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Abstract  For a certain class of delay equations with piecewise constant nonlinearities we
prove the existence of a rapidly oscillating stable periodic solution and a rapidly oscillating
unstable periodic solution. Introducing an appropriate Poincaré map, the dynamics of the
system may essentially be reduced to a two dimensional map, the periodic solutions being
represented by a stable and a hyperbolic fixed point. We show that the two dimensional map
admits a one dimensional invariant manifold containing the two fixed points. It follows that
the delay equations under consideration admit a one parameter family of rapidly oscillating
heteroclinic solutions connecting the rapidly oscillating unstable periodic solution with the
rapidly oscillating stable periodic solution.

Keywords Delay differential equations - Periodic solutions - Heteroclinic connection

Mathematics Subject Classifications (2000) 34K17 - 34K19

1 Introduction

In this paper we consider differential equations with constant delay of the form

X=p(=x+ fx@—-1) ey

where f is a piecewise constant function. The solution of (1) with initial condition xq €
C([—1, 0]) is the function x € C([—1, 00)) satistying

® x|[-1,00 = Xo
e x is piecewise differentiable on > 0 and on every differentiable piece Eq. 1 is fulfilled.
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More specifically, we assume that the nonlinearity f in (1) is a piecewise constant, symmetric,
positive feedback function of the form

—b, for x € I} = (—o0, —1]
—a, for x e b =(—1,0)
fx) = 0, for x =0 2)
a, for x e 3 =(0,1)
b, for x € I4 =[1, 00)

with parameters a > b > 1.

Note: If we have two initial functions z1,z2 € C([—1,0]) with z;(0) = z2(0) such
that f(z1(t)) = f(za2(t)) for every t € [—1, 0], then the solutions x| and x, of (1) with
Xi|[(—1,0] = z; are identical on t > 0. We have f(z1(¢)) = f(z2(¢)) if and only if z;(¢) and
z2(t) are in the same interval /; orif z;(z) = z2(¢) = 0.

We remark that as f is piecewise constant f'(x(¢)) is so too. If f(x(#)) = ¢ € R on some
[s1 — 1, s5 — 1], then the delay equation (1) on the translated interval [sy, s2] is given by

x(t) = —px(t) +p-c
and therefore has the solution
x(t) =c+ (x(s1) —¢) - e HITSD, 3)

We say that x is an exponential arc with limit c¢ in the interval [s1, s3], or a c-arc, for short.
Therefore, solutions of (1) with f of type (2) consist of exponential arcs that are contin-
uously glued together.
For the time AT needed for a c-arc to increase (resp. decrease) from x = xg to x = xp,
we get using (3) the following, often used formulas

_ 1 _
AT 107 ¢ or AT = —log (x1 C) . %)

X1 —c¢ % Xg— ¢

We will always consider the case of u being sufficiently large. This will lead to rapidly
oscillating solutions, i.e. solutions such that the distance between two roots is less than one.
We begin by showing the existence of periodic solutions.

2 Existence of Periodic Solutions

We show that for suitable parameters ¢ > b > 1 Eq. 1 admits an unstable as well as a stable
rapidly oscillating periodic solution provided p is sufficiently large.

To this end we restrict the set of initial functions to ® = {¢ € C([—1, 0]) such that
fortimes —1 = <t < - <ts < OQandv > Owithts < t4 +v < —T, where
T = /lL log (“+!) the following conditions hold true

e ¢ isan a-arc on [t1, 1] with ¢(t1) =0

e ¢(t) > 1fort € [, 3] with p(tp) = @(t3) = 1

e @isa—a-arcon [t3, 14 + v] with o(ts) =0, p(t5) = —1 > @(t4 + v)
e pisa—b-arcfort € [t4 +v, —T]

e pisa—a-arcfort € [-T,0] }.

We define the map S : & — R? by S(¢) = (u, v), where v is the number in the definition of
® and u = t4 — 1; is the distance between the two roots.
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Fig. 1 Solution of type I

We first remark that for ¢ € ® the times ¢, t2, 13, t4 and #5 and the number ¢(0) are
uniquely determined by S(¢). To see this, note that r, — t; = t5 — t4 and 74 — t3 are fixed by
a and p. Using (4), we gettp = —1 + ﬁlog (a”j) andty — 13 = ilog (<),

Thus, S(¢) uniquely determines f(¢(¢)) for —1 < ¢ < 0 and ¢(0) and therefore also the
solution x¥ of (1) for r > 0. We will later use this fact to reduce the problem of finding a
periodic solution to the problem of finding a fixed point of a two dimensional map.

For a solution x with x[[_1,0] € ®, we define —1 = #; < t, < --- as the consecutive
times for which x(¢;) € {—1, 0, 1}. Furthermore, we set x; = x(¢; + 1) and T; = ;41 — t;.

We consider two different types of solutions. For both types we require the following
properties (c.f. Fig. 1):

X|-1,00 € @

x2 € (0,1)

x3,x4 > 1

x5 € (—1,0) )
x7 < —1

X8, X9, X10 > 1

X115 X12, X13 < —1

We say that a solution is of type I, if additionally to this xs € (—1, 0). A solution is of type
11, if the conditions in (5) are fulfilled and x¢ < —1.
The main result of this section is

Theorem 1 Leta > b > 1 with2 4+ b — ab > 0. Then, the following assertions hold:

1. Let pi(a,b) > Ofori =1,...,3 for the functions p; defined in Table 1.
Then, there exists a number o > 0 such that for every > o there exists a unique
unstable rapidly oscillating periodic solution of (1) of type I with initial conditions
Qunst € P and u > % Moreover, S(@unst) = (Wunst, Vunst) holds with uypg = 1 —
Llog(U' + 0(e /%)) and vunsy = 1 10g(V! + O(e7/%), U' and V' defined in
Table 1 (Fig. 2).
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Table 1 Constants and functions of Theorem 1

2
_ 2+a+th _ 2+a+b _ 2ab—1)
dl—(a~%) dy = (a — bya et d3_a+1 (2+a+b+ e )
q=4Qtath? o= @—b? ey=a- (245D — @b
N 1. d3 _ 2a(@+)(@b—1)
Ul=la-e)p -7 Vi=a 8= D G-D2ta+b)?
h= a? _ 2(ab—1)(2+a+b) + 2(a—b)(ab—1) (4171)(24»a+b)2
T a-l (a+1)2 (b—T)(a+1) (a+1)2

Pl(a,b)=a-2$§7:fb-U17(afb)'Vl+a

1
pata,b) =2atab — 1) +a(@a—1)(b—1) — (@ )b — 1)(a — bV — Le=DE=DEtarh)U

2(ab—1)(b—1 -DHb-DH(2
p3(a,b) — (ab(a-q—)l(f ) _ (a _ 1)2 + (a )(b(a+)]() +a+b)

4 (e=D*@=b) _ @=DG-De+a+b)a=b)
a a(a+1)

O — @=D*+1) _ (@=DHb=DR+a+b)? ) ;1
+(@-1ne -1+ @2l =G )U

b

L - \
1 g el pala, by =10 \
1 e ' L I L L P N L t Iil
1 12 14 16 18 2 22 24 26 28 3

Fig. 2 Parameter for which an unstable rapidly oscillating periodic solution exists

2. Letbh < —a—1++3+4a+2a%andletd;,i = 1,...,3, h and g be defined as in
Table 1. Assume that

drg—d3 >0 and h > 0.

