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Abstract
Crystallization from solution is an often crucial separation step in the
fine chemical and pharmaceutical industry. Beside the crystal purity,
the size and shape of the solid particles have a tremendous influence
on product quality. Still, the fast and reliable measurement of particle
morphology for large numbers of crystals had eluded researchers until
recently, impeding progress in the development of accurate and realistic
process models that account for entire populations of particles.
Following the emergence of a new generation of experimental tools that
rely on image analysis, the main goal of this work has been to demonstrate
the ability to characterize and model the evolution of nonequant shaped
particles in real processes, a prerequisite for model-based optimization
and control approaches whose objectives include morphological features.
The results presented in this work deal with batch cooling crystallization
in well-mixed systems and focus on two important phenomena that occur
during crystallization, namely, growth and agglomeration. In particular,
it was shown that
• experimental data obtained via a stereoscopic imaging setup can
be used for growth rate parameter estimation, allowing for the
description and prediction of system outputs within a large region
of operating conditions using only a small set of parameters;
• data from particle ensembles can be complemented by carefully
designed single crystal studies in order to obtain a more complex,
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yet also more comprehensive model of the particles’ growth behavior
(which may include growth rate dispersion);
• basic image analysis algorithms can be augmented in order to be
able to measure and analyze previously inaccessible phenomena,
such as the agglomeration of needles;
• appropriate mathematical models of reasonable accuracy can be
designed that allow for a qualitative comparison between experiment
and simulation even in complex cases like the above of agglomerating
needles.
Summarizing, this thesis seeks to serve as a template for the model
building and verification process in crystal shape engineering. In addition,
throughout this work, it was attempted to obtain an understanding of the
inherent limitations of the measurement techniques themselves as well as
a better grasp of the possible pitfalls that may occur when interpreting
experimental data by comparing it to simulation results. This thesis shows
that imaging is an incredibly powerful tool to analyze and eventually
also control crystal shape, as long as it is employed prudently and with
sufficient attention to detail.
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Zusammenfassung
Kristallisation ist ein oft entscheidender Separationsschritt in der feinchemikalien und pharmazeutischen Industrie. Neben der Reinheit der
Kristalle bestimmen hauptsächlich Grösse und Form der entstehenden
Feststoffpartikel die Produktqualität. Wie dem auch sei, das schnelle und
zuverlässige Messen der Morphologie einer grossen Anzahl von Kristallen
entzog sich Forschern bis vor Kurzem, was die Entwicklung von akkuraten
und realistischen Prozessmodellen erschwerte.
Dem Aufkommen einer neuen, auf Bildanalyse beruhender Generation
experimenteller Messgeräte folgend, ist es das Ziel dieser Arbeit zu zeigen, dass die Veränderung nichtsphärischer Partikel in realen Prozessen
korrekt charakterisiert und modelliert werden kann. Dies stellt eine Voraussetzung dar für die modellgestützte Optimierung und Regelung von
Kristallisationsprozessen, die es zum Ziel haben, die Kristallform zu
beeinflussen.
Die Ergebnisse, welche in dieser Dissertation gezeigt werden, befassen sich
mit Kühlkristallisation in vollständig durchmischten Batchreaktoren und
fokussieren sich auf zwei Mechanismen, welche während dem Prozess eine
wichtige Rolle spielen: Wachstum und Agglomeration. Im Besonderen
wurde gezeigt, dass
• experimentelle Daten, welche durch ein stereoskopes Bildgebungssystem erzeugt wurden, zur Bestimmung der Wachstumskinetik
eingesetzt werden können, was die Beschreibung und Voraussage
von Systemausgängen innerhalb eines grossen Bereichs von Betriebsbedingungen mittels weniger Parameter ermöglicht;
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• Populationsdaten durch Einzelkristallstudien ergänzt werden können, um komplexere, aber umfassendere Modelle des Wachstumsverhaltens von Partikeln zu erstellen;
• sich die verwendeten Standardbildanalyemethoden gezielt verbessern lassen um zuvor unzugängliche Phänomene zu messen und
zu analysieren, wie etwa im Fall der Agglomeration nadelförmiger
Partikel;
• mathematische Modelle von angemessener Genauigkeit konstruiert
werden können, die zumindest einen qualitativen Vergleich zwischen
Experiment und Simulation zulassen, selbst in komplexen Fällen
wie dem obig genannten.
Diese Doktorarbeit versucht damit schliesslich, als mögliches Muster für
die erfolgreiche Modellbildung und -verifizierung im Bereich der Kristallformsteuerung zu dienen. Zusätzlich wurde im Verlauf der gesamten
Arbeit Wert darauf gelegt, ein tieferes Verständnis für die inhärenten
Beschränkungen der Messtechnik selbst zu gewinnen sowie potentielle
Tücken, welche die Interpretation von Messdaten verfälschen können,
ausfindig zu machen. Diese Arbeit zeigt, dass Bildanalyse eine unglaublich
leistungsfähiges Instrument zur Untersuchung und zukünftig damit auch
Regelung der Kristallform darstellt, solange mit Umsicht und Bedacht
vorgegangen wird.
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Chapter 1

Introduction
Crystals of all kinds of shapes, such as those of snow flakes and minerals,
are part of everyday life. The macroscopic habit of a crystal is often
determined by its microscopic structure: it defines the fundamental
symmetry and influences the rates with which molecules attach to crystal
surfaces and are incorporated into the lattice.
Crystallization is the process in which crystals are formed and it is defined
as the formation of a highly ordered solid phase from a melt, solution,
vapor or amorphous solid. It is a widely employed process step in the
fine chemical and pharmaceutical industry, and thus crystal shape is also
an important subject from a technological point of view. In fact, size and
shape determine product quality and processability like few other factors
other than crystal purity [1, 2]. The potential of crystal habit control for
process improvement has accordingly been described as “enormous” [3].
Any attempt at controlling crystal morphology requires making two
important realizations: first, particle shape is almost always kinetically
controlled, i.e., the thermodynamically stable geometry is rarely, if ever,
the predominant one in practice [4–6]; second, crystal sizes and shapes
are typically distributed, i.e., they are not the same for all particles.
The former point implies that crystal shape can be affected by a proper
choice of operating conditions (temperature, supersaturation, solvent,
stirring rate, etc.), yet to do so, information regarding the kinetics must
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be acquired. The second point suggests that the study of single crystals
and their behavior might be insufficient for a true understanding of
the process; populations of crystals must be considered when trying to
measure, to model or to manipulate crystallization processes.
The main goal of this thesis is to describe and interpret experimental
results using appropriate mathematical models that consider the generally
nonequant shape of crystals while not losing sight of the above points.
In the following, an overview of the current state of the art in crystal
shape engineering is hence given. In particular, ways to model the
shape of (populations of) crystals and how it evolves over time are
described in the next two sections. Then, in Section 1.3, a measurement
technique to obtain the corresponding experimental data is presented
before the combination of model and experiment is discussed in Section 1.4.
Together, these points form the existing framework, allowing to put the
contributions reported in this work into proper context.

1.1

Describing crystal shape

Many crystals in nature as well as in chemical production processes appear
as faceted, convex objects that often exhibit some degree of symmetry.
This observed symmetry reflects the spatial position and orientation
molecules adopt in the so-called unit cell, the smallest asymmetric unit
that can be repeated in all dimensions to form the crystal lattice [7].
Mathematically, these shapes can be described as convex polytopes P . A
convenient representation is that of intersecting half-spaces, i.e.

P = x ∈ R3 |Ax ≤ M L

(1.1)

where A ∈ Rm×3 is a matrix consisting of unit normal vectors of all
potential facets; it can be computed given some crystallographic knowledge of the system, that is, given the unit cell parameters and the Miller
indices of all m facets. Similarly, M is an m × n Boolean matrix that
identifies chemically equivalent facets, grouping them into n sets of facets
that grow at the same speed. Finally, L ∈ Rn is a scaling vector that
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Figure 1.1: Hypothetical growth trajectory in the space domain and
corresponding polytopes. Left: cuboid (L1 = L{100} , L2 = L{001} ,
L3 = L{010} ); right: β l-glutamic acid crystal (L1 = L{101} , L2 = L{021} ,
L3 = L{010} ).

defines how far the n groups of facets have grown, as measured by the
length of the normal vector to the crystal center. Clearly, Eq. (1.1)
allows describing a wide variety of shapes, including platelet-, rod- or
needle-like morphologies; two examples of its application for a cuboid
and a β l-glutamic acid crystal are illustrated in Figure 1.1.
For a given crystal system, two important morphologies that can be
represented by Eq. (1.1) are the thermodynamic equilibrium shape, found
by Gibbs and Wulff [4, 8], and the steady state shape, derived by Frank
and Chernov [9, 10]. They both represent attractors that the system will
evolve toward under certain conditions and can be summarized by two
simple sets of equalities. The equilibrium crystal shape is that which
minimizes the total energy at a given crystal volume. It is, e.g., the
theoretical end result of Ostwald ripening and can be found through the
condition
γ1
γ2
γn
=
= ... =
L1
L2
Ln

(1.2)
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where γi is the surface energy per unit area of the i’th facet. The steady
state shape is that being approached when all (relative) growth rates are
constant. The corresponding morphology fulfills the requirement
G1
G2
Gn
=
= ... =
L1
L2
Ln

(1.3)

where Gi is the i’th normal growth rate. It should be noted that constant
relative growth rates are indeed encountered frequently, particularly at
lower supersaturations, hence the steady state morphology is of greater
practical importance.
When modeling particle shape using Eq. (1.1) it is crucial to be aware of
the fact that, depending on A and M , facets can disappear, e.g., when
one facet family grows at a much faster pace than another (cf. right case
in Figure 1.1). The presence or absence of a facet group for a given scaling
vector can be determined based on purely geometrical considerations and
gives rise to what shall be referred to as morphology maps; two real-life
examples are provided in Figure 1.2. These maps contain information
regarding which families of facets need to be considered for a given set of
aspect ratios, an important detail when modeling crystal growth [11, 12].
Let us conclude this section with three final remarks. First, note that
many rounded geometries can be approximated by Eq. (1.1). For example,
a sphere may be approached by a many-faceted polytope (m  1) with
n = 1 and a similar approximation can be constructed for a cylinder,
although there, n = 2. In fact, the true shapes are reached in the
limit of m → ∞ [13]. Second, for these two shapes and the basic
cuboid, the resulting morphology map is trivial, that is, it contains only
one morphology (all facet groups are always present). Unsurprisingly,
this allows for a simpler mathematical treatment when modeling shape
evolution. Third, the accuracy with which these models describe real
particles decreases rapidly for crystals that emerge from processes other
than growth, i.e., agglomeration or breakage. In this work, both the
general polytopic description and the related, simple rounded shapes
have been used; furthermore, for the case of agglomerates, which are
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(b)

Figure 1.2: Morphology maps for (a) β l-glutamic acid and (b) vanillin. Different gray colors indicate
regions with different sets of present facet families while the three colors (red, green, blue) identify
facets that grow identically. Both maps were calculated based on an implementation of an algorithm
proposed by Borchert and Sundmacher [11].

(a)
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studied in Chapters 4 and 5, the above shape models had to be partially
abandoned in favor of an even simpler description.

1.2

Ensembles of particles with shape

Ensembles of particles may in principle be viewed as clouds of points
in the space spanned by the characteristic sizes in L. However, given
the typically very large number of crystals in processes it is often convenient to describe the population in terms of the continuous number
density function f (t, L). For the most prominently featured case in this
work, where particles are described as cylinders with two characteristic
sizes, this means that the number density can be visualized both as a
three-dimensional surface or—equivalently—as a two-dimensional contour
graph in R2 . An example of this case is presented in Figure 1.3.
The evolution of f (t, L) over time can be modeled using the population
balance framework [14–17]. A general formulation of a population balance
equation for a well-mixed batch crystallizer is
∂
f (t, L) + ∇L · [G(t, L, z)f (t, L)] = B(t, L, z) − D(t, L, z) (1.4)
∂t
where z is a vector describing the state of the continuous phase (supersaturation, temperature, etc.). The mechanisms that affect the particle
size and shape distribution can be modeled through G, B and D. In
particular, G is a vector of growth rates for the n independent facets,
while B and D represent “birth” and “death” events that play a role
during, e.g., agglomeration and breakage of crystals. Note that Eq. (1.4)
requires appropriate initial and boundary conditions to be solved and
that it is usually accompanied by a material balance so that changes of
the solute concentration can be modeled. The size vector L may further
be replaced by a more general internal state vector in order to account
for additional crystal properties besides shape.
While Eq. (1.4) may look deceptively well-defined, morphological population balance modeling, and in particular appropriate and fast solution

6

1.3. Measuring crystal shape

(a)

(b)

Figure 1.3: Visualization of the number density function f (t, L) for
a distribution of cylinders (n = 2). (a) Surface plot of a normally
distributed population of particles; (b) corresponding contour plot. The
various contours represent different level sets of the distribution.

techniques, are an ongoing topic of research [18–23]. Accordingly, while
commercial and freely available software solutions for the 1D case exist
(e.g., [24]), the same cannot be said for particles with more than one
characteristic length. Hence, in this work, custom-built solutions are
used and described in detail in all the chapters.

1.3

Measuring crystal shape

Crystallization processes occurring in suspension can be monitored using
a wide variety of process analytical technology tools, among which are
a number of sizing techniques that enable measurement of particle size
distributions, including laser diffraction, focused beam reflectance measurement and Coulter counter. Yet, none of the mentioned techniques
allows for the investigation of particle size and shape without the need
of a number of strong assumptions regarding the underlying population.
For the study of crystal morphology, researchers have thus been restricted
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to methods such as micro-computed tomography [25, 26], electron [27],
confocal [28] or light microscopy [29].
While simple visual inspection and light microscopy techniques have been
used since the very beginning of the study of crystals, imaging devices—
coupled with automated image analysis—have seen a dramatic rise in
application in the last decade due to their ease of use and the emergence
of better equipment and computer vision methods. Also in this thesis,
imaging has been used to obtain the vast majority of experimental data.
In the following, a short description of the main measurement setup is
hence provided (a more exhaustive overview of imaging approaches in
literature can be found elsewhere [30]).
The instrument used as source of particle size and shape distribution
data is the flow through cell (FTC; cf. Figure 1.4), a setup developed
and continuously improved upon in the separation processes laboratory
at ETH Zurich [30–36]. The core piece of the apparatus is an ex situ
sapphire glass cell through which suspension that has been sampled from
a crystallizer is pumped. Two cameras are used to obtain images of the
particles passing the cell from orthogonal angles. Since a large number
of particles is sampled and photographed in a short time interval, this
noninvasive setup can be used to measure the entire particle size and shape
distribution inside a crystallizer in real-time. Although other stereoscopic
arrangements have been constructed, they are either not capable of
handling processes on-line [37], or suffer from problems plaguing in situ
devices, such as depth of field issues [38].
Note that interpreting photographs obtained from an imaging device
requires a particle model such as those described in Section 1.1. In
this work, the models utilized for the analysis of real experimental data
have always been simple shapes like cylinders. While it is possible to
fit more general polytopic particles to projections obtained by the FTC
[39–41], this approach is accompanied by several disadvantages. The most
critical are the higher computational cost, the challenging image quality
requirements and the difficulty when dealing with frequently occurring
imperfect particles, that is, crystals that have agglomerated, abraded,
broken, etc.
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(a)

(b)

Figure 1.4: (a) Image of measurement setup in the laboratory and (b)
schematic drawing of the flow through cell.

1.4

Characterizing and manipulating
crystal shape

The ability to model and measure crystal morphology is a prerequisite
for the development of techniques that aim at manipulating the particle
size and shape distribution. However, it is intuitive that a truly informed
decision with regards to the optimal choice of operating conditions can
only ever be made if the system behavior can be predicted. This requires
a model that is not only physically sound, but which is parametrized
such that its output is quantitatively accurate. Given the complexity
of most crystallization processes, this involves characterizing a system
in a separate step before the application of, e.g., process control. In
particular, models need to be built and directly compared to experimental
data in order to identify the critical features that allow for a satisfactory
description of the process. Whereas abundant literature exists for particles
described by a single descriptor (equant shapes or monodisperse shape
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distributions), the procedures for particles with nonequant shapes were
considerably less established at the beginning of this project, which is
why this work concerns itself primarily with system characterization.
Nevertheless, a brief summary of the state of the art of crystallization
optimization and control shall be provided, even though more comprehensive reviews can be found in the literature [42–44]. First, we note
that there is a large number of works on the subject that neglect particle
morphology, with researchers tackling different topics including, but by
no means limited to, batch-to-batch and multi-objective optimization, or
robust and model-free control [45–60].
Regarding the manipulation of particle morphology, the body of work is
substantially smaller, with the majority of papers focusing on simulation
studies due to a lack of adequate measurement techniques. Optimization
of the temperature or supersaturation profile in simple cooling crystallization remains the most frequently encountered approach for modifying
shape [61–67], yet a number of interesting studies deal with the targeted
use of additives [68, 69] or temperature cycles [70–74]. Intriguingly, inline milling of elongated crystals during crystallization is conspicuously
absent in the list of decision variables, albeit milling is an often used
correction step after crystallization in practice.

1.5

Structure of this thesis

The overarching theme of this thesis is the development of novel population balance models for systems of particles of nonequant shape and
the subsequent verification of these models by comparing them to experimental data. To this end, two different phenomena in crystallization,
growth and agglomeration, have been investigated in great detail for one
compound, β l-glutamic acid.
In the next chapter, the ability to perform parameter estimation using
experimental data obtained by the flow through cell and a simple morphological population balance model is explored. While this is shown
to be possible when introducing a size-dependence assumption for the
growth rates, model distinguishibility issues are discussed.
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In Chapter 3 the previously hypothesized size-dependence is tested by
additional single crystal experiments that complement the original data
set. After designing a strategy to connect single crystal and ensemble data,
it is found that growth rate dispersion is in fact a more likely explanation
for all experimental observations than size-dependent growth.
In Chapter 4 a strategy to measure and analyze the agglomeration of
needle-like crystals is reported together with an investigation of experimental reproducibility and a preliminary study of the influence of various
operating conditions on the system.
In Chapter 5 a morphological population balance model is proposed,
able to describe the newly accessible agglomeration data. Additionally,
two shape-dependent agglomeration kernels are presented; the outputs
using these functions are compared to each other, to that of a standard,
shape-independent agglomeration kernel as well as to the experiments.
Finally, Chapter 6 contains conclusions and an outlook for the work as a
whole, additionally providing an overview of the main current issues and
possible future directions as seen by the author of this work.
Note that this is a cumulative thesis and—as such—the contents of the
various chapters coincide to a large extent with what has been published
in a number of peer-reviewed journal papers [75–78]. The topics are
autonomous in the sense that all necessary definitions are given in each
chapter separately. Nevertheless, while the overlap with the corresponding
publications, indicated as footnotes at the beginning of each chapter, is
large, it was attempted to provide an updated and improved version,
both in terms of appearance and content.
All of the results described in this thesis have been obtained in two joint
projects of the automatic control laboratory of ETH Zurich (IfA) with the
separation processes laboratory (SPL) of ETH Zurich and the automatic
control laboratory of EPF Lausanne: CrystOCAM (Crystallization: Optimal Control and Advanced Monitoring) and CrystOCAM 2.0. In fact,
all of the raw data was obtained by SPL, namely, by Dr. Stefan Schorsch,
who obtained his PhD last year [36] and Fabio Salvatori. Regardless, the
detailed analysis and interpretation of the results have been a joint effort
of IfA and SPL.
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Chapter 2

Growth rate estimation
of β l-glutamic acid
2.1

Introduction

During crystallization, a common unit operation in the pharmaceutical
and fine chemical industry, purity and particle properties such as crystal
size and shape are defined. The latter two heavily influence downstream
processing steps, e.g., through their impact on the powder density, flowability, tabletability, and bioavailability [79]. Needles are of high interest
as they are especially difficult to process [80]. It is a common approach
to characterize particles with a single size descriptor, resulting in a onedimensional particle size distribution (1D PSD) when considering particle
ensembles. Yet, many crystals require at least two size descriptors to
model their shape accurately, leading to multidimensional particle size
and shape distributions (PSSDs or nD PSDs). An example is provided by
the needle-shaped particles of the β polymorph of l-glutamic acid, whose
morphology is too complex to be described by a single descriptor, yet
Ochsenbein, D. R.; Schorsch, S.; Vetter, T.; Mazzotti, M.; Morari, M., Growth
Rate Estimation of β l-Glutamic Acid from Online Measurements of Multidimensional
Particle Size Distributions and Concentration. Industrial & Engineering Chemistry
Research, 2014, 53 (22), 9136–9148.
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can be reasonably well approximated by a simpler shape, like a cylinder
with specific length and width.
Given the strong impact of particle shape on the downstream processes
and the ubiquity of complex shaped crystals, it is clear that the ability
to manipulate particle morphology is highly desirable. However, two
major challenges need to be overcome: first, information of the PSSD
has to be readily available, preferably in real-time. Second, knowledge
regarding the shape evolution for a range of operating conditions has
to be obtained. Any form of optimization or control is otherwise left
either blind or aimless and can only rely on heuristics that may not
be sufficient. A promising way to measure nD PSD data is the use of
imaging techniques and automated image analysis. Previously, we have
reported such a measurement setup and the implementation of an analysis
procedure which is used for the data acquisition in this work [30].
For crystals described by a single characteristic length, the estimation of
growth parameters has already been demonstrated for numerous cases
[81–84], whereas, due to a lack of measurement techniques, only few
works have been published on nD crystal growth. Especially cases considering a whole collective of particles—in contrast to single crystal
experiments—are rare, although they have the advantage of utilizing
information of a large set of particles at actual process conditions. In
this work, parameter estimation is performed by fitting the output of
a multidimensional population balance equation (nD PBE) to experimental PSSD and concentration data. The model is implemented via a
high resolution algorithm and the procedure is tested by simulating the
process in a virtual test bench [30] before performing a number of seeded
desupersaturation experiments. By comparing the seed and product
distributions, a prominent broadening of the PSSD can be observed,
which cannot be attributed solely to effects such as breakage and agglomeration. Hence, a size-dependent growth mechanism is proposed and its
parameters are subsequently estimated. Results are compared to the
single crystal measurements conducted by Kitamura and Ishizu [85] and
to another image analysis based work for the same substance published
by Ma and Wang [86].
First, materials and methods are briefly described in Section 2.2. Second,
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in Section 2.3, we describe the particle models that have been used to
represent β l-glutamic acid needles and the morphological population
balance equation model. The parameter estimation procedure is described
in Section 2.4. Finally, results and a comparison to existing literature
are given in Section 2.5.

2.2
2.2.1

Materials and methods
Materials

The monosodium salt hydrate of l-Glutamic acid (NaGlu, Sigma Aldrich,
Buchs, Switzerland, purity > 99%) and hydrochloric acid (HCl, Fluka,
Buchs, Switzerland, 37–38%) were used as delivered. Deionized and
filtered (filter size 0.22 µm) water was obtained from a MilliQ Advantage
A10 system (Millipore, Zug, Switzerland). l-Glutamic acid (l-Glu)
crystallizes in two known polymorphs, i.e., the metastable α and the
stable β polymorph, which are monotropically related [87].

2.2.2

Experimental setup and characterization
techniques

Experimental setup Experiments have been performed in a 2 L temperature controlled stirred tank crystallizer. A stirring rate of 250 rpm
was used in all experiments. The crystallization process was followed by
tracking the evolution of the nD PSD and the solute concentration in
the liquid phase as described below. Additionally, the crystallizer was
equipped with a focused beam reflectance measurement (FBRM) probe
that was used to detect the possible formation of small particles due to
nucleation and breakage. A scheme of the setup is shown in Figure 2.1.
Measurement of PSSDs A novel stereoscopic imaging apparatus
was used to measure the evolution of the nD PSD [30]. Suspended
particles are photographed in a sapphire glass flow through cell (FTC)
which is connected to the crystallizer via a sampling loop, as described
in detail elsewhere [30, 35, 36]. Images are recorded continuously and
automated image analysis provides contour coordinates of perpendicular
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Figure 2.1: Schematic drawing of the measurement setup including the PAT tools: flow through cell in
which suspended particle are illuminated via the two collimated flashes and transmission images are
captured by two cameras, the ATR-FTIR probe that measures the liquid phase concentration and an
FBRM probe to check for the absence of nucleation or breakage events.
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projections of particles in the cell. Following the analysis protocols
described earlier, crystals of sizes between 10 and 2000 µm are classified
and the corresponding characteristic lengths for each object are calculated
and stored in a database. Elongated β l-Glu crystals are recognized
as needles with a length L1 and a diameter L2 . Finally, 2D PSDs,
each containing about 50,000 particles, are reconstructed by combining
measurements within five minute intervals.
Concentration measurements An attenuated total reflectance Fourier transform infrared (ATR-FTIR) spectrometer (ReactIR 45m, Mettler
Toledo Switzerland) was used to monitor the concentration of l-glutamic
acid in the liquid phase. To this end, the recorded IR spectra were preprocessed by mean centering and taking their first derivative. A calibration
model was built using a partial least squares multi-wavelength approach
[82, 84, 88]. Calibration data was recorded at different concentration and
temperature levels, covering the entire experimental parameter range.
Small particle detection In order to augment the detection of possible nucleation and attrition events (whose result is the formation of
particles < 10 µm), an FBRM (Lasentech, Redmond WA, USA) was used.
Extracting quantitative size and shape data from FBRM measurements
is known to be cumbersome [31, 89], so that the FBRM was solely used
to detect the formation of small particles [81].

2.2.3

Virtual test bench

To have a deeper understanding of the image based measurement, a virtual
environment simulating the entire process—including the measurement
itself—was created. This virtual test bench (VTB) consists of three parts:
(1) a model of the crystallization process in which the evolution of a
population of faceted particles is described via a morphological population
balance equation, (2) a virtual replica of the FTC that obtains stereoscopic
images of the crystals simulated in (1) (images are generated using
the computational geometry features in the multi-parametric toolbox
within Matlab [90]) and (3) the subsequent image analysis and PSD
reconstruction code, identical to the one being used for real experiments.
A more detailed outline is reported in Schorsch et al. [30]. In this work,
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the main value of the VTB is the validation of the measurement and
estimation procedure for an idealized case with known growth parameters
(as shown in Section 2.5.1.2).

2.2.4

Preparation of seed crystals

To produce seed crystals a two step process was followed. First, α l-Glu
crystals were formed by mixing equimolar amounts of NaGlu and HCl
in water under continuous stirring for one hour at 5 ◦ C [82]. Then, a
saturated solution with respect to the α form of l-Glu at 45 ◦ C was
created by mixing equimolar amounts of NaGlu and HCl. The α crystals
from step one were then allowed to transform to the β polymorph over
48 hours, then sieved (< 63 µm), filtered and dried.

2.2.5

Experimental protocol for seeded
desupersaturation experiments

Saturated solutions have been prepared and seeds have been added.
The suspension was then kept at the initial temperature for at least
90 minutes before being rapidly cooled down to a lower temperature
to induce supersaturation. This temperature was kept constant and
particle growth was monitored as the system relaxed from the peak
supersaturation S0 . As the transient region in the temperature profile is
small compared to the total duration of the experiment, the measured
evolution of the crystals essentially takes place at a constant temperature
T . It has been shown previously that measurements obtained using this
procedure are repeatable [30].

2.3
2.3.1

Particle and population balance model
Particle model

In general, crystals can take innumerably different shapes (including
dendrites, whiskers, twinned crystals, etc.) for which a variety of different
geometric models exists [91]. Like many other organic compounds, β
l-Glu crystals grow in a convex, faceted shape at low and moderate
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supersaturations. While different representations and approximations of
its needle-like habit are possible, the two particle models that have been
used in this work are presented in the following.
Polytopic model A detailed description of convex, faceted particles
is given by representing them as convex polytopes P , e.g., written in the
form of intersecting half-spaces

P (L) = x ∈ R3 | Ax ≤ M L

(2.1)

where A ∈ Rm×3 is a matrix consisting of m unit vectors, aTi , that
represent the normal vectors to the m potential facets. Note that, in
crystallization, these vectors depend on the unit cell parameters and
the crystal symmetry. M ∈ {0, 1}m×n is a binary mapping matrix with
exactly one element equal unity per row; it groups the m facets into
n independently growing sets based on the crystal symmetry. Finally,
L ∈ Rn is a scaling vector where the element Li represents the distance
of the i’th facet group from the origin of the coordinate system.
Eq. (2.1) is general in that it allows for the description of morphologies
generated by only a subset of all facets contained in A (forming a bounded
polyhedron). As a consequence, a distinction is made between virtual
(absent) and real (present) faces of a crystal and care has to be taken
when modeling crystal growth [11, 12, 19, 92, 93].
β l-Glu crystals grow in a needle shape as shown in Figure 2.2(a).
Kitamura and Ishizu [85] and Wang et al. [94] reported a detailed analysis
of the morphology of such crystals and concluded that it is limited by
the sets of independent facets with the Miller indices {010}, {021}, and
{101}, implying n = 3. Considering the crystal structure of β l-Glu
crystals (a = 5.17 Å, b = 17.34 Å, c = 6.95 Å, space group P 21 21 21 [95])
the maximum number of facets on the polytope is thus m = 10. The
polytope defined in this way is shown in Figure 2.2(b).
Generic model While the faceted particle model presented above is
a useful mathematical tool for generating realistic crystals, the inverse
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(a)

(b)

(c)

Figure 2.2: (a) Microscope images of β l-glutamic acid. (b) Faceted
crystal model based on a polytope with aspect ratios L{101} /L{010} = 5,
L{021} /L{010} = 1. (c) Faceted crystal with overlaid generic needle model.
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problem, i.e., the reconstruction of polytopic shapes from imaging data is
an exceedingly difficult task, whose solution should only be considered if
near ideal primary particles of sufficiently large size are available. To solve
this problem, a reliable measurement technique that is able to identify
the individual facets of the crystal and sophisticated image analysis
algorithms are needed [28, 39–41]. However, if such ideal particles are
not available in large numbers, a simplified particle model should be
considered that can be reconstructed from images in a faster and more
robust way.
It is for these reasons that we use the polytopic description only for the
generation of simulated measurements (presented in Section 2.2.3) while
we characterize all measured β l-Glu crystals using a generic, cylindrical
particle model with two characteristic lengths, L1 and L2 , as depicted
in Figure 2.2(c). This simplified description exhibits a much reduced
complexity for the particle size and shape measurement from images,
while still capturing the essential features of the crystal.

