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Abstract
The problem of inferring customer-provider relationships in the autonomous system topology of the Internet leads to the following optimization problem: given an undirected graph G
and a set P of paths in G, orient the edges of G such that as many paths as possible are valid,
meaning that they do not contain an internal node with both incident edges on the path directed away from that node. The complexity of this problem was left open by Subramanian et
al. (“Characterizing the Internet hierarchy from multiple vantage points,” INFOCOM 2002).
We show that finding an orientation that makes all paths valid (if such an orientation exists)
can be done in linear time and that the maximization version of the problem is N P-hard and
cannot be approximated within 1/n1−ε for n paths unless N P=co-RP. We present constantfactor approximation algorithms for the case where the paths have bounded length and prove
that the problem remains APX -hard in this case. Finally, we report experimental results
demonstrating that the approximation algorithm yields very good solutions on real data sets.

1

Introduction

The Internet is a huge, complex network whose present state is the outcome of a distributed
growth process without centralized control. Because of the importance of the Internet as our
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INTRODUCTION

basic communication infrastructure, significant research efforts have recently been devoted to the
discovery and analysis of its topology. The Internet topology can be considered either on the level
of individual routers and hosts or on the level of autonomous systems (subnetworks under separate
administrative control). In this paper, we focus on the autonomous system (AS) topology of the
Internet. The AS topology can be represented as an undirected graph: each vertex corresponds
to an AS, and two vertices are joined by an edge if there is at least one physical link between
the corresponding ASs. The AS topology has been investigated by a number of authors, see e.g.
[6, 13, 4, 15].
Different ASs exchange routing information using the Border Gateway Protocol (BGP). If an
AS X is connected to another AS Y , it announces the routes to a certain set A(X, Y ) of destination
addresses to Y . This implies that when Y has a packet with a destination in the set A(X, Y ), it
can forward the packet to the AS X, because X knows a route to that destination. An AS may
choose not to announce all routes that it knows to all of its neighbors; this decision is determined
by the routing policy employed by the AS.
While the AS topology provides information about the connections between ASs, it has been
pointed out in [8] that it is also important to know the economic relationships between ASs, because
these relationships determine the routing policies and thus the paths that packets can potentially
take in the network. If an AS X is connected to an AS Y , then Y can be a customer, provider, or
peer of X. If Y is a customer of X, then X announces all its routes to Y . If Y is a provider or
a peer of X, then X announces only the routes to destinations in its own AS and to destinations
announced by its own customers; it does (usually) not announce routes to destinations that it can
reach only through another provider or through peers. By knowing customer-provider relationships
between ASs, one could have a sound basis for investigations of routing issues in the Internet.
Since data about these relationships is not easy to obtain directly, however, a natural idea
is to infer AS relationships from the routing paths observed in the network (these paths can be
determined from BGP information). Subramanian et al. [14] pursue this approach and propose a
formulation of this inference problem as a combinatorial optimization problem, called the Typeof-Relationship problem: given a graph and a set of paths in the graph, classify the edges of the
graph into customer-provider relationships and peer-peer relationships such that as many of the
paths as possible are valid (consistent with this classification). Here, a path is valid if it consists
of zero or more customer-provider edges, followed by at most one peer-peer edge, followed by zero
or more provider-customer edges. Subramanian et al. write that they suspect the problem to be
N P-hard but have been unable to prove this, and they propose a heuristic algorithm.

