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Surrogate models for oscillatory systems using sparse polynomial chaos1

expansions and stochastic time warping∗2

Chu V. Mai and Bruno Sudret †3

4

Abstract. Polynomial chaos expansions (PCE) have proven efficiency in a number of fields for propagating5
parametric uncertainties through computational models of complex systems, namely structural6
and fluid mechanics, chemical reactions and electromagnetism, etc. For problems involving os-7
cillatory, time-dependent output quantities of interest, it is well-known that reasonable accuracy8
of PCE-based approaches is difficult to reach in the long term. In this paper, we propose a9
fully non-intrusive approach based on stochastic time warping to address this issue: each real-10
ization (trajectory) of the model response is first rescaled to its own time scale so as to put all11
sampled trajectories in phase in a common virtual time line. Principal component analysis is12
introduced to compress the information contained in these transformed trajectories and sparse13
PCE representations using least angle regression are finally used to approximate the components.14
The approach shows remarkably small prediction error for particular trajectories as well as for15
second-order statistics of the latter. It is illustrated on different benchmark problems well known16
in the literature on time-dependent PCE problems, ranging from rigid body dynamics, chemical17
reactions to forced oscillations of a non linear system.18

Key words. surrogate models, sparse polynomial chaos expansions, stochastic ordinary differential equa-19
tions, stochastic time warping, dynamical systems20

AMS subject classifications. 68Q25, 68R10, 68U0521

1. Introduction. In modern engineering, it is of utmost importance to investigate the22

significant effects of uncertainties when considering the behavior of complex systems. These23

uncertainties may arise from environmental factors (e.g. excitations, boundary conditions)24

or inherent sources (e.g. natural variability of the materials) and are usually represented25

by random variables. In this context, the framework of uncertainty quantification was26

introduced, of which a major component is the propagation of uncertainty from the input27

parameters through the system to the output quantities of interest. The outcomes of28

uncertainty propagation (e.g. statistical, reliability and sensitivity measures) allow a better29

understanding of the system and are critical in decision making.30

So far Monte Carlo simulation (MCS) is universally used for solving uncertainty prop-31

agation problems. The idea behind MCS is to perform the simulation a sufficiently large32

number of times by varying input parameters such that the average of the response quan-33

tity of interest converges to the expected value according to the law of large numbers.34

However, the use of MCS is hindered by the fact that a large number of simulations is not35

affordable in many practical problems (e.g. when each evaluation of the computational36

model is time- and memory-consuming).37
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2 C. V. MAI AND B. SUDRET

To overcome this issue, spectral methods have been used in the last two decades as an38

alternative approach to traditional MCS. The spectral approach consists in representing39

the response quantity of interest in a space spanned by well-defined basis functions. Among40

a wide variety of basis functions that have been investigated, polynomial functions have41

shown particular effectiveness [18, 23, 43]. The spectral approach that uses polynomial42

chaos functions as a basis is simply named polynomial chaos expansions (PCEs).43

In practice, PCEs are widely used as an approximate model to substitute a computa-44

tionally expensive model for uncertainty propagation. They can be used in an either intru-45

sive or non-intrusive setup. The former requires knowledge of the mathematical equations46

describing the considered system. One has to interfere with the original set of equations,47

reformulate it and then solve the reformulated system to compute the PCE coefficients. In48

contrast, the latter does not necessitate any prior knowledge of the governing equations.49

It considers the deterministic computational model as a black box and only requires to50

define an experimental design, i.e. a set of input and corresponding output values. In51

several studies, PCEs have shown great efficiency compared to the traditional uncertainty52

propagation approach with MCS, see e.g. [15, 38].53

PCEs, however, face challenges when used for dynamical systems that are encountered54

in the fields of structural and fluid dynamics or in chemical engineering [4, 19, 24, 46]. In55

these cases, the governing equations are a system of ordinary differential equations with56

random parameters. First, the response as a function of time is no longer a scalar quantity57

but may be cast as a vector after proper time discretization. Applying PCEs at each time58

instant might require large computational resources. To reduce the computational cost,59

Blatman and Sudret [9] used principal component analysis to capture the main stochastic60

features of the vector-valued response quantities by means of a small number of variables61

which can be represented by PCEs. The greatest challenge is the decrease in time of the62

accuracy of the PCE model as reported in numerous publications [4, 17, 19, 23, 24, 46]63

though. The features of the accuracy degeneration, i.e. its onset (the instant at which64

PCEs start being insufficiently accurate) or its rate (how fast the accuracy decreases),65

depend on the considered problem.66

The cause of the decaying accuracy of PCEs in dynamics can be classified into an67

approach-related cause and an inherent cause. The approach-related cause refers uniquely68

to intrusive techniques. In fact, the latter solves a system of reformulated ordinary differ-69

ential equations which are derived from the original system of equations by substituting70

PCE for the quantity of interest. At any given instant, the PCE is truncated after P terms,71

thus introducing a truncation error. The latter is accumulated in time, therefore the results72

deteriorate [19]. By means of the non-intrusive approach, one can avoid this source of error73

since the responses at different instants can be examined “independently”, which prevents74

the accumulation of error at later instants provided the deterministic solver is equally ac-75

curate whatever the realization of the input parameters. The inherent cause refers to the76

fact that the problem itself demonstrates increasing complexity as time evolves, as shown77

through examples in [19, 37]. The growing complexity makes it increasingly hard for PCEs78

to capture the behavior of the system.79

The growth in time of the inherent complexity of the problem is characterized by the80
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increasingly complicated relationship between the output quantity and the input param-81

eters, exhibiting important non-linearity, abrupt changes and possibly discontinuities (see82

e.g. [14, 51]). It may be related to the difference in terms of frequency and phase content83

of the various response time-series obtained with distinct values of the uncertain input pa-84

rameters [24, 50]. These discrepancies tend to be more and more severe when time passes.85

In other words, trajectories tend to be similar at early instants and less and less in phase86

in the long term [46, 48].87

To alleviate this issue, Blatman and Sudret [7] introduced adaptive sparse PCEs that88

allow one to take advantage of the sparsity in the structure of the model (if this sparse89

structure exists), thus extending the time range where the computation of PCEs is tractable90

and the result is sufficiently accurate. In other words, adaptive sparse PCEs may delay the91

onset of the accuracy degeneration. Le Mâıtre et al. [25] developed adaptive methods for92

multi-resolution analysis, which relies on a multi-wavelet basis of compact piecewise-smooth93

polynomial functions. Lucor and Karniadakis [27] used adaptive generalized PCEs, which94

consists in detecting the first-order terms with the most important effects on the fluctua-95

tion of the response and then building the higher-order terms that only include the selected96

first-order terms. From the same perspective, Mai and Sudret [29] developed the hierarchi-97

cal PCEs which aims at updating the set of candidate polynomials adaptively by adding98

selected interaction terms while selecting only the regressors with the most importance.99

In most papers, the proposed high-order PCE approaches consist in using assumptions to100

reduce the size of the high-order PCE basis or using advanced computational techniques101

for computing them.102

Wan and Karniadakis [46, 47, 48] proposed multi-element PCEs, in which the random103

space is divided into multiple subspaces in such a way that the complexity of the model104

in each subspace is reduced, thus requiring only low-order PCEs. Jakeman et al. [20] also105

used multi-element PCEs with a discontinuity detector in order to minimize the number106

of subspaces. Nouy [33] and Soize [42] approximated a multimodal random variable (i.e.107

the output quantity of interest) by a mixture of unimodal random variables, each modeled108

by PCEs. This approach might help to improve the effectiveness of PCEs in the context109

of dynamical systems, when the responses at late instants usually exhibit multi-modal110

distributions as will be shown in the current paper through numerical applications. In111

the above approaches, the input space is divided into subspaces according to the detected112

discontinuities or dissimilarities. One then builds a local PCE in each subspace and com-113

bines those PCE models to obtain a global metamodel. Therefore these approaches can114

be classified as local PCEs. The use of polynomial functions in local domains, however,115

requires an accurate decomposition of the input space and will not be straightforward in116

high-dimensional problems.117

From a different perspective, Gerritsma et al. [17] proposed to compute time-dependent118

PCEs by updating the polynomial chaos basis on-the-fly. If the approximation error is119

excessive at a considered time instant, the authors add to the existing set of random120

variables a new variable, which is the response quantity at the previous instant. This is121

based on the idea that a fixed set of random variables at the beginning of the process is122

not sufficient to model the system in the long term and thus, the set of random variables123
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4 C. V. MAI AND B. SUDRET

the PCEs depend on needs to be updated. This approach can be viewed as a nested124

