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Abstract

This paper analyzes economic uctuations in an overlapping generations economy

with productive capital in which random shocks in aggregate productivity are present.

Under speci�c assumptions we obtain an explicit solution of the model. Applying ran-

dom dynamical systems theory, we can prove that the long-run behavior of the economy

is uniquely described by an asymptotically stable random �xed point. The statistical

properties of the aggregates output, consumption, capital stock, and real wage are in-

vestigated numerically. We �nd that our arti�cial economy displays several real world

business cycle phenomena.

Keywords: overlapping generations, real business cycles, technology shocks, random dy-

namical systems, random �xed points. JEL-Classi�cation: E32, E37, E21, C62, D91

1 Introduction

A major focus of attention in the macroeconomic literature in the last decades has been the

identi�cation and explanation of the forces that cause business cycle phenomena, which are,
as Prescott (1986, p. 9) puts it, \[...] nothing more nor less than a certain set of statisti-

cal properties of a certain set of important aggregate time series." More than 60 years ago

Frisch (1933) proposed to distinguish between the impulse, i.e. the source of economic uctu-
ations, and the propagation mechanism of the impulse which leads to observable oscillations

of economic aggregates. This point of view is particularly useful to explain the novelty of our
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approach to the investigation of the e�ects of technology shocks on economic aggregates and

to point out similarities with the work attributable to the real business cycle school.

Real business cycle theory, as summarized in Frontiers of Business Cycle Research edited by
Cooley (1995), builds on the assumption that the impulse is an exogenous technology shock

(causing random uctuations in aggregate productivity). The propagation mechanism has two

components: the law of motion of the neoclassical stochastic growth model and the optimizing

behavior of an in�nitely lived representative agent. The transformation of supply-side shocks

to uctuations of the relevant economic aggregates (such as output, investment, consumption,

employment, etc.) therefore originates from the response of rational individuals to the altered

structure of their economic environment, which results in a permanent adjustment of demand

and supply decisions. A major drawback of real business cycle models is the fact that in

general they are not explicitly solvable. One therefore typically resorts to an analysis of a

linear approximation around the deterministic steady state. Although this method is widely

used in modern macroeconomics, see e.g. Taylor & Uhlig (1990) and Marimon & Scott (1999),
it has to be applied with caution because its validity has not yet been established rigorously.

In the approach pursued here, we consider a stochastic version of the Diamond (1965) overlap-

ping generations economy. While retaining the assumption that the impulse is a technology
shock, we consider a di�erent propagation mechanism. The optimizing behavior of an in�nitely

lived representative agent is replaced by an in�nite sequence of young generations making op-

timal decisions. The law of motion of the stochastic growth model, however, is kept. From this
point of view, the only di�erence in our model is the structure of the optimization problem

of the individuals. It has several advantages to place our study within the framework of an

overlapping generations economy with stochastic production. First, we can derive an explicit

solution under less restrictive assumptions than in the standard real business cycle model and
therefore are in a position to investigate the qualitative and quantitative dynamics of the
original system. In particular we can avoid linearization of the underlying system. Second,

due to the sequential structure of our model we can employ the theory of random dynamical

systems which o�ers a mathematical framework for the description of economic models very
much in the spirit of Frisch.

The availability of an explicit solution of the underlying stochastic system enables us to carry

out a more detailed analysis than can be done by applying the concept of ergodic Markov
equilibria. Employing the alternative concept of a random �xed point, which also provides a

stochastic analogue of a deterministic �xed point, we can prove sample path stability of the

time series of the main economic aggregates. This ensures the independence of the long-run

behavior from the initial value. A detailed treatment of the random �xed point concept and an

application to the Solow-Swan growth model is given by Schenk-Hopp�e & Schmalfu� (1998).

Existence and stability of ergodic Markov equilibria in a related overlapping generations model
with i.i.d. and correlated production shocks has been investigated by Wang (1993, 1994). The

same issues have been analyzed within Samuelson's pure exchange setting under uncertainty

by Spear & Srivastava (1986) among others.

In addition to a thorough analytical treatment, this paper provides a numerical examination of

the statistical properties of certain time series deduced from our model. We compare our results

with data from the U.S. economy, adopting the view of the real business cycles approach. We
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�nd that our arti�cial economy displays several real world business cycle phenomena. The

simulations use publically available MatlabR scripts, which facilitates the reproduction of

our results.

The paper is organized in the following fashion. Section 2.1 introduces the general model. A

detailed analysis of a particular case of the model is given in Section 2.2. A brief introduction

to random dynamical systems theory is provided in Section 3.1. Section 3.2 presents the

main analytical result of the paper on the existence of an asymptotically stable random �xed

point. In Section 4 we provide a numerical study of the statistical properties and compare

our �ndings with empirical data of the U.S. economy. Section 5 concludes, and the Appendix

contains all proofs.

2 The model

2.1 Basic elements of the economy

Consider a Diamond (1965) overlapping generations economy with stochastic aggregate pro-
duction. At any period of time, a single homogeneous good is produced which can be either

consumed or used as capital input. Two factors, capital and labor, are needed in the produc-
tion process, described by the linear homogeneous production function

Yt = F (Kt; Lt; zt) = Ltf(kt; zt)

where Kt is the capital stock at the beginning of period t, Lt is the exogenously given labor

supply, kt � Kt=Lt is the capital per worker ratio, and zt is a technological shock. For
each possible realization of the exogenous variable zt the function f(�; zt) is a neoclassical

production function, i.e. f(�; zt) is twice continuously di�erentiable and strictly concave on

R+ , and f(0; zt) = 0. The stochastic process governing the technology shock is a Markov
process taking values zt 2 Z � [z; z], 0 < z � z � 1, with transition probability P (zt; B), B
a Borel-subset of Z.