1.1

Our results

In this paper, we consider two versions of the Type-of-Relationship problem: the problem of computing a classification such that all paths are valid (if such a classification exists), denoted AllToR,
and the problem of computing a classification that maximizes the number of valid paths, denoted
MaxToR. We prove that AllToR can be solved in linear time by reducing it to 2SAT and we
show that MaxToR is N P-hard, thus settling the complexity of the Type-of-Relationship problem left open in [14]. Our hardness proof implies that MaxToR cannot be approximated within
1/n1−ε (for any ε > 0) for general instances with n paths unless N P=co-RP. Motivated by the
characteristics of instances arising in practice, we then consider the case where the given paths are
short. First, we show that MaxToR can be approximated within a factor of (k + 1)/2k if all paths
Classifying Customer-Provider Relationships in the Internet
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have length at most k. Then we give approximation algorithms achieving a better approximation
ratio for k = 2, 3, 4. We also prove that MaxToR is APX -complete for paths of bounded length.
APX -completeness (see e.g. [2]) implies that MaxToR cannot be approximated within a certain
constant factor unless P = N P, even for instances with short paths. Finally, we have implemented
our approximation algorithm and obtained very encouraging results on real data sets.
Independently of our work, Di Battista, Patrignani and Pizzonia [5] have recently also obtained
the result that AllToR can be solved in linear time and that MaxToR is N P-hard. Interestingly,
they also use 2SAT to solve the AllToR problem and present an N P-hardness proof by reducing
Max2SAT. Their reduction is based on the same idea with which we are able to prove APX hardness. Di Battista et al. do not consider the question of approximability or inapproximability
of MaxToR. Instead, they give an N P-hardness result for the problem of maximizing peer-peer
relationships and present a new heuristic algorithm for MaxToR. They do not give approximation
bounds for the algorithm, but they show that it performs well on real data sets.
The remainder of the paper is structured as follows. Definitions and preliminaries are given in
Section 2. Section 3 deals with the AllToR problem. The hardness results for general MaxToR
are given in Section 4. In Section 5, the approximability of MaxToR instances with paths of
bounded length is studied. Section 6 describes our experimental results.

2

Preliminaries

We are given a simple, undirected graph G = (V, E) whose nodes correspond to the autonomous
systems of the Internet and whose edges correspond to physical connections between those autonomous systems. Furthermore, we are given a set P of simple, undirected paths in G. (We allow
that P contains a path several times, i.e., P can actually be a multi-set.) These paths are possible
data routes in the Internet; they are usually obtained from BGP routing tables. Informally, the
goal is to classify the edges of G as customer-provider or peer-peer relationships in a “correct” way
by using only the information obtained from the set of paths P . Here, the basic assumption is that
the routing policies of the ASs depend on these relationships in the way described in Section 1,
thus motivating the following definition (given in [14]).
Definition 1 For a classification of the edges of G into customer-provider and peer-peer relationships, a path p ∈ P is valid if
• it starts with zero or more customer-provider edges
• followed by zero or one peer-peer edge
• followed by zero or more provider-customer edges.
The problem of classifying the edges into peer-peer or customer-provider relationship such that
a maximum number of paths are valid was posed as the Type-of-Relationship (ToR) problem in
[14]. We consider two versions of this problem: In the first variant, denoted AllToR, the goal is
to decide whether there is an edge classification such that all paths in P are valid, and to compute
such a classification if it exists. In the second variant, denoted MaxToR, the goal is to compute
an edge classification such that a maximum number of paths in P are valid.
TIK-Report Nr. 145
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Figure 1: Representation of customer-provider and peer-peer relationship.
For convenience we represent a customer-provider edge as a directed edge from customer to
provider and a peer-peer edge as a bidirected edge between the two peers as shown in Figure 1.
Figure 2 gives some examples of valid and invalid paths. Using the directed and bidirected edge
formulation for customer-provider and peer-peer relationships, we can rephrase the validity of a
path as follows, where we take a bidirected edge to be pointing away from both of its endpoints.
Lemma 2 For a given edge classification (represented as directed and bidirected edges), a path p
is valid if and only if it does not contain a node from which two edges of p are pointing away.
pa : ◦
pb : ◦
pc : ◦
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/
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Figure 2: Paths pa , . . . , pd are valid, pe and pf are not valid.
Finally, we argue that peer-peer edges can be completely disregarded in this formulation of the
problem. To see this, assume that for a graph G and a set of paths P , the relationships between
the ASs have been classified as directed or bidirected edges. Now replace every bidirected edge
by a directed edge in arbitrary direction. Using Lemma 2, we see immediately that all the valid
paths remain valid after this operation. Figure 2 illustrates this transition for both directions from
path pa to path pb and from path pa to pc , respectively. Therefore, we can assume without loss of
generality that the solutions for MaxToR and AllToR computed by an algorithm do not contain
any bidirected edges.1
An assignment of directions to the edges of an undirected graph is called an orientation of the
graph. We can now state the AllToR and MaxToR problems simply as follows:
AllToR: Given a graph G and a set of paths P , decide whether there is an orientation of G such
that all paths in P are valid, and compute such an orientation if it exists.
MaxToR: Given a graph G and a set of paths P , compute an orientation of G such that a
maximum number of paths in P are valid.
In the case of MaxToR, we will be interested in approximation algorithms. Here, an algorithm
for MaxToR is a ρ-approximation algorithm if it runs in polynomial time and always computes
an orientation of G such that the number of valid paths is at least ρ times the number of valid
paths in the optimal orientation. Note that ρ ≤ 1.
The length of a path is defined as the number of edges on the path. All nodes on a path except
its two endpoints are called internal nodes of the path.
1

