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Abstract

A great many problems are naturally formulated in terms of objects and
connections between them and are therefore best modeled as graphs. To
solve these problems on a computer, efficient algorithms are required.
Unfortunately, there are many graph problems for which no efficient al-
gorithm has been found. Classical examples are the determination of the
clique number and the calculation of the chromatic number. These ex-
amples are NP-complete, and it is widely believed that no NP-complete
problem can be solved efficiently.

On the other hand, many graphs arising from real world problems
have a special structure, which often makes solving the problem easier.
For instance, the clique number and the chromatic number can be
found in linear time if the graph is perfectly orderable and a perfect
order is given. Recognizing perfectly orderable graphs, however, is NP-
complete.

In this thesis, new algorithms for recognizing subclasses of perfectly
orderable graphs are developed. To begin with, a recognition algorithm
for triangulated graphs is presented which is linear in the size of the com-
plement. Next, classical results on comparability graphs are reviewed.
These results are then generalized in two ways.

First, modules are generalized such that divide and conquer me-
thods are still applicable to solve graph problems. In particular, two
types of generalized modules are further investigated. These investi-
gations lead to a new unique graph decomposition, which refines the
modular decomposition. Second, GALLAI’s results on the Ps-structure
are translated into analogous results on the Pj-structure. The arising
theorems are then used to design efficient algorithms for recognizing
and orienting Pj-comparability graphs and similar classes of perfectly
orderable graphs.

Another part of this thesis deals with the recognition of graphs with
threshold dimension two. In 1982, IBARAKI AND PELED conjectured
that a graph has threshold dimension two if and only if its conflict
graph is bipartite. A proof of this conjecture is given based on a theo-
rem on generalized modules. Furthermore, a linear time algorithm for
recognizing cobithreshold graphs is presented.
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Zusammenfassung

Viele Probleme sind durch Beziehungen zwischen Objekten charakte-
risiert und lassen sich deshalb sehr gut als Graphen modellieren. Zur
Losung dieser Probleme auf dem Computer werden effiziente Algorith-
men benotigt. Leider wurde fiir viele Graphenprobleme bis heute kein
effizienter Algorithmus gefunden. Klassische Beispiele dafiir sind die
Bestimmung der Cliquenzahl und die Berechnung der chromatischen
Zahl. Diese Beispiele sind NP-vollstandig, und es wird angenommen,
dass kein NP-vollstandiges Problem effizient gelost werden kann.

Viele sich aus praktischen Anwendungen ergebende Graphen haben
allerdings eine spezielle Struktur, die das Losen des Problems oft ein-
facher macht. Beispielsweise kann die Cliquenzahl und die Farbungszahl
in linearer Zeit gefunden werden, falls der gegebene Graph perfekt ori-
entierbar ist und eine perfekte Ordnung gefunden ist. Die Erkennung
perfekt orientierbarer Graphen ist aber wiederum NP-vollstindig.

In dieser Arbeit werden neue Algorithmen zur Erkennung von Un-
terklassen perfekt orientierbarer Graphen entwickelt. Zun#chst wird ein
Erkennungsalgorithmus fiir Dreiecksgraphen vorgestellt, dessen Laufzeit
linear in der Grosse des Komplements ist. Danach werden klassische
Resultate itber transitiv orientierbare Graphen besprochen. Diese Re-
sultate werden dann auf zwei Arten verallgemeinert.

Erstens werden Module so verallgemeinert, dass Teile-und-Herrsche-
Methoden zur Loésung von Graphenproblemen immer noch anwendbar
sind. Zwei Typen von verallgemeinerten Modulen werden genauer un-
tersucht. Diese Untersuchungen fithren auf eine neue eindeutige Gra-
phenzerlegung, welche eine Verfeinerung der Modulzerlegung darstellt.
Zweitens werden GALLAI’s Resultate iiber die Ps-Struktur in analoge
Resultate beziiglich der P4-Struktur iibersetzt. Die sich daraus ergeben-
den Sédtze werden unter anderem zur Komstruktion effizienter Algo-
rithmen zur Erkennung und Orientierung Pj-transitiv orientierbarer
Graphen benutzt.

Ein weiterer Teil dieser Arbeit behandelt die Erkennung von Graphen
mit Threshold Dimension zwei. Bereits 1982 Adusserten IBARAKI UND
PELED die Vermutung, dass ein Graph genau dann Threshold Dimen-
sion zwei hat, wenn sein Konfliktgraph zweifarbbar ist. Diese Vermu-
tung wird basierend auf einem Satz tiber verallgemeinerte Module be-
wiesen. Auch wird ein linearer Algorithmus zur Erkennung von Co-
bithresholdgraphen vorgestellt.
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Chapter 1

Introduction

Graph theory was founded by EULER in 1736 when he solved the Konigs-
berger Bridge Problem, a famous problem of his days. In Kongisberg,
there were two islands linked to each other and to the banks of the
Pregel River by seven bridges as depicted in Figure 1.1. The problem
was to start at a given land area, walk over each bridge precisely once
and return to the starting point.

Figure 1.1: The map of a park in Kénigsberg, 1736.

Euler modeled the situation as a graph by replacing each land area
with a vertex and each bridge with an edge that joined the corresponding
vertices, see Figure 1.2. Rather than solving the problem for this specific
graph, he developed a criterion for any given graph to be so traversable;
namely, that the graph is connected and every vertex is incident to an
even number of edges.

Since then, graphs have been studied intensively and graph theory
has become a major branch of combinatorial mathematics. This is due
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c

Figure 1.2: The graph of the Kénigsberg Bridge Problem.

to the fact that a great many problems are naturally formulated in
terms of objects and connections between them and are therefore best
modeled as graphs.

With the availability of computers, the interest in efficient algo-
rithms for solving graph problems grew rapidly. The most common
measure of the efficiency of an algorithm is the worst case complezity.
It is a function in the size of the input and gives an upper bound for
the number of operations that the algorithm performs on any input of
the corresponding size.

The notion of complexity also led to a classification of problems into
complexity classes [44, 63]. The most important complexity classes are
P and NP, the class of problems for which polynomial algorithms exist
on a deterministic and nondeterministic Turing machine, respectively.
To this day, no proof of P # NP has been found, although it is widely
believed that P # NP. Indeed, the security of most currently used
cryptosystems is based on this assumption [70].

The hardest problems in NP are called NP-complete. They are de-
fined to be those problems for which the existence of a polynomial algo-
rithm would imply a polynomial algorithm for every other problem in
NP. Unfortunately, many important graph problems are NP-complete.
Classical examples are the calculation of the clique number or the chro-
matic number. Recent results have shown that even the approximation
of these numbers up to certain factors is NP-complete [50, 4].

On the other hand, many graphs that arise from real world problems
have a special structure. This special structure makes it often possible
to solve problems in polynomial time that are NP-complete in general.
Famous examples of such graphs are planar graphs and perfect graphs:
Planar graphs can be drawn in the plane without crossings, and per-
fect graphs have only subgraphs whose clique number is equal to the
chromatic number.



Whereas good recognition and optimization algorithms are known
for planar graphs, the situation is less fortunate in case of perfect graphs.
It is not even known whether the recognition of perfect graphs is in NP
or not. Moreover, most NP-complete problems remain NP-complete
when restricted to perfect graphs. A famous exception is the com-
putation of the clique number and the chromatic number. In 1981,
GROTSCHEL ET AL. [29] found a polynomial algorithm for compnting
a maximum clique and a minimum coloring for perfect graphs. Un-
fortunately their algorithm, the only known to date, makes use of the
ellipsoid method and is therefore of mainly theoretical interest.

In search of certificates for perfection, BERGE [6, 7] made two conjec-
tures concerning perfect graphs. The first one, proved by LOvAsz [48]
in 1972 and since then called the Perfect Graph Theorem, states that
a graph is perfect if and only if its complement is perfect. A slightly
stronger version of this theorem, the Semi-Strong Perfect Graph Theo-
rem, was proved by REED [69] in 1987 and asserts that the perfection
of a graph solely depends on a derived hypergraph whose edges are the
four element sets that induce a P, (chordless path on four vertices).

BERGE’s second conjecture states that a graph is perfect if and only
if it does not contain an odd hole or an odd antihole, that is, an odd
chordless cycle of length greater than three or its complement. This
conjecture, famous under the name Strong Perfect Graph Conjecture,
is one of the most outstanding open problems in graph theory. The
validity of the Strong Perfect Graph Conjecture, however, would not
imply an easy method to recognize perfect graphs: BIENSTOCK [8] has
shown that it is NP-complete to test whether a graph has an odd hole,

so it might be difficult to test whether a graph or its complement has
an odd hole.

One possible way to overcome the difficulty in recognizing and op-
timizing perfect graphs is to consider large classes of perfect graphs.
The Strong Perfect Graph Conjecture suggests that promising candi-
dates are graphs defined by properties not satisfied by graphs with odd
holes or odd antiholes. Moreover, in view of REED’s Semi-Strong Per-
fect Graph Theorem, natural classes of perfect graphs can be defined
by properties associated with the Pj-structure. An example of such a
class of graphs are perfectly orderable graphs.

Perfectly orderable graphs were introduced by CHVATAL [10] in 1984
as those graphs which admit a perfect orientation, i.e., an acyclic ori-
entation such that no P, abed is oriented a — b and ¢+ d. He showed
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that a maximum clique and a minimum coloring can be found in linear
time if a perfect orientation is given. This nice optimization behavior,
however, is in stark contrast to the difficulties with the recognition. In
1990, MIDDENDORF AND PFEIFFER [56] proved that it is NP-complete
to test whether a graph has a perfect orientation.

A class of perfectly orderable graphs that can be recognized in poly-
nomial time are comparability graphs. They are defined as those graphs
which admit an acyclic transitive orientation, i.e., an acyclic orientation
such that no P abe is oriented a — b and b ¢. Consequently, the ori-
entation of one edge in a P; implies the orientation of the other edge
in the same P3. The equivalence classes of the transitive closure of this
Ps-relation, called Ps-classes for short, were first studied by GHOUILA-
Hourl [24]. He showed that a graph is a comparability graph if and
only if its Ps-classes are transitively orientable. His proof relied on the
fact that the set of vertices incident to edges in the same Pj-class is
a module, that is, a vertex set such that vertices not in the set are
adjacent to every or no vertex in the set.

A penetrating study of modules and the Ps-structure was conducted
by GALLAI [23]. He showed that maximal nontrivial modules are disjoint
whenever the given graph and its complement are connected. Based on
this result, he proposed a unique graph decomposition, nowadays known
as modular decomposition. Furthermore, he observed that if a graph
and its complement are connected, then all edges not contained in max-
imal nontrivial modules belong to the same Ps-class. This observation
leads to simple algorithms for computing the modular decomposition
and for recognizing and orienting comparability graphs [57].

Besides its connection with comparability graphs, the modular de-
composition is interesting because it allows the application of divide
and conquer methods to solve graph problems [59, 58]. In Chapter 4,
we generalize modules in a way that still admits the application of di-
vide and conquer strategies. We then focus on two types of generalized
modules, which we call bipartite modules and split modules. Those gen-
eralized modules are used to obtain a new unique decomposition which
generalizes the decompositions found by BABEL AND OLARIU [5] and
by RASCHLE AND SIMON [67].

In Chapter 5, our results on split modules are applied to Ps-compara-
bility graphs. P;-comparability graphs were introduced by HOANG AND
REED [39] as those graphs which admit an acyclic orientation such that
every P, is transitively oriented. From this definition, it follows that P-



comparability graphs are perfectly orderable and that the orientation
of one edge in a P, implies the orientation of the other edges in the
same Py. Thus the crucial structure here are the Pj-classes, that is,
the equivalence classes of the transitive closure of the relation between
edges in which two edges are in relation if they belong to the same Pj.

Together with Py-classes, we study the relation between Pys in which
two Pys are in relation if they have three common vertices. In this the-
sis, the equivalence classes of the transitive closure of the above relation
between Pys are called strong Pj-components!. Several GALLAI-type
results on Py-components are obtained. In particular, we generalize
CHVATAL’s theorem [12] on 3-chains by showing that a graph with-
out nontrivial modules and split modules has at most one strong Pj-
component. Our findings are then used to compute the decomposition
of a graph into maximal nontrivial split modules and to design an im-
proved algorithm for orienting P,-comparability graphs. As a further
application, we show that a perfect orientation can be found by substi-
tuting two (marker) vertices for split modules. This substitution yields
a general recognition algorithm for many classes of perfectly orderable
graphs, including HERTZ’ bipartable graphs [35].

An important subclass of bipartable graphs are graphs with thresh-
old dimension two. The threshold dimension of a graph introduced by
CHVATAL AND HAMMER [13] is the smallest integer k such that the
graph can be written as the (edge-)intersection of k threshold graphs,
and a threshold graph is a graph without induced P;, Cy and 2K,.
Threshold graphs and the threshold dimension have applications in 0-
1 programming, in psychology and in the synchronization of parallel
processes [53].

In 1983, YANNAKAKIS [76] showed that it is NP-complete to test
whether an arbitrary graph has threshold dimension k for all k > 3. The
case k = 2 was open for over a decade. Indeed, it was widely believed
that this problem is also NP-complete. Recently, however, RASCHLE
AND SIMON [66] found an O(|V[*) time algorithm for recognizing graphs
with threshold dimension two. Their algorithm represents a constructive
proof of a conjecture made by IBARAKI AND PELED [41] which states
that recognizing graphs with threshold dimension two is equivalent to
testing whether an associated conflict graph is bipartite. In Chapter 6,
we present an improved version of RASCHLE AND SIMON’s algorithm
based on a new structure theorem concerning special cobipartite and

lthey are the connected components of the 3-overlap graph defined in [38]
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split modules.

A large subclass of the complement of graphs with threshold dimen-
sion two are cobithreshold graphs. They are the union of two thresh-
old graphs such that every clique in the union is a clique in one of
the two threshold graphs. Cobithreshold graphs were first investigated
by MAHADEV AND HAMMER [31] in connection with biregular boolean
functions. MAIIADEV AND HAMMER also found an O(]E|?) recognition
algorithm for this class of graphs. In Chapter 7, we analyze the structure
of cobithreshold graphs and give a linear time recognition algorithm.



Chapter 2

Preliminaries

This chapter provides the background for the subsequent chapters. In
the first section, we introduce our graph theoretic terminology. Regard-
ing undirected graphs, it is compatible with BONDY AND MURTY [9],
GOLUMBIC [27] and MAHADEV AND PELED [33]. For directed graphs,
however, we use a more intuitive notation. For instance, we write
G = (V, E) for a directed graph and v — w or w + v for an edge
from v to w.

In the second section, we present classical results on perfect graphs
and discuss open problems in connection with the recognition and op-
timization of this class of graphs. We then focus on perfectly orderable
graphs and review CHVATAL’s result on their nice optimization behav-
ior. Since the recognition of perfectly orderable graphs is NP-complete,
one is naturally interested in finding classes of perfectly orderable graphs
that can be recognized in polynomial time. As a first example of such
a class of graphs, we discuss triangulated graphs.

Finally, the last section provides the algorithmical background which
is needed to obtain the complexity results in the later chapters. Classi-
cal graph algorithms like BFS and LexBFS are modified such that they
can be carried out on the complement in time proportional to the size
of the graph. LexBFS on the complement is used to test whether the
complement of a graph is triangulated. If the complement is not tri-
angulated, we show how to find the complement of a chordless cycle of
length greater than three in time proportional to the size of the graph.
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2.1 Basic terminology

An undirected graph G = (V, E) consists of a set of vertices V and a
collection of edges E, and each edge is an unordered pair of vertices.
We represent a graph G = (V, E) by drawing the vertices as points and
by drawing a line between the points v and w if and only if the edge
vw exists, see for instance Figure 2.1. Unless stated otherwise, we do
not allow loops and parallel edges, thus no edge has the form vv and no
two edges in E denote the same unordered pair.

If G = (V, E)is a graph and vw an edge, then v is incident to vw and
adjacent to w. In this case, we also say that v sees w. Similarly, we say
that v misses w if v and w are two nonadjacent vertices. A dominating
vertex is a vertex that sees every other vertex, and an isolated vertex
misses all other vertices. A vertex is said to be covered by an edge set
F C E if it is incident to at least one edge in F', and the set V(F) of
all vertices covered by F' is called the cover of F.

The neighborhood N(v) of a vertex v is defined to be the set of
vertices adjacent to v, and deg(v) = |N(v)| is the degree of v. The
closed neighborhood N[v] = N(v) U {v} is the neighborhood including
the vertex v, and the non-neighborhood N(v) =V — N|v] is the set of
vertices missed by v. It is also common to use the term “neighborhood”
for more than one vertex: The neighborhood N(A) of a subset A of V' is
the set of vertices not in A but adjacent to at least one vertex in A, i.e.

N(A) = | N(a) — 4.

a€A

The complement of a graph G' = (V, E) is the graph G = (V, E) that
arises from G by replacing edges with nonedges and vice versa. Conse-
quently, the neighborhood of a vertex v becomes the non-neighborhood
of v in the complement and vice versa.

A graph H = (W, F) is a subgraph of G = (V,E) if W C V and
F C E. Given a subset W of V and a subset F' of E, special subgraphs

are

o the subgraph spanned by F', that is, the graph H = (V(F), F)
where V(F') denotes the set of vertices incident to some edges in

F. and

e the subgraph induced by W, that is, the graph Gw = (W, E(W))
where E(W) denotes the set of edges with both endpoints in T.
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If a graph H is an induced subgraph of G, it is customary to say that
H is contained in . Furthermore, in this thesis, the term subgraph is
always used for induced subgraphs.

The union of two graphs Gy = (V1,E;) and Gy = (V3, E3) is the
graph Gy U Gy = (V4 U Va, By U Ey). If V4 and V4 are disjoint, we call
this the disjoint union G + G = (V4 + Vo, By + Es). The graph that
results from inserting every edge between Vi and V- into the disjoint
union is called the join of G7 and G5, denoted by G1 & Gs.

A complete graph is a graph in which every vertex is adjacent to
every other vertex, and a subset C' of V' that induces a complete graph
is called a cliqgue. A clique is mazimal if it is not a proper subset of
another clique, and a clique is mazimum if no other clique contains
more vertices. The size of a maximum clique of a graph G is called the
cliqgue number w(G).

If the subgraph induced by a subset S of V has no edges, we say
that S is stable. A stable set that cannot be enlarged is mazimal and a

largest stable set is mazimum. The size of a maximum stable set of G
is called the stability number a(G).

A k-coloring of G = (V, E) is an assignment of k colors to the vertices
in V such that two adjacent vertices receive different colors. In other
words, a k-coloring is a partition of the vertices V =V, + Vo +---+ V}
such that V; is a stable set for ¢ = 1,... ,k. The smallest number %
for which a k-coloring exists is the chromatic number of GG, denoted by
X(G), and a k-coloring is minimal if k = x(G).

A bipartite graph G = (V, E) is a graph that admits a 2-coloring,
that is, a bipartition V' = Vi + V, exists such that every edge has one
endpoint in V, and the other in V5. Similarly, a graph G = (V, E) is
split if a split partition Vi + V5 exists, that is, a bipartition V = Vj + V5
such that Vj is a clique and V4 is a stable set (in this order). In case of
a split graph, we often write G = (13, V2, F) to indicate that Vi + V3 is
a split partition.

A path of length k is a sequence of vertices vy, vy,... ,vi—1 such that
two consecutive vertices v; and v;4; are joined by an edge. A path
is sample if every vertex in the sequence appears precisely once, and a
path is chordless if it is simple and there are no other edges between the
vertices in the path except for those between two consecutive vertices.

Similarly, a cycle of length k is a sequence of vertices vg, vy,... , Vg1
such that v; and v,4; are adjacent (indices modulo k). A cycle is simple
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Yo U3 Vo U3 o U3

0N (%) U1 U2 U1 v2

Py Cy 2K,

Figure 2.1: Some special graphs with four vertices.

if £ > 3 and every vertex in the sequence appears precisely once, and
a cycle is chordless if it is a simple cycle and there are no other edges
between vertices in the cycle except for those between v; and v;41. A
chordless cycle of length 2k + 1 and k > 1 is also called an odd hole and

its complement an odd antihole.

Some special graphs occur frequently in this work, so it is convenient
to have names for some of them.

Pi: The chordless path graph on k vertices.
Ck:  The chordless cycle graph on k vertices.
K,: The complete graph on k vertices.

mK,: The disjoint union of m copies of the K,.

Furthermore, we often write vgvivs - - - vp—y for a Py that consists of
a chordless path vg,v1,... ,v5—1. The vertices vp and vy are said to
be the endpoints and the vertices vy,... ,vx—2 the midpoints of the Py.
If vovyvevs is a Py, then the edges vov1 and vyvs are called the wings

and the edge vivs the rib of the Pj.

A graph is connected if a path exists between every pair of vertices,
otherwise it is disconnected. The connected components of a graph are its
maximal connected subgraphs. We usually do not distinguish between
the vertices in a connected component and the connected component
itself. If the complement G of a graph G is connected, we say that G is
coconnected.

A connected graph without simple cycles is a tree. Given a graph
G = (V,E), atree T = (V,F) with F C E is called a spanning tree of
G = (V, E). A spanning forest of graph G = (V, E) is the disjoint union
of spanning trees of the connected components of G (one per connected
component).

A directed graph G = (V, E) consists of a set of vertices V and a
set of directed edges E where a directed edge is an ordered pair of



2.2. Perfect graphs 11

vertices. We write v — w for a directed edge with starting point v and
endpoint w and, in the drawing of a directed graph, the edge v —w is
represented by an arrow from v to w. Furthermore, we sometimes omit
repeating a vertex when we want to express that certain directed edges
exist. For instance, instead of vg— vy, vy ¢~ vg, vy — v3, We simply write
Vg —7 V1 < V2 —r V3.

A cycle in a directed graph is a sequence of vertices vy, v1,... ,v5—1

such that vo — vy — - —vp_1 —vg9. A directed graph G is called cyclic
if it contains such a cycle, otherwise it is called acyclic.

A topological ordering of a directed graph G = (V, E) is a linear order
v1 < vy < -+ < vy, of the vertices such that v; —-v; in E implies 7 < j.
It is easy to see that a topological ordering of a directed graph exists if
and only if the graph is acyclic. Moreover, a topological ordering can
be computed in linear time by topological sorting, see [27].

The directed graph G = (v, E) that arises from an undirected graph
G = (V, E) by assigning a direction to each edge in E is an orientation
of G = (V, E). Thus, an acyclic orientation is a directed acyclic graph;
hence every acyclic orientation implies a topological ordering.

2.2 Perfect graphs

A graph G is perfect if w(H) = x(H) holds for every induced subgraph
H of G, and a graph G is minimal imperfect if w(G) < x(G) and every
proper induced subgraph is perfect. BERGE observed that odd holes
and odd antiholes are minimal imperfect graphs. This observation led
him to make the following conjecture.

Conjecture 2.2.1 (Strong Perfect Graph Conjecture) A graph is
perfect if it does not contain an odd hole or an odd antihole.

Although the Strong Perfect Graph Conjecture is still open, partial
results towards it have been obtained by LOVASZ and REED. In 1972,
LOVASZ proved!

Theorem 2.2.2 (Perfect Graph Theorem) The complement of a per-
fect graph 1s perfect.

1 An elegant proof can be found in [49]
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A slightly stronger theorem was proved by REED in 1987. It asserts
that the perfectness of a graph solely depends on the structurc of the
P;s. In its original version [69], this theorem was expressed in terms of
Pj-isomorphism: Two graphs G and H are P,-isomorphic if they have
the same vertex set and if every set of four vertices that induces a Py
in G induces a Py in H.

Theorem 2.2.3 (Semi-Strong Perfect Graph Theorem) If a graph
G 1s Py-1somorphic to a perfect graph, then G is perfect.

Since the complement of a Py is again a P,, the Semi-Strong Perfect
Graph Theorem implies the Perfect Graph Theorem. Similarly, the
validity of the Strong Perfect Graph Conjecture implies the Semi-Strong
Perfect Graph Theorem [11].

The above theorems, however, have not led to a polynomial time
algorithm to recognize perfect graphs. To date, it is not even known
whether the recognition of perfect graphs is in NP or not. Moreover, 1t
seems unlikely that the validity of the Strong Perfect Graph Conjecture
would make the problem tractable: BIENSTOCK [8] has shown that it is
NP-complete to test whether an arbitrary graph has an odd hole.

The situation does not look much better if we consider optimization
problems on perfect graphs. In fact, most optimization problems re-
main NP-complete when restricted to perfect graphs. An exception is
GROTSCHEL, LOVASZ AND SCHRIJVER’s polynomial algorithm for com-
puting a maximum clique and a minimum coloring in a perfect graph.
Their algorithm, however, is based on the Ellipsoid method and there-
fore of mainly theoretical interest. For this reason, subclasses of perfect
graphs with fast combinatorial optimization algorithms have been inves-
tigated. A famous example of such a graph class are perfectly orderable
graphs.

2.2.1 Perfectly orderable graphs

To define perfectly orderable graphs, we first have to discuss the greedy
coloring algorithm. This algorithm scans the vertices of a graph in
a given linear order v; < vy < --- < v, and assigns to v; the least
color different from that of its already colored neighbors. A graph is
perfectly orderable if it admits a linear order of its vertices such that, for
every induced subgraph, the coloring computed by the greedy coloring
algorithm using this order is minimal.
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A linear order vy < vy < -+ < vy, is said to be perfect if no Py abed
satisfies a < b and ¢ > d. Similarly, an acyclic orientation is perfect if
it contains no obstruction, that is, no Py abed which is oriented a — b
and ¢+ d. Therefore every topological ordering of a perfect orientation
is a perfect order, and the orientation that arises from a perfect order
by directing v; —v; if v; < v; is perfect.
~ Since the greedy coloring algorithm computes a 3-coloring for a Py
abed if a < b and ¢ > d, every perfectly orderable graph admits a perfect
order. CHVATAL showed that the converse holds as well.

Lemma 2.2.4 Given a perfect order, the greedy coloring algorithm us-
ing the order computes a minimal coloring.

Proof. Let vy < vy < --- < v, denote the perfect order and suppose
that G is k-colored by the greedy algorithm. To prove our lemma, it
suffices to show that a clique of size k exists. This is done by induction:
We claim that every clique C of size j < k with vertices of colors
E—j+1,k—3+4+2,...,k can be enlarged with a vertex of color k — 7.

Let ¢1 < ¢ < ... < ¢j denote the vertices in such a clique C, and let
W be the set of vertices w with color k — j such that w sees a maximal
number of consecutive vertices ¢;, ¢it1,...¢; and w < ¢;. Choosew € W

minimal with respect to the perfect order. If w sees every vertex in C,
then we are done. So let « be the largest vertex in C' that misses w.

Since 2 is not colored k — j by the greedy algorithm, there is a vertex
u with color k — j that sees © and satisfies v < x. Moreover, such a
vertex u sees every vertex y € {ci,cit1,...,¢;}, for otherwise uzyw
would be a P; with v < z and y > w. Hence u belongs to W.

But every vertex in W either misses ¢;,_; or is greater than ¢; ;.
Clearly u < & < ¢;—1, hence z < ¢;—1. On the other hand, z is the
largest vertex missed by w, thus w sees ¢;—; and w > ¢;—;. This implies
u < w, a contradiction to our choice of w. O

In the above proof, we have also shown that a perfectly orderable
graph has a maximum clique of size x(G), thus perfectly orderable
graphs are perfect?. Furthermore, many other problems that are NP-
complete in general can be solved in polynomial time if a perfect orien-
tation is given [36, 3]. To find a perfect orientation, however, is much

ZA detailed implementation of a linear algorithm for computing x(G) can be
found in [15]
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harder: MIDDENDORF AND PFEIFFER [56] proved that the recognition
of perfectly orderable graphs is NP-complete. Therefore research fo-
cused on subclasses of perfectly orderable graphs that can be recognized
in polynomial time.

One way to obtain candidates for such subclasses of perfectly or-
derable graphs is to restrict the number of ways a P; may be oriented.
Classical examples of such graphs are triangulated graphs and compa-
rability graphs: They admit an acyclic orientation such that no Ps abc
is oriented a — b4 c and a— b— ¢, respectively.

Another way to define subclasses of perfectly orderable graphs is
by graph decompositions. OLARIU’s stitch decomposition [60] and the
modular decomposition are such examples. Conversely, graph decompo-
sitions can be used to recognize subclasses of perfectly orderable graphs.
Triangulated graphs, for instance, are recognized by splitting off simpli-
cial vertices.

2.2.2 Triangulated graphs

A graph G is triangulated if it does not contain an induced chordless
cycle of length greater than three. A simplicial vertex is a vertex whose
neighborhood induces a clique, and a perfect elimination scheme is an
order of the vertices v1 < vy < -+- < v, such that the vertex v; 1s
simplicial in G viviq1,... vn} 1618 well-know that a graph is triangulated
if and only if it admits a perfect elimination scheme [27].

To see that the above definition matches the definition in' the pre-
vious section, we first observe that a simplicial vertex cannot be the
midpoint of a P;. Therefore the reverse of a perfect elimination scheme
induces an acyclic orientation such that no P; abc is oriented a— b+ c.
Conversely, if G admits such an orientation, then the smallest vertex in
the implied order must be simplicial, thus a perfect elimination scheme
can be constructed by repeatedly taking the smallest vertex.

The first algorithm for recognizing triangulated graphs in linear time
is due to ROSE ET AL. [71]. In a first step, a linear algorithm called
lezicographic breath first search is executed which provides a LezBFS-
ordering of the vertices. ROSE ET AL. showed that every LexBFS-
ordering of a triangulated graph is also a perfect elimination scheme.
To recognize triangulated graphs, it therefore suffices to test whether a
given vertex order is a perfect elimination scheme. Both algorithms are
given in Section 2.3.
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If a graph is not triangulated, a LexBFS-ordering can be used to
find a chordless cycle of length greater than three in linear time. Let v;
denote the largest vertex which is not simplicial in G’ = G (v; vign,.. 0n )
(It is explained in Section 2.3 how to find such a vertex in linear time).
Therefore nonadjacent vertices 1 and 3 in N(v;)N{vit1,... ,vn} exist.
Following the proof of Theorem 4.3 [27], we choose 21 and z3 such that
x4 is as large as possible. Then there is a chordless cycle zy,v;, 22, ...
in G’ and this cycle can be found in linear time by computing a shortest
path between z; and zs In Gl{xl,a?g}U—Z\_f(vi). We formulate this result as
a theorem.

Theorem 2.2.5 If a graph is not triangulated, a chordless cycle of
length greater than three can be found in linear time.

2.3 Graph algorithms on the complement

The purpose of this section is to provide basic linear time algorithms for
the complement of a graph. For instance, we present a linear algorithm
for computing a LexBFS-ordering of the complement and a linear algo-
rithm for recognizing cotriangulated graphs. Those algorithms are then
used in Chapter 7 to recognize cobithreshold graphs in linear time.

As usual, it is assumed that the input graph G = (V, E) is given by
its adjacency lists, i.e., the vertices of the graph are stored in an array
and the neighborhood N(v) of a vertex v is a doubly linked list attached
to the array element that contains v. Therefore the removal of a vertex
can be carried out in constant time.

For every problem, we first present the classical linear algorithm.
We then discuss the changes that must be made to achieve a running
time of O(|V| + |E|) if the input is the complement G = (V, E). The
first problem considered is graph search.

2.3.1 Breath first search

A graph search algorithm takes a graph G = (V, E) and a vertex vo € V
and computes the vertices “reachable” from vy, that is, the set of vertices
in the connected component of vyg. The graph search algorithm known
as breath first search, BFS for short, works as follows.
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breath first search
input: a graph G = (V, E) and a vertex vg € V
output: in B the vertices in the connected component of vg

initialize list W with V;
let ) and B be empty lists;
remove vy from W and append it to Q;
while @ is not empty do
let v be the first vertex in Q;
remove v from ) and append it to B;
remove W N N(v) from W and append it to Q
od

SN TN TN TN TN TN TN N
= W N
N N M N N’ N N’ N’

o0 ~J Oy Ot

Algorithm 2.1

It is easy to see that every vertex belongs to precisely one of the lists
W, Q or B: List W contains the not-reached vertices, list @) the reached
but not visited vertices, and B the reached and visited vertices. The
list @) serves as “queune data structure”.

Line (7) of Algorithm 2.1 can be implemented to run in time pro-
portional to |[N(v)|: In a first step, the list W is divided into two lists
W1 = W N N(v) and the “remainder” Wo = W — N(v). In a second
step, Wa becomes the new list W and the vertices in W, are appended
to (). Therefore Line (7) of Algorithm 2.1 can be replaced by Line (7.1)
and Line (7.2) below.

(7.1) split W into W, =W N N(v) and Wy, = W — N(v);
(7.2) let W = W, and append the vertices in W; to Q;

Except for the initialization in Line (1), the running time of Algo-
rithm 2.1 is proportional to the number of vertices and edges in the
connected component of vy provided that each vertex stores the infor-
mation to which list it belongs.

The order of the vertices as they are visited by BFS is called a BFS-
ordering. Therefore, in the above algorithm, the sequence of the vertices
as they appear in B is a BFS-ordering of the vertices in the connected
component of vg.

