ETH Library

Multicarrier modulation techniques
for bandwidth efficient fixed
wireless access systems
Doctoral Thesis
Author(s):
Hunziker, Thomas
Publication date:
2002
Permanent link:
https://doi.org/10.3929/ethz-a-004469984
Rights / license:
In Copyright - Non-Commercial Use Permitted

This page was generated automatically upon download from the ETH Zurich Research Collection.
For more information, please consult the Terms of use.

Diss. ETH No 14818

Multicarrier Modulation
Techniques for Bandwidth Efficient
Fixed Wireless Access Systems
A dissertation submitted to the
SWISS FEDERAL INSTITUTE OF TECHNOLOGY
ZURICH
for the degree of
Doctor of Technical Sciences

presented by
Thomas Hunziker
Dipl. El.-Ing. ETH
born September 11th, 1966
citizen of Staffelbach, AG

accepted on the recommendation of
Prof. Dr. Dirk Dahlhaus, examiner
Prof. Dr. Andreas Polydoros, co-examiner

2002

Acknowledgments
In the first place I would like to thank Prof. Dirk Dahlhaus for supporting my
work in all the years I spent in his group at the Communication Technology Laboratory. I thank him particularly for guiding my research activities, for writing
many papers with me, and for being the referee of this thesis. Furthermore, I
would like to thank Prof. Andreas Polydoros for the time he sacrificed to review
my thesis as a co-examiner, and for his valuable comments.
The Communication Technology Laboratory has been an ideal environment
for me to work, and I would like to thank all the people who supported me in
the past years. In particular, I thank Prof. P. E. Leuthold for inviting me to join
the laboratory as a research assistant and my colleague Mauro Pesce for sharing an office with me. Additionally, I would like to thank the current, former,
or external laboratory members Urs Bernhard, Zhenlan Cheng, Simeon Furrer,
Bruno Haller, Jan Hansen, Dirk Hugen, Andreas Jarosch, Jürgen Kemper, Christian Mauz, Jürg Meierhofer, Carlo Mutti, Rico Schwendener, Pascal Truffer, and
Martin Tschudin for their support and the many fruitful discussions.

Abstract
Fixed wireless access (FWA) technologies are of great interest as a means to
provide broadband data services to households and businesses without requiring any existing cable infrastructure. Multicarrier modulation techniques like
orthogonal frequency-division multiplexing (OFDM) facilitate the high-speed
data transmission over time-dispersive channels. What makes the physical layer
design in FWA systems demanding is the limited frequency spectrum and the
fact that, unlike in some cable based systems, the transmission medium needs to
be shared among multiple users. Bandwidth efficient transmission schemes are
thus a central issue.
In this thesis, two potential techniques for achieving higher spectral efficiencies than with a conventional OFDM modulation are investigated. The first technique exploits available channel state information (CSI) at the transmitter side
for accomplishing an adaptive modulation. In particular, the spectral power allocation of a bit-interleaved coded broadband OFDM transmission over slowly
time-variant channels is optimized. The presented adaptation policies aim to
minimize the bit error rates at the decoder output of hard-decision and softdecision based receivers, assuming either perfect or outdated CSI. The achievable increase in the spectral efficiency with respect to nonadaptive transmission
schemes is investigated by means of computer simulations.
The second part of the thesis focuses on alternative multicarrier transmission
techniques without bandwidth wasting guard periods. Multicarrier modulation
schemes in which the elementary signal pulses relate to the elements of a WeylHeisenberg system, i.e. resulting from a prototype function shifted in time and
frequency, are studied. The overlapping of the information-bearing signal parts
after dispersive channels and the resulting interference are bounded by utilizing
a prototype pulse whose energy is concentrated in both time and frequency. Rei

ceiver schemes are presented in which first a sufficient statistic for the unknown
data symbols is calculated from the output signals of a filter bank, and second
an iterative maximization of the likelihood function or a decorrelation is performed. The bounded pulse overlapping allows for limiting the computational
effort in the receivers. The computational complexity, error rate performance
and information capacity are analyzed and compared to the characteristics of a
conventional coded OFDM transmission.
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Kurzfassung
Drahtlose Festanschlüsse sind eine Alternative zu drahtgebundenen Lösungen zur Versorgung von Haushalten und Geschäften mit breitbandigen Datendiensten. Der Vorteil der drahtlosen Systeme liegt darin, dass keine KabelInfrastruktur vorausgesetzt werden muss und die Endgeräte einfach installiert
werden können. Mit Mehrträger-Modulationsverfahren wie OFDM (Orthogonal
Frequency-Division Multiplexing) lassen sich Daten mit hoher Geschwindigkeit
über Funkkanäle mit Mehrwegausbreitungserscheinungen übertragen. Andererseits sind wegen der Knappheit an Frequenzen, und weil sich die Benutzer in
einer Zelle das Spektrum teilen müssen, Übertragungsverfahren mit hoher spektraler Effizienz gefordert.
Gegenstand dieser Arbeit ist die Untersuchung zweier Ansätze zur Verbesserung der Bandbreite-Effizienz gegenüber einer gewöhnlichen OFDM Übertragung. Die erste Technik beruht auf der Ausnutzung von Kanalinformation im
Sender. Es werden insbesondere Verfahren zur Adaptierung der Leistung der
Unterträgersignale an den gegenwärtigen Kanalzustand betrachtet. Die hergeleiteten Algorithmen minimieren die Fehlerraten am Decoder-Ausgang bei Systemen mit Codierung und einer Verschachtelung (Interleaving) auf Bit-Ebene,
wobei auch der Fall einer wegen eines zeitvarianten Kanals veralteten Kanalinformation untersucht wird. Die mittels adaptiver Leistungsanpassung erzielbaren Gewinne werden durch Computersimulationen ermittelt.
Im zweiten Teil der Arbeit wird die Eignung von alternativen MehrträgerModulationstechniken ohne die für OFDM notwendigen Schutzintervalle untersucht, welche die Bandbreite-Effizienz vermindern. Es wird eine Klasse von Modulationsverfahren betrachtet, bei welchen die elementaren Pulsformen durch
Verschiebung einer Prototypfunktion in der Zeit und der Frequenz resultieren
und somit den Elementen eines Weyl-Heisenberg-Systems entsprechen. Durch
iii

Verwendung von Prototypen mit hoher Signalenergiekonzentration im Zeitund Frequenzbereich lässt sich die Überlappung der informationstragenden Signalanteile am Kanalausgang - und damit die Interferenz am Empfänger - beschränken. Empfängerkonzepte werden vorgestellt, welche mittels einer Filterbank zuerst eine suffiziente Statistik für die unbekannten Datensymbole erzeugen und auf dieser Basis eine iterative Maximierung der Likelihood-Funktion
oder eine Dekorrelation durchführen. Die erforderliche Rechenkomplexität lässt
sich durch die Beschränkung der Pulsüberlappungen begrenzen. Neben der Rechenkomplexität werden die Fehlerraten und die Kapazitäten untersucht, und es
wird ein Vergleich zu konventionellen OFDM-Systemen ohne und mit Codierung angestellt.
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Chapter 1: Introduction

systems to achieve the envisaged data rates far beyond the maximum 2 Mbit/s in
the UMTS (universal mobile telecommunications system) standard.

1.1 Motivation

Chapter 1

Introduction
There is a rapidly increasing demand for high-speed Internet access. A number
of digital subscriber line (DSL) standards, as a whole referred to as xDSL, have
emerged for connecting households at data rates of up to several Mbit/s over
unshielded twisted-pair wires. Besides, Internet access is offered over coaxial
cables and also over power lines. Unlike a fiber-to-the-home solution all these
techniques rely on existing cable infrastructures and do therefore not cause much
extra installation costs.
Fixed wireless access (FWA) systems are another cost-efficient possibility
for providing multimedia services to households and businesses. While the
wireless solutions are clearly advantageous in rural areas with underdeveloped
cable infrastructures, the simple installation could make them also an interesting alternative in suburban and urban areas. Organized in cells of up to a few
kilometers in diameter, FWA systems could in the future coexist with the third
generation (3G) of personal communication systems, which are built up for mobile users in particular, and wireless local area networks (WLANs), which are
primarily intended for in-house use.
Apart from their distinct positions within the world of wireless communications, these three systems also differ from an engineering viewpoint. Compared
to 3G mobile radio systems, channel estimation and tracking is less demanding
and there are no handovers in FWA scenarios. On the other hand, outdoor systems have to deal with much larger delay spreads due to multipath propagation
than indoor WLANs. A state-of-the-art physical layer is a prerequisite for FWA

To be successful in the market with a FWA technology, the terminal stations
must be cheap and easy to install at the subscribers’ premises. This rules out
using directive antennas high above the roofs for establishing exclusive line-ofsight (LOS) links between the subscribers and a base station. Rather, it should
be possible to mount the antennas of the terminals in-house or to adjust them
just outside of a window. This implies that the system must also function under
non-line-of-sight (NLOS) conditions. Moreover, a cellular structure becomes
necessary in which the radio channel is a shared medium. In order to deliver
broadband services to a multitude of users an efficient usage of the scarce bandwidth resources is a central issue.
Bandwidth efficient techniques are demanded on the physical layer as well as
on the higher layers. In this work, we shall primarily focus on appropriate modulation techniques for FWA systems. Orthogonal frequency-division multiplexing (OFDM) is employed as the underlying modulation method in many highspeed communication systems encountering multipath channels as this evades
the need for complex equalizers in the receivers. We shall investigate two concepts which may achieve a more favorable performance-complexity ratio than
a conventional OFDM transmission. The first technique aims to exploit knowledge about the channel state in the transmitter for increasing the spectral efficiency. The considered adaptation of the spectral power allocation to the instantaneous channel state is particularly useful in the downlink, i.e. the link from the
base station to the subscriber, since it involves an additional complexity only in
the transmitter while a simple demodulation and decoding scheme can be applied in the receiver.
To enable an interference-free demodulation the OFDM signal contains socalled guard periods. The signal energy within these guard periods is not used
by the conventional OFDM receiver, and the favorable complexity is in fact only
enabled by a certain sacrifice of signal power. This motivates the search for
alternative multicarrier (MC) modulation techniques which do not require bandwidth consuming guard periods while still allowing for receiver structures with
acceptable complexities. In the second part of this work, a class of MC modu-
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lation schemes based on nonorthogonal pulse shapes is discussed. The receiver
complexity can be limited by choosing pulses with superior time-frequency (TF)
localization properties. Additionally, there is a greater freedom in the choice of
the signaling intervals and the number of subchannels, which can be used to relax the requirements of the hardware components in the transceiver front ends in
terms of linearity and frequency stability.

1.2 Fixed Wireless Access Systems
Bridging the last mile by a wireless technology is not a new concept. Wireless
local loop systems are in operation since quite a while, connecting subscribers to
the PSTN (public switched telephone network). These systems are particularly
interesting for underdeveloped countries as they evade a deployment of huge
amounts of copper wires. While voice services require data rates of at most
64 kbit/s, much larger bandwidths are necessary for offering Internet access at
a satisfactory speed or even video-on-demand. The local multipoint distribution
service (LMDS) and the multichannel multipoint distribution service (MMDS)
can deliver broadband services. They have originally been intended to provide
subscribers with video data and assume an asymmetric bandwidth allocation for
the uplink and downlink. The today available LMDS and MMDS products are
proprietary, rather than based on a common standard. However, the major reason
why these systems have not been successful so far is that they require LOS links
from the subscribers to the base station. This necessitates the installation of high
rooftop antennas before the links can go into operation.
Broadband FWA systems operating under NLOS conditions have a higher
potential to attract a broad interest since e.g. they allow the subscribers to place
the terminal antenna just next to a desktop computer. The most suitable frequency bands for a NLOS operation are between 2 and about 6 GHz. Higher
radio frequencies would only allow for short range services due to the large
path loss. Furthermore, both licensed and unlicensed frequency bands like e.g.
the ISM (instrumentation, scientific, and medical) band in the 2.4 and 5.8 GHz
ranges are conceivable. In unlicensed bands the transmitted signal must comply
with certain regulations and the receivers must be prepared to deal with interference from other systems using the same band.
Antennas with small beam-widths are usually not practical since in NLOS
scenarios the various reflected and diffracted signal parts may impinge from
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different angles. Adaptive antennas which accomplish a beam-forming to maximize the ratio of the gathered signal power over the power of the interference
and the noise are of great value. They can substantially enhance the system capacity but also increase the complexity in both the analog front ends and the
digital baseband processing units. In the scope of this work we assume the use
of conventional antennas.
Efforts towards creating standards for broadband FWA systems are currently
in progress, in Europe in the HIPERACCESS project within the ETSI (European telecommunications standards institute) BRAN (broadband radio access
network) group, and in the United States within the 802.16 working group at
the IEEE (institute of electrical and electronics engineers). Overviews of FWA
technologies can be found in e.g. [1, 2].

1.3 Multicarrier Modulation
In traditional single carrier systems, time domain equalizers are employed to
cope with intersymbol interference (ISI) caused by multipath propagation in the
radio channel. The complexity of these equalizers grows with the relative extent
of the echo delays with regard to the signaling intervals. With a MC modulation
the equalization complexity can be kept at an acceptable level even for high
data rates. The idea behind MC transmission is to allocate multiple subchannels
with uniformly spaced center frequencies for conveying a large number of bits
in parallel. For a given bandwidth, the signaling rate on each subchannel is
much lower and the signaling intervals are by the same factor longer than for a
corresponding single carrier transmission. A common form of MC modulation
with overlapping subchannel spectra is OFDM. Here, cyclic signal extensions
in guard periods preserve the orthogonality of the information-bearing signal
pulses, making the data detection in the receivers a particularly straightforward
and simple task.
The principle of employing multiple frequency-spaced subchannels has its
origin at least forty years ago, when it was applied in some military systems. In
1971, Weinstein and Ebert showed that a digital implementation of an OFDM
system can be based on computationally efficient fast Fourier transform (FFT)
methods [3]. It nevertheless took more than a decade from that time until OFDM
started to attract a broad interest, boosted by the demand for broadband communication systems and the vast development in the digital signal processing
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technology.
Today, OFDM is utilized both in wireless communications and for cable
based data transmission. In the latter field the technique is normally referred
to as discrete multitone (DMT) and applied in the new xDSL standards like
e.g. ADSL (asymmetric DSL). A comprehensive introduction to the characteristics of the DSL transmission medium and the application of DMT is contained
in [4]. In wireless data transmission, OFDM was adopted by the IEEE 802.11a
and the European HIPERLAN/2 standards1 for high-speed WLANs. Moreover,
OFDM was chosen for starting up terrestrial digital broadcasting services like
the DAB (digital audio broadcasting) system and the DVB (digital video broadcasting) project. Here, the challenge for the receivers is to deal with the long delays of the signal replicas from synchronously transmitting distant base stations.
For 3G mobile radio, which will soon be available under the acronym UMTS
in Europe, W-CDMA (wideband code-division multiple-access) was chosen as
the underlying modulation technique. However, OFDM is today often named
the prospective candidate for the fourth generation of mobile communication
systems.
In view of the high data rates and the significant delay spread in outdoor
environments, OFDM is also an auspicious modulation method for future FWA
systems. A combination with a time-division duplex (TDD) scheme is favorable since this provides the flexibility to choose the uplink and downlink burst
sizes according to the traffic requirements. The reciprocity of the uplink and the
downlink channel characteristics in a TDD transmission and their only marginal
variations from burst to burst facilitate an adaptation of the OFDM modulation
to the actual channel state. Specifically, the transmitter may use the channel
parameters that have been assessed for the demodulation of a previous burst to
optimize the modulation methods and the power allotment to the subchannels.
An overview of adaptive modulation methods in general with many references
is part of [5]. A survey of adaptation techniques for OFDM systems is also
provided in Sect. 3.2.
While OFDM is by far the most considered MC modulation scheme there
have also been a number of proposals for alternative MC transmission techniques. Receivers which are capable of dealing with the ISI resulting from
simply omitting the guard periods were studied in [6, 7]. In addition to sav1 HIPERLAN stands for HIgh PERformance LAN. Only the HIPERLAN type 2 is OFDM based,
offering higher data rates than the HIPERLAN type 1.
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ing bandwidth an elimination of the guard periods also increases the freedom
in the design of the elementary pulse shapes. An overview of MC modulation
and receiver schemes which exploit this freedom, e.g. to limit ISI, is given in
Sect. 4.1.

1.4 Contributions of this Thesis
The main subjects of the thesis are adaptive power control for OFDM systems,
and nonorthogonal MC transmission schemes. Both techniques can be viewed
as efforts to achieve a better spectral efficiency than with a conventional OFDM
modulation. The first part of the thesis provides a review of the concepts behind
a typical OFDM system according to e.g. today’s IEEE 802.11a and HIPERLAN/2 standards. The following analysis of the information theoretic capacity
of an OFDM transmission without and with knowledge of the channel state in
the transmitter can also be found in other literature in a similar form. Its purpose
in this work is to contrast the information theoretical gains by a power adaptation with the gains of the later on presented adaptation strategies for systems
with practical encoding and decoding schemes.
The main unique contributions of the thesis are the following:
• Adaptive power loading strategies are derived in Sect. 3.3 which aim
to optimize the error rate performance of an OFDM system with bitinterleaved coded modulation (BICM). The optimization criterion is directly the bit error rate (BER) at the decoder output, rather than the BER
of an uncoded system or the capacity.
• It is shown in Sect. 3.4 that adaptive power control is particularly beneficial in combination with a hard-decision decoding. As the power adaptation involves only the transmitter side, the presented adaptation strategies
can optimize the downlink performance in systems where the complexity
of the subscriber stations is limited, i.e. where a soft-decision decoding is
not feasible.
• In Sect. 4.3, iterative detection and decorrelation schemes are investigated
for the reception of MC signals based on nonorthogonal pulse shapes.
Receiver structures are presented in which the use of appropriate TF concentrated pulses allows for a significant complexity reduction.

1.5 Outline of this Thesis
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• A comparison of a MC transmission in which ISI is eliminated by a decorrelation in the receiver, and an ISI-free OFDM transmission is drawn in
Sect. 4.4 in terms of the bit error performance, and in Sect. 4.5 in terms of
the capacity.

1.5 Outline of this Thesis
Chapter 2 contains a discussion about the characteristics and the modeling of
the radio channel encountered in FWA systems. This is followed by an introduction to the basics of OFDM and an overview of the main elements in OFDM
transceivers. Particular emphasis will be on systems with forward error correction (FEC) coding, specifically on the use of a BICM scheme. Finally, the
achievable error rate performance is discussed, and the transmission technique
is reviewed from an information theoretic view point.
Chapter 3 presents adaptive OFDM modulation techniques. The waterfilling principle is first addressed, defining the optimum spectral power allocation with respect to the information theoretic capacity. Then, adaptive modulation schemes which aim to optimize the spectral efficiency or the error rate
performance are discussed. Techniques for only adapting the power allotment
to the subchannels are derived in particular, since they may be applied without
additional complexity in the receiver. The performance gain from the power
adaptation is investigated for BICM-OFDM transmission schemes at the end of
the chapter.
Chapter 4 addresses alternative MC modulation techniques. In particular,
bandwidth efficient MC modulation schemes in which the overlapping of the
information-bearing signal parts is limited by employing pulses with superior
TF localization properties are investigated. Appropriate receiver structures are
presented and their performance compared against a conventional OFDM receiver.
Chapter 5 gives an outlook to some further research activities, which may be
of interest in the context of next-generation ubiquitous wireless communication
systems.
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Chapter 2: OFDM for Fixed Wireless Access Systems

2.1 The Outdoor Radio Channel

Chapter 2

OFDM for Fixed Wireless
Access Systems
Severe signal distortion in the transmission medium can make reliable data recovery in wireless communication receivers a challenging task. In outdoor wireless data transmission using fixed antennas, a major cause for the signal distortion is multipath propagation, i.e., the original signal gets superimposed by a
number of echoes. Complex equalizers or other sophisticated signal processing
techniques are necessary to deal with the resulting ISI in single carrier broadband systems.
With an OFDM signaling, on the contrary, the channel is subdivided into a
large number of narrowband channels and interference thereby completely eliminated. As a drawback, the narrowband subchannels are exposed to large-scale
gain variations. Applying an appropriate FEC coding technique is therefore crucial for achieving acceptable performance figures in environments with multipath propagation.
This chapter first addresses the characteristics of the outdoor radio channel as
well as suitable models, and then provides an introduction to OFDM. Besides the
modulation and demodulation principles, the channel estimation, synchronization and FEC coding aspects are discussed. Finally, the error rate performance
with different decoding schemes and the information capacity are studied.

