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Abstract

Motivated by the work of Burger-Mozes and Wise, we study groups in a class of co-
compact lattices in Aut(72,,) x Aut(72,), the product of automorphism groups of two
regular trees. From a geometric viewpoint, these groups are fundamental groups of
certain finite square complexes, and therefore infinite, finitely presented and torsion-
free. We are interested in their normal subgroup structures and construct examples
of such groups without non-trivial normal subgroups of infinite index, groups which
are non-residually finite, groups without proper subgroups of finite index, and simple
groups. Moreover, we generalize a construction of quaternion cocompact lattices in
PGL2(Q,) x PGL2(Qy), where p, [ are two distinct odd prime numbers. To generate
and analyze all these groups, we have written several computer programs with GAP.

Kurzfassung

Motiviert durch Arbeiten von Burger-Mozes und Wise untersuchen wir Gruppen in-
nerhalb einer Klasse von kokompakten Gittern in Aut(7%,,) x Aut(7%,), dem Produkt
der Automorphismengruppen zweier reguldrer Baume. Diese Gruppen sind aus geo-
metrischer Sicht Fundamentalgruppen von gewissen endlichen Quadratkomplexen,
und deshalb unendlich, endlich prasentiert und torsionsfrei. Wir interessieren uns
fur die Struktur ihrer Normalteiler und konstruieren Beispiele von solchen Gruppen
ohne nicht-triviale Normalteiler von unendlichem Index, Gruppen die nicht residuell
endlich sind, Gruppen ohne echte Untergruppen von endlichem Index, und einfache
Gruppen. Ausserdem verallgemeinern wir eine Konstruktion von quaternionischen
kokompakten Gittern in PGL2(Q,) x PGL2(Qy), wobei p, / zwei verschiedene unge-
rade Primzahlen sind. Um all diese Gruppen zu erzeugen und analysieren, haben wir
mehrere Computerprogramme mit GAP geschrieben.



Introduction

Our main goal is to study aspects related to the structure of fundamental groups
of finite square complexes covered by a product of two regular trees of even de-
grees J2,, X J5,. These groups can be seen as cocompact lattices in the product
Aut(T2,,) x Aut(J3,) of automorphism groups of the trees. The original motivation
for Burger, Mozes and Zimmer to study such groups was the expected analogy to
the rich structure theory of irreducible lattices in higher rank semisimple Lie groups,
where one has for example the remarkable (super-)rigidity and arithmeticity results of
Margulis. Note that in the rank one case, a similar analogy to lattices in certain sim-
ple Lie groups led to the extensive development of the theory of tree lattices by Bass,
Lubotzky and others in the last 15 years. Besides many analogies, there are also some
fascinating new phenomena. We want to mention one of them, since it has a strong
influence on this work. It is the construction by Burger-Mozes of an infinite family of
cocompact lattices in Aut(92,,) X Aut(J>,) (for sufficiently large m and n), which are
the first infinite groups being simultaneously finitely presented, torsion-free and sim-
ple. Moreover, these groups are CAT(0) and bi-automatic, have finite cohomological
dimension, and are decomposable as amalgamated free products of finitely generated
non-abelian free groups, hence are very interesting objects from many different view-
points of infinite group theory.

We proceed now with an outline of the chapters and explain our main results and
methods. Chapter 1 serves as a preparation for the following three main chapters. Af-
ter giving some general preliminaries, we define a certain class of finite 2-dimensional
cell complexes, called (2m, 2n)—complexes. Under different names, they have al-
ready been used by Burger-Mozes and Wise for many interesting constructions. These
(2m, 2n)—complexes X have only one vertex, and the 2-cells are squares with bound-
ary consisting of alternating horizontal and vertical edges, such that the universal cover
of X is the product of two regular trees 75, X 72,. Equivalently, the link of the single
vertex in X is the complete bipartite graph K»,, 2, induced by the subdivision of the
edges in the 1-skeleton into m horizontal and » vertical geometric loops. We call the
fundamental group I' = 71(X) a (2m, 2n)—group. By construction, it is an infinite,
finitely presented, torsion-free group, and a cocompact lattice in Aut(72,,) x Aut(72,),
where the group Aut(7") is equipped with some natural topology. Moreover, I" acts
freely and transitively on the vertices of 75, x 72,. Following Burger-Mozes, we
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associate to ' certain finite permutation groups. They describe the local actions of
vertex stabilizers, if one projects I' to a factor of Aut(95,,) x Aut(7%,). These lo-
cal groups can be easily read off from the complex X and play an important role in
constructing groups [ with interesting properties. Having in mind some analogy to
lattices in higher rank semisimple Lie groups, it is not surprising that irreducibility is
another important notion. We recall the definition for irreducible lattices in a product
of trees and some criteria proposed by Burger-Mozes. In the remaining sections of
Chapter 1, we discuss some other useful properties of (2m, 2n)—groups, for example
the existence of amalgam decompositions, the behaviour under embeddings, or nor-
mal forms associated to a word in I'. This has some applications to the structure of
centralizers.

Groups acting on a product of trees are a rich source for examples of interest-
ing infinite groups. The highlight was certainly the construction of finitely presented
torsion-free simple groups by Burger-Mozes some years ago, thereby answering sev-
eral long-standing open questions in group theory. These groups occur as index 4
subgroups of certain (2m, 2n)—groups. Unfortunately, since m and n have to be quite
big in the given constructions, the presentations of those simple groups turn out to be
very large; any of them would require more than 360000 relators. Therefore, one aim
at the beginning of this work was to understand the construction of Burger-Mozes, and
then to construct smaller finitely presented torsion-free simple groups, refining their
methods or developing new methods. This is done in Chapter 2. Since finite index
subgroups of (2m, 2n)—groups are already finitely presented and torsion-free, the dif-
ficult part is to find simple ones. The most natural strategy to prove that an infinite
group is simple, is to show that (I) there are no non-trivial normal subgroups of infinite
index, and (II) there are no proper normal subgroups of finite index. In the context of
irreducible lattices in higher rank semisimple Lie groups, part (I) is true by a famous
result of Margulis. He proved proper quotients I'/N to be finite by showing that they
are at the same time amenable and satisty Kazhdan’s property (T). This ingenious
proof has been successfully adapted by Burger-Mozes to a class of irreducible lattices
in products of trees, having highly transitive local groups, and we have constructed
many explicit examples where this “normal subgroup theorem” applies. A necessary
condition for part (II) is that the group is non-residually finite, i.e. the intersection
of all finite index subgroups is not the trivial group. We know of two sources for
non-residually finite (2m, 2n)—groups. One is a sufficient criterium of Burger-Mozes,
the other is a concrete example of Wise. However, Wise’s example has non-trivial
normal subgroups of infinite index, and also all non-residually finite groups coming
from the Burger-Mozes criterion have non-trivial normal subgroups of infinite index
by construction. Since subgroups of residually finite groups are again residually finite,
we follow the strategy of Burger-Mozes to inject a non-residually finite group into a
group satisfying the normal subgroup theorem. The m1-injection is obtained geomet-
rically, using an appropriate embedding of the corresponding finite square complexes.



Now, such a non-residually finite group G without non-trivial infinite index normal
subgroups has a subgroup H of finite index satisfying condition (II), namely the inter-
section of all finite index subgroups of GG. If one can moreover guarantee that H still
satisfies the normal subgroup theorem, then / is a simple group. Nevertheless, a ma-
jor problem in general is to determine explicitly this simple subgroup H, given G. We
were able to do this in some examples by taking an appropriate embedding of Wise’s
non-residually finite (8, 6)—group and using the fact that an explicit non-trivial element
is known, which belongs to any finite index subgroup. This idea of construction led to
a finitely presented torsion-free simple subgroup of index 4 of a (10, 10)—group, and to
many more simple groups. Along the way, we have constructed new small (2m, 2n)—
groups without non-trivial normal subgroups of infinite index, and new non-residually
finite examples. They can be used as building blocks to improve lower bounds on
m and n in several theorems of Burger-Mozes about infinite families of groups with
interesting normal subgroup structures. By a slight variation of the above construction
of simple groups, we also have produced a group with non-trivial normal subgroups of
infinite index, but without proper finite index subgroups. Moreover, using an idea of
Wise, we give an example of a finitely presented group which is not virtually torsion-
free. The search for all these groups has been enormously simplified, and even made
possible to some extent, by several GAP-programs we have written, in particular one
which generates all (2m, 2n)—groups for given m,n € N. The same program can
also be used to generate all possible embeddings of a given (2m, 2n)—group. We have
written many more programs related to (2m, 2n)—group, for example one which com-
putes local groups. They are described in Appendix B. In the remaining sections of
Chapter 2, we study on the one hand an example which almost satisfies the normal
subgroup theorem, give ideas how to construct and how not to construct an explicit
proper infinite quotient, and on the other hand we present several other groups that
are candidates for being finitely presented torsion-free simple groups, including some
very small ones. According to several computer experiments, it seems reasonable to
hope that some of them indeed are simple, but proofs appear to be challenging.

Let p,/ =1 (mod 4) be two distinct prime numbers. Using a construction based
on the multiplication of Hamilton quaternions, Mozes has associated to any such pair
(p, 1) a cocompact lattice I, ; in PGL>(Q,) x PGL,(Qy), which is moreover an irre-
ducible (p + 1,/ + 1)—group, induced by the actions of PGL>(Q,) and PGL2(Q;) on
their Bruhat-Tits trees 7,41 and 7741, respectively. Mozes originally used the groups
I",,,; to define certain tiling systems, so-called two-dimensional subshifts of finite type,
and to study a resulting dynamical system. Later, the group I"13 17 appears as a build-
ing block in the construction of a non-residually finite (196, 324)—group and in a con-
struction of an infinite family of finitely presented torsion-free virtually simple groups
by Burger-Mozes. In Chapter 3, we first recall the definition of I, ;. The fact that I", ;
isa(p+1,/+1)—group can almost be deduced from an old result of Dickson about the
existence and uniqueness of the factorization of integer quaternions. Inspired by the
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construction and properties of a certain cocompact lattice in SO3(R) x PGL2(Q,) in
Lubotzky’s book, which was used there to generate Ramanujan graphs and to solve the
Banach-Ruziewicz problem, we prove that I", ; is a normal subgroup of index 4 of the
group (modulo its center) of invertible elements in the Hamilton quaternion algebra
over the ring Z[1/p, 1/1] < Q. The same idea using overrings gives explicit realiza-
tions of I', ; as a subgroup of SO3(Q) and PGL,(C). Moreover, we explicitly define
for each odd prime number ¢ different from p and /, a homomorphism from I", ; to the
finite group PGL,(Z/qZ) and determine its image. Recently, Kimberley-Robertson
have formulated a very simple conjecture for the abelianization of the groups I'j, ;,
based on computations in many examples. We do not know how to prove this conjec-
ture, but can express it in terms of the number of commuting quaternions in certain
generating sets. This could shed some light on the hidden nature of this conjecture.
The general assumption p,/ = 1 (mod 4) is made to guarantee the existence of a
square root of —1 in the fields Q, and @y, respectively, which is needed in the explicit
definition of I';, ;. However, by adapting several parts in the definition of I",, ;, we
are able to generalize it to the case of prime numbers p,/ = 3 (mod 4) and to the
mixed case p =3 (mod 4),/ =1 (mod 4). Those new groups, also called I, ;, are
subgroups of PGL>(Q,) x PGL,((Q;), and we prove that they are (p+1, /4 1)—group,
too. In some subcases for p and /, there is a second possible definition of ", ;, which
leads to a different but similar group. The Kimberley-Robertson conjecture can be
extended to all these generalized groups. They have a certain normal subgroup of in-
dex 4, a cocompact lattice in PSL>(Q,) x PSL»(Qy). It seems that the abelianization
of this subgroup does not depend on p and /, provided that p,/ > 5. Let now I" be any
(2m, 2n)—group. We say that the horizontal element a € I' and the vertical element
b € T generate the anti-torus (a, b) in I', if a and b have no commuting non-trivial
powers. This notion was introduced by Wise, and essentially used in his constructions
of the first examples of non-residually finite groups in the following three important
classes: finitely presented small cancellation groups, automatic groups, and groups
acting properly discontinuously and cocompactly on CAT(0)-spaces. Only few exam-
ples and no general criterion for the existence of anti-tori are known. We observe that
in a commutative transitive (2m, 2n)—group, a and b generate an anti-torus if and only
if they do not commute, in particular either (a, b) is isomorphic to the abelian group
Z x 7, or {a, b) is an anti-torus. Then we prove that the groups I", ; are commutative
transitive, using a similar property for integer quaternions, and we therefore get plenty
of anti-tori. Combining this with results on centralizers for general (2m, 2n)—groups,
we get some interesting statements on commuting elements and anti-tori in I", ;, as
well as for integer quaternions after a transformation from I", ; back to H(Z). We also
discuss the existence of free anti-tori in ", ;, related to free subgroups in the group of
invertible rational quaternions, and to free subgroups of SO3(Q). As a corollary, we
can prove that certain pairs of integer quaternions, for example 1 4+ 27 and 1 + 44, do
not generate a free group. All results and constructions of groups I', ; in this chapter
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are illustrated by many examples and very explicit computations.

In Chapter 4, we discuss miscellaneous topics related to (2m, 2n)—groups I". First,
we naturally associate to " a finite set of unit squares, so-called Wang tiles, and prove
that there always exists a doubly periodic tiling of the Euclidean plane with these
tiles. As a consequence, I' has a subgroup isomorphic to Z x Z. This is not clear
in general for groups acting cocompactly and properly discontinuously on a CAT(0)-
space. In a second section, we illustrate a result of Burger-Mozes by constructing
certain examples of irreducible non-linear (2m, 2n)—groups. Then, we study possible
connections between irreducibility, finite abelianization, and transitivity properties of
the local groups, illustrated for small groups I'. In a further section, we recall Mozes’
definition of two infinite families of finite regular graphs associated to I'. In the case
of the groups I, ;, these graphs are Ramanujan. Afterwards, we compute the growth
of I'. Although (2m, 2n)—groups can be algebraically very different, from a geometric
viewpoint they all look the same, and therefore this computation is easy. Finally, we
show that any (2m, 2n)—group I is efficient and has deficiency m +n — mn.

Appendix A is a big reservoir of supplementary examples. In addition, we de-
scribe explicit amalgam decompositions for several important examples of the pre-
ceding chapters.

Appendix B contains the ideas and the GAP-code for the main computer programs
which led to the constructions of most examples in this work.

In Appendix C, we first compile some known lists of finite (quasi-)primitive per-
mutation groups and then give classifications of (2m, 2n)—groups with respect to cer-
tain easily computable properties. It can be seen that even for small m and » there is
an enormous diversity of such groups.

Starting with the question of Kuro$ in 1944 on the existence of finitely generated
infinite simple groups, we list in Appendix D in chronological order some important
developments in the area of finitely presented simple groups and amalgams of free
groups. The second part of this appendix is devoted to a review of the topology of the
group of automorphisms of a regular tree.
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Chapter 1

Preliminaries, notations, definitions

In Section 1.1, we fix some general notations and provide some basic definitions,
mainly concerning groups and graphs, for the convenience of the reader. Most terms
should be standard and well-known. In Sections 1.2 to 1.10, we introduce some termi-
nology and several concepts which will be extensively used in the subsequent chapters.
Many ideas have been taken from the work of Burger-Mozes ([16, 17]), to some ex-
tent with modified notations. Most statements in these sections are reformulations or
direct consequences of results given in [16, 17] or Wise’s Ph.D. thesis ([68]), only a
few results are new.

1.1 Basic definitions and notations

We divide this section into subsections on numbers, groups, permutation groups,
graphs, groups acting on trees and lattices.

Numbers

We denote by N, No := N U {0}, Z, Q, R and Q, (where p is a prime number)
the positive integer, non-negative integer, integer, rational, real and p-adic numbers,
respectively.

Groups

The trivial group as well as the identity element in a group are denoted by “1”. In the
following, let G be a group, S C G a subset, H < G a subgroup, N < G a normal
subgroup, g, g1, 22, 23 € G elements and £ € N a positive integer. Note that all the
signs C, <, <1 do not exclude equality here, and elsewhere in this work.

We write G /N for the quotient group, G* for the direct product G x ... x G of k
copies of G and G** for the free product G # ... G of k copies of G. The finitely

13



14 CHAPTER 1. PRELIMINARIES, NOTATIONS, DEFINITIONS

generated free group isomorphic to Z** is denoted by Fy.

Let (S) be the subgroup of G generated by the set .S, and let ((S)) g be the normal
closure of § in G, i.e. the smallest normal subgroup of G containing S. For a finite
subset S = {g1,...,gr}, we usually drop the brackets and write (g1, ..., g)g or
(g1, ..., gNg. Also the subscript “G” is often omitted if the ambient group G is
evident. We denote by [g1, £2] 1= g1£28, ! g U the commutator of g and g». A
group G is called commutative transitive, if (g1, 2] = (22, &3] =1, 21, 22,83 # 1,
always implies [g1, 23] = 1, i.e. if the relation of commutativity is transitive on the
non-trivial elements of G. The expressions [g1, g2], where g1, g2 € G, generate the
commutator subgroup |G, G]. We write G .= G/|G, G] for the abelianization
of G. A group G is perfect ift G =[G, G, it is simple if 1 and G are the only normal
subgroups of G and it is residually finite if the intersection of all normal subgroups of
finite index of G 1s the trivial group 1. We denote by Z(G) or ZG the center of G,
1.e. the normal subgroup {x € G : xg = gx for all g € G}, by Z5(g) the centralizer
{x € G : xg = gx} of g and by Ng(H) the normalizer {x € G : xHx™' = H}
of H. A subgroup H is called proper, it H # G, the quotient G/N is called proper if
G/N # G. We write [G : H] for the index of H in G, and |G| for the order (if it is
finite). A group is forsion-free if any non-trivial element has infinite order. We say that
G has virtually some property (P), or is virtually (P), if G has a subgroup of finite index
with this property (P). The groups of automorphisms, inner automorphisms and outer
automorphisms of GG are denoted by Aut(G), Inn(G) and Out(G) = Aut(G)/Inn(G),
respectively. For a finitely generated group G, let d(G) be the minimal number of
generators of G. If we write

G={x1,....x¢|r,....r0), G={x1,....xx | =1,....,r1=1)
orG = (x1,...,x¢ | §),where § = {r1, ..., 7/} 1s a finite set of freely reduced words
in F; = (x1, ..., Xx), then the three expressions are finite presentations of GG, and we

have G = Fi./{(S) F,.

Let Z, := Z/nZ = {0 +nZ,1 + nZ, ..., (n — 1) + nZ} be the cyclic group of
order n (not to confuse with “n-adic integers” which will never appear in this work).
We write D, for the dihedral group of order 2n.

Permutation groups

A very good introduction to permutation groups is the book of Dixon-Mortimer [25].
Let ©2 be a non-empty set. The group of all bijections of €2 under composition of
mappings is denoted by Sym(€2). If » € N, we write S, := Sym({1, ..., n}) for the
symmetric group on # letters and A,, for the alternating group, the index 2 subgroup
of §,, consisting of even permutations. Let G be a permutation group, i.e. a subgroup
G < Sym(f2). The degree of G < Sym(£2) is the cardinality of the set 2. For
k € N, the permutation group G is said to be k-transitive if for every pair (w1, . . ., o),
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(&1, ..., &) of k-tuples of distinct points in €2, there exists an element g € G such
that g(wy) = &1, ..., glwr) = &. Let G < Sym(L2) be a transitive (i.e. 1-transitive,
according to the definition above) permutation group. A non-empty subset A C Q2 is
called a block for G, if for each g € G either g(A) = A, or g(A) N A is the empty
set #. We say that G is primitive if it has no non-trivial blocks on €2, i.e. no blocks
except €2 itself and the one-element subsets {w} of 2. See Appendix C.1 for alist of all
finite primitive permutation groups of even degree up to 14. A non-trivial permutation
group G < Sym(€2) of a set 2 is called quasi-primitive, if every non-trivial normal
subgroup of G (in particular G itself) acts transitively on 2. See Appendix C.2 for a
list of all quasi-primitive subgroups of S5, which are not 2-transitive, n < 8. Observe
that primitive groups are quasi-primitive, and that quasi-primitive groups are transitive
by definition.

Two permutation groups G < Sym(2) and H < Sym(£2) are called permutation
isomorphic if there exists a bijection f : & — €’ and an isomorphism of groups
¥ : G — H such that the following diagram commutes for each g € G

Q—2-0

Ao
o S,

Graphs

For the definition of a graph, we follow the viewpoint of Serre ([64, Section 2.1]): A
graph X is a pair of sets (J(X), £(X)), consisting of the vertex set V' (X) # ¥ and
the edge set £/(X), equipped with origin and terminus maps o, t : E(X) — V(X)
and an inverse map ~ : £(X) — E(X) such that for each edge e € E(X) we have
¢ +#e,e=ecando(e) =1(2). Anedgee € E(X) is called a loop if o(e) = t(e). A
geomelric edge 1s a set {e, e}, consisting of an edge e € £ (X) and its inverse edge e.
Let x1, x2 € V(X) be two vertices and let £ € N be a number. A path (of length k&
from x to x;) in the graph X is a sequence (eq, ..., e;) of edges such that o(e1) = x1,
t(ey) = xp and 7(e;) = o(e;11) for each 1 <i < k. The path is without backtracking
or reduced if always e; 1 # €;. The graph X is said to be connected if given any two
vertices x1, x> € V(X), there is a path from x; to x. Two distinct vertices x1 and x3
are neighbours, if there is a path of length 1 from x to x2. A circuit (of length k) is a
path (eq, ..., e;) without backtracking such that 7(e;), ..., 7(e;) are distinct vertices
and 7(e;) = o(ey). Note that a circuit of length 1 is a loop. A free is a connected graph
without circuits. The valency of a vertex x € V' (X) is the number of edges e € £(X)
such that o(e) = x. A graph is called k-regular if each vertex has valency £. We
denote by 77 the £-regular tree. It has infinitely many vertices if £ > 2. There is an
obvious distance function (the combinatorial distance) on the set of vertices V (77),
such that neighbours have distance 1. For a vertex x € J; and a number £ € N,
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let S(x, k) be the k-sphere, i.e. the set of vertices in 7; of combinatorial distance &
from x. A geodesic ray in 7} is an infinite sequence (e, es, ...) of edges e; € E(T7)
such that for each i € N we have 7(e;) = o(e;11) and e; 1 # €;. Two geodesic rays
are said to be equivalent if their intersection (as set of edges) is infinite. The boundary
at infinity 077 1s defined as the set of equivalence classes of geodesic rays.

Let m, n € N. The complete bipartite graph X = K,, ,, 1s a graph where J'(X) is
divided into two disjoint subsets V1 (X) and }5(X) of cardinality m and n respectively,
such that for each e € E(X) the origin o(e) and the terminus 7 (e) are in different sets
Vi (X) and such that given any two vertices x1 € V1(X), x2 € V2(X), there is a unique
edge e € £ (X) from x; to x3.

Groups acting on trees

An automorphism ¢ of a graph X is a pair of bijective maps ¢ : V(X)) — V(X),
¢ : E(X) — E(X) such that for each edge e € E(X) we have ¢p1(o(e)) = o(¢r(e)),
d1(t(e)) = t(¢a(e)) and ¢»(e) = ¢ (e). The group of automorphism of X is denoted
by Aut(X). Note that an element ¢ of Aut(77) is already determined by the bijection
¢1 : V(Te) — V(T7), so we usually understand an element in Aut(77) as a bijective
map on the vertices V' (77) which respects the edges. We endow the set Aut(7;) with
the topology of pointwise convergence. See Appendix D.2 for a precise definition.
Informally, two elements in Aut(77) are close with respect to this topology, if they do
the same on a large set of vertices of 7. It is well-known that Aut(77) is a locally
compact, totally disconnected, second countable, metrizable Hausdorff space and a
topological group (see Proposition D.1 for elementary proofs of these facts).

A group G acts on the regular tree 77 if there is a homomorphism G — Aut(77).
Let H < Aut(77) be a subgroup, x € V' (J;) a vertex and .S a subset of vertices of 77.
We write H(S) to denote the pointwise stabilizer

H(S) .= Staby(S) ={h € H : h(x) = x foreach x € §},

and use the notation H(x) := H({x}). We say that H is locally transitive, locally
quasi-primitive, locally primitive, or locally 2-transitive, if for each vertex x € V(77)
the stabilizer H (x) induces a transitive, quasi-primitive, primitive, or 2-transitive per-
mutation group, respectively, on the 1-sphere S(x, 1) (equivalently, on the set of edges
with origin x). Moreover, we call H locally oco-transitive, if H(x) acts transitively on
S(x, k) for each k¥ € N and each vertex x of 77.

We recall now the definition of the universal group U(F') from [16, Section 3.2]
or [17, Chapter 5]. Let £ > 3 and write here E, for the set of edges in 7, with
origin x € V(7). A legal edge coloringis amap i : E(7;) — {1, ..., £} such that
i(e) = i(e) for each e € E(J7), and such that the restrictioni|g, : £y — {1,..., £}
is bijective for each x € }/(9%). Given a permutation group F < §;, the group

U(F) :={g e Aut(7;) :i o go(i|p,)"' € F foreach x € V(7;)}
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is up to conjugation in Aut(77) independent of the legal edge coloring i, and is called
the universal group. See [16, Section 3.2] for some properties of U (F).

Lattices

Let G be any locally compact group. A subgroup I' < G is called a lattice if it is
discrete and G/ I carries a finite G-invariant measure. If moreover G/ I" is compact
then I" is a cocompact lattice. Our main examples for G will be G = Aut(77%) with the
topology mentioned above and G = Aut(72,,) x Aut(72,) with the product topology.
Note that a subgroup H < Aut(77) is discrete if and only if the stabilizer H(x) is
finite for each vertex x € V' (77), see Proposition D.2 for a proof.

