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ste se odrekle da bi me podržale na mom putu - bez vas nikada ne bih uspeo!



Contents

Contents 7

1 Introduction 15
1.1 Outline and contribution . . . . . . . . . . . . . . . . . . . . . . . . . . 18
1.2 Publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2 Set membership identification 21
2.1 Introduction and outline . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.2 On system identification . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.3 Probabilistic identification . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.4 Set membership identification . . . . . . . . . . . . . . . . . . . . . . . 25

2.4.1 Set membership identification for linear systems . . . . . . . . 27
2.4.2 Set membership identification for nonlinear systems . . . . . 29

2.5 Use of set membership identification for controller design . . . . . . . 30

3 Worst-case experiment design for constrained linear systems 35
3.1 Introduction and outline . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.2 Existing worst-case experiment design algorithms . . . . . . . . . . . 36
3.3 Problem definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.4 Worst-case experiment design . . . . . . . . . . . . . . . . . . . . . . . 40

3.4.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.4.2 Minimizing the worst-case radius of information in any norm 43
3.4.3 Minimizing the worst-case radius of information in 1 and

infinity norm for symmetric constraints . . . . . . . . . . . . . 45
3.4.4 Interesting special cases . . . . . . . . . . . . . . . . . . . . . . 49
3.4.5 Optimal experiment design . . . . . . . . . . . . . . . . . . . . 50

3.5 Numerical example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
3.6 Disscussion and conclusion . . . . . . . . . . . . . . . . . . . . . . . . . 55

4 Adaptive model predictive control based on set membership
identification 59
4.1 Introduction and outline . . . . . . . . . . . . . . . . . . . . . . . . . . 59
4.2 Adaptive model predictive control . . . . . . . . . . . . . . . . . . . . . 60

4.2.1 About MPC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
4.2.2 Motivation for adaptive MPC . . . . . . . . . . . . . . . . . . . 62
4.2.3 Review of the existing adaptive MPC algorithms . . . . . . . 63

4.3 Problem description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
4.4 Novel adaptive MPC algorithm . . . . . . . . . . . . . . . . . . . . . . 67

7



CONTENTS 8

4.4.1 Real-time set membership identification . . . . . . . . . . . . . 68
4.4.2 Constrained predictive controller . . . . . . . . . . . . . . . . . 73

4.5 Properties of the proposed adaptive control algorithm . . . . . . . . . 77
4.6 Possible extensions of the algorithm . . . . . . . . . . . . . . . . . . . 80

4.6.1 Model parametrization with orthonormal basis transfer func-
tions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.6.2 Adding an exploring property to the control algorithm . . . . 84
4.6.3 Extensions of the bounded complexity polytopic update al-

gorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
4.6.4 Extensions for the control of time varying systems . . . . . . 93

4.7 Quad-tank experimental results . . . . . . . . . . . . . . . . . . . . . . 100
4.7.1 Description of the experimental setup . . . . . . . . . . . . . . 101
4.7.2 Implementation of the proposed adaptive MPC algorithm . . 103
4.7.3 Obtained experimental results and their interpretation . . . . 106

4.8 Application to building climate control . . . . . . . . . . . . . . . . . . 111
4.8.1 Motivation for using adaptive MPC in building climate control111
4.8.2 Applying the adaptive MPC algorithm to building climate

control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
4.8.3 Simulation results and their interpretation . . . . . . . . . . . 116

4.9 Discussion and conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . 120

5 On-line direct data driven control design based on set member-
ship identification 125
5.1 Introduction and outline . . . . . . . . . . . . . . . . . . . . . . . . . . 125
5.2 Existing direct data driven design approaches . . . . . . . . . . . . . . 126
5.3 Problem description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
5.4 On-line data driven control design algorithm . . . . . . . . . . . . . . 131

5.4.1 Optimal inverse and controller structure . . . . . . . . . . . . 131
5.4.2 Robust inequality to enforce closed-loop stability . . . . . . . 133
5.4.3 Updating the dictionary of kernel functions . . . . . . . . . . . 134
5.4.4 Updating the vector of weights . . . . . . . . . . . . . . . . . . 135
5.4.5 Summary of the proposed design algorithm . . . . . . . . . . . 137

5.5 Properties of the proposed algorithm . . . . . . . . . . . . . . . . . . . 138
5.6 On tuning the algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . 144

5.6.1 Selection of parametrization related parameters . . . . . . . . 145
5.6.2 Off-line selection of system related tuning parameters . . . . 146
5.6.3 On-line updating of some of the system related tuning pa-

rameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
5.7 Experimental results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153
5.8 Discussion and conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . 157

A On the basis transfer function parametrization 159

B Derivations related to Chapter 4 163



CONTENTS 9

B.1 Bounds on the unmodeled dynamics (related to Remark 4.2) . . . . 163
B.2 Algorithm for removing redundant inequalities . . . . . . . . . . . . . 163
B.3 Definition of the matrices in (4.42) . . . . . . . . . . . . . . . . . . . . 164

Bibliography 167

Curriculum Vitae 183





Abstract

The topic of this thesis is the application of set membership identification to controller
design. Set membership identification is a method for building a mathematical model
of a dynamic system from experimental data. Based on the initially available informa-
tion on the plant that is being identified, the knowledge of a bound on the disturbance
signal that affects the obtained measurements and the measurements themselves, it
provides a set of all possible plant models that are consistent with the available data.
The resulting uncertainty model obtained when set membership identification is used is
deterministic in contrast to the probability density function which represents the iden-
tification uncertainty when probabilistic identification is used. The assumptions made
by set membership identification are often less restrictive than the assumptions made by
probabilistic identification. In addition, the deterministic uncertainty description can
be very useful when used for robust controller design or in control design tasks in which
constraint satisfaction is required. Furthermore, in direct controller design, where the
controller is directly designed from experimental data, the deterministic uncertainty set
obtained when the set membership identification is used can be exploited in order to
provide stability and performance guarantees for the designed controller.

However, set membership identification is less used in controller design compared to the
probabilistic identification. The main reason for this lies in the fact that the set member-
ship identification received less research attention than the probabilistic identification
and is hence not so well known and understood by control engineers. Therefore, in order
to enable greater exploitation of all the benefits that the use of set membership identi-
fication can bring to controller design, further research is required. As a contribution
to these research efforts, three topics related to set membership identification and its
application to controller design are considered in this thesis.

The first contribution presents new theoretical results related to the worst-case identifi-
cation experiment design in the set membership context for constrained linear systems
with multiple inputs. The presented results can be seen as a generalization of the the-
ory related to experiment design for set membership identification that already exists
in the literature to the case of constrained systems with multiple inputs. Based on the
presented theoretical derivations, a computationally tractable algorithm for experiment
design that is based on convex optimization is proposed. This algorithm calculates the
input sequence that is guaranteed to satisfy the input constraints and at the same time
minimizes a measure of the worst-case identification uncertainty that can be obtained in
any particular experiment. The effectiveness of the proposed approach is demonstrated
by a numerical case study which shows that there are clear advantages of using the
proposed scheme with respect to more traditional experiment design methods that are
based on generating random signals. Therefore, the proposed methodology could be
used to systematically design identification experiments that lead to small identification
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uncertainty when set membership identification is used and hence better performance of
the controllers designed on the basis of such models.

The second contribution is an adaptive model predictive control algorithm for con-
strained, multiple input, multiple output linear systems that is based on set membership
identification. This algorithm relies on recursive set membership identification in order
to update the set of all plant models that are consistent with initial assumptions on the
system and available measurements at each time step. The controller then enforces the
constraints for all the models in this set and hence also for the actual plant. In addition
to the base algorithm, several extensions that can be used in order to reduce computa-
tional complexity of the overall adaptive approach, introduce exploring property in order
to facilitate faster identification and introduce forgetting of old information in order to
apply the algorithm to time varying systems are presented. The proposed approach is
experimentally tested on a quad-tank laboratory setup in various operating conditions
which include a non-minimum phase behavior and the presence of non-negligible non-
linearity. In addition, the possibility for its use in building climate control is considered
and illustrated by a simulation case study. Experiments and simulations show that, for
the sake of constraint satisfaction, it is more beneficial to use the proposed adaptive
scheme than to use a non-adaptive or a certainty equivalence adaptive model predictive
control algorithm that uses least squares.

The third contribution of the thesis is a novel on-line direct controller design method

for nonlinear systems that uses set membership identification. The technique does not

derive explicitly a model of the system, rather it delivers directly the feedback controller

by combining an on-line and an off-line scheme. Like in other on-line algorithms, the

measurements collected in closed-loop operation are exploited to modify the controller

in order to improve the tracking performance over time. At the same time, a predictable

closed-loop behavior is guaranteed by making use of a batch of available data, which is a

characteristic of off-line algorithms. The feedback controller is parameterized with kernel

functions and the design approach exploits results in set membership identification and

learning by projections in order to provide guarantees on the stability and reference

tracking performance of the designed controller. In addition to theoretical analysis of its

properties, the tuning of the algorithm is discussed in detail and a method to adapt some

of the tuning parameters on-line while retaining the stability guarantees is presented.

The experiments done on a water tank system show that the controller obtained when

the proposed on-line design scheme is used exhibits better reference tracking performance

than a nonlinear controller obtained by an off-line direct design procedure and a well

tuned linear controller.



Zusammenfassung

Diese Doktorarbeit befasst sich mit der Anwendung der Set Membership Identification
Methode (SMIM) für den Regelentwurf. Die SMIM ist eine Methode, um von exper-
imentellen Daten ein mathematisches Model für ein dynamisches System herzuleiten.
Basierend auf den zu Beginn verfügbaren Informationen des zu identifizierenden Prozesses,
auf den Grössen der Störsignale und auf den Messungen des Prozesses, bestimmt die
SMIM alle möglichen Prozessmodelle, welche konsistent sind mit den vorhandenen Daten.
Die SMIM ist, im Gegensatz zu auf Wahrscheinlichkeitsverteilungen basierten Methoden,
deterministisch. Auch benötigt die SMIM weniger restriktive Annahmen als probabilis-
tische Identifikationsmethoden. Ausserdem ist die deterministische Beschreibung der
Unsicherheit nützlich für den Entwurf von robusten Reglern für begrenzte Systeme, in
welchen deterministische Leistungs- und Stabilitätsgarantien gegeben werden müssen.

Trotz diesen Vorteilen wird die SMIM in der Praxis weniger oft eingesetzt als proba-
bilistische Methoden. Der Hauptgrund liegt darin, dass die SMIM weniger Beachtung
in der Forschung gefunden hat, und deshalb auch weniger gut von Regelungsingenieuren
verstanden wird. Um von allen Vorteilen der SMIM zu profitieren, ist mehr Forschung
nötig. Diese Arbeit steuert insofern bei, als dass sie drei Gebiete der SMIM behandelt,
die für den Reglerentwurf relevant sind.

Der erste Beitrag besteht darin, neue theoretische Resultate bezüglich worst-case Identi-
fikationsexperimente mittels SMIM für begrenzte linear System mit mehreren Eingängen
zu präsentieren. Die vorgestellten Resultate sind eine Verallgemeinerung der bereits ex-
istierenden Resultate für begrenzte Systeme mit mehreren Eingängen. Basierend auf
diesen neuen Erkenntnisse wird ein computationally tractable Algorithmus vorgestellt,
der auf convexe Optimierung basiert. Dieser Algorithmus berechnet eine Eingangsse-
quenz, welche garantiert die Eingangsbegrenzungen erfüllt und gleichzeitig die schlimm-
stmögliche Identifikationsunsicherheit minimiert, welche ein beliebiges Experiment gener-
ieren kann. Die Wirksamkeit der vorgeschlagenen Methode wird anhand eines nu-
merischen Experiment gezeigt, auch im Vergleich zu herkömmlichen Methoden, welche
auf zufällig generierte Signale basieren. Daraus lässt sich schliessen, dass die auf die
SMIM basierte Methode systematisch für den Entwurf von Identifikationsexperimenten
gebraucht werden kann, um kleine Identifikationsfehler zu generieren, welches wiederum
eine bessere Regelgüte erlaubt.

Der zweite Beitrag dieser Arbeit ist ein adaptiver Model Predictive Control Algorithmus
für begrenzte System mit mehreren Ein- und Ausgängen. Der Algorithmus basiert auf
die rekursive Set Membership Identification, welche die Menge aller möglichen System-
modelle, welche konsistent sind mit den gemachten Annahmen bezüglich der Systeme
und den verfügbaren Messungen, aktualisiert. Der Regler ist dann so gewählt, dass
er die Systembegrenzungen für alle Modelle innerhalb dieser Menge einhält. Zusätzlich
zum regulären Algorithmus gibt es verschiedene Erweiterungen, welche gebraucht werden
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können, um die Rechenkomplexität des adaptiven Prozesses zu minimieren, oder um ver-
gangene Informationen zu vergessen, oder für zeitvariante Systeme. Die vorgeschlagene
Methode wurde an einem Vier-Tank Laborversuch, ein nicht-minimalphasiges System
mit nicht vernachlässigbarer Nichtlinearität, unter verschiedenen Zuständen getestet.
Zusätzlich wenden wir die Methode an einem Gebäuderegelungsproblem in Simulation
an. Experimente und Simulationen zeigen, dass es vorteilhaft ist, die vorgeschlagene
adaptive Methode zu gebrauchen als ein nicht-adaptiver oder certainty-equivalent Model
Predictive Control Regler mit least squares.

Der dritte Beitrag dieser Arbeit ist ein neuer on-line direct controller Designmethode für
nicht lineare System mittels der SMIM. Diese Methode leitet nicht explizit ein System-
modell her, sondern retourniert direkt das Regelsignal, basierend auf eine Kombination
von on-line und off-line Methoden. Ähnlich wie in anderen on-line Algorithmen, werden
die Messdaten in closed-loop Einsatz benutzt und der Regler so modifiziert, dass die
Trackinggüte verbessert wird mit der Zeit. Gleichzeitig ist ein vorhersagbares closed-
loop Verhalten garantiert, mittels des Gebrauchs von vorhandenen Daten, welches eine
Charakteristik von off-line Algorithmen ist. Der Regler ist parametrisiert durch Kernel-
funktionen und die Designmethode benutzt Resultate der Set Membership Identification
Theorie und learning by projections, um Stabilität und Güte von Referenztracking zu
garantieren. Zusätzlich zu den theoretischen Aspekten wird das Tunen des Algorithmus
diskutiert, und eine Methode zum on-line Tunen von Parametern vorgestellt. Die Wirk-
samkeit des vorgeschlagenen Algorithmus wird anhand eines Wassertanksystems gezeigt.
Die Experimente zeigen, dass die vorgeschlagene on-line Methode einem Referenzsignal
besser folgt als nicht-lineare Regler mit off-line direct control sowie ein gut getunter
linear Regler.



1 Introduction

Controller design is the process of building mathematical control laws that should
achieve a predefined control objective. One way to classify control design tech-
niques is to separate them into indirect techniques, in which the controller is
designed on the basis of the available mathematical model of the dynamical sys-
tem to be controlled, and direct techniques, which do not explicitly use the model
of the plant, but rely on experimental data in order to directly design the con-
troller. The process of building a mathematical model of a dynamic system from
experimental data is called system identification. Hence, in the case of indirect
controller design, system identification is used as a tool to build an accurate plant
model that is then used by the control design scheme. In direct approaches, system
identification and controller design are very strongly related and controller design
can be seen as a system identification procedure that is aimed at identifying the
controller rather than the plant model. In addition, based on whether the control
design is completed before the controller is commissioned or if its refinement is
continued also during closed-loop operation, the control design schemes can be
divided into off-line and on-line. In off-line schemes, the system identification that
accompanies the control design is done in one step based on the available batch
of measurement data. On the other hand, in on-line schemes, the identification
algorithm is iterative and the resulting model is refined with each new measure-
ment obtained during the controller operation. Therefore, system identification is
a very important step that either precedes the controller design, in off-line tech-
niques, or is run in parallel with it, in on-line indirect control design algorithms, or
it can be seen as an integral part of controller design, in the case of direct design
algorithms. Therefore, the properties of the used system identification method
can have a large impact on the control design process. In particular, an inade-
quate selection of the system identification scheme could make the control design
procedure very challenging and limit its ability to produce an efficient control al-
gorithm, while the right choice of the identification procedure may enhance the
design process, making it easier and more attractive for practical use.

In practice, the available experimental data is always imperfect, as it is affected by
disturbance and measurement noise. Therefore, the goal of system identification is
to derive an accurate model despite the presence of these imperfections. However,
no identification procedure can result in a model that perfectly corresponds to the
actual plant and there is always some uncertainty related to the identified model.
In many cases this uncertainty has to be taken into account when designing a
controller in order to achieve acceptable control performance, guarantee stability
or fulfill some other control design requirements such as constraint satisfaction.

15
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The resulting description of the identification uncertainty depends on the assump-
tions that are made about the knowledge on the noise and disturbance signals. In
probabilistic system identification it is assumed that certain statistical properties
of these signals are known. As a result, the uncertainty related to the identified
plant model is associated with a probability density function. In set membership
identification, the knowledge of a deterministic bound on the noise and disturbance
signals is assumed. This assumption results in a bounded identification uncertainty
description given by the set of possible plant models that are all equally probable.
Handling bounded uncertainty models in controller design is more natural and of-
ten easier than dealing with a probability density function. Moreover, it allows to
derive reliable (i.e. deterministic) guarantees for the designed controllers, which
is not the case with probabilistic uncertainty description that results in guaran-
tees with certain probability only. In addition, deriving statistical properties of
the disturbance and noise signals is often very difficult in practice as it is usually
not possible to measure these signals directly. Moreover, a very large number of
measurements is often required in order to get an accurate estimate of the result-
ing identification uncertainty. On the other hand, assumption on the knowledge
of the disturbance and noise signal bounds is less restrictive as in practice all
signals are bounded and the bounds can often be roughly calculated from the
specifications of the used sensors and/or actuators. In addition, the uncertainty
description obtained by using set membership identification is accurate regardless
of the number of available measurement points. Therefore, using set membership
identification for the control design tasks in which the uncertainty related to the
identified plant model can not be neglected can often be more advantageous than
using the probabilistic identification methods.

However, despite these advantages of the set membership identification, probabilis-
tic system identification remains the dominant identification method used together
with controller design both in theoretical considerations and in practical applica-
tions. The main reason for this lies in the fact that the probabilistic identification
has been studied to a greater extent than the set membership identification and
that it is better understood by practitioners. As an illustration of this fact, we note
that the probabilistic identification is treated as the main topic of most textbooks
on system identification, while the set membership identification has received much
less attention. Moreover, description of the deterministic uncertainty set obtained
when the set membership identification is used often requires a lot of memory to
be stored and as a result makes the controller design more computationally de-
manding compared to the cases when probabilistic identification is used. However,
in recent years, set membership identification has received more research atten-
tion. This research has been directed both towards understanding the fundamental
properties of the approach itself and its limitations as well as towards developing
computationally efficient and less resource demanding on-line and off-line set mem-
bership algorithms. In addition, the computational power and memory available
for controller implementation and design is constantly increasing. All these ad-
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vances should allow for a more widespread use of set membership identification in
controller design. In particular, a number of control design methods based on set
membership identification have been proposed and some of them have also been
applied in practice. However, further research related to both the set membership
identification algorithm and to its synergy with different control design approaches
is required in order to achieve its wider use in controller design and exploit all the
benefits that it may offer. This thesis is aimed at giving a contribution to these
research efforts by treating three topics related to set membership identification
and its use in controller design.

The first topic that is addressed is the topic of optimal worst-case experiment de-
sign in the set membership context for linear systems with multiple inputs that are
subject to constraints. In particular, we propose a computationally tractable al-
gorithm that can be used for designing experiments that result in small worst-case
uncertainty description when the set membership identification is used. This con-
tribution is aimed at facilitating more efficient use of set membership identification
in robust control design of constrained systems with multiple inputs and outputs
that has received quite a lot of research attention in recent years. The proposed
systematic way to design experiments in set membership context can be used to
achieve small identification uncertainty sets and hence reduce the conservativeness
and improve performance of the robustly designed controllers.

The second contribution of the thesis is a novel adaptive control algorithm for con-
strained linear systems with multiple inputs and outputs. The proposed algorithm
is an on-line, indirect design scheme in which the set membership identification is
used to refine the uncertainty set related to the plant model with each new mea-
surement obtained in closed-loop and a model predictive control (MPC) algorithm
is used to enforce the constraints for all possible uncertainty realizations. The syn-
ergy of the set membership identification and model predictive control results in
an adaptive control algorithm that can enforce hard input and output constraints
despite the fact that the model of the underlying plant is being updated on-line.
Therefore, this contribution can be seen as an example of an on-line indirect con-
trol design algorithm which is capable of enforcing constraints thanks to the use
of set membership identification.

As the third contribution, we present a novel on-line direct control design algorithm
for nonlinear dynamic systems with single input that is based on set membership
identification. The deterministic identification uncertainty description is used here
in order to impose certain constraints on the controller function at each time step,
which allows to guarantee closed-loop stability and predictable reference track-
ing behavior of the resulting controller. Guaranteeing stability and closed-loop
performance of the directly designed controllers when probabilistic system identi-
fication techniques are used is very hard. Therefore this contribution illustrates
how the use of set membership identification can help to derive theoretical guar-
antees for stability and controller performance in direct controller design, which is
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the property that most of the existing direct control design algorithms lack.

1.1 Outline and contribution

This thesis is organized as follows. In Chapter 2 we introduce the concept of set
membership identification, discuss its main differences with respect to more pop-
ular probabilistic identification approach and we elaborate on the advantages of
using this system identification algorithm in controller design. The main contri-
butions of the thesis are described in Chapters 3, 4 and 5. Each of these three
chapters is written in such a way that it can be read independently from the other
two.

In particular, in Chapter 3 we describe our contribution to optimal worst-case
experiment design in the context of set membership identification. Unlike the ex-
isting algorithms that can only be used for single input systems with magnitude
bound on the input and simple impulse response model, the algorithm that we
propose can be used for systems with multiple inputs that are subject to gen-
eral convex constraint and are represented by either an impulse response model
or parametrized by basis transfer functions. We derive theoretical conditions for
minimizing the worst-case diameter of the set describing the uncertainty of the
identified model obtained in an identification experiment in any norm. It turns
out that these conditions are conservative and would lead to computationally de-
manding experiment design algorithm. However, if we restrict our attention to
systems that have symmetric constraints and if we look at minimizing the diam-
eter in either 1− or ∞−norm, we can derive conditions that are less conservative.
We show that the existing results for experiment design in set membership con-
text for systems with single input and simple input magnitude bounds can be
derived as special cases from the theoretical results that we present. In addition,
based on these theoretical results, we propose an algorithm for optimal worst-case
experiment design that purely relies on solving simple convex optimization prob-
lems, which makes it computationally efficient. Effectiveness of this algorithm is
illustrated by a simulation case study.

In Chapter 4 we describe the novel adaptive MPC algorithm that is based on
recursive set membership identification. Unlike the adaptive MPC algorithms ex-
isting in the literature, the proposed scheme is capable of dealing with multiple
input, multiple output linear systems that are subject to hard input and out-
put constraints, output disturbances and measurement noise. We show that the
real time implementation of the proposed algorithm requires solution of a con-
vex optimization problem that is guaranteed to be feasible at each time step. In
addition, it is demonstrated that the proposed approach exhibits integral action
and hence guarantees offset free reference tracking. Several extensions to the basic
version of the algorithm are proposed, like the possibility to parametrize the plant
model with orthonormal bases transfer functions in order to reduce the number
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of parameters that need to be identified, to add an exploring property in order
to speed up the identification of the unknown parameters, to use some simplified
descriptions of the uncertainty set related to the identified parameters in order
to reduce computational complexity and an extension which allows the applica-
tion of the proposed approach to time varying systems. The effectiveness of the
proposed adaptive scheme is illustrated experimentally on a quad-tank laboratory
system. Moreover, its application to building climate control is considered and its
advantages are illustrated in simulation. Performance of the proposed algorithm is
compared to the performance of a non-adaptive MPC and a more traditional cer-
tainty equivalence adaptive MPC that uses recursive least squares identification.
Based on the obtained results, the benefits and drawbacks of using the proposed
approach are identified and analyzed.

In Chapter 5 we describe the novel on-line algorithm for direct controller design
from data. The proposed design approach enables on-line update of the controller
as new closed-loop measurements are obtained, but it also makes it possible to
use a batch of measurement data obtained in an open-loop experiment in order to
achieve stability and predictable performance of the resulting controller. We prove
that if the corresponding tuning parameters are properly selected, the resulting
reference tracking control law makes the closed-loop system stable and results in
reference tracking with a guaranteed bound on the tracking error. Based on these
theoretical results we discuss the tuning of the algorithm and show how the tuning
parameters can be determined automatically based on the available training data.
In addition, we propose a method to update some of these parameters on-line in
order to increase the performance of the resulting controller. The proposed direct
design approach is tested experimentally on a nonlinear water tank system and it
is demonstrated that it results in a feedback controller which has better reference
tracking performance than a well tuned linear controller and a nonlinear controller
designed from data in a purely off-line procedure.

1.2 Publications

The material presented in this thesis is based on the following works done in
collaboration with colleges.

1. Worst case experiment design for constrained linear systems (Chapter 3)

� M. Tanaskovic, L. Fagiano and M. Morari, On the worst-case exper-
imental design for constrained linear systems, Automatica, 2014, vol.
50, no. 12, pp. 3291–3298. [171]

� M. Tanaskovic, L. Fagiano and M. Morari, Worst-case experiment de-
sign for constrained MISO systems, IEEE Conference on Decision and
Control, 2014, Los Angeles, California, USA. [172]
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2. Adaptive model predictive control based on set membership identification
(Chapter 4)

� M. Tanaskovic, L. Fagiano, R. Smith and M. Morari, Adaptive receding
horizon control for constrained MIMO systems, Automatica, 2014, vol.
50, no. 12, pp. 3019–3029. [175]

� M. Tanaskovic, L. Fagiano, R. Smith, P.J. Goulart and M. Morari,
Adaptive model predictive control for constrained linear systems, Eu-
ropean Control Conference, 2013, Zurich, Switzerland. [170]

� M. Tanaskovic, L. Fagiano, R. Smith and M. Morari, Adaptive model
predictive control for constrained MIMO systems, 11th IFAC Interna-
tional Workshop on Adaptation and Learning in Control and Signal
Processing (ALCOSP 2013), 2013, Caen, France. [174]

� M. Tanaskovic, L. Minnetian, L. Fagiano and M. Morari, Experimen-
tal testing of an adaptive model predictive controller on a quad-tank
system, European Control Conference, 2014, Strasbourg, France. [176]

� L. Fagiano, G. Schildbach, M. Tanaskovic and M. Morari, Scenario
and adaptive model predictive control of uncertain systems, 5th IFAC
Conference on Nonlinear Model Predictive Control, (NMPC’15), 2015,
Seville, Spain. [49]

3. On-line direct data driven control design based on set membership identifi-
cation (Chapter 5)

� M. Tanaskovic, L. Fagiano, C. Novara and M. Morari, Data-driven con-
trol of nonlinear systems: an on-line direct approach, paper submitted
to Automatica, currently under review

� M. Tanaskovic, L. Fagiano, C. Novara and M. Morari, On-line direct
control design for nonlinear systems, 17th IFAC Symposium on System
Identification (SYSID 2015), 2015, Beijing, China. [173]



2 Set membership identification

2.1 Introduction and outline

An accurate mathematical model of the dynamic system to be controlled is re-
quired both in order to design the controller, but also in order to build a reliable
simulation environment that can be used to test and validate it. In order to
build a mathematical model of a dynamic system from the available measurement
data, certain assumptions about the noise and disturbance signals that corrupt
the available measurements have to be made. The main difference between the
set membership identification and the more popular probabilistic identification is
that the former assumes the knowledge of a bound on the disturbance and noise
signals, while in probabilistic identification, the knowledge of certain statistical
properties of these signals is assumed. As a result set membership identification
leads to a set of possible plant models without the need for an associated prob-
ability measure, while the probabilistic identification yields a probability density
function which specifies the likelihood of different plant models. For linear sys-
tems the uncertainty set obtained when set membership identification is used is
usually a polytope. On the other hand, the characterization of the uncertainty
set for nonlinear systems is difficult in general. However, if certain additional in-
formation about the underlying system is assumed, like the Lipschitz continuity
of the nonlinear function that determines the system dynamics, computationally
tractable methods to identify the model of the plant and the uncertainty set related
to it can be used.

The deterministic uncertainty description obtained when set membership identi-
fication is used can have several benefits over the probabilistic one when used in
controller design tasks in which identification uncertainty can not be neglected.
Namely, deterministic uncertainty description allows to establish deterministic
conditions for the stability and performance of the resulting controller despite the
actual identification error. Moreover, such an uncertainty description may be used
in a straightforward manner in control design tasks where the satisfaction of hard
constraints is required. In addition, the use of set membership identification in
direct controller design may allow to derive theoretical guarantees for stability and
performance of the resulting controller. All this makes set membership identifica-
tion an appealing alternative to probabilistic identification in controller design. In
this chapter we discuss the properties of the set membership identification, com-
pare them to the properties of the probabilistic identification and consider the
possibilities of applying set membership identification in different control design

21
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tasks such as robust control design, adaptive control and direct control design from
data.

This chapter is organized as follows. In Section 2.2 we give a general introduction
on system identification and in Section 2.3 we discuss probabilistic identification
techniques. The concept and the main properties of set membership identification
are discussed in Section 2.4. In particular, the specifics of set membership iden-
tification for linear systems are addressed in Subsection 2.4.1 and for nonlinear
systems in Subsection 2.4.2. Finally the discussion on possibilities of applying set
membership identification in controller design and a review of the existing control
design approaches that rely on set membership identification are given in Section
2.5.

2.2 On system identification

The goal of system identification is to build a mathematical model of a dynamic
system based on some initial information about the system and the measurement
data collected from the system. According to [89], the process of system iden-
tification consists of designing (i.e. planning) and conducting the identification
experiment in order to collect the measurement data, selecting the structure of
the model and specifying the parameters to be identified and eventually fitting
the model parameters to the obtained data. Finally the quality of the obtained
model is evaluated through model validation. System identification is an iterative
process and if the quality of the obtained model is not satisfactory some or all of
the listed phases can be repeated in order to improve it.

Experiment design is aimed at constructing the input sequence that should be
applied to the plant during the identification experiment. This input sequence
should be informative enough and lead to high accuracy of the estimated model
parameters at the end of the identification procedure. Therefore, in experiment
design one usually tries to construct an input sequence that minimizes the resulting
uncertainty of the identified model in some measure defined by the designer.

Selection of the right model structure requires the use of the available knowledge
about the system in question and a lot of of experience from the designer. Mathe-
matical models that are used for system identification can be roughly divided into
black box and gray box models. Black box models do not exploit the knowledge
on the underlying physics of the system. Decision on which black box model to use
is mainly based on the knowledge of some general properties of the system such
as whether it is linear or nonlinear, stable or unstable etc. A gray box model is
based on physical laws and principles that govern the operation of the underlying
dynamical system and it contains a set of unknown parameters that need to be
identified based on the available measurement data.

Once the model structure is fixed and the measurement data is collected, the
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unknown model parameters can be estimated by fitting the model to the data.
This can be done in a single step if an off-line identification procedure is used,
or it can be done iteratively, by updating the identified model with each new
measurement point that is obtained, if an on-line identification algorithm is used.

In order to set the stage for a more formal comparison of different identification
approaches that we make later in this chapter, we consider a discrete time dynamic
system with a single output y(t) ∈ R and nu inputs u(t) ∈ Rnu , where t ∈ N stands
for the discrete time step. We will consider that a set of N input and output
measurements:

{u(t), y(t)}Nt=1 (2.1)

is available. For a fixed model structure, relation between the available measure-
ment data (2.1) can be mathematically described as:

y(t) = g(ϕ(t), θ) + e(t), (2.2)

where θ ∈ Θ ⊆ Rnθ is the vector of nθ unknown parameters that need to be estimated
from the data and that are known to belong to a predefined set Θ that encodes the
initial knowledge about the underlying dynamical system and ϕ(t) ∈ Rnϕ is called
the regressor vector and it is formed by a finite number of past input and output
measurements. Function g represents the dynamics of the underlying system as
it describes the dependence of the current plant output on the past inputs and
outputs through the regrssor ϕ(t). This function is determined by the model
structure selected by the designer. Signal e(t) ∈ R accounts for measurement
noise, disturbances and unmodeled dynamics. The main challenge in using (2.2)
in order to fit the model to the data (i.e. estimate the vector θ) is the fact that the
realization of the signal e(t) is in general not known. Therefore, in order to be able
to fit the model parameters to the data, certain assumptions about the signal e(t)
need to be made by the designer. In the well known and widely used probabilistic
system identification, knowledge of certain statistical properties of signal e(t) is
assumed. On the other hand, in set membership system identification it is assumed
that only a bound on the signal e(t) is known. In the following sections, we describe
and compare the two identification approaches in more detail.

2.3 Probabilistic identification

In order to solve the problem of fitting the model parameters to the available data,
in probabilistic identification it is assumed that some statistical properties of the
signal e(t) in (2.2) are known. In particular, it is usual to assume e(t) to be a zero
mean random signal that is statistically independent from the plant input u(t).
These assumptions allow to define the prediction of the plant output as a function
of the parameter vector θ:

y(t∣θ) = g(ϕ(t), θ),
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where the predicted values of the disturbance and noise signal are assumed to be
equal to its mean (i.e. to zero). Based on the output prediction y(t∣θ), the predic-
tion error e(t∣θ) is defined as the difference between the measured and predicted
output of the plant:

e(t∣θ) = y(t) − y(t∣θ).
As the goal of system identification is usually to have models with good prediction
capabilities, in probabilistic identification a model is considered good if it leads to
small prediction errors. Therefore, a common approach is to define the criterion
function of the form:

VN(θ) = 1

N

N

∑
k=1

l (e(k∣θ)) , (2.3)

where l ∶ R→ R+ is a scalar valued, nonnegative function that is used as a measure
of the prediction error size. Some typical choices are the quadratic or the absolute
value function. The parameter estimate θ̂ is then obtained as the vector that
minimizes the criterion function (2.3):

θ̂ = arg min
θ∈Θ

VN(θ). (2.4)

The described method for estimating the vector of unknown model parameters is
commonly known as prediction error method (see e.g. [89]). For a specific choice of
the function l in (2.3) and the model structure g, the described estimation method
simplifies to the well known off-line and on-line parametric system identification
methods such as the maximum likelihood or the least squares.

Since e(t) is considered to be a random signal, the estimate of the vector of un-
known model parameters θ̂ is a random variable. Hence, the uncertainty related
to the parameter estimate can be expressed in terms of its covariance matrix:

cov(θ̂) = E ((θ̂ − E(θ̂))
T
(θ̂ − E(θ̂))) , (2.5)

where E(⋅) stands for the mathematical expectation operator and T is the standard
matrix transpose. In order to be able to calculate the covariance matrix (2.5),
knowledge of the underlying probability density function for the signal e(t) needs
to be assumed. Usually the signal e(t) is assumed to be white and normally
distributed as this leads to a closed form expression for the covariance matrix
and often yields statistically unbiased parameter estimates. In case when the
distribution of the signal e(t) can not be assumed a priori, its statistical properties
need to be estimated from the available measurement data (2.1). In this case, the
exact covariance matrix cov(θ) can be exactly calculated only in the limit as
the number of available measurements tends to infinity (i.e. as N → ∞) and in
practice, usually a large number of measurements is required in order to have a
good estimate of the uncertainty related to the parameter vector estimate in (2.4).

Note that our treatment of the probabilistic system identification here is not very
deep as our main purpose is to set the stage for comparing and contrasting it
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with the set membership identification that we introduce in the following section.
For a rigorous and detailed treatment of the probabilistic system identification,
interested reader is referred to excellent textbooks about the field such as [89] and
[164].

2.4 Set membership identification

The main difference between the probabilistic identification described in the pre-
vious section and the set membership identification is that in set membership
identification one does not assume any knowledge about the statistical properties
of the signal e(t) in (2.2), but rather that this signal is bounded, i.e.:

∣e(t)∣ ≤ ε,∀t, (2.6)

where ε ∈ R, ε > 0 is a known positive constant. This means that the signal
e(t) is considered unknown, but bounded (UBB), which is the reason why the set
membership identification approach is often called UBB in the literature (see e.g.
[109]).

Assumption that the signal e(t) is bounded is in many practical cases more natu-
ral and less restrictive than the common assumptions required by the probabilistic
system identification. Indeed, the amplitude of measurement noise is in prac-
tice always bounded and the bounds can often be easily determined from the
specifications of the sensors and other measurement equipment. In addition, the
assumption required by the probabilistic system identification that the signal e(t)
is statistically independent from the plant inputs is violated in the case when there
is plant-model mismatch (i.e. in the presence of unmodeled dynamics), which al-
ways exists in practice. On the other hand, the presence of unmodeled dynamics
does not pose any problem to the set membership identification as long as its
contribution is bounded, which is also often true in practice.

Condition (2.6) allows to define a deterministic set that is guaranteed to contain
all parameter vectors θ that are consistent with the assumption on the model
structure, initial assumptions on the parameters (encoded by the set Θ) and the
collected measurements (2.1). This set is the key element of the set membership
identification, it is called the Feasible Parameter Set (FPS) and is defined as:

FPS = {θ ∈ Θ ∶ ∣y(t) − g (ϕ(t), θ) ∣ ≤ ε,∀t = 1,⋯,N} . (2.7)

Each inequality in (2.7) comes from the fact that the absolute difference between
the measured and the predicted output of the plant can not be larger than the
bound ε. Geometric shape of the FPS in general depends on the used model
structure encoded by the function g. In case of models that are linear in param-
eters, which we treat in more detail in Subsection 2.4.1, the FPS is a polytope,
which is a geometric shape that can be relatively easily used for further process-
ing. Note that if the initial assumptions are valid, then the actual value of the
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parameter vector θ is guaranteed to belong to the FPS. On the other hand, if
FPS is empty, then it means that the initial assumptions are invalidated by the
collected data. Hence there exists a natural and easy way to verify the validity of
initial assumptions (see e.g. [115]).

Therefore, contrary to the case of probabilistic system identification, where the un-
certainty measure is probabilistic and can be expressed by the covariance matrix in
(2.5), in set membership identification we have a deterministic set which is guaran-
teed to contain the actual parameter values provided that the initial assumptions
are valid. In addition, the knowledge of FPS allows us to have a good estimate of
the identification uncertainty for any number of available measurements, no matter
how small it may be. On the other hand, a good characterization of uncertainty in
probabilistic identification is only possible for relatively large number of available
measurements, as discussed in the previous section.

Obtaining an accurate estimate of the unknown parameters, i.e. an estimate with
very small uncertainty, is the ultimate goal of system identification. Therefore,
the optimal parameter estimate in the context of set membership identification is
defined as a point with the smallest possible distance from any point inside the
FPS in some norm p ∈ [1,∞):

θ̂∗p = arg inf
v

sup
θ∈FPS

∣∣v − θ∣∣p, (2.8)

where ∣∣ ⋅ ∣∣p stands for a suitable vector norm selected by the designer. Hence
the optimal estimate minimizes the maximal possible estimation error calculated
in p−norm. Uncertainty related to the optimal estimate is called the radius of
information and is defined as the p−norm of the maximal distance between the
optimal estimate and any of the points in FPS:

Rp(FPS) = sup
θ∈FPS

∣∣θ̂∗p − θ∣∣p. (2.9)

The optimal estimate (2.8) is often hard to calculate as its calculation may re-
quire solving a hard, non-convex optimization problem. Therefore, alternative
algorithms that give an estimate with larger uncertainty, but require less compu-
tational effort are often used in practice. One such suboptimal estimation strategy
is to take any point inside FPS as the estimate θ̂. It has been shown (see e.g.
[178]) that in this case the worst case distance between the estimate and any point
in FPS, and hence the actual value of the parameter vector θ, is not larger than
2Rp(FPS), which is the quantity that is often called the diameter of information
in the literature. Parameter estimates that have an estimation uncertainty not
larger than the diameter of information are called almost optimal (see e.g. [115]).

The set membership approach was first introduced in the late 1960s and early 1970s
by the pioneering works [192, 160, 107, 106] in the context of state estimation in
the presence of unknown but bounded noise. A review of these early contributions
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is given in [108]. Set membership identification received a considerable research
attention during the last three decades (see e.g. the books [31, 109, 117], survey
papers [119, 128, 115, 120, 96] and special journal issues [78, 77]). Moreover, sev-
eral successful practical applications of set membership identification have been
reported (see e.g. [110, 114, 46, 136, 113]). The main research topics related to
set membership identification include, but are not limited to the characterization
and description of the feasible parameter set and its efficient on-line refinement
and updating, computationally efficient algorithms for finding the optimal or al-
most optimal estimate and experiment design in the context of set membership
identification. The main driving force behind the research in set membership
identification is the fact that it allows to precisely and accurately express the un-
certainty of the identified system model in a deterministic fashion, which can be
a very useful starting point in robust controller design. Therefore, application of
set membership identification to controller design is another important research
topic. Before we discuss the possibilities to use set membership identification for
controller design in Section 2.5, we first discuss the specific features of set mem-
bership identification for the cases of linear and nonlinear systems, which will be
instrumental to the discussion in the following section and in the remainder of the
thesis.

2.4.1 Set membership identification for linear systems

When the dynamic system to be identified is linear, the relation between the
measured plant inputs and outputs in (2.2) simplifies to:

y(t) = g (ϕ(t), θ) + e(t) = ϕ(t)T θ + e(t).

This means that the model has a simple linear structure (i.e. g (ϕ(t), θ) = ϕ(t)T θ)
and the measured plant output linearly depends on the unknown parameters. In
this case, the description of the FPS becomes:

FPS = {θ ∈ Θ ∶ ∣y(t) − ϕ(t)T θ)∣ ≤ ε,∀t = 1,⋯,N} . (2.10)

Each inequality in (2.10) gives rise to an infinitely long strip (i.e. a hyperslab)
in the space of the vector θ. Intersection of a finite number of hyperslabs gives a
polytope. Therefore, if the set Θ is also a polytope, then the FPS is a polytope
as well, as according to (2.10) it is an intersection of two polytopes. Figure 2.1
illustrates a polytopic FPS for a two dimensional vector of unknown parameters
(i.e. nθ = nϕ = 2) and shows the optimal estimate and the radius of information
calculated in 2−norm for the given FPS.