Then, there exists anumber 1o > 0 suchthatforevery u > o there exists a unique stable
rapidly oscillating periodic solutions of (1) of type Il withu > %. The coordinates satisfy

tsiah = 3 — 7, 10g (V{dag = d3) [l + O (™)) and vyap = 7 log(g + O(e™/?)
(Fig.3).

The proof of the first part of the theorem is organized as follows: In Sect.2.1 we show
that the essential dynamics of (1) with initial functions ¢ € ® may be reduced to a two-
dimensional map IT. In Sect.2.2 we show that IT admits a fixed point that induces a rapidly
oscillating periodic solution. Finally, in Sect. 2.3, we show that the fixed point of IT is hyper-
bolic and thus the periodic solution is unstable.
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Fig. 3 Parameter for which a stable rapidly oscillating periodic solution exists

2.1 The Reduced Poincaré map

For a solution x of (1) and for s > 0 we define the translated function t;x by

,x:[—-1,0] = R
t— x(s+1).

If the solution x is of type I or II then for s = #;3 + 1 the function 7,x is in ® too (c.f. Fig. 1).
We can therefore define a Poincaré map

P:DCd—

with P(z) = t,x where x is the solution with initial function z, s = #13 + 1, and where D is
the set of initial functions, leading to solutions of type I or II.

The problem of finding a periodic solution of (1) is reduced to the problem of finding a
fixed point of P.

For ¢ > 0, the solution x* of (1) with initial function z € & is uniquely determined by
S(z). Let us thus introduce the reduced Poincaré map

M:D cR>—> R?

defined by TT(u, v) = (u,v) = S(P(z)), where D’ = S(D) is the set of parameters cor-
responding to initial conditions in D C ®. We do not have to concern ourselves with the
explicit structure of D’ and thus of D, as we will later work in small neighbourhoods of
certain points, which we will show to lie in D’ for the considered parameters a and b. In
Sect. 3, we will even show that under suitable assumptions on the parameters a and b a large
rectangle is contained in D’ in which we will work.

For every fixed point (u*, v*) of IT there is a corresponding fixed point of P generating
a rapidly oscillating periodic solution of (1). In the remaining part of this section we derive
explicit formulas for the components of IT and expand them with respect to exponentially
small terms in f.
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For the map IT we get (c.f. Fig. 1)

U=to+1l+os—tiz=tio+1+o0os4—(t7+1+03)
=no—tr+os—o3=t4+1+o0— (1 +1+01)+04—03
=u—o1+ 02 — 03+ 04,

o1 being the time needed for an a-arc to increase from x = xy tox =0, i.e.
1 a— X
o1 = —log )
n a

o) =

and similarly

=)
0
N
Q
o |+
=
N
\—/

o3 =

(a_X7)
log
a
(a+xu))
oy = —log{ —— ).
" a

Therefore the first component of the Poincaré map is given by

1 ((a+x4)-(a+x10))

u=u-+ —1lo
w E\ @ —x) (a—x)

On the other hand, the second component v is the time needed for a —a-arc to decrease from
x = 0 tox = x;1 and thus we have

_ l1 ( a ) o
v=—1o .
28 £ a—+xq1

To explicitly compute the map IT we first have to compute the values of x; fori = 1,..., 11.
For the moment we only consider solutions of type 1. We will see later that for parameters
a and b satisfying the assumptions of the theorem the resulting periodic solution, as well as
all solutions generated by parameters close to the fixed point, are indeed of type I.

In this part, we only consider arguments («, v) with u > 3/4. Then, for large p, the terms
of order e " = O (e3*/*) are much smaller than the terms of order e #U—%) and it will
be enough to compute IT up to terms of order O (e **).

[— ===~

(©)

2.1.1 Computation of x;

From Fig. 1, we see that the following holds for solutions of type I:

xisana-arcontheintervals [t +1, o +1], [t3+1, t4+1],[t7+]1, tg+1]and [t9+1, 119+ 1].
x is a b-arc on the intervals [r; + 1,3 + 1] and [rg + 1, 19 + 1].

x is a —a-arc on the intervals [t4 + 1,¢5 + 1], [tg + 1,7 + 1] and [t19 + 1, 11 + 1].

x is a —b-arc on the interval [ts + 1, t¢ + 1].

Furthermore, we can calculate the times 7; using formula (4)

° T1 :T4: ilog(aaj).
° T3=T6=T9=ilog(“ail).

e Usingty —t) =u,wegetTh =u — ﬁlog (Zf})
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oT5:t6—t5:l—u—T4+t6—l—u—710g( ) log(aﬁ)‘]')(Notethat
1—u=—1).

o Ty = llog (a xz) llog (b xz)

The time Ty can be computed as follows

=t1+T1
Ty =19 —t3 =14+ 1+ 1 log (‘Zﬁ“) — = 41+ Liog (b xz)
(®)
=Tk log (G5) — rlee (5%

b
=u— i (log (a 1) log (‘1:‘14) + log (bb_ff)) ,

and similarly one gets

Tip = 4 log (mi) +1—u— 7 log (T]) + 1 log (’Zfﬁ) + - log (““6)

Therefore, one can compute the values of x; using formula (3). We use the o-notation in a
nonstandard way to denote terms of order O (e™**) having derivatives with respect to «# and
v of order O (e M),

We get

z71=—a+a-e M

7 =—-b+ ( (@ —Db) e Hl-u=v) 4 4. efzt(lfu))
X = a% —(a—b)-ewlmu=v) 4 4. p=n(-u
xy=a+(x —a)- Sh=alesre o g ey,
x3=b+o

Xy = b+1 To

xs = — L ;’” +o0 ©9)
X6 = b+% e (1= 4

x7 = —agit + %WM_”) +o
xg=a+(x7—a)- a(b aXZ;cz)

xg=b+o
X0 =a- gy +o
x11=—-a+(xjo+a)- Xl . 3—%2 ceHd-w),

For u large enough we obviously have x3, x4 > 1 and x9, xj0 > 1. The assumption 2 + b —
ab > 0 implies — 22292 € (1, 0) and thus x5 € (—1,0).