Markets are perfectly competitive, capital and labor earn their marginal products in all states

of nature, i.e.

rt = f1(kt; zt) (1)

wt = f(kt; zt)� ktf1(kt; zt) (2)

where rt and wt denote real interest rate and real wage, respectively.1

Population grows at a constant rate n > �1, i.e. Lt = (1+n)tL0 individuals are born in period

t, L0 > 0. Individuals are identical within as well as across time and live for two consecutive

1Throughout the paper integer subscripts of functions denote the partial derivative with respect to the
corresponding argument, whereas letter subscripts denote the total derivative with respect to the corresponding
variable.
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periods. Each young individual inelastically supplies one unit of labor and earns labor income

wt which she divides between �rst-period consumption c1t and saving st,

c1t = wt � st: (3)

In the second period of her life she retires and dissaves, i.e. she consumes the savings st plus

the accrued interest,

c2t+1 = (1� Æ + ~rt+1) st (4)

where Æ 2 [0; 1] is the rate of capital depreciation and ~rt+1 denotes the next period's real

interest rate. Futures markets are incomplete, i.e. ~rt+1 is a random variable with realization

in R+ .
2

We assume a closed economy, i.e. the endowment of capital per capita at the beginning of

period t + 1 is equal to the resources not consumed in the preceding period,

kt+1 =
f(kt; zt) + (1� Æ)kt � ct

1 + n
(5)

where ct � c1t + c2t=(1 + n) denotes total consumption per capita in period t.

The lifetime preferences of an individual born in period t are described by a time-additive,
state-dependent expected utility function3

u(c1t ) +

Z
R+

v(c2t+1; ~rt+1)�(d~rt+1) (6)

where the functions u(�) and v(�; ~rt+1) (for all ~rt+1 2 R+) are twice continuously di�erentiable,
strictly increasing, strictly concave, and satisfy the Inada conditions. � describes the subjective

expectations concerning the distribution of the next period's real interest rate.4

The choices made during the �rst period are intended to maximize the lifetime utility function
(6) subject to the budget constraints (3) and (4), i.e.

s�t = argmax
0�st�wt

�
u(wt � st) +

Z
R+

v ((1� Æ + ~rt+1) st; ~rt+1) �(d~rt+1)

�
(7)

Under the above assumptions, the optimal saving decision s�t is uniquely determined by the
�rst-order condition

u0 (wt � s�t ) =

Z
R+

(1� Æ + ~rt+1) v1 ((1� Æ + ~rt+1)s
�
t ; ~rt+1) �(d~rt+1) (8)

The saving function s�t = s(wt; �) depends only on the current total income wt and on the

probability measure �.

We suppose in addition that the individual's saving decision is consistent with rational expec-
tations.

2Note that wage and interest rate are normalized by the price of the consumption good in the respective
period t. The young individual is uncertain about the future price of capital.

3The reader may consult e.g. Karni (1993a, 1993b) and Mas-Colell, Whinston & Green (1995) for an
extensive treatment of state-dependent expected utility theory.

4The dependence of second period utility on next period's real interest rate can be interpreted as a modeling
of money illusion. Recent empirical studies by Sha�r, Diamond & Tversky (1997) and Fehr & Tyran (1998)
provide evidence that it matters in individual decision making whether a situation is represented in nominal
or real terms.
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De�nition 2.1 Let (kt; zt) 2 R+ �Z be a current state of the economy. The saving behavior

is called rational, if the subjective expectation � 2 Prob(R+) satis�es

s(wt; �) = s

�
wt; f1

�
s(wt; �)

1 + n
; �
�
P (zt; �)

�
(9)

where wt = w(kt; zt) is the real wage.

In general any probability measure � which solves the functional equation (9) depends on

the state of the economy. In De�nition 2.1 it is required that the young individual makes
her saving decision \as if" her subjective expectation � coincides with the actual distribution

of next period's real interest rate.5 If there exists a probability measure �(wt; zt) for all
(kt; zt) 2 R+ � Z, then the individual's saving behavior is rational along each sample path

of the capital intensity kt+1 = s(w(kt; zt); �(w(kt; zt); zt))=(1 + n).6 The sequence of random

variables kt+1 together with �(w(kt; zt); zt) satisfying (9) is also called a rational expectations

equilibrium, cf. Grandmont (1977, Sec. 5.2).

period t

=

1

1+n
s(wt�1; �t�1)

yt = f(kt; zt)

c
2
t = (1� Æ + f1(kt; zt))(1 + n)kt

zt

(3); (4)

wt = w(kt; zt)

PRODUCTION

kt

YOUNG

OLD

�t = �(wt; zt)

labor

s
�

t = argmaxf:::g 1

1+n
s(wt; �t)

Figure 1: Illustration of the time structure of the overlapping generations economy

with stochastic production.

5The condition � = f1(s(wt; �)=(1+n); �)P (zt; �) is suÆcient (but not necessary) for rational saving behavior
in the sense of De�nition 2.1.

