵𝑒4. The geometric design parameters and
essential non-dimensional numbers for different bearing configurations
are summarized in Tables 1 and 2. The Fig. 13 provides the details
of the experimental setup used to test different bearings. The term
�̄�𝑟 in Tables 1 and 2 denotes the non-dimensionalized rotor weight
stabilized by each bearing along the direction perpendicular to the axis
of bearing. For a given rotor weight 𝑚 , magic-angle 𝜃 = 54.74◦ and
13

𝑟 𝑀𝐴𝑆
acceleration due to gravity 𝑔, the term �̄�𝑟 is given as

�̄�𝑟 =
(

0.5𝑚𝑟𝑔 sin 𝜃𝑀𝐴𝑆
2𝑃𝑎𝐿𝑅𝑏

)

. (43)

The factor 0.5 in Eq. (43) is introduced due to the use of two bearings
in the present configuration cf. 1 to balance the total weight component
perpendicular to rotor axis. The commercial bearing system is signifi-
cantly larger than other bearing systems (𝑅𝑏 = 0.675 for 𝐵𝑒2, 𝑅𝑏 = 0.21
for 𝐵𝑒1,3,4). However the performance of 𝐵𝑒1 in terms of maximum
stable rotational frequency (𝑓𝑚𝑎𝑥) was only 25 kHz compared to 70 kHz
for 𝐵𝑒2. This large reduction in 𝑓𝑚𝑎𝑥 is explained by calculating the
critical inertial force (�̄�𝛾2) as a function of nozzle restriction parameter
𝑐
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Fig. 15. 2𝐷 spline interpolation of static and dynamic solutions with varying (𝛤0 , 𝜀0) for bearing type 𝐵𝑒2. The black curves in the left and central figures represent the intersection
of the 3𝐷 surface with the rotor non-dimensional weight solution (�̄� ). The central plot shows the maximum stable inertial force solution �̄�𝛾2𝑐 for varying 𝜀0 and 𝛤0. Finally, in
the right plot �̄�𝛾2𝑐 is plotted against 𝛤0 along the intersection curve presented in the left and central figures. The design point (𝛤0) of the nozzle used in the experiment for 𝐵𝑒2
is located very close to the optimum nozzle restriction number as represented by the dashed red line in the right plot. (For interpretation of the references to color in this figure

legend, the reader is referred to the web version of this article.)
Table 1
Coefficients of bearing types 𝐵𝑒1 , 𝐵𝑒2 , 𝐵𝑒3 and 𝐵𝑒4.

Variable notation 𝐵𝑒1 𝐵𝑒2 𝐵𝑒3(𝑇1) 𝐵𝑒3(𝑇2) 𝐵𝑒3, Helium 𝐵𝑒4
𝑐 (mm) 0.0075 0.023 0.01 0.01 0.01 0.01
𝐶𝑑 0.7 0.7 0.7 0.7 0.7 0.7
𝑑𝑛 (mm) 0.15 0.21 0.1 0.1 0.1 0.15
𝐷𝑟 (mm) 0.4 1.3 0.4 0.4 0.4 0.4
𝑓𝑚𝑎𝑥 (kHz) 25 70 110 85 25 18
𝐿 (mm) 0.7 1.8 0.9 0.9 0.9 0.9
𝑚𝑟 (mg) 1.9 32.2 1.9 1.9 1.9 1.9
𝑅𝑏 (mm) 0.2075 0.673 0.21 0.21 0.21 0.21
𝑅0 (J/kg/K) 288.68 288.68 288.68 288.68 1099.3 288.68
𝑇 0 (K) 298 298 298 298 298 298
(𝑑𝑛∕𝑅𝑏) 0.7229 0.312 0.4762 0.4762 0.4762 0.714
𝑁𝑟 5 5 5 6 5 5
�̄�𝑟 2.59 × 10−4 5.25 × 10−4 1.99 × 10−4 1.99 × 10−4 1.99 × 10−4 1.99 × 10−4

𝜅 1.4 1.4 1.4 1.4 1.66 1.4
𝛤0 147 9 27 27 108 60
𝛬𝑚𝑎𝑥 0.12 0.38 0.3 0.25 0.05 0.07
𝛬𝑠𝑖𝑚 0.1 0.4 0.3 0.2 0.1 0.1

𝜆 1.69 1.34 2.14 2.14 2.14 2.14
Table 2
Coefficients of bearing types 𝐵𝑒5 , 𝐵𝑒6 and 𝐵𝑒7.

Variable notation 𝐵𝑒5 𝐵𝑒6 𝐵𝑒7
𝑐 (mm) 0.012 0.015 0.023
𝐶𝑑 0.7 0.7 0.7
𝑑𝑛 (mm) 0.1 0.1 0.21
𝐷𝑟 (mm) 0.4 0.4 3.2
𝑓𝑚𝑎𝑥 (kHz) 110 95 22
𝐿 (mm) 0.9 0.9 1.7
𝑚𝑟 (mg) 1.9 1.9 253
𝑅𝑏 (mm) 0.21 0.21 1.623
𝑅0 (J/kg/K) 288.68 288.68 288.68
𝑇 0 (K) 298 298 298
(𝑑𝑛∕𝑅𝑏) 0.4762 0.4762 0.129
𝑁𝑟 5 5 6
�̄�𝑟 1.66 × 10−4 1.33 × 10−4 1.82 × 10−3

𝜅 1.4 1.4 1.4
𝛤0 16 8 10
𝛬𝑚𝑎𝑥 0.208 0.133 0.71
𝛬𝑠𝑖𝑚 0.2 0.1 0.7
𝜆 2.14 2.14 0.52

(𝛤0) for 𝐵𝑒1 and 𝐵𝑒2. A direct comparison of the stability plot for
a constant equilibrium eccentricity ratio (𝜀0), as obtained in Fig. 11
is not appropriate in the cases of 𝐵𝑒1 and 𝐵𝑒2 with varying bearing
geometries. Also, the non-dimensional rotor weight �̄�𝑟 is fixed in both
cases of the bearings 𝐵𝑒1 and 𝐵𝑒2. The procedure for obtaining the
critical quantities as a function of 𝛤0 is shown in the algorithm 1.
The left of Fig. 15 shows the calculated load �̄� as a function of 𝜀
14

