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Summary

The small strain assumption routinely made in tunnel analyses remains sufficient from an
engineering point of view as long as wall convergences do not exceed 10%. Although
convergences are indeed less than 10% in the great majority of tunnelling projects, very large
deformations may take place when crossing weak rocks under a high overburden (so-called
squeezing conditions). In such cases, where the undeformed and the deformed tunnel
geometry differ significantly, small strain theory overestimates rock deformations
considerably.
Motivated by the practical importance of squeezing in tunnelling, the inability of small strain
theory to describe large deformation problems correctly and the lack of relevant rigorous
studies in the area of finite strain elasto-plasticity, this doctoral thesis presents: (i) an exact
finite strain closed-form solution for the ground response curve in dry or completely drained
grounds obeying the linear Mohr-Coulomb yield criterion; (ii) rigorous semi-analytical finite
strain solutions for the ground response curve in dry or completely drained grounds obeying
arbitrary non-linear Mohr-type failure criteria; (iii) exact finite strain analytical solutions for
the ground response curve under undrained conditions using the Mohr-Coulomb model and
the modified Cam-clay model; (iv) a very simple, theoretically well-founded, sufficiently
accurate and widely applicable relationship expressing the convergences obtained from finite
strain elasto-plastic analyses of tunnels with large deformations as a function solely of the
corresponding convergences obtained from small strain analyses; (v) a finite strain theoretical
analysis of the ground response around highly deformed circular tunnel cross-sections that are
subjected to re-profiling in order to re-establish the desired clearance (using the MohrCoulomb model); and (vi) a finite strain numerical study of the rock-support interaction in
tunnelling through squeezing ground.
In order to obtain a better insight into the effects of geometric non-linearity in the analysis of
geotechnical problems, the cavity expansion problem was also analysed leading to: (vii) a
rigorous semi-analytical solution for the problem of undrained cylindrical cavity expansion in
critical state soils; and (viii) a relationship between small and finite strain solutions for
general cavity expansion problems in elasto-plastic soils.
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Therefore, the contribution of the present doctoral thesis consists in the rigorous theoretical
analysis of some rock and soil mechanics problems in the framework of finite strain elastoplasticity using rate-type constitutive equations, and in providing simple and practical tools
for the analysis and design of tunnels crossing heavily squeezing ground.

Key words: analytical solutions, finite strains, numerical modelling, plasticity, rock and soil
mechanics, squeezing, theoretical analysis, tunnels

Zusammenfassung

Tunnelstatische Berechnungen werden üblicherweise unter der Annahme infinitesimaler
Verzerrungen durchgeführt. Die aufgrund dieser Annahme erhaltenen Ergebnisse sind in
praktischer Hinsicht ausreichend genau, sofern die Konvergenzen ca. 10% des
Tunneldurchmessers nicht übersteigen. Letzteres trifft zwar in den meisten Fällen zu. Bei
tiefliegenden Tunnels durch Gebirge niedriger Festigkeit und Steifigkeit (in sogenannt
druckhaftem Gebirge) können jedoch viel grössere Verformungen auftreten. In solchen Fällen
ist der Unterschied zwischen der verformten und der unverformten Tunnelgeometrie
beachtlich und die Annahme infinitesimaler Verzerrungen überschätzt die
Gebirgsverformungen deutlich.
Motiviert durch die praktische Bedeutung des Tunnelbaus im druckhaften Gebirge, das
Unvermögen der Theorie kleiner Verzerrungen Phänomene grosser Verformungen
kontinuumsmechanisch korrekt zu erfassen und das Fehlen diesbezüglicher Studien in der
Literatur, untersucht die vorliegende Doktorarbeit eine Reihe von tunnelstatischen Problemen
auf der Grundlage der Plastizitätstheorie grosser Verzerrungen. Zuerst wird das klassische
Problem der Gebirgskennlinie für linear-elastisches, ideal-plastisches Materialverhalten mit
Mohr-Coulombscher Bruchbedingung analytisch und im Sinne der Mechanik exakt gelöst.
Für den Fall einer beliebigen nichtlinearen Mohrschen Bruchbedingung werden halbanalytische Lösungen vorgestellt. Des Weiteren werden exakte analytische Lösungen für die
Gebirgskennlinie unter undrainierten Bedingungen unter Annahme des in der Praxis gängigen
elastoplastischen Stoffgesetzes nach Mohr-Coulomb sowie des modifizierten Cam-Clay
Modells hergeleitet. Dann wird eine sehr einfache, theoretisch gut fundierte und für praktische
Zwecke hinreichend genaue mathematische Beziehung vorgestellt, welche für jede beliebige
Hohlraumgeometrie und ein breites Spektrum von Stoffgesetzen gilt und die Verschiebungen,
die sich unter Beachtung endlicher Verzerrungen ergeben würden, einzig als Funktion der
Verschiebungen ausdrückt, die sich aus herkömmlichen Berechnungen nach der Theorie
infinitesimaler Verzerrungen ergeben. Weiter wird das Gebirgsverhalten nach einer (zur
Wiederherstellung des erforderlichen Lichtraumprofils vorgenommenen) Nachprofilierung
des ausgebrochenen Tunnels analytisch untersucht. Schliesslich wird das Problem der
Interaktion zwischen Gebirge und Ausbruchsicherung unter Berücksichtigung grosser
Verformungen numerisch untersucht, wobei auch geschlossene Formeln zur Abschätzung der
Verteilung der Konvergenzen längs des Tunnels vorgeschlagen werden.
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Zusätzlich zu diesen Untersuchungen zur Statik des Tunnelbaus im druckhaften Gebirge
wurde zur Vertiefung des Verständnisses über den Einfluss der geometrischen Nichtlinearität
auch das inverse Problem, jenes der Hohlraumaufweitung beim Einsatz von Pressiometern,
analytisch untersucht. Dabei konnte eine halb-analytische Lösung für die
Hohlraumaufweitung unter undrainierten Bedingungen formuliert werden, die für beliebige
Stoffgesetze der Cam-Clay Familie anwendbar ist. Ferner wurde analog zum Problem der
Gebirgskennlinie eine sehr einfache Beziehung zwischen der Hohlraumaufweitung nach
Theorie infinitesimaler Verzerrungen und jener nach Theorie grosser Verzerrungen gefunden,
die ebenfalls breit anwendbar ist.
Zusammenfassend liegt der Beitrag der vorliegenden Doktorarbeit in der strengen
theoretischen Analyse einiger tunnelstatischer und bodenmechanischer Probleme im Rahmen
der Plastizitätstheorie grosser Verzerrungen, sowie in der Bereitstellung nützlicher und
einfach handhabbarer Hilfsmittel für den Entwurf von Tunnels in stark druckhaftem Gebirge.

Stichwörter: analytische Lösungen, druckhaftes Gebirge, Fels- und Bodenmechanik, grosse
Verformungen, numerische Modellierung, Plastizitätstheorie, theoretische Analyse, Tunnel
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1 Introduction

The actual convergences in the great majority of tunnelling projects reach a small percentage
of the excavated tunnel radius. When tunnelling through weak rocks under a high overburden,
however, very large convergences may take place (so called ‘squeezing conditions’), resulting
in total tunnel closure in specific extreme cases.
From a computational viewpoint, small strain analyses remain sufficient as long as strains do
not exceed 10%, but lead to prediction errors in the case of larger deformations. For tunnel
excavation problems, this can easily be verified from the widely-applied relationships for the
ground response curve (GRC; e.g. Panet 1995), which can predict wall convergences even
greater than the initial tunnel radius under conditions of very low stiffness and strength, high
in situ stress and low support pressure, implying that small strain analyses overestimate
displacements.
Despite this deficiency in small strain theory, only a few studies are found in the literature
addressing tunnel excavation problems in the framework of finite strain elasto-plasticity.
More specifically, Pan (1988) highlighted the error induced by the assumption of small
deformations, implementing an updated Lagrangian formulation into a finite element code for
analysing mine openings in weak rock masses. On the basis of the resulting model, Pan
(1988) and Pan et al. (1989) presented a case study for the coal seams at Coventry Colliery,
U.K. Afterwards, Yu & Rowe (1999) derived large strain elasto-plastic analytical solutions
for the GRC, making, however, several simplifying assumptions (which will be examined in
the following chapters). Recently, Barla et al. (2011) and Tran-Manh et al. (2016) analysed
the Lyon-Turin base tunnel considering large strains in two-dimensional numerical models.
The present doctoral thesis was motivated by the lack of any comprehensive work dealing
with analysis of the very large deformation phenomena occasionally seen in tunnelling. To
this end, the following problems were examined in the framework of finite strain rateindependent elasto-plasticity using hypo-elasto-plastic rate-form/incremental constitutive
equations (note that such a formulation presupposes elastic ‘strains’ to be small, which is the
case for the materials of interest, i.e. hard soils and soft/weak rocks):
Chapter 2 presents an exact closed-form solution for the GRC (of dry or completely drained
grounds) incorporating finite deformations and linearly elastic–perfectly plastic rock
behaviour obeying the non-associated Mohr-Coulomb (MC) model. Additionally, the
influence of out-of-plane stress is examined. Finally, comparisons are included with the
1
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approximate finite strain solution that disregards elastic strains in the plastic zone, as well as
with the exact small strain solution.
Chapter 3 presents rigorous finite strain semi-analytical solutions for the GRC through
linearly elastic–perfectly (or brittle) plastic rock masses satisfying any non-linear Mohr’s
failure criterion that is formulated in terms of the maximum and minimum principal stress. A
linear plastic potential is used and edge plastic flow is considered in the plastic zone. The
solutions make use of simple definite integrals that can be calculated by means of elementary
methods and they include as special cases the widely distributed linear Mohr-Coulomb failure
criterion as well as the Hoek-Brown criterion. The corresponding rigorous small strain
relationships are also given for comparison.
Chapter 4 presents exact finite strain analytical solutions for the undrained GRC (which
concerns saturated low-permeability grounds) based on the modified Cam-clay (MCC) model
and the MC model. The solution for a Drucker-Prager material is also given as it requires only
a very small modification to the MC closed-form solution. The solution for the MCC problem
is semi-analytical in that it uses the trapezium rule for the computation of a definite integral,
while the MC solution is closed-form. The influence of the significant parameters of the
problem on the predicted deformation behaviour is shown by means of dimensionless charts.
Chapter 5 presents a very simple, accurate, theoretically well-founded and widely applicable
relationship expressing the tunnel convergences obtained from large strain elasto-plastic
analyses as a hyperbolic function solely of the corresponding small strain convergences. It can
thus be used for ‘self-correcting’ small strain solutions, removing the need for large strain
elasto-plastic analyses at least at the preliminary design stage and quantifying a hitherto
unknown error caused by the disregarding of geometric non-linearity. The proposed
relationship can be proved rigorously for the plane strain rotationally symmetric ground
response problem with a general elasto-plastic constitutive law with or without dilatancy and
hardening. Numerical analyses of characteristic two- and three-dimensional excavation
problems show that this relationship is generally applicable, irrespective of the in situ stress
state and the tunnel geometry.
Chapter 6 presents a finite strain theoretical analysis of the ground response around highly
deformed circular tunnel cross sections that are subjected to (repeated) re-profiling in order to
re-establish the desired clearance profile. Plane strain axially symmetric conditions are
considered, with linearly elastic, perfectly or brittle plastic rock behaviour according to the
non-associated MC model. On the basis of this theoretical analysis, the following practical
questions are addressed concerning the conditions after re-profiling: the ground response
curve, the maximum rock pressure (developing upon a new practically rigid temporary
support) and the maximum wall convergence (as expected in the presence of a new light
support). Finally, the chapter revisits the question of the effectiveness of a pilot tunnel with
respect to ground response during enlargement of the tunnel cross-section.
Chapter 7 investigates the rock-support interaction in tunnelling through squeezing ground in
relation to finite deformations. Considering that heavily squeezing ground may already
experience very large deformations ahead of the advancing face, the effect of taking into
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account the excavation of these pre-deformations is examined first using an arbitrary
Lagrangian Eulerian approach for the step-by-step numerical simulation of tunnel excavation.
It is shown that updated Lagrangian finite strain analyses that disregard the excavation of the
pre-deformed ground are sufficient for estimating tunnel convergence (using the example of
an unsupported tunnel) and rock pressure (using the example of a tunnel with stiff support
close to the tunnel face). The problem of the longitudinal displacement profile is then
revisited and a simple method is proposed for modifying the existing small strain analytical
relationships in order to account for finite strains. Finally, the interaction between rock and
yielding support is examined. A suite of numerical analyses is carried out in order to
determine the convergence occurring during the deformation stage of the support as well as
the rock pressure developing far behind the face after installation of a very stiff lining. Based
upon the numerical results, design charts are worked out which cover a wide range of
geotechnical conditions and allow for the preliminary dimensioning of typical yielding
support systems.
Small strain theory overestimates displacements in tunnel excavation problems, but this is not
true for other boundary value problems. In order to provide a better insight into the effects of
geometric non-linearity, the inverse problem of cavity contraction – that of cavity expansion –
was also investigated, where small strain theory leads to an underestimation of displacements
and fails to reproduce a limit state. To this end:
Chapter 8 presents a generalized, rigorous and simple large strain solution for the undrained
expansion of a vertical cylindrical cavity in critical state soils using a rate-based plasticity
formulation: the initial stress field is taken as anisotropic, i.e. with horizontal stresses that
differ from the vertical stress, and the soil is assumed to satisfy any two-invariant constitutive
model from the critical state (Cam-clay) family; no simplifying assumption is made during the
mathematical derivation; calculating the effective stresses around the cavity requires the
solution of a non-linear equation by means of the Newton-Raphson method in combination
with quadrature. Cavity expansion curves and stress distributions in the soil are then presented
for different critical state models (including the modified Cam-clay model).
Chapter 9 presents, analogously to chapter 5, a closed-form relationship between small and
finite strain cavity expansion solutions. Its derivation is based on the non-linearly elastic–
perfectly plastic cylindrical (or spherical) problem considering a general Mohr’s criterion and
constant plastic dilatancy. It is shown, however, to be sufficiently accurate for general
expansion problems not obeying plane-strain rotationally (or spherically) symmetric
conditions and involving strain-hardening/softening constitutive behaviour. Therefore, this
relationship quantifies the error stemming from the computational assumption of small
deformations and provides a simple and efficient way of accounting for geometric nonlinearity based entirely on conventional computational methods: the ‘self-correction’ of small
strain analyses results.
Each chapter of this thesis is presented as an autonomous free-standing entity; most of the
chapters have been published as separate papers in journals (Appendix).
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Attention is paid to the structure of the solutions derived, and the significant problem
parameters are made clear, as is their graphical representation, so that preliminary analysis or
design assessments can be based upon the diagrams presented. In addition, applications and
case studies are provided (including characteristic cases of tunnelling through squeezing
ground, such as the Gotthard base tunnel, the Lyon-Turin base tunnel, the Yacambú-Quibor
tunnel and the planned Gibraltar Strait underwater tunnel) in order to illustrate the importance
of finite strain formulation in actual large deformation problems.
Besides tunnelling, which is the primary focus here, part of the present thesis may also be of
considerable interest in mining and petroleum engineering (e.g. for the analysis of shafts and
boreholes). Furthermore, cavity expansion analysis is particularly useful for the analysis of
field tests (particularly with self-boring pressuremeters) as well as deep foundations and
penetration problems. Finally, the analytical solutions presented can serve as a benchmark for
numerical analysis codes that incorporate material and geometric non-linearity.

2

A finite strain closed-form solution for the elastoplastic ground response curve in tunnelling1

2.1

Introduction

The so-called ‘ground response curve’ (GRC) shows the relationship between the support
pressure and the displacement of the wall of a cylindrical tunnel under rotationally symmetric
conditions. It is widely used for studying, (i), the response of the ground to tunnel excavation
and, (ii), its interaction with the tunnel support (the so-called convergence-confinement
method, Panet 1995). Apart from tunnelling (the primary focus of the current study), the
problem of cavity contraction in elasto-plastic rocks or soils may also be of great interest in
mining (e.g. shaft design) and petroleum (e.g. borehole drilling) engineering.

Figure 2.1. Examples of very large deformations problems in tunnelling through squeezing ground: (a)
Safety gallery of the Gotthard motorway tunnel, Switzerland; (b) Nakayama tunnel, Japan

1

This chapter has been published in: Vrakas A, Anagnostou G. A finite strain closed-form solution for the elastoplastic
ground response curve in tunnelling. International Journal for Numerical and Analytical Methods in Geomechanics
2014; 38(11): 1131–1148, doi: 10.1002/nag.2250.
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Figure 2.2. Problem setup for the determination of the GRC: (a) small strain approach; (b) large strain
approach

The majority of existing analytical solutions concerning the GRC are based on the
infinitesimal deformation theory and take account of several elasto-plastic or even
elastoviscoplastic constitutive models. (A concise review of existing solutions up to the early
80s was presented by Brown et al. 1983, and further lists have been provided by Yu 2000 and
Alonso et al. 2003). However, large convergences are often encountered in underground
projects combining high overburden with poor ground properties. Several case studies are to
be found in the literature dealing with tunnelling under squeezing conditions, including for the
Gotthard Base tunnel in Switzerland (Kovári et al. 2000), and Kovári (1998), Hoek (2001)
and Barla (2002) have presented comprehensive reviews on the topic. It is known that the
excavation technique and the support measures greatly affect the stability of the excavation
area, especially under squeezing conditions. Nevertheless, wall displacements exceeded one
tenth of the radius initially excavated in many reported cases, sometimes despite the prompt
installation of temporary supports (Fig. 2.1), and have even resulted in a total closure of the
opening, for instance at the Yacambú-Quibor tunnel in Venezuela (Hoek 2001).
In such cases, the applicability of the classic formulation based on infinitesimal deformations
is questionable. Although a consideration of both equilibrium and stiffness on the deformed
(or current) configuration (Fig. 2.2b) instead of the undeformed (or initial) one (Fig. 2.2a)
seems more appropriate for an assessment of the ground behaviour around an underground
opening, few attempts have been made to derive a robust solution to the GRC based on large
strain theory. Papanastasiou & Durban (1997) studied the problems of both expanding
(internally pressurized) and contracting (externally pressurized) cylindrical cavities in an
infinite isotropic medium using the Mohr-Coulomb (MC) and the Drucker-Prager hardening
solids, resulting in differential equations which had to be solved numerically. Later, Yu &
Rowe (1999) presented an analytical solution to the problem of cavity wall unloading (for
both cylindrical and spherical symmetry) using the linearly elastic-perfectly plastic MC
model. However, they ignored elastic deformations within the plastic zone in order to express
the cavity contraction curve in closed form. On the other hand, the problem of cavity
expansion, which is of great interest in geotechnical engineering due to its wide application
(cf. the interpretation of pressuremeter and penetrometer tests, the installation of driven piles,
etc.), has been studied thoroughly within the framework of finite deformations. Yu (2000) has
summarized several significant analytical solutions for cavity problems based on both small
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and large strain formulations in combination with various failure criteria. It is worth
mentioning here, for the sake of completeness, the recent exact finite strain solution, provided
by Chen & Abousleiman (2013), with respect to soil-like materials that obey the modified
Cam-clay constitutive model. The solution can be applied to the cavity contraction problem
after some modifications, but cannot be expressed in closed form and thus numerical
techniques are necessary.
This chapter presents an explicit solution for the finite strain GRC which takes into account
the unloading of cylindrical or spherical openings in an infinite linearly elastic, perfectly
plastic medium obeying the MC yield criterion with a non-associated flow rule. (The
spherical cavity problem is particularly relevant as an approximation of the problem of tunnel
face extrusion in deep excavations – cf. Egger 1980; Labiouse 1997; Mair 2008.) The overall
analysis is based on a (Total) Lagrangian approach observing the movement of each material
point. After deriving the solution, the influence of the out-of-plane plastic flow is examined,
which may occur around a cylindrical cavity under plane strain conditions, and it is shown
that it can be neglected. Furthermore, the predictions of the exact model presented here are
compared with the small strain solution (Panet 1995, Reed 1988) as well as with Yu &
Rowe’s (1999) approximate large strain solution. Finally, the practical usefulness of the
proposed large strain solution is illustrated by means of an application example concerning a
heavily squeezing section of the Gotthard Base tunnel in Switzerland.
2.2

Problem statement

The present study concerns cases with atmospheric pore pressure, i.e. dry or completely
drained grounds, where the influence of water is negligible. The cylindrical cavity problem is
analysed together with the spherical one by introducing a variable ζ, which is equal to 1 or 2,
respectively. This simultaneous treatment of the two and the three dimensional problem has
been implemented by several researchers in the past – cf. inter alia Bigoni & Laudiero (1989),
Yu & Houlsby (1991) and Yu & Rowe (1999). Cylindrical (r, t, z) and spherical (r, t ≡ z)
polar coordinates are used, respectively, for the formulation of the mathematical equations,
with the axes origin being placed at the centre of the cavity. Plane strain conditions are
considered in the z direction for the cylindrical problem, while no distinction is made between
the tangential directions in the case of spherical symmetry, implying that the corresponding
stresses and strains remain equal throughout the analysis, i.e. the stress component σz = σt and
the strain component εz = εt.
The ground is considered to be homogeneous, isotropic and linearly elastic-perfectly plastic
according to the MC failure criterion, which can be expressed as

 1  m 3   D ,

(2.1)

1  sin 
.
1  sin 

(2.2)

where
m
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The symbols σ1, σ3 and φ denote the maximum principal stress, the minimum principal stress
and the friction angle, respectively. The uniaxial compressive strength σD is equal to

D 

2c cos 
,
1  sin 

(2.3)

where c denotes the cohesion. Stresses and strains are defined as positive in the case of
compression.
The initial stress field is taken to be isotropic and uniform, i.e. σr = σt = σz = σ0, where σr, σt
and σz are the radial, tangential and axial (in the case of a cylindrical cavity) stresses,
correspondingly. The assumption of a uniform initial stress field means that the body forces
are neglected, allowing for a one dimensional description of the problem in terms of the radial
displacement u, whereas the above mentioned stresses are principal throughout the unloading,
which facilitates the derivation of closed-form analytical solutions.
The support pressure σa decreases gradually, starting from its initial value which is equal to
σ0, whereas the stresses in the far field (theoretically, at an infinite distance from the opening)
remain unaltered by the excavation. The boundary conditions then read as follows:
 r (a )   a ,

(2.4)

lim  r (r )  lim  t (r )   0 .

(2.5)

r 

r 

Note that Eq. (2.4) applies to the deformed state. During the unloading of the excavation
boundary, the cavity radius decreases from its initial value a0 to the current radius a (Fig.
2.2b), while a material point having the initial position r0 (Lagrangian or material coordinate)
is now at the current radius r (Eulerian or spatial coordinate). The radial displacement u of
each material point is then defined as

u(r)  r0  r ,

(2.6)

implying that is positive for contraction of the tunnel wall.
2.3

Equilibrium and kinematic relationships

The stress equilibrium requirement in the current (deformed) state reads as follows:

 t
d r
 r
0.
r
dr

(2.7)

It should be noted that the stresses correspond to the Cauchy (or true) ones, acting on the
current area of each infinitesimal element.
For the present type of problem, where no rotation of the principal axes takes place, Chadwick
(1959) proposed the use of logarithmic (or Hencky) strains, which according to the adopted
sign conventions can be written in Eulerian form as follows:
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Figure 2.3. Behaviour of an unloaded cavity: (a) purely elastic response; (b) elasto-plastic response
(without or before out-of-plane plastic flow in the case of a cylindrical cavity); (c) elasto-plastic
response of a cylindrical cavity with out-of-plane plastic flow




 r  ln 1 

2

du  du 1  du 
    ... ,

dr  dr 2  dr 

(2.8)

2

 u u 1u
 t  ln 1        ... .
 r  r 2 r 

(2.9)

In a small strain formulation, the higher order terms on the right side would be neglected, thus
leading to the known kinematic equations.
2.4

Derivation for elastic behaviour

Initially, the response of the ground due to the decrease in support pressure at r = a is purely
elastic (Fig. 2.3a). The solution to the current problem can be found in numerous studies, see
for example Yu & Houlsby (1991) or Yu & Rowe (1999). However, it is instructive to
reproduce it here briefly in order to ensure the smooth flow of the forthcoming mathematical
operations. Hooke’s law can be written in incremental form as:

d rel 


1 v  1 2   
v
d r 
d t  ,

1    1 v
E 1    1 v


(2.10)

d tel 


1 v  1 v
v
d t 
d r  ,

E 1    1 v
1    1 v


(2.11)
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where εr and εt denote the radial and tangential strain, respectively, E is the Young’s modulus
and v represents the Poisson’s ratio. In the case of the cylindrical cavity problem, the planestrain constraint leads to

d z  v  d r  d t  ,

(2.12)

which, after integration accounting for the initial isotropic stress field, gives the following
relation for the out-of-plane stress:

 z  v  r   t   1  2v   0 .

(2.13)

Despite the fact that a solution is available for the elastic problem in finite strains (e.g. Durban
1988), it cannot be expressed in closed form (except for the special case of v = 0.5).
Nevertheless, in the case considered here (elastic ground), the deformations will be small
anyway. Consequently, the higher order terms in the Taylor series of Eqs. (2.8) and (2.9) can
be neglected. The kinematic relations then simplify to

 r  du dr ,

(2.14)

t  u r ,

(2.15)

which can be combined to yield the compatibility equation
d t  t   r

0.
r
dr

(2.16)

This equation in combination with the constitutive relations (2.10), (2.11), the equilibrium
equation (2.7) and the boundary condition (2.5) leads to the following expression between the
radial and tangential stresses:

 r   t  1     0 .

(2.17)

The stress and the displacement field around the cavity are given by the following equations
(Yu & Rowe 1999):
 1

a
 r   0   0   a   
r

,

(2.18)

,

(2.19)

r.

(2.20)

 1

 a  a 
t  0  0
  r 

 1

1 v
a
u
 0   a   
E
r
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At first glance, Eqs. (2.18) to (2.20) are identical with Kirsch’s solution. This is due to the
neglecting of the higher order terms in the kinematic relationships (2.8) and (2.9). It should be
noted, however, that in the present case (unlike Kirsch’s solution), Eqs. (2.14), (2.15) and
(2.18) to (2.20) refer to the deformed state. The expression for the construction of the GRC
can be obtained from Eq. (2.20) by evaluating the displacement at the tunnel wall (r = a) and
considering the displacement definition (Eq. 2.6):
1


ua 
E
 1 
 .
a0  1  v  0   a  

(2.21)

Apparently, Eq. (2.21) gives almost the same results with the classic small strain elastic
solution as long as ua/a0 < 5%, which is mostly the case for the materials of interest (hard
soils and soft/weak rocks) justifying further the use of linear elasticity. The reason behind
implementing the above approximate finite strain approach in case of elastic response is that it
is more compatible with the strain field in the plastic zone, where an exact finite strain
formulation is considered (Section 2.5).
2.5

Derivation for elasto-plastic behaviour

2.5.1 Cylindrical cavities without out-of-plane flow or spherical cavities
2.5.1.1 Introduction
Upon unloading, the ground behaviour remains purely elastic until the failure criterion is
attained at the cavity wall. As the support pressure continues to diminish, the ground around
the opening becomes more and more plastified, forming an increasingly thick plastic ring. The
outer radius of the plastic ring will be denoted here by ρ1 (Fig. 2.3b).
For the two dimensional case (i.e. a cross-section of a cylindrical cavity under plane strain
conditions) it is assumed in the analysis of Section 2.5.1 that the axial stress is the
intermediate principal stress. However, this does not always apply. A further decrease in the
support pressure may lead to the violation of this condition (depending on the ground
properties) and thus to the creation of a second inner plastic ring, where the plastic flow takes
place both in the cross-section under consideration and in the axial direction. This case, where
the out-of-plane stress ceases to be the intermediate principal stress, is examined in Section
2.5.2.
The equations can be simplified considerably by applying Caquot’s (1934) transformation to
all normal stresses σ (actually constituting a transformation from a cohesionless to a cohesive
material, cf. also Anagnostou & Kovári 1993) and by normalizing the transformed stress by
Young’s modulus E:

 

D 
1
 
.
E
m 1 

(2.22)
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2.5.1.2 Ground response in the elastic zone
The stress state at the elasto-plastic interface fulfils both the basic property of the elastic
response (Eq. 2.17) and the failure criterion (Eq. 2.1, with σ1 = σt and σ3 = σr) which, using the
aforementioned transformation (Eq. 2.22), becomes

 t  m r .

(2.23)

From Eqs. (2.17) and (2.23) the radial stress at the elasto-plastic boundary is obtained:

  1 

 1
 .
 m 1 0

(2.24)

This relation is identical to the well-known one from the small strain formulation (cf., e.g.,
Panet 1995) owing to the negligence of higher order terms in the strain definitions during
elastic response, which led to Eq. (2.17). Note that in case of elasto-plastic behaviour even
though the total strains may be large, the elastic strain components are small, allowing thus
for the assumption of linear elasticity and implying that the large strains are induced by the
plastic deformations. The stress σρ1 according to Eq. (2.24) also represents the critical support
pressure, i.e. the support pressure at the onset of plastification. The ground behaviour is
elastic if σa ≥ σρ1 and elasto-plastic if σa < σρ1.
For the outer elastic zone, the equations of Section 2.4 can be applied in order to obtain the
stress and displacement fields. More specifically, by substituting the internal pressure σa by
σρ1 and the cavity radius a by ρ1 one obtains from Eqs. (2.18) to (2.20):
 1

 
 r   0   0    1   1 
 r 

,

 0    1  1  1
 t   0 
  ,

 r 
u

1 v



(2.26)

 1

 1 

 r 

 0   1  

(2.25)

r.

(2.27)

Eq. (2.27) yields the radial displacement at r = ρ1:
u1 

1 v





0

   1  1 .

(2.28)

Due to the continuity requirement for the radial displacement at the elasto-plastic interface,
Eq. (2.28) will serve later (in Section 2.5.1.4) as a boundary condition for the integration of
the differential equation governing the plastic zone.
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2.5.1.3 Stress field in the plastic zone
The stress field inside the plastic region (a ≤ r < ρ1) fulfils both the equilibrium condition (Eq.
2.7) and the failure criterion (Eq. 2.23). These two equations lead to an ordinary differential
equation, whose solution for the boundary condition (4) reads as follows:
  m 1

r
 r   a  
a

.

(2.29)

The current plastic radius ρ1 can be determined from Eq. (2.29) taking into account the
continuity of the radial stress at the elasto-plastic interface and Eq. (24):
1

1   1   m1

.

a   a 

(2.30)

Eqs. (2.29) and (2.30) are similar to the equations for the small strain analysis. However, it
should be emphasized again that both the tunnel radius a and the coordinate r refer to the
deformed configuration. This means that the stress field and the radius of the plastic zone
cannot be determined a priori without knowledge of the displacements, in contrast to the
infinitesimal strain formulation which leads to a statically determinate solution (cf., e.g., Panet
1995).
Note that the extent of plastification around the opening depends on the current tunnel radius
(Eq. 2.30), implying that it also depends on the dilatancy. Specifically, the higher the dilation
angle (and thus the larger the wall convergences) the smaller the plastic zone.
2.5.1.4 Displacement field in the plastic zone
According to the flow theory of plasticity, the total strain rates (or increments since there is no
time-dependency) can be decomposed into elastic and plastic ones, while the incremental
plastic strain components can be expressed by means of a flow rule, which in general may be
non-associated. Assuming that the plastic potential is obtained from the MC failure surface
after replacing the friction angle φ by the dilation angle ψ, where 0° ≤ ψ ≤ φ, it follows after
some manipulation that

d rpl   d tpl  0 ,

(2.31)

where



1  sin 
.
1  sin 

(2.32)

For the elastic strain components, the constitutive relations (2.10) and (2.11) can be used.
(These equations are also valid for the plane strain problem because the present Section
assumes that there is no out-of-plane plastic flow.) The adopted constitutive model assumes
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that neither the elastic constants nor the yielding conditions are affected by the plastic flow.
Integrating the resulting expression for the strain increments with respect to the initial
condition (isotropic, uniform stress field σ0), Eq. (2.31) gives

 r   t  11  r   0   21  t   0  ,

(2.33)

where

11 

1 v
1   2    v   v  ,
1    1 v 

21  

1 v
 1  v   v  .
1    1 v 

(2.34)

(2.35)

In order to account for large deformations in the plastic zone, the exact definition of the
logarithmic strains must be used. Therefore, Eq. (2.33) yields, with the aid of the kinematic
relations (2.8) and (2.9) as well as Eqs. (2.23) and (2.29):

  m 1

du  
u 
r
,
ln   1 
1
ln







11
21 

 

dr  
r  
a
 

(2.36)

11  exp   11  21   0  ,

(2.37)

21  11  m21   a .

(2.38)

where

Equation (2.36) may be rewritten as
d  u  r 

dr

 1

  m 1


    1  r  exp    r 

 11
 21  
.
a



(2.39)

Consequently, the problem has been converted from the solution of an ordinary differential
equation to the computation of a definite integral (on the right side of Eq. 2.39). After
integration of Eq. (2.39) with respect to the Eulerian radial coordinate r over the region [r, ρ1]
and considering the transformation
  m 1

r
T (r )   
a

,

(2.40)

one obtains
 1

ur 


 a 

 C1    11 

T ( 1 )



T (r )

T  1 exp   21T  dT ,

(2.41)
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where



  1

  m  1

,

 1 v

C1  1 
 0    1  





 1

(2.42)


   1 

 .
  a 

(2.43)

The constant C1 has been derived taking into account the continuity of displacements at the
elasto-plastic boundary and taking account of Eq. (2.28). Representing the above definite
integral as a function f1(x, y), where the independent variables x, y correspond to the lower and
the upper integration bounds respectively,
1

 1    1

r0 
 C1    11  f1  T (r ),
.

a 
 a  


(2.44)

One can readily verify that the coefficient Ω21 (Eq. 2.38) is positive. This does not allow the
definite integral under consideration to be represented in terms of the incomplete gamma
function (in the field of real numbers). Therefore, following Yu and Houlsby (1991), the
expansion of the exponential function in the power series will be used in order to provide a
direct closed-form expression for the function f1:

  21T  ,
exp   21T   
n



n0

(2.45)

n!

which leads to the following infinite sum expression:
 21n
f1  x, y   
y n   x n   .

n  0 n ! n   


(2.46)

On account of the form of Eq. (2.44), an inverse procedure is necessary for the estimation of
the displacement field inside the plastic region. Specifically, given the current position r of a
material point, ensuring that a < r < ρ1, its initial position r0 is evaluated through Eq. (2.44)
(and its corresponding displacement through Eq. 2.6).
Moving one step further now in order to obtain the current radius of the cavity, the lower
integration bound r is set equal to a and Eq. (2.44) produces:

   
a 
 C1    11  f1 1, 1  
a0 
  a  



1

 1

.

