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a b s t r a c t

We demonstrate a stationary helium gas density gradient which is needed for a proposed novel low-
energy μþ beam line. In a closed system with constant pressure the corresponding density gradient is
only a function of the temperature. In a neutron radiography experiment two gas cells with different
geometries were filled with 3He gas at constant pressures of about 10 mbar. Temperatures in the range
from 6 K to 40 K were applied and density distributions with a maximum to minimum density ratio of
larger than 3 were realized. The distribution was investigated employing the strongly neutron absorbing
isotope 3He. A simple one-dimensional approach derived from Fourier's law describes the obtained gas
density with a deviation o2%.
& 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Many experiments and applications would greatly benefit from
improved muon beams with small phase space volume or will
become possible once efficient muon cooling procedures have been
established. Cooling muons is especially challenging due to their
short lifetime of 2:2 μs. Depending on the aimed application (e.g. a
muon storage ring, muon spin rotation, muonium spectroscopy)
different approaches are being studied, e.g. ionization cooling of the
muon beam (MICE) [1], particle detection and steering [2], or fric-
tional cooling [3]. A recently proposed concept [4] of a novel low-
energy muon beam line aims at converting MeV muons into eV or
sub-eV muons and compressing the spatial distribution yielding an
overall phase space compression of 10 orders of magnitude with a
yield of about 10�3 mainly limited by the muon decay. The concept
can be divided into three separate sections: transverse compression,
longitudinal compression, and extraction into vacuum. Longitudinal
beam compression has recently been demonstrated by our group [5].
Here only the transverse compression is considered and in particular,
the requirement to establish a gas target with a large stationary,
vertical density gradient.

The starting point is an existing muon beam with muon
momenta o10 MeV=c, e.g. πE1 beam line at the Paul Scherrer
B.V. This is an open access article u

hmann),
Institute, Villigen, Switzerland. A fraction of the incident muon
beam is stopped in helium gas with a stationary density gradient
in vertical direction. Helium is chosen because it is inert to μþ

(small fraction of muonium production). The required density ratio
at the bottom of the target to the one at the top is about 3. The
stopped muons are distributed in the gas over regions of different
density. The drift vectors of the initially stopped muons strongly
depend on the applied electric field (about 2 kV=cm), the magnetic
field ð5 TÞ and the mean time between collisions with the gas. For
suitable field directions and parameters the stopped muons in the
upper part of the cell with lower gas density drift downwards and
muons stopped in the bottom part with higher gas density drift
upwards. This causes a compression of the stopped muon cloud
into a smaller volume. A detailed description of the physical pro-
cess can be found in [4,5]. The similarity of 3He and 4He gas
enables the investigation of the density by neutron radiography of
3He and the use of the conclusions to 4He. This paper describes the
realization of the required density gradient in a cryogenic 3He gas
target and its visualization using neutron radiography.
2. Temperature function T(y)

A stationary density gradient of 3He gas (purity Z99:7%) is
realized by a temperature T(y) with a gradient in vertical direction
y (along gravity) and a constant pressure p. This results in a
nder the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1 PT415 from Cryomech, Inc.
2 cf. Eq. (4)
3 Fission chamber from LND, Inc. with an efficiency of approximately 10�4.

G. Wichmann et al. / Nuclear Instruments and Methods in Physics Research A 814 (2016) 33–3834
spatially dependent density. The ideal gas equation can be used for
cryogenic temperatures down to 6 K because low pressures of
about 10 mbar result in a sufficiently small contribution from the
second virial coefficient o0:2% for o100 cm3=mol [6]. This
connects the temperature T(y) to the number density n(y):

nðyÞ ¼N
V
¼ p
kB � TðyÞ

ð1Þ

with kB being the Boltzmann constant, N the number of particles, V
the volume and p the pressure. From Eq. (1) it follows that the
maximum to minimum number density ratio is proportional to the
temperature ratio:

nmax

nmin
¼ nðy¼minÞ
nðy¼maxÞ ¼

Tðy¼maxÞ
Tðy¼minÞ ¼

Thigh

T low
ð2Þ

This indicates the advantage of using cryogenic temperatures to
obtain large density ratios.

