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We prove convergence rates of explicit finite difference schemes for the linear advection and wave equation
in one space dimension with Holder continuous coefficient. The obtained convergence rates explicitly
depend on the Holder regularity of the coefficient and the modulus of continuity of the initial data. We
compare the theoretically established rates with the experimental rates of a couple of numerical examples.
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1. Introduction

Propagation of acoustic waves in a heterogeneous medium plays an important role in many applications,
for instance in seismic imaging in geophysics and in the exploration of hydrocarbons (Ikelle & Amundsen,
2005; Biondi, 2006). This wave propagation is modeled by the linear wave equation:

ﬁaip(t, X) — Ap(t,x) =0, (1,x) € Dr, (1.1a)
p0,x) = po(x), x€D, (1.1b)
ap(0,x) =p1(x), x€D, (1.1¢c)

where Dy :=[0,T] x D, D C R¢, augmented with boundary conditions. Here, p is the acoustic pressure
and the wave speed is determined by the coefficient ¢ = ¢?(x) > 0. The coefficient c encodes information
about the material properties of the medium. As an example, the coefficient c represents various geological
properties when seismic waves propagate in arock formation. Itis well known that the linear wave equation
(1.1) can be rewritten as a first-order system of partial differential equations by defining v(t, X) := 9,p(¢, x)
and u(z, x) := Vp(t, x), resulting in

21 ov(t,x) — div(u(t,x)) =0, (1.2a)
c*(x)
Ju(t,x) — Vv(t,x) =0, (¢,x) € Dr,
v(0,x) =p(x), x€D, (1.2b)
u(0,x) = Vpo(x), xe€D. (1.2¢)
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The above system (1.2) is strictly hyperbolic (Gustafsson et al., 1995) with wave speeds given by
<+c. Under the assumption that the coefficient ¢ € C% N L>®(D) for some a > 0 and that it is uniformly
positive on D, i.e., there exist constants ¢, ¢ > 0 such that

0<g§c2(x) <¢, VxeD, (1.3)
and that the initial data p, € H'(D) and p; € L*(D), one can prove existence of a unique weak solution
p € C%[0,T]; H (D)) with 9,p € C°([0,T];L*(D)) following classical energy arguments for linear
partial differential equations. See, for instance, Lions & Magenes (1972, Chapter III, Theorems 8.1 and
8.2). A smoother coefficient ¢ and more regular initial data py, p; result in a more regular solution (Lions
& Magenes, 1972).

Even though equations (1.1) and (1.2) are linear, analytical solution formulae are in general not
available due to the possibly complex geometry of the domain D, the heterogeneity of the coefficient,
or boundary conditions. Consequently, solutions have to be approximated numerically. Among the most
popular methods for the linear wave equation with inhomogeneous coefficient ¢ are finite difference
methods and finite element methods for which an extensive stability and convergence analysis is avail-
able (Gustafsson et al., 1995; Larsson & Thomee, 2003; Kreiss & Lorenz, 2004). A key question is
the rate at which numerical schemes converge to the exact solution as the discretization parameter goes
to zero or the computational effort increases, since this allows us to estimate the computational work
needed to get a certain desired quality of the approximation. If the underlying solution of the equation
is smooth, this generally depends on the order of the truncation error which is determined by the order
of the spatial and temporal discretization, that is, the order of the underlying difference operators (for
finite difference schemes) or the dimension of the polynomial approximation spaces (for finite element
methods). The smoothness of the solution again depends on the regularity of the coefficient and the initial
data for the equation. If the coefficient ¢ and the initial data p, p, are smooth, say C*(D) or H*(D) for
some large enough Sobolev exponent s, then by regularity results for the linear wave equation (Lions &
Magenes, 1972), the solution is also smooth, i.e., it belongs to H*(Dr) and the finite difference (resp. finite
element) discretizations converge at the order of the underlying difference operators (resp. polynomial
approximation spaces).

1.1 Rough coefficients

As noted above, the regularity of the solution to the wave equation (1.1) and the resulting (high) rate of
convergence of numerical approximations rely on the smoothness of the coefficient c. Accordingly, most
of the numerical analysis literature on the wave equation assumes a smooth coefficient c. However, this
assumption is not always realized in practice. As noted before, the wave equation is heavily used to model
seismic imaging in rock formations and other porous media (for instance, oil and gas reservoirs). Such
media are very heterogeneous with sharp interfaces, strong contrasts and aspect ratios (Ikelle & Amund-
sen, 2005). Furthermore, the material properties of such media can only be determined by measurements.
Such measurements are inherently uncertain. This uncertainty is modeled in a statistical manner by rep-
resenting the material properties (such as rock permeability) as random fields. In particular, log-normal
random fields are heavily used in modeling material properties in porous and other geophysically relevant
media (Ikelle & Amundsen, 2005; Fouque et al., 2007). Thus, the coefficient ¢ is not smooth, not even
continuously differentiable, see Fig. 1 for an illustration of coefficient ¢, where the rock permeability
is modeled by a log-normal random field (the figure represents a single realization of the field). Closer
inspection of the coefficients obtained in practice reveals that the material coefficient ¢ is at most a Holder
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1588 F. WEBER

continuous function, that is, ¢ € C%* for some 0 < o < 1. No further regularity can be assumed on the
coefficient ¢ representing material properties of most geophysical formations.

Given the above discussion, it is natural to search for numerical methods that can effectively and
efficiently approximate the acoustic wave equation with rough (merely Holder continuous) coefficients.
In particular, one is interested in designing numerical methods that can be rigorously shown to converge
to the underlying weak solution. Furthermore, one is also interested in obtaining a convergence rate for
the discretization as the mesh parameters are refined. We remark that the issue of a convergence rate is
not just of theoretical significance, it has, for example, profound implications on calculating complexity
estimates for Monte Carlo and Multilevel Monte Carlo methods (see Mishra ef al., 2016) to solve the
random (uncertain) PDE that results from considering the material coefficient as a random field (as is
done in engineering practice).

A search through the literature revealed that there are not many results available concerning conver-
gence rates for linear hyperbolic partial differential equations with rough coefficients. Jovanovi¢ et al.
(1987) prove convergence rates for finite difference approximations of the hyperbolic problem

2

Biu — Z oy, (a,-jalju> 4au=f, in(0,T)xD,

ij=1

under the assumption that the solution u lies in the Sobolev space H*((0,T) x D) and the coefficients
a;(x) € W(D), a(x) € W*2*(D), with 2 < A < 4. It is shown that the approximations converge
at rate Ax*~? in the energy norm (a discrete version of the H'-norm). In Jovanovié¢ (1992) this result is
extended to coefficients a;(x) € W*~'*(D), a(x) € W*2*(D).

Another related work is the article by Jovanovi¢ & Rohde (2005), where the authors establish error
estimates for finite volume approximations of linear hyperbolic systems in multiple space dimensions for
initial data with low regularity, however, under the assumption that the coefficients are smooth.

A survey of the available results on finite difference methods for hyperbolic equations whose coef-
ficients and initial data have low regularity can be found in Chapter 4 of the book by Jovanovi¢ & Suli
(2014).

Given this paucity of available results, we aim to contribute to the theory with the current paper. Since
our ultimate goal is proving convergence rates for multidimensional wave e quations, we will start by
analyzing rates for linear hyperbolic systems in one space dimension, in particular, we will consider the
linear advection equation

ou(t,x) + o,(ax)u(t,x)) =0, (,x)e€[0,T] xD, (1.4)

and the linear wave equation

Lagp(t, x)—pt,x) =0, (t,x)€[0,T]xD, (1.5)
a(x)

in one space dimension where the spatially heterogeneous coefficient a is positive and uniformly bounded,
but has only little regularity, specifically, we assume a € C**(D), for some 0 < o < 1. We require the
initial data u, for the transport equation to be Holder continuous with exponent y > 0, and for the wave
equation, we assume that the derivatives 9,p and d,p have moduli of continuity in L.

These equations can be seen as prototype models for equation (1.1) above for a := 2.
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Equation (1.4) also appears as a model for transport of pollutants in heterogeneous media (see, for
example, Mendoza & McAlary, 1990; Elfeki et al., 2012). Moreover, these two models are related to
mixing in turbulent flow (Dimotakis, 2005).

In a first part (Section 2), we study the properties of equation (1.4) under the assumption that a is
Holder continuous, and propose a simple upwind scheme for the numerical approximation. We show that
this scheme is stable under a linear Courant-Friedrichs-Lewy (CFL)-condition and converges, and then
prove a convergence rate of the scheme in L! (D) and L?(D) depending explicitly on the Holder regularity
of the coefficient a and the initial data. To prove the rate, we show that the numerical approximations
are approximately Holder continuous in time, and use a variant of S. N. Kruzkov’s doubling of variables
technique (Kruzkov, 1970) combined with a type of Gronwall inequality for the L?-case. We conclude
the section with a couple of numerical experiments that confirm that the rates are indeed quite low, but
higher than the theoretically established rate. This may indicate that our estimate is not sharp.

In the second part (Section 3), we show that the techniques from Section 2 can be used to establish
a convergence rate for an upwind finite difference scheme for the first-order reformulation (1.2) of the
linear wave equation (1.5) in one space dimension for Holder continuous coefficient a, but under slightly
stronger assumptions on the initial data, or given that the solution has a known modulus of continuity.
Again, we conduct a couple of numerical experiments, and observe that the experimental rates are close
to the theoretically derived ones. We conclude by summarizing the results and suggesting further research
directions in Section 4.

2. Transport equation with Holder continuous coefficient

The purpose of this section is to investigate the properties of the linear advection equation in one space
dimension,

du(t,x) + d(a(x)u(t,x)) =0, (t,x) € Dy, (2.1a)
u(0,x) = uy(x), x €D, (2.1b)
on the domain Dy := (0,7] x D, for some finite time 7 > 0, a finite interval 0 € D C R, periodic

boundary conditions and u, € L'(D) a given initial data. Alternatively, we could consider D = R and
compactly supported initial data uy € L'(R). We consider coefficients a € L>(D) which are positive and
bounded away from zero, that is

a>akx)>a>0, VxeD, 2.2)

as well as Holder continuous, a € C** (D), for some exponent & > 0. As we will see in the following, it
is more convenient to work with the variable w := a(x)u instead of u and the equation it satisfies,

at<w(t’x)> +ow(t,x) =0, (1,x) € Dy, (2.3a)
a(x)
w(0,x) = wo(x) := a(x)upg(x), x € D. (2.3b)

We assume that the initial data w, are Holder continuous C%"~ (D) for some y,, > 0:

[wo(x) —wo(y)|

[Wolcoseo ) 7= sUp ————"— < C < o0, (2.4)
x#yeD |x - y| o0
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1590 F. WEBER

We note that this implies in particular for any x € D

sup [wo(x +h) —wo(x)| < Co”™.

|hl<o

We will see that some solution properties can also be obtained under the slightly weaker assumption

f sup [wo(x + h) — wo(x)|” dx < 0. (2.5)
D

|h|<o

In the following, we investigate to what extent the exponents «, y, influence the regularity of the solution
w at atime ¢ > 0 and the convergence rate of the finite difference scheme

+44,7
D; wi
a;

as the mesh is refined.

