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The volumetric accuracy of machine tools is repre-
sented by a map of position and orientation error vec-
tors of the tool over the volume concerned. Numer-
ical compensation for volumetric error is possible in
many latest commercial CNCs for machine tools. This
paper reviews indirect measurement schemes for ma-
chine tool kinematics, in which the tool center position
is measured as the superposition of error motions of
linear or rotary axes. Each error motion can be sepa-
rately identified by best-fitting a set of measured tool
center positions to the kinematic model of machine
tools. Indirect measurement schemes for the kinemat-
ics of three orthogonal linear axes, as well as the five-
axis kinematics with two rotary axes, will be reviewed.

Keywords: volumetric accuracy, indirect measurement,
machine tools, kinematic model

1. Introduction

ISO TC39/SC2, a technical subcommittee in Interna-
tional Organization of Standardization (ISO), has lately
been discussing the publication of a Technical Report
(TR) on numerical compensation for geometric errors in
machine tools [1]. This draft intends to “provide in-
formation for uniform identification and characterization
of geometric errors of numerically controlled machine
tools” [1]. Although this draft is still in a very early stage
in the ISO publication process, such an effort clearly indi-
cates the recognition by machine tool manufacturers and
users of the importance of volumetric accuracy.

ISO/FDIS 230-1:2011 [2], in a revision process in ISO
TC39/SC2, defines the term “volumetric accuracy” for a
three-axis machine tool as “the maximum range of rela-
tive deviations between actual and ideal position in X-, Y -
and Z-axis directions and the maximum range of orienta-
tion deviations for A-, B- and C-axis directions for X-, Y -
and Z-axis motions in the volume concerned.” The objec-
tive of volumetric error compensation is to cancel error in
the Tool Center Position (TCP) at an arbitrary point in the
work space by adjusting its command position.

On many commercial machine tool CNCs in today’s
market, it is common to implement numerical compen-
sation for linear positioning error in a linear axis, often
called “pitch error compensation,” caused typically by the
pitch error of a ball screw or linear encoder. Some CNCs
numerically compensate for the straightness or square-
ness error in linear axes. Volumetric error compensa-
tion is a generalized extension of these simpler compen-
sations. Many major CNC makers, e.g. Fanuc, Siemens,
and Heidenhain, have lately commercialized the function-
ality of numerically compensating for volumetric error in
linear and rotary axes. They typically adopt some form
of model-based compensation, where the machine’s kine-
matic model is assumed to cancel the predicted error given
by this model at an arbitrary point. In [1], the “kinematic
model” of machine tool is defined by “the model that de-
scribes the motion of rigid components within the ma-
chine tool structural loop and the joints that link them,
without consideration to the forces that generates such
motions.” The general concept of numerical compensa-
tion has been common in coordinate measuring machines
(CMMs), and its application to machine tools has long
been studied [3–11].

According to Schwenke et al. [10], “direct” measure-
ment of geometric error represents the analysis of single
errors, such as linear positioning error and angular error of
individual axes. For example, the linear positioning error
of a linear axis is typically measured by using a laser inter-
ferometer [12]. One setup of this measurement measures
only the linear positioning error of a single axis, minimiz-
ing the influence of other error motions. The key is to set
up the measuring instrument so that only the targeted error
motion influences measurement results. Direct measure-
ment methodologies are well reviewed in [10], and many
of them are widely accepted by machine tool builders [2].
For volumetric error compensation, the efficiency of the
direct measurement can be a critical issue. For orthog-
onal three-axis machines, 3 linear displacement errors,
6 straightness errors, 3 squareness errors, and 6 angular
errors must be measured by different setups to construct
the machine’s kinematic model.

“Indirect” measurement focuses on the tool tip loca-
tion as the superposition of these single errors. In early
attempts, indirect methods have been developed as a
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quick check of the machine’s motion accuracy. More
researchers recently reported the application of indirect
measurement to the construction of the kinematic model
or to the identification of (a part of) geometric error pa-
rameters. A typical example of indirect measurement
widely done by machine tool builders is the circular test
using the ball bar, described in ISO 230-4:2005 [13]. In
a circular test, measured contour error profiles are influ-
enced by many error motions of two linear axes, e.g.,
the positioning and straightness error of each axis and
the squareness error between both axes. By best-fitting
the machine’s kinematic model to measured trajectories,
many error motions can be estimated by a single circular
test (see Section 3.1 for further review). This simple ex-
ample illustrates a strong advantage of indirect measure-
ment.

This paper reviews indirect measurement schemes for
the identification of machine tool kinematic models. As a
basis for numerical compensation, Section 2 reviews geo-
metric error parameters and kinematic models of machine
tools. Sections 3 reviews indirect measurement schemes
for the kinematics of orthogonal three linear axes. Sec-
tions 4 reviews indirect measurement schemes for five-
axis kinematics with two rotary axes. Section 5 presents
conclusions.

2. Kinematic Models of Machine Tool

2.1. Geometric Error Parameters

Geometric errors in machine tools are caused by many
factors, such as kinematic errors, thermo-mechanical er-
rors, loads and load variations, dynamic forces, and mo-
tion control and control software [10]. This section re-
views definitions and notation of geometric error parame-
ters described in Annex A of ISO/FDIS 230-1:2011 [2].

The reference straight line of a linear axis of motion
represents its direction with two orientations [2, 14]. Lo-
cation errors of a linear axis represent orientations of its
reference straight line in the reference coordinate system
(called the machine tool coordinate system in [2]). As de-
picted in Fig. 1, for example, EA0Z and EB0Z respectively
represent the orientation of the reference straight line of
the Z-axis around X- and Y -axes of the machine tool coor-
dinate system. Location errors of a rotary axis are defined
analogously, representing the position and orientation of
the axis average line of a rotary axis, i.e., the straight line
representing the mean location and orientation of its axis
of rotation [14]. In the literature, many other terms for
location errors can be found, such as link error parame-
ters [15], systematic deviations [16], and position inde-
pendent geometric error parameters (PIGEPs) [17].

It must be emphasized that location errors represent
“average” positions or orientations. For a linear axis, for
example, the orientation of the trajectory of the moving
component may vary from this “average” orientation as
it moves (i.e., angular error motions). Such an error, as
a function of the position of the axis, is represented by

Fig. 1. Location errors for a linear axis (Z-axis) [2], where
XN , YN , and ZN represent the machine tool coordinate sys-
tem, ZA represents the reference straight line of the moving
component in the Z-direction.

Fig. 2. Example of a five-axis configuration [18].

component errors in [14].
In the notation in Annex A of ISO/FDIS 230-

1:2011 [2], geometric parameters are defined in reference
to the machine tool coordinate system. Some works in
the literature prefer geometric error parameters defined
in the coordinate system attached to the “lower” axis in
the machine’s kinematic chain. Suppose, for example,
the machine configuration depicted in Fig. 2, where the
C-axis (rotary table) is mounted on the A-axis (swivel-
ling axis). In “relative” notation, the orientation of the
C-axis average line around the Y -axis, denoted by βCA
(notation in [19]), is defined with respect to the coordi-
nate system attached to the A-axis average line, i.e., it
represents the squareness of the C- to A-axis average line.
The latest ISO/FDIS 230-1 additionally contains similar
“relative” notation. Note that this notation defines error
in the machine tool coordinate system, which differs from
the “relative” notation in [19]. Table 1 summarizes the
notation of location errors in [2, 14, 19]. Clearly, both
notations are easily convertible (in the example above,
βCA = EB0C −EB0A). “Relative” notation has, however, an
advantage in simplifying the description of the kinematic
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Table 1. Location errors notation.