The remaining conditions a solution of type I has to fulfill do not hold for general argu-
ments. We will later verify them for the solution generated by the fixed point of the Poincaré

map.
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Using the expressions in (9) for the values x;, we can now compute « and v. We get for
the first component of IT

(@—x1)-(a—x7)
+%log((a+a bl +0) . (a""“'Zﬂ _|_0))

- ilog ((a —x1) - (a ta- %‘i - %e—w—w + 0))
+ %log ((a . 2231:”)2 + 0)

1 2
—“log (a'2jz_ﬂ—b) 4 ala— b;f+a+b) —p(l—u—v)

U=u-+ l log ((a+x4)-(a+x10))
7

2(ab—1)

(2+a+b+ Ca-1 ) e—h(1-u) 4
[

a+1

1 1
= u+ - log(di +0) — - log (d1 tdy e MmUY g g 0) . (10)

by the definition of the constants in Table 1.
The second component is given by

1 a+1 xjo+a a-+xs
0 - . .
a a—x|; a-+xe

Using a + x5 = “— - (a + x4) and the expressions for xy, x4, x¢ and x¢ from (9), we get

v:1_u_;10g(a71)_;10g((a+azﬂ+0) (a+“Zﬂ+0))

l —
+f log ((a —Xxp) - (a —b+ %e—ﬂ(l—u) + 0))

—1—u——10g( (2+a+b)2+0)

+— log (a(a —b) ZZiJlrh + (a — b)ze_“(l_”_“)
n

2(ab —1
a.(u_(a_,,)) efu<1—u)+0)
a—1
1 1 (1—u—v) (1—u)
—l—u——log(el—i-o)—i- log(dz—i-ez e M + eze M +0) (11)

Using these expressions, we can now prove the existence of a fixed point. Note that the for-
mulas for # and v depend on the assumption 2 + b — ab > 0. In the following this condition
will always be assumed without stating it every time.
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2.2 Existence of a Fixed Point of T1
We need to solve the equations
(u,v) = (u,v).

The first equation # = u leads to
_ 1 1 —p(—u—v) —p(=u)
u=u=u+—log(d1—l—o)——log(dl—l—dz-e“ —dz-e * +0)
I n

and therefore to
dy - e HU=u=) g emild=w) 4

or
etV = = 4o. (12)
Hence for a fixed point (u, v), the second component v is of order O(1/u).
The second equation v = v leads to a condition for u#, namely
_ 1 1 —p(1—u—v) —p(=u)
v=v=l—u——log(el+o)+—10g(d2+ez-e“ + eze M +0)
5 w
or equivalently
1 1 —u(—u—v) —u(—u)
—log(e1+0)—(1—u—v):—log(d2+e2-e“ +eze M +0).
© g

Taking exponentials and multiplying by e*(!1=%) we get
(e1 +0) - ™ = dre™ 1™ 4 ey - " 4¢3 + 0.

Finally, using e/’ = d3/dy + o yields

ds  e3
U7 = (¢] —er))— — = +o.
d
[ —
=U!

Claim We have U} > Oforall3 >a > b > 1.

Proof Computing U! results in

a
2+a+b)(a—b)a*—1)

U'(a,b) = z(a, b),
with
z(a, b) = 16 + 16b — 32ab — 15ab* — 21a’b + 8b*> — 84> + 3a> + 4a* + b> + 4a’b
+12a2b% + a*b + 11a°b* — 4b%a + 34%b® + &°.
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Thus, we have Ul(a, b) > 0 if and only if z(a, b) > 0. We use z(1, 1) = 0 and estimate the
derivatives of z by
daz(a, b) = 33a*b? + 9a* — 42ab +4a>b — 4b°> +16a> — 16a
>0 >0 >0
+124°b + 24ab® + 6b3a + 5a* — 32b — 15b>

>(1242446+5)ab—47b2>0

>0
Furthermore, dpz(a, b) > 0 fora > b > 1, which may be seen as follows.

dpz(a, b) = 16 — 32a — 30ab — 21a® + 16b + 3b* + 4a> + 244°b + a* + 224°b
—12ab* + 9a%b?
and thus dpz(1, 1) = 0. On the other hand, again fora > b > 1
94 (9p2)(a, b) = —32 — 30b — 42a + 124> + 42ab + 4a> + 66a’b — 12b* + 18ab>
= 42ab — 42a + 66a°b + 18ab> + 124> + 4a> — 32 — 30b — 12b*> > 0

>0 > (66-+18+12+4)ab—(32+30+12)b2>0

and similarly
3 (3pz)(a, b) = —30a + 16 + 6b + 24a* + 224> — 24ab + 184%b

16 + 6b + (24 + 22 + 18)a’ — (30 + 24)a>
> 0.

\

Thus, dpz(a, b) is increasing with respect to a and b which implies
opz(a,b) > dpz(1,1) =0 forall a > b > 1.

This proves the claim, as z(a, b) > z(1,1) =0 forall 3>a >b > 1. ]

Therefore, the fixed point equations are well defined and equivalent to
1 1
u=1-——log(U"'+0)=:g1(u,v)
n
1 1
v = ﬁlog (V' +0) =: g2(u,v). (13)

We can now conclude the existence and local uniqueness of a fixed point of IT. First of all,
the function g = (g1, g2) maps a small neighbourhood of (1 — %Llog(Ul), %Llog(vl)) onto

itself if 14 is large enough. As U' and V! are constants, the derivatives of g| and g, are of
order O (e~ "") and the map g is contracting. According to the fixed point theorem of Banach,
there exists a unique fixed point (i,,s, Vunst) in this neighbourhood.

Furthermore, these calculations show that each fixed point of IT with # > 3/4 isin a small
neighbourhood of (1 — i log(U"), i log(V1)), which shows the uniqueness of the unstable

fixed point in the set u > % for large enough numbers w.

Next, we have to show that a fixed point computed as in (13) generates a solution of type
I, i.e. that all conditions (5) are satisfied and x¢ € (—1, 0). Then, by continuity, the same
holds for arguments close to the fixed point. We use the results of (9) to compute the different
values of x; in the fixed point. We have to verify that
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o x; < —1

x2 € (0,1)

x6 € (=1,0)

x7 < —1

xg, X9, x10 > 1 (or simply xg > 1 as the other inequalities then follow)
X11, X12, X13 < —1 (or simply x1; < —1)

for the solution x generated by the fixed point (u,5s, Vunss) of I1. As we have v = v, it
follows that z; = xj;. One can therefore simply show that z; < —1 instead of the last
condition.

Inserting the coordinates of the fixed point into the expressions of x;, we get conditions for
a and b. It is allowed to use the computed expressions to consecutively check the conditions
as we use the structure of the solution one time unit earlier.

Simplifying those condition shows that fora > b > 1 and a <
enough (dependent on a and b)

# and for u large

z1 < —1 for all such a and b
X < —1 ifpl >0

x6 € (—1,0),if pp >0

x7 < —1 for all such a and b
Xg > 1,ifp3 > 0.

Therefore, the fixed point (#,,s¢, Vunsr) induces a rapidly oscillating periodic solution of type
T if all conditions in the theorem are fulfilled.

2.3 Hyperbolicity of the Fixed Point

It remains to show that the periodic solution is unstable. We will show that the fixed point of
the Poincaré map is unstable and therefore the periodic solution is so too. Here we use that
the periodic solution as well as all solutions with initial conditions close to it are of type I
and thus their behavior may be studied by the use of the reduced Poincaré map. To complete
the proof of the first assertion of Theorem 1 we prove the following lemma.

Lemma 1 Let f be of the form 2) witha > b > 1 anda < 1+ 2/b.

Let T1(u, v) = (u, v) be the reduced Poincaré map defined in (10) and (11).

Then, there exists o > 0 such that for all © > o the eigenvalues X1 and > of the
Jacobian DI1(u, v) satisfy

A1l > 1> [Aa],
forallu >3/4andv > O0withl —u —v > 0.