1.2 Square complexes and (2m, 2n)—groups

On an intuitive level, a square complex is a 2-dimensional cell complex, such that
the 2-cells are “squares”. We want to study square complexes which have additional
quite restrictive properties. They are called 1-vertex VH-T-square complexes in [17]
or complete squared VH-complexes with one vertex in [68]. We will just call them
(2m, 2n)—complexes to emphasize the parameters m and n. Before giving the precise
definition, we need some preparation. Fix two numbers m,n € N and let ({x}, £) be
the graph with one vertex x and m + n geometric loops. We use the following notation
for the edges: £ = Ej, U E,, where
E, = {al,...,am,a,gl,...,al_l}, E, = {bl,...,bn,b,jl,...,bl_l}

and ~! stands here for the inverse map ~ in a graph. The advantage of this notation
will become clear when we define corresponding groups and ! will be the inversion
in the group. We call any set {a;, a;” 1}, i=1,...,m,ahorizontal geometric loop and
{b;, bj_l}, Jj =1,...,n, avertical geometric loop. A square is an expression aba’b’
such that {a,d’} C Ej, {b, b’} C E,. We visualize it as a 2-dimensional cell with
oriented boundary as in Figure 1.1 (left hand side).

/ a

a
<

A

bv AD b1 v v b

\ 4

»
|

a aj

Figure 1.1: The squares aba’b’ and albz_lalbl
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See the right hand side of Figure 1.1 for an explicit example of a square. If it does not
matter where to start to read off the edges of the boundary, or if we identify squares that
are reflected along an edge, then we are automatically led to the following definition.
A geometric square is a set

{aba'V', d'b'ab, a0 a7 b7, o0 a7 Y = [abd' b,
where {a, a’} C En, {b, b’} C E,. Note that
[abd'b'] = [d'bab] = [a b 'a 0 = [a b \a" D]

Any of the four squares in the set {aba’b’, a'b'ab, a='b'"'a’~ b=, o/~ b~ 1a= b1}
represents the geometric square [aba’b’]. Given a non-empty set S of geometric
squares, the /ink Lk(S) is defined as the graph with vertex set £ = Ej, u E, and
an edge set, where each square aba’b’ represented in S contributes an edge s such that
o(s) = a, t(s) = b'"!, and its inverse 5 to this edge set of Lk(S). In other words,
each geometric square [aba’b’] in § contributes four geometric edges to Lk(S), cor-
responding to the four “corners” in any of the four squares representing [aba’b’]. A
(2m, 2n)—complex is a set X consisting of exactly mn geometric squares such that the
link Lk(X) is the complete bipartite graph K>, 2, (Where the bipartite structure is in-
duced by the decomposition £ = Ej, U £,). This link condition means that given any
a € Ep and b € E,, there are unique @’ € £y, and b’ € £, such that [aba'd’] € X.
Note that this definition automatically excludes geometric squares of the form [abab]
(so-called projective planes) in a (2m, 2n)—complex X.

We usually think of X as a finite 2-dimensional cell complex which is built by
attaching mn squares of the form aba’b’ to the 1-skeleton ({x}, £), according to the
labels a, b, @', b’ in the squares. By the link condition, the universal covering space
X of X is the product of two regular trees 75, x J2,. In fact, both conditions are
equivalent, see [17, Proposition 1.1] or [68, Theorem I1.1.10]. By construction, the
fundamental group I' := m(X,x) < Aut(72, x 92,) of a (2m, 2n)—complex X is
a finitely presented torsion-free cocompact lattice, acting freely and transitively on
the vertices of 72, x 72,. The decomposition £}, LI £, of £ guarantees that ' does
not interchange the factors of 75, x 75,, i.e. I' is in fact a subgroup of the direct
product Aut(72,,) X Aut(72,) < Aut(T2, X T2,). Such a group I' will be called a
(2m, 2n)—group. A finite presentation of I can be directly read off from X:

C={a,...,an,b1,...,b, | aba’t =1, if [abd'b'] € X).

Note that all four representatives of a geometric square [aba’b’] € X give the same
relation in I, in particular we get a presentation of [I' with m + n generators and only
mn relators. We write R,,.,, for such a set of mn relators. This presentation is optimal
in some sense, see Section 4.6. If we give explicit examples of (2m, 2n)—groups I',
we usually specify only the set R,,.,,, since it completely determines [". Observe that
(ai, ..., apy)r and (b1, ..., b,)r are free subgroups of I", see Corollary 1.11(1).
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Given a (2m, 2n)—group I by its presentation (ay, ..., @y, b1, ..., b, | Ry..), we
can always define the surjective homomorphism of groups

F—)Z%
a+— (1+22,04+272), i=1,...,m
bj > (0+2Z,1+27Z), j=1,...,n.

Obviously, the kernel of this homomorphism is a normal subgroup of I" of index 4. We
always denote this subgroup by I'y. Geometrically, it can be seen as the fundamental
group of a corresponding finite square complex Xy with 4 vertices, a 4-fold regular
covering space of X.

We define an automorphism of a (2m, 2n)—complex X as a graph automorphism
of the 1-skeleton ({x}, £) which induces a permutation on the set of geometric squares
of X. The group of all such maps is denoted by Aut(.X).

1.3 Projections and quasi-center

Let I" be a (2m, 2n)—group. Since I" is a subgroup of Aut(75,,) x Aut(73,), we have
two canonical projections, the homomorphisms of groups

pry : ' = Aut(92,) and pry : I' = Aut(72,) .

We define the two groups H; := pr;(I"), i = 1, 2, where the closure of pr; (I') is taken
with respect to the topology of Aut(77) described in Section 1.1 or Appendix D.2. Let

QZ(H;) :={h € H; : Zy,(h) 1s open in H;}

be the quasi-center of H;. See [16] for some properties and examples of this group.

Recall that I" acts freely on the vertices of 72, x 75,, but in general, it is possi-
ble that non-trivial elements of I" act trivially on (exactly) one factor of 9%, x 72;,.
Therefore, we define the group

Ay = pry(T N (Hy x {1}) = pri(I" N (Aut(T2,) % {1})) < Aut(T2,,)
and similarly
Ao = pr,(T' N ({1} x H2)) = pro (T N ({1} x Aut(T2,))) < Aut(T2,) .

Observe that
A; = pry(ker(prs_;)) = ker(prs_;) < T

and note that A; <t QZ(H,), since every discrete normal subgroup of H,; is contained
in QZ(H,), as explained in [16]. In particular, we conclude that QZ(H;) = 1 implies
an isomorphism I' = pr;_,(I") and in this case we can naturally see I" as a subgroup
of Aut(72,,), 1f i = 2, or as a subgroup of Aut(73,),1fi = 1.
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1.4 Local groups

Let X be a (2m, 2n)—complex and I' its fundamental group. We turn now to the def-
inition of their finite “local groups” Pj, and P,, which will play a major role in the
construction of interesting examples. Let Ef)k) be the set of reduced paths of combi-
natorial length £ € N in the vertical 1-skeleton Xf)l) = ({x}, £y) of X. We identify
elements in El()k) with freely reduced words of length 4 in the fundamental group
T (Xl()l), x) = (b1,...,b,) = F,. The set E,(lk) is defined analogously and identified
with the set of reduced words of length & in the free group (a1, ..., an) = F,. Note
that £ = E, and E" = Ej,.
There is a family of homomorphisms

k ~v
o Fy = an, .., a) — Sym(EF) = S5, 01y
and a family of homomorphisms
k ~
pB Fy = (b1, b)) — SYmMES) = Sy am— 1y -
We denote their images by
. k k k
P® =im(py") = (0, (@), ..., " (@)
k .
P =im(p®) = (0P b1). ..., pP By)) .
If £ = 1, we omit the superscript “(1)” and simply write
pn i lar, .. am) = (pplar), ..., pp(an)) = Py < Sym(Ly) = Sy,
where for the isomorphism Sym(£,) = 55, we always use the explicit identification

E,={1,...,2n}
b;1<—>2n—|—l—j,

j=1,...,n and
po 2 (b1, by) = (pu(b1), ..o, pu(by)) = Py < Sym(Fp) = Som
via the identification (fori =1, ..., m)

E, ={1,...,2m}
a; <1

al._1<—>2m—|—l—i.
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Now, it is time to give the definition of p}(lk) and pf;k). First, we take K = 1. The
two homomorphisms p;, and p, are explicitly constructed as follows: each geometric
square [aba’b’] of X defines

pn(@)(d'™") = b

pn(@) (b~ =t
pu(b)a™") :=d

po(®)d ™) i=a,

as visualized in Figure 1.2.

a a a a
<
'Y ppa) b by pr@) b b'Y pub) T AD b Ipv(b’) AD
—
a a a a

Figure 1.2: Visualizing the definition of py, p,

By the link condition in X, these 4mn expressions (going through all mn geometric
squares of X) indeed uniquely determine p;, and p,. If £ > 2, the homomorphisms
p;(lk) and pf)k) are defined in a similar way, see [17, Chapter 1]. We give an inductive
definition of p;(lk), the homomorphism pf)k) can be defined analogously: Let a € Ej,
andb = b'-b" € E where we write a dot for the concatenation of paths and where

b e Ey,b" € EF ™V Then

P (@) (b) := pr@) By - pF (0, (B)(@)) (B,

see Figure 1.3 for an illustration.

Starting with a (2m, 2n)—complex X, the finite permutation groups P® and Ph(k>
can be effectively computed, see Appendix B.4 for an implementation in GAP ([29])
for £k = 1 and £ = 2. These groups describe the local actions of the projections of '
on k-spheres in 77, and 77, respectively. More precisely, let x,, be any vertex in 75,
and let S(x,, k) be the k-sphere around x,, then the two groups

P® < Sym(E®) and Ha(x,)/Ha(S(xy, k) < Sym(S(xy, k))

are permutation isomorphic (see [17, Chapter 1]). The analogous statement holds for
Ph(k) and Hy(xp)/H1(S(xp, k)), where xj, 1s any vertex in 77,,.
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b’ A A oY (p®) (@) (B

pu(b))(@)
+

b A A pp(a)(d)

L p
a

Figure 1.3: Inductive definition of p,(lk), k>2

Taking this identification for &k = 2
P = Hi(x)/ Hi (S, 2)) < Sym(S(xs, 2))
we define the subgroup
K = Stab o (SCen, DU S D) < B

where yj, 1s any neighbouring vertex of xj, in 95,,. In our applications, the definition
of K, will be independent of the choice of y;, (up to permutation isomorphism). See
Appendix B.4 for the GAP-program ([29]) computing K, if m = 3. Analogously, one
defines the group K, < Pv(z).

For each £ € N, there is a commutative diagram

et 1)
0
(@, ..., ay) 2= pHE+D _ ym(E*D)

ipk
(k)
P < sym(EF)

where py is the homomorphism restricting the action of PU(kH) on the (k 4+ 1)—sphere
S(xy, £+ 1) to the k-sphere S(x,, k). In particular, the order ‘Plfk)‘ divides ‘Plfkﬂ) ‘
Note that

ﬂ kerplgk) = A1 and ﬂ kerpf)k) = A>.

keN keN
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Lemma 1.1. LetT = (a1, ..., ay, b1, ..., b, | Ry.) be a (2m, 2n)—group.

(la) Let A C {(ay, ..., ay). Ifforeacha € Aand b € E, we have py(a)(b) = b and
pu(b)(a) € A, then A C A;.

(1b) Let B C (b1, ..., b,). Ifforeach b € B and a € Ej, we have p,(b)(a) = a and
pn(a)(b) € B, then B C A».

Proof. The assumptions made in (1a) directly imply

AcC ﬂ kerp,(lk) =Ar.
keN

(1b) follows similarly. O

Because of the importance of the local groups £, and P, in our study of X, we will
sometimes call X a (P, P,)—complex and the corresponding fundamental group I" a

(Pp, Py)—group.

1.5 Irreducibility

An important notion in the theory of lattices in higher rank semisimple Lie groups is
“irreducibility”. In our situation, we adopt the generalized definition given in [17]. A
(2m, 2n)—group I 1s called reducible if pr(I') < Aut(J2,) is discrete. Otherwise, I
is called irreducible. A (2m, 2n)—complex X is said to be reducible (irreducible) if
and only if I' = 71(X, x) is reducible (irreducible).

Remarks. (1) Recall that a subgroup of Aut(77) is discrete if and only if its vertex
stabilizers are all finite, see Proposition D.2 for a proof.

(2) It is shown in [17, Proposition 1.2] that pr;(I') < Aut(72,,) is discrete if and
only if pr,(I') < Aut(73,) is discrete.

(3) Note that pr;(T") is never dense in Aut(72,), i.e. H1 S Aut(J2,), in contrast to
the behaviour of “irreducible” lattices in higher rank semisimple Lie groups.

(4) In terms of orders of the local groups Ph(k) and Plfk), the group I is reducible if
and only if the set {| P*' [}xen is bounded, if and only if {| P{"'};cx is bounded.

In geometric terms, the (2m, 2n)—complex X is reducible if and only if X admits
a finite covering which is a product of two graphs (see [17, Chapter 1]). Therefore, a
reducible (2m, 2n)—group I is virtually a direct product of two finitely generated free
groups, in particular I is residually finite. As a consequence, a non-residually finite
(2m, 2n)—group I has to be irreducible. In general, no algorithm is known to deter-
mine whether a given I' is reducible or not. However, a useful sufficient criterion for
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irreducibility, based on the Thompson-Wielandt theorem (see e.g. [16, Theorem 2.1.1]
for a formulation of this theorem), is presented in [17, Proposition 1.3].

We will strongly use the criteria (1) and (2), divided into (1a), (1b), (2a) and (2b),
of the following proposition which is based on results in [16, 17]. The third criterion,
i.e. part (3a) and (3b), will only be used in Theorem 2.27, where (1) does not apply.

Proposition 1.2, LetT" = (a1, ..., a,, b1, ..., b, | Ry.,) be a (2m, 2n)—group.
(1a) Suppose thatm > 3 and P, = Aap. Then T is irrveducible if and only if

P2 = | 42m| ('A2"">2m _ em)! <(2m - 1)1>2m‘

2m 2 2

(1b) Suppose that P, = A2y, n > 3. Then I is irreducible if and only if

PP = |42 <|A2n|>2" _ (@n)! ((2}1 — 1)!>2n‘

2n 2 2

(2a) The group T is reducible if and only if |Ph(k+l)| = |Ph(k)| for some k € N.
(2b) The group T is reducible if and only if |Pv(k+l)| = |P1§k)| for some k € N.

(3a) Let P, < Sy be tramsitive and suppose that for each k € N there exist
freely reduced words b € (by,...,b,) and a € (ay,...,a,) with |a] = k
such that pf)k) (bY(a) = a, and py(b) acts transitively on Ej, \ {a” _1}, where
b= pé'bb(a) (b) and a = a' - a” is the decomposition of a with a' € E;(lk_l),
a’ € Ey, (see Figure 1.4). Then pry(T") is locally co-transitive, in particular T
is irreducible.

/ 1

a a
ba Ab
a/ a//

Figure 1.4: Notations in Proposition 1.2(3a)
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(3b)

Let P, < S, be transitive and suppose that for each k € N there exist freely
reduced words a € (ay, ...,ay,) and b € (by, ..., b,) with |b| = k such that
p;(lk) (a)(b) = b, and such that py(a) acts transitively on I, \ {b” 1 where
a = plVby@)and b = b - b with ¥ € EXV, b € E,. Then pr, (L) is
locally oo-transitive, in particular U is irreducible.

Proof. We only prove part a) of each statement, since part b) is completely analogous.

(Ta)
(2a)

(3a)

The statement follows directly from [16, Proposition 3.3.1].

Obviously, IP;EkH)I = IPh(k)I for some £ € N is a necessary condition, since

{IP;fk) |}ren 1s bounded for a reducible I'. We want to prove now, that it is also

sufficient for the reducibility of . It is enough to show |Ph(k+2)| = IP;ka)l.

First observe that for all vertices x;, € 72, we have
H\(SCen, b+ 1)) = Hi(SCep, k) < Hi(xp) (LD
since
1= PP | PE| = |Hi (S, b)) ) Hi (SCen, b+ 1))

Assume now that . .
It follows that there is an element g € H1(S(xy, k+ 1))\ H1(S(xp, £+ 2)). But
then, for at least one neighbouring vertex yj, of xy,

g € Hi(SWn, KN\ Hi(Sn, k+ 1)),
contradicting equation (1.1).

We have to show that pry(I")(xj) acts transitively on S(x, k) for each £ € N.
This is done by induction on & using the identification (see [17, Chapter 1])

(b1, ....bu) ={y € T :pri(y)(xn) = xn}.

For £ = 1, the statement is obvious since P, is transitive by assumption. To
prove the induction step & — k + 1, note that pr;(I")(x;) acts by induction
hypothesis transitively on S(xj, k), hence we have at most 2m — 1 orbits in
S(xy, k4 1). But now, the assumptions, in particular the transitivity of p, (b) on
Ep\{a” -y exactly guarantee that there is in fact only one orbit.

Since Ph(k) is transitive for each & > 1, the set {IP;fk) [}ren 18 not bounded and
therefore I" is irreducible.

O
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Remark. Observe that Proposition 1.2(1a) cannot be generalized to the case where
Py, = A4 (i.e. tom = 2), because there are for example irreducible (A4, A19)—groups
such that

A 4
1P| =324 < |44 <%> — 972

(cf. Appendix C.6).

1.6 Amalgam decompositions

Let A, B, C be groups. By writing an expression of the form 4 %~ B, we mean that
there is given a commutative diagram of injective group homomorphisms

ip

C B
l'Aj jJ'B
A——A*x B

JA4

(in particular C can be seen as a subgroup of A and B via the injections i 4 and i,
respectively), and the group A x¢ B is uniquely determined by the following universal
property: Given any group G and any homomorphisms j, : 4 — G, j, : B - G
such that j/; oiy = jj oip, there is a unique homomorphism p : 4 xc B — G such
that the following diagram commutes:

The group A *xc B is called the amalgamated free product of the groups 4 and B
amalgamating the “subgroup” C, or simply an amalgam.

In most of our examples of amalgams, the three groups 4, B, C will be finitely
generated non-abelian free groups, i.e. we will have amalgams of the form Fj xp, F;
for some k, [, m > 2. Moreover, i 4(I,) and i g(F},) will have finite index in F}, and
Fy, respectively, where i 4 : F,, — Fy, ip : F, — [F; denote the given injective
homomorphisms. Note that &, /, m are then related by the index formulae (see e.g.
[49, Proposition 1.3.9])

m—1 m—1

and [F) : F ] = ——.

[Fka]:k_l I —1
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If Fj is generated by ay, ..., ax, F1by by, ..., byand I, by cq, ..., ¢y, then Fyxp Fy
has the finite presentation

(ar,....ap, b1,....b; | ig(c1) =ip(cr),....i4(cm) =ip(cy))

and is torsion-free (this follows from [49, Theorem 1V.2.7]).

A (2m, 2n)—group I" splits by a result of Wise ([68, Theorem 1.1.18]) in two ways
as a fundamental group of a finite graph of finitely generated free groups (using the
terminology of the Bass-Serre theory). We are mainly interested in amalgamated free
products of free groups, i.e. fundamental groups of edges of free groups. This case
happens if the local groups are transitive:

Proposition 1.3. Let " be a (2m, 2n)—group.

(1a) If Pn < Som is a transitive permutation group, then I" can be written as an
amalgamated free product of finitely generated free groups as follows:

r= Fn >l<F‘172m+2mn Fl_m+mn .
We call it the vertical decomposition of T

(1b) If P, < S, is transitive, then we have a horizontal decomposition
= Fm >l<]'7172n+2mn Fl_n+mn .

Proof. The two statements follow directly from [68, Theorem 1.1.18] after a vertical
subdivision of the cell complex X in (1a), and a horizontal subdivision of X in (1b).
O

Note that the indices in the inclusions of the splitting in Proposition 1.3(1a) are
[Fn : F1—2m+2mn] = 2m and [Fl—m+mn : F1—2m+2mn] =2.

The tree on which I' naturally acts is the first barycentric subdivision of 7%,,, the
“bi-regular” tree of valencies 2 and 2m. Note that F;, is identified with the free sub-
group (by, ..., b,) of I'. Furthermore, the second factor /1_,,,,, is the fundamental
group of a graph with m vertices (one for each geometric edge {a;, al._l}) and mn ge-
ometric edges (one for each geometric square in X). Finally, the amalgamated group
F _2p10m5 18 the fundamental group of a graph having 2m vertices (one for each edge
in E},) and 2mn geometric edges (one for each geometric square in the vertically sub-
divided complex X”). The two injections in the amalgamated free product are induced
by immersions (i.e. local injections, see [68, Definition 1.1.16]) in X’. Analogous
statements hold for the second splitting of I".

The following proposition describes amalgam decompositions for the important
subgroup I'g < I'.
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Proposition 1.4. Let T = (ay,...,ay, b1,.... b, | Ry.,) be a 2m, 2n)—group. We
denote by Fn(z) the subgroup of I,, = (b1, ..., b,) of index 2 consisting of elements
with even length. Analogously, we define F,22)<1Fm ={ai, ..., am). If py (Fn(z)) < Som
is tramsitive (which holds if for example Py, is a quasi-primitive permutation group
and m > 2), then there is an amalgam decomposition of Ty, the so-called vertical
decomposition of 'y,

Lo = Fon1 %F_ypyiamn Fon—1-

Similarly, if pp, (F,,(f)) < S, is transitive (which holds if for example P, is quasi-
primitive and n > 2), then we get a horizontal decomposition

Lo = Fom—1 *F_syiamn L2m—1 -

In particular, if m = n > 2 and Py, P, both are quasi-primitive, then we have two
decompositions of Ty as

Fon-1%F, » Fon-1.

Proof. Again, this can be immediately deduced from the more general result of Wise
[68, Theorem 1.1.18]. Note that the indices are

[F50-1 ¢ Fl—am+amn] = 2m and [Foy—1 : Fl_antamn] =20

To see why p, (Fn(z)) is transitive if P, < S5, (m > 2)is quasi-primitive, first
observe that in general p, (Fn(z)) is a normal subgroup of P, = p,(f},) of index at
most [F,, : Fn(z)] = 2. If we assume that P}, is quasi-primitive, then p, (Fn(z)) is trivial
or transitive, but py(F\>) = 1 would imply |Py| =2 and m = 1. O

We call a (2m, 2n)—group I' horizontally directed, if a; 1s not in the same orbit
as al._1 in the natural action of P, on £, for all i € {1, ..., m}. The term vertically
directed can be defined analogously. These definitions are equivalent to those given
in [68, Definition 1.1.10]. We formulate in Proposition 1.5 another interesting special
case of [68, Theorem 1.1.18] concerning HNN-extensions. In general, if a group G is
given by a presentation (S | R), and A, B are isomorphic subgroups of (5, then the
HNN-extension (Higman-Neumann-Neumann extension) of G with associated sub-
groups A and B via the isomorphism ¢ : A — B is the group with presentation

(S,t| R, t7 'at = ¢(a), ifa e A).
Proposition 1.5, Let " = (a1, ..., a,, b1, ..., b, | Ry.,) be a (2m, 2n)—group.

(1a) IfT is horizontally directed and Py, has exactly two orbits in its natural action on
Ey, then T is a HNN-extension of the free group F,, = (b1, ..., b,) associating
subgroups F| _ymn Of index m.
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(1b) If U is vertically directed and P, has exactly two orbits in its natural action on
E,, then T is a HNN-extension of the free group F,, = (a1, ..., a,) associating
subgroups F\ _,, 1,y Of index n.

Remark. Horizontally (or vertically) directed (2m, 2n)—groups I' have an infinite
abelianization ['*?, in particular they have a proper infinite quotient. To see this,
let O be the orbit of a; under the natural action of P, on Ej;. Define a surjective
homomorphism I' — Z by mapping all b1, ..., b, to the trivial element O in Z, and
all elements in O to the generator 1 of Z. If both a; and al._l are not in (91, then we
mapa;to0 e Z,i =2,...,m.

1.7 Double cosets

Given a group G and a subgroup H < G, the corresponding set of double cosets is
defined as

H\G/H :={HgH : g € G},
where HgH := {h1gh> : hy,hy € H} is as usual. The cardinalities of the two sets
of double cosets corresponding to the two amalgam decompositions of a (2m, 2n)—

group I are related to transitivity properties of its local groups, as seen in the following
proposition (as always, similar statements can be made for 7).

Proposition 1.6. Let I" be a (2m, 2n)-group. Suppose that Py, < S, is transitive.
Then there is a bijection between the set of orbits of the diagonal action of Pj, on
{1,...,2m} x {1, ..., 2m} and the set F'1_2p+2mn \Fn/F1—2m+2mn Of double cosets,
where

= Fn >l<F‘172m+2mn Fl_m+m”

is the vertical decomposition given by Proposition 1.3(1a). In particular, the number
| F1—2m2mn \En | F1—2m+2mn | is the rank of Py, (in the terminology of [25, p.67]) and
can be easily computed knowing the finite group Py, but without knowing the explicit
amalgam decomposition, for example using the GAP-command ([29])

1 + Size(OrbitLengths (Ph,
Arrangements ([1..2*m],2),0nTuples)) ;

where Ph describes the group Py,. Another consequence is that
|Fl—2m+2mn\Fn/Fl—2m+2mn| =2,

if and only if Py, is a 2-transitive permutation group.