6Any non-rational saving behavior leads to a sample path of real interest rates which shows that the saving
decisions have not been optimal given the observed distribution of real interest rates.
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Suppose there exists a solution �(wt; zt) of the functional equation (9) for all (kt; zt) 2 R+�Z.
Then we have a complete speci�cation of an overlapping generations economy with stochastic

production and rational expectations. In particular the time structure of the economy at issue

is depicted in Figure 1. It can be summarized as follows. The material balance equation (5)

implies that at the beginning of period t the savings s�t�1 of the generation born in period t�1

leads to the current beginning-of-period capital intensity kt = s�t�1=(1 + n). In combination

with the one unit of labor supplied inelastically by the current young generation and the current

realization of the shock, the per capita output is f(kt; zt). The latter is shared between the

net return to the capital owners, (1� Æ+f1(kt; zt))s
�
t�1, which they consume immediately, and

the labor income, wt, of the current young generation. Based on the probability distribution

� the young solve (8) to determine their savings s�t = s(wt; �(wt; zt)).

2.2 Assumptions on technology and preferences

Conditions characterizing the optimal saving decision and the rational expectations equilib-

rium were given in the previous section. In order to obtain an explicit law of motion for the
capital stock, we have to restrict the further treatment to particular utility and production

functions.

Assumption 2.1 The production process is described by the per capita production function

f(kt; zt) = Azt log(1 + kt); A > 1: (10)

The lifetime preferences of an individual born in period t are described by the state-dependent

expected utility function

u(c1t ) +

Z
R+

v(c2t+1; ~rt+1)�(d~rt+1) = log c1t +

Z
R+

(1� Æ + ~rt+1) log c
2
t+1 �(d~rt+1): (11)

For each possible realization of the exogenous shock the production function is neoclassical

and has diminishing returns. A denotes the level of technology. The lifetime utility function
satis�es all assumptions made in Section 2.1.

With these speci�cations of preferences and technology, the marginal products of capital and

labor are given by

rt =
Azt

1 + kt
(12)

wt = Azt

�
log(1 + kt)�

kt

1 + kt

�
(13)

and the �rst-order condition (8) becomes

s�t
wt � s�t

= 1� Æ +

Z
R+

~rt+1 �(d~rt+1):
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The saving function is therefore of the form

s�t = s(wt; R
�) =

R�

1 +R�
wt (14)

and depends only on the current total income wt, and on R� � 1� Æ + E
� ~rt+1, the subjective

mean of the real net return on next period's capital.

Thus, given the current state of the economy (kt; zt), the saving behavior described by the

function s (w(kt; zt); R
�) is rational if the subjective probability distribution � satis�es

R� = 1� Æ + E
P (zt ;�)

�
(1 + n)Azt+1

1 + n+ s(w(kt; zt); R�)

�
(15)

where w(kt; zt) is the real wage function (13).

Elementary calculations yield the following result.

Lemma 2.1 The saving behavior of the young is rational if and only if

R� = R(wt; zt) =
�b(wt; zt) +

p
b(wt; zt)2 + 4 a(wt) c(zt)

2 a(wt)
(16)

where a(wt) � 1 + n + wt, b(wt; zt) � (1 + n)(1 � AE (zt+1 j zt)) � (1 � Æ) a(wt), c(zt) �
(1 + n)(AE (zt+1 jzt) + 1� Æ), E (zt+1 jzt) �

R
Z
zt+1P (zt; dzt+1), and wt � w(kt; zt).

We will refer to R(wt; zt) as the mean-return-on-capital function. Lemma 2.1 implies that the
law of motion for the capital intensity is described by the random di�erence equation

kt+1 = h(kt; zt) �
s (w(kt; zt); R(w(kt; zt); zt))

1 + n
=

R (w(kt; zt); zt)

1 +R (w(kt; zt); zt)

w(kt; zt)

1 + n
(17)

Having this law of motion at hand, one could carry out numerical simulations and determine

the statistical properties of the economic aggregates. Note that the dynamics of the actual
system can be analyzed, because no approximations were necessary to derive (17). However,

our aim in this paper is to �rst provide a complete analytical description of long-run dynamics
of (17). After having ensured convergence of all sample paths of the capital intensity, we

present a numerical study of the statistical behavior for appropriate parameter values. In

order to achieve this goal and to keep the problem analytically tractable, we impose the

following standard assumptions on the parameters.

Assumption 2.2 No population growth, i.e. n = 0; capital depreciates fully after one period,

i.e. Æ = 1; and the technology shock is i.i.d. and has unity mean, i.e. E (zt+1 jzt) = 1.
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Figure 2: Deterministic law of motion corresponding to (19), i.e. zt � 1, with

A = 10. On the left h(k; 1) is depicted as a function of the capital stock k. The

right �gure is an enlargement for small capital stocks. The graph of the identity

map is shown for reference.

With this speci�cation of the exogenous variables the mean-return-on-capital function of
Lemma 2.1 reduces to

R(wt) =
A� 1 +

p
(A + 1)2 + 4Awt

2(1 + wt)
(18)

which is in particular independent of zt. The law of motion for the capital stock is therefore
given by

kt+1 = h(kt; zt) �
"
1 +

2(1 + w(kt; zt))

A� 1 +
p
(A+ 1)2 + 4Aw(kt; zt)

#�1
w(kt; zt) (19)

where w(kt; zt) is determined by (13).