Proof Using (10), we get

1 1
U=u+—log(d +0)——log|dy +dy-e H1747V) _gs.o~r1-10) 1,
2z M
=:ny(a,b,u,v)

and (11) leads to

1 1
T=1—u——log(e; +0)+ —log | dr + ey - e I747V) 4 oo n1=10) 1
% N

=:n7(u,v)
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Therefore, the derivatives are given by

dy - e I-u=v) _ gro—n(l-u) d;
Buﬁ = 1 —_ + 0= — + o)
ni ni
dy - e~H(1=u=v)
ol =——————+0
ny
ey - e HI=U=V) 4 g pp(l-) d
0,0 =—1+ 2 3 +o=-"L10
np np
ey - e H(1—u=)
=2 4o, (14)

n2

Again o denotes an expression of order O (e”**) with derivatives of order O (ue™"").

It easily follows from 1 < b < a < 3 that e3 > 0 and as the other constants are naturally
positive, we have np = dy + e - e~ M—u=v) 4 o0 o) 5 () for all arguments ¢ and v.
Furthermore

Claim1d, +dy —d3; >O0foralla > b > 1.
Proof A short calculation shows
a 2a*(ab — 1)
(a+1)?2 a’—1
To estimate the last term, we use that (b+ 1) - (a — 1) =ab+a —b —1 > ab — 1 and get

d+dy—d3 = Q+a+b) Qa+a*—b)—

2
a 2y 2a%(a—-D(b+1)
di+dy—dy > —Q2+a+b)-(a+a)— —F———
1= ds > L g P
2 2
2 b—-2Mb+1) = —-b)>0
> o Gtaet b+D)=_——7@-b>
which proves Claim 1. O

Therefore
ny = e -0 [d] et et s 0] > e MU= v dy —d3) > 0

and the Poincaré map given by (10) and (11) is well defined for all # > 3/4, v > 0 with
l—u—v>0.

Using these estimates and the expressions for the derivatives in (14), we may obtain esti-
mates for the determinant and the trace of the Jacobian and finally estimates of the eigenvalues.
Claim 2 For all parameters a > b > 1 witha < 1 +2/b we have

det(DIT(u, v)) = o.
Proof We get
det(DI1(u, v)) = 0,u - 3V — Ut - IV

dy ep- e—H(l—u=v) ( d - e_”(l_u_v)) ( dz)
= — . — 1 — -{—1+40
ni np ni n2

dier —d3

+0=o0, as dlez—dzz =0.
niny
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Next, we prove

Claim 3 Foralla > b > 1 witha < 232

d
Tr(DT(u, v)) > 1 + — - a(a — b)e "1~ 4 o holds.
niny

Proof

Tr(DII1(u, v)) = d,u + 0,V
dy - e—n(—u—v) _ dSe—u(l—u) e - e~ (1—u—v)

=1 + +o0
ni ny

o H(1-u)

I+ — ((—dze“” +d3) - (dz + epeHImu=) 4 e3e7”(17“))
niny

+epet? - (d] + dye U=V _ d3@7“(17”))) +o0

efu(lfu) 672;/,(1714)

1+ 7( (—d22 + ezdl) et? +d2d3) +
—_—

ninz ninj
=0

. (—dzezezlw —dreze"’+dzeret’ 4 dzes + dzezezlw — d3ezelw) +o0

1
1+ 7]1 . -y (d2d3 - d2€3€_u(l_u_v) +d363e—p.(l—u)) +o0
112

We now use the following claim which can be shown by simple computations.

Claim 4 We have d3 — e3 > a(a — b).
Using this result, we get for u large enough

1 d
Te (DT, v)) > 1 + ——ds (ds — e3) e~ P00 ; BE ~2u0-0) L,
nny t——— ninz
>a(a—b) 0
>

d
> 14 2 ca(a —bye M= 4 o,
niny

which proves Claim 3. O

We can now estimate the eigenvalues A and A, of the Jacobian by

Tr(DIT) 1
Mo = + — . [Tr(DIT)2 — 4det(DII)
’ 2 2 (R —
=0
Tr(DIT) 1

Thus, one eigenvalue is Ay = Tr(DIT) +0 > 1 +ds - (a — b)e "1~ 4 o > 1 (for u large
enough). The other one is of order A, = o and therefore |A2| < 1 holds for p large enough.
This proves the hyperbolicity of the fixed point, i.e. Lemma 1. O

The first part of the theorem follows immediately, as the periodic solution corresponding
to an unstable fixed point of the Poincaré map is unstable too.

The second part, the existence of a stable periodic solution is proved similarly. (These
calculations can be seen in [6, 91ff].)
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There is however one more step. One finds a stable fixed point of the according reduced
Poincaré map that gives rise to a periodic solution with initial condition z*. Then, one must
show that the stability extends to more general initial conditions. More precisely, there exists a
CV-neighbourhood U of z* such that all solutions to initial conditions in U converge orbitally
to the periodic solution (see proof of Theorem 3 in [7]).

If the solution is of type II, the value of x13 is different and the Poincaré map is given by

1
- _ = —pu —pu(l—v)
u_u—i-'u[log(dl—i-he +O(e ))
—log (d1 ¥ (daet? — dy)e 10 4 O(e*“))] (15)
_ 1 . —u(l=v) | —2uu
v:—log(g+const.-e’ +O(e" +e )) (16)
w

where the constants are defined as in Table 1. It turns out that for the fixed point u is very
close to 1/2 and therefore expressions involving e " and e~*(!=%) have to be considered
equally. Moreover, for the periodic solution we have again v = O(1/u).

Note that the expression of u is similar to the one in the first case. Merely the terms of order
O (e ™) or higher are different. One finds that the fixed point is stable and has coordinates
as stated in the theorem. Again one can conclude the uniqueness of the fixed point in the
considered domain, using the fixed point theorem of Banach.

3 Heteroclinic Connection

We wish to show that there exists an invariant manifold, containing both the stable and unsta-
ble fixed point from Theorem 1. This establishes an infinity of heteroclinic connections from
the unstable fixed point to the stable one. We use the following theorem of Nipp and Stoffer
[5] about attracting invariant manifolds.

We consider a function

P=(F,G): XxY>3(x,y)— (F(x,y),G(x,y)) € By x By

with B, and By Banach spaces, X C B, and Y C By open subsets, fulfilling the following
hypotheses.

Hypothesis HM The functions F' € C O(X xY, By),GeC 0(X x Y, By) have the following
properties.

(a) G(x,y) € Y holds forall (x,y) € X x Y.

(b) Foreveryx € X, y € Y thereis x € X such that F(x, y) = Xx.

(c) There are nonnegative constants "1y, L2, L1 and Ly, such that for x, x1, x3 € X, y,
¥1, Y2 € Y, the functions F and G satisfy

[F(x1,y) — F(x2, y)| = Tiilxr — x2]
|F(x, y1) = F(x, y2)| < Lialy1 — »2l
|G (x1, y1) — G(x2, y2)| < Lotlx1 — x2| + Loz |y1 — yal.
Hypothesis HMA There is y* € Y such that the function G(-, y*) : X — Y is bounded.

Under these Hypothesises it is shown that there exists an attractive outflowing invariant
manifold for the map P provided the following two conditions are satisfied.
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Condition CM

2y LipLyy <Ty1 — Ly )
Condition CMA
2L12L

Ty — Loy +/(T1y — Lp)? —4L1pLay
Remark 1fI'1; < 1 then condition CM implies condition CMA.

