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I.

Zusammenfassung

Die Identiﬁzierung und Untersuchung strukturbestimmender Wechselwirkungen
in Molekülen ermöglicht das Verständnis fundamentaler Prozesse in der Natur.
Die Analyse der zu einer einzigartigen strukturellen Anordnung führenden Triebkräfte erlaubt eine exakte Beschreibung der Moleküle jenseits einer rein phänomenologischen Betrachtung.
Die Untersuchung dieser Wechselwirkungen mit quantenchemischen Methoden
ist sehr vielversprechend, da sie eine Beschreibung der Moleküle hinsichtlich
wechselwirkender Elektronen und Atomkerne gestatten. So ermöglichen sie nicht
nur eine hohe räumliche Auﬂösung bei hoher Genauigkeit, sondern auch die Analyse einzelner Wechselwirkungsbeiträge zur Gesamtstruktur, eine im Experiment
nur schwerlich zugängliche Information. Darüber hinaus ist es möglich die Eigenschaften eines Systems mit Hilfe eines quantenchemischen Modells zu studieren,
bei dem gewisse Wechselwirkungen an und ausgeschaltet werden können. Bei
der Untersuchung ist dabei zwischen intrinsischen intramolekularen Wechselwirkungen und einer Stabilisierung durch die Umgebung zu unterscheiden, die
beide in unterschiedlichem Masse zur Strukturbildung beitragen.
Von besonderem Interesse ist die Analyse strukturbestimmender Wechselwirkungen in polynuklearen Metallclustern, die durch ihre strukturelle Vielfalt, viele
unterschiedliche molekulare Eigenschaften von technischer Relevanz aufweisen.
Im Gegensatz zu organischen Verbindungen, die meist von kovalenten Wechselwirkungen bestimmt sind, ﬁndet man in der anorganischen Clusterchemie ein
Spektrum verschiedenster Wechselwirkungen.
In der vorliegenden Doktorarbeit werden, ausgehend von der fundamentalen vollrelativistischen Theorie bis hin zu Approximationen, die theoretischen Grundlagen der Wechselwirkungen in Molekülen diskutiert. Ein Schwerpunkt liegt dabei
auf konzeptionellen Problemen, wie zum Beispiel der Beschreibung von lokalen
Spins, die in der Quantentheorie explizit eingeführt werden muss. Das Konzept
der lokalen Spins ist von besonderem Nutzen, um Metall–Metall Wechselwirkungen im Rahmen eines Eindeterminantenansatzes adäquat zu beschreiben.
Gleichzeitig wird die Interpretation experimentaller Daten, wie magnetischer
Suzeptibilitäten, erleichtert.
Quantenchemische Untersuchungen an grossen polynuklearen Metallclustern beschränken sich in der Praxis jedoch meist auf Dichtefunktionaltheorie (DFT). Für
eine zuverlässige Bestimmung strukturbildender Wechselwirkungen ist daher eine
sorgfältige Analyse der DFT Genauigkeit erforderlich. In dieser Arbeit werden die
bei konkreter Untersuchung von Metallclustern entstehenden Unzulänglichkeiten
der Dichtefunktionaltheorie anhand von ausgewählten Beispielen diskutiert und
quantenchemische Ergebnisse mit experimentellen Daten verglichen.
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I.Zusammenfassung

Für die Identiﬁzierung strukturbestimmender Wechselwirkungen werden zudem
verallgemeinernde Konzepte untersucht. Darunter stellen Korrelationsdiagramme ein wertvolles Hilfsmittel dar, um Strukturen und molekulare Eigenschaften zueinander in Beziehung zu setzen. Das Abtasten relevanter Strukturen,
gleichbedeutend mit der Betrachung eines Ausschnitts der Potentialhyperﬂäche,
ermöglicht die Identiﬁzierung der zu Grunde liegenden, zu einer speziﬁschen
strukturellen Anordnung führenden Triebkräfte. Diese Erkenntnisse können nur
sehr schwerlich durch das Studium ausschliesslich energieminimierter Strukturen
gewonnen werden.
Im letzten Teil dieser Arbeit werden zwei quantenchemische Studien an polynuklearen Metallclustern vorgestellt. Beleucht werden exemplarisch die unterschiedlichen Wechselwirkungen in dem wasserspaltenden Übergangsmetallkomplex,
[(terpy)(H2 O)Ru(bpp)Ru(H2 O)(terpy)]3+ , und in den käﬁgartigen Hauptgruppenmetallclustern bestehend aus [Na12 ] und [Na13 ]. Dabei zeigt sich, dass die
relevanten Intermediate des zweikernigen Ru-Clusters sowohl von intrinsischen
Wechselwirkungen als auch von Wechselwirkungen mit der Umgebung, nämlich
mit Lösungsmittelmolekülen, bestimmt werden, während elektrostatische Wechselwirkungen in den Natriumkäﬁgen strukturbestimmend sind.

II.

Abstract

The identiﬁcation of structure determining interactions in molecules oﬀers a
direct means to understand most fundamental processes in nature. The analysis
of the driving forces that lead to a unique structural arrangement of atoms allows
for a profound interpretation of molecules beyond a mere phenomenological
description.
Quantum chemical methods are most promising to describe such interactions
because they facilitate a description of molecules in terms of interacting electrons
and nuclei. Moreover, these methods not only provide high spatial resolution at
high accuracy but also enable a study of individual contributions to the overall
structure of a molecule—information that can seldom be assessed in experiment. Quantum chemical protocols may be set up where certain interactions
may be switched on or oﬀ during the investigation. Thus, it is possible to study
the properties of a system and explore what kind of interactions are structure
determining. Here, one has to distinguish between the intrinsic intramolecular interactions and the stabilization by the environment, both of which can
contribute to varying degrees to yield the observed structure.
Structure determining interactions are particularly interesting in the study of
polynuclear metal clusters that exhibit a diverse range of structures with many
diﬀerent molecular properties of technological relevance. In contrast to organic
compounds that are often dominated by covalent interactions, inorganic cluster
chemstry exhibits a variety of diﬀerent interaction types.
In this thesis, the foundations of interactions in molecules from the most fundamental 4-component relativistic theory to approximations to this are discussed.
A special focus is placed on conceptual problems such as the description of local
spins, which have to be explicitly introduced in quantum theory. The concept
of local spin is required to accurately describe metal–metal interactions in a
single determinant framework. At the same time, it facilitates the comparison
to experimental data, e.g., to magnetic susceptibilities.
As large polynuclear metal clusters may often only be described by density functional theory (DFT), an evaluation of the DFT performance is a mandatory step
en route to the investigation of structure determining interactions. Challenges
of DFT are presented in view of practical problems that arise from the study
of metal clusters and quantum chemical results are compared to experimental
data.
For the identiﬁcation of structure determining interactions, concepts are presented that allow for more substantial investigations. Correlation diagrams are
shown to be a useful means to relate structures and molecular properties. By
sampling the relevant structures, i.e., by a scan of the potential energy surface,
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II.Abstract

correlation diagrams help to study the underlying driving forces that lead to
a speciﬁc structural arrangement. This information can not be obtained from
the investigation of minimum energy structures only.
In the last part of this work, two quantum chemical studies on polynuclear
metal clusters are presented including the water splitting transition-metal catalyst, [(terpy)(H2 O)Ru(bpp)Ru(H2 O)(terpy)]3+ , and cage-like main group metal
clusters composed of sodium atoms. These studies exemplify the diﬀerent interactions that contribute to the structure formation in polynuclear metal clusters.
For the dinuclear Ru-cluster, the structures of relevant intermediates are determined by both intrinsic interactions and interactions with the environment—in
this case with explicit solvent molecules—whereas the structures of the sodium
cages are found to be dominated by electrostatic interactions.

1.

Introduction

Structure formation in nature is a diverse and very complex process, where
various types of interaction may occur that eventually lead to a unique structural
arrangement [1].
A number of strategies to design compounds of certain shapes, like platonic bodies and other polyhedra with extraordinary high symmetry have been proposed
during the last years [2,3]. Special attention has been paid to the self-assembly
often accomplished in nature by weak interactions such as hydrogen bonds and
van der Waals interactions. All these studies focus on the idea to synthesize
compounds or clusters with a certain shape, hence to identify which building
blocks, which molecular fragment and small molecules are needed and suited to
build up a certain form. However, in order to gain an understanding beyond
a phenomenological description we have to ask ourselves how an interaction
determines the shape of a molecule, or in other words—if we investigate a given
molecule—what are the structure determining interactions. This is a particularly important question if supramolecular chemistry is to be based on weak
isotropic interactions like dispersion forces or electrostatic forces [4]. Work
in this direction has been started and very recently, Vernizzi and Olvera de
la Cruz investigated the eﬀect of electrostatic interactions on the shape of a
certain structure [5].
To be able to understand and classify the structure determining interactions in
molecular processes, such as formation of a reaction product is fundamental to
chemistry.
Within the variety of chemical compounds, polynuclear metal clusters are particularly interesting to study because such inorganic clusters, especially when
composed of open-shell transition-metal atoms, feature molecular properties of
technological importance. They may serve as molecular magnets, as reaction
centers for complex chemical transformations, e.g. in active sites of enzymes,
as quantum dots or for the physical realization of quantum-computer algorithms [6–32]. Identiﬁcation of structure determining interactions in metal clusters is the key step to design clusters with tailored properties.
In experiment, the driving forces that leads to formation of a certain shape
can hardly be investigated systematically because competing interactions cannot be separated and only the resulting structure can be studied. Quantum
chemical methods on the other hand oﬀer a more fundamental approach to this
problem as they describe the system in terms of interacting electrons and nuclei [33–36]. Hence, they are most promising to study such interactions because
they do not only supply complementary information to experiment but they
provide high spatial resolution at high accuracy. Moreover, quantum chemical
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1. Introduction

methods provide a means to separately investigate diﬀerent types of molecular
interactions.
In quantum chemistry, the interactions arising in the most general case from the
consideration of electrons and a set of ﬁxed nuclei (Born–Oppenheimer (BO)
approximation) as well as their interaction with external electric or magnetic
ﬁelds may be described by an energy operator referred to as the Hamiltonian.
Employed in an eigenvalue equation, which may be the Dirac or Schrödinger
equation, it yields the (electronic) energy and molecular properties of the system
from the wave function. Depending on the accuracy of the theory, certain
interactions can be considered as small, and hence be neglected, which reduces
the complexity of the Hamiltonian.

Figure 1.1: Schematic overview of the assessment of structure determining interactions in quantum chemistry.

One may set up a hierarchical model, where certain interactions may be switched
on and oﬀ for the investigation. Thus, we may explore the intrinsic properties
of a molecule and study which type of interaction determines its structure (left
branch in Figure 1.1). That implies to investigate whether it is suﬃcient to
describe the system in the most simple case with a electrostatic force ﬁeld model
only or whether covalent interactions governed by Hartree–Fock theory, Kohn–
Sham density functional theory (KS-DFT), or ab initio wave function methods
need to be taken into account in a non-relativistic or relativistic framework.
Additionally, we may study how the structure is determined by its environment as depicted in the right branch of Figure 1.1. For example, what kind
of interaction does occur when a generic isolated cluster is embedded in a ﬁrst
coordination sphere (ligand sphere), subsequently in a second sphere of coordination and eventually in a protein environment? Hence, we have to explore how

3

these explicit intramolecular interactions aﬀect the structure and the molecular
properties of the cluster under study. Furthermore, the inﬂuence of solvation
may have to be accounted for by explicit treatment of solvent molecules or by
a solvent model.
The aim of this thesis is to explore the structure-determining interactions occurring in the chemistry of metal clusters. We provide the quantum chemical
foundations of these interactions in terms of the Hamiltonian: from the fundamental 4-component relativistic theory to adequate approximations as depicted
in Figure 1.1. Moreover, we focus on conceptual problems such as the deﬁnition
of local spin that are required for the description of magnetic coupling in a
phenomenological Spin Hamiltonian in chapter 2.
As quantum chemical investigations of metal clusters are often restricted to
density functional theory for reasons of feasibility, we point out the shortcomings
and challenges of this theory in chapter 3 and present pitfalls arising in practical
quantum chemical investigations of polynuclear metal complexes. In order to
arrive at a more substantial picture of the structure-determining interactions in
such clusters, we propose concepts that may help to classify and characterize the
species under study with focus on polynuclear transition-metal clusters in chapter
4. In particular, we shall explore the usefulness of correlation diagrams. In
chapter 5 and 6, we present two quantum chemical studies that illustrate diﬀerent
structure determining interactions in metal clusters. A water splitting Ru-based
catalyst is investigated in chapter 5, where we identify relevant structures and
reaction intermediates, whereas in chapter 6, we discuss the underlying driving
forces leading to a certain structural arrangement in main group metal clusters
for the example of the [Na12 ] and [Na13 ] onion-like alkali–anion cages.

4

1. Introduction

2.

Theoretical foundations of interactions in
molecules

This chapter is an introduction to the theoretical foundations of interactions in
molecules as relevant for the chemistry of metal clusters with a special focus
on spin–spin interactions in transition-metal clusters [37].
The accurate quantum-mechanical first-principles description of all interactions
within a transition-metal cluster represented as a collection of electrons and
atomic nuclei is a prerequisite for understanding and predicting structures and
reactivities. The standard semi-classical theory of the quantum mechanics of
electrons and atomic nuclei interacting via electromagnetic waves, i.e., described
by Maxwell electrodynamics, turns out to be the theory suﬃcient to describe
all such interactions [38]. In semi-classical theory, the motion of the ‘elementary particles’ of chemistry, i.e., of electrons and nuclei, is described quantum
mechanically, while their electromagnetic interactions are described by classical
electric and magnetic ﬁelds, E and B, often represented in terms of the nonredundant four components of the 4-potential, namely the scalar potential φ
and the vector potential A.
The motion of elementary charged particles produces magnetic ﬁelds B =
∇ × A ≡ curlA. Through the principle of minimal coupling these enter the
interaction operators of the quantum mechanical Hamiltonian. It can then be
shown that the magnetic-ﬁeld-dependent terms in the Hamiltonian contain all
(electron) spin interactions within the molecule described by the Hamiltonian.
The magnetic ﬁeld generated by the nuclear spins is usually considered as a
contribution to the external electromagnetic ﬁeld. A key to such spin interactions is necessarily a consistent relativistic formulation of quantum mechanics
because all magnetic interactions vanish in the strict non-relativistic limit with
inﬁnite speed of light c.
In this chapter, we shall ﬁrst establish the theoretical foundations of the relativistic semi-classical theory that eventually lead to the formulation of the
Breit–Pauli Hamiltonian. The latter is an approximation suited to make the
connection to phenomenological model Hamiltonians like the Heisenberg Hamiltonian for the description of electronic spin–spin interactions. The complete
derivations have been given in detail in Ref. [38]. We aim here at a summary
that highlights all relevant connections between diﬀerent levels of approximation
and allows us to connect present-day quantum-chemical methods to phenomenological Hamiltonians.
A special focus will be on phenomenological Hamiltonians involving electronic
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spin interactions. For this it is necessary to deﬁne atomic surrogate spin
operators—so-called local spin operators—that may be directly related to the
eﬀective spins. e.g., in the Heisenberg Hamiltonian.

2.1

An introduction to single-determinant quantum chemistry

In quantum chemistry, the total energy E of a molecule can be calculated as
an expectation value of its wave function Ψ and the energy operator—referred
to as the Hamiltonian H,
hΨ|H|Ψi
E=
.
(2.1)
hΨ|Ψi
As the wave function Ψ is not known analytically for systems larger than a
hydrogen-like atom, suitable approximate wave functions have to be found and
the accuracy of Eq. (2.1) depends of course on the level of approximation.
A survey of the various quantum chemical methods to generate approximated
wave functions can be found in Refs. [39, 40]. Here, we shall only present the
foundations of Hartree–Fock and density functional theory (DFT) needed in
later sections.
The total wave function Ψ of a molecule comprising N electrons and M nuclei
depends on 3N electronic plus spin coordinates, {si } and {r i }, and all 3M
nuclear coordinates {RI }. It can be approximated as a product of a nuclear
wave function χ ({RI }) and an electronic wave function Ψel ({r i }; {si }),
{R }
Ψ({ri }; {si}; {RI }) ≈ χ ({RI }) · Ψel I ({ri }; {si}),

(2.2)

where the electronic wave function depends parametrically on the nuclear coordinates as indicated by the superscript to Ψel . In transition-metal cluster
chemistry, we are often interested in the electronic part of the wave function
only because it provides the electronic structure from which all molecular properties of the system can be calculated.
The most simple ansatz is to approximate this N-electron wave function by
a product ΨHP of N one-electron functions φi (xi ) (Hartree product of spin
orbitals),
Ψel (x1 , x2 , . . . , xN ) → ΨHP = φ1 (x1 )φ2 (x2 ) . . . φN (xN ),

(2.3)

where the coordinate x comprises spin and spatial coordinates and we omitted
the superscript {RI } for convenience.
Every fermionic wave function has to be antisymmetric when exchanging the
coordinates of any two particles (Pauli principle) which is not fulﬁlled for a simple
product ansatz as in Eq. (2.3). Therefore, we explicitly have to antisymmetrize
the Hartree product ΨHP and obtain the Slater determinant:
Ψel ≈ ΨSD = ÂΨHP(x1 , x2 , . . . , xN ) = Â[φ1 (x1 )φ2 (x2 ) . . . φN (xN )],

(2.4)

2.2. Relativistic semi-classical many-electron Hamiltonian

where Â is the antisymmetrization operator,
"
#
n!
X
1 X
1
Â = √
1−
Pij + . . . ,
(−1)ν Pν = √
n! ν=1
n!
ij
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(2.5)

and ν denotes all n! permutations Pν of coordinates. If the permutations are
constructed from an even number of pair exchanges Pij , ν is even—and odd
otherwise.
In the most simple case of one pair of coordinates being interchanged the
permutation operator Pij acts as follows on a Hartree product,
Pij [φa (xi )φb (xj )] = φa (xj )φb (xi ).

(2.6)

The spin orbitals may be decomposed into a spatial part φi(r i ) depending on
the cartesian coordinate r i and a spin function σ(si ) depending on the spin
coordinate si , which may either be an α- or β-function
φi (xi ) = φi (ri ) · σ(si ).

(2.7)

In the following, if not noted otherwise spatial orbitals will be employed, while
the usage of spin orbitals will be explicitly indicated.
Prior to choosing the wave-function approximation it is, however, necessary to
set-up the electronic Hamiltonian H that describes all interactions of elementary
particles. Therefore, we start with the derivation of the full semi-classical manyelectron Hamiltonian describing all interactions relevant for chemical problems
and subsequently discuss approximations to this full-ﬂedged quantum chemical
Hamiltonian.

2.2

Relativistic semi-classical many-electron Hamiltonian

The many-particle Hamiltonian for a set of electrons and nuclei can be expressed
as the sum of kinetic and pair-interaction operators,
H = Tnuc + Tel + Vel−el + Vel−nuc + Vnuc−nuc ,

(2.8)

which can be written as
H =

M
X

hnuc (I) +

I=1

= Hel + Tnuc ,

N
X
i=1

hD (i) +

N
X

g(i, j) + Vel−nuc + Vnuc−nuc

(2.9)

i>j

(2.10)

where we have not absorbed the electron–nucleus interaction Vel−nuc in the oneelectron operators hD (i). Under the assumption of inﬁnitely heavy nuclei Eq.
(2.9) conveniently separates into an electronic Hamiltonian Hel and a vanishing
nuclear part Tnuc . From now on we only consider the electronic Hamiltonian
for a set of ﬁxed nuclei.
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Fo a quasi-relativistic framework as relevant to chemistry [38], we may neglect
the magnetic retardation between the electrons and the nuclei and therefore employ standard Coulombic interaction operators for the electrostatic interaction.
The interaction between the electrons and the nuclei is not speciﬁed explicitly
but we only describe the interactions by some external 4-potential. For the sake
of brevity this 4-potential shall comprise all external contributions. Explicit expressions for the interaction between electrons and nuclei will be introduced at
a later stage. Furthermore, we can neglect the relativistic nature of the kinetic
energy of the nuclei and employ the non-relativistic kinetic energy operator
denoted as hnuc (I),
p2
hnuc (I) = I .
(2.11)
2mI
The second term in Eq. (2.9) denotes the sum of the relativistic one-electron
Dirac Hamiltonians of moving electrons in some additional external electromagnetic ﬁeld (φext , Aext ),


qe
(2.12)
hD (i) = cαi · pi − Aext + (βi − 1)me c2 + qe φext .
c

Aext is the vector potential of the external ﬁeld (yielding a magnetic ﬁeld) and
cαi the Dirac velocity operator. Here, αi is a vector of the three 4×4 Dirac
matrices containing Pauli spin matrices σ = (σx , σy , σz ), whereas βi is the fourth
4×4 Dirac matrix. The charge of the electron is given by qe = −e, c is the speed
of light, me the electron’s rest mass and pi its momentum operator. As the
one-electron Hamiltonian has a 4×4 structure the corresponding one-electron
eigenfunction ψ must be of the same dimension. In the standard representation
ψ is a vector of four functions called spinor. It is often split into an upper
2-spinor that is also referred to as the large component and indicated by the
superscript L and a lower 2-spinor referred to as the small component marked
by the superscript S,
 
ψ1
 L
ψ2 
ψ


,
(2.13)
ψ= =
ψS
ψ3
ψ4

because of the 2×2 super-block structure of hD . If we now consider the oneelectron case, the one-electron Dirac equation in an external ﬁeld may be written
as
∂
i~ ψ = [cα · π + βme c2 + qe φext ]ψ,
(2.14)
∂t
when combining the momentum operator p and the external vector ﬁeld in π
(in Gaussian units used throughout),
p −→ π = p −

qe
Aext .
c

One may now write Eq. (2.14) in split notation,

 L



 
∂ ψL
ψ
ψL
(σ · π)ψ S
2
,
+V
+ me c
i~
=c
S
L
S
ψS
−ψ
(σ
·
π)ψ
ψ
∂t

(2.15)

(2.16)
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where we abbreviated qe φext by V .
The third term in Eq. (2.9) is the sum over all electron–electron repulsion
operators abbreviated by g(i, j), which is in the case of the relativistic manyelectron Hamiltonian equal to
g(i, j) = VC (i, j) + magnetic terms + retardation terms,

(2.17)

with VC being the instantaneous Coulomb interaction which is the correct
electron–electron interaction in the case of c → ∞,

qe2
.
(2.18)
|ri − r j |
As a next step we also need to specify the magnetic and retardation interactions
experienced by an electron i and generated by all other electrons. In a ﬁrst
approximation retardation is neglected and we assume that electron i experiences
the electromagnetic ﬁeld immediately. For the scalar potential φj,unret and the
vector potential Aj,unret created by electron j and felt by electron i the classical
expression reads
qj
ṙ j qj
φj,unret (r i , rj ) =
and Aj,unret (r i , r j ) =
.
(2.19)
rij
c rij
Here, qj is the charge of electron j, rij is the distance between between electrons
i and j. From the classical interaction energy we can extract the operator
accounting for the electron–electron pair-interaction g(i, j) via the corresponding
principle (c.p.) [38],
c→∞

g(i, j) −→ VC (i, j) =

2
qe
c.p. q
(2.20)
ṙi · Aj −→ e (1 − αi αj ),
c
rij
where we chose the velocity operator to be the Dirac velocity operator cα.
The ﬁrst term in Eq. (2.20) is the Coulomb operator and the second term is
the so-called Gaunt operator that couples the spin momenta of the interacting
electrons.
So far, we considered only the unretarded electromagnetic ﬁeld. However, for
the correct expression, we have to include the retardation of the vector potential due to the ﬁnite speed of light. We may obtain from Darwin’s classical
electromagnetic interaction energy expression [38](correct up to O(c−2)),


qe2 (cαi )(cαj ) (rij · cαi )(r ij · cαj )
qe2
,
(2.21)
g(i, j) =
−
+
rij 2c2
rij
rij3

g CG(i, j) = qe φj −

where the last two terms denote the Breit interaction.
By inserting the equations deﬁning the kinetic energy operators and the pairwise
interaction operators into Eq. (2.9) we obtain the Dirac–Coulomb–Breit Hamiltonian, which is in chemistry usually considered the fully relativistic reference
Hamiltonian.
Note that the Breit-type operators are often neglected in quantum chemistry
because they yield small energy contributions in comparison to the instantaneous
Coulomb interaction. However, the eﬀects may not be negligible in highly
accurate quantum chemical calculations or for spin- or magnetic-ﬁeld dependent
properties such as those measured by magnetic resonance spectroscopies.
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Relation to current-density functional theory

In the previous section we presented the semi-classical electron–electron interaction: we treated the electrons quantum mechanically but assumed that they
interact via classical electromagnetic ﬁelds. The Breit retardation is only an
approximate treatment of retardation and we shall now consider a more consistent treatment of the electron–electron interaction operator that also provides
a bridge to relativistic DFT, which is current-density functional theory. For the
correct description we have to take the quantization of electromagnetic ﬁelds
into account (however, we will discuss only old, i.e., pre-1940 quantum electrodynamics). This means the two moving electrons interact via exchanged virtual
photons with a speciﬁc angular frequency ω = |ωnm |. Electron j is, hence,
scattered by a virtual photon that was emitted by electron i. The frequency
of the virtual photon is of course related to the energy diﬀerence of the initial
state n and ﬁnal state m of electron i,
Em − En = ~ωmn .

(2.22)

The electromagnetic interaction energy
In order to derive an expression for the electron–electron interaction, we shall
recall that a one-electron wave function ψ(r, t) can be expanded in a sum of
basis functions ψn (r) and a time-dependent pre-factor exp(−iEn t/~),
ψ(r, t) =

X

an ψn (r)e(−iEn t/~) .

(2.23)

n

Moreover, in a relativistic framework with moving charges, we do not only
have to deal with the electron density ρ(r, t) which describes the distribution
of charges qe in space and yields the total charge QV by integration over the
complete volume V multiplied by the electron charge qe , but also the current
density j(r, t) that is generated by the moving electrons. An expression for the
interaction of two electrons can then be derived from these quantities [38].
According to the correspondence principle the classical expression for the electron
density ρ(r, t) can be converted to the quantum mechanical description by taking
into account that the particle density is calculated by integration of the product
of the N-electron wave function Ψel and its complex conjugate Ψ†el . We introduce
the charge-weighted density by multiplication of the electron density with the
electron charge,
ρC (r, t) = qe ρ(r, t) = −eρ(r, t).

(2.24)

From the classical charge density for a collection of point particles, ρC (r, t),
with charge qe ,
ρC (r, t) =

N
X
i=1

qe δ (3) (r − r i (t))

(2.25)
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we arrive via the correspondence principle at the quantum mechanical expression
for the charge-weighted density,
ρC (r) =

Z

+∞
3

−∞

d r1 · · ·

Z

+∞

d3 rN Ψ† (r 1 , r 2 , . . . , rN )ρ̂C Ψ(r 1 , r 2 , . . . , r N ). (2.26)

−∞

Note that in Eqs. (2.23), (2.24) and (2.26) r denotes spatial coordinates (integration over spin degrees of freedom has been omitted for the sake of brevity).
Accordingly, the classical current density j(r, t) is a 3-vector and depends on
the velocity of the moving electrons ṙ,
j(r, t) =

N
X
i=1

ṙ i (t)δ (3) (r − r i (t)).

(2.27)

By multiplication with the electron charge, we obtain the charge-weighted
current-density,
j C (r, t) = qe j(r, t) = −ej(r, t).
(2.28)
The quantum mechanical expression for this quantity is then obtained from Eq.
(2.27) when we replace the classical velocity ṙ i (t) by the Dirac velocity operator
cαi and evaluate its expectation value [38],
j C (r) = qe c

Z

+∞

−∞

3

d r1 · · ·

Z

+∞
3

†

d rN Ψ (r 1 , . . . , rN )

−∞

N
X
i=1

αi δ (3) (r i −r)Ψ(r 1 , . . . , r N ).

(2.29)
Based on the quantum mechanical equation of motion, the continuity equation
actually deﬁnes the relation between the electron density ρ(r, t) and the currentdensity j(r, t) at a given time,
∂ρ(r, t)
+ ∇j(r, t) = 0,
∂t

(2.30)

which we may combine to the 4-component charge-current jµ . The charge
weighted 4-current jCµ reads accordingly,
jCµ = qe j µ = (cρC , j C ).

(2.31)

When inserting Eq. (2.23) into Eq. (2.29), jCµ (r, t) reads for the case of a single
electron,
!
X
X
jCµ (r, t) = cqe
a⋆n am e(−iωmn t) ψn† ψm , qe c
a⋆n am e(−iωmn t) ψn† αψm . (2.32)
nm

nm

The scalar and vector potentials created by one electron is related to its 4-current
jCµ ,
4π
(2.33)
Aµ = + jCµ .
c
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In Eq. (2.33) we exploited the short-hand notation for the d’Alembert operator
that contains the second derivatives with respect to time and spatial coordinates
(the latter abbreviated by the Laplacian ∆),
= ∂µ ∂ µ =

1 ∂
− ∆.
c2 ∂t2

The 4-potential is then obtained as,
Z
Z
µ
′ ′
1
j µ (r ′ , t − |r′ − r|/c)
1
µ
3 ′ jC (r , t )
A (r, t) =
dr ′
d3 r ′ C
=
.
c
|r − r|
c
|r′ − r|

(2.34)

(2.35)

Here, the retardation is accounted for in jCµ (r ′ , t′ ) that denotes the value of jCµ
at the retarded time t − |r′ − r|/c.
The components of the 4-potential may be written in the light of Eq. (2.32) as
Z
X
1
′
⋆
(iωnm t)
e(iωmn |r−r |/c) ψm (r ′ ),
d3 r ′ ψn† (r ′ )
φ(r, t) = qe
an am e
′
|r − r |
nm
A(r, t) = qe

X
nm

a⋆n am e(iωnm t)

Z

(2.36)

d3 r ′ ψn† (r ′ )

α
′
e(iωmn |r−r |/c) ψm (r ′ ),
′
|r − r |

(2.37)

where the retardation is found in the exponential function under the integral.
The unretarded potential is received if the frequency of the exchanged virtual
photon ωmn is set to zero.
In analogy to the classical expression for a continuous charge distribution ρC (r),
Z
Z
Z
′
1
1
3
3 ′ ρC (r)ρC (r )
dr dr
d3 rρC (r)φ(r),
(2.38)
=
U=
2
|r − r ′ |
2
—where the pre-factor 1/2 prevents double counting the interactions—we can
set up the quantum mechanical expression for the interaction energy of the
two electrons i and j. When generalizing the charge distribution ρC (r) by the
4-current jCµ (i) of electron i and inserting the 4-potential Aµ (i) generated by
electron j instead of the scalar ﬁeld φ in Eq. (2.38), we arrive at the following
expression,
Z
Z
Z
1
1
j µ (i)jC,µ (j)
µ
3
3
V (i, j) =
d ri jC (i)Aµ (i) = 2 d ri d3 rj C
.
(2.39)
2c
2c
rij
After inserting Eqs. (2.36), (2.37), and (2.32) into Eq. (2.39), we may rewrite
the electron–electron interaction then as
1 X ⋆ ⋆
V (i, j) = qe2
al an am ak e(i[ωnm +ωlk ]t) Vlnkm,
(2.40)
2
klmn

with the matrix element Vlnkm deﬁned as
Z
Z
1 − αi αj (iωnm rij /c)
3
e
ψm (r j )ψk (r i ).
Vlnkm = d ri d3 rj ψl† (r i )ψn† (r j )
rij

(2.41)

2.2. Relativistic semi-classical many-electron Hamiltonian

13

If we now set the frequencies of the exchanged virtual photon to zero, ωnm → 0,
i.e., if we neglect retardation eﬀects, the energy expectation value reduces to
Z
Z
1 2X ⋆ ⋆
1 − αi αj
3
V (i, j) = qe
al an am ak d ri d3 rj ψl† (r i )ψn† (rj )
ψm (rj )ψk (r i ),
2 klmn
rij
(2.42)
where we recover the Coulomb plus Gaunt operators in the integral [38]. This
expression for the electromagnetic interaction energy is central to current-density
functional theory.
Current-density functional theory
The idea of density functional theory is that solely the electron density provides
all necessary information about a system of electrons. As we have seen, when
considering the interaction of moving charged fermions, it is the 4-current jµ
rather than the electron density ρ that has to be considered. In 1964, Hohenberg
and Kohn [41] stated that in a non-relativistic framework the ground-state energy
of a system can be calculated from its electron density and any trial density
yields an energy that is an upper bound to the correct solution.
The Hohenberg–Kohn theorems were extended by Rajagopal and Callaway [42]
to the more general relativistic case. Instead of the electron density they treated
the 4-current in the same manner as Hohenberg and Kohn and obtained the
energy expression,
Eel [j µ ] = T [j µ ] + Vel−nuc [j µ ] + J[j µ ] + EXC [j µ ],

(2.43)

where T [j µ ] is the kinetic energy functional, Vel−nuc [j µ ] is the external potential
arising from the interaction of the electronic 4-current j µ with all nuclei, J[j µ ]
the classical electromagnetic interaction energy as given by Eq. (2.42), and
EXC [j µ ] the exchange–correlation current-density functional that contains all
exchange and correlation eﬀects. In accordance with density functional theory,
we would obtain the exact solution for the system considered with respect
to the relativistic framework, if the exact exchange–correlation current-density
functional were known. Unfortunately, up to date no such exact analytical
expression for EXC [j µ ] exists. Hence, the accuracy of current-density functional
theory depends on how well the functional can be approximated [43–47].
From a physical point of view it seems obvious that the electron density and
the current density depending on only three spatial coordinates may be more
eligible candidates for the calculation of physical observables rather than the
wave function with 3N (plus spin) coordinates. Diﬃculties, however, may arise
when constructing these densities. The idea of Kohn and Sham was to consider
a surrogate system of non-interacting fermions that has the same ground state
density as the fully interacting system. The advantage of this choice is that the
wave function of the surrogate system is an antisymmetrized Hartree product,
i.e., a Slater determinant. Rajagopal and Callaway [42] derived the corresponding relativistic Kohn–Sham-DFT (KS-DFT) equations for the non-interacting
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fermionic particles,
h
i
qe
cα · (p − Aeff (r)) + βme c2 + qe φeff (r) ψi (r) = ǫi ψi (r),
(2.44)
c
which resemble the one-electron Dirac equation in an eﬀective potential. The
eﬀective 4-potential (φeff (r), Aeff (r)) depends on the electronic 4-current j µ ,
Z
j 0 (r ′ )
δEXC [j µ ]
qe
d3 r ′
+
c
,
(2.45)
φeff (r) = φext (r) +
c
|r − r ′ |
δj 0 (r)
Z
qe
j(r ′ )
δEXC [j µ ]
Aeff (r) = Aext (r) +
d3 r ′
+
c
.
(2.46)
c
|r − r ′ |
δj(r)

Note that already because of the approximate nature of present-day functionals
it can be beneﬁcial to introduce spin-dependent functionals as suggested e.g.,
by MacDonald and Vosko [48].
2.2.2

Spin-density functional theory

In four-component KS-DFT spin is no longer a good quantum number because
spin–orbit coupling arises. We could circumvent this problem employing an
external axis of quantization for the spin, which is conveniently the z-axis.
Such an approach is called collinear. The z-component of the spin operator
leads to the spin density and can be calculated by subtracting the α- and β-spin
densities, i.e., the sum of the absolute-squared α-orbitals minus the sum of the
absolute-squared β-orbitals, from each other.
If we refrain from such a restriction and consider a spin-operator dependent
Hamiltonian, such as the four component KS Hamiltonian or the Dirac–Coulomb
Hamiltonian, the Hamiltonian does not commute with the square of the spin
operator. The square of the spin operator and the Hamiltonian then do not share
the same set of eigenfunctions, and hence spin is no longer a good quantum
number. In this noncollinear framework we must therefore ﬁnd a diﬀerent
solution and may deﬁne a spin density equal to the magnetization vector [49].
Here, we should mention that there exists an extensive discussion in the literature on the capabilities of spin-DFT regarding, for instance, the question
whether the Kohn–Sham spin density has to be equal to the spin density of
the fully interacting system of electrons (and in the case of open-shell singlet
broken-symmetry determinants (see below) for binuclear transition metal clusters this is certainly not the case; see Ref. [50] for a more detailed discussion).
But the situation is much more subtle and one may basically set up the variational procedure in a Kohn–Sham framework such that the spin density of the
Kohn–Sham system of non-interacting fermions represents the true spin density.
However, the frame of this thesis is not suﬃcient to present all details on this
matter [51, 52].

2.3

From Dirac–Breit to Breit–Pauli Hamiltonians

Up to this point, we have presented the fully relativistic Hamiltonian. Of course,
we could set out to calculate energies of molecules employing this Hamiltonian.

2.3. From Dirac–Breit to Breit–Pauli Hamiltonians
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However, the various spin–spin interactions are easier described in terms of a
perturbation picture rather than as excited states of the full-ﬂedged Hamiltonian.
Especially for the fully relativistic Dirac–Coulomb–Breit Hamiltonian, the latter
calculations would be computationally very demanding.
Another approach is therefore to reduce the 4-component Hamiltonian to an
electron-only one eliminating the negative-energy states in the spectrum of
the one-electron operator. For this, we may block-diagonalize the 4×4 Dirac
Hamiltonian by applying unitary transformations. Thus, we obtain a blockdiagonal Hamiltonian and simultaneously decouple the negative-energy states
and may proceed with the block describing the positive energy states. The
unitary transformations are rather involved and based on the idea to expand
each unitary transformation into a Taylor series with respect to an antihermitian
operator. While there exist diﬀerent expansion parameters [53, 54], only the
Douglas–Kroll–Hess (DKH) expansion yields the correct results, whereas the
Foldy–Wouthuysen 1/c expansion is ill-deﬁned [55–57].
Note that as long as the unitary transformation is exact, i.e., as long as the
Taylor series is inﬁnite and converges, the exact energy eigenvalues of the 4component untransformed Hamiltonian are obtained.
A second approach to achieve a reduction of the 4-component Hamiltonian to
an electrons-only Hamiltonian is to introduce approximations by eliminating the
small components of the wave function [58–70]. Also here, diﬀerent protocols
have been successfully exploited in quantum chemistry.
2.3.1

The Breit–Pauli Hamiltonian

The Breit–Pauli Hamiltonian is an approximation up to 1/c2 to the Dirac–
Coulomb–Breit Hamiltonian obtained from a free-particle Foldy–Wouthuysen
transformation. Because of the convergence issues mentioned in the preceding
section, the Breit–Pauli Hamiltonian may only be employed in perturbation
theory and not in a variational procedure. The derivation of the Breit–Pauli
Hamiltonian is tedious [38].
The Breit–Pauli Hamiltonian with an external ﬁeld contains all standard oneand two-electron contributions as well as the magnetic interaction of the electrons
and their interactions with an external electromagnetic ﬁeld. We may group
the various contributions in the Breit–Pauli Hamiltonian according to one- and
two-electron terms,
HBP =

N
X
i=1

Pauli

h

(i) +

N
X

g BP (i, j),

(2.47)

i>j

where we identify the one-electron terms as the one-particle Pauli Hamiltonians
hPauli (i) in an external ﬁeld Aµ (φ, j), that has not been speciﬁed explicitly yet.
We keep this simple form to derive the general terms arising from an interaction
with such an external ﬁeld, whereas the individual contributions are introduced
at a later stage.
Because often only the ﬁeld-free Pauli Hamiltonian is presented in the literature,
we shall brieﬂy sketch the derivation of the Hamiltonian hPauli (i) within an
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external ﬁeld. For this, we start with the elimination of the small component
in the one-electron Dirac equation by substitution of the small component of
Eq. (2.16) to obtain an expression of the large component only
(V + cσ · pX)ψ L = ǫψ L ,

(2.48)

where X denotes the energy-dependent operator,
X = X(ǫ) = (ǫ − V + 2me c2 )−1 cσ · p

(2.49)

Inserting Eq. (2.49) into Eq. (2.48), then yields
(V − ǫ)ψ L +

1
[(cσ · π)ω(cσ · π)]ψ L = 0,
2me c2

(2.50)

where we also introduced the scalar operator ω that may be approximated by
a Taylor series expansion


V −ǫ
ω = ω(ǫ) = 1 −
2me c2

−1

k 

∞ 
X
V −ǫ
V −ǫ
.
=
≈ 1+
2me c2
2me c2

(2.51)

k=0

Note that the non-relativistic Schrödinger equation is recovered when ω is set
to 1.
If we employ the approximated ω up to the order of O(c−2) as given in the
previous equation and insert it into Eq. (2.50), we obtain,




1
Vi − ǫ
Pauli
h
(i) =
(cσ i · π i ) 1 +
(cσ i · π i ) ,
(2.52)
2me c2
2me c2
where we introduced the index ”i“, which denotes all quantities corresponding
to electron i. With Dirac’s relation,
1
π2
(σ · π)(σ · π) =
+ iσ · (π × π),
2me
2me

(2.53)

we obtain the non-relativistic contributions, i.e., the non-relativistic kinetic
energy in an external ﬁeld as well as the coupling of the spin to the external
magnetic ﬁeld B i ,


(pi − qce Ai )2
~qe
qe
1
2
Pauli
πi −
Biσi =
−
B i · si ,
(2.54)
hext (i) =
2me
c
2me
me c
where we also utilized the deﬁnition of the electron spin operator s that is ~2 σ.
The O(c−2 ) term in Eq. (2.52) yields the relativistic energy contributions, which
we denoted here as hPauli
rel (i),
hPauli
rel (i) =

ǫπ 2i
σ i · π i Vi σ i · π i
−
.
4m2e c2
4m2e c2

(2.55)
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After some algebraic manipulation [see for example chapter 13.1 in Ref. [38]]
these terms yield
hPauli
rel (i) = −

π 4i
1
iσ i
−
(π 2i Vi ) +
[π i Vi × π i ].
3
2
2
2
8me c
8me c
4m2e c2

(2.56)

Without presenting a detailed derivation, it can easily be seen when re-substituting π i with pi − qe /cAi that all terms containing the vector ﬁeld Ai can be
omitted as they contain a total pre-factor ∝ 1/c3 . However, we only consider
terms that are correct up to O(c−2 ),
1
i
p4i
2
(p
V
)
σ i [pi Vi × pi ] .
−
+
hPauli
(i)
=
−
i
i
rel
8m3e c2
8m2e c2
4m2e c2
| {z } |
{z
}|
{z
}
mass−velocity

Darwin

(2.57)

spin−orbit

In order to readily compare these terms to their expressions in the Breit–Pauli
Hamiltonian given for example in Refs. [38, 71], we insert the deﬁnition of the
electric ﬁeld strength E i and the momentum operator pi into Eq. (2.56),
 
Vi
and pi = −i~∇i ,
(2.58)
E i = −∇i
qe
Then we obtain with the deﬁnition of the electron spin operator s = ~2 σ,
hPauli
rel (i) = −

i~qe
qe
p4i
−
pi · E i −
(E i × pi )si .
3
2
2
2
8me c
8me c
2m2e c2

(2.59)

Combining these results, the Pauli Hamiltonian hPauli (i) with an external ﬁeld
can be written as
2
qe
p4i
1 
qe
pi − Aext −
hPauli (i) =
(si · B i ) + Vi −
2me
c
me c
8m3e c2
i~qe
qe
−
pi · E i −
si · (E i × pi ).
(2.60)
2
2
8me c
2m2e c2
It comprises the non-relativistic Hamiltonian of the form p2i /2me + V and the
relativistic correction terms, such as the mass–velocity operator −p4i /8m3e c2 ,
the Darwin term proportional to pi · E i , and the spin–orbit coupling term
proportional to si · (E i × pi ). Note that the diamagnetic term (see Ref. [72]) of
the form qe2 A2i /2me c2 is incorporated in the ﬁrst term in Eq. (2.60), whereas it
was neglected in Bethe and Salpeter’s presentation Ref. [71, p. 181] of the Breit–
Pauli Hamiltonian but added in a later step of the derivation in Ref. [71, p. 183].
Considering the mass–velocity term −p4 /8m3e c2 , we chose the pre-factor of the
one-electron Pauli Hamiltonian (see Ref. [38]) to be 1/8 rather than 1/4 as in
Bethe and Salpeter’s book [71]. As each term of hPauli (i) should have the unit of
energy, e.g. Joule, we omitted an ~ in the spin–orbit coupling term proportional
to si · (E i × pi ) and in the term containing the magnetic ﬁeld proportional to
(si · B i ) in contrast to HBP in Ref. [71]. (Note that s diﬀers from our deﬁnition
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here, i.e., s = 12 σ in Ref. [71] and the spin operator is deﬁned as J spin = ~s).
In our expression each term of hPauli (i) features a correct energy unit which
may easily be checked.
In contrast to the one-electron terms, the reduction of the 4×4 Dirac–Breit
Hamiltonian to the 2×2 Breit–Pauli Hamiltonian is very tedious for the twoelectron terms as each interaction term has to be transformed according to the
Foldy–Wouthuysen protocol. As the derivation can be found for example in
Refs. [73–75] and in detail in Ref. [38], we only present here the transformed
terms and discuss their dimensions. The two-electron Breit–Pauli operator
g BP (i, j) reads


pi · pj (rij · pi )(r ij · pj )
qe2
qe2
BP
g (i, j) =
−
+
rij 2m2e c2
rij
rij3
|
{z
}
I: electron−electron interaction


(r ij × pj ) · si (rji × pi ) · sj
qe2
+
+
2m2e c2
rij3
rij3
{z
}
|
II: spin−orbit interaction

+

qe2
m2e c2

|



(rij · si )(rij · sj )
8π
si · sj
(3)
.
− (si · sj )δ (r ij ) + 3 − 3
3
rij
rij5
{z
}
III: spin−spin interaction

(2.61)

Term I denotes the classical electron–electron interaction which is related to
Darwin’s classical expression when expressed in terms of momenta rather than
velocities [38]. It comprises Coulombic interactions, magnetic, and retardation
terms. The second term II in Eq. (2.61) accounts for spin–orbit interactions,
whereas the last term III describes spin–spin interactions. Note that all interaction energies have to be in Gaussian units [C2 m−1 ]. The dimension of the
three-dimensional Dirac delta-distribution δ (3) is a reciprocal volume and its
unit is thus [m−3 ]. In order to obtain the correct energy unit [C2 m−1 ] no ~
occurs in the pre-factor of the second term in Eq. (2.61) and ~2 in the third
term in Eq. (2.61) when comparing our expression to Bethe and Salpeter’s in
Ref. [71].
So far, we have not speciﬁed the external vector ﬁeld but summarized all
individual contributions in Aµext = (cφext , Aext ). Each (moving) nucleus I also
gives rise to a vector potential AI (through translational and rotational motion
as well as spin) in addition to a truly external vector ﬁeld A0 applied in the
laboratory set-up,
Aext = A0 +

M
X
I=1

AI and φext = φ0 +

M
X

φI .

(2.62)

I=1

These ﬁelds become important in magnetic resonance spectroscopies, where the
interaction between electronic and nuclear spins are considered in phenomenological Spin Hamiltonians. In what follows the electron
PMspin resonance spectroscopy (ESR) is considered explicitly. Note that qe I=1 φI is nothing else
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but the scalar potential created by the nuclei, which we denoted as Vel−nuc in
previous sections.

2.4
2.4.1

Phenomenological Spin Hamiltonians
The effective Hamiltonian in ESR

In magnetic resonance spectroscopy, such as Electron Spin Resonance (ESR),
also called Electron Paramagnetic Resonance (EPR), it is common to deﬁne
an eﬀective Hamiltonian describing the interactions between eﬀective electron
spins S eff and eﬀective nuclear spins I eff . Eﬀective spins may denote the spins
of an individual electron or of groups of strongly interacting individual electron
spins coupled to one eﬀective spin. The interaction of the individual electron
and nuclear spins (producing magnetic ﬁelds) results in an energy splitting of
the unperturbed quantum mechanical states.
Though the ESR Hamiltonian is typically expressed in terms of eﬀective electronic and nuclear spins, it can, of course, also be derived from the more
fundamental Breit–Pauli Hamiltonian, when the magnetic ﬁelds produced by
the moving nuclei are explicitly taken into account. In order to see this, we
shall recall that in classical electrodynamics the magnetic dipole equation can
be derived in a multipole expansion of the current density. For the lowest order
term the expansion yields [76]
A(r) =

µ×r
.
r3

(2.63)

In quantum mechanics this then becomes the vector product of the nuclear
magnetic dipole moment µI and the distance vector between an electron i and
the ﬁeld-creating nucleus I [77]
1
r i − RI
AI = µI ×
.
2
|r i − RI |3

(2.64)

In quantum theory, the nuclear dipole-moment operator is proportional to the
nuclear spin, i.e., nothing else but the gyromagnetic ratio γI multiplied by the
nuclear spin operator I I ,
µI = γI I I .
(2.65)
The nuclear spins give rise to additional terms in the Breit–Pauli Hamiltonian
due to the interaction of the electrons with the magnetic moment of the nuclei
and the electrostatic interaction with the electric quadrupole interaction of the
nuclei. The magnetic interaction term of the electronic spins with spin of one
nucleus is of the same type as the electronic spin–spin interaction and following
Abragam and Pryce [78] can be written as
N
X
(li − si ) · I I 3(rIi · si )(r iI · I I )
[
γI γe
+
3
5
rIi
rIi
i=1

HIi =
+

8π (3)
δ (r Ii )(si · I I )] + quadrupole interactions
3

(2.66)
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where γI is the nuclear gyromagnetic ratio, γe the electron gyromagnetic ratio,
and qI the charge of nucleus I, as well as II its spin quantum number. Similar
expressions were later provided by McWeeny [79] and Harriman [80]. Note that
quadrupole interactions included in the Abragam and Pryce expression were
neglected by McWeeny.
Finally, the nuclear spins interact with the external ﬁeld resulting in
HI = −γI B ext · I I .