2.1 Regularization of the coefficient

Since the coefficient a is not differentiable, it is possible that the solution w is not differentiable in the
classical sense either, and only weak solutions to equation (2.3a) can be defined. By a weak solution to
(2.3), we mean a function w = w(t,x) € C* (D) for some y > 0 satisfying (2.3) in the distributional
sense, that is, for all smooth, periodic in x, test functions ¢ € C*(Dr),

Ts
/ Ya,gadxdwr/ w8xg0dxdt+/wo—(x)(p(0,x)dx:/W( Y (T x) dx.
Dy a Dr D a D a

To deal with the possible nondifferentiability of the solution, we will in a first step regularize the coefficient
a by convolving it with a smooth test function ws € C§°(R), given as

ws(x) = lw()—c>, (2.6)
8§ \$

where § > 0 small enough, @ € C3°(R) is an even function with the properties
0<w<=<l1, wkx) =0for|x|]>1, fw(x)dx:l.
R

We choose § so small that w; is compactly supported in D. Then we consider the solution w® of the
equation

w(t,x) b
a,(5—> + 8w (1,x) =0, (1,x) € Dy, (2.7a)
a’(x)
W‘S(O, X) = wg(x) = (w*xws)(x), xeD, (2.7b)

a®(x) := (a % ws)(x), x€D. (2.7¢)
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The coefficient @’ is smooth and therefore in particular Lipschitz continuous, and hence we can define
classical solutions to (2.7) in a standard way, using the method of characteristics: we let n solve the
ordinary differential equation

d
3% = a’(n(t,x)), (t,x) € Dr,

1(0,x) = x9, X0 € D. (2.8)

w? is constant along the characteristics 7 since

d d
5w5(t, n(t,x0)) = I’ (t,n(t, %)) + En(t,xo)ast (t,1(t,x0))

atwa (t9 T](t, .X()))

= a’(n(1,x0)) ( as(n(t, X))

+ 8w’ (£, (1, xo))) =0.
Thus the solution at time ¢ > 0 is given by

W(S(t’ r’(ts-x())) = WS(XO)-

Therefore, if the initial data are in L> (D), the solution will be essentially bounded at any later time. Using
this, we can derive Holder continuity of the solution in time and space:

LEmMMA 2.1 Assume that the coefficient a in (2.7) is bounded, i.e., it satisfies (2.2), and that w, is Holder
continuous with exponent y.,, as in (2.4). Then w® will be Holder continuous in space and time with
exponent Y, for any time ¢ > 0, independently of § > 0. In particular, we have

Wt x) —w(t+hx)l _

sup < @™ |Iwollcore
x.1eDy |h|<o hree ’
We(t,x 4+ h) — wl(t,x)] a\”™
sup <\- lwoll co.voo -
x.reDy |h| <o hve a

Proof. We consider the characteristics equation (2.8) once more and note that it is independent of the

initial data wy of w. Hence any initial data will be propagated along the same characteristics, and we have

for the difference w := w} — w} corresponding to initial condition wy := wj, — w},

w(t, n(t, x9)) = Wo(xo)

with 7 defined in (2.8). In particular, taking Wg,o = w‘f (h, -) for some i > O (the case h < 0 is analogous),
and omitting the index 1, this implies

W (t,-) = W't + b, )llese < lwg — w’ (B, )l
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The characteristics equation (2.8) implies for any x € D,

h
x:n(h,x“)zngr/ a’(n(s,x})) ds
0

for some x;. By the assumption on the boundedness of a® (2.2), we can bound x5 from above and below:

h
x—hﬁfx—/ a®(n(s,x3))ds = x < x, (2.9)
0
and thus for any x € D
Iwo @) — w’ (h, x)| = |[wp(x) — wy(xp)]
< sup [wp(x) —wo()l
y€[x—ah,x]

< Iwg |C0,yOO GV oo

< [Wolcoyoo @ h">
by the assumption on the initial data. Taking the supremum over all x € D, we obtain
W (2, -) = W't + B, )l < @ ol copme h7™,

and thus the Holder continuity in time. To prove the Holder continuity in space, we note that, by the
characteristics equation (2.8) and the positivity of the coefficient a’, we have

wx+ht) = w(x, ),

for some 7 < ¢ such that
t
x+h:x+/ a’(n(s,x)) ds (2.10)

(the characteristics starting at (t*,x) and passing through (¢, x + h)). This allows us to bound t* from
below:

h = / a’(n(s,x))ds > (t — ™)a

and therefore

>t —ha. @2.11)
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This estimate is independent of x and &. Hence

|w‘3(x, 1) — WB(X + h,t)| |w5(x, 1) — w‘s(x, )|

< sup W —wixT)
reli—ha=1.1)
—\ Yoo
a
< lIwollco.ves <_> h">,
a
which yields the Holder continuity in space. O

REMARK 2.2 We note that the estimates in Lemma 2.1 are independent of § > 0 and the Holder coefficient
a of a. Moreover, if D is bounded, or the initial data w, have compact support, this Lemma implies that
w?® has a modulus of continuity in time,

ﬁm%ﬂﬂﬁzwp/M%+hM—M@@VM§CﬂW (2.12)
D

|h|<o

and a modulus of continuity of the same order in space:

vf(w‘s(t, 3,0) = sup [ W (t,x +h) —w'(t,x)]” dx < CoP? (2.13)

|h|<o J D
with y, = yo forall p € [1, 00).

REMARK 2.3 (Entropy identity) Subtracting a constant k from equation (2.7a) and then multiplying by a
regularized version of the sign function, we obtain the L!-norm conservation property of the equation:

5 _ 8 (x) —
|w%n ke — [ o) — 4] 2.14)
D a’(x) b  a’(x)

Similarly, by multiplying with sgn(w® — k)|w® — k|P~!, 1 < p < 0o, we obtain conservation of L”-norms:

5 _ S(x) — k|P
/BﬁiLﬁﬂu=/wﬁlltw 2.15)
D D

al(x) a’(x)

The moduli of continuity of Lemma 2.1 and Remark 2.2 are independent of § > 0, which implies that
the sequence of solutions {w’};. is relatively compact in L?, p € [1, 00) (by Kolmogorov’s compactness
theorem (Holden & Risebro, 2011, Theorem A.5)), and due to the compact embedding of the Holder
spaces C*?1(Dy) cc C*%2(Dy) for B, < B and bounded domains, also relatively compact in C%" (D7),
forany y < ¥, and thus the limit function w := lims_,o w® € L?(D;) N C®">*(Dy), p € [1, 00) is a weak
solution of (2.3) with the same moduli of continuity in space and time. Moreover, the limit w satisfies
the entropy identities (2.14) and (2.15).
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2.2 Approximation by an upwind scheme

In order to compute numerical approximations to (2.3), we choose Ax > 0 such that N, := |D|/Ax € N
and discretize the spatial domain by a grid with gridpoints x;,, := (G + 1/2)Ax,j € {0, 1,...,Np} and
cell centers x; := jAx, 1 <j < Np. Furthermore, we let

Ax
0< At :=0Ax < — (2.16)

a

and set t" := nAt, 0 < n < Ny, where Ny is such that "7 = T. We define the averaged quantities

1 Xji+1/2
a; = — a(x)dx, 1<j=Np, (2.17)
Ax [,
—1/2
and
1 Yj41/2
w) = — wo(x)dx, 1<j<Np. (2.18)
’ Ax [,
i—1/2
Moreover, we denote, for a function o : Dy — R, its approximation by oj” ~o(t",x),j=0,...,Np,

n=0,...,Ny defined on the grid,

+ n . 1 n+1 n + _n 1 n n Cc _n 1 n n
Djo/ := E(Gj —o/), Dio/'= :I:E(crjil —o/), Dio/'= E(ajﬂ — 0ol )). (2.19)

Then we define approximations w/ by

+40,1
D; w;

a;

=-D_w!, 1<j<Np,0<n<Ny. (2.20)

X J —_
Letting u} := w}/a;, this is equivalent to
Dju = =D (@u), 1<j<Np0<n<N;,

t

which will yield an approximation to the solution u(z, x) of equation (2.1).

2.2.1 Estimates on the numerical approximation.

LEMMA 2.4 (Properties of the upwind scheme (2.20)) The approximationsw?,1 <j < Np,n=0,...,Nr
defined by the numerical scheme (2.20) have the following properties:

(i) Maximum principle:

sup Iwi| < sup |wj[.’|. (2.21)

1<j<Np,1<n<Nt 1<j=<Np
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(i) Discrete entropy inequality in L':

W =k W=kl A

— —k —k|) <0. 2.22
” T+ (W K = — k) < (2.22)
Discrete entropy inequality in L*:
Wit — k2w —k? Ar
i/ C_ -k — (1w} = k> — W, — k) < 0. (2.23)
a; a; Ax
(iii) Bound on the discrete L' and L?-norms:
Np n Np 0
w. w;
peSA 220
- Y - Y
Np 2 Np 02
w}) w;)
Axy I <Axy (2.25)
- 4 -9
foralln=1,...,Ny.
Proof. Writing (2.20) as
= _—_—— ] — _— = W s W i) .
a; Ax ) a Ax  q; U

and taking the CFL-condition (2.16) into account, we immediately see that w”*' /a; is a convex combina-

tion of w/'/a; and wy'_, /a;, and thus the approximations satisfy the max1mum principle (2.21). To obtain
the dlscrete version (2.22) of a Kruzkov entropy inequality for the quantities w7, we denote
aAb=min{a,b} and a Vv b= max{a,b},

and compute for a constant k € R,

H(w”lvk w Vv k)— H(w_l/\k w”/\k)

1 At At
=\———— )W/ vk— wAk)Jr—(Wle Wiy A k)
a; Ax
1 At W k|+At| n k|
= _—— w;, — —W; -
a Ax) Ax !

w/ —kl  Ar, .
= ( —H = =), @27)
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Moreover, we note that by (2.26) and thanks to the CFL-condition (2.16),

n+1
HW! vV kw' Vk)>HW ,w)=—"L—,
J J J J a;

k
HW!, Vkw! Vk) = Hkk) = —,

4q;
thus
wit vk
HW' , Vkw Vi) > L—r0)
J J a
J
and similarly
WAk

7'((Wj’.l1 A k,wj'-’ ANk) < -
a;

Combining this with (2.27), we obtain (2.22). Now we simply need to multiply the expression (2.22) by
Ax,sumitoverj = 1,...,Np and set k = 0 to obtain the bound on the discrete L' (D)-norm of wj’f (2.24).
To prove the L*-entropy inequality, we note that the difference scheme (2.20) is equivalent to
D (w! — k)
4

= —D; (W} — k) (2.28)

for any constant k € R, and then multiply both sides of equation (2.20) by (w} — k). Subsequently, we
use that

1
ab = z(az +0*—(a—b)?, abekR, (2.29)

once for the left-hand side and once for the right-hand side to get (we write W}’ := w} —k for convenience)

[N - _ _ wn: A, R L
2—611,((%'-'“)2 + @) = @ =) = ;i S (O + ) = @ =W )2).
Rearranging terms and using (2.28) for the difference w/'*' — w, this reads

@Y @ A

20f  2a; @ 2Ax

~n ~n At a; At ~n “~n
(=) + @)%) + E(Z_x - 1>(Wj iy

from which the claim follows using the CFL-condition (2.16). Summing the discrete L>-inequality over
Jj and using induction over n, we furthermore obtain (2.25). g
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Thanks to the linearity of the transport equation, we obtain the following corollary of Lemma 2.4:
COROLLARY 2.5 Let w} denote the approximations computed by the scheme (2.20), (2.18) for initial
data wy € L'(D) N L*(D) N L>(D) and vi another approximation computed by (2.20) for initial data
vo € LY(D) N L*(D) N L*®(D). Then we have

sup (Wi —vI| < sup [w) — 7| < [[wo — vollo,
1<j<Np 1<j<Np

-1 —1y,..0 0
AxY o =Vl < Ax Y a W) = vl < ll0vo = vo)fall oy,
J J

Ax Y arwi = Vi < Ax ) at ) =) < w0 = v) /Vall 2, (2.30)
J J

forall 1 <n < Ny.