Algorithm 2.2 is a straight-forward generalization of Algorithm 2.1
to visit every vertex in the graph. As before, Line (5) to Line (10)
compute the connected component of the vertex vy chosen in Line (4),



2.3. Graph algorithms on the complement 17

thus Algorithm 2.2 implicitly computes the connected components of

G.

connected components
input: a graph G = (V, E)
output: a BES-ordering B

initialize W with V;
let ) and B be empty lists;
while W is not empty do
remove an arbitrary vertex vy from W and append it to Q;
while @ is not empty do
let v be the first vertex in Q;
remove v from () and append it to B;
split W into Wy = W N N(v) and Wy = W — N(v);
let W = W, and append the vertices in W5 to @)
od
od

—
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Algorithm 2.2

Now assume the input of the above algorithm is the complement
graph G = (V,E). Then the adjacency list of a vertex v consists of
the non-neighborhood N(v). We only have to consider Line (8) as the
adjacency lists appear in no other line. But WNN(v) = W — N(v) and
L — N(v) = LN N(v), so Line (8) can be replaced with

(8.1) split W into Wy = W — N(v) and W2 = W N N(v);

Since the execution of Line (8.1) takes time proportional to |N(v)|, we
have derived an algorithm that runs in O(|V| + |E|). In other words,
we have

Lemma 2.3.1 Guwen a graph G = (V, E), a BFS-ordering and the con-
nected components of its complement G = (V, E) can be computed in

O(IVI+|E]).

Remark 1: A similar approach for depth first search can be found
in the SODA’97 paper by DAHLHAUS ET AL. [21]. Remark 2 and 3 have
to be seen in connection with their work.

Remark 2: Suppose the input graph is given in a “mixed repre-
sentation”, that is, the adjacency list of a vertex v contains either the
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vertices in N(v) or the vertices in N(v). Depending on which case ap-
plies, we can either execute Line (8) or Line (8.1) in Algorithm 2.2. The
result is an algorithm that is linear in the size of the input of the mixed
representation.

Remark 3: It is sometimes useful to have a so-called BFS-forest:
An edge x — y belongs to the BFS-forest if and only if the vertex y was
appended to () while visiting . One way to compute those edges is to
implement () as a list of lists as follows.

In Line (9), list W5 is appended (as a list) to ), and in Line (6), a
vertex v from the first list in ) is chosen. Furthermore, we store v in
the head of Wy before appending W, to (). When removing a vertex v
from the first list Ly in ), we insert the edge w — v in our BFS-forest
where w stands for the vertex in the head of Lg.

2.3.2 Lexicographic breath first search

In connection with the recognition of triangulated graphs, we are inter-
ested in a lexicographical breath first search ordering, LexBFS-ordering
for short. A LexBFS-ordering is a special BFS-ordering computed by a
refined BFS algorithm.

As mentioned in Remark 3 of the previous section, the data structure
(@ in Algorithm 2.2 can be implemented as a list of lists. In ordinary
BFS, it does not matter in which order the vertices in the same list in @)
are visited. In LexBFS, however, vertices adjacent to the first already
visited vertices are preferred. In fact, every time a vertex v is visited,
a list L in @ is replaced with two lists Ly = L N N(v) immediately
followed by the remainder Ly = L — N(v). Since the position of L; and
L, relative to the other lists in () remains the same, a LexBFS-ordering
is a special BFS-ordering.

In the implementation of LexBFS given as Algorithm 2.3, we have
assumed that every list in Q is not empty, thus no empty lists are
inserted in ) and, whenever a list becomes empty, it is immediately
removed from . With this assumption, Line (8) to Line (11) can be
executed in time proportional to |N(v)| as follows.

The vertices w in N(v) are scanned and, if w belongs to a list L in
Q) but the list in front of L is not empty, an empty list Ly is inserted
immediately before Ly = L. In a second scan of the vertices w in N (v),
every vertex w in a list Lo in ) is moved to the list L, immediately
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LexBFS
input: a connected graph G = (V, E) and a vertex vg € V
output: a LexBFS-ordering B

(1) initialize list W with V;

(2) let B be an empty list;

(3) let @ be an empty list of lists;

(4) remove vy from W and append a list consisting of vy to Q;
(5) while @ is not empty do

(6) let v be a vertex in the first list Lg of Q;

(7) remove v from Ly and append it to B;

(8) forall lists L in @) do

(9) split L into lists L1 = L N N(v) and Ly = L — N(v);
(10) replace L in @ with L, followed by Lo;

(11) od

(12) split W into lists Wi = W N N(v) and Wy = W — N(v);
(13) let W = W, and append W; to

(14) od

Algorithm 2.3

before Ly (and Ly is removed from @ if it becomes empty). Thus the
overall running time of Algorithm 2.3 is linear.

Now assume that the input of the above algorithm is the complement
graph G = (V,E). Again changes affect only Line (9) and Line (12)
because adjacency lists appear in no other line. As in Algorithm 2.2,
we can replace Line (9) with

(9.1) split L into lists Ly = L — N(v) and Ly = L N N (v);

and Line (12) with

(12.1) split W into lists Wi = W — N(v) and Wo = W N N(v);

With the technique described above, Line (8) to Line (11) can be ex-
ecuted in time proportional to |N(v)|, and the overall running time of
Algorithm 2.2 is proportional to |V| + |E|. Thus

Theorem 2.3.2 Given a graph G = (V, E), a LezxBFS-ordering of G =
(V. E) can be computed in O(|V]+ |E|).
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2.3.3 Testing a perfect elimination scheme

In this section, we address the problem of testing whether a given vertex
order v; < vy < -+ < v, iIs a perfect elimination scheme. To simplify
our notation, let V; = {v;,viq1,... ,v,}, let N; = N(v;) N Viq1 and let
min(N;) denote the least vertex in N; ( if N; is not empty ). Thus,
v < vy < -+ < vy, is a perfect elimination scheme if

Vi: N; is a clique. (2.1)
We claim that this is equivalent to

Vi : Jv; = min(N;) : N; — v; C Ny, (2.2)

which reads for all i for which the vertez v; = min(N;) ezists, the
property N; —v; C N; holds. The proof of this claim is by induction:
Suppose that (2.1) and (2.2) hold for ¢ = 2,...n. If Ny is empty, then
there is nothing to prove. Otherwise the vertex v; = min(N;) exists,
hence our induction hypothesis asserts that N; is a clique. Therefore
Ny —v; C N; if and only if Ny is a clique.

To verify (2.2) efficiently, we scan the vertices v; in ascending order
and collect the vertices NV; — v; in A; where v; denotes the smallest
vertex in IV; (if such a vertex exists), thus

Aj = U Ni — v;. (2.3)
Vi:dv;=min(N;)

At the time when v; is reached, the computation of A; is complete and
the test A; C N; can be performed.

In the implementation given as Algorithm 2.4, the vertices in N; —v;
are simply appended to the list A;, so 4; can contain the same vertex
multiple times. The test whether A; C N; is done in time proportional
to the sum of the length of list A; and N, by using an array as described
in [27]. Consequently, the running time of Algorithm 2.4 is O(|V|+|E|).

If v <wy < -+ < v, is not a perfect elimination scheme, we are
interested in the largest vertex v; that is not simplicial in G {vi,vig10ee un )}
To find this vertex in linear time, we store with each vertex w inserted
in list A; the vertex w’ = v; responsible for the insertion of w. Then w’
is nonsimplicial for every w € A; — N; in Line (9), thus we just have to
find the largest vertex among those vertices w',
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is_perfect
input: a graph G = (V, E) and a vertex order vy < vy < -+ < vy,
output: true if vy < --- < v, is a perfect elimination scheme of GG

for j=1to n do
let A; be an empty list
od;
fori=1to n do
if N; # { then
let v; = min(N;);
append N; —v; to A;
fi
if A;  N; then
return “false”
fi
od;

return “true”
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Algorithm 2.4

Theorem 2.3.3 Let G = (V,E) be a graph and vi < vg < -+ < vy,
a linear order of its vertices. If this order is no perfect elimination
scheme, then the largest vertex v; not simplicial in Gy,
be found in linear time.

Viglyeen,0n ) COTY

Now assume that the input is the complement graph G = (V, E).
Since N; C Vipq and A; C Viqy, it is quite natural to work with the
complement of those sets in V;y1. So let N; = Viy; — N; and let
Aj = Vit1 — Aj. Therefore the test A; € N; in Line (9) translates
into N;  A;. Furthermore, according to (2.3), we have

Zj:V}.*_]m ﬂ Ni—'vjz ﬂ .Nim‘/jq_l.
Vi:3v;=min{ N;) Vi:dv;=min(N;)

Note that Zj = Vj41 if no inde_:)iz' exists for which v; = min(N;), that is,
Ni is empty. Therefore every A; has to be initialized with V1, which
results in an O(|V|?) running time.

To obtain a linear running time, we maintain lists C; consisting of
those vertices v; for which v; = min(V;). Then

’UEZJ‘ <= VviEC’j:vENiﬂT/}+1.
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So if B; stands for the concatenation of the lists that represent the sets
NiN Vi1, ¢ € Cj, then the vertices in A; are precisely those vertices
which appear |C}| times in B;.

In Algorithm 2.5, the lists B; are computed from the empty lists by
appending N; N V,11 whenever N; # §. In Line (11), we verify that
every vertex in N; appears |C;| times in B;. We write N; Cx|c;| Bi
if this is true and N; Z x|c;| Bi otherwise. Therefore Algorithm 2.5 is
correct.

is_complement_perfect
input: a graph G = (V, E) and a vertex order v; < vy < -+ < vy
output: trueif vy < --- < v, is a perfect elimination scheme of G

for j =1to n do
let B; be an empty list;
let C; be an empty list
od;
fori: =1to n do
if N; # 0 then
let v; = min(N;);
append N; N Vj41 to B
append v; to C);
fi;
if ICZI > 0 and Nz lecil B; then
return “false”
fi
od;
return “true”
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Algorithm 2.5

The test N; # 0 in Line (6) can be implemented as |N;| # |Viy1].
Furthermore, we may assume that the adjacency lists of G are sorted
according to vy < vy < -+ < v, (sorting the adjacency lists of a graph
is linear, see [27]). Thus Line (7) can be executed in O(|N;|) as v; is
the smallest vertex in V;11 not contained in N;. By using an array, the
running time of Line (11) is proportional to the length of the lists B;
and N;; hence Algorithm 2.5 is in O(|V| + |E|).

Theorem 2.3.4 For a graph G = (V,E), the test whether a linear
order vi < wy < --- < vy, 18 a perfect elimination scheme of G can be

performed in O(|V| + |E|).
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We conclude this section with the problem of finding the largest
vertex v; that is not simplicial in Gyy; vy, ... 0.} 10 begin with, each
vertex w inserted into the list B; has to store the vertex w’ = v; re-
sponsible for the insertion of w. If |C;| > 0 in Line (11), we perform
the test N; @xlcil B; by computing N; — A; with an array of initially
empty lists T'(v), v € V.

(11.1) forall w in list B; do

(11.2) append w’ to T'(w)

(11.3)  od

(11.4) forall w € N; do

(11.5) if T'(w) € C; then

(11.6) (* the vertices in T'(w) — C; are nonsimplicial *)

(11.7) return “false”

(11.8) fi

(11.9) od
(11.10) forall w in list B; do
(11.11) let T(w) be an empty list
(11.12)  od

It is assumed that the forall-statement scans the vertices in the sequence
as they appear in the given list. Therefore T'(w) is sorted according to
vy < vy < -+ < V. Since C} is sorted in the same way, Line (11.5) can
be carried out in O(|T'(w)|); hence the running time of the above code
18 O(|B,| + |N1|)

Note that every vertex € T(w) — C; is nonsimplicial because z <
v; < w and z sees v; and w but v; and w are nonadjacent. Moreover, if
we scan T'(w) in reverse order, the first vertex in 7'(w) but not in C; is
the largest nonsimplicial vertex in C; —T'(w). Clearly, the largest vertex
v; that is nonsimplicial in @_{Uhvi—f-lyn ,vn} 1s found this way.
Theorem 2.3.5 Let G = (V,E) be a graph and vy < vy < -+- < vy, a
linear order of its vertices. If this order is no perfect elimination scheme
of G, the largest vertez v; that is not simplicial in @{W

be found in O(|V] + |E)).

sUigdlyees vvn} can

Given the vertex v; of the above theorem, we can calculate a chord-
less cycle in G of length greater than three in O(|V| + |E|) with the
method described in Section 2.2.2. Together with Theorem 2.3.2, we
have the following.
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Corollary 2.3.6 Let G = (V, E) be a graph whose complement is not
triangulated. Then the complement of a chordless cycle of length greater
that three can be found in O(|V| + |E|).



Chapter 3
Comparability graphs

In this chapter, we present historical results in connection with compa-
rability graphs. On the one hand, most of these results are needed in
the subsequent chapters. On the other hand, their presentation allows
us to demonstrate the methods and proof techniques used in the rest of
this thesis. We shall therefore often refer to the theorems and proofs of
this chapter to point out the analogy.

In the first section, we introduce P,-free graphs and show that they
are precisely those graphs for which every subgraph is either discon-
nected or codisconnected. The arising decomposition is then general-
ized to what is nowadays known as the modular decomposition. The
uniqueness of the decomposition comes from the fact that the union of
two intersecting modules that are not contained in one another induces
a disconnected or codisconnected graph.

The modular decomposition of a graph is closely related to its Ps-
structure. In the third section, we therefore analyze this structure and
use the obtained results to compute the modular decomposition and to
develop algorithms for recognizing comparability graphs.

Finally, in the last section, we review HOANG AND REED’s result
on induced subgraphs which exist in prime graphs that are not trian-
gulated. We show that those subgraphs can be found in linear time by
applying the theorems of Section 2.3.

25
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3.1 Cographs

A graph is called cograph if it does not contain a Ps. Clearly, a Py-
free graph cannot contain an obstruction, hence cographs (and their
complements) are perfectly orderable. The following lemma was found
by SEINSCHE [73] in 1974.

Lemma 3.1.1 (Seinsche) A nontrivial, connected and coconnected graph
contains a Py.

Proof. Let G be a smallest counterexample, i.e. G is nontrivial, P,-
free, connected and coconnected but every nontrivial induced subgraph
is disconnected or codisconnected. Let v be an arbitrary vertex of G
and suppose that Gy _, is disconnected.

Since G is connected, every connected component of Gy _, contains
a vertex that sees v. But v is not isolated in G; hence a connected
component Gy of Gy_, exists with a vertex that misses v. Following
a path in G| from this vertex to a vertex that sees v, we encounter an
edge ab with av € F and bv € E. Thus abve is a P, for any vertex x
adjacent to v in a connected component of Gy, different from Gy, a
contradiction to our assumption.

If Gv_, is codisconnected, the above argumentation applied to the
complement leads to a P, in G, again a contradiction to our assumption
because the complement of a Py is again a Pjy. 0

Since a P, is connected and coconnected, cographs are precisely
those graphs which are completely decomposed by the following algo-
rithm.

if G is trivial then

stop
if G is disconnected then

decompose the connected components of G
if G is disconnected then

decompose the connected components of G

An arbitrary nontrivial disconnected graph is coconnected, so

Fact 3.1.2 Every graph is connected or coconnected.
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Consequently no graph is disconnected and codisconnected at the
same time, which proves the uniqueness of the above decomposition.

Furthermore, the decomposition can be represented by a tree in
which the decomposition operations are distinguished by 0 and 1-nodes
and, if the graph is trivial, by an cmpty node labeled v where v stands
for the only vertex in G. The computation of this unique decomposition
tree called cotree is given below.

buildCotree(G)
input: a graph G = (V, E)
output: the root of the cotree of G

j—

if |V| =1 then
let v be the vertex in V;
return an empty node labeled v;
else if (G is disconnected then
let G1,...,G be the connected components of G;
let r; = buildCoTree( G; ) fori =1,... ,¢;

return a 0-node with children ry,79,... 74
else if GG is disconnected then

1 O Ot i W N

04]

9 let G1,Go,...,Gy be connected components of G;
0 let r; = buildCoTree( G; ) fori=1,... ,t;

1 return a 1-node with children ry,72,... , 7y

2) else

3

stop (* G is no cograph *)

= = R e N s S S s S

N’ N N N N e S N N N N N N S

SN AN N N

fi
Algorithm 3.1

If we return a 2-node instead of stopping at Line (13), the above al-
gorithm computes a decomposition tree for an arbitrary graph. The
original graph can then be reconstructed from the decomposition tree
if the graph G in Line (13) is stored in the corresponding 2-node.

In the next Section, we discuss a generalization of the above de-
composition, the so-called modular decomposition. Since the modular
decomposition tree can be found in linear time, the same holds for the
above decomposition tree, thus cographs can be recognized in linear
time.
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3.2 The modular decomposition

The modular decomposition was found by GALLAI [23] in 1967 while
investigating comparability graphs. To discuss the modular decomposi-
tion, we need the following definitions.

Given a graph G = (V,E) and a subset A of V, a vertex v ¢ A
is called A-nullif v misses every vertex in A. Similarly, v ¢ A is A-
universal if it sees every vertex in A. Vertices not in A that are neither
A-universal nor A-null are called A-partial.

A module is a nonempty vertex set H such that no H-partial vertex
exists. A module H with 1 < |H| < |V| is a homogeneous set. The
following properties of modules are important to prove the results of
this section.

Fact 3.2.1 If modules Hy and Hs intersect, then Hy U Hy is again a
module.

Fact 3.2.2 If intersecting modules Hy, and Hy do not contain each
other, then G, uH, s either disconnected or codisconnected.

Proof. The first fact is obvious. To prove the second, let H; and
H, be two intersecting modules such that none is a subset of the other.
If Gy, is connected, then an edge between a vertex in H; N Hy and
a vertex vy € Hy — Hy exists. But H; is a module, so v; sees every
vertex in Hy. Moreover, since every vertex in Hy — H; sees vy and Hy
1s a module, every vertex in Hy — H; sees every vertex in Hy. Hence
Gu,un, = Gu, + Gy,—g,, thus G is disconnected.

If G, is disconnected, then Hy is coconnected and the above argu-
mentation applies to the complement, thus G = Gy, + Gy,—py, and G
1s disconnected. g

A homogeneous set H is connected if Gy is connected, and it is
coconnected if Gg is coconnected. Furthermore a homogeneous set H
is called mazimal if no other homogeneous set is a superset of H.

The modular decomposition is based on the following theorem.

Theorem 3.2.3 The mazimal homogeneous sets of a connected and
coconnected graph are disjoint.
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Proof. Let G = (V,E) be connected and coconnected and suppose
that different maximal homogeneous sets H; and H, intersect. Then
HiUHy =V because Hy U Hy is a module.

Furthermore, H; and Hs are homogeneous sets, so Hy and H, are
proper subsets of V., thus Hy ¢ H, and Hy € Hy,. By Fact 3.2.2,
G = Gp,uH, 1s disconnected or codisconnected, a contradiction to our
assumption. a

The modular decomposition is given in Algorithm 3.2. It combines
the decomposition into connected components of G and G with the
decomposition into maximal homogeneous sets, thus the uniqueness of
the modular decomposition tree follows immediately from Fact 3.1.2
and Theorem 3.2.3.

buildModTree(G)
input: a graph G = (V, E)
output: the root of the modular decomposition tree of G

) if |[V| =1 then

) let v be the vertex in V;

) return an empty node labeled v;

) else if G is disconnected then

) let G1,Gs>,...,G; be the connected components of G;
) let r; = buildModTree( G; ) fori=1,...

) return a 0-node with children ry,rs,... ,r;

) else if G is disconnected then

) let G1,G>,... ,G; be the connected components of G;
(10) let r; = buildModTree( G; ) for i =1,... ,¢;
(11) return a 1-node with children ry,rs,... 7y
(12) else (* G and G are connected and |V| > 1 *)
(13) let Hi,H>,...,H; be the maximal homogeneous sets of G
(14) let r; = buildModTree( Gy, ) fori=1,... ¢
(15) return a 2-node with children ry,7s,... ,7;

(16) £

Algorithm 3.2

A nontrivial graph that cannot be decomposed by the above algo-
rithm is called prime, thus a nontrivial graph is prime if it is connected
and coconnected and if it has no homogeneous sets.

If b is a vertex in a homogeneous set H, we say that Gy_guip, is
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derived from G by substituting the marker vertex h for the homogeneous
set H. The prime graph that arises from substituting marker vertices
for all maximal homogeneous sets of G is called the characteristic graph
of . To reconstruct G from its modular decomposition tree, it suffices
to store the characteristic graphs in the 2-nodes of the tree.

If a graph has a nontrivial modular decomposition tree, this tree
can be used to apply divide and conquer methods to solve optimiza-
tion problems like maximum clique, see [59, 58| for details. Thus the
question arises how fast the modular decomposition of a graph can be
computed. A simple O(|V|*) algorithm is described in Section 3.3. In
recent years, however, linear time algorithms for the modular decom-
position have been found [54, 21]. Unfortunately, those algorithms are
rather complicated.

3.3 Comparability graphs

A graph is a comparability graph if it admits a transitive orientation, i.e.,
an acyclic orientation such that no Ps abc is directed a— b— c. Since a
transitive orientation cannot contain obstructions, an orientation that
is transitive is also perfect. Furthermore, the orientation of one edge
in a P; in a transitive orientation determines the orientation of the
other edge in the same P;. This observation gives rise to the following
definition.

Definition 3.3.1 Two edges are Ps-adjacent if they belong to the same
Py, and a Ps-class is an equivalence class of the transitive closure of the
Ps-adjacency relation.

Obviously, the orientation of one edge in a P3-class forces the orien-
tation of all other edges in the same Ps-class. Therefore every Ps-class
of a comparability graph can be transitively oriented in precisely two
ways. GHOUILA-HOURI [24] showed that the converse holds as well.

Theorem 3.3.2 (GHOUILA-HOURI) A graph is a comparability graph
if and only if each of its Ps-classes admits a transitive orientation.

We prove of the above theorem in the same way we shall prove our
results on Pj-comparability graphs in Chapter 5. First, we study the
Ps-classes of arbitrary graphs.
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3.3.1 PFs-classes

In the rest of this section, C* stands for a Ps-class and C*(vw) for the
P;-class that contains the edge vw. Given a set H of vertices, a Py is
said to be H-partial if it is not contained in Gy but has at least one

edge in E(H).

Theorem 3.3.3 Let C* denote an arbitrary Ps-class. Then no V(C*)-
partial Py exists.

Proof. Let abc be a V(C*)-partial P;. Without loss of generality, we
may assume that a € V — V(C*) and b,c¢ € V(C*). Since ¢ is covered
by C*, an edge cd € C* exists. Clearly b # d, b sees d and a misses
d, for otherwise the contradiction C* = C*(ab) would arise. We claim
that, for every edge xy € C*, b sees * and y and a misses ¢ and y. It
follows that b cannot be covered by C*, a contradiction.

The proof of our claim is by induction. Since it holds for cd, the
basis is settled. The inductive step consists of showing our claim for an
edge yz in a P xyz on the assumption that it holds for zy. If b misses
z, then aby and byz are P3s, hence C* = C*(ab), a contradiction. If a
sees z, then yza is a Ps, hence az € C*, another contradiction. Thus b
misses y and z and a sees y and z as claimed. O

Suppose that a V(C*)-partial vertex v exists. Since Gy (o) is con-
nected, there is a path in Gy (¢« from a vertex that misses v to a vertex
that sees v. Following this path, we must encounter an edge ab with
av  E and bv € E. But abv is a V(C*)-partial Ps, a contradiction to
Theorem 3.3.3. Therefore no V(C*)-partial vertex exists, thus

Corollary 3.3.4 The cover of a Ps-class is a module.
Conversely, assume that an edge zy has both endpoints in a module
H.If HC V(C*(xy)), then a P; abcin C* with a,b € H andc € V- H

exists. But this is impossible because ¢ is H-partial, hence

Corollary 3.3.5 If both endpoints of an edge xy belong to a module H,
then V(C*(zy)) C H.

The above corollary applied to G and G implies that every minimal
homogeneous set is the cover of a P3-class of G or G. By Theorem 3.2.3,
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the maximal homogeneous sets can therefore be computed “bottom up”
from the covers of the Ps-classes of G or G.

The following theorem states that Ps-classes can be uniquely iden-
tified by their covers.

Theorem 3.3.6 Two different Ps-classes have different covers.
We prepare the proof of this theorem with the following lemma.

Lemma 3.3.7 (Triangle Lemma) Let {a,b,c} be a clique such that
C*(ab) and C*(ac) are different from C*(bc). Then a is not in the cover
of C*(be).

Proof. We prove the lemma by showing that, for every edge zy €
C*(bc), the edges ax and ay exist but do not belong to C*(bc). Clearly
this holds for zy = be.

For the inductive step, we have to prove our claim for an edge yz
in a P3 zyz on the assumption that it already holds for zy. If az &€ E,
then the P3 ayz implies ay € C*(bc), a contradiction to our assumption.

Therefore az € E and zaz is a Ps, thus C*(az) = C*(za) # C*(be) as
claimed. O

Proof of Theorem 3.3.6. Suppose that two different Pj-classes Cf
and CJ have the same cover and let b denote an arbitrary vertex in
V(Ct) = V(C5). Then edges abin C; and be in C§ exist. Furthermore,
a sees ¢ and and either ac & C} or ac ¢ C5.

Without loss of generality, let ac ¢ C3. Then C5 = C*(be) is dif-
ferent from C7 = C*(ab) and C*(ac), thus Lemma 3.3.7 implies that
a &€ V(C5), a contradiction to our assumption. 0

The next theorem constitutes the main part of GALLAI's decompo-
sition theorem. Together with Theorem 3.2.3, it is considered as one of
the deepest results in connection with comparability graphs [45].

Theorem 3.3.8 (GALLAL) Let G = (V,E) be a nontrivial connected
and coconnected graph and let Hy, ... , Hy be the mazimal homogeneous

sets of G. Then E — E(Hy) —--- — E(Hy) is a Py-class that covers G.
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Proof. Since G is connected and, by Theorem 3.2.3, the maximal
homogeneous sets of G are disjoint, there is an edge vw in E — F(H;) —
-++ — E(Hy). Furthermore C* = C*(vw) covers G, as otherwise V(C*)
would be homogeneous and therefore be contained in a maximal homo-
geneous set H;, a contradiction. By Theorem 3.3.6, there is only one
such Ps-class, hence E — E(Hy) —--- — E(Hy) is a subset of C*. But
no other edge belongs to C* because of Corollary 3.3.5. O

The above theorem leads to a very simple O(]V]*) time algorithm
for the modular decomposition of a graph. In a first step, we compute
the Ps-classes CT,... ,C} of G as well as their covers.

The Ps-classes are precisely the vertices in the connected compo-
nents of G = (V, E) where V = E and two vertices are adjacent in G
if the corresponding edges belong to the same P; in G. Since the con-
nected components of GG can be found in O(|V |+ |E|2 and every edge in

G can be in at most |V| — 2 different Pss, we have |E| < |E|- (|V] - 2).
Thus the P;-classes can be computed in O(|V] - | E}).

At each stage of Algorithm 3.2, we test whether G or G is discon-
nected. If so, we recursively compute the modular decomposition tree of
the connected components of G or G. Otherwise, if G is connected and
coconnected, we scan the edges in GG until we find an edge vw whose Ps-
class C*(vw) satisfies |V(C*(vw))| = |[V|. This can be done in O(|V]?).
By Theorem 3.3.8, the maximal connected homogeneous sets are the
connected components of G' = (V, E — C*(vw)).

The same procedure applied to the complement computes the ma-
ximal coconnected homogeneous sets in O(|V|?). From the maximal
connected and the maximal coconnected homogeneous sets, the maxi-
mal homogeneous sets are easily found in O(|V'|?). The overall running
time of our algorithm is therefore O(|V|?).

3.3.2 Recognition and orientation algorithms

A necessary condition for a graph to be a comparability graph is that
each of its Ps-classes can be transitively oriented. If a graph has no or
precisely one Ps-class, then a transitive orientation is easy to calculate
because the orientation of one edge in a P3-class forces the orientation
of all other edges in the same Ps;-class. We show that the other cases
can be reduced to this one.
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Suppose that a graph G = (V, E) has at least two Ps-classes. By
Theorem 3.3.6, one Ps-class, say C*, does not cover the whole graph,
thus G has a homogeneous set V(C*). If a graph has a homogeneous
sct H, we proceed as follows.

(1) Replace H with a marker vertex h.
(¢2) Compute a transitive orientation of Gy and Gv_g44.

(177) Comstruct a transitive orientation of G by directing
vw with v,w € H as in Gy,
vw with v,w € V —H asin Gy_g4s,
vwwithv eV — H and w € H as vh in Gy_pg4p-

If G has a transitive orientation, the same holds for Gy and Gy _pg4a
as they are induced subgraphs. Surprisingly, the converse holds as well.

Lemma 3.3.9 If the orientation of Gy and Gy —p+ is transitive, then
(174) gives a transitive orientation of G.

Proof. To begin with, we show that no P; abc is oriented a — b —
¢. This is obvious for a P; with all its vertices in H and a P; with
at most one vertex in H because a corresponding P; exists in Gg or
Gv-H4pn. The remaining Pss have precisely two vertices in H. Since
H is homogeneous, such a P; has a,c € H and b ¢ H. It is therefore
oriented a —b<cor a+b—ec.

Now suppose the constructed orientation G is cyclic. As the orienta-
tions of Gy and Gy _ g4 are acyclic, every cycle in G contains vertices
in V — H and edges with both endpoints in H. Consider a shortest
cycle in G and let v—---—w denote a longest part of it with vertices
in H. Furthermore, let u be the predecessor of v in this cycle. Since
H is homogeneous, the edge uw exists and, by construction, u — w in
G. Therefore our cycle can be shortened by substituting u — w for
u—v—---—>w, a contradiction. a

Note that the above lemma proves Theorem 3.3.2 because (a) if
the Ps-classes of G can be transitively oriented, the same holds for
the Ps-classes of Gy (c») and Gy _y =)+, and (b) this division into
subproblems can be repeated until the graph has at most one P;-class.

Instead of explicitly performing the substitution of marker vertices
for homogeneous sets, GOLUMBIC [27] proposed an algorithm that does
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this implicitly by removing Pj-classes from the graph. His algorithm
for computing the transitive orientation of a graph is given below.

orient(G)
input: a graph G = (V, E)

output: a transitive orientation of G (if such an orientation exists)

(1) while E £ 0 do

(2) choose an edge vw in E;

(3) orient the Ps-class C*(vw) of G = (V, E);
(4) E + E — C*(vw);

(5) od

Algorithm 3.3

The complexity of the above algorithm is O(|V] - |E|). To prove
its correctness, let H = V(C*(vw)). From Lemma 3.3.9 follows that a
transitive orientation of G exists such that the orientation of the Pjs-
classes in Gy is independent of the orientation of the other Ps-classes.
The only restriction imposed on the orientation of the Ps-classes not
in Gy is that edges between vertices in H and a vertex in V' — H are
directed in the same way. This constraint is satisfied because Gy is
coconnected after the removal of C*(vw).

Now consider the orientation of Gz. Again Lemma 3.3.9 guarantees
that we can orient Gy by orienting the Ps-classes in a maximal homo-
geneous set of Gy independently from the other Ps-classes of G'i. So
it remains to show that the Ps-classes not contained in maximal homo-
geneous sets of Gy are oriented properly. We do this by showing that
C*(vw) is the only Ps-class not in a maximal homogeneous set.

Note that Gy is connected. If Gy is coconnected, then Theo-
rem 3.3.8 guarantees that all edges not in a maximal homogeneous set
belong to the same Ps-class. If Gy is codisconnected, then it is easy to
see that G’y is the join of two coconnected graphs Gg, and Gg,. Hence
H, and H, are maximal homogeneous sets and every edge between H,
and Hs belongs to C*(vw), thus Algorithm 3.3 is correct.

At this point, it should be mentioned that there is a vast literature on
the recognition and orientation of comparability graphs, and that faster
but much more complicated algorithms for the recognition of compa-
rability graphs are known. The best results are due to MCCONNELL
AND SPINRAD [55]. In 1997, they presented the first linear time algo-
rithm for computing a transitive orientation of a comparability graph.
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To recognize comparability graphs, however, it has to be tested whether
the computed orientation is transitive. This problem can be reduced to
(boolean) matrix multiplication, for which the fastest algorithms run in

O(|V[**%) [16].

3.4 Special prime graphs

The purpose of this section is to provide further results on prime graphs.
We start with split graphs, which play a key role in the generalized
modular decomposition given in the next chapter.

Theorem 3.4.1 (FOLDES AND HAMMER) For a graph G, the follow-
ing conditions are equivalent.

(1) G is a split graph.
(i5) G and G are triangulated.

(i1¢) G contains no 2Ks, Cy or Cs.

In Section 2.3, we have shown that we can test in O(|V| + |E|)
whether a graph or its complement is triangulated, thus split graphs
can be recognized in linear time. Furthermore, we claim that every split
graph G admits a split partition V! 4 V2 such that V! consists of the
first w(G) vertices in descending degree order; thus the split partition
can also be calculated in linear time.

To prove our claim, let Vi + V5 denote a split partition such that V; is
a maximum clique. Clearly the vertices with degree greater than |V;|—1
belong to V; and the vertices with degree less than |V;|—1 belong to V5.
Let v1 € V4 and vy € V, be vertices with deg(vy) = deg(vs) = |V4] — 1.
Since v; misses every vertex in Vs, we find that V; — vy + vy is a clique
and Vy —vy+ vy is a stable set, so V) = Vi —v1 + vy and Vg = Va—va+vq
is again a split partition such that V) is a maximal clique. Thus our
claim follows by induction.