Notation Examples
“Relative” notation by Inasaki et al. [19] δ yCA,αAX
The first (set of) character(s) represents the direction of deviation (δ x, δ y, and δ z for linear
deviations, and α , β , and γ for angular deviations). The symbol represents the position or the
orientation of the coordinate system attached to the axis average line represented by the second
character in the subscript, in reference to the coordinate system attached to the axis represented
by the third character in the subscript.
“Relative” notation in [2] EY (0C)A
The first character after ‘E’ (for error) is the direction of deviation in the machine tool coordinate
system. The second set of characters in parentheses is 0 (for location errors) accompanied with
the chosen reference (datum) axis. The third character is the axis of concern.
“Absolute” notation in [14] EY 0A, EA0A
The first character after ‘E’ (for error) is the direction of deviation in the machine tool coordinate
system. The second “0” represents the location error. The third character is the axis of concern.

Table 2. Potential location errors for the machine tool in
Fig. 2 (for notation [2]).

C-axis A-axis X-axis Y -axis Z-axis (C1)-spindle

EX0C – EX0X – – EX0(C1)

EY0C EY0A – EY0Y – EY0(C1)

– EZ0A – – EZ0Z –

EA0C EA0A – EA0Y EA0Z EA0(C1)

EB0C EB0A EB0X – EB0Z EB0(C1)

EC0A EC0A EC0X EC0Y – –

Table 3. An example of a minimum set of location errors
to fully characterize the 5-axis configuration shown in Fig. 2
(for notation [2]). “0” is set by defining the coordinate sys-
tem (here with primary axis X , secondary axis Y , origin X
and Y in C, and origin Z in A). “(. . .)” are linear or angu-
lar zero positions that in general are set by the NC to any
arbitrary value, but that must be checked for changes.

C-axis A-axis X-axis Y -axis Z-axis (C1)-spindle

0 – (EX0X ) – – EX0(C1)

0 EY0A – (EY0Y ) – EY0(C1)

– 0 – – (EZ0Z) –

EA0C (EA0A) – 0 EA0Z EA0(C1)

EB0C EB0A 0 – EB0Z EB0(C1)

(EC0C) EC0A 0 EC0Y – –

model, particularly for five-axis machine tools.
For “absolute” notation, the minimum set of location

errors can be found by properly setting up the machine
tool coordinate system, as is demonstrated in ISO/FDIS
230-1 [2]. For the machine configuration shown in Fig. 2,
Tables 2 and 3 illustrate the procedure for finding out the
minimum set of location errors in absolute notation [2].
Analogous discussion also applies to the “relative” nota-
tion. Table 4 show an example of sufficient set of location
errors in relative notation in [19]. Table 5 summarizes the
description of this minimum set of location errors.

Table 4. An example of a minimum set of location errors
to fully characterize the 5-axis configuration shown in Fig. 2
(for notation [19]). The X-axis Coordinate System (CS), for
example, represents the coordinate system with its X-axis
attached to the machine tool’s X-axis average line, its Y -axis
aligned to the plane made by X- and Y -axis average lines,
and its origin at the machine’s origin (nominal intersection of
C- and A-axes). For example, yAX represents the Y -position
of the A-axis CS with respect to the X-axis CS, i.e., the Y -
offset of the A-axis center of rotation from the machine’s
origin.

C-axis A-axis X-axis Y -axis Z-axis (C1)-spindle
CS CS CS CS CS CS

δxCA – – – δx(C1)Z

δyCA δyAX – – δy(C1)Z

– δ zAX – – –

– (αAX ) αY X – α(C1)Z

βCA βAX – βZY β(C1)Z

(0) γAX γY X – –

2.2. Kinematic Models

2.2.1. Kinematic Model of Three Nominal Orthogonal
Linear Axes

The kinematic model of machine tools under the rigid-
body assumption has been long studied [3, 19–24]. The
objective of the kinematic model is to calculate the posi-
tion and orientation of the tool in the workpiece coordi-
nate system as the superposition of error motions of each
axis. The workpiece coordinate system is the coordinate
system attached to the work table.

Suppose the configuration of X , Y , and Z axes shown
in Fig. 2 as an example. When nominal X , Y , and Z-
positions are given by x, y, and z, error in the TCP,
(ex(x,y,z),ey(x,y,z),ez(x,y,z)), and its orientation error,
(ea(x,y,z),eb(x,y,z),ec(x,y,z)), are given as follows [25],
assuming that errors are defined at the TCP and all mea-
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Table 5. Description and notation of location errors for the machine configuration in Fig. 2. Correspondence to symbols depends
on the setup of the machine tool coordinate system; the setup of the machine tool coordinate system for symbols [14] is given in
Table 3.

Symbol [19] Symbol [2] Symbol [14] Description
Location errors associated with rotary axes
αAX EA0A Initial angular positioning error of A-axis
βAX EB(0X)A EB0A Parallelism error of A- to X-axis around Y -axis
γAX EC(0X)A EC0A Parallelism error of A- to X-axis around Z-axis
αCA EB(0A)C EB0C −EB0A Squareness error of C- to A-axis
δ xCA (EX0X ) Linear offset of C-axis in X direction
δ yAX EY 0A −EY 0Y Linear offset of A-axis in Y direction
δ zAX (EZ0Z) Linear offset of A-axis in Z direction
δ yCA EY (0A)C −EY 0A Linear offset of C-axis from A-axis in Y
Location errors associated with linear axes
γY X EC(0X)Y EC0Y Squareness error of Y - to X-axis
αY X EA(0Y )Z EA0Z Squareness error of Z- to Y -axis
βZY EB(0X)Z EB0Z Squareness error of Z- to X-axis

surements for linear deviations are defined for this TCP:

ex(x,y,z) = EXX +EXY +EXZ +[EBX +EBY ] · z
−ECX · y

ey(x,y,z) = EY X +EYY +EY Z − [EAX +EAY ] · z (1)
ez(x,y,z) = EZX +EZY +EZZ +EAX · y

ea(x,y,z) = EAX +EAY +EAZ

eb(x,y,z) = EBX +EBY +EBZ . . . . . . (2)
ec(x,y,z) = ECX +ECY +ECZ

where EXi, EYi, and EZi are the linear deviation of the
axis i (i = X , Y , Z) in X , Y , and Z directions, respec-
tively. EAi, EBi, and ECi are its angular deviation around
X , Y , and Z directions. They are a function of the posi-
tion of axis i, i.e., component errors. For simplification,
the model above does not contain squareness errors. This
model can be understood in either of the following ways:

(1) As illustrated in Fig. 3, for example, the yaw of the X-
axis, i.e., ECX , results in position error in the X-direction,
−ECX · y, as the Y -axis moves to its nominal position, y.
The model (1) can be derived by applying analogous anal-
ysis to the kinematic influence of each angular error.