Although the fact that the FPS is a polytope in this case simplifies the procedure
of finding the parameter estimate (i.e. finding a point inside the FPS can be done
by solving a linear program) and makes the use of the FPS for controller design
in many cases relatively easy, memory requirements needed to describe the FPS
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Figure 2.1: Illustration of a polytopic FPS in two dimensions. The set Θ that
encodes the initial knowledge about the vector of unknown parameters θ is shown
as a red box. Two hyperslabs formed by the measurements are shown by using
blue lines and the polytope that they form by intersecting each other is colored in
blue. The FPS is obtained as the intersection of Θ and the two hyperslabs and is
colored in magenta. The optimal estimate calculated in 2−norm for this example
is the center of the minimum volume circle that contains the FPS. This point is
shown by the black mark ×. The radius of information is equal to the radius of
the minimum volume circle that contains the FPS.

can be quite high if there is a lot of available measurements (i.e. if N is high).
In addition, updating the FPS recursively (i.e. with each new measurement) in
this form is not easy. Therefore, a lot of research has been directed at developing
algorithms for approximating the complex polytopic feasible parameter set by
geometricaly less complex sets. In particular, approximation of the FPS by a fixed
complexity polytope (see e.g. [20, 140, 183]), an ellipsoid (see e.g. [12, 41, 54]), a
box (see e.g. [105, 118, 121, 28]), a paralelotope (see e.g. [185, 34]) and a zonotope
(see e.g. [19, 29]) has been considered in order to make the use of the FPS for the
controller design easier and to facilitate computationally efficient recursive update
of FPS. We will consider some of these approximations in Chapter 4 as a tool
for developing a computationally efficient recursive set membership identification
scheme.
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2.4.2 Set membership identification for nonlinear systems

In case of nonlinear systems, the characterization of the FPS is not so easy and
its shape in general depends on the function g that determines the structure of the
nonlinear model. However, if the nonlinear model is such that the plant output
linearly depends on the vector of unknown parameters θ, then the same analysis
can be applied as for the case of linear systems. This can be achieved by repre-
senting the nonlinear function g by a sum of fixed and known nonlinear functions,
where the weights in the sum would be the unknown model parameters. This
means that the function g would have the following structure:

g (ϕ(t), θ) = θTK (ϕ(t)) ,

where K (ϕ(t)) = [κ1 (ϕ(t)) ,⋯, κnθ (ϕ(t))]T and κ1,⋯κnθ ∶ Rnϕ → R are fixed
nonlinear functions. We will use and further discuss such a model parametrization
as a tool for developing an on-line algorithm for direct controller design from data
for nonlinear systems in Chapter 5.

However, it is often not easy to make such a linearized parametrization of a nonlin-
ear function. In such cases, when the system dynamics are complex and nonlinear,
a non-parametric model of the underlying dynamical system might be considered.
In this case the relation between the measured outputs and the known regressor
vectors is given by:

y(t) = g (ϕ(t)) + e(t),

where g ∶ Rnϕ → R, g ∈ G is an unknown nonlinear function that belongs to a family
of functions G and that should be identified from the available measurements. In
analogy to the FPS, we define the Feasible Function Set (FFS) as the set contain-
ing all possible functions that are consistent with the available initial assumptions
and the collected measurement data:

FFS = {g ∈ G ∶ ∣g (ϕ(t)) − y(t)∣ ≤ ε,∀t = 1,⋯,N} . (2.11)

Characterization of the FFS and its further use in order to find an optimal esti-
mate of the function g is very difficult in general. However for some special classes
of the set G, the characterization of the FFS becomes tractable. In particular,
if the set G which encodes the initial information available about the nonlinear
function g is the set of Lipschitz continuous functions, i.e.:

G = {g ∶ Rnϕ → R ∶ ∣∣g(ϕa) − g(ϕb)∣∣ ≤ γ∣∣ϕa − ϕb∣∣,∀ϕa, ϕb ∈ Rnϕ} , (2.12)

where γ ∈ R, γ > 0 is a known Lipschitz constant, that could be estimated from
the available data for example, and ∣∣ ⋅ ∣∣ is any vector norm, then an upper and a
lower bound on the value of any function in FFS can be calculated by using the
following Theorem from [111].
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Theorem 2.1. (Theorem 2 in [111]) For any function g ∈ FFS, the following
inequality holds ∀ϕ̃ ∈ Rnϕ:

g(ϕ̃) ≤ g(ϕ̃) ≤ g(ϕ̃),

where:
g(ϕ̃) = min

k=1,⋯,N
(u(k) + ε + γ∥ϕ̃ − ϕ(k)∥)

g(ϕ̃) = max
k=1,⋯,N

(u(k) − ε − γ∥ϕ̃ − ϕ(k)∥) .

This means that without assuming any structure for the model of the unknown
dynamic system, but assuming the knowledge of its Lipschitz constant, we can
calculate an upper and a lower bound for the plant output at any time step in
the future just based on the knowledge of the past control inputs and outputs.
This useful property of the set membership approach will be used in Chapter 5
as the means to secure closed-loop stability when set membership identification
is used for direct controller design. The optimal estimate of the function g, i.e.
the estimate that minimizes the worst case estimation error, is given by (see e.g.
[111]):

ĝ∗(ϕ) = 1

2
(g(ϕ) + g(ϕ)) ,

and can be easily evaluated for any particular regressor vector ϕ. The concept of
non-parametric set membership identification which exploits Lipschitz continuity
for a one dimensional case (i.e. for nϕ = 1) is illustrated in Figure 2.2.

2.5 Use of set membership identification for

controller design

As already mentioned, the purpose of system identification is to build a mathemat-
ical model of the dynamic system of interest. In indirect, off-line control design,
the identified model is then usually used for designing a feedback controller that
should satisfy some prescribed control objective such as reference tracking, stabi-
lization and/or disturbance rejection. One way to design the controller is to use
the identified model as if it was the true representation of the real plant, without
taking the identification uncertainty into account. This approach is often used in
practice and it works well if the identified model is sufficiently accurate and/or
if the designed controller is not very sensitive to possible plant model mismatch.
However, in many cases the identification uncertainty can not be neglected as the
mismatch between the model used for the controller design and the actual plant
may lead to very poor control performance or even instability. In such cases, the
uncertainty related to the identified mathematical model has to be taken into ac-
count when designing the controller. Such a way of designing controllers is called
robust (see e.g. [124, 197, 196, 166]). Modern tools for robust design usually
require the knowledge of a nominal model of the plant and a description of the
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Figure 2.2: Illustration for the non-parametric set membership identification that
exploits Lipschitz continuity of the plant dynamics in one dimension. The actual
function g(ϕ) which represents the plant dynamics (red) is compared with the
available measurements (balck ×), the upper and lower bound functions g(ϕ) and
g(ϕ) (dashed green) and the optimal estimate g∗(ϕ) (blue).

uncertainty related to that model. Controller design is then aimed at finding
a controller that is capable of meeting the prescribed stability and performance
specifications for all possible realizations of the uncertainty. Most of the existing
robust control design algorithms require deterministic description of the underly-
ing uncertainty. Therefore, due to the fact that it gives deterministic and accurate
estimate of the uncertainty related to the identified model, set membership iden-
tification is a more natural framework for identifying models that are suitable for
robust control design than the probabilistic identification. Hence, a lot of research
has been directed into set membership identification algorithms which are capable
of directly providing uncertainty descriptions that are suitable for robust controller
design (see e.g. [67, 85, 163, 195, 62, 61, 151, 24]).

Recent advances in robust control design have made it possible to straightforwardly
design robust controllers that are capable of dealing with multiple input multiple
output linear systems that are subject to both input and output constraints (see
e.g. [23, 15, 86, 88, 30, 190, 43]). Most of these algorithms require a polytopic
description of the uncertainty related to the identified model parameters. As
explained in Subsection 2.4.1, such uncertainty description is obtained when set
membership identification is used and the underlying dynamic system model is
linear. Therefore, obtaining the uncertainty description that is suitable for robust
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controller design in this case does not require any additional calculations, since
the FPS can be used directly as the uncertainty description. However, the way
to design identification experiments that would yield small uncertainty and hence
robust controllers with good performance in case when the plant to be controlled
has multiple inputs that are coupled by constraints (which is exactly the case
when these types of robust control algorithms are used) is often not clear and
straightforward. In Chapter 3, we propose a systematic way to design identification
experiments in the set membership context for multiple input, constrained linear
systems.

In robust controller design, the controller is created before it is commissioned and
usually it is not further modified during the operation. Hence, the additional in-
formation that is obtained during controller operation is not exploited in order
to possibly reduce the uncertainty related to the system model and thus reduce
the conservativeness of the controller and improve its performance. An alternative
control design method which is capable of exploiting the measurements obtained
during the operation of the controller in order to tackle uncertainty is adaptive
control (see e.g. [3, 87, 158]). In adaptive control, the system identification algo-
rithm runs on-line, in parallel with the controller and the controller is modified
based on the information obtained from the identification algorithm in order to
improve the overall control performance. Hence, adaptive control is also suitable
for systems whose dynamics slowly varies over time as an adaptive controller is
capable of tracking the variations in the plant dynamics. This is not the case
with robust control design, where one would have to design a single controller for
all possible variations of the underlying dynamical system, which could result in
lower performance compared to adaptive control. The most commonly used adap-
tive control algorithm is the so called certainty equivalence adaptive control. In
this approach, the identification algorithm updates a point estimate of the plant
model and at each time step the controller is adjusted as if the identified model is
equivalent to the actual plant that is being controlled (hence the name certainty
equivalence). The drawback of this approach is that performance and stability
guarantees can be given only in the limit (i.e. as t → ∞) and they are based on
guaranteeing the convergence of the identified parameters to their actual values.
Usually no guarantees can be given for the adaptation phase, when the identified
parameters can be significantly different than the actual ones, which might cause
significant control performance degradation. This problem can be addressed by
taking the uncertainty of the identified model into account. However, when using
probabilistic identification, as discussed in Section 2.3, it is often difficult to have
an accurate estimate of the model uncertainty when the number of available mea-
surements is small, which is usually the case during the adaptation phase. Hence,
the set membership identification, that can provide accurate uncertainty estimates
irrespective of the number of available measurements could be an useful alternative
for designing adaptive controllers that should satisfy some prescribed performance
guarantees even during the adaptation transient. However, despite this advantage
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that the set membership could have in the design of adaptive controllers, compared
to a large number of contributions related to the use of set membership identifi-
cation for robust control, there are few proposals of adaptive algorithms that use
set membership identification. A pole placement adaptive controller that uses set
membership identification has been proposed in [181], one step ahead adaptive
predictive controller that uses set membership identification has been proposed in
[180] and [91] and the multiple step ahead adaptive predictive control that relies on
the set membership identification has been proposed in [184] and [127]. One of the
main challenges related to the use of the set membership identification in adaptive
control is the fact that putting together a recursive set membership identification
algorithm and a robust control design scheme in an on-line algorithm usually leads
to computationally very demanding approaches that can not be applied in prac-
tice. In this thesis, we propose a novel adaptive control algorithm that uses set
membership identification. The algorithm is based on model predictive control
and it allows the control of multiple input multiple output linear systems that
are subject to hard input and output constraints. It is computationally efficient
in the sense that it requires the solution of convex optimization problems only.
Thanks to the use of set membership identification, the proposed algorithm is able
to guarantee constraint satisfaction even during the adaptation phase.

Another option to controller design that has gained more research attention re-
cently is the direct controller design from data (see e.g [76, 10, 75]). The main idea
of this approach is to directly design controller from the available measurement
data instead of doing it in two steps by first identifying the model of the dynamic
system of interest and then using this model in order to design the controller. The
main motivation for the direct design approach lies in the fact that for highly non-
linear systems, it might be very difficult to come up with a mathematical model
that captures all the relevant features of the nonlinear system dynamics and is at
the same time simple enough so that it can be used for controller design. Therefore,
skipping the step of building the model altogether and directly designing the con-
troller from data could be easier and require less effort from the control designer.
The main challenge with the direct controller design is that it is very difficult
to give stability and performance guarantees of the directly designed controllers.
For the controllers that are designed off-line, it is usually required to verify their
performance in simulation or experimentally before they are deployed. With on-
line directly designed controllers, which are essentially direct adaptive controllers,
some stability guarantees can be given in the limit (as t →∞), but usually under
very restrictive assumptions. The main reason for these difficulties is the fact that
due to high nonlinearity of the system dynamics, standard assumptions used in
probabilistic setting can not be used in a straightforward manner, which makes
the characterization of the uncertainty steaming from the measurement noise and
disturbances difficult. This is the reason why the set membership identification,
with its less restrictive assumption on the noise and disturbances and the deter-
ministic description of the identification uncertainty can be very useful for direct
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controller design. In [135, 134, 47] several off-line algorithms for direct design of
reference tracking controllers that make use of set membership identification have
been proposed. These controllers are capable of guaranteeing closed-loop stability
and bounds on the tracking error. In this thesis we consider further extension of
such algorithms and we propose an on-line direct controller design scheme that
is capable of guaranteeing closed-loop stability and bounded tracking error dur-
ing controller operation despite the fact that the used feedback controller is being
updated during closed-loop operation.



3 Worst-case experiment design
for constrained linear systems

3.1 Introduction and outline

The goal of experiment design in system identification is to create an input se-
quence to be applied to the plant during the identification experiment in order
to maximize the information extracted from the collected data and thus minimize
the uncertainty about the estimated model parameters. In the set membership
context, the model uncertainty is represented by the feasible parameter set FPS
(see also Section 2.4) and its radius calculated in some selected norm (i.e. the
radius of information) is a measure of identification uncertainty. The actual FPS
that is obtained in an identification experiment depends on the input sequence
that is applied, but also on the realization of the disturbance signal that is in gen-
eral not known. Therefore, experiment design is usually aimed at minimizing the
worst-case radius of information, i.e. the radius of information that is obtained
for the worst-case realization of the disturbance signal. When such an input se-
quence is used in an identification experiment, the obtained radius of information
is guaranteed to be smaller than the worst-case value that was considered in the
experiment design phase. Therefore, the worst-case experiment design is aimed at
minimizing the upper bound on the uncertainty measure that can be obtained in
any particular identification experiment.

As discussed in Section 2.5, good experiment design can be very useful in the
context of robust controller design that is based on models obtained by using
set membership identification. The main reason is that the minimization of the
identification uncertainty reduces the conservativeness of the designed controller
and in general improves its performance. However, the existing methods for ex-
periment design in the set membership context are mainly limited to the simple
case of single input single output (SISO), linear systems that are described by
a finite impulse response (FIR) model and where the only constraint assumed
on the input signal is the bound on its magnitude. However, many real world
systems have multiple inputs that are subject to other types of constraints, like
input rate constraints, which often arise due to physical limitations of the actu-
ators, as well as constraints that couple different plant inputs. In addition, in
order to reduce the model complexity (and the number of parameters that need
to be identified), it is often beneficial to use different parameterizations based on
basis transfer functions, instead of FIR models. The most commonly used basis
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transfer functions are the Laguerre and Kautz ones as well as the generalized or-
thonormal basis functions. For the mentioned cases that are not covered by the
literature, we provide here new results on the optimal worst-case experiment de-
sign. In particular, we consider systems with multiple inputs subject to general
convex constraints, as well as general basis transfer function parameterizations of
the system’s model. For these settings, our first result provides the answer to the
question of how to design input sequences that can minimize the worst-case radius
of information, computed in any norm. Although the result is very general, the
computational complexity of the related input design procedure becomes quickly
prohibitive. Then, we demonstrate how stronger results can be obtained when the
input constraints are symmetric and if either the 1- or ∞-norm radius of informa-
tion is considered, leading to a computationally tractable algorithm to design the
input sequence that actually minimizes the worst-case radius of information that
can be achieved in the experiment. The effectiveness of this worst-case experiment
design method is illustrated by a numerical case study.

This chapter is organized as follows. In Section 3.2 we give a review of the existing
results on the worst-case experiment design and in Section 3.3 we introduce the
experiment design problem that we address. The main results are derived in
Section 3.4. In particular, we introduce the preliminaries that are instrumental
for deriving our main results in Subsection 3.4.1. In Subsection 3.4.2, we give the
result on the worst-case experiment design in any norm and in Subsection 3.4.3
on the minimization of the worst-case radius of information in 1- and ∞-norm for
symmetric input constraints. Subsection 3.4.4 explains how some of the results
that already exist in the literature can be seen as the special cases of the results that
we derive and Subsection 3.4.5 proposes the algorithm for the optimal worst-case
experiment design that is based on the presented theoretical derivations. Section
3.5 describes an illustrative numerical example. The discussion on the presented
experiment design method and the concluding remarks are given in Section 3.6.

3.2 Existing worst-case experiment design

algorithms

There has been a lot of research activity in the field of optimal experiment de-
sign for probabilistic identification methods. Several books have been dedicated
to this topic (see e.g. [63, 6, 50, 148]). Recent results in this field of research
are summarized in the survey papers [60, 72, 144]. In the case of probabilistic
identification, the difference between the actual and the estimated parameters is a
random variable with covariance that is bounded from below by an inverse of the
Fisher information matrix. Therefore, in the context of probabilistic identifica-
tion methods, the experiment design is aimed at maximizing some measure of the
Fisher information matrix, subject to certain constraints on the plant input. Usu-
ally, the considered constraints are the input power and/or amplitude constraints.
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There is however much less contributions that consider more general convex input
constraints (see e.g. [126, 125, 156]).

The literature on the experiment design in set membership context is less rich.
Initial studies on what would be useful input sequences in the set membership
context are given in [131] and [13]. Design of experiments that minimize the
volume of FPS was discussed in [145] and [146]. In [8], design of periodic input
sequences with constrained magnitude, minimizing the volume and the radius of
FPS in 2-norm have been considered both in deterministic and in probabilistic
setting for a SISO system given by an FIR model. In [95], the input sequence
that minimizes the worst-case radius of information in 1-norm, for SISO system
described by an FIR model and with magnitude constraint on the input signal
has been derived. In [14], for the same settings the shortest input sequences
that minimize the worst-case radius of information in 1-, 2- and ∞-norm were
derived. In [25], a way to design input sequences that minimize the worst-case
radius of information in ∞-norm for conditional set membership identification was
presented. The time complexity of the worst-case experiment design in 1-norm
has been considered in [40, 179, 141]. More recently, experiment design aimed at
minimizing the worst-case radius of information for nonlinear [133, 90] and linear
systems with quantized measurements [26, 27] have been investigated.

In summary, the existing studies on experiment design aimed at minimizing the
worst-case radius of information address mainly the case of SISO systems param-
eterized by FIR models, and only magnitude constraints on the input are consid-
ered. Hence, the existing algorithms can not be used for worst-case experiment
design on systems with multiple inputs that are subject to coupling constraints.
In this chapter, we present an algorithm that can be used for the worst-case ex-
periment design of such systems. The results that we present can be interpreted
as a generalization of the existing results to a more general class of system models.
In fact, we show that some of the before mentioned existing methods for worst-
case experiment design become special cases of the results that we present in this
chapter.

3.3 Problem definition

We consider a multiple input, single output (MISO), strictly proper, discrete, linear
time invariant (LTI) system, with nu inputs. At a generic time step t the measured
output of the system is given by:

y(t) = ϕ(t)T θ + e(t), (3.1)

where, following the notation introduced in Chapter 2, θ ∈ Rm is a vector of m
model parameters that describe the system, e(t) ∈ R is a term that accounts for
any measurement noise, process noise or unmodeled dynamics and ϕ(t) ∈ Rm is a
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regressor vector that depends on the applied control inputs u(t) ∈ Rnu as:

ϕ(t + 1) = Aϕ(t) +Bu(t), (3.2)

where A ∈ Rm×m and B ∈ Rm×nu depend on the selected model parametrization.

Remark 3.1. The results that we derive for MISO systems are also relevant for the
experiment design of multiple input, multiple output (MIMO) systems, since any
MIMO system can be decomposed into several MISO systems (one MISO system
for each output).

Remark 3.2. Note that the system parametrization in (3.1) and (3.2) is slightly
different from the standard regression form model used in the system identification
literature (see e.g. [89, 164]). We use such a model structure in order to state the
results on the worst-case experiment design for a broad range of basis function pa-
rameterizations. In fact the chosen model structure covers as special cases several
commonly used model parameterizations. For example, for the case when nu = 1
and an FIR plant model is used, A and B would have the following structure:

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 0 ⋯ 0 0
1 0 ⋯ 0 0
⋮ ⋮ ⋱ ⋮ ⋮
0 0 ⋯ 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

, B =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1
0
⋮
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

. (3.3)

For the case when nu > 1, A and B can be obtained by block diagonalizing the
matrices in (3.3). Moreover, suitable A and B matrices can be derived for the
case when the Laguerre, Kautz or generalized basis transfer functions are used.
More detailed discussion on the basis transfer function parametrization and the
derivation of matrices A and B for such model parameterizations are provided in
the Appendix A.

Remark 3.3. According to the model in (3.1) and (3.2), the regressor vector
depends on the past plant inputs only. The extension of the presented results to a
model in which the regressor would depend on the past values of the plant output
(e.g. ARX model) would not be straightforward. Such models are treated in the
category of errors-in-variables problems in the set membership literature (see e.g
[109]).

We consider the following assumption on the matrices A and B.

Assumption 3.1. The pair A, B is controllable and A has all the eigenvalues
inside the unit circle.

Note that Assumption 3.1 holds for all standard basis transfer function param-
eterizations. As it is common in the set membership identification context (see
e.g. Section 2.4), the only knowledge that is assumed on the signal e(t) is that its
magnitude is bounded point-wise in time.
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Assumption 3.2.
∣e(t)∣ ≤ ε,∀t, (3.4)

where ε ≥ 0 is a known constant.

We further assume that the plant inputs may be subject to constraints of the form:

Cu(t) ≤ o, ∀t
L∆u(t) ≤ q, ∀t,

(3.5)

where ∆u(t) = u(t) − u(t − 1) is the rate of change of the input. The element-
wise inequalities in (3.5) define convex sets through the matrices C ∈ Rno×nu and
L ∈ Rnq×nu and the vectors o ∈ Rno and q ∈ Rnq , where no and nq are the number
of linear constraints on the input magnitudes and on their rates, respectively. In
addition, we consider the following assumption on the input constraints.

Assumption 3.3. The set described by the input constraints (3.5) is compact and
contains the origin.

Remark 3.4. Note that just magnitude and rate constraints have been assumed
in order to simplify the notation, however all the results that we present in this
chapter hold also for additional polytopic input constraints satisfying Assumption
3.3.

Without loss of generality, we take the time step at which the experiment starts
to be t = 1 and make the following assumption about the control inputs applied
before this time step.

Assumption 3.4. u(t) = 0, ∀t < 1.

The actual value of the parameter vector θ is unknown and needs to be estimated
on the basis of the assumptions on the system model and on the magnitude bound
of the signal e(t), together with the information provided by the sequence of
measurement data collected in the identification experiment. In particular, if we
denote a sequence of N measured plant outputs and its corresponding sequence of
applied regressor vectors as:

yN = {y(t)}Nt=1 , ϕN = {ϕ(t)}Nt=1 , (3.6)

then the set of all the models that are consistent with the initial assumptions and
collected measurements (3.6), i.e. the feasible parameter set (see also Section 2.4),
is defined as:

FPS = {θ ∈ Rm ∶ ∣y(t) − ϕ(t)T θ∣ ≤ ε, t = 1,⋯,N} . (3.7)
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Remark 3.5. Note that here we assume the set Θ, which encodes the initial infor-
mation about the vector of unknown parameters θ, to be equal to Rm and that as a
result the shape of the FPS depends purely on the applied regressor vectors, actual
value of the parameters θ and the realization of the signal e(t). Considering some
other form of the set Θ (like a general polytope for example) would significantly
complicate the analysis, as the resulting shape of the FPS would depend on the
shape of the assumed set Θ, and is hence not treated here.

As discussed in Section 2.4, the radius of information Rp(FPS) (i.e. the radius
of the FPS calculated in p-norm) defined in (2.9) is a reasonable measure of the
quality of an estimate in the set membership context and therefore the experi-
ment design should be aimed at minimizing this quantity. However, the radius of
information achieved after a specific experiment depends on the applied control
inputs, on the actual system’s dynamics, and on the particular realization of the
disturbance signal that occurred. Since the last two aspects are not part of the
available prior information, it is of interest to consider the worst-case radius of
information with respect to all possible values of the true system’s parameters and
all possible disturbance realizations:

Rp(ϕN) = sup
θ,∣e(t)∣≤ε,t=1,⋯,N

Rp(FPS). (3.8)

The worst-case radius of information Rp(ϕM) represents an upper bound on the
value of Rp(FPS) that can be obtained in the identification experiment. In addi-
tion, for given prior information (model structure and disturbance/noise bounds),
the worst-case radius of information depends only on the applied regressor vectors,
and thus, according to (3.2), on the input sequence employed in the experiment.
Therefore, the problem that we address in this chapter is the following.

Problem 3.1. Design an input sequence that minimizes the value of Rp(ϕN),
while at the same time it satisfies the input constraints (3.5).

3.4 Worst-case experiment design

3.4.1 Preliminaries

In order to solve the Problem 3.1, we first recall an existing result on the calculation
of the worst-case radius of information.

Theorem 3.1. (Theorem 3 in [104], Theorem 2 in [116], Theorem 1 in [100])
The worst-case radius of information (3.8) can be computed as:

Rp(ϕN) = sup
θ

∣∣θ∣∣p

Subject to:

∣ϕ(t)T θ∣ ≤ ε,∀t ∈ [0,N].

(3.9)



CHAPTER 3. WORST-CASE EXPERIMENT DESIGN FOR CONSTRAINED
LINEAR SYSTEMS 41

The key to prove that (3.9) is equivalent to (3.8) is to show that the radius of
information (2.9) does not depend on the vector of unknown parameters θ and
that it is maximized by a realization of e(t) corresponding to a constant signal.
Indeed, since Θ = Rm, changing θ, for the same sequence of regressor vectors ϕN

and the same realization of the signal e(t) results in a translation of the FPS (3.7)
in space and hence does not affect the radius of information (2.9). The second point
is more subtle to show and its proof can be found in the cited literature.

We also define the set of admissible regressors as the set containing all the regressor
vectors that can be reached from the origin (see Assumption 3.3) in M steps, given
the input constraints (3.5):

ΦM = {ϕ ∈ Rm ∶ ϕ = [AM−1B,AM−2B,⋯,B]U, U ∈ U} , (3.10)

where U ⊂ RMnu is the set of all the admissible control input sequences of length
M , defined by

U = {U ∈ RMnu ∶WU ≤ z} , (3.11)

where

W =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

CT 0 ⋯ 0 0
0 CT ⋯ 0 0
⋮ ⋮ ⋱ ⋮ ⋮
0 0 ⋯ CT 0
0 0 ⋯ 0 CT

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
M

LT 0 ⋯ 0 0
−LT LT ⋯ 0 0
⋮ ⋮ ⋱ ⋮ ⋮
0 0 ⋯ LT 0
0 0 ⋯ −LT LT

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
M

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

∈ RM(no+nq)×Mnu

z = [
oT ⋯ oT

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
M

qT ⋯ qT

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
M

]
T

∈ RM(no+nq),

(3.12)
with 0 denoting zero matrices of appropriate dimension. Note that, from (3.11)
and (3.12), it follows that U is a polytope and therefore ΦM is also a polytope,
as it is a linear projection of a polytope. The fact that ΦM is a polytope is
a consequence of the assumption that the regressor vector depends on the past
control inputs only. In the case of an ARX model, ΦM would not be a polytope,
which prevents the direct extension of the presented results to a more general
ARX model structure (see also Remark 3.3). Theoretically, the set of admissible
regressors is given by Φ∞ = lim

M→∞
ΦM . However, considering Φ∞ would imply

allowing infinite experimentation time, which is not realistic. Moreover, since by
Assumption 3.1, the matrix A has all the eigenvalues inside the unit circle, it holds
that lim

M→∞
AM−1B = 0, i.e. ΦM is a good approximation of Φ∞ for M sufficiently

large. Therefore, in our analysis we will make the following assumption about the
set of admissible regressor vectors.

Assumption 3.5. The set of admissible regressor vectors is given by ΦM , where
M is a finite, but possibly very large number.
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In practice, a sufficiently large M should be selected by the experiment designer.
We present a suitable procedure to select M in Subsection 3.4.5.

Remark 3.6. Note that if the matrix A is nilpotent, for example when an FIR
model parametrization is used (see e.g. (3.3)), then ∃M ′ ∶ ∀M ≥M ′,ΦM = ΦM ′ and
therefore Φ∞ = ΦM ′, i.e. the set of admissible regressors can be calculated exactly
for a finite value of M .

We next define the minimal worst-case radius of information R
∗
p as:

R
∗
p = inf

N,ϕ(t)∈ΦM ,t=1,⋯,N
Rp(ϕN), (3.13)

i.e. R
∗
p is the minimal worst-case radius of information achievable by considering all

the admissible regressors and all possible experiment’s lengths N . From Theorem
3.1 it follows that the minimal worst-case radius of information can be achieved
by an infinitely long input sequence that gives rise to all the vectors in ΦM :

R
∗
p = sup

θ∈Q
∣∣θ∣∣p, (3.14)

where
Q = {θ ∈ Rm ∶ ∣ϕT θ∣ ≤ ε,∀ϕ ∈ ΦM} . (3.15)

In addition, we recall a couple of theoretical preliminaries related to polytopic
geometry that will be used in order to derive the main results that we present in
this chapter. In particular, we recall the following definition of polytope’s polar
taken from [66].

Definition 3.1. A polar of a polytope P ⊂ Rm containing the origin is defined as:

P ∗ = {x ∈ Rm ∶ yTx ≤ 1,∀y ∈ P}

We further recall two theorems related to the polarity of polytopes that are in-
strumental for our results.

Theorem 3.2. (Theorem 9.1 in [198])

P ∗ = {x ∈ Rm ∶ vTx ≤ 1,∀v ∈ V (P )},

where V (P ) denotes the set of all the vertices of the polytope P .

Theorem 3.3. (Theorem 6.4 in [198]) Let bd(P ) denote the set of all the points
on the boundary of a polytope P . Then ∀v ∈ bd(P ), it holds that max

x∈P ∗
vTx = 1, i.

e. the hyperplane M = {x ∈ Rm ∶ vTx = 1} is a supporting hyperplane of P ∗.

The concept of polytope polar and the results of Theorems 3.2 and 3.3 are illus-
trated in Figure 3.1 for a two dimensional case.
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Figure 3.1: Illustration of the concept of polytope polarity for a two dimensional
case. The original polytope P (left) is compared to its dual P ∗ (right). The
vertices of P (denoted by blue, red and green ×) correspond to the faces of the
polytope P ∗ (also colored correspondingly red, blue and green). A point on the
boundary of the polytope P (denoted by a yellow ∗) corresponds to the supporting
hyperplane of the polytope P ∗ (yellow line) .

3.4.2 Minimizing the worst-case radius of information in any
norm

The first question that we address is whether there exists a finite sequence of inputs
that achieves R

∗
p in any norm. To this end, we first define the set −ΦM as:

−ΦM = {ϕ ∈ Rm ∶ −ϕ ∈ ΦM} , (3.16)

and then the set Φ̂M as the convex hull of ΦM and −ΦM :

Φ̂M = conv(ΦM ∪ −ΦM). (3.17)

The set Φ̂M is also a polytope, and as such it is uniquely defined by its vertices.
We denote the set of all the vertices of Φ̂M by V (Φ̂M). Note that, by construction,
V (Φ̂M) can be split into two sets:

V (Φ̂M) = {V +(Φ̂M) ∪ V −(Φ̂M)} , (3.18)

where ∀v ∈ V +(Φ̂M), −v ∈ V −(Φ̂M) and V +(Φ̂M) ⋂ V −(Φ̂M) = ∅, with the set
V +(Φ̂M) satisfying V +(Φ̂M) ⊂ V (ΦM), where V (ΦM) is the set of all the vertices
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of ΦM . Note that, depending on the shape of the set ΦM , there might be more
than one way to split the set V (Φ̂M) into V +(Φ̂M) and V −(Φ̂M). The introduced
variables for a two dimensional case (i.e. for m = 2) are illustrated in Figure 3.2.

©M

¡©M ©̂M

Figure 3.2: Illustration of the variables in (3.16)–(3.18) for a two dimensional case.
The polytopes ΦM and −ΦM have black faces and the polytope Φ̂M has blue faces.
All the vertices of the polytope Φ̂M , i.e. V (Φ̂M) are denoted by red ×, while its
subset V +(Φ̂M) is additionally denoted by green circles.

We now have all the ingredients to derive the result on how to design a finite input
sequence that yields the minimal possible worst-case radius of information in any
norm.

Theorem 3.4. Let the Assumptions 3.1–3.5 hold. The minimal worst-case radius
of information R

∗
p, ∀p ∈ [1,∞), is achieved by a finite input sequence that generates

all the regressor vectors in V +(Φ̂M).

Proof. We first note that the set Q in (3.15) can be written in a slightly different
form:

Q = {θ ∈ Rm ∶ ϕT θ ≤ ε,∀ϕ ∈ ΦM ∪ −ΦM} . (3.19)

In addition, we consider another set, defined by the elements of Φ̂M :

Qc = {θ ∈ Rm ∶ ϕT θ ≤ ε,∀ϕ ∈ Φ̂M} . (3.20)
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Since, by construction, ΦM ∪−ΦM ⊆ Φ̂M , it holds that Qc ⊆ Q. In addition, we note
that, by construction, Φ̂M contains the origin and therefore, by Definition 3.1, the
polytopeQc is a polar of the polytope 1

ε Φ̂M , where 1
ε Φ̂M = {ϕ ∈ Rm ∶ ϕ = 1

εv,∀v ∈ Φ̂M}.
Therefore, from Theorem 3.2 it holds that:

Qc = {θ ∈ Rm ∶ vT θ ≤ ε,∀v ∈ V (Φ̂M)} . (3.21)

By using the fact that V (Φ̂M) can be split into V +(Φ̂M) and V −(Φ̂M) as in (3.18),
(3.21) can be rewritten as:

Qc = {θ ∈ Rm ∶ ∣vT θ∣ ≤ ε,∀v ∈ V +(Φ̂M)} . (3.22)

Since, by construction, V +(Φ̂M) ⊂ ΦM , it has to hold that Q ⊆ Qc, and as also
Qc ⊆ Q, it follows that Qc = Q. Then, from (3.14) and (3.22), the claim of the
Theorem follows directly.

The result of Theorem 3.4 gives a guideline on how to design identification ex-
periments to minimize the worst-case radius of information R

∗
p in any norm (∀p ∈

[1,∞)). We note that the input sequence given by Theorem 3.4 also minimizes
the volume of FPS as has been demonstrated in [145]. Theorem 3.4 implies that
in order to design the input sequence that minimizes the worst-case radius of in-
formation in any norm, the vertices of ΦM need to be computed. However, finding
the vertices of a polytope described by a set of linear inequalities is in general
a computationally hard problem. Dedicated software tools for finding polytope
vertices exist (see e.g. [70]), but can be used only for relatively low dimensional
spaces and for rather simple polytopes. Moreover, the number of vertices of ΦM

would, in general, grow more than exponentially with the increase in the number
of the parameters to be identified, implying impractical experimentation time even
for a small number of unknown coefficients.

3.4.3 Minimizing the worst-case radius of information in 1 and
infinity norm for symmetric constraints

It is reasonable to expect that if one would aim at minimizing the worst-case radius
of information for a specific norm, there could be a different and less complex way
of designing the experiment. In this subsection, we show that this is indeed the
case and that polytopic geometry can be exploited in order to provide a tractable
way to design experiments if the goal is to minimize the worst-case radius of
information in 1- or ∞-norm, and if the set ΦM is centrally symmetric, such that
ΦM = −ΦM = Φ̂M . Note that this condition is met if the constraints (3.5) are
symmetric, which is often the case in practical problems and if not, it can usually
be achieved by a simple coordinate transformation.

In order to state the result for 1-norm, we define the following set of vectors:

V 1 = {
v ∈ Rm ∶ v = [1, x1,⋯, xm−1]T ,

xi ∈ {−1,1}, i = 1,⋯,m − 1
} . (3.23)
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Note that, by construction, the set V 1 has 2m−1 elements. The vectors in V 1 are
selected such that they form a 1-norm ball:

B1 = {x ∈ Rm ∶ ∣vTx∣ ≤ 1,∀v ∈ V 1} . (3.24)

Note that there is more than one possible way to define the set V 1 such that the
set B1 in (3.24) corresponds to the 1-norm ball. In fact, the definition of the set
V 1 in (3.23) is taken as a notational convention and the result that we derive holds
for any other combination of vectors such that B1 is a 1-norm ball.

To each of the vectors vi ∈ V 1, i = 1,⋯,2m−1, we associate a scalar αi > 0, i =
1,⋯,2m−1 that is computed as the maximal value that guarantees the satisfaction
of αivi ∈ ΦM :

αi = maxk
Subject to:
kvi ∈ ΦM .

(3.25)

Note that by using (3.10) and (3.11), the optimization problem (3.25) can be
rewritten as:

αi = max
k,U

k

Subject to:
kvi = [AM−1B,AM−2B,⋯,B]U
WU ≤ z,

(3.26)

which is a linear program (LP) that can be solved efficiently with available software
tools. We further denote the smallest scalar among all αi, i = 1,⋯,2m−1, with α1:

α1 = min{α1,⋯, α2m−1}. (3.27)

Note that finding α1 amounts to solving a linear program (LP) of the form (3.26)
for each vector in V 1 and then finding the smallest number among the obtained
solutions.

We are now in position to give the result on how to design the identification
experiment in order to achieve the minimal worst-case radius of information R

∗
1.

Theorem 3.5. Let the Assumptions 3.1–3.5 hold. If ΦM is centrally symmetric
(ΦM = −ΦM = Φ̂M), the minimal worst-case radius of information R

∗
1 is achieved

with the input sequence that generates the regressor vectors α1vi, ∀vi ∈ V 1, and its
value is R

∗
1 = ε

α1 .

Proof. Let us denote by Q1 the set formed by the regressor vectors defined by
α1vi, ∀vi ∈ V 1, as:

Q1 = {θ ∈ Rm ∶ ∣α1vTi θ∣ ≤ ε,∀vi ∈ V 1} . (3.28)

From the way V 1 is defined, it follows that Q1 = ε
α1B1, i.e. Q1 is the 1-norm ball

with radius ε
α1 . Since, by construction, α1vi ∈ ΦM ,∀vi ∈ V 1, it has to hold that

Q ⊆ Q1. Moreover, from the assumption that ΦM is centrally symmetric, it holds
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that ΦM contains the origin and therefore, from the Definition 3.1, Q is a polar
of 1

εΦM , where 1
εΦM = {ϕ ∈ Rm ∶ ϕ = 1

εv,∀v ∈ ΦM}. In addition, from the way α1

is defined in (3.27), it follows that ∃v ∈ V 1 ∶ α1v ∈ bd (1
εΦM). Moreover, from the

fact that ΦM is symmetric (ΦM = −ΦM = Φ̂M), it follows that −α1v ∈ bd(1
εΦM).

Then, from Theorem 3.3, it holds that the two parallel faces of Q1 defined by
α1v and −α1v: M+ = {x ∈ Rm ∶ α1vTx = ε} andM− = {x ∈ Rm ∶ −α1vTx = ε} are the
supporting hyperplanes of Q. Since Q ⊆ Q1 and Q1 has at least two parallel faces
that are the supporting hyperplanes of Q, Q1 is the tightest possible 1-norm ball
containing Q. This can be shown by contradiction. Let us assume (for the sake
of contradiction) that Q1 is not the tightest possible 1-norm ball containing Q
and that there exists some 1-norm ball Q′ = δB1, δ < ε

α1 such that Q ⊆ Q′ ⊂ Q1.
Let us denote the faces of Q′ that are parallel to M+ and M− by M′

+ and M′
−.

Then it holds that: M′
+ ∈ {x ∈ Rm ∶ α1vTx < ε} and M′

− ∈ {x ∈ Rm ∶ −α1vTx < ε}.
Since M+ and M− are the supporting hyperplanes of Q (i.e. max

x∈Q
α1vTx = ε and

max
x∈Q

−α1vTx = ε), it means thatM′
+ andM′

− are contained in the supporting half-

spaces of Q and therefore intersect Q, which is a contradiction. Therefore, Q1 is
indeed the tightest possible 1-norm ball containing Q and hence it has to hold
that:

sup
θ∈Q

∣∣θ∣∣1 = sup
θ∈Q1

∣∣θ∣∣1 =
ε

α1
, (3.29)

Which completes the proof.

Theorem 3.5 provides both a way to design an optimal experiment and the value
of the related minimal worst-case radius of information R

∗
1. The latter can be

calculated in advance and is given by R
∗
1 = ε

α1 . This value gives a good intuition
of the effects of input constraints and noise on the experiment. In fact, the value
of α1 can be regarded as a measure of the size of the set of admissible regressors,
ΦM , and the ratio ε

α1 as a noise-to-signal ratio: the smaller this value, the better
the worst-case outcome of the experiment.

Remark 3.7. The fact that the minimal possible worst-case radius of information
can be calculated a priori can be exploited to evaluate the quality of an experiment
realization a posteriori. In particular, if the achieved radius of information is much
smaller than the minimal worst-case value, it would indicate a favorable realization
of measurement error and hence good quality of the parameter estimate. Vice versa,
if the obtained radius of information is close to the worst-case, it would mean that
an unfortunate realization of the signal e(t) has occurred and the experiment could
be repeated in hope that a more fortunate realization might occur.
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Note that in the case of ∞-norm, we can define the following set of vectors:

V ∞ =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1
0
⋮
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0
1
⋮
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

,⋯,

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0
0
⋮
1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭

, (3.30)

where the set V ∞ has m elements. In addition, if we define α∞ analogously to α1

in (3.27), we can state the following corollary of Theorem 3.5.

Corollary 3.1. If Assumptions 3.1–3.5 hold and ΦM is centrally symmetric, the
minimal worst-case radius of information R

∗
∞ is achieved with the input sequence

that generates the regressor vectors α∞vi, ∀vi ∈ V ∞ and its value is R
∗
∞ = ε

α∞ .

The proof for the ∞-norm case is completely equivalent to the proof for the 1-norm
case. Figure 3.3 illustrates the main idea of the proof for the case when the radius
of information is calculated in ∞-norm.

©M
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Figure 3.3: Illustration of the main idea in the proof of Theorem 3.5 for a two-
dimensional parameter space and the radius of information calculated in ∞-norm.
The left plot shows the set ΦM together with the vectors in V ∞ (solid arrows) and
the points αivi obtained by solving the LPs as in (3.26) (points denoted by red ×).
The right plot shows the set Q in (3.15) (dark gray) and the ∞ norm box Q∞ with
the radius ε

α∞ (light gray with red faces). As it can be seen, Q∞ is the tightest
possible ∞−norm box that contains Q.
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3.4.4 Interesting special cases

In this subsection, we consider a less general system model than the one we in-
troduced in Subsection 3.3. This model structure can be seen as special case of
the more general structure that we used to derive our results and it is often con-
sidered in the literature concerned with experiment design in the set membership
context (see also the discussion in Section 3.2). We will show how some of the
results found in the literature can be derived as special cases of the results that we
presented here. Namely, we will consider a plant with a single input (i.e. nu = 1)
that is represented by an FIR model (i.e. the matrices A and B have the form as
in (3.3)). Input constraints are very simple and are given just by a bound on the
amplitude of the input signal:

∣ut∣ ≤ u,∀t, (3.31)

where u ∈ R, u > 0 is a known bound. For this particular case of a more general
problem that we considered so far, the matrix A is nilpotent and hence the set of
admissible regressors ΦM satisfies ΦM = Φm,∀M ≥ m (see also Remark 3.6) and
it is equal to an infinity norm ball (i.e. a box) with the radius equal to u for any
M ≥m:

ΦM = {x ∈ Rm ∶ ∣vTx∣ ≤ u,∀v ∈ V ∞}.