The signal attenuation in a LOS link including the loss in the transmitter and
receiver antenna subsystems can be computed by the Friis free space equation,
which can be found in [8]. The so-called path loss increases with the radio
frequency (RF) since the antenna aperture is linked to the wavelength. An additional attenuation due to rain and clouds must be taken into account in outdoor
systems operating in frequency bands higher than a few GHz.
Apart from the direct LOS path the information-bearing signal may also
reach the receiver antenna via reflections at buildings and other objects. Many
wireless communication systems are intended to function even if the direct signal path from the transmitter to the receiver is totally obstructed, i.e. under NLOS
condition. In this case, the signal at the receiver antenna may be composed of
a number of overlapping transmit signal replicas with quite similar power but
different delays. As a result of the scattering, diffraction and reflections, the
path loss over a certain distance is normally higher in NLOS scenarios than in
a LOS transmission. The actual signal strength at the receiver depends on the
relative differences in the delays of the overlapping essential signal parts, as this
determines whether the combining of the waves takes place in a constructive or
destructive fashion.
If the transceivers, scatterers or reflectors are in motion, the signal attenuation changes with time. Power variations due to appearing or disappearing signal
paths are termed large-scale fading, whereas the faster fluctuations due to small
changes in the relative delays associated with the paths are termed small-scale
fading. There may be rapid variations in the instantaneous received signal power
in systems where the transceiver stations are mobile or if e.g. speedy vehicles act
as reflectors. Although the latter cannot be ruled out, FWA systems are in general subject to much slower channel state variations. In [2] the fade rates in fixed
wireless environments are claimed to typically range between 0.1 and 2 Hz.
Outdoor high-speed transmission employing non-directive antennas often involves a frequency-selective channel. That is, the bandwidth W over which the
channel is used clearly exceeds its coherence bandwidth Wcoh . The coherence
bandwidth defines the maximum frequency spacing for which two narrowband
signals are exposed to correlated fading, and depends on the signal dispersion as
a consequence of the multipath propagation. If Wcoh is defined as the bandwidth
over which the normalized correlation coefficient exceeds the value 0.5, and the
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so-called root mean-square (RMS) delay spread τd represents the standard deviation associated with the distribution of the spread signal power in the delay
dimension, the approximation
Wcoh

1
≈
5τd

can be used to estimate Wcoh from τd or vice versa [8].
Results from delay spread measurements in outdoor environments were published in [9, 10, 11, 12, 13, 14], for frequencies between 1.8 and 29 GHz and
transmitter-receiver separations between tens of meters and a few kilometers.
The reported values for τd range from 16 to 330 nanoseconds. This gives rise
to the assumption that the coherence bandwidth in typical FWA systems will be
in the order of 0.6 to 13 MHz. The ratio of W and Wcoh is significant for a
wireless communication system since it characterizes the frequency-selectivity
of the channel, which allows for achieving diversity and thereby reducing the
negative effects of the fading.

2.2 Stochastic Modeling of the Channel
Channel models are important to predict the achievable performance with a
prospective transmission technique by analytical or numerical means. To create an appropriate model, a statistical description of the diverse effects in the
radio channel is needed. For the large-scale fading it has turned out that the
distribution of the signal power level after a certain distance closely matches
a lognormal distribution, provided that the observation interval is long enough.
The appropriate distribution for the description of the small-scale fading depends
on whether the LOS signal path is present or not. In NLOS scenarios, the assumption of a large number of impinging signals having mutually independent
random complex amplitudes leads to a Rayleigh distribution for the magnitude
of the combined narrowband signal.
To regard the wideband channel characteristics, the impulse response or,
equivalently, the transfer function needs to be modeled. We will always consider
a slowly time-variant channel, by which we mean that the impulse response may
be assumed as invariant for the duration of a burst transmission. The equivalent
baseband version of the time-invariant impulse response is represented by the
complex-valued function c(τ ). The corresponding transfer function is defined

12
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R∞
as the Fourier transform of c(τ ), i.e. C(f ) = −∞ c(τ )e−j2πf τ dτ , and determines the attenuation and phase rotation of a narrowband signal around f .
Some wideband channel models simply include one or a set of representative
impulse responses. To be independent of specific realizations of c(τ ), the latter
can also be viewed as a random process. The notion that there is no positional
interdependence between the reflectors or scatterers motivates the assumption of
a nonstationary zero-mean white complex random process characterized by
E [c(τ )c∗ (τ 0 )] = φc (τ )δ(τ − τ 0 ),

(2.1)

where E[·] and δ(·) represent the expectation and the Dirac delta function, respectively, and the asterisk in the superscript denotes complex conjugation. In
this common uncorrelated scattering (US) model the power delay profile (PDP),
represented by φc (τ ) in (2.1), provides second-order a priori information about
the impulse response.
To reflect the situation in a NLOS environment with small-scale fading, the
random process c(τ ) may be modeled as white complex Gaussian. In this case,
any random variable |C(f )| with a fixed f ∈ R exhibits a Rayleigh distribution. Furthermore, theoretical considerations and results from measurement
campaigns suggest an exponentially decaying PDP [10], given as

φc (τ ) =

τd−1 exp(−τ /τd ),
0,

τ ≥0
τ < 0.

(2.2)

As mentioned above, larger RMS delay spreads τd imply faster fluctuations in
the realizations |C(f )| per bandwidth, i.e. a smaller Wcoh .
In this work we will characterize the error rate performance of different MC
transmission schemes in environments with a fading channel by the mean BER
versus the mean signal-to-noise ratio (SNR). The mean is always computed over
some distributions which reflect the random channel variations due to the smallscale fading. That is, the performance figures include the impact of the smallscale fading, whereas the frequency-nonselective large-scale fading must be considered separately together with the other pass loss terms.
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B −1 N
C −1
X
p NX
S0
xk,n gk,n (t),

k=0

Re[xk,6 gk,6 (t)]
Re[xk,5 gk,5 (t)]

(2.3)

n=0

where NC and NB determine the numbers of subchannels and time slots, respectively, xk,n is a complex-valued data symbol, gk,n (t) represents the elementary
signal pulse being modulated by the information in xk,n , and S0 is a real positive
constant. The pulse associated with the k th time slot and the nth subchannel has
the waveform
(
−1
t ∈ [kT∆ − TG , kT∆ + TF )
TF 2 ej2π(n−NC /2)F∆ (t−kT∆ ) ,
gk,n (t) =
0,
t∈
/ [kT∆ − TG , kT∆ + TF )
(2.4)
with TF = 1/F∆ and T∆ = TF+TG , where the role of TF and TG will become clear
below. For the moment s(t) may be regarded as a superposition of NC linearly
modulated single carrier signals with rate 1/T∆ and carrier frequency separation
F∆ and overlapping (sin x/x)2 -power spectra. The data symbols, which are typically from an M -ary phase-shift keying (PSK) or quadrature amplitude modulation (QAM) signal set, are viewed in the following as independent random


variables subject to E |xk,n |2 = 1 ∀k ∈ {0, . . . , NB −1}∀n ∈ {0, . . . , NC −1}.
If NC is large, the composite signal s(t) exhibits a rather flat power spectrum
within the occupied frequency band with a power density of S0 .
Fig. 2.1 illustrates the synthesis of the OFDM signal within the k th time slot
for an exemplary case with NC = 8 and quadrature PSK (QPSK) modulation.
The upper section shows the real parts of the subchannel signals, and the lower
section contains the real part and the magnitude of the resulting s(t).
Within the interval [kT∆, kT∆ + TF) the harmonic waveforms differ by one
period and the subchannel signal parts are hence mutually orthogonal, i.e.
Z

kT∆ +TF
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Re[xk,7 gk,7 (t)]

The complex envelope of an OFDM transmit signal may be expressed as
s(t) =

14

∗
xk,n gk,n (t)x∗k,m gk,m
(t)dt = δn,m |xk,n |2 ,

kT∆

where δn,m represents the Kronecker delta. The main point in OFDM is that this
orthogonality remains valid at the output of a time-invariant multipath channel

Re[xk,4 gk,4 (t)]
Re[xk,3 gk,3 (t)]
Re[xk,2 gk,2 (t)]
Re[xk,1 gk,1 (t)]
Re[xk,0 gk,0 (t)]

Re[s(t)]

0

|s(t)|
0
kT∆ −TG

t
kT∆

kT∆ +TF

Figure 2.1: Composition of an OFDM transmit signal.

as a result of the cyclic signal extensions in the preceding guard periods, provided that their length TG exceeds the excess delay spread τexcess defined as the
maximum delay difference between the overlapping multipath signal parts.
To reveal this property and proceed with the description of the conventional
OFDM demodulation, we assume that the received signal is given as
y(t) = (c ∗ s)(t) + v(t),

(2.5)

where the asterisk denotes convolution and c(τ ) = 0 for τ ∈
/ [0, TG ). The additive white Gaussian noise (AWGN) process v(t) with the power spectral density
N0 models the thermal noise in the receiver front end. Now, an orthonormal
projection of the received signal parts within the intervals of length TF onto the
time-limited exponentials
(
−1
t ∈ [kT∆, kT∆ + TF )
TF 2 ej2π(n−NC /2)F∆ (t−kT∆ ) ,
φk,n (t) =
0,
t∈
/ [kT∆, kT∆ + TF )
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yields the coefficients
Z
uk,n =

15

∞

−∞

y(t)φ∗k,n (t)dt,

k = 0, . . . , NB −1
n = 0, . . . , NC −1,

which serve as decision variables for the detection. With (2.5), uk,n can be
written as
Z ∞ Z TG
Z ∞
∗
c(τ )s(t − τ )dτ φk,n (t)dt +
v(t)φ∗k,n (t)dt,
uk,n =
−∞

−∞

0

and using (2.3) this expression can be transformed into
uk,n =

p
S0

ZTG
Z∞
Z∞
∗
x`,m c(τ ) g`,m (t−τ )φk,n (t)dtdτ + v(t)φ∗k,n (t)dt.

NX
B −1 N
C −1
X
`=0

m=0

−∞

0

−∞

As a consequence of
Z ∞
g`,m (t − τ )φ∗k,n (t)dt = δk,` δn,m e−j2π(m−NC /2)F∆ τ
−∞

for τ ∈ [0, TG ), uk,n can be expressed as
p
uk,n = S0 αn xk,n + vk,n
with the complex gain factor
Z
αn =

∞

c(τ )e−j2π(n−NC /2)F∆ τ dτ

(2.6)

−∞

and the random noise term
vk,n =

Z

∞

−∞

v(t)φ∗k,n (t)dt.

The integral in (2.6) suggests that the gain factor can also be expressed as
 

NC
F∆ .
n−
αn = C
2
Furthermore, the random variables resulting from the orthonormal projection
of the AWGN process v(t) are independent and zero-mean complex Gaussian distributed with variance N0 . Speaking of a complex Gaussian distributed random variable X with mean m and variance σ 2 it is meant that
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Re[X] and Im[X], i.e. the real and imaginary parts of X, are independent with Re[X] ∼ N (Re[m], σ 2 /2) and Im[X] ∼ N (Im[m], σ 2 /2), where
N (m0 , σ02 ) represents a (real) Gaussian or normal distribution with mean m0
and variance σ02 . From the independence of Re[X] and Im[X] it follows that

∗
E (X −m)(X −m) = σ 2 .
We may finally express the decision variables in vector notation. The column
vector uk = (uk,0 , . . . , uk,NC −1 )T is actually given as
p
(2.7)
uk = S0 Cxk + vk ,
where xk = (xk,0 , . . . , xk,NC −1 )T and (·)T stands for transposition. Additionally, C is the diagonal matrix with the elements α0 , . . . , αNC −1 , and
vk = (vk,0 , . . . , vk,NC −1 )T represents a zero-mean jointly complex Gaussian random vector with the covariance matrix N0 INC , with IN denoting the
N ×N -identity matrix.
The diagonal form of C and the covariance matrix results from the preserved
signal orthogonality. Interference between symbols transmitted on different subchannels or within consecutive time slots, in the sequel termed interchannel and
interblock interference (ICI and IBI), respectively, is avoided and a straightforward data detection enabled.
√
The mapping of a vector S0 xk onto uk according to (2.7) is also described
by the equivalent OFDM channel model in Fig. 2.2. The model includes NC
independent (narrowband) AWGN channels, each preceded by a multiplication.
For a more detailed introduction to OFDM modulation with a number of
applications the reader is referred to [15]. Further introductory articles are [16,
17, 18, 19].

2.4 DFT-Based Transceiver Structure
The modulation and demodulation concepts described in the previous section are
well suited for digital signal processors. The computation of the sample values
of the transmit signal for a certain time slot from the associated data symbols
actually corresponds to performing an inverse discrete Fourier transform (IDFT),
for which efficient FFT algorithms may be employed. To see this, let the vector
sk = (sk,0 , . . . , sk,NFFT −1 ) contain the NFFT sample values of s(t) taken at the
times kT∆ + iTF/NFFT , i = 0, . . . , NFFT−1. With (2.3) and (2.4) and assuming
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Figure 2.2: Equivalent OFDM channel model.

an even NC we obtain
r
sk,i =

S0
TF

X

NC /2−1

xk,n+NC /2 ej2πni/NFFT ,

i = 0, . . . , NFFT −1,

data
out

Figure 2.3: OFDM transceiver elements.

in the DFT computation. Fig. 2.3 summarizes the order of the transmitter and receiver path elements. The signal encoding and decoding is discussed in Sect. 2.5.
The impact of the filtering by the lowpass and the antialiasing filters may
e ) = GRX (f )C(f )GTX (f ) as the overall
be taken into account by using C(f
transfer function. If its inverse Fourier transform c̃(τ ) is zero for τ ∈
/ [0, TG )
the matrix C in (2.7) keeps its diagonal from. We shall further assume that the
frequency responses GTX (f ) and GRX (f ) have the value 1 within the essential
frequency band and that therefore the filters have no impact on the diagonal
elements of C and the covariance matrix of the noise vector.

n=−NC /2

which coincides with the definition of the IDFT of the vector
(xk,NC /2 , . . . , xk,NC −1 , xk,0 , . . . , xk,NC /2−1 ) for NFFT = NC , except of
a scaling factor. The discrete time signal for the k th time slot is finally
constructed by adding the cyclic prefix, i.e. preceding the vector sk with the
vector (sk,NFFT −NG , . . . , sk,NFFT −1 ) with NG appropriately chosen. Similarly,
a discrete Fourier transform (DFT) of the sampled y(t) within [kT∆ , kT∆ + TF )
yields the vector uk .
Normally, NFFT is chosen larger than NC and zeros are inserted in the middle of the actual IDFT input vector. This oversampling prevents aliasing in the
signal produced by the digital-to-analog conversion (DAC). The recurring components in the spectrum around multiples of the sampling frequency are removed
by a subsequent lowpass filter with the frequency response GTX (f ) before the
transmit signal is transfered to the RF. In the receiver an antialiasing filter with
the frequency response GRX (f ) is employed after the down-conversion, followed by the analog-to-digital conversion (ADC) and the cyclic prefix removal.
Oversampling may also be applied in the receiver by using more than NC points

2.5 Coding and Interleaving Techniques
In the conventional OFDM receiver the subchannels appear totally frequencynonselective, and hence the situations where the gain of a subchannel is in a
deep fade have a dominant effect on the mean BER of an uncoded data transmission over a fading channel. The application of error control coding is therefore
mandatory for achieving acceptable error rates. Unlike in a single carrier transmission where the frequency diversity is exploited by the equalizer, the FEC
coding introduces the necessary redundancy for achieving frequency diversity
in OFDM systems.
Trellis-coded modulation (TCM) is an advantageous technique for bandwidth efficient data transmission. By accomplishing the encoding and the mapping of the encoded bit sequence onto signals jointly, the trellis codes can be
designed to maximize the Euclidean distance in the signal space rather than the
Hamming distance of different code words. Traditional TCM schemes, however, like the original ones proposed in [20] were conceived for AWGN chan-
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nels. Their performance is unsatisfactory in the presence of fading since they do
not aim to achieve diversity. Improved trellis codes were proposed in the following for a serial data transmission over time-variant channels. They require the
employment of a time domain interleaver after the TCM encoder and a deinterleaver before the decoder to avoid bursts of unreliable decoder input symbols.
An overview of the design methods for such improved trellis codes can be found
in [21], Chap. 5. TCM can also be used with an OFDM transmission. In broadband systems, the interleaver normally operates in the frequency domain in order
to avoid burst errors due to fades in the channel transfer function.
It was pointed out in [22] that the diversity order can be maximized for a
given decoder complexity by an interleaving at bit-level rather than at symbollevel. The proposed technique in which the encoding and the modulation (and
the demodulation and decoding in the receiver) are decoupled and a bit interleaver interposed is today called BICM (bit-interleaved coded modulation). Indeed, a simple BICM outperforms a TCM with comparable complexity in many
typical transmission scenarios involving fading channels.
Fig. 2.4 illustrates a BICM-OFDM transmission in a block diagram. After
an initial convolutional encoder, the bit stream passes through an interleaver.
Its output is transformed into a sequence of L-tuples, and each of them is encoded into an element from a given signal set of size M = 2L by the mapping
µ : {0, 1}L → C . The obtained signals constitute the vectors x0 , . . . , xNB−1 , from
which the transmit signal is generated by means of IDFTs as discussed in the
previous section.
transmitter
bit-wise
interleaver

bits-to-signal
mapper

serial/parallelconversion

...

data
in convolutional
encoder

frequency-selective
channel

CSI

receiver
Viterbi
decoder

deinterleaver

signal
de-mapper

parallel/serialconversion

...

data
out

IDFT,
front end

front end,
DFT

Figure 2.4: BICM-OFDM transmission.
In the receiver, the de-mapper transforms every complex value from the DFT
back into bit information. This can be in the form of hard-decisions, obtained by
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a so-called slicer which simply chooses the nearest signal point in the complex
plane. Specifically, the slicer yields
p
b̂k,n = arg min uk,n − S0 αn µ(b)
b∈{0,1}L

as the bit tuple for the DFT output uk,n , which is actually the maximumlikelihood (ML) estimate. For this coherent detection the de-mapper requires
channel state information (CSI), i.e. knowledge of the subchannel gain factors.
The binary values are then deinterleaved, and a Viterbi decoder delivers the final
bit estimates.
Alternatively, the de-mapper may provide soft bit information to a subsequent soft value deinterleaver and a soft input Viterbi decoder. The bit loglikelihood ratios (LLRs) serve as the branch metrics for the ML sequence decoder (MLSD). The LLR of the `th bit encoded in a signal associated with the
nth subchannel is defined as
Λn,` (u) = ln

p(u|b` = 0)
,
p(u|b` = 1)

(2.8)

where b` denotes the `th bit in b, and the conditional probability density functions (PDFs) for the complex-valued DFT output u are given as
X
p(b|b` = i)p(u|b)
p(u|b` = i) =
b∈{0,1}L
b` =i

= 2−L+1

X
b∈{0,1}L
b` =i

√


|u − S0 αn µ(b)|2
1
exp −
(2.9)
πN0
N0

for i = 0, 1. The expression in the second line is obtained by assuming that all
bit combinations are equiprobable. This implies independence of the encoded
bits in a signal, resulting from an ideal interleaver. We note that here the CSI in
the receiver must include the AWGN power spectral density N0 .
There is a significant performance gain from using a soft-decision based receiver architecture instead of a slicer, at the cost of higher complexities in the
channel estimator, de-mapper, deinterleaver and decoder. The LLR computation complexity can be reduced with a minor impact on the performance by the
approximation
p(u|b` = i) ≈ 2−L+1 max p(u|b)
b∈{0,1}L
b` =i

2.6 Synchronization and Channel Estimation
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for the conditional PDFs in (2.8), which is equivalent to using the simplified
branch metrics described in [23].
As opposed to a ML trellis decoder the separate calculation of the LLR for
every bit under the assumption of independent co-bits with equiprobable bit values in a signal, and the ML decoding based on these metrics does not necessarily
yield the code word for which the likelihood function of the corresponding signal sequence is maximized. A joint ML detection of the bits encoded in every
signal is impractical for a MLSD since the interposed interleaver would let the
number of states explode. Iterative decoding techniques are a suboptimum approach for taking a priori information about the co-bits into account. With a
maximum a posteriori decoding employing e.g. the well-known Bahl-CockeJelinek-Raviv algorithm [24], a posteriori probabilities can be computed for the
encoded bits, and these can be used as the a priori probabilities for the co-bits
in the following iteration. An appropriate engine for updating the a priori probabilities was described in [25], and its employment for the decoding of BICM
signals was proposed in [26]. It turns out that by applying this turbo principle in
the decoding a data transmission close to the capacity limit is possible. However,
convergence of the probabilities in the low SNR region is only attainable with
mapping schemes that differ from the usual Gray encoding [27]. Additionally,
complex interleavers are required, causing significant latency of the data.

proposed in [29].
The estimation of the parameters α0 , . . . , αNC−1 is another central task in an
OFDM receiver. A simple method involves the transmission of pilot symbols,
i.e. symbols which are known to the receiver, in dedicated time slots. Estimates
for the channel parameters are then obtained by multiplying the observed DFT
output in these time slots with the inverse of the pilot symbols. More powerful
techniques take into account that the fading processes on neighboring subchannels are correlated. In the presence of AWGN and if the cross-correlations of
the channel parameters are available, which is e.g. the case for US channels with
known PDP, Wiener filters are an obvious choice as they minimize the meansquare error. To save bandwidth, pilot symbols may be transmitted in only a
subset of the subchannels, and a Wiener filter used to obtain estimates for all
α0 , . . . , αNC−1 . Of course, such an interpolation must be extended to the time
dimension if the channel is time-variant. Channel estimation for OFDM systems
employing Wiener filters is discussed in e.g. [30] for the time-invariant case, and
in e.g. [31] for time-varying channels. Robust estimators are derived in [32, 33]
for receivers without exact knowledge of the PDP.