(2) The Homogeneous Transformation Matrix (HTM) for
converting the TCP in the workpiece coordinate system
(in this case, the coordinate system attached to the TCP) to
the machine tool coordinate system, rTw ∈ R4×4, is given
by:

rTw = xTy
yTz

zTw . . . . . . . . . . . (3)

where zTw represents the HTM transforming the work-
piece coordinate system to the coordinate system attached
to the Z-axis, and is given by:

zTw =

Da(EAZ)Db(EBZ)Dc(ECZ)Dx(EXZ)Dy(EY Z)Dz(EZZ)Dz(z)

. . . . . . . . . . . . . . . . . . (4)

Fig. 3. Influence of X-axis yaw on Y -axis motion.

where Da(a), Db(b), and Dc(c) ∈ R4×4 are the HTMs
representing rotation around the X-, Y -, and Z-axes, re-
spectively. Dx(x), Dy(y), and Dz(z) ∈ R4×4 are the HTMs
representing translation to the X-, Y -, and Z-axes, respec-
tively. See, e.g., [19, 20] for their formulation. xTy and
yTz in Eq. (3) are defined analogously. The TCP in the
machine tool coordinate system can be represented by:

[ ex(x,y,z), ey(x,y,z), ez(x,y,z), 1 ]T =r Tw ·w p∗

. . . . . . . . . . . . . . . . . . (5)

where w p∗ = [0,0,0,1]T . Under the assumption that the
machine’s geometric errors are sufficiently small, Eq. (5)
can be approximated by Eq. (1).

2.2.2. Kinematic Model of Five-Axis Machine Tools

The HTM-based derivation of kinematic models can
be straightforwardly extended to the five-axis kinematics
with two rotary axes [17, 19, 26]. Suppose the machine
configuration shown in Fig. 2. The HTM representing
transformation from the workpiece coordinate system to
the machine tool coordinate system for given nominal A-
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and C-angular positions, a and c, is given by:
rTw = zTy

yTx
xTa

aTc
cTw

cTw = Dx(δ xCA)Dy(δ yCA)Dz(δ zCA)
Da(αCA)Db(βCA)Dc(γCA)Dc(−c) . (6)

aTc = Dx(δ xAX)Dy(δ yAX)Dz(δ zAX)
Da(αAX )Db(βAX )Dc(γAX )Db(−b)

All geometric error parameters are in “relative” notation,
and a function of the position of the axis of concern, i.e.,
component errors.

The objective of indirect measurement is to identify
(a part of) the geometric error parameters from a set
of measured TCPs, (ex(x,y,z),ey(x,y,z),ez(x,y,z)). The
function for relating geometric error parameters to a set
of TCPs can be analytically formulated from Eqs. (5)
and (6). The linearization of this function is analytically
presented in [27]. Its numerical calculation is also often
used [28].

3. Indirect Measurement for Orthogonal
Linear Axes

3.1. Circular Tests
The circular test, described in ISO 230-4:2005 [13], is

now widely accepted by machine tool builders or users as
an indirect measurement of the geometric accuracy of two
orthogonal linear axes. It is typically performed by using
the ball bar, first presented by Bryan [29], while a two-
dimensional digital scale (see Section 3.3) is often used
particularly for small-radius, high-speed tests [30]. Many
other measuring instruments used to perform circular tests
have been proposed, including two orthogonally aligned
laser interferometers with a reference mirror [31], and a
circular masterpiece and a probe [32, 33].

The circular test is not only a quick check of contour-
ing accuracy, but also allows a user to quantitatively cali-
brate individual error motions of linear axes [32, 34–37].
It can be easily shown, for example, from the kinematic
model (1) that the squareness error of two orthogonal lin-
ear axes makes the contour error profile elliptic tilted by
45◦. In other words, the squareness error can be identified
by best-fitting an ellipsoid to the measured contour error
profile. This illustrates the simplest form of kinematic
model identification by indirect measurement. The iden-
tification of the kinematic model based on circular tests
have been presented in [38–42].

3.2. Diagonal and Step-Diagonal Tests
The diagonal test, described in ISO 230-6:2002 [43],

measures TCP displacement in the direction of the body
diagonal of the volume concerned by using a laser inter-
ferometer (see Fig. 4). ISO 230-6:2002 [43] states that the
diagonal test “allows estimation of the volumetric perfor-
mance of a machine tool,” but “is not in itself a diagnostic
test.”

Fig. 4. Diagonal test [44].

For simplicity of formulation, assume that all angular
errors are negligibly small. The diagonal displacement at
the command position, (x,y,z), from its nominal distance
is given from Eq. (1) by:

Rppp(x,y,z) = lppp ·
⎡
⎣

1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1

⎤
⎦e

. . . . . . . . . . . . . . . . . . (7)

where lppp ∈ R3 is a unit vector representing the laser
beam direction. e = [EXX ,EY X ,EZX ,EXY ,EYY ,EZY ,EXZ ,

EY Z,EZZ ]T represents a set of component errors of linear
axes; each geometric error parameter is a function of the
position of the axis (x,y,z). In a diagonal test, command
positions are given by (x,y,z) = a · lppp ·k (k =−N, . . .N).
For all four diagonal tests, a total of 8N measured dis-
placement data is obtained (2N for each diagonal). The
number of unknown geometric error parameters in this
volume is 18N. It is therefore clearly not possible to iden-
tify each geometric error parameter from four body diag-
onal measurements only.

Diagonal tests can estimate the squareness errors of lin-
ear axes [43, 45, 46]. When the aspect ratio of the mea-
sured volume is high, however, the sensitivity to measure-
ment error or noise becomes high [47]. A modification of
the diagonal test to assess more geometric error parame-
ters is studied in [48].

The step-diagonal test, first presented by Wang et
al. [49, 50], modifies the diagonal test by executing a diag-
onal as a sequence of single-axis motions, as is illustrated
in Fig. 5. Since 3×2N = 6N displacements are measured
for each diagonal, Wang [49] claimed that all 18N geo-
metric error parameters can be estimated by three body
step-diagonal tests. Its experimental application has been
reported in [51, 52].

Many researchers have discussed issues with the step-
diagonal test [25, 47]. Ibaraki et al. [44, 53] clarified that
an alignment error of laser and mirror directions cannot,
in principle, be eliminated, and thus these misalignment
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Fig. 5. Step-diagonal test [44].

parameters must be treated as unknown parameters to be
identified. The modified formulation of the step-diagonal
test was presented to identify all geometric error parame-
ters even with the existence of these misalignment errors.
Another critical issue is the machine’s angular errors that
are ignored in step-diagonal test formulation [25, 44, 54,
55]. Although some attempts to estimate angular errors
were reported in [25, 56] from step-diagonal tests, their
uncertainty is high in a typical environment. It is not rec-
ommended to apply the step-diagonal test to the calibra-
tion of geometric parameters unless the machine’s angular
errors are known to be sufficiently small.

Many researchers [57–60] presented the construction
of the kinematic model from a set of linear displacement
measurements on many lines including face or body di-
agonals. Such a scheme may, in practice, be effective,
particularly for large machines, requiring only a laser in-
terferometer to estimate angular errors through the kine-
matic model. Since many setup changes are needed, e.g.,
15 lines in [59], attention must be paid to estimation un-
certainties in practical applications.