PCE model, i.e. a PCE model of another PCE model. Luchtenburg et al. [26] used125

flow map composition, which is in principle similar to time-dependent PCEs. The time-126

history response is composed of short-term flow maps, each modeled by PCE. The idea127

of constructing the basis on-the-fly was also applied by Cheng et al. [12] and Choi et al.128

[13], who derived intrusively a system of equations governing the evolution of the time-129

dependent spatial and stochastic basis. In the context of structural dynamics, Spiridonakos130

and Chatzi [44, 45] proposed the combination of PCEs and autoregressive models which131

consists in representing the response as a function of its past values. This approach is132

currently investigated with the use of sparse adaptive PCEs by Mai et al. [28]. Recently,133

Ozen and Bal [35] introduced the dynamical PCEs, which is also based on the idea that134

the future evolution of the response depends on the present solution.135

As explained earlier, the accuracy of PCEs may degenerate in time due to the time-136

increasing dissimilarity between the response trajectories when considering distinct values137

of the uncertain input parameters. To alleviate the accuracy decay, one may naturally138

think of increasing the similarity between the response trajectories. For this purpose, an139

attractive approach is to pre-process the response trajectories in order to increase the140

similarity between them. To this end, Witteveen et al. [14, 50] represented the dynamic141

response trajectories as functions of the phase φ instead of time t in order to obtain in-142

phase vibrations. The phases are extracted from the observations, based on the local143

extrema of the time series. The response trajectories are then transformed from time-144

histories to phase-histories. PCEs are eventually applied in the phase space. Le Mâıtre145

et al. [24] represented the responses in a rescaled time τ such that the dynamic responses146

vary in a small neighborhood of a reference trajectory. The time scale τ is intrusively147

adjusted at each time step so that the distance between the dynamic response and the148

reference solution is minimized, thus in-phase vibrations are achieved. From the same149

perspective, Alexanderian et al. [2, 3] introduced a multiscale stretching of the responses150

which allows an efficient PC representations of the stochastic dynamics with non-intrusive151

spectral projections.152

As a summary, PCEs fail to represent long-term time-dependent system responses153

because of their inherent increasing complexity. To the authors’ knowledge there is no154

versatile tool that helps overcome the problem in a non-intrusive setup. This paper aims155

at filling this gap by introducing a fully non-intrusive approach that allows efficient use of156

PCEs for time-dependent problems showing oscillatory behaviors. The proposed approach157

relies on a stochastic time warping and the subsequent rescaling of the response trajectories.158

The paper is organized as follows: in Section 2, the fundamentals of PCEs for time-159

independent problems are recalled. We introduce so-called time-frozen PCEs that will be160

used for comparison. In Section 3, we propose an original non-intrusive PCE approach161

for uncertain dynamical systems based on stochastic time-warping. Five applications are162

finally considered to show the efficiency of the proposed approach.163

2. Polynomial chaos expansions.164
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2.1. Spectral representation. Let us consider the model Y = M(X) where X =165

(X1, . . . , XM ) is a M -dimensional input vector of random variables with given joint prob-166

ability density function fX defined over an underlying probability space (Ω,F ,P) and167

M : x ∈ DX ⊂ RM 7→ R is the computational model of interest, where DX is the support168

of the distribution of X. Herein, we assume that the input random variables are inde-169

pendent, i.e. the joint probability density function (PDF) is the product of the marginal170

PDFs:171

(1) fX(x) = fX1(x1) . . . fXM (xM ).172

Assuming that the scalar output Y is a second order random variable, i.e. E
[
Y 2
]
< +∞,173

is equivalent to require that the computational model M belongs to the Hilbert space H174

of square-integrable functions with respect to the inner product:175

(2) < u , v >H=

∫
DX

u(x)v(x)fX(x)dx.176

Denote by Hi the Hilbert space of square-integrable functions with respect to the marginal177

probability measure PXi(dxi) = fXi(xi)dxi. Let us equip Hi with an inner product:178

(3) < u , v >Hi=

∫
DXi

u(xi)v(xi)fXi(xi)dxi,179

where DXi is the support of the distribution of Xi and denote by {φik, k ∈ N} an orthonor-180

mal basis of Hi which satisfies:181

(4) < φik , φ
i
l >Hi= δkl,182

in which δkl is the Kronecker symbol, which is equal to 1 if k = l and equal to 0 otherwise.183

As shown by Soize and Ghanem [43], the Hilbert space H is isomorphic to the tensor184

product ⊗Mi=1Hi. Thus a basis ofHmay be obtained by the tensor product of the univariate185

bases
{
φik, k ∈ N

}
, i = 1, . . . ,M . As a consequence, the random variable Y =M(X) that186

results of the propagation of the uncertainties modeled by X through the computational187

model M may be cast as:188

(5) Y =
∑
α1∈N

. . .
∑
αM∈N

yα1...αMφ
1
α1

(X1) . . . φ
M
αM

(XM ).189

For the sake of simplicity, introducing multi-indices α = {α1, . . . , αM}, Y may be rewritten190

as:191

(6) Y =
∑
α∈NM

yαφα(X).192

where φα(X) =
M∏
i=1

φiαi(Xi) are the multivariate basis functions and yα are the associated193

deterministic coefficients.194
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6 C. V. MAI AND B. SUDRET

2.2. Polynomial chaos expansions. The univariate basis functions φik, k ∈ N, i =195

1, . . . ,M may be constructed using orthonormal polynomials [1] leading to the so-called196

generalized polynomial chaos expansion [52, 43]. For instance when Xi is a uniform (resp.197

standard normal) random variable, the corresponding polynomial basis comprises orthonor-198

mal Legendre (resp. Hermite) polynomials. Then Eq. (6) becomes:199

(7) Y =
∑
α∈NM

yαψα(X),200

in which α = (α1, . . . , αM ) are the multi-indices with αi, i = 1, . . . ,M denoting the degree201

of the univariate polynomial in Xi and ψα(X) =
M∏
i=1

ψiαi(Xi) are multivariate orthonormal202

polynomials obtained by the tensor product of univariate polynomials.203

In practice, the use of infinite-dimensional PCEs is not tractable. One always truncates204

the expansion to obtain an approximate representation:205

(8) Y =
∑
α∈A

yαψα(X) + ε,206

in which A is a truncation set and ε is the truncation-induced error. A classical truncation207

scheme consists in selecting all polynomials of total degree less than or equal to p, when208

the truncation set reads:209

(9) AM,p = {α ∈ NM : ‖ α ‖1
def
= α1 + . . .+ αM 6 p}.210

2.3. Computation of PC coefficients and error estimation. The computation of the211

coefficients {yα, α ∈ A} in Eq. (8) can be conducted using intrusive (i.e. Galerkin scheme)212

or non-intrusive approaches (e.g. projection, regression and quadrature methods). In the213

following, we will compute the coefficients of the expansions using the adaptive sparse214

PCE technique proposed by Blatman and Sudret [8] which is a non-intrusive least-square215

minimization technique based on the least angle regression algorithm [16]. The reader is216

referred to [8] for more details on this approach.217

The accuracy of the representation is estimated by means of the leave-one-out (LOO)218

cross-validation, which allows a fair error estimation at an affordable computational cost219

[7, 6]. The principle of cross validation is to use different sets of points to build PCEs,220

then compute the errors with the actual model. Assume that one is given a sample set221

X =
{
x(i), i = 1, . . . , n

}
. The computational modelM is run for each point in X , resulting222

in the vector of output quantity values Y =
{
y(i), i = 1, . . . , n

}
. Setting one point x(i)223

apart from X , one can build a PCE model MPC\i(·) from the remaining points X\x(i) =224 {
x(1), . . . ,x(i−1),x(i), . . . ,x(n)

}
. The predicted residual error at point x(i) reads:225

(10) ∆(i) def
= M(x(i))−MPC\i(x(i)).226

The LOO error is defined as follows:227

(11) ÊrrLOO =
1

n

n∑
i=1

∆2
i .228
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At first glance, one could think that evaluating the LOO error is computationally demand-229

ing since it requires n different predicted residuals, each of them obtained from a different230

PCE. However, by means of algebraic derivations, one can compute ÊrrLOO from a single231