Proof. This follows from the fact that the differences r}’ := w} — v/’ satisfy (2.20) due to the linearity of
the scheme, together with Lemma 2.4. O

Defining the piecewise constant approximations
war(t,x) ;= w!,  (1,x) € [",0") X [X_1/2, X11/2)5 (2.31)

this corollary enables us to show that the piecewise constant function w4, has a modulus of continuity in
time:

LeEMMA 2.6 The piecewise constant functions w 4, defined in (2.31) have a modulus of continuity in time
if the initial data w satisfy (2.5) for p = 1:

sup / [War(t + h,x) — wa(t,x)|dx < C(o + Ax)" (2.32)
|h|<o JD
or (2.5) forp =2:
sup f [War(t 4+ 1, x) — wae(t,x)|>dx < C(o + Ax)?2. (2.33)
|h|<o JD

If the initial data are Holder continuous with exponent y.,, the solution is approximately Holder
continuous in time with the same exponent, i.e.,

sup [[wa(f + h, x) = wac(t,X)|l1e < C(o + Ax)™™.

|hl<o
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Proof. We observe that

wjk (1 Aa)wk1+kajkll
(1= 2a) {(1 = ray) Wi + A2} + ey { (1 = Aajor) WiTF + Ay Wi}

Zk w(,
f=j—k

where we have denoted A := At/ Ax and A ; 1s inductively defined as follows:

DEFINITION 2.7 We let s, := Aa, and v, = (1 — Aay) for all £ € Z. Then we define )J; J recursively by

1, L=j, k=0,
A =10, k+€<jort>j, (2.34)
s()L 1+ v@)w , otherwise.

REMARK 2.8 An explicit expression for the coefficients A% ; for the third case is given by

mi Me+1
/L/ l_[ S E Vi etV

n=j—{+1 m;>0,
S ikt
CLaM 2.9 The coefficients Ay ; satisfy
k
S =1 (2.35)
t=j—k

and Aj; > 0.

Proof. Equation (2.35) follows by induction and using that v, 4+ s, = 1 for any ¢ € Z. That the )JEJ are
non-negative follows from the CFL-condition (2.16). 0

Thus we have

/ [War (kAL x) — Wy, (0,x)] dx = Ax E |w]’.‘ — w?
A : .
J

—sz Zk w[—wj

i le=si—k
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<AxZZA |w[—w]
ppifett

Jj—k<m<j

< Ax) E Ay, max |wh —w!
Jot=i-k

= Ax max |w m—_—
Jj—k<m<j J
J

5/ sup  [wo(x + h) — wo(x)| dx
D

|h|<(k+1)Ax

< C(Axk)™,

where we used Claim 2.9 for the first inequality and the third equality, and the assumption on the initial
data (2.5) in the last inequality. Similarly, we compute in the L?-setting,

/MMMu%meww=AQ]w—wz
D X
J

2

—sz ZA w[—w
I t=j—k

k ok 0 0/1.,,0 0
< E E E —w: —w;
Ax )‘ew)‘ezﬂwz] w; ||w€2 w;

ty=j—k by=j—k
0 0)2
<Ax§ E E )‘@w 1y Max |w, —w;
- j—k=msj
ty=j—k ty=j—k
= Ax max |w? —w?|?
Jj—k=m<j J

5[ sup  [wolx + ) — wo(o)|> dx
D

[h|<(k+1) Ax

< C(Axk)™2.

Then applying Corollary 2.5, we conclude. The approximate Holder continuity in time follows in a very
similar way, instead of summing over j, we take the maximum over all j. O

REMARK 2.10 If wy has bounded variation, obtaining that the solution has bounded variation, and so
L'-moduli of continuity in time and space are much easier. Similarly, if the initial data have a modulus
of continuity of y» = 1 in L?, obtaining a rate is easier. The argument is similar to the one which will be
outlined for the linear wave equation in Section 3, but less technical.
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2.3 A convergence rate in L'

In this section, we will prove a rate of convergence in L' of the numerical scheme to the limit of solutions
of (2.7) as 8 — 0. Our approach is based on the doubling of variables technique developed by Kruzkov
(1970) for nonlinear scalar conservation laws. The reason why we take this approach is the possible
nondifferentiability of the solutions with which the doubling of variables technique can deal well. For
this purpose, we use the test function w; from (2.6), let 0 < v < 7 < T and €j,€; > 0 such that
0 < 2¢y < min{v, T — 7} and At, Ax < min{e, €;}, and define the function 2 : D% — R by

(t,5,x,5) = 1, ) (Dwe, (t — Hwe, (x — y). (2.36)

‘We note that the (smooth) solution to (2.7) satisfies

3 _
/ (lw 60 KLy o ey — k|ay_(2) dyds = 0, @2.37)
b \ @)

whereas the approximations w ,, satisfy, by the discrete entropy inequality (2.22)

(tx) — ¢
/ Wart.0) =8 fatox) — DT 2 ) drdr > 0, (2.38)
Dr apx(x)

where we have denoted
ax(x) =a;, X € [Xj_12,X112)-
THEOREM 2.11 Let a € C®¥(D) satisfy (2.2). Denote w := lims_,o w® the solution of (2.3) and w,, the
numerical approximation computed by scheme (2.20) and defined in (2.31). Assume that the initial data
wo € L'(D) and are Holder continuous with exponent y,, > 0. Then w,,(z, -) converges to the solution
w(t,-),0 <t < T, at (at least) the rate
W —wan) (@, ')||L1(D) =C Axroe)/ (oo t2=yeo) + Cll(wo — wax(0,-)) “LI(D)’ (2.39)

where C is a constant depending on a, @, ||a|| 0« and T, but not on Ax.

Proof. Inserting w4, (¢, x) for k and w’ (s, y) for £ in (2.37) and (2.38), integrating the respective equations
over (¢,x) € Dr and (s,y) € Dr, respectively, and adding up, we have (for convenience, we will omit
writing the arguments of w, = wa,(f,x), Ww® = wa,(s,¥), a® = a®(y) and a,, = ax,(x) in the following)

Dy 9,82

/ (|wa - (’— + —5) + war — W[ (D} 2 + ay:z)) dz > 0, (2.40)
D2 Aax a B

where dz := dx dydr ds. We have

D; 2 = D 1y 1) (Dwe (t — At — 5) + 11y 1 (DD} @, (1 — 5)
= D 1y ) (D, (1 — At — 8) — 1y 1) (DD 0, (1 — ), (2.41)
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so that we can rewrite equation (2.40) as

|WAx - W[Sl

A+B+D+E := f 1o (Do, (Bxa)eo — D:ra)eo) dz

D A px

2
T

)
Wax — W
+/ | = a |1[v,r)(t)a)qasweo (an - aé) dZ
D

2 a -
T Ax

+ /2 [Way — W3|1[v,r)(t)w60 (aywq +D:w61) dz
D

T

S
w — W
+ / i Wa = w1 la)gla)eo(t — 5 — ADD; 1,4 (1) dz
D

a
T Ax

> 0. (2.42)
We note that
_ 1 1
D 1, () = El[u,wm)(t) - El[r,rJrAt)(t)a (2.43)

which means that we can rewrite (2.42) as

1 |WAx - W8|
E D% aA_X Cl)el weo (t i At)l[r,r+At) (t) dg
1 |WAx - W3|
< — | 0,0, =5 = A1y ay (1) dz+ A+ B +D. (2.44)
At D% Ay 4

‘We begin by estimating the term A. To do so, we note that

1 At
3_Ya)€0 - D;"a)60 = A_t/ & — At)assa)e()(t —s+£&)dE (2.45)
0
and that
1[4 War — W(2,
L f / Wax WD Doy & — Aoy —s+E)dzdE =0, (2.46)
At 0 D% AAx

Wbty . . .
because WI[W)(W()El (6 — Ap) is constant with respect to s and w,,(t + & — -) is compactly
supported in the domain. Therefore we can rewrite the term A as

A ax

1 At —wll _w
A = E/ / (lWAx w | |WAx w (t,y)')llvyr)(t)wq (g _ At)@ssa)eo(t —s + g) dgdé, (247)
o Jp
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and bound in the following way, using triangle inequality,

L[ [ W= winy)]
=+ / / W Wy O & — Atl|dgwn (r — s + )| dzde
t 0 D% AAx

1 At T
< —/ / / W —w’(t, )| dy [§ — Arl[d,0q, (1 — 5+ &)| ds dr d&
Att_l 0 v Dr
1 At T T
<o [ eman [ s [ wtaniay [ - s o) asdrs
AtQ 0 v s€[t—ept+2¢9]l J D 0
CAr [T
<— sup / [w® — wi(z,y)| dydt
QGO v s€[t—eq.t+2¢9] JD
CAtT
< —, (2.48)
—Yoo
ae,
where we have used Lemma 2.1 for the last inequality. We proceed to estimating the term B:
5
Way — W
B:= / %I[U,T)(I)wqaxweo (an - aé) dé
D3 daxd
Similarly, to the case of term A, we use that
W — W (2,
/2 lA—a(le[m)(t)a)él 05, (aAX — a‘s) dz=0.
DZ. apxa
Thus subtracting this from B, we can bound term B using triangle inequality,
W’ —w(t,y)|
|B| = / —31[\1,!) (t)a)el |avweo| |an - a5| dg
D2 apxd
1
<= |W(S - Wa(t’y)u[v,r)(t)wq |3S(,()€0| (\an - aé(x)| + |a6(x) - a5|) dé
@ Jpz
laax — @ lloo + SUPy,_y ¢, |6 (x) — @ (V)]
< 2= / W = w (1, 9) 1y (Do, B0, | Az
a D2,
A o (Sa Em T T
ccfrEote f sup / W (s,y) — w(2,9)] dy/ 10,000, | ds dt
a v Ss€lt—eq.tt+egl /D 0
Ax* + 8%+ €
sC—o %
8% 4 €
<clte (2.49)
Yoo
€o
since we assumed Ax < €;. We continue to bound term D. First, we observe that
1 Ax
Oywe, + D;a)61 = 0yw¢, — D;a)€I = P / (Ax — &)0w, (x —y + &) dE (2.50)
0
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and that
1 Ax
e (Ax = &) [ |war =W (5, 0) 1y o) (N0 e, (x — y + &) dzdE = 0,
Ax Jo D3 - B
since w,, is compactly supported. Thus, we can estimate D by

