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Abstract
When an oscillating mechanical structure comes into contact with a fluid, frequency and
damping of the vibration change depending on the physical properties of the surrounding
medium. This principle is applied in dynamic fluid sensing, where feedback control is
used to hold the oscillation at resonance, thus providing continuous measurement output
of the fluid parameters. Currently numerous applications exist in research and industry,
such as process devices, portable hand-held systems or lab-on-a-chip applications, where
usually one single frequency is controlled, mainly to determine the viscosity and density
of simple Newtonian fluids. However, often non-Newtonian fluids, especially viscoelastic
fluids, are the subject of interest. In this case, the dependence of the fluid parameters on
the frequency is of particular importance hence the fluid characterization requires the use
and interpretation of various frequencies.
The present thesis is concerned with the development of a measurement system that
uses various resonance frequencies of an oscillator. In order to obtain continuous measurement output, the corresponding natural vibrations are to be excited and controlled
simultaneously. Alongside the improvement of common resonance-based viscometers in
terms of robustness and accuracy, the development of a process rheometer is considered as
the main goal of this thesis. Furthermore, the analysis and design of appropriate control
concepts shall be emphasized. The thesis is structured in three parts: design and model
of the oscillator, analysis of the vibration control and applications in fluid sensing.
The design of the oscillator is based on a commercially available process viscometer
which uses torsional oscillations of a rod-like structure. In order to obtain as many
torsional resonance frequencies as possible in an accessible frequency range, the design is
adapted accordingly using a mechanical model of the structure. An analytical description
of the relationship between measurement parameters and physical fluid parameters is
presented that is valid both for Newtonian and linear viscoelastic fluids. Simple, explicit
equations can be derived for weakly elastic fluids, while implicit equations represent the
interaction between structure and strongly elastic fluids. Further, the analytical model is
used to investigate the influence of the immersion level of the sensor as well as temperature
effects.
The second part of the thesis presents the control concept that is used to evaluate
multiple resonance frequencies and modal damping values of an oscillator. The central
part of the control is a phase-locked loop (PLL), which stabilizes the phase shift between
excitation and response of the oscillator by adapting the excitation frequency. First, phase
controlled systems with one degree of freedom are investigated. Since the stability and
dynamics of the control loop strongly influences the measurement quality, an analytical
vii
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description of the phase/frequency behavior of the control loop is sought. However, the
classical oscillator turns into a highly nonlinear system when it is formulated in terms
of phase signals. This work presents a universally valid description in state space form
such that standard methods of nonlinear system theory can be applied. A linearization is
applied in order to formulate the transfer functions, which enable to effectively design the
controller. Since the analysis identifies the unknown damping ratio as crucial parameter
for the closed loop dynamics, two concepts are presented to overcome this issue, including
a continuous adaption of the controller parameters and a harmonic variation of the control
signal. Simulations with the nonlinear system as well as experiments with the torsional
oscillator validate the nonlinear and linear description.
In order to simultaneously control different resonance frequencies, multiple independent
PLLs are used of which each subsystem is responsible for one natural vibration. Since
the response signal of the oscillator contains all excited frequencies, each subsystem uses
an averaging phase detector in order to identify the phase shift at one defined frequency.
It is shown that the influence of interactions between the subsystems can be minimized
using the analytic system description.
The last part presents applications of the multi-frequency tracking as applied to fluid
characterization. A calibration of the sensor with Newtonian fluids confirms the excellent
analytical description of the fluid influence. The simultaneous evaluation of four damping
values enables the determination of the dynamic viscosity with a relative error of less than
1%.
Since the fluid characterization requires the unloaded oscillator as a reference, one
natural mode of the oscillator can be used to correct potential temperature shifts of the
reference frequency, even if the sensor is immersed in the fluid. This greatly improves the
accuracy of the viscosity measurement for situations of varying temperature conditions.
Further, the use of multiple frequencies in order to determine the immersion level of the
sensor is demonstrated.
Finally, different viscoelastic fluids are investigated at five frequencies between 2 kHz
and 20 kHz. Since the theoretical description of the fluid-structure interaction proves to
accurately model the reality, no further calibration of the sensor is required. Polymer-,
surfactant- and polysaccharide solutions are used as test fluids, which are additionally
characterized by means of a classical rotational rheometer (low frequency range) and
diffusing-wave spectroscopy (high frequency range). The comparison of all three methods
shows very good agreement and validates the application of resonant sensors as resonant
rheometer for viscoelastic fluids for the first time. The simplified, explicit sensor equations are validated for weakly elastic fluids thus enabling a measurement with very low
computational effort.
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Zusammenfassung
Kommt eine in Resonanz schwingende Struktur mit einer Flüssigkeit in Kontakt, ändert
sich die Frequenz und Dämpfung der Schwingung als Funktion der physikalischen Eigenschaften der umgebenden Flüssigkeit. Diese Eigenschaft wird in der dynamischen Fluidcharakterisierung genutzt, bei der die Schwingung mittels geeigneter Regelung ständig
bei Resonanz gehalten wird, so dass ein kontinuierliches Messsignal zur Verfügung steht.
Heutzutage kann dieses Prinzip in Prozessgeräten, tragbaren Messinstrumenten bis hin zu
Lab-on-a-Chip Anwendungen gefunden werden. In der Regel wird dabei eine einzige Resonanzfrequenz überwacht und die Viskosität oder Dichte von Newtonschen Flüssigkeiten
erfasst. Oft ist jedoch auch das Verhalten von nicht-Newtonschen Fluiden, insbesondere
viskoelastischer Fluide, Gegenstand von Forschung und Entwicklung. Dabei ist vor allem
die Abhängigkeit der Fluideigenschaften von der Schwingungsfrequenz von Bedeutung,
was die Verwendung und Auswertung von unterschiedlichen Frequenzen erfordert.
Die vorliegende Arbeit befasst sich mit der Entwicklung eines Messsystems, bei dem
mehrere Resonanzfrequenzen derselben Struktur verwendet werden. Dabei sollen die dazugehörigen Eigenschwingungen gleichzeitig und kontinuierlich angeregt und ausgewertet
werden. Neben der Verbesserung von Genauigkeit und Robustheit klassischer ResonanzViskosimeter ist die Entwicklung eines Prozess-Rheometers Ziel dieser Arbeit. Ein Fokus
wird ausserdem auf die Analyse und das Design geeigneter Regelkonzepte gelegt. Die Arbeit ist in drei Teile gegliedert: Design und Modellierung des Schwingers, Regelkonzepte
und –auslegung sowie verschiedene Anwendungen in der Fluidcharakterisierung.
Das Design des Schwingers basiert auf einem kommerziell verfügbaren Prozess Viskosimeter, welches Torsionsschwingungen einer stabförmigen Struktur verwendet. Ein mechanisches Modell des Schwingers wird verwendet um das Design so anzupassen, dass möglichst viele Torsionsschwingungen in einem messbaren Frequenzbereich auftreten. Eine
analytische Beschreibung der Zusammenhänge zwischen Messgrössen und Fluidparametern wird formuliert. Explizite Gleichungen können für Newtonsche und schwach elastische
Fluide hergeleitet werden, wohingegen die Zusammenhänge für stark elastische Fluide implizit gegeben sind. Mithilfe der analytischen Beschreibung kann zudem der Einfluss der
Eintauchtiefe des Sensors sowie der Einfluss der Temperatur beschrieben werden.
Der zweite Teil der Arbeit stellt das Regelungskonzept vor, um Frequenz und Dämpfung mehrerer Resonanzen eines Schwingers gleichzeitig zu messen. Es beruht auf der Verwendung eines Phasenregelkreises, welcher die Phasenverschiebung zwischen Anregungsund Antwortsignal mittels Anpassung der Anregungsfrequenz stabilisiert. Zunächst werden phasengeregelte Systeme mit einem Freiheitsgrad analysiert. Da die Stabilität und
Dynamik des gesamten Regelkreises einen entscheidenden Einfluss auf die Messqualität
ix
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hat, ist eine analytische Beschreibung des Regelkreises in Form von Phasensignalen notwendig. Allerdings ergibt sich in dieser Form eine stark nichtlineare Beschreibung des
Schwingers. Diese Arbeit präsentiert eine universell gültige, vollständige Beschreibung des
Regelkreises in Zustandsraumdarstellung, die die Verwendung von klassischen Methoden
der nichtlinearen Systemtheorie ermöglicht. Mittels Linearisierung werden die Übertragungsfunktionen des Regelkreises formuliert und Vorgaben für die Regelparameter hergeleitet, um die Resonanzfrequenz- und Dämpfungsmessung zu optimieren. Simulationen
des nichtlinearen Systems sowie experimentelle Untersuchungen validieren die nichtlineare
und lineare Beschreibung des Regelkreises. Da die unbekannte Dämpfung des Schwingers
als entscheidender Parameter für die Dynamik des geschlossenen Regelkreises identifiziert
werden kann, werden eine laufende Adaption der Regelparameter sowie eine harmonische
Änderung der Zielphase als alternative Regelkonzepte vorgestellt.
Zur simultanen Regelung unterschiedlicher Resonanzfrequenzen werden mehrere unabhängige Phasenregelkreise verwendet, wobei jeder Regelkreis für eine Resonanzfrequenz
verantwortlich ist. Da das Antwortsignal des Schwingers alle angeregten Frequenzen enthält, wird das Prinzip des klassischen analogen Multiplikators verwendet, welcher die
Detektion der Phasendifferenz bei nur einer definierten Frequenz ermöglicht. Es wird gezeigt, dass der Einfluss von Wechselwirkungen zwischen den einzelnen Subsystemen auf
Dynamik und Stabilität mithilfe der optimierten Regelparameter minimiert werden kann.
Im letzten Teil der Arbeit werden Anwendungen der Multi-Frequenz Regelung in Bezug
auf die Messung von Fluideigenschaften vorgestellt. Eine Kalibration des Sensors mit
Newtonschen Fluiden bestätigt die sehr gute analytische Beschreibung des Fluideinflusses.
Durch die gleichzeitige Auswertung von vier Dämpfungswerten kann die Viskosität mit
einem relativen Fehler unter 1% bestimmt werden.
Da sich die Referenzwerte, d.h. die Eigenschaften des Schwingers in Luft, durch Temperatureinflüsse ändern können, kann eine Schwingungsmode verwendet werden um die
Referenzwerte während des Messbetriebes zu korrigieren. Das führt zu einer deutlichen
Verbesserung der Messqualität.
Schliesslich werden verschiedene viskoelastische Fluide bei fünf Frequenzen im Bereich
von 2 kHz bis 20 kHz charakterisiert. Dank des analytischen Sensormodelles ist die FluidStruktur Wechselwirkung so gut beschrieben, dass keine zusätzliche Kalibration nötig ist.
Als Testfluide werden Polymer-, Tensid- sowie Polysaccaridlösungen verwendet, die zusätzlich mit einem klassischen Rheometer (niedriger Frequenzbereich) und mit DiffusingWave Spectroscopy Mikrorheologie (hoher Frequenzbereich) charakterisiert werden. Der
Vergleich zwischen den Ergebnissen des Torsionsschwingers und den alternativen Methoden zeigt sehr gute Übereinstimmung und bestätigt die Anwendbarkeit des Sensors
zur Messung linear viskoelastischer Flüssigkeiten. Die vereinfachten, expliziten Sensorgleichungen können für schwach elastisches Verhalten validiert werden und ermöglichen
eine Messung mit geringem Rechenaufwand.
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1. Introduction
1.1. Background and Motivation
The characterization of fluid properties is an important task in many areas of research,
development and production; be it the fundamental research of the flow behavior of complex fluids (rheology), the development of compact devices to make predictions about the
composition of fluids (e.g. for blood analysis) or sensors to ensure an error-free operation
in industrial production processes. The development of corresponding measurement systems is almost as old as the scientific study of flow processes itself and has led to a huge
number of measurement systems that are in most cases designed to be used in laboratory
environments. However, especially due to the advancing developments in micromachining and easy-to-use microcontroller platforms, a lot of effort has been made during the
last two decades to develop compact and relatively cheap devices that can be used more
flexibly as compared to the well-established laboratory devices.
In this context, the principle of resonant sensors has become the favorite measurement
method, since it allows for a very flexible design and easy integration into digital signal
processing. Resonant sensors are used in a variety of applications, ranging from density
[45] to mass flow [28] and viscometric measurements of which the latter shall be the focus
of this thesis. The central element of such a sensor is a vibrating structure, characterized by one or several resonance frequencies and the energy dissipated during one cycle.
Interaction between a surrounding medium and the structure leads to a change of the
vibration parameters with respect to a reference state [81]. Thereby, these measurement
parameters are considerably more sensitive to a change in the internal state as compared
to non-resonant devices where a static signal is evaluated. For example, a string may
easily double its resonance frequency due to the application of an external force, whereas
the same force yields the extension of the string by only a fraction. Furthermore, modern
signal processing devices allow to measure the frequency with very high precision [22].
But most notably, resonance sensors are perfectly suited to operate in combination with
a control system that permanently adapts the frequency of the vibration to the resonance
frequency, thus providing continuous measurement output.
This property together with potentially low manufacturing costs, compact dimensions
and the possibility of measuring in flowing media make resonant fluid sensors very convenient to be used as in-line measurement tools in order to monitor and control industrial
production processes. Applications can be found for example in food, cosmetics, petrochemical and general chemical industries. Hand-held devices to be used in laboratories or
construction sites for the quick characterization of paints and coats are another example
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of the wide field of applications.
Besides the tracking of the resonance frequency, it is often desired to evaluate the
energy dissipated during one cycle, characterized by the modal damping value of the
vibration. The damping is often less sensitive to measurement errors and additional
external influences such as temperature or pressure. The damping measurement can be
achieved by either measuring the whole frequency response of the sensor [115, 62], which
is accurate but very time consuming and not well suited for process control or capturing
changing states of the fluid. Alternatively, the evaluation of only a few (at least two) nonresonant frequencies provides a measure of the bandwidth of the resonance peak, which
is correlated to the damping [67]. This method yields higher speed but eventually less
accuracy [88] and may be critical in terms of stability of the frequency control due to the
permanent change of the target value.
To extend the range of applications of resonant fluid sensors to the field of nonNewtonian, especially viscoelastic fluids, the physical fluid properties are required to be
evaluated as a function of frequency. Therefore, multiple resonance modes of the oscillating structure are usually utilized, which enables the measurement at a certain number
of discrete frequencies. This offers great opportunities with respect to more compact
rheometers and enables to reach significantly higher frequencies than non-resonant based
devices. However, the demand of a fast measurement speed contradicts the requirement
of a broad, well resolved frequency spectrum since every frequency has to be evaluated
consecutively.
The motivation of this thesis is to overcome the aforementioned challenges by developing a control concept that enables the simultaneous control of multiple frequencies of a
resonator. Regarding the measurement of simple Newtonian fluids, multiple measurement
parameters can greatly improve the accuracy and may also enable a fast and effective compensation of unwanted external influences. This is of high interest in process or hand-held
devices where the measurement conditions often vary strongly.
The frequency dependent behavior of viscoelastic fluids can also be observed continuously, which could form the basis of low-cost process rheometers. This is of great importance in many fluid processing industries that involve operations on large volumes of
viscoelastic and viscoplastic fluids, such as plastics, paints, coatings or consumer products like creams or gels. Nowadays, many of these processes employ rheological testing for
process and quality control usually by taking a sample of the process fluid and performing the rheological characterization in a dedicated laboratory rheometer. This strategy,
however, is consuming many resources since a large number of sample-handling steps are
involved. Further, a time-lag between sampling and obtaining a measurement is introduced [74]. Since process applications demand a very reliable and robust operation of
the sensor in rough environmental conditions together with high measurement accuracy,
a well understood dynamic behavior of the sensor and its interaction with the fluid is of
utmost importance. This topic becomes even more important if the control of multiple
frequencies is sought, since interactions between the frequencies have to be avoided.
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The aim of this work is to provide a theoretical basis for the phase control of single and
multiple frequencies of oscillators and to develop a multi-frequency fluid sensor. Based
on previous research projects at the Institute of Mechanical Systems at ETH Zürich in
the field of on-line viscometry and density measurements e.g. by Dual [38] and Wattinger
[145], a sensor based on torsional oscillations should be developed in order to experimentally investigate and validate the theory. The design should be chosen with regard to
applications in process and laboratory environments for both Newtonian and viscoelastic
fluids. Especially the latter requires additional analysis concerning the fluid-structure
interaction and the corresponding sensor characteristics.

1.2. Fundamentals of Rheology
In this chapter the fundamental concepts of rheology that are important for this thesis are
introduced. To illustrate the variety of fluid behaviors, Fig. 1.1 shows a classification of
corresponding fluid models with respect to their constitutive equations. Rheology, or the
study of the flow of matter, has become an important field of scientific study, particularly
since E.C. Bingham introduced this term in 1920 after a number of important publications
[132]. In practice, rheology is principally concerned with extending the classical disciplines
of elasticity and (Newtonian) fluid mechanics to materials whose mechanical behavior
cannot be described with these theories.

Fluid
behavior

Nonlinear

Viscous

• Shear thinning
• Shear thickening
• Transient effects
• Bingham
• etc.

Linear

Normal
stresses

Viscoelastic
• UCM
• Oldroyd-B
• Giesekus
• etc.

Viscous

• Newton

Viscoelastic
• Maxwell
• Oldroyd
• Burgers
• Jeffreys
• etc.

Figure 1.1.: Classification of fluid behaviors (circles) and a selection of corresponding rheological
models (lists).
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1.2.1. Viscous Fluids
movable plate

fluid
stationary plate

Figure 1.2.: Velocity profile of a Newtonian fluid confined between a moving and a stationary
plate.

One of the most important properties of fluids is the response to a steady shearing
flow. This can be illustrated with the two-plate model: Imagine a fluid confined between
two infinite plates with distance h, of which one is fixed and the other is moving with
velocity vp , as shown in Fig. 1.2. It is assumed that only shear deformation occurs in the
fluid. The shear stress σxy,f in the fluid is then primarily dependent on the distribution
of the fluid velocity vf , the temperature T and time t [6]. There may be other influences
like pressure or humidity which are not considered in this model. The concept of viscosity
was introduced through Newton’s postulate in which the fluid exhibits a shear stress
proportional to the rate of the shear strain. The shear rate γ̇xy is measured in reciprocal
seconds and is given by
∂vf
γ̇xy =
.
(1.1)
∂y
In the case of the two-plate model, the shear rate is constant. Fluids that apply to
Newton’s formulation are called Newtonian and are described by
σxy,f = η γ̇xy ,

(1.2)

where the constant factor η is called coefficient of (shear) viscosity. It does not vary with
time and has units of [Pa·sec]. The viscosity is strongly temperature dependent, usually
decreasing with increasing temperature.
All fluids that exhibit a different behavior are called non-Newtonian, cf. Fig. 1.1. Numerous models have been developed to find a description characterizing as many different
fluids as possible, e.g. fluids showing a non-linear relation η(γ̇xy ) between shear stress and
shear rate (shear-thinning, shear thickening), additional normal forces or time dependent
effects (e.g. thixotropy or rheopectic) [7].

1.2.2. Linear Viscoelastic Fluids
A common non-Newtonian fluid behavior that has not been mentioned yet is viscoelasticity, which is one of the most important aspects in rheology. Viscoelasticity describes
material behavior that is intermediate between solid and liquid, i.e. fluids that exhibit an
additional elastic behavior or viscously damped solids. Such behavior occurs in many fluid
4
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systems such as polymer solutions or suspensions of colloid particles. The knowledge about
the viscoelastic parameters gives information about the interaction and microstructure,
as well as the dynamical properties of these systems, for example how the fluid behaves
in some non-linear flow [46]. In most cases, the linear regime suffices to describe the fluid
behavior or is at least building block for further investigations. Non-linear viscoelastic
behavior is usually exhibited when the deformation is large and most of the time when
the material changes its properties under deformation [11]. Since nonlinear behavior is
usually avoided, it is not considered in this thesis.
The relation between shear deformation and shear stress of linear viscoelastic materials
can be written in a generalized form
∂
∂a
∂b
∂
1 + α1 + . . . + αa a σxy,f = β0 + β1 + . . . + βb b γxy
∂t
∂t
∂t
∂t
!

!

(1.3)

with constant parameters αa and βb and a = b or a = b − 1 [104]. Assuming all parameters except β0 being zero, the well-known equation of Hookean elasticity arises, with β0
representing the shear modulus Gf . Purely viscous behavior is described if β1 is the only
non-zero parameter.
The simplest model for a linear viscoelastic fluid is the Maxwell model, which is obtained if the two parameters α1 and β1 are non-zero. The resulting differential equation
can be represented by a series connection of a spring and a dashpot, as shown in Fig. 1.3,
where the damper and the spring represent the viscous (β1 = η) and elastic behavior
(β1 /α1 = Gf ), respectively. If a strain is applied and removed after a certain time, the
stress will not vanish immediately as it would be the case for a purely viscous fluid, but
within a certain relaxation time τ = α1 [6]. Note that this behavior may not be mixed
up with time dependent effects of nonlinear, but purely viscous fluids.
γxy
σxy

σxy
Gf

η

Figure 1.3.: Mechanical spring-damper representation of the Maxwell model representing a fluid
with Newtonian viscous behavior and additional elasticity.

By increasing the number of non-zero parameters, numerous different fluid models have
been developed, e.g. by Burgers, Oldroyd, Jeffreys and others [6]. In 1950, Roscoe showed
that all models can be reduced to a connection of a finite number of Maxwell elements,
each with a different relaxation time [118]. If an infinite number of elements is considered,
a general description can be obtained, called the generalized Maxwell model. The theoretical extension to a continuous distribution of relaxation times is carried out by defining a
relaxation spectrum, which leads to the description of the stress response
σxy,f (t) =

Z t
−∞

R (t − t) γ̇xy (t) dt ,

(1.4)
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where the relaxation function R comprises the rheological properties of the fluid defined
by the relaxation spectrum [6].

1.2.3. Oscillatory Shear
If a fluid exhibits viscoelastic behavior it can both store and dissipate energy with the
relative proportions depending on the time scale of the deformation. Therefore, it is
convenient to measure the response of the fluid to oscillatory shear deformation in order
to gain information about the viscoelastic behavior.
In a simple thought experiment the fluid is considered to be bounded at one side by
an infinite plate that is harmonically vibrating in x-direction with a frequency ω, i.e.
vp (t) = v̂ p eiωt ,

(1.5)

as shown in Fig. 1.4. This is referred to as Stokes’ second problem. The solution to this

fluid

Figure 1.4.: Stokes’ second problem: An infinite vibrating plate in contact with a fluid.

problem is well known and can be found for example in [80]. As a result of the oscillation,
the fluid near the plate exhibits a motion in x-direction with velocity
vx,f (y, t) = v̂p e−y/δ ei(−y/δ+ωt)
s

δ=

2η
,
ρf ω

(1.6)
(1.7)

where ρf is the density of the fluid. This solution represents a shear deformation in the
fluid that decays by a factor of e−1 after a distance δ, which is therefore called boundary
layer. Further, a phase shift between excitation vp and response vx,f occurs, depending on
the distance y to the moving plate. Using Eqs. (1.1) and (1.2), the corresponding shear
stress at the surface of the plate can be calculated to
∂vx,f
σxy,f (y = 0, t) = η ·
∂y

s

=−
y=0

1
ρf ηω (1 + i)vp (t) .
2

(1.8)

The real part corresponds to a force proportional to the velocity of the plate and can be
regarded as damping force. The imaginary part is proportional to the acceleration thus
representing the inertial forces of the fluid. For later reference, the energy dissipated per
unit time per unit area of the oscillating plane is given in [80] with
s

1
1
Ē = v̂p2
ρf ωη .
2
2
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Figure 1.5.: The Maxwell model in oscillatory shear. Variation of the normalized complex viscosity with normalized frequency (τ = η/Gf ), cf. [6].

Now a linear viscoelastic fluid is considered. Following the viscoelastic correspondence
principle [27], the complex viscosity η ∗ can be defined by the Laplace transformation of
the relaxation function
η ∗ (ω) =

Z ∞

R(ξ)e−iωξ dξ ;

ξ = t − t,

(1.10)

0

which yields in the case of oscillatory shear
σxy,f (t) = η ∗ (ω)γ̇xy (t) ,

(1.11)

using Eq. (1.4) (cf. [6] and appendix A). Since η ∗ is a complex number, it is customary
to write
η ∗ = η 0 − iη 00 ,
(1.12)
where η 0 is referred to as the dynamic viscosity and η 00 as the out-of-phase viscosity
describing the elastic part [58]. It is useful to introduce the factor
κ=

η 00
η0

(1.13)

as the ratio between elastic and viscous portion. The dynamic viscosity η 0 matches the
shear viscosity η for slow deformations or low frequencies, respectively. This is illustrated
in Fig. 1.5, where the components of η ∗ of a Maxwell fluid are represented as a function
of frequency.
Analogously to the complex viscosity, the complex shear modulus of the fluid
G∗f = G0 + iG00

(1.14)

can be defined, where G0 is referred to as storage modulus and G00 as loss modulus. The
complex shear modulus is coupled to the complex viscosity by the relation
G∗f = iωη ∗

(1.15)
7

Chapter 1. Introduction

Viscous fluid
Viscoelastic fluid
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Figure 1.6.: Comparison of the fluid velocity profile of a Newtonian and viscoelastic fluid due to
an oscillatory boundary (Stokes’ second problem). (a) Distribution of the normalized velocity magnitude for ρf = 1000 kg/m3 , η 0 = 10 mPa·sec, κ = 10, ω = 3000
rad/sec; (b) Boundary layer ratio as a function of κ.

[70]. As a consequence to the correspondence principle, the solution to Stokes’ second
problem for linear viscoelastic fluids can be obtained by replacing the steady shear viscosity with the complex viscosity. The boundary layer, however, becomes a complex number,
which is not physically reasonable. Following the calculation in appendix A, the effective
distance in which the oscillation decays by the factor of e−1 is
√
√
κ̄ 2
0
√
; κ̄ = 1 + κ2 ,
(1.16)
δve = δ √
κ̄ + 1 + κ̄ − 1
where

s
0

δ =

2η 0
ρf ω

(1.17)

is the boundary layer of a purely viscous fluid with viscosity η 0 . Consequently, most
viscoelastic fluids have a larger boundary layer as compared to a viscous fluid with the
same dynamic viscosity, which is illustrated exemplary in Fig. 1.6.

1.2.4. Measurement Principles
In the history of rheology a large number of different instruments have been developed
of which the most important methods shall be presented briefly. The interested reader is
referred to [87].
One of the oldest principles is the capillary viscometers, where the time the sample
fluid needs to pass a defined length in a vertical narrow tube is measured and correlated
to the viscosity. Alternatively, the time of travel of a falling body through the fluid is
8
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monitored. Capillary instruments are nowadays still used due to their simplicity and
high accuracy [95]. Usually, only the viscosity of linear fluid behavior can be evaluated.
Modern developments, however, apply a pressure driven fluid flow at a defined flow rate
in order to measure the viscosity as a function of the shear rate. These instruments are
referred to as capillary rheometer. A similar principle can be found in micro-scale devices,
such as in-line capillary or slit rheometers [25, 110].
The rotational rheometer is the most versatile and widespread measurement system.
Basically, the two plate experiment is adapted to a rotational movement, e.g. by using two
parallel, circular plates of which one is rotating with a controlled velocity or force. This
allows characterizing linear as well as non-linear fluid behavior. A lot of different geometric
arrangements are available, such as cone-plate, concentric cylinders, cups, spheres or
rotating spindles. Usually, rotational rheometers are stationary instruments designed for
research and development. Few examples can be found where rotational rheometers are
used as in-line rheometers [99].
Resonator techniques measure the influence of the fluid on a vibrating solid structure.
The dynamic properties of the fluid loaded structure are evaluated and related to the
fluid properties. Due to the continuous operation and the flexible design, resonator based
methods are nowadays primarily used in process monitoring. Since no steady fluid deformation can be applied using solely a resonator, the method is restricted to Newtonian
and linear viscoelastic fluids. An alternative has been presented by Dinser who combined
both the rotational and resonator technique [35]. The resonator measurement technique
will be explained in detail in the following section.
Besides these concepts, numerous further methods have been developed to investigate
more complex fluids such as emulsions or colloids or to extend the accessible range of shear
rates and frequencies. Promising techniques are, amongst others, squeeze flow rheometry
[44] and diffusing-wave spectroscopy (DWS) [90].

1.3. Literature Review
Generally, the group of resonant fluid sensors can be divided into sensors that are designed to investigate simple, Newtonian fluids, where the characterization of the main
parameters viscosity and density is of interest, and devices that are designed to evaluate
fluid properties of more complex fluids. Whereas viscometers or densimeters usually utilize only one resonance mode, the latter category comprises sensors operating at several
frequencies.
The variety of resonant fluid sensing devices reported in scientific and patent literature
is exceptionally broad. Therefore, only some characteristic examples are discussed in the
following, non-exhaustive list in which the application of in-line measurement shall be
emphasized. Further examples and methods can be found in [81] (resonant sensors in
general) and [113] (micro-scale resonant fluid sensors).
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Resonant Viscosity Sensors
First reports of resonant fluid sensors date back to the 1940s with the pioneering work
of W.P. Mason et al. who used a quartz crystal oscillator vibrating in torsional mode in
order to measure the viscosity of liquids [91]. The electrical impedance of the crystal was
measured and the shift of resonance frequency and damping of the immersed resonator
compared to its behavior in air was evaluated. While this concept soon became popular
in the field of mass sensors (quartz crystal microbalance), quartz crystal viscosity sensors
faced problems due to unwanted additional compressional waves, fluid resonances, fluid
heating [38, 135] or evaporation [122]. Further, the method is restricted to non-conducting
fluids. Therefore, a large number of alternative resonator designs were developed with
the objectives of compact size, good accuracy and easy calibration. Usually, a mechanical structure is excited electromechanically or piezoelectrically and a separate transducer
(electromagnetic, piezoresistive, optical, etc.) enables the impedance analysis [113]. Examples are torsional rods [12] or vibrating wires [21, 23]. A notable exception is the system
by Goodbread et al., who used one single transducer that alternately switches between
excitation and readout phase [55].
With the emerging possibilities in micromachining, numerous micro-scale designs have
been developed, including tuning forks [93, 64], plates [115, 1] or membranes [114]. Especially cantilever beams have been extensively studied, e.g. by [53, 140, 152], since they
allow the additional measurement of the density of the fluid [145]. Flexural vibrations
of beams in viscous fluids are also studied in the context of atomic force microscopy
[121, 139].
Besides the evaluation of resonance frequency and damping, the relation of the measurand to the viscosity is crucial for the accuracy of such devices. Usually, the sensor
characteristics are obtained by fitting unknown parameters of the analytical expressions
of the fluid-structure interaction to measurement results of fluids with known properties.
Vibrating wires or devices that create pure shear (e.g. torsional rods) are favorable in this
respect while flexural vibrating devices may require up to eight fitting parameters [64].
Most devices reported in literature are designed to be used in laboratory environments
under controlled and well defined conditions. Especially the temperature is a crucial parameter, since temperature variations of the fluid or the environment change the intrinsic
properties of the oscillator. This effect could be wrongly interpreted as a fluid influence
thus distorting the measurement result. Especially micro-scale devices require a precise
temperature control and are very sensitive to particles or air bubbles in the fluid [119].
They are also restricted to fluids with low viscosity (η < 20 mPa·sec) due to relatively
low Reynolds numbers [121].
Developments of process viscometers are mostly found in patent literature since they
use the same principle as mentioned above but exhibit specific designs and control algorithms. Nowadays, most commercial, resonance based process viscometers are macro-scale
torsional oscillators such as the system developed by Dual et al. [38, 41]. In such devices, additional sensors are used to compensate for temperature effects. However, the
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relation between the temperature measured by a thermometer and the real condition of
the oscillator is often difficult and requires additional calibration.
Concerning the fast evaluation of the frequency and damping, impedance analysis
might be too slow or at least computationally expensive. Hence, control loops are preferred that stabilize the frequency at resonance, mostly using the phase relation between
excitation and response. Most control systems use a phase-locked loop (PLL) [67], while
also modulation techniques are reported [147]. Alternatively, the resonance frequency of
the oscillator itself can be tuned in order to match a fixed excitation frequency [69, 84].