PCE MPC(·) built with the full experimental design as follows [6]:232

(12) ÊrrLOO =
1

n

n∑
i=1

(
M(x(i))−MPC(x(i))

1− hi

)2

,233

where hi is the ith diagonal term of the projection matrix A
(
ATA

)−1
AT and the infor-234

mation matrix A is defined by
{
Aij = ψj(x

(i)), i = 1, . . . , n, j = 1, . . . , cardA
}

, i.e. the235

ith row of A is the evaluation of the polynomial basis functions at the point x(i) in the ED.236

Note that in practice, a normalized version of the LOO error is used:237

(13) ε̂LOO =
ÊrrLOO
Var [Y]

,238

where Var [Y] is the empirical variance of the sample of outputs.239

2.4. Time-frozen polynomial chaos expansions. In the context of time-dependent240

problems, i.e. Y (t) =M(X, t), the polynomial chaos representation of the response quan-241

tity reads:242

(14) Y (t) =
∑
α∈A

yα(t)ψα(X) + ε(t)243

in which the notation yα(t) indicates the time-dependent coefficients of PCEs. The repre-244

sentation of a time-dependent quantity by means of PCEs as in Eq. (14) is widely used in245

the literature, see e.g. [37, 24, 17]. At a given time instant t, the coefficients {yα(t),α ∈ A}246

and the accuracy of the PCEs are estimated by means of the above mentioned techniques247

(see Section 2.3). The metamodel of the response is computed independently at each time248

instant, hence the name time-frozen PCEs.249

We now introduce the use of time-frozen PCEs for computing the time-dependent250

statistics of the response. The multivariate polynomial chaos functions are orthonormal,251

i.e. :252

(15) E
[
ψα(X)ψβ(X)

] def
=

∫
DX

ψα(x)ψβ(x) fX(x) dx = δαβ ∀α, β ∈ NM ,253

in which δαβ is the Kronecker symbol that is equal to 1 if α = β and equal to 0 oth-254

erwise. Indeed, each multivariate polynomial is orthogonal to ψ0(X) = 1, which means255

E [ψα(X)] = 0 ∀α 6= 0 and Var [ψα(X)] = E
[
(ψα(X))2

]
= 1 ∀α 6= 0. Thus, the time-256

dependent mean and standard deviation of the response can be estimated by means of a257

mere post-processing of the truncated PC coefficients (in Eq. (14)) with no additional cost258

as follows:259

(16) E [Y (t)] ≈ E

[∑
α∈A

yα(t)ψα(X)

]
= y0(t),260
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8 C. V. MAI AND B. SUDRET

(17) σ2Y (t) = Var [Y (t)] ≈ Var

[∑
α∈A

yα(t)ψα(X)

]
=
∑
α∈A
α 6=0

y2α(t).261

3. Stochastic time-warping polynomial chaos expansions for random oscillations.262

3.1. Introduction. An interesting problem emerges in nonlinear oscillating systems263

possessing a limit cycle1 which may depend on the uncertain parameters. Limit cycle264

oscillations (LCO) represent a class of time-dependent problems that plays an important265

role in several fields, see e.g. aerospace engineering [11] and mechanical engineering [41]266

among others. Use of PCEs to represent LCO systems has attracted a large attention and267

actually almost all novel ideas with PCEs are applied first to LCO systems or systems268

involving periodicity. For instance, Wan and Karniadakis [46] used multi-element PCEs269

whereas Beran et al. [5] proposed different methods namely use of Haar wavelets as local270

bases or use of B-spline functions. These approaches aim at resolving the highly nonlinear271

behavior of LCO responses in the stochastic domain. There are also techniques that are272

designed specifically for LCO. Le Mâıtre et al. [24] proposed an intrusive time transform273

of the trajectories which aims at representing the transformed time-histories in a small274

neighborhood of a reference trajectory, i.e. to reduce their variability by making them275

in-phase. A transformed time line τ is introduced, of which the varying clock speed τ̇ =276
dτ

dt
is adjusted in an intrusive setup at each time step. This is achieved by minimizing277

the Euclidean distance between the distinct trajectories and the reference counterpart.278

The use of a stochastically stretched time variable in a non-intrusive setting has been279

investigated by Alexanderian et al. [2, 3]. The random responses were preconditioned280

by random scalings of the time horizon and their amplitudes. Consequently, the scaled281

responses exhibit similar dynamical features, more precisely they become in-phase. From282

a similar perspective, Witteveen and Bijl [50] interpolated the oscillatory responses on the283

phase space to obtain in-phase oscillations. Inspired by the mentioned approaches, a non-284

intrusive time transform, which consists in finding a suitable stochastic warping of the time285

line to increase the similarity between different trajectories in the transformed (warped)286

time scale, is introduced in this section. The proposed approach focuses on increasing287

the frequency and phase similarity of the considered trajectories in problems involving288

periodicity.289

It is worth noting that in the engineering literature, the time-warping technique has290

been of interest for decades. In the context of voice recognition, Sakoe and Chiba [40]291

first proposed the time-warping to eliminate the timing differences and obtain maximum292

coincidences between two speech patterns. Wang and Gasser [49] introduced a novel cost293

function to determine the time-warping function. Later, Ramsay and Li [39] used the294

technique under the name “curve registration” for biological data. The essential idea295

consists in the registration (or alignment) of salient curve features by means of a suitable296

1Limit cycle is a closed isolated trajectory in the phase-space of self-oscillated oscillators. The nearby
trajectories can either spiral in toward or away from the limit cycle.
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smooth monotone transformation of the temporal variable t. The actual analyses are then297

carried out on the aligned curves. Note that the same idea can also be conducted in the298

spatial domain. For instance, Bookstein [10] showed particular applications of registering299

the outcomes over surfaces or volumes in medical imaging.300

Herein, we are adding one dimension to the time-warping technique by incorporating301

the effects of uncertainties in the transformation function. This results in a stochastic time-302

transform framework. Indeed, due to the inherent randomness of the stochastic problem,303

a time transformation function with deterministic parameters is not suitable. Therefore,304

stochastic transform parameters must be used and will be cast as functions of the original305

random parameters. The theoretical foundation of this work was originally presented by306

Mai and Sudret [30].307

3.2. Stochastic time-warping polynomial chaos expansions. Consider a dynamical308

system (e.g. a structural dynamic or chemical system) whose behavior is modeled by a309

system of ordinary differential equations (ODEs):310

(18)
dy

dt
= f(y, ξ, t),311

where the initial condition is y(t = 0) = y0 and the random vector ξ comprises inde-312

pendent second-order random variables defined over a probability space (Ω,F ,P). ξ may313

include the parameters governing the system behavior, e.g. masses, stiffness, damping314

ratio, reaction parameters, frequency and amplitude of excitation. The initial condition315

can also be uncertain, in which case it becomes a random variable belonging to ξ. The316

time-dependent response of the system is denoted by y(t, ξ). Without loss of generality, we317

consider a generic response of the uncertain dynamical system, e.g. y(t, ξ) with the initial318

condition y(t = 0) = y0. At each time instant, y(t, ξ) is assumed to be a second-order319

random variable. As in [24, 46, 48, 50], herein we focus on the class of problems when320

y(t, ξ) is an oscillatory response with random frequencies and amplitudes.321

The time-dependent response y(t, ξ) is represented by time-frozen PCEs as:322

(19) y(t, ξ) =
∑
α∈A

yα(t)ψα(ξ) + ε(t).323

A virtual time variable τ(t, ξ), which is obtained by a stochastic time-warping, is introduced324

as follows:325

(20) τ(t, ξ) =

Nτ∑
i=1

ci(ξ) fi(t) = F (t, ξ),326

where {fi(t), i = 1, . . . , Nτ} are functions of time t and {ci(ξ), i = 1, . . . , Nτ} are coef-327

ficients which depend on the input random variables ξ. The coefficients ci(ξ) can be328

represented by PCEs as:329

(21) ci(ξ) =
∑
α∈NM

ciαψα(ξ),330
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where ψα(ξ) and ciα are respectively the orthonormal polynomial functions and the coef-331

ficients of the expansion. The only constraint on the time-warping is that τ is a strictly332

monotonically increasing function of t given a random set of parameters ξ. This constraint333

ensures that there is no repeated value on the virtual time line. Then the inverse transform334

may be cast as:335

(22) t(τ, ξ) = F−1(τ, ξ).336

Note that, in the sequel, linear transform of the form:337

(23) τ(t, ξ) = k(ξ) t+ φ(ξ)338

is considered. For each realization ξ0, i.e. each trajectory of the system response, we339

assume a one-to-one mapping between t and τ . The response trajectory may then be340

represented in the transformed (warped) time scale by:341

(24) y(τ, ξ) =
∑
β∈B

yβ(τ)ψβ(ξ) + ε(τ),342

in which B is the truncation set of the multi-indices β. The inverse time transform allows343

one to obtain the PCEs of the response in the physical time scale as follows:344

(25) y(t, ξ) = y(F−1(τ, ξ), ξ).345

It is worth remarking that for complex problems which require a complex time transform,346

the inversion may be delicate to evaluate, as discussed by Alexanderian et al. [2, 3]. In347

particular, one needs to insure that all realizations are sampled over sufficiently long time348

horizons to suitably populate the considered transformed time interval.349

The objective is to find a suitable time-warping defined by Eq. (20) and (21) so that350

the cardinality of B remains small (i.e. low-degree PCEs can be used) to achieve an351

acceptable error ε(τ) even at late instants. This can be obtained if the trajectories y(τ(t, ξ))352

become in-phase, as suggested by Le Mâıtre et al. [24] and Witteveen and Bijl [50].353