From a practical point of view, it might be interesting to find an alternative formulation of the problem where
peer-peer edges are actually necessary.

Classifying Customer-Provider Relationships in the Internet
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The AllToR problem

In this section we show that the AllToR problem is solvable in linear time. To this end we show
that an instance of AllToR can be reduced to a 2SAT problem.
Lemma 3 A path p ∈ P of length k can be split up into k − 1 paths pi , 1 ≤ i ≤ k − 1, each of
length 2, such that for any orientation of G, p is valid if and only if all pi are valid.
Proof: The construction of the k − 1 paths works as follows: path p1 consists of the first two edges
of p. Path pi consist of edge i and edge i + 1 of path p. In this way, path pi overlaps with path
pi+1 by one edge. Figure 3 shows how a path of length 3 is split up into two paths of length 2. The
correctness of the lemma follows directly from Lemma 2.
t
u
p:
p1 :
p2 :

◦
◦

e1
e1

◦
◦
◦

e2
e2
e2

◦
◦
◦

e3

◦

directed path
e
e
◦ 1 ◦ 2
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◦
◦
◦
◦
◦
/
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/

e3

◦

o

o

/

o

/

p1
◦
◦
◦
◦

e1
in
in
out
out

e2
in
out
in
out

p1 valid
yes
yes
yes
no

2SAT clause
e1 ∨ e2
e1 ∨ e2
e1 ∨ e2
e1 ∨ e2

Figure 3: Decomposition of paths (left), and truth table for a path of length 2 (right).
By Lemma 3, it suffices to consider the AllToR problem for instances with paths of length 2.
(Paths of length 1 are always valid.) The truth table on the right-hand side of Figure 3 shows
a one-to-one correspondence between the validity of a path of length 2 and the logical or of two
literals. This suggests the use of 2SAT to solve the AllToR problem, resulting in the following
algorithm:
1. Orient the edges of G = (V, E) arbitrarily.
P
2. Split all paths p ∈ P into p∈P (`(p) − 1) paths of length 2 as shown above, where `(p) is the
length of path p.
3. Construct a 2SAT instance where each edge ei ∈ E corresponds to a variable and each path
p (of length 2) corresponds to a clause in the following way: like in the truth table of Figure 3,
ei appears negated if the corresponding edge is pointing away from the internal node v of p
and not negated if it is pointing towards v.
4. Solve the resulting 2SAT instance.
5. If the 2SAT instance is not satisfiable, the AllToR instance is not solvable. Otherwise, flip
the directions of all edges whose corresponding variable has been assigned false. This gives
an orientation where all paths are valid.
Correctness of the algorithm can be verified easily by looking at the four possible configurations for
input paths of length two and the assignment of the variables in the corresponding clause. Steps 1,
2, 3 and 5 can obviously be performed in time linear in the size of the input. 2SAT is well known
to be solvable in linear time, so the running-time for Step 4 is linear as well.
Theorem 1 AllToR can be solved in linear time.
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The general MaxToR problem

In this section we show that MaxToR is N P-hard and even cannot be approximated well. To
achieve this we will give an approximation-preserving polynomial reduction from the well known
N P-hard maximum independent set problem (denoted MaxIS) to MaxToR. First, consider a
graph G with two paths as shown in Figure 4. It can be verified that in this graph there is no
orientation of the edges such that both paths are valid: Each of the three shared edges of both
paths would require to flip the direction in one of the paths to make them valid. But since a change
of direction of the edges in a valid path can happen only once, one of the two paths must be invalid.

