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Zusammenfassung
In dieser Arbeit führen wir eine numerische Studie durch, die sich mit
der konformen Invarianz, das Falten und den elektrischen Eigenschaften
von suspendierten Graphen-Oberflächen befasst. Wir verwenden Molekulardynamik-Simulationen zur Beschreibung der Bewegung der Kohlenstoffatome und ein Lattice-Boltzmann Modell, um den Elektronstom im hydrodynamischen Formalismus zu berechnen. Wir stellen fest, dass Graphenmembranen korrelierte Deformationen aufweisen, die wir im Rahmen rauer Oberflächen genauer untersuchen und deren Hurst (Rauhigkeits-) Exponent bestimmen. Wir zeigen auf, dass Graphenmembranen unabhängig
von der Temperatur skaleninvariante Eigenschaften besitzen, die zum Beispiel in der fraktalen Dimension der Höhenlinien am Perkolationsübergang
zum Ausdruck kommen. Darüber hinaus liefern wir numerische Hinweise
dafür, dass die Höhenlinien konform invariant sind. Interessanterweise sind
Höhenlinien anderer rauer Oberflächen nicht notwendigerweise konform invariant, auch wenn sie denselben Hurst-Exponenten aufweisen, z.B. zufällige
Gausssche Oberflächen. Wir vergleichen unsere Graphen-Oberflächen mit
zufälligen Gaussschen Oberflächen, die den gleichen Hurst-Exponenten besitzen, und finden sowohl unterschiedliche Werte in der fraktalen Dimension
der Höhenlinien, als auch in der Verteilung des Moduls der Fourierkoeffizienten. Die korrelierten Verformungen in Graphen sind für die Stabilität des
zweidimensionalen Materials verantwortlich. Eine Analyse des zweidimensionalen Kristallproblems jenseits der harmonischen Näherung hat zu der
Schlussfolgerung geführt, dass atomar dünne Membranen durch ihre Verformung in der dritten Dimension stabilisiert werden können. Im Gegensatz
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dazu, neigen Graphenmembranen mit einer ausreichend hohen Lochdichte
dazu, sich zu falten und weichen von der strickten Zweidimensionalität des
Materials ab.
Wir untersuchen den Übergang von im wesentlichen flachen bis hin zu gefalteten, beschädigten Graphenmembranen. Wir beschädigen reine Graphenmembranen durch Entfernen von Kohlenstoffatomen und Hinzufügen von
Wasserstoffatomen. Wir charakterisieren den Übergang durch den Streumassenradius, die Eigenwerte des Gyrationstensors und die fraktale Dimension.
Darüber hinaus untersuchen wir die Rolle der nicht-kovalenten Wechselwirkungen im Faltvorgang. Wir finden heraus, dass gefaltete Membranen eine
hohe fraktale Dimension aufweisen, wenn alle Wechselwirkungen zwischen
Kohlenstoffatomen betrachtet werden, und eine kleine Dimension haben,
wenn nicht-kovalente Wechselwirkungen unterdrückt werden. Der Übergang
zwischen diesen beiden Werten, der durch Ein- und Ausschalten der nichtkovalenten Wechselwirkungen von Gleichgewichtskonfigurationen erhalten
wird, ist reversibel und unabhängig von der Thermalisierung. Wir vergleichen auch beschädigte Graphenmembranen mit anderen gefalteten Strukturen, wie zum Beispiel polymerisierten Membranen und Papierblättern, die
ähnliche Skalierungseigenschaften aufweisen.
Im letzten Teil dieser Arbeit befassen wir uns mit der Frage, wie diese korrelierten Verformungen Dissipation in der elektronischen Strömung
einführen und damit die Elektron-Phonon-Wechselwirkungen in Graphen
effektiv nachahmen. Der elektronische Transport wird durch die relativistischen hydrodynamischen Gleichungen in Graphen beschrieben, die wir mit
der Lattice-Boltzmann Methode lösen.
Anders ausgedrückt stellen wir ein Modell zur Beschreibung von ElektronPhonon-Wechselwirkungen in Graphen vor, das auf Hydrodynamik in gekrümmten Räumen basiert ist. Vibrationen in den atomaren Anordnungen von kristallinen Strukturen sind durch Phononen gekennzeichnet, deren
Wechselwirkungen mit Ladungsträgern den elektrischen Widerstand des Materials erhöhen. Unser Ansatz erfasst diese Gitterschwingungen als Änderungen
in der Krümmung des Raumes, in dem sich Elektronen nach hydrodyna-
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mischen Gleichungen bewegen. In diesem Bild treten Trägheitskorrekturen
an der elektronischen Strömung auf, die das Vorhandensein von ElektronPhonon-Wechselwirkungen nachahmen. Die Stärke der Wechselwirkung wird
durch eine Kopplungskonstante gesteuert, die temperaturunabhängig ist.
Mit diesem Modell sind wir in der Lage, das lineare Skalierungsgesetz für den
bei hohen Temperaturen zu erwartenden spezifischen Widerstand zufriedenstellend wiederherzustellen. Unsere Ergebnisse eröffnen eine neue Perspektive zur Behandlung von Elektron-Phonon-Wechselwirkungen in Graphen und
möglicherweise auch in anderen Materialien.
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Abstract
In this thesis, we perform a numerical study on the conformal invariance,
crumpling, and electrical properties of suspended graphene sheets. We use
molecular dynamics simulations for describing the motion of the carbon
atoms, and a lattice Boltzmann model to calculate the electronic flow within
the hydrodynamics formalism.
We find that graphene membranes exhibit correlated deformations which
we study under the framework of rough surfaces and determine their Hurst
(roughness) exponent. We show that, independent of the temperature, graphene membranes possess scale invariant properties, expressed for instance
in a well-defined fractal dimension of the iso-height lines at the percolation
threshold. Additionally, we provide numerical evidence that the iso-height
lines are conformally invariant. Interestingly, iso-height lines of other rough
surfaces are not necessarily conformally invariant even if they have the same
Hurst exponent, e.g. random Gaussian surfaces. We compare our graphene
sheets with random Gaussian surfaces with the same Hurst exponent and
find not only a disagreement in the fractal dimension of the iso-height lines,
but also a disagreement in the distribution of the modulus of the Fourier
coefficients.
The correlated random deformations in graphene are responsible for the
stability of the two-dimensional material. An analysis of the two-dimensional
crystal problem beyond the harmonic approximation, has led to the conclusion that atomically thin membranes can be stabilised through their deformation in the third dimension. In contrast to it, graphene membranes with
sufficiently high vacancy densities have the tendency to crumple, deviating
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from the strict two-dimensionality of the material. We study the crumpling
transition from essentially flat to a crumpled damaged graphene membranes.
Pristine graphene membranes are damaged by adding random vacancies and
carbon-hydrogen bonds. We characterize the transition through the radius
of gyration, the eigenvalues of the gyration tensor and the fractal dimension.
Additionally, we study the role of non-covalent interactions in the crumpling
process. We find that crumpled membranes exhibit a high fractal dimension
when all interactions between carbon atoms are considered and a strongly
decreased one when non-covalent interactions are suppressed. The transition between these two values, obtained by switching on/off the non-covalent
interactions of equilibrium configurations, is shown to be reversible and independent on thermalisation. We also compare damaged graphene membranes
with other crumpled structures, as for instance, polymerised membranes and
paper sheets, that share similar scaling properties.
In the last part of this thesis, we address the question whether these correlated deformations introduce energy dissipation in the electronic flow and
thus effectively mimicking electron-phonon interactions in graphene. The
electronic transport is described by the relativistic hydrodynamic equations
in graphene, which we solve with the lattice Boltzmann method. In other
words, we introduce a different perspective on describing electron-phonon
interactions in graphene based on curved space hydrodynamics. Vibrations
in the atomistic arrangements of crystalline structures are characterized by
phonons, whose interactions with charge carriers increase the electrical resistivity of the material. Our approach captures these lattice vibrations as
changes in the curvature of the space in which electrons move following hydrodynamic equations. In this picture, inertial corrections to the electronic
flow arise naturally and mimic the presence of electron-phonon interactions.
The strength of the interaction is controlled by a coupling constant, which is
temperature independent. With this model we are able to recover satisfactorily the linear scaling law for the resistivity that is expected at high temperatures. Our findings open up a new perspective for looking at electron-phonon
interactions in graphene, and possibly also in other materials.
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Chapter 1

Introduction
Graphene, consisting of literally a single carbon monolayer, represents the
first instance of a truly two-dimensional material (see Fig. 1.1) [1, 2, 3]. It
owes its stability to the anharmonic coupling between bending and stretching
modes, and the resulting deformation in the third dimension [4], even at zero
temperature. The study of these deformations, often called ripples, is very
important because they affect the electronic and mechanical properties of
graphene samples.
The structure of suspended graphene is similar to the one typically found
in rough surfaces. Rough surfaces are very common in nature and can be
found, for instance, in real landscapes [5] and growth surface processes [6]. In
many cases, they can be characterised by a Hurst (roughness) exponent that
describes the height-height correlations of the surface, and consequently, be-

Figure 1.1: Example of a thermalised graphene membrane of size 800 ×
800 Å2 at 300 K.
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ing called self-affine. Random Gaussian surfaces (RGS) with positive Hurst
exponents are examples of rough self-affine surfaces, and their use has become very popular since they are analytically tractable. Recently, it was
suggested that iso-height lines in this type of RGS are not conformally invariant [7, 8, 8, 9, 10, 11, 12]. However, the fact that iso-height lines of other
self-affine rough surfaces, e.g. some grown surfaces [13, 14], are conformal
invariant opens the question whether graphene also express conformal invariance properties. Since, previous numerical studies have shown that the
structure of graphene possesses self-affine properties [15], we show that isoheight lines, extracted at the percolation threshold 1 , have a well-defined
fractal dimension and are conformally invariant. Surprisingly, these properties do not depend on the temperature of the samples. Furthermore, by
exploring the main differences between graphene sheets and self-affine RGS
with the same Hurst exponent, we have found that, even if they both have
random uncorrelated phases in Fourier space, the distributions of the modulus of the Fourier coefficients are different. Finally, the fact that the study
of graphene can be placed within the theory of critical phenomena suggests
that the interplay between thermal fluctuations and anharmonic coupling
between bending and stretching modes induces a certain degree of criticality
in graphene.
The stability of suspended graphene sheets can be destroyed by introducing vacancies. For sufficient high damage, graphene membranes can lose
their stability and crumple. The damage can be introduced systematically,
for instance by creating vacancies through irradiation [16]. In some specific
cases, damaged graphene can even transform into other carbon structures,
e.g. fullerenes [17], due to the fact that carbon bonds, when unsaturated, are
very reactive. However, this effect can be diminished by neutralizing those
bonds with hydrogen. Figure 1 shows a typical example of such a damaged
graphene membrane before and after crumpling. The crumpling process is
1

Starting from the highest point of the membrane, one can systematically lower the

height until a cluster, formed by carbon atoms bounded by covalent bonds to their neighbours, meets both opposite sides. This resulting height-threshold is the percolation threshold.

2

Figure 1.2: Initial (left) and cooled (right) damaged graphene membrane.
The blue points represent the carbon atoms and the yellow points the hydrogen atoms. The vacancy probability is 28%.
usually driven by thermal fluctuations. How this crumpling takes place and
on which ingredients it depends, is the subject of Chapter 6.
The deformations due to thermal fluctuations are also responsible for the
appearance of phonons in suspended graphene. Usually, phonons interact
with charge carriers, and therefore, contribute to the electrical resistivity
of the respective material [18]. Below the Debye temperature, phonons are
well described within the framework of quantum mechanics due to their
bosonic nature. However, above this temperature, all phonon modes are
filled and a classical description is sufficient [18, 19]. In this regime, one
expects that the electrical resistivity of a conductor increases linearly with its
temperature T . In graphene, quasi two-dimensional gapless semiconductor
[20, 3, 21], the Debye temperature is very high, T ≈ 2300 K and T ≈ 1300
K for planar and out-of-plane phonons, respectively [22]. However, for low
electron densities, the Fermi energy can be substantially smaller than the
Debye energy, and only phonons with energy smaller than two times the
Fermi energy, corresponding to a full backscattering of electrons, can scatter
with the electrons. This new energy threshold defines the Bloch-Grun̈eisen
temperature TBG , which for doped suspended graphene fluctuates around
100 K [23]. Thus, the linear dependence of the electrical resistivity with
the temperature appears at a lower threshold given by TBG [24, 25], and
is mainly due to the presence of planar phonons. This linear relation also

3

CHAPTER 1. INTRODUCTION

Figure 1.3: Electronic flow on a graphene membrane. The colors denote the
velocity of the electronic fluid, where the yellow region has a higher velocity
then the red region.

holds when external strain is applied to the graphene samples [26].
Phonons are lattice vibrations that could be thought of as time-dependent
coordinate transformations where the lattice would become static, and deformations of the lattice are expressed through metric changes. This opens
the question whether a classical approach based on electronic flow through
curved manifolds can describe appropriately the electron-phonon interaction. In this view, we will use the hydrodynamics formalism of graphene
which is valid at high temperature [27, 28, 29, 30, 31, 32, 33, 34]. At very
low doping, electrons in graphene can be described as a quasi-perfect fluid
with very low shear viscosity to entropy density ratios that are close to the
minimum possible value predicted [27]. On the other hand, at high doping, electrons are well represented by the Fermi liquid theory [28, 29]. Both
cases, although governed by hydrodynamic equations, differ in the trans-

4

port coefficients, i.e. shear and bulk viscosities and thermal conductivity
[27, 28, 35]. In the hydrodynamic formalism of graphene, electron-phonon
interactions are usually included into the equation for the electrical current
~ p , with a characteristic relaxation time τp
density J~ as a damping term, −J/τ
[33, 34]. However, our approach would introduce energy dissipation just due
to the presence of non-zero local curvature in the graphene sheet, as shown
in previous studies about flows through curved manifolds [36, 37]. Thus,
one can think of a graphene sheet as two-dimensional manifold that changes
in time due to thermal fluctuations through which electrons flow when an
external electric field is applied. To describe the electrons with hydrodynamic equations, one needs to include the inertial corrections due to the
deformations of the sheet. Figure 1.3 shows the electronic fluid velocity on
a graphene sheet affected from intrinsic corrections. In Chapter 7, we show
the details of this study. We use molecular dynamics simulations to simulate graphene membranes at different temperatures and strains, and from
the position of the atoms, we build the underlying coordinate system, in
which the electrons flow, and extract the inertial corrections to be included
into the two-dimensional hydrodynamic equations.
The details on the numerical models used in this thesis can be found in
Chapter 3 and Chapter 4 for the molecular dynamics and electronic flow
simulations, respectively.

5

Chapter 2

Relevant Topics in Graphene
Graphene is a two-dimensional material consisting of carbon atoms arranged
on a hexagonal lattice. It was discovered by Andre Geim and Konstantin
Novoselov in 2004 [3, 2]. Since its discovery, several interesting properties
have been revealed, such as ultra-low viscosity to entropy ratio [27], high
electrical conductivity [2, 20], exceptional structural strength, high mechanical flexibility [38] and optical transparency [39]. Many of these fascinating
effects are related to its lattice structure [1].
Even though it would be interesting to discuss all of its exceptional properties, in this Chapter we focus on graphene’s properties relevant for the purposes of this thesis. However, the interested reader is encouraged to consult
Ref. [40].

2.1

Mechanical Stability

Whether a strictly two-dimensional crystal can exist was first raised theoretically long time ago by Peierls [41, 42] and Landau [43, 44]. They
demonstrated that, in the standard harmonic approximation [45], thermal
fluctuations should destroy long-range order, resulting in melting of any
2D lattice at any finite temperature. Furthermore, Mermin and Wagner
proved that crystalline order cannot exist in two dimensions [46], due to the
fact that long-wavelength fluctuations destroy the long-range order of twodimensional crystals. Similarly, suspended two-dimensional membranes have
7
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a tendency to be crumpled [4]. Although the theory does not permit perfect two-dimensional crystals, it allows the existence of nearly perfect ones
embedded in the three-dimensional space. Indeed, a detailed analysis beyond the harmonic approximation, has led to the conclusion that atomically
thin membranes can be stabilised through their deformation in the third
dimension [47, 48, 49]. Recently, it has been possible to construct experimentally suspended graphene crystals, showing that they exhibit random
elastic deformations involving all three dimensions [50].