2.6 Synchronization and Channel Estimation

We now address the error rate performance of an OFDM receiver applying the
coherent demodulation techniques described in the preceding sections. Ideal
transmitter and receiver front ends are assumed as well as perfect CSI in the
receiver. The analysis is restricted to QPSK, and the 16-QAM and 64-QAM signal sets with square lattice signal constellations, using a Gray encoding scheme
for the mapping of the L/2 bits onto the real and the same number of bits onto
the imaginary signal parts. For convenience, the one-dimensional labeling of
Gray encoded signals is illustrated in Fig. 2.5. The information bits are assumed
mutually independent with equiprobable values.
Due to the separability of the bits mapped onto the quadrature signal parts
in coherent detection, we can assess the error probabilities
√ by focusing on either
of the one-dimensional real signal spaces containing M signal points. For a
given channel realization and a QPSK signal set, the BER on the nth subchannel
after a slicer is given as
√
(n)
Pb = Q( γn ) ,

Before starting the detection process, the receiver must synchronize its clocks
and the received signal with respect to the time slots and the carrier frequency,
where the latter is more demanding. Special preamble signals, which e.g. always
precede the information-bearing signal parts in a bursty transmission, facilitate
the initial synchronization. The carrier frequency and phase can in the following
be tracked by means of pilot signals on dedicated subchannels as available e.g.
in HIPERLAN/2 systems, or by a more sophisticated signal processing on the
basis of the DFT output.
In OFDM receivers, particular attention needs to be paid to phase noise. It
was shown in [28] that phase noise leads to both a common phase error in the
coefficients from the DFT and to ICI. The latter is much more difficult to deal
with and increases with the number of subchannels in the OFDM scheme. A
method for the compensation of both frequency offsets and phase noise was
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where γn = S0 |αn |2 /N0 represents the actual SNR in the decision variables
u0,n , . . . , uNB −1,n . The corresponding formulas for 16-QAM and 64-QAM
are [34]
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respectively. These two expressions actually represent the average error probabilities of the bits in an L-tuple. The averaged overall BER is given as
Pb =
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results for the QPSK case, where γ̄ = S0 /N0 denotes the mean SNR. Note that
here γ̄ corresponds to the average transmit signal power spectral density over
N0 , rather than the bit energy over N0 ratio. The respective expressions for the
QAM schemes are

Figure 2.5: One-dimensional signal spaces for Gray encoded QPSK (L = 2),
16-QAM (L = 4), and 64-QAM (L = 6).

and

24

NC −1
1 X
(n)
P .
NC n=0 b

We now turn to the case of a random, slowly time-variant channel. If the
random factors α0 , . . . , αNC−1 are identically distributed, which is usually the
case in wireless OFDM transmission, the mean bit error probability P̄b = E[Pb ]
is obtained by simply picking out one of the subchannels for the analysis. For


Rayleigh distributed |αn | with E |αn |2 = 1 ∀n ∈ {0, . . . , NC − 1}, the actual
SNR values are chi-square distributed and
r


Z ∞
1
γ̄
√ 1
Q ( γ) e−γ/γ̄ dγ =
1−
(2.10)
P̄b =
γ̄
2
2 + γ̄
0

P̄b =

3
8

r

1−

γ̄
10 + γ̄


+

1
4


r
1−

γ̄
10/9 + γ̄


−

1
8


r
1−


γ̄
2/5 + γ̄
(2.11)

for 16-QAM, and
P̄b =

 r

 r

 r

7
γ̄
γ̄
γ̄
1
1
1−
+
1−
−
1−
24
42+ γ̄
4
14/3+ γ̄
24
42/25+ γ̄
 r

 r

γ̄
γ̄
1
1
1−
−
1−
(2.12)
+
24
14/27+ γ̄
24
42/169+ γ̄

for 64-QAM.
The above expressions also represent the limits for the average BER Pb in
broadband systems as NC → ∞ and in the same time W/Wcoh → ∞. More
P C −1 (n)
precisely, limNC →∞ NC−1 N
n=0 Pb = P̄b holds if the process |α0 |, |α1 |, . . .
is stationary and mean-ergodic. We shall call an OFDM channel with a very
large number of subchannels and with the associated gain factors revealing the
ergodic characteristics of the fading an ideal broadband (IB) OFDM channel1.
An analytical calculation of the exact error rate performance of a transmission with FEC is very difficult in general. For convolutional and trellis codes,
performance upper bounds can be derived by identifying the diverse error events
and using the union bound. We do not bother here about such analytical methods
but rather rely on numerical results. A BICM-OFDM scheme with NC = 256
is assumed, employing the rate RC = 1/2 convolutional code with the generators 133oct and 171oct. This widely used code has 64 states and Hamming free
distance Dfree = 10. The subchannel gain factors are modeled as independent
with Rayleigh fading characteristics in the simulations. Using a random number
generator, a new channel and bit interleaver permutation are generated for each
burst comprising 20 time slots. The averaged BER results are shown in Fig. 2.6
for providing the Viterbi decoder with either hard-decisions or the LLRs defined
1 The slowly time-variant OFDM channel can be viewed as a block-fading channel, which was
introduced in [35] and thoroughly studied in [36]. The particular case of an infinite NC corresponds
to the case with no delay constraints in [36].
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usually needed at the band edges. We hence obtain
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Figure 2.6: Mean BERs versus the mean SNR of an uncoded OFDM transmission and a BICM-OFDM transmission over a slowly time-variant Rayleigh fading channel, employing QPSK, 16-QAM and 64-QAM, and either hard-decision
or soft-decision decoding in the BICM case.

in (2.8) and (2.9). Additionally, the figure contains the mean bit error probabilities (2.10), (2.11) and (2.12) of a corresponding uncoded transmission.
The utilized FEC, bits-to-signal mapping and modulation schemes comply
with the definitions in the IEEE 802.11a and HIPERLAN/2 standards. The large
NC and the assumed independence among the subchannel fading processes,
however, let the results be representative mainly for systems where the interleaver depth by far exceeds Wcoh . Otherwise, the performance gain from the
FEC coding is smaller as a consequence of the reduced diversity.
The spectral efficiency of a certain transmission scheme is defined as the
information bit rate R per W . The bit rate equals R = RC NC L/T∆, and a
bandwidth usage of W = NC F∆ can be assumed neglecting surplus bandwidth

The information capacity of a multipath channel with AWGN and a certain input
signal power spectrum is normally computed by subdividing the channel into a
large number of parallel narrowband channels, similar to applying an OFDM
scheme, and summing up the respective capacities [37]. This shows that a reliable data transmission arbitrarily close to the multipath channel capacity can
theoretically be attained with an OFDM modulation with a sufficiently large NC
and adequate signal set and coding complexities.
The capacity of the OFDM channel shown in Fig. 2.2 is given as
COFDM =

NC −1
1 X
CAWGN (γn ),
NC n=0

where CAWGN (γ) = ld(1 + γ) represents the capacity of an AWGN channel2
with SNR γ. The capacity COFDM is normalized by NC as there are NC symbols
transmitted in a time slot.
For a channel with time-variant SNR, being used over a very long time
exceeding the coherence time and revealing the ergodic properties of the fading process, the capacity3 is obtained by viewing γ as a random variable with
E[γ] = γ̄ and computing the expectation of CAWGN (γ) [39]. We can express the
capacity of an IB OFDM channel accordingly, i.e.
Z ∞
Z ∞
1
1
CAWGN (γ) e−γ/γ̄ dγ =
ld(1 + γ) e−γ/γ̄ dγ
COFDM,IB (γ̄) =
γ̄
γ̄
0
0
2 Due to the usage of complex-valued information symbols, such an AWGN channel is equivalent
to two Gaussian channels [38], each having capacity 12 ld(1 + γ).
3 This capacity is also sometimes called ergodic capacity.
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for Rayleigh fading. By Jensen’s inequality, the capacity of any fading channel
is smaller than CAWGN (γ̄).
To achieve CAWGN (γ) the source must exhibit a Gaussian distribution. This
is not the case for the assumed QPSK or QAM constellations with equiprobable
signals. The separate de-mapping of every encoded bit without using information about the co-bits in a BICM scheme implies a further degradation of the
mutual information. The actual BICM channel capacity can be expressed as
CBICM (γ) =

L
X

(h(u) − h(u|b` )) ,

`=1

where h(·) and h(·|·) denote the differential entropy and the conditional differential entropy, respectively, and the observation u is given as u = µ(b) + v


with v being a complex Gaussian noise term with variance σn2 = E |µ(b)|2 γ.
Using the formulas for the entropy and the normal distribution, e.g. h(Z) =
R∞ R∞
− −∞ −∞ pX (x)pY (y)ld(pX (x)pY (y)) dxdy for the differential entropy of a
complex random variable Z = X +jY with the PDFs pX (·) and pY (·), we have
CBICM (γ) =
Z∞ Z∞
L
X
−
`=1

X

L
−∞ −∞ b∈{0,1}



|(x+jy) − µ(b)|2
1 1
exp
−
×
M πσn2
σn2

X

ld


!
|(x+jy) − µ(b)|2
1 1
exp −
dxdy
M πσn2
σn2
L
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Figure 2.7: AWGN channel capacity and BICM channel capacities for QPSK,
16-QAM and 64-QAM.

b∈{0,1}

1
+
2

Z∞ Z∞
−∞ −∞

X
b∈{0,1}L
b` =0



|(x+jy) − µ(b)|2
2 1
exp −
×
M πσn2
σn2

X

ld

b∈{0,1}
b` =0

1
+
2

Z∞ Z∞
−∞ −∞

X
b∈{0,1}L
b` =1

ld


!
|(x+jy)−µ(b)|2
2 1
exp −
dxdy
M πσn2
σn2
L



|(x+jy) − µ(b)|2
2 1
exp
−
×
M πσn2
σn2

X
b∈{0,1}
b` =1

!

!
|(x+jy)−µ(b)|2
2 1
exp −
dxdy .
M πσn2
σn2
L

The capacity of the IB BICM-OFDM channel with Rayleigh fading characteristics, denoted by CBICM,IB (γ̄), is again found by numerically computing the
expectation of CBICM (γ) with γ being a chi-square distributed random variable
with mean value γ̄.
In Fig. 2.7, the resulting CBICM (γ) for employing QPSK, 16-QAM and
64-QAM with Gray encoding are contrasted with the AWGN channel capacity
CAWGN (γ). Fig. 2.8 shows the corresponding curves for an IB OFDM channel
with Rayleigh fading. Obviously, the BICM channel capacities CBICM (γ) and
CBICM,IB (γ̄) are quite close to CAWGN (γ) and COFDM,IB (γ̄), respectively, up
to certain (mean) SNR values beyond which they flatten out approaching L.
Other bits-to-signal mapping schemes achieve smaller capacities, as shown
in [23]. This paper also considers the capacity for accomplishing the de-mapping
jointly for all the bits encoded in a signal (referred to as coded modulation), and
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Figure 2.8: IB OFDM and IB BICM-OFDM channel capacities for Rayleigh
fading.

the respective cutoff rates.
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utilizing identical signal sets on all subchannels is a simpler form of adaptation
by which the aforementioned complexity increase is avoided.
This chapter focuses on appropriate power control techniques for BICMOFDM systems. In particular, adaptation policies which directly aim to optimize
the BER at the decoder output are derived. To start, the water-filling principle is
addressed.

3.1 Maximizing Capacity: The Water-Filling Principle
For the considerations in this chapter, the OFDM transmit signal is assumed to
have the form
NX
B −1 N
C −1
X
√
ωn xk,n gk,n (t)
s(t) =
k=0

Adaptability is of great importance to let FWA systems cope with the varying environmental conditions and the specific quality-of-service (QoS) requirements of
a subscriber. On the physical layer there are actually various forms of adaptation
conceivable. A basic version involves the definition of a set of coding and modulation schemes offering different data rates and FEC capabilities, and the selection of the most expedient among them for every link. If the transmitter has CSI
available, the adaptation can be accomplished on a subchannel-by-subchannel
basis. That is, every subchannel is assigned a distinct modulation scheme and
transmit power level depending on its actual gain factor.
In most systems there is a limit to the overall transmitted power. It is wellknown that the optimization of the information theoretic capacity leads to a
power allotment which relates to a ”water-filling”. However, for practical systems operating far from the theoretical capacity other optimization criteria like
e.g. the BER or the data rate are more adequate. A variety of techniques for
adapting the signaling to the channel state under different constraints have been
proposed in recent years, and some are already in use in xDSL equipment.
If the channel characteristics frequently change, which is normally the case
in wireless systems, assigning every subchannel its own modulation scheme results in a considerable additional complexity as the receiver needs to be informed
all the time about the applied modulation pattern. Varying only the power while

n=0

with the real positive parameters ω0 , . . . , ωNC −1 defining the power allotment.
Specifically, ωn determines the mean energy in the signals
√
√
ωn x0,n , . . . , ωn xNB −1,n and at the same time the transmit signal power
spectral density at the subchannel frequency (n − NC /2)F∆ . The parameters
are subject to
NC −1
1 X
ω n = S0 ,
NC n=0

(3.1)

where S0 represents the average power spectral density of s(t) and W S0 the
overall transmit power.
Now, the SNR for the decision variables u0,n , . . . , uNB−1,n associated with
the nth subchannel equals γn = ωn |αn |2 /N0 . The OFDM channel capacity with
transmitter side CSI is given as
COFDM,CSIT =

max

ω0 +...+ωNC −1 ≤NC S0



NC −1
ωn |αn |2
1 X
ld 1 +
.
NC n=0
N0

Finding the optimized power allocation achieving COFDM,CSIT is a typical problem that can be solved by Lagrange’s method. This translates the problem to the
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maximization of the cost function
J(ω0 , . . . , ωNC −1 , λ) =

NX
C −1
n=0



ωn |αn |2
ld 1 +
−λ
N0

NX
C −1

and

1
− λ = 0,
N0 /|αn |2 + ωn
NX
C −1
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!


N0 C 2 (f )

ω n − N C S0

n=0

with the Lagrange multiplier λ ∈ R. Differentiating J(ω0 , . . . , ωNC −1 , λ) with
respect to every argument yields the conditions
(ln 2)−1

34

ωn
W S0

n = 0, . . . , NC −1

ω n − N C S0 = 0

n=0

for the unconstrained case. Using the Kuhn-Tucker conditions to handle the
cases where some energies would become negative we finally obtain

(3.2)
ωn = max (λ ln 2)−1 −N0 /|αn |2 , 0 , n = 0, . . . , NC −1,
where the term (λ ln 2)−1 has to be chosen such that the power constraint (3.1)
is fulfilled.
Optimizing the power according to (3.2) and (3.1) can be depicted as filling
up a basin with a shaped bottom with water until the content reaches a certain
value, as illustrated in Fig. 3.1. This is called the water-filling (or water-pouring)
principle. In the present case, the bottom shape corresponds to N0 /|αn |2 ,
n = 0, . . . , NC − 1, i.e. the AWGN power spectral density over the sampled
squared channel transfer function magnitude, and the depth of the water defines
the subchannel signal power.
Fig. 3.2 shows the capacity of an IB OFDM channel with transmitter side
CSI, denoted by CIB,CSIT (γ̄), for the Rayleigh fading case. The figure additionally presents the capacities CBICM,IB,WF (γ̄) of the considered IB BICM-OFDM
channels with Rayleigh fading, with the power allotment defined by (3.2) and
(3.1). All capacity curves are found by numerical methods since analytical expression are not available.
Comparison of the curves in Fig. 3.2 and Fig. 2.8 leads to the conclusion
that ”water-filling” yields only a marginal capacity increase. The larger the SNR
the closer the coincidence of the curves in the two figures. It is noteworthy that
capacities beyond those in Fig. 2.7 of a non-fading channel are achieved by the
power optimization in the low SNR region in Fig. 3.2.

−8F∆
n=. . . 0 1
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+7F∆ f
9 10 11 12 13 14 15

Figure 3.1: Power optimization by ”water-filling” for an OFDM transmission
with NC = 16 over a frequency-selective channel.

Similar results as for the IB OFDM channel are presented in [39] for the
equivalent scenario of a serial transmission over a frequency-nonselective fading channel with transmitter side CSI and a constraint on the long-term average
transmit power. Further power adaptation strategies motivated by information
theoretic considerations are presented in [40]. Specifically, power control policies which minimize the information outage probability, i.e. the probability that
the instantaneous capacity falls below a certain level, are derived in [40] for both
the case of constraining the average power within finite time periods, which corresponds to having a limited number of subchannels, and the case of constraining the average power over an infinite time, which corresponds to having an IB
OFDM channel.

3.2 Adaptive Modulation Techniques
Practical systems usually employ transmission schemes with moderate complexities and operate far below the channel capacity. Adaptation techniques should
therefore be elaborated on the basis of the predetermined coding and modulation
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a constant data rate and transmit power constraint. Maximizing the spectral efficiency subject to a mean power and BER constraint for a variable-rate adaptive
serial M -QAM transmission over fading channels is discussed in [48, 49, 50],
and also in [51] for imperfect outdated CSI.

CIB,CSIT (γ̄)
CBICM,IB,WF (γ̄) for 64-QAM
CBICM,IB,WF (γ̄) for 16-QAM
CBICM,IB,WF (γ̄) for QPSK

5

Substantial gains are achieved by all these techniques due to avoiding a
highly unreliable data transmission in frequency or time slots which are affected
by a deep channel fade. The same effect, however, also results from a FEC
coding via achieving time/frequency diversity. Hence, the performance gains
claimed in the above cited publications for uncoded systems do not translate to a
transmission with FEC. Moreover, the potential of adaptive modulation depends
on the nature of the encoding and decoding methods, and these should therefore be taken into account in the algorithm design. This was done in [52] and
also in [51] for certain TCM systems. Furthermore, a suboptimum strategy for a
BICM transmission, according to which the actual channel fading level directly
determines the signal set size, is presented in [53].
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Figure 3.2: IB OFDM and IB BICM-OFDM channel capacities for Rayleigh
fading and applying ”water-filling”.

methods rather than accomplishing a ”water-filling” for marginally increasing
the theoretical capacity. The optimization of the error rate performance through
controlling the power and the modulation level of amplitude modulated signals
transmitted over frequency-nonselective fading channels was already studied in
1974 by Hentinen [41]. Much more recently, the development of broadband MC
communication systems has motivated proposals for adapting the signaling on a
subchannel-by-subchannel basis. Algorithms for optimizing the signal set sizes
in DMT applications, like for instance the rather heuristic procedures suggested
in [42] and [43], are often called bit-loading algorithms, though they can of
course also be employed in wireless transmission. Techniques for OFDM systems aiming to minimize the transmit power by adapting jointly the M -QAM
schemes and the power while providing a fixed data rate and BER level are presented in [44, 45, 46]. The algorithm proposed in [47] minimizes the BER under

Adaptive modulation is certainly useful for cable based communication systems, but the much swifter state variations of radio channels make the necessary
exchange of control information in wireless transmission systems a quite complex and bandwidth consuming task. This overhead can be avoided by only
varying the power while utilizing the same modulation on all subchannels and
thereby eliminating the need to inform the receiver about the instantaneous combination of utilized signal sets. Since the receiver may interpret the variations
in the subchannel power levels as being caused entirely by the channel, there is
no necessity for modifications in the channel estimation and equalization procedures, and the power adaptation technique can be readily employed within the
existing standards. In a TDD transmission, an extra control channel is not even
necessary in the reverse link. Instead of being informed about the channel state
by the opposite station the transmitter may assume channel reciprocity and rely
on the parameters that have been estimated for the coherent demodulation of a
foregoing reverse link burst. Depending on the coherence time of the channel,
estimation errors have to be taken into account in the subsequent power allocation.
In the next section we will derive power optimization schemes for BICMOFDM systems on the basis of either perfect, or outdated CSI due to channel
variations between the uplink and the downlink periods.