Ly + A < 1 where A =

Proof We have A = 2Liplal < 2Ll apd thus by CM
f T Lo~/ (T11— L) —4L12 Loy Ti—L2 y
i —L»)?  4LppL

:( 1 22) nla 5

' — Lo > >
'y — Ly I'ip—Lao

Therefore Ly + A <T'11 — A < 1, which proves the remark.
In [5] the following existence result for an attractive outflowing invariant manifold of the
map P is proved.

Theorem 2 Let the map P satisfy Hypotheses HM and HMA. Moreover, assume that the
constants I'11, L12, L1, Loy satisfy Conditions CM and CMA.
Then, there exists a bounded function s : X — Y such that the following assertions hold.

(1) The set M = {(x,y)| x € X, y = s(x)} is an outflowing invariant manifold of the
map P, ie, PMM)N(X xY) =M.
The function s satisfies the invariance equation
G(x,s5(x)) = s(F(x, s(x))) (18)
forall x with F(x, s(x)) € X.
(ii) The function s is bounded and uniformly A-Lipschitz with
2L
Ty = Loy +/(T1y — Loo)> —4L12 Loy
(iii) The invariant manifold M is uniformly attractive with attractivity constant
) 2L12 Ly
A =Ln+A<l1, A= = L2,
Tt — Lo+ /(T1y — L) — 4Lz Loy

i.e., if (xg, yo) € X x Y and (x1, y1) := P(x0, yo) € X X Y then the inequality

A=

[y1i —s(x1)| < xalyo — s(xo)l

holds.

@iv) Ifthe set A C X x Y is bounded with respect to y and outflowing invariant under the
map P then A is contained in M, i.e., if A C X x Y| with bounded Y| C Y such that
A C P(A) then A C M.

We wish to apply this theorem to our problem such that both the stable and the unstable fixed
points lay within the domain of P. For P we would like to choose the reduced Poincaré
map I1, but as we will see later, we have to change IT on a small set in order to fulfill all
requirements. We will proceed as follows:

e We first choose a possible domain (1, v) € X x Y1 such that condition HM (a) is fulfilled
for P = IT if we neglect the terms of order o.
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e We find estimates for the constants L;; and I'{ for the function IT on the set X x Y.

e We broaden the domain using a small neighbourhood of X; x ¥; for X x Y. We extend
the functions F and G on this set. We will see that we may still use G = v, but we have
to change F = u on the set (X x Y) \ (X1 x Y1) to fulfill HM (b).

e We adapt the constants L1, and Iy for the new function F and the new domain and check
that for suitable parameters a and b the necessary conditions still hold.

e Finally, we show that indeed for all parameters in this domain the corresponding solution
is either of type I or of type II.

Remark The step of showing that the considered arguments lead indeed to solutions of type
I or I may be done last, as all computations can be done formally for any arguments, simply
using the expressions (10) and (11) if x¢ > —1 respectively (15) and (16) if x¢ < —1.
However there is no geometrical meaning to this, unless the considered arguments lead to
solutions of type I or 1.

3.1 Initial Choice of the Domain

We use again the nonstandard notation of o for terms of order O (e~"") with derivatives of
order O (e "),

We first have to choose a possible domain X; x Y;. We will choose X; and Y; (and
also later X and Y) as intervals. As we want the fixed points to be in the domain, we set
X1 = [Ustab, Wunst]-

Choosing the domain for v we have to ensure that v,,,s; and vy, lie in Yy and that v maps
the set X; x Y| onto Yj.

From Sect. 2, we know that

oM Vstab — g +o0 and eHlunst — V] + o.

We only consider the case where a and b are such that g > V1 and therefore vgap > Vinst-
We first consider the map v for solutions of type I, i.e. if x¢ > —1. Using (11), we get

1 1
v=1—u— —log(e; +0)+ —log (d2 +oey e MUY 4 prpmr(lmu) o) .
5 5

Thus, we have

MV — pn(1—u) . (dz + e . e~ (1—u—v) + 636*11«(1*'4) + 0)
er+o
1
= . (dze“(l_”) + ey’ +e3+ 0) . (19)
e1+o

Obviously, the map v is monotone decreasing in « and increasing in v and we find for solutions
with xg > —1

V(u, v) = V(Uunst> Vunst) = Vunst TOr 1t < typgs and v > vypg; .

We may thus use vy, as the lower bound of Y; and set Y1 = [vyusr, v2] With the upper
bound v; yet to be determined.
To get a possible upper bound v, we make the following considerations:
Using the results of (9), the condition xg > —1 leads after a small calculation to
a—DB-1

2a(ab — 1)e #1=0) - af(z +a+b)+@—DHb-1)
a

, ((a — pyer—u—v) _ ae—u(l—u))
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or equivalently

0 <2a(ab—1)+a@a—1)b—-1)—(a—1)(b—1)(a—b)e"’ (20)
_ a(a — 1)(b — 1)(2+a +b)ey,(lfu) +0 (ef;l,ue;l,(lfu)) +o. (21)
a+1

Thus, for solutions of type I, we conclude 1 — u = O(1/u), since otherwise the fourth
term would tend to —oo for © — oo, while all other terms remain bounded (remember
v=0(/p) and u > s = 5 + O(3)).
Therefore, the term O (e*(17*)¢#") has order 0 = O (e ~**) and x¢ > —1 implies
aa—1DbB-1DQR+a+b)
a+1

M 2a(ab — 1) +ala — (B —1)
—(a— 1) —1)(a—b)e"’ +o.
Using eV > eltlunst = v9ito, we get the estimate

@+1)-(2a@b -1 +a@—1)b-1)—(@-Db-1)a—b)-V')
ala—1)Q2+a+b)b-1)

=:U2

1= <

+o. (22)

Inserting the values of the constants and using (19), we get

_ a+1 ( b)2+a+b
Naa@ —p2—277
~ (a@a-1DQR+a+b)? a+1

(2(ab—1) ) ]
a-\——(@@—-b))+o]|.
a—1

For a possible upper bound v, of the domain Y7, we find the condition

(1_ (a+ (a —b)? )euvz - a+1 .(a(a—b)(Z—l—a—}—b)Uz
(@a—1)2+a+b)? (@a—1)2+a+b)? a+1

+a.(72(ab—l) —(a—b))-l—o),
a—1

eM? U? + (a — b)%e

2
(a+tD@=b)” _ 4

Oras b2 (-1

@+1)- (WWH% —ala _b))

M2 < a+1 to
= _ (a+1)(a—b)? 20 '
(1 (a—l)(2+a+b)2) 2t+atb)y(a—1
=:V2
For the moment we neglect the terms of order o and set vy = lltlog(Vz) and thus Y; =

[Vunse, v2].

As seen, the map v is increasing in v and thus v(u,v) < v(u,v2) < vy + o for all
(u,v) € X1 x Y1 with xg > —1.

It remains to consider the set of parameters leading to solutions with xg < —1. Here v
is given by v = i log(g + o). We consider only the case % log(g) < va. Then, for u large
enough, we have v(u, v) € [vynsr, V2] = Y7 for all arguments u and v with x¢ < —1, which
shows that vy is a good initial choice as upper bound of Y.