(2.67)

Hence, the eﬀective Hamiltonian as relevant in ESR spectroscopy in terms of
the occurring interactions (derived by Abragam and Pryce [78]) reads,
ESR
Heff
=

H0 + spin–orbit + spin–spin + spin–nuclear spin + spin–B ext
+ nuclear spin–B ext ,
(2.68)

where H0 denotes the non-relativistic energy of the N-electron system. Note
that ‘spin’ without any additional adjective shall always denote the electronic
spin.
In ESR spectroscopy it is, however, common to rename these contributions
in terms of phenomenological operators as for example given in the book of
Schweiger and Jeschke [81]. For an open-shell system with one eﬀective electron
spin S eff and M nuclei the eﬀective Hamiltonian comprises the interaction of
the electron with the external ﬁeld B ext (electron–Zeeman interaction) HEZ ,
the interaction of the electron spin in the absence of an external ﬁeld (the
so-called zero-ﬁeld splitting) HZFS , the hyperﬁne coupling between the electron
spin and the magnetic ﬁeld generated by a nuclear spin HHF , the interaction
of the nuclei spins with the external magnetic ﬁeld B ext (here: nuclear Zeeman
interactions) HNZ , the nuclear quadrupole interactions for nuclear spins with spin
quantum numbers larger than 1/2, HNQ , and one may also consider the spin–
spin interaction between two nuclear spins HNN that is omitted in Abragam’s
ESR
expression. Hence, we obtain for Heff
ESR
Heff
= HEZ + HZFS + HHF + HNZ + (HNQ + HNN ).

(2.69)

In ESR spectroscopy the terms in the eﬀective Hamiltonian are typically expressed by virtue of eﬀective coupling matrices or tensors, whereas in this thesis
we shall relate them to their corresponding terms in the Breit–Pauli Hamiltonian. The eﬀective coupling matrices parametrize the electronic structure of the
molecule under study and can be calculated from the Breit–Pauli Hamiltonian
by employing a suitable representation of the molecular wave function.
The zero-ﬁeld splitting, representing the interaction of two (strongly) interacting
eﬀective electron spins is phenomenologically given by
HZFS = S eff · D · S eff ,

(2.70)

where the tensor D denotes the coupling strength between these eﬀective electron
spins. It represents spin–spin and spin–orbit contributions [79, 80, 82]. Clearly,
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the spin–spin contribution corresponds to term III in Eq. (2.61) of the Breit–
Pauli Hamiltonian. The spin–orbit coupling terms also incorporated in the tensor
D in Eq. (2.70) can be split into one- and two-electron contributions [83]. The
one-electron equivalent in the Breit–Pauli Hamiltonian is the last term in Eq.
(2.60), whereas the two-electron contribution corresponds to the second term
in Eq. (2.61).
The interaction of the eﬀective electron spin with the external B ext ﬁeld gives
rise to the Zeeman splitting,
HEZ = µB B ext · g · S eff

(2.71)

where g is a (3 × 3)-matrix accounting for the dependence of the interaction
on the orientation of the molecule with respect to the magnetic ﬁeld and the
Bohr magneton µB . The Zeeman splitting corresponds to the second term in
the one-electron Pauli-Hamiltonian Eq. (2.60).
The interaction between the eﬀective spin S eff and the nuclear spin of the M
nuclei I eff
I generates the hyperﬁne splitting,
HHF =

M
X
I=1

S eff · A(I) · I eff
I

(2.72)

where A(I) denotes the hyperﬁne tensor that accounts for the orientational
dependence of the magnetic ﬁeld produced by the nuclei, which must not be
confused with the electromagnetic vector potential. It can be divided into an
orientational independent (isotropic) part and an anisotropic part,
(I)

(I)

A(I) = Aiso + Anoniso ,

(2.73)
(I)

and its values are the hyperﬁne coupling constants. As the isotropic part Aiso
occurs due to the contact interaction at the nucleus, it is also called Fermi
contact term. Since the Breit–Pauli Hamiltonian comprises only the electronic
interactions the hyperﬁne splitting term cannot be found in Eqs. (2.60) and
(2.61) but explicitly has to be included as outlined earlier.
The nuclear Zeeman term describes the interaction of the nuclear spins with the
external magnetic ﬁeld. Just as the hyperﬁne splitting, this term is not incorporated in the original purely electronic Breit–Pauli Hamiltonian as presented
in Eq. (2.60) and Eq. (2.61) but becomes relevant for ESR spectroscopy.
As all of the terms in the eﬀective ESR Hamiltonian correspond to experimentally observable quantities through an energy splitting between quantum
mechanical states, diﬀerent quantum chemical protocols exist to calculate such
splittings with ab initio wave-function methods or DFT [82–97].
2.4.2

The Heisenberg Spin Hamiltonian

The phenomenological Spin Hamiltonian widely applied in quantum chemistry—
often also referred to as the Dirac–Heisenberg–Van Vleck Hamiltonian—treats
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the interactions of eﬀective electronic spins and dates back to the work of Dirac,
Heisenberg, and Van Vleck [35, 36, 98, 99].
Dirac [33, 34, 36] showed that the potential energy of two interacting electron
spins in a non-relativistic framework depends on their spin operators s1 and
s2 ,
Vij ∝ 2Kij hs1 · s2 i.
(2.74)
Whereas s1 and s2 are true one-electron spin operators, Kij is the exchange
integral of electrons 1 and 2 in one-electron states i and j (independent particle
picture of Hartree–Fock theory assumed). It should be stressed here that in the
original work by Van Vleck [98] in 1932 the integral was denoted as Jij but as
it is an exchange integral we denote it as Kij in order to be in accordance with
the notation in quantum chemistry, where Jij denotes a Coulomb integral.
Van Vleck [98] illustrated how Eq. (2.74) can be identiﬁed in the energy expression of the two interacting electrons in a non-relativistic ﬁeld-free framework.
For such a system the contribution to the electron–electron interaction energy
Eij comprises the Coulomb energy Jij and the exchange energy Kij ,
Eij = Jij ± Kij ,

(2.75)

where the “+” holds in the case of the singlet state while the “−” in the case
of the triplet state. In order to demonstrate the relation to Eq. (2.74), he
explicitly had to introduce the term 2Kij hs1 · s2 i into this expression as we
shall see now. For this purpose, he calculated the spin coupling term s1 · s2 by
employing the relation,
(s1 · s2 )2 = s21 + s22 + 2s1 · s2 ,

(2.76)

and utilized the eigenvalue equation for the total squared spin operator S 2 →
S(S + 1) with S = s1 + s2 . He found the two eigenvalues for s1 · s2 to be
−3/4 and +1/4. They describe the antiparallel and parallel alignment of the
two electron spins corresponding to the (Jij + Kij ) singlet- and the (Jij − Kij )
triplet-state energies. Hence, the triplet energy can be re-written as
1
Eij = Jij − Kij − 2Kij hs1 · s2 i,
2

(2.77)

which becomes equal to Eq. (2.75) after inserting the eigenvalues for s1 · s2 .
Dirac pointed out that the coupling energy proportional to 2Kij hsi ·sj i “is much
greater than that of the spin magnetic moments. Such models [. . . ] were in use
before the justification by quantum mechanics was obtained.” (see Ref. [36, p.
228]). Van Vleck further added that this coupling of the spins is a pure exchange
eﬀect arising from the antisymmetry of the wave function and not from magnetic
interaction of the electrons: “[. . . ] the exchange effect has a partial [re]-semblance
to a powerful magnetic coupling between the spins. This is not at all the same
as saying that actually there is a real magnetic coupling of such magnitude, as
the actual magnetic forces are so weak that we have neglected them entirely in
the present connection.” (see Ref. [98, pp. 318-319]).
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Though the true electron spin operators were employed here as well as in the
Breit–Pauli Hamiltonian, the phenomenological Spin Hamiltonian, in which the
spin coupling is an exchange eﬀect, is in sharp contrast to the Breit–Pauli
Hamiltonian, that is including the (magnetic) spin–spin interactions. Since the
exchange eﬀect is an eﬀect introduced by the Pauli principle imposed on the
wave function, we may write the electron–electron interaction as an expectation
value,
E = hΨSD |

N
X
i>j

g(i, j)|ΨSD i −→ hΨHP|

N
X
i>j

g(i, j)(1 − Pij )|ΨHPi .
| {z }

(2.78)

Van Vleck

where for our purposes the wave function is approximated by a single Slater
determinant ΨSD that we may denote in accordance with the deﬁnition in Eq.
(2.4) in terms of a Hartree product ΨHP and a pair-permutation operator Pij .
Here, we recover Van Vleck’s expression in Pij . It should be emphasized that
each two-electron term of the Breit–Pauli Hamiltonian, i.e., each term in Eq.
(2.61) contributes to the exchange energy, whereas in Van Vleck’s expression
the exchange energy stems merely from the instantaneous Coulomb interaction,
which is the very ﬁrst term in Eq. (2.61).
Of course, the Spin Hamiltonian as given in Eq. (2.74) could also be directly
derived from Eq. (2.78) for Dirac [36] pointed out that any permutation operator
Pij can be written in terms of vectors of Pauli spin matrices σ i and σ j as
1
Pij = − {1 + σ i · σ j }.
2

(2.79)

In present day quantum chemistry the Heisenberg Spin Hamiltonian is widely
applied for the description of magnetic coupling in transition-metal clusters and
may read in the case of a many electron system,
X
H=−
2Kij S i · S j ,
(2.80)
i>j

where instead of electron spins si eﬀective spins S i were employed. In theory,
whether or not the coupling constant Kij describes the exchange eﬀects or also
the (eﬀective) magnetic spin–spin coupling depends on the calculation of the
approximate wave function, i.e., it depends on the Hamiltonian chosen for the
calculation of the wave function. In experiment, these eﬀects can hardly be
separated, of course.
However, magnetic coupling behavior may be more complex to model than
possible with a simple isotropic Heisenberg Spin Hamiltonian as deﬁned in
Eq. (2.80) and several recent studies set out to improve this description by
modiﬁcation of this Hamiltonian [100–103].
While improved Heisenberg Hamiltonians containing anisotropic interactions
have been employed for a long time in solid state physics [104, 105] (and the
correct description of magnetic anisotropy eﬀects is still subject to investigation [106–108]) its importance for quantum chemical calculations has only been
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encountered recently when DFT calculations on large transition-metal clusters
became feasible. For molecular systems, eﬀorts have been made by Van Wüllen
[102, 103] to capture magnetic anisotropic eﬀects in the Heisenberg Hamiltonian. ForP
that he included phenomenological terms for the
P Zeeman interaction
HZ = µB i gi B · S i and the zero-ﬁeld splitting HZFS = i S i · D i · S i to Eq.
(2.80).
2.4.3

Calculation of the exchange integral Kij

The exchange parameter Kij reﬂects the magnetic coupling type in a molecule.
Its most accurate prediction is therefore important to understand and model
the magnetic coupling in any kind of open-shell molecule [109]. Hence, we shall
present here a short historic survey towards the calculation of Kij by means of
quantum chemical methods.
It is important to note that when the phenomenological Spin Hamiltonian was
developed it was not suited to predict the magnetic behavior of a molecule or
alloy a priori but could only explain what was observed experimentally [110]
regardless of some working rules that existed. Van Vleck [98] pointed out
that ferromagnetism requires a positive coupling constant, whereas antiferromagnetism a negative coupling constant, although this was experimentally not
always conﬁrmed [111].
Later, eﬀorts were made to qualitatively predict the sign of the coupling constant
based on simple models: for example Kramers and Anderson’s [112, 113] idea
included not only the nearest neighbor interaction resulting in the exchange
energy but also the next-nearest neighbor interaction giving rise to the socalled super exchange energy. On this basis, they predict that transition-metal
crystals with less than half ﬁlled d-orbitals will exhibit ferromagnetic coupling,
whereas crystals with more than half ﬁlled d-orbitals antiferromagnetic coupling.
As their idea did not predict the correct coupling in every case, Goodenough
and Kanamori developed a diﬀerent model based on the symmetry relation of
the d-orbital of the metal and the p- or s-orbitals of the ligand [111,114]. Their
model was developed for crystals assuming a simple ligand ﬁeld surrounding
the metal atom resulting in an energy splitting of the atomic d-orbitals. Based
on the orientation of the atomic orbitals towards each other and the number of
electrons in the d-orbitals of the metal, generalized rules were found to predict
the type of magnetic coupling.
The application of these rules may fail for the prediction of magnetic coupling
in transition-metal clusters, where the molecular orbitals may be diﬀerent from
simple atomic d-orbitals. A simple ligand ﬁeld analysis may, hence, not reﬂect
the correct energy splittings.
Nevertheless, the calculation of Kij is an important issue. In experiment, it is
considered as an empirical parameter ﬁtted to experimental data so that the
corresponding Heisenberg Hamiltonian describes the experimentally observed
magnetic behavior [115, 116]. Although it would be more desirable from a
quantum-chemical point of view to directly calculate experimentally accessible properties, e.g., the magnetic susceptibility [117], the quantum chemical

2.4. Phenomenological Spin Hamiltonians

25

calculation of Kij provides a means to compare experimental and calculated
results—though in a somewhat indirect fashion.
In single-determinant theories like Hartree–Fock and DFT diﬀerent schemes
exist for the calculation of Kij . In all expressions, the coupling is typically
described as the energy diﬀerence between a high-spin (hs) state representing
the ferromagnetic coupling and the broken-symmetry (BS) state [118–123] with
two interacting local high-spin centers with opposite sign describing the antiferromagnetically coupled state. Note that the BS state is an artiﬁcial state in
the single-determinant approximation to the electronic wave function [50].
Because such local high-spin centers are often considered to be the metal atoms in
a cluster, we shall study two such centers A and B for the sake of simplicity only
implying that the interaction of more than two such centers requires a summation
over pairs of interacting centers or a more complex interaction scheme. The
two states have the same local quantum numbers SA and SB but with inverted
Ms values. (Note that we have to deﬁne what a local spin quantum number
shall be, see next section.)
The ﬁrst scheme was proposed by Noodleman [118],
hs

KAB = −

E − BS E
,
2
Shs

(2.81)

2
where Shs
denotes the total spin of the high-spin state. Bencini et al. [124]
and Ruiz et al. [125] suggested a slight modiﬁcation of Noodleman’s expression
for the energy diﬀerence between the high-spin and the singlet state,
hs

KAB = −

E − 0E
.
Shs (Shs + 1)

(2.82)

Note that 0 E is the energy of a true singlet state, i.e., a state with the spin
eigenfunction S = 0, and Eq. (2.82) is strictly only valid if the latter condition
is fulﬁlled.
A scheme for the description of “weak coupling” was presented by Mouesca et
al. [126] also based on earlier work by Noodleman [118] to be
hs

KAB = −

E − BS E
.
4Si · Sj

(2.83)

Another expression was given by Yamaguchi [115, 127],
hs

KAB = − hs

E − BS E
.
hS 2 i − BS hS 2 i

(2.84)

In recent work, Marx and collaborators presented a protocol to calculate the
dynamics of the coupling constant KAB (t) on the basis of an improved Yamaguchi expression that incorporated spin projection in a Hubbard-corrected two
determinant approach to obtain more accurate KAB values [100, 101].
A further idea to improve Yamaguchi’s expression was introduced by Clark
and Davidson [128, 129] who suggested to replace total spins with local spin
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expectation values of surrogate spin operators localized at atomic centers,
hs

KAB = −

E − BS E
.
2(hs hS A · S B i − BS hS A · S B i)

(2.85)

This is a reasonable expression from a conceptual point of view since we are
interested in the magnetic interaction of local metal centers resulting in either
ferro- or antiferromagnetic coupling. Hence, we shall delve deeper into the
concepts of local electronic spins in the next section.
Before closing this section we shall note that physicists study the interactions
in more complex spin systems as occurring in solid states [130–132]

2.5

Concept of local electronic spins

In molecules, the interaction of surrogate spins localized at the atomic centers is
calculated describing a picture of “spin–spin interaction of atoms”. This picture
became prominent for the description of the magnetic behavior of transitionmetal clusters, where the coupling type (parallel or antiparallel) of surrogate
spins localized at the metal centers is of interest. Once such a description is
available it is possible to analyze any wave function with respect to the coupling
type between the metal centers. Then, local spin operators can be employed in
the Heisenberg Spin Hamiltonian. An overview of the wave-function analyses
for open-shell molecules with respect to local spins can be found in Ref. [133].
For an interaction of two local spin centers in a transition-metal cluster, two spin
states are of interest according to what has been said in the previous section.
The high-spin (hs) state with a maximum number of unpaired electrons and
maximum total spin quantum number describing the ferromagnetic coupling and
the broken-symmetry state (BS) with two interacting local high-spin centers with
opposite sign which we—despite vivid discussion in literature [50,134–136]—refer
to as the antiferromagnetically coupled state.
A description in terms of local spins, however, raises the question of how to deﬁne
these localized surrogate spins, where we have to move from one-electron spin
operators si to multi-electron spin operators S A that are located at one center
A and summarize all electronic contributions attributed to this center. This can
be solved by the introduction of projection operators pA [50, 128, 129, 137–139].
The projection operators do not alter any property of the molecule but divide
it into local basins A. They add up to the identity operator,
X
pA = 1̂.
(2.86)
A

Then, the molecular total spin operator S deﬁned as a sum over one-electron
operators si may be re-written in terms of local spin operators S A ,
S=

N
X
i=1

si =

N
X
i=1

si

X
A

pA =

N
XX
A

i=1

si,A =

X
A

S A.

(2.87)
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Note that capital letters indicate multi-electron operators and that—in contrast
to the previous sections— all quantities are expressed in atomic units. (However, Gaussian units may easily be recovered if each squared-spin expression is
multiplied by ~2 and each linear expression by ~.)
The local expressions obtained in the decomposition procedure can then conveniently be employed in a Heisenberg Spin Hamiltonian, which reads for a pair
interaction
HAB = −2KAB S A · S B .
(2.88)
It can be evaluated by calculation of its expectation value. For this purpose, we
need to calculate the exchange integral KAB as given by Clark and Davidson in
Eq. (2.85), and then evaluate the local spin expectation values for the operators
SA · SB .
2.5.1

Calculation of local spin expectation values

In order to present the derivation of local spin expectation values, we shall
brieﬂy recall the foundations of spin eigenvalue equations in the non-relativistic
framework. Information on the spin states of a molecule can be extracted from
either the total spin operator S 2 or from its z-component Sz , (i.e., from its
projection on the z-axis),
S 2 Ψel = S(S + 1)Ψel ,

(2.89)

where S can have the values S = ± 12 , ±1 . . . and the projected spin Sz features
the eigenvalues Ms = S, (S − 1), . . . , 0, . . . , −S,
Sz Ψel = Ms Ψel .

(2.90)

Hence, for a given total spin eigenvalue S there exist 2S + 1 states that all
yield the same energy but may split when magnetic ﬁelds described as spin
interactions are important in the Hamiltonian. The individual spin states are
referred to as the S=0 singlet state with 2S + 1=1, as doublet S = 21 with
2S + 1=2, as triplet S = 1 with 2S + 1=3 and so on.
In this framework, we restrict ourselves to single determinant wave functions
employing one Slater determinant, but all derivations can be extended to multideterminant wave functions [140–143].
For the total spin expectation value several deﬁnitions exist. Here, we choose
Löwdin’s representation [144]
S2 = −

N(N − 4) X σ
+
Pij ,
4
i>j

(2.91)

where N denotes—as before—the total number of electrons of the molecule and
Pijσ a pair permutation operator for spin coordinates only. With this deﬁnition,
we may reduce the total spin expectation value in the framework of a Slater
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determinant wave function to double sums over two-electron integrals involving
the spin-dependent pair-permutation operator,
hS 2 i = hΨSD |S 2 |ΨSD i
X
N(N − 4)
= −
+ hΨSD |
Pijσ |ΨSD i
4
i>j
= −

N
N(N − 4) 1 X
σ
σ
[hij|P12
|iji − hij|P12
|jii].
+
4
2 i=1,j=1

(2.92)

(A detailed analysis of hS 2 i in DFT can be found in Refs. [145, 146].) Note
the change of meaning in the summation indices in Eq. (2.92): In the second
line i, j label electronic (spin) coordinates, while they denote the indices of spin
orbitals in the third line. For the study of open-shell transition-metal clusters,
it is necessary to obtain an expression for the total spin expectation value,
where the summation runs over the number of α- and β-electrons rather than
over the total number of electrons N. Thus, the sum in Eq. (2.92) may be split
into four sums over the various spin combinations,
SD

hΨ |

X
i>j

Pijσ |ΨSD i

α

α

β

β

α

β

β

α

N ,N
1 X
[hij|Pijσ |iji − hij|Pijσ |jii]
2 i∈α,j∈α

=

N ,N
1 X
+
[hīj̄|Pijσ |īj̄i − hīj̄|Pijσ |j̄ īi]
2 i∈α,j∈β

N ,N
1 X
+
[hij̄|Pijσ |ij̄i − hij̄|Pijσ |j̄ii]
2 i∈α,j∈β

N ,N
1 X
[hīj|Pijσ |īji − hīj|Pijσ |j īi],
+
2

(2.93)

i∈β,j∈α

where i represents a spin orbital with α-spin and ī an orbital with β-spin and
N = N α + N β . If we now apply the spin permutation operator, the expectation
value reads
SD

hΨ |

X
i>j

Pijσ |ΨSD i

=

α

α

α

β

β

β

N ,N
N ,N
1 X
1 X
[hij|iji − hij|jii] +
[hīj̄|īj̄i − hīj̄|j̄ īi]
2 i∈α,j∈α
2 i∈β,j∈β
β

α

N ,N
N ,N
1 X
1 X
+
[hij̄|īji −hij̄|j īi] +
[hīj|ij̄i −hīj|j̄ii].
| {z }
| {z }
2
2
i∈α,j∈β

=0

i∈β,j∈α

=0

(2.94)

Integration over spin functions simpliﬁes this equation because the ﬁrst two sums
in Eq. (2.93) may be re-written in terms of the number of α- and β-electrons
N α and N β , respectively,
α

α

N ,N

1 X
1
(N α )2 − N α .
[hφi |φi ihφj |φj i − hφi |φj ihφj |φi i] =
2 i∈α,j∈α
2

(2.95)
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With the deﬁnition in Eq. (2.95) the individual terms in Eq. (2.94) reduce to
α

SD

hΨ |

X
i>j

Pijσ |ΨSD i

β

N ,N
X
1
1
α 2
α
β 2
β
= ((N ) − N ) + ((N ) − N ) −
hij̄|j̄ii (2.96)
2
2
i∈α,j∈β

which is equivalent to the evaluation of the second term in the deﬁnition of the
total spin expectation value S 2 [see Eq. (2.92)]. Thus, when rewriting the ﬁrst
term of Eq. (2.92) in terms of the numbers of electrons N α and N β we obtain
for the total spin expectation value of S 2
α

β

N ,N
X
1 α
1 α
β
β 2
2
hij̄|j̄ii.
hS i = (N + N ) + (N − N ) −
2
4
i∈α,j∈β

(2.97)

In order to obtain expressions for the local spin expectation values, diﬀerent
decomposition schemes exist. One may either partition the total spin expectation
value hS 2 i [137,139] as suggested by Mayer or the total spin operator S 2 [128,
129] as proposed by Clark and Davidson. The corresponding decomposition
schemes for multi-determinant wave functions may be found in Refs. [140–143].
For the partitioning into expressions for SzA both Mayer’s and Clark and Davidson’s scheme yield the same result, namely, that the expectation value is equal
to half the diﬀerence between the number of α- and β-electrons attributed to
basin A,
1
hSzA i = (NAα − NAβ ).
(2.98)
2
Note that the expectation value for a restricted, unrestricted, or restricted
open-shell determinant is always given by hSz i = 12 (N α − N β ). However, the
expressions for the local expectation values hS 2A i and hS A · S B i diﬀer depending
on whether we start with the partitioning of the total spin operator S 2 or of its
expectation value hS 2 i. (Nevertheless, for both decomposition schemes the local
expressions add up to the same result for the total expectation value hS 2 i.)
In particular, Clark and Davidson’s decomposition assigns non-vanishing local
spin values to closed-shell molecules [129]. Although we have already shown in
earlier work that Mayer’s partitioning scheme cures these insuﬃciencies [137,139]
by construction, a more detailed analysis could be provided. Hence, we shall
here elaborate on the origin of these diﬀerences. Despite the fact that the
decomposition of the expectation value yields the correct local expressions, we
would also require to deﬁne proper local operator expressions for use in a
phenomenological Spin Hamiltonian as in Eq. (2.80).
We start with the partitioning of the total spin operator, introduce then the
decomposition of the expectation value, and discuss the diﬀerences between
these results. In accordance with Eq. (2.87) the decomposition of S 2 yields,
S2 =

X
A

S 2A +

X

A6=B

SA · SB .

(2.99)
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We may rewrite the scalar product S A · S B in terms of projection operators as
an expectation value [128],
X
hS A · S B i =
hij|pA (1)s1 pB (2)s2 |iji.
(2.100)
ij

When we explicitly consider α- and β-spins in Eq. (2.100) and reorder the resulting terms according to one and two-electron contributions, we obtain double
sums over the number of α- and the β-electrons, N α and N β , as well as over
the mixed terms where one sum runs over N α and the other over N β ,


Nα
Nβ
X
X
3
hS A · S B i =
δAB  hi|pA |ii +
hī|pA |īi
4
i
i
α

α

β

β

N N
N N
1 X
1 X
+
hi|pA |iihj|pB |ji +
hī|pA |īihj̄|pB |j̄i
4 ij
4
īj̄

NβNβ

N αN β

N αN β

ij̄

ij̄

1 X
1 X
hī|pA |j̄ihj̄|pB |īi
hi|pA |jihj|pB |ii −
4 ij
4

−

īj̄

−
−

N αN α

1 X
1 X
hi|pA |iihj̄|pB |j̄i −
hi|pB |iihj̄|pA |j̄i
4
4

αN β
NX

ij̄

hi|pA |j̄ihj̄|pB |ii,

(2.101)

which also holds in the case A = B yielding hS 2A i. Again, we indicated the
β-spin orbital i by a bar as ī and make use of the idempotency of the projection
operator. Note that in the case of a closed-shell molecule this expression yields
N/2

hS A · S B iclosed−shell

N/2

X
3X
3
hi|pA |ii −
= δAB
hi|pA |jihi|pB |ji,
2
2 ij
i

(2.102)

which is equal to zero only in the case of a complete basis set.
For the evaluation of Eq. (2.101), we expand the one-electron functions into a
sum over M atom-centered basis-functions |µi of Slater or Gauss type,
|ii =

M
X
µ

Ciµ |µi,

(2.103)

where Ciµ denote the basis-set coeﬃcients (molecular orbital (MO) coeﬃcients).
The projection operators are not uniquely deﬁned but several expressions exist,
see for example, the deﬁnition by Löwdin [147]. Mulliken’s deﬁnition [148]
does not fulﬁll all properties of projection operators [129] and yields a pseudoprojector. It reads
X
−1
pA =
|µiSνµ
hν|.
(2.104)
µ∈A
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−1
Here, Sνµ
denotes the inverse overlap matrix element between basis functions
µ and ν. With Eqs. (2.103) and (2.104) the one-electron terms in Eq. (2.101)
reduce to
α

N
X
i

α

hi|pA |ii =
=

N
X
i

Nα
X
i

=

α

hi|

X

µ∈A,ν

−1
|νiSνµ
hµ|ii

X X

µ∈A,ν ρ,π

XX

=

N
X
X
i

µ∈A,ν

−1
hi|νiSνµ
hµ|ii

−1
α∗ α
hρ|νiSνµ
hµ|πiCiρ
Ciπ

α
Pρπ
δρµ Sµπ

µ∈A ρ,π

=

XX
µ∈A

α
Pµπ
Sπµ =

π

X

(Pα S)µµ = NAα ,

(2.105)

µ∈A

where Pα is the spin density matrix comprising the basis-set coeﬃcients. As
before, NAα denotes the number of α-electrons at basin A. In a similar fashion
the terms containing the β-orbitals may be simpliﬁed. The two-electron terms
in Eq. (2.101) may be reduced according to
N α ,N α

X
ij

hi|pA |iihj|pB |ji =

X

(Pα S)µµ (Pα S)νν .

(2.106)

µ∈A,ν∈B

Altogether the expectation value for hS A · S B i can be re-written in terms of
sums over the spin density matrices Pα and Pβ ,
"
#
X
X
3
δAB
(Pα S)µµ +
(Pβ S)µµ
hS A · S B iCD =
4
µ∈A
µ∈A
X
1
1 X
+
(Pα S)µµ (Pα S)νν +
(Pβ S)µµ (Pβ S)νν
4 µ∈A,ν∈B
4 µ∈A,ν∈B
1 X
1 X
(Pα S)µν (Pα S)νµ −
(Pβ S)µν (Pβ S)νµ
−
4 µ∈A,ν∈B
4 µ∈A,ν∈B
1 X
1 X
−
(Pα S)µµ (Pβ S)νν −
(Pβ S)µµ (Pα S)νν .
4 µ∈A,ν∈B
4 µ∈A,ν∈B

(2.107)

Note that again for A = B the expression for hS 2A i is obtained here.
When adding the spin density matrices Pα and Pβ to yield the total density
matrix P, P = Pα +Pβ , and the total spin density matrix PS being the diﬀerence
of Pα and Pβ , Ps = Pα − Ps , we arrive at a more compact expression. If we
now evaluate the cases A 6= B and A = B separately, we obtain for SA · SB ,
1 X
1 X
s
s
(P
S)
(P
S)
+
(PsS)µµ (PsS)νν
hSA · SB iCD
=
µν
νµ
A6=B
2 µ∈A,ν∈B
4 µ∈A,ν∈B
3 X
[(PS)µν (PS)νµ + (Ps S)µν (PsS)νµ ]
(2.108)
−
8 µ∈A,ν∈B
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whereas the corresponding equation for the local expectation value of S 2A (case
A = B) reads,
hS 2A iCD =

1 X
1 X
(Ps S)µν (PsS)νµ +
(PsS)µµ (PsS)νν
2 µ∈A,ν∈A
4 µ∈A,ν∈A
3 X
−
[(PS)µν (PS)νµ + (PsS)µν (Ps S)νµ ]
8 µ∈A,ν∈A
"
#
X
3 X α
+
(P S)µµ +
(Pβ S)µµ .
(2.109)
4 µ∈A
µ∈A

Note that we introduced the superscript “CD” in order to distinguish the expressions obtained by Clark and Davidson from those by Mayer, which will be
given in the following marked by “Ma”.
In a similar fashion, Mayer’s partitioning of the total spin expectation value can
be derived. Starting from Löwdin’s expression for the total spin expectation
value, Eq. (2.97), a one-electron basis set is introduced as in Eq. (2.103) and
β
the numbers of α- and β-electrons, N α and
replaced by
P N α, respectively,
P are
β
sums over the diagonal matrix elements
(P
S)
and
(P
S)
µµ
µµ [cf. Eq.
µ
µ
(2.105)],
"
"
#
#2
X
X
1 X α
1 X α
β
β
hS i =
(P S)µµ +
(P S)µµ +
(P S)µµ −
(P S)µµ
2 µ
4 µ
µ
µ
X
−
(Pα SPβ S)µµ .
(2.110)
2

µ

As each basis function is located at an atomic center A, we may reorder the
sums in Eq. (2.110) and summarize all basis functions attributed to one center
A so that sums over basis functions assigned to center A are obtained
#
"
X 1 X
1 X
2
s
s
(P S)µν (P S)νµ +
(PS)µµ (PS)νν
hS i =
2 µ∈A,ν∈A
4 µ∈A,ν∈A
A
|
{z
}
2 Ma
hS A i
#
"
X
X 1 X
1
(Ps S)µν (Ps S)νµ +
(PS)µµ (PS)νν .
+
2
4
µ∈A,ν∈B
µ∈A,ν∈B
A6=B
|
{z
}
Ma
hS A ·S B iA6=B

(2.111)

2.5.2

Comparison of Mayer’s and Clark and Davidson’s local hS 2 i
decomposition schemes

In order to understand the diﬀerences between the two decomposition schemes,
we re-write Clark and Davidson’s expression for the local expectation value
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hS A ·S B iCD in terms of Mayer’s expression and establish the additionally arising
terms, which are the number of electrons located on A only present in the case
A = B and further terms which are the so-called “bond-order” terms BAB ,
"
#
X
X
3
CD
α
β
hS A · S B i =
δAB
(P S)µµ +
(P S)µµ
4
µ∈A
µ∈A
{z
}
|
NA

1 X
1 X
+
(Ps S)µν (Ps S)νµ +
(PsS)µµ (PsS)νν
2 µ∈A,ν∈B
4 µ∈A,ν∈B
{z
}
|
Ma
hS A ·S B i
3 X
3 X
(Pα S)µν (Pα S)νµ −
(Pβ S)µν (Pβ S)νµ
−
4 µ∈Aν∈B
4 µ∈A,ν∈B
|
{z
}
BAB

=

3
3
hS A · S B iMa + δAB NA − BAB .
4
8

(2.112)

Knowing both decomposition schemes yield the same squared total spin expectation value, we may write the expectation value of the total spin operator S 2
in terms of Mayer’s local expressions for hS2A i and hS A · S B i plus the additional
terms arising in Clark and Davidson’s decomposition scheme as
#
"
X
X 1 X
1
(Ps S)µν (Ps S)νµ +
(PS)µµ (PS)νν
hS 2 i =
2
4
µ∈A,ν∈A
µ∈A,ν∈A
A
{z
}
|
2
hS A iMa
X
X
3
3
+
NA −
BAB
4 A
8 A,B
"
#
X 1 X
X
1
+
(Ps S)µν (Ps S)νµ +
(PS)µµ (PS)νν .
2
4
µ∈A,ν∈B
µ∈A,ν∈B
A6=B
{z
}
|
hS A ·S B iMa
A6=B

(2.113)

Hence, Eq. (2.113) is fulﬁlled if the bond order terms plus
zero,
3X
3X
!
NA −
BAB = 0,
4 A
8 A,B

3
4

P

A

NA add up to
(2.114)

and both decomposition schemes, Clark and Davidson’s and Mayer’s, respectively, yield the same total spin expectation value hS 2 i. The evaluation of the
bond order terms is presented in the next subsection.
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2.5.3

Evaluation of the bond order terms

The bond-order terms BAB were deﬁned by Mayer [149] as a generalization of
classical ”electron counting“, which deﬁnes the bond order between two atoms
A and B as half the number of bonding minus antibonding electrons and strictly
holds only for diatomic molecules [150]. Thes bond order terms may be denoted
as
X
X
BAB =
(PS)µν (PS)νµ +
(Ps S)µν (Ps S)νµ
µ∈A,ν∈B

= 2

µ∈A,ν∈B

X

(Pα S)µν (Pα S)νµ + 2

µ∈A,ν∈B

= 2

X

X

(Pβ S)µν (Pβ S)νµ

µ∈A,ν∈B

(PS)µν (PS)νµ ,

(2.115)

µ∈A,ν∈B

and describe the bond order between two atoms A and B in a multiatomic
system. To prove that Eq. (2.114) is fulﬁlled, we have to sum over all bond
order terms
XX
X
X
BAB =
BAA +
BAB ,
(2.116)
A

B

A

A6=B

P

where A6=B is a short-hand notation for the double sum over all basins A and
B with A 6= B.
According to Mayer [151] the bond order terms arise because the expectation
value of the operator product hN̂A · N̂B i with N̂A and N̂B being the atomic
population operators is not equal to the product of the individual expectation
values hN̂A ihN̂B i in single determinant wave function theory 1 Hence, the bond
order terms may also be expressed as


BAB = −2 hN̂A · N̂B i − hN̂A ihN̂B i ,
(2.117)

The atomic population operators are deﬁned as a sum over all projection operators pA located at center A,
N̂A =

N
X

pA (i).

(2.118)

i=1

The operator product N̂A · N̂B may be expressed in terms of these projection
operators as,
N̂A · N̂B =

N X
N
X

pA (i)pB (j).

(2.119)

i=1 j=1

When evaluating the sums, this expression may split into a one and a twoelectron part,
N̂A · N̂B =
1

N
X
i=1

pA (i)pB (i) +

N,N
X
i>j

pA (i)pB (j) +

N,N
X

pA (i)pB (j).

(2.120)

j>i

We explicitly introduce the operator sign for N̂A to distinguish from the number of
electrons located at A, NA .
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For the two electron part, it holds the following relation,
N,N
X

pA (i)pB (j) =

N,N
X

pA (i)pB (j) =

pB (i)pA (j),

(2.121)

i>j

j>i

i>j

N,N
X

where we are free to choose the summation index to be i or j and may therefore
interchange the index i and j in the sum. Furthermore, we can interchange
pA (i) and pB (j) as they act on diﬀerent electrons.
The sum over the two-electron operators in Eq. (2.120) may then be written
in a more convenient form as
N,N
X

N,N

1X
[pA (i)pB (j) + pB (i)pA (j)] =
[pA (i)pB (j) + pB (i)pA (j)],
2 i,j
i>j

(2.122)

which may be summarized according to the equality relations in Eq. 2.121 to
yield the following expression,
N,N

N,N

N,N

X
1X
1X
pA (i)pB (j).
[pA (i)pB (j) + pB (i)pA (j)] =
2pA (i)pB (j) =
2 i,j
2 i,j
i,j

(2.123)

Hence, the operator product N̂A · N̂B reads,
N̂A · N̂B =

N
X

pA (i)pB (i) +

N,N
X

pA (i)pB (j).

(2.124)

i,j

i=1

The expectation value of this product N̂A · N̂B may be calculated—in the framework of a single Slater determinant—as
SD

hN̂A · N̂B i = hΨ |
|

N
X
i=1

SD

SD

pA (i)pB (i)|Ψ i + hΨ |
{z

}

I

|

N,N
X
i,j

pA (i)pB (j)|ΨSD i,
{z
II

}

(2.125)

where I denotes the one-electron term and II the two-electron term. When we
exploit that the projection operators pA and pB are orthogonal,
pA · pB = δAB pA ,

(2.126)

given that they do act on the same coordinate, the one-electron term I may be
simpliﬁed according to
SD

hΨ |

N
X
i=1

pA (i)

N
X
i=1

SD

SD

pB (i)|Ψ i = hΨ |

N
X
i=1

δAB pA (i)|ΨSD i,

(2.127)
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This expression may further reduce when re-writing the Slater determinant ΨSD
in terms of the anti-symmetrized Hartree product ÂΦ (for the deﬁnition of Â see
Eq. (2.5)) and also utilize that the antisymmetrization operator Â is Hermitian.
Hence, for its square it holds,
√
Â2 = n!Â
(2.128)
with n! being the number of coordinate permutations ν and the permutation
operator P̂ν . With these deﬁnitions the one-electron term denoted in Eq. (2.127)
may be written in terms of sums over the molecular orbitals φi ,
SD

hΨ |
=

√

N
X

SD

δAB pA (i)|Ψ i = hÂΦ|

i=1
N
X

n!hΦ|

i=1

δAB pA |ÂΦi =

n!
X
ν=1

N
X
i=1

δAB pA (i)|ÂΦi = hΦ|

(−1)ν hΦ|

N
X
i=1

N
X
i=1

δAB pA |Â2 Φi

δAB pA |P̂ν Φi

= hφ1 |δAB pA |φ1 i + hφ2 |δAB pA |φ2 i + ... + hφN |δAB pA |φN i
N
X
hφi |δAB pA |φi i.
=

(2.129)

i=1

Applying the deﬁnition of the Slater determinant to term II in Eq. (2.125), we
obtain the following expression,
SD

hΨ |

N,N
X
i,j

SD

pA (i)pB (j)|Ψ i =

n!
X
ν=1

pν

(−1) hΦ|

N,N
X
i,j

pA pB |Pν Φi,

(2.130)

where pA and pB act on diﬀerent coordinates. This expression may be re-written
in terms of the moleculuar orbitals φi when employing Slater–Condon rules,
n!
X
ν=1

pν

(−1) hΦ|

N,N
X
i,j

pA pB |Pν Φi =

N,N
X
i,j

[hφiφj |pA pB |φiφj i − hφi φj |pA pB |φj φi i].
(2.131)

Inserting the results of Eqs. (2.129) and (2.131) the expectation value of the
operator product, NA · NB , may read,
hNA · NB i =

N
X

|i=1

hφi|δAB pA |φii +
{z
I

}

N,N
X
i,j

[hφiφj |pA pB |φiφj i − hφi φj |pA pB |φj φi i] .
|
{z
} |
{z
}
IIa

IIb

(2.132)

The product of the expectation values hNA ihNB i may then be evaluated in a
similar way. When expressed in terms of the molecular orbitals, we obtain the
following expression hNA ihNB i,
SD

hNA ihNB i = hΨ |

N
X
i=1

SD

SD

pA (i)|Ψ ihΨ |

N
X
i=1

SD

pB (i)|Ψ i =

N
X
i=1

hφi|pA |φi ihφi|pB |φi i
(2.133)
.
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So far, we have derived the expressions for the operator product hN̂A · N̂B i as
well as for the product of the individual expectation values, hN̂A ihN̂B i in terms
of the molecular orbitals in the case of a single Slater determinant. As a next
step we need to apply the deﬁnition of the projection operators as deﬁned in
Eq. (2.86), for the product hN̂A ihN̂B i, we may obtain
hN̂A ihN̂B i =

N
X
i=1

hφi|pA |φi ihφi|pB |φi i =

hφi |

X

ν∈B,ρ

−1
|ρiSρν
hν|φii.

N
X
i=1

hφi|

X

µ∈A,π

−1
|πiSπµ
hµ|φii ×

(2.134)

When expanding the orbitals φi in a the basis set as denoted in Eq. (2.103),
the expression for hN̂A ihN̂B i then reads,
hN̂A ihN̂B i =

N X X XX
X
i=1 µ∈A,π ν∈B,ρ σλ

κτ

∗
−1
∗
−1
Cσi
Cλi hσ|πiSπµ
hµ|λiCκi
Cτ i hκ|ρiSρν
hν|τ i.

(2.135)

Here, we may summarize the basis-set coeﬃcients in the density matrix elements
and may exploit that the overlap integrals are deﬁned as,
Sσπ = hσ|πi = hπ|σi = Sπσ ,

(2.136)

and symmetric as well as the relation (SS −1 )ρν = δρν . The expectation value
product hN̂A ihN̂B i reduces to the following expression,
X X XX
−1
−1
hN̂A ihN̂B i =
Pσλ Sσπ Sπµ
Sµλ Pκτ Sκρ Sρν
Sντ
| {z }
| {z }
µ∈A,π ν∈B,ρ σλ κτ
=(SS −1 )σµ

=

XXXX
µ∈A ν∈B σλ

=

XXX

=(SS −1 )κν

Pσλ δσµ Sµλ Pκτ δκν Sντ =

κτ

XXX

Pµλ Sµλ Pντ Sντ

µ∈A ν∈B λτ

Pµλ Sλµ Pντ Sτ ν =

X

(PS)µµ

µ∈A

µ∈A ν∈B λτ

X

(PS)νν .

(2.137)

ν∈B

The operator product hN̂A · N̂B i may be calculated in a similar fashion: the
one-electron term (I) in Eq. (2.132) when expressed in terms of the overlap
integrals Sµν and the density matrix P reduces to the following expression,
N
X
i=1

hφi |δAB pA |φi i = δAB

= δAB

N X X
X
i=1 µ∈A,ν ρ,π

= δAB

XX
µ∈A ρ,π

= δAB

X
µ∈A

N
X
i=1

hφi|

X

µ∈A,ν

∗
−1
Cρi
hρ|νiSνµ
hµ|πiCπi = δAB
−1

Pρπ (SS )ρµ Sµπ = δAB
| {z }

(PS)µµ ,

−1
|νiSνµ
hµ|φii

=δρµ

XX
µ∈A ρ,π

N X X
X

∗
−1
Cρi
Cπi Sρν Sνµ
Sµπ

i=1 µ∈A,ν ρ,π

Pρπ δρµ Sµπ = δAB

XX
µ∈A

Pµπ Sπµ

π

(2.138)
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where we again employ the relation (SS −1 )ρπ = δρπ and exploit the symmetry
of the overlap integral Sρπ = Sρµ .
Inserting the deﬁnition of the projection operators into the two-electron term
(IIa) in Eq. (2.132), we obtain,
N,N
X
i,j

N,N
X

hφiφj |pA pB |φi φj i =

i,j

hφiφj |

X

µ∈A,ρ

−1
|ρiSρµ
hµ|

X

ν∈B,π

|πihν|φiφj i.
(2.139)

Taking into account that pA and pB act on diﬀerent coordinates, the two electron
terms may split into products of one-electron expressions, which may then be
re-written in terms of the overlap integrals and the density matrix similarly to
Eq. (2.137),
N,N
X
i,j

X

=

N,N
X

hφiφj |pA pB |φiφj i =
(PS)µµ

µ∈A

X

i,j

hφi|

X

µ∈A,ρ

−1
hµ|φiihφj |
|ρiSρµ

X

ν∈B,π

(PS)νν

|πihν|φj i
(2.140)

ν∈B

The evaluation of the second part of the two-electron term (IIb) in Eq. (2.132)
can be carried out in a similar way: it may split into a product of the expectation
values of pA and pB and when the projection operators are also introduced, the
following expression is obtained
N,N
X
i,j

hφi φj |pA pB |φj φi i =

N,N

=

X X X

i,j ν∈A,π µ∈B,β

N,N
X
i,j

hφi |pA |φj ihφj |pB |φi i

−1
−1
hφi |νiSνπ
hπ|φj ihφj |µiSµβ
hβ|φii.

(2.141)

Unlike Eq. (2.140), the expectation values are here calculated with φi and φj .
After expansion of the orbitals into a basis set, the expression reads,
N,N
X
i,j

=

hφi φj |pA pB |φj φi i

N,N
X
X X XX
i,j ν∈A,π µ∈B,β κρ

σλ

∗
∗
−1
−1
hβ|κi.
Cρj CκiCσi
Cλj
hσ|νiSνπ
hπ|ρihλ|µiSµβ

(2.142)

Summarizing the basis-set coeﬃcients in the density matrix elements and eval-
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uation of the overlap integrals, results in a more compact expression,
N,N
N,N
X
X X XX
X
∗
−1
∗
−1
Cκi Cσi
Sσν Sνπ
Sπρ Cρj Cλj
Sλµ Sµβ
Sβκ
hφi φj |pA pB |φj φii =
i,j ν∈A,π µ∈B,β κρ

i,j

=

ν∈A,π µ∈B,β κρ

=

XXXX
ν∈A µ∈B κρ

=

σλ

X X XX

XXX

σλ

−1
−1
Pκσ Sσν Sνπ
Sπρ Pρλ Sλµ Sµβ
Sβκ

σλ

Pκσ Sσν (S −1 S)νρ Pρλ Sλµ (S −1 S)µκ
| {z }
| {z }
=δνρ

Pµσ Sσν Pνλ Sλµ =

=δµκ

XX

(PS)µν (PS)νµ .

ν∈A µ∈B

ν∈A µ∈B σλ

(2.143)

Thus, with the results of Eqs. (2.138), (2.140), and (2.143) the expectation
value hN̂A · N̂B i may be denoted as
X
X
X
XX
hN̂A · N̂B i = δAB
(PS)µµ +
(PS)µµ
(PS)νν −
(PS)µν (PS)νµ .
µ∈A

µ∈A

ν∈B

ν∈A µ∈B

(2.144)

Inserting the expression for hN̂A · N̂B i and for hN̂A ihN̂B i (compare Eqs. (2.144)
and (2.134)) into the deﬁnition of the bond order terms as denotes in Eq. (2.117),
BAB can be expressed in terms of the density matrix P and the overlap integrals
as


BAB = −2 hN̂A · N̂B i − hN̂A ihN̂B i
X
X
X
= −2δAB
(PS)µµ − 2
(PS)µµ
(PS)νν
µ∈A

+ 2

XX
ν∈A µ∈B

= 2

XX
ν∈A µ∈B

ν∈A

ν∈B

X
X
(PS)µν (PS)νµ − 2
(PS)µµ
(PS)νν
ν∈A

(PS)µν (PS)νµ + 2δAB

ν∈B

X

(PS)µµ .

