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1. Introduction – generalized Young measures
Non-convex optimization problems (arising, e.g., in variational calculus, optimal control or non-cooperative games) may not possess a classical solution because approximate
solutions show typically rapid oscillations. This phenomenon requires the extension of the
notion of solution of such problems, often constructed by means of Young measures or
their generalizations, see [17] for a comprehensive treatment of this idea and a survey of
references.
Equally important for applications is an efficient numerical approximation of such
extended problems. The theoretically elegant and productive idea is to construct a suitable linear operator approximating test integrands. Then the adjoint operator gives an
approximation of a (generalized) Young measure, considered as a linear functional on
these test integrands. The first attempt exploiting the adjoint-operator technique for a
particular case (cf. Example 3.7 below) is due to Tartar [19]. A fairly general, adjointoperator based approximation theory has been developed [16] (see also [17, Sect.3.5])
independently of the particular construction [19]; in fact, [16] was submitted to a SIAM
Journal in 1993 but, as the referee [6] did not realize its real applicability, it appeared
two years after [19]. Later, another attempt has independently been done also by Pedregal [14, 15]. Recently, several numerical algorithms which calculate directly (discretized)
Young measures have been implemented or at least theoretically designed and analyzed,
see [1, 3, 4, 5, 7, 8, 9, 10, 13, 18, 20]. All theoretical attempts as well as numerical implementations dealt, however, only with the lowest possible approximation order. This
contrasts with the state of art finite-element methods where higher-order variants are well
developed. The goal of this paper is to explore high order approximations for Youngmeasures, although it appears that a natural conformity requirement brings rather severe
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restriction here. As is natural for the adjoint-operator approach, we confine ourselves
to convex approximations, i.e. the resulting set of discrete Young measures is convex in
the natural geometry of Young measures which is highly advantageous for numerical algorithms as well as for formulation of finite dimensional optimality conditions which, in turn,
may again be helpful for efficient numerical implementation by exploiting an adaptivity
idea, cf. [1, 10, 18] for details in this aspect.
For an optimal control problem with an explicit constraint on controls, we will consider
a set of “admissible controls” Uad := {u ∈ Lp (Ω; Rm ); u(x) ∈ S a.e.}, where Ω ⊂ Rn is
a bounded domain and S ⊂ Rm is a closed (not necessarily bounded) set, n, m ≥ 1.
Let us briefly present a construction of convex locally compact envelopes of Uad usually
suitable for a continuous extension of an optimal control problem in question. We define a
normed linear space Carp (Ω; S) := {h : Ω × S → R; h(·, s) measurable, h(x, ·) continuous,
∃a ∈ L1 (Ω), b ∈ R: |h(x, s)| ≤ a(x) + b|s|p } of “test integrands”, and equip it with the
norm
(1.1)

||h||Carp (Ω;S) :=

inf

|h(x,s)|≤a(x)+b|s|p

||a||L1 (Ω) + b.

Depending on a concrete problem, we then choose a sufficiently large (but preferably still
separable) linear subspace H ⊂Carp (Ω; S), and define the embedding:


Z
∗
h(x, u(x))dx .
(1.2)
i : Uad → H : u 7→ h 7→
Ω

Then we denote by YHp (Ω; S) the weak* closure of i(Uad ). The set YHp (Ω; S) is always
convex in H ∗ . If H contains an integrand having a minorant |s|p , then YHp (Ω; S) is a convex
locally compact hull of the original set Uad . The embedding i is always (norm,weak*)continuous and, if H is rich enough, even homeomorphical; cf. [17, Chapter 3]. This
makes the hull YHp (Ω; S) a very natural extension of Uad .
An important special case is that S is bounded. Then the exponent p is irrelevant and
even the whole Carp (Ω; S) ∼
= L1 (Ω; C(S)) is separable. This suggests to choose simply
1
H := L (Ω; C(S)). Then
(1.3)

YHp (Ω; S) ∼
= Y(Ω; S) := {(x 7→ νx ) ∈ L∞
w (Ω; rca(S));
νx ∈ rca+
1 (S) for a.a. x ∈ Ω}

∗
∼ 1
where L∞
w (Ω; rca(S)) = L (Ω; C(S)) stands for the space of weakly measurable essentially
bounded functions on Ω with values in the space of Borel measures on S, and rca+
1 (S)
denotes the set of all probability measures on S. The embedding i from (1.2) now takes
the form u 7→ ν with νx = δu(x) , where δs denotes the Dirac measure supported at s ∈ S.
The ν’s are called Young measures [21].
The notation here and below for Lebesgue Lp -space, Sobolev W k,p -spaces as well as
for spaces C and C l of continuous or smooth functions, respectively, is standard.

2. General convex approximation scheme
To develop an approximation theory for Young measures (and their generalization)
we must work with subsets of Carp (Ω; S) enjoying certain smoothness in x- or/and in
s-variables: We denote by
Cark,l,p (Ω; S) := {h ∈ Carp (Ω; S); ||h||Cark,l,p (Ω;S) < +∞}
2

with k and l referring to order of differentiability in x ∈ Ω and s ∈ S, respectively, with
(2.1)

∂kh
∂xk

||h||Cark,l,p (Ω;S) := ||h||Carp (Ω;S) +

∂lh
∂sl

+
Carp (Ω;S)

Carp−l (Ω;S)

provided p ≥ l. For n > 1, ∂ k /∂xk means all kth-order derivatives and analogously, if
m > 1, ∂ l /∂sl means all lth-order derivatives.
Example 2.1. The integrand g(x) · s|s|q−1 belongs to Cark,l,p (Ω; S) provided g ∈
W k,p/(p−q) (Ω; Rm ) and l ≤ q ≤ p. If q ≥ 1 is an even integer and p ≥ q, then this
holds for l ≤ p arbitrary, too. Likewise, e.g. g(x)|s|2 ∈ Cark,l,p (Ω; S) for g ∈ W k,p/(p−2) (Ω)
and p ≥ 2.
Example 2.2. If S bounded, then Cark,l,p (Ω; S) ∼
= W k,1 (Ω; C(S)) ∩ L1 (Ω; C l (Ω)).
Approximation in x will be done by an abstract (Carp (Ω; S), Carp (Ω; S))-bounded
operator Pd1 : H → H with d1 > 0 denoting a discretization parameter. Often, Pd1 will
be a projector, i.e. Pd1 Pd1 = Pd1 . Later we give some more specific examples using finiteelements and quasi-interpolation; then d1 will be naturally a mesh parameter. We shall
assume the following abstract approximation property:
(2.2)

||h − Pd1 h||Car0,0,p (Ω;S) ≤ C1 dk1 ||h||Cark,0,p (Ω;S) .