Therefore, by solving the LPs of the form as in (3.26) (note that they can be solved
graphically or even by hand for this simplified example) we get that α∞ = α1 = u.
Hence the regressor vectors that should be visited in order to minimize the worst-
case radius of information in ∞-norm are given by uvi,∀vi ∈ V ∞ and in 1-norm by
uvi,∀vi ∈ V 1.

Hence a possible sequence of inputs that would minimize the worst-case radius of
information in ∞-norm is a unit pulse with the magnitude equal to the limit u, as
such an input sequence would give rise to all the regressor vectors that lead to the
minimization of the worst-case radius of information in ∞-norm. This matches
with the result of [14], where it has been shown that this is actually the shortest
possible input sequence that results in the minimization of the worst-case radius
of information in ∞-norm for a SISO system represented by an FIR model and
with input constraints as in (3.31).

Similarly, it can be shown that the input sequence that gives rise to the regres-
sor vectors needed to minimize the worst-case radius of information in 1-norm is
actually a Galois sequence with an amplitude equal to u. Galois sequence with
amplitude u is a sequence containing all possible m-tuple combinations of +u and
−u and it can be generated by using shift registers. Such an input sequence gives
rise to all the vectors in V 1 with the amplitude equal to u and hence leads to
minimization of the worst-case radius of information in 1-norm. This finding cor-
responds to the result presented in [95], where the Galois sequence has been found
to minimize the 1-norm worst-case radius of information for a SISO system repre-
sented by an FIR model and with a bound on the magnitude of the input signal.
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Therefore, Theorem 3.5 and Corollary 3.1 can be considered as a generalization
of the existing results to the case of input constrained MISO systems, when more
general convex constraints and model parameterizations are used.

3.4.5 Optimal experiment design

The minimal worst-case radii of information R
∗
1 and R

∗
∞ depend on the disturbance

and noise bound ε and on the values of α1 and α∞, which themselves depend on
the assumed model structure, input constraints and chosen value of M . From
the way ΦM is defined in (3.10), it follows that the values of α1 and α∞ increase

(R
∗
1 and R

∗
∞ decrease) with the increase of M . However, as already mentioned,

since by Assumption 3.1 the matrix A is stable, the values of α1 and α∞ converge
asymptotically as M increases. This fact can be exploited to determine the value
of M to be used in the experiment design. This can be done by setting a tolerance
bound on the relative decrease of the minimal worst-case radius of information ∆R
and then increasing M until the relative change in the resulting minimal worst-
case radius of information becomes smaller than the defined bound ∆R. Note that
the calculated value of M will influence the resulting experiment length N , since
a larger value of M would likely lead to higher N . Algorithm 1 summarizes the
proposed procedure for determining M in the case of 1-norm (for the ∞-norm the
procedure is analogous).

Algorithm 1 Algorithm to determine the value of M
M = 1;
Calculate α1 according to (3.27), based on ΦM ;

R
∗
1,old = ε

α1 ;
∆R = 1;
while ∆R ≥ ∆R do

M =M + 1;
Calculate α1 according to (3.27), based on ΦM ;

R
∗
1 = ε

α1 ;

∆R = ∣R
∗

1−R
∗

1,old∣
R
∗

1,old

;

R
∗
1,old = R

∗
1;

end while

For a fixed value of M , Theorems 3.4 and 3.5 and Corollary 3.1 also provide
the guidelines on how to calculate the sets of regressor vectors that should be
explored in order to minimize the worst-case radius of information. In order to
design an identification experiment, an input sequence that visits all such regressor
vectors has to be generated. Usually one would seek for the shortest possible input
sequence that gives rise to all the regressor vectors of interest, in order to reduce
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Algorithm 2 Algorithm to compute the input sequence
ϕ0 = 0;
Initialize not visited by the regressor vectors to be visited;
Initialize U as an empty sequence
while not visited is not empty do

k = 1;
found = 0;
while not found do

for i = 1 ∶ size(not visited) do
ϕT = not visited[i];
if (3.32) has a solution for k,ϕ0 and ϕT then

U∗ is the solution of (3.32);
found = 1;
break;

end if
end for
k = k + 1;

end while
ϕ0 = not visited[i];
remove not visited[i] from not visited;
U = [U,U∗];

end while

the required experimentation time. However, finding the shortest sequence would,
in general, be a very difficult combinatorial problem. Therefore, we propose a
suboptimal, but computationally tractable algorithm for finding a sequence of
control inputs starting from the set of regressor vectors that should be generated.
The approach, summarized in Algorithm 2, is such that it guarantees that all the
regressor vectors of interest are visited, but does not give the guarantee that the
computed input sequence is the shortest possible.

The algorithm is iterative and it employs a greedy approach. At each iteration,
an element from the set of the regressor vectors that have not been visited and
that can be reached from the current regressor vector ϕ0 in the smallest number of
steps is found, together with the sequence of inputs that should be applied in order
to make the transition. This vector is then removed from the set of the regressor
vectors that have not been visited and it is taken as the current regressor vector.
The calculated input sequence is concatenated with the previously calculated input
sequences. Initially, the current regressor vector ϕ0 is selected as a zero vector (see
Assumption 3.4) and the set of the regressor vectors that have not been visited is
populated by all those that have to be visited.

The proposed algorithm relies on the fact that if a given regressor vector, ϕT , can
be reached from the current one, ϕ0, in k steps, given the input constraints (3.5),
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then the following system of linear equalities and inequalities must be feasible:

∃ ϕ(t) ∈ Rm, t ∈ [0, k], u(t),∆u(t) ∈ Rnu , t ∈ [1, k]
Such that:

ϕ(0) = ϕ0

ϕ(k) = ϕT
ϕ(t) = Aϕ(t − 1) +Bu(t − 1)
∆u(t) = u(t) − u(t − 1)
Cu(t) ≤ o
L∆u(t) ≤ q

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭

∀t = 1,⋯, k,

(3.32)

where u0 is the last element of the input sequence that was applied in order to
achieve the current regressor vector ϕ0. A solution of (3.32), if it exists, represents
the input sequence that steers the regressor vector from ϕ0 to ϕT in k steps.
Checking whether a system of linear equalities and inequalities that form a convex
set has a solution, and finding that solution, is a problem that can be efficiently
solved by using linear programming techniques (see e.g. [17]). Note that, since
ϕT ∈ ΦM and the pair A, B is controllable, the problem (3.32) will always have a
solution for k large enough. Finding the regressor vector that can be reached in
the smallest number of steps is then done by consecutively solving problem (3.32)
for all the terminal regressor vectors that have not been visited, with k initially
set to 1 and then incremented until a feasible solution is found.

Note that the computational complexity of the Algorithm 2 depends on the number
of regressor vectors that have to be visited. This number scales linearly for the
∞- and exponentially for the 1-norm with the number of unknown parameters m.
Note however that the Algorithm 2 relies on linear programs only, which can be
solved very efficiently. Therefore, the Algorithm can be executed in reasonable
time even for large number of regressor vectors that need to be visited.

3.5 Numerical example

In order to illustrate the derived results and the features of the proposed algo-
rithm, we consider a numerical example in which we compare the identification
performance for the case when an input sequence that minimizes the worst-case
radius of information is used, with the case when an input signal based on random
binary sequences is used. We consider a SISO system model, parameterized by
Laguerre basis functions (see e.g. [187]). The plant is given as a linear combination
of 5 filters:

y(t) =
5

∑
k=1

ϑ(k)
√

1 − 0.42

q − 0.4
[1 − 0.4q

z − 0.4
]
k−1

u(t) + e(t), (3.33)

where q is the time shift operator (i.e qu(t) = u(t + 1)). The coefficients ϑ(k), k =
1, . . . ,5 are considered to be unknown and need to be estimated from an identifi-
cation experiment. The plant model with the structure in (3.33) can be written
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in the regressor form (3.1)-(3.2) by taking the vector of the unknown parameters
to be θ = [ϑ(1),⋯, ϑ(5)]T and the matrices in (3.2) as (for the derivation see
Appendix A):

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.4000 0 0 0 0
0.8400 0.4000 0 0 0
−0.3360 0.8400 0.4000 0 0
0.1344 −0.3360 0.8400 0.4000 0
−0.0538 0.1344 −0.3360 0.8400 0.4000

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
B = [ 0.9165 −0.3666 0.1466 −0.0587 0.0235 ]T

It is assumed that the control input of the system is constrained such that ∣u(t)∣ ≤ 2
and ∣∆u(t)∣ ≤ 1. In addition, we assume the bound on the disturbance e(t) to be
ε = 0.4 and in the simulations we generated e(t) by taking a random value from
an uniform distribution in the interval [−ε, ε] at each time step. For the given
identification problem, we would like to design an experiment that minimizes the
worst-case radius of information in 1-norm. To this end, by using Algorithm 1,
we selected M that defines the set of admissible regressors (ΦM) to be M = 30,
corresponding to the tolerance of ∆R = 10−4. We created the set of regressor
vectors that should be visited, by solving an LP as in (3.32) for each element
of the set V 1 and computing the value of the parameter α1 as in (3.27). The
corresponding sequence of inputs is then obtained by using the Algorithm 2, it is
108 samples long and is shown in Figure 3.4. For this example it took 0.54 seconds
to calculate M and 0.86 seconds to execute the Algorithm 2 on a laptop with Intel
i7-36667U processor, when using Gurobi (see [?]) for solving the optimization
problems.

We performed a series of identification experiments with two different input se-
quences and the same measurement error realization. In one case we use the input
sequence given in Figure 3.4, which guarantees to achieve the minimal worst-case
radius of information, while in the other case we use an input sequence of the
same length whose generation is based on a random binary signal. This sequence
is formed by first generating a random binary signal with the probability of the
sign change taken as a random variable in the interval [0.2, 0.8] and then by
finding a sequence that is the most similar to it (it has the smallest 2-norm dif-
ference) and that satisfies the input rate constraints. A typical excitation signal
obtained in this way is shown in Figure 3.5. Random binary sequences are a rec-
ommended heuristic for generating input signals in identification experiments (see
e.g. [89]). During the experiments, the values of the model parameters were set
to: θ = [2,1.6,1,0.6,0.2]T . We repeated the identification experiment 4000 times.
The obtained values for the radius of information for the first 150 realizations are
compared in Figure 3.6, while in Figure 3.7 we compare the empirical probability
density functions for the obtained values of the radius of information over all the
realizations. Taking the average over all the experiments, the obtained radius of in-
formation is very similar for both cases. However, when the control input sequence
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Figure 3.4: Input sequence minimizing the worst-case radius of information in
1-norm.
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Figure 3.5: Typical example of an input sequence generated by using a random
binary signal.

of Figure 3.4 is used, the radius of information is never larger than 0.78, which is
the theoretical value for the minimal worst-case radius of information R

∗
1. On the

other hand, when the input sequence based on the random binary signal is used,
for some unfavorable realizations of the error signal, the radius of information can
be larger than the theoretically derived value for the minimal worst-case radius of
information. In fact, in 13.7% of the experiment realizations using random input,
the obtained radius of information was greater than the maximal value guaranteed
by our approach. The same kind of numerical analysis was done for the case of
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Figure 3.6: The upper plot shows the obtained radius of information for different
experiment realizations (black ×) when the optimal input sequence is used. The
lower plot shows the obtained radius of information for experiments with the same
noise realization as for the experiments in the upper plot, but when the input
based on a random binary signal is used. The red dashed line indicates the value
of the minimal worst-case radius of information according to Theorem 3.5.

∞-norm radius of information. In this case in 16.2% of the experiment realizations
the radius of information obtained when using the random input was larger than
the worst-case bound guaranteed by our approach.

Hence, as expected from our results, when using the input sequence derived with
Theorem 3.5 and Algorithm 2, there is an upper bound (that can be calculated
beforehand) to the radius of information that is obtained for any measurement
error realization. This is not the case with a more standard input sequence often
used in system identification experiments, which can result in quite large radius
of information in case when the measurement error is unfavorable.

3.6 Disscussion and conclusion

We have presented a way to compute the set of regressor vectors that should be
visited in order to minimize the worst-case radius of information in any norm for
the case of input constrained MISO linear systems with a general parametrization.
This result can not be easily exploited in practice, since it requires the computation
of polytope vertices, which is hard and would lead to very long input sequences
and experiments.
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Figure 3.7: Empirical probability density functions of the radius of information in
different identification experiment realizations for the optimal input (upper plot)
and for the input based on the random binary sequence (lower plot), with same
noise realizations.

In addition, we addressed the particular cases when the radius of information
is calculated in 1- and ∞-norm and showed that there exists a computationally
tractable way to design an optimal worst-case experiment in such settings, pro-
vided that the input constraints are symmetric. The presented results provide a
generalization of previous findings, related to the specific case of SISO systems with
FIR models and only magnitude bound on the input signal. The results related
to the minimization of the worst-case radius of information in 1- and ∞-norm for
the systems with symmetric constraints can be quite useful in practice. Namely,
the input constraints are usually symmetric in practical problems and when this is
not the case, they can often be made symmetric by appropriate reformulations. In
addition, the use of 1- and ∞-norm is quite common in set membership context,
unlike in the probabilistic identification, where mainly the 2-norm is used. As an
example, we may consider the robust control design problem in which the FPS
is directly used as the uncertainty description. In many of these algorithms it is
beneficial to approximate the polytopic FPS by a less complex geometric shape
such as a box or a paralelotope (see also the discussion in Section 2.5). In such
cases, as shown in the proof of Theorem 3.5, by minimizing the worst-case radius of
information in ∞- or 1-norm, we make sure that the resulting outer approximation
of the FPS will be as tight as possible in the worst-case sense.

Based on the derived theoretical results, we have proposed an algorithm that is
capable of constructing an input sequence that is guaranteed to minimize the
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worst-case radius of information and satisfy the input constraints at the same
time. There are no guarantees that the designed input sequence is the shortest
possible, but the algorithm uses heuristics that should promote short sequences.
In addition, it only relies on solving LPs, which makes it computationally efficient.

Finally, we showed with a numerical example that the bound on the quality of the
resulting model guaranteed by our approach can be violated with a non-negligible
probability by more common random input sequences, which are suboptimal from
the point of view of minimizing the worst-case radius of information. At the same
time, the average performance achieved with our approach is similar to the one
obtained with random input sequences. Hence, the proposed experiment design
algorithm could be useful in cases when the experimentation time is limited and
there is no possibility to repeat the experiment several times. In this case, the
proposed worst-case design approach could allow identification with guaranteed
worst-case uncertainty regardless of the actual disturbance realization that occurs
in that single experiment that is conducted. Our results also allow to calculate
this uncertainty beforehand, which could be used for evaluating the quality of
a particular experiment by comparing the actual radius of information with the
calculated worst-case bound. The experiments in which the obtained radius of
information would be much smaller that the precalculated worst-case bound could
be considered informative and of a good quality.

An interesting question that could be addressed as a further extension of the
presented results is how to design the worst-case experiment when the length of the
input sequence is bounded. Considering such an experiment design problem might
be relevant in challenging practical situations, when very short experimentation
times are allowed due to technical or economical constraints. Another interesting
direction for further research could be the modification of the experiment design
scheme such that it can be used iteratively on-line. The motivation for considering
such an on-line scheme is that the effects of the collected measurements could be
taken into account when deciding on the next control input to be applied, which
could significantly reduce conservativeness of the approach and lead to smaller
feasible parameter sets. Moreover, such an on-line scheme could be used together
with adaptive control in order to produce informative inputs and quickly reduce
identification uncertainty during adaptation. The main challenge with such an
extension is that it is very difficult to come up with a scheme that would not be
computationally prohibitive for on-line application. In Subsection 4.6.2 of Chapter
4, in the context of deriving an adaptive control scheme which achieves good
balance between control and identification, we propose a computationally efficient
on-line method that minimizes the identification uncertainty approximately and
not exactly as the off-line method considered in this chapter.





4 Adaptive model predictive
control based on set membership
identification

4.1 Introduction and outline

The idea of adaptive control is to carry out real time controller adjustments, on
the basis of input-output data collected on-line. The need to use adaptive control
may arise when the dynamics of the system can change significantly over time.
Moreover, adaptive strategies may be used to control time invariant systems for
which the model identification experiments are complex and expensive. In addition
to uncertainty, most real world systems have control variables (voltage, current,
flow, etc.) that are constrained due to physical limitations of the actuators. Fur-
thermore, many systems also require that the controlled variables satisfy certain
constraints due to safety reasons or due to physical limitations. However, to derive
an adaptive control approach for systems with constraints is a non-trivial task that
requires the integration of on-line system identification and constrained control.
Crucial aspects of both fields interact and give rise to challenging issues, like the
need to ensure constraint satisfaction while the model of the plant dynamics is be-
ing updated. Finally, despite the fact that a well established theory for adaptive
control has been developed (see e.g. [3]), there are few results on adaptive control
of constrained MIMO systems (see e.g. [87]). Hence, further research in adaptive
control of MIMO systems subject to constraints could broaden the range of the
practical applications in which adaptive control may be used.

The two main approaches to adaptive control of systems with input constraints
found in the literature are the pole placement control with anti-windup compensa-
tion [189] and the one-step-ahead predictive control [33], combined with recursive
least square identification. These are certainty equivalence techniques which use
a point estimate of the plant model for the controller synthesis, not taking into
account possible identification errors, and therefore they can not be used for han-
dling output constraints. Moreover, these control algorithms are developed for
SISO systems, and their extension to the MIMO case might not be easy. A review
of the mentioned adaptive control algorithms is given in [32]. Model predictive
control is a powerful technique for controlling constrained MIMO systems. How-
ever, there are not a lot of available adaptive MPC algorithms that are capable of
dealing with both input and output constraints. The main reason for this lies in
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the fact that it is difficult to ensure constraint satisfaction during adaptation. In
order to overcome this difficulty, in this chapter we propose a novel adaptive MPC
algorithm that relies on set membership identification. The proposed algorithm
is capable of enforcing both input and output constraints even though the plant
model is constantly updated during on-line operation.

The main idea underlying the proposed control algorithm is to recursively iden-
tify the set of all the model parameters (i.e. the feasible parameter set), that
are consistent with the initially available information on the plant and with the
input-output data collected during operation. Then, an MPC approach is used to
guarantee satisfaction of input and output constraints for all the model parameters
inside the feasible parameter set and hence also for the real system. In addition to
robust constraint satisfaction, the approach guarantees recursive feasibility and,
under a convergence assumption, it exhibits integral action which enables offset-
free tracking. Although not rigorously proved here, the mentioned convergence
property is met in practice with long enough prediction horizons, as we show
through an experimental testbed. In addition, we comment on possible extensions
of the formulation to use a model parametrization with basis functions in order to
reduce the computational complexity of the algorithm, and to include an exploring
strategy, which aims to select the input that yields a higher amount of informa-
tion in order to speed-up the identification of the plant dynamics. We also discuss
several extensions that can reduce the computational complexity of the proposed
algorithm and reduce its conservativeness and we consider the application of the
algorithm to time varying systems. In addition to the adaptive approach and its
theoretical properties, we present the experimental results obtained by applying
the method to a non-minimum phase quad-tank testbed. Moreover, we consider
the application of the proposed algorithm to the building climate control problem
and through two simulation case studies demonstrate its advantages in such an
application.

The reminder of this chapter is organized as follows. We first give a general
introduction on MPC and review the existing adaptive MPC algorithms in Section
4.2. The problem statement and the adaptive approach are described in Sections
4.3 and 4.4 respectively. Theoretical properties of the proposed algorithm are
discussed in Section 4.5 and the mentioned extensions in Section 4.6. We present
the quad-tank experimental results in Section 4.7 and discuss possible application
to building climate control problem in Section 4.8. Finally, we draw conclusions
and discuss the presented results in Section 4.9.

4.2 Adaptive model predictive control

In this section we give general introduction on adaptive MPC. In the following sub-
sections we first talk about the model predictive control algorithm in general, we
then give some motivation for considering adaptive MPC and review the existing
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adaptive MPC algorithms.

4.2.1 About MPC

Model predictive control is a control strategy that is based on the explicit use of the
plant model for calculating the control input that should be applied to the plant
at each time step. By using the model knowledge and the current measurement
of the system states in order to predict future behavior of the plant, a sequence of
future control moves minimizing a selected cost function that reflects the control
objective is calculated at each time step. Only the first element of this sequence is
applied to the plant, the resulting plant states are measured again and the whole
procedure is repeated in a receding horizon fashion, which introduces feedback into
the algorithm. This main idea of MPC is quite intuitive and in the literature (see
e.g. [21]) it is often compared to the way humans perform various everyday tasks
such as car driving for example. In particular, when driving a car, based on our
visual perception and the mental model of the car, we plan our driving actions for
a certain time horizon in the future and then after executing the first couple of
planned control moves, we receive new visual feedback from our surroundings and
repeat the whole process again. Hence, while driving a car, we subconsciously run
some sort of MPC controller.

Model predictive control has received significant research attention in the past
couple of decades and can already be considered as a mature field of control theory.
For an in-depth overview of the field, the reader is refereed to the textbooks [94, 21,
150] and survey papers [58, 123, 149, 103]. At the same time, MPC has successfully
been applied in practice to various control problems ranging from process control
to the control of power electronic systems. In fact, the number of MPC controllers
deployed in various practical applications is rapidly growing. The main reason for
this widespread industrial success of MPC lies in the fact that its control concept
is intuitive and at the same time relatively easy to tune. It allows straightforward
control of MIMO systems and handling of constraints. Moreover, its application is
not restricted to reference tracking control, but it can be applied to a great variety
of control tasks and allows for an easy incorporation of economic incentives in
controller design. It is applicable to a great variety of systems, from the ones
with relatively simple linear dynamics to complex systems that may be highly
nonlinear (such as hybrid systems for example). In addition, it can exploit the
reference preview and disturbance and exogenous input predictions in order to
improve control performance.

The hart of every MPC controller is the Finite Horizon Optimal Control Problem
(FHOCP) that has to be solved at each time step in order to calculate the control
input that should be applied to the plant. The FHOCP can significantly differ
depending on the type of plant model that is used and the formulation of the
cost function. The FHOCP that is obtained for general nonlinear system model
and nonlinear cost function can be a hard mathematical optimization problem.
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However, if the plant model is linear and the cost function linear or quadratic,
the resulting FHOCP is a linear or a quadratic program respectively. In this case
several different model types could be used for formulating the FHOCP. Most
often a state space model of the plant is used, which usually also requires a state
observer if the states are not directly measurable. The use of a state observer can
be avoided if a step or an impulse response model of the plant is used. In these
cases the resulting control algorithms are called dynamic matrix control (see e.g
[39]) and model algorithmic control (see e.g. [153]) in the literature respectively.
In this chapter we will consider an MPC algorithm for linear systems that relies
on the impulse response model of the plant.

4.2.2 Motivation for adaptive MPC

In addition to its many advantages, MPC also has some drawbacks. In particular,
MPC is more computationally expensive than other traditional control schemes,
as solving the FHOCP at each time step can be computationally demanding. Due
to this limitation, the first MPC controllers were implemented on systems that
have relatively long sampling times (i.e. in process control for example). However,
with the significant increase in the available computational power and memory, as
well as with the constant research in efficient methods to solve different types of
FHOCPs (see e.g. [155, 44]), the limitation posed by computational complexity has
been mitigated and as a result MPC has been applied to some very fast systems,
such as the power electronic circuits for example (see e.g. [101]). Another drawback
that represents a major limitation to wider industrial spread of MPC is the fact
that an appropriate model of the process has to be available in order to design an
MPC controller.

In many cases, in order to obtain an accurate model of the plant, an identification
experiment has to be conducted. These experiments may often be expensive and
time consuming and in some cases even very hard to conduct at the first place.
Moreover, the application of MPC in cases where there is no economy of scale, i.e.
cases where a controller has to be designed for many copies of a system that are
affected by uncertainty due to production variability, identification experiment
would need to be conducted for each copy of the system separately in order to
design an efficient MPC controller for each unit. This makes the commissioning
costs very high and renders the application of MPC in such cases economically not
viable.

In addition, several studies have shown that the performance of MPC controllers
used in industrial applications is very good right after commissioning, but it grad-
ually deteriorates with time and eventually becomes the same or even worse than
the performance of the controller that was replaced by the MPC, i.e. the benefits
of using MPC are lost (see e.g. [9, 35, 7]). The main reason for this deterioration in
performance lies in the fact that the physical systems constantly change over time
and hence mismatch between the actual plant and the model on which the MPC
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controller is based gradually increases resulting in control performance degrada-
tion. Good operation can be restored by re-identifying the plant and updating the
model that the controller uses, but this often requires interruption of the regular
operation of the system in order to conduct the identification experiment, which
can be very costly.

A possible solution for both problems is the use of adaptive MPC. An adaptive
MPC scheme is typically augmented with a recursive identification algorithm that
exploits the measurements obtained during the closed-loop operation in order to
improve the plant model used by the MPC controller. Therefore, such an adaptive
MPC scheme can be used to control the systems with an uncertain model without
the need to conduct an identification experiment, as the controller is capable of
identifying the underlying plant model during closed-loop operation. Similarly,
the problem of plant model variability can be resolved by constant adaptation
and updating of the model that is used by the controller. Therefore, adaptation
could help to make MPC economically viable control solution in many industrial
applications.

4.2.3 Review of the existing adaptive MPC algorithms

Model predictive control originated as a control algorithm to be used in adaptive
control schemes. In its initial form, it was meant to be used for linear SISO systems
without constraints. Some of the first such algorithms include the predictor-based
self-tuning control [139] which consists of a probabilistic, recursive parameter iden-
tification scheme and a control algorithm that minimizes the expected value of a
quadratic criterion over a given control horizon that can be finite or asymptotically
infinite; extended horizon adaptive control [194] which assumes the future control
inputs to be constant over a prediction horizon and proposes to calculate them by
solving a Diophantine equation and extended prediction self adaptive control [80]
that makes the same assumption about the future control inputs, but proposes to
calculate them by using a suboptimal predictor instead of solving a Diophantine
equation. The generalized predictive control [36, 37] also belongs to this group,
as its main idea is to use least squares in order to estimate the parameters of the
plant and then use an unconstrained finite horizon optimal control problem in or-
der to calculate the control input that should be applied to the plant at each time
step. Since no constraints are involved, the control law can be explicitly derived
and it is a static gain feedback controller, where the controller gain depends on
the identified parameters. Various other adaptive predictive controllers based on
the similar ideas have been proposed. These include the multi-step multi-variable
adaptive control [65] that is applicable to MIMO systems, the predictive functional
control [152] and the unified predictive control [165].

In contrast to this relatively large number of existing adaptive MPC algorithms
for unconstrained systems, the topic of adaptive MPC for constrained systems
has received little attention due to difficulties in guaranteeing constraint satisfac-
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tion and recursive feasibility under adaptation (see e.g. [82]). An extension of
the generalized predictive control algorithm that can deal with input-constrained
MIMO systems was proposed in [97]. In [84] the adaptive MPC algorithm based
on model switching was presented. The algorithm requires creation of a bank of
system models before the controller becomes operational. In on-line operation, an
estimator and a special switching mechanism is used in order to select the model
that best corresponds to the current behavior of the controlled plant. However,
these adaptive control approaches can not deal with hard output constraints. In
[56, 83], an adaptive MPC algorithm for a class of single input multiple output
linear systems, based on modified recursive least squares identification and tube-
like robust MPC, was proposed. The algorithm is capable of handling both input
and output constraints and it guarantees stability and recursive feasibility, but the
state space structure of the plant needs to be known and noise free measurements
of the plant states are required. In [4], a learning based MPC algorithm was in-
troduced. It uses statistical learning techniques in order to improve the control
performance over time and robustly enforces input and output constraints by us-
ing an approximate model of the plant together with a bound on its uncertainty.
The approximate model and the uncertainty bounds are not updated over time
and therefore, a relatively good initial knowledge of the plant model is required.
Nonlinear adaptive MPC for a specific class of systems was considered in [1]. In
[186] two adaptive MPC strategies for the control of a class of systems with soft
nonlinear dynamics were proposed. The algorithms rely on subspace identification
in order to recursively identify model parameters and the FHOCPs are formulated
based on the point estimates of the parameters, without considering the identifi-
cation uncertainty. Hence the robust satisfaction of output constraints can not be
guaranteed.

The idea of using parameter bounding and predictive control in an adaptive con-
text was presented in [182, 183, 184], where a set of plant models is identified in
order to formulate a min-max finite horizon predictive control problem at each
time step. However, only input constrained SISO systems are considered and the
proposed control algorithm is very computationally intensive and can be applied
to system models of low dimension only. More recently, set membership identifica-
tion was used for adaptive MPC of SISO systems subject to both input and output
constraints in [127], where an explicit MPC law is repeatedly re-calculated in an
off-line manner, when new information on the controlled plant becomes available.
This algorithm is also very computationally demanding.

In contrast to the previously mentioned contributions, the adaptive MPC approach
that we propose in this chapter is capable of dealing with linear, stable MIMO
systems in the presence of both input and hard output constraints, as well as
output disturbances and measurement noise. Moreover, the proposed algorithm is
computationally tractable and suitable for on-line application, as it only requires
the solution of standard convex optimization problems. Unlike the methods in
[56], [83] and [4], the proposed adaptive MPC algorithm can not be used to control
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open-loop unstable systems but, on the other hand, it can handle systems with
multiple inputs and in general it requires less initial information than is the case
for the cited existing approaches.

4.3 Problem description

We consider a MIMO, discrete time, strictly proper, LTI system with nu inputs
and ny outputs. The system is known to be stable, but the exact system’s dy-
namics are not known. We denote the vector of control inputs at time step t by
u(t) = [u1(t),⋯, unu(t)]T , where ui(t) ∈ R, i = 1,⋯, nu are the individual plant
inputs at the time step t. In addition, we denote the vector of plant outputs by
y(t) = [y1(t),⋯, yny(t)]T , where yj(t) ∈ R, j = 1,⋯, ny are the individual plant
outputs, and we denote the vector that accounts for output disturbances and mea-
surement noise by e(t) = [e1(t),⋯, eny(t)]T , where ej(t) ∈ R, j = 1,⋯, ny denotes
the contribution of the disturbances and measurement noise to the output j at
time step t. The dynamic relation between each input and output can, in general,
be described by an infinite impulse response. In order to have a tractable model,
we use finite impulse responses of length m, i.e. the influence of the input i to
the output j can be described by the FIR coefficients ϑji(k), k = 1,⋯,m. The
approximation error induced by the truncated impulse response coefficients can
be embedded into the output disturbance vector e(t) (see also Remark 4.2).

Remark 4.1. Note that the same FIR length is assumed here for all the input-
output pairs in order to simplify the notation. All the results can easily be extended
to the case when different FIR lengths are used.

In the described setting, each of the plant outputs yj(t), j = 1,⋯, ny, is given by:

yj(t) =
nu

∑
i=1

m

∑
k=1

ui(t − k)ϑji(k) + ej(t) = θTj ϕ(t) + ej(t), j = 1,⋯, ny, (4.1)

where ϕ(t) ∈ Rnum is the regressor vector: ϕ(t) = [u1(t−1),⋯, u1(t−m),⋯, unu(t−
1),⋯, unu(t −m)]T , and each of the vectors θj ∈ Rnum, j = 1,⋯, ny contains the
impulse response coefficients needed to describe the influence of all the control
inputs on the plant output yj: θj = [ϑj1(1),⋯, ϑj1(m),⋯, ϑjnu(1),⋯, ϑjnu(m)]T . By

defining the matrix θ ∈ Rny×num as θ = [θ1,⋯, θny]
T

, the dependence of the plant
output on the regressor and the disturbance vectors can be written as:

y(t) = θϕ(t) + e(t). (4.2)

As is usual in the set membership context, we make the assumption that the
magnitude of the signal e(t) is bounded.

Assumption 4.1. (Prior assumption on disturbance and noise)

∣ej(t)∣ ≤ εj, ∀t ∈ Z, ∀j = 1,⋯, ny, (4.3)
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where εj are positive and known scalars.

We will also use the noise and disturbance magnitude bound in the vector notation
as ε = [ε1,⋯, εny]T . We further make the following assumption about the initial
knowledge on the plant’s impulse response coefficients.

Assumption 4.2. (Prior assumption on the system) The plant belongs to the
following model set: θ ∈ Θ, with

Θ = {θ ∈ Rny×num ∶Wj(0)θj ≤ zj(0), j = 1,⋯, ny} , (4.4)

where the inequalities in (4.4) should be interpreted as element-wise inequalities
and each matrix Wj(0) ∈ Rrj(0)×num and vector zj(0) ∈ Rrj(0), j = 1,⋯, ny define a
closed and convex set, i.e. a polytope with rj(0) faces.

According to Assumption 4.2, the available initial knowledge about the impulse
response coefficients is that the vectors θj, j = 1,⋯, ny, which form the rows of the
matrix θ, belong to polytopic sets. Note that we initialized the matrices Wj(0)
and the vectors zj(0), j = 1,⋯, ny at t = 0 without loss of generality, just to indicate
that this is the information available before any measured data is collected. Hence,
the matrices Wj(0) and the vectors zj(0), j = 1,⋯, ny have to be defined a priori on
the basis of the prior information on the system. If the only available information
is the fact that the system is stable, a possible approach to define the set Θ
is to impose a maximum magnitude and an exponential decay rate on the FIR
coefficients. This can be done by selecting the following three variables for each
input i and output j: Mji ∈ R, Mji ≥ 0, ρji ∈ R, ρji ∈ (0,1) and µji ∈ N, µji ≤m, and
then defining the upper and the lower bounds on the impulse response coefficients
for the input-output pair defined by i and j as:

∣ϑji(k)∣ ≤ Mji if k ∈ [1, µji]
∣ϑji(k)∣ ≤ Mjiρ

k−µji
ji if k ∈ [µji + 1,m]. (4.5)

If additional initial knowledge about the system is available, e.g. the sign of the
steady state gain for some of the input-output pairs, this can be incorporated as
additional inequalities defining the set Θ.

Under Assumptions 4.1 and 4.2, the goal is to control the plant in order to track
a desired output reference and reject disturbances from t = 0 up to some finite
time step T , where the time horizon T can be very large (T ≫m). Moreover, the
controller shall enforce input and output constraints. Assuming that the control
inputs u(l), l = −m+1,⋯,−1 are known, such a control objective can be formalized
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by the following optimization problem:

min
u(0),⋯,u(T )

T

∑
t=0

(y(t) − ydes(t))T Q (y(t) − ydes(t)) + u(t)TSu(t) +∆u(t)TR∆u(t)(4.6)

Subject to:

Cu(t) ≤ o
L∆u(t) ≤ q
Hy(t) ≤ p

⎫⎪⎪⎪⎬⎪⎪⎪⎭
, ∀t ∈ [0, T ]

(4.7)

where ydes(t) ∈ Rny is the desired output reference, Q ∈ Rny×ny , S ∈ Rnu×nu and
R ∈ Rnu×nu are positive semi-definite weighting matrices selected by the control
designer, and ∆u(t) = u(t) − u(t − 1) is the rate of change of the control input.
The element-wise inequalities in (4.7) define convex sets through the matrices
C ∈ Rno×nu , L ∈ Rnq×nu , H ∈ Rnp×ny and the vectors o ∈ Rno , q ∈ Rnq , p ∈ Rnp , where
no, nq and np are the number of linear constraints on the inputs, input rates and
outputs, respectively. We assume that the set defining the constraints on ∆u(t)
contains the origin and that the constraint set of u(t) is compact. This assumption
is satisfied in most practical problems. Based on this we can formally state the
control design problem that is addressed in this chapter.

Problem 4.1. Under Assumptions 4.1 and 4.2, design a control algorithm that
minimizes the performance measure (4.6), while guaranteeing the satisfaction of
input and output constraints (4.7).

Remark 4.2. The facts that the control inputs are bounded and that the system is
stable can be exploited in order to calculate bounds on the magnitude of the contri-
bution of the truncated part of the impulse response for each of the plant outputs.
Such a contribution can be considered as part of the additive output disturbance
e(t). For completeness, the way to calculate these bounds is given in the Appendix
B.1.

4.4 Novel adaptive MPC algorithm

Since the true plant is not exactly known and its outputs are subject to unknown
output disturbances, the optimal control problem (4.6)–(4.7) can not be solved a
priori and a suboptimal approach has to be sought. Therefore, in order to approxi-
mately optimize the given control objective, while guaranteeing satisfaction of the
constraints (4.7), we propose the use of a receding horizon approach, combined
with an adaptive control scheme that aims to improve the knowledge on the sys-
tem’s dynamics over time. In this setting, at each time step a sequence of future
control inputs is calculated and only the first element of this sequence is applied
to the plant. In particular, to guarantee output constraint satisfaction, we aim to
identify, at each time step, the set of all model parameters (i.e. impulse response
coefficients) that are consistent with the initial assumptions on the real plant and
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the input-output measurements collected up to that time step. Following the set
membership terminology, this set is called the feasible parameter set. If the prior
assumptions are valid, this set is guaranteed to contain also the true parameter
values. Then, the control computation is carried out in such a way to ensure that
the constraints are satisfied for all the models described by the parameters in this
set, hence also for the actual plant.

In order to accomplish the feasible parameter set identification and the robust con-
trol computation, we rely on a recursive set membership identification algorithm,
and an MPC controller. The identification algorithm is such that the feasible pa-
rameter set can be refined with each new output measurement. In addition to
the feasible parameter set, the identification algorithm also provides a nominal
model of the plant at each time step. The control input is calculated by solving an
FHOCP that minimizes a weighted quadratic cost penalizing the tracking error of
the nominal model over a finite horizon, while at the same time satisfying robustly
the constraints (4.7).

Remark 4.3. Note that an alternative to formulating the cost function based on
the tracking error of the nominal model would be to minimize a weighted quadratic
cost involving the worst case tracking error among all the models represented by
the parameters inside the feasible parameter set. The drawback of this approach is
that if the prior assumptions were not informative enough, the feasible parameter
set would be initially large due to high uncertainty, and then the applied control
inputs would be very small in magnitude. Such control inputs would in turn be
not very informative, therefore the size of the feasible parameter set would reduce
slowly, hence resulting in a very conservative controller.

The described adaptive control scheme is summarized in Algorithm 3. In the
subsections that follow, each of the components of the proposed adaptive control
algorithm is described in detail.

4.4.1 Real-time set membership identification

We denote the sequence of the input-output data collected up to time step t as:

{ϕ(l), y(l)}tl=0, (4.8)

where ϕ(l) ∈ Rnum is the regressor vector formed by the control inputs applied from
time l −m up to time l − 1, and y(l) ∈ Rny is the corresponding measured plant
output. Then, at a given time step t, we define the feasible parameter set FPS(t)
as the set containing all the matrices θ that are consistent with the Assumptions
4.1 and 4.2 and the collected input-output data (4.8):

FPS(t) = {θ ∈ Θ ∶ −ε ≤ y(l) − θϕ(l) ≤ ε, ∀l ∈ [0, t]} , (4.9)

where the inequalities in (4.9) should be interpreted as element-wise inequalities.
Since the set Θ that encodes the initial knowledge about the model parameters
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Algorithm 3 Adaptive MPC algorithm

1) At time step t, obtain y(t) and update the feasible parameter set based on
the past applied control inputs and measured plant outputs;

2) Construct a nominal model of the plant by selecting a point inside the feasible
parameter set;

3) Calculate a sequence of possible future control inputs by solving an FHOCP
that minimizes a weighted quadratic cost involving the tracking error of
the nominal model and enforces input and output constraints for all the
parameters in the feasible parameter set;

4) Apply the first element of the calculated input sequence, set t = t + 1, go to
1).

θ is defined by polytopic constraints on each row θTj of the matrix θ (see e.g.
Assumption 4.2), and the constraints in (4.9) are linear, the feasible parameter
set FPS(t) is still defined by polytopic constraints on θTj , j = 1,⋯ny. Each of
these polytopes can be uniquely described by a set of non-redundant inequalities.
Therefore, at a generic time step t, the feasible parameter set FPS(t) can be
represented as:

FPS(t) = {θ ∈ Rny×num ∶Wj(t)θj ≤ zj(t), j = 1,⋯, ny} ,

where Wj(t) ∈ Rrj(t)×num, zj(t) ∈ Rrj(t), and rj(t) is the number of non-redundant
inequalities pertaining to the jth row of the matrix θ.

The matrices Wj(t) and the vectors zj(t) have to be updated at each time step
in order to account for the new measurements. To this end, let us consider the
following polytopes:

Fj(t) = {θj ∈ Rnum ∶Wj(t)θj ≤ zj(t)}, j = 1⋯ny.

We note that for each j, the polytope Fj(t) can be calculated recursively in time
as the intersection of the polytope Fj(t−1) and the two half spaces defined by the
newly measured plant output, yj(t):

Fj(t) =Fj(t − 1)
∩ {θj ∈ Rnum ∶ ϕ(t)T θj ≤ yj(t) + εj}
∩ {θj ∈ Rnum ∶ −ϕ(t)T θj ≤ −yj(t) + εj}.

(4.10)

The matrix Wj(t) and the vector zj(t) can then be calculated by removing any
redundant faces of the polytope Fj(t). This can be done by solving an LP for
each face of the polytope, in order to determine whether it is redundant or not
(see e.g. [102]). For completeness, this procedure is described in the Appendix
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B.2. A problem that may arise when using the described recursive update is that
the number of faces of Fj(t), rj(t), can become arbitrarily large, as in general it
grows linearly with time, and hence the memory needed to store Wj(t) and zj(t)
can become impractical. In order to overcome this problem, we employ a polytope
update algorithm with bounded complexity, similar to the one proposed in [183].
In this approach, the polytope Fj(t) is updated by using (4.10) as long as the
number of its faces is smaller than a predefined maximum limit r1. Once this limit
is reached, each new face that is added to the polytope is parallel to a plane that
belongs to a predefined set of r2 planes, which makes the total number of faces
bounded by r1 + r2.

In particular, a set D containing a finite number r2 of num-dimensional vectors
with the same magnitude, that will determine the shape of the resulting polytope,
has to be defined. Based on this set, the update of the polytope Fj(t) is given by
the following intersection:

Fj(t) = Fj(t − 1)
∩{θj ∈ Rnum ∶ ϕ+(t)T θj ≤ y(t) + δ+j (t)}
∩{θj ∈ Rnum ∶ ϕ−(t)T θj ≤ −y(t) + δ−j (t)},

(4.11)

where the vectors ϕ+(t) and ϕ−(t) are taken as elements of D that are “closest”,
in the inner product sense, to the vectors ϕ(t) and −ϕ(t):

ϕ+(t) = arg max
v∈D

ϕ(t)Tv
ϕ−(t) = arg max

v∈D
−ϕ(t)Tv, (4.12)

and the scalars δ+j (t) and δ−j (t) are selected such that the bounded complexity
polytope includes the polytope that would be obtained by a normal update (as
per (4.10)). Hence, the values of δ+j (t) and δ−j (t) can be calculated by solving the
following linear program:

δ+j (t) = max
x
ϕ+(t)Tx − yj(t)

δ−j (t) = max
x
ϕ−(t)Tx + yj(t)

Subject to:

Wj(t − 1)x ≤ zj(t − 1)
ϕ(t)Tx ≤ yj(t) + εj

−ϕ(t)Tx ≤ −yj(t) + εj.