ID|

IA

1 Ax
A_X/O |Ax - $| /D2 |Wts - Ws(svx)u[v,r)(t)weo|8yywel ()C -y + E)| dédf
T

1 Ax T T
—/ |Ax—§|/ / sup /|w8(s,y)—w8(s,y+h)|a)€0/ |8),),a)51|dydxdsdtd§
Ax Jo v Jo m<2e Jp D

Ax (T (T 5 s
<C— sup W (s,y) —w’(s,y + h)| dxwe, ds dr
0 D

€ Jy hl<2¢

A

AxT
<C——. (2.51)

- 2—yc0
€

It remains to relate the terms forming E to the L'-norm of the differences w®(z, -) — wa,(Z, -). We have

1 |WAx - W8|
Ez = E Az qua)go (l e Al‘)l[r’-H_At)(t) dg

1 t+Ar T Wae — Wb
=— / / qudxdngo(t—s—m)dsdt
Ar T 0 D2 Aax

and can rewrite

1 War(7,%) — w'(T,%)|
10030 =9 sl = - [ 22 001 =5 = A1y (1),
DT

A px

so that

Es = | 0wae = W) /asell1 (@)

1 1
- '— / e Ve ey (O — (W — W] — W (1,5) — WH(T,0)) 0y (t — 5 — Ay dg
At D2 Ay

1
= a)ell[z,r+At)(t)w£0(t i At) (|WAx - WAx(T, )l + |W8 - WB(T,X)D dZ
Ata Jp
1
< — L oran(Dwe (t — s — At)/ [War — war(T, )| dxdz
Ata Jiorp D

“ra | @ Lic v an (D0g (t — 5 — AD) (W = w (T,0)| + W' (z,y) — w'(7,%)]) dz
a Jpi
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1 T+ At

< — sup / Wax — wax(t + h,-)|dx dt
Ata J, |h|<2¢y JD

1

+ — L opan @, (t — s — At)/ Iw® —w’(t, )| dxdsds
Ata Jiorp D

1
+ Aia ) we, W (t,y) — w’(7,x)| dx dy
< Ce}™ + Cel™. (2.52)

In a similar way, defining

1 |WAx - W5|

El : a)elweo(t i At)l[v,v+At)(t) d§

At D2 A ax
1 VAL T W —
= — / / waldxdwaO(t—s—At)dsdt
At o Jp2? AAx
we obtain

Ey — [l(wg = war(0, ) /anclpr| < C(e]™ + € +v7). (2.53)

Thus, combining the estimates (2.42), (2.48), (2.49) and (2.51)—(2.53), we have

8
Iwax = w1 (7)

< ClIwh — wan(0, )|t + C (e{w e 0 ALl (8 )l o+ Axelywz).
Welets — 0O,

-2 - -2
Iwae =l (0 = € (Iwo = wac(0,)lls + €] + €™ + 07 + Arel™ 7 + el + Axel™ ),
(2.54)
We choose in this last expression v = 3¢y, €; = eé/ “ and €, = Ax!/(@r?2-v) {3 obtain the rate. ]

REMARK 2.12 Note that the above lemma implies a rate of convergence in L'(D) of at least
minf{o, ¥%/(ya+2-ys0)} for the variable u, = way/aa,.

2.4 A convergence rate in L?

The main ideas for proving a rate of convergence in L?* are similar to those in Section 2.3, an additional
tool involved is a type of Gronwall inequality, moreover the whole procedure is a bit more technical. We
start by noting that the (smooth) solution to (2.7) satisfies

) — kI?
/ (—'W C0) 52+ 1w s.y) —k|28v9) dyds =0, (2.55)
Dy a’(y) (
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whereas the approximations w 4, satisfy, by the discrete entropy inequality (2.23),

X t, - e :
/ (—W “9 = D@+ wae) —ZIZDIf?) dxdr = 0. (2.56)
Dt

AAx ()C)

Then we can prove

THEOREM 2.13 Let a € C%¥(R) satisfy (2.2). Denote w the solution of (2.3) obtained as the limit as
6 — 01in (2.7) and w,, the numerical approximation computed by scheme (2.20) and defined in (2.31).
Assume that the initial data wy € L'(D) are Holder continuous with exponent y,, > 0. Then w,(t, )
converges to the solution w(t,-), 0 < t < T, at (at least) the rate

W —wa) (@ M2p < C Ax oo/ (oo t2=700) 1 CJlyg — w s, (0, M2 (2.57)
where C is a constant depending on g, @, ||a|| 0. and T, but not on Ax.

Proof. Asin the L'-case, we insert w, (¢, x) for k and w? (s, y) for £ in (2.55) and (2.56), and integrate
the respective equations over (¢t,x) € Dr and (s,y) € Dy, respectively. Then adding up, we have (for
convenience, we will again omit writing the arguments of wa, = wa(£,%), WP = wa,(s,y), @’ = a*(y)
and a,, = ax,(x) in the following)

Aax

D; 2 3,8
/2 <|wa —w'f? (f— + —8) + war — WP (DF 2 + agz)) dz >0, (2.58)
D3, a

where dz := dxdydrds. By (2.41), we can rewrite equation (2.58) as

A+B+D+E

[Way — W5|2
= /2 1, (Do, (356050 — D;La)go) dz
D

a
T Ax

Wax — W8|2 5
+ /2 Wl[v,r)(t)wqasweo (Cle —a ) dz
D

Ax

+ / s = W Pl O, (s, + D) dz
D:

T

|W = W8|2 B
+ sz A 00 =5 = ADD Ty (0 dz
T X

>0, (2.59)
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and by (2.43), this is equivalent to

1 |WAx - W5|2
At /1;2 an e, ey (t — 5 — AD 1z r14n (1) dz

1 |WAx - "V(Sl2
< — | 0ot — s — Ay an () dz+ A+ B +D. (2.60)

At Jp2 Ay

We start with the term A. To do so, we use again (2.45) and that, similarly to (2.46), it holds,

1 At Wiy — W(S t, 2
L / f DWae WDy O, (6 — At — s +£)dedE =0, (2.61)
At Jo  Jp2 dax
Hence we can rewrite the term A as
L[ (Iwax = W2 — [wax — Wt )7
- A, D} dax

Lo (Dwe, (§ — Ay, (t — s + §) dzdE, (2.62)

and bound in the following way, using triangle and Cauchy—Schwarz inequality,

W8 — W) 12w — WP — wA(t, )]
|AI<— / / Nlizwa I oD 1€ — Atl]de,, | dz e,

Aax

/// &~ Atl(/ v _Wx(tmz ldxdy>é

1

1
Wiy 2 W 3
X [(/ Ma)qd)ﬂly) + </ [War — w°| W, dxdy) :||85sa)€0|dsdtd§
b2 Gax D2 A ax

1

I /\

60 v se€[t—2eq,1+2¢0] Apx Aax

1
At ’ [Wax — Wo|? 2
§CT/ sup / P =B o dedy) dr.
\/ééo yeo v se[t—2¢q,t+2¢€p] D? Apx

We denote

se[t—2¢q,t4+2¢p]

T b _At, - X t’
K(t):/ / W’ (s Y) = war(t,0)? drdy ds
0 Jp?

E E
ax(x) e

and observe that

T (%) — wo(s,y)? 1/2
/ sup (/ [Wax(t,x) — W' (s, )| o, dxdy) dt
v se[t—2¢q,t+2¢0] D2 aax ()C)

T we t,y) — wh s, 2 1/2
5/ { sup (/ w’(t, y) (s, )] o dxdy)
v Uselt—2€q,1+2¢9] \J D2 A px

1
24t (7 w® — w5,y ? [War — W ?
c5- sup L o, dedy)  sup T2 T o, dxdy) dr
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- ‘St, 2 1/2
+</ M%dxdy) }d,
D2 A Ax

’ X t’ —w’ t’ 2 12
< CTe)™ +/ (f War(t,3) = W (5,Y)] W, dxdy) dt
v D?

Aax

4 r L1, x) =W (s — At y)|? 2
< CTel™ +f {(/ / [Wax(t,x) = wils Yl we, we, dx d ds)
0 1@¢ Yy
v 0o Jp2 A px

T 3(t,y) — wh(s — At,y)|? 172
+ (/ / W ty) —wis — 467)] a)elwgodxdyds) dr
0 D? AAx

< CTe)™ +/ VK (t) dt. (2.63)

Therefore, the term A can be bounded as

A] < CZA—:OO{egw + / N dt}. (2.64)
€ v

0

We proceed to estimating the term B:

|WA)( - W8|2 5
B = /2 Tl[v’r)(t)a)q(%w% (CZAX —da ) dg
D

Ax

We again use that

l[v,r)(t)welasweo (an - aé) dg =0,

/ War — W (@,
D

S
2 apd
T Ax

which admits us to rewrite the term B and estimate as follows:

IB| <

IA
Q] =

W — W (£, )|12wa, — W — Wi (2, )]
/ Loy (e 195000y | ass — @ dz
D

2 apad

T T S _ b —wh — Wi,
/ / /2 W = w (&, )12war — W — w°(2, )|wel|asw50| (|an _a(s(x)| + |a3(x) _a5|) dz
v JO JD

AAx

1| =

lx—y|=<2e;

T W =W ) 2w — WP — Wi, )]
X , e, |0sw¢, | dz
v JO JD

A ax

(Ilam—a‘sllomL sup Ia‘S(X)—aa(yN)
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<€Ax°‘+8°‘+ef‘ //T/ W — Wi, V) |12war — W — Wo(2, )|
- a v Jo JDp2

We, | axweo | dé
Aax

Ax? S € T 1/2
<A G Ww* — W (t,y)Poe, drdy
23/2 v D2 !

se[t—eq,t+€g]

|WA _ Wé |2 12 .1
X sup (/ X—a)q dxdy) / [0y, | ds dt
selt—eq,t+€g] D2 Ay 0

Ax® 5% € T .= 3§12 1/2
S C X _‘;_ + 1 / sup (/ |WA w | CL)E] dxdy) dt
Yoo v D2

€ selt—eg.t4€p] A x
A o 8(1 o T
< c%ﬁel (eg“’ + / N d;), (2.65)
€y o v
where we have used (2.63) for the last inequality. We continue to estimate the term D. We have

using (2.50)

D= fz [Way — w‘s|21[U,,)(t)a)eo (Bya)GI +Djwq) dz
D

T

1 Ax
[ s = P00 (A5 = 30, 6= 3+ ) et
0 DT

1 Ax
— (IWar = WP = Iway = W (5,0 °) 1oy (D, (Ax — £)dyyoe, (x — y + &) dz dE.
Ax Jo D%
Hence we can estimate the term D by

1 Ax ptT
ID| < — / / / W =W (0]12War — W — W (1) || Ax — &9y, | dz dE
Ax Jo Sy pr JD

Ax ptT 2
52/ / sup (/ |w5(~,x+h)—w5(~,x)|2w€0dxds>
0 v |h|<2¢; Dy

1
2
X sup (/ |wa—w‘3(.,x+h)|2a)€deds) /\ayywq|dydtdg
Dy D

Ihi<2¢,
1
Ax t s ) 2
<C = sup [Wae =W (,x + W) |["we, dxds | dr.
€, " Jv in<2¢; \JUpy