First, a deterministic reference trajectory yr(t) is introduced. The stochastic time-warping354

(Eq. (20)) is determined by maximizing the similarity between y(τ(t, ξ)) and the reference355

counterpart yr(t) for all values of ξ, which makes the responses become in-phase. This356

allows the effective computation of Eq. (24). Having at hand the time-warping (Eq. (20))357

and the PCEs of the response in the virtual time line τ (Eq. (24)), one can finally obtain358

the PCEs in the physical time line t by conducting the inverse time-warping. The proposed359

non-intrusive time-warping approach is explained in detail in the following. For the sake360

of clarity, it is graphically summarized in Figure 1.361

• One first chooses a reference trajectory yr(t) which is for instance obtained by362

considering the mean values of the input vector ξ, i.e. yr(t) = y(t,E [ξ]). In363

general, yr(t) may be any realization of the response quantity y(t) obtained with a364

specific sample ξ0. For the numerical case studies considered in the current chapter,365

the choice of yr(t) did not affect the accuracy of the final results.366
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Figure 1. Stochastic time-warping approach: computation of PCEs

• Let us start now the time-warping, which consists in transforming the time line with367

the purpose of increasing the similarity between different realizations of the output368

y(t, ξ). Assume that one is given a set of trajectories yi(t) ≡ y(t, ξi), i = 1, . . . , n369

for n realizations of ξ corresponding to an experimental design in the input space370

DΞ . Then for the realization #i, i = 1, . . . , n, the following steps are performed:371

– Define a linear time-warping τ = ki t+φi. In general, the functions fi(t) in372

Eq. (20) might be polynomials of t. However, when investigating the prob-373

lem of vibration with random frequencies, a linear transform usually suffices.374

This is due to the periodicity of the considered response trajectories. In the375

intrusive time transform approach [24], although a linear warping function376

is not specified for the considered examples, the resulting transformed time377

τ eventually represents a linear relationship when plotted against t. Alexan-378

derian et al. [2, 3] investigated linear-based stretching of the time variable.379

Wang and Gasser [49] also used a linear warping function. In particular,380

given the complexity of the problems under investigation, use of a linear381

function facilitates the inverse transform in the next phase, which is highly382

convenient. This linear warping represents two actions, namely scaling and383

shifting, respectively driven by the parameters ki and φi. The time line is384

stretched (resp. compressed) when ki > 1 (resp. 0 < ki < 1) and is shifted385

to the left (resp. to the right) when φi < 0 (resp. φi > 0). In fact, the386

scaling factor ki (resp. shifting factor φi) allows to maximize the similarity387

in frequency (resp. phase) between the considered trajectories.388

– Determine the parameters (ki, φi) governing the time-warping as the solu-389

tion of an optimization problem which aims at maximizing the similarity390

between the response trajectory yi(ki t+ φi) and the reference counterpart391

yr(t). The details of the optimization problem, in which a measure of simi-392

larity is introduced, will be described in Section 3.3.393

– Represent yi(t) on the transformed time line τ . For this purpose, one394

chooses a grid line of τ with the desired time interval. In fact, the finer395

the grid is, the smaller is the error introduced by the interpolation. The396
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trajectory yi(t) is projected onto τi = ki t + φi to obtain yi(τi). In order397

to assure that all transformed time lines τi start at 0, when t ≤ t0, one398

uses the following transform τi =
ki t0 + φi

t0
t. The small value t0 is chosen399

so that ki t0 + φi > 0 ∀i = 1, . . . , n. For instance, t0 = 0.2 s is used for400

the numerical applications that follow. Finally the projected trajectory is401

linearly interpolated on the selected time line τ yielding yi(τ).402

• One builds PCEs of k(ξ), φ(ξ) and y(τ, ξ) using the realizations {ki, φi, yi(τ)},403

i = 1, . . . , n as the experimental design (or training set):404

(26) k(ξ) =
∑
γ∈G

kγ ψγ(ξ) + εk,405

406

(27) φ(ξ) =
∑
θ∈T

φθ ψθ(ξ) + εφ,407

408

(28) y(τ, ξ) =
∑
β∈B

yβ(τ)ψβ(ξ) + εy(τ).409

In the above equations, γ, θ and β are multi-indices belonging to the truncation410

sets G, T and B of the expansions. kγ , φθ and yβ(τ) are coefficients computed by411

means of sparse adaptive PCEs [8]. k(ξ) and φ(ξ) are scalar quantities, therefore412

the computation of their PCE models is straightforward. However, for the vector-413

valued response y(τ, ξ), it might be computationally expensive when the number of414

discretization points of the τ -line is large. This computational cost can be reduced415

significantly by coupling PCEs with the principal component analysis [9]. The416

combination of PCA and PCEs will be described in detail in Section 3.4.417

3.3. Determination of time-warping parameters. This section describes the optimiza-418

tion problem used for determining the parameters k and φ of the time-warping process.419

We first propose a function to measure the similarity between two trajectories y1(t) and420

y2(t):421

(29) g(y1(t), y2(t)) =

∣∣∣∣∣ T∫0 y1(t)y2(t)dt
∣∣∣∣∣

‖y1(t)‖‖y2(t)‖
,422

in which
T∫
0

y1(t)y2(t)dt is the inner product of the two considered time histories and ‖ · ‖423

is the associated L2-norm. In practice, the trajectories are discretized and thus, the inner424

product (resp. the L2-norm) becomes the classical dot product between two vectors (resp.425

the Euclidean norm). By the Cauchy-Schwarz inequality, this similarity measure always426

takes values in the interval [0, 1]. For responses of limit cycle oscillation systems which427

feature a dominant frequency in the power spectrum, the proposed similarity measure428
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attains its maximum when the considered trajectories have the same frequency and phase429

content. In the following, constraints on the parameters will be imposed so that the solution430

of the optimization problem is unique.431

The parameters (ki, φi), i = 1, . . . , n are determined as the maximizers of the similarity432

measure between yi(τ) and yr(t). The objective function reads:433

(30) g(ki, φi) =

∣∣∣∣∣ T∫0 yi(ki t+ φi)yr(t)dt

∣∣∣∣∣
‖yi(ki t+ φi)‖‖yr(t)‖

.434

Note that the optimal warping parameters (ki, φi) are different for each trajectory. This435

results in varying total durations of the trajectories after the warping process. This also436

occurred in the intrusive time transform approach [24, Figure 4]. The objective function437

is therefore computed on the overlapped duration between the warped trajectory and the438

reference one.439

Let us now examine the solution (ki, φi) of the proposed optimization problem. The440

constraint that τ is a strictly monotonically increasing function of t requires that ki > 0.441

In case yr(t) and yi(t, ξi) are both monochromatic signals, the value of ki that maximizes442

their similarity in frequency is unique. However, there are multiple values for the shifting443

factor φ that make the considered trajectories in phase. This will be investigated in the444

next paragraph.445

Figure 2 depicts the objective function g(k, φ) as a similarity measure between the446

reference trajectory yr(t) = sin(π t) and a response y(t) = sin(2π t). The two trajectories447

are chosen in such a way that (k, φ) = (2, 0) is the maximizer of g(k, φ). However, there are448

three global maxima in the depicted interval [−1.5, 1.5] of φ. This is due to the fact that in449

the virtual time line τ , if the transformed trajectory y(τ) is shifted (whether to the left or450

to the right) a distance equal to one half of the period Tr = 2 s of the reference counterpart,451

the similarity measure reaches another global maximum. In fact, if Tr/4 ≤ φ ≤ Tr/2 (resp.452

