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Abstract
Locally resonant structures have been shown to offer sub-wavelength modifications to the propagation of mechanical waves. Following the pioneering work of Liu, where this principle was demonstrated
in a purely mechanical system, the use of locally shunted piezoelectric resonators has been reported
for electromechanical systems. The prediction of the properties of a metamaterial comprised of local
resonators is based on the calculation of its dispersion curves, assuming periodicity of a medium with
infinite spatial extension. However, any practical application of these metamaterials implies a finite size
structure comprised of a limited number of unit cells where the authority of the piezoelectric elements
on the mechanical medium has a significant impact on the response of a finite sample subject to dynamic
loads. In analogy to the generalized electromechanical coupling coefficient, as defined for a piezoelectric damped structure, we investigate the effect of switching the electrical boundary conditions applied
to the piezoelectric element of the unit cell, from open to closed circuit, on the dispersion properties of
the system, as an expression of its stiffness. Combining the generalized coupling coefficient, calculated
for the unit cell, with the optimum resistance and inductance allows for minimization of the frequency
response amplitude at a specific harmonic frequency of an infinite medium. Furthermore, the relation
between the spatial decay seen in the dispersion curves and the wave attenuation in a finite-size sample of
a piezoelectric metamaterial is investigated numerically, using models that have been previously tested
against experimental results. Conclusions about the optimal design of these electromechanically coupled
metamaterials are drawn and discussed in relation to possible practical applications. In particular, considerations are made relative to the amount of piezoelectric material needed to obtain a desirable level of
attenuation in finite structures.

1. INTRODUCTION
In recent years, piezoelectric materials have raised interest as energy converting elements in passive
vibration attenuation devices. The piezoelectric material of these devices strains when bonded to a
vibrating host structure, resulting in an electric charge produced through the direct piezoelectric effect.
The associated electrical power can then be dissipated through multiple different shunt circuits connected
to the electrodes of the piezoelectric element.
∗
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The amount of electric charge produced from the mechanical strains is determined by the generalized
coupling coefficient. This coefficient is the ratio of energy transformed from mechanical to electrical,
which is itself dependent on the intrinsic electromechanical coupling coefficient of the piezoelectric
material and the mechanical coupling between the piezoelectric and the host structure. From the latter, it
might be expected that the larger the generalized piezoelectric coefficient the greater the attenuation [4].
However, the level of attenuation is also strongly dependent on the type, and the parameters of the shunt
circuit. In the case of the RL circuit used in this work, the optimum values of the shunting resistance and
inductance, which are a function of the generalized coupling coefficient, were determined by Hagood
using the transfer function optimization method [2].
Previous work has focused on methods for evaluating the generalized coupling coefficient [3] as
well as optimizing it for applications such as energy harvesting, passive shunt damping, and damage
detecion[6],[7]. However, there has been little work in the direction of establishing a correlation between
the generalized coupling coefficient of a piezoelectrically shunted unit cell and the wave attenuation
seen in a finite sample of the same medium. Spadoni [5] showed that from the dispersion analysis, the
frequency range over which wave attenuation in a finite plate with periodic piezoelectric shunts, could
be determined. However, this work did not consider the effect the generalized coupling coefficient or the
shunt circuit on the wave attenuation.
The objective of this work is to show that a relation exists between the generalized coupling coefficient calculated for a unit cell of an infinite medium, with an optimum RL series shunt, and the wave
attenuation achieved in a finite 1D structure with sufficient periodic piezoelectric shunts to approximate
the response of an infinite medium. Based on the relation between the unit cell geometry and the wave
attenuation of a finite structure the piezoelectric element size can be optimized. Moreover, RL resonators
were chosen for their simplicity in modeling and at a later stage for implementing in experimental testing.