2.2

Electronic Properties of Graphene

Graphene is the first discovered condensed matter system, for which the
electron transport is described by the massless relativistic Dirac equation
instead of the non-relativistic Schrödinger equation [2]. This property is
a manifestation arising from the underlying honeycomb lattice, which applied to the tight binding model, produces close to the Dirac points a linear
dispersion relation for the energy of massless Dirac-quasiparticles describing electrons in graphene. Graphene’s lattice structure is also responsible
for a series of amazing properties, such as ultra-high electrical conductivity [2, 20], optical transparency [39], exceptional structural strength [38], as
well as mechanical flexibility [38]. Electrons also scatter with themselves,
and Müller et al. [51, 52, 53, 27] opened the possibility of describing electrons in graphene as a relativistic fluid of massless chiral quasi-particles,
propagating at a Fermi speed of about vF ≈ 106 m/s. In this hydrodynamic
regime the inelastic electron-electron and electron-hole scattering dominate
over elastic electron-impurity and electron-phonon scattering.
The real-space structure of graphene is a hexagonal (honeycomb) lattice
composed by carbon atoms that can be interpreted as two superposed triangular sub-lattices, denoted by A and B (see Fig. 2.2). Thus, it has two
primitive lattice vectors
!
!
1/2
−1/2
~a1 = a √
and ~a2 = a √
3/2
3/2
8
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for the sites A and ~b1 = ~a1 + ~δ1 and ~b2 = ~a2 + ~δ1 for the sites B, where
√
a = 2.46 Å is the graphene lattice constant and b = a/ 3 ≈ 1.42 Å is the
bond length between the nearest neighbour atoms. The nearest neighbours
are connected by the vectors
!
!
!
−1/2
0
1/2
~δ1 = b
√
√
and ~δ3 = b
, ~δ2 = b
− 3/2
1
− 3/2
as depicted in Fig. 2.2.
which together span the honeycomb lattice.
Graphene’s atoms possess sp2 -hybridized orbitals due to the three covalent bonds in the plane and it has the free electron in the pz -orbital,
perpendicular to the plane. The band-structure can be computed with the
tight-binding model. The electronic system is approximated by a superposition of local wave functions for isolated atoms [54]:
X †
X †
Ht.b. = −t
(aσ,i bσ,j + H.c.) − t0
(aσ,i aσ,j + b†σ,i bσ,j + H.c.),
hi,ji,σ

(2.1)

hhi,jii,σ

where aσ,i and a†σ,i denote the annihilation and creation operators for electrons, respectively, with spin σ = ± 12 on sub-lattice A, while bσ,i and b†σ,i
correspond to the same operators on sub-lattice B. The sums run over all
pairs of nearest-neighbours hi, ji and next nearest-neighbours hhi, jii, and
H.c. denotes the Hermitian conjugate. The first term in the Hamiltonian
describes the hopping of electrons from sub-lattice A to sub-lattice B characterized by the hopping energy t ≈ 2.8 eV, while the second term corresponds
to hopping within the same sub-lattice with hopping energy t0 .
bands derived from this Hamiltonian read
p
E± (k) = ±t 3 + e(k) − t0 e(k),
√
√
3
3
e(k) = 2 cos( 3ky b) + 4 cos(
ky b) cos( kx b),
2
2

1

The energy

(2.2)

where k = (kx , ky ) is the wave vector, + stands for the conduction band
and - for the valence band. In Fig. 2.2 we see the energy bands computed
1

Values for t0 have been reported to be in the range between 0.056 eV and 0.56 eV

[55]
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a1

a2

/1
/2

/3

Figure 2.1: Lattice structure of graphene. The blue points represent the A
sites and the red points the B sites.
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Figure 2.2: Energy dispersion in graphene (Eq. (2.2)) with t = 2.8 eV,
t0 = 0.1 eV and b = 1.42 Å. Orange corresponds to the conduction band
and blue to the valence band. The right picture shows the linear dispersion
relation at q = k − K for |q| ≤ 0.5 Å−1 .


2π
2π
, √
2b 3 3b



or the Dirac point
with Eq. (2.2). Close to the Dirac point K =


3π
K0 = 2π
the energy dispersion relation can be approximated by
, − 2√
2b
3b


0

E(|q|) ≈ 3t ± ~vF |q| −


9t0 b2 3tb2
−1 qx
±
sin(3 tan ( )) |q|2 ,
4
8
qy

where where q = k − K or q = k − K0 , respectively. Furthermore, the Fermi
velocity is given by vF =

3
tb
2

≈ 106 m/s. If we additionally neglect the

hopping within the same sub-lattice by setting t0 = 0, the energy dispersion
relation close to the two Dirac points becomes linear and reads
E(|q|) ≈ ±~vF |q|.
The Dirac points in momentum-space are special, since on one hand, the
valence and conduction band touch each other exactly at these points, and
on the other hand, there is a linear energy-momentum relation for momenta
close to them. This relation evokes the memory about the relativistic energymomentum relation for massless or ultrarelativistic particles
p
E = c |~p|2 + m2 c2 = c|~p|,
11
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for which the speed of light is replaced by the speed vF . Therefore, we
think of graphene as a two-dimensional relativistic fermionic gas whose
quasi-particles are charged, massless and move with a speed c = vF . In
thermodynamic equilibrium, the distributions for electrons and holes are
described by the Fermi-Dirac statistics.
The existence of two equivalent but independent sub-lattices A and B
leads to the existence of a novel chirality in graphene, where the two linear
branches of graphene energy dispersion become independent of each other,
indicating the existence of a pseudospin quantum number analogous to electron spin, but independent of the real spin.
It can be shown that for the low-energetic electronic states, the tightbinding Hamiltonian (2.1) converges into an effective Dirac Hamiltonian for
massless particles in the continuum limit [54]. From the Dirac Hamiltonian
it is possible to derive a hydrodynamic description for the quasiparticles in
graphene. However, the transition from the Dirac formalism to relativistic
hydrodynamics in graphene is out of the scope of this thesis. The interested
reader can find the details of the calculations in Ref. [27, 53, 52, 56].

2.3

Relativistic Hydrodynamics in Graphene

It has been shown [27, 52, 28, 29, 30, 31, 32, 33, 34] that in the hydrodynamic regime, the charge carriers (electrons and holes) in graphene behave
as a two-dimensional relativistic fermionic plasma whose quasiparticles are
massless, charged and move at the speed of Fermi (henceforth denoted simply by c). The corresponding hydrodynamic equations for this relativistic
fermionic plasma arise from the conservation of the number of particles 3flow (representing the conservation of the electric charge) and the energy
and momentum.
In the following, we consider a relativistic fermionic fluid with moments
defined in the Landau Lifshitz decomposition [57]. In this case, the contravariant particle 3-flow reads
Nµ = n
12

Uµ
,
c

(2.3)
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with n(~x, t) being the density of charge carriers (i.e. the difference between
the electrons and holes) and U µ the macroscopic 3-velocity defined by
U µ = γ(~u)

c
~u

!
, with γ(~u) = q

1
1−

|~
u| 2
c2

which by construction fulfils the relation
Uµ U µ = c2 .

(2.4)

The energy-momentum tensor reads as follows [57, 58]:
T0µν = ( + p)

U µU ν
− pη µν + π µν ,
c2

(2.5)

where (~x, t) is the energy density, p(~x, t) the hydrostatic pressure and


1 0
0


ηµν = 0 −1 0  ,
(2.6)
0 0 −1
denotes the Minkowski metric. π µν (~x, t) describes the dissipative component
of the stress-energy tensor, which can be approximated by the expression
π µν ≈ κ(η µλ ∂λ U ν + η νλ ∂λ U µ ),
where κ is the shear viscosity.
The conservation equations in Minkowski space are
∂µ N µ = 0,

(2.7a)

∂µ T0µν = 0,

(2.7b)

which can also be written as,

∂t (nγ) + ∂i nγui = 0 ,

(2.8)

for the conservation of the particles 3-flow and
 1

1
∂t ( + p)γ 2 + ∂i ( + p)γ 2 ui
c
c
1
1
= ∂t p − ∂t π 00 − ∂i π i0
c
c
13
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j
j i
1
2u
2u u
∂t ( + p)γ
+ ∂i ( + p)γ
c
c
c c
(2.9b)
1
0j
ij
,
= −∂j p − ∂t π − ∂i π
c
for the conservation of energy and momentum. The equation of states complete this set of equations, which for the case of graphene is given by  = 2p.
Note that the Latin indices i, j only run over spacial coordinates, where
repeated indices indicate summation over spacial coordinates.
At the hydrodynamic level, the system is characterized by the transport
coefficients, i.e. shear and bulk viscosities and thermal conductivity. Of
special interest for the modelling of electronic flows in this thesis is the shear
viscosity κ which is a measure of the resistance of the fluid to establish
transverse velocity gradients. Additionally, the smaller the viscosity, the
higher the tendency to turbulent flow. The viscosity usually leads to entropy
production and is the main dissipation mechanism in the system, as soon as
the fluid possesses a transversal velocity gradient.
At very low doping where µ  kB T , where µ is the Fermi energy, electrons in graphene can be described as a quasi-perfect fluid with very low
shear viscosity to entropy density ratios that are close to the minimum possible value predicted [27],

2
κ
83400 K
= log
6.22516 × 10−14 sK
(2.10)
s
T
where s is the entropy density. On the other hand, at high doping µ ≥ kB T ,
electrons are well represented by the Fermi liquid theory [28, 29].
The typical temperature dependence for the shear viscosity of Fermi
fluids is κ ∝ T −2 . However, recent studies showed a deviation of this dependence in the high temperature limit [28]. Instead, they reported a temperature dependence given by the equation
κ(T ) = cν n(

µ 3
)2 ,
kB T

(2.11)

with cν ≈ 1.33 × 10−34 kgm2 /s ≈ 54 ~.
A doped graphene sheet with chemical potential or Fermi energy µ =
√
~c πn ≈ 6.89 × 10−20 kgm2 /s2 ≈ 0.43 eV has a carrier density n = 1.36 ×
14
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1013 /cm2 , a pressure p = 13 µn ≈ 3.12 × 10−3 kg/s2 and therefore a shear
viscosity
  32
1
6.40286 × 10−12 kg/s.
κ(T ) =
T

(2.12)

Thus, at T = 300 K, the shear viscosity computed from equation (2.11) is
1.3223 × 10−15 kg/s. For comparison, the shear viscosity of a soap film of
width L = 10 cm, height h=1 µm mass density ρ = 10−6 g/cm2 is 10−9 kg/s.
Therefore, the shear viscosity of the electronic fluid in graphene is 6 orders
of magnitudes smaller than the one of a soap film. However, the typical
length scale of graphene samples considered here is of the order of 10−8 m,
and therefore, turbulent behaviour is not expected at this length-scale.
Note that in the hydrodynamic formalism of graphene, electron-phonon
interactions are usually included into Eq. (2.9) as a dumping term ∝ −~u/τp ,
with a characteristic relaxation time τp [33, 34].
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Chapter 3

Simulations of Graphene
Membranes
At finite temperatures, atoms in solids oscillate around the position defined
by their lattice structure. When the material is only two-dimensional, as it
is the case for graphene, an additional degree of freedom in the out-of-plane
direction allows for strong motions of the atoms, leading to dynamically
changing surface morphologies. Therefore, these two-dimensional materials
often behave like membranes rather. To study the surface morphology of
this dynamically changing two-dimensional materials, the trajectory of each
atom is required. A widely-used method for studying the motion of classical many body systems is Molecular Dynamics. Developed in the field of
theoretical physics in the late 1950’s, it has been applied over the years to a
variety of different fields for simulations of galaxy formation, biopolymers,
granular materials, molecules and atoms. The trajectories of the particles
are determined by numerically solving Newton’s equations of motion. The
interaction between the particles are described through a multi-body potential, whose derivative leads to the force acting on each particle. The temperature, which is a measure of the average kinetic energy of the atoms, can
be controlled by adding a heat bath into the system. In the first section we
describe the Molecular Dynamics method. The second section introduces
the many-body potential used for the simulation of carbon and hydrogen
atoms. Finally, we include a heat bath in the Molecular Dynamics model,
17
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which allow us to perform simulations in the canonical ensemble.

3.0.1

Equation of Motion

We consider a classical system of N particles described by the Hamiltonian H(~x1 , ..., ~xN , p~1 , ..., p~N ) = K(~p1 , ..., p~N ) + V(~x1 , ..., ~xN ), where ~xi and
p~i = mi~vi describe the ith particle position and momentum, respectively.
The potential energy is denoted by V(~x1 , ..., ~xN ) and the kinetic energy is
P
p
~2i
described by K(~p1 , ..., p~N ) = N
i=1 2mi with mi being the mass of the particle i. The Hamilton equations for the particle i and coordinate component
α ∈ {x, y, z} are
ẋαi =

∂H
pki
∂H
=
and ṗαi = α
α
∂pi
mi
∂qi

leading to the equation of motion
mi

d2~xi
~ i V(~x1 , ..., ~xN ) ≡ F~i ,
= −∇
dt2

(3.1)

where F~i denotes the force acting on the particle i [59]. Thus, the Hamilton
equations of this system translate into the well-known Newton’s second law
for each particle. Note that Eq. (3.1) conserves the total energy as long as
K(~p1 , ..., p~N ) and V(~x1 , ..., ~xN ) do not explicitly depend on time. Furthermore, in the absence of walls, the total momentum is also conserved. Numerical techniques to solve differential equations of the form (3.1) are based on
time-discretisation, where the time interval T = [0, tM ] is discretised in M
discrete sub-intervals of length ∆t = tM /M . The most common techniques
are the Euler method, the Rouge Kutta method and the Predictor-Corrector
method, just to name a few. All these techniques differ in their precision
and complexity. There are two techniques specialized on Newton’s equations
(3.1) called Verlet and leap-frog method, which provide an error of O(∆t4 )
(third order alogrithm) at a very low computational cost. We describe these
techniques in more detail in the next section.

18

3.0.2

Verlet and Leap frog Algorithm

The Verlet technique has been developed in the 1967’s and is based on a
Taylor expansion up to fourth order for ~x(t + ∆t) and ~x(t − ∆t),
d~x(t) ∆t2 d2~x(t) ∆t3 d3~x(t)
+
+
+ O(∆t4 ),
dt
2 dt2
6 dt3
d~x(t) ∆t2 d2~x(t) ∆t3 d3~x(t)
+
−
+ O(∆t4 ).
~x(t − ∆t) = ~x(t) − ∆t
dt
2 dt2
6 dt3
~x(t + ∆t) = ~x(t) + ∆t

(3.2)

The addition of the two equations eliminates the dependence on the first
and third derivative,
d2~x(t)
+ O(∆t4 ).
(3.3)
dt2
Hence, the position ~x at time t + ∆t can be computed with the equation
~x(t + ∆t) + ~x(t − ∆t) = 2~x(t) + ∆t2

~x(t + ∆t) = 2~x(t) − ~x(t − ∆t) + ∆t2

d2~x(t)
,
dt2

(3.4)

where the error is globally of order O(∆t3 ) (third order algorithm). Equation
(3.4) is known as the Verlet scheme. It only requires the second derivative
d2~x(t)/dt2 and the position at the previous time step ~x(t − ∆t) for the
forward integration. Since Newton’s equations (3.1) provide an expression
for the second derivative, it is advantageous to use the Verlet scheme to solve
them.
The Verlet scheme for the particle i is then given by
~xi (t + ∆t) = 2~xi (t) − ~xi (t − ∆t) + ∆t2

F~i (t)
.
mi

(3.5)

Similarly, the particle velocity (d~x(t)/dt) can be computed by subtracting
x(t − ∆t) from x(t + ∆t) leading to
~x(t + ∆t) − ~x(t − ∆t) = 2∆t

d~x(t)
+ O(∆t3 ).
dt

(3.6)

Thus, the velocity at time t reads
d~x(t)
~x(t + ∆t) − ~x(t − ∆t)
=
dt
2∆t
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Note that (3.4) fulfils time reversal symmetry. However, there are large
round-off errors due to the summing up of terms of order O(∆t0 ) (i.e. 2~x(t)
and ~x(t − ∆t)) with terms of order O(∆t2 ) (i.e. ∆t2 d2~x(t)/dt2 ). Therefore, three years after R.W. Hockney introduced the leap frog scheme which
circumvents the round-off errors of the Verlet algorithm. The leap frog algorithm considers velocities at intermediate steps. For each iteration, one
first computes the velocity at an intermediate time step t + ∆t/2 and then
the position at time step t + ∆t with the following set of equations
∆t
)
2

∆t
)
2

d2~x(t)
dt2
∆t
d~x(t + 2 )
.
~x(t + ∆t) = ~x(t) + ∆t
dt

d~x(t +
dt

=

d~x(t −
dt

+ ∆t

(3.8)

The Verlet scheme (3.4) can be recovered by eliminating the velocity in the
leap frog scheme (3.8). The velocity can be eliminated by inserting (3.8) in
the expression
(~x(t + ∆t) − ~x(t)) − (~x(t) − ~x(t − ∆t)) = ∆t
~x(t + ∆t) − 2~x(t) + ~x(t − ∆t) = ∆t2

d~x(t +
dt

∆t
)
2

d~x(t −
−
dt

∆t
)
2

!

d2~x(t)
.
dt2

Applied to (3.1), the leap frog scheme (3.8) for the particle i reads
∆t
∆t
F~i
) = ~vi (t −
) + ∆t
2
2
mi
(3.9)
∆t
~xi (t + ∆t) = ~xi (t) + ∆t~vi (t +
).
2
The two algorithms differ in the procedure of the iteration. The Verlet
~vi (t +

algorithm requires the knowledge of the positions at time t and t − ∆t, while
the leap frog algorithm requires the knowledge of the position at time t and
the velocity at the intermediate step t− ∆t
. The force acting on the particles
2
at time t is computed with the knowledge of the positions at time t only
and is obtained by differentiating the potential energy V(~x1 , ..., ~xN ) with
respect to the particles coordinate (3.1). The information of the particles
interactions is completely contained into the potential. Therefore, the choice
of the potential is crucial for the type of simulations one wants to perform.
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3.1

AIREBO Potential

We compute the interactions between the atoms with the adaptive intermolecular reactive bond-order (AIREBO) potential. This many-body potential has been developed in 2000 by Stuart et al. for atomistic simulations of condensed-phase (hydro)carbon systems such as liquids, polymers,
graphite and thin films [60]. The AIREBO potential belongs to the family
of reactive empirical bond-order (REBO) potentials, which are based on a
model originally developed by Tersoff in 1988 [61]. The Tersoff model can
describe single, double and triple bond energies in carbon structures and
provides an empirical modelling of breaking and creation of covalent bonds.
The AIREBO potential contains several improvements to the original model
in the treatment of covalent bonds and does not require a fix hybridization
state. It also includes an adaptive treatment of non-covalent atomistic interactions. The AIREBO potential has been validated against structural and
energetic properties of liquid and gaseous hydrocarbons [60].
The potential energy V of a set consisting of N carbon and hydrogen
atoms is defined by a sum over pairwise interactions,
X X
1 XX
T ORS
Ekijl
EijREBO + EijLJ +
V(~x1 , ..., ~xN ) =
2 i j6=i
k6=i,j l6=i,j,k

!
,

(3.10)

T ORS
is the
where EijREBO represents the covalent bonding interactions, Ekijl

torsion term that ensures the correct dihedral angles, and EijLJ is a modified
Lennard-Jones term accounting for the non-covalent interactions between
the atoms [60].
Empirical potentials are required for simulating molecules with more
than 103 carbon atoms, where ab initio simulations are computationally
too expensive. The AIREBO potential has been widely used for studying
graphene [62, 63, 64, 65, 66, 67], graphene nanoribbons [68], carbon nanotubes [69, 70], fullerenes [70], graphite [64, 71], diamond [72], hydrocarbon
molecules [73, 74, 75], graphane [76] and other allotrope of carbon such as
graphyne [77].
Apart from the AIREBO potential there are several other potentials used
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for atomistic simulations such as ReaxFF [78], REBO2 [79], LCBOPII [80]
and MM3 [81], just to name a few. However, we decided to use the AIREBO
potential because it has a solid description of covalent bonds involved for the
carbon atoms, it accounts for torsion and non-covalent bond interactions and
it includes hydrogen atoms. Furthermore, it describes the graphene structure
appropriately.