Likewise, approximation in the s variable will be done by a linear operator (often a projector) Qd2 : H → H with d2 > 0 denoting another discretization parameter, and we assume
the approximation property:
(2.3)

||h − Qd2 h||Car0,0,p (Ω;S) ≤ C2 dl2 ||h||Car0,l,p (Ω;S) ,

l = 0, 1, 2, . . . .

Combining (2.2) and (2.3), we get:
(2.4)

||h − Pd1 Qd2 h||Carp (Ω;S) = ||h − Pd1 Qd2 h||Car0,0,p (Ω;S)
≤ ||h − Pd1 h||Car0,0,p (Ω;S) + ||Pd1 h − Pd1 Qd2 h||Car0,0,p (Ω;S)
≤ C1 dk1 ||h||Cark,0,p (Ω;S) + C2 dl2 ||Pd1 ||L(Carp (Ω;S),Carp (Ω;S)) ||h||Car0,l,p (Ω;S)
≤ C(dk1 + dl2 )||h||Cark,l,p (Ω;S) ,

provided
(2.5)

lim sup ||Pd1 ||L(Carp (Ω;S),Carp (Ω;S)) < +∞,
d1 →0

cf. [16, Proposition 3.2] or [17, Proposition 3.5.3].
Then we define an approximation of the set YHp (Ω; S) by Q∗d2 Pd∗1 YHp (Ω; S). It is always
convex because YHp (Ω; S) is convex and both Pd∗1 and Q∗d2 are linear. If Q∗d2 Pd∗1 YHp (Ω; S) ⊂
YHp (Ω; S) we will call the particular approximation conforming, otherwise nonconforming.
For k, l ≥ 0, let us denote
(2.6)

||η||−k,−l,p :=

hη, hi.

sup
h∈H
||h||Cark,l,p (Ω;S) ≤1

Then one gets, by transposition of (2.4), the following negative norm error estimate:
(2.7)

||η − Q∗d2 Pd∗1 η||−k,−l,p =

sup
h∈H
||h||Cark,l,p (Ω;S) ≤1
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hη − Q∗d2 Pd∗1 η, hi

=

hη, h − Pd1 Qd2 hi

sup
h∈H
||h||Cark,l,p (Ω;S) ≤1

≤ ||η||0,0,p

sup
h∈H

||h − Pd1 Qd2 h||Carp (Ω;S)

||h||Cark,l,p (Ω;S) ≤1

≤ C(dk1 + dl2 )||η||0,0,p
with C from (2.4); cf. [16, Proposition 3.1] or [17, Proposition 3.5.2(iii)].
Considering a functional Φ : YHp (Ω; S) → R resulting from an optimization problem
which we have implicitly still in mind, a general “energy-error” estimation scheme may
then rely on Lipschitz continuity of Φ with respect to || · ||−k,−l,p introduced by (2.6); let
us denote the corresponding Lipschitz constant by L. Then obviously
(2.8)

0≤

min

p
Q∗d Pd∗ YH
(Ω;S)
2

Φ − pmin Φ ≤ Φ(Q∗d2 Pd∗1 η) − Φ(η)
YH (Ω;S)

1

≤ L||η − Q∗d2 Pd∗1 η||−k,−l,p ≤ LC(dk1 + dl2 )||η||0,0,p = O(dk1 + dl2 )
with η ∈ YHp (Ω; S) being some minimizer of Φ. However, this simple scheme is often worth
modifying because Φ itself must usually be approximated, too. We will illustrate this in
Section 4 below.
3. Particular cases
The situation will be “technically” much simplified if we assume S to be bounded and
even polyhedral. Unbounded S would make the matter much more complicated especially
if concentration effects are taken into account; we refer to [11, 18] for an approximation
of the (k, l) := (1, 2) type in this case.
3.1 The operator Pd1 :
I(d )
Let us construct Pd1 by some finite collection of ansatz functions {gi }i=11 ⊂ L1 (Ω),
I(d )
using also a “dual” collection {gi∗ }i=11 ⊂ L∞ (Ω). Then we define the operator Pd1 as a
quasi-interpolation with respect to these bases, i.e.
R ∗
I(d1 )
X
g (x)h(x, s)dx
(3.1)
[Pd1 h](x, s) :=
αi (s)gi (x) ,
αi (s) := Ω Ri ∗
.
Ω gi (x)dx
i=1

The desired approximation property (2.2) will now read as
(3.2)

||h − Pd1 h||L1 (Ω;C(S)) ≤ C1 dk1 ||h||W k,1 (Ω;C(S)) .
I(d )

I(d )

In fact, this property links the collections {gi }i=11 and {gi∗ }i=11 with each other to some
extent. The operator Pd1 is a projector, i.e., Pd1 Pd1 = Pd1 if and only if these collections
are orthogonal with respect to the natural L2 -type scalar product in the sense
R
∗
Ω Rgi (x)gj (x) dx
(3.3)
= δij ∀i, j
∗
Ω gj (x) dx
where δ denotes here the Kronecker symbol.
Proposition 3.1. Assuming (3.1), the following formula holds for Pd∗1 ν:
I(d1 )