3.3. Measurement of Artifacts
An established indirect measurement method uses cal-

ibrated artifacts in different positions in the volume. For
CMMs, artifact-based calibrations are described in ISO
10360-2:2009 [61]. Its review can be found in [62].
Artifacts can be categorized by the number of spa-
tial coordinates associated with principal calibrated fea-
tures [63]. One-dimensional artifacts include gauge
blocks (step gauges), ball bars, and one-dimensional ball
arrays [64, 65]. Two-dimensional artifacts include ball
plates [66], hole plates [67], and 2D step gauges [68].

The three-dimensional ball plate is presented for ma-
chine tool calibration in [69, 70] (see Fig. 6). By
measuring the precalibrated position of spheres by us-
ing, e.g., a nest of displacement sensors [65, 69] at-
tached to the machine’s spindle, position error vector,

Fig. 6. Ball plate [69, 70].

Fig. 7. 6-DOF parallel link mechanism for machine tool
calibration [88].

(ex(x,y,z),ey(x,y,z),ez(x,y,z)) can be measured for each
sphere’s calibrated position, (x,y,z).

The two-dimensional digital scale, or the cross grid en-
coder, uses a grid as a reference artifact [71, 72]. Its ap-
plication to machine tools error calibration can be found
in many works [73–77]. Vision-based measurement of a
grid has the advantage of performing measurement even
when the target is rotated [78].

An important issue in artifact-based measurement is the
calibration of the artifact. Self-calibration approaches are
typically used [70, 79–82]. For the calibration of large
machine tools, a large artifact of the required geometric
accuracy is needed, which is often difficult and/or expen-
sive.

3.4. Passive Links
Calibrated kinematics of the link mechanism attached

to and passively driven by the machine to be measured
can be used as a reference. Ushio et al. [83, 84] pre-
sented a serial link mechanism of three orthogonal linear
axes for machine tool calibration. Serial links with ro-
tary joints [85–87] and parallel link mechanisms [88, 89]
were also studied for machine tool calibration. As an ex-
ample, Fig. 7 shows the parallel link mechanism in [88].
The application of the laser ball bar, in which the dis-
tance between spindle-side and table-side spheres is mea-
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sured by a laser interferometer, as a parallel link mech-
anism for three-dimensional measurement has been pre-
sented [90–92]. The concept of such a parallel link for
three-dimensional measurement is closely related to the
multilateration measurement to be presented in the fol-
lowing subsection.

Unlike many artifact-based measurements in the previ-
ous subsection, passive links allow the measurement of
the TCP at arbitrary points within its working volume. A
common issue is the calibration of the kinematics of the
link mechanism. It is, furthermore, in practice difficult
to construct passive links of the required uncertainty for
large machines.

A potential way to deal with the calibration of kinemat-
ics is to define the parameters of the kinematics as addi-
tional unknowns in the model and to evaluate these un-
knowns together with the parameters of the machine tool.
It is essentially analogous to the multilateration measure-
ment presented in the following subsection.

3.5. Tracking Interferometer
The tracking interferometer (the term in [2]), or the

laser tracker, is a laser interferometer with a steering
mechanism to change the laser beam direction to track a
target retroreflector (typically a cat’s eye [93]). Three-
dimensional position measurement of the TCP can be
done by conventional commercial laser trackers, from,
e.g., Leica Geosystems, Faro, and Automated Precision
Inc. (API), by measuring the distance (displacement) to
the target and the direction of the laser beam [94, 95].
Since its angular measurement uncertainty directly con-
tributes to the measuring uncertainty of the target’s posi-
tion, it is typically difficult to ensure its measuring uncer-
tainty small enough to evaluate machine tools.

The application of tracking interferometers to
multilateration-based measurement, in which the target’s
three-dimensional position is estimated by the distance
(displacement) from typically four or more tracking in-
terferometers to the target, has been studied for machine
tool calibration [96–100]. Its commercial product has
been recently introduced (Etalon AG [98, 101]). Fig. 8
shows the tracking interferometer developed in [100]. Its
application to machine tool calibration was studied by
one of the authors [102].

Suppose that the i-th target position is given by xi ∈ R3

(i = 1, . . .N) and the j-th tracker position is given by
Xj ∈ R3 ( j = 1 ∼ 4), as illustrated in Fig. 9. The coor-
dinate system is defined so that a total of six parameters
in Xj ( j = 1 ∼ 4) is fixed. The problem of calculating
target positions, xi (i = 1, . . .N), is parameterized as the
following minimization problem:

min
xi,Xj

∑
i=1∼4, j=1∼N

{
(‖xi −Xj‖−‖x1 −Xj‖)−di j

}2 . (8)

where di j ∈ R represents the laser displacement measured
by the j-th tracker at the i-th target position. Since this
is a nonconvex problem, an iterative linearization-based
approach is typically used to locally solve it [102]. Di-
rect identification of geometric error parameters in Eq. (1)

Fig. 8. Tracking interferometer [100, 102].

Fig. 9. Configuration of multilateration-based measurement
by four tracking interferometers [102].

is also possible [98] by combining Eq. (8) with the ma-
chine’s kinematic model (1).

Tracking interferometers enable the target’s three-
dimensional position at arbitrary locations to be measured
within the work space. The uncertainty of multilateration-
based measurement must be carefully studied. Uncer-
tainty in estimated target positions may vary significantly,
depending on the locations of tracking interferometers
and the measuring points selected [98, 103].

4. Indirect Measurement for Five-Axis
Kinematics with Rotary Axes

4.1. Ball Bar

ISO 10791-1 to -3 [104–106] describe quasi-static mea-
surements for five-axis machining centers with two ro-
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(a) Schematic of ball bar test

(b) An example of measured error profile

Fig. 10. A ball bar test to calibrate orientations of the C-axis
average line (test BK2 in [109]).

tary axes on the spindle side. Their revision is cur-
rently being discussed by ISO TC39/SC2 [107] to in-
clude analogous tests for other configurations of five-axis
machines. Dynamic interpolation tests described in ISO
10761-6:1998 [108] are also in a revision process in ISO
TC39/SC2 [109]. Many tests added to ISO/CD 10791-
6 [109] can be seen as indirect measurement focusing on
the calibration of location errors of rotary axes.

Many research efforts have been reported on the exten-
sion of the ball bar measurement to calibrate the location
errors of rotary axes [16, 110–118]. Fig. 10(a), for exam-
ple, illustrates a ball bar test described in BK2 of ISO/CD
10791-6 [109]. When squareness error of the C-axis aver-
age line to the X-axis (or Y -axis) average line exists, the
measured displacement profile in a polar plot for the C-
axis angular position is shifted in the X- (or Y -) direction,
as is shown by the example of a measured error profile
in Fig. 10(b). This illustrates the basic idea of these ap-
proaches. The application to various configurations of ro-
tary axes has been reported, e.g., five-axis machines with
a universal spindle [119], mill-turn centers [120, 121], and
five-axis machines with an angular swivel head [122].

Since ball bar measurement is one-dimensional, it often

Fig. 11. R-test prototype [130].

requires at least a couple of different setups to identify all
location errors. It also requires an experienced operator
to perform the measurement, and its full automation is
difficult.