Now that the initial domain is fixed, we proceed by estimating the constants I'yy, L12, . . .
on X| x Yj.
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3.2 Estimates for the Constants I'(; and L;;

As IT is continuous and piecewise differentiable, it is enough to find estimates for the deriv-
atives.

For the moment we only consider arguments (u,v) € X; x Yj. Therefore, we have
Vigdo<ett <vV24o.

We first consider the part of the domain for which x¢ > —1. As seen in (22), we have
U + 0 < eM1=0) < U2 4 o, This allows us to find estimates for the derivatives.

Using (14), we get

i =1 — dy - e’ — ds e~ r1-w)
dy + (dy - &MV — dz)e— 11—
L
=1 0,
dy + x

for x(u, v) = (d - €™ — dz)e (1= This derivative is minimal, if ﬁ, or equivalently,
X is maximal.

Obviously, x(u, v) is increasing with respect to v. Furthermore, it can easily be checked
that d» - e"*"? — d3 > 0 for p large enough and thus u — x(u, v7) is increasing. Thus

dhV?— dy

x(u, v) < x(u, v2) < X(Uupst, V2) = L

“+o0
for any (u, v) € X1 x Y7 and we get

(dy- V2 —d3) gy

ouu >1—
! di+ (dy - V? — d3) gy

M
~71—‘11

Similarly, we can find estimates for the other derivatives. We get

dy- V! 1 dr - V? 1
[dyu] < max 1 T 71 2 T +o
di+ (- Vi—d)y UV di+(dy-V2—dy)y U
=:L1
-yl 1
v <1 - — 2 te o
er+(@Vite)y U
=Ly
ey V2 1

|0, ] < ~+o.

e+ @V +egr U

=:Ly»

Note that as Fﬂ) < 1, by the remark following condition CMA, it is enough to show condition
CM.
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Let us now consider the case xs < —1. As remarked, the Poincaré map is given by

|
|

1
U+ — [log (d1 +he "+ 0 (e*“a’“)»
%
~log(di + (dae’™” — dy)e 17 + 0(e™))]

v

1
—log (g + const. - e * + O (e_l/v(]—v) + e—ZMu)) )
"

The expression for u differs from the one in the first case only by terms of order O (e™#*).
But such terms can be neglected as certainly u > %. Therefore, we can again estimate the
derivatives of u by Fgll).

Furthermore, the derivatives of v are of order O (e #**) and have no influence on the choice
of the constants Ly and L.

The functions # and v are continuous and piecewise differentiable. Therefore, for every
6 > 0 there exists g such that for u > g the estimates in HM (c) are satisfied in the domain
X1 x Y with constants

F%ll)—(g, Lip+38, Ly +36, Lxpn+54.

We will see that the first constant has to be modified later, as we cannot use I1 = (F, G) on
the whole domain X x Y.

3.3 Expansion of the Domain

As the map v is continuous on the whole domain, condition HMA is fulfilled for all consid-
ered parameters a and b, as long as we choose a bounded domain. Thus, we only have to
show conditions HM (a) and (b). For this, we have to expand the domain (Fig.4). For ¢ > 0
small we use the ansatz

e £ £ £
XxY= (u‘vtab —k1—, ynst + kZ*) X (Uunst —k3—, v+ k4*) s (23)
w I I w
with 0 < k; < 1 independent of ¢ and . We determine the constants k; such that conditions

HM (a) and (b) are fulfilled for a suitable continuation of IT onto X x Y.
As remarked, we can still use G (1, v) = v(u, v).

[
m

R ™

£
kS
Vg “u

Vstab

Vynst 1=
ka -

Ustab Uynst

Fig. 4 Expanded domain
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Condition HM (a) requires
G(u,v) eY forall (u,v) e X xY.

On the set of arguments (u, v) with xg < —1, we have v = vg4p + 0.

As we assumed that vy,,5; < Vsrap < V2, We have vy, < v(u, v) < vy forall (u, v) with
xe < —1, if w is sufficiently large.

It remains to consider arguments («, v) with x¢ > —1. We have chosen v in such a way
that v(u, v2) < vy + o for all arguments with u < u,,, that lead to solutions with x¢ > —1.
As v is decreasing in u, this estimate holds also for u < u,,,5; + /%

As the derivative

eye—H(1=u=v)

0V = +
v e1 + e HUI- (grehV + ¢3)

o

is continuous and in (0, 1) for all (u, v), the maximum principle implies that for every com-
pact set K C [0, 1] x [0, 1] there exists a constant C < 1 with 0 < d,v < C for all
(x,y) e K.

In particular, for every ¢ > 0 small enough, there exists C < 1 with

& & & &
0yv(u, v) < Cforall (u,v) € (”stab — —, Uunst + *) X (Ustab - —, 0+ *) .
“n “m 1 M

Therefore, we have for0 <t < k4ﬁ

V(u,v2+1t) =v(U,v2) + | v, va +s)ds

o—__

kae €
<vyt+o+t-C<vy+o+—- -C<vy+ks—
5 w

if w is large enough. This shows that independently of the choice of k4, the upper estimate
of the condition v(u, v) € Y is fulfilled. We use k4 = 1.

We now find a condition for the ratio k3/ k> that implies the lower bound of v(u, v) € Y,
ie.

_ ke
v(u, v) > Vypst — —,

forall u < wyns + kzﬁ and v > vy — k3ﬁ.

By the monotonicity of v, we have for all u < u;;,5; + 1%6 and v > Vynsr — ]‘378

_ _ koe kze
v(u, v) > U\ typst + > Vunst — s
M M

ke

S0 it remains to show v (uu,m + k;—g, Vunst = = ) > Vunst — k‘f For this we use the explicit

values of the derivatives at the unstable fixed point.
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Let

10,71 ) =K a fo=1+4
U(Uynst, UV = = 0 = 0
u unsts Vunst 11 dl T (d2 ; V] — d3)/Ul
_ dr - V!

[0pU (Uunsts Vunst)| = K12 = d[Ul Td- Vi s +o
_ el

) , = Ky =

1040 (Uynst, Vunst)] 21 o1+ (e - "l +€3)/U1 +o0
_ ey vl

[0vV Uunst, Vuns)| = K22 = +o0< 1.

etUl +ey- V14 e3
By local continuity of the derivatives, we find for every § > 0 an ¢ > 0 such that for p large

& &
enough and for all (u, v) € [Uynst, Uunst + ﬁ] X [Vunst — o Vyunst ] We have

[0yu(u,v)] >1—36

[0yu(u, v)| < Kip+6

[0, 0(u, v)| < Koy + 6

[0,v(u, v)| < K22 + 8. (24)

Thus

_ koe kze _ _ kze _
v uunst+77 vunst_7 =V Uunst» Vunst)+V | Uunst vunst_7 —V(Uunst, Vunst)

_ koe kze _ kze
U\ Uuns: + s Vunst — —VU \ Uunsts Yunst —
12 12 128

kze koe
> Vynst — (K22 +98) — (K21 +9) s
1 1

and it is enough to demand that

kse kye  kse
(Kn+8)— + (K21 +8)— < —
g g g
or equivalently
ke Ky +6
_— > ——
koe 1—Koyp—356
As § > 0 can be chosen arbitrarily small (¢ and p have to be chosen accordingly), we can
fulfill condition HM (a) if
k3 K2
— > .
ko 1—Kp»

Finally, we may set k1 = 1 as no further restrictions are imposed by HM (a). It remains to
adapt the first component of IT such that condition HM (b) is satisfied, i.e. that X C F (X, v)
for any v € (vgrap — k3ﬁ, vy + ﬁ).