(2.145)

µ∈A

For the case A 6= B, the δ-function term vanishes in this expression and the
remaining term is in line with the ﬁrst deﬁnition of the bond order terms in
Eq. (2.115). We shall note here that the bond order terms merely stem from
the exchange integral of the two electron expectation value as may be seen from
Eq. (2.144).
Still, we are left with the evaluation of the case A = B. Here, the bond order
terms may be denoted as


BAA = −2 hN̂A · N̂A i − hN̂A ihN̂A i ,

(2.146)

the local expectation value may be calculated by evaluation of the expressions
for hN̂A · N̂A i and hN̂A ihN̂A i: for the product of the expectation values hN̂A ihN̂A i
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it holds according to Eq. (2.134) the following relation,
hN̂A ihN̂A i =

N
X
i=1

hφi |pA |φiihφi |pA |φi i =

X

(PS)µµ

µ∈A

X

(PS)νν =

ν∈A

X

(PS)2µµ .

µ∈A

(2.147)

Since the basis functions µ and ν are located at the same basin, we may choose
the same index for both. Hence, for the evaluation of the squared expression,
we may obtain due to the idempotency of the projection operator,
X

(PS)2µµ

=

XX

Pµσ Sσπ Pπρ Sρµ =

µ∈A i,j σπρ

µ∈A σπρ

µ∈A

N,N

=

XXX
µ∈A i,j

=

XX

ρ

∗
hφi |φj iCµi Cρj
hρ|µi

Pµρ Sρµ =

ρ

µ∈A

N,N
X
XX

X

=

∗
∗
Cµi Cσi
hσ|πiCπj Cρj
hρ|µi

N,N
X
XX
µ∈A i,j

ρ

∗
δij Cµi Cρj
hρ|µi

(PS)µµ .

(2.148)

µ∈A

For evaluation of the operator product hN̂A · N̂A i, one may also exploit the
deﬁnition of the projection operators and expand the molecular orbitals into
a basis set. Analogously to Eq. (2.132) the expectation value of the operator
product comprises a one-electron terms (I) and two-electron contributions (IIa
and IIb)
hN̂A · N̂A i =

N
X
i=1

|

hφi |pA |φi i +
{z
I

}

N,N
X
i,j

[hφi φj |pA pA |φi φj i −hφi φj |pA pA |φj φi i] .
{z
}|
{z
}
|
IIa

IIb

(2.149)

Note that the product of the projection operators in the two electron terms may
not be simpliﬁed because the two operators act on diﬀerent coordinates. The
one-electron term (I) reduces when expressed in terms of the density matrix
and the overlap integrals of the basis functions to the following expression,
N
X
i=1

hφi|pA |φii =

X

(PS)µµ ,

(2.150)

µ∈A

compare also to Eq. (2.138). The the two-electron term IIa in Eq. (2.149) may
be re-written similarly to Eqs. (2.139) and summarized according to Eq. (2.148)
N,N
X
i,j

hφi φj |pA pA |φiφj i =

X
µ∈A

(PS)µµ

X
ν∈A

(PS)νν =

X

(PS)µµ .

(2.151)

µ∈A

When inserting the deﬁnition of the projection operators into the exchange part
of the two-electron term (IIb in Eq. (2.149)), and subsequently expanﬁng into
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a basis set, the resulting expression reads,
N,N
X
i,j

=

hφiφj |pA pA |φj φi i =

N,N
X
X X X
i,j ν∈A,π µ∈A,β κρ

N,N
X
i,j

hφi |pA |φj ihφj |pA |φii

−1
−1
Cρj Cκi hφi|νiSνπ
hπ|ρihφj |µiSµβ
hβ|κi

N,N

=

X X X XX
i,j ν∈A,π µ∈A,β κρ

σλ

∗
∗
−1
−1
Cρj CκiCσi
Cλj
hσ|νiSνπ
hπ|ρihλ|µiSµβ
hβ|κi

N,N

=

X X X XX
i,j ν∈A,π µ∈A,β κρ

∗
−1
∗
−1
Cκi Cσi
Sσν Sνπ
Sπρ Cρj Cλj
Sλµ Sµβ
Sβκ ,

σλ

(2.152)

where the overlap integrals may be evaluated and coeﬃcients may be summarized
in the density matrix elements to yield,
N,N
X
i,j

=

hφiφj |pA pA |φj φi i =

XXXX
ν∈A µ∈A κρ

=

σλ

XXX

X X XX

ν∈A,π µ∈A,β κρ

−1
−1
Pκσ Sσν Sνπ
Sπρ Pρλ Sλµ Sµβ
Sβκ

σλ

Pκσ Sσν (S −1 S)νρ Pρλ Sλµ (S −1 S)µκ
| {z }
| {z }
=δνρ

Pµσ Sσν Pνλ Sλµ =

ν∈A µ∈A σλ

=δµκ

XX

(PS)µµ (PS)νν =

µ∈A ν∈A

X

(PS)µµ . (2.153)

µ∈A

When inserting Eqs. (2.150), (2.151), and (2.153) into Eq. (2.149) we may
express the expectation value of the operator product hN̂A · N̂A i in terms of
density matrix elements and overlap integrals as
X
X
X
X
hN̂A · N̂A i =
(PS)µµ +
(PS)µµ −
(PS)µµ =
(PS)µµ . (2.154)
µ∈A

µ∈A

µ∈A

µ∈A

With the expressions for hN̂A · N̂A i and for hN̂A ihN̂A i as given in Eq. (2.147)
the individual terms in the bond order equation as denoted in Eq. (2.146), add
up to zero,
X
X
BAA = −2
(PS)µµ + 2
(PS)µµ = 0.
(2.155)
µ∈A

µ∈A

Altogether, the summation over all bond order terms according to Eq. (2.116)
reduces to the following expression,
X
X
XX
X
BAB =
BAB ,
(2.156)
BAB =
BAA +
A

B

|A {z }
=0

A6=B

A6=B
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and we have to calculate the sum over all bond order terms for the case A 6= B
only. According to Eq. (2.145) by summation over all basins we arrive at a
more compact expression with summation over atom-centered basis functions
only,
X

BAB = 2

A,B

X

X

(PS)µν (PS)νµ = 2

X

(PS)µν (PS)νµ .

(2.157)

µ,ν

A6=B µ∈A,ν∈B

Thus, when employing the deﬁnition of the density matrix P and the overlap integrals Sµπ , and also reverseing the basis set expansion, we arrive at a
description in terms of molecular orbitals
X

(PS)µν (PS)νµ =

N,N
X
X

i,j µ,ν,σ,π

=

N,N
X
X
i,j

Pµσ Sσν Pνπ Sπµ

µ,ν,σ,π

µ,ν

=

X

µ,π

∗
∗
Cµi
Cσi hσ|νiCνj
Cπj hπ|µi

∗
Cµi
δji Cπj hµ|πi

=

N X
X
i

µ,π

=

N,N
X
X
i,j

∗
∗
Cµi
Cνj
Cσi hν|σi Cπj hµ|πi
|
{z
}
µ,ν,σ,π

∗
Cµi
Cπi hµ|πi

=hj|ii

=

N
X
i

hi|ii = N,

(2.158)

which equals the number of electrons N. Taking the prefactor in Eq. (2.157)
into account, summation over all bond order terms yield twice the number of
electrons 2N. Inserting this result into Eq. (2.114), one may easily see that the
terms add up to zero,
3X
3X
3
3
NA −
BAB = N − 2N = 0,
4 A
8 A6=B
4
8

(2.159)

and the terms vanish. Hence, both decomposition schemes Mayer’s and Clark
and Davidson’s yield the same results and we understand that the bond order
terms arise from the exchange part of the Slater determinant when calculating
two-electron integrals.
Illustrating the consequences of the two diﬀerent decomposition schemes for
the local spin values obtained may best be accomplished at the example of Eq.
(2.113): Clark and Davidson’s partitioning yields larger terms for the expectation
value of S 2A because of the additional contribution from the +δAB 34 NA (note
that 38 BAA is zero), whereas the cross terms hS A · S B i must be smaller in
comparison to Mayer’s decomposition scheme due to the 83 BAB term. This is
nicely illustrated in the case of closed-shell diatomic molecules, where hS A ·S B iCD
and hS 2A iCD add up to zero—as may be seen from Table 2.1—when not only
hS A · S B i but also the cross term with inverted local spin centers hS B · S A i are
accounted for.
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Table 2.1: Local spins of selected diatomic molecules obtained with the Mayer (Ma)
and the Clark and Davidson (CD) decomposition scheme taken from Ref. [139].

Molecule
H2
N2
CO

Method
CD
Ma
CD
Ma
CD
Ma

hS 2A i hS 2B i hS A · S B i
0.38 0.38
−0.38
0.00 0.00
0.00
1.05 1.05
−1.05
0.00 0.00
0.00
0.84 0.84
−0.84
0.00 0.00
0.00

Furthermore, we showed in an earlier study [139] that Mayer’s local expressions
for hS 2A i can be interpreted in terms of the eigenvalues as hS 2A i = SA (SA + 1).
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3.

Challenges in density functional theory with
focus on transition-metal clusters

Density functional theory (DFT) is a widely if not the most widely employed
method in quantum chemistry. For example, it may be employed for the description of large biologically relevant transition-metal clusters as e.g. active sites of
enzymes because it provides comparably accurate results at low computational
costs [152]. Due to the size of such transition-metal clusters, DFT is often
the only method feasible even though open-shell transition-metal clusters with
multiple metal–metal interactions may best be treated with multi-determinant
wave-function methods [153].
While in wave-function theory the electronic energy and all related properties of
an N-electron system can be calculated from the N-electron wave function Ψel ,
that is an eigenfunction of the Hamiltonian Hel , in density functional theory
it is the electron density that entirely describes the system, from which the
electronic ground state energy and molecular properties may be calculated.
The advantage of DFT is that it is a single determinant theory and in principle
exact. All complexity is hidden in the electron density and more precisely,
in the exchange–correlation functional, which contains all energy contributions
that are not known exactly. No analytic expression of the exchange–correlation
functional exists. If, however, it was known exactly, DFT would yield the correct
ground-state density from which, in principle, all molecular properties can be
obtained in a single-determinant framework. One major drawback of DFT is
that it cannot be improved systematically and its accuracy crucially depends
on the approximation of the exchange–correlation functional.
In this chapter we shall address some challenges that arise from practical studies
of transition-metal clusters:
• Due to the open-shell character of transition-metal clusters the convergence
of a single Slater determinant may be diﬃcult.
• Method-inherent errors of DFT such as the problem of spin contamination
and the approximate nature of the exchange–correlation functionals have
to be analyzed carefully.
• For an investigation of magnetic interactions in metal clusters, it needs
to be discussed how to accurately describe magnetic coupling, in particular the antiferromagnetically coupled state, and how to study diﬀerent
coupling schemes.
This chapter is organized as follows, the foundations of Kohn–Sham density functional theory are brieﬂy introduced in the ﬁrst section 3.1. Practical challenges
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that highlight diﬃculties arising from the study of open-shell transition-metal
clusters are discussed in the following section 3.2. Subsequently, we discuss
methodological advances in DFT that may help to systematically analyze the
errors, and hence increase the accuracy of density functionals (section 3.3). In
the last section of this chapter (section 3.4), we address the problem of converging broken-symmetry determinants within the framework of DFT and introduce
the restrained optimization technique that allows to converge broken-symmetry
determinants with tailored spin-properties. Finally, we illustrate its eﬃciency
for the description of metal–metal interactions for the example of a binuclear
transition-metal cluster.

3.1

Foundations of density functional theory

In density functional theory, the ground state electronic energy is calculated
from the electron density ρ(r) [154–156],
Z
Z
ρ(r) = N · · · |Ψel ({ri }; {si })|2 dsd3 r2 ds2 · · · d3 rN dsN ,
(3.1)
under the constraint that integration over the complete space yields the number
of electrons N
Z
ρ(r)d3 r = N.
(3.2)
The advantage of this description is that the electron density depends on three
coordinates only and is an observable in contrast to the wave function.
3.1.1

The Hohenberg–Kohn theorem

One may ask whether the ground state density is suﬃcient to uniquely describe
a quantum system. In order to elaborate on this, let us recall (see chapter
2) that the Hamiltonian Hel of an N-electron system consists of the following
parts,
Hel = Tel + Vext + Vel−el .
(3.3)
Tel is the kinetic energy operator, Vel−el the electron–electron interaction operator
—here approximated by a Coulomb potential—and some external potential Vext
including electron–nucleus
P and nucleus–nucleus interactions. Whilst the kinetic
energy operator Tel = N
i=1 (−1/2∆i ) in Hartree atomic units) and the electron–
electron interaction operator Vel−el depend on the electronic coordinates only,
the external potential Vext is system dependent. As may easily be seen from Eq.
(3.4) it depends on the nuclear coordinates—i.e., the structure of the molecule,
!
X X −ZA
Vext ⇒ Vel−nuc =
,
(3.4)
|ri − RA |
i
A
where |r i − RA | denotes the distance between electron i and nucleus A and
ZA its nuclear charge number. The Hamiltonian for a given system is therefore
uniquely deﬁned by the external potential and the number of electrons.
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In 1964, Hohenberg and Kohn [41] showed that the ground state electron density
ρ0 (r) uniquely describes a quantum system. According to the ﬁrst Hohenberg–
Kohn theorem it determines the external potential Vext within an additional
constant and also deﬁnes the ground state wave function Ψel,0 . (A simple proof
of the Hohenberg–Kohn theorem can be found in Ref. [154]). In other words,
the ﬁrst Hohenberg–Kohn theorem establishes a one to one mapping between
the ground state densities {ρ(r)} and the external potentials {Vext }, that in
turns deﬁne the Hamiltonian Hel from which the ground state energy can be
calculated. The ground state wave function Ψel,0 is an eigenfunction of this
Hamiltonian and also reproduces the ground state energy. The connections
between these quantities is sketched in the following scheme.
{ρ(r)} ↔ {Vext } ↔ {Hel } → Ψel,0 /Eel,0 → {ρ(r)}
The ground-state wave function Ψel,0 [ρ] as well as the ground-state electronic
energy Eel,0 [ρ] are both functionals of the electron density. Eel,0 [ρ] can be
expressed as an expectation value of the Hamiltonian is given by Eq. (3.3),
Eel,0 [ρ] = hΨ0 [ρ]|Tel + Vel−el + Vel−nuc |Ψ0 [ρ]i
= T [ρ] + Vel−el [ρ] + Vel−nuc [ρ]
Z
= FHK [ρ] + ρ(r)vel−nuc (r)d3 r,

(3.5)

where the system independent parts are summarized in the Hohenberg–Kohn
functional FHK [ρ] which is not known analytically. Note that for a set of ﬁxed
nuclei Vnuc−nuc is a constant, which can be neglected.
The second Hohenberg–Kohn theorem states that for any non-negative trial
density ρ̃ the energy E[ρ̃] is an upper bound to the ground state energy Eel,0 [ρ],
E[ρ̃] ≥ Eel,0 [ρ].

(3.6)

The equality is only fulﬁlled for the ground state density ρ̃ = ρ0 .
The electronic ground-state energy may be obtained in a variational procedure
when minimizing the total energy functional w.r.t. the electron density,
Eel,0 = min E[ρ̃],
ρ̃∈{ρ}

(3.7)

under the constraints that (a) any trial density ρ̃ integrates to the correct number
of N electrons (i.e., N-representability) and that (b) any test density can be
obtained from an antisymmetric wave function and some external potential (i.e.,
v-representability) [154, 155].
3.1.2

In search of the ground state density: the Lagrange-multiplier
method

In practice, it is most convenient to minimize the ground state energy Eel,0 in a
Lagrange-multiplier scheme [154, 156] which preserves all boundary conditions,
Z

3
L[ρ] = Eel,0 [ρ] − µ
ρ(r)d r − N ,
(3.8)
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where the multiplier µ vanishes if the electron density integrates to the number
of N electrons. A stationary point is obtained if the variation L[ρ + δρ] − L[ρ]
vanishes,
!
δL[ρ] = L[ρ + δρ] − L[ρ] = 0.
(3.9)

Hence, for calculation of the functional derivatives w.r.t. the electron density
ρ(r), we obtain the following relation,
Z

δL[ρ]
δEel,0 [ρ]
δ
!
3
ρ(r)d r − N = 0.
(3.10)
=
−µ
δρ(r)
δρ(r)
δρ(r)

When re-writing the energy functional Eel,0 [ρ] as a sum of the Hohenberg-Kohn
functional FHK [ρ] and the external potential, Eq. (3.10) reduces to
δL[ρ]
δFHK [ρ]
!
=
+ vel−nuc (r) − µ = 0,
δρ(r)
δρ(r)

(3.11)

which may be solved for µ to yield,
µ=

δFHK [ρ]
+ vel−nuc (r).
δρ(r)

(3.12)

Although this successfully sets up an energy minimization scheme, we are
still lacking an approximation for the energy functional Eel,0 [ρ] and thus the
Hohenerbg–Kohn functional FHK [ρ] that are both not known analytically.
3.1.3

Introduction of orbitals: Kohn–Sham density functional theory

In order to avoid dealing with the Hohenberg–Kohn functional, the idea of
Kohn and Sham [154,157] was to consider a surrogate system of non-interacting
fermions instead of the fully interacting system. Such a surrogate system is
lacking the electron–electron two particle interactions. It can solely be described
by a sum over one-particle operators comprising the kinetic energy operators
and some external potential vS . For such a system a single Slater determinant
is the exact solution and the Hamiltonian reads (again in Hartree atomic units),

X 1
HS =
− ∆i + vS (r i ) ,
(3.13)
2
i
where we introduced the subscript “S” to denote the surrogate system. The
advantage of this description is that is allows for the introduction of orbitals as
its exact wave function is simply an antisymmetrized product of one-electron
functions, i.e., a Slater determinant. These orbitals are then obtained by solving
the one-particle Schrödinger equation for each of the non-interacting fermions,


1
(3.14)
− ∆ + vS (r) φi = ǫi φi .
2
Importantly, the electron density is given by summation over the squared occupied orbitals. The kinetic energy can exactly be calculated in this framework.
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The only adjustable parameter is the external potential. Kohn and Sham assumed the existence of a potential energy operator vS (r) of the non-interacting
system that reproduces the ground state electron density ρ0 (r) of the fullyinteracting system. They claimed that the potential of the surrogate system
vS (r) should be chosen in such way that this condition is fulﬁlled.
With the idea of Kohn and Sham in mind we can partition the energy expression
of the fully interacting system into the parts that are known analytically and that
can hence be calculated exactly and a “rest” containing all unknown energy
contributions, which have to be approximated. Considering the three terms
on the right hand side of Eq. (3.5), we may separate the electron–electron
interaction Vel−el [ρ] into the Coulombic interaction J[ρ] and a nonclassical part
Vel−el,nc [ρ]. The kinetic energy can be approximated by the expression of the
non-interacting surrogate system TS [ρ]. The energy functional then reads
Eel,0 [ρ] = TS [ρ] + J[ρ] + Vel−nuc [ρ] + EXC [ρ],

(3.15)

The so-called exchange–correlation functional EXC comprises the nonclassical
contributions to the electron–electron interactions and the diﬀerence between
the kinetic energy of the non-interacting and the interacting system,
EXC [ρ] = (T [ρ] − TS [ρ]) + Vel−el,nc [ρ].

(3.16)

For minimization of the energy functional Eel,0 of the fully interacting system
(Eq. (3.15)) according to the Lagrange multiplier scheme presented in Eqs. (3.8)
to (3.12), the following expression is obtained for µ,
µ=

δTS [ρ] δJ[ρ] δVel−nuc [ρ] δEXC [ρ]
+
+
+
.
δρ(r)
δρ(r)
δρ(r)
δρ(r)

(3.17)

After evaluation of the functional derivatives, we may summarize all contributions in the eﬀective potential veff (r),
µ=

δTS [ρ]
δTS [ρ]
+ vcoul (r) + vel−nuc (r) + vXC (r) =
+ veff (r),
δρ(r)
δρ(r)

(3.18)

where only the exchange–correlation potential vXC (r) is unknown, vel−nuc (r)
may be calculated according to Eq. (3.4) and the Coulomb potential vcoul (r)
according to the following expression,
Z
ρ(r ′ ) 3 ′
vcoul (r) =
d r.
(3.19)
|r − r ′ |
The Lagrange-multiplier expression for the non-interacting surrogate system
contains the functional derivative of the kinetic energy and the external potential
only,
δTS [ρ]
µ=
+ vs (r).
(3.20)
δρ(r)
By comparison with the fully interacting system, we ﬁnd an explicit expression
for the potential vs (r),
vs (r) = vcoul (r) + vel−nuc (r) + vXC (r) = veff (r),

(3.21)
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since Eqs. (3.18) and (3.20) are equivalent for the same ground state density ρ.
Hence, we may set up the one-particle Kohn–Sham equation when inserting the
explicit expression for vS (r) into Eq. (3.14), which then reads


1
KS KS
− ∆ + vel−nuc (r) + vcoul (r) + vXC (r) φKS
i (r) = ǫi φi (r).
2

(3.22)

Eq. (3.22) strictly holds for closed-shell molecules only.
For open-shell molecules including transition-metal clusters, electron pairing may
no longer be obeyed as spin-orbitals may diﬀer in their spatial part. Therefore,
we have to consider the α- and β-spin densities, ρα (r) and ρβ (r), rather than the
total electron density ρ(r). Thus, the Kohn–Sham (KS) equations, as presented
in Eq. (3.22), split into two expressions, where the spin orbitals φαi (r) and φβi (r)
instead of spatial orbitals are employed,


1
α
− ∆ + vel−nuc (r) + vcoul (r) + vXC (r) φαi (r) = ǫαi φαi (r),
2


1
β
− ∆ + vel−nuc (r) + vcoul (r) + vXC (r) φβi (r) = ǫβi φβi (r).
2

(3.23)
(3.24)

The total electron density ρ(r) is obtained by summation of the α- and β-spin
densities, ρα (r) and ρβ (r), according to ρ(r) = ρα (r) + ρβ (r). The α- and
β-exchange–correlation potentials read,
α
vXC
=

δEXC [ρα , ρβ ]
δEXC [ρα , ρβ ]
β
and
v
.
=
XC
δρα (r)
δρβ (r)

(3.25)

Although spin densities are utilized in the exchange-correlation potentials, it is
neither known how accurately spin densities are reproduced in DFT (but work
in this direction is on the way in our laboratory [158]) nor whether the Kohn–
Sham spin density should be equal to the spin density of the fully interacting
system. The reader may also be referred to Ref. [50] and to the spin-density
functional theory subsection 2.2.2 in this thesis.
In order to solve the KS equations, a suitable expression for the exchange–
correlation functional describing the exchange and to some extent the electron
correlation of the system needs to be found.
During the last decades many approximate density functionals were developed [152] and various strategies exist for doing so: Amongst other one may
either consider model systems, for which the exchange–correlation functional is
known exactly, such as for the local density approximation (LDA) [159,160] Alternatively, one may employ a Taylor expansion for EXC so that not only the density itself but also the gradient of the density is utilized (GGA functionals such
as BP86) [161, 162] or employ additionally a contribution of Hartree–Fock type
exchange in the functional (GGA hybrid functionals such as B3LYP) [163,164].
Another strategy is to set up a density functional by empirical ﬁts to experimental data [165, 166].
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Practical challenges: studies on polynuclear open-shell
transition-metal clusters

In this section we present practical challenges in density functional theory calculations on polynuclear open-shell transition-metal clusters with a focus on the
accurate description of metal–metal interactions.
In quantum chemistry, a number of diﬀerent “recipes” for the investigation
of such open-shell clusters exists. For example it has been investigated which
density functional performs best and which spin states should be considered to
be relevant [167–170]. We should emphasize that it may not be suﬃcient to
consider only selected spin states. Furthermore, substantial investigations may
be necessary in order to account for the problem of spin contamination and
the limitations given by the approximate nature of the exchange–correlation
functionals available.
This will be exempliﬁed by the discussion of the magnetic coupling of M6 wheel-like transition-metal clusters in subsection 3.2.2. By comparison with
experimental results, we will highlight the diﬃculties that arise due to the
intrinsic DFT error.
3.2.1

Relevant spin states in transition-metal clusters

For studies of transition-metal cluster, often only selected spin states are investigated: usually, the ferromagnetically coupled high-spin (hs) state, the antiferromagnetically coupled broken-symmetry (BS) state, as well as the closed-shell
state showing no magnetic coupling are investigated. “Broken-symmetry” denotes the S=0 open-shell state, where symmetry breaking is allowed in the
description. Two or more local high spin centers are coupled in an antiferromagnetical fashion so that S=0.
To ensure that one of these selected spin states is of lowest energy and that there
exists no intermediate spin state with lower energy, the energies of all potential
spin states have to be investigated. In order to demonstrate the consequences of
this, we present in Table 3.1 all possible spin states for a binuclear iron cluster
1—synthesized in the Westerhausen group at the University of Jena [171]—
with a maximum spin of S=4 corresponding to four unpaired electrons on each
Fe center. The ideal total spin expectation values are given in terms of the
eigenvalues S(S + 1) and local spins on the metal centers A are indicated by
ideal MsA values.
Table 3.1 shows that even in the simple case of a binuclear cluster, there exist
nine relevant local-spin distributions for the various spin states. It is obvious
that the number of possible local spin distributions scales with the number of
metal centers in the cluster and with the number of unpaired electrons at each
center.
In practice, however, already with a comparatively small number of metal atoms
it is no longer feasible to investigate all possible spin states with all potential
realizations by various local spin distributions. Assumptions on the interaction of
the metal centers on the basis of their structural arrangement and experimental
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susceptibility measurements have to be made. For example, for the brokensymmetry state of a tetranuclear transition-metal cluster, one has to decide
which of the four metal atoms couple in an antiferromagnetic fashion with each
other. Prominent coupling schemes are, e.g., the dimer-of-dimers 2-plus-2-type
or the 3-plus-1-type coupling scheme, where for a sound discussion all possible
interaction schemes need to be studied. This problem is vividly discussed in
the literature for the water-oxidizing complex of Photosystem II [172–176].
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Figure 3.1: Relative energy differences between the spin states of [Fe2 ] 1. For each
spin state optimized structures denoted “opt” as well as for single point calculations
on the optimized high-spin structure denoted as “single point”, where the energy
of the closed-shell spin restricted state has arbitrarily been set to zero. Note that
prime ’ indicates that converged broken-symmetry orbitals were provided as inital
guess, whereas the double prime ” denotes that converged high-spin orbitals were
employed.
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Table 3.1: Selected ideal total and local spin expectation values for the [Fe2 ] cluster
1, where each metal center carries four unpaired electrons resulting in a total spin
state of S=4 for the high-spin state. Local spin values on the iron atoms are displayed
in the last column. Up-pointing arrows indicate excess of α-spin and down-pointing
arrows excess of β-spin, respectively.

Spin state S(S + 1) Ms1 Ms2 hSz1 · Sz2 i
0
0
2 −2
−6
0
1 −1
−3
0
0
0
0
1
2
2 −1
−3
2
1
0
0
2
6
2
0
0
6
1
1
1
3
12
2
1
2
4
20
2
2
4

local spins
↑↑↑↑–↓↓↓↓
↑↑–↓↓
0–0
↑↑↑↑–↓↓
↑↑–0
↑↑↑↑–0
↑↑–↑↑
↑↑↑↑–↑↑
↑↑↑↑–↑↑↑↑

Even if the energies of all possible spin states were investigated, the conclusions
might not be unambiguous as illustrated here at the example of binuclear [Fe2 ]
1 and tetranuclear [Fe4 ] 2. (This second cluster has also been synthesized by
Westerhausen and co-workers [171].) For both clusters we thoroughly investigated all possible spin states and comparing with the results of single-point
calculations on the optimized high-spin state. Additionally, we studied the effect of diﬀerent density functionals in the case of [Fe2 ]. The relative energy
diﬀerences for the various spin states are presented in Figure 3.1 for compound
1 and in Figure 3.2 for cluster 2. For the BS state the question of how the four
metal centers are coupled arises (as previously discussed) but is not discussed
here for the sake of simplicity. This work is an extension to studies in Ref.
[177].
Table 3.2: The total spin expectation value hS 2 i as well as selected local hSzA i,

hS 2A i and hS A · S B i values of the [Fe2 ] cluster 1 obtained with Mulliken projection
operators are given for local decomposition schemes according to Mayer and to
Clark and Davidson for single-point calculations on the BP86/RI/TZVP optimized
high-spin structure.

Ms
0”
1
1’
1”
2
2’
2”
3
4

hS 2 i
3.98
4.42
4.70
4.34
7.74
7.81
7.35
12.71
20.24

hSzFe1 i
1.80
0.02
1.85
0.07
1.79
1.80
1.02
1.73
1.81

hSzFe2 i
−1.79
0.93
−1.05
0.92
0.08
0.01
0.96
1.09
1.83

Mayer
hS 2Fe1 i
4.74
1.34
4.86
1.13
4.64
4.71
2.12
4.38
4.73

hS 2Fe2 i
4.67
2.22
2.18
1.98
1.12
1.16
2.05
2.30
4.83

hS Fe1 S Fe2 i
−3.20
0.02
−1.86
0.08
0.18
0.06
1.02
1.93
3.35

Clark–Davidson
hS 2Fe1 i hS 2Fe2 i hS Fe1 S Fe2 i
5.81
5.73
−3.26
2.29
3.16
−0.01
6.08
3.40
−2.01
2.30
3.13
0.00
5.76
2.31
0.09
5.82
2.33
−0.03
3.35
3.25
0.90
5.54
3.54
1.79
5.84
5.94
3.26
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Importantly, depending on the initial guess Slater determinants with diﬀerent
energies were converged for one particular spin state, e.g., compare for S=2
of [Fe2 ] 1 the BP86/RI/TZVP single-point results on the high-spin structure.
These states with diﬀerent energy exhibit distinct local-spin distributions as
may be seen from Table 3.2 and thus represent the various realizations of a
total spin state.
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Fe
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BP86/TZVP

N

PPh2

4

Cl

Fe

Fe
Cl
Fe

single point

Figure 3.2:

Relative energies for spin states of the [Fe4 ] cluster 2.
The
BP86/RI/TZVP optimized structures of spin symmetry are displayed in the left
panel, whereas single point calculations on the BP86/RI/TZVP optimized high-spin
structure are depicted in the right panel. The BS solution is not displayed and the
energy of the closed-shell restricted state S=R is arbitrarily set to zero. The prime
’ indicates that converged broken-symmetry orbitals were provided as inital guess.

Note that in Table 3.2 local hSzA i, hS 2A i and hS A · S B i expectation values for
the [Fe2 ] cluster 1 are listed. As shown in chapter 2 the local expressions for
the Mayer and the Clark and Davidson decomposition schemes diﬀer. Hence,
diﬀerent values for the hS 2A i, e.g., for hS 2Fe1 i located at the center Fe1, arise
with these two partitioning schemes. The same argument holds for the cross
terms hS A · S B i, here hS Fe1 · S Fe2 i. The total spin expectation value hS 2 i is
shown to illustrate that spin contamination is fairly low for most spin states.
The reader should not be confused by the fact that summation over the local
spin values at the iron centers hS 2Fe1 i, hS 2Fe2 i and hS Fe1 · S Fe2 i does not yield
the same value for Mayer and for Clark and Davidson data and that they do
not sum up to hS 2 i. The total spin expectation value hS 2 i is only obtained
when summing all local spin values of all atoms of the [Fe2 ] cluster 1.
Considering [Fe2 ] cluster 1, although all calculations predict the S=0 brokensymmetry (BS) and the S=4 high-spin (hs) states to be most stable with
the BS state slightly favored, the relative energy splittings may diﬀer and
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the individual energy gaps may depend on several criteria: like (i) on the
density functional employed (the energy gap between the high-spin and the
broken-symmetry state is sensitive to the amount of exact exchange energy in
the functional [50, 178, 179]); and (ii) on whether single-point calculations or
structure optimizations were performed. The latter eﬀect is pronounced for
the polynuclear cluster [Fe4 ] 2, which may be seen from Figure 3.2. Here, we
performed full structure optimizations for each spin state with relative energy
diﬀerences displayed in the left energy ladder in Figure 3.2 as well as single-point
calculations on the optimized high-spin structure (right energy ladder in Figure
3.2). For each calculation only the number of α- and β-electrons were speciﬁed.
The relative energy gap between the most stable state, here the S=8 high-spin
state, and the least stable closed-shell state is −370.4 kJ mol−1 for the singlepoint calculations, whereas for the structure optimizations the relative energy
gap between the most stable spin state and the closed-shell state decreases to
about −45 kJ mol−1 .
Note that for each calculation we ensure to optimize the spin state with the
desired local spin distribution, which is straightforward for the high-spin state
but diﬃculties may arise when determining the coupling schemes for the brokensymmetry state or any other intermediate spin state. As there are in principle
many possible coupling schemes for the four iron atoms in the BS state, we
omitted the broken-symmetry solution here for the sake of brevity. In principle,
we would have to evaluate all possible local-spin distributions and determine
the conﬁguration that yields the lowest energy. However, it is neither our goal
here to determine the magnetic coupling behavior nor to discuss spin crossover
or the role of the bridging oxygen atom in this cluster. We merely sought to
illustrate that it may not be suﬃcient to perform only single-point calculations
for the various spin states on one speciﬁc structure (often on the high-spin
structure or the crystal structure) but that the structures have to be optimized
for each spin state.
Moreover, it can also be seen from Figure 3.2 that the structure optimization
may alter the energetic order of the spin states and for the optimized structures
(left panel) the high-spin state is no longer the most stable state but the S=7
state has a slightly higher stability.
However, the energy gaps between the various spin states reported here are so
small that they may be very well in the order of the error margin of DFT.
Hence, we can no longer reliably predict which spin state is the most stable
one. This may not be an issue when experimental results clearly characterize
the type of magnetic coupling of such transition-metal clusters but one may
run into trouble when the magnetic coupling type cannot be unambiguously be
assigned, which may be illustrated in the next section at the example of two
M6 -wheel-like clusters.
3.2.2

Magnetic behavior of hexanuclear wheel-like clusters

The two homologue hexanuclear wheel-like [Mn6 ] and [Fe6 ] clusters, [bis(8-amidoquinoline)M(II) ] with M=Mn, Fe have been synthesized in the group of Matthias
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Westerhausen [180]. The two clusters consist of six metal atoms each in a
octahedral ligand-sphere of the bridging 8-amidoquinoline ligands (see Figure
3.3).

Figure 3.3: Reaction scheme and structure of the M6-wheel like clusters [Mn6 ] and
[Fe6 ], [bis(8-amidoquinoline)M(II) ] with M=Mn, Fe taken from Ref. [180].
Despite their structural similarity, the magnetic coupling of the two clusters
diﬀers signiﬁcantly. In contrast to the manganese derivative [Mn6 ], which shows
an antiferromagnetic behavior, the magnetism of the ferrous wheel [Fe6 ] points
to a ferromagnetic coupling. However, in neither case were we able to derive the
coupling constants from the magnetic studies [180]. Because these compounds
are very air and moisture sensitive, paramagnetic impurities cannot be excluded.
In order to shed light onto the somewhat complex magnetic properties of these
wheel-shaped molecules, quantum chemical studies were performed. Density
functional theory (DFT) calculations on the hexanuclear complexes [Mn6 ] and
[Fe6 ] were carried out in order to investigate the diﬀerent types of spin–spin
couplings, which are related to the energy diﬀerences between states of diﬀerent
spin. Since the splitting can be very sensitive to the amount of exact exchange
admixture in the density functional [50, 178, 179] both the pure BP86 and the
hybrid B3LYP density functionals were employed for the [Fe6 ] and the [Mn6 ]
clusters.
For the description of magnetic coupling the interaction of the metal centers and
hence, their local spin conﬁgurations, are of interest. Quantitative information
on the spin distribution can be extracted from the local expressions for the
expectation values of hSz i and hS 2 i.
Although we would have to consider all potential spin states as well as its
various realizations in terms of local spin distributions as outlined in the previous section, we restrict ourselves in this study to the ferromagnetically coupled
high-spin state with a maximum number of unpaired electrons and the antiferromagnetically coupled broken-symmetry state with alternating metal high-spin
centers because experimental data on the magnetic coupling schemes is available and we are particularly interested in the relative energy splittings of these
states.
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Considering the [Mn6 ] cluster both density functionals, single-point calculations
on the X-ray crystal structure predict an antiferromagnetically coupled (S=0)
ground state for [Mn6 ] with an energy diﬀerence to the ferromagnetically coupled
(S=15) state of −37.7 kJ mol−1 (BP86/RI/TZVP) (A) and −19.4 kJ mol−1
(B3LYP/TZVP) (E), which are from now on denoted as BP86//crystal and
B3LYP//crystal (see Figure 3.4).

Figure 3.4: Relative energy splitting ∆E [kJ mol−1 ] between the ferromagnetically
coupled high-spin (hs) and the antiferromagnetically coupled broken-symmetry (BS)
state of [Mn6 ] for the BP86 density functional (A-C) and the B3LYP density functional
(D-G). In all [Mn6 ] calculations, the antiferromagnetically coupled state is favored.

If both structures, the high-spin and the broken-symmetry structure, are optimized with BP86/RI/TZVP the relative stability of the antiferromagnetically
coupled state decreases to −32.7 kJ mol−1 (C) for the BP86 density functional
and to −11.1 kJ mol−1 (G) for the B3LYP functional. Furthermore, single-point
calculations performed on the BP86/RI/TZVP optimized high-spin state (denoted by (BP86//BP86) and (B3LYP//BP86)) also favor the broken-symmetry
state by −24.2 kJ mol−1 (B) and by −11.4 kJ mol−1 (D), respectively. Even if
a single-point calculation is performed on the B3LYP optimized high-spin state,
the antiferromagnetically coupled state is still by −9.1 kJ mol−1 more stable
(F).
From these calculations it can be seen that although both density functionals
predict the same magnetic coupling the energy splitting between the high-spin
and the broken-symmetry state depends on the admixture of exact HartreeFock exchange energy in the density functional employed as one would have
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expected [50, 178, 179, 181, 182].
All calculations are in agreement with the experiment that shows an antiferromagnetic coupling. Considering local spin properties, hSzMn i expectation values
between −2.35 a.u. and 2.36 a.u. are found for the manganese atoms in [Mn6 ],
which are close to the ideal values of ±2.5 a.u. and correspond to local high
spin centers with ﬁve unpaired electrons. These values indicate that spin delocalization is small and that the correct high-spin and broken-symmetry Slater
determinants have been converged. The BP86/RI/TZVP optimized most stable
[Mn6 ] broken-symmetry structure is depicted in Figure 3.5, where selected bond
lengths are presented for the various structure optimizations.

Figure 3.5: Optimized structures of [Mn6 ] and [Fe6 ]: Selected bond lengths [Å]
to bridging and non-bridging nitrogen atoms are given for the different optimized
structures. BS denotes the antiferromagnetically coupled broken-symmetry state,
whereas hs denotes the ferromagnetically coupled high-spin state.

Considering all relevant bond lengths and angles as displayed in Table 3.3 it can
be seen that both, the optimized high-spin and the broken-symmetry states, are
quite similar and in agreement with the experimental X-ray crystal structure.
The B3LYP/TZVP optimized structure has slightly larger bond lengths. The
high-spin as well as the broken-symmetry state both contain local high-spin Mn
centers. Hence, bond lengths in both, the broken-symmetry and the high-spin
structure, are signiﬁcantly larger than in the low-spin case. In the simple picture
of ligand-ﬁeld theory, this is due to the occupation of anti-bonding d-orbitals.
In the case of [Mn6 ], the quantum chemical studies corroborate the experimental
susceptibility measurements predicting an antiferromagnetic coupling.
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Table 3.3: Selected bond lengths [Å] and bond angles [◦ ] of the [Mn6 ] cluster. The
results of BP86/RI/TZVP and B3LYP/TZVP structure optimizations of the antiferromagnetically coupled broken-symmetry (BS) state with S=0 and ferromagnetically
coupled high-spin (hs) state with S=15 are compared to the experimental structure
determined by X-ray crystallography. Metal-ligand bonds to bridging nitrogen atoms
are indicated by the index b, whereas bonds to non-bridging ligands are marked by
the suffix a.
Mn1 -N1a
Mn1 -N1b
Mn2 -N2a
Mn2 -N2b
Mn3 -N3a
Mn3 -N3b
Mn4 -N4a
Mn4 -N4a′
Mn4 -N3b′
Mn4 -N4b
Mn3A -N3Aa
Mn3A -N3Ab
Mn2A -N2Aa
Mn2A -N2Ab
N1b -Mn1 -N1b′
N1b -Mn2 -N1b′
N2b -Mn2 -N2b′
N2b -Mn3 -N2b′
N3b -Mn3 -N3b′
N3b -Mn4 -N3b′
N4b -Mn4 -N4b′
N4b -Mn3A -N4b
N3Ab -Mn3A -N3Ab′
N3Ab -Mn2A -N3Ab′
N2Ab -Mn2A -N2Ab′
N2Ab -Mn1 -N2Ab′

BP86
BS
2.311
2.332
2.329
2.191
2.308
2.346
2.323
2.321
2.392
2.387
2.305
2.328
2.323
2.361
91.3
89.3
89.2
91.3
91.1
88.7
91.5
91.3
91.6
89.4
89.4
91.3

hSzMn i
2.23
−2.28
2.23
−2.28

2.23
−2.28

hs
2.294
2.363
2.299
2.196
2.291
2.391
2.294
2.294
2.458
2.438
2.288
2.357
2.294
2.395
89.1
87.1
87.1
89.2
89.0
86.2
86.4
89.2
89.3
87.2
87.2
89.1

hSzMn i
2.28
2.31
2.27
2.31

2.27
2.31

B3LYP
hs
2.352
2.414
2.345
2.205
2.349
2.431
2.339
2.339
2.478
2.478
2.345
2.411
2.343
2.445
88.5
87.1
90.4
88.5
88.5
86.7
86.7
88.4
88.7
87.3
87.1
88.5

Exp.
hSzMn i
2.35
2.36
2.35
2.36

2.35
2.36

BS
2.362
2.400
2.355
2.204
2.355
2.412
2.347
2.346
2.461
2.465
2.353
2.391
2.353
2.433
89.4
88.0
88.0
89.4
89.3
87.5
87.5
89.3
89.8
88.2
88.1
89.5

hSzMn i
2.34
−2.35
2.34
−2.35

2.34
−2.35

2.273
2.310
2.288
2.117
2.283
2.345
2.274
2.274
2.450
2.450
2.282
2.342
2.288
2.377
90.8
88.5
89.6
90.2
89.6
86.8
86.8
89.6
90.2
89.6
88.5
90.8

However, for the [Fe6 ] complex the results are less unambiguous. Singlepoint calculations on the X-ray crystal structure (BP86//crystal) yield an energy gap of −24.1 kJ mol−1 (A) in favor of the antiferromagnetically coupled broken-symmetry state (S=0) state when employing the BP86 density
functional and an energy gap of −11.0 kJ mol−1 (D) for the B3LYP functional. The BP86/TZVP/RI structure optimization favors the ferromagnetically
coupled state by −5.7 kJ mol−1 (C). For the single-point calculation on the
BP86/RI/TZVP optimized ferromagnetically coupled high-spin (S=12) state
the relative stability of the ferromagnetically coupled state increases to −38.4
kJ mol−1 (B), denoted by BP86//BP86 in Figure 3.6, compared to the antiferromagnetically coupled broken-symmetry state. The B3LYP/TZVP calculations,
on the other hand, all predict the antiferromagnetically coupled (S=0) spin-state
to be more stable. The structure optimization converges to a broken-symmetry
state that is by −5.3 kJ mol−1 (F) more stable than the ferromagnetically cou-
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pled high-spin state, whereas the single-point calculation on the B3LYP/TZVP
optimized high-spin state (B3LYP//B3LYP) (E) favors the antiferromagnetically
coupled state by −3.2 kJ mol−1 .
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∆E
kJ·mol−1

hs

0.0 BS

B3LYP

BP86/RI

0.0 hs
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Figure 3.6: Relative energy differences for the [Fe6 ] cluster performed with the BP86
(A-C) and the B3LYP (C-F) density functional. Single-point calculations on the Xray crystal structure favor the antiferromagnetically coupled (S=0) state (see (A)
and (D)) for both density functionals. For single-point calculations on the optimized
ferromagnetically coupled high-spin (S=12) structure BP86 favors a ferromagnetically
coupled ground state (B), whereas for the B3LYP functional an antiferromagnetically
coupled state is slightly more stable for single point calculations (E) and structure
optimization (F).

The BP86/RI/TZVP density functional calculation fails, however, to reproduce
the correct high-spin structure and instead, it turns out to be very much distorted
compared to the X-ray crystal structure. This is illustrated when comparing
relevant bond lengths and angles between the optimized ferromagnetically and
antiferromagnetically coupled states (see Table 3.4). Notable diﬀerences can
be seen for the BP86 calculations. The wheel-like structure of the [Fe6 ] highspin state is less regular than the broken-symmetry state. Several Fe-N bond
lengths of the high-spin structure, in particular Fe4 -N4b , diﬀer quite largely from
the broken-symmetry and the X-ray crystal structure, namely 3.144 Å for the
BP86/RI/TZVP optimized hs state in comparison to 2.395 Å for the crystal
structure.
The B3LYP calculation cures this structural deﬁciency and yields a more regular
high-spin structure with bond lengths and bond angles in good agreement with
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the experimental structure (see also Table 3.4).
Table 3.4: Selected bond lengths [Å] and bond angles [◦ ] of the [Fe6 ] for different spin
states calculated for the BP86 and the B3LYP density functional as well as for the
experimental structure determined by X-ray crystallography. The broken-symmetry
(BS) state with S=0 describes antiferromagnetic coupling, while the high-spin (hs)
state, where S=12, describes ferromagnetic coupling.

Fe1 -N1a
Fe1 -N1b
Fe2 -N2a
Fe2 -N2b
Fe3 -N3a
Fe3 -N3b
Fe4 -N4a
Fe4 -N4a′
Fe4 -N3b′
Fe4 -N4b
Fe3A -N3Aa
Fe3A -N3Ab
Fe2A -N2Aa
Fe2A -N2Ab
N1b -Fe1 -N1b′
N1b -Fe2 -N1b′
N2b -Fe2 -N2b′
N2b -Fe3 -N2b′
N3b -Fe3 -N3b′
N3b -Fe4 -N3b′
N4b -Fe4 -N4b′
N4b -Fe3A -N4b
N3Ab -Fe3A -N3Ab′
N3Ab -Fe2A -N3Ab′
N2Ab -Fe2A -N2Ab′
N2Ab -Fe1 -N2Ab′

BP86
BS
2.182
2.291
2.281
2.121
2.176
2.308
2.278
2.280
2.350
2.357
2.174
2.275
2.282
2.310
90.0
88.7
89.2
90.5
89.9
88.0
87.8
89.7
90.4
89.1
88.7
90.0

hSzFei
1.78
−1.76
1.77
−1.75

1.77
−1.76

hs
2.215
2.301
2.273
2.128
2.269
2.196
2.325
2.187
2.149
3.144
2.160
2.350
2.230
2.001
90.1
96.1
84.8
87.8
102.1
102.8
75.4
92.0
89.8
82.4
98.8
100.1

hSzFe i
1.77
1.81
1.78
1.79

1.80
1.80

B3LYP
hs
222.3
230.3
223.9
212.4
221.6
234.3
223.5
223.8
239.4
239.4
221.5
229.8
223.8
2.305
88.0
97.8
87.0
87.8
88.7
87.3
87.3
88.8
87.9
87.1
87.8
88.3

Exp.
hSzFei
1.85
1.85
1.85
1.85

1.85
1.85

BS
2.287
2.367
2.323
2.144
2.281
2.375
2.317
2.316
2.388
2.389
2.282
2.354
2.322
2.366
88.1
87.4
87.5
88.4
88.0
87.0
87.0
88.0
88.5
87.6
87.4
88.2

hSzFe i
1.84
−1.84

1.84

−1.84
1.84

2.194
2.283
2.242
2.119
2.196
2.311
2.240
2.240
2.395
2.395
2.197
2.298
2.242
2.298
89.3
88.3
88.8
89.1
89.7
87.2
87.2
89.7
89.1
88.8
88.3
89.3

The structure of the [Fe6 ] cluster as well as selected bond lengths for the BP86
and the B3LYP structure optimization are displayed in Figure 3.5. However,
given the limited accuracy of standard density functional calculations, it cannot
be determined which of the two states is the magnetic ground state. However, it
is important to note that also the experimental susceptibility measurements do
not unambiguously determine the magnetic coupling [180]. If we assume that
the experimental results are without ﬂaws and do not suﬀer from impuriﬁcation
of the investigated substances, the underlying complex metal–metal coupling
that may not allow for a clear experimental determination of the magnetic
behavior of this cluster, is reﬂected in the quantum chemical calculations.
For [Fe6 ] local spin values between −1.84 a.u. and 1.85 a.u. are found for the
BP86 and B3LYP calculations that are close to the ideal value of ±2.0 a.u.
(four unpaired electrons), which indicates that spin delocalization as well as spin
pairing is small for both density functionals. This is in agreement with ligand
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ﬁeld theory, where the tendency for spin pairing and the formation of low-spin
complexes is less pronounced for 3d transition metals in a low oxidation state
such as Fe2+ in [Fe6 ] due to a weak d-orbital ligand ﬁeld splitting.