The test example in Fig. 10 targets a single error source.
More complex tests requiring synchronous four- or five-
axis motion can potentially identify a larger set of location
errors by best-fitting the measured profile to the kinematic
model [18, 123]. The ball bar test equivalent to the cone
frustum machining test [124] (see Section 4.5), which
also requires synchronous 5-axis motion, is included in
ISO/CD 10791-6 [109]. Yumiza et al. presented a test un-
der the synchronization of one rotary axis and one linear
axis with the main interest in dynamic synchronization er-
ror [125, 126]. Lei et al. [127] also presented ball bar tests
focusing more on dynamic synchronization error in linear
and rotary axes.

4.2. R-Test
As is described in ISO/CD 10791-6 [109], many of the

ball bar tests presented above can be equivalently done
by using a precision sphere and a linear displacement
sensor [128]. The three-dimensional displacement of the
sphere can be measured by using a nest of three (or more)
linear displacement sensors. Weikert [129], Bringmann,
and Knapp [28] presented the “R-Test” based on this con-
cept. Fig. 11 shows a prototype R-test device by Ibaraki
et al. [130]. A nest of three displacement sensors is fixed
on a rotary table to measure the three-dimensional dis-
placement of a precision sphere attached to the machine
spindle relative to the work table. IBS Precision Engineer-
ing [131] and Fidia [132] recently commercialized an R-
test device for machine tool calibration. Zargarbashi and
Mayer [15, 133, 134] presented an analogous sensors nest
by using three noncontact capacitive sensors. The “3D
Ball” presented by Lei and Hsu [135, 136] is also based on
the same concept. The nest of three orthogonally aligned
displacement sensors presented in ISO 230-7:2006 [14]
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Y
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C=0º

X

C=0

C=30º
C=60º

B=0

(a) At B = 0◦, C-axis is indexed at var- (b) Same measurement is done at vari-
ious angles, e.g. at every 30◦ . X- and Y - ous B angles, e.g. at every 30◦.
axes are positioned so that the sphere
follows the sensors nest.

Fig. 12. Example of R-test cycle [27, 28].

can be seen the same in principle [137]. As was discussed
in [138], when a sphere-ended contact probe or a noncon-
tact displacement sensor is used for the R-test, the calcu-
lation of the sphere displacement becomes more complex.
(Hong and Ibaraki [139] started a study on a noncontact
R-test device with laser displacement sensors.) Conven-
tional R-test devices thus have contact displacement sen-
sors with a flat-ended probe.

Figure 12 illustrates an example of the R-test mea-
surement cycle [27, 28]. Compared to the ball bar test
in Fig. 10(a), the R-test obtains three-dimensional TCP
displacements at various B and C angles without the setup
being changed. This efficiency is a strong potential ad-
vantage of the R-test. Many past works [15, 28, 136] pre-
sented the application of the R-test to the identification
of location errors of rotary axes by best-fitting measured
data to the five-axis kinematic model. Ibaraki et al. pre-
sented its extension to numerical mapping of component
errors of rotary axes [27] as well as their graphical pre-
sentation for more intuitive understanding of rotary axes
error motions [130].

Most of measurement schemes presented in sections
4.1 to 4.5 measure the TCP relative to the work table un-
der the synchronous motion of linear and rotary axes. The
measured displacement profile is therefore influenced by
not only error motions of rotary axes, but also error mo-
tions of linear axes. For the calibration of rotary axes,
many past studies assume that error motions of linear axes
are sufficiently small. A uncertainty study is essential
for assessing the calibration reliability under the influence
of linear axis error motions [134, 140, 141]. Ibaraki et
al. [130] showed that error motions of rotary axes can be
calibrated with the minimum influence of linear axes error
motions, when the sphere is placed nominally on the axis
average line of a rotary table. It is in principle equivalent
to the test described in ISO 230-7:2006 [14].

Beyond static geometric errors, some recent work pre-
sented R-test applications to the three-dimensional mea-
surement of dynamic error, with particular interest in the
cross-talk [142] and the reversal of a rotary axis [143],
and thermal influence on rotary axis error motions [144].

4.3. Probing of Artifacts
Many machine tools in today’s market have on-

machine probing capability, usually used for part setup
compensation. High-accuracy touch-trigger probes for
machine tools, which typically have one-directional mea-
surement repeatability less than 1 μm, are available
from some vendors. ISO TC39/SC2 has also been dis-
cussing the standardization of test codes for measuring
the performance of such a touch-trigger probe (ISO 230-
10:2011 [145]). By its nature, such a probe has good com-
munication capability with a CNC system, which poten-
tially facilitates the automation of error calibration and
compensation.

Tests presented in Sections 4.1 and 4.2 can be done
by using such a probe when tests are static. ISO 10360-
3:2000 [146] describes such a test for CMMs with a rotary
table as the fourth axis. Probe-based calibration of offset
errors of rotary axis average lines can be done using some
commercial CNCs [147, 148]. Its extension to a set of all
location errors of rotary axes has been reported in the liter-
ature [149–152]. While tests in Sections 4.1 and 4.2 con-
tinuously measure a single point (sphere center), quasi-
static tests can measure the inclination of a rotary axis
by probing multiple points using an artifact of rectangu-
lar column geometry [151] or multiple artifacts [153] (see
Fig. 13).

4.4. Tracking Interferometer
Unlike many other indirect schemes reviewed in this

paper, the tracking interferometer reviewed in Section 3.5
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Fig. 13. Setup of three artifacts to calibrate translational and
tilt error motions of rotary axes [153].

can potentially be applied to the direct measurement of
rotary axis error motions at arbitrary locations without
requiring the synchronous motion of linear axes [101].
More studies will be needed, however. A simpler one-
dimensional version of a tracking interferometer for mea-
suring a rotary axis can be found in the literature [154].

4.5. Machining Tests
Typical machine tool users are concerned more with

machine’s accuracy in performing actual machining. Na-
tional Aerospace Standard (NAS) 979 [155] describes
a five-axis machining test of a cone frustum, which is
widely accepted as a final performance test by machine
tool builders. Its inclusion in ISO/CD 10791-7:2011 [156]
is currently under discussion in ISO TC39/SC2. Some re-
searchers present sensitivity analysis of location errors of
rotary axes on the geometric accuracy of the machined
cone frustum workpiece, with a particular interest in the
influence of workpiece location and orientation [157–
159]. Matsushita et al. [160] presented the identification
of all location errors from finished cone frustum work-
pieces when they are machined at three different posi-
tions. It is, however, generally not possible to separately
identify each location error using a single cone frustum
machining test. Hong et al. [161] showed that many error
motions of rotary axes do not significantly influence the
circularity error of the finished workpiece, except for the
center offset of rotary axes or its shift due to the rotation
of a swivelling axis. In other words, the cone frustum ma-
chining test is not suitable for indirect measurement of the
machine’s geometric errors.

NCG recommendation 2005 [162] also presents a test
workpiece for five-axis machining, but the diagnosis of er-
ror sources is not in its main focus. The machining test of
a truncated pyramid proposed by Saiki et al. [163] is more

Fig. 14. Workpiece for calibrating location errors of rotary
axes [171].

sensitive to dynamic synchronization errors of rotary and
linear axes, although quantitative calibration of each error
source is as difficult as for the cone frustum test. The five-
axis machining test of a square column cavity is presented
in [164].