2.3.2

Morphological population balance equation

The evolution of an ensemble of particles during a crystallization process
can be described using population balance equations [15, 16]. In order to
model particles with multiple characteristic lengths, such as the particle
models presented in Section 2.3.1, it is necessary to use a multidimensional
PBE, where the different dimensions correspond to the characteristic
lengths in the corresponding particle model. A formulation of such a
PBE for a well-mixed batch reactor is
n

∂f X ∂ (Gi f )
+
= B − D;
∂t
∂Li
i=1

(2.2)

f = f (t, L) is the continuous particle density function, Li is the characteristic length in the i’th dimension and Gi is the corresponding growth
rate. The terms B and D on the r.h.s. of Eq. (2.2) correspond to “birth”
and “death” phenomena, respectively, which can arise due to nucleation,
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agglomeration and breakage events. In this work, we aim at exclusively
determining the growth kinetics in all characteristic dimensions. Hence,
the experiments carried out were designed such that nucleation, agglomeration and breakage occur at a negligible level, so that one can assume
B = D = 0. For a two-dimensional system, these assumptions allow
reducing Eq. (2.2) to:
∂f
∂ (G1 f ) ∂ (G2 f )
+
+
=0
∂t
∂L1
∂L2

(2.3)

The rate of growth Gi = Gi (T, S, L; p) is defined in general as a function
of the temperature T , the supersaturation S, particle size L, and a set
of parameters p. The supersaturation is defined as

S=

c

(2.4)

c∗ (T )

where c is the solute concentration in the liquid phase and c∗ (T ) is the
solubility. The initial and boundary conditions for the PBE are
f (0, L) = f0 (L)

(2.5a)

f (t, 0) = 0

(2.5b)

where f0 (L) is the PSD of the seed particles. To satisfy the mass balance,
an equation for the solute concentration in the liquid phase is needed. A
general formulation for a closed system is given by
dc
d
= −ρc
dt
dt

Z
Vc (L) f (t, L) dL
Ω
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where Ω is the size domain, ρc is the density of the crystalline phase
and Vc (L) is the volume of the crystal with characteristic size L. In
particular, for the cylindrical particles, Vc (L1 , L2 ) = (π/4)L1 L22 and
Eq. (2.6) can therefore be expressed as
dc
π dµ12
= −ρc
dt
4 dt

(2.7)

where µij are the cross-moments of f (t, L1 , L2 ) defined as
Z∞ Z∞
µij =
0

Li1 Lj2 f (t, L1 , L2 ) dL1 dL2

(2.8)

0

The initial condition for Eq. (2.6) or Eq. (2.7) is
c(0) = c0

(2.9)

with c0 as the initial solute concentration.
We highlight the fact that Eq. (2.3) is a complete description for the
evolution of a particle population only if none of the particles experiences
the appearance or disappearance of a facet. This is always the case
for the systems considered in this work. To make an example, for the
cylindrical particles, the condition is always fulfilled as the facet normal
vectors lie orthogonal to each other. Solution methods for the general
case have been reported elsewhere [19].

2.3.3

Solution method

A high resolution method was chosen to solve the resulting multidimensional partial differential equation. As in other approaches, the partial
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differential equation is transformed into a system of ordinary differential
equations via discretization of the space domain.
High resolution schemes make use of flux limiters which control fluxes
across boundaries based on some local smoothness condition. The resulting algorithm exhibits greatly reduced numerical oscillations while still
leading to excellent accuracy with a comparably low computational burden. Several different flux limiter functions can be found in the literature,
leading to different high resolution methods. For this work, the van Leer
flux limiter was used [96], as it was found to yield satisfactory results.
High resolution schemes can easily be extended to multiple dimensions
[97, 98], and have been shown to give excellent performance compared
to other solution methods [99]. In this work, the number of grid points
was typically around 100 in each dimension, thus resulting in a total
number of bins of the order of 102n . A minor modification to the standard
algorithm was implemented in which the conservation equation was only
solved for a bounding box of the distribution. This reduces the number of
evaluated bins significantly, particularly for high-dimensional problems.

2.4

Growth rate estimation

In order to estimate the kinetic parameters, desupersaturation experiments at different operating conditions were performed according to
the procedure reported in Section 2.2.5. The PB model described in
Section 2.3.2 with cylindrical model particles was used and sets of experiments were fitted simultaneously. Only measurements of the transient
response, i.e., after the temperature change, were used for the fitting. The
initial conditions for Eq. (2.3), f0 (L) and c0 , were obtained by averaging
measurements from the initial, stationary phase of the experiments.

2.4.1

Maximum likelihood estimate

The parameter estimation in this work was done by finding the maximum likelihood estimate (MLE) for the experimental measurements,
i.e., the parameter vector p∗ which maximizes the probability that the
experimental data set is obtained. Assuming that independent variables
are deterministic, that errors are normally distributed with zero mean
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and given variance, that errors at different measurement times are uncorrelated and that errors in the measured variables are independent, the
MLE can be shown to be the minimizer of function Φ [100]


Nv
Nt
X
X
Nt
2
Φ(p) =
ln 
(yij − ŷij (p)) 
2 i=1
j=1

(2.10)

where Nt is the number of observations, Nv is the number of measured
outputs, yij is output i at time j and ŷij (p) is the corresponding model
estimate as a function of the parameters p. Note that, with our assumption of normally distributed errors, the MLE is equivalent to weighted
least squares. However, the weights of these residuals are given by the
inverse of the measurement error covariance matrix V which is still to
be determined [100].
The minimization of Eq. (2.10) requires the solution of a nonlinear,
nonconvex optimization problem. To this end, a local optimizer (fmincon
as implemented in the optimization toolbox in Matlab) using a sequential
quadratic programming algorithm was run from several initial points
(by using the GlobalSearch routine provided in the global optimization
toolbox in Matlab), so that multiple basins of attractions are analyzed.
Nevertheless, it should be noted that, in this work, the focus lies on
finding a set of parameters that describes a predefined number of outputs
within a region of operating conditions well. The question whether the
obtained p∗ is indeed globally optimal is somewhat secondary, particularly
given the overall difficulty in discriminating between different models
(see the discussion in Section 2.5.2).
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2.4.2

Confidence intervals and local identifiability

Given p∗ , the elements of the diagonal measurement error covariance
matrix, V , can be approximated by

Vii ≈

σi2

Nt
1 X
2
(yij − ŷij (p∗ ))
=
Nt j=1

(2.11)

After linearization of the system equations and assuming normally distributed errors, V and the output sensitivity Wj = ∇p · yj allow estimating the positive semi-definite parameter covariance matrix, Vp [101]


−1
Nt
X
Vp ≈  (Wj )T V −1 Wj 

(2.12)

j=1

or, in shorter notation:
Vp ≈ W T V −1 W

−1

(2.13)

where the two matrices W and V are



W=


W1
W2
..
.
WNt









, V = 



V
0
..
.

0
V

0

0

···
···
..
.
···


0
0 



V

(2.14)

The sensitivities W1 , W2 , . . . , WNt can be calculated, e.g., by using
the so-called sensitivity equations, which can be solved alongside the
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original model [102]. Vp is useful for robust state estimation and control
of crystallization processes [59, 103] and can be used to establish a
hyperellipsoidal confidence region for the parameters. With the indicated
assumptions, this region is given by
n
o
p ∈ RNp | (p − p∗ )T Vp−1 (p − p∗ ) ≤ χ2Np (α)

(2.15)

where α is the confidence level and χ2Np (α) is the chi-squared distribution
function with Np degrees of freedom. However, it is often more convenient
to transform the hyperellipsoid into parameter confidence intervals. These
intervals can be approximated by:
p∗i ± s.d.(p∗i ) t1−α/2 (Nt − Np ) i = 1, 2, . . . , Np

(2.16)

where t1−α/2 (Nt −Np ) is the t-statistic with (Nt −Np ) degrees of freedom
p
and s.d.(p∗i ) = Vp,ii . Due to the linearization, there is no guarantee that
the true confidence region and intervals are not grossly underestimated,
but the indicated procedure gives at least qualitative information as to
how well-determined parameters are [101].
While methods for investigating the global identifiability exist [104], only
the local identifiability of the parameters in the neighborhood of the
MLE was tested in this work. The local identifiability can be determined
by inspecting the properties of W [105, 106]. In particular, it can be
shown that the parameters are locally identifiable in the neighborhood of
the MLE if and only if matrix W has full rank [105].

2.4.3

Fitted outputs

The parameter estimation outlined above requires choosing a specific
set of outputs that are to be fitted. As the full, measured particle size
distribution is impractical to fit, moments of the distribution together with
the solute concentration were used instead. The exact choice of moments
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is motivated by the fact that lower order moments possess a smaller
variance and are potentially less affected when particles are overlapping in
the recorded images (cf. Section 5.1 of Schorsch et al. [30]), i.e., the number
of moments used in the output vector should not be increased indefinitely.
Also, moments using measurements of L2 are avoided whenever possible,
which is again due to the fact that measurements of the width contain a
higher relative error and are generally less reliable than measurements of
the particle length while the absolute change of the particle width over
time is comparably small. Note that information of total particle volume
is still accounted for via the concentration, thus guaranteeing structural
observability of G2 .

2.5

Results

The growth rate of individual crystal facets can either be limited by
mass transfer or by the integration of solute molecules into the crystal
surface. In the case of β l-Glu crystals, growth is considered to be surface
integration controlled for all facets in the investigated supersaturation
range [85, 88]. Two dominating mechanisms can be identified for this
step: growth via two-dimensional nucleation (also referred to as “birth
and spread” mechanism [107]) and growth by screw dislocations according to the model by Burton, Cabrera and Frank (BCF) [108]. Single
crystal experiments have suggested a growth rate corresponding to a
birth and spread mechanism also for relatively low supersaturations [85],
and subsequent work using this expression has yielded good agreement
for particle populations modeled by a 1D PBE [82, 88]. Also, for the
experiments reported in this work, the BCF expression yielded inferior
fits, hence it was disregarded in the further investigations reported below.

2.5.1

Virtual experiments

2.5.1.1

Generation of measurements

The parameter estimation algorithm was first tested using the virtual
test bench described in Section 2.2.3. To this end, measurements for
seven experiments were simulated and fed to the parameter estimation
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Table 2.1: Conditions for simulated experiments performed (using VTB).
ID

S0 [–]

T [◦ C]

M REc [%]

M REL̄1 [%]

VTB1
VTB2
VTB3
VTB4
VTB5
VTB6
VTB7

1.15
1.15
1.10
1.15
1.20
1.15
1.20

25
30
35
35
35
40
40

0.04
0.4
0.2
0.3
0.3
0.3
0.1

1.6
0.3
3.3
1.6
0.7
2.2
1.7

routine. The operating conditions for all simulations are summarized in
Table 2.1. The true process was modeled using a morphological PBE,
where particles are described as polytopes with facets {101}, {021} and
{010}. All facets were assumed to grow via a Birth and Spread mechanism
with the corresponding growth rate given by [109, chap. 3]

5/6
GM
(T,
S)
=
p
(S
−
1)
T
exp
−
i,1
i

pi,2
T (S − 1)


(2.17)

where i ∈ {1, 2, {101}, {010}, {021}}. In the absence of known relative
growth rates and for reasons of simplicity, the aspect ratio between facets
{021} and {010} was assumed to be always unity, i.e., G{010} = G{021} .
This assumption removes the possibility of virtual facets, allowing the
use of Eq. (2.3) to describe the process. The initial seed distribution was
defined to be a multivariate normal distribution with a mean at (45,15)
µm, a diagonal covariance matrix with each element given by 1.2 times
the corresponding mean and a suspension density of 0.05 g/kg. The
four parameters necessary to describe the growth kinetics of this system
are given in Table 2.2. The measurements (60 per experiment) were
approximated by sampling 2,000 particles for each measurement from the
resulting distributions, around one order of magnitude below the sample
size in a real experiment. The crystals are generated in the virtual flow

29

2. Growth rate estimation of β l-glutamic acid

Table 2.2: Comparison of true and estimated growth rate parameters for
the VTB experiments.

p1 [µm K
p2 [K]

−1

−1

s

]

{101}

{021} / {010}

L1

L2

1
150.00

0.01
175.00

2.4 ± 0.4
156 ± 7

1.0 ± 0.2
130 ± 10

cell in batches of 50 particles and analyzed accordingly. The measured
concentration profile for the parameter estimation was simulated by
adding white Gaussian noise to the true concentration curve.

2.5.1.2

Fitting results

The data was fitted using the correct growth rate expression, that is
Eq. (2.17) with i ∈ {1, 2}, and using the following set of outputs

yj =

c
L̄1




=

t=tj

c
µ10 /µ00


(2.18)
t=tj

The results of the parameter estimation are reported in tabular form in
Tables 2.1 and 2.2 and illustrated in Figure 2.3, where the solid blue
line represents the fitted model and the red circles represent measured
quantities. Note that the experiments have been concatenated for an
easier representation and that the mean relative error of each input,
M RE, in Table 2.1 is defined as

Nt
1 X
yij − ŷij
M REi =
Nt j=1
yij

(2.19)
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Clearly, the graphical comparison show a reasonable fitting of the data.
As for the parameter values themselves, we note that measurements of L1
are determined by the contribution of {101} facets only; a straightforward
comparison shows that the estimated exponent p1,2 in Eq. (2.17) is close
to the correct value, i.e., 150 K. Nevertheless, geometric considerations
reveal that G1 , G{101} [85]; rather, they are related by the following
proportionality that accounts for the exact geometry of the red tip in
Figure 2.2

G1 =

2G{101}
= 2.49 G{101}
cos(36.6◦ )

(2.20)

where 36.6◦ is the angle between the cylinder axis and the normal vector
of facet {101}. Comparing the estimated value of p1,1 and the model
prefactor p{101},1 is therefore possible using the last equation and shows
excellent agreement.
The estimation of the width growth kinetics warrants a deeper discussion:
In fact, note that describing particles as cylinders makes it impossible to
directly compare growth rates for the characteristic lengths associated
to particle width. Essentially, the dependency of the (total) crystal
volume of polytopic particles on the side faces is more complex than in
the cylinder and is indeed a function of the aspect ratio of the particles
as this ratio influences the importance of the tip of the needle with
respect to the total volume. Consequently, an estimation of G2 by fitting
L1 and L2 would yield a different result from the one obtained, but
with the substantial disadvantage of predicting an incorrect total crystal
volume (and thus an incorrect concentration). This limitation could
be overcome—at least theoretically—by using a more complex particle
model such as the polytopic one presented in Section 2.3.1. Note that
such a particle model would necessitate a more sophisticated approach
to solve the population balance [19] and, more importantly, that the
reconstruction of this shape from orthogonal projections is exceedingly
difficult in general. Nevertheless, even when using the simple generic
particle, the model is able to fit both outputs well despite the different
particle descriptions.
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Figure 2.3: Parameter estimation results for the simulated measurements. Red markers indicate
simulated measurements whereas blue lines indicate estimation results.
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Figure 2.4: Phase diagram of l-glutamic acid in aqueous solution. The
blue and the red line indicate the solubilities of the α- and β polymorph,
respectively. The red circles indicate initial conditions used for fitting the
growth rate and the red area specifies the corresponding interpolation
region. Black squares indicate the verification points.

2.5.2

Laboratory experiments

For the laboratory case, a total of eleven desupersaturation experiments
at different operating conditions were conducted to fit parameters. Also,
two experiments at intermediate conditions were performed to verify the
obtained result. The chosen points cover a wide range in temperature
and concentration while trying to avoid nucleation of either polymorph
and regions of extremely slow growth [82]. Table 2.3 gives an overview of
all initial conditions that have been investigated while Figure 2.4 shows
these points in the phase diagram.
In addition, an experiment where β l-Glu crystals were stirred in a
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Table 2.3: Overview of seeded desupersaturation experiments and corresponding mean relative errors
of the fit using models BE and BL1E with 5 parameters.

S0 [–]
25
25
25
25
35
35
35
40.7
40.7
40.7
40.7

T [◦ C]

1.1
0.5

0.2
0.04
0.1
0.4
0.6
0.5
0.7
0.3
0.2
0.6
0.02

M REc [%]

1.2
5.1

3.4
3.2
1.7
1.7
5.9
0.6
1.4
2.6
4.3
3.8
4.7

0.9
0.5

0.1
0.2
0.9
0.6
0.6
0.5
0.5
0.4
0.3
0.8
0.5

2.1
3.7

3.7
4.5
3.0
2.2
6.5
2.3
0.6
3.9
8.5
5.6
3.7

4.6
10.0

4.4
1.4
5.8
0.4
4.2
6.2
3.7
1.6
6.6
5.4
9.0

BL1E (5 param.)
M REL̄1 [%] M REσ11 [%]

ID
1.10
1.15
1.20
1.25
1.10
1.15
1.20
1.10
1.15
1.20
1.25
30
38

M REc [%]

FIT1
FIT2
FIT3
FIT4
FIT5
FIT6
FIT7
FIT8
FIT9
FIT10
FIT11
1.18
1.18

BE
M REL̄1 [%]

VER1
VER2
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Figure 2.5: Recorded average lengths µ22 /µ12 and µ13 /µ12 at a saturated
solution with S = 1 (no nucleation/growth/dissolution/agglomeration
possible). The signals are stationary, indicating the absence of breakage.

saturated solution was performed to check if the crystalline needles are
prone to breakage at the given stirring rate. The evolution of the mean
length and width of the measured particles is reported in Figure 2.5.
In the absence of breakage, the only mechanism possibly present at
saturated conditions, the characteristic particle lengths are expected to
remain constant and this is indeed what is observed. In addition, no
broken needles were visible in the the original photographs and, similarly,
no significant agglomeration could be observed in the raw images of any
experiment.
For the fitting, measured temperature profiles were approximated by
piecewise linear functions before being fed to the model, which then simu-
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lated the evolution of each system after the onset of growth. Experiments
were performed up until growth had virtually stopped, leading to varying experimental times. To ensure that long experiments do not overly
dominate the estimation, the number of measured points per experiment
was artificially upper bounded at 120, which was done by subsampling
the data when necessary. The resulting estimation is based on a total of
108 hours of experimental data, which includes information of roughly
50 million analyzed particles with sizes covering roughly three orders of
magnitude (10–1000 µm).
2.5.2.1

Size-independent growth rate fitting

Different growth rate models were investigated for the fitting, all of which
can be seen as combinations and extensions of two base expressions: a
mechanistic Birth and Spread (B) type expression [81]

GB
i (T, S)


=pi,1 exp −

pi,2
T 2 ln(S)



 p 
i,3
exp −
T

1/6

× (S − 1)2/3 (ln S)

(2.21)

and a purely empirical growth rate (E)
 p 
i,3
pi,2
;
GE
(T,
S)
=
p
(S
−
1)
exp
−
i,1
i
T

(2.22)

note that both expressions contain three parameters. The same set of
outputs as in Section 2.5.1 was used, i.e., Eq. (2.18). While possible, it
is not mandatory that both characteristic lengths are described using
the same growth rate expression. In fact, particularly the evolution of
the crystal width might profit from using an empirical expression, due to
the fact that the measured generic particle width is dominated by the
influence of two real facets, rather than only one. We have hence tried
various combinations of growth rates to fit the experimental data; the
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Figure 2.6: Explanation of model naming convention employed in this
work. The example case corresponds to a length growth rate G1 that is
described by Eqs. (2.21) and (2.24) with Li = L1 and a width growth
rate G2 given by Eq. (2.22)

corresponding naming convention for the resulting different models is
illustrated via an example in Figure 2.6.
The best fit was obtained using a model that employs the mechanistic
growth rate given in Eq. (2.21) for the length and the empirical expression
from Eq. (2.22) for the width, labeled BE model. The concentration and
mean length are given in Figure 2.7 for all fitted experiments. One can
see that the model follows the evolution of both outputs in a satisfactory
manner for most experiments. However, while it would be possible to
fit each experiment individually with perfect agreement, the overall fit
represents a tradeoff that is clearly limited in this regard. We additionally
report the mean relative error for each experiment in Table 2.3 and use
the obtained parameters to compare the model output to the result of
two verification experiments, shown in Figure 2.8. In both instances, the
model predicts the behavior of the system relatively well, yet a constant
offset is present in the description of the average length in VER2.
The parameter values themselves, together with the 95% confidence
intervals, are given in Table 2.4. The set of parameters was found to
be locally identifiable, however, the confidence intervals for some of the
parameters are large. An investigation of the correlation matrix suggests
that the parameters in question are highly correlated. While an improved
experimental design strategy or a reduction in model complexity may
potentially alleviate the problem, it was opted not to continue the sizeindependent growth analysis for reasons that will become clear shortly.
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Figure 2.7: Parameter estimation results for all eleven fitting experiments using model BE. Red markers
indicate measured quantities whereas blue lines indicate estimation results.
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[µm s−1 ]
[K2 ]
[K]
[–]
[µm s−1 ]
[–]
[K]

Φ/Φmin

p1,1
p1,2
p1,3
p1,4
p2,1
p2,2
p2,3

–

(7 ± 7) × 102
(5.1 ± 0.2) × 104
(2.5 ± 0.3) × 103
–
(5 ± 9) × 104
2.9 ± 0.1
(3.8 ± 0.8) × 103

Size-independent
BE

1.00

(2 ± 4) × 101
(6.8 ± 0.3) × 104
(2.9 ± 0.5) × 103
1.2 ± 0.1
(2 ± 4) × 104
2.7 ± 0.2
(3.7 ± 0.7) × 103

BL1E

1.04

1.41 ± 0.02
(7.0 ± 0.2) × 104
(3.14 ± 0.04) × 103
2.49± 0.02
(2.0 ± 0.2) × 104
2.55 ± 0.04
(3.78 ± 0.04) × 103

Size-dependent
BL2E

1.02

–
(6.9 ± 0.2) × 104
(1.9 ± 0.1) × 103
1.2 ± 0.1
–
2.7 ± 0.2
(7 ± 1) × 102

BL1E (5 param.)

Table 2.4: Expected parameter values and 95% confidence intervals for select models. For size-dependent
models, the last row indicates relative objective function values w.r.t. the lowest value.
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Figure 2.8: Comparison between verification experiments and prediction
using model BE. Red markers indicate measured quantities whereas blue
lines indicate estimation results.

2.5.2.2

Size-dependent growth rate fitting

Since the imaging setup delivers complete particle size distributions
and not only average lengths, a comparison between measured and
simulated PSD is of great interest to judge whether the model describes
the complete crystallization process satisfactorily. We therefore report
the initial and final measured 2D PSDs in form of normalized volumeweighted distributions for one experiment (FIT4) in Figures 2.9(a) and
(b) (red contour lines) and in the same images juxtapose the result to
the output of the model with size-independent growth rate (BE) (blue
contour lines). The plotted quantity, q v is calculated from

q v (t, L1 , L2 ) =

L1 L22 f (t, L1 , L2 )
µ12 (t)

40
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A clear inconsistency between the two PSSDs can be observed in this plot:
while the experimental one has undergone extensive broadening during
the process, the modeled distribution has not. This broadening, which
can be observed in most experiments, can not in fact be described by a
model with size-independent growth rates only. While the parameters
and the size-independent model may still be useful if one is only interested
in the modeling of c and L̄1 within the investigated region, they do not
give a complete description of the crystallization process.
After carefully ruling out nucleation, agglomeration, breakage and imaging effects as underlying causes, size-dependent crystal growth was considered as a plausible cause of the observed broadening of the PSSD.
Since the effect is clearly visible only in the L1 direction, only G1 was
assumed to be size-dependent. However, fundamentally different types
of dependencies are conceivable: the growth rate G1 can be a function
of the cylinder length, width, or both. From a mechanistic perspective,
we adopt the hypothesis that size-dependent growth is caused mainly by
an increase in number of dislocations [110, 111]. The absolute number
of these dislocations on the {101} facet of the crystal (which determines
the L1 growth measurement) may, e.g., rise due to an increasing collision
rate (clearly dependent on L1 ) or simply with increased surface area
(a function of L2 ). To this end, the previously presented growth rate
expressions were extended to include a simple power law dependency:

G1 (T, S, L) = GI1



Li
L0

p1,4
i ∈ {1, 2}

(2.24)

where I ∈ {B, E}, i.e., the growth rates defined in Eqs. (2.21) and (2.22)
are used. Further, L0 is a unit reference length in order to make the
second factor dimensionless. We emphasize the fact that in Eq. (2.24),
particles of size zero, i.e., nuclei, do not grow. While not representing
an issue in this work, it should be noted that the resulting growth rate
expressions are consequently unphysical and not suited to model a system
that allows for nucleation. In order to include a measure of the width of
the PSD in the objective function, the set of outputs considered in the
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Figure 2.9: Normalized, volume-weighted distributions in experiment
(red) and model (blue) for experiment FIT4. (a) seed distribution showing
the characteristic elongation in L1 direction and initial fit; (b) and
(c) show the same, final experimental distribution, but different model
outputs: (b) result using the size-independent model (BE), (c) result
using the size-dependent model (BL1E with 5 parameters). Contour lines
are drawn at 20%, 50%, 75% and 90% of the respective maximum.
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fitting was expanded to



c
c


µ10 /µ00
yj =  L̄1 
= q

2
σ11 t=t
µ
/µ
−
(µ
/µ
)
20
00
10
00
j


(2.25)

t=tj

where σ11 represents the standard deviation of the 2D PSD in the L1
direction. The resulting parameters and confidence intervals for a selected
number of (locally identifiable) models are given in Table 2.4. We
additionally report relative objective function values with regard to the
lowest achieved objective function using model BL1E. The latter result
might be interpreted as suggesting that a dependence on L1 constitutes
a more probable explanation for the observed results. The value of the
objective function alone, however, is not representative of the quality
of the fit. Rather, acknowledging the relatively small differences among
models (and the fact that no guarantee for global optimality of the
parameters can be provided), it makes sense to take the associated
confidence intervals into consideration as well. Focusing on a comparison
between the BL1E and BL2E models, it becomes clear that the latter
represents a better balance between low value of the objective function
and well-determined parameters. In fact, similarly as in Section 2.5.2.1, an
investigation of the correlation matrices indicates that several parameters
using the BL1E fit show high correlation. As a consequence, it was chosen
to reduce complexity by removing highly correlated parameters from the
different models. The best resulting fit is given by a reduced model BL1E
with only 5 parameters where the two prefactors are replaced by a unit
reference growth rate, i.e., p1,1 = p2,1 = G0 = 1 µm s−1 :




6.9 × 104
1.9 × 103
G1 = G0 exp − 2
exp −
T ln(S)
T
 1.2


L1
1/6
× (S − 1)2/3 (ln S)
µm s−1 (2.26a)
L0
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7 × 102
G2 = G0 (S − 1)2.7 exp −
T



µm s−1 (2.26b)

where the temperature T is given in Kelvin and the lengths L1 and L0
in µm. Eq. (2.26) represents a tradeoff between objective function value,
precision and number of parameters. The mean relative errors are given
in Table 2.4 and the corresponding fits in Figure 2.10.
As is evident in the plot, all measurements are fitted rather well and,
in contrast to the size-independent fitting, the increase in broadness of
the distribution is now adequately represented by the model. The latter
fact is highlighted in Figure 2.9(c) where the full 2D PSDs of experiment
and model are reported. As with the previous fits, we report the result
of applying the obtained parameters in a purely predictive fashion by
comparing model outputs to verification experiments in Figure 2.11. Both
the graphical comparison as well as the mean relative errors support the
notion that the obtained parameters are suitable for interpolation and
that the model is able to predict the change of the 2D PSD reasonably
well.
Despite the choice of the above model as optimal fit, a final statement as
to which of the two fundamentally different functional forms of G1 (L)
is more likely cannot be made. In the following, we present a brief,
qualitative discussion as to why this is the case and how one could design
experiments which might reveal more information.
2.5.2.3

Distinguishing functional forms

We previously introduced the assumption that the growth rate is a
function of either the crystal length or the width over the entire range
of operating conditions. Clearly, it is conceivable that this proposition
is untrue, that the model is incomplete, hence it is not possible to
discriminate between the two functional forms. However, it can be
shown that this is but one possible explanation. To this end, let us first
investigate the effect of the two functional forms on the shape of the 2D
PSD. In the upper part of Figure 2.12 we show a schematic drawing of the
growth rates in the form of a vector field in the size domain. As observed
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Figure 2.10: Parameter estimation results for all eleven fitting experiments using model BL1E with 5
parameters. Red markers indicate measured quantities whereas blue lines indicate estimation results.
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Figure 2.11: Comparison between verification experiments and prediction
using model BL1E with 5 parameters. Red markers indicate measured
quantities whereas blue lines indicate estimation results.

in the plot, in the case in which G1 depends on L1 (Figure 2.12(a)) a mere
broadening of the PSD in L1 direction would be expected, whereas in the
case that G1 depends on L2 (Figure 2.12(b)) one might expect a sort of
shearing of the particle size distribution as particles with large width tend
to become longer in average . This effect is illustrated in Figures 2.12(c)
and 2.12(d), where we report the results of two growth simulations with
artificial square seed distributions. An intuitive approach would be to
try to exploit this qualitative difference by using additional moments of
the distribution for the fitting.
Alas, in reality, typical seed distributions of needles differ greatly from
the compact shape shown in Figure 2.12. An example is reported in
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(a)

(b)

(c)

(d)

Figure 2.12: Qualitative demonstration of the effect of different size
dependence on the particle size distributions. (a) & (c) G1 as a function
of L1 ; (b) & (d) G1 as a function of L2 . First row: qualitative behavior
of total convective term within the size domain. Second row: illustrative
growth simulations starting from a square seed distribution. Red contours
indicate the seed distribution, blue contours indicate the distributions
after growth. The blue distributions have slightly broadened due to
numerical diffusion.
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Figure 2.9(a), where the initial distribution is highly elongated in the
L1 direction while relatively narrow in terms of L2 . Clearly, this makes
distinguishing the two cases shown in Figure 2.12 a much more difficult
task. Elucidating the growth mechanism in an even more detailed fashion
would thus require better control over the seed distribution, which is
a difficult endeavor as sieving of needles alone is not efficient. A more
sophisticated method that is able to produce seed distributions with a
specific shape would be necessary. To this end, different options, such as
dissolution cycles, a cascade of sieves, milling (though the surface of the
crystals might be altered heavily), etc. are conceivable, but are ultimately
outside the scope of this work. An alternative route to gain deeper insight
could be a series of single crystal experiments that complements the data
collected from desupersaturation experiments, involving ensembles of
crystals presented in this work.
2.5.2.4

Comparison to literature

The growth rate of β l-Glu crystals in different directions has been
investigated in several studies in the past. Kitamura and Ishizu [112],
Mougin et al. [113] and Wang et al. [94] presented different methods to
measure the size of β l-Glu crystals over time, allowing to extract growth
rates. In a successive work, Kitamura and Ishizu [85] performed single
crystal experiments at 298 K to estimate kinetics for the {101} facet
assuming a birth and spread type growth rate of a form G1,Kitamura =
f (S). Furthermore, Ma and Wang [86] used an offline microscopy setup
together with a morphological population balance equation to estimate
kinetic parameters for an empirical growth rate expression G1,Ma =
f (S, L1 ).
Alas, the different experimental procedures and operating conditions,
measurement techniques and assumed functional dependencies of the
growth rate render a direct juxtaposition to these works meaningless.
With regards to the work of Kitamura and Ishizu [85], a comparable or
identical growth rate can always be achieved by choosing an appropriate
size of the crystal in our growth rate model. Similarly, the lack of a
temperature dependence in the expression used by Ma and Wang [86]
implies a varying difference between the two models depending on T .
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When simply plugging the growth rates obtained by Ma and Wang [86]
into the model and comparing the simulation results to experiments, it is
found that the predicted increase in average size are vastly overestimated.
We therefore refrain from doing any further comparison and only affirm
that the modeled growth rate of β l-Glu in this and other works in the
literature are in the same order of magnitude.