3.1.1

AIREBO Potential in Detail

The covalent bond term EijREBO consists of a repulsive and an attractive
term
EijREBO = VijR + bij VijA ,
where the ratio between the attractive and repulsive terms is determined by
the bonding term bij . The repulsive term has the form


Qij
R
Vij = wij (rij ) 1 +
Aij e−αij rij ,
rij
and the attractive term has the form


3 r
2 r
1 r
3 −βij
2 −βij
A
1 −βij
ij
ij
ij
,
Bij e
Bij e
Vij = wij (rij ) Bij e
where ~rij = ~xj − ~xi is the distance vector between the particle i and j and
rij = |~rij |. The parameters
Qij , Aij , Bij1 , Bij2 , Bij3 , αij , βij1 , βij2 and βij3
are parameters which depend on the atom type (hydrogen or carbon) of
the particle i and j. wij is a smooth switching function which is one if
the particles i and j are close enough to each other where covalent bond
interactions become relevant and goes to zero for particles that are further
away. For instance, if both atoms i and j are carbon atoms we have w(rij ) =
1 for rij < 1.7 Å and w(rij ) = 0 for rij > 2.0 Å. There is a smooth transition
from one to zero in between.
The bonding term bij determines the ratio between attraction and repulsion and requires the knowledge of the atoms surrounding atoms i and j.
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Thus the bonding term has to account for many-body interactions and has
the form


1 σπ
pij + pσπ
+ πirc j + πijdh ,
ji
2
is the covalent bond interaction given by
bij =

where pσπ
ij

!−1/2
pσπ
ij =

1+

X

wij (rik )gi (cos θijk )eλjik + Pij

,

k6=i,j

where θijk is the bond-angle between atoms i j and k, and gi (θijk ) imposes a
cost function for bonds that are too close to each other. Note that this sum
runs over the atoms k which are atoms in a close neighbourhood of atom
i. This cost function also depends on the local coordination number, which
accounts for the number of existent covalent bonds of atom i. The terms
eλjik and Pij are additional correction terms for abstraction of hydrogen
atoms and for counteracting the additional torsion energies for unsaturated
systems, respectively. The terms πijrc accounts for radical and conjugation
effects, and also depends on the local coordination number of the atoms
involved. Finally, the last term of the bonding term is πijdh , which imposes
a penalty for rotation on multiple bonds. It contains the torsion angle wkijl
which is the angle between the two planes spanned by ~rji , ~rik and ~rij , ~rjl ,
respectively. The exact expressions can be found in Ref. [60].
The torsional potential for the dihedral angle is given by
Eijtors = wki (rki )wij (rij )wjl (rjl )V tors (wkijl ),
where V tors (wkijl ) favours certain orientations and the set of weight functions
w ensure that only atoms which are connected through k − i − j − l are
considered.
The non-covalent interactions are described by
EijLJ = Ŝ(rij , b∗ij )Cij VijLJ (rij ),
where
VijLJ = 4ij



σij
rij

12
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−

σij
rij

6 !
,
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is the Lennard-Jones potential with coefficients dependent on the atom type.
The term Cij guarantees that the interaction is only included if the atoms i
and j are not connected by two or fewer intermediate atoms. Furthermore,
the term Ŝ(rij , b∗ij ) is a modified weight function, which accounts for the
bonding environment surrounding atoms i and j. Finally, we include a cutoff for EijLJ at 2.5σ = 8.5 Å. Therefore, EijLJ only contributes to the potential
energy if the distance of the atoms i and j are within the range between 2
Å and 8.5 Å.

3.2

Thermostat

The simulations in the microcanonical ensemble (NVE) are practical for
academical purposes and to test the correctness of the simulation. However,
in experiments it is often more practical to control the temperature of the
sample rather than the total energy. In this section we describe a method to
perform simulations in the canonical ensemble (NVT) where the simulations
are performed at a desired temperature.
The instantaneous temperature of the system is determined with the
equipartition theorem which relates the temperature to the average energies
hpαi

∂H
∂H
i = hxαi α i = kB T
α
∂pi
∂xi

(3.11)

with α ∈ {x, y, z}. Each degree of freedom contributes with kB T to the
temperature. Thus,
h~pi

∂H
i = 2Ki = 3kB T,
∂~pi

(3.12)

where Ki is the kinetic energy of the particle i. Since the simulations are
translational invariant we conserve 3 degrees of freedom. Therefore the
total amount of degrees of freedom in a system with N particles in R3 is
M = (3N − 3). The instantaneous temperature is
N
2 X p~2i
2K
=
.
Tt =
kB M i=1 2mi
kB M
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There are several techniques to keep the instantaneous temperature Tt
close to the desired temperature T . Some of the method include velocity
rescaling or add an additional constraint to keep the temperature in the desired range. However, none of these recover the correct Maxwell-Boltzmann
velocity distribution of the particles at thermal equilibrium. A model developed first by Nosé [82] and afterwards extended by Hoover [83] is able to
achieve realistic constant-temperature conditions, recovering the MaxwellBoltzmann statistics of the particles. This Nosé-Hoover thermostat couples
the Molecular Dynamics simulation to a heat bath with an additional degree
of freedom s [83]. The potential and kinetic energy of the heat bath reads
VH (s) = (m + 1)kB T ln(s),
(3.14)
1
KH (s) = Qṡ2 ,
2
where m = 3N is the number of independent momentum degrees of freedom
of the system and Q is an artificial mass. Note that if the momentum space
would be conserved, the independent degrees of freedom would be 3N − 3
instead of 3N .
We can formulate the Hamiltonian of the total system consisting of N
particles and a heat bath
H(~x1 , ..., ~xN , p~1 , ..., p~N , s, ṡ) =

N
X
p~2i
+ V(~x1 , ..., ~xN )
2m
i
i=1

(3.15)
1 2
+ Qṡ + (m + 1)kB T ln(s).
2
The Hamilton equations lead to a new set of equations of motion for the
particles and the thermostat degree of freedom s
~xi
d2~xi
F~i
=
−ξ ,
2
dt
mi
dt
!
N
dξ
1 X p~2i
=
− (m + 1)kB T ,
dt
Q i=1 mi

(3.16)

where ξ = (ds/dt)/s. The acceleration of the particle (d2~xi /dt2 ) has now an
additional term depending on the velocity of the particle and the thermostat variable ξ. The variable ξ evolves according to the second equation of
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(3.16) and can simply computed at each time step through finite difference,
i.e. ξ(t + ∆t) = ξ + (dξ/dt)δt. The artificial mass Q is a free parameter
which has to be determined appropriately. If Q is too large, then the energy
exchange with the thermostat is negligible and we recover the microcanonical ensemble. In the opposite case, small temperature fluctuations exhibit
spurious oscillations. A good criterion for finding an appropriate value of Q
is given by the width of the temperature fluctuations. Q is optimally chosen
if thermal fluctuations satisfy
r
2

2

hT i − hT i =

2
hT i,
dN

(3.17)

with d being the dimension of the system. Fig. 3.2 shows the temperature
fluctuations of a thermalised graphene sheet at 300 K with N = 250420
carbon atoms and thermal fluctuations hT 2 i − hT i2 ' 0.344, being close to
the value 0.49 computed with equation (3.17).

3.2.1

Maxwell-Boltzmann Distribution

A Maxwell-Boltzmann velocity distribution of the particles is expected, once
the system reaches thermal equilibrium. Thermal equilibrium can be only
reached if the artificial mass Q is chosen appropriately. We performed simulations of the graphene sheet and measured the velocity distribution of the
particles finding perfect agreement with the expected distribution as shown
in Fig. 3.2.
The Maxwell-Boltzmann velocity distribution reads
f M B (~v ) = 4π



mc
2πkB T

 32

2

~v 2 e

mc ~
v
− 2k
T
B

(3.18)

where kB = 1.38×10−23 J/K is the Boltzmann Constant and mc = 12 a.u. =
1.992647 × 10−26 kg is the mass of a carbon atom.
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Figure 3.1: Temperature of a Graphene sheet of 800×800 Å2 (250420 carbon
atoms). Main panel: Heating up procedure with temperature jumps of 10
K in a time interval of 1 ps. Thermal equilibrium reached after 30 ps. Inset:
After reaching thermal equilibrium, thermal fluctuations around T = 300 K.
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Figure 3.2: Velocity distribution f (v) of carbon atoms after reaching thermal
equilibrium. Quadratic graphene sheets of size 800 × 800 Å2 after 100 ps
have been used to measure the distribution. The black line corresponds to
the Maxwell-Boltzmann velocity distribution in three dimensions.
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Chapter 4

Numerical Solver for the
Electronic Flow
In this Chapter, we describe a numerical scheme to solve the relativistic
hydrodynamic equations (2.7), namely
∂µ N µ = 0,
∂µ T0µν = 0,
where N ν is the particle 3-flow and T0µν the energy momentum tensor. The
algorithm is based on the relativistic lattice Boltzmann model that has been
previously used to simulate electrons in graphene [30, 31, 32, 84, 85, 86].
The lattice Boltzmann theory is widely used for simulations of classical
fluids. It has been shown that in several cases it is more convenient to solve
the conservation equations by integrating the underlying kinetic equations
rather than solving the differential equations for the macroscopic variables
directly. The same is valid for the conservation equations (2.7) considered
in relativistic fluid dynamics. The underlying idea behind the Lattice Boltzmann method is that information is transported along links from a lattice
node to another one, rather than along space-time dependent trajectories
generated by the flow itself, as it is the case for hydrodynamic equations
[87]. Furthermore, diffusive transport emerges as a collective property from
the adiabatic relaxation of the momentum-flux tensor to its local equilibrium
value, rather than being described by second-order spatial derivatives. This
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is crucial to ensure a balance between first-order derivatives in both space
and time, which is essential for the relativistic hydrodynamic equations.
The lattice Boltzmann equation is a linearised and integrated Boltzmann
equation. It converges to hydrodynamics in the macroscopic level, with a
second order correction to the shear viscosity κ [88]. Recently, a relativistic
lattice Boltzmann method has been developed by M. Mendoza et al. [86],
and later extended to consider the Fermi-Dirac statistics in graphene [84].
This constitutes our base model to solve the relativistic Boltzmann equations
with the Anderson-Witting collision operator [89], which reads

pν U ν
f (xα , pα ) − f (eq) (xα , pα ) ,
(4.1)
2
cτ
with τ being the relaxation time and f (eq) (xα , pα ) being the equilibrium dispµ ∂µ f (xα , pα ) = −

tribution function. We rewrite the Boltzmann equation with the AndersonWitting collision operator as follows:
µ

p ∂µ f
p0

∂f
∂f
∂f
+ p1 1 + p2 2
0
∂x
∂x
∂x
∂f
p~
+ c 0 · ∇f
∂t
p

pα U α
= − 2 (f − f (eq) ),
cτ
pα U α
= − 2 (f − f (eq) ),
cτ
pα U α
= − 0 (f − f (eq) ),
cp τ

(4.2)

where both sides of the last equation have been multiplied by c/p0 . To
linearise this equation we make use of the multidimensional Taylor expansion
f (t + δt, ~x + (d~x/dt)δt) ≈ f (t, ~x) + (∂f /∂t + d~x/dt · ∇f ) δt + O(δt2 ),
with the partial derivative

df (t,~
x)
dt

=

∂f
∂t

+ (d~x/dt) · ∇f and ~v = d~x/dt = c~p/p0 .

Integrating over time leads to the lattice Boltzmann equation
p~
δt, pα ) − f (t, ~x, pα )
0
p

f (xα , pα ) − f (eq) (xα , pα ) δt.

f (t + δt, ~x + c
pα U α
=− 0
cp τ

(4.3)

In the specific case of graphene, the equilibrium distribution f (eq) (xα , pα )
is given by the ultrarelativistic Fermi-Dirac distribution, appropriate to describe the massless, fermionic relativistic fluid [57, 90, 91, 30],
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gs
1
,
(4.4)
ν
h2 e(pν U (x)−µ)/kB T (x) + 1
where gs = 4 accounts for the degeneracy of the electrons in graphene,
f (eq) (xα , pα ) = f F D (xα , pα ) =

xµ = (x0 , ~x) is the space-time vector with x0 = ct and ~x ∈ R2 , pν = (p0 , p~)
is the 3-momentum with
p0 =

E(|~p|) p 2 2
= m c + |~p|2 = |~p|,
c

U µ (~x) = cγ (1, ~u(~x)) is the group 3-velocity of the Fermion gas, µ(~x) is
the chemical potential and T (~x) the temperature. The factor γ is defined
p
by γ(~u) = 1/ 1 − |~u(~x)|2 /c2 . The 3-velocity satisfies U µ Uµ = c2 and the
3-momentum satisfies the relation
pµ pµ = m2 c4 = 0.

4.1

Equilibrium Distribution Expansion and
Momentum Space Discretisation

We expand the equilibrium distribution function with a family of polynomials in momentum space Pn (pα ) (see Section D of the Appendix) that
are orthonormal with respect to the Fermi-Dirac distribution at rest, i.e.
w(pα ) =

1
1
.
2π ln(2) ep0 +1

f

The expanded equilibrium distribution has the form

(eq)

α

α

α

(x , p ) ' w(p )

9
X

an (xα )Pn (pα ).

(4.5)

n=1

The coefficients an (xα ) are chosen accordingly such that the moments of the
expanded distribution function agree with the moments of the ultrarelativistic Fermi-Dirac distribution (4.4) which are given by

N µ(eq) = hpµ i(eq) = n

µν(eq)

T0

= hpµ pν i(eq) = ( + p)
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,
c

U µU ν
− pη µν ,
2
c

(4.6a)

(4.6b)
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Figure 4.1: Set of discrete velocities ~vj with j ∈ {0, ..., 5} for the relativistic
lattice Boltzmann model. All vectors have the same length and are connected
to six other neighbouring nodes.
where
0

(eq)

hg(p , p~)i

Z
≡c

g(p0 , p~)f (eq) (t, ~x, p0 , p~)

d~p
,
p0

(4.7)

with g(p0 , p~) being an arbitrary function in momentum space. Thus, the coefficients an (xα ) of the expanded equilibrium distribution function are fully
determined by the macroscopic variables U µ (xα ), n(xα ), (xα ) and p(xα )
present in the first and second moment of the equilibrium distribution. The
exact expression of the coefficients can be found in Section E of the Appendix.
To replace the integration in momentum space by a finite sum, we apply
the Gaussian quadrature introduced by Öttinger et al. [84]. The Gaussian
quadrature allows to compute the zeroth, first and second moment of the
expanded distributions exactly by using a reduced set of momentum vectors.
Interestingly, this Gaussian quadrature imposes a hexagonal lattice with 6
different velocity directions streaming to the neighbouring nodes, as shown
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Figure 4.2: Embedding of the honeycomb structure in the triangular lattice.
The circles represent the nodes of the honeycomb structure and the points
and crosses stand for the ghost nodes (which belong only to the triangular
lattice). The red nodes correspond to the simulation region while the blue
nodes represent the boundary.
in Fig. 4.1. The honeycomb structure, which spans the graphene membrane,
can be embedded into the lattice imposed by the Gaussian quadrature (see
Fig. 4.2). This is a very convenient result, because it allows to reproduce
with good accuracy boundary conditions when modelling nanoribbons or
other structures arising from graphene membranes. Note that the lattice
Boltzmann method only requires that the underlying lattice has sufficient
symmetries to fulfil the conservation equations and to secure isotropy.
The discrete momentum vectors (denoted by a tilde) read


~vj
,
p̃i = pk (1, cos φj , sin φj ) = pk 1,
c

33

CHAPTER 4. NUMERICAL SOLVER FOR THE ELECTRONIC FLOW

for i ∈ {1, ..., 18} with j = (i − 1) mod 6, k = d 6i e and
p1 = 0.4840534751554060637550794361591,
p2 = 2.4467448689670852668751189804200,
p3 = 6.4243522612255152565859012563254,
π
π
φj = + j .
2
3

(4.8)

With this discrete set of momentum vectors we can discretise the expanded
equilibrium distribution function (4.5)
(eq)
f˜i (xα ) = w(p̃αi )

9
X

an (xα )Pn (p̃αi ).