T(y) is realized by a constant heat flux _q through the 3He gas.
Fourier's law for the temperature gradient ∇T and the heat flux _q
holds:

_q ¼ kðTÞ �∇T ¼ k TðyÞð Þ � dTðyÞ
dy

ð3Þ

with k¼ kðTÞ the temperature-dependent thermal conductivity of
the gas. The temperature T(y) for yA ½0;h� within a gas cell of
height h is defined by the two temperatures Tðy¼ 0Þ ¼ T low and
Tðy¼ hÞ ¼ Thigh of the gas cell. For a wide range of pressures, valid
here, the thermal conductivity k(T) of 4He gas in the range from
4 K to 40 K and of 3He gas from 6 K to 40 K can be parametrized
with:

kðTÞ ¼ a � Tb W
m � K

� �
ð4Þ

For colder temperatures the conductivity differs significantly from
Eq. (4), but is in good agreement for 4He above 4 K and for 3He
above 6 K. For 4He gas the parameters are fitted to ab-initio cal-
culations from [7] and in agreement with measured values [8]:

a¼ 0:00336ð7Þ W

m � Kbþ1

� �
; b¼ 0:683ð7Þ

For 3He gas the parameters are fitted to ab-initio calculations from
[9]:

a¼ 0:00483ð5Þ W

m � Kbþ1

� �
; b¼ 0:620ð3Þ

The stationary heat equation restricted to one dimension and with
the given parameterized thermal conductivity k(T) holds:

0¼∇ � ðkðTÞ∇TÞ ¼∇kðTÞ � ∇TþkðTÞΔT ¼ dkðTÞ
dT

∇T �∇T

þkðTÞΔT ¼ b � kðTÞ
T

dT
dy

� �2

þkðTÞd
2T

dy2
ð5Þ

This results in an analytic function for the temperature:

Tðy;hÞ ¼ΔT � y=h
� �1=ð1þbÞ þT low ð6Þ

with ΔT ¼ Thigh�T low40 and y the vertical position in the gas
ð0ryrhÞ. Combining Eqs. (6) and (1) the number density of the
gas for a constant vertical heat flux through a gas cell with height
h neglecting wall effects is obtained

nðy;hÞ ¼ p
kB � Tðy;hÞ

: ð7Þ
3. Experiment

3.1. Cryogenic setup and gas cells

For cooling to cryogenic temperatures a pulse tube refrigerator1

was used with nominal cooling powers for the 1st stage of 40 W at
45 K and for the 2nd stage of 1:5 W at 4:2 K. Two gas cells were
thermally coupled to the 2nd stage and placed in a vacuum
chamber with pressure r 10�6 mbar and inside a thermal
radiation shield kept at a temperature below 60 K by the 1st stage
of the cryocooler.

Two gas cells were built (see Fig. 1): One with a rectangular
cross-section (A) and one with a wedge-shaped cross-section (B).
Cell A has horizontal bottom and top plates resulting in a cuboid
gas region with a width and height of 40 mm. Cell B has inclined
bottom and top plates. Hence the height h in cell B depends on the
lateral x position: h¼ hðxÞ. Both cells have a length of L¼ 200 mm.
The shape of Cell B is similar to the envisaged design for the target
cell for transverse muon compression (cf. Fig. 1 of [4]). The cells
have side walls of stainless steel with a thickness of only about
0:8 mm in order to reduce heat flow through the walls. The bottom
and top plates made of copper create uniform temperature
boundaries T low at the bottom and Thigh at the top. The bottom
plate is thermally anchored to the cryocooler. When no heating is
applied it reaches approximately 4 K. The entire setup is cooled
down from room to base temperature within 8 h. To achieve var-
ious temperature functions electrical resistors for heating are
mounted on the top plate. After switching on the heating a sta-
tionary state is reached within 2–3 h. A photo of the cells is pre-
sented in Fig. 2.

3.2. Neutron radiography

The neutron radiography measurements were performed at the
cold neutron beam line ‘Morpheus’ at the Swiss Spallation Neutron
Source (SINQ). The Morpheus beam line provides monochromatic
neutrons with a de Broglie wavelength of λ¼5 Å, i.e. a velocity of
790 m=s. The absorption cross-section for 3He is then σabs �
14;800 b (σabs ¼ 5333ð7Þb for thermal neutrons with λ¼1.81 Å
[10]). 3He gas was used because of its strong neutron absorption
and the thermodynamic similarity to 4He gas.2 For measurements
a basic pinhole imaging setup was used (see Fig. 3). The neutrons
travel from the beam aperture (opening 3 mm� 3 mm) to the
image plate (distance zip ¼ 2:2 m). The monitor3 behind the aper-
ture is used for beam normalization in order to potentially sup-
press beam intensity fluctuations. The vacuum chamber contain-
ing the gas cells is positioned between the aperture and the image
plate. The maximal distance of the cells to the image plate is 0:4 m
(entrance window of the cells), the minimal distance is 0:2 m (exit
window of the cells). This results in a geometric resolution of
about 0:7 mm and a magnification on the image plate of the
projected entrance window of þ20% and for the exit window of
þ10%.