2.6

Conclusion

Growth kinetics for the needle-like β polymorph of l-glutamic acid both
in length and width direction were estimated from desupersaturation experiments using a morphological population balance model. ATR-FTIR
data, together with measurements of the multidimensional particle size
distributions obtained from an imaging setup over time and under varying
process conditions were captured and used for the fitting. The feasibility
of the approach was tested a priori using an idealized, virtual test environment. It was found that the procedure is able to fit the simulated data
with reasonable accuracy and to correctly estimate the growth rate of the
particle length. Subsequently, 13 laboratory experiments were performed,
11 of which were used to estimate parameters for supersaturation and temperature dependent growth rates, while the remaining two experiments
were used for verification purposes. After observing a model mismatch
due to a prominent broadening effect in L1 direction and after ruling
out alternative explanations, a size dependence of the growth rate was
conclusively identified and the model was adapted accordingly. Different
functional forms for this dependence were considered and the matter of
model distinguishability was discussed. Finally, after carefully analyzing
parameter correlation, a model with five parameters was identified as
being an acceptable tradeoff between model complexity and quality of
fit. The corresponding growth rate was compared to two studies in the
literature that were obtained by different approaches, yielding satisfactory
agreement for the supersaturation ranges studied in this work.
The outlined procedure yields highly significant information which is supported by a large data set acquired under realistic operating conditions
and gathered from multiple, independent sources. While a more complex
description of particle shape might allow for a more detailed characteriza-
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tion of the process, this would however introduce a number of additional
complexities that are difficult to tackle each on its own. In general, the
model detail should be chosen based on the targeted application: the
obtained model is able to predict several key characteristics of the system
and thus the parameters and the corresponding parameter covariance
matrix can be used, e.g., for (robust) shape optimization and control
[114]. However, an even deeper understanding of the evolution of particle
populations is only possible once also the fundamentals of crystal growth
are better understood. This requires the investigation also on the level of
the individual particle and its surfaces, which we see as complementary
to this work. Emerging technologies in crystallization, such as imaging
techniques, have great potential to expedite this process. Novel, sophisticated imaging devices/analysis in conjunction with morphological models
allow to greatly improve knowledge on how to accurately predict the
evolution of crystal shape of populations of crystals while at the same
time raising new, challenging questions.
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Notation
A
B
D
Gi
L
L0
Li
M
M REi
Np
Nt
Nv
S
S0
T
V
Vc
Vp
Wj
ai
c
c0
c∗
f
f0
m
n
P
p
p∗
t
yij

matrix of vectors ai
birth terms in the PBE
death terms in the PBE
growth rate in direction of i’th length
vector of characteristic lengths
unit reference length
characteristic length in i’th dimension
group mapping matrix
mean relative error of i’th quantity
number of parameters
number of observations
number of measured outputs
supersaturation
peak supersaturation
temperature
measurement error covariance matrix
single crystal volume
parameter covariance matrix
output sensitivity matrix at time j
unit vector orthogonal to the i’th facet
solute concentration in the liquid phase
initial concentration in the liquid phase
solubility
number density function
PSD of seed crystals
max. number of facets
number of characteristic sizes
convex polytope
vector of growth rate parameters
maximum likelihood estimate of p
time
output i at time j
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[–]
[m−2 kg−1 s−1 ]
[m−2 kg−1 s−1 ]
[m s−1 ]
[m]
[m]
[m]
[–]
[–]
[–]
[–]
[–]
[–]
[–]
[K]
[–]
[m3 ]
[–]
[–]
[–]
[kg kg−1 ]
[kg kg−1 ]
[kg kg−1 ]
[m−n kg−1 ]
[m−n kg−1 ]
[–]
[–]
[–]
[varies]
[varies]
[s]
[varies]
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Greek letters
µij
ij-cross moment of 2D PSD
ρc
crystal density
Ω
space domain
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[mi+j kg−1 ]
[kg m−3 ]
[–]

Chapter 3

Measuring and modeling the
facet growth rate dispersion of
β l-glutamic acid
3.1

Introduction

Crystallization is a ubiquitous purification step in the fine chemical
and pharmaceutical industry. Besides the all-important chemical purity,
the distribution of particle sizes and shapes is an important property
of the particulate system that determines product quality due to its
strong influence on downstream processes. Nevertheless, it is only with
recent advancements of imaging tools and computational techniques that
the measurement and modeling of particle size and shape distributions
(PSSDs) has become more accessible [19, 30, 35, 36, 94, 115], allowing
for parameter estimation of face-specific growth rates [75, 86, 116] and
eventually shape control. The continued progress of these technologies
further enables gaining unprecedented insight into the mechanisms afOchsenbein, D. R.; Schorsch, S.; Salvatori, F.; Vetter, T.; Morari, M.; Mazzotti,
M., Modeling the Facet Growth Rate Dispersion of β l-Glutamic Acid—Combining
Single Crystal Experiments with nD Particle Size Distribution Data. Chemical
Engineering Science, 2015, 133, 30–43.
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fecting the size and shape of crystals, thereby creating the possibility of
studying crystallization processes on a more fundamental level.
An interesting topic of research in which—historically—imaging methods
have been of great importance is that of growth rate dispersion (GRD).
Indeed, the discovery and subsequent investigation of the fact that a
number of (in)organic crystal systems exhibit large variations of their
growth rate has heavily relied on these techniques. Growth rate dispersion
may be present both in the temporal domain, i.e., a single crystal’s growth
rate may fluctuate over time, as well as within a population of crystals,
i.e., crystals exhibit different growth rates when exposed to identical
experimental conditions even when they have the same size and shape.
While the underlying, physical mechanisms leading to dispersed growth
rates are still debated (cf. Section 3.3.1), the consequence of GRD
for crystallization processes is well-known: an otherwise unexpected
broadening of the particle size distribution during growth [117–119].
PSSD broadening itself is a phenomenon which is frequently observed
experimentally, yet it is often neither modeled quantitatively nor is its
exact cause investigated in detail. It is thus likely that in a comparably
large number of instances, the effects of growth rate dispersion are falsely
attributed to either agglomeration, breakage, spatial variations in the
continuous phase within the crystallizer or size-dependent growth or vice
versa, a fact which has been acknowledged by multiple authors [119–125].
The role of a correct identification step becomes more apparent given
recent efforts in the area of model-based optimization and control of
processes [68, 114], where model mismatches may lead to unpredicted
and undesired behavior of the system when subjected to inputs that have
been derived based on an incomplete model.
The overwhelming majority of studies that have investigated GRD in
depth have tackled the problem using measurements of facet growth
kinetics obtained from a small sample of crystals—at a single operating
condition—using techniques such as hot stage light microscopy, interferometry and atomic force microscopy. However, the consequences of the
determined extent of GRD for crystal populations are rarely investigated
in a quantitative manner. We believe that the combination of different,
independent measurement tools, operating at different scales and with
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different accuracy, presents a promising approach to achieve a quantitative description of GRD at all levels. Hence we propose to couple growth
measurements of multiple single crystals (size evolution tracked at a single operating condition) with precise measurements of the instantaneous
particle size and shape distributions that stem from desupersaturation
experiments carried out in a well-mixed batch crystallizer.
In particular, we aim at re-evaluating measurements obtained previously,
in which PSSD broadening had been provisionally accredited to sizedependent growth [75], in the light of GRD. The resulting model, a
multidimensional (morphological) population balance equation (nD PBE),
represents a reconciled and accurate description of the facet growth rate
dispersion of β l-glutamic acid (β l-Glu). We emphasize, however, that
our intention explicitly is not to conclusively determine the physical cause
of the observed growth rate dispersion. Rather, we aim at establishing
a procedure which uses a more phenomenological (yet quantitative)
description of GRD, that remains largely independent of its exact origins,
but which eventually may allow to draw some conclusions regarding the
possible mechanisms.
This chapter is organized as follows: first, the methods used to obtain
experimental data are described in Section 3.2. Second, in Section 3.3,
the theoretical basis for growth rate dispersion and its description via
population balance models are presented together with an outline of the
fitting procedure used in this work. The results of the single crystal
experiments, the final fitting and a possible interpretation of the results
are given in Section 3.4. In Section 3.5 the results of this study are
discussed before we present conclusions in Section 3.6.

3.2
3.2.1

Materials and methods
Materials

l-Glutamic acid monosodium salt hydrate (Sigma Aldrich, Buchs, Switzerland, purity > 99%) and hydrochloric acid (Fluka, Buchs, Switzerland,
37-38%) were used as delivered. Deionized and filtered (filter size 0.22 µm)
water was obtained from a MilliQ Advantage A10 system (Millipore, Zug,
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Switzerland). l-glutamic acid crystallizes in two known polymorphs, i.e.,
the metastable α and the stable β polymorph, which are monotropically
related [126]. Seed crystals of the β polymorph were obtained by allowing
crystals of the α polymorph to undergo a solution mediated polymorph
transformation according to the procedure described in Ochsenbein et al.
[75]. β l-Glu crystals grow in a needle shape whose morphology exhibits
three facet families, namely {010}, {021}, and {101} [94]. The unit cell
parameters are a = 5.17 Å, b = 17.34 Å, c = 6.95 Å and the space group
is P 21 21 21 [95].

3.2.2

PSSD and concentration measurement

The data used in this work is part of that obtained previously ([75]; see
Chapter 2). In that work, seeded desupersaturation experiments with
varying initial concentrations were performed at constant temperatures
in a 2 L temperature controlled stirred tank crystallizer with a stirring
rate of 250 rpm. Concentration data was recorded using an ATR-FTIR
spectrometer (ReactIR 45m, Mettler Toledo Switzerland) while measurements of the 2D PSSD were obtained using a stereoscopic imaging device,
presented elsewhere [30]. For the purpose of this paper we selected four
experiments at 25 ◦ C (FIT1 to FIT4 in Table 2.3) with initial supersaturations of 1.10, 1.15, 1.20 and 1.25 and whose experimental durations
lie in the order of six to ten hours. A short summary of the PSSD
reconstruction procedure is provided in the following: the suspension is
sampled continuously from the crystallizer and passed through an ex situ
flow through cell before it is fed back to the system. Particles within the
cell are photographed from two orthogonal directions; after a matching
and classification step, size and shape are calculated automatically. In
the case of β l-Glu, each particle is approximated as a cylinder and characterized by its length, L1 , and width, L2 . The multidimensional particle
size distribution is finally reconstructed using all particles measured
within the sampling interval (five minutes) via a binning procedure. The
resulting distributions are typically based on several tens of thousands of
particles each and allow quantitative analysis of the data [30, 75]. Note
that due to the slow dynamics of the system, the time required to obtain
a PSSD is essentially negligible.
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3.2.3

Hot stage setup

In order to observe the growth of single crystals in a supersaturated
solution a temperature controlled measurement cell (diameter: 13 mm,
height: 3 mm) made from stainless steel was constructed. The cell
and its plastic cover, which prevents evaporation of the solvent, are
schematically shown in Figure 3.1. The lower part of the cell is comprised
of a custom heat sink that is connected to a Peltier element, allowing for
rapid and accurate changes of temperature in the measurement cell. The
measurement cell is placed under a Zeiss Axioplan microscope that allows
for magnifications from 5× to 20× and captures images automatically
with a desired frequency. The experimental procedure involves placing a
single crystal into the measurement cell, which was filled with saturated
solution at a given temperature. The temperature of the solution is then
rapidly decreased to the final value, thereby inducing supersaturation and
hence crystal growth. An exemplary image of a growing β l-glutamic acid
crystal is shown in Figure 3.2. Analogously to the PSSD measurement,
the length L1 and the width L2 of the projection are evaluated and their
rate of change is used for the determination of growth kinetics. It is
worth noting that there is not always a simple one-to-one relationship
between the rate of change of L1 (or L2 ) as defined above, and the growth
rate of a single crystal facet. Indeed, the measured width of β l-glutamic
acid, L2 , depends not only on the rotation of the needle with respect to
the camera, but also on the extent to which two independent facets, i.e.,
{021} and {010}, have grown. Nevertheless, the measured length of a β
l-glutamic acid needle can be shown to be a function solely of one facet
type, namely the {101} facet [75, 85]. Since the rate of change of L1 ,
i.e., G1 and the growth rate in direction of the {101} facet, G{101} , are
proportional, all qualitative statements for the growth rate of measured
L1 are valid also for the true growth rate.
Three additional points are worth making: first, since the solution volume
is large compared to the volume of the crystal, the supersaturation remains
virtually constant even when the crystal grows (which can be confirmed
by a simple mass balance and was verified experimentally). Second,
in the light of the extensive literature concerning effects of strain on
crystal growth (see Section 3.3), it was opted not to fix crystals to the
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Figure 3.1: Schematic drawing of the hot stage setup.

Figure 3.2: Example image of a β l-glutamic acid crystal in the hot
stage.
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measurement cell, as this might introduce additional strain in the crystal,
which in turn could affect the growth rate measurements. Third, this
design makes the application of strong convection in the measurement
cell impossible, so that our setup is operated under stagnant conditions,
as in many other works [127–132]. From our previous study on crystals
of the β polymorph of l-glutamic acid it is known that growth at low
supersaturations is comparably slow [75]; an analysis of the characteristic
time scales suggests that diffusion is unlikely to limit the crystal growth
rate under the given conditions. Furthermore, the crystal growth rates
measured for the single crystals compare well with the growth rate
estimated from whole crystal populations in a stirred vessel, which further
supports this conclusion. A more detailed discussion can be found in
Section 3.5.

3.3
3.3.1

Theory
Causes of growth rate dispersion

Janse and de Jong [118] were probably the first to coin the term “growth
rate dispersion” (GRD) to describe the phenomenon of a spread in growth
rates for K2 Cr2 O7 crystals; an observation also made prior by Wright
and White for sucrose crystals and Natal’ina and Treivus for sucrose and
KDP crystals [117, 118, 122]. Soon, it was conjectured that the cause
of GRD might be the variation of surface dislocation densities, whose
effect on the growth rate is both predicted by Burton-Cabrera-Frank
(BCF) theory and consistent with experimental evidence (cf. Shiau [133]
or Dincer et al. [131] for relatively recent works).
These results notwithstanding, a number of additional factors influencing
the growth of crystals have been identified. Beside the possible role
played by impurities [134], these include effects caused by lattice strain
[135–140], or surface roughening [130, 141]. These phenomena can cause
a fluctuation of the observed growth rate and a growth rate variability
in a population of crystals even when the crystals seem macroscopically
identical and the operating conditions (e.g., supersaturation, temperature)
are constant and the same for all crystals. In contrast, Singh and
Ramkrishna [142] explained time-varying growth rates by microscopic
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supersaturation fluctuations, which, assuming that a crystallizer is wellmixed, cannot explain different growth rates for macroscopically identical
crystals. Given the ongoing debate on the subject, it seems reasonable to
assume that growth rate dispersion in general is caused by the interplay
of various mechanisms, whose relative importance is likely co-determined
by the crystalline system itself, the instantaneous operating conditions
and the particle history [128, 140, 141, 143, 144].
From a descriptive point of view, two models of growth rate dispersion
under the conditions typically found in growth experiments (carried out
at constant supersaturation and temperature) have emerged: the random
fluctuations (RF) and the constant crystal growth (CCG) model. In
the former case GRD is modeled as temporal variations of the growth
rate around a given (but constant) expected value, which gives rise to a
second-order dispersive term in the population balance equation; the latter
model assumes that crystals are intrinsically born with a distribution
of growth rates. While the RF and the CCG models are not mutually
exclusive, combined approaches are rare [111, 145] and purely CCG-like
interpretations are more frequently found in literature. Consequently,
a large number of researchers fit standard probability functions, such
as normal, log-normal or gamma distributions to time averaged growth
rates obtained from single crystal experiments [127, 130, 143, 146–148].
In this work, a CCG-like approach is used as well, as it matches the
experimental observations presented in Section 3.4.1; however, the growth
rates themselves are not assumed to be distributed properties as done
elsewhere (e.g., by Janse and de Jong [118] or Zumstein and Rousseau
[111, 145]). Rather, a lumped quantity, referred to as growth affecting
property (gap), will be taken as the single factor modifying the growth
rates of a crystal (see Section 3.3.3), an approach that is structurally
similar to that of Gerstlauer et al. [149] (cf. Table 3.1 for a more detailed
comparison). Given the complexity of GRD mechanisms and in the
absence of any obvious a priori choice for the dominating cause of growth
rate dispersion in the β l-glutamic acid system, the introduction of
this proxy variable allows for a considerable degree of flexibility while
maintaining a manageable level of model complexity.
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BCF or
strain
strain
strain

BCF
BCF
BCF

L1 , L2 , w
L, w
L1 , L2 , L3

L, w
L, w
L, w
n/a
n/a

This work

Gerstlauer et al. [149]
Ma and Wang [150]

Bohlin and Rasmuson [151]
Klug and Pigford [121]
Zumstein and Rousseau [111, 145]

Jones and Larson [128]

Shiau [133]

BCF and
strain
BCF

Growth
rate

Internal
coordinates

Reference

n/a

n/a

zero
zero
zero

non-zero
n/a

non-zero

Gw

–

–
w not an independent
property, but explicit
function of L
–
–
Combined CCG and
RF model
–

–

Remarks

Table 3.1: Overview of growth rate dispersion modeling works. L refers to a characteristic size while w
represents a GRD related property.
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3.3.2

Population balance modeling

A large number of crystallization processes can be described using the
deterministic population balance framework [14, 18], including those
with considerable growth rate dispersion. An overview of a selection of
works modeling GRD is given in Table 3.1. A general formulation for a
well-mixed batch system with continuous internal coordinates is given by
∂
f (t, x) + ∇x · [G(t, x, z)f (t, x)] = B(t, x, z) − D(t, x, z)
∂t

(3.1)

where f is the number density function describing the particulate population, which is defined over the set of internal coordinates x, and G is the
velocity field describing the rate of change of internal coordinates, which
is usually a function of the state of the continuous phase z (supersaturation, temperature, pH, etc.) as well. B and D represent “birth” and
“death” terms, respectively, allowing for the incorporation of additional
mechanisms such as nucleation, agglomeration or breakage of particles.
In the case of β l-Glu, whose needle-like crystal shape is approximated
by a cylinder with length, L1 , and width, L2 , and which at the conditions
considered does only exhibit growth, Eq. (3.1) can be recast as
∂f
∂ (G1 f ) ∂ (G2 f ) ∂ (Gw f )
+
+
+
= 0,
∂t
∂L1
∂L2
∂w

(3.2)

where we have made use of the surrogate gap variable w that was introduced above. Note that the applicability of the assumption of absence of
nucleation, agglomeration and breakage was verified previously [75].
While it is clear that the growth rates (in the isothermal case) are
generally given as Gi = Gi (S, L, w) with i ∈ {1, 2}, i.e., they are defined
as functions of the supersaturation S, the size vector L, and the growth
affecting property w, their exact functional form is not obvious and
depends largely on the nature of w. Similarly, the last term on the
l.h.s. of Eq. (3.2) describes the evolution of the population along the
gap coordinate; a suitable choice for Gw = dw/dt is also not evident. A
set of meaningful options for all convective terms based on fundamental
considerations will be presented and discussed in Section 3.3.3.
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Furthermore, the supersaturation in this work is defined as
S=

c

(3.3)

c∗ (T )

where c is the solute concentration in the liquid phase and c∗ (T ) is the
solubility and the initial and boundary conditions for the PBE are written
as
f (0, L, w) = f0 (L, w)

(3.4a)

f (t, 0) = 0

(3.4b)

where f0 (L, w) is the size and gap distribution of the seed particles, the
derivation of which is outlined in Section 3.3.4. From f , different marginal
distributions can be reconstructed, such as the particle size and shape
distribution fs , which is given by
Z∞
fs (t, L) =

f (t, L, w) dw

(3.5)

0

fs can be measured by imaging devices such as the one presented by
Schorsch et al. [30]. To satisfy the conservation of mass, a material
balance for the solute concentration in the liquid phase is needed. A
general formulation for a closed system is given by
Z
dc
d
= −ρc
Vc (L) fs (t, L) dL
(3.6)
dt
dt
Ω

where Ω is the size domain, ρc is the density of the crystalline phase
and Vc (L) is the volume of the crystal with characteristic sizes L. In
particular, for the cylindrical particles considered here this volume is
Vc (L1 , L2 ) = (π/4)L1 L22 , the space domain is Ω = R2 , and Eq. (3.6) can
be expressed as:
dc
π dµ12
= −ρc
dt
4 dt

(3.7)
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where µ12 is a cross-moment of fs (t, L1 , L2 ), in general defined as
Z∞ Z∞
µij =
0

Li1 Lj2 fs (t, L1 , L2 ) dL1 dL2

(3.8)

0

The initial condition for Eq. (3.6) is:
c(0) = c0

(3.9)

with c0 being the initial solute concentration.
The first order partial differential equation in Eq. (3.2), together with the
material balance Eq. (3.7) is solved similar to a standard morphological
PBE with three internal coordinates, using a customized finite volume
high resolution method which solves the corresponding equations for
the bounding box containing the distribution [21, 75, 97]. This method
permits the full reconstruction of the distribution at all times with
reasonable computational effort and thus enables a comparison between
measured and simulated PSSDs.

3.3.3

Convective terms

In the following, a brief discussion of the various convective terms in
Eq. (3.2) is provided. We will begin with an examination of the size
growth rates G1 and G2 and the possible impact of w on those rates,
followed by an analysis of Gw .

Size growth rates Under the conditions encountered in this work and
up to even higher supersaturations, the growth of β l-Glu was found to
be surface integration limited and could be well-described by a “Birth
and Spread” type description [75, 82, 85]. These results notwithstanding,
a useful and flexible empirical relationship for supersaturation dependent
growth rates at constant temperature is given by
G0i (S) = pi,1 (S − 1)

pi,2

i ∈ {1, 2}
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where pi,1 and pi,2 are parameters. The simplest possible approach to
incorporate the effect of a growth affecting property is by assuming that
the growth rates are simply multiplied by some constant, supersaturation
and temperature independent factor w
Gi (S, w) = G0 w (S − 1)

pi,2

i ∈ {1, 2}

(3.11)

This result is also obtained when GRD is qualitatively explained through
BCF theory, i.e., by variations of the number of co-operating spirals
[121, 133, 151, 152]. Note that, since w and pi,1 cannot be decoupled,
the latter was replaced by a unit reference growth rate G0 to make w
dimensionless.
Another common assumption stems from investigations of strain effects,
and relates growth rate changes to variations of the chemical potential of
the crystals, or in other words, their solubility. The effective solubility
thus becomes [129, 135, 137, 144, 149]
w 
s
c∗eff (T, ws ) = c∗ (T ) exp
(3.12)
RT
where ws is the molar strain energy and the growth rate is given accordingly by

 w 
pi,2
s
Gi (S, ws ) = pi,1 S exp −
−1
i ∈ {1, 2}
(3.13)
RT
Since we are more interested in the functional form of Eq. (3.13) than
its physical interpretation and as we operate at a single temperature, we
will use the substitution w = ws /RT in our fittings that employ such a
model, i.e., in these cases Gi is written as
Gi (S, w) = pi,1 (S exp (−w) − 1)

pi,2

i ∈ {1, 2}

(3.14)

It should be noted that Eq. (3.14) may result in negative growth rates
for crystals exhibiting considerable strain, i.e., if ws > RT ln (S). While
the existence of such highly strained crystals cannot be ruled out, we
never observed shrinkage (dissolution) of crystals in our experiments. In
this work, all growth rates are hence constrained to be non-negative.
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An examination of the two models reveals that they predict a different
behavior of the growth rate distribution at different supersaturations:
Eq. (3.11) assumes a constant, supersaturation independent distribution of growth rates whereas Eq. (3.14) implies distributions which are
strongly affected by varying supersaturation. Experimental evidence of
both behaviors exists, though an increase of growth rate dispersion for
increasing supersaturations is reported more often [130, 143, 144]. We
will refer to approaches corresponding to Eq. (3.11) and Eq. (3.14) as the
BCF- and the strain-type of growth, respectively, and will try to fit our
data using either option individually. Whereas it is conceivable to apply
a growth rate that incorporates both approaches simultaneously [128],
we will assume that the true effect of the growth affecting property w is
dominated by one type or the other.
We conclude this section with a final remark. There is reason to believe
that different facets may be affected differently by the growth affecting
property, an effect that was also observed experimentally [140]. However,
such a situation can only be reliably detected when the growth rates of
various facets are large or the measurement interval is sufficiently long.
In order to model growth rate dispersion in a new direction, in principle,
either an additional gap coordinate needs to be introduced or a (different)
relationship between the growth affecting property and the new direction
needs to be established. In this work, it will be assumed that the effect of
the gap on the growth rates is either exactly identical for both facets or
that w does not affect the growth rate in the width direction; all fittings
were performed making either assumption.
gap rate of change An important—though often neglected—question
in the area of growth rate dispersion is that of whether the growth rate
of a single crystal, growing under constant experimental conditions, will
remain constant over long time spans [153, 154] and related to this,
whether or not the growth rate distribution in the reactor is stationary.
From a modeling perspective, this determines the nature of the gap rate
of change, which in our case takes on the unit s−1 . A physical approach
would require a sound understanding of the exact nature of the growth
affecting property in question. Unfortunately, little is known regarding
the evolution of these properties beyond some qualitative speculation.
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In many classic CCG approaches, which typically employ a BCF type
modification to the growth rates, Gw is assumed to be zero (cf. Table 3.1).
In models employing strain-type growth rates, Gw is often predicted to be
negative (strain decreases over time; growth rate increases) and Gerstlauer
et al. [149] give an overview of various possible strain relaxation rates
based on different assumptions of the absolute lattice strain of crystals
and its dependence on the crystal size. In other studies, a temporary
decrease of the growth rate after periods of fast growth is reported for
crystals subjected to supersaturation swings [130, 141]. Table 3.1 contains
information regarding the different assumptions about the rates made in
other modeling works. In this work, we will set out to determine whether
or not a static gap distribution is able to describe the experimental data
and, if not, to deduce a number of key characteristics of a non-zero Gw
by considering various models for Gw and evaluating their goodness of fit
with our experimental data. In this context, we highlight the fact that,
in the absence of any experimentally verified and quantitative description
of the gap rate of change, we utilize a completely empirical expression
for Gw .