0

and 𝛤0 for a fixed bearing number 𝛬. The fixed bearing number was
chosen based on the maximum frequency of rotation 𝑓𝑚𝑎𝑥 as given in
the Tables 1 and 2. Using the bearing geometry parameters and 𝑓𝑚𝑎𝑥,
the maximum bearing number 𝛬𝑚𝑎𝑥 was calculated and is reported in
the Tables 1 and 2. The term 𝛬𝑠𝑖𝑚 was calculated as a multiplier of
0.1, which is numerically nearest to 𝛬𝑚𝑎𝑥. Furthermore, the constant
green plane defines the rotor weight �̄�𝑟 as given in Eq. (43), which
is constant with respect to 𝜀0 and 𝛤0. The black curve in this plot
represents the intersection of constant �̄�𝑟 where �̄� (𝜀, 𝛤0) was obtained
numerically. Physically, this curve represents the variation of 𝜀0 with
changing 𝛤0 such that the balanced weight �̄� is equal to �̄�𝑟. The
center plot shows the critical inertial force plotted as a function of
𝜀0 and 𝛤0. Furthermore, the corresponding value of critical inertial
force for �̄� = �̄�𝑟 is marked as black curve in this figure. Finally, in
the right figure, the value of critical inertial force is plotted against
𝛤0 along the �̄� = �̄�𝑟 curve. The dashed red line in the right figure
represents the numerical value of critical inertial force corresponding
to the experimental 𝛤0 value for 𝐵𝑒2. The plot clearly shows that the
design of 𝐵𝑒2 works right at the optimum value of 𝛤0. Similarly, the
�̄�𝛾2𝑐 vs. 𝛤0 curve for constant non-dimensional rotor weight is given
for bearing types 𝐵𝑒1 and 𝐵𝑒3 in Figs. 16 and 17, respectively. The top
plot (𝑎) of Fig. 19 provides the comparison of the �̄�𝛾2𝑐 vs. 𝛤0 plots for
bearing types 𝐵𝑒1 and 𝐵𝑒2. It is apparent from Fig. 16 that the nozzle
restriction parameter (𝛤0 = 147, �̄�𝛾2𝑐 = 0.125) is not optimized in 𝐵𝑒1
compared to design 𝐵𝑒2 (𝛤0 = 10, �̄�𝛾2𝑐 = 1.04). Such stability plots are
used to optimize 𝛤0 in order to enhance the critical inertial force with
the goal of increasing stable rotational frequency. Fig. 18 depicts the
solutions of the squared critical whirl ratio (𝛾2) with �̄� = �̄� at varying
𝑐 𝑟
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t

Algorithm 1: Optimization Algorithm
1 Using bearing and rotor geometric configuration

(𝐿,𝑅𝑏, 𝑐, 𝜔𝑟, 𝑑𝑛), rotor mass (𝑚𝑟) and fluid properties (𝜇, 𝑃𝑎),
estimate dimensionless numbers 𝛬, 𝜆, 𝛤0 and �̄�𝑟.

2 Select a set of values {𝛤 1
0 , 𝛤

2
0 , ...𝛤

𝑛
0 } for nozzle restriction

number, such that 𝛤 1
0 = 1 and 𝛤0 < 𝛤 𝑛

0 .
3 Set a tolerance value 𝑇 𝑜𝑙 for iterative steps to obtain the

attitude angle.
4 for 𝑖 = 1; 𝑖 ≤ 𝑛; 𝑖 + + do
5 Select a set of values {𝜀10, 𝜀

2
0, ...𝜀

𝑚
0 } of equilibrium

eccentricity.
6 for 𝑗 = 1; 𝑗 ≤ 𝑚; 𝑗 + + do
7 Set 𝑘 = 0 and 𝛥𝜙0 = 0.
8 Set an initial guess for attitude angle as 𝜙0.
9 Obtain film thickness field ℎ̄0 = 1 + 𝜀𝑗0 cos(𝜃 − 𝜙0).
10 while (𝑘 == 0) or 𝛥𝜙0 > 𝑇𝑜𝑙 do
11 Solve the dimensionless Reynold’s equation (17).
12 Using a numerical integration, estimate the

dimensionless force components 𝐹 (𝑖,𝑗)
𝑥 and 𝐹 (𝑖,𝑗)

𝑦
applied by the fluid film pressure 𝑃 on the rotor
surface.

13 Set 𝛥𝜙0 = tan−1(𝐹 (𝑖,𝑗)
𝑥 ∕𝐹 (𝑖,𝑗)

𝑦 ).
14 Set 𝜙0 = 𝜙0 + 𝛥𝜙0.
15 Obtain film thickness field ℎ̄0 = 1 + 𝜀𝑗0 cos(𝜃 − 𝜙0).
16 Set 𝑘 = 𝑘 + 1.
17 end
18 Estimate the solution for 𝐹 (𝑖,𝑗)

𝑦 as a force to balance the
dimensionless weight.

19 Calculate using linear stability analysis solutions for
(

𝛾2𝑐
)(𝑖,𝑗) and

(

�̄�𝛾2𝑐
)(𝑖,𝑗).

20 end
21 end
22 Obtain solution for dimensionless weight �̄� using suitable

interpolation scheme and the dataset (𝛤 𝑖
0, 𝜀

𝑗
0, 𝐹

(𝑖,𝑗)
𝑧 ).

23 Obtain solution for inertial force �̄�𝛾2𝑐 using suitable
interpolation scheme and the dataset

(

𝛤 𝑖
0, 𝜀

𝑗
0,
(

�̄�𝛾2𝑐
)(𝑖,𝑗)

)

.
24 Estimate the set of points for (𝜀0, 𝛤0) such that �̄� = �̄�𝑟. This

set of points is denoted as (𝜀0, 𝛤0)|�̄� =�̄�𝑟
.

25 Find �̄�𝛾2𝑐 for the points (𝜀0, 𝛤0)|�̄� =�̄�𝑟
.

26 Find the value of 𝛤 𝑜𝑝𝑡
0 such that �̄�𝛾2𝑐 is maximized.

27 Find optimized diameter 𝑑𝑜𝑝𝑡𝑛 = 𝑑𝑛

√

(

𝛤 𝑜𝑝𝑡
0 ∕𝛤0

)

.

nozzle restriction numbers for the three bearing types 𝐵𝑒1, 𝐵𝑒2 and 𝐵𝑒3.
The numerical values of 𝛾2𝑐 converge towards 0.5 for all three bearing
types. The numerical results show a weak dependence of whirl ratio on
nozzle restriction number and therefore on the inertia imparted due to
air flow through the nozzle.

As a next step, the bearing design 𝐵𝑒1 is optimized by reducing
nozzle diameter 𝑑𝑛, increasing clearance 𝑐 and increasing the bearing
length 𝐿. This optimized bearing design is denoted as 𝐵𝑒3. Moreover
wo variants of 𝐵𝑒3 are designed with different numbers of nozzles (𝑁𝑟).