(3.4)

[Pd∗1 ν]x

=

R

gi (ξ)νξ dξ
gi∗ (x) RΩ ∗
.
Ω gi (ξ)dξ
i=1

X
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If
gi ≥ 0,

(3.5a)

gi∗ ≥ 0,

i = 1, ..., I(d1 ),

I(d1 )

X

(3.5b)

gi∗ (x) = 1

for a.a. x ∈ Ω,

i=1

Z

Z

(3.5c)

gi∗ (ξ)dξ,

gi (ξ)dξ =
Ω

i = 1, ..., I(d1 ),

Ω

then Pd∗1 Y(Ω; S) ⊂ Y(Ω; S), i.e. this approximation is conforming.
Proof. The explicit form of adjoint operator Pd∗1 can be obtained straightforwardly from
the definitions if one uses the Fubini theorem:
(3.6)

hPd∗1 ν, hi

R ∗
Z Z I(d
1)
X
Ω gRi (ξ)h(ξ, s)dξ
= hν, Pd1 hi =
gi (x)νx (ds)dx
∗
Ω S
Ω gi (ξ)dξ
i=1

I(d1 )

=

X
R
i=1

1
∗ (ξ)dξ
g
Ω i

h(x, s) 

Ω

Z

Ω×Ω

S

gi∗ (ξ)h(ξ, s)gi (x)νx (ds)d(x, ξ)

S

I(d1 )

Z Z
=

Z

g ∗ (x)
R i∗
g (ξ)dξ
i=1 Ω i

X


Z
gi (ξ)νξ dξ  (ds)dx.
Ω

Obviously, [Pd∗1 ν]x is a positive measure because of (3.5a), and moreover
Z
(3.7)
S

I(d1 )

[Pd∗1 ν]x (ds)

=

R

I(d1 )

R

gi (ξ) νξ (ds)dξ
gi∗ (x) Ω R ∗S
Ω gi (ξ)dξ
i=1

X

=

R

gi (ξ)dξ
gi∗ (x) R Ω ∗
Ω gi (ξ)dξ
i=1

X

because of (3.5b,c). Hence we proved that this approximation is conforming.

=1
2

Example 3.1. (P0-finite elements.) Consider an arbitrary mesh and resulting discretization Td1 of Ω with mesh parameter d1 > 0, and put gi = gi∗ = χT for T ∈ Td1 ,
χT : Ω → {0, 1} denoting the characteristic function of T . Then (3.2) with k = 1, (3.3),
and (3.5) are satisfied. The formula (3.1) is the Clément quasi-interpolation [2] of order
zero and Pd1 is obviously a projector.
Example 3.2. (P1-finite elements – continuous case.) Consider a simplicial mesh
and resulting discretization Td1 , and select gi = gi∗ to be the “hat” element-wise affine,
continuous function corresponding to the ith node. Then (3.3) is not satisfied, but (3.2)
with k = 2, and (3.5) are satisfied. The formula (3.1) is the Clément quasi-interpolation
of 1-order and Pd1 is not a projector.
Example 3.3. (P1-finite elements – discontinuous case.) Consider a simplicial
mesh, select gi = gi∗ to be the discontinuous affine function supported only on the particular
simplex from Td1 , and vanishing at all its nodal points except one. Then we get all
properties as in the preceding example.
Example 3.4. (Q1-finite elements.) Consider a Cartesian mesh, and construct gi = gi∗
as tensor product of functions from Examples 3.2 or 3.3 in 1-dimension (possibly combined
in various directions). Again, all properties of these examples are inherited by the resulting
Pd1 , which can be built as tensor product of 1 − d interpolants.

5

Example 3.5. (P2-finite elements.) For quadratic (or higher-order) finite elements,
(3.2) with k ≥ 3 can be satisfied, but (3.5) cannot hold. Thus the resulting approximation
Pd∗1 Y(Ω; S) is not conforming.
3.2 The operator Qd2 .
As to Qd2 , we define it again as a quasi-interpolation with respect to some ansatz
J(d )
J(d )
functions {vj }j=12 ⊂ C(S) and {vj∗ }j=11 ⊂ rca(S) ∼
= C(S)∗ by a formula analogous to
(3.1), i.e.
J(d2 )

(3.8)

X

[Qd2 h](x, s) :=

R
αj (x)vj (s) ,

αj (x) :=

S

j=1

h(x, s)vj∗ (ds)
R ∗
.
S vj (ds)

The desired approximation property (2.3) will now read
||h − Qd2 h||L1 (Ω;C(S)) ≤ C2 dl2 ||h||L1 (Ω;C l (S))

(3.9)

J(d )

J(d )

and again, in fact, it relates the bases {vj }j=12 and {vj∗ }j=11 to each other to some
extent. Sometimes, these collections are so-called bi-dual, i.e. orthonormal with respect
to the natural extension of L2 -duality pairing in the sense
R

∗
0 for i 6= j,
S Rvi (s)vj (ds)
(3.10)
=
∗
1 for i = j.
S vj (ds)
In fact, Qd2 is a projector, i.e., Qd2 Qd2 = Qd2 if and only if (3.10) holds.
Proposition 3.2. Assuming (3.8), the following formula holds for Q∗d2 ν:
J(d2 )

[Q∗d2 ν]x

(3.11)

=

X

R

j=1

vj (σ)νx (dσ) ∗
SR
vj .
∗
S vj (dσ)

If
vj ≥ 0,

(3.12a)

vj∗ ≥ 0,

j = 1, ..., J(d2 ),

J(d2 )

X

(3.12b)

for all s ∈ S,

vj (s) = 1

j=1

then Q∗d2 Y(Ω; S) ⊂ Y(Ω; S), i.e. this approximation is conforming.
Proof. An explicit representation of the adjoint operator Q∗d2 can be obtained straightforwardly from the definitions if one again uses the Fubini theorem:
(3.13)

hQ∗d2 ν, hi

R
Z Z J(d
X2 ) S h(x, σ)vj∗ (dσ)
R ∗
= hν, Qd2 hi =
vj (s)νx (ds)dx
Ω S
S vj (dσ)
j=1