2. Generalized coupling coefficient K
Several approaches exist for evaluating the generalized coupling coefficient such as using the modal
strain energy, modal stiffness or eigenfrequecies of the system [3].
K quantifies the energy exchange between the mechanical and the electrical domain and can be
defined through Eq. (1).
K2 =

2 − ω2
ωOC
SC
2
ωSC

(1)

Where ωSC is the short-circuit resonance frequency and ωOC is the open-circuit configuration. The
open circuit state corresponds to the particular case Z(s) → ∞, where Z(s) is the generalized impedance
of the shunt, so that the shunting term becomes an additional contribution to the structure stiffness.
The latter shows that the open-circuit eigenfrequency, and thus stiffness, is larger than the short-circuit
eigenfrequency. The change of stiffness between the open and short circuit configurations is an indicator
of the authority of the piezoelectric element on the structure.
By Kirchoffs law, current flowing in the shunt circuit is constant through elements in series. Therefore, a resistor and inductor in series with the PZT can achieve maximum current through the resistor.
The optimum resistance and inductance values for the series circuit were calculated for the system at
hand, shown in Fig. 1 , following the procedures of Hagood and Von Flotow [2] for minimization of
the maximum frequency response amplitude of the structure. These optimum values (see Table 1) which
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tp [mm]
0.2
0.5
0.75
1.0
2.0

K (ts =1mm ) Cp [nF ]
0.132
6.96
0.107
3.34
0.084
2.18
0.067
1.56
0.037
0.90

Lopt [H]
0.14
0.30
0.46
0.65
1.12

Ropt [kΩ]
0.84
1.43
1.72
1.91
1.87

Table 1: Generalized coupling coefficient, and electrical parameters for coincidence frequency
ωn =5kHz and wavenumber kx = π/2Lx .
are a function of the generalized coupling coefficient are given by Eq. (2,3), where ωn is the electrical
resonance frequency and CpS the piezoelectric capacitance which, as expected, increases with decreasing
thickness of the piezoelectric element. Lx is the lattice constant and kx is the wavenumber in the X
direction.
Lopt =
Ropt =

1
ωn2 Cps (1

√

2

+ K 2)

K2
Cps ωn (1 + K 2 )

(2)

(3)

3. Methods
For all transmittance and dispersion case studies, presented in the following section, the host structure
was made of aluminium with Youngs Modulus Es =69GPa, density ρs = 2700kg/m3 , Poisson’s ratio
ν = 0.33 and thickness ts = 1mm. The material of the piezoelectric element was PZT-151 with the open
circuit Youngs Modulus EpD =77.4GPa, density ρp =7760 kg/m3 , coupling coefficient k31 = 0.37. The
superscript, s, refers to the substrate, host structure, while the supercript ,p, refers to the piezoelectric
element.
The optimum inductance and resistance values for the five different piezoelectric element sizes utilized in the transmittance and inverse dispersion studies, presented in the following sections, can be
found in the Table 1. The values of Ropt and Lopt were calculated for a 1mm beam host structure and a
coincidence frequency of 5kHz and wavenumber kx = π/(2Lx ). The value kx = π/(2L) was chosen as
it is approximately the wavenumber corresponding to the 5kHz coincidence frequency for the five unit
cell configurations considered in this work. The generalized coupling coefficient was obtained from the
results shown in Fig. 3b for the 1mm thick substrate. The electrical parameters Lopt and Ropt were derived for a finite structure with a local resonator shunt. However, we have implemented them in the unit
cell (i.e: infinite medium) as the electrical impedance of the RL circuit is independent from the Floquet
periodic boundary conditions but can account for the unit cell generalized coupling coefficient.
3.1 Numerical Calculation of Unit Cell Generalized Coupling Coefficient
The generalized coupling coefficient as a function of wavenumber was calculated numerically using
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ANSYS. A unit cell model was created, where the host structure featured side lengths Lx = 15mm,
Ly = 10mm, with a thickness that was varied ts = [0.5; 1; 1.25; 2; 2.5; 3; 4]mm. The piezoelectric
element of the unit cell had a length, lp =10mm, and its thickness was varied tp =[0.2; 0.5; 0.75; 1;
2]mm. Floquet boundary conditions were applied in the X direction and an eigenfrequency analysis was
then conducted at each wavenumber over the range [0...π/Lx ] for both open and closed circuit. The
open-circuit configuration was modeled in ANSYS by imposing a zero charge on the terminals of the
piezoelectric element, while the short-circuit configuration was modeled by imposing a condition of zero
voltage across the terminales of the piezoelectric element. The generalized coupling coefficient of the
infinite medium was calculated by applying Eq.(1), using the first eigenfrequency, at each wavenumber,
of the dispersion relations for the open and close circuit. The generalized coupling coefficient was then
calculated for each wavenumber along the edge Γ-X of the Brillouin zone for each of the 35 different
geometric combinations (5 piezo thicknesses x 7 substrate thicknesses) as seen in Fig. 3a, making K
wavenumber dependent, Eq.(4).
K(kx )2 =