30 CHAPTER 1. PRELIMINARIES, NOTATIONS, DEFINITIONS

Proof. We define B := F, and C := Fi_opomn. Let 7 be the bi-regular Bass-
Serre tree on which the amalgam I' = B %¢ F|_,, 1., naturally acts and let x;, be the
vertex of 7, ~such that B = Stabr(x;). Denote by € the set of edges in 7 with
origin x5, and let w € 2 be the edge such that Stabr(w) = C. Note that

|S2| = [B . C] - [Fn : Fl—2m+2mn] =2m.

By construction, the action of Pj, on {1, ...,2m} = Ej is equivalent (permutation
isomorphic) to the action of B on £2. We want to define a bijection

@ : {Orbitsof B ~ Q2 x Q} — C\B/C.

Let (w1, w2) € €2 x 2. We denote by [(w1, w2)] its B-orbit under the diagonal left ac-
tion, in particular [(w1, w2)] = [(bw1, bwy)] for each b € B. Since B acts transitively
on 2, we can choose b1, b» € B such that w = biw; = brw>. Now we define

¢ ([(w1, m)]) := Ch1b;'C € C\B/C.

We first show that ¢ is 1ndependent of the choice of b1, b,. Take b1, b» € B such that
w = byw) = byws. Then b 'w = bjw; = w, (i = 1,2), hence ;b7 € C,ie.
Ch; = Ch; and by Ic = b 1C which implies

Chib;'C = Chiby'C.

Next we show that ¢ is independent of the representative of [(w, w2)]. Any rep-
resentative of [(w1, w>)] has the form (bw1, bwy) for some b € B. But then

w=b1b"(bw)) = brb™ (bw»)

and
¢ ([(bwy, ban)]) = Ch1d~ 1 (byp™1)71C = Ch1b5'C.

This proves that ¢ 1s well-defined.
Note that ¢([(w, bw)]) = CbC for each b € B, hence ¢ is surjective. To show the
injectivity of ¢, assume that

0 (1, )]) = Ch1b;'C = Chi1'C = ¢ ([(&1, @)]) ,

such that @ = byw) = bows = b1@) = baddn. The assumption Ch1b;'C = Chib;'C
implies that there is some ¢ € C such that

chiby! € biby!'C
baby'chi1by! e C
lszlsl_lcblbz_la) —w
cblbz_la) = 131132—1@,
hence
[(@1, @2)] = [(@, 5165 ' @)] = [(co, chib; '@)] = [(@, 515 ' )] = [(@1, @2)] .
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1.8 SQ-universal groups

A countable group G is called SQ-universal, if every countable group can be em-
bedded in a quotient of G. According to [56], this term was suggested by Graham
Higman. The following result of Ilya Rips is mentioned in the book of Bass-Lubotzky
[3, Section 9.15].

Proposition 1.7. (Rips) Let G = A xc B be an amalgam such that C # B and
|C\A/C| = 3. Then G is SQ-universal.

There seems to be no published proof of this proposition, but the main idea is
explained in [3, p.149]: “Rips’ explanation uses Small Cancellation Theory, as in
[62]. Explicitly, let CaC and Ca’C be distinct non-trivial double cosets in C\A4/C
and b € B\ C. Consider words in & of the form

o M g Mg 3
w=da" ba" ' ba"ba" " 2ba"ba"3b - - - .

When the exponents #;, n; are suitably large one can apply Small Cancellation Theory
to conclude that adding the relation w = 1 does not kill G, whence G is not simple.”

Corollary 1.8. Let I" be a (2m, 2n)-group. If the local group P < Sz is transitive,
but not 2-transitive, or if P, < S, is transitive, but not 2-transitive, then the group T’
is SQ-universal, in particular it has “many’ normal subgroups of infinite index.

Proof. Combine Proposition 1.3, 1.6 and 1.7. |

1.9 Embeddings

The constructions of many interesting groups in the subsequent chapters will be based
on certain embedding techniques. In the following proposition, we give some ele-
mentary general consequences for the case that a (2m, 2n)—complex is embedded in a
“bigger” complex, using the following definition: Let X be a (2m, 2n)—complex and
let ¥ be a (2m, 2n)—complex, where m > m and n > n. We say that X is embedded
in ¥, if the mn geometric squares of ¥ contain all mn geometric squares of X.

Proposition 1.9. Let m > m and n > n. Suppose that the (2m, 2n)—complex X is
embedded in the 2m, 2n)—complex Y. Then

(1) The fundamental groups inject: ;X < m Y.

(2) The order |P" (X)| divides | PP (V)| and the order | P (X)| divides | P (1)]
Joreachk € N.

(3) If Xisirreducible, then also Y is irreducible. The converse is not true in general.
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Proof. (1) See [9, Proposition 11.4.14(1)].

(2) To take into account the two involved complexes X, ¥, we write here Ph(k) (X)),
PPy, PR ), PP(Y), pyx. poy instead of X, P p,. We prove now
that | P, (X)| divides | P, (Y)|. The other statements are proved similarly. Let G
be the subgroup of >

G = (pU,Y(bl)7 AR pv,Y(bn))Sz,;,
and A the subset of {1, ..., 2m} with 2m elements
A={l,... m}u2m—-—m+1,...,2m}.

Because of the embedding assumption and the link conditions in X and ¥, the
set A is G-invariant and the restriction of G to A is permutation isomorphic to

Ph(X) = (pv,X(bl), cee pv,X(bn))Szm

via the inclusion

{1,....2m} — {1,...,2m}
i1
2m+1—i—=2m+1—1,

i =1,...,m, hence |G| = |P,(X)| -/, where [ is the order of the pointwise
stabilizer of A in G (cf. [25, p.17]). The claim follows now, since G is obviously
a subgroup of

(Po,y (B1), ... pox(bn), ..., oy (Bii))s,; = Pr(Y).

(3) The set {IP;fk) (X)|}ken 1s unbounded since X is irreducible by assumption,
hence by part (2) also {IPh(k)(Y )|}xen 1s unbounded, i.e. ¥ is irreducible, too.

To see that the converse is not true in general, we can take for example any
irreducible (2m, 21)-complex ¥ having a pair of commuting generators {a;, b}
(hence having an embedded reducible (2, 2)—complex). An explicit example is
described in Example 2.2, where a1b1 = b1a;.

O

1.10 Normal form and applications

Due to the link condition in a (2m, 2n)—complex X, every element y € I' = m1(X)
can be brought in a unique normal form, where “the a’s are followed by the 5’s”.
The idea is to successively replace length 2 subwords of y of the form ba by a’b’, if
[a’b'a='h~1]is a geometric square in .X. Analogously, there is a unique normal form,
where “the b’s are followed by the a’s”. Here is the precise statement of Bridson-Wise:
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Proposition 1.10. (Bridson-Wise [10, Normal Form Lemma 4.3]) Let y be any el-
ement in a 2m,2n)-group U' = (ay,...,ay,b1,.... b, | Ryn). Then y can be
written as

Yy = 0,05 = 0}0,

where o,, o, are fireely reduced words in the subgroup (a, ..., a,)r and oy, oy, are
Sreely reduced words in (b1, ..., b,)r. The words o,, 0, 0p, oy are uniquely deter-
mined by y. Moreover, |o,| = |o)| and |op| = |o}|, where | - | is the word length with
respect to the standard generators {ay, ..., an, b1, ..., by} EL

Proof. See [10]. For an implementation of the algorithm in GAP ([29]) to compute
the two normal forms of a given element in I', see Appendix B.6. O

If y = 0,05 = 0,0/, as in Proposition 1.10, then we call 0,04 the ab-normal form
and 0,0, the ba-normal form of y . The length of y is by definition

1 := loal + low] = log| + |og] .

Note that |1| = 0. It takes at most k% /4 switches to bring a word of length £ from its
ba-normal form to its ab-normal form.
Proposition 1.10 has direct consequences for the structure of a (2m, 2n)—group:

Corollary 1.11. Let T = (ay, ..., ay, b1, ..., b, | Ry.) be a (2m, 2n)—group. Then

(1) Thetwo groups (ai, ..., an)r and (b1, ..., b,)r are free subgroups of T" of rank
m and n, respectively.

(2) The group U is virtually abelian or contains a non-abelian free subgroup.
(3) The center Z1 is trivial if m, n > 2.
(4) The group T is residually finite if and only if Aut(I") is residually finite.

Proof. (1) This follows directly from the uniqueness of the normal forms described
in Proposition 1.10.

(2) If m > 2 orn > 2, then ' contains a non-abelian free subgroup by part (1). If
m = n = 1, then either

T = (a1, by | by = biay) = 77

is abelian, or
I = (a1, by | arbrar = by),

which has the abelian group (a;, b%)r = 77 as a subgroup of index 2.
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Assume that there is an element y € ZT" \ {1} and let
y = al . a®p®  ph

al, . .. a® ¢ Ep, b b e FE,, be its ab-normal form, where we can
assume without loss of generality that £ > 1 and / > 0. Take any element

ae kp\ {a(l),a(l)_l} =0

Then, we have

aaV . a®pV  pD =a®  a®PpD | pDg

The left hand side of this equation is already in ab-normal form, hence by
uniqueness of the ab-normal form, we can conclude from the right hand side that
a = aV, but this is a contradiction to the choice of a, and it follows ZTI" = 1.

By a result of Baumslag ([S], or see [49, Theorem 1V.4.8]) the group Aut(I") is
residually finite, if I is a finitely generated residually finite group. For the other
direction, first note that if m = 1, then

k
P;E ) < S2m~(2m—l)k*1 = S2 5

hence IP,fk)l < 2 foreach k£ € N, and I is reducible. The same holds if n = 1.
In particular, I" is residually finite, if m = 1 or » = 1. Assume now that I" is
non-residually finite. Then m,n > 2, and by part (3) we have ZI' = 1, hence
[ = Inn(I") < Aut(I") and Aut(I") is non-residually finite.

O

Remark. The group Z x I, is a (2, 2n)—group with a non-trivial (infinite) center
(Zx{1}ifn=>2,Z xZifn=1).

Using Proposition 1.10, we are able to compute certain centralizers of generators,
and their normalizers. The sufficient conditions in part (1) of the following proposition
can easily be checked by hand, given a (2m, 2n)—group I'. If they are satisfied, also
part (2) applies.

Proposition 1.12. LetT" = (a1, ..., ay, by, ..., b, | Ry.) be a (2m, 2n)—group.

(1a) Assume that there is an element a; € {ai, ..., ay,} such that py(a;)(b) # b for

all b € I, (i.e. Ry.,, has no relator representing a geometric square of the form
[a;bab™'], where a € Ey, b € E,). Then Zy(a;) = (a;) = 7.

(1b) Assume that there is an element b; € {b1, ..., b,} such that p,(b;)(a) # a for

alla € Ey, (i.e. Ry, has no relator representing a geometric square of the form
[a_lbjab], where a € Ey, b € Ly). Then Zr(b;) = (b;) = Z.



1.10.

NORMAL FORM AND APPLICATIONS 35

(2a) Assume that Zy(a;) = {(a;) for some a; € {ay, ..., a,}. Then the normalizer of

{a;) is Nr({a;)) = Zr(a;) = (a;).

(2b) Assume that Zr(b;) = (b;) for some b; € {b1, ..., b,}. Then the normalizer of

(bj) is Nr({b;)) = Zr(bj) = (b;).

Proof. We prove (1b) and (2b), the proofs of (1a) and (2a) are similar.

(1b)

(2b)

Obviously, (b;) < Zr(b;). We have to show Z(b;) < (b;). Let
y =a® . .a®pV  p?D ¢ Zr(b;)
be in ab-normal form, al .. a® e Ey, b b € FEy, k, 1> 0. Then
aV . a®pd b(l)bj = bja(l) . a®p® p D

Assume first that > 1. The ab-normal form of yb; starts with aV ... a®.
Bringing also b;aV ...a®p® . p" to this normal form, we must have in a
first step b,a'V = a'V'b for some b € E,, ie. py(b;)(@?) = a®, which is
impossible by assumption, hence k¥ = 0. This means y = 51 ... 5D and

bV bDb; = b6 pD
By uniqueness of the ab-normal form of
by =607 DT D D
wehavel = 0or bV, ... pD ¢ {b;, bj_l} and hence y = pM . pD ¢ (bj).

Obviously, we have (b;) < Nr({b;)). It remains to show that Ny ((b;)) < (b;).
Let y € Nr({(b;)), then in particular y‘lbjy € (bj), 1.e. b; 1s conjugate to a
power of itself, hence by a result of Bridson-Haefliger (see Proposition 2.13)
we conclude y_]bjy € {bj,b]fl}. Ify_lbjy = b;, theny € Zr(b;) = (b))
and we are done. So from now on let us suppose that y ~1b Y = b;l (we

will see in the proof that this case is in fact not possible under the assumption
Zr(b;) = (b)), then

y byt =y Ty =y Ty =Ty T = (07D T = by,

ie. y? € Zr(b;) = (b;) (which however does not directly imply y € (b;) in
general). Let
y =aV . .a®p®  pD,

k,l > 0, be the ab-normal form of y. We first assume that £ > 1, in particular
y # 1. Then

y?=aD . a®p® 60V a®p® 5O = b (12)
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for some s € Z \ {0} (we know that s # O, since ¥ # 1 and [" is torsion-
free). Note that it follows / > 1, otherwise we would have the contradiction
(@b .. . a®)? = b%. The expression b pDaM | g® is in ba-normal

form, let a® ...a®p® . D be its ab-normal form, i.e.
bV pDgV o a® =g® gD pD, (1.3)
Then, putting (1.3) into (1.2) gives
2_ D (k) 7 (k) 5D 72D AOFAY; 0 _ ps
y- =a’ . avat . alb bbb = b (1.4)

The right hand side bj. of equation (1.4) is in ab-normal form, hence the a’s on

the left hand side have to cancel (i.e. a% = a(k)_l, nah = a(l)_l, because
a® . a® and a® .. .a® are freely reduced words in (ay, ..., ay)), so we
have

bV . pDg | gk — a(k)_1 .. .a(l)_ll;(l) b0 (1.5)

from equation (1.3) and

2 _ gz A p(1) ) _ ps
y =567 070 b = b (1.6)
from equation (1.4). Moreover, since 5V ... 5" and 5V ... 5D are freely re-
duced words in (b1, ..., b,), we conclude from equation (1.6) that s is even,
ey B _ 5 ) pt
b b =0 bh; (1.7)
and
U 50— prpt p~l (1.8)

where # = s/2 and 0 < r < [ 1s the number of cancellations in
Y pDpD [ pD,
ie 6OpD =1, .., b¢"+tDp®) — 1 Note that || =/ — r > 1, in particular

also the right hand sides of (1.7) and (1.8) are in normal form. First, we assume
r > 1. Putting (1.7) and (1.8) into (1.5), we get

b bOba® L a® = a® T a0 0T (19)

Since both sides of equation (1.9) are in normal form, we have (looking at the
right ends)

bjﬂa(l) ca® = wk(a)b(l)_1 (1.10)
and (looking at the left ends)

a®™" a7 R = p Dy (a), (1.11)
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where wy(a) and wy(a) are freely reduced words of length & in (ay, ..., a,),
and the sign of b; in (1.10) and (1.11) is according to the sign of 7, i.e. we have
b;,if t is positive, and bj_l, if 7 is negative. Now, equation (1.11) gives

a® . a® = 5 @ (1.12)
Putting (1.12) into (1.10) gives
- -1 -1
bjﬂw,;l(a)b“) = wp(a)bV (1.13)
i.e. the contradiction b2 = wy(a)ig(a) € (ai,...,a,). Thus, we have to

study the remaining caser = 0, 1.e. [f| =/ = |s|/2 and
y =a®...a®p
Then equation (1.5) or (1.9) is
pa® .. .a® =a® a0y, (1.14)
which is equivalent to
a® ™' a7 = pla® L a®pl, (1.15)

The equation y ~15 iy = b;l is equivalent to

—t ()~ 1 -1 1 k -1
b7'a® ™ aV b aPhl = b7 (1.16)
Putting (1.15) into (1.16) gives
—tpt (1) (kypl—t (1) (kypt _ p—1
bj ba’’...a bj a’...a bj_bj (1.17)
or equivalently
a® . a®plt = p g™ a7 (1.18)

which is a contradiction, since both sides of the equation are in normal form,
but = s/2 # 0 and hence

1—t) _ 1 _ IR T
617 =1 — 1] # 1 —1] = |b7'"].

This means that the case £ > 1 is impossible. It remains to consider the case
k=0iey =5b".  bpD for somel > 0. But then, y~'b;y = b;l gives a
non-trivial relation in the free group (b1, ..., b,).

O

Remark. The assumptions made in Proposition 1.12(1a),(1b) are sufficient but not
necessary, as shown in Theorem 2.3(10).



38

CHAPTER 1. PRELIMINARIES, NOTATIONS, DEFINITIONS



Chapter 2

Normal subgroup structure, simplicity

The main goal of this chapter is to construct explicit examples of finitely presented
torsion-free simple groups (Section 2.5). We choose a step-by-step approach by which
we explain the main ingredients of the proof and produce other interesting groups,
e.g. a non-residually finite (non-simple) group. In a first step, we apply the important
“normal subgroup theorem” of Burger-Mozes and thus get in Section 2.1 for exam-
ple an (Ag, Ag)—group without non-trivial normal subgroups of infinite index. The
same holds for an (A4g, M12)—group and an (A4e, ASL3(2))—group constructed in that
section. We believe that these three groups are non-residually finite and have a sim-
ple subgroup of index 4, but a proof seems to be hard. Instead of that, we construct in
Section 2.2 a non-residually finite (4, 12)—group, applying another criterion of Burger-
Mozes. This group has non-trivial normal subgroups of infinite index by construction,
but we can embed it as a subgroup for example in an (Ag, 416)—group where the nor-
mal subgroup theorem applies. Consequently, this (6, 16)—group is virtually simple
(Section 2.3). We think that it has a simple subgroup of index 4, but again it is not
clear how to prove it. We evade this problem by taking another non-residually finite
group (Section 2.4) constructed by Wise, using completely different ideas than those
used in the Burger-Mozes criterion. Explicitly knowing a non-trivial element in the
intersection of all finite index normal subgroups of Wise’s (8, 6)—group, we are able
to prove that this group can be embedded for example in an (A9, 41¢)—group which
has a simple subgroup of index 4 (Section 2.5). We give other examples of virtu-
ally simple (2m, 2n)—groups where the simple subgroup has index 4, among those an
(M2, Ag)—group, or where the simple subgroup has index bigger than 4, like another
(410, A10)—group which has a simple subgroup of index 40. A slight variation of these
techniques leads in Section 2.6 to an index 4 subgroup of a (10, 10)—group which has
non-trivial normal subgroups of infinite index but no proper finite index subgroups.
Following Wise, we construct in Section 2.7 a finitely presented group which is not
virtually torsion-free, i.e. each finite index subgroup has a non-trivial element of finite
order. In Section 2.8, we study what can happen if we replace in the normal subgroup
theorem the 2-transitivity condition for the local group P, by the slightly weaker con-
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dition that P, is primitive. Comparing an (Ag, P,)—group, where P, is primitive but
not 2-transitive, with the (A,,,, A2,)—groups constructed before, we observe that they
seem to share the properties on the finite index normal subgroups but not on the in-
finite index normal subgroups. We discuss several ideas how to construct an explicit
non-trivial normal subgroup of infinite index. Finally, we give in Section 2.9 smaller
candidates for being finitely presented torsion-free simple groups; “smaller” in the
sense that they have very short presentations. The example of Proposition 2.78 has a
presentation with two generators and only three relations.

See Table 2.1 for an overview of some properties of several irreducible examples
constructed in this chapter. The groups in Example 2.2, 2.30, 2.43 and the groups in
Example 2.26, 2.52, 2.58, respectively, seem to have the same properties in the list.
They are completely proved for Example 2.43 and Example 2.52. We have included
in the table an example of Chapter 3 which has no non-trivial normal subgroups of
infinite index, but behaves completely differently than the examples in Chapter 2, for
example it is linear, hence residually finite. The following abbreviations are used in
the table: “tr”, “prim”, “q-prim”, “Y” and “N” stand for “transitive”, “primitive”,
“quasi-primitive”, “yes” and “no”, respectively. Moreover, the (2m, 2n)—groups are

2

always called I', and ['* denotes the normal subgroup of I"

* .= ﬂN,

ey
where “f.1.” stands for “finite index”.
| Example I 221230243 ] 226 [2.52]2.58 |3.26 |
P, 2-tr | 2-tr | 2-tr 2-tr tr 2-tr | 2-tr
P, 2-tr | 2-tr | 2-tr | g-prim | 2-tr | prim | 2-tr
irreducible Y Y Y Y Y Y Y
not linear Y Y Y Y Y Y N
["p perfect Y Y Y Y Y Y N
o =[I,T] Y Y Y Y Y Y N
non-residually finite Y?| Y Y Y Y | Y? | N
all proper quotients finite | Y | Y Y N N N Y
HZ(T;R) =0 Y| Y | Y N N | N|Y
=Ty Y?|Y? | Y Y? Y | Y? | N
[y simple Y?|Y? | Y N N N N

Table 2.1: Subgroup properties for some examples of Chapter 2
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2.1 Normal subgroup theorem

We construct examples of (2m, 2n)—groups without non-trivial normal subgroups of
infinite index, applying the crucial “normal subgroup theorem” due to Burger-Mozes
(see [15, Theorem 4], [17, Theorem 4.1, Corollary 5.1, Corollary 5.3]). Here is an
adapted special version of it:

Proposition 2.1. (Burger-Mozes, see [17, Chapter 4 and 5]) Let I be an irreducible
(2m, 2n)—group such that Py, P, are 2-transitive, and Stabp, ({1}), Stabp, ({1}) are
non-abelian simple groups. Then any non-trivial normal subgroup of T has finite
indexinT.

Proof. Combine [17, Corollary 5.1, Proposition 5.2, Corollary 5.3]. O

Concretely, we will apply Proposition 2.1 to irreducible (2m, 2n)—groups such that
(Py, Py) belongs to the set

{(A2m, A2), (Ao, M12), (A2m, ASL3(2)), (M2, A2,), (ASL3(2), A2,)},

where 2m > 6, 2n > 6, M1;» < S12 and ASL3(2) < Sg. In particular, we will
construct in this section two (Ae, Ae)—groups (Example 2.2 and Example 2.15), an
(As, M12)—group (Example 2.18) and an (4e, ASL3(2))—group (Example 2.21) with-
out non-trivial normal subgroups of infinite index. See [16, Section 3.3] for a list of
finite permutation groups satisfying the assumptions made on the local groups P, and
P, in Proposition 2.1.

Note that the smallest groups without non-trivial normal subgroups of infinite in-
dex appearing in [15, 16, 17], are an (A3, Azg)—group ([17, Theorem 6.3]) and a
certain (14, 18)—group (see also Example 3.26), to which Proposition 2.1 does not
apply but the more general original result [17, Theorem 4.1].

All examples of (2m, 2n)—groups will be given only in terms of the set of mn
relators Ry,.,. The corresponding presentation of I is

(ar,...,am, b1, ...,b, | Ryn),

and it determines the groups Py, P,, I'g, Hi, H>, Ay, A, and the complex X as
explained in Chapter 1.

Example: (A, 4¢)—group

We give a first small example to which Proposition 2.1 can be applied.
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Example 2.2.

alblal_lbl_l, Cllbzal_lbgl, Ollbgazbz_l,

— -1 -1 —17-1 —1
R3.3 = a1b3 Cl3 bz, a2b1a3 b2 , a2b2a3 b3 s

a2b3a3_1b1, azbglagbz, a2b1—1a3—1b1—1

Theorem 2.3. Let I be the (6, 6)-group defined by R3.3 in Example 2.2. Then
(1) P, = A¢, Py = Ao
(2) T isirreducible.
(3) Any non-trivial normal subgroup of T has finite index.
(4) [[,T] =T and g is perfect.
(5) T is not linear over any field.

(6) T can be decomposed in two ways as an amalgamated free product of finitely
generated free groups I' = I3 xp,, I, Its subgroup Uy has two amalgam
decompositions Fs xp,s Fs5.

(7) T =Zpr;(I) s Hy =pr;(I),i =1,2.

(8) HbZ(F; R) = 0, i.e. the second bounded cohomology of T with R-coefficients
vanishes.

(9) Aut(X) = Z» and Out(l") # 1.

(10) We have Zr(a;) = Nr((ai)) = (@), if a; € {az, a3} and
Zr(bj) = Nr((b;)) = (b)), ifb; € {b2, b3}.

Proof. (1) We only list the generators of P, and P,. It can easily be checked for
example with GAP ([29]), that these permutations indeed generate A¢.

pv(bl) - (27 3)(47 5)7
pv(b2) - (17 57 47 27 3)7
ov(b3) = (2,3,5,4, 6), generating Py, = Ag.

pnlar) = (2,3)(4,5),
pn(az) = (1,6,3,2)(4,5),
on(az) = (1,4,5,6)(2, 3), generating P, = Ag.
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(2) We compute |Ph(2)| = 360 - 60° and apply Proposition 1.2(1a).

(3) We apply Proposition 2.1 or [17, Corollary 5.3], using the facts that P, and P,
are 2-transitive (in fact 4-transitive), that the stabilizers

Stabp, ({1}) = ((2,3)(4,5), (2,3,5,4,6)) = 4s,
Stabp, ({1}) = ((2,3)(4,5), (2,4, 5), (4,5,6)) = 45

are non-abelian simple groups and that I" is irreducible by part (2).

(4) These are easy computations using GAP ([29]). To see by hand that ' is
perfect, one first computes a presentation of ['g by the Reidemeister-Schreier
method (see e.g. [49, Section 11.4]) and then adds commutators to the relators to
simplify the presentation.