These two variants are denoted as (𝐵𝑒3, 𝑇1) for 𝑁𝑟 = 5 and (𝐵𝑒3, 𝑇2) for
𝑁𝑟 = 6. The bearing type 𝐵𝑒4 is obtained from 𝐵𝑒1 by increasing 𝑐
and 𝐿 only. The number of nozzles used in 𝐵𝑒4 is 5. The �̄�𝛾2𝑐 vs. 𝛤0
curve along the constant rotor weight for 𝐵𝑒3 and 𝐵𝑒4 are shown in the
bottom plot (𝑏) of Fig. 19. Furthermore, the corresponding experimental
points for 𝛤0 for (𝐵𝑒3, 𝑇1), (𝐵𝑒3, 𝑇2), 𝐵𝑒4 are plotted as dashed lines. The
use of diameter 𝑑𝑛 = 0.1 mm in 𝐵𝑒3 and 𝑑𝑛 = 0.15 mm in 𝐵𝑒4 along
with a clearance of 𝑐 = 0.01 mm lead to nozzle restriction parameter
values of 27 and 60, respectively. The numerical calculation of critical
15
inertial force provides �̄�𝛾2𝑐 = 0.3 for (𝐵𝑒3, 𝑇1) and �̄�𝛾2𝑐 = 0.15 for 𝐵𝑒4.
The performance in terms of maximum stable frequency is obtained
as 𝑓𝑚𝑎𝑥 = 110 kHz for 𝛤0 = 27 in (𝐵𝑒3, 𝑇1) compared to 𝑓𝑚𝑎𝑥 = 25
kHz for 𝛤0 = 60 in 𝐵𝑒4, which correlates with increasing �̄�𝛾2𝑐 . The
changes in number of nozzles (𝑁𝑟) also plays an important role in
enhancing the inertial force as represented by the green (𝑁𝑟 = 6) and
red (𝑁𝑟 = 5) solid curves in Fig. 19(𝑏). The corresponding value of
�̄�𝛾2𝑐 at 𝛤0 = 27 for six nozzles is 0.25 compared to 0.3 for the five
nozzles case. This therefore leads to a reduction in maximum stable
frequency to 85 kHz for (𝐵𝑒3, 𝑇2) compared to 110 kHz for (𝐵𝑒3, 𝑇1). The
experimental value of the maximum stable bearing number is plotted
against the numerical calculation of critical inertial force in the top
right plot (𝑏) of Fig. 20. The solid lines in the top left plot (𝑎) of Fig. 20
give the relation between bearing number and MAS frequency for
different geometric configurations of the bearing. The dashed lines here
represent the experimentally obtained maximum stable MAS frequency
of the corresponding bearing. The green line here correspond to the
bearing 𝐵𝑒2, which is an outlier in terms of bearing geometry and rotor
size value among the different bearings used. This is due to the large
bearing radius for 𝐵𝑒2 compared to 𝐵𝑒1,3,4. The large bearing radius
for 𝐵𝑒2 leads to a maximum slope in 𝛬 vs. 𝑓 ; depicted as the + marker
point in plot 20(𝑏). This also confirms that it is an outlier in the current
design configuration study. However, the increased stable inertial force
in the case of 𝐵𝑒2 also leads to higher stable bearing numbers obtained
experimentally. The blue points on the �̄�𝛾2𝑐 vs. 𝛬 plot can be connected
via dashed lines represent the increase of the bearing number from
𝐵𝑒4 to (𝐵𝑒3, 𝑇2) and to (𝐵𝑒3, 𝑇1) in the top right plot (𝑏) of Fig. 20. All
these three bearing geometries lead to the same slope in the frequency-
bearing number plot (solid blue line in the top left part (𝑎) of Fig. 20).
The �̄�𝛾2𝑐 vs. 𝛬 plot further confirms the strong correlation between
increasing stable inertial force and enhanced rotational frequency. In
addition to optimizing the nozzle restriction number, the bearing length
(𝐿) is also increased in 𝐵𝑒3 and 𝐵𝑒4 compared to 𝐵𝑒1. This leads to
a reduction of the non-dimensional rotor weight (�̄�𝑟) in 𝐵𝑒3 and 𝐵𝑒4
compared to 𝐵𝑒1 for the same absolute rotor weight. Another outlier
rotor geometry in the top right plot corresponds to the bearing type 𝐵𝑒7
with 𝐷𝑟 = 3.2 mm. The maximum stable frequency for 𝐵𝑒7 is obtained
as 22 kHz. The family of bearing types for rotor diameter 𝐷𝑟 = 0.4 mm
is presented in the bottom left plot (𝑐) of Fig. 20. The bottom right
plot shows �̄�𝛾2𝑐 vs. 𝑓𝑚𝑎𝑥 for the family of bearing types with rotor
diameter 𝐷𝑟 = 0.4 mm. Finally, it can be concluded based on these
numerical calculations and experimental results that in order to achieve
maximum stable rotational frequency, maximization of stable inertial
force (�̄�𝛾2𝑐 ) can be used as a design criterion of bearing geometry
and nozzle diameter for a fixed rotor size. One way to achieve this
maximization of stable inertial force is to choose an optimum nozzle
restriction number and therefore nozzle diameter, which can be used
as a guide to optimize the bearing design for maximum stable rotational
frequency. Due to tolerance issue in creating small nozzle diameter
in our manufacturing facility, the investigation with decreasing noz-
zle diameter could not be achieved. Therefore, a bearing could not
be manufacture and its performance could not be reported in terms
of maximum rotor frequency, which optimizes the maximum critical
inertial force for 0.4 mm rotor. However, it is interesting to observe that
commercial bearing type 𝐵𝑒2 is perfectly designed to have optimized
maximum critical inertial force as obtained in Fig. 19(a).

The bearing type 𝐵𝑒3 is tested with helium gas feed of the bearing
nozzle and compared with air feed. The corresponding nozzle restric-
tion number increases about four times for Helium compared to air
feed. This is because of the small molecular weight of helium, which
leads to a large specific gas constant per unit mass. The maximum
stable frequency experimentally obtained with Helium for bearing type
(𝐵𝑒3, 𝑇1) is 18 kHz compared to 110 kHz with air. This test using
helium further confirms the role of the nozzle restriction number in
maximizing the stable inertial force, which leads to changes in the

maximum rotation frequency. The change in bearing clearance for 𝐵𝑒3



Tribology International 175 (2022) 107855R. Deb et al.
Fig. 16. 2𝐷 spline interpolation of static and dynamic solutions with varying (𝛤0 , 𝜀0) for bearing type 𝐵𝑒1. The design point (𝛤0) of the nozzle used in the experiment for 𝐵𝑒1
is located far off from the optimum nozzle restriction number as represented by the dashed red line in the right plot. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
Fig. 17. 2𝐷 spline interpolation of static and dynamic solutions with varying (𝛤0 , 𝜀0) for bearing type 𝐵𝑒3. The design configuration of the nozzle used in the experiment for 𝐵𝑒3

is improved in terms of enhanced inertial force value corresponding to the experimental nozzle restriction number, while compared with 𝐵𝑒1 used for 0.4 mm rotor.
Fig. 18. 𝛾2𝑐 is plotted against 𝛤0 along the interaction curves depicted for bearing types 𝐵𝑒1, 𝐵𝑒2 and 𝐵𝑒3 respectively from left to right.
is represented by the bearing design 𝐵𝑒5 and 𝐵𝑒6. The clearance values
are chosen as 𝑐 = 0.012 mm and 𝑐 = 0.015 mm for 𝐵𝑒5 and 𝐵𝑒6
respectively. An enhancement of rotor frequency could not be achieved
beyond 110 kHz for further enhancement of the maximum stable inertia
number

(

�̄�𝛾2𝑐
)

. This is most likely due to the limitations of torque
provided by the airflow around the turbine.

6. Conclusion

The Reynolds equation for aerostatic bearings with infinitesimal
nozzle size was modified to account for the effect of finite nozzle di-
ameter to bearing radius ratio. Finite volume based numerical stability
analyses were then performed and grid converged solutions of load,
attitude angle, critical frequency square and critical inertial force are
16
presented. The large nozzle case was simulated and compared with
the infinitesimal nozzle case for varying (𝑑𝑛∕𝑅𝑏) ratio. It is shown that
the optimized nozzle restriction number (𝛤0) and the maximum critical
inertial force (�̄�𝛾2𝑐 ) increase with increasing (𝑑𝑛∕𝑅𝑏) ratio. Numerical
solutions for load and critical inertial force are also presented for
varying numbers of nozzles. It is found that the optimal 𝛤0 decreases
with increasing number of nozzles.