−Tr/2 ≤ φ ≤ −Tr/4) maximizes the similarity measure, then φ− Tr/2 (resp. φ+ Tr/2) in453

the interval [−Tr/4, Tr/4] is also a maximizer. In addition, for the sake of simplicity, it is454

preferable that φ is as close to 0 as possible, i.e. the time line of the scaled trajectory is455

shifted as least as possible. Therefore, the selected value of φ needs to satisfy the condition456

that the shifted distance (in time) is not larger than 1/4 of the period Tr of the reference457

trajectory yr(t), i.e. |φ| ≤ Tr/4. This constraint ensures that the solution is unique. By458

adopting the constraint on φ, one finds the solution (k, φ) = (2, 0) for the considered459

example.460

Finally, one can set up the global optimization problem for determining the time-461

warping parameters as follows:462

(31) (ki, φi) = arg max
ki∈R+

|φi|6Tr/4

g(ki, φi).463

This problem can be solved by means of global optimization methods.464

At this point, it is worth noting that the similarity metric (Eq. (29)) is computed over465

the time-horizon of the simulation under consideration. Therefore, the parameters of the466
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Figure 2. Similarity measure as a function of k and φ

time transform are optimized with respect to this metric in a time-average sense. It might467

be of interest to consider the optimization of these parameters on shorter horizons. This468

has been recently investigated by Yaghoubi et al. [53] in which a multi-linear transform469

is conducted in short frequency ranges. The problem consists in determining the break-470

points between the time-intervals. One might also consider a bilinear time-transform for471

the transient and stationary phases of the responses.472

3.4. Principal component analysis and time-warping polynomial chaos expansions.473

The instant-wise application of PCEs to model the response in the transformed time line474

(Eq. (28)) might lead to an important computational burden when the discretized vector475

τ is of large length. To overcome this issue, Blatman and Sudret [9] proposed a two-step476

approach which combines principal component analysis (PCA) and PCEs. The first step477

consists in conducting PCA to capture the stochastic features of the random vector-valued478

response with a small number of deterministic principal components and the associated479

non-physical random variables. The second step relies on representing the resulting random480

variables with adaptive sparse PCEs.481

Consider a sample set of the response trajectories Y =
{
y(1)(τ), . . . , y(n)(τ)

}
repre-482

sented at the discretized points {τ1, . . . , τK} in the transformed time line. By stacking up483

the discretized responses, one obtains a matrix of trajectories of size n×K denoted by Y .484

The response can be represented by PCA as follows:485

(32) y(τ, ξ) = ȳ(τ) +
K∑
i=1

Ai(ξ) ṽi(τ),486

where ȳ(τ) is the empirical mean vector, ṽi(τ) is an empirical eigenvector determined with487

Y and Ai(ξ) is a finite variance random variable. Only a few eigenvectors are retained in488
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the decomposition, which leads to:489

(33) y(τ, ξ) = ȳ(τ) +

K′∑
i=1

Ai(ξ) ṽi(τ) + ε1(τ).490

The number of principal components is selected so that the relative error 1 −

K′∑
i=1

λi

K∑
i=1

λi

is491

smaller than a prescribed threshold, e.g. ε = 0.01. The samples of the random coefficient492

Ai(ξ) can be obtained using ai = (Y − Ȳ ) ṽi with Ȳ = {ȳ(τ), . . . , ȳ(τ)} being a n ×K493

matrix obtained by replicating n times the empirical mean ȳ(τ). The computed samples494

of Ai(ξ) are then used as the experimental design to compute the PCE of this random495

coefficient:496

(34) Ai(ξ) =
∑
α∈A

ci,αψα(ξ) + ε2,i.497

Finally, the response in the transformed time scale is represented by coupling PCA and498

PCEs as follows:499

(35) y(τ, ξ) = ȳ(τ) +

K′∑
i=1

∑
α∈A

ci,αψα(ξ) ṽi(τ) + ε(τ).500

Note that Blatman and Sudret [9] introduced a measure of the upper bound of the total error501

induced by the truncation of the principal component analysis and the approximation of502

the random coefficients Ai(ξ) by PCEs. The reader is referred to the mentioned publication503

for more details. Herein this error measure can be used as an indicator of the accuracy of504

the computed surrogate models.505

3.5. Predicting random oscillations with time-warping polynomial506

chaos expansions. Let us now demonstrate the use of time-warping PCEs to predict re-507

sponses of the model given a new set of input parameters ξ′. For the sake of clarity, the508

procedure is depicted in Figure 3 and explained in two steps as follows:509

• First, one predicts k(ξ′), φ(ξ′) and y(τ, ξ′) using the computed PCEs in equations510

(26), (27) and (35).511

• Second, one maps y(τ, ξ′) into y(t, ξ′) using the inverse time-warping t =
τ − φ(ξ′)

k(ξ′)
.512

To this end, the discretized trajectory in the warped time
{
y(τ1, ξ

′), . . . , y(τK , ξ
′)
}

513

is attached to the real time instants t1 =
τ1 − φ(ξ′)

k(ξ′)
, . . . , tK =

τK − φ(ξ′)

k(ξ′)
514

4. Numerical applications. Time-warping-based polynomial chaos expansions (PCEs)515

developed in Section 3 are now applied to five engineering problems, namely a model of516

rigid body dynamics, the Kraichnan-Orszag three-mode model, the so-called Oregonator517
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Figure 3. Stochastic time-warping approach: prediction of the response trajectories using PCEs

model describing the chemical reaction between three species and a Bouc-Wen oscillator518

subject to a stochastic sinusoidal excitation. The vibration of a nonlinear Duffing oscillator519

is investigated in the Supplement. In each case, time-frozen sparse adaptive PCEs2 are520

applied first to show the degradation of the prediction accuracy after a certain time. Time-521

warping PCEs with simple linear time transforms are then investigated. The PCE surrogate522

models are computed using a small number of numerical simulations of the original model523

as experimental design, then validated on a large independent validation set of size Nval =524

10, 000. The accuracy of the time-frozen and time-warping PCE models are judged on the525

basis of predicting the responses to specific values of input parameters and estimating the526

time histories of first- and second-order statistics of the responses.527

The accuracy of the prediction #i is indicated by the relative error, i.e. the mean of528

squared error normalized by the variance of the response time series, which reads:529

(36) εval,i =

K∑
t=1

(y(t, ξi)− ŷ(t, ξi))
2

K∑
t=1

(y(t, ξi)− ȳ(t, ξi))
2

,530

where ŷ(t, ξi) is the output trajectory predicted by PCEs and ȳ(t, ξi) =
1

K

K∑
t=1

y(t, ξi) is the531

mean value of the actual response time series y(t, ξi) which is obtained with the original532

numerical solver. The above formula is also used to assess the accuracy of the predicted533

time-dependent statistics (i.e. mean and standard deviation).534

These problems are solved in the UQLab framework [31], more specifically using the535

least angle regression algorithm implemented in the polynomial chaos expansion module536

(Marelli and Sudret [32]).537

2The term “time-frozen sparse adaptive PCEs” refers to the instantaneous computation of sparse adap-
tive PCEs.
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4.1. Rigid body dynamics. We first consider the rotation of a rigid body described by538

Euler’s equations [36]. The conservation of angular momentum reads:539

(37)


Mx = Ixx ẋ− (Iyy − Izz) y z,
My = Iyy ẏ − (Izz − Ixx) z x,
Mz = Izz ż − (Ixx − Iyy)x y,

540

in which Mx, My, Mz are the external moments, Ixx, Iyy, Izz are the moments of inertia and541

x, y, z are the angular velocities about the principal axes. In the case when the rigid body542

rotates freely under no external excitation, i.e. Mx = My = Mz = 0 and Ixx =
1− ξ

2
Iyy,543

Izz =
1 + ξ

2
Iyy, one obtains the following set of reduced equations:544

(38)


ẋ(t) = y(t) z(t),
ẏ(t) = ξ x(t) z(t),
ż(t) = −x(t) y(t).