(4.9)

n=1
(eq)
The Gaussian quadrature ensures that the moments of f˜i (xα ) computed

with
µ

hp i =
hpµ pν i =

18
X
i=1
18
X
i=1

w̃i ˜(eq) α µ
f (x )p̃i ,
w(p̃αi ) i

(4.10)

w̃i ˜(eq) α µ ν
f (x )p̃i p̃i ,
w(p̃αi ) i

agree with the moments of the Fermi-Dirac distribution (4.6).
With the expanded distribution functions and the discretisation of the
momentum space at hand, we can construct the discrete lattice Boltzmann
equation. In other words, one needs to replace p~ by p̃i into Eq. (4.3), use
Eq. (4.9) and replace the integrals in Eq. (4.6) by sums. For instance, the
discretised lattice Boltzmann equation (4.3) which we use for the simulations
is given by
p̃1
p̃2
f˜i (x0 + δt, x1 + c 0i δt, x2 + c i0 δt) − f˜i (x0 , x1 , x2 )
p̃i
p̃i
(p̃i )α U α ˜(eq) ˜
=− 0
(fi − fi )δt.
p̃i cτ
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4.2. MACROSCOPIC VARIABLES AND
HYDRODYNAMICS

4.2

Macroscopic Variables and
Hydrodynamics

In this section we formulate the conditions required to fulfil the relativistic
hydrodynamic equations (first and second moment conservation) in Minkowski
space (2.7). We depart from the lattice Boltzmann equation with the AndersonWitting collision operator (4.11) and sum in momentum space.
For that purpose, we consider the contravariant particle 3-flow N µ and
the energy-momentum tensor T0µν defined by the first and second moment
of the discrete distribution function f˜i , i.e.

N µ (t, ~x) =

18
X
i=1

T0µν (t, ~x)

=

18
X
i=1

w̃i ˜ α µ
fi (x )p̃i ,
w(p̃αi )

(4.12a)

w̃i ˜ α µ ν
fi (x )p̃i p̃i ,
w(p̃αi )

(4.12b)

The moments of the equilibrium distribution function f (eq) can be expressed in terms of the macroscopic variables
N µ(eq) = n

µν(eq)

T0

= ( + p)

Uµ
,
c

U µU ν
− pη µν .
c2

(4.13a)

(4.13b)

By multiplying the moments with Uµ and using the relation (2.4) one
obtains
N µ(eq) Uµ =

µν(eq)

T0

n µ
U Uµ = nc,
c

Uµ = ( + p)

U µ Uµ U ν
− pη µν Uµ
c2

ν

= U .
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The first expression states that the carrier density n is given by the contraction of the particle 3-velocity Uµ with the first moment N µ(eq) , whereas
the second expression states that the particle 3-velocity U µ is an eigenvector
µν(eq)

of the equilibrium energy-momentum tensor T0

with eigenvalue . The

Anderson-Witting collision operator in Eq. (4.11) requires that
Uµ N µ = Uµ N µ(eq) = nc,

(4.15a)

µν(eq)

(4.15b)

T0µν Uµ = T0

Uµ = U ν ,

to conserve the number of particles and energy and momentum in our system. In other words, these conditions ensure that the first and second moment of the collision operator are zero, and therefore, does not add particles
nor momentum and energy to the system.

4.3

Adding Forces

In order to include forces FN and FTµ in the relativistic hydrodynamic equations (2.7), we make an expansion in terms of the family of orthogonal polynomials Pn (pα ) described in the Appendix D of another discrete distribution
function
α

h̃i (x ) =

w(p̃αi )

9
X

bn (xα )Pn (p̃αi ),

(4.16)

n=1

where the coefficients bn (xα ) are chosen accordingly such that the moments
of h̃i (xα ) satisfy

h1ih =

18
X
i=1

µ

hp ih =

18
X
i=1

w̃i
h̃i (xα ) = FN ,
w(p̃αi )

(4.17a)

w̃i
h̃i (xα )p̃µi = FTµ .
α
w(p̃i )

(4.17b)
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4.4

Lattice Boltzmann Algorithm

The lattice Boltzmann algorithm works with the set of the discrete momentum vectors p̃αi for i ∈ {1, ..., 18}, and the resulting discretised distribution
function f˜i (xα ) and h̃i (xα ). For each time step δt = 1 we perform the following procedure
1. Equilibrium distribution: Construct the discrete equilibrium distribution function using the macroscopic variables U µ (xα ), n(xα ), (xα ) and
p(xα ) which determine the coefficients a(xα ) of the expansion
(eq)
f˜i (xα ) = w(p̃αi )

9
X

an (xα )Pn (p̃αi ).

(4.18)

n=1

Similarly, we use FN (xα ) and FTµ (xα ) to determine the coefficients b(xα )
of the distribution function
h̃i (xα ) = w(p̃αi )

9
X

bn (xα )Pn (p̃αi ).

(4.19)

n=1

2. Collision: We apply the collision operator and obtain the post-collisional
distributions fˆi (xα )

c
(p̃i )α U α  ˜(eq) α
α
α
α
˜
ˆ
˜
fi (x ) − fi (x ) δt+ 0 h̃i (xα )δt. (4.20)
fi (x ) = fi (x )− 0
p̃i cτ
p̃i
3. Advection: We stream the post-collisional distributions to the nodes
in direction (1, p̃1i /p̃0i p̃2i /p̃0i )
p̃1
p̃2
f˜i ((t + δt), x1 + 0i cδt, x2 + i0 cδt) = fˆi (t, x1 , x2 ).
p̃i
p̃i

(4.21)

4. Computation of the new macroscopic variables.
(a) For that we first compute the moments of the new distribution
function using
N µ = hpµ i =
T µν = hpµ pν i =

18
X
i=1
18
X
i=1
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w̃i ˜ α µ
fi (x )p̃i ,
w(p̃αi )
w̃i ˜ α µ ν
fi (x )p̃i p̃i .
w(p̃αi )

(4.22)
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(b) Then we solve the eigenvalue problem
T µν Uµ = U ν ,

(4.23)

where we get the macroscopic variables (xα ) and U µ (xα ).
(c) Finally we use the relation
n = Nµ

Uµ
,
c

(4.24)

to deduce the density n(xα ) of the system and start over again
with step 1.
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Chapter 5

Scale and Conformal
Invariance of Graphene Sheets
In this Chapter, we perform atomistic simulations of suspended graphene
membranes at different temperatures. Temperature fluctuations deform the
underlying lattice structure, forming ripples and thus deviating from a perfectly flat sheet. As shown in Fig. 5.1, the surface of graphene membranes
shares some similarities to rough surfaces. We determine the Hurst exponent
of suspended graphene membranes and show that, independent of the temperature, graphene membranes possess scale invariant properties, expressed
for instance in a well-defined fractal dimension of the iso-height lines and
the area. Additionally, we provide numerical evidence that the iso-height
lines of graphene membranes are conformally invariant, whereas the ones of
RGS with the same Hurst exponent are not.
This Chapter is based on Ref. [92]: Conformal Invariance of Graphene
Sheets,, I. Giordanelli, N. Posé, M. Mendoza, and H. J. Herrmann.

5.1
5.1.1

Methodology
Graphene Sheets

We have simulated free standing graphene membranes using molecular dynamics with the AIREBO potential described in full detail in Chapter 3. We
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Figure 5.1: Graphene membrane after thermalisation. Inset: The blue points
represent carbon atoms that are above the iso-height plane. The red line
shows the contour lines, i.e. the intersection between the membrane and this
iso-height plane.
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have imposed free boundary conditions and restricted the analysis of L × L
  L 3L 

× 4 , 4 . We have performed
graphene membranes to the inner area L4 , 3L
4
simulations of quadratic graphene membranes of length 200 Å, 400 Å, and
800 Å, at different temperatures, i.e. 100 K, 300 K, and 600 K. A simulation
time step of one fs was enough to capture the carbon-carbon interactions.
We let the samples evolve 1.4 ns, 3 ns, and 13 ns, for system sizes 800 Å,
400 Å, and 200 Å, respectively. We control the temperature with a NoséHoover thermostat. Each simulation starts with a flat graphene membrane
located in the x − y plane having small random perturbations in z-direction
(to break the symmetry) and zero initial velocity (zero temperature). For
each temperature and system size, we perform three independent simulations
with different initial perturbations. We use an equilibration time of 0.2 ns
to reach the desired temperature and verify that the respective MaxwellBoltzmann distribution for the velocities is recovered (see Section 3.2.1).
From each simulation, we extract graphene sheets in intervals of 5 ps. Following this procedure, we obtain for each temperature up to 720, 1680, and
7680 graphene sheets for 800 Å, 400 Å, and 200 Å, respectively.
For each of these sheets, we determine the percolation threshold and
extract the path at this threshold. The percolation threshold can be found
by starting from the highest point of the membrane and then systematically
lower the height until a cluster, formed by carbon atoms bounded by covalent
bonds to their neighbours, meets both opposite sides. This resulting heightthreshold is the percolation threshold and the boundary of the cluster is the
percolation path. Figure 5.1 shows in the inset a graphene sample at the
percolation threshold, where only the atoms above the percolation threshold
are showed. The red line denotes the boundary of the clusters present at
the percolation threshold. The percolation path is the part of the red which
meets both sides of the graphene sheet.

5.1.2

Random Gaussian Surfaces

In order to compare graphene membranes with RGS, we generate the latter
ones by using the so-called Fourier Filtering Method (FFM). In contrary to
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graphene sheets, where simulations are performed in real space expressing
physical interactions between atoms, RGS are constructed in Fourier space,
and can be designed to have a desired Hurst exponent. In the FFM method,
the Fourier coefficients of RGS are constructed using the decomposition
uq~ =

p
S(|~q|)ũq~eiφq~ ,

where ũq~ are standard Gaussian random variables, the phase φq~ are uniformly
random variables, and S(q) determines the Hurst exponent α via the relation
S(q) ∼ |~q|−2(α+1) [93]. Thus, by calculating the inverse Fourier transform of
uq~, one gets the RGS.

5.2
5.2.1

Self-Affinity
Hurst Exponent

Using the thermalised graphene samples, we compute the height-height correlation function, defined by
H(~r) = h|h(~x + ~r) − h(~x)|2 i,
where h is the height profile of the surface defined by the z component of the
atoms. For self-affine rough surfaces, the function H(~r) exhibits power-law
behaviour, i.e.
H(|~r|) ∝ |~r|2α ,
where the Hurst exponent α characterises the roughness of the surface. We
take the statistical averages (h...i) considering only carbon atoms that have
a certain distance from the boundary to avoid boundary effects. The results
presented in Fig. 5.2 indicate that within error bars the obtained Hurst exponent α = 0.72 ± 0.01 is independent of both, system size and temperature,
and is in agreement with the previous work by Abedpour et al. [15], where
it was found 0.6 < α < 0.74, even though they used different boundary
conditions.
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Figure 5.2: The height-height correlation function of the carbon atoms of the
graphene membrane. Main panel: For different system sizes at T = 300 K.
Inset: For different temperatures and a system size of 800 × 800 Å2 .
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Figure 5.3: Power spectrum of a graphene sheet of size 800 × 800 Å2 at
300 K. The solid line is a best fit of the points in an intermediate range.
The slope of the line is −2(α + 1) with α = 0.68 ± 0.05.
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The Hurst exponent can also be determined with the power spectrum
of the graphene membranes. The power spectrum Pq of the surface is the
square modulus of the Fourier coefficients uq
Pq ∼ |q|−2(α+1) .
Figure 5.3 shows a typical example of the power spectrum of a graphene
sheet. Both, the fractal dimension computed with the height-height correlation function and the power spectrum are in agreement with each other.
The existence of a Hurst exponent confirms the self-affinity property of
graphene membranes and thus sets our graphene sheets in the context of
rough surfaces. Furthermore, knowing α allows us to construct RGS with
the same Hurst exponent.

5.3

Scale Invariance

Self-affine surfaces often exhibit scale invariance, as it is also the case for
RGS [94]. In this section, we describe different scale invariant quantities
found in graphene sheets and RGS.

5.3.1

Fractal Dimension of Iso-Height Lines

We extract the contour lines for each graphene sheet (see Fig. 5.1) and each
RGS. In the case of graphene (RGS), we consider atoms (grid points) of
the surface that are at the percolation threshold and construct the contour
lines. We have used RGS with a mesh of size 400 × 400 grid points and
Hurst exponent α = 0.72. In Fig. 5.4, we show that the iso-height contour
lines of graphene membranes and RGS have the same fractal dimension of
df = 1.16±0.02. We have also performed simulations at higher temperatures
and measured the fractal dimension. By collapsing the data for different
temperatures we find that the fractal dimension is universal within error
bars up to 2700 K (see Fig. 5.5).
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Figure 5.4: Fractal dimension of iso-height lines at the percolation threshold. Main panel: Fractal dimension of the iso-height contour lines computed
with the yardstick method for RGS and graphene membranes at T = 300 K
and different system sizes. Inset: Fractal dimension df for graphene at different temperatures and system size of 800 × 800 Å2 . The solid line represents
the fractal dimension df = 1.28 predicted by the SLE theory, while the
dashed line corresponds to df = 1.16.
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Figure 5.5: Fractal dimension of the iso-height contour lines at the percolation threshold computed with the yardstick method for graphene membranes
at different temperatures and system size of 800 × 800 Å2 . The solid line
represents the fractal dimension df = 1.28 predicted by the SLE theory.
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Figure 5.6: Fractal dimension of the area enclosed by the iso-height contour
lines measured with the box-counting method. Main panel: The fractal dimension for different system sizes at T = 300 K. Inset: The fractal dimension
for different temperatures for a system size of 800 × 800 Å2 .

5.3.2

Fractal Dimension of the Area

The fractal dimension da of the area that the contour lines enclose has also
been measured (see Fig. 5.6), finding a value of da = 1.82 ± 0.01, which is
also independent of the temperature. Our results show that the iso-height
contour lines and the area enclosed by them possess scale invariant properties. We have also studied the fractal dimension of the watershed (defined in
Ref. [95]) of each graphene sample. A temperature invariant fractal dimension of those lines is found to be df = 1.07 ± 0.01. This result strengthens
the analogy of graphene membranes with other landscapes at criticality [96].

48

5.4. CONFORMAL INVARIANCE

5.4

Conformal Invariance

In the previous sections we have shown that the iso-height paths of graphene
sheets and of RGS are scale invariant. Scale invariance is a requirement for
conformal invariance. In order to confirm the conformal invariance of these
iso-height contour lines, we study the winding angle of the curves. The
winding angle θ between two points of the curve separated by a distance L
is defined as the oriented angle between the tangential vector of the curve at
the first point and the vector connecting the two points. The winding angle
distribution is expected to be Gaussian of mean hθi = 0 and variance
hθ2 i = a + 2 (df − 1) ln L,

(5.1)

where df is the fractal dimension of the curves, and a a constant [97, 98]. We
compute the variance of the winding angle, see Fig. 5.7, and found a value
df = 1.23 ± 0.03 for the fractal dimension of the curves using Eq. (5.1),
which does not differ significantly from the one obtained with the yardstick
method. This result is also independent of temperature. Furthermore, for a
given length L, the distribution of the winding angle displays the expected
Gaussian behaviour (see inset of Fig. 5.7). In the inset of Fig. 5.7 we have
compared the shape of the rescaled probability distribution of the winding
angle for L = 13.37 Å with the folded normal distribution with zero mean
µ = hθi = 0 and variance σ 2 = hθ2 i − hθi2 = hθ2 i
s
2 −θ2 /2hθ2 i
e
.
P (θ) =
πhθ2 i

(5.2)

The fact that the statistics of the iso-height lines satisfies Eq. (5.1), gives a
first numerical evidence for conformal invariance in graphene.
In order to further explore the conformal invariance property in Graphene
and RGS we use Schramm-Loewner evolution (SLEκ ) theory [8, 9, 10, 11, 12].
We do so, because curves that obey SLE statistics are conformal invariant
[8, 99, 100]. In this formalism, the fractal dimension df of SLEκ curves is
related to the diffusion constant κ of a Brownian walk obtained through a
conformal map by [101]:
df = min (2, 1 + κ/8) .
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Figure 5.7: Main panel: Mean hθi and variance hθ2 i of the winding angle θ of
the iso-height contour lines for three different temperatures T = 100 K, T =
300 K, and T = 600 K, in a semi-log plot. The mean is approximately zero
and the variance linear in ln(L). The solid line denotes the best fit. Inset:
Rescaled probability distribution of the winding angle for L = 13.37 Å,
compared to a folded normal distribution with zero mean (solid line).

50

5.5. FOURIER COEFFICIENTS DISTRIBUTION

Therefore to test the consistency of the iso-height contour lines with SLE,
one solves numerically the Loewner differential equation that describes the
conformal mapping [102, 99], and compares the diffusivity κ of the driving
function with the one computed using the fractal dimension and Eq. (5.3).
We have applied the slit map algorithm to the iso-height lines of graphene
and found a diffusivity κ = 2.24 ± 0.07 [92]. With Eq. (5.3), the SLE
theory predicts a fractal dimension of df = 1.28 ± 0.01, which does not differ
significantly from the fractal dimension found for graphene df = 1.16 ± 0.02
(see Fig. 5.4). From this, we conclude that although we do not have strong
evidence that iso-height contour line in graphene are conformally invariant
our results are in fair agreement with the SLE formulation. In contrast, for
the case of RGS, the diffusivity constant is κ = 3.7 ± 0.8 [92, 12]. Other
conformal invariant tests based on SLE theory can be found in [92].