2 (k ) − ω 2 (k )
ωOC
x
SC x
2 (k )
ωSC
x

(4)

Due to the large number of combinations, (35 geometries x N wavenumbers in the range) ANSYS was
chosen as the prefered solver as it allowed much faster computation of the desired eigenvalues compared
to COMSOL V4.4.
3.2 Numerical Calculation of the Transmittance of the metamaterial.
For the numerical calculation of the transmittance of the finite metamaterial sample, we used COMSOL Multiphysics V4.4. As seen in Fig. 1 we considered a two-dimensional model of an aluminum
beam with a thickness of 1mm, width of 10mm and a total length of 480mm. In the center portion of the
structure, a metamaterial with unit cell size, Lx =15mm, was added, consisting of 20 unit cells positioned
between 90mm and 395mm from the origin, each a length lp =10mm piezoelectric elements and thicknesses ranging over tp = [0.2; 0.5; 0.75; 1; 2]mm. Moreover, we defined a 5mm perfectly matched layer
at the boundary condition at either end of the structure to suppress the reflection of mechanical waves.
We modeled the inductive and resistive components using the electric circuit physics of COMSOL. The
selected values for the inductors and resistors, Lopt and Ropt respectively, as well as for the geometry of
the unit cell and the material properties were the same as for the calculation of the dispersion curves in
order to establish a direct correlation between the dispersion curves and the transmittance of the finite
metamaterial. The mechanical transmittance of the finite metamaterial sample was calculated by taking
the ratio of the spatial average of the transverse velocity amplitudes, over a region with 80mm length,
before and after the periodic arrangement.
T ransmittance(ω) =

va,out
mean(va (ω, x ∈ [395 mm, 475 mm], y ∈ [0, ts ]
=
va,in
mean(va (ω, x ∈ [10 mm, 90 mm], y ∈ [0, ts ]

(5)

The system was excited mechanically by a discrete force F(t) applied 7.5mm from the origin, Fig. 1.
The steady state frequency response of the system was calculated over the frequency range of interest.
3.3 Inverse Dispersion Calculation
The common approach to evaluate the dispersion relation consists in specifying the wavenumber
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Lx

Piezo
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ts
F(t)

Aluminium substrate
va,in

0mm 5mm 10mm

va,out
90mm

395mm

475mm 480mm

x

Figure 1: Overview and dimensions of the investigated finite metamaterial sample with detailed
view of two unit cells.

and solving for the frequency. However, this approach does not yield the imaginary component of the
wavenumber which corresponds to the spatial attenuation. The complex wavenumber can be obtained
using transfer matrix technique [10] which allows for the calculation of the inverse solution of the dispersion of the unit cell. The inverse solution consists in specifying the frequency and solving for the
wavenumber which in this case is restricted to 1D. The wavenumber is solved for from the eigenvalues
of the transfer matrix T(ω), calculated from the eigenvalue problem given by Eq.(6), where λ = e−ikx Lx .
T(ω) − λI = 0

(6)

From this expression both the real and imaginary components of the propagation constant can be
obtained. The derivation of matrix T(ω) and the setup of the eigenvalue problem is described in the
following section, where D(x, ω), B(x, ω), K(x, ω), m(x, ω) are the bending, coupling, axial stiffness
and the mass per unit length which are dependent on the position x and the frequency ω. The latter
matrices are piecewise constant, describing the pure aluminium region and the region of aluminium plus
the piezoelectric shunt as seen in Fig. 2. EpSh is the shunted piezoelectric modulus, α is the percentange
of the unit cell with piezoelectric element, L and R are the indutance and resistance, respectively.
!
2
k
31
EpSh (ω) = EpD 1 −
(7)
1 + iωCpS (R + iωL)
(
3
bs ts
12
t h2
t3
s+ s p
Es bs 12
4

−αLx <x<0

Es

D(x, ω) =

(
B(x, ω) =



+EpSh (ω)bp

t t2
t3
s+ s p
12
4



+EpSh (ω)bp

t t2
t3
s+ s p
12
4



(8)

0<x<(1−α)Lx
−αLx <x<0

0
−bs Es ts t3
p
2



0<x<(1−α)Lx

(9)

(
−αLx <x<0
0<x<(1−α)Lx

Es ts bs
Es ts bs +EpSh (ω)bp tp

K(x, ω) =

(10)