(2.47)

The whole behaviour of the ground around a cylindrical or spherical opening can now be
determined via closed-form analytical expressions which do not impose any restriction on the
magnitude of the deformations.
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2.5.1.5 Discussion
It would be instructive here to discuss the closed-form solution derived above with respect to
existing studies which investigate the displacement field in similar cavity problems (either
expansion or contraction) under finite deformations.
Chadwick (1959), who was occupied with expanded spherical cavities in metals satisfying the
Tresca model, suggested the numerical integration of the equation derived through the plastic
flow rule, while in order to provide an explicit closed-form solution, he neglected the higher
order terms of the logarithmic strains not only in the elastic zone (which is justifiable) but also
in the plastic zone, where the deformations are inherently large. It should be noted that this
approach results in the same relations with the infinitesimal strain formulation; however, there
is a fundamental distinction between the material and spatial radial coordinates. Later, he used
the MC model (still for the cavity expansion problem), but he did not determine the
displacement field (Chadwick 1962).
Bigoni & Laudiero (1989) also did not solve the differential equation of the cavity expansion
problem analytically. They proposed an approximate closed-form solution by omitting the
elastic deformations in the plastic zone, which means that the right side of Eq. (2.33)
vanishes.
Yu & Houlsby (1991) presented the first exact closed-form solution to the cavity expansion
problem by implementing the definition of the exponential function in power series (cf. Eq.
2.45). As with all of the aforementioned authors, they followed a slightly different method,
incorporating the definition of displacements (Eq. 2.6) into the logarithmic strains (Eqs. 2.8,
2.9) and integrating after accounting for the appropriate transformations, which, however, is
equivalent to the current process. On the other hand, Yu & Rowe (1999), who investigated the
corresponding cavity contraction problem for linearly elastic-perfectly plastic materials,
resulted in Eq. (2.33), suggesting its numerical integration, whereas as Bigoni & Laudiero
(1989) neglected elastic deformations within the plastic region in order to provide an explicit
expression for the characteristic line of the ground. As will be shown in Section 2.8, the error
of this approximation can be significant.
2.5.2 Cylindrical cavities with out-of-plane flow

2.5.2.1 Overview of the ground response
The previous elasto-plastic analysis concerning a cylindrical cavity (ζ = 1) is based on the
assumption that the axial stress is the intermediate principal stress. However, this condition
may be violated during the unloading of the tunnel cross-section depending on the ground
properties and the in situ stress field. More specifically, with decreasing tunnel support
pressure, the longitudinal stress decreases as well, but at a lower rate than the tangential stress
inside the plastic zone. When the support pressure reaches a critical value (cf. Section
2.5.2.2), the axial stress becomes equal to the tangential stress. Afterwards, they decrease at
the same rate, i.e. they remain equal. At support pressures lower than the aforementioned
critical value, an inner plastic zone with outer radius ρ2 develops (Fig. 2.3c, cf. Section
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2.5.2.3), where plastic flow also occurs in the axial direction. Section 2.5.2.4 contains the
proof for this so-called edge plastic flow, while Section 2.5.2.5 derives the analytical solution
for the displacement field.
2.5.2.2 Support pressure at the onset of out-of-plane plastic flow
At the interface of the two plastic zones (r = ρ2), the following conditions apply: (i) the axial
stress σz = σt; (ii) both stresses satisfy the failure criterion (Eq. 2.23) as maximum principal
stresses; and (iii) the elastic relation for the axial stress (Eq. 2.13) is still valid. From these
conditions the radial stress at the interface of the two plastic regions (r = ρ2) is obtained:

  2 

1  2v
 0 .
m 1  v   v

(2.48)

This stress also represents the support pressure at the onset of the out-of-plane plastic flow.
2.5.2.3 Stress field and radius of the inner plastic zone
The stress and displacement fields in the elastic region and in the outer plastic ring are still
given by Eqs. (2.13) and (2.25) to (2.27), and Eqs. (2.13), (2.23), (2.29) and (2.44),
respectively. The stress field in the entire plastic domain is calculated using the equilibrium
condition (2.7) and the failure criterion (2.23); hence, the radial stress within the inner plastic
zone is given by Eq. (2.29) and the radius ρ1 is still obtained by Eq. (2.30), while the axial
stress – as mentioned above and proved in the next section – is equal to the tangential one, i.e.
σz = σt with σt according to Eq. (2.23). On the other hand, the radius ρ2 can be estimated via
Eq. (2.29), by setting the radial stress at the interface equal to the critical stress value σρ2,
resulting in
1

   m 1
  2  .
a   a 

2

(2.49)

2.5.2.4 Proof for the presence of edge plastic flow
At support pressures σa lower than the critical pressure σρ2, either the longitudinal stress
(rather than the tangential stress) will become the major principal stress within the inner
plastic ring, i.e. σr < σt < σz (hereafter referred to as hypothesis 1); or these two stresses will
remain equal, i.e. σr < σt = σz, and move on an edge of the pyramidal failure surface after
Mohr-Coulomb (hypothesis 2).
Reed (1988) has presented a rigorous proof for hypothesis 2 within the framework of small
strains, applying the principle of reductio ad absurdum. More specifically, he compared the
derivatives of the stresses at the interface of the two plastic rings, resulting in an
inconsistency. A more direct and general proof (valid irrespective of the deformation
formulation) is provided here, also applying the reductio ad absurdum.
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Hence, assume the validity of hypothesis 1, i.e. that the out-of-plane stress is the major
principal stress. Then,

t   z ,

(2.50)

 z  mr .

(2.51)

and according to the MC yield criterion,

In addition, each material point that passes into the inner plastic zone (inner plastic zone
meaning here the zone where σr < σt < σz) will further develop only elastic tangential strains
because the tangential stress is – according to hypothesis 1 – the intermediate principal stress.
The additional tangential strain, i.e. the strain that develops at the point under consideration
after the inner zone reaches this point (or, in other words, the strain developing after the radial
stress σr at the point under consideration drops below σρ2), is then given by Hooke’s law:



 t   t     t   t    v  r    2   z   z  
r

2

r

2

r

2

.

(2.52)

Taking into account Eqs. (2.51) and (2.52) as well as that

 t 

r

  2

  z 

r

  2

 m   2 ,

(2.53)

the inequality (2.50) can be written as follows:

m 1  v   v   r    2    t   t   .
r
2

(2.54)

One can readily verify that the term on the left is always negative (because m(1–v) > v and σr
< σρ2), while the right side is always positive. Thus Eq. (2.54) cannot be valid, which means
that the leading hypothesis 1 (Eq. 2.50) is false and that hypothesis 2 must apply instead.
2.5.2.5 Displacement field in the inner plastic zone
Analogously to Section 2.5.1.4, the plastic flow rule shall be used to determine the
displacements in the inner plastic ring. It should be pointed out that, as the problem allows for
integration over the entire loading history, i.e. obtaining only the final state of the material
response, the same results could be obtained using the deformation theory of plasticity
(Papanastasiou & Durban 1997, Chen & Han 1988, Duncan Fama 1993). The implementation
of Koiter’s (1953) rule, according to which the plastic strain increment is equal to a linear
combination of the normal vectors of the two potential surfaces, results after some minor
manipulation in

d rpl   d tpl   d zpl  0 .

(2.55)

Decomposing the total strain increments into elastic and plastic ones and taking into account
the complete constitutive equations for linear elasticity (instead of Eqs. 2.10 and 2.11), the
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plane strain assumption (i.e. dεz = 0) and the fact that the axial stress is equal to the tangential
one throughout the inner plastic ring (i.e. σz = σt), Eq. (2.55) can be integrated to yield

 r   t  12  r   0   22  t   0  ,

(2.56)

12  1  2v ,

(2.57)

22  2  1  v   v  .

(2.58)

where

Recalling the logarithmic strains (Eqs. 2.8, 2.9), Eq. (2.56) can be converted into

m 1

du  
u 
r ,
ln   1 
1
ln







12
22 

 

dr  
r  
a
 

(2.59)

12  exp   12  22   0  ,

(2.60)

 22  12  m22   a .

(2.61)

where

Integrating now over the region [r, ρ2], the relationship for estimating the Lagrangian
coordinate of each material point with respect to the Eulerian one is obtained (similarly to Eq.
2.44):
1

    1

r0 
 C2    12  f 2  T (r ),  2   ,
 a  
a 


(2.62)

 
 
C 2  C1    11  f1   2 ,  1  ,
  a  a 

(2.63)

where

 22 n
y n   x n    .

n  0 n ! n   


f 2  x, y   

(2.64)

The constant C2 has been obtained from Eq. (2.44), accounting for the continuity of
displacements at the interface between the plastic zones. By evaluating Eq. (2.62) now at r =
a, the current tunnel radius is deduced:

   
a 
 C2   12  f 2 1,  2  
a0 
  a  



1

 1

.

(2.65)
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Synopsis of the finite strain solutions for the GRC

The aforementioned expressions for the GRC (Eqs. 2.21, 2.47 and 2.65) may be summarized
in the following:
1



 1 
  1  v     
a 
0

1


   1    1
ua  
 1  C1    11  f1  1,

a0  
  a  

1


 

   2   1
1  C2     21  f 2  1,

 
  a  


,   1   a ;
 1

,   2   a    1 ;

(2.66)

 1

,  a    2 .

For spherical cavities (ζ = 2) only the first two branches apply, while for cylindrical ones (ζ =
1) the third branch should be used additionally in order to account for the out-of-plane plastic
flow, which leads to the formation of a second inner plastic ring. However, neglecting the outof-plane flow does not greatly affect the results, as will be shown in Section 2.7. All the
constants appearing in Eq. (2.66) in conjunction with the functions f1, f2 have been defined in
the previous sections. It should be noted that the above infinite series (Eqs. 2.46 and 2.64)
converge rapidly and thus few terms suffice to obtain accurate results. Consequently, the
derived solution for the GRC (as well as for the overall ground response around the cavity)
can be implemented directly.
The transformation (2.22) has decreased the number of significant parameters of the problem.
Thus, the normalized wall displacement can be expressed with respect to five instead of seven
independent variables as:
 

ua
 f  a , v,  , ,  0  .
a0 0
  0


(2.67)

Figure 2.4 presents normalized charts depicting the corresponding GRCs based on the
proposed solution for various values of transformed initial stress 0 and of the friction angle
φ. The value of the Poisson’s number v was kept constant to 0.25, while the dilatancy angle ψ
was taken equal to ψ = max (0°, φ – 20°) (Vermeer & de Borst 1984). Such relatively small
values of the dilatancy angle are typical for rocks in general and weak rocks in particular
(Vogelhuber 2007).
The diagrams on the left apply to cylindrical openings (ζ = 1), whereas those on the right
apply to spherical cavities (ζ = 2). It should be mentioned that the uppermost curves (  0  0 )
coincide with the small strain solution, in which the last right side term of Eq. (2.67)
disappears (Anagnostou & Kovári 1993).
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Figure 2.4. Ground response curves for several parameter sets, v = 0.25 and ψ = max (0°, φ – 20°) (left
side diagrams: cylindrical cavity, right side diagrams: spherical cavity)
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As a result, the current charts also demonstrate the difference between the two formulations,
for several parameter sets. Obviously, the poorer the quality of the ground, the higher the
initial stress and the lower the support pressure, the larger will be the convergences, and thus
the greater will be the error of infinitesimal deformation theory.
Furthermore, the expected higher stiffness of the spherical cavities owing to their threedimensional arching effect is apparent in Figure 2.4. The diagrams for the spherical cavity
problem can be used for a rough estimation of the axial deformation of the tunnel face in
heavily squeezing ground (cf., e.g., Mair 2008).
2.7

Influence of the out-of-plane plastic flow for cylindrical cavities

The influence of the out-of-plane plastic flow on the behaviour of unloaded cylindrical
openings has been examined extensively in the past within the framework of small
deformations, both analytically (e.g. Reed 1988) and numerically (e.g. Pan & Brown 1996). It
has been shown that the tunnel wall convergences are affected slightly. A similar study is
performed here. The error in the tunnel wall displacement arising from the negligence of the
out-of-plane flow is estimated through

err 

uaapprox  ua (2.66)
.
ua (2.66)

(2.68)

where u aapprox denotes the approximate solution (in particular, Eq. 66 is used omitting the third
branch). Figure 2.5 plots the derived error for several material properties and  0 = 0.01.
Apparently, the negligence of plastic flow in the longitudinal direction slightly underestimates
the predicted displacements in the case of extremely low values of v. Therefore, it can be
regarded as insignificant for practical purposes.

Figure 2.5. Error induced by neglecting the out-of-plane plastic flow in cylindrical openings under
plane strain conditions (  0 = 0.01)
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Figure 2.6. Error induced by neglecting the elastic deformations in the plastic zone (  0 = 0.01, left
side diagrams: cylindrical cavity, right side diagrams: spherical cavity)

2.8

Error induced by neglecting the elastic strains in the plastic zone

Yu & Rowe (1999) have derived an approximate solution for the characteristic line of the
rock by totally neglecting the elastic deformations within the plastic region. Thereafter, the
right side of Eq. (2.36) becomes equal to unity, facilitating to a great extent the mathematical
operations. The resulting error is defined analogously to Eq. (2.68) with u aapprox corresponding
to the approximate solution of Yu & Rowe (1999). Figure 2.6 demonstrates the calculated
error for the cylindrical (left side diagrams) and spherical symmetry (right side diagrams)
respectively, accounting for various parameter combinations (  0 = 0.01). It can be observed
that the error derived is significant at the practically relevant lower dilation angles. More
specifically, the convergences may be underestimated up to 50%. The error diminishes for
higher dilatancy, owing to the increase of plastic deformations. The two solutions coincide
only in the case of ψ = 0° and v = 0.5 (where both elastic and plastic volumetric strains equal
zero). Finally, it is worth noting that the discrepancy from the accurate solution may be either

24

Analysis of ground response and ground-support interaction in tunnelling considering large deformations

positive or negative, depending on the support pressure (and thus on the extent of
plastification).
2.9

Application example

The Sedrun section of the Gotthard Base tunnel in Switzerland is a typical case of heavily
squeezing ground. It involves a distance of about 6 km of the 57 km long tunnel, passing
through rocks of low strength and high deformability, the so-called kakiritic rocks, at a depth
of 900 m (σ0 = 22.5 MPa). The expectation of large deformations as a result of tunnel
excavation led to a demanding design, including a circular tunnel cross-section with full face
excavation, uniform and systematic anchoring of the face as well as around the cross-section,
deliberate over-excavation up to 0.7 m in the least favourable rock zones (which corresponds
in turn to an excavation radius of 6.5 m), steel arch linings with sliding connections and a
closed ring of shotcrete lining in the region behind the face. A considerable reduction in the
cross-section beyond the planned values was, among others, one of the crucial hazard
scenarios. Comprehensive descriptions of the project can be found elsewhere, cf. inter alia
Kovári et al. (2000).
Extensive laboratory tests on core samples from Sedrun were carried out at ETH Zurich
(Vogelhuber 2007) and provided valuable information with respect to the mechanical
properties of the rock. Accounting for these findings, Kovári et al. (2000) proposed a
geotechnical model corresponding to homogeneous and isotropic ground with the following
material properties in the most unfavourable case: E = 2000 MPa, c = 0.25 MPa and φ = 23°,
whereas the Poisson’s ratio v and the dilation angle ψ can be taken equal to 0.25 and 3º
respectively (Vogelhuber 2007).
Figure 2.7 shows the characteristic line according to both the finite strain and the small strain
formulation, whereas Figure 2.8 illustrates the distribution of the stresses and of radial
displacement in the radial direction for an unsupported opening (σa = 0 MPa).
The error of the small strain solution is very small up to convergence ratios ua/a0 of 10%, but
at lower support pressures the small strain solution provides irrational results (convergences
greater than the initial tunnel radius). The overestimation of the wall displacements at the
support pressures of practical interest provided by yielding supports (several hundred kPa) is
remarkable, highlighting the value of the finite strain solution.
Figures 2.7 and 2.8 additionally show – for the purpose of comparison only – the numerical
results obtained for the same problem by using the finite element code Abaqus (Dassault
Systèmes 2011). A simple axisymmetric strip with proper vertical restraints and a remote
stress boundary condition is considered. Moreover, in order to ensure consistency of the
computational assumptions, Clausen’s (2007) UMAT subroutine is used, utilizing the classic
Mohr-Coulomb constitutive model, instead of the built-in subroutine of Abaqus, which uses a
smoothened plastic potential. The finite element results lie in perfect agreement with the
proposed closed-form solutions.
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Figure 2.7. Characteristic lines for the Sedrun section of the Gotthard Base tunnel

Figure 2.8. Radial distribution of stresses and of radial displacement (computational example for the
Sedrun section of the Gotthard Base tunnel)

2.10 Conclusions
This chapter presented an exact closed-form finite strain solution for the unloading of
cylindrical and spherical cavities. The motivation for this study was to investigate the
response of the ground to tunnel excavation within a more rational framework in the case of
weak rocks with high deformability. It was shown that the large deformation formulation may
provide markedly lower convergences than the classic small strain solution for the GRC (for
convergence ratios ua/a0 significantly greater than 10%). The solution presented can be used
for convergence assessments in tunnelling, especially in the case of heavily squeezing ground.
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Despite the existence nowadays of a wide variety of sophisticated computational tools, which
allow for detailed numerical analyses of the expected ground response simulating the exact
geotechnical profile as well as the successive excavation and support installation steps,
closed-form analytical solutions are still valuable. Apart from a deeper insight into the
significance of the several parameters involved in the problem, they can also serve as a
benchmark for numerical procedures that account for material and geometric non-linearity.
Notation

a0, a
c
C1, C2
E
err
f1, f2
f
m
n
r0 , r
T
u
ua
x, y

initial and current radius of the cavity
cohesion
integration constants
elastic (Young’s) modulus
error estimations
functions of two variables
an arbitrary function
function of friction angle
index of infinite series
initial and current radius of a material point
transformation function
radial displacement of a material point
radial displacement at the cavity wall
auxiliary variables

δ
ε r , ε t, ε z

function of the material constants
radial, tangential and out-of-plane (for ζ = 1) strain

εrel , εtel , ε zel

elastic strain components

εrpl , εtpl , ε zpl

plastic strain components

ζ
κ
v
ρ1
ρ2
σ, σ
σ r , σ t, σ z
σ0
σa
σρ1, σρ2
σD
φ, ψ
ω11, ω21
ω12, ω22
Ω11, Ω12
Ω21, Ω22

variable that indicates the type of cavity (ζ = 1 cylindrical, ζ = 2 spherical)
function of dilation angle
Poisson’s ratio
current radius of the plastic zone
current radius of the inner plastic zone (for ζ = 1)
normal stress, transformed normal stress
radial, tangential and out-of-plane (for ζ = 1) stress
in situ isotropic stress
cavity support pressure
radial stress at r = ρ1, radial stress at r = ρ2 (for ζ = 1)
uniaxial compressive strength
friction angle, dilation angle
functions of the material constants
functions of the material constants (for ζ = 1)
functions of the material constants and the in situ stress
functions of the material constants and the support pressure

3

Analytical solutions for the ground response curve
considering non-linear failure criteria

3.1

Introduction

All the existing analytical solutions for the classic tunnel mechanics problem of the ground
response curve (GRC; Brown et al. 1983, Panet 1995) in rock masses satisfying non-linear
failure criteria are based on small strain theory (see, for example, the recent review by Rojat
et al. 2015), i.e. they assume that deformations are so small that the tunnel geometry remains
practically unchanged during unloading. However, this is not true when large wall
convergences take place. With regard to the linear Mohr-Coulomb (MC) criterion, Chapter 2
presented a rigorous finite strain closed-form series solution. This chapter extends this
analysis and presents semi-analytical generalized finite strain solutions for the GRC
considering non-linear failure criteria. A linear flow rule is used with a constant dilation
angle, and edge plastic flow in the plastic zone is accounted for. The total strain method
proposed by Chadwick (1959) is followed: principal axes remain fixed throughout unloading
and each material point around the opening follows the same stress and strain path –
integration of the flow rule can therefore be performed over the entire stress history.
3.2

Non-linear failure criteria

Since the development of Griffith’s (1921) theory of rupture, several, mainly empirical, nonlinear failure criteria have been proposed (e.g. Leon 1933; Sokolovski 1960; Fairhurst 1964;
Murrell 1965; Hobbs 1966; Mogi 1966; Wiebols & Cooks 1968; Franklin 1971; Jaeger 1971;
Bieniawski 1974; Barton 1976; Johnston 1985; Sheorey et al. 1989; Hoek & Brown 2009;
Table 3.1). A comprehensive review of rock strength criteria can be found in Lade (1993).
Here, a general formulation is considered where the major principal stress σ1 (defined as
positive for compression) is expressed at failure as an arbitrary function of the minor principal
stress σ3,

1  f  3  ,

(3.1)

and the intermediate principal stress is disregarded. Table 3.1 presents a short list of such
failure criteria, which can be expressed in closed form with respect to σ1.
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Table 3.1. Some failure criteria formulated in terms of the maximum and minimum principal stress
(Eq. 3.1) (σD: uniaxial compressive strength of the rock mass; σci: uniaxial compressive strength of the
intact rock; A, B, C: dimensionless material constants)
Mohr-Coulomb

 1  A 3   D

Murrell (1965),
Bieniawski (1974)

1  A 3B   D

Hobbs (1966)

1   3  A 3B   D

Johnston (1985)

1   ci 

Sheorey et al. (1989)

 1 3

 1
1   D 
 A D 

Hoek-Brown (1997)

 

1   3   ci  A 3  B 
  ci


 A 3

C
 B  ci


B

B

C

Normalisation of the failure criterion generally reduces the significant problem parameters
and facilitates mathematical operations. Denoting the normalized normal stress by S, Eq. (3.1)
can therefore be re-written in the following form (Table 3.2):

S1  F  S3  .
3.3

(3.2)

Problem statement

3.3.1 Geometry, initial and boundary conditions

The plane strain and axially symmetric ground response problem is considered for a circular
tunnel of radius a0 excavated in an infinite, homogeneous, isotropic and weightless rock mass.
The initial stress field is taken uniform and isotropic with σr = σt = σz = σ0, where σr, σt and σz
are the radial, tangential and out-of-plane stresses, respectively. A support pressure equal to σa
is applied at the tunnel wall, while the stresses in the far field remain unaltered by the tunnel
excavation.
3.3.2 Constitutive behaviour

The rock mass is assumed to satisfy a linearly elastic–perfectly (or brittle) plastic constitutive
model, whose failure surface is defined by Eq. (3.2). A MC plastic potential is also considered
(i.e. non-associated plastic flow), according to which

d 3pl
  ,
d1pl

(3.3)
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where the so-called loosening factor κ can be expressed with respect to the dilation angle ψ as
κ = (1+sinψ)/(1–sinψ). Therefore, both the failure surface and the plastic potential have a
hexagonal shape in the deviatoric plane (intermediate stress is disregarded). Provided that
there is no rotation of the principal axes, which is true for the present problem, the integrated
rate constitutive equations relate Cauchy stresses (acting on the current area of an
infinitesimal element) to logarithmic strains, which are additively decomposed into elastic and
plastic parts (see, among others, Belytschko et al. 2014). The constant elasticity tensor is
defined in terms of the Young’s modulus, E, and the Poisson’s ratio, ν.
3.3.3 Kinematic relationships

A distinction has to be drawn between the initial (r0) and the current radial (r) coordinate of
each material point around the opening. The radial displacement is defined as positive for
contraction, i.e. u(r) = r0 – r. Denoting the current tunnel radius by a, the wall convergence
becomes ua = a0 – a. Finally, the logarithmic radial and tangential strains read as follows:

 r  ln 1  du dr  ,

(3.4)

 t  ln 1  u r  .

(3.5)

3.3.4 Overview of the rock mass response

With unloading, the ground behaviour remains elastic until the failure criterion is satisfied at
the tunnel wall. At support pressures lower than the radial stress at yielding, denoted as σρ1 (or
Sρ1 in normalized form), an expanding plastic ring of outer radius ρ1 is formed around the
tunnel, where the out-of-plane stress is the intermediate principal stress. At the support
pressure σρ2 (or Sρ2 in normalized form), this condition is violated and the out-of-plane stress
becomes equal to the tangential stress. A further decrease in the support pressure leads to the
formation of an edge plastic flow zone of outer radius ρ2, where the two stresses remain equal.
Although this edge effect is well-known from the ground response problem in rock masses
satisfying non-linear failure criteria (see, for example, Reed 1986), a rigorous proof will be
presented in the following regarding the fact that the stress state of a material point around the
tunnel is forced to the triaxial extension corner after certain shearing.
The following analysis (Sections 3.4–3.8) considers that three zones are formed around the
tunnel: elasto-plastic with ‘corner flow’; elasto-plastic with ‘face flow’; and elastic.
3.4

Stresses and displacements in the elastic zone

The assumption is made here that the strains in the elastic zone are small. This assumption is
reasonable for the materials of interest, i.e. hard soils/weak rocks, given that the elastic
modulus is large compared with their strength, and it implies that the second and higher order
terms in the logarithmic strains can be neglected:
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2

3

du
 du  du 1  du  1  du 
 r  ln 1           ...  ,
dr
 dr  dr 2  dr  3  dr 
2

(3.6)

3

u
 u  u 1u  1u 
 t  ln 1           ...  .
r
 r  r 2 r  3 r 

(3.7)

Therefore, Kirsch’s solution applies in the elastic zone:
2

 
Sr  S0   S0  S 1   1  ,
 r 

(3.8)

St  2 S 0  S r ,

(3.9)

S z    Sr  St   1  2  S0 ,

(3.10)

2

u 1 
 

S0  S  1   1  ,

r
H
 r 

(3.11)

where H is the normalized elastic modulus (Table 3.2). Note, however, that r corresponds to
the current radial coordinate here. The solution for purely elastic behaviour (that is, for Sa >
Sρ1) is given by the same equations setting Sρ1 = Sa and ρ1 = a.
3.5

Stresses in the plastic zone

The stress field in the deformed configuration of the plastic zone satisfies the equilibrium
condition ( dSr dr   St  Sr  r ) and the failure criterion ( St  F  Sr  ; Eq. 3.2). Integration
of the equilibrium condition, while taking account of the stress boundary condition at the
tunnel wall ( Sr  r  a   Sa ), leads to the following equation for the radial stress:

  Sr   ln r  0 ,

(3.12)

where the normalized current radius r  r a and the function

  Sr  

Sr

dx

 F  x  x .

(3.13)

Sa

The stress state at yielding satisfies the basic elasticity relationship (Eq. 3.9) and the failure
criterion, and the corresponding critical radial stress Sρ1 is thus calculated from the following
equation:
F  S  1   S 1  2 S0  0 .

(3.14)
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Table 3.2. Solutions for the Mohr-Coulomb and the Hoek-Brown failure criteria
Mohr-Coulomb

Hoek-Brown (1997)

Parameters =

c, φ

σci, m, s, α

σ1 = f (σ3) =

M  3   D , where

M 
S=

H=



1  sin 
2c cos 
, D 
1  sin 
1  sin 


c
  D
tan 
M 1




3
 s
  ci



 3   ci  m

m

E

s




1 

 ci

1

(after Rojat et al. 2015)

m1

E
m


1

 ci

S1 = F (S3) =

M S3

S3  S3

Sρ1 =

2
S0
M 1

 1  16S0  1 
 ; Else solve Eq. (3.14).
For α = 1/2: 


4



Sρ2 =

1  2
S0
M 1     

 1   2  4 1  2 2 S  1  
0
For α = 1/2: 

2 1  2 

Else solve Eq. (3.15).

β (Sr) =

S
1
ln r
M  1 Sa

S r1  S a1
1

Sr  r  =

Sa r M 1

 S a1  1    ln r  1

2

2


 ;



1

On the other hand, the stress state at the outer boundary of the edge flow zone satisfies the
stress condition stemming from the plane strain constraint (Eq. 3.10; note that d zpl  0 ), the
failure criterion and Sz = St. Hence, the corresponding equation for the critical radial stress Sρ2
reads as follows:

1   F  S 2   S 2  1  2  S0  0 .

(3.15)

In the case of brittle plastic rock behaviour, the failure criterion F associated with yielding
and used in Eq. (3.14) should be expressed in terms of the peak strength parameters, while the
rock mass in the plastic zone (Eqs. 3.12, 3.13 and 3.15) satisfies residual strength conditions
(e.g. Brown et al. 1983; Panet 1995).
An evaluation of Eq. (3.12) at the elasto-plastic interface and at the outer boundary of the
edge flow zone leads to the corresponding plastic radii:

1 

1
a





 exp   S  1  ,

(3.16)
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2 

2
a





 exp   S  2  .

(3.17)

Table 3.2 presents the solutions of the above equations for the widely distributed MC and
Hoek-Brown (HB) failure criteria. Contrary to a small strain formulation, the stresses along
the radial direction depend on the displacements here. The latter are calculated in the
following sections.
3.6

Displacements in the plastic zone without edge effects

The plastic flow rule ( d rpl   d tpl ; Eq. 3.3) in combination with the additive
decomposition of strain increments and the plane strain Hooke’s relations results in a
differential equation for the radial displacement rate, whose integration over the entire stress
history of a material point yields the following relationship:

 du 
 u 1
ln 1     ln 1    11Sr  21St   11  21  S0  ,
 dr 
 r H

(3.18)

11  1   1     ,

(3.19)

21  1   1      .

(3.20)

where

Considering that κ is constant and using the failure criterion, Eq. (3.18) can be re-written as
follows:

d  u  r 

dr

 1


    1 r  exp  1   S   F S     S   .
 
 11 r 21  r    11 21  0  

H 


(3.21)

The normalized radial stress Sr is a function of the radial coordinate (see Eq. 3.12 and Table
3.2). Hence, integrating Eq. (3.21) over [ρ1, r], the initial coordinate of a material point around
the tunnel (i.e. its coordinate in the undeformed configuration prior to unloading) can be
expressed with respect to its current one:
1
r0
  C11  C 21  f1  r    1 ,
a

(3.22)

where the constant C11 stems from the displacement continuity at the elasto-plastic interface:

 1  

C11  1 
S0  S1  

H



 1

1 1 ,

(3.23)
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     S 
C21    1 exp  11 21 0  ,
H



(3.24)

and the function



r
 11Sr  x   21F  Sr  x  
f1  r    x exp 
H

1


  dx .

(3.25)




The above definite integral can be calculated using basic numerical integration methods (e.g.
with the trapezium rule; for the HB criterion, a uniform grid of 100 subintervals is found to
provide highly accurate results every time, even in extreme cases, while a grid of 10
subintervals is generally sufficient).
Before calculating the displacements in the edge flow zone, a mathematical proof is presented
concerning the fact that once the stress state of a material point around the tunnel reaches the
triaxial extension corner, it continues moving on it.
3.7

Mathematical proof for the presence of edge plastic flow

Let us assume that (at a given support pressure) the out-of-plane stress becomes equal to the
tangential stress at the cavity wall (in the special case of the HB criterion, for example, there
is always such a critical support pressure since (1 – 2ν) / (1 – ν) > 0; Table 3.2). At lower
support pressures, there are two options for the stress state: either the out-of-plane stress will
become the major principal stress or the two stresses will remain equal. In the following, it
will be proved by reductio ad absurdum that the former option cannot apply. The proof is
similar to that presented in Chapter 2 for the MC model.
Suppose that the out-of-plane is the major principal stress, i.e. σr < σt < σz. Then, the failure
criterion requires

S z  F  Sr  .

(3.26)

Considering that, due to the polygonal shape of the plastic potential in the octahedral plane,
there is no plastic flow in the tangential direction, the incremental tangential plastic strain of a
material point lying within the inner plastic zone (meaning here the zone where σr < σt < σz)
equals zero. The integration of the corresponding Hooke’s relation from the earlier stage of
the material point considered when its radial stress was equal to σρ2 (i.e. the inner plastic zone
reached this point) gives



St    F  Sr   Sr   1   F  S 2   S  2  H  t   t

Sr  S  2

.

(3.27)

The stress state in this zone satisfies σt < σz, which results with Eqs. (3.26) and (3.27) in



1    F  Sr   F  S 2     Sr  S 2   H  t   t S S
r

2

.

(3.28)
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However, the above inequality cannot be valid since the left hand-side term is negative, while
the right hand-side term is positive (consider, for example, the special case of the HB
criterion). This inconsistency leads to the conclusion that there is only one option: the
tangential and the out-of-plane stresses remain equal.
3.8

Displacements in the edge flow zone

Following the same procedure as in Section 3.6, but using Koiter’s (1953) rule (according to
which the flow rule reads d rpl    d tpl  d zpl  ) and the complete Hooke’s relations, the

differential equation for the displacement of a material point inside the edge plastic flow zone
becomes

 du 
 u 1
ln 1     ln 1    12 Sr  22 St   12  22  S0  ,
 dr 
 r H

(3.29)

12  1  2 ,

(3.30)

22  2 1      .

(3.31)

where

The re-writing of Eq. (3.29) in the form of Eq. (3.21) with integration of the resulting
equation over [ρ2, r] gives
1
r0

  C12  C22  f 2  r   1 ,
a

(3.32)

C12  C11  C21  f1  2  ,

(3.33)

   22  S0 
C22    1 exp  12
,
H



(3.34)

where

f2  r  



 12 Sr  x   22 F  Sr  x  


x
exp

H

2

r

  dx .



(3.35)

The constant C12 is derived from the fulfilment of displacement continuity at the outer
boundary of the edge effect zone.
3.9

Finite strain ground response curves

In summary, the semi-analytical finite strain solutions for the GRC based on a Mohr’s nonlinear failure criterion (that does not consider the potential effect of the intermediate principal

Chapter 3

35

stress) and a MC plastic potential are obtained by evaluating Eqs. (3.11) (with Sρ1 = Sa and ρ1
= a), (3.22) and (3.32) at the tunnel wall:

 1  H 1    S0  S a  

1

ua 
 1   C11  C21  f1 1   1
a0 
1
1  C  C  f 1   1


12
22
2






1

, S 1  Sa ;
, S  2  Sa  S 1;

(3.36)

, Sa  S  2 .

Note that, in contrast to the small strain formulation (see next section), the displacements are
not inversely proportional to the elastic modulus here. In the special case of the linear MC
failure criterion, Eq. (3.36) reduces to the series solution of Chapter 2.
3.10 Small strain solutions

Small strain formulation makes no distinction between initial and current configuration and
thus the problem becomes statically determinate (stresses can be obtained directly according
to Section 3.5). If the linear kinematic relationships are considered instead of the logarithmic
ones (i.e.  r  du dr and  t  u r ), the displacement differential equation of a material point
inside the plastic zone reads as follows (cf. Eq. 3.18):

du
u 1
   11Sr  21St   11  21  S0  .
r H
dr

(3.37)

Re-writing Eq. (3.37) to

d  u  r 
dr



r
11Sr  21 F  Sr    11  21  S0  ,
H

(3.38)

and integrating Eq. (3.38) over [ρ1, r], the radial displacement at distance r is obtained:

C  g r 
u
 r  1 1
,
a0
H

(3.39)

where the constant C1 stems from the displacement continuity at the elasto-plastic interface,

C1  1    S0  S  1  1 1 ,

(3.40)

and the function
r





g1  r    x  11Sr  x   21F  Sr  x    11  21  S0  dx .


1

(3.41)

Using Koiter’s (1953) rule again and the complete elastic constitutive equations, the radial
displacement in the edge effect zone is given by the following relationship:
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C  g2  r 
u
 r  2
,
a0
H

(3.42)

C2  C1  g1  2  ,

(3.43)

where

r





g2  r    x  12 Sr  x   22 F  Sr  x    12  22  S0  dx .


2

(3.44)

Finally, the relationships for the GRC are obtained by evaluating Eqs. (3.11) (with Sρ1 = Sa, r
= r0 and ρ1 = a0), (3.39) and (3.42) at the tunnel wall and these are summarized in the
following:

1   S0  Sa  , S  1  Sa ;
ua 
 C1  g1 1
H
, S  2  Sa  S 1;
a0 
, Sa  S  2 .
C2  g 2 1

(3.45)

In a similar way to the integrals included in the finite strain solutions, a basic numerical
method can be used for calculating g1 and g2 (for the trapezium rule, a small number of
equally spaced subintervals remains sufficient).
For the HB criterion, Carranza-Torres & Fairhurst (1999), Carranza-Torres (2004), Sharan
(2008) and Chen & Tonon (2011) have derived exact small strain solutions, assuming that the
out-of-plane stress remains the intermediate principal stress throughout unloading.
(Specifically, Chen & Tonon 2011 expressed Eq. 3.41 in terms of the incomplete gamma
function, but the operations required for this conversion lead to the incorporation of complex
numbers since the exponents of negative numbers are involved; direct numerical integration is
therefore preferred.) Rojat et al. (2015) presented rigorous small strain solutions considering
the hitherto disregarded edge effect in the plastic zone, but calculation of displacements (in
the case of non-associated plastic flow) requires the solution of differential equations. The
present solutions require the calculation only of simple definite integrals. Of course, the
results of the two solutions agree perfectly. Equations (3.41) and (3.44) can be solved
analytically only in the special case of α = 1/2 (Reed 1986, Ogawa & Lo 1987, Yu 2000, Park
& Kim 2006).
3.11 Application example

A characteristic example of very large deformations is considered. The parameters used refer
to the graphitic phyllites encountered during excavation of the Yacambú-Quibor water tunnel
(Hoek & Guevara 2009; class D1 rock, long term condition: E = 1091 MPa, ν = 0.3, σci = 50
MPa, m = 0.361, s = 0.0001, α = 0.553, ψ = 0°) and the initial stress state corresponds to a
depth of 1000 m (σ0 = 26 MPa). Figure 3.1 plots the small and large strain GRCs and Figure
3.2 shows the corresponding plastic radii as a function of the support pressure. Consideration
of finite strains leads to markedly lower convergences (up to 210%) and a smaller extent of
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the plastic zone (up to 105%) at lower support pressures (note that the small strain solution
can predict wall displacements greater than the initial tunnel radius). Figure 3.3 shows the
distribution of stresses along the radial direction according to the large strain formulation, for
a support pressure of 1 MPa.