5.5

Fourier Coefficients Distribution

We have seen that graphene sheets and RGS possess the same Hurst exponent but differ in the conformal invariant property. We have extended our
study to Fourier space to seek for further understanding of the discrepancies between graphene sheets and RGS with the same Hurst exponent. We
have taken the Fourier transform of the graphene membranes and also of
the RGS. By construction, the modulus of the Fourier coefficients, |uq |, of
RGS at each q follows a Gaussian distribution (the modulus of the coefficients follows a folded normal distribution with zero mean unit variance).
However, as shown in Fig. 5.8(a), by performing the same measurement in
graphene, we find a distribution that can be fitted with
2

f (|uq |) ∝ |uq | e−b|uq | .
Additionally, we have also analysed the phase of the Fourier coefficients,
finding that in both cases, they can be considered, with good approximation,
uniformly random (see Fig. 5.8(b)) and uncorrelated (for RGS, the phases
are uncorrelated by construction). For measuring correlations in the phase
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Figure 5.8: (a) The histogram of the modulus of the Fourier coefficients
for RGS and graphene. The circles represent the data obtained from the
graphene samples, the green dashed line belongs to the fit performed with
2

the function f (|uq |) ∝ |uq | e−b|uq | , while the red solid line represents the
Gaussian like function that characterizes the RGS. (b) Histogram of the
phase of the Fourier coefficients at a given q. The dark green line corresponds
to a uniformed distributed phase (also the case for RGS). (c) Autocorrelation
function of the phase of the Fourier coefficients φq averaged over all graphene
samples.

of the graphene membranes we have computed the autocorrelation function
(see Fig. 5.8(c)), which falls rapidly to zero. Thus, one can conclude that
the distribution of the modulus of the Fourier coefficients in rough self-affine
surfaces also differs from the one of graphene sheets. The reason why these
two surfaces are different from the conformal invariant point of view is still
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an open subject.

5.6

Time Evolution of the Contour Lines

Through the existence of a positive Hurst exponent we have shown that
deformations in the graphene sheets are correlated in space. However, the
surface of graphene membranes evolves in time and thus also the iso-height
lines at the percolation threshold are time dependent. Since we apply a
deterministic algorithm for the evolution of the graphene membrane, we
also expect a time correlation in the iso-height lines.
In this section, we provide some information on the time variability of the
iso-height lines at the percolation threshold by measuring the displacement
size and the inter-time distribution. The first is defined as the area
S(t) = |A(t) − A(t − δt)|
enclosed by the percolation paths at time t−δt and t with δt = 1 fs, whereas
the latter only considers the time intervals τ between two displacements that
are larger than the total average.
The main panel of Fig. 5.9 clearly shows a power-law in the displacement
size distribution n(S) ∝ S β with an exponent β = −1.26 ± 0.08. For the
inter-time distribution we first compute the change in displacement size
∆S(t) = |S(t) − S(t − δt)|.
As seen in the upper inset of Fig. 5.9, most changes are small with some
exceptions. For graphene membranes of size 800 Å, we have found an average
displacement of h∆S(t)it = 105.5 Å2 which we use to determine the intertime distribution n(τ ). We find a power-law behaviour for the inter-time
distribution n(τ ) ∝ τ γ with γ = −1.35 ± 0.09.

5.7

Experimental Realisability

For an experimental verification of our findings we need the height profile of suspended graphene membranes. However, it is still challenging to
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Figure 5.9: Main panel: Displacement size distribution of the percolation
path. The solid line denotes a power-law with exponent −1.26±0.08. Upper
inset: Displacement sizes as function of time (in fs). Lower inset: Inter-time
distribution of size displacements that are larger than the total average. The
solid line denotes a power-law with exponent −1.35 ± 0.09.
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measure the height profile of suspended graphene with an accuracy in the
sub-angstrom regime with current methods, because they are generally not
well applicable to suspended regions of a two-dimensional crystal (due to
its low binding rigidity). In the past few years, it has been possible to obtain the height profile of graphene grown on many different substrates, most
commonly on SiO2 [103, 104]. However, the substrates strongly influences
the graphene membrane and thus changes its shape. Recently, it has been
possible to measure the height profile of suspended graphene [105]. The
technique used is still at an elementary stage and has to be improved in
order to obtain sub-angstrom resolution. However, once this method is consolidated, we will be able to observe conformal invariance in experimental
samples of graphene.

5.8

Conformal Invariance in Other Semiconductors

Finally, one can also explore if the scale and conformal invariance properties
are typical for graphene or are present in other two-dimensional crystals. We
have made tests on suspended silicene, a membrane made with silicon atoms
which posses also a honeycomb lattice. Unfortunately, as shown in Fig. 5.10
we have found that it crumples and does not form a stable two-dimensionallike crystal, preventing us to perform the same analysis on silicene.

5.9

Summary

In this Chapter we have placed the study of graphene within the theory
self-affine rough surfaces and found that graphene has a Hurst well-defined
exponent α = 0.72 ± 0.01. We have also shown that the iso-height lines of
graphene sheets at the percolation threshold are scale invariant and provided
evidence that they might also be conformally invariant. These properties
are independent of temperature (within the range of 100-600 K). Conformal invariance of the iso-height lines is not a property that all rough self55
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Figure 5.10:

Main panel:

Simulation of suspended silicene, a two-

dimensional honeycomb lattice with silicon atoms.

The corresponding

Molecular Dynamics simulations have been performed with a potential suitable for silicon atoms described in Ref. [61]. Inset panel: Graphene membrane simulated with the Tersoff potential.
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affine surfaces share, as is the case of RGS. Therefore, by further analysis
of graphene surfaces and RGS, we have found that the distribution of the
modulus of the Fourier coefficients also defers between the two structures.
Finally, we have observed the a time correlation of the percolation paths by
studying the displacement size and in the inter-time distribution. The fact
that iso-height lines in graphene are conformally invariant place the study
of graphene within the theory of critical phenomena, belonging to a new
universality class.
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Chapter 6

Crumpling Damaged Graphene
In this Chapter, we study the crumpling process of damaged graphene membranes (DGMs). DGMs are based on graphene sheets which are damaged
by randomly allocated vacancies and neutralized with hydrogen atoms. We
develop a cooling procedure based on Molecular Dynamics to obtain the low
temperature state of the DGM. This procedure which mimics a cooling process in physics has been used to minimize the potential energy of the DGM.
Through molecular dynamics simulations we show that there is a clear transition from a flat membrane towards a crumpled DGM by increasing the
fraction p of vacancies. We analyse the transition through the radius of gyration Rg , the eigenvalues of the gyration tensor, and the fractal dimension.
We also study the role of non-covalent interactions (NCIs).
This Chapter is based on Ref. [106]: “Crumpling Damaged Graphene”,
I. Giordanelli, M. Mendoza, J.S. Andrade Jr., M.A.F. Gomes, H. J. Herrmann.

6.1

Methodology

We simulate DGMs using molecular mechanics with AIREBO potential. As
described in Chapter 3, the potential is defined by a sum over pairwise
interactions
X X
1 XX
T ORS
Ekijl
EijREBO + EijLJ +
V=
2 i j6=i
k6=i,j l6=i,j,k
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Figure 6.1: Typical realization of a damaged graphene membrane (DGM)
generated with a vacancy density of pc = 0.303 and a system size of L = 60 Å.
Green spheres represent carbon and white spheres hydrogen atoms. The
initial configuration is shown in (a). The corresponding crumpled DGM
after 1.8 ns at T = 0 K is shown in (b) without NCIs, and in (c) with NCIs.
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T ORS
where EijREBO represents the covalent bonding interactions, Ekijl
is the

torsion term that ensures the correct dihedral angles, and EijLJ is a modified
Lennard-Jones term accounting for the NCIs between the atoms [60]. EijLJ
only acts between atoms if they are not connected directly or indirectly
through covalent bonds within a range between 2 Å and 8.5 Å.

6.1.1

Construction of Damaged Graphene Membranes
(DGMs)

The initial building block for our DGM is a quadratic graphene membrane
(flat hexagonal carbon mantle) with an initial bond length of 1.4 Å ( which
is close to the equilibrium bond length of graphene) and an edge length of
L = 60 Å. The exact value of the initial bond length is irrelevant, since the
potential dynamically changes it, and finally adjusts it to the equilibrium
length. To introduce disorder, we create vacancies by randomly removing carbon atoms, obtaining vacancy concentrations ranging from p = 0 to
the critical percolation point pc = 0.303 for hexagonal lattices, which is the
highest possible vacancy concentration that can be achieved for our purpose,
because only small clusters remain for higher values of p. After damaging
the graphene membranes with vacancies, we extract the largest connected
cluster. Note that there is experimental evidence showing that if similar
graphene clusters (or flakes) have a certain size, then fullerenes cages can be
formed [17]. This carbon cluster is chemically very reactive because some
carbon atoms are left with less than three neighbours. We then reduce the
reactivity of the system by adding hydrogen atoms. To each carbon atom
with only two neighbours, we add a hydrogen atom in z-direction (randomly
up or down in order to avoid a preferred crumpling direction). For carbon
atoms with one single carbon neighbour, we add two hydrogen atoms, one in
positive and one in negative z-direction. Note that adding hydrogen atoms
is crucial for the stability of the DGM. If we do not add hydrogen atoms
to avoid the passivation of the dangling bonds, then we can only simulate
vacancy concentrations up to 10%. For higher vacancy probabilities, the
graphene sheet cannot recover and gets more akin to amorphous carbon.
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Thus, the presence of hydrogen atoms inhibit the saturation of benzene
rings in the disordered hexagonal lattice, allowing to keep sp2 hybridisation
and the conjugated bonds. By applying this procedure, we obtain for p = 0
a graphene sheet where the open edges with dangling σ−orbitals are terminated by carbon-hydrogen bonds. The densities of these DGM exhibit a
power-law dependence on p.

6.1.2

Thermalisation

We perform simulations with several realizations of DGM for different vacancy densities p. We set the time step for the molecular mechanics simulation to 0.1 fs, which is sufficiently small to capture the carbon-carbon
and the carbon-hydrogen interaction properly. In order to fix the temperature, we apply a Nosé-Hoover thermostat (see Section 3.2), obtaining the
equilibrium state of the DGM in the canonical ensemble (NVT).
Each simulation begins with a flat DGM located in the x − y plane with
a bond length bicc and bich for carbon-carbon bonds and carbon-hydrogen
bonds, respectively (see Table 6.1). Figure 6.1a) shows a typical initial
configuration with a given vacancy density p. A natural choice of the initial
bond-distance bicc would be close to a stable known configuration, in this
case a structure close to the one of graphene. During the simulation, the
bond lengths adjust dynamically in order to minimize the total energy and
are not fixed parameters of the simulations. Therefore, the precise value of
the initial bond length is not relevant, as long as it is in a suitable range
where we have stable covalent bonds between the atoms. Additionally, we
put an initial bond length of bich = 1 Å between the carbon and hydrogen
atoms, which is close to the equilibrium bond length between carbon and
hydrogen atoms found in hydrocarbon structures. Note that we could have
also started with a bond length bicc of 1.38 Å or 1.42 Å and this would not
have made any difference after reaching thermal equilibrium. We relaxed a
graphene sheet with initial bond length of 1.35 Å and achieved the same
equilibrium bond length mentioned above. However, if we would start with
a completely different bond length for a honeycomb lattice, let’s say 2 Å,
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then the initial configuration will recombine towards a completely different
structure or even to amorphous carbon. This process will only be initially
dominated by Van-der-Waals forces, since this distance is too large for the
covalent bond interaction in carbon.
This constructed configuration is not an energetically favourable configuration. A high temperature (and thus high velocity of the atoms) helps
to equilibrate faster towards a more natural conformation described by the
potential. Therefore, we put an initial temperature of Ti = 800 K, which
corresponds to an optimal value that is low enough to keep covalent bonds,
provides enough kinetic energy to explore the phase space, and speeds up
the equilibration process. After the construction of the initial structure, we
cool down the structure gradually using a step size of ∆T1 = 25 K in the
temperature interval T1 , giving enough time for equilibration at each temperature. Fig. 6.1b) shows a DGM during the cooling process. To increase
the precision during the last 25 K, we decrease the temperature step size
to∆T2 = 5 K in the temperature interval T2 until we reach 0 K. Note that,
the higher the temperature steps size, the longer it takes for the simulation
to achieve the new equilibrium, because large temperature changes produce
strong temperature fluctuations at the beginning of the thermalisation procedure. However, the smaller the temperature step size, the more intervals
between 800 K and 0 K we need. We found that ∆T1 = 5 K is a good
compromise. We defined the second interval T2 in order to achieve a better
precision in the last 25 K. The amount of time-steps required for equilibration strongly depends on the system size. Furthermore, for DGM, the
equilibration process is dominated by the carbon atoms, due to their higher
mass mc compared to the hydrogen atoms. The hydrogen atoms play a minor
role in the equilibration process. Therefore, we have chosen the equilibration time (∆t1 , ∆t2 ) in each temperature interval to be proportional to the
number of carbon atoms (Nc ) contained in the DGM. The pre-factors have
been determined empirically based on the energy evolution. Once we achieve
an equilibrium, the energy end temperature fluctuates around the desired
value and the velocity of each atom is determined by a Maxwell-Boltzmann
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Figure 6.2: Temperature evolution of a DGM with p = 0.13 Å. The DGM
has 1193 carbon atoms and 543 hydrogen atoms. The jumps represent the
temperature changes. After each jump the DGM has enough time to equilibrate to the new temperature.

distribution (see Section 3.2.1).
Once the sheet reaches 0 K, we achieve the desired structure and start
performing the measurements for the fractal dimension. Figure 6.1c) shows
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Parameter

Description

mc = 12 a.u.

Mass in atomic units for carbon atoms

mh = 1 a.u.

Mass in atomic units for hydrogen atoms

bicc = 1.4 Å

Initial bond length of carbon-carbon bonds

bich

Initial bond length of carbon-hydrogen bonds

= 1.0 Å

σcc = 3.4 Å

Lennard Jones parameter for carbon carbon interaction

Ct = 2.5 σcc

Cut-off length for the potential

Nc

Carbon atoms

∆t = 0.1 fs

Time step

Ti = 800 K

Initial temperature

800 K ≥ T1 ≥ 25 K

Temperature interval 1

25 K ≥ T2 ≥ 0 K

Temperature interval 2

∆T1 = 25 K

Temperature step difference in T1

∆T2 = 5 K

Temperature step difference in T2

∆t1 = 57 Nc

Time steps for each interval t1

∆t2 = 17 Nc

Time steps for each interval in t2

Q = Nc /65000

Free parameter for the Nosé-Hoover thermostat

Table 6.1: Complete table with the parameters required to reproduce the
molecular dynamics simulation for damaged graphene membranes.
a typical DGM at 0 K. Finally, in order to analyse the influence of the NCI,
we deactivate the EijLJ interactions of the potential described in Eq. (3.10),
repeat all simulations, and compare the results with the corresponding ones
obtained when NCIs are present.

6.1.3

Gyration Tensor

The DGM structures are characterized in terms of the gyration tensor. We
first compute the center of mass, i.e.
~rcm = 1/M

N
X
i=1
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where M is the total mass of the structure (see Table 6.1), and shift the
origin of the coordinate system to the center of mass frame. The gyration
tensor is then obtained by
Smn

N


1 X  (m)
(n)
(n)
(m)
ri − rcm ,
mi ri − rcm
=
M i=1

(6.1)

where m, n ∈ {1, 2, 3}. This matrix is symmetric and, therefore, its eigenvalues λn are real and their associated eigenvectors orthogonal to each other.
The eigenvalues λn correspond to the extensions in the direction of their
eigenvectors and are ordered λ3 ≤ λ2 ≤ λ1 . The sum of the eigenvalues
gives the square of the radius of gyration,
Rg2 = λ1 + λ2 + λ3 .

(6.2)

The radius of gyration Rg is an appropriate measure to quantify the compactness of various structures, like for instance organic molecules [107].

6.1.4

Fractal Dimension Measures

6.1.4.1

Sand-Box Method

To obtain the fractal dimension we use the sand-box method through the
relation M (r) ∝ rdF , where M (r) is the mass of the atoms contained in a
sphere of radius r and origin at the closest atom to the center of mass. We
compute M (r) in discrete exponential intervals, rk = 1.05k , where k ∈ N.
With the sand-box method we obtain a dF for each single DGM.
Note that in order to determine the fractal dimension systematically
and consistently, we have to determine first the power-law range for each
DGM separately. Figure 6.3 shows a typical example for a fitting range to
determine dF . We adopt aRg , with a = 0.19, for the lower threshold and
the radius of gyration Rg itself for the upper threshold. In Fig. 6.8(b) we
see that the sphere with radius Rg is completely contained in the isotropic
part of the DGM. Therefore, Rg is an appropriate upper bound for the fit
of the fractal dimension. After determining the fractal dimension for each
DGM separately, we average over all DGM realizations.
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Figure 6.3:

Typical example of the fitting used to obtain the fractal di-

mension with the sand-box method. Here, we adopt aRg , with a = 0.19,
and Rg as appropriate values for the lower and upper threshold, respectively.
The dashed green lines delineate the thresholds of the scaling region. The
fractal dimension for this particular case is 2.71 ± 0.03 and corresponds to
a graphene sheet with p = 0.28.