‘We have

T 1/2
/ sup ( / War(t,x) = W’ (s, x + ) oo dxds> dr
v DT

|hl<2¢;
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T 1/2
< / { sup (/ w8 (s, x) — wl(s,x + h)lza)eo dxds)
v |h|<2¢y Dr

1/2
+ sup (/ |WAx(l,X)—W‘S(s,x)lza)godxds> }dt
Dr

|h|<2¢q

. 12
< Ce/™ —l—/ (/ [wax (£, x) — W’ (5, %) >0, ¢, dxdy ds) dt
v Dr

T 12
< Ce/™ +/ {</ / WP (5,x) — W (s — At, ) o e, dxdyds)
v D JDr
12
+ (/ / [War(t,x) — Wi (s — At,y)lza)eoa)q dxdyds) }dt
D JDt
< C(e]® + €)™ + CE/ VK (1) dt, (2.66)

and consequently,

A T
DI < C— <ef°° Fel® 4+ f Ji@® dt). (2.67)

2
€

Summing up, equation (2.60) becomes

1 T+ At 1 v+At T
E/ k(t)dt < E/ k(1) dt + M, +M2/ V(1) dt, (2.68)
where
M, = C At +6°‘+€‘1"+ Ax +Ax€g°o M, = C At +3°‘+ef‘+ Ax
! Gg—woo 65—2)’00 612—2)/00 612—}’00 ’ 2 eg—yoo c é—yoo elz—yoo :

We choose v and t such that t/Af,v/Ar € N, i.e., v = N; At and T = N, At for some N, N, € N and
notice that

(k+1)At 1 (k+1)At
/ Vi()dr < At E/ k(t)dr := At X,.
k

At kAt
Hence we can rewrite equation (2.68) as
Ny—1
Xy, S X5, +Mi+AM, ) X

i=N

Now we use the following simple adaption of Dragomir (2003, Theorem 5, page 4):
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LEMMA 2.14 Let X, € Ro, X, >0,k =1,...,N for some N € N satisfy
k
<X +C+G Y X, (2.69)
i=0
forall k € {1,...,N}, for some C;,C, > 0. Then
Xi < X0+ /Ci + Gok.
Using this lemma with C; = M, and C, = AfM,, we obtain the estimate

XN2 5 )(N1 + RVs Ml + Ath(NQ - Nl) == XNI + vV M] + TM2 (270)

Next, we relate the L2-norm of the difference (w® — w4, ) (1) to Xy, - Indeed,

100 = W)/ l2(2) = X,

1 oA W (z,x) — wi(s — At,y)[? 12
=\x W W Az
At ), DrJD aax

< C(e)™ +€™).

In a similar way, we can show
1083 = wae 0, )/ Vaadliz = X, | = C@™ + € +v7),
and therefore, with (2.70),
19 = warll2(®) = € () = wac(0,)ll2 + €/ 4 € + 7 + My + TM).

Letting § — 0 and inserting the definitions of M; and M,, this is

12
1t
W —warll2(7) < C<||wO —war(0, )2 + €/ + € + v + T
0
N e A AP A e Ax )
65/2*)’00 Gllfyoo ellfyoo/2 egfyoo Géfyoo 612*)/00 :

Now we can choose v = 3¢y, €¢ = € and €, = Ax"/@r<t27r=) o balance the errors and finally
obtain (2.57). O

Proof of Lemma 2.14. Define Y, := Xg + C + G Zf:o X;. Then by (2.69), X,f < Y;. Moreover,
subtracting the expression for Y;_; from the expression for Y;, we have

Yo = Yo = GXi < CZ\/?k <G (\/?k+ vV Yk—l)-
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Since Y, — Vi1 = WY — VYo ) (WY + /Y1), we can divide both sides of the above equation by
Y + /Y, to obtain

\/Yk_ VYo <G

Using induction over k, we obtain

\/ka\/?o-i-czk-

Hence
X VY VYo + Gk = Xo+ C + Gok,
by the definition of Y;. Using that /a? + b* < |a| + |b|, this proves the claim. O

2.5 Experimental rates for the advection equation

In this section, we run a few numerical experiments to compare the theoretically established rates with
experimentally observed ones. As a model coefficient a, we choose a sample (single realization) of a
log-normally distributed random field, which was generated using a spectral Fast Fourier Transform
(FFT) method (Pardo-Iguzquiza & Chica-Olmo, 1993; Chiles & Delfiner, 1997; Ravalec et al., 2000;
Miiller et al., 2013) from a given covariance operator ¢ which we assume to be log-normal, so that the
covariance operator completely determines the law of ¢. It is easy to check that this coefficient a is
uniformly positive, bounded from above and Holder continuous with exponent 1/2. See Fig. 1 for an
illustration of the coefficient. For the function wy, we choose the product of the Lipschitz continuous hat

(33,

0 1 1 1
0 0.5 1 1.5 2

xT

FiG. 1. The coefficient a used for the numerical experiments for the transport equation (2.3).
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function

1+2(x—14), xel0,0.5),
1-2(x—12)  xel05,1),
1+2(x =32, xell,1.5),
1—2(x—3), xe[l5,2),

h(x) =

with a modification of the Weierstrass function for different parameters y:

frx) = 22_”’ cos(2'mx), y €(0,1), (2.71)

n=1

that is, we add a constant f; > 0 such that f becomes strictly positive, and truncate f* after N = 400
terms,

400

1) =Y 27" cos2"x) +fo. o€ (0.1), (2.72)

n=1

and define wy , (x) = h(x)fy (x). It can be shown that (2.71) is nowhere differentiable, but Holder continu-
ous with exponent y. As a computational domain, we take D = [0, 2] with periodic boundary conditions.
‘We run experiments up to time 7 = 1 with CFL-number 6 = 04/z with initial data wy,, for y = 1/2,1/4,1/s
and for wyo(x) := h(x).

To approximate the coefficient, we interpolate (2.72) and a on a grid with mesh width Ax = 274 and
average it to obtain an approximation on the coarser grids. The reference solution has been computed
on a grid with N, = 2! mesh points. We have used the following approximation for the numerical
convergence rate

Nexp—1
1 X logé&. —log&h
= 2% Py =1,2, (2.73)
log?2

where Ax; = 27%Ax, and EZ’Xk, the relative distance of the approximation with gridsize Ax; to the

reference solution in the discrete L™-norm, that is,

N.
Z]il |uAXk (T’x]) - quref (T’xj)lm

5}7’
Ny T m
Zj:] |MAxref( 9-x/)|

n =100 x (2.74)

We used Axy = 1/16 (N,o = 32) and N,, = 6. In Fig. 2, we have plotted the Weierstrass function
and the reference solution for Holder exponent y = 1/2. Interestingly, the variable w seems to be much
smoother at time 7 = 1 than initially, and is also much smoother than the variable u. This is probably
due to the diffusion in the scheme. In Table 1 the experimentally observed rates are computed for initial
data wy,, and wgo for y = 275, k = 2,4,8. We notice that the experimental rates for this example are
low, but better than what we obtain from the theoretical estimates. This can be due to the fact that we
compute the errors with respect to a reference solution computed by the same scheme. Moreover, other
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2.4 T T T 6
I — W
227} 1 5t | — = Uy | |
wrp
2 ——ur
4+ |
1.8 r E i
F@ 3 |
1.6 i kh\
2 ‘Al
1.4 } “{*‘\
)
1 w \
1.2 ,v'r \ \ l vl* )
i Y
9 . . . 0 . .
0 0.5 1 15 2 0 0.5 1 1.5 2
T x

FIG. 2. Left: Approximation of Weierstrass function (2.72) for y = 1/2. Right: Approximation of (2.3) by scheme (2.20) at time
T=0andT =1,N, =2y =1/2.

TABLE 1 Experimental rates

1 1 2 2
14 "y "y " 4

1 0.6018 0.5598 0.6468 0.5829
1/2 0.5170 0.4554 0.5400 0.4996
1/4 0.4412 0.3816 0.4678 0.4356
1/8 0.4550 0.3970 0.4810 0.4484

examples of initial data might give lower rates. However, we do not know whether the rates (2.39) and
(2.57) are sharp.

3. A convergence rate for the wave equation in one space dimension

The techniques from the last section can be used to prove a rate of convergence for approximate solutions
to the acoustic wave equation in one space dimension with rough coefficient under some assumptions.
Defining u := 9,p and v := 9,p, the second-order wave equation

1
@aftp(t,x) - afxp(tvx) = O’ (t’x) € DT’
= [0,T] x D, where D = [d,;,dg], —00 < d; < dz < 00, can be rewritten as

ou(t,x) — dv(t,x) =0,

ﬁa,v(t ,x) — ou(t,x) =0, (t,x) € Dr. 3.1

For simplicity, let us assume that D = [0, 2] with periodic boundary conditions.
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3.1  Numerical approximation of (3.1) by a finite difference scheme

In order to compute numerical approximations to (3.1), we choose Ax > 0 and discretize the spatial
domain by a grid with gridpoints x;.,, := (j 4+ 1/2)Ax, j € {0,1,...,N,}, where N, € N is such that
N,Ax = |D|. Similarly, let At denote the time step and " = nAr withn = 0, 1,..., N denote the nth
time level with NAt =T.

We define the averaged quantities

1 Xj+1/2
aj=— a(x)dx, j=1,...,N,, (3.2)
Ax J,.
j—1/2
and
1 Xj+1/2 Xj+1/2
(), v)) = — / uo(x)dx,/ vox)dx ), j=1,...,N,. (3.3)
T Ax \ J,. .
j—1/2 —1/2

We recall (2.19) and define approximations to (3.1) by the finite difference scheme:

Dt*uj" =Dy + %DjD;uj’.’, (3.4a)
P e+ 2pipv, jeZo=1.....N, (3.4b)
4 x 5 P
with the time step At being chosen such that the CFL-condition,
2A1max {max {2a; + 1,a;/4 + 5/4}} < Ax (3.5)

is satisfied.
Moreover, for any k,/ € R, we define the discrete entropy (energy) function and flux

|} — k> v =€)
— _J + J

2 2aj

R o 4 =W =0y -6,

Furthermore, we will for technical reasons need the following difference quotients: we denote for
y € (0, 1] and a discrete quantity 0" defined on the grid,

n __ n*l
+ _n __ J J
D)/vto'j - :F Atl/

n n n

0,y
Ax? ra0 = 2AxY (3.6)

J— n —
Di o = 6] O}il c no__ O-]"H
’ yxTj T +

When y = 1, the above-defined quantities reduce to the usual finite differences (2.19). The scheme (3.4)
satisfies the following properties:

LeEMMA 3.1 Assume a € C%*(D) and ug,vy € L*(D). Then the numerical approximations w) and v
defined by (3.4), (3.2) and (3.3) have the following properties:
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(i) Discrete entropy inequality:
o Ax(At— Ax) u ;
D} + Dyq} < —— D, (DY (u} — k) D} (Vi 1))
Ax n 2 n 2
+0iD; (W =)+ (4 = 1)°)-

(ii) Bounds on the discrete L?>-norms:

n 1 n 1 — 2
(7 ) < e ) i s
J ’ J

(iii) For any function w = w(x), define the L? modulus of continuity in space as y if,

vf(w,cr) = sup/ [wix 4+ 8) —w)|?dx < Co?
R

§<o

If we also assume that the initial data uy and v, have moduli of continuity in L*(D),

Vi(up,0) < Ca™, vi(vy,0) < Co?,

for some y > 0, the approximations satisfy,

AXZ <|DV/ u; ; |D:—lvjn| >

AXZ(|DVX j| +|DVX/| +_(|DJ/X x /| +|Dyx x /|)><C

foralln =0,..., Ny, where C is a constant, depending on a and the initial data u, and vy.