Figure 3.1. Small and finite strain ground response curves (computational example for the YacambúQuibor tunnel)

Figure 3.2. Small and finite strain plastic zone radii as a function of the support pressure
(computational example for the Yacambú-Quibor tunnel)
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Figure 3.3. Radial distribution of stresses according to the large strain formulation (σa = 1 MPa;
computational example for the Yacambú-Quibor tunnel)

3.12 Conclusions
This chapter presented novel semi-analytical solutions for circular tunnels unloaded from
uniform and isotropic initial stress states, considering large strains and non-linear failure
criteria. The corresponding small strain relationships were also given for comparison. The
solutions make use of simple definite integrals that can be calculated to the desired level of
accuracy using basic methods, and they can be used for convergence assessments in
tunnelling, constituting a trustworthy benchmark for numerical analysis codes.
Notation
A, B, C
a0 , a
C1, C2
C11, C12
C21, C22
c
E
F
f
f1, f2
g1 , g2
H
M
m
r0 , r
r
S

dimensionless material constants in failure criteria (Table 3.1)
initial and current tunnel radius
constants derived from the displacement continuity (small strain solution)
constants derived from the displacement continuity (finite strain solution)
constants (finite strain solution)
cohesion (MC criterion)
Young’s modulus
function of S3 according to normalized failure criterion
function of σ3 according to failure criterion
functions of r (finite strain solution)
functions of r (small strain solution)
normalized Young’s modulus
function of friction angle (MC criterion)
Hoek-Brown model constant
initial and current radial coordinate
normalized radial coordinate (= r/a)
normalized normal stress
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s
u
ua
x

Hoek-Brown model constant
radial displacement
tunnel wall radial displacement
auxiliary variable used in definite integrals

α
β

1pl ,  3pl

Hoek-Brown model constant
function of Sr
major and minor plastic strain

ε r , ε t, ε z
 rpl ,  tpl ,  zpl

radial, tangential and out-of-plane strain
radial, tangential and out-of-plane plastic strain

κ
ν
ρ1, ρ2
1 ,  2

function of dilation angle
Poisson’s ratio
radius of plastic zone, radius of edge effect zone
normalized radius of plastic zone, normalized radius of edge effect zone

σ
σ0
σ1 , σ3
σa
σci
σD
σ r , σ t, σ z
σρ1, σρ2
φ
ψ
ω11, ω21
ω12, ω22

normal stress
initial isotropic stress
major and minor Cauchy principal stress
tunnel support pressure
uniaxial compressive strength of intact rock
uniaxial compressive strength of rock mass
radial, tangential and out-of-plane stress
radial stress at r = ρ1 and at r = ρ2
friction angle (MC criterion)
dilation angle
constants (small and finite strain solutions)
constants (small and finite strain solutions)

4

Finite strain elasto-plastic solutions for the undrained
ground response curve in tunnelling2

4.1

Introduction

The behaviour of water bearing low permeability ground is time-dependent. The
instantaneous ground response to tunnel excavation occurs under a constant volume, since
there is no time for the water to flow (undrained conditions), and it is important for
deformations and stability in the vicinity of the tunnel face. Over the course of time, seepage
occurs, leading to dissipation of the excess pore pressures, accompanied by changes in the
pore volume and the water content (the consolidation process). This happens more or less
rapidly depending on the ground permeability.
In unloading problems, where the volume of the ground tends to increase, the excess pore
pressures that develop immediately after excavation are mainly negative. As a result, the
short-term ground response is more favourable than the long-term (or steady-state) one,
provided that the gradual dissipation of the excess pore pressures leads to a decrease in the
effective stress field around the opening and thus to additional deformations. However, under
so-called squeezing conditions (Kovári 1998, Barla 2002), i.e. in the case of weak rocks with
high deformability and low strength, usually at great depths and with high in situ pore
pressure, even the short-term convergences may be very large. Although squeezing
deformations are associated with creep phenomena and thus often develop slowly over time,
cases of rapid deformation have also occurred (cf. Anagnostou 2007 for a comprehensive
review of the underlying mechanisms of time-dependency in ground response to tunnel
excavation).
Evidence of high pore pressures around underground excavations is found in the literature.
For instance, Mair & Taylor (1993) have presented measured excess pore pressures up to –1.5
MPa at a distance of 2 m from the wall of a deep tunnel excavated in Boom clay. High pore
pressures have also been measured in squeezing rock. In the safety gallery of the Gotthard
motorway tunnel, in a section crossing heavily squeezing soft clayey shales, the pore
pressures reached 3 MPa at a distance of only 5–10 m from the tunnel wall (Lombardi 1976).
Moreover, hydrogeological tests, which were carried out in an exploratory borehole of the
2

This chapter has been published in: Vrakas A, Anagnostou G. Finite strain elastoplastic solutions for the undrained
ground response curve in tunnelling. International Journal for Numerical and Analytical Methods in Geomechanics
2015; 39(7): 738–761, doi: 10.1002/nag.2335.
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Gotthard base tunnel, showed that the water table is near the ground surface, i.e. 800 m above
the tunnel (Meier et al. 1994). Finally, tunnelling experiences according to which pore
pressure relief ahead of the excavation considerably reduces the intensity of squeezing
(Anagnostou 2009) provide interesting indications about the adverse effect of high pore
pressures with respect to squeezing.
A characteristic relevant project is the proposed subaqueous Gibraltar Strait tunnel, which
aims to connect Europe with Africa (Pliego 2005). However, the anticipated geotechnical
conditions, and especially the presence of two large breccia zones, have cast doubt over the
feasibility of the proposed tunnel solution (Lombardi et al. 2009). Preliminary numerical
investigations indicate extremely large convergences, even greater than the initial tunnel
radius (Lombardi et al. 2009, Dong et al. 2013). From a computational point of view, these
results highlight the inconsistency of small strain theory under conditions involving large
deformations. Taking this inconsistency as a cue for a more detailed study of underground
excavations within the framework of finite strain elasto-plasticity, this chapter presents
analytical solutions for the undrained ground response around cylindrical and spherical
openings that are unloaded from uniform and isotropic initial stress states. The ground
response curve (GRC) describes the relationship between support pressure and tunnel
convergence, and it is widely used for estimating the ground response to tunnel excavation as
well as interactions with the tunnel support (Panet 1995).
Based on experimental results obtained at the ETH Zurich (Dong et al. 2013) on breccia
samples taken from the project site, which have shown contractant behaviour accompanied by
the fulfilment of critical state conditions after shearing, the modified Cam-clay (MCC) model
(Roscoe & Burland 1968) is applied in addition to the Mohr-Coulomb (MC) model that is
widely used in engineering practice. The latter should be used with caution in undrained
problems, however, as the assumptions of purely elastic behaviour prior to failure and of
constant plastic dilatancy can lead to an overestimation of the shear strength and to
predictions of very stiff elasto-plastic behaviour (see Sections 3.7 and 3.8). The MCC model
can overcome this limitation of the MC model because it allows the stress history of the
ground to be considered (via the overconsolidation ratio), as well as stress (and void ratio)
dependent stiffness, strain-hardening effects (or strain-softening effects in the case of heavily
overconsolidated grounds) and critical state phenomena.
The short-term ground response to tunnel excavation is usually estimated by means of total
stress analysis using the linearly elastic-perfectly plastic Tresca model defined by the shear
modulus and the undrained shear strength of the ground (the excess pore pressure is evaluated
in retrospect by the variation in the mean total stress). The corresponding small strain solution
can be found in Salençon (1969), Mair & Taylor (1993) (and Mair 2008) and Anagnostou
(2009), while a large strain solution has been derived by Yu (2000). Drained solutions (Yu &
Rowe 1999, Chapters 2 and 3) that take the equivalent undrained material properties into
account may also be used. However, effective stress analysis is necessary in the presence of
more complicated constitutive models.
Concerning the MC model, Vogelhuber (2007; incompressible fluid and solids), Labiouse &
Giraud (1998, see also Gärber 2003; compressible fluid and incompressible solids) and Bobet
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(2010; compressible fluid and solids) have presented small strain solutions; there are no
formulations dealing with large deformations to be found in the literature.
In relation to the MCC model, Yu & Rowe (1999) derived finite strain analytical solutions by
following Collins & Yu (1996), but they incorporated approximate/simplified expressions for
the deviatoric stress and strain and assumed elastic behaviour in the axial direction throughout
unloading in the case of circular openings under rotationally symmetric conditions (see
Section 8.1). At the same time, the undrained cavity expansion problem (from a non-zero
initial radius) has been widely studied within the framework of critical state soil mechanics
(Collins & Yu 1996, Cao et al. 2001, Silvestri & Abou-Samra 2011, Chen & Abousleiman
2012). A concise review of earlier works has been provided by Chen & Abousleiman (2012).
This chapter presents exact finite strain elasto-plastic solutions for the short-term ground
response curve of cylindrical and spherical openings. The analysis is based on the total strain
(Lagrangian) approach using logarithmic strains. The derivation for the MCC problem is
presented initially, followed by the derivation for the MC model and the very similar DruckerPrager (DP) model. Finally, an application example from the future Gibraltar Strait tunnel is
included, showing the practical relevance of the proposed solutions for convergence
assessments in tunnelling.
4.2

Problem statement

The present study is carried out in terms of effective stresses under fully saturated conditions
and incompressible fluid and solids. As a result, a classic Terzaghi’s relationship applies:

     pw ,

(4.1)

where σ, σ' and pw denote the total stress, the effective stress and the pore pressure,
respectively. The convention of positive compressive stresses and strains is adopted.
By introducing a variable ζ, the problem of a circular tunnel cross section under plane strain
rotationally symmetric conditions (ζ = 1) is analysed together with that of a spherical opening
(ζ = 2). (Note that the spherically symmetric problem can also be relevant as an
approximation of face extrusion in deep excavations, cf. Mair & Taylor 1993; Mair 2008.)
Cylindrical (r, t, z) and spherical (r, t ≡ z) coordinates are used, respectively, for the
mathematical formulation, with the axis origin being placed at the centre of the cavity. The
initial stress field is taken to be uniform and isotropic, expressed by the total stress σ0 and the
pore pressure pw0, i.e. σr = σt = σz = σ0 and pw = pw0, where σr, σt and σz denote the radial,
tangential and axial (in the case of a cylindrical cavity) total stresses, respectively, which
remain principal throughout unloading. The ground is assumed to be homogeneous and
isotropic, obeying the MCC model (Section 4.5.1) or the MC model (Section 4.7.1).
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Figure 4.1. Computational model for the problem of cavity unloading

Under undrained conditions the volume of the material remains constant. This constraint
allows for a direct determination of the displacement field u around the opening (Section 4.4).
The radial convergence at the cavity wall ua is therefore applied as a boundary condition
(instead of the support pressure σa). The stresses in the far field remain unaltered by the
excavation. Hence, the boundary conditions of the problem can be summarized as follows:

u  a   ua ,

(4.2)

lim  r  r    0 ,

(4.3)

lim pw  r   pw 0 .

(4.4)

r

r 

The radial displacement of a material point is defined as positive for contraction, i.e.

u  r   r0  r ,

(4.5)

where r0 denotes its initial position (Lagrangian coordinate) and r its current one (Eulerian
coordinate). According to this definition, the initial cavity radius a0 decreases during the
unloading of the excavation boundary to the current value a (Fig. 4.1).
4.3

Equilibrium and kinematic relationships

The stress equilibrium requirement in the deformed state reads as follows:

 t
d r
 r
 0.
r
dr

(4.6)
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It should be noted that the stresses correspond to the Cauchy (or true) ones, acting on the
current area of each infinitesimal element.
The logarithmic definition of strains is also adopted. Hence, based on the aforementioned sign
conventions, the radial and tangential strains can be written with respect to the Eulerian radial
coordinates as follows:



du 
,
dr 




u

 r  ln  1 

 t  ln  1   .
r
4.4



(4.7)

(4.8)

Strain field around the opening

The constant volume constraint leads to an explicit determination of the displacement field
(and thus of the strain field) around the cavity, as already mentioned. Specifically, the
incompressibility condition implies zero total volumetric strain, i.e.

 p   r   t  0 .

(4.9)

(Note that the principal strain εz is equal to zero for the plane strain problem and equal to the
tangential strain for the spherical one). The solution of the differential equation deduced by
the substitution of the strain definitions (Eqs. 4.7 and 4.8) into Eq. (4.9) with respect to the
boundary condition (4.2) leads to the following expression for the tangential strain:

t 

1
A 

ln  1   1  ,
 1  r 

(4.10)

where the normalized current radius of a material point is

r r a

(4.11)

and the constant A is a function of the tunnel convergence:

 u 
A  1  a 
 a0 

 1

1.

(4.12)

The geometric relationship r0 1  a0 1  r 1  a 1 is satisfied here, in contrast to the small
stain formulation, where the tangential strain reads

t 

u ua 1
.

r a0 r  1

(4.13)
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Solution of the modified Cam-clay problem

4.5.1 Outline of the constitutive model
4.5.1.1 Yield function
The yield function of the MCC model is expressed in the three-dimensional principal stress
space (Fig. 4.2) as follows (Roscoe & Burland 1968):

Y  p, q, pc   q 2  M 2 p  pc  p   0 ,

(4.14)

where the stress invariants are defined in terms of the principal stresses through the following
relationships (Muir Wood 1990):

p   1   2   3  3 ,



q 1



2
2
2
2  1   2    2   3    3   1  



(4.15)
12

.

(4.16)

p', q and p'c stand for the mean effective, the deviatoric and the preconsolidation stress (the
latter represents also the hardening parameter defining the size of the yield surface),
respectively, and M is the slope of the critical state line (CSL) in the p'–q plane (Fig. 4.3) as
well as the frictional parameter defining the DP critical state cone in the three-dimensional
principal stress space (Fig. 4.2). The extension of the MCC model to include finite
deformations (that address true stresses and logarithmic principal strains) has been presented
by Simo & Meschke (1993) and Borja & Tamagnini (1998).

Figure 4.2. Ellipsoidal yield surface of the MCC model and DP cone defining the critical state in the
three-dimensional principal stress space (plotted for M = 0.732, which corresponds to φ' = 25° when
adjusted to the pyramidal MC failure surface at a zero Lode angle)
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Figure 4.3. Undrained effective stress paths based on the MCC model (for an isotropic
overconsolidation ratio R equal to 1 and 2) and the MC model (for zero as well as for positive
dilatancy) in the p'–q plane

4.5.1.2 Elastic behaviour
The MCC model assumes pressure and void ratio dependent stiffness. The Hooke’s relations
can be written in terms of invariants as follows:

d elp  1 K
0  dp
 el   
 ,
d q   0 1  3G    dq 

(4.17)

where the bulk and the shear moduli are given by the following expressions (Muir Wood
1990, Atkinson & Bransby 1978):

K     p ,

(4.18)

G  K  3b 

(4.19)

with

b

2 1 v
,
9 1  2v

(4.20)

and the elastic volumetric and deviatoric strain increments are equal to

d elp  d1el  d 2el  d 3el ,
d qel 





(4.21)
12

2
2
2
2 3  d1el  d 2el    d 2el  d 3el    d 3el  d1el   .



(4.22)

48

Analysis of ground response and ground-support interaction in tunnelling considering large deformations

The symbol υ represents the specific volume of the ground (= 1+e, where e is the void ratio),
while κ denotes the slope of the unloading-reloading line (URL) in the compression plane
lnp'–υ. Here, the Poisson’s ratio v is treated as a constant. Although this approach leads to a
non-conservative model (Zytynski et al. 1978), it is adequate for static problems (Gens &
Potts 1988).

4.5.1.3 Stress-dilatancy relation
The MCC model adopts an associated plastic flow, i.e. the plastic potential coincides with the
yield surface. Thus, the dilatancy law can be written as

D   

d ppl
d qpl

Y p M 2  2


,
Y q
2

(4.23)

where the stress ratio η = q/p'. The plastic volumetric strain increment is defined analogously
to Eq. (4.21) and the work-conjugate plastic deviatoric strain increment reads (Jefferies &
Shuttle 2002, Perić & Ayari 2002)

d

pl
q

s1d1pl  s2d 2pl  s3d 3pl

,
q

(4.24)

where si = σ'i – p' for i = 1, 2, 3. Eq. (4.24) can be written in the form of Eq. (4.22), provided
that the Lode angle is disregarded (M = const.), i.e.

d qpl 





12

2
2
2
2 3  d1pl  d 2pl    d 2pl  d 3pl    d 3pl  d1pl   .



(4.25)

4.5.1.4 Hardening law
Hardening is attributed purely to the accumulated plastic volumetric deformations and thus
the hardening law is expressed as (Muir Wood 1990)
dpc


d ppl ,
pc
 

(4.26)

where λ denotes the slope of the normal consolidation line (NCL) in the lnp'–υ plane.
4.5.2 Derivation for elastic behaviour

In the case of an isotropic overconsolidation ratio R greater than unity, the initial ground
response to cavity unloading is linearly elastic, provided that the mean effective stress
remains constant (Eq. 4.17), and is governed by the shear modulus

G0 

K 0 0 p0

,
3b  3b

(4.27)
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where υ0 is the in situ specific volume and p'0 is the initial effective stress. When the
incompressibility condition (cf. the incremental form of Eq. 4.9) is taken into account, in
conjunction with the plane strain constraint for ζ = 1 (i.e. dεz = 0) or the spherical symmetry
for ζ = 2 (i.e. dεz = dεt), respectively, the elastic deviatoric strain increment becomes

d qel 

2
d tel .
 2

(4.28)

Taking Eqs. (4.15), (4.16) and (4.17) additionally into account, the effective stress field is
obtained:

 r  p0  2 G0 t ,

(4.29)

 t  p0  2G0 t .

(4.30)

The total radial stress is then calculated by integrating the equilibrium equation (4.6), which
involves the definite integral of the tangential strain (Eq. 4.10) with respect to the normalized
radius. As will be shown in Section 4.7.2.4, this integral is given by Euler’s dilogarithm,
which implies that the pore pressure field is not constant as in the small strain formulation
(Collins & Yu 1996 and Yu & Rowe 1999 have also commented on this fact). However, the
divergence from the in situ value pw0 is negligible and thus it is considered as constant. The
total radial stress thus becomes (in accordance with the small strain theory)

r  0 

 2

 A 
G0 Li2    1    0  2 G0 t .
3
 r 

(4.31)

4.5.3 Derivation for elasto-plastic behaviour

4.5.3.1 Introduction
Upon unloading, the ground behaviour remains elastic until the yield condition (Eq. 4.14) is
satisfied at the cavity wall. Afterwards, the ground around the opening becomes plastified,
forming an expanding plastic ring with an outer radius equal to ρ (Fig. 4.1). It should be noted
that even in the case of normally consolidated ground it is preferable to consider a slightly
higher than unity value for R in order to have a finite plastic radius (here, it is taken equal to
1.001). The stress field in the external elastic zone is obtained according to Section 4.5.2,
while the ground response in the plastic zone will be calculated in the following.
Section 4.5.3.2 gives the critical tunnel convergence at the onset of plastification, the
conditions at the elasto-plastic interface and the magnitude of the plastic radius. As the
effective stress path in the p'–q plane can be determined explicitly owing to the
incompressibility constraint (Section 4.5.3.3), it can be proved that the axial stress remains
equal to the mean effective stress for the cylindrical problem (Section 4.5.3.4). The
expressions of the stress invariants are thus simplified (in particular, p' and q become
functions of σ'r and σ't and conversely) and a linear relationship is established between the
deviatoric and the tangential strain (Section 4.5.3.5). A closed-form relationship is then
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derived for the deviatoric strain in terms of the stress ratio η (Section 4.5.3.6), and
consequently, the effective stress field can be determined from the strain distribution around
the opening (Section 4.5.3.7). Finally, Section 4.5.3.8 calculates the total stresses and Section
4.5.3.9 addresses the conditions prevailing at the critical state.

4.5.3.2 Basic quantities of elasto-plastic behaviour
4.5.3.2.1 Conditions at the elasto-plastic interface
Once the yield surface is reached (Eq. 4.14), the critical stress ratio becomes

  M R  1

(4.32)

and the deviatoric strain reads (cf. Eq. 4.17)

 q 

p0
3G0




bM R  1 .
0

(4.33)

The critical tangential strain is thus (cf. Eq. 4.28)

 t 

 2
 q .
2

(4.34)

4.5.3.2.2 Critical cavity wall convergence
The convergence at the onset of elasto-plastic behaviour is determined by setting the
tangential strain at the tunnel wall (Eq. 4.10) equal to the critical value of Eq. (4.34), yielding

ua 
a0

 1  exp   t   .

(4.35)

The respective value based on the small strain formulation (cf. Eq. 4.13) is given by the next
relation:

ua 
a0

  t .

(4.36)

Note that Eq. (4.35) practically coincides with Eq. (4.36) as long as εtρ < 5%, which is the
case for the materials of interest.

4.5.3.2.3 Radius of the plastic zone
The normalized plastic radius is calculated in a similar way, by evaluating the tangential strain
(Eq. 4.10) at r = ρ and reads as follows:
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 1
A
 
 ,
 exp   1  t    1 

(4.37)

whereas in the case of infinitesimal deformations it reads
1

 u 1  1
   a
 .
 a0  t  

(4.38)

4.5.3.3 Effective stress path
The effective stress path in the p'–q plane can be derived directly due to the constant volume
deformation. Specifically, the consistency condition implies that
dY 

Y
Y
Y
dp  
dq 
dpc  0 .
p 
q
pc

(4.39)

which leads with the aid of the differential
dq   dp   pd

(4.40)

d pc d p 
2

 2
d .
pc
p M   2

(4.41)

to

The decomposition of the total volumetric strain increment (remember that the natural
definition of principal strains is adopted, Borja & Tamagnini 1998), according to which

d p  d elp  d ppl  0 ,

(4.42)

combined with Eq. (4.17) for the elastic part, Eq. (4.26) for the plastic part and Eq. (4.41)
results in (Muir Wood 1990)
dp 

 2  2
d ,
p
M  2

(4.43)

where Λ = 1 – κ/λ. Eq. (4.43) can be integrated over the elasto-plastic stress history of a
material point giving


 M 2   2 
p  p0  2
 M   2  .



(4.44)

Note that the above expression represents the state boundary surface at the current specific
volume and is depicted in Figure 4.3 for an overconsolidation ratio equal to unity.
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4.5.3.4 Features of the plane strain constraint (for cylindrical cavities, ζ = 1)
An exact analytical solution for a circular opening under rotationally symmetric conditions
can be obtained, provided that the out-of-plane stress remains equal to the mean effective
stress during the elasto-plastic response, as will be proved in the following.
The incremental axial strain can be written as follows:
d z 

1
Y
,
1  v  d z  3vdp    
E
 z

(4.45)

where E denotes the Young’s modulus, given by E = 3(1–2v) K, and χ is the plastic multiplier.
The derivative of the yield function is expressed with the aid of the chain rule as (M = const.)
Y
Y p   Y  q


 z p   z q  z

(4.46)

Y 1 Y 3 s z Y
,


 z 3 p 2 q q

(4.47)

and equals

where sz = σ'z – p'. Taking advantage of the zero volume constraint through the additive
decomposition of the volumetric strain increment (Eq. 4.42), the plastic scalar multiplier can
be written as

 

dp 
K

Y
.
p 

(4.48)

Substituting now Eqs. (4.47) and (4.48) into Eq. (4.45) and setting dεz = 0, the following
differential equation is obtained:

ds z
1
dp 

,
sz
b D   p

(4.49)

which produces, when applying Eq. (4.23) for the dilatancy function and Eq. (4.43),
ds z
4

d .

4
sz
b M  4

(4.50)

Obviously, for an isotropic initial stress field, the axial effective stress must be equal to the
mean effective stress, i.e. σ'z = p' (remember that in the case of R > 1 the ground response is
linearly elastic until the yield condition is satisfied, which implies that the axial effective
stress at yielding is equal to p'0). This fact has also been mentioned by Chen & Abousleiman
(2012) in relation to the cavity expansion problem. It should be noted further that this applies
at failure irrespective of the initial stress conditions for a circular plastic potential in the
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deviatoric plane (Potts & Gens 1984, Lagioia & Panteghini 2014). Subsequently, the elastic
axial strain increment becomes
d zel   d rel  d tel  2 .

(4.51)

4.5.3.5 Stress and strain invariants
Therefore, in a similar way to the elastic response, the stress invariants (Eqs. 4.15 and 4.16)
are simplified in case of elasto-plastic behaviour to
p 

q

 r   t
,
 1

 2
2

(4.52)

 t   r  .

(4.53)

Solving these relations with respect to the principal effective stresses gives

 r  p  

 t  p 

 2

q,

(4.54)

 2
q.
3

(3.55)

3

Furthermore, the slope of the CSL can now be expressed with respect to the friction angle φ'
by adjusting the DP circular to the MC hexagonal failure surface in the deviatoric plane at the
Lode angle θ = 0° for the cylindrical case and at θ = 30° for the spherical one (Fig. 3.4):

 3 sin   ,   1;

M   6sin  
 3  sin   ,   2.


(4.56)

With regard to the strain invariants, the elastic deviatoric strain increment is given by Eq.
(4.22), which, with the aid of Eq. (4.51) for ζ = 1 and spherical symmetry for ζ = 2, leads to
d qel 

 2
3

 d

el
t

 d rel  .

(4.57)

An analogous relationship is derived for the plastic deviatoric strain increment (Eq. 4.24),
provided that sz = 0, i.e.
d qpl 

 2
3

 d

pl
t

 d rpl  .

(4.58)
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Figure 4.4. Representation of the DP conical and the MC pyramidal surface in the deviatoric plane
(plotted for φ' = 25° and adjusted at a zero Lode angle)

Hence, the total deviatoric strain increment

d q  d qel  d qpl

(4.59)

is proportional to the tangential one:
d q 

2
d t .
 2

(4.60)

4.5.3.6 Stress ratio – deviatoric strain relationship
The deviatoric strain εq will be expressed in the following with respect to the stress ratio η
through a closed-form relationship. More specifically, the elastic deviatoric strain increment
(Eq. 4.17) is written using Eqs. (4.40) and (4.43) as

 
2 
d  b 1  2 2 2  d ,
M  
0 
el
q

(4.61)

which, after integration over the elasto-plastic stress path of a material point, yields (see also
Perić & Ayari 2002)
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(4.62)
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On the other hand, the plastic deviatoric strain increment (Eq. 4.23) is written using Eqs.
(4.26), (4.41) and (4.43) as

d qpl 


2
4 4
d ,
0
M  4

(4.63)

whose integration provides (see also Perić & Ayari 2002)

 
      M    M    1   
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  2  tan    tan    .
ln 
0 M     M    M   
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pl
q

(4.64)

Therefore, the deviatoric strain can be written as a function of the stress ratio η:

 q   qel   qpl   q   .

(4.65)

4.5.3.7 Effective stresses
As the tangential strain at the current position r of a material point is known (Eq. 4.10, or 4.13
for small strains) and the deviatoric strain is proportional to it (Eq. 4.60), the corresponding
stress ratio η can be obtained by solving the non-linear equation (4.65) in this regard. As
shown in Appendix 4.1, a simple Newton’s method is sufficient, given that the function  q  
is monotonous and convex as long as 2 – bM2 > 0 (which is always satisfied for v ≤ 0.35 and
φ' ≤ 50°) in the subcritical (or ‘wet’, R < 2) domain and additionally 1  2  0 (which is true
for κ/λ ≤ 0.5 – for higher values of the ratio κ/λ it should be verified that Eq. 4.91 is negative
at η = ηρ, which is generally true) in the supercritical (or ‘dry’, R > 2) domain. Afterwards, the
stress invariants (Eq. 4.44) and thus the effective stresses can be determined directly (Eqs.
4.54 and 4.55).

4.5.3.8 Total stresses and pore pressures
The integration of the equilibrium condition (Eq. 4.6) within the plastic ring (Eq. 4.37, or Eq.
4.38 for infinitesimal strains), applying Eq. (4.53) for the deviatoric stress, gives

r   

2
 2



q

 r dr ,

(4.66)

r

where the total radial stress at the elasto-plastic boundary is equal to (cf. Eq. 4.31)
    0  2 G 0 t  .

The pore pressure is then calculated through Terzaghi’s relationship (Eq. 4.1).

(4.67)

56

Analysis of ground response and ground-support interaction in tunnelling considering large deformations

4.5.3.9 Conditions at critical state and undrained shear strength

As the mean effective stress at critical state is p'cs = p'0 (R/2)Λ (derived through the evaluation
of the CSL in the compression plane lnp'–υ at the in situ specific volume and taking account
of the fact that the MCC model assumes a constant spacing ratio between the NCL and the
CSL equal to 2 – see for example Muir Wood 1990), and that the corresponding deviatoric
stress equals qcs = M p'cs, the undrained shear strength of the ground, defined in accordance
with the Tresca failure criterion as

cu 

 t   r cs
2



qcs
,
 2

(4.68)

becomes

cu 
4.6

Mp0  R 2 

 2



.

(4.69)

Ground response curve based on the modified Cam-clay model

The expressions for the short-term GRC in a MCC material are derived by evaluating Eqs.
(4.31) and (4.66) at the tunnel wall and they are summarized in the following:

 0  2 G0 ta

1
a  
 M
 0  2 G0 t   2 cu 
r



, ua  u  ;




2
dr

2
1   M  

, ua  u  .

(4.70)

The strain εta denotes the tangential strain at r = 1 (the displacements in the elastic zone are
small, provided that large strains are induced by the plastic deformations, and thus εta can be
taken equal to ua/a ≈ ua/a0). The stress ratio η is a function of the normalized radius since η =
η (εq) (cf. Eq. 4.65) and  q   q  r  (cf. Eqs. 4.60 and 4.10, or Eqs. 4.60 and 4.13 for the small

strain case) and thus the calculation of the above definite integral over the plastic zone
requires the solution of the non-linear Eq. (4.65) with respect to η at each grid point for its
given deviatoric strain. A robust numerical scheme for its computation is given in Appendix
4.1. Note that in the special case of R = 2, the above integral can be determined analytically,
providing a closed-form expression for the GRC:
 1

 ln     .
  1


 a   0  2 cu 

(4.71)
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Figure 4.5. Ground response curves based on the MCC model for several parameter sets (ζ = 1).
Examination of the influence of (a) the ratio κ/λ, (b) the friction angle φ' and (c) the isotropic
overconsolidation ratio R
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Figure 4.6. Influence of the spherical symmetry (ζ = 2) on the ground response curve based on the
MCC model

The normalized tunnel convergence can be expressed as a function of six independent
variables:

 1 a 0
0 ua


f
, v, ,  , R,  .
 a0
0 
 1  pw0  0 

(4.72)

Figure 4.5 presents the derived finite strain solution in normalized charts which depict the
influence of the significant parameters of the problem on the predicted convergences. The
effect of the isotropic overconsolidation ratio R (Fig. 4.5c) is dominant over the effects of the
ratio of the slope of the URL to the slope of the NCL κ/λ (Fig. 4.5a) and of the friction angle
φ' (Fig. 4.5b). Moreover, the ratio of the slope of the swelling line to the in situ specific
volume of the ground κ/υ0 is crucial with respect to the deformation behaviour. The
uppermost curves (κ/υ0 ≈ 0) coincide with the small strain solution in which the last right-side
term of Eq. (4.72) disappears (remember that the deviatoric strain is proportional to the
normalized slope of the swelling line κ/υ0 according to Eqs. 4.62 and 4.64) and thus the
displacements are proportional to it. As a result, the current charts also show the difference
between the two formulations. Obviously, the lower the frictional resistance, the
overconsolidation ratio and the support pressure and the higher the in situ pore pressure, the
higher the convergences and thus the greater the error in the small strain solution. Finally,
Figure 4.6 depicts the higher system stiffness induced by the spherical symmetry.
The excess pore pressure developing at the tunnel wall can be expressed with respect to the
support pressure through a linear closed-form relationship as long as the ground at the tunnel
wall reaches the critical state. Specifically, calculating the radial effective stress at r = a (Eq.
4.54) based on the stress state prevailing at the critical state (Section 4.5.3.9), the excess pore
pressure becomes equal to

Chapter 4

59


pwa  a  pw0   2  3
1


 1 ,

3    2 M 
cu
cu

(4.73)

implying that it is always negative. However, it is worth mentioning that the excess pore
pressure is slightly positive in the case of normally consolidated ground at an early stage of
unloading, owing to its contractant behaviour.
4.7

Solution of the Mohr-Coulomb problem

The undrained ground response to tunnel excavation according to the classic MC model will
be derived in the following, which does not depend on the intermediate principal stress and
assumes zero plastic deformation in the intermediate principal direction due to the pyramidal
plastic potential in the three-dimensional principal stress space. The solution corresponding to
the DP model is also given since it requires the modification of only a single parameter.
4.7.1 Outline of the constitutive model

4.7.1.1 Failure surface

The MC failure surface can be expressed in terms of principal stresses as follows:

F  p, q   q  Mp  0 ,

(4.74)

where Caquot’s (1934) transformation is applied to all normal effective stresses (cf. also
Anagnostou & Kovári 1993):

      c tan  .

(4.75)

In compliance with the derivation for the MCC model, the stress parameters p' and q are
defined according to Eqs. (4.52) and (4.53) and the frictional constant M according to Eq.
(4.56), whereas c' denotes the cohesion of the solid skeleton. Eq. (4.74) also represents the DP
failure surface when the general expressions for the stress invariants (Eqs. 4.15 and 4.16) are
considered.
4.7.1.2 Plastic flow

Incorporating a non-associated plastic flow, according to which the plastic potential P
resembles the failure surface F (Eq. 4.74), with the dilation constant Mψ replacing the
frictional constant M (Eq. 4.56 applies, with the dilation angle ψ instead of φ'), the ratio of the
plastic strain increments equals

d ppl
d qpl



P p
 M .
P q

(4.76)
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4.7.1.3 Undrained shear strength

The MC model assumes linearly elastic-perfectly plastic behaviour. As a result, the mean
effective stress remains constant prior to failure under constant volume deformation (Fig. 4.3).
Therefore, the undrained shear strength of the ground, defined by Eq. (4.68), is equal to

cu 

Mp0

 2



p0 sin    c cos  
.
1    1 3 sin  

(4.77)

Obviously, Eq. (4.77) coincides with Eq. (4.69) for zero cohesion and R = 2.
4.7.2 Derivation for elasto-plastic behaviour

4.7.2.1 Introduction

After unloading, the ground behaviour will be elastic until the failure criterion is satisfied at
the cavity wall. Then, in a similar way to the previous case, the ground will become more and
more plastified, forming an expanding plastic ring of radius ρ (Fig. 4.1). The elastic response
is calculated according to Section 4.5.2 and the conditions at yielding as well as the size of the
plastic zone according to Section 4.5.3.2 with the critical deviatoric strain being given here by
the following expression (cf. Eq. 4.17 with the aid of Eqs. 4.74 and 4.77):

  2 cu

 q 

3

G

.

(4.78)

4.7.2.2 Deviatoric stress–strain relationship

A linear relationship between the deviatoric stress and strain can be produced from the
decomposition of total strain increments into elastic and plastic ones (Eqs. 4.42 and 4.59), the
plastic flow rule (Eq. 4.76), the incompressibility constraint (Eq. 4.42), the consistency
condition based on the failure criterion (4.74) and the deviatoric elastic constitutive equation
(4.17), which can be integrated over the elasto-plastic stress history of a material point
deducing
q    2cu  3   q   q  

(4.79)

with



KGMM
3G  KMM

.

(4.80)

Under plane strain conditions, the axial elastic strain increment equals zero (since a pyramidal
plastic potential is used), and thus, the out-of-plane stress d z  v  d r  d t  . As a result, the
bulk modulus incorporated into Eq. (4.80) is equal to K = E/[2(1+ν)(1–2ν)] for ζ = 1 and to K
= E/[3(1–2ν)] for ζ = 2 (Atkinson & Bransby 1978), whereas the shear modulus is G =
E/[2(1+ν)].
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Setting K = E/[3(1–2ν)] for the plane strain problem conforms to the DP model. Indeed,
taking a circular plastic potential in the deviatoric plane (Fig. 3.4), it can be proved following
Section 4.5.3.4 that the stress state during elasto-plastic behaviour remains at a zero Lode
angle. Specifically, the right-side term of Eq. (4.49) becomes –(bMMψ)–1 dq/q which implies
that σ'z = p'. Therefore, the stress and strain invariants are simplified according to Section
4.5.3.5 and the DP can be fitted to the MC failure surface (Fig. 4.4). The DP model predicts
slightly higher convergences since the bulk modulus and (consequently) the plastic shear
modulus Ω (Eq. 4.80) decrease. Obviously, this consideration is relevant only in the case of
dilatant behaviour, where the shape of the plastic potential in the deviatoric plane is involved
in the problem.
Eq. (4.79) clearly shows that plastic dilatancy acts as an equivalent hardening parameter,
since for ψ > 0 the constant Ω (Eq. 4.80) becomes positive and the deviatoric strain depends
on it linearly. The stress path then moves along the failure line in the p'–q plane (Fig. 4.3). As
will be shown in the following, this fact leads to very stiff behaviour under undrained
conditions (cf. also Potts 2003 and Giraud et al. 2002).
4.7.2.3 Effective stresses

The effective stresses can be calculated by means of Eqs. (4.54) and (4.55) provided that the
stress parameters p' and q are known. In the case of non-dilatant behaviour they remain
constant, while in the case of dilatant behaviour they increase. For the sake of completeness, it
should be noted that the violation of the assumption that the out-of-plane stress remains the
intermediate principal stress throughout unloading for ζ = 1 is insignificant here (see Chapters
2 and 3 for the drained problem).
4.7.2.4 Total stresses and pore pressures

The substitution of Eq. (4.79) into Eq. (4.66) provides the total stress at the current radial
coordinate of a material point:
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(4.81)

Recalling the logarithmic definition of tangential strain (Eq. 4.10), Eq. (4.81) yields
 1
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where Li2 stands for the Euler dilogarithm function
ln 1  t 
dt ,
t
0
x

Li2  x    

(4.83)
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which can be expanded in infinite series for negative arguments as follows (Lewin 1981):
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(4.84)

, x  1.