=

Z J(d
X2 )
Ω j=1

1
R

∗
S vj (dσ)



J(d2 )

h(x, s) 

X

Z Z
=
Ω

S

Z

j=1

h(x, σ)vj (s)[vj∗ × νx ]d(σ, s)dx

S×S

R


v
(σ)ν
(dσ)
x
S Rj
vj∗ (ds) dx,
∗ (dσ)
v
S j

6

which yields the representation (3.11). More precisely, Fubini’s argument holds classically
if νx and all vj∗ , j = 1, ..., J(d2 ), are absolutely continuous. In the opposite case, one
can check (3.13) by a continuous extension of the absolutely continuous case, relying on
R R
the joint (w*×w*)-continuity of the mappings (µ1 , µ2 ) 7→ S [ S f (s1 , s2 )µ2 (ds2 )]µ1 (ds1 )
R R
and (µ1 , µ2 ) 7→ S [ S f (s1 , s2 )µ1 (ds1 )]µ2 (ds2 ) for any f ∈ C(S × S). Indeed, confining ourselves, e.g., to the former case, for any sequences µk1 → µ1 and µk2 → µ2
R
R
weakly* in rca(S), one has Fk (s1 ) := S f (s1 , s2 )µk2 (ds2 ) → S f (s1 , s2 )µ2 (ds2 ) =: F (s1 )
for any s1 ∈ S, hence also Fk → F uniformly on S because S was assumed comR
R
pact, and thus eventually S Fk (s1 )µk1 (ds1 ) ∼
= hµk1 , Fk i → hµ1 , F i ∼
= S F (s1 )µ1 (ds1 ) =
R R
S [ S f (s1 , s2 )µ2 (ds2 )]µ1 (ds1 ).
Obviously, [Q∗d2 ν]x is non-negative due to (3.12a), and moreover
Z
(3.14)
S

J(d2 )

[Q∗d2 ν]x (s)ds

=

X
j=1

R

vj (σ)νx (dσ)
SR
∗
S vj (dσ)


Z
=

X

S

vj∗ (ds)

S



J(d2 )



Z

Z
vj (σ) νx (dσ) =

νx (dσ) = 1
S

j=1

due to (3.12b). Hence we proved that this approximation is again conforming.

2

Example 3.6. (P1-finite elements.) Consider a simplicial mesh and the resulting
discretization Td2 of S with mesh width d2 > 0, and select vj to be the “hat” function, i.e.
the continuous, piecewise affine function corresponding to jth node sj ∈ S, and vj∗ = δsj
to be Dirac’s distribution at sj . Then (3.9) with l = 2, (3.10), and (3.12) are satisfied,
and Qd2 is a projector.
Example 3.7. (Q1-finite elements.) Consider a Cartesian quadrilateral mesh, and
construct vj as tensor product of the functions from Example 3.6 in 1-dimension, and vj∗
as Dirac’s distributions in particular nodal points. Again, all properties of Example 3.6
are inherited by the resulting Qd2 .
Let us remark that the operator from Example 3.7 has been proposed by Tartar [19].
Example 3.8. (P1-finite elements, non-singular case.) Consider a discretization
Td2 of S with d2 > 0 being the mesh parameter, and select vj to be the “hat” function
corresponding to jth node sj ∈ S, and vj∗ = cj · vj (s)ds, where cj > 0. As compared to
Example 3.6, the collection {vj∗ }j ⊂ rca(S) consists of absolutely continuous measures.
Note that (3.10) is not satisfied, in particular Qd2 is not a projector, but (3.9) with l = 2
and (3.12) are satisfied.
Example 3.9. (Q1-finite elements, non-singular case.) Consider a Cartesian
mesh, and construct (vj , vj∗ ) as tensor product of the functions from Example 3.8 in 1dimension in particular nodal points. All properties of Example 3.8 are inherited by the
resulting Qd2 .
Example 3.10. (P2-finite elements.) Like in Example 3.5, for quadratic (or higherorder) finite elements, (3.9) with l ≤ 3 can be satisfied, but (3.12) cannot hold. Thus the
resulting approximation Q∗d2 Y(Ω; S) is not conforming.
3.3 Some remarks.
All operators Pd1 from Examples 3.1–3.4 satisfy (2.5).

7

The operators Pd1 and Qd2 in the form (3.1) and (3.8) always commute with each
other, so that also
Pd∗1 Q∗d2 = Q∗d2 Pd∗1 .

(3.15)

This follows easily from Fubini’s theorem (possibly extended by continuity) by the direct
calculation:



J(d2 ) R
X S h(x̃, σ)vj∗ (dσ)
R ∗
vj (s̃) (x, s)
(3.16)
[Pd1 Qd2 h](x, s) = Pd1 (x̃, s̃) 7→
v
(dσ)
j
S
j=1

R
I(d1 ) J(d2 ) R
X X Ω gi∗ (x̃) S h(x̃, s̃)vj∗ (ds̃)dx̃
R ∗
R
gi (x)vj (s)
=
gi (x̃)dx̃ S vj∗ (ds̃)
Ω
i=1 j=1
I(d1 ) J(d2 ) R
X X Ω×S gi∗ (x̃)h(x̃, s̃)[L × vj∗ ]d(x̃, s̃)
R ∗
R ∗
=
gi (x)vj (s)
g
(x̃)dx̃
i
Ω
S vj (ds̃)
i=1 j=1



I(d1 ) R
X Ω h(ξ, s̃)gj∗ (ξ)dξ
R ∗
= Qd2 (x̃, s̃) 7→
gi (x̃) (x, s)
S gi (ξ)dξ
i=1