We cannot use F = u, since the map v + u(uy,s, v) is strictly decreasing in v and
therefore u(uynsr, V2) < Uyns:- Thus, by continuity, u(u, v2) < Uyps for all uy,g < u <
Uynst+ £, if ¢ is small. In addition u is increasing in u on the whole domain and thus the former
inequality holds forall u € X. This shows that for small choices of ¢ the set X is not contained
in F (X, vp). Therefore, we need to change IT for # > u,,;. On the other hand (ug14p, Vsrap)
is attractive and we cannot guarantee that for every v we have ugqp € U([Ustab, Uunst], V)
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which may lead to the same problem. To be on the safe side, we also change F on u < u,5;.
We set

Fu,v)=0Ww) -u(u,v)+ {0 —9w)) -u, (25)
where ¢ is a differentiable function with 0 < ¢(u) < 1 and

0, in a neighbourhood of usqp — i
9 (u) = { 1, inaneighbourhood of [usap, Uunst] (26)
0, in a neighbourhood of u,,,s; + ]%6

For every § > 0, ¢ > 0 we can find a function 9 of the form (26) such that

0< 7}/(“) <{1+9d)- % foru € [usiap — ﬁv Ustab]

27
0> 19/(“) > —(1+9)- kz% for u € [uunse, Wunst + kas] @7)

For this choice of F, we clearly have
X C F(X,v)

for every v € (vynsr — %, vy + k“f), i.e. condition HM (b) is satisfied.
However, we need to adapt the constants "1 and L > to our new choice of F, by estimating

the derivatives of F' on [ugzqp — ﬁ, Ugrab] and [Uynst, Uunst + ]‘275].
We have

3 F (1, v) = 3yt - 9 w) + (1 — 9 w) + 0 () - (@ — u). (28)

Let § > 0 be fixed and ¥ be defined as above.
We begin by considering u € [uyyss, Uynst + 1‘275].
First of all, let v > vy;;-
Then, again by monotonicity of u

U(Uynst> V) — Uunst < UUynst, Vunst) — Uunst = 0.
This implies

u(u,v) —u=u,v) —u(Uyns, V) + u@ynsr, V) — Uynsr — (@ — Uynsr)
—_—
<0
(w —id,)(u,v) — (U — idy)(Uypsr, V)

IA

with id, (u, v) = u.
Furthermore, for v > vy,5r, we have dye”V — d3 > dpet*Vunst — d3 > o. Therefore

dye’ —d
8uu:1—u+0<1+0
n3

and thus 0, (¥ —u) =d,u — 1 < o.
This leads to

_ _ kye
uu, v) —u < uUynse, V) — Uynss + U — Uypge| -0 < 0 7
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This gives us a lower estimate of the derivative of F on the set v > v, (using that
o u(u, v) > F(l) — & for ¢ sufficiently small and 1 > F(l)) of the form
O F(u,v) = d,u(u,v)-0@w) + 1 —9w) + 9 W) - @u,v) —u)
M M ke
>y —=6—-(1+9)- e " -0
(1)
=TI —d+o.

So on this part of the domain, we can again use F;ll)

dyeH? —

For the set v < vy;,5; we use du = 1 — Td’ + 0 > 1 + o, again by monotonicity.

Therefore, we get
F(u,v)=0,u-0w)+1—239w) +9 W) @, v) —u)
>14+0+8 W) uu,v) —u).
It remains to estimate u — u on [Uynst, Uynst —|— ] X [Vunst — k:, Vunst]- We can again use
(24), to see
u,v) —u=u(,v) — U, Vynst) + U, Vyunst) — U@unst, Vunst) — @ — Uynst)
< (K12 +8) - v — vynse| + U — idy) (W, Vunsr) — (U — idy) Munst, Vunse)
£ £
<(Ki2+8) -kz—+38-kr—+o
1% 1%

as K11 = 1+ o, and thus |0,u — 1| < § + o on the considered domain.
All in all we have

k k
3 F(u,v) > 1+o—(1+3).ﬁ(i.(K12+5)+5-£)
ko \ w
k3
=1——-Kip+o0+const.-§.
k2

I 1(2‘ for condition HM (a) to be satisfied. If we choose

As seen before, we need k—; >

k3/ ko = Kz‘ - + const - §, we get the estlmate

K21 K12
ouF(u,v) >1— —— 4+ 0 —const- 4,
1 - K»»
with a positive constant.
Here 6 can be chosen arbitrarily small (we simply have to adapt ¢). We thus set

Ky K
Fﬁ) _ - Kukin
1—-K»

Finally, we treat the case u € [usqp — <, Ugrap]-
Here, 0,u = 1 + o0 and d,u = o which leads to

o F(u,v) > 1+0+g,
£

due to (28). For given§ > 0, the choice of ¢ > 0 as above is independent of 1t. Using Fill) <1,

we can thus find g > O suchthat 9, F (u, v) > 1"(1) forall i > poonu € [ugrap — <, Usrap)-
Finally for the derivative with respect to v we can use the same estimate as before because

10y F (u, v)| = [0 (u) - dpu(u, v)| < [dyu(u, v)|.
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Therefore, we only have to adapt the constant I'1; and we set

i@ =min (N, 1) =6, L120) = Liz +3
L21(8) = Loy + 9, L(8) = Lo + 4.

All in all, we have shown the following: For every § > 0 there exists an ¢ > 0 such that for
F defined as in (25) and G (1, v) = v(u, v) the conditions HM (b) and HM (c) are fulfilled
onX x Y.

If the condition CM is satisfied for I'{;(0), L2(0) ..., then we can choose § > 0 small
enough such that CM is also fulfilled for I"'11(8), L12(d) .. ., and we can choose ¢ so small
that condition HM (c) is fulfilled on X x Y.

However, apart from the condition that CM imposes on a and b, we have to make sure
that for all variables (u, v) in the domain the solution is either of type I or of type II, as only
in these cases, the map I truly represents the reduced Poincaré map.

29

Thus, it remains to show that for all (u,v) € (um;,—k‘f,um,s,—i-%g) X

(vum, — ]‘375, vy + ,(478) the conditions in (5) are satisfied for ¢ small enough and p suf-

ficiently large.

This is done step by step, which allows to progressively use the structure of the solution
a time unit earlier. Except for x11, we can use the expressions computed in the first section.
This is the only value that is different for solutions of type I and II. As we can choose ¢
arbitrarily small and as the functions F and G are continuous, we only have to show these
conditions for (u, v) € [Usrap, Uunst] X [Vunst, v2], the rest follows by continuity.