3.3 Adaptive Power Allocation for BICM-OFDM Systems
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The adaptation policies proposed in [44, 45, 46, 47, 48, 52] control the power
such that a certain target BER is attained on every subchannel. This leads to a
channel inversion strategy, turning the fading channel into an ideal channel with
identical SNR values on all subchannels at the receiver side. If the objective
is to let the receivers manage without real channel estimation and equalization
parts, such an approach is also called pre-equalization. An unlimited channel
inversion is, however, normally not feasible as e.g. the inverse of a Rayleigh
distributed random variable has infinite variance. Pre-equalization techniques
paying respect to this fact are discussed in [54, 55].
Choosing the parameters ω0 , . . . , ωNC −1 inversely proportional to
|α0 |2 , . . . , |αNC−1 |2 is not optimal with respect to the average BER. The
same attributes to the power optimization by Lagrange’s method proposed
in [56], which relies on a rough approximation for the error probabilities.
Our objective in the following is to minimize the BER at the decoder output
of the BICM-OFDM transmission depicted in Fig. 3.3. Note that the block
diagram is equivalent to the one in Fig. 2.4 except of the additional power
allocation block with CSI in the transmitter part. The number of bits conveyed
per symbol may vary from subchannel to subchannel. We let Mn = 2Ln denote
the predetermined size of the signal set associated with the nth subchannel,
and restrict the possible signal sets to QPSK and M -QAM schemes with
M ∈ {16, 64, 256, . . .} and square lattice signal constellations. In any case,
the first Ln /2 bits are mapped onto the real signal part, and the second Ln /2
onto the imaginary signal part, both by a Gray encoding scheme. To limit the
complexity or be compatible with some existing standards, a unique modulation
scheme may be used on all subchannels, i.e. Ln = L. Alternatively, the below
derived power adaptation techniques may be combined with an appropriate
algorithm for adapting L0 , . . . , LNC−1 . The definition of such an algorithm is
addressed in [57], but not considered in this work.
In [23] an equivalent channel model was introduced for the analysis of a
BICM system with ideal interleaving, consisting of a set of parallel independent
binary input channels and a switch which randomly selects one of the channels
for every bit at the encoder output. We employ a similar model for the considered
adaptive BICM-OFDM transmission. As sketched in Fig. 3.4, every subchannel

IDFT,
front end

front end,
DFT

Figure 3.3: BICM-OFDM transmission with adaptive power control.
is represented by a number of parallel binary input channels, each modeling the
mapping, transmission and de-mapping of the bits from a specific position in
PNC −1
Ln parallel channels are
the respective Ln -tuples. The total NBC = n=0
binary input binary output for the case of performing hard-decision decoding,
and binary input continuous output for the case of soft-decision decoding. The
preceding switch, which selects a channel for every encoded bit, models the interleaver. We let (φi , ψi ) index the specific binary channel chosen for the ith bit,
where φi ∈ {0, . . . , NC −1} and ψi ∈ {1, . . . , Lφi }. The interleaver depth corresponds to the number of encoded bits in a burst, and the permutation is randomly
generated and unknown to the power allocation unit. The burst size shall be large
enough to justify the assumptions of an ideal interleaver, and a sequence of independent random variable pairs (φ1 , ψ1 ), (φ2 , ψ2 ), . . . with uniform distribution,
i.e.
−1
Pr [(φi , ψi ) = (n, `)] = NBC

∀n ∈ {0, . . . , NC −1} ∀` ∈ {1, . . . , Ln }.

Based on this model, the optimum power allocation is found in the following
first for a receiver employing a slicer and perfect transmitter side CSI, then for
the case of outdated CSI, and finally for using a soft de-mapping and a soft input
MLSD, assuming again perfect CSI.

3.3.1 Optimum Power Allocation for Hard-Decision Decoding
If the receiver performs hard-decision decoding, a slicer accomplishes the demapping and every binary input binary output channel in Fig. 3.4 can be associated with a certain BER. Let us analyze the error probabilities for the Ln
binary channels forming the nth subchannel. The ideal interleaving perfectly
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(φi , ψi )
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binary channel (NC −1, 1)

...
binary channel (NC −1, LNC−1 )

Figure 3.4: Equivalent BICM-OFDM channel model.
cancels the correlations between successive bits in the stream and makes all bit
combinations in the Ln -tuples transmitted on this subchannel equiprobable. We
√
again focus on either of the one-dimensional real signal spaces with Mn Gray
encoded signals. Their average energy before the slicer is ωn |αn |2 /2 and the
distance between adjacent signal points equals
p
(3.3)
dn = 6ωn |αn |2 /(Mn − 1).
The exact error probability for a bit transmission over a specific binary channel
can be computed by first expressing the probabilities of a corresponding bit er√
ror event conditioned on each of the Mn signals, and second averaging over
these conditional probabilities. For Ln ∈ {4, 6, . . .} this yields a weighted sum
of Q-functions similar to the expressions (2.11) and (2.12). We shall rely on approximate error expressions for these QAM signal sets for the sake of simplicity,
obtained by considering only the dominant error events where the slicer chooses
a neighboring signal. The resulting Ln /2 approximate error probabilities for the
binary channels associated with the real (resp. the imaginary) signal part bits of
the nth subchannel are
!
dn /2
(n,`)
−(`−1)
=2
Q p
Pb
N0 /2
s
!
2
3
ω
|α
|
n
n
(3.4)
, ` = 1, . . . , Ln /2.
= 2−(`−1) Q
(Mn −1)N0
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The factor before the Q-function reflects the a priori probability for the `th bit to
have a neighboring signal with opposite bit value in Gray encoding.
As a consequence of the ideal interleaving and the random permutation, the
superchannel constituted by all the entities from the interleaver in the transmitter
up to the deinterleaver in the receiver may be viewed as a memoryless binary
symmetric channel (BSC) with the transition probability
NC −1 L
n /2
X
2 X
(n,`)
Pb
NBC n=0
`=1
s
!
√
NX
C −1
4
Mn − 1
3 ωn |αn |2
√
=
Q
,
NBC n=0
(Mn −1)N0
Mn

PSC =

(3.5)

corresponding to the averaged error probabilities of the binary channels. The
asserted symmetry actually does not hold for the exact bit error probabilities
for Gray encoded QAM. However, the superchannel can be made symmetric
by accomplishing complementary bits-to-signal mappings for the real and the
imaginary signal part bits on each subchannel.
Since the BER of a coded transmission over a memoryless BSC decreases with the transition probability of the channel, we find the optimum
ω0 , . . . , ωNC −1 by an optimization with respect to PSC . Provided that the factors |α0 |, . . . , |αNC −1 | are perfectly known, the expression in the second line
of (3.5) can directly be minimized subject to the power constraint in (3.1).
We again use Lagrange’s method for this optimization problem and obtain
J(ω0 , . . . , ωNC −1 , λ) =
s
!
!
√
NX
NX
C −1
C −1
Mn − 1
3 ωn |αn |2
√
Q
ω n − N C S0
−λ
(Mn −1)N0
Mn
n=0
n=0
as the cost function and ∂J(ω0 , . . . , ωNC −1 , λ)/∂ωn = 0, n = 0, . . . , NC − 1
as necessary conditions for the optimum mean signal energies. Computing the
partial derivatives yields
√

 √
1
Mn − 1
Bn
√ √
exp − ωn Bn
+ λ = 0, n = 0, . . . , NC −1,
√
2
2 ωn
2π Mn
where Bn = 3|αn |2 /((Mn −1)N0 ). After some simple algebra and the cancellation of constant terms the above NC conditions may finally be expressed in the
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Choose a small positive λ0 which fulfills
NC −1
λ0
1 X
≤ S0 .
NC n=0 An

1
(ii) Calculate

0
0
W(x)
6
5
4
3
2
1
0 0
10

x
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7

8

9

Ŝ0 =

10



NC −1
Bn
1 X
1
W
λ0 .
NC n=0 Bn
An

(iii) If Ŝ0 is not yet sufficiently close to S0 , multiply λ0 by S0 /Ŝ0 and go back
to step (ii).
(iv) Compute ω0 , . . . , ωNC −1 according to (3.6).
If the channel possesses the IB property and M0 = . . . = MNC−1 = M , the
optimum power assignment to the subchannels can be expressed as

ωn = ω |αn |2 , n = 0, . . . , NC −1,

x
1

10

2

10

3

10

where the function ω(·) is independent of the channel realization. To find ω(·)
we note that the transition probability PSC can now be formulated as the expectation of the subchannel bit error probability over the random fading level,
i.e.
s
!
√
Z
4
M −1 ∞
3 ω(y)y
√
Q
(3.7)
PSC =
p|α|2(y)dy,
ldM
(M − 1)N0
M
0

Figure 3.5: Plots of the W-function.

form
An exp(ωn Bn )ωn = λ0 ,

n = 0, . . . , NC −1,

√
where An = Mn (Mn − 1)/(( Mn − 1)2 |αn |2 ) and λ0 is a positive constant.
Solving these equations for ω0 , . . . , ωNC −1 yields
1
W
ωn =
Bn




Bn
λ0 ,
An

with p|α|2(y) representing the PDF of the squared gain factor magnitude. Furthermore, the power constraint (3.1) can be replaced by
Z ∞
ω(y)p|α|2(y)dy = S0 .
(3.8)
0

n = 0, . . . , NC −1.

(3.6)

Here, W(·) denotes the real-valued Lambert’s W-function defined as the inverse
of the function f (w) = wew for w ≥ 0.
As can be seen from Fig. 3.5, W : [0, ∞) → [0, ∞) is a concave and unbounded function with W(0) = 0 and W(x) ≤ x. As a consequence, the unique
solution for ω0 , . . . , ωNC −1 can be found by the following simple iterative procedure:

The minimization of (3.7) subject to (3.8) can be carried out analytically using
calculus of variations. For Rayleigh fading with p|α|2(y) = e−y this leads to the
Euler-Lagrange differential equation
(1 + βω(y)y) (ω 0 (y)y + ω(y)) − 2ω(y) = 0
with β = 3/((M −1)N0). Its solution is given as
ω(y) =


1
W λ0 y 2 ,
βy
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where λ0 has to chosen such that (3.8) is fulfilled. As expected, the above formula corresponds to (3.6).
Fig. 3.6 displays the normalized mappings |αn | 7−→ ω(|αn | )/S0 for M = 4
and various γ̄. Apparently, the required transmit power decreases as |αn |2 → ∞.
In fact, W(·) can be approximated by a constant for large arguments, causing
ω(|αn |2 ) to decay with about 1/|αn |2 . On the other hand, it is not worth expending much power on subchannels with a very poor gain. A high BER has to
be accepted on these subchannel. In the neighborhood of 0 the W-function may
be approximated as W(x) ≈ x, so that here ω(|αn |2 ) ≈ (λ0 /β)|αn |2 .
2

2

ω(|αn |2 )/S0

2
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3.3.2 Outdated Channel State Information
We now consider a channel which changes its state from burst to burst.
As proposed in [51], the time-variant channel parameters are modeled as a
stationary complex Gaussian random process, which is NC -dimensional in
T
our case, denoted by c(t) = (c0 (t), . . . , cNC −1 (t)) . The random vector
T
c = (α0 , . . . , αNC −1 ) = c(T1 ) represents the channel state at the time T1 of the
actual burst transmission, and the CSI in the transmitter is now reduced to the obT
servation c̃ = (α̃0 , . . . , α̃NC −1 ) = c(T0 ) of the random process at the time T0 ,
i.e. during a foregoing reverse link burst reception.




Let Rc = E c̃c̃H = E ccH represent the covariance matrix for both c̃ and


c, and Rc̃c = E cc̃H the cross-covariance matrix of the two random vectors,
where (·)H denotes Hermitian transposition. As shown in Appendix A, Rc and
Rc̃c can be derived from the scattering function if the channel complies with the
wide-sense stationary US (WSSUS) model. Furthermore, the composite random
T
vector cT , c̃T is jointly complex Gaussian. As a consequence, the random
vector c exhibits a noncentral jointly complex Gaussian distribution when conditioned on c̃, with the mean
 
T
(µ0 , . . . , µNC −1 ) = E c c̃ = Rc̃c R−1
c c̃

1.5

γ̄ = 3 dB
1

and the conditional covariance matrix

γ̄ = 4.5 dB
γ̄ = 6 dB

H
Rc|c̃ = Rc − Rc̃c R−1
c Rc̃c
2
with the diagonal elements σ02 , . . . , σN
[58].
C −1
The squared gain factor magnitudes are thus noncentral chi-square distributed with two degrees of freedom, with the conditional PDFs [37]
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Figure 3.6: Optimized mappings |αn |2 7−→ ω(|αn |2 )/S0 for the IB Rayleigh
fading channel with different mean SNRs, employing QPSK and hard-decision
decoding.

p|αn|2(y|c̃) =

1 −(|µn |2 +y)/σn2 X 1
e
σn2
(k!)2
k=0



|µn |
σn2

2k
yk ,

y ≥ 0,

n = 0, . . . , NC − 1. The bit error probabilities defined in (3.4) as functions of
|α0 |2 , . . . , |αNC −1 |2 , and PSC are now also random variables. We choose to
minimize the conditional mean P̄SC = E[PSC |c̃], although the resulting power
allocation scheme is not strictly optimal with respect to the mean error probability after the decoder due to the nonlinear relationship between the BER of
the coded and the uncoded systems. However, if the conditional variance of
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PNC −1 PLn /2 (n,`)
PSC = (2/NBC ) n=0
is sufficiently small as a consequence of
`=1 Pb
a large NC the excursion from the optimum solution may actually be assumed
as negligible.
With (3.5), P̄SC can be written as
s
"
! #
NC −1 √
4 X
Mn −1
3 ωn |αn |2
√
E Q
P̄SC =
c̃
NBC n=0
(Mn −1)N0
Mn
s
!
Z
NC −1 √
Mn −1 ∞
3 ωn y
4 X
√
Q
p|αn|2(y|c̃)dy. (3.9)
=
NBC n=0
(Mn −1)N0
Mn 0
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L−1 (x; a)
3
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a=2
a=4
a=6
a=8
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1
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−1

10

Taking this expression as the starting point, the optimization can be accomplished in a similar fashion as in Sect. 3.3.1. The partial derivatives of the terms
in (3.9) with respect to ω0 , . . . , ωNC −1 can be computed before the integration
is carried out. After some calculus we obtain the conditions


3σn2 ωn
|µn |2
σn2
√
L
; 2
= λ0 , n = 0, . . . , NC − 1,
2(Mn −1)N0 σn
Mn + Mn
where λ0 is again a positive constant,
s
k

∞
X
Γ(k + 32 )
1
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−a
e
,
L(x; a) =
x(x + 1)3
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Figure 3.7: Plots of the function L−1 (·; a) for various a.

x ∈ (0, ∞)
a ∈ [0, ∞)

and Γ(·) denotes the gamma function. Let L−1 (·; a) be the inverse of the function L(·; a) with respect to the first argument and defined on (0, ∞). The optimized nth subchannel mean signal energy is now given as
√


2(Mn −1)N0 −1 Mn + Mn
|µn |2
L
λ0 ; 2
, n = 0, . . . , NC − 1.
ωn =
3σn2
σn2
σn
(3.10)
The inverse functions L−1 (·; a) may be computed off-line for various a and
stored in a lookup table. Fig. 3.7 depicts the mappings x 7−→ L−1 (x; a) for
a number of different a. The functions are unbounded and strictly decreasing
for positive x. Hence, there again exists a unique solution for the parameters
ω0 , . . . , ωNC −1 , which can be found by evaluating λ0 in an appropriate iterative
procedure as in Sect. 3.3.1.
Fig. 3.8 shows the resulting mappings |α̃n |2 7−→ ω (ρ) (|α̃n |2 )/S0 for a QPSK
transmission over an IB Rayleigh fading channel with γ̄ equal to 6 dB. As the

covariance and cross-covariance matrices Rc = INC and Rc̃c = ρINC , respectively, are used with ρ = 1, 0.95, 0.9, 0.8, where ρ = 1 implies perfect CSI.
That is, uncorrelated subchannel fading is assumed and the coefficient ρ defines the autocorrelation between a gain factor and its outdated observation. As
shown in Appendix A, the interrelation Rc̃c = ρRc and thus µn = ρα̃n and


σn2 = (1−ρ2 )E |αn |2 , n = 0, . . . , NC−1, result in the general case of a WSSUS
channel with a separable scattering function.
The figure is generated by a channel realization with a huge number of subchannels with gains distributed according to a Rayleigh PDF, and computing the
power allocation by (3.10) for ρ < 1 and (3.6) for ρ = 1. The power allotment
turns out to be more balanced for smaller ρ. Approaching a uniform power allocation as the gain predictability decreases seems plausible. We also note that
ω (ρ) (|α̃n |2 ) > 0 if ρ < 1.
lim
2
|α̃n | →0
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bits and finally chooses the code word for which the sum is maximum. As a
consequence of the random bit permutation, the probability of any specific error
event with a corresponding Hamming distance of Dfree does not depend on the
actual positions of the erroneous bits and can be expressed as

2

ω (ρ) (|α̃n |2 )/S0
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Pe = Pr
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Figure 3.8: Optimized mappings |α̃n |2 7−→ ω (ρ) (|α̃n |2 )/S0 for the IB Rayleigh
fading channel with γ̄ equal to 6 dB, M = 4 and hard-decision decoding, based
on perfect CSI (ρ = 1) and outdated CSI (ρ < 1).

3.3.3 Power Adaptation for Soft-Decision Decoding
We now return to the case of having perfect CSI in the transmitter, and aim to
find the optimum power allotment if the receiver performs soft-decision decoding. The idea of directly linking the system BER to the BER of the uncoded
transmission subsystem via the BSC does not work out if the de-mapper provides soft bit information, and we have to find another way here for obtaining an
appropriate cost function.
In fact, the dominant error events in the low BER region are those where
the decoder chooses an erroneous code word which is a Hamming distance of
Dfree off the correct encoded bit sequence. Minimizing the probability of these
error events is thus a reasonable though not the optimum approach. Remember
that the soft input MLSD simply adds the branch metrics, i.e. the LLRs, of the

ψi th bit encoded in ui is 0
for i = 1, . . . , Dfree

#
,

(3.11)

where u1 , . . . , uDfree is a sequence of signals from the DFT associated with the
subchannels φ1 , . . . , φDfree . Here, the probability space is constituted by the
permutation in the interleaver, represented by (φ1 , ψ1 ), . . . , (φDfree , ψDfree ), and
the co-bits and noise in u1 , . . . , uDfree . Taking the all-zero sequence as a reference is possible because of the complementary bits-to-signal mapping for the
quadrature signal parts1 .
A DFT output u associated with the nth subchannel represents a noisy ver √
sion of a signal in αn ωn µ(b) : b ∈ {0, 1}Ln . We first consider a transmission with QPSK on all subchannels.
In this case the set has the elements
o
n
p
p
±αn ωn /2 ± jαn ωn /2 . The LLR from the de-mapper for e.g. the real
part bit is a linear function of Re[(α∗n /|αn |)u], where the factor (α∗n /|αn |) compensates for the phase rotation in the subchannel. Specifically,


2
(Re[(α∗
n /|αn |)u]−dn /2)
exp −
N0
2d

 = n Re[(α∗n /|αn |)u]
Λn,1 (u) = ln
2
(Re[(α∗
N0
n /|αn |)u]+dn /2)
exp −
N0

(3.12)

√
with dn = |αn | 2ωn . As the noise term in Re[(α∗n /|αn |)u] is Gaussian distributed with variance N0 /2 we have Λn,1 (u) ∼ N (d2n /N0 , 2d2n /N0 ) provided
that the first bit encoded in u is zero. If conditioned on the second bit the same
applies to Λn,2 (u). The probability Pe expressed in (3.11) can now be written
as
  P

 v

u
Dfree 2 
D
free
u
X
d
N
0
φi
i=1
 = E Qt 1
d2  (3.13)
Pe = E Q qP

Dfree
2N0 i=1 φi
2
2d N
i=1

φi

0

1 A mapping for which the all-zero sequence may be used as a reference for the derivation of the
BER via the Euclidean distance is called regular [59]. In our case, however, we only have regularity
in the mean sense due to the random permutation.
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Λn,` (u)

 v

u
free
u 1 DX
|αφi |2 ωφi  .
Pe = E Qt
N0 i=1

` = 1 (QPSK)

With higher-level QAM schemes, the LLR defined in (2.8) and (2.9) is a
non-linear function of u, i.e.


√
P
|u−αn ωn µ(b)|2
exp −
N0

` = 1 (64-QAM)


 v
u
free
u 3 DX
2ω
|α
|
φi
φi  
.
Pe0 = E Qt
N0 i=1 Mφi − 1

(3.14)

Unlike in the hard-decision case, the real time calculation of ω0 , . . . , ωNC −1
by minimizing (3.14) subject to (3.1) is a difficult task. The computation of Pe0
for a certain subchannel power allocation actually involves an averaging over all
the NCDfree possible combinations of φ1 , . . . φDfree .
For an IB channel with M0 = . . . = MNC−1 = M the optimization problem

QPSK:

Re[µ(100 · · ·)]

Re[µ(101 · · ·)]

64-QAM:

Re[µ(111 · · ·)]

Fig. 3.9 depicts the three LLR functionals Λn,1 (u), Λn,2 (u) and Λn,3 (u) for the
real part bits of a 64-QAM constellation with Gray encoding and a certain signal
point separation and noise variance. For the same dn and N0 the additional
dashed curve represents the LLR of a QPSK bit computed in (3.12).
Apparently, the LLR curves of the 64-QAM bits take a rather linear run
within the intervals between two neighboring signal points with opposite values
in the respective bit position. Furthermore, within such an interval the curves
closely match with the LLR of a QPSK bit with coinciding two signal points.
For the 16-QAM and 64-QAM cases and a sufficiently high SNR we may assert
that the dominant error events result in erroneous bit sequences which correspond to signals located at most dn off the correct signals in the complex planes.
Consequently, power adaptation in the general case of having mixed modulation
schemes may also rely on a minimization of the cost function (3.13). With (3.3),
the general cost function now reads

Re[µ(1 ·)] Re[µ(110 · · ·)]

` = 1, . . . , Ln .
Re[µ(0 ·)] Re[µ(010 · · ·)]

b∈{0,1}Ln
b` =1


,
√
|u−αn ωn µ(b)|2
exp −
N0

` = 2 (64-QAM)

Re[µ(011 · · ·)]

P

` = 3 (64-QAM)

Re[µ(001 · · ·)]

Λn,` (u) = ln

b∈{0,1}Ln
b` =0

0

Re[µ(000 · · ·)]

and
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Figure 3.9: LLR functionals for 64-QAM and QPSK signal sets with Gray encoding, and some exemplary αn , ωn and N0 .

can be stated as follows: Find the mapping ω : [0, ∞) → [0, ∞) which minimizes

v
Z∞ Z∞ u
free
u 3 DX
y
ω(y
)
i
i
p|α|2(y1 )· · · p|α|2(yDfree )dy1 · · · dyDfree
Pe0 = · · · Qt
N0 i=1 M − 1
0

0

subject to (3.8). This problem can be tackled analytically using e.g. calculus of
variations, or by extensive numerical methods. The latter approach leads to the
results shown in Fig. 3.10 for the Rayleigh fading case, i.e. for p|α|2(y) = e−y .
The figure displays the signal amplification versus the gain in a subchannel for
various γ̄.
As could be expected, the required transmit power decreases also here as
|αn |2 → ∞. On the other hand, no power at all is expended if |αn |2 falls below a certain threshold, and a BER of 0.5 is deliberately accepted on such a
subchannel.

i
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Figure 3.10: Optimized mappings |αn |2 7−→ ω(|αn |2 )/S0 for the IB Rayleigh
fading channel with different mean SNRs, M = 4 and soft-decision decoding.