= [Qd2 Pd1 h](x, s),
where L stands for the Lebesgue measure on Ω.
For efficient computer implementation, an important question to be answered in particular cases is whether the resulting approximation Q∗d2 Pd∗1 Y(Ω; S) is polyhedral in the
sense that this finite-dimensional convex set is a polyhedron with respect to the natural
geometry of L∞
w (Ω; rca(S)).
The combination of operators from Remarks 3.1 and 3.6 has been used, e.g., in [16, 17]
while the construction from Remarks 3.1 and 3.7 has been used in [1]. Let us still notice
that in both these cases the resulting approximation is polyhedral.
It is also possible to use a semi-discretization created by Pd1 -operators only. The
optimization problems thus created are still infinite-dimensional and some additional theoretical considerations are needed to implement them on computers. See Chryssoverghy
at al. [3, 4, 5], Warga [20], or also [16, 17] for the case of Example 3.1.
Let us emphasize that nonconforming approximation may be used to get the optimal
value with higher accuracy according to the scheme (2.8) but interpretation of the approximate optimal solution ν thus obtained is not clear if it does not lie in Y(Ω; S) and thus
needs not be attainable by original controls from Uad .
4. Optimal control of elliptic systems.
We will illustrate the usage of approximation theory from Section 2 on the optimal
control problem governed by a linear elliptic system of κ equations:

Z

 Minimize
J(y, u) :=
a(x, y) + b(x, u) dx


(P)

Ω

subject to





−div(A∇y) + By − c(x, u) = 0
y ∈ W01,2 (Ω; Rκ ) ,

on Ω,

u ∈ Lp (Ω; Rm ) ,

where A ∈ Rn×n×κ×κ and B ∈ Rκ×κ . We assume the following:
(4.1a)

b, ci ∈ Cark,l,p (Ω; S),

i = 1, ..., κ, p ≥ 2,
8

y|∂Ω = 0 ,

u(x) ∈ S,

(4.1b)

∃c > 0 :

∃c0 ≥ 0 :

n
κ
X
X

Aijαβ ξiα ξjβ ≥ ckξk2 ,

i,j=1 α,β=1
κ
X

Bαβ ζα ζβ ≥ c0 kζk2 ,

∀ξ ∈ Rn×κ

∀ζ ∈ Rκ ,

α,β=1

(4.1c)
(4.1d)
(4.1e)
(4.1f)
(4.1g)

∀(a.e.) x ∈ Ω, ∀s ∈ S, ∀y ∈ Rκ :
p/2

|c(x, s)| ≤ α(x) + b|s|

b(x, s) ≥ |s|p ,

a(x, y) ≥ 0,

2

α ∈ L (Ω), b ≥ 0.
∂ic
∀i = 0, ..., k ∃ai ∈ Lqi /(qi −1) (Ω) ∃bi ∈ R :
≤ ai (x) + bi |s|p(qi −1)/qi ,
∂xi
∂kc
∃ãk ∈ Lqk /(qk −1) (Ω) ∃b̃k ∈ R :
≤ ãk (x) + b̃k |s|(p−l)(qk −1)/qk ,
∂sk
,

∃` ∈ Lq2−k /(q2−k −1) (Ω) ∃b̃ ∈ R :

|a(x, y1 ) − a(x, y2 )|

≤ (`(x) + b̃|y1 |q2−k −1 + b̃|y2 |q2−k −1 )|y1 − y2 |,
where qα is such that W α,2 (Ω) ⊂ Lqα (Ω); of course, the upper bound for qα thus depends
on the dimension n. The condition (4.1a) ensures the possibility of a relaxation of (P) by a
continuous extension of YHp (Ω; S) with a suitable H, while (4.1d) ensures c(u) ∈ L2 (Ω; Rκ )
for any u ∈ Lp (Ω; Rm ), which together with (4.1b) guarantees well-posedness of the state
equation. Obviously, (4.1c) guarantees coercivity of the problem and, of course, if S is
bounded, this coercivity requirement need not be considered at all. The conditions (4.1e,f)
ensure the mapping g 7→ g · c : W0k,2 (Ω; Rκ ) → Cark,l,p (Ω; S) to be continuous. Eventually,
R
(4.1g) renders the functional Na : y 7→ Ω a(x, y(x))dx Lipschitz continuous on bounded
sets in W 2−k,2 (Ω; Rκ ) thanks to the estimate
Z
(4.2)
|Na (y1 ) − Na (y2 )| ≤ (` + b̃|y1 |q2−k −1 + b̃|y2 |q2−k −1 )|y1 − y2 |dx
Ω
q
−1
≤ ||`||Lq2−k /(q2−k −1) (Ω) + b̃||y1 ||L2−k
q2−k
(Ω;Rκ )

q
−1
+ b̃||y2 ||L2−k
||y1 − y2 ||Lq2−k (Ω;Rκ )
q2−k
(Ω;Rκ )
As for an example, the reader could think about κ = 1 for a (possibly anisotropic)
heat equation. For κ = n, B = 0 and with the additional symmetry conditions Aijαβ =
Ajiβα = Aiβαj on the fourth order tensor Aijαβ we have the problem of small-deformation
linear elasticity. In this case the coercivity condition (4.1b) needs to be modified to
(4.1b0 )

X
i,j,α,β

Aijαβ ξiα ξjβ ≥ c0

n
X

2
ξiα

∀ {ξiα }i,α ∈ Rn×n
symm .

i,α=1

These assumptions on A allow to apply the first Korn’s inequality in W01,2 (Ω; Rn ) and to
carry out the following analysis in this case.
To extend the problem (P) by continuity, we must choose a suitable H. Here it suffices
to take H separable, containing all integrands of the form g0 (x)b(x, s) and g1 (x) · c(x, s)
with g0 ∈ C(Ω̄) and g1 ∈ C(Ω̄; Rκ ). Let us still define b • η ∈ rca(Ω̄) ∼
= C(Ω̄)∗ by the
formula hb • η, gi := hη, gbi for any g ∈ C(Ω̄), and similarly also c • η ∈ L2 (Ω; Rκ ) is defined
by hc • η, gi := hη, g · ci for any g ∈ C(Ω̄; Rκ ). Then the relaxed problem with state system
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in the standard weak formulation is the following:
Z
Z