Let us briey describe the dynamical behavior of the deterministic system associated to (19)
kt+1 = h(kt; 1) with level of technology A = 10. Figure 2 shows that h(k; 1) is S-shaped and

intersects the graph of the identity map at zero, ku � 0:3347, and ks � 6:5853. The points

zero and ks are asymptotically stable and the point ku is unstable. All initial capital stocks

in [0; ku[ converge toward 0, and all initial capital stocks in ]ku;1[ converge toward ks. The

non-trivial stable steady state is therefore observed in the long-run for all suÆciently large

initial capital stocks while zero is a poverty trap.

Under Assumption 2.1 we can prove several properties of the functions determining real wage

and saving and of the law of motion of the capital stock. They are collected below.

Lemma 2.2 For each possible realization of the technology shock z, the real wage function

w(k; z) has the following properties

a) w(0; z) = 0, and w(1; z) � 1 if and only if A � 1=(z�), where � � log 2� 1=2;

b) w(�; z) is strictly increasing, w1(0; z) = 0, and limk!1w1(k; z) = 0;

8



c) w(�; z) is S-shaped with (unique) inection point at k = 1.

Lemma 2.3 The saving function s(w;R(w)) =
R(w)

1+R(w)
w has the following properties

a) s(0; R(0)) = 0;

b) s(�; R(�)) is strictly increasing with sw(0; R(0)) = A=(A+ 1) < 1;

c) s(�; R(�)) is strictly concave.

Lemma 2.4 The law of motion h(k; z) has the following properties

a) h(0; z) = 0;

b) h(1; z) � 1 if A � (1+z�+
p
(1+z�)2+4z�)=(2z�), where � � log 2� 1=2;

c) h(k; �) and h(�; z) are strictly increasing, and h1(0; z) = 0;

d) h(�; z) is strictly concave for all k � 1.

Lemma 2.5 Suppose that

A � (1+z�+
p
(1+z�)2+4z�)=(2z�) (20)

where � � log 2 � 1=2. Then, for each �xed technology shock z 2 [z; z], the law of motion

h(k; z) possesses a maximal �xed point k(z). Moreover, k(z) � 1 and k(z) is increasing in z.

3 Analytical results

Our analytical study of the dynamical behavior of the capital stock {described by the stochastic

law of motion (19){ will be placed within the framework of random dynamical systems. We

briey sketch this framework here and refer the reader to the monograph by Arnold (1998)
for additional information. The characterization of the long-run behavior uses the concept of

a random �xed point. Existence of a non-trivial asymptotically stable random �xed point of
(19) will be proved by applying a random version of the Banach �xed point theorem due to

Schmalfu� (1996, 1998), see also Schenk-Hopp�e & Schmalfu� (1998).
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3.1 The mathematical framework

A random dynamical system provides a mathematical description of dynamical systems that

are subject to random perturbations. It consists of two ingredients: a model of the perturba-

tion (here an ergodic dynamical system) and a model of the system perturbed by noise (here

an invertible smooth mapping on R+).

Let (
;F ;P) denote a probability space, and let � : 
 ! 
 be a measurable invertible

mapping with measurable inverse ��1 such that P is ergodic with respect to �. Finally, let

z : 
 ! Z be a measurable function. Then for each �xed ! 2 
, z(�t!) with t 2 Z, is

a sample path of the random perturbation. It is well-known that any real-valued ergodic

process possesses such a representation, cf. Arnold (1998, Appendix A). In particular, if the

production shock zt is any sequence of Z-valued i.i.d. random variables with distribution �,

then (
;F ;P) = (ZZ;B(Z)Z; �Z) with 
 being the space of sample paths of zt, i.e. each element

of 
 is a two-sided in�nite sequence. � : 
 ! 
, �t(!(�)) � !(t + �) denotes the left-shift on

, and z : 
 ! Z, z(!) � !(0) denotes the evaluation map. P is ergodic with respect to �.

The technology shock is therefore described by the stochastic process z(�t!), t 2 Z.

Denote by '(t; !; k) the state of the stochastic system (19) at time t with initial state k under

the realization of the production shocks (z(��!)) up to time t which is determined by !. Then
one has that

'(t; !; k) =

8<
:

h(�; z(�t�1!)) Æ : : : Æ h(k; z(!)) for all t � 1

k for t = 0
h(�; z(�t!))�1 Æ : : : Æ h(k; z(��1!))�1 for all t � �1

(21)

and, in particular, '(1; !; �) � h(�; z(!)).

The family of maps '(t; !; k) is called the random dynamical system generated by (19). That
is, ' : Z � 
 � R+ ! R+ , (t; !; k) 7! '(t; !; k) � '(t; !)k is a measurable map such that

'(0; !) = idR+ and '(s + t; !) = '(t; �s!) Æ '(s; !) for all s; t 2 Z and for all ! 2 
. These
properties replace the ow property of a deterministic dynamical system generated by a map.

De�nition 3.1 A random �xed point of the random dynamical system ' generated by h is a

random variable k? : 
! R+ such that almost surely

k?(�!) = '(1; !; k?(!)) � h(k?(!); z(!)): (22)

The random �xed point k? is called asymptotically stable if there exists a (random) neigh-

borhood of k?(!) for almost all ! such that for all k in this neighborhood limt!1 j'(t; !; k)�
k?(�t!)j = 0.

In the absence of the perturbation (22) reduces to the de�nition of a �xed point of a map.
Equation (22) implies that k?(�t!) = '(t; !; k?(!)) for all t 2 Z.