545

The initial conditions are set equal to x(0) = 0, y(0) = 1, z(0) = 1. Assume that ξ is mod-546

eled by a random variable with uniform distribution: ξ ∼ U(−1, 1). Suppose a solver of the547

coupled ODEs is available. For any realization of ξ, this solver provides discretized trajec-548

tories {{x(ti), y(ti), z(ti)} , ti = 0,∆t, . . . ,K ∆t ≡ T}. In this example, the equations are549

solved using the Matlab ordinary differential equation solver ode45 (Runge-Kutta method,550

total duration T = 50 s, time step ∆t = 0.01). We aim at building PCEs of the angular ve-551

locity x(t) as a function of the random variable ξ. Note that the corresponding polynomial552

functions are from the family of orthonormal Legendre polynomials since ξ is uniformly553

distributed.554

Figure 4 depicts a set of 50 trajectories of x(t) obtained for different realizations of555

the random variable ξ. This set is used as the experimental design for fitting the time-556

frozen PCEs. x(t) are oscillatory trajectories which fluctuate around zero at different557

frequencies. This is a typical example of the problem of stochastic oscillation with uncertain558

frequencies [48, 46]. At the early instants (t < 10 s), one can differentiate between the559

distinct trajectories, whereas this is hardly the case at later instants, since the patterns560

are mixed up completely. Due to the growing difference in frequency and phase, x(t, ξ) is561

more and more non-linear as a function of ξ for increasing t (Figure 5(A)). Subsequently,562

the probability density function of x(t) becomes bi-modal at late instants (Figure 5(B)).563

This explains why increasing-degree time-frozen PCEs are required in order to represent564

x(t) properly. As analyzed previously, this is not a sustainable approach since the required565

degree of PCEs will certainly become too high at some point.566

Time-frozen sparse PCEs are now utilized to model the variability of the response tra-567

jectories, and exemplify the deficiency of such an approach. At each instant t, an adaptive568

PCE scheme with candidate polynomials up to total degree 20 is used (Eq. (19)) based on569

the available 50 data points from the experimental design made of the 50 trajectories. The570

PCE model which results in the smallest leave-one-out (LOO) error is retained. Figure 6571

depicts the LOO error of these time-frozen PCEs, which is increasing in time, showing that572

the accuracy of the PCE model degenerates.573
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Figure 5. Rigid body dynamics – x(t, ξ) as a function of ξ for particular instants and its probability
density function.

For validation purpose, a set of 10, 000 trajectories is computed using the ode45 Matlab574

solver. Figure 7 depicts two particular response trajectories predicted by time-frozen PCEs575

versus the actual responses obtained by numerically solving the system of ordinary differ-576

ential equations (38). After 15 s (when the LOO error is approximately 10−2) the PCE577

prediction deviates significantly from the actual trajectory. In particular, there are signs578

of instability in the PCE model, e.g. the PCE-based prediction for consecutive instants579

differ noticeably in terms of accuracy.580

We now consider the time-dependent mean and standard deviation of the response x(t)581

which are depicted in Figure 8. In the early time instants (t < 15 s), time-frozen PCEs582

represent the statistics with relatively small error compared to Monte Carlo simulation583

(MCS). However, after 15 s, the accuracy declines quickly. In particular, PCEs cannot584

mimic the oscillatory behavior of the standard deviation. Another interpretation is that585
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Figure 7. Rigid body dynamics – Two particular trajectories and their predictions by time-frozen and
time-warping PCEs.

even degree-20 time-frozen PCEs cannot capture the complex distribution of the response586

at late time instants.587

Let us now apply the time-warping approach to pre-process the trajectories x(t). Pro-588

vided that the initial condition is equal to 0, it suffices to use a linear time-warping τ = k t.589

For each computed realization of the angular velocity x(t, ξi), i = 1, . . . , 50, the parameters590

ki is estimated as the maximizer of the similarity measure described in Eq. (30). Note that591

the same 50 trajectories are used as the experimental design for this approach and the592

reference trajectory is obtained with the mean value of the input parameter. The opti-593

mization problem is solved using the global optimization toolbox in Matlab. The function594

fmincon based upon an interior-point algorithm is used while allowing for a maximum of595

2, 000 function evaluations. Adaptive sparse PCEs for candidate bases up to total degree596

20 are used to represent the parameter k. The relative LOO error is 3.82 × 10−4, which597

indicates a high accuracy of the PCE model.598
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Figure 8. Rigid body dynamics – Mean and standard deviation of the trajectories: comparison of the
two approaches.

The time-warping is carried out using the estimated parameters and the responses are599

interpolated into the transformed time line τ , leading to in-phase trajectories x(τ) (see600

Figure 9(A)). As expected, x(τ) are smooth functions of ξ at all instants, which allows the601

effective use of PCEs (Figure 9(B)).

(A) N = 50 different trajectories x(τ) in the
warped time scale τ
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the random variable ξ in the warped time scale τ

Figure 9. Rigid body dynamics – Different trajectories x(τ) in the warped time scale τ and x(τ) as a
function of the random variable ξ.

602
Principal component analysis (PCA) is then conducted on the obtained transformed603

trajectories. The first 18 principal components are retained in order to achieve a PCA604

truncation error ε1 =
K∑

i=K′+1

λi/
K∑
i=1

λi smaller than 1 × 10−3. The first eight principal605

components are plotted in Figure SM1 in the Supplement. Figure 10 depicts the PCA606
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truncation error ε1 as a function of the number of retained principal components, the LOO607

error ε2 of the PCE for the coefficient of each principal component and the upper bound608

of the total error of the PCA-PCE model. It shows that the PCA truncation error ε1609

decreases exponentially with the number of retained principal components. Using PCE610

to represent the first PCA coefficient, the obtained relative LOO error is 7.7 × 10−3. It611

is also clear that it is harder to represent the higher mode PCA coefficients by PCEs, as612

was observed in [9]. However, it is worth noting that most of the stochastic features of the613

response is captured by the first few components.
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Figure 10. Rigid body dynamics – PCA truncation-induced error ε1 and PCE approximation error ε2
normalized by trace(Σ̃) with Σ̃ being the empirical covariance matrix of the sample set Y and the upper
bound ε = (

√
ε1 +

√
ε2)2 of the total error.

614

Figure 7 depicts two specific realizations of the angular velocity x(t) predicted by time-615

warping PCEs, which are plotted together with the predictions by time-frozen sparse PCEs616

and the actual responses obtained by the numerical solver. As mentioned previously, one617

observes that starting from 15 s, the direct approach encounters instability, which results618

in inaccurate predictions. The time-warping approach allows one to improve notably the619

quality of the surrogate model. The predictions by time-warping PCEs are in excellent620

agreement with the actual responses. A relative error exceeding 0.1 is recorded in only 79621

simulations among 10, 000 validations.622

In Figure 8, the time-dependent mean and standard deviation of the response are623

plotted. Time-frozen PCEs allow one to represent the mean trajectory with relatively624

small discrepancy compared to the trajectory obtained with the MCS. It can faithfully625

predict the standard deviation at the early instants t < 15 s, however becomes suddenly626

unstable afterwards. In contrast, time-warping PCEs provide estimates of the statistics627

that are almost indistinguishable from the MCS estimates. The relative errors between628

the reference and predicted mean and standard deviation are 7.31× 10−4 and 7.19× 10−4,629

respectively.630

4.2. Kraichnan-Orszag model. Let us investigate dynamical systems with random631

initial conditions, e.g. the so-called Kraichnan-Orszag three-mode problem. It was intro-632

duced by Kraichnan [22] to model a system of several interacting shear waves and later was633
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studied by Orszag [34] in the case of Gaussian initial conditions. This model is described634

by the following system of ODEs:635

(39)


ẋ(t) = y(t) z(t),
ẏ(t) = z(t)x(t),
ż(t) = −2x(t) y(t).

636

The initial condition of x(t) is considered stochastic, i.e. x(t = 0) = α + 0.01 ξ with637

ξ ∼ U [−1, 1] whereas y(t = 0) = 1.0, z(t = 0) = 1.0. Herein, we consider α = 0.99 as638

investigated by Gerritsma et al. [17] with the time-dependent PCEs. Note that when α is639

in the range [0, 0.9], the responses are insensitive to the initial conditions. For α ∈ [0.9, 1],640

there is a strong dependence of the responses on the initial state. Figure 11(A) depicts the641

large discrepancies between time-histories of x(t) due to a minor variability of the initial642

condition x(t = 0).
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Figure 11. Kraichnan-Orszag model – N = 50 different trajectories in the original and warped time
scales.