1615

(3.7)

(3.8)

(3.9)

(3.10)

Proof. By linearity, it is sufficient to prove (3.7) for k = [ = 0. We shall use the following identities

At

> (D+ n) )

1
WD = D} ()" =
n - n 1 - n\2 1 - n n
N A U §<(Dx )" + (D w) )
D; (Dfu;D[v}) = (DD, u}) Dy + (D Dy vi) Do,

Ax?
no__ — + +
u]'.’Div;' + v;’Diuj’ =Dy (u]"v]") - D; (DX u]’.’DX v]")

(3.11)

(3.12)

(3.13)

(3.14)
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Multiplying (3.4a) by 7 and (3.4b) by v/, we get

AXx

1 At o
D (@) = 5 (D) = wD) + DD, ()’
Ax _ o2 "2
-2 () + (01
1

At

" n Ax — n
2 (PI) =D+ Z=DID; ()

4

- (o) + 1)),

Adding these two equations

2
D/nj =Dy (uv}) = ATXD: (DyuiDyvy)
Ax _ 2 2
+500; ()" +(4))
Ax

20z + (D2 + (D7) + (01))

2

At C N Ax+—n2 C o N Ax—+n
—+ 7 vaj —+ TDX Dx I/tj +[1j Dxuj -+ TDX Dx Vj

K

We can estimate K as follows:

1
K =5 (D7) + (7)) + 4 (D7) +4; (D))
_ . _ . Ax’ — m\2 — m\2
+ Ax (D} D; ! DV} + a;D} D; v Dut}) + - ((D+D )" +a; (DyD;V)) )

x Tx TjTxYj x Zx 7y x 7x7j

< (D7)’ + (Dfu))’ +a (D; V) +a; (D)

+ Ax (D} DD, + @D DLV D)

= (D; 1)’ + (DF ) +a; (D7) + a; (DY)’

+ AxD} (D;u!D;v!) + Ax (a; — 1) DY D,V D!

x Tx VX
< (D;u)’ + (Df ) +a; (D7) +a; (DY)

+ AxD} (D u!D;V})

XXy

1 1
+ 5l =1 (D11 D) + § (0 + D7)’

J
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< AxD; (D;u!D; V') + <1 - i |a; 1|> (D;u')’ + <1 - i |a; — 1|> (Dtu)’
+ (4 + la; = 1]) (O7))" + (@ + o — 1]) (D}v))
This implies that
D’Jrn}l LDy < Ax (At — Ax)

x1j — 2

+ 20 (04) + ())

1 1 AX .
+§((1+Z|aj—1|> At—7> (D)’
1

D; (Dju;Djv;)

1 Ax
+ = ((a,—+ la; — 1) At — —) (Dfv ") .
2 2
If At satisfies the CFL-condition (3.5), the four last terms above are nonpositive and (3.7) follows. The
L? bound (3.8) also follows upon summing over j and multiplying by Ax.

By the linearity of the equation, (3.8) also holds for the difference of two approximations computed
by (3.4a) and (3.4b), thus in particular for D} 7 and D7 v'. Hence, using the handy equality

yit'j"
1
> (1o + S orar)
J

J
=3 <|Dfu'f|2 + Do + A (|D+D’u’.’|2 + DDV |2)> (3.15)
- x7j x'J 4 x7x 7 xTx 7] ’ :
J
the CFL-condition (3.5), (3.8) implies

L
AXZ( yol}) ,(Dit,”)> (3.16)
Ll
< a3 (05" + 00

< max{l, a}AxZ(D:t,O +—= : > (D) J0)>

J

= max{1,a} AxAr™ Y ( (Dsu?)’ + (DY)’

J
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+ ATx (DyD;7u)’ + (D;va;?)z)

gmax{l,E}Axéz_ZVZ(( - ;) + (D5 v /)2

J

L Ad (D107 + (DFD;v)) ))

4 yYX X ) VX X )

<2072 max{l, a}AxZ ( M J) + (D;“x ,) > =: C(a, ugp, Vo),
where we have set = At/ Ax. Applying (3.15) once more, we also obtain the second equation in (3.10),

Ax? o .
AxZ( )+ (05,00 + S ((0).0:) + (07,0,

1
— 9~ 2Ax2( ) i 5 (D) V1) ) < C(a, ug, vo). (3.17)

]
O

Defining

qu(t9-x) = u]}:l’ (tvx) € [tn5tn+l) X [xj—l/25-xj+1/2)s (3183)
Vax(t,x) = V_;’, (t,x) € [, 1) x [Xi—1/2, Xj11/2), (3.18b)
ax(x) = a;, X € [Xj_1/2,Xj11/2)» (3.18¢)

we have that a subsequence of (#ay, Vay)ax=0 converges weakly to a weak solution of (3.1). If y =1,
equation (3.10) implies that u and v have an L?-modulus of continuity of ¥ = 1 in space and time, and
therefore by Ladyzhenskaya’s theorems of interpolation of finite difference approximations (Ladyzhen-
skaya, 1985, Lemmas 3.1 and 3.2, Theorem 3.2) we get a strongly convergent subsequence to limit
functions u,v € H' (D7) N Lip([0, T]; L?(D)). The limit functions satisfy the entropy inequality

onu —k,v—2~,a)+ d,q(u —k,v—£) <0, in the sense of distributions, (3.19)
where
uw
nw,v,a) == —+ —, q(u,v):=—uv, (3.20)
2 2a

which follows from (3.8) in the limit Ax — 0. They are therefore unique among solutions satisfying the
entropy inequality (thanks to the linearity of the equation, we can insert another solution (i, v) for (k, £)).
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3.2 Convergence rate for the one-dimensional wave equation

In the last section, we showed that the numerical scheme (3.4) converges to the weak solution of the
one-dimensional wave equation. However, the key question is the rate at which the approximate solutions
converge to the exact solution as the mesh is refined, i.e., Ax — 0. The answer to this question is provided
in the following theorem,

THEOREM 3.2 Leta € CO”(B) satisfy co > @ > a(x) > a > 0 for all x € D. Denote by (u,v) the
solution of (3.1) and (u,,, v4,) the numerical approximation computed by the scheme (3.4) and defined
in (3.18). Assume that the initial data ug, vy € L*(D) and that u, v, u,, v 4, have moduli of continuity

vi(u(t,-),0) < Co®, vi(v(t,-),0) <Cao¥,

Vi (uac(t,),0) < Co™, vi(valt,-),0) < Ca™. (3.21)

Then the approximation (u4,(z, -), va.(t, -)) converges to the solution (u(z,-),v(¢,-)),0 <t < T, and we
have the estimate on the rate

| — wa) (@ )2y + 11V = vad (@, ) /all 2
< C (luo — uar(0, )Ml 20y + 10 = vax(0, ) /all 2 ) + Ax P/ Cler+I=vmy, (3.22)

where C is a constant depending on ¢ and T, but not on Ax.
REMARK 3.3 If the initial data u, vo have moduli of continuity
vf(uo,o) < Co?, v?(vo,a) < Co?,
it follows from Lemma 3.1 that u, v have moduli of continuity in space and time with y = 1.

Proof. Welet ¢ € C2((0,T) x D) and define

(((u—k)2 (v—E)z) )
+ 00— (u—k)(v—1£)0,¢ | dxdr. (3.23)
2 2a

Ar(u, v, k, £, ¢p) = /

Dt

The above definition is similar to the one used in Section 2.4—an adaptation of the Kruzkov doubling of
variables technique (Holden & Risebro, 2011) in our current L? setting. We will use special test functions
in Az: we recall the definition of the mollifier w, in (2.6) and define forsome 0 < v <17 < T,

t

WE() = Hy(t — v) — Hy (i — ), Hu(r)=/ w0, (8) dt.

We define §2 : D} — R by

Q2(t,5,x,) = Y (Dwe, (t — Hwe, (x — ). (3.24)
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We choose v and 7 such that 0 < ¢y < min{v,7 — t}and 0 < u < min{v — ¢y, T — T — €;}. We note
that

0,2 + 0,2 = 0" we w0y, 02 + 3,2 =0.
We assume without loss of generality Ax < min{e, €y, v}. By the entropy inequality (3.19), we have for

the solution (u,v) of (3.1) that Az (u, v, u(s,¥),va:(s,y),¢) > 0 for all (s,y) € Dr and test functions
¢ € Cg((O, T) x D). By (3.7), we have on the other hand that

_ 2 _ 2
/ (((um u(t, x)) n (Var — v(1,X)) )Ds¢ U — (1, ) Ve — v(t,x))D;qb) dy ds
Dt

2 2a
o 1 1 _
> ar—v(t,x) | = — D; ¢ dyds
Dy 2a  2ax,
Ax? + + +
_ 7(9 —1) i (D} (ax — WD} (vax — v)) D} ¢ dyds
T
A
+ 5 [ OF 04— (0.3 4 D} (s, — u(t.x))D} ¢ dy ds, (3.25)
Dt

where D¢ and D ¢ are defined by

¢(Sa)’) - ¢(S + At’y)
At

¢(Sa)’) - ¢(S7y + A.X)

DE¢(s,y) =
SP(s,y) =F A

. DGy =F (3.26)

Adding A7 (u, v, ua(S,),vac(s,¥), ) > 0and (3.25), choosing £2 as a test function and integrating over
Dy (we abbreviate dz := dy ds dx df), we obtain

N2 Y
/2 <(”A"2 “L (vsza 2 )(B,Q—i-DS.Q) dz
DT

A

_ /2 (ax — W) (Var —v) (082 + D{R2) dz
Dy

B

TR B
Z/D%.(VAX V) (Za(x) Zan(y)>D“ng

D

Ax? -+ +
+ 7(9 —1) ) D; [Dy (Uar —u) D (Var — v)] £2dz
D

T

E

Ax 2 2yp-pt
-/, ((vay — v(t, %)) + (up, — u(t,x)) )Dy Dy dz. (3.27)
Dy

F
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‘We rewrite the term A as

A= /2 N — Upx,V — Vax, a)(0,82 + D $2)dz
D

T

= /2 (U — Upe, V — Ve, @)Y 0 g, dz
D

T

Al

+ /2 N — Upe, v — Van, V" o, (dwq, + D o) dz.
D:

T

A

The term A, can be written as

A= /2 N(U — Up,V — Var, Q) 0, (t — V)0, 0g, dz — /
D

, N(U — Upy, V — Vag, a)a)#(t - T)wfla)Go dg'
D
T

T

Introducing X as

T
At) =/ fzn(um(s,y) —u(t,x), vac(s,y) — v(t,x),a(x))
0 D

(3.28)
X e, (X — Y)we, (t — s) dydxds,
we have that
T T
A= / AHw, (t —v)dt — / A, (t — ) dt,
0 0
so that (3.27) implies
T T
/ Aw, (t —v)dt 4 |Ay| + |B| + |D| + |E| + |F| > / A)w, (t — T)dt. 3.29)
0 0