(4.13)

A graphical representation of the bounded complexity update algorithm is given
in Figure 4.1.

The set D can be a fixed set of vectors that are chosen beforehand; one possible
way to construct D in this case is to take regularly distributed vectors on the unit
circle (see e.g. [99]). An alternative approach is to construct the set D on-line in
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Figure 4.1: Illustration of the bounded complexity polytopic update algorithm.
The plot 1) shows the polytope Fj(t− 1). The plot 2) shows the predefined set of
directions D for the polytope faces. The plot 3) shows the two new inequalities
(solid black lines) given by newly collected data, and a polytope that would be
obtained by using the update (4.10) (black). The plot 4) shows the polytope
obtained by using the bounded complexity polytopic update (4.11) (dark gray).

order to learn the directions that should be used based on the system dynamics and
thus reduce the approximation error introduced by using the bounded complexity
polytopic update. This approach, as well as further extensions of the proposed
bounded complexity update scheme are presented in Subsection 4.6.3. The main
difference between the described algorithm and the approach of [183] is that here
we use a set of non-redundant inequalities to update the polytopes, while in [183] a
vertex list updating is used. This modification reduces the memory requirement in
case of high dimensional polytopes and it is better suited for the integration with
the MPC control law. Algorithm 4 summarizes the above procedure for recursive
updating of the FPS(t) in our adaptive control scheme (see step 1 of Algorithm
3).

The set FPS(t) obtained by using the Algorithm 4 is an outer approximation of
the set defined in (4.9): by increasing r1 and r2, the tightness of such approximation
can be increased, at the cost of higher complexity. The procedure for calculating
Wj(t) and zj(t) amounts to solving an LP for each face of the polytope Fj(t),
which is a computation that can be parallelized. In addition, Algorithm 4 requires
the updating of Wj(t) and zj(t), whose dimension is bounded by r1 + r2. All
of these properties make the Algorithm 4 computationally tractable and suitable
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Algorithm 4 Bounded complexity feasible parameter set update

1) At time step t, compute the regressors vector ϕ(t) and measure the plant
output y(t);

2) For j = 1,⋯, ny, if rj(t − 1) ≤ r1 − 2, update Fj(t) by using (4.10), otherwise
calculate ϕ+(t) and ϕ−(t) as in (4.12), find the values of δ+(t) and δ−(t) by
solving the LP (4.13) and update Fj(t) according to (4.11);

3) For j = 1,⋯, ny, calculate Wj(t) and zj(t) by removing any redundant faces
from Fj(t).

for on-line implementation. In addition, the algorithm guarantees that Fj(t) ⊆
Fj(t − 1), j = 1,⋯, ny and hence FPS(t) ⊆ FPS(t − 1), a property that is needed
to obtain recursive feasibility and output constraint satisfaction, as we show in
Section 4.5.

Remark 4.4. Note that in principle other bounded complexity recursive set mem-
bership identification algorithms mentioned in Subsection 2.4.1 of Chapter 2 that
would approximate the polytopes Fj(t), j = 1,⋯, ny by either a box, a parallelotope
or a zonotope could be used in order to recursively update the FPS(t). However,
none of these algorithms would guarantee that Fj(t) ⊆ Fj(t− 1), j = 1,⋯, ny, which
is the property that is required in order to have recursive feasibility and output
constraint satisfaction in closed-loop, as we show in the proof of Theorem 4.1. For
further discussion on this point see also Remark 4.6.

In set membership identification problems, an important issue that has to be dealt
with is whether the considered prior assumptions are invalidated by the data or
not (see also the discussion in Section 2.4 of Chapter 2).

Lemma 4.1. Let the Assumptions 4.1 and 4.2 hold, then the set FPS(t) ob-
tained by using the Algorithm 4 has the following properties: FPS(t) ≠ ∅ and
θ ∈ FPS(t), ∀t, i.e. the feasible parameter set is never empty and is guaranteed
to contain the true impulse response coefficients of the plant.

Proof. We prove the Lemma by induction. From the Assumption 4.2 it holds that
θ ∈ Θ. Assume now that at a generic time step t, it holds that FPS(t) ≠ ∅ and
θ ∈ FPS(t). This implies that θj ∈ Fj(t), j = 1,⋯, ny. Moreover, from Assumption
4.1 we have that:

ϕ(t + 1)T θj ≤ yj(t + 1) + εj
−ϕ(t + 1)T θj ≤ −yj(t + 1) + εj

, ∀j = 1,⋯, ny.

Therefore, if the polytope Fj(t) is updated according to (4.10), we have that
θj ∈ Fj(t+1). The same holds true also if the bounded complexity polytopic update
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is used, since the solution of the LP (4.13) guarantees that the faces that are added
to the polytope are such that the bounded complexity polytope contains the one
that would be obtained by (4.10). Therefore, the set FPS(t+1) obtained by using
the Algorithm 4 is guaranteed to satisfy θ ∈ FPS(t+1) and hence FPS(t+1) ≠ 0.
The lemma is then proved by applying this result recursively from t = 0 to any
t ≥ 0.

The converse of Lemma 4.1 provides a necessary condition for Assumptions 4.1
and 4.2 to hold: if FPS(t) ≠ ∅, then the prior information encoded by the set
Θ and the disturbance and noise bound ε are “not invalidated” by the collected
measurements (4.8). In practice, the initial set and the disturbance and noise
bounds have to be chosen by the designer in order to have non-empty FPS(t),
while at the same time avoiding excessive conservativeness.

In addition to the feasible parameter set, the proposed set membership identifica-
tion algorithm also provides a nominal model of the plant (step 2 of Algorithm 3).
The latter is given by a matrix θc(t) ∈ Rny×num, θc(t) = [θc,1(t),⋯, θc,ny(t)]T , where
θc,j(t) ∈ Rnum, j = 1,⋯, ny are computed as the centers of the maximum volume
2-norm balls inscribed in the polytopes Fj(t), j = 1,⋯, ny. This can be done by
solving an LP, however the solution is not unique in general. Therefore, we intro-
duce a regularization term, that penalizes the deviation of the new nominal model
from the previous one, giving rise to the following LP:

max
ξj(t),θc,j(t)

ny

∑
j=1

ξj(t) − α∥θc,j(t − 1) − θc,j(t)∥1

Subject to:

wji(t)θc,j(t) + ξj(t)∥wji(t)∥2 ≤ zji(t),
∀j = 1,⋯, ny
∀i = 1,⋯, nu

,

(4.14)

where ξj(t) ∈ R is the radius of the maximum volume ball inscribed in Fj(t), α > 0
is a design variable that should be set to a very small value, and wji(t) and zji(t)
stand for the ith row of the matrix Wj(t) and the vector zj(t). Initially, at time
step t = 0, the matrix θc(0) can be taken as an arbitrary nonzero point inside the
set Θ.

Remark 4.5. Note that if the optimization problem (4.14) has no feasible solution,
it means that FPS(t) = ∅, i.e. the collected data invalidate the initial assumptions
(see also Lemma 4.1).

4.4.2 Constrained predictive controller

Let u(k∣t), k ∈ [t, t + N − 1] be the candidate future control moves, where the
notation k∣t indicates the prediction at step k ≥ t given the information at the
current time step t and N ≥ m is the prediction horizon. For brevity, we collect
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these decision variables in vector U = [u(t∣t)T . . . u(t +N − 1∣t)T ]T . We also define
the vectors of future input increments ∆u(k∣t), k ∈ [t, t +N − 1] as:

∆u(k∣t) =
⎧⎪⎪⎨⎪⎪⎩

u(t∣t) − u(t − 1) if k = t
u(k∣t) − u(k − 1∣t) if t + 1 ≤ k ≤ t +N − 1

Moreover, we define the future regressor vectors ϕ(k∣t) ∈ Rnum, k ∈ [t+ 1, t+N] as:

ϕ(k∣t) =
⎧⎪⎪⎨⎪⎪⎩

Aϕ(t) +Bu(t∣t) if k = t + 1

Aϕ(k − 1∣t) +Bu(k − 1∣t) if t + 2 ≤ k ≤ t +N,
(4.15)

where

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

A′ 0 ⋯ 0
0 A′ ⋯ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ A′

⎤⎥⎥⎥⎥⎥⎥⎥⎦

∈ Rnum×num, B =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

B′ 0 ⋯ 0
0 B′ ⋯ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ B′

⎤⎥⎥⎥⎥⎥⎥⎥⎦

∈ Rnum×nu ,

and

A′ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 ⋯ 0 0
1 0 ⋯ 0 0
0 1 ⋯ 0 0
⋮ ⋮ ⋱ ⋮ ⋮
0 0 ⋯ 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ Rm×m, B′ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
0
0
⋮
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ Rm

In addition, we define the current prediction error ê(t) ∈ Rny as the difference
between the measured plant output and the one predicted by the nominal model
at time step t:

ê(t) = y(t) − θc(t)ϕ(t). (4.16)

Then, we consider the following cost function:

J(U, y(t), ϕ(t)) =
t+N−1

∑
k=t

(ŷ(k + 1∣t) − ydes(k + 1∣t))T Q(ŷ(k + 1∣t) − ydes(k + 1∣t))

+ u(k∣t)TSu(k∣t) +∆u(k∣t)TR∆u(k∣t),
(4.17)

where:
ŷ(k + 1∣t) = θc(t)ϕ(k + 1∣t) + ê(t). (4.18)

In (4.17), y(t) and ϕ(t) are known parameters and ydes(k∣t), k ∈ [t + 1, t +N], are
the predicted values of the desired output. The introduction of the disturbance
estimate ê(t) in the cost function enables offset free tracking under certain con-
ditions (see Section 4.5). Moreover, if the nominal model of the plant θc(t) were
equal to the real plant and the output disturbance e(t) were constant, for N = T ,
minimizing the cost function (4.17) would be equivalent to minimizing the cost
function of the control objective (4.6).
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Satisfaction of input constraints can be enforced by the following set of inequalities:

Cu(k∣t) ≤ o

L∆u(k∣t) ≤ q
∀k ∈ [t, t +N − 1]. (4.19)

And the robust satisfaction of the output constraints can be achieved by enforcing
them for all the parameters inside FPS(t) and for all disturbance realizations:

Hθϕ(k∣t) + e ≤ p, ∀θ ∈ FPS(t), ∀k ∈ [t + 1, t +N], (4.20)

where e = [e1,⋯, enp]T , and el ∈ R, l = 1,⋯, np are given as:

el =
ny

∑
j=1

∣hlj ∣εj,

where hlj stands for the element of the lth row and jth column of the matrix
H. However, using the constraints (4.20) would result in an infinite dimensional
optimization problem, that is in general hard to solve. The following result shows
how (4.20) can be equivalently written in the form of linear constraints. Before
stating the result, let us introduce the vector of auxiliary decision variables Λ =
[ΛT

1 , . . . ,Λ
T
np]

T ∈ RnpNr(t), where Λl = [λl(t + 1∣t)T , . . . , λl(t +N ∣t)T ]T , l = 1, . . . , np,

and for each k = t + 1, . . . , t +N , λl(k∣t) ∈ Rr(t) and r(t) = ∑ny
j=1 rj(t).

Lemma 4.2. The constraints (4.20) are satisfied if and only if there exist ϕ(k∣t),
k ∈ [t + 1, t +N] and Λ such that the following set of inequalities is feasible:

W (t)Tλl(k∣t) =
⎡⎢⎢⎢⎢⎢⎣

hl1ϕ(k∣t)
⋮

hlnyϕ(k∣t)

⎤⎥⎥⎥⎥⎥⎦
z(t)Tλl(k∣t) ≤ pl − el
λl(k∣t) ≥ 0

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭

∀l = 1,⋯, np
∀k ∈ [t + 1, t +N] (4.21)

with

W (t) =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

W1(t) 0 . . . 0
0 W2(t) . . . 0
⋮ ⋮ ⋱ ⋮
0 0 . . . Wny(t)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

, z(t) =
⎡⎢⎢⎢⎢⎢⎣

z1(t)
⋮

zny(t)

⎤⎥⎥⎥⎥⎥⎦
,

where 0 represents zero matrices of appropriate dimensions and pl is the lth element
of the vector p.

Proof. We first note that, from the definition of the set FPS(t), it follows that
constraints (4.20) are satisfied if and only if the following set of inequalities is
satisfied:

γl(k) ≤ pl−el,
∀l = 1,⋯, np

∀k ∈ [t + 1, t +N] (4.22)
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where

γl(k) = max
Wj(t)θj≤zj(t)

ny

∑
j=1

hljϕ(k∣t)T θj. (4.23)

For each value of l and k and for fixed values of the vectors ϕ(k∣t), k ∈ [t+1, t+N],
by using the fact that the inequalities Wj(t)θj ≤ zj(t), j = 1,⋯, ny form nonempty
(from Lemma 4.1), closed and bounded convex sets (i.e. polytopes), we can write
the dual of the LP (4.23) as:

γ̃l(k) = min
λl(k∣t)

z(t)Tλl(k∣t) (4.24)

Subject to:

W (t)Tλl(k∣t) =
⎡⎢⎢⎢⎢⎢⎣

hl1ϕ(k∣t)
⋮

hlnyϕ(k∣t)

⎤⎥⎥⎥⎥⎥⎦
(4.25)

λl(k∣t) ≥ 0. (4.26)

According to the strong duality theorem for LPs (see e.g. [17]), it holds that:
γl(k) = γ̃l(k). Therefore, for any λl(k∣t) that satisfies the constraints (4.25) and
(4.26), it holds that γl(k) ≤ z(t)Tλl(k∣t). Hence the existence of U and Λ that
satisfy the set of constraints (4.21) guarantees that the constraints (4.22) are also
satisfied, which implies the satisfaction of the original constraints (4.20). On the
other hand if the constraints (4.20) are satisfied, then there exists γl(k) satisfying
(4.22). Then, by the strong duality theorem for LP, γ̃l(k) = γl(k) exists and hence
the constraints (4.25) and (4.26) have to be feasible, which implies the feasibility
of (4.21).

In order to be able to recursively satisfy the input and output constraints (see e.g.
Theorem 4.1 below), we introduce an additional constraint on the terminal stage:

ϕ(t +N ∣t) = Aϕ(t +N ∣t) +Bu(t +N − 1∣t). (4.27)

This means that we require the terminal regressor to correspond to a steady state
(i.e. a constant control input is kept for the last m predicted steps).

For fixed values of N , Q, S and R, we can now define the FHOCP to be solved at
each time step t (see step 3 of Algorithm 3):

min
U,Λ

J(U, y(t), ϕ(t))

Subject to: (4.19), (4.21), (4.27),
(4.28)

which is a quadratic program (QP), that can be efficiently solved in general. The
number of decision variables and constrains of the QP (4.28) depends on the cho-
sen prediction horizon N and the number of faces describing the polytopes of the
FPS(t). Therefore, the computational complexity of (4.28) can be decreased by
reducing the bound r1 + r2 on the faces’ number, at the cost of higher conserva-
tiveness as discussed in Subsection 4.4.1.
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4.5 Properties of the proposed adaptive control

algorithm

The described control algorithm guarantees recursive feasibility and robust satis-
faction of both input and output constraints, as shown by the following result.

Theorem 4.1. Let the Assumptions 4.1 and 4.2 hold, and assume that the problem
(4.28), solved under the Algorithm 3, is feasible at time step t = 0. Then the prob-
lem (4.28) is recursively feasible and the closed-loop system obtained by applying
the Algorithm 3 is guaranteed to satisfy input and output constraints ∀t ≥ 0.

Proof. We first prove that if the Assumptions 4.1 and 4.2 hold and the problem
(4.28) is feasible at time t = 0, then the problem (4.28) solved under the Algorithm
3 remains feasible ∀t ≥ 0. To this end we use induction.

The problem (4.28) is feasible for t = 0 by assumption. Assume that the problem
(4.28) is feasible at a generic time step t and let the optimal control sequence be
U∗(t) = [u∗(t∣t), . . . , u∗(t +N − 1∣t)], and its corresponding sequence of predicted
regressor vectors be ϕ∗(k∣t), k = t + 1,⋯, t +N . Then, a possible feasible control
sequence at t + 1 is U(t + 1) = [u∗(t + 1∣t), . . . , u∗(t + N − 1∣t), u∗(t + N − 1∣t)].
This sequence satisfies constraints (4.19) and (4.27). In addition, we note that the
predicted regressor vectors ϕ(k∣t + 1), k = t + 2,⋯, t +N + 1 that correspond to the
input sequence U(t+ 1), by construction satisfy the equalities ϕ(k∣t+ 1) = ϕ∗(k∣t),
for k ∈ [t+2, t+N] and that from (4.27) it follows that ϕ(t+N+1∣t+1) = ϕ∗(t+N ∣t).
Since Algorithm 4 guarantees that FPS(t + 1) ⊆ FPS(t), the sequence of inputs
U(t + 1) satisfies the constraints (4.20). Lemma 4.2 then implies that also the
constraints (4.21) have a feasible solution and hence the problem (4.28) is feasible
at t + 1. From this result and Lemma 4.1, the other claim of the Theorem follows
directly.

In practice, feasibility at time t = 0 means that the initial assumptions are such
that there exists a nonzero (eventually very small) input sequence that does not
violate the input and output constraints for all the impulse response coefficients
in the set Θ that encodes the available initial information about the plant, which
is a reasonable condition. Note that the key property that is needed for guaran-
teeing the recursive feasibility is that FPS(t) ⊆ FPS(t−1). However, in practice,
due to faults and outliers it may happen that noise and / or output disturbances
temporarily violate the bounds (4.3), which may cause the actual plant model
parameters to be outside the feasible parameter set, or the feasible parameter set
to be empty (see e.g. Lemma 4.1). In such cases, normal operation could be
recovered by removing the outliers with techniques such as the ones described in
[132] and [147]. Removing the outliers might cause the model set to expand, which
may lead to infeasibility of (4.28). Feasibility could be recovered by temporarily
softening the output constraints.
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Remark 4.6. Note that in case some other bounded complexity recursive set mem-
bership identification algorithm that does not guarantee that FPS(t) ⊆ FPS(t−1)
would be used, recursive feasibility would not be guaranteed and the output con-
straints would need to be softened (see also Remark 4.4).

The next result is concerned with offset-free tracking in the presence of con-
stant disturbance. Before stating the result, the following technical assumption is
needed:

Assumption 4.3. The steady state gain matrix of the nominal model obtained by
solving (4.14), that we denote by:

θc,ss =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

m

∑
l=1
ϑc,11(l) ⋯

m

∑
l=1
ϑc,1nu(l)

⋮ ⋱ ⋮
m

∑
l=1
ϑc,ny1(l) ⋯

m

∑
l=1
ϑc,nynu(l)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

satisfies the condition: rank(θc,ss) = ny, at each time step.

Remark 4.7. Note that if the steady state gain matrix of the actual system has
rank ny, then (from Lemma 4.1) there is always a point inside FPS(t) with the
same property. Although the algorithm for selecting the nominal model does not
guarantee that the latter has always this property, this does not represent a problem
for the control computation itself. However, the technical Assumption 4.3 is needed
to prove the offset-free property. In order to formally satisfy this requirement, the
algorithm could be modified such that the rank of the steady state gain matrix of
the nominal model is checked, and if it were different from ny, the nominal model
could be slightly perturbed in order to satisfy the rank condition of the steady state
gain matrix.

Lemma 4.3. Let the Assumptions 4.1–4.3 hold and suppose that the tuning ma-
trices in the cost function (4.17) are selected such that S = 0 and Q and R are
positive definite. In addition, assume that the vector of the output references is
constant: ydes(t) = ydes,∀t, that the signal e(t) is constant, i.e. e(t) = e,∀t. Then,
if the input and the output of the closed loop system converge to constant vectors,
uss and yss respectively, for which no constraints are active, it holds that yss = ydes
.

Proof. First, we show that if the control input and the output of the closed loop
system converge to constant vectors, the output disturbances are constant and the
measurement noise is equal to zero, the FPS(t) becomes constant in time and so
does the FHOCP (4.28). To this end, we note that since the control input vector
converges to a constant value, the applied regressor vector will also converge to a
fixed value, that we denote by ϕss. Since the output disturbances are constant,
the measured plant outputs will have constant values: yss = [yss,1⋯yss,ny]T . Now,
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recall that the update of the polytopes Fj(t), j = 1,⋯, ny under the Algorithm 4
has in general the following form (see section 2):

Fj(t) =Fj(t − 1)
∩ {θj ∈ Rnum ∶ ϕ′(t)T θj ≤ yss,j+δ′(t)}
∩ {θj ∈ Rnum ∶ ϕ′′(t)THj ≤ −yss,j + δ′′(t)}.

If the number of faces of the polytope Fj(t − 1) is smaller than r1 − 2, then the
polytope is updated according to (4.10) and therefore ϕ′(t) = ϕss, ϕ′′(t) = −ϕss

and δ′(t) = δ′′(t) = εj. In this case, the faces that are added to the polytope Fj(t)
are the same at each time step, and therefore the polytope remains unchanged. If
the number of faces of the polytope Fj(t − 1) is larger than r1 − 2, then ϕ′(t) and
ϕ′′(t) are calculated as (see Algorithm 4):

ϕ′(t) = arg max
v∈D

ϕTssv

ϕ′′(t) = arg max
v∈D

−ϕTssv,

which means that also in this case the directions of the faces that are added to the
polytope Fj(t), j = 1,⋯, ny remain the same. The solutions of the LP (4.13) are
constant over time, too, resulting in δ′(t− 1) = δ′(t) = δ′ and δ′′(t− 1) = δ′′(t) = δ′′.
Therefore, the faces added to the polytopes Fj(t), j = 1,⋯, ny under the Algorithm
4 are the same at each time step, resulting in the FPS(t) becoming a constant set.
Thus, the nominal model of the plant obtained by solving (4.14) converges to a
fixed value, that we denote by θc, and the FHOCP (4.28) becomes time invariant.

Next, we show that the FIR plant model with constant prediction error term that
is used to formulate the FHOCP (4.28) is equivalent to a velocity form state space
model. To this end, we introduce a differential form of the predicted regressor
vectors as: ∆ϕ(k∣t) = ϕ(k∣t) − ϕ(k − 1∣t), k = t + 2,⋯, t + N and ∆ϕ(t + 1∣t) =
ϕ(t + 1∣t) − ϕ(t). From (4.16) and (4.18) it holds that:

ŷ(t + 1∣t) = θc∆ϕ(t + 1∣t) + y(t). (4.29)

Moreover, from (4.18) it follows that:

ŷ(k + 1∣t) = θc∆ϕ(k+1∣t) + ŷ(k∣t), k = t+1,⋯, t+N−1. (4.30)

In addition, if we define the predicted tracking error as ê(k∣t) = ŷ(k∣t) − ydes, k ∈
[t + 1, t +N] and ê(t∣t) = ê(t) = y(t) − ydes, from (4.18) and (4.29) it holds that:

ê(k + 1∣t) = θc∆ϕ(k + 1∣t) + ê(k∣t), k ∈ [t, t +N − 1]. (4.31)
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From (4.31) it follows that the cost function (4.17) is equivalent to:

J(U, y(t),∆ϕ(t)) =
t+N−1

∑
k=t

ê(k + 1∣t)TQê(k + 1∣t) +∆u(k∣t)TR∆u(k∣t),

Subject to:

[ ∆ϕ(k + 1∣t)
ê(k + 1∣t) ] = [ A 0

θcA I
] [ ∆ϕ(k∣t)

ê(k∣t) ] + [ B
θcB

]∆u(k∣t)

ê(k∣t) = [ 0 I ] [ ∆ϕ(k∣t)
ê(k∣t) ] ,

(4.32)

where 0 and I denote the matrix of all zeros and an identity matrix of appropriate
dimensions. The form (4.32) corresponds to a velocity form state space model as
in [142].

From Assumption 4.3, it follows that the linear system in (4.32) is controllable (see
e.g. [18]). Since, by assumption, control inputs and outputs converge to constant
values and no constraints are active in the steady state, we can consider the solution
of the optimization problem given by the cost function (4.32) with the underlying
velocity state space model and the constraint (4.27), without considering the input
and output constraints. In this case, the MPC control law can be derived explicitly,
and it has the form: ∆u(t) =Kê(t∣t), where K ∈ Rnu×ny has rank equal to ny, since
the system in (4.32) is controllable and Q and R are positive definite (see e.g.
[191]). Therefore, since by assumption the system reaches a steady state, we have
∆u(t) = 0, which implies that the tracking error satisfies ê(t∣t) = ê(t) = yss − ydes =
0.

Note that the condition for having a zero tracking error is that the reference ydes

is feasible with respect to input and output constraints. If this is not the case, a
closest possible feasible reference could be calculated by solving a QP.

The proposed adaptive control algorithm requires the solution of a number of LPs
that can be parallelized, and of a QP at each time step. These convex optimization
problems can be solved very efficiently with available software tools. Moreover,
since the Algorithm 4 for the recursive updating of the FPS(t) uses bounded
complexity polytopic updating, all the matrices and vectors used for describing
the FPS(t) are guaranteed to have bounded dimensions, and hence the size of
the LPs and the QP that have to be solved at each time step is bounded. All of
these properties make the proposed adaptive control algorithm computationally
tractable and suitable for on-line implementation.

4.6 Possible extensions of the algorithm

In this section, we comment on possible extensions of the described adaptive con-
trol approach. These include the possibility of using basis transfer functions in-
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stead of an FIR parametrization of the underlying plant model in order to reduce
the computational requirements of the algorithm; the possibility of introducing an
”exploring” property in order to speed up the identification of the plant dynamics,
while retaining the guarantees for satisfaction of input and output constraints;
additional extensions of the bounded complexity polytopic update algorithm that
can reduce conservativeness and computational complexity of the overall adap-
tive scheme and an extension that allows the application of the algorithm to time
varying systems.

4.6.1 Model parametrization with orthonormal basis transfer
functions

FIR models have the advantage of being simple and straightforward to use, how-
ever, depending on the specific application, the required number of coefficients can
be quite large, which can make the proposed adaptive control algorithm computa-
tionally demanding. It is reasonable to expect that if some additional information
on the system to be controlled is available, such as the approximate location of
the dominant poles, the number of coefficients that are needed to model the sys-
tem can be significantly reduced. This kind of information can be captured well
by using model representations given by orthonormal basis transfer functions, like
Laguerre (see e.g. [187]), Kautz (see e.g. [188]) or generalized orthonormal basis
transfer functions (see e.g.[42]).

By using the basis transfer function model, each of the plant outputs yj(t), j =
1,⋯, ny can be written as:

yj(t) =
nu

∑
i=1

m

∑
k=1

ϑji(k)ζ (Tk(a, q), ui(t)) + ej(t) = θTj ϕ(t) + ej(t),

where Tk(a, q) are the basis transfer functions defined by parameter a that is
selected by the control designer, q is the time shift operator (qu(t) = u(t+ 1)) and
the operator ζ (Tk(a, q), u(t)) denotes the output of the linear system represented
by the transfer function Tk(a, q) at time step t, when the signal u is applied to its
input:

ζ (Tk(a, q), u(t)) =
∞
∑
l=1

Ψk(a, l)u(t − l), (4.33)

where Ψk(a, l) are the impulse response coefficients of the basis transfer function
Tk(a, q). The value of the parameter a should be chosen such that it captures the
dominant dynamic behavior of the plant (see e.g. [187, 188]), while the functional
form of the (stable and strictly proper) functions Tk, k = 1,⋯,m depend on the
chosen basis transfer function family. Hence, in this case the dependence of the
plant output on the regressor vector and the disturbance can still be written as in
(4.2), the only difference being that the regressor vector now contains the outputs
of the individual basis transfer functions and is given by:

ϕ(t) = [ζ (T1(a, q)u1(t)) ,⋯, ζ (Tm(a, q)u1(t)) ,⋯, ζ (T1(a, q)unu(t)) ,⋯, ζ (Tm(a, q)unu(t))]T .
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As in the case of an FIR model, the evolution of the regressor vector can be
described by the following recursive equation:

ϕ(t + 1) = Aϕ(t) +Bu(t),

where the matrices A ∈ Rnum×num and B ∈ Rnum×nu depend on the selected type of
the basis functions and the parameter a. A detailed discussion on the basis transfer
function parametrization and the derivation of matrices A and B for different types
of used basis transfer functions are given in the Appendix A.

Remark 4.8. Note that here we have assumed that the same parameter a is se-
lected for all the input-output transfer functions, in order to simplify the notation.
All the results can easily be extended to the case when different parameters are
selected for modeling different input-output transfer functions.

In this framework, by using equation (4.34) to update the regressor vector ϕ(t),
the already described recursive set membership identification algorithm can be
used to update the FPS(t) and calculate the nominal model of the plant θc(t).
The control computation part of the adaptive algorithm has the same form as
before and all the results presented in Section 4.5 still hold.

The main challenge when using the basis transfer function parametrization is the
computation of the set Θ that encodes the initial knowledge about the plant and of
the bounds on the contribution of the truncated part of the basis transfer function
sequence to the plant output. The set Θ can be constructed if an upper and a
lower bound on each of the coefficients ϑji(k), j = 1,⋯, ny, i = 1,⋯, nu, k = 1,⋯,m
is known. We present now a possible method to calculate the upper and the
lower bound on each of the coefficients and the bound on the contribution of the
unmodeled dynamics to the output for a single input-output transfer function,
noting that the results can easily be extended to calculating the bounds for the
whole MIMO system. We assume that the transfer function from the input i to
the output j has the following structure:

Gji(q) = gq−τ

nz

∏
l=1

(q − zel)
np

∏
l=1

(q − pol)
,

where g ∈ R is the gain, τ ∈ N, τ ≥ 0 is the transport delay, Ze = [ze1,⋯, zenze]T ∈
Rnze are the zeros and Po = [po1,⋯, ponpo]T ∈ Rnpo are the poles of the transfer
function.

Remark 4.9. Note that real poles and zeros are selected here in order to simplify
the notation. All the derivations can be extended to the case of general complex
poles and zeros.
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We assume that the gain, transport delay, poles and zeros are not exactly known,
but they belong to the following set:

g ≤ g ≤ g

τ ≤ τ ≤ τ

Ze ≤ Ze ≤ Ze

Po ≤ Po ≤ Po

, (4.34)

where the inequalities in (4.34) should be interpreted as element-wise inequalities
and the bounds g, g, τ , τ ∈ R, Ze, Ze ∈ Rnze and Po, Po ∈ Rnpo are assumed to be
known. In addition, it is assumed that τ ≥ 0 and that the bounds on the poles are
selected such that all the poles of the system lay inside the unit circle. Under these
assumptions, the goal is, for the given values of parameter a and the model order
m, to find the upper and lower coefficient bounds ϑji(k) and ϑji(k), k = 1,⋯,m
such that it holds:

ϑji(k) ≤ ϑji(k) ≤ ϑji(k), k = 1,⋯,m. (4.35)

To this end, we denote by Ψ(g, τ,Ze,Po, l), l = 1,⋯,∞ the impulse response coef-
ficients of the transfer function (4.34) for different values of g, τ , Ze and Po. Then
for any fixed g, τ , Ze and Po, the impulse response coefficients Ψ(g, τ,Ze,Po, l)
can be represented as:

Ψ(g, τ,Ze,Po, l) =
∞
∑
k=1

ϑ(g, τ,Ze,Po, k)Ψk(a, l),∀l = 1, ⋯, ∞,

where, because of the orthogonality of the basis transfer functions, the coefficients
ϑ(g, τ,Ze,Po, k) are given as normalized projections of Ψ(g, τ,Ze,Po, l) on the
impulse responses of the basis transfer functions:

ϑ(g, τ,Ze,Po, k) =

∞
∑
l=1

Ψ(g, τ,Ze,Po, l)Ψk(a, l)
∞
∑
l=1

Ψk(a, l)2

. (4.36)

Therefore, the upper and the lower bounds (4.35) can be calculated as:

ϑji(k) = sup
g,τ,Ze,Po

ϑ(g, τ,Ze,Po, k)

ϑji(k) = inf
g,τ,Ze,Po

ϑ(g, τ,Ze,Po, k)

Subject to: (4.34),

(4.37)

The contribution of the unmodeled dynamics on the transfer function from input
i to the output j is then given by:

ηji(t) =
∞
∑

k=m+1

ϑji(k)ζ (Tk(a, q)ui(t)) .
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The contribution of the unmodeled dynamics is guaranteed to be bounded: ∣η(t)∣ ≤
ηji, ∀t, where the bound ηji is given by:

ηji = ui sup
g,τ,Ze,Po

∞
∑
l=1

∣Ψ(g, τ,Ze,Po, l) −
m

∑
k=1

ϑ(g, τ,Ze,Po, k)Ψk(a, l)∣

Subject to: (4.34)

(4.38)

where ui can be calculated as:
ui = max

Cu≤g
∣ui∣ (4.39)

Note that (4.39) can be computed by solving an LP. On the other hand, (4.37) and
(4.38) are in general very difficult to solve as they are infinite dimensional nonlinear
optimization problems. However, the fact that the impulse response coefficients
exponentially converge to zero can be used to approximate the infinite sums in
(4.36) and (4.38) by finite sums of appropriate length. The optimization problems
(4.37) and (4.38) would then be transformed into finite dimensional optimization
problems that could be tackled by griding the box defined in (4.34). In this
approach the values of ϑ(s, τ,Ze,Po, k), k = 1,⋯,m would be calculated for each
of the grid points and the optimization problems could be approximately solved
by selecting the grid point that results in the best value of the cost function as
the optimum. Such a solution would be suboptimal and the calculated bounds
could be further inflated in order to account for the considered approximations.
Note that these resource demanding computations would need to be done off-line,
before the controller becomes operational.

4.6.2 Adding an exploring property to the control algorithm

The proposed adaptive control algorithm relies on the idea that the discrepancy
between the nominal and the actual models of the plant results in control inputs
that are informative, such that over time the collected input-output data will re-
duce the size of the FPS(t) and therefore improve the accuracy of the identified
plant model. Formally, the approach does not require a persistence of excitation
assumption to avoid numerical problems, unlike other approaches based on least
squares (see e.g. [64]). Nevertheless, in order to achieve good performance, the ap-
plied control inputs should be informative enough such that the FPS(t) becomes
small as quickly as possible.

Following the idea of dual control (see e.g. [51, 52]) that a good balance between
identification and control should be achieved by an adaptive controller, we propose
a method to add an exploring property to the proposed algorithm. In the context
of MPC, the need of enforcing the persistence of excitation has been addressed by
introducing additional constraints in the MPC formulation (see e.g. [98, 59]). Our
approach is different as it relies on splitting the calculation of the control input in
two stages. In the first stage, the FHOCP (4.28) is solved as usual. The computed
optimal input and output sequences and the knowledge of the FPS(t) are then
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used to calculate the upper bounds, along the chosen prediction horizon, on the
absolute difference between all the possible future outputs of the plant and the
nominal optimal output trajectory. In the second stage, by allowing these bounds
to be inflated by a factor selected by the control designer, the sequence of control
inputs can be recalculated in order to improve the reduction in size of the feasible
parameter set while at the same time enforcing input and output constraints. To
this end, the control input is calculated such that it approximately minimizes the
volume of the polytopes that will form the feasible parameter set at the next
time step, while at the same time ensuring that the difference between the future
trajectory of the plant outputs and the optimal one calculated in the first stage
remains inside the selected bounds, and that the input and output constraints are
satisfied.

With this approach, the relative importance of reference tracking and identification
is automatically linked to the amount of information available on the system, which
is represented by the size of the feasible parameter set. In fact, if the FPS(t) is
large, the input and output trajectories computed at the second stage will be
allowed to significantly deviate from the ones calculated in the first stage, in order
to generate a control input that is informative and reduces the size of the FPS(t).
On the other hand, if the uncertainty is small, the future plant output will be
allowed to change only slightly from the first to the second stage.

To be more specific, let us consider the solution of the FHOCP (4.28), which
constitutes the first stage of the described approach. We denote the predicted
regressor vectors and plant outputs obtained by solving (4.28) by ϕ′(k∣t) and
ŷ′(k∣t), k ∈ [t + 1, t + N]. Then for the second stage, we compute the following
quantities:

εj(k∣t) =max{yj(k∣t) − ŷ′j(k∣t), ŷ′j(k∣t) − yj(k∣t)} , k ∈ [t + 1, t +N], j = 1,⋯, ny,
(4.40)

where ε(k∣t) = [ε1(k∣t),⋯, εny(k∣t)]T , εj(k∣t) ≥ 0 denotes the maximal possible
difference between the future output of the plant and the predicted output of the
nominal model at time step k, and

yj(k∣t) = max
Wj(t)θj≤zj(t)

θTj ϕ
′(k∣t)

y
j
(k∣t) = min

Wj(t)θj≤zj(t)
θTj ϕ

′(k∣t).

In addition, we define the matrix Γ(t + 1∣t) ∈ Rnum×num that depends on the num
past regressor vectors and the first future regressor vector as:

Γ(t + 1∣t) = [ ϕ(t − num + 1) ⋯ ϕ(t) ϕ(t + 1∣t) ] .

This matrix can be indirectly related to the size of the polytopes that will form the
feasible parameter set in the next time step, i.e. the FPS(t + 1), by the following
result.



CHAPTER 4. ADAPTIVE MODEL PREDICTIVE CONTROL BASED ON
SET MEMBERSHIP IDENTIFICATION 86

Lemma 4.4. (Theorem 3.2 in [8]) Each of the polytopes Fj(t + 1), j = 1,⋯, ny
obtained by using the polytopic update of the form (4.10) for a sequence of control
input vectors that define the regressor vectors forming the matrix Γ(t + 1∣t) is

guaranteed to have volume smaller than
(2εj)num

∣det(Γ(t+1∣t))∣ .

The input to be applied to the plant is then selected within the set of all the control
inputs that satisfy input and output constraints and that keep all of the possible
predicted output trajectories inside an interval obtained by scaling up the values
of ε(k∣t), centered at the trajectory ŷ′(k∣t), k ∈ [t + 1, t +N]. In order to improve
the knowledge on the system, we need a suitable criterion that is linked to the size
of the model set. Considering Lemma 4.4, we choose to use ∣det(Γ(t+ 1∣t))∣ as an
indicator and we compute an input aimed at increasing its value (hence decreasing
the volume of the feasible parameter set). Therefore, the optimization problem to
be solved at the second stage of the control input calculation is given as:

max
U

∣det (Γ(t + 1∣t))∣

Subject to:

(4.19), (4.27),

θϕ(k∣t) ≤ ŷ′(k∣t) + βε(k∣t)
θϕ(k∣t) ≥ ŷ′(k∣t) − βε(k∣t)
Hθϕ(k∣t) ≤ p − e

⎫⎪⎪⎪⎬⎪⎪⎪⎭

∀θ ∈ FPS(t)
∀k ∈ [t + 1, t +N]

(4.41)

where β ∈ R, β ≥ 1 is a design parameter that indicates by how much the bounds
(4.40) are allowed to be inflated. Problem (4.41) is a non convex, infinite dimen-
sional program that is in general difficult to solve. However, in this specific case the
infinite dimensional constraints can be reformulated into a set of linear constraints.
In fact, if we define the matrix H ′′ and the vectors e′′ and p′′(k∣t), k ∈ [t+1, t+N]
as:

H ′′ =
⎡⎢⎢⎢⎢⎢⎣

I
−I
H

⎤⎥⎥⎥⎥⎥⎦
, e′′ =

⎡⎢⎢⎢⎢⎢⎣

0
0
e

⎤⎥⎥⎥⎥⎥⎦
, p′′(k∣t) =

⎡⎢⎢⎢⎢⎢⎣

ŷ′(k∣t) + γε(k∣t)
−ŷ′(k∣t) + γε(k∣t)

p

⎤⎥⎥⎥⎥⎥⎦
,

where I and 0 respectively denote the identity and zero matrices of appropriate
dimension, then the infinite dimensional constraints in (4.41) can be rewritten as:

H ′′ϕ(k∣t) ≤ p′′(k∣t) − e′′, ∀θ ∈ FPS(t), k ∈ [t + 1, t +N],

and these constraints can be written in the form of linear constraints by using the
Lemma 4.2. In addition, we note that from the definition of the matrix Γ(t + 1∣t)
and the regressor vector ϕ(t + 1∣t), it follows that the determinant of the matrix
Γ(t+ 1∣t) can be expressed as a linear function of the first future control input as:

det (Γ(t + 1∣t)) = κTu(t∣t) + ς, (4.42)
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where the derivation of κ ∈ Rnu and ς ∈ R is given in the Appendix B.3. Therefore,
the optimization problem (4.41) can be solved by first solving the following two
LPs:

J1 = max
u(k∣t)

κTu(t∣t) (4.43)

J2 = min
u(k∣t)

κTu(t∣t) (4.44)

Subject to:
(4.19), (4.27),

W (t)Tλl(k∣t) =
⎡⎢⎢⎢⎢⎢⎣

h′′l1ϕ(k∣t)
⋮

h′′lnyϕ(k∣t)

⎤⎥⎥⎥⎥⎥⎦
z(t)Tλl(k∣t) ≤ p′′l (k∣t) − e′′l
λl(k∣t) ≥ 0

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭

∀l = 1,⋯, np + 2ny
∀k ∈ [t + 1, t +N]

(4.45)

where h′′lj stand for the element of the lth row and jth column of the matrix H ′′

and p′′l (k∣t) and e′′l are the lth element of the vectors p′′(k∣t) and e′′ respectively.
The matrix W (t) and the vector z(t) are defined as in (4.22). The solution to
(4.41) can then be obtained by comparing the cost function values of the two LPs:
if ∣J1 + ς ∣ ≤ ∣J2 + ς ∣, then the solution of the LP with the cost function (4.43) is
the solution of the original problem and vice-versa. Initially, at time step t = 0,
the regressor vectors that form the matrix Γ(1∣0) can be constructed from the
constraints that form the set Θ.

The proposed extension is computationally tractable as it requires the additional
solution of two LPs. Moreover, the optimization problem that is solved in the sec-
ond stage of the control input calculation is guaranteed to be recursively feasible,
since the solution obtained in the first stage is always a feasible solution for the
second stage. Due to this, the proposed extension allows us to retain the guarantee
of constraint satisfaction for all time.

Remark 4.10. The cost function (4.41) only approximately minimizes the volume
of the polytopes that will form the feasible parameter set in the next time step. In
order to have exact minimization, all the collected control inputs and the effects of
the bounded polytopic update algorithm would need to be taken into account. How-
ever, the resulting optimization problem would then be computationally intractable.
In addition, the cost function minimizes only the volume of the polytopes in the
next time step and not over the whole prediction horizon, as this would also lead to
a computationally intractable optimization problem. Despite these approximations,
the proposed modification gives good results in practice.

Remark 4.11. Also note that the use of the method for optimal worst case experi-
ment design described in Chapter 3 would not be practical for on-line calculation of
the control inputs that would reduce the size of the FPS(t) quickly, as its real time
implementation would not be possible due to high computational requirements. This
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is the main reason why we proposed a more computationally tractable approach in
this subsection instead of adapting the algorithm described in Chapter 3 in order
to introduce exploring property.