ISO/CD 10791-7:2011 [156] contains simpler five-axis
tests of boring holes. Analogous simpler cutting tests,
e.g., planar grinding by a grinding wheel [165] or groov-
ing by a single-point cutting tool [166], can be used as
a probe to calibrate the position of rotary axis average
lines. To extend this concept, some researchers propose
machining tests as an indirect measurement of the ma-
chine’s geometric error parameters. The machining test
presented by Ohashi et al. [167] can be seen as an ex-
tension of the three-axis machining test described in ISO
10791-7:2006 [168] (ISO 13041-6:2005 [169] for turn-
ing centers) to five-axis machining. Morimoto et al. [170]
presented a planar machining test using a nonrotating tool
to minimize the influence of tool geometries or the ma-
chine spindle’s heat generation on the finished workpiece.
Ibaraki et al. [171] presented a machining test to identify
all location errors of rotary axes. Each face of the work-
piece in Fig. 14 is machined by using a square end mill at
various index angles of rotary axes. The influence of each
location error is parameterized by the geometric relation-
ship of two machined faces. Yamamoto et al. [172, 173]
presented a calibration scheme of location errors through
grooving by using a ball end mill.

5. Concluding Remarks

Volumetric error compensation for CMMs has been an
established practice for many years, and its application
has been increasingly extended to machine tools [10]. To-
day’s pioneering applications are large machine tools used
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typically in the aerospace and power industries due to
higher accuracy demand and also requirement for reduc-
ing the cost of mechanical accuracy. In large machines,
major contributors to volumetric accuracies are often an-
gular errors of linear axes. The same observation applies
to five-axis machines, where tilt error motions of a rotary
axis cause increasingly large positioning error as the dis-
tance from the axis of rotation increases. The maximum
benefit of numerical compensation can be achieved in
such angular or tilt error motions. Knowledge of metrol-
ogy and kinematic models becomes essential for mapping
and then compensating systematic volumetric error, par-
ticularly that due to angular error motions. This paper
first reviewed the fundamentals of kinematic modeling.
The objective of indirect measurement methodologies is
to identify the machine’s geometric error parameters by
best-fitting measured results to the machine’s kinematic
model.

The ultimate goal of indirect measurement is to mea-
sure the three-dimensional position of the TCP at arbitrary
points over the entire work space in an accurate and effi-
cient manner. Almost all measurement schemes reviewed
in this paper have many limitations. They can be catego-
rized as follows:

(1) Limitations in measurable dimension:
Ball bar tests (Sections 3.1 and 4.1) measure only
one-dimensional displacement of the TCP. Diagonal
and step-diagonal tests (Section 3.2) are also one-
dimensional. Machining tests (Section 4.5) evaluate
only the projection of the machine’s geometric er-
ror onto the machined workpiece surface. In these
approaches, three-dimensional volumetric error can
be assessed only through the machine’s kinematic
model.

(2) Limitations in measurable positions:
Artifact-based measurement (Section 3.3) can mea-
sure only at pre-calibrated positions, e.g., spheres
in the ball plate. Measurable trajectories for ball
bar tests (Sections 3.1 and 4.1) are determined by
sphere position fixed on the machine table. Passive
links (Section 3.4) and two-dimensional scales (Sec-
tion 3.3) can measure arbitrary positions, although
the measurable volume is limited by strokes of ref-
erence links or the size of the grid plate. Tracking
interferometers can measure arbitrary positions in
larger workspace, although its measurement uncer-
tainty may vary significantly depending on the target
position.

(3) Capability of separating each axis:
Ball bar tests for rotary axes (Section 3.1) and R-tests
(Section 3.2) are typically done with two (or three)
linear axes driven synchronously with a rotary axis
of interest. The measurement result will naturally
be affected by all axes involved. Most schemes re-
viewed in Section 4 are the same in that the separa-
tion of error motions of linear axes and rotary axes is
a critical issue in kinematic model construction.

(4) Capability of measuring angular errors:
Ball bar tests (Sections 3.1 and 4.1), R-tests (Sec-
tion 4.2), and ball-plate-based calibration (Sec-
tion 3.2), measure only the position of a reference
sphere center, because the sphere does not define
any orientation. Angular error motions of the ma-
chine can be estimated only through best-fitting to
the kinematic model using measured data at multiple
points. Quasi-static measurement of artifact (Sec-
tion 4.3) and machining tests (Section 4.5) can di-
rectly assess angular errors.

Attention must be paid to the essential difference be-
tween CMM calibration and machine tool calibration. A
spherical probe is used on a CMM in general. Angular er-
rors therefore need not be compensated for fully, but only
the linear effects of angular errors to the center position
of the probing sphere. Any compensation for a CMM can
be limited to compensation for the position of the TCP as
described in Eq. (1).

No spherical tools are used in general on a machine
tool, but cylindrical or plane milling tools and grinding
tools, etc., are used, so angular errors must be compen-
sated for fully, i.e., angular errors should be compensated
for mechanically or by additional angular movement of
NC rotary axes. Full compensation for a machine tool
must implement compensation for the position of the TCP
according to Eq. (1), as well as compensation for orienta-
tion errors according to Eq. (2).

Compensation of machine tools must deal with geomet-
ric errors varying due to thermal changes and load effects.
Efficiency and automation are keys to error calibration
schemes to be applied to a periodic check of volumet-
ric accuracy or to the updating of numerical compensa-
tion. Such a periodic update may be done by service engi-
neers or machine tool users. Basic knowledge of indirect
metrologies and best-fit approaches to kinematic models
will be essential to such an application.

Acknowledgements
Part of Ibaraki’s works presented in this paper was done using a
machining center loaned by the Machine Tool Technologies Re-
search Foundation (MTTRF) via the Equipment on Loan Award
Program. The authors gratefully acknowledge this support.

References:
[1] ISO/PDTR 16907, “Numerical compensation of geometric errors of

machine tools,” 2011.
[2] ISO/FDIS 230-1, “Test code for machine tools – Part 1: Geometric

accuracy of machines operating under no-load or quasi-static con-
ditions,” 2011.

[3] S. Sartori and G. Zhang, “Geometric Error Measurement and Com-
pensation of Machines,” CIRP Annals – Manufacturing Technol-
ogy, Vol.44, No.2, pp. 599-609, 1995.

[4] S. C. Veldhuis and M. A. Elbestawi, “A Strategy for the Compensa-
tion of Errors in Five-Axis Machining,” CIRP Annals – Manufac-
turing Technology, Vol.44, No.1, pp. 373-377, 1995.

[5] M. Weck, P. McKeown, R. Bonse, and U. Herbst, “Reduction and
Compensation of Thermal Errors in Machine Tools,” CIRP Annals
– Manufacturing Technology, Vol.44, No.2, pp. 589-598, 1995.

[6] H. Spaan, “Software error compensation of machine tools,” Ph.D.
dissertation at Eindhoven University of Technology, 1995.

120 Int. J. of Automation Technology Vol.6 No.2, 2012



Indirect Measurement of Volumetric Accuracy for Three-Axis
and Five-Axis Machine Tools: A Review

[7] R. Ramesh, M. A. Mannan, and A. N. Poo, “Error compensation in
machine tools – a review: Part I: geometric, cutting-force induced
and fixture-dependent errors,” Int. J. of Machine Tools and Manu-
facture, Vol.40, Issue9, pp. 1235-1256, 2000.