643
The surrogate model of the response x(t) is computed with time-frozen and time-644

warping PCEs using an experimental design of size N = 50 (Figure 11(A)). On the one645

hand, adaptive sparse PCEs with candidate bases up to total degree 20 are used for the646

time-frozen approach. On the other hand, a time-transform scheme τ = k t with one gov-647

erning parameter is used for the time-warping scheme. The trajectories resulting from the648

time-warping process are depicted in Figure 11(B). The adaptive sparse PCE representing649

k has the relative LOO error 2.2× 10−6. The first 13 principal components are retained so650

that 99.9% of the response’s variance is explained. The relative LOO errors of PCEs for651

the first two components are 9.4× 10−5 and 7× 10−3, respectively.652

The time-warping PCE model is then validated by accessing the accuracy of its predic-653

tions. Figure 12 plots two specific predictions of the surrogate model which are graphically654

indistinguishable from the actual time-histories obtained with the original Matlab solver.655

Only 1.27% of the 10, 000 predictions experiences a relative error larger than 0.1. Regard-656

ing the mean and standard deviation trajectories (Figure 13), the time-warping approach657
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leads to respective relative errors 2.1 × 10−4 and 5.3 × 10−4, which shows an excellent658

agreement between the predictions and the references. These figures also show that the659

time-frozen sparse PCEs computed with the same experimental design of size 50 lead to660

predictions which are not sufficiently accurate.
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Figure 12. Kraichnan-Orszag model – Two particular trajectories and their predictions by time-warping
PCEs.
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Figure 13. Kraichnan-Orszag model – Mean and standard deviation of the trajectories: comparison of
the two approaches.

661

This numerical application illustrates the potential application of the proposed time-662

warping approach to systems subject to uncertain initial conditions. The excellent per-663

formance of the approach is even more impressive given the fact that the responses are664

strongly sensitive with respect to a minor variability of the initial condition.665

4.3. Oregonator model. We consider now the Oregonator model which describes the666

dynamics of a well-stirred, homogeneous chemical system governed by a three species cou-667
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pled mechanism. Note that this benchmark problem was used by Le Mâıtre et al. [24]668

to illustrate the intrusive time-transform approach. This chemical system undergoes an669

oscillation governed by the following system of ODEs:670

(40)


ẋ(t) = k1 y(t)− k2 x(t) y(t) + k3 x(t)− k4 x(t)2,
ẏ(t) = −k1 y(t)− k2 x(t) y(t) + k5 z(t),
ż(t) = k3 x(t)− k5 z(t),

671

in which (x, y, z) denotes the three species concentration and the coefficients ki, i =672

1, . . . , 5 are the reaction parameters. Hereafter, all the reaction parameters are considered673

independent random variables with uniform and normal distributions (see Table 1). It674

is worth noting that Le Mâıtre et al. [24] considered only k4 and k5 as uniform random675

variables while fixing the remaining parameters (i.e. k1 = 2, k2 = 0.1, k3 = 104). The ini-676

tial condition is (x0, y0, z0) = (6, 000; 6, 000; 6, 000), which corresponds to a deterministic677

mixture. We aim at building PCEs of the concentration x(t) as a function of the random678

parameters ξ = (k1, k2, k3, k4, k5).

Table 1
Reaction parameters of the Oregonator model

Parameters Distribution Mean Standard deviation Coefficient of variation

k1 Uniform 2 0.2/
√

3 0.0577

k2 Uniform 0.1 0.005/
√

3 0.0289

k3 Gaussian 104 1.04 0.01

k4 Uniform 0.008 4× 10−4/
√

3 0.0289

k5 Uniform 26 2.6/
√

3 0.0577

679
Figure 14(A) depicts 50 trajectories among 500 realizations of x(t), which are used as680

the experimental design for fitting time-frozen PCEs. One notices that after 5 seconds, the681

different trajectories are completely out-of-phase. Time-frozen sparse PCEs with candidate682

polynomials up to total degree 20 are used. The PCE model actually starts degenerating683

at t = 3 s. In particular, Figure 15 shows that when used for predicting the responses,684

time-frozen PCE provide negative values of the concentration at some instants, which is685

non physical for the considered problem.686

We now apply the proposed non-intrusive time-warping approach to this problem. Note687

that only 50 trajectories of x(t) are used as an experimental design for this approach. A688

linear time-transform τ = k t+φ is again utilized. The parameters k and φ are determined689

and sparse PCEs of k and φ are then computed. The relative LOO errors of the PCE models690

for k and φ are respectively 4.42 × 10−5 and 4.8 × 10−2, which indicate a high accuracy.691

The response trajectories are interpolated into the transformed time line τ (Figure 14(B))692

and adaptive sparse PCEs with candidate polynomials up to total degree 20 combined with693

PCA are then used. The first 18 components are retained in PCA to obtain a truncation694

error ε1 smaller than 1× 10−2. The PCEs for the first two coefficients have relative errors695

7.57× 10−4 and 1.5× 10−3, respectively.696

A validation set of 10, 000 trajectories is used to get reference trajectories of the con-697

centration x(t). Figure 15 depicts two particular realizations computed by the numerical698
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Figure 14. Oregonator model – N = 50 different trajectories of the response x(t). For the sake of
clarity, the figures are zoomed in the range [15, 20]. Figure SM2 depicts the entire time horizon.

solver (Matlab ordinary differential equation solver ode45, using a time step ∆t = 0.01699

for the total duration T = 40 s) and predictions by PCEs with and without time-warping.700

It is shown that without time-warping, PCEs fail to capture the oscillatory behavior of701

the response. In contrast, the use of time-warping allows PCEs to predict the response702

with great accuracy. Only 1.24% of the predictions (among 10, 000 samples) has a relative703

error larger than 0.1. Figure 16 depicts the statistics of x(t) predicted by time-frozen and
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Figure 15. Oregonator model – Two particular trajectories x(t) and their predictions by time-frozen
and time-warping PCEs. For the sake of clarity, the figures are zoomed in the range [15, 20]. Figure SM3
depicts the entire time horizon.

704
time-warping PCEs in comparison with MCS-based trajectories. Without time-warping,705

the estimates by PCEs differ significantly from the reference trajectories already from 3 s.706

The discrepancies then quickly increase in time. For instance, PCEs without time-warping707
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estimate a decreasing trend in time for the standard deviation, whereas the latter actually708

oscillates around a constant value (around 1400) with high frequency. By introducing the709

time-warping pre-processing, one can use sparse PCEs to capture the complex behavior710

of the time-dependent statistics of the response all along the trajectories. The relative711

error for the mean and standard deviation trajectories are 3.11 × 10−4 and 3.6 × 10−3,712

respectively.
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Figure 16. Oregonator model – Mean and standard deviation of x(t): comparison of the two approaches.

713

Finally, the time-warping PCE scheme is applied to surrogate the responses y(t) and714

z(t) of the system using the same experimental design of size 50 and the same procedure.715

Figure 17 shows a great agreement between two specific trajectories, the mean and standard716

deviation of (x, y, z) in the state-space predicted by time-warping PCEs and the reference717

functions.718

4.4. Forced vibration of a Bouc-Wen oscillator. In the previous case studies, self-719

oscillating systems were considered. In this example, we show that the proposed approach720

is also applicable to forced-vibration systems. Let us now consider the SDOF Bouc-Wen721

oscillator [21] subject to a stochastic excitation. The equation of motion of the oscillator722

reads:723

(41)

{
ÿ(t) + 2 ζ ω ẏ(t) + ω2(ρ y(t) + (1− ρ) z(t)) = −x(t) ,

ż(t) = γẏ(t)− α |ẏ(t)| |z(t)|n−1 z(t)− β ẏ(t) |z(t)|n .724

in which ζ is the damping ratio, ω is the fundamental frequency, ρ is the post- to pre-yield725

stiffness ratio, γ, α, β, n are parameters governing the hysteretic loops and the excitation726

x(t) is a sinusoidal function given by x(t) = A sin(ωx t).727

Deterministic values are used for the following parameters of the Bouc-Wen model:728

ρ = 0, γ = 1, n = 1, β = 0. The remaining parameters ξ = (ζ, ω, α, A, ωx) are considered729

independent random variables with associated distributions given in Table 2.730

One aims at representing the oscillator displacement y(t) as a function of the uncertain731

input parameters using time-frozen and time-warping PCEs. To this end, 100 simulations732
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Figure 17. Oregonator model – Trajectories of (x(t), y(t), z(t)) predicted by time-warping PCEs vs. the
reference trajectories.