Resonant Rheometers
Since a steady fluid deformation cannot be applied using structures operating in an oscillating mode, the range of measurable non-Newtonian fluids is restricted to fluids that
exhibit linear viscoelastic behavior. Nonetheless, many fluids belong to this group, including a lot of liquid products that are processed in food or chemical industry.
Usually, viscoelastic fluids exhibit structural features that range over many orders of
magnitude as well as relaxation times that span over an equally broad range [82, 31].
To capture all relaxation processes, the measurement must cover a large scale in the
frequency domain. As an example, the measurement over a broader frequency range may
yield information about behavior of suspensions of hard spheres [90], while high frequency
measurements are of great importance to gain insight into the interparticular forces of
colloidal suspensions [48, 155].
However, classical measurement approaches, such as rotational rheometers, can only
cover the low frequency range up to ca. 1000 rad/sec. Therefore, a huge variety of
alternative measurement devices have been developed, of which resonators are considered
as one of the most popular and important rheological techniques [150]. The interested
reader is referred to the review papers by R. S. Lakes [78] or Hou et al. [65].
The basic concept of these instruments is similar to devices tailored for Newtonian
fluids. Using this technique, the viscoelastic properties of the detected liquid can only be
obtained at the resonance frequency. This gives new insight in high-frequency rheology of
liquids [117, 35] but does not investigate frequency dependent behavior. Therefore, Blom
et al. [12] used multiple different resonators to evaluate the viscoelastic parameters at
several frequencies. However, this approach makes the measurement more tedious and
error-prone. In order to overcome this restriction, multiple modes of a resonator can be
used. This method was first introduced by Mason, who evaluated three harmonics of a
torsional oscillating crystal [92]. Torsional crystals are well suited to operate at different modes but they allow only limited design variations. Furthermore, these instruments
were delicate and expensive and faced the same problems as their viscometer counterparts.
Therefore, devices based on mechanical oscillators have been developed using design concepts that can generally be divided into two categories: Resonators consisting of discrete
masses connected by springs, the so-called multiple-lumped resonator (MLR) [123, 60, 48]
and continuous oscillators, usually simple, homogeneous rods [128, 105, 137, 102] or mi11
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crobeams [10, 53]. A similar concept can also be found in dynamic mechanical analysis
(DMA), e.g. for soft tissue analysis [138].
To overcome the fact that the fluid properties can only be evaluated at discrete frequencies, Wang et al. proposed the correlation of the impedance spectrum in a certain
region around the resonance with the complex modulus [144, 143]. Since this method
requires a very well described theoretical understanding of the fluid forces the design of
the resonator is limited to very simple structures (free-free torsional rod in the case of
[144]). Further, the accessible frequency spectrum is limited and cannot extend the range
of the multiple-mode approach. A combination of the spectrum analysis and multiple
resonances is presented in the work of Dufour et al. [42], where three microbeams of
different sizes are used. However, due to the relatively complicated fluid effects related
to flexural motion and the aforementioned problems with micro-scale devices, accuracy is
rather low.
With regard to process devices, design and control methodologies become crucial.
Therefore, multiple-mode approaches seem to be best suited to achieve compact and
robust designs. In order to obtain good accuracy and to simplify calibration (i.e. calibration with Newtonian fluids only), rigid body motion such as the MLR approach or clearly
defined continuous vibrations are preferred. However, no multi-frequency resonant sensors that are explicitly designed for in-line measurement are known to the author. Only
single-frequency systems or other, non-resonant concepts such as squeeze flow rheometry
[107, 74] have been found in scientific and patent literature.

1.4. Scope and Content of the Thesis
A fluid resonant sensor that is able to simultaneously operate at a number of frequencies
shall be developed with the objective to measure multiple parameters of Newtonian fluids
or frequency dependent parameters of non-Newtonian fluids. Even if there already exist
numerous different process viscometer concepts and developments, the use of multiple
modes could greatly extend the versatility and robustness of such devices. This work
could also fill the gap of resonance based process rheometers that might be very useful in
terms of monitoring and control fluid processes.
The sensor shall be designed to enable the use both in laboratory and process environments. For this reason, developments and experiences at the institute are used, primarily
the macro-scale torsional oscillator initiated by Dual [38], which is nowadays commercially
available as process viscometer (Brookfield AST-100), supporting the applicability in process plants. In contrast to most sensors presented in literature, the design considered in
this work is a more complicated oscillating structure consisting of several parts that are
only partially in contact with the sample fluid. Therefore, an analytical investigation of
the vibration of the sensor with and without fluid is presented in Chapter 2. This description helps to dimension the sensor and to choose the appropriate material. Further,
characteristic sensor equations shall be derived containing as few calibration constants
as possible. An analysis of the different torsional mode shapes of the fluid-influenced
12
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structure gives information about the sensitivity of the specific modes to the fluid and
the possible influence of unmodeled effects.
Apart from the understanding of the dynamic behavior of the oscillator, appropriate
control is necessary to evaluate all measurement parameters within a reasonable timeframe and with high accuracy. Chapter 3 presents a systematic analysis of a PLL based
frequency tracking system. The analytical results are compared with numerical simulations and experimental investigations, using the first torsional mode as a representative
for all modes of the torsional oscillator as well as for phase controlled oscillators in general.
The simultaneous control of multiple frequencies is then described in Chapter 4, using the
findings of the system dynamics from the previous chapter.
Finally, Chapter 5 presents applications that can benefit from the extended number of
measurement parameters. This chapter is divided into applications concerning Newtonian
and non-Newtonian fluids. The former concentrates on the enhancements of classical
single-frequency viscosity sensors such as the elimination of temperature effects. The
sensor calibration as well as the effect of measurement errors is presented. The second part
demonstrates the analysis of linear viscoelastic fluids. The evaluation of the measurement
results based on the calibration with Newtonian fluids is shown as well as measurement
results of three different sample systems. The results are compared with results obtained
by a classical rotational rheometer (low frequency range) and optical methods (DWS,
high frequency range).

13

2. Design and Model of the Torsional
Fluid Sensor
2.1. Theoretical Background
The central part of every resonance sensor is the oscillating structure that is exposed to
external influences. In most cases, the oscillator can be regarded as linear continuous
mechanical system, such as a torsional rod or a cantilever beam. Generally, continuous
systems can be reduced to simple linear models with a discrete number of degrees of
freedom. Therefore, the corresponding relationships and terms will be summarized in the
following section. First, vibrations of single-degree-of-freedom (sdof) systems are recalled.
Since this thesis focuses on the use of multiple resonance frequencies of the oscillator,
vibrations of multiple-degree-of-freedom (mdof) systems are presented as well.

2.1.1. Description as Single-Degree-of-Freedom System
If only one resonance frequency of the oscillator is of interest and the influence of other
resonances can be neglected, the oscillator can be modeled as linear, sdof oscillator. Considering a forced mechanical system with constant parameters mass m, viscous damping
coefficient d, stiffness c and excitation force F (t), the oscillator position x(t) is described
by the well-known ordinary differential equation
mẍ + dẋ + cx = F .

(2.1)

Introducing
d
D= √
;
2 cm

r

ω0 =

c
;
m

f=

F
m

(2.2)

the general description of a sdof oscillator
ẍ + 2Dω0 ẋ + ω02 x = f

(2.3)

is obtained. The oscillator features the resonance frequency ω0 and the damping ratio
D, which is often expressed in the form of a quality factor Q = (2D)−1 [94]. Since high
oscillation amplitudes are desired in resonator sensors, only under-damped systems are of
interest, where D < 1 is considered. Assuming F (t) = 0 yields the fundamental solution
as an exponentially decaying oscillation with frequency ω0 . The time constant of the decay
15
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Figure 2.1.: Amplitude and phase spectrum of the transfer function Hsdof of a forced sdof oscillator around resonance for three different damping ratios. m = 1.

is τsdof = (Dω0 )−1 . If the excitation is a harmonic signal F (t) = F̂ eiωt , the remaining
oscillation after transients have died out is given by the steady state solution
xs (t) =

m (−ω 2

1
F̂ eiωt .
2
+ 2Dω0 iω + ω0 )

(2.4)

It is convenient to formulate the transfer function as the ratio between harmonic excitation
F (t) and steady state response xs (t)
Hsdof =

xs (t)
1
=
,
2
F (t)
m (−ω + 2Dω0 iω + ω02 )

(2.5)

which can be used for an alternative formulation of the steady state solution as amplified/diminished and phase shifted signal with respect to the excitation. Hence
xs (t) = x̂s F̂ · ei(ωt−∆φs )
π
ẋ (t) = ωx̂ F̂ · ei(ωt−∆φs + 2 )
s

(2.6)
(2.7)

s

can be formulated using magnitude and phase of the transfer function Hsdof
v
u

1u
1
x̂s (ω) = |Hsdof | = t 2
2
m (ω0 − ω 2 ) + (2Dω0 ω)2
2Dω0 ω
∆φs (ω) = ∠ (Hsdof ) = − arctan
ω02 − ω 2

(2.8)

!

.

(2.9)

Both parts are illustrated in Fig. 2.1 for different damping ratios.
The working principle of resonator sensors requires a precise measurement of the resonance frequency. Figure 2.1 shows, given that steady state is reached, that resonance is
16
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Figure 2.2.: Phase spectrum of the transfer function Hsdof of a forced sdof oscillator around
resonance. The slope at resonance is related to the damping ratio D.

linked to a specific phase shift value that is independent of the damping of the system.
This phase shift is referred to as resonance phase shift ∆φ0 = ∆φs (ω0 ). If the relation
between position and excitation force is considered, said phase shift is ∆φ0 = −π/2, while
the resonance phase shift equals zero if the velocity is used, cf. Eq. (2.7). In real systems,
however, the measurement and excitation of the oscillator often introduces an additional
phase shift. Therefore, the specific phase shift where resonance occurs is usually unknown.
Furthermore, the damping influences the slope of the phase response, given by the
gradient of the phase curve at resonance
d∆φs
dω

= −1/(ω0 D) .

(2.10)

ω0

However, it is difficult in practical applications to measure the gradient directly. Using
Eq. (2.9) it can be shown that the damping ratio is given by
D=

ω+ − ω−
,
2ω0 tan α

(2.11)

where the frequencies ω + and ω − correspond to a phase shift ∆φs = ∆φ0 ± α. Therefore,
two different points of the phase curve can be evaluated as shown in Fig. 2.2. Often, the
resonance frequency is also determined by taking the average of ω + and ω − . It should be
noted that this does not yield the exact resonance frequency, but

1 +
1
1
ω + ω − ≈ ω0 1 − D2 1 −
2
2
cos(α)2

!!

,

(2.12)

as it can be derived from Eq. (2.9). However, for most damping situations this error can
be neglected (e.g. the relative error is below 0.05% for D < 0.1 and α < 15 deg).
Thus, the phase response is very useful to characterize oscillators that can be represented by the sdof model. One the one hand, the phase curve can be measured around
17
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the resonance and Eq. (2.9) is fitted to the data. This is advantageous, since the phase
is bounded to a defined range of values in contrast to the amplitude, which enables a
very accurate measurement. But most notably, phase control algorithms can be used
to adjust and measure the excitation frequency corresponding to a certain phase shift,
which enables a continuous resonance frequency and quasi-continuous damping measurement. This method is used in many resonance sensors and will be explained in detail in
Chapter 3.

2.1.2. Description as Multi-Degree-of-Freedom System
If multiple resonance frequencies of a continuous oscillator are of interest, the sdof model
might not be applicable as simplification. Therefore, the model of linear systems with
multiple degrees of freedoms will be recalled in this section. We consider a system with a
finite number m of degrees of freedom, where the position is fully described by a vector
x(t) of length m. The dynamics of the system is given by the differential equation
Mẍ + Dẋ + Cx = F ,

(2.13)

where the system is described by the real, symmetric and positive definite matrices mass
matrix M, (viscous) damping matrix D and stiffness matrix C of dimensions m × m. An
external excitation is represented by the excitation vector F(t), analog to Eq. (2.1). In
contrast to sdof systems, the homogeneous equation (i.e. F(t) = 0) yields m fundamental
solutions
∗
xn = x̂n eiω0,n t
(2.14)
∗
with the complex resonance frequencies ω0,n
. The corresponding pattern of motion in
which all parts of the system move with the related frequency is called mode shape and
is given by the (generally complex) eigenvalue x̂n .
In a lot of practical applications the damping matrix can be approximated by a linear
combination of the mass and stiffness matrices, i.e. D = bm M + bk C. In this case, the
fundamental solutions x̂n are real and build an orthonormal basis due to the symmetry
of the matrices M and C1 . Therefore, any physically possible shape of the system can be
represented by a linear combination of the mode shapes [59]. It is convenient to perform
the modal transformation
m

x=

X

x̂n ζn ,

(2.15)

n=1

where the modal coordinate ζn represents the contribution of mode n to the total solution
[68]. Due to the orthogonality this substitution yields a system of m decoupled differential
equations for ζn of the type Eq. (2.3) with resonance frequency ω0,n , modal mass mn and
modal damping ratio Dn . When the system is excited by a harmonic force F(t) = F̂eiωt ,
the response is given by
x = Hmdof F̂ ,
(2.16)
1

This model is called proportional or Rayleigh damping. A more general description of the requirements
for orthogonality is given in [24].
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Figure 2.3.: Amplitude and phase spectrum of the transfer function of a 2dof oscillator between
excitation and response at the same position (black line). To illustrate the modal
superposition, the spectra of two sdof oscillators with similar resonance frequencies
are plotted.

where
Hmdof =

x̂n x̂T
n

m
X



2
2
n=1 mn −ω + 2Dn ω0,n iω + ω0,n



(2.17)

is defined as the transfer function matrix. Each element of Hmdof represents the response
of one single degree of freedom to an excitation at another (or the same) degree of freedom,
given by a linear combination of the responses to m sdof systems with the relevant modal
parameters.
As an example, Fig. 2.3 shows the amplitude and phase response of a 2dof system
with resonance frequencies ω0,1 and ω0,2 , assuming excitation and response at the same
position. Due to the damping, interactions of the modes occur over the whole frequency
spectrum. While the resonance frequencies can always be identified by an amplitude
peak or 180 deg phase drop, the whole spectrum has to be analyzed in order to find the
modal damping values. However, if the modal damping of the corresponding modes is
sufficiently small with respect to the difference of the resonance frequencies, as it is the
case in Fig. 2.3, the mdof system can be approximated by a simple sdof system in the
region of a resonance frequency. In this case, all methods and formulations related to sdof
systems are valid, which enables a fast and easy measurement of the modal damping.
As can be seen in Fig. 2.3, a local minimum occurs at a certain frequency ω12 where
the amplitudes of the sdof contributions are equal and the corresponding phases differ by
almost 180◦ , depending on the modal damping. This phenomenon is referred to as antiresonance. Note that the phase shift at the anti-resonances is equal to the resonance phase
shift ∆φ0 . While the resonance frequencies and modal damping values are an intrinsic
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property of the system, given by the poles of the transfer function, the anti-resonances are
determined by the zeros of Hmdof . Therefore, the corresponding frequencies are dependent
on the mode shapes and hence on the degree of freedom where excitation and readout is
engaged. Considering a continuous structure as a system with infinite degrees of freedom,
the anti-resonance frequencies will vary with the position of excitation and readout.

2.2. Design of the Oscillator

(a)
(e)

fluid

(b)

(d)

(c)

Figure 2.4.: Schematic, cross-sectional view of the oscillator design. (a) sensor body, (b) and
(d) oscillating tubes, (c) connector, (e) magnet for electromagnetic excitation. Oscillating parts are colored red. The red dashed line illustrates the optical readout.

Since shear deformations are convenient for resonant fluid sensors due to the well
understood physics and the typically small fluid boundary layer, the design of the oscillator
used in this thesis is based on a torsional oscillator introduced by Dual [38]. This design
is well established and has been used in many applications such as [67, 41].
A cross-sectional view of the basic sensor design is depicted in Fig. 2.4. The sensor is
composed of a fixed body (a) and two circular tubes that constitute the oscillating part.
The outer tube (b) is attached to the sensor body and is in contact with the fluid. The
inner tube (d) is placed concentrically inside the outer tube, connected by a connection
piece (c). At the end of the inner tube a permanent magnet (e) is mounted that enables
an electromagnetic excitation at this position while the transducer can be placed inside
the sensor. A hole in the body enables an optical measurement of the vibration.
The following chapter describes the vibrational properties of the oscillator with and
without fluid loading. Analytical equations relating the fluid properties to the resonance
frequencies and damping values of the structure are derived. These relations are further
used for the selection of appropriate materials and dimensions in order to achieve optimal
measurement results.
20
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2.3. Analytical Model
2.3.1. Single Tube with Fluid Loading
As a first approximation the oscillator can be modeled as simple tube with homogeneous
geometrical and mechanical properties in a fixed-free boundary setting, cf. Fig. 2.5. The
A

fluid
Ip

Θ(x, t)

,G∗

ri ro

Mex (t)

A

A-A

Figure 2.5.: Simplified model of the torsional oscillator as single, fixed-free tube with homogeneous fluid loading.

angular displacement Θ(x, t) can be described by the differential equation
Ip ρ

2
∂ 2 Θ(x, t)
∗ ∂ Θ(x, t)
−
I
G
= Mex (t) + Mf (x, t) ,
p
∂t2
∂x2

(2.18)

where ρ is the density, Ip the polar area moment of inertia and Mf the torque exerted
by the fluid. An external driving torque Mex is applied to the tube at the free boundary.
Since oscillatory deformation is considered, internal material damping can be incorporated
by including a viscous term in the expression of stress, which constitutes the imaginary
part of the complex shear modulus G∗ analog to the viscoelastic fluid model presented in
Sec. 1.2.3, i.e.
G∗ = G0 (1 + iηG ) ,
(2.19)
where ηG is often referred to as loss factor. The steady state solution is assumed to be
harmonic and independent in time and space, where ω is the frequency of the oscillation
and k the wavenumber of the spatial component




Θ(x, t) = θ(x)ϑ(t) = A sin (kx) + B cos (kx) eiωt .

(2.20)

Since harmonic oscillation is considered, the fluid forces can be calculated by applying
Stokes’ second problem to a circular structure, cf. Sec. 1.2.3. According to [38] and [40],
the torque exerted by a viscoelastic fluid with properties η ∗ and ρf is then given by
Mf ≈ −2πro3 · M̄f · Θ̇
s

M̄f =

1
3η ∗
ρf ωη ∗ (1 + i) +
,
2
2ro

(2.21)
(2.22)

where ro is the outer radius of the tube. Note that this formulation represents an approximate solution to Stokes’ second problem for a radius ro much larger than the boundary
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layer thickness, i.e. ro  δve [38]. Therefore, the design parameters of the sensor have to
be chosen such that this approximation holds. With this formulation the relation between
wave number and frequency can be obtained by inserting Eq. (2.20) into Eq. (2.18), which
yields a complex, frequency dependent wave number
k2 =

ω2ρ
2πωro3
−
i
M̄f (ω) .
G∗
Ip G∗

(2.23)

In case of no fluid influence and negligible material damping this equation simplifies to
kair =

ω
cshear

s

;

cshear =

G0
,
ρ

(2.24)

where cshear is the shear wave speed of the material. The index [ ]air has been chosen with
respect to the conducted experiments, where the situation in air is taken as reference2 .
The fixed-free boundary conditions are only satisfied for discrete wave numbers, which
yields the resonance frequencies in air
ωair,n =

cshear 2n − 1
π.
l
2

(2.25)

By separating the fluid moment M̄f into its real part (damping) and imaginary part
(inertia and elasticity)
!

Mf = −2πro3



ϑ̈  
= M̄f + ϑ̇< M̄f θ ,
ω

(2.26)

similar to the plane case in Sec. 1.2.3, Eq. (2.18) can be written as
!



2πro3  
2
Ip ρ +
= M̄f ϑ̈ + 2πro3 < M̄f ϑ̇ + kair,n
Ip G∗ ϑ = 0 .
ω

(2.27)

Due to the boundary conditions, the tube exhibits an infinite number of modes with mode
shape θn = A sin (kx) and a dynamic behavior given by Eq. (2.27). The formulation is
similar to Eq. (2.3), hence each mode can be regarded as sdof system. The intrinsic
damping can then be expressed by the modal damping ratio Dair,n , which is connected
to the loss factor via ηG ≈ 2Dair,n if only material damping is considered. However,
additional damping effects might play a role, e.g. due to an imperfect fixation, hence the
intrinsic modal damping ratio is allowed to be frequency dependent.
Considering harmonic excitation Mex = M̂ex eiωt , the argument of the velocity transfer
function is given by
∆φs,n
2

ϑ̇n
=∠
Mex



!

= arctan 

Any influence of the air is neglected.
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2
kair,n
Ip G0 − Ip ρω 2 − 2πωro3 = M̄f



2
kair,n
Ip G0 2Dair,n + 2πωro3 < M̄f



 

.

(2.28)

2.3. Analytical Model

Since resonance is correlated to ∆φs,n = 0, the resonance frequency of mode n is implicitly
given with


2
kair,n
Ip G0 − Ip ρω 2 − 2πωro3 = M̄f (ω) = 0 ,
(2.29)
which can be iteratively solved starting at ω = ωair,n (cf. [63]). The first iteration yields
ω0,n ≈

v
u
u
tω 2

air,n −


2πro3 
= M̄f (ωair,n ) ωair,n .
Ip ρ

(2.30)

The same method is performed for the damping ratio that is obtained by evaluating the
gradient of the phase at resonance, cf. Eq. (2.10). The first iteration yields


Dn ≈



πro3 < M̄f (ωair,n ) + Dair,n Ip ρωair,n




πro3 = M̄f (ωair,n ) + Ip ρωair,n

.

(2.31)

It can be shown that the iterations converge for all positive geometrical and material
parameters. Since it can be assumed
 that the inertia of the fluid is small compared to the

inertia of the oscillator, i.e. = M̄f  Ip ρ, the formulations can be simplified to

πro3 
= M̄f (ωair,n )
Ip ρ


πro3
< M̄f (ωair,n ) .
Dn ≈ Dair,n +
Ip ρωair,n

ω0,n ≈ ωair,n −

(2.32a)
(2.32b)

Since the fluid influence is small compared to the intrinsic properties ωair,n and Dair,n of
the sensor, the first iteration represents a very good approximation of the final solution.
In this case, the shift in resonance frequency and damping, respectively, is only dependent
on the density, viscosity, and resonance frequency in air. Furthermore, the fluid influence
is independent on the mode shape for the considered single tube.

2.3.2. Segmented Tube with Partial Fluid Loading
Since the single tube model described in Fig. 2.4 is a strong simplification, a more accurate
model is sought. Especially the partial fluid influence on the structure will strongly affect
the shift in resonance frequency and damping. Therefore, the oscillating part of the sensor
is split into four segments of homogeneous geometrical and material conditions that are
each modeled analogously to Fig. 2.5. Geometrical (ro , ri , l) and material parameters
(G∗ , ρ) are indexed by j representing the according segment. A segment coordinate xj is
introduced that ranges from 0 to lj . By folding the inner tube to the outside, the system
shown in Fig. 2.6 is obtained, representing the outer tube 1 , the inner tube 3 and the
magnet pressed into the inner tube 4 . The connection of the tubes is modeled with two
elements. The elastic element 2 represents the region where the connecting piece it is
attached to both tubes on the inner and outer side, respectively. The remaining part of
the connecting piece and the outer tube, i.e. the sensor tip, is modeled by a rigid body
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Figure 2.6.: Model of the torsional oscillator with partial fluid loading as a system of connected
homogeneous tubes. Each segment exhibits geometrical and material conditions
analogously to Fig. 2.5. The measurement position x3 = lm is illustrated by the red
dotted line.

of radius ro,2 and length ltip , represented by the mass moment of inertia Jp,2 . Only two
elements, specifically the outer tube and the connecting piece are in contact with the
fluid. The excitation torque Mex is applied at the magnet position and the velocity of the
inner tube is measured in a distance lm from the sensor tip.
The dynamic behavior of the angular displacement Θj of each segment can thus be
described by four equations of the form Eq. (2.20) with individual parameters Aj and
Bj for each segment and a common frequency ω. Since the oscillator is only partially
immersed in the fluid, only the wave numbers kj of segments 1 and 2 consider fluid
influence, cf. Eq. (2.23).
To obtain the fundamental solutions of the full model, free vibrations are considered,
i.e. Mex = 0. The geometrical boundary conditions can be formulated as
θ1 (0) = 0 , zero displacement
G∗4 Ip,4

∂θ4
∂x4

(2.33)

= 0 , zero moment .

(2.34)

l4

The moment and displacement of each segment is equal at the interfaces. Hence the
transition conditions yield

G∗j Ip,j
−ω 2 θ2 (l2 )Jp,2 + G∗2 Ip,2

Θj (lj ) = θj+1 (0) ,

j = 1...3

∂θj
∂xj

∂θj+1
,
∂xj+1 0

∂θ2
∂x2

= G∗j+1 Ip,j+1
lj

= G∗3 Ip,3
l2

∂θ3
∂x3

(2.35)
j = 1, 3

+ Mf,tip .

(2.36)
(2.37)

0

An additional fluid torque Mf,tip has been introduced in the balance of momentum
Eq. (2.37) at the interface of segment 2 and 3 in order to incorporate the fluid influence on the tip of the sensor, i.e. a shear stress on the side and on the plane surface of
the rigid body. According to [80] the additional torque is given by
s

Mf,tip
24

1
ro,2
3
≈ −2π
ρf ωη ∗ ro,2
ltip +
· (1 + i) ,
2
4




(2.38)
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where ltip is the length of the tip.
The conditions given by Eqs. (2.33)-(2.37) yield a system of eight equations, written
in matrix form as
Bsys b = 0 ,
(2.39)
where the vector b contains the unknown parameters Aj and Bj . The system has only
non-trivial solutions for
detBsys = 0 ,
(2.40)
which can be solved numerically for the frequency ω. The result is a number of complex
∗
of which the real part is the eigenfrequency ω0,n of the damped system
frequencies ω0,n
and the ratio of imaginary and real part corresponds to the modal damping ratio




∗
ω0,n = < ω0,n
;

Dn =









∗
= ω0,n
∗
< ω0,n

.

(2.41)

The corresponding mode shapes are obtained by solving Eq. (2.39) for Aj and Bj with
∗
.
ω = ω0,n
To obtain the steady state response of the oscillator to an harmonic excitation Mex ,
the boundary condition Eq. (2.34) is changed to
G∗4 Ip,4

∂θ4
∂x4

= Mex (t)

(2.42)

l4

and Eqs. (2.33), (2.35) and (2.36) are solved for the parameters Aj and Bj as a function
of A1 . This yields the mechanical transfer mobility function Ysys , which is defined as the
ratio between the angular velocity at a certain measurement position and the torsional
moment applied at the position of excitation
Ysys =

∂θ3
∂t

−1
· Mex
.

(2.43)

x3 =lm

As an alternative to solving Eq. (2.39), the resonance frequencies ω0,n can also be found by
evaluating the frequencies where the phase response of the sensor, given by the argument
of Ysys , is zero. This is valid as long as the system can be regarded as mdof system with
separated resonance frequencies, according to Sec. 2.1.2. The damping is then given by
the slope at ω0,n , cf. Eq. (2.10).
Since no explicit solution of the fluid induced resonance frequency and damping shift
can be found, it is not possible to formulate general relations between these parameters
and the fluid functions. However, an approximate solution can be derived, which assumes
the general behavior to be similar to the single-tube case Eqs. (2.32), while a mode
dependent fluid influence factor an is introduced to cover the partial fluid influence on the
sensor, i.e.




ω0,n ≈ ωair,n − an = M̄f (ωair,n )


1
Dn ≈ Dair,n +
an < M̄f (ωair,n ) .
ωair,n

(2.44a)
(2.44b)
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An approximate solution of the influence factors for an arbitrary fluid influence region
of the sensor is given in appendix B. Here segments 1 and 2 are considered to be in
contact with the fluid, which yields
an ≈ π

R l1 3
r

R l2 3 2
2
o,1 θ1,n dx1 + 0 ro,2 θ2,n
P4 R lj
2
j=1 0 ρj Ip,j θj,n dxj

0

dx2

(2.45)

for the fully immersed sensor. If the fluid level does not cover the whole surface of the
outer tube, the integration boundary of the numerator of Eq. (2.45) changes accordingly,
hence reducing the influence further. Due to the approximation of the reduced fluid
influence all relations derived for the single tube case can be used.

2.4. Sensor Characteristics
In order to accurately characterize fluids using the torsional oscillator, the relations between the measurement parameters and the parameters by which the surrounding fluid is
described with are derived in the following section, covering Newtonian and viscoelastic
fluids.

2.4.1. Newtonian Fluids
For Newtonian Fluids, the complex viscosity η ∗ has only a real part given by η, hence
Eq. (2.22) yields
s








< M̄f (ω) =
s

= M̄f (ω) =

3 δ (ω)
1
ρf η ω · 1 +
2
2 ro

!

1
ρf η ω ,
2

(2.46a)
(2.46b)

where δ is the boundary layer thickness, cf. Eq. (1.7). If the radius ro is much larger than
the boundary layer, both imaginary and real part have approximately the same value and
s

∆ω0,n = ω0,n − ωair,n = −an
∆Dn = Dn − Dair,n =

1
ωair,n

1
ρf η ωair,n
2
s

an

1
ρf η ωair,n
2

(2.47a)
(2.47b)

is obtained.
In this case, the fluid influence cancels out at a frequency where the argument of the
arctan function in Eq. (2.28) is equal to −1. Demanding ∆φs,n = arctan(−1) = −π/4,
Eq. (2.28) can be solved for the frequency ω, which yields


ωinv,n = ω ∆φs,n = −
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For high frequencies and (relatively) small viscosities η < 1 Pa·sec the summands of
order O(η) and higher become much smaller than the constant term and ωinv,n becomes
independent on the fluid influence. Thus, ωinv,n is defined as the fluid invariant frequency.
The validity of the made assumptions and the practical use will be discussed in the
following sections.

2.4.2. Viscoelastic Fluids
In case of viscoelastic fluids, real and imaginary part of the fluid influence M̄f are
q
q
1√
3η 0
ρf ω
|η ∗ | + η 0 + |η ∗ | − η 0 +
ve
2
2ro
q
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3η 00
,
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=

(2.49a)
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where |η ∗ | denotes the absolute value of the complex viscosity. However, no explicit
formulations for the two parts of the complex viscosity as a function of the measurement
parameters can be derived from Eqs. (2.49) and Eqs. (2.44). Therefore, Eqs. (2.49) are
formulated as a series approximation around κ = η 00 /η 0 = 0
s
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which yields the sensor equations for a weakly elastic fluid
s

∆ω0,n = −an
∆Dn =

1
ωair,n

1
κ
ρf η 0 ωair,n 1 −
2
2


s

an



1
κ
ρf η 0 ωair,n 1 +
2
2


(2.51a)


,

(2.51b)

assuming δ 0  ro . Eqs. (2.51) can then be solved for η 0 and η 00 , yielding
(∆Dn ωair,n − ∆ω0,n )2
η =
2a2n ρf ωair,n
2
2
∆Dn2 ωair,n
− ∆ω0,n
η 00 =
.
a2n ρf ωair,n
0

(2.52a)
(2.52b)

For viscoelastic fluids, no fluid invariant frequency exists due to the unequal influence of
the elasticity on the real and imaginary part of the fluid moment. However, for κ  1
the error due to viscoelasticity may be neglected and the same formulation as in the
Newtonian case can be used.
As a consequence to the equations described in this chapter, only one variable per mode
has to be found by means of calibration to fully characterize the sensor. Since this variable
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is the same in the formulation for both fluid models, the calibration can be performed
using Newtonian fluids and later used for the measurement of viscoelastic fluids. While
weakly elastic fluids can directly be characterized using Eqs. (2.52), strongly elastic fluids
require the evaluation of implicit equations. The evaluation will be discussed in detail in
Sec. 5.
Since the behavior in air serves as reference, the sensor must be characterized in advance. Possible effects that are not modeled, such as a non-perfect fixed boundary condition, asymmetries, inhomogeneities or effects in the connecting piece are incorporated in
these reference values as well as in the calibration factors.