3.3

Recent advances in density functional theory: new functionals and systematic analysis of errors

As density functional theory is often the only quantum chemical method that
can be applied to describe large transition-metal clusters and active sites of
enzymes, the development of more accurate density functionals is the ultimate
goal to improve the description of bioinorganic systems.
During the last years many new functionals have been suggested, which can
hardly be presented here [152]. Instead, we shall point out diﬀerent successful
strategies to construct new density functionals and to increase the accuracy of
DFT.

3.3.1

Development of new density functionals

As standard density functional theory is lacking the description dispersion interactions. Incorporation of such interactions into DFT is a an important issue,
in particular for the accurate description of active sites in bioinorganic enzymes,
where these interactions may play a role. An empirical dispersion correction
was developed by Grimme [183–188]. He suggested to add an energy term of
6
the form 1/RIJ
, where RIJ denotes distance between the nuclei, I and J, to any
standard functional. Furthermore, he developed new functionals that include
these correction terms and are especially parametrized to accurately describe
systems with non-covalent interactions.
A somewhat diﬀerent strategy was employed for the Minnesota density functionals, i.e., for the M05 and M06 class of functionals [165, 189–191]. The idea
of Truhlar and co-workers was to improve accuracy by designing a set of density
functionals where each functional serves for a special purpose, for example the
M06, M06-L for transition-metal thermochemistry and M05-2X, M06-2X for
main group thermochemistry. The functionals mainly diﬀer in their amount of
exact exchange and feature a large set of parameters.

3.3.2

Systematic analysis of errors in density functionals

In order to overcome the insuﬃciencies of approximate density functionals and
to develop more accurate functionals, it is mandatory to systematically analyze
the shortcomings of present day functionals [192–204]. As a prerequisite to
achieve this, it is necessary to extend the density functional theory formalism
to systems with a fractional number of electrons [205, 206].
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Extension of DFT to fractional number of electrons
Following the work of Perdew in 1982 [206] and Yang in 2000 [205], an extension
of DFT is discussed here that allows to describe systems with fractional numbers
of electrons as illustrated by Eq. (3.26):


p
,
(3.26)
E[ρ] = E[N] → E[ρ] = E N +
q
for a system with (N + p/q)-electrons with N, p, q ∈ N. The fraction p/q takes
any value between zero and 1, 0 < p/q < 1 [205].
Let us consider a qN-electron system described by the total wave function Ψtot
with q non-interacting subsystems, where the external potential is the sum over
all identical subsystem potentials located at the q positions Rl ,
vext =

q
X

Rl
,
vext

(3.27)

l=1

and the subsystems are inﬁnitely separated. The total wave function Ψtot
describing the qN-electron system is the antisymmetrized product of the q
N-electron subsystem wave functions Φl (Rl ),
Ψtot = A[Φ1 (R1 )Φ2 (R2 ) . . . Φq (Rq )].

(3.28)

Assuming size consistency of the total energy functional E tot [ρtot ], we may sum
up the energy contributions from the q subsystems to yield E tot [ρtot ]. As the
subsystems shall be identical and translational invariant, E tot [ρtot ] is q times
the energy of one subsystem,
E

tot

tot

[ρ ] =

q
X

ERl [ρl ] = qERl [ρl ].

(3.29)

l=1

For the sake of simplicity each subsystem may be described by one of the two
degenerate wave functions, ΦA and ΦB , (resulting in a 2-fold degeneracy of
each subsystem). We may assign wave function ΦA obtained from the electron
density ρA to the ﬁrst p identical subsystems located at R1 to Rp , whereas the
remaining q − p to q subsystems associated with the positions Rq−p to Rq are
described by the wave function ΦB constructed from the electron density ρB .
Permutation of two subsystems generates a new total wave function as long
as two subsystems are described with diﬀerent subsystem wave functions. The
total electron density can then be expressed as the sum over all q subsystem
densities
ρ(r) =

p
X
l=1
q

=

ρlA (r)

X
l=1

+

q
X

l=q−p

ρlB (r) = p · ρA (r) + (q − p) · ρB (r)


p l
q−p l
ρ (r) +
ρ (r) .
q A
q B

(3.30)
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Assuming again size consistency and translational invariance, the energy of one
subsystem is the sum over the weighted subsystem densities, it reads


q−p l
p l
ρ (r) = ERl [N],
(3.31)
ERl ρA (r) +
q
q B
for the case of a 2-fold degenerate subsystem. The considerations are valid
for any g-fold degenerated system, where we may denote the energy of one
subsystem as
" g
#
X
ERl
Ci ρi (r) = ERl [ρi (r)] = ERl [N].
(3.32)
i=1

Integration of the subsystem density over the complete space yields the number
of N electrons attributed to this subsystem and the coeﬃcients Ci sum up to
1,
g
X
Ci = 1.
(3.33)
i=1

As a further extension, we consider a (qN + p)-electron system with q noninteracting subsystems at inﬁnite distance that each has the same external
Rl
,
potential vext
q
X
Rl
vext
.
(3.34)
vext =
l=1

The subsystems are no longer identical but diﬀer in their numbers of electrons.
There are p subsystems with N + 1 electrons described by the wave function
ΦN +1 and q −p subsystems with N electrons described by ΦN . The ground state
energy of the total system is the antisymmetrized product of the q subsystem
wave functions, analogously to Eq. (3.28). Permuting two subsystems with
diﬀerent numbers of electrons, described by ΦN and ΦN +1 , creates a new total
wave function yielding a degeneracy of the ground state. The total energy is
obtained as the sum over all subsystem energies and reads,
E[qN + p] = (q − p)E[N] + pE[N + 1],

(3.35)

whilst the ground state density of such a system is obtained by summation over
the subsystem densities,
ρ(r) =

q 
X
p
l=1

q

ρlN +1 (r)


q−p l
+
ρ (r) .
q N

(3.36)

When dividing the expression for E[qN + p] by the total number of subsystems
q, the energy of one subsystem is obtained,


p l
q−p l
p
q−p
ERl ρN +1 (r) +
ρN (r) = ERl [N + 1] +
ERl [N] = EN +δN
q
q
q
q
(3.37)
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As we have q subsystems with a total number of (qN + p) electrons, an average
number of (N + p/q) electrons per subsystem is obtained. Thus, Eq. (3.37) also
deﬁnes the energy for a system with a fractional number of electrons, which
we may denote as EN +δN with δN being equal to the fraction p/q. Although
p and q have to be integers because they count the number of electrons with
p < q, the fraction p/q can take any value between 0 < p/q < 1 because any
number of electrons and subsystems may be considered.
Consequences for DFT
For any g-fold degenerate system the following relation holds,
ERl

"

g
X

#

Ci ρi (r) =

i=1

g
X

Ci ERl [ρi (r)],

(3.38)

i=1

that is, for a degenerate
P subsystem the energy can be expressed as a functional of
the averaged density gi=1 1g ρi (r) and is equal to the averaged energy functionals
ERl [ρi (r)] corresponding to the degenerate densities ρi (r). We may apply the
same decomposition scheme to the functional FHK [ρ] as for the energy in Eq.
(3.38),
" g
#
g
X
X
Ci FHK [ρi (r)].
(3.39)
FHK
Ci ρi (r) =
i=1

i=1

Taking into account that FHK [ρ] comprises—in a Kohn–Sham approach—the
kinetic energy, the Coulomb functional, and the exchange correlation functional,
we obtain for the decomposition of FHK [ρ] the following terms,
FHK

" g
X
i=1

#

Ci ρi (r) = T

" g
X
i=1

#

Ci ρi + EXC

" g
X
i=1

#

Ciρi + J

" g
X
i=1

#

Ci ρi . (3.40)

From this derivation, one may see that the accurate description of any system
with a fractional number of electrons requires a density functional that is size
consistent, i.e., the subsystem energy functionals add up to the total energy
functional, and translational invariant. Moreover, it shall predict the energy of
any system with fractional number of electrons (N + p)/q < (N + 1) to be a
linear interpolation of the energies for a system with N and N + 1 electrons.
3.3.3

Shortcomings of present day density functionals

The insuﬃciencies of standard density functionals have been attributed to two
sources of error [192, 201]: the delocalization error—also referred to as selfinteraction error—is present in systems with fractional charge, and the staticcorrelation or spin-polarization error that arises in systems with degenerate
ground states and fractional spins.
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Delocalization error/self-interaction error
Yang and co-workers attribute the delocalization error to the incorrect description of systems with fractional charges by any approximate density functional [192, 194, 197]. They established that the ground state energy for such
systems shall be a step-wise straight line between the energies for integer numbers of electrons as evident from Eq. (3.37) [205]. None of the density functionals
available today satisﬁes this linearity condition but all functionals favor systems
with fractional charges and predict too low energies for these systems. Hartree–
Fock theory on the other hand yields too high energies for such systems. These
ﬁndings are illustrated in Figure 3.7, where the energy diﬀerence between a
system with fractional charge EN +δN and a system with integer charge EN is
plotted against the fractional charge N + δN.

Figure 3.7: The energy for a system with fractional number of electrons as predicted by density functional and Hartree–Fock theory. The correct description shall
be a straight line. Reprinted with permission from R. Haunschild, T. M. Henderson, C. A. Jiménez-Hoyos, G. E. Scuseria. Many-electron self-interaction and
spin-polarization errors in local hybrid density functionals. J. Chem. Phys., 133(13)
(2010) 134116. Copyright 2010, American Institute of Physics.

Deviations from the linear behavior of approximated density functionals can
be associated with the violation of the size consistency condition that is not
intrinsically fulﬁlled in DFT (in particular not for degenerated systems [207]),
and furthermore, because in approximate density functionals higher order terms
of ρ may occur.
The delocalization error deﬁned by Yang et al. can also be considered as
a generalized self-interaction error [195, 208]. The one-electron self-interaction
error denotes in DFT the artiﬁcial interaction of an electron with itself. Due to
the approximate nature of density functionals the exchange and the Coulomb
interaction do no longer cancel each other perfectly as for example in Hartree–
Fock and other wave-function theories. This error has been well known in
DFT [208–219] and very recently, it has been generalized to the many-electronself interaction error (MESIE) [195,208]. As stated by various groups this MESIE
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is in particular pronounced in systems with fractional charges [195,196,204,220].
The erroneous behavior of approximate density functionals has of course implications for quantum chemical calculations. Density functionals have the tendency
to spread out electron density and favor arrangements, where electron density
is delocalized over more than one atom typically accompanied by fractional
charges on the atoms considered [195, 208]. Hence, the binding energy of systems with fractional charges and delocalized electron density is overestimated,
which results in an incorrect prediction of reaction energies and barrier heights.
Barriers are usually underestimated because of delocalized electron distributions
in the transition states [197,221,222]. An example, for which this eﬀect is particularly dominant, is the Diels–Alder reaction, where a substituted alkene is
added to a conjugated diene in a cycloaddition. The cyclic or bicyclic products
are compact structures with highly localized electron density. These species are
underbound because the non-bonded repulsion is overestimated by the currently
available density functionals [197]. Thus, large errors in thermochemistry and
reaction barrier heights are observed [197, 223, 224].
The prediction of band gaps in solid states is also problematic because typically
band gaps are underestimated and hence, electronic conductance is overestimated by approximated density functionals [194, 198]. Furthermore, charge
transfer excitation energies are incorrectly described resulting in too low binding energies for charge-transfer complexes [192]. The dissociation energies of
some binuclear radicals and alkali halides are not described accurately [203,225]
and bond lengths predicted to be too long for a series of homonuclear diatomic
molecules [219].
The spin-polarization/static-correlation error
The spin-polarization/static-correlation error arises in systems with large static
correlation. Such systems feature electronic ground states with fractional spins,
which are in fact an ensemble of degenerate ground states with normal spins [193].
Hence, in wave-function theory they are best described by a multi-determinant
approach. However, the exact density functional should be able to reproduce the
correct ground state density and to yield the same result as the most accurate
correlated wave-function method.
In order to evaluate how systems with fractional spin emerge from degeneracy
of the ground state, let us consider the most simple case of a hydrogen atom
with one electron. Such a system has a degenerate ground state because the
electron may either be in spin state ms = +1/2 (α-spin ↑) or ms = −1/2 (β-spin
↓). The degenerate ground state energies can be obtained from the electron
densities describing these two states, ρ↑ (r) and ρ↓ (r). From the densities,
we may calculate the spherically averaged ensemble density ρms =0 (r), for the
closed-shell state with ms =0,
1
1
ρms =0 (r) = ρ↑ (r) + ρ↓ (r),
(3.41)
2
2
where we choose the coeﬃcients to be 1/2 for both densities (but we may choose
any set of two coeﬃcient as long as they add up to 1). The spherically averaged
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density calculated in Eq. (3.41) describes a system with non-integer occupation
of the α- and β-spin orbital, each formally ﬁlled with 0.5 electrons.
The energy for a ms =0 state with fractional spin can be expressed as functional
of the spherically averaged densities and shall be equal to the energy of the
two degenerate states with ms =+1/2 and ms =−1/2 [193],
" g
#


X
1
1
1
1
Ems =0
Ci ρi (r) = Ems =0 ρ↑ (r) + ρ↓ (r) = E[ρ↑ (r)] + Eρ↓ [(r)]
2
2
2
2
i=1
= E[ρ↑ (r)] = E[ρ↓ (r)].

(3.42)

For any degenerate system—including open-shell
P transition-metal clusters—the
energy for the spherically averaged density gi=1 g1 ρi (r) should be equal to the
ground state energy. However, this is not fulﬁlled for any available approximate
density functional [194,205] as may be seen from Figure 3.8. Here, the relative
energy diﬀerences between the non-spin polarized EP and the spin polarized
EP=1 description are depicted for the hydrogen atom.

Figure 3.8: Spin-polarization/static-correlation error sketched for a system with a
fractional number of spin. The correct behavior shall be a straight line but density
functionals (DFA) and Hartree–Fock (HF) theory both predict too high energies.
Reprinted with permission from R. Haunschild, T. M. Henderson, C. A. JiménezHoyos, G. E. Scuseria. J. Chem. Phys., 133(13) (2010) 134116. Copyright 2010,
American Institute of Physics.

Both DFT and Hartree–Fock theory predict too high energies for this system
with the largest discrepancy for S=0 and fractional spins corresponding to 0.5
α-electrons and 0.5 β-electrons. Hence, the spin polarization stems from the
biased description of spin polarized and non-spin polarized densities, which
should be equal in energy [201].
The spin-polarization/static-correlation error is also the reason for the incorrect
prediction of the dissociation curve of H2 . The symmetric non-polarized dissociation into two H atoms with S=0 and fractional spins of 0.5 α- and 0.5 β-spin
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each is too high in energy when compared to the spin polarized dissociation into
two H atoms with one electron each, where one fragment has a spin of S=1/2
and the other of S=−1/2. The exact density functional shall predict the two
solutions to be degenerate [193,201]. However, this error is not only a problem
in DFT but of single-determinant methods in general as, e.g., Hartree–Fock
theory.
One concept to cure this problem is to allow symmetry breaking in the description of the fragments, as done in Noodleman’s broken-symmetry solution [118, 119, 122], which yields correct energies but incorrect spin densities.
Self-interaction spin-polarization corrected functionals
The systematic failure of density functionals creates a need for new improved
functionals that lack the (many-electron) self-interaction error and the spinpolarization/static-correlation error.

Figure 3.9: Relative energy differences between a carbon atom with fractional charge
EN +δN and with integer charge EN plotted against the (fractional) number of electrons of a carbon atom for a set of density functionals. Approximate density functionals fail to reproduce the correct behavior of a straight line. Reprinted with
permission from A. J. Cohen, P. Mori-Sánchez, W. Yang. J. Chem. Phys., 126(19)
(2007) 191109. Copyright 2010, American Institute of Physics.

Several new functionals have been proposed in the last years that should account
for these shortcomings [194,196,199,212,213,220,226–228] and their performance
has been evaluated [197, 201, 208]. Although all density functionals still deviate
from the correct description—as may be seen from Figure 3.9 at the example of
the self-interaction error on a carbon atom—self-interaction corrected functionals
such as rCAM-B3LYP and MCY3 perform better than traditional functionals
as e.g. B3LYP and BLYP.
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Optimizing pre-defined spin distributions

The local spin concept allows us to analyze a given wave function in terms of
the local spin distributions needed for the description of the magnetic coupling
in molecules. Applied in single-determinant approaches, one has to be able
to converge Noodleman’s broken-symmetry solution [118, 119, 122] in a selfconsistent-ﬁeld (SCF) procedure. In order to obtain a wave function in a SCF
approach one has to provide an initial guess for the molecular orbitals. This
presents, however, a technical problem because the SCF iterations may converge
to a stationary point that is close to the initial guess and may not represent
the Slater determinant with the desired local spin distributions that describe
antiferromagnetic coupling.
In order to circumvent this problem, one may either manipulate the initial
guess or set-up a constrained optimization, where the SCF procedure converge
to predeﬁned (constrained) properties. The latter was achieved in a protocol by
Van Voorhis and co-workers [229–231]. This approach suﬀers from the fact that
the constrained Slater determinant may not represent a local energy minimum
of the unconstrained potential energy surface.
To avoid this problem associated a “restrained optimization” protocol has been
considered by our group [232] as a straightforward and simple extension of Van
Voorhis work. Instead of ﬁxed ideal local spin values a range of acceptable
constrained values is deﬁned and the optimization is guided towards the region
of the preassigned values. As soon as the actual local spin values are suﬃciently
close to the ideal values, the constraints are relaxed and the optimization is
allowed to converge to the energy minimum as illustrated in Figure 3.10.
LHF / Lideal
accepted
local spins

LHF

Lideal

min
hŜzA
i

ideal
MsA

hŜzA i

guided

constrained

optimization

optimization

Figure 3.10: Schematic representation of the restrained optimization scheme, where
the set of MO coefficients is guided towards the region of acceptable local spin values.

The advantage of this optimization scheme is that the SCF iterations do not
converge to a non-stationary energy on the un-constrained potential energy
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surface—that may only represent an energy minimum on the constrained potential energy surface— but to a true energy minimum, where the ﬁnal local-spin
values may diﬀer from the ideal ones within a certain threshold.
Van Voorhis’ constrained optimization is conveniently carried out with a Lagrange multiplier scheme [233, 234], where the quantity to be optimized, i.e.,
the energy of the molecule and the quantity to be constrained, here the local
spins, were included as parameters in a Lagrangian functional. The multiplier
is then updated after each SCF iteration step until the actual local spin values
are in the predeﬁned range of acceptable values. Of course, if the multiplier is
then set to zero, a free optimization is performed allowing convergence to the
true energy minimum of the unconstrained potential energy surface. To further
guide this last optimization step by means of gradient information is, however,
not that trivial.
The local spin values obtained in a decomposition scheme may either be local
hS 2A i or local hSzA i expectation values as explained chapter 2. Since we are
interested merely in Slater determinants describing local high-spin centers, it is
most suitable to employ local hSzA i values as properties to be constrained in
a multiplier scheme. If we recall that the hSzA i expectation values should be
ideal
equal to the ideal MsA and denote ideal values as MsA
values, the Lagrangian
can be chosen to be [231, 232],
L=E−

N
X
i=1

ǫi (hi|ii − 1) −

X
A


ideal
λA hSzA i − MsA
.

(3.43)

ideal
so that it ensures ideal local spin values MsA
on the fragments A. Here,
λA is the Lagrangian multiplier. Now, we have to variationally optimize the
Lagrangian L so that δL = 0. This stationarity condition is only fulﬁlled if
the imposed constraints are satisﬁed, i.e., if the actual hSzA i value is in the
ideal
accepted range so that hSzA i and the ideal MsA
diﬀer only within a certain
threshold. As a side remark it should be noted that the constraints enter the
one-electron Fock operator f ′ and give rise to an additional potential vadd ,

X
1
f ′ = − ∆ + veff + vadd = f −
λA szA .
2
A

(3.44)

In the restrained optimization scheme, the SCF algorithm is employed with
a ﬁxed multiplier until convergence is achieved. Subsequently the multiplier
is updated, which is realized in our implementation [230] by a Newton-type
optimization algorithm when employing the second derivatives of L with respect
to λA as

λnew
A




dL
dλA
= λold
A −  2 .
dL
dλ2A

(3.45)
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The expressions for the second derivatives may be obtained by perturbation
theory [230] and can be calculated according to
occ virt

X X X |ha|szA |ii|2
d2 L
,
= −2
dλ2A
ǫσi − ǫσa
σ i∈σ a∈σ

(3.46)

as a sum over SzA expectation values of the occupied orbitals i and the virtual
orbitals a divided by their energy diﬀerence, where σ indicates either α- or
β-spin.
The advantage of such an optimization scheme is not only the convergence of a
well-deﬁned broken-symmetry determinant but also the possibility to investigate
any local spin distribution. Thus it is possible to estimate energy diﬀerences
between various local spin distributions as long as they represent energy minima
and employ them to study diﬀerent magnetic coupling schemes.
3.4.1

An application: the Crabtree water-oxidizing complex

To demonstrate the value and limitations of the restrained optimization we now
focus on an interesting dinuclear manganese cluster synthesized by Crabtree and
Brudvig [235]. The objective here will be the convergence of Slater determinants
describing different local-spin distributions in a molecule. Although we focus on
a transition-metal cluster here, our general conclusions will also be valid for other
reactions with unpaired spin distributions like those of organic radical chemistry. The binuclear Mn cluster, [(terpy)(H2 O)MnIV (µ-O)2MnIII (H2 O)(terpy)]3+
(terpy=2,2’:6,2”-terpyridine), consists of a Mn2 O2 core, where the metal atoms
are bridged by oxygen and each Mn atom is bound to a terpyridine ligand
and H2 O. It is stated to be the ﬁrst model for catalytic O–O bond formation
that is catalytically active and capable of producing oxygen like Photosystem
II [236]. In the reaction mechanism sketched in Ref. [235], a doubly-bound
MnV =O species is proposed to be the key intermediate. This was concluded
from 18 O-isotope labeling experiments, kinetic studies, and known reactivities of
terminally bound oxo ligands [235,237–239]. However, no evidence for a MnV =O
structure was found by investigation of the redox properties [240]. Calculations
performed by Lundberg and Siegbahn point to a radical MnIV –O• structure
instead [241,242]. Because of these contradictory results, we focus on the investigation of the key intermediate [(terpy)(H2 O)MnIV (µ-O)2MnV/IV (O)(terpy)]3+ ,
which may be abbreviated by [Mn2 O2 ]3+ . Note that to correctly determine its
spin state as well as its local-spin distribution is crucial for a further investigation of the reaction mechanism for O2 formation. The Lewis formula as well
as its optimized structure is depicted in Figure 3.11.
We seek to understand by calculating and comparing the energies for a MnV =O
and a MnIV –O• structure, which of both is the most stable one and thus most
likely to represent the structure of the intermediate. The ﬁrst one features
two unpaired β-electrons on Mn1 and three unpaired α-electrons on Mn2 . This
conﬁguration may be represented by arrows as (↓↓–↑↑↑), where an up-pointing
arrow denotes an α-electron and a down-pointing arrow a β-electron. This
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Figure 3.11: Lewis and molecular structure for the proposed MnV =O intermediate
of Crabtree and Brudvig’s water-oxidizing complex [(terpy)(H2 O)MnIV (µ-O)2 MnIII
(H2 O)(terpy)]3+ (terpy=2,2’:6,2”-terpyridine). Relevant bond lengths and angles are
given for the BP86/RI/TZVP optimized structure, whereas B3LYP/TZVP values
are given in parenthesis.

spin conﬁguration is from now on denoted as “ideal(1)” (see Figure 3.12). The
radical structure corresponds to a local-spin conﬁguration with three unpaired
electrons on each manganese atom (antiferromagnetically coupled) and a single
unpaired electron on the oxo ligand (↑–↓↓↓–↑↑↑), also illustrated in Figure 3.12
and denoted as “ideal(2)”. In the ideal case, a restrained optimization can
converge MOs corresponding to diﬀerent local spins on the manganese atoms
and the oxygen ligand, thus describing a radical-like structure or a doubly bound
oxo ligand.
O2

O2

O3

O1

ideal(1)

Mn2

Mn1

Mn2

Mn1

O3

O1

ideal(2)

Figure 3.12: The two different ideal local-spin configurations “ideal(1)” and “ideal(2)”
describing the doubly bound oxo ligand and the radical structure of [Mn2 O2 ]3+ . The
two terpy-ligands and the H2 O ligand are omitted.

For each restrained calculation a constrained optimization with local spins constrained to ideal values was performed followed by a free optimization, where
the structure and the local spins were allowed to relax in order to converge to a
local energy minimum with respect to structural distortions. Constrained local
spins were obtained according to the Löwdin scheme, whereas the local-spin
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values of the converged Slater determinants were calculated according to the
Löwdin⋆ scheme [128].
Prior to the restrained calculations an unrestrained calculation was performed
with the BP86 density functional and TZVP basis set. From the results of the
local spins on the relevant atoms displayed in Table 3.5 it can be seen that a
standard SCF calculation fails to converge to a broken-symmetry state. Instead,
an intermediate spin-state which does not feature the desired properties—i.e.,
local high-spin conﬁguration on the manganese atoms but local-spin values of
hSzMn1 i=−0.15 a.u., hSzMn2 i=0.40 a.u., and negligible spin on O3 —was obtained.
This case nicely demonstrates the value of the restrained orbital optimization
scheme.
Table 3.5: Local-spin distributions for different initial local spins constrained. Localspin expectation values hŜzA i are obtained according to the Löwdin⋆ scheme.
Restrained
unrestrained
↑–↓↓↓–↑↑↑
↓↓–↑↑↑
↑–↓↓↓–↑↑↑
↓↓–↑↑↑

Func.
hSzMn1 i
BP86
−0.15
BP86
−0.73
BP86
−0.74
B3LYP −1.29
B3LYP −1.31

hSzMn2 i hSzO1 i hSzO2 i hSzO3 i
0.40
0.01
0.00
0.01
1.19
−0.03
0.16 −0.10
1.21
−0.03
0.15 −0.09
1.36
−0.01
0.09
0.34
1.37
−0.03
0.08
0.35

In order to obtain the MnV =O state, local spins constrained to MsMn1 = −1.0
a.u. and MsMn2 =1.5 a.u. were applied and denoted as Aideal(1) on the potential
energy hypersurface of the BP86 density functional given in Figure 3.13. The
BP86 restrained optimization converged to the desired BS determinant and local
spins of hSzMn1i = −0.74 a.u. and hSzMn2 i =1.21 a.u. and negligible spin on
the µ-oxo-bridges as well as on the oxo ligand are obtained (see Table 3.5).
This spin state is represented by Amin in Figure 3.13. The BP86/BS optimized
structure Amin features a doubly bound oxo ligand and resembles the proposal
by Crabtree and Brudvig [235, 237–239].
Modiﬁcation of the local spin constrained to MsMn1 = −1.5 a.u., MsMn2 =1.5
a.u. and MsO3 =0.5 a.u. in order to describe a radical structure (denoted by
Aideal(2) ) converges, however, to the same BS determinant as for the previous
constrained spins. Again, local spins of hSzMn1i = −0.74 a.u., hSzMn2i =1.21 a.u.
and a negligible spin on all oxygen atoms are obtained. This is illustrated by
a qualitative picture of the potential energy hypersurface for the BP86 density
functional in Figure 3.13. The diﬀerent constrained local spins as well as the
non-spinpolarized extended-Hückel guess correspond to diﬀerent points on the
potential hypersurface like Aideal(1) and Aideal(2) . The restrained optimization
algorithm guides the optimization to the energy minimum which is suﬃciently
close to the initial guess with respect to the local spin constrained. In both
cases (Aideal(1) and Aideal(2) ) the BS determinant with a local-spin conﬁguration of
hSzMn1 i = −0.74 a.u. and hSzMn2i =1.21 a.u. is obtained because it is the nearest
energy minimum (Amin ). If there was an energy minimum close to Aideal(2) as
indicated by the dashed line, the restrained optimization would converge to
the local-spin distribution describing an unpaired electron on the oxo ligand.
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Figure 3.13: Qualitative picture of the potential energy hypersurface for the BP86
(A) and the B3LYP (B) density functional along the spin coordinate. The superscript
“min” indicates the local-spin distribution of the energy minimum for the BP86 and
the B3LYP optimized structures. “ideal(1)” describes the ideal local spins constrained
for a doubly bound oxo ligand and “ideal(2)” describes the constrained spins for a
radical structure with an unpaired electron on O3 . The energy of the minima Amin
and Bmin structures are arbitrarily set to zero in order to compare relative changes
on the BP86 and B3LYP surfaces.

Furthermore, Figure 3.13 illustrates that for the unrestrained (free) optimization
the closest local minimum is a spin states with hSzMn1 i =0.40 a.u. hSzMn2i =
−0.15 a.u. and negligible spin on the oxo ligand, which is denoted as Aunrestrained .
For comparison with Lundberg and Siegbahn’s work all calculations have been
repeated with the B3LYP density functional. For B3LYP both constrained
initial local-spin distributions Bideal(1) and Bideal(2) converge to the same Slater
determinant as represented by Bmin on the potential energy hypersurface in
Figure 3.13. This Slater determinant describes a broken-symmetry state with
a local spin conﬁguration of hSzMn1 i = −1.29 a.u., hSzMn2 i =1.36 a.u., and
hSzO3i =0.34 a.u.. It corresponds to a radical structure and is in agreement
with the results reported in Ref. [241, 242]. Since there is no energy minimum
close to the inital spins constrained to Bideal(1) on the B3LYP potential energy
hypersurface, no Slater determinant describing a doubly bound oxo ligand could
be converged.
Even when starting from the converged BP86 MOs for the radical structure, a
free B3LYP optimization converges to a radical structure, and the BP86 optimization to the structure where the oxo ligand is doubly bound when providing
converged B3LYP MOs as initial guess. The restrained optimization does not
converge the Slater determinants with the pre-deﬁned local spin here, that is
to the local spin distribution “ideal(2)” corresponding to a radical structure in
the case of BP86 and to the structure describing a doubly bound oxo ligand,
denoted as “ideal(2)” in the case of B3LYP. However, this is not due to a
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ﬂaw in the algorithm, but due to the approximations in the density functionals
employed (see Figure 3.13). The general observation still holds, namely that
optimizations constraining the local spins to predeﬁned ideal values may give
a qualitative idea of the relative energies of the two states. However, a direct
comparison is hampered by the fact that these are not stationary points and
thus no local energy minima. Based on the diﬀerent local spin distributions for
the BP86 optimized structure Amin and the B3LYP optimized structure Bmin it
is interesting to compare these structures. It is found that the Mn1 –O3 bond
length is about 0.1 Å longer for the B3LYP structure (see Figure 3.11). This is
partly because of the known fact that B3LYP overestimates bond lengths but
may also arise because of a nonzero local spin located on the oxygen O3 . The
O1 –Mn1 –O2 and the O1 –Mn2 –O2 bond angles are similar. Despite the structural
similarities of the optimized BS states, their local-spin distributions vary with
the amount of exact exchange in the density functional employed.
Table 3.6: Selected bond distances [Å] and bond angles [◦ ] for the broken-symmetry
state of [Mn2 O2 ]3+ optimized with the BP86 and the B3LYP density functional.
BP86 B3LYP
Mn1 –Mn2
2.864
2.813
Mn1 –O1
1.794
1.840
Mn1 –O2
2.143
1.996
Mn1 –O3
1.611
1.705
Mn1 –N1
2.050
2.065
Mn1 –N2
1.975
2.004
Mn1 –N3
2.052
2.067
Mn2 –O1
1.788
1.783
Mn2 –O2
1.739
1.749
Mn2 –O4
2.142
2.161
Mn2 –N4
2.062
2.074
Mn2 –N5
2.025
2.036
Mn2 –N6
2.055
2.070
O1 –Mn1 –O2 74.1
76.4
O1 –Mn2 –O2 85.3
84.5

As the BP86 and the B3LYP results diﬀer it is investigated whether these
deviances stem from the amount of exact exchange admixture in the functional,
which is zero in the case of BP86 and 20% in the case of B3LYP. Thus, singlepoint calculations were performed on the B3LYP optimized broken-symmetry
structure with decreasing the amount of exact exchange in the B3LYP functional
from 0.20 to 0.00 by increments of 0.05. Local spins were constrained to
MsMn1 = −1.5, MsMn2 =1.5 and MsO3 =0.5 (“ideal(2)”).
The results are presented in Table 3.7 and visualized in Figure 3.4.1. When
reducing the amount of Hartree–Fock exchange energy, the excess of β-spin
density on Mn1 decreases from hSzMn1 i = −1.29 a.u. in the B3LYP functional
to hSzMn1i = −0.76 a.u. and the local spin on O3 diminishes from −0.34 a.u.
to −0.03 a.u.. The local expectation value on Mn2 varies only slightly from
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Table 3.7: Dependence of local-spin values of the broken-symmetry state of
[Mn2 O2 ]3+ on the admixture of exact exchange (Ex. ex.). It is varied in the B3LYP
density functional from 0.20 to 0.00 by increments of 0.05. All calculations were
performed on the optimized B3LYP/BS structure. Initial ideal local spins were constrained to MsMn1 = −1.5 a.u., MsMn2 =1.5 a.u. and MsO3 =0.5 a.u. (“ideal(2)”).
Local-spin values are obtained by partitioning of the expectation value of Ŝz according
to the Löwdin⋆ scheme.
Ex. ex. admixture
0.20
0.15
0.10
0.05
0.00

hSzMn1i
−1.29
−1.20
−1.08
−0.90
−0.76

hSzMn2i hSzO1i
1.36 −0.01
1.33 −0.01
1.23 −0.01
1.25 −0.01
1.18 −0.01

hSzO2 i hSzO3 i
0.09
0.34
0.09
0.28
0.11
0.08
0.11
0.05
0.11 −0.03

1.36 a.u. to 1.18 a.u., whereas the local spin on the bridging atoms does not
change with the amount of exact exchange and is almost zero in all calculations.
The reduction of exact exchange yields eventually a continuous convergence of
a Slater determinant describing a doubly bound oxo ligand with similar localspin values as the one obtained with the BP86 density functional. Hence, it
is solely the exact exchange admixture that determines the relative energies in
this system as has been observed before [50,178,179]. In order to decide which
density functional would be most reliable, it will be important to understand
how accurately spin densities can be reproduced within DFT and work in this
direction is under way in our laboratory [51, 52, 158]
2
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1
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Figure 3.14: Graphical representation of the local spin values plotted against the
amount of exact exchange admixture in the B3LYP density functional. It is varied
from 0.20 to 0.00 by increments of 0.05.
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Conclusions on challenges in DFT

In this chapter we outlined several challenges in density functional theory that
arise for the description of transition-metal clusters. After introduction of the
foundations of DFT, we pointed out pitfalls in density functional calculations
on polynuclear clusters, that may originate from the open-shell character of the
metal clusters and the intrinsic DFT error. One particular problem of DFT is
the accurate description of diﬀerent spin states. We demonstrated that it may
not be suﬃcient to consider selected spin states only but a complete analysis of
all potential spin states may be necessary to arrive at more reliable results. From
the quantum chemical study on the magnetic coupling scheme of M6 -wheel-like
clusters, one may see that for molecules, where the relative energy splitting of
the ferromagnetically and the antiferromagnetically coupled state is so small
that it may be within the intrinsic error of DFT. Thus, reliable predictions of
the magnetic coupling behavior on the basis of quantum chemical calculations
are no longer possible. These issues create a need for new and more accurate
density functionals.
In the second part of this chapter we reviewed recent advances in DFT to
systematically analyze the failures of approximated density functionals. In particular, the shortcomings of standard density functionals may be attributed
to two sources of error, the delocalization/self-interaction error and the spin
polarization/static correlation error. Due to these insuﬃciencies of all density functionals systems with fractional charges/fractional spins are incorrectly
described. Eﬀorts have been made to correct for these shortcomings.
In the last part of this chapter we addressed the technical problem that arises
when converging broken-symmetry determinants. We presented a restrained
optimization protocol that allows for a guided optimization of BS determinants
with pre-deﬁned local spin distributions. This tool enables a study of diﬀerent
magnetic coupling schemes. Its capabilities were demonstrated for the binuclear
[Mn2 O2 ] water splitting catalyst by Crabtree and Brudvig.

4.

Unifying concepts for bioinorganic cluster
chemistry

Transition-metal clusters with complex electronic structures often facilitate extremely delicate chemical transformations. Their reactivity is modulated by the
ligand environment of the transition-metal atoms involved. This fact, however,
makes every transition-metal cluster with a given set of ligands unique often
requiring speciﬁc investigation. Of course, its reactivity and selectivity may be
qualitatively related to that of homologous clusters, but truly quantitative relations are often unavailable. From the point of view of catalyst design, however,
one would require such quantitative understanding in order to perform rational
modiﬁcations to the ligand sphere of a catalyst.
The development of eﬃcient software and hardware during the last two decades
has led to changes in quantum chemistry. Feasibility of density functional
calculations is no longer an issue even for comparably large transition-metal
clusters. Therefore, one aim should be to develop universally valid concepts
that allow for the extraction of rules of thumb to understand and predict
(transition-metal) chemistry.
One such unifying concept are correlation diagrams which may help relate
structures and their properties such as energies, local spins or partial charges.
Another concept is valence bond (VB) theory [243–246]. It allows for a prediction
of reactivities, reaction energies, bonding for a wide range of substances, from
small model systems to active sites of enzymes such as cytochrome P450 [247–
257]. For a recent monograph on VB theory covering a broad overview from
the fundamental theory to recent applications see Ref. [258].
In this chapter we elaborate on the scopes and limitations of the concept of
correlation diagrams, present a range of applications for such diagrams and
brieﬂy review capabilities of the valence bond theory concept with a focus on
bioinorganic transition-metal clusters.

4.1

Correlation diagrams for quantitative structure–property relations

In theoretical bioinorganic chemistry, just as in computational quantum chemistry in general, only stationary structures are investigated on a potential energy
hypersurface. The equilibrium structure of the (catalytically active) transitionmetal core is determined by the ligand sphere and by interaction with the
environment, which mutually inﬂuence the electronic structure, i.e., the formal
oxidation state, the spin arrangement, and the charge distribution.
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In order to gain insight into the nature (properties) and reactivity of such
transition-metal clusters, we may investigate the ﬂexibility of these compounds
in terms of correlation diagrams. These diagrams have a long history and were
particularly popular in times when computational resources and algorithms had
not yet been developed (e.g., Walsh diagrams, Tanabe–Sugano or Orgel diagrams). The potential energy hypersurface provides a direct means to correlate
structures to each other if screened properly in the space of relevant coordinates.
However, we are not only interested in the variance in energy of an active
site with respect to nuclear positions but also in the change of its molecular
properties with respect to cluster structure. Relevant properties are, e.g., the
total electronic spin expectation value and the spin density distribution that
can be assigned to atomic centers by local spin expectation values [128, 129,
137, 139, 232].
In the following sections we investigate the usefulness of correlation diagrams
and present a range of applications for the example of a series of biologically
relevant, planar dinuclear model clusters ([M2 X2 ] for M=Mn, Fe, Cu and X=O,
S), with respect to the diﬀerent spin states, total charges, and density functionals
by continuously screening relevant cluster structures.
We choose these model clusters because their structural motifs are central moieties in active sites of various enzymes in nature or functional model clusters
being able to mimic the reactions of the native enzyme. An oxygen-bridged
tetranuclear manganese cluster, for example, is the active catalytic site of the
water-oxidizing cluster in Photosystem II [259–263]. The iron [Fe2 O2 ] motif
may be found for example in methane-monooxygenase [264], whereas the homologous [Fe2 S2 ] building block is present in hydrogenase [265,266]. Activation
of dioxygen is mediated by copper-containing proteins like oxyhemocyanin or
oxytyrosinase [267,268] (see also for dicopper–oxygen complexes Refs. [269–272])
that contain a [Cu2 O2 ] unit.
We present two-dimensional scans of the potential energy surface along the
M–M and the X–X bond lengths as well as molecular properties such as the
total and the local spin expectation values for [Cu2 O2 ], [Mn2 O2 ], [Fe2 O2 ], and
[Fe2 S2 ] cluster structures.
Our studies shall provide insights into the electronic structure of these clusters. Moreover, representations of local spin properties depending on the cluster
structure allow us also to identify whether the wave function was converged
always to the same electronic conﬁguration or whether diﬀerent structures yield
qualitatively diﬀerent Kohn-Sham determinants with distinct molecular properties, such as local spin distributions. This, of course, also allows us to detect
whether the energy and property scans are without technical ﬂaws that may arise
because of convergence to local energy minima in the parameter space of MO
coeﬃcients. Qualitative changes in electronic structure are thus easily identiﬁed
and can be substantiated or eliminated by convergence control [231, 232].
It is clear that any chemical conclusion drawn on the basis of correlation diagrams crucially depends on the accuracy of the electronic structure method
with which it was produced. Focusing on two-dimensional correlation diagrams,
we may assume that the raw data are suﬃciently accurate or that their accu-
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racy may be assessed by comparison with ab initio reference results for selected
structures.
In the following, we present examples that illustrate the various aspects and
applications of correlation diagrams. Most fundamental is the investigation of
the structural ﬂexibility of a cluster and the dependence of molecular properties on the cluster structure. We start with a discussion of technical issues,
continue to investigate correlation diagrams for generic binuclear clusters, and
subsequently for clusters with reference ligands. For each example we point out
a particular aspect.

4.2

Technical issues

In order to arrive at a detailed picture of the structural ﬂexibility of a cluster, it
is necessary to scan higher-dimensional potential energy and property surfaces,
of which certain sections can be conveniently plotted. In the current illustrative
examples, we shall restrict ourselves to the two structural degrees of freedom
that emerge when the [M2 X2 ] cluster is distorted within the plane of all nuclei.
Thus, we shall present here such a two-dimensional scan of the M–M and the
X–X bond lengths as well as of total and local spin expectation values.
A graphical representation of the scanned [M2 X2 ] structures is depicted in Figure
4.1 for the example of [Cu2 O2 ]. Our scan includes the bis(µ-oxo) and the sideon peroxo [Cu2 O2 ] structure motifs the transition of which had already been
studied by Cramer et al. [273].

side-on peroxo
O

Cu

Cu
O

bis(µ-oxo)
O

rCu−Cu
Cu

Cu
O

O

O
Cu

Cu
O

Cu

Cu

r O−O
O

Figure 4.1: Graphical illustration of the [Cu2O2 ] structure scan (left): from left to
right the O–O bond length is scanned from 1.0 Å to 3.8 Å, whereas from bottom to
top the Cu–Cu bond length is plotted from 2.0 Å to 4.7 Å. A section of the potential
energy hypersurface around the most stable side-on peroxo TPSS/RI/TZVP-optimized
triplet structure reveals the smooth potential well (right).
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For the model clusters under study we investigated the high-spin state, the
S=0→MS =0 broken-symmetry (BS), and for selected species also the S=1
triplet state state with the BP86, B3LYP, and TPSS density functionals in combination with Schäfer’s triple-ζ def-TZVP basis set (abbreviated as TZVP) [274,
275] and the resolution-of-identity (RI) technique [276] (for the pure functionals
BP86 and TPSS). If not indicated otherwise, we chose for each scan a step size
of 0.26 Å for the M–M bond and of 0.13 Å for the X–X bond and as initialguess molecular orbitals the converged α- and β-molecular orbitals (MOs) of the
bis(µ-oxo) structure were provided. Detailed information on how the correlation
diagrams are set up can be found in the appendix.
Prior to any quantitative analysis it is necessary to analyze and discuss the
method-inherent errors, i.e., the density functional dependence as well as technical issues, such as the resolution of the scanned potential energy surface and
the choice of the initial guess orbitals.

4.2.1

Density functional dependence

In order to study the variations that originate from the approximate nature
of present-day density functionals, the potential energy surface plots for a set
of diﬀerent density functionals and spin states of the [Cu2 O2 ]2+ are presented
in Figure 4.2. In all scans, the structure with the lowest energy has been
arbitrarily set equal to zero and all structures up to a relative energy of 1000
kJ mol−1 are depicted. For each plot, all other structures with a higher relative
energy than 1000 kJ mol−1 , which may occur due to unfavorable electron–
electron and nucleus–nucleus repulsion at short distances, were omitted. The
overall picture of the potential energy surface is aﬀected only slightly by this
choice of maximum energy as can be seen from the plot of the potential energy
hypersurface around the most stable TPSS/RI/TZVP optimized [Cu2 O2 ] triplet
structure, presented on the right hand side of Figure 4.1, when compared with
the same plot in Figure 4.2 (middle). Here, it can be seen that the potential
energy well is smooth around the most stable structure, when relative energies
up to 100 kJ mol−1 are plotted. However, this has to be checked for every
complex investigated.
From Figure 4.2 it can be seen that all density functionals yield similar results
for one speciﬁc spin state. Still, small diﬀerences may be observed, e.g. for the
high-spin state: although all density functionals predict a bis(µ-oxo) structure
to be most stable here, the functionals show a second local energy minimum
for the side-on peroxo structure that is hardly visible for the BP86 density
functional but more pronounced for TPSS and B3LYP. In case of B3LYP and
TPSS the bis(µ-oxo) and the side-on peroxo structure are separated by a barrier.
Regarding the structural ﬂexibility, for the [Cu2 O2 ]2+ cluster it ﬁrst of all
depends on the spin state and also somewhat on the density functional employed.
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Figure 4.2: Potential energy plots for the [Cu2 O2 ]2+ cluster in high-spin, triplet and
broken-symmetry states as obtained with the BP86, B3LYP, and the TPSS density
functionals.