4.6.3 Extensions of the bounded complexity polytopic update
algorithm

The main challenge in the design of any recursive set membership identification
algorithm is the fact that in general the complexity of the FPS(t) description
may grow without limit over time. Hence in order to make the recursive set
membership algorithms implementable in practice, the complexity of the FPS(t)
description has to be bounded. This is usually done by approximating the FPS(t)
with a larger set that has a less complex description. This is the approach that
we have used in Subsection 4.4.1 in order to formulate the bounded complexity
algorithm for updating the FPS(t). The overall computational complexity and
conservativeness of the proposed adaptive control scheme in great extent depends
on the performance of the bounded complexity update algorithm. In this subsec-
tion, we describe two extensions of this algorithm that are aimed at achieving a
better trade-off between computational requirements and conservativeness of the
proposed adaptive control scheme. The first extension is concerned with discard-
ing the faces of the polytopes Fj(t), j = 1,⋯, ny that add to the complexity of the
polytopic description, but are not very informative in the sense that the size of
the polytope Fj(t) would not be much larger if such faces would not be added.
The second extension deals with a method to learn on-line the vectors in the set
D (see Algorithm 4) that should be used for the bounded complexity polytopic
update, in order to decrease the conservativeness of the identification algorithm.
In the following subsections we describe these two extensions in detail.

4.6.3.1 Method for discarding not very informative faces

According to the Algorithm 4, if the number of polytope faces is smaller than the
predefined limit r1, the faces generated by the newly measured plant output are
just added to the polytope regardless of their informativeness. Hence some of the
faces may add to the complexity of the polytope, but only cut out a very small
portion of it. If such faces would not be added to the polytope Fj(t), complexity
of its description would be reduced at a very small increase of conservativeness. To
this end, we propose a method for discarding the incoming faces that are not very
informative. This scheme can be used in parallel with the Algorithm 4 in order to
improve the computational efficiency of the overall adaptive MPC algorithm and
reduce its conservativeness. In particular, for each incoming face, a corresponding
measure of its informativeness is calculated, and it is added to the polytope only
if this measure is higher than some predefined constant selected by the control
designer. In order to define the measure of informativeness, we first define the
polytopic strip Sj(t) as the tightest possible strip that is guaranteed to contain
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the polytope Fj(t−1) and is parallel to the strip formed by the incoming regressor
vector ϕ(t) and the output measurement yj(t):

Sj(t) = {θj ∈ Rnum ∶ ξ
j
(t) ≤ ϕ(t)T θj ≤ ξj(t)} , (4.46)

where ξ
j
(t), ξj(t) ∈ R can be calculated by solving the following two linear pro-

grams:
ξ
j
(t) = min

x∈Fj(t−1)
ϕ(t)Tx

ξj(t) = max
x∈Fj(t−1)

ϕ(t)Tx.
(4.47)

In addition, we denote the vertices of Fj(t − 1) that correspond to the solution of
the LPs in (4.47) by vj(t) and vj(t):

vj(t) = arg min
x∈Fj(t−1)

ϕ(t)Tx

vj(t) = arg max
x∈Fj(t−1)

ϕ(t)Tx.
(4.48)

The width of the polytopic strip Sj(t) is then defined as the distance between
these two vertices projected onto the direction of the regressor vector ϕ(t):

dSj(t) =
XXXXXXXXXXX

ϕ(t)T (vj(t) − vj(t))
ϕ(t)Tϕ(t)

ϕ(t)
XXXXXXXXXXX2

(4.49)

Moreover, we will use the distance between the vertices (4.48) and the potential
polytope faces that are defined by the incoming regressor vector ϕ(t) and output
measurement yj(t):

Mj(t) = {θj ∈ Rnum ∶ −ϕ(t)T θj = −yj(t) + εj}
Mj(t) = {θj ∈ Rnum ∶ ϕ(t)T θj = yj(t) + εj} .

(4.50)

In particular, we are interested in the distance between vj(t) and Mj(t) as well

as the distance between vj(t) and Mj(t):

dj(t) = ∥
−yj(t) + εj + ϕ(t)Tvj(t)

ϕ(t)Tϕ(t)
∥

2

dj(t) = ∥
yj(t) + εj − ϕ(t)Tvj(t)

ϕ(t)Tϕ(t)
∥

2

.

(4.51)

Based on the distance definitions in (4.49) and (4.51), we define the following
two ratios that will serve as the informativeness measure for the faces Mj(t) and

Mj(t) respectively:

kj(t) =
dj(t)
dSj(t)

, kj(t) =
dj(t)
dSj(t)

. (4.52)
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Fj(t¡ 1)

Mj(t)

Mj(t)

dSj(t)

dj(t)

dj(t)

Sj(t)

x 

x 

vj(t)

vj(t)

Figure 4.2: Illustration of the variables in (4.46)–(4.51) for a two dimensional
polytope.

Variables defined in (4.46)–(4.51), that are used to derive the ratios in (4.52) are
illustrated graphically for a two dimensional polytope Fj(t) (i.e. num=2) in Figure
4.2. Note that the calculation of kj(t) and kj(t) requires solution of two LPs in
(4.47), and hence can be done very efficiently.

If the values of kj(t) and / or kj(t) are greater than 1, it means that the faces

Mj(t) and /or Mj(t) are redundant, i.e. they do not intersect the polytope
Fj(t). On the other hand, if their values are smaller than 1, then 1 − kj(t) and

1 − kj(t) represent the ratio of the polytopic strip Sj(t) that is cut out by adding
Mj(t) and / orMj(t) to Fj(t). Hence kj(t) and kj(t) are reasonable measures of

the informativeness of the facesMj(t) andMj(t) and as such can be used in order
to discard faces that are not very informative. This can be done by simply not
addingMj(t) and / orMj(t) to the polytope Fj(t) if kj(t) and / or kj(t) are not
larger than a predefined parameter βd ∈ (0,1]. This parameter should be selected
by the control designer and should reflect his intention to trade off complexity for
conservativeness. Namely, if βd is set to 1, then no faces are discarded and if it is
set to a value very close to 0, then a large number of faces is discarded and the
polytope Fj(t) stays almost unmodified over time.

Modification of the Algorithm 4 that uses the described method in order to discard
faces that are not very informative is summarized in Algorithm 5. Note that this
modified algorithm is only slightly computationally more expensive than the orig-
inal version of the recursive set membership identification scheme (i.e. it requires
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solving two more LPs). It also guarantees that FPS(t) ⊆ FPS(t−1) and hence all
the results derived in Section 4.5 remain valid when Algorithm 5 is used instead
of Algorithm 4.

Remark 4.12. Note that the parameter βd can also be time varying. This could
be exploited in order to facilitate fast reduction of the size of the FPS(t) by setting
βd to a high value initially, when the uncertainty is large and then reducing it later,
when the size of the feasible parameter set has already reduced in order to decrease
complexity of the FPS(t) description.

Algorithm 5 Bounded complexity feasible parameter set update that discards
faces which are not very informative

1) At time step t, compute the regressors vector ϕ(t) and measure the plant
output y(t);

2) For j = 1,⋯, ny, if rj(t − 1) ≤ r1 − 2, calculate kj(t) and kj(t) according to
(4.52) and add the face Mj(t) to the polytope Fj(t) only if kj(t) < βd and

Mj(t) if kj(t) < βd, if rj(t−1) > r1−2 use the bounded complexity polytopic
update algorithm;

3) For j = 1,⋯, ny, calculate Wj(t) and zj(t) by removing any redundant faces
from Fj(t).

4.6.3.2 On-line construction of the set D

As stated in Subsection 4.4.1, the bounded complexity polytopic update Algorithm
4 requires a set of face directions that is denoted by D to be defined by the control
designer. Clearly, the shape and conservativeness of the resulting FPS(t) will
greatly depend on how the vectors in D are selected. If the vectors in D would be
chosen such that they are parallel, or very close to being parallel to the regressor
vectors that are obtained during the controller operation, then the faces that are
added to the polytopes which form the FPS(t) would be very similar to the faces
that would be obtained if no bounded complexity polytopic update was used. This
could significantly reduce the conservativeness introduced by using the bounded
complexity update algorithm. On the other hand, if the vectors in D would be
orthogonal or close to orthogonal to most of the incoming regressor vectors, the
resulting polytopes Fj(t), j = 1,⋯, ny would be very conservative approximations
of the polytopes that would be obtained if the bounded complexity polytopic up-
date algorithm would not be used. Therefore, approximate knowledge of the closed
loop system dynamics which determines the regressor vectors that will be obtained
during the controller operation could help to reduce conservativeness introduced
by using the bounded complexity polytopic update algorithm. This knowledge is
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usually not available beforehand, but if the elements of the set D would be cal-
culated on-line as the adaptive MPC controller is running, they could be selected
from the incoming regressor vectors in order to reduce the conservativeness of the
FPS(t) approximation.

Therefore, the main idea of the method that we propose is that the set D is not
determined beforehand and kept fixed during operation, but updated over time
and hence we shall denote it by D(t) in order to make this explicit. This set is
initialized as an empty set, i.e. D(0) = ∅ and its update starts after the number
of faces of any of the polytopes Fj(t), j = 1,⋯, ny exceeds the predefined limit r1

(see also Subsection 4.4.1). New vectors that should be added to the set D(t) over
time are obtained by normalizing the vectors ϕ(t) and −ϕ(t). A new vector is
added to D(t) only if it is not too parallel to the vectors already in D(t − 1). As
the measure of the level of parallelism, we use the maximal dot product between
the normalized regressor vector and all elements in D(t − 1):

par(t) = max
v∈D(t−1)

vT
ϕ(t)

∥ϕ(t)∥2

. (4.53)

Note that par(t) ∈ [−1,1] and if it is equal to 1, then there already exists a vector

in D(t − 1) that is identical to ϕ(t)
∥ϕ(t)∥2 and if it is equal to 0, the vector ϕ(t)

∥ϕ(t)∥2 is

orthogonal to all the vectors in D(t − 1). Therefore, we chose to add the vectors
ϕ(t)
∥ϕ(t)∥2 and −ϕ(t)

∥ϕ(t)∥2 to D(t − 1) only if the absolute value of par(t) is smaller than

a predefined constant βpar ∈ [0,1). The parameter βpar determines the maximal
angle between the directions in D(t) and it is a tuning parameter that should be
selected by the control designer. New elements are added to the set D(t) as long
as it has less than r2 elements, which ensures that the total number of faces of
the polytopes Fj(t), j = 1,⋯, ny remains bounded by r1 + r2 (see also Subsection
4.4.1). Algorithm 6 summarizes the proposed method for on-line update of the set
D(t).

Algorithm 6 On-line update of the set D(t)
1) At time step t, compute the regressors vector ϕ(t) and measure the plant

output y(t);

2) Calculate par(t) according to (4.53);

3) If for any j = 1,⋯, ny, rj(t−1) ≥ r1−2, if the number of elements in D(t−1) is

less than r2−2 and if ∣par(t)∣ < βpar, set D(t) =D(t−1)∪{ ϕ(t)
∥ϕ(t)∥2}∪{ −ϕ(t)

∥ϕ(t)∥2}.

Otherwise set D(t) =D(t − 1).

Algorithm 6 ensures that the elements of D are constructed based on the incoming
regressor vectors and hence they are adapted to the closed loop dynamics. This
Algorithm can be used in parallel with either Algorithm 4 or Algorithm 5 in order
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to have a less conservative recursive set membership identification scheme and thus
reduce the conservativeness of the overall adaptive MPC approach. All the results
derived in Section 4.5 still remain valid when the Algorithm 6 is used.

4.6.4 Extensions for the control of time varying systems

As already stated is Subsection 4.2.2, one of the main motivations for considering
adaptive MPC algorithm is the fact that dynamic systems may change over time
and hence the controller should be able to adapt to this change in order to satisfy
constraints and achieve good control performance. The adaptive MPC algorithm
that has been presented so far is suited for the control of time invariant systems
and it has to be modified in order to be applicable to time varying systems. In
this section we describe the necessary modifications and analyze the properties of
the modified algorithm.

To this end, we will consider a stable, linear, discrete, time varying system, whose
outputs yj(t), j = 1,⋯, ny are given by:

yj(t) =
nu

∑
i=1

m

∑
k=1

ui(t − k)ϑji(k, t) + ej(t) = θTj (t)ϕ(t) + ej(t), j = 1,⋯, ny, (4.54)

where ϑji(k, t), k = 1,⋯,m are the time varying impulse response coefficients that
describe the relation between the input i and output j at time step t. We define
the vectors θj(t) ∈ Rnum, j = 1,⋯, ny and the matrix θ(t) ∈ Rny×num in a similar way
as was done for the time invariant case:

θj(t) = [ϑj1(1, t),⋯, ϑj1(m, t),⋯, ϑjnu(1, t),⋯, ϑjnu(m, t)]T

θ(t) = [θ1(t),⋯, θny(t)]
T
.

Based on this, in analogy to (4.2), the relation between the plant inputs and
outputs can be written as:

y(t) = θ(t)ϕ(t) + e(t).

Remark 4.13. Note that, as explained in Subsection 4.6.1, the basis transfer
function parametrization could be used instead of the FIR one in order to reduce
the number of the required model parameters. In order to keep the exposition
clear, we only consider the FIR parametrization in this subsection. However, the
presented modifications and the derived results can easily be extended to the case
of basis transfer function parametrization.

Assumptions 4.1 and 4.2 that were made for the time invariant case remain valid
also for the time varying case, with a slight modification to the Assumption 4.2.

Assumption 4.4. (Modification of the Assumption 4.2 for the time varying case)

θ(t) ∈ Θ,∀t.
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The main difference between Assumptions 4.2 and 4.4 lies in the fact that for
the time invariant case, the set Θ represents the initial uncertainty related to the
model parameters θ and for the time varying case, it represents both the initial
uncertainty and the set to which the model parameters θ(t) are confined for all
time.

Remark 4.14. Note that these two functionalities of the set Θ could in principle
be separated by assuming some more specific knowledge about the set to which
the model parameters belong to at time step t = 0. Such a set would in general
be a subset of Θ. In order to keep our notation simple, we do not consider this
possibility here. However, all the presented modifications can easily be adapted to
this more general setting.

In addition to Assumptions 4.1 and 4.4, for the time varying case, we also make
an assumption related to the rate of change of the impulse response coefficients
θ(t).

Assumption 4.5.

θ(t) − θ(t − 1) = ∆θ(t) = [∆θ1(t),⋯,∆θny(t)]T ∈ ∆,∀t,

where
∆ = {∆θ ∈ Rny×num ∶Kj∆θj ≤ lj, j = 1,⋯, ny} ,

and Kj ∈ Rn∆j
×num and lj ∈ Rn∆j , j = 1,⋯, ny are known matrices and vectors that

form closed and convex sets, i.e. polytopes.

Assumption 4.5 basically says that the rate of change of the impulse response
coefficients θ(t) is bounded and that the vectors ∆θj(t) = θj(t) − θj(t − 1), j =
1,⋯, ny are guaranteed to belong to known polytopic sets. These polytopes can be
constructed by assuming an upper and a lower bound on the rate of change of each
impulse response coefficient. Additional information on the bounds related to the
rate of change of the impulse response coefficients, such as the bound on the rate
of change of the steady state gain for example, can be incorporated as additional
inequalities encoded by the matricesKj and the vectors lj, j = 1,⋯, ny. Assumption
4.5 is required in order to have a systematic forgetting of the old information
over time in a way that guarantees that the actual impulse response coefficients
are always contained in the FPS(t) and to give theoretical guarantees for the
recursive feasibility of the modified adaptive MPC algorithm (see e.g. Theorem
4.2 later on). This assumption could be seen as somewhat restrictive especially in
cases when the model parameters are not only slowly drifting over time, but may
change abruptly at certain time instants. However, in cases when Assumption
4.5 is temporarily violated, the algorithm that we propose could still be made to
work in practice by quickly recalculating the FPS(t) and temporarily softening
the output constraints. For further discussion on this point, please see Remarks
4.16 and 4.17 later on in this subsection.
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In order to solve the control design problem 4.1 for the time varying system (4.54),
under Assumptions 4.1, 4.4 and 4.5, we propose to use a modification of the already
described adaptive MPC scheme. In the following subsections, we describe in
detail the recursive set membership identification algorithm and the finite horizon
optimal control problem that should be used in this case as well as the properties
of the modified algorithm.

4.6.4.1 Modifications to the recursive set membership identification algorithm

Based on the Assumptions 4.1, 4.4 and 4.5, the feasible parameter set for the time
varying case can be defined as:

FPS(t) = {
θ ∈ Θ ∶ − ε ≤ y(k) − ϕ(k)(θ +∆θ(t − 1) +⋯ +∆θ(t − k)) ≤ ε,

∆θ(t − k),⋯,∆θ(t − 1) ∈ ∆, ∀k ∈ [0, t]
} . (4.55)

Definition of the FPS(t) in (4.55) is similar to the definition of the feasible pa-
rameter set in the time invariant case, as it is also based on the fact that the
discrepancy between the measured and predicted output of the plant can not be
larger than the bound on the signal e(t). However, in this case, when defining the
predictions of the plant output, we take into account the fact that the FIR coeffi-
cients can change at each time step and that this change is bounded according to
Assumption 4.5.

As was the case for time invariant systems, the feasible parameter set defined in
(4.55) can also be represented by polytopic constraints on the rows θj(t), j = 1,⋯ny
of the matrix θ(t). In order to state these polytopic constraints, we first introduce
the minimal and maximal product between the regressor vector ϕ(t) and possible
one step change of the vectors θj(t), j = 1,⋯, ny as:

∆εj(t) = max
Kj∆θ≤lj

ϕ(t)T∆θ

∆εj(t) = min
Kj∆θ≤lj

ϕ(t)T∆θ.
(4.56)

Based on this, the polytopes Fj(t), j = 1,⋯, ny to which the vectors θj(t) are
guaranteed to belong to are given as:

Fj(t) = {θj ∈ Rnum ∶Wj(t)θj ≤ zj(t)} , j = 1,⋯, ny,

where the matrices Wj(t) ∈ Rrj(t)×num and the vectors zj(t) ∈ Rrj(t) have the fol-
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lowing form:

Wj(t) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Wj(0)
−ϕ(0)T
ϕ(0)T
⋮

−ϕ(t − 1)
ϕ(t − 1)
−ϕ(t)T
ϕ(t)T

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, zj(t) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

zj(0)
−yj(0) + εj + t∆εj(0)
yj(0) + εj − t∆εj(0)

⋮
−y(t − 1) + εj +∆εj(t − 1)
y(t − 1) + εj −∆εj(t − 1)

−yj(t) + εj
yj(t) − εj

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Therefore, the FPS(t) could be recursively updated by appending two rows equal
to −ϕ(t)T and ϕ(t)T to each of the matrices Wj(t), j = 1,⋯, ny and by adding the
vector

∆zj(t − 1) = [01×rj(0),∆εj(0),−∆εj(0),⋯,∆εj(t − 1),−∆εj(t − 1)]T ∈ Rrj(t−1)

to zj(t−1) and then by appending −yj(t)+εj and yj(t)+εj to the obtained sum for
all j = 1,⋯, ny, at each time step. However, with such an update, the dimension of
the matrices Wj(t) and the vectors zj(t), j = 1,⋯, ny would grow without limit over
time. Removing redundant inequalities from the polytopes Fj(t), j = 1,⋯ny and
using the bounded complexity polytopic update algorithm described in Subsection
4.4.1 can not be used here, as the use of these algorithms would make it impossible
to take into consideration the fact that the model parameters θ(t) may change over
time when updating the FPS(t). Therefore, in order to limit the complexity of
the FPS(t) description for the time varying case, we will consider only the last
r1 output measurements in forming the FPS(t). This means that the dimension
of the matrices Wj(t) and the vectors zj(t), j = 1,⋯, ny will remain bounded over
time such that rj(t) ≤ r1,∀t.

Remark 4.15. Note that due to forgetting, the measurement strips defined by the
obtained output measurements get more loose with each new time step and hence
the faces corresponding to old measurements would anyway become redundant after
some time, which is an additional motivation for considering only measurements
that have been taken recently.

In this setting, the update of the matrices Wj(t) and the vectors zj(t) and ∆zj(t)
when rj(t − 1) < r1 is given by:

Wj(t) = [Wj(t − 1)T ,−ϕ(t), ϕ(t)]T

zj(t) = [zj(t − 1)T +∆zj(t − 1)T ,−yj(t) + εj, yj(t) + εj]
T

∆zj(t) = [∆zj(t − 1)T ,∆εj(t),−∆εj(t)]
T
,

(4.57)



CHAPTER 4. ADAPTIVE MODEL PREDICTIVE CONTROL BASED ON
SET MEMBERSHIP IDENTIFICATION 97

and in case when rj(t − 1) = r1, the update has the form:

Wj(t) = [W ′
j(t − 1)T ,−ϕ(t), ϕ(t)]T

zj(t) = [z′j(t − 1)T +∆zj(t − 1)T ,−yj(t) + εj, yj(t) + εj]
T

∆zj(t) = [∆z′j(t − 1)T ,∆εj(t),−∆εj(t)]
T
,

(4.58)

where the matrices W ′
j(t) ∈ Rr1−2×num and the vectors z′j(t),∆z′j(t) ∈ Rr1−2 can be

obtained from Wj(t), zj(t) and ∆zj(t) by removing the rows rj(0)+1 and rj(0)+2:

W ′
j(t) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

wj1(t)
⋮

wjrj(0)(t)
wjrj(0)+3(t)

⋮
wjr1(t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, z′j(t) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

zj1(t)
⋮

zjrj(0)(t)
zjrj(0)+3(t)

⋮
zjr1(t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, ∆z′j(t) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∆zj1(t)
⋮

∆zjrj(0)(t)
∆zjrj(0)+3(t)

⋮
∆zjr1(t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

where wji(t), zji(t) and ∆zji(t) denote ith row of the matrix Wj(t) and the vectors
zj(t) and ∆zj(t) respectively. Algorithm 7 summarizes the proposed modified
recursive set membership identification algorithm that can be used for time varying
systems.

Algorithm 7 Recursive set membership identification algorithm modified for time
varying systems

1) At time step t, compute the regressor vector ϕ(t) and measure the plant
output y(t);

2) Calculate ∆εj(t) and ∆εj(t), j = 1,⋯ny by solving the LPs in (4.56);

3) For j = 1,⋯, ny, if rj(t) < r1 calculate Wj(t),∆zj(t) and zj(t) according to
(4.57) or use (4.58) otherwise.

The nominal model of the plant, θc(t) can be calculated in the same way as it is
done for the time invariant case, i.e. by solving the LP as in (4.14).

Remark 4.16. Note that in the case when the Assumption 4.5 gets temporarily
violated by an abrupt change in model parameters that does not satisfy (4.55), it
may happen that some of the polytopes Fj(t), j = 1,⋯, ny obtained by using Algo-
rithm 7 become empty. In this case, normal operation could be restored by quickly
forgetting the information related to the past output measurements. This could be
done by removing rows from the matrix Wj(t) and the vectors zj(z) and ∆zj(t) re-
lated to the oldest output measurement until the set Fj(t) becomes nonempty again.
Checking whether the LP (4.14) is feasible or not can be used as an indicator of
whether some of the polytopes Fj(t), j = 1,⋯, ny are empty.



CHAPTER 4. ADAPTIVE MODEL PREDICTIVE CONTROL BASED ON
SET MEMBERSHIP IDENTIFICATION 98

4.6.4.2 Modifications to the finite horizon optimal control problem

The FHOCP problem that should be solved at each time step for the control of time
varying systems is very similar to the FHOCP (4.28) used for the time invariant
case. The only difference is in how the output constraints are enforced. In order
to state the modification related to the enforcement of output constraints, we first
define the predicted feasible parameter set at a future time step k ∈ [t+1, t+N −1]
given the information up to the current time step t, FPS(k∣t), k ∈ [t+1, t+N −1],
as the set that would be obtained by using Algorithm 7 up to time step k, without
adding the information coming from the future output measurements y(k), k ∈
[t+1, t+N −1] that are not known at time step t. The predicted feasible parameter
sets can be represented as:

FPS(k∣t) = {θj ∈ Rnum ∶Wj(k∣t)θj ≤ zj(k∣t), j = 1,⋯, ny} .

If rj(t)+k−t < r1, the matrices Wj(k∣t) ∈ Rrj(k∣t)×nu and the vectors zj(k∣t) ∈ Rrj(k∣t)
are given by:

Wj(k∣t) =Wj(t), zj(k + 1∣t) = zj(k∣t) +∆zj(t),

with zj(t∣t) = zj(t). If rj(t) + k − t ≥ r1, the matrices Wj(k∣t) ∈ Rrj(k∣t)×nu and the
vectors zj(k∣t) ∈ Rrj(k∣t) are given by:

Wj(k + 1∣t) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

wj1(k∣t)
⋮

wjrj(0)(k∣t)
wjrj(0)+3(k∣t)

⋮
wjrj(k∣t)(k∣t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, zj(k + 1∣t) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

zj1(k∣t)
⋮

zjrj(0)(k∣t)
zjrj(0)+3(k∣t)

⋮
zjrj(k∣t)(k∣t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+∆zj(k∣t),

with Wj(t∣t) =Wj(t), zj(t∣t) = zj(t), ∆zj(t∣t) = ∆zj(t) and

∆zj(k + 1∣t) = [∆zj1(k∣t),⋯,∆zjrj(0)(k∣t),∆zjrj(0)+3(k∣t),⋯,∆zjrj(k∣t)(k∣t)]
T
.

where wji(k∣t) , ∆zji(k∣t) and zji(k∣t) denote the ith row of the matrix Wj(k∣t)
and the vectors ∆zj(k∣t) and zj(k∣t) respectively. From the above definition, it
holds that FPS(k) ⊆ FPS(k∣t),∀k ∈ [t+1, t+N −1] since the FPS(k) is obtained
by adding additional constraints defined by the incoming output measurements to
the set FPS(k∣t).

In addition, we denote the predicted feasible parameter set at time step t+N , i.e. at
the end of the prediction horizon, by FPS(t+N ∣t) and set it to Θ, i.e. Wj(t+N ∣t) =
Wj(0), zj(t +N ∣t) = zj(0). Setting the terminal feasible parameter set prediction
to the set Θ is required in order to be able to guarantee recursive feasibility of
the resulting FHOCP, as we show in the following subsection. However, this may
in general increases the conservativeness of the overall algorithm, especially if Θ
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is a large set. This conservativeness can be somewhat reduced by increasing the
prediction horizon N (i.e. by letting N approach r1).

Based on these definitions, we define the set of inequalities that should be used in
order to robustly satisfy output constraints:

Hθ(k∣t)ϕ(k∣t) + e ≤ p,∀θ(k∣t) ∈ FPS(k∣t), k = t + 1,⋯, t +N (4.59)

Where θ(k∣t), k ∈ [t + 1, t +N] are the predictions of the future model parameters.
Following the idea of Lemma 4.2, we can reformulate the constraints (4.59) into a
set of linear equalities and inequalities by introducing auxiliary decision variables

Λ = [ΛT
1 , . . . ,Λ

T
np]

T
, where Λl = [λl(t + 1∣t)T , . . . , λl(t +N ∣t)T ]T , l = 1, . . . , np, and

for each k = t + 1, . . . , t +N , λl(k∣t) ∈ Rr(k∣t) and r(k∣t) = ∑ny
j=1 rj(k∣t).

W (k∣t)Tλl(k∣t) =
⎡⎢⎢⎢⎢⎢⎣

hl1ϕ(k∣t)
⋮

hlnyϕ(k∣t)

⎤⎥⎥⎥⎥⎥⎦
z(k∣t)Tλl(k∣t) ≤ pl − el
λl(k∣t) ≥ 0

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭

∀l = 1,⋯, np
∀k ∈ [t + 1, t +N] (4.60)

with

W (k∣t) =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

W1(k∣t) 0 . . . 0
0 W2(k∣t) . . . 0
⋮ ⋮ ⋱ ⋮
0 0 . . . Wny(k∣t)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

, z(k∣t) =
⎡⎢⎢⎢⎢⎢⎣

z1(k∣t)
⋮

zny(k∣t)

⎤⎥⎥⎥⎥⎥⎦
, k = t + 1,⋯t +N

Based on this, the FHOCP that should be solved at each time step for the time
varying case has the following form:

min
U,Λ

J(U, y(t), ϕ(t))

Subject to: (4.19), (4.60), (4.27).
(4.61)

Optimization problem (4.61) is again a QP that can be efficiently solved.

4.6.4.3 Properties of the modified adaptive MPC algorithm

Similar to the original adaptive MPC algorithm that we proposed in Section 4.4,
its modification for time varying systems also guarantees recursive feasibility of
the FHOCP 4.61 and hence robust satisfaction of input and output constraints for
all time, as formally stated by the following Theorem.

Theorem 4.2. Let the Assumptions 4.1, 4.4 and 4.5 hold, and assume that the
problem (4.61), solved under the modified Algorithm 3 that uses the recursive set
membership identification Algorithm 7 and the FHOCP (4.61), is feasible at time
step t = 0. Then the problem (4.61) is recursively feasible and the closed-loop system
obtained by applying the modified Algorithm 3 is guaranteed to satisfy input and
output constraints ∀t ≥ 0.
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Proof. As in the proof of Theorem 4.1, we will use induction in order to prove
the claim of the theorem. The problem (4.61) is feasible for t = 0 by assumption.
As was done in the proof of Theorem 4.1, assume that the problem (4.61) is
feasible at a generic time step t and let the optimal control sequence be U∗(t) =
[u∗(t∣t), . . . , u∗(t+N − 1∣t)], and its corresponding sequence of predicted regressor
vectors be ϕ∗(k∣t), k = t+ 1,⋯, t+N . Then, a possible feasible control sequence at
t + 1 is U(t + 1) = [u∗(t + 1∣t), . . . , u∗(t +N − 1∣t), u∗(t +N − 1∣t)]. This sequence
satisfies constraints (4.19) and (4.27). In addition, we note that the predicted
regressor vectors ϕ(k∣t + 1), k = t + 2,⋯, t + N + 1 that correspond to the input
sequence U(t + 1), by construction satisfy the equalities ϕ(k∣t + 1) = ϕ∗(k∣t), for
k ∈ [t+2, t+N] and that from (4.27) it follows that ϕ(t+N +1∣t+1) = ϕ∗(t+N ∣t).
Moreover, we note that from the definition of the FPS(k∣t), k ∈ [t+1, t+N −1], it
holds that FPS(k∣t+1) ⊆ FPS(k∣t),∀k ∈ [t+1, t+N −1] since the FPS(k∣t+1) is
obtained by adding additional constraints defined by the measured plant output
y(t+1) to FPS(k∣t). In addition, we note that from the definition of FPS(t+N ∣t)
and Assumption 4.4 it holds that FPS(t +N ∣t + 1) ⊆ FPS(t +N ∣t) = Θ and that
FPS(t +N + 1∣t + 1) = FPS(t +N ∣t) = Θ. Based on this, the sequence of inputs
U(t + 1) satisfies the output constraints (4.59), which means that the constraints
(4.60) are feasible and hence the FHOCP (4.61) has a feasible solution. Repeating
this argumentation for all t > 0, it can be concluded that the FHOCP (4.61)
remains feasible ∀t > 0. From this and the fact that θ(t) ⊆ FPS(t),∀t, the other
claim of the Theorem follows directly.

Remark 4.17. The two key components that allow us to guarantee recursive fea-
sibility are the Assumption 4.5 and the robustification of the output constraints at
the end of the prediction horizon with respect to the set Θ. Hence the theoretical
guarantees are achieved by increasing the conservativeness of the overall adaptive
MPC algorithm. If these two components would not be used in practice, recur-
sive feasibility would not be guaranteed and the output constraints would need to
be softened. In addition, if the Assumption 4.5 would be temporarily violated, the
update of the set FPS(t) could be done as discussed in Remark 4.16. In this case,
recursive feasibility would be temporarily lost and could be recovered by temporarily
softening output constraints.

4.7 Quad-tank experimental results

In order to validate the effectiveness of the proposed adaptive MPC scheme and to
illustrate its advantages, it was practically implemented and experimentally tested
on a quad-tank laboratory setup. In the following subsections, we first describe
the used laboratory setup, we then talk about the practical implementation of
the proposed adaptive scheme and finally we present and discuss the obtained
experimental results.
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4.7.1 Description of the experimental setup

The quad-tank system, whose photograph is shown in Figure 4.3, consists of four
water tanks, two pumps and two valves that are mutually connected as shown
in Figure 4.4. The voltages applied to the pumps are proportional to the water
flows that feed the corresponding upper and lower tanks in given ratios. These
ratios are denoted by γi ∈ [0,1], i = 1,2 and can be set prior to an experiment by
changing the positions of the valves. Water from the upper tanks flows into the
lower tanks and from the latter back into the water reservoir. The outflow from
the tank depends on its water level, which we denote by hi(t), i = 1,⋯,4. The
water levels are measured by pressure sensors located at the bottom of each of
the tanks. Based on the mass conservation law, we can write the following set of
differential equations that describe the time evolution of the water levels:

Figure 4.3: Quad-tank test setup photograph.

ḣ1 =
1

Aa
(Ao

√
2gh3 + γ1kpv1 −Ao

√
2gh1)

ḣ2 =
1

Aa
(Ao

√
2gh4 + γ2kpv2 −Ao

√
2gh2)

ḣ3 =
1

Aa
((1 − γ2)kpv2 −Ao

√
2gh3)

ḣ4 =
1

Aa
((1 − γ1)kpv2 −Ao

√
2gh4),

(4.62)

where the meaning and the values of the used parameters are given in Table 4.1.

The system is to be regulated in a proximity of a steady state operating point
defined by the constant pump voltages vi, i = 1,2 and tank water levels hi, i =
1,⋯,4. If we take the control inputs to be the differences between the pump
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Figure 4.4: Quad-tank system consisting of four water tanks mutually connected
by a network of pipes and valves. Water is injected into the tanks from a reservoir
by two pumps. Flow ratios between the upper and the lower tanks can be adjusted
by changing the positions of the valves.

Table 4.1: Parameters of the quad-tank setup

Constant Description Value

Aa cross-section of the tanks 15.52 cm2

Ao cross-section of the outlets 0.178 cm2

g acceleration due to gravity 981 cm/s2

kp pump flow constant 3.3 cm3/sV

voltages and their steady state values (i.e. u(t) = [v1(t) − v1, v2(t) − v2]T ) and the
plant outputs to be equal to the differences of the water levels of the two lower
tanks and their steady state values (i.e. y(t) = [h1(t) − h1, h2(t) − h2]T ), we can
linearize the plant dynamics in (4.62) and obtain the following transfer function
matrix:

G(s) =
⎡⎢⎢⎢⎢⎣

T1γ1kp
Aa(1+sT1)

T1(1−γ2)kp
Aa(1+sT3)(1+sT1)

T2(1−γ1)kp
Aa(1+sT4)(1+sT4)

T2γ2kp
Aa(1+sT2)

⎤⎥⎥⎥⎥⎦
, (4.63)

where Ti = Aa
√

2h̄i
Ao
√
g , i = 1,⋯,4 and s stands for the Laplace variable. The diagonal

terms in the transfer function matrix (4.63) are first order systems, since the pumps
feed the tanks directly, and the off-diagonal terms are second order systems, as the
dynamics are affected by the upper tanks. The zeros of the linearized plant are
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equal to the roots of the numerator of the transfer function matrix determinant:

det(G(s)) =
T1T2k2

p

Aa2γ1γ2∏4
i=1(1 + sTi)

[(1 + sT3)(1 + sT4) −
(1 − γ1)(1 − γ2)

γ1γ2

] . (4.64)

From (4.64) it follows that one of the two zeros is always located in the left half
of the complex plane. For γ1 + γ2 ≥ 1 the second zero is also located in the left
half plane, giving rise to a minimum phase system. If γ1 + γ2 ≤ 1, a non-minimum
phase behavior should be expected as one zero is located in the right half of the
complex plane. For a more detailed analysis of the quad-tank system properties
and the control challenges that it poses interested reader is refereed to [79].

An interesting case occurs for γ1, γ2 ≈ 0.5. The ratio of the water feeding the
tank 1 and the tank 2 is nearly the same for both pumps, making the system
particularly hard to control. This results in a zero close to the origin. In addition,
a non-linear behavior that is not captured by the equations (4.62) is also present in
this case. It is caused by the fact that the valves are placed significantly below the
inflow openings of the upper tanks and just above the inflow openings of the lower
tanks (see Figure 4.4). For such a placement of the valves, a higher static pressure
has to be overcome in order to feed the upper tanks. The additional pressure loss
needed to feed the upper tanks results in a nonlinear dependence of the flow ratio
coefficients γ on the pump voltages, even for a fixed valve position that should
result, theoretically, in constant γ. In particular, for low pump voltages all the
water is fed exclusively into the lower tanks (resulting in an effective value of
γ = 1), and as the pump voltage is increased, the effective value of γ decreases
until it eventually reaches the theoretical value given by the valve position. The
experimental data that illustrate this nonlinearity are shown in Figure 4.5.

The performance of the proposed adaptive MPC algorithm was tested on the
described quad-tank system in three different operating points. Each operating
point corresponds to one of the three distinct ways in which the dynamics of the
plant can behave: i.e. either minimum or non-minimum phase linear dynamics or
considerable nonlinear behavior. Table 4.2 gives the numerical values for the valve
positions and the steady state pump voltages for the three operating points of
interest. During each of the experiments, the valve positions were kept constant,
i.e. the controlled system was time invariant.

4.7.2 Implementation of the proposed adaptive MPC algorithm

The adaptive MPC algorithm described in Section 4.4 was implemented in Matlab.
In order to comply with the technical limitations of the employed water pumps,
we imposed the following input constraints in all the experiments:

[ −u
−u ] ≤u(t) ≤ [ u

u
]

[ −∆u

−∆u
] ≤∆u(t) ≤ [ ∆u

∆u
]

, ∀t ,
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Figure 4.5: Dependence of the effective value of the flow ratio γ1 on the pump
voltage v1 (solid line) for a fixed valve position that should theoretically result in
γ1 = 0.5 (dashed line). The value of γ1 was calculated by comparing the tank water
levels obtained after applying a constant pump voltage for 10 seconds and keeping
the tank outlets closed during this time.

Table 4.2: Operating points for which the experiments were performed.

Operating point γ1 γ2 v1 [V] v2 [V]

1) Minimum phase behavior 0.65 0.68 9.5 9.5

2) Non-minimum phase behavior 0.4 0.2 8.75 8.75

3) Nonlinear behavior 0.58 0.51 7.5 7.5

where u = 3 V and ∆u = 1 V. In addition, in order to prevent the water from
flowing out of the tanks, we enforced an upper bound on the plant outputs:

y(t) ≤ [ y
y

] , ∀t,

where the upper bound was set to y = 4.5 cm for the operating points 1) and 2)
and to y = 4.2 cm for the operating point 3).

We used an impulse response model with length m = 12 in order to model the quad-
tank system. The set Θ which encodes the information that is initially available
on the system was constructed by setting a lower and an upper bound on each
impulse response coefficient:

0 ≤ ϑji(k) ≤ ϑk, k = 1,⋯,m, i = 1,⋯, nu
j = 1,⋯, ny

,
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where

ϑk =
⎧⎪⎪⎨⎪⎪⎩

M if k < µ
Lρk−µ if k ≥ µ

,

with M = 1.7, µ = 2 and ρ = 0.75. These initial bounds are quite loose, as
illustrated by Figure 4.6 which compares the initial model set with the impulse
response coefficients of the nominal model to which the identification algorithm
converges at the end of each experiment.
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Figure 4.6: Set Θ (gray area) compared with the impulse response coefficients
of the nominal model at the end of the experiment for operating point 1) (×),
operating point 2) (o) and operating point 3) (3). The top left plot shows the
transfer function from u1 to y1, the top right plot from u2 to y1, the bottom left
from u1 to y2 and the bottom right from u2 to y2.

We chose a prediction horizon of N = 18, and the weighting matrices as R = I,
S = 0 and Q = 2I, were I is the identity matrix and 0 is a zero matrix. The ratio
between the weights in Q and R reflects the desire for controller aggressiveness,
as increasing Q results in a more aggressive control. By increasing the length
of the prediction horizon N , control performance can be increased at the cost
of higher computational complexity. We set the bound on the magnitude of the
signal e(t) to ε = [0.4,0.4]T for the operating points 1) and 2) and to ε = [0.5,0.5]T
for the operating point 3). The contribution of the measurement noise to the
bound ε was determined from the sensor readings for constant tank water levels.
Contribution of the output disturbances and unmodeled dynamics to the bound ε
is not so straightforward to determine, however, unless taken too small or overly
conservative, it was not observed to have a significant influence on the controller
performance. The FPS(t) was updated according to Algorithm 4, where the
face number limits where chosen as r1 = 200 and r2 = 48. The set of predefined
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face directions D was constructed before the algorithm became operational by the
vectors that form an ∞-norm ball and it was kept fixed during the experiments.
The initial nominal model of the plant θc(0) was selected as a random, nonzero
point inside the set Θ. The algorithm was run on a laptop with Intel i7-36667U
processor and with a sampling time of 8 seconds. Gurobi solver (see [?]) was used
in order to solve the convex optimization programs required by the algorithm. In
this configuration, the execution time of the controller at each time step was never
bigger that 4 seconds.

4.7.3 Obtained experimental results and their interpretation

In order to further illustrate the effectiveness of the proposed adaptive MPC control
algorithm, we compared its performance with the performance of a non-adaptive
MPC controller that uses the impulse response model of the plant derived from
the transfer function (4.63), and to a certainty equivalence adaptive controller,
which uses recursive least squares to identify the nominal model of the plant and
a receding horizon optimal control algorithm similar to (4.28) in order to control
the system outputs. Since this certainty equivalence adaptive controller uses only
a point estimate of the plant model, output constraints are not enforced robustly,
but with respect to the point estimate of the impulse response coefficients that the
recursive least squares algorithm provides at each time step. In order to avoid any
feasibility problems in the case of non-adaptive and certainty equivalence adaptive
controllers, soft output constraints were used. Apart from this difference, the same
tuning parameters were used for all three MPC controllers. In addition, the initial
guess of the plant model was taken to be the same for both the controller that
uses the least squares and the one that uses set membership identification.

The results obtained for the operating point 1) are shown in Figure 4.7. For this
operating point, the non-adaptive MPC controller shows satisfactory behavior.
However, the performance of the controller is improved if an adaptive algorithm
is used, leading to smaller overshoots. The controller based on the recursive least
squares is not able to satisfy output constraints initially, when the uncertainty on
the plant model is large. On the other hand, the novel adaptive MPC algorithm
based on set membership identification satisfies output constraints while providing
similar reference tracking performance as the adaptive controller based on the least
squares. Constraint satisfaction is achieved by ensuring that the outputs of all the
models described by the parameters in the feasible parameter set satisfy output
constraints, as shown in Figure 4.7(c).