2.4.3. Temperature Influence
Since a relative measurement is performed, it is important that the reference values do not
change. However, temperature changes might occur during operation of the sensor, which
will influence material properties and dimensions of the system. This will especially affect
the resonance frequency, which is directly related to the length and shear wave speed of
the material, cf. Eq. (2.25). Therefore, shear modulus and dimensions of the sensor are
modeled as a function of the temperature. Assuming a metal-based material, a linear
temperature expansion
l(T ) = l (Tref ) (1 + αl (T − Tref ))
(2.53)
is considered, characterized by the coefficient of thermal expansion αl . Concerning the
temperature behavior of the elastic properties, numerous models exist. If only moderate
changes around room temperature are considered, a linear approximation can be used
[101]. Thus, assuming a constant density, the shear wave speed can be modeled as
αG
cshear (T ) ≈ cshear (Tref ) 1 −
(T − Tref ) ,
2




(2.54)

where 0 < αG  1 is the thermal coefficient of the shear modulus. The negative sign
reflects the fact that the shear modulus decreases with increasing temperature. Hence a
linear dependence of the resonance frequencies of the sensor in air is expected. The exact
proportionality coefficient, however, is unknown yet and must be determined experimentally.

2.4.4. Error Analysis
Both the reference values (ωair , Dair ) and the values obtained during measurement (ω0 , D)
are suspected to certain variations. Therefore, a number of measurements is performed
and the mean values, denoted by (¯), are used to calculate the mean viscosity η̄. The
uncertainty of each measurement value is given by the standard deviations σω0 , σD , etc.,
which yields an uncertainty of the measured viscosity. The following chapter presents
and interprets said uncertainties. Since the analysis is equal for each mode, the index n
is omitted in this section. For the sake of readability, the mean frequency and damping
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ratio shift are defined with
¯ 0 = ω̄0 − ω̄air
∆ω
¯ = D̄ − D̄air .
∆D

(2.55a)
(2.55b)

First, Newtonian fluids are considered. Since the viscosity can be calculated both using
the resonance frequency and the damping ratio, cf. Sec. 2.4.1, the relative standard
deviation of the viscosity is dependent on the chosen method, i.e.
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σω2 air
,
2
ω̄air

(2.56b)

assuming the measurement parameters to be independent of each other [57]. The indices
[ ](D/ω0 ) denote the viscosity calculated using the damping ratio or resonance frequency,
¯ 2  1, errors of the resonance frequency in air affect
respectively. Since (ω̄air + ω̄0 )2 /∆ω
0
the measurement via the resonance frequency clearly more as compared to the method
using the damping ratio. Considering that especially the frequencies in air undergo relatively large variations due to temperature effects, the use of the damping ratio is assumed
to be considerably less error-prone.
The same analysis can be carried out for a weakly elastic fluid, using Eqs. (2.52).
Both the resonance frequency and damping are required for the evaluation of the complex
viscosity. The relative errors for both parts read
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2 σ 2
ωair
2
ω̄air
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(2.57b)
In this case, the susceptibility to errors is equal for both parts of the complex viscosity. It
¯ ≈ −3∆ω
¯ 0,
can be shown that the relative errors are almost equal for quantities ω̄air ∆D
which corresponds to a fluid with equal viscosity and elasticity. However, the equations are
only valid for a weakly elastic fluid. In this case, the relative error of the elasticity becomes
larger as compared to the viscosity counterpart. Inserting Eqs. (2.51) into Eqs. (2.57),
the relative error ratio can be approximated with
ση00
1 ση0
≈
·
.
η̄ 00
κ η̄ 0

(2.58)

Furthermore, errors in the resonance frequencies have a larger effect as errors in the
damping. Therefore, especially frequency measurements have to be performed thoroughly
and temperature variations have to be minimized.
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2.5. Final Design and Experimental Validation
2.5.1. Final Design
With respect to the sought multi-frequency control and fluid characterization, the following design requirements are formulated:
• As many torsional resonance frequencies as possible in an accessible frequency range.
With regard to a digital implementation of the control loop on customary processors,
the frequencies shall not exceed 24 kHz.
• Sufficient frequency separation of the modes, i.e. applicability of the sdof approximation around each resonance. (Relevant for the multi-frequency control, cf. Chapter 4).
• Significant fluid influence on the vibrational properties of the sensors for all modes
considered.
• Robust material and compact dimensions in order to apply the sensor in industrial
processes or for applications as hand-held device.
• Moderate fluid volume required for the measurement in order to enable applications
in research and development.
Having the analytical model at hand, dimensions and materials can be chosen considering
the requirements on the sensor.
To maximize the controllable frequencies, the lowest resonance frequency shall be as
small as possible. Therefore, the total length of the sensor has to be relatively large and
made of a material that features a low shear wave speed, cf. Eq. (2.25). This is the case
for materials with high density and a small shear modulus. These requirements, however,
contradict with the requirement on robustness and producibility.
To obtain a high fluid influence, the intrinsic damping of the material should be small,
the outer radius large and the polar moment of inertial small, which favors tubes with
small wall thickness. A good compromise to these requirements is found with thin walled
brass tubes. Brass has a relatively small shear wave speed (ca. 2000 m/sec), is easy
to process and commercially available in the required form. Therefore, segments 1 and
3 are made of brass (CuZn30, alloy C260 [4]), while the connecting piece is made of
stainless steel (AISI 316L). The dimensions are chosen to respect the made requirements,
depending on the available semi-finished products. All dimensions of the used elements
have been determined by measurement, the most relevant parameters are summarized
in Table 2.1. The necessary fluid volume (min. 40 ml) is relatively large in comparison
with conventional rheometers, which require 2-20 ml, depending on the used geometry.
However, the sample volume is considered to be reasonable for the sought applications.
In order to avoid influences of the environment and to minimize additional damping due
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θ̇3 (lm )

Ul
Laser
Vibrometer

DSP
Board

Torsional
Oscillator
Excitation
Transducer

(a) Torsional oscillator

U-I
Converter

(b) Experimental setup

Figure 2.7.: Final design of the oscillator and experimental setup. (a) Picture of the sensor. The
oscillator body is elastically mounted in a fixed additional housing; (b) Experimental
setup for electromagnetic excitation, optical readout and digital signal processing.

to the fixation, the sensor is elastically mounted in an additional housing that is fixed to
the surroundings. A picture of the sensor is shown in Fig. 2.7(a).
In order to obtain the parameters used in the analytical description of the sensor itself
(without fluid influence), the material properties of the used brass tubes are characterized experimentally before assembly of the sensor using the following routine: The tube
with known length is placed on a foam support to mimic free boundary conditions. An
electromechanical transducer (EMAT) excites torsional oscillations of the tube while the
displacement is measured optically using a single-point laser vibrometer. Amplitude and
phase response are measured and used to obtain resonance frequency and damping ratio
by fitting the sdof phase response Eq. (2.9) to the data. The results are then used to calculate the shear wave speed listed in Table 2.1 via Eq. (2.25). To obtain better accuracy,
the results obtained by measuring the first three torsional modes are averaged.
Oscillator
ro,1 =
ri,1 =
l1
=
ro,3 =
ri,3 =
l3
=
l2
=
lm =

dimensions
4.75 mm
4.415 mm
90.5 mm
3.5 mm
3.05 mm
128 mm
8 mm
121 mm

Physical
ρ
=
cshear =
G0
=
ηG
≈
αl
=
αG =

properties CuZn30
8530 kg/m3 ∗
2102 m/sec
37.69 GPa
1 · 10−4
19.9 · 10−6 1/◦ C ×
4.255 · 10−4 1/◦ C ∗

Table 2.1.: Selection of the most relevant dimensions and physical properties of the sensor as
shown in Fig. 2.6. Measured data. Tabular values from supplier (∗ ) and [101] (× ).

31

Chapter 2. Design and Model of the Torsional Fluid Sensor

ω0,1 ω0,2

106

ω0,3 ω0,4

ω0,5

ω0,1 ω0,2

0
∠Y [rad]

104
|Y |

ω0,5

1
2π

105
103
102
101

0

20

40

60

− 12 π
−π
− 32 π
−2π

Analytic
Experimental

100
10−1

ω0,3 ω0,4

80 100 120

ω [rad/sec]

·103

(a) Amplitude spectrum

Analytic
Experimental

0

20

40

60

80 100 120

ω [rad/sec]

·103

(b) Phase spectrum

Figure 2.8.: Normalized amplitude and phase response spectrum of the mobility function Y of the
oscillator in air. Analytical result (red dashed line, θ̇3 (lm )/Mex ) and experimental
results (black line, Ul /Uex ).

2.5.2. Experimental Validation
To validate the analytical model, the oscillator is embedded in an experimental setup that
is illustrated in Fig. 2.7(b). Core of the setup is a TMS320C6747 floating point digital signal processor (DSP) from Texas Instruments that is also later used for the implementation
of the phase control. The DSP is integrated in the OMAP-L137 development board from
Spectrum Digital that performs data storage, communication and digital/analog conversion. Since the evaluation board is intended to be used for professional audio applications,
the sampling frequency is fixed to 48 kHz.
The excitation moment is applied electromagnetically using a coil system that is arranged around the magnet position. Since the output channels of the evaluation board
has not enough power to drive the low-impedance coils, a voltage-to-current converter
(Made by M. Hägeli, IMES) with conversion factor 0.22 A/V is used to convert the voltage output Uex to an excitation current Iex with frequency independent amplitude. The
response of the sensor is measured with a single-point laser vibrometer (Polytec OFV
303 sensor head with OFV 3001 controller) that provides a voltage Ul proportional to
the velocity vl ≈ θ̇3 (lm )ro,3 at the measurement position. The frequency response of the
sensor is measured experimentally in a range from 100 Hz to 20 kHz using an averaging
phase detector (APD) that is digitally implemented on the DSP. The functionality of the
APD is described in detail in Sec. 4.1.1.
Figure 2.8 depicts the (normalized) amplitude and phase response spectrum of the
oscillator together with the results obtained by the analytical solution. The calculation
uses the measured parameters listed in Table 2.1. Only the loss factor ηG of the used
32

2.5. Final Design and Experimental Validation

Table 2.2.: Experimentally and analytically obtained resonance frequencies ω0,n of the first five
torsional modes of the oscillator in air and in a Newtonian sample fluid with η =
2.5 Pa·sec at 22◦ C.

Mode n
1
2
3
4
5

Air
Analytical Experimental
16104.7
16268.4
35042.7
35116.1
70437.8
70316.4
88696.4
87460.7
120468.8
121078.2

Fluid
Analytical Experimental
15986.6
16145.3
34498.8
34613.4
70061.8
69933.1
86910.5
86545.2
120272.9
120892.3

material has been adapted to cover additional damping effects that are very difficult to
model, such as energy dissipation in the fixation or connection points or electromagnetic
losses.
Since the phase between excitation and response is not only dependent on the transfer
behavior of the oscillator, but may be also depend on the D/A or A/D conversion, current
amplification, transducer or the laser demodulator, parasitic phase shifts due to these
additional devices have been compensated in the figure. Five torsional resonances ω0,1
to ω0,5 are identified in the considered frequency range. The small amplitude peaks and
phase drops at 9.5·103 rad/sec, 21.9·103 rad/sec, 49.7·103 rad/sec, 79.5·103 rad/sec and
114·103 rad/sec correspond to flexural resonances of the oscillator (confirmed by finite
element method (FEM) simulations). This may be caused by a not purely torsional
excitation or by nonlinearities in the structure. The resonance frequency values obtained
both analytically and experimentally are listed in Table 2.2. The results are in good
agreement with a relative error of less than 1%. The experimental phase spectrum shows
a little deviation from the theory at higher frequencies, which is caused by the digital
measurement. The discrepancy in the peak amplitudes is mainly an effect of the limited
frequency resolution of the measured amplitude spectrum.
The comparison of the phase shift shows a difference in the region between ω0,4 and
ω0,5 . While the simulation indicates an anti-resonance (minimum amplitude and +π phase
drop), the experimental results shows the amplitude minimum but a −π phase drop. This
behavior, which seems contradictory and not reasonable, is caused by a superposition of
the 114·103 rad/sec flexural mode and the anti-resonance between modes four and five.
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Figure 2.9.: Normalized distribution of the angular displacement (a) and moment amplitude (b)
over the sensor length for the first five torsional modes without fluid influence. The
red dotted line marks the measurement position. Note that modes three and five
have a maximum moment at the connection point at x = 100 mm.

ω0,1

ω0,2

ω0,3

ω0,4

ω0,5

Figure 2.10.: Visualization of the first five torsional modes of the sensor in air. The plots illustrate the torsional mode shapes obtained from FEM simulations of the structure
shown in Fig. 2.4. The sensor body is modeled as fixed rigid body. Color and
deformed shape show the normalized displacement magnitude.

To investigate the behavior of the sensor and the fluid influence on the different modes,
the mode shapes of the torsional resonances can be calculated using the analytical model.
Figure 2.9 shows the distribution of the angular displacement and moment amplitude for
the first five torsional modes, normalized with the value at the position of excitation. As
expected, the mode shapes differ from the single-tube model especially at higher order
modes. To visualize the mode shapes more clearly, Fig. 2.10 shows an illustration of the
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Figure 2.11.: Normalized amplitude and phase response spectrum of the mobility function Y
of the oscillator immersed in a Newtonian fluid with viscosity η = 2.5 Pa·sec.
Analytical result (red dashed line, θ̇3 (lm ) vs. Mex ) and experimental results (black
line, Uex vs. Ul ).

mode shapes in air obtained by FEM simulations (Simulia Abaqus). It can be observed
that modes two and four exhibit a maximum displacement amplitude at the tip of the
sensor, i.e. at the connection between the two main tubes. This might pronounce effects
that are not modeled correctly, such as additional damping due to friction in the press-fit.
The comparison of the frequency responses in Fig. 2.8 confirms this assumption, showing
a relatively large deviation between experiment and simulation for mode four. For the use
of the oscillator as fluid sensor, however, these effects are not problematic since additional
damping effects or deviations in material parameters are fully incorporated in the reference
values.
To investigate the sensor in contact with a fluid, a Newtonian sample fluid with a
relatively high viscosity of η = 2.5 Pa·sec is considered. The frequency response both
from simulation and experiment is depicted in Fig. 2.11. As expected, the resonance
frequencies are decreased and the damping is increased. The sdof approximation, however,
does not apply to mode four any more since the anti-resonance ω3,4 is too close to the
resonance frequency. In this case, a 2dof fit is necessary to correctly evaluate the resonance
frequency and damping ratio, which is, however, difficult using phase control since the
2dof fit requires the resonance amplitudes of the two corresponding modes. If the viscosity
increases further, the phase drop will vanish and mode four cannot be characterized at all.
Hence a viscosity of η ≤ 3 Pa·sec is the limit for a successful phase control of mode four,
while the sdof approximation is assumed to be valid for η ≤ 1 Pa·sec. Due to the more
advantageous position of the remaining anti-resonance frequencies, all other modes can
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Figure 2.12.: Normalized distribution of the angular displacement over the sensor length for the
first five torsional modes. The oscillator is immersed in a Newtonian fluid with
η = 2.5 Pa·sec in the marked region. The red dotted line marks the measurement
position.

be controlled for a higher viscous fluid. The corresponding mode shapes are illustrated in
Fig. 2.12. The region where the fluid influences the sensor is marked blue. The influence
of the fluid with respect to the change in resonance frequency and damping is expected
to be most pronounced where the angular displacement amplitude in the fluid region is
high compared total deformation, as described by Eq. (2.45). This identifies mode four
as most sensitive to the fluid influence followed by modes two and three. The quantity
of the fluid influence is validated by calculating the influence factors an for the different
modes using Eq. (2.45). If the sensor is not fully immersed into the fluid, the influence
reduces, which can be quantified by using the analytical sensor model. To validate the
approximate solution of the fluid influence, the influence factors are calculated using both
the analytical ansatz Eq. (2.45) and the full model Eq. (2.39), cf. Table 2.3. For this
purpose, the full model is extended by additional segments of varying length to cover the
partial fluid influence.
The development of the influence factors is depicted in Fig. 2.13 as a function of the
immersion level of the sensor. The trend of the factors an as a function of the fluid level
are similar for the two different methods. Modes two and four differ slightly from the
results obtained by the full model, since the influence of the fluid forces on the sensor
tip and the additional mass moment of inertia Jp,2 are most pronounced for these modes,

an [m2 /kg]

Mode

1

2

3

4

5

Approximation
Full model

0.0273
0.0266

0.082
0.0775

0.0431
0.0431

0.1271
0.1224

0.0164
0.0163

Table 2.3.: Fluid influence factors of the fully immersed sensor obtained by the approximate
solution Eq. (2.45) and the full sensor model Eq. (2.39).
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cf. Fig. 2.9. These effects, however, are covered in the approximate solution only in the
calculation of the mode shapes. Note that both full model and approximation assume the
influence factors to be viscosity independent.
Full model
Approximation Eq. (2.45)

0.08

Mode
Mode
Mode
Mode
Mode
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Figure 2.13.: Development of the influence factors as function of the fluid level. Comparison
between approximate solution Eq. (2.45) (solid lines) and full model (dashed lines).
The values at 100% correspond to the values given in Table 2.3.
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Major parts of this chapter have been published previously in
• Brack, T., Kern, D., and Dual, J. Dynamics and stability of phase controlled oscillators. Journal of Dynamic Systems, Measurement, and Control 138, 7 (2016)* :
Sections 3.1-3.7
• Brack, T., Kern, D., and Dual, J. Damping measurement of oscillators using adaptive phase control. In 2015 American Control Conference (ACC) (Chicago, USA,
July 2015), pp. 1357–1362+ : Section 3.8.1

3.1. Introduction
In addition to the application sought in this thesis, a huge variety of practical applications
can be found in industry as well as in research that utilize phase controlled oscillators.
Since these control systems have not been optimized systematically, at least in the open
literature, there is a huge potential left for optimization. The dynamics and stability
of such phase controlled oscillators are analyzed in the following sections to enable an
optimal design of the controller and the tuning of its parameters.
The control task can be formulated briefly as bringing the oscillator into a specific state,
e.g. resonance, and maintain it. This includes a quick tracking of time-varying changes of
either the parameters of the oscillator (disturbance behavior) or the target value (tracking
behavior), which is usually the phase difference between excitation and response. Besides
the obvious requirement for stability, significant oscillations of the phase difference must
be avoided.
The applications of phase controlled oscillators can be generally divided into sensor and
actuator principles. Sensor applications draw information from the tracking of the system
parameters. They can be found in different fields of industry e.g. as devices to measure
flow rates [77], fluid properties, as mentioned in Sec. 1.3, mass [3, 73], force [61] or the
elasticity of biological materials [5, 138]. Resonance sensors such as vibratory gyroscopes
also use phase control algorithms [108]. On the other hand, actuator applications aim
at a high efficiency and accuracy. They can be found in speed control systems for DC
*
+

DOI: 10.1115/1.4033176, reproduced with permission, copyright 2016 ASME
DOI: 10.1109/ACC.2015.7170922, reproduced with permission, copyright 2015 IEEE
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motors [127], ultrasonic assisted machining [98, 76] or in microelectromechanical system
(MEMS) devices [142, 8, 131].
State of the art control loops are modified PLLs that are based on the assumption of
slowly varying system parameters [54, 130]. Indeed many systems fulfill this assumption.
However, some do not. Then, sudden changes of the system parameters become an issue,
e.g. if the load of a mass or force sensor changes quickly [100]. The same situation can
arise if a change of the target value (target phase shift) is to be tracked. This is used
in the context of damping measurement where frequencies corresponding to at least two
different phase shift values are evaluated consecutively. To ensure stability and correct
measurement results, a fast and stable dynamic behavior is required even if step changes
are applied.
Despite the issues, the strategy so far has been to tune the controller parameters by
trial and error [67] or to design a controller based on a simplified system model that does
not take into account the dynamic behavior of the phase of the oscillating system [73, 54].
The drawback of these methods is that optimal control is difficult to achieve and stability
cannot be guaranteed for all kinds of scenarios. If a specific dynamic behavior of the
closed loop is required, a systematic and universally valid controller design is necessary,
which is not possible with current methods.
Especially if resonance frequency and damping values of multiple modes shall be evaluated simultaneously, a similar dynamics of all modes is desired in order to avoid interactions between the modes due to large amplitude differences. This will be discussed in
detail in Sec. 4.
In this chapter the optimization of phase controlled oscillators by using a more general
and novel description is presented. First, the control system structure is analyzed. Next,
the model of a linear oscillator is cast into a phase-amplitude description to make it
compatible with phase control. This yields a nonlinear system that is the basis for further
studies, particularly the stability analysis of the closed loop system. The linearization of
this system enables the application of the elaborated theory of linear control to achieve an
optimal control system synthesis. Exemplarily, a proportional-integral-derivative (PID)
controller is used to close the control loop. Several applications, namely target value
tracking (changing the prescribed phase shift) and resonance tracking (varying system
parameters) are used as design scenarios and verified by simulations. The chapter is
concluded by an experimental validation of the target value tracking, usually used for
applications in viscometry.

3.2. Control System Structure
In every linear oscillatory system, the stationary phase shift between a harmonic excitation
and the response signal is independent of amplitude and a unique function around the
resonance frequency, as already described in Sec. 2.1. It is therefore beneficial to use the
phase shift in order to control the exciting frequency to maintain the system at resonance
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Phase
Detector

Controller

Oscillating
System
NCO

Figure 3.1.: Block diagram of a PLL in combination with an oscillating system. Solid lines indicate phase/frequency signals, dashed lines indicate harmonic signals. The nonlinear
conversion occurs in the phase detector and the NCO.

or at any other state that is related to a specific phase shift value. This can be achieved
by integrating the oscillating system into a PLL. The PLL technique was invented in
1932 originally for the frequency demodulation in radio receivers [33]. PLLs are widely
employed in telecommunications, where they are used in modems or as clock multipliers
in microprocessors [66, 51]. Nowadays, many applications are also found in mechanical
and mechatronical systems.
The conventional PLL consists of a phase detector, a proportional controller and a
voltage-controlled oscillator (VCO) [9]. The output of the PLL is a harmonic signal,
generated by the VCO, whose frequency follows the frequency of an input signal leaving a
certain phase difference as controller offset. Hence the conventional PLL takes a frequency
modulated signal as input and returns the modulation signal as output. There is no
oscillating system within the feedback. But since its functionality is based on the phase
detection between two harmonic signals, the oscillating system can be combined with the
PLL as it is shown in the block diagram in Fig. 3.1. Since today most control loops are
implemented digitally, the VCO is referred to as number-controlled oscillator (NCO) [51].
It generates a harmonic signal of amplitude ûsys , which represents the excitation of the
oscillating system
usys (t) = ûsys sin (φnco (t)) ;

φnco (t) =

Z t
0

ωnco (t) dt

(3.1)

with the phase φnco (t) being the integral of the driving frequency ωnco (t) over time. The
driving frequency is changed depending on the controller output yctrl (t) following the
formulation
ωnco (t) = ωc + Knco yctrl (t) ,
(3.2)
where ωc is called the center frequency since it is the driving frequency as long as the
controller output is zero. Knco is the NCO gain factor and has units of [rad/sec]. Assuming
linearity, the response signal ysys (t) of the oscillating system depends on the excitation
signal by
ysys (t) = ŷsys (t) sin (φsys (t))

(3.3a)

φsys (t) = φnco (t) + ∆φ(t) ,

(3.3b)
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where the amplitude ŷsys (t) and phase difference ∆φ(t) may vary with time due to transient effects [94]. The phase detector extracts the phase difference between the system
response and a reference signal
yref (t) = sin (φref (t))

(3.4a)

φref (t) = φnco (t) + ∆φt ,

(3.4b)

which is built from the NCO signal by applying an additional phase shift ∆φt that will
be referred to as the target phase shift. Assuming the phase detector to function ideally,
the phase detector output is given by
ypd (t) = φsys − φref = ∆φ(t) − ∆φt .

(3.5)

This difference operation closes the control system loop. Thus, the signal ypd (t) corresponds to the control error. It is fed into the controller that shall vary its output yctrl (t)
until this error vanishes. Because transients of the oscillator die out after some time due
to damping effects, the final value of the phase shift is the steady state value ∆φs . This
leads to the final condition
∆φs (ωnco ) → ∆φt .
(3.6)
In a nutshell, the NCO will vary its frequency ωnco such that the oscillator exhibits a phase
shift of ∆φt between excitation (input usys ) and response (output ysys ). Consequently, in
order to ensure zero control error in steady state, the controller needs at least one integral
term [72, 54].
It is obvious that the same result can be achieved by subtracting the target phase
shift ∆φt from the excitation signal instead of adding it to the reference. However, these
two methods show a difference in terms of dynamic behavior, which will be revealed in
Sec. 3.5.

3.3. Analysis of the Single Elements
To describe the dynamic behavior of the control loop it is beneficial to express the particular elements in form of transfer functions using linear time-invariant (LTI) system
theory. As illustrated in Fig. 3.1, the loop includes two different signal types, namely
phase/frequency signals and harmonic signals. Since the conversion between these signal
types is a nonlinear operation, the set-up of the transfer functions is not possible without
any further effort. To overcome this problem it is advantageous to seek transfer functions
in terms of phase signals, since the phase is implied in the harmonic signals. Whereas the
elements of the conventional PLL can then directly be described as LTI systems [75], the
transfer function of the oscillating system becomes nonlinear. However, it can be reduced
to a linear system in some neighborhood of the operating point.
The following section specifies and derives the necessary transfer functions. Since the
Laplace transform is extensively used for the treatment of LTI systems, functions in the
Laplace domain are denoted by capital letters throughout this chapter.
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3.3.1. Elements of the Conventional Phase-Locked Loop
For most PLL applications, even in combination with oscillating systems, a linear controller is sufficient. Therefore a PID controller is chosen, due to its easy implementation
and robust performance in a wide range of operating conditions [37]. Its transfer function
reads
Yctrl (s)
KI
Hctrl (s) =
= KP +
+ KD s ,
(3.7)
Ypd (s)
s
where KP , KI and KD are the proportional, integral and derivative gain factor, respectively. Ideally, the NCO generates a harmonic signal without transients by using a nonlinear trigonometric function. Regarding only the phase, one can write with the use of
Eqs. (3.1) and (3.2)

1
Φnco (s) = ωc + Knco Yctrl (s) .
(3.8)
s
Using the frequency as output variable
Ωnco (s) = ωc + Knco Yctrl (s)

(3.9)

can be formulated analogously.
The phase detector (PD) is both the most important and critical element of the PLL.
A lot of analog and digital operating modes have been developed in the past, for example
multipliers, XOR gates or flip-flop circuits [75]. Despite their differences, nearly all phase
detectors have the phase difference hidden in the DC component of an output waveform
or digital signal. Therefore, the signal has to be additionally low-pass filtered. Hence the
dynamics of the phase detector is mainly influenced by the filter element [130] and the
phase detector output in Laplace domain reads
Ypd (s) = Kpd (∆Φ(s) − ∆Φt ) · HLP (s)

(3.10)

featuring the PD gain Kpd of dimension [1/rad] and the filter transfer function HLP (s).
According to conventional PLLs of second order [75], the following analysis uses a first
order Butterworth low-pass filter with transfer function
HLP =

1
1 + s/ωg

(3.11)

where ωg denotes the cut-off frequency. Note that in conventional PLLs the controller and
filter are one and the same element and the phase detector is then modeled as a simple
difference operation [51].

3.3.2. Linear Oscillator
We consider the oscillator to be a simple sdof system as described in Sec. 2.1.1. For such
systems, the description of the steady state phase shift is well known. However, if the
driving frequency is changed quickly, the new phase shift value will be reached showing
a certain dynamics. The so called phase dynamics has been neglected in the analysis of
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phase controlled oscillators since only slow changes of the frequency have been investigated
[130, 54]. But for a general description the phase dynamics of the oscillator is of high
importance since it will influence the dynamic behavior of the whole system.
The analysis for phase control requires the representation of the oscillator position x
(e.g. displacement, voltage) in terms of magnitude x̂(t) and phase angle φ(t). This can be
obtained by the extension of the position variable x into the domain of complex numbers

x = x̂eiφ


ẋ = x̂˙ + ix̂φ̇ eiφ
ẍ =



(3.12a)
(3.12b)




x̂¨ − x̂φ̇2 + i x̂φ̈ + 2x̂˙ φ̇ eiφ .

(3.12c)

With this representation, the sdof differential equation Eq. (2.3) becomes
h









i

x̂¨ − x̂φ̇2 + i x̂φ̈ + 2x̂˙ φ̇ + 2Dω0 x̂˙ + ix̂φ̇ + ω02 x̂ eiφ = f (t) .

(3.13)

The same representation can be used for the right hand side, i.e. f = fˆeiφnco . The
phase angle φ of the response x is related to the phase angle φnco of the excitation f by
introducing the phase difference
∆φ = φ − φnco .
(3.14)
In order to obtain a description as a system of first order ż = Asys (z) + u(t), Eq. (3.13)
is separated into real and imaginary part and the substitutions
z1 = x̂ ,
u1 = fˆ ,

z2 = ∆φ ,

z3 = x̂˙ ,

z4 = ∆φ̇ ,

u2 = φnco

(3.15)
(3.16)

are made. The resulting state space description of the oscillator is the basis for the analysis
and design of the control system,
ż1 = z3

(3.17a)

ż2 = z4

(3.17b)




ż3 = u1 cos z2 − 2Dω0 z3 + z1 (u̇2 + z4 )2 − ω02


u1
z3
ż4 = − sin z2 − 2 Dω0 +
(u̇2 + z4 ) − ü2 .
z1
z1

(3.17c)
(3.17d)

This system is obviously nonlinear and autonomous. Using ∆φ as output it has a
feedthrough by u2 . The state space description Eqs. (3.17) is equivalent to Eq. (2.3)
with the only difference that the initial conditions x(0) and ẋ(0) cannot be mapped di˙
rectly onto x̂(0), x̂(0),
∆φ(0), ∆φ̇(0). This is a consequence of the extension from real to
complex domain. In order to determine z1 (0) . . . z4 (0) uniquely one can either impose a
free vibration or a steady state of forced vibration as initial state.
In order to use the elaborate theory of linear systems, the nonlinear system is linearized
around an operating point. Any operating point may be chosen for the application at
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hand, but by far the most relevant is the steady state situation at resonance. Consequently, the state space representation of the operating point z0
1
2Dω02
π
=−
2
=0

z1,0 =

(3.18a)

z2,0

(3.18b)

z3,0

z4,0 = 0

(3.18c)
(3.18d)

is the solution of the system of equations (3.17) when the exciting frequency is constantly
held at ω0 , i.e. u2 = ω0 t and all derivatives of the state variables are set to zero. Using
first-order perturbation theory, Eqs. (3.17) can then be linearized around the operating
point [129]. Whereas a small perturbation of the excitation frequency is considered, the
excitation amplitude remains constant,
u1 (t) = fˆ
u̇2 (ε, t) = ω0 + ε∆ω(t)

(3.19)
(3.20)

with the small parameter ε  1 and ∆ω denoting the first order perturbation of the
excitation frequency. Since the state variables will also vary by a small amount around
the operating point, the first order ansatz
z1 (ε, t) = z1,0 + εz1,1 (t)

(3.21a)

z2 (ε, t) = z2,0 + εz2,1 (t)

(3.21b)

z3 (ε, t) = εż1,1 (t)

(3.21c)

z4 (ε, t) = εż2,1 (t)

(3.21d)

can be used. Inserting Eqs. (3.21) into Eqs. (3.17) and neglecting terms of higher order
O(ε2 ), a set of linear state equations is obtained. A combination of the four dependent
differential equations of first order into two of second order results in the linear system of
equations
fˆ
z̈1,1 = fˆz2,1 − 2Dω0 ż1,1 +
(ż2,1 + ω0,1 )
Dω0


ˆ
4Dω0  3
f
z̈2,1 = −
Dω0 z1,1 + ω02 ż1,1 + (ż2,1 + ω0,1 ) .
2
fˆ

(3.22)
(3.23)

Finally, the transfer functions between the state variables can be derived by means of the
Laplace transformation. The transfer function that relates the change in phase difference
Z2,1 (s) and a change in excitation frequency Ω0,1 (s) is
D 2
s + Ω0 s(D2 + 1) + Ω20 D
Z2,1
2
= − s4
.
∆Ω
+ Ds3 + Ω0 s2 (D2 + 1) + 2Ω20 Ds + Ω30 D2
4Ω0

(3.24)
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As expected, the excitation amplitude fˆ does not appear in this equation.
Although this transfer function contains all the necessary dynamics, a simplification
to a system of lower order is beneficial with regard to the controller design. Usually,
oscillators used in phase control are moderately underdamped systems, typically 10−5 <
D < 10−1 . Then the poles and zeros of Eq. (3.24) can be approximated using a Taylor
series expansion around D = 0, which results in the representation of the transfer function
via the poles p and zeros q
2
(s − qi )
Z2,1
= −2DΩ0 · Q4i=1
∆Ω
i=1 (s − pi )

Q

(3.25)

with
p1,2 = −DΩ0

(3.26a)

p3,4 = −DΩ0 ± i2Ω0

(3.26b)

q1 = −DΩ0

(3.26c)

q2 = −DΩ0 − 2Ω0 /D .