3.3.4

Fitting procedure

A key objective of this work is the quantitative description of growth rate
dispersion, both for individual crystal experiments and for experiments
with populations of crystals within an agitated batch crystallizer. The
demonstration of the feasibility of a simultaneous description is necessary
(though not sufficient) to prove the relevance of single crystal data for
the behavior of real vessels, yet it is rarely shown [121].
Two types of fitting procedures are applied in this work, both of which
are designed to solve the problem of the unknown initial condition in
Eq. (3.4a) while establishing a connection between single crystal and
population data. For both approaches it is assumed that the distribution
of growth rates and thus the gap distribution is independent of the initial
size and shape of crystals [111], an assumption whose validity will be
checked in Section 3.4.1. This independence implies that
f (0, L, w) = fs (0, L) Pw (0, w)
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where Pw is the gap probability density distribution. The two procedures,
both visually summarized in form of a flowchart in Figure 3.3, differ in
the way that Pw is estimated, though it is always assumed here to be a
Gaussian. In the first case, the parameters of Pw are fitted along with
the remaining growth parameters (no case in Figure 3.3). Clearly, in this
way, the observed distribution of growth rates from the single crystal
experiments is not necessarily recovered, yet two additional degrees of
freedom (mean and variance of the Gaussian) are gained for the fitting.
In contrast, in the second approach, there are two separate, nested
optimization loops (yes scenario in Figure 3.3). The single crystal data is
fitted in an inner loop before the actual start of the simulation and thus
described well by construction. In particular, the Gaussian parameters are
fitted to the data set w̃, originating from the single crystal experiments
and defined as
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where G̃1 is the observed growth rate for the i’th single crystal and g(·)
is the inverse function of G1 (S = 1.20, w; p), i.e., of the growth rate given
the current parameter guess and using the supersaturation in the single
crystal experiments. Note that the exact g(·) depends on the G1 -function
chosen for the fit, as either Eq. (3.11) or Eq. (3.14) may be used. In
instances where the inverse element does not exist (Eq. (3.14) is not
bijective), the algorithm chooses the value of w that yields the closest
result.
Regardless of the choice of fitting, the population balance model is subsequently solved and its outputs compared to the results of seeded batch
desupersaturation experiments, applying the same methods reported
in Ochsenbein et al. [75] and outlined in Section 2.4 of this thesis. In
particular, the maximum likelihood estimate is obtained by minimizing
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Guess new
parameters

Yes

Fit single crystal
data?
No

Initial growth
rates G1 of
single crystals

Calculate initial gapdistribution from distribution
of initial growth rates G1 of
single crystals (Eq. 3.16)

gapdistribution

Reconstruct
complete initial
condition (Eq. 3.15)

Simulate Process

Evaluate Objective
Function (Eq. 3.17)

Figure 3.3: Schematic of the fitting procedure. Green boxes denote the
inner optimization loop used to fit single crystal data, whereas blue boxes
represent the outer optimization loop used to fit ensemble data.
.
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the objective function [100]


Nv
Nt
X
Nt X
2
ln 
(yij − ŷij (p)) 
Φ(p) =
2 i=1
j=1

(3.17)

where Nt is the number of observations, Nv is the number of measured
outputs, yij is output i at time j and ŷij (p) is the corresponding model
estimate as a function of the parameters p. The output vector yj at time
tj is given by:




c
c


µ10 /µ00
(3.18)
yj =  L1 
= q

2
σ11 t=t
µ20 /µ00 − (µ10 /µ00 )
j
t=tj

where c is the solute concentration, L1 is the mean length of the crystals
in the PSSD and σ11 represents the standard deviation of the PSSD in
L1 direction.

3.4

Results

In this section, results of both the single crystal experiments and the
fittings of ensemble data in an agitated batch crystallizer using various
models are reported. First, the experimental results of the single crystal
study are given in Section 3.4.1. Note that only an analysis of G1 is
provided, as the growth rate in width direction, G2 , is very slow and
therefore hard to quantify. The observed significant dispersion of growth
rates in L1 direction, however, is taken in Section 3.4.2 as motivation
for the use of GRD models in the fitting of ensemble data derived from
batch desupersaturation experiments conducted at the same temperature
[75]. The findings of the nD PSD data fitting are divided into two parts,
according to the different assumptions made.
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3.4.1

Single crystal experiments

The evolution of crystal length over time for a number of crystals during
the course of single crystal experiments is shown in Figure 3.4 where the
change in time of L1 with respect to the initial value is plotted. The
growth rate G1 is initially different for different crystals, exhibiting rather
large variability around an average value. As time goes by, growth slows
down for all crystals and the variability seems to decrease. While some
level of fluctuation of the growth rates lying below the precision of the
measurement cannot be ruled out, it is clear that large, time-independent
variations exist among the different crystals. Given the line of reasoning
in Section 3.3.4, the properties of the seed crystals at time t = 0 are of
particular interest; it was therefore decided to utilize only the first 60
minutes of the single crystal experiments, a period in which the growth
rate can be reasonably well approximated as constant. The results of

Figure 3.4: ∆L1 vs. t curve for different crystals. Individual measurement
points are given by the mean of three size evaluations. Initial size
vectors: LA = [505, 59]T µm, LB = [442, 38]T µm, LC = [261, 46]T µm,
LD = [152, 45]T µm, LE = [228, 34]T µm, LF = [177, 33]T µm.

71

3. Characterizing growth rate dispersion of β l-Glu

this analysis for 101 particles are visualized in Figure 3.5, where the
scatter plot of G1 as a function of the initial crystal size together with
the corresponding histogram are reported. Visual inspection of the data
appears to reveal a lack of size dependence of G1 with regard to the
crystal length, L1 , and only a small effect of the width L2 . A quantitative
assessment of potential size dependence can be performed by means of
nonlinear regression, in which the data set is fitted to, for example

k 
k
L1 2
L2 3
G1 = k1 1 +
1+
L0
L0

(3.19)

where L0 is a unit reference length, e.g., here L0 = 1 µm s−1 . The result
of said fitting is given in Table 3.2, where the estimated parameter values,
the t-statistics and the corresponding p-values are reported. In this table,
the p-values for k2 and k3 are of interest. The high p-value obtained for k2
(p = 0.54) indicates that the null hypothesis (the data can be explained
by a model with k2 = 0; there is no L1 dependence) cannot be rejected.
However, the same statement cannot be made for L2 : the p-value of
parameter k3 indicates that the null hypothesis can be rejected with high
probability and a size dependence of G1 on L2 is therefore probable. The
magnitude of the estimated size dependence (k3 = 0.32) can be compared
to that of the BL2E model presented earlier ([75] or Chapter 2), which
was found to be 2.55 ± 0.04. Both the magnitude of the exponent and
the sign of the derivative of G1 with respect to L2 highlight that the
true effect of size on the growth rate is marginal and cannot explain
the observed PSSD broadening in itself. Furthermore, given the bigger
relative measurement error in the width direction and the still largely
unexplained variance in the data (coefficient of determination r2 = 0.2),
the assumption that the distribution of growth rates is independent of
the size distribution seems to be in fact a reasonable approximation of the
initial condition. We emphasize that the above findings do not necessarily
rule out the possibility of having growth rates that are influenced by the
initial fragment size of crystals born via secondary nucleation [127, 155],
a mechanism potentially important for β l-Glu [82]. However, the above
results suggest that, for the crystal population present at the beginning
of our experiments, i.e., for the seed crystals, this effect has become
negligible.
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(b)

Figure 3.5: (a) Scatter plot of growth rates G1 as function of initial crystal size and (b) histogram of
growth rates. Size and color of markers in (a) indicate the magnitude of the growth rate.

(a)
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Table 3.2: Nonlinear regression results of G1 data.
Estimate
k1 [µm s
k2 [–]
k3 [–]

3.4.2

−1

]

3.00×10
0.04
0.32

−3

s.d.
−3

1.00×10
0.06
0.07

t-statistic

p-value

2.41
0.61
4.38

0.02
0.54
3.00×10−3

Fitting ensemble data

The results of fitting the ensemble data with the presented gap model and
increasingly complex convective terms are reported here. It should be
noted that the presented fits can be considered optimal neither in the sense
of physical accuracy (as the descriptions of all rates are merely empirical
and cannot reasonably cover all possibilities) nor mathematically (since
a guarantee of optimality can generally not be provided for these types
of systems), therefore we cannot expect to conclusively validate any one
model and final parameters should be interpreted as purely empirical.
It is worth noting that the used optimization routines did repeatedly
converge to the same solutions also when started from different initial
guesses of the parameters. Regardless, we construct our argument based
on the logic that the minimally complex description that is able to explain
the data satisfactorily is likely to possess a set of key features that are
present in the real system and we aim at finding such a model.
3.4.2.1

Static gap model

As has been pointed out, the presence of a distribution of growth rates
(caused by some gap) invariably leads to a broadening of the PSSD in the
direction of the corresponding characteristic size. Furthermore, the rate
of PSSD broadening (dσ11 /dt in the case of the length direction) is higher
when the the underlying gap distribution is wider. The simplest possible
assumption for the gap content of crystal is that it remains constant over
time, implying a zero rate of change Gw . As pointed out by Gerstlauer
et al. [149], the resulting model is essentially identical to the constant
crystal growth model, described for example by Zumstein and Rousseau
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[111, 145], yet in our case it is extended to account for particles with two
characteristic lengths.
Let us first consider the case in which the growth rate distribution is
reconstructed by design (yes case in Figure 3.3). We attempted fitting
the morphological PBE model using either BCF- or strain-type growth
rates and with or without w dependence of the width growth rate G2
(i.e., four different combinations). From these static gap models, the best
BCF-type fit, representative for all results with static gap-distributions,
was obtained with the following growth rates


G1 (S, w) = G0 w (S − 1)4.3
µm s−1 (3.20a)


G2 (S) = 1.3 × 104 (S − 1)10.0
µm s−1 (3.20b)
 −1 
Gw = 0
s
(3.20c)
where G0 = 1 µm s−1 and the resulting fit is illustrated in Figure 3.6.
Furthermore, in Table 3.3, we report the mean relative errors (M RE) of
all quantities, defined for quantity i in a given experiment as
M REi =

Nt
yij − ŷij
1 X
Nt j=1
yij

(3.21)

Clearly, the model is incapable of describing the population data in
an adequate manner, whereas the single crystal data is fitted well by
design (cf. Figure 3.6(a)). In fact, a reasonable fit of σ11 (third row of
Figure 3.6(b)) must be accompanied by a large increase of the average
size of particles, whose magnitude is far greater than that observed
experimentally (second row of Figure 3.6(b)).
Unsurprisingly, the above result can be improved by fitting the initial gap
distribution using a normal distribution, i.e., by adding two additional
parameters to each of the four model variants mentioned above. In that
case, the best fit was obtained using a strain-type growth rate in the
length direction and no w dependence in the width growth rate; resulting
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Predict S0 = 1.20 exp., fit rest

Predict S0 = 1.15 exp., fit rest

Dynamic gap model fit

Static gap model fit (additional fitting of measured G1
data)

Static gap model fit

Description

1.18

1.20

1.15

1.10
1.15
1.20
1.25

1.10
1.15
1.20
1.25

1.10
1.15
1.20
1.25

S0 [–]

30

25

25

25
25
25
25

25
25
25
25

25
25
25
25

T [◦ C]

1.8

0.04

0.2

0.4
0.5
0.2
0.01

0.4
0.5
0.1
0.6

0.3
0.2
0.4
1.5

M REc [%]

0.2

2.4

1.7

1.0
0.5
1.2
1.0

1.1
1.7
0.4
0.2

2.7
20.9
71.0
71.5

M REL̄1 [%]

7.7

1.6

4.8

7.3
4.3
0.02
2.3

7.1
1.4
1.6
1.4

7.1
0.7
3.3
1.4

M REσ11 [%]

Table 3.3: Mean relative errors (M RE) of PSSD data for different fittings and predictions.

Predict T = 30 ◦ C, fit T = 25 ◦ C
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in the following growth rate expressions
1.5
G1 (S, w) = 6.6 × 10−1 (S exp (−w) − 1)

G2 (S) = 4.8 × 101 (S − 1)5.9
Gw = 0



µm s−1 (3.22a)


µm s−1 (3.22b)
 −1 
s
(3.22c)

and a fitted initial gap distribution with a mean of 0.22 and standard
deviation of 0.07. Such a model allows to reduce the objective function
value significantly, as can also be seen from the overall much better fit
in Figure 3.7(b) and the corresponding entry in Table 3.3. However,
this appreciable improvement in the description of the population data
requires a large modification of the initial gap distribution, resulting in
a growth rate distribution that is entirely inconsistent with the data
obtained from the single crystal experiments (cf. Figure 3.7(a)). In
particular, in order to describe the PSSD data, from a modeling point
of view, a strong increase of the gap distribution variance is required.
This implies the existence a large number of particles whose growth is
completely arrested from the beginning of each experiment, an effect that
reduces the increase in average size L1 necessary to achieve a given gain
in σ11 .
Summarizing, it was found that describing the two data sets in any
satisfactory manner when using a gap rate of change of zero (Gw = 0) is
impossible. While an accurate description of only the PSSD data alone
is feasible, this requires the conjuring of a large number of non-growing
crystals in the model. Such crystals were however not observed in the
single crystal experiments. Moreover, any static model will predict a
constant growth rate for each crystal, which markedly contradicts the time
resolved ∆L1 vs. t curves obtained from the single crystal experiments
(cf. Figure 3.4).
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(a)

(b)

Figure 3.6: Results of the static gap model with no additional degrees of
freedom. (a) Comparison between measured (single crystal experiments)
and fitted growth rate distribution; (b) fit result for batch desupersaturation experiments conducted at the same final temperature (concatenated
outputs).
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(a)

(b)

Figure 3.7: Results of the static gap model with parameterized gap distribution. (a) Comparison between measured (single crystal experiments)
and fitted growth rate distribution; (b) fit result for batch desupersaturation experiments conducted at the same final temperature (concatenated
outputs).

79

3. Characterizing growth rate dispersion of β l-Glu

3.4.2.2

Dynamic gap model

As discussed in Section 3.3.3, considering the possible physical causes
that motivated the introduction of the gap variable w in Section 3.3.1 it
is not unreasonable to assume that the absolute or relative content of
the intrinsic property might be subject to changes over time, i.e., that
Gw , 0. The single crystal experiments results (cf. Figure 3.4), too, seem
to indicate a change of the growth rate over time. While the information
of the change in G1 contained in these experiments could not be utilized
in a quantitative manner (see Section 3.5.1 for details), these experiments
allow us to surmise two important qualities of the dynamic behavior
of the GRD. First, it allows us to infer the sign of Gw (namely, Gw
is negative when using a BCF-type modification of Gi and positive in
the strain-type case; the rate of growth slows down). Second, it can be
seen that the variance of the G1 (and hence also the gap) distribution
decreases with time, which remains true regardless of the growth rate
modification used.
The latter observation is of particular importance given the results with
the static gap model in Section 3.4.2.1, where it evident that the quality
of fit for the batch data improves with increasingly broad (static) gap
distributions, yet that such distributions differ significantly from the
experimentally observed ones. Clearly, a mere decrease of the growth
rate—when applied to all crystal sizes uniformly—is therefore also not
able to describe the batch experiments.
In order to reconcile the above considerations, we propose the presence
of a selective driving force that makes a certain type of crystals change
their growth rate faster or slower than others. One of the ways to achieve
a significant increase in the width of the PSSD in L1 direction, σ11 , early
on, is to make this driving force depend on the size of the crystal. We
therefore suggest the following empirical expression for the gap rate of
change, Gw
 pw,2  pw,3
G1
L1
Gw = pw,1
(3.23)
L0
G0
Using this dynamic gap rate of change the following model yielded the
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best fit we could identify
2.2

G1 (S, w) = 2.0 (S exp (−w) − 1)

G2 (S, w) = 3.6 × 102 (S exp (−w) − 1)
 −2.0  1.2
L1
G1
Gw = 36.8
L0
G0

4.5



µm s−1 (3.24a)


µm s−1 (3.24b)
 −1 
s
(3.24c)

where L0 = 1 µm, G0 = 1 µm s−1 and L1 and G1 are given in the same
units. The fitting results are illustrated in Figure 3.8 and Table 3.3,
where a clear improvement of the quality of fit is visible. The M RE
values lie in a similar range as those found previously in Ochsenbein
et al. [75] and outlined in Chapter 2. Nevertheless, there still exists
a non-negligible discrepancy between experimental results and model
output, which might be caused by a (still) too simplistic model of Gw .
Moreover, while multiple initial points were evaluated in the parameter
space and different optimization algorithms were used, the identification
of global optima is a difficult endeavor for these complex models.
Besides showing fitting outputs, analyses of the different marginal distributions are possible. In Figure 3.9, various volume-weighted, marginal
distributions, (defined in a similar manner as the size and shape distribution in Eq. (3.5)) for one experiment (S0 = 1.20) in the beginning and end
are shown; in the case of the PSSD, the model output is compared with
the experimentally measured distributions. Focusing first on the final
PSSD (Figure 3.9(d)), one can see that the variance of the model output
is slightly too low, but that the overall movement of the PSSD is generally
well captured. As shown in the remaining marginal distributions, i.e.,
Figures 3.9(b), 3.9(c), 3.9(e) and 3.9(f), there is a significant torsion
of the distribution. In the end of the process, larger crystals generally
possess a smaller gap content due to the fact that a) crystals with low
gap content grow faster (in the case of strain-type growth) and b) smaller
crystals have a faster build-up of gap (cf. Eq. (3.24c)). Furthermore, in
Figure 3.10, the initial/final gap and growth rate distribution for the same
operating conditions are shown, thus indicating that the growth rate
distribution is indeed expected to decrease both in mean and variance
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over the course of the process, a behavior not unlike that exhibited in
the single crystal experiments (cf. Figure 3.4).
In addition, we have tested the predictive capabilities of the dynamic
gap model by means of two types of comparisons, the results of which
we report in Table 3.3. First, the ability to interpolate was verified by
fitting three out of the four experiments at T = 25 ◦ C and predicting a
fourth, whose initial supersaturation lies in between the others. Second,
we have compared the model prediction with the parameters in Eq. (3.24)
to an additional experiment performed in our initial study, conducted
at a higher temperature (30 ◦ C) and with a supersaturation of 1.18
(labeled VER1 in [75] and Chapter 2), i.e., in this case we use the model
to extrapolate in terms of temperature. In both cases, the predictive
capabilities of the model are satisfactory, as indicated by the small mean
relative errors in Table 3.3, with a clear decrease in accuracy for the
latter case, in which the model is extrapolated.
In order to arrive at a definitive picture of the physical mechanism(s)
underlying growth rate dispersion, a substantially extended experimental
data set, consisting of experiments conducted in realistic batch conditions
as well as experiments probing the fundamental origin of the growth affecting property would be required (see also the discussion in Section 3.5).
Nevertheless, a preliminary interpretation, consistent with the experimental evidence as well as with the proof-of-concept fitting results provided
in this article, shall be given. A valid hypothesis might be that initially,
faster-growing, high-index facets are present or that the surface of the
seed crystals is otherwise rough, i.e., riddled with kink sites, leading to
an acceleration of growth in the early stages. With time, the particles
might slowly undergo a healing or refacetting step, whose duration and
extent might be affected by the crystal size (e.g., via the total crystal
surface area).
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(a)

(b)

Figure 3.8: Results of the dynamic gap model with no additional degrees of freedom. (a) Comparison between measured (single crystal
experiments) and fitted growth rate distribution; (b) fit result for batch
desupersaturation experiments conducted at the same final temperature
(concatenated outputs).
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(d)

(a)

(e)

(b)

(f)

(c)

Figure 3.9: Volume-weighted marginal distributions of fitted experiment with S0 = 1.20. (a)+(d) Initial
and final PSSD. Blue contours indicate model results while red indicates experimental data; (b)+(e)
Initial and final distributions projected onto L1 vs. w plane; (c)+(f) projected onto L2 vs. w plane.
All contour lines are drawn at 30%, 50%, 75% and 90% of the respective maximum.
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(b)

Figure 3.10: Comparison of the initial (dashed) and final (solid) gap and G1 distribution for the
experiment with S0 = 1.20 in the model. (a) gap distribution; (b) growth rate distribution.

(a)
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3.5
3.5.1

Discussion
Single crystal data

As one of the major goals of the current work is to establish a quantitative
connection between shape measurements conducted at the single particle
and at the population level, a discussion of the suitability of the used hot
stage setup and the corresponding single crystal data is essential. It is
clear that, for any comparison to be meaningful, the growth conditions
in the lab-scale reactor and the hot stage should be comparable. It is
well-known that impurities in the crystals or in the solution could change
the growth rate [134, 156]. However, all solutions and seed crystals
used in this work stem from the same batch of l-glutamic acid (which
was also used to generate the population data reported in Ochsenbein
et al. [75]) and have been carried out using highly pure water as solvent.
Therefore, the GRD observed in our experiments cannot simply be
explained by varying impurity profiles between different experiments.
However, we can immediately identify two important aspects that are
absent in the hot stage: stirring and particle collisions. Concerning
the first point, it has already been pointed out that the growth of β
l-glutamic acid is slow enough to be surface-integration controlled even
in the absence of stirring. Regarding the missing particle-particle (or
particle-impeller/particle-wall) interactions: the growth rate distribution
might well be affected by collisions, e.g., by causing imperfections in the
growing crystal surfaces. It seems reasonable to assume that collisions,
due to their stochastic nature, would therefore intensify an inherently
present growth rate distribution. However, by additionally trying to fit
the gap distribution in Section 3.4.2.1, we have implicitly accounted for
the possibility of a broader distribution. Regardless, we believe that
solely relying on single crystal experiments to characterize the extent of
GRD in an industrial crystallization process is not advisable.
Finally, we would like to comment on the possibility of extracting information regarding Gw (and its potential size dependence) from single
crystal data. While potentially feasible, a quantitative analysis would
require a large number (100) of sampled crystals, whose initial size
and shape should ideally be controlled, a feat that is difficult to achieve.
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While such measurements would be of great interest, we regard them as
beyond the scope of the current work.

3.5.2

Modeling and fitting

The modeling and fitting procedures presented here are the key tools
allowing for a better interpretation of the experimental data. It is
therefore important to clearly outline the possible applications together
with the limitations of the described morphological population balance
equation.
We emphasize the fact that an important assumption made is that of a
size-independent, initial growth rate distribution. While the experimental
evidence reported in Section 3.4.1 suggests that this approximation is a
meaningful one, it is worthwhile to discuss the potential ramifications of
it being incorrect. Essentially, the necessity for Gw to be a function of
size diminishes with increasing violation of the above assumption. Hence,
without a more detailed analysis of the size dependence of the growth rate
dispersion of the seed crystals, involving again the measurement of many
more particles, we cannot necessarily rule out the possibility that the
proposed size dependence of Gw is an artifact of some underlying effects
and care should be taken not to over-interpret the results. Nonetheless, it
should be noted that the dynamic gap model presented in Section 3.4.2.2
neither represents just an increase in the number of parameters in order
to fit more data better, nor does it serve as a simple shift of the size
dependence from the growth rate G1 to some other convective term. The
lack of a strong size dependence of the growth rate together with the
large observed scatter does necessitate the use of (at least) one additional
internal coordinate to achieve a more physically correct model. The size
and shape of crystals or the properties of the continuous phase, which
are the only physical variables in the classic population balance model
without growth rate dispersion, are demonstrably insufficient to explain
both types of experimental observations reported here. Furthermore,
the fact that a size dependent growth model is able to fit the data (as
demonstrated in Ochsenbein et al. [75]) is a consequence of Gw (or the
initial growth rate distribution) being a function of size, not the other
way around.
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Concerning the numerical complexity, the relatively high dimensionality
of the gap model together with the strongly varying convective terms
make it barely suited for use within an optimization routine. It is also
for this reason that the achieved fits can at best be described as a proofof-concept. We thus do not recommend the use of such models for the
design or optimization of real processes, particularly given the unknown
physical nature of both w and Gw .

3.5.3

Scientific and industrial relevance

Regarding the scientific and industrial value of this work, first and
foremost, we highlight the fact that the current study is indeed one of
seed crystals and their properties, i.e., crystals which enter the process
with a history. Studies of seed materials are highly relevant, since
the overwhelming majority of industrial processes carried out in batch
crystallizers are seeded; however little is known regarding the systematic
and mechanistically informed preparation of such particles.
Additionally, this work concerns itself with the evolution of GRD over
time. As such, it lays the basis for a better understanding of how growth
kinetics are affected by process conditions. Note that these effects might
be either unintentional, as in the case of needle breakage, or deliberate.
Clearly, gaining insight in what causes GRD and how to reproduce it—or
even minimize it—could be of considerable value in this context.