(5) Tt follows from [17, Theorem 1.4], see also Proposition 4.4 in Section 4.2.

(6) Use Proposition 1.3 and Proposition 1.4. Explicit amalgam decompositions of I'
and Iy are described in Appendix A.2.

(7) By [16, Proposition 3.1.2, 1)], the quasi-center QZ(H;) is trivial fori = 1,2,
hence the homomorphism pr;_; is injective, which shows that I' = pr;_,(I").
The group H; is by [16, Proposition 3.3.1] isomorphic to the universal group
U(Ag), which is not torsion-free, thus pr;(I') = I # H,.

(8) We have noticed in the proof of part (7) that H; = U(4¢), i = 1,2. Hence,
by [16, Chapter 3], H; and H, act transitively on the boundary at infinity d,,7%
of their corresponding trees 72,, = 7 and 92, = T, respectively. The claim
follows now from [14, Corollary 26]. As pointed out there, this result has some
applications to I'-actions on the circle S (see [14, Corollary 22]).

(9) Checking all of the 266! = 46080 candidates (using the GAP-program of Ap-
pendix B.7), we have found exactly one non-trivial automorphism given by
a;, — al._l, i =1,2,3, b1 —~ bl_l, b> — b3, b3y — by. It fixes seven of
nine geometric squares. The two non-trivially permuted geometric squares of X
are [ambiay 1b2_ 1] and [azb3a; lbl]. Note that this automorphism induces a non-
trivial element in the group of outer automorphisms Out(I") = Aut(I") /Inn(I"),
since it has order 2 but Inn(I") = T is torsion-free (the isomorphism Inn(I") = T’

holds because Inn(I") = I'/ZT" and ZT" = 1 by Corollary 1.11(3)).

(10) The statements Zr(a2) = Nr({(a2)) = (a2), Zr(a3) = Nr({a3)) = (a3),
Nr({by)) = (b2) and N ({(b3)) = (b3) follow from Proposition 1.12. We prove
Zr(b3) = (b3). Similarly, one can prove Z(by) = (b3). Let

y =a® . .a®p® b e Zr(bs)
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be in ab-normal form, such that a®, ..., a® e E,, 6D, ... D ¢ E, and
k,[ > 0. Then

aV . a®pV | pDpy = b3a® . a®pD | pD

Assume first that £ = 1, thus
ap®  pDpby = b3aWpV . pD

The ab-normal form of aVpM .. pDp; starts with a(V. Bringing also the
right hand side b3aVb6M ... b") to this normal form, we must have in a first
step bza'V = aVb for some b € E,. Checking all elements in R3.3, the only
possibility is a'V = a;, b = by, hence

arbV . bDbsy = aybbV . D

or equivalently
bV b Dby = bypV . pD

but this gives a non-trivial relation in the free group (b1, b2, b3).

Assume now that & > 2. As in the case £ = 1, we conclude ) = a; and
bga(l) = Cllbz, ie.

aa® . .a®pD Dby = a1bra® . a®pD | pD

hence
a? . a®ph b(l)bg = bza(z) a®p® o pD

The ab-normal form of the left hand side of the last equation starts with a®.
Bringing the right hand side to this normal form, we must have 5,a® = a®5
for some b € E,. Here, the only possibility is a'® = al_l, b = b3, but this
contradicts the fact thataPa® ...a® =aja;!...a® is freely reduced.

It follows that & = 0, and we conclude y € (b3) exactly as in the proof of
Proposition 1.12(1b).

Note that Zr(ay) = Zr(b1) = (a1, by)r = Z°.
O

The (6, 6)—group I' of Example 2.2 can be used to simplify certain constructions
of infinite families made in [17], see also Proposition 2.29.

Proposition 2.4. (See [17, Theorem 6.3] for the same statement but with lower bounds
m > 15, n > 19) For every m > T and n > 7, there exists a torsion-free cocompact
lattice A < U(Azy) x U(A2,) with dense projections. Any non-trivial normal sub-
group N <1 A is of finite index in A.
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Proof. We follow the proof of [17, Theorem 6.3]. The only difference is that we
can replace the (PSL(13), PSLy(17))—complex “X = ;3 17 used there (see also
Example 3.26 and Proposition 3.27 for a description of that (14, 18)—complex) by our
(4e, Ag)—complex X of Example 2.2. An illustration of this construction is given in
Appendix A.3 for the smallest values m = 7, n = 7 of Proposition 2.4. O

We believe that apart from having no non-trivial normal subgroups of infinite in-
dex, the group I' of Example 2.2 also has only very few normal subgroups of finite
index. More precisely, we think that I" is non-residually finite, virtually simple, and
that its subgroup ' 1s simple.

Conjecture 2.5. Let T" be the (6, 6)-group defined in Example 2.2. Then 'y is a
finitely presented torsion-free simple group.

The following elementary lemmas lead to Proposition 2.10 which could be useful
in a proof of Conjecture 2.5.

Lemma 2.6. Let G be a group and H < G a subgroup of finite index. Then there is a
group N < H suchthat N <G and |G : N] < [G : H]! < o0, in particular

(Mm=(L.
MG e
Proof. (Probably due to Hall Jr. [31]) Let & be the finite index [G : H] and write G as
a disjoint finite union of left cosets

k
G = |_|gl'H.
i=1

Left multiplication g; H + gg; H induces a homomorphism ¢ : G — S such that
N :=ker¢p < Hand [G : N] < |S;| = |G : H]! < 00. Note that

N = ﬂ gHg_l.
geG

O

Lemma 2.7. Let G be a group and H < G a normal subgroup of finite index. Assume
that there is an element h € H such that (h*) > H for each k € N. Then every
proper normal subgroup of H has infinite index.

Proof. Let N < H be a normal subgroup of finite index. By Lemma 2.6, there is a
group M < N such that M <1 G and [G : M] < oco. Looking at the left cosets of the
form W*M, k € N, we see that at least two of them are equal, in particular 4’ € M for
some i € N, thus (#'))g < M. By assumption, we have H < {(h'));, hence H < M
and M =N =H. O
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Lemma 2.8. Let G be a group and let H, M be two subgroups of G such that M has
finite index in G. Then |[H : M N H)] < |G : M] < .
Proof. Let k be the finite index [G : M] and write

k

i=1

Then, intersecting with H, we get

k
H=GNnH=| |MgnH).
i=1
Fixi e {l,...,k}. If Mg; " H # (J, take any element mg; = h € Mg; N H. Then
MginH =MmgiNH =MhNH =MhnNHh=(MnN H)hand we are done. [

Lemma 2.9. Let G be a group and H < G a subgroup of finite index. Then

(YN=[)N.
Nan  NdG
In particular, H is residually finite if and only if G is residually finite.

Proof.
(YN=[)M=[)M= [N,

Nam MZEH MG VG
where the first and third equalities follow from Lemma 2.6. The inclusion “2” in the

second equality is obvious, whereas “C” in the second equality directly follows from
Lemma 2.8. O

Proposition 2.10. Suppose that U satisfies the assumptions of the normal subgroup
theorem (Proposition 2.1). Let H < T" be a non-trivial normal subgroup of I and
assume that there is an element h € H such that (W*)r > H holds for each k € N.
Then H is a finitely presented torsion-free simple group.

Proof. First note that by assumption A has finite index in . By Lemma 2.7

H= (1N

fi
NaH

H=(]N.

fi
Nar
In particular, I' is non-residually finite and [17, Corollary 5.4] shows that H is simple.
It is obvious that A is finitely presented and torsion-free, since it is a finite index
subgroup of the finitely presented torsion-free group I". O

and hence by Lemma 2.9
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Corollary 2.11. Let T be as in Example 2.2. Assume that there is an element yy € I'g
such that ((yé‘ Wr = Do for each k € N. Then Uy is a finitely presented torsion-free

simple group.

Proof. This follows directly from Proposition 2.10 using the fact (see Theorem 2.3(3))
that any non-trivial normal subgroup of I" has finite index. O

One step towards the proof of Conjecture 2.5 (or an application of Corollary 2.11)
could be the following proposition.

Proposition 2.12. For I as defined in Example 2.2, we have ((af(sz) »r = Lo for
each k € N.

Proof. We first prove two auxiliary results: The first one says that for each £ € Ny

-1 6(14+2k) 5. —1 —6(1+2k)
b3 bzal b2 b3 = 2

Since a?(1+2k) and a, 60425 are claimed to be conjugate, we only have to show it for

k=0,1e. b;lbgasz_lbg = a2_6. But this follows bringing the left hand side of the
equation to its ab-normal form.
The second result needed is the following: For each £ € Ny

ab3baby P bsb 0 7 ey = a3 by
This proof'is by inductionon k. If £ = 0,
ab3babs 'albsby by as ! = aShoby
again follows by computing the ab-normal form of the left hand side. For the induction

stepk — k + 1, we get

1 -1

1400+20+1) b—lb— a
2

a2b3b2b3_ a,

— ab3brby ' al?a® T bbb as !

= alarb3brby a16(1+2k)b3b21b3 'as! (using b3boby'al? = al?b3byb3 ")
1200+20)

a, a, bob1 (by the induction hypothesis)
ag(1+2(k+1))b2bl

as required. Now we are ready to prove the proposition. Since af € [, one inclusion

is obvious: Lok
(@) < To.

For the other inclusion we have by our first auxiliary result

—6(14+2k 6(1+2k
a; * 0 e (@Y

’
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and by the second one
6(14-2k 6(142k
a0 boby € (a7 ),

hence together
babi € fa ). 2.1)

Next, we observe that bf € ((b2b1 )1 since
(Cllaz_lbzblazal_l)(d%bzb]dl_z) = b% .
Moreover, aja; Le ((bf))r < {(bab1))r, since
(alaz_lbl_zazal_l)(al_laz_lbfazal) = a1a3_1.

It is easy to check that 'y is generated (as a subgroup of I') by {aja; L b%} and we
conclude that

_ (2.1)
Co = (ma;", B3 < (babi)r < (@ )p

Remark. A calculation with MAGNUS ([50]) shows, that moreover
(@’ = {ai*hr = To.

See Table 2.2 for the orders of some quotients of I', illustrating that Conjecture 2.5
could be reasonable.

| [T/l [A=1[2]3]4|5]6]7[8]9]10]11]12]
w = a, @, a3 214(2]4]2]4]2]4]2] 4] 2] 4
by, by, bs 214214242 ]4]2] 4] 2] 4

Table 2.2: Some orders of I'/ ((w ) in Example 2.2

In order to prove that 'y has no proper finite index subgroups, it could be useful to
have a non-trivial element y € I such that y* and y/ are conjugate for some &,/ € Z,
where |k| # |/|. As an illustration, we mention that Bhattacharjee has constructed
in [7] an amalgam without non-trivial finite quotients, essentially using in the proof
that there is a non-trivial element @ such that @ and a> are conjugate. However, this
technique is not possible for (2m, 2n)—groups by the following proposition which is a
special case of a result of Bridson-Haefliger ([9]):

Proposition 2.13. (Bridson-Haefliger [9]) Let T" be a (2m, 2n)-group and let y € T’
be a non-trivial element. Then y* can only be conjugate to y' if |k| = |I|.
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Proof. (Sketch, following Bridson-Haefliger [9]) Assume that y* and ! are conjugate
for some k,/ € Z. Then by [9, Proposition 11.6.2(2)], ¥ and y’ have the same
translation length, and by [9, Theorem I1.6.8(1)] we have |k| = |/|, using the fact that
the element y acts as a hyperbolic isometry on the CAT(0)-space 72, X T2,. O

By results of Wiegold-Wilson given in [67], the observation that ['g has no proper
subgroups of small index is somehow reflected in the next proposition on the slow
growth of the number of generators of direct powers. Recall that we denote by d(()
the minimal number of elements needed to generate the group G and by G* the direct
product of £ copies of G.

Proposition 2.14. Let T" be the group of Example 2.2 and | a positive even integer.
Suppose that {(w))r, = Lo for all words w € Ty of even length 2,4, ..., 2l. Let

1
b(l) = El{w elp:2<|wl <.

Then d(Fg) < 3 for each k < b(l).

Proof (Adapted from [67, Proof of Theorem 4.2]) Since w # w™! and |w| = |w™!|
for any non-trivial element w € I', we can choose a subset

S=1{y.,....vn} CTo

of cardinality A(/) such that SN S™! = @, and 2 < |y;| < [forall y; € §. Tt
follows that |)/i1)/,-2_1| e {2,4, ..., 2l} whenever y;,, y;, are different elements of S.
By assumption «)’il)/,-z_l» r, = [o. Note that I'g is generated by two elements, for
example by {af, bzbl_l}. We want to show by induction that Fg is for each k& < b(I)
generated by the element (y1, ..., ) and the diagonal subgroup of Fg (which 1s for
example generated by the two diagonal elements (a% ..... a%) and (bzbl_l, e, bzbl_])
in Fg). For k£ = 1, this is obviously true. We assume that 2 < k& < b(/) is fixed
and that Fg_l is generated by its diagonal subgroup and (y1, ..., v—1). Let H be
the subgroup of Fg generated by the diagonal subgroup of Fg and (y1, ..., ¥x). Our
goal is to show that H = Fg . If we think Fg_l embedded in Fg as a subgroup
Fg_l x {1} < Fg_l x Tg = I'¥ then for any y € I’y the group H contains by
assumption £ — 1 elements of the form

(v, I, ..., %), ..., (0,..., Ly, %),

9

where “x” are certain elements in 'y we do not have to care about. By construction,
H also contains the element

Gy ey D =) - .
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Computing the £ — 1 commutators

[()/, 19 vy 1’ *)7 (ylyk_lv ) yk—l)/k_l’ l)] )

[(1,...,1,y, %), (ylyk_l, e yk_lyk_l, D],
we see that H contains the £ — 1 elements
([)/7 ylyk_l]v 17 e ooy 1)7 AR ] (17 R} 17 [)/7 yk—lyk_l]7 l) .
Forj=1,...,k—1,1let N, be the subgroup of I'g

N; = (ly, )/jyk_l] cyelg) <Ty.
Then N; is a normal subgroup of I'y, since for each g € I'y
gly.vivi g =gy vy - g vive 1T e Ny

Note that y;7, ' N, € Z(To/N,), by definition of N;. Since (y;y; 'hr, = Lo, we
have ((yjyk_le))ro/Nj =To/N;and Z(I'o/N;) =To/N;,1.e.Ig/N; is abelian. But
then N; = TI'g, because I'g is perfect. In particular, I'g is generated by the elements
v,y yk_l] and H contains therefore the j-th direct factor of Fg . Since

A,...Ly)=0,...y)- L1, ...,)-...-(1,.... 1,y L D,
H also contains the k£-th direct factor of Fg , therefore H = Fg and Fg is generated by
three elements. O

Remark. We have used GAP ([29]) to check that {w))r, = o, whenever w € I'p has
length 2, 4, or 6. Note that 5(2) = 30, b(4) = 1230, b(6) = 42480, b(8) = 1354980.

Another example of an (A, 4¢)—group

In most of our main examples (e.g. Example 2.2, 2.18, 2.21, 2.26, 2.30, 2.33, 2.43,
2.46, 2.52 and 2.58) of this chapter, we always have [, ['] = 'y, where in addition
[ is perfect. The next example is different in this regard (see also Appendix C.6 for
more such groups), but it shares many other properties with Example 2.2.

Example 2.15.

alblal_lbz_l, albgaz_lbl, a1b3a1_1b3,
R33 = bylaxhy!, abia;'by!, ashrai'b
3.3 .= arb, axob, -, dxbia; 05, ax02a; 03,

a2b3a3_1b2, azbglaglbl, a3b1a3b2
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Theorem 2.16. Let " be the (6, 6)—group defined in Fxample 2.15.
(1) The statements of Theorem 2.3(1)~(3) and (5)-(8) also hold for this T'.
(2) [T, '] is not perfect, of index 32 in I, and T is not perfect either.

Proof. (1) We can use the same arguments as in the proof of Theorem 2.3, of course
with different generators of Py, and P :

po(br) = (1,5,4,3,2),
pu(b2) = (2,6,5,4,3),
po(b3) = (2,3)(4,5),
pn(ar) = (1,5,6,2)3, 4,
pnlaz) = (1,5,3)(2,6,4),
pn(az) = (1,3,5)(2, 4,6).

(2) Ttis easy to check that [", '] is the kernel of the surjective homomorphism

F—)Z%XZS

ay— (1 427,04+ 27,0+ 8Z)
a+— (1 +27,0+ 27,6+ 8Z)
az+—> (0+ 27,0+ 27,1+ 8Z)
bi— (0+27Z,1+42%Z,3 +8%Z)
by (0+27,1+42Z,3 + 87Z)
b3~ (1+27,1+427Z,0+8Z).

Note that the commutator subgroup of [I', I'] has index 6 in [[', '] and that
((a%))r is a perfect normal subgroup of I" of index 192. See Table 2.3 for the
orders of some other quotients. Moreover, [["g, ['g] has index 64 =4 - 16in [,
more precisely ng = Z1e.

O

Conjecture 2.17. Let I be the (Ae, A¢)-group defined in Example 2.15. Then T is
non-residually finite such that

() N =0r.TLIC T = (a)r
Var

Jor each k € N, and this subgroup of index 192 is simple.
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[Tr/@Fyr[Th=1] 2] 3] 4] 5] 6] 7] 8] o] 10]11] 12]

w=a 48 [ 192 | 48 | 192 | 48 | 192 | 48 | 192 | 48 | 192 | 48 | 192
a 8| 1624 | 32| 8| 48| 8| 64 (24| 16| 8| 96

as 41 24| 4| 48| 4| 24| 4| 9% | 4| 24| 4| 48

b1, b 4 8112 16| 4| 24| 4| 32|12 8| 4| 48
b3 6| 9% |16 192 |16 9 | 16| 192 |16 | 96 | 16 | 192

Table 2.3: Some orders of I'/ {w* ) in Example 2.15

Example: (Ag, M)y)—group

The famous group A2 was discovered by Emile Mathieu in 1861. It can be de-
scribed as a S-transitive subgroup of 41> of order 95040 and belongs together with the
other Mathieu groups M1, M2y, Moz and Moy to the list of 26 sporadic finite simple
groups. With the exception of symmetric and alternating groups, M1, and M4 are the
only finite S-transitive groups. See [25] for the relation to Steiner systems and more
background information on Mathieu groups.

Example 2.18.

-1 -1

-1 -1 —14-1
a1b1a2 b2 , albgal bl , albgal b

3

—1 -1 —1
a1b4a1 b4 , a1b5al b6 , a1b6a1 b

5

ab by,  wmbiaby',  awbiab)’,

R3¢ := 3 r .
-1

-1 —1 -1
a2b4a3 bS a2b5a2b6, a2b6 Clzb ,

azb;1a3b4, agblaglb; , a3b26t3—1b1—1,

a3b36tgb6_l, a3b5a3_1b4 1, a3b6a3b3_1

Theorem 2.19. Let I" be the (6, 12)-group of Example 2.18. Then
(1) P, = Ae, Py = M.
(2) Any non-trivial normal subgroup of U has finite index.
(3) T is not linear over any field, in particular irreducible.

(4) [T, '] = Lo and Ty is perfect.
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Proof. (1) We compute

pu(b1) = (2,6,5),

pu(b2) = (1,2,5),

pu(b3) = (2,5)3, 4),

pu(ba) = (2,5, 4),

pu(bs) = (2,3,5),

pu(bs) = (2,5)(3, 4),

pr(ar) = (1,2)(5, 6)(7, 8)(11, 12),

pn(az) = (1,2,7,5,4,3)(6, 11, 12, 10, 9, 8),
pn(az) = (1,2)(3,6)(4,5)(7,10)(8,9)(11, 12).

Observe that P, = M), is already generated by p;(a1) =: o and pp(a) =: 7,
since
on(az) = otlcrot’ot’otorio .

As a by-product, we get the following short finite presentation of A1, with two
generators and six relators:

M = (0,1 ]0%, 1% (07)°, (0T07)*, (617)°, (010 T?)’).

(2) We apply Proposition 2.1 or [17, Corollary 5.3], using the fact that the stabilizer
Stabp, ({1}) 1s the group generated by the three permutations

(2,8,10,12,5)(3,4,7,6,9),
(2,3,6,9)(5, 10,7, 12),
(5,8)(6,7)(9, 10)(11, 12),

which is isomorphic to the non-abelian simple group M7 of order 7920.
(3) It follows from [17, Theorem 1.4], see also Proposition 4.4 in Section 4.2.

(4) This is a short computation.
O

Conjecture 2.20. Let ' be the group defined in Example 2.18. Then its subgroup I'g
is simple.

Remark. By analyzing many (4, 12)-groups, we have observed that P, = M), can
be generated in several ways by {p; (a1), pn(az)}. We have found seven different cycle
structures for {p;(a1), pn(az)} generating M;;,. They are listed in Table 2.4:
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on(ay) on(az)

(3,4)(5,6)(7,8)(9,10) | (1,7,5,3,2)(6,12,11, 10, 8)
(3,4)(5,6)(7,8)(9,10) | (1,6,5,9,3,2)(4,8,7,12, 11, 10)
(3,6,5,4)(7,8,9,10) (1,4,2)3,8,6)(5,10,7)(9, 11, 12)
(3,6,5,4)(7,8,9,10) (1,6, 3,2)(4,8)(5,9)(7,12, 11, 10)
(3,6,5,4)(7,8,9,10) (1,7,3,2)(6,12,11, 10)
(3,6,5,4)(7,8,9,10) (1,9,6,3,2)(4,12,11,10,7)
(3,6,5,4)(7,8,9,10) (1,5,9,6,3,2)(4,8,12,11,10,7)

Table 2.4: Several pairs which generate AM>

Example: (Ag, ASL;(2))—group

See [25, p.55] for the definition of the affine special linear group ASL3(2). It can be
realized as a non-simple 3-transitive subgroup of Ag of order 1344.

Example 2.21.

alblctl_lb_l

—17-1
1 0[1[)3&1 b

Cllbzal_lb_l 4

2 ’
a1b4a2_1b3_1, a1b4_1a2_1b3, agblaz_lbz_l,
R3.4 = 9 ¢ .
a2b2a3_1b1, a2b3a2_1b4, azbz_lagbl_l,

a3b1a3b3_1, a3b2a3b4_1, azbzaz by
Theorem 2.22. Let I" be the (6, 8)—group defined in Example 2.21. Then
(1) P, = A¢, Py = ASL3(2) < Ss.
(2) Any non-trivial normal subgroup of T has finite index.
(3) T is not linear over any field, in particular irreducible.
(4) [T, '] =TgandTyis perfect.

Proof. (1) We compute

pu(b1) = (2,4,3),
po(b2) = (3,5, 4),
pu(b3) = (1,2)(3,4),
pu(bs) = (3,4)(5, 6),
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prlar) = (3, 4)(, 6),
prlaz) = (1,7,8,2)3, 4,6, 5),
pn(az) = (1,7,5,3)(2,8,6,4).

(2) Note that
Stabp, ({1}) = ((3,4)(5,6),(3,5,7)(4,6,8),(2,7,6,3)(4,8)) = PSL3(2)

is a non-abelian simple group. The statement follows now either from Propo-
sition 2.1, or from [16, Proposition 3.3.3] together with [17, Theorem 4.1], or
directly from [17, Corollary 5.3].

(3) The claim is a consequence of [17, Theorem 1.4], see also Proposition 4.4 in
Section 4.2.

(4) This is a short computation.
O

Conjecture 2.23. Let ' be the group defined in Example 2.21. Then its subgroup '
is simple.

Question 2.24. Let I be a (2m, 2n)-group such that any non-trivial normal subgroup
of T has finite index. Assume that A < U is a non-trivial perfect normal subgroup (of
Sfinite index). Is A simple?

2.2 A non-residually finite group

Non-residually finite (2m, 2n)—groups have been constructed by Burger-Mozes in [15,
16, 17] for 2m = 196 = 14%, 2n = 324 = 18 and independently by Wise in [68]
for 2m = 8, 2n = 6 using completely different techniques. See Example 2.39 in
Section 2.4 for the non-residually finite example of Wise. We present in this section
an irreducible (A4, Py)—group I' with P, < §j» quasi-primitive but such that the
quasi-center QZ(H>) is not trivial. Applying a result of Burger-Mozes ([17]), this
shows that I" is non-residually finite (Example 2.26).

We first restate a special case of the criterium for non-residual finiteness taken
from [17, Section 2.1] and adapted to our situation:

Proposition 2.25. (Burger-Mozes, [17, Proposition 2.1, Corollary 2.3]) Let I" be an
irreducible (2m, 2n)—group. If P, < Sz, is a quasi-primitive permutation group and
Ao # 1, then U is non-residually finite. (Similarly, if P, < S, is a quasi-primitive
permutation group and A1 # 1, then U is non-residually finite.)
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Example 2.26.
Ollblcll_lbl_l, Cl]bzaz_lbgl,

—17-1 —17-1
Cl]bgal b4 , a1b4a1 b5 ,

a1b5a1_1b6_1, aleaflbz_l,
R2.6 = 3 ¢ .

-1 —14z-1
a1b2 a2b3, a2b1a2 bS s

a2b2a2b3_1, a2b4a2_1b4,

a2b5a2_1b1_1, a2b6a2_1b6
Theorem 2.27. Let I be the (4, 12)-group defined in Example 2.26. Then

(1) Py = Ay, Py =PSLy(5) < S12, | Py] = 60.

(2) T isirreducible.

(3) P, is quasi-primitive, but not primitive.

(4) A> # 1, in particular QZ(H») # 1.

(5) T is non-residually finite.