In order to obtain the optimized nozzle restriction number for
bearing design, a new calculation strategy is proposed here. In this
calculation method, the optimized 𝛤0 is obtained along a curve of fixed
non-dimensional rotor weight. Based on this optimization procedure,
the bearing design to enhance the stable rotor frequency is proposed.
The main objective here is to maximize the critical inertial force along
the fixed rotor weight curve. Finally, several experimental designs were
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Fig. 19. �̄�𝛾2𝑐 vs. 𝛤0 solutions plotted along constant rotor weight curves for bearing types 𝐵𝑒1 , 𝐵𝑒2 , 𝐵𝑒3 and 𝐵𝑒4. The dashed lines depict the solutions of �̄�𝛾2𝑐 for experimental
values of nozzle restriction number 𝛤0 for different bearing types. The top plot (𝑎) shows �̄�𝛾2𝑐 vs. 𝛤0 for bearing type 𝐵𝑒1 and 𝐵𝑒2. The bottom plot (𝑏) shows the same for bearing
type 𝐵𝑒3 and 𝐵𝑒4 using varying nozzle numbers and varying nozzle flow gas types. (For interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)
tested for magic-angle spinning (MAS) devices, employing two specific
bearing and rotor sizes. New bearing design leads to the enhancement
of the rotor frequency from 25 kHz to 110 kHz. Furthermore, the
effect of different gases as impinging fluid in the bearing nozzle is also
analyzed experimentally by replacing air with Helium. As expected, due
to increase in 𝛤0 with use of Helium, the performance of bearing to
stabilize the rotor frequency decreases significantly.

Based on the experimental observation and supporting numerical
investigation, it is recommended to optimize the value of nozzle re-
striction number in order to maximize the bearing performance. It is
concluded that the bearing system has a significant effect on the perfor-
mance of small MAS rotors. Although the present study concentrates on
special bearings for MAS systems, the analysis is valid for a wider range
of bearings with finite nozzle to bearing radius ratio. Thus application
to other microturbine systems could also be of interest in future studies.
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Appendix A

Fig. 21 depicts the local coordinates for flow in the gap between
bearing and rotor. The velocity components 𝑢𝑥 and 𝑢𝑧 represents the
two orthogonal components of flow parallel to the local tangent plane
17
of the rotor wall. The component 𝑢𝑧 depicts the flow perpendicular to
the rotor velocity into the plane of figure. The coordinate 𝑦 represents
the space variable along the bearing–rotor gap. The Reynolds equation
with nozzle entries is derived in the following steps using Ref. [18].

1. The in-plane fluid flow equation is given as

𝑢𝑥 = 1
2𝜇

𝜕𝑝
𝜕𝑥

(

𝑦2 − ℎ𝑦
)

+ 𝑈1

(

1 −
𝑦
ℎ

)

+ 𝑈2

( 𝑦
ℎ

)

(44)

𝑢𝑧 = 1
2𝜇

𝜕𝑝
𝜕𝑧

(

𝑦2 − ℎ𝑦
)

, (45)

where 𝑈1, 𝑈2 respectively represent the local rotor speed and
bearing speed.

2. Integrate continuity equation along the 𝑦 coordinate

∫

𝑦

0

(

𝜕𝜌
𝜕𝑡

+
𝜕𝜌𝑢𝑥
𝜕𝑥

+
𝜕𝜌𝑢𝑦
𝜕𝑦

+
𝜕𝜌𝑢𝑧
𝜕𝑧

)

d𝑦 = 0. (46)

In the case of no nozzle entry,

[𝜌𝑢𝑦]
𝑦
0 = 𝜌𝑑ℎ

𝑑𝑡
(47)

3. Replacing 𝑢𝑥 and 𝑢𝑧 by Eqs. (44) and (45) in Eq. (46), the
following equations is obtained:

𝜕
𝜕𝑥

(

𝜌ℎ3

12𝜇
𝜕𝑝
𝜕𝑥

)

+ 𝜕
𝜕𝑧

(

𝜌ℎ3

12𝜇
𝜕𝑝
𝜕𝑧

)

= 1
2
𝜕
(

𝜌ℎ𝑈0
)

𝜕𝑥
+

𝜕 (𝜌ℎ)
𝜕𝑡

, (48)

where 𝑈0 =
(

𝑈1 + 𝑈2
)

.
4. In case of fluid flow through a nozzle entry, the integrated

Eq. (46) becomes

𝜕
𝜕𝑥

(

𝜌ℎ3

12𝜇
𝜕𝑝
𝜕𝑥

)

+ 𝜕
𝜕𝑧

(

𝜌ℎ3

12𝜇
𝜕𝑝
𝜕𝑧

)

= 1
2
𝜕
(

𝜌ℎ𝑈0
)

𝜕𝑥
+

𝜕 (𝜌ℎ)
𝜕𝑡

− 𝑆𝑛𝑜𝑧𝑧𝑙𝑒,

(49)

where the source term 𝑆𝑛𝑜𝑧𝑧𝑙𝑒 is such that

�̇� = ∫𝐴𝑛

𝑆𝑛𝑜𝑧𝑧𝑙𝑒d𝐴𝑛. (50)

Here 𝐴 denotes the nozzle area opening.
𝑛
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Fig. 20. Figure (𝑎) depicts 𝛬 vs. 𝑓 for bearing types 𝐵𝑒1, 𝐵𝑒2 and 𝐵𝑒3. The dashed lines mark the bearing number corresponding to maximum stable frequency (obtained
experimentally). Figure (𝑏) shows experimentally obtained values of maximum stable bearing numbers against the numerical solutions of critical inertial force for different bearing
types. Figure (𝑐) compares the experimentally obtained values of maximum stable bearing numbers against the numerical solutions of critical inertial force for one family of
bearings applied to rotor size 𝐷𝑟 = 0.4 mm. Figure (𝑑) plots the maximum stable frequency against the maximum stable inertial force for the family of bearings applied to rotor
size 𝐷𝑟 = 0.4 mm. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 21. The local coordinate (𝑥, 𝑦, 𝑧) for the flow in the bearing–rotor gap.

5. For cylindrical coordinate, the dimensional Reynolds equation
(49) becomes

1
𝑅2

𝜕
𝜕𝜃

(

𝜌ℎ3

12𝜇
𝜕𝑝
𝜕𝜃

)

+ 𝜕
𝜕𝑧

(

𝜌ℎ3

12𝜇
𝜕𝑝
𝜕𝑧

)

= 1
2
𝜕
(

𝜌ℎ𝑈0
)

𝑅𝜕𝜃
+

𝜕 (𝜌ℎ)
𝜕𝑡

− 𝑆𝑛𝑜𝑧𝑧𝑙𝑒 (51)

where 𝑈0 = 𝜔𝑟𝑅. (52)

For the rest of the derivation, it is assumed that 𝑅 ≈ 𝑅𝑏, where
𝑅 is the bearing radius.
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𝑏

6. For the gas, using isothermal condition leads to

𝑝
𝜌
= 𝑅0𝑇 0. (53)

Setting relation (53) to Eq. (51) leads to

1
𝑅2
𝑏

𝜕
𝜕𝜃

(

ℎ3

24𝜇
𝜕𝑝2

𝜕𝜃

)

+ 𝜕
𝜕𝑧

(

ℎ3

24𝜇
𝜕𝑝2

𝜕𝑧

)

= 1
2
𝜕
(

𝑝ℎ𝜔𝑟𝑅𝑏
)

𝑅𝑏𝜕𝜃
+

𝜕 (𝑝ℎ)
𝜕𝑡

− 𝑅0𝑇 0𝑆𝑛𝑜𝑧𝑧𝑙𝑒.
(54)

7. Finally non-dimensionalization using ℎ = 𝑐ℎ̄, 𝑃 = 𝑝𝑎𝑃 , 𝑧 = 𝐿�̄�

and 𝑡 = 𝛾𝜔𝑟𝜏 in (54) leads to

𝜕
𝜕𝜃

[

ℎ̄3 𝜕𝑃
2

𝜕𝜃

]