(3.26d)

Terms of order O(D2 ) and higher are neglected. The zero q1 and one pole p1,2 cancel each
other out and Eq. (3.25) can be written as
Z2,1
1
s − Dω0
=−
+
∆Ω
s − p1 (s − p3 )(s − p4 )

(3.27)

using partial fraction expansion. The first part is a first order lag element with a static
gain of 1/(Dω0 ) and a time constant of −1/(Dω0 ) seconds. The second part is a second
order lag element with static gain (−1/4 + D3 /16 − O(D5 ))ω0−1 and a time constant of
1/(2ω0 ) seconds. Since D  1, the contribution of the second part to the overall solution
can be neglected and the transfer function is then approximated by
Z2,1
1
≈−
.
∆Ω
s + DΩ0

(3.28)

This behavior has also been found by Rubiola [120], however using a different formulation
of the sdof oscillator that is not well applicable for a complete analysis of the nonlinear
control loop. For the following analysis Eq. (3.28) is defined as the system transfer function
Hsys (s). It can be separated in a static part and a dynamic part
Hsys (s) = −

1
·
DΩ0

1
1
s
DΩ0

+1

= Ksys · Hdyn (s) .

(3.29)

The factor Ksys can be interpreted as the linearization of Eq. (2.9) around the resonance
frequency, whereas the first order lag element Hdyn (s) describes the phase dynamics of
the oscillator. This result is plausible since the amplitudes of the transient oscillations
die out with exp(−Dω0 t) [94]. Note that a perturbation of the resonance frequency Ω0
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Figure 3.2.: Response of the phase shift deviation z2,1 to a step change ∆ω of the excitation
frequency starting at resonance, obtained from transfer functions calculated during
the linearization procedure for D = 0.025 and D = 0.25 (ω0 = 6000 rad/sec).
Common legends.

with constant excitation frequency results in the same dynamics. Inserting Eq. (3.28) into
ansatz Eq. (3.21b) using the values at the operation point Eq. (3.18), the final result

∆Φ(s) = −

π
+ Hsys (s) (Ωnco (s) − Ω0 )
2

(3.30)

is obtained.
Since many simplifications have been carried out to finally arrive at Eq. (3.29), the
result shall be validated briefly. Therefore, the response of the phase deviation z2,1 to a
step change of the excitation frequency variation ∆ω has been calculated with all transfer
functions that have been obtained during the simplification process. The comparison
is shown in Fig. 3.2, where the numerically obtained result from the original system
Eq. (3.17) is also depicted. As can be seen, the results are similar for low damping. Only
small deviations are present for very high damping, mainly due to the negligence of high
frequency components.
Similar to the phase dynamics, the amplitude of the oscillation will reach steady state
showing a certain transient behavior, depending on the excitation frequency. This amplitude dynamics, however, is highly non-linear and difficult to derive analytically. Since
it is not essential for phase control, it shall not be investigated further. The interested
reader is referred to Appendix C, where a semi-analytical approach is used to obtain an
approximate description of the amplitude dynamics.
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3.4. Analysis of the Closed Loop
According to Fig. 3.1, the closed loop system is comprised of the oscillating system and a
controller, which takes as its input the output signal of the phase detector. For the case
of a PID controller, the excitation frequency of the oscillator, produced by the NCO, can
be formulated via


ωnco = u̇2 = ωc + Knco KP ypd + KI

Z



ypd dt + KD ẏpd ,

(3.31)

where the control error ypd is dependent on the deviation of the phase shift from the target
value. In case of an ideal phase detector, the relation is directly proportional. However,
the phase deviation is influenced by the dynamics of the low-pass filter, cf. Eq. (3.10).
Hence the control error is described by the differential equation of the low-pass filter,
which is
ẏpd = (P (∆φ − ∆φt ) − ypd ) ωg
(3.32)
for the case of a first order Butterworth filter with cutoff frequency ωg . Since the phase deviation can only be detected within a certain interval −∆φmax . . . ∆φmax (periodic boundary), depending on the phase detector, a function describing this truncation
!

P (∆φ) = Kpd

∆φ
∆φ − round
2∆φmax
2∆φmax

!

(3.33)

is introduced, where round() denotes the rounding to the next integer.
Inserting Eqs. (3.31) and (3.32) into the description of the oscillator Eq. (3.17), the state
space description of the closed loop system can be derived using the integral and proportional control error as additional state variables
z5 (t) = ypd
z6 (t) =

Z

(3.34a)

ypd dt .

(3.34b)

Solving for the time derivatives of the state variables yields the system of equation
ż1 = z3

(3.35a)

ż2 = z4

(3.35b)

ż3 = u1 cos(z2 ) − 2Dω0 z3 − ω02 z1


(3.35c)
2

+ z1 z4 + KP z5 + KI z6 + ωc + KD ωg (P (z2 − ∆φt ) − z5 )
u1
ż4 = ωg (KD ωg − KP )(P (z2 − ∆φt ) − z5 ) −
sin(z2 ) − KI z5 − z4 KD ωg
(3.35d)
z1



z3 
− 2 Dω0 +
z4 + KP z5 + KI z6 + ωc + KD ωg (P (z2 − ∆φt ) − z5 )
z1
ż5 = (P (z2 − ∆φt ) − z5 ) ωg
(3.35e)
ż6 = z5
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where the NCO gain Knco has been set to one because it can be combined with the
controller parameters. This is the full, non-linear model of a phase controlled oscillator.
It covers all fundamental characteristics and can be described analogously in case of other
filters, controllers or phase detector dynamics, which may be linear or non-linear.

3.4.1. Steady State of the Control Loop
The steady state is reached when the time derivative of the state vector vanishes ż = 0,
i.e. constant frequency of excitation and response, constant phase difference and constant
proportional and integral control error. It can be shown that the following state fulfills
the steady state conditions
z1 = z1s

(3.36a)

z2 = ∆φt

(3.36b)

z3 = 0

(3.36c)

z4 = 0

(3.36d)

z5 = 0

(3.36e)

z6 = z6s .

(3.36f)

The amplitude z1 is given by the sdof magnitude response Eq. (2.8)
z1s =

u1
q

ω02 (1 − ω̄ 2 )2 + (2Dω̄)2

,

(3.37)

where ω̄ = u̇2 /ω0 = ωnco /ω0 is the ratio between the excitation frequency and the resonance frequency ω0 . This ratio follows from the phase response given by Eq. (2.9), i.e. it
is the solution of
2D
ω̄ − 1 = 0 .
(3.38)
ω̄ 2 +
tan ∆φt
In order to maintain this constant frequency ratio ω̄ there must be the persistent integral
error
ωnco − ωc
z6s =
.
(3.39)
KI Knco

3.4.2. Stability Analysis by Lyapunov Functions
The linearization of the closed loop from Eqs. (3.35) at steady state (operating point)
given by Eqs. (3.36) leads to the well-known state space form of LTI systems
ż = APLL z

with

APLL = ∇ż|z=zs .

(3.40)

An eigenvalue analysis gives information about the stability in some neighborhood of the
operating point. In order to obtain information about the stability regions on a large
scale, Lyapunov functions can be used [129]. A Lyapunov function, i.e. a function V (z)
that is positive definite with a negative definite time derivative V̇ (z), can be constructed
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Phase detector

Controller

NCO

Oscillating system

Figure 3.3.: Block diagram of the control system using the linearized phase dynamics of the
oscillator. The disturbance signal S is used in Sec. 4.2.

for a linear system by prescribing any positive definite matrix Q and then solving the
Lyapunov equation [37]
(3.41)
− Q = AT
PLL P + PAPLL
for P. If such P can be found, the Lyapunov function is then given by the quadratic form
V (z) = zT Pz .

(3.42)

The strategy here is to find a Lyapunov function from the linearization and then evaluate
this function for the nonlinear system.

3.5. Transfer Functions of the Closed Loop
The description of the control loop as nonlinear system is valuable for stability analysis
and numerical simulations but the incorporation into further control design is tedious.
That is why a simplification to linear transfer functions is sought. By means of the linear
transfer function and the relations derived in Sec. 3.3, the control loop can be represented
in linearized form as illustrated in Fig. 3.3. The gray frames show the contribution of each
element to the loop. Here the target phase shift is applied to the reference signal. Using
this description, several input/output combinations can be investigated. This section
focuses on the cases that are important in most applications of PLL controlled oscillators,
namely the system response to
a) A change in the target phase shift ∆φt
b) A change in the properties of the oscillating system
Additionally, this section shows how the linearized system and hence the transfer functions
depend on the signal path the target phase is applied to.
Defining the plant transfer function
Hplant = Kpd HLP Hsys Knco
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and the open loop transfer function
HOL = Hplant Hctrl ,

(3.44)

the formulation for the output variable
−HOL ∆Φt + (ωc − Ω0 )Hsys − π/2
(3.45)
∆Φ =
1 − HOL
can directly be deduced from Fig. 3.3. In the same way the NCO frequency reads
−Ω0 HOL − (∆Φt + π/2)HOL /Hsys + ωc
.
(3.46)
Ωnco =
1 − HOL
These formulations can be used to describe different situations as long as they fulfill the
conditions on which the linearization is based on. Therefore, the target value is introduced
using the deviation Φ (s) from the phase shift at resonance
∆Φt = ∆Φ0 + Φ (s) = −π/2 + Φ (s) .

(3.47)

The response to a variation of the target value from resonance is now investigated (case
a) ). Since one is interested in changes that start from steady state, the center frequency
is chosen such that it matches the resonance frequency, which eliminates the transient
start-up behavior. Then Eqs. (3.45) and (3.46) simplify and the frequency and phase
transfer functions for case a) follow
∆Φ − ∆Φ0
HOL
HΦa =
=−
(3.48)
Φ
1 − HOL
1
HOL
Ωnco − Ω0
=−
.
(3.49)
HΩa =
Φ
Hsys 1 − HOL
They describe the change in frequency and phase shift respectively, caused by a variation
of the target phase shift from ∆Φ0 . Although the natural solutions, determined by the
poles of the functions, are identical, the additional zero in HΩa will create an overshoot in
the step response compared to the response of the phase transfer function. The knowledge
of these functions is important in applications where the target phase is regularly changed,
as it is done in [67] for the continuous monitoring of the damping of an oscillating system.
As introduced in Sec. 3.2, the target phase can alternatively be subtracted from the
excitation signal instead of adding it to the reference signal. This will not affect the static
and quasi-static behavior but the dynamics, since the target phase passes the oscillating
system before reaching the phase detector. Hence an additional dynamics is added that
is covered by Eq. (3.30). For this reason the input to the control loop changes in this case
to
∆Φt = −π/2 + Hdyn · Φ (s) ,
(3.50)
which correlates to the introduction of a prefilter to the closed loop system shown in
Fig. 3.3. Consequently, the transfer functions of case a) are then modified to
HOL
H̄Φa = −Hdyn
(3.51)
1 − HOL
1
HOL
H̄Ωa = −
.
(3.52)
DΩ0 1 − HOL
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Due to the low-pass filter characteristics of Hdyn , high frequency components in ∆φt are
attenuated, which leads to a more robust but slower behavior. This is reflected in the
removed zero of the frequency transfer function as well as in the additional pole of the
phase transfer function.
For applications that focus on the tracking of the resonance frequency, the response
to a change of the system properties is of interest (case b) ). If the system is locked at
resonance, a change in the damping will have no affect since the phase remains constant.
To describe what happens if the resonance frequency is changed by Ω (s), Eq. (3.46) can
be used. We assume the system to be locked at resonance, i.e. Ωc = Ω0 . Then a variation
of the resonance frequency
Ω0 → Ω0 + Ω (s)
(3.53)
is applied while the target value is constantly held at ∆Φt = ∆Φ0 . If the variation Ω is
smaller than the resonance frequency, the parameters of HOL can be regarded as constant
and the transfer function for case b)
HΩb =

Ωnco − ωc
HOL
=−
Ω
1 − HOL

(3.54)

follows.

3.6. Controller Design
Since a PID controller shows a robust performance in a wide range of operating conditions
[37], the suitability of this controller type is investigated in the following chapter. As any
low order controller, a PID can be easily implemented digitally. The parameters of the
oscillating system are expected to vary slowly, in contrast to the target phase, hence we
will perform the controller design for case a) only.
For the case of a first order filter, as introduced in Eq. (3.11), the plant transfer function
Hplant features no zero and two poles
p1 = −DΩ0

(3.55)

p2 = −ωg .

(3.56)

The PID controller introduces a transfer function that has one pole at the origin and two
zeros. Hence the poles of the loop gain can be eliminated by choosing
1
Dω0
1+
KP =
Kpd Knco
ωg
Dω0 1
KI =
Kpd Knco τc
1
1
KD =
,
Kpd Knco ωg τc
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which reduces the transfer functions to first order systems
HΦa =

1
,
τc s + 1

HΩa = −

s + Dω0
,
τc s + 1

(3.58)

where the time constant τc is a free variable. This enables to easily tune the transient response of phase and frequency, respectively. Note that HΩ will exhibit a certain overshoot
if τc < 1/(Dω0 ) due to the additional zero. A special case occurs if the time constant τc
is chosen equal to 1/(Dω0 ). Then pole and zero compensate and the frequency is tracked
immediately and without any dynamics, which would be the ideal case in terms of tracking performance. However, since the oscillator properties are not known exactly and a
discrete implementation of the differential part requires an additional filter, said choice of
the time constant will not result in an ideal behavior but rather produce overshoot.
The analytic design is restricted to systems of second order, i.e. oscillator in combination with a first order filter. Systems with higher order filters cannot be configured by
this method. However, if a low-pass filter with a dynamics much faster than the oscillator
is chosen, i.e. ωg  Dω0 , the PID controller can be approximated by a PI controller with
the parameters
1
Kpd Knco τc
Dω0 1
.
KI =
Kpd Knco τc

KP =

(3.59a)
(3.59b)

This approximation holds as well for higher order filters that fulfill the mentioned requirement.
The good consistency of the linearized and nonlinear model has shown that the linearized system can be used to successfully design the controller. But the knowledge of
the parameters of the oscillator is mandatory to correctly calculate the controller parameters. This may be a problem, since these values are often known only approximately or
are measured values themselves. Therefore we assume that the controller parameters are
calculated based on the erroneous approximation of the system properties
(Dω0 )err = s · Dω0

(3.60)

where the value s is the deviation factor from the correct value. If s 6= 1, the pole-zero
compensation does not hold and the closed loop transfer function (3.49) becomes
HΩa =

τc

(Dω0 + s)(s Dω0 + s)
.
+ (τc Dω0 + 1)s + s Dω0

s2

(3.61)

However, stability can be proven for all positive parameters D, ω0 , τc and s by applying
the Hurwitz criterion. Note that this result is only valid if the linearization of the oscillator holds. If a significant overshoot occurs, stability has to be investigated using the
Lyapunov method presented in Sec. 3.4. To avoid additional overshoot it is advantageous
to underestimate the real value, i.e. s  1.
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Although the PID controller is assumed to be sufficiently robust for the applications
presented in this thesis, the inherent uncertainties in a measurement task may require
to take methods of robust control [154] into account for design and simulation of phase
controlled oscillators, particularly when applied to critical tasks.

3.6.1. Alternative Controller Types
To overcome the problem of overshoot in the response of HΩa , a compensator can be
uses as an alternative controller type. Here, the approach is to analytically calculate the
controller transfer function such that the closed loop transfer function matches a defined
function Ht (s) [86]. Therefore, we replace Hctrl with Hcomp in Eq. (3.49) and claim
Ht (s) = −

1
Hplant Hcomp
.
Hsys 1 − Hplant Hcomp

(3.62)

If the same first order filter as before is used, the transfer function on the right side of
Eq. (3.62) shows a pole-zero excess of one and a static gain of −Dω0 . Hence we choose
Ht (s) = −

Dω0
τc s + 1

(3.63)

to be a first order system with the same static gain and time constant τc . Solving Eq. (3.62)
for Hcomp yields
Dω0 (s2 + s (Dω0 + ωg ) + Dω0 ωg )
Hcomp (s) =
.
(3.64)
sKnco Kpd ωg (sτc + Dω0 τc + 1)
Using this transfer function as controller, the system behavior can exactly be defined
by Ht (s). The same procedure can be done if a higher order filter is used in the phase
detector. Note that the function Ht (s) has to be of same order as the filter to ensure
that the relative degree of Hcomp is positive. However, even if stability of the closed loop
system can be proven for wrongly estimated system parameters, the compensator is less
robust as compared to the PID controller [18].

3.7. Validation
To validate the results experimentally and to investigate the applicability of the phase
control to the torsional oscillator, the control loop is implemented digitally on the DSP
as presented in Fig. 2.7. The C code is listed in Appendix D. The phase detector that is
used in the following studies is a digital averaging phase detector (APD), which is a type
I phase detector based on a multiplier [9]. A detailed description is given in Chapter 4,
where the same phase detector type is used. It has a linear phase output with range from
−180 deg to 180 deg and Kpd = 1 1/rad. With respect to the resonance frequency of the
oscillator, a first order Butterworth low-pass filter with ωg = 10 · 2π rad/sec is sufficient.
Since the NCO gain can be merged with the controller gains, Knco is set to 1 rad/sec.
The PID controller parameters are calculated using Eqs. (3.57), where the time constant
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ω0 [Hz]
D []
KP []
KI [1/sec]
KD [sec]

Low damping
2588.95
5.33 10−5
10.14
8.68
0.16

High damping
2531.22
0.049
133.4
7772
0.16

Table 3.1.: Sensor properties and corresponding PID controller parameters according to
Eqs. (3.57) for two different damping situations. The closed loop time constant
is set to τc = 0.1 sec.

of the closed loop phase transfer function is set to τc = 0.1 sec. Table 3.1 shows the
parameter values for both conditions.
To investigate both a nearly undamped and a highly damped condition, two different
situations have been investigated: The free vibration in air and the oscillator immersed
into a liquid. Since all modes are expected to behave similarly, only the first torsional
mode is used for the validation. The resonance frequency and damping values of the first
torsional vibration mode are determined for both cases using an open-loop frequency response measurement. A highly viscous Newtonian calibration oil with a dynamic viscosity
of 29.7 Pa·sec at 22 ◦ C serves as damping liquid. The system parameters, summarized in
Table 3.1, are then used for simulations and experimental investigations.
To verify the linearized model and the controller design based on it, the different system
responses are also calculated analytically using the transfer functions derived in Sec. 3.5.
They are compared to corresponding results from the nonlinear system, generated by
numerical simulations using Matlab Simulink, and to the experimental results.
In order to obtain comparable results, the simulations use a time-discrete solver with
fixed step size of 1/48 msec. Therefore, the transfer functions of the elements are converted to time-discrete transfer functions via bilinear transformation [106]. The oscillating
system is represented as a second order system featuring the properties listed in Table 3.1.
Since the D gain of the controller is very small compared to the P and I gain, it is set to
zero to avoid problems that occur with time-discrete differentiation. Since the measurement position is relatively near to the excitation, collocated control is almost achieved
[111].
Since mode one of the torsional oscillator can be assumed to be independent and linear,
the two cases of the considered system can be regarded as a representative for a broad
range of linear oscillators that may be used for phase control, thus making the formulations
found in this chapter applicable to many systems.

3.7.1. Stability
The strategy to investigate the stability of the nonlinear system has been successfully
carried out using the properties of the example system specified in Table 3.1. Figure 3.4
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Figure 3.4.: Based on the matrix Eq. (3.65), stability in the sense of Lyapunov can be proven in
the black region (negative time derivative of the Lyapunov function V ) for the tracking of the resonance phase shift of the example system from Sec. 3.7 for ∆φt = ∆φ0 .
The red dots mark the steady state position zs . From this plot, no statement about
stability can be made for the white region.

shows the stability region of the example system for the prescribed matrix
Q = diag(104 , 109 , 100 , 102 , 100 , 100 )

(3.65)

from which the Lyapunov function is built. Stable regions are defined by a negative
gradient, which is illustrated by black color in the figure. The plots of V are omitted,
since this function is by construction positive definite everywhere. Figure 3.4(a) repeats
periodically in z2 because this state variable enters the Lyapunov function only via periodic
functions, namely harmonic functions of the phase detector description Eq. (3.33).
As inherent for the Lyapunov method, the stability investigation is based on a more
or less freely chosen function Q, hence no statement about stability can be made for the
region where the found Lyapunov function has a negative time derivative (i.e. the white
region in Fig. 3.4). If the stability of a certain region around the steady state is of interest,
a more systematic and detailed study of the Lyapunov function is required.

3.7.2. Step Change of the Target Phase
The tracking of the target phase shift is one of the applications the controller shall be
optimized for, as introduced in case a) in Sec. 3.5. The step response is well suited to
characterize the dynamic behavior of controlled systems. To cover both a moderate and
rather extreme situation, the responses of the system to step changes in the target phase
shift ∆φt of -15 deg and -45 deg with respect to the stationary value at resonance are
investigated. The system is in steady state when the step is applied. Figure 3.5 shows
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Figure 3.5.: Development of the response of the system phase shift ∆φ both for the nonlinear
and linearized system compared to the experimental results. A step change of the
target phase shift ∆φt by -15 deg and -45 deg starting at resonance is applied at
t = 1 sec. Controller and system parameters according to Table 3.1.

the step response of the phase shift ∆φ both for low and high damping contrasting the
nonlinear system response and the experimental result with the linearized system response
from Eq. (3.48). Due to the controller design the response of the linearized system is
the same for both damping situations and shows the desired first-order behavior. The
nonlinear system follows the linearized solution very well for the smaller phase step (15 deg), whereas little deviations are observed when a larger step is applied. Since the
corresponding frequency step is higher for the highly damped system, i.e. the deviation
from the operating point of the linearization is larger, the error increases with higher
damping. The experimental results match almost exactly the solution of the nonlinear
system, verifying the correctness of the simulation.
For practical use the frequency is more important as measured value. It can be directly
obtained by monitoring the controller output yctrl during the process. The step response of
the NCO frequency is depicted in Fig. 3.6, again comparing the experimental results with
the results from the nonlinear and linearized system. As expected, a damping dependent
overshoot occurs due to the additional zero. Figure 3.6(a) shows the frequency step
response for the low damped situation where a significant overshoot is present. The results
from the nonlinear and linearized system result match almost perfectly. Figure 3.6(b)
shows the same situation for the highly damped system. No overshoot is observed due
to the decreased time constant of the oscillator’s phase dynamics. The steady state value
of the linearized system after the -45 deg step differs slightly from the nonlinear value,
which can be explained by the linearization of the steady state phase response.
Apart from that, the linearized system turns out to be a very good approximation for
the nonlinear control loop for all considered situations. The experimental results show a
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Figure 3.6.: Development of the excitation frequency ωnco both for the nonlinear and linearized
system compared to the experimental results. A step change of the target phase
shift ∆φt by -15 deg and -45 deg starting at resonance is applied at t = 1 sec. The
lower curves correspond to the step of -15 deg, the upper curves to the -45 deg step.
Controller and system parameters according to Table 3.1.

very good agreement with the nonlinear simulation. Some deviations in the overshoot and
final value can be observed, which may be explained by small errors in the determination
of the values used for the sdof approximation, cf. Table 4.1, small nonlinearities of the
real system or deviations of the values due to temperature effects.

3.7.3. Resonance Tracking
The second case that has been analyzed is the resonance tracking. In this case the target
value ∆φt remains constant while the resonance frequency ω0 changes. We investigated
this scenario by applying a step change in the resonance frequency after the controller
is locked at resonance. The step value is chosen analogous to the output of the -45 deg
target phase step, i.e. 0.63 rad/sec in the undamped case and 754 rad/sec for the damped
system. Note that the damping ratio D remains constant during the experiment. The
result obtained from the linearized system using Eq. (3.54) and the nonlinear result are
depicted in Fig. 3.7 for both damping situations. Experimental results have not been
conducted covering this scenario since a step change in the resonance frequency was not
possible to achieve with the experimental oscillator. However, the validity of the nonlinear
system has been shown already in the previous results and serves as reference in this case.
Both curves match very well for both damping situations, hence the linearized model can
also be used to design the controller for this scenario as well.
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Figure 3.7.: Development of the excitation frequency ωnco when a step change of the resonance
frequency is applied at t = 1 sec. Resonance tracking, i.e. ∆φt = ∆φ0 . The
step value is chosen analogous to the output of the -45 deg target phase step, the
particular damping ratios D remain constant. Controller and system parameters
according to Table 3.1.

3.8. Applications in Resonance Sensors
In most applications, the change of external influences on a resonance sensor is considerably slower than the phase dynamics of the oscillator. Hence, mostly rather conservative
controllers are used that can be designed just as well using a simple model without including the phase dynamics.
However, in many applications the damping of the oscillator is of interest as well. A
common approach to determine the damping of a linear oscillator is the evaluation of at
least two different states of the phase-frequency relationship, cf. Eq. (2.11). This is usually
implemented by applying a stepwise change of the target phase shift and evaluating the
corresponding the steady state frequency value. Hence, the dynamics of the complete
system directly influences speed and robustness of the measurement.
Section 3 revealed that the damping ratio strongly influences the dynamics of the system and thus the dynamics of the measurement process. However, the damping ratio is
not known a priori since it is the measurement parameter itself. Therefore, two possibilities are presented in the following section in order to overcome this problem. The first
approach uses a stepwise change of the target phase but adapts the controller parameters
continuously. The second approach uses a sinusoidal variation of the target phase and
evaluates the phase shift between target and response phase.
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Controller
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Adjustable
Controller

PD + NCO

Oscillating
System
Figure 3.8.: Block diagram of the adaptive control loop based on the linearized PLL model
shown in Fig. 3.3. The controller parameters are continuously updated based on
the current estimated damping ratio.

3.8.1. Adaptive Damping Measurement
One possibility to overcome the dependence of the dynamics on the unknown damping
ratio is to perform a stepwise change of the target phase and to adapt the controller
parameters throughout the measurement based on the previously measured damping ratio.
This can be achieved using the indirect adaptive control method described in [79]. The
basic idea is that a suitable controller can be designed on-line if a model of the plant is
estimated on-line from the available input-output measurements [79]. Since this method
is only possible if the plant is a linear system, the adaptive control must refer to the
linearized system. A PID controller and a compensator are used as an example. Thanks to
the analytic design rules derived in Sec. 3.6, no complex estimation of all plant parameters
is necessary but only an adaption of the controller parameters themselves. This leads to
a simple adaptive control scheme that is shown schematically in Fig. 3.8. The adaptation
of the controller parameters is done in two stages:
1. On-line estimation of the damping ratio using Eq. (2.11)
2. On-line computation of the controller parameters based on the current estimated
damping ratio and resonance frequency, using the analytic design rules
As shown in Sec. 2.1.1, the damping ratio D can be evaluated by identifying the frequency
values ω + and ω − corresponding to the phase shift values ∆φ0 ± α. The measurement
proceeds as follows: First, the target phase shift ∆φt is set to ∆φ0 until the system has
reached resonance. Then ∆φt is consecutively changed each tm seconds. To minimize
errors due to noise in the signal, the mean frequency of the last 10% of each measurement
period is recorded. Sample-and-hold circuits provide the output signal at the same sample
rate as used in the control loop. Additionally, the resonance frequency is calculated by
taking the average of the values ω + and ω − . Thus, the damping ratio can be calculated
each tm seconds using Eq. (2.11). An optional low-pass filter attenuates noise in the
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Figure 3.9.: Simulated evolution of the normalized excitation frequency ωnco for a phase switching of ∆φ0 ± 5 deg each 2 sec using both an adaptive PID controller (black solid
line) and an adaptive compensator (red dashed line). The control process starts a
t = 2 sec, the oscillating system is changed after 20 sec from high to low damping,
according to Table 3.1. Note that the frequency scaling is changed at t = 24 sec.

measured damping signal. The time constant of the noise filter should be smaller than
the measurement period.
As a validation, the adaptive damping measurement has been numerically investigated
using Matlab Simulink. Similar to Sec. 3.7, the oscillator is modeled as 2nd order linear
system using the parameters of the first torsional mode of the sensor for two extreme
damping situations, cf. Table 3.1. The simulation starts with the oscillating system
featuring high damping. The start-up behavior is not of interest for this investigation,
hence the center frequency ωc is set equal to the resonance frequency.
Since the damping ratio is unknown at the start, the controllers are determined based
on an initial guess that is chosen to be 10% of the correct value. As derived in Sec. 3.6,
a certain overshoot is expected for τc < 1/(Dω0 ) if a PID controller is used. However,
the time constant of the controller shall not be adaptable in this simulation and is fixed
to τc = 0.2 sec. To ensure that the final value of the frequency is reached during one
measurement period, tm = 2 sec is set.
The evolution of the NCO frequency for both the PID and the compensator is depicted
in Fig. 3.9, where the normalized deviation of the NCO frequency from the resonance
frequency is shown. Due to this normalization, the frequency should ideally switch between −1 and 1 for both damping conditions. At t = 2 sec the target phase switches to
α = −5 deg, which forces the frequency to develop accordingly. Since the initial decay
rate is too small, the final value is not reached during the first measurement period. After
6 sec, when the first value of the measured decay rate is obtained, the parameters change
until the final state is reached after approximately 10 sec for both controller types. The
reached dynamics perfectly match with the analytically predicted behavior. At t = 20 sec
the system properties are suddenly changed to the low damping situation, which produces
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Figure 3.10.: Simulated evolution of the measured damping ratio Dmeas and corresponding relative error using both an adaptive PID controller (black solid line) and adaptive
compensator (red dashed line). The dash-dotted blue line describes the preset decay rate. System change from high to low damping at t = 20 sec, according to
Table 3.1.

a large overshoot in the frequency signal until the measured damping ratio is updated
again. For the sake of visibility, the normalization is changed after one period of measurement, i.e. at t = 24 sec. After the system change, the PID parameters adapt quickly to
the new situation (ca. three measurement periods), while the adaption of the compensator
requires ca five five periods. The overshoot in the final PID controlled frequency signal
is an effect of the relatively short time constant τc . The development of the measured
damping ratio is shown in Fig. 3.10 for both controller types. The dash-dotted, blue line
shows the values that have been preset in the model. The final value of the measured
damping ratio shows only a small error that could be even more reduced by increasing
the sampling rate of the simulation.
For systems with relatively large damping both controller types perform relatively
similar. For weakly damped systems, the PID controller develops quickly to an optimal
damping measurement whereas the compensator is relatively slow, as can be seen in
Fig. 3.10(b). However, the compensator provides a frequency signal without overshoot,
which might be favorable in terms of stability of real applications. For applications in
fluid measurement, the weakly damped situation represents the reference measurement
in air. In this case, measurement time is not an issue and a less critical time constant τc
can be chosen. Hence the adaptive PID is suited better for the applications considered in
this thesis.
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Figure 3.11.: Block diagram of the damping measurement via dynamic phase variation. The
phase shift between a harmonically varying target phase shift ∆φt (t) and the corresponding excitation frequency ωnco (t) is used to calculate the damping ratio of
the oscillator.