10



3.2 Long-run behavior

The qualitative dynamics of the deterministic law of motion associated to (19) has been

sketched at the end of Section 2.2. We present here a result on the long-run behavior of

the capital stock in the general stochastic case. Throughout the following we impose all
assumptions made in Section 2.2.

Theorem 3.1 (i) Zero is an asymptotically stable �xed point for the random dynamical system

associated to (19), i.e. for all suÆciently small initial capital stocks the state of the economy

converges to the zero-capital state (and therefore zero is a poverty trap). If Z is bounded then

there exists a deterministic neighborhood of zero which is attracted by zero.

(ii) Suppose condition (20) holds and

E log h1(k(z); z(!)) < 0 (23)

where k(z) denotes the maximal �xed point of the map k 7! h(k; z), see Lemma 2.5.

Then there exists a unique random �xed point k?(!) 2 [k(z);1[ which is asymptotically stable

and attracting on [k(z);1[, i.e. for all initial capital stocks in [k(z);1[, the capital stock of

the economy following the law of motion (19) converges to the sample path t 7! k?(�t!).

By minor additional expenses one can show that the random �xed point k? is even attracting
on [1;1[: Lemma 2.5 yields that h(z; 1) > h(z; 1) � 1 for all z > z. Hence for any non-

degenerated process of technology shocks, a �nite number of realizations z(��!) > z will lead

to a capital stock '(t; !; 1) � k(z). Now the above attraction property gives the result. In
the next section we make use of this observation and choose k = 2 as the initial capital stock

in the numerical simulations.

A direct consequence of Theorem 3.1 is that the economic aggregates output, consumption, and
real wage also converge to the sample path of a random �xed point. For instance the random

�xed points for output and real wage are given by y?(!) � f(k?(!); z(!)) = Az(!) log(1 +
k?(!)) and w?(!) � Az(!)(log(1 + k?(!))� k?(!)=(1 + k?(!))), respectively.

The proof of Theorem 3.1(ii) shows that random �xed point k?(!) is measurable with respect

to the past, �f! 7! z(�t!) j t � 0g. (k?(!) is in particular the limit of any deterministic

initial value being larger than k(z).) Since the technology shocks are i.i.d., this �-algebra is
independent of the future, �f! 7! z(�t!) j t > 0g. By Schenk-Hopp�e & Schmalfu� (1998,

Proposition A.2) we have the following result.

Corollary 3.1 Under the assumptions made in Theorem 3.1(ii) there exists a unique ergodic

Markov equilibrium on [k(z);1[. It is given by � � k?P, i.e. �(B) = Pfk?(!) 2 Bg for all

Borel-sets B � R+ .

We may readily conclude that Theorem 3.1 provides more detailed information on the dynam-

ics of (19) than can be obtained from the existence of a ergodic Markov equilibrium.

Restricting Theorem 3.1 to the deterministic case z(!) � 1 yields an existence result for a

non-trivial asymptotically stable �xed point. This has already been observed numerically

in Section 2.2. The following result shows that such a situation is preserved under small

technology shocks.

11



Corollary 3.2 Assume that A > (1+�+
p
(1+�)2+4�)=(2�). Then there exists a proper

interval [z; z] = Z 3 1 such that the assumptions of Theorem 3.1(ii) are satis�ed for all i.i.d.

processes of technology shocks with values in Z and Ez(!) � 1.

4 Numerical analysis

The rapidly expanding strand of literature on business cycles has provoked considerable con-

troversy during the last decades on the ability of macroeconomic models to explain the empiri-

cally observed regularities of economic uctuations. The central issue of the real business cycle

research program is to construct suitable arti�cial economies which exhibit the observable styl-

ized facts of business cycles. Its proponents Hansen (1985), Prescott (1986), King, Plosser &

Rebelo (1988), and McCallum (1989) among others have achieved remarkable results in that

the constructed model is able to mimic the uctuations of some relevant economic aggregates
of actual economies.

Employing the analytical results on the long-run dynamics of our arti�cial economy, we present
a numerical study of the statistical properties of some time series deduced from our model.

We emphasize that our selection of the stylized facts is only guided by the structure of the
overlapping generations model with stochastic production. The economic aggregates at issue

are output, consumption, capital stock, and real wage.

Using established statistics of the U.S. economy since the Korean War, we compare volatilities,
volatilities relative to output, and correlations of our time series with these empirical data.

In doing so, we partly adopt the view of the real business cycles approach. The achieved
numerical evidence suggests that our model can account for several stylized facts of business

cycles. However, we have to point out that our analysis abstracts from any sort of calibration.

Parameter values in our experiments are chosen such that our analytical results ensure that

for each initial capital intensity k � 1 the path of capital stocks t 7! '(t; !; k) converges
toward the sample path k?(�t!) of the random �xed point k?. As pointed out previously,

output, consumption, and real wage also converge toward the sample path of a corresponding
random �xed point. We �x the parameter values in our two experiments as follows: the level

of technology A = 10 is �xed throughout the following and the productivity shock z(!) is

uniformly distributed on the intervals [0:9985; 1:0015] and [0:85; 1:15], respectively. Numerical
simulations show that the right-hand side of the parameter constraint (20) is roughly equal

to 6:93 for z = 0:9985 and roughly equal to 7:87 for z = 0:85. Therefore A = 10 satis�es

(20) in both cases. Furthermore, the contraction condition (23) is ful�lled because numerical
tests yield E log h1(k(0:9985); z(!)) � �0:734 < 0 and E log h1(k(0:85); z(!)) � �0:648 < 0,

respectively. In summary, we �nd that Theorem 3.1(ii) applies for the chosen parameter values.