6.1.4.2

Ensemble method

We provide an additional method to compute the fractal dimension of DGM,
which we will call the ensemble method. It is based on the relation between
the radius of gyration Rg and the mass M of DGM.
If the structure is fractal, Rg should relate with the mass M of the total
DGM as a power law,
1

Rg ∼ M dF
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Figure 6.4: The dependence of Rg on the vacancy density p for different
temperatures considering the presence of NCIs. The snapshots of the DGMs
were taken at T = 0 K for for vacancy densities p ∈ {0.05, 0.16, 0.28}. The
error bars are smaller than the symbols.
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6.2
6.2.1

Crumpling Transition in DGMs
Crumpling Transition in Absence of Thermal
Fluctuations

Figure 6.4 shows the radius of gyration Rg for different temperatures and vacancy densities p. We observe that Rg is strongly dependent on temperature
and can vary as much as 30% for high values of p. This is in agreement with
the fact that thermal fluctuations act stronger on the out-of-plane bending
modes than on the in-plane stretching modes [108]. After equilibration at
0 K, where thermal fluctuations are absent, we obtain for high values of
vacancy densities p the most compact structure, i.e. having the smallest Rg .
There are two explanations for this behaviour. First, the higher the value of
p, the less carbon atoms are contained in the graphene membrane, leading to
a less extended system. Second, and more important, the DGM undergoes
a transition in region II (0.1 < p < 0.22, see Fig. 6.4), leading to a more
compact object, and consequently to a smaller value of Rg .
Furthermore we find, by considering different system sizes, that DGMs
display self-similarity for all vacancy densities p and that the transition in
region II is also reflected in an increase in fractal dimension dF . From
Figure 6.5 we deduce that for high vacancy densities the fractal dimension
converges towards dF = 2.71 ± 0.02 during the cooling process.
Note that we also measured the fractal dimension for different vacancy
densities p of thermalised DGMs with the ensemble method. As shown in
Fig. 6.6, a transition from a flat to crumpled DGMs is also visible. However,
the plateau obtained with the sand-box method (seen in region III of Fig. 6.5
and Fig. 6.9) is more pronounced than the one with the ensemble-method
seen in Fig. 6.6. The discrepancies may be related to the fact that different
system sizes are required for an accurate result with the ensemble method.
However, small system sizes have a very small isotropic core and are thus not
appropriate for measuring the fractal dimension. In contrast, large system
sizes would produce accurate results but at a very high computational cost.
Therefore we used intermediate system sizes in the range of 24 − 60 Å for
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Figure 6.5: Convergence of the fractal dimension during the cooling process
computed with the sand-box method for different vacancy densities p. The
arrow is in direction of the cooling process towards 0 K. The dashed blue line
indicates the fractal dimension after thermalisation, i.e. dF = 2.71 ± 0.02.

70

6.2. CRUMPLING TRANSITION IN DGMS

3.0
2.8

dF

2.6
2.4
2.2
2.0
0.0

0.1

0.2

0.3

p
Figure 6.6: Fractal dimension dF computed with the ensemble method (characterized by Eq. (6.3)) for DGMs of different initial sizes ranging from
24 Å to 60 Å including NCIs.

the analysis of the fractal dimension with the ensemble method.

6.2.2

The Role of NCI in the Crumpling Process

One should note that Rg does not provide information on how the DGM
extends in different directions. This information can be retrieved from the
normalised eigenvalues of the gyration tensor. We denote the eigenvalues of
the gyration tensor of the DGM with NCIs by λn /Rg2 and the ones without
NCIs by Λn /Rg2 (see Fig. 6.7). In region I (p ≤ 0.1), the DGM has only
a few local vacancies and hydrogen atoms. The fractal dimension of both
simulations (with and without NCIs) is dF ≈ 2 (See Fig. 6.9), indicating
that the DGM remains virtually a flat object (exhibiting small ripples).
This finding is confirmed in Fig. 6.7 by the fact that two eigenvalues have
almost the same value and the third one is close to zero (λ3 /Rg2 , Λ3 /Rg2 ≈ 0).
In contrast to region I, we observe that in region III the DGM extends
in all three principal axes (λ3 /Rg2 , Λ3 /Rg2 > 0) being essentially isotropic
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Figure 6.7: The dependence of the normalised eigenvalues λn /Rg2 and Λn /Rg2
(for n ∈ {1, 2, 3}) of the gyration tensor on the vacancy density p for simulations with all interactions (blue squares, circles and diamonds) and without
NCIs (red triangles), respectively.
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close to the center of mass (within a radius ≤ min{λ1 , λ2 , λ3 }. as shown in
Fig. 6.8(b)). In this case, the sheets crumple resulting in a fractal dimension
dF = 2.71 ± 0.02, when all interactions between two atoms are considered.
The three eigenvalues (λn ) do not change significantly in this region. Surprisingly, the simulations without NCI reveal a much smaller fractal dimension,
dF = 2.30 ± 0.05, showing that the NCI play a crucial role in compressing
the DGMs.
As depicted in Fig. 6.9, the crumpling transition takes place in the intermediate region II, for which 0.1 < p < 0.22. Close to p = 0.1, some
stronger deformations orthogonal to the original plane of the hydrocarbon
sheet (p = 0) become visible (as an increase in λ3 /Rg2 , Λ3 /Rg2 ) and a characteristic direction for each DGM can be observed, as reflected by an increase of the ratios λ1 /λ2 , Λ1 /Λ2 . Note that the anisotropy reflected in the
eigenvalues is a consequence of computing the eigenvalues for each single
DGM instead of considering the average over all DGM samples together.
Due to randomness, the underlying cluster from which each single DGM
is constructed has a characteristic direction and therefore λ1 > λ2 . This
anisotropy vanishes if we would overlap all DGMs at the center of mass and
evaluate the eigenvalues of this structure.

6.2.3

Reversibility of NCIs

From Fig. 6.9, we can also make some observations concerning the reversibility of switching on/off the NCIs. For that purpose, we performed simulations
including all interactions and, afterwards, equilibrated again without NCIs
(and vice versa). We found that the fractal dimension after equilibration
does not depend on how the DGM was equilibrated before and therefore we
can conclude that the process of switching on/off the NCIs is completely
reversible.
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(a)

(b)

Figure 6.8: a) DGM at p = 0.16. The green points represent carbon atoms,
the blue points hydrogen atoms and the red point the center of mass. The
radius of the sphere corresponds to the radius of gyration Rg . b) The same
as in a), but with a DGM at p = 0.28. The radius of the sphere corresponds
to the radius of gyration Rg and covers the isotropic core of the structure.
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Figure 6.9: Fractal dimension dF computed with the sand-box method for
different fractions of vacancies p. The values of dF correspond to averages
over 40 realizations of DGMs for p < 0.1 and 100 realizations for all other
values of p. The blue circles correspond to the DGM after equilibration considering all the interactions. The dashed blue line indicates the average of dF
calculated over the values within region III. The red diamonds correspond to
dF after equilibration in absence of NCIs. The dashed red line is the average
of dF without NCIs for region III. The green squares result from simulations
that were first performed with all interactions and, after that, equilibrated
again without NCI. The black triangles correspond to simulations that were
first performed without NCIs and, after that, equilibrated again considering
all interactions.
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6.2.4

Contribution from Newly Formed Covalent Bonds

In principle, our simulation allows for the creation of new covalent bonds
during the crumpling process. It is reasonable to believe that possibly newlyformed covalent bonds increase the compactness of the structure. It might
be also possible that during the evolution, some new covalent bonds are
temporarily created. They could play an important role in the crumpling
transition.
To address these questions we modified the simulation such that, whenever new covalent bonds are formed, a force is produced that, tries to separate the covalent bonds again. This does not allow the DGM to keep
newly-formed covalent bonds. However, from Fig. 6.10 we infer that contrary to the significant influence of the NCIs, the impact of newly formed
covalent bonds on the crumpled structure is practically negligible. There
are some new bonds which are created, but they disappear again some time
steps later.

6.2.5

Anisotropy and Asphericity

The eigenvalues of the gyration tensor are also useful for computing several
shape descriptors. Shape descriptors of particular interest are the relative
shape anisotropy κ2 and asphericity b defined by
κ2 =

1
3 λ21 + λ22 + λ23
2 − ,
2 (λ1 + λ2 + λ3 )
2

b = λ1 −

1
(λ2 + λ3 ) .
2

(6.4a)

(6.4b)

The former is a measure for anisotropy and can reach values between 0 and
1. The value 0 occurs when all particles are spherically symmetric and thus
the structure is completely isotropic, 0.25 occurs when the particles lie on a
plane, and 1 occurs when all points lie on a line. From Fig. 6.11 we observe
that κ2 reaches a value of 0.25 for p = 0 and decreases for higher values of p,
providing evidence that DGM are more isotropic for large values of p. The
asphericity b, which is the second shape descriptor considered, is a quantity
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Figure 6.10: Comparison of the fractal dimension with and without penalty
for newly formed covalent bonds. The dashed lines indicate the average dF
calculated over the values within region III.
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Figure 6.11: Relative shape anisotropy κ2 and asphericity b computed with
the normalized eigenvalues λn /Rg2 .

that is 0 for particles that are spherically symmetric. The asphericity is also
decreasing as a function of p with a turning point in region II, which is the
region where the DGM crumples.

6.3

Crumpling of Other Materials

Interestingly, fractal dimensions comparable to our findings have been observed experimentally for dry and fresh cream layers, 2.65 ± 0.10 and 2.45 ±
0.15, respectively [109], as well as theoretically for saturated hydrocarbon
structures at the critical point of percolation, 2.63 ± 0.15 [110]. In the
first case, the fractal dimension is higher for dry layers because the water
molecules between the polymerised membrane is evaporated. The interactions with water molecules seem to screen the NCIs within atoms of the
polymerised membrane and, in analogy to our findings, produce a less compact structure. A well defined fractal dimension is also observed in many
other crumpling processes such as paper sheets [111] and wires crumpled
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to spherical compact balls [112, 113], just to name a few [114, 115]. In
Ref. [116], the authors studied self-avoiding surfaces as possible models of
rapidly polymerising polymer membranes and found that self-avoiding surfaces might act similarly to DGM without NCI, where only the short-range
covalent-bond repulsion is left. As a consequence, the reported Monte Carlo
simulations produced self-avoiding surfaces with dF = 2.35 ± 0.05, which is
in agreement with our results. The crumpling driven by mechanically compressing an isotropic elastic shell that contains a graphene membrane led to
the same fractal dimension within error bars [117].

6.4

Experimental Realisability

We expect an experimental confirmation of our results to be, in principle,
realizable by applying two concepts: in the first one, the creation of vacancies can be obtained by electron irradiation[16], ion irradiation [118, 119],
or by an adequate treatment with plasmas; and in the second, the addition
of hydrogen atoms could be in principle performed by exposing the membrane to a cold hydrogen plasma [120]. For instance, one could think of
a set-up, where sufficient hydrogen atoms are present during the damaging
process such that recombination of carbon atoms does not take place and
the removed carbon atoms gets directly replaced by hydrogen ones. This
has been already observed for oxygen atoms which bind on sub-nanometer
vacancy defects in the basal plane of graphene [121]. We could expect a possible extension for hydrogen atoms. Additionally, one can damage graphane
membranes instead of graphene [122], with an e-beam, and then using its reversible properties to release the residual hydrogen atoms that characterize
graphane [120].

6.5

Summary and Final Remarks

We have studied the crumpling transition of DGMs obtained by introducing
random vacancies and hydrogen atoms to a graphene sheet. By decreasing
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the temperature and thus also the potential energy we have found a transition from flat to crumpled DGM for high vacancy densities p. We could
delimit three characteristic regions, depending on the degree of damage imposed to the graphene sheets: in region I the DGM has a fractal dimension
close to two, in region II a system size dependent transition occurs and in region III, we observe essentially isotropic and crumpled DGM. The crumpled
graphene sheets are self-similar, with a fractal dimension of 2.71 ± 0.02 and
2.30 ± 0.05 for simulations with and without NCIs, respectively. Note however, that for low vacancy densities p (region I and II), the fractal dimension
must be evaluated carefully due to the high anisotropy of the structure (see
Fig 6.11, Fig. 6.8(a) and Fig. 6.8(b)). Therefore, the continuous change in
dF in region II seems to be only a finite-size effect and thus we expect that
this region will shrink to a transition point by increasing the system size,
leading to a discontinuous change in fractal dimension in the thermodynamic
limit. This transition point is the value which separates the two phases: For
low values of p we have the flat phase (including some ripples and wrinkles)
and for high values of p we have the crumpled phase.
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Modelling Electron-Phonon
Interactions in Graphene with
Curved Space Hydrodynamics
In this Chapter we introduce a different perspective on describing electronphonon interactions in graphene based on curved space hydrodynamics. Our
approach captures lattice vibrations as changes in the curvature of the space
in which electrons move following hydrodynamic equations. The change
in curvature introduces inertial corrections in the hydrodynamic equations.
Therefore, the corrections to the electronic flow arise naturally and mimic
the presence of electron-phonon interactions.
Here, we address the question whether these inertial corrections recover
the linear temperature relation of the electrical resistivity. For this purpose,
we use molecular dynamics simulations to simulate graphene membranes
at different temperatures and strains, and from the position of the atoms,
we build the underlying coordinate system in which the electrons flow, and
extract the inertial corrections to include them into the two-dimensional
hydrodynamic equations.
In Fig.7.1, we can observe how the presence of thermal fluctuations produces non-straight streamlines of the electron velocity field. Additionally,
the strength of the interaction is controlled by a coupling constant, which is
temperature independent.
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Figure 7.1:

Graphene membrane at 300 K where the electronic flow has

reached a steady state with α = 1. Streamlines indicate the velocity field of
the electronic flow that moves from left to right. The colours represent the
height.
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7.1

Methodology

To simulate the graphene sheets we use molecular dynamics with the AIREBO
potential described in Chapter 3. This many-body potential has been very
successful to reproduce the phonon dispersion curves of graphene [123], and
therefore, it is appropriate to study electron-phonon coupling.

7.1.1

Graphene Samples Preparation

In our simulations we consider suspended, graphene sheets of 99.2×100.4 Å,
100.6 × 101.6 Å and 102.1 × 103.0 Å corresponding to an initial bond length
of 1.38 Å, 1.40 Å and 1.42 Å, respectively. As shown in Fig. 7.2 the zigzag
edge is located along the x-direction (top and bottom) and accordingly the
armchair edge along the y-direction (left and right). The atoms can freely
move in all directions, except the ones at the left and right boundary, representing the electrical contacts (grey colour in Fig. 7.2). The distance between
contacts will be denoted by the contact distance Lx . Note that since the left
and right boundary are fixed, by changing the initial bond length, we are
effectively applying strain to the graphene samples. We simulate several
samples at different temperatures within the range of 100-600 K. To control
the temperature of the system, we use the Nosé-Hoover thermostat. All
molecular dynamics simulations are thermalised with a time step ∆t = 1 fs,
which is small enough to capture the dynamics of the carbon-carbon interactions accurately. Randomised velocities are attributed to the atoms at the
beginning of each simulation, breaking the initial symmetry of the graphene
sheet which lies in the x − y plane (see Fig. 7.2). After reaching thermal
equilibrium we are ready to couple the graphene sheet to the fluid solver
and introduce electrical currents.

7.1.2

Inertial Corrections

As described in Section 2.3, the electronic flow in Minkowski space is described by the relativistic hydrodynamic equations in two-dimensions, which
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arise from the conservation equations (2.7) of the particle 3-flow N µ and
energy-momentum tensor T0µν , i.e.

∂µ N µ = 0,

(7.1a)

∂µ T0µν = 0,

(7.1b)

where T0µν is the energy momentum tensor for flat space,
T0µν = ( + p)

U µU ν
− pη µν + π µν ,
c2

(7.2)

where the shear-stress tensor is given by π µν ≈ κ(η µλ ∂λ U ν + η νλ ∂λ U µ ). In
order to determine the inertial corrections that we need to include in the
hydrodynamics equations, we can have a look at the covariant formalism of
hydrodynamics. In this context, the conservation equations for the number
of particles and energy momentum tensor are given by
∇µ N µ = 0,

(7.3a)

∇µ T µν = 0,

(7.3b)

where the covariant derivatives ∇µ of the 3-particle flow and energy-momentum
tensor relate to the partial derivatives ∂µ as follows:
∇µ N µ = ∂µ N µ + Γµµλ N λ ,

(7.4a)

∇µ T µν = ∂µ T µν + Γµµλ T λν + Γνµλ T µλ ,

(7.4b)

where Γµµλ denote the Christoffel symbols which are computed with the metric tensor using
Γσµν

1
= g σρ
2



∂gµν
∂gρµ ∂gρν
+
−
ν
µ
∂x
∂x
∂xρ


.

(7.5)

Additionally, the energy momentum tensor in curved manifolds reads
T µν = ( + p)

U µU ν
− pg µν + π̃ µν ,
2
c
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where g µν is the metric tensor and π̃ µν the shear-stress tensor, which can be
approximated by the equation π̃ µν ≈ κ(g µλ ∇λ U ν + g νλ ∇λ U µ ). Henceforth,
we neglect higher order corrections of the shear-stress tensor by assuming
π̃ µν ' π µν . These higher order corrections can be neglected, as long as
the deviations of the curved space with respect to the Minkowski space are
small [57]. Using also the property that ∇µ g µν = 0, we can rewrite Eq. (7.3)
expressed with the energy momentum tensor in Minkowski space as
0 = ∇µ T µν ' ∇µ T0µν + (η µν − g µν )∇µ p
= ∂µ T0µν + Γµµλ T0λν + Γνµλ T0µλ + (η µν − g µν )∂µ p.