+ 1
4𝜆2

𝜕
𝜕�̄�

[

ℎ̄3 𝜕𝑃
2

𝜕�̄�

]

= 2𝛬 𝜕
𝜕𝜃

(

𝑃 ℎ̄
)

+ 4𝛾𝛬 𝜕
𝜕𝜏

(

𝑃 ℎ̄
)

−

(

24𝜇𝑅0𝑇 0𝑅2
𝑏

𝑃 2
𝑎 𝑐3

)

𝑆𝑛𝑜𝑧𝑧𝑙𝑒,
(55)

where the terms 𝛬 and 𝜆 are defined by Eqs. (5) and (7)
respectively.
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𝑆

F

w

8. Integrating the source term over a dimensionless area �̄�𝑛 =
𝐴𝑛∕(𝑅𝑏𝐿) leads to
(

24𝜇𝑅0𝑇 0𝑅2
𝑏

𝑃 2
𝑎 𝑐3

)

∫�̄�𝑛

𝑆𝑛𝑜𝑧𝑧𝑙𝑒d𝜃d�̄�

=

(

24𝜇𝑅0𝑇 0𝑅𝑏

𝑃 2
𝑎 𝑐3𝐿

)

∫𝐴𝑛

𝑆𝑛𝑜𝑧𝑧𝑙𝑒d𝐴𝑛, (56)

where d𝐴𝑛 = 𝑅𝑏d𝜃d𝑧 = 𝑅𝑏𝐿d𝜃d�̄� (57)

9. Setting Eqs. (50) and (11) to Eq. (56) leads to
(

24𝜇𝑅0𝑇 0𝑅2
𝑏

𝑃 2
𝑎 𝑐3

)

∫�̄�𝑛

𝑆𝑛𝑜𝑧𝑧𝑙𝑒d𝜃d�̄� =

(

24𝜇𝑅0𝑇 0𝑅𝑏

𝑃 2
𝑎 𝑐3𝐿

)

𝐶𝑑𝐴𝑛𝑝𝑠𝛿
√

𝑅0𝑇 0

=
(

𝑅𝑏
𝐿

)

(

24𝜇𝐶𝑑𝐴𝑛

√

𝑅0𝑇 0

𝑃𝑎𝑐3

)

(

𝑝𝑠
𝑃𝑎

)

𝛿

(58)

10. Using the definition of 𝜆, 𝛤0 and �̄�𝑟 from Eqs. (7), (15) and
(14) respectively, replacing nozzle area 𝐴𝑛 by 𝜋𝑑2𝑛∕4 and using
𝑃𝑠 = (𝑝𝑠∕𝑝𝑎) in Eq. (58), the following relation is obtained:
(

24𝜇𝑅0𝑇 0𝑅2
𝑏

𝑃 2
𝑎 𝑐3

)

∫�̄�𝑛

𝑆𝑛𝑜𝑧𝑧𝑙𝑒d�̄�𝑛 =
1
8𝜆

𝛤0𝑃𝑠𝛿 = 1
8𝜆 ∫�̄�𝑛

�̄�𝑟d�̄�𝑛 (59)

The derivation of Reynolds equation with nozzle entry can be modified
for relatively large nozzle size by assuming large nozzle to be a combi-
nation of infinitely large number of small streamlines. For each of such
streamlines, the local averaged fluid pressure in the viscous sublayer is
used as the nozzle exit pressure. The assumption leads to

�̇� = ∫𝐴𝑛

𝐶𝑑𝑝𝑠𝛿
√

𝑅0𝑇 0
d𝐴𝑛 and therefore (60)

𝑛𝑜𝑧𝑧𝑙𝑒 = d�̇�
d𝐴𝑛

=
𝐶𝑑𝑝𝑠𝛿
√

𝑅0𝑇 0
. (61)

or finite sized nozzle, setting definition (61) to Eq. (55) leads to

𝜕
𝜕𝜃

[

ℎ̄3 𝜕𝑃
2

𝜕𝜃

]

+ 1
4𝜆2

𝜕
𝜕�̄�

[

ℎ̄3 𝜕𝑃
2

𝜕�̄�

]

= 2𝛬 𝜕
𝜕𝜃

(

𝑃 ℎ̄
)

+ 4𝛾𝛬 𝜕
𝜕𝜏

(

𝑃 ℎ̄
)

−

(

24𝜇𝑅0𝑇 0𝑅2
𝑏

𝑃 2
𝑎 𝑐3

)

𝐶𝑑𝑝𝑠𝛿
√

𝑅0𝑇 0
,

(62)

hich after rearrangement yields

𝜕
𝜕𝜃

[

ℎ̄3 𝜕𝑃
2

𝜕𝜃

]

+ 1
4𝜆2

𝜕
𝜕�̄�

[

ℎ̄3 𝜕𝑃
2

𝜕�̄�

]

= 2𝛬 𝜕
𝜕𝜃

(

𝑃 ℎ̄
)

+ 4𝛾𝛬 𝜕
𝜕𝜏

(

𝑃 ℎ̄
)

−

(

𝑅2
𝑏

𝜋𝑑2𝑛

)

⎛

⎜

⎜

⎝

24𝜇𝐶𝑑𝜋𝑑2𝑛
√

𝑅0𝑇 0

𝑃𝑎𝑐3

⎞

⎟

⎟

⎠

(

𝑝𝑠
𝑃𝑎

)

𝛿.
(63)

Finally using the definition of 𝛤0 and �̄�𝑓𝑖𝑛𝑖𝑡𝑒
𝑟 from Eqs. (15) and (18)

respectively in Eq. (63) leads to the non-dimensionalized Reynolds
equation for finite sized nozzle

𝜕
𝜕𝜃

[

ℎ̄3 𝜕𝑃
2

𝜕𝜃

]

+ 1
4𝜆2

𝜕
𝜕�̄�

[

ℎ̄3 𝜕𝑃
2

𝜕�̄�

]

= 2𝛬 𝜕
𝜕𝜃

(

𝑃 ℎ̄
)

+ 4𝛾𝛬 𝜕
𝜕𝜏

(

𝑃 ℎ̄
)

−

(

𝑅2
𝑏

𝜋𝑑2𝑛

)

�̄�𝑓𝑖𝑛𝑖𝑡𝑒
𝑟 .

(64)

Appendix B

The governing Reynolds equation of linearly perturbed pressure
is derived in this section. This derivation follows closely the per-
turbed system for whirl instability derived by Lund [12]. In the fol-
lowing perturbed pressure and the corresponding stiffness and damping
19

calculations are given.
1. A new variable denoted as 𝑆 and is defined by

𝑆 =
(

𝑃 ℎ̄
)2 , (65)

where using the terms

𝜕𝑆
𝜕𝜃

= ℎ̄2 𝜕𝑃
2

𝜕𝜃
+ 2𝑃 2ℎ̄ 𝜕ℎ̄

𝜕𝜃
(66)

and 𝜕𝑆
𝜕�̄�

= ℎ̄2 𝜕𝑃
2

𝜕�̄�
+ 2𝑃 2ℎ̄ 𝜕ℎ̄

𝜕�̄�
(67)

in

ℎ̄3 𝜕𝑃
2

𝜕𝜃
= ℎ̄ 𝜕𝑆

𝜕𝜃
− 2𝑆 𝜕ℎ̄

𝜕𝜃
(68)

and ℎ̄3 𝜕𝑃
2

𝜕�̄�
= ℎ̄ 𝜕𝑆

𝜕�̄�
− 2𝑆 𝜕ℎ̄

𝜕�̄�
respectively, (69)

the left hand side of Reynolds equation (17) can be reformulated
as
𝜕
𝜕𝜃

[

ℎ̄3 𝜕𝑃 2

𝜕𝜃

]