4.2.2

Resolution of the potential energy surface

Interestingly, the TPSS/triplet [Cu2 O2 ]2+ structure shows a distinct area with
higher stability compared to the surrounding points for an O–O separation of
about 3.0 Å and a Cu–Cu distance between 3.6 and 4.6 Å (compare Figure 4.3).
Analysis of the total spin expectation value hŜ 2 i and the local spin expectation
value on the Cu center shows cusps in the property surface as witnessed in
the top panel of Figure 4.3 (see below). Closer inspection reveals that this
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higher stability may arise due to convergence of the initial guess orbitals to
local-minimum solutions, which are identical to the converged orbitals at the
equilibrium structure. One might also attribute this to the current resolution
of the potential-energy-surface grid. However, test calculations with a smaller
step size yield very similar results as may be seen from Figure 4.3: here, we
decreased the step size from the inital resolution of 0.26 Å for the Cu–Cu
bond length and 0.13 Å the O–O bond length (top panel) to to 0.13 Å for the
copper–copper distance and to 0.07 Å for O–O (second panel) and further to
0.07 Å (top panel) for Cu–Cu as well as 0.035 Å for O–O (third panel). This
results in a resolution for the potential energy surface of 242 grid points (top
panel), 882 grid points (second panel), and 3362 grid points (third panel).
While still visible at a resolution of 882 grid points, the region with higher
stability diminishes for the ﬁnest grid (resolution of 3362 points). In addition,
the regions on the potential energy hypersurface that are not smooth but exhibit
somewhat higher energies show an increase of spin contamination, which may be
seen from the total and local spin expectation value plots of hŜ 2 i and hŜzCu1 i,
respectively. A system is referred to as “spin contaminated” when the actual
total spin expectation value hŜ 2 i is higher than the ideal value, which should
be equal to S(S + 1) = 2 in the case of a triplet state with S=1. Depending on
the choice of the initial guess MOs spin contamination may vary. Moreover, we
may see that the ridge is still detectable in the total spin expectation value plots
even for the ﬁnest grid resolution. Hence, we could attribute the origin of this
ridge entirely to the resolution of the grid and we shall investigate whether these
artifacts may arise form an inappropriate choice of the inital guess molecular
orbitals.
To evaluate the impact of the choice of the inital guess MOs we performed a
fourth scan again at a resolution of 3362 grid points (lower panel of Figure 4.3),
where we provided for each grid point the converged MOs of the previous point
to obtain a smooth variation of the initial guess orbitals. We scanned starting
from the shortest Cu–Cu and O–O distance. The O–O distance is increased in
each step (left to right) and successively the Cu–Cu distance (bottom to top).
As may be seen from Figure 4.3, the artifacts disappear and the potential
energy surface as well as the total spin expectation value plots are smooth
even though spin contamination is still present in the periphery of the scan.
The region with higher stability can be attributed to an improper choice of
the molecular orbital guess. Such improper MOs can yield a wrong energy
assignment and hence, alter the potential energy hypersurface for the dinuclear
copper cluster structure under study. Thus, the impact of the initial guess MOs
on the potential energy hypersurface is more pronounced than the inﬂuence of
grid resolution: All characteristics of the potential energy hypersurface for the
ﬁne grid are already visible for the hypersurfaces at lower resolution. Hence,
one is alarmed by those individual cases where the surface is not smooth but
features peaks that may arise due to an improper choice of the initial guess
MOs.
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Figure 4.3: Comparison of the TPSS/RI/TZVP potential energy surface and property
surface plots of the TPSS triplet state of [Cu2 O2 ]2+ for different numbers of grid
points (top: 242, second: 882, and third and fourth: 3362). For the upper three
scans the converged MOs of the equilibrium structure were provided, whereas for
the lower panel the converged orbitals of the previous grid point were provided as
initial guess MOs.
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However, the peaks on the potential energy surface that arise due to technical
ﬂaws or the improper choice of the guess orbitals should not be confused with
peaks in the local spin expectation value plots of broken-symmetry states. The
latter is, for example, observed for the broken-symmetry state of the [Fe2 O2 ]2+
cluster. In the local spin plots depicted in Figure 4.4 one may ﬁnd spikes for
a low grid resolution (upper panel) and also when the accuracy of the grid
is increased (middle panel), whereas the potential energy surfaces are smooth
here.
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Figure 4.4: Potential energy surfaces and local spin expectation value plots for the
BS solution of the [Fe2 O2 ]2+ cluster for different initial guess orbitals and resolutions
of the surfaces. For the upper two panels, the converged MOs of the previous grid
point were provided as inital guess with a grid size of 0.26 Å for Fe–Fe and 0.13 Å for
O–O (top panel) and with a grid size of 0.13 Å for Fe–Fe and 0.07 Å for O–O (middle
panel). For the lower panel, the converged MOs of the BS optimized structure were
provided as inital guess at a grid resolution of 0.26 Å for the Fe–Fe bond length
and of 0.13 Å for O–O bond length. The peaks arise due to the degeneracy of the
two broken-symmetry determinants and may be cured by the appropriate choice of
the initial guess MOs.
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In order to explain that these artifacts are no technical ﬂaws but arise due
to the nature of the electronic structure of a broken-symmetry state, we shall
elaborate on how we set up the correlation diagram. As inital guess molecular
orbitals, we provided the converged high-spin MOs of the bis(µ-oxo) structures
for the most compact structure. The correlation diagram was obtained in such
way that for each point the converged MOs of the previous calculation were
provided, scanning from short to long O–O distances and from short to long
Fe–Fe bond lengths (left to right, bottom to top starting from the most compact
structure). As we did not constrain local spin values, the MOs may converge
to one of the two degenerate broken symmetry determinants describing the
antiferromagnetic coupling of the metal centers, symbolized as (↑ − ↓) and
(↓ − ↑) for each grid point. Because of the degeneracy of the two brokensymmetry solutions we obtain a smooth potential energy surface, whereas the
local spin plots feature peaks. From Figure 4.4, we see that all structures
with short O–O bond lengths are in fact closed-shell states as their local spin
values are zero. With increasing O–O bond lengths (from left to right) the
system adopts an open-shell state and the molecular orbitals converge to one
of the two degenerate broken-symmetry solutions. Once one BS determinant is
converged, its symmetry cannot be spontaneously broken within one row, i.e.,
when increasing the O–O bond distance, because the converged MOs of the
previous grid point serve as an inital guess for the next grid point. As soon
as the O–O distance of 3.7 Å is reached it is reset to the inital O–O distance
and the Cu–Cu bond length is increased by one increment. Such a structure is
again a closed-shell state. Only when the O–O bond length exceeds a critical
threshold does it converge to one of the two degenerate broken-symmetry states.
The problem can be solved when, instead of the converged high-spin MOs, the
broken-symmetry MOs of the bis(µ-oxo) structure are provided simultaneously
as guess orbitals for all grid points (see 3rd panel in Figure 4.4). Smooth local
spin expectation value plots were obtained in this case. Note that although
we provided diﬀerent sets of initial guess orbitals, all scans predict the same
structure to be most stable and yield the same total energy here. Thus, the
peaks in the local spin plots are no technical ﬂaw.
4.2.3

Choice of the initial guess orbitals

In the previous section, we have already seen that potential energy surfaces
are sensitive to the choice of the initial guess orbitals. We shall investigate the
impact of the inital guess in more detail in this section.
The [Fe2 S2 ]2+ cluster represents an example where diﬀerent inital-guess molecular orbitals predict different minimal energy structures. The results for the
TPSS/RI/TZVP S=5 high-spin state are presented in Figure 4.5. If the molecular orbitals of the optimized bis(µ-sulﬁdo) structures were provided for each grid
point, a broad minimum for the bis(µ-sulﬁdo) structure is found (top panel).
When in a second scan the converged orbitals of the previous grid point were
provided as initial guess MOs, the bis(µ-sulﬁdo) structure is still energetically
favored but a second (local) minimum is predicted for the side-on disulﬁde
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structure (middle panel). If the converged MOs of the most compact starting
structure were chosen as inital guess MOs for all grid points, a broad minimum
is found for the side-on disulﬁde structure. In addition, a second steep minimum
is detected for the bis(µ-sulﬁdo) structure hardly visible in the potential energy
surface plots.

[Fe2S2]2+
Initial guess: MOs of previous grid point

Initial guess: MOs of optimized structure

Initial gues: MOs of starting structure

Figure 4.5: Comparison of the potential energy plots of the TPSS/RI/TZVP
[Fe2 S2 ]2+ cluster in the S=5 high-spin state for three different sets of initial guess
orbitals.
In order to evaluate which set of initial guess molecular orbitals yields the
correct results one should recall that for single point calculation in DFT a selfconsistent-ﬁeld (SCF) algorithm is employed. The wave function is optimized
w.r.t. the MO coeﬃcient in a variational procedure. Any test energy is an upper
bound to the true ground state energy (in parameter space of MO orbitals).
Hence, those initial guess orbitals are the ideal choice that yield the structure
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with the lowest total energy. In the case of the [Fe2 S2 ]2+ cluster, the lowest
overall energy is obtained when the converged orbitals of the previous grid
point were chosen as inital guess (for the following grid point). All other initial
guesses yield higher total energies.
To investigate whether the deviations in the total energy are reﬂected in diﬀerences in the molecular orbitals, we picked the one bis(µ-sulﬁdo) structure with
the lowest total energy and plotted for this species the ten highest occupied
molecular α-orbitals obtained with the various sets of inital guess orbitals.
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Figure 4.6: The 10 highest highest occupied molecular α-orbitals of the [Fe2 S2 ]2+
cluster in the high-spin state (TPSS density functional) obtained with different initial
guess orbitals. For (A), the converged orbitals of a similar bis(µ-sulfido) structure
were provided as guess MOs, for (B) the converged orbitals of the inital structure
were chosen as a guess. For (C), the converged MOs of the previous grid point were
provided and in the last column (D) the initial guess was obtained from extendedHückel theory.
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From the results, as depicted in Figure 4.6, it can be seen at ﬁrst glance that
the orbitals diﬀer signiﬁcantly. In the left-hand column (A), the converged
molecular orbitals of a similar bis(µ-sulﬁdo) structure were provided as initial
guess. These results are similar to those in the right-hand column (D), where
initial guess orbitals were obtained from extended-Hückel theory. The second
column (B) displays the orbitals that were obtained when the converged orbitals
of the initial structure were chosen as a guess, whereas in the third column (C),
the converged orbitals of the previous grid point were provided as initial guess
MOs.
Only in case (C), where the converged orbitals of the previous grid point were
chosen as inital guess are the orbitals continuously singly occupied from orbital
number 37 to 46. In all other case one or more orbitals with numbers between 37 and 46 were unoccupied whereas higher orbitals were occupied. Such
irregularities in the occupation may arise because the electronic structure of
small, coordinationally unsaturated clusters may be more diﬃcult to describe
than clusters with a ligand sphere. The initial guess failed here to reproduce
the ground state energy but converge to an arbitrary energy minimum not
representing a proper orbital ordering.
Unfortunately, there exists no universally valid methodology for obtaining the
best initial guess that yields the lowest total energy. The results may diﬀer for
each cluster studied. A reasonable strategy is to optimize the generic cluster
and to employ the converged orbitals of this cluster as inital guess MOs. As
illustrated in this section an odd orbital occupation reveals that the optimal
choice of inital guess MOs yielding the lowest total energy has not been found
yet. Note that these observations have severe consequences for standard DFT
calculations on transition-metal clusters.

4.3

Structure–property correlation diagrams for specific
generic model clusters

In the following we shall delve deeper into the information that can be extracted
from correlation diagrams. Since we have already seen that with a comparably
low grid resolution, accurate results were obtained, we restrict ourselves to
correlation plots with a resolution of of 0.26 Å for M–M and 0.13 Å for O–O.
For the choice of the initial guess orbitals, we have to ensure that the chosen set
yields the lowest total energy and that the potential energy as well as property
plots are without technical ﬂaws.
4.3.1

Structural flexibility

We ﬁrst set out to explore the structural ﬂexibility of a [Cu2 O2 ] and a [Mn2 O2 ]
cluster for a set of diﬀerent spin states and charges. To begin with, the dependence of the equilibrium structure on the overall charge is illustrated in
Figure 4.7, at the example of the [Cu2 O2 ] cluster. In this ﬁgure, the potential
energy surface plots of the MS =0 broken-symmetry state are depicted for three
diﬀerent total charges of the cluster: [Cu2 O2 ]2− , [Cu2 O2 ]0 , and [Cu2 O2 ]2+ . The
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most stable structure depends on the overall charge of the cluster. The electron
rich-clusters [Cu2 O2 ]2− and [Cu2 O2 ]0 favor the bis(µ-oxo) structure, whereas for
[Cu2 O2 ]2+ the side-on peroxo structure is most stable. Hence, a shift towards
smaller O–O bond lengths and increasing Cu–Cu distances is observed upon
oxidation of this cluster.

Figure 4.7: Comparison of the BP86/RI/TZVP potential energy plots for the brokensymmetry state of differently charged clusters [Cu2 O2 ]2− , [Cu2 O2 ]0 , and [Cu2 O2 ]2+ .

Figure 4.8: Structure–reactivity plots for the [Mn2 O2 ]0 , the [Mn2 O2 ]2+ , and the

[Mn2 O2 ]4+ clusters in the high-spin as well as in the broken-symmetry state
(BP86/RI/TZVP). Oxidation clearly results in a decomposition of the cluster.
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The diﬀerences between the diﬀerent spin states and overall charges are less
pronounced for the generic manganese cluster, in particular for [Mn2 O2 ]0 and
[Mn2 O2 ]2+ , both in the high-spin and in the broken-symmetry state.
From the potential energy plots depicted in Figure 4.8, one can see that the
minimal energy structures are similar for the two spin states and the overall
charges of 0 and +2. The [Mn2 O2 ]4+ is not stable but prefers two separated Mn
atoms and an O2 molecule. Hence, an oxidation results here in a decomposition
of the cluster. As initial guess the converged MOs of the preceding grid point
were chosen as inital guess.
Although the [Mn2 O2 ]4+ is not stable its local spin expectation value plots are
similar to the ones for [Mn2 O2 ]0 and [Mn2 O2 ]2+ , where local spin is mostly
located on the metal centers. Only in the periphery of the surface an onset of
local spin on the bridging oxygen atoms is observed (see Figure 4.9).
From these results we observe a certain ﬂexibility of the investigated clusters
and get an estimate for the depth of the potential well, which depends on the
individual spin state, total charge, and the density functional employed.
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Figure 4.9: The local spin ŜzA expectation values on all atoms for the various
species [Mn2 O2 ]0 , [Mn2 O2 ]2+ , and [Mn2 O2 ]4+ in the high-spin state.
4.3.2

Relating structures and properties: comparison of two brokensymmetry states

Correlation diagrams may help to relate structures to properties as may be
illustrated for the broken-symmetry state of [Cu2 O2 ]2+ . For this cluster two
diﬀerent local spin distributions could be converged: the BS1 state, where the
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two copper atoms are coupled ferromagnetically, and the BS2 state, where the
Cu centers couple in an antiferromagnetic fashion. These two diﬀerent local
spin distributions correspond to two diﬀerent Slater determinants yielding two
diﬀerent potential energy surfaces as is evident from Figure 4.10.

Figure 4.10: The two BP86/RI/TZVP potential energy surfaces of the BS1 and the
BS2 broken-symmetry states of [Cu2 O2 ]2+ as well as the relative energy difference
between the two potential hypersurfaces. Bond lengths are given in Å.

The qualitative electronic diﬀerence between the two broken-symmetry states
becomes further evident when comparing the local hŜzA i spin expectation values
depicted in Figure 4.11. The BS1 state features ferromagnetic coupling of the
two copper centers, where on each metal atom the local spin value is larger
than zero indicating an excess of α-spin, whereas both oxygen atoms carry a
negative local spin referring to an excess in β-spin except for the region with
large Cu–Cu and O–O bond lengths. Here, the oxygen atoms couple in an
antiferromagnetic fashion with local spin values of about −0.8 and 0.8 a.u.,
respectively. The local spin plots of the BS2 state, however, clearly indicate an
antiferromagnetic coupling of the Cu atoms, where each metal center carries
a local spin but with inverted sign. Absolute local spin values on the metal
centers are approximately the same for the BS1 and the BS2 state. By analysis
of these property plots, we can conclude that BS1 exhibits a symmetric local
spin distribution with respect to the metal atoms—both metal atoms carry a
local spin of the same value and sign. Furthermore, it is clear from Figures 4.10
and 4.11 that the most stable side-on peroxo structure is in fact a closed-shell
structure because local spin values are smaller than 0.0001 a.u., while the bis(µoxo) structure shows antiferromagnetically coupled copper atoms. Although the
two diﬀerent electronic structures represented by two diﬀerent Kohn–Sham Slater
determinants feature a side-on peroxo structure as global minimum, the relative
energy diﬀerence between these two Slater determinants varies from −150.0 kJ
mol−1 in favor of the BS1 state up to 300 kJ mol−1 in favor of the BS2 state.
The relative energy diﬀerences between the two BS states were obtained by
subtraction of the total energies of the two states at each grid point. In the
region of the side-on peroxo coordination, the BS1 state is lower in energy,
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whereas around the bis(µ-oxo) structure, the BS2 state is energetically favored.
The plot illustrates that the type of magnetic coupling can also depend on the
structural parameters such as metal–metal and oxygen–oxygen bond lengths.
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Figure 4.11: Comparison of local hŜzA i spin expectation values calculated for all

atoms A for the two different broken-symmetry states of [Cu2 O2 ]2+ .

Although for this small generic [Cu2 O2 ]2+ cluster both Slater determinants favor
the side-on peroxo coordination of O2 , a ligand sphere may alter this situation
and stabilize a bis(µ-oxo) structure or a structure, where the energy diﬀerence
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between these two states is negligible. Given that a ligand sphere stabilizes
a structure in which the energy diﬀerence between the two broken-symmetry
states is small compared to the method-inherent error of the quantum chemical
protocol employed not only is it impossible to predict which state is more stable,
but the two potential energy surfaces may also intersect. Hence, the cluster may
switch between the two states during a reaction and one must be aware of this in
quantum chemical modeling. This behavior is conceptually diﬀerent from a well
known singlet–triplet crossing because the molecular broken-symmetry spin state
is maintained, only local properties change. Here, one may object with the point
that all these problems vanish if an appropriate quantum chemical method—
like a reliable multi-reference ab initio method—replaces the DFT approach.
This is, however, often a mere assumption neglecting the facts that feasibility
usually prevents the use of high-accuracy quantum chemical approaches and
that the quality of their results is also not constant for diﬀerent structures on
the potential energy surface due to the use of ﬁnite many-electron basis sets as
discussed above.
While we have analyzed the potential energy surfaces and the local spin plots,
we shall now relate them to the total spin expectation values hŜ 2 i as depicted
in Figure 4.12.
We observe that the onset of local spins on the oxygen atoms for the BS1 state
is accompanied by an increase of the total hŜ 2 i expectation, that in turn is
a measure for the spin contamination of the cluster structures. This eﬀect is
even more pronounced for the BS2 state. In both cases, it can be seen that
the increase in spin contamination correlates with the onset of increased local
spin distribution on the atoms, i.e., with the transition from a closed-shell state
with no α- or β-spin excess to an open-shell species, where spin pairing is no
longer perfectly obeyed.
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Figure 4.12: Comparison of total spin expectation values hŜ 2 i for the two broken-

symmetry states of [Cu2 O2 ]2+ BS1 and BS2.
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Scanning conformational space: detecting (local) energy minima

Correlation diagrams allow for a scan of the relevant conformational space so
that energetically favored structural arrangements may easily be detected. As
an example we choose the S=5 high-spin and the triplet state of [Fe2 S2 ]2+ .
Potential energy surface plots were generated the for the BP86, the B3LYP,
and the TPSS functional.
[Fe2S2]2+

BP86

TPSS

B3LYP

high-spin

BP86

TPSS

B3LYP

triplet

Figure 4.13: Potential energy surfaces for the S=5 high-spin and the triplet state of
[Fe2 S2 ]2+ calculated with the BP86, TPSS, and B3LYP density functional. Several
local minima are found.

Depending on the density functional and on the spin state two local several
energy minima were found including a a bis(µ-sulﬁdo) and a side-on disulﬁde
structure (see Figure 4.13). While for the triplet state only B3LYP predicts two
stable structures and the other two functionals only one minima, the situation
is somewhat diﬀerent for the high-spin state. Here, all three functionals predict
two energy minima.
The relative energy splittings between the two structures depends on whether
a hybrid functional, such as B3LYP, or a non-hybrid functional, such as BP86
or TPSS is employed. The dependence of the relative energy splittings between
diﬀerent spin states on the amount of exact exchange energy is well known [50,
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178, 179]. It may, however, also apply here, where we observe this within one
spin state.
4.3.4

Estimation of transition-state energies

If the scan of the potential energy surface detects several local minima as
discussed at the example of [Fe2 S2 ]2+ , correlation diagrams may also help to
estimate barrier heights when considering electronic energies only.
From the potential energy landscape of [Fe2 S2 ]2+ depicted in Figure 4.13 we
may estimate the transition-state energies and activation energies ∆E ‡ for the
conversion from the side-on disulﬁde structure to the bis(µ-sulﬁdo) structure (see
Figure 4.14). The activation energies vary from 20 to 60 kJ mol−1 , depending
on the spin state and density functional.

Figure 4.14: Estimated energy barriers between the various stable structures of the
[Fe2 S2 ]2+ cluster in the high-spin and triplet states.

Note that the true transition state is found when following the path with the
lowest possible energy (chemically speaking following the reaction coordinate)
for the conversion from educt to product. The transition state is then deﬁned
as the structure with the highest energy along this reaction coordinate path.
It represents an energy minimum with respect to all coordinates except for
the reaction coordinate, for which it is an energy maximum. When calculating
the Hessian, i.e., calculating the second derivatives with respect to the Cartesian coordinates, a transition-state is characterized by exactly one imaginary
frequency.
In our example, we did not choose the lowest energy path for the conversion from
educt (the side-on disulﬁde structure) to product (the bis(µ-sulﬁdo) structure)
but an arbitrary path. Hence, the estimated activation energy and the transitionstate energies are upper bounds to the true transition state energies.
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Extracting general trends from a series of isoelectronic
and homologous systems
Isoelectronic structures

So far we investigated structural ﬂexibility for one speciﬁc cluster depending on
the spin state and overall charge but we may ask how the ﬂexibility changes
in a series of isoelectronic clusters, i.e., when we set out to investigate the
nature of diﬀerent metal atoms. For this purpose, we studied generic dinuclear
clusters of the type [M2 O2 ], namely [Mn2 O2 ]2− , [Fe2 O2 ]0 , [Co2 O2 ]2+ , [Ni2 O2 ]4+ ,
and [Cu2 O2 ]6+ , where we again scanned the metal–metal and oxygen–oxygen
bond lengths.
Their potential energy surfaces are depicted in Figure 4.15 for the S=4 high-spin
state and in Figure 4.16 for the broken-symmetry states.
[Mn2O2]2−

[Co2O2]2+

[Fe2O2]0

[Ni2O2]4+

[Cu2O2]6+

Figure 4.15: Section of the potential energy surface for the BP86/RI/TZVP optimized most stable structures of the isoelectronic clusters [Mn2 O2 ]2− , [Fe2 O2 ]0 ,
[Co2 O2 ]2+ , [Ni2 O2 ]4+ , and [Cu2 O2 ]6+ — all in the S=4 high-spin state.

From the potential-energy-surface plots of the isoelectronic high-spin structures,
it is clear that the [Ni2 O2 ]4+ and the [Cu2 O2 ]6+ are not stable as they tend
to have the lowest energy structures at large M–M and O–O distances. The
[Mn2 O2 ]2− , the [Fe2 O2 ]0 , and the [Co2 O2 ]2+ complexes exhibit a stable bis(µoxo) structure. All three clusters show a distinct minimum but their lowest
energy structures diﬀer slightly in metal–metal and O–O bond lengths. A shift
towards longer M–M bond lengths is observed with increasing atomic number
of the metal atom, whereas the oxygen–oxygen bond distance slightly decreases
in this series. Around their energy minima the metal–metal and oxygen–oxygen
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bond lengths vary by about ±0.1 Å and ±0.2 Å, respectively, whereas the
relative energies increase only at most 10 kJ mol−1 .
For the broken-symmetry states, similar results were obtained for the [Mn2 O2 ]2−
cluster with high ﬂexibility around the bis(µ-oxo) equilibrium structure (see
Figure 4.16). A less ﬂexible [Fe2 O2 ]0 cluster is found with—compared to
[Mn2 O2 ]2− —shorter M–M bond lengths and longer O–O bond distances. The
[Co2 O2 ]2+ potential energy surface shows two energy minima, one for a bis(µoxo) structure and the other for a side-on peroxo structure. Both structures are
located in rather steep potential wells and are thus quite rigid. As the nickel
and copper analogues are not stable their results are not displayed here.
[Co2O2]2+

[Fe2O2]0

[Mn2O2]2−

Figure 4.16: Section of the BP86/RI/TZVP potential energy surface plots around
the most stable structure for the homologous series of clusters: [Mn2 O2 ]2− , [Fe2 O2 ]0 ,
and [Co2 O2 ]2+ , in the broken-symmetry S=0 state.
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Figure 4.17: The total spin expectation value for the three homologous clusters:
[Mn2 O2 ]2− , [Fe2 O2 ]0 , and [Co2 O2 ]2+ , in the broken-symmetry S=0 state obtained
with the BP86 density functional.

Although the potential energy landscapes are diﬀerent for the broken-symmetry
states of the three isoelectronic clusters, [Mn2 O2 ]2− , [Fe2 O2 ]0 , and [Co2 O2 ]2+ ,
their total spin expectation value plots (depicted in Figure 4.17) are rather
similar. From the plots one may see that spin contamination is quite large for
all clusters because the plotted total spin expectation values deviate from the
ideal value of zero. It is especially pronounced in the periphery of the scan. In

100

4. Concepts for cluster chemistry

the regions of the energy minima moderate spin contamination is also observed.
However, spin contamination decreases with increasing atomic number.
4.4.2

Homologous clusters
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Figure 4.18: Comparison of the oxygen vs. sulfur-bridge in [Fe2 O2 ]0 , and [Fe2 S2 ]0 as

well as [Fe2 O2 ]2+ and [Fe2 S2 ]2+ . The potential energy and the spin expectation value
plots were obtained with the BP86 density functional for the S=4 high-spin state
for [Fe2 O2 ]0 and [Fe2 S2 ]0 , as well as for the S=5 state for [Fe2 O2 ]2+ and [Fe2 S2 ]2+ .
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Having investigated a series of isoelectronic structures, we shall now see which
trends can be extracted from the evaluation of homologous [Fe2 X2 ] structures
where the bridging atoms X are exchanged. We discus the impact of these atoms
at the example of the BP86/TZVP high-spin states of the [Fe2 O2 ] cluster and
its sulfur analogue [Fe2 S2 ]. The potential energy surfaces and the total and local
spin expectation values are depicted in Figure 4.18 for [Fe2 O2 ]0 and [Fe2 S2 ]0
with S=4 as well as for [Fe2 O2 ]2+ and [Fe2 S2 ]2+ with S=5.
Comparing [Fe2 O2 ]0 to [Fe2 S2 ]0 , one may see from the potential energy surface
that both clusters exhibit a bis(µ-oxo)/bis(µ-sulﬁdo) structure as global minimum. The equilibrium structure is, however, shifted to longer bond lengths
when oxygen is substituted by sulfur. This can be attributed to the increasesd
size of the sulfur ions compared to oxygen. Total and local spin expectation
value plots are similar for both complexes. Although the high-spin states usually do not suﬀer from spin contamination, moderate spin contamination is
found here. It is accompanied by an increase in the local spin values which
exceed the ideal value of S=2 assuming four unpaired electrons on each metal
center. Although the S=4 high-spin state yields the lowest total energy for the
bis(µ-oxo)/bis(µ-sulﬁdo) structure, a higher number of unpaired electrons may
be favored at very large metal–metal and O–O/S–S distances, where the cluster
may no longer be adequately described by covalent bonds. For [Fe2 S2 ]2+ , the
most stable structure is not only shifted to longer bond lengths when compared
to [Fe2 O2 ]2+ but a second minimum is found for a side-on sulﬁdo-type structure.
The spin contamination is negligible here except for some small peaks that can
be identiﬁed as artifacts of DFT.
For the clusters under study the substitution of oxygen by sulfur may aﬀect
the potential energy surface, and hence the predicted most stable structure, but
does not alter the properties, such as total and local spin expectation values
substantially.

4.5

Ligand spheres: correlation diagrams for clusters with
reference ligands

Up to this point, we have investigated series of generic binuclear transition-metal
clusters. Despite their structural simplicity these coordinatively unsaturated
clusters may have a more complex electronic structure than their coordinatively
saturated analogues. The potential energy surfaces and the molecular properties
may of course be diﬀerent. In this section, we evaluate the impact of ligand
spheres on the potential energy surface and the spin properties when compared
to the generic binuclear clusters. In particular, we study the eﬀect of various
coordination numbers and diﬀerent reference ligands. To illustrate this we
choose the [Mn2 O2 ] cluster in various spin states and total charges as well as
the [Cu2 O2 ]2+ with small reference ligands such as water and ammonia.
A square-planar, a trigonal-bipyramidal, and an octahedral ligand environment
was set up with H2 O and the NH3 ligands for the broken-symmetry as well as
the high-spin state. Additionally, we set up a cluster with square-planar ligand
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sphere but an extra coordinated water molecule yielding a trigonal bipyramidal
ligands sphere for one manganese center. Those clusters that turned out to be
stable during a BP86/RI/TZVP structure optimization are presented in Figure
4.19.

[Mn2O2(NH3)4]2+
[Mn2O2(H2O)8]4+
[Mn2O2(NH3)4(H2O)]2+

[Mn2O2(H2O)6]2+

[Mn2O2(NH3)8]4+

Figure 4.19: Overview over the [Mn2 O2 Xn ] model clusters studied. BP86/RI/TZVP
optimized structures are displayed.

From the potential energy surfaces of the trigonal-bipyramidally and octahedrally
coordinated clusters with H2 O ligands—depicted in Figure 4.20—one may see at
ﬁrst glance that an octahedral ligand sphere stabilizes the [Mn2 O2 ]4+ fragment,
where the manganese centers are in the formal oxidation state of MnIV (compare
Figure 4.8) The water molecules function as σ-donor ligands, thus, alleviating
the electron deprivation at the metal atoms.
Moreover, Figure 4.20 reveals that the potential energy surfaces are very similar
for ligand coordination numbers 5 and 6 of the Mn ions, [Mn2 O2 (H2 O)6 ]2+ and
[Mn2 O2 (H2 O)8 ]4+ , respectively, for both spin states. All calculations predict a
bis(µ-oxo) type structure to be energetically favored. The local spin expectation
value plots (see Figure 4.21) show smooth surfaces with the local spin being
equally distributed over the two metal centers.
The potential energy surfaces for the square-planar and octahedral NH3 ligand
spheres, as well as for the mixed environment are presented in Figure 4.22. As
observed previously for the H2 O ligand sphere, the σ-donor character of the
NH3 ligands stabilize the [Mn2 O2 ]4+ species and a similar energy minimum is
found for all clusters.
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[Mn2O2(H2O)8]4+

high-spin

[Mn2O2(H2O)6]2+

[Mn2O2(H2O)8]4+

[Mn2 O2 ]4+

broken-symmetry

Structure–reactivity plots for the [Mn2 O2 (H2 O)6 ]2+ and the
clusters for the high-spin as well as the broken-symmetry state.

Figure 4.20:
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Figure 4.21: The local spin ŜzA expectation values for all atoms of the clusters
[Mn2 O2 (H2 O)6 ]2+ and [Mn2 O2 (H2 O)8 ]4+ in the high-spin state.

rO-O
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high-spin

broken-symmetry

[Mn2O2(NH3)8]4+
high-spin

broken-symmetry

[Mn2O2(NH3)4]2+
high-spin

broken-symmetry

[Mn2 O2 (NH3 )4 (H2 O)]2+

Structure–reactivity plots of the [Mn2 O2 (NH3 )4 ]2+ and the
[Mn2 O2 (NH3 )8
as well as the [Mn2 O2 (NH3 )4 (H2 O)]2+ clusters for the high-spin
as well as broken-symmetry states.

Figure 4.22:

]4+

So far we only performed single-point calculations to obtain the potential energy
surface. It is, however, worth investigating whether the most stable structure or
the depth of the potential well change when the ligands were allowed to relax in a
structure optimization. Therefore, we set up scans for [Mn2 O2 (NH3 )4 (H2 O)]2+ ,
where the Mn2 O2 core is kept ﬁxed at positions deﬁned by the correlation
diagram and the ligands were allowed to relax during optimization. When
comparing these results to the corresponding single point calculations (see Fig-
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ure 4.23), one may see that the two potential energy surface plots do not diﬀer
signiﬁcantly but predict the same most stable structure and similar potential
well depths.
[Mn2 O2 (NH3 )4 (H2 O)]2+
opt

single point

high-spin

opt

single point

broken-symmetry

Figure 4.23: The potential energy surface for the [Mn2 O2 (NH3 )4 (H2 O)]2+ for the
high-spin and the broken-symmetry state for single point calculations as well as for
constrained structure optimizations, where the Mn2 O2 core is kept fixed and the
ligands were allowed to relax during optimization.

We may conclude that for the manganese clusters studied, introduction of various ligand spheres does not alter the potential energy surface as well as their
properties signiﬁcantly when compared to their generic analogues. (The only
distinct exception to this observation is a stabilization of the [Mn2 O2 ]4+ species
with a high formal oxidation of the metal centers.) However, this need not
always be the case as we shall see in the next example.
For a generic copper cluster [Cu2 O2 ]2+ in the broken-symmetry state, we found
an antiferromagnetically coupled state for the bis(µ-oxo) structure and a closedshell state for the side-on peroxo structure with the side-on peroxo structure
being energetically favored (compare also Figure 4.24). When we introduce a
square-planar NH3 ligand sphere to yield [Cu2 O2 (NH3 )4 ]2+ , in B3LYP/TZVP
single-point calculations the side-on peroxo structure is still the most stable
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structure but the local spin expectation value plots diﬀer from the generic
cluster (see Figure 4.24): the side-on peroxo structure is no longer a closedshell singlet state but exhibits antiferromagnetic coupling, whereas the cluster
structure with the bis(µ-oxo) structural motif now adapts a closed-shell state
as the local spin expectation values for this structure are zero. An onset of
local spin on the copper centers is only observed for large Cu–Cu distances.
These ﬁndings are also supported by single-point calculations on the side-on
peroxo and the bis(µ-oxo) structure. Here, the antiferromagnetically coupled
state of the side-on peroxo structure is about 19 kJ mol−1 more stable than
the corresponding closed-shell state (for B3LYP/TZVP). For the bis(µ-oxo)
structure all calculations converge to the closed-shell state, indicating that a
broken-symmetry solution is energetically unfavorable. Thus, the electronic
structure of the full-ﬂedged cluster diﬀers from its generic [Cu2 O2 ]2+ analogue.
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Figure 4.24: Potential energy scan as well as local spin expectation value plots for
the B3LYP/TZVP BS state of the [Cu2 O2 (NH3 )4 ]2+ cluster.

4.6

Modeling the ligand environment

Correlation diagrams could be successfully employed to study potential energy
surfaces and the molecular properties of full-ﬂedged clusters. With increasing
size of the clusters this becomes computationally more demanding and we need
to circumvent this problem. The ligand environment can, however, hardly be
neglected as it plays an important role in both the electronic structure and the
molecular properties of the complex. Thus, one may wonder if the ligand sphere
may be simulated for the naked clusters in order to reproduce the potential
energy surface of the fully coordinated clusters.
In order to study modeling of the ligand environment, we chose a cluster where
the introduction of a ligand environment entirely changes the potential energy
surface and diﬀerent minimum energy structures are predicted. Such an example
is the [Cu2 O2 ]2+ complex in comparison with the [Cu2 O2 (NH3 )2 ]2+ cluster, both
in the triplet state. In the latter the copper centers are embedded in a squareplanar ligand ﬁeld generated by four NH3 ligands and the two µ-oxo bridges.
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From the BP86/RI/TZVP potential energy surface plots as depicted in Figure
4.25, one may see that for the [Cu2 O2 (NH3 )4 ]2+ (right) cluster both a side-on
peroxo and a bis(µ-oxo) species are stable with the bis(µ-oxo) structure being
energetically slightly favored, whereas for the naked [Cu2 O2 ]2+ (left) cluster only
a side-on peroxo species is stable.
As a ﬁrst approximation, we tested whether the ligand sphere can be simulated
with an electrostatic model. Indeed, we found for the cluster under study that
point charges of q = −0.75 e (with e being the elementary charge) at the
positions of the nitrogen atoms reproduce the eﬀect of the ligand sphere fairly
well as can be seen from Figure 4.25 (middle). These point charges do not
only shift the stability of the generic cluster towards the bis(µ-oxo) structure
but also reproduce the potential energy hypersurface of the full-ﬂedged cluster
reasonably well. Furthermore, we no longer have to worry about the size of the
inital guess orbitals because test calculations showed that the potential energy
surfaces are only slightly aﬀected by the choice of the inital guess orbitals. (For
detailed analysis: see Appendix).
triplet
[Cu2O2]2+

[Cu2O2]2++ point charges

[Cu2O2(NH3)4]2+

Figure 4.25: Comparison of the BP86/RI/TZVP potential energy surfaces for the
triplet state of the naked [Cu2 O2 ]2+ cluster (left), the [Cu2 O2 (NH3 )2 ]2+ cluster (right)
as well as the naked [Cu2 O2 ]2+ cluster with ligands substituted by point charges
(middle). The ammonia ligand sphere promotes a bis(µ-oxo) structure and point
charges of q = −0.75 e mimic this electronic effect.
As a next step we investigate how the most stable structures are aﬀected by
the choice of the point charges when scanning a series of point charges from
−0.5 e to 0.5 e at the example of the [Fe2 S2 ]2+ cluster.
The B3LYP/TZVP potential energy surfaces generated for [Fe2 S2 ]2+ in its highspin state with an octahedral set of point charges are depicted in Figure 4.26.
The point charge positions were derived from the octahedrally coordinated
[Fe2 S2 (NH3 )8 ]2+ cluster. The point charges were located at the position of the
nitrogen atoms. One may see here, the electrostatic embedding is not only
capable of reproducing the potential energy surface of a certain ligand sphere,
but systematically varying the point charges from −0.5 to 0.5 e for the high-spin
state of [Fe2 S2 ]2+ smoothly shifts the most stable structure from a bis(µ-sulﬁdo)
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structure for point charges of −0.5 e to a side-on disulﬁde structure for point
charges of 0.5 e Hence, by an appropriate choice of the point charge values, a
certain desired structure may be stabilized.
[Fe2S2]2+ + point charges
0.5 e

0.2 e

0.1 e

-0.1 e

-0.2 e

-0.5 e

Figure 4.26: The potential energy plots for the [Fe2 S2 ]2+ cluster in the high-spin
state (B3LYP/TZVP). Both iron atoms are embedded in an octahedral field of point
charges q =0.5 e, 0.2 e, 0.1 e, −0.1 e, −0.2 e, and −0.5 e. Variation of the point
charge tunes the most stable structure.

Up to this point, user-deﬁned values were chosen for the point charges. It
would, however, be more sensible to employ physically meaningful values as
point charges being related to the properties of full-ﬂedged cluster under study.
These values could for example be the Mulliken or Löwdin partial charges of
the ligands’ σ-donor atoms taken from the most stable cluster structure. The
potential energy surfaces obtained from such scans are depicted in Figure 4.27:
the ligand sphere of the [Fe2 S2 (NH3 )8 ]2+ cluster is modeled by employing the
Mulliken as well as Löwdin partial charges of its nitrogen ligand atoms as point
charges. These fractional charges are located at the position of the nitrogen
atoms. The potential energy surface plots for the electrostatically embedded
generic clusters agree reasonably well with the reference surface of the full
cluster, with the Fe–Fe bond lengths being slightly overestimated.
Thus as a ﬁrst impression we may conclude that such a simpliﬁed model can
mimic the reactivity of the full-ﬂedged cluster. The electrostatic embedding
can therefore conveniently be employed for the generation of a structural model
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abstracted from a speciﬁc ligand sphere. Moreover, from the scans for various
point charge values, one may conclude in a ﬁrst approximation how to design
a ligand sphere that will stabilize a speciﬁc cluster structure.
Mulliken point charges

Löwdin point charges

[Fe2S2(NH3)8]2+

Figure 4.27: Comparison of the potential energy surface plots for [Fe2 S2 (NH3 )8 ]2+
and for model clusters in which the ligands sphere is simulated by point charges. For
the point charges either the Mulliken or the Löwdin partial charges of the nitrogen
atoms in most stable structure of full cluster [Fe2 S2 (NH3 )8 ]2+ were provided.

4.7

How do local spin and partial charge correlate to each
other?

Analyzing local properties such as local spin and partial charges may help
to characterize a given Kohn–Sham determinant and draw conclusions on the
reactivity of this cluster structure. However, for a profound understanding it
may be necessary to investigate how local spin and partial charge correlate to
each other and study this for a series of [Mn2 O2 ]2+ clusters.
Let us brieﬂy recall that the local spin ŜzA expectation value for a certain center
A is deﬁned as the diﬀerence in the number of α- and β-electrons (cf. section
2.5.3),
hŜzA i = NAα − NAβ .
(4.1)
Here, we treat the α- and β-electrons separately, whereas the partial charge qA
is obtained when the total number of α- and β-electrons located at this center
A,
hN̂A i = NAα + NAβ = NA ,
(4.2)
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is subtracted from the atomic number ZA ,
qA = ZA − NA .

(4.3)

For the naked [Mn2 O2 ]2+ cluster, we see in the property plots (depicted in
Figure 4.28 for the manganese atoms) a smooth variation of the partial charges
as well as local spin values on the metal centers when distorting the cluster in
the plane of nuclei. An increase of the positive partial charge is accompanied
by increasing local spin values.
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Figure 4.28: The BP86/RI/TZVP local spin ŜzA expectation values on the manganese atoms in comparison to the Löwdin partial charges for the naked [Mn2 O2 ]2+
cluster in the broken-symmetry state.
As the positive Löwdin partial charges (lower panel in Figure 4.28) indicate an
electron deﬁcient structure, the local spin can be understood as an unpairing
of electrons that arises when electrons are formally removed from the metal
centers during oxidation. One should not be confused by the negative local
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spin value on the Mn2 atom. It merely indicates an excess of β-electrons, but
not an excess of electron density in general, which is obvious when considering
the partial charge on this center.
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Figure 4.29: Comparison of the BP86/RI/TZVP local spin ŜzA expectation values on
the Mn atoms and the corresponding Löwdin partial charges for the [Mn2 O2 (NH3 )6 ]2+
cluster in the broken-symmetry state.

If a ligand environment is introduced here yielding the trigonal-bipyramidal
coordinated [Mn2 O2 (NH3 )6 ]2+ cluster and square-planar coordinated [Mn2 O2 (NH3 )4 ]2+ cluster, the local spin expectation values remain unchanged (compare
Figures 4.29 and 4.30). The high positive partial charges on the metal atoms
decrease signiﬁcantly. This eﬀect may be easily understood in a simple ligand
ﬁeld theory picture. with the σ-donor ligands contributing electron density
to the metal atom and, hence alleviating the excess of positive charge. The
local spin, i.e., the number of unpaired electrons, is not aﬀected by this. Local
spin only denotes the excess of α- or β-electrons speciﬁed when setting up the
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Kohn–Sham wave function but it does not allow for an interpretation in terms
of total electron density.
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Figure 4.30: The BP86/RI/TZVP local spin expectation value and Löwdin partial
charge correlation diagrams for the broken-symmetry state of [Mn2 O2 (NH3 )4 ]2+ .

The total electron density reﬂected here in the partial charges does not correspond to the total number of unpaired electrons measured in terms of ŜzA
expectation values. An excess of α- or β-electrons at an atom or group of
atoms may remain constant, whereas the total electron density may vary on
the same center. We may establish a correlation between ŜzA expectation values
and partial charges for the naked cluster, but as soon as coordinated clusters
are considered, the ligands may alter the partial charges on the metal centers,
whilst the local spin values remain unaﬀected.
These ﬁndings have, of course, implications for the reactivity of the cluster
studied. Local spins are only slightly aﬀected by a ligand environment and partial charges as an indicator for the total electron density may vary signiﬁcantly.

4.8. Estimating reactivity from reaction energy diagrams

113

Thus, it is not suﬃcient to keep track of just one property but of several in
order to judge how reactivity correlates to structures.

4.8

Estimating reactivity from reaction energy diagrams

Correlation diagrams can of course also be employed to plot reaction energies, for
example for the coordination of a ligand. The idea is to detect those structures
that facilitate the monitored reaction by investigating the relevant part of the
potential energy surface.
As an example, we probe the reaction energies for the H2 O coordination to
two transition-metal clusters, [Mn2 O2 (NH3 )4 ]2+ and [Mn2 O2 (H2 O)6 ]2+ , obtaining [Mn2 O2 (NH3 )4 (H2 O)]2+ and [Mn2 O2 (H2 O)7 ]2+ . The electronic energies of
the H2 O coordinated clusters (which are the products in this reaction) were
calculated from a structure optimization, where the ligands were allowed to
relax, but the [Mn2 O2 ]2+ structural motif was kept frozen. Electronic energies
for the educts were obtained from single-point calculations after the probed
H2 O ligand had been removed in the optimized product structures.

high-spin
[Mn2 O2 (NH3 )4 (H2 O)]2+ [Mn2 O2 (NH3 )4 ]2+ +H2 O−→[Mn2O2 (NH3 )4 (H2 O)]2+

broken-symmetry

Figure 4.31: Structure–reactivity plots for the coordination energy of H2 O to

the [Mn2 O2 (NH3 )4 ]2+ cluster yielding [Mn2 O2 (NH3 )4 (H2 O)]2+ for the high-spin and
broken-symmetry state (right column) as well as the potential energy surface of the
product [Mn2 O2 (NH3 )4 (H2 O)]2+ , when all ligands were relaxed during a structure
optimization.
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The reaction energy plots as well as the potential energies for the educts are
depicted in Figures 4.31 and 4.32 for the high-spin as well as the brokensymmetry state.
We do not observe any correlation between the most stable educt structures
and the reaction energies. Although the coordination is found to be exothermic
for the two clusters, those individual structures that are associated with large
exothermic reaction energy do not correspond to the most stable product (or
educt structures). We observe small diﬀerences between the two spin states
except for the broken-symmetry state of [Mn2 O2 (H2 O)7 ]2+ , for which two energy
minima were detected.

high-spin

[Mn2 O2 (H2 0)7 ]2+

[Mn2 O2 (H2 0)6 ]2+ +H2 0−→[Mn2 O2 (H2 0)7 ]2+

broken-symmetry

Figure 4.32: Structure–reactivity plots for the coordination energy of H2 O to the
[Mn2 O2 (H2 O)6 ]2+ cluster yielding [Mn2 O2 (H2 O)7 ]2+ .

4.9

Towards the design of clusters with tailored properties

We have demonstrated that correlation diagrams may help to quickly scan a set
of structures with respect to their energy minima. A ligand sphere may alter
the most stable structure(s) for a given cluster and spin state. Tuning of the
ligands sphere may shift the most stable structure to the desired one and we
argue that any type of structure can be stabilized as long as an adequate ligand
sphere is provided. But do we really ﬁnd a continuous distribution of stable
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structures? Or is there a preference for a certain structural domain within
which only slight variations appear? To understand this is a mandatory step
en route to the rational design of clusters with tailored properties.
Coming back to the [Cu2 O2 ] cluster, a large variety of [Cu2 O2 ] motifs are
known [269,277] including the bis(µ-oxo) and side-on peroxo structures studied
earlier in this chapter. When we restrict ourselves again to the two degrees of
freedom arising from distortion of the [Cu2 O2 ] cluster in the plane of nuclei,
we may wish to know, which points on the potential energy surface correlate
to the Cu–Cu and O–O bond lengths of synthesized clusters or to active sites
in enzymes.

[Cu2O2]2+

Cu

O

Cu
O

O
Cu

Cu
O

Figure 4.33: Potential energy surface of the TPSS/RI/TZVP broken-symmetry state
of [Cu2 O2 ]2+ , where the numbers 1-10 denote the Cu–Cu and O–O bond lengths of
synthetic copper clusters. There exist two classes of structural motifs, side-on peroxo
structures and bis(µ-oxo) structures.

Table 4.1: Structural data of a set of [Cu2 O2 ] clusters with various ligand fields.
Bond lengths are given in [Å]. Note that cluster 8 has a mixed ligand sphere: one Cu
is square planar 4-fold coordinated, whilst the second Cu features a square-pyramidal
5-fold coordination.

Struc.
1
2
3
4
5
6
7
8
9
10

Ligand ﬁeld
trigonal-bipyramidal
square-pyramidal
trigonal-bipyramidal
trigonal-bipyramidal
trigonal-bipyramidal
square-planar
square-pyramidal
sq-pl/sq-py
square-planar
octahedral

Coord. no rCu−Cu
5
3.56
5
3.48
5
3.60
5
3.54
5
2.79
4
2.75
5
2.78
4/5
2.85
4
2.91
6
2.76

rO−O
1.41
1.48
1.41
1.38
2.29
2.34
2.35
2.26
2.34
2.32

Ref.
[278, 279]
[280]
[267, 281]
[282]
[283, 284]
[285]
[286]
[287]
[288]
[289]

We investigated a small set of of Cu2 clusters taken from Ref. [269], ligand ﬁeld
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types, coordination number as well as Cu–Cu and O–O bond lengths listed in
Table 4.1. All copper clusters feature amino ligands except for 8 which features
an additional Cu–O bond to a triﬂuorosulfonate (CF3 SO−
3 ) ligand. We tagged
the copper–copper and oxygen–oxygen bond lengths in the TPSS/RI/TZVP
potential energy surface plot of the naked [Cu2 O2 ]2+ cluster in the triplet state
in Figure 4.33. One observe that the clusters can be assigned to the bis(µ-oxo)
or the side-on peroxo structure type with only marginal variations in the Cu–Cu
and O–O bond distances within one group. For structures 2 and 3, the [Cu2 O2 ]
moiety is not perfectly planar with the copper atoms moved slightly out of plane.
The clusters 3 and 4 are active sites of copper containing enzymes, whereas all
other complexes were synthesized. When analyzing the two structural groups in
more detail, we see that the copper atoms in the side-on peroxo structures are
all 5-coordinate. For the the bis(µ-oxo) structure, various coordination numbers
ranging from 4- to 6-fold coordination were found for the copper atoms.
The [Fe2 S2 ]2+ cluster in the high-spin state was also investigated. Although the
potential energy surface plot predicts two energy minima, our [Fe2 S2 ]2+ clusters
can all be classiﬁed as a bis(µ-sulﬁdo) type (see Figure 4.34).

[Fe2S2]2+

Figure 4.34: Potential energy surface of the BP86/RI/TZVP high-spin state of
[Fe2 S2 ]2+ . The Fe–Fe and S–S distances of a number of the fully optimized
[Fe2 S2 Xn ]2+ clusters with different coordination numbers and ligands are ordered
according to their position in the correlation diagram.