(7.7)

Note that the last three terms in Eq. (7.7) and the last term in Eq. (7.4a)
represent the inertial corrections for the energy-momentum and particle conservation equations, respectively.
We include these corrections with a coupling constant α which accounts
for the strength of the electron-phonon interactions. Thus, the set of hydrodynamics equations with the inertial corrections can be written as

∂µ N µ = αFN ,

(7.8a)

∂µ T0µν = αFTν ,

(7.8b)

FN = −Γµµλ N λ

(7.9a)

FTν = −Γµµλ T0λν − Γνµλ T0µλ − (η µν − g µν )∂µ p.

(7.9b)

with

To model the hydrodynamic equations, we use the lattice Boltzmann
solver described in detail in Chapter 4, and add the inertial contributions as
external forces. The model discretises the space in a regular triangular lattice, which we couple to graphene’s hexagonal lattice. As shown in Fig. 7.2,
the atom and ghost nodes form a two-dimensional manifold which can be
described by a discrete mapping
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ct
ct

 x0
Φ (ct, x, y)
 
,

Φ(ct, x, y) :  x  7−→  y0

(ct,
x,
y)
Φ


y
z0
Φ (ct, x, y)
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from the curved space to the three-dimensional flat space (reference frame
of the laboratory, where the metric is given by the Minkowski metric).
The metric tensor can be computed by
gµν =

∂Φα (ct, x, y) ∂Φβ (ct, x, y)
ηαβ ,
∂xµ
∂xν

(7.11)

where ηαβ are the components of the Minkowski metric


1 0
0
0


0 −1 0
0


ηαβ = 

0
0
−1
0


0 0
0 −1
Similarly, the Christoffel symbols are computed via Eq. (7.5). The derivatives in Eq. (7.11) and Eq. (7.5) are computed with the algorithm described
in the Appendix A.
We couple the fluid with the atomistic simulation using the same lengthscale x0 = ∆xM D = 1 Å and time scale t0 = ∆tM D = 10−5 fs. After each
iteration we compute the metric and the Christoffel symbols and simulate
the electronic flow until we obtain the electrical current at steady state.
The momentum change in the fluid is transmitted to the atoms to ensure
the total momentum conservation of the system.
The graphene sheet possesses zigzag boundaries at the left and right
end. For the fluid solver we impose periodic boundary conditions at these
boundaries, which also correspond to the in- and outlet. The top and bottom
of the graphene sheet possesses armchair geometry and, therefore, we impose
free slip boundary conditions.
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Lx

Figure 7.2:

Discrete mapping (dashed arrow) that describes the embed-

ding of the two-dimensional triangular lattice (bottom figure) in the threedimensional Cartesian space (top figure). The circles represent the atom
nodes and the points stand for the ghost nodes (which belong only to the
triangular lattice but not to the hexagonal one). The red nodes correspond
to the fluid region and the blue nodes belong to the boundary nodes (which
are required for the computation of the numerical derivatives). The electrical contacts are marked with grey at both ends of the graphene sheet. The
electrical contacts are separated by Lx .
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7.1.3

Dimensionless Quantities

In order to obtain general results and ease the understanding of our system,
we make the hydrodynamic equations dimensionless. The detail analysis can
be found in the Appendix C. After rewriting all the components in dimensionless quantities and assuming that the shear-stress tensor depends linearly
on the shear viscosity [57, p. 109] we find that the physics of the electronic
flow only depends on two dimensionless numbers: A1 = κ0 vF02 u0 /x0 0 , and
A2 = e0 E0 /x0 0 vF02 , where 0 , u0 , x0 , κ0 , e0 , and E0 are characteristic values
for the energy density, velocity, length, shear viscosity, electric charge, and
electric field, respectively. Note that 1/A1 is related to the Reynolds number
[124].

7.1.4

Simulation Parameters

The parameter range for the simulations is
0.14 ≤ A1 ≤ 2.05 and 10−8 ≤ A2 ≤ 10−6 .
To produce an electrical current, we apply an external electric field in x
direction, E x = 1.43×109 −1011 V/m. Note that these values for the electric
field are too large. However, if we use realistic values, when we transform
to numerical units, we obtain very small driving forces that are of the order
of the numerical errors. Since in our simplified model for graphene we have
found that the Ohm’s law is satisfied, we do not expect that the electrical
resistivity depends on the applied electric field, and therefore, these large
values should not have an influence on the measured value of the resistivity.
In our simulations, we set
n = 1.36 × 1013 /cm2 ,
1
p = µn ≈ 3.12 × 10−3 kg/s2 ,
3
 = 2p,
√
µ = ~c πn ≈ 6.89 × 10−20 kgm2 /s2 ≈ 0.43 eV,
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(7.12)
(7.13)
(7.14)
(7.15)
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where n is the carrier density, p the pressure,  the energy density and µ
is the chemical potential. We use the shear viscosity for doped graphene
described in Section 2.3 given by
κ(T ) = cν n(

µ 3
)2 ,
kB T

(7.16)

with cν ≈ 1.33 × 10−34 kgm2 /s ≈ 45 ~.

7.2

Linear Temperature Dependence of the
Resistivity

In Chapter 2 we provide an overview of the electronic properties found in
graphene in the high temperature regime. Here, we measure the resistivity
with our model and determine the appropriate coupling constant for comparing the model with experimental and theoretical findings in graphene. We
perform simulations for different strains and different values of the coupling
constant and measure the resistivity of the graphene sheets using Ohm’s
law, hρi = E x Ly /I(t → ∞), where the electrical current is given by
Z
I(t) =

Ly

en(ct, x = Lx , y)U x (ct, x = Lx , y)dy.

(7.17)

0

In Fig. 7.3, we observe that all our measurements of the electrical resistivity of graphene have a linear dependence with temperature, ρ = γs (α)T +
ρ0 (α, Lx ). This linear dependence is in agreement with experimental measurements and theoretical predictions [24, 25]. Additionally, the slope γs (α)
only depends on the strength of the coupling constant α but not on the
applied strain, which is also in agreement with previous works [26]. In our
simulations, we obtain γs (α = 1) = 180±20 Ω/K, γs (α = 0.5) = 44±7 Ω/K,
and γs (α = 0.1) = 1.3 ± 1 Ω/K. The factor γs can be compared with the
values from the Boltzmann transport theory [25], where
ρ = γT ≡

πD2 kB
T,
2 2
4e2 ~ρm vph
vF
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Figure 7.3:

Main figure: Temperature dependence of the electrical re-

sistivity of graphene due to inertial corrections for different coupling constants α. The dashed lines correspond to the best fit for the function
ρ = γs T + ρ0 = ρc + ρ0 for α = {1.0, 0.5, 0.1} with γs (α = 1.0) =
180 ± 20 Ω/K,γs (α = 0.5) = 44 ± 7 Ω/K and γs (α = 0.1) = 1.3 ± 1 Ω/K.
The colors and symbols represent graphene membranes with different strains
where red circles stands for a graphene sheet with size Lx = 99.2 Å, green
triangles for Lx = 100.6 Å and blue squares for Lx = 102.1 Å. Inset: γs dependence on α. In both figures, the errorbars are smaller then the symbols.
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with ρm = 7.6 × 10−7 kg/m2 being the mass density of graphene, vph the
phonon velocity and D the deformation-potential coupling constant. Experimental and theoretical results suggest that the deformation-potential vary
within the range of 4.5 ≤ D ≤ 50 eV [125, 126, 127], and phonon velocities
within 2 × 104 ≤ vph ≤ 3 × 104 m/s. Thus, one expects γ to be in the range
0.012 ≤ γ ≤ 2.8 Ω/K. From our results we deduce that by setting α = 0.1
we achieve a value of resistivity comparable to the one of graphene. We
can also observe from the inset of Fig. 7.3 that γs ∝ α2 . Note that there is
a component of the resistivity ρ0 which is independent of the temperature
but depends on the coupling constant and the applied strain. This residual
resistivity ρ0 might be related to the static corrugations (ripples) that are
present at any temperature. It is clear that the static ripples depend on the
applied strain and would reflect into a strain dependence of ρ0 . Furthermore,
since the coupling constant determines the strength of the interaction with
spatial deformations, in general, a dependence on the coupling constant is
also expected.

7.3

Non-Vanishing Curvature Scalar

The existence of a resistivity indicates the presence of dissipation. Recently,
it has been shown that energy dissipation in flows through curved manifolds
is related to the scalar of curvature [36]. The Ricci scalar (or curvature
scalar) is given by
Rµµ = g νσ (Γµνσ,µ − Γµνµ,σ + Γδνσ Γµµδ + Γδνµ Γµσδ )

(7.19)

We have analysed the Ricci scalar for different strains and temperatures
and found that its maximal absolute value remains constant during the time
evolution and depends only on the temperature of the system (see inset of
Fig. 7.4). As a function of temperature the Ricci scalar follows a power-law
with an exponent ≈ 1/2 that changes slightly due to the applied strain (see
main panel in Fig. 7.4). This finding is compatible with the fact that γs is
also virtually independent on the applied strain.
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Figure 7.4:

Maximal absolute value of the Ricci scalar |Rii | for graphene

membranes with distances Lx . Main panel: time averaged Ricci scalar h|Rii |i
for different temperatures and distances Lx . Red circles correspond to Lx =
99.2 Å, with an exponent 0.49 ± 0.02. Green triangles correspond to Lx =
100.6 Å, with an exponent 0.55±0.03. Blue squares correspond to Lx = 102.1
Å, with an exponent 0.64 ± 0.01. Inset panel: Time evolution of |Rii | of
graphene membranes at different temperatures for Lx = 102.1 Å.
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Figure 7.5: Main figure: Standard deviation of the heights σ as a function
of temperature for different Lx ∈ {99.2, 100.6, 102.1}. Inset: Temperature
averaged standard deviation hσi for different distances Lx .

7.4

The Role of Externally Induced Strain
on the Graphene Membrane

All simulations are performed with the same number of carbon atoms (N =
4114). The atoms at the left and right boundary are fixed at a distance
Lx from each other and are not allowed to move nor change their effective
bond lengths. The simulations are preformed for different Lx = 99.2 −
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104.2 Å which correspond to initial effective bond lengths a = 1.38−1.45 Å.
The distance Lx is related to the tension imposed on the graphene membrane. One expects that increasing Lx results in a stronger stretched membrane and the height fluctuations are reduced. Figure 7.5 confirms that the
p
height fluctuations hz 2 i − hzi2 depend on Lx and therefore also on the
strain imposed on the graphene membrane. Interestingly, the height fluctuations are independent on the temperature. In contrast, the width of the
effective bond length distribution presents a strong temperature dependence
as shown in Figures 7.6, 7.7 and 7.8.
This finding is related to the Ricci scalar analysis (see Fig. 7.4), where
it has been shown that the absolute value of the Ricci scalar has a much
stronger temperature dependence than a dependence on Lx . A higher temperature results in a broader width of the effective bond length distribution.
This leads to a higher average Ricci scalar and consequently to more curvature in the system. The curvature introduces shear which is responsible for
saturation of the current.

7.5

Summary

In this Chapter we have developed a model that considers inertial corrections
to account for the fluid - lattice (electron-phonon) interactions. We have
shown that inertial corrections lead to a linear dependence of the electrical
resistivity with temperature in suspended graphene, which is in agreement
with experimental measurements of the electrical resistivity due to electronphonon interactions at high temperatures. We have introduced a coupling
constant α, which for values of α ≈ 0.1 one recovers the same values of resistivity known from theoretical predictions and experimental measurements.
This coupling constant characterizes effectively the strength of the electronphonon interactions in our model. We also analysed the maximal absolute
value of the curvature as function of temperature and found a power-law
behaviour with exponent ≈ 1/2 that changes slightly due to the applied
strain. Finally, by studying the height fluctuations of the graphene sheets,
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Figure 7.6: Distribution of the effective bond lengths for Lx = 99.2 Å. The
black line corresponds to a Gauss distribution with mean µ and standard
deviation σ.
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Figure 7.7: Distribution of the effective bond lengths for Lx = 100.6 Å. The
black line corresponds to a Gauss distribution with mean µ and standard
deviation σ.
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Figure 7.8: Distribution of the effective bond lengths for Lx = 102.1 Å. The
black line corresponds to a Gauss distribution with mean µ and standard
deviation σ.
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we also discovered that by increasing the temperature, the height fluctuations remain almost unchanged. However, larger deviations from the average
carbon-carbon bond length are induced, and consequently, larger local values of curvature are expected. In our model, larger curvature implies larger
energy dissipation, and consequently, larger electrical resistivity.
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Chapter 8

Conclusions and Outlook
In Chapter 5, we have addressed the question of whether the iso-height
lines in graphene possess scale and conformal invariant properties. To answer this question, we have first shown that the deformations in graphene
membranes exhibit self-affine properties characterized by a Hurst exponent
α = 0.72 ± 0.01 and thus place graphene within the framework of rough
surfaces. We have then shown that graphene expresses scale invariant properties at the percolation threshold in the area and in the iso-height lines
independent of temperature (within the range of 100-600 K). Furthermore,
we have provided numerical evidence for conformal invariance. Conformal
invariance of the iso-height lines is not a property that all rough self-affine
surfaces share. We compared the iso-height lines of graphene sheets with the
iso-height lines of a random Gaussian surface with the same Hurst exponent
and found that they not only disagree in the fractal dimension but also in
the distribution of the modulus of the Fourier coefficients. Our finding provides numerical evidences for a conformal invariant system in nature. This
result can be used to construct self-affine surfaces with conformal invariance
properties. Additionally, the fact that iso-height lines in graphene are conformally invariant places the study of graphene within the theory of critical
phenomena, belonging to a new universality class.
The thermal fluctuations responsible for deformations in the membrane
can also lead to crumpling of the graphene sheet. In Chapter 6 we have
addressed the question concerning the stability against damage, i.e. how
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high can the vacancy probability p be, before damaged graphene membranes
crumple. Damaged graphene membranes are obtained by introducing random vacancies and hydrogen atoms to a graphene sheet. We have shown
that there is a clear transition from a flat membrane towards a crumpled
damaged graphene membrane by increasing the fraction p of vacancies. The
crumpling transition has been analysed in terms of three different tools,
namely, the radius of gyration Rg , the eigenvalues of the gyration tensor,
and the fractal dimension. We observed that Rg decreases by decreasing
the temperature and by increasing p, providing information how a damaged graphene membrane crumples. We could delimit three characteristic
regions, depending on the degree of damage imposed to the graphene sheets:
in region I (p < 0.1), the damaged graphene membrane is only extended in
two principal axes and dF ≈ 2; in region II (0.1 < p < 0.22), a system size
dependent transition occurs from a flat to a crumpled object; and in region III (p > 0.22), we observe essentially isotropic and crumpled damaged
graphene membrane. The crumpled graphene sheets are self-similar, with
a fractal dimension of 2.71 ± 0.02 and 2.30 ± 0.05 for simulations with and
without non-covalent interactions, respectively. From this last result, we deduce that the non-covalent interactions play a crucial role in the crumpling
process during compression of damaged graphene membranes.
Finally, in Chapter 7 we have addressed the question whether inertial
forces arising from thermally induced deformations influence the electrical
conductivity of suspended graphene. To answer this question we have developed an unconventional approach to include in the ultrarelativistic hydrodynamic equations the inertial forces. We have shown that inertial corrections
lead to a linear dependence of the electrical resistivity with temperature in
suspended graphene, which is in agreement with experimental measurements
of the electrical resistivity due to electron-phonon interactions at high temperatures. To characterize the strength of the electron-phonon interaction
in our model, we have introduced a coupling constant α, which for values of
α ≈ 0.1 one recovers the same values of resistivity known from theoretical
predictions and experimental measurements. The resistivity depends on the
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coupling constant but not on the strain imposed to the sample. The latter
result is also in agreement with previous works. We also analysed the maximal absolute value of the curvature as function of temperature and found a
power-law behaviour with exponent ≈ 1/2 that changes slightly due to the
applied strain. Finally, by studying the height fluctuations of the graphene
sheets, we also discovered that by increasing the temperature, for our special configuration, the height fluctuations remain almost unchanged, larger
deviations from the average carbon-carbon bond length are induced, and
consequently, larger local values of curvature are expected. In our model,
larger curvature implies more energy dissipation, and consequently, larger
electrical resistivity.