Table 2
Uncertain parameters of the Bouc-Wen model

Parameters Distribution Mean Standard deviation Coefficient of variation

ζ Uniform 0.02 0.002 0.1

ω Uniform 2π 0.2π 0.1

α Uniform 50 5 0.1

A Uniform 1 0.1 0.1

ωx Uniform π 0.1π 0.1

of the oscillator are carried out using the Matlab solver ode45 with time increment ∆t =733

0.005 s for the total duration T = 30 s and initial condition y(t = 0) = 0, ẏ(t = 0) = 0.734

The displacement trajectories are depicted in Figure 18(A).735

First, the time-frozen sparse PCEs are computed with candidate polynomials up to total736

degree 20. For this case study, a time-warping scheme τ = k t with only one parameter737

is used. After the time-warping process, the trajectories become in-phase as depicted in738

Figure 18(B). Adaptive sparse PCE representing k has the relative LOO error 5×10−5. In739
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Figure 18. Bouc-Wen oscillator – N = 100 different trajectories of the solution in the original time
scale t and in the transformed time line τ .

order to achieve a truncation error ε1 smaller than 1× 10−3, 13 first principal components740

are retained in PCA. The relative LOO errors of PCEs for the first two components are741

6× 10−3 and 6.21× 10−2, respectively.742

Let us validate the accuracy of the time-warping PCE model. In Figure 19, two specific743

predictions of the PCE model are plotted against the actual responses obtained with the744

original Matlab solver. A remarkable agreement can be observed. Among 10, 000 valida-745

tions, only 4.87% has a relative error larger than 0.1. Regarding the time-dependent mean746

and standard deviation of the oscillator, time-warping PCE-based estimates outstandingly747

match the reference trajectories (Figure 20). Only a minor discrepancy can be observed at748

the end of the considered time duration T = 30 s, which is due to the modest number of749

simulations used as the experimental design. The corresponding relative errors are both750

2.4 × 10−3. On the contrary, time-frozen PCEs exhibit a low level of accuracy after 5751

seconds.752

It is worth noting that in the current case study, we considered both uncertainties753

from the mechanical properties and the excitations. In particular, complicated hysteretic754

behavior was investigated. To the best of the authors’ knowledge, this is the first time that755

such a system is considered in the literature of uncertainty quantification for the purpose756

of deriving time-dependent surrogate models.757

5. Discussion. The various numerical applications in chemical and mechanical engi-758

neering have proved the effectiveness of the time-warping PCE approach, which may be759

shortly explained as follows. It was observed that when represented in the space of the760

temporal variable t, the system’s responses are increasingly non-linear functions of the un-761

certain parameters. When projecting the responses onto a suitable space, in this case the762

transformed time line τ , the resulting trajectories become smooth functions of the uncer-763

tain input parameters, whose complexity does hardly increase with time. Therefore, PCEs764

can be applied effectively to the projected responses and represent well the solutions at765
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Figure 19. Bouc-Wen oscillator – Two particular trajectories and their predictions by the two approaches.
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Figure 20. Bouc-Wen oscillator – Mean and standard deviation of the trajectories: comparison of the
two approaches.

late instants. In this paper, a measure of similarity was proposed to define a suitable space766

for projecting the responses, which exploits the periodicity of the trajectories. Further767

investigations are required to clearly determine such a suitable space in a more general768

case.769

In the proposed approach, the virtual time τ is a function of the uncertain parameters770

ξ. In other words, the basis τ onto which the responses are projected is not deterministic.771

This is a feature shared by the approach based on multiscale stochastic preconditionners772

[2, 3]. This differs significantly from approaches commonly used in the literature, in which773

the response trajectories are first projected onto a set of deterministic reduced basis de-774

termined a priori using a set of numerical simulations of the system. This is usually done775

with a simple linear transform, for instance data compression techniques such as principal776

This manuscript is for review purposes only.



30 C. V. MAI AND B. SUDRET

component analysis or wavelet decomposition.777

When analyzing further, one discovers a particular feature which constitutes a major778

difference between the classical time-frozen PCE approach and the proposed time-warping779

method. The PC coefficients yβ(τ) in the time-warping representation (Eq. (24)) are780

functions of τ , therefore being dependent on ξ. This contradicts the representation of781

time-frozen PCEs (Eq. (19)), in which t and ξ intervene in the solution in a separated782

manner.783

From a more general perspective, the effectiveness of the approach can be explained by784

analyzing the functionalities of the time-warping process and PCEs. The most important785

feature of an oscillatory trajectory consists in its spectral content, which is characterized786

by the vibration periodicity. The other feature is the temporal content characterized by the787

vibration amplitude. The pre-processing step handles partially the dynamics of the system788

by dealing with the frequency content. Using the time-warping process, the resulting789

trajectories have similar frequencies and phases. In other words, in terms of frequencies,790

the transformed trajectories exhibit a similar dynamical behavior, which is close to that791

of the reference trajectory. The other aspect of the dynamics, i.e. the random temporal792

amplitude of the trajectories, is handled with sparse PCEs. As a summary, the dynamics is793

captured by the time-warping process, whereas the uncertainties are represented by PCEs.794

As explained, sparse PCEs alone are not capable of dealing with the dynamics. The pro-795

posed approach illustrates a novel way to solve stochastic dynamical problems, in which796

a specialized technique might be used to capture the dynamical aspect whereas sparse797

PCEs are used to propagate uncertainties. From this perspective, Yaghoubi et al. [53]798

have recently applied the warping-based approach in the frequency domain to surrogate799

the frequency response function of mechanical systems. This principle is further developed800

by Mai et al. [28] to tackle more complex problems in which non-linear uncertain struc-801

tures subject to stochastic motions are of interest and where the response trajectories are802

non-stationary, i.e. they do not show pseudo-periodic oscillations. The projection of the803

responses onto a special basis made of auto-regressive functions will allow us to represent804

the non-linear dynamical behavior of the systems.805

In addition, it is worthwhile mentioning that the proposed methodology is fully non-806

intrusive, i.e. the surrogate models of the systems’ response trajectories are obtained by807

using a pre-computed set of trajectories related to an experimental design. In this respect,808

the methodology is readily applicable to any other problems featuring randomized limit809

cycle oscillations.810

Finally, it is noteworthy that the current approach exhibits some limitations. First of811

all, a linear time transform was used for all the considered numerical applications. More812

generalized transforms involving a non-linear dependence of the transformed time on the813

physical temporal variable, see e.g. [2, 3], might be considered in future researches. A814

multi-linear stochastic time transform similar to the approach introduced in [53] in the815

frequency domain should be investigated to handle the responses of uncertain dynamical816

systems in the transient and stationary phases or address the complex random polychro-817

matic responses.818

This manuscript is for review purposes only.



SURROGATE MODELS FOR OSCILLATORY SYSTEMS USING SPARSE POLYNOMIAL CHAOS EX-
PANSIONS AND STOCHASTIC TIME WARPING 31

6. Conclusions and perspectives. Polynomial chaos expansions (PCEs) represent an819

effective metamodeling technique which has been efficiently used in several practical prob-820

lems in a wide variety of domains. It is, however, well known that PCEs fail when modeling821

the stochastic responses at late instants of dynamical systems. In this paper, we pointed822

out the cause of the failure, which is mainly associated with the large dissimilarities between823

distinct responses introduced by the variability of the uncertain parameters.824

To address the above issue, we suggested an approach which consists in representing the825

responses into a virtual time line where the similarities between different response trajecto-826

ries are maximized. The virtual time line is obtained by warping, i.e. scaling and shifting,827

the original time grid. The parameters governing the trajectory-dependent time warping828

are determined by means of a global optimization problem using an objective function829

herein introduced to quantify the similarity between distinct trajectories. The proposed830

approach allows one to effectively solve complex benchmark problems from mechanics and831

chemistry using only low-order PCEs. This approach also suggests that when represent-832

ing the original response quantities onto a suitable transformed space, the complexity of833

the responses may reduce significantly, thus allowing more effective application of PCEs.834

In general, pre-processing the experimental design before applying PCEs is a promising835

approach that needs further investigation.836
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