The image plate is sensitive to neutrons due to Gadolinium
serving as a converter [11,12]. The photostimulated luminescence
(PSL) is linearly dependent on the amount of incident neutrons.
This was confirmed by taking open beam images, i.e. without
vacuum chamber and gas cells between aperture and image plate.
The image plate was then exposed for different durations from
3 min to 20 min. For the open beam setup, the image plate is
exposed to an approximately uniform distributed number of
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neutrons per area for the central area of the beam spot up to a size
of 8 mm� 8 mm. The exposed image plates were read out with a
dedicated scanner. The scanned images have a pixel size of
0:1 mm� 0:1 mm. The read out value of a single pixel is the
intensity I. The intensity measured in the various pixels in the
central region of the image plate shows a Gaussian distribution
Fig. 1. Scheme of gas cells A and B. The helium gas volume of each cell is limited by
a copper plate on top and bottom, and thin side walls of stainless steel with a
thickness of 0:8 mm. The bottom plates are mounted on the cold finger of the
cryocooler. Resistive heaters are mounted on the top plates. Gas cell B has an
inclined top and bottom resulting in a height h(x) dependent on the lateral position
x. Both cells have a length L¼ 200 mm in neutron beam direction (z-direction).

Fig. 2. Photo of gas cell A and B. The cold finger is mounted onto the 2nd stage of
the cryocooler. The middle part of the cells is a frame of stainless steel sealed with
the bottom and top copper plates containing the gas volume. The gas inlets and
resistive heaters are attached to the top plates.

Fig. 3. Neutron radiography setup at Morpheus beam line (SINQ, Paul Scherrer Institu
3 mm� 3 mm), monitor (detector), entrance window to the vacuum chamber (aluminu
with mean intensity I and standard deviation σðIÞ. For I as a
function of the amount of exposed neutrons a calibration factor
was measured:

I ¼ 1:67ð1Þ � ðneutron monitor count=106Þ ð8Þ
where 106 monitor counts correspond to an exposure of 5 min for
a constant proton beam current of about 1:5 mA on the SINQ
target. A fit of σðIÞ for different exposure times results in an esti-
mated statistical error for the intensity:

σðIÞ ¼ 0:206ð1Þ �
ffiffi
I

p
ð9Þ
4. Data processing

In the data processing two different Cartesian coordinates are
distinguished. One is aligned with the gas cell (cf. Fig. 1) and
labeled with ‘cell’ ( x!cell, y

!
cell and z!cell). The other ( x!, y! and z!)

is oriented along the central axis of the neutron beam and the
perpendicular image plate (cf. Fig. 3). For a perfectly aligned gas
cell, the corresponding basis vectors would point in the same
directions.

To measure the density gradient an image, Iðxi; yiÞ, of a cell filled
with 3He gas is used together with an image, I0ðxi; yiÞ, of the empty
cell (cf. Figs. 4 and 5). To each image Iðxi; yiÞ corresponds a mea-
surement of the temperature T low, Thigh and the pressure p in the
filled cell. Due to positioning uncertainty of the image plates, each
image has an independent misalignment in x and y and a rotation
around the z-axis. Alignment of the various images has been
performed offline by identifying and adjusting the position of
well-defined edges of the taken images (see Fig. 6).

The neutron radiography measures the transmission of the
neutrons through the 3He gas, described by Beer–Lambert's law:

Iðx; yÞ ¼ I0ðx; yÞ � exp �σabs �
Z
γ
n xcell; ycell; zcell
� �

ds

" #
ð10Þ

with nðxcell; ycell; zcellÞ the number density of the 3He gas, σabs the
absorption cross-section, γ the neutron path, Iðx; yÞ the transmis-
sion of the neutrons through the gas cell filled with 3He gas and
I0ðx; yÞ the transmission through the empty gas cell. The averaged
number density of the 3He gas can be obtained with