¯ η) :=

Minimize J(y,
a(x, y) dx + [b • η](dx)



Ω
Ω̄

Z
n
κ
κ

X
X
X

∂yα ∂vβ


+
Bαβ yα vβ
Aijαβ
 subject to
∂xi ∂xj
Ω i,j=1 α,β=1
(RP)
α,β=1

κ

X



−
(cα • η)vα dx = 0 ∀v ∈ W01,2 (Ω; Rκ ),




α=1


y ∈ W01,2 (Ω; Rκ ) , η ∈ YHp (Ω; S) .
we refer to [17, Section 4.4] for more details.
We choose Pd1 and Qd2 satisfying (2.2) and (2.3), respectively. To approximate problem
(RP) in a way that can be implemented, we discretize also the state equation by conforming
finite-elements with the same mesh width d1 that was also used for spatial discretization
of the relaxed control by means of Pd1 . For this, let us consider a finite-element subspace
Vd1 ⊂ W01,2 (Ω; Rκ ) with discretization parameter d1 . For simplicity, let us assume that all
integrals can be evaluated exactly, i.e. no numerical integration is needed. This leads to
the problem
Z
Z


¯

Minimize
J(y, η) :=
a(x, y) dx + [b • η](dx)



Ω
Ω̄

Z
κ
n
κ

X X
X

∂v
∂y

β
α

 subject to
Aijαβ
+
Bαβ yα vβ
∂xi ∂xj
Ω i,j=1 α,β=1
(RPd1 ,d2 )
α,β=1

κ

X



−
(cα • η)vα dx = 0 ∀v ∈ Vd1 ,




α=1


y ∈ Vd1 , η ∈ Q∗d2 Pd∗1 YHp (Ω; S) .
Let us denote by A the linear part governing the state equation in (P); then A−1 :
W −k,2 (Ω; Rκ ) → W 2−k,2 (Ω; Rκ ) denotes the bounded linear operator which assigns
to f ∈ W −k,2 (Ω; Rκ ) the unique weak (or, if k > 1, distributional) solution y to
−div(A∇y) + By = f , y|∂Ω = 0. The following assertion requires the W 2,2 -regularity
of this solution if f ∈ L2 (Ω; Rκ ), which is known to be ensured for smooth or convex
polyhedral domains Ω.
Proposition 4.1. Let k ≤ 2 and A−1 (L2 (Ω; Rκ )) ⊂ W 2,2 (Ω; Rκ ). Then | min(RPd1 ,d2 ) −
min(RP)| = O(dk1 + dl2 ).
Proof. Let us introduce an auxiliary problem, using discretized relaxed controls but exact
state equation:
Z


¯

Minimize
J(y,
η)
:=
a(x, y) + b • η dx



Ω

Z X
n
κ
κ

X
X

∂yα ∂vβ


+
Bαβ yα vβ
Aijαβ
 subject to
∂xi ∂xj
Ω i,j=1 α,β=1
(RP0d1 ,d2 )
α,β=1

κ

X



−
(cα • η)vα dx = 0 ∀v ∈ W01,2 (Ω; Rκ ),




α=1


y ∈ W01,2 (Ω; Rκ ) , η ∈ Q∗d2 Pd∗1 YHp (Ω; S) .
Our strategy is then to estimate:
(4.3)

| min(RPd1 ,d2 ) − min(RP)| ≤ | min(RPd1 ,d2 ) − min(RP0d1 ,d2 )|
10

(1)

(2)

+ (min(RP0d1 ,d2 ) − min(RP)) := Ed1 ,d2 + Ed1 ,d2 .
By (4.1e,f), the mapping g 7→ g · c : W0k,2 (Ω) → Cark,l,p (Ω; S) is continuous, which implies
that the adjoint mapping η 7→ c • η : (H ∗ , || · ||−k,−l,p ) → W −k,2 (Ω) is continuous, too. It
furthermore implies that η 7→ A−1 (c • η) : (H ∗ , || · ||−k,−l,p ) → W 2−k,2 (Ω) is continuous; let
us denote by N its norm. By the coercivity (4.1), one can consider only η’s ranging over
a set B ⊂ YHp (Ω; S) bounded in H ∗ . Then y = A−1 (c • η) ranges over a bounded set in
R
W 2−k,2 (Ω; Rκ ) on which the functional Na : y 7→ Ω a(x, y(x))dx is Lipschitz continuous,
cf. (4.2); let us denote its Lipschitz constant by La . Note that this implies k ≤ 2 otherwise
Na could not be continuous as a functional on W 2−k,2 (Ω; Rκ ).
2
κ
Denote by A−1
d1 : L (Ω; R ) → Vd1 the linear operator which assigns to f the finiteelement approximation y ∈ Vd1 to the boundary-value problem
−div(A∇y) + By = f,

y|∂Ω = 0.