In particular, we can use e #(=%) < L L pand V! 40 < ¥ < V2 + 0. Then, one can
see that for u large enough, the conditions x3 > 1 and x5 € (—1, 0) are easily fulfilled if ©
is large enough, ifa > b > land2 + b — ab > 0.

On the other hand, the other conditions in (5) do not hold for all such parameters a and b.
Additional restrictions have to be imposed. More precisely

g1 > 0 implies x; < —1
g2 > 0 implies xp € (0, 1)
g3 > 0 implies x7 < —1
e g4 > 0 implies xg > 1

for the numbers ¢; defined in Table 2. Finally, we have to make sure that x;; < —1 for both
cases. One can check that if x¢ < —1, then

hb—1 a— ztﬁjlab 4 O(e—/ut)

. <
b— 2otb 4 (e

’

b+1 —

X1l = a+<a+aa+1+0(e )).
foralla > b > 1 with2+b —ab > 0andb < —a — 1 + /3 + 4a + 2a2. For x¢ > —1
we get the condition g5 > 0, g5 defined in Table 2. Thus, assuming additionally that g; > 0,
i =1,...,5, shows that on the whole rectangle X x Y the corresponding solutions are
either of type I and II assuming ¢ is small enough and thus IT represents the Poincaré map in
coordinates (u, v). This leads to the main result of this paper

Theorem 3 Leta > b > 1, with2+b—ab > 0andb < —a — 1+ +/2a* + 4a + 3, satisfy
the following additional conditions

e Condition CM holds for I'11(0), L12(0), L21(0), L2>(0) defined as in (29).
e drg—dz>0andh > 0.
e gi >0fori=1,...,5for the constants q; defined as in Table 2.
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Table 2 Value of the constants of Theorem 3

n=23 U +@-bV'—a g=a ZELYl—@-b)Vita

B=75Q+a+bU' +@—-bV' - % —a
[k + oV 4 kUL, falls ky >0
44 = Ikl + V2 + kUL, falls ky <0
a(afl)(afb)(2+a+b)U1+(a27l)(a7b)2V1+2(a?+1)(abf1)—a(af1)(2+a+b)27a(a271)(a7b)
a+

q5 =
with constants
k= 2(ab=D)(b=1) _ (a— 1)2 + (a—1)(b—=1)(2+a+b)

(a+1) (a+1)
b = =D @=b) _ (@=D=DQ+a+b)a=b)
2= a 2u(u-&—l) )
_ (a=D*(b+1D) _ (a=1)(b—1)(2+a+b)
k3 = (a—1)(b—1)+ U= — e
b //.
15F /
>
il
13 L
12 o :
1.1 = \

]l : - :
1 12 14 16 18 2 22 24 26 28 13

Fig. 5 Parameter for which all conditions of Theorem 3 are fulfilled

Then, there exists |10, so that for all i > g the following holds:

1. The delay differential equation (1) has a unique stable rapidly oscillating periodic solu-
tion of type Il with u > }T, induced by a stable fixed point (usiap, Vsrap) Of the restricted
Poincaré map T1. The estimates ugiqp = 1/2 + O(1/1) and vsiqp = O (1/1) hold.

2. There exists a unique unstable rapidly oscillating periodic solution of type Iwithu > 3 /4,
induced by an unstable fixed point (uynst, Vunst) of the reduced Poincaré map I1. The
estimates uynss = 1 — O(1/n) and vyugr = O(1/1) hold.

3. The stable fixed point (ustqp, Vstap) and the unstable fixed point lie on a attracting invari-
ant manifold of T1. There is a one parameter family of heteroclinic solutions connecting

(Wunst > Vunst) With (Ugtab, Vsiab) (Fig.5).

Proof For gq; > 0,i = 1,...,5, all conditions in (5) are fulfilled for all (u,v) € X x Y
(defined as in (23)) for ¢ > 0 small enough, thus in particular for the fixed points. The exis-
tence and uniqueness of the rapidly oscillating periodic solutions follow from Theorem 1.

Furthermore, as seen in this section, the conditions of Theorem 3 allow us to apply theorem
2 to the function (F, G) with G = v and F defined as in (25).

Therefore, there exists an attractive invariant manifold. Since (#g¢qp, Vsrqp) isin the domain
this point is also being attracted by the manifold under P (u, v) = (F(u, v), G(u, v)) (see
Theorem 2(ii)). However (usqp, Usrap) 1S fixed under P and thus lies on the invariant mani-
fold. The same holds for the unstable fixed point.

For u € [usap, uynsi] the functions F and G are independent of the choice of ¥, namely
(F(u,v), G(u,v)) = I(u, v). We show that in this part of the domain also the invariant
manifold is independent of the choice of . Let F; and F; be defined as in (25) for two
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Stable periodic
soiution

Poincaré-
. Section

Unstable periodic solution

Fig. 6 A heteroclinic rapidly oscillating solution connecting the unstable and the stable periodic solution

functions ¥ and ¥, and let M| and M be the corresponding invariant manifolds. Then, M;
restricted to [Usrap, Uuns] X Y is also invariant under F». Using Theorem 2(iv)), we have
M0 ([tsrab> Uunst1XY) C M. Interchanging My and My, we get MoN([srab, Uunst1XY) C
M, implying that both invariant manifolds coincide in the significant part of the domain. O

Thus, we have proven the existence of a heteroclinic connection between the unstable and
the stable rapidly oscillating periodic solution in the following sense (Fig. 6). Let ¢,,,,5; be the
initial condition of the unstable periodic solution. Then, we have in addition to the normal
behavior of a hyperbolic fixed point the following connection to the stable fixed point:

In every Co-neighbourhood of @unst, there are initial conditions ¢ such that the corre-
sponding rapidly oscillating solutions converge orbitally towards the stable rapidly oscillat-
ing periodic solution. The type of the solution changes from type I to type II. Other types of
solutions do not occur.

We can construct a rapidly oscillating solution x*(z) of (1) defined on (—o0, 00), by
choosing an arbitrary initial condition ¢* on the invariant manifold connecting the stable and
the unstable periodic solutions and extending the solution to (—oo, 0) by the use of TT~!.
This solution has the property that x*(z) converges orbitally towards

o the stable rapidly oscillating periodic solution for t — oo
e the unstable rapidly oscillating periodic solution for t — —oo

This solution shows the structure of a solution with coordinates on the invariant manifold
between the fixed points, up to translations.

4 Outlook

Instead of considering piecewise constant functions, one could consider C! functions, as
done in [7], satisfying

—b, for x € [} = (—00,—1 —¢]
—a, for x e b =[—1+4¢, —¢]
a, for xe b =[¢e, 1 —¢]
b, for x € I4 =[1 + &, ).

fx) =

This results in error terms of order ¢ to occur in all computations. But assuming ¢ to be small
enough (also depending on the values of a and b), this would not change the result.

On the other hand the situation might get more complicated for more general feedback
functions that are in some C° neighbourhood of the originally considered ones. However,
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due to the nature of the equation and its dependence of f, a similar result should be expected
to hold.

Finally, for large values of 1, the existence of solutions with a similar structure, but with
much smaller period can be shown by a rescaling argument as detailed in [7]. Showing sta-
bility of such solutions is more complicated (for an example of a similar case see [6, 33ft]).
Related results for Delay equations may also be found in [1-4].
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