The software MatlabR 5.3 is used in all simulations. The MatlabR scripts developed for
our study are publically available at the web page Schenk-Hopp�e (1999). We encourage the

interested reader to check our results.

In order to illustrate the results of Section 3.2, Figure 3 (top) depicts sample paths of the capital

stock '(t; !; k) for di�erent initial values k, �xed !, and t = 0; :::; 30 with Z = [0:85; 1:15].

12



5 10 15 20 25 30
0

2

4

6

8

10

C
a
p
ita

l s
to

ck

5 10 15 20 25 30
0

5

10

15

20

25

30

O
u
tp

u
t

Figure 3: Evolution of capital stock (top) and output (bottom) for di�erent

initial capital stocks and the same sequence of technology shocks. A = 10,
Z = [0:85; 1:15].

The corresponding per capita output is shown in Figure 3 (bottom). It can be observed that

the sample paths of all suÆciently large initial capital stocks converge quickly to the path
k?(�t!) of the random �xed point. For small initial capital stocks the sample paths converge

toward the steady state of zero capital. The output has the same dynamical behavior as the
capital stock.

Next, we turn to the statistical part of our numerical analysis. The convergence property
together with the ergodic theorem ensures that all quantities calculated below can be approx-

imated by averaging along corresponding sample paths. For instance, for any k � 1 one has

Ek? = limT!1 1=T
PT

t=0
'(t; !; k) almost surely. The statistical properties of the time series

for the arti�cial economies studied here are summarized in Tables 1, 2, and 3. The standard

deviations and correlations reported with output are generated as follows. First, k = 2 is taken
as the initial capital intensity and 1; 000 iterations of (19) are carried out to ensure that the

capital stock is suÆciently close to the sample path of the random �xed point. Second, 40; 000

iterations are done to calculate the standard deviations and correlations of all variables.

The statistics for the U.S. economy, which are adopted from Hansen (1985), Danthine &

Donaldson (1993), and Kydland & Prescott (1990), are reported in the �rst three columns of
Table 1 and Table 2, respectively.

We take these data as the summary benchmark of basic business cycle stylized facts which

serves as the empirical foundation in most real business cycle studies, cf. Danthine & Donaldson

13



(1993). Their qualitative interpretation is as follows: output is more volatile than the other

aggregates, and the variability of consumption is about the same as that of the real wage and

more pronounced than the variability of the capital stock. All of these variables are procyclical,

but the correlation of the capital stock with output is comparably small.

Variable

Output

Consumption
Capital stock

Real wage

U.S. economy

(1955{1984)

s.d.(%) r.s.d. corr.

1.76 1.00 1.00

1.29 0.73 0.85
0.63 0.36 0.04

1.18 0.67 0.42

Arti�cial economy

Z = [0:9985; 1:0015]

s.d.(%) r.s.d. corr.

1.87 1.00 1.00

1.41 0.75 0.99
0.48 0.25 0.34

1.15 0.61 0.98

Arti�cial economy

Z = [0:85; 1:15]

s.d. r.s.d. corr.

1.86 1.00 1.00

1.39 0.75 0.99
0.47 0.25 0.33

1.13 0.61 0.98

Table 1: Source for U.S. data: Hansen (1985) and Danthine & Donaldson (1993).

Arti�cial economy data simulated by Schenk-Hopp�e (1999). s.d. = standard devi-

ation, r.s.d. = s.d. relative to output, corr. = correlation with output.

Consider �rst the results of our numerical experiments for small technology shocks, i.e. Z =

[0:9985; 1:0015]. These are listed in the second three columns of Table 1 and the �rst four
columns of Table 3. The numerical data display the benchmark business cycle facts reasonably

well. The standard deviations of the aggregates output, consumption, capital stock, and real

wage are about the same as those of the actual economy. The standard deviations relative to
output of consumption and real wage show high accordance with the empirical data. Only the

capital stock is less volatile in relative terms than the actual data predict. The correlations
of consumption, capital stock, and real wage with output only exhibit the same qualitative
behavior: consumption and real wage correlate much stronger with output than the capital

stock with output.

U.S. economy (1954{1989)

Cross corr. of output with

Variable s.d.(%) x(t� 1) x(t) x(t + 1) x(t + 2)

Output 1.71 0.85 1.00 0.85 0.63
Consumption 1.25 0.81 0.82 0.66 0.45

Capital stock 0.62 -0.31 -0.08 0.16 0.39

Real wage 1.58 0.68 0.88 0.90 0.80

Table 2: Cross correlations of output with di�erent variables for the U.S. economy.

Source: Kydland & Prescott (1990), Table 1 and Table 2.

Concerning the cross correlations of output with other aggregates we have to concede that
the degree of accordance between the values of our arti�cial economy and the values actually

observed is rather weak. However, the cross correlations of output and consumption are
tendencially decreasing in the length of the time lag. The cross correlations of the actual

capital stock increases, while in our experiment they are largest for one period ahead, and
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Variable

Output

Consumption

Capital stock

Real wage

Arti�cial economy

Z = [0:9985; 1:0015]

Cross corr. of output with

x(t� 1) x(t) x(t+ 1) x(t+ 2)

0.34 1.00 0.34 0.15

0.33 0.99 0.29 0.13

0.16 0.34 0.98 0.48

0.34 0.98 0.48 0.22

Arti�cial economy

Z = [0:85; 1:15]

Cross corr. of output with

x(t� 1) x(t) x(t + 1) x(t + 2)

0.32 1.00 0.32 0.15

0.32 0.99 0.28 0.13

0.15 0.33 0.98 0.46

0.33 0.98 0.46 0.22

Table 3: Cross correlations of output with di�erent variables for two arti�cial

economies, Schenk-Hopp�e (1999).

are otherwise decreasing. The cross correlation of real wage is in the actual as well as in the

arti�cial economy maximal in the current period. We conjecture that the source of aberrations

of the cross correlations is due to the structure of our overlapping generations model.