Now suppose that a prime graph contains a Cy. In [40], HOANG AND
REED showed that such a graph must also contain one of the graphs Fy,
E5 or Fs in Figure 3.1. The next theorem provides the corresponding
complexity result.

Theorem 3.4.2 If a Cy in a prime graph G = (V, E) is given, then an
Fy, F3 or Fs can be found in O(|V|+ |E|).
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Fy Fy F3

Figure 3.1: The graphs contained in a prime graph with Cjys.

Proof. Let vp,v1,vs,vs denote the given Cy in G. We proceed as
HOANG AND REED in the proof of Claim 3.5 [40].

Step 1: Compute the set A of all vertices that see both vy and vs.

Step 2: Compute the vertices in the connected component Ay of vo
and vy 1 G4.

Step 3: Find an Aj-partial vertez x in V — A. Since A; is not ho-
mogeneous, such a vertex exists.

Step 4: Find two nonadjacent vertices wy,ws € Ay such that x sees
wy and misses wy. Since @ belongs to V — A, it cannot see vy and vs. If
z sees precisely one of the two vertices vy and vs, then {z, vy, vs, wy, we}
induces an F; and we are done. So suppose that z misses v; and vs.

Step 5: Compute the set B of all vertices that see wq and ws and
miss .

Step 6: Compute the connected component By of vi and vs in Gpg.

Step 7: Find a Wy-partial vertez y in V — W. Since W, is not ho-
mogeneous, such a vertex exists.

Step 8: Find two nonadjacent vertices uy,us € Wy such that y sees
uy and misses uz. If y sees w; and ws, then y sees 2 as well and
{z,y, w1, u2, w2} induces an Fy. Similarly, if y sees precisely one of the
two vertices wy and ws, then {y, 41,42, w1, w2} induces an Fy. Finally,
if y misses w; and wy, then {z,y,uy,us,wy, ws} induces an F, or an
F3, depending on whether z sees y.

Clearly A and G4 can be computed in linear time. By Lemma 2.3.1,
the connected components of G4 are obtained in O(|V| + |E|), hence
Ay and z can be found in linear time. In Section 2.3 Remark 3, we have
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explained how to compute a BFS-forest of the complement in O(|V| +
|E|). A spanning tree of G4, is readily obtained from a BFS-tree of G 4
by making directed edges undirected. So a path from a vertex that sees
z to a vertex that misses z is available and, following this path, w; and
wq can be computed in linear time. Step 5 to 8 are analog to Step 1 to
4 and have therefore the same complexity. a

Now suppose that G = (V, E) is given. Step 1 to 8 in the above
proof can still be done in O(|V]| + |E|). Since the complement of a Cy
is a 2K, Theorem 3.4.2 translates into

Corollary 3.4.3 If a 2K in a prime graph G = (V, E) 1is given, then
an Fy, Iy or Fg can be found in O(|V]+ |E|).

By Theorem 2.2.5, a cycle in a graph that is not triangulated is
obtained in linear time. Furthermore, by Corollary 2.3.6, the same
complexity result holds for the complement. By observing that an Fj
and a cycle of length greater than 5 contains a P, that the complement
of a (5 is again a C5 and that an Fy is the complement of a Py, we
derive

Theorem 3.4.4 Let G be a prime graph that is not split. Then a Cs,
Ps, P5, F5 or Fy can be found in linear time.



Chapter 4

Generalizations of the
modular decomposition

In the first section of this chapter, we propose a straight-forward gen-
eralization of modules and discuss which measures have to be taken
in order to obtain a unique decomposition that generalizes the modu-
lar decomposition. We then restrict ourselves to generalized modules
that induce bipartite graphs or split graphs, which is why we call them
bipartite modules and split modules, respectively.

In the second section, we show that our bipartite modules imply
a unique decomposition of nonbipartite prime graphs and we briefly
discuss how this decomposition can be computed. In the third sec-
tion, we prove similar theorems for split modules and nonsplit prime
graphs. As it turns out, the arising decomposition generalizes BABEL
AND OLARIU’s separable-homogeneous decomposition [5] as well as the
decomposition found by RASCHLE AND SIMON [67]. Computational as-
pects of this decomposition, however, are only discussed in the next
chapter when the required results on the Py-structure are available.

In the last section, we show that the decomposition into bipartite
modules, split modules and the complement of bipartite modules can be
combined to obtain a new unique decomposition. We do this by proving
that bipartite modules, split modules and the complement of bipartite
modules do not intersect if the given graph is prime.

39
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4.1 Generalized modules

A module of a graph G = (V, E) as defined in Section 3.2 is a nonempty
vertex set H such that no H-partial vertex exists, that 1s, no vertex in
V — H distinguishes between vertices in H. This special neighborhood
relation between the vertices in V — H and those in H makes it possible
to solve optimization problems with divide and conquer methods. For
instance, a maximum weighted clique of G can be found by computing
a maximum weighted clique in Gy_g4+, where Gy_g4p denotes the
graph after replacing H with a marker vertex h and h has the weight
of a maximum weighted clique in Gy.

The substitution of marker vertices for modules can also be used to
test isomorphism between graphs. For this purpose, some modules have
to be identified which yield a unique decomposition tree (isomorphism
between trees can be tested in polynomial time [2]). Clearly, those mod-
ules must be nontrivial and maximal with respect to set inclusion, i.e.,
those modules must be maximal homogeneous sets. These requirements
are already sufficient for connected and coconnected graphs because

(¢) the union of intersecting modules is a module (Fact 3.2.1), and

(i7) the union of intersecting modules that do not contain each other
induces a disconnected or codisconnected graph (Fact 3.2.2).

The above statement guarantees that the maximal nontrivial mod-
ules of a connected and coconnected graph are disjoint: From (%), it
follows that maximal modules are disjoint, and (¢¢) implies that the
union of intersecting nontrivial modules is again a nontrivial module if
the given graph is connected and coconnected.

A straightforward generalization of modules is to allow vertices in
V — H to distinguish vertices in H.

Definition 4.1.1 A nonempty vertez set H of a graph G = (V,E) is a
k-module if a partition H = H* +H* +... H* ezists such that no vertez
m V — H s H'-partial for i =1,... k.

According to Definition 4.1.1, classical modules are 1-modules. In
this chapter, only 2-modules are considered, that is, vertices in V — H
distinguish at most two types of vertices in H. In the following, we
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usually write H if we refer to a 1-module and W = W' + W2 if we refer
to a 2-module.

To replace a 2-module W = W'+ W? (at least) two marker vertices
are required, one for W1 and another for W2. A trivial 2-module there-
fore contains less than three or all vertices of the graph. In analogy to
1-modules, we call nontrivial 2-modules 2-homogeneous sets.

Note that the special neighborhood relation between vertices in a
2-module W and vertices in V — W still allows us to solve optimization
problems with divide and conquer strategies. For instance, a maximum
weighted clique of G = (V, E) can be found by computing a maximum
weighted clique in Gy _wiw, +wa+ws Where wy stands for a maximum
weighted clique in Gy, , we for a maximum weighted clique in Gy, and
ws for a maximum weighted clique in Gw .

To obtain a unique decomposition tree, we only consider maximal
2-homogeneous sets. Maximal 2-homogeneous sets, however, need not
be disjoint: Given two intersecting 2-modules A = A' 4 A? and B =
B! + B?, it is possible that there are vertices ¢ and y in V — A — B
such that x is A-partial but not B-partial whereas y is B-partial but
not A-partial, hence x and y are AU B partial but do not distinguish
the same vertices in AU B, thus AU B is not a 2-module. To avoid the
above counterexample, it is necessary to require that

IfAlnBl7é®thenA2mB;A@orAmBQ;éQ) (4.1)

for every labeling of the partition A + A* and B! + B2%. It is also
easy to see that if 2-modules A and B satisfy (4.1), then their union is
indeed a 2-module, thus (4.1) is equivalent to (7) for 2-modules. So we
are looking for constraints on 2-modules that imply (4.1).

If we allow vertices in W' not to be W?-partial, then intersecting
2-modules A and B could satisfy A N B = A' N B' and no vertex in
AN B! is A%-partial or B*-partial. In this scenario, it seems to be hard
to find constraints that guarantee (4.1). We therefore require that, in a

2-module W,
every vertex in W must be W2-partial (4.2)

and vice versa. The next lemma proves that (4.2) is indeed sufficient.

Lemma 4.1.2 The union of intersecting 2-modules that satisfy (4.2) is
again a 2-module.
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Proof. Let v € A' N B! and suppose that 42N B = § = AN B2,
Since v is A%-partial, vertices x,y € A? exist such that v sees z and
misses y. Furthermore, A2 N B = () and B is a 2-module, so = sees
every vertex in B! and y misses every vertex in B!, hence every vertex
in B! is A’-partial and therefore B! C A'. The symmetric argument
asserts A' C B!, thus = sees every vertex in A', a contradiction to our
assumption that every vertex in A? is Al-partial. O

To study (4.2) in more detail, we define an AC, (alternating cycle of
length 4) to be a sequence of four distinct vertices z, v, w, y such that vw
and zy are edges whereas zv and wy are nonedges. We write vw || 2y
if z,v,w,yis an ACy and vw || y2 if y,v,w,z is an AC,.

Lemma 4.1.3 If W = W' + W? satisfies ({.2), then there is an ACy
ab || ed with a,d € W* and b,c € W?2.

Proof. Suppose that a vertex v in W does not belong to an AC,
ab || ed with b,c € W' and a,d € W?. Without loss of generality, we
may assume that v belongs to W?2. Then v partitions W' into nonempty
sets A = W1 N N(v) and B! = W' N N(v).

Let A = W2 N N(A') and B? = W2 N N(B'). Since every vertex
in W' is W2-partial, the vertex sets A% and B? are nonempty. Fur-
thermore there are no edges between vertices in A% and vertices in B!,
for otherwise v would belong to an AC,. Similarly, every edge between
vertices in B? and vertices in A! exists. It is now easy to verify that
W —v =W 4 (W? — v) still satisfies (4.2).

By repeatedly removing vertices that do not belong to an AC} ab ||
cd with a,d € W' and b,c € W?, we end up with a vertex set W =
W' 4+ W? (not necessarily a 2-module) that satisfies (4.2) and every
vertex belongs to an ACj. |

By requiring (4.2) for 2-modules, we established an equivalent state-
ment of (¢) for 2-modules. Regarding (i), however, this is not so easy:
For every graph G = (V, E) and every vertex v € V, the set V — v is
2-homogeneous, and V — v satisfies (4.2) for almost every graph. To
make the decomposition unique for a large number of graphs, we have
to find further constraints on 2-modules.

In the rest of this chapter, we discuss decompositions that are unique
for prime graphs which are not split, not bipartite or not cobipartite,



4.2. Bipartite modules 43

respectively. So we are looking for constraints on 2 modules which imply
that the union of 2-modules which do not contain each other induces a
split graph, a bipartite graph or a cobipartite graph, respectively. In the
following, we require that the 2-modules themselves induce split graphs,
bipartite graphs or cobipartite graphs. In other words, we require that
Wt (W?) is a clique or a stable set.

4.2 Bipartite modules

In this section, we consider 2-modules W for which W' and W% are
stable sets and for which (4.2) holds. To simplify our terminology, we
call those 2-modules bipartite modules:

Definition 4.2.1 A vertez set W of a graph G = (V, E) is a bipartite
module if a partition W = W' + W? (called bipartition) exists such
that

(i) W and W* are nonempty stable sets,
(i1) every vertez in W is W'-partial or W2-partial, and
(11¢) every vertez in V — W is neither W'-partial nor W*-partial.

A bipartite module W 1s called bipartite-homogeneous if W is a proper
subset of V.

Clearly nontrivial bipartite modules are bipartite-homogeneous sets
and vice versa. Furthermore, note that the bipartition of a bipartite
module is unique.

In the following, we show that the maximal bipartite-homogeneous
sets of a nonbipartite prime graph are disjoint. The next lemma prepares
this proof.

Lemma 4.2.2 Let A and B be bipartite modules with bipartitions A =
Al + A% and B = B! + B2, If A' n B! # 0 and neither A nor B is a

1-module, then
(i) A>NB* % and
(ii) AAnB? =0 = A*n BL.

Proof. We prove (i) first. Suppose the contrary, that is, A2 N B? = ().
Let b denote a vertex in A N BY. Since b is A?-partial and B?-partial,
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there are vertices a € A% and ¢ € B? which see b. By our assumption,
¢ cannot be in A%, hence ¢ belongs to V — A, thus ¢ is A'-universal.
Furthermore, because B! is stable, a is in V — B and is therefore B*-
universal.

Now a is Al-partial, so there is a vertex d in A' that is missed by
a. On the one hand, d cannot belong to B! because a is B'-universal.
On the other hand, d cannot belong to B? because ¢ € B? sees d.

So d ¢ B, hence d is B*-universal, thus AN B? = ). Since b is
B?_partial, a vertex e € B? exists which is missed by b. Now e is a
vertex in V' — A that sees d but misses b, a contradiction because no
vertex in V — A may be Al-partial.

It remains to prove (it). Because of symmetry, it suffices to show
that A' N B2 = . Suppose the contrary. Then there are vertices
a€ A'N B, be A'N B? and ¢ € A? N B? (the latter because of (7).
Since b is Bl-partial, thereis a vertex d € B! which sees b. But d cannot

be in V — A, for otherwise d would see a, a contradiction because B is
stable. Hence d € B! N A2,

Now every A-partial vertex is Bl-partial and B2-partial, so it must
belong to B. But this is impossible because B! and B? are stable sets.
Therefore A is a 1-module, a contradiction to our assumption. O

Let A and B be two intersecting bipartite modules of a prime graph
G = (V, E). Without loss of generality, we may assume that the biparti-
tions A = A' + A? and B = B! + B? are labeled such that A N B! + §.
Since neither A nor B is a 1-module, it follows from Lemma 4.2.2 that
(A'UB')+(A?UB?) is a partition of AUB and that vertices v € AN B
and w € A*NB? exist. Clearly every vertex in A'UB! is A2UB2-partial
and vice versa. We claim that A' U B! and 4% U B? are stable sets.

If two vertices a and b in A! U B' are adjacent, then a and b do
not belong to A! N B'. Because of symmetry, we may assume that
a € A' — B! and b € B! — A'. But a misses v and therefore every
vertex in B', a contradiction. So A' U B' is a stable set. By symmetry,
the same holds for A% U B2.

Since A'NB # 0 #£ A>’NB?, a vertexin V — (AU B) is Al-universal
(A'-null, A%-universal, A%-null) if and only if it is B'-universal (B-null,
B?*-universal, B*-null). Therefore the following analog of Fact 3.2.1
holds.
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buildBipartiteModTree(G)
input: a graph G = (V, E)

output: the root of the bipartite modular decomposition tree of G

if |[V| =1 then

let v be the vertex in V;

return an empty node labeled v;
elsif GG is disconnected then

let G1,G9,...,G: be the connected components of G;
let r; = buildBipartiteModTree( G; ) for ¢ =1,...,¢;

return a 0-node with children r1,72,... ,7¢

elsif G is disconnected then
let @1,6'2, e ,@ be the connected components of @;
let r; = buildBipartiteModTree( G; ) for ¢ =1,... ,¢;
return a 1-node with children ry,74,... ,7;

else (* G and G are connected and |V| > 1 *)
let G' = (V', E’) be the characteristic graph of G
if G’ is a bipartite graph then

let Hy,...,H; be the maximal proper modules of G;
let r; = buildBipartiteModTree( Gg, ) fori =1,... )&
return a 2-node with children ry,... , 7y

else (* G’ is not bipartite *)
let By, -+, By be the vertex sets of G that correspond
to maximal bipartite-homogeneous sets of G';
let b; = buildBipartiteModTree( Gp, ) for i =1,... ,¢;
let Hy,...,H; be those maximal proper modules of G

which are not contained in By, ... , By;
let r; = buildBipartiteModTree( Gg, ) fori =1,... ¢
return a 3-node with children by,... by, r1,... 1y
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Algorithm 4.1

Fact 4.2.3 If bipartite modules A = Al + A? and B = B + B? of a
prime graph intersect, then AU B = (A' U B') + (A% U B?) is again a
bipartite module.

The uniqueness of the decomposition of nonbipartite prime graphs
into maximal bipartite-homogeneous sets now follows immediately.
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Theorem 4.2.4 The mazimal bipartite-homogeneous sets of a prime
nonbipartite graph are disjoint.

Proof. Suppose that two maximal bipartite-homogeneous sets A and
B intersect. Then A U B is a bipartite module, hence A U B = V. But
this is a contradiction because a bipartite module induces a bipartite
graph. a

The corresponding decomposition is given in Algorithm 4.1. In the
rest of this section, we briefly discuss some aspects of bipartite modules
with respect to the computation of maximal bipartite-homogeneous sets.
For this purpose, the following definition is useful.

Definition 4.2.5 Two 2K,s are adjacent if they have three common
vertices, and 2Ky-components are the equivalence classes of the transi-
twve closure of the adjacency relation between 2Kss.

Let W be bipartite module. By Lemma 4.1.3, W contains a 2K>.
Furthermore, it is easy to see that if two 2K5s are adjacent, then either
both belong to W or none of them is in W. By induction, this holds for
all 2K5s in the same 2K,-component.

Let C'* denote a 2K5-component and let V(C*) stand for the set of
vertices which belong to some 2K in C*. If a 2K, in C* belongs to W,
then V(C*) C W as mentioned above. Moreover, in this case, it is easy
to see that no vertex in W?* — V(C*) is W2 N V(C*)-partial. Similarly,
no vertex in W' —V(C*) is W' N V(C*)-partial. Therefore V(C*) is a
bipartite-homogeneous set.

Fact 4.2.6 If a 2K, in a 2K,-component C* belongs to a bipartite-
homogeneous set W, then V(C*) C W and V(C*) is also bipartite-
homogeneous.

To compute the maximal bipartite-homogeneous sets of a nonbipar-
tite prime graph, we can proceed as follows. First, we compute the
2Ks-components and test whether they induce bipartite-homogeneous
sets. Second, we select those bipartite-homogeneous sets which are max-
imal with respect to set inclusion. Third, we take the union if some of
those sets intersect (by Fact 4.2.3, the union is bipartite-homogeneous).
Fourth, we take the union of disjoint sets if the union is again bipartite-
homogeneous.
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If a maximal homogeneous set W is not one of those computed so
far, then W contains vertices W’ that do not belong to any 2K, in W.
Consider again the proof of Lemma 4.1.3. It should be clear that A and
B are bipartite modules if W is a bipartite module. So we know that
W — W' consists of precisely two disjoint bipartite homogeneous sets
A = A' + A? and B = B! + B? and every vertex in A and B is in a
2K5 in A and B, respectively. In other words, A and B belong to the
already computed bipartite-homogeneous sets.

Again following the proof of Lemma 4.1.3, it is easy to see that
every vertex in W' must be A' U B!-partial or A2 U B*-partial. To find
the maximal homogeneous sets, it therefore suffices to consider all pairs
of bipartite-homogeneous sets A and B and to compute the set W' of
vertices that are A' U B'-partial or A2 U B?-partial. It then remains to
test whether A U B U W' is bipartite-homogeneous.

Since all these steps can be carried out in polynomial time, the
bipartite-modular decomposition can be computed in polynomial time.
In fact, a more detailed analysis reveals that the bipartite-modular de-
composition is in O(|V]?).

4.3 Split modules

In this section, we consider 2-modules W for which W' is a clique and
W? is a stable set and for which (4.2) holds. In other words, W induces
a split graph Gw = (W', W2 E(W)).

For this type of 2-modules, a statement similar to Fact 4.2.3 does
not hold. For instance, we can choose A + A% = {b,c} + {a,d} and
B! + B% = {c,d} + {b,e} of a C5 a,b,¢,d,e, so A and B are 2-modules
of the required type but AU B does not induce a split graph.

As it turns out, the above problem appears only if the partitions
A= A' 4+ A? and B = B' 4 B? are unrelated to the A-partial and B-
partial vertices. So we additionally require that every W-partial vertex
must be Wl-universal and W2-null.

Definition 4.3.1 A wvertez set W of a graph G = (V,E) is a split
module if a partition W = W' + W? (called split-partition) exists such
that

(1) W1 is a nonempty clique and W? is a nonempty stable set,
(i7) every vertez in W is Wl-partial or W2-partial, and
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(176) V — W can be partitioned into sets P, Q and R where
the vertices in P are W -universal,
the vertices in @ are W-null and
the vertices in R are Wi-uniwersal and Wa-null.

A split module W 1s strict if no edges between QQ and R ezist. Further-
more, a (strict) split module W is called (strict) split homogeneous if
W 1s a proper subset of W.

First, we observe that the split-partition W' + W? of a split module
W is unique. This is clear if every vertex in W belongs to a P, in W,
for every Py in W must have its midpoints in W*! and its endpoints
in W2. On the other hand, Lemma 4.1.3 guarantees that every split
module contains a P;. The uniqueness of the split partition now follows
from the proof of Lemma 4.1.3 as we can uniquely determine to which
set the vertex v belongs given we know the split partition of W — {v}.

Second, note that split modules are split modules in the complement.
This, however, does not hold for strict split modules: A strict split
module of G is a split module of G such that all edges between P and
R exist.

In the following, we show that the union of intersecting split modules
1s again a split module. Lemma 4.3.2 prepares this proof.

Lemma 4.3.2 Let A and B be intersecting split modules with split-
partitions A' + A% and B + B?. Then

(1) AN B' £ 0+ A*N B?, and
(ii) A'NB? =0 = A’ N B".

Proof. 'We prove (i7) first. Because of symmetry, it suffices to show
that A' N B? = (. Suppose the contrary and let b denote a vertex in
Al N B2. Since b is A-partial, there is a vertex a € A? that sees b.
Furthermore, a is Al-partial, so a vertex ¢ € A! exists which is missed
by a.

If a belongs to B, then a € B! because B? is stable. Since ¢ sees
b € B? and misses a € B!, we infer that ¢ belongs to B. But this is
impossible because B! is a clique and B? a stable set.

So we know that a is not in B, hence a is B-universal. Therefore
¢ ¢ B and no vertex in A? belongs to B. Since b is B-partial, there
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is a vertex d € B! that misses b. Then d ¢ A? and, as A! is a clique,
d ¢ Al. So d misses c, a contradiction to the fact that ¢ is B-universal.

It remains to prove (). Suppose that A' N B! = (). Then AN B =
A*N B? £ 0 and, by (i1), AANB?* =0 = AN B'. Let b € A> N B~
Since b is A'-partial, there are vertices a and ¢ in A' such that b sees a
and misses ¢. Then a is B%-universal and ¢ is B2-null. So every vertex
in B? is Al-partial, which implies B2 C A%. This is a contradiction
because every vertex in B! is B?-partial but it must not be A%-partial
(as such a vertex does not belong to A). O

Let A and B be intersecting split modules. Then Lemma 4.3.2 im-
plies that (A' UB')+ (A% UB?) is a partition of AU B and that vertices
v € A'N B! and w € A% N B? exist. Clearly every vertex in A U B* is
A% U B*-partial and vice versa. We claim that A' U B! is a clique and
that A2 N B? is a stable set.

If two vertices a and b in A' U B! are not adjacent, then a and b
do not belong to A' N B!. Because of symmetry, we may assume that
a€ A — B! and b € B' — A'. But a sees v and therefore every vertex
in B!, a contradiction. Similarly, if two vertices a and b in A2 U B? are
adjacent, we may assume that a € A2 — B? and b € B2 — A%2. But a
misses w and therefore every vertex in B?, again a contradiction.

Since A' N B! # 0 and A> N B? # (), a vertex in V — (AU B) is
A-universal if and only if it is B-universal, and it is A-null if and only if
1t 1s B-null. Therefore the following analog of Fact 3.2.1 and Fact 4.2.3
holds.

Fact 4.3.3 If (strict) split modules A = A' 4+ A* and B = B* + B?
intersect, then AU B = (A' U BY) 4+ (A% U B?) is again a (strict) split
module.

The uniqueness of the decomposition of prime nonsplit graphs is
established by the next theorem, the analog of Theorem 3.2.3.

Theorem 4.3.4 The mazimal (strict) split-homogeneous sets of a non-
split graph are disjoint.

Proof. Suppose that two maximal (strict) split-homogeneous sets A4
and B intersect. Then AUB is a (strict) split module, hence AUB = V.
But this is a contradiction because a (strict) split module induces a split
graph. O
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buildSplitModTree(G)
input: a graph G = (V, E)
output: the root of the split modular decomposition tree of G

) if |V]| =1 then

) let v be the vertex in V;

) return an empty node labeled v;

) elsif G is disconnected then

) let G1,Gs,...,Gy be the connected components of G
) let r; = buildSplitModTree( G; ) for i =1,... ,#;

) return a 0-node with children ry,7s,... , 74

) elsif G is disconnected then

) let G1,Gy,...,Gy be the connected components of G;
) let r; = buildSplitModTree( G; ) fori=1,... ,¢;

) return a 1-node with children r{,7ro,... ,7¢

) else (* G and G are connected and |V| > 1 *)

) let G' = (V', E') be the characteristic graph of G;

) if G’ is a split graph then

) let Hy,...,H; be the maximal proper modules of G;
) let 7; = buildSplitModTree( Gy, ) for i = 1,... ,t;

) return a 2-node with children r1,... ;7

) else (* G’ is not split *)

) let Sq,---, Sk be the vertex sets of G that correspond
) to maximal split-homogeneous sets of G';

) let s; = buildSplitModTree( Gs, ) fori=1,...
) let Hy,...,H; be those maximal proper modules of G
) which are not contained in Sy,... , Sk;

) let r; = buildSplitModTree( Gy, ) for i =1,... ,¢;

)

)

)

return a 3-node with children sq,... sk, 71,... ,7¢
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Algorithm 4.2

The decomposition derived so far is given in Algorithm 4.2. It gener-
alizes BABEL AND OLARIU’s separable-homogeneous decomposition [5]
for nonsplit prime graphs as their “maximal separable-homogeneous
sets” correspond to those maximal split-homogeneous sets W in the
characteristic graph in which every vertex belongs to a P in Gy . In-
dependently, RASCHLE AND SIMON [67] proposed the decomposition of
prime graphs into “Py-split graphs”, which are strict split-homogeneous
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sets in the characteristic graph or its complement. To prove the unique-
ness of the latter decomposition, we need the following lemma.

Lemma 4.3.5 Let G be a prime graph and let A and B be strict split-
homogeneous sets of G and G, respectively. If A intersects B, then
AU B 1s a strict split module of G and G and either

(1) V=AUDB or

(1) there is precisely one vertez v in V — A — B, and v does not
belong to any Py of G.

Proof. Let A= A!' + A? and B = B! + B? be the split-homogeneous
sets of G and G, respectively. By Fact 4.3.3, AUB is a split module. Fur-
thermore no edges between A-partial and A-null vertices exist whereas
all edges between B-partial and B-universal vertices are present, hence
AU B is a strict split module of G and G.

Let R denote the set of AU B-partial vertices. Then RU A U B is
a module. But G is prime, thus RU AU B = V. Now R is a module,
hence |R| < 1, thus either () or (4¢) holds. 0

Remark: Lemma 4.3.5(i1) can be used to decompose prime split
graphs because the vertex v is unique. In fact, the modular decomposi-
tion together with this decomposition of prime split graphs is precisely
JAMISON AND OLARIU’s “homogeneous decomposition” [43]. BABEL
AND OLARIU [5] further refined the decomposition of prime split graphs.
Those results are discussed in Section 5.3 of the next chapter.

If Lemma 4.3.5 applies, then G is a split graph. Thus a strict split-
homogeneous set of G cannot intersect a strict split-homogeneous set
of G given G is prime nonsplit. Together with Theorem 4.3.4, this
establishes the uniqueness of RASCHLE AND SIMON’s decomposition.

Theorem 4.3.6 If a prime graph G 1s not split, then the mazimal strict
split-homogeneous sets of G and G are disjoint.

We conclude this section with discussing the similarities between
modules and (strict) split modules. Since modules are modules in the
complement, it seems at first glance that split modules are closer re-
lated to modules than strict split modules. On the other hand, given a
homogeneous set H and a marker vertex h € H, every P, of G has a
corresponding P, either in Gy _gyp, or in Gp. We show that a similar
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result holds for strict split-homogeneous sets of G' and G but not for
split-homogeneous sets.

Let W = W' + W? be a strict split module. Then every Py of G
with at least one but not all its vertices in W is of the following type.

(1) wpgigz where weW,peP,q1 €Q, g2 € Q

(2) piwpeg where py € P,we W, pp € PogeQ

(3) prwsper where py € P,ws € W2 pp € Pyre R
type (4) waopriry where wo € W2, peP,ry € R, €R

(5) rwipq where re R,wy e Wl peP,qge@

(6) rwipws where r € R, w; € W, pe P, wy € W?

type (3) type (4) type (5)
Figure 4.1: The subgraphs induced by a Py of types (3) to (5).

The graphs induced by a Py abed in Gy together with a Py of type
(3) to (5) are depicted in Figure 4.1, (bold lines indicate edges in Pys
with vertices in V' —W). The existence of a Py of type (3) to (5) implies
a Py of type (6), and a Py of type (6) together with abed induces a graph
called pyramid, see Figure 4.2.

A pyramid abedrp is of a Py abed together with an {a, b, ¢, d}-universal
vertex p and an {a, b, ¢,d}-partial vertex r which sees the midpoints of
abcd and misses its endpoints. The complement of a pyramid is a net,
thus a net abedrq consists of a Py abed together with an {a, b, ¢, d}-null
vertex ¢ and an {a, b, ¢, d}-partial vertex r which sees the midpoints of
abed and misses its endpoints, see Figure 4.2.

Given a strict split-homogeneous set W = W' +W?, we can replace
W14+ W? with two nonadjacent marker vertices wy € W' and wy € W2.
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a P d a d

Figure 4.2: A pyramid abedrp and a net abedrq.

Then every Py of G has a corresponding Py either in Gy — 44, 4w, OF in
Gw. Figure 4.3 illustrates the substitution of marker vertices for strict
split-homogeneous sets of G or G. The graph depicted in Figure 4.3(a)
has a strict split-homogeneous set A = {dy,d2} + {e1,e2} and a strict
split-homogeneous set B = {a1,as} 4 {b1, b2} in the complement. Fig-
ure 4.3(b) shows the graph after the substitution of adjacent marker
vertices a1,b; for A and of nonadjacent marker vertices dy, e, for B.

a1 az f ai f

b1 d1

€2

(b)

Figure 4.3: The substitution of marker wvertices for strict
split-homogeneous sets of G and G.

If W =W?!'+W?is a split module, then a P, with at least one but
not all its vertices in W is of type (1) to (6), or one of its edges has
an endpoint in @ and the other in R. In the latter case, the following
additional Pys are possible.

wirq1qz where wy € W', r€R, 1 €Q, g2 € Q
riwireq where ri € R, wi € Wl ra € R, g€ Q

type (7)
(8)

type (9) wsyprq where wo € W2, pe P, reR, g€ Q
(10
(

type (8

type (10) wopgr where wy, € W2, pe P, qeQ,r € R
type (11) pwirq where pe P,wi € W re R, g€ Q
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type (12) wowirq where wy € W? wy € W, re R, g€ @

Note that the following pairs of P, are complementary: type (1) and
(2), type (3) and (7), type (4) and (8), type (5) and (9), type (6) and
(12), type (10) and (11).

If a split module W = W; + Ws is not a strict split module of G
or G, then substituting two marker vertices for W' and W? does not
satisfy the desired property regarding the Pys: There are vertices ¢ € @
adjacent to some r; € R and vertices p € P nonadjacent to somery € R,
thus for every P, abed in Gy either griba or r9cpa has no corresponding
P4 in GV_W+w1+UJ2.

To ensure that every P, of G has a corresponding P, in Gw or
in the graph after the substitution, we replace W with a marker P;.
Figure 4.4 illustrates this substitution. The prime nonsplit graph of
Figure 4.4(a) has a split-homogeneous set A = {c1,¢2,¢3} + {b1,b2,b3},
which is replaced with the marker P; bycqcsbs in Figure 4.4(b).

d e d e
C3 Cc1 C3

b1 w bs b1 bs
W Y 0

a

Figure 4.4: The substitution of a marker Py for a split-homogeneous
set.

The substitution of maker Pys was proposed by BABEL AND OLARIU
in [5] whereas the substitution of two marker vertices for strict split-
homogeneous sets was given by RASCHLE AND SIMON in [67]. Conse-
quently, BABEL AND OLARIU do not perform the substitution shown
in Figure 4.3 and RASCHLE AND SIMON fail to substitute the split-
homogeneous set of Figure 4.4. Of course, both approaches can be
combined in a natural way by substituting marker Pys only if the split-
homogeneous sets are neither strict in the graph nor strict in the com-
plement, otherwise we use two marker vertices as described before.
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4.4 The combined decomposition

In this section, we show that the decompositions of the previous two sec-
tions can be combined. To begin with, note that the bipartite-modular
decomposition can also be applied to the complement of a graph. We
call the complement of bipartite modules and bipartite-homogeneous
sets cobipartite modules and cobipartite-homogeneous sets, respectively.

Lemma 4.4.1 Let A = Al + A? be a bipartite module and B = B! + B?
be a cobipartite module of a prime graph. Then AN B = (.