From these results, we conclude that there are structural domains rather than
a continuous distribution of cluster structures. Although more detailed studies
are necessary, as a ﬁrst conclusion, we cannot establish a one to one mapping
between a certain structure and a speciﬁc ligand ﬁeld but observe that diﬀerent
ligands and various types of ligand ﬁelds may stabilize a similar structure type,
here nicely illustrated for the bis(µ-oxo) motif of [Cu2 O2 ]2+ .
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Valence bond theory

Valence bond (VB) theory is an alternative quantum mechanical description of
molecules in terms of orbitals [258, 290–295]. Unlike the well-known molecular
orbital (MO) theory, valence bond theory employs non-orthogonal localized
(bond) orbitals rather than orthogonal delocalized molecular orbitals [257,296].
The advantage of such a valence-bond description is that molecules may be
interpreted in terms of chemically more intuitive bond orbitals corresponding to
electron pairs in Lewis formulae. The wave function may then be constructed
pictorially from an appropriate set of such Lewis (valence bond) structures,
depicted for the example of H2 in Figure 4.35. The Lewis structures comprise
the covalent and ionic conﬁgurations for H2 being in the singlet state.

Ψcovalent

Ψion(1)

Ψion(2)

Figure 4.35: The components of the valence bond wave function ΨVB : it is constructed from the covalent and ionic wave functions of the corresponding Lewis
formulae.

Considering the two covalent conﬁgurations that can be combined to the antisymmetrized product Ψcovalent plus the ionic contributions Ψion(1) + Ψion(2) . The
valence bond wave function ΨVB reads,
ΨVB = c1 Ψcovalent + c2 (Ψion(1) + Ψion(2) )
= c1 (|ϕi ϕ̄j | − |ϕ̄i ϕj |) + c2 (Ψion(1) + Ψion(2) )

(4.4)
(4.5)

where c1 and c2 denote the weights of the covalent and ionic conﬁgurations.
It is important to note that VB theory is an exact theory. Despite their diﬀerent
formulations, valence bond and molecular orbital theory yield equivalent results
when more sophisticated wave functions (such as Conﬁguration Interaction (CI)
etc.) are considered (see Ref. [258, pp. 58-60]).
Numerous ab initio valence bond methods have been developed during the past
few decades for all kinds of purposes [297] where one distinguishes between
methods employing semi-localized orbitals (e.g., the generalized valence bond
(GVB) method) and those applying strictly localized (referred to as pure VB
methods) [251]. Electronic energies may be obtained in a self-consistent-ﬁeld
procedure from a one- or multi-conﬁgurational wave function, where either MO
coeﬃcients only or coeﬃcients as well as orbitals are being optimized [251,258].
Prior to any application of valence bond theory, a wave function needs to
be constructed from an appropriate choice of orbitals. One possibility is to

118

4. Concepts for cluster chemistry

employ fully localized atomic orbitals that allow for a rigorous interpretation
of the wave function in terms of valence bond structures at the cost of a
complex expression. An alternative option is to utilize semi-localized orbitals
constructed from a linear combination of fully localized atomic orbitals resulting
in a more compact expression of the wave function. However, such a wave
function can less obviously be interpreted of valence bond structures. One
may also employ semi-localized fragment orbitals (FO) being delocalized over
molecular fragments. More generally, the delocalized orbitals of any MO wave
function may be converted to a set of localized bond orbitals by a unitary
transformation [298]. Such a transformation only alters the representation of
the orbitals but does not aﬀect orbital energies.
In VB theory the wave function may either be set up from a complete set
of orbitals or be constructed from a subset of orbitals adapted to elucidate
a particular chemical problem. Due to the localization, each orbital can be
assigned to (localized) electron bonds or lone pairs and it may therefore be
straightforward to choose an appropriate subset of orbitals. For example, the
most rudimentary description is the two electron wave function describing a
purely covalent single bond,
Ψbond = |ϕi ϕ̄j | − |ϕ̄i ϕj |

(4.6)

It is the antisymmetrized product of the orbital ϕi associated with electron i
and orbital ϕj associated with electrons j, whereas i and j have opposite spin
to yield a singlet state. A pictorial bond representation is given in Figure 4.36.
Note that any kind of (localized) orbitals may be employed in this expression,
atomic orbitals, semi-local orbitals, or fragment orbitals.

ϕj

ϕi
Figure 4.36: Pictorial representation of a chemical bond. Electron i with α-spin is
located in orbital ϕi , whereas electron j with β-spin is located in orbital ϕj . The
wave function describing this single bond is obtained as an antisymmetrized product
of the orbitals. The bond is indicated by the connecting line.

Once an appropriate set of orbitals is picked to construct a wave function, it
may be optimized with the designated valence-bond method. An alternative
approach is to map the orbitals obtained from an MO calculation, e.g., from a
CASSCF run, to their valence bond equivalents.
After this short survey on valence bond theory, we will brieﬂy introduce the
generalized valence-bond method and will then focus on applications of valence
bond theory in transition-metal cluster chemistry.
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The generalized valence bond method

In order to provide the reader with insights into what is performed in a quantum
chemical valence bond calculation, we shall brieﬂy introduce the foundations of
the generalized valence bond (GVB) method. GVB is the most widely spread
valence bond method available in many standard quantum chemical software
packages. Furthermore, GVB wave functions also provide the basis for more
sophisticated methods, e.g., Correlation Consistent Conﬁguration Interaction
(CCCI) [299]. For any GVB calculation semi-localized orbitals, the so-called
“overlap-enhanced orbitals”, are employed. Such orbitals emerge when the wave
function is expressed as a single VB structure or as a linear combination of a
set of VB structures, and the orbitals are allowed to delocalize over the entire
molecule. Despite the formal delocalization the overlap-enhanced orbitals are
still rather localized.
The GVB method is most commonly used with the perfect-pairing approximation
and strong orthogonalization (SO) constraint. The perfect pairing condition
implies that only one valence bond structure is employed for the calculation,
whereas the wave function may then be expressed as a product of two-electron
functions, also called “geminals”,
ΨGVB = |(ϕ1a ϕ¯1b − ϕ¯1a ϕ1b )(ϕ2a ϕ¯2b − ϕ¯2a ϕ2b ) · · · (ϕna ϕ¯nb − ϕ¯na ϕnb )|

(4.7)

Each geminal function is a GVB orbital pair (ϕia , ϕib ) representing a (single)
bond or a lone pair of the molecule under study. The strong orthogonality
condition ensures that orbitals belonging to diﬀerent geminals are orthogonal
to each other, whereas they may overlap otherwise,
hϕia |ϕjbi =
6 0, for a, b paired
hϕia |ϕjbi = 0, otherwise

(4.8)
(4.9)

For practical calculations, these orbital may be transformed and expressed in
terms of natural orbitals to arrive at a computationally more convenient expression because the orthogonality condition is automatically fulﬁlled for all orbitals.
Hence, one may employ them in a self-consistent-ﬁeld approach. This GVB wave
function is a special case of a truncated multi-conﬁguration self-consistent-ﬁeld
wave function [258].
Of course, the simpliﬁcations introduced for the GVB wave function limit its
applicability to molecules in equilibrium structure that do not exhibit electron
delocalization [258]. However, eﬀorts have been made to extend GVB in order to
accurately describe molecules with high electron delocalization. Several multireference type methods exist [257, 258].
4.10.2

Valence bond modeling

Provided with the basic ingredients to understand the foundations of valence
bond theory, we will now review some of its applications in view of a more
conceptual utilization of VB theory with focus on the chemistry of transitionmetal clusters.
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Valence bond description of bonding
Valence bond modeling may help to understand bonding of substrates to active
sites in enzymes. The valence bond description of the Fe–O2 bond in OxyMyoglobin as reported by Shaik and co-workers [254] may serve as an example.
The generalized valence bond wave function is obtained here by transformation
of the corresponding CASSCF orbitals: the orbitals associated with the Fe–
O2 bond were identiﬁed in the most dominant CASSCF conﬁgurations and
employed to set up a wave function, which, in turn, is transformed into a
generalized valence bond wave function. The latter allows for a clear analysis
of the bonding. It classiﬁes the Fe–O2 bond as a σ-donor Fe–O2 bond with
weak π-contributions.
Moreover, the authors showed that this description may be extended to other
systems. They presented a uniﬁed bonding model derived from a VB description
that allows for a classiﬁcation of the the Fe–O2 bond when the axial ligand is
modiﬁed.
Valence-bond diagrams to predict chemical reactivities
Valence bond theory may not only be employed just to model bonding but also to
explain reactivity patterns and predict reaction barriers as well as the formation
of intermediates in bioinorganic chemistry [300, 301]. In this sense, it may be
employed to establish structure-reactivity relationships. This is accomplished
by setting up valence-bond diagrams that relate the energetics of reactants and
products for a speciﬁc reaction. In any valence-bond diagram the energies of the
reactant and the product are monitored along the reaction coordinate thus being
able to predict chemical reactivity via the reaction barrier/activation energy of
the reaction under study. The reaction barrier emerges from an avoided crossing
of the energy curves of reactant and product.
Two diﬀerent VB diagrams types exist: the Valence Bond State Correlation Diagram (VBSCD) and the Valence Bond Conﬁguration Mixing Diagrams
(VBCMD) as depicted in Figure 4.37. The VBSCD describes the reaction
from the reactant A· · · B−C to the product A−B· · · C via the transition state
A· · · B· · · C along the reaction coordinate, hence, the transition from the reactant’s valence bond structure to the product’s one. In Figure 4.37, R and P
denote the reactant and the product, respectively. Ψr is the wave function associated with the electronic structure of the reactant, whereas Ψp describes the
electronic structure of the product. If the reactant structure is now distorted
along the reaction coordinate, its energy rises assuming that the electronic conﬁguration, i.e., the orbital occupation, is conserved yielding the excited state
P ⋆ . The latter is an electronic image of the reactant at the geometry of the
product. The slope connecting R and P ⋆ denotes the evolution of the energy
along the reaction coordinate. In the same way the energy curve connecting the
product P and its electronic image R⋆ at the reactant’s structure is obtained.
The product P is distorted along the reaction coordinate and its energy rises
given that its’ electronic structure is preserved during the distortion. The barrier height may then be estimated from this diagram by avoided crossing of the
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two curves. It depends, of course, on the promotion gap G, i.e., on the energy
diﬀerence between the reactant R and the electronic image of the product state
R⋆ . Moreover, it depends on the curvature f of the energy slopes and the
exothermicity of the reaction, that is the net energy diﬀerence between reactant
and product. For the sake of simplicity it is zero here, see Figure 4.37. Even
if we consider these parameters as given, we are still left with how to estimate
the energy of the transition state within a certain range that may depend on
the electronic structure and stereochemical eﬀects [258].
The barrier height may by calculated in the most simple case as
∆E ‡ = f G − B

(4.10)

where f G is the height of the crossing point of the reactant and product energy
curves, here a fraction of the promotion gap G. B is the resonance energy
stabilization, i.e., the energy diﬀerence between the crossing point of the two
curves and the energy of the transition state.

Figure 4.37: The two valence bond diagrams: (a) the Valence Bond State Correlation
Diagram (VBSCD) and (b) the the Valence Bond Configuration Mixing Diagrams
(VBCMD). For the VBSCD, the resulting reaction profile (solid line) is obtained
by avoided crossing of the reactant and product curves Ψr and Ψp . For VBCMD
one may observe a formation of an intermediate that emerges from avoided crossing
of the energy curve of a third species Ψint . The scheme has been taken from Ref.
[258].

The most crucial parameter is, however, the size of the promotion gap G that
is considered to be dominating the barrier height. Thus, one may ask how to
accurately calculate this value. In principle, the energies of the four states may
be obtained from an ab initio VB method or from any molecular orbital based
calculation and subsequent projection of the MO wave function onto the valence
bond structures.

122

4. Concepts for cluster chemistry

The second type of diagram is the Valence Bond Conﬁguration Mixing Diagrams
(VBCMD), which is constructed analogously to the VBSCD one, but a third
state interferes that may stabilize an intermediate. An example for such a type
may be the nucleophilic cleavage reaction:
−

X− + RO − C(R′ ) = O −→ [XRO − C(R′ ) = O] −→ X − C(R′ ) = O +RO−
|{z}
|
{z
}
{z
}
{z
}
|
|

nucleophile

reactant

ionic intermediate

product

Here, an ionic state interferes—as indicated in Figure 4.37 by Ψion —that promotes a stabilization of the (ionic) reaction intermediate, and hence alters the
reaction mechanism.
Initially developed for organic reactions [245,247,249,250,302,303], very recently
such valence-bond diagrams have successfully been exploited to conceptualize
the complex reactivities of bioinorganic transition-metal clusters. The reader
may be referred to the work of Shaik et al. on the active species of cytochrome
P450 Compound 1 (Cpd 1) [253, 255, 300, 301, 304–306]. The active site of
this heme protein consists, in its active form, of an iron-oxo porphyrin cation
radical Por•+ Fe(IV) O. The authors present valence bond modeling for alkane
hydroxylation [255,306] and sulfoxidation of the iron center [253], which provides
the reader with a qualitative and chemically intuitive understanding of the
elementary reaction steps.
To obtain quantitative results for the reaction barriers, we have to calculate the
energies of the reactant and the product along distortion of the reaction coordinate with an appropriate valence-bond method or MO method and subsequent
mapping of the orbitals. This may be straightforward for simpler reactions as for
example, the hydrogen exchange reaction H(A) −H(B) +H(C) →H(A) +H(B )−H(C)
(see Ref. [258, pp. 169-171]) but is very involved for the reaction of bioinorganic
cluster chemistry. First of all, one has to determine the reaction coordinate
that may subsume several degrees of distortion. Second, all states that may
interfere with the crossing of the reactant and product must be included in
the VBCM diagram immediately increasing its complexity. Third, a quantum
chemical method has to be employed for the calculations that provides accurate
enough results (of course at reasonable costs). In particular, it should be able
to precisely predict excited state energies so that all relevant and correct intermediate states are incorporated in the VBCM diagram. Furthermore, it must
allow for convergence of the same electronic structure when distorting along the
reaction coordinate. Nevertheless, valence-bond diagrams are still be a useful
means to provide insights into potential reaction pathways and reactivities in
a qualitative way.
Promising target for a sample study of O2 binding
Having demonstrated that valence bond theory may be applied to active sites
of enzymes, we seek to employ this chemically intuitive description to one
of the most complex bioinorganic systems in nature, namely Photosystem II.
To understand its mode of operation is fundamental for the development of
renewable energy sources. A valence-bond description may help to conceptualize
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the reaction steps that lead to oxygen evolution. However, the catalytic cycle of
the oxygen evolving complex involves many steps and intermediates [172, 307–
311]. Furthermore, the structure of the active site is not solved unambiguously
and only models exist [174, 176, 259–262].
Breaking this complex problem into smaller pieces, one may ask why nature chose
manganese here and investigate how this metal diﬀers from other transition metals [312]. Rather than investigating polynuclear transition-metal clusters with
diﬀerent metal–metal interaction schemes, we restrict ourselves to mono-nuclear
complexes. Inspired by the work of Shaik on Fe-O2 bonding, it may be interesting
to investigate the O2 coordination to a series of non-heme metal clusters such as
Mn-, Fe-, and Ni-TMC (TMC=tetramethyl-tetraazacyclotetradecane) [313–319].
One may ask which metal favors which type of O2 coordination and how this
could be understood in a valence bond model framework.
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Figure 4.38: The side-on vs. end-on coordination of O2 to a series of M-12-TMC
and M-14-TMC complexes with M=Mn, Fe, Ni and 12-TMC=1,4,7,10 tetramethyl1,4,7,10-tetraazacyclododecane and 14-TMC=1,4,8,11 tetramethyl-1,4,8,11-tetraazacyclotetradecane.

For the Ni species, it is found that the O2 coordination changes from a [Ni(III) 12TMC(O2 )]+ side-on peroxo bound dioxygen to a [Ni(II) 14-TMC(O2 )]+ end-on
superoxo bound O2 when the size of the chelating TMC ligand, that is, its ring
size is varied from 12-TMC to 14-TMC. In the manganese 14-TMC analogue,
O2 is coordinated in a side-on fashion [313] as [Mn(III) 14-TMC(O2 )]+ . An
iron species, supposedly with a side-on O2 coordination, was also reported
for the 14-TMC ligand [Fe(III) 14-TMC(O2 )]+ but its structure has only been
determined with EPR spectroscopy [318]. We set out to investigate the origins
of these diﬀerences in bonding behavior and aim to model it with a valence
bond description.
We started our study with density functional theory structure optimizations
of the Mn, Fe, Ni species with 12-TMC and 14-TMC chelate ligands when
dioxygen is either side-on or end-on coordinated. In contrast to experimental
results, all BP86/RI/TZVP calculations predict the side-on O2 coordination to
be energetically favored over the end-on bound O2 . However, if the B3LYP
density functional was employed, the end-on peroxo Ni(II) -12-TMC structure
is more stable, whereas for the TPSS functional both coordination types are
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similar in energy. From single point calculations with B3LYP and TPSS on
the BP86 optimized high-spin structure, it is found that the diﬀerences in
the energy splittings stem from structural dissimilarities that arise because the
various density functionals converge to diﬀerent structures.
For the most stable structure the natural orbitals obtained from KS-DFT were
plotted. Non-integer occupation numbers of the orbitals may point to a multiconﬁgurational character of the electronic structures but further investigation
is required to assess this possibility. Still, the aim of our study is to perform
correlated wave-function calculations, such as CASSCF, on those complexes that
exhibit non-integer occupation numbers of the Kohn–Sham orbitals and identify
the orbitals that describe the metal–dioxygen bond. Once this is accomplished,
one can set up a wave function from this subset of orbitals and subsequently
transform it into a GVB description in a similar procedure as reported [254]. In
this way, one should be able to classify the bonding types of O2 to the various
metal clusters.

4.11

Conclusions on concepts for cluster chemistry

The introduction and development of unifying chemical concepts is a mandatory
step in transition-metal cluster chemistry to elucidate structures and reactivities of metal center that may reach beyond the mere calculation of individual
numerical results for speciﬁc active sites. These concepts should allow for the
extraction of system-transgressing results obtained from studying the chemistry
of a particular transformation, whereas quantum chemical calculations provide
quantitative data. A conceptual but still quantitative analysis shall replace
established concepts like MO diagrams that do often only provide qualitative
results.
Two such unifying concepts were introduced in this chapter, namely correlation
diagrams and valence bond theory. For the ﬁrst, we presented a series of examples highlighting the usefulness of correlation diagrams, particularly to relate
energies and properties of diﬀerent cluster structures relevant as intermediates
in reaction mechanisms. The importance of a certain cluster structure is, of
course, determined by the chemistry that is performed by that cluster. This
also conveniently reduces the coordinate space to be investigated in correlation diagrams. For our generic binuclear model clusters we encountered diverse
technical and reliability problems that would hardly be evident in standard
calculations which focus solely on individual optimized stationary points with
predeﬁned spin and charge. Hence, correlation diagrams provide a means to
identify such problems and prevent one from over-interpreting the calculated
data. Electrostatic embedding of the generic cluster accounts for electrostatic
eﬀects of a speciﬁc ligand sphere and can be employed as a simpliﬁed surrogate
system.
Moreover, the correlation diagrams allow us to grasp the ﬂexibility of a cluster
structure by investigation of relevant sections of the potential energy hypersurface. In this sense, they help to understand the structural ﬂexibility and the
correlation to molecular properties. The diagrams also aid in relating diﬀerent
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structural and electronic features of the cluster under consideration. We showed
that one may plot many useful properties in such diagrams that allow for a
better understanding of its reactivity. It is even possible to probe the coordination energy of a ligand at the diﬀerent structures spanned by the correlation
plot. The examples discussed in this chapter were designed to demonstrate that
a broader perspective in quantum chemical studies of reaction mechanisms in
cluster chemistry is suitable to arrive at a more complete and reliable picture
of the reactivity.
In the second part of this chapter, we reviewed the foundations of valence
bond theory and demonstrated that it is a useful tool to describe reactions of
transition-metal clusters. Valence bond theory preserves the chemist’s thinking
in terms of electron bond breaking and formation. It oﬀers a chemically more
intuitive quantum chemical description of the molecular structures in terms of
Lewis formulae, electron bonds, and lone pairs. Moreover, VB theory connects
a somewhat more abstract quantum chemical description to a phenomenological
picture of the molecule based on chemical intuition.
Although quantitative results are costly to obtain for complex reactions with
many steps and intermediates, valence bond diagrams are a perfect means to
visualize and hence, highlight chemically relevant information from quantum
chemical calculations. The VB diagrams may help to relate structures and
reactivities, thus being able to extract transferable results.
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5.

Splitting water: study of a functional model
cluster

The splitting of water to molecular oxygen and hydrogen is one of the fundamental challenges for the development of renewable energy sources. In nature,
this is accomplished in an eﬃcient way in the oxygen evolving complex (OEC) of
Photosystem II (PSII). Understanding its structure and the reaction mechanism
is, thus, crucial for the development of eﬃcient artiﬁcial photosystems [311,320].
However, Photosystem II is a very complex system. Although several crystal
structures were published in the last few years [259–263], the resolution is still
not suﬃcient to detect individual atoms and determine the structure of the
active site, i.e. the OEC, unambiguously. It is known that the OEC consists of
a tetranuclear manganese cluster but several models considering the arrangement of these metal atoms are discussed in the literature (see Ref. [172] and
references therein). A well deﬁned structure of the active site as well as a
knowledge of the interaction of the four manganese atoms is, however, crucial
for understanding the water splitting reaction on a molecular basis and until
today only models exist [172, 174, 175, 259–263].
Quantum chemical methods may be necessary to supply complementary information to experimental results because they provide high spatial resolution at
high accuracy. Additionally, molecular properties can be determined that cannot
be assessed directly using experimental techniques. By systematic investigation
it is possible to establish structure–property and structure–reactivity relationships. This may help to identify favorable reaction pathways and investigate
intermediates that cannot be isolated experimentally. However, as discussed
in the previous two chapters of this thesis the description of such polynuclear
transition-metal clusters is not trivial because of the open-shell character of the
complexes that may also require a correlated wave function description, while
only DFT is feasible.
From a quantum chemical point of view it is straightforward to investigate
simpler functional model clusters instead of the natural enzyme, in this case
the OEC of the PSII, to reduce the complexity. This is also a route that is
followed in experiment. In order to circumvent the lack of a high-resolution
X-ray crystal structure simple functional model complexes which mimic the
formation of dioxygen of the OEC in PSII have been developed during the last
few years [236, 321, 322]. The advantage of such functional model clusters is
that their structures are well characterized.
It would be most desirable to have a catalytically active model cluster with
manganese centers, but historically, Ru complexes were ﬁrst found to be capable
of dioxygen production. This may be attributed to a higher stability of the
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Ru–ligand bonds [323]. Dinuclear Ru clusters have been known since the early
1980s when the ﬁrst functional Ru catalyst was reported; the so called bluedimer, synthesized in the group of Meyer et al. [324, 325]. In Meyer’s cluster
the ruthenium atoms are bridged by oxygens resulting in a bis(µ-oxo) [Mn2 O2 ]
structural motif. Ever since a lot of work was devoted to the study of this
complex and possible reaction pathways including an inter- and intramolecular
mechanism for the oxygen evolution were investigated both experimentally and
theoretically. However, contradictory results were found and the details of the
proposed O2 evolution pathway are still subject to debate [326–330]. Another
problem with this cluster is that its Ru–O–Ru bridge can undergo reductive
cleavage that results in deactivation of the catalyst [329]. Hence, eﬀorts were
made to replace this bridge by a more robust chelating ligand. A review of
recent contributions in this ﬁeld can be found in Ref. [331].

5.1

The binuclear Ru water splitting catalyst

In 2004, the [(terpy)(H2 O)Ru(bpp)Ru(H2 O)(terpy)]3+ cluster was reported. In
this complex, the ruthenium centers are bridged via a 3,5-bis(2-pyridyl)pyrazole
(bpp) ligand. The x-ray crystal structure is depicted in Figure 5.1. Here, the
cluster is protected with an acetato bridge as [Ru2 (µ-OAc)(bpp)(terpy)2 ]2+ [332].

N3
N1
Ru1

N2
O2

Ru2

C2 C1
O1
C3

Figure 5.1: The X-ray crystal structure of the [Ru2 (µ-OAc)(bpp)(terpy)2 ]2+ complex.
For this cluster, molecular oxygen evolution was observed in a solution of CeIV
in triﬂic acid. The key features that make this cluster particularly interesting
are (i) the robust Ru1–N1–N2–Ru2 bridge that—together with the bulky terpy
ligands—shields the metal centers so that an intramolecular pathway for dioxygen evolution may be preferred; (ii) the bpp ligand which rigidly holds the two
oxo groups in a position where they face each other; (iii) the cluster is found to
be stable in lower formal oxidation states, namely RuII,II and RuII,III , as a result
of which anation reactions are largly reduced, and (iv) the rate constants for
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the pseudo ﬁrst order reaction for evolution of molecular dioxygen is, at 1.4×
10−2s−1 , about 4 times higher than for the blue-dimer [332]. This is attributed
to a more favorable position of the Ru atoms and the lack of a oxo bridge that
facilitates deactivating side reactions. Nevertheless, such deactivation reactions
are still present and restrict the number of turnovers [329].
For catalytic water splitting, two reaction mechanisms are discussed as depicted in Figure 5.2: an intramolecular pathway (mechanism I) and an intermolecular pathway (mechanism II) [332–335]. In both reaction mechanisms
the active [(terpy)(H2 O)Ru(bpp)Ru(H2 O)(terpy)]3+ —in the following denoted
as [Ru2 (OH2 )2 ]3+ —is oxidized by CeIV in a four step proton-coupled electron
transfer (PCET) reaction to yield the intermediate [(terpy)(O)Ru(bpp)Ru(O)(terpy)]3+ , from now on abbreviated as [Ru2 O2 ]3+ .
In the intramolecular reaction (mechanism I) the [Ru2 O2 ]3+ is proposed to form
a superoxo structure, which may then be attacked by a water molecule to form
the intermediate [(terpy)(H2 O)Ru(bpp)Ru(O2 )(terpy)]3+ , hereafter denoted as
[Ru2 (OH2 )O2 ]3+ : the water binds to one of the Ru centers resulting in a heterolytical cleavage of the O2 bridge so that a peroxo ligand is formed. In a
next step, a second water molecule binds to the other Ru center so that O2 is
released and the [Ru2 (OH2 )2 ]3+ species is recovered.
In the intermolecular reaction (mechanism II), the reactive [Ru2 O2 ]3+ intermediate binds one water molecule to form the hydroxo/hydroperoxo species
[(terpy)(HO)Ru(bpp)Ru(O2 H)(terpy)]3+ , in the following abbreviated as [Ru2 (O2 H)(OH)]3+ . Subsequently, a hydrogen transfer reaction from the hydroperoxo
to the hydroxo group shall occur so that the [Ru2 (OH2 )O2 ]3+ species is generated. Similar to mechanism I, this cluster binds another water molecule and
releases O2 so that the initial [Ru2 (OH2 )2 ]3+ species is recovered. However, this
last step is not a simple ligand exchange.
Little experimental data is available for the intermediates in the reaction cycle. Only a derivative of the catalyst, where the oxygen atoms are ﬁxed in
an acetato bridge, could be crystallized (see Figure 5.1), whereas the active
[(terpy)(H2 O)Ru(bpp)Ru(H2 O)(terpy)]3+ species was characterized on the basis
of NMR spectra and measurements of redox properties.
Previous quantum chemical studies on the reaction mechanism of this cluster
were reported [333, 334]. Yang and Baik investigated thoroughly both possible
reaction mechanism, as depicted in Figure 5.2 by DFT and predicted an intermolecular pathway to be energetically favored. However, the diﬀerences of the
activation barriers is only 26.8 kJ mol−1 in favor of the intermolecular mechanism [333] but Yang and Baik employed solely one density functional, namely the
hybrid functional B3LYP to arrive at their conclusions. It is thus not clear how
accurate calculated barrier heights are. Their study appears to be in contrast
to the experimental results of a kinetic study in combination with 18 O-labeling
experiments and a combined experimental and quantum chemical study, which
favor dioxygen evolution through an intramolecular mechanism [334,335]. However, the results of the second quantum chemical study are not unambiguous
either. To obtain more reliable results, it is essential to test the performance of
a non-hybrid functional such as BP86 because as discussed in previous chapters,
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the energy splitting between the various spin states is sensitive to the amount
of Hartree–Fock exchange in the density functional [50,178,179]. Moreover, the
eﬀect of the basis set size needs to be evaluated and quantum chemical results
shall be benchmarked to experimental data.
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Figure 5.2: The two possible reaction pathways for the O2 production catalyzed

by the [Ru2 (OH2 )2 ]3+ cluster as investigated in Ref. [333]: the molecular oxygen is
produced via an intramolecular pathway (left panel) or an intermolecular pathway
(right panel).

The purpose of this study is to focus on the investigation of the key intermediates, as depicted in Figure 5.2, by DFT. We do not merely seek to verify
results of the previous studies but rather employ the ﬁndings of chapter 3 and
4, establishing structure–reactivity relationships in view of structure determining interactions. In particular, the various spin states and their interaction
with the environment, here accomplished through explicit solvation, shall be
investigated. Moreover, pitfalls and peculiarities observed in this study will be
pointed out that may either be attributed to the nature of this cluster or to
the approximate density functionals employed.
This chapter is organized as follows: In the ﬁrst section, the performance of
DFT is evaluated for structure optimizations of the X-ray crystal structure
[Ru2 (µ-OAc)(bpp)(terpy)2 ]2+ . On the basis of these results, the reaction intermediates occurring in the proton-coupled electron transfer reaction to the active
species [Ru2 O2 ]3+ are studied and we aim to reproduce the experimental UVVIS spectra in the next section. Subsequently, the structures and spin states of
this catalytically active species [Ru2 O2 ]3+ and the other intermediates as well
as their interaction with solvent molecules are investigated.

5.2. Validation of quantum chemical methods

5.2
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Validation of quantum chemical methods by comparison with experimental data

In order to test the performance of DFT here, i.e. the error of the basis sets and
density functionals employed in this study, the X-ray crystal structure [Ru2 (µOAc)(bpp)(terpy)2 ]2+ , as depicted in Figure 5.1, is optimized with the BP86
and the B3LYP functionals in combination with the split-valence polarization
(SVP) basis set and a triple-ζ valence polarization (TZVP) basis set.
All structure optimizations predict very similar structures (see Table 5.1), that
agree well with the crystal structure. The only exception is the dihedral angle
θ(O1−Ru1−Ru2−O2) , which diﬀers in the crystal structure but this may be attributed
to packing eﬀects.
All calculations are Kohn–Sham restricted structure optimizations or single-point
calculations with S=0. For a single-point calculation on the BP86/RI/TZVP
optimized closed-shell state, the BP86/RI/TZVP S=1 triplet state is found to
by 145.3 kJ mol−1 less stable and an open-shell species can be excluded here.
Table 5.1: Selected bond length in [Å] and bond angles [◦ ] for the [Ru2 (µ-

OAc)(bpp)(terpy)2 ]2+ X-ray crystal structure as well as the optimized structures
when different basis sets and density functionals are provided.
BP86/RI
B3LYP
crystal
SVP TZVP
SVP TZVP
Ru1–Ru2
4.307 4.403
4.400 4.416
4.422
Ru1–O1
2.116 2.115
2.121 2.127
2.135
Ru2–O2
2.103 2.115
2.121 2.122
2.135
Ru1–N1
2.041 2.088
2.085 2.110
2.110
Ru2–N2
2.068 2.089
2.084 2.110
2.110
Ru1–N3
2.053 2.078
2.078 2.111
2.110
O1–O2
2.232 2.291
2.294 2.268
2.270
θ(O1−Ru1−Ru2−O2)
−40.8 −23.9 −25.1 −19.6 −20.3
θ(Ru1−N1−N2−Ru2)
−25.4 −20.8 −22.9 −17.2 −18.5
θ(Ru1−O1−C1−C2)
145.5 144.9
144.9 150.3
153.7
θ(Ru2−O2−C1−C2)
151.6 150.3
150.3 155.3
150.5

Although the results are very similar for the two basis sets and density functionals, this might be due to the rigid scaﬀold of the [Ru2 (µ-OAc)(bpp)(terpy)2 ]2+
structure and the performance may diﬀer when the cluster exhibits more degrees
of freedom. Hence, each intermediate has to be considered carefully.

5.3

Proton-coupled electron transfer: Oxidation from [Ru2 (OH2 )2 ]3+ to [Ru2 O2 ]3+

As pictured in the reaction scheme of Figure 5.2 the [Ru2 (OH2 )2 ]3+ species—
with both Ru atoms in a formal oxidation state of II—undergoes a four step
proton coupled electron transfer (PCET) reaction promoted by CeIV to yield

132

5. Splitting water: study of a functional model cluster

[Ru2 O2 ]3+ , where each Ru has the formal oxidation state of IV. Although redox
potentials were reported for the intermediates and rate constants were measured
for each oxidation step, none of the intermediates could be isolated and characterized [335]. Still, the four step oxidation could formally be described by an
abstraction of a proton and an electron in each step and resulting intermediates shall be subject to investigation. However, the highest oxidized [Ru2 O2 ]3+
species is predicted to play a crucial role in the water-oxidizing reaction: no
oxygen evolution was observed before this oxidation state was reached, which
was ensured experimentally by employing an excess of CeIV [332,335]. However,
as it could not be isolated, its structure and, more importantly, its spin state
remains unknown. Only the [Ru2 (OH2 )2 ]3+ species could be characterized by 1D
and 2D 1 H- and 13 C-NMR as well as UV-VIS spectroscopy [332]. Furthermore,
UV-VIS spectra of several intermediates were reported in Refs. [332, 335]. It is
claimed that the spectra of PCET-reaction RuIII,IV intermediates are measured
with the potential sum formulas [Ru(OH)O]4+ and [Ru2 O2 ]2+ .
The aim here is to reproduce the experimental UV-VIS spectra by time-dependent
density functional theory (TD-DFT) calculations. For this purpose we optimize
all possible reaction intermediates that may occur when subsequently abstracting one proton or one electron from [Ru2 (OH2 )2 ]3+ . The structures of selected
optimized intermediates are depicted in Figure 5.3 and relevant bond lengths
and angles in Table 5.2.
Since a closed-shell S=0 state is found to be most stable for both BP86/RI/TZVP
optimized clusters, [Ru2 (OH2 )2 ]3+ and [Ru2 O2 ]3+ , a closed-shell species is optimized whenever possible. For species with an odd number of electrons the
S=0.5 state is considered.

Table 5.2: Selected bond length in [Å] and bond angles [◦ ] for the most stable
BP86/RI/TZVP optimized reaction intermediates when activating the [Ru2 (OH2 )2 ]3+
in a four PCET reaction to the reactive species [Ru2 O2 ]3+ capable of O2 evolution.
φ denotes the dihedral angle O1–Ru1–Ru2–O2.
Ru1–Ru2 Ru1–O1 Ru2–O2 O1–O2 H1–O2
φ
3+
[Ru2 (OH2 )2 ]
4.648
2.200
2.284
2.785
1.808 −36.4
[Ru2 (OH2 )2 ]4+
4.695
2.185
2.288
2.801
1.818 −34.1
4+
[Ru2 OH2 (OH)]
4.679
1.936
2.250
2.891
1.915 −38.5
[Ru2 OH2 (OH)]3+
4.703
2.233
1.956
2.889
1.970 −37.0
[Ru2 OH2 (O)]4+
4.615
2.137
1.805
2.512
1.491 −30.6
3+
[Ru2 OH2 (O)]
4.513
2.003
1.911
2.566
1.550 −31.4
[Ru2 OH(O)]3+
4.531
1.949
1.790
2.854
3.315 −40.5
4+
[Ru2 OH(O)]
4.245
1.757
1.977
2.254
2.429 −36.6
[Ru2 O2 ]2+
4.082
2.009
2.008
1.400
- −19.8
[Ru2 O2 ]2+ BS
4.484
1.805
1.805
2.952
- −38.4
3+
[Ru2 O2 ]
3.987
1.981
1.982
1.346
−9.1
[Ru2 O2 ]3+ BS
4.450
1.790
1.791
2.756
- −38.0

5.3. Oxidation to the reactive species

RuII RuII

S=0.0

[Ru2 (OH2 )2 ]3+
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RuIII RuII

S=0.5

[Ru2 (OH2 )2 ]4+

S=0.5

[Ru2 (OH2 )(OH)]3+

RuIII RuIII

S=0.0

[Ru2 (OH2 )(OH)]4+

S=0.5

[Ru2 (OH)2 ]3+

RuIV RuIII

S=0.5

[Ru2 OH(O)]3+

S=0.5

[Ru2 O2 ]2+
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[Ru2 O2 ]2+

RuIV RuIV

S=0.0

[Ru2 OH(O)]4+
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[Ru2 O2 ]3+
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Figure 5.3: Relevant intermediates that occur during the four step PCET reaction
from [Ru2 (OH2 )2 ]3+ to [Ru2 O2 ]3+ . Whenever possible the S=0 closed-shell state
is optimized and for molecules with an odd number of electrons the S=0.5 state
otherwise.

It can be seen that, in all intermediates, O1 and O2 are clearly separated and
the two halves of the cluster are distorted relative to each other. Only when
the formal oxidation state of IV is reached as in [Ru2 O2 ]2+ and [Ru2 O2 ]3+ , a
superoxo species is formed containing a short O1–O2 bond length. Whilst in
[Ru2 O2 ]2+ the two oxygens are out of plane, the superoxo bridge is found to be
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in plane with the Ru centers for the highest oxidized [Ru2 O2 ]3+ species. Note
that, in the second panel of Figure 5.3, a [Ru2 (OH)2 ]4+ species with S=0 is not
stable and the structure optimization converges to the [Ru2 (OH2 )(O)]4+ species
instead. However, a [Ru2 (OH2 )(O)]3+ structure converges to the [Ru2 (OH)2 ]3+
species.
To investigate the oxo and the superoxo structures, as depicted in panel 3 and
4 of Figure 5.3, in more detail, further structure optimizations are performed to
converge both a superoxo and an oxo structure for [Ru2 O2 ]2+ and [Ru2 O2 ]3+ .
An oxo species with two separated Ru–O groups could only be converged for the
broken-symmetry states of [Ru2 O2 ]2+ and [Ru2 O2 ]3+ and not for the closed-shell
species. However, these open-shell states with two oxo ligands are energetically
unfavorable. Instead, the superoxo structure is energetically predicted to be a
minimum, with a relative stability of −96.6 kJ mol−1 compared to the BS state
of [Ru2 O2 ]2+ and of −20.2 kJ mol−1 for the S=0 open-shell state of [Ru2 O2 ]3+ .
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Figure 5.4: The UV-VIS spectra of the [Ru2 (OH2 )2 ]3+ S=0 closed-shell species
calculated by TD-DFT with the BP86 and the B3LYP density functionals, as well
as with the SAOP model potential.

For the generation of the UV-VIS spectra of the well-characterized [Ru2 (OH2 )2 ]3+
closed-shell species, the BP86 and the B3LYP density functionals, as well as
the SAOP model potential are employed to calculate the ﬁrst 250 excitations
with the program suites Turbomole and ADF. From the results depicted in
Figure 5.4, one may see that all spectra feature four signatures even though
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the characteristic wave length of these structures depends on the functional
employed. Nevertheless, the signature around 500 nm agrees well with the
experimental spectra reported in Ref. [334].
While one would like to detect more reaction intermediates by TD-DFT calculations, one may see from Figure 5.3 that there exist at least two distinct
forms of the reactive species [Ru2 O2 ]3+ , namely, the oxo and superoxo form.
Hence, further investigation is required to identify the most stable species in
this system, which is presented in the next section.

5.4

The oxo and the superoxo structure of the reactive
[Ru2 O2 ]3+ species

The reactive species [Ru2 O2 ]3+ is predicted to play a crucial role in the wateroxidizing reaction. Its structure depends on the spin state with an oxo (Ru=O
O=Ru) as well as a superoxo (Ru–O–O–Ru) species possible. Therefore, we
focus on the optimization of this intermediate for all potential spin states,
namely S=0 closed-shell, S=0 broken-symmetry, S=1 triplet, and S=2 quintet
state.
We describe here investigation of the structural features of the oxo and superoxo [Ru2 O2 ]3+ species and their properties, such as spin–spin interactions
and magnetic coupling. The performance of various density functionals is also
assessed via the interrelation of structures and spin states.
5.4.1

Can spin–spin interactions be structure determining?

It has long been known that for a given transition-metal cluster the open-shell
and the closed-shell species may diﬀer. Typically, metal–ligand bond lengths
are elongated for the open-shell structures, where the metal centers carry local
spins and electrons occupy antibonding orbitals, in comparison to their closedshell analogs. However, in many cases these diﬀerences are very small due to
a rigid scaﬀold of the cluster.
If, however, ligands are free to orientate, spin–spin interaction may be structure
determining. An example may be the reactive intermediate [Ru2 O2 ]3+ studied
in this chapter, where the two oxo-ligands are relatively free to rearrange during
optimization.
Our DFT studies on this intermediate clearly show that a BP86/RI/TZVP
optimized [Ru2 O2 ]3+ structure with two separate Ru-oxo groups could not be
converged for the closed-shell state. Such a structure requires a non-zero local spin on the oxygen atom(s) as can be understood from Table 5.3. All
structure optimizations of the closed-shell state—even when the input structure
is manipulated— converge to a superoxo species with a short oxygen–oxygen
bond. Hence, phenomenologically speaking, the local spin on the oxygen atoms
prevents O–O bond formation and stabilizes a [Ru2 O2 ]3+ cluster with two oxoligands.
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Table 5.3: Local spin distributions obtained by modified Löwdin projectors as well
as the total spin hS 2 i. The arrows are graphical representations of the unpaired
electrons. An up-pointing arrow denotes an α-electron, a down-pointing a β-electron.

Ms
0 BS
1
2

local spins
↑↑–↓↓
00–↑↑
↑↑–↑↑

S=0

S=2

hS 2 i hSzRu1 i hSzO1 i hSzRu2 i hSzO2 i
1.964
0.44
0.45 −0.44
-0.45
2.919
0.01
0.00
0.44
0.44
6.014
0.45
0.46
0.45
0.46

S=0 broken symmetry

S=1

Figure 5.5: Structures of the various spin states of the [Ru2 O2 ]3+ intermediate.
For the closed-shell state no Ru-oxo structure exists but all structure optimizations
converge to the superoxo species.

5.4.2

Evaluation of various antiferromagnetic coupling schemes for
[Ru2 O2 ]3+

In order to study diﬀerent antiferromagnetic coupling schemes of the [Ru2 O2 ]3+
intermediate, we employed our restrained optimization tool to establish diﬀerent
local spin distributions for the oxo species [230, 232].
We may set up three broken-symmetry determinants as depicted in Figure 5.6
as (i), (ii), and (iii), where unpaired electrons with α-spin are represented by
up-pointing arrows and unpaired electrons with β-spin by down-pointing arrows.
The BS determinant denoted as (i) features a maximum number of antiferromag-
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netically coupled centers. The two Ru atoms are coupled antiferromagnetically
and each metal center also couples to the oxygen in an antiferromagnetic fashion
resulting in an antiferromagnetic coupling of the oxygen atoms. For case (ii), the
Ru centers are coupled ferromagnetically to each other, wheres each Ru atom
couples to the oxygen in an antiferromagnetic way. Finally, a BS determinant is
set up—case(iii)—where each Ru=O moiety is coupled ferromagnetically, while
the two units are coupled in an antiferromagnetic fashion.

N

N

Ru

N
Ru

O

N

Ru

O

Ru
O

O

(ii)

(i)

N

N

O

O

Ru

Ru

(iii)

Figure 5.6: Initial local spin distributions as set up for a restrained optimization.
Only the BS determinant represented by (iii) could be converged. Note that an uppointing arrow stands for an unpaired electron with α-spin , whereas a down-pointing
for an unpaired electron with β-spin.

When running a BP86/RI/TZVP restrained optimization only the brokensymmetry determinant denoted by (iii) could be converged. It exhibits local
spins of the same magnitude but opposite spin on the Ru atoms, namely 0.44
a.u. and −0.44 a.u., and local spins of 0.45 a.u. and −0.45 a.u are found for
the two oxygen atoms. Hence, there exists no (local) energy minima on the
potential energy surface close to the ideal local spin distribution of (i) and (ii)
see Table 5.4.
A broken-symmetry solution for a superoxo structure could not be converged
for BP86/RI/TZVP even if converged broken-symmetry orbitals are provided as
initial guess or local spin values are constrained by the restrained optimization
tool.

Table 5.4: Local spin distributions obtained by a modified Löwdin projectors as well
2

as the total spin hŜ i expectation values. The arrows are graphical representations
of the unpaired electrons. An up-pointing arrow represents an electron with α-spin,
whereas a down-pointing arrow one with β-spin.

Msideal
0 BS
0 BS
0 BS

local spin
↑↑–↓↓
↑↓–↑↓
↑↓–↓↑

2

hŜ i hŜzRu1 i hŜzRu2 i hŜzO1 i hŜzO2 i
1.964
0.44 −0.44
0.45 −0.45
1.877
0.03
0.03 −0.02 −0.02
1.966
0.45 −0.44
0.45 −0.45
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Magnetic coupling behavior

Magnetic coupling is present in clusters, where the antiferromagnetically coupled
S=0 broken-symmetry state and the ferromagnetically coupled high-spin state,
diﬀer in energy. The spin state that is more stable thus determines the type
of coupling.
However, for the reactive species [Ru2 O2 ]3+ , both the broken-symmetry S=0
and the high-spin state, here a quintet S=2 state, are degenerate. Hence, a
ferromagnetic or an antiferromagnetic coupling of the ruthenium atoms can be
excluded here.
5.4.4

Spin–structure relations between the two triplet structures of
[Ru2 O2 ]3+

For the S=1 state the local spin values on the ruthenium and oxygen atoms
depend rigorously on the O1–O2 distance and two diﬀerent local spin distributions are found for the superoxo and the oxo species. To shed some light on this
behavior, local spin values are computed when decreasing the O1–O2 distance
gradually. We may set up a one-dimensional correlation diagram analogously
as described in chapter 4. From the plot in Figure 5.7 it can be seen that the
local spin distribution of the oxo species, with the spin being located on Ru1
and O1, smoothly converges to the superoxo distribution when decreasing the
O1–O2 distance. This example illustrates the spin–structure relationship in this
cluster.
0.5

hŜz i
0.4
Sz Ru1
Sz Ru2
Sz O1
Sz O2

0.3

0.2

0.1

0

1.5

2

2.5

rO1−O2

[Å]

Figure 5.7: Local spin distributions for the [Ru2 O2 ]3+ intermediate in the triplet
state plotted against the O1–O2 bond length. For the superoxo structure (left) the
spin is distributed over the Ru and the oxygen atoms, whereas for the oxo species
(right) the spin is only located on Ru1 and O1.
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The reactive species [Ru2 O2 ]3+ : relating structures and spin
states

It is not possible to converge both the oxo and the superoxo structure for all
spin states as can be seen in Table 5.5. All BP86/RI/TZVP restricted Kohn–
Sham structure optimizations converge to the superoxo species even when the
O–O distance in the input structure has been manipulated. A restricted Kohn–
Sham single-point calculation on a BP86/RI/TZVP optimized high-spin oxo
species yields a relative energy of 115.3 kJ mol−1 . Hence, a S=0 superoxo state
is energetically not favored. Moreover, a S=0 broken-symmetry state is only
found for the oxo species and could not be converged for the superoxo species.
Table 5.5: Selected bond length in [Å] and bond angles [◦ ] as well as relative energies
[kJ mol−1 ] for the BP86/RI/TZVP optimized [Ru2 O2 ]3+ in various spin states. BS
denotes broken-symmetry and 0R refers to the restricted, i.e. the closed-shell state.
The prime indicates superoxo structures with a short O1–O2 bond length. θ denotes
the dihedral angle O1–Ru1–Ru2–O2, whereas φ represents Ru1–N1–N2–Ru2.
Msideal
Ru1–Ru2 Ru1–O1 Ru2–O2 O1–O2
θ
φ
Erel
0R’
3.987
1.981
1.982
1.346
−2.0
−9.1
0.0
0BS
4.450
1.790
1.791
2.756 −43.3 −38.0
20.2
1
4.437
1.786
1.791
2.715 −63.3 −38.5
43.4
1’
4.066
1.978
1.978
1.398
29.9
−5.4
22.5
1’
4.064
1.979
1.979
1.402 −33.5 −11.9
22.3
2
4.475
1.791
1.791
2.875 −66.8 −41.5
20.4
2 on bs
4.476
1.791
1.791
2.879 −67.0 −41.9
20.3
2 on peroxo
4.490
1.791
1.791
2.930 −68.7 −46.0
19.7
2’
4.051
1.990
1.990
1.370 −28.2
−4.5 207.0

When inspecting the optimized structures (important structural parameters are
provided in Table 5.5), it can be seen that the O1–O2 equilibrium bond length
is sensitive to the spin state and diﬀers in the various optimized structures. To
explore this relationship the relative energies of the BP86/RI/TZVP optimized
spin states are plotted against the O1–O2 distance in Figure 5.8. Note that
the S=2 superoxo structure is omitted in this ﬁgure because it is energetically
not favored and has a relative energy of 207.0 kJ mol−1 compared to the most
stable S=0 closed-shell structure. One may also see here that the oxygen–oxygen
distance in the X-ray crystal structure is, at 2.232 Å, signiﬁcantly shorter than
that of the oxo structure. For the triplet S=1 state, the structure optimization
of the X-ray crystal structure exhibits some abnormalities as discussed in detail
in the appendix. At a critical O–O bond length of 1.710 Å—indicated by
the dashed line in Figure 5.8—the energy suddenly drops and the structure
converges to a superoxo species. Still, a oxo species could also be converged
for this spin state when manipulating the input structure.
One may see from Figure 5.8 that the S=0 closed-shell superoxo species is the
minimum energy structure and its energy is arbitrarily set to zero. The two
oxo structures with S=0 and S=2 have a relative energy of about 20 kJ mol−1 .
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For the triplet state, the energy decreases from 44.3 kJ mol−1 to 22.5 kJ mol−1
for the transformation from the oxo to the superoxo structure.