Our task is now to overestimate |A,|, |B|, |D|, |E| and |F|.
To estimate the term A,, we recall (2.45) and observe that (cf. (2.46))

1 T At
E/ / n(”(f,x) - qu(tvy),V(t’x) - vAx(txy)sa)(s - At)asswq)(t - + s) dé ds = 0,
0 0
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since all the terms in the integrand except dy,we, (f —

F. WEBER

this term from A,, we obtain,

2 2At / / (MAx(t )’) MA,C)(ZM - qu(t, y))¢“ (1)5l (.’;: — At)assa)eo (l _

s + &) are independent of s. Therefore, subtracting

s+§)d&dz

Ag

2A f f (vAx(t y) - VAX)(ZV —Vax — VAx(t )’))1//“ We, (E At)avrweo(t — s+ S) d%‘ dZ
tJp2

A2

We will outline the estimates for the term A, j, the term A, is estimated similarly. By the triangle and
Holder’s inequality

|Aza| = 2At/ / |t an (1Y) = tan (s, (1, %) = uax(s, Y)| 4 [u(t, %) — uar(t,)])

S l/f” We¢, |$ - At| |8wa)eo(t —s+ S)ldé dZ

ZAtf / / </ Uac(t,y) — tar(s, )P, dydx>
{(/ |u(t, x) — ua(s,y) o, dydx)

/2

12
+ ( / ult,0) a9, dy dx) }
D

X Y& — At] |05, (t — s + &) | dsdr d&

12
ZAtf / OS;:ET (/DZ Uac(t,y) — tax(s,y) e, dydx)

[t—s|<2¢q

1/2
X { Sup (/ |u(t,x) - MAX(S’)’NZCUq dy dx)
0<s<T D2

|t—s|<2¢(

1/2
+ </2 |M(lsx)_um(l,y)|20)sl dydx) }
D

T
XI/f“IE—Atlf |0yswey (f — s + &)| ds dr dg

1/2
su u(t, x) — un(s,y)*we, dydx
Ategyf/{mg(/l() ax(8, Y1 1y>

|t—s|<2¢(

172
+ (/2 lu(t, x) — uac(t,y)*we, dy dx) }W |§ — Ar|drd&
D

(3.30)
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172
{ sup (/ |u(t’-x) - qu(S7y)|2w€1 dy d'x)
0<s<T

|t—s|<2¢

172
+</ IM(I,X)—qu(t,y)lzwqdydx) }W‘ ds,
D2

CAt

where we used the moduli of continuity for u,, viz. (3.21), in the penultimate inequality and that A¢ < €.
Furthermore, in a similar way as we did for the advection equation in (2.63), one can show that

T 172
f sup ( luac(s,y) — u(t,x)|* o, dy dX) Y de
0 |tOS\ST D2
—S <€0

1/2

T T
< CTe¢) +/ (/ /2 luac(s,y) — u(t,x)|* we, o dydxds) Y de (3.31)
0 0 D

using the triangle inequality and similarly

T 1 1/2
/ sup <f = [vax(s,y) = v(t,0)|* we, dy dX) Y de
0 0<s<T p2 a
[t—sl<eq
crel [T/ (T [ 1 R 2
< + = vax(s,y) = v(t, 0)|" 0, dydxds | * de. (3.32)
a 0 o Jp2d
Using A, cf. (3.28), (3.30) can be bounded as
car [T
’A22‘ =< CA[GZV 2 2_—)// V At) I/fu dt
€ 0
and so, using a similar argument for the term A, ;
|As] < CAre) > + X0) (3.33)
In order to bound the term B, we use
3.2 +D;2 = —/ (& — Ax)? [8VW.Q(t $,%,y — &) + 0,,,82(1, 5, x, y+§)] d¢

_ b o )
_4Ax/0 (€ — A [0 R0t 5,5,y — &) + 00 82(t, 5,5,y + £)] dE
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and that

TAx / / (& — Ax)” (uay — u(t,y)) (Vay — v(1,))
X [Dee, (X =y + &) + O, (x —y — &) | we, " dE dz = 0,

since all the terms in the integrand, except [3qu x—=y+8&) + 0w, x—y—§& )], are independent of
x. We subtract this term from B and add and subtract the term

» / / (& = A%)? (s, — 1(t,3)) (var — (1. 5)
X [axxxwel (x -y + %-) + axxxwel (.X -Yy- g)] weg l/f” d‘g d§7

so that

- / / (& — A (ltsy) — ult,2)) (var — v(1,))
X [arxqu (X -y + S) + axxxwel (.X -y S)] weowﬂ dE dZ
e f / (& — A% (uns — ult,)) (V(5,y) — v(1,))

X [axxxwél ()C —-y+ %-) + axxxwel ()C b g)] weow dg dé
= Bl +BQ

We start by bounding By,

IBISE/ /(S A lu(t, ¥) — u(t, )] [va — v(E,)]

X dpexe; (X = ¥ + &) + O, (x — y — &) we ¥ d& dz

1/2
4Ax/ /DT</DT lu(t,y) — u(t,x)| wq)dyds>

12
x (f [Var = v(t,x)Pwe, dy dS> (¢ — Ax)’
Dr

X |8mxwel(x_y+$) +8mw€1(x_y_$)|wﬂdthd§

172
_ 2
4 x/ / ili? <f lu(t,y) — u(t,x)| a)eodyds>

[x—y|=3ey

12
X sup (/ [ax — v(t, %) *we, dy ds) (& — Ax)?
Dt

X s.t.
[x—y|<3e;
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« / s, (6 — ¥+ &) + Do (x — y — &) dx ¥ i d&

1/2
1 yAx/ / ?2? (/ [vae = vt 0)Pog dyds) (& — Ax)*y drdg

Syl

CA 2 pT 1/2
= f sup ( f IV ax — v(t,3) 2o, dy ds) Yt d,
€1°77 0 X st Dr

lx—yl<3€y

I A

where we have used that w,, is compactly supported in [—¢1, €;], and where C is a constant depending on
the L2-norms and the moduli of continuity of the initial data and on 7. Using that (cf. (3.31) and (2.66))

T 1/2
/ sup < f ltac(s,y) — u(t,x)|* we, dy ds> Yhdr
0 X s.t. Dy

[x—y|=3¢;
T T 1/2
< CTe/ +/ (/ / ltax(s,y) — ut,x)|* o we, dydxds) Y de, (3.34)
0 0o Jp?

and analogously,

T 172
/ sup < / Vac(s,y) — v(t,x)* o, dy dS) yrde
0 X st pT

[x—y|<3e;
T, T 172
< CTe/ +/ (/ / [Va(s,y) — v(t,x)|* We, We, dydxds) Y de, (3.35)
0 0 Jp?

for B, we obtain the estimate

CAX? CAx
|Bil = ==, + / VA@) Yt dr. (3.36)
€
Similarly,
Bl = / /(& AxP s, — u(t )] V(E,y) — v(t.2)]
Ax

X |8xxxwe| ()C —y+ s) + 8)()()((1)61 (.X' Y- $)| 0)501//” dg dé

cax (T 12
= ( I} |vm(s,y>—v(t,y)Fweodyds) Yo d.
€ 0 Dy

1

Using (3.35), we find, as for By,

CAX’ CAx .
|B,| < 63_” \/)»(t )y di, (3.37)
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and therefore

cax?  cax® [T
|B] < 3, + 3—_y/ VA@) Y dr. (3.38)
€ € 0

1

We proceed to bound the term D. Observing that

_ 2 1 _ 1 - —
/D%(V(tax) VAx(t’y)) (261()() ZCle(y))DS .ng—(),

we can rewrite D as

D= / (00 =vat3)) = 08,0 — vm(s,y»z)(
D:

T

— )D_.Q dz.
2a(x)  2ax()) ° T

Noting that,

1 At
D_$2(t,s,x,y) = A_t/ 0,82(t,s — &,x,y) d§, (3.39)
0
this becomes

1 At
D = E /D% /0 (2v(t,x) — VAx(t,y) - VAx(s’y))

aax(y) — a(x)
(6Y) = Var(8,y) ———— 0,82 d§ dz,
X (vax(t, ) = vae(s, y) 20 an ) §dz
which can be bounded by
D| < — apy, 3.40
ID| < 2adt ‘X_SEEGI la(x) — aa(y)l (3.40)

At
1
X /2 / p 12v(#,x) = vac(t, ) = vac(s; M var(t,y) — vac(s,y)| 8;82] d§ dz
DT 0

C(e Ax)®
< SOt A a0
2a € 1e(0,T)
T 1 12
Xf sup (/ — var(t,y) = v(s,0) o, dydx) Y de
0 0<s<T p2 a
|t—sl<eq
C(e; + Ax)*  C(e + Ax)* [T
< — V@) v dr,
2a¢, 2a¢, 0

where we have used (3.32) for the last inequality. For the term E, we note that it can be written

sz T
E=—@©- 1)/ f D7 [D+quD+vAx] / e, (x — y) dx o, ¥" dy ds dt,
) o Jo, 2L y b
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so that
(9— 1)/ / D uaD] VAX] we, U dydsdt, (3.41)

—x(G — 1)/ / ZD; [Df 1a(s, ) D} v pc (s, %) ] we ¥ dsdr.
0o Jo = ’ |
J
=0.

In order to estimate the term F', we use that

1 0 Ax
DD oW =1 [ [ #wenrodan (3.42)
2Ax —Ax JO

and that

o / / / (e — V(0 + (tar — (7))o, (x — y — 1 — &) g ¥ dzdE dy = 0,
X Ax

since all the terms in the integrand, but agqu (x —y — n — &) are independent of x. We subtract this term
from F to find

SA/ / f(v—v(ty))(v+v<ty> 2 Pwe (v — y — 1 — ) gy Y dz dE
X —Ax

F

T f / / U — syt + 1) — 23 P, (6 — y — 1 — &) wog¥™ dz d& dny.
X —Ax JO

Fy

The integrals F; and F, are estimated in the same way, therefore we outline only the estimate of F.

—8A

172
8Ax fof / sup </ v — v(t,y)lza)60 dyds>
1/2
X { sup (/ [v— VAX|2C()€0 dyds)
X s.t. Dy

[x—y|=3€]

1/2
+ <'/ |V(t,)’) - VAX|2a)€0 dyds> }
Dt

X / |02 @, | dx Y dt d& dn
D

[Fil < —/ / / v = v(E M1V = vadl + (1Y) = varl) 187,0c, | 0, ¥ dz dE dn
—Ax JO
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Ccax (T ) 12
<=5 sup [V — vacl g, dy ds
61 0 s.t. Dr

X
lx—yl=3¢;

1/2
+ </ |V(t,)’) - VAX|2w€0 dyds) }‘/f” dr.
Dr

Using (3.35), we find

Ax CAx
|Fy| S 2 2y / VAP de,

and therefore

CAx CAx
UEE= f A v dr.