Take η to be an optimal solution to (RP), and ηd1 ,d2 = Q∗d2 Pd∗1 η. Then, writing [a◦y](x) :=
a(x, y(x)), we can estimate:
Z
(2)
(4.4)
Ed1 ,d2 ≤
a ◦ (A−1 (c • ηd1 ,d2 )) − a ◦ (A−1 (c • η)) + b • (ηd1 ,d2 − η)dx
Ω

≤ (La N + ||b||Cark,l,p (Ω;S) )||ηd1 ,d2 − η||−k,−l,p
≤ C(La N + ||b||Cark,l,p (Ω;S) )(dk1 + dl2 )||η||0,0,p
and, by using standard finite-element a-priori error estimate
(4.5)

−1
2
−1
||[A−1
d1 − A ]f ||L2 (Ω;Rκ ) ≤ C1 d1 ||A f ||W 2,2 (Ω;Rκ ) ,

we can also estimate
(4.6)

(1)
Ed1 ,d2

Z
≤ sup
η∈B

Ω

−1
a ◦ (A−1
d1 (c • η)) − a ◦ (A (c • η))dx

−1
≤ sup La ||[A−1
d1 − A ](c • η)||L2 (Ω;Rκ )
η∈B

≤ La C1 d21 sup ||A−1 (c • η)||W 2,2 (Ω;Rκ )
≤

η∈B
2
La C1 d1 ||A−1 ||L(L2 (Ω;Rκ ),W 2,2 (Ω;Rκ ))

sup ||c • η||L2 (Ω;Rκ ) .

η∈B

Altogether, we got the desired convergence estimate.

2

5. Numerical example.
We will now combine Sections 3 and 4 by the following illustrative example using
n = m = 1, Ω = (0, 1), S = [−1, 1] and κ = 2, inspired from [17, Section 4.3e]:

(Pex )




Minimize



subject to






Z
J(y, u) :=

1

|y − yd (x)|2 + b(x, u) dx

0

d2 y
= c(x, u) on [0, 1], y(0) = 0 = y(1) ,
dx2
y ∈ W01,2 (0, 1; R2 ) ,
u ∈ L∞ (0, 1) ,
u(x) ∈ [−1, 1],

−
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with b(x, s) = (s−u1 (x))2 (s−u2 (x))2 (s−u3 (x))2 with u1 (x) = 31 x+ 23 , u2 (x) = 2x( 23 −x)+ 13 ,
u3 (x) = −x, yd (x) = (x(x − 1), x(x − 1)(x − 3)(x − 41 )) and c(x, s) = (s, (s − 1)2 ) + r(x), in
73 4 6 62 5 23 4 373 3 1357 2 236
251
2 2
which r(x) = (− 32 x4 + 45 x3 + 131
90 x − 3 x− 30 , 3 x − 45 x − 15 x + 270 x − 90 x + 9 x− 30 ).
The optimal relaxed control, i.e. the (unique) solution to (RPex ), is then 3-atomic and
explicitly given by
(5.1)

2 1
1
1
1
1
1
1
νx = ( − x2 )δu1 (x) + ( − x − x2 )δu2 (x) + ( + x + x2 )δu3 (x) .
5 6
2 10
3
10 10
2

We discretize Ω with a uniform mesh of size d1 = 1/N and S with a uniform mesh of size
d2 = 2/M , with N , M integers. Furthermore, we will denote by Vd1 := S01,1 (Ω, Td1 ; R2 ) ⊂
W01,2 (Ω; R2 ) the space of continuous, piecewise linear functions on the mesh Td1 . We construct Pd1 as indicated in Section 3 based on different collections of ansatz functions:
a. P1-continuous finite elements,
b. P1-discontinuous finite elements, and
c. P0-finite elements.
For the discretization of the Young measure by Qd2 defined in (3.8) we employ
(vj (s), vj∗ (ds)) from Examples 3.6, 3.8, i.e.,
1. P1-finite elements, Dirac’s case, and
2. P1-finite elements, non-singular case.
Altogether, we thus tested six options, referred to as a1., a2., b1., b2., c1., c2. in what
follows.
The discrete optimal control problem can be formulated as follows
(RPex,d
).
Z
Z Z

2

Minimize
J(y,
u)
:=
|y
−
y
(x)|
dx
+
b(x, s)νx (ds) dx

d


Ω
Ω S
Z
Z
Z


dv
dy

(x) ·
(x)dx =
c(x, s)νx (ds)v(x)dx
subject to
dx
Ω S
Ω dx



∀ v ∈ S01,1 (Ω, Td1 ; R2 )





y ∈ S01,1 (Ω, Td1 ; R2 ), ν ∈ Q∗d2 Pd∗1 Y(Ω; S).
R
For each atom sj , we choose vj∗ (ds) such that S vj∗ (ds) = 1. If we employ Pd1 from
Example 3.2 (i.e. P1-continuous finite elements), the space of discrete Young measures
Q∗d2 Pd∗1 Y(Ω; S) is given by
(5.2)

Q∗d2 Pd∗1 Y(Ω; S)

=

X
M X
N

νij gi (x)vj∗ (ds) | νij ≥ 0,

j=0 i=0

X


νij = 1 ∀ i = 0, . . . , N, sj = −1 + 2j/M ,

j

where gi here is the usual “hat” function associated to the mesh point xi = i/N . For
Pd1 as in Example 3.3 (i.e. P1-discontinuous finite elements) the space of discrete Young
measures Q∗d2 Pd∗1 Y(Ω; S) is then given by
(5.3)

Q∗d2 Pd∗1 Y(Ω; S)

=

X
M 2N
−1
X

νij gi (x)vj∗ (ds) | νij ≥ 0,

j=0 i=0

X


νij = 1 ∀ i = 0, . . . , 2N − 1, sj = −1 + 2j/M ,

j
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where gi are now the affine functions supported only by a particular element from Td1
and vanishing at all the nodal points except one. Finally, for Pd1 as in Example 3.1
(i.e. P0-elements), Q∗d2 Pd∗1 Y(Ω; S) is given by
Q∗d2 Pd∗1 Y(Ω; S)

(5.4)

=

X
M N
−1
X

νij gi (x)vj∗ (ds) | νij ≥ 0,

X

j=0 i=0

νij = 1

j


∀ i = 0, . . . , N − 1, sj = −1 + 2j/M ,
where gi is the characteristic function associated to the i-th element of Td1 .
PN −1 `
If we write y ` (x) =
k=1 yk ψk (x), ` = 1, 2, with ψk (x) being the “hat” function
1
(y11 , ..., yN
−1 )
we can rewrite
associated to the mesh point xk , and we denote by y :=
2
2
(y1 , ..., yN
−1 )
(RPex,d ) in matrix form as