According to the small strain formulation (cf. Eq. 4.13), Eq. (4.81) gives
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Ground response curve based on the Mohr-Coulomb model

The relationships for the short-term GRC in a MC material are obtained by evaluating Eqs.
(4.31) and (4.82) at the cavity wall and are summarized as follows:
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It should be noted that the above infinite series (Eq. 4.84) converge rapidly and thus few
terms suffice in order to obtain accurate results.
The normalized tunnel convergence is expressed as a function of three independent variables:

 1   a  0  cu 
G ua
, , .
f
cu a0
 cu  0 G G 

(4.87)

Obviously, in the special case of zero dilatancy (Ω = 0) the solution is equivalent to that
obtained by means of a total stress analysis using the Tresca model and practically coincides
with the one presented by Yu (2000). Figure 4.7 presents the corresponding ground response
curves in normalized charts for various values of the shear modulus to the undrained shear
strength ratio G/cu. The left graphs correspond to the cylindrical problem (ζ = 1) and the right
graphs to the spherical one (ζ = 2). The uppermost curves (G/cu ≈ ∞) represent the small strain
solution, in which the last right-side term of Eq. (4.87) disappears and the displacements are
thus proportional to it. The diagrams therefore further show the difference between the two
formulations.
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Figure 4.7. Ground response curves based on the MC model for several values of the ratio G/cu and
zero dilatancy (left-side diagrams: cylindrical cavity, right-side diagrams: spherical cavity)

Figure 4.8. (a) Ratio Ω/G as a function of the dilation angle ψ for different values of the Poisson’s
ratio v and the friction angle φ' and (b) ground response curves based on the MC model for several
values of the ratios G/cu and Ω/G (cylindrical cavity, ζ = 1)

The very stiff behaviour induced by constant dilatancy is demonstrated for a cylindrical
opening in Figure 4.8. Figure 4.8a plots the ratio of the plastic to the elastic shear modulus
Ω/G as a function of the dilation angle for different values of the Poisson’s ratio and the
friction angle. Figure 4.8b shows the ground response curves for several values of the ratio
Ω/G, taking two limit cases for the ratio G/cu. The extraordinarily favourable effect of plastic
dilatancy is apparent. Even for very low dilation angles, the deformations around the opening

64

Analysis of ground response and ground-support interaction in tunnelling considering large deformations

largely decrease and the strain formulation is not significant, in contrast to the non-dilatant
case (cf. Fig. 4.7a).
Finally, the excess pore pressure generated at the tunnel wall for a non-dilatant material as
long as the failure criterion is satisfied is given by the next linear relation (which implies that
it is always negative):
pwa   2 1   a  0
.


cu
3
cu  0

4.9

(3.88)

Application example

The underwater Gibraltar Strait tunnel aims to connect Europe with Africa (comprehensive
descriptions of the project have been presented by Pliego 2005 and Lombardi et al. 2009).
The presence, however, of two large breccia zones that typify weak, saturated, low
permeability ground under high pore pressure, have cast doubt on the technical feasibility of
the proposed tunnel solution. Experiments performed at the ETH Zurich (Dong et al. 2013) on
samples taken from the project site have confirmed the high deformability and low strength of
the material. As a result, squeezing conditions are expected, and the unacceptably high values
relating to tunnel convergence represent one of the main hazard scenarios.
The observed behaviour of the samples subjected to consolidated undrained triaxial tests was
contractant prior to critical state (except for one specimen, which exhibited slightly dilatant
behaviour). According to the experimental results, Gibraltar breccias resemble a normally
consolidated or slightly overconsolidated material. The mechanical properties are taken as
follows: κ = 0.006, λ = 0.01, v = 0.3, φ' = 25° (most favourable case), υ0 = 1.43
(corresponding to a porosity of 30%). In the middle of the alignment, where the breccias are
found, the planned tunnel route lies 500 m below the sea level and 200 m below the seabed,
corresponding to an initial stress state of σ0 = 8 MPa and pw0 = 5 MPa. The initial shear
modulus and the undrained shear strength (for R = 1) thus equal G0 = 330 MPa and cu = 0.96
MPa (point A in Fig. 4.3), respectively.
Two cases are examined for the non-dilatant MC model. In the first case (MC–A), the
undrained shear strength is set equal to that of the MCC model, i.e. cu = 0.96 MPa (point A in
Fig. 4.3), while in the second (MC–B) it is calculated according to Eq. (4.77) reading cu =
1.27 MPa (point B in Fig. 4.3). In both cases, the shear modulus is taken equal to G0.
Figure 4.9 shows the corresponding characteristic lines. The results derived from the MC
model with the reduced undrained shear strength (MC–A) are close to those predicted by the
MCC model. This confirms that the performance of total stress analyses considering the
‘correct’ undrained shear strength leads to tunnel convergences which are close to those
derived from the use of more sophisticated constitutive models, even for large deformations,
and hence it is sufficient from an engineering point of view. On the other hand,
straightforward use of the MC model (MC–B) leads to significantly lower convergences due
to the overestimation of the shear strength (cf. Fig. 4.3). Finally, it is clearly shown that the
error of the small strain solutions (dashed curves) is small up to convergence ratios ua/a0 of
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10%, while at lower support pressures they can give irrational results providing radial
displacements greater than the excavated tunnel radius, in contrast to the finite strain solutions
(solid curves). The latter are indispensable in the case of extremely squeezing conditions.

Figure 4.9. Characteristic lines for the breccia zones of the planned Gibraltar tunnel

4.10 Conclusions
This chapter presented exact finite strain elasto-plastic solutions for the undrained ground
response around cylindrical and spherical openings. In addition to the MC model, which is
widely used in engineering practice, the MCC model was also used. Analytical solutions have
the merit of providing general insights into how problem variables influence predicted
deformation behaviour, which was depicted here by means of dimensionless charts covering
the practically relevant range of significant parameters. It was shown that the error induced by
the small strain theory can be significant for convergences greater than 10% and can even lead
to senseless results, i.e. tunnel radial displacements greater than the excavated opening,
especially for normally and lightly overconsolidated grounds. Finally, an application to the
breccia zones of the proposed Gibraltar Strait tunnel was included, verifying the existing
predictions for heavily squeezing conditions. The solutions presented here can be used for
convergence assessments in tunnelling through water bearing, low permeability, heavily
squeezing grounds and they constitute a valuable benchmark for numerical procedures
addressing material and geometric non-linearity.
Appendix 4.1. Numerical calculation of the definite integral appearing in Eq. (4.70)
The definite integral appearing in the elasto-plastic GRC for the MCC model (Eq. 4.70),
which may be written as
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din      g  r ,  dr ,

(4.89)



can be computed simply and robustly with the trapezium rule (Table 4.1). As explained in the
paragraph following Eq. (4.70), the stress ratio η must be determined by solving the nonlinear algebraic equation

 q     q  r   0

(4.90)

for a given deviatoric strain εq of the material point at distance r.
As will be proved in the following, Eq. (4.90) can be solved by the simple Newton’s method
(Table 4.2), because the function εq (η) is monotonous and convex (i.e. its unique root is
approached without jumping from the ‘wet’ to the ‘dry’ side for R < 2, or vice versa for R > 2)
for realistic mechanical ground properties. More specifically, the first and second derivatives
of the function εq (η) are equal to (cf. Eqs. 4.61 and 4.63)

d q


 
2  2
D q 
 b  2 2 2  2 2  b  ,
M    M 
d 0 

D 2 q 

d 2 q
d

2





 2bM 4 2   M 4   4  2  bM 2   .
4
2 

4
4
0
 M  

(4.91)

(4.92)

Eq. (4.92) is positive and thus the function εq (η) is convex as long as 2 – bM2 > 0. This
condition is always satisfied for v ≤ 0.35 and φ' ≤ 50° (cf. Eqs. 4.20 and 4.56). Concerning its
first derivative, Eq. (4.91) is positive on the subcritical side (η < M) as long as the same
aforementioned condition is fulfilled, while it is negative on the supercritical side (η > M) as
long as 1 – 2Λ < 0, which is true for κ/λ ≤ 0.5. For higher values of the ratio κ/λ it should be
verified that Eq. (4.91) is negative at η = ηρ (Eq. 4.32), which is generally true.
The expressions for the function εq (η) and its first derivative, which are involved in the
iterative process of Table 4.2, are given in closed form by Eq. (4.65) (accompanied by Eqs.
4.62 and 4.64) and Eq. (4.91), respectively. Figure 4.10 shows the function εq (η) for v = 0.3,
κ/λ = 0.4, M = 0.732 (corresponding to φ' = 25° at θ = 0°) and various values of the
overconsolidation ratio R.
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Table 4.1. Calculation of the definite integral of Eq. (4.70) according to the trapezium rule using a
uniform grid discretized in N intervals
1. Initialize: n = 0, din = 0, r     1 N , r0   , η0 = ηρ
2. Compute: rn 1     n  1 r ,  t , n 1   t  rn 1  , εq,n+1 = εq (εt,n+1)
3. Compute: ηn+1 = η (εq,n+1) (according to Table 3.2)
4. Compute: din  din   r  g  rn , n   g  rn 1 , n 1   2
5. Set n = n + 1 and if n < N go to 2; else
6. Set din     din and return

Table 4.2. Newton’s algorithm for calculating the stress ratio ηn+1 of the (n+1)st material point given
its deviatoric strain εq,n+1
 0.999 M
1.001M

1. Initialize: k = 0,  n 01  
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R  2;
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2. Compute:  q n 1 , D q n 1
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3. Compute:  n 1
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,
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q , n 1

 

 D q  n k1


R  2;
set ηn+1 = Μ and return; else
R2

 
 
 
k 1
5. If n 1  n 1 n 1  tol set  n 1   n 1  and return; else
k 1

k

k 1

6. Set k = k + 1 and go to 2

Figure 4.10. Normalized deviatoric strain εq as a function of the normalized stress ratio η for different
values of the isotropic overconsolidation ratio R (v = 0.3, κ/λ = 0.4 and M = 0.732)
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Notation

A
a0, a
b
c'
cu
D
din
E
F
f
G, G0
g
K, K0
k
Li2
M, Mψ
N
n
P
p', p'0
p  , p0

function of cavity convergence ua/a0
initial and current radius of the cavity
function of Poisson’s ratio
cohesion
undrained shear strength
dilatancy (function of the stress ratio η)
value of a definite integral
Young’s modulus
MC failure surface
an arbitrary function
shear modulus and initial shear modulus (for the MCC model)
function of r and η
bulk modulus and initial bulk modulus (for the MCC model)
iteration counter
Euler’s dilogarithm
function of friction and dilation angle, respectively
number of intervals of a uniform grid
index of (infinite) series
plastic potential
mean effective stress and corresponding in situ value
transformed mean effective stress and corresponding in situ value

p'c
p'cs
pw, pw0
q
qcs
R
r0 , r, r
s
t
tol
u
ua
uaρ
x
Y

preconsolidation stress
mean effective stress at critical state
pore pressure and corresponding in situ value
deviatoric stress
deviatoric stress at critical state
isotropic overconsolidation ratio
initial, current and normalized current radius of a material point (= r/a)
principal deviatoric stress
auxiliary variable
termination tolerance
radial displacement of a material point
radial displacement at the cavity wall
critical wall displacement at the onset of plastification
auxiliary variable
MCC yield surface

Δpwa
ε1, ε2, ε3
ε r , ε t, ε z
εp , εq
εta

excess pore pressure at the cavity wall
principal strains
radial, tangential and out-of-plane (for ζ = 1) strain
volumetric and deviatoric strain
tangential strain at the cavity wall
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εtρ, εqρ
ζ
η, ηρ
θ
κ, λ
Λ
ν
ρ, 

tangential and deviatoric strain at r = ρ
variable that indicates the type of cavity (ζ = 1 cylindrical, ζ = 2 spherical)
stress ratio q/p' and corresponding value at r = ρ
Lode angle
slope of URL and NCL in the lnp'–υ plane
function of κ/λ
Poisson’s ratio
current and normalized current radius of the plastic zone (= ρ/a)

σ, σ0
σa
σr, σρ
σ',  
σ'1, σ'2, σ'3
σ'r, σ't, σ'z
υ, υ0
φ'
χ
ψ
Ω

total normal stress and corresponding in situ isotropic value
cavity support pressure
total radial stress and corresponding value at r = ρ
effective and transformed effective normal stress
principal effective stresses
radial, tangential and out-of-plane (for ζ = 1) effective stress
specific volume and corresponding in situ value
friction angle
plastic scalar multiplier
dilation angle
plastic shear modulus

5

A simple equation for obtaining finite strain solutions
from small strain analyses of tunnels with very large
convergences3

5.1

Introduction

In problems involving large deformations where the undeformed (initial) and the deformed
(current) configuration of the continuum differ significantly, small strain theory, which
evaluates both stiffness and equilibrium in the undeformed configuration, leads to erroneous
and sometimes even nonsensical results. For example, the widely-applied relationships for the
ground response curve, which are based upon small strain theory, predict radial displacements
ua that are even greater than the excavated radius a0 under conditions of very low stiffness and
strength and high in situ stress σ0. This can easily be verified from the Kirsch problem (Fig.
5.1a). The nature of the deficiency in the small strain formulation is the same as in the simple
problem of an elastic bar under axial compression, where the disregarding of geometric nonlinearity may (depending on the ratio of the applied force to the bar’s axial stiffness) lead to a
displacement greater than the initial bar’s length (Fig. 5.1b). The simple example of Figure
5.1a makes it evident that small strain theory overestimates excavation-induced displacements
in the case of large deformations (cf. Pan 1988; Pan et al. 1989).
Small strain theory remains sufficient, at least from an engineering point of view, as long as
strains do not exceed 10%. This condition is fulfilled in the great majority of tunnelling
projects. When tunnelling through weak rocks under a high overburden, however, larger
convergences may take place. As illustrated by several case studies and detailed reviews (see
among others Kovári 1998; Barla 2002), a major reduction in the cross section beyond the
planned values represents the main hazard scenario when tunnelling under so-called
squeezing conditions. Figure 5.2 shows some characteristic examples worldwide where the
observed tunnel convergences exceeded one tenth of the excavated tunnel radius.

3

This chapter has been published in: Vrakas A, Anagnostou G. A simple equation for obtaining finite strain solutions from
small strain analyses of tunnels with very large convergences. Géotechnique 2015; 65(11): 936–944, doi:
10.1680/geot.15.P.036.
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Figure 5.1. Response disregarding the geometric non-linearity that is imposed by the large
displacement: (a) Wall displacement of an unsupported tunnel according to Kirsch’s solution; (b)
uniaxial compression of a bar of axial stiffness EA

The occasionally very large deformation phenomena seen in tunnelling, together with the lack
of a comprehensive work in the literature dealing with their analysis (cf., e.g., review papers
by Barla 2002; Mair 2008; Standing & Potts 2008), motivated the study of the response of
deep underground openings in the framework of finite strain elasto-plasticity and to derive
exact, finite strain, closed-form (when possible) solutions for the ground characteristic line
(Chapters 2 to 4).
The present chapter shows that the cavity wall displacements ua,ss obtained from a small strain
analysis can be used directly to estimate the displacements ua,ls that would result from a large
strain analysis. More specifically, it will be shown that the classic problem of the ground
response curve of a cylindrical (or spherical) cavity exhibits the following interesting
property: the normalized cavity convergence Ua,ls (= ua,ls/a0, where a0 denotes the tunnel
radius) obtained from a large strain analysis can be expressed as a hyperbolic function solely
of the normalized cavity convergence Ua,ss (= ua,ss/a0) obtained from small strain analysis:
U a ,ls  h U a , ss   1 

1
.
1  2U a , ss

(5.1)

What is particularly interesting about Eq. (5.1), however, is that it is also sufficiently accurate
for general plane strain excavation problems as well as for the three-dimensional problem of
an advancing tunnel heading, irrespective of the constitutive behaviour, the initial stress field
and the tunnel cross section. Consequently, Eq. (5.1) can be applied not only to estimate
errors in routine small strain analyses, but also to ‘self-correct’ their results, removing the
need for large strain numerical analyses, at least at the preliminary design stage.
The chapter starts with an illustration of the practical importance of taking finite strains into
consideration by discussing comparative computations covering selected examples of tunnels
through heavily squeezing ground. Subsequently, a rigorous mathematical proof of Eq. (5.1)
is presented for the rotationally symmetric, plane-strain problem of a circular tunnel in an
elastic-perfectly plastic, non-dilatant material. Afterwards, it will be shown that Eq. (5.1) is
sufficiently accurate also for a dry material exhibiting dilatant or hardening behaviour, as well
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as for the instantaneous response of a saturated, hardening material, provided that the
hardening is completed (or the critical state is reached) at strains of up to 10%, in either
axially or spherically symmetric conditions. Finally, the chapter closes by presenting the
applicability of Eq. (5.1) to general plane strain excavation problems and to the threedimensional problem of an advancing tunnel heading.

Figure 5.2. Examples of tunnels with very large deformations: (a) Safety gallery of the Gotthard
motorway tunnel, Switzerland; (b) Yacambú-Quibor tunnel, Venezuela; (c) Faido, Gotthard base
tunnel, Switzerland; (d) Saint Martin La Porte access adit, Lyon-Turin base tunnel, France (Barla et al.
2011); (e) Nakayama tunnel, Japan; (f) Canoas tunnel, Venezuela
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Significance of large strain formulation

5.2.1 The Gotthard base tunnel
The 57 km Gotthard base tunnel in Switzerland involves an approximately 6 km long section
crossing rocks of low strength and high deformability (so-called kakiritic rocks) at depths of
up to 900 m (Kovári et al. 2000). Extensive laboratory tests on core samples were carried out
at ETH Zurich in the design stage and during construction (Vogelhuber 2007; Anagnostou et
al. 2008), providing valuable information with respect to the rock behaviour and material
constants. Figure 5.3 shows the ground response curves for typical rock parameters. At the
support pressures of practical interest (a few hundred kPa provided by a yielding support;
Cantieni & Anagnostou 2009b), the small strain analysis strikingly overestimates the wall
displacements. From an engineering viewpoint, this implies a need for additional overexcavation in order to maintain the desired clearance (and thus greater deformation capacity
in the yielding support). For example, with a desired clearance a = 5 m under a support
pressure σa = 750 kPa (Fig. 5.3), the required excavation radius a0 (= a / (1–Ua)) equals 8.3 m
according to small strain theory (corresponding to an over-excavation volume of 138 m3 per
linear metre), while according to large strain theory it equals 6.7 m (corresponding to an overexcavation volume of 62 m3 per linear metre, which is 55% less).

Figure 5.3. Ground response curves for the Sedrun section of the Gotthard base tunnel (material
constants of the kakiritic rocks after Kovári et al. 2000; computational method after Chap. 2)
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5.2.2 The Yacambú-Quibor tunnel

The Yacambú-Quibor water transmission tunnel in Venezuela (500 km west of Caracas)
crosses a distance of 23.3 km through the Andes. Extreme squeezing conditions, owing to the
presence of very weak graphitic phyllites at depths of up to 1270 m, were encountered during
excavation, which was finally completed after 32 years (Hoek & Guevara 2009). The cross
section closed completely in several locations along the tunnel alignment (Darling 1992; Fig.
5.2b). A back analysis of the observed response was performed in order to estimate the
cohesion of the graphitic phyllites. Figure 5.4 shows the back-calculated cohesion as a
function of tunnel convergence, with an unsupported opening. Small strain analysis leads to
an overestimation of the strength. Specifically, it reproduces the observed complete closure of
the opening (convergence > 80%) for cohesion of about 1.3 MPa, while the inclusion of large
deformation effects leads to cohesion of just 0.35 MPa. (It is worth noting that graphitic
phyllites may cause severe squeezing problems even at depths of cover as little as 45 m; Fig.
5.2f.)
5.2.3 The Gibraltar Strait tunnel

The third example is that of the planned 38 km-long underwater Gibraltar Strait tunnel
between Europe and Africa. The presence of two large breccia zones in the middle of the
alignment (prevailing over a tunnel section more than 4 km long and lying 500 m below sea
level and 200 m below the seabed) calls into question the technical feasibility of the project
(Lombardi et al. 2009). Experiments performed at the ETH Zurich (Dong et al. 2013) on
samples taken from the project site have confirmed the high deformability, low strength and
low permeability of the breccias, which resemble a normally consolidated or slightly overconsolidated soil. Therefore, the short-term convergences and ground pressures developing in
the vicinity of the tunnel face are decisive with respect to the risk of the tunnel boring
machine’s shield jamming. The undrained ground response curves (Fig. 5.5) support the
hypothesis of heavily squeezing conditions and show that the small strain solution greatly
overestimates the convergences, even leading to results that are irrational (convergence >
100%) at very low support pressures.
5.3

Theoretical preliminaries

A basic consideration facilitating the following mathematical proofs is that the elastic strains
of the materials of interest (hard soils and weak rocks) are considerably smaller than the
plastic strains (because the yield stress, e.g. the uniaxial compressive strength σD, is small
compared with the elastic stiffness, e.g. the Young’s modulus E), which implies that large
strains are almost entirely due to plasticity. Therefore, the derivations disregard elastic strains
in the plastic zone. Exact computations without this simplifying assumption lead to the same
relationship between large and small strain solutions (Appendix 5.1).
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Figure 5.4. Back-calculated cohesion of the graphitic phyllites encountered in the Yacambú-Quibor
tunnel as a function of tunnel convergence under unsupported conditions (other material constants of
graphitic phyllites after Hoek & Guevara 2009; computational method after Chap. 2)

Figure 5.5. Undrained ground response curves for the breccia zones of the planned Gibraltar Strait
tunnel (material constants of the breccias after Anagnostou 2014; computational method after Chap. 4)
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Figure 5.6. Setup of the plane strain axially symmetric excavation problem for, (a), large strain
formulation and, (b), small strain formulation

The fact that the elastic strains are small is also relevant for the numerical analysis of general
problems with rotating principal directions, as it allows the use of a large deformation
plasticity formulation that is based on the additive decomposition of the rate of deformation
tensor (i.e. of the symmetric part of the spatial velocity gradient tensor) into elastic and plastic
parts. The constitutive equations then relate an objective rate of the Cauchy (or Kirchhoff)
stress tensor to the rate of deformation tensor, with the elastic response being hypo-elastic (i.e.
non-conservative in a closed cycle), even in the case of constant elastic moduli (see among
others Simo & Hughes 1998 and Belytschko et al. 2014 for a detailed overall treatment of
elasto-plasticity at finite strains).
5.4

Derivation of the proposed relationship

5.4.1 Problem definition
The plane strain problem of a circular, uniformly supported tunnel cross section is considered
in homogeneous, isotropic, elasto-plastic and non-dilatant ground with a homogeneous and
isotropic initial stress field (Fig. 5.6). Under these conditions, the problem is rotationally
symmetric and the tunnel convergence uniform. In the following derivation, compressive
stresses and strains and inward radial displacements are taken as positive, while the subscripts
‘ss’ and ‘ls’ are used to differentiate between the small and large strain formulation variables.
5.4.2 Kinematic considerations
Upon unloading, the ground response is elastic until the failure criterion is reached at the
tunnel wall. At lower support pressures, the ground around the opening experiences
increasing irreversible strains and forms an expanding plastic ring of outer radius ρls (large
strain solution; Fig. 5.6a) or ρss (small strain solution; Fig. 5.6b). The assumption of zero
plastic dilatancy in combination with the negligible elastic volumetric strains within the
plastic zone results in deformations under a constant volume, thus making the problem
kinematically determinate (Hill 1950). Specifically, the volume of the plastic ring is equal to
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its volume in the undeformed state. In the large strain analysis, this means that the two shaded
areas in Figure 5.6a are equal:
2
a02  a 2  0,ls
 ls2 ,

(5.2)

where a and ρ0,ls denote the radius of the deformed tunnel (current radius) and the radius of
the plastic zone in the undeformed configuration, respectively. By definition,

a  a0  ua ,ls ,

(5.3)

0,ls  ls  u ,ls ,

(5.4)

where uρ,ls denotes the displacement at the elasto-plastic interface. In a small strain analysis
(Fig. 5.6b) the respective volumes are approximately equal to the product of the perimeter
length on the corresponding radial displacement and, consequently,

ua,ss a0  u ,ss ss .

(5.5)

At the elasto-plastic boundary, the tangential strain

 t  , ss 

u  , ss

 ss

,

(5.6)

which in combination with Eq. (5.5) leads to
2

U a , ss

 
  ss   t  , ss .
 a0 

(5.7)

In the large strain analysis, the kinematic relationship for the tangential strain reads as
follows:


 t  ,ls  ln  1 


u  ,ls 
,
ls 

(5.8)

which, as the elastic strains are small, simplifies to

 t  ,ls 

u ,ls

ls

.

(5.9)

Taking account of Eqs. (5.4) and (5.9) and neglecting the second order terms of εtρ,ls (since the
elastic strains are small), Eq. (5.2) becomes

a02  a 2  ls2 1   t  ,ls   ls2  2 t  ,ls ls2 ,
2

which leads, using Eq. (5.3), to

(5.10)
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U a ,ls  1 

1
 ls 

2

.

(5.11)

1 2
  t  ,ls
 a 
5.4.3 Static considerations

It is assumed that the material behaviour is elastic-perfectly plastic and the failure criterion
does not depend on the intermediate principal stress. Consequently, the major principal stress
can be expressed as an arbitrary function of the minor principal stress, which is commonly the
case in rock mechanics. The stress field in the plastic zone satisfies both the failure criterion

 t  f  r  ,

(5.12)

d r  r   t

0,
dr
r

(5.13)

and the equilibrium condition

where σr and σt denote the radial and the tangential Cauchy stress (force per current unit area),
respectively. (Note that the large strain formulation – in contrast to the small strain
formulation – refers to the current geometry and thus the radius r corresponds to the deformed
state.) These equations lead to a differential equation for the radial stress,

d r
dr

 0,
 r  f  r  r

(5.14)

whose integration over the plastic zone, i.e. over [a0, ρss] for the small strain formulation and
over [a, ρls] for the large strain formulation, yields

ln

 ss
a0

ss



a0

d r
 F  a   F   , ss 
 r  f  r 

(5.15)

d r
 F  a   F   ,ls  ,
 r  f  r 

(5.16)

and
ln

 ls
a

ls


a

respectively, where F stands for the indefinite integral of the function 1 / (σr – f (σr)); σa is the
applied support pressure (boundary condition), while σρ,ss and σρ,ls denote the radial stresses at
the elasto-plastic boundary (Fig. 5.6). The latter are determined by considering the outer
elastic zone to be at the onset of plastification, i.e. the radial stress and the elastically
computed tangential stress at the inner boundary of the elastic zone satisfy the yield condition.
Since the strains in the elastic zone are small also in the large strain formulation, there is no
difference between the large and the small strain formulation with respect to the stress field in
the elastic zone. Consequently, the radial stress and the tangential strain at the elasto-plastic
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interface of the large strain formulation will be equal to those of the small strain formulation
(although the plastic radii are different):

  ,ls    , ss ,

(5.17)

 t  ,ls   t  ,ss .

(5.18)

Due to Eq. (5.17), the right hand sides of Eqs. (5.15) and (5.16) are equal:

ls
a



ss
a0

.

(5.19)

Eqs. (5.7), (5.11), (5.18) and (5.19) lead to Eq. (5.1), according to which the normalized
tunnel convergence from large strain analysis can be expressed as a function solely of the
normalized tunnel convergence from small strain analysis for any support pressure σa
(uppermost curve in Fig. 5.7). The hyperbolic function h (Eq. 5.1) satisfies all of the required
conditions for theoretical consistency: h (0) = 0, h (∞) = 1, h' (0) = 1, h' (∞) = 0, h' (Ua,ss) > 0
and h'' (Ua,ss) < 0. Figure 5.7 includes the line Ua,ss = Ua,ls for the purpose of illustrating the
error in small strain analyses. The error clearly becomes large for Ua,ss greater than 10%. Note
that when the small strain solution Ua,ss is equal to unity (representing a total cavity closure),
the actual convergence Ua,ls amounts to just 30-40%, while when Ua,ss tends to infinity, Ua,ls
approaches unity.
5.4.4 Relationship for dilatant behaviour and cylindrical or spherical openings

Considering the slightly more general problem of the ground response curve of a cylindrical
or spherical cavity in an elasto-plastic but dilatant ground, the following relationship between
small and large strain convergence is obtained (Appendix 5.1):

U a ,ls  h U a , ss   1 

1
1    1 U a , ss 

1

,

(5.20)

 1

where ζ = 1 for the plane strain problem of a cylindrical tunnel, ζ = 2 for the spherical cavity
problem and κ denotes the so-called loosening factor (Kovári 1985), a function of the dilation
angle ψ (κ = (1+sinψ)/(1–sinψ)).
According to Eq. (5.20), the error induced by the assumption of small deformations depends
on the small strain convergence for a given opening type and dilation angle. It should be
noted, that the small strain theory overestimates not only the convergence, but also the plastic
radius (Appendix 5.1).
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Figure 5.7. Normalized large strain convergence Ua,ls as a function of the normalized small strain
convergence Ua,ss for several dilation angles, under plane strain rotationally symmetric (ζ = 1) and
spherically symmetric (ζ = 2) conditions (Eq. 5.20)

Figure 5.7 provides a graphic representation of Eq. (5.20). For the plane strain problem of a
non-dilatant material (ζ = κ = 1), Eq. (5.20) simplifies to the proposed Eq. (5.1), which is
sufficiently accurate from an engineering viewpoint also for dilatant materials, particularly as
weak rocks exhibit low dilation angles (for example, the dilation angle of the abovementioned kakiritic rocks is lower than 5º; Vogelhuber 2007), and spherically symmetric
conditions. In any case, Eq. (5.1) provides an approximation, which is slightly on the safe
side, as it constitutes the upper bound of the family of curves generated by Eq. (5.20).
5.4.5 Hardening material behaviour
Equation (5.1) was shown to be valid for the case of perfectly plastic material behaviour. This
equation also applies, however, for hardening behaviour, provided that failure conditions (i.e.
conditions of perfect plasticity) are reached at strains of up to 10%. The proof is basically the
same as that presented above. Around a tunnel through hardening material, three ring-shaped
zones develop at low support pressures: an inner perfectly plastic zone; an outer hardening
plastic zone; and an outer elastic zone. Under the condition that hardening ends at strains
lower than 10%, there is no significant difference between the small and finite strain solutions
with respect to the two outer zones (and thus the stresses and strains at the interface between
the two plastic rings are practically the same although the position of the interface is
different), while the inner plastic ring is treated in the proof in exactly the same way as the
plastic zone of the perfectly plastic material in the previous Sections. Consequently, all of the
given equations also hold for a hardening material with ρ corresponding to the outer radius of
the inner plastic zone.
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5.4.6 Undrained ground response

Finally, it should be mentioned that Eq. (5.1) also applies for the instantaneous response of
saturated low-permeability grounds, where deformations occur under constant volume. This is
obvious when analysing the instantaneous ground response in terms of total stresses
considering a perfectly plastic Tresca model. However, it is true even for an effective stress
analysis with a non-perfectly plastic constitutive model, provided that critical state conditions
are reached at strains less than 10%. The proof is analogous to the previous Section.
Specifically, in the present case, too, three zones develop at low support pressures: an inner
plastic ring, where the material is at critical state (constant deviatoric stress σt–σr); an outer
hardening plastic ring; and an elastic zone. Following the same argumentation as above and
taking ρ equal to the outer radius of the critical state zone, all of the equations of the previous
Sections hold.
5.5

Plane strain problems not obeying rotational symmetry

Encouraged by the results of Schürch & Anagnostou (2012), according to which the
rotationally symmetric solution produces a reasonable prediction of average tunnel
convergence in plane strain problems that violate rotational symmetry (and are thus not
susceptible to analytical solutions), the applicability of Eq. (5.1) to such problems was
investigated. To this end, a large series of finite element analyses (512 in total) was
performed, covering a wide range of conditions (initial stress field, material constants and
tunnel cross-section), and the small and large strain analysis results were compared.
The tunnel cross-sections and parameter values are given in the inset of Figure 5.8. A uniform
(but anisotropic) initial stress field was assumed, given that the gravity effect is negligible in
deep tunnels. The ground was taken as a linearly elastic and perfectly plastic material obeying
the linear Mohr-Coulomb yield criterion. This model is widely used in engineering practice.
However, it should be emphasized that the validity of Eq. (5.1) is not restricted to this
constitutive behaviour. Stress boundary conditions were applied at the far boundaries, 50a0
from the centre of the tunnels. The numerical computations were performed by the Abaqus
finite element code (Dassault Systèmes 2012), using the stress-point algorithm after Clausen
et al. (2007).
Figure 5.8 presents the displacements obtained by small and large strain numerical analyses
(horizontal and vertical diagram axis, respectively), normalized to the tunnel radius a0. In
addition to the horizontal convergence at the side walls (square marks) and the vertical
convergences at the crown (downward-pointing triangles) and at the invert (upward-pointing
triangles; relevant only for the non-circular tunnel), the average horizontal and vertical tunnel
convergences of the cross-section are also depicted (circular marks).
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Figure 5.8. Relationship between the convergences predicted from small and large deformation plane
strain numerical analyses of a circular and a non-circular tunnel cross section subject to anisotropic
initial stresses

The results of the finite element analyses are close to the solid curve, which was computed by
means of Eq. (5.1), thus confirming that this equation describes the relationship between
small and large strain convergences very well. The agreement is excellent for the average
horizontal and vertical tunnel convergence (circular marks). The individual horizontal or
vertical convergences deviate from the proposed relationship by about 10% in most cases (up
to 25% in exceptional cases of extremely large deformations), being either underestimated
(points above the solid curve) or overestimated (points below the solid curve). However, as
the error in the small strain assumption is much higher (e.g. at Ua,ss = 1 it reads 150%), Eq.
(5.1) provides an estimate of actual convergences that is far more accurate than the small
strain predictions.
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Three-dimensional problem of an advancing tunnel heading

A specific example is provided herein to show that Eq. (5.1) remains sufficiently accurate for
the three-dimensional problem of successive step-by-step tunnel excavation. A non-circular
cross section is considered (inset of Fig. 5.9). The final tunnel length amounts to 50a0. The
tunnel is excavated in 100 steps (i.e. the round length is equal to a0/2), while the model is
100a0 long. Stress boundary conditions are applied at the far boundaries, placed 50a0 from the
tunnel axis, while axial displacements are restrained at the vertical boundaries.
Figure 5.9 shows the normalized average tunnel convergence along the longitudinal direction.
As in the two-dimensional problem, the small strain solution (dashed curve) gives higher
convergences than the large strain solution (solid curve). However, the application of Eq.
(5.1) to the small strain analysis results in an accurate estimate of the wall convergences
(circular marks). The reason for this is that the displacements in the vicinity of the tunnel face
are relatively small (due to the support provided by the core ahead of the tunnel face) and thus
practically equal for both deformation formulations, while the convergences far behind the
face are similar to those of the plane strain model, where Eq. (5.1) has already been shown to
be exact (see previous Section).

Figure 5.9. Normalized average convergence (2uw + uc + ui) / 4a0 along the axis of a non-circular
tunnel subject to anisotropic initial stresses, predicted from small and large strain three-dimensional
numerical analyses
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Conclusions

This chapter presented a novel, very simple, accurate, theoretically well-founded and widely
applicable relationship for quantifying the error caused by the assumption of small
deformations in the analysis of tunnels with very large deformations. This relationship
expresses large strain convergences as a hyperbolic function solely of small strain
convergences and therefore makes it possible to account for geometric non-linearity in a
direct and simple way: by applying a correction factor to the small strain analyses results, i.e.
‘self-correcting’ them. This is very useful from an engineering viewpoint since it allows a
quick estimate to be made of the aforementioned error, removing the need for rigorous large
strain elasto-plastic analyses, at least at the preliminary design stage.
The proposed relationship could be proven for the plane strain rotationally symmetric
problem. However, by comparing the deformations according to small strain theory with
those resulting from large strain numerical analyses it was found that Eq. (5.1) is reasonably
accurate also for general two- and three-dimensional excavation problems.
Appendix 5.1. Derivation of Eq. (5.20)

This Appendix presents the derivation of the relationship between small and large strain
convergence (Eq. 5.20) for plane strain rotationally symmetric or spherically symmetric
conditions and dilatant behaviour. The cylindrical problem is analysed here together with the
spherical one by introducing a variable ζ, which is equal to 1 or 2, respectively.
The assumption is made of constant plastic dilatancy (defined by the loosening factor κ), i.e.
plastic deformations are accompanied by volumetric changes. The plastic flow rule then
implies that the ratio of plastic strain rates is constant:

d rpl
  .
d tpl

(5.21)

Integrating Eq. (5.21) over the elasto-plastic stress history of a material point and considering
that elastic strains are negligible inside the plastic zone relative to plastic strains, the flow rule
fixes the ratio of total strains:

 r  rpl

  .
 t  tpl

(5.22)

In a small strain analysis, the kinematic relationships read as follows:

 r ,ss 

duss
,
dr

 t , ss 

uss
.
r

(5.23)

Substituting Eq. (5.23) into Eq. (5.22) leads to a differential equation for radial displacement,
the integration of which provides a very simple relationship between the displacements at the
excavation boundary and at the elasto-plastic interface (Kovári 1985, 1998):
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ua ,ss a0  u , ss  ss ,

(5.24)

which for κ = 1 expresses the incompressibility condition (Eq. 5.5). If the tangential strain at
the elasto-plastic interface (Eq. 5.6) is also taken into account, Eq. (5.24) is written as:
 1

U a , ss

 
  t  , ss  ss 
 a0 

.