Figure 4: A graph (middle) with two paths (left and right) that cannot both be valid in any
orientation.

Lemma 4 There exists a graph G with two paths such that only one of the two paths can be valid.
We will use this construction as a gadget to obtain a reduction from MaxIS to MaxToR. Let
an instance of MaxIS be given by an undirected graph H = (VH , EH ). We create an instance
(G, P ) of MaxToR by mapping every node in H to a path in P such that any two paths in P
• are edge-disjoint if there is no edge between them in H and
• cannot be valid simultaneously in any orientation if there is an edge between them in H.
Obviously, such an instance (G, P ) can be constructed in polynomial time using the gadget of
Figure 4.
Now observe that there is a one-to-one correspondence between orientations of G with t valid
paths and independent sets in H with cardinality t. In particular, if we could solve MaxToR in
polynomial time or approximate it in polynomial time with ratio ρ, we could also solve MaxIS in
polynomial time or approximate it with ratio ρ, respectively. Since MaxIS is known to be N Phard and not even approximable with ratio 1/n1− on graphs with n nodes for any ε > 0 unless
N P=co-RP [10], we obtain the following hardness result for MaxToR.
Theorem 2 MaxToR is N P-hard and cannot be approximated within a factor of 1/n1−ε on
instances with n paths for any ε > 0 unless N P= co-RP.
Thus it is not feasible to get a good approximation ratio for the general MaxToR problem.
We might hope, however, to be able to exploit the structure of real AS graphs or the observed
routing paths in order to give an algorithm with good approximation ratio for a restricted case of
MaxToR.
Classifying Customer-Provider Relationships in the Internet
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7

Approximating MaxToR instances with bounded path
length

Motivated by the negative result concerning the approximability of the general MaxToR problem,
we now consider a restricted version of the problem. Looking at real world data [14, 1], we noticed
that most of the paths are actually quite short (see also Section 6). This leads us to consider
instances of MaxToR where the maximum length of the paths is bounded by a constant. In the
following, we first present a very simple randomized approach achieving constant approximation
ratio for this case. Then we show how to use an approximation algorithm for Max2SAT to achieve
significantly better approximation ratios for instances containing only paths of length at most k for
k = 2, 3, 4. Finally, we prove APX -completeness for instances where the path length is bounded
by an arbitrary constant, by an approximation preserving reduction from the Max2SAT problem,
which is well known to be APX -complete [2].

5.1

A simple constant factor approximation algorithm

For paths of constant length there is a very easy randomized approximation algorithm: just select
the directions of the edges independently at random. If each edge is oriented in one of the two
possible ways with probability 1/2, a path of length k is valid with probability
k+1
.
2k
To see this, note that in a valid path the direction of the edges can change only once at one of the
k − 1 internal nodes or not at all. There are k − 1 possibilities for the direction of all edges in the
path in the former case and 2 possibilities in the latter case. Altogether there are 2k possibilities
to orient the edges. If all paths have length at most k, we get by linearity of expectation
k+1
k+1
E (Arand ) ≥
n≥
Opt,
k
2
2k
where Arand is the value of the approximate solution and Opt the value of the optimum. The
algorithm can easily be derandomized in the standard way (method of conditional probabilities),
giving the following theorem.
pk =

Theorem 3 The MaxToR problem with paths no longer than k edges can be approximated within
a factor of k+1
of the optimum in polynomial time.
2k
For example, this gives ratio 0.75 for paths of length at most 2, 0.5 for paths of length at most 3,
and 5/16 = 0.3125 for paths of length at most 4. We can also state the following corollary.
Corollary 5 The MaxToR problem with average path length bounded by k can be approximated
within a factor of 2k+1
of the optimum in polynomial time.
2·4k
Proof: Consider an instance of MaxToR with n paths. If the average path length is k, there are
at least n/2 paths with length at most 2k. Applying the simple randomized algorithm described
above to these n/2 paths, we obtain a solution with at least
n 2k + 1
·
2
4k
valid paths.
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Better ratios for paths of short length