The experimental results obtained for the operating point 2) are shown in Figure
4.8. In this case, the non-adaptive controller performs poorly and is even not
able to satisfy output constraints. The adaptive controllers exhibit much better
reference tracking performance once the actual model of the plant is identified with
sufficient accuracy. However, the controller based on the recursive least squares
significantly violates the output constraints during the initial adaptation phase.
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((a)) Results for non-adaptive MPC algorithm.
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((b)) Results for adaptive MPC algorithm based on recursive least squares.
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((c)) Results for adaptive MPC algorithm based on set membership identification.

Figure 4.7: Experimental results for the operating point 1). The measured plant
outputs (solid blue lines) are compared with the references (dashed red lines),
output constraints (dashed green lines) and the lower and the upper bounds on
the outputs for all the parameters inside the feasible parameter set (light blue lines)
obtained when the adaptive algorithm based on set membership identification is
used.
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((a)) Results on non-adaptive MPC algorithm
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((b)) Results for adaptive MPC algorithm based on recursive least squares.
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((c)) Results for adaptive MPC algorithm based on set membership identification.

Figure 4.8: Experimental results for the operating point 2). The measured plant
outputs (solid blue lines) are compared with the references (dashed red lines),
output constraints (dashed green lines) and the lower and the upper bounds on
the outputs for all the parameters inside the feasible parameter set (light blue lines)
obtained when the adaptive algorithm based on set membership identification is
used.
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Table 4.3: Average tracking error during last 1000 seconds of operation.

Operating point 1) 2) 3)

MPC based on nominal model 0.15 0.17 0.29

Adaptive MPC based on least squares 0.07 0.09 0.1

Adaptive MPC based on set membership identification 0.08 0.1 0.12

The controller based on set membership identification, on the contrary, is able to
enforce output constraints throughout the experiment.

The experimental results obtained for the operating point 3) are shown in Figure
4.9. As expected, the non-adaptive MPC controller performs very poorly for this
operating point, since the model derived from the transfer function matrix (4.63)
differs significantly from the actual plant. This controller is also not able to satisfy
output constraints. The controller performance is much better when adaptive
techniques are used. Due to nonlinear behavior of the plant at this operating point,
the convergence of the least squares algorithm is slower than for the previous two
operating points. While this does not seem to affect the controller performance
significantly, it affects the ability of the controller to satisfy output constraint. In
fact, the output constraints are violated even after the initial adaptation phase, as
shown in Figure 4.9(b). On the other hand, the adaptive MPC algorithm based on
set membership identification satisfies output constraints even for this operating
point. However, in order to be able to handle the nonlinear behavior, a higher
value of the disturbance bound ε had to be used, when compared to the value used
for operating points 1) and 2). The use of higher disturbance bound results in
slower reduction of the model set and more cautious control at the beginning of
the learning procedure.

For all the experiments we calculated the average tracking error during the last
1000 seconds as:

err = 1

125
(

225

∑
t=100

∣ydes,1(t) − y1(t)∣ +
225

∑
t=100

∣ydes,2(t) − y2(t)∣) .

Table 4.3 summarizes the obtained results. These results show that there is a clear
advantage in using adaptive MPC schemes. According to Table 4.3, on average,
both the certainty equivalence and the adaptive MPC based on set membership
identification have similar tracking performance. However, the adaptive MPC
algorithm that uses least squares is often not able to satisfy output constraints
when the uncertainty related to the model parameters is large. On the other
hand, the adaptive controller that is based on set membership identification is
capable of enforcing the output constraints robustly for all time and in all operating
points. This is somewhat compensated by the fact that the adaptation phase of the
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((a)) Results for non-adaptive MPC algorithm.
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((b)) Results for adaptive MPC algorithm based on recursive least squares.
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((c)) Results for adaptive MPC algorithm based on set membership identification.

Figure 4.9: Experimental results for the operating point 3). The measured plant
outputs (solid blue lines) are compared with the references (dashed red lines),
output constraints (dashed green lines) and the lower and the upper bounds on
the outputs for all the parameters inside the feasible parameter set (light blue lines)
obtained when the adaptive algorithm based on set membership identification is
used.
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MPC that uses set membership identification is on average slightly longer than the
adaptation phase of the controller that uses recursive least squares. However, the
reference tracking performance of both adaptive controllers becomes very similar
in all experiments already after 600 seconds. Hence, the proposed adaptive MPC
algorithm satisfies constraints and gives good reference tracking performance even
for challenging control tasks such as the control of a system that is not minimum
phase or is affected by non negligible nonlinearities.

4.8 Application to building climate control

The topic of efficient building climate control has gained a lot of attention in
recent years by both researchers and practitioners. In this section we show how
the proposed adaptive MPC scheme based on set membership identification can
be applied to the building climate control problem. Through two simulation case
studies we illustrate the benefits of using the proposed adaptive scheme for building
control. In the following subsections, we first give some motivation for considering
the application of the proposed adaptive MPC scheme for building control, we
then discuss how the algorithm can be applied to the building control problem
and finally, we present and discuss the obtained simulation results.

4.8.1 Motivation for using adaptive MPC in building climate
control

In industrialized countries, around 20 % of the total energy consumption is used for
heating, ventilation, and air conditioning of buildings (see e.g. [138]). Reductions
in energy consumption can be realized by improving a building’s construction
and / or its operation. However, in contrast to the first option, control systems
can be upgraded and their operation optimized at comparatively low costs.

MPC is a promising alternative to traditional building climate control algorithms
that are rule based and hence hard to tune and maintain. Its ability to explic-
itly handle constraints and exploit weather predictions, makes it possible to ap-
ply MPC in building climate control in order to minimize energy consumption,
while preserving occupants’ comfort at the same time. In recent years, many
studies have analyzed the energy savings potential of MPC in simulations, see
for instance [69, 92, 137], or the review paper [2]. However, while these studies
have demonstrated the potential benefits of MPC when compared to industry-
standard control, practical implementation studies have shown that developing an
appropriate model of a real building is a very challenging task (see for instance
[143, 16, 168]). The main difficulties are that buildings are large, complex systems,
subject to many disturbances; that separate controller has to be designed for every
building as they can differ a lot in the way they are built (i.e. there is no economics
of scale) and that due to time and building usage constraints, it is often highly
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impractical or even impossible to excite buildings sufficiently for the identification
of MIMO building models and the required effort to prepare and conduct such ex-
periments might well be prohibitive. In addition, the construction data necessary
for physics-based modeling is often incomplete or not exactly known.

Therefore, in practice, the building models that are available for designing MPC
controllers are often very uncertain. This uncertainty has to be taken into account
when designing the MPC controller in order to guarantee satisfaction of comfort
constraints during controller operation. One way to handle uncertainties in the
building model is to use robust MPC (see e.g. [93, 5]). In such schemes, the
MPC controller is designed in a way that it guarantees the satisfaction of comfort
constraints for all possible values of the uncertain model parameters. However,
if the uncertainty is large, the controller can be conservative, which in general
reduces its performance.

An alternative approach is to use adaptive MPC schemes in which the model of the
building is improved with each new measurement obtained in closed-loop, reducing
uncertainty and increasing control performance over time. Adaptive MPC schemes
for building control in which both the unknown parameters and unmeasured states
are estimated using unscented and extended Kalman filters were proposed in [93]
and [57], respectively. Simulations show that for these schemes the estimates
of the unknown building parameters typically converge after a couple of weeks
of operation. However, there are no guarantees on the behavior of the MPC
controller during the adaptation phase and severe comfort constraint violations
could occur until the estimated parameters converge. This is a limitation that
prevents the application of such adaptive algorithms in practice, since a controller
that can cause large comfort constraint violations does not have much chance to
be accepted by the occupants.

In contrast to these approaches, the adaptive MPC algorithm that we described in
this chapter and that relies on set membership identification would be capable of
enforcing comfort constraints even during the adaptation phase. Hence, the use of
this adaptive scheme would allow the MPC controller to automatically reduce the
uncertainty related to the underlying building model over time and hence increase
energy savings, while respecting the comfort constraints for all time. This could
significantly reduce the commissioning costs of MPC controllers and eventually
lead to their widespread use in building climate control.

4.8.2 Applying the adaptive MPC algorithm to building climate
control

In order to demonstrate how the proposed adaptive MPC algorithm can be used in
building climate control, we consider the case of controlling a single office room that
is equipped with an Air Handling Unit (AHU) that can provide variable air mass
flow into the room and has a heater that can heat up the supply air. In addition,
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the room is equipped with an automatic blinds control system. The single-room
configuration was chosen for simplicity and all the results can straightforwardly
be extended to the case where there are multiple rooms. We first describe the
construction of a physics-based, state-space model of the room and explain how
this model can be converted into the form (4.1) required by the proposed adaptive
MPC algorithm and then we describe the modifications to the FHOCP that is to
be used for the building climate control.

Time evolution of the temperature in the described single office room equipped
with an AHU and automatic blinds control can be described by the following
bilinear state space model:

x(t + 1) = Ax(π)x(t) +Bu(π)u(t) +Bv(π)v(t) +
nu

∑
i=1

(Bvu,i(π)v(t) +Bxu,i(π)x(t))ui(t)

y(t) = Cx(π)x(t) + e(t),
(4.65)

where the states x(t) ∈ R13 represent temperatures of parts of the room, u(t) ∈ R3

are the control inputs, v(t) ∈ R2 are disturbances caused by measurable exogenous
influences which we assume can be predicted (the predictions could be obtained
from the weather forecast data), the output y(t) ∈ R represents the room air
temperature that we aim to control and e(t) ∈ R accounts for disturbance and noise.
Table 4.4 details the physical meaning of the inputs, outputs and disturbances. The
model matrices Ax ∈ R13×13, Bu ∈ R13×3, Bv ∈ R13×2, Cx ∈ R1×13, Bvu,i ∈ R13×2, Bxu,i ∈
R13×13 (i = 1,2,3), depend on the parameter vector π that contains the construction
data based on which the model is built. This construction data includes the
information on the floor area of the room and its volume, thickness of the walls
and their heat capacities and convective heat transfer coefficients, position and
specifications of the windows such as their dimensions and U-values and many
other technical specifications. As already mentioned, these data are often only
approximately known and therefore π is uncertain. However, a (compact) set Π
describing the knowledge (or uncertainty) about the vector π can be constructed
(i.e. π ∈ Π), as for instance, the material used for a wall may not be exactly
known, but lower and upper bounds on the specific heat capacity or on the thermal
resistance can approximately be specified.

In order to show how the bilinear state space model of the form (4.65) can be
transformed into a model that can be used by the proposed adaptive MPC algo-
rithm, we analyze the origin of the bilinear terms in (4.65) in detail. The bilinear
terms stem from the air handling unit and the blinds model. In particular, the net
heat flux to the room due to the AHU, qAHU, is modeled as

qAHU(t) = Cairu1(t)(v1(t) − xT,room(t)) + u2(t)

where xT,room is the state representing the room air temperature and Cair represents
the mass-specific heat capacity of air. Note that by definition y = xT,room which
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Table 4.4: Physical meaning of the model output y, control inputs u, and distur-
bances v.

Variable Description Unit
y Room temperature ○C
u1 AHU air mass flow kg / s
u2 AHU heater heat flux W
u3 Blinds position -
v1 Ambient air temperature ○C
v2 Solar radiation on facade W / m2

will be useful later. The heat flux to the room due to solar radiation is modeled
as

qSolar(t) = Awinv2(t)u3(t),

where Awin is the area of the window. Since the states represent temperatures (or,
equivalently, energy contents), the heat fluxes enter the model additively, resulting
in the bilinear terms of model (4.65). Therefore, it follows that the bilinear state-
space model (4.65) can be seen as a linear model with single output and a lumped
input vector û ∈ Rnû that incorporates the control inputs, exogenous disturbances
and the bilinear terms between the exogenous disturbances and control inputs and
room temperature and inputs:

û(t) = [u(t)T , v(t)T , v2(t)u3(t), (v1(t) − y(t))u1(t)]T ∈ Rnû .

For the considered room model, nû = 7. The stable linear system with input û(t)
and output y(t) can be represented by a finite impulse response model as:

y(t) = ϕ(t)T θ(π) + e(t), (4.66)

where the regressor vector ϕ(t) contains the past values of the lumped input vec-
tor û(t), i.e. ϕ(t) = [û1(t − 1),⋯, û1(t − m),⋯ûnû(t − 1),⋯, ûnû(t − m)]T , and
θ(π) ∈ Rnûm contains m impulse response coefficients for each input ûi, i = 1,⋯, nû,
required to describe the influence of that input to the room temperature y. Note
that the model (4.66) allows the straightforward use of the recursive set member-
ship identification Algorithm 4, as the currently measured output depends on the
past values of the control inputs, exogenous disturbances and outputs that are all
known. However, using the impulse response model (4.66) would result in a con-
trol scheme that would be very computationally demanding, since a large number
of impulse response coefficients would be required in order to model the building
well due to its slow dynamics (typical values of m that would be required are in
the order of hundreds). A way to overcome this problem is to use basis transfer
function instead of impulse response parametrization, as proposed in Subsection
4.6.1. In particular, Laguerre basis functions should be used, as they are suitable
for modeling systems with real poles such are the building thermal models. The
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update of the regressor vector ϕ(t) in this case has the following form:

ϕ(t + 1) = Âϕ(t) + B̂û(t), (4.67)

where the matrices Â ∈ Rnûm×nûm and B̂ ∈ Rnûm×nû depend on the Laguerre basis
transfer function tuning parameter a and can be calculated as described in the
Appendix A. The set Θ that encodes initial information about the system can
be calculated by using the procedure described in Subsection 4.6.1. To this end
the set Π can be gridded, and a bilinear state space model as in (4.65) can be
derived for each grid point and from it a transfer function matrix of the system
with input û and output y. The state-space model (4.65) can be built from the
technical specifications of the office room by using available modeling tools, such
as the Building Resistance-Capacitance Modeling (BRCM) toolbox [169]. In this
way, the bounds of the weights that correspond to the basis transfer functions used
for parametrization in the form as in (4.34) can be determined and used in order
to calculate the set Θ as discussed in Subsection 4.6.1.

The FHOCP that is used for the building climate control is somewhat different
than the general form of FHOCP introduced in (4.28). The goal of the building
climate control is not reference tracking, but minimization of the energy consump-
tion (which in turn brings a monetary gain). Therefore the cost function that is
to be used for controlling the described one room office model has the following
form:

J(U, y(t), ϕ(t)) =
t+N−1

∑
k=t

cTu(k∣t), (4.68)

where u(k∣t), k = t,⋯, t + N − 1 are the possible future control inputs that are
decision variables and c ∈ R2 is the vector that penalizes the control inputs. The
input constraints are defined by the technical limitations of the AHU and blinds
control system and are given by limits on the control input magnitudes:

03×1 ≤ u(k∣t) ≤ u, k ∈ [t, t +N − 1] (4.69)

where u ∈ R3. The output constraints are also given through magnitude bounds
that should ensure that the room temperature is kept in the range that satisfies
ocupants comfort. Robust satisfaction of the output constraints is hence enforced
by the following set of inequalities:

ymin(k) + ε ≤ ϕ(k∣t)T θ ≤ ymax(k) − ε,∀θ ∈ FPS(t), k ∈ [t + 1, t +N], (4.70)

where the bounds ymax(k), ymin(k) ∈ R are time varying since the output con-
straints should only be active during the office hours (i.e. when the office is occu-
pied). During night and on weekends, ymax(k) and ymin(k) can be set to +∞ and
−∞ respectively in order to eliminate output constraints. The presence of the bi-
linear terms is handled by linearizing the room model around a room temperature
trajectory ỹ(k), k ∈ [t + 1, t +N]. In this case, the update of the regressor vector
predictions for the linearized model has the following form:
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ϕ(k + 1∣t) = Âϕ(k∣t) +B′(k)u(k∣t) +B′′(k), (4.71)

where
B′(k) = [ B̂1 + B̂7 (v1(k) − ỹ(k)) , B̂2, B̂3 + B̂6v2(k) ] ,
B′′(k) = [ B̂4, B̂5 ] v(k),

and B̂i is the ith column of the matrix B̂ in (4.67), v(k) are fixed exogenous
disturbance predictions that can be obtained from the weather prediction data
and ỹ(k) is given by:

ỹ(t) = y(t),
ỹ(k) = min (ymax(k),max (ymin(k), y(t))) , k ∈ [t + 1, t +N].

Choosing ỹ(k) in such a way turned out to be an effective approximation since in
closed-loop y(t) stays within the comfort bounds and otherwise does not change
too much. Note that by using the described (rather crude) linearization, we theo-
retically lose the robust property of the proposed adaptive MPC algorithm. How-
ever, in practice this linearization works well and results in a robust behavior of
the overall controller as we demonstrate in Subsection 4.8.3, since the errors intro-
duced in the predictions of the lumped input component û7(t) are typically not
large and can be embedded into the disturbance signal e(t).

Based on this, we can define the FHOCP that should be solved under the adaptive
MPC algorithm that is applied to the building climate control problem.

min
U
J(U, y(t), ϕ(t))

Subject to: (4.69), (4.70), (4.71).
(4.72)

This optimization problem can be recast into an LP by turning the constraints
(4.70) into a set of linear inequalities by using the idea presented in Lemma 4.2.
Note that in FHOCP (4.72) there is no terminal constraint on the predicted re-
gressor vector as was the case for the general FHOCP formulation in (4.28). The
reason for this is that this terminal constraint would not be feasible most of the
time, as the regressor vector predictions do not only depend on the controllable
input, but also on the exogenous disturbances that can not be controlled. Due to
the absence of the terminal constraint, the feasibility of the FHOCP (4.72) can
not be guaranteed. However, in practice the problem is feasible most of the time.
In cases of infeasibility, output constraints can be temporarily softened in order to
recover to normal operation.

4.8.3 Simulation results and their interpretation

Performance of the adaptive MPC algorithm based on set membership identifica-
tion was tested on a typical well insulated office room model with a single window.
Some of the technical specifications of the used room model are given in Table
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Table 4.5: Technical specifications of the used office room model

Description Value

Room floor area 21.75 m2

Room volume 65.25 cm3

Window glass area 7.52 m2

Window frame area 3.53 m2

External wall thickness 0.35 m

Internal wall thickness 0.21 m

4.5. The control objective was to keep the room temperature between 22 - 25 ○C
during office hours, while consuming as little energy as possible. Hence ymin(k)
was set to 22 and ymax(k) was set to 25 during office hours. The input magnitude
constraints and the cost weighting vector c were set to:

c =
⎡⎢⎢⎢⎢⎢⎣

0.1
0.97

0

⎤⎥⎥⎥⎥⎥⎦
, u =

⎡⎢⎢⎢⎢⎢⎣

0.25
3
1

⎤⎥⎥⎥⎥⎥⎦
.

Laguerre basis functions with the parameter a = 0.92 were used, where the influ-
ence of each lumped input ûi, i = 1,⋯,7 was modeled by 12 basis transfer functions
(i.e. m = 12). The set Θ that encodes the initial uncertainty related to the model
parameters was constructed from the set Π that represents the uncertainty about
the technical specifications of the room in the way described in the previous sub-
section. In order to construct Π, we considered uncertainty around a nominal
parameter vector πnom in the following parameters which are usually also not ex-
actly known in practice: i) thermal heat capacities of the walls, floor, and ceiling;
ii) convective heat transfer coefficients determining the heat exchange between
building elements and the room air; iii) window U-values determining the heat
exchange between the room and the ambient air. The set Π was then formed by
considering + / - 50 % variation of each group of parameters around their nomi-
nal values. Note that the uncertainty of more parameters can be considered in
a practical implementation, but the goal here was to demonstrate the adaptive
capabilities of the proposed formulation and for this purpose varying three param-
eter types was sufficient. The bound on the disturbance signal e(t), ε was set to
0.5. Sampling time of 15 minutes was used and the prediction horizon was N = 32
steps, which corresponds to 8 hours of prediction time. In order to improve the
effectiveness of the bounded complexity polytopic update algorithm, we used the
mechanism for discarding not very informative faces (i.e. Algorithm 5), where the
parameter βd was selected to be 0.95. The face number limits were set to r1 = 200
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and r2 = 50 and the set of face directions D that is used by the limited complexity
polytopic update algorithm was not determined beforehand, but was constructed
on-line by using the Algorithm 6, where the value of the parameter βpar was set to
0.3. All optimization problems were solved by using Gurobi. In this configuration,
the controller newer took more than 2 minutes to execute on a laptop with Intel
i7-36667U processor.

Similarly to what was done in Section 4.7, the performance of the proposed adap-
tive MPC scheme was compared with the performance of a non-adaptive and a
certainty equivalence adaptive MPC that uses recursive least squares. All three
MPC controllers used the same FHOCP, with the only difference that the non-
adaptive and the adaptive MPC based on least squares enforced output constraints
not robustly, but with respect to the available point estimate of the plant. Two
simulation case studies that illustrate the performance of the three controllers were
done.

In the first case study, we used the high fidelity emulation software EnergyPlus
(see [45]) in order to simulate the office room in question. Matlab (used for control
calculations) and EnergyPlus (used for building simulation) were coupled with the
aid of the Building Controls Virtual Test Bed (BCVTB) middleware (see [11]). We
used weather data recorded in January 2010 in Basel, Switzerland. The purpose
of this case study was to demonstrate the performance of the algorithms under
realistic conditions. This was enabled by the use of EnergyPlus which simulates
building physics to a significantly higher level of detail than the one captured by
the state-space model (4.65).

The obtained simulation results are shown in Figure 4.10. Due to the fact that
the bilinear state space model (4.65) does not capture all the dynamics related to
the emulated office room, some plant-model mismatch exists and the non-adaptive
nominal MPC is not capable of satisfying the comfort constraints (see Figure 4.10
(a)). On the other hand, the adaptive MPC based on least squares satisfies the
constraints but only after approximately 1.5 weeks when the identified uncertain
parameters converge (see Figure 4.10 (b)). Unlike these two MPC schemes that
do not explicitly keep track of the model uncertainty, the proposed adaptive MPC
scheme based on set membership identification is capable of satisfying the comfort
constraints at virtually all times. Keeping track of the feasible parameter set
allows the calculation of the highest and the lowest room temperature predicted
by any of the models described by the parameters in FPS(t). The MPC controller
then ensures constraint satisfaction for these bounds and hence achieves robust
constraint satisfaction. Note that as time goes on and more measurements are
collected, the uncertainty bounds get tighter and therefore the conservativeness of
the controller is reduced (see Figure 4.10 (c)).

The second case study was performed completely in Matlab , and the bilinear
state-space model (4.65) was used in order to simulate the behavior of the actual
office room. For every controller, we performed simulations for different state space
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((a)) Results for non-adaptive MPC algorithm.
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((b)) Results for adaptive MPC algorithm based on recursive least squares.
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((c)) Results for adaptive MPC algorithm based on set membership identification.
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((d)) Ambient temperature.

Figure 4.10: Case study 1: EnergyPlus as plant model. The three upper plots show
the resulting room temperature (blue lines) for the non-adaptive, adaptive MPC
based on least squares and adaptive MPC based on set membership identification
respectively and the required comfort constraints (red lines). For the results of
adaptive MPC based on set membership identification, the light blue lines denote
the upper and lower bound on the possible room temperature with respect to all
the model parameters in the feasible parameter set. The bottom plot shows the
outside temperature used in the simulations.
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models obtained by taking combinations of the thermal heat capacities, convec-
tive heat transfer coefficients and window U-values that correspond to nominal and
the values calculated by perturbing the nominal values by + / - 50 % (in total we
performed simulations for 33 = 27 different models). Each simulation comprised
five weeks, repeating the weather of the first case study’s first week to remove
weather-induced effects on the week-to-week performance. We then evaluated the
cost and comfort satisfaction for each of the five weeks, all 27 plant models, and all
three controllers. The purpose of this statistical evaluation was to investigate the
effect of the parameter uncertainty on the controller performance and to demon-
strate the week-to-week performance improvement of the adaptive approaches.
The results are shown in Figure 4.11, where we compare the resulting closed loop
performance and constraint violations for the three controllers and for each week
of the simulation period.

Clearly, the non-adaptive MPC exhibits quite significant constraint violations with
the only expected exception when the control and the simulation model are identi-
cal. The adaptive MPC based on least squares performs very well after two weeks
of operation, exhibiting very low comfort constraint violation and lower costs than
the nominal MPC. However, in the first two weeks of operation unacceptably high
comfort violations are observed. On the other hand, the proposed adaptive MPC
based on set membership identification results in very small constraint violations
throughout the entire simulation period and for all simulated building models.
This comes at the price of an increased energy consumption during the adapta-
tion phase and, eventually, a slightly higher average energy consumption compared
to the certainty equivalence adaptive MPC based on least squares (although still
lower than the nominal MPC).

In conclusion, the simulation results show that the proposed adaptive MPC al-
gorithm is effective in a realistic configuration using the EnergyPlus software as
the plant model. In addition, by comparing to a standard MPC formulation, the
simulations showed that it is beneficial to use adaptive MPC when building model
parameters are uncertain. Moreover, in contrast to a benchmark certainty equiva-
lence adaptive MPC, the proposed adaptive strategy that relies on set membership
identification was shown to satisfy comfort even during the adaptation phase. A
further simulation study using state-space models for simulating the behavior of
the actual plant demonstrated the convergence to a close-to-optimal performance
(i.e. the one obtained by an MPC with perfect model knowledge) if the true model
parameters are contained in the initial feasible parameter set of the proposed con-
troller.

4.9 Discussion and conclusion

In this chapter we have proposed a novel adaptive MPC algorithm that is based
on set membership identification. The algorithm uses a computationally tractable
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((a)) Weekly cost of interest as a percentage of the cost that can be achieved with an
MPC that has perfect model knowledge.
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((b)) Cumulated weekly comfort violations in Kelvin-hours..

Figure 4.11: Case study 2: state-space as plant model. Weekly results for each
controller and all 27 plant models (denoted by crosses) and averaged results over all
plant models (denoted by diamonds). No (black color) stands for non-adaptive con-
troller, Ls (blue color) for certainty equivalence controller that uses least squares
and Sm (red color) for the proposed adaptive MPC scheme that uses set member-
ship identification.

recursive algorithm in order to update the feasible parameter set which is consistent
with the initial information and the collected data at each time step. The FHOCP
that is solved under the proposed adaptive scheme minimizes the tracking error of
the nominal model defined by the center of the maximum volume ball inscribed
into the feasible parameter set and it enforces the constraints robustly for all the
points inside the feasible parameter set. We have shown that such an FHOCP
can be recast as a QP that can be efficiently solved and is recursively feasible,
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which guarantees robust constraint satisfaction. In addition, the proposed control
algorithm exhibits integral action and allows for offset free reference tracking.

The proposed adaptive MPC approach is best suited for time invariant systems for
which the model identification experiments are complex and expensive, and / or
when the control algorithm needs to be applied to many copies of the system,
which are affected by uncertainty due to production variability. In these cases,
the approach can reduce or eliminate the need for time-consuming tuning of each
produced unit, while at the same time guaranteeing constraint satisfaction. We
applied the technique to a laboratory quad-tank system starting from a very large
model set and indeed the approach resulted in a quite cautious input during the
adaptation transient, until the information provided by the collected input-output
data was large enough to refine the feasible parameter set. After such a transient,
the approach gave performance comparable to those of a certainty equivalence
adaptive MPC algorithm, where a least-squares technique was used to identify
the model parameters. The latter approach showed a faster adaptation tran-
sient, thanks to a more aggressive input which however resulted in severe output
constraint violations due to the absence of an uncertainty description and of a
robust control computation. In addition, we applied the approach to the problem
of building climate control. In this context a set of building model parameters
can be defined based on the available (usually incomplete and uncertain) building
construction data. This set can be used in order to construct the initial feasible
parameter set by using available software tools such as the BRCM toolbox. During
closed-loop operation, the adaptive MPC algorithm shrinks the feasible parameter
set and hence improves energy savings, while keeping the regulated room temper-
ature within the occupant comfort bounds for all time. Simulation studies show
that the proposed approach can deliver almost the same control performance as
an MPC controller with perfect model knowledge after 5 weeks of operation. The
fact that it can achieve adaptation while satisfying the occupants comfort, which
is not the case with a more traditional certainty equivalence adaptive MPC that
uses least squares, makes the proposed adaptive MPC algorithm very appealing
for commercial exploitation. Its use would eliminate the need of doing expensive
and time consuming identification experiments on buildings and hence, it could
significantly reduce commissioning costs of MPC controllers that currently pose a
major obstacle towards their widespread use in building climate control.

Although completely based on convex optimization programs, the technique is not
easily applicable to fast systems due to the large number of constraints and opti-
mization variables. However, most of the computations in the feasible parameter
set estimation can be highly parallelized, so that the approach can be applied to
relatively slow, large scale applications, e.g. in building and process control and
resource scheduling and management. A major advantage of this adaptive tech-
nique is the relatively low amount of required prior information on the system, as
compared to other approaches in the literature. In particular, the initial set that
bounds the system parameters can be very large with essentially no impact on the
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algorithm performance, since all the information required to refine the uncertainty
model will be extracted from the data. The bounds on the measurement noise and
disturbance are slightly more critical, since an excessive over-estimation of these
quantities can lead to a high conservativeness of the feasible parameter set. On
the other hand, if these bounds are well-explored during operation (i.e. the actual
maximum and minimum values for each component of the disturbance vector are
actually hit at some point in time), then the resulting feasible parameter set can
become very tight around the true system’s parameter values.

In addition to the base approach, we also developed an extension that allows one
to improve the computation efficiency and to include additional prior knowledge
on the system, if available, using a more general parametrization of the impulse
response by means of series of basis transfer functions, like Laguerre, Kautz or
generalized orthonormal basis transfer functions, which can be used in order to
exploit the knowledge of the rough location of the dominant poles of the open-
loop plant. A second extension that we developed is the inclusion of an active
strategy to reduce the model set, by adding to the control input an exploring
term computed in order to approximately maximize the information contained
in the collected input-output data. As it is well known in the fields of model
identification and adaptive control, a good input for the sake of the control per-
formance (e.g. tracking of constant reference signals) is in fact usually not good
for the sake of model identification, hence in adaptive control one needs to find
a trade-off between the two, which is achieved by the proposed algorithm exten-
sion. Moreover, we proposed two extensions to the bounded complexity algorithm
for updating the feasible parameter set. These extensions improve the balance
between computational complexity and conservativeness of the feasible parameter
set approximation introduced by using the bounded complexity update algorithm.
This is achieved by not adding information that steams from not very informa-
tive measurements to the feasible parameter set in order to reduce the overall
complexity of its description and by adapting the bounded complexity update al-
gorithm to the actual closed-loop dynamics of the system, which can significantly
reduce the conservativeness of the feasible parameter set approximation. Finally,
we proposed a modification of the basic algorithm that can be used in order to
control time varying systems. Knowledge of the bound on the rate of change of
the model parameters is assumed and it is used in order to derive recursive set
membership identification algorithm with forgetting. The algorithm accounts for
the possible change in the model parameters that can occur between the current
time step and the time at which each of the measurements was taken. The mod-
ified algorithm is capable of guaranteeing recursive feasibility thanks to a rather
conservative terminal constraint, which makes the overall adaptive scheme quite
cautious.

The question of how to retain the recursive feasibility guarantees and reduce the
conservativeness in the time varying case remains an open research question. An-
other research direction is related to the computational efficiency of the approach



CHAPTER 4. ADAPTIVE MODEL PREDICTIVE CONTROL BASED ON
SET MEMBERSHIP IDENTIFICATION 124

and the possibility to make its application to control tasks with short sampling
periods also possible. Finally, a third topic for further research is concerned with
the relaxation of the assumption that the controlled system is open-loop stable.
While such an assumption is very common in system identification and adaptive
control, there might still be ways to remove it, for example by resorting to some
auxiliary, pre-stabilizing controller.



5 On-line direct data driven
control design based on set
membership identification

5.1 Introduction and outline

Model based controller design requires derivation of a mathematical model of the
plant that should be controlled, identification of the unknown model parameters
and design of a controller on the basis of the derived model. This method is
widely used and works well for many practical applications. However, in several
cases, building a detailed and accurate model of a nonlinear plant can be difficult,
costly and time-consuming. Data driven control design techniques represent a vi-
able alternative for the control of such nonlinear systems. These techniques do
not require a detailed knowledge about the physics of the system and only relly
on the available measured data and some “weak” information on the system to
control (e.g. qualitative information on the relations between the involved vari-
ables, approximate knowledge of the system order, knowledge on the system block
structure, etc.). Indirect data driven design techniques are two step approaches
in which a black-box model of the plant is first identified and the controller is
then designed based on the identified model. The identified model should meet
an intricate balance between accuracy and reliability. The model should be sim-
ple enough such that it allows for the straightforward use of the existing control
design techniques and on the other hand it should be accurate enough in order to
guaranty good performance and stability. For systems with strong nonlinearities
finding such a balance can often be very difficult. On the other hand, the direct
data driven control design is a one-step procedure in which the controller is di-
rectly identified from data. This eliminates the need to consider the complexity
and accuracy of the identified black-box model and in general requires less effort
from the control designer.

In this chapter we propose a novel on-line algorithm for the direct design of refer-
ence tracking feedback controllers for nonlinear systems. The proposed approach
is based on using the estimate of the plant dynamics inverse as feedback controller
and it makes use of set membership identification theory for nonlinear systems and
the theory of learning by projections (see e.g. [177]). In particular, the feedback
controller that is designed on-line is parametrized by kernel functions. The dictio-
nary of used kernel functions is updated on-line by adding new elements to it if
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necessary and the weights associated to the functions in the dictionary are updated
by using the projection algorithm in order to reduce the discrepancy between the
designed feedback controller and the ideal inverse of the plant dynamics. The pro-
posed algorithm can exploit a batch of measurements that are taken in open-loop,
before the designed controller becomes operational, in order to achieve stability
of the closed-loop when the designed controller is used, despite the fact that it is
modified on-line at each time step. This is achieved by robustly enforcing a limit
on the difference between the value of the control input commanded by the de-
signed controller and the control input that would be obtained if a perfect inverse
of the plant dynamics would be used. This limit is enforced by imposing a convex
constraint on the vector of weights associated to the used kernel functions at each
time step through the projection algorithm. Given that the designed controller is
modified on-line during closed loop operation, the proposed design scheme can also
be seen as a direct adaptive control algorithm. However, the stability guarantees
are obtained by using a batch of measurements collected off-line which is not very
typical for adaptive controllers and therefore we prefer to classify the proposed
algorithm as an on-line direct design method.

We show that, if properly tuned, the proposed approach results in a feedback
controller that makes the closed-loop system stable and that has a guaranteed
upper bound on the resulting tracking error. In addition to the design scheme
and its theoretical properties, we also discuss the tuning of the algorithm and
propose several methods to automatically set the tuning parameters based on the
available measurement data. Moreover, we propose a method to update some of
these tuning parameters on-line as additional measurements are collected in order
to improve the performance of the proposed design scheme. The effectiveness
of the proposed algorithm is demonstrated experimentally on a nonlinear water
tank system, where it has been shown that its use results in a controller with
better tracking performance then is the one of a well tuned linear controller and a
nonlinear controller designed from data in a purely off-line procedure.

This chapter is organized as follows. In Section 5.2 we review the existing direct
control design approaches. We describe the control design problem that we address
in Section 5.3 and we present the novel direct design approach in Section 5.4.
Theoretical properties of the proposed scheme are discussed in Section 5.5 and
its tuning is considered in Section 5.6. In Section 5.7 we describe experimental
validation of the proposed approach, while in Section 5.8 we give final remarks
and conclude this chapter.

5.2 Existing direct data driven design approaches

Based on whether the controller design is done recursively, during the closed loop
operation of the controller, or based on a batch of data collected before the con-
troller is put into operation, the existing direct data based control design ap-
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proaches can be divided into on-line (adaptive), semi-batch and off-line (batch).
On-line direct design can also be regarded as a direct adaptive control, since the
controller is modified with each new measurement obtained while the controller
itself runs in the closed-loop. Some of the on-line direct data based control algo-
rithms that have been proposed and studied so far are the perturbation stochastic
approximation control (see e.g. [167]), the model free adaptive control (see e.g.
[73, 74, 75]) and the unfalsified control (see e.g. [157] and [68]). The main ad-
vantage of on-line techniques is their ability to exploit the data available during
controller operation in order to improve the control performance over time. How-
ever, due to the fact that the controller can change at any time, its behavior is
often hard to predict. In addition, guaranteeing stability of these control schemes
is quite challenging and requires restrictive assumptions on the controlled system.

In semi-batch direct design, or iterative learning control as it is called in the liter-
ature (for details see [193] and the references therein), the controller runs in closed
loop for some time during which it is not modified and the input-output measure-
ments are collected and recorded. These measurements are then used in order to
modify the controller in an off-line procedure after which the closed loop control
is resumed with the modified controller. This type of controller updating is suit-
able for repetitive control tasks where the updating is done after each repetition.
However, the extension of this approach to the case of non-repetitive control tasks
is challenging.

In off-line procedures, controller design is based on a batch of measurements that
is collected either in an open or in a closed loop experiment before the final version
of the controller becomes operational. The controller is applied to the plant after
the design phase and it can not be further modified during operation. Off-line
techniques include the iterative feedback tuning (see e.g. [71] and [161]), the
correlation based tuning (see [122]), the virtual reference feedback tuning (see
e.g. [22] and [55]) and the direct inversion based control (see e.g. [130] and the
references therein). Most of the cited off-line based techniques are not able to
provide stability and performance guarantees a-priory and therefore simulation
or experimental verification is required before the controller becomes operational.
The main disadvantage of off-line algorithms is that, unlike the on-line schemes,
they do not allow to exploit additional measurements that are obtained during
controller operation in order to increase its performance. On the other hand, the
closed loop behavior of the controllers that are designed off-line is more predictable
as some stability and performance guarantees can be provided before the controller
becomes operational either by the virtue of the algorithm itself or by simulation
and experimental verification.

Recently, an off-line, direct inversion based control approach that relies on non-
linear set membership identification has been proposed in [135]. The approach
guarantees finite-gain stability of the closed loop system formed by the designed
controller when the number of available measurements approaches infinity. Stabil-
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ity is guaranteed by imposing a constraint on the Lipschitz constant of the error
function given through the difference between estimated feedback control law and
the optimal inverse of the plant dynamics. In this contribution, it is proposed
to parametrize the controller function by basis nonlinear functions and to cal-
culate the corresponding weight coefficients by a convex optimization problem.
This optimization problem is such that it aims to minimize the difference of the
feedback control function and the inverse of the system dynamics with respect to
the available measurements, while keeping the complexity of the controller small
and enforcing the constraint on the Lipschitz constant of the error function in
order to guarantee stability. Due to the fact that the proposed approach purely
relies on solving convex optimization problems, it is computationally efficient and
it does not suffer from the problem of getting trapped in a local minima as is
the case with the inversion based approaches that use neural networks. However,
the approach requires infinite number of measurement points in order to formally
guarantee closed-loop stability and it can not be used on-line in order to improve
the feedback controller based on the incoming closed-loop measurements.

The direct, on-line control design algorithm that we propose in this chapter builds
up on the idea of [135] to use set membership identification for direct controller
design. It allows for efficient on-line updating of the feedback controller, but it
also allows to exploit available open loop measurements in order to have finite
gain stability of the closed loop and guaranteed bound on the tracking error.
Therefore, the proposed scheme bridges the gap between the on-line and the off-
line techniques as it retains the advantage of being able to improve the control
performance over time while at the same time having a predictable closed-loop
behavior during operation. The main difference of the proposed scheme with
respect to the algorithm proposed in [135] is that it allows for an on-line adaptation
of the controller during operation and guarantees stability of the closed loop even
in the case when a finite number of measurement data is initially available.

5.3 Problem description

We consider a discrete, time invariant, nonlinear system with one input and nx
states, represented by the following state equation:

x(t + 1) = g (x(t), u(t)) + e(t), (5.1)

where g ∶ Rnx ×R→ Rnx is the nonlinear function that represents system dynamics,
u(t) ∈ R is the control input, x(t) ∈ Rnx is the vector of states and e(t) ∈ Rnx is
the vector of disturbance signals that accounts for both the measurement noise
and process disturbances. We assume that the state vector x(t) can be directly
measured and used for feedback control.
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Remark 5.1. Note that in the case when the system states are not directly mea-
surable, the input-output model of the plant can be put into form (5.1) by selecting
the past plant inputs and outputs as elements of the state vector.

As is usual in the set membership context and as we did in the previous chapters,
we assume that the signal e(t) is bounded.

Assumption 5.1.

e(t) ∈ Bε = {e(t) ∶ ∥e(t)∥ ≤ ε,∀t ∈ Z}, (5.2)

where ε ∈ R, ε > 0 is a known positive constant.

For a given compact domain Y and image set Z, let us denote the class of Lipschitz
continuous functions over Y , with Lipschitz constant γ, with:

L(γ, Y ) = {f ∶ Y → Z ∶ ∥f(ya) − f(yb)∥ ≤ γ∥ya − yb∥,∀ya, yb ∈ Y }

Remark 5.2. Throughout this chapter, the notation ∥⋅∥ stands for a suitable vector
norm chosen by the controller designer (typically 2- or ∞-norm); the presented
results hold for any specific norm. Hence, in this chapter we make a more general
assumption about the bound on the signal e(t) than what was done before, since
Assumption 5.1 accounts for the element-wise magnitude bound that we considered
in the previous chapter, but it also accounts for other types of bounds, such as the
bound on the signal power for example.

We further consider that during the controller operation the state trajectory shall
be confined inside a compact set X ⊂ Rnx , and that input constraints are present
in the form of a compact interval U ⊂ R. The system at hand enjoys the following
regularity property over these sets:

Assumption 5.2. For any x ∈ X, the function g is Lipschitz continuous with
respect to u, i.e.

∀x ∈X,g(x, ⋅) ∈ L(γg, U) (5.3)

The function g in (5.1) is unknown to the control designer, but a set DN of past
input and state measurements is available at time t = 0:

DN = {u(t), ϕ(t)}−1
t=−N (5.4)

where
ϕ(t) = [x(t)T , x(t + 1)T ]T . (5.5)

We make the following assumption about the available measurement data.

Assumption 5.3. The batch of data DN is such that u(t) ∈ U and ϕ(t) ∈ X ×
X, ∀t = −N,⋯,−1.
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Remark 5.3. The data DN is usually available in practical applications. If the
system is open-loop unstable, a pre-stabilizing controller (possibly a human opera-
tor, see e.g [46]) can be used to carry out the initial experiments. Such data are
anyway collected and commonly used also in model-based approaches, to identify
the parameters of the mathematical model of the system. Another scenario to which
our approach applies is when a high-fidelity model of g is available, but it is too
complex to carry out model-based control design. In this case, the data DN can be
generated through simulations with such a model.

In this chapter, for our theoretical derivations, we will consider the notion of finite
gain stability (see e.g. [81]).

Definition 5.1. (Finite gain stability) A system with input u(t) ∈ U , state x(t) ∈
X and disturbance e(t) ∈ Bε is finite gain stable if there exist finite and nonnegative
constants λ1, λ2 and β such that:

∥x∥∞ ≤ λ1∥u∥∞ + λ2∥e∥∞ + β, (5.6)

where x = (x(1), x(2),⋯), u = (u(1), u(2),⋯), e = (e(1), e(2),⋯) are the time
sequences of the input, state and disturbance variables, and ∥x∥∞ = sup

t
∥x(t)∥ is

the `∞ signal norm.