Referring to (3.29), we have established the following bounds

[Ar] < C( )
2
IB| < C( f_xzy ‘//\(t ) dt)
€

Y0)

|D|<C(

|E| =0,

f iy,

IF| < c( L / S de),

where we have used that At = CAx and Ax < €. Hence,

Ax?

(3.43)

2y +
€ €o

T T AX
/ ADw,(t —1)dt < / AMDw, (t —v)di+ C | —=
0 0

€} Ax

3-2y + 1-2y + 22y
€ €
0 1

LC Ax+Ax2+61“ Ax /'T
&7 67 e elz_y 0

M,

Sending u to zero, we find

AMT) < A(W) +M; +M, /T VA1) de.

M,

VA@) Yt dr.
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With an application of a Gronwall type inequality (Dragomir, 2003, Chapter 1, Theorem 4) we obtain
the estimate

2
) < <\/)»(v) +M, +(t — v)Mz) <2(2() +M; + T*M;). (3.44)

By the triangle inequality, we have

1/2
‘(/ / [t (s, %) — u(tsy)|2wqw€0 dXdeY) — [lu(z, ) — ua(t, ')||L2(D)
D JDr

12
5(// Iqu(s,x)—qu(t,y)lzwe]weodxdsdy>
D JDy

172 1/2
= (f |qu(tax) - qu(t,y)lz We, dXd)’> + (/ |qu(t7x) - MAX(S,X)|26£)€0 deX)
D? Dr
<C(e +¢€)), (3.45)

and similarly

1 12
‘(/ / —|vAx<t,x)—v(s,y>|2wqweodxdsdy) = vad ()l
D DT

a(x)
<C(e) +¢€]). (3.46)
Moreover,
l(u — uad) (v, ')”LZ(D) + 1 =vad(v, ')/a”LZ(D)
< lluac(v,-) — ua (0, ')”LZ(D) F [ (vax(v, ) = vac(0, '))/HHLZ(D)
+ [lug — uax(0, )l 2ipy + 1o — var(0,-))/all 2
+ llu(v, ) —uoll 2y + 1V, ) = vo)/all 2
< CO+ AN + |lug — uar(0, )l 2py + I1(vo = var (0, ) /all 2 p).- (3.47)
Write

e(t) = [ — ua) (T, 2y + 1V = va) (@, ) /all 2 p)-

Thus, combining (3.44)—(3.47), the definition of M; and M, and some basic calculus inequalities, we
obtain

AXx €’ Ax?
+ -8
22y
€ € €

Ax? N e N Ax? N Ax sz)
6—2y 2(1-y) 3-2y
€ € 1

e’ (1) < C(eZ(O) +e +e’ +

+

(3.48)
€
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Hence, choosing €; = €,/* and ¢, = Ax"/Creti=n),

e(7) < C (e(0) + Ax‘@r/@er+i=y)) 0

12

REMARK 3.4 We note that for y = 1, this reduces to a rate of Ax "/ independently of «.

3.3 Numerical examples

Next, we shall compare the above-derived convergence rates with the ones obtained in practice. To this
end, we implement the finite difference scheme (3.4) and test it on a set of numerical test cases. For
all the test cases, we use the interval D = [0, 2] as the computational domain with periodic boundary
conditions. We use again the sample of a log-normally distributed random field from Section 2.5 as a
material coefficient a (cf. Fig. 1). We compute approximations at time 7 = 1 and test the scheme in
this setting with different choices of initial data. We only test the case that the initial data vy, u, have a
moduli of continuity ¥ = 1, for which we could show in Lemma 3.1 that the solutions have the same
moduli of continuity. In this case, Theorem 3.2 predicts a rate of convergence of !/2. Specifically, we run
experiments with initial data

vo1(x) = sin(2wx), up(x) = cos(2mx), (3.49)
and with

—1=2(x —1/), x €[0,0.5) 142(x — 1), x €[0,0.5)
—14+2(x—1- x €[0.5,1), 1—-2(x—1) x €[0.5,1),

Voa(x) = =) Y e = {2 (3.50)
—1 —=2(x —3/2), x €[1,1.5), 14+ 2(x —3/2), x €[1,1.5),
—142(x —3/2), x €[1.5,2), 1 —2(x —3/), x €[1.5,2)

(note that vo, = —ug,). As a third set of initial data we take vy 3 = v, and for u, ; we take the composition

of 30 random hat functions on [0, 2], i.e.,

30
s = (),
j=1

where h; is given by

0, x € [0,x0] U (x2,2],
hj(x) = ‘1;1?0’ x € (xo,x1],
q;zZ:xxl > X € (x17x2]7

where g ~ U(—1,1), xo ~ U0, 1), x; ~ U(xo,2) and x, ~ U (x,2) are samples of uniformly distributed
random variables. The initial data u; and v, 3 are pictured in Fig. 3 on the left, and the approximation of
the linear wave equation by scheme (3.4) at time 7 = 1 on the right (on a grid with 2'* points).

The above-chosen initial data have moduli of continuity of ¥ = 1 in L? since they are con-
tained in H'([0,2]). We ran Newy = 6 experiments for each set of initial data for mesh resolutions
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4 3
Up
2 L
1t
0 L
s
-1 Bl . Teae” -2 ; : ‘
0 0.5 1 1.5 2 0 0.5 1 1.5 2
x T

FiG. 3. Left: Initial data ug 3 and vg3; Right: Solution at time 7 = 1 for initial data ug 3, vo3.

TABLE 2 Experimental rates, r,f is the rate
for u, r} the rate for v and r} the rate for p

7‘2 7‘2 r2

u v p
Up.1, Vo1 0.8715 0.6968 0.9170
Up2, V02 0.7424 0.7542 0.9214
o3, V03 0.5992 0.5868 0.9503

Ax =273,...,27% Ge.,, N, = 25,...,2'") and compute errors and rates as in (2.74), (2.73) form = 2
against a reference solution computed on a grid with 2'* points. The obtained rates for the three sets of
initial data are displayed in Table 2.

We observe that the rates are higher than the !/2 which the theory predicts, but not by much, as
the example with initial data w3, vo3 shows. Moreover, we are testing self-convergence, so the actual
convergence rate could be slower. We have also computed convergence rates for the approximation of p,
which we computed by integrating the approximation of v with a forward Euler scheme, i.e.,

Pt =pi A,
for which we have not proved any theoretical results. We observe that the rate for this variable is higher,
close to 1, which is probably due to the fact that p has more regularity than v and u, as it can be written
as an integral of either of those.

4. Conclusions

Acoustic waves that propagate in a heterogeneous medium, for instance an oil and gas reservoir, are
modeled using the linear wave equation (1.1) with a variable material coefficient c. Standard finite
difference and finite element approximations converge to the solution as the mesh is refined. A rate
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of convergence for these approximations can be obtained based on the assumption that the underlying
solution is smooth enough. This requires enough smoothness of the material coefficient (wave speed).

However in many practical situations of interest such as seismic wave imaging and hydrocarbon
exploration, the material coefficient is not smooth, not even continuously differentiable. Moreover, the
material coefficient (rock permeability) is usually modeled by a log-normal random field. Path-wise
realizations of such fields are at most Holder continuous. Thus, the design of numerical schemes that
can approximate wave propagation in Holder continuous media is a necessary first step in the efficient
solution of the underlying uncertain PDE with a log-normal distributed material coefficient (Mishra et al.,
2016). We are not aware of rigorous numerical analysis results for discretizations of the wave equation
with such rough coefficients apart from the works (Jovanovic et al., 1987; Jovanovié, 1992; Jovanovi¢ &
Siili, 2014) which require the coefficient to be in W*2(D) for some s € (1, 3].

The current paper is therefore an attempt to design robust numerical approximations for the one-
dimensional transport and the wave equation with rough, i.e., only Holder continuous coefficients. For
low enough Holder exponent, this regularity requirement is less than the one in Jovanovic et al. (1987),
Jovanovi¢ & Siili (2014) and Jovanovié¢ (1992), and also our assumptions on the regularity of the solution
are weaker. However, our results (so far) restrict to the one-dimensional case.

We propose upwind finite difference approximations and show that these approximations converge
as the mesh is refined. Furthermore, we establish rigorous convergence rates of these approximations.
The obtained rates explicitly depend on the Holder exponent of the material coefficient, as well as the
modulus of continuity in L' or L? of the initial data. The rates of convergence are obtained by a novel
adaptation of the KruZkov doubling of variables technique from scalar conservation laws to our L? linear
system setting. In particular, we prove that for coefficients which are Holder continuous with exponent
« and initial data that are Holder continuous with exponent y the solution of the transport equation, and
its approximation have the same Holder regularity and the approximations converge with rate at least
(ya)/(ya +2 —y)in L' and L? (cf. Theorems 2.11 and 2.13). For the wave equation, we could show
that if the initial data have a modulus of continuity of y = 1 in L2, then the solution will inherit it. In
this case, the finite difference approximations converge at rate of at least !/2. The numerical experiments
demonstrate the near sharpness of this rate. We also show rates of convergence under the assumption that
the numerical approximations have lower moduli of continuity; however, in this case, we cannot prove
that the numerical approximations actually inherit those.

We conclude with a brief discussion on possible limitations and future extensions of our methods:

* We consider finite difference discretizations in the current paper. The formal order of accuracy of
our three-point finite difference schemes is 1. One can argue that analogous to linear hyperbolic
systems with smooth coefficients, one can obtain higher rates of convergence by designing schemes
with a larger stencil (a higher formal order of accuracy). We find that prospect unlikely to hold in
practice on account of the lack of smoothness of the coefficient. Furthermore, the irregularities of the
coefficient are not localized. Hence, one cannot expect any localization of singularities in the solution
and its derivatives. This is in marked contrast to nonlinear systems of conservation laws, where
discontinuities such as shocks and contact discontinuities separate smooth parts of the flow. Thus,
high-resolution finite difference schemes perform better than low order schemes for conservation
laws. Such a situation does not hold for wave propagation in a rough medium. We expect that the
low-order schemes presented here are not only simple, but also optimal in this case.

*  We present the analysis only in one space dimension and for uniform grids. The extension of the finite
difference scheme to the two- and three-dimensional wave equation is straightforward; however, it
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is not easy to show that the solution computed in this way has a modulus of continuity, which is
fundamental to obtaining convergence rates using our technique. In fact, we do not know currently if
the approximations do have a modulus of continuity. Obtaining more insight into the regularity of the
approximations is one of the objectives of our current research efforts. We would furthermore like to
extend the method and convergence analysis to unstructured grids.

* The numerical experiments for the transport equation (Section 2.5) suggest that the rate from Theorem
2.11 may not be sharp. Consequently, we plan to experiment more in order to find out if the rate is
sharp or not, and otherwise try to improve the estimate.

*  We restrict ourselves to acoustic wave propagation in rough media in this paper. However, elastic
wave propagation also involves media with material properties that lead to rough, Holder continuous
coefficients. The extension of these methods to such problems will be considered in a forthcoming
paper. Another possible direction of research would be to prove a rate of convergence for numeri-
cal methods that approximate electromagnetic wave propagation in heterogeneous media. Possible
extensions to nonlinear wave equations, and discontinuous and time-dependent coefficients will also
be considered.
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