To obtain better ratios for paths of length at most 4 or less we use the approximation algorithm for
Max2SAT due to Lewin, Livnat and Zwick [12]. They achieve a ratio of r = 0.940 by enhancing the
semidefinite programming (SDP) based approach first presented in the seminal paper by Goemans
and Williamson [9]. Given an instance (G, P ) of MaxToR, we construct an instance of Max2SAT
from the paths as described in Section 3 (by splitting every path into paths of length two and adding
a clause for each length 2 path) and apply the Max2SAT approximation algorithm to the resulting
instance. Then we orient the edges of G according to the assignment returned by the Max2SAT
algorithm. It may seem surprising that this approach gives a good ratio because there is not
necessarily a one-to-one correspondence between paths and clauses.
First, a bit of notation: Let Opt denote the optimum value of the considered MaxToR instance
and Ak the value of our approximate solution for an instance with path length bounded by k. Let
gk be the number of paths in P that have length exactly k. Note that paths of length 1 can be
ignored, since they are always valid. Hence, we can assume g1 = 0. Furthermore, note that for
deriving lower bounds on the approximation ratio Ak /Opt, it suffices to consider only instances in
which all paths have length exactly k: If an instance contains a shorter path, this path can easily
be lengthened by adding an appropriate number of extra nodes and edges to the path at one of its
ends. At most k · n edges and nodes are added, and a solution to this modified instance clearly
gives a solution to the original instance with at least the same number of valid paths.
In the simplest case, when all paths have length 2, we can directly transfer the ratio r = 0.940
from Max2SAT to MaxToR. This is because each path is represented by exactly one clause
which is satisfied if and only if the path is valid.
e1

e2

e3

Figure 5: A path of length 3 which leads to the two clauses e1 ∨ e2 and e2 ∨ e3 . See Section 3 for
details about the definition of the clauses given a graph and paths.
Now consider a path of length 3. It is represented by two 2SAT clauses. The variable corresponding to the edge in the middle appears in both clauses, once negated and once not negated
(see Figure 5 for an example). Therefore, one of the two clauses is always satisfied. Clearly, both
clauses are satisfied if and only if the path is valid. This gap of either one or two clauses being
satisfied can be used to derive a bound on the approximation ratio. Consider a MaxToR instance
with n = g3 paths of length 3. Note that an optimal solution of Max2SAT has the value Opt + g3
and directly gives an optimal solution to the MaxToR problem (with value Opt). The Max2SAT
approximation algorithm satisfies A3 + g3 clauses with
A3 + g3
≥ r.
Opt + g3

(1)

Because there is always a solution to Max2SAT such that at least 3/4 of the clauses are satisfied
and there are 2 · g3 clauses, we have A3 + g3 ≥ 3/2 · g3 or g3 ≤ 2 · A3 . Applying this to (1) leads to
A3 ≥ r · (Opt + g3 ) − g3 ≥ r · Opt + 2(r − 1) · A3
r
Opt
A3 ≥
3 − 2r
Classifying Customer-Provider Relationships in the Internet
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giving approximation ratio r/(3 − 2r) ≥ 0.839. Note that this is a considerable improvement over
the ratio 1/2 obtained for paths of length three by Theorem 3.
In a Max2SAT instance derived from paths of length 4 there will be three clauses for each of
the paths. We refer to the three clauses of a path as a triple. With the same argumentation as
for length 3 paths, we have that for each triple at least one clause is always satisfied and all three
are satisfied if and only if the corresponding path is valid. This shows that any solution of this
instance satisfies
x + y + g4
clauses, where g4 , y and x are the number of triples with at least one, at least two and exactly
three satisfied clauses, respectively. Note that x yields the number of valid paths and x ≤ y ≤ g4 .
We now compare a solution S = A4 + y + g4 computed by the Max2SAT approximation
algorithm with a solution S 0 = Opt + y 0 + g4 derived from an optimal solution of the corresponding
MaxToR instance. By [7] we know that S/S 0 ≥ r. From this we can bound the approximation
ratio A4 /Opt. In the worst case y = g4 and y 0 = Opt. This gives
A4 + 2 · g4
≥r
2 · Opt + g4
A4 ≥ 2r · Opt + (r − 2) · g4 ≥ 2r · Opt + 4(r − 2)A4 ,
because there are 3 · g4 clauses of which at least 3/4 are satisfied in the approximate solution, i.e.
A4 + 2 · g4 ≥ 9/4 · g4 or g4 ≤ 4 · A4 . Solving for A4 we get
A4 ≥