8.1

Outlook

In the future, one could explore if scale and conformal invariance properties
are unique for graphene or if there are further crystalline two-dimensional
structures which share similar properties.
Other interesting questions arise from the model accounting for electronphonon interactions described in Chapter 7, as for instance, the dependence
of our results on the doping imposed on the electronic flow. Also the effect on the electronic flow of free standing graphene membranes would be
interesting, since there are theoretical indications that reduced strain leads
to a quadratic temperature dependence [128]. Therefore, if one can better
discern the influence of different types of vibrational phonons, e.g. flexural,
acoustic, and optical, then one could study how each single term introduces
curvature into the hydrodynamics system. By extending our Molecular Dynamics simulations, one can also explore the electrical resistivity due to the
electron-phonon interactions when the graphene sample is placed on a substrate [126]. Finally, the influence of the Coulomb potential arising from the
charge inhomogeneities also needs to be included in the future.
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Appendix A

Numerical Derivative
All relevant quantities in relativity like the metric and the Christoffel symbols are expressed as derivatives derivatives of the mapping. Therefore, a
fast and accurate algorithm for computing the derivatives is required. For
this purpose we use an algorithm to evaluate the derivatives of arbitrary
quantities on a regular triangular lattice (D2Q7) [129]. The considered vectors spanning the lattice are
!
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√ !
√ !
√ !
3
− 23
0
0
0
− 23
2
,
,
,
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~ci = {
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−1
0
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− 12
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and the weights w0 = 12 , wi =
of the lattice is cs =

1
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3
2
1
2

!
}

1
12

for i ∈ {1, ..., 6}. The sound speed
P6
given through i=0 ~ci~ci wi = 2c2s . For any function

Φ(~x) defined on the lattice, we con compute the derivative and the Laplace
operator through the relations
6
1 X
∇φ(~x) = 2
wi~ci Φ(~x + ~ci ),
cs i=0

(A.1a)

6
6
2 X
2 X
∆Φ(~x) = 2
wi (Φ(~x + ~ci ) − Φ(~x)) = (
Φ(~x + ~ci )) − Φ(~x)). (A.1b)
cs i=0
3 i=1
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Validation of the Relativistic
Hydrodynamics
In this Chapter we validate the numerical solver described in Chapter 4. For
that purpose we consider a system with a force in x direction and different
boundary conditions. We fist validate the numerical solver in Minkowski
space by comparing the results with an analytical solution of a simplified
model. With this solution we obtain an expression for the shear viscosity
present in the numerical solver. Afterwards, we apply a deformation on the
membrane, test the metric and Christoffel symbols and measure the flow on
this deformed membrane.

B.1

Force in Minkowski Space

Lets consider the case where the sheet is static and the height profile is
constant (w.l.o.g. z 0 = 0), then the discrete mapping is given by


 
ct0 = ct
ct
 0

x =x
 

.
Φ :  x  7−→  0

y
=
y


y
0
This case does not introduce any inertial corrections and is therefore
equivalent in solving the hydrodynamic equations (2.7) in Minkowski space.
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Figure B.1: Time evolution of the velocity in x-direction with a force in the
same direction. The red line line denotes the best linear fit to the numerical
data. The system considered has a system size of 68 × 34 Å and a force
Flbx = 4.718 × 10−8 in lattice units.
For all validations described in this section we apply an electric field acting
as a homogeneous force on the fluid


0



 
F~ ext = Fxlb  .

(B.1)

0
In a first case, we consider periodic boundary conditions in y-direction
and free-slip boundary condition in x-direction (i.e. U y = 0 on top and
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bottom boundary). We initialize the system with zero velocities and constant pressure and particle density. With these constraints we can derive
an analytical expression for U x (t). The conservation equations (2.7) in the
presence of force read
∂µ T0µν = F ν .

(B.2)

For the analytical expression, we consider the equation with ν = x and
assume that U y = 0. Additionally, we apply a weak force which produces
small velocities at the beginning of the simulation. Therefore,

Ux
c

 1 and

γ ≈ 1, which allows us to consider only the terms in the equation up to linear
order in U x . Furthermore, we can assume that the pressure and particle
density remains homogeneous and constant. Due to these symmetries, the
velocity U x is expected to depend only on time. Equation (B.2) can be
simplified to
+p
+p
1 +p
∂µ T0µx = ∂t ( 2 U 0 U x ) + ∂x ( 2 U x U x − p) + ∂x ( 2 U x U y )
c
c
c
c

+
p
1+p
∂t (γcU x ) = 2 ∂t U x
=
c c2
c
x
=F .

(B.3)

Thus since U x (0) = 0 we expect that
U x (t) =

c2 F x
t,
+p

(B.4)

which describes the evolution of the velocity in x-direction in time. With
the numerical values  = 2p = 2 and F x = 4.718×10−8 we expect a constant
acceleration of the fluid of

c2 F x
+p

= 1.57×10−14 . Note that with this choice, the

system does not have a dissipation mechanism. As a consequence, the fluid
is constantly accelerated and no steady state solution can be found. Fig. B.1
shows perfect agreement of the numerical simulation with the expected value.

B.2

Shear Viscosity in Minkowski Space

The shear viscosity is a transport coefficient that is characteristic for the
fluid. Therefore, it is important to be able to control it. In this section, we
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measure the shear viscosity in Minkowski space. The set-up is similar to
the one described in section B.1 except for the boundary conditions. Here
we apply the so called non-slip boundary condition (i.e. U x = 0 on top
and bottom boundary). Since the fluid moves along the x-direction, this
boundary condition introduces shear. This shear induces dissipation in the
system and therefore, there exists a steady-state solution where the energy
introduced by the electric field gets dissipated through the shear introduced
by the boundary. In the same spirit of Section B.1, one can derive an
analytical solution for the velocity in x-direction, which reads
Fx 2
(y − Ly y),
(B.5)
2κ
as shown in Fig. B.3 (green line). The result presented here is the relativistic
Ux (y) = −

analogue of the Poiseuille flow for the Navier-Stokes equations. The shear
viscosity κ is related to the relaxation time τ present in the RLB solver
through the expression κ(τ ) = A(+P )(τ − 21 )δt, where A is a constant. This
constant can be determined through simulating different set-ups and fitting
the analytical solution to the obtained Ux profile from the RLB solver. We
set P = 1 =


2

(using the equation of state  = 2P ) and δt = 1. We perform

10 simulations for different values of F x and τ , where 10−7 ≤ F x ≤ 10−6
and 0.6 ≤ τ ≤ 1. We find that the best fit to the analytical solution is
A = 0.252 ± 0.002 as shown in Fig. B.2.
Henceforth, we use the relation
κ(τ ) '

1
( + P )
(τ − )δt,
4
2

(B.6)

for the numerical value of the shear viscosity.

B.3

Metric Tensor and Christoffel Symbols

For some simplified transformations it is possible to solve the conservation
equation of the energy momentum tensor through standard numerical differential equation solvers. The numerical solution could serve as validation
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Figure B.2: Best fit for parameter A for different τ and Fx . The x-axis
denotes the sample number.
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for the Relativistic Boltzmann solver. In this section we consider a simplified transformation and solve the conservation equation using a standard
numerical solver. We compare the results with the output of the relativistic
lattice Boltzmann solver.
Lets consider the case where there sheet is static and the height profile
depending on the y-direction only, i.e.


0
ct
=
ct
 


ct


x0 = x

 

Φ :  x  7−→ 
,
0
y
=
y




3Ly
3Ly
y
((y−y0 )− 8 )2
((y−y0)− 4 )2
(y−y0 ) −
−
0
5Ly
Ly
− 30e
z (y) = 4 e
as depicted in Fig. B.3. This simplifies the considered equations sufficiently
such that it is possible to solve them directly with tools like Mathematica.
To construct the differential equation we need to compute the metric tensor
(7.11) and the Christoffel symbols (7.5).
The only non-trivial metric and Christoffel symbols component are g22
and Γ222 , respectively. Figures B.4 and B.5 show perfect agreement with the
analytical solution, which proofs that both quantities are computed correctly
within the RLB solver.
After the validation of the metric and Christoffel symbols we can proceed
our comparison with the numerical solver. We consider the same boundary
conditions as described in Section B.2, i.e. periodic boundary conditions
with addition of the non-slip boundary condition at the top and bottom of
the sheet (Ux = 0 at y = y0 and y = yN ).
The conservation equation of the energy momentum tensor is given by
Eq. (7.3). With the mentioned boundary condition and the assumption that
the shear stress tensor simplifies to π µν ≈ κ(g µλ ∂λ U ν + g νλ ∂λ U µ ), we are
able to solve the equation with a standard numerical differential equation
solvers implemented in Mathematica. The results are presented in Fig. B.3.
We observe that the solutions are in agreement with each other and differ
strongest, where the metric has large fluctuations. This simple test shows
also the limitations of the RLB solver.
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Figure B.3: Height profile in y-direction. The red line is generated in Mathematica and the blue crosses denote the height profile points in the RLB
solver. The length of the system is Ly = yN − y0 where y0 and yN are
the first and last nodes y-coordinate components of the RLB simulation,
respectively.

125

APPENDIX B. VALIDATION OF THE RELATIVISTIC HYDRODYNAMICS

-1

-1.1

g22

-1.2

-1.3

-1.4

-1.5
0

50

100

150

200

250

300

y
Figure B.4: g22 component of the metric tensor. The solid red line corresponds to the analytical expression whereas the blue crosses represent the
metric tensor component computed with the numerical derivatives in the
RLB solver.
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Figure B.5: Γ222 component of the Christoffel symbols. The solid red line
corresponds to the analytical expression whereas the blue crosses represent
the metric tensor component computed with the numerical derivatives in
the RLB solver.
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Figure B.6: Velocity profile of Ux in y-direction. The solid red line corresponds to the numerical solution of Mathematica whereas the blue crosses
represent the solution provided by the RLB solver. The green dashed line is
a guide that represents the analytical solution in the case where the sheet
would be flat.
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Dimensionless Quantities
In order to obtain general results we transform the hydrodynamic equations to dimensionless form and determine the dimensionless quantities that
~ decharacterise our systems. We also include a force density F~ ext = neE
~ to the energy-momentum conservation
scribing an external electric field E
equation (7.8).
To write the equations in a dimensionless form, we first express all relevant quantities in dimensionless form: x = x0 x0 , u = u0 u0 , t = t0 t0 ,  =
0 0 , E = E0 E 0 , κ = κ0 κ0 e = e0 e0 , n = n0 /x20 and vF = u0 vF0 where all
primed variables are dimensionless. Furthermore, the relation u0 t0 = x0
holds, which allow us to write the temporal derivative ∂0 = (1/vF )∂t =
(1/vF0 u0 t0 )∂t0 = (1/vF0 x0 )∂00 , and thus for vF0 = 1, the relation ∂µ = (1/x0 )∂µ0
is also satisfied.
We divide the energy-momentum tensor in an equilibrium part and dissipative part T µν = T µν(eq) + π µν . The equilibrium part can be written in
its dimensionless form T µν(eq) = 0 T 0µν(eq) . Assuming that the shear-stress
tensor is linearly dependent on the shear viscosity κ [57, p. 109] and taking
into account that the shear stress tensor has the same units as the energymomentum tensor (κ0 =

0 x0
),
u0

we get π µν = κ0 (0 /κ0 )π 0µν = κ0 (u0 /x0 )π 0µν .

The force densities (7.9) transform as FN = (0 /x0 )FN0 and FTν = (0 /x0 )FT0ν ,
respectively. This can be derived from the fact that, in our case, the metric is dimensionless and thus the Christoffel symbols (as derivative of the
0µν
metric) transform as Γµν
σ = (1/x0 )Γσ .
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With the considerations above, Eq. (7.8) read
1
1 0 0µ
∂ N = 3 FN0 ,
3 µ
x0
x0
0 0 0µν(eq)
∂ T
x0 µ

+ κx0 u2 0 ∂µ0 π 0µν(eq)

(C.1a)

(C.1b)

0

=

0 0ν
F
x0 T

+

e0 E0 0 0 0ν
neE .
x20

(C.1c)

While the first equation remains unchanged, we observe after multiplying by
(x0 /0 ) that the second equation only depends on two dimensionless numbers
A1 =

κ0 u0
x0 0

,

(C.2)

A2 =

e0 E0
x0 0

.

(C.3)

and
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Orthonormal Polynomials
In this section, we describe the family of orthonormal polynomials Pn which
are orthogonal with respect to the Fermi-Dirac distribution at rest, w(pα ) =
1
1
.
2π ln(2) ep0 +1
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P1 (pα ) = 1
12p0 ln(2) − π 2
P2 (pα ) = p
216 ln(2)ζ(3) − π 4
P3 (pα ) = π 4 (7π 2 − 2p0 (5p0 + 42 ln(2)) + 180p0 ζ(3)(π 2 + 12p0 ln(2) − 3240ζ(3)2 )
s
ln(2)
×
4
(π − 216 ln(2)ζ(3))
−1/2
× 49π 8 ln(2) − 210π 6 ζ(3) + 48600ζ(3)3 + 2250ζ(5)(π 4 − 216 ln(2)ζ(3)
s
ln(2)
P4 (pα ) = 2p1
3ζ(3)
s
ln(2)
P5 (pα ) = 2p1 (180p0 ζ(3) − 7π 4 )
2
1458000ζ(3) ζ(5) − 147π 8 ζ(3)
s
2
ln(2)
P6 (pα ) = (2(p1 )2 − (p0 )2 )
3
5ζ(5)
s
ln(2)
P7 (pα ) = 2p2
3ζ(3)
s
ln(2)
P8 (pα ) = 2p2 (180p0 ζ(3) − 7π 4 )
2
1458000ζ(3) ζ(5) − 147π 8 ζ(3)
s
4
ln(2)
P9 (pα ) = p1 p2
3
5ζ(5)
(D.1)
These polynomials satisfy the orthogonality relation
Z ∞ Z 2π
w(pα )Pn (pα )Pm (pα )dpdφ = δnm ,
0

0

 0


p
1
 


with pα = p1  = p cos φ.
p2
sin φ
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(D.2)

Appendix E

Equilibrium Distribution
Expansion
With the family of orthonormal polynomials we can expand the equilibrium
distribution (4.4) up to second order
f

(eq)

α

α

α

(x , p ) = w(p )

9
X

an (xα )Pn (pα ),

(E.1)

n=1

requiring that the equilibrium distribution fulfils the relations for the macroscopic moments of the Fermi-Dirac distribution (4.6) and for the zeroth moment the value h1i(eq) = A for an arbitrary A ∈ R . For the expansion we
use c = 1. The coefficients are given by
Z ∞ Z 2π
α
an (x ) =
f (eq) (xα , pα )Pn (pα )dpdφ,
0

0

and read explicitly
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a1 = A
−Aπ 2 + 12nU 0 ln(2)
a2 = p
−π 4 + 216 ln(2)ζ(3)
a3 = (−10p(−1 + (U 0 )2 )(π 4 − 216 ln(2)ζ(3)) + 2U 0 A(7π 6 − 3240ζ(3)2 )
+ 2U 0 (−π 4 (5U 0  + 42n ln(2)) + 90nπ 2 ζ(3) + 1080U 0  ln(2)ζ(3)))
s
ln(2)
×
4
(π − 216 ln(2)ζ(3))
−1/2
× 49π 8 ln(2) − 210π 6 ζ(3) + 2250π 4 ζ(5) + 48600(ζ(3)3 − 10 ln(2)ζ(3)ζ(5)
s
ln(2)
a4 = 2nU 1
3ζ(3)
s
ln(2)
a5 = 2U 1 (−7nπ 4 + 180U 0 (p + )ζ(3))
8
−147π ζ(3) + 1458000ζ(3)2 ζ(5)
s
2
ln(32)
a6 = ((U 1 )2 − (U 2 )2 )(p + )
15
ζ(5)
s
ln(2)
a7 = 2nU 2
3ζ(3)
s
ln(2)
a8 = 2U 2 (−7nπ 4 + 180U 0 (p + )ζ(3))
8
−147π ζ(3) + 1458000ζ(3)2 ζ(5)
s
4
ln(2)
a9 = U 1 U 2 (p + )
3
5ζ(5)
(E.3)
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Gaussian Quadrature
In order to recover the zeroth, first and second moment of the equilibrium
distribution we have to perform an integration in momentum space. By the
Gaussian quadrature theorem, the integration in momentum space for the
first three moments can be discretised by a sum over 18 momentum vectors
with three radial components and 6 angular components [84]:
p1 = 0.4840534751554060637550794361591,
p2 = 2.4467448689670852668751189804200,
(F.1)
p3 = 6.4243522612255152565859012563254,
π
π
φj = + j ,
2
3
with j ∈ {1, ..., 6}. The discrete momentum vector (denoted by a tilde) reads


1


p̃i = pk cos φj  for i ∈ {1, ..., 18} with j = (i − 1) mod 6 and k = d 6i e.
sin φj
This quadrature is fully compatible with the underlying triangular lattice,
avoiding any type of linear interpolation. The orthonormality relation reads
Z

∞

Z

δnm =

2π
α

α

α

w(p )Pn (p )Pm (p )dpdφ =
0

0

18
X

w̃i Pn (p̃αi )Pm (p̃αi ), (F.2)

i=1

with the set of polynomials (D.1) and the discrete weights
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w̃1 = 0.2228293234663998
w̃2 = 0
w̃3 = w̃1
w̃4 = w̃2
w̃5 = w̃1
w̃6 = w̃2
w̃7 = 0.0517906378512847
w̃8 = 0.0543673902311704
w̃9 = w̃7

(F.3)

w̃10 = w̃8
w̃11 = w̃7
w̃12 = w̃8
w̃13 = 0.0021965069456863
w̃14 = 0.0021494748387920
w̃15 = w̃13
w̃16 = w̃14
w̃17 = w̃13
w̃18 = w̃14
With this result we are able to exactly compute the moments of the
expanded distribution function f using the distribution function f (xα , pα )
with respect to the discrete momentum vectors p̃α , f˜i (xα ) = f (xα , p̃α ), with
i

the relations
h1i =

18
X
i=1

hpµ i =

18
X
i=1

hpµ pν i =

18
X
i=1

i

w̃i ˜ α
fi (x ),
w(p̃αi )
w̃i ˜ α µ
fi (x )p̃i ,
w(p̃αi )
w̃i ˜ α µ ν
fi (x )p̃i p̃i .
w(p̃αi )
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(F.4)