+ 1
4𝜆2

𝜕
𝜕�̄�

[

ℎ̄3 𝜕𝑃 2

𝜕�̄�

]

= ℎ̄∇̃2𝑆 − 2𝑆∇̃2ℎ̄

−
(

𝜕𝑆
𝜕𝜃

𝜕ℎ̄
𝜕𝜃

+ 1
4𝜆2

𝜕𝑆
𝜕�̄�

𝜕ℎ̄
𝜕�̄�

)

(70)

where ∇̃2 =
[

𝜕2

𝜕𝜃2
+ 1

4𝜆2
𝜕2

𝜕�̄�2

]

. (71)

Using relation (70) in Reynolds Eq. (17) leads to

ℎ̄∇̃2𝑆 − 2𝑆∇̃2ℎ̄ −
(

𝜕𝑆
𝜕𝜃

𝜕ℎ̄
𝜕𝜃

+ 1
4𝜆2

𝜕𝑆
𝜕�̄�

𝜕ℎ̄
𝜕�̄�

)

= 2𝛬 𝜕
𝜕𝜃

(

𝑃 ℎ̄
)

+ 4𝛾𝛬 𝜕
𝜕𝜏

(

𝑃 ℎ̄
)

−

(

𝑅2
𝑏

𝜋𝑑2𝑛

)

�̄�𝑟.
(72)

2. A perturbation of equilibrium eccentricity (𝜀0) and attitude angle
(𝜙0) leads to the change in the equilibrium normalized gap
solution,

ℎ̄0 = 1 + 𝜀0 cos(𝜃 − 𝜙0) (73)

to the following value of perturbed gap thickness:

ℎ̄ = 1 + (𝜀0 + 𝜺𝒑) cos(𝜃 − 𝜙0 − 𝝓𝒑), (74)

where 𝜺𝒑 and 𝝓𝒑 are perturbed values of equilibrium eccen-
tricity and attitude angle respectively. The assumption of small
perturbation leads to

cos𝝓𝒑 ≈ 1 (75)

sin𝝓𝒑 ≈ 𝝓𝒑 (76)

𝜺𝒑𝝓𝒑 ≈ 0, (77)

which reduces the perturbed Eq. (74) to

ℎ̄ = 1 + 𝜀0 cos �̄� + 𝜀0𝝓𝒑 sin �̄� + 𝜺𝒑 cos �̄� (78)

where �̄� = (𝜃 − 𝜙0). (79)

Using definition of ℎ̄0 and �̄� from Eqs. (73) and (79) in Eq. (78)
leads to

ℎ̄ = ℎ̄0 + 𝜺𝒑 cos �̄� + 𝜀0𝝓𝒑 sin �̄�. (80)

Assuming fluctuating nature of perturbed parameters, the fol-
lowing solution for perturbed parameters can be taken into
account:

𝜺𝒑 = 𝜀𝑝 exp(𝑗𝜏) (81)

𝝓𝒑 = 𝜙𝑝 exp(𝑗𝜏), (82)

which leads to the perturbed gap thickness solution (19). The
term 𝜏 in Eqs. (81) and (82) denotes the dimensionless time
(𝜏 = 𝛺𝑡). Using this perturbed solution for gap thickness and the
ansatz for perturbed pressure solution (20), the perturbed part
of 𝑆 can be approximated as

( ̄ ̄ )2 ̄ ̄ ( ̂ ̄ ̂ ̄)
𝑆𝑝 ≈ 𝑃0ℎ0 + 2𝑃0ℎ0 𝜀𝑝 exp(𝑗𝜏) cos 𝜃 + 𝜀0𝜙𝑝 exp(𝑗𝜏) sin 𝜃 + (83)
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𝑄

a

N
t

a

a
o
w
T

2𝑃0ℎ̄0
(

𝜀𝑝 exp(𝑗𝜏)𝑃𝜀 + 𝜀0𝜙𝑝 exp(𝑗𝜏)𝑃𝜙
)

,

where the terms containing
(

𝜀𝑎𝑝𝜙
𝑏
𝑝

)

with (𝑎 + 𝑏) > 1 are neglected
and 𝑆 ≈

(

𝑆0 + 𝑆𝑝
)

.
3. The perturbed solution (83) can be re-expressed as

𝑆𝑝 =
(

𝑃0ℎ̄0
)2 + 2𝜀𝑝 exp(𝑗𝜏)𝑃0ℎ̄0

(

𝑃0 cos �̄� + 𝑃𝜀ℎ̄0
)

+ 2𝜀0𝜙𝑝 exp(𝑗𝜏)𝑃0ℎ̄0
(

𝑃0 sin �̄� + 𝑃𝜙ℎ̄0
)

.
(84)

Using the following definitions

𝑆0 =
(

𝑃0ℎ̄0
)2 , (85)

𝑆𝜀 = 𝑃0ℎ̄0
(

𝑃0 cos �̄� + 𝑃𝜀ℎ̄0
)

(86)

and 𝑆𝜙 = 𝑃0ℎ̄0
(

𝑃0 sin �̄� + 𝑃𝜙ℎ̄0
)

, (87)

the perturbed Eq. (84) can be written as

𝑆𝑝 = 𝑆0 + 2𝜀𝑝 exp(𝑗𝜏)𝑆𝜀 + 2𝜀0𝜙𝑝 exp(𝑗𝜏)𝑆𝜙. (88)

4. Using Eqs. (19) and (20), the term 𝑃 ℎ̄ can be approximated as

𝑃 ℎ̄ ≈ 𝑃0ℎ̄0 + 𝜀𝑝 exp(𝑗𝜏)
(

𝑃0 cos �̄� + 𝑃𝜀ℎ̄0
)

+ 𝜀0𝜙𝑝 exp(𝑗𝜏)

×
(

𝑃0 sin �̄� + 𝑃𝜙ℎ̄0
)

,
(89)

where the terms containing
(

𝜀𝑎𝑝𝜙
𝑏
𝑝

)

with (𝑎 + 𝑏) > 1 are ne-
glected. Using relations

(

𝑃0 cos �̄� + 𝑃𝜀ℎ̄0
)

= 𝑆𝜀∕
√

𝑆0 (90)

and
(

𝑃0 sin �̄� + 𝑃𝜙ℎ̄0
)

= 𝑆𝜙∕
√

𝑆0 (91)

in Eq. (89), the following relation is obtained.

𝑃 ℎ̄ =
√

𝑆0 + 𝜀𝑝 exp(𝑗𝜏)
(

𝑆𝜀∕
√

𝑆0

)

+ 𝜀0𝜙𝑝 exp(𝑗𝜏)
(

𝑆𝜙∕
√

𝑆0

)

(92)

5. The nozzle mass flow model is given as

�̄�𝑟 = 𝛤0𝑃𝑠𝛿(𝑃 ). (93)

The Taylor expansion of 𝛿(𝑃 ) about the equilibrium point 𝑃0
in Eq. (93) leads to

�̄�𝑟 =𝛤0𝑃𝑠

(

𝛿(𝑃0) +
( 𝜕𝛿
𝜕𝑃

)

0

(

𝑃 − 𝑃0
)

+ 1
2!