3.4 Performance Analysis
We now assess the achievable performance gains by utilizing the power adaptation techniques derived in the previous section. Computer simulations are carried out for this purpose, utilizing the same FEC, interleaving, bits-to-signal
mapping, burst dimensions, and Rayleigh fading characteristics as in the numerical performance analysis in Sect. 2.7. First, we let the receiver accomplish
hard-decision decoding and provide the transmitter with perfect CSI. The signal
set sizes are uniform, i.e. M0 = . . . = MNC−1 = M , with M = 4, 16, or 64.
Fig. 3.11 shows the resulting error rates for either applying the power control
policy defined in (3.6), or allocating the power in a uniform fashion, where in
the latter cases the curves coincide with the respective error rates in Fig. 2.6.
Obviously, the performance gain by the power adaptation grows with the

5

10

15

20

25

30

γ̄ [dB]
Figure 3.11: Error rate performance of a BICM-OFDM transmission with harddecision decoding, with either an adaptive power allocation based on perfect CSI
or a uniform power allocation.

SNR and attains approximately 4 dB at a BER level of 10−6 for all three modulation schemes. As the gain factors for the 256 subchannels are generated independently, these simulation results actually reflect the situation in a nearly IB
transmission. In systems where the assumption W  Wcoh does not hold, the
achievable performance gain depends on the actual channel state, specifically on
the range over which the magnitudes |α0 |, . . . , |αNC −1 | vary.
Fig. 3.12 compares the achieved BER with QPSK and perfect CSI against
the corresponding error rates with outdated CSI, assuming again Rc = INC and
Rc̃c = ρINC . Both the power control schemes according to (3.6) and (3.10) are
applied in the scenarios with outdated CSI.
The results indicate that the achievable performance gain is significantly
smaller for outdated CSI, even with an autocorrelation coefficient of ρ = 0.95.
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Figure 3.12: Error rates with a slowly time-variant channel, applying both the
power adaptation policies designed for perfect and outdated CSI.

Additionally, it turns out that taking the channel variations into account, i.e.
employing the adaptation scheme (3.10), is clearly beneficial. For ρ = 0.8, an
adaptive subchannel power control based on the assumption of having perfect
CSI results in even higher error rates than a nonadaptive transmission.
Finally, in Fig. 3.13, we investigate the potential of an adaptive power loading if the receivers are equipped with a soft input MLSD. Every power coefficient is determined from the respective subchannel gain by the numerically
optimized mappings depicted in Fig. 3.10. A large number of subchannels with
independent Rayleigh fading characteristics are employed in the simulations to
closely match the IB assumption.
Obviously, the error rate performance can only be marginally improved in
this case. There is a gain of approximately 1 dB for a QPSK transmission at a
BER of 10−6 . Surprisingly, a uniform power allocation yields even better results
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Figure 3.13: Error rate performance of a BICM-OFDM transmission over an
IB channel with soft-decision decoding, with either power adaptation based on
perfect CSI or a uniform power allocation.

with 64-QAM above a BER level of 10−7 . This has to be attributed to the only
loose approximation of the non-linear LLR functionals.
The benefits of the derived power adaptation strategies were also investigated in [60] in the context of the ADAMAS2 project. The performance analysis
in [60] was based on a reference channel realization found as representative for
an urban environment and the ADAMAS RF and bandwidth of 5.8 GHz and
7 MHz, respectively, rather than on a stochastic channel model.

2 ADAMAS stands for ADAptive Multicarrier Access System, being a research project in the IST
(Information Society Technologies) framework funded by the European Union.
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3.5 Summary and Discussion
Strategies for adapting the power spectrum of the transmitted OFDM signal to
the channel state have been derived in this chapter in different contexts. If the
information capacity is to be maximized, a ”water-filling” procedure yields the
optimum distribution of the power among the subchannels. Other adaptation
schemes result if the objective is to optimize the error rate performance. The
bit error probability at the decoder output in a BICM-OFDM system has been
chosen as the optimization criterion in the main part of the chapter, assuming an
ideal interleaving with a random bit permutation.
If the de-mapping is accomplished by a simple slicer, the subsystem composed of all transmission chain elements from the interleaver in the transmitter
up to the deinterleaver in the receiver can be viewed as a BSC. As a consequence,
the optimum power allocation scheme can be found by minimizing the transition
probability of this BSC, which can be accomplished by Lagrange’s method. An
equivalent procedure yields the optimum power allotment if only outdated CSI
is available, and the channel state from burst to burst is described by a stationary
complex Gaussian random process.
It has turned out that a considerable transmit power saving in the order of
several decibels can be achieved by the power loading if the receiver performs
hard-decision decoding, whereas only a minor gain is attainable in the case of
a soft-decision decoding. This result is in line with the findings that the information capacity of a fading channel can only be increased marginally by power
adaptation. The elaborated technique is therefore particularly attractive for the
downlink in systems where the subscriber units need to be cheap, favoring a
simple hard-decision decoding technique. Like the recently proposed transmit
diversity schemes, power adaptation allows for a performance improvement by
adding complexity at the transmitter side.
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Multicarrier Transmission
with Nonorthogonal Pulses
Extending the signal cyclically in inserted guard periods in the transmitter, and
observing only the transition-free signal intervals in the receiver is a simple yet
effective means to evade both ICI and IBI. However, while being favorable in
terms of receiver complexity the OFDM concept implies a degradation of the
bandwidth efficiency by the factor (T∆ − TG )/T∆ . A value close to 1 can be
attained for this factor by dimensioning the time slots long compared to the
channel delay spread, i.e. T∆  τexcess , but with a large T∆ and a small F∆
the system becomes vulnerable to slow channel variations and to phase noise
and frequency offsets caused by hardware imperfections1. Furthermore, a huge
number of subchannels are necessary for achieving high data rates in e.g. outdoor
environments with severe multipath propagation. As a consequence, the power
amplifiers must be operated with large back-offs to cope with the high power
peaks in the transmit signals.
Alternative MC modulation schemes without guard periods, along with appropriate receivers which deal with resulting ICI/IBI, have the potential to exploit the available bandwidth resources even with only a moderate number of
subchannels. A further benefit of abandoning the OFDM concept is the in1 A unified analysis of the impact of these three phenomena on the effective SNR can be found
in [61].
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creased flexibility in the pulse design. In this chapter we review proposals for
such an alternative MC transmission, and study a class of modulation schemes
in which the elementary signal pulses relate to a so-called prototype function
shifted in time and frequency. It is shown that the transceivers can still rely on
efficient FFT methods for the signal synthesis and analysis. In Sect. 4.3, we devise receiver structures incorporating an iterative detection or decorrelation, and
assess their computational complexities. Finally, the nonorthogonal MC transmission is compared against a conventional OFDM system in terms of the error
rate performance and the capacity.

4.1 Alternative Multicarrier Transmission Techniques
With the guard periods being omitted, the receiver may compensate for the
interference caused by dispersive channels by means of appropriate equalizer
structures. Multiple input multiple output (MIMO) equalizers can be employed
to perform the equalization in the frequency domain after the DFT. Minimum
mean-square error (MMSE) criterion based MIMO equalizers are derived in a
general context in [62] and investigated for the symbol detection in MC systems
without guard periods in [7]. For DMT systems with short guard periods, time
domain equalizers were also considered which aim to shorten an over-length
channel impulse response such that it fits into the guard period [63, 64, 65].
With a MC signaling using the elementary pulses defined in (2.4), multipath propagation leads to significant ICI even among data symbols conveyed on
subchannels at distant locations in the frequency if τexcess clearly exceeds TG .
Both the extent of ICI and the vulnerability to narrowband noise can be limited
by the use of alternative pulse shapes exhibiting steeper slopes in the frequency
domain. This is proposed in [66] for a bandwidth efficient DMT modulation
system. In [67], sets of orthonormal pulse shapes with superior TF localization
characteristics, i.e. concentration of the energy in both time and frequency, are
presented for limiting both IBI and ICI. With this approach, the pulse overlapping can be bounded and the amount of hampering interference reduced compared to a single carrier transmission with an equivalent data rate without wasting bandwidth by inserting guard periods.
The MC signal synthesis using waveforms that differ from those in (2.4) is
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sometimes represented by a bank of NC pulse shaping filters. Another filter
bank (FB) may also be employed in the receiver for the signal analysis. In [68],
the filters in such a configuration are designed to minimize ICI/IBI at the output
of the receiver FB for WSSUS channels. Other FB based transmission systems
were investigated using the framework of discrete time FB theory. In the papers [69, 70], optimized finite impulse response (FIR) filters are derived on the
basis of a perfectly known channel impulse response. In [71], the receiver FB
is extended into a MIMO decision feedback equalizer structure, and the filter
coefficients are again found by applying the MMSE criterion.
In this work, the FB based MC transmission and receiver techniques proposed in [72, 73] are reviewed and further elaborated. The filters and the channel
are modeled in continuous time. The receiver consists of an initial FB yielding a
vector representation of the distorted signal, and a subsequent signal processing
structure incorporating the channel estimation and information recovery.

4.2 Weyl-Heisenberg System Related Multicarrier
Modulation
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R∞
of a prototype function g(t) with energy −∞ |g(t)|2 dt = 1. Note that the constants T∆ and F∆ again define the spacings of the possibly overlapping pulses
in time and frequency, respectively. The samples of the signal part composed of
the modulated pulses with time index k now take the values
sk,i =

p
S0 g(TF i/NFFT )

where i is taken from the set {i ∈ Z : TF i/NFFT ∈ Ig } and the time interval
Ig = [T0 , T1 ] chosen such that it contains the temporal support of g(t). As shown
in [74], the composite discrete time transmit signal si , i ∈ Z can be generated by
the uniform DFT FB in Fig. 4.1, comprising an IDFT computation and a subsequent unit with NC FIR filters with the transfer functions G0 (z), . . . , GNC−1 (z).
The FIR filters represent the so-called polyphase components and they are determined by the shape of g(t).
xk,0

k = 0, . . . , NB −1
n = 0, . . . , NC −1

(4.1)

G0 (z)

↑ NC

G1 (z)

↑ NC

z −1

IDFT
z −1

...

gk,n (t) = g(t − kT∆ )ej2π(n−NC /2)F∆ (t−kT∆ ) ,

xk,n+NC /2 ej2πni/NFFT ,

n=−NC /2

xk,1

It is well-known that from an information theoretic point of view orthogonal basis functions are the optimum choice for the pulse shapes for data transmission
over AWGN channels. With a multipath channel, however, the situation is different since anyway the orthogonality of the transmitted waveforms normally gets
destroyed. It was pointed out in [68] that for minimizing ICI/IBI after dispersive
channels nonorthogonal pulse shapes are the best choice. In the same paper, the
pulse shaping and mismatched filters for the transmitter FB and the receiver FB,
respectively, are derived from optimized prototype functions by uniform shifts
in the frequency domain. Such a configuration is of particular interest since it
allows for an efficient digital realization using FFT methods.
The discrete time synthesis of the transmit signal s(t) defined in (2.3) can
actually be accomplished by IDFT computations if the not necessarily orthogonal waveforms of the elementary pulses can be expressed as the TF-translated
versions

X

NC /2−1

z −1
xk,NC−1

GNC−1 (z)

IDFT processor

↑ NC

si

polyphase filtering

Figure 4.1: Discrete time signal synthesis using a uniform DFT FB.

is termed a WeylThe system
g(t−kT∆)ej2πnF∆ t : k, n ∈ Z
Heisenberg (WH) system in the mathematical literature. A necessary condition
for the system to form a Riesz basis [75] (for the spanned space), i.e. being
composed of linearly independent elements, is that the density of the functions
in the TF plane fulfills T∆ F∆ ≥ 1 [76]. If the WH system forms a Riesz basis

there exists a biorthogonal WH system ξ(t−kT∆)ej2πnF∆ t : k, n ∈ Z derived
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from a prototype function ξ(t) such that
g(t−kT∆)ej2πnF∆ t , ξ(t−`T∆)ej2πmF∆ t = δk,` δn,m ,
R∞
where hf, gi = −∞ f (t)g ∗ (t)dt represents the scalar product. If the channel
is ideal, an interference-free data transmission with a subchannel symbol rate
of 1/T∆ can be realized by employing a bank of pulse shaping filters with the
responses g(t)ej2πnF∆ t , n = 0, . . . , NC − 1 in the transmitter, and a bank of
filters matched to the functions ξ(t)ej2πnF∆ t , n = 0, . . . , NC −1 in the receiver.
In discrete time FB theory a corresponding set-up is called perfect reconstruction
system, composed of a synthesis FB in the transmitter and an analysis FB in the
receiver.
Furthermore, for T∆ F∆ > 1 any such WH system is incomplete in the
Hilbert space of the finite-energy signals. Consequently, a corresponding MC
transmission does not fully exploit the available time-bandwidth resources
for the information transfer. An OFDM signaling with guard periods belongs to this category. If on the contrary T∆ F∆ < 1, the functions in

g(t−kT∆)ej2πnF∆ t : k, n ∈ Z get linearly dependent. A reliable detection
may therefore be difficult in such a MC system, especially when employing a
high-order modulation scheme.
We restrict our attention to the case where the WH system relating to the
transmit pulse shapes represents a Riesz basis, and thus T∆F∆ ≥ 1. Additionally,
we consider the transmission over multipath channels in which the pulses get
distorted, with the channel state being unknown to the transmitter. It is shown
in [73] that the pulse overlapping at the receiver side can be confined by using a
TF concentrated prototype function g(t), unless the channel is extremely dispersive. This simplifies the work of the iterative symbol detectors discussed below.
The Gaussian functions
1

fG (t) = (2β) 4 exp −πβt2
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except for a scaling. We note that by adjusting β the slope of fG (t) can be
increased at cost of the slope of FG (f ) or vice versa, where choosing β = F∆ /T∆
leads to a symmetrical pulse overlapping in time and frequency. In practice, the
function fG (t) must of course be truncated such that its support fits some finite
time interval Ig .
The extent of the pulse overlapping in the transmitted signal can be studied
by the ambiguity function of g(t) defined as [78]
Z ∞
g(t)g ∗ (t − τ )e−j2πν(t−τ /2) dt.
Ag (τ, ν) =
−∞

It reflects the decay of the autocorrelation of g(t) at increasing lags τ and ν
in time and frequency, respectively. Fig. 4.2 depicts the ambiguity functions
of fG (t) with β = 1 and of the pulse with a rectangular shape used in OFDM
systems, i.e.
(
−1

t ∈ [−T∆ /2, T∆/2)
t∈
/ [−T∆/2, T∆/2)

T∆ 2 ,
0,

fR (t) =

with T∆ = 1. For fG (t), the ambiguity function is given as
 π

AfG (τ, ν) = exp − βτ 2 + β −1 ν 2
2
and exhibits an exponential decay in τ 2 and ν 2 , whereas for fR (t) the ambiguity
function turns out to decay with only 1/ν in the frequency dimension.
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with β > 0 are an obvious choice for g(t), since they provide optimum TF
concentration of the signal energy in the sense that the uncertainty product [77]
is minimized. As a property of the Gaussian functions, their shape does not
change by the Fourier transform, given as

1
FG (f ) = (2/β) 4 exp −πf 2 /β ,
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Figure 4.2: Logarithmic plots of the ambiguity functions of fG (t) (left) and
fR (t) (right).
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p
S0

NX
B −1 N
C −1
X
k=0

xk,n gk,n (t),

n=0

with xk,n denoting a complex-valued data symbol from a certain signal set Ω
with the squared magnitudes of the elements equal to 1 on the average. Note
that in this chapter S0 defines the average symbol energy rather than the power
spectral density of s(t). The signal at the receiver reads
y(t) =

B −1 N
C −1
X
p NX
S0
xk,n hk,n (t) + v(t),

k=0

n=0

where hk,n (t) = (c∗gk,n )(t), i.e., the channel is again modeled as time-invariant
for the duration of the burst.
We aim to estimate the information symbols from the signal y(t) under the
assumption that c(t) is perfectly known. In fact, the functions from the set
{hk,n (t) : k = 0, . . . , NB −1; n = 0, . . . , NC −1}

(4.2)

still form a Riesz basis if the signal mapping by the channel can be represented
by a bounded invertible operator [75], which is e.g. the case for the assumed
time-invariant channel if inf f ∈R |C(f )| > 0. As a consequence of the properties
of the AWGN process v(t), the coefficients
uk,n = hy, hk,n i,
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with x = (x0,0 , . . . , x0,NC−1 , x1,0 , . . . , xNB−1,NC−1 )T . The matrix A contains
the cross-correlations between any two distorted pulse shapes, i.e.

Let us again consider a burst transmission in which NB information symbols
are conveyed on each of the NC subchannels. The baseband equivalent transmit
signal is given as
s(t) =
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k = 0, . . . , NB −1
n = 0, . . . , NC −1

(4.3)

represent a sufficient statistic2 for the estimation problem. Using vector notation
we can express u = (u0,0 , . . . , u0,NC−1 , u1,0 , . . . , uNB−1,NC−1 )T as
p
u = S0 Ax + v
2 The coefficients defined in (4.3) constitute a sufficient statistic because they contain all the
information about the data symbols in y(t) [79].

ai(k,n),i(`,m) = hh`,m , hk,n i,

(4.4)

where a`,m is the mth element in the `th row in A and i(k, n) = kNC +n+1
translates the TF index (k, n) into the index of the corresponding vector element.
Furthermore, the i(k, n)th element in the noise vector v equals vk,n = hv, hk,n i.
Consequently, v is a zero-mean complex Gaussian random vector with the covariance matrix


(4.5)
E vvH = N0 A.
The Hermitian matrix A is also known as the Gram matrix of the functions
in (4.2), and nonsingular positive definite if they form a Riesz basis.
The ML estimate for x based on the sufficient statistic u may be formulated
as
x̂ML = arg max Λ(x; u),
x∈ΩNB NC

where Λ(x; u) represents the log-likelihood function (LLF). As a consequence
of (4.5), the conditional joint PDF of u can be expressed in the form [80]
 
H


p
p
1
−1
exp − y− S0 Ax (N0 A)
y− S0 Ax
pu (y|x) = NB NC
π
|N0 A|
if A is nonsingular. For the LLF we hence find
 p

Λ(x; u) = 2Re xH u − S0 xH Ax

(4.6)

after discarding the constant term and factor. This expression actually turns out
to hold even with a singular A.
The calculation of x̂ML has a huge complexity in the general case with
nonzero cross-correlation terms between the pulse shapes in both the time and
the frequency dimension, since for accomplishing a ML sequence estimation in
the time dimension the number of states increases exponentially with NC . A
suboptimum two-step approach in which the interference in one dimension is
ignored in the first step is investigated in [81]. Performing the LLF maximization iteratively, as will be discussed in Sect. 4.3.1, is another way for achieving
a substantial complexity reduction.
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Alternatively, the receiver may eliminate the interference terms in u and estimate x by simply multiplying with the inverse cross-correlation matrix, provided
that the latter exists, i.e.
−1

−1

d = S0 2 A−1 u = x + S0 2 A−1 v.
We will refer to this approach as performing a zero-forcing (ZF) or decorrelation3 . Like ZF equalizers this method suffers from noise amplification, and the
error rate performance of a receiver in which the signals in d are passed to a
decision device is inferior to the one of a ML detector.
In a system with FEC, a direct decoding on the basis of the sufficient statistic
u is generally impractical. The number of states would explode in a MLSD as a
consequence of the interference terms contained in u. To avoid this, the receiver
may first accomplish a ML detection assuming an uncoded bit stream, and second apply a decoder to the obtained hard-decision bit estimates. However, it has
turned out in the preceding chapters that hard-decisions prior to the decoder lead
to a significant performance degradation. Performing a ZF and passing the obtained soft bit estimates (from a subsequent de-mapper) to a soft input decoder
as in the MC system sketched in Fig. 4.3 could be the better solution. Still, this
receiver is suboptimal since the decoder regards the additive noise terms in d
as being white. The error rate performance of these two receiver schemes for
systems with FEC will be discussed in Sect. 4.4.
transmitter

frequency-selective
channel
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4.3.1 Iterative Detection Methods
In a straightforward approach, the maximization of (4.6) can be accomplished
with respect to one data symbol per iteration, passing through all elements in the
vector x within an iteration cycle and employing Ncyc of such cycles. Starting
from an initial estimate x̂(0) we thus obtain the sequence x̂(1) , . . . , x̂(Ncyc NB NC )
of estimates, with each of them differing from the predecessor by at most one
vector component. The updating rule for the `th element in the vector x̂(µ) ,
(µ)
denoted by x̂` , reads

T 
(µ)
(µ−1)
(µ−1)
(µ−1)
(µ−1)
, · · · , x̂`−1 , x` , x̂`+1 , · · · , x̂NB NC ; u .
x̂` = arg max Λ x̂1
x` ∈Ω

Using (4.6) and ignoring all terms which are independent of x` we obtain



 


N
N
B
C


p X
p
 ∗
(µ)
(µ−1)
2
a`,m x̂m  − S0 a`,` |x` | ,
x̂` = arg max 2Rex` u` − S0
x` ∈Ω 



m=1
m6=`

√
where u` is the `th element in u. Introducing a vector r(µ) = u − S0 Ax̂(µ)
(µ)
and letting r` denote its `th element, the above expression can be rewritten as
n
h 
i p
o
p
(µ)
(µ−1)
(µ−1)
+ S0 a`,` x̂`
− S0 a`,` |x` |2 .
x̂` = arg max 2Re x∗` r`
x` ∈Ω

(4.7)
h
i
(µ)
(µ−1)
, whereas otherwise (4.7) is equivIf a`,` = 0 then x̂` = arg max Re x∗` r`
x` ∈Ω

receiver

alent to
data




!2
2 
(µ−1)
(µ−1)

r
r
(µ)
(µ−1)
(µ−1) 
+ x̂`
− √`
+ x̂`
.
x̂` = arg max −a`,`  x` − √ `
x` ∈Ω

S0 a`,`
S0 a`,`

Figure 4.3: MC transmission with FEC, performing a ZF prior to a soft input
decoding at the receiver.