[8] S. Fletcher, S. R. Postlethwaite, and D. G. Ford, “Volumetric com-
pensation through the machine controller,” Laser Metrology and
Machine Performance V, pp. 321-330, 2001.

[9] E. L. J. Bohez, “Compensating for systematic error in 5-axis NC
machining,” Computer Aided Design, Vol.34, Issue5, pp. 391-403,
2002.

[10] H. Schwenke, W. Knapp, H. Haitjema, A. Weckenmann,
R. Schmitt, and F. Delbressine, “Geometric error measurement and
compensation of machines –An update,” CIRP Annals – Manufac-
turing Technology, Vol.57, No.2, pp. 560-575, 2008.

[11] A. W. Khan and W. Chen, “A methodology for systematic geometric
error compensation in five-axis machine tools,” Int. J. of Advanced
Manufacturing Technology, Vol.53, No.5-8, pp. 615-628, 2010.

[12] ISO 230-2, “Test code for machine tools – Part 2: Determination
of accuracy and repeatability of positioning numerically controlled
axes,” 2006.

[13] ISO 230-4, “Test code for machine tools – Part 4: Circular tests for
numerically controlled machine tools,” 2005.

[14] ISO 230-7, “Test code for machine tools – Part 7: Geometric accu-
racy of axes of rotation,” 2006.

[15] S. H. H. Zargarbashi and J. R. R. Mayer, “Single setup estimation of
a five-axis machine tool eight link errors by programmed end point
constraint and on the fly measurement with Capball sensor,” Int. J.
of Machine Tools and Manufacture, Vol.49, Issue10, pp. 759-766,
2009

[16] M. Tsutsumi and A. Saito, “Identification and compensation of sys-
tematic deviations particular to 5-axis machining centers,” Int. J. of
Machine Tools and Manufacture, Vol.43, Issue8, pp. 771-780, 2003.

[17] Y. Abbaszadeh-Mir, J. R. R. Mayer, G. Cloutier, and C. Fortin,
“Theory and simulation for the identification of the link geomet-
ric errors for a five-axis machine tool using a telescoping magnetic
ball-bar,” Int. J. of Production Research, Vol.40, Issue18, pp. 4781-
4797, 2002.

[18] M. Tsutsumi and A. Saito, “Identification of angular and positional
deviations inherent to 5-axis machining centers with a tilting-rotary
table by simultaneous four-axis control movements,” Int. J. of Ma-
chine Tools and Manufacture, Vol.44, Issue12/13, pp. 1333-1342,
2004.

[19] I. Inasaki, K. Kishinami, S. Sakamoto, N. Sugimura, Y. Takeuchi,
and F. Tanaka, “Shaper generation theory of machine tools – its
basis and applications,” Yokendo, Tokyo, 1997. (in Japanese)

[20] R. J. Hocken, J. A. Simpson, B. Borchardt, J. Lazar, C. Reeve, and
P. Stein, “Three dimensional metrology,” Annals of CIRP, Vol.26,
No.1, pp. 403-408, 1977.

[21] M. Donmez, D. Blomquist, R. Hocken, C. Liu, and M. Barash, “A
general methodology for machine tool accuracy enhancement by
error compensation,” Precision Engineering, Vol.8, No.4, pp. 187-
196, 1986.

[22] A. Kurtoglu and G. Sohlenius, “The Accuracy Improvement of Ma-
chine Tools, CIRP Annals – Manufacturing Technology, Vol.39,
No.1, pp. 417-419, 1990.

[23] J. Soons, F. Theuws, and P. Schellekens, “Modeling the errors of
multi-axis machines: a general methodology,” Precision Engineer-
ing, Vol.14, No.1, pp. 5-19, 1992.

[24] V. S. B. Kiridena and P. M. Ferreira, “Kinematic modeling of qua-
sistatic errors of three-axis machining centers,” Int. J. of Machine
Tools and Manufacture, Vol.34, Issue1, pp. 85-100, 1994.

[25] J. A. Soons, “Analysis of the step-diagonal test,” Laser Metrology
and Machine Performance VII, pp. 126-137, 2005.

[26] K. F. Eman, B. T. Wu, and M. F. DeVries, “A Generalized Geomet-
ric Error Model for Multi-Axis Machines,” CIRP Annals – Manu-
facturing Technology, Vol.36, No.1, pp. 253-256, 1987.

[27] S. Ibaraki, C. Oyama, and H. Otsubo, “Construction of an error map
of rotary axes on a five-axis machining center by static R-test,” Int.
J. of Machine Tools and Manufacture, Vol.51, Issue3, pp. 190-200,
2011.

[28] B. Bringmann and W. Knapp, “Model-based ’Chase-the-Ball’ cali-
bration of a 5-axis machining center,” CIRP Annals – Manufactur-
ing Technology, Vol.55, No.1, pp. 531–534, 2006.

[29] J. Bryan, “A simple method for testing measuring machines and
machine tools. Part 2: Construction details,” Precision Engineering,
Vol.4, No.3, pp. 125-138, 1982.

[30] A. Matsubara, K. Nagaoka, and T. Fujita, “Model-reference feed-
forward controller design for high-accuracy contouring control of
machine tool axes,” CIRP Annals – Manufacturing Technology,
Vol.60, pp. 415-418, 2011.

[31] C. Wang and B. Griffin, “A noncontact laser technique for circu-
lar contouring accuracy measurement,” Review of Scientific Instru-
ments, 72-2, pp. 1594-1596, 2001.

[32] W. Knapp and S. Hrovat, “The Circular Test for Testing NC Ma-
chine Tools,” S. Hrovat, Zurich, 1987.

[33] G. T. Smith, C. Sims, A. D. Hope, and M. Gull, “A stereomet-
ric artefact for volumetric calibration of machining centres,” Laser
Metrology and Machine Performance V, 2001.

[34] Y. Kakino, Y. Ihara, and A. Shinohara, “Accuracy Inspection of NC
Machine Tools by Double Ball Bar Method,” Hanser Publishers,
1993.

[35] W. Knapp, “Test of the Three-Dimensional Uncertainty of Machine
Tools and Measuring Machines and its Relation to the Machine
Errors,” CIRP Annals – Manufacturing Technology, Vol.32, No.1,
pp. 459-464, 1983.

[36] Y. Kakino, Y. Ihara, and Y. Nakatsu, “The Measurement of Mo-
tion Errors of NC Machine Tools and Diagnosis of their Origins
by Using Telescoping Magnetic Ball Bar Method,” CIRP Annals –
Manufacturing Technology, Vol.36, No.1, pp. 377-380, 1987.

[37] S.-W. Hong, Y.-J. Shin, and H.-S. Lee, “An efficient method for
identification of motion error sources from circular test results in
NC machines,” Int. J. of Machine Tools and Manufacture, Vol.77,
Issue3, pp. 327-340, 1997.

[38] H. J. Pahk, Y. S. Kim, and J. H. Moon, “A New Technique for Vol-
umetric Error Assessment of Machine Tools Incorporating Ball Bar
Measurement and 3D Volumetric Error Model,” Int. J. of Machine
Tools and Manufacture, Vol.37, Issue11, pp. 1583-1596, 1997.