3.6

Conclusion

The growth rate dispersion of β l-glutamic acid needles in the length
direction was investigated by means of two independent imaging methods,
one dedicated to the measurement of the instantaneous particle size
and shape distribution in the crystallizer over time, the other to the
tracking of the particle morphology for individual crystals. After deducing
the presence of a growth affecting property (gap) in the crystals from
single crystal data, the population balance framework was used to design
a description of the system, the gap model, that allows combining the
complementary information contained in both data sets through the initial
condition. It was further shown that the gap content in the particles is
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subject to change over time. Finally, through a proof-of-concept fitting
procedure, the hypothesis that the rate of change is influenced by particle
size was formulated and found to yield a plausible explanation for the
experimentally observed phenomena. However, in order to conclusively
rule out other possibilities, further experimental data would be required,
as we have highlighted throughout this article.
We perceive the value of this study to be two-fold: first, it highlights
the added benefit that results from using multi-scale approaches that
employ a combination of independent measurement techniques to the
study of crystallization phenomena, since individual tools may not offer
full insight into the different aspects affecting the process. While this
work focuses on crystal growth, we believe this to be true also in the case
of nucleation, agglomeration, etc. Second, the present work showcases the
potential benefits of using quantitative analysis of experimental data sets
through process models. While the resulting mathematical description
may not necessarily be practical as a design tool for process optimization,
it represents a more comprehensive and physically sound view of the
observed phenomena, thus allowing for a deeper understanding of the
process. The resulting qualitative lessons could then be used to guide
process development as well as to identify further research directions in
order to establish a more complete picture of crystallization.
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Notation
B
c
c0
c∗
c∗eff
D
f
fs
f0
G
G0
(i)
Ĝ1
g
k
L
L0
M REi
Nt
Nv
Pw
p
R
S
S0
T
t
Vc
w
ŵ
ws
x
yij
z

birth term in the PBE
solute concentration in the liquid phase
initial solute concentration in the liquid
phase
solubility
effective solubility
death term in the PBE
number density function
marginal shape distribution
PSD of seed crystals
vector of rates of change
unit reference growth rate
observed length growth rate of i’th crystal
in single crystal experiments
inverse of G1 at given S and p
vector of growth rate parameters
vector of characteristic lengths
unit reference length
mean relative error of i’th quantity
number of observations
number of measured outputs
gap-distribution
vector of growth rate parameters
gas constant
supersaturation
peak supersaturation
temperature
time
single crystal volume
growth affecting property
gap data set
molar strain energy
state vector of particle properties
output i at time j
state vector of continuous phase
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[m−2 kg−1 s−1 ]
[kg kg−1 ]
[kg kg−1 ]
[kg kg−1 ]
[kg kg−1 ]
[m−2 kg−1 s−1 ]
[m−n kg−1 ]
[m−n kg−1 ]
[m−n kg−1 ]
[varies]
[m s−1 ]
[m s−1 ]
[–]
[varies]
[m]
[m]
[–]
[–]
[–]
[–]
[varies]
[J mol−1 K−1 ]
[–]
[–]
[K]
[s]
[m3 ]
[–]
[–]
[J mol−1 ]
[varies]
[varies]
[varies]
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Greek letters
µij
ij-cross moment of shape distribution
ρc
crystal density
σ11
standard deviation of shape distribution in
L1 direction
Φ
objective function in parameter estimation
Ω
space domain
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[mi+j kg−1 ]
[kg m−3 ]
[m]
[–]
[–]

Chapter 4

Measuring agglomeration of
needle-like crystals in
suspension
4.1

Introduction

The study of agglomeration in particulate systems has received considerable attention for a number of important applications. Many publications
deal with nano-sized particles, where agglomeration is a main contributor
to size enlargement and therefore has a considerable impact on particle
properties (e.g., see Limbach et al. [157] or Yuk et al. [158]). In the
case of crystallization from solution, agglomeration has been investigated
experimentally in particular for the precipitation not only of (slightly
soluble) salts [159–164], but also of organic compounds [63, 165–168]. In
these cases, agglomeration is often studied due to its negative effects on
product properties, such as the broadening of the particle size distribution
(PSD) and the entrapment of solvent [109, 169, 170]. Therefore, strategies
to avoid agglomeration are often sought [166]. However, occasionally agOchsenbein, D. R.; Schorsch, S.; Vetter, T.; Morari, M.; Mazzotti, M., Agglomeration of needle-like Crystals in Suspension: I. Measurements. Crystal Growth &
Design, 2015, 15 (4), 1923–1933.
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glomeration may also be exploited, for example, when spherical particles
that ease downstream processing are produced [165, 169].
Hitherto, the detection and quantification of agglomerates and of the
degree of agglomeration have been accomplished both indirectly and
directly, that is, through measurements of the total particle size distribution or through imaging methods, respectively. In the case of the
various microscopy methods, research has often been based on human
assessments and it is only in more recent times that more quantitative and
automated techniques for description and detection of agglomerates have
been actively pursued [171–175]. In this regard, agglomeration studies
share a common evolution with the study of the morphology of primary
crystals. The latter has seen considerable progress in the past few years,
with the advent of an era of new imaging methods, capable of measuring
both size and shape of particles in real processes [30, 35, 86, 176]. These
tools allow for an unprecedented level of detail regarding the interpretation of images [75, 76, 86], and characterization of systems and it seems
sensible to assume that this progress may bring forth new discoveries in
the field of agglomeration.
Given the highlighted similarities and the mutual importance of the
phenomena for crystallization processes, it is conspicuous that (primary
particle) shape and agglomeration are very seldom studied together.
Indeed, while the habit of agglomerates under varying conditions has
been the subject of studies in the past, the habit of the primary particles
constituting these agglomerates has received much less attention [63, 177–
180]. With the notable exception of the work by Briesen [181], to the
knowledge of the authors, no work studying primary particle shape in
agglomerates or the effect of morphology on agglomeration exists in the
literature for crystals in suspension. Yet, such an analysis is of great
practical interest, because it may further support (or falsify) the notion
that knowledge and control of crystal morphology is crucial to establish a
complete description and ultimately an effective control of crystallization.
In this work, a novel way of identifying and characterizing agglomerates
from images is introduced. Together with previously created tools to measure the size and shape of nonequant shaped particles, this allows for the
simultaneous reconstruction of both the size distribution of agglomerates
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and the primary particle size and shape distribution. The reproducibility
of the obtained measurements is investigated for the case of β l-glutamic
acid and the behavior of this system is studied for varying operating
conditions.
This work is structured as follows: Section 4.2 outlines the experimental
setup used in this work. Section 4.3 introduces the novel image analysis
procedure and data interpretation strategy, that is, the generation of a
training set and the calculation of particle descriptors that are then used to
automatically classify particles as agglomerates or primary particles based
on a nonlinear support vector machine. In Section 4.4, the reproducibility
of the proposed measurements is studied for the case of β l-glutamic
acid under varying process conditions before the qualitative behavior of
the system is discussed in detail.

4.2

Experimental setup and procedures

All experiments were carried out in a temperature-controlled 500 mL
jacketed glass crystallizer that was previously described in detail [168].
In order to characterize the evolution of the crystallization process, the
crystallizer was equipped with an in situ attenuated total reflectance
Fourier transform infrared (ATR-FTIR) probe, an in situ focused beam
reflectance measurement (FBRM) probe and was connected to an ex situ
stereoscopic imaging device through a sampling loop, described in detail
in the following.

4.2.1

Characterization techniques

ATR-FTIR and FBRM To monitor the liquid phase concentration
of l-glutamic acid, an ATR-FTIR spectrometer (ReactIR 45m with a
fixed arm mirror conduit, Mettler Toledo Switzerland) was used. The
recorded spectra were preprocessed by mean centering and considering
the first derivative. A calibration model at process temperature and a
supersaturation range between S0 = 1 and S0 = 5 covering the entire
experimental range at multiple wavelengths was built using partial leastsquares as detailed elsewhere [75, 82]. Note that the supersaturation is
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defined here as
S(t) =

c(t)
c∗ (T )

(4.1)

where c is the solute concentration, c∗ (T ) is the temperature dependent
solubility of β l-glutamic acid and S0 = S(t = 0) [182].
Furthermore, during some of the experiments, the chord length distribution (CLD) was monitored using an in situ FBRM probe (Lasentec
600L, Redmond, USA) in order to detect the occurrence of nucleation
in the system. However, due to repeated fouling of the sensor at high
supersaturations (i.e., precisely in the cases where nucleation is most
likely), the CLD measurements could not be utilized to conclusively
confirm or disprove the occurrence of nucleation.
Imaging device Online imaging of particles in suspension was performed using a measurement device in which particles are photographed
from perpendicular directions in a transparent flow through cell with
optimal optical properties. The suspension is fed to the cell and recycled
into the reactor using a sampling loop and the resulting stereoscopic
images are treated with global thresholding. The interested reader can
find all the details of the experimental setup in our previous publications
[30, 35]. Subsequently, connected component extraction delivers the
contour of all objects for both camera views and a matching algorithm
assigns each object in the first photograph to the corresponding projection in the second image through a comparison of the position of the
boundary points along the common coordinate. This procedure exhibits
an important advantage over monoscopic imaging solutions, not only as it
overcomes the orientation dependence, but because it also allows one to
distinguish between particles that are indeed in contact or agglomerated
and those that are simply overlapping in only one of the two images.

4.2.2

Experimental procedures

Preparation of seed crystals Seed crystals of the β polymorph of
l-glutamic acid have been prepared in a two step process by first precipitating the α polymorph through a pH-shift reaction of equimolar amounts
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of hydrochloric acid (Fluka, 37%) and glutamic acid monosodium salt
hydrate (Sigma-Aldrich, purity > 99%) in deionized water (obtained
from a Milli-Q Advantage A10 system (Merck Chemicals)) at 5 ◦ C and
stirring continuously for 1 h. Particles were filtered off and added to
a saturated (with respect to the α form) aqueous solution at 45 ◦ C in
agreement with previous studies [82]. After the transformation of the
prismatic α-crystals to needle-like β-crystals had occurred, the β polymorph product was filtered off and wet-sieved. Characteristics of the
obtained seed distributions are given in Table 4.3.

Agglomeration experiments The experimental solution was prepared by mixing hydrochloric acid and a clear solution of the monosodium salt in water to obtain the desired initial supersaturation. The
reactor was kept at constant temperature and at a desired stirring rate
before seed crystals of the β polymorph were added in order to start
the agglomeration experiments, which were typically conducted until
the solute concentration had reached quasi-equilibrium (see Figure 4.1).
An overview of the experimental conditions is reported in Table 4.2. It
should be noted that the suspension density of all experiments was chosen
such that the volume fraction of particles remains moderate throughout
the experiments, with values ranging from 0.4% at the beginning to
maximally 5% in the end of some experiments. Broadly speaking, the
effect of particle-liquid interactions on the behavior of the fluid becomes
increasingly important for increasing values of the volume fraction and
care should be taken when trying to extrapolate findings or parameters
[183, 184].
Note also that at the high supersaturations used in these experiments,
the metastable α polymorph of l-glutamic acid is supersaturated as well.
However, due to the presence of considerable amounts of β seed crystals
and fast desupersaturation due to crystal growth and agglomeration,
the formation of α crystals is highly unlikely. In addition, the absence
of needle breakage was verified by monitoring the average length of
particles in a saturated solution using the highest stirring rate used in the
agglomeration experiments. As shown in Figure 4.2, the average length
is constant even under prolonged stirring.
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Figure 4.1: Concentration vs. time for experiment 1 (cf. Table 4.2). The
dashed line indicates the solubility at 25 ◦ C.

4.3

Image analysis

The key step for the successful analysis of agglomeration is to obtain
knowledge of the particle size distribution(s) (PSD) and of the degree
of agglomeration. In order to obtain this data, the stereoscopic imaging
device described previously was used. It has already been demonstrated
that this setup allows for the accurate monitoring of size and shape of
ensembles of crystals. However, the use of such a setup to distinguish
between primary particles and agglomerates and to estimate the size
of such agglomerates is novel. Combining these efforts shall make the
measurement of quantitative, multidimensional particle size distributions
for the primary particles and one-dimensional particle size distributions for
the agglomerates possible. A schematic of the entire PSD reconstruction
procedure, including the imaging and classification steps, is presented in
Figure 4.3. In the following, the generation of the training set, which
is used both for a benchmark analysis and as the foundation for a
supervised learning strategy, is reported first, followed by an outline
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Figure 4.2: Measurement of seed particles in a saturated solution (S = 1)
over 6.5 h. A decrease in the number-weighted, average length and width
of the needles, indicating breakage, was not observed.

of the new methods. Throughout the text, the existing image analysis
scheme will only be briefly summarized, while its modifications, which
have been introduced in the course of this work, will be described in
greater detail.

4.3.1

Training set generation

Clearly, the drastic shape change between primary particles (needles)
and agglomerates in the case of β l-glutamic acid makes image analysis
a promising method for identifying agglomerates. However, on the
one hand, the efficacy of automated image analysis depends on the
type and the quality of the measurements, while on the other hand, an
unequivocal identification of agglomerates from a small number of images
is, occasionally, simply not possible. An assessment of the maximum
achievable identification performance prior to creating an image analysis
routine is therefore in order. We have decided to do this by comparing

99

4. Measuring needle agglomeration
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Schorsch et al. 2014
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Particle
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Particle Size
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Schorsch et al. 2012

Figure 4.3: Schematic overview of sampling and imaging analysis procedure including references indicating detailed sources for the individual
steps.

evaluation results for a given set of images obtained from different human
experts. The agreement can be used as a measure of the expected
identification performance of an automated image analysis. Furthermore,
the set of classified particles subjected to the evaluation of human experts
can then be used as training set for an automated, supervised learning
strategy.
In order to obtain such an identification performance benchmark, a
graphical user interface (GUI) was developed that displays photographed
particles and that allows human users to assign the observed objects to

100

4.3. Image analysis

Figure 4.4: Screenshot of the graphical user interface used for benchmarking and training set creation. Users are provided with the two projections
of particles obtained using the stereoscopic imaging setup and asked to
choose the particle class and confidence level.

different groups, that is, either primary particles or agglomerates. A
screenshot of this GUI is presented in Figure 4.4. Four crystallization
experts were asked to classify 500 seed and product particles, based on the
two orthogonal projections obtained through the flow through cell (FTC)
measurement device. Seed particles were grown under conditions where a
low number of agglomerates is expected, while the product crystals were
grown under conditions that favor agglomeration. The experts proceeded
to classify the particles into four classes: (P1) primary particle (high level
of confidence), (P2) primary particle (low confidence), (A1) agglomerate
(high confidence) and (A2) agglomerate (low confidence).
In order to gauge whether the number of analyzed particles is sufficient,
the computed volume-weighted degree of agglomeration, defined as the
ratio of total agglomerate volume over total volume of agglomerates
and primary particles (cf. Section 4.4 for the formal definition), as a
function of the number of evaluated particles is plotted for all experts
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Figure 4.5: Evolution of the agglomeration degree over the sample number
when analyzed by experts for (a) seeds and (b) products.

in Figure 4.5. As shown in the plot, the absolute difference between the
evaluated degree of agglomeration after 300 samples and the final value
(after 500 samples) for each individual expert is typically less than 5%,
thus indicating that the set size is sufficient for our purposes. However,
Figure 4.5 also reveals significant discrepancies in the evaluation results
of the different experts. A more detailed analysis is possible based on
the classification results reported in Figure 4.6, which considers the seed
and product crystals separately, as well as all crystals combined.
Two observations can be made immediately: the amount of particles
classified as agglomerates (classes A1 and A2) increases from seeds to
products; the (self-assessed) confidence in the classification carried out
by each expert varies widely. Indeed, the ratio of highly confident to less
confident decisions varies from approximately 40:60 to approximately
90:10 between the experts. This indicates that the interpretation of
images obtained with the given setup carries a degree of ambiguity that
might also affect an automated classification algorithm. In order to
mitigate this issue, for the remainder of the analysis, it was chosen to
merge classes (P1) and (P2) into a single primary particle class (with
label −1), and classes (A1) and (A2) into an agglomerate class with label
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Figure 4.6: Summary and comparison of expert evaluation for seed, product and total of investigated
particles. Blue bars indicated primary particles whereas red bars indicate agglomerates, different
shadings reflect different confidence levels.
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Table 4.1: Agreement between experts and the image analysis (IA) code
in distinguishing between agglomerates and primary particles.

IA
Expert
Expert
Expert
Expert

1
2
3
4

IA

Expert 1

Expert 2

Expert 3

Expert 4

100%
82%
73%
79%
86%

100%
77%
81%
84%

100%
75%
76%

100%
81%

100%

(1), that is, the confidence levels with which the decisions were taken are
neglected.
After applying this simplification, the agreement between each pair of
experts can be quantified in the form of the binary agreement measure,
i.e., by calculating the fraction of cases where the two experts have chosen
the same class; the corresponding values are reported in Table 4.1. As
shown in the table, the agreement between experts is reasonable, though
not perfect, as was to be expected. A more thorough investigation
of the statistical significance of the results is provided in Appendix B.
Nevertheless, the ultimate purpose of the expert data is to be used as
robust training set for the machine learning classifier. To achieve such a
robust starting point, only the subsets of particles unequivocally identified
by all experts as either class are considered as the training set for the
computer. Adding this constraint reduces the cardinality of the training
set to 609 particles (out of the initial 1,000 objects; consisting of 249
agglomerates and 360 primary particles), which is still a sufficiently large
number to develop a meaningful classifier.

4.3.2

Particle classification

The findings of Section 4.3.1 were taken as a benchmark for the development of an automated image analysis routine which bases its classification
on a small set of measurable quantities. Numerous possible descriptors
for agglomerate detection and description have been used in the literature,
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and a proper choice is clearly decisive [174, 179, 181, 185]. In this work,
the selection of features was guided by two considerations. First, all
descriptors should be scale-independent and hence dimensionless. Second,
the number of extracted quantities should be small so as not to overfit
the data set. After careful examination of the different options, three
dimensionless, characteristic measures (per projection) were chosen as
features to be used in the classification step. These are (1) the circularity,
defined as the projection area over area of the circle with the same average
distance from centroid to boundary
IjCIR =

Aproj,j
2
πrj,mean

(4.2)

where rj,mean is the average distance between contour and area center of
a projection and A denotes the corresponding area (the index j ∈ {1, 2}
identifies the camera source of the feature); (2) the convexity (also referred
to as solidity), defined as the pixel area divided by the convex hull area
IjVEX =

Aproj,j
Aconv,j

(4.3)

and (3) the concavity index, here defined as ratio between the area of the
largest concavity part of the projection and the area of the projection
IjCAV =

AmaxCAV,j
Aproj,j

(4.4)

Illustrations for the latter two indices are provided in Figure 4.7. Given
that two projections from orthogonal directions are obtained, each particle
can be associated with a six-dimensional feature vector x, such that

T
x = I1CIR , I2CIR , I1VEX , I2VEX , I1CAV , I2CAV
(4.5)
The feature vectors of all N = 609 are then computed and used for the
design of an classification algorithm that is uses a supervised learning
scheme. In other words, based on the training data set, D
n

o
D=
x(i) , y (i) | x(i) ∈ R6 , y (i) ∈ {−1, 1} , i = {1, . . . , N } (4.6)
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Camera 2

Primary Particle
Camera 1

Camera 2

Agglomerate
Camera 1

Figure 4.7: Illustration of convexity and concavity indices. Top row: raw images; second row:
illustration of convexity measure IjVEX (cf. Eq. (4.3)); third row: illustration of concavity measure
IjCAV (cf. Eq. (4.4)). The dark areas represent particle projections; bright areas represent concavities.
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for which the labels are known, we aim at finding some rule or logic that
identifies agglomerates with high accuracy. This rule can then be used
for the automatic classification of a new particle, i.e., to predict the label
ŷ given a new feature vector x.
Before discussing the classifier, it is instructive to project D onto planes
spanned by the descriptors, as this allows to get some intuition regarding
the contribution of individual features to separate the data; the fifteen
possible combinations are visualized in Figure 4.8. It is clear that in
all cases the classes of agglomerates (red circles) and primary particles
(black crosses) are partially overlapping and no straightforward boundary
between the two groups can be drawn. This indicates that a simple
combination of two descriptors is insufficient to distinguish between
agglomerates and primary particles. However, as is evident from the
trace plots of I1VEX vs. I2VEX (top row, first plot from the left), I1CIR vs.
I2CIR (middle row, last plot) and I1CAV vs. I2CAV (bottom row, last plot),
all descriptors provide at least some separation between the two particle
classes.
As described in Appendix B, several methods for the classification have
been tested, including linear and quadratic discriminant analysis and a
linear support vector machine (SVM). Alas, the separation performance
for these classifiers was found to be insufficient. However, focusing on the
SVM method, which aims at finding the maximum-margin hyperplane
separating the data, a common solution to enhance separability is to
apply the so-called kernel trick, i.e., to perform a nonlinear mapping of
the training data followed by an attempt to (linearly) separate classes in
the transformed feature space [186]. The benefit of the method is that
the classifier in the new space may correspond to a nonlinear separation
in the original space.
The soft-margin implementation of such a nonlinear support vector
machine, which allows for a certain degree of inseparability, was used
in this work, employing a radial basis function as kernel. The method,
which contains two tuning parameters, has been implemented via Matlab
(using the machine learning toolbox) and the final training and prediction
errors have been calculated as 7.9% and 8.2%, respectively. The training
error refers to the percentage of particles in the training set that are
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Figure 4.8: Trace plots for binary combinations of two descriptors. The red circles and black crosses
represent particles unanimously classified by the experts as agglomerates and as primary particles,
respectively.
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misclassified by classifier, while the prediction error has been obtained by
using a standard 10-fold cross validation procedure. In such a procedure
the training data is randomly partitioned into 10 equal-sized segments, 9
of which are used to train the classifier, while the remaining one is used
to assess the quality of the prediction. This procedure is then repeated
10 times and the mean value of the prediction error is reported. The
agreement between the machine classifier and the individual experts,
reported in Table 4.1, was also found to be acceptable, i.e., comparable to
the other values. While many other kernel functions could be used, the
performance of this classifier was deemed satisfactory. The advantages,
limitations and general applicability of the classification step are discussed
in greater detail in Section 4.5.

4.3.3

Particle characterization

Primary crystals For particles classified as primary crystals, the
image analysis routine proceeds to determine the appropriate shape
class (spheres, needles, cuboids, etc.). For particles characterized as
needles—as is the case for β l-glutamic acid—the algorithm computes
the length, L1 , and width, L2 , of a cylinder that fits the projections. By
collecting data from a large number of particles (typically in the order of
103 to 105 ), a two-dimensional particle size and shape distribution of the
primary crystals can be reconstructed. A more detailed description of
the entire procedure, as well as discussions of potential issues, have been
reported previously [30, 35], and a comparison to more sophisticated
reconstruction procedures is presented elsewhere [41].
Agglomerates While the strategy used for the quantitative characterization of primary particles has been tested and successfully used in a
number of instances [30, 35, 75, 76], no such method was available for the
characterization of agglomerates. One of the underlying reasons for this is
the wide variety of agglomerate shapes (cf. Figure 4.9), which is in stark
contrast with the lack of available options for the efficient morphological
description of agglomerates or aggregates containing nonequant primary
particles [181].
Striving to obtain a computationally simple and robust characterization
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method while avoiding the above issue, whose solution ultimately lies
outside the scope of this work, only a single quantity is extracted from
particles classified as agglomerates: the agglomerate volume va . This
measure can be estimated by calculating the volume of the nonconvex
polytope enclosed by the two projections obtained using our stereoscopic
setup. A pragmatic solution to this problem is given by a straightforward
counting of voxels. Given two binary images with NX , NY and NZ pixels
along the different axes and a shared z-coordinate, the agglomerate
volume of a given particle can be approximated by



NZ X
NX
NY
X
X
yz 
xz 
va ≈ 
Fi,k
Fj,k
Vvoxel
(4.7)
k=1 i=1

j=1

xz
yz
where Fi,k
, Fj,k
∈ {0, 1} are the pixel values at a given point in the xzor the yz-projection, respectively, and Vvoxel = (1.15 µm)3 is the voxel
volume. Note that by doing so, an implicit assumption of zero porosity for
the occluded parts of the cell is made. Therefore, the computed volume
can only be an upper-bound estimate of the true agglomerate volume.
Consequently, we choose to visualize population data of agglomerates
only in the form of cumulative distributions, which are more readily
interpreted in this context.
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(a) Primary Particles

(b) Agglomerates

Figure 4.9: Exemplary images of (a) primary particles and (b) agglomerates. The blue particle contours are those used by the image analysis.
Note that the bottom left agglomerate would be discarded as the two
projections obtained by the cameras cannot be matched (see [35]).
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4.4

Results

To demonstrate the efficacy and applicability of the proposed supervised
learning mechanism for the measurement of agglomeration of needlelike β l-glutamic acid, twelve batch agglomeration experiments were
performed under the operating conditions reported in Table 4.2. The
reproducibility of the measurements shall be discussed in detail before
we focus our attention on the trends exhibited by the data.
A summary of all experimental results is provided in Table 4.3, where the
number and volume-weighted average lengths and aspect ratios of the
primary particles are reported in terms of various moments of the two
populations. The definition of the cross-moments for the bidimensional
distribution of primary particles is
Z ∞Z ∞
µij =
fs (L1 , L2 ) Li1 Lj2 dL1 dL2
(4.8)
0+

0+

where fs is the number density function of the primary particles. Similarly,
in the case of the agglomerates, the moments are defined as
Z ∞
µai =
fa (va ) vai dva
(4.9)
0

with the corresponding agglomerate number density fa . In particular,

Table 4.2: Overview of operating conditions for experiments.
Group

Experiments

Seed Fraction

ms [g]

nr [rpm]

S0 [–]

A
B
C
D
E

1,2,3
4,5
6,7
8,9,10
11,12

small (S)
small (S)
small (S)
large (L)
large (L)

3
3
3
5
5

250
400
250
250
400

5
5
3
5
5
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the quantities reported in Table 4.3 represent the following: µ10 /µ00 and
µ22 /µ12 are the number- and volume-weighted average lengths of the primary particles, respectively; µ01 /µ00 and µ13 /µ12 are the corresponding
average widths; µ1,−1 /µ00 and µ21 /µ12 represent the number- and the
volume-weighted values of the aspect ratio L1 /L2 , respectively. They are
chosen to represent the real, averaged values instead of the alternatives
µ10 /µ01 and µ22 /µ13 , whose interpretation is much less intuitive. Table 4.3 further provides information regarding µa1 /µa0 , the average volume
of the agglomerates and the number and volume-weighted agglomeration
degrees, defined as
Na,tot
µa
= a 0
Na,tot + Ns,tot
µ0 + µ00
µa1
Va,tot
= a
Xv =
Va,tot + Vs,tot
µ1 + π/4µ12
X=

(4.10a)
(4.10b)

As is evident from Table 4.3, the reproducibility of the volume-weighted
properties is—with the exception of the results in group D—satisfactory,
however, the number-based measures vary to a much larger extent. A
likely cause for this is the occurrence of nucleation in the system, a
phenomenon whose presence could not be reliably detected due to fouling
of the FBRM probe (cf. Section 4.2.1), yet must be expected to be of
some importance at the supersaturation levels reached in this work [82].
Despite our efforts to avoid or reduce nucleation, this interpretation is
consistent with the lower, number-based average length, average width
and agglomeration degree observed in a number of experiments, particularly experiments 6 and 12, and to a smaller extent experiment 8. Due
to the higher sensitivity of the number-weighted quantities to this mechanism, we will rely mostly on the interpretation of the volume-weighted
quantities in the following.
The normalized, volume-weighted primary particle size and shape distributions (PSSDs) and the normalized, volume-weighted cumulative size
distributions of agglomerates for all experiments are plotted in Figure 4.10
and Figure 4.11, respectively. Note that the volume-weighted PSSDs
were median-filtered prior to plotting in order to reduce artifacts in the
contour plots caused by small numbers of very large particles.
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3.7 × 105
6.2 × 105

Avg. volume
µ1a
µ0a
[µm3 ]

26%
23%

[–]

X

34%
26%

[–]

Xv

Table 4.3: Overview of seed and product properties. S: small; L: large seed distribution.

7.5
9.1

Agglom. degree

8.0
8.5

Avg. aspect ratio
µ21
µ12
[–]

53
77

µ1,−1
µ00
[–]

30
34

Avg. width
µ01
µ13
µ00
µ12
[µm] [µm]

346
597

Avg. length
µ10
µ22
µ00
µ12
[µm] [µm]
223
285

62%
63%

-

48%
52%

40%
42%

S
L

1.3 × 106
1.0 × 106

6%
35%

80%
79%
64%

68%
73%
73%
6.6
6.1

5.0 × 105
5.1 × 105

39%
52%
51%

57%
61%

34%
34%
38%
6.3
5.9

7.1
7.6

8.0 × 105
2.4 × 106
1.4 × 106

38%
3%

5.4 × 105
4.9 × 105
6.2 × 105
79
83

5.4
6.1

4.1
4.8
6.0

1.9 × 106
2.0 × 106

4.0
3.9
3.9
42
41

78
72

4.0
3.9
4.5

7.3
7.0

4.1
4.0
4.0

479
458

5
34

68
103
113

6.0
5.2

64
65
68

264
238
470
499

28
43
45

108
111

28
28
29

4
5
27
210

274
471
614

41
2

262
247
263

B
6
7
109
176
204

681
675

112
108
110

C
8
9
10

260
12

1
2
3

D
11
12

A

E
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(a)

(b)

(d)

(c)

(e)

Figure 4.10: Final volume-weighted PSSDs of primary particles. Groups
A and D contain three experiments, groups B, C and E contain two
(cf. Table 4.2). Within each plot, different colors (blue, red, green)
indicate different experiments. The given contour lines represent the
20%, 50% and 80% level sets of each distribution w.r.t. its maximum.
All distributions were treated with a median filter prior to plotting in
order to reduce artifacts in the contour plots.
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(a)

(b)

Figure 4.11: Final experimental, volume-weighted cumulative size distributions of agglomerates for
(a) groups A (circles), B (triangles) and C (squares); (b) groups D (dashed line) and E (diamonds).
Shading and different line styles are used to identify different experiments within the same group.
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The distributions vary significantly for the different conditions and their
reproducibility is mostly satisfactory. Regarding group D, careful study
of the distributions reveals that experiments 9 and 10 (red and green
plots) share a significant similarity, whereas experiment 8 (blue curves)
appears to be an outlier. In addition to the clear qualitative difference in
the distributions, it is evident both from Figure 4.10(d) and Table 4.3
that the average size of primary particles in experiment 8 is much smaller
than that of the other two experiments, mostly due to the absence of
a great number of large primary particles. Furthermore, experiment 8
contains a much larger number of smaller agglomerates than the other
two and exhibits a smaller number-based degree of agglomeration. A
possible cause for the observed behavior might be the agglomeration
between large particles and newly formed nuclei, which would explain
both these observations.
Let us now turn our attention toward some general trends in the data.
First, the strong dependence of agglomeration on supersaturation is
evident by comparison between group C (S0 = 3) and all other groups
(S0 = 5). The final degree of agglomeration for this case is much smaller
than in all other cases and the experiments of group C contain the biggest
amounts of surviving, large primary particles of all experiments that
utilize the small seed fraction.
Next, we can analyze the influence of the stirring rate by comparing the
results between groups A and D (nr = 250 rpm) and B and E (nr = 400
rpm), respectively. Both comparisons indicate the agglomeration degree
decreases with increasing stirring rate and a greater survival of large
primary particles at higher stirring rates, most likely due to the inability
of large crystals to form sufficiently strong agglomerate bridges at higher
rates.
Furthermore, as to the effect of the seed fraction size, we note that a
direct comparison of values is difficult due to different seed masses and
seed surface areas. Nevertheless, a comparison of the various distributions
clearly shows that the different distributions are dependent on the stirring
rate to a much lesser degree in the case of the experiments with large
seed fractions (D and E) than in the corresponding experiments with
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small seed fractions (A and B); most very large primary particles appear
unable to agglomerate.
Finally, an interesting observation is that there appears to be a net
decrease of the average aspect ratios with increasing agglomeration. A
plausible cause for this effect is that higher aspect ratio needles tend to
be more likely to agglomerate than those with more equant shapes. This
finding, which like all other observations is based on the measurement of
tens of thousands of particles, is of particular interest as it implies that a
better control of the size and shape (and hence aspect ratio) distribution
may allow for an improved ability to avoid agglomeration. While these
results are preliminary in nature, we believe that they warrant further
investigation.