Proof. First, we show that [B' N A| < 1. Suppose the contrary. Then
B! consists of two adjacent vertices ¢ € A! and b € A2. Since A is
not a 1-module, an A-partial vertex c exists. Without loss of generality,

assume that ¢ is A'-universal and A%-null. Because ¢ is B'-partial, ¢
belongs to B2.

Since a is A?-partial, there is a vertex d € A2 which misses a. More-
over, d ¢ B? because ¢ € B? misses d, hence d ¢ B, thus d is B-null.
On the other hand, there is a vertex e € B? which sees b and misses a.
If e ¢ A, then e sees d, a contradiction as d is B-null. So e € A!. Since
b is A'-partial, there is a vertex f € A' which misses b. Now f sees ¢
and misses e, hence f is B?-partial and it must belong to B. But this
is impossible for f misses e € B? and misses b € BY.

So far, we have show that |[B' N A| < 1. By symmetry, we also know
that |[B* N A] < 1. Now suppose that |B* N A| = 1. Without loss of
generality, assume that b € B' N A'. Since |A!| > 2 and |B'| > 2,
vertices a € A' — B! and ¢ € B! — A exist. Furthermore, ¢ is Al-
universal, thus a sees ¢ and misses b, hence a is B'-partial, thus a € B2.
By our assumption A> N B = (). Since bis A%-partial, there are vertices
d,e € A? such that b sees d and misses e. Therefore d is B'-universal
and e is B'-null, a contradiction because ¢ € B! is not A2-partial.

So |B' N A| = 0 and, by symmetry, B2 N A = (), which proves our
lemma. O

Lemma 4.4.2 Let A = Al + A? be a bipartite module and B = B! + B2
a split module of a prime graph. Then AN B = ().

Proof. In a fist step, we show that the assumption A N B # § and
AN B? =  leads to a contradiction. Without loss of generality, let
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a € A'NB. Since a is B2-partial, there are vertices b, ¢ € B? such that
a sees b and misses ¢. Hence bis Al-universal and cis A'-null, thus every
vertex in A' is B2-partial, therefore A' C B'. This is a contradiction
because Al is a stable set consisting of at least two vertices whereas B!
is a clique.

To show our lemma, it remains to prove that the assumption A N
B? £ () also leads to a contradiction. Without loss of generality, let
bc A' N B%. Since b is A%-partial, there is a vertex a € A? that sees b.
Then a ¢ B? because B? is stable.

Case 1: a ¢ B. Then a is B-universal. Since a is A'-partial, there
is a vertex ¢ € A! that misses a. Moreover, ¢ € B. Since bis B'-partial,
there are vertices d,e € B! such that b sees d and misses e. Now a sees

d and e, hence d,e & A?, thus d ¢ A. But d sees ¢, so ¢ is B'-universal,
hence e ¢ A. But this is a contradiction because e is Al-partial.

Case 2: a € B. Then a € B?.
Case 2.1: B! € A. Let c be a vertex in B! — A. Then cis A%-

universal. Since a is A'-partial, there is a vertex d € A! that misses
a. Furthermore, d ¢ B! and, since d is A%-partial, a vertex e € A?
exists which sees d. Now e misses a and sees ¢, thus e is B!-partial
and therefore e € B2. So d is B?-partial, a contradiction as d does not

belong to BL.

Case 2.2: B C A. Then B? consists of a € A? and another vertex
c € A', thus every vertex in B? distinguishes between a and ¢. Since
both types of vertices in B? constitute modules and our graph is prime,
B? consists of b € A' and another vertex d € A%, i.e. the graph induced
by B is the Py bacd. If this P constituted the whole graph, then A
would not be a bipartite module. So we may assume that a B-partial
vertex e exists. Then e sees ¢ and misses b, hence e is A'-partial and
therefore e € A%. But this is a contradiction because e sees a € A2 and
A? is a stable set. O

A split module is a split module in the complement, thus the follow-
ing corollary holds.

Corollary 4.4.3 Let A = A' 4 A?* be a cobipartite module and B =
B! 4+ B? a split module of a prime graph. Then AN B = 0.

The above results imply the uniqueness of the combined decompo-
sition given in Algorithm 4.3
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buildExtModTree(G)
input: a graph G = (V, E)
output: the root of the extended modular decomposition tree of G

if |V| =1 then
let v be the vertex in V;
return an empty node labeled v;
elsif GG is disconnected then
let G1,G>,...,G; be the connected components of G;
let 7; = buildExtModTree( G; ) foré =1,... ,¢;
return a 0-node with children ry,rs,... ,7;
elsif G is disconnected then
let G1,Gs>,...,Gy be the connected components of G;
let r; = buildExtModTree( G; ) for i =1,... ,¢;
return a 1-node with children ri,ry,... ,7¢
else (* G and G are connected and |V| > 1 *)
let G' = (V', E') be the characteristic graph of G;
if G' is bipartite, split or cobipartite then
let Hy,...,H; be the maximal proper modules of G;
let r; = buildExtModTree( Gp, ) fori=1,... ,t;
return a 2-node with children r1,... ,r;
else (* G’ is not bipartite, split or cobipartite *)
let By, , Bk, be the vertex sets of G that correspond
to maximal bipartite-homogeneous sets of G';
let b; = buildExtModTree( Gp, ) fori =1,... ,kp;
let Cy,--- ,Ck, be the vertex sets of G that correspond
to maximal cobipartite-homogeneous sets of G';
let ¢; = buildExtModTree( G¢, ) fori =1,... ,kc;
let S1,---,Sks be the vertex sets of G that correspond
to maximal split-homogeneous sets of G;
let s; = buildExtModTree( Gg, ) fori =1,...  kg;
let Hy,...,H; be those maximal proper modules of G
which are not contained in By, ..., Bi,,
Ci,...,Cke and Sy,. .., Skg;
let r; = buildExtModTree( Gy, ) fori =1,...
return a 3-node with children by, ... by,
Cly v yChkay S1y--+ 38k and r1,... ,7¢;
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Chapter 5
P;-comparability graphs

To obtain subclasses of perfectly orderable graphs that can be recog-
nized in polynomial time, HOANG AND REED [40] suggested restricting
the number of ways a P, may be oriented. Since a perfect order is
obstruction-free, perfectly orderable graphs are precisely those graphs
which admit an acyclic orientation such that every P, is oriented as one
of the Pys in Figure 5.1 (up to symmetry). Six classes of graphs are
obtained by permitting any nonempty proper subset of these Pys in an
acyclic orientation.

<—e—>e—>e fypcl
o—>e e e type 2 (indifferent)
o Sec o e type 3 (transitive)

Figure 5.1: All obstruction-free orientations of a Pjy.

If only P4s of type 1 and 2 are permitted, the corresponding class
of graphs is a subclass of brittle graphs, and brittle graphs can be rec-
ognized in O(|E|*) [72]. If only Pys of type 1 and 3 are permitted, the
recognition of the corresponding class of graphs is NP-complete [37].
The remaining graphs admit an acyclic orientation with Pys of type 2
and 3. We call these graphs wing-comparability and the corresponding
orientation wing-transitive. To date, it is not known whether wing-
comparability graphs can be recognized in polynomial time.

o8
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| P3 P4
nontrivial P;-class Ps-component | strong Ps-component

Corollary 3.3.4 Corollary 5.1.11
Theorem 3.3.3 Theorem 5.1.12 |
Corollary 3.3.5 Corollary 5.1.13
Theorem 3.3.6 Theorem 5.2.1
Lemma 3.3.7 Lemma 5.2.6 I Lemma 5.2.8

| Theorem 3.3.8 Theorem 5.2.2

Table 5.1: Analogous results on the Ps- and Py-structure.

If only P,s of type 3 are permitted, the corresponding graphs are
called Py-comparability and their orientation Py-transitive (every Py is
transitively oriented). In [40] and [39], HOANG AND REED presented an
O(|V|*) algorithm to recognize P;-comparability graphs and an O(|V|*)
algorithm to compute a P;-transitive orientation.

In [67], RASCHLE AND SIMON investigated the Pj-analog of P;-
classes and developed an O(|V'|* - |E|) recognition and orientation algo-
rithm for P;-comparability graphs. Another relation between P,s was
studied by BABEL AND OLARIU [5]. In the next two sections, we ex-
tend both RASCHLE AND SIMON’s and BABEL AND OLARIU’s results by
conducting a rigorous study of the P,-structure. As it turns out, most
properties of the Ps-structure translate smoothly into similar proper-
ties of the Pj-structure. An overview of the correspondence between
those results is given in Table 5.1. We also prove a stronger version of
a theorem by CHVATAL [12] on Pj-chains.

In Section 5.3, we analyze the P,-structure of split graphs and use
the obtained results to decompose prime split graphs. In Section 5.4, we
give an O(|V[*) algorithm to compute the split-modular decomposition
and, in Section 5.5, two algorithms for recognizing and orienting P;-
comparability graphs are proposed. The first algorithm runs in O(|E|?)
time and O(]V| - |E|) space and the other runs in O(|V|* - |E|) time and
O(|V] + | E|) space.

Finally, in the last section, we propose a new algorithm that uses the
split-modular decomposition to recognize classes of perfectly orderable
graphs. For instance, HERTZ’ bipartable graphs can be recognized this
way.
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5.1 FPj-components

In analogy to the Ps-classes of Section 3.3, we define Py-classes as the
equivalence classes of the transitive closure of the Py-adjacency relation
where two edges are Py-adjacent if they belong to the same Py. In [40],
HOANG AND REED proved the following analog of Theorem 3.3.2.

Theorem 5.1.1 (HOANG AND REED) A graph is Py-comparability if
and only if each of its Py-classes admits a Py-transitive orientation.

We prove the above theorem in Section 5.5. To obtain more general
results, however, we investigate relations between P,s rather than re-
lations between the edges in Pys. The following relations between Pjs
are considered. (Note that nontrivial Py-classes correspond to the weak
P,-components defined below.)

Definition 5.1.2 Two Pys are

(1) weak-adjacent if they have a common edge, and

(2) adjacent of two wings or a rib and a wing coincide, and

(3) strong-adjacent if they have three common vertices.
The equivalence classes of the transitive closure of the above (weak,
strong) adjacency relation are called (weak, strong) Ps-components.

In the rest of this chapter, C'* stands for a Py-component and D*
for a strong P,-component. Furthermore, we use F* to indicate that
a statement holds for Pyj-components and strong Py-components. The
cover of a (strong) Ps-component F*, denoted by V(F*), is the set
of vertices which belong to some Pys in F*. Similarly, E(F*) denotes
the set of edges which belong to some FPys in F*. Given a Py abed,
we write F*(abed) for the (strong) Py-component that contains abed.
Furthermore, we write abed ~ a'b’'c’d’ if the Pys abed and a'b'c’'d’ are
strong-adjacent.

Consider again the relations between Pys given in Definition 5.1.2.
Clearly two adjacent P,s are also weak-adjacent. We claim that two
strong-adjacent Pys are also adjacent. To prove this claim, we examine
the graphs induced by a Py abed and a fifth vertex v. Up to symmetry,
all possibilities are enumerated in Figure 5.2 (bold lines indicate edges
in Pys). Now it is easy to infer that every strong-adjacent P, is one of
the types given in Table 5.2 (up to symmetry), thus strong-adjacent Pys
are indeed adjacent.
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Figure 5.2: All possibilities of a P, together with a fifth vertez v.

( type—[ strong-adjacent P, [ graph in Figure 5.2 |

(a) abvd FQ, F5
(b) abecv Fy, Fy
(¢) bedv Fy, Fy
(Cl) bcwcl FG, F3

Table 5.2: All types of Pys strong-adjacent to a P, abed.

The converse, however, does not hold: Weak adjacent Pys need not
be adjacent and adjacent Pys need not be strong-adjacent. A weak form

of the converse are the following lemmas.

Lemma 5.1.3 Two different Pyis with a common rib are connected
a sequence of strong-adjacent Pys.

Proof. Let abed and a’bed’ denote the two Pys with common ribs.
abed and a'bed’ are not strong-adjacent, then |{a,a’,b,c,d,d'}| = 6.

by

If

If a misses d’, then abed ~ abed’ ~ a’bed’. The analogous argument

applies if a’ misses d, so it remains to discuss the case ad’,a'd € E.

If a sees a, then abed ~ aa’de ~ a’ad'c ~ a’bed’. Otherwise, if a

misses a’, we find that abed ~ aba’d ~ a'bad’ ~ a'bed'.

a
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Lemma 5.1.4 If the rib of a Py 1s the wing of another Py, then those
Pys are connected by a sequence of strong-adjacent Pys.

Proof. Because of symmetry, we may assume that abed and beef
denote the two Pys. If abed and beef are not strong-adjacent, then
{a,b,c,d,e, f}] =6.

If a misses e, then abed ~ abce ~ beef. Similarly, if a sees f, then
abed ~ fabe ~ beef. So suppose that a sees e but misses f.

If d sees e, then abed ~ baed ~ baef ~ beef. If d misses e and d
misses f, then abed ~ aeed ~ feed ~ fecb. Otherwise, if d misses e and

d sees f, then abed ~ bedf ~ beef. O

Two weak-adjacent Pys that are not adjacent have a common rib,
hence it follows from Lemma 5.1.3 that

Corollary 5.1.5 The Py-components and the weak Py-components are
sdentical.

The above corollary implies that P;-components correspond to non-
trivial Py-classes. The P,s to which an edge vw belongs are therefore
contained in the same Pj-component, that is, for every edge vw, there
is at most one Py-component C* with vw € E(C*). For this reason, we
do not always distinguish between C* and E(C*). So we write vw € C*
instead of vw € E(C*) and C*(vw) for the Pyj-component that contains
the edge vw.

Regarding Ps-components and strong Pg-components, a result sim-
ilar to Corollary 5.1.5 is impossible because the net of Figure 4.2 is a
counterexample: It has only one Pj-component but consists of three
strong P;-compomnents. The next lemma shows that, in some sense, the
net is the only exception.

Lemma 5.1.6 If two adjacent Pys do not belong to the same strong
Py-component, then these two Pys induce a net.

Proof. Let abed and a’b/c¢/d’ be those two adjacent P,s. Since they
are adjacent but in different strong P,-components, we may assume
that |{a,b,c,d,a’,b',c',d'}| = 6. Furthermore, by Lemma 5.1.3 and
Lemma 5.1.4, those Pys have a common wing. Without loss of general-
ity, let ab = a'b’, thus either ' =a and ¥ =bor a' = b and V' = a.
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Case 1: @' = b and b’ = a. 'We show that abed and bac'd’ = a'b/'c'd’
belong to the same strong Py-component, hence this case is impossible.
If ¢ misses ¢', then abed ~ c’abe ~ d'c’ab. So suppose that ¢ sees ¢’.

If ¢ sees d’, then abed ~ abed’ ~ bac'd' is a sequence of strong
Py-components. If ¢ misses d’, then bac'd’ ~ bec’d’. Furthermore
Lemma 5.1.4 implies that bcc’d and abed belong to the same strong
Py-component, so we are done.

Case 2: a' =a and b' =b. If d sees ¢/, then abed ~ abc’d ~ abc'd’,
a contradiction. So we may assume that d misses ¢’ and, because of
symmetry, that d’ misses c.

If ¢ misses ¢/, then abed ~ c’bed and Lemma 5.1.4 applies to ¢'bed
and abc’d’, hence abed and abe’d’ are in the same strong Py-component,
a contradiction. Therefore ¢ sees ¢’

Finally, if d sees d’, then abed ~ bedd’ ~ be'd'd ~ abc'd', again a
contradiction. So d misses d' and the induced subgraph is a net as
claimed. O

In the rest of this section, we relate the cover of Py-components and
strong P;-components to strict split modules and split modules. For
that purpose, we need the notion of separable (strong) Ps-components.

Definition 5.1.7 A (strong) Py-component F'* 1s separable if its cover
V(F*) can be partitioned into vertex sets V1 + V? such that every Py
in F'* has 1ts midpoints in V1 and its endpoints in V2.

The following lemma exhibits the fundamental structure of separable
(strong) Ps-components.

Lemma 5.1.8 Given o separable (strong) Py-component with vertezx
partition VY + V2. Then neither a Py abc with a € V! and b,c € V?
nor a Py abc with a,b € V! and c € V?* emists.

Proof. Let F™* stand for the (strong) Ps-component. In a first step, we
show that no Ps or Py as described in our lemma has edges in E(F*).
Assume a P; abe with a € V! and b,c € V2. Since F* is separable, be
cannot belong to £(F*), so suppose that ab € E(F*). Then a P, bade in
F* exists with d € V] and e € V2. If ce € E, then bade ~ abce and abce
contradicts the separability of F*. Hence ce ¢ E. But dc € FE implies



64 Chapter 5. P,-comparability graphs

bade ~ bede, and de ¢ E implies bade ~ dabe. This is a contradiction
because the Pys bede and dabe violate the separability of F'*.

Now assume a P3 with a,b € V!, ¢ € V? and a Py cade exists in F*.
Then d € V! and e € V2. If b sees d, then cade ~ cadb and cadb violates
the separability of F*; hence b misses d. If b sees ¢, then cade ~ adedb
and adeb would violate the separability of F*; thus b misses e. In fact,
we have shown that if b misses the vertices incident to one wing of a Py in
F*, then the same holds for the vertices incident to the other wing. But
Corollary 5.1.5 and the separability of F* imply that (strong-) adjacent
Pys in F'* have a common wing. So by induction on the Pys in F*, no

wing is incident to b, a contradiction to our assumption that b belongs
to the cover of F™*.

The remainder of the proof is based on what we have already shown,
namely that an edge in a P; or a P as defined in our lemma does not
belong to a Py in F*. We call those P; and P3 forcing because every
P, with an edges in such a P or Pj is forced out of F*. Next, we show
that no forcing Ps abe can exist.

Since F* covers b, there is a Py dbef in F* and therefore d € V2. If
cd € E, then bdc is a forcing P3, and if ad ¢ E, then bad is a forcing
P3; in both cases a contradiction to bdef € F*. Therefore ¢d ¢ E and
ad € E; thus cadb is a Py. Since F* is separable, cadb ¢ F*. Moreover
cadb and dbe f are adjacent but do not induce a net, hence cadb ~ dbef,
thus cadb contradicts the separability of F*.

It remains to prove that no forcing P; abe exists. Since F'* covers c,
there is a Py cdef € F*, hence d € V'. Moreover bd € E, for otherwise
the forcing Ps dcb would contradict deef € F*. We say that an edge
vw € F* with v € V? and w € V' is

typel if b sees v and a forcing P; wbu exists, and
type2 if b sees w and a forcing Ps ubv exists.

Figure 5.3 illustrates this definition. (Solid lines indicate edges that
must exist whereas dotted lines indicate edges that must not exist.)

Obviously cd is type2. We claim that every wing of a Py in F* is
either typel or type2. From this follows immediately that F* cannot
cover b, a contradiction to our assumption.

The proof of the above claim is by induction on the Pys in F*. Since
cd is type2, we have already settled the basis. For the inductive step,
it suffices to show that one wing in a P, in F* is typel or type2 on the
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v b

vw is typel vw is type2

Figure 5.3: A typel and type2 edge as defined in the proof of
Lemma 5.1.8.

assumption that this already holds for the other wing in the same Pj.
So let vwzy denote an arbitrary Py in F* and assume that vw is typel
or type2.

Case 1: vw is typel. Then v misses u, for otherwise the forcing
P; wvu would contradict vw € F*. We distinguish the following two
subcases.

Case 1.1: w=1y. If b misses z, then xyb is a forcing Ps, a contra-
diction to vwzy € F*. Therefore b sees z; thus b sees y and zbv is a
forcing Ps, i.e. xy is typel.

Case 1.2: w #y. Then [{b,u,v,w,z,y}| = 6. Furthermore, both
br ¢ E and by ¢ E cannot hold, as otherwise vwzy ~ bwzy but bw
cannot belong to a Py in F*. If bz ¢ E and by € E, then zyb is a
forcing Ps, a contradiction to bwzy € F*. If ba € E and by ¢ E, then
vwey ~ vbry, a contradiction because vbry violates the separability of
F*. Therefore bz € E and by € E holds; thus b sees & and wby is a
forcing Ps, 1.e. 2y is type2.

Case 2: vw is type2. Then u sees w, for otherwise the forcing Ps
wuv would contradict vwey € F*. Again we distinguish two subcases.

Case 2.1: * = u. If b misses y, then vwzy ~ vbry and vbry con-
tradicts the separability of F'*. Therefore b sees y and xbv is a forcing
Ps; thus zy is typel.

Case 2.2: © # w. Then |{b,u,v,w,z,y}| = 6. Assume that b
misses . Then b misses y as well, for otherwise the forcing P; xyb
would contradict vbey € F*. If u misses y, then either vwey ~ vway
and wwzy contradicts the separability of F* or buzy ~ bwry ~ vwey,
a contradiction to buzy &€ F* because of the forcing Py buv. So u sees
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y and vbuy ~ vwuy ~ vwey, a contradiction as vbuy & F* because of
the forcing P, ubv.

Therefore our assumption was wrong; so b sees . Moreover b sees
Yy, as otherwise vwzy ~ vbry and vbry would violate the separability of
F*. Thus b sees  and wby is a forcing Ps, i.e. xy is type2. O

Suppose that a vertex v is not covered by a (strong) Ps-component
F*(abed). Then the only possible graphs are the Fy, the F; and the
Fip of Figure 5.2, i.e. v is either {a,d, ¢, d}-universal, {a,b, ¢, d}-null or
it sees the midpoints but misses the endpoints of the Py abed. We use
this observation to proof the next lemma.

Lemma 5.1.9 Let F* be a (strong) Py-component and v a vertez not
covered by F*. If v and a Py in F* induces an F7, then the graph
induced by v and any Py in F* is an Fy.

Proof. Our proof is by induction on the Pys in a (strong) Py-
component F*. For the inductive step, we show that a P, a’b'c'd’
together with v induces an F7 on the assumption that an adjacent P,
abed together with v induces an 7. We distinguish the following cases:

Case 1: Two wings coincide. Without loss of generality, we may
assume that the wing ab coincides with the wing a’d’; thus either ¢’ = a
and ¥ = b or @ = b and V' = a. The latter, however, is impossible
because a’b'¢’d" and v would not induce an Fy, F; or Fig. In the former
case, the only possible induced graph is the F; as claimed.

Case 2: A wing coincides with a r1b. A wing of abed cannot coincide
with b'¢’ as otherwise the graph induced by a’d’c’d’ and v would not be
an Fy, F7; or Fyg. Therefore, a wing of a’'b’'c’d’ must coincide with be.
This implies that the graph induced by a’'bt'c’d’ and v is an Fy; thus
{a,d,a',b' ¢’ d'}| = 6.

Without loss of generality (symmetry), let b = o’ and ¢ = ¥’. Then
d' sees a and d, for otherwise abvd’ or devd would be a Py in F* that
covers v. So ad’'dcis a Py in F*, a contradiction because ad'dc and v
induce an Fj. a

If a V(F*)-partial vertex r exists, then there is a Py abed in F* such
that r is {a,d, ¢, d}-partial, hence r together with abed induces an Fy.
By Lemma 5.1.9, the vertex r sees the midpoints of every P, in F* and
misses its endpoints; thus F* is separable.
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Furthermore, if C'* is a P,-component, then r cannot be adjacent to
a V(C*)-null vertex ¢, as otherwise every P, abed in F* would imply a
Py grba in C*, a contradiction to our assumption that r» is not covered
by F*. The next corollary summarizes our findings.

Corollary 5.1.10 Let F* be a (strong) Py-component whose cover is
not a module. Then F* is separable and every V(F*)-partial vertez is
Vi-unwersal and V2-null. Moreover, if C* is a Py-component, then no
edge between a V(C*)-partial and a V{(C*)-null vertez exists.

Next, we investigate the relation between separable (strong) Pj-
components and modules. Let F* denote a separable (strong) Pj-
component and consider an edge vw with both endpoints in V*. From
Lemma 5.1.8, it follows that no vertex in V! is {v, w}-partial, hence v
and w have the same neighborhood relative to V — V2. By induction,
this holds for every pair of vertices in the same connected component
of Gy2, thus a connected component of Gy= is a module. Since the
analogous argumentation applies to V! and G, we have the following
analog of Corollary 3.3.4.

Corollary 5.1.11 In a prime graph, the cover of a separable Py-com-
ponent s a strict split module and the cover of a separable strong P,-
component s a split module.

Recall that every P not contained in a strict split-homogeneous
set W = W' 4+ W? has a corresponding P, in the graph after the
substitution of two nonadjacent marker vertices for W' and W?2. But
such a P, either has all its vertices in V —W or is of type (1) to (6) listed
on Page 52. In each case, this P, is not W-partial, thus the P;-analog
of Theorem 3.3.3 holds.

Theorem 5.1.12 Let C* denote an arbitrary Py-component. Then no
V(C*)-partial Py ezists.

Let W be a strict split module and abed a Py in Gy. If W C
V(C*(ab)), then a W-partial Py would exist, a contradiction to Theo-
rem 5.1.12. Hence V(C*(ab)) C W.

Similarly let W be a split module and D* a strong P;-component
that contains a P, with all its vertices in W. If W C V/(D*), then strong-
adjacent Pys abed ~ a’b'c’d" in D* exist such that {a,b,c,d} C W and
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{a',¥',c',d'} € W. But every possibility of Table 5.2 contradicts the
defimition of a split module, thus the analog of Corollary 3.3.4 holds.

Corollary 5.1.13 Let W be a vertez set and abed be a Py of Gw. If
W is a split module, then V(D*(abed)) C W. Similarly, if W 1s a strict
split module, then V(C*(ab)) C W.

The above corollary together with Lemma 4.1.3 implies that every
minimal strict split module is the cover of some P;-component and that
every minimal split module is the cover of some strong FP4-component.

5.2 GALLAI-type theorems

In this section, we prove the Pj-analogs of GALLAI's decomposition
theorem. The key theorem is the following P,-analog of Theorem 3.3.6.
It states that (strong) Ps-components can be uniquely identified by their
covers.

Theorem 5.2.1 Two different (strong) Py-components have different
covers.

The proof of the above theorem is rather lengthy, which is why we
moved it to the end of this section. Given Theorem 5.2.1 holds, however,
it is quite easy to show the following GALLAI-type theorem for (strong)
Py-components.

Theorem 5.2.2 Let G = (V,E) be a prime graph that is not split.
Then the Pys not contained in one of the mazimal strict split-homogeneous
sets of G constitute a Py-component that covers G, and the Pys not con-
tained in one of the mazimal split-homogeneous sets of G constitute a
strong Py-component that covers G.

Proof. If no strong P;-component covers (G, then, by Corollary 5.1.10
and Corollary 5.1.11, the cover of every strong P,-component induces a
split graph. Since G is prime nonsplit, Theorem 3.4.4 implies a Cs, Ps,
Ps, F, or Fo, where the Fy and F5 refer to the graphs in Figure 3.1.
But each of those graphs contains two strong-adjacent Pys that induce
a Uy, C5 or 2Ky, hence the corresponding strong Pj-component does
not induce a split graph, a contradiction.
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So we know that a strong P;-component, say D*, covers G. Let abed
be a P, not contained in one of the maximal split-homogeneous sets of
G. Then D*(abed) covers the whole graph, for otherwise V(D*(abed))
would be split-homogeneous and therefore be contained in a maximal
split-homogeneous set, a contradiction to our assumption. But Theo-
rem 5.2.1 implies that D* = D*(abed), thus we have shown the second
part of our theorem.

To prove the first part, let C* be the Py-component that contains
all Pysin D*. Then C* covers G and the above argumentation remains
valid if we replace strong P,-components and split-homogeneous sets
with Py-components and strict split-homogeneous sets. a

Corollary 5.1.10 together with Corollary 5.1.11 implies that the cover
of a strong P;-component that does not cover the whole graph is either
homogeneous or split-homogeneous in the characteristic graph. There-
fore every strong P,-component in a graph without homogeneous and
split-homogeneous sets covers the whole graph. By Theorem 5.2.1, there
is at most one such component, thus we have

Corollary 5.2.3 If a graph G has neither homogeneous sets nor split-
homogeneous sets, then every P, in G belongs to the same strong Py-
component.

A star-cutset of a graph G = (V,E) is a vertex set S such that
Gy_g is disconnected and Ggs contains a dominating vertex. In [12],
CHVATAL showed that if neither G nor its complement has a star-cutset,
then every two Pys are “3-chained”, that is, every two Pys belong to the
same strong Pj-component. We claim that the above corollary is a
stronger version of CHVATAL’s theorem. We do this by proving that a
graph with homogeneous or split-homogeneous sets has a star-cutset in
the graph or its complement but not vice versa. The latter is easy as
the P; is an example of a graph that has star-cutset but has neither
homogeneous nor split-homogeneous set.

Now suppose that a graph G = (V, F) has a homogeneous set H. If
there are H-null vertices, then (N(h) NV — H) 4 h is a star-cutset for
every vertex h € H. If no H-null vertices exist, then G = Gy + Gv—x,
hence every vertex h € H is a star-cutset of G. Next, suppose that
G = (V,E) has a split-homogeneous set W = W' + W2 Then S =
WU RU P is a star-cutset as every vertex in W' is dominating in Gg
and Gguwe is disconnected (even if Q) = ().
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| In the remainder of this section, we prove Theorem 5.2.1. In a first
step, we show the theorem for P;-components. The following lemmas
prepare this part of the proof.
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Figure 5.4: Lemma 5.2.) illustrated.

Lemma 5.2.4 Let vw be an edge of a Py and z a vertex different from
v and w.

(1) If vw is a wing and vz,wz € E — C*(vw), then z sees all the
vertices in the Pjy.

(i3) If vw 1s a wing, z misses v and wz € E — C*(vw), then the Py
can be labeled vwey and z sees & but misses y.

(1i) If vw is a rib and vz,wz € E — C*(vw), then the Py can be
labeled wvwz and either z misses u and © or z sees u and .

(iv) If vw is a r1ib, z misses v and wz € E — C*(vw), then Py can
be labeled uvwz and uz,xz € C*(vw).

Proof. (i) Without loss of generality, let vwzy be the P, in question.
From Figure 5.2 follows that only the F} is possible.

(11) The Py can be labeled zyvw or vwzy. Again from Figure 5.2
follows that the former case is impossible whereas in the latter case only
an F; does not contradict wz € E — C*(vw).
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(iii) A Py zvwy implies an Fy, 5 or F;. But an F3 cannot satisfy
both vz € C*(vw) and wz & C*(vw).

(iv) In this case, only the F3 does not contradict wz € E — C*(vw),
see Figure 5.2. a

Lemma 5.2.5 Let vw be a rib of a Py and z a vertez that sees w but
misses v. If |C*(wz)| > 1, then C*(wz) = C*(vw).

Proof. Suppose the contrary C*(wz) # C*(vw). From Lemma 5.2.4(iv)
follows that the P; in which vw is the rib can be labeled uvwz with
uz,zz € C*(vw). Moreover, as |C*(wz)| > 1, the edge wz belongs to a
Py as well.

Case 1: wz is @ wing. Then Lemma 5.2.4(ii) applies to wz and u;
hence the P, with the wing wz can be labeled wzab. The same lemma
also applies to zw and v; therefore the same P, can be labeled zwde.
But no Py can be labeled in both ways.

Case 2: wz is a rib. Then Lemma 5.2.4(iv) applied to wz and u
and zw and v respectively guarantees a Py awzb with wa,ub,va,vb €
C*(wz). Thus either bvwz or ubzw is a Py; in both cases a contradiction

to C*(wz) # C*(vw). O

The next lemma deals with the pyramid, see Figure 4.2. It is the
analog of Lemma 3.3.7 for P;-components.

Lemma 5.2.6 Let abedrp be a pyramid. If C*(ab) is different from
C*(rb) and C*(rc), then r and p are not covered by C*(ab).

Proof. If {ab,bc,cd} = C*(ab), there is nothing to prove. Therefore,
assume a Py a'b'¢’d’ weak-adjacent to abcd. Note that the Pys rbpd and

rcpa guarantee that all edges in the pyramid different from ab, bc and
¢d do not belong to C*(ab).

In the following case analysis, we show that a'b’'c¢’d'pr is another
pyramid which satisfies C*(rd’) # C*(ab) and C*(rc’) # C*(ab). By
induction, this holds for every Py in C*(ab); thus r is incident to no
edge in C*(ab) as claimed.

Case 1: A wing of abed coincides with a wing of a'b’c’'d’. Without
loss of generality, let a’d” be the common edge. Then Lemma 5.2.4(ii)
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applies to a’d’ and r; hence ¢’ = a, b’ = b and r sees ¢’ but misses
d'; thus C*(rb') = C*(rb) # C*(ab). Similarly, Lemma 5.2.4(i) ap-
plies to a’b’ and p; hence p sees ¢’ and d'; thus a’b'c’d'rp is a pyramid.
Moreover C*(rc’) = C*(re) # C*(ab) because of the Pys repa and r¢'pa.

Case 2: A wing of abed coincides with the rib of a'b'c'd’. Then
Lemma 5.2.5 applies to b'¢’ and r; thus C*(ab) = C*(rb) or C*(ab) =

C*(rc), a contradiction to the premise of our lemma.