To test whether these observations depend crucially on the strength of the technology shocks,

we compare our �ndings with the example in which Z = [0:85; 1:15]. The shocks have a 100
times larger maximal magnitude. The results are listed in the last three columns of Table 1
and the last four columns of Table 3. We �nd that the standard deviations relative to output

and the correlations are almost unaltered. The volatility of the aggregates increases inevitably.
The cross correlations display similar properties as in the small noise case. Summarizing we
may conclude that the strength of the technology shock only a�ects the absolute volatility

and that the relations measured in relative terms remain unaltered.

5 Conclusions

In this paper we examine business cycle phenomena in an overlapping generations economy
in which random uctuations in aggregate productivity are present. Crucial features of our

model are a time-additive and state-dependent expected utility function and a logarithmic

production function with multiplicative shocks. These assumptions guarantee the explicit
solvability of the stochastic system. Employing the concept of a random �xed point, we can

prove sample path stability of the time series of the main economic aggregates. Moreover, this

paper presents a numerical investigation of the statistical properties of the economic aggregates

output, consumption, capital stock, and real wage. We compare our �ndings with data from
the U.S. economy. It turns out that our arti�cial economy displays several real world business

cycle phenomena.
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Appendix

Proof of Lemma 2.1: Equation (15) is equivalent to (1+n)AE(zt+1 jzt)

1+n+s(wt;R�)
= R�� (1� Æ): Together

with (14) we obtain

(1+n+wt) (R
�)2 + [(1+n)(1�AE(zt+1 jzt))� (1�Æ)(1+n+wt)]R

�

= (1 + n) (AE (zt+1 jzt)+1�Æ) :

Equation (16) is derived by solving this quadratic equation. �

Proof of Lemma 2.2: Property a) is a simple consequence of the de�nition of the total

income function. Di�erentiating w(k; z) with respect to k yields w1(k; z) =
Azk

(1+k)2
. Therefore,

w1(k; z) = 0 if and only if k = 0 or k = 1, and w1(k; z) > 0 for all k > 0. This is b). To

prove c) we have to show that k = 1 is the unique point such that w11(k; z) = 0 and w11(k; z)

changes sign. This follows directly from the fact that w11(k; z) = (Az(1� k))=(1 + k)3. �

Proof of Lemma 2.3: Property a) is a simple consequence from the de�nition of the saving
function. Let us show b). The total derivative of s with respect to w is

sw(w;R(w)) =
R(w)

1 +R(w)
+

Rw(w)

R(w)2(1 +R(w))2
w

=
s(w;R(w))

w

�
1 + s(w;R(w))

Rw(w)

R(w)2

�
(24)

where R(w) is given by (18) and

Rw(w) =
A� R(w)

p
(A+ 1)2 + 4Aw

(1 + w)
p
(A+ 1)2 + 4Aw

: (25)

Since R(0) = A, it follows that sw(0; R(0)) = A=(A + 1). For all w > 0, s(w;R(w))=w > 0
and

1 + s(w;R(w))
Rw(w)

R(w)2
= 1 +

w

R(w) (1 +R(w))

A� R(w)
p
(A+ 1)2 + 4Aw

(1 + w)
p
(A+ 1)2 + 4Aw

= 1� w

(1 +R(w)) (1 + w)| {z }
2[0;1)

+
wA

R(w) (1 +R(w)) [1 + w]
p
(A+ 1)2 + 4Aw| {z }

>0

> 0:

Therefore, sw(w;R(w)) > 0 for all w � 0.

To prove c) it suÆces to show that the second total derivative of the saving function

sww(w;R(w)) =

2
s(w;R(w)) sw(w;R(w)) Rw(w)

w R(w)2
+
s(w;R(w))2 Rww(w)

w R(w)2
� 2

s(w;R(w))2 Rw(w)
2

w R(w)3
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is negative for all w > 0. Since

Rww(w) = �2Rw(w)

1 + w
� 2A2

(1 + w)
hp

(A + 1)2 + 4Aw
i3

= �2 Rw(w)

�
1

1 + w
+

A

(A+ 1)2 + 4Aw

�
� 2AR(w)

(1 + w) [(A+ 1)2 + 4Aw]

we obtain

sww(w;R(w))

= 2
s(w;R(w))

w
sw(w;R(w))

Rw(w)

R(w)2
� 2

s(w;R(w))2

w

Rw(w)
2

R(w)3

� 2

�
1

1 + w
+

A

(A� 1)2 + 4A(1 + w)

�
s(w;R(w))2

w

Rw(w)

R(w)2

� 2A

(1 + w) [(A� 1)2 + 4A(1 + w)]

s(w;R(w))2

w

1

R(w)

= 2
s(w;R(w))2 Rw(w)

w R(w)2

�
� A R(w)

(1 + w) [(A+ 1)2 + 4Aw] Rw(w)