(5.25)

In the large deformation analysis logarithmic strains are used here, which are appropriate for
problems with fixed principal directions as they represent the time integrals of the
deformation rates (note also that the additive decomposition of the rate of deformation tensor
can then be derived exactly from the multiplicative decomposition of the deformation
gradient; Lee 1969):

 r ,ls  ln

dr0
 du 
 ln 1  ls  ,
dr
dr 


 t ,ls  ln

r0
 u 
 ln 1  ls  .
r
r 


(5.26)

As in the small strain case, by substituting Eq. (5.26) into Eq. (5.22) a differential equation is
obtained, whose integration leads to the following relationship between the convergences at
the cavity wall and at the elasto-plastic boundary (Yu & Rowe 1999):
 1
a0 1  a 1  0,ls
 ls 1 ,

(5.27)

which for κ = 1 expresses the incompressibility condition (Eq. 5.2). If Eqs. (5.4) and (5.9) are
taken into account and the second and higher order terms in the resulting binomial series are
neglected (since strains in the elastic zone are small), i.e. 1   t  ,ls 

 1

 1    1  t  ,ls , Eq.

(5.27) gives
 1
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 1
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 1 ls 1    1  t  ,ls ls 1 ,
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(5.28)

and thus

U a ,ls  1 

1
1

.

(5.29)

 1  1
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1    1  t  ,ls 

 a 






Eqs. (5.25) and (5.29), together with Eqs. (5.18) and (5.19), which hold irrespective of the
plastic flow and the problem geometry, lead to Eq. (5.20). Finally, the extent of plastification
is determined from the small strain solution through the following relationship (after Eqs. 5.19
and 5.20):
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Figure 5.10. Relationship between exact large strain convergences and corrected small strain
convergences (Eq. 5.20) under plane strain rotationally symmetric (ζ = 1) and spherically symmetric (ζ
= 2) conditions (2 x 192 parameter sets: material constants as in Figure 5.8 with K0 = 1, σa/σ0 =
0/0.005/0.01; computational method after Chap. 2)

ls
 1  U a ,ls 
 ss

1
1    1 U a , ss 

1

,

(5.30)

 1

which shows that the plastic radius is also overestimated by small strain theory.
It should be mentioned, in closing, that even though it was necessary for proving Eq. (5.20) to
assume that elastic deformations in the plastic zone are negligible (see Eq. 5.22), this
assumption is not essential with regard to the accuracy of the relationship. More specifically,
Eq. (5.20) relates exact small strain to exact large strain convergences. This can be shown
through a parametric study using the rigorous analytical solutions for the ground response
curve. Figure 5.10 presents exact large strain convergences (vertical axis) and those obtained
by means of Eq. (5.20), i.e. by ‘self-correcting’ the exact small strain convergences
(horizontal axis). The results are in perfect agreement, lying on the angle bisector.
Notation
a
a0
c
E

current tunnel radius
initial tunnel radius
cohesion
Young’s modulus
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F
f
h
K0
pw0
r
r0
Ua
u
ua
uc
ui
uw
uρ
z

indefinite integral of the function 1 / (σr – f (σr))
arbitrary function of the minor principal stress
hyperbolic function
earth pressure coefficient at rest
in situ pore water pressure
radius of a material point
initial radius of a material point
normalized tunnel convergence (= ua/a0)
radial displacement of a material point
radial displacement at the tunnel wall
vertical displacement at the crown of a tunnel
vertical displacement at the invert of a tunnel
horizontal displacement at the side walls of a tunnel
radial displacement at the elasto-plastic boundary
longitudinal distance from the tunnel face

εr, εt

radial and tangential strain

 rpl ,  tpl

radial and tangential plastic strain

εtρ
ζ
κ
v
ρ
ρ0
σ0
σa
σD
σm0
σr , σt
σρ
φ
ψ

tangential strain at the elasto-plastic boundary
variable indicating the type of cavity (ζ = 1 cylindrical, ζ = 2 spherical)
loosening factor (function of dilation angle)
Poisson’s ratio
radius of the plastic zone
radius of the plastic zone in the undeformed state
in situ isotropic stress
support pressure
uniaxial compressive strength
mean in-plane in situ stress
radial and tangential Cauchy stress
radial stress at the elasto-plastic boundary
friction angle
dilation angle

Subscripts
ss
ls

small strain value
large strain value

6

Ground response to tunnel re-profiling under heavily
squeezing conditions4

6.1

Introduction

The only possible way to construct a tunnel through heavily squeezing ground under high
overburden consists in excavating a larger profile (hereafter referred to as ‘over-excavation’)
and using temporary supports that can accommodate large deformations. Therefore, a main
problem when tunnelling through squeezing rock is that of a major reduction in the crosssection beyond the values planned. Experience has shown that the magnitude of the rock
pressure or displacement is often underestimated, resulting in damage to the temporary
support or a violation of the clearance profile. Re-excavation of the tunnel then becomes
necessary. Re-profiling works are costly, time-consuming and, if the temporary support is
overstressed, also demanding from the working safety viewpoint. Although a larger overexcavation might seem economically advantageous, this is not always true, since the rock
quality may not be as poor as expected, in which case there will remain a space that has to be
completely filled with concrete (Kovári 1998). Experience has also shown that the new
temporary support systems installed after re-excavation of highly deformed tunnel zones are
not as heavily loaded as the ones they replace (Kovári 1998). In fact, in the early history of
tunnelling, the temporary support systems consisted of timber elements, which were crushed
by the rock pressure from large deformations and had to be systematically replaced (Kovári &
Staus 1996). Typical recent examples involving very large deformation problems that
necessitate re-profiling operations include the multifunctional Faido station in the Gotthard
base tunnel (Ehrbar 2008; Fig. 6.1a), the Saint Martin La Porte access adit in the Lyon-Turin
base tunnel (Rettighieri et al. 2008; Bonini & Barla 2012; Fig. 6.1b) and the Yacambú-Quibor
water tunnel in Venezuela (Hoek & Guevara 2009).
There is no analysis in the literature of the ground response to re-profiling following the
occurrence of very large deformations, which actually constitutes an unloading problem from
a partially plastified initial state. Here, a finite strain theoretical analysis of the problem is
presented (Section 2), on the basis of which some questions of interest for engineering
practice are answered: the relationship between rock pressure and deformation of the reprofiled opening (Section 3); the rock pressure developing upon a practically rigid new
4

This chapter has been published in: Vrakas A, Anagnostou G. Ground response to tunnel re-profiling under heavily
squeezing conditions. Rock Mechanics and Rock Engineering 2016; 49(7): 2753–2762, doi: 10.1007/s00603-016-0931-2.
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support (Section 4); the deformations that develop if a very light support is installed after reprofiling (Section 5); and the effectiveness of an advancing pilot tunnel with respect to rock
pressure reduction (Section 6). Finite strain theory, in contrast to small strain theory, allows
for a rigorous definition of stresses and strains around the opening, given that the tunnel
boundary is adjusted accordingly after excavation of the deformed ground. It is also worth
recalling, given that the thesis deals with cases of very large deformations, that small strain
theory is sufficient up to wall convergences of 10%. At higher convergences it leads to a
remarkable overestimation of ground deformations, predicting radial displacements which can
be even greater than the excavated tunnel radius (see Chapter 5 for a meticulous analysis of
this topic).
6.2

Theoretical analysis

6.2.1 Outline
A circular tunnel cross-section far behind the face is considered under plane strain,
rotationally symmetric conditions, with the axes’ origin placed at its centre. The ground
extends to infinity and is taken to be homogeneous, isotropic and linearly elastic – plastic.
Experimental observations show that, for many rocks, once the peak strength is reached, it is
gradually reduced towards the residual one. This behaviour is commonly modelled using a
trilinear stress-strain relationship (i.e. a constant drop modulus), but consideration of the
strain-softening part complicates the theoretical analysis of the ground response problem
(Borsetto & Ribacchi 1979; Alonso et al. 2003), even in the case that elastic strains are
neglected in the plastic zone (Panet 1976). The two borderline cases of strain-softening
behaviour will thus be considered, i.e. perfectly plastic (negligible rate of strength drop) and
brittle plastic (very high rate of strength drop). Time-dependent effects are neglected.
Assuming Mohr-Coulomb failure criterion and taking stresses as positive for compression, the
major principal stress σ1 at failure is expressed with respect to the minor principal stress σ3 as

Figure 6.1. Examples of tunnels necessitating re-profiling: (a) multifunction Faido station, Gotthard
base tunnel, Switzerland (Ehrbar 2008); (b) Saint Martin La Porte access adit, Lyon-Turin base tunnel
(Rettighieri et al. 2008)
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 1  m 3   D , p ,

(6.1)

where m is a function of the friction angle φ:
m

1  sin 
,
1  sin 

(6.2)

and σD,p is the peak uniaxial compressive strength:

 D, p 

2c p cos 
1  sin 

,

(6.3)

where cp stands for the peak cohesion. Considering the same friction angle for the residual
state (Panet 1993), the failure criterion becomes
 1  m 3   D , r ,

(6.4)

where the residual uniaxial compressive strength σD,r is related to the residual cohesion cr
analogously to Eq. (6.3). In the special case of ductile rock behaviour (exhibited, e.g., by the
kakirites encountered in the Gotthard base tunnel; Vogelhuber et al. 2004), σD,p = σD,r = σD.
Using the following transformation of normal stresses in order to simplify the mathematical
operations:
  

 D ,r
m 1

,

(6.5)

the failure criterion at the residual state (Eq. 6.4) becomes

 1  m 3 .

(6.6)

A non-associated plastic flow rule is further considered, which fixes the ratio of the principal
plastic strain rates:

3pl
  ,
1pl

(6.7)

with the coefficient κ being expressed as a function of the dilation angle ψ:



1  sin 
.
1  sin 

(6.8)

Figure 6.2 illustrates the problem schematically. The opening of initial radius a0  is initially
1

unloaded from a uniform and isotropic initial stress state of magnitude σ0 (Fig. 6.2a). The
ground behaves elastically until the failure criterion (Eq. 6.1) is satisfied at the tunnel wall (r
= a) and it experiences increasing irreversible strains at lower support pressures σa, forming
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an expanding plastic ring of outer radius ρ. At the end of the first excavation, the tunnel and
the plastic radii read a 1 and  1 , respectively, and the (predefined) support pressure equals

 a1 (Fig. 6.2b). If a 1 is smaller than the desired clearance, re-profiling must be performed.
From a computational viewpoint, excavation of the already deformed ground can be modelled
as a gradually decreasing support pressure acting on the new tunnel boundary, taking the
initial stress field of the continuum equal to that corresponding to the end of the first
excavation. Therefore, the deformed ground lying within the radius a0

2

(where

a0 2  a01  a0 ; the special case where a0 2  a01 is related to the problem of driving a pilot
tunnel first, and this will be examined in Section 6.6) is excavated and the opening is
unloaded from a partially plastified state under the support pressure  s

2

(Fig. 6.2c). This

pressure corresponds to the radial stress at distance r  a0  at the end of the first excavation.
2

A new tunnel convergence takes place and the plastic zone at the end of the second
excavation stage extends to the radius   2  (Fig. 6.2d). If the tunnel radius a  2  (under the
given support pressure  a  ) still fails to maintain the desired clearance, excavation of the
2

deformed ground is repeated. This process continues until the desired clearance is maintained.
Experience shows that a single stage of re-profiling will suffice, regardless of the magnitude
of the rock deformations following the first excavation, i.e. the new temporary support system
will maintain the desired clearance without presenting structural problems, even in cases
where an almost total tunnel closure has occurred prior to re-profiling. However, for the sake
of generality, the following analysis is based on the nth excavation stage, where the opening is
unloaded from a partially plastified state with plastic radius   n 1 and initial support pressure

 s n . The first excavation stage, where the initial stress state is uniform and isotropic, is
derived as a special case.
Logarithmic strains are considered in the plastic zone, but second and higher order terms are
neglected in the outer elastic zone on the reasonable assumption that any elastic strains are
small. Moreover, the simplifying assumption is made that elastic strains in the plastic zone are
negligible (Panet 1993; Kovári 1998). The error introduced by this assumption depends on the
material constants and is generally small (up to 20%) for deep tunnels under heavily
squeezing conditions (Chapter 2), becoming equal to zero in the special case of
incompressible and non-dilatant ground behaviour (e.g. the behaviour underlying the
instantaneous response of saturated ground to tunnel excavation).
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Figure 6.2. Setup of the tunnel re-profiling problem: (a) initial state; (b) state after excavation and
support of pressure  a  ; (c) initial state for first re-profiling; (d) state after first re-profiling and
1

support of pressure  a

2
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6.2.2 Elastic zone

The mean effective stress remains constant throughout elastic ground response. Considering
further that the radial stress, σr, is the minor principal stress while the tangential stress, σt, is
the major principal stress, the critical radial stress at yielding, σρ, reads:

 

2 0   D , p

.

m 1

(6.9)

Therefore, the elastic zone can be regarded as the ground around an opening of radius ρ
subject to the constant support pressure σρ, in which the radial stress and displacement are
given by the well-known Lamé’s relationships:
2


 r   0   0       ,
r

(6.10)

2
u 0     

  ,
r
2G  r 

(6.11)

where displacements are taken as positive for contraction and the shear modulus G is related
to the elastic modulus E and the Poisson’s ratio v by G  E  2 1  v   .
6.2.3 Stress distribution in the plastic zone

In the following analysis it is assumed that the out-of-plane stress continues to be the
intermediate principal stress throughout unloading. (At low support pressures, the out-ofplane stress may become and remain equal to the tangential stress, i.e. to the major principal
stress. The error from neglecting the out-of-plane plastic flow is, nevertheless, negligible;
Chapter 2.)
The failure criterion (Eq. 6.6) is fulfilled throughout the plastic zone and hence,

 t  m r .

(6.12)

Substituting Eq. (6.12) into the stress equilibrium condition, namely
d r  r   t

0,
r
dr

(6.13)

a differential equation is obtained with respect to the radial stress, whose integration over the
interval [a, r] yields
r
 

r  a  
a

m 1

.

(6.14)
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Evaluating Eq. (6.14) at the elasto-plastic boundary at the end of the nth excavation stage
gives the radius of the plastic zone (Fig. 6.2b, d):



 n

a n 

1

   m1
  n   ,
 a 

(6.15)

while evaluating Eq. (6.14) at the future excavation boundary (as long as     a0

n 1

n

, Fig.

6.2c; otherwise Eq. 6.10 should be used) gives the initial support pressure for the next
excavation stage:
 n 1

s

 a  n 1
  a n   0  n 
 a





m 1

.

(6.16)

(Note that at first unloading,  s    0 ; Fig. 6.2a.) The support pressure after the (n+1)th
1

excavation stage is reduced from  s

n 1

to the given value  a

n 1

(boundary condition).

6.2.4 Displacements in the plastic zone

A material point in the vicinity of the opening moves towards the tunnel wall during each
excavation stage. Attention should be paid to the notation used here. The variable r0  denotes
n

the position of the material point in the initial state of the nth excavation stage and the
variable r  n  denotes its position at the end. Therefore, r0  corresponds to its position in the
1

undisturbed state prevailing before tunnelling, whereas r0   r 
n

n 1

thereafter. The total

displacement of the material point equals

u  n   r01  r  n 

(6.17)

and the displacement occurring during the nth excavation stage becomes

u  n   u  n   u  n 1  r0 n   r  n  .

(6.18)

The evaluation of Eq. (6.18) at the tunnel wall and at the elasto-plastic boundary yields

ua n  a0 n  a n 

(6.19)

u  n    0 n     n  ,

(6.20)

and

respectively, where 0

n

denotes the position of the material point lying now on the elasto-

plastic interface in the initial state of the current excavation stage (note that 0    
n

n 1

; Fig.
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6.2). It should be emphasized that both the tunnel wall and the elasto-plastic boundary are not
associated with the same material points in each excavation stage since the deformed ground
within the radius a0  is removed and the plastic zone   n 1 extends outwards (Fig. 6.2).
n

The plastic flow rule implies that the ratio of the radial to the tangential plastic strain rate is
constant (Eq. 6.7). Assuming that elastic strains are negligible relative to plastic strains inside
the plastic zone, such that r  rel  rpl  rpl and t  tel  tpl  tpl , and integrating Eq. (6.7)
over the current excavation stage,

 r n     t n   0 ,

(6.21)

where, in a similar way to Eq. (6.18), the radial and tangential strains developed during the
nth excavation read

 r n    r n    r n 1 ,

(6.22)

 t n    t n    t n 1 .

(6.23)

According to the logarithmic definition of strains,
 n

 r  ln

dr0 n 

,

(6.24)

r0

.

(6.25)

dr 

 t   ln
n

r

n

n
n

Substituting Eqs. (6.24) and (6.25) into Eq. (6.21) and integrating the resulting differential
equation over the region  a  n  , r  n   , the following kinematic relationship is deduced:

 a  

 1

n
0

 

 1

 a n 

 

 r0 n

 1

 

 r  n

 1

.

(6.26)

Including the material point at the plastic boundary, Eq. (6.26) becomes

 a  
n
0

 1

 

 a n 

 1

 

 0 n 

 1

 

   n

 1

,

(6.27)

which for κ = 1 expresses the condition of constant volume of the plastic zone. The material
point lying now on the elasto-plastic boundary, denoted by ‘*’, was previously in the elastic
zone (Fig. 6.3). Therefore, as the deformations in the elastic zone are small, its total radial
displacement at the end of the (n–1)th and at the end of the nth excavation step can be
calculated using Eq. (6.11). Specifically,
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u* n 1

  n

2

       n 1 
 0

 ,
2G    n  
u* n 

 n



(6.28)

0  

(6.29)

2G

and u  n    0 n     n   u* n   u* n 1 (Fig. 6.3). Therefore,

0  
 0 n 


1
2G
 n

    n 1  2 
1    n    .
    



(6.30)

Substituting Eq. (6.30) into Eq. (6.27) and incorporating Eq. (6.15), the following non-linear
n
algebraic equation with respect to the current tunnel radius a   is deduced:

 n   1

 a0
  n  
a 

 
 1   n  
a 

 1
m 1


  0  
 1 
2G
 


 1

2


 n   m 1 
 n 1  2 


a
1 

a
  a  n      n 1   
  a  
 




 1 .



(6.31)

A closed-form solution is derived for the first excavation (see also Yu & Rowe 1999):
 1

 a01 
 1 
a 

 1

 1

   m1      
 1   1  1  0

2G 
  a  


 1 ,


(6.32)

Figure 6.3. Schematic representation of the movement of the material point lying at the nth excavation
stage on the elasto-plastic boundary
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6.2.5 Summary of the calculation process

Eq. (6.31) contains the tunnel radius at the end of the previous excavation. Therefore, the
calculation of the ground response curve (GRC) for the nth excavation stage of a highly
deformed circular tunnel cross-section (i.e. the relationship between the support pressure  a

n

and the tunnel wall displacement ua  ) requires the entire unloading history of the ground.
n

The calculation process is summarized in the following steps:
i. Initialize i = 1.
ii. Compute the current tunnel radius a  i  after the ith excavation (Eq. 6.32 for i = 1; else Eq.
6.31), given the excavated tunnel radius a0  and the final support pressure  a  .
i

i

iii. Set i = i + 1 and if i < n, go to (ii), else;
iv. Compute the current tunnel radius a  n  (Eq. 6.31 – and thus the tunnel convergence after
Eq. 6.19), given the excavated tunnel radius a0  , by stepwise reduction of the support
n

pressure  a  from  s  (Eq. 6.16) to zero.
n

n

Eq. (6.31) can be solved by means of basic numerical methods (e.g. with the standard
Newton-Raphson scheme).
6.3

Ground response curve after re-profiling

Figure 6.4 concerns the computational example of a 1000 m deep tunnel crossing weak rock
(σD/σ0 = 0.1) and shows the GRCs for the initial excavation (dashed curve) and for the reprofiling (solid curves). The GRCs for re-profiling assume that the temporary support used in
the initial excavation offers negligible resistance (curve A) or a light resistance of 0.5 MPa
(curve B), respectively; points A and B on the dashed line show the state prevailing before reprofiling. Two main conclusions can be drawn from these results: (a) the rock pressure
developing after re-profiling is moderate (up to 1.2 MPa in the present example) even if the
new support is practically rigid; and, (b), in the presence of a very light new support, the reprofiling–induced convergences can still be very large (up to 45% of the initial excavation–
induced convergences here). These two aspects are analysed in detail in the next sections.
6.4

Upper limit of rock pressure after re-profiling (exerted upon a practically rigid
new temporary support)

The rock pressure that would develop upon a practically rigid support after re-profiling of a
highly deformed tunnel, as denoted by σR, can be explicitly calculated by means of Eq. (6.16).
More specifically, assuming that the old temporary support offers negligible resistance (

 a1  0 ), either because it is completely destroyed or because it is a yielding support of very
low yielding pressure, Eq. (6.16) gives
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Figure 6.4. Ground response curves for the initial excavation and for the re-profiling

 D 

1 m

u 
 1  I 
R 
m  1  a0 



 1 ,


(6.33)

where uI denotes the tunnel convergence occurring in the initial excavation. In the case of
brittle rock behaviour, σD should be replaced by σD,r. Note that the overburden, the elastic
material constants and the dilatancy angle do not appear in this equation. Instead, Eq. (6.33)
gives the rock pressure developing after re-profiling as a function of the convergence actually
observed in the initial excavation, the friction angle and the uniaxial compressive strength of
the rock mass (Fig. 6.5). It should be pointed out that Eq. (6.33) is derived solely from static
considerations and is thus exact.
The generally applicable diagram in Figure 6.5 allows a quick estimate to be made of the
maximum rock pressure following re-profiling. It shows that for common cases, where the
tunnel closure does not exceed half of the cross-section, the support capacity required from
the new temporary support system is relatively low, a fraction of the uniaxial compressive
strength of the squeezing rock. This conclusion is in accordance with tunnelling experience,
which shows that the linings installed after re-mining tunnel zones that have become
deformed beyond acceptable limits do not present structural problems, even in cases of
extreme squeezing conditions where the primary lining has practically collapsed and the
tunnel cross-section has closed almost completely (e.g. in the Yacambú-Quibor tunnel; Hoek
& Guevara 2009).
Finally, it is worth demonstrating the value of large strain theory in this context. By
neglecting geometric non-linearity and thus positing equilibrium in the undeformed
configuration, the radial stress around the opening reads (cf. Eq. 6.14)
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Figure 6.5. Maximum rock pressure developing upon a rigid support installed after re-profiling, based
upon the wall convergence occurring after the initial excavation, assuming that the initial support
provided negligible resistance

 r 
r  a  
 a0 

m 1

.

(6.34)

Therefore, an upper estimate of the radial stress at the future excavation boundary is given by
the following relationship:

 D 

u 
 1  I 
R 
m  1  a0 


m 1


 1 .


(6.35)

Figure 6.5 plots Eq. (6.35) for φ = 20° (dashed curve) and shows that small strain theory
grossly underestimates the rock pressure in the presence of extremely large deformations.
6.5

Upper limit of tunnel convergence after re-profiling (in the presence of a very light
new temporary support)

The example of Section 6.3 indicated that, in the absence of a sufficient support resistance,
the re-profiling–induced deformations may still be very large. Here, a more detailed analysis
of this aspect is made. Figure 6.6 plots the ratio of the re-profiling–induced convergence, uR,
to the initial excavation–induced convergence, uI, as a function of the stress ratio σD/σ0
(assuming perfectly plastic behaviour). As can be seen, the lower the ratio of the unconfined
rock strength to in situ stress the higher the ratio of tunnel convergences, reading up to 90% in
extreme cases and up to 35% for common cases that σD/σ0 > 0.15. This highlights the
important role of the new temporary support, which – under heavily squeezing conditions –
should have enough deformation capacity to accommodate the re-profiling–induced
convergences. Figure 6.6 can be used (similarly to Fig. 6.5) considering what was actually
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observed in the initial excavation. More specifically, in the presence of a very light new
support, the maximum convergence after re-excavation of the tunnel can be estimated on the
basis of the observed deformation in the initial excavation and the convergence ratio provided
by the present diagram.
Figure 6.7 plots the ratio of convergences uR/uI for the case of brittle rock behaviour. As can
be seen, the lower the residual compressive strength the higher the initial excavation–induced
convergence and the corresponding percentage of the re-profiling–induced convergence.

Figure 6.6. Ratio of re-profiling–induced to initial excavation–induced convergences, assuming that
the new support provides negligible resistance, for perfectly plastic rock behaviour

Figure 6.7. Ratio of re-profiling–induced to initial excavation–induced convergences, assuming that
the new support provides negligible resistance, for brittle plastic rock behaviour
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Figure 6.8. Convergence of an unsupported tunnel cross-section during repeated re-profiling

It should be noted finally that large convergences would occur in the presence of a light
support even after several re-profiling stages. Figure 6.8 shows the tunnel convergence during
repeated re-profiling of a circular tunnel excavated through heavily squeezing rock. It is
remarkable that the convergences do not vanish after a second re-profiling round for the case
of perfectly plastic rock behaviour (provided that the support applied is always negligible; see
lower curve), while high convergences continue to occur even after six excavation stages in
the case of low residual compressive strength (see upper curve).
6.6

Effectiveness of driving a pilot tunnel first

Pilot tunnels cause initial deformations and stress relief in the surrounding rock mass. Kovári
(1998) raised a question over the benefits of an advancing pilot tunnel in relation to
subsequent enlargement of the tunnel cross-section and answered the question negatively,
based on simplified purely geometric considerations. This section revisits this problem on the
basis of the finite strain theoretical analysis presented above.
A 1000 m deep tunnel crossing weak rock is considered again (parameters as in Section 6.3).
A pilot tunnel of radius equal to one third of that of the full cross-section is initially excavated
(i.e. a0   3a0   a0 in the theoretical analysis) and enlarged later to the full cross-section. In
2

1

order to secure the maximum rock pressure relief prior to enlargement, a very light support of
the pilot tunnel is assumed (i.e.  a   0 in the theoretical analysis). Figure 6.9 shows the
1

GRC of the full cross-section without (dashed curve) and with (solid curve) pre-construction
of a pilot tunnel. The dashed curve also applies to the pilot tunnel of course.
Although the excavation of the pilot tunnel causes a convergence of almost 20%, the plastic
zone extends only up to 1.2a0 (see inset in Fig. 6.9) and the convergence at the future
excavation boundary amounts to just 2%, which indicates that the stress relief around the
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future enlarged cross-section cannot be high. Indeed, as can be seen in Figure 6.9, the initial
deformations caused by the pilot drift reduce the future maximum rock pressure (to 10 MPa,
i.e. 40% of the initial stress), but the maximum wall convergence remains approximately
constant (20% vs. 21%). These conclusions remain valid even if considering extreme
squeezing conditions leading almost to a complete closure of the pilot tunnel (Fig. 6.10) or a
smaller overburden (Fig. 6.11).

Figure 6.9. Ground response curves with and without first driving an unsupported pilot tunnel for the
characteristic example of a 1000 m deep tunnel through heavily squeezing ground (inset: in scale)

Figure 6.10. Ground response curves with and without first driving an unsupported pilot tunnel for the
characteristic example of a 1000 m deep tunnel through extreme squeezing conditions leading almost
to closure of the pilot tunnel (inset: in scale)
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Figure 6.11. Ground response curves with and without first driving an unsupported pilot tunnel for the
characteristic example of a 400 m deep tunnel through heavily squeezing ground (inset: in scale)

Therefore, according to the presented computational results, driving a pilot tunnel first just to
de-stress the surrounding rock does not seem to offer a benefit over a solution based on overexcavation and use of yielding supports. The conclusion about the effectiveness of a pilot
tunnel is in accordance with Kovári’s (1998) standpoint that the construction of a pilot tunnel
is not justified economically. It should be noted, however, that a pilot tunnel in water bearing
ground can provide pore pressure relief ahead of the excavation. Advance drainage is
favourable with respect to the intensity of squeezing (Steiner 1996; Kovári 1998; Anagnostou
2009a, 2009b).
6.7

Closing remarks

This chapter presented a large strain elasto-plastic analysis of the ground response to tunnel
re-profiling under heavily squeezing conditions, a problem involving cavity unloading from a
partially plastified initial state. The calculation of the characteristic line of the rock requires
the solution of a simple non-linear algebraic equation, which incorporates the wall
convergence that took place in the previous excavation stage. Therefore, the calculation
process considers the entire unloading history.
A number of practical questions were then addressed. It was shown that, (a), as long as the
initial convergence does not exceed 50%, the maximum rock pressure developing upon a
practically rigid support that is installed after re-mining a highly deformed tunnel crosssection is smaller than the uniaxial compressive strength of the rock irrespective of the
overburden (Fig. 6.5); (b), the maximum re-mining–induced wall convergence occurring in
the presence of a light new temporary support can be close to the initial excavation–induced
convergence for low stress ratios σD/σ0 (Fig. 6.6), and particularly in the case of brittle rock
behaviour with low residual compressive strength (Fig. 6.7), while it does not exceed 35% of
the initial excavation–induced convergence for common cases that σD/σ0 > 0.15; and, (c), the
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construction of an advancing pilot tunnel simply to bring about initial deformations is not
beneficial with respect to the excavation of the enlarged tunnel cross-section (Figs. 6.9–6.11).
These conclusions are based on rigorous, but nevertheless two-dimensional stress analyses.
Finally, it should be noted, although it has not been examined here, that actual re-profiling
work is potentially dangerous, especially where the violation of the clearance profile is
associated with serious damage to the original support. During re-mining of a highly
deformed tunnel segment and installation of the new lining, rock pressure re-distribution
occurs in the longitudinal direction, which in turn leads to increasing loads on the already
overstressed support. Underpinning of the original support ahead of the re-profiled segment
may therefore be necessary.
Notation

a0, a
c, cp , cr
E, G
i
m
r0 , r
u
u*
ua
uρ
uI
uR
ε1 , ε3
εr , εt
κ
v
ρ0, ρ
σ, 
σ0
σ1 , σ3
σa
σD, σD,p, σD,r
σR
σs
σr, σt
σρ
φ, ψ

initial and current tunnel radius
cohesion and corresponding peak and residual values
elastic (Young’s) modulus, shear modulus
auxiliary variable
function of friction angle
initial and current radius of a material point
radial displacement of a material point
radial displacement of the point lying on the elasto-plastic boundary
radial displacement at the tunnel wall
radial displacement at the elasto-plastic boundary
initial excavation–induced tunnel convergence
re-profiling–induced tunnel convergence
major and minor principal strain
radial and tangential strain
function of dilation angle
Poisson’s ratio
initial and current radius of the plastic zone
normal stress and transformed normal stress
isotropic in situ stress
major and minor principal Cauchy stress
support pressure
uniaxial compressive strength and corresponding peak and residual values
rock pressure exerted upon a rigid new support after re-profiling
initial support pressure upon unloading
radial and tangential Cauchy stress
radial stress at the elasto-plastic boundary
friction angle, dilation angle

Superscripts
el, pl
(n)

elastic strain component, plastic strain component
nth excavation stage value

7

Rock-support interaction under conditions of very
large deformations

7.1

Introduction

Two concepts have been proposed for dealing with squeezing in tunnelling: the ‘resistance
principle’ and the ‘yielding principle’ (Kovári 1998). The former requires the installation of a
lining of sufficient stiffness and strength to resist the expected rock pressure, allowing
virtually no convergences to occur. This option is feasible only in the case of relatively low
initial stresses or small openings.
The yielding principle makes use of the observation that rock pressure decreases with
increasing deformation and consists in the installation of a support that can accommodate
deformations in a controlled manner, thus enabling tunnel construction at great depths of
cover (for case studies see Kovári et al. 2000; Rettighieri et al. 2008; Hoek & Guevara 2009).
Yielding supports presuppose the excavation of an over-profile (to avoid violation of the
clearance profile) and are implemented using special structural components (such as steel sets
with sliding connections or compressible elements), which allow certain deformation to occur
(hereafter referred to as ‘deformation capacity’ and denoted by uy) under a practically
constant load (‘yield pressure’ py; Anagnostou & Cantieni 2007; Kovári 2009). For safety
reasons, yielding supports are applied very close to the tunnel face. Depending on their
deformation capacity and on the magnitude of the rock deformations, a stiff lining may have
to be installed at a second stage, i.e. at certain distance behind the face. The yielding support
then allows deformations to develop in the tunnel section between the face and the point of
installation of the stiff lining, whereby the rock pressure decreases to a technically
manageable value that can be carried by the stiff lining.
Rock-support interaction depends on the deformation characteristics of the support and of the
rock as well as on the sequence of excavation and support installation during tunnel advance.
In tunnel design practice, rock-support interaction is usually studied by means of the so-called
convergence-confinement method (CCM; Panet 1995, Nguyen-Minh et al. 1995) – a
graphical method that makes use of analytical expressions for the ground response curve
(GRC) and for the longitudinal displacement profile (LDP) along the tunnel. A basic
assumption of the CCM is that the rock-support equilibrium point (i.e. the final rock pressure
and deformation far behind the face) is located on the GRC. As shown by Cantieni &
Anagnostou (2009a, 2009b), however, this assumption is valid only for the following two
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support types: (i) constant stiffness support placed very close to the tunnel face (resistance
principle); (ii) perfectly plastic support (i.e. yielding support without a second-stage stiff
lining). In the case, (iii), of a yielding support with a second-stage stiff lining, the CCM
seriously underestimates rock pressure and/or deformation; rock-support interaction can then
be investigated only by numerical analyses, which should take account of geometric nonlinearity in heavily squeezing conditions. Finite-strain numerical analyses are also necessary
for support type (ii), because the existing analytical formulations for the LDP are based upon
small strains.
Numerical simulations of the tunnel excavation and support installation process usually
consist in a step-by-step deactivation of ground elements and activation of support elements
ahead of and behind, respectively, the tunnel face (cf., e.g., Bonnier et al. 2002), for which
one-step solutions have also been proposed (cf., e.g., Nguyen-Minh & Corbetta 1992). In the
step-by-step simulations, every step corresponds to one excavation round. The tractions
exerted by the deactivated ground elements upon the surrounding ground are set to zero, thus
leading to additional deformations of the already excavated tunnel portion and loading of the
installed support.
Only small strain numerical solutions of the tunnel advance and rock-support interaction
problem have been reported in the literature. In addition, existing numerical simulation
methods fail to consider two peculiarities of the tunnel advance problem that might be
relevant for the case of heavily squeezing conditions, the first one being large axial
displacements at the tunnel face (‘core extrusion’) accompanied by large inward radial
displacements of the ground ahead of the face (‘pre-deformations’). The latter means that
every excavation round also involves ground that was initially outside the tunnel cross-section
(hatched in Fig. 7.1a). As explained later in detail, by disregarding the pre-deformations, the
excavation of a tunnel with a cross-section that is systematically smaller than the desired one
is simulated. The second peculiarity is that the tunnel boundary exposed at every step
experiences inward displacements due to the actual excavation round itself (round k in Fig.
7.1b). The ground entering into the desired profile over the length of every excavation round
(hatched in Fig. 7.1b) would have to be removed before proceeding to the next round
(hereafter referred to as ‘re-profiling of the actual round’). This effect is negligible if the
round lengths are very small and does not exist at all in continuous tunnelling by a TBM.