Discarding the constant term and factor the updating rule can finally be written
as
p
2
−1
(µ)
(µ−1)
(µ−1)
S0 a`,`
r`
+ x̂`
.
(4.8)
x̂` = arg min x` −

data
in

signal
encoding

x

MC signal s(t)
synthesis

c(τ )

+
v(t)

y(t)

matched
filtering

u

decorrelation

d soft-decision out
signal
decoding

x` ∈Ω

3A

MC system in which the receiver accomplishes a ZF by directly employing an appropriate
FB is investigated in [69]. Conditions for the existence and rules for the design of pairs of optimized
transmit and ZF equalizing FBs are given in the context of discrete FB theory, assuming perfect
knowledge of the channel impulse response in both the transmitter and the receiver.

Hence, we choose the element in Ω with minimum distance to
−1 (µ−1)
√
(µ−1)
S0 a`,`
r`
+ x̂`
in the complex plane. Fig. 4.4 provides a
flow diagram of the obtained detection procedure, neglecting the case where
a`,` = 0. Step (a) corresponds to (4.8), followed by the updating of r(µ) in
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q := 1, . . . , Ncyc

To this end, let us return to the above discussed decorrelation, and assume
√
that A is nonsingular. For the solution of the linear equation system u = S0 Ad
a large number of standard iterative methods are available [83]. It turns out that
application of the basic Gauss-Seidel iteration leads to exactly the procedure
defined in Fig. 4.4 when removing the hard-decision in the step (a) and using

k := 1, . . . , NB
n := 1, . . . , NC
µ := µ + 1
` := i(k, n)

(µ−1)
(µ−1)
x̂(µ) = x̂1
, . . . , x̂`−1 ,
2
√
−1 (µ−1)
(µ−1)
arg min x` −
S0 a`,` r`
+ x̂`
, (a)
x` ∈Ω
T
(µ−1)
(µ−1)
x̂`+1 , . . . , x̂NB NC

√
S0 A x̂(µ) − x̂(µ−1)
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sult of the iterative maximization of the LLF4 . Nevertheless, reaching the global
maximum of the LLF and simultaneously a convergence of x̂(µ) towards x̂ML
is not guaranteed even with an infinite number of iterations. The chance that
iteration ends up in a local maximum of the LLF can actually be reduced by
providing a useful initial estimate.

x̂(0) = initial estimate
√
r(0) = u − S0 Ax̂(0)
µ := 0

r(µ) = r(µ−1) −

68

(b)

Figure 4.4: Iterative LLF maximization procedure.

step (b). Apparently, this detection scheme can be regarded as accomplishing
successive symbol estimation in step (a) and interference cancellation (IC) in
step (b).
Alternatively, the updating of the symbol estimates according to (4.8) could
be carried out for all elements in x before recalculating r(µ) only at the end of
an entire iteration cycle. However, it turns out that this parallel symbol estimation and IC procedure provides less accurate results compared to the considered
serial scheme in Fig. 4.4 after an equal number of iteration cycles [72].
The sequence Λ(x̂(0) ; u), . . . , Λ(x̂(Ncyc NB NC ) ; u) is non-decreasing as a re-

(µ)

x̂`

=

p
−1
(µ−1)
(µ−1)
S0 a`,`
r`
+ x̂`

(4.9)

(µ)

as the updating rule for x̂` . As opposed to the hard-decision iterations, this
method provides soft symbol estimates converging towards d. The convergence
properties of the Gauss-Seidel iteration are discussed in [83]. Instead of a direct element-wise hard-decision based on d, the estimates after a certain number
Ndec of Gauss-Seidel iteration cycles can be taken as initial values for a subsequent iterative LLF maximization with the procedure in Fig. 4.4.
The magnitudes of the data symbols are upper bounded by the value
maxx∈Ω |x|. It turns out that the convergence of the iterations can be accelerated by adding a corresponding constraint to the updating rule, replacing (4.9)
by e.g.


p



−1
|x|
max
x∈Ω
(µ)
(µ−1)
(µ−1)
.
S0 a`,`
r`
+ x̂`
min 1, √
x̂` =
−1 (µ−1)
(µ−1) 

S0 a`,` r`
+ x̂`
(4.10)
Faster convergence may also be attained by utilizing more sophisticated iterations like for instance the conjugate gradients method [83, 84].
4 The described algorithm is in fact a variant of the space-alternating generalized expectationmaximization algorithm (SAGE), presented in [82]. The monotonicity of the LLF sequence is one
property of the SAGE algorithm.
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4.3.2 Computational Complexity and Residual Interference
Analysis
A TF concentrated prototype function g(t) bounds the pulse overlapping, which
results in an essentially sparse structure of the matrix A. The detection procedure in Fig. 4.4 can exploit this property of A by ignoring its essentially
zero-valued entries for the IC in step (b), achieving a significant reduction of
the computational effort per iteration. In the following, we study the effects of
considering only the interference between two symbols placed at most DIC,T
e with the
time slots and DIC,F subchannels apart. That is, we replace A by A,
elements ãn,m defined as

ai(k,n),i(`,m) , |`−k| ≤ DIC,T and |m−n| ≤ DIC,F
ãi(k,n),i(`,m) =
0,
otherwise.

Keeping in mind that x̂(µ) − x̂(µ−1) contains at most one nonzero element, i.e.
(µ)
(µ−1) 
, we find that step (b) in Fig. 4.4 requires the computation of
x̂` − x̂`
(2DIC,T +1)(2DIC,F +1) multiplications and an equal number of subtractions,
all operations involving complex numbers. Additionally, the updating of the data
symbol estimate in step (a) can be carried out with one division and one addition,
not taking the hard-decision into account. Consequently, the total numbers of
complex multiplications/divisions (nM ) and additions/subtractions (nA ) for the
iterative detection including the initial decorrelation are
nM = nA = (Ndec + Ncyc ) (1 + (2DIC,T + 1)(2DIC,F + 1))

(4.11)

per transmitted data symbol.
e leads to perturbations in r(µ) , affecting the symbol esReplacing A by A
timation in (4.8), (4.9) and (4.10). Supposing that all data symbols in the
burst have been correctly estimated after µ0 iterations, i.e. x̂(µ0 ) = x, we have
√
√
e = v+ S0 (A−A)x.
e
Hence, the remaining parts in r(µ0 ) are
r(µ0 ) = u− S0 Ax
due to the AWGN and the residual interference. The remainder in the i(k, n)th
element in r(µ0 ) equals
X
p
(µ0 )
= vk,n + S0
ai(k,n),i(`,m) x`,m .
ri(k,n)
(`,m)∈{0,...,NB−1}×{0,...,NC−1}
(|`−k|,|m−n|)∈{
/ 0,...,DIC,T }×{0,...,DIC,F }

We now study the mean-square values of the terms in this expression and compare the residual interference part against the noise part. The analysis is based
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on an US channel. Specifically, the impulse response c(τ ) is modeled as a zeromean complex white Gaussian random process being independent of the noise
and subject to a given PDP. The data symbols are also viewed as random, mutually independent with E[x`,m ] = 0 and E[|x`,m |2 ] = 1 ∀` ∈ {0, . . . , NB − 1}
∀m ∈ {0, . . . , NC −1}, and independent of the channel and noise. For the PDP
we finally assume that
Z
∞

−∞

φc (τ )dτ = 1,

such that the mean received signal energy per data symbol equals S0 .
First, we focus on the mean energy in the noise term, which can be expressed
as
i
h
i
h
E |vk,n |2 = E |hv, hk,n i|2 =

 ∞
Z
Z∞
Z∞
Z∞
∗
(t−τ )dτ dt
v ∗ (t0 ) c(τ 0 )gk,n (t0 −τ 0 )dτ 0 dt0  .
E  v(t) c∗ (τ )gk,n
−∞

−∞

−∞

−∞

i
h
2
Exchanging the order of the expectation and integration, E |vk,n | =
Z∞ Z∞ Z∞ Z∞

∗
E [c∗ (τ )c(τ 0 )v(t)v ∗ (t0 )] gk,n
(t−τ )gk,n (t0 −τ 0 )dτ dτ 0 dtdt0 .

−∞ −∞ −∞ −∞

As a consequence of (2.1) and since E[v(t)v ∗ (t0 )] = N0 δ(t−t0 ) we obtain
Z ∞
i
h
φc (τ )dτ = N0 .
E |vk,n |2 = N0
−∞

Hence, the ratio of the mean received signal energy per symbol and the mean
(µ0 )
equals S0 /N0 .
noise energy in ri(k,n)
(µ )

0
, given as
Next, we analyze the mean residual interference energy in ri(k,n)

(k,n)

εIC

=

X

h
S0 E

(`,m)∈{0,...,NB−1}×{0,...,NC−1}
(|`−k|,|m−n|)∈{0,...,D
/
IC,T }×{0,...,DIC,F }

The above expectation can be expressed as
i
h
i
h
2
= E |hh`,m , hk,n i|2 =
E ai(k,n),i(`,m)

ai(k,n),i(`,m)

2

i
.
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−∞ −∞
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−∞
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−∞

Z
c(τ )g`,m (t − τ )dτ
Z

∞

∗

0

∞

∗
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−∞
∗
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∗
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#
=
120

E [c(τ )c (τ )c (τ )c(τ )] ×
Z ∞
∗
∗
g`,m (t−τ )gk,n
(t−τ 0 )dt
g`,m
(t−τ 00 )gk,n (t−τ 000 )dtdτ dτ 0 dτ 00 dτ 000 .
−∞

100

−∞

0

nA
nA
nA
nA
nA
nA

= nM
= nM
= nM
= nM
= nM
= nM

= 26(Ndec +Ncyc)
= 22(Ndec +Ncyc)
= 22(Ndec +Ncyc)
= 16(Ndec +Ncyc)
= 16(Ndec +Ncyc)
= 10(Ndec +Ncyc)
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With the fourth moment formula for
E [c(τ )c∗ (τ 0 )c∗ (τ 00 )c(τ 000 )] can be written as
∗

DIC,T =2, DIC,F =2;
DIC,T =3, DIC,F =1;
DIC,T =1, DIC,F =3;
DIC,T =2, DIC,F =1;
DIC,T =1, DIC,F =2;
DIC,T =1, DIC,F =1;

000

∗

00

Gaussian

processes

[85],

000

E [c(τ )c (τ )] E [c (τ )c(τ )] +
E [c(τ )c∗ (τ 00 )] E [c∗ (τ 0 )c(τ 000 )] +

S0 /εIC [dB]

" Z
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60

g(t) = fG (t)

40

E [c(τ )c(τ 000 )] E [c∗ (τ 0 )c∗ (τ 00 )] .

g(t) = fR (t)
20

It follows from (2.1) that the first two of these three terms equal
φc (τ )φc (τ 00 )δ(τ −τ 0 )δ(τ 00 −τ 000 ) and φc (τ )φc (τ 0 )δ(τ − τ 00 )δ(τ 0 − τ 000 ), respectively, while the third term is zero. This leads to the expression
i
h
2
= |Ag ((k−`)T∆ , (n−m)F∆ )|2 +
E ai(k,n),i(`,m)
Z ∞Z ∞
2
φc (τ )φc (τ 0 ) |Ag ((k−`)T∆ +τ 0 −τ, (n−m)F∆)| dτ dτ 0 , (4.12)
−∞

−∞

where the inner products are replaced by the ambiguity function of g(t).
Note that (4.12) depends on the relative offset (k −`, n−m) rather than on
(k,n)
the absolute TF slot positions (k, n) and (`, m) within the burst. Clearly, εIC
is largest when interference emanates from adjacent symbols on both sides in
the time and the frequency dimensions. We therefore consider the limit
εIC =

(N /2,NC /2)
lim
ε B
,
NB ,NC →∞ IC
(k,n)

which represents the supremum of the mean residual interference energy εIC
for given g(t), T∆ , F∆ , φc (τ ), DIC,T and DIC,F . The value εIC grows for
increasingly dispersive channels when keeping DIC,T and DIC,F constant. This
is reflected in Fig. 4.5 for the case of the exponentially decaying PDP defined
in (2.2). The figure shows the resulting S0 /εIC as a function of τd for T∆F∆ = 1
and six possible choices of DIC,T and DIC,F , using as prototype function either

0

0

T∆ /8

T∆ /4

3T∆/8

T∆ /2

τd
Figure 4.5: Mean signal to mean residual interference energy ratio versus the
RMS delay spread, in slowly time-variant channels with an exponentially decaying PDP.

fG (t) or fR (t). For every τd the scalable β in the definition of fG (t) is chosen
such that the residual interference is minimized.
As expected, much smaller amounts of residual interference result for TF
concentrated pulses derived from fG (t) than for a prototype function with a
rectangular shape, unless τd is close to zero. In this case, the negligible channel
dispersion does not destroy the orthogonality of the signal pulses, enabling a
nearly interference-free transmission.
Like in an OFDM system, the data rate can be increased by just adding
subchannels in the frequency domain while leaving the detection complexity
per data symbol as well as εIC unchanged. This is different in a single carrier
system, where the equalizer complexity per transmitted data symbol generally
grows when the symbol rate is increased.
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4.3.3 Matched Filtering

(p)

ωk,n

∗ D

(p)

E

y, ψk,n

as an approximation for uk,n .
As c(τ ) is time-invariant, the same applies to the channel parameters, i.e.
(p)
(p)
ωk,n = ωn ∀k ∈ {0, . . . , NB − 1}, p = 1, 2, . . .. There are hence a total of
KNC parameters to be estimated in the receiver, and the sufficient statistic can
be approximated as sketched in Fig. 4.6.
(K)

h·, ψk,1 i

...

∗

(K)
ω1

(K)

t, t ∈

(k)
Ih .

(4.13)

(1)

 ∗
(1)
ω1

Σ

ûk,NC

(1)

h·, ψk,NC i

+

are the orthonormal eigenfunctions of the poswhere
itive semidefinite, conjugate complex symmetric kernel Rk,n (t, t0 ), and
(p)
(p)
ωk,n = hk,n , ψk,n . The fixed eigenfunctions depend on the transmit pulse


∗
(K)
ωNC

+

(1)
(2)
ψk,n (t), ψk,n (t), . . .

(1)
h·, ψk,1 i

...

p=1

h·, ψk,NC i

...

Furthermore, the Karhunen-Loève expansion of the random process hk,n (t)
reads [86]
∞
X
(p) (p)
ωk,n ψk,n (t),
(4.14)
hk,n (t) =

y(t)

ûk,1

...

− τ )dτ,

0

Σ

+

φc (τ )gk,n (t −

∗
τ )gk,n
(t0

(4.15)

p=1

+

−∞

K 
X

...

∞

ûk,n =

...

Rk,n (t, t ) =

Z
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sert the truncated series into (4.3) and find

A direct calculation of the sufficient statistic u would require an initial estimation of every hk,n (t), and a correlation of y(t) with every estimated waveform.
A more suitable method for assessing u, based on a distinct set of channel parameters that need to be estimated, results from an appropriate series expansion
of the waveforms of the distorted signal pulses using fixed basis functions.
Let us first focus on a specific pulse hk,n (t) and adopt an US channel
model. We assume that the temporal support of the pulse, which depends on
Ig and the time dispersion induced by the channel, is contained within the
(k)
finite time interval Ih of length Th . Now, hk,n (t) represents a zero-mean
(k)
nonstationary random process within t ∈ Ih , with the covariance function
0
∗
0
Rk,n (t, t ) = E[hk,n (t)hk,n (t )]. With hk,n (t) = (c ∗ gk,n )(t), exchanging the
order of the expectation and integration, and using (2.1) the covariance function
can be expressed as
0
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 ∗
(1)
ωNC

Figure 4.6: FB structure for calculating the sufficient statistic.

(2)

shape and the PDP, whereas the channel parameters ωk,n , ωk,n , . . . are random
variables, being uncorrelated as a property of the Karhunen-Loève expansion.
The eigenfunctions shall be ordered such that their corresponding real
(1)
(2)
non-negative eigenvalues λk,n , λk,n , . . . form a non-increasing sequence. An
approximate reconstruction of hk,n (t) is obtained by an expansion accord(1)
(K)
ing to (4.14) using only the eigenfunctions ψk,n (t), . . . , ψk,n (t) with the K
largest eigenvalues. These functions actually represent the optimum projection filters for hk,n (t) in the sense that the mean energy in the error signal
P∞
(p) (p)
ek,n (t) = p=K+1 ωk,n ψk,n (t) is minimum for using K filters. Finally, we in-

Furthermore, it can be seen by expanding the expression (4.13) using (4.1)
(p)
that the eigenvalue sequence is identical for all TF slots, i.e. λk,n = λ(p)
∀k ∈ {0, . . . , NB −1}∀n ∈ {0, . . . , NC −1}, p = 1, 2, . . .. Additionally, the set
 (p)
ψk,n (t) : k = 0, . . . , NB − 1; n = 0, . . . , NC − 1 with the pth eigenfunctions represents a subset of a WH system. As a consequence, the discrete time
projection of y(t) onto the basis functions can be accomplished by K parallel
uniform DFT FB blocks, replacing the K correlator blocks in Fig.
h 4.6. i
(p) 2
As a further property of the Karhunen-Loève expansion, E ωk,n = λ(p) .
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Consequently, the ratio of the mean energies of a signal pulse hk,n (t) and the
error signal ek,n (t) from the reconstruction of hk,n (t) equals
P∞

γKL =

E[hhk,n , hk,n i]
= P∞
.
(p)
E[hek,n , ek,n i]
p=K+1 λ

γKL for g(t) = fG (t)
22.1 dB
31.0 dB
39.2 dB
46.9 dB
54.2 dB
80.6 dB
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parameters, the overall computational complexity per element in u amounts to
(NFFT /2)ldNFFT + Nh
+K
NC

(4.16)

NFFT ldNFFT + Nh − NFFT
+K −1
NC

(4.17)

n0M = K

(p)
p=1 λ

The value γKL quantifies the impact of the series truncation as ek,n (t) may be
viewed as an additional noise signal. Tab. 4.1 summarizes the resulting γKL for
the PDP defined in (2.2) with τd = T∆ /5 and pulses derived from either fR (t)
or fG (t). In the latter case β = 0.68F∆/T∆ is chosen as this has turned out to
result in minimum residual interference εIC for the assumed τd among the IC
schemes investigated in Fig. 4.5. The figures in the table suggest that utilizing a
few basis functions may be sufficient for a transmission based on fG (t), whereas
for fR (t) a significant number of basis functions are necessary to keep the error
energy reasonably low.
K
2
3
4
5
6
10
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γKL for g(t) = fR (t)
10.9 dB
12.6 dB
13.9 dB
14.9 dB
15.7 dB
18.1 dB

complex multiplications and
n0A = K

complex additions.
The estimation of the time-invariant channel parameters may be accomplished based on a received preamble signal, which is correlated with the K
basis functions on every subchannel. Then, unlike with an OFDM signaling,
the observed coefficients contain interference terms from overlapping pulses.
The interference could, however, be averaged out by employing sequences of
pilot symbols with appropriate cross-correlation characteristics. Furthermore, it
seems likely that small-scale frequency offsets due to synchronization errors
have a less dramatic impact on the performance than in an OFDM receiver,
where they cause ICI. Within the scope of this work, however, we do not bother
about channel estimation and restrict our attention to the case of perfect synchronization and channel parameters.
The actual elements of the matrix A can be estimated from the channel parameters using (4.4) and (4.14), i.e.
âi(k,n),i(`,m) =

Table 4.1: Signal to truncation error energy ratio for various K.