(6) |, '] = g is perfect, but not simple.
Proof. (1) We compute

po(b1) = 0,

po(b2) = (2,4,3),
IOU(b3) - (1’ 2’ 3)9

pv(b4) = (),
pu(bs) = (),
pu(bs) = (),

pn(ar) =(2,6,5,4,3)(7,8,9,10,11),
pn(az) = (1,5)(2,3)(4,9)(6, 7)(8, 12)(10, 11).

(2) Figure 2.1 shows that we can apply Proposition 1.2(3a) using the fact that
a1by = byay and that p,(b3) = (1, 2, 3) acts transitively on the set

(1,2,3) 2 Ep\ oy} = {a1, @, a5 '}
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al an a aq
> > >
b1 b1 b5 A b4 b3
> > > >
alf -3 a a a

Figure 2.1: Tllustration to the proof of Theorem 2.27(2)

Note that the irreducibility criterion [17, Proposition 1.3] cannot be applied here,
since P, 1s not primitive and K, 1s a 3-group (|K;| = 27).

(3) The group P, is quasi-primitive, since it is simple and transitive. It has the non-
trivial blocks {1, 12}, {5, 8}, {4, 9}, {3, 10}, {2, 11}, {6, 7}, and is therefore not
primitive.

(4) The set B := {b3, b3, b3, b3, b3, b3}*! is a subset of A> by Lemma 1.1(1b),
since for each b € B and a € Ej we have p,(b)(a) = a and p,(a)(b) € B.
(5) We can apply Proposition 2.25.

(6) The first part of the statement is an easy computation. The group I'y is not
simple, since I'g N QZ(H>) is a non-trivial normal subgroup of I'y of infinite
index, using part (4).

O

See Table 2.5 for the orders of some quotients of I'. The infinite quotients in this
list, denoted by “c0”, correspond to elements in As.

[T/ )re| [ k=1]2] 3]4[5] 6[7]8] 9o[10]11]12]
w=a,a 2741 2T42] 4]2]4] 2] 4] 2] 4
by, ..., bg 214 (o0 |4|2|c0 24|00 4] 2|

Table 2.5: Some orders of I'/ {(w" ) in Example 2.26

Conjecture 2.28. Let I be the group defined in Example 2.26. Then

ﬂN:FO.



58

CHAPTER 2. NORMAL SUBGROUP STRUCTURE, SIMPLICITY

Note that by [17, Proposition 2.1], we have

(V> 1 < [H, A #1,

fi
N«

where Hz(oo) is the intersection of all closed finite index subgroups of H> < Aut(772),

but we do not know how to determine explicitly a non-trivial element in Hz(oo).

Substituting the non-residually finite (196, 324)—group m1(A13,17 X +A13,17) of
Burger-Mozes ([17]) by the non-residually finite (4, 12)—group of Example 2.26, we
can simplify some constructions made in [17]:

Proposition 2.29. (1) (See [17, Theorem 6.4] for the same statement but with lower

)

3)

bounds m > 109, n > 175. Note that the number 150 in [17, Theorem 6.4] is
a misprint and has to be replaced by 175) For every m > 9 and n > 13, there
exists a torsion-free cocompact lattice A < U(Azm) X U(A2y) which is virtually
simple and has dense projections.

(cf. [17, Theorem 6.5]) Any (2m, 2n)—group injects for any even natural num-
bers k > 4,1 > 4 in avirtually simple (Agy144%, Aanr2o11)—group.

(cf. [17, Theorem 6.5]) Any (2m, 2n)—group such that P, < A, and P, < Ay,
are even permutation groups, injects for any even natural numbers k > 4,1 > 4

in a virtually simple (A2 144k, A2ny2241)-group.

Proof. (1) We essentially imitate the proof of [17, Theorem 6.4], but replace the

(2)

3)

(14, 18)—complex Oy = 413,17 (which is also described in Example 3.26)
by the (46, As)—complex of Example 2.2, and replace the (196, 324)—complex
WX = 43,17 K A13.17 by the non-residually finite (4, 12)—complex of Ex-
ample 2.26. Note that we use in the proof that PSL,(5) < Sy» is even, i.e. a
subgroup of A4;5.

We embed the given corresponding (2m, 2n)—complex by [17, Proposition 6.2]
in a (4m, 4n)—complex ¥ with even local permutation groups. Then we apply
[17, Proposition 6.1] to the case where ©)x is the (4s, A¢)—complex of Exam-
ple 2.2, (VX is the non-residually finite (4, 12)—complex of Example 2.26 and
@x=7.

Same proof as in part (2), but without embedding the given (2m, 2n)—complex
in a (4m, 4n)—complex, since the local groups are already even by assumption.
O
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2.3 Virtually simple groups

We embed in this section the non-residually finite (4, 12)—group I' of Example 2.26
into an (Ae, A16)—group (Example 2.30), into an (As, A14)—group (described in Ex-
ample A.26), and into an (ASL3(2), A14)—group (Example 2.33). All three examples
turn out to be virtually simple by results of Burger-Mozes. Therefore, their minimal
normal subgroup of finite index (in other words, the normal subgroup of maximal fi-
nite index) is a finitely presented torsion-free simple group. We believe that this index
is 4 in our three given examples.

A virtually simple (A4g, A16)—group

Example 2.30.
bia; by bray '3, arbsa;'by
aonay oy, apbqa, 05, apbzd; b, -,
baa; ' by bsa; by beay by
aybsa; 05, a1bsa; Og, dA1bed; 0O, ,
-1 -1 -1
a1b7a2b8 , Cllbgazbg, albs Clzb ,
alb;laglb% Cllbz_lazbg, azblaz_lbs_l,
R3.g = 9 -

a2b2a2b3_1, a2b4a2_1b4, a2b5a2_1b1_1,

wbeay 'bs, abrazhy',  asbiaz'bs,

a3b2a3_1b2, a3b3a3_1b4 , a3b4a3_1b1,

a3b5a3_1b3, a3b6a3_1b6, Cl3bga3_1b5
Theorem 2.31. Let I" be the (6, 16)—group of Example 2.30. Then
(1) P = As, Py = Ass.
(2) T is non-residually finite.

(3) T is a finitely presented torsion-free virtually simple group, in particular the
minimal normal subgroup of finite index in I’

BRU
Nar

is a finitely presented torsion-free simple group.
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(4) We have amalgam decompositions
Iy xpy, Foo =T = F3 %py, 17

and
Aut(Ts) > Fis * g5 Fis =Ty = F;5 * s F5 < Aut(T6) .

(5) [T, '] =Toand Ty is perfect.
Proof. (1) We compute

pu(b1) = py(bs) = py(bs) = pu(bs) = (),

pu(b2) = (2,6,5),

pu(b3) = (1,2,5),

pv(b7) = (1,5,3)(2,4,6),

pu(bs) = (1,5)(2,6),

on(ay) =(2,6,5,4,3)(7,9,8)(11, 12, 13, 14, 15),

on(az) = (1,5)(2,3)(4,13)(6, 11)(8, 10,9)(12, 16)(14, 15),
on(az) = (1,13,14,5,9)(2, 15)(3, 12, 8, 16,4)(6, 11).

(2) The embedding of the (44, PSL2(5) < S12)—complex of Example 2.26 into X
(indicated by the twelve underlined relators in R3.g) induces a mi-injection by
Proposition 1.9(1). Since the (4, 12)—group of Example 2.26 is non-residually
finite, [" is also non-residually finite.

(3) Apply [17, Corollary 5.4].
(4) Use Proposition 1.3 and Proposition 1.4.

(5) These are easy computations.
O

Conjecture 2.32. Let T" be the (6, 16)-group of Example 2.30. Then g is a finitely
presented torsion-free simple group. Equivalently,

ﬂN:FO.
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A virtually simple (A4g, A14)—group

See Appendix A.4 for the definition of a finitely presented, non-residually finite,
torsion-free, virtually simple (A4g, A14)—group. It behaves as the (Ag, A16)—group of
Example 2.30.

Remark. It seems to be impossible to embed the (4, 12)—complex X of Example 2.26
into a virtually simple (4¢, A14)—complex. However, it seems to be easy to embed X
into a virtually simple (A45,,, A2,)—complex, ifm >3, n>8orifm >4, n=>717.

A virtually simple (ASL;(2), A14)—group

Example 2.33.
alblal bl , a1b2a2 b3 1, albgal b4 , a1b4a1 bS ,
1 1 1 -1
a1b5a1 b6 s a1b6a1 b2 s 0[1[)7612 1)7 , a1b7 a3b7,
a bz_lazb3, a2b1a2 b5 1, Clzbzazbgl, a2b4a2_1b4,
Ry7 1= a2b5a2 bl 1, a2b6a2_1b6, a2b7a4 b7 1, azbiayby, ([ -

a3b2a3 b31, a3b3a4 bzl, a3b4a4b7, a3b5a4b6_1,

a3b6a4b1_1, a3b7_1Q4b1, a3b6_1614b5, Clgbs_lcl4b6,

a3b4_1a4b5_1, agbglcmbg, agbl_la4b;1, Cl4b3a4b2_l
Theorem 2.34. Let I" be the (8, 14)—group defined in Example 2.33. Then
(1) P, = ASL3(2) < Sg, Py = A14.
(2) T is non-residually finite.
(3) T is a finitely presented torsion-free virtually simple group.
(4) There are amalgam decompositions
Frxpg I25 =T = Fyxpy, oo

and
Aut(78) > I3 *py, F13 = Do = F7 *p 7 < Aut(T14) .

(5) [T, '] =Tgand Uy is perfect.
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Proof. (1) We compute

pu(b1) = pu(ba) = pu(bs) = pu(bs) = (3,5)(4,6),
pu(b2) = (2,8, 7)(3, 4. 5),

pu(b3) = (1,2,7)(4,6,5),

pu(b7) = (1,2,4,6)3.8,7,5),

pnlar) = (2,6,5,4,3)(9, 10, 11, 12, 13),

pn(az) = (1,5)(2,3)(4, 11)(6, 9)(10, 14)(12, 13),
pn(az) = (1,6, 5, 11)(2,3)(4, 14, 8)(9, 10)(12, 13),
pnlas) = (1,11, 7)(2,3)(4, 10,9, 14)(5, 6)(12, 13).

(2) The embedding of the (A4, PSL,(5) < S12)—complex of Example 2.26 into the
(8, 14)—complex X (indicated by the twelve underlined relators in R4.7) induces
a mi-injection by Proposition 1.9(1).

(3) Apply [17, Corollary 5.3] (cf. Example 2.21 for the role of ASL3(2)).
(4) Use Proposition 1.3 and Proposition 1.4.

(5) These are easy computations.
O

Conjecture 2.35. Let I be the (8, 14)-group defined in Example 2.33. Then the sub-
group Uy is a finitely presented torsion-free simple group.

2.4 Two examples of Wise

We recall in this section two interesting groups of Wise ([68]).

Example 2.36. (See [68, Section 11.2.1], the transition from Wise's notations to ours
isgiven by x — ay, y v+ ar, av> by, b+ by, c+— b3.)

albgal_lbl_l, azbzaz_lbl_l,
N —14—1 —1z-1
R2.3 = a1b3a2 b3 , a1b1a2 b2 ,

—17-1 —17-1
Clzblal b3 , Clzbgal b2

Theorem 2.37. (Wise [68]) The (4, 6)—group I of Example 2.36 is irreducible and
not (b1, ba, bz)-separable.



24. TWO EXAMPLES OF WISE 63

Proof. See [68]. Let G be a group and H < G a subgroup. Recall that  is said to be
H-separable, if for each element g € G \ H, there is a homomorphism ¢ : G — O
onto a finite group O such that ¥ (g) ¢ ¥ (H). Itis shown in [68, Corollary I1.4.4] that
w(alaz_l) € W ({b1, b2, b3)) for every homomorphism ¢ : I' — O with finite 0. O

Remark. The proof of Theorem 2.37 given in [68] is based on the fact that the two
elements a>, b3 have no commuting non-trivial powers (this phenomenon is called
anti-torus and is proved in [68, Proposition 11.3.8]. Much more about anti-tori can be
found in Section 3.6). Note however, that (612, b3) is not a free subgroup of I since we
have for example the non-trivial relation b a, 3b2a2b3_ Yanbsa, = 1inT.

Using the separability property of the (4, 6)—group I' described in Theorem 2.37
and the following lemma of Long-Niblo ([44]), a doubling of I" along its subgroup
(b1, by, b3) (geometrically, doubling X along its vertical 1-skeleton ({x}, %)) leads
to the non-residually finite (8, 6)—group of Example 2.39. (By a double or a doubling
of a group G along a subgroup //, we mean the amalgamated free product G % ;;_ G,
where G < H is an isomorphic copy of G — H.)

Lemma 2.38. (Long-Niblo, see [44, Lemma, p.211]) Let 6 : G — G be an automor-
phism of a residually finite group G. Then G is Fix(0)—separable, where

Fix(0) :={g € G :0(g) = g}

is the subgroup of elements fixed by the homomorphism 6.
More precisely, if 0 : G — G is an automorphism and G is not Fix(0)—separable,
then

x'ox)e (| N,
Vo
where x € G \ Fix(0) is any element such that ¥ (x) € ¥ (Fix(9)) for all homomor-
phisms  : G — Q onto finite groups Q.

Proof. See [44]. Note that the same result is true for endomorphisms 6 : G — G of
finitely generated residually finite groups G, see [68, Theorem I1.5.2]. O

Example 2.39. (See [68, Section I1.5], where this example is called D)

Cllbzal bl 1, Clzbzdz bl 1, Cllb30l2 b31, a1b1a2 bzl,

v

. —1,-1 — 1 1 1
R4.3 = 9 agblal b3 s azbgcll b2 , a3b2a3 bl , a4b2a4 bl ,

—17-1 - 1 1 1
a3b3a4 b3 , a3b1a4 b2 , a4b1a3 b3 , a4b3a3 b2

The six underlined relators are the relators of Example 2.36 which is embedded in
Example 2.39.
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Theorem 2.40. (Wise [68, Main Theorem 11.5.5]) The (8, 6)—group I" of Example 2.39
is non-residually finite.

Proof. By [68], we have for example

612611_1613614_1 € ﬂ N.

fi
Nar

2.5 Constructing simple groups

Using an appropriate embedding of Wise’s non-residually finite group described in
Example 2.39 above, we construct in this section a virtually simple (419, A19)—group
(Example 2.43). Moreover, we are able to prove in Theorem 2.45 that its index 4
subgroup ' is a simple group. Therefore, we get an explicit description of a finitely
presented torsion-free simple group in Aut(779) x Aut(710), which moreover has the
form Fo xpy, Fo.

At first, we give two very elementary but crucial lemmas used in the proof of
Theorem 2.45.

Lemma 2.41. Let G be a group, H < G a non-residually finite subgroup of G and
h € H an element such that

l#he (M.
Man

heﬂN,
Vaa

in particular G is also non-residually finite.

Then

Proof. Let N < G be any normal subgroup of finite index in G. Obviously,
NNH<GNH=H.

Moreover
[H:(NNH)]<|[G:N]

is finite by Lemma 2.8, hence
he NNH <N

and we are done. O
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Lemma 2.42. Let G be a non-residually finite group and g € G an element such that
l#£ge ﬂ N.
Vo

Moreover, assume that the normal subgroup ((g)) G has finite index in G. Then

{ghs = N-

Proof. By assumption, {(g))c is a normal subgroup of G of finite index, hence

(o> () N
NG

The other inclusion follows directly from

ge ﬂ N G,
v
by definition of the normal closure of g. O

Now, we are ready to describe one of our main examples:

Example 2.43. Let Rs.5 be the set of 25 relators

—1z7-1 —17-1 —17— -1 -1
a1b1a2 b2 y albzal bl , a1b3a2 b3 , a1b4a2b5 , a1b5a5 b4,

albglagb_l, alb;1a3b5, albglaz_lbz, albl_laz_lbg, azbzaz_lbl_l,

‘ a2b4a2_1b5, a2b5a4b4_1, a3b1a4_1b2_1, a3b2a3_1b1_1, a3b3a4_1b3_1,

a3b4a4b5, a3b5_1a4b4, agbglaél_lbz, Olgbl_la;lbg, a4b2a4_1b1 y

-1 _—17-1 —1 —14z-1 —172-1 -1
a4b5 a5 b4 , 0[51)10!5 b3, a5b2a5 b5 , a5b3a5 bl , a5b4a5 b2

Proposition 2.44. Let I" be the (10, 10)-group of Example 2.43. Then
(1) Pp = Ao, Pv = 4o
(2) T is non-residually finite.

(3) T is afinitely presented torsion-free virtually simple group.
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(4) There are two amalgam decompositions
r=Fr 5 % §om F21
and two amalgam decompositions

[y = Fy ¥, Fy < Aut(719) .

(5) [T, '] =TgandTy is perfect.

(6) The number of generators d(I'*) grows linearly to infinity for k — oo, but
d(T'¥y < 3 forall k e N.

(7) Zr(as) = Nr({as)) = {(as).
(8) by € Zr (ag), in particular U is not commutative transitive.

Proof. (1) We compute

pu(b1) = (7, 8)(9, 10),

pu(b2) = (1,2)3,4),

pu(b3) = (1,2)3, H)(7, 8)(9, 10),
pu(bs) = (1,8,4,5)(2,7,3, 10),
pu(bs) = (1,9,4,8)(3, 10,6, 7),
prlar) = (1,2)(4,6,7,5)(8, 10,9),
prlaz) = (1,2,3)(4,5,7,6)09, 10),
prlaz) = (1,2)(4,5,7,6)(, 10,9),
pr(as) = (1,2,3)(4,6,7,5)(9, 10),
pn(as) = (1,3,10,8)(2,4,6,9,7,5).

(2) The embedding of the non-residually finite (8, 6)—complex of Example 2.39 into
the (10, 10)—complex X, indicated by the twelve (single or double) underlined
relators in Rs.5, induces a mi-injection by Proposition 1.9(1). The six relators
coming from Example 2.36 (which is embedded in Example 2.39) are doubly
underlined.

(3) Apply [17, Corollary 5.4].
(4) We use Proposition 1.3 and Proposition 1.4.

(5) These are easy computations.
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(6) We apply results of Wiegold-Wilson ([67]). First note that d(I") = 2, since for
example I' = (ay, by), and that d(I'g) = 2, since [y = (a%, b5b1_1) (this can be
easily checked with GAP ([29])). By [67, Theorem 2.2], we have d(I'f) = 2k,
if £ > 18. However, using the simplicity of 'y which is shown in the following
Theorem 2.45, the result [67, Theorem 4.3] implies d(Fg) <d(ly)+1=3for
all k e N.

(7) This follows from Proposition 1.12.

(8) We compute ag‘bl = blag‘. Obviously, a5 and ag‘ commute. Part (7) shows that
as and b7 do not commute and we conclude that I is not commutative transitive.
O

Theorem 2.45. Let I be the (10, 10)—group of Example 2.43. Then the subgroup I
is a finitely presented torsion-free simple group.

Proof. Using Proposition 2.44, we “only” have to show that
Fo= ] N.
N

1a3a4_1 € ['g. Then by Theorem 2.40 and Lemma 2.41 we have

weﬂN,

fi
Nar

Take w := aza;

hence by Lemma 2.42, using the fact that every non-trivial normal subgroup of I" has
finite index in I" (applying Proposition 2.1), we have

(whr= (] N.
N%l"
A computer algebra system like GAP ([29]) immediately checks that
[F . «w»r] = |(611, ., as, bl, ey b5 | R5.5, w)l =4,

Since [I" : I'g] = 4 and w € 'y, we conclude that

() N ={whr=T,.

Nar
Alternatively and more explicitly, one proves (w))r = ['g by checking that

Do = (may ', b3b !, b3bs ')
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ajay’ = (babswby by (bsw™'bS ) € (whr

b3bT = (b7 bsw ™ b5 by) (b1bswbs BT € (whr

b3bs ! = (b7 'b  whaby)(bsh ' w T babT) € (whr .

A finite presentation of the simple group [y is given as follows: We take the 37
.., 837 and the 100 relators of Table 2.6.

524534, 510523533, 511524535, 512519837, 513527831,

518520536, 517520832, 516524529, 514524530, 51510524533,
51512524532, S1513521536, 52526534, 528510525533, 52511526535,
$2812521532, 52518521531, I2516526529, 52514526530, 53510526933,
53518527536, 54527530, 54810827537, S4511527533, 54512527534,
558510519533, 85534, 85811519535, 85513524836, 55517522537,
85812525532, 85518525531, 5515519830, 55516519528, 56519534,

56518519536, 56512526537, 7510521533, $7520534, 57811521535,
87518526536, 57517526532, 87515521830, S7516521528, 8521534,

58512522832, 59516522533, 9513522834, $9522835, 59510522536,
56515528, 55514529, 56516530, S1518531, 59512532,

52817537, 528513536, 56510535, 56511533, 56514519529,
56513519531, 53517519532, 58515520528, S7514520829, 58516520530,
53513520531, 53512520837, 58510520535, 58511520533, 58514521529,
59517521837, 59511522528, 59518522829, §9514522830, $9515522531,
51514523829, 15523928, 51516523530, 56517523532, 54518523536,
57813523531, 57512523537, S1511523534, S1523535, 51515524528,
51517524537, 58518524531, 53514525529, S$2515525828, $3516525530,
58517525837, 58513525836, 535118525834, $3825835, 53515526528,
54813526531, 54514527535, S4515527832, 54516527528, 54517527529

Table 2.6: Relators of the simple group of Theorem 2.45

Of course, this presentation can be slightly simplified, for example using the iden-
tities §5 = s24 = s3_41. Applying the GAP-command ([29])

SimplifiedFpGroup (G) ;

we get a presentation of ['g with 3 generators and 66 relators of lengths between 18
and 113. Note that the deficiency of 'y is —63, cf. Section 4.6.
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Remark. The smallest finitely presented torsion-free simple group coming from the
construction given in [17, Section 6.5] either has amalgam decompositions

Aut(T38) > F7919 *Fygpoes 17919 = F47 *F3050, a7 < Aut(T7920) ,
ifwetake k =3,/ = 44, P, = A¢, P, = Asg, or has amalgam decompositions
Aut(Ta8) > 8279 *Fyop5.5 18279 = Fa7 *Fyg0e, 47 < Aut(Tg280) ,

if we take k = 3,/ = 45 and ¥ = s g9, using the notation of [17]. Observe that both
groups need more than 360000 relators in any finite presentation. Also the smallest
candidate for being a finitely presented torsion-free simple group in the construction
leading to [17, Theorem 6.4] has complicated amalgam decompositions

Aut(9218) > F349 *fyse05 F3490 = F217 ¥ 56, 1217 < Aut(T350) ,

needing more than 75000 relators. Obviously, it would be an enormous work to write
down a presentation of such a group.

More simple groups

Using exactly the same ideas as in Theorem 2.45, we embed now the non-residually
finite (8, 6)—complex of Example 2.39 into several (2m, 2n)—complexes with virtually
simple fundamental groups I'. See the following list (Table 2.7) for examples with

(2m, 2n) € {(10, 10), (10, 12), (12, 8), (12, 10), (12, 12)}.

As before, the group
M*:= (| N = (aa; 'aza; " Hr
Nar

is finitely presented, torsion-free and simple. In the list, we use the following notation:
In the third column, [2, 2] stands for Z% etc. and in the last column, for example
(9, 81, 9) means an amalgam decomposition Fq *p,, Fo. Note that 'y and I'* always
have two amalgam decompositions, a horizontal and a vertical one. Since ['* < Iy
is a subgroup, the index [I" : ['*] is a multiple of 4. In most (but not all) examples
listed below, we have [, ['] = ['*, in particular for these examples ‘F“b‘ = [T : T*]
and [I", I'] is simple. In all examples (in particular for those with I'* < [T, I']), we
compute that ['* is the group

{ler, a2, a1, D11, [an, D2], [an, B3], (a2, b1,
[az, b2, a2, B3], [B1, b2, (D1, B3], [b2, B3 ])r .

If [T : %] > |19

, we give the non-abelian quotient '/ I'*.
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Ex r rab r/r* | |reb| [* = (aa; 'aza; W
243 | (410, 410) | 12, 2] 4 (9, 81,9) = (9, 81, 9)
(410, 410) | 12,2, 2] 8 | (17,161,17) = (17, 161, 17)
(410, 410) | 12, 4] 8 | (17,161,17) = (17, 161, 17)
(410, 410) | 12, 6] 12 | (25, 241, 25) = (25, 241, 25)
(410, 410) | 2,2, 4] 16 | (33,321, 33) = (33, 321, 33)
(410, 410) | 2, 8] 16 | (33,321, 33) = (33, 321, 33)
(410, A10) | [2,10] 20 | (41,401, 41) = (41, 401, 41)
(410, 410) | 2,2, 6] 24 | (49, 481, 49) = (49, 481, 49)
(410, 410) | 12, 12] 24 | (49, 481, 49) = (49, 481, 49)
(410, 410) | 12,2, 8] 32 [ (65, 641, 65) = (65, 641, 65)
250 | (410, 410) | [2,20] 40 | (81, 801, 81) = (81, 801, 81)
(410, A1) | 12,2] 4 (11,101, 11) = (9, 97, 9)
248 | (410, 412) | [2,2] D 4°(31, 301, 31) = (25, 289, 25)
(410, 412) | 12,2, 2] 8 | (21,201, 21) = (17, 193, 17)
(A10, A12) | 12,2,21 ] S5 x 72 8 [ (61,601, 61) = (49, 577, 49)
(410, 412) | 2, 4] 8 | (21,201, 21) = (17, 193, 17)
2m = 12
(A2, Ag) |12, 2] 41 (7,73,7) = (11, 81, 11)
(A12, A3) | 12, 4] 8 | (13, 145, 13) = (21, 161, 21)
246 | (M, 4s) | 12, 2] 4 (7,73,7) = (11, 81, 11)
(A12, 410) | 12, 2] 41 (9,97,9) = (11, 101, 11)
(412, 410) | 12, 2] De 4] (25,289, 25) = (31, 301, 31)
(A12, 410) | 12,21 | Ds x Z» 4| (41,481, 41) = (51, 501, 51)
(412, 410) | 12,2, 2] 8 [ (17,193,17) = (21, 201, 21)
(A12, 410) | 12, 4] 8 [ (17,193, 17) = (21, 201, 21)
(A12, A10) | 12,2,2] | Da x Z» 8 | (33,385, 33) = (41, 401, 41)
(A12, 410) | 2, 6] 12 (25, 289, 25) = (31, 301, 31)
(A12, 410) | 2, 8] 16 | (33, 385, 33) = (41, 401, 41)
(412, 410) | [2,10] 20 | (41,481, 41) = (51, 501, 51)
(412, 410) | 12,2, 6] 24 [ (49,577, 49) = (61, 601, 61)
(M2, 410) | 12, 2] 4 (9,97,9) = (11, 101, 11)
(A12, 412) | 12, 2] 41 (11,121, 11) = (11, 121, 11)
(A2, 412) | 12,2, 2] 8 | (21,241, 21) = (21, 241, 21)
(A12, 412) | 2, 6] 12 | (31,361, 31) = (31, 361, 31)

Table 2.7: Many simple groups I'*
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Three more examples appearing in Table 2.7 (namely Example 2.46, Example 2.48
and Example 2.50) will be described now. We have chosen these three examples for
the following reasons:

¢ In Example 2.46, P, = M2, the fascinating Mathieu group.
e In Example2.48, I'* < [, T].
e In Example 2.50, [T" : ['*] = 40 is the largest such index in Table 2.7.