Based on this definition, we introduce the notion of γ−stabilizability.

Definition 5.2. The system (5.1) is γ-stabilizable if there exists a γ < ∞ and a
control function f ∈ L(γ,X ×X) such that the closed-loop system:

x(t + 1) = g (x(t), f (x(t), xdes(t + 1))) + e(t) (5.7)

is finite gain stable according to Definition 5.1, with input xdes(t) ∈ Bτ , state
x(t) ∈X and disturbance e(t) ∈ Bε.

In Definition 5.2, the reference signal is assumed to belong to a compact Bτ ⊆ X,
i.e. the reference is bounded in norm by the scalar τ ∈ R, τ > 0 and it is never outside
the set where the state trajectory shall be confined. Based on these definitions,
we make the following assumption about the system to be controlled.

Assumption 5.4. The system (5.1) is γ-stabilizable for some γ <∞.

We can finally state the problem addressed in this chapter.

Problem 5.1. Use the batch of data DN , collected up to t = 0, to design a feedback
controller whose aim is to track a desired reference signal xdes(t) ∈ Bτ for t > 0.
Once the controller is in operation, carry out on-line refinements of the design by
exploiting the incoming input and state measurements, while keeping the closed-
loop system finite gain stable.
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5.4 On-line data driven control design algorithm

We approach Problem 5.1 from the point of view of data-driven, direct dynamic
inversion techniques. In this context, we assume the existence of an “optimal” (in
a sense that will be shortly specified) inverse of the system’s dynamics (5.1) among
the functions that, if used as controller, stabilize the closed-loop system. Then,
using set membership philosophy, we build from the available prior knowledge and
data a set of functions that is guaranteed to contain the optimal inverse, and we
exploit such a set to derive an approximated inverse, which we use as feedback
controller. This approach involves several preliminary ingredients, explained in
the following subsections.

5.4.1 Optimal inverse and controller structure

Following the definitions and notation introduced in [135], for a given control
function f we define the point-wise inversion error as:

IE(f, x, xdes, e) = ∥xdes − g(x, f(x,xdes)) − e∥, (5.8)

and the global inversion error as:

GIE(f) =L ∥IE(f, ⋅, ⋅, ⋅)∥, (5.9)

where L∥ ⋅∥ in (5.9) is a suitable function norm (e.g. L∞) evaluated on X ×Bτ ×Bε.
Based on Assumption 5.4, there exist a set Ξ containing all functions f that
stabilize the closed loop system. Then, we define the optimal inverse controller
function f∗ as:

f∗ = arg min
Ξ⋂LX×X

GIE(f), (5.10)

where LX×X denotes the set of all Lipschitz continuous functions on X ×X. We
denote the Lipschitz constant of f∗ with γ∗, and the related constants λ1, λ2 and
β, obtained if the controller f∗ were used in closed-loop (see (5.6)), by λ∗1, λ∗2 and
β∗.

Function f∗ is difficult to compute in general, even if the plant dynamics g were
perfectly known. Here, we aim to calculate an approximation of it from the avail-
able data. In particular, we will derive a time varying nonlinear function ft ≈ f∗
which we will employ as feedback controller. Considering the measured data avail-
able up to a generic time t, we can write the control input as:

u(t) = f∗ (ϕ(t)) + d(t), (5.11)

where d(t) is a signal accounting for the unmeasured noise and disturbances and
possible inversion errors. From Assumptions 5.1 and 5.2, it holds that as long as
the state and input trajectories evolve in the sets X and U , respectively, the scalar
d(t) has to be bounded, i.e. d(t) ∈ Bδ ⊂ R with δ ∈ R, δ > 0 being a positive constant.
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Assumption 5.3 guarantees that this is the case up to t = 0, i.e. considering the
initial batch of data DN , and let us assume that for t > 0 the control input is such
that this property is still valid (we will show that indeed our approach guarantees
that x(t) ∈ X, ∀t > 0). Then, following a set membership identification approach,
in analogy to the feasible function set that we introduced in Chapter 2 (Subsection
2.4.2), we define the set of feasible inverse functions at time step t (FIFS(t)) as
the set of all functions f ∈ LX×X that are consistent with the available data and
prior information:

FIFS(t) = ⋂
j=−N,⋯,t−1

H(j), (5.12)

where:
H(j) = {f ∈ LX×X ∶ ∣u(j) − f (ϕ(j)) ∣ ≤ δ}. (5.13)

As is usually the case in set membership identification, the inequality in (5.13)
stems from the observation that the measured input u(t) and the value of function
f∗ evaluated at the corresponding ϕ(t) can not be larger than the bound on the
amplitude of the signal d(t).

Under Assumptions 5.1–5.4, if u(t) ∈ U and x(t) ∈ X, ∀t ≥ −N , then the opti-
mal inverse f∗ belongs to FIFS(t), i.e. f∗ ∈ FIFS(t) for all t. As explained in
Chapter 2, an estimate f ≈ f∗ belonging to the set FIFS(t) enjoys a guaranteed
worst-case approximation error not larger than twice the minimal one that can be
achieved (see e.g. [178] for details). Motivated by this accuracy guarantee, we up-
date the controller ft on-line in order to approach the set FIFS(t) with each new
measurement that is acquired. First, in order to have a tractable computational
problem, we parameterize the controller ft with a finite sum of kernel functions:

ft(ϕ) = θ(t)TK (ϕ,W (t)) ,

where θ(t) ∈ Rr(t) is the vector of weights, andK (ϕ,W (t)) = [κ(ϕ, ϕ̃1),⋯, κ(ϕ, ϕ̃r(t))]
T

is a vector of kernel functions κ(⋅, ϕ̃i) ∶ R2nx → R, i = 1,⋯, r(t) belonging to a dic-
tionary that is uniquely determined by the r(t) kernel function centers W (t) =
{ϕ̃1,⋯, ϕ̃r(t)}. Then, at each time step t we update the set W (t), which deter-
mines the kernel function dictionary, and we also recursively update the weights
θ(t) exploiting the knowledge of FIFS(t) (5.12), with an approach inspired by
the projection-based learning scheme presented in [162] in the context of signal
processing. Moreover, in order to achieve finite gain stability of the closed-loop
system, we exploit the information that f∗ ∈ FIFS(0) to derive a robust constraint
on the vector of weights θ(t), which we impose in the on-line procedure.

In the following, we provide the details of these steps and we then summarize the
overall design method and discuss its computational and memory requirements.



CHAPTER 5. ON-LINE DIRECT DATA DRIVEN CONTROL DESIGN
BASED ON SET MEMBERSHIP IDENTIFICATION 133

5.4.2 Robust inequality to enforce closed-loop stability

We require the approximated inverse, ft, to satisfy the following inequality at each
time step t ≥ 0:

∣ft (ϕ+(t)) − f∗ (ϕ+(t)) ∣ ≤ γ∆∥x(t)∥ + σ,∀f∗ ∈ L(γ∗,X ×X) ∩ FIFS(0), ∀t ≥ 0,
(5.14)

where ϕ+(t) = [x(t)T , xdes(t + 1)T ] and γ∆, σ ∈ R, γ∆, σ > 0, are design parameters.
Sufficient conditions on these parameters that guarantee finite gain stability of
the closed-loop are given in Section 5.5. The idea behind (5.14) is to limit the
discrepancy between the input computed by the approximate inverse function ft
at time step t, i.e. u(t) = ft (ϕ+(t)), and the one given by the optimal inverse f∗ to
a sufficiently small value, which depends linearly on the norm of the current state.
However, since the optimal inverse f∗ is not known, we require the inequality
(5.14) to be satisfied robustly for all functions in FIFS(0) that have the Lipschitz
constant equal to γ∗. As mentioned above, such a function set is in fact guaranteed
to contain f∗ under our working assumptions.

Remark 5.4. Note that we impose constraint on the value of the control function
evaluated at a single point rather than on the function as a whole as is done in
[135]. This is the key property that makes it possible to give stability guarantees
even for an on-line design procedure. In addition, the fact that the constraint
is enforced robustly makes it possible to give the stability guarantees for a finite
number of training data DN as we show later in Section 5.5.

To translate the inequality (5.14) into a computationally tractable constraint on
the parameters θ(t), we exploit the information that f∗ ∈ L(γ∗,X ×X)∩FIFS(0)
to compute tight upper and lower bounds on f∗ (ϕ+(t)) using the following result
from [111] that we have already stated and discussed in Chapter 2 and that we
repeat here for completeness.

Theorem 5.1. (Theorem 2 in [111]) Given a nonlinear function f∗ ∈ L(γ∗,X ×
X) ∩ FIFS(0), the following inequality holds:

f(ϕ̃) ≤ f∗(ϕ̃) ≤ f(ϕ̃),∀ϕ̃ ∈X ×X,

where:
f(ϕ̃) = min

k=−N,⋯,−1
(u(k) + δ + γ∗∥ϕ̃ − ϕ(k)∥)

f(ϕ̃) = max
k=−N,⋯,−1

(u(k) − δ − γ∗∥ϕ̃ − ϕ(k)∥) .
(5.15)

Exploiting Theorem 5.1, the robust constraint (5.14) can be satisfied by enforcing
the following two inequalities on the vector of weights θ(t):

−γ∆∥x(t)∥−σ+f (ϕ+(t)) ≤ θ(t)TK (ϕ+(t),W (t)) ≤ γ∆∥x(t)∥+σ+f (ϕ+(t)) (5.16)



CHAPTER 5. ON-LINE DIRECT DATA DRIVEN CONTROL DESIGN
BASED ON SET MEMBERSHIP IDENTIFICATION 134

Remark 5.5. Instead for all f∗ ∈ LX×X ∩ FIFS(0), the robust constraint (5.14)
could be enforced for all f∗ ∈ LX×X ∩ FIFS(t), which would be less conservative
condition as FIFS(t) is tighter than FIFS(0) since FIFS(t) ⊆ FIFS(0). How-
ever, practical enforcement of such a condition by using the form in (5.16) would be
more difficult since the computational complexity of evaluating the bounds (5.15)
would grow with time as the number of points over which the min and max in
(5.15) need to be evaluated would increase with each time step.

Note that the value of γ∗ that is required in order to enforce the constraints in
(5.16) can be estimated in an off-line procedure from the collected data DN by using
the methods presented in [111, 135, 48]. Moreover, this estimate can be updated
on-line in order to further improve the overall performance of the proposed design
algorithm. A way to update the parameters δ and γ∗ on-line, while still retaining
the stability guarantees is presented in Subsection 5.6.3. A detailed analysis on
how the enforcement of (5.16) guarantees finite-gain stability of the closed-loop
is provided in our main result in Section 5.5. We describe next the approach to
update the dictionary of kernel functions and the vector of weights θ(t).

5.4.3 Updating the dictionary of kernel functions

Kernel functions are widely used by the machine learning community for parametriza-
tion in nonlinear approximation and learning tasks (see e.g. [159, 38]). Without
loss of generality, we will consider the use of one of the most common of such
functions, i.e. the Gauss one:

κ(ϕ, ϕ̃i) = e−p∥ϕ−ϕ̃i∥
2
2 , (5.17)

where p ∈ R, p > 0 is a design parameter that determines the width of the Gauss
function and ϕ̃i is its center.

Remark 5.6. Due to the fact that the Gauss kernel function (5.17) is Lipschitz
continuous, the function ft is also Lipschitz continuous by construction (see also
(5.14)).

Remark 5.7. Note that all the results that we present in this chapter also hold if
some other type of kernel functions is used (i.e. polynomial, sigmoidal etc.). All
these different kernel function types share the same structure in that their value
depends on the function center and a number of tuning parameters. In order to
simplify the notation, we consider just the use of Gauss kernel functions as they
are most often used in practice.

The data generated by any Lipschitz continuous nonlinear function evaluated at a
finite number of points can be well approximated by a dictionary of kernel functions
centered at the same points. In our on-line controller design, we let the dictionary
grow and incorporate new kernel functions as new input and state measurements
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are collected. However, adding a new function to the dictionary at each time step
would lead to an unlimited growth of the dictionary size r(t) over time. Moreover,
this would result in a dictionary that is not sparse, i.e. with many functions that
are similar (centered at points close to each other), and with possible over-fitting of
the measurement data. To avoid these problems, we choose to add a new function
only if it is sufficiently different from those already contained in the dictionary.
As indicator of similarity, we use the so-called coherence factor (see e.g. [154] for
more details):

µ (ϕ,W (t)) = max
i=1,⋯,r(t)

∣κ(ϕ, ϕ̃i)∣. (5.18)

Note that µ (ϕ,W (t)) ∈ (0,1], and that µ (ϕ,W (t)) = 1 if and only if ϕ ∈ W (t).
Hence, the larger the coherence value in (5.18), the more similar is the kernel
function centered at ϕ to some function already in the dictionary. In our design
technique, we set a threshold µ ∈ (0,1) and we add a particular data point ϕ to
the set of function centers W (t) only if µ (ϕ,W (t)) ≤ µ. This approach guarantees
that the size of the dictionary will remain bounded over time, as we recall in
Section 5.5 (see Lemma 5.1). The tuning parameter µ determines the size and
sparsity of the dictionary. A discussion on how to choose the parameters p in
(5.17) and µ is given in Subsection 5.6.1. A graphical illustration of the coherence
factor calculation for a one dimensional case (i.e. ϕ ∈ R) is illustrated in Figure
5.1.

5.4.4 Updating the vector of weights

As a preliminary step to the recursive update of the weights θ(t) note that, as
discussed above, the size of the dictionary can expand from time step t−1 to time
step t and therefore in general it will hold that θ(t − 1) ∈ Rr(t−1) and θ(t) ∈ Rr(t)
with r(t− 1) ≤ r(t). Therefore, in order to properly define the updating algorithm
at time step t, we consider the vector θ+(t − 1) ∈ Rr(t):

θ+(t − 1) = [θ(t − 1)T , 0,⋯,0
´¹¹¹¹¸¹¹¹¹¶

r(t)−r(t−1)

]T , (5.19)

obtained by initializing the weights corresponding to the kernel functions that are
added to the dictionary to zero.

To introduce the updating of the vector θ(t) ∈ Rr(t), we note that each pair
(u(j), ϕ(j)) , j = −N, . . . , t− 1 defines, together with the dictionary of kernel func-
tions at time step t, the following set:

Sjt = {θ ∈ Rr(t) ∶ ∣θTK (ϕ(j),W (t)) − u(j)∣ ≤ δ}, (5.20)

which is a strip (hyperslab) in Rr(t). If θ(t) ∈ Sjt, then the corresponding function
ft in (5.14) belongs to the set H(j) defined in (5.13). We further define the
projection of a point in Rr(t) onto the strip Sjt as:

Pjt(θ) = min
θ̃∈Sjt

∥θ − θ̃∥2. (5.21)
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Figure 5.1: Illustration of the coherence factor calculation in one dimension. The
points already contained in the set W (t) are denoted by red × and the correspond-
ing Gauss functions that form the dictionary are plotted with thick black lines.
The newly collected data point ϕ is denoted with a blue × and the value of its
coherence factor with respect to W (t) by a blue ⋆.

Note that calculating the projection (5.21) amounts to solving a very simple
quadratic program, whose solution can be explicitly derived (see e.g. [177]):

Pjt(θ) = θ+

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

u(j)−δ−θTK(ϕ(j),W (t))
∥K(ϕ(j),W (t))∥22

K (ϕ(j),W (t)) if u(j) − δ > θTK (ϕ(j),W (t))
0 if ∣θTK (ϕ(j),W (t)) − u(j)∣ ≤ δ
u(j)+δ−θTK(ϕ(j),W (t))
∥K(ϕ(j),W (t))∥22

K (ϕ(j),W (t)) if u(j) + δ < θTK (ϕ(j),W (t)) .
(5.22)

Therefore, calculating the projection of any point in Rr(t) onto a measurement strip
as in (5.21) can be done computationally very efficiently. Finally, we consider the
hyperslab defined by the stability constraint (5.16):

S+t = {
θ ∈ Rr(t) ∶ θTK (ϕ+(t),W (t)) ≥ −γ∆∥x(t)∥ − σ + f (ϕ+(t))

θTK (ϕ+(t),W (t)) ≤ γ∆∥x(t)∥ + σ + f (ϕ+(t))
} , (5.23)

and we denote the corresponding projection operator with P +
t (⋅). Such a projection

can also be calculated explicitly by using a formula similar to (5.22).

From the definitions of the hyperslabs Sjt and S+t in (5.20) and (5.23) it follows
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that if

θ(t) ∈ S+t ⋂( ⋂
j=−N,⋯,t−1

Sjt) ,

then the corresponding function ft belongs to the set FIFS(t) and satisfies the
stabilizing constraint (5.14). However, to find a point that belongs to the inter-
section of all Sjt, j = −N,⋯, t− 1 at each time step is computationally challenging.
Therefore, we exploit the idea at the basis of projection learning algorithms, that
by repeatedly applying the projection operators to a point, the result will eventu-
ally fall in the intersection of the considered hyperslabs. In particular, we update
the vector of weights θ(t) in two steps: first, following the idea of [162], we calcu-
late a convex combination of its projections onto the hyperslabs defined by a finite
number q ≥ 1 of the latest measurements; then, we project the obtained point onto
the hyperslab S+t in order to ensure the satisfaction of the stabilizing constraint
(5.14). To be more specific, let the set of indexes J(t) = {max{−N, t− q},⋯, t− 1}
contain the time instants of the last q state and input measurements, and let
I(t) = {j ∈ J(t) ∶ θ(t − 1)+ ∉ Sjt} be the subset of indexes such that the weight-
ing vector θ+(t − 1) does not belong to the corresponding hyperslabs. Then, we
compute our update of the weighting vector θ(t) from θ+(t − 1) as:

θ(t) = P +
t

⎛
⎝
θ+(t − 1) + ∑

j∈I(t)

1

card (I(t))
(Pjt (θ+(t − 1)) − θ+(t − 1))

⎞
⎠
, (5.24)

where card (I(t)) denotes the number of elements in I(t). This update can be
computed very efficiently with the explicit formulas for vector projections (see
e.g. (5.22)) and eventually by parallelizing the projection operations. A graphical
illustration of the update rule (5.24) for a two dimensional case (i.e. when r(t) = 2)
is shown in Figure 5.2.

5.4.5 Summary of the proposed design algorithm

The described procedures to update the dictionary of kernel functions and the
weights θ(t) form our on-line scheme to compute the feedback controller ft, sum-
marized in Algorithm 8. For t ≥ 0, such an algorithm is both a controller and a
design algorithm, while for t < 0 it only acts as a design algorithm. Therefore, as
already mention in the introduction to this chapter, Algorithm 8 can also be seen
as an indirect adaptive control scheme since it involves on-line modification of the
feedback control law based on the incoming input and state measurements.

Remark 5.8. Note that instead of running Algorithm 8 for t < 0, other off-line
techniques for controller design (like the one in [135]) could be used in order to
design the initial controller. Algorithm 8 could then be used on-line (for t ≥ 0) in
order to further refine the initial controller during the closed-loop operation.
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S+t
S1t

S2t

µ+(t¡ 1)

µ(t)

Figure 5.2: Illustration of the projection update rule (5.24) in two dimensions.
The two measurement strips defined in (5.20) are colored gray (i.e. q = 2 for this
example) and the strip that defines the stability constraint defined in (5.23) is
colored green. The point a+(t − 1) (red ×) is projected onto the measurement
strips (blue ⋆) and then a convex combination of these projections is calculated
(blue ×). This point is then projected onto the stability strip in order to obtain
the updated vector of weights θ(t) (magenta ×).

The proposed scheme has moderate computational requirements, since many op-
erations can be parallelized, and it does not require the solution of complex math-
ematical problems. However, in order to evaluate the bounds (5.15) needed to
compute the projection operator P +

t (⋅) onto the hyperslab S+t in (5.23), the train-
ing data DN (or a subset of it) need to be stored in memory and made available
on-line.

5.5 Properties of the proposed algorithm

We will now present results on the following aspects: closed-loop stability, growth
of the dictionary of kernel functions over time, and performance in terms of bound-
edness of the tracking error. The first result provides sufficient conditions for a
time-varying controller ft, designed according to Algorithm 8, to render the closed-
loop system finite-gain stable. Let us consider the following assumption on the
tuning parameter γ∆.
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Algorithm 8 Feedback control algorithm based on the on-line direct control de-
sign scheme

1) Collect the state measurement x(t). If t < 0, set ϕ+(t) = [x(t)T , x(t + 1)T ]T ,

otherwise set ϕ+(t) = [x(t)T , xdes(t + 1)T ]T ;

2) Update the dictionary W (t) starting from W (t − 1) by adding ϕ(t − 1) if
µ (ϕ(t − 1),W (t − 1)) ≤ µ. Form the vector θ+(t − 1) according to (5.19);

3) Calculate θ(t) according to (5.24);

4) If t ≥ 0, calculate the input u(t) = θ(t)TK (ϕ+(t),W (t)) and apply it to the
plant;

5) Set t = t + 1 and go to 1).

Assumption 5.5.

γ∆ ∈ (0,
1

γgλ∗2
) .

With this assumption, we can define the maximal achievable state amplitude as:

x =
λ∗1τ + γgλ∗2σ + λ∗2ε + β∗

1 − γgλ∗2γ∆

, (5.25)

and the set Bx as:
Bx = {x ∈ Rnx ∶ ∥x∥ ≤ x}. (5.26)

We consider also a technical assumption on the relationship between the sets Bx

and Bτ and the sets U and X.

Assumption 5.6. Bx ⊆ X. Moreover, ∀ϕ ∈ Bx × Bτ ,∀∆u ∈ [−γ∆x − σ, γ∆x +
σ], f∗(ϕ) +∆u ∈ U .

Namely, Assumption 5.6 requires the compact sets X and U , in which the state
and the input of the plant (5.1) evolve, to be sufficiently large, such that they
include, respectively, the set Bx and all possible control inputs that are consistent
with the robust constraint (5.14), for all pairs of state measurement and reference
values in Bx ×Bτ .

Moreover, we denote with D0 the diameter of information derived from the set
membership condition f∗ ∈ L(γ∗,X×X)∩FIFS(0). D0 is the maximal difference,
evaluated over Bx ×Bτ , between the bounds in (5.15):

D0 = sup
ϕ∈Bx×Bτ

(f(ϕ) − f(ϕ)) . (5.27)

We assume that D0 and the tuning parameter σ satisfy the following condition.
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Assumption 5.7.

σ ≥ D0

2
.

Remark 5.9. Assumptions 5.5, 5.6 and 5.7 depend on both system-related quan-
tities, like ε, δ, γg, γ∗, D0, λ∗1, λ∗2 and β∗, and design parameters, i.e. σ and γ∆,
that have been introduced so far. We note that, in order to apply our method, most
of the involved system-related quantities need not to be known explicitly, rather they
are instrumental to derive theoretical guarantees on the closed-loop system and on
the behavior of the approach. The only quantities that need to be estimated are the
bound δ and the Lipschitz constant γ∗. As a matter of fact, such estimates can
be obtained from the collected data, see e.g. [111, 135, 48], with guaranteed con-
vergence under assumptions on the informative content of the collected data. As
an additional extension of the approach, in Subsection 5.6.3, we explore the pos-
sibility to compute and refine such estimates on-line, with guaranteed convergence
properties.

We now have all the ingredients to state the result on the finite gain stability of
the closed-loop.

Theorem 5.2. Let the Assumptions 5.1–5.7 hold, and let S+0 ≠ ∅ and x(0) ∈ Bx.
Then, for any reference signal xdes(t) ∈ Bτ ,∀t > 0, Algorithm 8 guarantees that
S+t ≠ ∅,∀t ≥ 0 and that the closed-loop system is finite gain stable.

Proof. We prove the theorem by induction. First, we note that the closed loop
system obtained by using the approximate controller ft can be represented as:

x(t + 1) = g (x(t), ft (x(t), xdes(t + 1))) + e(t) = g (x(t), f∗ (x(t), xdes(t + 1))) + e(t) + v(t),
v(t) = g (x(t), ft (x(t), xdes(t + 1))) − g (x(t), f∗ (x(t), xdes(t + 1))) .

(5.28)
From Assumption 5.4 and the definition of the optimal inverse controller f∗ in
(5.10), it holds that:

∥x∥∞ ≤ λ∗1∥r∥∞ + λ∗2∥v∥∞ + λ∗2∥e∥∞ + β∗, (5.29)

where v = (v(1), v(2),⋯). Moreover, we note that from Assumptions 5.2 and 5.6,
it follows that:

∥v(t)∥ ≤ γg ∣ft (x(t), xdes(t + 1)) − f∗ (x(t), xdes(t + 1)) ∣,∀x(t) ∈ Bx,∀xdes(t + 1) ∈ Bτ .
(5.30)

We now employ the inductive argument to show that if S+0 ≠ ∅ and x(0) ∈ Bx, then
S+t ≠ ∅ and x(t) ∈ Bx,∀t ≥ 0. The condition is satisfied for t = 0 by the Theorem
assumption. Let us assume, for the sake of inductive argument, that S+k ≠ ∅
and x(k) ∈ Bx,∀k ∈ [0, t − 1]. From this assumption and the way the weighting
vector θ(t) is updated in (5.24), it follows that θ(k) ∈ S+k , ∀k ∈ [0, t − 1]. From
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Assumptions 5.3 and 5.6, it follows that ϕ(k) ∈X×X and u(k) ∈ U,∀k ∈ [−N, t−1].
From the definition of S+t in (5.23), Assumptions 5.1–5.2 and Theorem 5.1, it then
follows that:

∣fk (x(k), xdes(k + 1))−f∗ (x(k), xdes(k + 1)) ∣ ≤ γ∆∥x(k)∥+σ,∀k ∈ [0, t−1]. (5.31)

From (5.30) and (5.31) it then holds that:

∥v(k)∥ ≤ γgγ∆∥x(k)∥ + γgσ,∀k ∈ [0, t − 1]. (5.32)

From Assumption 5.5, it follows that γgλ∗2γ∆ < 1. From this and from (5.29) and
(5.32) it further follows that:

∥x(t)∥∞ ≤ λ∗1
1 − γgλ∗2γ∆

∥xdes(t)∥∞ + λ∗2
1 − γgλ∗2γ∆

∥e(t)∥∞ +
γgλ∗2σ + β∗
1 − γgλ∗2γ∆

, (5.33)

where x(t) = (x(1),⋯, x(t)), xdes(t) = (xdes(1),⋯, xdes(t)) and e(t) = (e(1),⋯, e(t)).
From the facts that ∥xdes(t)∥∞ ≤ τ and that ∥e(t)∥∞ ≤ ε, and from (5.25), it then
follows that ∥x(t)∥ ≤ x, i.e. x(t) ∈ Bx. Therefore, ϕ+(t) ∈ Bx ×Bτ and from (5.27),
it holds that f (ϕ+(t)) − f (ϕ+(t)) ≤ D0. From Assumption 5.7, it then follows
that:

− γ∆∥x(t)∥ − σ + f (ϕ+(t)) ≤ γ∆∥x(t)∥ + σ + f (ϕ+(t)) ,
which implies that S+t ≠ ∅. Repeating this inductive argumentation for all t ≥ 0, it
follows that S+t ≠ ∅,∀t ≥ 0. In addition, (5.56) will hold for all t ≥ 0 which implies
that the closed-loop system is finite gain stable (see e.g. Definition 5.1).

Theorem 5.2 provides useful insights to the behavior of the approach, as well as
tuning guidelines for the parameters σ and γ∆. In particular, from Assumptions
5.5 and 5.7 it follows that, for the sake of closed-loop stability, γ∆ should be
chosen as a small value, and σ as a large one. A larger value of σ implies that
larger discrepancies between the approximated inverse and the optimal one can
occur (see (5.14)), with consequent potentially larger values of the state variable in
closed-loop, represented by x in (5.25). However, the latter quantity shall be kept
small, as required by Assumption 5.6, for the state trajectory to remain inside the
set X and for the input to remain within the set U . Hence, the value of σ should
be chosen as the smallest such that Assumption 5.7 holds. The latter condition
can be indeed always satisfied for any fixed value of σ provided that the initial
batch of data DN is large and informative enough, since in this case the diameter
of information D0 can be made arbitrarily small, see e.g. [111]. Thus, ultimately
Theorem 5.2 can be also interpreted as a sufficient condition on the initial data
set, such that the designed controller guarantees closed-loop stability.

A direct consequence of Theorem 5.2 and of its proof is that the tracking error
is bounded ∀t ≥ 0. Namely, from (5.8), (5.14), (5.28) and (5.30) it follows that
∀t ≥ 0:

∥xdes(t) − x(t)∥ ≤IE (f∗, x(t − 1), xdes(t), e(t − 1)) + γgγ∆∥x(t − 1)∥ + γgσ.
(5.34)
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Therefore, despite the fact that the controller ft can change at each time step dur-
ing operation, an upper bound on the tracking error can be theoretically derived.

Next, we address the question on whether the size of the dictionary remains
bounded or grows unlimited over time, which would imply prohibitive computa-
tions with the proposed algorithm. To answer this question, we recall an important
property of the coherence measure, demonstrated in [154].

Lemma 5.1. (Proposition 2 in [154]) Let W be a compact set. Then for any
µ ∈ [0,1), the dictionary obtained by adding a kernel function centered at ϕ(t) ∈W
to it when µ (ϕ(t),W (t)) ≤ µ has a finite number of elements for any sequence
{w(t)}∞t=−N .

As shown by Theorem 5.2, under our working assumptions it holds that ϕ(t) ∈ Bx×
Bτ , ∀t ≥ 0 and from Assumption 5.3 it follows that ϕ(t) ∈ X ×X for t ∈ [−N,−1].
Therefore, all incoming data points that are used to evaluate the coherence factor
µ in (5.18) belong to a compact set and we can apply Lemma 5.1 to conclude that
the size of the dictionary used under the Algorithm 8 remains bounded.

More precisely, there exists a finite time step t <∞ such that the dimension r(t) of
vector θ(t) reaches an upper bound r(t) = r, ∀t ≥ t and therefore Sjt ⊂ Rr,∀j ∈ I(t)
and S+t ⊂ Rr for ∀t ≥ t. Moreover, ∀ta, tb,≥ t, it holds that Sjta = Sjtb , therefore for
t ≥ t we can denote Sjt just by Sj, as the resulting hyperslabs do not depend on
the time step anymore.

In addition, we state the following result, which is a direct consequence of the
properties of the projection based update rule (5.24) analyzed in [162].

Lemma 5.2. (Slight modification of Theorem 4.2 in [162]) Let Ω = ⋂
t≥t

(S+t ⋂( ⋂
j∈I(t)

Sj)) ≠

∅ for some finite t ∈ N, t ≤ t < ∞. Then, the recursive update rule (5.24) of Al-
gorithm 8 is guaranteed to bring the point θ(t) ∈ Rr closer to the set Ω with each
time step t ≥ t, i.e. min

θ̃∈Ω
∥θ(t) − θ̃∥2 ≤ min

θ̃∈Ω
∥θ(t − 1) − θ̃∥2,∀t ≥ t and in the limit it

holds that:
lim
t→∞

min
θ̃∈Ω

∥θ(t) − θ̃∥2 = 0. (5.35)

Lemma 5.2 states that if the set Ω is nonempty, then, in the limit, the vector of
weights θ(t) is guaranteed to belong to the intersection of all but finitely many
hyperslabs S+t and Sjt, t ≥ t. Therefore, from the definitions of Sjt in (5.20) and the
control function ft in (5.14), it follows that in the limit, the control law ft belongs
to the intersection of the sets H(k), k ≥ t (see e.g. (5.13)).

Finally, we present a result pertaining to the behavior of the tracking error. On
the basis of the properties of Algorithm 8 described so far, we can show that in
the limit, i.e. as t → ∞, there is a bound on the tracking error that might be
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tighter than the one provided by (5.34). To introduce this result, for any point
ϕ̃ ∈ Bx ×Bτ , we denote by vϕ̃ the smallest positive constant for which there exists
a time step t, t ≤ t <∞ such that

∣∣ϕ(t) − ϕ̃∣∣ ≤ vϕ̃,

where ϕ(t) is the state measurement pair acquired at time step t. In addition,
we denote by γft the Lipschitz constant of the approximate controller ft (see also
Remark 5.6). In addition, we note that if the set Ω is bounded, then according
to Lemma 5.2 it follows that as t →∞, ft is given as a weighted sum of Lipschitz
functions with bounded weights and therefore there exists a constant γf ∈ R,
γf > 0 such that lim

t→∞
supγft ≤ γf . The condition that Ω is bounded is satisfied if

the acquired measurements are informative, i.e. if the hyperslabs generated by the
incoming measurements form a bounded set. Based on the introduced definitions,
we state the following result.

Theorem 5.3. Let the Assumptions 5.1–5.7 hold. If Ω is nonempty and bounded,
then:

lim
t→∞

∥xdes(t) − x(t)∥ ≤ IE (f∗, x(t − 1), xdes(t), e(t − 1)) + 2γgδ + γg (γf + γ∗) vϕ̃,

∀x(t − 1) ∈ Bx,∀xdes(t) ∈ Bτ ,
(5.36)

where ϕ̃ = [x(t − 1)T , xdes(t)T ]T .

Proof. For any ϕ̃ ∈ Bx ×Bτ it holds that

∣ft(ϕ̃) − f∗(ϕ̃)∣ ≤∣ft (ϕ(k)) − f∗ (ϕ(k)) ∣ + ∣ft (ϕ(k)) − ft(ϕ̃)∣ + ∣f∗ (ϕ(k)) − f∗(ϕ̃)∣,
(5.37)

where ϕ(k) is the state measurement pair acquired at time step k, t ≤ k <∞ that
satisfies

∣∣ϕ(k) − ϕ̃∣∣ ≤ vϕ̃.

In addition, from the definition of Ω it holds that for any θ̃ ∈ Ω and any k ≥ t, θ̃ ∈ Sk,
where Sk is the hyperslab defined by the measurement point ϕ(k). Moreover,
from Lemma 5.1 it follows that W (t) =W (t),∀t ≥ t. From this and the fact that
∣f∗ (ϕ(k)) − u(k)∣ ≤ δ (see e.g. (5.11)), it follows that

∣θ̃TK (ϕ(k),W (t)) − f∗ (ϕ(k)) ∣ ≤ 2δ,∀θ̃ ∈ Ω,∀k ≥ t. (5.38)

From Lemma 5.2 it follows that there exists a point θ̃ ∈ Ω such that lim
t→∞

θ(t) = θ̃
and hence from the definition of the controller ft and (5.38) it follows that:

lim
t→∞

∣ft (ϕ(k)) − f∗ (ϕ(k)) ∣ ≤ 2δ,∀k ≥ t. (5.39)
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In addition, from the fact that both ft and f∗ are Lipschitz continuous, and from
the definitions of vϕ̃ and γf it follows that

lim
t→∞

∣ft (ϕ(k)) − ft(ϕ̃)∣ ≤ γfvϕ̃
lim
t→∞

∣f∗ (ϕ(k)) − f∗(ϕ̃)∣ ≤ γ∗vϕ̃.
(5.40)

Moreover, as shown in the proof of Theorem 5.2, it holds that

∥xdes(t)−x(t)∥ ≤IE (f∗, x(t−1), xdes(t), e(t−1))+γg ∣ft (x(t−1), xdes(t))−f∗ (x(t−1), xdes(t)) ∣.
(5.41)

Therefore, from (5.37)–(5.41) the claim of the theorem follows directly.

As an interpretation of Theorem 5.3, consider the case when the system operates
close to the reference. As more and more data points are collected over time,
the value of the constant vϕ̃ for the points ϕ̃ close to the reference trajectory
is reduced and it eventually tends to zero as the state space around the desired
reference trajectory is well explored. In such a case, the tracking error in the limit
is bounded by the inversion error of the optimal inverse function f∗, which can
be assumed to be small, plus the product 2γg δ, which can be also assumed to
be small in practice. Thus, if the neighborhood of the reference trajectory is well
explored during operation, then good tracking performance can be expected as
more and more measurement data are collected. This is typically the case when
the reference trajectory is periodic or constant for some time, as we show in the
experimental results in Section 5.7.

Note also that for Theorem 5.3 to hold, the set Ω needs to be nonempty, which
is a reasonable condition if the tuning parameters p and µ are chosen properly.
However, if the tuning parameters related to kernel functions are not selected
properly, it can happen that the set Ω is empty. In addition, a compromise has
to be made in the selection of the tuning parameters γ∆ and σ. Namely, taking
small values for γ∆ and σ leads to a tighter worst case bound on the tracking error.
However, taking γ∆ too small may lead to the set Ω being empty and taking σ too
small may require a very large number of initial training data in order to satisfy
Assumption 5.7. Therefore, parameter tuning is very important for the proposed
algorithm to work well. In the following section we discuss the tuning in detail
and propose several procedures that can be used for automatically setting most of
the tuning parameters.

5.6 On tuning the algorithm

In order to implement Algorithm 8 several tuning parameters need to be selected.
These parameters can be split into two groups. The first group consists of system
related parameters. These are the noise bound δ, Lipschitz constant γ∗ and the
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parameters γ∆ and σ (see also Remark 5.9). The second group of tuning parame-
ters is related to the kernel functions that are used for controller parametrization.
This group consists of the Gauss kernel function parameter p and the value of the
coherence bound µ. In the following subsections we outline a method for selection
of the tuning parameters related to function parametrization and we discuss how
the system related tuning parameters can be selected. In addition, we propose
an algorithm for on-line updating of some of the system related tuning parame-
ters that could be used in order to improve the performance of the overall control
scheme while still retaining the stability guarantees.

5.6.1 Selection of parametrization related parameters

A possible way to select the right combination of parameters p and µ is to run the
Algorithm 8 off-line by using the available training data DN for a set of different
parameter values and after each execution to calculate the average estimation error
with respect to the data DN as:

Ee =
1

N

−1

∑
k=−N

∣θ(−1)TK (ϕ(k),W (−1)) − u(k)∣. (5.42)

Remark 5.10. Note that in principle, the initialy available data can also be split
into two sets where one set would be used for estimating the parameters θ(−1)
and another set would be used for calculating Ee. In this way, the data used for
estimation would be different than the data used to evaluate that estimate, which
would improve the reliability of the described tuning procedure.

There are several outcomes of these trials that can be analyzed in order to select
the right combination of the tuning parameters p and µ. Namely if Ee is much
larger than δ, it means that the particular choice of parameters results in a bad
approximation of the function f∗ and hence large estimation error. If Ee is small
(around δ or smaller) and the resulting dimension of the weighting vector θ(−1),
r(−1), is large (i.e. close to N), the choice of the corresponding parameters is
not so good, as it requires a dictionary of large size in order to approximate
the function well. If both Ee and the corresponding dimension r(−1) are small
then, at least according to the available training data DN , the selected parameter
combination can be used to approximate f∗ well with a relatively small dictionary
and therefore, such a combination of tuning parameters is preferable. Note that
although this analysis might be computationally expensive and time consuming,
it has to be done off-line before the controller becomes operational.

Remark 5.11. Note that if some other type of kernel functions instead of the
Gauss ones are used, the same procedure could be exploited in order to find their
tuning parameters. Moreover, this methodology could also be used to select the
right family of kernel functions to be used for parametrization.
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5.6.2 Off-line selection of system related tuning parameters

In order to implement Algorithm 8, the knowledge of the noise bound δ and the
Lipschitz constant γ∗ is required for calculating the projections on the hyperslabs
Sjt and S+t . In addition, parameters γ∆ and σ in (5.16) need to be selected.
According to Theorem 5.2, careful selection of these parameters guarantees finite
gain stability of the closed loop. However, in order to verify whether Assumptions
5.5 and 5.7 hold, the values of ε, δ, γg, γ∗, λ∗1, λ∗2, β∗ and D0 should be known.
The values of λ∗1, λ∗2 and β∗ can not be estimated based on the available data and
they have to be guessed. Since these parameters are related to the performance
of the optimal inverse controller f∗ that should typically result in small tracking
error (i.e. the state of the corresponding closed loop system should be close to
the desired reference signal), a reasonable guess for λ∗1 and λ∗2 is a value slightly
greater than 1 and for β∗ a value close to 0. The diameter of information D0 can
be estimated from the available training data DN by using the existing efficient
numerical algorithms (see e.g. [112]). From (5.25), (5.26) and (5.27) it follows that
D0 depends on the selected value of σ, which could make the selection of σ that
satisfies Assumption 5.7 challenging. However, the value of D0 can only decrease
as the size of the training data DN increases. In fact, if the data generated in the
initial experiment is informative enough, then for any fixed value of σ there is a
finite number N of training data DN that should be collected in order to satisfy
Assumption 5.7. For a more formal discussion, please see Assumption 5.8 and
Remark 5.12 later on in this section.

The Lipschitz constants γg and γ∗ as well as the disturbance bounds ε and δ can
be estimated from the available training data by using the methods proposed in
[111, 135, 48]. In order to be able to use the parameter estimates that might
be subject to estimation errors while still retaining the stability guarantees, the
obtained estimates can be inflated by positive constants that reflect the level of
estimation uncertainty, i.e. the parameters ε, δ, γg and γ∗ can be selected as:

ε = ε̂(−1) + cε, δ = δ̂(−1) + cδ, γg = γ̂g(−1) + cγg and γ∗ = γ̂∗(−1) + cγ∗ , where ε̂(−1),
δ̂(−1), γ̂g(−1) and γ̂∗(−1) denote the parameter estimates obtained by applying
the algorithms described in [111, 135, 48] to the training data DN and cε, cδ, cγg
and cγ∗ are positive constants that should be selected by the control designer and
that should reflect his feeling on the size of the possible estimation error. Hence,
in order to ensure the satisfaction of Assumptions 5.5 and 5.7, parameters γ∆ and

σ can be selected such that γ∆ ∈ (0, 1
(γ̂g(−1)+cγg )λ∗2

) and

σ > 1

2
D̂0, (5.43)

where
D̂0 = sup

ϕ̃∈Bx×Bτ
(f c(ϕ̃) − f c(ϕ̃)), (5.44)
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with

f c(ϕ̃) = min
k=−N,⋯,−1

(u(k) + δ̂(−1) + cδ + (γ̂∗(−1) + cγ∗)∣∣ϕ̃ − ϕ(k)∣∣)

f
c
(ϕ̃) = max

k=−N,⋯,−1
(u(k) − δ̂(−1) − cδ − (γ̂∗(−1) + cγ∗)∣∣ϕ̃ − ϕ(k)∣∣).

(5.45)

However, some of these parameters can also be updated on-line, which should
increase their accuracy as new input and state measurements are collected and
hence increase the overall performance of the controller. In the following subsection
we describe how some of the tuning parameters can be updated on-line and we
prove the finite gain stability of the closed loop system in this case.