∆E
kJ·mol−1
38.5
S=0

44.3
S=1

33.8
S=1

"crystal"

22.5 22.7
S=1S=1

0.0
S=0

20.2
S=0
BS

20.4
S=2

1.6
S=0
BS

0.0
S=2

rO1−O2

1.346 1.398

1.710

2.232

2.715 2.756 2.875

[Å]

Figure 5.8: The energies in kJ mol−1 of the various BP86/RI/TZVP optimized
spin states plotted against the O1–O2 distance. The energies for B3LYP/TZVP
single-point calculations on the BP86/RI/TZVP structures are given in gray. A S=2
superoxo species is energetically not favored but has a relative energy of 207.0 kJ
mol−1 .

In order to study the performance of the B3LYP density functional, single-point
B3LYP calculations are performed on the BP86/RI/TZVP optimized structures.
The energy splitting between the spin states is found to be somewhat diﬀerent
as may be seen by the gray data points marked in Figure 5.8. The closedshell S=0 superoxo state is no longer the most stable state. Instead, it is the
quintet state (S=2) and hence, its energy is arbitrarily set to zero. Similar to
the BP86/RI/TZVP calculation, the S=2 and the S=0 BS states are almost
degenerate with the BS state being 1.6 kJ mol−1 less stable. The energy gap
between the S=0, S=2 and the S=1 state is slightly larger than for BP86,
whereas the energy splitting between the two triplet states decreases to about
10 kJ mol−1 .
To further elucidate whether the diﬀerent energy splittings for the BP86 and
the B3LYP functionals may be attributed to diﬀerent electronic structures of
the converged wave functions, local spin values are investigated and depicted
in Table 5.6. Comparing the local spin distributions, it can be seen that both
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functionals yield similar local spin distributions. In particular, one may see
that for the S=2 state of the oxo species local spins are uniformly distributed
over the Ru and the O atoms with values of 0.45 a.u. on the metal centers
and 0.46 a.u. on the oxygen atoms. This solution corresponds to four unpaired
electrons each located on one of the ruthenium or oxygen atoms. The spin
2
contamination is negligible and the total spin expectation value hŜ i is close
to the ideal value of 6 for a quintet. For the superoxo species, the local spin
on the superoxo bridge decrease to 0.19 a.u. per O atom. Furthermore, for
S=1 the local spin is located either on one half of the oxo cluster, namely on
Ru2 and O2, or more or less equally distributed over the Ru and the O-atoms
as in the superoxo species. As discussed previously, for the BS state only one
local spin distribution could be converged, where Ru1 and O1 feature local spin
values of 0.44 a.u. and 0.45 a.u., respectively, and ŜzA expectation values on
Ru2 and O2 of −0.44 a.u. and −0.45 a.u..
Table 5.6: Local spin distributions obtained by a modified Löwdin projectors as
well as the total spin hŜ2 i. The arrows are graphical representations of the unpaired
electrons. An up-pointing arrow represents an electron with α-spin, whereas a downpointing arrow one with β-spin. In the first part the fully optimized BP86/RI/TZVP
structures are listed, whereas in the second part values for the B3LYP single-point
calculations on the BP86/RI/TZVP structures are given. The prime indicates superoxo structures.

Msideal
0 BS
1
1’
2
2
2’
0 BS
1’
1
2

local spin
↑↑–↓↓
00–↑↑
↑–↑
↑↑–↑↑
↑↑–↑↑
↑↑–↑↑
↑↑–↓↓
↑–↑
00–↑↑
↑↑–↑↑

2

hŜ i hŜzRu1 i hŜzRu2 i hŜzO1 i hŜzO2 i
1.964
0.44 −0.44
0.45
-0.45
2.919
0.01
0.44
0.00
0.44
2.008
0.27
0.28
0.17
0.17
6.014
0.45
0.45
0.46
0.46
6.014
0.45
0.45
0.46
0.46
6.014
0.47
0.47
0.19
0.19
2.012
0.46 −0.46
0.48 −0.48
2.014
0.30
0.30
0.17
0.17
3.009 −0.02
0.46
0.03
0.49
6.027
0.47
0.47
0.49
0.49

In order to further study the eﬀect of the density functional, all structures are
also fully optimized with the B3LYP density functional to compare the results
to the study of Yang and Baik [333]. Again, relative energies are plotted against
the O1–O2 bond length (see Figure 5.9).
While the B3LYP/TZVP as well as the B3LYP/SVP optimized structures are
fairly similar to the BP86/RI/TZVP ones, the relative energy splittings diﬀer
greatly. The S=0 closed-shell superoxo species is no longer energetically favored.
The broken-symmetry as well as the S=2 high-spin oxo structure are the most
stable species, while the S=0 closed-shell superoxo species has a relative energy
of 34.3 kJ mol−1 for the TZVP basis set and of 19.2 kJ mol−1 for the SVP basis
set. For the superoxo species, the triplet and the broken-symmetry states are,
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at 21.7 kJ mol−1 (8.1 kJ mol−1 for SVP) and 18.0 kJ mol−1 (7.2 kJ mol−1 for
SVP), the most favored spin states. All attempts to converge a S=2 superoxo
structure failed and the structure optimizations converge to the oxo-structure.
Our B3LYP results are in line with the results of Yang and Baik [333].

∆E
kJ·mol−1
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21.7
S=0 BS
19.2 18.0
S=0 S=1

33.4
S=1
30.0
S=1
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1.21.3 0.0 0.0
BS S=0 S=2

1.357
1.334
1.314 1.400
1.298 1.372

2.929
2.809
2.232

2.889 2.953
2.837 2.909

rO1−O2
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Figure 5.9: The energies in kJ mol−1 of the various B3LYP/TZVP (black) and the
B3LYP/SVP (gray) optimized spin states plotted against the O1–O2 distance. The
energy of the S=2 quintet state is arbitrarily set to zero.

The local spin values are similar to those obtained for the BP86/RI/TZVP
optimized structures and may be found in the appendix. Hence, the same
electronic structures are converged for the individual spin states with the two
density functionals, BP86 and B3LYP. Moreover, the optimized structures are
rather similar. Thus, the discrepancies in the relative energy splittings arise
due to the approximate nature of the density functionals, in particular due to
the diﬀerent amount of exact exchange admixture in the density functional as
already discussed in previous chapters [50, 178, 179].
Since the relative energy diﬀerences between the spin states are rather small
here and the ordering of the spin states depends largly on the density functional
employed, the most stable spin state cannot be identiﬁed unambiguously. This
example illustrates that one has to check the performance of diﬀerent density
functionals carefully. Moreover, as discussed in chapter 3, all potential spin
states have to be investigated to arrive at a reliable description of the cluster
under study.
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Table 5.7: Local spin distributions for the B3LYP optimized [Ru2 O2 ]3+ structures.
2

Local spin values as well as the total spin hŜ i are obtained by modified Löwdin
projectors. The arrows are graphical representations of the unpaired electrons. An
up-pointing arrow represents an electron with α-spin, whereas a down-pointing arrow
one with β-spin. The results for the SVP basis set are displayed in the upper panel,
while those for the TZVP basis set in the lower panel. The prime indicates the
superoxo structures.

Msideal
0 BS
0’ BS
1
1’
2
2’
0 BS
0’ BS
1
1’
2
2’

5.5

local spin
↑↑–↓↓
↑↑–↓↓
00–↑↑
↑–↑
↑↑–↑↑
↑↑–↑↑
↑↑–↓↓
↑↑–↓↓
00–↑↑
↑–↑
↑↑–↑↑
↑↑–↑↑

2

hŜ i hŜzRu1 i hŜzRu2 i hŜzO1 i hŜzO2 i
2.015
0.47 −0.47
0.49 −0.49
0.589
0.25 −0.25
0.09 −0.08
3.001
0.03
0.47 −0.02
0.49
2.013
0.31
0.31
0.17
0.17
6.026
0.47
0.47
0.49
0.49
6.026
0.47
0.47
0.49
0.49
2.017
0.48 −0.48 −0.48
0.48
0.629
0.26 −0.26
0.09 −0.09
3.007
0.01
0.48 −0.01
0.48
2.013
0.32
0.32
0.16
0.16
6.026
0.48
0.48
0.48
0.48
6.020
0.43
0.43
0.23
0.23

Interaction with the environment: explicit solvation

Interaction with the environment, in particular with solvent molecules may
signiﬁcantly change the molecular structure and properties of the investigated
species and thus alter the chemical reactivity. As we study a system, where
two alternate reaction pathways are proposed and energy gaps between diﬀerent
spin states and reaction intermediates are small, solvation eﬀects ought not to
be neglected.
Although the initial [Ru2 (H2 O)2 ]3+ cluster does not react with water, this may be
diﬀerent for the reaction intermediates, in particular for the superoxo [Ru2 O2 ]3+
structure. Therefore, changes for the superoxo intermediate [Ru2 O2 ]3+ in the
S=0 closed-shell state and the [Ru2 O2 ]3+ triplet structure when exposed to
solvent molecules are investigated.
In a ﬁrst approach, one water molecule is added to the structures associated
with the diﬀerent spin states of the superoxo species of [Ru2 O2 ]3+ The resulting
structures are depicted in Figure 5.10. Placing the water molecule close in the
proximity of the superoxo bridge distorts the planar arrangement at the Ru–
O–O–Ru moiety. Thus, it becomes more similar to the unsolvated triplet state
structure, which is also reﬂected in a decrease of the energy gap between the
two states from 22.5 kJ mol−1 to 7.8 kJ mol−1 . When for the S=1 state the
water molecule is located at very close distance to the Ru1 center a subsequent
BP86/RI/TZVP structure optimization results then in the cleavage of one Ru–N
bond. The water molecule binds to the metal center and the superoxo bridge is
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maintained (see Figure 5.10, lower panel on the left hand side). Cleavage of the
superoxo bridge is possible as may be seen from Figure 5.10 in the lower right
panel. However, cleavage of the superoxo bridge is also found in the absence
of water when directly protonating one of the oxygen atoms in the superoxo
species of [Ru2 O2 ]3+ , for the closed-shell as well as for the triplet state.
[Ru2 O2 ]3+ +H2 O

S=0
[Ru2 O2 ]3+ +H2 O

S=1

[Ru2 O2 ]3+ +H2 O

S=1
[Ru2 O2 ]3+ +H2 O+H

S=1

Figure 5.10: Attack of a water molecule to the active superoxo species [Ru2 O2 ]3+
in the triplet and singlet state.

In order to further study the eﬀect of explicit solvation on the energy gap between
the superoxo S=0 closed-shell and the S=1 triplet state, structure optimizations
with four water molecules are set up. As evident from the BP86/RI/TZVP
optimized [Ru2 O2 ]3+ structures depicted in Figure 5.11, only two water molecules
interact with the Ru cluster. They form hydrogen bonds with the oxygen atoms
of the superoxo bridge, whereas the other two solvent molecules move away from
the cluster during the structure optimization.
For the S=0 closed-shell state, the two water molecules interact with both
oxygen atoms of the superoxo bridge resulting in an OH· · · O hydrogen bond
length of 2.5 Å. The planar arrangement is maintained. The interaction pattern
is somewhat diﬀerent for the triplet state. Here, each water molecule forms a
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hydrogen bond to one of the superoxo oxygen atoms with OH· · · O bond lengths
of 1.9 Å. The explicit solvation decreases the energy gap between the two spin
states to 9.3 kJ mol−1 , compared to 22.5 kJ mol−1 for the non-solvated species.
In order to evaluate whether this may be an artifact due to the input structure, a BP86/RI/TZVP closed-shell structure optimization is set up on the
BP86/RI/TZVP optimized triplet structure. However, the optimization converges to the planar arrangement as depicted on the left hand side in Figure 5.11.

S=0

S=1

Figure 5.11: Explicit micro solvation of the active superoxo species [Ru2 O2 ]3+ in
the triplet and singlet state.

It is obvious that the reactive [Ru2 O2 ]3+ species is sensitive to interaction with
the environment. Solvent eﬀects do not only alter the energy gap between
the triplet and the closed-shell state but also aﬀect their molecular structures
as observed for the S=0 state and can, hence, not be excluded. However,
more substantial studies such as investigation of the other spin states and
performance of diﬀerent density functionals are needed in order to complete the
picture presented here.

5.6

Formation and structure of the [Ru2 (OH2 )O2 ]3+ intermediate

In both mechanisms, a [Ru2 (OH2 )O2 ]3+ species is proposed with a peroxo and
a water ligand. This intermediate would then be capable of ejecting O2 , whilst
binding another water molecule so that the initial [Ru2 (OH2 )2 ]3+ cluster is
recovered. Two formal ways to describe the formation of this intermediate
are the coordination of H2 O to the superoxo species [Ru2 O2 ]3+ (mechanism
I) or the hydrogen transfer from the hydroperoxo to the hydroxo group in
[Ru2 (OH)O2 H]3+ (mechanism II).
Formation of [Ru2 (OH2 )O2 ]3+ might be enforced by addition of water. If an
additional water molecule is placed close to one Ru center in the S=1 superoxo
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state species with an initial Ru–O bond distance of 1.8 Å, the superoxo bridge
is stable during BP86/RI/TZVP structure optimization. [Ru2 (OH2 )O2 ]3+ is not
formed. Instead, the water coordinates to the Ru and a Ru–N bond breaks. If,
however, the superoxo group is protonated prior to the H2 O attack as suggested
by Yang and Baik [333] the superoxo bridge cleaves and a Ru=O as well as a
Ru–OH bond is formed, whereas the water molecule dissociates from the cluster.
Also, if the S=0 closed-shell superoxo structure is constrained to react with an
additional water molecule, no binding of H2 O to Ru is observed. Instead, the
water molecule forms a hydrogen bond with the oxygen atoms of the superoxo
bridge similar to the structure depicted in Figure 5.11. Thus, our calculations
would rule out mechanism I in this simple form presented in Figure 5.2, as the
second last step appears to be not possible.
In the proposed reaction mechanism II, the [Ru2 (OH)O2 H]3+ intermediate eventually leads to formation of the [Ru2 (OH2 )O2 ]3+ structure. We found that the
[Ru2 (OH)O2 H]3+ species is only stable in the triplet state. Structure optimizations of the closed-shell state converge to the [Ru2 (OH2 )O2 ]3+ species when
investigated with both the BP86 and the B3LYP density functionals. Therefore, spontaneous formation of [Ru2 (OH2 )O2 ]3+ could not be established for the
closed-shell state [Ru2 (OH)O2 H]3+ intermediate as may be present in reaction
mechanism II. Thus, the structure of [Ru2 (OH2 )O2 ]3+ needs to be investigated.
As the O2 and the water ligand are free to orientate themselves, several guess
structures with diﬀerent ligand orientations are set up for S=0 closed-shell and
the S=1 state for the BP86 and the B3LYP density functionals.
Two distinct structures are obtained, where one hydrogen of the water molecule
forms an H–O bond to either O1 or O2 as may be seen from Figure 5.12 and
from relevant bond lengths and angles depicted in Table 5.8. However, the
relative energy of the two structures is very small, about 4 kJ mol−1 for the
two optimized closed-shell structures and about 10 kJ mol−1 for the two triplet
states (BP86/RI/TZVP). Moreover, energy splitting between the diﬀerent spin
states, namely the closed-shell and the triplet state, is found to depend on the
functional employed. B3LYP favors the S=1 state, whereas BP86 the closedshell species.

Table 5.8: Selected bond length in [Å] and bond angles [◦ ] as well as relative energies
[kJ mol−1 ] for the reactive intermediate [Ru2 (OH2 )O2 ]3+ BP86/RI/TZVP optimized
for various spin states. φ denotes the dihedral angle O1-Ru1-Ru2-O2. B3LYP results
are indicated with an asterix ∗ .
Msideal
0
0
0
1
1
2
0*
1*

Ru1–Ru2
4.563
4.590
4.670
4.564
4.599
4.659
4.684
4.640

Ru1–O1
1.895
1.895
1.919
2.018
1.971
1.956
1.872
2.035

Ru2–O2
2.187
2.191
2.171
2.182
2.186
2.184
2.231
2.214

O1–O3
1.327
1.326
1.310
1.306
1.316
1.298
1.290
1.267

O1–O2
2.754
2.813
2.637
2.656
2.914
3.039
2.824
2.809

H1–O1
2.056
2.078
1.644
1.669
2.134
2.222
2.134
1.867

H1–O3
1.610
1.590
2.425
2.530
1.612
1.623
1.815
2.621

φ
−37.6
−34.8
−29.4
−29.2
−34.0
−36.2
−33.7
−32.0

Erel
0.0
4.0
5.2
14.8
24.8
187.6
12.6
0.0
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In line with previously discussed results, the energy diﬀerences are so small that
they may very well be within the error margin of DFT and the most stable
[Ru2 (OH2 )O2 ]3+ structure cannot be determined unambiguously. Hence, for any
further investigation the diﬀerent structures, all spin states as well as several
density functionals need to be considered to obtain reliable results.

BP86

S=0

S=0

S=1

S=1

S=1

S=0

B3LYP

Figure 5.12: Comparison of the various BP86/RI/TZVP and B3LYP/TZVP optimized [Ru2 (OH2 )O2 ]3+ structures in the closed-shell (S=0) and in the triplet (S=1)
state.

Finally, test calculations on the most stable closed-shell [Ru2 (OH2 )O2 ]3+ species
are set up, where the cluster shall be forced to react with an additional water
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molecule under release of O2 . However, in these preliminary studies no interaction with the additional water is observed and the initial [Ru2 (OH2 )O2 ]3+
structure is preserved. This may point to a more complex reaction mechanism
than depicted in the simple reaction scheme in Figure 5.2.

5.7

Conclusion on quantum chemical studies of the water
splitting Ru catalyst

In this chapter the key intermediates of the water splitting Ru catalysts [(terpy)(H2 O)Ru(bpp)Ru(H2 O)(terpy)]3+ were investigated. Whenever possible we set
out to reproduce experimental data. In particular, we focused on how the
structure of the cluster and its reactive intermediates is determined by intrinsic interactions as well as by the environment. It was found that relative
energy diﬀerences between various spin states strongly depend on the density
functional employed. Additionally, interaction with the environment, here with
explicit solvent molecules, should not be neglected. It aﬀects the structures of
the intermediates and more importantly alteres the relative energy diﬀerences
between the various spin states for a given intermediate. For the oxo [Ru2 O2 ]3+
species, spin–spin interactions were found to prevent an O–O bond formation.
This study illustrates the diﬃculties of quantum chemical investigations of catalytically active open-shell transition-metal clusters. One has to deal with the
high ﬂexibility of the cluster, here the arrangement of the two H2 O and oxo
ligands, respectively, that eventually react to form dioxygen. On the other
hand, the approximate nature of the currently available density functionals has
to be taken into account. Obtained results must be handled with care, and
all potential reaction pathways including various intermediates and spin states
have to be thoroughly investigated. Furthermore, it is be necessary to check
the results with more than one density functional to account for the intrinsic
errors of DFT.

6.

Unusual molecular structures from spherical symmetric intermolecular interactions:
onion-like alkali–anion cages

6.1

Do ionic compounds require alternating cation–anion
charges to be stable?

Many ionic clusters form well deﬁned crystals in the solid state with alternating
cation–anion arrangements, but ionic compounds can also be amorphous. For
example, Nat-butoxide (NatOBu), was found to exhibit a cubane-like structure
with alternating charges [336–338]. Hence, one may wonder whether such a
structural arrangement is required to yield a stable ionic structure or whether
other shapes may also be possible.
For ionic compounds containing Li centers, onion-type spherical anion cages
were reported [339–341] with the metal ions being highly mobile in the cluster.
Moreover, there exist a number of studies on polynuclear metal clusters with
cage-like structures [342, 343], where the cages consist of a number of diﬀerent
(alkali) metal atoms. However, cage-like Nat-butoxide clusters were for the ﬁrst
time reported by Grützmacher et al. [344]. These clusters contain a PH−
2 moiety
that can serve as a phoshorylation agent.
Here, we set out to study these sodium clusters with a focus on how bonding
may be described in such cage structures. Due to their exceptional structures
careful analyses by both spectroscopy and quantum chemical calculations are
required. A ﬁrst X-ray crystal structure analysis could not resolve the structure
of the clusters unambiguously but only suggested the possible sum formulas
[Na12 (PH2 )(OtBu)12 ]− and [Na13 (PH2 )(OtBu)12 ] as well as an onion-like arrangement of oppositely charged Na+ and OtBu− ion shells. Quantum chemical
calculations are, thus, useful to shed light on the arrangement of the Na atoms
in the cluster. Moreover, they facilitate identiﬁcation of structure determining
interactions in order to classify the nature of the bonding, which is supposed
to be predominated by electrostatic interactions.
In this chapter, the following issues shall be addressed:
• We shall explore whether several potential [Na12 ] and [Na13 ] arrangements
with similar relative stabilities exist and if so, how similar the various
structures are.
• It shall be investigated how the orientation of the PH−
2 moiety aﬀects
the stability and whether the cluster stability is conserved when PH−
2 is
removed.
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• The bulky t-butoxides are replaced by smaller groups like methylate, hydroxide, and ﬂuoride to study whether they stabilize the cage-like container
structure by creating a hydrophobic protection shield that is kinetically
inert against cluster decomposition or whether other interactions dominate
the structure formation.
• The last part of this study is dedicated to an analysis of the nature of the
bonding in these clusters. We shall investigate whether the stability and
the bonding can be solely described on the basis of a simple electrostatic
force-ﬁeld model or whether covalent interactions may not be neglected.
This chapter is organized as follows: The optimized cluster structures are presented in section 6.2 and their electronic structures are discussed in section 6.3.
A comparison to spectroscopic investigation is given in section 6.4, whereas
bonding and stabilities of [Na12 ] and [Na13 ] model clusters are discussed in
section 6.5. In section 6.6, the description of the cage-like clusters by an electrostatic model is presented.

6.2

Structure optimization for onion-like sodium–butoxide
clusters

The [Na12 ] cluster may formally be obtained from 12 NaOtBu (denoted as 1)
and PH−
2 according to the reaction scheme,
−
−
12 |NaOtBu
12 (PH2 )(OtBu)12 ]
{z } +PH2 → [Na
{z
}
|

(6.1)

−
+
12 |NaOtBu
13 (PH2 )(OtBu)12 ] .
{z } +PH2 + Na → [Na
{z
}
|

(6.2)

1

2−2g

whereas the [Na13 ] cluster may be formed in a similar way formally with an
additional Na+ ion,
1

3−3f

Starting from the originally not well-deﬁned X-ray crystal structure, various
guess structures of the [Na12 ] cluster [Na12 (PH2 )(OtBu)12 ]− , denoted as 2 to
2g, and of the [Na13 ] cluster [Na13 (PH2 )(OtBu)12 ], denoted as 3 to 3f, have
been optimized with the BP86 density functional and the TZVP basis set.
6.2.1

Set-up of starting structures

In the initial X-ray crystallographic study the positions of 12 (13) Na atoms
could not be uniquely determined, not even at low temperature because the
cluster shows a dynamic behavior with 20 possible Na positions, which each
have an electron density of 2/3 of a Na atom. Such a structure could not
be used for a quantum chemical structure optimization. Instead, we obtained
diﬀerent [Na12 (PH2 )(OtBu)12 ]− and [Na13 (PH2 )(OtBu)12 ] starting structures (2
to 2g and3 to 3f) with diﬀerent inital [Na12 ] and [Na13 ] polyhedra by picking
12 (13) out of the possible 20 Na positions in the pseudo-dodecahedral X-ray
crystal structure.
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Most stable [Na12 ] and [Na13 ] cages

All the [Na12 ] and [Na13 ] structures are stable and do not decompose upon
structure optimization. The 12 and also the 13 sodium atoms form an inner
sphere that is surrounded by a second shell of 12 t-butoxide ions. In the middle
of each Na cavity a PH−
2 moiety is located.
During optimizations the t-butoxide fragments hardly change their position in
space, whereas the Na atoms rearranged dramatically as expected.
Table 6.1: Characteristic bond lengths [Å] for the most stable BP86/TZVP optimized
cluster structures 2 and 3e as well as 2’ and 3e’, where PH−
2 have been removed.

Struc.
2
2’
3e
3e’

Na–Na
2.982–3.834
3.081–3.880
2.950–3.967
2.922–4.015

Na–O
2.319–2.373
2.302–2.347
2.250–2.567
2.222–2.557

P–H1
1.438
1.436
-

P–H2
1.438
1.442
-

Na–P
O–P
3.190–3.599 3.706–4.025
3.080–3.932 3.375–4.391
-

The most stable [Na12 ] cluster 2 and the most stable [Na13 ] cluster 3e are shown
in Figure 6.1. Extracting the positions of the Na atoms in 2 it can be seen that
they form a distorted icosahedron with Na–Na bond lengths between 2.982 Å
and 3.834 Å.
Removing the PH−
2 moiety in a computer experiment to yield 2’ changes the
molecular structure only slightly and the icosahedral arrangement of the Na
atoms is preserved, which may be seen on the right hand side in the upper
panel of Figure 6.1. In the most stable [Na13 ] cluster 3e the 13 Na atoms
form a capped and distorted icosahedron. Also here the structure is conserved
even when the PH−
2 group has been removed to yield 3e’. Hence, the removal
−
of the PH2 moiety in 2’ and 3e’ does not aﬀect the volume covered by the
Na atom shell, this means both species—the one where the Na cage is ﬁlled
with PH−
2 and the one where the Na cage is empty—have the same cavity size.
However, clusters with empty cavities are not observed in experiment because
the molecules decompose when releasing PH−
2.
The stability of the [Na12 ] and [Na13 ] clusters may be evaluated from calculation
of the reaction energies. The energy for the formation of [Na12 (PH2 )(OtBu)12 ]−
(2) may be estimated from the electronic energy diﬀerences at 0K (neglecting
entropic eﬀects) can be calculated from the reactants NaOtBu and PH−
2 ac−1
cording to Eq. (6.1), a reaction energy of −2290.7 kJ mol is obtained, which
corresponds to a reaction energy of −190.9 kJ mol−1 per NaOtBu monomer.
For [Na12 (OtBu)12 ] (2’) as formed according to Eq. (6.3)
12 NaOtBu → [Na12 (OtBu)12 ]

(6.3)

an energy of −2020.8 kJ mol−1 is obtained, corresponding to −168.4 kJ mol−1
per monomer.
The uptake reaction of PH−
2 in 2’ to yield 2 as denoted in the following reaction
scheme,
−
[Na12 (OtBu)12 ] + PH−
(6.4)
2 → [Na12 (PH2 ) (OtBu)12 ]
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[Na12]

=

=

2

2’

[Na13]

=

=

3e

3e’

Figure 6.1: The optimized most stable [Na12 ] and [Na13 ] structures, 2 and 3e (left
hand side) as well as the corresponding structures 2’ and 3e’ optimized after the
PH−
2 molecule had been removed (right hand side). For the sake of clarity the Na
polyhedra are also shown. It can be seen that the removal of the PH−
2 moiety does
not affect the arrangement of the Na atoms in the polyhedra.

yields an energy of −269.9 kJ mol−1 .
For the most stable [Na13 ] cluster (3e), the reaction energy can be calculated
according to Eq. (6.2) and yields a reaction energy of −2777.2 kJ mol−1 and
of −231.4 kJ mol−1 per NaOtBu monomer. For the formation of the “empty”
cage [Na13 (OtBu)12 ]+ (3e’) according to
12 NaOtBu + Na+ → [Na13 (OtBu)12 ]+ ,

(6.5)

the reaction energy is found to be −2282.7 kJ mol−1 which yields an energy of
−190.2 kJ mol−1 per NaOtBu monomer. When 3e’ reacts with PH−
2 according
to
[Na13 (OtBu)12 ]+ + PH−
(6.6)
2 →, [Na13 (PH2 )(OtBu)12 ]
an energy of −494.5 kJ mol−1 is released. However, this last result must
not be over-interpreted because the huge exothermicity simply results from the
combination of opposite charges that are not balanced at the educt stage because
of the neglect of a dielectric environment. Nevertheless, we may see that all
reactions are exothermic and yield stable products.
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Analysis of the various [Na12 ] and [Na13 ] structures

Considering the relative energies of the diﬀerent [Na12 ] structures 2-2g as displayed in Table 6.2, we could group the optimized structures according to their
energies: 2 and 2g are the most stable structures, energetically favored by
−72.3 kJ mol−1 and −72.1 kJ mol−1 , respectively, compared to 2b. All other
structures, namely 2a, 2c, 2d, 2f, and 2g have a stability of about −35 kJ
mol−1 compared to the chosen reference cluster 2b.
For the [Na13 ] cluster, the energy diﬀerences for the various structures are less
pronounced and they all lie in an energy interval of −14.1 kJ mol−1 . However,
3a, 3c, and 3e are slightly more stable (see Table 6.2). The stability of the [Na12 ]
and [Na13 ] structures is preserved even when the PH−
2 moiety has been removed
in a computer experiment before structure optimization for selected structures
of [Na12 ] and [Na13 ]. Note that those structures are indicated by a prime in
Table 6.2. The relative energy pattern for the cluster structures without PH−
2
are in accordance with the energy gap obtained for the full structures. Hence,
PH−
2 might be important for the structure formation but is not mandatory for
stability of the structure.
Table 6.2: Relative energies for the different BP86/TZVP optimized [Na12 ] and the
[Na13 ] clusters in kJ mol−1 . A prime indicates that the PH−
2 molecule has been
removed prior to the structure optimization.

Struc.
2
2a
2b
2c
2d
2e
2f
2g
2’
2b’

Erel
−72.3
−35.1
0.0
−34.6
−36.6
−72.1
−34.7
−31.6
−86.1
0.0

Struc.
3
3a
3b
3c
3d
3e
3f

Erel
0.0
−11.0
−2.7
−10.4
−7.5
−14.1
−4.1

3’
3e’

0.0
−14.8

Considering the energy ladders for the various optimized [Na12 ] and [Na13 ] structures one may wonder whether the groups of clusters that have similar relative
energies also feature similar molecular structures. The diﬀerences between the
various optimized structures become more visible when omitting the t-butoxide
groups plus the PH−
2 moiety and comparing only the sodium polyhedra as well
as the oxygen polyhedra to each other.
The [Na12 ] polyhedra extracted from the full molecular structures 2 to 2g as
well as 2’, where the PH−
2 moiety is removed before optimization, are presented
in Figure 6.2. We found four diﬀerent types of polyhedra: the most regular Na
dodecahedra of 2 and 2e which have—compared to the other structures—the
highest relative stability. As expected the structure of 2’ is similar to 2 because
the removal of the PH−
2 group does not aﬀect the arrangement of the sodium
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atoms. A second type of polyhedra is represented by 2a and 2c, whereas 2d,
2f, and 2g can be grouped according to a third type. Although the two latter
types diﬀer, they all have a relative stability of about −35 kJ mol−1 . The last
type i.e., the least regular one, is represented by 2b. Its Na atoms do not form
a closed cage but arrange to a bowl-like structure.
In the case of the most symmetric structures 2 and 2e, the O atoms also form
a regular icosahedron, whereas in all other structures arrange to polyhedra with
distorted icosahedral shape as depicted in Figure 6.2 (lower panel).

2

2a

2b

2d

2e

2f

2

2a

2b

2c

2f

2g

2d

2e

2c

2g

Figure 6.2: The [Na12 ] polyhedra extracted from the different optimized structures 2
to 2g. The t-butoxide anions are not shown for the sake of clarity. The energetically
favored structures 2 and 2e feature the most regular icosahedra as well as the
corresponding oxygen polyhedra (lower panel).
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3a

3d

3

3b

3e

3c

3f

3a

3d

155

3b

3e

3c

3f

Figure 6.3: The [Na13 ] polyhedra taken form the different optimized structures 3–3f
as well as the corresponding oxygen polyhedra. 3e is the most stable [Na13 ] cluster.

Considering the [Na13 ] cages as depicted in Figure 6.3, we ﬁnd three diﬀerent
types of polyhedra. The ﬁrst type is represented by 3. By comparison to the
[Na12 ] structures, we see that it resembles the most stable Na icosahedron of
2 except for the additional Na atom. However, 3 is energetically not favored.
Instead, 3e is the most stable structure with a relative energy of −14.1 kJ
mol−1 . Together with the structures 3c and 3a, with relative energies of −11.1
kJ mol−1 and −10.4 kJ mol−1 , 3e represents a second type of polyhedron.
Note that as discussed earlier the Na polyhedron of 3e’ is the same as for 3e.
Furthermore, the polyhedra of the remaining structures 3b, 3d, and 3f do also
resemble each other and represent the third type of polyhedron. Their relative
energies are between −2.7 and −7.5 kJ mol−1 . For the oxygen polyhedra rather
regular structures are found for all Na species (see lower part in Figure 6.3).
As a ﬁrst conclusion, we may group the diﬀerent [Na12 ] and [Na13 ] clusters
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according to the shape of their Na polyhedra and we observe that structures with
similar Na polyhedra are also similar in energy. Consequently, it is interesting
to investigate the orientation of the PH−
2 in the most stable structures 2 and
2e as well as in 3a, 3c, and 3e.
6.2.4

Potential PH−
2 orientations within the sodium cages

PH−
2 within the [Na12 ] clusters
Considering the two most stable [Na12 ] structures with the PH−
2 moieties as
displayed in Figure 6.4, it can be seen that though the Na polyhedra are similar
the PH−
2 orientations diﬀer quite largely and the two structures could not be
mapped onto one another by rotation. In order to ﬁnd other PH−
2 orientations
that may be energetically favored, we screen the rotation of PH−
2 and perform
single point calculations of the obtained species to assess the relative stabilities.
Therefore, we choose to orient the PH−
2 moiety in the yz-plane and to move
the P atom to the origin. We rotate perpendicular to the yz-plane around
the x-axis by increments of 5.0◦ , whereas the axis of rotation is located at (i)
the phosphorus atom and (ii) at the center of mass. It should, however, be
understood that this rotation axis is chosen arbitrarily and other rotations, for
example around the y-axis or the axis of inertia of PH−
2 , are possible.

2

2e

Figure 6.4: [Na12 ] polyhedra taken form the most stable optimized structures 2
and 2e with the PH−
2 moieties in the middle of each Na cage. Though the [Na12 ]
polyhedra are similar, the orientations of the PH−
2 molecule differ significantly and
the two structures could not be mapped onto each other by rotation.
In the rotational energy proﬁle for 2 as displayed in Figure 6.5 several characteristics are visible: the minimum on the energy hypersurface is very shallow
◦
and the PH−
2 may rotate without any barrier by ±10.0 in each direction. For
these small rotation angles it does not matter whether we choose the rotation
axis to be at the position of the phosphorus atom or at the position of the
center of mass. For larger rotation angles of about ±100.0◦ the position of the
rotation axis becomes important and rotation at the position of the center of
mass is energetically favored, which may be due to lower steric hindrance in
this case. Moreover, rotations of +100.0◦ and −80.0◦ represent local energy
minima on the potential energy surface.
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Figure 6.5: Rotation of the PH−
2 moiety in the most stable [Na12 ] cluster 2. The

rotation axis is chosen to be perpendicular to the yz-plane, which contains the PH−
2
group, at the position of the phosphorus atom (black triangles) and at the position
of the center of mass (red squares).

For the [Na12 ] cluster 2e, the rotation of the PH−
2 is carried out according to
the same pattern as for 2. In the rotational energy proﬁle as depicted in Figure
6.6 one may observe similar characteristics as for the previously investigated
cluster 2: the potential energy surface is very shallow for small rotations and
◦
◦
local energy minima are found for PH−
2 orientations of +70.0 and −70.0 .
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Figure 6.6: Rotation of the PH−
2 moiety in 2e. The black triangles describe the
rotation around the x-axis at the position of the P atom, whereas the red squares
depict the rotation when the x-axis is located at the position of the center of mass.

As a next step we analyze the four structures corresponding to the local minima
on the energy hypersurface of 2 and 2e and shall evaluate whether we received
structures with diﬀerent PH−
2 orientations or whether a rotation of the whole
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cluster would yield the same PH−
2 orientation as for the initial structure because
of the Na-icosahedra symmetry. Since we are interested in true (local) energy
minima, the structures obtained are allowed to relax but in order to prevent a
relaxation to the global energy minima various atoms are kept ﬁxed during the
optimization procedure. From the relative energies as presented in Table 6.3
one may the that relative energy diﬀerences are small and the main contribution
to the stability stems from the relaxation of the sodium atoms with an energy
gain of about −5.0 kJ mol−1 . Still, the relative energies of all fully optimized
structures are very similar and the diﬀerences are of the order of magnitude of
−
the method-inherent error in DFT on average 10–20 kJ mol 1 see for example
Ref. [345]. Note that in this reference only atomization energies are computed
but the error of relative energies are usually one order of magnitude smaller.
Still, it scales with the number of atoms.
Table 6.3: Relative energies in [kJ mol−1 ] for the different BP86/TZVP optimized
◦
[Na12 ] structures, 2 and 2e, with different initial PH−
2 orientations (Orient.) in [ ].
The structures are obtained by optimization of the species representing local energy
minima on the rotational potential curve of 2 and 2e. The positions of various
atoms are kept fixed during optimization (Fixed atoms).

Struc.
2
2
2
2
2
2
2
2
2
2e
2e
2e
2e
2e
2e
2e
2e
2e

Orient. Fixed atoms Erel
0.0
none −8.6
+100.0
all
0.0
+100.0
PH−
,
Na
0.0
2
+100.0
PH−
−5.4
2
+100.0
none −7.4
−80.0
all −0.7
−
−80.0
PH2 , Na −0.8
−80.0
PH−
−6.3
2
−80.0
none −7.3
0.0
none −8.4
+70.0
all −2.3
−
+70.0
PH2 , Na −3.2
+70.0
PH−
−7.7
2
+70.0
none −9.6
−70.0
all −1.7
−
−70.0
PH2 , Na −2.9
−70.0
PH−
−6.8
2
−70.0
none −6.3

Comparing the initial and the optimized structures 2+100.0◦ and 2−80.0◦ to
each other as depicted in Figure 6.7, no changes in the Na polyhedra are visible
but only the PH−
2 groups are slightly tilted in both optimized structures. We
further see the that species 2+100.0◦ and 2−80.0◦ are enantiomers.
This may become more visible in Figure 6.8, where 2−80.0◦ , 2+100.0◦ and its
inverse are depicted. Analysis of the other optimized structures reveals that 2e
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and 2e−70.0◦ are also enantiomers, whereas the structures 2−80.0◦ and 2e are
identical and so are 2+100.0◦ and 2e−70.0◦ , and 2 and 2e+70.0◦ .
In order to ﬁnd all energetically favored PH−
2 orientations, we would have to
screen the full potential energy surface. This is not feasible because—even if
we only consider the most regular Na polyhedra of 2 and 2e— there is, in
principle, an inﬁnite number of possible rotation axes for the PH−
2 group.

2+100.0°

2+100.0°
optimized

2e+70.0°
optimized

2

2+100.0°
optimized
different view

2e

2−80.0°

2−80.0°
optimized

2e−70.0°
optimized

Figure 6.7: The [Na12 ] polyhedra of 2 and 2e as well as those of the optimized

structures 2+100.0◦ , 2−80◦ , 6+70.0◦ , and 2e−70.0◦ obtained by optimization of the
local minima of the potential energy curve for the PH−
2 rotation in 2 and 2e, the
12 butoxide anions have been omitted here.
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2+100.0°
optimized

2+100.0°
optimized
inverted
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2−80.0°
optimized

Figure 6.8: The optimized structures of 2 with different PH−
2 orientations. It can

be seen that 2+100.0◦ and 2−80.0◦ are enantiomers. For comparison, the inverted
structure of 2+100.0◦ (middle) is presented here as well.

Possible PH−
2 orientations within [Na13 ]
When considering the [Na13 ] polyhedra of the three most stable structures,
3a, 3c, and 3e, one may see here that while the polyhedra are similar the
orientations of the PH−
2 moiety diﬀer and the three structures could not be
mapped onto each other by rotation of the whole clusters.

3a

3c

3e

Figure 6.9: The [Na13 ] polyhedra taken from the most stable optimized structures
3a, 3c, and 3e with the PH−
2 moieties in the middle of each Na cage. Though the
[Na13 ] polyhedra are similar, the orientations of the PH−
2 molecule differ and the
structures could not be mapped onto each other by rotation.

In order to ﬁnd other PH−
2 orientations that represent minima on the potential
energy surface in the case of [Na13 ], we also carry out rotations of the PH−
2
group perpendicular to the yz-plane, that is containing this group, around the
x-axis according to the same pattern as for [Na12 ]. The rotation axis is either
located at the position of the phosphorus atom or at the position of the center
of mass. From the plot of the potential energy against the PH−
2 orientation as
depicted in Figure 6.10 for the most stable [Na13 ] cluster 3e we see that local
minima are obtained for rotations by −120.0◦ and +110.0◦.
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Figure 6.10: Energy profile for the rotation of the PH−
2 moiety in 3e. The rotation

axis is chosen to be perpendicular to the yz-plane— containing the PH−
2 molecule—
located at (i) the position of the phosphorus atom (black triangles) and (ii) at the
center of mass (red squares). A tiny distortion of about ± 10.0◦ appears to be
energetically favored, which might be a technical artifact of the numerical DFT
integration grid.

Furthermore, it is evident that the free optimization of 3e converged to a very
shallow, thus negligible saddle point. Hence, a subsequent rotation of the PH−
2
moiety by ±10.0◦ around the phosphorus atom and the center of mass yield a
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gain in energy of about ±1.5 kJ mol−1 . Since DFT calculations involve numerical
steps (such as the integration grid), this tiny diﬀerence might be due to such
a technical artifact. Both rotations—when the rotation axis is chosen to be at
the position of the P atom and when it is located the center of mass—yield
similar results for small rotation angles, whereas the energy proﬁles diﬀer for
larger angles. A rotation around the center of mass is energetically favored due
to smaller steric hindrance.

Table 6.4: Relative energies in kJ mol−1 for [Na13 ] structure 3e with different initial

◦
PH−
2 orientations (Orient.) given in [ ] as well as for 3a and 3c. The structures
are obtained by optimization of the species representing local energy minima on the
potential energy curve of 3e. The positions of various atoms are kept fixed during
optimization (Fixed atoms).

Struc.
3e
3e
3e
3e
3e
3c
3e
3e
3e
3e
3a

Orient. Fixed atoms
Erel
0.0
none −13.7
+110.0
all
0.0
+110.0
PH−
,
Na
−2.8
2
+110.0
PH−
−9.6
2
+110.0
none −9.6
0.0
none −10.0
−120.0
all −0.3
−120.0
PH−
,
Na
−3.1
2
−
−120.0
PH2 −11.0
−120.0
none −11.7
0.0
none −0.6

The structures corresponding to the local minima in Figure 6.10, 3e+110.0◦
and 3e−120.0◦ , are allowed to relax in a stepwise optimization similarly as
discussed for the [Na12 ] clusters. From the results displayed in Table 6.4 one
may see that in accordance with the results for the [Na12 ] structures the largest
contribution to the relative stability stems from the reorientation of the sodium
atoms even though this is hardly visible. The PH−
2 groups slightly rotated during
optimization. Comparing these optimized structures to 3c and 3a as displayed in
Figure 6.11, it can be seen that 3e+110.0◦ converged to 3c, whereas 3e−120.0◦
to an enantiomer of 3a, which may be seen more easily when inverting the
structure of 3e−120.0◦ . In agreement with the results for the [Na12 ] clusters, we
found several PH−
2 orientations that are energetically favored and have similar
relative stabilities. Since we could not scan the complete potential energy
surface, there may be more orientations of PH−
2 that also represent such (local)
energy minima.
From these investigations we see that within one Na polyhedron there are several
possible orientation of the PH−
2 moiety corresponding to (local) energy minima.
However, the obtained structures may turn out to be the same due to the
symmetry of the sodium polyhedra or to behave like enantiomers.
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3e+110.0°
optimized

3c

3e

3e−120.0°
optimized

3a

3e−120.0°
inverted

Figure 6.11: [Na13 ] polyhedra taken from the most stable structures 3a, 3c compared
◦
◦
to the 3e structures with the PH−
2 moieties rotated by +110.0 and −120.0 , which
−
represent local minima on the potential surface for the rotation of PH2 around the
center of mass. It can be seen that they resemble the structures 3a and 3c. The
two structures 3a and 3e−120.0◦ are enantiomers which becomes more evident when
3e−120.0◦ is inverted.

6.3

Electronic structure

So far, all calculations considered closed-shell electronic structures which is
reasonable regarding the nature of early main group metals such as sodium.
However, the Na cage-like cluster structures are investigated here for the ﬁrst
time and electrons might not be distributed pairwise. Hence, other electronic
species including open-shell electronic structures or diﬀerently charged PH2
moieties need to be studied.
6.3.1

Open-shell species

For the most stable [Na13 ] cluster 3e, the role of the 13th sodium atom might
be that of an electron acceptor. Therefore, single-point BP86/TZVP open-shell
calculations are performed on the optimized structure 3e with singlet and triplet
electron conﬁguration. We employ our restrained optimization tool [232] (cf.
section 3.4) to establish open-shell states, and which should prevent the system
to converge to the closed-shell state.
Local spins constrained to ideal values of 0.5 are assigned to the phosphorus
atom and to one sodium atom. The singlet and triplet calculations are repeated
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with the local spin constrained again to the ideal value of Ms =0.5 on a diﬀerent
sodium atom, whereas the initial spin constraint of Ms =0.5 on the phosphorus
is kept so that diﬀerent spin distributions should be established.
Although local spin constraints are applied, the S=0 open-shell calculations
converge to the closed-shell state. Hence, there are no (local) energy minima
on the potential energy surface close to the region with the desired properties.
While triplet calculations could be converged and yielded a local spin of 0.2
a.u. on the phosphorus atom but negligible local spin on the sodium atom,
their the energies are signiﬁcantly higher, 367.5 kJ mol−1 and 366.2 kJ mol−1 ,
in comparison to the closed-shell state and can therefore be excluded. Hence,
no electron is transferred from PH−
2 to the shell of sodium cations.
6.3.2

Hydrogen transfer to Na ions?

We should investigate whether one of the hydrogen atoms of PH−
2 may be
transferred to a sodium atom so that the cluster might contain NaH and PH
moieties. Therefore, the structure of 3e is manipulated such that one hydrogen
atom of the PH−
2 group is placed close to one Na atom with a Na–H distance
between 1.909 and 1.023 Å. However, all structure optimizations show that
NaH and PH moieties are not stable and the calculations converge to the initial
structure of 3e with a [Na13 ] polyhedron and a PH−
2 moiety.
6.3.3

Structures of differently charged isolated PH2 species

Due to the embedding in the Na cage, the most stable PH2 species in such a
cavity may be diﬀerent from the structure one would expect for a free PH2 .
+
Therefore, we test apart from PH−
2 other isolated PH2 species such as PH2 , PH2 ,
2+
2−
PH2 , and PH2 and investigate whether an addition or removal of electrons
would signiﬁcantly alter the structure of the PH2 moiety (see Table 6.5).
Table 6.5: Relevant bond lengths [Å], bond angles [◦ ], and relative energies [kJ mol−1 ]

+
2+
for the isolated PH−
structures as well as for the PH−
2 , PH2 , PH2 , and PH2
2 2−
−
PH2 and 3e-PH2 embedded in the [Na12 ] and [Na13 ] cluster. A PH2−
species
is
2
not stable.