Case 8: The r1b of abed coincides with a wing of a’'t/c¢'d’. Without
loss of generality, let @’ = b and V' = ¢. From Lemma 5.2.4(i) applied
to a’b’ and r follows that r sees ¢’ and d’. But the same Lemma also
applies to a'b’ and p; so p sees ¢/ and d’. Thus [{a’,¥', ¢/, d',d,r,p}| =
7. Furthermore d sees d’, as otherwise the P, derd’ would contradict
C*(ab) # C*(rc). So bedd' and dd'rb are Pys; hence C*(ab) = C*(rb),

a contradiction to our assumption. O

Corollary 5.2.7 Let abedrp denote a pyramid. Then V(C*(rb)) =
V(C*(ab)) implies C*(rb) = C*(ab).

Proof. Suppose V(C*(rb)) = V(C*(ab)) and C*(rb) # C*(abd).
Then C*(rc) = C*(ab), as otherwise a contradiction to Lemma 5.2.6
would arise. Therefore C*(ab) = C*(r¢) is different from C*(rb), thus
Lemma 5.2.6 applies to the pyramid rbpdac; hence a cannot be covered
by C*(rb), a contradiction to our assumption. |

Proof of Theorem 5.2.1 for P;-components.  Suppose the con-
trary, i.e. two different Py-components C} and C5 satisfy V(C}) =
V(C3). Then Cf (and C3) cannot be trivial and a Py abed in C exists.
Clearly, each vertex in {a,b, ¢, d} is incident to at least one edge in C3.
Therefore, the vertices {a,b,c,d} together with the other endpoint of
such an edge, say v, induce one of the graphs depicted in Figure 5.2.
Moreover C # C5, which leaves the graphs Fy, Fy, Fy, Fy and F;. We
show that each of these graphs is impossible.

F3: Then ve € €5 and Lemma 5.2.5 applies to bc and v; hence
C*(be) = C*(vc), a contradiction to C} # C.

Fy: Then vd € CJ. Since the situation is symmetric relative to
v and d, we may assume that vw denotes another edge in a P, that
contains vd. Hence dvw is a P3 and |{a,b,¢,d,v,w}| = 6.
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Suppose w misses ¢. Then w sees b, as otherwise the Py bevw would
imply Cf = C3. Hence bwvd is a Py in Cj, Lemma 5.2.5 applies to wv
and ¢; thus C*(wv) = C*(cv), a contradiction to C} # C5. Therefore
our supposition was wrong, so w sees c.

Furthermore w misses a, for otherwise the Pys awvd and awed would
imply C} = C3. The same contradiction arises if w sees b, this time
because of the P, abwv. Hence abcw is another Py in Cy.

Obviously, the same argumentation holds for the third edge of the
P, and, by induction, for every edge in Cj. Therefore, no edge in
C*(vd) is incident to @ or b, a contradiction to our assumption that

V(CT) =V(C3).

F7: Without loss of generality, let vd be the edge in C5. Then vb
cannot be the rib of a P,, as otherwise a contradiction to Lemma 5.2.5
applied to vb and a would arise. Therefore vb is a wing, Lemma 5.2.4(ii)
applies to vb and a; thus our P, can be labeled vbzy and a sees = but

misses y. If y = d, then azdc is a P, which contradicts C} # C3. Hence
{a,b,¢e,d,v,z,y} = 7.

Case 1: ce ¢ E. As zb is a rib, we can apply Lemma 5.2.5 to b
and ¢; hence Cf = C5, the usual contradiction.

Case 2: cx € E. If d sees z, then abedvz is a pyramid which satisfies
V(C*(vb)) = V(C*(ab)), Corollary 5.2.7 applies and again C} = C3.
The same contradiction arises if ¢ sees y, this time because of the pyra-
mid vbzyac and V(C*(vb)) = V(C*(ab)). Therefore dz,cy ¢ E. So
yxcv and azced are Pys; hence C*(ed) = C*(yz), again a contradiction

to Cf  CY.

F>:  Then ve € C3. Without loss of generality (symmetry), let
vz be another edge in a P, which ve belongs to. In the following case
analysis, we show that abvd together with = again induces an Fy, i.e.
the structure repeats itself. Therefore, by induction, all edges in C3
together with a,b and d induce an Fy; thus a,b and d are not covered
by C3, a contradiction to V(C}) = V(C3).

Case 1: x sees b and d. If x sees a, the Pys azdc and azvc imply
CY = (3, a contradiction. Therefore x misses a and the P, abvd to-
gether with @ induces an F5 as claimed.

Case 2: x misses b or d. If « misses b, Lemma 5.2.5 applies to bv
and z, a contradiction to C} # C5. Hence z sees b but misses d. Then
cv cannot be the wing of a P, that contains vz, as otherwise a contra-
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diction to Lemma 5.2.4(i) applied to ve and d would arise. Therefore cv
is a rib, Lemma 5.2.4(iii) applies cv and d; thus our Py can be labeled
ucvz and, together with d, induces an F;. But we have already shown
that such an F7 leads to a contradiction.

Fy:  Let d'b'c/d’ be a Py weak-adjacent to abed. Obviously, v ¢
{d’,b',¢,d'}. Moreover, as all other possibilities have been ruled out,
a't'c'd" and v induce another Fy. Therefore, by induction, v is V(C})-
universal; thus v is not covered by C7, a contradiction. O

It remains to show Theorem 5.2.1 for strong Pj-components. This
proof is prepared by the following lemma, the analog of Lemma 3.3.7
for strong Pj-components.

Lemma 5.2.8 Let abedrq be a net. If D*(abed) is different from D*(abrq)
and D*(dcrq), then r and q are not covered by D*(abed).

Proof. Let D* = D*(abed). We show that every P, a'b/c'd’ € D*
together with » and ¢ induces a net a’b'c'd'rq and that neither a’b'rg
nor d'c'rq is in D*.

If abed is the only Py in D*, then there is nothing to prove. For the
inductive step, we show that our claim holds for some P, a’b’¢’d’ on the
assumption that it already holds for a strong-adjacent Py abed. By the
symmetry of the net, it suffices to consider the four cases of Table 5.2.

Case 1: a'b/c'd’ = abvd. Then abrq and abvd are adjacent but
not in the same strong Ps-component, thus Lemma 5.1.6 applies and
a’t'c'd'rq is a net. Moreover, derq ~ dvrq, hence dvrq ¢ D*.

Case 2: a'b'c’d" = abev. Again abev and abrq are adjacent but not
in the same strong Py-component, thus a’b’c’d'rq is a net, and verq g D*
follows from derg ~ verg.

Case 8: a'b/c'd’ = bedv. Since bedv is adjacent to derq, by
Lemma 5.1.6, bedvrg is a net, a contradiction to br € E.

Case 4: a'b'c'd = bavd. The P, bavd is adjacent to abrq, thus
Lemma 5.1.6 implies that bavdrq is a net, a contradiction to br € E. O

Since two Pys are strong adjacent if and only if the complement of
those Pys are strong adjacent, Lemma 5.2.8 also holds for the comple-
ment of a net, that is, for a pyramid.
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Corollary 5.2.9 Let abedrp be a pyramid. If D*(abed) is different from
D*(aper) and D*(bpdr), then r and p are not covered by D*(abed).

Now we are ready to show Theorem 5.2.1 for strong P;-components.
Its proof relies on the fact that we have already proved Theorem 5.2.1
for Py-components.

Proof of Theorem 5.2.1 for strong P,;-components. Suppose
the contrary, that is, two different strong Pj-components D} and D3
satisfy V(D7) = V(D3). Without loss of generality, we may assume
that V(D7) =V (for otherwise we counsider the graph Gy (p»)).

Since D covers V', there is a Py-component C* that covers V. By
Theorem 5.2.1, this Py-component is unique, hence D C C* and D3 C
C*, thus a sequence X = Dj, XJ,...,X{_|,X; = Dj of strong Ps-
components exists such that at least one Py in X} is adjacent to a P
in X ;. Assume that this sequence is minimal with respect to k.

Since at least one P, in DY is adjacent to a Py in Xj but D} £
X5, by Lemma 5.1.6, a net abedrq exists with abed € X5 and abrq €
Di. If derq ¢ D7, then Lemma 5.2.8 implies that ¢ and d are not
covered by D7, a contradiction. Hence derg € D} and the same lemma
implies that X3 does not cover r and gq. Therefore X is separable, thus
every Py a'b'c’'d’ in X3 together with r and q induces the net a'd'c'd'rq.
Furthermore two strong-adjacent Pss must be of type (a) or (b) and,
by induction, every P, a'b'rq and d'c'rq belongs to D7.

Now consider a P4 in X5 that is adjacent to a Py in X;. By
Lemma 5.1.6, those two P, are in a net a'b'c¢'d'r'q’ with a'b'c'd’ € X3
and a’'b'r'q’ € X3. But a’b'rq € D} is adjacent to a’'b'r'q’ € X, a con-
tradiction to our assumption that our sequence is minimal. Therefore

X3 = D3. But this is again a contradiction because X does not cover
the whole graph. O

5.3 Prime split graphs

In this section, we analyze the structure of the (strong) P;-components
in prime split graphs. These results are then used to extend the split-
modular decomposition of Section 4.3.

We start with investigating prime graphs that are covered by a
(strong) Ps-component.
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Theorem 5.3.1 Let G be a prime graph. If G 1s covered by a strong
P,-component, then its mazimal split-homogeneous sets are disjoint.
Similarly, if G is covered by a Py-component, then its mazimal strict
split-homogeneous sets are disjoint.

Proof. Because of Theorem 5.2.2, Theorem 4.3.4 and Theorem 4.3.6,
it suffices to show our theorem for prime split graphs G. Let D* denote
the strong Ps-component that covers G and suppose that two different
maximal split-homogeneous sets A = Al + A% and B = B! + B? have
nonempty intersection. Then A U B is a split module, see Fact 4.3.3,
hence A' U B! + A? U B? is a split-partition of G. Furthermore, Corol-
lary 5.1.13 guarantees that no Py in D* is in G4 or Gp.

Now suppose a Py abed in D* satisfies ab € G 4. Then it is impossible
that ¢ € A and d € A, for otherwise d would be Al-partial. Similarly
c € A and d € A would imply that c¢is A*-partial. Therefore both ¢ and
d are in B — A. As the symmetric argumentation applies to ¢d € Gp,
we also know that ¢ and b are in A — B. Therefore no P, in D* has a
vertex in A N B, a contradiction because D* covers G.

The above argumentation remains valid if we replace strong P;-com-
ponents, split modules and split-homogeneous sets with Py-components,
strict split modules and strict split-homogeneous sets. This proves the
second part of the theorem. O

By the above theorem, it suffices to discuss the decomposition of
prime split graphs that are not covered by any strong Ps-components.
We first consider graphs containing vertices in no Pj.

Theorem 5.3.2 Let G = (V', V2 E) be a prime split graph and v a
vertez in no Py of G. Then V1 +V? — v s strict split-homogeneous in

G and in G.

Proof. Since no Pj-component covers the whole graph, every Py-
component of ¢ is separable and therefore implies a strict split-homoge-
neous set. Let W = W1-+W?2 be a maximal strict split-homogeneous set.
If a W-partial vertex r» misses a W-universal vertex p, then a Py rw;pws
exists with wy € Wy and wy € W5, a contradiction to the maximality
of W because V(C*(rwy)) UW is a larger strict split-homogeneous set.
Therefore W is strict split-homogeneous in G, thus our lemma follows
from Lemma 4.3.5. O
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The next lemma shows that, in the remaining cases, the graph is not
covered by any P;-component of G or G.

Lemma 5.3.3 Let G = (V1 V2 E) be a prime split graph that 1s cov-
ered by a Py-component of G and a Py-component of G. Then G 1s
covered by a strong Pg-component.

Proof. From Theorem 5.3.1 follows that the maximal strict split-
homogeneous sets are disjoint, hence every P, not in a strict split-
homogeneous set belongs to the Py-component that covers G. By substi-
tuting nonadjacent marker vertices for maximal strict split-homogeneous
sets, we therefore do not add Pys to the Pj-component that covers G,
and it is easy to see that we do not disconnect the Pj-component that
covers G. Furthermore, if a strong P;-component covers the graph af-
ter the substitution, the same holds for the original graph. Therefore
it suffices to show the theorem for prime split graphs without strict
split-homogeneous sets in G and G.

Suppose the theorem does not hold. Then the cover of every strong
Py-component is split-homogeneous but neither strict split-homogeneous
in G nor strict split-homogeneous in G. Let D* denote a strong P4-
component that is maximal in the sense that no other strong P,-compo-
nent covers V(D*). Then vertices p € P, ¢ € @ and r1,r2 € R exist
such that p misses r; and q sees rq. Let abed be a Py in D*.

Case 1: ry =19. If g misses p, then gribpd is a Ps, thus D*(gr1bp)
is not split-homogeneous, a contradiction to our assumption. If g sees p,
the same argument applies to the complement, so ry = ry is impossible.

Case 2: 11 # r5. Then psees r; and ¢ misses 71, for otherwise we are
back in Case 1. Note that we have the same situation in the complement,
so we may assurne that p misses q. Now abrog ~ apraq ~ dproq ~ deraq,
and a simple inductive argument shows that V(D*) C V(D*(abr2q)), a
contradiction to the maximality of D*. a

The following lemma provides the desired structural result.

Lemma 5.3.4 Let G = (V1 V2 E) be a prime split graph such that
every vertez belongs to a Py. If no Py-component covers the whole graph,
then (V,E — E(V?)) consists of at least three connected components.

Proof. In this proof, we call a Psy-component C* maximal if no
other Pj-component covers V(C*). Let C* denote such a maximal P;-
component. As C* does not cover the whole graph, W = V(C*) is
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strict split-homogeneous. If W is also strict split-homogeneous in G,
then Lemma 4.3.5 implies that not every vertex belongs to a Py, a
contradiction to our assumption. Therefore a vertex p € P misses a
vertex r € R.

Let abed be a Py in C* and consider the bipartite graph G’/ =
(W,E(W) — E(V?)). Clearly G’ has at most two connected compo-
nents B and C with b € B and ¢ € C. Between b and every vertex
u € B, a (not necessarily simple) path b,d,z1,22,... , 2 = v in G’
exists. Clearly every pair of consecutive vertices ¢; and z;11 together
with 7 and p induces a Py ra;pe,y; or re;+1pz;, and those Pys belong
to C*(rbpd). If G’ has only one P;-component, then V(C*) is covered
by C*(rbpd), a contradiction to the maximality of C'*. Therefore the
replacement of C* with a maker P, abed neither increases the number of
connected components of (V, E — E(V2)) nor does it unify maximal P;-
components. We perform this substitution of marker P;s for maximal
Py-components until every maximal P;-component consists of a single
P,. It should be clear that the resulting graph is prime and split, so it
suffices to show our theorem for graphs G = (V! V%, E) in which every
Pj;-component is a P, and vice versa.

Let abcd denote a Py and let @, R and P denote the vertex partition
relative to {a,b,c,d}. Suppose that @ # 0 and let Py C P denote the
vertices adjacent to some vertices in Q. Consider H = {a,b,c,d} U RU
(P — Pg). Clearly every vertex in () misses every vertex in H. Let p,
be a vertex in Py and let ¢ € Q denote one of the vertices that sees Pq-
Then p, sees every vertex in R, for otherwise gp,br and g¢p,cr would
be adjacent Pys, a contradiction for every P,-component consists of a
single P;. Furthermore, if p, misses a vertex in p € P — Pg, the same
contradiction arises because of the adjacent Pys gpsap and gp,dp. We
conclude that every vertex in P sees every vertex in H, hence H is
homogeneous, a contradiction.

So we have shown that @ = 0 for every Py abed in G. Since every
vertex belongs to a Py, the split partition is unique, hence V! = {b, ¢} +
P and V? = {a,d} + R. Note that b sces every vertex in V2 except for d,
and d sees every vertex in V! except for b. By symmetry, every vertex
in V' misses precisely one vertex in V2 and vice versa. Such a graph
is called a thick spider in [5], and it is obvious that (V, E — E(V?)) has
|V'| = |[V?| components. But G contains a pyramid, hence |[V1| > 3. O
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buildSplitModTree(G)

input: a graph G = (V, E)
output: the root of the split-modular decomposition tree of G

else (* G and G are connected and |V| > 1 %)
let G' = (V', E') be the characteristic graph of G;
if G’ is split and a vertex v in V' is in no P, then
let H be the vertex set of G that corresponds to v;
let r; = buildSplitModTree( Gy );
let ro = buildSplitModTree( Gv_x );
return a 2-node with children r; and rs
elsif G/ = (V!, V2 E') is split and (V') E — E(V1)) has
more than two connected components then
let Hy,...,H; be the vertex sets of G that correspond
to the connected components of (V', E — E(V?!));
let r; = buildSplitModTree( Gy, ) for i =1,... ,t;
return a 3-node with children ry,... , 7y
elsif G/ = (V1, V2, E') is split and (V', E — E(V?)) has
more than two connected components then
let Hy,...,H; be the vertex sets of G that correspond
to the connected components of (V/, E — E(V?));
let r; = buildSplitModTree( Gg, ) fori =1,... ,¢;
return a 4-node with children rq,... 7y
else (* G’ is covered by a strong Pj-component *)
let S3,---,Sk be the vertex sets of GG that correspond
to maximal split-homogeneous sets of G';
let s; = buildSplitModTree( Gg, ) fori=1,...  k;

let Hy,...,H; be those maximal proper modules of G
which are not contained in Sy,... ,Sk;

let r; = buildSplitModTree( Gy, ) fori=1,... ,t;

return a 5-node with children sy,...,s%,71,... ,7¢
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Lemma 5.3.4 holds for the complement as well, that is, if the graph
G = (V, E) is not covered by a Py-component of G, then (V, E— E(V1))
has at least three connected components. It is also easy to see that
(V,E — E(V')) is connected if the number of connected components
of (V,E — E(V?)) is greater than two. Theorem 5.3.5 summarizes our
findings.

Theorem 5.3.5 Let G = (V1 V2 E) be a prime split graph in which
every vertex belongs to a Py. If no strong Py-component covers the whole
graph, then either (V,E — E(V?)) or (V,E — E(V')) consists of at least

three connected components.

The split-modular decomposition extended with the results of The-
orem 5.3.1, 5.3.2 and 5.3.5 is given in Algorithm 5.1.

5.4 Computing the split-modular decom-
position

The purpose of this section is to propose an efficient implementation of
Algorithm 5.1, that is, we prove Theorem 5.4.1.

Theorem 5.4.1 The split-modular decomposition of an arbitrary graph
G = (V,E) can be found in O(|V]*).

_In our implementation of Algorithm 5.1, we use an associated graph
G = (V,E) to compute the strong Pj-components. This associated
graph is defined as follows.

e The vertices of V are the ribs of the P,s in G and G.

e For every Py abed in G, there is an edge between be and ad in E.
We call these edges p-edges because they represent the Pys of G.

e For every P, abed of G and G such that ab is a vertex in V, there
1s an edge between ab and bc in E.

Figure 5.5 illustrates this construction. The given graph G contains
fourteen Pys (the corresponding p-edges are indicated by thick lines),
and its separable strong P,-components a,b1cid; and asbscads induce
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bicy by ca
aldl P——l) .—.a2d2

Figure 5.5: 4 graph G = (V, E) and its associated graph G = (V,E).

the maximal split-homogeneous set {b1, b2, 1, ca}+{a1,az,d1,d2}. Note
that the strong Pj-components of GG coincide with the connected com-
ponents of G. This holds in general, as we prove in the next lemma.

Lemma 5.4.2 The strong Py-components of G are the connected com-
ponents of G and vice versa.

Proof. First we prove that if two p-edges belong to the same connected
component of G, then the corresponding Pys are in the same strong Py-
component. Since every vertex in G is incident to a p-edge, 1t suffices
to give a proof for two p-edges that do not induce a 2K5.

If two p-edges have a common endpoint, then the corresponding Pys
or their complements have a common rib, thus, by Lemma 5.1.3, they
belong to the same strong Ps-component. So suppose that two p-edges
e1 and e; have no common endpoint but an endpoint of e; is joined to
an endpoint of ez by an edge, say e3. If e; is a p-edge, then it follows
from the above argumentation that the corresponding Pss belongs to
the same strong P;-component. Otherwise, if es is no p-edge, then the
endpoints of e3 are either the ribs of Fys in G and one rib is the wing of
the other P; or the same holds in the complement; thus Lemma 5.1.4
guarantees that those Pys belong to the same strong P;-component.

Second we show that if two Pys belong to the same Pj-component,
then the corresponding p-edges are in the same connected component of
G. Clearly it suffices to show that two p-edges corresponding to strong-
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adjacent Pys do not induce a 2K5. If abed denotes one Py, then the
other P, is of type (a) to (d) as given in Table 5.2.

Case 1: The Py is of type (a). Then the complement of the two Pys
have a common rib, hence the corresponding p-edges have a common
endpoint.

Case 2: The Py 1s of type (b). Then the two P,s have a common
rib, and again the corresponding p-edges have a common endpoint.

Case 3: The Py is of type (c). Then, by construction, there is an
edge between bc and cd.

Case 4: The Py is of type (d). Let bavd denote our Py. Then adbv
is a Py in the complement, and ad is a rib of the P, bdac (in G); thus
there is an edge between bd and ad. O

We compute G and its connected components in a preprocessing
step. Since a Py is uniquely defined by its wings, this can be done in
|E| = O(|E[*). By Lemma 5.1.3, all P;s with the same rib belong to
the same Pj-component; thus we can assign strong Pj-components to
the ribs of Pys in G. Furthermore, for every edge vw in GG, we store the
number p(vw) of P,s that contain vw.

_ To prove Theorem 5.4.1, we show that, except for the exploration of
G, our algorithm runs in O(|V*|). Since there are at most |V| recursive
calls, it suffices to show that each recursive step can be done in O(|V|?).

Clearly, the computation of the connected component of G and G
can be found in O(|V|*). If G is connected and coconnected, we cal-
culate the characteristic graph G'. This step is in O(|V|®) as shown in
Section 3.3 Page 33. Next, we check whether G’ is split. This can also
be done in linear time by testing whether G' and G are triangulated,
see Theorem 3.4.1(ii).

If G is split, we compute a maximum clique of G'. By Lemma 4.3.5,
Theorem 5.3.2 and the discussion on Page 48, the maximum clique of
G’ is unique, thus G’ = (V1 V% E’) where V! denotes the maximum
clique. If G = (V!,V?% E’) contains a vertex in V! that misses ev-
ery vertex in V2, we decompose G accordingly. Otherwise, we test
whether (V, E — E’(Vz)) or (V,E — E(V')) has more than two con-
nected components. If so, we decompose G into the subgraphs induced
by those connected components. Obviously all these steps can be done

in O(|V]?).
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In the remaining cases, by Theorem 5.2.2 and Lemma 5.3.3, G is
covered by a strong Py-component D*. To find D*, we scan the edges
in G until we find an edge whose assigned strong P;-component satisfies
|V(D*)| = |V|]. Next, we scan the Pys abed in D*, decrease p(ab), p(bc)
and p(ed) and then compute the connected components C1,... ,Ck of
the subgraph defined by the edges vw with p(vw) > 0.

Note that the C;s are homogeneous sets in G or strict split-homo-
geneous sets or split-homogeneous in G'. We can easily distinguish
between thesc threc possibilities in O(]V|?) by using an array of ver-
tices for every connected component C; that stores C;-universal, C;-
null and C;-partial vertices. However, maximal split-homogeneous sets
need not be induced by a single connected component C;: The graph
of Figure 5.5 is such an example. As in case of the bipartite-modular
decomposition, we have to take the disjoint union of the so far com-
puted split-homogeneous sets if the union is again split-homogeneous.
This can be done in O(]V|*) by first calculating the sets P, R and Q
for every split-homogeneous set and then performing the tests whether
the union of two sets is split-homogeneous.

In a last step, again as in case of the bipartite-modular decomposi-
tion, we have to find the maximal split-homogeneous sets that contain
vertices which do not belong to a P; in the maximal split-homogeneous
set. This last step can be implemented by examining all pairs of the
so far computed split-homogeneous sets A and B together with the set
of A' U Bl-partial or A* U B%-partial vertices. By precalculating P, R
and @ for the so far computed split-homogeneous sets, this step can be
carried out in O(|V[*). The overall running time per recursive call is
therefore O(]V [®), which proves our theorem.

5.5 Recognizing and orienting P;-compara-
bility graphs

In order to obtain an acyclic Pj-transitive orientation, it suffices to
compute an acyclic orientation of the edges in the Pys (all other edges
can be oriented by topological sorting). In the following, we only discuss
this part of the orientation.

If no Ps-component covers a proper subset of the vertices of G,
then Theorem 5.2.1 guarantees that G has at most one nontrivial P-
component. In this case, a Ps-transitive orientation is easy to compute
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because the orientation of one edge of a P, in a Py-component forces
the orientation of all P;-edges in the same P4-component.

So suppose a Pj-component C* does not cover the whole graph.
Then either V(C*) is homogeneous or C'* is separable. If G contains
a homogeneous set H, we compute a Py-transitive orientation of G as
follows.

(#) Replace H with a marker vertex h

(it) Compute a Pj-transitive orientation of the Pss in Gy and in
Gv_H+h-

(¢2¢) Construct a Ps-transitive orientation of the Pys in G by directing
Py-edges
vw with v,w € H as in Gy,
vw with v,w € V — H asin Gy—_H4h,
vwwithv e Handw €V — H as hw in Gy_g1h.

Obviously, a P,-transitive orientation of G induces a Pj-transitive
orientation of Gy and Gy _g+yr. The converse holds because of the
following lemma.

Lemma 5.5.1 If the orientation of the Pys in Gy and Gy _pg+n 15 Py-
transitive, then (i11) gives a Py-transitive orientation of the Pys in G.

Proof. To begin with, we show that every Py in G is oriented properly.
This is obvious for Pys with all vertices in H and for Pys with all vertices
in V — H. The remaining Pys have precisely one vertex in H, hence such
a P, has a corresponding Pj in Gy—pg+p. Since both Pys are oriented
in the same way, those Pys are oriented properly.

Now suppose the orientation of G is cyclic. As the orientation of G
and Gy _pg4p is acyclic, every cycle contains edges with both endpoints
in H and edges with an endpoint in V — H. Choose a cycle with a
minimal number of vertices in H and let v— - --—w denote the longest
part of this cycle in H. Furthermore, let u be the predecessor of v and =z
the successor of w in this cycle; thus u,z € V — H. Since uv is directed,
it must belong to a P, with precisely one vertex in H. By substituting
w for v in this P;, we obtain a P, that is oriented in the same way.
Therefore © — w, a contradiction because we have found a cycle with
fewer vertices in H. O
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If the cover of C* is not homogeneous, then C* is separable. In
Section 5.1, we have seen that the coconnected components of Gw,
and the connected components of Gw, are homogeneous sets, so we
can substitute marker vertices for those components and compute a
P,-transitive orientation of the Pys as described above. In the graph
after the substitution, the vertex set corresponding to V(C*) is strict
split-homogeneous. If a graph has a strict split-homogeneous set W,
however, we can proceed as follows.

(i) Replace W' and W? with nonadjacent marker vertices wy and ws.

(it) Compute a Ps-transitive orientation of the Pys in Gw and in
GV—W+wl+w2'

(i¢i) Conmstruct a Py-transitive orientation of the Pys in G by directing
Py-edges
vw with v,w € W as in Gw,
vw with v,w € V —W asin Gv_wiw,+ws)
vw with v € V —W and w € W' as vw; in Gy _wiw,+w, and
vw with v € V — W and w € W? as vwy in GV —Wwi+ws-

A P,-transitive orientation of G induces a Py-transitive orientation
of Gw and Gv_w+w,+w,- The converse is established by the next
lemma.

Lemma 5.5.2 If the orientation of the Pys in Gw and Gv—witw, +ws
is Py-transitive, then (iii) gives a Py-transitive orientation of the Pys

mn G.

Proof. The structure of this proof is identical to that of Lemma 5.5.1.
So we first show that every P, in G is oriented properly. Again this is
obvious for Ps with all vertices in W and for P;s with all vertices in
V — W. The remaining P,s are of types (1) to (6), for each of which
a corresponding Py in Gy —W+w, +w, €Xists that is oriented in the same
way. Thus every P, is oriented properly.

Now suppose the orientation of G is cyclic. As the orientation of
Gw and Gy _w4w,+w, 18 acyclic, every cycle contains edges with both
endpoints in W and edges with an endpoint in V' — W. Choose a cycle
with a minimal number of vertices in W and let v— - - - — w denote the
longest part of this cycle in W. Furthermore, let v be the predecessor
of v and z the successor of w in this cycle; thus v,z ¢ W.
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Since wv is directed, it must belong to a P, of types (1) to (6).
Moreover v and w cannot belong to the same set of the split-partition
W' + W? because this would imply v — w, i.e. a cycle with fewer
vertices in W exists. Without loss of generality, let v € W? (otherwise
we invert the orientation of the directed edges). Hence u € P.

Then wv is in no Py of types (1) or (2), as otherwise v — wy and
w — w1 In Gy—wiw, +w, and therefore v — w, again a contradiction
because this implies a cycle with fewer vertices in W. For the same
reason, uv cannot belong to a Py of types (4) to (6), see Figure 4.1. Now
assume that uv is in a Py of type (3), say pyvur. Then Gy_wiw,+w,
contains the Pys pywour and rwipiws; hence r = w1 In Gyv—wiw, +ws
and therefore r — w in G. Thus v — v — -+ — w can be replaced
with u —r — w, a contradiction as this again implies a cycle with fewer
vertices in W. O

Note that the above lemmas prove Theorem 5.1.1 because (a) if
the P,-classes of G can be Pj-transitively oriented, the same holds for
the Pj-classes of Gu, Gv_pg+h, Gw and Gv_wiw, +uw,, and (b) this
division into subproblems can be repeated until the graph has at most
one Py-class.

In the proof of Lemma 5.5.2, we have only used the fact that every
P, with at least one but not all its vertices in W is of type (1) to (6).
Therefore the described divide and conquer method is also applicable
to the cover W = V(C*) of a separable Py-component. We use this fact
to prove Algorithm 5.2, the Py-analog of GOLUMBIC’s algorithm.

Note that, for a homogeneous set H, the removal of some edges in
G g does not create new Pys with at least one edge in Gy _pg. Similarly,
it is easy to see that, for a strict split-homogeneous set W = W + W2
the only P,s with some edges in Gy _w that are created by the removal
of edges between W' and W? are of type (6). The latter accounts for
Lines (6) to (9) in Algorithm 5.2, i.e. we remove only the wings of the
P;s in a separable P;-component C* from the graph G = (V, E + E’).

Now let C* = C*(vw) be the Py-component of G = (V, E + E') as
in Line (5). The orientation of the Py-components of Gy (¢») is inde-
pendent of the orientation of the other P,-components if we guarantee
that Pj-edges between vertices in V(C*) and a vertex in V — V(C*)
are directed in the same way. We show that the latter constraint is
satisfied because the corresponding P,-edges belong to Pys in the same
Py-component. This is obvious if V(C*) is homogeneous. Otherwise C'*
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orient(G)

input: a graph G = (V, E)
output: a Pj-transitive orientation of the Pys in G

let E’ denote the set of edges in no Py of G;
let E denote the set of Py-edges of G;
while F # () do
choose an edge vw in E;
orient the Py-component C*(vw) of G = (V,E + E');
if C*(vw) is separable then
let E,;p be the ribs of the Pys in C*(vw);
E' «— E' + E;
fi;
E + E — C*(vw);
od
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Algorithm 5.2

is separable, hence every P, with one but not all its vertices is of types
(1) to (6) on Page 52. For Pys of types (1) to (5), it follows from Fig-
ure 4.1 that they belong to the same Pj-component. For Pys of type (6)
, the removal of the wings in C* ensures that the corresponding Pys
belong to the same Py-component.

Now consider the orientation of Gy (c=). Without loss of generality,
we may assume that Gy(c-) is prime as the substitution of marker
vertices for homogeneous sets does not unify different Py-components.
Then Theorem 5.3.1 applies, hence all P,s not in maximal strict split-
homogeneous sets belong to C'* and are therefore oriented correctly
relative to the maximal strict split-homogeneous sets. Similarly, the
removal of the wings of the Pss in C* does not affect the remaining
Py-components of Gy (c+y as those Pj-components belong to disjoint
maximal strict split-homogeneous sets.

So Algorithm 5.2 is correct and runs in O(|V|*-|E|), the time needed
to find the Py-components of G in BFS-manner.

Theorem 5.5.3 P,-comparability graphs can be oriented and recognized
in O(|V |2 - |E]|) time and O(|V| + |E|) space.

To be more precise, the running time of our algorithm is bounded
by O(6%-|E|) where ¢ is the maximal degree of a vertex. This can easily
be seen because, given an edge vw, there are at most § Pys containing
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vw, and it can be tested in O(4) time whether this P; belongs to a
P, (providing the adjacency lists of G are sorted). If we sacrifice the
O(|V| + |E|) space, we can improve the running time of our algorithm.

Theorem 5.5.4 P,-comparability graphs can be oriented and recognized
in O(|E|?) time and O(|V|-|E|) space.

Proof. First note that every Py is uniquely determined by its wings,
thus all Pys of G = (V, E) can be found in O(|E[*) time. To compute
and orient the P;-components of GG, we use the graph G = (f/, E) where
V = E and two vertices e; , €5 are adjacent in GG if ey and ey are adjacent
edgesin a Py of G, i.e. e; and es form a P; that is part of a P;. Obviously
the connected components of G correspond to the Py-components of G.