nðxi; yiÞ : ¼ 1=L �
Z
γ
n xcell; ycell; zcell
� �

ds¼ �1=ðσabs � LÞ

�ln Iðxi; yiÞ=I0ðxi; yiÞ
	 
 ð11Þ

with L the length of the gas cell.
te). From left: Monochromatic neutron beam (λ¼5 Å), beam aperture (square of
m window), gas cell, exit window of the vacuum chamber, and the image plate.
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Fig. 4. Neutron radiographies of cell A: (a) empty cell, (b) filled with 3He, (c) average intensity of (a) and (b) in vertical direction, and (d) obtained number density. The lower
right corner of the images is shadowed by the edges of the aluminumwindows of the vacuum chamber. In (a) and (b) a bar with intensities I proportional to the transmission
in arbitrary but identical units is shown. In (c) four ranges are indicated: #0: shadowed by the bottom plate, #1: affected by neutron reflection, #2: transmission with only
minor neutron reflections, #3: shadowed by the top plate. In (d) the number density for gradient III from Table 1 is shown.

Fig. 5. Neutron radiographies of cell B: (a) empty cell, (b) filled with 3He and (c) obtained number density. The lower left corner of the images is shadowed by the edges of
the aluminum windows of the vacuum chamber. On (a) and (b) a bar with intensities I proportional to the transmission in arbitrary but identical units is shown. On (c) the
number density with setting from Table 1 is shown. The lateral position corresponding to a height of about 20 mm (middle of the cell) and to a height of about 10 mm is
indicated with ‘x1’ and ‘x2’, respectively.
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In general the neutron path is passing differently dense regions
of the gas cell even for a number density constant in zcell-direction
due to beam divergence. Therefore forward calculations were done
to connect the experimentally observed nðxi; yiÞ from Eq. (11) to
the number density in the gas cell nðxcell; ycell; zcellÞ by using the
expected number density nðycell;hÞ from Eq. (7):

nsimðxi; yiÞ≔1=L �
Z
γðxi ;yiÞ

nðycell�y0;hÞ ds ð12Þ

with γðxi; yiÞ the neutron path between the aperture and the point
ðxi; yiÞ on the image plate, y0 ¼ y0ðxcellÞ the bottom of the gas
volume and h¼ hðxcellÞ the height at the lateral position xcell.
4.1. Systematic effects

The contribution to the intensity IBKG of a pixel on the image
plate from different origin than the monochromatic neutrons (e.g.
gamma radiation) causes background ðI ¼ Ineutronþ IBKGÞ. An upper
limit of IBKG ¼ 0:005 is obtained on the image plate by the regions
shielded from the neutron beam by the copper plates of the gas
cells. Therefore the constant background is neglected compared to
used intensities in the range of I¼0.3–8.

The opening of the aperture is 3 mm� 3 mm. The simplified
treatment as a point source generates a systematic error for the
forward calculations. The caused error in the number density is



Fig. 6. Superposition of two images filtered with edge-detection. Left image (B1)
prior and right image (B2) after alignment procedure.

Table 1
Various settings of T low, Thigh and p from gas cell A and B. ‘1:’ data from sensor
measurement (temperature and pressure) and expected density ratio
nmax=nmin ¼ Thigh=T low. ‘2:’ fit values of the forward calculation to the measurement,
asymptotic standard error in brackets; T low, Thigh, and the parameter for the ther-
mal conductivity b from Eq. (4) (b¼ 0:620ð3Þ from ab-initio data) and the maximal
observed ratio nmax=nmin ¼ nðy� 0ÞΔx=nðy� hÞΔx. The full ratio Thigh=T low is not
observable because of the neutron beam divergence.

Settings T low=K Thigh=K p=mbar b Thigh

T low

nmax

nmin

Cell A:
I 1: 6.1 19.7 9 3.2

2: 5.7(8) 20(2) 8.6(3) 0.62(2) 42:8
II 1: 7.3 31.1 12 4.3

2: 7.3(6) 31(1) 12.5(1) 0.62(2) 43:4
III 1: 8.3 40.7 15 4.9

2: 8(1) 41(1) 15.0(2) 0.63(4) 43:6

Cell B:
I 1: 8.5 32.7 5 3.8

2: 8.5(1) 33(1) 5.4(3) 0.62(5) 42
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Fig. 7. Relative number density nðyÞΔx=nðyt ¼ 43 mmÞΔx of setting III in gas cell A
(cf. Table 1, Δx¼ 35 mm). #0: shadowed by the bottom plate, #1: affected by
neutron reflection, #2: fit range for the forward calculation, #3: shadowed by the
top plate. The error bars have been scaled to a reduced χ2 ¼ 1 in region #2
(χ2 ¼ 1:17 with 166 d.o.f. prior to scaling). The ratio nmax=nmin in Table 1 ð43:6Þ is
defined from this diagram. The effective ratio 4.9 is not observable because of the
divergent neutron paths.
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estimated by calculations with shifted aperture positions. The
maximal error deduced from this is below 1.7% and the mean error
below 0.5% on the extracted densities.