(
m(x) =

−αLx <x<0
0<x<(1−α)Lx

ρb tb bb
ρb tb bb +ρp tp bp
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The coupled system of equations can be written in matrix form, Eq. 12 ,where A(x, ω) and L(x, ω)
are two coefficient matrices.
d
z(x) = L(x, ω)z(x)
(12)
dx
Where the state vector z(x) contains the unknown displacements, resulting forces and moments:
A(x, ω)

z(x) = [u(x) ω(x)

0

ω (x)

Nx (x)

Qy (x)

Mb (x)]

(13)

Inverting A(x, ω) the final form of the system of equations is obtained.
d
z(x) = θ(x, ω)z(x)
dx

(14)

θ(x, ω) = A(x, ω)−1 L(x, ω)

(15)

Looking at the difference between a solution at x = −αLx and x = 0 and then at x = (1 − αLx ) and
x = 0, we can write Eq. 16.
T1 = eθ1 (ω)αLx

T2 = eθ2 (ω)(1−)α)Lx

(16)

The complete transfer matrix for the unit cell is now defined:
T = T1 T2

(17)

The next step to obtain Eq. 6 is to combine Floquet’s theorem with the Transfer matrix method, see
Fig. 2. Applying Floquet’s theorem we can obtain Eq. 18.
z((1 − α)Lx ) = eikx Lx z(−αLx )

(18)

Analogously, we can then relate both ends to the unit cell using the Transfer matrix method, Eq. (18).
z((1 − α)Lx ) = Tz(−αLx )

(19)

Combining Eq.(18,19), we obtain the standard eigenvalue problem, Eq. (20)
[T − eikx Lx I]z(−αLx ) = 0 <=> |T − eikx Lx I| = 0

6
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a)

b)

Figure 2: a) Illustrates the two intervals of the unit cell into which the transfer matrix can be
divided. b) Floquet’s theorem relating degrees of freedom at both ends of the unit cell.

4. Results and Discussion

4.1 Unit cell generalized coupling coefficient
Fig. 3 shows that the generalized coupling coefficient remains almost invariant over the wavenumber
range of the Γ − X edge, except when kx → 0 and kx → π/Lx . While not shown in Fig. 3a, since the
eigenvalue solver does not clearly resolve the eigenfrequencies near the long wavelength limit, the generalized coupling coefficient tends to a finite value as the wavenumber tends to zero. As the wavenumber
tends to the short wavelength limit (wave length equal to twice the lattice constant, Lx ), the generalized coupling coefficient tends to zero. The latter implies that towrads this wavenumber limit, the the
difference in the modal stiffness of the open and short circuit decreases.
In this work, we are not interested in the limits of Γ−X wavenumber range, thus taking a cut-out from
the 3D plot at the wavenumber corresponding to the coincidence frequency, kx = π/(2Lx ), shows more
clearly the depedance of K on the thickness variation of the piezoelectric elements, as seen in Fig. 3b.
As the thickness of the piezoelectric element increases the coincident wavenumber increases. However,
the variation of the generalized coupling coefficient over this range is minimum compared to the change
at the short wavelength limit. Hence, looking at a fixed wavenumber to obtain the generalized coupling
coefficient for the various thickness samples considered is sufficient. Moreover, from Fig. 3b we can see
that in general as the thickness of the piezoelectric element increases the generalized coupling coefficient
decreases. The latter is due to the fact that as the piezoelectric element thickness increases, it becomes
harder to strain it, and more of strain energy concentrates on the unit cell substrate interval not attached
to the piezoelectric element. Note, as expected that the magnitude of the generalized coupling coefficient
is less than the material coupling coefficient k31 as not all strain energy is applied on the piezoelectric
element. Based on the results seen in Fig. 3b, we expect that for ts =1mm, the thinnest piezoelectric
element tp =0.2mm to have the highest mechanical to electrical energy conversion ratio and the thickest
piezo tp =2mm will have the least.
4.2 Dispersion of unit cell with optimum RL shunt
Having determined the generalized coupling coefficient for a combination of various substrate and
piezoelectric thicknesses over a range of wavenumbers, we studied the dispersion curves of the five
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Figure 3: a) Generalized coupling coefficient as function of piezoelectric element thickness,
substrate thickness, and wavenumber. b) Generalized coupling coefficient as function of piezo
thickness for fixed wavenumber kx = π/(2Lx ).