2r
· Opt.
9 − 4r

This gives an approximation ratio of 2r/(9 − 4r) ≥ 0.358, which is a slight improvement compared
to 5/16 = 0.3125.
Note that this approach cannot be carried over to paths of length greater than 4. It uses the
fact that at least 3/4 of the clauses can be satisfied, which does not help if each path is represented
by 4 or more clauses and the path is valid if and only if all of them are satisfied.
Summarizing the results discussed above, we get the following theorem.
Theorem 4 The MaxToR problem with paths no longer than k edges can be approximated within
a factor ck of the optimum in polynomial time, where ck has the following form:
• c2 := 0.940
• c3 := 0.839
• c4 := 0.358
• ck :=

k+1
2k

for k > 4

TIK-Report Nr. 145

Classifying Customer-Provider Relationships in the Internet

10

5.3

5 APPROXIMATING MAXTOR INSTANCES WITH BOUNDED PATH LENGTH

APX -hardness

So far we have given constant-factor approximation algorithms for instances of MaxToR with
paths of bounded length. Now we show that even instances containing only paths of length 2
cannot be approximated better than some constant unless P = N P. Both results together give
that MaxToR with constant maximal path length is APX -complete.
To this aim, we reduce Max2SAT and apply an APX -hardness result by Håstad [11]. We
start by reducing a Max2SAT instance to a MaxToR instance (G, P ) with paths of length 3.
Then we explain how this instance can be modified such that it contains only paths of length 2.
Assume that we are given a Max2SAT instance with variables xi , i ∈ {1 . . . n0 } and clauses cj ,
j ∈ {1 . . . m0 }. For each variable xi we add two nodes xi , xi to G and an edge ei = {xi , xi } between
them. If in a solution to MaxToR this edge is directed towards xi this corresponds to xi = true.
Otherwise, if it is directed towards xi , this means xi = false. For each clause ck = li ∨ lj , with
literals li ∈ {xi , xi } and lj ∈ {xj , xj }, one edge {li , lj } is added. Additionally a path of length 3 is
added to P along the nodes li , li , lj , lj . Figure 6 shows a simple example with one clause, and the
graph on the left-hand side of Figure 7 shows an example with two clauses.
Max2SATclause
(x1 ∨ x2 )