Here is the description of a (M5, Ag)—group:

Example 2.46.
—1,-1 —1z7-1 —1,-1
alb]az bZ , Cllbzal bl , a1b3a2 b3 , a1b4a3b4,
a1b4_1a2b_1, 0[1[)3_1612_1192, albl_laz_lb3, 0[2[)2612_1[)1—1,
—17-1 —1z-1 —17-1
a2b4a5b4, a3b1a4 b2 , a3b2a3 bl , a3b3a4 b3 ,
R6.4 = 3 ¢ .

asbla; vt asbylarlby, asbylap'bs, asbrallbil,

-1 —1 -1 -1 -1
a4b4 a5b4 , a5b1a6 bz, a5b2a6 b2 , a5b3a5 b3 ,

-1 _—-1,-1 -1 -1 -1 -1
Cl5b2 Cl6 bl , Cl5b1 Cl6 bl, Cl6b3616 b4 , a6b4a6 b3

Theorem 2.47. Let I" be the (12, 8)—group defined in Example 2.46. Then
(1) Py =M, Py = As.
(2) T is non-residually finite.
(3) T is a finitely presented torsion-free virtually simple group.
(4) There are amalgam decompositions
Iy *py, Fio =T = Fg xp, I

and
Aut(T12) > F7 * s F=2To = i * g, Fi1 < Aut(73) .

(5) [T, '] =Tgand Uy is perfect.

(6) Do is afinitely presented torsion-free simple group.
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Proof. (1) We compute

pu(b1) = (5,06)(7, 8)(9, 10)(11, 12),
po(b2) = (1,2)(3,4)(5,6)(7, 8),

pu(b3) = (1,2)(3,4)(9, 10)(11, 12),
pu(by) = (1,11,5,9,10)(2, 12, 3, 4, 8),
pn(ar) = pnlaz) = (1,2)(4,5)(6,8,7),
pr(a2) = pplag) = (1,2,3)(4,5)(7,8),
pnlas) = (1,7)(4,5),

pnas) = (2,8)(3,5,6,4).

(2) The embedding of the non-residually finite (8, 6)—complex of Example 2.39
into the (12, 8)—complex X (indicated by the twelve underlined relators in Rg.4)
induces a m1-injection by Proposition 1.9(1).

(3) Weuse [17, Corollary 5.3] and conclude as in [17, Corollary 5.4].
(4) Use Proposition 1.3 and Proposition 1.4.
(5) These are easy computations.

(6) The proof is in the same spirit as the proof of Theorem 2.45.
O

Our next exampleis an (419, 412)—group I with a simple subgroup ['* of index 12
such that I'/ I'* is non-abelian:

Example 2.48. Let Rs.¢ be the set of relators

a1b1a2 b2 , albzal bll, a1b3a2 b3l, a1b4a2b;1, a1b5a2b5_1,

a1b6a4_1b4, 0[1[)6_1614[)6, albs_laz_lb5, Ollb4_la4_lb6_l, albglaz_lbg,

-1 -1 1 1 1 -1
Cl]bl Cl2 b3, Clzbzdz bl , a2b4a3 b6 , a2b6a3 b4 , a2b6 a3b6,

a3b1a4 bzl, a3b2a3 bll, a3b3a4 b31, a3b4a5b5, a3b5a4 b41,

agbs_laél_lbgl, agbglaél_lbz, Clgbl_laél_lbg, asbra; bll, a4b4_1a5b_1,

a5b1a5 bl 1, Cl5b2615_1b2, a5b3a5_1b5, a5b4a5 b3 1, Cl5b60l5_1b6
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Theorem 2.49. Let I" be the (10, 12)—group defined in Example 2.48 and let

r* .= ﬂ N.
Vir
Then
(1) Py = 4y, Py = 412
(2) The group T'* is finitely presented, torsion-free and simple.

(3) The finite index subgroups of ' and the normal subgroups of I" are completely
known (and explicitly described below).

Proof. (1) We compute

pu(b1) = (7, 8)(9, 10),

po(b2) = (1,2)(3,4),

pu(b3) = (1,2)(3,4)(7, 8)(9, 10),
pu(bs) =(1,9,8,5,7,10,2,3, 4),
pu(bs) = (1,9, 10,2)3, 4,6)(7, 8),
pu(bs) = (1,4,10,7)(2,3,9,8),

prlar) = (1,2)(6,9)(10, 12, 11),
prlaz) = (1,2,3)(4,6)(11, 12),

pn(az) = (1,2)(4,5,8)(7,9)(10, 12, 11),
prlas) = (1,2,3)(4,7)(5,9, 8)(11, 12),
pn(as) = (2, 11)(3, 4, 8)(5,10,9)(6, 7).

(2) Same proof as in the previous theorems.

(3) We have used GAP ([29]) for the computations. Look at the following diagram
(Figure 2.2), which describes all subgroups of I of finite index (I" has no non-
trivial normal subgroups of infinite index by Proposition 2.1).

Here are some explanations: Ny, Na, N3, N, are normal subgroups of I'. The
subgroups Hi, H»>, Hz are not normal. The index in I" is given on the left hand

side of the diagram. All arrows are inclusions. The subgroups of I' are defined
as follows:

Ny :=ker(l' = &), ai— (), b; — (1,2)

Ny :=ker(I' — 8), a; = (1,2), b; = ()
N3 :=ker(I' - 8), a; — (1,2), b; — (1,2).
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3 H,
4 Lo
6 H> Ny H;

L=

12 r*
Figure 2.2: Subgroups of Example 2.48

Ny :=ker(I' - 83)
ar,ar — (1,2)(3,5)(4, 6)
as,ay,as +— (1,3)(2,4)(5, 6)
b1, b2, b3, by, bs > ()
bs+— (1,4,5)(2,3,6).

Hy == (a1, asa; ', by)
H2 = (Cll, Cl5613_1, bzb]_l)
H; = (a5a3_1, blal_l, bzal_l).
We have
[/T* = Ds, T/Ny =83, Hy/T* =173,
Ni/T* =83, NoJTT* =1Zs, N3/T* = 83,
[[, ] =[N1, N1l =[N3, N3] =T,
[To, Dol = [Na, Nol = [N4, Nal = [H1, Hil = [H>, Ho] = [H3, 3] =T".

The following commutators are not in ['*:

a1, a3], [a1,a4l, [ay,as], lai, bel,
(a2, &3], [az, asl, lao, asl, lao, bel, [az, bel, [as, bsl, las, bs].
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[ o/ [k=1] 23] 4[5] 6]7] 8[o[10]11]12]

w=a,...,ds 201212112 12|12(2(12|2|12| 2|12
b1, ...,bs 6|12(6|12|6|12(6(12|6|12| 6|12
be 21 46| 412|122 4|6| 4| 2|12

Table 2.8: Some orders of I'/ {w* ) in Example 2.48

In addition, see Table 2.8 for the orders of some quotients of I".
O

Here 1s an example of an (419, 410)—group with a simple subgroup of index 40:

Example 2.50. Let Rs.5 be the set

—14z—1 —14z-1 —14z—1 —1gz-—1
a1b1a2 b2 y a1b2a1 bl , a1b3a2 b3 y a1b4a3b4, a1b5al b5 y

a1b4_1a2b_1, Cllb;laz_lbz, Cllbl_lclz_lbg, Clzbzaz_lbl_l, a2b4a4b4,

—17-1 -1_-1 —17-1 —17-1 —17-1
1 r .
a2b5a5 b5 , Clzbs Cl5 b5, a3b1a4 b2 , a3b2a3 bl , a3b3a4 b3 ,

a3b5a4b4_1, a3b5_1a4b_1, a3b4_1a4b5, agbglaét_lbz, agbl_lclél_lbg,

—1z7-1 —1 —1z7-1 —1 -1
a4b2a4 bl , Cl5b]6ls b3 , a5b2a5 b2 , a5b3a5 b4, a5b4a5 b1

Theorem 2.51. Let I" be the (10, 10)—group of Example 2.50 and define
.= m N.
Vir
Then
(1) Py = Ay, Py = Ao
(2) T* is a finitely presented torsion-free simple group.

(3) All finite index subgroups of I are normal. They are visualized in the following
diagram (Figure 2.3), where all arrows are inclusions.
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10

20

40

Ny Ni3 N1z

e

F*

Figure 2.3: Subgroups of Example 2.50

Proof. (1) We compute

po(b1) = (7,8)(9, 10),

pu(b2) = (1,2)(3,4),

po(b3) = (1,2)(3,4)(7, 8)(9, 10),
pu(bs) = (1,9, 4,8)(2,10,3,7),
pu(bs) = (2,5)(3,7)(4,8)(6,9),

prlar) = (1,2)(4,7)(8, 10,9),
pn(a2) = (1,2,3)(4,7)(9, 10),
pn(as) = (1,2)(4,5,6,7)(8, 10,9),
pnas) = (1,2,3)(4,5,6,7)(9, 10),
pnlas) = (1,7,3)(4, 8, 10).

(2) We apply the same strategy as in the previous theorems.
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(3) Using GAP ([29]), we have computed

T/N =7
T/N> = 7
[/N3 = 7,
T/Ny = Zy4
[/Ns = 74
[/Ne =73
['/N7 = Zs
[/Ng = Zo x Zy
['/No = Zyo

['/Niwo = Zo
/N = Zyo
[/Ni2 = Zy x Zo
['/N13 = Zx
[/Nwy = Zy

[/T* = 7 x Zao .

See Table 2.9 for the orders of some quotients of I":

[ Tr/r[Jk=1]2]3]4] 5]6[7[8]9]10[11[12]20]

w=daj,...

, ds

2

4

2

8

10

4

2

812(120] 2

8

40

by, ...

, bs

2

4

2

8

10

4

2

812(120] 2

8

40

Table 2.9: Some orders of I'/ {w" ) in Example 2.50

77

See Appendix C.7 for a long list of other embeddings of the non-residually finite
(8, 6)—complex of Example 2.39 into (10, 10)—complexes X such that P, and P, are

both primitive permutation groups.
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2.6 A non-simple group without finite quotients

We use an embedding of the non-residually finite (8, 6)—complex of Example 2.39
intoa (10, 10)—complex to get a non-simple group ['g < Aut(779) x Aut(77¢) without

proper subgroups of finite index.

Example 2.52. Let Rs.5 be the set of relators

—17-1 —1,-1
a1b1a2 b2 , Cllbzal bl ,

-1
a b3a2 b3 ,

arbta by, abytay b,

Cllbl_lclz_lbg,

aybsa; bs,

-1
a2b2a2 bl ,

-1 —1z-1 —1.-1
axby ay b, ", asbia, b, ",

—14—1
a3b2a3 bl ,

—1z—-1
a3b3a4 b3 ,

-1

1
5 . @b aybs,

a3b5_1a5_1b

a4b5_1a5b5_1, asbiasby,

0[3[)3_16!4_1[)2,

agbfla;1b3,

a bs_lazb;l ,
axbyazbs,

a3b5a4b4_1 ,

—15-1
a4b2a4 bl ,

as bzas_l b3,

as b3a5_1 b»,

a5b4_1a5b1_1

Proposition 2.53. Let I be the (10, 10)-group defined in Example 2.52. Then

(1) P < 810 is transitive, but not quasi-primitive; P, = Sy.

(2) [T, T'] =ToandTy is perfect.

(3) There are two amalgam decompositions

[ = Fs xp,, o

and two amalgam decompositions

[og = Fy * g, Fy < Aut(Tg) .

v

(4) T is non-residually finite, in particular not linear over any field and irreducible.

Proof. (1) We compute

pu(b1) = (5,6)(7,8)(9, 10),
po(b2) = (1,2)(3,4),
po(b3) = (1,2)(3, 4)(7, 8)(9, 10),

pv(bg) = (1,4,8,9,2,3,7,10)(5, 6),
pv(bs) = (1,9,2,10)(3, 5, 7)(4, 6, 8).
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These permutations generate a transitive group P, < Sio of order 3840 which
is not quasi-primitive, since P, has a normal subgroup of order 2 generated by
the element (1, 2)(3, 4)(5, 6)(7, 8)(9, 10) = py(b1)py(b2).

pnlar) = (1,2)(4,7,5,6)(8, 10,9),

pn(az) = (1,2,3)(4,7,5,6)(9, 10),

pr(az) = (1,2)(4,5,6,7)(8, 10,9),

pnlas) = (1,2,3)(4,5,06,7)(9, 10),

pn(as) = (1,7)(2,8)(3,9)(4, 10)(5, 6).

(2) These are easy computations.

(3) We use Proposition 1.3 and Proposition 1.4. To apply Proposition 1.4, the only
thing to check is that p, (Fn(z)) < 5, 1s transitive, but here we have

Py = (pu(B7), pu(b162), pu(b164), pu(B3)) ,
in particular p, (Fn(z)) = py(F},) = Py in the notation of Proposition 1.4.

(4) We use the fact that the non-residually finite (8, 6)—complex of Example 2.39
embeds into the (10, 10)—complex X, see the twelve underlined relators in Rs.s.
O

Theorem 2.54. Let I" be the (10, 10)-group defined in Example 2.52. Then
(1) The subgroup T has no proper subgroups of finite index.
(2) T[g is not simple.

Proof. (1) By construction, the non-residually finite complex of Example 2.39 is
embedded into X. Take w := aza; 1a3a4_1 and

r* .= ﬂ N.
N
As in Theorem 2.45, we observe that {w)r = I'p, in particular (w)p > I'*.
Since w € I'’*, using Theorem 2.40 and Lemma 2.41, we conclude that

{whr =T* =TY.

Assume now that M is a finite index subgroup of ['g. Then M also has finite
index in I" and therefore

M > ﬂL: ﬂN:F*:FO,
t“r WY

using Lemma 2.6, hence M = I'y.
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(2) QZ(Hy) N Ty is a non-trivial normal subgroup of infinite index in I'g. More
precisely, let 4 be the set

. —1,\2 -1 2 —-1,\2 -1 2 A+l

Then A C A1 NTo < QZ(Hy) N Ty, since foreacha € 4 and b € E,, we have
pr(a)(b) = b and p,(b)(a) € A, using Lemma 1.1(1a).

Note that we have | Fg1\ Fo/Fg1| = 3 for the vertical amalgam decomposition of
o = F9 xp, Io (more than 2 by Proposition 1.6, since P}, is not 2-transitive),
and Iy 1s therefore even SQ-universal, according to Proposition 1.7.

O

Remarks. (see Appendix D.1 for much more history)
(1) Higman’s group
H={a,b,cd| b~ lab = az, c e = bz, dled = c2, a lda = dz)

introduced in [34], has no proper subgroup of finite index. There is another
similarity to the group I'p of Example 2.52: Using small cancellation theory,
Schupp proved in [62] that H is SQ-universal. By the way, H was used to show
the existence of a finitely generated infinite simple group (one takes the quotient
of H by a maximal normal subgroup of /'), thus answering a question posed by
Kuros ([42]).

(2) Bhattacharjee has constructed in [7] an amalgam /3 *f, F3 without non-trivial
finite quotients. It is not clear if it has proper infinite quotients.

(3) In [68], Wise gave a construction of a square complex, whose fundamental
group has no non-trivial finite quotients.

As usual, we give in Table 2.10 orders of some quotients of the group I" defined in
Example 2.52. The infinite quotients in the table correspond to elements in Ay.

[ /@[ Jk=1]2]3] 4[5[6]7] 8[9[10]11]12]

w=ai,...,a4 214112 4121412 42| 4| 2| 4
as 21412024120 |2] 4| 2|
by,..., bs 214112 4121412 42| 4| 2| 4

Table 2.10: Some orders of I'/ {w*)  in Example 2.52
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2.7 A group which is not virtually torsion-free

Using an idea of Wise ([68, Section I1.6]), we construct a finitely presented infinite
quotient O of an (8, 8)—group such that Q is not virtually torsion-free, i.e. each sub-
group of Q of finite index has non-trivial elements of finite order.

Lemma 2.55. (Wise, cf. [68, Easy Lemma 11.6.1]) Let G be a non-residually finite
group and g € G a non-trivial element such that

ge ﬂ N
VG

and assume that g ¢ (g")G for some n > 2 (equivalently: (g")c < (g)g). Then
the quotient G /{(g")) G is non-residually finite and not virtually torsion free

Proof. (cf. [68, Proof of Easy Lemmall.6.1]) Let H < G/{(g"))c =: O bea subgroup
of finite index (say of index k). Let ¥ = ¢ o w be the composition homomorphism

VG505 s
where m is the canonical projection and ¢ is induced by left multiplication on left

cosetsin O/ H,i.e. ¢p(q)(qiH) := qq; H (ct. proof of Lemma 2.6). Since keryy < G
and [G : ker ] < |Sk| = k! is finite, we have g € ker iy, hence

n(g) = g(g" Ve e kerp < H.

By assumption g ¢ ((g"))G, which implies g{(g"))¢ # 1p. We conclude that Q is
non-residually finite.
H 1s not torsion-free, since (g(g")g)" = (g")c = 1x. O

Example 2.56.

Cllb10l2 bzl, Cl]bzal bll, a1b3a2 b3l, a1b4a2_1b4,

—1z—1 -1, -1 -1 -1 1
alb ay, b, ", aiby a; by, arb; a; b3, a2b2a2 by,

Ryq =4 -

azbiay bzlv azbray bllv azbza, b31’ a3b4a3_1b4,

-1_-1 -1 _-1 1 —17-1
a3b3 614 bz, Clgbl Cl4 b3, Cl4b2614 bl , a4b4a4 b4
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Theorem 2.57. Let I be the (8, 8)-group defined in Example 2.56 and let w be the
element axa; 1a3a4_1. Then Q = T'/{w?)r is non-residually finite and not virtually
torsion-free. More precisely, the element

w{w)re [ N<0
NG
has order 2 in Q.

Proof. The non-residually finite (8, 6)—complex of Example 2.39 embeds into the
(8, 8)—complex of Example 2.56 and induces a mi-injection by Proposition 1.9(1),

in particular
w e ﬂ N
ey
by Lemma 2.41. Note that w ¢ A, since p,(w)(by) = b;l # by (see Figure 2.4).

al an as ay
> < > <
by a v by A by v by \ A
> < > <
an al as ay

Figure 2.4: Nllustrating p,(w)(b4) = b4_1 in Example 2.56

However, by Lemma 1.1(1a), the set

1 1

. 2 1, —1\2 1 12 112
A={w", (ma; asa37 )", (aay azay ), (aa; asaz )7}

is a subset of A1, since for each a € 4 and b € E, we have py(a)(b) = b and
pu(b)(a) € A. Using w? € Ay <t T, we conclude that (w?)r < A and therefore
w ¢ (w?)r. Now apply Lemma 2.55 to the quotient I'/ (w?)r-. O

Remark. Let " be a (2m, 2n)—group such that every non-trivial normal subgroup of I'
has finite index, for example by Proposition 2.1. Then every quotient of I" is either
torsion-free (if the quotient is I'/1 = I') or finite, in particular virtually torsion-free.

2.8 Locally primitive, not 2-transitive

To guarantee that an irreducible (2m, 2n)—group has no non-trivial normal subgroup
of infinite index, it is required in Proposition 2.1 that both local groups P, and P,
are 2-transitive. We construct now an irreducible (4¢, P,)—group, where P, < Sio
is primitive, but not 2-transitive. All primitive permutation groups are 2-transitive in
degree 2, 4, 6, 8, 12 and 14, see Table C.1.
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Example 2.58.
b —1g— —17-1 -1
a 10[1 b2 , a1b2a2 b3 , a1b3a2 bl,
a1b4a2_1b5_ , a1b5a2_1b5, albs_laz_lbll,
R - -1 -1 -1 _-1 —1
35 =\ aib, axb; ., a1b; a; b3, a1b; axby, -

wmbia;'by,  abrai'by,  azbiasb,

a3b3a3_1b3_1, a3b4a3b4_1, a3b5a;1b5
Theorem 2.59. Let I" be the (6, 10)—group defined in Example 2.58. Then
(1) Py, = As; Py = 85 < S10 is primitive, not 2-transitive.
(2) There are two amalgam decompositions of T:
Fsxpy Fi3 =1 = 3 %p, I .
There is a vertical decomposition of T
o = Fo xpy, Io,

acting locally like Ae (but possibly not effectively) on the tree 7>, = s, and a
horizontal decomposition

o = Fs xpy, F5 < Aut(T10) ,

where the (effective) action on T is locally like S5 < S1o, in particular locally
primitive, but not locally 2-transitive.

(3) Hbz(F; R) is infinite dimensional as R-vector space (cf. Theorem 2.3(8)).
(4) T is SQ-universal, in particular not virtually simple.
(5) [T, '] =Tgand Ty is perfect.
(6) T is not linear over any field, in particular irreducible.
Proof. (1) We compute

po(b1) = (1,5,4,3,2),

po(b2) = (2,6,5,4,3),

pu(b3) = py(bs) = (1,2)(5, 6),
pu(bs) = (1,2,6,5)(3,4),
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pnlar) = (1,7,9,10,3,2)(4,6,5),
prlaz) = (1,8,9)(2,4,10)(5,6,7),
prlaz) = (1,9)(2, 10)(5, 6).

The action of Pv(z) on the sphere S(x,, 2) has two orbits of size 60 and 30,

respectively. Observe that in general the action of PP ons (xy, 2) 1s transitive
if and only if P, is a 2-transitive permutation group. Note that P, acts like Ss
on the set of 2-element subsets of {1, 2, 3, 4, 5}.

(2) Use Proposition 1.3 and Proposition 1.4. The explicit horizontal decomposition
of 'y can be found in Appendix A.S.

(3) In the horizontal amalgam decomposition I' = 73 xp,, F11 we have
|[F21\I3/F21] =3 and |[F11/F21| =2.

See Proposition 1.6 for an easy method to compute |F21\F3/F21|. Now we
apply a result of Fujiwara ([28, Theorem 1.1]), which states that H b2 (A*c B; R)
is an infinite dimensional R-vector space if |C\4/C| > 3 and |B/C| = 2.

Note that the assumptions of Fujiwara’s theorem are not fulfilled in the two
(F3 *xp; I77)—decompositions of Example 2.2, since |/13\F3/F13| = 2 due to
the 2-transitivity of P, and P, in Example 2.2.

(4) Apply Proposition 1.7 to I' = F3 xp,, F11. Observe that I does not satisfy the
assumptions of the normal subgroup theorem [17, Theorem 4.1], since H> is not
locally 2-transitive and consequently not locally co-transitive.

(5) This is a short computation.

(6) It follows from [17, Theorem 1.4], see also Proposition 4.4 in Section 4.2.
O

Proposition 2.60. Let I be as in Example 2.58. Then
(@) =To, if ke (2+6l.4+6l), 1 €Ng.
Moreover, {(a®)1 = ((@*)r = (a;®)r = To.

Proof. For the first part, we only give the idea of the proof, which is essentially the
same as in the proof of Proposition 2.12: show that {(b4b5))r = g and ((b%))r =T,
then show that for / € Ny

babs, k=246l

—k/1.—1 k1.—1
ay” (b5 bsaybybs) = {b2 k=446l
5, = .

We have checked the second part of the proposition with MAGNUS ([50]). O
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Conjecture 2.61. The group U of Example 2.58 is non-residually finite and

ﬂN:FO.

See Table 2.11 for the orders of some quotients of I".

| D/ [k=1]2]3]4]5]6|7[8]9]10]11[12]
w=ai, a, a3 242424242 4] 2] 4
bi,...,bs 2[4]2]4]2]4]2]4]2] 4] 2] 4

Table 2.11: Some orders of I'/ (w*)) 1 in Example 2.58

We also would like to construct an explicit non-trivial infinite index normal sub-
group of T, for example given as normal closure of one element or of several elements,
but we did not manage to do this. What follows is a mix of ideas to achieve this goal, a
possible application to Kazhdan’s property (T), and some remarks on SQ-universality.

Conjecture 2.62. Let I be the group defined in Example 2.58 and x, a vertex in 7.
Then every orbit of the H»(x,)—action on d~, T is uncountable.