3.8.2. Dynamic Phase Variation
Another possibility to measure the damping ratio using phase control is to investigate the
full dynamics of the frequency development instead of only evaluating the final, steady
state value. The analytic description of the dynamics can then be used to calculate
back the unknown parameters. In the case of a stepwise target phase change, however,
this method requires an effective system identification algorithm that might be slow and
computationally expensive. Furthermore, since the controller parameters are not optimal
due to the unknown damping, the system might leave the region where the linearization is
valid. Then the system identification will produce bad results. To avoid these problems,
the target phase can be changed sinusoidally around the resonance phase with frequency
ωpv and amplitude α, i.e.
∆φt (t) = ∆φ0 + α · sin (ωpv t) .

(3.66)

This variation will create an oscillation of the NCO frequency around resonance
ωnco (t) = ω0 + Apv · sin (ωpv t + ∆φpv ) ,

(3.67)

where the amplitude Apv and phase shift ∆φpv are a function of ωpv and all system
parameters of the closed loop, given by the theoretical transfer function Eq. (3.49)
Apv = |HΩa (iωpv )|
∆φpv =

∠HΩa (iωpv ) ,

(3.68)
(3.69)

where the target phase shift is applied to the reference path. Since all parameters except
the oscillator properties ω0 and D are known, the evaluation of either the amplitude or the
phase gives information about the remaining values. One possibility is to measure ∆φpv
with an additional phase detector and using the measured value to solve ∠HΩa (iωpv ) for
the damping ratio D. This can be done either analytically or, if speed and computational
effort is important, by finding the minimum difference between the measured phase shift
and a list of previously calculated values for different oscillator parameters. However, also
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Figure 3.12.: Phase shift ∆φpv between a harmonic target phase shift ∆φt (ωpv = 31.5 rad/sec)
and the corresponding NCO frequency of a phase controlled oscillator as a function
of the exponential decay rate ω0 D of the oscillator (x-axis) and different controller
parameters KP = KI (color and number on lines). The differential part is zero.
Calculation via Eq. (3.69) for a first order APD low-pass with ωg = 63 rad/sec.

the resonance frequency ω0 appears in this equation. Therefore, it has to be measured
additionally, which can be achieved by taking the moving average of the frequency output
over one period 2π/ωpv . The measurement scheme is illustrated in Fig. 3.11. The block
[PLL+oscillator] is equal to Fig. 3.1. To minimize the computational effort, the PLL is
using an APD with a first order low-pass filter with ωg = 63 rad/sec.The cut-off frequency
of the low-pass filter in the additional phase detector must be significantly smaller than
the variation frequency ωpv in order to effectively cancel out the AC components [130].
Therefore, the measurement speed becomes higher with a larger variation frequency. The
same is valid for the moving average filter for the resonance frequency measurement.
In this application, the controller parameters of the closed loop system may not be
chosen as defined in Eqs. (3.57), since this produces an oscillator-independent output.
In contrast, the controller parameters have to be chosen such that the influence of the
oscillator is particularly large. Furthermore, the frequency of the phase variation plays
also a role on this influence. To find appropriate parameters, Fig. 3.12 shows the phase
shift ∆φpv as a function of the exponential decay ratio ω0 D of the oscillator for different
PID controller parameters, calculated using Eq. (3.69). A variation frequency of ωpv =
31.5 rad/sec is considered. It can be seen that higher controller parameters produce
a larger gradient of the phase, making the phase shift measurement more sensitive on
the oscillator properties. However, large controller parameters produce high noise in the
frequency output. A good compromise has been found with KP = KI = 50, KD =
0. The variation frequency itself has only small effect on the oscillator influence and
hence on the sensitivity of the measurement. Using these parameters, simulations with
Matlab Simulink have been performed to investigate the method. As in the previous
validation examples, the first torsional mode in two damping conditions is used to define
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Figure 3.13.: Development of the measured damping ratio and resonance frequency using harmonic phase variation of α = 15 deg with ωpv = 31 rad/sec. The PLL uses a PI
controller with KI = KP = 50 and a first order APD filter with ωg = 63 rad/sec.
System change at t = 10 sec from high to low damping according to Table 3.1.
Simulation result.

the parameters of the oscillating system. The simulation starts with the high damping
condition and a center frequency 10 Hz below resonance. In contrast to the adaptive
damping measurement, no initial values for the oscillator are required. The result is shown
in Fig. 3.13, where the damping ratio is measured using the look-up table approach. After
ca. two seconds the damping ratio is correctly measured with small error. At t = 10 sec the
system parameters switch to the low damping situation. Although the step in resonance
frequency and damping is quite large, the results show that both parameters can be
correctly measured after ca. 5 sec. The corresponding measurement error is illustrated in
Fig. 3.14, showing the very accurate measurement of the system parameters. An increased
sampling frequency and improved damping calculation can increase the accuracy further.

3.9. Conclusion
In this chapter a fully analytical description of the commonly used and strongly nonlinear
PLL as applied to control an oscillatory system has been derived. The approach was to
describe all elements of the control loop in terms of phase signals including the nonlinear
input/output relation of the oscillator. A state space formulation of the full, non-linear
system has been used for stability analysis.
To make the control system approachable by standard methods of control theory, a
linearization of the system yields a simple description that is relevant for nearly all applications of phase controlled oscillators. In contrary to common PLL designs, where
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Figure 3.14.: Relative measurement error of the resonance frequency and damping ratio measurement shown in Fig. 3.13. System change at t = 10 sec from high to low damping
according to Table 3.1.

only slow variations are considered, the analytical description given here fully takes into
account the phase dynamics of the oscillator and is therefore not limited in the temporal resolution. The validity of the linearization in the operating range was proven by a
comparison with the nonlinear system. The practical suitability was demonstrated experimentally using the torsional oscillator in two different damping conditions with two
different controllers, specifically a PID controller and a compensator.
Besides the tracking of the resonance frequency, monitoring the damping ratio is of
importance especially for the intended fluid characterization. Due to the derived analytic
description, numerous possibilities to effectively measure the damping ratio are now possible, despite the strong dependence of the closed loop dynamics on the measured value
itself. Two examples, an adaption of the controller parameters and a harmonic variation
of the target phase shift are presented. Both methods show promising results and good
measurement accuracy. However, an experimental validation of these methods is still
outstanding.
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4. Multi-Frequency Tracking
The content of this chapter is based on the publication
• Brack, T., Vujanic, R., and Dual, J. Simultaneous phase control of multiple frequencies of multi-degree-of-freedom systems. Journal of Vibration and Control,
Prepublished (May 2016)*

4.1. Introduction
Up to now, the analysis of phase control has only been carried out for sdof systems. The
torsional oscillator, however, shows multiple degrees of freedom and therefore multiple
resonance frequencies. Since such systems can be approximated by a superposition of
sdof systems, cf. Sec. 2.1.2, phase control is possible for every resonance. As long as
the modes can be regarded as independent of each other, the behavior can be described
analogously to the analysis carried out in Chapter 3. However, the fundamental relation
of phase control, i.e. the steady state relation between the frequency of oscillation and
phase shift ∆φs is not unique for mdof systems. To illustrate the consequence of this
sdof
mdof
Attraction
Repulsion

∆φs [rad]

0
− π4
− π2
− 3π
4
−π
ω0,1 ω12

ω0,2

ω23 ω0,3

ω [rad/sec]
Figure 4.1.: Qualitative illustration of the phase of the mobility function of a linear oscillator
with both one (dashed line) and multiple (solid line) degrees of freedom. The colored
points illustrate the stable (red) and unstable (blue) equilibrium points for positive
controller gain and ∆φt = −π/2. The arrows illustrate the attraction (red) and
repulsion (blue) of the excitation frequency.
*

DOI: 10.1115/1.4006224, reproduced with permission, copyright 2016 SAGE Publications Ltd.
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non-uniqueness, Fig. 4.1 recalls the steady state phase shift for both a sdof and mdof
system.
Considering the sdof system, the control error converges to zero if the controller has
positive gain and at least one integral term due to the negative gradient of the phase
shift. Hence, the excitation frequency will settle down at the frequency corresponding to
the prescribed target phase shift. The mdof system, however, shows multiple frequencies
corresponding to the same phase shift. Consequently, positive controller gain will stabilize
only frequencies corresponding to negative gradient of the phase curve. As an example,
resonance control is considered. All resonance and anti-resonance frequencies correspond
to the same phase shift value ∆φ0 (−π/2 in Fig. 4.1). Due to the changing gradient of
the phase curve, only the resonance frequencies are stable equilibrium points, whereas the
frequencies around the anti-resonance represent unstable equilibrium points, as illustrated
in Fig. 4.1. This leads to the identification of an attraction region for a specific mode that
is defined by the adjacent anti-resonance frequencies [72]. For example, ω0,2 can only be
tracked if ω12 < ωc < ω23 .

4.1.1. Multi-PLL Control Method
Pm

n=1 usys,n

PLL 1
Oscillating
system

PLL 2

PLL 3

Figure 4.2.: Illustration of the multi-frequency control loop comprising a parallel arrangement
of multiple PLL subsystems, an adder and the oscillating system. A single line
represents a harmonic signal containing a single frequency; a double line represents
a multi-frequency signal.

The excitation of a linear oscillator with a harmonic, multi-frequency signal causes
a system response that can be regarded as a superposition of the responses to the corresponding single frequency excitations. Therefore, a parallel arrangement of m PLL
subsystems can be used for the simultaneous tracking of multiple frequencies, as illustrated in Fig. 4.2. Each PLL is responsible for the phase control of one single frequency
that is generated by the corresponding NCO. All variables used throughout this chapter are analogue to Sec. 3 with an additional index n indicating the corresponding PLL
subsystem. For the sake of convenience, the indices denoting the subsystem and the
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Figure 4.3.: Block diagram of the digital averaging phase detector. The output ypd corresponds
to the phase difference between the input signals ysys and yref . The symbol × denotes
a multiplier, symbolizes a low-pass filter.

corresponding mode are equal. The output signals are added together and form the excitation signal of the oscillating system. Consequently, the input signal of each PLL is
composed of multiple frequencies, hence an effective extraction of the specific frequency
is of utmost importance. This could be achieved for example by using narrow band-pass
filters [136]. Discrete Fourier transform (DFT) methods could also be applied, notably
using the Goertzel algorithm, which evaluates amplitude and phase at a single selectable
frequency, [106]. Sell et al. [125] used this method for the compensation of spurious parallel capacitances of piezoelectric sensors. Another possibility is described in [29], where
the Hilbert transform phase detector (HTPSD) is used to process signals with high signal
to noise ratio. However, these methods impose different restrictions on the application.
Leakage errors can occur when dealing with DFT algorithms, while both the HTPSD and
band-pass method requires filters of very high order to obtain accurate results.
Using an averaging phase detector (APD), the frequency separation can be combined
with the phase detection in one single element that is composed of simple elements and
does not possess the problems of the aforementioned methods. Figure 4.3 shows the
structure of the APD as it is implemented in various applications, such as lock-in amplifiers
[52]. To explain the functionality, steady state is assumed, i.e. transient vibrations have
diminished. Analogue to Eq. (2.15), the output of the oscillator can be written as a sum
of m harmonics
ysys (t) =

m
X

ŷsys,n sin (ωnco,n t + ∆φn )

(4.1)

n=1

with frequencies ωnco,n . As a generic example, the first PLL (PLL1), which is responsible
for the phase control of the excitation frequency ωnco,1 is now studied more closely. According to Fig. 4.3, the reference signal is phase shifted by 90 degrees to obtain two parts

(a)

(4.2a)

(b)

(4.2b)

yref,1 (t) = cos (ωnco,1 t + ∆φt,1 )
yref,1 (t) = sin (ωnco,1 t + ∆φt,1 )
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that are both multiplied by the system response, which gives
(a)
yref,1

· ysys =

m
X

"

ŷ sys,n

n=1

1
sin ((ωnco,n − ωnco,1 )t + ∆φn − ∆φt,1 )
2
+ sin ((ωnco,n + ωnco,1 )t + ∆φn + ∆φt,1 )

(b)
yref,1

· ysys =

m
X
n=1

"

ŷ sys,n



#

(4.3a)

1
cos ((ωnco,n − ωnco,1 )t + ∆φn − ∆φt,1 )
2
− cos ((ωnco,n + ωnco,1 )t + ∆φn + ∆φt,1 )



#

. (4.3b)

If there is a significant difference between the frequencies of the PLLs, all components
except the DC value can be attenuated by using a low-pass filter with a cut-off frequency
significantly below the next smallest frequency difference (i.e. ωnco,2 − ωnco,1 ). Hence the
filtered signals ya and yb can be approximated by
1
ya,1 ≈ ŷ sys,1 sin(∆φ1 − ∆φt,1 )
2
1
yb,1 ≈ ŷ sys,1 cos(∆φ1 − ∆φt,1 ) .
2

(4.4a)
(4.4b)

They can be regarded as real and imaginary part of a complex number having the amplitude ŷ sys,1 /2 and argument ∆φ1 . Using the atan2 function, the phase shift
ypd,1 = atan2(ya,1 , yb,1 ) = ∆φ1 − ∆φt,1

(4.5)

corresponding to the frequency ωnco,1 is extracted. The amplitude ŷ sys,1 is given by
q

2
2
ŷ sys,1 = 2 ya,1
+ yb,1
.

(4.6)

4.2. Synthesis of the Control
Up to now, the low-pass filters has been assumed to work very well. However, situations
might occur where the filter reaches its limit. This is especially the case, when the
amplitudes of the high-frequency components are much larger than the DC part that
should be retained, cf. Eq. (4.3). This occurs when the mode to be controlled has not
yet reached resonance (low amplitude) but one or even all other modes are already at
resonance (high amplitude). In this case the APD output contains non-negligible high
frequency components that may disturb the performance or even lead to complete failure.
Therefore, it is important that all PLL subsystems exhibit the same or at least similar
dynamic behavior, given by a common time constant τc , and the difference of amplitudes
of each mode is minimized. To achieve that, a second order Butterworth filter with
HLP (s) =
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√
2ωg s + ωg2

(4.7)
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Figure 4.4.: Stability region for a PLL controlled oscillator, using a PI controller with parameters
according to Eq. (3.59) and a second order Butterworth filter. The filled regions
illustrate an unstable parameter combination.

is used and each controller is designed according to the properties of the assigned mode
using the PI approximation given in Eq. (3.59). Furthermore, the excitation amplitudes
ûsys,n are adjusted such that the response amplitudes ŷ sys,n are in the same range of
magnitude.
However, if a second order filter and a PI controller are used, the stability analysis
carried out in the previous section is not valid any more. To ensure stability for this case
as well, the poles of the corresponding third order transfer function HΩa are investigated.
Since one of the poles has always a negative real part and the other two remaining poles
are complex conjugated, it is sufficient to plot the real part of one relevant pole as a
function of the decay rate ω0,n Dn , the time constant of the closed loop τc and the cut-off
frequency of the filter. Figure 4.4 depicts the stability region of the closed loop as a
function of these parameters. The lines illustrate the stability boundary (real part of the
pole equals zero), the instability regions are represented by the filled regions. It can be
seen that the maximal tracking speed, i.e. the minimal time constant is dependent both
on the decay rate and the cut-off frequency of the filter. If the decay rate is low, small
time constants can only be obtained when choosing a relatively high cut-off frequency,
which might, however, pose problems in terms of frequency separability. Hence in multifrequency tracking a compromise is required between frequency separation and tracking
speed. Eq. (3.59) can only be applied if the stability conditions shown in Fig. 4.4 are
fulfilled.
If the controller analysis from Chapter 3 is used, the subsystems have to be regarded as
independent of each other. During multi-frequency control, however, interactions between
the subsystems might lead to effects that have not been considered yet. These interactions
can be modeled as a disturbance signal S acting on the measured signal of the phase, as
it has been already included in Fig. 3.3. According to Eqs. (4.3)-(4.4), the disturbance is
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the AC-component in the phase detector output ypd that remains after low-pass filtering.
It contains the (relative) frequencies of all other subsystems.
Using a PI controller having the previously defined parameters, the disturbance transfer
functions (Φ = 0) of each subsystem can be approximated by
√
s2 + 2ωg s + ωg2
∆Φn − ∆φ0,n
1
√
=
(4.8)
≈
−
S
τc s + 1
τc s3 + 2τc ωg s2 + τc ωg2 s + ωg2
Ωnco,n − ω0,n
s + Dn ω0,n
≈−
(4.9)
S
τc s + 1
for ωg  1 rad/sec. Both transfer functions have stable poles for positive parameters
τc , Dn , ωg , hence closed-loop stability is still ensured for each subsystem. Since the disturbance will be transferred to the frequency output, the frequencies of the oscillation will
vary slightly. This will, however, not change the amplitude of the disturbance but add an
additional high-frequency component, cf. Eq. (4.3). Additionally, Eq. (4.9) exhibits lowpass behavior, therefore the disturbance will be additionally attenuated in the frequency
output. Thus it can be stated that the parallel arrangement of multiple PLL systems will
have no negative affect on the stability of each subsystem.

4.3. Validation
To investigate the practical suitability of the method, the experimental setup presented
in Fig. 2.7 is used. Two different damping conditions have been created by using the
oscillator vibrating freely in air and damped by a liquid. Similar to Sec. 2.5.2, a Newtonian
calibration oil with a dynamic viscosity of 2.5 Pa·sec at 22◦ C serves as damping liquid.
Figure 4.5 recalls the mobility function Y = Ul /Uex of the experimental setup for both
damping conditions, including the attraction boundaries of the first five torsional modes.
Although no anti-resonance exists between mode four and five, the 2π phase jump due to
the limited range of the phase measurement can be regarded as attraction boundary as well
since it represents a sign change of the phase. Since the measurement has been conducted
using the control system in open loop mode, the setup proves to be able to measure the
phase shift over the whole frequency range. Therefore, the center frequencies can be freely
chosen within the appropriate attraction region to achieve a successful resonance tracking.
The phase shift values at resonance, which are independent of the damping as long as the
interaction between the modes is negligible, are illustrated in Fig. 4.5 by black and red
dots, respectively.
Based on the modal decomposition approach, the resonance frequencies and damping
factors of each mode are evaluated by fitting the sdof phase response Eq. (2.9) to the
phase of the mobility function around the resonance values. While the assumption of
separated modes is mostly valid for both conditions, the mobility function of the damped
oscillator shows interactions between the third and fourth mode. In this case mode four
has been identified by using a 2dof fit. The obtained values are summarized in Table 4.1.
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Figure 4.5.: Amplitude and phase spectrum of the mobility function Y = Ul /Uex of the sensor
for both damping conditions, measured experimentally in open-loop mode. The
vertical dashed lines correspond to the anti-resonances that define the attraction
regions of each resonance mode, marked by black and red dots.

Mode Number n
1
2
3
4
5

ω0,n [rad/sec]
Air
Fluid
16268.4
16145.3
35116.1
34613.4
70316.4
69933.1
87460.7
86545.2
121078.2 120892.3

Dn [10−3 ]
Air Fluid
0.043 9.59
0.05 16.66
0.099 6.46
0.073 12.69
0.155 1.71

Table 4.1.: Resonance frequencies and modal damping ratios of the first five torsional modes of
the oscillator in air and immersed in a Newtonian calibration oil with η = 2.5 Pa·sec
at 22◦ C.

Two experiments have been performed to study the presented multi-frequency tracking:
first, the simultaneous tracking of the first five resonance frequencies is investigated for
both damping situations. Since the control method is based on the frequency separation,
the APD is the most important but also most critical element of the control loop. To
investigate the capabilities of the setup in terms of frequency selectivity, two non-resonant
frequencies corresponding to the same mode are tracked simultaneously in a second experiment. This application is referred to as direct damping measurement, since it is useful
to directly determine the damping ratio of the specific mode without varying the target
phase shift.
Additionally, numerical simulations with Matlab Simulink have been conducted. The
numerical results are not shown in the following chapter, since they confirm the excellent
agreement between analytical/numerical and experimental results of the sensor model and
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the control loop. This agreement has already been demonstrated in Sec. 3.7.

4.3.1. Digital Implementation
Since the computing power of the DSP is limited, the code has been optimized in terms of
speed in order to enable the control of five modes with sufficient accuracy. The following
list summarizes the measures taken.
• Since infinite impulse response (IIR) filters are most efficient in digital signal processing [126], the filter transfer functions are transformed to discrete-time domain
and implemented as direct-form 1 IIR filter. To obtain a best match between continuous and discrete frequency response, the transformation has been performed using
the bilinear transform.
• To improve long-time accuracy, the Kahan summation algorithm is implemented,
which avoids numerical errors that occur with floating point integration [71].
• Sine and cosine functions are implemented as look-up tables with a resolution of 1
deg.
• All variables that do not increase with time are defined as single precision (32bit)
floating point numbers, whereas only variables increasing with time are double precision (64bit). The use of 32 bit data results in a frequency resolution of 1.2·10−5 %
of the signal frequency.

4.3.2. Multi-Frequency Resonance Tracking
To track the first five resonance frequencies, five PLL subsystems are used, one for each
resonance frequency. For all experiments, if not otherwise stated, a second order Butterworth low-pass filter with cut-off frequency ωg = 63 rad/sec is chosen for each subsystem.
This is sufficient to effectively attenuate all unwanted frequency components. To obtain best performance, the final amplitudes of each frequency component should lie in
the same range of magnitude to avoid a bad signal-to-noise ratio in the phase-detector
output. Therefore, the excitation amplitude has been chosen accordingly. To avoid big
amplitude differences during the control process, the controller parameters are calculated
individually for each PLL using Eqs. (3.57), such that the time constant of all subsystems
is τc = 0.16 sec.
We first investigate the effect of the attraction region on the tracking performance.
Therefore, all center frequencies ωc,n are set to 95% of the resonance values. The
experiments are conducted with air as the surrounding medium. Figure 4.6 shows the
evolution of the frequencies. Almost all excitation signals successfully track resonance,
demonstrating that the method works even under conditions when the initial frequency is
far from the corresponding resonance and the signal to noise ratio is relatively bad. PLL
4, however, decreases its frequency. In this case, the center frequency does not lie in the
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Figure 4.6.: Experimental evolution of the NCO frequencies ωnco,n relative to the resonance
frequencies ω0,n during the resonance tracking of the torsional oscillator in air.
Center frequencies are set to 95% of the resonance value. Controller parameters
according to Eq. (3.59) for τc = 0.16 sec. The control starts at t = 10 sec.

correct attraction region and ωnco,4 develops to ω0,3 , demonstrating the importance of the
attraction boundaries.
Far from resonance, the phase dynamics of the oscillator is negligible. Therefore, the
coupling introduced by the phase dynamics can be neglected and the closed-loop dynamics of the controlled system can be considered independent of the oscillator properties.
The controller design, however, is based on pole compensation, which generates different
controller parameters and thus different closed-loop dynamics of the modes. As a consequence, the mode with the highest damping (mode five) has the fastest controller and
reaches resonance first, while modes one and two (lowest damping ratios) are the last.
Next the dynamic behavior of the resonance tracking is investigated. Therefore, the
frequencies are set to start in or near to the region where the linearization is valid. More
specifically, they are set to 99.9% of the resonance values for the lightly damped oscillator
and to 99% for the damped situation. After three seconds the system is assumed to be in
steady state and the control process is started by switching the controller parameters from
zero to the specified values. The frequencies are then expected to approach the resonance
frequencies within a time of about one second. Figure 4.7 depicts the experimental results
obtained for the freely vibrating oscillator. The final frequencies are reached after about
two seconds with good accuracy. The dynamic behavior is still not exactly as aimed by
the controller design due to the very narrow frequency band in which the linearization is
valid. Hence the different damping ratios of the modes are not entirely compensated by
the controller, resulting in slightly different dynamics of each mode. A small discontinuity
can be observed at the beginning of the control process, which is caused by the P-gain of
the controller that reacts to the non-zero phase shift at the beginning of the control. The
value of this frequency jump is equal for each mode (Knco = 1), hence it is most visible
for the lower modes in the relative illustration in Fig. 4.7.
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ŷ sys,n /ŷ max
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Figure 4.7.: Experimental evolution of the NCO frequencies ωnco,n relative to the resonance
frequencies ω0,n and normalized amplitudes of the torsional oscillator in air during
the resonance tracking. Center frequencies are set to 99.9% of the resonance value.
Controller parameters according to Eq. (3.59) for τc = 0.16 sec. The control starts
at t = 3 sec.

Figure 4.8 shows the simultaneous resonance tracking if the oscillator is damped by
the fluid. Again, the frequencies evolve to the value specified in Table 4.1 with only
small error. However, mode four settles down to 99.5% of the resonance frequency. This
error is caused by the non-negligible interaction of mode three and four. As can be seen
by the location of the anti-resonance in air, mode four is more likely to be influenced
by mode three than vice-versa. Hence, in the damped situation the phase around ω0,4
cannot be approximated by the sdof equation, which makes a unique identification of the
resonance frequency impossible. Therefore, using the reference phase received from the
measurement in air, the excitation frequency settles down at a frequency slightly different
to the resonance value.
The design of the controller proves to be very effective for the investigated range of
frequencies. The frequency evolution corresponds to the step response of a first order lag
element, only the relatively low damped mode five deviates slightly from the predicted
behavior for the same reason as in the lightly damped case.

4.3.3. Direct Damping Measurement
In Sec. 3.8 the measurement of the damping ratio of oscillators using single-frequency resonance tracking has been investigated. Using multi-frequency control, another measurement possibility arises, which is the simultaneous tracking of the two required frequencies
ω + and ω − , cf. Eq. (2.11). Since the resonance frequency is given by the mean value
of the two frequencies, the damping ratio can directly be measured. Time can be saved
and the measurement values are obtained at a much higher rate. Since no switching of
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Figure 4.8.: Experimental evolution of the NCO frequencies ωnco,n relative to the resonance
frequencies ω0,n and normalized amplitudes of the torsional oscillator in fluid during
the resonance tracking. Center frequencies are set to 99% of the resonance value.
Controller parameters according to Eq. (3.59) for τc = 0.16 sec. The control starts
at t = 3 sec.

the target phase is necessary, the measurement stability could be increased as well. Note
that this method gives only reliable modal damping results if the frequencies are fully
separated, since the use of Eq. (2.11) requires a valid sdof approximation.
In contrast to the simultaneous resonance tracking shown in Sec. 4.3.2, the frequencies
that have to be processed correspond in this case to the same vibration mode. Hence,
depending on the resonance frequency and damping ratio of the investigated mode, they
will be very close together, which puts high demands on the APD. Therefore, the direct
damping measurement is an excellent possibility to investigate the capabilities and limits
of the multi-frequency tracking method.
First the less critical case, the damped oscillator, is investigated. The center frequencies
have to be set so that they lie in the appropriate attraction region and, most notably, may
not have the same value during the process. As an example, the damping of the first mode
should be measured and ωc,1_2 = ω0,1 ± 630 rad/sec is chosen. The controller parameters
are adjusted using Eq. (3.59) with a time constant of τc = 0.16 sec, the low-pass filter
remains a second order Butterworth low-pass filter with ωg = 63 rad/sec cut-off frequency.
The phase shift difference is set to α = 45 deg. Figure 4.9(a) shows the experimental
result of the simultaneous tracking of two frequencies that evolve corresponding to the
targeted phase shift values. During startup, the phase shift of the oscillating system is by
definition more than 45 deg away from the resonance phase shift ∆φ0 . In this case the
linearized system description on which the controller design using Eq. (3.59) is based, is
not completely valid. Therefore, the dynamic behavior of the start-up process is slower
as expected from the choice of τc , due to the less pronounced phase dynamics. However,
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Figure 4.9.: Experimental result of the direct damping measurement of the first torsional mode
of the oscillator in a fluid. Two parallel PLLs are used to track the frequencies ω +
and ω − corresponding to the first torsional mode for α = 45 deg, cf. Eq. (2.11).
Controller parameters according to Eq. (3.59) for τc = 0.16 sec.

the frequencies reach the final value after approximately two seconds and hold it stably.
As shown in Fig. 4.9(b) the damping can be determined with a relative error of 1.4%.
As an example that poses higher demands on the frequency separation, the first mode
of the weakly damped oscillator is studied. Since the damping is very low, the frequency
difference is expected to be only about 2 rad/sec at α = 45◦ . Since the low-pass filter must
be able to effectively filter out this frequency difference, the cut-off frequency of the second
order Butterworth filter has been set to 0.3 rad/sec for this experiment. Although the
linearized system description is not completely valid during the whole experiment, Fig. 4.4
has been used to choose the time constant of the controller parameters in order to avoid
instabilities. Since the start-up dynamics is expected to be slower, τc = 1.6 sec is chosen,
which should also prevent overshoot of the NCO frequencies. The center frequencies
are set to ωc,1_2 = ω0,1 ± 15.7 rad/sec. With these rather conservative adjustments,
the frequency separation was also possible for the lightly damped oscillator, as shown in
Fig. 4.10. Due to the slow filter and the chosen controller parameters the evolution is
relatively slow. Further, a slight oscillation in the final value can be observed. By using
a moving average of the NCO frequencies over five seconds, the damping ratio can be
calculated with a relative error of ca. 2%.
The presented results showed the frequencies evolving from the center frequencies to
the end value, mainly for illustration purposes. However, the start-up process is only
necessary at the beginning of the measurement. Once locked in at the correct frequency,
the controller parameters can be changed and variations in the damping of the system can
be tracked very quickly. In the locked state the linearized model is valid again (assuming
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Figure 4.10.: Experimental result of the direct damping measurement of the first torsional mode
of the oscillator in air. Two parallel PLLs are used to track the frequencies ω + and
ω − corresponding to the first torsional mode for α = 45 deg, cf. Eq. (2.11). Second
order Butterworth filter with ωg = 0.3 rad/sec. Controller parameters according
to Eq. (3.59) for τc = 1.6 sec.

α < 45 deg), hence the measurement dynamics can be adjusted reliably.

The minimum damping ratio that is measurable with the presented method is dependent on the effective separation of two adjacent frequencies. Therefore, a series of
numerical simulations of the measurement method has been performed, where the oscillating system is represented by a sdof system with properties that are consecutively
changed in a way that the theoretical final frequency difference at α = 45 deg covers a
range of (ω + − ω − ) = 10−1 . . . 104 rad/sec. Again, two PLLs are used to track each of
these frequencies. In order to extract the correct DC value, the cut-off frequency of the
filters is set to 1/5 of the adjusted frequency difference. The closed-loop time constant is
set to τc = 10 sec. According to Sec. 4.2, this parameter combination is stable in terms
of single-frequency control for (ω + − ω − ) > 0.2451 rad/sec. The excitation frequencies
are then measured after 100 sec by averaging over the last second. Figure 4.11 depicts
the relative error of the measured frequency difference with respect to the preset value,
showing that a frequency difference greater than ca. 1 rad/sec can be measured with an
error less than 10%. This corresponds to a damping ratio of approximately 3 · 10−5 if the
resonance frequency is equal to ω0,1 . The constant error at higher frequency difference
values of about 2% is due to the fixed sampling rate of the simulation.
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Figure 4.11.: Relative error of the measured frequency difference with respect to the theoretical
frequency difference ω + − ω − of a sdof oscillator for α = 45 deg. The results
are obtained by numerical simulations of the direct damping measurement method

with ωg = 0.2 · ω + − ω − . Controller parameters according to Eq. (3.59) for
τc = 1.6 sec. Frequency tracking is unstable in the red marked region for this
parameter combination.