path
x1 , x1 , x2 , x2

graph
x1 B

x2

x1

x2

BB
BB
BB
B

directed path
x1 B
x2
O

x1

BB
BB
BB
B

truth value
x1 = 1, x2 = 0

x2


Figure 6: Example of how an instance of MaxToR is constructed from a Max2SAT instance. On
the right-hand side, a possible assignment of directions to the edges and the corresponding truth
values are shown.
The paths and edges are defined such that a path is valid in a solution to the MaxToR instance
if and only if the corresponding clause is satisfied. This is clear because a path is valid if and only
if either ei is directed towards li or ej towards lj , which corresponds to a truth assignment where
li ∨ lj is satisfied. In particular, note that given a satisfied clause the edge {li , lj } can always be
directed such that the whole path is valid. Conversely, for an unsatisfied clause no such direction
of {li , lj } exists.
Thus, maximizing the number of valid paths also maximizes the number of satisfied clauses.
With [11] we get that MaxToR is not approximable within ratio q = 0.955 for instances with
paths of length at most k for any constant k ≥ 3.
To obtain a similar result for paths of length 2, we modify the instance as follows: each path
li , li, lj , lj is replaced by two overlapping paths li , li , lj and li , lj , lj . See the graph in the middle of
Figure 7 for an example. Clearly, in a MaxToR solution one of the two paths is always valid. The
corresponding clause is satisfied if and only if both paths are valid. So an optimal solution to the
MaxToR instance with Opt valid paths gives an optimal assignment to the variables such that
Opt − m0 clauses are satisfied. An approximate solution to MaxToR giving A2 valid paths leads
to A2 − m0 satisfied clauses. With [11] we know that
A2 − m0
≤q
Opt − m0
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Figure 7: Network and paths resulting from the two clauses x1 ∨ x2 , x2 ∨ x3 : Constructed instance
with length 3 paths (left), modified instance with length 2 paths (middle), and possible solution
where both clauses are satisfied (right).
for at least one instance of Max2SAT. With Opt − m0 ≥ 3/4 · m0 (at least 3/4 of the clauses of
any Max2SAT instance can be satisfied) this yields
A2 ≤

4 + 3q
· Opt,
7

which gives the following theorem.
Theorem 5 Unless P= N P, there is no approximation algorithm for MaxToR with paths of
≤ 0.981 if k = 2 and ratio at least 0.955 if k ≥ 3.
length at most k that achieves ratio at least 4+3q
7
In particular, with Theorem 4 we have that MaxToR is APX -complete for paths with constant
maximum length.

6

Experimental results

In this section we discuss some experiments conducted with the approximation algorithm for MaxToR presented in Section 5.2: the algorithm constructs a Max2SAT instance from the given paths
and uses an SDP-based algorithm to obtain an approximate solution. For our experiments we used
the data that has been accumulated by Subramanian et al. [14] and is available on the WWW [1].
For three different dates (18 April 2001, 4 February 2002, and 6 April 2002) routing paths from
10, 9, respectively 14 autonomous systems were collected. From these 3.4 to 6.4 million paths in a
network of about 10,000 nodes and 25,000 edges, the edge directions were deduced. It is notable
that the path lengths are relatively short (see Table 1), i.e. the assumption in Section 5.2 that the
path lengths are bounded by a small constant is quite realistic.
Table 1: Size of the network and number of paths at the three different dates. The maximal and
average path lengths are given before (max1 and avg1 ) and after (max2 and avg2 ) the preprocessing
described in the text.
Date
18 Apr 2001
4 Feb 2002
6 Apr 2002
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# of nodes
10923
12788
13164

# of edges
23935
27936
28510

# of paths
3423422
4988100
6356435

max1
12
11
11

avg1
3.52
3.52
3.55

max2
10
9
8

avg2
1.70
1.32
1.39
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In our implementation the paths are first preprocessed by directing edges that can be directed
without conflicts. This shortens the paths considerably (cf. Table 1). Then it is checked with the
AllToR algorithm described in Section 3 whether the graph can be oriented such that all paths
are valid. This was not the case for any of the three dates. Finally, an approximate solution is
calculated as described in Section 5.2: Max2SAT is relaxed as in [9] and the rounding is done as
in [7]. In [7] the improved approximation ratio could be achieved by adding new constraints and
a modified rounding strategy. We could not add the constraints because the instance would have
become too large. The new rounding strategy was adopted though. The freely available solver
DSDP 4.5 [3] was used to solve the semidefinite programs. The overall results are given in Table 2.
The computed orientations make roughly 98% of the given paths valid. This should be contrasted
with the edge classifications computed by the heuristic algorithm of [14] that are also available at
[1]. In these edge classifications, only about 80% of the paths are valid. This demonstrates that it
pays off to use SDP-based approximation algorithms for MaxToR in practice.
Table 2: Experimental results achieved with the approximation algorithm presented in Section 5.2.
Date
18 Apr 2001
4 Feb 2002
6 Apr 2002

Total # of paths
3423422
4988100
6356435

# of valid paths
3360926 (98.17%)
4919310 (98.62%)
6204849 (97.62%)
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