The initial construction of G requires scanning every Py of G. As
mentioned before, this can be carried out in O(|E}*). Furthermore
O(|E|) = O(|V| - |E|) because an edge can belong to at most 2n Piss.

When replacing V(C*) with marker vertices, G' can be updated by
relabeling and deleting vertices of G; hence all these updates can be done
in O([V]-|V))+O(|E]) = O(|V]-|E|). But a connected component of G
is explored at most twice (to find a Ps-component that does not cover
G and to orient the P,-component). Therefore, after the initialization

of G, our algorithm runs in O(|V|-|E|)+O(|V|+|E|) = O(|V|-|E]). O

5.6 A general recognition algorithm

In this section, we show how to apply the split-modular decomposition
to recognize perfectly orderable graphs. If a graph is disconnected or
codisconnected, it is straight-forward to obtain a perfect order. If a
graph G = (V, E) contains a homogeneous set H, then we substitute
a marker vertex h for H, find a perfect order of Gy and Gy-g+n. A
perfect order of G can then be constructed from the perfect order of
Gv_m+n by replacing h with the vertices in H where the vertices in
H retain their order in G. As in the previous section, no obstruction
can arise as every P, in GG has a corresponding Py in Gy or Gy_g4p
oriented in the same way.

It remains to find a perfect order of prime graphs. Note that to
avoid an obstruction, it suffices to orient one wing in every P, from
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the midpoint to the endpoint. We call this a partial obstruction-free
orientation. If a partial obstruction-free orientation is acyclic, then a
perfect orientation is easily obtained by topological sorting.

If G is a prime split graph G = (V!,V?, E), then any order that sat-
isfles v1 < vq for vy € V! and vy € V? is perfect. On the other hand, ev-
ery partial obstruction-free orientation of a split graph G = (V, V% E)
has to orient some edges from V! to V2. Since split-homogeneous sets
induce split graphs, we substitute nonadjacent marker vertices w' and
w? for split-homogeneous sets W = W! + W? and compute a perfect
order in Gy _yyyiiez with w! < w?. A perfect order of G is then
obtained by replacing w' and w? with the vertices in W' and W?2. The
following lemma shows that this method is correct.

Lemma 5.6.1 A graph G with split-homogeneous set W = W1 4+ W?
has a perfect order if and only if Gy _wiwisw? has a perfect order that
satisfies wl < w?.

Proof. If Gy_yyywitw? has a perfect order that satisfies w! < w?,
then the order arising from replacing w! and w? with the vertices in
W' and W? is obstruction-free as every Py in G except for Pys with a
wing in Gw has a corresponding Py in Gy _yyiq1442 oriented in the
same way. Pys with a wing in Gy are either in Gw or of type (12) as
defined on Page 53. In both cases, the wing in Gy is oriented from the
midpoints to the endpoints.

Conversely, let G be a perfect orientation of G and let abed be a P,
in Gw. Then a<-bor c—d. Wlthout loss of generality, let ¢— d. From
G we construct an orientation G' of Gv_waiate by orlentlng every edge
asin G except for edges av with v4-a and v—d in G. The latter edges
are oriented v —a in G'. We claim that G' is a perfect orientation and
that inserting ¢ —a in G leaves the graph acyclic.

Since G is a perfect orientation, an obstruction in G corresponds to
a P, with a wing whose orientation in G is different from that in G
Therefore an obstruction is a Py vazy with v—a in G and v¢a in G.
It is easy to see that this P4 must be of type (2) or (3). But this is a

contradiction because vdzy would be an obstruction in G.

Now assume that G’ has a cycle. Since G is acyclic, this cycle
contains an edge whose orientation in G is different from that in G'.
Let u—ain G be this edge in the cycle and let & denote the successor
of a in the cycle. Then u—d and d » 2 in G by construction. We
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can therefore replace every occurrence of u —a — z in our cycle with
u — d — @, thereby obtaining a cycle in G, a contradiction to our
assumption that G is acyclic.

Finally, suppose that inserting ¢ — a in G’ causes a cycle ¢ —a—
v— -+ —¢. By replacing ¢ — a — v with ¢ = d — v and by replacing
u —a — @ with v — d — © as before, we obtain a cycle in é, again a
contradiction to our assuinption. O

The graph after replacing maximal split-homogeneous sets with mar-
ker vertices need not be prime relative to the split-modular decompo-
sition. The above method can therefore be applied repeatedly until we
end up with a prime graph without maximal split-homogeneous sets. To
find a perfect order that satisfies the additional constraints w! < w?,
however, might be difficult.

On the other hand, if the graph admits at most two partial obstruc-
tion-free orientations according to some predefined rules, then we just
have to test whether topological sorting together with the additional
constraints yields an acyclic orientation. This is clearly the case for
rules which enforce that a <~ b or ¢ — d implies a' < b or ¢/.— d’' for
any pair of strong-adjacent Pys abed and a’b'c’d’. Orienting every Py
transitively is an example of such a rule.

Furthermore, every set of rules that orients the wings of strong-
adjacent Pys is almost sufficient: The only exception of strong-adjacent
Pys without a common wing is the Ps. So if we give a set of rules that
orients the wings of strong-adjacent Pys and the wings in the Pjs, then
there are at most two orientations possible, thus the corresponding class
of perfectly orderable graphs can be recognized in polynomial time.

In [35], HERTZ proposed a simple rule to obtain a partial obstruction-
free orientation from a 2-coloring of the edges in the complement given
the edges ab and cd of a P, abed and the edges ab and de of a Pj
abede have different colors. He also showed that the arising partial
obstruction-free orientation is acyclic. Even without this result, we can
easily recognize this class of graphs since, by the above remarks, a graph
without split-homogeneous sets has precisely two such 2-colorings. So
we just have to orient the edges according to HERTZ’ rule and test
whether the arising orientation is acyclic.




Chapter 6

Graphs with Threshold
Dimension Two

Graph dimension theory deals with the (edge-)intersections of graphs
with special properties. COZZENS AND ROBERTS [20] gave the following
definition.

Definition 6.0.1 The P dimension of a graph G = (V, E) 1s the least
integer k such that E = E1 N Ey N --- N Er and each of the graphs
Gi = (V,E;),i =1,...k, has property P.

The term “dimension” in Definition 6.0.1 comes from the interval
dimension problem, one of the first graph dimension problems that has
been investigated. The interval dimension or bozicity b(G) of a graph is
the least number & such that G is the intersection of k interval graphs.
Since an interval graph is the intersection graph of intervals on the real
line IR, a graph with boxicity k is the intersection graph of iso-oriented
boxes in the Euclidean space IRF. A graph with boxicity 2 is therefore
the intersection graph of axially parallel rectangles in the plane, which
is why such graphs is also called rectangle graphs, see Figure 6.1.

The representation of a graph by geometrical objects is interesting
because it is possible to use geometrical algorithms to solve certain
graph problems [47]. For instance, if a geometrical model of a boxicity k
graph is given, a maximum clique can be found in O(|V|*~D1og(|E|)),
see [42]. However, the maximum stable set problem, the minimum
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Figure 6.1: A rectangle graph, its rectangle model and the two interval
models Iy and I.

coloring problem and the minimum clique cover problem remain NP-
complete even for rectangle graphs [42]. Furthermore, YANNAKAKIS [76]
showed that the recognition of graphs with boxicity k is NP-complete
for all £ > 3, and KRATOCHVIL [46] obtained the same complexity result
for the case k = 2.

Closely related to the boxicity of a graph is its threshold dimension,
defined as the least integer k such that the graph is the intersection of
k threshold graphs. Threshold graphs are a proper subclass of interval
graphs, hence the boxicity of a graph is less or equal to its threshold
dimension. The motivation for studying the threshold dimension of
graphs also comes from the many applications in integer programming
[13, 14, 33], in psychology [18, 19] and in the synchronization of parallel
processes [25, 34, 61, 62, 64, 74].

Unfortunately, it is NP-complete to test whether a graph has thresh-
old dimension k for all k¥ > 3, see YANNAKAKIS [76]. So research fo-
cused on the recognition of graphs with threshold dimension two. These
graphs are also interesting because of their nice optimization behav-
ior: Both graphs with threshold dimension two and their complements
(called 2-threshold graphs) are perfectly orderable [31, 15, 35].

For over a decade, the complexity status of the recognition of thresh-
old dimension two remained open. In fact, it was widely believed that
the problem is NP-complete [18, 32, 52, 64]. Recently, however, MA [51]
and, independently, RASCHLE AND SIMON [66] succeeded in finding
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polynomial time algorithms for the recognition of graphs with thresh-
old dimension two.

MaA’s idea to recognize graphs with threshold dimension two is to
construct a geometrical representation for such a graph. The running
time of his algorithm is O(|V|*). Recently, STERBINT AND RASCHLE [75]
proposed an improved version of MA’s algorithm that runs in O(|V|?).
Although this is currently the fastest algorithm, we discuss neither MA’s
approach nor the improvements made by STERBINI AND RASCHLE for
the following reasons. First, MA’s algorithm is rather complicated and
relies on other quite complicated algorithms like the O(]V'|*) recognition
of 2-chain graphs and the O(|V|*) recognition of partial order dimension
two. Second, the geometrical arguments used in MA’s and STERBINI
AND RASCHLE’s work do not fit in with the graph theoretical outline of
this thesis.

This chapter is thus devoted to a in-depth discussion of RASCHLE
AND SIMON’s approach. Their main result is a constructive proof of
a conjecture by IBARAKI AND PELED which states that a graph is 2-
threshold if and only if its edges can be colored with two colors such
that the nonincident edges in a Py, C4 or 2K receive different colors.
This immediately leads to a O(|E|?) algorithm for the recognition of
2-threshold graphs.

In the next section, we give CHVATAL AND HAMMER’s definition of
threshold graphs and threshold numbers and discuss their motivation for
studying threshold graphs. In Section 6.2, we review previous results
in connection with 2-threshold graphs and state the main theorems.
Finally, Section 6.3 gives a constructive proof of the IBARAKI-PELED
conjecture. Part 1 and 2 of this proof follow RASCHLE AND SIMON’s
original work [66] whereas Part 3 contains new and hopefully simpler
proofs based on a new structure theorem on what we call the AC,-
structure of graphs.

6.1 Threshold graphs

Threshold graphs were introduced by CHVATAL AND HAMMER [13] in
1973. Their motivation for studying these graphs comes from the ag-
gregation of linear inequalities in integer programming. It is frequent
in integer and zero-one programming that the problem is given in the
form “maximize cz such that Az < b,” and it is well-known that the
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work involved in solving the problem often increases sharply with the
number of linear inequalities. Therefore, given a set of constraints

n

Zaijxjgbi, ’iZl,z,... ,m (61)

i=1

one is interested in finding a system with the smallest number & of linear
inequalities

Y alzi<b o i=1,2,...k (6.2)

7=1

such that (6.1) and (6.2) have precisely the same set of zero-one solu-
tions. In particular, one wishes to know whether £ = 1, namely whether
the constraints (6.1) can be aggregated to a knapsack constraint in the
same binary variables.

If (6.1) are set-packing constraints, that is, if A is a zero-one matrix
and b is the vector of ones, system (6.1) can be represented as a graph
G = (V,E) whose vertices correspond to the columns of A = (a;j)
and two vertices are adjacent if the corresponding columns have a 1 in
a common row. A solution of (6.1) corresponds to a stable set of G
and vice versa. This observation motivates the following definition of
threshold graphs and threshold numbers.

Definition 6.1.1 Let G = (V, E) be a graph with V = {v1,va,... ,v,}.
For any subset S C V, its characteristic vector X = (1, 22,... ,2,) s
defined by ®; = 1 if v; € S and w; = 0 otherwise (for i = 1,2,... ,n).
The threshold number ¢t(G) of G = (V, E) 1s the least integer k for which

linear inequalities

a1ty + a2 + ...+ anz, <t

: (6.3)
a1y + ara®2 + ... F apnt, <t

exist such that a subset S of V 1s a stable set of G if and only if its
characteristic vector x = (21, ®2,... ,,) satisfies the above inequalities.
A graph with t(G) <1 is called threshold graph.

Since each subset S of V' corresponds to a corner of the unit hyper-
cube in IR", a threshold graph is a graph for which a hyperplane exists
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that cuts the n-space in half such that the corners of the hypercube
corresponding to the stable sets of G lie on one side of the hyperplane
and the corners of the hypercube corresponding to nonstable sets lie on
the other side. In this interpretation, the threshold number of a graph
is the minimal number of half spaces needed such that their intersection
contains precisely the stable sets of G.

CHVATAL AND HAMMER [14] showed that the threshold number can
be defined in an equivalent way.

Theorem 6.1.2 The threshold number t(G) is the least integer k such
that G is the union of k threshold graphs.

For a given graph G = (V, E), a set of threshold graphs G; = (V, E;)
i=1,...,k, with E = E; U---U E} is a threshold cover of size k. The
threshold number of a graph is therefore the least integer & for which a
threshold cover exists.

We conclude this section by showing that the threshold number of
a graph is identical to the threshold dimension of its complement. Re-
call that the threshold dimension is defined to be the least integer k
such that the graph is the intersection of k threshold graphs. Thus
the threshold dimension of the complement G is the least integer such
that G can be written has the union of the complements of k threshold
graphs. Our claim now follows from the fact that the complement of a
threshold graph is again a threshold graph. The latter 1s a consequence

of Theorem 6.1.3(iz).

Theorem 6.1.3 For a graph G = (V, E), the following statements are
equivalent:

(1) G 1s a threshold graph, i.e. there 1s a linear inequality a;z; +
asy + -+ + apx, <t whose zero-one solutions are precisely the char-
acteristic vectors of the stable sets of G.

(i) G does not contained a Py, Cy or 2K5.

(t1¢) Every induced subgraph Gw contains a dominating or an iso-
lated vertex.

(iv) G can be constructed from one vertex by repeatedly adding an
isolated or a dominating vertez.

Proof. (i) = (i1) Suppose a Py, Cy or 2K, exists and let it be
labeled as in Figure 6.2. Then {vy,v3} and {vs,vs} are stable sets
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‘ Figure 6.2: The forbidden subgraphs of a threshold graph.

whereas {vy,v2} and {vs,vs} are cliques. Therefore every inequality
a121 + ass + - - - + apz, < t has to satisty ay + as < ¢, ag + a4 < t,
ay + as >t and az + a4 > t, which is impossible.

(¢i) = (4ii) Since Gw is Ps-free, by Lemma 3.1.1, every subgraph
Gw is either disconnected or codisconnected. If Gw is disconnected
and has no 2K, then at most one connected component contains edges
and all other connected components are isolated vertices. If G is
disconnected and has no 2K,, the above applies to the complement,
thus G contains at least one dominating vertex.

(17¢) = (iv) follows by induction.

(iv) = (1) We show by induction on the number of vertices that a
linear inequality aizy + as@s + -+ + an2, < t that satisfies (i) exists
such that ay,... ,a, and ¢ are positive integers. If the graph consists

of a single vertex vy, we assign a; = 1 and ¢ = 1. For the induction
; step, we assume that the linear inequality a;x1 4+ asws + - -+ + anz, <t
! has the desired properties. If we add a dominating vertex v,4+1, then
| we assign an41 = t. If we add an isolated vertex vy, then we assign
nt1 =1l and t =2t +1 and a; = 2a; forz =1,... ,n. O

6.2 Previous results

In this section, we review previous results on the threshold dimension.
It is convenient to work on the complement rather than on the graph,
so we consider the problem of finding the threshold number instead of
the threshold dimension.

In a first step, we transform the threshold number problem into a
coloring problem with additional constraints. For this purpose, we need
the notion of alternating cycles and threshold completions.
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An alternating cycle ACyy in a graph G = (V, E) is a sequence of
vertices vo, v1,... ,v2k—1 such that v;v;41 € E for ¢ odd and v;v;11 € E
for ¢ even (indices modulo 2k). Note that, by convention, we always
take vgv; to be a nonedge. The edges v;v;+1 € E for ¢ odd are called
the edges of the alternating cycle. If all the edges of an alternating cycle
belong to S C E, it is an alternating cycle in S. Figure 6.3 illustrates
the only possible AC,; and the only two possible ACss. There are no
alternating cycles smaller than an AC, and, by Theorem 6.1.3(¢) and

Figure 6.2, threshold graphs are precisely those graph without induced
ACYy.

v3 () / \ Vg U2
/ \ ] UO A '
Vs ()] |
| =
Vg ~ o
Vo -T T V1 (%3 (%]
Vo - U1
AC, ACk

Figure 6.3: The alternating cycles ACy and ACs (dashed lines indicate
nonedges).

For a given graph G = (V, E) and a subset S C E, an edge set E’
is called a completion of S if S C E' C E. Furthermore E’ is a P
completion if G' = (V, E') satisfies the graph property P. The problem
of finding a P completion is also known as graph sandwich problem, see
GOLUMBIC, KAPLAN AND SHAMIR [28].

We claim that Algorithm 6.1 solves the threshold sandwich problem.
The algorithm is correct because every vertex in Gy is incident to
an edge in S N E(W), thus, by Theorem 6.1.3(4i7), Gy must have a
dominating vertex. It is also easy to implement Algorithm 6.1 to run
in linear time by storing and updating the degree of the vertices in Gy
similar to the implementation of topological sorting in [27]. Thus we
have

Fact 6.2.1 If an edge set S C E has a threshold completion, then a
threshold completion of S can be found in O(|V ]+ |E|).
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threshold completion
input: a graph G = (V, E) and edge sets S C E
output: a threshold completion T of E

T <+ 0;
W « V(9);
while W # 0 do

if G contains an dominating vertex v then

B W b =

| i S N N e U e
N’ N N S N e e S e N

5 T+ T+ {vwe E(W)};
6 W W —{v}
7 else
8 stop  (* S has no threshold completion *)
9 fi '
(10) od

Algorithm 6.1

Obviously the threshold number problem is equivalent to finding a
minimal partition of E into edge sets for which a threshold comple-
tion exists. A necessary and sufficient condition for the existence of a
threshold completion is the following.

Fact 6.2.2 An edge set S has a threshold completion if and only if G
does not contain an alternating cycle in S.

Proof. Let E’ be a threshold completion of S and let W denote the
set of vertices in an alternating cycle in S. Since every vertex in W
is incident to edges in S(W) and E(W), the graph Gf;, = (W, E'(W))
contains neither dominating nor isolated vertices. It follows from The-
orem 6.1.3(i1) that G’ = (V, E’) cannot be a threshold graph, a contra-
diction to our assumption, which proves the “only if” part.

To prove the “if” part, suppose that S has no threshold completion
and G does not contain an alternating cycle in S. Without loss of
generality, let G be minimal in the sense that S(W) has a threshold
completion in Gy for every W C V. Then every vertex is incident to a
nonedge of G and to an edge in S. So we can grow a path alternating
between nonedges and S-edges until an alternating cycle is obtained. O

In the light of Fact 6.2.1 and Fact 6.2.2, the threshold cover problem
looks like an edge coloring problem.
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Find the smallest integer k for which a partition F1 + ...+ Ey
of E exists such that no alternating cycle has all its edges in
Ei fOl‘iZl,... ,k.

However, the constraint that every E; must not contain an alternating
cycle is much more complex than ordinary graph coloring. It is therefore
natural to look for constraints which are easier to deal with. CHVATAL
AND HAMMER [14] considered minimal ACy—free edge partitions instead
of the more restrictive ACy;—freeness. For this purpose, they defined the
graph G* as follows.

Definition 6.2.3 Two edges xy and vw of a graph G = (V,E) are in
conflict ¢f they are the edges of an ACy, and the conflict graph G* =
(V*,E*) is defined by taking V* = E and by joining two vertices of G*
if the corresponding edges in G are in conflict.

Notation: As in Chapter 4, we write 2y || vw if ,v,w,y is an AC}
and zy || wv if ,w,v,y is an ACy. Thuszy | -+ ||vwor zy || --- || wo
holds for any pair of edges xy and vw in the same connected component

of G*.

Trivially x(G*) < #(G) because a threshold cover of size ¢(G) in-
duces a coloring of G* of the same size. CHVATAL AND HAMMER [14]
asked whether there are graphs G with t(G) > x(G*). COzzENS and
LEIBOWITZ [18] found examples of such graphs for the case x(G*) > 4.
On the other hand, IBARAKI AND PELED [41] showed that ¢(G) = x(G*)
if G* is bipartite and G is a split graph. They also conjectured that
t(G) = x(G*) holds if G* is bipartite. In this chapter, we give a con-
structive proof of IBARAKI AND PELED’s conjecture. In other words,
our main result is

Theorem 6.2.4 If G* is bipartite, then an ACs—free bipartition of G*
can be found in O(|E|?).

The above theorem implies that if the bipartition of G* is unique,
then the color classes of G* are a solution to our problem. In general,
however, the number of connected components k of G* is rather large,
and the number of 2-colorings of G* is 2F.

We prove Theorem 6.2.4 by presenting an O(|E|*) algorithm that
gradually transforms a given 2-coloring of G* into a 2-coloring of G*
without monochromatic alternating cycles. In a first step, we show that
it suffices to avoid the AC; rather than all alternating cycles.
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Theorem 6.2.5 (Corollary 6 in [30]) Let G = (V,E) be a graph
with x(G*) = 2 and let E; and Ey denote the color classes of G. If
G has an alternating cycle in Ey, then G has an ACs in By or Es.

Proof. Since G* is bipartite, there is no ACy in Fy or E;. Let
C = wvg,v1,... ,v9;_1 be a minimal alternating cycle in Fj.

First, we show that v;v;43 € Es if v;,v;41, Vit9, and v,43 are distinct.
If vv,41 € E, then v;v;4+3 € E because C is minimal, and v;v;43 €
E, because v;vi43 || vit1vitz. Otherwise, if v;v;41 € Ej, then the
minimality of C' prohibits v;v,43 € Ey. But vviqg € E would imply
V;Vit1 || VipsVite, thus indeed v;v;y3 € Eq as claimed.

To prove the theorem, let vy, v1,... ,v2;1—1 be a labeling of our mini-
mal alternating cycle C' such that vg,v1,... ,vx is a longest sequence of
distinct vertices. By the above remarks, v;v;43 € B3 fori =0,... ,k—-3.
We distinguish the following cases.

Case 1: k > 5. Since vpvs, v1v4 and vovs belong to Eo, the sequence
Vo, V1, V4, Vs, 2,03 1s an ACg in Fs.

Case 2: k = 4. Since vgvs,v1vys € Fg, either vs = vg or v5 = ve. If
V5 = v, then vovs € E, for otherwise C could be shortened by replacing
vo,...,Us With vg,vs. Furthermore wovs € E; because vovy || vivy,
hence vg, v1,v2,v3,v4,v9 1s an ACs in Fj.

If v5 = vg, then vgvy € E for otherwise we could obtain a shorter
alternating cycle than C by replacing v, ... ,vs with vg, v1,v2,vs. But
vovy € Ey because vgvz || vavs, thus v, vy, v4,v0,v2, vs is an ACs in Es.

Case §: k = 3. Then vy = vy because vgvs € F5. Furthermore, it
is easy to see that the vertices vs, vz, vy and vs are distinct, hence vovs
is in E,. Since k = 3, the vertex vg cannot be different from vs,... ,vs,
thus v = vs. But this is a contradiction as viv, || v5vs.

Case 4: k= 2. Then v = vg. Since k = 2, the vertex vs cannot
be different from vs, v, v4, hence vs = vo. Again this is a contradiction
because vivy || v3vy. O

As we saw in Figure 6.3, there are only two possibilities of an ACs.
We define these two possibilities as follows.

Definition 6.2.6 An ACs vo,...,vs in one of the color classes of G*
is called an alternating polygon of length 5 or 6 (i.e APs and APg for
short) according to the number of distinct vertices in vo, ... ,vs.
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Figure 6.4: An alternating polygon of length 5 and 6.

In Figure 6.4 and subsequent figures, edges in one color class (usually
E,) are indicated by dotted lines and edges in the other color class
(usually E,) by thick lines. As illustrated in the figure, an APs and an
APs force edges in the other color class by the bipartiteness of G*. Thus
an APs vo,... ,vs implies the complementary AP vg, vy, v4, V5,02, V3 I
the complementary color class. Similarly, an APs vp,... ,vs implies the
edges v1vy,v1V5,v2v4 and vovy in the complementary color class. Note
also that all the edges of an AP;5 except possibly vivs and all the edges
of an AP belong to connected components of G* with size greater than
one.

6.3 Recognizing 2-threshold graphs

By Theorem 6.2.5, to prove the main result, it suffices to transform a
given 2-coloring of G* into an ACs-free 2-coloring of G*. We do this in
three parts.

6.3.1 Part1l

In this part, we show how to transform an A Ps-free 2-coloring of G* into
an ACs-free 2-coloring. Parts 2 and 3 show how to obtain an APs-free
coloring.

Theorem 6.3.1 From a given APs—free 2—coloring of G*, an ACs—free
2-coloring of G* can be computed in O(|E|?).
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Proof. In this proof, we call an edge vive € E critical if an AP;
v, ... ,Us exists. Since a critical edge v1vs in an ACy vivs || zy results
in an APs vy, vs,v2,y,x,v1, we conclude that every critical edge vyvs is
an isolated vertex in G*. We claim that the following statement holds.

The 2-coloring of G* obtained by inverting the color of all
critical edges is ACgfree.

Certainly no new AP can arise because every edge e of an AFPs belongs
to a connected component of G* with size greater than one. On the
other hand, all the original AP;s are destroyed. So it remains to show
that no new APs is created.

Suppose the contrary, i.e. that a new APs; wo,... ,ws is created.
Let vo,... ,v5 be the AP;5 in the old coloring that caused vivy = wiws
to change its color. Without loss of generality, we may assume that
v1 = wy and vy = ws.

Note that all considered edges other than vive retain their color
(their connected component in G* has size greater than one). There-
fore {vyg,v5} N {wo,... ,ws} = B, and the situation is as illustrated in
Figure 6.5.

iy, W
iy N
III/I/","““”I I““"“\\\\\\\\\\\

Figure 6.5: A configuration in the proof of Theorem 6.3.1

Since vyv4 and wow, have the same color and wovy; ¢ F, we find that
vawy € E and similarly vsws € E. But vswy || vsws, hence these edges
must have different colors. If vyw, has the same color as vevs, then
U5, V4, Wa, Ws, Wo, v2 15 an AP in the old coloring of G*, and otherwise
V4, V5, W5, W4, Wo, v 1s an APs in the old coloring. Both cases contradict
our assumption that the original coloring of G* is APs—free.



6.3. Recognizing 2-threshold graphs 103

To achieve the desired running time, we observe that the above proof
does not make use of the vertex vg = v3 of the AP5 vg,... ,vs5. Therefore
the argument still holds if we relax the definition of a critical edge and
say that an edge vivs € E is critical when there are vertices vy, vs such
that vivs € F, {vivy,viv5,v204,v205} C E and all these four edges
belong to the complementary color class of vyvy and their connected
components of G* have size greater than one.

The decision whether an edge vyvs is critical or not can now be
made in linear time as follows. Mark all vertices & for which the edges
zv, and zv, are in the complementary color class of vyvs and their
connected components in G* have size greater than one. Then scan
through the adjacency lists of the marked vertices to discover a pair
vy, vs of nonadjacent vertices. Clearly each of these operations can be
done in O(|V| + |E|), which completes our proof. o

6.3.2 Part 2

It remains to construct an APgs-free 2-coloring of G*. In order to study
an APs more closely, we extend our notation.

Definition 6.3.2 The vertices vo,v1 of an APs vo,... ,vs are called the
base of the APs and the edge vyus its front. If in addition vove,vivs € E
and vove, v1v5 belong to the color class of vovs, then vy, ... ,vs is called

a double APs.

Figure 6.6 illustrates a double AP;. Note that the complementary
APs vg,vy,v4, 05, 09,03 1s also a double APs.
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Figure 6.6: A double APs.
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In this part, we transform a given double APs-free 2-coloring of G*
into an APg-free 2-coloring. The next three fundamental facts on APss
are also proved in [30].

Fact 6.3.3 Let vg,... ,vs be an APs and vavs = zoyo || -+ || zryn a
path in G* satisfying {xo,... ,Zn,Y0,--. ,Yn} N{vo,va} = B. Then an
APs with base vy, vy and front xyyy exists.

Proof. We use induction on h. The case h = 0 is just our assumption.
If b > 1, then the induction hypothesis implies the existence of an AP
V0, V1, Yh—1,--- ,Th—1 Or an APs vo,v1,Zp—1,... ,yYn—1. In the former
case, from xp_1yp—1 || zryn and {za,yn} N {vo,v1} = 0 we infer the
existence of the APg vg,v1,Yr—1,Yn, Tk, Th—1. Then the complemen-
tary APg vo,v1,%h, Th—1,Yh—1,Yn satisfies our claim. The latter case is
similarly treated. O

Fact 6.3.4 Letvg,... ,vs be a double APs and vavs = zoyo || -+ || zryn
a path in G*. Then {xo,... ,&h,Y0,--- ,yn} N{vo,v1} =0 and a double
APs with base vo,v1 and front xpyn ezists.

Proof.  Again we use induction on h. The case h = 0 is our as-
sumption. For A > 1, the induction hypothesis implies {zo,... ,zp—1,
Yoy -« sYh—1} N{vo,v1} = § and the double APs vo,v1,Yh—1,--- ,Th—1.
Therefore {z 1, yr }N{vo, v1 } = 8. From this and the fact that x5y yp—_1 ||
*rYn, we obtain the double AFPs vo,v1,Yh—1,Yh, Th, Lhr—1, Whose com-
plementary double APs vg,v1, 24, Th—1,Yr—1, Yn satisfies our claim. O

Fact 6.3.5 Let vg,... ,v5 be an APs and vavs = @oyo || -+ || zhyn @
path in G* satisfying {xn,yr} N{vo,v1} # 0. Then a double APs exists.

Proof. Without loss of generality, we may assume that {zg,... , 251,
Yoy --- ,Yh—1} N {vo,v1} = B. Thus Fact 6.3.3 guarantees either an
APs vo,v1,Yn—1,... ,&p—1 or an AP vg,v1,Th_1,... ,Yr—1. Because

of symmetry, it suffices to discuss the first possibility.

Again without loss of generality, assume that y, = vg as illustrated
in Figure 6.7 (the case z;, = vy is similar). From zp_1ys—1 || ®hyn =
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Figure 6.7: A configuration in the proof of Fact 6.3.5

zhvo, we obtain the APs vg,v1,Ynh—1,v0, Lh—1,Zh, Which also induces
the complementary edges vitp—_1,V1Zh, Yh—1Thr—1 and yp_1Tp.

On the other hand, v1yp_1 is an edge of the AP vo, v1,Yp—1,..- , Th—1
and therefore another edge vy € E with 2y || viys—1 exists. Thus
Thy Tho1,01, 2,9, Yh_1 is a double AP, :

Now we are ready to prove the main result of Part 2.

Theorem 6.3.6 From a given double APs—free 2—coloring of G*, an
APs—free 2—coloring of G* can be computed in O(|E|?).

Proof. Let E; + E5 be the bipartition of G*. We assume there is an
APs vg,... ,vs, for otherwise we are done. With respect to these fixed
vertices vo and vy, let

H = {zy € E |2y is the front of an AP; with base vg, v}

Since Ey + F5 is double APz—free, Fact 6.3.5 and Fact 6.3.3 imply that
if an edge xy belongs to H, then all edges in the same connected com-
ponent C*(xy) belong to H. Therefore, if we swap the color of all edges
in H, we obtain another 2—coloring of G*. For this new 2—coloring, we
assert the following.

No edge i H is an edge of an APs. (6.4)

In order to prove this assertion, we assume that the new coloring has an
APs wo,... ,ws with one of its edges in H, and obtain a contradiction.
Without loss of generality, we assume that wows € H and that wow; €
E;. (We always refer to the “old” coloring if not mentioned otherwise,
thus wg,... ,ws is an APs in the new coloring.) Since wows || wiwa,
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either vg, vy, wo, w1, wy, ws or vo, vy, ws, wy, wi,wp is an APs in E;. The
syminetry allows us to assume the first case.

Figure 6.8 illustrates this situation, including the edges vow;,viwy €
E5 of the complementary AP v, vy, wy, ws, wo,w; in F. The vertices
w» and w3 remain to be specified.

Wy

UHERTTTHTT

HUNUTHHRIBIRTTHITI

Figure 6.8: The base configuration in the proof of Theorem 6.8.6

Since all edges incident to vy or vy retain their color and vowq, viwy €
E,, a choice of wy = vg or w3 = v; would contradict our assumed AP;
wo, ... ,ws in the new coloring. The following possibilities remain.

Case 1: [{’Uo,’vl,’LU(),... ,’U)5}| = 8.

Case 1.1: wywy € H. Then wywy € Ey and wows € E;. From
wywse € H, Fact 6.3.3 implies the existence of an AP in E; with base
vo, vy and front wiwy. But vow; € E2, and therefore vows, viwy € E;
must be edges of this APs. A closer look reveals that vo, vy, w1, wo, ws, wo
is an AFs in E4, thus its complementary AP; guarantees vowg, vqws €
By, as illustrated in Figure 6.9.

Case 1.1.1: wawy € H. The above argument applied to wswy
instead of wywsy results in vows, viws € Ey, which is impossible.