Figure 7.1. State just before (a) and after (b) excavation round k
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Motivated by these considerations, this chapter investigates rock-support interaction for
tunnels in heavily squeezing ground considering the effects of finite strains (based upon the
updated Lagrangian, UL, and the arbitrary Lagrangian Eulerian, ALE, methods) and
addressing the above-mentioned peculiarities of the tunnel advance problem. Emphasis is
placed on support systems based on the ‘yielding principle’. Supports based on the ‘resistance
principle’ are discussed only briefly, because stiff linings that are placed next to the tunnel
face prevent large deformations from occurring, thus rendering the effect of geometric nonlinearity practically irrelevant.
The chapter starts with an investigation into the practical feasibility and potential necessity of
considering the two peculiarities of tunnel advance mentioned above. As explained in Section
7.2, taking account of the re-profiling of the actual round would presuppose extremely costly
computational methods involving re-meshing but would not necessarily increase prediction
accuracy. Therefore, only the first peculiarity, that of excavation of the pre-deformed ground,
is investigated numerically, which is feasible using an ALE approach. Heavily squeezing
conditions and two support cases are considered, which bound the range of possible supports:
(i) an unsupported tunnel, which represents a model for a deep tunnel with a deformable
support that yields at a negligible (relatively to the in situ stress) rock pressure, thus resulting
(all other parameters being fixed) in the highest possible deformations in the area of the actual
excavation round as well as ahead of the face; and, (ii), a tunnel with a stiff support installed
close to the tunnel face. The comparative computations using the ALE method (which
accounts for the excavation of the pre-deformed ground) show that the error induced by
disregarding the pre-deformations is small with respect to the tunnel convergence (for
supports based on the ‘yielding principle’) and the rock pressure (for supports based on the
‘resistance principle’). Therefore, UL analyses without re-meshing are sufficient for analysing
rock-support interaction even under heavily squeezing conditions.
Subsequently, Section 7.3 revisits the classic problem of the LDP, for which analytical
relationships have been formulated in the literature based upon small strain analyses. It is
shown that these relationships can easily be modified in order to consider finite strains. The
revised LDP equations serve to estimate the necessary deformation capacity of the yielding
support in cases without a second-stage stiff lining and provided that the yield pressure of the
support is negligible relative to the in situ stress (i.e. deep tunnel, light yielding support).
Finally, Section 7.4 investigates the more complex interaction problem of a yielding support
with a second-stage stiff lining, thus supplementing Cantieni & Anagnostou (2009b), which
investigated the same problem with small strains. A suite of numerical analyses is carried out
to determine the convergence occurring during the deformation stage of the support as well as
the rock pressure developing far behind the face after installation of a very stiff lining. Based
upon the numerical results, design charts are worked out which cover a wide range of
geotechnical conditions and enable depiction of the required deformation and bearing capacity
of the support as a function of the yield pressure and the installation location of the secondstage stiff lining. Application examples are employed to show the practical benefits of
considering finite strains and of using the present charts for other design options, i.e. for
estimating the bearing capacity given the deformation capacity and the yield pressure or for
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estimating the required deformation capacity given the yield pressure and the bearing
capacity.
All numerical investigations in the present chapter consider an axisymmetric numerical model
(Fig. 7.2) of step-by-step excavation and support installation of a cylindrical tunnel through
homogeneous, isotropic, linearly elastic and perfectly plastic ground, obeying the MohrCoulomb yield criterion. The initial stress field is taken as uniform and isotropic with
magnitude σ0.
It is assumed that tunnel advance occurs in steps of length s (‘round length’). The support
consists in the most general case of, (i), a yielding support (modelled by a boundary traction
that is equal to the yield pressure py), which is installed after each excavation round over
intervals of length s (same as the round length) up to a distance ey behind the tunnel face (i.e.
during excavation the distance between the leading edge of the yielding support and the face
varies between a minimum of ey and a maximum of s + ey), and, (ii), a stiff lining, which is
modelled by linear springs of stiffness Ks. For simplicity, it is assumed that the stiff lining is
also installed after each excavation round (in steps corresponding to the round length s and up
to a distance es behind the face), although in reality it would be installed less frequently, after
a certain number of excavation rounds. The numerical model includes with py = 0 and Ks = 0
the case of an unsupported tunnel and with py = 0 the case of the ‘resistance principle’.

Figure 7.2. The axisymmetric numerical model
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In order to avoid boundary effects, the excavation of a 75a0 long tunnel section is simulated
taking a sufficiently large computational domain (100a0 long with outer radius 50a0). The
radial stress at the cylindrical far field boundary is taken equal to the initial stress, while both
vertical boundaries are fixed in the horizontal direction. Four-node quadrilateral elements are
used for the ground. All computations were performed with the Abaqus finite-element code
(Dassault Systèmes, 2012), using the stress-point algorithm after Clausen et al. (2007).
7.2

Effect of excavation of pre-deformed ground

7.2.1 Problem statement
In a finite strain analysis, the model geometry is successively updated. As deformations take
place also ahead of the tunnel face, the radius of the excavation boundary in all excavation
rounds (except of course for the first) is smaller than the desired excavation radius a0.
Consider for the sake of simplicity an unsupported tunnel: Tunnel advance is simulated by
stepwise deactivation of subdomains of the numerical model, which correspond to the ground
portions excavated at each round. (From the computational viewpoint, the deactivation of a
subdomain means that the tractions exerted by this subdomain upon the surrounding ground
are set equal to zero.) The spatial discretization is such that the boundaries of the subdomains
(the black lines in Fig. 7.3a) correspond to the desired excavation radius a0 of the tunnel and
to the successive locations of the advancing face in the undeformed configuration (i.e. as if
the excavation would cause zero deformations). The red lines in Fig. 7.3a show the deformed
boundaries of the subdomains after excavation round k. Advance round k+1 is simulated by
deactivating the hatched subdomain, whose (variable) radius is smaller than the desired
excavation radius a0 by the amount of pre-deformation (variable in the longitudinal direction).

Figure 7.3. Schematic representation of, (a), the initial and the current tunnel configuration after
excavation round k and, (b), the displacements of the boundary of round k+1
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Considering that the tunnel boundary after excavation round k+1 should be BCD (rather than
B1C1D1), the computational domain would have to be re-meshed such that subdomain k+1
comprises the volume A1B1BCD (rather than A1B1C1D1). The simulation of round k+1 would
then consist in the deactivation of the newly defined subdomain A1B1BCD. This, however,
would still not be sufficient, strictly speaking, because the deactivation of A1B1BCD would
cause inward displacements of BCD to B2C2D2 (Fig. 7.3b). Therefore, before proceeding to
round k+2, the ground that squeezed into the opening due to the deactivation of A1B1BCD
(basically as in the re-profiling problem of Chapter 6) would have to be ‘excavated’. This can
be done as before, i.e. by re-meshing and deactivating the subdomain B2C2D2DCB. As this
would in turn cause additional inward displacements along BCD, the procedure would have to
be repeated until the displacements along BCD become sufficiently small (equal to or less
than construction tolerance). Only then could the next round k+2 be tackled. The simulation
of every excavation round should consist therefore of several computational sub-steps, each
involving the building of a new model (mesh generation), the remapping of all state variables
from the old to the new mesh and deactivation of the ground elements within the desired
radius. It could be argued that the repetitive excavation of the ground that squeezes into the
opening along BCD (i.e. the repetitive setting of the tractions along BCD equal to zero) is
unnecessary from the practical viewpoint because the stresses along BCD are anyway low.
However, the plane strain re-profiling problem of Chapter 6, as well as the computational
example in Section 7.2.1, shows that this may not be true for very weak rock masses under
high initial stresses and low support pressures.
The remapping of the state variables unavoidably causes an error in equilibrium (e.g.
Belytschko et al. 2014). In order to reduce the error, an extremely fine spatial discretization
would have to be used, at least in the vicinity of the tunnel face. Even with fine meshes,
however, the inaccuracy resulting from the error in equilibrium would increase with the
number of re-meshing steps, thus weighting-up the gain in prediction accuracy sought by
simulating the re-profiling of the excavation round. For this reason, the latter is neglected in
the following, and only the effect of excavation of the pre-deformed ground is examined,
which does not present the numerical accuracy problems outlined above because it can be
analysed using the ALE method.
7.2.2 Arbitrary Lagrangian Eulerian formulation

ALE methods combine the Lagrangian with the Eulerian approach. Some basic aspects will
be repeated here, focusing mainly on the modelling of the tunnel advance, while a detailed
review of ALE methods can be found in Belytschko et al. (2014). Contrary to the Lagrangian
formulations, the mesh is not connected with the material in the ALE methods, that is, the
material motion is distinguished from the mesh motion, with the topology of the finite
element mesh being maintained (the number of nodes and elements as well as element
connectivity are retained throughout the analysis). According to the so-called operator split
method, which is used here (Dassault Systèmes 2012), each analysis increment (or stress
update) is divided in two phases: (a) a Lagrangian phase, which consists of a typical UL
analysis step and, (b), an Eulerian (convection) phase. The latter involves, (b1), a remeshing
(mesh smoothing) procedure, which ensures the prescribed mesh motion constraints (if any)
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and, (b2), a remapping procedure of the converged solution from the previous Lagrangian
phase, based on a so-called advection algorithm (the Lax-Wendroff explicit method is used
here; Dassault Systèmes 2012) and using the basic ALE kinematic formula (see Belytschko et
al. 2014).
With regard to the problem of tunnel advance, the nodes ahead of the face, along the round
length s and at radial distance a0 from the tunnel axis (i.e. the nodes along the boundary BC of
the k+1 subdomain in Fig. 7.3a during the kth excavation round) are constrained to stay at
distance a0 from the tunnel axis so that the desired radius is excavated. Of course, the nodes
along the boundary BC during the kth excavation round are not associated with the material
points that were at the radius a0 before tunnel excavation.
7.2.3 Borderline case of an unsupported tunnel

Figure 7.4a shows the difference between the desired excavation radius a0 and the current
tunnel radius along the tunnel axis x after the last excavation round according to the ALE
analysis (red curve), the UL analysis (blue curve) and the small strain analysis (black curve).
The green dashed curve was determined by applying the correction factor (Chapter 5) to the
results of the small strain analysis. In the last three cases, the difference a0 – a(x) represents
the tunnel wall displacement ua, given that the tunnel wall refers to the same material points
throughout the analyses. As mentioned in the previous section, this is not true for the ALE
analysis. It should be noted, however, that no mesh motion constraint was applied ahead of
the tunnel face during the last excavation round to obtain the actual ground pre-deformations.
Hence, all the curves ahead of the tunnel face correspond to the total displacement of material
points that are initially (prior to tunnel excavation) at a0. This explains the discontinuity
(‘jump’) of the ALE curve at the face (see Fig. 7.4b, which zooms to the vicinity of the face).
As expected (see Chapter 5), the small strain solution provides much higher displacements
than all finite strain analyses far behind the face, but the differences are negligible with
respect to the pre-deformations despite considering a heavily squeezing ground. Moreover, as
mentioned in Chapter 5, the correction factor reproduces the actual UL finite strain analysis
results with a high level of accuracy.
When considering the excavation of the pre-deformed ground (ALE), the reduction in tunnel
radius a0 – a(x) far behind the face is 10% smaller than with the UL analysis. From the
practical engineering viewpoint, however, it is the convergence (i.e. the difference between
tunnel radius a(x) behind the face and tunnel radius a(0) at the face) rather than the radius
a(x), which is relevant. As can be seen from Fig. 7.4c, the UL method, although disregarding
the effect of excavating the pre-deformed ground, predicts practically the same convergence
as the ALE method.
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Figure 7.4. (a), (b) Difference between the desired tunnel radius a0 and the actual tunnel radius a(x);
(c) tunnel convergence (= a(0) – a(x)) along an unsupported circular tunnel according to various
deformation formulations (E/σD = 1000, σD/σ0 = 0.1, v = 0.3, φ = 20°, ψ = 0.1°)
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It should be reiterated here that although the ALE analysis goes one step further than the
conventional UL analysis in that it takes account of the excavation of the pre-deformed
ground, it still does not ensure the desired clearance after each excavation round. This is
evident from Fig. 7.4b, according to which the tunnel radius along the round length is smaller
by 1.5% (at the face) to 4% (at x = a0/2) than the desired radius a0. For a typical traffic tunnel
(a0 = 5 m), these figures translate to an inward wall displacement of 75 – 200 mm, which is
bigger than usual construction tolerances and in reality would necessitate re-profiling. As
explained in Section 7.2.1, however, a more detailed analysis taking account of the reprofiling probably would not increase prediction accuracy significantly, particularly regarding
tunnel convergence (Fig. 7.4c), which is of interest for practical purposes. In addition, it must
be noted that the assumed round length (a0/2 = 2.5 m) is bigger than usual (about 1 m) when
tunnelling through very weak ground; a smaller round length would result in smaller wall
displacements.
As these comparative computations consider an unsupported opening in heavily squeezing
ground, it can be concluded that UL analyses (which actually simulate the excavation of a
smaller tunnel profile due to the successive geometry update during advance) are sufficient
for estimating the tunnel convergence even under conditions of very large deformations.
7.2.4 Borderline case of support by a stiff lining very close to the tunnel face

A brief analysis of a stiff lining installed next to the face is presented here in order to verify
the plausible hypothesis that even small strain analyses are sufficient for estimating the rock
load on supports based on the resistance principle and thus taking account of the excavation of
pre-deformations is not relevant. A 400 m-deep, 10 m-diameter circular tunnel through weak
rock is considered. The excavation round length is taken equal to s = 1 m. It is assumed that a
very stiff lining (of stiffness 800 MPa/m; e.g. a 1 m thick shotcrete lining with Young’s
modulus of 20 GPa) is installed 1.25 m behind the tunnel face (es = 1.25 m in Fig. 7.2).
Figure 7.5a shows the difference between the desired and the actual tunnel radius along the
tunnel according to the ALE analysis (red curve), the UL analysis (blue curve) and the small
strain analysis (black curve). The pre-deformations are the same irrespective of whether the
pre-deformed ground is excavated at every round or not (all three analyses predict the same
displacements ahead of the tunnel face). The violation of the desired clearance a0 after each
excavation round is negligible (less than 1%). According to Figure 7.5b, all analysis methods
predict the same rock pressure distribution along the lining. (The saw-shaped pressure
distribution is typical for step-by-step tunnel advance simulations; cf., e.g., Bonnier et al.
2002; Graziani et al. 2005.)
It is verified therefore that small strain analyses are sufficient for pressure estimations in the
case of stiff supports that are installed very close to the face.

116

Analysis of ground response and ground-support interaction in tunnelling considering large deformations

Figure 7.5. (a) Difference between the desired tunnel radius a0 and the actual tunnel radius a(x) and,
(b), rock pressure distribution along a supported circular tunnel according to different deformation
formulations (σ0 = 10 MPa, E/σD = 1000, σD/σ0 = 0.1, v = 0.3, φ = 20°, ψ = 0.1°; a0 = 5 m, s = 1 m, py =
0, and es = 1.25 m in Fig. 7.2)

7.2.5 Conclusions
The two borderline cases presented above allow the following conclusions to be drawn with
respect to the numerical modelling of deep tunnels in squeezing ground:
(a) for supports based on the ‘yielding principle’, UL finite strain analyses (which lead to the
excavation of a smaller tunnel profile due to the successive geometry update) are sufficient
with respect to tunnel convergence, i.e. the difference between the final tunnel radius and the
tunnel radius at the face.
(b) for supports based on the ‘resistance principle’, even small strain analyses (and of course
UL finite strain analyses too) are sufficient for estimating the rock pressure.
Therefore, all of the following finite strain analyses will be based on a classic UL formulation.
Instead of the difference a0 – a between desired and actual tunnel radius, use will be made of
the notion of tunnel wall displacement ua, which was previously avoided as explained in
Section 7.2.3.
7.3

Longitudinal displacement profile (LDP) of an unsupported tunnel

For the particular problem of an unsupported circular tunnel under uniform and isotropic
initial stress states, several analytical relationships have been proposed for the LDP and
critically reviewed in the following. All of them have been derived from parametric small
strain stress analyses, being thus only approximately correct for cases of large deformations
(in practical terms for tunnels with wall displacements greater than 10%; Chapter 5). It will be
shown here that these relationships can easily be modified to account for finite strains.

Chapter 7

117

Comparative finite-strain numerical analyses of the step-by-step tunnel advance will be
presented in order to verify the proposed analytical approach.
7.3.1 Review of existing analytical relationships

The present study disregards time-dependent effects, and therefore only the elasto-plastic
solutions will be examined. It should be noted, however, that more complex computational
methods have been proposed, attempting to include the time-dependent behaviour of the rock
mass in addition to the face advance effect, by using rheological models or simplified creep
formulations (e.g. Sakurai 1978; Sulem et al. 1987a, 1987b; Bernaud et al. 1994).
The normalized wall displacement Ua (= ua/a0; the capital U is used throughout this chapter to
normalize the radial displacements u to the initial tunnel radius a0) along the tunnel axis can
be written in the following form (e.g. Panet & Guenot 1982):

 Uf 
Ua
 1  1 
  X  ,
U
 U 

(7.1)

where X is the normalized distance from the face (= x/a0; positive against the advance
direction); Uf denotes the displacement at the tunnel face (Uf = Ua (X = 0)); U∞ denotes the
maximum displacement far behind the face (U∞ = Ua (X = ∞)); and α is a monotonous
decreasing and convex function of X (and of the normalized maximum radius of the plastic
zone R∞ = ρ∞/a0 for the case of elasto-plastic ground, as will be shown later) with α(0) = 1
and α(∞) = 0. Several relationships in the form of Eq. (7.1) have been proposed after
parametric numerical computations (Table 7.1).
An evaluation of the three elasto-plastic solutions of Table 7.1 will be presented in the
following. Figures 7.6 and 7.7 show the elasto-plastic LDPs according to Panet & Guenot
(1982; green curves), Corbetta et al. (1991; red curves) and Vlachopoulos & Diederichs
(2009; blue curves) for a friction angle equal to 20° and 25°, respectively, and several rock
strength to in situ stress ratios σD/σ0. The relationships lead to similar predictions in the case
of limited plastification around the tunnel (i.e. a high stress ratio σD/σ0), but present a
significant variation in the case of an extended plastic zone (a low stress ratio σD/σ0). The
results of own small strain numerical analyses (circular marks) show that the solution of
Vlachopoulos & Diederichs (2009) is more accurate for weak rocks. It should be noted,
however, with respect to this difference, that the relationships of Panet & Guenot (1982) and
Corbetta et al. (1991) have been derived from parametric computations with a minimum
stress ratio of 0.4 (this also holds for the studies of Bernaud & Russet 1992, 1996). Moreover,
these authors also proposed the use of the elastically computed face wall displacement for
elasto-plastic rock masses (see Table 7.1), actually fitting the numerical results to the
following equation that eliminates Uf:

Ua U f
U  U f

 1  X  .

(7.2)
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Figure 7.6. Radial wall displacement along an unsupported circular tunnel according to several
computational models for different stress ratios σD/σ0 (E/σ0 = 100, v = 0.3, φ = 20°, ψ = 0.1°)
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Figure 7.7. Radial wall displacement along an unsupported circular tunnel according to several
computational models for different stress ratios σD/σ0 (E/σ0 = 100, v = 0.3, φ = 25°, ψ = 5°)
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Table 7.1. Proposed relationships for the longitudinal displacement profile (LDP) of unsupported
tunnels expressed in the form of Eq. (7.1)
Reference

Ground behaviour

Uf/U∞

α (X)

Panet (1995)

elastic

(1)

0.25

X 

1 

0.75



Corbetta (1990)

elastic (1)

0.29

exp  1.5 X 0.7 

Panet & Guenot (1982)
(see also Panet 1993, Bernaud
& Russet 1992, 1996)

elasto-plastic

0.27 ÷ 0.29


X 
1 

 0.84R 

Corbetta et al. (1991) (2)

elasto-plastic

0.29

Vlachopoulos & Diederichs
(2009)

elasto-plastic

1
exp  0.15R 
3

2

2

0.7

 U el  
exp  1.5 
X 

 U   


X 
exp  1.5 
R 


(1)

For the effect of Poisson’s ratio see Panet (1995), Guilloux et al. (1996) and Unlu & Gercek (2003), while for
the effect of transverse anisotropy see Tonon & Amadei (2002).

(2)

According to the similitude (or self-similarity) principle, the elasto-plastic LDP is obtained by a simple
homothety of the corresponding elastic curve ( U el  1     0 E denotes the maximum elastic tunnel wall
displacement).

7.3.2 Comparison with finite-strain LDP

All the existing relationships for the LDP are based on small strain theory, being thus only
approximately correct in the case of large deformations. Figures 7.6 and 7.7 include the
results of own finite strain numerical analyses (square marks), which verify that the
differences between small and finite strain analyses becomes significant for low ratios σD/σ0.
Small strain solutions overestimate not only the magnitude of the convergences, but also the
distance behind the face where they reach their final values. For the purpose of comparison,
the distance behind the face will be considered where convergence (i.e. the difference
between wall displacement and displacement at the tunnel face) reaches 95% of its final
value. Figure 7.8 shows the distance X95% (normalized to tunnel radius) as a function of the
stress ratio σD/σ0 for several friction angles and E/σ0 ratios. As can be seen, 95% of the final
convergence is always (even under extreme squeezing conditions) attained within 10
diameters from the tunnel face. The small strain solution (dashed curves; E ≈ ∞) predicts a
much bigger distance (see also Figs. 7.6 and 7.7).
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Figure 7.8. Distance behind the face (normalized to tunnel radius) where convergence reaches 95% of
its final value as a function of the stress ratio σD/σ0 for several values of φ and E/σ0 [v = 0.3, ψ = max
(φ – 20°; 0.1°)]

7.3.3 Modification of the existing relationships in order to account for finite strains
It will be shown in the following how the relationship of Vlachopoulos & Diederichs (2009;
Table 7.1), which was found to produce sufficiently accurate small strain LDP estimates in
particular, can easily be modified to account for large deformations using the equation derived
in Chapter 5. More specifically, it was shown that the normalized wall displacement obtained
from a large strain elasto-plastic tunnel excavation analysis, Ua,ls (= ua,ls/a0), can be expressed
for a given support pressure (using any linear or non-linear failure criterion) as a hyperbolic
function solely of the corresponding wall displacement obtained from a small strain analysis,
Ua,ss (= ua,ss/a0):

U a,ls  1 

1
,
1  2U a,ss

(7.3)

while the normalized radius of the plastic zone, Rls (= ρls/a0), is related to the corresponding
small strain value, Rss (= ρss/a0):

Rls 

Rss
1  2U a,ss

.

(7.4)

Equations (7.3) and (7.4) show that:
(i) Both the wall displacements and the extent of plastification are overestimated by the small
strain theory (with the error becoming remarkable for Ua,ss > 10%);
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(ii) The displacements from a finite strain analysis are not inversely proportional to the
Young’s modulus E (for isotropic linearly elastic-plastic ground behaviour), in contrast to a
small strain analysis;
(iii) The radius of the plastic zone from a finite strain analysis does not depend only on the
strength parameters of the ground, but also on the deformation parameters.
The large strain normalized wall displacement along the tunnel axis can be obtained using Eq.
(7.3), which needs, (a), the small strain normalized displacement (Ua/U∞)ss along the tunnel
axis and, (b), the small strain maximum displacement U∞,ss. The former is calculated using
Eq. (7.1) with the functions after Vlachopoulos & Diederichs (2009; Table 7.1), where R∞ =
R∞,ss. The maximum displacement U∞,ss is determined from the elasto-plastic GRC (e.g. Panet
1995). Thus, the following relationship is obtained for the longitudinal distribution of the
finite-strain normalized wall displacement:

U a,ls  X   1 

1
U 
1  2  a  U , ss
 U  ss

.

(7.5)

Clearly, for small strains Ua,ls ≈ Ua,ss. Normalizing Eq. (7.5) to the large strain maximum
displacement U∞,ls (obtained by setting Ua,ss = U∞,ss into Eq. 7.3) the large strain LDP is
obtained. (Eq. 7.4 can be used with Rss = R∞,ss and Ua,ss = U∞,ss to determine the radius of the
finite-strain plastic zone far behind the face.)
The results obtained by means of Eq. (7.5) (black curves in Figs. 7.6 and 7.7) agree well with
the numerical results. The reason for this is that the displacements in the vicinity of the tunnel
face are relatively small (due to the support provided by the core ahead of the tunnel face) and
thus practically equal for both deformation formulations, while the displacements far behind
the face are similar to those of the plane strain model, where equation (7.3) was shown to be
valid (Chapter 5). It should be noted that Eq. (7.5) reproduces the UL analyses results and not
the ALE ones (Fig. 7.3a), but as explained in Section 7.2.3 the difference between the two
analyses with respect to tunnel convergence is negligible (Fig. 7.3c).
7.3.4 Application to yielding support design

The proposed analytical relationship for the unsupported LDP can be used in combination
with the GRC to estimate the necessary deformation capacity of a yielding support, provided
that its yield pressure is very low relatively to the initial stress (i.e. deep tunnel with light
support; cf., e.g., Cantieni & Anagnostou 2009b) and the second-stage stiff lining is installed
far behind the face. (If these conditions are not fulfilled, the proposed LDP expression
provides an upper bound of the necessary deformation capacity.) More specifically, the wall
displacement u(ey) at the installation location ey of the yielding support can be calculated
using Eq. 7.5 (or 7.1 for small strain analysis). The required deformation capacity then equals
uy = u∞ – u(ey), where the large strain final displacement u∞ can be calculated correcting the
corresponding small strain displacement (Eq. 7.3).
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A specific application will be presented in the following. The Saint Martin La Porte access
adit of the Lyon-Turin base tunnel (France/Italy) was excavated in a carboniferous,
squeezing-prone formation at depths of up to 600 m (Bonini & Barla 2012). In order to cope
with the expected heavily squeezing conditions, support was installed in three stages: (i)
Installation of a yielding support consisting of steel sets with sliding joints and a 10 cm thick
shotcrete layer (in combination with systematic anchoring of the face and around the crosssection) at a distance of 5 m from the tunnel face; (ii) enlargement of the upper part to the full
cross-section 30 m behind the face and installation of a shotcrete lining with steel yielding
sets and highly deformable elements; (iii) installation of the final concrete lining 80-100 m
behind the face (Rettighieri et al. 2008; Bonini & Barla 2012).
The objective here is the preliminary dimensioning of the first stage yielding support using
the above simplified method. The tunnel is assumed to be circular with radius of 6 m, the
initial stress field is taken as uniform and isotropic of magnitude 9.8 MPa (corresponding to
an overburden depth of about 360 m) and the yielding support has a yield pressure equal to
0.1 MPa (Barla et al. 2012). The anchors and the subsequent construction stages are
disregarded. As the ratio of the yield pressure to the in situ stress is equal to just 0.01, it is
reasonable to use the relationships of Section 7.3.3 for the LDP of an unsupported tunnel.
Figure 7.9 shows the necessary deformation capacity of the support as a function of the
strength to in situ stress ratio (the other material parameters are taken from Barla et al. 2012)
according to a small strain analysis (dashed curve) and according to a finite strain analysis
(solid curve). For σD/σ0 = 0.1, the finite strain prediction is 54 cm, which is by 35% smaller
than the small strain prediction. This considerable difference is due only to the effect of the
geometric non-linearity, which has previously been disregarded in the literature. In the present
case, the maximum deformation actually allowed was equal to 60 cm, with an additional
deformation of 40 cm after the installation of highly deformable elements in the second stage.

Figure 7.9. Estimation of the required deformation capacity of a yielding support (yield pressure 0.1
MPa; installation 5 m behind the tunnel face) as a function of the stress ratio σD/σ0 for the example of
the Lyon-Turin base tunnel (a0 = 6 m, σ0 = 9.8 MPa, E = 640 MPa, v = 0.3, φ = 26°, ψ = 0°; after Barla
et al. 2012)
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Interaction between rock and yielding support

7.4.1 Derivation of design charts

Design of yielding support systems requires selection of the yield pressure py and the
deformation capacity uy of the deformable support installed close to the tunnel face as well as
the support capacity of the second-stage stiff lining, which has to be higher than the final rock
pressure p∞ developing far behind the face. Design charts have been presented by Cantieni &
Anagnostou (2009b) for the quick assessment of such yielding supports, based upon smallstrain numerical analyses and the one-step simulation method of the tunnel advance problem.
In the following, similar charts are derived by considering finite strains and using the
axisymmetric numerical model of Fig. 7.2. Dimensional analysis shows that the yield capacity
of the support and the normalized final rock load depend on the following dimensionless
parameters:

uy
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u  es   u  ey 
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e p E
s e Ed
 f  D , , s , y , , , , , y , s  ,
a0  0  D
a0 a0 a0 E 
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a0 a0 a0 E 
 0

(7.6)

(7.7)

where Esd denotes the axial stiffness of a lining with Young’s modulus Es and thickness d.
Two remarks have to be made concerning the modelling of the support:
(i) For the sake of simplicity, the yield pressure py is considered as a constant, i.e. it remains
the same as the tunnel radius decreases. This assumption is only approximately true for
typical yielding supports (consisting of steel sets with sliding connections or incorporating
ductile concrete elements), as their axial force Ny remains practically constant during the
deformation phase and thus the yield pressure actually increases with the tunnel convergence
from Ny/a(ey) to Ny/a. Therefore, the numerical model slightly underestimates the actual yield
pressure.
(ii) The second-stage stiff support is modelled by linear springs. Their stiffness Ks must be
such that an inward displacement Δu of the excavation boundary produces a spring force F =
Ks Δu, which corresponds to the support pressure p of a thin-walled cylinder of axial stiffness
Esd (p = Δu Esd/a2). As the springs in an axisymmetric computation give the force over a
sector of 2π, the spring force F is equal to 2πa ss p (ss = springs spacing), which combined
with the two last equations leads to the spring stiffness Ks = 2π ss Esd/a. This means that Ks
depends on the current radius. As the latter remains practically constant after the installation
of the stiff lining,

K s  2 ss

Es d
,
a  es 

(7.8)
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i.e. the spring stiffness should be chosen to take account of the actual radius a(es) at the
location of the stiff support installation. For the sake of simplicity, this was not considered
and the radius a0 was used instead of a(es). Therefore, the numerical model slightly
underestimates the actual support stiffness.

In order to reduce the number of numerical analyses, the design charts were worked out fixing
the values of some parameters as follows: E/σD = 1000; Poisson’s ratio ν = 0.30; dilatancy
angle ψ = max(φ–20°; 0.1°) (cf. Vermeer & de Borst 1984); s = a0/2; ey = a0/2; normalized
axial stiffness of the second-stage lining Esd/a0E = 4 (cf. Cantieni & Anagnostou 2009b).
With the values of these parameters being fixed, only the first four significant parameters in
Eqs. (7.6) and (7.7) remain variable, which allows for a practical presentation of the
numerical results. Figure 7.10 shows the normalized deformation capacity uy (left had side
diagrams) and the normalized final rock pressure p∞ (right hand side diagrams) as a function
of the rock strength to in situ stress ratio σD/σ0 for several values of the distance es/a0, of the
normalized yield pressure py/σ0 and of the friction angle φ.
According to the left hand side diagrams, the necessary deformation capacity of the yielding
support increases with decreasing rock strength, increasing initial stress, decreasing yield
pressure and increasing distance of the installation point of the stiff support from the face.
Furthermore, it can easily be verified from the right hand side diagrams that the final rock
pressure increases with decreasing rock strength, increasing initial stress and decreasing
distance of its installation point from the face.
7.4.2 Application of the charts

For a given yield pressure py and installation point es of the stiff lining, the charts can be used
straightforwardly to estimate the required deformation capacity uy and the final bearing
capacity p∞ of the support. Consider, for example, an 800 m-deep (σ0 = 20 MPa) circular, 10
m-diameter tunnel passing through weak rock with E = 2000 MPa, v = 0.3, σD = 2 MPa, φ =
20° and ψ = 0.1°. These parameters characterize heavy, but not extreme squeezing conditions
(unsupported tunnel convergence behind the face 18.5% – 29% depending on the deformation
formulation; after the method in Section 7.3.3). The support consists of steel sets with sliding
connections which are installed close to the face and a shotcrete lining installed 30 m behind
the face (Fig. 7.11a). The steel sets are spaced at 1 m. Each sliding connection has 3 friction
loops of sliding resistance 80 kN. The yield pressure is therefore equal to 48 kPa or 0.0024σ0,
which means that the uppermost charts of Fig. 7.10 can be used. For the stress ratio of 0.10
and es/a0 = 5.75, the normalized yield capacity and final pressure are equal to 10.6% and
7.3%, respectively, which means that the steel sets must be able to accommodate a radial
displacement of 0.53 m (e.g. 6 sliding connections per steel ring, each allowing a relative
displacement of the steel arches by about 0.53 m) and the lining must carry a load of 1.46
MPa (a 0.50 m thick shotcrete shell with working stress 15 MPa). A comparative small-strain
solution led to a yield capacity of 0.60 m and a final rock pressure of 2.06 MPa. The
difference is rather small with regard to the deformation capacity, but quite considerable with
regard to the final loading of the support; the small-strain analysis predictions result in about
11% more excavation volume and 42% more shotcrete.
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Figure 7.10. Required deformation capacity uy/a0 of a yield support (l.h.s. diagrams) and required
bearing capacity p∞/σ0 of the second-stage stiff lining (r.h.s. diagrams) as a function of the strength to
in situ stress ratio σD/σ0 for several values of the normalized yield pressure py/σ0, of the installation
location es/a0 of the second-stage stiff lining and of the friction angle φ [E/σD = 1000, v = 0.3, ψ =
max(φ–20°; 0.1°), ey = a0/2, Esd/a0E = 4]
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(a)

(b)

(c)
Figure 7.11. Examples of yielding supports: (a) steel sets with sliding connections (Gotthard base
tunnel, Sedrun); (b) steel sets with sliding connections and shotcrete with deformation slots (Gotthard
base tunnel, MFS Faido); (c) shotcrete shell with highly deformable concrete elements (Lötschberg
base tunnel)
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As the necessary deformation capacity uy and support resistance p∞ (the output of the design
charts) are subject to technological limits, an inverse problem may arise. For example, in
order that the final rock pressure decreases to a pre-determined level p∞, a support of given
yield pressure must have a minimum deformation capacity. The latter can be estimated by, (i),
depicting from the r.h.s. diagrams the distance es and, (ii), using this es-value in the l.h.s.
diagrams.
On the other hand, it may be necessary to estimate the final rock pressure for given
characteristics (uy, py) of the yielding support. In this case, a determination is made firstly
from the l.h.s. diagrams of the distance es from the tunnel face at which the deformation
capacity of the support is exhausted. If the point corresponding to (σD/σ0, uy) is above the
curve ‘es = ∞’, then the maximum convergence corresponding to py is lower than uy and the
final rock pressure is equal to the yield pressure. Otherwise the r.h.s. diagrams make it
possible to depict the final rock pressure p∞ for the es-value determined from the l.h.s. charts.
Consider, for example, a tunnel in the same geotechnical conditions as above with two
yielding support types, each allowing a convergence of 4%, but yielding at different
pressures: a support consisting of steel sets as above (py/σ0 = 0) with deformation slots in the
shotcrete between the steel sets (Fig. 7.11b) and a shotcrete shell that incorporates highly
deformable concrete elements (Fig. 7.11c) with py = 0.7 MPa (e.g. six concrete elements, 50
cm thick and high, yielding up to 40% at 7 MPa; cf. Kovári 2009). According to the l.h.s.
charts, the deformation capacity of the steel sets is exhausted at es/a0 = 1.75 (i.e. after one and
a half tunnel diameters) and that of the shotcrete shell (interpolating between the two upper
charts) at about es/a0 = 3.55 (three and a half diameters). The corresponding final rock
pressure (r.h.s. diagrams) is 4.6 and 2.9 MPa, respectively. This agrees with the finding of
Cantieni & Anagnostou (2009b) that the higher the yield pressure, the lower will be the final
pressure. In view of the high rock loads in the present case, an increase would have to be
made either in the deformation capacity of the support or its yield pressure or both. For
example, by foreseeing a 55 cm deformation for the steel sets (as in the first example) or by
using 7 (instead of 6) highly deformable concrete elements of higher strength (10 instead of 7
MPa) and deformability (45% instead of 40%), the rock pressure would decrease to about 1.5
MPa, which can be carried by a 50 cm thick shotcrete shell.
7.5

Conclusions

The present chapter dealt with the rock-support interaction in tunnelling through squeezing
ground in the context of finite deformations. Considering that heavily squeezing ground may
already experience very large deformations ahead of the advancing face, the effect of taking
into account the excavation of these pre-deformations was examined first. It was shown that
UL finite strain analyses that disregard the excavation of the pre-deformed ground are
sufficient for estimating tunnel convergence (using an unsupported tunnel example) and rock
pressure (using a tunnel example with stiff support close to the tunnel face). The problem of
the LDP was then revisited, providing a simple method for modifying the existing small strain
analytical relationships in order to account for finite strains. Finally, the interaction between
rock and yielding support was investigated and design charts for the practical problem of the
preliminary dimensioning of a typical yielding support system were derived.
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The computational examples for yielding supports with a second-stage stiff behaviour show
that the final rock pressure depends closely on the characteristics of the yielding support and
on the strain formulation, although the deformations are not extremely large. The latter
indicates that the simplifying and initially plausible assumptions of constant yield pressure
and constant elastic stiffness may be significant, thus deserving further research.
Notation

a, a0
c
d
E, Es
es , ey
F
f, g
Ks
k
Ny
p
py
p∞
R
s
ss
U
u
ua
uf
uy

current and initial tunnel radius
cohesion
lining thickness
Young’s modulus of the ground and of the lining
position of installation of stiff support and of yielding support
spring force
arbitrary functions
spring stiffness
excavation round counter
axial force of a yielding support
support pressure
yield pressure of a yielding support
maximum rock pressure far behind the face
normalized radius of the plastic zone (= ρ/a0)
excavation round length
springs spacing
normalized radial displacement (= u/a0)
radial displacement of a material point
radial displacement of the tunnel wall
radial displacement of the tunnel wall at the face
deformation capacity of a yielding support

u∞, uel

maximium radial displacement far behind the face, u∞ in elastic ground

X
X95%
x

normalized distance from the tunnel face (= x/a0)
distance behind the face where convergence reaches 95% of its final value
distance from the tunnel face