(

𝜕2𝛿
𝜕𝑃 2

)

0

(

𝑃 − 𝑃0
)2

+ 1
3!

(

𝜕3𝛿
𝜕𝑃 3

)

0

(

𝑃 − 𝑃0
)3 +⋯

)

.

(94)

Neglecting terms containing
(

𝑃 − 𝑃0
)𝑎 with 𝑎 > 1 in Eq. (94)

leads to

�̄�𝑟 = 𝛤0𝑃𝑠

(

𝛿0 +
( 𝜕𝛿
𝜕𝑃

)

0

(

𝑃 − 𝑃0
)

)

. (95)

Setting perturbed pressure ansatz (20) to Eq. (95) yields

�̄�𝑟 = 𝛤0𝑃𝑠𝛿0+𝜀𝑝 exp(𝑗𝜏)
( 𝜕𝛿
𝜕𝑃

)

0
𝛤0𝑃𝑠𝑃𝜀+𝜀0𝜙𝑝 exp(𝑗𝜏)

( 𝜕𝛿
𝜕𝑃

)

0
𝛤0𝑃𝑠𝑃𝜙.

(96)

The Eq. (96) can be re-expressed as

�̄�𝑟 = �̄�𝑟0 + 𝜀𝑝 exp(𝑗𝜏)�̄�𝑟𝜀 + 𝜀0𝜙𝑝 exp(𝑗𝜏)�̄�𝑟𝜙 (97)

where �̄�𝑟0 = 𝛤0𝑃𝑠𝛿0, (98)

�̄�𝑟𝜀 =
( 𝜕𝛿
𝜕𝑃

)

0
𝛤0𝑃𝑠𝑃𝜀 (99)

and �̄�𝑟𝜙 =
( 𝜕𝛿
𝜕𝑃

)

0
𝛤0𝑃𝑠𝑃𝜙. (100)

The term ℎ̄0 is independent of �̄� and the terms 𝑆𝜀, 𝑆𝜙 and 𝑆0 are
independent of 𝜏. These, therefore lead to

𝜕ℎ̄0 =
𝜕𝑆𝜀 =

𝜕𝑆𝜙 =
𝜕𝑆0 = 0. (101)
20

𝜕�̄� 𝜕𝜏 𝜕𝜏 𝜕𝜏
6. Using Eqs. (88), (92), (97) and (101) in Eq. (72), the following
equations for perturbed components of 𝑆 are obtained.

∇̃2𝑆𝜀 −
1
ℎ̄0

(

𝜕ℎ̄0
𝜕𝜃

+ 𝛬
√

𝑆0

)

𝜕𝑆𝜀
𝜕𝜃

− 1
ℎ̄0

(

2
𝜕2ℎ̄0
𝜕𝜃2

− 𝛬
2𝑆3∕2

0

𝜕𝑆0
𝜕𝜃

+
2𝑗𝛾𝛬
√

𝑆0

)

×𝑆𝜀 = −
(

cos �̄�
2ℎ̄0

)

∇̃2𝑆0

−
(

sin �̄�
2ℎ̄0

)

𝜕𝑆0
𝜕𝜃

−
(

cos �̄�
ℎ̄0

)

𝑆0 −

(

𝑅2
𝑏

2𝜋ℎ̄0𝑑2𝑛

)

�̄�𝑟𝜀 (102)

∇̃2𝑆𝜙 − 1
ℎ̄0

(

𝜕ℎ̄0
𝜕𝜃

+ 𝛬
√

𝑆0

)

𝜕𝑆𝜙

𝜕𝜃
− 1

ℎ̄0

×

(

2
𝜕2ℎ̄0
𝜕𝜃2

− 𝛬
2𝑆3∕2

0

𝜕𝑆0
𝜕𝜃

+
2𝑗𝛾𝛬
√

𝑆0

)

×𝑆𝜙 = −
(

sin �̄�
2ℎ̄0

)

∇̃2𝑆0

+
(

cos �̄�
2ℎ̄0

)

𝜕𝑆0
𝜕𝜃

−
(

sin �̄�
ℎ̄0

)

𝑆0 −

(

𝑅2
𝑏

2𝜋ℎ̄0𝑑2𝑛

)

�̄�𝑟𝜙 (103)

7. Using Eq. (12) in Eqs. (99) and (100), the terms �̄�𝑟𝜀 and �̄�𝑟𝜙 can
be expressed as

̄ 𝑟𝜀 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝛤0𝑃𝜀
√

2𝜅(𝜅−1)

[

2
(

𝑝𝑟
𝑝𝑠

)(2−𝜅)∕𝜅
−(𝜅+1)

(

𝑝𝑟
𝑝𝑠

)1∕𝜅
]

√

[

(

𝑝𝑟
𝑝𝑠

)2∕𝜅
−
(

𝑝𝑟
𝑝𝑠

)(𝜅+1)∕𝜅
]

, for subsonic conditions and

0, for supersonic conditions.

(104)

and

�̄�𝑟𝜙 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝛤0𝑃𝜙
√

2𝜅(𝜅−1)

[

2
(

𝑝𝑟
𝑝𝑠

)(2−𝜅)∕𝜅
−(𝜅+1)

(

𝑝𝑟
𝑝𝑠

)1∕𝜅
]

√

[

(

𝑝𝑟
𝑝𝑠

)2∕𝜅
−
(

𝑝𝑟
𝑝𝑠

)(𝜅+1)∕𝜅
]

, for subsonic conditions and

0, for supersonic conditions.

(105)

The perturbed force components 𝐹 𝑝
𝑥 and 𝐹 𝑝

𝑦 applied on the rotor along
𝑥 and 𝑦 directions due to fluid pressure as illustrated in the part (𝑎) of
Fig. 22 are given as

𝐹 𝑝
𝑥 = −∫

2𝜋

0 ∫

𝐿

0
𝑝𝑎

(

𝜺𝒑𝑃𝜀 + 𝜀0𝝓𝒑𝑃𝜙
)

sin 𝜃
(

𝑅𝑏d𝜃d𝑧
)

(106)

nd 𝐹 𝑝
𝑦 = −∫

2𝜋

0 ∫

𝐿

0
𝑝𝑎

(

𝜺𝒑𝑃𝜀 + 𝜀0𝝓𝒑𝑃𝜙
)

cos 𝜃
(

𝑅𝑏d𝜃d𝑧
)

. (107)

on-dimensionalization of the perturbed force components using the
erm (2𝑅𝑏𝐿𝑝𝑎) yields the dimensionless perturbed force components

𝐹 𝑝
𝑥 = −1

2
𝜺𝒑 ∫

2𝜋

0 ∫

1

0
𝑃𝜀 sin 𝜃𝑑𝜃𝑑�̄� −

1
2
𝜀0𝝓𝒑

× ∫

2𝜋

0 ∫

1

0
𝑃𝜙 sin 𝜃𝑑𝜃𝑑�̄� (108)

nd 𝐹 𝑝
𝑦 = −1

2
𝜺𝒑 ∫

2𝜋

0 ∫

1

0
𝑃𝜀 cos 𝜃𝑑𝜃𝑑�̄� −

1
2
𝜀0𝝓𝒑

× ∫

2𝜋

0 ∫

1

0
𝑃𝜙 cos 𝜃𝑑𝜃𝑑�̄� (109)

long the �̄� and �̄� directions respectively. The terms 𝜺𝒑 and 𝜀0𝝓𝒑 are
btained via coordinate transformation of (�̄�, �̄�) axes by counterclock-
ise rotation angle of