Case 1.1.2: wswy & H. Then wswy € E; and therefore wows € Fy.
Further, since vy w3, wyws € F2 and wsws € E, we must have vyws € E.
Moreover, vyws € Ej, for otherwise vg,v1,ws, wy, w3, ws would be an
APs in E;, which would result in waws,wswy € H, contrary to our
case. Further, as depicted in Figure 6.9, since wovp,viwys € E9 and
vov1 € E, we must have wowy € E. But wow,y € E, implies the double
APs wy,ws, wo,wy,vo,v; Whereas wow, € F, implies the double AP
Wo, Wy, Wy, Ws, Vo, V1, & contradiction to our assumption.

Case 1.2: wywy € H. This case is symmetric to Case 1.1.
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Figure 6.9: Cases in the proof of Theorem 6.5.6

Case 1.8: wywy & H and wywy ¢ H. In this case wiws, wgwy € Ey
and wows, wows € F. Since vogws,wyaws € By and wswy ¢ E, we must
have vows € E. Further, vows € FE;, for otherwise wows, wgwy € H
because of the AP v, vy, wy, ws, wa, ws. The symmetric argument leads
to vywy € Ey, which contradicts vows || v1w2, see Figure 6.10.
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Figure 6.10: Cases in the proof of Theorem 6.3.6

Case 2: vo = wz and vy # ws. If wywe € H, then wows =
wovg € H, a contradiction. Therefore wywy ¢ H, hence wyws € Ey and
wows = wovg € Fy. Further, since wyvp, wows € Ey and vowy & E,
we have wiws € E. But wjws does not have an admissible coloring
because wiws € E, implies the double APs wq, w1, vo,v1,ws, ws and
wiws € Fy implies the double AP wy, ws, vy, v1, wo, wy.
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Case 3: vg # wg and v1 = we. This case is symmetric to Case 2.

Case 4: vg = wz and vy = ws. Then wivi,vows ¢ H, hence
wivy,vows € Ei and wqug,viws € FEa. Since woug,viwy € Eq and
vov1 € E, we have wowy € E. Further, wowy € Eq, for otherwise the
double AP; w4, ws,v1, v, wy,wp exists. The symmetric argument leads
to wyws € Ey, which contradicts wowy || wyws, see Figure 6.11.
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Figure 6.11: Case 4 in the proof of Theorem 6.5.6

Since all the cases above lead to contradictions, we conclude that the
new coloring does not have an APs with an edge in H, and therefore
our assertion (6.4)) holds.

But then the new coloring has fewer AFgs than the old one. Con-
tinuing in this way, we achieve an APs—free coloring in |E| steps. To
show the O(|E|*) running time, it therefore suffices to prove that the
determination whether an AP vo,...,vs exists for a given edge vavs
and the computation of H can be done in O(|V| + |E|).

First we consider the former problem. Since the coloring of G*
is double APs—free, Fact 6.3.5 implies {z,y} N {vo,v1} = O for each
APs wg,...,vs with zy || vevs; hence the AP vo,v1,ve,2,y,vs also
exists. Therefore a fixed edge vsv, conflicting with vovs can be chosen
in advance. The remaining search for the base vo, vy is in O(|V| + | EJ).

As to the computation of H, an edge zy is in H if and only if it is
the front of an AP with base vg,v;. Again, it is easy to see that if such
an APs exists, then an APs with base vo, vy, front zy and an edge vw
must also exist whenever vw || zy. Therefore, the computation of H is

also in O(|V| + | EJ). O
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6.3.3 Part 3

In this part, we present an efficient method to transform a 2-coloring
of G* into a double APs-free 2-coloring, which is the remaining task
according to Theorem 6.2.4. In order to do this, we need a deeper
analysis of the AC,-structure in the presence of an APFs.

We start with studying the connected components of G* for arbitrary
graphs. In analogy to the previous chapters, we call the edges in a
connected component of G* an ACy-class. In the rest of this section,
C* stands for an ACy-class and C*(vw) for the AC,-class that contains
the edge vw. Let P, @) and R denote the sets of V(C*)-universal,
V(C*)-null and V(C*)-partial vertices, respectively. Note that every
edge with one endpoint in ¢} must have the other endpoint in P.

The next theorem analyzes the neighborhood relation between the

vertices in V(C*) and those in V — V(C*).

Vl Vl

1/2 (Z) V2

QD QD

Figure 6.12: Case (z) and (ii) of Theorem 6.5.7.

Theorem 6.3.7 Let C* be a nontrivial ACy-class of an arbitrary graph
G = (V,E). If R#0, then a unique partition V(C*) =V + V? ezists
such that every edge in C* has one endpoint in V1 and the other in V?,
and either

(1) V1 is a clique, V* is a stable set and every vertez in R is V-
wnwersal and V*-null or

(1) VY and V? are cliques and no vertex in R is V'- or V2-partial.

Proof. Let v be an arbitrary vertex in R. Clearly an ACy ab || cd in
C* exists such that v is {a,b, ¢, d}-partial. If v is {a,b}-universal and
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{¢,d}-null, then av || ed, a contradiction to v & V(C*). Without loss of
generality, we may assume that v sees b but misses a. Then v sees ¢,
for otherwise bv || de, a contradiction to v & V(C*). Similarly, v misses
d, because otherwise dv || ba. By induction, every edge in C'* has one
endpoint in V! = N(v) N V(C*) and the other in V2 = N(v) N V(C*).

Next, we show that V! is a clique. Suppose the contrary, i.e. there
are nonadjacent vertices  and z in V1. Since =z is covered by C*, an edge
xy € C* exists. Then v misses y and therefore zy || zv, a contradiction
to v & V(C*).

Since V! is a clique, every pair of conflicting edges in C* induces a
Py or a Cy. We show that either every ACy in C* is a Py or every AC,
in C* is a 4. Suppose that this does not hold. Then ACys ab || ed and
cd || ef in C* exist such that abed is a Py and ¢, d, e, f is a Cy. Clearly
a,d,e € V? and b,c,f € V', thus e is different from a,b,c and d.
Furthermore C* # C*(de) because cv || ed and because v is not covered

by C*. So ab || ed is impossible, hence a sees e. Now cv || ae || de, a
contradiction to v ¢ V(C*).

It remains to prove that (7) holds if every ACy in C* is a Py and that
(17) holds if every ACy in C* is a Cy. We first consider the case that
every ACy in C* is a P,. Assume that V? contains adjacent vertices
a and z. Then there is a P; abed with ab,ed € C*. Now z sees d, for
otherwise cv || az || cd, a contradiction to v € V(C*). Thus we have
shown that given z sees one endpoint of a P, with its wings in C*, then
= sees the other endpoint as well. It follows by induction that z cannot
be covered by C*, a contradiction to our assumption. So V2 is a stable
set. Since every vertex in V! + V? belongs to a P, in Gyiyyz, the
partition V! 4+ V2 is unique and, as we have chosen v arbitrarily, every
vertex in R sees V! but misses V2.

Finally, we prove that if every pair of conflicting edges in C'* induces
a Cy, then (42) holds. To show that V? is a clique, we assume the
contrary, i.e. there are nonadjacent vertices a and = in V2. Let ab || c¢d
denote a Cy in C*. Then ad ¢ E, for otherwise bv || dz || ba, a
contradiction to v ¢ V(C*). By induction,  misses every point V2,
which implies that 2z cannot be covered by C*, a contradiction. So
we have shown that V? is a clique. Since Gy1,y= is connected, the
partition V(C*) = V! + V? is unique, hence every vertex in R induces
the same partition. O

Remark: The above theorem shows that the cover of an AC,-class
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is a module, a special split module or a special cobipartite module.
From the theorems of Chapter 4, it follows that Theorem 6.3.7 can be
used to obtain a unique graph decomposition. A GALLAI-type theorem,
however, does not hold, even if G* is bipartite: The complement of a
Ps is a prime graph with bipartite G* and it has two ACj4-classes which
both cover the whole graph.

If G* is bipartite and therc is a double APs v, ... ,vs5, then Fact 6.3.4
asserts that C* = C*(vqv5) does not cover the whole graph. Now this is
just the interesting case with respect to the recognition of 2-threshold
graphs. So we study this situation in more detail.

Without loss of generality, assume that vg,... ,vs is a double AFs
in F{. From the definition of a double AP and the existence of its
complementary double APs, we derive

?’ovz,vo’vs,’0117277)1715,1)3@4{ C Ey, (6.5)
VU3, VoUs, V103, V104, V205§ & Fo.

Let W stand for the cover of C* = C*(vyvs5), that is, W = V(C*). Note
that vy and vs see both endpoints of vovs, so Theorem 6.3.7 implies
that vo and v, belong to P. Therefore W! = {k € W |wvok € E1} and
W? ={k € W |vok € Ey} is a partition of W.

Lemma 6.3.8 W' + W?2 is a partition of W into cliques.

Proof. Let z and y be nonadjacent vertices in W?!. Then voz,voy €
E,. By Fact 6.3.4, there is a double AP; vg,v1,2,..., hence viz € Ej.
But this contradicts viz || voy. The same contradiction arises if we
assume that & and y are nonadjacent vertices in WW?2. O

Next assume that case (7i) of Theorem 6.3.7 holds. Then vs, vy, v, vs
is a Cy. Without loss of generality, we may assume that a vertex r in
R sees vy, v4 and misses vs,vs. If r misses vo, then vovs || rv4 || vsvs ||
var || vsvg, a contradiction because vovs and vovs have different colors.
But if r sees vq, then vivs || vor || v1vs, again a contradiction because
v1vs and vyvs have different colors.

Therefore either W is a module or Theorem 6.3.7(¢) holds. In the
latter case, vavs || v2vs Induces a Py. Without loss of generality, we
assume that this Py is vov5v3v4.

Lemma 6.3.9 Q URU {vg,v1} is a stable set and
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Figure 6.13: Case (ii) of Lemma 6.3.9.

(t) W is a module or

(11) W — vy — vy is a clique, {ve,v4} is a stable set and every vertex
in I sees every vertex in W exzcept for vo and vy.

Proof.  Since W = V/(C*), vertices in () can only be adjacent to
vertices in P. If a vertex ¢ € @Q sees vy, then vivy || voq || vivs, a
contradiction because vivs and vyvs have different colors. The case
that a vertex in @ sees vy is similar, thus Q U {vg,v1} is stable, which
proves the lemma if R = §.

If R # (), then Theorem 6.3.7(i) holds, thus vov5v3v4 is a Ps. Since
Gw induces a split graph and every vertex in W is in a Py in Gy, the
split partition of W is unique and vy and vs belong to the stable set
in the split partition. On the other hand, the stable set consists of at

most two vertices because of Lemma 6.3.8. So it remains to show that
R U {vg,v1} is stable.

If a vertex r € R sees vg, then vjvs || vor || v1v4, a contradiction
because vivs and vivs have different colors. The case that a vertex
in R sees vy is similar, thus every vertex in R misses vo and v;. If
adjacent vertices r1 and ry in R exist, then vov, || 172 || vovys, again a
contradiction to (6.5). O

The above lemma implies that every ACy vw || 2y with v,w € W
satisfies 2,y € W. The next corollary follows by induction.

Corollary 6.3.10 If vw € E(W), then C*(vw) C E(W).
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Next, we investigate ACy-classes that contain edges between V — W
and W and edges with both endpoints in V — W.

Lemma 6.3.11 If an edge vw with v € V — W and w € W satisfies
C*(vw)NE(V —W) # 0, then v is W-universal and every edge between
v and a vertez in W belongs to C*(vw) and has the same color as vw.

Proof. We first show the lemma for the case that no vw belongs to
an ACy vw || 2y with z,y € V — K.

If v € R, then vvs € E; and vvy € Ey because vvs || vovs and
vvg || vovz, see Lemma 6.3.9(i7) and Figure 6.13. Furthermore y € ¢
because v sees w € W and y misses w. But this is contradiction to the
coloring of vvs and vvs because vvg || zy || vvs.

So v is W-universal. If y € Q, then 2y || vz for every vertex z € W,
thus every edge between v and a vertex in W belongs to C*(vw) and
has the same color as vw.

If y € R, then * € P and vvs || zy || vvg. By Lemma 6.3.9(47),
ve misses v4, hence Gw is connected. Thus every vertex zg € W is
connected to either vy or vy by a path of length 2k + 1, say 2o, ... , z2k.
Therefore vzg || @21 || vaz || w23 || -+ || vz2k With zor = v2 or 22 = vs.
So again every edge between v and a vertex in W belongs to C*(vw)
and has the same color as vw.

It remains to show our lemma in the general case. Let zoyo || 21y ||
-+« || x+1Yr+1 be a path in G* that connects vw = zgyp with an edge
Tr+1Yr+1 in E(V — K). Furthermore, let 2x41vp41 be the first edge
in this path with both endpoints in V — W and let 2 € V — W and
yr € W. We have already shown that our lemma holds for z;yx. By
induction, it suffice to prove that it holds for z_1yr—1.

Clearly zx—; € V — W and yr—1 € W. Since no vertex is G-
dominating, every edge between z;_; and a vertex in W belongs to
an AC, whose other edge connects x; with a vertex in W. Therefore
every edge between xy-1 and W belongs to C*(zryx) = C*(vw) and
has the same color as ®xyy. Finally, if ¢;_1 were not W-universal,
then xx_1 € R, hence x;_1v5 || vovs and zx_1vs || vovy and therefore
Tr—1vs € Fp and zp_jv3 € FE,, a contradiction because every edge
between z;_; and W has the same color. ]

Let vw be an edge as described in the above lemma and suppose
that vw is the front of an double APs ko,k1,v,...,w. Then vvy and
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vvg belong to C*(vw) and have the same color. By Fact 6.3.4, both
ko, ka,v,... ,v9 and ko, ko, v,... ,v3 are double AFgs in the same color,
a contradiction to kovsz || k1vs. So the following corollary holds.

Corollary 6.3.12 If an edge vw withv € V — W and w € W satisfies
C*(vw) N E(V — W) #£ 0, then vw cannot be the front of an APs (in

any 2-coloring of G*).

Based on the structural results obtained so far, we propose the fol-

lowing recursive procedure to compute a double APgs-free 2-coloring of
the edges of G.

(1) Replace W? and W? with nonadjacent marker vertices w; and ws.
(1) Compute a donble APg-free 2-coloring in Gy and in Gv—ww, +ws-

(i77) Construct a 2-coloring of the edges of G by coloring
vw with v,w € W as in Gw,
vw with v,w € V — W as in Gy _wtw; +ws»
vw withv e V—-W and w € W! as vw, in GV —W4w, +w, and
vw with v € V — W and w € W? as vws in Gv —Wtw, +ws-

(iv) Assign to vw the color E4
if weW!andveW!or »
fweW!'andveV —W and C*(vw)NE(V — W) =0.

(v) Assign to vw the color Foy
if weW?andveW?or
ifweW?andveV—Wand C*(vw)NE(V — W) = .

The next theorem proves that the computed 2-coloring is indeed a dou-

ble AP;s-free 2-coloring of G*.

Theorem 6.3.13 If the 2-coloring of Gw and Gv_wiw, +w, 1S double
APs-free, then (it%), (iv) and (v) construct a double APs-free 2-coloring
of G.

Proof. In a fist step, we show that the coloring computed by (7#7) to
(v) does not contain an ACy in E; or Es. This holds for the coloring
computed by (7i7) because every AC, in G has a corresponding AC,
either in Gw or in Gy _w4w, +w, With the same colors, so it suffices to
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consider edges vw in ACys that might change their color in (iv) and
(v).

If an edge vw has its endpoints in W1, then z,y € W? for every
AC, vw || zy because W1 is a clique and =,y € W by Corollary 6.3.10.
So ACys with one edge in E(W) are colored properly by (iv) and (v),
and it remains to discuss ACys with an edge between V and W.

If an edge vw satisfies v € V-W,w € W' and C*(vw)NE(V -W) =
0, then no ACy vw || 2y has * € W and y € V — W, for otherwise v
and y would have to be R-vertices, which is impossible because v sees
w € W whereas y misses w. Thus every edge zy in an AC, vw || 2y
satisfies © € V — W and y € W. Moreover y € W? because W* is
a clique. Therefore vw and zy received their colors in (iv) and (v),
respectively, and the AC, vw || 2y is therefore properly colored. As the
case v € V — W, w € W? is similar, the coloring constructed in (i),
(tv) and (v) is indeed a 2-coloring of G*.

To show that the constructed 2-coloring contains no double AP, we
assume that a double APg ug, ... ,us exists and show that this assump-

tion leads to a contradiction. Without loss of generality, let ug,... ,us
be an AP in Eq, thus

Euouz, u0u5aulu2aulu5au3u4} C Ey, (6.6)
UoU3, U4, U U, U1Us, U2us | C Es.

Because of symmetry, it suffices to distinguish the following three cases.

Case 1: ug,us € W. Then Corollary 6.3.10 implies uz,uy € W.
Since wsus € FEs, not both us and us belong to W1 because of (iv).
Without loss of generality, let u, € W2.

If uo € V. — W, then C*(uouz) N E(V — W) # @, for otherwise
uoty € Ey by (v). So Lemma 6.3.11 applies to ugus and ugus has the
same color as upus, a contradiction to (6.6).

Ifuo € W, then uy; € W because of ugus || u3us and Corollary 6.3.10.
Since ugua,uus € Fy and us € W2, by (v), both ug and u; must belong
to W?2. But this is a contradiction because W? is a clique.

Case 2: us € W and us € V—W. From Corollary 6.3.12 follows that
C*(ugus) N E(V —W) = (). Therefore us € W or uy € W. Furthermore
uz € W? because of (v).

If up € V — W, then C*(uouz) N B(V — W) # 0, for otherwise
uouy € Fy by (v). From Lemma 6.3.11 follows that every edge between
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uo and a vertex in W has the same color as ugus, thus us and u4 cannot
belong to W. But this contradicts ug € W or uy € W.

The same contradiction arises if uy € V—W, thus ug,u; € W. Since
uy € W2 and uousz,uius € Ey, by (v), both ug and u; must belong to
W1, But this is impossible because W1 is a clique.

Case §: us,us € V— W. Then us,uqy € V — W, for otherwise we
consider the complementary double AP ug,u1,uq, us5,us,us and are
back in Case 1 or 2. Furthermore ug,u; € V — W cannot hold, as
otherwise the same AP would be contained in Gv w4, +w,. 90 %o €
W or uy € W. Since uous || v1u3 and by Corollary 6.3.10, we may
assume that ug,u; € W.

Let ug € W' and u; € W? without loss of generality. Then both
C*(uiu2) N B(V — W) # § and C*(uyus) N E(V — W) # ( because
otherwise ujus € F2 and wjus € E; by (v). Now Lemma 6.3.11 ap-
plies to ujus and uius, hence ugus € C*(uius) and uous € C*(uyus),
thus none of the edges of our double AP; received its color in (iv) or
(v). Therefore wy,wsy, uy, us, g, us is a double APs in Gv_wiw,+wsy, &
contradiction to our assumption. g

The following theorem together with the foregoing theorems estab-
lishes the claimed running time to cover GG with two threshold graphs.

Theorem 6.3.14 A double AFPs—free 2—coloring of G* can be computed
in O(JE|?).

Proof. The initial computation of G* and its 2-coloring can be carried
out in O(|E|?). When replacing W = V(C*) with marker vertices, G*
can be updated by relabeling and deleting vertices of G*, hence all these
updates can also be made in O(|E|?).

For the search for the double APss, we exploit the fact that a given
edge zy € E;, 1 € {1,2}, is the front of a double AP if and only if
|C*(zy)| > 1 and the set L = {v € V]av € E— E; and yv € E — E;}
is not a clique. Observe that the vertices in L can be marked in O(|V'{)-
time. To obtain a nonedge in L, if any, simply build and use the adja-
cency lists of Gz. The running time for all those searches is therefore

O(|E). O



Chapter 7

Cobithreshold graphs

In this chapter, we study the recognition of cobithreshold graphs. HAM-
MER AND MAHADEV [31] called a graph cobithreshold if it is the comple-
ment of a bithreshold graph, and they defined a graph to be bithreshold
if it is the intersection of two threshold graphs and every stable set
of the graph is stable in one of the two threshold graphs. Since the
complement of a threshold graph is again threshold, we can define co-
bithreshold graphs as follows.

Definition 7.0.1 A graph G = (V, E) s cobithreshold if it is the union
of two threshold graphs Ty and Ts such that every clique of G s also a
clique of Ty or Ty.

The two threshold graphs 7,75 in the above definition are also
called a cobithreshold cover. Clearly, a cobithreshold cover is a threshold
cover of size 2, thus cobithreshold graphs are a subclass of 2-threshold
graphs. Besides being 2-threshold, cobithreshold graphs are interesting
because of their connection with Boolean functions [53].

In [31], HAMMER AND MAHADEV proposed an O([V|*) algorithm
for recognizing cobithreshold graphs. In search of faster recognition al-
gorithms, subclasses of cobithreshold graphs were considered. Indeed,
HAMMER ET AL. [33] and PETRESCHI AND STERBINI [64, 65] found lin-
ear time algorithms for the recognition of bipartite cobithreshold graphs
and strict 2-threshold graphs, respectively. In [1], DE AGOSTINO ET AL
suggested reducing the recognition problem for cobithreshold graphs to
the recognition of bipartite cobithreshold graphs to achieve an O(|V|?)

117
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recognition algorithm. The first substantial improvement for the gen-
eral case, however, is due to RASCHLE AND STERBINI [68], who found
a linear time algorithm for recognizing cobithreshold graphs.

This chapter describes RASCHLE AND STERBINI’s approach. The
next section contains results on threshold and 2-threshold graphs as far
as they go beyond those of Section 6.1 and Section 6.2. In Section 7.2,
we describe a new threshold completion algorithm and a new linear
algorithm for testing whether a threshold cover is a cobithreshold cover.
Those algorithms are needed in Section 7.3 to solve the recognition
problem for some special classes of graphs. The general case is then
treated in Section 7.4.

7.1 Background and terminology

The following result on threshold graphs is needed for testing in linear
time whether a threshold cover is a cobithreshold cover. Let G = (V, E)
be a graph and let §; < ... < 0 denote the distinct, positive degrees
of the vertices with do = 0 (even if no vertex of degree 0 exists). The
degree partition of V is then given by V = Dg + Dy + ... + D, where
D; is the set of all vertices of degree 4;.

Theorem 7.1.1 Let G = (V, E) be a threshold graph with degree par-
tition V = Do+ Dy + ...+ D,,. Then a vertez v € D; sees a vertex
w € Dj if and only +f 1 + 7 > m.

Proof. This proof is by induction on the number of vertices in G. If
G consists of a single vertex, we are done. For the inductive step, let
Do+ - -+ D, denote the degree partition of the graph G before we added
the isolated or dominating vertex v, according to Theorem 6.1.3(iv).

If vy, is isolated, then the new vertex partition is (Do U{v,})+ Dy +
-+ =+ Dy,. Similarly, if v, is dominating and G contains a dominating
vertex, the new vertex partition is Do + -+ + Dm—1 + (Dm + {vn}).
Finally, if v,, 1s dominating and G contains no dominating vertex, then
Do # § and the new vertex partition is D{ + D} +---+ Dl + D}, | +
Dy, with D =0 and D2 = {vp} and D = Dy fori=1,... ,m+
1. In every case, it is easy to see that the theorem holds. O

If a graph is 2-threshold, its conflict graph G* must be bipartite. It
is therefore easy to see that a C5 and the graphs F5 and F3 in Figure 3.1



7.1. Background and terminology 119

are not 2-threshold, thus Theorem 3.4.4 implies the following.

Fact 7.1.2 If a cobithreshold graph G is not split, the complement of
an Fy or a Py abed such that be belongs to an ACy can be found in
linear time.

Let T and 75 be the two threshold graphs in a 2-threshold cover or in
a cobithreshold cover. Since both have the same vertex set V', we usually
identify 77 and T3 with the corresponding edge sets. Furthermore, we
refer to the edges in Ty and 7% as the black and red edges, respectively,
and call the resulting 2-coloring of the edges of G a 2-threshold coloring
or a cobithreshold coloring. Note that, unlike the 2-colorings in the
previous chapter, an edge in G can be red and black at the same time,
that is, it can be bicolored.

On the other hand, in a 2-threshold coloring, no bicolored edge be-
longs to an ACY, and the two edges of an ACy must receive different
colors. We call a 2-coloring of the edges of GG that satisfies the above
conditions a proper 2-coloring of G. Furthermore, we say that a clique is
uniformly colored if every edge in this clique has the same color. Clearly,
every clique in a cobithreshold coloring is uniformly colored.

As in Definition 6.2.6, an ACs with all its edges in the same color
is called alternating polygon of length 5 or 6 depending on the number
of vertices involved, see Figure 6.4. In the figures of this chapter, red
edges are indicated by dotted lines and black edges by bold lines, thus
Figure 6.4 shows a red APs and a red AP;.

Lemma 7.1.3 A proper 2-coloring can be extended to a cobithreshold
coloring in linear time if every cligue 1s colored uniformly and every
edge in an APs belongs to an ACY.

Proof. Since every clique is uniformly colored, it suffices to show
that we can color additional edges such that both the red edges and the
black edges are edge sets of threshold graphs. By Theorem 6.2.5, this
is equivalent to proving that no AP5 or APg exists.

In an AP5 vg,... ,vs, the edges vovs and vzvy are in ACys. But our
coloring is proper and every clique is uniformly colored, so v1v, must be
bicolored because of vivy || vovs and because of the triangle {vy, vy, v4}.
Hence v vy 1s in no ACY, a contradiction.

In an APs vg,... ,vs, the edges vovs, vivs and v3vy belong to AC,s.
Furthermore, vy misses v and vy misses vs, as otherwise the triangles
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{vo,v2,v5} or {v1,vs,v5} would not be uniformly colored. So vovs ||
vov1, a contradiction as vovs and vyvg have the same color. a

In the rest of this chapter, we develop an algorithm that computes
a cobithreshold coloring whenever the given graph is cobithreshold. To
begin with, we give two rules which allow us to infer the color of further
edges in a cobithreshold coloring provided that we already know the
color of some other edges in that cobithreshold coloring. Those rules
follow easily from the fact that no edge in an AC4 can be bicolored and
that every clique is uniformly colored.

Rule 1: I[fvw || 2y, then zy recewes the color different from the
color of vw.

Rule 2: If a cligue C contains v and w and vw belongs to an ACy,
then every edge between vertices in C' receives the same color as vw.

In the next section, we show that coloring the edges in the ACys
suffices to compute a cobithreshold coloring of G.

7.2 Threshold completions

Let G = (V, E) be a graph and E;, E; C E edge sets that satisfy
ab,cd € E1 U E, for every ACy ab || ed in G. (7.1)

We claim that Algorithm 7.1 computes a threshold completion T of E;
if threshold completions of E; and E, exist.

If line 13 is never executed, it follows from Theorem 6.1.3(iv) that T}
is a threshold completion of F;. So suppose that Algorithm 7.1 stops at
line 13. Then Gy contains neither an isolated nor a dominating vertex
and either W =0 or W # 0 and Wyq = 0. If W = 0, then, since Gy
is not a threshold graph, an AC, ab || cd exists such that both edges
belong to Ey, thus Ey has no threshold completion. Otherwise, if W # ()
and Wy4 = 0, then Gy has no dominating vertex. But every vertex in
Gw is incident to an edge in E(W) N Ey, hence Ey has no threshold
completion.

Algorithm 7.1 runs in linear time as the number of vertices in W4
is proportional to the number of edges incident to the vertex u chosen
in line 15, and u is removed during the next execution of the while loop.
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threshold completion
input: a graph G = (V, E) and edge sets E{, B2 C E as in (7.1)
output: a threshold completion 77 of Ey

T+ @,
U+V;
while U # () do
if Gy contains an isolated vertex u then
U«U — {u}
elsif Gy contains a dominating vertex u then
Tl — T1 + {uv € E(U)},
U+U—{u}
else  (* no vertex in Gy is isolated or dominating *)
W« V(EsNEWU));
Wed & {w eU | w 1s W-universal or dominating in Gw }
ifW =0or Wy; =0 then
stop (¥ E1 or E5 has no threshold completion *)
fi;
choose u € Wyq with maximal degg,, (u);
U+ {u} + Nay (u)

= R e el R e e s e S N N
XTI U WN MO WOOW~ITO Ok W
N e N SN M N N M N S M S e e e N SN N

SN AN TN TN TN AN AN N N

od
Algorithm 7.1

The following lemma states that a maximum threshold completion exists
and that it is computed by our algorithm.

Lemma 7.2.1 Let Ty denote the threshold completion of E1 computed
by Algorithm 7.1. Then every threshold completion T of E; satisfies
) CTy.

Proof. Let T| denote an arbitrary threshold completion of E;. Clearly,
the removal of an isolated vertex in Gy does not affect any threshold
completion. Similarly, as all edges incident to a dominating vertex in
Gy are added to Tj, the removal of a dominating vertex in Gy does
not lose any edge relative to T{. So assume that Gy contains neither
isolated nor dominating vertices and therefore W # () £ W, 4.

We claim that « is dominating in Gyy,,. Suppose a vertex w € Wy 4
exists that does not see w. Then from our definition of W,; follows
u,w € U — W. In this case, W is a clique because two nonadjacent
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vertices z,y € W would induce uz || wy which contradicts uz, wy ¢ E;.
Similarly, a vertex ¢ in Ny(u) — W cannot miss a vertex y in W, as
otherwise uz || wy, again a contradiction to uz,wy ¢ E;. So every
vertex v € W is dominating and satisfies degy;(v) > degy(u), which is
impossible as we have chosen u as the vertex with maximal degree in
Gy, thus indeed u is dominating in Gw,, .

Next we claim that N{w] C N{u] for every w € W,4. Otherwise,
since u sees w, a vertex y € N(w) — N[u] exists. Similarly, since
degr(u) > degy(w), a vertex ¢ € N(u) — Nw] also exists. But
uz, wy ¢ Ey because u and w belong to W4, a contradiction to uz || yw,
which proves our claim. Therefore, no edge vw incident to a vertex v in
U — NJ[u] can belong to T, so the removal of U — N[u] in line 16 does
not lose any edges relative to 7. O

Corollary 7.2.2 Given a graph G = (V, E) and edge sets Ey, Ey such
that every ACy ab || cd satisfies ab,cd € Ey U Ey. Then Algorithm 7.1
applied to Ey and Ey computes a cobithreshold cover T\, Ty with F4 C 1)
and E9 C Ty if such a cobithreshold cover ezists.

Therefore a cobithreshold cover 77,74 with Ey C T} and Ey C T,
exists if and only if the two threshold graphs 77 and 7% computed by
Algorithm 7.1 constitute a cobithreshold cover. To test whether 77,75
is a cobithreshold cover, we have to verify that £ = T3 U T and that
every clique of GG is also a clique of T} or T5. The first task is trivial, so
it remains to discuss how to perform the second.

Let Do, D1,...,Dn denote the degree partition of 7. By Theo-
rem 7.1.1, a vertex in D; sees a vertex in D; if and only if ¢ + 7 > m.
We claim that Algorithm 7.2 stops at Line 15 if and only if a clique C
of G exists such that precisely one edge of C belongs to Ty — T» but C
is not a clique of T3.

Let vw be an edge in Ty — 15 with v € D; and w € D; such that
t <j,andlet K = Dg + Dgy1 + -+ Dy, where k = m — 1 + 1. Since
vw does not belong to Ty, we have ¢ + j < m and therefore 2i < m,
hence j +k > i +k > m and 2k > m. In other words K U {v,w} is a
clique of G and vw is the only edge not in T5.

Let C' denote an arbitrary clique C' of G such that vw is the only
edge in C' that belongs to 77 — T,. Then every vertex different from v
and w in ¢’ must belong to K, hence C C K+{v,w}. To make sure that
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cobithreshold cover test
input: a graph G = (V, E) with 2-threshold cover T1, 7> and
the degree partition Do, Dq,... , Dy, of Ty

forall v € V do
alv]<m+1
od;
c—m+1;
forall vw € Ty} — 15 do
let v € D; and w € D; with 1 < 7;
kem —1+1;
a[v] < min{a[v], k};
alw] + min{a[w], k};
¢+ min{c, k};
od;
forall vy € 7> — 17 do
let * € Dy and y € D; with h > I
if { > cor h > aly] then
stop  (* T1,T% is no cobithreshold cover *)

O =

fi
od

| s i el e e B o e e R
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Algorithm 7.2

C has no edge in Ty — T, it suffices to verify that every edge between
vertices in K and every edge uv and ww with v € K belongs to T7.

The edges between vertices in K are precisely those edges zy with
¢ € Dy and y € D; where h > [ > k. Similarly, as k = m — 1+ 1 and
¢ < 7, edges between K and v or w are precisely those edges xy with
z € Dy and y € Di, h > 1, for which h > k and y = v or y = w.

In the algorithm, the variable ¢ holds the smallest value k for any
vw € T) — Ty, and afu] stores the smallest value k for an edge vw €
Ty — T3 with u = v or v = w. Therefore all edges vy € T — T1 with
¢ € Dy and y € Dy, h > 1, satisfying [ > ¢ or h > a[y] belong to a clique
with precisely one edge in 77 — 75, thus the algorithm stops at Line 15
if and only if a clique exists with precisely one edge in Ty — T and at
least one edge in Ty — T.