4.4. Conclusion
A digital control system that is able to simultaneously control multiple frequencies of an
oscillator was presented. The combination of multiple independent PLLs with the oscillator enables the simultaneous phase control of multiple frequencies. The PLLs comprise
digital APDs that combine the frequency separation and phase shift in the same element
as well as simple PI controllers, which minimizes the computational effort.
In order to validate the method especially for applications in fluid sensing, the multifrequency tracking has been investigated using the torsional oscillator. Since the damping
ratio is critical with respect to stability and dynamics, two extreme cases are investigated
that cover a broad spectrum of applications, i.e. the sensor in air and in a fluid with high
viscosity (η = 2.5 Pa·sec). The oscillator can be regarded as representative for a mdof
system, as long as the modal separation approach holds.
The simultaneous tracking of the first five torsional resonance frequencies as well as
the direct damping measurement without phase switching of the first vibration mode has
been successfully performed for both damping conditions. Especially the direct damping
measurement, which includes the discrimination of very similar (low damping) and rather
diverse frequencies (high damping) prove the effectiveness and flexibility of the control
loop. This method provides a very stable and robust measurement signal since the target
phase remains constant during measurement, in contrast to the classical single-frequency
bandwidth method.
The multi-frequency control offers numerous possibilities for the improvement and enhancement of resonance based sensor principles. Using multiple frequencies measuring the
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same quantity can enormously increase the accuracy of the measurement. The method
can also be used to distinguish between different parameters that influence the resonance
frequency. Applications concerning the measurement of fluid properties are presented in
Chapter 5.

4.5. Challenges and Limitations
Although the presented multi-frequency control method is very promising and can greatly
improve resonance control both in sensor and actuator applications, some challenges and
limitations have been observed that will be summarized briefly.
Since the use of several analog PLLs is only feasible for research or ultra-high precision applications, a digital implementation of multiple, independent PLLs is the most
reasonable method for industrial applications. Therefore, the most important limitations
concerning multi-mode control arise from the classical issues in digital signal processing,
which is limitation of the voltage input range and the resolution of the corresponding
digital signal on the one hand and computing power of the DSP on the other hand. The
latter mainly determines the maximum sampling rate that can be applied, according to
the number of calculations the processor has to perform within one sample at a given
data precision.
Since higher modes mean higher frequencies, the maximum number of usable modes is
limited by the sampling rate of the control system. This might be an issue especially in
MEMS systems where the frequencies of vibration are generally high. But most notably,
computational power limits the number of processable frequencies, since the tasks of all
PLLs have to be executed in parallel. If an adaption of the controller parameters or
active amplitude control is required, the demand on computing power increases further.
With respect to the implementation in this thesis there is much room for improvement,
e.g. by using a more powerful DSP, a field programmable gate array (FPGA) based
processor or parallelized systems. Only the elements processing harmonic signals require
high closed loop sample times and hence high performance of the system. Therefore, the
use of external, analog band-pass filters in combination with less complex phase detectors
such as phase frequency detectors (PFDs) might be an option too.
Further, the sdof approximation of the single modes has to apply to the oscillator,
meaning that the influence of other modes can be neglected. If this is not the case, a full
separation of the response of each mode is not possible anymore and a correct evaluation
of the resonance frequency and modal damping requires the use of a mdof model that
considers all modes. Hence either the measurable viscosity is limited such that the sdof
approximation holds or decreased measurement speed and accuracy have to be accepted.
Since not only the damping ratio creates overlap of the sdof responses but also the distance
between the resonance and anti-resonance frequencies, a detailed model of the sensor is
required in order to optimize the location of the anti-resonances.
Concerning the direct damping measurement method, limitations have been observed
in the form of a minimal measurable damping ratio, which is induced by the limitation of
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the low-pass filters in the APDs. For the used second order Butterworth filter, a minimal
separable frequency difference between the two frequencies ω + and ω − of ca. 1 rad/sec
has been identified, which corresponds to D > 1/(2ω0 ). More conservative controllers and
effective filters are required with decreasing damping, thus increasing the time constant
of the damping measurement. This restricts the observability of fast damping changes.
As applied to the fluid sensor this is rather of theoretical interest, since quick changes in
a weakly damped situation (such as the oscillator in air) usually do not occur. Possible
applications where this effect might play a role are resonance sensors designed to measure
the viscosity or density of gases.
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Characterization
5.1. Introduction
As already introduced in Sec. 1.3, numerous sensor concepts have been developed using
one or multiple modes in order to measure viscosity, density or viscoelasticity. However,
in contrast to the methods existing in literature, the simultaneous presence of many
measurement parameters opens up a completely new field of possibilities. This chapter
presents applications in the field of continuous fluid characterization that are possible if
multiple frequencies are evaluated simultaneously.
First, Newtonian fluids are considered. Fluids with known viscosity and density are
used to prove the theoretical relations found in Sec. 2.4 and to calibrate the sensor by
adapting the fluid influence parameters. Applications are presented involving temperature
and fluid level measurement. Next, the characterization of viscoelastic fluids is presented.
Since calibration is not possible for such fluids, the calibration with Newtonian fluids is
utilized and the analytical expressions are used to obtain the final results.

5.2. Experimental Setup and Measurement
The sensor is embedded in an experimental setup that performs excitation, readout and
signal processing, as introduced in Sec. 2.5. While most electronic devices are designed to
provide a constant amplitude signal, the phase is often dependent on the frequency of the
signal. For phase control, however, the phase shift must depend solely on the oscillator.
If the parasitic phase shift of the electronics is strongly frequency dependent, the target
phase has to be adapted during operation according to the excitation frequency, which
might affect the measurement accuracy. Therefore, the different elements in the setup are
investigated with respect to the phase of their transfer function.
• The laser vibrometer output is frequency independent in the range of the first five
torsional resonance frequencies using the following adjustments: Tracking Filter:
off; Velocity Decoder: PLL; Velocity Range: vl /Ul = 5 mm/sec/V; Velocity filter:
100 kHz.
• The phase response of the evaluation board is mainly influenced by the conversion
between analog and digital signals. Both the A/D and D/A conversion are implemented as multi-bit delta-sigma converters, which exhibit a digital filter for high
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Figure 5.1.: Picture of the fluid measurement system comprising the oscillator embedded in
a temperature controlled chamber, the laser head and additional electronics (not
visible).

frequency noise canceling. The filter introduces a certain delay time, which produces a frequency dependent phase shift of a harmonic signal. However, the delay
time is reported to be constant, specifically 17 and 21 samples for A/D and D/A
conversion, respectively [134]. Therefore the phase shift can be compensated if the
internally produced reference signal yref is subjected to the same artificial delay time,
cf. Sec. anti-lag in Appendix D.
• Since the excitation torque exerted by the coils is proportional to the current, a
strong frequency dependence would occur if the output voltage of the board is led
directly to the excitation coils. However, the U-I converter provides a constant
current signal proportional to the input voltage. Measurements revealed that the
conversion is frequency-independent in the regarded frequency range.
With these adjustments, the frequency response of the total system is almost exclusively
dependent on the oscillator, as can be seen in Fig. 4.5. Only at frequencies > 100 · 103
rad/sec a slight decrease of the phase response with increasing frequency can be observed,
which is caused by inaccuracies of the D/A and A/D conversion of the DSP board for
frequencies that are close to half the sampling frequency. In this regard, Gardner et al.
suggest a factor of 2 to 4 between sampling and signal frequency in order to avoid errors
[51].
Since both the fluid properties as well as the oscillator itself are expected to be strongly
temperature dependent, the oscillator is embedded in a self-made temperature controlled
chamber. The temperature control uses a Pt100 temperature sensor, a thermoelectric
module that is connected on both sides to a ventilating fan, one each inside and outside
of the chamber. A PID controller regulates the voltage of the thermoelectric module.
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Mode

ref
[mV]
Ûex

v̂l in air [mm/s]

v̂l in fluid [mm/s]

1
2
3
4
5

1.5
6
6
34.5
15

29.72
28.87
27.28
25.73
24.13

3.42
3.76
4.10
4.44
4.78

ref and corresponding response of the sensor in air and in a
Table 5.1.: Excitation amplitudes Ûex
fluid (Newtonian oil N4, η = 4.9 mPa·sec, cf. Table 5.2). The response is the velocity
amplitude v̂l of the laser, which is 5 · Ûl for the given adjustments. The values are
chosen such that the different modes oscillate with similar amplitudes if the sensor
is immersed in a fluid.

Using the Matlab system identification toolbox the controller parameters have been designed such that the temperature inside the chamber is held constantly with an accuracy
of ±0.1◦ C. The limited power of the thermoelectric module and the ventilation as well as
potential losses of the temperature chamber produce a relative large dead time of the system with respect to temperature adaption. Hence, small temperature oscillations cannot
be avoided completely.
The complete measurement setup is depicted in Fig. 5.1. The fluid cavity is a glass testtube of 25 mm diameter and 150 mm length. Taking the outer radius ro,1 of the oscillator
into account, the gap between glass tube wall and sensor yields a maximal measurable
viscosity of ηmax ≈ 4.5 Pa·sec (Density of 1 g/cm3 ) for a boundary layer that is maximal
10% of the gap size.
Section 4 revealed that the excitation amplitudes of each mode have to be chosen
such that the response amplitudes are in the same range of magnitude in order to obtain
best results. But due to the mode-dependent fluid influence, the amplitudes of each mode
depend differently on the fluid parameters, which would require an amplitude adaption for
each measurement. This adaption, on the other hand, requires that not only the oscillator
but the entire measurement setup behaves linearly, i.e. that the measured resonance
frequencies and damping ratios are independent of the excitation voltage. However, it
was noticed during preliminary tests that a certain amplitude dependency exists in the
measurement setup. Therefore, the excitation amplitudes have been fixed throughout all
measurements. The values are chosen as a compromise between the optimal parameters for
fluids with a viscosity between 2 and 50 mPa·s. Table 5.1 shows the excitation amplitudes
and the amplitudes of the measured response for the sensor in air and immersed in a fluid
(calibration oil N4, cf. Table 5.2).
To quantify the amplitude dependency, the resonance frequencies and damping ratios
are measured at different excitation amplitudes using the sensor in air. The results shown
in Fig. 5.2 are plotted relative to the amplitude listed in Table 5.1. Experiments with
gradually increasing and decreasing amplitudes show the same result. The reason for the
amplitude dependent behavior is assumed to be either a non-linearity in the excitation
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Figure 5.2.: Amplitude sweep measurement of the sensor in air. Measured resonance frequencies
and damping ratios as a function of the relative excitation amplitudes. All values are
scaled with the amplitudes defined in Table 5.1 and the corresponding vibrational
parameters, respectively.

coil, which influences the resonance phase shift, or minor non-linearities of the oscillator
due to the connection of the tubes. Although the variations in damping ratio are relatively
large, fixed amplitudes are necessary especially due to the critical influence of variations
in the resonance frequency, cf. Sec. 2.4.4.
Although the overall temperature of sensor and fluid is continuously held constant, the
energy dissipated in the fluid due to the viscosity may lead to local heating of the fluid,
primarily in the boundary layer around the oscillator, which would affect the measured
viscosity. Therefore, a time sweep measurement has been performed, using a Newtonian
fluid with viscosity η = 4.9 mPa·sec (oil N4, cf. Table 5.2). The development of the
measured resonance frequency and damping ratio is depicted in Fig. 5.3, showing that
there is almost no change in damping ratio and resonance frequency over time and hence
no significant change of the viscosity. In contrast to the damping, the resonance frequency
shows a clear trend, which might also result from numerical issues of the DSP. Since the
√
amplitude is held constant, the dissipated energy scales approximately with 1/ ρf ω0,n η,
(insert Eqs. (2.47b) and (2.8) in Eq. (1.9) for ω = ω0,n ). Hence it can be concluded that
fluid heating can be neglected using the excitation amplitudes given in Table 5.1 for all
fluids considered in this thesis.
Since the computing power of the DSP reaches almost its limit performing the simultaneous control of five modes, the damping is measured by a target phase switching without
any parameter adaption. The controller parameters are manually adapted to the current
damping situation either by an educated guess and eventual manual adaption for unknown
fluid properties or by using Table 5.2 and the analytical formulations when calibration
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Figure 5.3.: Time sweep measurement of the sensor immersed in a fluid (Newtonian oil N4,
η = 4.9 mPa·sec, cf. Table 5.2). Development of the measured resonance frequencies
and damping ratios relative to the starting values over time.

oils are used. The measurement is performed by switching the target phase every ten
seconds between ∆φ0 ± 5 deg during 200 seconds, while the values of the last two seconds
of every cycle are averaged. The difference of two subsequent mean values provides the
damping ratio while the average of said mean values gives the resonance frequency over
time. The temporal development is averaged to eliminate effects due to temperature variations produced by the temperature control. Both mean value and standard deviation
are recorded.

5.3. Characterization of Newtonian Fluids
5.3.1. Calibration
Although an analytical model has been derived that is able to describe the fluid influence
on the vibration properties of the sensor, the exact influence is yet unknown due to
uncertainties in the material and geometrical properties, simplifications and unmodeled
physical effects. Therefore, resonance frequency and damping ratio are measured for
a set of standard calibration oils purchased from Cannon Instrument Company. Their
properties are listed in Table 5.2. For each fluid, three independent measurements have
been performed, each comprising 20 measurement cycles. The final result is the average
of all 60 measurement values.
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Fluid Nr.
1
2
3
4
5
6
7
8

Name
2,2,4 Trimetylpentane (3M)
N2
N4
S6
N10
N14
S20
N26

Viscosity [mPa·sec]
0.5
2.1
4.9
8.6
17.3
21.9
33.7
44.8

Density [kg/m3 ]
698
759
785
872
869
811
859
820

Table 5.2.: Product types and manufacturer’s data of the used Cannon standard calibration oils
at 22 ◦ C. Literature values for 2,2,4-Trimethylpentan (3M).

According to Eqs. (2.47), a power-law function
bω0 ,n
1
ρf η ωair,n
2

bD,n
1
aD,n
ρf η ωair,n
2

∆ω0,n = −aω0 ,n
∆Dn ωair,n =





(5.1a)
(5.1b)

can be fitted to the relative values with respect to the situation in air. The obtained
fluid influence factors and the quality of the fit, given by the coefficient of determination
R2 , are listed in Table 5.3. In order to avoid errors due to variations of the reference
values between the measurements, the values in air are measured after every fluid change.
The calibration results are illustrated in Fig. 5.4 for the evaluation of both the resonance
frequency and damping ratio, together with the relative error of each mode and the corresponding standard deviation. Generally, the calibration demonstrates that the analytical
solution accurately models the fluid influence on the vibrational parameters of the sensor.
The factors b are close to the value of 0.5, which proves the prediction of the square
root behavior. Except for mode five, the different sensitivities of the modes match the
prediction made in Sec. 2.4 very well, especially concerning the damping ratio evaluation.
Mode
1
2
3
4
5

Frequency
aω0 ,n
bω0 ,n
0.0271 0.5083
0.1038 0.4875
0.0386 0.5148
0.0936 0.5181
0.0027 0.6193

fit
2

R
0.9998
1.0000
1.0000
0.9997
0.9931

Damping fit
aD,n
bD,n
R2
0.0292 0.5069 0.9999
0.0824 0.5055 1.0000
0.0423 0.5122 1.0000
0.1025 0.5103 1.0000
0.0086 0.5510 0.9998

Analytical (Table 2.3)
an
0.0273
0.082
0.0431
0.1271
0.0164

Table 5.3.: Fluid influence factors obtained by a power law fit of the measurement results of the
Newtonian calibration oils listed in Table 5.2. Separate fits for resonance frequency
and damping. The coefficient of determination R2 is given as a measure for the
quality of the fit. Analytical solution from Eq. (2.45) for comparison.
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Figure 5.4.: Calibration result of the resonance sensor for the resonance frequency shift (top)
and damping ratio shift (bottom). Left-hand: power-law fitting (black lines) of the
first five torsional modes using eight calibration oils, logarithmic scale. Right-hand:
relative viscosity error between fit and tabular values and corresponding standard
deviation of three independent measurements. Error for mode 5, N2, in the top
right graph: −44 %.

Taking into account that the accuracy of viscosity standards is usually around 1% [95],
the result and goodness of the fit is excellent. The coefficient of determination R2 reveals
that the shift of the damping ratio fits better to the power law model than the resonance
frequency shift. This is mainly due to the fact that the method using the frequency is
much more sensitive to measurement errors, in particular due to temperature variations,
cf. Sec. 2.4.4.
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Only mode five of the frequency fit shows a significant deviation from the power law
model, which can also be observed in the plot of the relative viscosity error. The deviation
decreases with increasing frequency difference, hence a constant, systematic error in the
frequency measurement is assumed. The error might be due to the fact that mode five operates relatively close to the maximal processable frequencies, which could produce small
errors in the A/D conversion. This effect becomes most pronounced at low viscosities.
As a consequence to the fact that the fluid influence is always incorporated in the
product of density and viscosity, cf. Eq. (5.1), the density of the measured fluid must be
known in order to obtain correct results.
Analogously, the power-law result enables the density measurement for fluids with
known viscosity. However, since the fitting is mainly based on calibration oils with similar
densities, it is assumed that fluids with much higher or lower density as compared to the
calibration fluids can only be measured with larger errors. Alternatively, other calibration
fluids covering a broader density range can be used.

5.3.2. Redundant Viscosity Measurement

Rel. viscosity error [%]

The simplest application of the multi-mode control is the use of all modes for the viscosity
measurement. Further, both damping and resonance frequency can be used, which gives
ten values in total that can be averaged to obtain an improved result. As an example,
Fig. 5.5 shows the relative errors for an additional measurement of the sample fluids, where
the results obtained by modes one to four are averaged. Using the mean value of the results
obtained with the damping ratio, an accuracy of below 1% can be reached even for low
viscous fluids, which is an excellent result for a resonance based measurement system.
Since the measurement via damping is generally more precise, an additional averaging
between the two methods does not improve the result further.
Mean frequency
Mean damping
Mean all

2

0

−2
N2

N4

S6

N10 N14
Fluid

S20

N26

Figure 5.5.: Relative viscosity error for the measurement obtained by averaging the single-mode
measurement results of mode one to four. Measurement using the resonance frequency, damping ratio and both methods combined. Standard deviation of three
independent measurements.
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Figure 5.6.: Temperature dependence of resonance frequency and damping ratio of the torsional
oscillator in air. Resonance frequencies are plotted relative to the values at 22 ◦ C.
The standard deviation of five independent measurements is smaller than the marker
size.

5.3.3. Temperature Compensation
Since the viscosity measurement is based on the determination of the relative deviation of
the sensor properties with respect to the situation in air, it is of highest importance that
the reference values are exactly known and do not change. However, temperature has a
non-negligible effect on these values, as predicted in Sec. 2.4.3. To experimentally quantify the temperature influence on the vibrational parameters, the temperature controlled
chamber has been used to evaluate the reference values for air temperatures ranging from
5 to 50 ◦ C. To make sure that a homogeneous temperature distribution is measured, sensor and air temperature have been allowed to balance out during two hours between every
measurement. The result, depicted in Fig. 5.6, shows that the resonance frequencies of
all modes are linearly dependent on the temperature whereas the proportionality factor
is almost the same for all modes. This is reasonable since wave speed and dimensions
of the material are assumed to be linearly dependent of the temperature as predicted in
Sec. 2.4.3. A linear fit of the averaged relative resonance frequency yields




ω0,n (T ) ≈ ω0,n (T = 22) · 1 − 2.1007 · 10−4 (T − 22) ,

(5.2)

where T is the mean temperature in ◦ C of the oscillating sensor parts. The damping
ratio shows a weak temperature dependence as well, which is less systematic and different
between each mode. While modes one, two and four are almost unaffected by the temperature, mode three and five show a certain deviation especially at higher temperatures.
Since modes three and five, in contrast to all other modes, have a maximum moment at
the connection of the main tubes, the temperature dependence is most likely due to a
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Figure 5.7.: Phase spectrum of the experimental mobility function of the sensor around the first
torsional resonance frequency in air and different calibration oils. The fluid invariant
frequency can be found at the intersection of all lines.

variation of the press fit of the tubes and connection piece. However, as pointed out in
Sec. 2.4.4, the error of the reference damping in air is negligible as compared to other
effects.
To avoid errors due to temperature effects, resonance frequency and damping ratio in
air have to be measured before each fluid measurement. This is very time consuming
but, most notably, does not cover temperature changes that might happen during the
measurement. To overcome this problem, an additional, separate sensor that measures
the temperature of the fluids is usually used. This is reasonable for MEMS devices,
where temperature equalization is relatively fast. For macro devices such as the sensor
considered in this thesis, the temperature distribution of the different sensor parts may
not be homogeneous and not equal to the fluid temperature as well, hence the correct
measurement of the mean temperature of the moving parts is very difficult.
Fortunately, a specific frequency of the sensor has been identified in Sec. 2.4.1 that
is independent of the fluid properties. According to Eq. (2.48), the fluid forces on a
single tube cancel out at a frequency corresponding to a phase shift of 45 deg below
resonance. The measurement of the phase curve around the first resonance frequency for
different fluids, shown in Fig. 5.7, proves that this assumption is valid for the real sensor
as well. However, the real sensor shows an only approximate invariant frequency at 40 deg
below the resonance value ∆φ0 , whereas the deviation from the intersection increases with
increasing viscosity. Except for mode five, which is critical in terms of resonance frequency
measurement, all other modes behave similarly to Fig. 5.7. Therefore, the invariant
frequency of any mode can be used in order to calculate the reference temperature of the
oscillator even if it is immersed into a fluid. Note that, depending on the situation, the
measured temperature is an average value of the temperature distribution of the vibrating
parts.
As an example, the viscosity of the N10 calibration oil was measured at different
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Figure 5.8.: Measurement result of N10 calibration oil at different temperature using the resonance frequency (top) and the damping ratio (bottom). Mode one is used to
measure the temperature and to correct the reference values. Left-hand: measured
viscosity using modes one to five. Right-hand: relative viscosity error for modes
two to four with respect to tabular values. Standard deviation of three independent
measurements.

temperatures, while mode one is used to identify the temperature and to correct the
reference values. In order to have reliable reference values, the temperature was balanced
out during the measurement for 30 min. Mode one determined the temperature with
an error less than 0.5 %. Figure 5.8 shows the viscosity measured using both the shift
in resonance frequency and damping, where the resonance frequencies in air have been
corrected using the measured temperature. The viscosity values provided by the data
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sheet of the oil are plotted as a reference. The relative error confirms the good agreement
between measurement and reference. The error increases with increasing deviation from
the calibration temperature, but is still in an acceptable range. The measurement using
the damping ratio shows slightly larger errors since no compensation of the damping ratio
has been performed. This affects especially modes three and five (not shown), which
exhibit a temperature dependent damping ratio in air, as shown in Fig. 5.6
Mode five, however, produces very large deviation and unreasonable results (errors
not shown). As already observed in Fig. 5.4, frequency measurement is critical and the
power-law fit is not optimal. The immense error at high temperatures might be caused
by pronounced nonlinear effects of the oscillator at higher temperatures.

5.3.4. Fluid Level Measurement
Besides the temperature effects presented in the previous chapter, it is equally important
to ensure a constant immersion level of the fluid in order to obtain reliable measurement
results. However, situations can occur in which the fully immersed state cannot be guaranteed or observed, such as in process plants or measurements in the bore hole of an oil
rig.
Since the fluid influence on the vibration decreases with decreasing fluid level, the
resonance sensor in single-frequency operation cannot distinguish between a shift of resonance frequency and modal damping due to the (unknown) viscosity or due to a decreased
fluid level. This chapter presents how the fluid level can be determined anyhow by using
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Figure 5.9.: Fluid influence factors of the sensor as a function of the immersion level. Markers:
Experimentally obtained values for three different fluids. Black lines: scaled theoretical solution. The values at 100% correspond to the factors listed in Table 5.3,
col 2 and 5, respectively.
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Figure 5.10.: Resonance frequency and damping ratio shift relative to mode two as a function of
the fluid level. Experimental result (markers) and analytical solution (black lines).
Both the analytical and a fitted line (red dashed) of the ratio ∆D3 /∆D2 are used
for the fluid level measurement.

multiple modes.
First, the influence of the fluid level on the sensors is investigated. Therefore, the
relative resonance frequencies and damping ratios are measured at different discrete fluid
levels for three sample fluids.
Since the fluid properties are known, the measured values ∆ω0,n and ∆Dn can be
normalized using Eqs. (5.1), such that the plots presented in Fig. 5.9 show the development
of the real fluid influence factors aω0 ,n and aD,n as a function of the immersion level. The
values at 100% fluid level correspond to the factors from Table 5.3 that have been obtained
by the calibration. Due to measurement problems, the results for mode four with fluid N2
are defective and therefore not plotted. The theoretical development of the fluid influence
with the fluid level was given in Eq. (2.45), here it is scaled using the calibrated factors
and plotted as well. The comparison clearly verifies the prediction by the analytical
model, showing only small discrepancies for modes two and four. As already argued in
Sec. 2.5.2, fluid forces at the sensor tip are most prominent for modes two and four but
not considered in the analytical formulation, which causes the deviation.
Since the viscosity is usually unknown, the fluid level cannot be estimated using one
single mode as indicator. But since the factors bn are almost equal for all modes, the ratio
between the resonance frequency or damping ratio shift of two modes becomes almost
independent on the fluid parameters. This is especially valid for modes one to four.
As an example, Fig. 5.10 shows the resonance frequency and damping shifts relative to
mode two. The results obtained by the different fluids are almost congruent, proving
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Figure 5.11.: Relative error of the measured fluid level using the relative damping shift between modes two and three. The result is obtained using both the analytical
and calibrated relation. Standard deviation from three independent measurements
(analytical) and from errors in the curve fit data.

the assumed viscosity independence. As a comparison, the ratio based on the analytical
curves is shown as well. Due to the lower influence of measurement errors, the result
obtained via the damping ratio measurement shows better quality and accordance with
the theoretical solution.
Hence the relative frequency/damping shifts can be used in order to determine the fluid
level. As can be seen in Fig. 5.10, the fluid level influence varies strongly for the different
ratios, depending on the similarity of the different mode shapes. Further, the accordance
with the theoretical solution is both dependent on the ratio of the factors bn and the
influence of tip forces. The damping shift ratio between modes three and two shows a
unique and relatively sensitive behavior and shows the least difference between the test
fluids and the best accordance with the theory. This ratio is therefore considered as level
indicator. The measurement uses both the analytical and the experimental behavior of
the ratio ∆D3 /∆D2 . While the analytical curve does not need any further calibration, a 2term Fourier series is fitted to the averaged results of the three test fluids, cf. Fig. 5.10(b).
As a measurement example, the N10 calibration fluid is investigated in a separate
measurement at different fluid levels. The relative error of the measured fluid level is
shown in Fig. 5.11 using both evaluation methods. While the measurement using the
curve fit generally yields better result, the standard error is relatively large since the
curve fit is based on the averaged data of three fluids. The results based on the analytical
fit result in larger errors that are, however, still acceptable considering that no additional
calibration is required. Since the gradient of the damping shift ratio is relatively low at
high fluid levels, relatively large errors can also be observed at 80-90% fluid level.
The measured fluid level values are then used to correct the fluid influence factors
using Eq. (2.45), which finally results in the measured viscosity at the different levels.
Figure 5.12 shows the relative error of the measured viscosity, using the damping ratio
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Figure 5.12.: Relative error of the measured viscosity of the N10 calibration oil at different fluid
levels using the damping shift of modes one to three. The fluid influence factors
aD,n of the viscosity calculation are corrected according to the measured fluid level
using Eq. (2.45). (a) Analytically calculated fluid level; (b) Fluid level calculated
using a curve fit of experimental data. Standard deviation from three independent
measurements (analytical) and from errors in the curve fit data.

of modes one to three. The result proves that the viscosity can be determined with
reasonable accuracy for levels >30% using both the analytical and calibrated approach.
Below that value the relative error becomes large due to unreliable level measurement
and the low absolute viscosity value. Mode three shows relatively large errors for both
methods.
The presented measurement of the fluid level is not a highly accurate method but provides additional information without much additional effort. In fact, if the fully analytical
method is chosen no additional calibration measurements have to be performed. Further,
the modes used for the level measurement can still be used to determine the viscosity.
An exemplary measurement with N10 fluid validates the method but shows limitations
especially for low fluid levels. However, as inherent to the functional principle of the
sensor, small fluid levels have to be avoided in any case. A detailed study on the optimal
mode combination for the fluid level sensing, which has not been performed in this thesis,
might improve the results. Further, the combined use of multiple mode ratios of resonance
frequency and damping measurement might be interesting as well.
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5.4. Characterization of Non-Newtonian Fluids
Besides the evaluation of different fluid or sensor parameters, the multi-mode technique
allows to continuously measure similar parameters at different frequencies. This is especially interesting for the investigation of linear viscoelastic fluids, which are usually
characterized by the frequency dependent, complex shear modulus G∗ . Since the sensor
provides two measurement values, namely frequency shift and damping shift, it is possible
to evaluate both parts G0 and G00 at every resonance frequency.
As introduced in Sec. 1.2.4, only linear fluid behavior can be investigated with oscillatory experiments. Furthermore, the superposition of multiple frequencies applies also
only to linear fluid models. Despite this restriction numerous fluids that are important
in industry apply to the linear model. Polymer solutions, suspensions of colloid particles,
gels, surfactant or polysaccaride solutions are only a few examples.
This chapter presents the characterization of selected linear viscoelastic fluids in order to demonstrate the applicability of the sensor as a process rheometer. The results
shall be compared with literature data and results obtained by alternative measurement
methods: in order to cover the low-frequency range up to ca. 100 rad/sec, a classical
rotating rheometer has been used, which is available at the institute (Anton Parr UDS
200). However, as a consequence to the motivation of this thesis, very few commercial instruments exist that are able to provide information on the complex modulus at very high
frequencies with reasonable effort. A suitable method has been found with diffusing-wave
spectroscopy (DWS) rheometry. DWS is a light scattering technique that is able to extract the mean square displacement of particles dispersed in a solvent from measurements
of the temporal fluctuation of backscattered or transmitted light [109]. The transmitted
light intensity fluctuates over time due to the Brownian motion of the particles, which
is sensitive to the rheology of the particles’ local environment [141]. DWS rheology can
measure storage and loss modulus of the fluid at frequencies up to 106 rad/sec. As inherent to its functional principle, the fluid of interest has to exhibit a certain concentration
of solid tracer particles.

5.4.1. Sample Systems and Preparation
Due to the size of the sensor, volumes of ca. 40 ml of the sample fluids are required.
Therefore, fluids are chosen with regard to a relatively easy and cheap producibility.
Furthermore, solutions of which comparable measurement results exist in literature have
been preferred. While the classical rheometer does not pose additional requirements to
the sample system, the presence of the tracer particles for DWS measurements may not
significantly affect the rheological properties of the sample. Further, the scattering of the
tracers has to be dominant over the scattering caused by the ingredients of the fluid.
The following list presents details about characteristics, preparation and expected properties of the used sample fluids, which can be considered as a representative for a specific
group of viscoelastic fluids. All ingredients have been purchased from Sigma-Aldrich if
98

5.4. Characterization of Non-Newtonian Fluids

not stated otherwise. Volumes of 50 ml have been prepared for measurements with the
torsional rheometer and the UDS, while 10 ml separate solutions of the same concentration but with an additional mass fraction of 1 % polystyrene beads of 0.5 µm diameter
are produced for the DWS measurements. All DWS measurements are performed using
the commercially available DWS Rheolab System from LS Instruments AG both at the
LS Instruments application laboratory and at the Laboratory of Food and Soft Materials
at ETH Zürich.