[39] J.-M. Lai, J.-S. Liao, and W.-H. Chieng, “Modeling and analysis of
nonlinear guideway for double ball bar (DBB) measurement and di-
agnosis,” Int. J. of Machine Tools and Manufacture, Vol.37, Issue5,
pp. 687-707, 1997.

[40] G. H. J. Florussen, F. L. M. Delbressine, M. J. G. van de Molen-
graft, and P. H. J. Schellekens, “Assessing geometrical errors of
multi-axis machines by three-dimensional length measurements,”
Measurement, Vol.30, No.4, pp. 241-255, 2001.

[41] G. Florussen, F. Delbressine, and P. Schellekens, “Assessing Ther-
mally Induced Errors of Machine Tools by 3D Length Measure-
ments,” CIRP Annals – Manufacturing Technology, Vol.52, No.1,
pp. 333-336, 2003.

[42] S.-H. Yang, K.-H. Kim, and Y. K. Park, “Measurement of spindle
thermal errors in machine tool using hemispherical ball bar test,”
Int. J. of Machine Tools and Manufacture, Vol.44, Issue2/3, pp. 333-
340, 2004.

[43] ISO 230-6, “Test code for machine tools – Part 6: Determination
of positioning accuracy on body and face diagonals (Diagonal dis-
placement tests),” 2002.

[44] S. Ibaraki and T. Hata, “A new formulation of laser step diago-
nal measurement – Three-dimensional case,” Precision Engineer-
ing, Vol.34, No.3, pp. 516-525, 2010.

[45] L. Zhou and P. Vanherck, “A method for squareness error verifica-
tion on a coordinate measuring machine,” Int. J. of Advanced Man-
ufacturing Technology, Vol.21, pp. 874-878, 2003.

[46] T. J. Morris, “A new slant on diagonal laser testing,” Laser Metrol-
ogy and Machine Performance V, pp. 29-40, 2001.

[47] M. Chapman, “Limitations of laser diagonal measurements,” Preci-
sion Engineering, Vol.27, No.4, pp. 401-406, 2003.

[48] J. Hwang, B. C. Bui, C. H. Lee, and C. H. Park, “Measurement of
Axes Using Multi Diagonal Measurement Method,” Proc. of the 4th
Int. Conf. on Positioning Technology, 2010.

[49] C. Wang, “Laser vector measurement technique for the determi-
nation and compensation of volumetric positioning errors. Part I:
Basic theory,” Review of Scientific Instruments, Vol.71, No.10,
pp. 3933-3937, 2000.

[50] J. Janeczko, B. Griffin, and C. Wang, “Laser vector measurement
technique for the determination and compensation of volumetric po-
sition errors. Part II: Experimental verification,” Review of Scien-
tific Instruments, Vol.71, No.10, pp. 3938-3941, 2000.

[51] H. Zhang, J. Yang, Y. Zhang, J. Shen, and C. Wang, “Measurement
and compensation for volumetric positioning errors of CNC ma-
chine tools considering thermal effect,” Int. J. of Advanced Manu-
facturing Technology, Vol.55, No.1/4, pp. 275-283, 2010.

[52] Z. He, J. Fu, and X. Yao, “Volumetric Error Identification for CNC
Machine Tool Based on Multi-body System and Vector Diagonal
Measurement,” Proc. of Int. Sympo. on Precision Engineering and
Micro/Nanotechnology (ISPEN), 2009.

[53] S. Ibaraki, T. Hata, and Matsubara, “A new formulation of laser
step-diagonal measurement – two-dimensional case,” Precision En-
gineering, Vol.33, No.1, pp. 56-64, 2009.

[54] Y. Jianguo, R. Yongqiang, C. Wang, and G. Liotto, “Theoretical
derivations of 4 body diagonal displacement errors in 4 machine
configurations,” Laser Metrology and Machine Performance VIII,
2005.

[55] C. Wang and G. Liotto, “A theoretical analysis of 4 body diagonal
displacement measurement and sequential step diagonal measure-
ment,” Laser Metrology and Machine Performance VI, 2006.

Int. J. of Automation Technology Vol.6 No.2, 2012 121



Ibaraki, S. and Knapp, W.

[56] G. Sato and S. Ibaraki, “The estimation of angular errors of machine
tools using by laser diagonal measurement,” Proc. of the 2011 Fall
JSPE Semiannual Meeting, 2011. (in Japanese)

[57] G. Zhang, R. Ouyang, B. Lu, R. Hocken, R. Veale, and A. Don-
mez, “A Displacement Method for Machine Geometry Calibration,”
CIRP Annals - Manufacturing Technology, Vol.37, No.1, pp. 515-
518, 1988.

[58] J. S. Chen, T. W. Kou, and S. H. Chiou, “Geometric error calibration
of multi-axis machines using an auto-alignment laser interferome-
ter,” Precision Engineering, Vol.23, No.4, pp. 243-252, 1999.

[59] G. Chen, J. Yuan, and J. Ni, “A displacement measurement ap-
proach for machine geometric error assessment,” Int. J. of Machine
Tools and Manufacture, Vol.41, pp. 149-161, 2001.

[60] A. Balsamo, P. Pedone, E. Ricci, and M. Verdi, “Low-cost interfer-
ometric compensation of geometrical errors,” CIRP Annals – Man-
ufacturing Technology, Vol.58, No.1, pp. 459-462, 2009.

[61] ISO 10360-2, “Geometrical product specifications (GPS) – Accep-
tance and reverification tests for coordinate measuring machines
(CMM) – Part 2: CMMs used for measuring linear dimensions,”
2009.

[62] P. Cauchick-Miguel, “CMM verification: a survey,” Measurement,
17-1, pp. 1-16, 1996.

[63] G. Peggs, “Creating a Standards Infrastructure for Co-Ordinate
Measurement Technology in the UK,” CIRP Annals – Manufactur-
ing Technology, Vol.38, No.1, pp. 521-523, 1989.

[64] G. X. Zhang and Y. F. Zang, “A Method for Machine Geometry
Calibration Using 1-D Ball Array,” CIRP Annals – Manufacturing
Technology, Vol.40, No.1, pp. 519-522, 1991.

[65] E. Trapet, J. Aguilarmartin, J. Yague, H. Spaan, and V. Zeleny,
“Self-centering probes with parallel kinematics to verify machine-
tools,” Precision Engineering, Vol.30, No.2, pp. 165-179, 2006.

[66] H. Kunzmann, “A Uniform Concept for Calibration, Acceptance
Test, and Periodic Inspection of Coordinate Measuring Machines
Using Reference Objects,” CIRP Annals – Manufacturing Technol-
ogy, Vol.39, No.1, pp. 561-564, 1990.

[67] E. Trapet and F. Wiudele, “A reference object based method to de-
termine the parametric error components of coordinate measuring
machines and machine tools,” Measurement, Vol.9, Issue1, pp. 17-
22, 1991.

[68] X. Mao, B. Li, H. Shi, H. Liu, X. Li, and P. Li, “Error measurement
and assemble error correction of a 3D-step-gauge,” Frontiers of Me-
chanical Engineering in China, Vol.2, No.4, pp. 388-393, 2007.
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