5.6.3 On-line updating of some of the system related tuning
parameters

The incoming input and state measurements obtained in closed-loop operation
that are used to refine the control function ft, can also be used to refine the
estimates of the system related tuning parameters. This would result in more
accurate estimates and hence better performance of the overall algorithm. Note
that the value of ε is required for selecting the tuning parameter σ. Recalculating
the value of σ that satisfies Assumption 5.7 over time would be computationally
demanding and therefore we do not consider updating of the parameter σ and
the noise bound estimate ε over time. Hence the parameter ε can be selected by
properly inflating the estimate ε̂(−1) obtained from the initially available training
data and σ can be selected according to (5.43). On the other hand, selecting
γ∆ that satisfies Assumption 5.5 based on γg is very easy and therefore we will
consider its modification over time. Moreover, the updating of parameters δ and
γ∗ that influence the projections done under Algorithm 8 is also considered.

To this end, we consider a generic nonlinear function f ′ ∶ Rnξ → Rnz with nξ inputs
and nz outputs that is Lipschitz continuous with the constant γ and whose output
is corrupted by disturbances o(t) as:

z(t) = f ′ (ξ(t)) + o(t), (5.46)

where o(t) ∈ Bε,∀t. We introduce two on-line algorithms for updating the esti-
mates of the noise bound (Algorithm 9) and the Lipschitz constant (Algorithm
10) over time, that we denote by ε̂(t) and γ̂(t) at time step t respectively.

Algorithms 9 and 10 can be run consecutively in order to update the estimates of
ε and γ at each time step. These two algorithms can be seen as on-line versions of
the estimation methods proposed in [111, 135, 48]. In order to limit the memory
requirements of these two on-line algorithms, we introduce a memory horizon
N which denotes the maximal number of measurement points that need to be
stored in memory during the execution of the algorithms. By setting N = N , the
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Algorithm 9 on-line estimation of the noise bound

1) Chose a “small“ ρ > 0. For example ρ = 0.01 max
i,j=−N,⋯,−1

∣∣ξ(i)− ξ(j)∣∣, initialize

ε̂(−N) to 0 and set t = −N + 1.

2) Find the set of indexes: Q(t) = {k ∈ [max{−N, t −N},⋯, t] ∶ ∣∣ξ(t) − ξ(k)∣∣ ≤ ρ}

3) If Q(t) = ∅ set the variable εz to εz = 0, otherwise set εz = 1
2 max
i∈Q(t)

∣∣z(t)−z(i)∣∣.

4) Calculate ε̂(t) = max{ε̂(t − 1), εz}.

5) Set t = t + 1 and go to 2).

Algorithm 10 on-line estimation of the Lipschitz constant

1) Initialize γ̂(−N), γcurrent(−N) and ∆current(−N) to 0 and set t = −N + 1.

2) Calculate ∆kt = ∣∣ξ(k) − ξ(t)∣∣, k = max{−N, t −N},⋯, t − 1.

3) For k = max{−N, t −N},⋯, t − 1 and ∆kt ≠ 0 calculate:

γ̃tkt =
⎧⎪⎪⎨⎪⎪⎩

∣∣z(t)−z(k)∣∣−2ε̂(t)
∆kt

if ∣∣z(t) − z(k)∣∣ > 2ε̂(t)
0 if otherwise

If ∆kt = 0 set γ̃tkt = 0.

4) For j = max{−N, t −N},⋯, t − 1 and i = max{−N, t −N},⋯, j − 1 calculate:

γ̃tij = γ̃t−1
ij − 2(ε̂(t)−ε̂(t−1))

∆ij
. In addition, calculate γcurrent(t) = γcurrent(t − 1) −

2(ε̂(t)−ε̂(t−1))
∆current(t−1) . If ∆ij = 0 or ∆current(t − 1) = 0, set γ̃tij = γ̃t−1

ij and γcurrent(t) =
γcurrent(t − 1).

5) Calculate:
γ̃(t) = max

j = max{−N, t −N},⋯, t
i = max{−N, t −N},⋯, j − 1

{γ̃tij}

γ̂(t) = max{γ̃(t), γcurrent(t)}.

If γ̂(t) = γ̃(t), set ∆current(t) = ∆pq, where γ̃(t) = γ̃tpq. Otherwise set
∆current(t) = ∆current(t − 1). Set γcurrent(t) = γ̂(t).

6) Set t = t + 1 and go to 2).

functionality of the proposed algorithms becomes equivalent to the functionality
of their off-line counterparts.
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Algorithm 9 can directly be used in order to estimate the noise bound δ. We
denote this estimate at time step t by δ̂(t). The estimate δ̂(t) and the Algorithm
10 can be used in order to update the estimate of the Lipschitz constant γ∗, that
we denote by γ̂∗(t). This can be done by setting the function f ′ in (5.46) to f ,
z(t) to u(t) and ξ(t) to ϕ(t). The Lipschitz constant of function g with respect
to the input u, γg, can be estimated by considering a reformulation of the state
evolution equation (5.1) given by:

x(t + 1) = g′ (u(t)) + v(t),

where g′ = g (x∗, u(t)) is the unknown function with the Lipschitz constant γg and
x∗ are given by:

x∗ = arg max
x∈Bx
Pg(x)

Pg(x) = max
u1,u2∈U

∣∣g(x,u1) − g(x,u2)∣∣
∣u1 − u2∣

,

and
v(t) = g (x(t), u(t)) − g (x∗, u(t)) + e(t) (5.47)

is an unknown disturbance signal. From the Assumptions 5.1 and 5.2 it follows
that v(t) is bounded if u(t) ∈ U and x(t) ∈ X,∀t ≥ −N , i.e. v(t) ∈ Bζ ,∀t ≥ −N ,
where ζ ∈ R, ζ > 0 is the bound on v(t), i.e. ∣∣v(t)∣∣ ≤ ζ,∀t. Therefore, Algorithm
9 can be used to recursively update the bound of the disturbance v(t) and this
estimate can then be used by Algorithm 10 in order to estimate the Lipschitz
constant γg. In this case the function f ′ in (5.46) should be set to g′, z(t) should
be set to x(t) and ξ(t) to u(t). We will denote the estimate of the Lipschitz
constant γg at time step t by γ̂g(t).

In order to state the conditions under which the Algorithms 9 and 10 can be used
together with the Algorithm 8 in order to update some of its tuning parameters
on-line, while preserving the finite gain stability of the closed loop system, we
introduce the following assumption on the initially available data set DN .

Assumption 5.8. Initially collected training data DN are such that as N → ∞,
for any x̃ ∈ Bx, any d̃ ∈ Bδ and any φ ∈ R, φ ≥ 0 there exist a finite Nφ ∈ N,Nφ <∞
such that y(t) and d(t), t ∈ [−Nφ,−1] satisfying ∥[x̃T , d̃T ]T − [x(t)T , d(t)T ]T∥ ≤
φ exists. In addition, for any ũ ∈ U , any ṽ ∈ Bζ and any η ∈ R, η ≥ 0 there
exists a finite Nη ∈ N,Nη < ∞ such that u(t) and v(t), t ∈ [−Nθ,−1] satisfying

∥[ũ, ṽT ]T − [u(t), v(t)T ]T∥ ≤ η exists.

This assumption ensures that the initial training data set is generated in such
a way that the plant state x(t) and the disturbance signal d(t), as well as the
input signal u(t) and the disturbance v(t) in (5.47) explore their domains well,
i.e. the initially collected data is informative enough. Based on this assumption,
we state the following Lemma on the properties of estimates δ̂(t), γ̂∗(t) and γ̂g(t)
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obtained by using the Algorithms 9 and 10 on the training data DN , which is
a direct consequence of the fact that the functionality of the introduced on-line
algorithms become equivalent to the functionality of off-line methods developed in
[111, 135, 48] when N is set to N .

Lemma 5.3. Let the Assumption 5.8 hold and let N = N , with N → ∞. If the
Algorithms 9 and 10 are used to estimate δ, γ∗ and γg, it holds that lim

t→∞
δ̂(t) = δ,

lim
t→∞

γ̂∗(t) = γ∗ and lim
t→∞

γ̂g(t) = γg.

Therefore, if the training data would be infinitely long and sufficiently informative,
then the estimates δ̂(t), γ̂∗(t) and γ̂g(t) would converge to the corresponding true
values. Based on this, we state the following Lemma that gives bounds on the
estimation error of δ̂(t), γ̂∗(t) and γ̂g(t) for t ≥ 0 in the case when a finite number
of training data is available.

Lemma 5.4. Let the Assumption 5.8 hold. For any cδ, cγ∗ and cγg ∈ R such that

cδ ∈ (0, δ), cγ∗ ∈ (0, γ∗) and cγg ∈ (0, γg), there exists a finite Ñ ∈ N, Ñ < ∞ such

that by setting N ≥ N ≥ Ñ it holds that δ − cδ ≤ δ̂(t) ≤ δ, γ̂g(t) ≥ γg − cγg and
γ̂∗(t) ≥ γ∗ − cγ∗ ,∀t ≥ 0 when Algorithms 9 and 10 are used.

Proof. We first note that, due to the step 3) of Algorithm 9, it holds that the
estimates of the noise bounds δ and ζ can only increase over time, i.e. δ̂(t+1) ≥ δ̂(t)
and ζ̂(t + 1) ≥ ζ̂(t),∀t. From the fact that δ̂(t) and ζ̂(t) are calculated by taking
the maximum over the noise bound evaluated for individual data points, it holds
that δ̂(t) ≤ δ and ζ̂(t) ≤ ζ,∀t. In addition, from Lemma 5.3 it follows that for any
cδ, cζ ∈ R such that cδ ∈ (0, δ) and cζ ∈ (0, ζ), there exist finite Nδ,Nζ ∈ N,Nδ,Nζ <
∞ such that by setting N ≥ N ≥ max{Nδ,Nζ}, it holds that δ̂(−1) ≥ δ − cδ and

ζ̂(−1) ≥ ζ−cζ . Therefore ifN ≥ N ≥ max{Nδ,Nζ}, it has to hold that δ−cδ ≤ δ̂(t) ≤ δ
and ζ − cζ ≤ ζ̂(t) ≤ ζ, ∀t > 0. Moreover, due to the steps 4) and 5) of Algorithm
10, it holds that if N ≥ N ≥ max{Nδ,Nζ}, then γ̂∗(t) ≥ γ̂∗(−1) − 2cδ

∆current
γ∗

(−1) and

γ̂g(t) ≥ γ̂g(−1)− 2cζ
∆current
γg (−1) , where ∆current

γ∗ (−1) and ∆current
γg (−1) denote the value of

∆current(t) obtained at time step t = −1 when Algorithm 10 is used for estimating
γ∗ and γg respectively. In addition, from Lemma 5.3 it holds that for any c′γ∗ =
cγ∗ − 2cδ

∆current
γ∗

(−1) and c′γg = cγg −
2cζ

∆current
γg (−1) , there exist N ′

γ∗ ,N
′
γg ∈ N,N ′

γ∗ ,N
′
γg < ∞

such that by setting N ≥ N ≥ max{N ′
γ∗ ,N

′
γg} it holds that ∣γ̂∗(−1) − γ∗∣ ≤ c′γ∗ and

∣γ̂g(−1)−γg ∣ ≤ c′γg . Therefore by setting N ≥ N ≥ Ñ = max{Nδ,Nζ ,N ′
γ∗ ,N

′
γg} it will

hold that δ − cδ ≤ δ̂(t) ≤ δ, γ̂g(t) ≥ γg − cγg and γ̂∗(t) ≥ γ∗ − cγ∗ ,∀t ≥ 0.

Hence according to Lemma 5.4, if the training data set DN is informative and
long enough, bounds on the accuracy of the estimates δ̂(t), γ̂∗(t) and γ̂g(t) are
guaranteed ∀t.
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Remark 5.12. Note that if Assumption 5.8 holds, then for any fixed value of the
diameter of information D0 > 0 in (5.27), there is a finite number of initial training
data that should be collected in order to achieve it (see e.g. [111]). See also the
discussion about estimating D0 in Subsection 5.6.2.

In analogy to the definition of the hyperslabs Sjt and S+t in (5.20) and (5.23), we

define the hyperslabs Ŝjt and Ŝ+t that depend on the time varying estimates δ̂(t)
and γ̂∗(t) and the time varying value of the tuning parameter γ∆ that we denote
by γ∆(t) as:

Ŝjt = {θ ∈ Rr(t) ∶ ∣θTK (ϕ(j),W (t)) − u(j)∣ ≤ δ̂(t)}, (5.48)

Ŝ+t =
⎧⎪⎪⎨⎪⎪⎩

θ ∈ Rr(t) ∶ − γ∆(t)∣∣x(t)∣∣ − σ + f t (ϕ+(t)) ≤ θTK (ϕ+(t),W (t))
θTK (ϕ+(t),W (t)) ≤ γ∆(t)∣∣x(t)∣∣ + σ + f

t
(ϕ+(t))

⎫⎪⎪⎬⎪⎪⎭
, (5.49)

where
f t(ϕ̃) = min

k=−N,⋯,−1
(u(k) + δ̂(−1) + cδ + γ̂∣∣ϕ̃ − ϕ(k)∣∣)

f
t
(ϕ̃) = max

k=−N,⋯,−1
(u(k) − δ̂(−1) − cδ − γ̂∣∣ϕ̃ − ϕ(k)∣∣) ,

(5.50)

and γ̂ = min{γ̂∗(t)+ cγ∗ , γ̂∗(−1)+ cγ∗}, with δ̂(−1) and γ̂∗(−1) being the estimates
of δ and γ∗ obtained from the training data DN either by using Algorithms 9 and
10 or the methods proposed in [111, 135, 48] and cδ ∈ (0, δ) and cγ∗ ∈ (0, γ∗) are
design parameters. Based on this, we define the projection update equation that
should be used by Algorithm 8 instead of (5.24) when the Algorithms 9 and 10
are used to update the estimates of δ, γ∗ and γg over time:

θ(t) = P̂ +
t

⎛
⎝
θ+(t − 1) + ∑

j∈I(t)

1

card(I(t))
(P̂jt (θ+(t − 1)) − θ+(t − 1))

⎞
⎠
, (5.51)

where P̂ +
t (⋅) and P̂jt(⋅) denote projection operators onto hyperslabs Ŝ+t and Ŝjt.

In addition, in order to account for the fact that the parameter γ∆ can change
over time, we redefine the maximal achievable state amplitude as

x =
λ∗1τ + (γ̂g(−1) + cγg)λ∗2σ + λ∗2ε + β∗

1 − (γ̂g(−1) + cγg)λ∗2γ∆

, (5.52)

where γ̂g(−1) is the estimate of γg obtained from the initially available training data
and γ∆ is a design parameter that should be selected such that γ∆ < 1

(γ̂g(−1)+cγg )λ∗2
.

Moreover, in analogy to Assumption 5.5, we make the following assumptions about
the selection of the tuning parameter γ∆(t).

γ∆(t) ∈ (0,min{ 1

(γ̂g(t) + cγg)λ∗2
, γ∆}) ,∀t > 0. (5.53)
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In line with the Lemma 5.4, for the selected design parameters cδ, cγ∗ and cγg ∈
(0, γg), we denote the minimal possible length of the training data sequence that
still guarantees satisfaction of Lemma 5.4 by Ñ . We now have all the ingredients
to state the theorem on the conditions under which the application of Algorithm
8 that uses on-line update of some of the related tuning parameters results in a
closed loop system that is finite gain stable.

Theorem 5.4. Let the Assumptions 5.1– 5.4 and 5.6 hold. If the parameters σ
and γ∆(t) are selected such that (5.43) and (5.53) hold, if Ŝ+0 ≠ ∅ and x(0) ∈ Bx.

Then for any reference signal xdes(t) ∈ Bτ ,∀t ≥ 0, it holds that Ŝ+t ≠ ∅,∀t ≥ 0 and
the closed loop system obtained when Algorithm 8 with the weight update equation
as in (5.51) is used is finite gain stable.

Proof. The proof goes along the same lines as the proof of Theorem 5.2. We note
that in the case of on-line update of some of the tuning parameters, equations
(5.28)–(5.30) stil hold. As was done in the proof of Theorem 5.2, we employ
the inductive argument to show that if Ŝ+0 ≠ ∅ and x(0) ∈ Bx, then Ŝ+t ≠ ∅ and
x(t) ∈ Bx,∀t ≥ 0. The condition is satisfied for t = 0 by the Theorem assumption.
Let us assume, for the sake of inductive argument, that Ŝ+k ≠ ∅ and x(k) ∈ Bx,∀k ∈
[0, t− 1]. From this assumption and the way the weighting vector θ(t) is updated
in (5.51), it follows that θ(k) ∈ Ŝ+k , ∀k ∈ [0, t − 1]. From Assumptions 5.3 and 5.6,
it follows that ϕ(k) ∈X ×X and u(k) ∈ U,∀k ∈ [−N, t − 1]. From the definition of
Ŝ+t in (5.49), Assumptions 5.1 and 5.2 and Theorem 5.1, it then follows that:

∣fk (x(k), xdes(k + 1)) − f∗ (x(k), xdes(k + 1)) ∣ ≤ γ∆(k)∣∣x(k)∣∣ + σ,∀k ∈ [0, t − 1].
(5.54)

From (5.30) and (5.54) it then holds that:

∣∣v(k)∣∣ ≤ γgγ∆(k)∣∣x(k)∣∣ + γgσ,∀k ∈ [0, t − 1]. (5.55)

From Lemma 5.4 and the condition that N ≥ N ≥ Ñ , it follows that γ̂g(t) ≥ γg−cγg ,
and hence from (5.53) it holds that γ∆(t) < 1

γgλ∗2
,∀t ≥ 0. By using this and the fact

that γ∆(t) ≤ γ∆, we can show that if Ŝ+k ≠ ∅ and x(k) ∈ Bx,∀k ∈ [0, t − 1], then it
holds that:

∣∣x(t)∣∣∞ ≤ λ∗1
1 − γgλ∗2γ∆

∣∣xdes(t)∣∣∞ + λ∗2
1 − γgλ∗2γ∆

∣∣e(t)∣∣∞ +
γgλ∗2σ + β∗
1 − γgλ∗2γ∆

. (5.56)

From the definition of f t and f
t

in (5.50) and f c and f
c

in (5.45) and Lemma 5.4,

it follows that f t(ϕ) ≤ f c(ϕ) and f
t
(ϕ) ≥ f

c
(ϕ),∀ϕ ∈ Bx × Bτ ,∀t ≥ 0. Hence, it

follows that:
f t(ϕ) − f t(ϕ) ≤ f c(ϕ) − f c(ϕ),∀ϕ ∈ Bx ×Bτ . (5.57)

From the definition of x in (5.52) it then follows that ϕ+(t) ∈ Bx, and hence from
(5.57) and (5.43) it holds that:

− γ∆(t) − σ + f t (ϕ+(t)) ≤ γ∆(t) + σ + f
t
(ϕ+(t)) ,
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and therefore Ŝ+t ≠ ∅. Repeating this inductive argumentation for all t ≥ 0, it
follows that Ŝ+t ≠ ∅,∀t ≥ 0. Moreover, as (5.56) remains valid ∀t > 0, the closed
loop system is finite gain stable.

Note that the Theorem 5.4 does not give any relation between the lower limit on
the number of the collected initial training samples Ñ and the tuning parameters
cδ, cγ∗ and cγg . These values need to be chosen by the control designer and should
reflect his feeling of the quality with which the noise bound and the Lipschitz
constants are estimated on the basis of the training data.

5.7 Experimental results

The proposed control design algorithm was tested experimentally on a water tank
system. The latter was obtained by modifying the quad-tank setup described in
Section 4.7 of Chapter 4. This was done by removing three out of four water tanks
such that only one of the upper tanks was left. Hence the modified setup consists
of a round water tank with a water inlet at the top and a small opening at the
bottom, through which the water leaks out of the tank. In addition, the setup is
equipped with an electric water pump which is used to feed the tank with water
from a reservoir and whose flow can be controlled by applying the voltage v to
the motor that drives it. Only one part of the water flow generated by the pump
reaches the tank, since part of the generated water flow is directly returned to the
reservoir without going through the tank. The ratio of the returned and injected
flow, that we denote by γ is determined by a valve, whose position is kept fixed
during the experiment. The water level in the tank, h, is measured by a pressure
sensor located at its bottom. The pump voltage v is the input variable and the
water level h is the main internal state, hence referring to the notation used in
the previous sections we have x = h and u = v. A schematic of the described
experimental setup and its picture are given in Figure 5.3.

As discussed in Section 4.7, the portion of the water flow that is feed to the tank has
to overcome larger static pressure than the portion that is directly returned to the
reservoir. Hence, despite the fact that the valve position is kept constant during
experiments, the actual value of γ nonlinearly depends on the flow generated by
the pump and hence on the applied voltage v. We denote this dependence of the
parameter γ on the applied pump voltage by γ(v). Based on this, the dynamic
evolution of the tank water level is given by the following diferential equation.

ḣ = 1

Aa
((1 − γ(v))kpv −Ao

√
2gh) , (5.58)

where the meaning and the values of the parameters in (5.58) are given in Table
4.1 of Section 4.7. During all the experiments the valve was set such that it should
result in the nominal value of γ = 0.5. The nonlinear dependence of the parameter
γ on the pump voltage v for this valve position is shown in Figure 4.5 of Section
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4.7. The described system is nonlinear and therefore, the proposed on-line control
design algorithm represents a useful way to build a controller that would regulate
the tank water level without the need of going through detailed modeling and
parameter identification procedures.

Figure 5.3: Schematic of the experimental setup (left) and its picture (right)

A sampling time of 3 seconds was selected to control the system. In order to
implement the proposed design scheme, we first generated the training data DN
by applying the input sequence shown in Figure 5.4 and recording the resulting
water level measurements. Then, we employed our theoretical results, in particular
Theorem 5.2, to tune the control algorithm. Specifically, we applied Algorithms 9
and 10 to the available training data in order to estimate the noise bounds ε = 0.1
and δ = 0.15 and the Lipschitz constants γg = 1.25 and γ∗ = 3.6. These estimates
were not further refined during controller operation and the controller used fixed
parameter values that were estimated prior to its activation. We then assumed the
values of λ∗1 = λ∗2 = 1.12, β∗ = 0 and chose the value of γ∆ = 0.15. In addition, from
the available training data DN and the estimated values of δ and γ∗, by using
the method proposed in [112], we calculated the diameter of information to be
D0 = 5.8, by considering the state and the reference to be confined to Bx×Bτ with
x = 18 and τ = 9. Based on this, in order to satisfy Assumption 5.7, we selected
the tuning parameter σ to be σ = 2.9. The procedure described in Subsection
5.6.1 was used in order to select the parameters p = 1.8 and µ = 0.82 related to
the kernel functions used for parameterizing the controller ft. A summary of the
parameters that we used is provided in Table 5.1. We note that all the tuning
parameters were selected such that Assumptions 5.5–5.7 are valid. The algorithm
was implemented and run on a laptop with Intel i7-36667U processor. The worst
case execution time during experiments was never larger than 0.8 seconds and the
maximal number of kernel functions in the dictionary never exceeded 250.
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Figure 5.4: Initial training data DN . The upper plot shows the applied pump
voltages and the lower plot shows the resulting tank water levels.

Table 5.1: Tuning parameters.

δ γ∗ γ∆ σ µ p q
0.15 3.6 0.15 2.9 0.82 1.8 20

To illustrate the advantages of the proposed on-line scheme, we compared its
performance with that of an approach where the updating of the controller ft is
stopped before the controller is put into operation (at time step t = 0) and the
performance of a well tuned proportional-integral (PI) controller. The reference
tracking performance for the three cases is compared in Figure 5.5

In both the experiments with directly designed nonlinear controllers, a reasonable
tracking performance is achieved. However, for the case when the controller is not
updated on-line, the tracking error is significant when the tank water level is low,
which is the operating condition with strongest nonlinear behavior. Namely the
considered control problem is difficult due to strong nonlinearity when the water
level is below 3 cm and it is not possible to achieve good reference tracking with a
simple PI controller in this range, as shown in Figure 5.5(a). On the other hand,
with the nonlinear controller obtained directly from data it is possible to achieve
good reference tracking performance for the tank water levels in a very wide range.
In addition, when the controller is updated on-line based on the incoming closed
loop measurements, the tracking performance is improved over time and after
1200 seconds very good reference tracking is achieved even for low water levels.
In order to make a more formal comparison of the three controllers, we calculated
the average tracking error obtained during the last 600 seconds (i.e. 200 samples)
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((a)) Results for linear PI controller.
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((b)) Results for nonlinear controller designed from data without on-line update.
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((c)) Results for nonlinear controller designed from data with on-line update.

Figure 5.5: Measured tank water levels (solid blue lines) compared with the desired
reference (dashed red lines).
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Table 5.2: Average tracking error during last 600 seconds of operation.

Controller Average error [cm]

Linear PI controller 0.61

Nonlinear controller designed from data without on-line update 0.30

Nonlinear controller designed from data with on-line update 0.08

of each experiment as:

err = 1

200

600

∑
t=401

∣hdes(t) − h(t)∣, (5.59)

where hdes denotes the desired tank water level. Obtained numerical results are
listed in Table 5.2. These results illustrate the main advantage of the proposed
scheme, which is the ability to exploit the incoming measurements obtained during
controller operation in order to improve the tracking performance over time while
at the same time guaranteeing a predictable closed loop behavior.

5.8 Discussion and conclusion

In this chapter we proposed a novel on-line direct control design method. The
algorithm exploits results from set membership identification theory for nonlinear
systems and the theory of learning by projections. In particular, parametrization
of the feedback controller by kernel functions and the use of projection algorithm to
update the vector of weights and the coherence measure to update the dictionary
of kernel functions in a sparse way are combined together into a computationally
efficient algorithm that can be used for on-line updating of the reference tracking
feedback controller. At the same time, by using the set membership identification
theory for nonlinear systems, the algorithm is capable of exploiting a batch of
measurement data taken in open-loop in order to impose constraints on the vector
of weights at each time step and in this way guarantee stability of the closed loop.
Therefore, the proposed algorithm retains the advantages of both the existing
on-line and off-line direct control design schemes as it allows to exploit the mea-
surements collected during controller operation in order to modify the controller
on-line and improve its performance, while guaranteeing a predictable closed-loop
behavior at the same time.

We presented theoretical results concerned with closed-loop stability, controller
complexity and tracking performance. The result which derives the conditions for
having closed loop stability can be used as a guideline for tuning the proposed
control design scheme. Namely, by estimating several system related parameters
from the available training data and using the mentioned theoretical result, the
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tuning parameters can be selected in a straightforward manner. In addition, we
proposed a method to update some of these parameters on-line in order to further
improve the control performance while still retaining stability guarantees. We also
showed that despite the fact that the dictionary of used kernel functions is allowed
to expand over time in order to incorporate new information obtained during
closed-loop operation, its size stays bounded in time, which renders the proposed
algorithm computationally tractable. In addition, the available training data can
be used in order to properly select the tuning parameters related to the kernel
function parametrization of the controller. Finally, we derived a theoretical result
that shows how a relatively small tracking error of the resulting feedback controller
can be achieved when the state space around the desired reference trajectory gets
well explored over time, which is often the case for periodic or constant reference
signals. This is further confirmed by the experimental results that we present,
where the proposed controller is capable of achieving very good reference tracking
after only couple of periods. These experimental results on a nonlinear water tank
system, demonstrate that it is more beneficial to use the proposed scheme than
to use a well tuned PI controller or a nonlinear controller directly designed from
data in an off-line procedure.

Despite its advantages, the proposed design method is limited in that it is only
applicable to systems with single input. The main problem with handling systems
with multiple inputs lies in the fact that in this case the inverse of the system
dynamics might not be a proper function, as several different values of the control
input vector might result in the same state dynamics. In addition, the current
control algorithm can be seen as a nonlinear dead-beat controller as it aims to
achieve perfect reference tracking in one step by inverting the system dynamics.
In some cases such a controller may result in rather aggressive control inputs
that are hard to achieve in practice and that can reduce the lifetime of the used
actuator. Less aggressive control inputs would be achieved if the quality of the
control input signal would also be taken into account when designing the controller
and if the reference tracking over a certain finite horizon longer than one step would
be considered. This issue as well as the issue of handling systems with multiple
inputs could be addressed by incorporating a cost function into the design process.
The inclusion of the cost function remains an interesting open question for further
research.



A On the basis transfer function
parametrization

Basis transfer functions can be used to parametrize models of linear systems. Such
parameterizations typically require smaller number of model parameters compared
to impulse or step response models if the used transfer functions are properly
selected.

In order to illustrate the main idea behind the basis transfer function parametriza-
tion, we will consider a model of a SISO linear system in order to simplify the nota-
tion. However, all the results that we present in this section can easily be extended
to the MISO or MIMO linear systems. In particular, we note that any stable trans-
fer function G(q), where q is the time shift operator (i.e. qu(t) = u(t + 1)) can be
represented by the following infinite sum:

G(q) =
∞
∑
k=1

ϑ(k)Tk(a, q),

where Tk are mutually orthogonal transfer functions characterized by:

1

2πj ∮
Tp(a, q)Tk(a, q−1)dq

q
= δpk,

where δpk is the Kronecker delta function and the integral is around the unit
circle. The parameter a ∈ C, ∣a∣ < 1 defines the basis transfer functions. The
sequence of coefficients ϑ(k) is convergent as limk→∞ ϑ(k) = 0. Hence the basis
transfer functions form a basis that can be used in order to represent linear transfer
functions. Due to the fact that the weights associated to the elements in the basis
tend to converge to zero with the order of the element, if the used basis functions
are properly selected, then only a small number of them is typically required in
order to have an accurate representation of a transfer function.

Basis transfer functions that are usually employed in practice are the Laguerre
ones (see e.g. [187]), given as:

Tk(a, q) =
√

1 − a2

q − a
[1 − aq
q − a

]
k−1

, (A.1)

where a ∈ R, a ∈ (−1,1). If a is selected such that it is close to the dominant pole
of the system, only a few coefficients need to be identified in order to have a good
model of the system (see e.g. analysis in [187]).

159
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For systems that exhibit oscillatory behavior, Kautz transfer functions (see e.g.
[188]) are more appropriate. These functions have the following form:

T2k−1(a, q) =
√

1−c2(q−b)
q2+b(c−1)q−c [

−cq2+b(c−1)q+1
q2+b(c−1)q−c ]

k−1

T2k(a, q) =
√

1−c2(1−b2)
q2+b(c−1)q−c [

−cq2+b(c−1)q+1
q2+b(c−1)q−c ]

k−1

,

(A.2)

where a ∈ C, ∣a∣ < 1 and b = a+a∗
1+aa∗ , c = −aa∗ with ∗ denoting the conjugate of a

complex number. In this case, the parameter a should be chosen to be close the
the dominant oscillatory pole of the system in order to have a system representation
that uses only few parameters (see e.g. discussion in [188]).

The impulse response model can be regarded as a special case of a basis transfer
function parametrization. The basis transfer functions that give rise to an impulse
response model are:

Tk(a, q) = aq−k (A.3)

In addition, it is possible to use a parametrization that combines the impulse
response and Laguerre or Kautz basis functions. In this case the basis transfer
functions are defined as:

Tk(a,n, q) =
⎧⎪⎪⎨⎪⎪⎩

q−k ifk ≤ n
Bk−n(a, q)q−n ifk > n

, (A.4)

where Bk(a, q) are the Laguerre or Kautz basis transfer functions as defined in
(A.1) and (A.2) and n is another design parameter that determines the number of
the impulse response coefficients to be used in the modeling. Such a parametriza-
tion requires a small number of modeling parameters in the case when the system
has a transport delay and if n is selected close to the transport delay time (see e.g.
[53]). In addition to the listed basis functions that are the most commonly used
in practice, generalized orthonormal basis transfer functions can also be used (see
[42, 129]).

Similarly as for the impulse response models, in practice it is usual to use only
a finite number of basis transfer functions for parametrization. In this case the
output of the plant y(t) ∈ R is given by:

y(t) = θTϕ(t) + e(t),

where θ = [ϑ(1),⋯, ϑ(m)]T ∈ Rm is the vector of m model parameters (i.e. weights
associated to the used basis transfer functions), ϕ(t) ∈ Rm is the regressor vector
that is formed by the outputs of the linear systems defined by the used basis
transfer functions and e(t) ∈ R accounts for disturbances, unmodeled dynamics (i.e.
the contribution of the truncated part of the infinite sequence of basis functions)
and noise. The regressor vector ϕ(t) can be updated over time by using the
following recursive equation:

ϕ(t + 1) = Aϕ(t) +Bu(t),
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where the matrices A ∈ Rm×m and B ∈ Rm depend on the used basis transfer
functions.

For the case when Laguerre basis transfer functions are used for parametrization
(i.e. Tk(a, q) is given by (A.1)), the matrix A and the vector B are given as:

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a 0 0 ⋯ 0
1 − a2 a 0 ⋯ 0

(−a)(1 − a2) 1 − a2 a ⋯ 0
⋮ ⋮ ⋮ ⋱ ⋮

(−a)m−2(1 − a2) (−a)m−3(1 − a2) ⋯ ⋯ a

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, B =
√

1 − a2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
−a

(−a)2

⋯
(−a)m−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Matrices A and B for the Kautz basis transfer function parametrization are more
complex. Instead of giving the matrices directly, in order to have better clarity, we
will introduce a state space model that can be used to update the regressor vector
ϕ(t) in this case. The matrices A and B can then be derived from this state space
model. To this end we define the constants C1 and C2 as:

C1 =

¿
ÁÁÀ (1 − a2)(1 − a∗2)(1 + c)

(1 + 1
b2 )(1 − c) −

2
b2 (a + a∗)

C2 =
√

(1 − a2)(1 − a∗2)(1 + c)
1 − c

In addition, we define the states:

x2k−1(t) =
⎧⎪⎪⎨⎪⎪⎩

u(t − 1) − h1x2k−1(t − 1) + cx2k−1(t − 2) if k = 1

−cx2k−3(t) + h1x2k−2(t − 1) + x2k−3(t − 2) − h1x2k−1(t − 1) + cx2k−1(t − 2) if k ≥ 2

x2k(t) = x2k−1(t − 1),

where h1 = −(a + a∗). The elements of the regressor vector are then given as:

ϕ2k−1(t) = C1 (x2k(t) − 1
bx2k−1(t))

ϕ2k = C2x2k
} k = 1,⋯, m2 .

This gives rise to a state space model of the form:

x(t + 1) = Fx(t) +Hu(t)
ϕ(t) = Lx(t),

where the matrices F,L ∈ Rm×m and H ∈ Rm can be easily derived from the defini-
tions introduced above. Under the condition that the matrix L is invertible, which,
apart for some specific choices of a, is almost always the case (see e.g. [188]), the
matrices A and B are given as:

A = LFL−1

B = LH.
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Note that in the case of Kautz basis transfer function parametrization, the number
of of the used transfer functions, m, has to be even.

In the case when the combination of impulse response and basis function parametriza-
tion is used (see e.g. A.4), the matrices can easily be derived along the lines
presented here.



B Derivations related to
Chapter 4

B.1 Bounds on the unmodeled dynamics (related to

Remark 4.2)

We denote the contribution of the unmodeled dynamics to each of the outputs j
by ηj(t), j = 1,⋯, ny, where:

ηj(t) =
nu

∑
i=1

∞
∑

k=m+1

ui(t − k)ϑji(k).

Since the constraint set of the control input magnitudes is bounded, the upper
and the lower bound on each of the control inputs i = 1,⋯nu is given by:

ui = max
Cu≤g

ui

ui = min
Cu≤g

ui
, i = 1,⋯, nu.

If, in addition we assume that the bounds on the impulse response coefficients,
given by (4.5), can be extended to the case of an infinite impulse response, then
the upper bound on the contribution of the truncated part of the impulse response,
∣ηj(t)∣ ≤ ηj, ∀t, can be calculated and is given by the following formula:

ηj =
nu

∑
i=1

max(∣ui∣, ∣ui∣)Mjiρ
m−µji
ji

ρji
1 − ρji

, j = 1,⋯, ny.

This formula can be used to calculate the joint bounds on the contribution of the
output disturbances and the unmodeled dynamics to the plant outputs in (4.3).

B.2 Algorithm for removing redundant inequalities

Let the matrix W and the vector z define the set of inequalities that form the
polytope from which all the redundant inequalities should be removed:

Wx ≤ z. (B.1)

Then we can write the matrix W and the vector z as:

W = [ W
′

ωT
] z = [ z

′

ζ
] ,
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where the inequality of the form

ωTx ≤ ζ (B.2)

is the one for which we would like to determine whether it is redundant or not
and the matrix W ′ and the vector z′ describe all the other inequalities in (B.1).
Then by solving the following LP, we can determine whether the given inequality
is redundant:

f∗ = max
x
ωTx

Subject to:

W ′x ≤ z′

ωTx ≤ ζ + δ,
where δ ∈ R, δ > 0 is an arbitrary positive constant. If the value of f∗ satisfies
f∗ ≤ ζ, then the inequality (B.2) is redundant and should be removed, otherwise
it should be kept. By repeating this procedure for all the inequalities in (B.1), the
set of non-redundant inequalities can be obtained.

B.3 Definition of the matrices in (4.42)

In order to define κ ∈ Rnu and ς ∈ R in (4.42), we first shortly recall the definition of
the matrix determinant. For a square matrix M ∈ Rn×n, the determinant is defined
as:

det(M) = ∑
σ∈Kn

sgn(σ)
N

∏
i=1

Mi,σi , (B.3)

where Kn denotes the set of all the permutations of the integers {1,⋯, n}, sgn(σ)
returns 1 if the permutation σ is even and −1 if the permutation is odd and Mi,σi

denotes the element of the matrix M in the ith row and the column defined by the
ith element in the permutation σ.

We further rewrite the matrix Γ(t+1∣t) as Γ(t+1∣t) = [Γ′, Aϕ(t) +Bu(t∣t)], where

Γ′ =
⎡⎢⎢⎢⎢⎢⎣

Γ1,1 ⋯ Γ1,num−1

⋮ ⋱ ⋮
Γnum,1 ⋯ Γnum,num−1

⎤⎥⎥⎥⎥⎥⎦
,

with the elements Γp,q ∈ R, p = 1,⋯, num, q = 1,⋯, num − 1, denoting the corre-
sponding elements of the applied regerssor vectors ϕ(k), k = t−num+1,⋯, t−1. In
addition, we denote by Kinum, i = 1,⋯, num the set of all the permutations of the
integers {1,⋯, num} that have num at the ith position. Based on this we define
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the vector V ∈ Rnum as:

V =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∑
σ∈K1

num

sgn(σ)
num

∏
i=2

Γi,σi

∑
σ∈K2

num

sgn(σ)
num

∏
i=1, i≠2

Γi,σi

⋮
∑

σ∈Knumnum

sgn(σ)
num

∏
i=1, i≠num

Γi,σi

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (B.4)

Then we can express κ and ς by using V as:

κT = V TB

ς = V TAϕ(t).
(B.5)
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[101] S. Mariéthoz, A. Domahidi, and M. Morari. High-bandwidth explicit model
predictive control of electrical drives . IEEE Transactions on Industry Ap-
plications, 48(6):1980 – 1992, 2012.

[102] T. H. Mattheiss. An algorithm for determining irrelevant constraints and all
vertices in system of linear inequalities . Operations Research, 21(1):247–260,
1973.

[103] D. Q. Mayne. Model predictive control: Recent developments and future
promise . Automatica, 50(12):2967–2986, 2014.



BIBLIOGRAPHY 175

[104] C. A. Micchelli and T. J. Rivlin. A survey of optimal recovery. Optimal
estimation in Approximation Theory, editors: C. A. Micchelli and T. J.
Rivlin, pages 1–54, 1977.

[105] M. Milanese and G. Belforte. Estimation theory and uncertainty inter-
vals evaluation in presence of unknown but bounded errors: linear fami-
lies of models and estimators. IEEE Transactions on Automatic Control,
27(2):408–414, 1982.

[106] M. Milanese and A. Negro. Recursive state estimation for a set-membership
description of uncertainty. IEEE Transactions on Automatic Control,
16(2):117–128, 1971.

[107] M. Milanese and A. Negro. Uniform approximation of systems: A ba-
nach space approach. Journal of Optimization Theory and Applications,
12(2):203–217, 1973.

[108] M. Milanese and A. Negro. Optimal estimation theory for dynamic systems
with set membership uncertainty: an overview. Automatica, 27(6):997–1009,
1991.

[109] M. Milanese, J. P. Norton, H. Piet-Lahanier, and editors E. Walter. Bound-
ing approaches to system identification. Plenum Press, New York, 1996.

[110] M. milanese and C. Novara. Nonlinear set membership prediction of river
flow . Systems & Control Letters, 53(1):31–39, 2004.

[111] M. Milanese and C. Novara. Set Membership identification of nonlinear
systems. Automatical, 40:957–975, 6 2004.

[112] M. Milanese and C. Novara. Computation of local radius of information in
SM-IBC identification of nonlinear systems . Journal of Complexity, 23(4-
6):937–951, 2007.

[113] M. Milanese, C. Novara, and A. Fortina. Experimental modeling of con-
trolled suspension vehicles from onboard sensors . Vehicle Systems Dynam-
ics, 45(2):133–148, 2007.

[114] M. Milanese, C. Novara, and I. Gerlero. Robust estimation of vehicle sideslip
angle from variables measured by ESC system . In 15th Stuttgart Interna-
tional Symposium on Automotive and Engine Technology, Stuttgart, Ger-
many, 2015.

[115] M. Milanese and M. Targana. H∞ set membership identification: A survey.
Automatica, 41(12):2019–2032, 2005.

[116] M. Milanese and R. Tempo. Optimal algorithms theory for robust estimation
and prediction. IEEE Transactions on Automatic Control, 30(8):730–738,
1985.



BIBLIOGRAPHY 176

[117] M. Milanese, R. Tempo, and A. Vicino. Robustness in identification and
control. Plenum Publishing Corporation, 1989.

[118] M. Milanese and A. Vicino. Estimation theory for nonlinear models and set
membership uncertainty. Automatica, 27(2):403–408, 1982.

[119] M. Milanese and A. Vicino. Optimal estimation theory for dynamical systems
with set membership uncertainty: an overview. Automatica, 27(6):997–1009,
1991.

[120] M. Milanese and A. Vicino. Information-based complexity and nonpara-
metric worst-case system identification. Journal of Complexity, 9:427–446,
1993.

[121] M. Milanese and A. Vicino. Recursive dual-linear-programming approach
for parameter-uncertainty-interval estimation. IET Control Theory and Ap-
plications, 150(3):303–310, 2003.

[122] L. Miskovic, A. Karimi, and D. Bonvin. Corelation-based tuning of decou-
pling multivariable controllers . Automatica, 43(9):1482–1494, 2007.

[123] M. Morari and J. H. Lee. Model predictive control: Past, present and future
. Computers and Chemical Engineering, 23(4-5):667–682, 1999.

[124] M. Morari and E. Zafiriou. Robust process control. Prentice-Hall, Eigenwood
Clifs, New Jersey, 1989.

[125] S. Narasimhan and R. Rengaswamy. Plant fidelity input design: Convex re-
laxation and quality . IEEE Transactions on Automatic Control, 56(6):1467–
1472, 2011.

[126] T. S. Ng, G. C. Goodwin, and T. Södersröm. Optimal experiment design for
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