“Proof”. Studying the orbits of the local action of H, on finite spheres S(x,, k), we
believe that the orbit of any boundary point w € 0770 under the H>(x,)-action
contains the uncountable boundary at infinity d770.4,7 of a certain infinite subtree
T10:4,7 C T10. This subtree contains S(x,, 1) and the valency of any vertex y, # x, is
either 4 or 7 (depending on w), but constant on finite spheres S(x,, k).

More precisely, we imagine reduced paths in 77¢ originating at x,, to be labelled by
freely reduced words in the free group (b1, ..., bs). Using the explicit isomorphism
E, ={1,...,10} described in Section 1.4, we identify the sphere S(x,, &) with the
set of k-tuples

{(el,...,ek)e{l,...,lO}k:e,-+e,-+1 # 11 foreachi € {1,...,k— 1}}.

For each £ > 2, we define an equivalence relation ~; on S(x,, k) as follows. First,
~, gives a partition of S(x,,2) into two equivalence classes consisting of 30 and
60 elements, respectively. The equivalence class with 30 elements is the set {(1, 3),
(1,95), (1,9), 2,6), 2,7), (2,10), 3,4), (3,5), 3,0), (4, 1), (4,4), (4,9), (5,2),
(5,8), (5,9), (6, 1), (6,8), (6,10), (7,3), (7,7), (7,8). (8,2). (8, 4), (8, 10), (9, 1),
9,3), (9, 6), (10, 2), (10, 5), (10, 7)}. For k > 3 we define

(er,....e) ~k (f1...., fi) = (e, eiv) ~2 (fi, fixD) Vi €fl, ... k—1}.

Note that we have 2F~1 equivalence classes on S(x,, k) with respect to ~, where the
number of elements in each class is 10 - 6/ - 3¥=1=J for some j € {0, ...,k — 1}. We
have checked that the H>(x,)—action induces exactly the equivalence relation ~; on
S(xy, k) fork =2,3,4. O
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As a “corollary” of Conjecture 2.62, we have
Conjecture 2.63. Let I be the group of Example 2.58. Then QZ(H>) = 1.

“Proof”. 1f Conjecture 2.62 holds, then we follow verbatim the proof of [16, Propo-
sition 3.1.2, 1)]: Let § C 04770 be the set of fixed points of hyperbolic elements
in QZ(H>). Then § is countable, since QZ(H>) is countable, which follows directly
from the fact that QZ(H>) is discrete (see [16, Proposition 1.2.1, 2)]). Moreover, S is
Hs-invariant, since QZ(H;) is a normal subgroup of H>. We could conclude by Con-
jecture 2.62 that .S is empty, in other words QZ(H>) has no hyperbolic elements. On
the other hand, QZ(H>) acts by [16, Proposition 1.2.1, 2)] freely on the vertices of 77¢
(in particular, there are no elliptic elements in QZ(H>) \ {1}), hence |QZ(H>)| < 2.
But then, QZ(H,) € Z(Hz) = 1. O

See the subsequent Table 2.12 to check that small powers of b1, ..., b5 are not in

the group A, < QZ(H>) (see also Appendix A.S for a computation of Ipf)k) (w)| for
all words w of length 2 and £ < 5).

o] Jk=1] 2] 3] 4] 5]

w = by, by 5110 | 100 { 600 | 3000
b3 21 10| 50| 100 | 1000
by 41 8| 401|200 | 1000
bs 21 4| 20| 40| 1200

Table 2.12: Order of pf}k) (w) in Example 2.58

For instance, it follows from this table that b{ ¢ Ay, if 1 < j < 3000, using the
following general lemma.

Lemma 2.64. let I' = (ai,...,apy,b1,...,b, | Ry.n) be a 2m,2n)-group and
b e (by,...,b,) an element such that b’ € A; for some j € N. Then |pf)k)(b)| <jJ
foreachk € N.

Proof. Fix any k € N. Using the identification
Ay = ﬂ kerp(®)
keN
we get

(PP ®) = o) =15, 0,

hence [p" (b)| < j. O
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o) Jk=1] 2] 3] 4]

w—a 61272432
@ 3 6|12 72
a 21 4| 8| 16

Table 2.13: Order of p;(lk)(w) in Example 2.58

Compare Table 2.12 to Table 2.13, where we already know that QZ(H) is trivial
by [16, Proposition 3.1.2, 1)].
Conjecture 2.63 implies another conjecture:

Conjecture 2.65. Let I be the group of Example 2.58 and let N < T" be a non-trivial
normal subgroup of infinite index. Then I /N is an infinite group having property (T)
of Kazhdan.

“Proof”. We know that QZ(H;) = 1 (see [16, Proposition 3.1.2, 1)]) and assume
that QZ(H,) = 1 (see Conjecture 2.63). For 1 # N <" andi = 1,2, we have
1 # pr;(N) < H;. By [16, Proposition 1.2.1] H;/pr;(N) is compact. We can apply
[17, Proposition 3.1] to conclude that ' /N has property (T).

Note that there are uncountably many non-isomorphic infinite quotients ['/N,
since I is SQ-universal by Theorem 2.59(4) (see [56], the proof is based on the
fact that there are uncountably many non-isomorphic finitely generated groups, but
each quotient '/ N, being countable, has only countably many finitely generated sub-
groups). 0

A homomorphism of B. H. Neumann

Proposition 2.66. (Neumann, see [55]) Let A, B, C be groups, iy : C — A and
ip : C — B two injective homomorphisms and assume that A # 1. Then there is a
surjective homomorphism

p:Axc B— P <Sym(4 x B),

suchthat P # 1. In particular, if p is not injective, we get a non-trivial proper quotient
P = (A xc B)/ker p of A xc B, and if p is injective, then A xc B < Sym(4 x B).

Proof. (cf. [55]) We fix right coset representatives S4 = {ay = 1,ap, a3, ...} and
Sp:=1{b1 =1,by,b3,...} of Cin 4 and B, respectively, i.e.

A=||Cai and B=| |Cb;.
i J
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We will define two homomorphisms
p4:A— Sym(A x B) and pp : B — Sym(A4 x B)

as follows. Let (x,y) € A x B, then py(a)(x,y) := (ax,y). Obviously, p4 is a
homomorphism:

pa(aa)(x, y) = (aax,y) = pa(a)ax, y) = pa(@)ps(a)x, y).

To define pp(b)(x, y), note that with respect to the chosen (fixed) right coset repre-
sentatives, we have unique decompositions

X = Cxly, Y = Cyby, beyby, =c;b, (cyx,cy,c; €C,a, €8y, by, b, € Sp).
Now we define pp(b)(x, y) := (czax, ¢,b;) and check that pp is a homomorphism:
pp(bb)(x, y) = (ciay, cyby)
where bl;cxby =cby (¢, € C, by € Sp) is the unique decomposition. We have
pp(b)(x, y) = (crax, cyby)
where l;cx by, = ¢ b, (¢, € C, b, € Sg)1s the unique decomposition. Hence,
pE(0)pB(B)(x, ¥) = p5(B)(crax, cyby) = (ciax, cyby) = pp(bb)(x, )
since bc, b, = bl;cxby = c,b;. Letc € C, then
pp(0)(x,y) = (cexayx, cyby) = (ex,y) = pa(c)(x, ),

in other words, p4 0 iy = pp oip. By the universal property of A x¢ B, the desired
homomorphism p : 4 xc B — P exists (see the following diagram), where the group
P < Sym(4 x B)is generated by {p4(4), pp(B)} € Sym(4 x B). Obviously, P # 1,
since A # 1 (by assumption) and p4(a)(14, 1) = (a, 1p).

ip

B

E |

—>A*CB

O

Question 2.67. Let I be the group defined in Example 2.58. Is there an amalgam
decomposition A xc B of U (or of its subgroup ) such that the homomorphism p of
Proposition 2.66 is not injective?
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A result of Lyndon

Perhaps useful in the construction of infinite quotients of amalgamated free products
could be the following proposition of Lyndon:

Proposition 2.68. (Lyndon [48, Proposition 1.3]) Let G = Axc B be an amalgamated
free product. Let Ngy <1 A, Np <\ B be normal subgroups such that N4NC = NpNC.
Then

G/NgA/NA *C/N¢ B/NB,
where No .= NyNC =NgnNCandN := {(NyUNg)g.

Proof. See [48] or [22]. 0

Blocking pairs

One method to prove the SQ-universality of an amalgamated free product is a criterion
of Schupp ([62]) using the notion of a blocking pair. The following definition is taken
from [62]: Let C < A4 be groups. A pair {xy, x»} of distinct elements in 4\ C is called
a blocking pair for C < A4 if

1) xfxf. ¢ C\ {1}, foralli,j =1,2;¢,6 = 1.
i1) xfcxf. ¢ CoifceC\{1};i,j=1,2;¢,8§ = +£1.

Proposition 2.69. (1) (Schupp [62]) If there is a blocking pair for C < A or a
blocking pair for C < B, then the amalgam A xc B is SQ-universal.

(2) If there is a blocking pair for C < A, then |C\A/C| > 3.

(3) Let " be a 2m, 2n)—group. Suppose that Py, < S, is transitive. Then there is
no blocking pair for C < B and no blocking pair for C < A, where

Bxc A= I, %5 5 omm P1—mtmn =T
is the vertical decomposition given by Proposition 1.3(1a).
Proof. (1) See [62], the proof uses small cancellation theory.

(2) Let {x1, x2} be a blocking pair for C < A. Obviously Cx;C # C # Cx,C.
Assume that Cx;C = Cx,C, thus there exist ¢1, ¢ € C such that x; = c1x2c5.
If ¢y = 1 and ¢; = 1, then x; = x», a contradiction. If ¢; # 1, then we get the
contradiction xl_lclxg = cz_l € C.Ifcx # 1, then xgc:gxl_l = cl_l e C, again
a contradiction to the blocking pair assumption.
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(3) By part (2), there is no blocking pair for C < A, since
|[C\A/C| <|4/C| =2 < 3.

Let x; be in a blocking pair for C < B. Let b be a non-trivial element in
ker(py : (b1, ..., b,) — Pp). Since [B : C] = 2m is finite, there is an integer
k € N such that b € C. Let ¢ := b*, then ¢ € ker p, \ {1} fixes the 1-sphere
around the vertex “B” in the corresponding Bass-Serre tree (see Figure 2.5), in
particular ¢ fixes the edge “Cx1”, hence Cxjc = Cx1, but then xlcxl_1 eCisa
contradiction to the assumption that x; is in a blocking pair for C < B,

Ax1

Figure 2.5: Tllustration in the proof of Proposition 2.69(3)

2.9 Three candidates for simplicity

So far, we have presented many simple groups and many candidates. In this section,
we give three more candidates for simplicity coming from three different construc-
tions. The third one (Example 2.77) has very small finite presentations and is therefore
particularly suitable for computer experiments.

A non-linear (4, 6)—group

Let I be the (4, 6)—group defined by

-1
a1b2a2 bl ,

—17-1
alblal b2 ,

R2.3 = Cllbgaz_lbl, Cl]bglazbg,

albz_laz_lbgl, azblclz_lbz
Some properties of I will be described in Section 4.2, in particular " is not linear.

Question 2.70. Let I be as above. Is Ty simple?
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Embedding the (4, 6)—group of Wise
Recall Wise’s (4, 6)—group of Example 2.36:

—14—1 —1z—1
albgal bl , a2b2a2 bl ,

N —1z—1 —1z—1
R2.3 = a1b3a2 b3 , a1b1a2 b2 ,

—17-1 —1,-1
Clzblal b3 , Clzbgal b2

Lemma 2.71. Let ' be the group defined in Example 2.36 and let 6 : ' — T,
y > bsyby U be the conjugation by b3. Then Fix(0) = (b3).

Proof. Note that Fix(6) = {y € I' : bg)/bs,_l = y} is the centralizer of b3 in I". The
statement follows now from Proposition 1.12(1b). O

Proposition 2.72. Let I be the (4, 6)-group defined in Example 2.36 and let S be the
subset

Si= )b (b3 \ (b3) C T

keN

(1) If S is non-empty, then I is not (b3)-separable.

(2) If y € S for somey €T, then I is non-residually finite such that

y o) =y~ bsle [N

Vir
(3) If ma, U e S, then the index 4 subgroup Ty of the (Ag, Ag)-group T which is
given by
—1p— —1p-1 —1z-1 —1
0[1[)1612 bz s albgal bl y a1b3a2 b3 , a1b4a4 b4,
a1b4_1a2b_1, Cllbglaz_lbz, Ollbl_laz_lbg, Clzbzaz_lbl_ y
R4.4 = 3 :

arbyazby, azbiaz b, a3b3a4_1b3_1, a3b4_1a4_1b3,

asbyla; 'yt asbylal'e)t, asblasby!,  asbiashy!

is a finitely presented torsion-free simple group isomorphic to an amalgam of
the form F7 xp,, I7.
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Proof. (1) Let y be an element in S, let ¥ : ' — O be a homomorphism onto a
finite group O and let £ be the order of ¥/ (b3) in 0. Then b’; € ker(y) and ¢
can be written as a composition

¥

r - ryeyr 2

L/ 2 0.

Hence

Y(y) = vava(y (63 D) € Ysvn((b3) (83" ) r) = Y3 ((ba) (BA)r) = ¥ ((b3))
and I" is not (b3)-separable.
(2) It follows from Lemma 2.38, using part (1) of this proposition and Lemma 2.71.

(3) Using part (2) of this proposition, the claim follows as in Section 2.5, because
the (4, 6)—complex correspondmg to I' embeds into the (8, 8)—complex corre-
sponding to F and (([arga1 , b3]))p has index 4 in r.

O

Lemma 2.73. Let I be the group of Example 2.36. Then [I', '] = ((alaz_l))r and
T/I0,T1= {ar, by | arby = biay) = 72

Proof. The inclusion [I", '] > ((alaz_l))r follows from alaz_l = [ay, b;l] e[, T].
Let N < T be any normal subgroup containing aa, ! for example N = (ma, r.
Then a1 N = ao N, hence

ClzblN = CllblN = bzazN = bQCI]N = azng,

and
bzazN = CllblN = agblN = b3a1N = bgazN,

which implies 5y N = byN = b3N. Moreover, bjaiN = a1boN = a;b|N, in
particular, the group I'/N is generated by {a1 N, b1 N} and abelian, therefore [I", '] is
a subgroup of V. O

Lemma 2.74. Let T be the (4, 6)—group defined in Fxample 2.36. Then

([aar!, b3 = (aray Hr .

Proof. We have checked the statement using MAGNUS ([50]). The inclusion
([axai, b3)r < (anay Hr

is obvious, since [azal_l, b3le [, T'] = ((alaz_l))r by Lemma 2.73. O
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Conjecture 2.75. Let I be the group of Example 2.36. Then for each k € N
aay" € (b3) (b3 )r .
in particular Proposition 2.72 can be applied.

Conjecture 2.76. Let I" be the group of Example 2.36. Then

() N=II.T].
Vir
Remarks. Let I be the group of Example 2.36. Then
(1) {(Bi)r # (bhr.ifi # jandi, j € N, since (T/{(B)r)™ = Z x Z;.

(2) It follows from Lemma 2.73 that 611612_l € ((b%k))r if and only if F/((b%k))r is
abelian. Using MAGNUS ([50]), we see that ['/ ((b_;f))r is not abelian, in other
words a1a2_1 ¢ ((bg))r.

(3) If £ < 10, then the number of subgroups of index 4 is the same for the group I'
and the group Z°.

A 4-vertex construction

A (2m, 2n)—group I" is never simple, since I'y is a normal subgroup of index 4. How-
ever, we have conjectured ['g to be simple in Example 2.2, 2.18, 2.21, 2.30, A.26
and 2.33, and proved it to be simple in Example 2.43 and in many more examples listed
in Table 2.7. The corresponding square complex X has 4 vertices and 75, x 73, as
universal covering space. In this section, we directly construct a 4-vertex square com-
plex ¥, which is not a 4-fold covering of a (2m, 2n)—complex. Its universal covering
space Y is 73 x T3. Observe that due to this more general construction, the valencies
of the regular trees in ¥ are not necessarily even. As a consequence, the number of
geometric squares in ¥ is only 12 (this is small, compared to the 36 geometric squares
of Xy in Example 2.2 or the 100 geometric squares of X in Example 2.43) and we get
therefore relatively short presentations of 71} . The construction of ¥ is done in such
a way that Y is irreducible, all the “local groups” are at least 2-transitive and 717V is
perfect. This seems to give some reasons to hope that 711 is a simple group.

Note that we have introduced the local groups and the notion of link in Section 1.2
only for (2m, 2n)—complexes, but they can also be defined similarly, now depending
on the vertices, for more general square complexes, see [17, Chapter 1]. In the fol-
lowing, we denote these local groups by Ph(k) (), Pv(k) (o), P;fk) (B), Plfk) (B, P;fk)(y),
PP @), PP 6), PP (5), and the links by Lk(a), Lk(B), Lk(y), Lk(8), where a, f,
y, & are the four vertices of ¥ and £ € N.
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é C1 Y C1 Cl (0]

d] b1 d2 A b2 d3 A b3 d4 b4
o a B a a a
(65) (6 c3 4]

di Ab & Aby d Aby dy A by
an an an a
Cc3 Cc3 (&) C3

a3 Aby d, Ab d Abs 4 Aby
as as a3 as

Figure 2.6: The 4-vertex square complex ! of Example 2.77

Example 2.77. Let Y be the 4-vertex square complex illustrated in Figure 2.6.

Proposition 2.78. Let ¥ be the 2-dimensional cell complex of Figure 2.6 with four
vertices o, 8, y and §. Then

(1) The links are Lk(a) = Lk(B) = Lk(y) = Lk(8) = K34 (complete bipartite
graphy), the universal covering space of Y is Y = 73 x T3.

(2) We have local groups

Pu(a) = Pr(é) = 53,
Py(a) = Py(B) = 84,

Pu(B) = Pu(y) = 83
Py(y) = Py() = 84.

(3) The complex Y is irreducible.
(4) The fundamental group m1Y is a perfect group.

(5) There are amalgam decompositions I3 xp, Is = mY = F5 xpy Fo.
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Proof. (1) It can be directly read off from Figure 2.6.

(2) This follows from the definitions (see [17, Chapter 1]) and Figure 2.6. Note
that for example Py, («) and P, () could a priori be different, since o and j are
not in the same connected component of the vertical 1-skeleton of ¥. For an
example where indeed Py, («) 2 Pn(B), see Example A.29.

(3) We compute
PP @] =PP@)] =[PP )| = [PP@)| =246

The claim follows now from an obvious generalization of [17, Proposition 1.3]
to the case where the horizontal 1-skeleton is not connected.

(4) This follows directly from any of the explicit presentations of 71} given in the
proof of part (5).

(5) We give three presentations of 71} and the corresponding isomorphisms be-
tween them. If we choose the vertex o as base point and the edges ay, b1, d; as
“spanning tree” in the 1-skeleton of ¥, we immediately get the following finite
presentation of 71 (¥, «):

m (Y, @) = (a2, az, b2, b3, ba, 2, 3, db, d3, dy |
by =d>, by =d3, by = dsca,
ar = ¢, axby =dsco, arhs = dhez, arby = di,
a3 = dzc3, azby = dycz, azbs = drea, azby = c3)

and after replacing ¢, d, d3 by az, by and b3, respectively, we get

m (Y, o) = (as, a3, by, b3, by, c3, dy |
by = dyan, axby = bzan, arbz = brcs, axby = dj,
a3 = b3c3, azby = dycz, azbsz = bran, azby = c3) .

Using the GAP-commands ([29])
GG := SimplifiedFpGroup (G); and RelatorsOfFpGroup (GG) ;

where G describes the group 71(Y, @) as given above, and writing az, b3 as x
and y, respectively, we get a presentation of 1} with two generators x, y and
three relators

22y ey~ lx
xyx =2y =2 2yxy e 2221

x—lyxy—lx—2yx2y—1x—2y2xy—1x2y )



96 CHAPTER 2. NORMAL SUBGROUP STRUCTURE, SIMPLICITY

The two decompositions of 71} as amalgamated free products of free groups
follow from [68, Theorem 1.1.18].

B3 sy Fs = (b, b3, by, db, ds, dy |do = by, d5 = b3, df = b],
dudsd; " = baboby ",
dydsd; ! = bsb3b'bsb] !,
dydy ' dydod; ! = b3 bab]  b3b)
dudy 'dsdod, ! = baby by sk

4 —1
Faxp Io = (az, a3, 2, €3 |ax = 2, a5 = ¢3¢, ¢3¢203,

-1, -2 _ 1. -1, -1
a; @ma;” =cy 0y ey,

1 -1 3>

a3a2a3_1 = 3¢5 c3_], agazag =3¢, €3

Isomorphisms between these three groups are given as follows:

ﬂf\Fz*Fst <i> 7T1(Y,Ot) <i> F3>I<F7F3 mff’g

a <« a» <> dsb]
a3 <— as <> d2d4_1b4b3_1
a 1a303_ 102 <« b <~ by
azcy LN b3 <~ b3
a; 103 <« by <« by
C <> 2 <« d4b4_1
c3 <——> c3 > dz_ldél_lb4b3
a, 16136’3_ lcz <« 1753 )
azcy LENPIIN a3 <« dj
@may lc:.; <~ dy <~ dy.

Question 2.79. Let Y be as in Example 2.77.
(1) Is it true that 1Y does not have proper subgroups of finite index?

(2) Is mY a non-residually finite group?
(3) Does every non-trivial normal subgroup of m1Y have finite index?
(4) Is mY a simple group?

Remark. We have checked with GAP ([29]) that {w*)) =y = mY, where w is any
generator of 71 (Y, ) in the first presentation given in the proof of Proposition 2.78(5),
andk=1,...,8.



Chapter 3

Quaternion lattices In
PGL,(Qp) x PGL,(Qy)

In Section 3.1, we provide some concepts which will be used throughout this chap-
ter, in particular we study Hamilton quaternion algebras over commutative rings.
To any pair of distinct prime numbers p,/ = 1 (mod 4), Mozes has associated a
(p+ 1,1+ 1)—group I',; < PGL2(Q,) x PGL2(Qy). There is a strong interplay
between properties of quaternions and the group I', ;, for example I', ; turns out to
be commutative transitive. We recall the definition of I", ; in Section 3.2 and prove
that it is a normal subgroup of index 4 of the group of invertible elements of the
Hamilton quaternion algebra over the ring Z[1/p, 1//], modulo its center, adapting
some ideas from Lubotzky’s book [45]. These ideas are also useful to realize I"j ;
as a subgroup of SO3(Q) or PGL,(C), and to construct homomorphisms onto finite
groups PGL>(Z,) or PSLy(Z, ) for each odd prime number ¢ different from p and /.
These and other results are illustrated by concrete examples. In Section 3.3 and 3.4,
we generalize and adapt the construction of ', ; to the other cases of prime num-
bers p,/ =3 (mod 4) and p = 3 (mod 4),/ = 1 (mod 4), prove that these groups
are also (p + 1,/ + 1)—groups, and again give many examples. In total, we have
made computations in 130 examples. They lead to some conjectures in Section 3.5,
in particular about the abelianization of ', ;, generalizing a conjecture of Kimberley-
Robertson given for the classical case. It also seems that the abelianization of the
subgroup (I, 7)o 1s independent of p and /, except if p = 3 or/ = 3. The notion of an
anti-torus was introduced by Wise, and only very few examples are known. We give
in Section 3.6 an easy criterion for the existence of anti-tori in commutative transi-
tive (2m, 2n)—groups and combine it with earlier results on centralizers. In particular,
these results can be applied to the groups I', ;, and can therefore also be expressed
in terms of integer quaternions. It turns out that the groups I", ; have many anti-tori.
Then we study relations between free anti-tori in I, ;, free subgroups of SO3(Q) and
quaternions generating a free group. As an application, we prove for example that

97
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the two quaternions 1 + 27 and 1 + 4k do not generate a free group, which is quite
surprising. In Section 3.7, we give a different construction for p = 2,/ = 5, also
based on quaternion multiplication.

3.1 Some notations and preliminaries

At first, we define quaternions over a commutative ring, following [23, Section 2.5]:
Let R be a commutative ring with unit. Then the Hamilton quaternion algebra over R,
denoted by HI(R), is the associative unital algebra defined as follows:

o H(R) = {xo + x17 +x2j + x3k : X0, X1, X2, X3 € R} is the free R-module with
basis 1,17, j, k.

e 1 =1+ 0i 4+ 0j + Ok is the multiplicative unit.

o i’=j2=k= -1

eij=—ji=k jk=—kj=i, ki=—ik=].
This gives the multiplication rule in H(R)

(xo + x1i+4x2) + x3k) (Yo + y1i + y2 ] + y3k)
= Xo)o — X1)1 — X2)2 — X3)3
+ (xoy1 + x1y0 + X2¥3 — X3)2) i
+ (xoy2 — x1)3 + x2)0 + X3y1) j
+ (xoy3 +x1y2 — x2)1 +x3)0) K .

For a quaternion x = xo +x17 + x2j + x3k € H(R), let x := xo — x17 — x2j — x3k be
its conjugate, |x|* := xx = xx = xg + x% + x% + x32 € R its norm, and R(x) := xg
its “R-part”. Note that [xy|* = |x|*|y|*.

We divide quaternions x = xo + x1i 4+ x2j + x3k € H(Z) with odd norm |x|? into
eight classes (and say that these quaternions have type o0g, 01, 02, 03, €g, €1, €2 or €3)
according to Table 3.1.

This terminology of types is not standard, but useful to simplify some definitions
and statements. Moreover, we say that x has type o if it has type og, 01, 02 or 03. Note
that x has type o if and only if [x|> = 1 (mod 4). Finally, we say that x has type e if
it has type eg, e1, e> or e3, which happens if and only if |x|*> = 3 (mod 4).