α
v
ρ
ρ∞
σ0
σa
σD
φ, ψ

function of X
Poisson’s ratio
radius of the plastic zone
maximum radius of the plastic zone far behind the face
in situ isotropic stress
support pressure
uniaxial compressive strength
friction angle, dilation angle

Subscripts
ss, ls

small strain value, large strain value
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A rigorous semi-analytical solution for undrained
cylindrical cavity expansion in critical state soils5

8.1

Introduction

Cavity expansion models are widely used to study a number of geomechanical and
geotechnical problems (Yu 2000). Cylindrical cavity expansion theory is used specifically in
the analysis and interpretation of field tests such as pressuremeter tests in clays (Ménard 1957,
Baguelin et al. 1978, Mair & Muir Wood 1987, Clarke 1995, Ladanyi 1995) and in the
analysis of piles installation (Randolph et al. 1979, Wroth et al. 1980), which are often
modelled as infinitely long expanding cavities in an elasto-plastic continuum under undrained
conditions. Assuming that the rate of loading is very high compared with the rate of
consolidation (as for example during the expansion of pressuremeter membrane in saturated
clay), there is no time for the water to flow and for the excess pore pressures to dissipate.
Therefore, the ground deforms under constant volume. From a computational point of view,
the volumetric constraint in combination with the plane strain rotationally symmetric
conditions leads to a kinematically determinate problem, making possible an explicit
calculation of the displacement field around the cavity and thus facilitating theoretical
analysis. As time goes by, stress and pore pressure variations take place accompanied by pore
volume and water content changes, depending on the ground permeability. The consolidation
problem is theoretically more demanding (Randolph et al. 1979, Carter et al. 1979), even in
the case of an elastic ground response (Randolph & Wroth 1979), and will not be addressed
here.
This chapter presents a novel semi-analytical solution for the undrained cylindrical cavity
expansion in saturated critical state soils using a rate-based finite deformation Cam-clay
plasticity formulation. The first simplified effective stress analyses of the undrained cavity
expansion using idealized Cam-clay models were performed by Palmer & Mitchell (1972)
and Prévost & Höeg (1975). All of the subsequent studies to date (Table 8.1), except for that
of Collins & Yu (1996) who presented a general analysis considering isotropic initial stress
states and disregarding the out-of-plane stress (and that of Collins & Stimpson (1994) for the
created cavity expansion problem), are based on the modified Cam-clay (MCC) model. The

5

This chapter has been published in: Vrakas A. A rigorous semi-analytical solution for undrained cylindrical cavity
expansion in critical state soils. International Journal for Numerical and Analytical Methods in Geomechanics 2016;
40(15): 2137–2160, doi: 10.1002/nag.2529.
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novelty of the present solution over the existing solutions, as can be verified in the state-ofthe-art literature review presented in Table 8.1, lies in the following: (a) it is general, referring
to any two-invariant constitutive model from the critical state (Cam-clay) family and
considering a non-isotropic initial stress field with horizontal stresses that differ from the
vertical stress; (b) it is rigorous, as no simplifying assumption is introduced in the
mathematical derivation; and (c) it is simple, as its implementation requires only basic
numerical methods (a standard Newton-Raphson iterative scheme in combination with
quadrature) and can thus be done in a few lines of code.
Before presenting the theoretical analysis, it would be instructive to refer also to some
pioneering studies into undrained cavity expansion in the broader framework of critical state
soil mechanics. Specifically, Ladanyi (1963) proposed a calculation method (with certain
assumptions) for the cavity expansion analysis based on stress-strain curves obtained from
undrained triaxial compression tests. Davis et al. (1984) solved the created cavity expansion
problem under undrained conditions using a hypoelastic rate-type constitutive model which
incorporates the basic features of the MCC model, and Russell & Khalili (2006) analysed this
problem for unsaturated soils with the aid of a bounding surface plasticity model formulated
in the critical state framework. Li et al. (2016) presented a semi-analytical solution for the K0based MCC model, which considers a rotated yield surface over the K0-consolidation line,
with an isotropic volumetric-hardening law. Finally, Baguelin et al. (1972), Ladanyi (1972)
and Palmer (1972) analysed the inverse boundary value problem, deriving the undrained shear
stress-strain relationship directly from the cavity expansion curve, and Selvadurai (1984)
presented a general theoretical framework for the large strain analysis of the problem
including compressibility and dilatancy effects.
The structure of the chapter is as follows: Section 8.2 defines the problem; Section 8.3
presents the constitutive behaviour; Sections 8.4 and 8.5 determine the strain and the stress
field around the cavity, respectively; Section 8.6 gives the pressure-expansion relationship;
Section 8.7 examines some special cases; and, finally, Section 8.8 presents some selected
results.
8.2

Problem definition

A vertical circular cavity of initial radius a0 and internal pressure σh0 is considered under
plane strain rotationally symmetric conditions (Fig. 8.1). Cylindrical polar coordinates (r, t, z)
are used for the mathematical formulation of the problem, with the central/vertical axis of the
cavity being aligned with the z axis. The analysis is carried out in terms of effective stresses,
σ', assuming fully saturated conditions and incompressible fluid and solids. Therefore, the
classic Terzaghi’s relationship applies, according to which the total stress σ = σ' + pw (the
convention of positive compressive stresses is adopted), where pw is the pore pressure.
The initial stress field is taken to be uniform and anisotropic, i.e. σr = σt = σh0, σz = σv0 and pw
= pw0, where σr, σt, σz are the radial, tangential and out-of-plane total stresses, σh0, σv0 are the
in situ horizontal (in-plane) and vertical (out-of-plane) total stresses, and pw0 is the in situ pore
pressure. Considering the coefficient of earth pressure at rest, K0, the mean effective and
deviatoric stresses in the initial state become
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Figure 8.1. Computational model for the problem of cavity expansion in an infinite medium

p0 

2K0  1
 v0 ,
3

q0  1  K0  v0 .

(8.1)

The initial specific volume is taken equal to υ0 and the ground is assumed to be homogeneous
and isotropic, obeying any critical state constitutive model from the Cam-clay family (as
described in Section 8.3). The one-dimensional overconsolidation ratio of the ground is
denoted by OCR and is defined as the ratio of the maximum past vertical effective stress to
σ'v0, while the corresponding isotropic overconsolidation ratio is denoted by R and is defined
as the ratio of the preconsolidation pressure to p'0. The relationship between OCR and R
depends on the constitutive model and will be presented in the following.
As the cavity expands, its radius increases from a0 to a and the cavity pressure increases from
σh0 to σa, while the stresses in the far field remain unaltered, i.e. σr (r→∞) = σt (r→∞) = σh0, σz
(r→∞) = σv0 and pw (r→∞) = pw0. The analysis is based on a displacement boundary condition
at the cavity wall. Defining the radial displacement of a material point as positive for
expansion, i.e. u (r) = r – r0, where r0 denotes its initial (material) coordinate and r its current
(spatial) coordinate, at r = a

u  a   ua  a  a0 .

(8.2)

Finally, the stress equilibrium condition, which will be used only for calculating the total
radial stress once the effective stresses around the cavity are known, is written in the current
configuration of an infinitesimal element as follows:
d r  t   r  t   r
.


dr
r
r

(8.3)
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Table 8.1. Review of finite strain analytical solutions for the undrained cylindrical cavity expansion in
critical state soils
Reference

Critical state model

Collins & Yu
(1996) (1)

Any satisfying

q pe  h1  p pe  and

Elastic
behaviour

Initial
stresses

Constant v
or G

Isotropic (3)

– Disregarding the out-of-plane
stress
– The solutions for the Cam-clay
models were found in good
agreement with finite element
analyses results (Sheng et al. 2000)

D  h2  p pe  , where
pe  exp   N     

(2)

Simplifying assumptions/Remarks

Cao, Teh &
Chang (2001) (1)

MCC

Constant G

Isotropic (3)

– Small strain formulation in the
elastic zone (4)

Cao, Teh &
Chang (2002) (1)

MCC

Power or
hyperbolic
law

Isotropic (3)

– Disregarding the out-of-plane
stress

Silvestri &
Abou-Samra
(2012)

MCC

Constant v
or G

Anisotropic

– Small strain formulation in the
elastic zone (4)
– Normally consolidated soil
– The solution was not in good
agreement with the numerical
analyses results

Chen &
Abousleiman
(2012)

MCC

Constant v

Anisotropic

– Small strain formulation in the
elastic zone (4)
– The effective stresses are
calculated by solving a system of
three first order ordinary differential
equations

Present study

Any two-invariant model
belonging to the critical
state (Cam-clay) family

Constant v
or G

Anisotropic

– The effective stresses are
expressed in closed form with
respect to η = q/p', whose
calculation requires the solution of a
non-linear equation using the
Newton-Raphson method in
combination with quadrature (Table
8.3)

(1)

The solution for the undrained spherical cavity expansion problem is included (see also Silvestri & AbouSamra 2011).
Considering that p'/p'e = (p'c/p')–Λ, the yield function (Eq. 8.14) can be rewritten as Y = (p'/p'e)–1/Λ – f (η) = 0,
representing the state boundary surface in the p'–q–υ space. Therefore, the solution of Collins & Yu (1996)
requires the yield function to be solved with respect to the stress ratio η in order to express the function h1 (and
the function h2, for associated plastic flow) in closed form. However, this is not always possible (see for example
the model of Lagioia et al. 1996; Table 8.2).
(2)

(3)

The various expressions used for the stress and strain parameters are examined in the Appendix 8.1.

(4)

This assumption is not essential with regard to accuracy in most cases (see Section 8.5.1).

8.3

Constitutive behaviour

8.3.1 Plasticity formulation

A rate-based (hypoelastic) plasticity formulation is used, according to which the constitutive
equations relate an objective rate (commonly the Jaumann rate) of the Cauchy (or Kirchhoff)
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stress tensor to the spatial rate of the deformation tensor (see among others Simo & Hughes
1998, de Borst et al. 2012 and Belytschko et al. 2014). The latter, in a similar way to the
small strain formulation, is additively decomposed into elastic and plastic parts,
   el   pl .

(8.4)

Since the deformation in the present problem is isochoric there is no difference between the
Cauchy and the Kirchhoff stresses, and considering further that the principal axes are fixed
throughout loading, the constitutive equations can be expressed in terms of Cauchy stress
rates and the rates of deformation. The time integrals of the latter lead to the logarithmic
strains (Section 8.4) and rates of deformation will thus be referred to hereinafter as strain
rates.
Although a large strain hyperelastic formulation based upon the multiplicative decomposition
of the deformation gradient would be more sound from a theoretical point of view (see Simo
& Meschke 1993, Borja & Tamagnini 1998, Callari et al. 1998 and Rouainia & Muir Wood
2000 for multiplicative formulations of Cam-clay models), rate-based plasticity formulations
are still widely used, are sufficient provided that elastic strains are small (e.g. de Borst et al.
2012), and, with regard to the problem examined here, facilitate the derivation of a large
strain analytical solution, allowing at the same time the derivation of the corresponding small
strain solution by means of minor modifications (Section 8.7).
Considering a plastic potential g (p', q), where the mean effective and deviatoric stresses are
defined as follows:

p   1   2   3  3 ,



q 1



(8.5)
12

2
2
2
2  1   2    2   3    3   1   ,



(8.6)

and using Hooke’s law for the elastic part and the flow rule for the plastic part, Eq. (8.4)
yields in the principal stress space

i  iel  ipl 

 1 g 3si g 
s
p 
 i 

,
3K 2G
 3 p 2q q 

(8.7)

where K and G are the elastic bulk and shear moduli, respectively, χ is the plastic multiplier
and the principal deviatoric stress si = σ'i – p', for i = 1, 2, 3. Defining the work-conjugate
strain rates then as (e.g. Jefferies & Shuttle 2002; Perić & Ayari 2002)
 p  1  2  3 ,

(8.8)

q   s11  s22  s33  q ,

(8.9)

the general constitutive equations in the (p'–q) space become
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 p   elp   ppl 

p 
g
,

K
p 

(8.10)

q  qel  qpl 

q
g
.

3G
q

(8.11)

8.3.2 Constitutive model
8.3.2.1 Elasticity

Pressure dependent elastic stiffness is assumed with a constant Poisson’s ratio, ν. Although
this assumption leads, in general, to a non-conservative model (Zytynski et al. 1978), is
adequate for monotonic loadings (Gens & Potts 1988, Potts & Zdravković 1999). The elastic
bulk and shear moduli are then equal to (Atkinson & Bransby 1978, Muir Wood 1990)
K 

G

K
,
3b


p ,


b

2 1   

9 1  2 

(8.12)

,

(8.13)

where κ denotes the slope of the unloading-reloading line (URL) in the lnp'–υ plane (Fig.
8.2a).
With the use of a bi-logarithmic law in the compression plane (instead of a semi-logarithmic
law) or a constant shear modulus (instead of a constant Poisson’s ratio) some minor
modifications of the solution derived in the following have to be performed, which are
summarized in Section 8.7.

Figure 8.2. Definition of parameters and undrained stress path of a slightly overconsolidated soil (a) in
the lnp'–υ plane and (b) in the p'–q plane
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8.3.2.2 Yield function

A general two-invariant yield function is considered,
Y  p , q , pc  

pc
 f    0 ,
p

(8.14)

where f is a function of the stress ratio η = q/p'. The preconsolidation pressure, p'c, denotes the
mean effective stress at η = 0 (i.e. f (0) = 1) and acts as the hardening parameter since it
defines the size of the yield surface (Fig. 8.2b). The value of the function f at critical state is
equal to the spacing ratio, that is the ratio of pressures on the normal consolidation line (NCL)
and the critical state line (CSL) lying on the same URL (Muir Wood 1990, Wroth 1984), rs = f
(M), where M denotes the slope of the CSL in the p'–q stress plane (Fig. 8.2). For the original
Cam-clay models rs is fixed (for the Cam-clay rs = 2.718 and for the MCC rs = 2). Figure 8.3
shows the yield surface of the generalized Cam-clay (GCC) model (Table 8.2) in the threedimensional principal stress space.
Table 8.2. Critical state constitutive models considered in the present study

Model

Additional
constants
ϑi (1)

Modified Camclay (Roscoe &
Burland 1968)

Yield function:

Y  pc p  f  

Stress-dilatancy law:
 ppl qpl  D  

–
(associated
flow)

f     M   1

D     M 2   2 

Generalized (or
‘Egg’) Cam-clay
(Sheng et al.
2000, Groen et al.
1995)

β
(associated
flow)

1  x  1   

f    
1 
2
  M   1

2

Lagioia, Puzrin &
Potts (1996)

α, μ
(associated
flow)

2



,   M;
,   M,



2
2
where x  1  1     M  1



x1

1    Mx1   1   x1  x2 
f    
,
x2
1



x
x



1
2
1    Mx2  

 2 

 x   2  M 2

 1   2   2
D    
 M 2  2

 2

Yu (1998)
(dilatancy law
after McDowell
2000)
(1)

n, rs
(nonassociated
flow)

 1    
4 1    
1  1 

2

2 1    
1








n
f    exp  M  ln rs 



The standard material constants are five: v, κ, λ, M, Γ.

, M

M

D      M    
 1




where

x1 2 

,   M;

D     M n   n   n 1
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Figure 8.3. Yield surface of the generalized Cam-clay model (β = 0.65) and Drucker-Prager cone
defining the critical state (M = 0.732) in the three-dimensional principal stress space

8.3.2.3 Stress-dilatancy relation

The original Cam-clay models (Roscoe & Burland 1968, Roscoe & Schofield 1963, Schofield
& Wroth 1968) were based on simple plastic work dissipation postulates, while later models
considered more complex work equations (see Collins & Kelly 2002 for a concise review),
which are rewritten as stress-dilatancy relations of the form:

 ppl g p 

 D   .
qpl g q

(8.15)

The dilatancy function D must vanish at critical state, i.e. D (M) = 0, leading to zero plastic
volumetric deformations, while it must tend to infinity for the isotropic case, i.e. D (0) = ∞,
but this theoretical requirement is not always satisfied (e.g. in the original Cam-clay model).
If assuming normality, the yield function (Eq. 8.14) can be derived directly by integration of
the flow rule (Lagioia et al. 1996, Potts & Zdravković 1999) and the following relation is
fulfilled:
D   

f  
 .
f   

(8.16)

In the general case of non-associated plastic flow, the yield function is assumed still to be
given by Eq. (8.14), but Eq. (8.16) is no longer valid. Table 8.2 summarizes the constitutive
models that are used here and satisfy Eqs. (8.14) and (8.15).
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8.3.2.4 Hardening law

Hardening is attributed solely to accumulated plastic volumetric strains and thus the
hardening law is expressed as follows (Atkinson & Bransby 1978, Muir Wood 1990):
p c


 ppl ,
pc   

(8.17)

where λ denotes the slope of the NCL in the lnp'–υ plane (Fig. 8.2a).
8.3.2.5 Critical state

The critical state is defined by the following conditions (Schofield & Wroth 1968):
pcs  exp      cs    ,

qcs  Mpcs ,

(8.18)

where p'cs, qcs and υcs denote the mean effective stress, the deviatoric stress and the specific
volume at critical state, respectively, and the constant Γ (= N – (λ – κ) lnrs) corresponds to the
ordinate of the CSL in the lnp'–υ plane at unit reference pressure (Fig. 8.2a).
8.3.2.6 Stress-strain relationship

The plastic multiplier can be determined from the consistency condition (dY = 0) and the
hardening law:
p  f   


p  f  
.

g 
p    

(8.19)

Eqs. (8.10) and (8.11) are written then in matrix form as follows:


   f    


  1

 p   

 f     p  p 
  
.

q   b     1 b     1 f       
D  
D   f   


(8.20)

Note that the compliance matrix depends on two state variables: the stress ratio η and the
specific volume υ, the latter being constant under undrained conditions.
8.4

Strains in the soil around the cavity

In the special case of axially symmetric, plane strain, undrained conditions, the generalized
strain rates (Eqs. 8.8 and 8.9) are reduced to
 p  r  t  0 ,

(8.21)
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q 

 t   r
q

t .

(8.22)

where the radial and tangential strain rates equal
r  

d r
,
dr

r
r

t   .

(8.23)

Integration of Eq. (8.21) taking account of the boundary condition at the cavity wall (Eq. 8.2)
provides the radial distribution of the displacement and thus of the tangential strain:

t 

1 
A
ln  1  2
2  r


,


(8.24)

where the bar denotes normalization to the current cavity radius, i.e. r  r a , and the
constant A   a 2  a02  a 2 expresses the normalized volumetric change at the cavity wall. The
geometric relationship of isochoric deformation ( r 2  r02  a 2  a02 ) is obviously satisfied.
8.5

Stresses in the soil around the cavity

The response of an overconsolidated soil is elastic until the yield condition is satisfied at the
cavity wall. Afterwards, the soil yields, forming an expanding plastic ring of outer radius ρ
(Fig. 8.1), and after a certain amount of shearing, critical state conditions are reached,
implying that further distortions occur under constant effective stresses. Hence, a critical state
zone develops around the cavity at higher pressures, where the undrained shear strength of the
ground is mobilized.
8.5.1 Elastic ground response

The elastic ground response is linear, since the mean effective stress remains constant. The
effective stresses are thus given by the following relationships (e.g. Houlsby & Withers
1988):

 r   h 0  2G0 t ,

(8.25)

 t   h 0  2G0 t ,

(8.26)

 z   v0 ,

(8.27)

where the shear modulus (Eq. 8.13)
G0 

 0 p0
.
 3b

The total radial stress is then calculated by integrating the equilibrium equation (8.3):

(8.28)
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 A
2
r

 r   h 0  G0 Li2 


   h 0  2G 0  t ,


(8.29)

where Li2 stands for the Euler’s dilogarithm (Lewin 1981):


Li2  x    x k k 2

, 0  x 1.

(8.30)

k 1

Eqs. (8.25) and (8.29) show that the pore pressure is not constant (as mentioned also by
Collins & Yu 1996). However, the difference from the in situ value is commonly negligible,
even for heavily overconsolidated soils, and thus pw can be considered as constant (in
accordance with small strain theory).
8.5.2 Onset of yielding and plastic zone radius

The stress ratio at yielding, ηρ, must satisfy the yield function:
f     R .

(8.31)

(Note that R > f (η0), where, η0 = q0/p'0, because OCR > 1; Fig. 8.2b.) Considering that the
mean and the out-of-plane effective stresses remain constant throughout the elastic response
(Eqs. 8.25–8.27) and the deviatoric stress at yielding is known (qρ = ηρ p'0), the radial
effective stress at yielding can be determined by means of Eq. (8.6):

    h 0 

3
q 2  q02 ,
3

(8.32)

and the corresponding tangential strain becomes after Eq. (8.25)

t  

    h 0
2G0

.

(8.33)

The above quantities are independent of the position of the material point at yielding.
Therefore, the critical cavity radius at the onset of yielding equals (Eq. 8.24 at r = a)

a
a0

 exp   t    1   t  ,

(8.34)

and the normalized radius of the plastic zone reads (Eq. 8.24 at r = ρ)



A
A
.
 
2 t 
1  exp  2 t  

(8.35)
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8.5.3 Elasto-plastic ground response

The stresses in the elastic zone (r ≥ ρ) are still obtained according to Section 8.5.1, while the
stresses in the plastic zone (r < ρ) will be calculated in the following.
8.5.3.1 Effective stresses

The volumetric part of Eq. (8.20) leads considering Eq. (8.21) to
f   
p 
 ,
 
p
f  

(8.36)

where Λ = 1 – κ/λ is the so-called ‘plastic volumetric strain ratio’ (Wroth 1984). Integrating
Eq. (8.36) over the elasto-plastic stress history of a material point, a closed-form relationship
is derived for the effective stress path in the p'–q plane:


 R 
p    p0 
 .
 f   

(8.37)

The plastic multiplier (Eq. 8.19) is then simplified to

 

p 
K

g
,
p 

(8.38)

and the constitutive equation in the out-of-plane direction (Eq. 8.7) in combination with the
plane strain constraint and Eqs. (8.36) and (8.38) gives
sz
 S   ,
sz

(8.39)

where
S    

f   
1
.
b  D   f  



(8.40)

Integrating Eq. (8.40) over the elasto-plastic stress history of a material point,


sz     v0  p0  exp   S  x  dx  .


 


(8.41)

The mean effective stress (Eq. 8.37), the deviatoric stress (q = η p') and the out-of-plane
effective stress (Eq. 8.41) have been expressed with respect to the stress ratio η now. Using
the definitions of the stress invariants (Eqs. 8.5 and 8.6), the in-plane stresses become
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1
2


4 2
q  3sz2  ,
3


1

4

 r  p   sz 



 t  p   sz 
q 2  3sz2  .
2
3


(8.42)

(8.43)

Therefore, given the stress ratio η of a material point around the cavity, its effective stresses
can be calculated directly.
8.5.3.2 Stress ratio η

The deviatoric part of Eq. (8.20) yields in combination with Eqs. (8.22), (8.36), (8.42) and
(8.43):

t  T    0 ,

(8.44)


1  f   
b    b 

D    f  


.
T   
2
0



s
 
4
 3 z

3
  p    

(8.45)

where

Since the distribution of tangential strain along the radial direction is known for a given cavity
expansion (Eq. 8.24), the stress ratio η of each material point within the plastic zone can be
determined by solving the following non-linear equation:


E     t    T  x  dx   t  r  .

(8.46)



8.5.3.3 Computation of the stress ratio η

The function E (η) increases monotonically on the subcritical side (Fig. 8.4a) and decreases
monotonically on the supercritical side (Fig. 8.4b), provided that its first derivative, i.e. Τ (η),
is positive and negative, respectively. The rigorous proof that T (η) > 0 for η < M and T (η) <
0 for η > M is found in Chapter 4 for the MCC model. It was not possible to provide a general
proof, but parametric studies have verified that this also holds for other critical state models.
A Newton-Raphson method can therefore be used for solving Eq. (8.46).
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Table 8.3. Newton-Raphson algorithm for calculating the stress ratio ηi of the ith material point (Eq.
8.46) given its current radial coordinate ri
1. Compute:  ti   t  ri  (Eq. 8.24 for large strain analysis; Eq. 8.59 for small strain analysis)

0.999M
1
2. Initialize: k = 1, i   
1.001M

 

, R  rs ;
, R  rs

 

3. Compute: T i k  (Eq. 45) and E  i k  (Eq. 8.46)

    T  

4. Compute: i k 1  i k   E i k    ti
2   0.999 M
5. If k = 1 and i  
 1.001M


Else, if i

k 1

, R  rs ;
, R  rs

k 

i

, set i  i1 and return;

i k  i k 1  tol , set i  i k 1 and return;

 
Else, if  i k 1  
 

,

R  rs ;

,

R  rs

, set  i k 1    , k = k + 1 and go to 3;

Else, set k = k + 1 and go to 3.

Figure 8.4. Schematic representation of the function E (η) (Eq. 8.46) for (a) slightly and (b) heavily
overconsolidated soils

Table 8.3 presents a robust algorithm for computing the stress ratio ηi of the ith material point,
whose tangential strain equals  ti   t  ri  . The first guess of the root of E (η) is taken close to
the slope of the CSL (step 2) in order not to jump from the ‘wet’ to the ‘dry’ side for R < rs, or
vice versa for R > rs, during the iterative procedure. This is an important feature of the
algorithm as it allows the use of C0 continuous yield functions at η = M. Moreover,
considering the general case that the function E (η) presents an inflection point (which holds
for anisotropic initial stress states; Fig. 8.4a), a minor modification of the standard method is
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performed in order to bound the solution to the interval [ηρ, Μ] (step 5). With regard to the
definite integrals appearing in Eq. (8.46), it should be pointed out that although a simple
quadrature is sufficient for S (η) (Eq. 8.40), a fine discretization close to the critical state value
M is necessary for T (η) (Eq. 8.45), because this function presents a high gradient there,
tending asymptotically to infinity.
8.5.3.4 Total stresses and pore pressures

The total radial stress is obtained through integration of the equilibrium equation (8.3) over
the plastic zone:


r    
r

4 2
dr
,
q  3s z2
3
r

(8.47)

where the stress at the elasto-plastic boundary is equal to (Eq. 8.29)





    h 0  G0 Li2 1  exp  2 t     h 0  2G0 t  .

(8.48)

As described in Section 8.5.3.3, the stress ratio η (and thus q and sz) at each point over the
interval [r, ρ] is calculated according to Table 8.3 (note, for the sake of computational
efficiency, that the calculated stress ratio ηi of the ith material point can be considered as the
initial guess in the iterative procedure for calculating the stress ratio ηi+1 of the (i+1)th point –
instead of ~ Μ in the second step of the algorithm – if ri 1  ri ). The pore pressure is then
calculated using the definition of effective stress.
8.5.4 Critical state conditions

After certain shearing of the soil around the cavity, critical state conditions are reached. The
stress state at critical state lies at a zero Lode angle according to Eq. (8.41), since the out-ofplane stress becomes equal to the mean effective stress (sz (M) = 0 and thus σ'z = p' = (σ'r +
σ't)/2). Specifically, the stress state of a material point rotates on the yield surface until the
failure value θ = 0° is attained. This is due to the circular shape of the plastic potential in the
deviatoric plane (Potts & Zdravković 1999, Potts & Gens 1984, Lagioia & Panteghini 2014)
and can also be seen in the distributions of effective stresses along the radial direction
presented by Randolph et al. (1979), Carter et al. (1979) and Chen & Abousleiman (2012) for
the MCC model (see also Section 8.8).
The slope of the CSL in the p'–q plane can therefore be expressed with respect to the friction
angle φ' by adjusting the critical state cone to the Mohr-Coulomb surface at θ = 0°:
M 

3 sin   .

(8.49)

In the special case of an isotropic initial stress field, σ'z remains equal to the mean effective
stress (sz = 0) throughout loading. The function E (η) can then be calculated analytically for
some critical state models (see for example Perić & Ayari 2002 and Chapter 4 for the MCC
model) and the algorithm of Table 8.3 is simplified.
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Given the initial ground conditions,   0   ln p0       ln R rs (Fig. 8.2a), the mean
effective stress at critical state becomes
pcs  p0  R rs  ,


(8.50)

and the undrained shear strength, cu, defined in accordance with the Tresca failure criterion as
cu = (σ'r – σ't)/2 (since θ = 0° at critical state), equals
cu 

8.6

qcs
3



M

p0  R rs  .
3

(8.51)

Cavity pressure–expansion relationship

The cavity pressure is obtained by evaluating Eqs. (8.29) and (8.47) at r = a:
G0 Li2  A   2G0 u a a0


G Li 1  exp 2



 0 2
t
1
 a  



  2 G0  t   

1





, a  a ;
4 2
dr
q  3s z2
3
r
4 2
dr
q  3s z2
3
r

, a  a .

(8.52)

Inspection of Eq. (8.52) reveals that the normalized cavity pressure can be expressed as a
function (different for each constitutive model) of the following independent variables:
 a 

 a  a   h 0


 F  , , , , M , R , K 0 , i  ,
p0
p0

 a0  0


(8.53)

where the symbol ϑi is used to indicate the material constants introduced by the more refined
constitutive models in addition to the basic constants of classic critical state theory (Table
8.2).
8.7

Special cases

8.7.1 Bi-logarithmic compression law

The solution presented was based on the assumption of a semi-logarithmic law in the
compression plane. If a bi-logarithmic law is adopted instead (Butterfield 1979, Hashiguchi
1995), the terms κ/υ0 and λ/υ0 should be replaced everywhere by the slopes of the URL and
the NCL in the lnp'–lnυ plane, denoted by κ* and λ*, respectively (Wroth & Houlsby 1980).
8.7.2 Constant elastic shear modulus

If a constant shear modulus, denoted by G0, is considered instead of a constant Poisson’s
ratio, Eq. (8.13) ceases to be valid and the parameter b should be replaced in Eqs. (8.40) and
(8.45) by
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b  b   

0 1
p    ,
 3G0

(8.54)

where the mean effective stress is given by Eq. (8.37). The significant problem parameters are
then the following:
 a  G 

 a  a   h 0

 F  , , 0 , , M , R , K 0 , i  .
p0
p0
 a0  0 p0 


(8.55)

8.7.3 Tresca model

In the special case of K0 = 1 and R = rs, critical state is reached directly after elastic response
and the soil can be modelled by means of the Tresca model, defined by G0 and cu. It thus
follows from the elasto-plastic branch of Eq. (8.52) that
 Li2 1  exp  cu G0  


A
 a  cu 
 ln 
  .
cu G0
 1  exp  cu G0   


(8.56)

By setting A = 1, the limit pressure is obtained, which coincides with the solutions of Soulié et
al. (1986) and Sagaseta et al. (2003). When approximating the dilogarithm to the first order in
cu/G0, Eq. (8.56) leads to the solution derived by Shuttle (2007) (see also Collins & Yu 1996):



A
 a  cu 1  ln 
  ,
1
exp
c
G





0
u

 

(8.57)

and when further approximating to the first order the exponential term inside the natural
logarithm, Eq. (8.57) yields the well-known elasto-plastic solution (Houlsby & Withers 1988,
Bishop et al. 1945, Salençon 1966, Gibson & Anderson 1961, Vesić 1972, Jefferies 1988,
Bolton & Whittle 1999):

 G 
 a  cu 1  ln  A 0   .
 cu  


(8.58)

It can easily be shown that the error in the limit pressure when using Eq. (8.58) instead of the
exact solution (Eq. 8.56) does not exceed 1% for G0/cu values greater than 10.
8.7.4 Small strain formulation

The exact small strain solution can be obtained by means of two minor modifications in the
present analysis. Specifically, the tangential strain (Eq. 8.24) becomes

t  

u 1
u
 a 2,
r
a0 r

and the normalized plastic zone radius (Eq. 8.35) equals

(8.59)
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ua 1
.
a0  t 

(8.60)

The cavity pressure-expansion relationship (Eq. 8.52) and the proposed numerical scheme for
the calculation of the stress ratio η (Table 8.3) remain exactly the same.
The displacement field is proportional to the ratio κ/υ0 here (note Eqs. 8.45, 8.46 and 8.59).
The first two terms appearing in Eq. (8.53) can therefore be merged, reducing the significant
parameters of the problem:
 u

 a

 F  0 a , , , M , R , K 0 , i  .
p0

  a0


(8.61)

However, the small strain solution gives a continuously increasing cavity pressure, being
unable to predict its limit value at large deformations (see also Carter et al. 1979), since the
domain of integration in Eq. (8.52) is unbounded. Specifically,  tends to infinity, in contrast
to the large strain solution, where  tends to a finite value given by Eq. (8.35) with A = 1.
8.8

Results and discussion

Some selected results are presented next using the following constitutive models (see Table
8.2): the MCC, the GCC (β = 0.65), the model of Lagioia et al. (1996) (α = 0.4, μ = 1.4), and
that of Yu (1998; Clay and Sand Model; CASM) with McDowell’s (2000) stress-dilatancy
relationship (n = 2, rs = 2.718). In all of the analyses, the properties are typical of a clayey
material, but do not correspond to any particular soil: ν = 0.3, κ/υ0 = 0.015, κ/λ = 0.2, φ' = 25°
(M = 0.732). Figure 8.5a shows the corresponding state boundary surfaces.
The coefficient of earth pressure at rest is taken according to the empirical relationship of
Mayne & Kulhawy (1982):

K 0  K 0,nc OCR sin   ,

(8.62)

where for a normally consolidated soil K0,nc = 1 – sinφ' (Jáky 1944). It should be noted that
the refined models have not been calibrated to reproduce these consolidation conditions.
The stress invariants corresponding to the end of one-dimensional consolidation (i.e. before
unloading to the in situ state) equal
p0, nc 

2 K 0, nc  1
3

 v 0, nc ,

q0, nc  1  K 0, nc  v0, nc ,

(8.63)

where σ'v0,nc denotes the maximum past vertical stress, and satisfy the yield function (Eq.
8.14):

Rp0
 f 0,nc  ,
p0, nc

(8.64)
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Figure 8.5. (a) State boundary surfaces in the p'/p'e–q/p'e plane and (b) relationship between the onedimensional (OCR) and the isotropic (R) overconsolidation ratios, for the constitutive models used

where η0,nc = q0,nc / p'0,nc. Substituting p'0 from Eq. (8.1) and p'0,nc from Eq. (8.63), and
considering that OCR = σ'v0,nc/σ'v0, the relationship between the isotropic and the onedimensional overconsolidation ratios is obtained:

2 K 0,nc  1
R

f 0,nc  .
OCR
2K0  1

(8.65)

Figure 8.5b plots this relationship for the models used here.
Figures 8.6a and 8.6b present the normalized total radial stress and the normalized pore
pressure at the cavity wall as a function of the cavity expansion for different values of OCR,
according to the MCC model. The influence of the overconsolidation ratio and thus of the
stress history of the ground is highlighted: the higher the OCR, the lower the normalized
cavity pressure. Moreover, it is shown that the excess pore pressure developed at the cavity
wall is always positive for normally consolidated soils, but it can be negative at the initial
stage of expansion for heavily overconsolidated soils (cf. Collins & Yu 1996; Chen &
Abousleiman 2012).
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Figure 8.6. (a) Normalized total radial stress (a) and (b) normalized pore pressure (b) at the cavity wall
as a function of the cavity expansion, and effective stress and pore pressure distributions in the soil
around the expanding cavity (a/a0 = 1.5) for OCR = 1.01 (c) and OCR = 10 (d) for (c) normally
consolidated and (d) heavily overconsolidated soils, according to the MCC model