The nominal neutron wavelength is 5 Å. The averaged number
density from Eq. (11) is proportional to 1=σabs and therefore pro-
portional to the neutron velocity. The systematic error for the
measurement of the density caused by the uncertainty of the
absolute neutron wavelength is generously estimated to be o2%.
The relative density for the maximum to minimum ratio stays
unaffected from this constant scale factor.

Neutrons can in principle be reflected from the top and bottom
plates and the side walls of the cell. Reflected neutrons describe a
different path and hence correspond to a different averaged gas
density than the non-reflected neutrons. Reflection is not con-
sidered by the forward calculation. Therefore the observed num-
ber density deviates from the forward calculation where the
contribution of reflected neutrons is relevant. Strongly affected
areas have been identified in images of the empty cell. To avoid
this complication the experimental values nðxi; yiÞ are fitted with
the simulated values nsimðxi; yiÞ to data for heights 48 mm above
the bottom plate (range #2). The excluded range for heights yi�
y0o8 mm is labeled with #1, see Fig. 4(c). In the upper part near
the top plate yi�y0435 mm reflected neutrons are also apparent.
However this error is o1% due to a smaller amount of reflected
neutrons and to a smaller density gradient compared to the bot-
tom plate. The reflected neutrons on the top plate result in a large
χ2 in range #2. Excluding the upper part reduces the sensitivity of
the measurement for the parameters T low, Thigh and b from Eq. (6).
Instead the complete range #2 was used with statistical error
scaled to achieve χ2 ¼ 1.
5. Results and discussion

The neutron radiography images yields the density gradients
for 3He gas in cell A and B (see Figs. 4 and 5). The number densities
in the cells decrease monotonically in vertical direction. With a
one dimensional approach of Fourier's law, an equation for the
number density is derived (Eq. (7)). The forward calculation of the
neutron paths through the setup with this number density fitted
to the measurements shows good agreement when areas affected
by neutron reflection are excluded. The free fit parameters are the
temperatures T low and Thigh, the pressure p in the cell and the
parameter b of the thermal conductivity from Eq. (4) (see rows ‘2:’
in Table 1). The ratio nmax=nmin in Table 1 is the maximal observed
ratio nðy� 0Þ=nðy� hÞ. The full ratio Thigh=T low is not observable
due to the neutron beam divergence. However, because of the
good agreement of the measurements and the description derived
from the ideal gas equation in range #2 we conclude that the
realized density gradient follows Eq. (7) over the whole gas region
and that the density ratios equals the temperature ratios.
The number density in cell A is constant for a given height,
therefore the statistical error could be reduced by considering
nðyiÞΔx, i.e. the average density at height yi over a width Δx in x-
direction. nðyiÞΔx of setting III from Table 1 is compared to the
forward calculation in Fig. 7 for Δx¼ 35 mm, i.e. 350 pixels.

In cell B the fraction of the data between bottom and top
affected by neutron reflection increases with decreasing cell
heights hðxcellÞ. The path length of the reflected neutrons is nearly
the same compared to the non-reflected neutrons. Therefore
reflected neutrons cannot obtain more than the maximal density
or less than the minimal density along their path through the cell.
A lower limit for the maximum to minimum density ratio between
the top and bottom can still be extracted. The lower limit for the
density ratio is 2 for a cell height hðxcellÞo10 mm from the mea-
surement in Table 1 (cf. Fig. 8).
6. Conclusion

In a neutron radiography experiment, a stationary cryogenic
3He density distribution with maximum to minimum ratio
exceeding a factor of 3 is verified. The gas density for different
temperatures in the range from 6 K to 40 K at pressures around
10 mbar could be described to better than 2%. The thermal
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conductivity of 3He gas was indirectly extracted over a descriptive
parameterization.

The achieved density gradients can readily be transferred to a
4He gas target and are suitable for the use in the muon cooling
scheme of reference [4]. Together with the experimental demon-
stration of longitudinal cooling [5] this presents another essen-
tial step towards the realization of a high-quality low-energy
μþ beam.
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