Struc.
PH−
2
PH2
PH+
2
PH2+
2
PH2−
2
2-PH−
2
3e-PH−
2

P–H1
1.456
1.443
1.448
1.508

P–H2
1.456
1.443
1.448
1.508

H1 –H2
2.077
2.060
2.072
2.675

1.438
1.436

1.438
1.442

2.073
2.073

H1 –P–H2
91.0
91.1
91.4
125.0
92.2
92.1

Erel
0.0
98.4
1067.3
2935.2
not stable
-

Pronounced structural changes are, however, only observed for the PH2+
2 species,
where the H1 –P–H2 bond angle increases to 125.0◦ associated with an elongation
of the H1 –H2 distance to 2.675 Å. Such a species is energetically not favored
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because the abstraction of two electrons requires high energies. For all other
PH2 molecules, the H1 –P–H2 bond angle and the H1 –H2 distance are constant
and similar to the values of the PH−
2 moieties embedded in [Na12 ] and [Na13 ],
−
2-PH−
and
3e-PH
.
2
2
The molecular structures may suggest that in the Na cage there is space for
−
a second PH−
2 molecule. Calculations with two PH2 moieties show, however,
that such a species is not stable and hence, could be excluded. This becomes
particularly obvious when plotting cluster 2 with van der Waals radii as depicted
in Figure 6.12 the cavity formed by the sodium atoms is quite small for the
PH−
2 molecule.

Figure 6.12: The [Na12 ] cluster plotted with van der Waals radii. The cavity formed
by the Na cage is rather small. Picture taken from Ref. [346].

6.4

Comparison to experimental results

The calculations presented so far have been performed in close interaction with
experimental work [344]. Solid state NMR studies have been performed by van
Beek and Meier to further elucidate the structure and the dynamics of the
[Na12 ] and [Na13 ] clusters. The NMR spectra indicate a high symmetry of the
structures, even though the DFT optimized structures are all slightly distorted.
This is, however, not a contradiction because NMR analyses predict the Na
atoms of the cluster to exhibit fast dynamics so that due to averaging the
structures appear to be of perfect icosahedral shape in the spectra. Still, at low
temperature (10K) the dynamics cannot be frozen out and the NMR spectra
show a certain disorder of the sodium atoms that conﬁrm the DFT structures
and the closed-shell character for the most stable [Na12 ] and [Na13 ] clusters.
In the 31 P spectra two splittings are found that suggest two diﬀerent H–H
couplings of the hydrogen of the PH−
2 moiety inside the Na cavity that may
point to two diﬀerent H–H bond lengths. This is, however, not observed in the
optimized molecular structures where only one H–H bond distance is found even
when diﬀerent PH2 species or diﬀerent electronic structures of the Na clusters are
tested. Simulation of the NMR spectra show that the larger splitting is the one
that is expected for an isolated PH−
2 molecule for the DFT optimized structure.
The smaller splitting can be reproduced in a simulation of the NMR spectra
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by van Beek and Meier when three Na atoms are put in about 2.5 Å distance
to the proton, which is approximately the Na–H distance in the sodium cage.
Hence, the proximity of the sodium atoms to the proton causes the second
splitting.

6.5

Nature of the bonding

After this investigation of the [Na12 ] and [Na13 ] cluster structures, we shall now
elucidate the nature of the bonding.
6.5.1

Population analysis

A ﬁrst glance at the nature of bonding can conveniently be provided by population analyses in the cage of ionic compounds. Mulliken and Löwdin population
analyses are performed for stable [Na12 ] cluster 2.
It can clearly be seen that the Na atoms carry a positive charge, being actually
Na cations, while the oxygen atoms carry the negative charge of the alcoxide
anions, even though this is less pronounced in the case of the small SVP basis
set. The PH−
2 molecule tends to be negatively charged.
These results indicate a predominantly ionic boding of Na+ and O− ions.
Table 6.6: Averaged partial charges for Na, O, as well as the partial charge of the

phosphorus atom P and the PH−
2 moiety obtained from the Mulliken and Löwdin
population analyses for the most stable [Na12 ] cluster 2.

Method
Mulliken
Löwdin
Mulliken
Löwdin
6.5.2

Basis set
Na
O
TZVP 0.7489 −0.8146
TZVP 0.5572 −0.6320
SVP 0.2897 −0.5849
SVP 0.3639 −0.5078

P
PH−
2
−0.6908 −0.7508
−0.1919 −0.0721
−0.6150 −0.3779
−0.1677
0.0685

[NaX ] cages built with methylate, hydroxide, and fluoride as
anions

In order to understand whether the stability of the [Na12 ] and [Na13 ] clusters
is governed by steric hindrance and hydrophobic eﬀects, the bulky t-butoxide
anions of the most stable structures, 2 and 3e, have been substituted by a
number of various smaller anions, like methylate, hydroxide, and ﬂuoride.
Even with these smaller anions all the [Na12 ] and [Na13 ] model clusters are
stable and they do not rearrange during optimization. This stability is even
preserved when the PH−
2 moiety was removed. Hence, the t-butoxide anions are
not structure determining from the thermodynamic perspective. However, the
hydrophobic outer shell of alcoxide residues may very well build up a potential
kinetic barrier against cage decomposition.
Structures of the optimized methylate, hydroxide, and ﬂuoride [Na12 ] model
clusters are displayed in Figure 6.13, whereas the corresponding [Na13 ] model
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clusters are depicted in Figure 6.14. For comparison the most stable NaF
lattice fragments consisting of the same number of Na and F atoms as the
[Na12(13) F12 ] model cluster are also displayed. Note that [Na12 (PH2 )(OMe)12 ]−
is denoted as 2-OMe, [Na12 (PH2 )(OH)12 ]− as 2-OH, [Na12 (PH2 )F12 ]− as 2-F,
whereas the [Na13 ] model cluster [Na13 (PH2 )(OMe)12 ] is denoted as 3e-OMe,
[Na12 (PH2 )(OH)12 ] as 3e-OH, and [Na13 (PH2 )F12 ] as 3e-F. All model clusters
optimized without the PH−
2 are indicated by a prime. It can be seen that for
all clusters the cage-like structures are preserved during structure optimization.

(A)

(C)

(E)

(B)

(D)

(F)

(G)
Figure 6.13: Optimized structures 2-OMe (A) and 2’-OMe (B), 2-OH (C) and
2’-OH (D), 2-F (E) and 2’-F (F), and the most stable lattice structure (G). The
violet spheres represent the Na+ ions, whereas the green ones the F− anions.
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(A)

(C)

(E)

(B)

(D)

(F)

(G)
Figure 6.14: Optimized structures 3e-OMe (A) and 3e’-OMe (B), 3e-OH (C)
and 3e’-OH (D), 3e-F (E) and 3e’-F (F), and the most stable lattice consisting
of 13 Na and 12 F atoms (G). The violet spheres represent the Na+ ions, whereas
the green ones the F− anions.

Considering the O–P bond lengths as given in Table 6.7, it can be seen that
they decrease when the anions become less bulky. While the cage-like structures
are maintained, the radius of the anion sphere decreases so that the Na and
the anion spheres are no longer completely separated. P−H bond lengths are
approximately the same for all clusters. However, it is noteworthy that for the
[Na13 ] complexes P−H1 is slightly shorter than P−H2 , which may be caused by
the environment of the distorted [Na13 ] cage. 2’-F has such extraordinary high
stability that rather strong deformations are necessary so that a subsequent
structure optimization would rearrange the cage.
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Table 6.7: Characteristic bond lengths [Å] for 2 and 3e as well as for [Na12 ] and
[Na13 ] derived model clusters, where the t-butoxide anions of 2 and 3e are replaced
by methylate or hydroxide or fluoride. X represents an O or an F atom, respectively.

Struc.
2
2-OMe
2-OH
2-F
3e
3e-OMe
3e-OH
3e-F

Na–Na
2.982–3.834
2.969–3.693
2.974–3.739
3.036–3.805
2.950–3.967
2.968–4.250
3.016–3.842
3.017–3.850

Na–X
2.319–2.373
2.265–2.326
2.260–2.327
2.310–2.342
2.250–2.567
2.219–2.475
2.297–2.315
2.143–2.223

P–H1
1.438
1.436
1.435
1.438
1.436
1.435
1.435
1.432

P–H2
1.438
1.436
1.435
1.438
1.442
1.441
1.440
1.437

Na–P
3.190–3.599
3.117–3.563
3.123–3.552
3.156–3.599
3.080–3.932
3.010–3.952
3.008–3.937
2.999–3.919

X–P
3.706–4.025
3.656–3.967
3.656–3.944
3.706–4.015
3.375–4.391
3.282–4.082
3.259–4.288
3.117–4.120

For further investigations of the stability of 2’-F and 3e’-F, their energies are
compared to those of the ideal crystal NaF-lattice fragments consisting of the
same number of atoms. Several starting structures are set up and whenever
possible the Na and the F atoms are 8-fold coordinated.
The model clusters 2’-F and 3e’-F are only 62.2 kJ mol−1 and 27.3 kJ mol−1 ,
respectively, less stable than the most stable lattice fragments NaFA and NaFF
as depicted in Figures 6.13 and 6.14, (the relative energies are presented in
Table 6.8). However, this result is to be understood in view of the fact that
the shell-like structures are somehow balanced in turns of interactions while the
crystal-structure fragments possess “unsaturated” boundaries.
Still, we may conclude that the high stabilities of [Na12 ] and [Na13 ] cage-like
clusters do not solely arise because of steric hindrance due to the bulky anions
because even the model clusters with smaller anions preserved their cage-like
structures during optimization.

6.6

Description of the sodium–anion clusters by an electrostatic model

Based on the previous results the question arises whether the onion-like shell
structure can be described by classical electrostatic interactions alone or whether
covalent contributions must be considered. Therefore, we investigated the stability of NaX model clusters with small anions like ﬂuoride on the basis of a
simple electrostatic model. In the ionic model by Scheller and Cederbaum, the
electronic energy of a LiF2−
molecule, assumed to be dominated by electronic
3
interactions, is approximated by the Coulombic interactions between positive
and negative point charges [347]. Additionally, a repulsive potential accounts
for the repulsion of two oppositely charged ions at short distances. We have
used this model for the sodium clusters, leading to the potential in Eq. (6.7),
V =

X qI qJ
I>J

RIJ

+

X B
.
n
R
IJ
I>J

(6.7)
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The ﬁrst term describes the classical Coulomb attraction and repulsion energies
(qI and qJ are the charges of the particles, and RIJ is the distance between them),
while the second term accounts for repulsion energies between the oppositely
charged ions at very short distances, in order to keep them at a distance. B and
the Born exponent n are parameters that can be derived from crystal lattice
theory [348]. These two constants were taken from the literature to be B=38.38
a.u. and n=7. Although these parameters have initially been determined for
LiF, for our conceptual force-ﬁeld investigation of the sodium cage stability this
parametrization can be considered suﬃciently accurate. For the charges, qI and
qJ , one may choose, for example, integer unit charges, Mulliken partial charges
or, in principle, any other kind of partial charges considered appropriate [349].
By means of the potential energy function in Eq. (6.7) and the conjugated
gradient a structure optimization is set up in order to evaluate whether the
DFT structures remain stable during optimization within this purely electrostatic
model.
For these calculations a computer program has been developed. Its detailed
algorithm is described in the in Appendix.

6.6.1

The potential energies for the [NaF]X -model clusters

With the potential energy function denoted in Eq. (6.7), we may calculate
the energies for the model clusters 2’-F and 3e’-F as well as for the NaFlattice fragments NaFA to NaFG containing an equivalent number of Na and
F atoms as denoted in Table 6.8. Single point energies are calculated on the
DFT optimized structures for Mulliken and unit charges when employing the
parameters B =38.38 a.u. and n =7. All calculations yielded total energies
smaller than zero which indicate that the clusters are stable.
Comparing the relative energies, they agree reasonably well with the DFT
results, however relative energy splittings may diﬀer. Moreover, one may see
that for both charges, Mulliken and unit, the cluster 2’-F and 3e’-F have
an extraordinarily high stability in comparison to the equivalent NaF lattice
fragments. In the case of the [Na13 ] cluster, 3e’-F, the cluster structure is even
more stable than the lattice fragments. However, these numbers must not be
over-interpreted because single point calculations are performed on the optimized
DFT structures. Such a structure may, however, not necessarily represent an
energy minimum on the potential energy surface of our electrostatic model
function V as denoted in Eq. (6.7).
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Table 6.8: Relative energies [kJ mol−1 ] for 2’-F, 3e’-F and the different NaF-lattices
fragments calculated with the electrostatic model. The initial parameters were set
to B =38.38 a.u. and n =7.

Struc.
2’-F
NaFA
NaFB
NaFC
NaFD
3e’-F
NaFE
NaFF
NaFG

6.6.2

Mulliken
Erel
0.0
284.0
328.8
600.7
188.3
0.0
288.0
230.9
167.4

Unit charges
Erel
15.3
0.0
53.1
319.2
106.2
0.0
83.5
5.0
28.7

DFT
Erel
62.2
0.0
48.8
258.5
115.2
27.3
61.0
0.0
32.3

Structure optimization with StatPot

To evaluate whether the [Na12(13) ] cluster structures are stable when described
by a simple force ﬁeld model all Na clusters as well as the NaF lattice fragments
are re-optimized by means of the potential energy function presented in Eq.
(6.7). For details on the optimization algorithm the reader is referred to the
appendix section. The input structures of the clusters are obtained by extracting
the positions of the Na and F atoms from the various DFT optimized structures
2-2g and 3-3f as well as for lattice fragments. If not mentioned otherwise, the
parameters of the electrostatic model are set to B =38.38 a.u. and for the Born
exponent to n =7. The optimizations are considered to be converged when the
norm of the gradient is smaller than 1.0×10−5 a.u..
From the optimized [Na12(13) F12 ] structures are depicted in Figures 6.15 and
6.16 and their relative energies as presented in Table 6.9 one may see that the
clusters predicted to be most stable by DFT, that is 2’-F and 3e’-F, preserve
their cage-like structures during optimization, where we may either employ unit
charges or Mulliken partial charges. However, the relative energy ladders may
diﬀer. In the case of [Na12 ], the StatPot optimized cluster 2’-F, has the
most regular Na and F polyhedra and is predicted to be even more stable than
the lattice fragments NaFA to NaFD . Moreover, 2a’-F, 2c’-F, and 2e’-F all
converged to the same structure as 2’-F, whereas the clusters 2b’-F and 2d’-F
converged to a diﬀerent less regular [Na12 ] polyhedron and 2f’-F to a third
type.
For the most stable [Na12 ] cluster, it does not matter whether we extract the
Na and F positions from the full cluster 2 or from the DFT optimized [Na12 F12 ]
model cluster derived from 2, the same result is obtained for both structure
optimization.
For [Na13 ], similar results are obtained. The cage-like structure 3e’-F features
an extraordinary high stability in comparison to the lattice fragments consisting
of the same number of between Na and F atoms, even though 3e’-F is not the
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most stable structure. Instead, a basket structure is predicted to be 42.6 kJ
mol−1 (28.6 kJ mol−1 for Mulliken partial charges) more stable. Furthermore,
it can be seen that 3c’-F and 3d’-F do not maintain their cage-like cluster
structure but converged to the energetically favored basket structure.
Analyzing the parameters of this simple electrostatic model it can be seen
that if partial charges rather than unit charges are employed for the structure
optimization this may aﬀect the relative energy ladders of the [Na12 ] and [Na13 ]
model clusters and lattice fragments but it does not aﬀect their structures and
the same shapes are obtained in both cases.

2’−F
2a’−F
2c’−F
2e’−F

2b’−F
2d’−F
2g’−F

2f’−F

NaFA

NaFB

NaFC

NaFD

Figure 6.15: The NaF lattice fragments as well as the [Na12 ] model cluster 2’-F2g’-F optimized with the electrostatic force-field model of Eq. (6.7).

However, the bond lengths of the StatPot optimized clusters are shorter than
in the case of the DFT structures and the electrostatic model overestimates
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the attraction between the oppositely charges ions. The DFT results are best
reproduced with a Born exponent of n = 5.5 in the case of 2’-F cluster. It is,
however, noteworthy that the choice of the Born exponent n does not aﬀect the
shape of the optimized structure but only the distances Na and the F atom.

3a’−F
3e’−F

NaFE

3’−F

NaFF
3c’−F
3d’−F

3b’−F
3f’−F

NaFG

Figure 6.16: The NaF lattice fragments as well as the [Na13 ] model cluster 3’-F-3f ’-F
optimized with the electrostatic force-field model of Eq. (6.7).

Test calculations were performed with tighter convergence criteria but the same
results as for the weaker convergence criteria are obtained. Since the [Na12 ] and
selected [Na13 ] clusters are stable upon optimization, their overall cage structures
can be explained solely by electrostatic interactions. This is remarkable because
one might have expected that some sort of alternating cation–anion lattice
structure is favored by pure electrostatics, which we do not observe. Our
results are in line with a recently published study by Vernizzi and Olvera de
la Cruz [5], who showed that ionic shells obtain a icosahedral shape when
dominated by electrostatic interactions. Note that ring and cage structures
are also predicted by other theoretical studies to be the energetically favored
arrangement of small alkali halide clusters. In particular, this is found for
clusters supposedly exhibiting ionic bonding, and hence being dominated by
electrostatic interactions [350–352].
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Table 6.9: Relative energies in [kJ mol−1 ] for [Na12 ] and [Na13 ] model cluster as
well as the corresponding lattice fragments NaFA to NaFG optimized with the
electrostatic model and parameters are set to B =38.38 a.u. and n =7. The
calculation is considered to be converged when the norm of the gradient is smaller
than 1.0×10−5 a.u..

Struc.
2’-F
2a’-F
2b’-F
2c’-F
2d’-F
2e’-F
2f’-F
2g’-F
NaFA
NaFB
NaFC
NaFD
3’-F
3a’-F
3b’-F
3c’-F
3d’-F
3e’-F
3f’-F
NaFE
NaFF
NaFG

6.7

Unit charges Mulliken
Erel
Erel
0.0
0.0
0.0
0.0
64.5
41.1
0.0
0.0
64.5
41.2
0.0
0.0
112.5
41.2
64.5
41.2
16.1
403.9
4.7
403.2
118.0
618.7
125.6
250.7
68.3
43.3
42.6
28.6
76.0
45.2
0.0
0.0
0.0
0.4
42.6
28.6
76.0
51.3
127.8
379.3
0.0
292.5
62.4
237.7

Conclusion on cluster structures dominated by electrostatic interactions

An investigation of the cage-like main group metal clusters, [Na12 (PH2 )(OtBu)12 ]−
and [Na13 (PH2 )(OtBu)12 ], that may serve as PH−
2 containers, has been performed
by DFT. This is the ﬁrst quantum chemical study of such unusual cluster structures. Starting from a X-ray diﬀraction structure we optimized several [Na12 ]
and [Na13 ] cluster structures and determined the energetically favored species.
All structures resemble distorted [Na12 ] and [Na13 ] icosahedra that are surrounded by a second shell of t-butoxide anions and contain a PH−
2 moiety in
the center. The unusual cage-like structure is maintained during optimization
and turned out to be rather stable against distortions. Within a given structure,
several orientations of the PH−
2 guest are found to be energetically favored. Even
−
without the PH2 group, the [Na12 ] and [Na13 ] cluster preserved their cage-like

176

6. Onion-like alkali–anion cages

structures. Our DFT structures for the most stable structures, 2 and 3e, are in
agreement with NMR studies that also conﬁrm their closed-shell and ﬂuxional
character.
In order to evaluate their stabilities, reaction energies were calculated for the
formation of the cages and for the uptake of PH−
2 . All reactions are found to
be exothermic and thus thermodynamically favored.
To investigate whether the stability of the [Na12 ] and [Na13 ] clusters is governed
by steric hindrance or hydrophobic eﬀects, the bulky t-butoxide ligands are
substituted by a number of smaller anions such as methylate, hydroxide, and
ﬂuoride. Remarkably, the cage-like structures are preserved during structure
optimizations. Based on these results we evaluated whether the bonding of such
sodium clusters could be described by a simple electrostatic force-ﬁeld model.
Therefore, we employed a classic force-ﬁeld based on Scheller and Cederbaum’s
[347] conceptual “ionic” model that approximated the electrostatic interactions
by Coulombic interactions between positive and negative point charges and a
repulsive potential accounting for the repulsion of oppositely charged ions at
short distances. The calculation of this potential energy as well as a subsequent
structure optimization has been implemented in our StatPot program. We
showed that our [Na12 ] and [Na13 ] model clusters derived from the most stable
clusters, 2 and 3e, are stable upon structure optimization. Hence, the stability
of the cage-like structures could be attributed to simple electrostatic interactions
of the oppositely charged ions. Our observations for the icosahedral cluster 2
are in line with a study by Vernizzi and de la Cruz that electrostatic interactions
force ionic shells into an icosahedral arrangement [5].

7.

Conclusions and perspectives

In this chapter, general conclusions on structure determining interactions in
polynuclear metal clusters are presented, which are the central theme of this
thesis. For more detailed concluding remarks, the reader is kindly referred to
the conclusion section of each chapter.

7.1

Conclusions

In this thesis, the question of structure formation was addressed, with a speciﬁc
aim to determine what fundamental interactions play a role in the structures and
properties of polynuclear metal clusters. The identiﬁcation and classiﬁcation
of the underlying driving forces that lead to a unique structural arrangement
are the key steps to understanding chemical processes in nature beyond a mere
phenomenological description. In the following conclusions are detailed for the
individual parts of this work.
Theoretical foundations of interactions in molecules
Prior to any investigation of speciﬁc structure determining interactions, the
foundations of interactions in molecules—described in terms of interacting electrons and nuclei—were discussed in the ﬁrst chapter of this thesis. The aim here
was to give a presentation spanning the range from basic theory to quantum
chemical applications. For this purpose, the concepts of relativistic quantum
chemistry starting from the most fundamental Dirac–Coulomb–Breit Hamiltonian and approximations to this fully relativistic theory, namely, the Breit–Pauli
Hamiltonian, have been reviewed. Subsequently, descriptions in terms of phenomenological Hamiltonians, i.e., the eﬀective spin Hamiltonian of ESR spectroscopy as well as the well-known Dirac–Heisenberg–Van Vleck Hamiltonian
were presented. These approximate interaction operators facilitate interpretation of experimental data like magnetic susceptibilities.
Furthermore, conceptual problems such as the deﬁnition of local spins were
addressed that do hardly emerge naturally in holistic quantum theory. The local
spin concept was introduced and the diﬀerent local spin decomposition schemes
were compared to each other. In particular, the origin of the discrepancies
between these two partitioning schemes was investigated in a single determinant
framework, which could be attributed to the presence of the so-called bond-order
terms.
Challenges in density functional theory
Current challenges in density functional theory were addressed in chapter 3
in view of an accurate description of structure determining interactions in
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transition-metal clusters. Practical problems arising in the study of metal–
metal interactions, and hence, the description of magnetic coupling behavior in
such open-shell clusters were exempliﬁed. By comparison of quantum chemical
results to experimental data limitations of the DFT accuracy due to the approximate nature of the density functionals were pointed out and shortcomings
were analyzed.
For a more reliable description of magnetic coupling in metal clusters, the
restrained optimization technique developed in our group has been reviewed.
It allows for a convergence of broken-symmetry determinants with pre-deﬁned
properties, and hence a study of diﬀerent magnetic coupling schemes. Neither
could be neglected when investigating reactivities and reaction mechanisms.
The capabilities of this tool have been demonstrated for the example of the
[Mn2 O2 ]3+ water splitting catalyst.
Concepts for cluster chemistry
Unifying concepts to study structures and reactivities of large (transition)-metal
clusters, that enable a more substantial investigation of these systems, were
discussed in chapter 4. In particular, correlation diagrams were shown to provide useful information because structures and molecular properties are related.
Moreover, they facilitate the identiﬁcation of structure determining interactions
that may either stem from intrinsic interactions within the clusters or from
interaction with the environment. Changes in the potential energy hypersurfaces as well as in molecular properties, for example due to the introduction of
a ligand sphere to a naked cluster, may easily be identiﬁed, information that
cannot be assessed from the study of minimum energy structures only.
Furthermore, it was shown that valence bond theory can be employed in a conceptual way to qualitatively understand and predict reactivities of polynuclear
transition-metal clusters.
Splitting water: study of a functional model cluster
The reactive intermediates of the water splitting catalyst, the dinuclear Ru
cluster, [(terpy)(H2 O)Ru(bpp)Ru(H2 O)(terpy)]3+ , were investigated in chapter
5, with regards to structure determining interactions. The structures and relative
energy splittings of the investigated reaction intermediates were found to depend
on the spin state and to some extent on the density functional employed. In
particular, spin–spin interactions were proposed to be structure determining for
the reactive oxo intermediate [Ru2 O2 ]3+ .
Moreover, the structures as well as the relative energies were inﬂuenced by explicit solvation. Thus, both intrinsic intramolecular interactions and interaction
with the environment contribute to the structure formation in this dinuclear
Ru cluster.
Onion-like alkali–anion cages
In chapter 6, structure and bonding of the [Na12 ] and [Na13 ] polynuclear metal
cages—synthesized in the group of Grützmacher [344]—were investigated. It
was shown that these onion-like alkali–anion cages exhibit a high stability,
which could be solely attributed to electrostatic interactions between oppositely
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charged ions. A classical force-ﬁeld model was found to account for all structural
features of the [Na12 ] and [Na13 ] clusters and covalent interactions are negligible
for these main group metal complexes.

7.2

Perspectives

This section points out ideas for future work that emerge from the results of
this thesis and that may be employed to improve and facilitate the description
of structure determining interactions.
• The typical size of polynuclear metal clusters often limits a quantum chemical treatment of these complexes with highly accurate methods. Therefore,
one of the fundamental issues to be addressed in future work is how to
determine the accuracy of DFT so that calculated energies or molecular
properties can be given with a degree of conﬁdence.
• In order to improve the description of metal–metal interactions, the correct
the spin density in DFT as well as how spin densities are reproduced with
approximate density functionals need to be evaluated.
• For the study of magnetic coupling behavior, experimental and theoretical
results are compared indirectly by studying phenomenological Heisenberg
Hamiltonians. However, it would be most desirable to directly calculate
those quantities, for example magnetic susceptibilities, that can be assessed
in experiment.
• The correlation diagrams may of course be extended to higher than twodimensional property plots. Information on the structure–reactivity and
structure–property relationships of a given system may facilitate interpretation of experimental data, and may help, for example, to identify highly
reactive intermediates that cannot be isolated in experiment.
• Investigation of reaction energies by means of correlation diagrams shall
address relaxation of the ligands for the educt structures, probing diﬀerent ligands, as well as computing reaction barriers. These barriers will
provide more information about the structures that facilitate the reaction.
Additionally, it may be helpful to monitor the metal–ligand bond length
when coordinating a ligand in order to evaluate whether we can establish
a relationship between the M–L bond length and the electronic energy of
the cluster investigated.
• The concepts presented in this thesis may be exploited to study the activation of small molecules like ejection of O2 from a water splitting catalyst:
the local spin analyses allow for a detection of the transition from singlet
to triplet dioxygen during the release, whereas the correlation diagrams
relate these information to structural and energetic changes. Thus, it is
possible to monitor the spin crossover process when O2 is ejected by a
cluster.
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• Once structure determining interactions in a certain type of complex or
cluster are identiﬁed, this knowledge may be utilized for the design of
new species with desired properties. The question arises whether these
interactions can be modiﬁed in such a way that a smooth variation of the
structural motif is obtained or whether structural domains exist that lead
to abrupt changes in properties.
Modiﬁcation of the interactions may, for example, be realized by exchanges
in the ligand sphere. Work in this direction has been started in this
thesis but further investigations are necessary to draw more generalized
conclusions.
• As the structure determining interactions in the [Na12 ] and [Na13 ] main
group metal cluster have been identiﬁed as Coulomb interactions, it may
be interesting to study other main group metal structures, consisting of
polyhedra as for example, platonic bodies, that may play a role as relevant
structures for ionic systems in the gas phase; another idea is to investigate
for which combination of metal cations and inorganic anions electrostatic
interactions are no longer dominating but covalent contributions to the
overall structure need to be accounted for.
Some of these ideas present now work in progress in our laboratory.
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A.

Additional information on correlation diagramms

The dependence of the potential energy surfaces on the initial guess molecular orbitals can be attributed to the electronic structure of the coordinatively
unsaturated generic clusters. If a ligand sphere is introduced to the cluster or
if the ligand sphere is modeled by a point charge ﬁeld, the potential energy
surfaces do no longer depend signiﬁcantly on the initial guess MOs. This may
be seen from Figures A.1 and A.2 for the [Fe2 S2 ]2+ cluster and octahedral point
charge ﬁelds with charges of q=0.1 e and q=0.5 e, respectively and diﬀerent sets
of initial guess MOs. All sets of molecular orbitals yield very similar results.
[Fe2S2]2+ + point charges

Initial guess:
MOs of optimized structure

Initial guess:
MOs of previous grid point

Figure A.1: The potential energy plots for the [Fe2 S2 ]2+ cluster in the high-spin
state (B3LYP/TZVP) in an octahedral point charge field with charges of q=0.1 e.
(with e being the elementary charge) for two sets different initial guess molecular
orbitals (MOs). The impact of the initial guess MOs is less pronounced here than
for the generic clusters due to the modeled ligand field. With both sets of guess
MOs identical minimal energy structures with the same total energy are obtained
even though the potential energy plots slightly differ.
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Initial guess:
MOs of previous grid point

[Fe2S2]2+ + point charges
Initial guess:
MOs of optimized structure

Initial guess:
MOs of initial structure

Figure A.2: The potential energy plots for the [Fe2 S2]2+ cluster in the high-spin
state (B3LYP/TZVP) in an octahedral point charge field with charges of q=0.5 e
for three sets different initial guess orbitals. The different inital guess MOs all yield
the same result.

B.

The water splitting catalyst: technical issues

Technical issues: optimization of the [Ru2 O2 ]3+ triplet state
When optimizing the triplet S=1 state with BP86/RI/TZVP starting from the
non-optimized X-ray crystal structure with an initial O1–O2 distance of 2.230
Å the following is observed: after about 140 optimization steps the structure
seems to be relatively stable with a diﬀerence in total energy between two
optimization steps of about 2.0×10−6 Hartree and an absolute value of the
energy gradient between 1.0×10−4 and 4.0×10−4 Hartree. However, due to the
tight convergence criterion the optimization is not considered to be converged
yet. The total energy and the O1−O2 bond length decrease smoothly until after
about 486 optimization cycles a critical O1−O2 bond length of about 1.710 Å is
reached and the energy suddenly drops by about 20 kJ mol−1 resulting in a
shortening of the O1−O2 bond length by 0.3 Å, which may be illustrated in
Fig. B.1. After the rapid energy decay the BP86/TZVP structure optimization
converges to the superoxo species with a O1-O2 bond length of 1.398. Unlike
the closed-shell structure, the oxygen atoms are not in plain with the Ru centers
but stick out of the plain. This triplet state is 22.5 kJ mol−1 higher in energy
than the most stable closed-shell state.
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Figure B.1: The energy relative energy (left panel) and the O1-O2 bond lengths
(right panel) of the BP86/TZVP S=1 state plotted against the number of structure
optimization steps. The energy as well as the bond lengths decrease slightly until
a a critical bond lengths of 1.710 Å is reached in cycle 486. At this distance the
energy suddenly drops by about 20 kJ mol−1 accompanied by a shortening of the
O1-O2 bond length by 0.3 Å.

An S=1 state with two doubly bound oxygen atoms could be converged when
slightly distorting the X-ray crystal structure. This species features an O1–
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O2 distance of 1.715 Å. It is by 21.7 kJ mol−1 less stable than the superoxo
structure. Comparing local spin distribution for the two diﬀerent triplet states
it can be seen that they diﬀer signiﬁcantly: for the superoxo state local spins
are more or less uniformly distributed over the two metal and the two oxygen
atoms with local spin values of 0.27 a.u. and 0.28 a.u. on the Ru centers and
0.17 a.u. on both oxygen atoms, whereas for the oxo triplet state, the local
spin is located on one half of the clusters with local spin values of 0.44 on Ru2
and O2 and negligible spin on Ru1 and O1 (see Table 5.6 in Section 5.4.5).
This example illustrates that even when starting from a X-ray crystal structure
one has to be very careful when optimizing diﬀerent spin states and tight
convergence criteria are necessary to obtain reliable results.
Converged structural parameters for the B3LYP optimized intermediates are
given in Table B.1
Table B.1: Selected bond length in [Å] and bond angles [◦ ] for the B3LYP/SVP
and B3LYP/TZVP optimized [Ru2 O2 ]3+ species for various spin states as well as
their relative energies in kJ mol−1 . The angles θ and φ refer to the dihedral angle
O1-Ru1-Ru2-O2 and Ru1-N1-N2-Ru2, respectively. The results for the SVP basis
set are displayed in the upper panel, whereas TZVP results in the lower panel.
Msideal Ru1–Ru2 Ru1–O1 Ru2–O2 O1–O2
θ
φ
Erel
0
3.972
1.990
1.990
1.298
−0.2
−0.4
19.2
0 BS
4.461
1.780
1.780
2.837 −60.9 −36.4
2.0
0’BS
3.967
1.982
1.981
1.334
−2.6
−7.2
8.1
1
4.454
1.777
1.781
2.809 −60.6 −35.5
33.4
1’
4.022
1.972
1.972
1.372
30.2
−1.9
7.2
2
4.472
1.781
1.781
2.909 −64.1 −40.8
0.7
2
4.489
1.780
1.781
2.965 −66.0 −44.2
0.0
0
3.970
1.983
1.983
1.314
−0.1
−0.4
34.3
0’
3.968
1.983
1.982
1.314
−1.3
−4.7
34.4
0 BS
4.498
1.779
1.779
2.889 −61.3 −38.4
1.2
0’ BS
3.967
1.977
1.973
1.357
−2.7
−6.1
21.7
1
4.501
1.775
1.779
2.929 −64.0 −41.4
30.0
1’
4.017
1.960
1.960
1.400
32.8
0.5
18.0
2
4.507
1.779
1.780
2.953 −64.2 −42.1
0.0
2’
3.980
2.102
2.102
1.321
−0.1
−0.2 235.3

C.

Computational methodology

Electronic energies in quantum chemical calculations
In principle, one would like to compare Gibb’s free energies accurately predicted
from quantum chemical calculations for the diﬀerent possible species, intermediates and reaction energies because Gibb’s free energies give an estimate in
which direction and under which conditions a reaction can take place. However,
despite the fact that most quantum chemical program packages provide these
values and they are widely used in literature to predict activation barriers or
to state which reaction mechanism is energetically favored one has to be very
careful when doing so. The model employed for the calculation of the partition function is based on the rigid-rotator-harmonic-oscillator- particle-in-a-box
approximation in order to model the translational, rotational, and vibrational
degrees of freedom. This model has, however, an intrinsic error because its approximations poorly describe the nature of non-model systems that are studied.
The errors are especially evident when considering bimolecular association reactions in gas phase, where the number of reactants is not equal to the number
of products. In such a reaction translational and rotational degrees of freedom
are converted into vibrational ones and are not described by the same model
which gives rise to an error of 40 kJ mol−1 [353]. To prevent this problem we
consider in our study only electronic energies without zero-point corrections.
Quantum chemical set up
Throughout this thesis density functional theory calculations were performed
on polynuclear metal clusters. For the treatment of large systems a fast and
eﬃcient DFT implementation is required as realized in the quantum chemical
program suite Turbomole [354]. Turbomole (TM) provides a particularly
user-friendly restart option and was, hence, employed for the all-electron KSDFT calculations in this thesis. An overview of the quantum chemical methodology is given in Table C.1.
For structure optimizations mostly the pure BP86 density functional [161, 162]
functional was employed in combination with the resolution-of-the-identitytechnique [276, 355, 356]. Moreover, the hybrid functional B3LYP [163, 164, 357]
was utilized, which contains 20% of exact exchange. For selected calculations
in Section 3.4.1, the amount of exact exchange indicated by the parameter c3
in B3LYP[c3 ] was varied from 0.2 to 0.0 by increments of 0.05. The modiﬁed
B3LYP density functional with an amount of 15% exact exchange is known as
the B3LYP⋆ functional [178,179,182]. As basis sets, the triple-ζ def-TZVP basis
set was utilized with valence polarization functions on all atoms as well as the

187

188

C.Computational methodology

split valence def-SVP basis set [274,275]. Note that def-TZVP is abbreviated as
TZVP and def-SVP as SVP throughout this thesis. If not mentioned otherwise
initial guess molecular orbitals were obtained by an extended-Hückel guess as
provided by Turbomole.
Reaction energies were calculated with electronic energies (implying a temperature of 0K without zero-point vibrational energy corrections). Basis-setsuperposition errors (BSSE) were considered to be negligible.
Open-shell calculations were performed with our restrained optimization tool
[232] as implemented into a local version of Turbomole. Local spin analyses
[128,129,137–139,358] were carried out with a modiﬁed version of Turbomole’s
Moloch tool. If not mentioned otherwise local spin expectation values were
calculated from Löwdin⋆ projection operators.
The structure–property plots (correlation diagrams) were obtained by a twodimensional scan of the metal–metal and X–X bond lengths. For each structure
(grid point) a DFT single-point calculation was performed with the BP86/RI/TZVP if not mentioned otherwise. For this purpose a Fortran77 program
has been written that automatically carries out all steps for the generation and
collection of the raw data.
For calculations of the selected correlation diagrams the TPSS functional [359]
was employed with the resolution-of-the-identity (RI) approximation as implemented in Turbomole. The TPSS functional was chosen to extend the results
from the study of Cramer et al. [273]. They found that the pure density functionals, such as TPSS, BLYP, and mPWPW91, predict the relative energy gap
of the bis(µ-oxo) and the side-on peroxo [Cu2 O2 ]2+ more accurately than the
hybrid density functionals compared to the completely renormalized coupledcluster CR-CCDS(T) and CR-CCSD(TQ) benchmark calculations.
For the Ru atoms in the water splitting catalyst, the Stuttgart eﬀective core
potentials (ECPs) as implemented in Turbomole were employed [360]. Furthermore, time-dependent density functional theory (TD-DFT) calculations were
performed for the intermediate, [(terpy)2 (H2 O)Ru(bpp)Ru(H2 O)(terpy)2 ]3+ , with
the quantum chemical program suite Turbomole as well as the ADF [361,362]
package. Turbomole calculations were performed with eﬀective core potentials
and the BP86 and B3LYP density functionals, respectively. In the ADF runs,
scalar relativistic the zeroth order regular approximation (ZORA) [363,364] was
invoked with BP86 and the statistical average of orbital potential (SAOP) [365–
367], especially suited for the calculation of excitation energies.
The electrostatic energies and structure optimizations for the [Na12 F12 ] and the
[Na13 F1 ]+ model clusters were performed with the Fortran77 based StatPot
program as developed in this thesis and described in the next section of the
appendix.
Molecular structures were visualized with the Pymol package [368] or Molden
program [369].
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Table C.1: Summary of the quantum chemical methodology used in the various section of this thesis. The program package Turbomole is abbreviated as
“TM”, whereas “ADF” denotes the Amsterdam Density Functional suite. The
B3LYP density functional with a modified admixture of exact exchange is denoted as
B3LYP[c3 ]. For the Ru atoms in the water splitting complex, the Stuttgart effective
core potentials (ECPs) were employed as implemented in Turbomole.
Section
3.2.1
3.2.2
3.4.1
4.5
4.9
4.10
5.2
5.3
5.4
5.5
5.6
6.2
6.5.2
6.6.2
Section
3.2.1
3.2.2
3.4.1
4.24.4
4.5
4.6
4.74.8
4.10
5.2
5.3

6.6.1

System
[Fe2 ]
[Fe4 ]
[Fe6 ]
[Mn6 ]
[Mn2 O2 ]3+
[Mn2 O2 ]+reference ligands
[Cu2 O2 (NH3 )4 ]2+
[Fe2 S2 ]+reference ligands
[M-12,14TMC]
with M=Mn, Ni, Fe
[Ru2 O2 ]2+ X-ray
[Ru2 (O2 H)2 ]3+
+intermediates
[Ru2 O2 ]3+
[Ru2 O2 ]3+ +solvation
[Ru2 OH2 O2 ]3+ (+solvation)
[Na12 ], [Na13 ]
[NaX ]-model cages
[Na12 F12 ]
System
[Fe2 ]
[Fe4 ]
[Fe6 ]
[Mn6 ]
[Mn2 O2 ]3+
[M2 X2 ] with X=O, S
with M=Mn, Fe, Co, Ni, Cu
[Mn2 O2 ]+reference ligands
[Cu2 O2 (NH3 )4 ]2+
[Cu2 O2
[Fe2 S2 ]
[Mn2 O2 ]+reference ligands
[M-12,14TMC]
with M=Mn, Ni, Fe
[Ru2 O2 ]2+ X-ray
[Ru2 (O2 H)2 ]3+

[Na12 F12 ]

Structure optimization
Method
Basis set
BP86/RI, B3LYP
TZVP
BP86/RI
TZVP
BP86/RI, B3LYP
TZVP
BP86/RI, B3LYP
TZVP
BP86/RI, B3LYP
TZVP
BP86/RI
TZVP
BP86/RI,B3LYP
TZVP
BP86/RI
TZVP
BP86/RI, B3LYP
TZVP
BP86/RI, B3LYP
BP86/RI

Program
TM
TM
TM
TM
TM
TM
TM
TM
TM

(SVP, TZVP)+ECPs
TZVP+ECP

TM
TM

(SVP, TZVP)+ECPs
TZVP+ECP
TZVP+ECPs
TZVP
TZVP
Single point
Method
Basis set
BP86/RI, B3LYP
TZVP
BP86/RI
TZVP
BP86/RI, B3LYP
TZVP
BP86/RI, B3LYP
TZVP
BP86/RI
TZVP
B3LYP, B3LYP[c3 ]
TZVP
BP86/RI, TPSS/RI TZVP
B3LYP
TZVP
BP86/RI
TZVP
BP86/RI,B3LYP
TZVP
BP86/RI
TZVP
B3LYP
TZVP
BP86/RI
TZVP

TM
TM
TM
TM
TM
StatPot

BP86/RI, B3LYP
BP86/RI
BP86/RI, B3YLP
BP86/RI
BP86/RI
electrostatic

Program
TM
TM
TM
TM
TM
TM
TM
TM
TM
TM
TM
TM
TM

BP86/RI, B3LYP

TZVP

TM

BP86/RI, B3LYP
TD-DFT
BP86/RI, B3LYP
TD-DFT/ZORA
BP86/RI, SAOP
electrostatic

SVP, TZVP

TM

TZVP+ECPs

TM

TZP
-

ADF
StatPot
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D.

Description of quantum chemical implementations

The StatPot program
The StatPot program written in Fortran77 is capable of calculating potential energies according to Scheller and Cederbaum’s potential energy function
V [347],
X qI qJ X B
+
.
(D.1)
V =
n
R
R
IJ
IJ
I>J
I>J
and optimizing the structure with a line-search algorithm. A short outline of
its work-ﬂow is displayed in Figure D.1:

1. As a ﬁrst step the coordinate ﬁle as well as the parameters B and n are
read.
2. One has to choose whether unit charges or Mulliken partial charges may
be employed.
3. The potential energy V is calculated according to Eq. (D.1).
4. The analytical gradient and Hessian are calculated, that is the ﬁrst and
the second derivatives w.r.t. the cartesian coordinates are calculated.
5. The conjugated gradient is calculated, here subroutines written by K. H. Marti [370]
are employed.
6. With this conjugated gradient a line-search is performed. The structure
is optimized until the gradient fulﬁlls the convergency criterion.
A problem associated with the line-search algorithm is that it converges the
structure to the nearest energy minimum which may not necessarily be the
global minimum. Fortunately, this is in our case no matter of concern because
we were only interested in whether a cage-like structures represent an energy
minimum which need not be the global energy minimum.
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read: coordinates

choose charges
Mulliken or Unit

calculate V

optimize structure

calculate gradient

perform line search

Figure D.1: Scheme of StatPot algorithm: the potential energy V of a molecule
can be calculated with integer unit charges or with Mulliken partial charges. In the
last step, the structure optimization is performed with a the conjugated gradient in
a line-search algorithm adapted from routines by K. H. Marti [370].

The Locprop interface
The Locprop program is a Fortran77 based quantum chemical interface
for the program package Turbomole. It allows for a automatized scan of
the potential energy surface when distorting a cluster. So far, it is only capable of scans along bond lengths but an extension to monitor other structural
perturbations is straight forward
The Locprop work-ﬂow may be described as follows: It generates the distorted
structures, automatically starts the Turbomole single point calculations and
if requested a local spin analysis with a modiﬁed version of Turbomole’s
Moloch tool. The raw data, such as bond lengths, energies, and local properties
is collected in an output ﬁle.
The resolution of the grid (number of grid points) is by default 0.26 Å for the
M–M bond length and of 0.13 Å for X–X bond lengths yielding 242 grid points.
Calculations with higher resolutions have also been performed and details are
given explicitly in the text. If not mentioned otherwise as initial guess molecular
orbitals the converged MOs of the bis(µ-oxo) were provided for the calculation
of each grid point. Moreover, scans were performed when for each grid point
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the converged orbitals of the previous grid point were provided. Starting with
the structure with the shortest M–M and X–X bond length, we scan the X–X
bond length from left to right and the M–M from bottom to top (denoted as
“previous”).
Local spin values were obtained by that program calling our local version of
Turbomole’s Moloch module (employing Löwdin projection operators [128,
129, 137, 139, 147]). Local spin values smaller than 0.0001 a.u. were set to zero.
Finally, structure–property plots were visualized with the commercially available
Mathematica 7.0 program by Wolfram Research [371].
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E.
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Those publications, which are the basis of this thesis, have been denoted by a
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• 1. M. Podewitz, C. Herrmann, A. Malassa, M. Westerhausen, M. Reiher.
Spin–spin interactions in polynuclear transition-metal clusters. Chem.
Phys. Lett., 451 (2008) 301–308.
• 2. C. Herrmann, M. Podewitz, M. Reiher. Restrained optimization of brokensymmetry determinants. Int. J. Quantum Chem., 109(11) (2009) 2430–
2446.
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and cobalt as well as of wheel-like hexa-nuclear iron(II) and manganese(II)
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B. H. Meier, M. Reiher, H. Grützmacher. Ion dynamics in conﬁned spaces:
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Int. Ed., 49(41) (2010) 7465–7469.
• 5. M. Podewitz, M. Reiher. Spin interactions in cluster chemistry.
Inorg. Chem., 62 (2010) 177–230.
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• 6. M. Podewitz, M. T. Stiebritz, M. Reiher. An enquiry into theoretical bioinorganic chemistry: How heuristic is the character of present-day
quantum chemical methods? Faraday Discuss., 148 (2011), 119–135.
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[346] J. D. van Beek, ETH Zürich, private communication.
[347] M. K. Scheller, L. S. Cederbaum. Existence of doubly-charged ions and
relation to solids. J. Phys. B: At. Mol. Opt. Phys., 25 (1992) 2257–2265.
[348] J. E. Huheey. Inorganic Chemistry: Principles of Structure and Reactivity.
Walter de Gruyter, New York, 1988.
[349] J. Meister, W. H. E. Schwarz. Principal Components of Ionicity. J. Phys.
Chem., 98 (1994) 8245–8252.
[350] M. Lintuluoto. Theoretical study on the structure and energetics of alkali
halide clusters. J. Mol. Struct. (Theochem), 540(177-192) (2001.
[351] A. Aguado, A. Ayuela, J. M. Lopez, J. A. Alonso. Structure and bonding
in small neutral alkali halide clusters. Phys. Rev. B, 56(23) (1997) 15353–
15360.
[352] C. Ochsenfeld, R. Ahlrichs. Excess-electron alkali halide clusters Kn+1 Cln
and Lin+1 Fn : A theoretical study. J. Chem. Phys., 101 (1994) 5977–5986.
[353] M. Reiher, C. Spickermann, B. Kirchner in preparation.
[354] R. Ahlrichs et al. http://www.cosmologic.de/turbomole.html.
[355] E. J. Baerends, D. E. Ellis, P. Ros. Self-consistent molecular Hartree–
Fock–Slater calculations I. The computational procedure. Chem. Phys., 2
(1973) 41–51.

224

BIBLIOGRAPHY

[356] B. I. Dunlap, J. W. D. Conolly, J. R. Sabin. On some approximations in
application of X α theory. J. Chem. Phys., 71 (1979) 3396–3402.
[357] P. J. Stephens, F. J. Devlin, C: F: Chabalowski, M. J. Frisch. Ab initio
calculations of vibrational absorption and circular dichroism spectra using
density functional force ﬁelds. J. Phys. Chem., 98 (1994) 11623–11627.
[358] E. R. Davidson, A. E. Clark. Model molecular magnets. J. Phys. Chem.
A, 106 (2002) 7456–7461.
[359] J. Tao, J. P. Perdew, V. N. Staroverov, G. E. Scuseria. Climbing the
density functional ladder: nonempirical meta-generalized gradient approximation designed for molecules and solids. Phys. Rev. Lett., 91(14) (2003)
146401.
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