(

𝜋 − 𝜙0
)

as presented in the part (𝑏) of Fig. 22.
herefore,
[

𝜀0𝝓𝒑
]

=
[

cos
(

𝜋 − 𝜙0
)

sin
(

𝜋 − 𝜙0
)

( ) ( )

] [

�̄�
]

, which yields (110)
𝜺𝒑 − sin 𝜋 − 𝜙0 cos 𝜋 − 𝜙0 �̄�
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Fig. 22. The left figure shows the direction of applied force on a differential area segment (𝑅𝑏d𝜃d𝑧) of the rotor. The right figure shows the coordinate transformation from (�̄�, �̄�)
axes to

(

𝜀0𝝓𝒑 , 𝜺𝒑
)

axes.
𝜺𝒑 =
(

−�̄� sin𝜙0 − �̄� cos𝜙0
)

(111)

and 𝜀0𝝓𝒑 =
(

−�̄� cos𝜙0 + �̄� sin𝜙0
)

. (112)

Setting the definitions (111) and (112) to Eqs. (108) and (109) and
using 𝜃 =

(

�̄� + 𝜙0
)

, the non-dimensionalized force equations can be
reformulated as

𝐹 𝑝
𝑥 = 1

2
(

�̄� sin𝜙0 + �̄� cos𝜙0
)

∫

2𝜋−𝜙0

−𝜙0
∫

1

0
𝑃𝜀 sin

(

�̄� + 𝜙0
)

d�̄�d�̄�

+1
2
(

�̄� cos𝜙0 − �̄� sin𝜙0
)

∫

2𝜋−𝜙0

−𝜙0
∫

1

0
𝑃𝜙 sin

(

�̄� + 𝜙0
)

d�̄�d�̄� (113)

and 𝐹 𝑝
𝑦 = 1

2
(

�̄� sin𝜙0 + �̄� cos𝜙0
)

∫

2𝜋−𝜙0

−𝜙0
∫

1

0
𝑃𝜀 cos

(

�̄� + 𝜙0
)

d�̄�d�̄�

+1
2
(

�̄� cos𝜙0 − �̄� sin𝜙0
)

∫

2𝜋−𝜙0

−𝜙0
∫

1

0
𝑃𝜙 cos

(

�̄� + 𝜙0
)

×d�̄�d�̄�. (114)

Using the periodicity of pressure perturbation components 𝑃𝜀 and 𝑃𝜙,
the Eqs. (113) and (114) can be rearranged as

𝐹 𝑝
𝑥 = �̄�

[(

1
2
sin𝜙0 sin𝜙0 ∫

2𝜋

0 ∫

1

0
𝑃𝜀 cos �̄�

)

+

(

1
2
sin𝜙0 cos𝜙0 ∫

2𝜋

0 ∫

1

0
𝑃𝜀 sin �̄�

)]

+

�̄�

[(

1
2
sin𝜙0 cos𝜙0 ∫

2𝜋

0 ∫

1

0
𝑃𝜙 cos �̄�

)

+

(

1
2
cos𝜙0 cos𝜙0 ∫

2𝜋

0 ∫

1

0
𝑃𝜙 sin �̄�

)]

+

�̄�

[(

1
2
cos𝜙0 sin𝜙0 ∫

2𝜋

0 ∫

1

0
𝑃𝜀 cos �̄�

)

+

(

1
2
cos𝜙0 cos𝜙0 ∫

2𝜋

0 ∫

1

0
𝑃𝜀 sin �̄�

)]

−

�̄�

[(

1
2
sin𝜙0 sin𝜙0 ∫

2𝜋

0 ∫

1

0
𝑃𝜙 cos �̄�

)

+

(

1 sin𝜙0 cos𝜙0 ∫

2𝜋

∫

1
𝑃𝜙 sin �̄�

)]

(115)
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and 𝐹 𝑝
𝑦 = �̄�

[(

1
2
sin𝜙0 cos𝜙0 ∫

2𝜋

0 ∫

1

0
𝑃𝜀 cos �̄�

)

−

(

1
2
sin𝜙0 sin𝜙0 ∫

2𝜋

0 ∫

1

0
𝑃𝜀 sin �̄�

)]

+

�̄�

[(

1
2
cos𝜙0 cos𝜙0 ∫

2𝜋

0 ∫

1

0
𝑃𝜙 cos �̄�

)

−

(

1
2
sin𝜙0 cos𝜙0 ∫

2𝜋

0 ∫

1

0
𝑃𝜙 sin �̄�

)]

+

�̄�

[(

1
2
cos𝜙0 cos𝜙0 ∫

2𝜋

0 ∫

1

0
𝑃𝜀 cos �̄�

)

−

(

1
2
sin𝜙0 cos𝜙0 ∫

2𝜋

0 ∫

1

0
𝑃𝜀 sin �̄�

)]

−

�̄�

[(

1
2
sin𝜙0 cos𝜙0 ∫

2𝜋

0 ∫

1

0
𝑃𝜙 cos �̄�

)

−

(

1
2
sin𝜙0 sin𝜙0 ∫

2𝜋

0 ∫

1

0
𝑃𝜙 sin �̄�

)]

. (116)

Using the definition of stiffness given in Eq. (3), the following relations
for the stiffness components are obtained from Eqs. (115) and (116).

𝐾𝑥𝑥 = (sin𝜙0 sin𝜙0)�̄�𝜀𝜀 + (sin𝜙0 cos𝜙0)�̄�𝜀𝜙

+(sin𝜙0 cos𝜙0)�̄�𝜙𝜀 + (cos𝜙0 cos𝜙0)�̄�𝜙𝜙 (117)

𝐾𝑦𝑥 = (cos𝜙0 sin𝜙0)�̄�𝜀𝜀 + (cos𝜙0 cos𝜙0)�̄�𝜀𝜙

−(sin𝜙0 sin𝜙0)�̄�𝜙𝜀 − (sin𝜙0 cos𝜙0)�̄�𝜙𝜙 (118)

𝐾𝑥𝑦 = (sin𝜙0 cos𝜙0)�̄�𝜀𝜀 − (sin𝜙0 sin𝜙0)�̄�𝜀𝜙

+(cos𝜙0 cos𝜙0)�̄�𝜙𝜀 − (sin𝜙0 cos𝜙0)�̄�𝜙𝜙 (119)

𝐾𝑦𝑦 = (cos𝜙0 cos𝜙0)�̄�𝜀𝜀 − (sin𝜙0 cos𝜙0)�̄�𝜀𝜙

−(sin𝜙0 cos𝜙0)�̄�𝜙𝜀 + (sin𝜙0 sin𝜙0)�̄�𝜙𝜙 (120)

where

�̄�𝜀𝜀 = −𝑅𝑒

(

1
2 ∫

2𝜋

0 ∫

1

0
𝑃𝜀 cos �̄�d�̄�d�̄�

)

, (121)

�̄�𝜀𝜙 = −𝑅𝑒

(

1
∫

2𝜋

∫

1
𝑃𝜀 sin �̄�d�̄�d�̄�

)

, (122)

2 0 0
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a

R

�̄�𝜙𝜀 = −𝑅𝑒

(

1
2 ∫

2𝜋

0 ∫

1

0
𝑃𝜙 cos �̄�d�̄�d�̄�

)

(123)

nd �̄�𝜙𝜙 = −𝑅𝑒

(

1
2 ∫

2𝜋

0 ∫

1

0
𝑃𝜙 sin �̄�d�̄�d�̄�

)

. (124)
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