4.5

Conclusion

In this work, we have presented novel image analysis tools aimed at
characterizing an ensemble of particles in terms of two classes, namely,
that of agglomerates, characterized by a single characteristic size, and
that of primary, needle-like crystals, described as cylinders. Attributing
measured objects to two classes yields two corresponding particle size
distributions, i.e., a 1D PSD of agglomerates and a 2D PSSD of primary
crystals. These tools are based on a supervised machine learning strategy
and a pragmatic upper bound estimation of the agglomerate volume.
After the creation of a suitable training set and demonstrating the ability
of the classifier to yield a satisfactory identification performance, the
method has been used to investigate the behavior of the β l-glutamic
system for a variety of operating conditions. Through the ability to
separately study the different distributions, it has been possible to gain
considerable insight into the agglomeration of this needle-like substance.
Indeed, we see the capability of distinguishing between different types of
crystals based on their morphological features as a critical achievement
in the study of crystallization processes. For the case of agglomerated, abraded or broken needles, only morphological features determined
through optical tools and image analysis allow for such a classification in
a straightforward and reliable manner. It is clear that the multitude of
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established computer vision strategies and the widespread accessibility
of excellent image analysis software have played an important role in
profiting of such potential. While we believe that the choice of descriptors
plays an important role for the discrimination of objects and that the
selection may be further improved by systematic analysis, we attribute
the success of our method largely to two specific features of our approach,
which are independent of the image analysis itself. Namely, these are the
usage of stereoscopic imaging tools on the one hand and the availability
of large data sets on the other. While the former feature allows distinguishing agglomerates from overlapping particle projections in most cases,
the latter feature makes the reconstruction of entire distributions with
reasonable statistical relevance possible. Both contribute significantly
and decisively to the robustness of the approach.
We strongly believe in the transferability of the strategy presented in this
work to other crystal systems; nevertheless, this remains to be verified
and at the same time the performance of the classifier can certainly be
further improved upon. However, we believe that it is also important to
consolidate the results and the experimental observations reported here
by better understanding their underlying principles. To this end, in the
next part of this series, novel theoretical models for the agglomeration of
nonequant shaped crystals will be presented. The demonstrated ability to
measure the different particle types separately will be exploited in order
to establish a conceptual link between shape and agglomeration of these
crystals. The virtually unexplored relationship of crystal morphology and
agglomeration (or breakage) is one important step toward this goal. The
mathematical description obtained in this way will be shown to represent a
tool for the investigation of such processes in general. Therefore, together
with the monitoring and classification tools presented in this first part of
the series, it will be able to guide and support future experimental work,
as well as to allow for the development of better process design tools and
for the ultimate achievement of better product quality.
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Notation
A
c
c∗
D
Fi,j
f
I
ms
N
NX
NY
NZ
nr
ri
S
S0
T
t
V
va
X
Xv
x
y

area
solute concentration in the liquid phase
solubility
Training Set
pixel value of image at coordinate i, j
number density function
image descriptor
seed mass
number of particles
number of pixels in X direction
number of pixels in Y direction
number of pixels in Z direction
stirring rate
distance from centroid of particle projection to its boundary
supersaturation
supersaturation at time zero
temperature
time
volume
characteristic agglomerate volume
number-based agglomeration degree
volume-based agglomeration degree
particle feature vector
classification label

[m2 ]
[kg kg−1 ]
[kg kg−1 ]
[–]
[–]
[varies]
[–]
[kg]
[–]
[–]
[–]
[–]
[s−1 ]
[m]
[–]
[–]
[K]
[s]
[m3 ]
[m3 ]
[–]
[–]
[–]
[–]

Greek Letters
µai
moment of agglomerate distribution
µij
ij-cross moment of shape distribution

[m3i kg−1 ]
[mi+j kg−1 ]

Sub- and Superscripts
a
pertaining to agglomerate distribution
s
pertaining to primary particle distribution
xz
pertaining to xz-projection
yz
pertaining to yz-projection

[–]
[–]
[–]
[–]
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Chapter 5

Modeling agglomeration of
needle-like crystals in
suspension
5.1

Introduction

The influence of primary particle morphology on the agglomeration behavior of crystals in suspension, and conversely, the impact of agglomeration
on the particle size and shape distribution (PSSD) is an intriguing, yet
poorly understood, topic in crystallization research. Indeed, given the
strong effect of agglomeration on the PSSD, whose importance for downstream properties has been repeatedly shown [170, 187, 188], there is
abundant incentive to start closing the current knowledge gap in this
area.
The theoretical aspects of agglomeration in suspension have been studied
for almost a century. Since Smoluchowski’s groundbreaking contribution
[189], several authors have investigated and improved upon the description
of the agglomeration kinetics for particles in suspension [163, 190–192].
Ochsenbein, D. R.; Vetter, T.; Morari, M.; Mazzotti, M., Agglomeration of needlelike Crystals in Suspension. II. Modeling. Crystal Growth & Design, 2015, 15 (9),
4296–4310.
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Likewise, the desire to model the evolution of particle size distributions
has led to the implementation of a variety of agglomeration models in
the population balance framework [193–197], leading in turn to works
on the kinetics of the phenomenon [160, 161, 168, 198]. Given the rekindled interest in continuous crystallization processes coupled with the
evidence that some operating conditions of mixed suspension mixed product removal (MSMPR) crystallizers exhibit increased agglomeration as
compared to the batch mode [159, 190], or the impact of agglomeration
for chiral resolution via Viedma ripening [199], the industrial relevance
of agglomeration can be expected to further increase in the near future.
Still, as highlighted above, the role of crystal habit on the likelihood of
agglomeration remains a virtually unexplored subject for nonspherical
crystals that are well-described by convex geometries, as opposed to the
better-understood fractal-like morphologies encountered, for example,
in colloidal science [200]. In fact, we believe we have identified five
key obstacles that need to be overcome in order to close the current
knowledge gap in this area: 1. We need experimental tools that allow
for the measurement of both the shape and the degree of agglomeration
simultaneously; 2. We require a suitable modeling framework—of affordable complexity—that enables the description of entire crystallization
processes with reasonable accuracy; 3. We must obtain a better grasp
of the role of fluid dynamics and mixing; 4. We need adequate models
describing the collision frequency and the agglomeration efficiency of
nonequant crystals that take into account their rotational anisotropy; 5.
We must find instructive ways of analyzing experiments and comparing
them to models in order to inform us of potential shortcomings and to
iteratively improve predictions.
In the first part of this publication series (cf. Chapter 4) we have presented
a novel and robust way of identifying and characterizing agglomerates
of needle-like crystals together with an analysis of the behavior of the
β l-glutamic acid system under varying operating conditions, tackling
the first and last point of our list. Here, in the second part, we wish
to complement this step by addressing the second and the fourth point
above, namely, we wish to develop the theoretical and modeling tools
necessary to study the complex underlying mechanisms. Moreover, by
comparing the qualitative behavior of the resulting process models to
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experimental data, this work also aims at investigating whether and how
particle shape is a factor in the way crystals agglomerate. To this end
and as a preliminary study, two shape-sensitive agglomeration kernels
are introduced and compared to a standard shape-independent kernel.
Particular care is taken to account for the nonequant shape of crystals
not only in the collision frequency, but also in the cementation time, i.e.,
the characteristic time necessary to form interparticle bridges.
This work is structured as follows: In Section 5.2, two shape-dependent
agglomeration kernels are proposed as modifications of classical, purely
size-dependent descriptions. In Section 5.3, a set of appropriate (morphological) population balance equations (PBEs) is derived and a solution
strategy is presented. Simulation results are finally reported and discussed
in Section 5.4, in which the two shape-dependent models are compared
with one another, with the predictions of a classical, shape-independent
kernel, and the trends observed in the experimental data.

5.2

Shape-dependent agglomeration
kernels

In the following, key concepts that are commonly used in the modeling of
agglomeration processes are briefly illustrated, and possible modifications
for the case of nonspherical particles are derived. We reiterate the fact that
our ultimate goal is to test whether experiments show any indication that
the rate of agglomeration—hence the agglomeration kernel—is dependent
on the shape of the agglomerating particles. In other words, whether a
shape-dependent agglomeration kernel may be a better choice to describe
the process than state of the art, shape-independent approaches. We
further focus on particles whose habit can be meaningfully approximated
by cylinders with length L1 and width L2 , even though extensions to other,
convex shapes (convex polytopes, ellipsoids, etc.) could be implemented
with reasonable effort if needed.
While many different formulations for the agglomeration of crystals in
solution can be found in the literature, the vast majority of them assume
that the agglomeration kernel β can be written as the product of two
terms, that is β = βc Ψ, where βc is the collision frequency and Ψ is
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the agglomeration efficiency, a measure of the likelihood of two collided
particles to form a stable agglomerate [109, 168]. Both these terms
may in general be complex functions of process parameters and particle
properties, such as their characteristic lengths. In what follows, we will
provide a compact overview of the most important descriptions of both
elements and lay out an argument as to where and why the shape of
primary particles might play a role in the agglomeration process. More
detailed derivations of the standard kernels can be found in the references
accompanying the text.

5.2.1

Collision frequency

Particles in solution may collide with each other for a variety of reasons,
including the diffusion of small particles (perikinetic agglomeration).
However, for particles of sufficient size under strong stirring, as is often
the case in crystallization, agglomeration can be considered to be purely
controlled by shear rate (orthokinetic agglomeration). Furthermore, when
particle relaxation times are short compared to the characteristic time of
velocity fluctuations and in the case where particles are small or of similar
size compared to the size of the smallest eddies (Kolmogorov microscale),
the collision kernel of two spherical particles with diameters L and L0 in
a given medium is often written as [109, 168, 189, 201–203]
βc,sphere = kc,1 γ

kc,2



L + L0
2

kc,3
(5.1)

where kc,i are constant parameters and the last factor in brackets corresponds to the mean diameter of the two spheres. In Eq. (5.1), γ denotes
the shear rate, here approximated as
γ=

  1/2

(5.2)

ν

using the kinematic viscosity, ν, and the rate of energy dissipation, .
The latter can be calculated independently, e.g., via a power number
correlation as done in this work.
The values of kc,2 and kc,2 can be derived from theoretical considerations
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and are typically given as kc,2 = 1/3, kc,3 = 7/3 (particle size in inertial
subrange) or kc,2 = 1/2, kc,3 = 3 (particles smaller than Kolmogorov
microscale). Eq. (5.1) implies that the collision rate depends solely on
the energy dissipation and particle size; however, it should be highlighted
that the assumptions leading to Eq. (5.1) are violated in the case of
particles with large inertia and/or for very high energy dissipation rates
and that the true behavior of colliding particles is in fact much more
complex than described by this model [204, 205].
The question arises how to best incorporate nonequant particles in such
a scheme, that is, particles described by a characteristic length vector
L ∈ Rn+ where n ≥ 2. Clearly, given the complexity of the phenomena
involved, a rigorous implementation of all possible effects of particle shape
on the collision properties lies outside the scope of this work [206, 207].
Rather, we choose to use a simplified approach in which we assume the
main effect of shape to be an alteration of the mean doublet diameter.
In particular, it is assumed that the sphere diameter L in Eq. (5.1) can
be replaced by an effective diameter `(L). We choose ` : Rn+ → R+ to be
the function that maps the characteristic lengths of a complex-shaped
particle to the diameter of a sphere with the same average projected
area. For convex bodies, a simple relationship exists between the average
projected area and the surface area of the object; that is, the latter is
equal to four times the former [208]. This allows determining, on the
one hand, the average projected area for simple shapes, whose surface
area can be calculated easily, and on the other hand, computing the
surface area of more general objects, whose average projected area is
straightforward to measure. Given the average projected area of a sphere,
i.e., π`2 /4, the desired effective diameter is given as
r
1
`=
[Surface Area of Convex Body]
(5.3)
π
which leads to a modified, shape-dependent version of Eq. (5.1)
βc = kc,1 γ kc,2



`(L) + `(L0 )
2

kc,3
(5.4)

In particular, for cylindrical model particles with length L1 and width
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L2 , Eq. (5.3) is given by
r
1 2
L + L1 L2
`=
2 2

(5.5)

It can easily be shown that Eq. (5.4) reduces to Eq. (5.1) in the case
of spheres; i.e., the behavior of the special 1D case is preserved. Note
however that, whereas the values of kc,2 and kc,3 can be derived when
assuming spherical particles, these values cannot be fixed easily a priori in
the case of nonequant shapes and are regarded as simple fitting parameters
in this work.

5.2.2

Agglomeration efficiency

While there is a consensus that the balance between the strength of
the connecting bridge and the forces acting on it play a pivotal role
in determining whether or not two particles successfully agglomerate
after they have collided, a plethora of approaches to approximate the
resulting agglomeration efficiency exists in the literature. A common
method is to make use of the ratio of two characteristic times, namely,
the cementation time tcem (the time necessary to create a sufficiently
strong bridge between particles) and the interaction time tr (the contact
time available to build such a bridge). The agglomeration efficiency Ψ
can then be written as [162, 168]

Ψ=

1 + ke,1

tcem
tr

−1
(5.6)

where ke,1 is an empirical constant. Note that alternative descriptions
exist for the agglomeration efficiency that also make use of this ratio
[162]. The interaction time tr is intimately connected to the properties of
the flow and, in the dilute limit, independent of the presence of particles.
It can be approximated in a variety of ways, yet as we are primarily
interested in determining qualitative features of the agglomeration kernel—
especially whether and how it depends on particle morphology—we do
not further investigate these various options, but rather use a correlation
originally proposed by Rielly and Marquis [209] which had been utilized
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previously, with the additional assumption of isotropic turbulence [168]
tr = 0.10

d2imp


!1/3
(5.7)

where dimp is the diameter of the impeller in the crystallizer.
As for the cementation time, a possible shape-dependence warrants a
deeper discussion. Similar to our treatment of the collision kernel, we
might choose to use a standard correlation for tcem in which we simply
replace the diameters with the effective ones given in Eq. (5.5), thus
yielding, for example [168]
tIcem = ke,2

(ν)1/2 `2m
Gb

(5.8)

in which ke,2 is a constant parameter, Gb is the bridge growth rate, and
`m = (`(L) `(L0 ))1/2 is the geometric mean of the two effective diameters.
Clearly, when using Eq. (5.8), the parameters ke,1 and ke,2 are coupled
and thus can be lumped together. However, while this implementation
has the advantage of being computationally simple, it also neglects the
occurrence of different bridge geometries that result for nonspherical
particles.
Generally speaking, for the bridge to be stable, the disrupting forces
acting on it must be smaller than or equal to the strength of the bridge.
The resulting condition may be summarized in terms of the critical crosssectional area of the bridge (see Appendix C for a detailed discussion)
Ab,crit = ke,2 (ν)1/2 `2m

(5.9)

It seems physically reasonable that the geometries of the particles, as well
as their relative orientation, affect the geometry of the bridge and therefore
the time to achieve Ab,crit . While an infinite number of orientations is
conceivable, two extreme collision types, that both involve only the sides
of the cylindrical particles, shall be analyzed in detail in the following
(cf. Figure 5.1): the cases where the two particles are perfectly aligned
(ϕ = 0, where ϕ is the angle between the axes of the two cylinders) and
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where they cross orthogonally (ϕ = π/2), as illustrated in Figures 5.1(a)
and 5.1(b), respectively. We approximate the bridge geometry as that
of the yellow objects in Figure 5.1, that is, as having a rectangular
cross-section with flat outer surfaces.
Following a similar line of reasoning as that used by David et al. [190],
the cementation times for different orientations can be determined from
tII
cem,ϕ (ϕ) =

∗
Vb,crit
(ϕ)
∗
Sb,crit (ϕ)Gb

(5.10)

∗
where Vb,crit
is the minimal bridge volume necessary to achieve the critical
∗
cross-sectional area and Sb,crit
is the outer surface area of the correspond∗
∗
ing bridge; both Vb,crit
and Sb,crit
depend on the interparticle orientation
ϕ. A more detailed derivation together with the exact procedure to find
∗
∗
Vb,crit
and Sb,crit
is reported in Appendix C. It is noteworthy that the
cementation time calculated using Eq. (5.10) can become infinite, namely,
in the cases in which a sufficiently large cross-sectional area cannot be
reached.

A majority of collisions will occur with an orientation between the two
extremes considered in Figures 5.1(a) and 5.1(b), i.e., ϕ = 0 and ϕ = π/2,
respectively. Assuming the centers of the cylinders are aligned, a possible
definition of the characteristic cementation time while accounting for the
random contact angle ϕ is given by
 II

tII
cem = E tcem,ϕ (ϕ) =

Z

π/2

g(ϕ) tII
cem,ϕ (ϕ) dϕ

(5.11)

0

where g(ϕ) is a probability density function containing information regarding the likelihood of collisions with orientation angle ϕ. Alas, g(ϕ)
is an unknown function and no information regarding the type of distribution or at least its mean or its variance is available in literature.
Furthermore, calculating g(ϕ) in a physically meaningful way is not
straightforward. Regardless, let us assume that the integral in Eq. (5.11)
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(b)

Figure 5.1: Alignments for cylinders: (a) parallel alignment and (b) orthogonal crossing. Blue and red
color is used for the two different types of faces of the cylindrical particles, while yellow elements show
the interparticle bridges.

(a)
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can be approximated numerically using a simple midpoint rule
tII
cem ≈

N
X

wi g(ϕi ) tII
cem,ϕ (ϕi )

(5.12)

i=1

where wi > 0 is the weight of the i’th bin and N is the number of points.
We may further choose to use only two points in Eq. (5.12), i.e., N = 2,
with for example, ϕ1 = 0 and ϕ2 = π/2:
II
II
tII
cem ≈ w1 g(0) tcem,ϕ (0) + w2 g (π/2) tcem,ϕ (π/2)

(5.13)

While it is true that g(ϕ) is unknown, a visual inspection of photographs
of agglomerates (cf. Figure 4.9) suggests that the crossed scenario occurs
more frequently than its aligned counterpart; i.e., we find empirically that
g(0) < g(π/2). Additionally, an analysis of the characteristic times for the
II
two cases shows that, for a vast majority of cases, tII
cem,ϕ (0)  tcem,ϕ (π/2);
i.e., cementation of aligned particles is essentially instantaneous compared
to the orthogonal case. These two observations imply that Eq. (5.13) can
be approximated as
0 II
tII
cem ≈ w2 tcem,ϕ (π/2)

(5.14)

where the unknown factor w20 = w2 g(π/2) can be lumped together with
the parameter ke,1 in the agglomeration efficiency. While the assumed
bridge geometries are only crude approximations of stable bridges and
Eq. (5.14) can really be considered only an order of magnitude approximation of the characteristic cementation time, its derivation motivated
by the underlying physics represents an improvement compared with the
more simplistic approach given by Eq. (5.8).
Summarizing, we propose two simple approaches for the description of a
shape-dependent cementation time and thus the agglomeration efficiency
Ψi =


1 + ke,1

ticem
tr

−1
,

i ∈ {I, II}

(5.15)

which differ solely in the way the cementation time is computed for a
given collision pair.
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5.2.3

Properties of the shape-dependent agglomeration kernel

In the following, a brief summary of the properties of the shape-dependent agglomeration kernel shall be presented. We refer the reader to
Appendix C.2 for a more thorough discussion of the properties of the
proposed collision frequency and agglomeration efficiencies.
Figure 5.2 illustrates the scaling of the collision kernel βc , the cementation
time tIcem , and the cementation time tII
cem with four different independent
variables. These are chosen to be the total volume of colliding particles,
Vp + Vp0 , the volume ratio, Vp /Vp0 and the two aspect ratios, x = L1 /L2
and x0 = L01 /L02 . In particular, each variable is varied independently
while the remaining ones are held constant at a value of 1. Furthermore,
all results are normalized by the value of the corresponding function
obtained when all variables equal 1 (βc,0 , tIcem,0 , and tII
cem,0 ). Note that,
due to the symmetry of the kernel for particles with identical volume,
the behavior for varying x and x0 is identical.
As can be seen from Figure 5.2(a), the collision rate increases rapidly with
increasing total volume and decreases with increasing ratio of particle
volumes, a result that is consistent with classical descriptions. Further,
higher aspect ratios of needles lead to higher collision frequencies, which
is explained by the higher surface to volume ratio of elongated cylinders
when compared to equant-sized ones. For the two cementation times,
illustrated in Figures 5.2(b) and 5.2(c), a similar behavior as for βc
is evident, thus implying that the agglomeration efficiency behaves—
qualitatively speaking—exactly opposite to the collision rate. While more
subtle differences are present (cf. Appendix C.2), the main distinction
between the two proposed cementation times lies in a different scaling
of the cementation time (and thus of the agglomeration efficiency) with
increasing total particle volume: model II predicts a significantly smaller
sensitivity with respect to the total particle volume, therefore implying a
higher chance of crystals of large total volume to form a strong bridge
and hence to agglomerate.
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(a)

(b)

(c)

I
Figure 5.2: Normalized behavior of the (a) collision kernel βc , (b) cementation time tcem
, and (c)
II
cementation time tcem
as a function of different independent variables (colors). The value of the
independent variable (red: Vp + Vp0 ; black: x or x0 ; blue: Vp /Vp0 ) is varied individually, while all other
variables are held constant at unity. All results are normalized by the value of the corresponding
function with all variables equal to 1.
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5.3

Process model

5.3.1

Population balance model

The modeling of the agglomeration of a population of particles with nonspherical shape in suspension has been the subject of only a small number
of works in the past, none of which attempted to investigate the effects of
various agglomeration kernels on the behavior of the ensemble [63, 181].
Furthermore, a main goal of this work is to establish a connection between
experimental data and mathematical description. As was shown in part
I of this series [77], the classification of a large number of particles into
primary crystals and agglomerates is feasible within reasonable times
utilizing the stereoscopic imaging equipment available in our laboratory
[30]. Such a classification implies the existence of two separate, but
interacting, particle size (and shape) distributions, whose dimensionality
may differ in general. The situation resembles that occurring during
a polymorphic transformation, in which different polymorphs may be
well-described by characteristic size vectors of different lengths, as shown
previously in the case of α and β l-glutamic acid [35].
An appropriate model of the evolution of the process can be obtained
within the population balance framework. In our experimental work we
had approximated the shape of primary particles by cylinders with length
L1 and width L2 , whereas we characterized agglomerates by a single
size, their volume va [77]. Here, we choose to describe the evolution of
these two particle populations in a well-mixed batch crystallizer and in
the absence of nucleation. The deliberate choice to neglect any and all
spatial variations of both fluid and particle properties (e.g., shear rate
or local number density [184, 205, 210]) appears to be a reasonable first
step in the description of an entirely new phenomenon.
2

∂fs X ∂ (Gi fs )
+
= −Ds
∂t
∂Li
i=1

(5.16)

∂fa
∂ (Ga fa )
+
= Ba − Da
∂t
∂va
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where fs and fa are the number densities of primary particles and agglomerates, respectively. G denotes growth rates of particles while B and D
indicate birth and death terms. Note that Eq. (5.17) is written in terms
of the agglomerate volume va while Eq. (5.16) utilizes the characteristic
lengths Li .
Assuming agglomeration to be irreversible and nucleation/breakage to
be absent, the agglomerate population serves as the only sink in the
system, which is why Eq. (5.16) does not contain any source term. Note
that removing the former irreversibility assumption would correspond to
allowing for loosely bound aggregates, which may deaggregate at a later
point due to, e.g., the influence of agitation. A standard approach would
be to describe such events by an additional breakage term in Eq. (5.17)
[16]. However, in order to properly describe the resulting birth term
in Eq. (5.16), the model should keep memory of the (average) number,
size, and shape of primary needles constituting such aggregates, thus
increasing its complexity significantly.
The disappearance of primary particles occurs due to agglomeration
events between two primary particles and between one primary particle
and one agglomerate. Therefore, the rate of loss Ds is the sum of two
terms, namely, Dsss and Dsas , respectively:
Ds (L) = Dsss + Dsas
Z
= fs (L)
β (L, L0 ) fs (L0 ) dL0
Ω
Z ∞
+ fs (L)
β (L, va ) fa (va )dva

(5.18a)

(5.18b)

0

where Ω is the space domain (equal to R2+ in the case of cylinders). Also,
we make use of an abbreviated notation for the agglomeration kernel β.
First, β(L, L0 ) = β(L1 , L2 , . . . , L01 , L02 , . . .) = β(L0 , L), indicating that
the agglomeration kernel is a symmetric function that depends on the
characteristics of the colliding particles, regardless of the dimensionality
of L and L0 . Second, in the last term of Eq. (5.18b), the agglomeration
kernel should be more correctly written as β(L, L(va )) to emphasize the
need for an appropriate choice of a characteristic agglomerate size L;
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it is only for the sake of readability that we omit this in Eq. (5.18b)
and in the following equations. This, in turn, implies an assumption
regarding the agglomerate shape. For the purpose of the modeling in
this work and in the absence of clear evidence to the contrary, we choose
to approximate the shape of agglomerates, wherever such an assumption
is necessary, as spheres, i.e., the corresponding size is the diameter of
the volume equivalent sphere, L = (6/π va )1/3 . For model II this implies
that collisions involving agglomerates are handled as collisions between
spheres, i.e., using the kernel originally described by David et al. [190].
Finally, note that the agglomeration kernels for the two collision types
(and all others) are assumed to be identical, that is, the mechanism of
agglomeration between, e.g., two needles and two agglomerates is modeled
to be the same. While possibly rationalized by the relatively small change
in total surface area during the agglomeration of needles, this can only be
viewed as a first approximation, as there is no experimental or theoretical
evidence either for or against this hypothesis.
The death term in Eq. (5.17) can be written in a similar fashion as that
in Eq. (5.18a), that is
Da (va ) = Daas + Daaa
Z
= fa (va )
β (va , L) fs (L) dL
Ω
Z ∞
+ fa (va )
β (va , va0 ) fa (va0 ) dva0

(5.19a)

(5.19b)

0

Let us now consider the term accounting for the birth term of agglomerates, which is the sum of three contributions
Ba = Baaa + Baas + Bass

(5.20)

The integral describing the birth of particles of volume va due to collisions
between agglomerates, Baaa , can be written as
Z
1
Baaa (va ) =
β(va0 , va00 )fa (va0 )fa (va00 )ds
(5.21)
2 C aa
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where we integrate over the set C aa , defined as follows
C aa = {(va0 , va00 ) | va0 ∈ R+ , va00 ∈ R+ , va0 + va00 = va }

(5.22)

This defines a line in R+ × R+ , on which the volume of the two agglomerating particles is equal to the volume of the resulting agglomerate.
Clearly, for this simple case, Eq. (5.21) may be written in the following
shorter, more explicit form
Z
1 va
aa
Ba (va ) =
β(va0 , va − va0 )fa (va0 )fa (va − va0 )dva0
(5.23)
2 0
The two remaining terms, Baas and Bass , are given by
Z
Baas (va ) =
β(va0 , L)fa (va0 )fs (L)ds

(5.24)

C as

Bass (va ) =

1
2

Z

β(L, L0 )fs (L)fs (L0 )ds

(5.25)

C ss

where the corresponding integration domains are given by

C as = (va0 , L) | va0 ∈ R+ , L ∈ Rn+ , va0 + Vp (L) = va

C ss = (L, L0 ) | L ∈ Rn+ , L0 ∈ Rn+ , Vp (L) + Vp (L0 ) = va

(5.26)
(5.27)

and we have made use of the function Vp (L) : Ω → R+ , which returns
the volume of a particle with characteristic lengths L, i.e., in the case of
cylinders Vp (L) = (π/4) L1 L22 .
The population balance equations are coupled to a mass balance of the
solute in the liquid phase, which can be expressed for a well-mixed batch
crystallizer as

Z
Z ∞
dc
d
fa (va )va dva = 0
(5.28)
+ ρc
fs (L)Vp (L)dL +
dt
dt Ω
0
In the case of cylinders, given the definition of Vp (L) above as well as
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that of the general cross-moment of the shape distribution:
Z ∞Z ∞
µij =
fs (L1 , L2 ) Li1 Lj2 dL1 dL2
0

(5.29)

0

and of the agglomerate distribution moment
Z ∞
µai =
fa (va ) vai dva ,

(5.30)

0

we can rewrite Eq. (5.28) to yield
i
dc
d hπ
+ ρc
µ12 + µa1 = 0
dt
dt 4

(5.31)

The above equations can finally be solved together with a set of appropriate initial and boundary conditions
fs (t = 0, L) = fs,0 (L),

fs (t, 0) = 0

(5.32a)

fa (t = 0, va ) = fa,0 (va ),

fa (t, 0) = 0

(5.32b)

c(t = 0) = c0

(5.32c)

In Eq. (5.32), fs,0 (L) and fa,0 (va ) are the seed distributions of primary
particles and of agglomerates, respectively, and c0 is the initial solute
concentration.