The K uniform DFT FBs replacing the correlator blocks in Fig. 4.6 each incorporate an FFT computation and polyphase components in reverse order than
depicted in Fig. 4.1, i.e. here the polyphase components precede the FFT computation. Performing an NFFT -point FFT, with NFFT ≥ NC , requires no more
than (NFFT /2)ldNFFT multiplications and NFFT ldNFFT additions if NFFT is
a power of two [87]. An extra Nh multiplications and Nh −NFFT additions are
necessary per FFT for the polyphase components, where Nh is the length of an
(k)
interval Ih in samples, i.e., Nh is about Th /T∆ times larger than NFFT for
T∆ F∆ ≈ 1. Together with the subsequent combining in (4.15) using the channel

K
K X
X


∗
(q)
(p)
(q)
(p)
ω`,m ωk,n hψ`,m , ψk,n i,

p=1 q=1

where the scalar products having the predetermined eigenfunctions as arguments
are constants.

4.4 Performance Analysis
In this section, we investigate the achievable error rate performance with the
discussed iterative LLF maximization and decorrelation procedures. Computer
simulations are carried out for this purpose since analytical derivations of the exact error probabilities are not available. Burst transmissions with the dimensions
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NC = 24 and NB = 50, over a severely time-dispersive US channel with an exponentially decaying PDP and a RMS delay spread of τd = T∆/5 and Rayleigh
fading characteristics are simulated. To obtain the mean BER, a random impulse response satisfying (2.2) is generated for each burst, and the error rates are
averaged over a large number of burst transmissions.

At first, we assume a QPSK modulation and use the prototype function fG (t)
with β = 0.68F∆/T∆ and a support limited to the interval Ig = [−2T∆, 2T∆].
Starting from x̂(0) = 0, the detector accomplishes a partial decorrelation by
Ndec iteration cycles using the updating rule (4.10), followed by Ncyc iteration
cycles with hard-decisions according to the procedure in Fig. 4.4. We choose
T∆ F∆ = 33/32, i.e. a value slightly above 1, in order to attain linear independence in the underlying WH system. Also, a perfect calculation of the sufficient
statistic u is assumed, i.e. K  1.
Fig. 4.7 shows the mean BER for using different numbers of iteration cycles
with DIC,T = 3 and DIC,F = 1, as a function of the mean SNR
γ̄ = (T∆ F∆ )−1

S0
.
N0

For every given number of total iteration cycles the most favorable combination
of Ndec and Ncyc is chosen. The figure is complemented by the matched filter
bound (MFB), which represents a lower bound for the attainable detector performance with uncoded signals. The MFB is derived in Appendix B and based on
the hypothetical assumption that every data symbol can be detected by an ideal
matched filtering without having to deal with contingent ICI/IBI. Additionally,
the analytical bit error probability P̄b computed in (2.10) is shown, reflecting the
achievable mean BER by a conventional OFDM transmission over a Rayleigh
fading channel, using guard periods which perfectly absorb the channel dispersion.
Obviously, all the BER curves decay with an offset of about 1-2 dB from
the MFB and saturate when γ̄ increases beyond a certain value. The error floor
can be reduced by successively increasing the number of iteration cycles. The
improvement with respect to P̄b results from exploiting the inherent frequency
diversity of the proposed transmission scheme.
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Figure 4.7: Mean BER for a QPSK transmission employing pulses derived from
a Gaussian prototype function, carrying out different numbers of iteration cycles
with DIC,T = 3 and DIC,F = 1, based on a perfectly calculated u.

For comparison, we also investigate the error rate performance when employing pulses derived from fR (t) with T∆ F∆ = 1. Fig. 4.8 depicts the mean
error rates for DIC,T = 1 and different choices of DIC,F , carrying out 27 initial
decorrelating iteration cycles followed by 3 cycles with hard-decisions. Here,
the pulse energies are much less concentrated in the frequency domain. The
corresponding MFB exhibits a steeper decay for γ̄ → ∞ than for the Gaussian
case, as an increased amount of frequency diversity is achieved. However, the
performance of the iterative detections remains poor even for e.g. DIC,F = 7 due
to the considerably higher residual interference from other subchannel signals.
Next, the error rate performance of a receiver which uses the FB structure
described in Sect. 4.3.3 for obtaining an approximate version of the sufficient
statistic is investigated. Fig. 4.9 shows the error rates for a similar set-up as
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Figure 4.8: Mean BER for a QPSK transmission employing pulses derived from
a prototype function with a rectangular shape, choosing Ndec = 27, Ncyc = 3,
DIC,T = 1, and different DIC,F , based on a perfectly calculated u.

used for finding the results in Fig. 4.7, except of employing only two, three or
four parallel uniform DFT FB blocks for estimating u, where the subsequent
combiner again has perfect channel parameters available. The legend of the figure additionally provides the total numbers of complex multiplications/divisions
n̄M = nM + n0M and additions/subtractions n̄A = nA + n0A per data symbol as
assessed in (4.11), (4.16) and (4.17), for NFFT = 32 and Nh = 184.
For K = 2, a high error floor persists even with many iteration cycles. Choosing K = 3 seems appropriate for e.g. achieving a mean BER of 10−3 with 6
iteration cycles in total, requiring a γ̄ of about 21 dB. Here, the offset from the
MFB is about 2 dB, whereas the gain with respect to a corresponding uncoded
OFDM transmission is approximately 5 21 dB.
Finally, the behavior of the nonorthogonal MC transmission and receiver
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Figure 4.9: Mean BER for a QPSK transmission employing pulses derived from
a Gaussian prototype function, carrying out different numbers of iteration cycles
with DIC,T = 3 and DIC,F = 1, estimating u using K parallel uniform DFT FB
blocks.

technique is studied for the case of a 64-QAM with square lattice constellation of
the elements in Ω and the usual Gray encoding. With this high-order modulation
scheme the detectors actually require a very accurate version of the sufficient
statistic u. Moreover, Ndec needs to be chosen much larger. This is apparent
in Fig. 4.10, showing the error rates for employing five parallel uniform DFT
FB blocks and different numbers of iteration cycles. The curves again illustrate
the mean BER as a function of γ̄. Here, P̄b from (2.12) is shown in addition,
and a modified MFB computed by considering only those error events where
the detector decides in favor of a neighboring signal point in the constellation,
resulting in one erroneous bit within a Gray encoded bit sequence.
Clearly, a larger gap appears between the MFB and the error rates from the
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versity. In all the simulated scenarios, the same 64-state convolutional encoder
as chosen for the studies in Sect. 2.7 and Sect. 3.4, and a 16-QAM with Gray
encoding are utilized. There are hence two information bits encoded in each data
symbol, resulting in a spectral efficiency of 2/(T∆F∆ ) bit/s/Hz.
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At first, the elementary transmit pulses are derived from fG (t) as in
Sect. 4.4.1. The receiver uses the FB structure in Fig. 4.6 with K = 3, and
performs a LLF maximization with DIC,T = 3, DIC,F = 1, Ndec = 30 and
Ncyc = 3. The obtained bit estimates are deinterleaved and passed to a Viterbi
decoder.
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Additionally, a transmission with a ZF receiver as illustrated in Fig. 4.3 is
investigated, where only the 30 iteration cycles for the decorrelation are carried
out, followed by a soft-decision signal decoding. The latter consists of a demapper which computes LLR values according to (2.8), and a soft input MLSD.
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(Ndec , Ncyc, n̄M , n̄A ) = (13, 2, 390, 399)
(Ndec , Ncyc, n̄M , n̄A ) = (22, 3, 610, 619)
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(Ndec , Ncyc , n̄M , n̄A ) = (97, 3, 2260, 2269)
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Figure 4.10: Mean BER for a 64-QAM transmission employing pulses derived
from a Gaussian prototype function, carrying out different numbers of iteration
cycles with DIC,T = 3 and DIC,F = 1, estimating u using 5 parallel uniform
DFT FB blocks.

iterative detectors. For achieving a mean BER of 10−3 a γ̄ of 38 dB is required
for 50, and 36 dB for 100 iteration cycles in total, being 5 dB and 3 dB, respectively, away from the theoretical MFB.

4.4.2 Coded Transmission
It has been seen in Chapter 2 that a FEC coding is essential for a data transmission over fading channels. Moreover, it is in general very difficult to estimate the
achievable error rate performance of a system with FEC from the BER results
of a corresponding uncoded transmission. In the following we extend the above
study to systems employing a BICM for effectively exploiting the frequency di-

The BER results for these two receivers are shown in Fig. 4.11 versus γ̄, together with the error rates from a conventional OFDM transmission using either
hard-decision or soft-decision decoding. To cope with the large delay spread,
T∆ and NC are chosen by a factor 32 larger for the OFDM system than for the
nonorthogonal signaling, and the subchannel spacing is reduced by the same
factor. This keeps the bandwidth usage and the spectral efficiency equal to the
other scenarios while allowing for guard periods which fulfill a common rule of
thumb by which TG should at least be in the order of 5τd .
Obviously, the ZF with a subsequent soft-decision decoding outperforms the
combination of a LLF maximization and hard-decision decoding for the signaling scheme based on fG (t) by about 4 dB at a BER level of 10−6 . This again emphasizes the benefits of a soft-decision approach. The error rates are, however,
by about 3 dB inferior to those with a conventional BICM-OFDM transmission
using soft-decision decoding. Unlike with an uncoded transmission, there is a
clear performance degradation here as a consequence of the suboptimum ZF.
Nevertheless, the MC system in Fig. 4.3 is an advantageous alternative in environments where channel variations or hardware components impose limitations
on the choice of T∆ and NC . For using a slicer, there is obviously no significant
discrepancy between the performance with the nonorthogonal signaling and LLF
maximization and with an OFDM transmission.

4.5 Channel Capacity with a Zero-Forcing Receiver
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−1

v0 = S0 2 A−1 v, which represents the additive noise contained in d. The noise
amplification from the ZF is hence determined by the diagonal elements in A−1 ,
and the SNR in the equivalent AWGN channel associated with the TF slot (k, n)
equals
S0
,
γk,n = ζi(k,n)
N0

0

10

g(t) = fG (t); LLF maxim.+hard-decision dec.
OFDM transmission with hard-decision dec.
g(t) = fG (t); ZF+soft-decision decoding
OFDM transmission with soft-decision dec.
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10

mean BER
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where ζ` denotes the inverse of the `th diagonal element in A−1 . The normalized
capacity with the ZF receiver is now given as
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CZF =

NX
B −1 N
C −1
X
1
ld(1 + γk,n ).
NB NC
n=0
k=0
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The factors ζ1 , . . . , ζNB NC depend on the prototype function, the pulse spacings, the burst dimensions, and the channel. With an ideal channel the factors
lim
ζi(NB /2,NC /2) for growing burst diconverge towards a value ζ0 =
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Figure 4.11: Mean BER for a BICM MC transmission using a 16-QAM signal
set and different signaling and receiver schemes.

4.5 Channel Capacity with a Zero-Forcing Receiver
It was claimed in Sect. 2.8 that any data rate below the multipath channel capacity can theoretically be achieved by an OFDM scheme with T∆ F∆ chosen
sufficiently close to 1. In this section, we consider the capacity with a perfect
ZF receiver in which the decoder regards the additive noise terms in the decorrelator output d as being uncorrelated. To this end, we model the channel as
NB NC parallel AWGN channels, each of them utilized for transmitting one data
symbol, and sum up the respective capacities.
As v is a zero-mean jointly complex Gaussian random vector with the
covariance matrix given in (4.5), S0−1 N0 A−1 results as the covariance matrix for the zero-mean jointly complex Gaussian transformed random vector

mensions, provided that A is always nonsingular. For orthonormal pulse shapes
ζ0 = 1, whereas otherwise ζ0 turns out to be smaller than 1. This reflects the
fact that sets of orthonormal pulse shapes are optimal for signaling over an ideal
channel. With nonorthogonal waveforms and a ZF, the limit for the attainable bit
rate is below the actual channel capacity. For the Gaussian prototype function,
ζ0 goes towards zero as the pulse density T∆ F∆ approaches the critical value 1
from above. In fact, a WH system derived from fG (t) forms a Riesz basis only
for T∆F∆ strictly greater than 1.
A dispersive channel changes the cross-correlation properties and destroys
the merits of orthonormal pulse shapes. For the pulse design, it would be of
interest to determine the average capacity over the fading statistic of a slowly
time-variant channel with the ZF receiver and a certain signaling scheme. However, an analytical study seems impossible due to the non-trivial distribution of
the diagonal elements in A−1 .
What can be shown is that if applied to an OFDM signaling, i.e. employing
the elementary pulses defined in (2.4) with TG ≥ τexcess , the capacity with a ZF
receiver exceeds (or at least achieves) the capacity with a conventional OFDM
e and Ā denote the cross-correlation matrices of the
receiver. To see this, let A
orthogonal waveforms

hk,n (t), t ∈ [kT∆ , kT∆ + TF )
h̃k,n (t) =
0,
otherwise
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and the waveforms

h̄k,n (t) =

0,
t ∈ [kT∆ , kT∆ + TF )
hk,n (t), otherwise,

respectively, with (k, n) ∈ {0, . . . , NB − 1} × {0, . . . , NC − 1}. For the OFDM
receiver, the SNR associated with the TF slot (k, n) equals
γ̃k,n = ζ̃i(k,n)

S0
,
N0

e The mawhere ζ̃` represents the `th diagonal element in the diagonal matrix A.
trix Ā is Hermitian positive semidefinite, and may be factorized into Ā = UUH .
e is nonsinWe again rule out zeros in the channel transfer function such that A
e
gular. As A = A+ Ā and using the matrix inversion lemma [79],


−1
−1
e −1 U
e −1 .
e + UUH
e −1 − A
e −1 U INB NC + UH A
=A
UH A
A−1 = A

e −1 U is positive definite, Hermitian, and nonsingular.
Clearly, INB NC +UH A
The same holds for its inverse. The entire expression on the right side of the
minus sign is therefore Hermitian positive semidefinite, having non-negative diagonal elements. This proofs that ζ`−1 ≤ ζ̃`−1 , and hence
γk,n ≥ γ̃k,n

∀(k, n) ∈ {0, . . . , NB −1}×{0, . . . , NC −1}.

4.6 Summary and Discussion
Alternative MC transmission schemes without bandwidth consuming guard periods have been investigated, which offer more freedom in the choice of the
number of subchannels and the elementary pulse shapes. In particular, the use
of waveforms with superior TF localization properties has been suggested in
order to confine the essential signal overlapping to information-bearing pulses
nearby in time and frequency, and thereby limiting the extent of ICI/IBI.
Receiver structures have been devised which can exploit the bounded pulse
overlapping for limiting the computational effort. A sufficient statistic is first calculated for the unknown data by weighting the output of an appropriate FB using
a distinct number of channel parameters. The FB allows for an efficient discrete
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time implementation by FFT techniques. Iterative methods are employed in the
following for the IC, accomplishing either a likelihood maximization or a ZF.
The performance analysis has revealed that a mean BER close to the MFB
can be attained with a sufficient number of iteration cycles. More iterations
are actually necessary for the higher-order modulation schemes. There is also
a trade-off between the computational complexity and the residual interference
degrading the error rate performance. As a consequence of the higher diversity
order achieved by the iterative detection, a conventional OFDM transmission
without FEC can be clearly outperformed.
This is different for systems with a FEC coding. To keep the demodulation
and decoding complexity within limits, the receiver should resort to suboptimum
techniques like e.g. performing a ZF prior to the decoder. A certain performance
degradation with respect to a coded OFDM transmission with negligible guard
periods is inevitable. We may thus conclude that the propounded alternative
MC transmission techniques are primarily favorable for systems where the environmental conditions impose restrictions on the length of the time slots or the
number of subchannels.
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Outlook
In the longer term there will be efforts towards a unification of the different wireless communication standards and building up one system for providing a wide
range of services to both mobile and fixed users. Employing a MC technique
on the physical layer will be beneficial, not least due to the powerful spectrum
management capabilities. A resource allocation on a TF slot basis would in
fact provide the utmost flexibility for accommodating links with highly variable data rates and QoS requirements. An OFDM signaling combined with such
a two-dimensional multiple access technique is sometimes termed orthogonal
frequency-division multiple access (OFDMA), and may serve as a universal platform for both the uplink and the downlink and for services ranging from voice
telephony to video-on-demand.
Novel adaptation mechanisms will have to be elaborated to optimize the usage of the TF slots, involving the physical as well as the higher layers. The
OFDMA scheme allows for assigning only a small subset of the subchannels
to those users who request moderate data rates. A smart subchannel allocation
policy can prevent utilizing unfavorable frequency bands, being subject to high
signal attenuation or hampered by narrowband noise. Additionally, latency can
be kept small by an individual allocation of the TF slots and, if combined with an
adequate duplexing scheme, fast feedback of CSI can be provided to the transmitter without wasting much bandwidth.
High-speed transmissions involving fixed terminal stations have a greater
optimization potential through an adaptation of the power or the modulation
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schemes than links to mobile terminals, as the latter exhibit much more rapid
changes in the channel state. To avoid sudden violations of agreed QoS criteria,
anticipating channel prediction techniques will have to be devised as part of the
transmitter functionality. As a consequence of the sometimes unreliable CSI,
however, achieving diversity is still crucial, and BICM thus an expedient FEC
scheme.
In a first effort, adaptation techniques could be elaborated which aim to optimize the power allocation in BICM-OFDMA systems while taking the varying
CSI accuracy from user to user into account. At this point, the additional benefit from adapting the modulation schemes on a subchannel-by-subchannel basis
versus an adaptation on a user-by-user basis should be investigated. Again, there
might be a trade-off between performance and complexity.
Equipping the base stations with two or more antennas is another method
to increase the spectral efficiency of future cellular wireless communication systems. Techniques for achieving transmit diversity have recently attracted a broad
interest as they can improve the performance by adding complexity mainly in
the transmitting station, without necessitating CSI. If, on the other hand, CSI is
available in either perfect or outdated form, the transmitter has control over the
combining of the signals it sends out from the multiple antennas, and no particular space-time coding design is required. Instead, a diversity gain can be realized
by synchronously sending out individually phase and power adapted replicas of
e.g. a BICM-OFDM signal. With this sort of a beam-forming approach, the receiver needs to estimate just the parameters defining the state of one equivalent
channel, i.e. the receiver side is not involved by the extension at all. Employing
a space-time code may, however, still be beneficial in situations where only outdated CSI is available. Optimizing the transmission scheme and the adaptation
policy for such scenarios will be a challenging task.
The dimensioning of the TF slots in a MC based air interface poses another
challenge in the development of a universal wireless communication system
since it must satisfy the requirements of both remote and nearby fast moving
users. An OFDM scheme designed for the worst case delay spread and thus
having a huge number of subchannels may not be favorable. The use of adequate pulse shapes could let the receivers more easily cope with a wide range of
different channel types, while achieving a high spectral efficiency.
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The scattering function S(τ, ν) represents a second-order moment, providing
statistical information about the spreading in the delay and the Doppler dimensions. A scattering function with an exponential shape in the delay dimension
and a two-sided exponential shape in Doppler dimension is sometimes assumed,
given as
 
−1
√
√
 
2τd νD
exp −τ τd − 2 ν νD , τ ≥ 0
(A.2)
S(τ, ν) =

Appendix A

with νD denoting the Doppler spread.
The cross-correlation between the gain on the mth subchannel at the time
T0 and the gain on the nth subchannel at the time T1 , denoted by α̃m and αn ,
respectively, can be expressed as

The Gaussian WSSUS
Channel Model

E [αn α̃∗m ] = E [C((n−NC /2)F∆ , T1 )C ∗ ((m−NC /2)F∆ , T0 )] ,

The input-output behavior of a linear, time-variant channel can be described
by the time-variant impulse response c(τ, t), or also by means of its Fourier
transform with respect to t, the delay-Doppler-spread function U (τ, ν). With
the former the noise-free channel output signal r(t) is given as
Z ∞
c(τ, t)s(t − τ )dτ,
r(t) =
−∞

Wide-sense stationarity is a frequently adopted assumption for randomly
time-variant channels. That is, the cross-correlation of the two impulse response
samples c(τ, T0 ) and c(τ 0 , T1 ) is assumed to depend on τ , τ 0 and (T1 −T0 ) only,
rather than on the absolute times T0 and T1 . As shown in [88], this wide-sense
stationarity translates to the property that U (τ, ν) and U (τ 0 , ν 0 ) are uncorrelated
for ν 6= ν 0 . In combination with the US assumption with respect to τ this defines
the WSSUS channel, for which
E[U (τ, ν)U ∗ (τ 0 , ν 0 )] = S(τ, ν)δ(τ − τ 0 )δ(ν − ν 0 ).