Figures 8.6c and 8.6d plot the distribution of the effective stresses and the pore pressure in the
soil around the cavity, for OCR = 1.01 and OCR = 10 respectively. The fact that the stress
path rotates on the yield surface such that critical state occurs at zero Lode angle (Section
8.5.4) is clearly shown here (the effective out-of-plane stress in the critical state zone is
always equal to the mean effective stress). Moreover, as the effective stresses remain constant
within the critical state zone, the excess pore pressure (and the total radial stresses) decrease
linearly with the logarithm of the current radius (Eq. 8.3). For heavily overconsolidated soils,
it can be seen that negative excess pore pressures develop in the soil, and moreover, the
tangential effective stress may reach negative values (Fig. 8.6d). If the induced tensile stresses
are significant, a more detailed analysis should be performed to take tensile failure into
account (see Ladanyi 1967 and Haberfield & Johnston 1990).
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Figure 8.7. (a) Normalized total radial stress (a) and (b) normalized pore pressure (b) at the cavity wall
as a function of the cavity expansion, and effective stress and pore pressure distributions in the soil
around the expanding cavity (a/a0 = 1.5) for OCR = 1.01 (c) and OCR = 20 (d) for (c) normally
consolidated and (d) heavily overconsolidated soils, according to the GCC model (β = 0.65)

Figures 8.7 to 8.9 plot similar results to Fig. 8.6 for the rest of the critical state models
considered. The refined constitutive models lead to (practically) the same predictions for the
normalized total radial stress at the cavity wall as the MCC model (Figs. 8.6–8.9; a), even for
heavily overconsolidated soils, despite the fact that the effective stress paths are different (Fig.
8.5a). The excess pore pressure at the cavity wall (Figs. 8.6–8.9; b), the effective stresses and
the pore pressure in the soil (Figs. 8.6–8.9; c, d), particularly beyond the critical state zone, as
well as the radius of the critical state and of the plastic zone (for heavily overconsolidated
soils) show a higher variation.
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Figure 8.8. (a) Normalized total radial stress (a) and (b) normalized pore pressure (b) at the cavity wall
as a function of the cavity expansion, and effective stress and pore pressure distributions in the soil
around the expanding cavity (a/a0 = 1.5) for OCR = 1.01 (c) and OCR = 20 (d) for (c) normally
consolidated and (d) heavily overconsolidated soils, according to the model of Lagioia et al. (1996) (α
= 0.4, μ = 1.4)
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Figure 8.9. (a) Normalized total radial stress (a) and (b) normalized pore pressure (b) at the cavity wall
as a function of the cavity expansion, and effective stress and pore pressure distributions in the soil
around the expanding cavity (a/a0 = 1.5) for OCR = 1.01 (c) and OCR = 10 (d) for (c) normally
consolidated and (d) heavily overconsolidated soils, according to the model of Yu (1998) (n = 2, rs =
2.718; plastic potential after McDowell 2000)

8.9

Conclusion

This chapter presented a novel, generalized, rigorous and simple large strain solution for the
undrained expansion of a vertical cylindrical cavity in critical state soils under uniform and
anisotropic initial stress states using a rate-based (hypoelastic) plasticity formulation. The
solution can serve as a reliable benchmark for numerical analysis codes, especially in view of
the difficulties associated with the numerical integration of critical state constitutive equations
(Sheng et al. 2000, Borja & Tamagnini 1998, Gens & Potts 1988, Potts & Zdravković 1999),
and can be useful for estimating the instantaneous response of low-permeability saturated
soils to self-boring pressuremeter tests and pile installation.
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Appendix 8.1. Stress and strain parameters used in the analysis of the isotropic
cylindrical cavity expansion problem (see Table 8.1)

Consider the following simplified definitions of the mean effective and deviatoric stresses:

p   r   t  2 ,

q  1  r   t  ,

(8.66)

where α1 is a chosen coefficient. The volumetric and deviatoric strains are then given by
 p  r + t ,

q   2  r  t  ,

(8.67)

where α2 is another coefficient. The fulfilment of the work conjugacy condition, that is
p  p  qq   rr   tt , requires α1α2 = 1/2.
Assuming that the yield surface and the plastic potential have a circular shape in the
deviatoric plane (Fig. 8.3), the stress path remains at zero Lode angle throughout undrained
cavity expansion, and the exact expressions for the stress and strain invariants are given by
Eqs. (8.66) and (8.67) with 1  3 2 and  2  3 3 , respectively (cf. Eqs. 8.5, 8.6 and 8.8,
8.9). These expressions were used by Cao et al. (2001) and Silvestri & Abou-Samra (2012).
Assuming now that the yield surface and the plastic potential have a hexagonal shape in the
deviatoric plane (Fig. 8.10) and that σ'z remains the intermediate principal stress throughout
loading, no out-of-plane plastic flow takes place and thus  z    r   t  . The slope M of the
CSL is calculated according to the MC failure criterion (Eq. 8.18) and the Hooke’s relations
are written in terms of the aforementioned parameters as
el
0   p 
 p  1 K
 el   
 ,
q   0 1  3G    q 

(8.68)

where α3 is a dummy coefficient. The bulk modulus is always taken according to Eq. (8.12),
i.e. the out-of-plane stress is disregarded in its calculation, and the shear modulus is taken
according to the following relationship (instead of Eq. 8.13, provided that the Poisson’s ratio
is constant) in order to account for the plane strain constraint:

G 2 1  2  1

.
K
3
2

(8.69)

Therefore, the elastic part is treated in a simplified manner during elasto-plastic cavity
expansion. The selection of the coefficient α1 (or α2) is, in general, arbitrary. Collins & Yu
(1996) considered α1 = α2 = 1 (which violates α1α2 = 1/2, but they modified the flow rule
appropriately) and α3 = 2, setting, in accordance with Eq. (8.69), G = (1 – 2v) K. On the other
hand, Cao et al. (2002) considered 2α1 = α2 = 1 and α3 = 1 (note that setting α1 = 2α2 = 1 and
α3 = 4, as Russell & Khalili 2006, is fully equivalent), but they used Eq. (8.13) for the shear
modulus.
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Figure 8.10. Yield surface of the generalized Cam-clay model (β = 0.65) and Mohr-Coulomb pyramid
defining the critical state (φ' = 25°) in the three-dimensional principal stress space

Notation
A
a, a0
b
cu
D
E
F
f
G
g
h1 , h2
i
K
K0
k
Li2
M
N
n
OCR
pw, pwa
p'
p'c
p'e
q

normalized volumetric change at the cavity wall = (a2 – a02)/a2
current and initial cavity radius
function of Poisson’s ratio
undrained shear strength
dilatancy function (function of η)
function of η
an arbitrary function
function of η (the first derivative of f is denoted by f')
shear modulus
plastic potential
functions of p'/p'e (used in Table 8.1)
auxiliary index
bulk modulus
earth pressure coefficient at rest
index of series and iteration counter
Euler dilogarithm function
slope of the CSL in the p'-q plane
specific volume at a unit reference pressure on the NCL
constant of Yu’s (1998) model
initial one-dimensional overconsolidation ratio
pore water pressure and corresponding value at the cavity wall
mean effective stress
isotropic preconsolidation stress
isotropic consolidation stress at the specific volume υ
deviatoric stress
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R
r, r
rs
S, T
s
tol
u
x
Y

initial isotropic overconsolidation ratio
radius of a material point and corresponding normalized value (= r/a)
spacing ratio
functions of η
principal deviatoric stress (= σ' – p')
termination tolerance (used in Table 8.3)
radial displacement of a material point
auxiliary variable
yield function

α
α1, α2, α3
β
Γ
εp, εq
εr, εt, εz
ε1, ε2, ε3
η
θ
ϑi
κ, λ
κ*, λ*
Λ
μ
ν
ρ, 

constant of Lagioia et al. (1996) model
coefficients (used in the Appendix 8.1)
constant of the generalized Cam-clay model
specific volume at a unit reference pressure on the CSL
volumetric and deviatoric strain
radial, tangential and out-of-plane strain
major, intermediate and minor principal strain
stress ratio q/p'
Lode angle
additional constants of the refined critical state models
slope of URL and NCL in the lnp'–υ plane
slope of URL and NCL in the lnp'–lnυ plane
plastic volumetric strain ratio (= 1 – κ/λ)
constant of Lagioia et al. (1996) model
Poisson’s ratio
radius of the plastic zone and corresponding normalized value (= ρ/a)

σ, σ'
σa
σh0, σ'h0
σv0, σ'v0
σ r , σ t, σ z
σ'r, σ't, σ'z
σ'1, σ'2, σ'3
υ
φ'
χ

total and effective normal stress
cavity pressure
initial horizontal (in-plane) total and effective stress
initial vertical (out-of-plane) total and effective stress
radial, tangential and out-of-plane total stress
radial, tangential and out-of-plane effective stress
major, intermediate and minor principal effective stress
specific volume
friction angle
plastic multiplier

Subscripts
0
cs
nc
ρ
Superscripts
el, pl

initial value
value at critical state
value for a normally consolidated soil
value at yielding (and at the elasto-plastic boundary)
elastic part, plastic part
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Relationship between small and large strain solutions
for general cavity expansion problems in elasto-plastic
soils6

9.1

Introduction

Cavity expansion theory has been widely studied in the literature. A summary of numerous
analytical solutions as well as of the relevant geotechnical applications has been presented by
Yu (2000) and will not be repeated here. The present chapter focuses on the influence of the
deformation formulation considered in the analysis of general cavity expansion problems.

Figure 9.1. Small strain, large strain and corrected small strain (Eq. 9.1) cylindrical cavity expansion
curves based on the Mohr-Coulomb yield criterion

6

This chapter has been published in: Vrakas A. Relationship between small and large strain solutions for general cavity
expansion problems in elasto-plastic soils. Computers and Geotechnics 2016; 76: 147–153, doi:
10.1016/j.compgeo.2016.03.005.
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Figure 9.2. Setup of the cylindrical (or spherical) cavity excavation problem for, (a), large strain
formulation and, (b), small strain formulation

It is well-known that solutions based on small strain theory predict a continuously increasing
cavity pressure (see for example the dashed curve in Fig. 9.1 for the idealized case of
isotropic cylindrical cavity expansion in a Mohr-Coulomb material), while cavity expansion
solutions based on finite strain theory predict a limit value at large expansions (see for
example the solid curve in Fig. 9.1). Small strain theory therefore leads to predictions of
stiffer system behaviour as it is unable to reproduce an ultimate state (e.g. Baguelin et al.
1978; Carter et al. 1979; Soulié et al. 1986; Yu & Houlsby 1991).
This chapter presents a novel closed-form relationship between small and finite strain elastoplastic cavity expansion solutions (Section 9.2). The derivation of this relationship is based on
several simplifying assumptions (Section 9.3), but it is shown by means of modelling an
elliptical and an ellipsoidal cavity as well as a finite length self-boring pressuremeter test in
modified Cam-clay soils under drained and undrained conditions that it is sufficiently
accurate for general elasto-plastic expansion problems not obeying plane strain axial (or
spherical) symmetry, with rotating principal directions (Section 9.4).
9.2

The relationship between small and large strain solutions

It will be proven in the following that the normalized wall displacement Ua,ls (= ua,ls/a0, where
a0 denotes the initial cavity radius; Fig. 9.2a) obtained from a large strain analysis of cavity
expansion in elasto-plastic soils satisfying a general Mohr’s failure criterion and exhibiting
constant plastic dilatancy can be expressed with respect to the normalized wall displacement
Ua,ss (= ua,ss/a0; Fig. 9.2b) obtained from a small strain analysis (and corresponding to the
same cavity pressure) through the following hyperbolic function:
U a ,ls  h U a , ss  

1
1     1 U a , ss  



1

 1

1 ,

(9.1)
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Figure 9.3. Normalized cavity wall displacement from large strain analysis as a function of the
normalized cavity wall displacement from small strain analysis of cylindrical cavity expansion,
considering several dilation angles (Eq. 9.1)

Figure 9.4. Normalized cavity wall displacement from large strain analysis as a function of the
normalized cavity wall displacement from small strain analysis of spherical cavity expansion,
considering several dilation angles (Eq. 9.1)
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where the variable ζ indicates the cavity type (ζ = 1, cylindrical; ζ = 2, spherical) and κψ is the
dilation constant, expressed in terms of the dilation angle ψ as κψ = (1+sinψ)/(1–sinψ). The
large strain wall displacement tends to infinity as the small strain solution approaches the
critical value

U a ,lim 

1

   1

,

(9.2)

which implies that the limit pressure σa,lim, that is, the pressure required to create a cavity or to
enlarge a cavity of finite radius indefinitely, corresponds to the cavity pressure obtained by
means of a small strain analysis at Ua,lim (see for example the circular markers in Fig. 9.1).
Setting κψ → ∞, which corresponds to the limit case of an infinitely dilatant material (ψ =
90°), leads to the simplified relationship

U a ,ls  h U a , ss  

U a , ss

1  U a , ss

.

(9.3)

Figures 9.3 and 9.4 plot Eq. (9.1) for cylindrical and spherical cavity expansion, respectively,
considering several dilation angles. The identity line is included in order to illustrate the small
strain solution error, which, as can be seen, is practically negligible up to expansions of 10%,
but increases significantly for greater values.
The hyperbolic function h satisfies all of the required conditions for theoretical consistency:
(i) h (0) = 0 and h' (0) = 1 (i.e. coincides with the small strain solution as Ua,ss tends to zero);
(ii) h (Ua,lim) = h' (Ua,lim) = ∞ (i.e. approaches infinity asymptotically as Ua,ss tends to Ua,lim);
(iii) h' (Ua,ss) > 0 and h'' (Ua,ss) > 0 (i.e. is a monotone increasing and convex function).
9.3

Derivation of Equation (9.1)

9.3.1 Problem statement

The proof of Eq. (9.1) follows the same line as that presented in Chapter 5 for the tunnel
excavation problem and is based on the following assumptions:
(i) A cylindrical (ζ = 1) or spherical (ζ = 2) cavity of radius a0 is embedded in an infinite,
homogeneous, isotropic and weightless medium (Fig. 9.2).
(ii) The initial stress field is uniform and isotropic of magnitude σ0 (for the cylindrical cavity,
however, the initial out-of-plane stress should not necessarily equal the in-plane stresses).
(iii) The cavity pressure is increased from σ0 to σa, while the stresses in the far field remain
unaltered by the cavity expansion.
(iv) The ground is assumed to be (non-linearly) elastic – perfectly plastic, satisfying a general
(non-linear) Mohr’s criterion that does not depend on the intermediate principal stress and
exhibiting constant plastic dilatancy.
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(v) The out-of-plane direction remains the intermediate principal direction throughout elastoplastic loading in the plane strain problem.
(vi) The strains in the elastic zone are small.
(vii) The elastic strains are disregarded in the plastic zone, i.e. the elastic strains are
considerably smaller than the plastic strains.
(viii) ‘Total stresses’ are used, considering the influence of water to be negligible, which is the
case for dry or completely drained conditions.
Although these simplifying assumptions may seem restrictive, exact computations that
disregard some or all of them still verify the derived relationship between small and large
strain cavity expansion solutions, as will be shown in the following.
Compressive normal stresses, σ, and strains, ε, as well as outward radial displacements, u, are
taken as positive. The analysis is performed in cylindrical and spherical polar coordinates,
respectively, and the subscripts ‘ss’ and ‘ls’ are used to differentiate between the small and
large strain formulation variables. According to the large strain formulation, a clear
distinction is made between the undeformed and the deformed configuration of the continuum
taking the material, r0, and the spatial, r, radial coordinates of each material point, in contrast
to the infinitesimal strain formulation, which assumes that deformations are small such that r0
≈ r. It should be noted, finally, that, due to the symmetry of the problem, the state of each
material point is on the same stress and strain path (e.g. Hill 1950; Chadwick 1959; Yu &
Carter 2002), which allows the following theoretical analysis.
9.3.2 Considerations for the elasto-plastic boundary

The ground response is elastic until the yield condition is satisfied at the cavity wall. As the
cavity pressure increases, the ground around the cavity yields, forming an expanding plastic
ring of outer radius ρ (Fig. 9.2). The elastic zone then constitutes an infinite ring of inner
radius ρ, which is at the onset of yielding, with the elastically computed radial and tangential
stresses at r = ρ satisfying the Mohr’s criterion. As the elastic strains are small, there is no
difference between the large and small deformation formulation with respect to stresses and
strains in the elastic zone (even though the plastic zone radii are different), and thus,
  ,ls    , ss

(9.4)

 t  ,ls   t  , ss ,

(9.5)

and

where σρ and εtρ denote the radial stress and tangential strain at the elasto-plastic boundary,
respectively.
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9.3.3 Kinematic considerations in the plastic zone

The plastic flow rule implies that the ratio of incremental plastic strains is constant:
d rpl

.

pl
d t


(9.6)

Integrating Eq. (9.6) over the elasto-plastic deformation history of a material point and
recalling that elastic strains are negligible inside the plastic zone relative to plastic strains
gives (Palmer & Mitchell 1972; Hughes et al. 1977; Bigoni & Laudiero 1989)

 r  rpl

.
 pl  
t t


(9.7)

In the small deformation analysis, the kinematic relationships read as follows:
 r , ss  

du ss
,
dr

 t , ss  

u ss
.
r

(9.8)

Substituting Eq. (9.8) into Eq. (9.7) leads to a differential equation for radial displacement, the
integration of which provides the following relationship between the displacements at the
cavity wall, ua, and at the elasto-plastic interface, uρ:
 

ua , ss a0

 

 u  , ss  ss

.

(9.9)

Eq. (9.9) expresses the incompressibility condition for κψ = 1 (Hill 1950). The tangential
strain at the elasto-plastic boundary reads

 t  ,ss  

u , ss

(9.10)

ss

and thus Eq. (9.9) can be written as
  1

U a , ss

 
  t  , ss  ss 
 a0 

.

(9.11)

In the large deformation analysis, logarithmic strains are used (Chadwick 1959):
 r ,ls  ln

d r0
,
dr

 t ,ls  ln

r0
.
r

(9.12)

By substituting Eq. (9.12) into Eq. (9.7) (which implies that large strains are due entirely to
plasticity) another differential equation is obtained, whose integration over the plastic zone
leads to the following relationship:
a

  1

  1

 a0

  1

  ls

  1

  0,ls  ,

(9.13)
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where a and ρ0,ls denote the current cavity radius, and the plastic zone radius in the
undeformed configuration, respectively (Fig. 9.2a). Eq. (9.13) expresses the incompressibility
condition for κψ = 1, which in the finite deformation analysis means that the two shaded areas
in Fig. 9.2a are equal (Hill 1950). By definition,
 0,ls   ls  u  ,ls ,

(9.14)

and thus Eq. (9.13) can be written as
a

  1

  1

 a0

  u  ,ls 
 1   1 

ls 
 

 1

 
 ls


 1

.

(9.15)

Neglecting second and higher order terms in both the Taylor series of the tangential strain at
the elasto-plastic boundary, i.e.


 t  ,ls  ln  1 


u  ,ls 
u  ,ls
,

 ls 
 ls

(9.16)

and in the resulting binomial series in Eq. (9.15) (since strains in the elastic zone are small),
i.e.

1   

  1

t  , ls

 1     1  t  ,ls ,

(9.17)

Eq. (9.15) becomes
a

  1

  1

 a0

     1  t  ,ls  ls

  1

.

(9.18)

Taking further into account that (by definition)
a  a0  u a ,ls ,

(9.19)

Eq. (9.18) leads to
U a ,ls 

1
1

1 .

(9.20)

  1   1



 
1     1  t  ,ls  ls 
 a 






Eqs. (9.20), (9.11) and (9.5) show that, in order to establish a relationship between the small
and the large strain cavity expansion solutions, a relationship of the corresponding normalized
plastic zone radii has to be formulated. This will be done in the following section.
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9.3.4 Static considerations in the plastic zone

The stress field in the plastic zone satisfies both the yield criterion, according to which the
minor (tangential) principal Cauchy stress is expressed as an arbitrary function of the major
(radial) principal Cauchy stress:

 t  f  r  ,

(9.21)

 t
d r
 r
 0.
dr
r

(9.22)

and the equilibrium condition, namely

These equations lead to the following differential equation for the radial stress:

dr
1
d r

,
r
  r  f  r 

(9.23)

whose integration over the plastic zone, i.e. over [a0, ρss] for the small strain formulation (Fig.
9.2b) and over [a, ρls] for the large strain formulation (Fig. 9.2a), yields
ln

 ss
a0



1



 ss

(9.24)

r

d r
 F  a   F   , ss 
 f  r 

(9.25)

r

d r
 F  a   F   ,ls  ,
 f  r 



a0

and
ln

 ls
a



1



ls


a

respectively, where F stands for the indefinite integral of the function 1/[ζ (σr – f (σr))]. Eq.
(9.4) suggests that the right hand sides of Eqs. (9.24) and (9.25) are equal and hence,

 ls
a



 ss
a0

.

(9.26)

9.3.5 Synthesis of the above theoretical considerations

The combination of Eqs. (9.20), (9.11), (9.5) and (9.26) leads to Eq. (9.1), according to which
the wall displacement from large strain analysis can be expressed as a hyperbolic function of
the wall displacement from small strain analysis, for any given cavity pressure σa.
Furthermore, the ratio of plastic zone radii equals (after Eqs. 9.26 and 9.1)

 ls
 1  U a ,ls 
 ss

1

1     1U a , ss 



1

  1

,

(9.27)
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which shows that the extent of yielding is also underestimated by small strain theory (at a
given σa).
9.3.6 Discussion

The main assumption facilitating the derivation of Eq. (9.1) is that of disregarding elastic
strains in the plastic zone (for both deformation formulations; assumption (vii)). In fact, this
assumption can influence the predicted results significantly (e.g. Carter et al. 1986; Bigoni &
Laudiero 1989; Yu & Houlsby 1991) and indicates here that the derived hyperbolic function
relates approximate large strain to approximate small strain elasto-plastic cavity expansion
solutions, being exact only in the special case of incompressible and non-dilatant (κψ = 1)
ground response where the above kinematic considerations (Eqs. 9.9 and 9.13) are rigorous.
The latter is the case when the undrained behaviour of saturated ground is examined.
Extensive parametric studies have shown, however, that although this assumption was
necessary for proving Eq. (9.1), it is not essential with regard to accuracy, i.e. Eq. (9.1) relates
exact small strain to exact large strain solutions. For example, in the simplest case of the
linearly elastic – perfectly plastic Mohr-Coulomb model, the accuracy of Eq. (9.1) can
directly be shown using the exact closed-form solutions of Yu & Houlsby (1991) (cf. Fig.
9.1). For other more complicated constitutive models of dilatant cohesive-frictional grounds
(note that Eq. 9.1 is not restricted to linear elasticity and to linear failure criteria – see
assumption (iv)), the accuracy of Eq. (9.1) can be shown through one-dimensional semianalytical or numerical computations.
Another basic assumption facilitating the derivation of Eq. (9.1) is that of perfectly plastic
behaviour (assumption (iv)). It can be proved, however, considering that failure conditions are
reached after a certain amount of shearing, that Eq. (9.1) (with κψ = 1) is accurate also for
cavity expansions in critical state soils (or hardening/softening soils in general; e.g.
Papanastasiou & Durban 1997). More specifically, at higher cavity pressures, the plastic zone
consists of an inner critical state (or perfectly plastic) ring and an outer hardening/softening
plastic ring. Considering that hardening/softening ends at strains lower than 10%, the
difference between the small and finite strain solutions with respect to the outer plastic zone is
negligible and the stresses and strains at the interface between the two plastic rings are
practically the same, despite that the position of the interface is different. Therefore, the above
kinematic (with κψ = 1, implying zero plastic volumetric deformations) and static
considerations also hold for a critical state (or hardening/softening in general) material, with ρ
corresponding to the outer radius of the inner critical state (or perfectly plastic) ring. For
instance, during drained cavity expansion in critical state soils, the stress state of each
material point approaches the critical state asymptotically, with the corresponding stress path
moving practically on the critical state line (Collins & Stimpson 1994; Chen & Abousleiman
2013). On the other hand, under undrained loading conditions, the effective stresses and thus
the deviatoric stress σr – σt (cf. Eq. 9.22) around the cavity wall remain constant after certain
expansion (Randolph et al. 1979; Collins & Yu 1996; Cao et al. 2001; Chen & Abousleiman
2012; Li et al. 2016).
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Validity of Equation (9.1) for general expansion problems

This section examines the validity of Eq. (9.1) for cavity expansion problems not obeying
plane strain rotationally symmetric or spherically symmetric conditions. All the numerical
computations were performed with the Abaqus finite element code (Dassault Systèmes 2012).
The Mohr-Coulomb analyses (Section 9.4.1) were performed using 4-node quadrilateral plane
strain or axisymmetric elements and the stress point algorithm after Clausen et al. (2007),
while the modified Cam-clay analyses (Section 9.4.2) were performed using 8-node
quadrilateral axisymmetric elements and the Abaqus built-in subroutine. Furthermore, the
finite deformation analyses were based on an updated Lagrangian rate-type plasticity
formulation (i.e. the constitutive equations relate the Jaumann rate of the Cauchy stress tensor
to the rate of deformation tensor, which is decomposed into elastic and plastic parts).
9.4.1 Elliptical and ellipsoidal cavity expansions
The elliptical (e.g. Zhou et al. 2014a) and ellipsoidal (e.g. McMahon et al. 2013) cavity
expansions in a Mohr-Coulomb material are examined first. The ratio of the major-axis
radius, b1, to the minor-axis radius, b2, is set equal to 2. The initial stress field is taken as
isotropic, with the tractions at the remote boundaries (placed 200 b1 from the centre of the
cavity) remaining fixed during the successive increase of the cavity pressure. Figures 9.5 and
9.6 show the applied pressure as a function of the computed average normalized cavity wall
displacement for the plane strain (elliptical) and the axisymmetric (ellipsoidal) problem,
respectively. As can be seen, the small strain analyses (dashed curves) lead to much stiffer
behaviour compared with the finite strain analyses (solid curves) for deformations greater
than 10%, while application of Eq. (9.1) (circular markers) provides highly accurate results. It
can be shown in a similar way that Eq. (9.1) is valid also for displacement-controlled
expansions under a non-uniform pressure (e.g. Zhou et al. 2014b).

Figure 9.5. Normalized applied pressure as a function of the average normalized wall displacement of
an elliptical cavity based on the Mohr-Coulomb model
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Figure 9.6. Normalized applied pressure as a function of the average normalized wall displacement of
an ellipsoidal cavity based on the Mohr-Coulomb model

9.4.2 Finite length self-boring pressuremeter test
The second example considers a self-boring pressuremeter with length to diameter ratio of 6.
It should be emphasized that intention here is not to study the effect of pressuremeter
geometry on the interpretation of test results (for such investigations see Houlsby & Carter
1993, Shuttle & Jefferies 1995, Yu et al. 2005), but to verify the accuracy of the derived
relationship in a typical cavity expansion problem with rotating principal directions.
Therefore, a simple numerical model of the finite length self-boring pressuremeter is used
(Fig. 9.7). The depth of penetration as well as the extent of the axisymmetric model in the
horizontal direction is taken sufficiently high, while the body of the pressuremeter is
considered as rigid. Constant stress boundary conditions are imposed at the far boundaries,
while a successively increasing (from the in situ horizontal stress) uniform pressure is applied
at the elements adjacent to the pressuremeter membrane. The ground is assumed to satisfy the
two-invariant modified Cam-clay model (Roscoe & Burland 1968). Four parameter sets are
analysed (normally consolidated and heavily over-consolidated London and Boston Blue clay,
respectively) under both drained (without water) and undrained conditions (note that Fig. 9.7
is plotted for zero initial pore pressure). Obviously, all the simplifying assumptions
facilitating the derivation of Eq. (9.1) are violated here.
Figure 9.8a shows the computed small strain (dashed) and finite strain (solid) pressure–
expansion curves and the corresponding curves obtained by correcting the small strain
analyses results according to Eq. (9.1) (with ζ = κψ = 1; circular markers) or Eq. (9.3) (square
markers) for a normally consolidated (OCR = 1.01) and a heavily over-consolidated (OCR =
10) London clay under fully drained conditions, while Figure 9.8b shows the corresponding
undrained results. Figure 9.9 refers to Boston Blue clay. The present results verify the
sufficiency of the derived hyperbolic function: Eqs. (9.1) and (9.3) bound the pressure–
expansion curves obtained from rigorous finite strain numerical analyses, slightly
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underestimating or overestimating, respectively, the applied pressure at a given cavity
expansion.

Figure 9.7. The axisymmetric numerical model of the finite length self-boring pressuremeter

Figure 9.8. Normalized applied pressure as a function of the normalized wall displacement at the
centre of the pressuremeter membrane during expansion in normally consolidated (OCR = 1.01 – K0 =
0.62, R = 1.36) and heavily over-consolidated (OCR = 10 – K0 = 1.49, R = 7.53) London clay under (a)
fully drained and (b) undrained conditions (ν = 0.3, κ = 0.062, λ = 0.161, Μ = 0.888, υ0 = 2)
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Figure 9.9. Normalized applied pressure as a function of the normalized wall displacement at the
centre of the pressuremeter membrane during expansion in normally consolidated (OCR = 1.01 – K0 =
0.50, R = 1.40) and heavily over-consolidated (OCR = 10 – K0 = 1.58, R = 6.67) Boston Blue clay
under (a) fully drained and (b) undrained conditions (ν = 0.3, κ = 0.03, λ = 0.15, Μ = 1.2, υ0 = 2)

9.5

Conclusion

This chapter presented a closed-form relationship between small and finite strain elastoplastic cavity expansion solutions (Eq. 9.1). Although the proof of this relationship requires
certain simplifying assumptions, these assumptions are not essential with regard to its overall
validity. More specifically, it was shown that the derived relationship is sufficiently accurate
for general elasto-plastic expansion problems not satisfying plane strain axial (or spherical)
symmetry, and involving strain hardening/softening constitutive behaviour as well as drained
or undrained loading conditions. Therefore, the error stemming from the computational
assumption of small deformations was quantified and a direct way for taking account of
geometric non-linearity based entirely on conventional small strain computational methods
was proposed. Of course, Eq. (9.1) applies to monotonic/static cavity expansions; rigorous
finite deformation analyses are indispensable for more complex cases (cf. Wang et al. 2015).
Notation
a, a0
b1 , b2
c
E
F
f
h
K0
M

current and initial cavity radius
major- and minor-axis radius of an ellipse/ellipsoid
cohesion
Young’s modulus
indefinite integral of the function 1/[ζ (σr – f (σr))]
arbitrary function of the major principal stress
hyperbolic function
earth pressure coefficient at rest
slope of the critical state line
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OCR
R
r, r0
Ua
Ua,lim
u
u1, u2
ua
uρ

initial one-dimensional over-consolidation ratio
initial isotropic over-consolidation ratio
current and initial radius of a material point
normalized cavity wall displacement (= ua/a0)
critical (small strain) normalized wall displacement
radial displacement of a material point
radial displacement at the major and at the minor axis of an ellipse/ellipsoid
radial displacement at the cavity wall
radial displacement at the elasto-plastic boundary

εr, εt

 , t
pl
r

radial and tangential strain
pl

εtρ
ζ
κψ
κ, λ

radial and tangential plastic strain

ν
ρ, ρ0
σ0, σ'0
σh0, σv0
σa
σa,lim
σr , σt
σρ
υ0
φ, ψ

tangential strain at the elasto-plastic boundary
variable indicating the type of cavity (ζ = 1, cylindrical; ζ = 2, spherical)
function of dilation angle
slope of the swelling and of the normal consolidation line in the semilogarithmic compression plane
Poisson’s ratio
radius of the plastic zone in the current and in the undeformed state
initial isotropic (or mean; Section 9.4.2) total and effective stress
initial horizontal and vertical stress
cavity pressure
limit cavity pressure
radial and tangential Cauchy stress
radial stress at the elasto-plastic boundary
initial specific volume
friction and dilation angle

Subscripts
ss
ls

small strain value
large strain value

10 Conclusions and perspectives

10.1 Conclusions

The present doctoral thesis provided the following original contributions in the area of
tunnelling through weak ground prone to heavy squeezing:
(i) an exact finite strain closed-form solution for the GRC (under dry or completely drained
conditions) using the MC model (Chapter 2);
(ii) rigorous finite strain analytical solutions for the GRC (under dry or completely drained
conditions) obeying non-linear Mohr-type failure criteria (Chapter 3);
(iii) exact finite strain analytical solutions for the GRC under undrained conditions using the
MC and the MCC models (Chapter 4);
(iv) a simple, theoretically well-founded, sufficiently accurate and widely applicable equation
expressing the tunnel convergences obtained from finite strain elasto-plastic analyses as a
function solely of the corresponding tunnel convergences obtained from small strain analyses
(Chapter 5);
(v) a theoretical analysis of the ground response around highly deformed circular tunnel crosssections that are subjected to re-profiling in order to re-establish the desired clearance, using
the MC model (Chapter 6);
(vi) a rigorous investigation of the effect of large pre-deformations on the numerical
modelling of a tunnel advance; an analytical formulation for the longitudinal displacement
profile for large convergences as well as a finite-strain numerical analysis of the interaction
between squeezing rock and yielding supports (Chapter 7);
and the following original contributions to the cavity expansion problem:
(vii) a rigorous finite strain analytical solution for the undrained cylindrical cavity expansion
in critical state soils (Chapter 8); and
(viii) a relationship between small and finite strain solutions for general cavity expansion
problems in elasto-plastic soils (Chapter 9).
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All of the theoretical analyses were based on finite strain rate-independent elasto-plasticity
using elasto-plastic rate-form/incremental constitutive equations. This formulation (contrary
to multiplicative hyper-elasto-plastic formulations) requires elastic ‘strains’ to be small, which
is the case for the materials of interest, i.e. hard soils and soft/weak rocks, as their elastic
stiffness is low compared with their strength. From a theoretical point of view, the thesis
presented rigorous analyses of some characteristic large deformation tunnelling problems. The
analytical solutions derived therefore constitute a trustworthy benchmark for numerical
analysis procedures addressing material and geometric non-linearity.
From a practical point of view, the case studies presented within the thesis clearly illustrated
that in problems involving large deformations where the undeformed and the deformed tunnel
geometry differ significantly, small strain theory, which evaluates both stiffness and
equilibrium in the initial configuration, leads to erroneous and sometimes even nonsensical
results (that is, tunnel convergences greater than 100%). For initial squeezing assessments in
tunnelling, the rigorous finite strain analytical solutions for the classic tunnel mechanics
problem of the elasto-plastic ground response curve, presented in Chapters 2, 3 and 4 (as well
as in Chapter 6 for the re-profiling problem), can easily be used. For more complicated
problems, however, large strain analyses are indispensable, requiring specialized software
(including consistent and tested implementation of a finite deformation formulation), an
adequate theoretical background in continuum mechanics and non-linear finite elements and
some experience with geometrically non-linear numerical calculations (for both the
development of models and the evaluation of results). Therefore, reliable large strain tunnel
analyses may seem demanding from a practical viewpoint, compared to what are now routine
small strain analyses. This restriction can be overcome by means of the very simple,
remarkably efficient and widely applicable method presented in Chapters 5 and 7, according
to which the convergences obtained from a small strain (plane-strain or step-by-step) tunnel
excavation analysis can be used directly to estimate the convergences that would result from a
corresponding large strain analysis. Specifically, the equation derived can be applied not only
to estimate errors in small strain analyses, but also to ‘self-correct’ their results, rendering the
performance of large strains analyses unnecessary, at least at the preliminary design stage. It
is therefore useful for the design of tunnels crossing heavily squeezing ground, where the
convergences may be so large (sometimes well in excess of 10% of the tunnel radius) that the
usual small strain elasto-plastic analyses are deficient.
10.2 Future research

Two issues where geometric non-linearity may be decisive are: the face stability of deep
tunnels through squeezing ground and large floor heaves due to swelling.
The stability of the face is important in deep tunnels through squeezing ground, as squeezing
may result in a large extrusion of the core (particularly in the case of full face excavation,
Kovári 1998; Lunardi 1998). Egger (1980) and Mair (2008) have suggested the use of the
spherical cavity contraction curve for the determination of the face behaviour at great depths.
Furthermore, several three-dimensional numerical studies have been presented (cf., e.g., Peila
1994; Vermeer et al. 2002; Höfle et al. 2008; Kavvadas 2013) without leading, however, to a
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specific conclusion. The consideration of geometric non-linearity may be important, as large
deformations of the core lead to a negative face curvature, which is adverse for equilibrium.
Heavily swelling ground (i.e. anhydritic claystones) exhibit a time-dependent volume increase
after the tunnel excavation, often leading to large deformations which are mainly concentrated
at the floor of the opening (invert heave), due to seepage flow conditions (Anagnostou 1995;
see Einstein 1996 and Amstad & Kovári 2001 for descriptions of the underlying
mechanisms). Several constitutive models have been developed for the description of the
swelling behaviour (see Anagnostou et al. 2010 and Butscher et al. 2015 for recent reviews).
No numerical study has been conducted, however, on swelling in tunnelling with regard to
large deformations. Contrary to the case of squeezing, where the entire cross-section deforms
inwards and small strain theory thus overestimates displacements compared with finite strain
theory, swelling is concentrated on the invert here and is characterized by buckling of the
horizontal swelling layers, and small strain theory is thus expected to underestimate the heave,
thereby failing to map the observed deformation pattern.
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