Polymer solutions
Polyethylene oxide (PEO) is a polymer with many applications both in solid or dissolved
form ranging from industrial manufacturing to medicine or cosmetics. Since its chemical
structure contains the right balance between hydrophobic and hydrophilic interactions
to make it dissolve in water for a wide range of temperatures and concentrations, PEO
is the simplest water-soluble polymer and has therefore been chosen as sample system.
Furthermore, extensive studies focusing on various aspects of PEO/water systems can be
found in literature.
When the concentration of the polymer is high enough, the polymer coils overlap with
each other and form a transient mesh of polymer chains. This entanglement causes the
solution to exhibit a significant viscoelastic behavior. The overlap mass concentration
%∗ defines the concentration at which the overlapping starts [133]. Therefore, this study
uses PEO with a mass averaged, absolute molecular mass of m̄w = 900 kDa solved in
tri-deionized water at two different concentrations that are at least 10 times greater than
the overlap concentration. For the 900 kDa PEO samples, the overlap mass concentration
is reported to be approximately 1 g/l [30, 34].
Following the procedure in Dasgupta et al. [32], two samples with mass concentrations
of 22 g/l and 40 g/l PEO in tri-deionized water are prepared. The solutions are kept in
an incubator for 10 days at 40°C to allow the polymer to dissolve completely. A drop of
chloroform is added to prevent bacterial growth in the polymer and 1.5 g/l sodium chloride
is added to ensure consistent salt concentration for all samples. Dontula et al [36] reported
limited thermal stability and photodegradation, hence the solutions are stored at constant
temperature away from direct light. The density measurement of the samples yields 1004
kg/m3 for both concentrations. To investigate if the polymer solutions behave like a
homogeneous material also in the boundary layer, the correlation length of the solution
can be used, which describes the average distance between entanglement points of the
coils [30]. This characteristic dimension is calculated to be 7 nm (22 g/l) and 4 nm (40
g/l), hence proving the consideration of the fluid as homogeneous material.
Similar sample fluids have been investigated in [143] (oscillator based) and [32, 89]
(light scattering), where a characteristic Rouse behavior (G∗ ∼ ω 1/2 ) has been reported
[148].
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Surfactant solutions
Aqueous wormlike micellar solutions display complex viscoelastic behavior but are easy
and reproducible to prepare and stable in time. Because of their peculiar viscoelastic
behavior, such systems serve as model system for many applications and have found wide
commercial application ranging from personal care to oil recovery products [149, 112].
Here we use aqueous solutions of cetylpyridinium chloride (CPC) as surfactant and sodium
salicylate (NaSal) as a strongly binding counterion. Rehage et al. [112] have shown that
such systems can be represented by the theoretical equations of the Maxwell model for
relative concentrations of %salt /%surfactant > 0.6 and a molar concentration %surfactant >
10 mmol/l in the low and mid frequency range1 .
Here two different molar concentrations of 100 mmol/l CPC - 60 mmol/l NaSal and
40 mmol/l CPC - 40 mmol/l NaSal are used as sample systems. Willenbacher et al.
reported a correlation length of 52 nm for the 100 mmol/l CPC - 60 mmol/l NaSal solution
[149]. The densities are measured with 999 and 998 kg/m3 , respectively. For equilibrium
measurements, they were stored at least two days at 20 ◦ C. Comparable experiments can
be found, besides others, in [149] or [103].
Additionally, a solution of 100 mmol/l cetyltrimethylammonium bromide (CTAB) with
100 mmol/l NaSal in water, provided by the Laboratory of Food Process Engineering at
ETH Zürich has been investigated. Similar behavior is expected for this system.

Polysaccaride solutions
As a third system, aqueous solutions of xanthan gum are investigated. Xanthan is a
bacterial polysaccharide that is often used in industrial applications as stabilizer and
texturant. For this reason the dynamic mechanical properties of xanthan in aqueous
solution have been investigated extensively [26]. Similar to polymer solutions or wormlike
micelles, xanthan forms wormlike macromolecules that build an entanglement network
beyond a specific overlap concentration %∗ . Different mass concentrations of 3 and 5 g/l
are used that are much larger than the overlap concentration %∗ ≈ 0.125 g/l [96, 151].
The distance between cross-links of the coils is assumed to be in the nm range, since it
has been identified to be 30 - 70 nm for 10 g/l solutions [26]. The sample solutions were
prepared by dispersing xanthan in de-ionized water and stirring it at 22 ◦ C for three days.
In order to prevent microbial growth, 0.3 g/l sodium acide was added to the solution.
The density of the 3 g/l and 5 g/l samples are 998 kg/m3 and 992.5 kg/m3 , respectively.
Although many publications can be found that investigate such systems, no high frequency results have been found in the open literature.
1

Note that the Maxwell model presented in Sec. 1.2.3 has to be modified in order to include the effect
of solvent friction [47].
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5.4.2. Calibration and Data Evaluation
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Figure 5.13.: Evaluation of the complex viscosity using the calibrated analytical sensor model.
The viscosity is measured by identifying the matching lines of the measured resonance frequency/damping ratio shift (red/blue lines) with the analytical solution
(shown in part (a)) and finding the intersection of the projections on the η 0 -η 00
plane (part (b)). The light red/blue regions are the standard deviation of five independent measurements, resulting in a circular uncertainty region of the viscosity.
Inset: Zoom around intersection.
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Mode
1
2
3
4
5

Resonance
ave
0.946
1.317
0.907
0.829
0.42

frequency
bve
0.508
0.484
0.514
0.508
0.55

Damping ratio
ave
bve
1.083
0.5
1.044 0.502
1.057 0.506
0.842 0.508
0.517
0.55

Table 5.4.: Calibration factors of the analytical sensor model according to Eq. (5.3). The calibration is based on measurements with Newtonian standard fluids listed in Table 5.2.

The first method is based on the simplified sensor equations that have been derived
in Sec. 2.4.2, where the fluid influence factors of the calibration for Newtonian fluids can
be used. Using Eqs. (2.52) viscoelastic fluids can be measured without any additional
calibration. This is, however, only valid for fluids with weak elastic behavior compared
to the viscous effects.
To cover also fluids with a significant elasticity/viscosity ratio, an alternative approach
has been developed. The basic idea is to use the fully analytical sensor description presented in Sec. 2.3 and to correct it such that it matches the behavior of the real device.
Since the calibration with Newtonian fluids revealed that a power law behavior of the
viscosity-frequency/damping relation is well suited to fit the experimental data, two calibration factors are introduced to adapt the analytical expression of the fluid moment
amplitude given by Eq. (2.22) via
M̄f = aVE · i



1
ρf ωη ∗
2

bVE

3η ∗
(1 + i) +
2ro

!

,

(5.3)

where ave ≈ 1 and bve ≈ 0.5. The shear force at the sensor tip has been adapted analogously. The factors are then evaluated such that the analytically calculated frequency and
damping deviation match the available data for the Newtonian fluids given in Table 5.2.
Thus a corrected, fully analytical model of the sensor is available featuring a calibration
using Newtonian fluids only. Since a systematic and automated fitting is not possible for
the analytical model due to the lack of an explicit solution, the fitting has been performed
by comparing a discrete number of numerically obtained solutions with the calibration
curves. The resulting calibration factors are listed in Table 5.4. As already observed
during the calibration of Newtonian fluids, the fluid influence on modes four and five is
clearly overestimated by the analytical model while modes one to three are represented
well. Again, the adjustment of the damping ratio is less pronounced compared to the resonance frequency, which reflects that the damping ratio is less sensitive to measurement
errors.
Since no implicit equation connecting the fluid parameters with resonance frequency
and damping can be derived from the analytical model, numerical calculations have been
conducted for a discrete number of complex viscosities. The resulting three dimensional
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surfaces, depicted in Fig. 5.13(a) for mode one, show that the simplified approach given
in Eqs. (2.52) is valid for η 00  η 0 but fails otherwise, especially for the description of
the fluid influence on the damping ratio. A spline interpolation between the discrete
data points allows to find the matching lines corresponding to the measured values. The
intersection of both the matching lines for resonance frequency and damping ratio finally
reveals both parts of the complex viscosity, which is shown exemplary for mode one and
an arbitrary chosen measurement in Fig. 5.13.
As a matter of fact, resonance frequency and damping are measured with a certain
inaccuracy. Given that the values obtained are normally distributed, the 70% confidence
interval of matching lines, illustrated in Fig. 5.13(b) by the semitransparent areas, can be
calculated using the standard deviation of the measured values. Note that the confidence
intervals of the matching lines must not necessarily be symmetrical around the mean value,
due to the nonlinear shape of the characteristic surfaces. Due to the more pronounced
errors of the relative frequency measurement, the error is clearly larger for the frequency
matching line. This effect is additionally pronounced by the smaller slope of the frequency
surface shown in the left part of Fig. 5.13(a). The resulting measurement error of the
magnitude |η ∗ | of the complex viscosity is approximated by a circle around the result of
the mean values with the radius given by the maximal possible deviation. The relative
measurement error of loss and storage modulus is determined similarly.

5.4.3. Measurement Procedure
The true behavior of a material can only be observed if the system is in a steady state.
Therefore, the first consideration when testing non-Newtonian fluids is to determine if
the material is stable. This considers mainly the entanglement network, which should be
unchanging during the experimental procedure, assuming thermal equilibrium has been
attained.
A simple test to determine if a system has time dependent rheological properties is
an oscillatory time sweep (TS). In this experiment, the sample fluids are measured at
different points in time after immersing the sensor into the fluid. The development of the
measurement parameters storage and loss modulus gives information of potential phenomena that may have emerged over time, such as network rearrangement, degradation
processes or ongoing dilution. The fluid state is regarded to be settled, if the change of
complex modulus over time is less than 5%. In order to prevent errors due to a vibration induced heating of the fluid, one to three single measurements of 200 sec have been
performed at each point in time followed by at least 10 min rest.
Further, linear fluid behavior has to be ensured. Since non-linear phenomena gain in
importance with increasing deformation amplitude, the regime of shear rate amplitudes
where linearity is given has to be identified, which is usually denoted as linear viscoelastic
(LVE) range. Therefore, a second experiment is performed after the fluid has settled where
the excitation amplitude is gradually increased and the measured results are plotted as a
function of the amplitude. This experiment is referred to as amplitude sweep (AS). If the
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Figure 5.14.: Cross section of the sensor part that is immersed in the fluid. Schematic view.
While the maximal fluid deformation occurs at the surface of the outer tube, it is
only possible to measure the velocity of the inner tube by the laser vibrometer.

behavior becomes non-linear, the fluid response is not constant over one deformation cycle,
which will be reflected in a change of the measurement results. The maximal deformation
amplitude to obtain linear behavior is defined as the value at which a difference of 5%
occurs in the values of any of the parameters G0 or G00 compared to their values in the
LVE range [95]. Since the linear range defined with AS results must not necessarily
be valid for frequencies that are very different to the specific frequencies at which the
measurement has been performed, a comparison with alternative measurement systems,
such as the classical rotating rheometer, is critical and requires additional information of
the investigated fluid.
In contrast to the TS measurements, the oscillator is constantly vibrating during the
AS, which takes ca. 15 min. Since the LVE range is not known before settlement, the TS
measurements are performed with relatively low amplitudes (factor 0.5 of the amplitudes
in Table 5.1).
Usually, storage and loss modulus are plotted as a function of the shear strain amplitude. However, as introduced in Sec. 1.2.3, the shear strain distribution of the fluid
around the torsional oscillator is not constant neither in radial nor in axial direction of
the rod. While the radial velocity distribution is given by the solution to Stokes’ second
problem, cf. Fig. 1.6, the axial distribution is defined by the shape of the specific deformation mode. However only the measurement signal provided by the laser is available
as a measure of the deformation amplitude. The laser signal is correlated to the tangential velocity of the inner tube ro,3 θ̇3 at the measurement position x3 = lm , as shown in
Fig. 5.14. Therefore, the results obtained with the torsional oscillator are plotted as a
function of the maximal shear strain γmax that arises in the fluid. Using the analytical
description of the mode shapes and the fluid velocity distribution, the maximum shear
strain amplitude can be approximated by
γ̂max ≈

max (θ1 (x)) ro,1 vl
,
θ3 (xm )ro,3 δve,n ωn

(5.4)

where vl is the velocity measured by the laser vibrometer and ωn the frequency of the
corresponding vibration. Note that this formulation assumes that the laser measures the
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tangential velocity of the inner tube, which is not completely true in the experiments.
However, the laser beam has been pointed on the most possible outer position hence the
error in this regard is considered to be negligible. Since the torsional oscillator shows an
inherent amplitude dependence without fluid, all amplitude measurements are corrected
using the results shown in Fig. 5.2. Disregarding the influence of the mode shape, the
√
maximal shear strain amplitude scales with the 1/ ωn for a constant fluid deformation.
Hence higher modes may be more critical with respect to nonlinearities.
The final measurements are performed with the amplitudes defined in Table 5.1, given
that they are identified to be in the LVE regime. Analogously to Sec. 5.3, three individual measurements of 200 sec length are performed and averaged. Three frequency
sweep measurements have been performed using the UDS rheometer, while four independent measurements are conducted using DWS rheometry for each sample fluid. All
measurements have been performed at a controlled temperature of 22 ◦ C.
Note that, analogously to the measurement of Newtonian fluids, the density of the
sample fluid has to be known a-priori. Therefore, the density of all fluids have been
separately measured using the Anton Parr portable densimeter DMA 35.

5.4.4. Results
Based on the results of AS and TS measurements, the final measurements show the
comparison of the absolute value of the complex viscosity |η ∗ | and the complex moduli G0
and G00 obtained by the three different methods. Furthermore, the two data evaluation
procedures used with the torsional oscillator are compared. The method using Eqs. (2.52),
valid for weakly elastic fluids, is referred to as simple model. As a general convention, the
storage modulus G0 is symbolized by solid symbols and a solid line, respectively, while
the loss modulus G00 is represented by open symbols and a dashed line.
Polymer solutions
Figure 5.15 shows the development of the shear moduli of the two PEO solutions during a
time period of 90 min after immersion of the sensor. Although only small variations of the
moduli over time are observed, a settled state is reached after 45 min for both solutions.
Generally, the loss modulus shows a slightly more pronounced development but also larger
non-systematic variations. Both modes four and five show a relatively strong decrease
right after immersion, which might indicate the appearance of interactions between sensor
and fluid. However, it cannot be entirely excluded that measurement errors induce said
development, especially since Sec. 5.3 revealed the high error sensitivity of the frequency
based measurement of mode five.
Next the LVE range is investigated. The results of AS measurements for both concentrations are shown in Fig. 5.16. The results obtained by mode five show a significant
variation in the loss modulus for both concentrations. However, a non-linear fluid behavior should be reflected also in the AS results of modes one to four. In case of a specific
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Figure 5.15.: Time sweep result for the polymer solutions. Development of storage and loss
modulus over time measured by the torsional oscillator. Immersion of the sensor
at t = 0 sec.

high frequency behavior, the storage modulus of mode five should show a similar behavior. Therefore, this decrease is most likely produced by the sensor itself, due to the
aforementioned problems with this mode.
For modes one to four the AS result indicates that the LVE range covers the whole
range of applied shear strain for both concentrations. This includes the amplitudes used
during the calibration, as illustrated in Fig. 5.16 by the dashed lines. The limiting value
of the LVE region is supposed to be at higher amplitudes. This is supported by the results
from Ebagnini et al [43], who reported a critical shear strain amplitude of 2 and 0.2 for
20 g/l and 40 g/l PEO solutions, respectively2 . In this study, however, frequencies of
10 rad/sec have been used, hence the limiting value will decrease for higher frequencies
due to the higher rigidity of the sample [95].
Based on these results the final measurements have been conducted 45 min after immersion using the calibration amplitudes. The results are depicted in Fig. 5.17 for the
22 g/l solution and in Fig. 5.18 for 40 g/l PEO in water. Both plots show the magnitude
of the complex viscosity η ∗ and the two parts of the dynamic shear modulus, obtained by
the UDS rotational rheometer (squares), DWS (lines) and the torsional oscillator (triangles). Since DWS measurements with the 22 g/l solution failed due to problems with the
2

In the work of Ebagnini work PEO of nominal molecular weight of 1000 kDa has been investigated.
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Figure 5.16.: Amplitude sweep result for the polymer solutions. Storage and loss modulus as
a function of the maximum shear strain amplitude γ̂max . The dashed lines mark
the maximum shear strain amplitudes corresponding to the excitation amplitudes
given in Table 5.1.

measurement system, DWS results have been extracted from Dasgupta et al. [32] with
kind permission by the authors.
Generally, the results complement each other very well. The similar range and frequency trend in viscosity and shear modulus is clearly visible. Concerning the 22 g/l
solution the discrimination between elastic and viscous behavior is difficult and shows
inconsistent behavior between the DWS and oscillator method. Furthermore, the relative
error of the complex viscosity is relatively large and increases with increasing frequency
(ca. 10-30%). But since it cannot be ensured that the very same fluid is investigated and
that equal conditions are present (Dasgupta does not report any temperature specification), the result is still regarded to be acceptable. The measurements of the 40 g/l PEO
solution show excellent agreement both for viscosity and shear modulus between all three
methods.
Since viscosity is not dominant (κ ≈ 1.2-1.6), the simple model is not able to correctly
discriminate between viscous and elastic effects, which is indeed possible with the full
solution. However, much larger errors have been expected when applying the simple
model to a fluid with κ > 1, but the results indicate that this method might also give
acceptable results even if the weak elastic condition is not fulfilled. This is especially valid
for the measurement of the complex viscosity magnitude.
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Figure 5.17.: Result for 22 g/l PEO in water. Measurements with the rotational rheometer
(UDS) at 1% shear strain amplitude (), DWS (lines) and the torsional oscillator
(triangles) at calibration amplitudes. Result via simplified model Eq. (5.3) (5)
and full model (4). (a) Complex viscosity magnitude; (b) Storage modulus G0
(solid symbols, solid line), loss modulus G00 (open symbols, dashed line). DWS
data from [32].
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Figure 5.18.: Result for 40 g/l PEO in water. Measurements with the rotational rheometer
(UDS) at 1% shear strain amplitude (), DWS (lines) and the torsional oscillator
(triangles) at calibration amplitudes. Result via simplified model Eq. (5.3) (5)
and full model (4). (a) Complex viscosity magnitude; (b) Storage modulus G0
(solid symbols, solid line), loss modulus G00 (open symbols, dashed line).
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Figure 5.19.: Time sweep result for the wormlike micellar solutions. Development of storage
and loss modulus over time measured by the torsional oscillator. Immersion of the
sensor at t = 0 sec.

Polysaccaride solutions
Next, the xanthan solutions are investigated. The TS result in Fig. 5.19 shows a strong
decrease in loss modulus with a simultaneous increase in storage modulus over time, which
may be a settling phenomenon of the entanglement network. It is more pronounced
at higher frequencies and can be observed for both concentrations. As a consequence,
the AS measurement is performed 90 min after immersion. The results are shown in
Fig. 5.20. Aside from mode five, all modes show an amplitude independent behavior in the
considered range of shear strains. Although xanthan solutions are reported in literature to
be strongly shear thinning for γ̇ > 0.1 sec−1 in steady shear [110, 153], the high frequency
AS measurements did not identify significant nonlinearities in the considered range of
shear strains for modes on to four. This trend of increasing LVE range with increasing
frequency is supported by additional measurements with the UDS rotational rheometer,
which identified the LVE shear rate limit to be 0.3 at 10 rad/sec. Again, mode five shows
a unreasonable behavior of the loss modulus for the 3 g/l solution.
The final results for the 3 g/l solution are illustrated in Fig. 5.21. The DWS and oscillator measurements show a very good agreement, the rotational rheometer results confirm
the frequency trend of the viscosity. Since viscous behavior dominates, the simplified
evaluation approach yields very good results that are comparable to the full model. The
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Figure 5.20.: Amplitude sweep result for the surfactant solutions. Storage and loss modulus as
a function of the maximum shear strain amplitude γ̂max . The dashed lines mark
the maximum shear strain amplitudes corresponding to the excitation amplitudes
given in Table 5.1.

results for the dynamic shear modulus show also very good agreement between the two
evaluation methods. Concerning the results for the storage modulus, modes three and
five show the largest deviation from the DWS result as well as the largest uncertainty of
the measurement results. However, since the elastic behavior is relatively weak and therefore difficult to quantify correctly, the oscillator result is very satisfying. The decrease
of the storage modulus at very high frequencies is not physically reasonable but an error
produced by the DWS method. A correction method is proposed in [103].
The measurement of 5 g/l xanthan in water is depicted in Fig. 5.22. The simple and
full model both yield an excellent agreement with the DWS both in viscosity and shear
modulus. Note the increasing uncertainty of the storage modulus of the DWS result
at higher frequencies. As for the 3 g/l solution, modes three and five show significant
deviations in the storage modulus with respect to other modes.
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Figure 5.21.: Result for 3 g/l xanthan in water. Measurements with the rotational rheometer
(UDS) at 1% shear strain amplitude (), DWS (lines) and the torsional oscillator
(triangles) at calibration amplitudes. Result via simplified model Eq. (5.3) (5)
and full model (4). (a) Complex viscosity magnitude; (b) Storage modulus G0
(solid symbols, solid line), loss modulus G00 (open symbols, dashed line).
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Figure 5.22.: Result for 5 g/l xanthan in water. Measurements with the rotational rheometer
(UDS) at 1% shear strain amplitude (), DWS (lines) and the torsional oscillator
(triangles) at calibration amplitudes. Result via simplified model Eq. (5.3) (5)
and full model (4). (a) Complex viscosity magnitude; (b) Storage modulus G0
(solid symbols, solid line), loss modulus G00 (open symbols, dashed line).
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(a) During measurement

(b) After measurement

Figure 5.23.: Picture of the sensor immersed in aqueous solution of 100 mmol/l CPC - 60 mmol/l
NaSal during the measurement (a) and the sample alone (b) after 120 min. A green
colored precipitation is clearly visible in both pictures.

Surfactant solutions
Similar to the behavior of the xanthan solutions, the TS experiment with wormlike micellar solutions, depicted in Fig. 5.24, indicates that a steady state is reached after 60
minutes. Furthermore, a chemical reaction between the solution and the sensor surface
has been observed, as can be seen in the pictures shown in Fig. 5.23. After ca. 45 min a
green colored layer is visibly starting to build up around the sensor surface for the higher
concentrated CPC solution. After 120 minutes, it has a thickness of ca. 0.5 mm, which
is significantly larger than the boundary layer of the fluid deformation. Figure 5.23(a)
shows a picture of the sensor immersed in the sample after 120 min. The reaction product can barely be seen, hence Fig. 5.23(b) shows the sample after removal of the sensor.
Most likely, the green colored precipitate is the result of the formation of coordination
complexes between copper and sodiumsalicylate [97]. However, also reactions between
NaSal and zinc are suspected, which are not noticeable in terms of discoloring. The effect
is less pronounced for the lower concentrated solution.
The AS measurement has been performed 90 min after immersion, the result is shown
in Fig. 5.25. No significant amplitude dependence is observed for both concentrations,
which justifies the use of the calibration amplitudes.
Figure 5.26 shows the final result for the 100 mmol/l CPC - 60 mmol/l NaSal solution.
The results for the viscosity are in good agreement between all three methods. The
oscillator result for the shear modulus are in the correct range of magnitude but show
relatively large errors and no clear frequency trend, especially concerning the storage
modulus. The increasing ratio of viscosity vs. elasticity demonstrates clearly the validity
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Figure 5.24.: Time sweep result for wormlike micellar solutions. Development of storage and loss
modulus over time, measured by the torsional oscillator. Immersion of the sensor
at t = 0 sec.

range of the simple model.
Besides the general difficulty of measuring the smaller quantity of the complex modulus,
errors might have occurred due to changed rheological properties of the altered fluid in the
boundary layer. Another effect that could lead to measurement differences is eventual slip
between fluid and solid boundary. This has been reported by Sung et al. for equimolar
CPC/NaSal solutions for shear rates > 2 rad/sec. The rotational rheometer results of
the low frequency loss modulus do not agree well with the DWS measurements, which
exhibit, however, a large uncertainty in this range. Generally, the measurements agree
with the results reported in literature. Willenbacher et al. reported a power-law behavior
of the loss modulus with G00 = kω 3/4 for ω > 104 rad/sec and ω 5/9 for smaller frequencies
[149].
The measurements of the lower concentrated solution of 40CPC/40NaSal are shown
in Fig. 5.27. The torsional oscillator is able to predict the trend and range of the fluid
parameters as well as to correctly discriminate between elasticity and viscosity. However,
the different methods show relatively strong discrepancies. Due to the relatively low
concentration loss and storage modulus are relatively low, which gives rise to measurement
errors. The torsional oscillator results in a physically more reasonable trend of the storage
modulus at high frequencies, since a decrease is reported to be a DWS error [103].
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Figure 5.25.: Amplitude sweep result for the wormlike micellar solutions. Storage and loss modulus as a function of the maximum shear strain amplitude γ̂max . The dashed lines
mark the maximum shear strain amplitudes corresponding to the excitation amplitudes given in Table 5.1.

Finally, the CTAB/NaSal solution is investigated. Since the two different wormlike micellar solutions are reported to behave similarly, no additional amplitude and time sweep
measurements have been performed and the measurement conditions have been adopted
from previous measurements. In contrast to CPC/NaSal solutions, no visible chemical
reaction during the time of measurement is observed. Unfortunately, no DWS results are
available. But since CTAB/NaSal solutions are very common as a model system for rheological tests, many results can be found in literature, where a stable Maxwell behavior
is reported [49]. Hence, the measurement results shown in Fig. 5.28 are compared with
analytically obtained curves for a Maxwell fluid. The corresponding parameters have been
chosen to fit the measurements obtained by rotational rheometry. For the high frequency
regime, a power-law behavior of G∗ is assumed, with the exponent changing from approximately 5/9 to 3/4 around a critical frequency [49]. The viscosity measurements yield
good agreement with the predicted behavior. While the analysis of mode five fails using
the full model, the simple model approach seems to be more robust. The measured shear
modulus lies in the correct range of magnitude, but the discrimination between elastic
and viscous behavior does not fit the analytical model. The interpretation, however, is
difficult since the parameters of the Maxwell model are mainly based on the low frequency
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Figure 5.26.: Result for 100 mmol/l CPC - 60 mmol/l NaSal in water. Measurements with the
rotational rheometer (UDS) at 1% shear strain amplitude (), DWS (lines) and
the torsional oscillator (triangles) at calibration amplitudes. Result via simplified
model Eq. (5.3) (5) and full model (4). (a) Complex viscosity magnitude; (b)
Storage modulus G0 (solid symbols, solid line), loss modulus G00 (open symbols,
dashed line).

measurement, which makes the extrapolation to higher frequencies less reliable.
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Figure 5.27.: Result for 40 mmol/l CPC - 40 mmol/l NaSal in water. Measurements with the
rotational rheometer (UDS) at 1% shear strain amplitude (), DWS (lines) and
the torsional oscillator (triangles) at calibration amplitudes. Result via simplified
model Eq. (5.3) (5) and full model (4). (a) Complex viscosity magnitude; (b)
Storage modulus G0 (solid symbols, solid line), loss modulus G00 (open symbols,
dashed line).
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Figure 5.28.: Result for 100 mmol/g CTAB - 100 mmol/g NaSal in water. Measurements with
the rotational rheometer (UDS) at 1% shear strain amplitude () and the torsional oscillator (triangles) at calibration amplitudes. Black lines: adapted Maxwell
model according to [49]. Result via simplified model Eq. (5.3) (5) and full model
(4). (a) Complex viscosity magnitude; (b) Storage modulus G0 (solid symbols,
solid line), loss modulus G00 (open symbols, dashed line).
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5.4.5. Discussion
Generally, the measurement of linear viscoelastic fluids using the torsional oscillator yields
excellent results for all examined model systems. For modes one to four, the comparison
with DWS measurements is in very good agreement and the results are obtained fast
and reproducibly. Since DWS measurements are nowadays well established, the results
obtained from the Rheolab system served as a reference. However, potential differences
might not solely be a problem of the torsional oscillator but could also originate from a
rheological influence of the tracer particles or from effects during transport or change of
the measurement container.
Mode five shows relatively large variance and moderate agreement especially if the fluid
exhibits much smaller elasticity compared to the viscous behavior. The larger variance is
attributed mainly to problems of the DSP with frequencies near the maximum processable
frequency. Similar to the DWS measurements, errors have to be expressed relative to the
absolute value of the complex viscosity, which results in larger errors if one component is
smaller. Furthermore, it has been shown in Sec. 5.3 that mode five does not behave as
predicted by the analytical models, which is the main reason for the general deviations.
The time sweep measurements have shown that the samples considered in this thesis
need a certain time to settle and to reach steady state. Since steady state is a requirement for a correct and reliable measurement, absolute measurements during a process are
critical. But if the absolute value is not the first priority, the oscillator is well suited as
process instrument. The time dependent behavior, however, is an intrinsic property of
the fluid and applies as well to other measurement methods.
While PEO and xanthan solutions have been characterized successfully, wormlike micellar solutions showed some problems mainly due to a chemical reaction between sensor
surface and fluid. For further studies or alternative designs of the sensor, such effects
have to be taken into account, for example by applying a specific coating on the surface
or by choosing a different material. The latter suggestion, however, might increase the
torsional resonance frequencies since brass has been found to be the optimum in terms of
material shear wave speed.
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6.1. Conclusion
The work presented in this thesis was performed in order to investigate how multiple
torsional oscillation modes of a resonator can be used to characterize Newtonian and linear
viscoelastic fluids. The measurement concept is based on the continuous and simultaneous
excitation of multiple modes using a PLL-based control system, which is implemented
on a digital signal processor. The fluid parameters are then evaluated by the shift in
resonance frequency and modal damping ratio with respect to a reference state, which is
the sensor loaded by air. While individual conclusions concerning the control theory and
control concepts were provided in Secs. 3.9 and 4.4, here a global conclusion is drawn that
focuses on the application of the oscillator as an in-line measurement system.
The sensor is based on a resonating process viscometer, which offers easy applicability
in various environments due to its robust design and the absence of any moving parts. An
analytical model of the oscillator has been derived, which was found to be in a very good
agreement with the behavior of the real sensor. The model has been successfully used to
optimize dimensions and material choice of the oscillator with respect to measurement
sensitivity and frequency range. Limited by the sampling rate of the DSP, the first five
torsional modes of the oscillator have been used.
The analytical description of the fluid-structure interaction yields the relation between
the shift in resonance frequency and damping ratio and the physical parameters of a
surrounding fluid. While the influence of Newtonian and weakly elastic fluids can be
described by simple, explicit equations it was only possible to derive implicit equations
for fluids with a strong elastic component compared to the viscous behavior.
Based on the explicit sensor equations, mode dependent calibration parameters have
been introduced that apply both for Newtonian and weakly elastic fluids. For strongly
elastic fluids, the full analytical model has been adapted such that it matches the calibration measurements with Newtonian fluids. Therefore, the calibration of the sensor
requires only the use of Newtonian standard fluids, which are commercially available.
The measured parameters have shown only small deviation from the theoretically obtained values, thus proving that the analytical model presents a very good description of
the reality. It has to be noted that the calibration and hence all measurements require
the knowledge of the density of the fluid.
Concerning the characterization of Newtonian fluids, 10 parameters are now available
to identify one property, namely the viscosity, which greatly improves the measurement
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accuracy. However, an error analysis predicted that the measurement using the resonance
frequency is significantly more error-prone than the use of the damping ratio, which has
been confirmed by the calibration measurements. Therefore, the use of the damping ratio
is preferred with respect to Newtonian fluids, which results in a relative error of the
measured viscosity of less than ca. 1% with very good reproducibility.
As a consequence of the calibration approach, the very same conditions of the sensor are
required both during calibration and measurement. However, this cannot always be ensured, especially if the sensor is not supposed to be used solely in laboratory environments.
This thesis presented two approaches to compensate for deviations in the temperature and
the immersion level of the sensors using the multi-frequency measurement.
Using one single frequency, it cannot be distinguished between a shift in resonance
frequency or modal damping ratio due to a changed viscosity or a changed immersion
level of the sensor. To overcome this issue, the individual characteristic relation between
fluid level and fluid influence of each mode can be used. Therefore, the relative resonance
frequency or damping ratio shift between two different modes has been evaluated, which
becomes a viscosity independent measure for the fluid level. Since the analytical model
provides a formulation for the fluid influence as a function of the fluid level, the use of
multiple modes enables to simultaneously determine the immersion level of the sensor and
the fluid viscosity. An example measurement yields the correct fluid level with an error
less than 5% for fluid levels > 20%, while the viscosity measurement showed a relative
error of ca. 10% even though the fluid influence is considerably reduced.
The second parameter that is even more critical is the temperature. This is especially related to the relative measurement of the resonance frequency, since the reference frequency in air is strongly dependent on the temperature of the sensor. Since in
non-laboratory environments a constant temperature cannot be ensured, temperature is
usually measured by an external sensor. For practical reasons, however, only the fluid
temperature is measured and temperature equilibrium is assumed. This might not suffice
to accurately correct the reference values, especially if the temperature changes quickly
during operation. Again, the use of multiple modes helps to overcome this problem. It
has been shown that in shear deformation a certain phase relation between excitation and
response exists for each mode, where the corresponding frequency is, as a first approximation, independent on the fluid. Phase control then enables to continuously identify this
frequency, which can be regarded as a virtual reference during operation. The temperature correction of the reference values of the immersed sensor was performed successfully
using mode one as temperature indicator. With this method it was possible the correctly
quantify the fluid viscosity in a temperature range from 10 – 50 ◦ C with a relative error
less than 5% by using the resonance frequency shift of modes two and three.
In order to investigate the capabilities of the sensor concerning the measurement of
viscoelastic fluids, three groups of sample fluids that are known for their well-documented
viscoelastic behavior have been tested: Polymer solutions (PEO in water), wormlike micellar solutions (CPC/CTAB + NaSal in water) and xanthan solutions. Time sweep and
amplitude sweep measurements have been performed for each sample fluid in order to
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ensure steady state and linear behavior. In the final measurements, the magnitude of the
complex viscosity and both storage and loss modulus of the fluid are measured continuously at five discrete frequencies between 1·104 rad/sec and 2·105 rad/sec. Beside the
advantages of the simultaneous monitoring of multiple parameters, the sensor enables to
characterize the fluids in a frequency range that is not accessible with classical rheometers.
While the parameters of weakly elastic fluids can be obtained directly using the analytical equations, the evaluation of strongly elastic fluids required the use of the full sensor
model, which is numerically expensive. Hence the data analysis has been performed after
the measurement. An adequate communication between the DSP and a general purpose
processor can enable the real time evaluation.
A comparison of the results with data from DWS measurements and classical rotational
rheometry indicated a very good agreement of all methods, especially for the PEO and
xanthan systems. While measurements of the weakly elastic xanthan solutions validated
the simplified sensor equations, the PEO systems showed the advantages of the full model
for fluids with equally elastic and viscous properties. Since measurement errors equally
affect both parts of the complex modulus, fluids showing a large difference between elastic
and viscous behavior are difficult to characterize correctly, since the smaller portion is
then suspected to have large relative errors. This is less problematic concerning the
measurement of the viscosity magnitude as it represents the root mean square of viscous
and elastic effects. Wormlike micellar solutions showed a chemical reaction with the sensor
resulting in a relatively large discrepancy between the different measurement methods.
However, the values still lied in the correct range of magnitude.
In all measurements, problems have been observed with the fifth torsional mode, especially concerning the relation between resonance frequency shift and fluid parameters.
In the calibration measurements, a significant deviation from the predicted power-law
behavior is observed. As a consequence, the measurements using said relation showed
relatively large errors as compared to modes one to four using the resonance frequency.
The reason is a combination of different effects, of which numerical problems of the DSP
are supposed to be the most prominent, since the corresponding frequency is very close
to the frequency limit of the DSP. Also potential nonlinearities that are more pronounced
at higher frequencies might be a reason for the deviation. Therefore, the resonance frequency shift of mode five has not been used for measurements of Newtonian fluids. For
the viscoelastic samples, however, the resonance frequency shift is required to evaluate the
complex moduli and cannot be excluded. Hence relatively large relative errors especially
for the elastic component of weakly elastic fluids are observed.
Finally, it can be concluded that the use of multiple frequencies opens up numerous new
measurement possibilities that can greatly improve accuracy, versatility and robustness
of resonance fluid sensors. The work introduces resonance sensors as a new alternative in
the field of process rheometry, offering flexible designs and relatively cheap measurement
or monitoring possibilities. For the first time resonator based process rheometry was
possible offering the continuous measurement of several rheological properties in parallel.
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The extension of classical resonance sensors towards multi-frequency use might be possible
by software-update only; however, a profound understanding of the dynamic behavior and
the fluid structure interaction is necessary.