If we exchange T} and T3 in Algorithm 7.2, the resulting algorithm
stops at Line 15 if a clique C of G exists with precisely one edge in
Ty — T} but C is not a clique of T5.
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If a clique of G is neither in Ty nor in 75, then it has at least one
edge vw € Ty — Ty and another edge zy in Ty — 74, thus {v,w,z,y} is a
clique of size 3 or 4 that is not in T} or T5. But a clique of size 3 that 1s
not a clique of T} or T3 has precisely one edge in 77 — 75 or precisely one
edge in Ty — Ty. Therefore either the above algorithm or the algorithm
with 7t and T exchanged stops whenever such a clique exists.

Now assume that every clique of size 3 is a clique of T} or T5. Then
a clique of size 4 that is not a clique of T or T has precisely one edge
that belongs to T3 — T5. Therefore Algorithm 7.2 also detects those
cligues, and the following lemma holds.

Lemma 7.2.3 Given a graph G and two edge sets Ey C E and Ey C E
such that ab,cd € FyU Es whenever ab || cd in G. Then there is a linear
time algorithm that either computes a cobithreshold cover Ty,Ty of G
with By C Ty and Ey C Ty or decides that no such cobithreshold cover
exists.

7.3 Special classes of cobithreshold graphs

In this section, we show how to recognize some special classes of co-
bithreshold graphs in linear time. We start with cobithreshold split
graphs.

Since a split graph has no (Y, it cannot contain an AP;; thus, by
Lemma 7.1.3, it suffices to find a proper 2-coloring of G that colors
every clique uniformly. But every AC, in a split graph is a Py abed
with a,d € S and b,¢c € K. So we may bicolor every edge between
vertices in K. Every maximal clique not contained in K can be written
as {v}UN(v) with v € S, hence the color of such a clique can be assigned
to the vertex v.

Let S denote the graph with vertex set S such that two vertices ¢ and
d are adjacent in S if there is a Py abed in G. Then G is cobithreshold
split if and only if S is bipartite. We claim the following.

Lemma 7.3.1 For a split graph G = (V, E) with V = S+ K, a spanning
forest of S can be computed in linear time.

We restrict ourselves to graphs in which no two vertices in S have
the same neighborhood. If a graph fails to satisfy this property, we
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generate a new graph G,upst by removing copies of such a vertex. A
spanning forest of Sis readily obtained from a spanning forest of Soubst
by connecting the copies of a vertex v to one vertex adjacent to v in the
spanning forest of Soubst-

Lemma 7.3.1 follows from the two subsequent Lemmas.

Lemma 7.3.2 Let G = (V, E) denote a cobithreshold split graph with
stable set S and clique K such that no two vertices in S have the same
neighborhood. Then at most two vertices have the same degree and

VI* = O(E]).

Proof. To begin with, we show that at most two vertices in .S have the
same degree. Every pair of vertices a and d in S with deg(a) = deg(d)
belongs to a Py abed, i.e. @ and d are adjacent in S. Thus more than
two vertices in S with the same degree would induce a triangle in S , &
contradiction because S must be bipartite.

Let A denote the maximal degree of a vertex in S. Then |K| > A
and, since at most two vertices in S have the same degree, |S| < 2A;
thus |S| = O(|K|) and therefore |V | = ( {)? = O(|K|?). But K
is a clique, hence |K|? = O(|E|) and |V|? = O(|E|) as claimed. O

Lemma 7.3.3 Guwen a cobithreshold split graph with stable set S and
chiqgue K such that no two vertices in S have the same neighborhood.
Then a spanning forest of S can be computed in linear time.

Proof. Forevery vertex w in K, let wy,;, denote a vertex with minimal
degree in N(w) N S and let wpyax denote a vertex with maximal degree
in N(w) N S. By Lemma 7.3.2, those vertices can be found in linear
time. Let F be empty. We scan the vertices v in S and, for every
vertex u € N(v) with deg(wmin) < deg(v), we add an edge vy to F.
Similarly, for every vertex w € N(v) with deg(wmax) > deg(v), we add
an edge vWmax to F. Again by Lemma 7.3.2, this can be done in linear
time. We claim that (S, F) is a spanning forest of S.

Note that for each pair of vertices a and d in S with deg(a) > deg(d),
a Py abed exists if and only there is a vertex w in K such that w sees
d and misses a. Therefore all edges vuy;, and vwyay belong to S. To
show that (S, F) is indeed a spanning forest, we suppose the contrary.
Then a Py abed exists such that a and d belong to different connected
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components of (S, F). Without loss of generality, let deg(a) > deg(d).
Now deg(emax) > deg(a) > deg(d) > deg(cmin) and, by construction,
acmin and degax belong to F. But this is a contradiction as ¢minCmax
also belongs to F. 0

Next, we consider cobithreshold graphs that contain a Py abed such
that bc belongs to an ACj.

Lemma 7.3.4 Let G be a cobithreshold graph and let abed denote a Py
in G such that be belongs to an ACy. Then a cobithreshold coloring of
G can be computed in linear time.

v
A Y a o oMy
v v
E/ >§<<FA ¢
a0 b 5 o % a b oMY
v v
H 1 T
o1 My PN SR

Figure 7.1: All possibilities of a P, together with a fifth vertex v.

Proof. Up to symmetry, the Py abed together with a fifth vertex v
induces one of the graphs depicted in Figure 7.1. Except for the Cj,
all graphs A, B,... ,I are cobithreshold. We say a vertex v is type
A, B,... ,Iif v and the Py abcd induce either the corresponding graph
in Figure 7.1 or its symmetric counterpart, e.g. a B-vertex either sees
b, ¢ and d and misses a or sees a, b and ¢ and misses d.

Without loss of generality, let ab be black. In the rest of this proof,
we give an algorithm for coloring the edges of GG based on the color of ab
and be. Since we can execute this algorithm twice, once with bc¢ colored
black and another time with bc colored red, by Lemma 7.2.3, we may
assume that we know the color of be.

In Step 1 and 2, we show that the color of ab and bc implies the
color of every edge in G that has no endpoint of type 7 and that this
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coloring can be found in linear time.

Step 1: Edges with at least one endpoint in {a,b,c,d}. The color
of ab and the repeated application of Rule 1 determines the color of a
number of edges in Figure 7.1. These edges are indicated by bold lines
if they are black and by dotted lines if they are red (e.g. in E, the edges

cd and vd are red whereas be and bv are black because of ab || ¢d || vb
and ab || vd || cb).

Furthermore, by Rule 2, the edges in the cliques {a,b,v}, {b,¢c,v}
and {c¢,d,v} receive the same color as ab, bc and cd respectively, and
the color of av in C' is determined by Rule 1 because of bc || va. Thus
all edges with at least one endpoint in {a, b, ¢, d} are colored.

Step 2: Edges between vertices in V — {a,b,c,d} except for edges
incedent to type I vertices. Let vw denote such an edge, i.e. v,w €
V —{a,b,c,d} and neither v nor w is type I. Depending on the neigh-
borhood of v and w relative to b and ¢, we distinguish the following cases.

Case 1: v or w s {b,c}-partial. Without loss of generality (sym-
metry), suppose that v sees b but misses ¢. Then v is type C, D, E or
H, hence vb belongs to an ACy. If w misses b, then vw || ¢b and vw can
be colored according to Rule 1. Otherwise, if w sees b, then {b,v,w} is
a clique and, by Rule 2, vw receives the same color as vb.

Case 2: v and w are {b, c}-universal. Then {b,c,v,w} is a clique,
Rule 2 applies and vw receives the same color as be.

Case 3: v and w are {b,c}-null. Then vw || be, hence vw can be

colored by Rule 1.

Case 4: v is {b, c}-universal and w is {b, c}-null or vice versa. Be-
cause of symmetry, it suffices to discuss the former case. So v is type
A, B or F and w is type . Furthermore, suppose that w sees d (the
symmetric case is similar). If v misses d, then vw || de and vw is black.
Otherwise, if v sees d, then {d,v,w} is a clique and, by Rule 2, vw may
be colored in the same way as wd.

Step 2 again takes linear time if we precompute which of the above
cases applies to which graph in Figure 7.1 (or its symmetric counter-
part).

After the completion of Step 2, only edges incident to type I ver-
tices are not colored. Furthermore, in the rest or this proof, we only use
the fact that be is colored, not the assumption that bc belongs to an AC,.
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Observation 1: The set of all type I vertices is stable. An edge vyvy
between two type I vertices satisfies ab || vivs and ed || vivs, thus a
third color would be required.

Observation 2: The set of all type A wvertices is a clique and every
edge between type A vertices is bicolored. Let wy and ws be two type
A vertices. Because of the clique {a,b,w;} and {¢,d, w1}, the edge bw,
is black and cwy is red. If wy misses wy, then bwy || dws and cw, || aws,
so bw; cannot be red and cw; cannot be black, a contradiction because
of the clique {b,c, w;}. Thus w; and ws are adjacent and, by Rule 2
applied to the cliques {a,b, w1, w2} and {c,d,wy,w2}, the edge wiw,
must be bicolored.

Step 3: Edges vw between type I vertices v and vertices w of type
B,...,H. It is easy to verify, see Figure 7.1, that a P; wzy exists
with @,y € {a,b,¢,d}. Clearly, this P3 can be extended to a Py vwzy,
thus the color of vw follows from applying Rule 1. Since the color of
vw solely depends on the color of ab, be, cd and on the type of w (or its
symmetric counterpart), Step 3 can be carried out in linear time.

For the remaining steps, we need some further precomputation.

e For each type I vertex v, let n(v) denote a vertex of type B, ... , H
that sees v, or let n(v) = 0 if no such vertex exists.

e For each type A vertex w, let m(w) denote a vertex of type
A, ..., H that misses w, or let m(w) = 0 if no such vertex ex-
ists.

Obviously, the values n(v) and n(w) can be computed in linear time.

Step 4: Edges incident to type I vertices v which see some type A
vertices w with m(w) # 0. Since m(w) is of type A,... ,H, it sees a
vertex ¢ € {a,b,c,d}. But zm(w) is already colored and vw || m(w),
hence the color of vw can be determined by Rule 1. Furthermore, every
type A vertex z that sees v but satisfies m(z) = 0 sees every vertex w,
hence {v,w,z} is a clique and vz receives the same color as vw. Since
edges between v and a vertex of type B,... , H were colored in Step 3,
the color of every edge incident to v is determined, and it should be
clear that Step 4 can be carried out in linear time.

Step 5: Edges incident to type I vertices v with n(v) # 0. Be-
cause of Step 3, it again suffices to color edges between v and type A
vertices w. Moreover, we may assume that m(w) = 0, as otherwise the
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edges incident to v were colored in Step 4. Therefore w sees n(v) and
{v,w,n(v)} is a clique. From the argumentation in Step 3 follows that
vn(v) belongs to an ACy, so Rule 2 applies and vw must be colored as
vn(v). So Step 5 is linear.

Now let S' denote the set of all type I vertices v that
(i) are not adjacent to a type A vertex w with m(w) # 0 and
(12) satisfy n(v) = 0.

Note that the uncolored edges are precisely those edges incident to a
vertex in S. Furthermore, let K = N(S). Because of (ii), every vertex
in K is of type A and, because of (i), every vertex w in K misses only
vertices of type 1.

The next Step again requires some precomputation. Let X denote
the set of all type I vertices x that see a vertex r(x) ¢ K. Furthermore,
for every vertex w in K, let s(w) denote a vertex in X that misses w,
or s(w) = 0 if no such vertex exists. Clearly r(z) and s(w) can be
computed in linear time.

Step 6: FEdges in ACys that are not entirely in Gsyx. For ev-
ery vertex v in S that sees a vertex w € K with s(w) # 0, a Py
vwr(s(w))s(w) exists. Since r(s(w)) ¢ K, the edge r(s(w))s(w) was
colored in Step 1 to 5, so Rule 1 determines the color of vw. Further-
more, as {v} U N(v) is a clique, every edge incident to v receives the
same color as vw. Clearly, this can be achieved in linear time.

Now let vw || zy be an ACy with v € S but not entirely in Gsx.
Then y cannot belong to S. On the other hand, as w is type A and
m(w) = 0, the vertex y must be of a type I. Therefore either n(y) # 0
or a type A vertex u adjacent to y satisfies m(u) # 0. In both cases, y
sees a vertex z ¢ K and a P, vwzy exists, so y € X and s(w) # 0, i.e.
every edge incident to v and therefore every edge in an AC, is colored
by the above procedure.

Step 7: Regarding the ACys in Gstk, we compute a spanning
forest of S as described in Lemma 7.3.1. Then we color the connected
components of S in accordance with the colored edges in Step 1 to 6,
and we end up with a proper 2-coloring of the edges in G.

We claim that this 2-coloring can be completed to a cobithreshold
coloring of G. Let R C S denote the set of vertices in S that belong to
components whose vertices are incident to no edge colored in Step 1 to
6. Since the color of every edge in Gy_p is implied from the color of
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ab and be by Rule 1 and 2, the coloring of Gy _g can be completed to
a cobithreshold coloring, c.f. Lemma 7.2.3. To apply Lemma 7.1.3, it
suffices to show that every clique is uniformly colored and that no AP;
exists.

The latter is easy as the neighborhood of no vertex in an AP; is a
clique, so no vertex in R belongs to an APs, thus every AP is in Gy _g,
which is impossible because of the cobithreshold coloring of Gy _g. For
the same reason, every clique in Gy _g is uniformly colored. But every
maximal clique of G that is not entirely in Gy_g can be written as
{v} U N(v) with v € R, hence it is uniformly colored because of Step 7
and because edges between vertices in N(v) are bicolored. O

A similar result holds if a Py abed is known together with two non-
adjacent type B vertices, one adjacent to a and the other adjacent to

d, as depicted in Figure 7.2. We call this graph the bridge abedef.

Figure 7.2: The bridge abedef.

Lemma 7.3.5 Let G be a cobithreshold graph that contains a bridge
abedef. Then a cobithreshold coloring of G can be computed in linear
time.

Proof. Again assume that ab is black. In Figure 7.2, the edges colored
by repeatedly applying Rule 1 are indicated by bold and dotted lines,
respectively. Moreover, as {b,c,e} and {b,c, f} are cliques, the edges
be, ce are black and be,bf are red. Note that be receives both colors,
hence it cannot belong to an ACY.

In order to color the remaining edges, we proceed as in the proof
of Lemma 7.3.4, i.e. we consider the type A...I vertices relative to
the Py abed. This time, however, no type C, E and G vertices exist as
otherwise be would belong to an ACy.

As in the proof of the previous lemma, the color of the edge ab im-
plies the color of every edge in G that has no endpoint of type I and
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this coloring can be computed in linear time.

Step 1: Edges with at least one endpoint in {a,b,c,d}. We have
already seen how the edges between {a,b,c,d, e, f} must be colored.
Furthermore, the application of Rule 1 colors some edges as shown in
Figure 7.1. So it remains to discuss the edges incident to a type A, B
and F vertex v. If v is type A, then, by Rule 2, the edges in the cliques
{a,b,v} and {c,d,v} receive the same color as ab and cd, respectively.

Now suppose v is type B or F. Because of symmetry, we may as-
sume that v misses a. If v sees e or f, then {b,c,e,v} or {b,¢, f,v} is
a clique, hence Rule 2 implies the color of the edges bv and cv. If v
misses both e and f, then bv || df and cv || ae, so the color of bv and cv
is determined by Rule 1.

Step 2: Edges between vertices in V — {a,b,c,d} except for edges
incident to type I wvertices. Let vw denote such an edge, so v,w €
V —{a,b,c,d} and neither v nor w is type I. Depending on the neigh-
borhood of v and w relative to b and ¢, we distinguish the following cases.

Case 1: v or w is {b, c}-partial. Without loss of generality (symme-
try), suppose that v sees b but misses ¢. Then v is type D or H, hence
vb belongs to an ACy. If w misses b, then vw || ¢b, a contradiction to
our assumption that bc is both black and red. Otherwise, if w sees b,
then {b,v,w} is a clique and, by Rule 2, vw receives the same color as vb.

Case 2: v and w are {b,c}-universal. If e sees both v and w, then
{b,e,v,w} is a clique and, by Rule 2, vw receives the same color as be.
If e misses v or w, then ae || ve or ae || cw. But {c,v,w} is a clique,
thus vw must be red by Rule 2.

Case 3: v or w is {b,e}-null. This case is impossible because v and
w are neither type G nor type I.

The remaining Steps are identical to those in the proof of Lemma 7.3.4
and therefore omitted. O

7.4 Recognizing cobithreshold graphs

In this section, we give a recursive algorithm for coloring the edges in
a cobithreshold graph. For every graph G = (V, E), let G' = (V', E')

denote the prime graph that arises from substituting marker vertices
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for maximal homogeneous sets of G and, for every vertex v € V', let
H(v) stand for the corresponding module in G.

cobithreshold recognition

(1) if G has an isolated vertex v then

(2) recurse on G — {v}

(3) elsif G has a dominating vertex v then

(4) bicolor the edges incident to v;

(5) recurse on G — {v}

(6) elsif G is disconnected then

(7) color G as described in Lemma 7.4.1;

(8) elsif G is disconnected then

(9) color G as described in Lemma 7.4.2;
(10) elsif G’ is not a split graph then
(11) find a bridge or a P, abcd with be in an ACy;
(12) color G according to Lemma 7.3.4 or Lemma 7.3.5
(13) else (* G is a split graph *)
(14) let S and K be the vertex sets as defined in Lemma 7.4.3
(15) if V=S54 K + v and H(v) is not a threshold graph then
(16) recurse on G g (y);
(17) color the edges not in Gp(,) as described in Lemma 7.4.4
(18) else (* every homogeneous set induces a threshold graph *)
(19) if H(K) is not a clique then
(20) color G as described in Lemma 7.4.5
(21) else (* H(K) is a clique *)
(22) color G as described in Lemma 7.4.6

Algorithm 7.3

Lines (1) to (5) of Algorithm 7.3 are correct as an isolated or dom-
inating vertex can always be added to a threshold graph, see Theo-
rem 6.1.3(iv), hence those vertices may be added to both threshold
graphs Ty and 7% that constitute a cobithreshold cover of G — {v}.

The following Lemma discusses Lines (6) and (7).

Lemma 7.4.1 A cobithreshold graph G without isolated vertices 1s dis-

connected if and only if G is the disjoint union of two nontrivial con-
nected threshold graphs G1 and Gs.

Proof.  Obviously the disjoint union of two threshold graphs is a
cobithreshold graph. Conversely, since G has no isolated vertices, G
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consists of nontrivial connected components G1,Gs, ... , G with k > 2.
But every pair of edges in different connected components induces a
2K, thus we can color at most two nontrivial connected components
G1 and G2. Moreover, every edge in such a component receives the
same color, hence G1 and G4 are threshold graphs. 0

Now suppose that G is disconnected but has no dominating vertex.
Recall that the join Gy ® G2 of two graphs Gy = (V1,E;) and Gy =
(Vz, Ey) is the graph (V3 4+ Va, By + E3 + Ej2), where Ey5 is the set of

edges between vertices in Vi and vertices in V5.

Lemma 7.4.2 A cobithreshold graph G = (V,E) without dominating
vertices is codisconnected if and only if G is the join of two nontrivial
coconnected graphs G1 and Go such that

(1) Gy is the complement of a complete bipartite graph with biparti-
tion (V1, V) and
(17) G4 s a threshold graph.

Moreover, Gya,y, and Gyzyy, constitute a cobithreshold cover of G.

Proof. If is easy to verify that Gyi,y, and lez +v, constitute a
cobithreshold cover of the join of Gy and Gy. Conversely, as G has no
dominating vertices, G' must be the join of nontrivial coconnected graphs
G1,Gs, ... ,Gg. Furthermore, every edge between different coconnected
graphs GG; and G; belongs to a Cy, hence such an edge receives precisely
one color.

To begin with, we show that G is the join of two coconnected graphs
Gy and Go. If & > 3, we can choose pairs of nonadjacent vertices ay, by
and as,by in G; and G2, respectively, and a single vertex v in Gj.
Without loss of generality, let ajas be black; hence, by Rule 1, b1by is
red. Since {a1,as,v} and {b1,bs,v} are cliques, by Rule 2, a;v is black
and byv is red. But this is impossible because of the clique {aj, by, v}.

Next, we prove that at least one of the two graphs Gy and G2 is a
threshold graph. Otherwise ACys a1by || ¢1dy in G1 and agbs || cads in
Gy would exist. But a1b; and ¢;dy have different colors; hence Rule 2
applies to the cliques {ay,by,@2,b2} and {c1,d1,az,b2}, and therefore
asby 1s bicolored, a contradiction because asb, || cads.

Note that not both Gy and_EQ can contain a triangle, as triangles
ay1,b1,c1 in Gy and ag, by, ¢o in Gy imply that aqas is bicolored because
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of ayay || biby || c1ce || a1az. If both Gy and Gy are threshold graphs,
let G1 denote that graph whose complement has no triangle. Since Gy
is threshold and coconnected, it contains an isolated vertex. But G
has no triangle, so all other vertices in G; induce a clique and G, is the
complement of a complete bipartite graph as claimed.

Now suppose that (7 is no threshold graph. Then G; contains no
Py because a Py a1bicidy in Gy implies that, for any vertex v in G2, the
edges by v and cyv have different colors because of the cliques {ay,b;,v}
and {c1,dy, v}, which is impossible because of the clique {b1,c1,v}. But
a Py-free graph is either disconnected or codisconnected; hence Gi is
disconnected.

Furthermore, no vertex v in G4 can miss a and ¢ in an ACy ab || ¢d
in G, as otherwise az || vy || ez holds for every pair of nonadjacent
vertices &,y in (G5, a contradiction to the fact that ax and cz have
different colors because of the cliques {a,b, 2} and {e¢,d,z}. Therefore
(1 has no isolated vertices and, by Lemma 7.4.1, G| consists of two
nontrivial connected threshold graphs 77 and T5.

If T\ were no clique, it would contain a vertex v and an edge ab such
that v sees b and misses a, a contradiction because ab || c¢d for every
edge cd in T5 but no vertex in 73 can miss ¢ and ¢ in an ACy ab || ed.
Since the same reasoning holds for T, both T and T3 are cliques, hence
G, is complete bipartite. O

If ¢ is no split graph, by Fact 7.1.2, a P, abed with bc in an AC,
or the complement of an F5 can be found in linear time. Since the
corresponding graphs also exist in G and the complement of an F5 is a
bridge, we can indeed color the edges as described in Lemma 7.3.4 and

Lemma 7.3.5.

It remains to show how to color connected cobithreshold graphs G
that are also coconnected and whose associated prime graph G’ is split.
As (' is also connected and coconnected, Lemma 3.1.1 implies that G’
contains a Py, hence its conflict graph contains a nontrivial connected
component C'*. The next lemma exhibits the structure of G'.

Lemma 7.4.3 Let G = (V, E) be a prime cobithreshold split graph and
let C* C E be a nontrivial connected component of its conflict graph.
Furthermore let S denote the stable set and K the clique in the induced
split graph Gy (c»y. Then either

(i) V=S+K or
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(i) V =S+ K +v and N(v) = K.

In part, the above lemma can be derived from Theorem 6.3.7. Nev-
ertheless, we give a full proof in order to make this chapter independent
of Section 6.3.

Proof. Let H =V — K —S. Since Gy (c») is a split graph, every ACy
ab || cd with edges in C* is a Py abed. If a vertex v € H sees a but misses
b, then either ab || cv or av || de, in both cases a contradiction to v € H.
Thus every {a,b}-partial vertex in H sees b and misses a. Moreover,
an {a, b}-partial vertex v in H is also {c, d}-partial, for otherwise either
abvd or vbed is a Py, again a contradiction to v € H.

Therefore an {a, b, ¢, d}-partial vertex in H sees b and ¢ and misses
a and d. By induction, this hold for every P, with a wing in C*. But
every V(C*)-partial vertex is {a, b, ¢, d}-partial for at least one Py abed,
therefore a V' (C*)-partial vertex sees every vertex in K and misses every
vertex in S.

Furthermore, an edge between a V' (C*)-partial vertex v and a V (C*)-
null vertex ¢ implies a Py quba, a contradiction to v € H. Similarly, a
V(C*)-partial vertex v sees every a V(C*)-universal vertex p, as other-
wise, if v misses p, the graph G, 5 c 4,05} 18 split with clique {b,c, p}
and stable set {a,d,v} such that no two vertices in {a,d,v} have the
same neighborhood but three vertices have the same degree, so G would
not be cobithreshold as shown in the proof of Lemma 7.3.2.

But now the union of V(C*) and all V(C*)-partial vertices is a
module and G is prime, so every vertex in V — V(C*) must be V(C*)-
partial. In this case, however, the set of all V(C*)-partial vertices is a
module; thus at most one vertex v can be V(C*)-partial, i.e. H = {v}
and therefore N(v) = K as claimed. O

In the rest of this section, let V' =S+ K or V' = S+ K 4+ v as
described in Lemma 7.4.3. Let ab || ¢d be an AC, in G'. Obviously,
every edge in a maximal homogeneous set that corresponds to a or b
receives the same color as ab, i.e. the corresponding graph is threshold.

But every vertex in S 4 K belongs to a Py, hence every maximal
homogeneous set that corresponds to a vertex in S + K is a threshold

graph. Thus, if a maximal homogeneous set is not threshold, then it
must be H(v).
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Lemma 7.4.4 If H(v) contains an ACjy, then every cobithreshold col-
oring of Gy together with the coloring arising from

(a) bicoloring edges with one endpoint in H(K) and the other in
H(K +v) and

(b) coloring edges incident to H(S) as the corresponding verter in
an S-coloring

can be extended to a cobithreshold coloring of G.

Proof. From the previous discussion follows that an ACy uv || 2y
in H(v) exists. Suppose H(b),b € K, is no clique and let abed a Py in
G'. Then a1by || bgey for any choice ay € H(a), ¢y € H(c) and by,by €
H(b) such that b; misses ba. But this is a contradiction because both
{a1,b1,u,v} and {a1,b1,2,y} are cliques. Similarly, suppose H(a),a €
S, is not stable. Then any pair of adjacent vertices aj,as € H, implies
ajay || wv and ajay || 2y, again a contradiction as uwv and zy have
different colors.

Hence H(K) is a clique and H(S) is a stable set, thus every ACy4 in
G is either in G,y or in G (54 k) and therefore our coloring is a proper
2-coloring of G. Furthermore, it is easy to verify that every maximal
clique of G is uniformly colored. Finally, an AP; has no vertex in H(.S)
as the neighborhood of vertex in an APj is not a clique. Similarly, an
APs has no vertex in H(K), as no vertex in an APy is dominating. Thus
every APs is in G () but G () has no AP; because of its cobithreshold
coloring. The claim of our Lemma now follows from Lemma 7.1.3. O

It remains to discuss Lines (18) to (22) of Algorithm 7.3. Therefore
we may assume that every maximal homogeneous set of G induces a

threshold graph.

Lemma 7.4.5 If H(v) is a threshold graph and H(b) is not a clique
for a vertex b € K, then a cobithreshold coloring of G can be found in
linear time.

Proof. Since every vertex in S U K belongs to a Py, we may assume
that a Py abced exists. For any pair of nonadjacent vertices by, by € H(b)
and any choicc of ay € H(a),c; € H(c),dy € H(d), the Py aibicidy
is a Py with bj¢; in a Cy. By Lemma 7.3.4, this P, can be used to
compute a cobithreshold coloring of G in linear time. Furthermore, it
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is straightforward to find such a Py in linear time as O(|V'|?) = O(|E'|)
by Lemma 7.3.2. O

In the next lemma, we color cobithreshold graphs corresponding to
Line (22) in Algorithm 7.3.

Lemma 7.4.6 If H(v) is a threshold graph and H(K) a clique, then a
cobithreshold coloring of G can be found in linear time.

Proof. Let S’ = {s € S|H(s) is not stable}. Then edges in G
incident to H(s),s € S, receive the color of s € S. Compute a 2-
coloring of S and let S/, and S},,.. denote the vertices in S’ colored
red and black in S, respectively. Then every edge between vertices in
Urem sy H () must be colored black, and every edge between vertices
in UxET\T(Sglm) H(z) must be colored red. This coloring of the edges in G
can be found in linear time as the corresponding coloring of the vertices

in G’ can be found in linear time because of O(|V'|? = O(|E'|) by
Lemma 7.3.2.

It is easy to verify that every ACy in G is colored. Moreover, as the
coloring of S is unique and the remaining edges are colored by Rule 1,
this coloring admits a cobithreshold cover that can be computed in
linear time, c.f. Lemma 7.2.3. O

As to the complexity of Algorithm 7.3, we rely on the modular de-
composition of the graph. The modular decomposition of an arbitrary
graph is computed in linear time, see [17, 54, 21]. It also provides the so-
called modular decomposition tree and, at each level, the corresponding
prime graph.

Given the modular decomposition, Lines (1), (8), (6) and (8) can
be executed in constant time by inspecting the corresponding node in
the modular decomposition tree. The test whether G’ is a split graph
can be carried out in O(|V'| 4+ |E'}), see [27]. With a split partition of
V', the computation of S and K in Line (14) is in O(|V'| + |E’]).

Finally, the computation of Line (15) and (19) can be done in
constant time per node in the decomposition tree given we have pre-
computed the type of modules contained in the subtree of a node, i.e.
whether the corresponding graph is threshold. This precompilation can
be done in linear time bottom up from the leaves of the modular de-
composition tree. Thus, the overall running time of Algorithm 7.3 is
linear.
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Conclusions

In the previous chapters, we presented several new algorithms to recog-
nize classes of perfectly orderable graphs. Most of these algorithms are
based on results obtained from the generalization of GALLAI’s modular
decomposition. In fact, we believe that our extension of GALLAI's the-
ory is the main contribution of this thesis to algorithmic graph theory.

Many problems, however, had to remain unsolved. In the following,
we give a brief overview of further directions of research related to our
work.

o In Chapter 4, we introduced k-modules as generalizations of mod-
ules and then focused on 2-modules. As it turned out, special
2-modules can be used to obtain new unique decompositions for
arbitrary graphs. We wonder whether other k-modules can also
be specialized such that they imply unique graph decompositions
and, if so, whether those decompositions can be applied to recog-
nize further classes of perfectly orderable graphs.

e A key theorem in GALLAIs work on comparability graphs states
that different Ps-classes cover different vertex sets. Since the cover
of a P3-class is a module, comparability graphs can be oriented
by substituting marker vertices for modules, either explicitly or
implicitly.

In Chapter 5, we showed that a similar theorem holds for Pj-
components. Since the cover of a P;-component is a strict split
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module, P;-comparability graphs can also be oriented by substi-
tuting marker vertices for strict split modules, again explicitly or
implicitly.

It is an open problem, however, whether 2K,-components and
bipartite modules, perhaps in conjunction of P,-components, can
be applied to recognize other more general classes of perfectly

orderable graphs. Theorem 6.3.7 indicates that this might well
be.

Yet another open problem related to our work is the question
whether there is a polynomial algorithm for recognizing graphs
with quasi threshold dimension two!, that is, graphs which are
the intersection of two graphs without induced Py and Cy4. Since
the complement of a graph with quasi threshold dimension two
is the union of two graphs without induced P, and 2K, it is
necessary that its edges can be 2-colored such that the two edges
in a 2K, and the two wings of a P, have different colors. So the
question naturally arises whether this condition is also sufficient.

With the results presented in this thesis, it is not difficult to see
that such a graph can be decomposed into graphs with unique 2-
colorings with respect to the edges in 2K5s and the wings in P;s.
By applying substitution, it can also be shown that the problem
were solved if a polynomial algorithm for recognizing graphs with
unique 2-colorings exists. To date, however, such an algorithm is
not known.

'Quasi threshold graphs are also called trivially perfect in [26] or arborescence-
comparability graphs in [22].



Appendix A

List of Symbols

Set Theory

Yz

Jy

reX
ACX
BcX
| X|

ANB
AUB
A+ B
A-B

For all x.

There exists a y.

x 1s a member of X.

A is a subset of X.

B 1s proper subset of X.

The cardinality of a set X.
The intersection of A and B.
The union of A and B.

The union of disjoint sets A and B.
The difference set A minus B.
The empty set.

Graph Theory

G=(V,E)

G = (V17V27E)

The undirected graph G with vertex set V and edge
set F.

The split graph G with vertex set V; + V2 and edge
set E£ where V] is a clique and V5 a stable set.
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G = (V,E)
vw

V—w

G =(V,E)

Gw = (W7 E(W))

(V(F), F)

G1 6 Ge
abed ~ a'b'c'd'
ab || ed

An orientation of the graph G = (V, E).
The undirected edge between v and w.

The directed edge from v to w.
The complement of G = (V, E).

The subgraph of G induced by the vertex set W.
The subgraph of G spanned by the edge set F.

The complete graph with n vertices.

The disjoint union of m copies of the K.
The chordless cycle on k vertices.

The chordless path on k vertices.

The alternating cycle on 2k vertices.

The neighborhood of a vertex v in G.
The non-neighborhood of a vertex v in G.
The nesghborhood of a vertex set W.

The closed neighborhood of a vertex v.
The clique number of G.

The clique cover number of G.

The stability number of G.

The chromatic number of G.

The threshold dimension of G.

The union of G; and Gs.

The disjoint union of Gy and G.

The join of G; and Gs.

abed and o'V’ ¢'d" are strong-adjacent Pys.

The sequence ¢, a,b,d is an AC,.
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