� 1

1 + w
� A

(A� 1)2 + 4A(1 + w)
+

sw(w;R(w))

s(w;R(w))
� Rw(w)

R(w)2

�

The fraction s(w;R(w))2 Rw(w)

w R(w)2
is negative for all w > 0, because Rw(w) < 0 for all w > 0. It

remains to show that the sum of the terms in brackets, say �(w), is positive for all w > 0.
Using (24), (25), and (14) it follows that

�(w) = � A R(w)h
A� R(w)

p
(A+ 1)2 + 4Aw

i p
(A+ 1)2 + 4Aw

� A

(A+ 1)2 + 4Aw
+

1

w
� 1

1 + w
+

Rw(w)

(1 +R(w)) R(w)
� Rw(w)

R(w)

=
1

w (1 + w)| {z }
>0

� Rw(w)

1 +R(w)| {z }
<0

� A2

(A+ 1)2 + 4Aw| {z }
>0

h
A� R(w)

p
(A+ 1)2 + 4Aw

i�1

Therefore, �(w) > 0 if A� R(w)
p
(A+ 1)2 + 4Aw < 0, which is equivalent to

2A(1 + w) + (A� 1)
h
A� 1 +

p
(A+ 1)2 + 4Aw

i
> 0:

This condition is ful�lled for all w > 0, because Assumption 2.1 guarantees A > 1. �

Proof of Lemma 2.4: Property a) follows directly from Lemma 2.2.a). The inequality

h(1; z) � 1 is ful�lled if Az� � 1+(1+Az�)=A which is equivalent to z�A2�(1+z�)A�1 � 0.

Condition of b) can be derived by solving this quadratic inequality.
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The partial derivative of h with respect to k is h1(k; z) = sw(w(k; z); R(w(k; z)))w1(k; z).

Lemma 2.2.b) together with Lemma 2.3.b) implies that h1(0; z) = 0 and h1(k; z) > 0 for all

k > 0. De�ne � � log(1 + k) � k=(1 + k) and H(z) � A � 1 +
p
(A� 1)2 + 4A(1 + A�z).

Then the partial derivative of h with respect to z is

h2(k; z) =

A�
h
1 + 2(1+A�z)

H(z)

i
� A�z

�
2A�

H(z)
� 4A2�2z(1+A�z)

H(z)2
p

(A�1)2+4A(1+A�z)

�
h
1 + 2 (1+A�z)

H(z)

i2
which is positive if the numerator is positive. The numerator is equal to

A�H(z) + 2A�

H(z)
+

4A3�2z2(1 + A�z)

H(z)2
p
(A� 1)2 + 4A(1 + A�z)

;

which is in fact positive, because so are � and H(z). The second partial derivative of h with

respect to k is

h11(k; z) = sww (w(k; z); R(w(k; z))) w1(k; z)
2 + sw (w(k; z); R(w(k; z)))w11(k; z):

Lemmas 2.3.b) and 2.3.c) imply that the �rst total derivative of the saving function s with
respect to w is positive for positive wage income, whereas its second total derivative is negative
for all w(k; z) > 0. Furthermore, Lemma 2.2.b) and 2.2.c) yield that w1(k; z) > 0 for all k > 0

and w11(k; z) < 0 for all k � 1, which completes the proof of property c). �

Proof of Lemma 2.5: Since the right-hand side of (20) is decreasing in z, Lemma 2.4.b)

implies that h(1; z) � 1 for all z 2 [z; z]. The same Lemma yields that k 7! h(k; z) is strictly
concave for all k � 1. One further has that

h(k; z) � sw(0; R(0))w(k; z) � Az log(1 + k) (26)

because Lemma 2.3.b) ensures sw(0; R(0)) < 1. Hence for all suÆciently large k � 1, h(k; z) �
k. Therefore, strict concavity implies existence of a maximal �xed point k(z) � 1. k(z) is
increasing by Lemma 2.4.c). �

Proof of Theorem 3.1: Zero is a �xed point by Lemma 2.4.a), and Lemma 2.4.c) yields
asymptotic stability of zero. Further, Lemma 2.4.c) ensures that h(k; z) is increasing in z and
therefore kt+1 � h(kt; z). Recalling that h(k; z) < k in a neighborhood of zero, we obtain

assertion (i).

The proof of existence of a random �xed point with the claimed properties is completely

analogous to that of Theorem 4.2. in Schenk-Hopp�e & Schmalfu� (1998). We only have

to check that [k(z);1[ is forward-invariant and that k 7! h(k; z) is strictly concave for all
k � k(z). The latter is a direct consequence of Lemma 2.4.d). Lemmas 2.5 and 2.4.c) ensure

existence of a capital stock k(z) � 1 such that h(k; z) � k(z) for all k � k(z) and all z � z.
Thus the set [k(z);1[ is mapped into itself under h(�; z(!)). �

Proof of Corollary 3.2: It suÆces to check that there exists a proper interval Z � [z; z]

with 1 2 intZ such that conditions (20) and (23) hold for an arbitrary i.i.d. process with

values in Z.
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Observe that

E log h1(k(z); z(!)) � logmax
z2Z

h1(k(z); z) (27)

where k(z) is the maximal �xed point of the map k 7! h(k; z). Further maxz2Z h1(k(z); z) =

h1(k(1); 1) < 1 for z = z = 1.

The result follows from continuity of h1(�; �), and k(�), and from continuity in z of the right-

hand side of (20). �
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