6.2. Outlook
Although the measurement results obtained by the torsional oscillator are very satisfying,
a potential for further development is seen in the following aspects.
Increase number and range of frequencies
Since the resonance based measurement allows the evaluation of the fluid forces only at
discrete frequencies, an increased number of frequencies should be sought in order to
cover a broader range of the frequency spectrum. This requires further research on the
sensor design and the performance of the digital control loop. The sampling rate of the
D/A and A/D converters defines the limit of the highest processable frequency, while the
computational power of the DSP limits the number of simultaneously controlled modes.
Since the used DSP system is not up to date any more at the time this thesis is written,
more powerful DSP systems or the parallelization using multiple processors will increase
the performance significantly. Future work might also optimize the implementation of
the multi-frequency control, i.e. by combining PFD phase detectors with highly efficient
band pass filters or cascaded filter systems. The use of alternative systems should also be
investigated, where the use of FPGA systems is emphasized, since such systems are well
suited for the required tasks but also more difficult concerning design and programming.
The specific frequency values, however, are defined by the sensor design. In order
to achieve a broader spectrum, the fundamental mode must exhibit as low a frequency
as possible. Using torsional oscillations this is only possible by increasing the active
length of the oscillator or by using materials exhibiting a lower wave speed than the
used cooper-zinc alloy. Since the design used in this thesis has been optimized with this
regard, further research should investigate other designs such as oscillators with additional
lumped masses or long pipes. With respect to lower frequencies, it is worth to consider also
flexural vibrations, even if the fluid-structure interactions are considerably more difficult
compared to torsional vibrations, as demonstrated by Wattinger [145].
Extend range of measurement parameters
Since most parameters that are measurable with the torsional oscillator are presented in
this thesis, the extension towards additional parameters requires a different sensor design.
This concerns especially the measurement of the density, which has to be known a-priori
when shear deformation of a semi-infinite fluid volume is applied, where the region of
deformation is defined by the boundary layer (cf. Stokes’ second problem Sec. 1.2.3).
The density influence can only be excluded if a fixed boundary is applied in a distance
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significantly smaller than the boundary layer, i.e. by a stationary tube around the oscillating tube, which is practically very difficult especially for high frequencies. However,
Wattinger has shown that flexural vibrations are preferable in order to measure the fluid
density [145]. The simultaneous use of both flexural and torsional vibrations would greatly
improve the versatility of resonance fluid sensors. This approach has been proven in an
internal feasibility study by Wattinger and the author.
Research might also focus on designs similar to Coriolis mass flow meters, where the
fluid flows through a U-shaped pipe [2]. Flexural vibrations of the pipe are related to the
mass of the fluid (i.e. density), while a phase shift between two different measurement
positions are related to the flow rate (due to Coriolis forces). Adding torsional oscillations
to cover viscosity, this concept might be a promising approach towards more versatile
instruments, which could be easily embedded in fluid processing applications.
Controller design and dynamics
Concerning the analysis of the phase control, further research explores more advanced
control concepts such as optimal control [85], model predictive control [50] or robust control [154]. Another aspect of the controller enhancement is the inclusion of the excitation
amplitude into the controller design. Since the APD also provides amplitude measurement possibilities, this could be used to fully control the state of the oscillating system
[116]. In addition to the controller, further research focuses on the extension of the developed methodology to other plants, such as oscillatory systems with nonlinearities. The
alternative control concepts such as adaptive control and harmonic phase variation should
be investigated further both theoretically and experimentally.
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A. Oscillatory Shear in Viscoelastic
Fluids
In Sec. 1.2.3 the solution of Stokes’ second problem for viscous fluids has been carried
out. In this section, the solution for linear viscoelastic fluids is presented. For the sake
of completeness and for a comparison between the theory of Newtonian and viscoelastic
fluids, we start with the 3D Navier-Stokes equations for incompressible fluids, which apply
to Newtonian Fluids. The balance of momentum and mass are given by
!

ρf

∂v
+ (v · ∇) v = −∇pf + η∇2 v
∂t

(A.1)

∇ · v = 0,

(A.2)

where the velocity vector v is defined as




v
 x

v = vy 

vz

(A.3)

with the three velocity components vx , vy , vz in a Cartesian coordinate system. The
Navier-Stokes equations in component form read
!

ρf
ρf

!

∂vx
∂pf
∂ 2 vx ∂ 2 vx
∂vx
∂vx
+ vx
+ vy
=−
+η
+
∂t
∂x
∂y
∂x
∂x2
∂y 2
!
!
∂pf
∂vy
∂vy
∂vy
∂ 2 vy ∂ 2 vy
+ vx
+ vy
=−
+η
+
∂t
∂x
∂y
∂y
∂x2
∂y 2
∂vx ∂vy
+
= 0,
∂x
∂y

(A.4)
(A.5)
(A.6)

where the z-component has been omitted since a 2D problem is considered. The oscillating
wall introduces the boundary conditions
vx (y = 0) = v̂p eiωt

(A.7)

vy (y = 0) = 0

(A.8)

v (y = ∞) = 0 .

(A.9)

Continuity Eq. (A.6) and the fact that the velocity is not dependent on the x-direction
yield
∂vx
∂vy
=
= 0,
∂x
∂y

(A.10)
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which gives vy = 0 due to the boundary conditions. Hence the Navier-Stokes equations
simplify to
ρf

∂vx
∂t

!

∂pf
∂ 2 vx
=−
+η
∂x
∂y 2
∂pf
.
0=−
∂y

!

(A.11)
(A.12)

Assuming a similar pressure distribution inside the fluid pf = const. yields the final
differential equation
ρf

∂vx
∂ 2 vx
=η 2 ,
∂t
∂y

(A.13)

which is the one dimensional heat conduction equation. Applying the ansatz
vx (y, t) = v̂p ei(ky+ωt)

(A.14)

−iωρf = ηk 2

(A.15)

to Eq. (A.13) yields

with the complex wavelength
s

k = ± (i + 1) ·

ωρf
.
2η

(A.16)

Choosing the positive sign, the wave will decay while it travels in positive y-direction,
which yields the boundary layer thickness
s

δ=

2η
ρf ω

(A.17)

as defined in Eq. (1.7). Thus, the final solution is
vx (y, t) = v̂p e−y/δ ei(−y/δ+ωt) .

(A.18)

This derivation can be found in many textbooks as well, for example in [80].
Now viscoelastic fluids are considered. Since they exhibit an elastic portion their
behavior is not covered by the incompressible Navier-Stokes equations. Instead, the compressible Navier-Stokes equations
!

ρf

∂v
+ (v · ∇) v = −∇ · T
∂t
∇ · v = 0,

(A.19)
(A.20)

where gravity forces are neglected, have to be taken into account. The stress tensor T is
written as
T = S − pf · I ,
(A.21)
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where S is called extra stress tensor and I is the identity matrix. Generalizing the viscoelastic stress response given in Eq. (1.4), the extra stress tensor can be written in
tensorial form
Z t
R (t − t) D (v, t) dt ,
S (v, t) =
(A.22)
−∞

where D is the rate of strain tensor, which is formulated similarly to the strain tensor
using v instead of the displacement field. Assuming small deformations, the rate of strain
tensor
 ∂v

y
∂vx
x
z
2 ∂xx ∂v
+ ∂v
+ ∂v
∂y
∂x
∂z
∂x
 .


∂vy
y
∂vz 
D =  ..

(A.23)
2 ∂v
+
∂y
∂z
∂y 

..
z
.
···
2 ∂v
∂z
is obtained, which simplifies to a 2D matrix for vy = vz = 0,
x
derived ∂v
= 0, i.e.
∂x




0

D =  ∂vx
∂y

∂vx
∂y 

0

,

∇·D=

∂ 2 vx
∂y 2

0

∂
∂z

= 0 and the previously

!

.

(A.24)

For a purely viscous fluid the relaxation time is zero, i.e. R = η · ς (t), where ς(t)
denotes the Dirac delta function. This leads to the definition of a Newtonian fluid given
in Eq. (1.2). When Eq. (A.24) is inserted into Eq. (A.22), a closed equation for vx from
the x-component of the Navier-Stokes equation (A.19) is obtained, similar to the case of
purely viscous fluids
∂ 2 vx
∂vx Z t
R (t − t)
=
dt .
(A.25)
ρf
∂t
∂y 2
−∞
Taking again an harmonic ansatz
vx (y, t) = v̂x (y) eiωt

(A.26)

yields
v̂x (y) =

∂ 2 v̂x η ∗
∂y 2 ρf iω

(A.27)

using the definition for the complex viscosity given in Eq. (1.10). This equation is similar
to the corresponding equation of the purely viscous case, with η replaced by the complex
viscosity η ∗ . This is often referred to as correspondence principle, cf. [27]. Hence the
ansatz
v̂x (y) = v̂p eiykve
(A.28)
yields
2
− iωρf = η ∗ kve

(A.29)

similar to Eq. (A.15) with
s

kve = ± (i + 1)

ρf ω
.
2η ∗

(A.30)
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The wave number can be separated into
s

q√

q√

+1+1+
κ2 + 1 − 1
√ √
2 κ2 + 1
q
q√
√
s
2
κ +1+1−
κ2 + 1 − 1
ρf ω
√
√
< (kve ) =
·
2η 0
2 κ2 + 1
= (kve ) =

ρf ω
·
2η 0

κ2

(A.31)
(A.32)

using the previously introduced ratio κ between elastic and viscous behavior. The imaginary part of the wave number will produce a decaying wave, its reciprocal is defined as
boundary layer, cf. Eq. (A.28). Hence
δve = 1/= (kve )

(A.33)

vx (y, t) = v̂p e−y/δve ei(<(kve )y+ωt) .

(A.34)

and
The shear stress on the surface is calculated analogously to the viscous situation
σxy,f = i (η 0 − iη 00 ) (< (kve ) + i= (kve )) v̂p eiωt ,

(A.35)

where real and imaginary part are given by
1 0
η (ακ + 1) vp
δve
1
= (σxy,f ) = − η 0 (α − κ) vp
δve
< (σxy,f ) = −

using

(A.36)
(A.37)

√
1 + κ2 − 1 + κ
< (kve )
=√
.
(A.38)
α=−
= (kve )
1 + κ2 − 1 − κ
For purely viscous fluids κ = 0 and α = 1. Then the two parts are equal and represent
inertial and dissipative forces, respectively.
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B. Fluid Influence on Partly Immersed
Sensor
As shown in Sec. 2.3, a fully analytical model of the fluid influence on the resonance
frequency and damping can only be derived for a single tube that is fully immersed in a
fluid. The model of a segmented structure, however, allows to numerically calculate the
resonance frequencies, damping ratios and mode shapes but does not give a meaningful
description of the actual influence. Especially for situations where the fluid level may
vary, the segmentation model is not well suited since it considers segments that are either
subject to fluid forces over the whole segment length or are completely unloaded. Therefore, a solution is derived hereafter with the aim to obtain an approximate, analytical
expression that describes the fluids influence on a mechanical system as it is considered
in this thesis for any fluid level.
The differential equation for the complete sensor can be formulated as one single equation, where the geometrical and material properties are allowed to change over the length
of the rod, i.e.
Γ1 (x)

∂ 2 Θ (x, t)
∂ 2 Θ (x, t)
−
Γ
(x)
= Γf (x) Θ (x, t) ,
2
∂t2
∂x2

(B.1)

using piecewise-defined parameters
Γ1 (x) = Ip,j ρj

(B.2)

Γ2 (x) = Ip,j G∗j

(B.3)

s

Γf (x) = −2π 



1
3η ∗ 
3
ρf ωη ∗ (1 + i) +
iωro,j
2
2ro,j

(B.4)

for lj−1 ≤ x < lj , where j = 1 . . . 4 and l0 = 0. In this description the fluid forces at
the tip as well as the mass moment of inertia Jp,2 are neglected. This problem could
be treated analogously to Sec. 2.3 using parametrized segment lengths, but in this case
the resonance frequency cannot be solved analytically. As an alternative approach an
approximate solution based on the method of mean weighted residuals is sought. The
main idea of this method is that an error E which occurs if an approximate solution Θ̃
is inserted in the differential equation (B.1) should vanish. The error is weighted by a
function ξ(x) over the whole area or length, which yields the condition
Z l

 

E Θ̃ ξ dx = 0 .

(B.5)

0
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The approximate solution Θ̃ is composed of a linear combination of m linear independent
test functions that have to be continuously differentiable and respect all boundary conditions [56]. Here we use the fundamental solutions of the sensor without fluid influence
θair,n (x) as test functions that have already been calculated in Sec. 2.3.2. Hence
Θ̃j (x, t) =

m
X

θair,n (x) ϑair,n (t) ,

(B.6)

n=1

where the functions θair,n (x) are as well piecewise-defined for each segment j of the sensor. Following the method of Galerkin, the same spatial functions are used as weighting
functions. Inserting Eq. (B.6) into Eq. (B.1) yields m different formulations of the error
E for each weighting function θair,u , i.e.
Z lX
m h
0 n=1

i

Γ1 θair,n ϑ̈air,n + kn2 Γ2 θair,n ϑair,n − Γf θair,n ϑair,n θair,u dx

(B.7)

with

d2 θair,n
= −kn2 θair,n .
(B.8)
dx2
Equation (B.7) can be rewritten in matrix form analogously to the description of a mdof
oscillator
Mẍ + Kx = 0 ,
(B.9)
where M and K are m × m matrices that include the integrals of the weighted test
functions. Since the properties of the individual segments are relatively similar, the test
functions can be considered almost orthogonal. Hence the matrices are approximated as
symmetric matrices. Thus m independent ordinary differential equations are extracted,
where the complex resonance frequencies can be directly formulated from the modal mass
and modal stiffness matrices. This yields the formulation
ω0,n =

vR
u l 2
u 0 kn Γ2 θ 2air,n dx
t R
l
2
0

Γ1 θair,n dx

R lfe

+ Rlfsl
0

Γf θ2air,n dx
Γ1 θ2air,n dx

,

(B.10)

where the first term is an approximation of the complex resonance frequency without fluid
influence ωair,n . If the sensor is immersed in the fluid in a region from x = lfs . . . lfe , the
deviation of the resonance frequency and damping ratio due to the fluid can finally be
formulated analogously to Sec. 2.3.


1
Λ · < M̄f (ωair,n )
2ωair,n


1
Dn ≈ Dair + 2 Λ · = M̄f (ωair,n )
2ωair,n

ω0,n ≈ ωair,n +

Λ=

R lfe 2
lfs θ air,n dx
Rl
2
0

132

Γ1 θair,n dx

.

(B.11)
(B.12)
(B.13)

C. Amplitude Dynamics of a
Single-Degree-of-Freedom Oscillator
Similar to the phase dynamics derived in Sec. 3.4, the development of the amplitude as a
response to a phase or frequency change of the excitation signal is likewise interesting in
order to fully predict the dynamic behavior of phase controlled oscillators. A series approximation of the steady state amplitude around resonance yields the dynamic behavior
of the amplitude in frequency domain
1
X̂(s) ≈ 1 − Hamp (s) · (∆Φ0 − α)2 x̂s,0 ;
2




x̂s,0 = x̂s (ω0 ) =

1
,
Dω02

(C.1)

where the yet unknown transfer function Hamp (s) with static gain of one has been introduced to describe the dynamic behavior of the amplitude. Figure C.1 shows that the
steady state solution (Hamp (s) = 1) is valid for α < 30 deg. Analog to the derivation of
the phase dynamics, the approach presented in Sec. 3.3.2 yields a linear transfer function for the amplitude dynamics. However, the result does not yield a solution for the
amplitude dynamics that matches the observed behavior, mainly due to the negligence
of higher order terms. Therefore, an alternative approach is sought in order to obtain a
simple, approximate solution. Since the phase dynamics has been already found, we can
similarly apply a step in the excitation frequency starting at resonance
ω = ω0 + ∆ω ,
Exact
Approximation

1

x̂s /x̂s,0

(C.2)

0.9
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0.7
-40

-20
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α [deg]
Figure C.1.: Normalized, steady state amplitude of a sdof oscillator as a function of the phase
shift α around resonance (resonance at α = 0).
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Exact
Approximation
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1
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(a) Low damping
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·10−2

(b) High damping

Figure C.2.: Amplitude response of a sdof oscillator to a step in the excitation frequency starting
at steady state resonance. The frequency step corresponds to a phase step of 10
deg (upper lines) and 30 deg (lower lines). Solution via numerical simulations
(Matlab Simulink) and the approximation Hamp . System parameters are taken
from Table 3.1.

assuming that the step magnitude is sufficiently small. In this case, ∆ω ≈ αDω0 holds.
Since the amplitude response is supposed to be dependent on the step magnitude
and the parameters of the oscillator, a parameter study has been performed, where the
parameters ∆ω and Dω0 have been varied systematically. For each parameter combination
the oscillator’s response is calculated and the envelope of the response is extracted using
the Hilbert transform. The change in the amplitude from resonance is then used to identify
the corresponding transfer function using the Matlab transfer function estimation tool.
The analysis of the development of the poles with the varied parameters yields a linear
approximation of the amplitude dynamics with
Hamp (s) ≈

2 (Dω0 )3
.
(s + 2Dω0 ) (s + Dω0 )2

(C.3)

Figure C.2 shows the result obtained via simulation and the approximate solution for two
differently damped systems, proving the validity of the formulation. The discrepancy in
the steady state value is mainly due to the approximation Eq. (C.1). Concerning the
amplitude dynamic behavior of sdof oscillator, Rubiola presents an interesting approach
for a more general description [120]. However, it is not well suited to derive a simple
transfer function for the phase step considered in this thesis.
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D. C Code
The following chapter presents how the phase control has been digitally implemented on
the DSP. The code shows the implementation of one PLL as a representative for all PLLs
used.
When running five PLLs in parallel, the used DSP was operating at the limit of its
capability. Therefore, the code was optimized in terms of speed, which led to some rather
unconventional measures:
• All calculations that result in constant values have been executed in advance, even
if the calculation includes the sampling time.
• Trigonometric functions have been implemented as look-up table with 1 deg resolution and previously calculated parameters, as it was implemented in test codes
provided with the DAC/ADC audio codec [134].

Main Code
1
2
3

/∗ ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗/
/∗ I n c l u d e Header f i l e s ∗/
/∗ ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗/

4
5
6
7
8
9
10
11

#i n c l u d e
#i n c l u d e
#i n c l u d e
#i n c l u d e
#i n c l u d e
#i n c l u d e
#i n c l u d e

" fastrts67x . h"
" recip . h"
" stdio . h"
" evmomapl137 . h "
" evmomapl137_mcasp . h "
" aic3106 . h"
" customfuncs . h "

12
13
14
15

/∗ ∗∗∗∗∗∗∗∗∗ ∗/
/∗ D e f i n e s ∗/
/∗ ∗∗∗∗∗∗∗∗∗ ∗/

16
17
18

/∗ G e n e r a l ∗/
#d e f i n e DT

2 . 0 8 3 3 3 3 3E−05 // sample time

19
20
21
22
23

/∗ Low−p a s s f i l t e r s e c o n d o r d e r c u t o f f 10 Hz∗/
#d e f i n e FILTER2_A
1.998148799568030
#d e f i n e FILTER2_B
4 . 2 7 9 7 1 9 3 2 1 1 5 4 1 1 9 e −07
#d e f i n e FILTER2_C
8 . 5 5 9 4 3 8 6 4 2 3 0 8 2 3 7 e −07
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24
25

#d e f i n e FILTER2_D
#d e f i n e FILTER2_E

4 . 2 7 9 7 1 9 3 2 4 4 8 4 7 8 8 e −07
−0.998150511455758

26
27
28
29

/∗ C o n t r o l l e r p a r a m e t e r s ∗/
#d e f i n e KI
0.0651
#d e f i n e KP
0.0705

// i n deg / sample =K I _ t h e o r e t i c ∗360/48000
// i n deg / sample

30
31
32

/∗ Anti−Lag ∗/
#d e f i n e LAG

41

// l a g t i m e i n s a m p l e s

33
34
35
36
37

/∗ NCO ∗/
#d e f i n e OMEGEA_C
#d e f i n e AMPLITUDE
#d e f i n e DELTAPHIT

1 9 . 3 9 7 0 6 1 5 6 // i n deg / s / sample
1
177 // i n deg

38
39
40
41

/∗ ∗∗∗∗∗∗ ∗/
/∗ MAIN ∗/
/∗ ∗∗∗∗∗∗ ∗/

42
43
44
45

s t a t i c MCASP_Handle mcasp ;
v o i d main ( v o i d )
{

46
47
48
49

/∗ ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗/
/∗ I n i t V a r i a b l e s ∗/
/∗ ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗/

50
51
52
53
54

/∗ G e n e r a l ∗/
I n t 1 6 y_sys
I n t 1 6 sample_data
I n t 1 6 msec , s e c , sample ;

= 0;
= 0;

// system i n p u t

55
56
57
58
59
60
61

/∗ Phase d e t e c t o r ∗/
d o u b l e y_ref_a [ 3 ]
d o u b l e y_a [ 3 ]
d o u b l e y_ref_b [ 3 ]
d o u b l e y_b [ 3 ]
f l o a t y_pd

={0};
={0};
={0};
={0};
= 0;

// phase d e t e c t o r output

/∗ PI C o n t r o l l e r ∗/
double i n t e g r a l
double u_ctrl
double y_ctrl

= 0;
= 0;
= 0;

// c o n t r o l l e r i n p u t
// c o n t r o l l e r output

/∗ NCO ∗/
d o u b l e phi_nco_ref
d o u b l e phi_nco
I n t 1 6 u_sys

= 0;
= 0;
= 0;

// nco r e f e r e n c e phase
// nco phase
// nco output

62
63
64
65
66
67
68
69
70
71
72
73

/∗ Anti−Lag o f r e f e r e n c e s i g n a l ∗/
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74
75
76
77

double phi_nco_ref_antilag_array [ 1 5 0 ] ;
d o u b l e p h i _ n c o _ r e f _ a n t i l a g= 0 ;
Int32 j
= 0;
Int32 w
= 0;

// s h i f t e d nco r e f phase

78
79
80
81

/∗ ∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗/
/∗ I n i t P r o c e s s ∗/
/∗ ∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗/

82
83
84
85
86
87
88

EVMOMAPL137_init ( ) ;
// I n i t i a l i z e
AIC3106_set ( ) ;
// I n i t i a l i z e
mcasp = &MCASP_MODULE_1;
// I n i t i a l i z e
MCASP1_set( mcasp ) ;
w h i l e ( ! ( mcasp−>r e g s −>SRCTL5 & 0 x10 )
mcasp−>r e g s −>XBUF5 = 0 ;

board
audio codec
audio s e r i a l port
);

89
90
91
92

/∗ ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗/
/∗ C t r l Algorithm ∗/
/∗ ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ ∗/

93
94
95
96
97
98
99
100
101
102

f o r ( s e c = 0 ; s e c <10 ; s e c++ )
{
f o r ( msec = 0 ; msec < 1000 ; msec++ )
{
f o r ( sample = 0 ; sample < 48 ; sample++ )
{
/∗ r e a d t h e l e f t i n p u t c h a n n e l ∗/
w h i l e ( ! ( MCASP1_SRCTL0 & 0 x20 ) ) ;
y_sys = ( (MCASP1_RBUF0_32BIT << 1 ) >> 1 4 ) ;

103
104
105
106
107
108
109
110
111
112
113
114
115

/∗ Anti−Lag ∗/
i f (w<LAG) {
p h i _ n c o _ r e f _ a n t i l a g _ a r r a y [ w ] = phi_nco_ref ;
phi_nco_ref_antilag = 0 ;
w += 1 ;
}
else {
phi_nco_ref_antilag = phi_nco_ref_antilag_array [ j ] ;
p h i _ n c o _ r e f _ a n t i l a g _ a r r a y [ j ] = phi_nco_ref ;
j += 1 ;
i f ( j==LAG) { j = 0 ; }
}

116
117
118
119

120
121
122

/∗ Phase D e t e c t o r ∗/
y_ref_a [ 0 ] = y_sys ∗ c o s f u n c ( ( I n t 1 6 ) p h i _ n c o _ r e f _ a n t i l a g ) ;
y_a [ 0 ] = FILTER2_A∗y_a [ 1 ] +FILTER2_B∗ y_ref_a [ 0 ] +FILTER2_C∗ y_ref_a [ 1 ] +
FILTER2_D∗ y_ref_a [ 2 ] +FILTER2_E∗y_a [ 2 ] ;
y_ref_a [ 2 ] = y_ref_a [ 1 ] ;
y_ref_a [ 1 ] = y_ref_a [ 0 ] ;
y_a [ 2 ] = y_a [ 1 ] ;
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y_a [ 1 ] = y_a [ 0 ] ;

123
124

y_ref_b [ 0 ] = y_sys ∗ s i n e f u n c ( ( I n t 1 6 ) p h i _ n c o _ r e f _ a n t i l a g ) ;
y_b [ 0 ] =FILTER2_A∗y_b [ 1 ] +FILTER2_B∗ y_ref_b [ 0 ] +FILTER2_C∗ y_ref_b [ 1 ] +
FILTER2_D∗ y_ref_b [ 2 ] +FILTER2_E∗y_b [ 2 ] ;
y_ref_b [ 2 ] = y_ref_b [ 1 ] ;
y_ref_b [ 1 ] = y_ref_b [ 0 ] ;
y_b [ 2 ] = y_b [ 1 ] ;
y_b [ 1 ] = y_b [ 0 ] ;

125
126

127
128
129
130
131

y_pd = −a t a n 2 s p (y_b [ 0 ] , y_a [ 0 ] ) ;

132
133

/∗ PI c o n t r o l l e r ∗/
i f ( s e c >2){
u _ c t r l = y_pd ;
}
i n t e g r a l += kahan ( u _ c t r l ) ;
y _ c t r l = K_P∗ u _ c t r l + K_I∗ i n t e g r a l ;

134
135
136
137
138
139
140

/∗ NCO ∗/
phi_nco
+= OMEGEA_C + y _ c t r l ;
phi_nco_ref += OMEGEA_C + y _ c t r l ;
u_sys = AMPLITUDE∗ c o s f u n c ( ( I n t 1 6 ) ( phi_nco+DELTAPHIT) ) ;

141
142
143
144
145

/∗ w r i t e t h e l e f t output c h a n n e l ∗/
w h i l e ( ! ( MCASP1_SRCTL5 & 0 x10 ) ) ;
MCASP1_XBUF5_32BIT = (−u_sys << 1 5 ) | 0 x00000000 ;

146
147
148
149

/∗ r e a d and w r i t e t h e r i g h t i n p u t / output c h a n n e l ∗/
w h i l e ( ! ( MCASP1_SRCTL0 & 0 x20 ) ) ;
sample_data = MCASP1_RBUF0_32BIT ;
w h i l e ( ! ( MCASP1_SRCTL5 & 0 x10 ) ) ;
MCASP1_XBUF5_32BIT = ( sample_data << 1 5 ) | 0 x00000000 ;
}
}

150
151
152
153
154
155
156

}

157
158

/∗ s h u t down ∗/
AIC3106_close ( ) ;
// c l o s e a u d i o c o d e c
MCASP1_close ( mcasp ) ;
// c l o s e a u d i o s e r i a l p o r t
p r i n t f ( " ∗∗∗ END ∗∗∗ " ) ;
SW_BREAKPOINT;

159
160
161
162
163
164

}
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Functions
• Trigonometric functions, sine as example
1
2
3
4

5
6
7
8
9
10
11

s i n e f u n c ( i n t phase ) {
I n t 1 6 out =0;
/∗ Lookuptable 1 deg r e s o l u t i o n ∗/
Int16 s i n e t a b l e
[360]={0 ,573 ,1147 ,1720 ,2292 ,2864 ,3434 ,4004 ,... , −1147 , −573 ,0};
/∗ wrap phase ∗/
i f ( phase <0){ phase +=360;}
i f ( phase >=360.0 f ) { phase −=360.0 f ; }
/∗ g e n e r a t e output ∗/
out=s i n e t a b l e [ phase ] ;
r e t u r n out ;
}

• Kahan summation algorithm, cf. [71]. Only implemented for single-frequency tracking.
1
2
3
4
5

kahan ( d o u b l e i n ) {
d o u b l e out =0;
d o u b l e c =0;
d o u b l e t =0;
d o u b l e y=0;

6

out=in−c ;
t=out+y ;
c=(t−out )−y ;
out=t ;

7
8
9
10
11

r e t u r n out ;

12
13

}
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