Minimize
J(y, ν) := y > M y + L> y + b : ν + a





 subject to A y = C : ν
0
(RPex,d )
M

X


2(N −1)

y∈R
, νij ≥ 0,
νij = 1 ∀ i ∈ I


j=0

in which I is the index set for the basis functions gi (being different in each particular
case (5.2), (5.3), or (5.4)),
Z Z
bij :=

M X
X

b(x, s)vj∗ (ds)gi (x)dx,

b : ν :=
bij νij
j=0
i∈I






M
0
A 0
L1
 , A := 
, L = 
,
M := 
0 M
0 A
L2
Z
Z
dψk
dψk0
Mkk0 =
ψk (x)ψk0 (x) dx, Akk0 =
(x)
(x) dx,
dx
ΩZ dx
ZΩ
L1k = −2 yd1 (x)ψk (x) dx, L2k = −2 yd2 (x)ψk (x) dx
Ω
Ω


N
−1 X
M
C1 : ν


X
`
,
C : ν := 
C ` : ν :=
Ckij
νij ,
2
i
C : ν
j=0
k=1
Z Z
`
Ckij :=
c` (x, s)vj∗ (ds)ψk (x)gi (x) dx
Ω

S

Ω

Z
a :=

|yd (x)|2 dx

Ω

S

Let us substitute y = A−1 C : ν in the minimization problem (RPex,d ). This leads to the
following linear quadratic problem


>
 Minimize
C : ν A−> M A−1 C : ν + L> A−1 C : ν + b : ν + a
(5.5)
 subject to ν ≥ 0, P ν = 1 ∀ i ∈ I.
ij

j

ij

The linear quadratic problem (5.5) has been solved with the quadprog routine of Matlab
6.0.
We consider first the case when Qd2 in (3.8) is defined by (vj , vj∗ ) as in Example 3.6,
i.e. vj is the usual hat function at sj and vj∗ (ds) = δsj (ds).
In Figure 1 we plot the energy error versus the mesh size d1 = d2 . As indicated by
our error analysis, when P1-continuous elements are used for the discretization of the
13

Young measure the observed rate of convergence is of O(d21 + d22 ) = O(d21 ). In case of
P1-discontinuous elements the energy error is again O(d21 ), but the number of degrees
of freedom for Young measure discretization has doubled. Finally, for the case when P0
elements are used the observed rate of convergence is O(dβ1 ), with β = 1.8, however the
number of degrees of freedom is the same as for the discretization with P1-continuous
elements.

Figure 1: Energy error
In Figures 2, 3 and 4 we plot the support of the discrete Young measure for the
discretizations corresponding to a1., b1. and c1. respectively: the continuous lines of
length d1 through the midpoints (xk , s) with plus signs at some level sj indicate that the
coefficient related to the atom sj is significant (i.e. “actually” positive, namely larger than
10−4 ).

Figure 2: Support of the discrete Young measure with P1-continuous elements (a1.)
So far, we have visualized only the support of the Young measure, i.e. those points
(xk , sj ) having a significant coefficient, but not the values of those coefficients. More
precisely, to each atom sj and to each mesh point xk we associate the value of the coefficient
P
i∈I νij gi (xk ). We present therefore few plots aimed to compare the contour lines of
these coefficients for different discretizations. In Figure 5, we plot the ‘contour’ lines
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Figure 3: Support of the discrete Young measure with P1-discontinuous elements (b1.).

Figure 4: Support of the discrete Young measure with P0-elements (c1.).
P
of the coefficients i∈I νij gi (xk ) of the ‘discrete’ Young measure for the case when P1continuous, P1-discontinuous and P0-elements respectively are used for the discretization
of the Young measure.
For the discretization of the Young measure in the variable s ∈ S we have used so
far the operator Qd2 in (3.8) with vj (s) the “hat function” at sj and vj∗ (ds) = δsj (ds).
Alternatively, other collections (vj , vj∗ ) can be employed in (3.8), as e.g. vj the “hat
function” at sj and vj∗ (ds) an absolutely continuous measure of the form vj∗ (ds) = cj vj (s)ds
R
as presented in Example 3.8. Since we choose cj such that S vj∗ (ds) = 1 we obtain at the
P
discrete level the same constraint j νij = 1, ∀ i. For a uniform mesh of mesh size d2 in
S the coefficients are cj = 2/d2 , 1/d2 and 2/d2 for the left extremal atom, interior atoms
and the right extremal atom respectively.
In Figure 6 we present the support of the discrete Young measure with Qd2 as in
Example 3.8 and with Pd1 based on P1-continuous, P1-discontinuous and P0 elements.
Note that in this case the support of the discrete Young measure is a union of rectangles
rather than segments as in Figure 2.
P
In Figure 7 we plot the ‘contour’ lines of the coefficients
i∈I νij gi (xk ) at (xk , sj )
of the ‘discrete’ Young measure for the case when P1-continuous, P1-discontinuous and
P0-elements respectively are used for the discretization of the Young measure. Since
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Figure 5: Contour lines of the coefficients of the ‘discrete’ Young measure with P1continuous elements (a1.) (top left), P1-discontinuous elements (b1.) (top right) and
P0-elements (c1.) (bottom).
the Young measure approximations are here absolute continuous measures we present in
P
Figure 8 the density function i∈I νij gi (x)cj vj (s) of the ‘discrete’ Young measure.
To conclude, we found out that Pd1 based on the P1-continuous elements from Example 3.2 gives the best convergence rate O(d21 + d22 ) for the energy in terms of invested
−1
storage O(d−1
1 d2 ). As to the choice of Qd2 , both tested options, i.e., Examples 3.6 and
3.8 were nearly equally efficient. The former one turns out to be slightly more accurate,
while the latter gives the possibility to display the density of the Young measure as in
Figure 8.
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