5.3.2

Solution of population balance model

The population balance Eqs. (5.16) and (5.17) are solved using a high
resolution finite volume scheme with van Leer flux limiter and Strangsplitting [97]. This fractional-step method can be thought of as a sequence
of three steps: (1) a first subproblem (Eqs. (5.16) and (5.17) with righthand sides equal zero) is solved over a half time step; (2) the effect of
the nonlinear source terms (second subproblem) on the distributions is
calculated over the full time step; (3) the first subproblem is propagated
over half a time step. In other words, the solution of the problem can be
seen as separated between growth (steps (1) and (3)) and agglomeration
(step (2)).
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The two particle distributions are coupled not only via the mass balance
but also via the agglomeration events in step (2) hence the nonlinear
source terms have to be calculated simultaneously. To this end, a set
of ordinary differential equations for all bins in both distributions is
constructed and solved by a standard ODE-solver (ode15s in Matlab
in this work). The rates for individual bins are calculated in a similar
fashion as in other techniques by taking into account conservation of mass
and of number of particles [168, 195]. Note that, while the dimensionality
of the problem is very large, given that the utilized method uses a
fixed point grid, a major part of the computations can be done offline.
This means that, with a number of grid points of the order of 50 per
characteristic dimension (roughly 2500 grid points; >6×106 collision
pairs), online computation times are typically less than 20 min on a dualcore i7-4600U running at 2.10 GHz (stock) and 8 GB of local memory
(1 DIMM × 8 GB @ 800 MHz).

5.4

Results and discussion

To get a better understanding of the complex behavior of the proposed
process model, simulations using the different kernels were performed for
a variety of process conditions, outlined in the following and summarized
in Table 5.2. In order to allow for a better comparison with the experimental data shown in part I of this series [77], the compound properties
of β l-glutamic acid, such as its solubility c∗ or crystal density ρc , are
used where needed, and we restrict ourselves to simulations of desupersaturation experiments at constant temperature. Furthermore, to test
in an unbiased manner the hypothesis that the agglomeration kernel is
shape-dependent, an additional, shape-independent agglomeration kernel
has been considered as well. This kernel, referred to as model 0 in the
following, is essentially the one used earlier [168], and thus is equivalent
to model I with the difference that the volume equivalent sphere diameter
is used in all equations.
Nevertheless, given that no information is available about the kinetics at
the high supersaturations required to induce significant agglomeration, a
number of approximations and assumptions had to be incorporated into
the mathematical model; these are described in detail in the following.
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5.4.1

Model assumptions

Growth rates A critical factor in the description of agglomeration is
the growth rate of particles. In fact, it strongly affects the agglomeration
efficiency due to the inverse relationship between tcem and the bridge
growth rate Gb . Alas, little is known about the exact facet growth rates
of β l-Glu at the high supersaturation levels (1 ≤ S ≤ 5) considered
here. In fact, authors aiming at investigating facet growth rate kinetics
deliberately avoid high driving forces in order to avoid agglomeration
(and nucleation) of particles [75, 76, 85, 86, 113]. The two facet growth
rates used in the following simulations were chosen arbitrarily as
kg,2

G1 (S) = R kg,1 (S − 1)
G2 (S) = kg,3 (S − 1)

(5.33a)

kg,4

(5.33b)

with kg,1 = kg,3 = 2 × 10−9 m/s and kg,2 = kg,4 = 1.5. This choice of
parameters implies G1 (S)/G2 (S) = R = const., a reasonable assumption
for many systems [12, 211].
Note that, in this case and if only growth is considered, the shape of
all crystals, individually defined here by the aspect ratio x = L1 /L2 ,
approaches the steady state shape xss [12]
x(t) → xss = R

(5.34)

Hence, we can partially decouple the effects of growth and agglomeration
on the system by varying the relative growth rate R (cf. Table 5.2).
While the specific choice of relative growth rates used in this work is
arbitrary, a value of 1 < R < 20 appears to be consistent with all available
literature data as well as with the images obtained in our experiments.
Also, an order of magnitude analysis of the mass transfer coefficient
reveals diffusion limitation (which would result in R ≈ 1) to be unlikely
in the case of the slow-growing β l-glutamic acid crystals.
Similar considerations as for the two growth rates G1 and G2 were
made concerning the growth rate of the agglomerates as well as that
of the bridge. For the agglomerate growth rate, Ga , it is assumed
that the rate of change of the volume equivalent sphere is given by
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Table 5.1: Agglomeration kernel parameters used in simulations.
Kinetic Parameter
kc,1
kc,2
kc,3
ke,1
ke,2 (models 0 and I)
ke,2 (model II)

Value
4

10
0.5
3
1
1
5 × 10−4

Units
[kg m−3 ]
[–]
[–]
[–]
[s m−1 ]
[s]

(G1 + G2 )/2, or in terms of the volume growth rate of agglomerates,
2/3
Ga = 3/2(π/6)1/3 va (G1 + G2 ). The bridge growth rate was set to be
equal to the growth rate of the cylinder mantle, i.e., Gb = G2 . It should
further be noted that for the purpose of the material balance in Eq. (5.28),
the bridge volumes are considered negligible, such that the growth of the
bridges does not contribute to the overall solute consumption. Finally,
note that the supersaturation is defined as
S(t) =

c(t)
c∗ (T )

(5.35)

where c∗ (T ) is the solubility and we define S0 = S(t = 0) for convenience.

Agglomeration kernel parameters If parameters kc,2 and kc,3 are
set to the frequently used values of 1/2 and 3, respectively, the agglomeration kernel models considered here depend on two (model 0 and I) or
three (model II) independent parameters. Given that their values are
unknown and a full parameter estimation lies outside the scope of this
work, a sensitivity study was conducted for these parameters. While, for
the sake of clarity, only the results for one representative set of parameters
is reported (see Table 5.1), the trends and conclusions obtained do not
differ for other values studied.
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Table 5.2: Operating conditions used in the simulations.
Operating Parameter

Value

Units

nr
S0
R
fs,0
ms
T

{250, 300, 350, 400}
{3, 5, 7}
{5, 10}
{S, L}
{3 (S), 5 (L)}
25
500

[rpm]
[–]
[–]
[m−2 kg−1 ]
[g]
[◦ C]
[g]

msolvent

Initial and operating conditions The initial distributions of the
primary particles, fs,0 (L), were chosen so as to emulate the two populations S (small) and L (large) present in the experiments presented in
part I of this series [77], whereas the agglomeration distribution, fa,0 (va ),
was set to be zero in the simulations; i.e., there are no agglomerates
present at the beginning of the process. A variety of operating conditions
were tested in order to obtain an understanding of the behavior of the
different kernels presented. In particular, all combinations between three
different initial supersaturations, S0 ∈ {3, 5, 7}, four different stirring
rates, nr ∈ {250, 300, 350, 400} rpm, and two constant relative growth
rates, R ∈ {5, 10}, were simulated for both seed distributions and all
agglomeration models, thus yielding a total number of 144 simulations.
In all cases, as in the experiments, simulations were run until virtual
depletion of the supersaturation (termination condition: S ≤ 1.10).
Mean energy dissipation rate For the purpose of the simulations,
the mean value of the energy dissipation was estimated using a power
number correlation [212]
 = 0.6

d5imp n3r

(5.36)

Vsuspension

The same correlation had been tested earlier and found to yield acceptable
predictions for most cases [168].
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5.4.2

Evaluation of process simulations

In the following, we present a selection of the results obtained for the
different models under the various conditions. Note that all results are
plotted as a function of the dimensionless time τ , defined as
τ=

t

(5.37)

tend

where tend is the time at which, in a given process, the supersaturation
has been depleted almost completely, that is, where S(tend ) = 1.10.
5.4.2.1

Average sizes and agglomeration degree

In Figure 5.3, the behavior of four quantities is illustrated for models 0
and I, namely, the volume-weighted average length of primary particles,
µ22 /µ12 , the corresponding width, µ13 /µ12 , the supersaturation and the
volume-based agglomeration degree, Xv , which is defined as
Xv =

Va,tot
µa1
= a
Va,tot + Vs,tot
µ1 + π/4 µ12

(5.38)

In the same plots, the initial supersaturation, S0 , is varied while the
seed distribution, the stirring rate, and the relative growth rate are held
constant. The qualitative trends are the same for model II, but we omit
the corresponding plots for the sake of clarity and brevity.
Unsurprisingly and as shown in Figure 5.3(a), the extent of agglomeration
increases with increasing initial supersaturation. Agglomeration occurs
predominantly during an initial phase where supersaturation is high (ca.
S ≥ 2.5), after which the agglomeration degree changes only marginally.
The existence of these two phases is visible also in the plots showing the
mean lengths and widths, that is, Figures 5.3(c) and 5.3(d). In the beginning, the average primary particle sizes decrease due to the agglomeration
of large needles, but this trend reverses later in the process when growth
dominates. Nevertheless, particularly at lower initial supersaturations,
this last phase of growth may be insufficient to yield a final particle size
that is larger than the initial value.
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(a)

(b)

(c)

(d)

Figure 5.3: Evolution of particle properties and supersaturation for large
seeds over time for models 0 (black curves) and I (red curves) and for
different initial supersaturations (dotted line: S0 = 3, dashed line: S0 = 5,
solid line: S0 = 7): (a) agglomeration degree Xv ; (b) supersaturation S;
(c) mean length µ22 /µ12 ; (d) mean width µ13 /µ12 .
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(a)

(b)

(c)

(d)

Figure 5.4: Evolution of particle properties and supersaturation for small
seeds over time for models 0 (black curves) and I (red curves) and for
different initial supersaturations (dotted line: S0 = 3, dashed line: S0 = 5,
solid line: S0 = 7): (a) agglomeration degree Xv ; (b) supersaturation S;
(c) mean length µ22 /µ12 ; (d) mean width µ13 /µ12 .
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The characteristic sizes may exhibit a minimum or not, depending on the
relative importance of growth and agglomeration in the process during
the initial high supersaturation phase. Evidence for this is the behavior
of the system with smaller seed crystals, as illustrated in Figure 5.4. In
this case, the primary particle size always increases as agglomeration
of large crystals dominates neither growth nor the depletion of small
crystals due to agglomeration.
The behavior of the system for varying stirring rates, nr , is shown in
Figure 5.5 for the large seeds. As evident from Figure 5.5(a), Xv decreases
with increased stirring rate, yet interestingly, this decreased agglomeration
degree is not accompanied by smaller-sized particles as in the previous
case. On the contrary, higher stirring rates also lead to larger primary
particles (compare this behavior with that in Figures 5.3(c) and 5.4(c)).
Furthermore, the supersaturation profile is virtually unaffected, while, as
conjectured, the extent of the size decrease observed in the initial stages
of the process is positively correlated with the extent of agglomeration.
As can be seen in Figures 5.3 to 5.5, for the plotted quantities and the
realistic seed distributions used in this work, models 0 and I behave
qualitatively identically, with the behavior of model I essentially being a
more pronounced version of that of the shape-independent kernel. This
similarity stems from the relationship between the volume equivalent
diameter L and the average area equivalent sphere diameter `, which
differ only by a factor that depends on the aspect ratio x of the particle.
In particular, this relationship is described by
`=

1
2

1/2
+x
1/3 L = φ(x)L
3
2x

(5.39)

where 1.07 ≤ φ(x) ≤ 1.89 for 1 ≤ x ≤ 100. A significant, qualitative
difference between the two models is therefore unlikely for properties
that are not strongly impacted by particle shape, at least in the cases in
which the distribution of aspect ratios is not too broad.
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(a)

(b)

(c)

(d)

Figure 5.5: Evolution of particle properties and supersaturation for
large seeds over time for models 0 (black curves) and I (red curves)
and for different stirring rates (no marker: nr = 250 circles: nr = 300,
asterisks: nr = 350, triangles: nr = 400): (a) agglomeration degree Xv ;
(b) supersaturation S; (c) mean length µ22 /µ12 ; (d) mean width µ13 /µ12 .
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5.4.2.2

Average aspect ratio

Let us now turn our attention to the volume-weighted, mean aspect
ratio µ21 /µ12 of the primary particles, a feature which, given the nature
of our investigation, is likely to contain some of the most important
information regarding the differences between the various descriptions.
The results produced by the three different models for different stirring
rates are plotted in Figures 5.6(a) to 5.6(c), in which we additionally
report the behavior of the system without any agglomeration (only
growth) using a solid gray line. Several observations are readily made:
first, agglomeration always tends to decrease the aspect ratio of primary
particles when compared to the growth-only case. Second, model 0
predicts the highest aspect ratios and the least sensitivity to the stirring
rate nr , while model II predicts the lowest aspect ratio for comparable
degrees of agglomeration. Third, models 0 and I predict a monotonous
increase of the aspect ratio with increasing stirring rate, while model II
exhibits a more complicated behavior in which an increase of the stirring
rate initially leads to lower aspect ratios throughout the simulation time
before the opposite occurs at even higher stirring rates.
Regardless, as outlined in Section 5.4.1, a discussion about the evolution
of the average aspect ratio should not be held without taking into account the effect of the relative growth rate R. While individual primary
crystals will always evolve toward their stable steady state shape xss = R,
agglomeration may speed up or slow down this evolution for the ensemble
through depletion of particles with aspect ratios much higher or much
lower than xss . Therefore, we have conducted additional simulations in
which the constant relative growth rate is higher than the initial average
aspect ratio, the results of which we report in Figures 5.6(d) to 5.6(f). The
corresponding simulations indicate that the shape-independent model 0
consistently predicts only small deviations of the average aspect ratio
from the growth-only case while maintaining a seemingly monotonous
relationship between µ21 /µ12 and the stirring rate, though the trends
have reversed. In contrast, the two shape-dependent models exhibit more
complex behaviors with possible inversions over time (cf. Figure 5.6(e))
and generally higher sensitivities, particularly in the case of model II.
Note that, for other parameter values, the trend for model II with the
higher constant relative growth rate, is reversed.
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(d)

(a)

(e)

(b)

(f)

(c)

Figure 5.6: Evolution of mean aspect ratio µ21 /µ12 for large seeds over time for (a) model 0, R = 5;
(b) model I, R = 5; (c) model II, R = 5; (d) model 0, R = 10; (b) model I, R = 10; (c) model II,
R = 10; for different stirring rates (no marker: nr = 250 circles: nr = 300, asterisks: nr = 350, triangles:
nr = 400). Additional solid gray line in all plots indicates the results without any agglomeration.
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5.4.2.3

Particle size distributions

Figures 5.7 and 5.8 illustrate the final, volume-weighted distributions of
primary particles and agglomerates for the three different models at the
same operating conditions. As evident in the plots, the difference between
the models for the chosen process is either subtle, as seen for the PSSDs,
or virtually nonexistent, as in the case of the CSDs of agglomerates.
A distinctive and reproducible observation is that the two shape-dependent models—and in particular model II—lead to more compact
distributions than model 0, specifically in the processes exhibiting extensive agglomeration. This is especially evident in Figures 5.9 and 5.10,
where the final, volume-weighted distributions for model 0 and II are
shown for two different stirring rates. While the PSSDs at higher stirring
rates are very similar, model II leads to significantly more compact distributions at lower stirring rates, where the final agglomeration degrees of
the two models are comparable (85% vs. 82% for models 0 and II, respectively). We highlight this difference by plotting and directly comparing
the volume-weighted distribution of needle lengths q1 (L1 ), defined as
R∞
fs L1 L22 dL2
q1 (L1 ) = 0
(5.40)
µ12
at the same stirring rates for the two models in Figure 5.11. Whereas the
distribution of needle lengths changes little for the shape independent
model, there is a significant change in model II.

5.4.3

Comparison with experimental results

In the following and in order to obtain a better understanding of the
validity of the different models, the qualitative predictions described
in Section 5.4.2 shall be compared to the experimental trends reported
previously (see Chapter 4 or [77]).
First, let us focus on the behavior of the models with regard to the
agglomeration degree and the average sizes. While we must deem the
kernels indistinguishable from one another in terms of qualitative trends
for the quantities shown above, we emphasize the fact that the predictions
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(a)

(b)

(c)

Figure 5.7: Final volume-weighted PSSD of primary particles for (a)
model 0 (Xv (tend ) = 84%); (b) model I (Xv (tend ) = 88%); (c) model II
(Xv (tend ) = 84%). The plotted contour lines represent the 20%, 50% and
80% level sets of a distribution w.r.t. its maximum.

150

5.4. Results and discussion

Figure 5.8: Final, volume-weighted cumulative size distribution of agglomerates for model 0 (black), model I (red) and model II (blue).

are in complete agreement with the experimental results. Even the
decrease in average primary particle size in case of intense agglomeration
has been observed experimentally (cf. results of groups A and D in
part I). Hence, it can be concluded that all models, including the shapeindependent model 0, can be used to study and predict the relative
evolution of these quantities during the agglomeration of needle-like
crystals.
Regarding the behavior of the average aspect ratios described in Section 5.4.2.2, the complex interplay between growth and agglomeration,
the nonmonotonous behavior of the shape-dependent models and the
unknown true kinetics make the quantitative comparison between different kernels and between models and experiments a difficult endeavor.
Nevertheless, all models have shown to be capable of predicting the
correct trends of the aspect ratio with supersaturation (not shown) and
stirring rate, that is, a decrease of the average aspect ratio with lower
stirring rates. However, it is our belief that the higher sensitivities of the
average aspect ratio with regard to the stirring rate, which are more in
line with the experimental data, are a key indicator that the two shape
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(a)

(b)

(c)

(d)

Figure 5.9: Final volume-weighted PSSD of primary particles for (a) model 0, nr = 250 rpm (Xv (tend ) =
85%); (b) model 0, nr = 400 rpm (Xv (tend ) = 47%); (c) model II, nr = 250 rpm (Xv (tend ) = 82%); (d)
model II, nr = 400 rpm (Xv (tend ) = 16%). Plotted contour lines represent the 20%, 50% and 80% level
sets of a distribution w.r.t. its maximum.
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(b)

Figure 5.10: Final, volume-weighted cumulative size distribution of agglomerates for (a) model 0 (black);
(b) model II (blue). No marker: nr = 250, triangles: nr = 400.

(a)

5.4. Results and discussion
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(a)

(b)

Figure 5.11: Final, volume-weighted distribution of primary particle lengths q1 (L1 ) for models 0 and II
and (a) nr = 250 rpm; (b) nr = 400 rpm.
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sensitive models are closer to describing this aspect of the actual process
than the shape-independent model 0. Further experimental evidence of
this would be the observation of nonmonotonous variations of the final
average aspect ratio with the stirring rate in particular. Alas, the current
data set, which contains experiments only at two distinct stirring rates,
excludes the possibility of observing such behavior.
As for the agglomerate distributions, all models correctly predict the shift
of the distributions and the median volume toward larger agglomerate
sizes for lower stirring rates, larger seed sizes and higher supersaturations
(latter two effects not shown). Also, the simulated particle size and
shape distributions of primary crystals exhibit some trends that are also
observed in the experiments. Most prominently, the models—and in
particular the two shape-dependent ones—predict a significant decrease
in the broadness of the distribution in the length direction for lower
stirring rates, i.e., at higher agglomeration degrees. While none of the
models reach the rather massive decrease in broadness observed in the
experiments (cf. groups A and B as well as D and E in Figure 4.10), we
emphasize the lack of sensitivity of the PSSD obtained using model 0,
which is another indication that the shape-independent description may
be incomplete.

5.5

Conclusion

In this work, a morphological population balance model for the agglomeration of nonequant crystals has been presented together with possible
extensions of classical agglomeration kernels to needle-shaped particles.
The population balance model allows the description of the behavior of
two different, interacting species (primary particles and agglomerates)
simultaneously, accounting for both shape and agglomeration. By choosing to describe and model the two classes of particles with different levels
of accuracy, an otherwise inaccessible process was made tractable. Thus,
the model may be used to obtain a qualitative understanding of the
behavior of real systems under varying conditions in a fast and reliable
manner and opens up the possibility to conduct also more quantitative
comparisons, e.g., through a parameter estimation, in the future.
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The derived agglomeration models allow taking into account the shape of
crystals when determining the frequency of agglomeration and to compare
for the first time their predictions to classical shape-independent kernels
and, ultimately, to experimental data. For a variety of reasons, but mainly
due to unknown kinetic parameters of growth and agglomeration, the
latter can only be conducted in a semiquantitative manner. Thus, a final
conclusion regarding the shape dependence of agglomeration based on the
small available data set cannot be reached. Yet, the two shape-dependent
models exhibit a number of trends that are in better agreement with
the experimental observations, in particular for those quantities that
are strongly impacted by changes in the ensemble’s shape distribution.
However, crucially, the presented comparison also enabled some level of
understanding concerning which features are already well-described by
standard, shape independent agglomeration kernels, such as the overall
agglomeration degree or the primary particle sizes.
Finally, we wish to emphasize the fact that the presented population
balance framework is independent of the assumptions made to define the
agglomeration kernels. Hence, while useful for our preliminary evaluation
and as a basis for future comparison, the simplistic description of agglomeration specified by those functions may be replaced by an improved
version without requiring modification of the larger model structure.
The aim of this series has been to establish the necessary experimental
and mathematical tools to allow for a practical and robust analysis of
the agglomeration of needle-like crystals in suspension. As such, these
works provide two additional tools for researchers to gain quantitative
insight into the complex interaction between crystal morphology and
agglomeration. Specifically, the sensitivity analysis performed in this
work yields insight into how different models affect various properties of
the system. Therefore, it offers some guidance as to which experimental
outputs may be meaningful choices for a further study, which can be
conducted using the experimental tools presented in part I of this series.
It is our belief that, through their amalgamation, these methods, which
are tailored toward the analysis of large data sets, have the potential
to greatly improve upon a field within crystallization science that has
eluded rigorous and quantitative assessment for too long.
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Notation
A
B
C
c
c∗
c0
D
dimp
f
f0
G
g
k
`
L
Li
m
N
n
nr
q1
R
S
Sb
T
t
tcem
tcem,ϕ
tend

cross-sectional area
birth terms in the PBE
integration domain
solute concentration in the liquid phase
solubility
initial solute concentration in the liquid
phase
death terms in the PBE
impeller diameter
number density function
seed PSD
growth rate
probability distribution of collision angles
kinetic parameter
average projected area equivalent sphere
diameter
(volume equivalent) sphere diameter
characteristic length in the i’th dimension
mass
number of points for numerical integration
number of characteristic sizes for primary
crystals
stirring rate
normalized, volume-weighted distribution
of needle lengths
constant relative growth rate
supersaturation
bridge outer surface area
temperature
time
expected value of cementation time
contact angle dependent cementation time
final process time (time at which S = 1.10)
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[m2 ]
[varies]
[–]
[kg kg−1 ]
[kg kg−1 ]
[kg kg−1 ]
[varies]
[m]
[varies]
[varies]
[varies]
[–]
[varies]
[m]
[m]
[m]
[kg]
[–]
[–]
[s−1 ]
[m−1 ]
[–]
[–]
[m2 ]
[K]
[s]
[s]
[s]
[s]
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tr
V
Vp
va
w
Xv
x
xss

interaction time
volume
primary particle volume
characteristic agglomerate volume
weighting factor
agglomeration degree
aspect ratio
steady state aspect ratio

Greek letters
β
agglomeration kernel
βc
collision frequency
γ
shear rate

energy dissipation rate
µai
moment of agglomerate distribution
µij
ij-cross moment of shape distribution
ν
kinematic viscosity
ρc
crystal density
τ
dimensionless process time
φ
aspect ratio dependent function in
Eq. (5.39)
ϕ
angle between cylinders
Ψ
agglomeration efficiency
Ω
space domain
Sub- and Superscripts
a
variable pertaining to agglomerate distribution
b
variable pertaining to agglomerate bridge
c
variable pertaining to collision frequency
e
variable pertaining to agglomerate efficiency
g
variable pertaining to crystal growth
variable pertaining to primary particle diss
tribution
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[s]
[m3 ]
[m3 ]
[m3 ]
[–]
[–]
[–]
[–]

[kg s−1 ]
[kg s−1 ]
[s−1 ]
[m2 s−3 ]
[m3i kg−1 ]
[mi+j kg−1 ]
[m2 s−1 ]
[kg m−3 ]
[–]
[–]
[–]
[–]
[–]

[–]
[–]
[–]
[–]
[–]
[–]

Chapter 6

Concluding remarks and
outlook
The desire to truly understand crystallization has driven generations of
researchers to study crystals of all kinds. They have done so by using
an ever-expanding arsenal of tools to measure the crystal lattice, shape
and surface. Still, for now and the foreseeable future, there is only one
technique that allows for the measurement of entire particle size and
shape distributions: imaging.
Imaging is uniquely able to collect this type of information, but it cannot
substitute every other form of analysis. That is why in this thesis, it
was tried not to just demonstrate how a setup like the flow through
cell can be used to identify the key components that impact the PSSD,
but also where some of its limitations lie. Imperfect segmentation and
image quality aside, it is found that there are often issues regarding model
distinguishability, some of which may be alleviated by better experimental
design. However, given the many nonlinearities in crystal systems, a
more reliable approach for system characterization is to systematically
couple ensemble data with additional measurement techniques that yield
complementary information. Methods that allow independently analyzing
the material balance represent one, absolutely crucial, choice. Any form
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of measurement that allows drawing conclusions regarding the evolution
of individual particles over time represents another.
Regardless, the use of imaging devices as part of a feedback loop in
process control represents the next logical step. In the following sections,
we hence review the presented findings as well as the current state of
affairs in general not only in light of the continued characterization efforts,
but also assess how they pertain to future applications of optimization
and control.