−∞

From (A.1) it follows that

Z

−∞

∞

−∞

Z

∞

S(τ, ν)e−j2π((F1 −F0 )τ −(T1 −T0 )ν) dνdτ,

−∞

and inserting into (A.3) yields
Z ∞Z ∞
S(τ, ν)e−j2π((n−m)F∆ τ −(T1 −T0 )ν) dνdτ
E[αn α̃∗m ] =

−∞

(A.1)

(A.3)

where C(f, t) represents the time-variant transfer function. At this point we of
course again assume that the channel is only slowly time-variant, as this was a
necessary assumption for the definition of the gain factor in Sect. 2.3. The timevariant transfer function is obtained from U (τ, ν) via the time-variant impulse
response by a two-dimensional Fourier transform according to
Z ∞ Z ∞
U (τ, ν)e−j2π(f τ −tν) dνdτ.
C(f, t) =

E[C(F1 , T1 )C ∗ (F0 , T0 )] =

while using the latter r(t) can be written as
Z ∞Z ∞
U (τ, ν)s(t − τ )ej2πνt dνdτ.
r(t) =
−∞
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−∞

(A.4)

−∞

for the gain factor cross-correlation. Applying the model (A.2) results in
E[αn α̃∗m ] =

1
1
·
.
1 + j2πτd (n − m)F∆ 1 + 2π 2 νD 2 (T1 − T0 )2

If in addition to (A.1) the delay-Doppler-spread function U (τ, ν) is modeled
as a two-dimensional zero-mean complex Gaussian random process, a timevariant transfer function value C(F0 , T0 ) represents a complex Gaussian ranT
T
dom variable. Furthermore, (α̃0 , . . . , α̃NC−1 ) and (α0 , . . . , αNC−1 ) are jointly
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complex Gaussian random vectors, and their covariance matrix Rc and crosscovariance matrix Rc̃c can be derived from S(τ, ν) by applying (A.4). If the
scattering function is separable, i.e. it can be expressed as the product of a function depending only on τ and a function depending only on ν as is the case
in (A.2), the cross-covariance matrix can be written as Rc̃c = ρRc , where ρ
depends on (T1 −T0 ). In the case of the scattering function (A.2) we have
ρ=

1
1+

2π 2 νD 2 (T1

− T0 )2

.
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Appendix B: The Matched Filter Bound

We employ the Gaussian WSSUS model, according to which U (τ, ν) represents
a two-dimensional, zero-mean white complex Gaussian random process. The
mean probability of an error in the detection of s1 (t) and s2 (t) using an optimum
decision device equals
 r

εr
,
(B.1)
PMF = E Q
2N0

Appendix B

The Matched Filter Bound

where the random variable εr holds the energy in r(t) = r1 (t) − r2 (t) and N0
again determines the power spectral density of the AWGN corrupting the signal
in the receiver. The covariance function of the zero-mean nonstationary random
process r(t) is given as
"Z
Z
Rr (t, t0 ) = E[r(t)r∗(t0 )] = E

The derivation of the exact performance of sophisticated ML or equalizer based
receiver algorithms in fading channel environments is most often a tedious task.
For uncoded signals the MFB represents a theoretical lower bound for the attainable receiver performance. The MFB is obtained by assuming an isolated,
interference-free transmission of each modulated signal pulse, and averaging
the error probability from a perfect matched filter detector over the fading statistic1 . The slope of the MFB curve reflects the intrinsic diversity resulting from
the channel frequency and time selectivity. For time-discrete, time-invariant
Rayleigh fading channels the MFB was derived in [90] and [91]. For timecontinuous WSSUS channels where the scattering function can be factorized
into two components depending on only the delay and the Doppler shift, respectively, the MFB was calculated in [92, 93]. In this appendix we derive the MFB
using the method presented in [94], which is practicable for general doubly dispersive Gaussian WSSUS channels characterized by the scattering function.
First, let s1 (t) and s2 (t) denote two deterministic signals transmitted with
probability 0.5 and s(t) = s1 (t)− s2 (t). At the output of a time-variant, linear
channel described by the delay-Doppler-spread function U (τ, ν) the signals read
Z
ri (t) =

∞

−∞

Z

∞

−∞

U (τ, ν)si (t − τ )ej2πνt dνdτ,

i = 1, 2.

1 By focusing on the pairwise error probabilities, the same technique can also be employed for
the performance analysis of a coded transmission over fading channels [89].

∞

∞

−∞

−∞

Z

∞

−∞

Z

U (τ, ν)s(t − τ )ej2πνt dνdτ ×

∞

−∞

0

U (τ, ν)s(t0 − τ )ej2πνt dνdτ

∗ #
.

To simplify the following derivations, it is assumed that r(t) = 0 for t ∈
/ Ir
0
with Ir ⊂ R being a finite time interval, and that Rr (t, t ) is continuous within
Ir × Ir . By exchanging the order of expectation and integration in the above
equation and using the WSSUS assumption (A.1), the covariance function can
be expressed as
Z ∞Z ∞
0
S(τ, ν)s(t − τ )s∗ (t0 − τ )ej2πν(t−t ) dνdτ, t, t0 ∈ Ir .
Rr (t, t0 ) =
−∞

−∞

The Karhunen-Loève expansion of the process r(t) reads
r̂(t) =

∞
X

zp ψp (t),

t ∈ Ir ,

p=1

R
where zp = Ir r(t)ψp∗ (t)dt. The orthonormal functions ψ1 (t), ψ2 (t), . . . are the
eigenfunctions of the positive semidefinite conjugate complex symmetric kernel
Rr (t, t0 ), and ordered such that the corresponding real non-negative eigenvalues λ1 , λ2 , . . . form a non-increasing sequence. The energy in r(t) can now be
P
|z |2 . Further properties of the Karhunen-Loève expanexpressed as εr = ∞


 ∗  p=1 p
sion are E zp zq = 0 for p 6= q and E |zp |2 = λp . Since the process U (τ, ν)
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is complex Gaussian, the random variables z1 , z2 , . . . are independent complex
Gaussian, while |z1 |2 , |z2 |2 , . . . are independent and chi-square distributed with
two degrees of freedom.
PK
The PDF pyK (y) of the truncated sum yK = p=1 |zp |2 can easily be found,
e.g. via the characteristic function. In the case of distinct eigenvalues,
pyK (y) =



y
exp −
,
λp
λp

K
X
βp
p=1

where
βp =

K
Y
q=1
q6=p

y ≥ 0,

λp
.
λp − λq

For the expectation in (B.1) with εr replaced by yK we obtain
s
!

Z ∞ r
K
X
y
βp
λp
(K)
1−
Q
.
pyK (y)dy =
PMF =
2N0
2
λp + 4N0
0
p=1
Expressions for the case that not all eigenvalues are distinct can be found in [89].
√
Since 0 ≤ y1 ≤ y2 ≤ . . . and as the mapping Q( ·) is monotonically decreasing,
(1)
(2)
(K)
it follows that 0.5 ≥ PMF ≥ PMF ≥ . . .. Finally, PMF = lim PMF can be
K→∞

deduced from the convergence of yK towards εr in mean by convergence theorems in probability theory (see e.g. [95]). The approximate error rates approach
the MFB PMF from above. An alternative sequence of true performance lower
bounding probabilities converging towards PMF from below is derived in [94].
For both approaches it usually turns out to be sufficient to consider only a few
(K)
dominant eigenvalues of Rr (t, t0 ) for receiving stable values of PMF .
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Appendix C

List of Abbreviations
ADAMAS
ADC
ADSL
AWGN
BER
BICM
BRAN
BSC
CSI
DAB
DAC
DFT
DMT
DSL
DVB
ETSI
FB
FEC
FFT
FIR
FWA
HIPERLAN/2

adaptive multicarrier access system
analog-to-digital conversion
asymmetric digital subscriber line
additive white Gaussian noise
bit error rate
bit-interleaved coded modulation
broadband radio access network
binary symmetric channel
channel state information
digital audio broadcasting
digital-to-analog conversion
discrete Fourier transform
discrete multitone
digital subscriber line
digital video broadcasting
European telecommunications standards institute
filter bank
forward error correction
fast Fourier transform
finite impulse response
fixed wireless access
high performance LAN type 2
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IB
IBI
IC
ICI
IDFT
IEEE
ISI
ISM
IST
LLF
LLR
LMDS
LOS
MC
MFB
MIMO
ML
MLSD
MMDS
MMSE
NLOS
OFDM
OFDMA
PDF
PDP
PSK
PSTN
QAM
QoS
QPSK
RF
RMS
SAGE
SNR
TCM

ideal broadband
interblock interference
interference cancellation
interchannel interference
inverse discrete Fourier transform
institute of electrical and electronics engineers
intersymbol interference
instrumentation, scientific, and medical
information society technologies
log-likelihood function
log-likelihood ratio
local multipoint distribution service
line-of-sight
multicarrier
matched filter bound
multiple input multiple output
maximum-likelihood
maximum-likelihood sequence decoder
multichannel multipoint distribution service
minimum mean-square error
non-line-of-sight
orthogonal frequency-division multiplexing
orthogonal frequency-division multiple access
probability density function
power delay profile
phase-shift keying
public switched telephone network
quadrature amplitude modulation
quality-of-service
quadrature phase-shift keying
radio frequency
root mean-square
space-alternating generalized expectation-maximization
algorithm
signal-to-noise ratio
trellis-coded modulation
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TDD
TF
UMTS
US
W-CDMA
WH
WLANs
WSSUS
ZF
3G

time-division duplex
time-frequency
universal mobile telecommunications system
uncorrelated scattering
wideband code-division multiple-access
Weyl-Heisenberg
wireless local area networks
wide-sense stationary uncorrelated scattering
zero-forcing
third generation
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Appendix D

List of Symbols
Latin symbols
A
e
A
Ā
Af (τ, ν)
An
a`,m
â`,m
ã`,m
Bn
b
b̂k,n
b`
C

C
C(f )
C(f, t)
CAWGN (γ)
CBICM (γ)
CBICM,IB (γ̄)
CBICM,IB,WF (γ̄)
CIB,CSIT (γ̄)

pulse cross-correlation matrix
sparse pulse cross-correlation matrix
e
matrix A− A
ambiguity function of f (t)
√
factor equal to Mn (Mn −1)/(( Mn −1)2 |αn |2 )
the mth element in the `th row in A
approximate reconstruction of a`,m
e
the mth element in the `th row in A
2
factor equal to 3|αn | /((Mn −1)N0 )
bit tuple
bit tuple estimate from slicer
`th bit value
set of the complex numbers
diagonal matrix with the subchannel gain factors
time-invariant transfer function
time-variant transfer function
capacity of an AWGN channel with SNR γ
BICM channel capacity as a function of γ
IB BICM-OFDM channel capacity
IB BICM-OFDM channel capacity with water-filling
IB OFDM channel capacity applying water-filling

COFDM
COFDM,CSIT
COFDM,IB (γ̄)
CZF
e )
C(f
c
c(t)
c̃
c(τ )
c(τ, t)
cn (t)
c̃(τ )
Dfree
DIC,F
DIC,T
d
dn
E[·]
ek,n (t)
FG (f )
F∆
fG (t)
fR (t)
Gn (z)
GRX (f )
GTX (f )
g(t)
gk,n (t)
(·)H
h(·)
h(·|·)
hk,n (t)
h̃k,n (t)
h̄k,n (t)
Ig
(k)
Ih
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OFDM channel capacity
OFDM channel capacity with transmitter side CSI
IB OFDM channel capacity
channel capacity with the ZF receiver
overall transfer function
channel parameter vector for burst transmission
channel parameter vector random process
observed outdated channel parameter vector
time-invariant impulse response
time-variant impulse response
nth subchannel gain factor random process
overall impulse response
Hamming free distance
number of adjacent subchannels included in the IC
number of adjacent time slots included in the IC
decorrelated symbol vector
signal point distance
expectation operator
reconstruction error signal
Fourier transform of fG (t)
subchannel frequency spacing

1
Gaussian function defined as (2β) 4 exp −πβt2
pulse with a rectangular shape
nth FIR filter transfer function
antialiasing filter frequency response
lowpass filter frequency response
prototype function
waveform of an elementary signal pulse
Hermitian transposition
differential entropy
conditional differential entropy
elementary signal pulse at the channel output
partial signal pulse at the channel output
signal pulse hk,n (t)− h̃k,n (t)
time interval containing the support of g(t)
time interval containing the support of hk,n (t)
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Ir
IN
Im[·]
i
i(k, n)
J(·)
K
k
L
Ln
L(x; a)

time interval containing the support of r(t)
N ×N -identity matrix
imaginary part operator
indexing a bit or sample in a sequence
index mapping (k, n) 7−→ kNC +n+1
cost function
number of dominant eigenfunctions considered
indexing a time slot
number of coded bits mapped onto a signal
number of coded bits per signal on the nth subchannel

k
q
∞
P
Γ(k+ 32 )
1
a
−a
function defined as x(x+1)
3 e
2
(k!)
x+1

L−1 (·; a)
`
ld(·)
ln(·)
M
Mn
max{· · ·}
min{· · ·}
N (m0 , σ02 )
NB
NBC
NC
Ncyc
Ndec
NFFT
NG
Nh
N0
n
nA
nM
n0A
n0M
n̄A

the inverse of L(·; a) with respect to the first argument
indexing a bit in a tuple
logarithm to the base 2
logarithm to the base e
signal set size
signal set size on the nth subchannel
maximum real-valued element in a set
minimum real-valued element in a set
normal distribution with mean m0 and variance σ02
number of time slots in a burst
number of encoded bits per time slot
number of subchannels
number of LLF maximization iteration cycles
number of Gauss-Seidel iteration cycles
FFT size
number of guard period sample values
(k)
length of the interval Ih in samples
AWGN power spectral density
indexing a subchannel
number of additions/subtractions for the detection
number of multiplications/divisions for the detection
number of additions for the matched filtering
number of multiplications for the matched filtering
total number of additions/subtractions

k=0

104

n̄M
Pb
(n)
Pb
(n,`)
Pb
Pe
PMF
(K)
PMF
PSC
Pr [· · ·]
Pe0
P̄b
P̄SC
p(·), px (·)
p(·|·), px (·|·)
Q(·)
q
R

Rc
Rc̃c
Rc|c̃
R
RC
Rk,n (t, t0 )
Rr (t, t0 )
Re[·]
r(µ)
r(t)
(µ)
r`
r1 (t), r2 (t)
r̂(t)
S(τ, ν)
S0
Ŝ0
sk
s(t)
si
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total number of multiplications/divisions
averaged burst BER
BER on the nth subchannel
BER on the binary equivalent channel (n, `)
free distance error event probability
error probability with an optimum decision device
approximation of PMF using K eigenvalues
BSC transition probability
probability of an event
approximate free distance error event probability
mean BER
conditional expectation of PSC
PDF (of a random variable x)
conditional PDF (of a random variable x)
R∞
2
1
Q-function defined as Q(x) = x (2π)− 2 e−t /2 dt
indexing the iteration cycle
set of the real numbers
covariance matrix of channel parameter vector c
cross-covariance matrix of c̃ and c
conditional covariance matrix of c
information bit rate
code rate
covariance function of hk,n (t)
covariance function of r(t)
real part operator
√
residual vector u− S0 Ax̂(µ)
noise-free signal at the channel output
`th element in r(µ)
noise-free channel output signals for s1 (t), s2 (t)
reconstructed signal r(t)
scattering function
transmit power spectral density
variable converging towards S0 in iterative procedure
vector with k th time slot signal samples
transmitted signal
discrete time transmit signal
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sk,i
s1 (t), s2 (t)
(·)T
TF
TG
Th
T0 , T1
T∆
U
U (τ, ν)
u
uk
u
uk,n
ui
u`
ûk,n
v
vk
v0
v
v(t)
vk,n
W
W(·)
Wcoh
x
xk
x̂(µ)
x̂ML
xk,n
(µ)
x̂`
y(t)
yK
Z

zp

k th time slot signal sample value
deterministic transmit signals
transposition
FFT window length
guard period length
(k)
length of the interval Ih
time constants
spacing of the time slots
factorization of Ā
delay-Doppler-spread function
vector containing the sufficient statistic
k th time slot DFT output vector
DFT output signal
matched filtering coefficient
DFT output signal associated with the ith bit
`th element in u
approximate reconstruction of uk,n
noise vector
k th time slot noise vector
noise vector after the decorrelation
complex Gaussian noise term
AWGN process
noise term corrupting uk,n
channel bandwidth
real-valued Lambert’s W-function
coherence bandwidth
vector with the data symbols
vector with the data symbols conveyed in k th time slot
estimate of x after µ iterations
ML estimate of x
complex-valued data symbol
`th element in x̂(µ)
received signal
P
2
sum K
p=1 |zp |
set of the integers
projection coefficient, Gaussian random variable
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Greek symbols
α
αn
α̃n
β
βp

random subchannel gain factor
nth subchannel gain factor
observed outdated nth subchannel gain factor
positive factor determining the slope of fG (t)
K
Q
λp
constant equal to
λp−λq
q=1
q6=p

Γ(·)
γ
γKL
γk,n
γn
γ̃k,n
γ̄
δ(·)
δn,m
εIC
(k,n)
εIC
εr
ζ`
ζ0
ζ̃`
Λ(·; ·)
Λn,` (·)
λ
λp
λ(p)
(p)
λk,n
λ0
µ
µ(·)
µn
µ0
ν
νD

the gamma function
instantaneous SNR
signal to truncation error energy ratio
(k, n)th TF slot equivalent AWGN channel SNR
SNR on the nth subchannel
respective SNR value for γk,n with an OFDM receiver
mean SNR
Dirac delta function
Kronecker delta
(k,n)
supremum of εIC for NB , NC → ∞
(µ0 )
mean residual interference energy in ri(k,n)
received signal energy
the inverse `th diagonal element in A−1
limes for ζ` with an ideal channel as NB , NC → ∞
e
the `th diagonal element in A
LLF
function yielding the LLR
Lagrange multiplier
pth eigenvalue of Rr (t, t0 )
pth TF slot independent eigenvalue
pth eigenvalue of Rk,n (t, t0 )
positive constant
indexing the iteration
bits-to-signal mapping
conditional mean of αn
number of iterations after which x̂(µ0 ) = x
frequency lag
Doppler spread

107

ξ(t)
ρ
σn2
σn2
τ
τd
τexcess
φc (τ )
φi
φk,n (t)
ψi
ψp (t)
(p)
ψk,n (t)
Ω
ω(·)
(p)
ωk,n
ωn
(p)
ωn
ω (ρ) (·)

prototype function of the biorthogonal WH system
cross-correlation between α̃n and αn
noise term variance
conditional variance of αn
time lag
RMS delay spread
excess delay spread
PDP
subchannel chosen for the ith bit
basis function
bit tuple position chosen for the ith bit
pth eigenfunction of Rr (t, t0 )
pth eigenfunction of Rk,n (t, t0 )
signal set
power assignment for an IB channel
(p)
channel parameter defined as hk,n , ψk,n
mean signal energy on the nth subchannel
time-invariant channel parameter
IB channel power assignment with outdated CSI

Other symbols
∗

(·)
∗
h·, ·i

complex conjugation
convolution
scalar product
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[77] T. W. Parks and R. G. Shenoy, “Time-frequency concentrated basis functions,” in IEEE Proc. Int. Conf. on Acoustics, Speech and Signal Processing
(ICASSP) ’90, (Albuquerque, NM), pp. 2459–2462, Apr. 1990.
[78] F. Hlawatsch, Time-Frequency Analysis and Synthesis of Linear Signal
Spaces. Dordrecht, The Netherlands: Kluwer Academic Publishers, 1998.
[79] J. M. Mendel, Lessons in Estimation Theory for Signal Processing, Communications, and Control. Englewood Cliffs, NJ: Prentice-Hall, 1995.
[80] A. van den Bos, “The multivariate complex normal distribution – a generalization,” IEEE Trans. Inform. Theory, vol. 41, pp. 537–539, Mar. 1995.
[81] K. Matheus, K. Knoche, M. Feuersänger, and K.-D. Kammeyer, “Twodimensional (recursive) channel equalization for multicarrier systems with
soft impulse shaping (MCSIS),” in IEEE Proc. Globecom ’98, (Sydney,
Australia), pp. 956–960, Nov. 1998.

BIBLIOGRAPHY

117

[82] J. A. Fessler and A. O. Hero, “Space-alternating generalized expectationmaximization algorithm,” IEEE Trans. Sig. Processing, vol. 42, pp. 2664–
2677, Oct. 1994.

[94] T. Hunziker and D. Dahlhaus, “Bounds on matched filter performance in
doubly dispersive gaussian WSSUS channels,” IEE Elec. Lett., vol. 37,
pp. 383–384, Mar. 2001.

[83] O. Axelsson, Iterative Solution Methods. Cambridge, UK: Cambridge University Press, 1994.

[95] Y. S. Chow and H. Teicher, Probability Theory: Independence, Interchangeability, Martingales. New York: Springer-Verlag, 2nd ed., 1988.

[84] G. H. Golub and C. F. Van Loan, Matrix Computations. Baltimore, MD:
John Hopkins University Press, 3rd ed., 1996.
[85] A. D. Whalen, Detection of Signals in Noise. New York, NY: Academic
Press, 1971.
[86] A. Papoulis, Probability, Random Variables, and Stochastic Processes.
Singapore: McGraw-Hill, 3rd ed., 1991.
[87] A. V. Oppenheim and R. W. Schafer, Digital Signal Processing. Englewood Cliffs, NJ: Prentice-Hall, 1975.
[88] P. A. Bello, “Characterization of randomly time-variant linear channels,”
IEEE Trans. Commun. Syst., vol. 11, pp. 360–393, Dec. 1963.
[89] C. Schlegel, “Error probability calculation for multibeam rayleigh channels,” IEEE Trans. Commun., vol. 44, pp. 290–293, Mar. 1996.
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