Figure 4: a) Real wavenumber dispersion curves b) Imaginary wavenumber dispersion curves
for the five unit cells with ts =1mm and tp = [0.2; 0.5; 0.75; 1; 2]mm.
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Figure 5: Numerical transmittance of the five finite samples with ts = 1mm and tp =
[0.2; 0.5; 0.75; 1; 2]mm centered around the 5kHz coincidence frequency.

piezoelectric elements described in Table 1, and attached on a 1mm substrate, combined with their corresponding optimum RL circuit. The inverse solution technique described in Section 3 was utilized to
investigate the dispersion curves of the five different unit cell configurations. Fig. 4 shows the real and
imaginary parts of the wavenumber as a function of frequency. As expected from piezoeletric local resonator shunts, the dispersion curves display an 0 S 0 shape corresponding to the coincidence frequency
between the mechanical bending and the zero group velocity electrical mode [8]. Fig. 4b shows the
imaginary part of the wavenumber, which is a measure of the spatial wave decay and can be paired
with the group velocity to compute an equivalent of the temporal decay [9]. From Fig. 4b, we see that
the thinner the piezoelectric element the greater the absolute value of the imaginary component of the
dispersion, with the exception of the thinnest, tp =0.2mm, sample. Hence, we expect that the wave attenuation around the coincidence frequency, in the finite samples composed of these unit cell gemoetries,
will increase with decreasing thickness of the piezoelectric element.
4.3 Transmittance of the finite metamaterial sample
The transmittance curves of the five finite metamaterial samples, each with 20 unit cells of the five geometries studied in the previous section, were calculated numerically around the coincidence frequency
as seen in Fig. 5. Moreover, Fig. 3b indicates that the highest generalized coupling coefficient corresponds to the thinnest piezoelectric element for the chosen substrate, ts =1mm. Hence, it was expected
that the finite metamaterial sample with the highest attenuation would be the one shunted with the thinest
piezoelectric elements. This expectation was corroborated in the Fig. 5, where the highest wave attenuation was achived for tp =0.2mm. However, for this case the prediction from the imaginary dispersion did
not match the transmittance results, as we see a lower absolute amplitude of the imaginary wavenumber
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for tp =0.2mm than for tp =0.5mm. The coincidence frequency of tp =0.2mm is also offset from that of the
other samples, thus, we believe that the transfer matrix model does not accurately predict the dispersion
for piezoelectric elements that are too thin. However, the model does accurately predict expected trend
in the attenuation based on the trend in the magnitude of the imaginary wavenumber for all the other
samples ranging from tp =0.5mm up to tp =2mm.

5. CONCLUDING REMARKS
In this work we have presented an approach, based on the unit cell generalized coupling coefficient,
to optimize the size of the piezoelectric elements for a 1D metamaterial composed of periodic RL shunts,
with optimum resistance and inductance values, for minimizing the maximum frequency response amplitude at a specific harmonic frequency. We observed that for an infinite periodic medium, the generalized
coupling coefficient tends to a finite value at the long wavelength limit. As the wavenumber tends to
the short wavelength limit the generalized coupling coefficient tends to zero indicating a decrease in
the difference between the modal stiffness of the open and short circuit configurations. In between the
long and short wavelength limits, the generalized coupling coefficient remains mostly constant for the
different unit cell geometries. The latter is a useful observation as the response of several geometries
that lie within this wavenumber range could be analysed by studying them at a fixed wavenumber, as
was done in this work. Moreover, the attenuation achieved in the frequency response amplitude of the
finite metamaterial sample, for the considered piezoelectric elements sizes, was compared to the spatial
wave decay given by the imaginary wavenumber obtained from the inverse dispersion solution calculated
using the transfer matrix method. The results for the finite sample indicate that the highest attenuation
was achieved for the piezoelectric element with the highest generalized coupling coefficient and that the
maximum attenuation decreased with decreasing values of the generalized coupling coefficient. Moreover, with the exception of the thinnest piezoelectric element, the trend in the attenuation observed for
the infinite medium and the finite samples show a good correlation. We conclude that calculating the
generalized coupling coefficient at the unit cell level is a powerful and efficient approach for optimizing
the piezoelectric element geometry of a metamaterial, and the relative trend in the wave attenuation of
different geometries of finite metamaterial samples can be evaluated at the unit cell level.
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