6.1

Imaging and shape modeling

With regard to the fundamental geometry of the used flow through
cell setup, specifically its ex situ sapphire cell and stereoscopic camera
arrangement, the assessment of the benefits and drawbacks compared to
in situ and monoscopic devices has changed little over the years [32, 36].
The advantages of the design (good illumination, no depth of field issues
or motion blur, optimal camera angle, etc.) still appear to outweigh the
disadvantages (sampling required, limited size of flow cell).
Large modifications in the geometry or number of components are unlikely
to yield massive improvements. For example, it is true that additional
cameras mounted at intermediate angles might yield more robust information, yet even when neglecting the necessary changes in the flow cell
geometry, there is clearly a diminishing return with increasing the number
of projections. Instead, changes in the way the instrument is operated
appear to be more promising starting points for potential improvements.
The ability to see individual particles multiple times, achieved either by
faster image acquisition or slower suspension flow, might prove useful for
subsequent image analysis, particularly if particles (are made to) rotate
as they pass the cell. Likewise, the idea of using coherent light, i.e., to
apply holography techniques to obtain 3D information, remains highly
intriguing [32].
Even so, changing the hardware is difficult compared to making improvements in the software, an area that has not been fully explored yet. It has
been shown in this work how borrowing from machine learning methods
may benefit the ability to interpret images. There is certainly more to
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be learned from computer vision and related fields, such as improved
techniques for image segmentation or foreground detection, that could
help to acquire cleaner, clearer raw data.
The interpretation of particle projections as well, while representing a major step forward from previous approaches, leaves room for improvement.
On the one hand, the binning procedure used to obtain PSSDs is overly
simplistic and should be replaced by a more sophisticated approach, e.g.,
nonlinear state estimation [213, 214]. On the other hand, there is a need
for better particle models that accurately reflect the shape of crystals and
possess only a small number of characteristic sizes. Ideally, the image
analysis algorithm would be able to make a decision regarding the best,
minimalistic choice of particle model given a small set of photographs.
Specifically (using the notation in Section 1.1) this implies an automated
choice regarding matrices A and M that optimizes volume and surface
estimate accuracy, regularized so that m and n remain small [215].
Keeping the number of considered, independent facet groups limited is
absolutely critical for our ability to model and also understand crystallization processes. Higher-dimensional models offer little additional
benefit in terms of accuracy while being prohibitively more demanding in
all other aspects. Note that this point becomes even more crucial when
considering possible applications of, e.g., model predictive control, where
repeated function calls of the model solving algorithm are inevitable.
Finally, take note that many of the actions proposed here can be tested
in idealized, virtual environments first. The (extended) virtual test
bench (VTB) that was created as part of this project [30, 216], but was
only hinted at in Chapter 2 for the sake of brevity, represents one such
instrument. Apart from general debugging, the VTB might prove useful
also for the testing of various control approaches, seeing as it allows
performance checks and error analysis in a highly sterile setting.
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6.2

Growth rate dispersion and
agglomeration

As for the findings on growth rate dispersion and agglomeration that have
been presented in this thesis, it must be acknowledged that they represent
only an intermediate and a first step, respectively. In our work on growth
rate dispersion, we have demonstrated the ability to phenomenologically
describe the shape evolution of single crystals and particle ensembles
simultaneously. We have done so by deliberately choosing not to study
the properties of only a few crystals in detail and then form a hypothesis
for the entire process, but rather to go the reverse route.
The obvious next move is to analyze the detailed properties of the crystal
in order to find an explanation of the experimental behavior under the
constraint that it must be consistent with all previous observations. This
should allow ruling out some of the potential causes of GRD that have
been proposed in literature.
Beside studying the underlying mechanism causing GRD for β l-Glu in
detail, it might also be valuable to study and test pathways that allow
mitigating or modifying growth rate dispersion. Temperature cycles are
one potential starting point for such an investigation that would be of
special interest. The relationship between the refacetting that occurs
during repeated dissolution and growth of crystals, and the resulting
change in growth rates might impact shape optimization strategies that
also rely on such cycles.
The present study has also revealed demand for improved single crystal
data acquisition. A setup that allows for high throughput measurement of
the facet growth of many single crystals would be desirable for the future
study of growth rate dispersion, not to mention the general screening
applications of such a device.
In addition to the work on GRD, experimental and theoretical tools to
investigate the agglomeration of needles have been presented. However,
the study of agglomeration accounting for nonequant crystal shape has
only just begun. The next possible steps can be roughly divided into
three categories: those that increase the degree of detail that can be
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extracted from images, those that expand the range of applications or
cases that can be studied, and those with an immediate focus on process
design.
An example of the first case would be an investigation into whether
the shape of agglomerates or the approximate number of primary particles constituting agglomerates could be quantified. This might yield
greater insight into the way shape affects agglomeration and thus into
the agglomeration kernel.
Regarding the second direction, it could be of interest to establish procedures that enable dealing with other agglomerating shapes like, e.g.,
platelets, or with objects that are related to agglomerates, such as looselybound aggregates. These types of particles affect on-line measurements
and downstream processes in a so-far poorly understood way.
Finally, two interesting subjects relevant for process design are the effects
of additives used to stabilize primary particles and spherical agglomeration. Both these topics could likely be tackled without too many changes
in the existing tools.
It should be highlighted that these directions are of course not mutually
exclusive and might indeed complement each other. Whatever the next
steps may be, both the presented experimental and modeling tools should
play an important role, just like computational fluid dynamics, which
could be used to augment the understanding of the relationship between
nonequant particles and fluid flow.
Summarizing, it is probably fair to say that there is now a greater
awareness and understanding of a number of important mechanisms that
affect the particle size and shape distribution, at least for the given
compound. While the corresponding models are often not immediately
suitable for optimization or control purposes, they may certainly prove
helpful for design space exploration and for the creation of sound and
physically informed strategies.
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6.3

Perspective on commercial potential

We shall end the main body of this work with a brief outlook on the
commercial potential of imaging methods for PSSD measurements in
general and the flow through cell setup in particular. While imaging
devices are of course already sold on the market, we specifically wish to
gauge the value that may be provided by these techniques in the (near)
future. Furthermore, whereas there are many potential applications in
other fields, we will restrict this discussion to crystallization in suspension,
in accordance with the focus of this thesis.
On a very basic level, it would be essential to demonstrate the usefulness
of particle size and shape distribution data to quantitatively predict
important downstream characteristics such as the filterability, flowability
or bioavailability of powders. This would set apart imaging methods
from other particle sizing instruments and immediately increase incentive
to use these tools for powder characterization. Furthermore, this would
help to formulate clear objectives when it comes to the optimization of
morphology. The importance of such a work would only be surpassed
by a practical demonstration showing how the PSSD can be controlled
using feedback of morphological data.
As for on-line applications dealing with real industrial processes, it would
be important to continue the development of designs that allow monitoring
processes at high suspension densities. Ex situ techniques possess an
inherent advantage over in situ methods in that regard, as they allow
having two different slurry densities in the reactor and the measurement
cell, respectively. While some efforts have been made in this direction
[35], the corresponding dilution process requires further robustification.
Nevertheless, note that sampling of suspension might be undesired when
dealing with dangerous (flammable, toxic, etc.) substances or processes
at extreme operating conditions (high pressure or temperature, etc.).
Regarding the different designs, we can further note that stereoscopic
devices may only ever be considered attractive if it can be shown that
they are superior to single projection methods. As the latter clearly
provide the same qualitative information, this advantage must be sought
in the quantitative difference between the outputs of the two devices.
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When it comes to the measurement setup used in this work, two points
limit the appeal of the current design: its size and the high maintenance
requirements. The former point can easily be improved upon, as the
current dimensions are simply a consequence of size not being a constraint
during development. The high maintenance, however, is caused primarily
by the delicateness of the glue used to connect the different sides of the
sapphire cell. The glue deteriorates comparatively quickly and is not able
to withstand a number of important organic solvents, frequently leading
to downtimes in which the cell must be re-affixed, cleaned and correctly
positioned. Manufacturing the core piece of the setup from one piece of
material would hence greatly reduce the time spent on upkeep.
Imaging tools have become more and more advanced over time, but
their full potential has not been exhausted yet. The flow through cell
setup, together with the associated image analysis methods and the
experimental and theoretical know-how, represent probably the most
sophisticated package currently used in crystallization. If the lessons
learned from this unique instrument are heeded, a new and competitive
solution might indeed represent a market opportunity.
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List of abbreviations
API
ATR-FTIR
BCF
B+S
CCG
CLD
CrystOCAM
CSD
FBRM
FTC
gap
Glu
GRD
GUI
IA
IfA
MLE
MSMPR
ODE
PAT

active pharmaceutical ingredient
attenuated total reflectance Fourier transform
infrared
Burton-Cabrera-Frank
birth and spread
constant crystal growth
chord length distribution
Crystallization: Optimal Control and Advanced
Monitoring
cumulative size distribution
focused beam reflectance measurement
flow through cell
growth affecting property
glutamic acid
growth rate dispersion
graphical user interface
image analysis
Institut für Automatik
maximum likelihood estimate
mixed suspension mixed product removal
ordinary differential equation
process analytical technology
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PB(E)
PS(S)D
RF
s.d.
SPL
SVM
VTB

population balance (equation)
particle size (and shape) distribution
random fluctuations
standard deviation
separation processes laboratory
support vector machine
virtual test bench
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B.1

Expert agreement analysis

As shown in the Table 4.1 of the main body of this work, the binary
agreements between experts appear to be rather high. However, one
expert might agree with his colleague by pure chance [217]. Cohen [218]
was among the first to present a correction for such chance agreement
between two experts in the form of the so-called kappa coefficient, defined
as
κi,j =

pi,j − pe
1 − pe

(B.1)

where pi,j is the agreement between two experts, i.e., the fraction of
identically classified particles, and where pe is the expected agreement if
the experts were to classify particles randomly. Consequently, a value
of κi,j = 1 indicates perfect agreement, while κi,j = 0 indicates that
the agreement between experts does not exceed that of two randomly
choosing experts and κi,j < 0 suggests a systematic disagreement among
the experts. In order to quantify the overall agreement between more
than two experts, Fleiss [219] proposed the use of a mean agreement p̄,

191

B. Supplementary material for Chapter 4

in the case with two labels given as
N

p̄ =

2


X X (i)  (i)
1
rk rk − 1
N n(n − 1) i=1

(B.2)

k=1

(i)

with n as the number of experts and rk as the number of times particle
i has been rated into class k by the experts. The expected agreement
when experts are classifying particles randomly, pe , on the other hand,
can be calculated as:
!2
2
N
X
1 X (i)
pe =
r
(B.3)
N n i=1 k
k=1

The averaged value p̄ can then be used to calculate a corresponding
overall value of the coefficient κ, yielding 0.57, a value which indicates
reasonable agreement. Nevertheless, it is important to realize that the
obtained κ is merely a sample estimate and the reliability of this estimate
ought to be determined. To this end, 95% confidence intervals using a
bias-corrected bootstrapping method with 10,000 bootstrap samples were
calculated [220], yielding a range for κ ∈ [0.53; 0.60]. The value of κ as
well as its confidence interval imply statistically significant, though not
perfect, agreement among the experts when they are asked to classify
particles as either agglomerates or primary particles, based on two images
obtained by the flow through cell.

B.2

Classifier development

It is good practice in the development of a classifier to start with the
simplest available methods and only increase complexity when necessary,
i.e., if these methods do not yield adequate classification performance. An
obvious measure for the assessment of the classification performance of a
given method is the training error, defined as the misclassified fraction
of particles in the training set. However, care must be taken when using
many descriptors to separate a training set in few classes, as such a
strategy might lead to overfitting of the training data. To avoid this
issue, it was decided to make use of standard cross-validation procedures,
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in which only part of the training data is used to build the classifier,
while the rest is used to test the classifier. Repeating this procedure
multiple times for different subsets of the training data a robust estimate
of the prediction error is obtained. An overfitting classifier can then be
recognized by a large difference between training and prediction error.
In the following subsections, different machine learning strategies are
applied to the training set data, their training and prediction errors
are evaluated and the most successful strategy is selected. A detailed
description of the different machine learning strategies is outside the
scope of this document, but the concept underlying each strategy is
briefly summarized at the start of each section. All machine learning
strategies were implemented using functions available in the statistics
toolbox of Matlab.

B.3

Discriminant analysis

As defined in Eq. (4.6) of the main body of this work, the training set to
be separated is defined as
o
n

D=
x(i) , y (i) | x(i) ∈ R6 , y (i) ∈ {−1, 1} , i = {1, . . . , N } (B.4)
where y (i) ∈ {−1, 1} is the class label of the i’th particle and x(i) is a
column vector containing all features of particle i in the training set (e.g.,
-1 for a particle identified as primary particle and 1 for an agglomerate).
In Bayesian statistics, an observation is optimally classified when the
posterior probability P (k|x(i) ) of the class k for the observation x(i)
taken for particle i is maximized. The optimal classification ŷ (i) for the
observation x(i) can then be obtained by solving


fk (x(i) )pk
ŷ (i) = arg max P (k|x(i) ) = arg max
(B.5)
k
k
h(x(i) )
where Bayes’ theorem was employed to obtain the r.h.s. of the equation.
In Eq. (B.5), fk (x(i) ) is the probability density function of class k, pk
is the prior probability of class k and h(x(i) ) is the (unconditional)
probability that observation x(i) is obtained. Since the denominator does

193

B. Supplementary material for Chapter 4

not depend on k, Eq. (B.5) can be conveniently expressed as


ŷ (i) = arg max fk (x(i) )pk
k

(B.6)

While Eq. (B.6) is valid for all probability density functions fk (x(i) ), the
problem is considerably simplified in linear and quadratic discriminant
analysis, because the probability density function fk (x(i) ) of both classes
is assumed to be a multivariate normal distribution. Substituting the
multivariate normal distribution into Eq. (B.6) and taking the natural
logarithm, one obtains

T
1
1  (i)
(i)
ŷ = arg max − ln (Vk ) −
x − µk Vk
k
2
2



× x(i) − µk + ln (pk )
(B.7)
where µk and Vk are the mean and covariance matrix of class k, respectively. With respect to the prior probabilities, we assume that pk
is constant, so that the last term in Eq. (B.7) can be dropped as well.
The following two paragraphs will detail results obtained with linear and
quadratic discriminant analysis.

B.3.1

Linear discriminant analysis

In linear discriminant analysis, Eq. (B.7) is further simplified via the homoscedasticity assumption, i.e., by assuming that the covariance matrices
of all classes are identical, i.e., Vk = V , for all k, leading to

T 

1  (i)
(i)
(i)
ŷ = arg max −
x − µk V x − µk
(B.8)
k
2
where the pooled covariance matrix V is estimated from the training
data as
N

V =

2



T
1 XX
δy(i) ,k x(i) − µk x(i) − µk
N − 2 i=1
k=1
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Table B.1: Performance of the tested classifiers. LDA: Linear Discriminant Analysis; QDA: Quadratic Discriminant Analysis; LSVM: Linear
Support Vector Machine; NLSVM: Nonlinear Support Vector Machine.

Training error
Prediction error
Agreement
Agreement
Agreement
Agreement

Expert
Expert
Expert
Expert

1
2
3
4

LDA

QDA

LSVM

NLSVM

12%
12%

12%
12%

10.5%
11%

7.9%
8%

78%
71%
79%
83%

77%
72%
76%
84%

79%
72%
78%
86%

82%
73%
79%
86%

and where δ represents the Kronecker delta.
The training error, the prediction error, as well as the agreement with
each of the four experts on the whole data set (i.e., all 1000 particles
classified by the experts) are reported in Table B.1. The prediction error
was calculated using a standard 10-fold cross validation procedure. The
data in the table indicates that the classifier is not overfitting the training
set (the training and prediction errors are similar). However, the errors
are still rather large and the agreement with the experts leaves room for
improvement.

B.3.2

Quadratic discriminant analysis

In quadratic discriminant analysis, the classifier becomes:

T


1  (i)
ŷ (i) = arg max −
x − µk Vk x(i) − µk
k
2

(B.10)

with the covariance matrices Vk estimated from the training data belonging to class k, i.e., the covariance matrices are now different for
each class. This leads to a quadratic classifier that is more flexible in
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separating the data. However, the data reported in Table B.1 indicates
that the performance of this classifier is not substantially better than the
performance of the linear discriminant classifier.

B.4

Support vector machines (SVMs)

In support vector machines (SVMs), we aim at separating the two data
classes, such that the margin between the two classes in the feature space
is maximized. In the following, we report the results obtained using both
a linear and nonlinear SVM approach.

B.4.1

Linear SVM

Linear support vector machines aim at finding the hyperplanes separating
the two data classes with the largest margin possible. The hyperplane is
defined by
w·x−b=0

(B.11)

where w is the normal vector of the hyperplane. Assuming that the training data is linearly separable we can define the two (parallel) hyperplanes
limiting the margin between the two classes as:
w·x−b=

1

(B.12)

w · x − b = −1
The distance between these hyperplanes is given by
d=

2
kwk2

(B.13)

where kwk2 is the Euclidian or L2 -norm. The task of maximizing the
margin is equivalent to minimizing kwk2 under the constraint that no
particle in the training data set shall fall within the margin, which can
be expressed as the constraint


y (i) w · x(i) − b ≥ 1,
∀i
(B.14)
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For computational reasons it is convenient to express the minimization
as a quadratic program with linear constraints


1
2
kwk2
min
w,b
2


subject to: y (i) w · x(i) − b ≥ 1
∀i
(B.15)
However, perfect linear separation is not possible, which leads to an
infeasible problem. We therefore have to look for a tradeoff between
separating the data well and the training error. In order to address
such problems Cortes and Vapnik [221] introduced so-called soft-margin
support vector machines. In this formulation, linear slack variables, ξi ,
are introduced to the optimization problem, so that Eq. (B.15) can be
rewritten as
!

N
X
1
2
kwk2 + C
ξi
min
w,b,ξ 2
i=1


subject to: y (i) w · x(i) − b ≥ 1 − ξi
ξi ≥ 0

∀i

(B.16)

where large values of C make misclassification errors more important
and therefore reduces the width margin of separation, while reducing
C towards zero has the opposite effect. The dual form of the above
optimization problem is the one typically solved and given by
!
N
N N
X
1 X X (i) (j) (i) (j)  (i) (j) 
(i)
max
λ −
λ λ y y
x ·x
λ
2 i=1 i=1
i=1
subject to:

N
X

λ(i) y (i) = 0

i=1

0 ≤ λ(i) ≤ C

197

(B.17)

B. Supplementary material for Chapter 4

where λ(i) are Lagrange multipliers. Alas, as can be seen in Table B.1
this approach yields only minor improvements to the previous results,
which is why the nonlinear extension of this approach was tested as well.

B.4.2

Nonlinear SVM

As already mentioned in the main body of this work, a common method
to enhance separability within the support vector machine framework is
by nonlinear mapping, φ (x), of the features into a new feature space,
within which the various classes might be linearly separable. The resulting method yields a similar optimization problem as that presented in
Eq. (B.17), however, the vector product is replaced by the more general
kernel function K(x(i) , x(j) ). In the case at hand, this kernel function is
given by the Gaussian radial basis function, i.e.


2
(i)
(j)
(i)
(j)
K(x , x ) = exp −γ x · x
γ>0
(B.18)
where γ is another parameter. The resulting system yields the best
performance (cf. Table B.1) and was hence used for the classification in
this work.
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Notation
b
C
D
d
K
N
n
p̄
pi,j
pe
rk,i
V
Vk
w
x
y
ŷ

parameter co-defining the hyperplane for
the SVM
soft-margin SVM parameter
Training Set
distance between hyperplanes
kernel in support vector machine
number of particles
number of experts
overall agreement
binary agreement
random agreement
times particle k has been classified as class
i
pooled covariance matrix of features
covariance matrix of class k
normal vector of hyperplane in SVM
particle feature vector
classification label
predicted classification label

Greek letters
δ
Kronecker delta
φ
nonlinear mapping
κ
true measure of overall agreement
κi,j
true measure of binary agreement
λ
Lagrange multiplier
µk
mean of class k
slack variable in soft-margin SVM apξ
proach
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[–]

[–]
[–]
[–]
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[–]
[–]
[–]

Appendix C

Supplementary material for
Chapter 5
C.1

Cementation time for model II

For an interparticle bridge to be stable, its strength must be greater or
equal to the forces acting on it. A generally applicable condition for
this can be constructed by considering a force balance. To this end, an
estimate of the typical forces acting on the bridge is sought. A reasonable
approximation is given by
0
Fr = ke,2
ν γ `2m

(C.1)

0
where ke,2
is a proportionality constant, ν is the kinematic viscosity, γ
is the shear rate, and `m = (`(L) `(L0 ))1/2 is the geometric mean of the
two effective diameters defined in the main body. The allowable force on
the bridge, on the other hand, is usually assumed to be proportional to
the cross-sectional area of the bridge, Ab , giving

Fb,max = σb Ab

(C.2)

where σb is the fracture strength of the crystalline bridge. Enforcing the
condition Fr = Fb,max and substituting γ = (/ν)1/2 , where  is the rate
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of energy dissipation, yields the critical cross-sectional area of the bridge,
that is
Ab,crit = ke,2 (ν)1/2 `2m

(C.3)

0
with ke,2 = ke,2
/σb . It is reasonable to assume that the time necessary
to build a bridge with cross-sectional area Ab,crit depends on the particle
geometry. However, to find such an estimate of the cementation time, a
model of particle contact, the bridge geometry and growth is necessary.
Concerning the first point, two orientations are considered as case studies,
namely the instances when particles are perfectly aligned and when they
cross orthogonally (both cases are illustrated in Figure 5.1 of the main
body of this work). For these cases, the approach of David et al. [190]
was extended to the case of cylindrical particles; the resulting bridge
geometry has a rectangular cross-section and flat outer surfaces. An
approximation of the cementation time is found via

tcem =

Vb,crit ρc
Ṁb

(C.4)

where ρc is the crystal density, Vb,crit is the volume necessary to create a
bridge of sufficient cross-sectional area and Ṁb is the mass flow to the
bridge. Analogous to David et al. [190] it is assumed that the mass flow
to the bridge is equal to
Ṁb = Sb,crit Gb ρc

(C.5)

where Sb,crit is the outer surface of the bridge and Gb is the bridge
growth rate. The assumed geometry of the bridge leaves a degree of
freedom, or in other words: there are infinitely many bridges that possess
a critical, rectangular cross-sectional area and flat outer surfaces. Hence
it is necessary to make a choice regarding which bridge, i.e., which
cementation time is the most representative for a given collision pair.
In this work, it was decided to choose the cementation time corresponding
∗
to the bridge with the smallest volume, denoted Vb,crit
, and the corre∗
sponding bridge outer surface Sb,crit . Using an appropriate geometric
parameter u (e.g., the ratio between the two lengths of the rectangular
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∗
cross section), Vb,crit
can be regarded as the minimizer of the following
optimization problem

min Vb (u)

(C.6)

u∈U

s.t. Ab (u) = Ab,crit
We highlight the fact that this choice is not unique. To make an example,
the bridge with the smallest volume to surface ratio could also be selected.
∗
Anyhow, since Vb,crit
is a time invariant function of the size, shape and
orientation of the two particles, Eq. (C.6) can be solved off-line, hence the
process computation times for model II are not significantly much larger
than those of the other two models. However, it should be noted that the
maximal achievable cross-sectional area may be smaller than the critical
area provided by Eq. (C.3), i.e., Ab,max < Ab,crit , rendering Eq. (C.6)
infeasible. While the existence of a maximal achievable cross-sectional
area is in itself an assumption, tcem is assumed to be effectively infinite
in these instances.
In the following, we briefly summarize the equations necessary to calculate
the bridge outer surface area and volume. For the remainder of this
section and without loss of generality, it will be assumed that particle L
is the longer of the two needles, whereas L0 is the shorter particle.

C.1.1

Aligned case

In the case of aligned cylinders, it is rather evident that, in order for
the bridge to have a minimum volume, it must be symmetric along the
axis of the cylinders. This condition immediately removes the degree of
freedom present in the problem formulation. The cross-sectional area of
the bridge, its volume and its outer surface can then be calculated as
follows
Ab = L01 x
Vb =

L01

(C.7)
0

0

(x (h + h) − A − A)

Sb = 2 ((x + L01 ) (h0 + h) − A0 − A)
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where the quantities needed to calculate Ab , Vb and Sb are those indicated
in Figure C.1. The mathematical relationships between the various
measures can be found by simple geometric considerations and are given
as
 0
 
θ
θ
x = L02 sin
= L2 sin
(C.10a)
2
2

 0 
L0
θ
h0 = 2 1 − cos
(C.10b)
2
2

 
θ
L2
1 − cos
(C.10c)
h=
2
2
(L0 )2
A0 = 2 (θ0 − sin(θ0 ))
(C.10d)
8
L2
A = 2 (θ − sin(θ))
(C.10e)
8

C.1.2

Crossed case

Analogous to the aligned case, the equations for the cross-sectional area
of the bridge, its volume and outer surface area can be found easily:
Ab = xx0

(C.11)
0 0

0

0

Vb = x(h x − A ) + x (hx − A)
0

0

0

(C.12)
0

Sb = 2 (h (x + x) + h(x + x) − A − A)

(C.13)

with the quantities indicated in Figure C.2 which are related as follows
 0
θ
(C.14a)
x0 = L02 sin
2
 
θ
x = L2 sin
(C.14b)
2

 0 
L0
θ
h0 = 2 1 − cos
(C.14c)
2
2
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(a)

(b)

Figure C.1: Front and side view of the two colliding particles (independently growing facets drawn red
and blue, respectively) and the connecting bridge (yellow) in the aligned case.
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L2
θ
1 − cos
2
2
(L0 )2
A0 = 2 (θ0 − sin(θ0 ))
8
L22
A=
(θ − sin(θ))
8
h=

(C.14d)
(C.14e)
(C.14f)

Unlike in the aligned case, however, there is not an obvious choice for
the symmetry of the bridge. Consequently, with eleven unknowns and
ten equations (Eqs. (C.3), (C.11) to (C.13) and (C.14a) to (C.14f)) there
is one degree of freedom that needs to be satisfied, which can be achieved
through the minimization procedure outlined. Note, however, that in
this particular case an additional constraint needs to be fulfilled, namely
that x ≤ L01 , that is, the width of the bridge may not exceed the length
of the shorter needle.

C.2

Properties of the shape-dependent
agglomeration kernel

A qualitative understanding of the shape-dependent kernel β derived in
Section 5.2 of the main body of this work is necessary to study its effect
on the agglomeration behavior of the proposed kernel. Given that the
kernel consists of the two factors βc and Ψ, whose relative importance is
affected by the experimental conditions, it is helpful to investigate them
separately. For simplicity, only scaled quantities considered and plotted,
i.e.,
βc∗ =

lg(βc ) − lg(βc,min )
.
lg(βc,max ) − lg(βc,min )

(C.15)

Ψ∗ =

Ψ − Ψmin
.
Ψmax − Ψmin

(C.16)

where subscripts indicate the minimum and maximum values calculated
within the evaluated domains and lg refers to the decadic logarithm. Note
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(a)

(b)

Figure C.2: Front and side view of the two colliding particles (independently growing facets drawn red
and blue, respectively) and the connecting bridge (yellow) in the crossed case.
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also that the color codes in Figures C.3 to C.5 are identical for all subplots
within each individual figure, and that, without loss of generality, it is
assumed that Vp ≥ Vp0 in all plots, where Vp (L) is the particle volume.

C.2.1

Collision frequency

The characteristic features of the proposed shape-dependent collision
frequency, with kc,3 = 3, is shown in Figure C.3 as a function of a
number of variables in the form of contour plots. In particular, the
value of Eq. (C.15) is evaluated as a function of the two aspect ratios of
the colliding particles, whereas their volumes are held constant in each
individual subplot, but change among them.
It can readily be seen that the collision kernel increases strongly with
increasing total particle volume and decreases with increasing volume
ratios, a behavior that is analogous to classical kernels. However, in
contrast to standard descriptions that do not account for the shape
of particles, the individual surfaces are not entirely flat. Rather, the
probability of two particles to collide increases with the particles’ aspect
ratios. This is a consequence of elongated needles having larger surfaces,
and thus larger `, than more equant-shaped objects of the same volume.
However, as evident in the plots at the same constant total volume (same
row), the aspect ratio of the larger particle, L1 /L2 , which often provides
the bulk of the total projected area, has a greater impact on the collision
frequency than that of the smaller particle, i.e., L01 /L02 .

C.2.2

Agglomeration efficiency

The behavior of the agglomeration efficiencies calculated using either
model I or model II is illustrated in Figure C.4 and Figure C.5, respectively.
Regardless of which cementation time is used, it can be seen that the
agglomeration efficiency exhibits a behavior that is opposite to that of
the collision kernel: agglomeration becomes generally less efficient with
increasing total particle volume and decreasing Vp /Vp0 ratio. This can be
attributed to the fact that both effects make the volume to surface ratio
of the bridge less favorable. Similarly, the geometry of needles plays also a
more important role for collisions with larger total volumes, as it becomes
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Figure C.3: Behavior of the normalized collision frequency βc (Eq. (3) of
the main body and Eq. (C.15)) as function of the two aspect ratios of the
colliding particles. Plots are given for increasing total particle volume
and increasing Vp /Vp0 ratio. Plots were generated using arbitrary values
of  and kc,i . Note that, by definition Vp ≥ Vp0 .
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more and more difficult to form sufficiently strong bridges. Moreover,
small aspect ratio needles exhibit a higher agglomeration efficiency than
thin needles of the same volume. Comparing results for different volume
ratios shows that it is again the aspect ratio of the larger particle that
dominates these effects.
When comparing the results of the two approaches illustrated in Figures C.4 and C.5, it is clear that the qualitative trends are similar, with
the exception of collisions between particles of very different volumes
(third column in Figures C.4 and C.5), in which case the agglomeration
efficiency II predicts a slightly different behavior for collisions involving
small crystals with L01 /L02 ≈ 1. There, ΨII increases with increasing
aspect ratio of the small needle. Apart from this inversion of the behavior
for Vp  Vp0 , the main difference between the two approaches lies in a
different scaling of the cementation time with changing particle volumes.
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Figure C.4: Behavior of the normalized agglomeration efficiency ΨI (Eqs.
(7) and (15) of the main body and Eq. (C.16)) as function of the two
aspect ratios of the agglomerating particles. Plots are given for increasing
total particle volume and increasing Vp /Vp0 ratio. Plots were generated
using arbitrary values of γ, Gb and ke,i . Note that, by definition Vp ≥ Vp0 .
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Figure C.5: Behavior of the normalized agglomeration efficiency ΨII
(Eqs. (14) and (15) of the main body and Eq. (C.16)) as function of
the two aspect ratios of the two agglomerating particles. Plots are given
for increasing total particle volume and increasing Vp /Vp0 ratio. Plots
were generated using arbitrary values of γ, Gb and ke,i . Note that, by
definition Vp ≥ Vp0 .
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Notation
A
Ab
F
Gb
h
k
Li
`
Ṁb
Sb
tcem
Vb
x

area
bridge cross-sectional area
force
bridge growth rate
distance needed for calculation of bridge
volume
parameter
characteristic length in the i’th dimension
effective diameter
mass flow to the bridge
bridge outer surface area
cementation time
bridge volume
distance needed for calculation of bridge
volume

Greek letters
βc
collision frequency
γ
shear rate

energy dissipation rate
θ
sector angle
ν
kinematic viscosity
ρc
crystal density
σb
fracture strength
Ψ
agglomeration efficiency
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[m2 ]
[m2 ]
[N]
[m s−1 ]
[m]
[varies]
[m]
[m]
[kg s−1 ]
[m2 ]
[s]
[m3 ]
[m]

[kg s−1 ]
[s−1 ]
[m2 s−3 ]
[rad]
[m2 s−1 ]
[kg m−3 ]
[N m−2 ]
[–]
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