If R is a ring with unit (denoted by 1), let U(R) be the group of (left and right)
invertible elements in R, i.e. elements x € R such that there are y1, y» € R satisfying
y1x = xy2 = 1. Observe that then y; = y». This element is uniquely determined by
x € U(R) and is usually written as x !,

The following elementary lemmas characterize invertible and central elements in
the Hamilton quaternion algebra H(R).
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X X0 X1 X2 X3
typeoy | odd even even even
01 | even odd even even
0> | even even odd even
03 | even even even odd
ep|even odd odd odd
e;| odd even odd odd
er | odd odd even odd
e3 | odd odd odd even

Table 3.1: Types of integer quaternions x with odd norm |x|?.

Lemma 3.1. Let R be a commutative ring with unit. Then
U(MH(R)) = {x € H(R) : |x|* € UR)}.

Proof. “2” Take x~ = (xP»)~x.
“C”Letx € U(H(R)) and y := x~!, then 1 = |xy|2> = |x[*|y|* = |y[|x|% and it
follows |x|? € U(R). O

Lemma 3.2. Let R be a commutative ring with unit and let x = xo+ x1i +x2j + x3k,
Yy =Yoo+ i +y2j + 3k € H(R). Then xy = yx if and only if the following three
equations hold:

2(x2y3 —x3)2) =0
2(x3y1 — x1y3) =0
2(x1y2 — x2y1) =0.

Proof. This is an elementary computation. We only use the multiplication rule for
quaternions in H(R). O

Lemma 3.3. Let R be a commutative ring with unit.

(1) The central elements in H(R) are

{x e H(R) : xy =yx, Vy e H(R)} = {x e H(R) : x = x}.

(2) ZUMH(R)) = {x e UH(R)) : x =X}.

Proof. (1) Letx = xo+x1i +x2j +x3k € H(R). The condition x = X is equivalent
to the condition
2x1 :2x2 :Z)C3 = 0,
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thus if x = X, then xy = yx for each y € H(R) by Lemma 3.2. Conversely,
suppose that xy = yx for each y € HI(R). Taking y = i gives xi = ix, which
is

—X1 + Xof +x3] — X0k = —x1 + x0i — X3 + X2k,

hence 2x, = 0, 2x3 = 0. Moreover, taking y = j, we conclude in a similar way
2x1 =2x3 =0and getx =X.

(2) We can use the same proof as in part (1), since i(—i) = j(—j) = 1, which
shows that i, j € U(H(R)).
O

Remark. If R is a subring of C with unit, then
{x e H(R) : xy = yx, Vy € H(R)} = {x € H(R) : x = R(x)}
and
ZUM(R)) = {x e UMH(R)) : x =NR(x)} = U(H(R)) N ZUMH(C)) .
However, for example the case R = Z; is different, since H(Z,) is commutative and
ZU(M(Z2)) = U(H(Z2)) # {x € U(H(Z2)) : x = N(x)} = {1}.

The following lemma, especially part (3), will be very useful in Section 3.2.
Lemma 3.4. Let R be a commutative ring with unit and let x = xo+ x1i +x2j + X3k,
y =yo+wi+y2j+y3kandz = zo+ z1i + z2j + z3k be three quaternions in HI(R).
Then

(1) xy = —yx if and only if the following four equations hold:

2(xoyo — x1)1 — x2y2 — x3y3) =0
2(xoy1 +x1y0) =0
2(xpy2 +x2y0) =0
2(xpy3 +x3y0) = 0.

(2) Suppose that R is a subring of R with unit, xo # 0 andxy = —yx. Theny = 0.

(3) Let R be asubring of Cwith unit, x # xo, xy = yx andxz = zx. Thenyz = zy,
in particular U(H(C)) is commutative transitive on non-central elements.

Proof. (1) This is an elementary computations using the multiplication rule for
quaternions in H(R).
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(2) Using part (1), we have xoyo — x1y1 — X2)2 — x3y3 = 0 and

—X1)0 —X2)0 —X3)0
Y1 = , Yo = , V3= .
X0 X0 X0
It follows
xfyo x§y0 x§y0
Xoyo + + + =0,
X0 X0 X0

and therefore yo|x|*> = 0. Since |x|*> > xg > 0, we conclude yo = 0 which
implies y1 = 0, y» = 0 and y3 = 0, in other words y = 0.

(3) By Lemma 3.2, we have to prove y»z3 = y3z2, 321 = Y123 and y1z3 = y»z).
We only prove here yzo = )»zj, the other two computations are completely
analogous: If xo = 0, then using the assumption xy = yx and Lemma 3.2,
we have x1)2 = x2y1 = 0 and x3y2 = xp2y3 = 0. This implies y» = 0
(otherwise x; = x3 = 0 and x = xp). Moreover, using xz = zx, we have
X122 = X221 = 0 and x3z5 = xpz3 = 0, which implies z; = 0. So, we conclude
that y1zo = 0 = y»z;. Assume now that x, # 0, then y 1z, = ﬁ—;ygzz = yz1,
using x2y1 = x1)2 and x2z1 = x122.

O

Remark. The statement of Lemma 3.4(2) is not true in H(C). Take for example
x = 1 +ici, y = ic + i, where ic denotes the imaginary unit in C, and check that
xy=—yx =0.

Throughout this chapter, let p, / be two distinct odd prime numbers. Then the ring
Z[1/p, 1/ :={0yU{tp"’ :r,s,t € Z; t # 0; tisrelatively prime to p and /}

is a subring of @@, containing Z. Note that with this definition, any non-zero element
in Z[1/p, 1/1] uniquely determines a triple (¢, r, s) having the properties required in
the definition, and vice versa. Of course Z[1/p, 1//] could also be defined as

{

o cteZyr,s € No}.

Let (£) be the Legendre symbol. This means that (£) := 1, if p is a quadratic
residue modulo /, i.e. if the equation x*> = p (mod /) has an integer solution, and
(%) := —1, otherwise. See Table 3.2 for some small examples, where “+” and “—
stand for 1 and —1, respectively. The definition of the Legendre symbol can be gener-
alized to non-prime numbers, but we do not need it here.

Let K be a field, K* = K \ {0} = U(K) the group of invertible elements and
GL,(K) the group of invertible (2 x 2)—matrices with coefficients in K. We denote
by PGL;(K) the quotient group

2

PGLy(K) = GLz(K)/{< g g ) DA€ KX} = GLy(K)/ZGLy(K) .
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Table 3.2: Legendre symbol (%) for small distinct odd prime numbers p, /

If A is a matrix in GL»>(K), we write

[4] ::A{(g g):keKX}ePGLz(K)

for the image of A under the quotient map GL2(K) — PGL2(K). We denote by
SL,(K) the kernel of the determinant map det : GL2(K) — K and by PSL,(K) the
quotient group

PSL>(K) = SLa(K)/ {( g S ) e = 1} = SLy(K)/ZSLa(K).

The group PSL,(K) can be seen as a (normal) subgroup of PGL,(K) via the injective
homomorphism

6 : PSLo(K) — PGL2(K)

A{(g S>:62:1}|—>[A],

where 4 € SL>(K) < GL2(K).

For g a prime number, we write GL2(q), PGL2(gq), SL2(q), PSL2(q) instead of
GL2(Zy), PGL2(Zy), SL2(Zy), PSL2(Zy). Recall that Z, stands for the finite ring
(field) Z/qZ and not for the “g-adic integers”.
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Lemma 3.5. Let K be afieldand B € GL,(K). Then|[B] € 68(PSLy(K)) = PSL,(K)
ifand only if det B € (K*)? := {3 : A € K*}.

Proof. By definition, [B] € 8(PSLy(K)) if and only if there is a matrix A € SLy(K)
such that [4A] = [B] € PGL,(K), i.e. if and only if there is a matrix 4 € SL>(K) and
an element A € K such that
4, [ x0
= (3 0).

To prove the statement of the lemma, we first assume that [B] € §(PSL2(K)). Then
(with 4 and X as above)

detB=detd 172 =172 e (KX)?.

To show the other direction, assume that det B = A2 for some A € K <. If we choose

A7l 0
(70,

then 4 € SL»(K), since det A = A% - 1.=2 = 1, and we have

A7l 0
-1 .
- (7] %)

From now on, we will see PSL,(K) as a subgroup of PGL>(K) without mention
of the homomorphism 6.

O

Lemma 3.6. Let p, [ be two distinct odd prime numbers. Then p +17. € (Z IX)2 if and
only if (£) = 1.

Proof. We have the following equivalences:

P17 € (Z))? < Ix +1Z € Z) such that (x +1Z)*> = p +1Z
«— dxefl,....]— l}suchthatx2+lZ:p+lZ
< dxef{l,..., ] — l}suchthatxzzp (mod /)
< Jx € Z such that x> = p (mod /)

= (@)=

O
The next lemma gives a selection of results about the decomposability of prime

numbers as certain sums of squares of integers. They are all well-known in number
theory.
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Lemma 3.7. Let p be an odd prime number.
(1) (Fermat, Euler) p is a sum of two squares if and only if p = 1 (mod 4).

(2) (Gauss) Assume that p = 3 (mod 4). Then p is a sum of three squares if and
only if p = 3 (mod 8). More generally, an odd natural number s is a sum of
three squares if and only if s # 7 (mod 8).

(3) (Jacobi) There are exactly 8(p+1) representations of p as a sum of four squares
p = xg + xf + x% + x%; X0, X1, X2, X3 € Z. For each such representation, three
integers in {xo, x1, X2, x3} are even, if p = 1 (mod 4), and three integers are
odd, if p =3 (mod 4). It follows that for p =1 (mod 4)

lfx € H(Z) : x> = p} =8(p + 1),
|{x € H(Z) : [x|* = p, x has type op}| = 2(p + 1) ,
{x e H(Z) : |x|* = p, x has type og, R(x) >0} =p+1.

Let p be an odd prime number. The following lemma applies for example to

the finite field Z,, the field of p-adic numbers @, and algebraically closed fields of
characteristic different from 2 like C, but not to Z, or subfields of R.

Lemma 3.8. (see [23, Proposition 2.5.2]) Let K be a field of characteristic different
from 2, and assume that there exist ¢, d € K such that ¢ +d> + 1 = 0. Then H(K)

is isomorphic to the algebra M>(K) of (2 x 2)—matrices over K. An isomorphism of
algebras is given by the map

H(K) — M>(K)

. . xo+xic+x3d —x1d+ x>+ x3¢
Xo +x17 4 x2/ + x3k > ( —x1d — x> + x3¢C xo—xlc—x3d> )

In particular, if > + 1 = 0in K, i.e. ifwe can choose d = 0, then the isomorphism
above is given by

H(K) — M>(K)

. . xXo+ x1¢ x2 4+ x3¢
xo—l—x11+x2]+x3k|—>< .
—X2 + X3¢ Xxg — X|C

Proof. See [23, Proof of Proposition 2.5.2]. O

Note that the determinant of the image of x

det xo +x1¢ +x3d —x1d + x> + x3¢
—x1d — x> +x3¢  x0— x1¢ — x3d

equals x3 — x7(c? +d?) + x5 — x3(c*> + d?) = |x|?, i.e. the norm of x.
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3.2 Standard case p,/ =1 (mod 4)

The following construction of the group I",,; is taken from [54], see also [53], [17]
and [41]. Let p,/ = 1 (mod 4) be two distinct prime numbers. We first define the
map ¥ (a monoid homomorphism, as we will see):

¥ H(Z) \ {0} — PGL2(Q,) x PGL2(Qy)
NN xo—l—xlip x2—|—x3ip X0+ x11; X2 + x31;
—x2—|—x3ip xo—xlip ’ —X> + x30;] X9 — X1} ’
where x = xo +x17 + x2j +x3k,and i, € Q,, i; € ( satisfy the conditions
.2 .2
iy+1=0andif+1=0.

The assumption p,/ = 1 (mod 4) guarantees the existence of such elements i, ;.
Note that 1 is not injective, but (for x, y € H(Z) \ {0}) we have {(x) = ¥ (y) if and
only if y = Ax for some A € Q. Moreover,

X0+ X1ip, X2+ X30, Yo+ iy y2+y3ip
—x2+x3ip xo—xlip _y2+y3ip yO_ylip

- ZQ—I—Zlip Z2+Z3ip
—Z2+Z3ip ZQ—Zlip ’

where zg, z1, z2, z3 are determined by the quaternion multiplication
20 4+ z1i 4 z2j + z3k = (xo +x17 + x2j + x3k) (Yo + y1i + y2j + y3k),
in particular ¥ (xy) = ¥ (x)¥(y) and

ker(y) := {x € H(Z) \ {0} : ¥ (x) = 1pGL,(Q,)xPGLo (@)}
={x e H(Z) \ {0} : x =X}
= H(Z) N ZU(H(Q)) ,

s = ([(3 ] [(4 2)])

This implies that w(x)_1 =Y (x)if x € H(Z) \ {0}, since

YOY(E) = Y(xx) = Y (lx|?)
and |x|*> € ker(y). Finally, let

where

[y = {¥(x):x € H(Z) has type oy, x> = Pl r s € No}
— {Y(x) : x € H(Z) has type 00, R(x) > 0, |x|> = p'I*; r, s € Ny}

be our desired subgroup of PGL,(Q,) x PGL2(Q).
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Mozes has proved the following result:

Proposition 3.9. (Mozes, [54, Section 3]) If p,] = 1 (mod 4) are two distinct prime
numbers, then

[y < PGL2(Q,) x PGL2(Qr) < Aut(T,41) X Aut(7741)

isa(p+ 1,1+ 1)—group.

See for example [45, Section 5.3] or [64] for the description of the tree (the
“Bruhat-Tits building”) 7,41 corresponding to PGL>(Q),) and its action on 7,4 1.

The fact that I, ; is a (p + 1,/ + 1)~group is mainly based on a factorization
property for integer quaternions, first proved by Dickson ([24]). However, it does not
follow that I' , ; 1s torsion-free; this is shown in [54, Proposition 3.6]. It is also known
that the groups I", ; are irreducible (see Corollary 3.59(3)).

See [40] for an alternative proof that I', ; is a (p + 1,7 4 1)—group.

Proposition 3.10. (Dickson [24, Theorem 8]) Let x € H(Z) be of odd norm and let
Ix|?> = p1...p, be the prime decomposition of |x |, where the factors p, are arranged
in an arbitrary but definite order. Then x can be decomposed as x = xV ... x®) such
that x© e H(Z) and |xV? = p, « = 1,...,r. This decomposition is uniquely
determined up to multiplication of the factors x with a unit £1, +i, £, +k € H(Z)
(if there is no prime number dividing x; this is somehow missing in Dickson’s original
statement, as noted and corrected by Kimberley [40]).

Before applying Proposition 3.10, we define the two subsets of I, ;

Eyp = {¥(x) : x € H(Z) has type oy, |x|2 =p}

— {¥(x) : x € H(Z) has type 0o, R(x) > 0, |x|* = p},
Ey,:={¥(y) :y € H(Z) has type oo, |y|2 =1}

= {Y() : y € H(Z) has type og, () > 0, [y =1},

If ¥(x) € Ej then also ¥ (¥) = ¥ (x)~! € Ej,. By Lemma 3.7(3), the set £}, has
exactly p + 1 elements. For these reasons, we write

Eh :{al,...,ap;_l}il

and similarly
E, = {bl,...,bHTl}ﬂ.
As probably expected, all these definitions of £y, E,, ay, ...,apu, by, ..., bHTl will
2

be compatible with the original ones for general (2m, 2n)—groups given in Section 1.2
(here, we have 2m = p+ 1 and 2n =1+ 1).
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Corollary 3.11. Let p,l = 1 (mod 4) be distinct odd prime numbers and recall that

(D

2)

3)
4

(5)

[, = {¥(x):x € H(Z) has type oo, |x|> = p'I°; r,s € No}.

Let x € H(Z) be of type oq such that |x|> = pl. Then there are integer quater-
nions y, ¥, z, 2 € H(Z) of type oo such that |y|* = |91* = p, |z]> = 2] =1
and yz = x = zy. The quaternions y, y, z, z are uniquely determined by x up
fo sign.

Let a € Ep, b € E. Then there are unique elements a € Ej, be E, such that
ab=>bainT,.

The group T, ; is generated by {ay, ... ,apn, by, ..., b1}

2 2

Let{ay, ..., ap01,0pt1, ..., a1} be the set of quaternions
2 2

(x € H(Z) : x has type 0y, R(x) > 0, x| = p}

and let x € H(Z) be of type oy such that |x|*> = p” for some r € Ny. Then there
is a unique representation

X = iprlwrz(al,...,oepTH,oepTH,...,oe_l),
wherery,ry € Ng, 2ry +r =r and
wrz(oel,...,oepTH,oepTH,...,oe_l)
denotes a reduced word of length v, in
{og, ..., 0p1, Upt, ..., 00}

i
(reduced means here that there are no subwords of the form a;a; or a;a;).

There are two non-abelian free groups

(al,... Q’p+> Z—Fp+l and (b],... b%h“p’lgFlJrl.

2

2

Proof. We defineamapu : {x € H(Z) : x has type o} — {1,1, j, k} by

1, ifx hastype oo
u(x) = i., %fx has type 01
j, ifx hastype oo

k, ifx hastypeos.

Note that u(1) = 1, u(i) =i, u(j) = j, u(k) = k and that xu(x) always has type og.
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By Proposition 3.10 there are §,% € H(Z) such that [§|> = p, |2]*> = [ and
x = yz. Since p,l = 1 (mod 4), the quaternions y and z have type 0. They
have both the same type since x = yz has type 0g. If ¥ and z have type oo,
we take y := y, z := Z and are done. If y and z have type 01, 02 or 03, we
take y := —yu(y), z := u(2)z and get yz = —yu(P)u(z)z = —y(—1)z = x.
The uniqueness of y and z up to sign follows from the uniqueness statement in
Proposition 3.10. Analogously, one proves x = z}.

The given elements a and b uniquely determine y,z € H(Z) of type oy such
that R(y) > 0, R(z) > 0, [y|> = p, 1zP =land ¥(y) = a, ¥(z) = b. 1t
follows that yz has type op and |yz|> = pl. By part (1), there are ¥, z € H(Z)
of type oo such that [§|> = p, |Z|> = / and yz = Zy. Moreover, ¥, Z are
uniquely determined up to sign. In particular, there are unique y, z € H(Z) of
type oo such that |J|* = p, |Z]*> =1, R(F) > 0, R(Z) > Oand zy € {yz, —yz}.
Now take b := (%) € E, and @ := ¢ (§) € Ej,. The claim follows, since
ab = YY) = Y(yz) = Y(—yz) = YE7) = YEW () = ba.

Fix any element x € H(Z) of type oo such that |[x|> € {p"/* : r,s € Np} and
NR(x) > 0. We may assume that7 > 0 or s > 0. By Proposition 3.10, there is a

decomposition

O L0 ®

x=y" ...y
such that y( ..., y®) € H(Z) have norm p, and z(1, ... z) € H(Z) have
norm /. Note that the quaternions yU ..., y® z(M . 2z all have type o,
since p,/ =1 (mod 4). Our goal is to have a decomposition

x =y p0zD
such that (V... $@) and 2V .. 20 have norm p and /, respectively, and
are moreover of type og. To achieve this, we define the following algorithm:

37(1) — y(l)

)7(‘) = u(f/(‘_l))y(‘) L oL=2,....r
PO =50y FW), t=1,....r—1
J;(r) — J”/(V)u()j(”)), ifs>1

PO =50 if s =0

D =uGM ifr>1

z =D ifr =0

76 =G0 =2 s
200 = F00ywy k=1,...,5s—1
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By construction, 1V, ..., =D 20 26D have type oy and

POP =P =pYP=p, =1,....r,

12002 = 20012 = 2002 =1, k=1,...,s.
Moreover,

x = y0y@y0 o0 )
— 43 Ou My u (D)@ y® 00 6
=) —5@
— :E)A/(l)f/(z)u(f/(z)) uo;(2))y(3) o ,y(r)z(l) B .Z(S)
=@ =50

= 49D OGO 2
=z
= 49D pO 2Dy Dy W)@ )

=z =2

= 4P pOzD 56D gz )
e— ——
—5

— 5D 5Oz 6

It follows that also ) and 2¢) have type oo. After replacing those ¢ and
20 satisfying R(PY) < 0 and R(EX) < 0 by —p©® and —2*), respectively,
we can assume that moreover

RODY > 0,.... R0 >0, RED) >0,...,RE®) >0
and still x = 9D 9@z 26 But now,

P(x) =Yy . 3020 26y =y GOy GO ED) . (ES),

where v (3D, ... v (")) € Ej and v GV, ..., ¥ (29) € E,, and we are
done.

A shorter proof of part (3) would be to generalize part (4) as in Theorem 3.30(1)
and apply it as in Theorem 3.30(2).

(4) See [46, Corollary 3.2] or [45, Corollary 2.1.10]. The existence proof is based
on Proposition 3.10, the uniqueness follows from a counting argument; we will
reproduce it in a more general context in Theorem 3.30.
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(5) The first isomorphism {(aj, ..., Cl%l)]“p’l = szi is implied by the uniqueness
statement of part (4), using
Ep=y{ar,....a o p1, Opil, - Sarh).
The second isomorphism (b1, .. ., bl%l r o = Fz% follows analogously.
O
To summarize, we can see I, ; as a (p + 1, / 4 1)—group with a finite presentation
Lpr= (a],...,a%ﬁ»l,b],... i) | R 2il z+1>
where the p—“ HTl relators in R, pil1g1 come from Corollary 3.11(2), and as the

subgroup of PGLQ(QP) x PGL, (Q;)
[, = {¥(x):x € H(Z) has type 0y, |x|* = p"I°; r, s € No}.

For certain important subsets or subgroups of I",, ;, we thus get the following charac-
terizations:

{ai, ... a% = {¥(x) : x € H(Z) has type 0o, |x|* = p}

{b1,.... b % :{w(y) : y € H(Z) has type oo, |y| =1}
Fpo Zan. ... apa) = {¥(x) : x € H(Z) has type oo, x| = p': r € Ny}
Fl%l = (by, ... % ={¢¥(y) : y € H(Z) has type 0, |y|2 =1 s € Ny}

and
(Tp)o = {¥(x) : x € H(Z) has type 0o, |x|* = p™ I*; r, s € Ny}
< PSL2(Qp) x PSLa(Qy) .

We can see PSL2(Q,) as a subgroup of PGL2(Q)) of index 4 = |Q /(Q})?|. With
the identification from above, we have

far, ... apn }*' € PGLo(Qp) x PSLA(Q) < PGL(Q,) x PGLy(Q)
if and only if (7) =1, and
(b1, ... b} € PSLa(Q,) x PGL2(Q)) < PGL2A(Q)) x PGLA(Q))

if and only if (%) = 1. This follows from Lemma 3.5 (and Hensel’s Lemma), see also
[16, p.134]. Note that our assumption p,/ = 1 (mod 4) implies (¥) = (%) by the
famous law of quadratic reciprocity, see e.g. [23, Theorem 2.3 .2 (ii1)].

The following theorem is motivated by Lubotzky’s book [45], and some parts are
obvious generalizations of results appearing there; nevertheless, we try to give very
detailed proofs here.
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Theorem 3.12. Let p,l =1 (mod 4) be two distinct prime numbers. Let G ,, | be the
group UM(Z[1/p, 1/1])). Then

(1) The group T, ; is (isomorphic to) a normal subgroup of G 1/ ZG p ;1 of index 4
such that (G 1/ ZG )| T p1 = Z3.

(2) The group T, ; can be realized as a rational matrix group. More precisely, there
is a chain of subgroups

[, < S03(Q) < SO3(R) < PGL,(C),
in particular T, 1 is residually finite.

(3) If q is an odd prime number different from p and [, then there is a non-trivial
homomorphism t : T, | — PGL2(q).

(4) Lett :T'p; — PGL2(q) be the homomorphism constructed in part (3), where q
is an odd prime number different from p and l. Then its image is

PSLa(q). if (5)=(5) =1

(I =
(o) {PGLg(q), else .

Moreover, r(af) e t({b1,..., b))

2

Proof. (1) To simplify the notation, we write G , := U(H(Q),)). Since
2Gp1=GpiNZG,=GpiNZGy,

and Z[1/p, 1/1] is a subring of @, and @Q; (which implies G,; C G, and
Gp,1 C Gy), there is an injective diagonal homomorphism

Gp‘l/ZGp’l — Gp/ZGp X G;/ZG[
xZGpiv—> (xZGp, xZGy).

The isomorphism H(Q,) — M>(Q,) of Lemma 3.8 (with 1'127 + 1 = 0) induces
an isomorphism

Gp =UMH(Qp)) - UM2Qp)) = GL2(Q)p)

and consequently an isomorphism

Gp/ZGp — PGL2(Qp) = GL2(Q,)/ZGL2(Q)

xXo+x17, X2+ x31
xZGp, > 0 Up 72 3 .
—X2 +X31, Xo— X1lp
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Let p be the injective composition homomorphism

Gpi/ZGp1 > Gp/ZG, x G1/ZG — PGL2(Q)) x PGL2(Qy),

explicitly given by mappingxZG ;€ G,1/ZGp 1 to

~ xo—l—xlip x2—|—x3ip xXo +x1i; X2 + x31;
Poo = (| _I0T e R g (0 Tom i e )
2+ X31p, Xo—X1lp X2 + X317 X — X1
where x = xo +x1/ + x2j +x3k € G, and 1} is the natural extension of i

from H(Z) \ {0} to H(Z[1/p, 1/1]) \ {0}.

Note that
UZ[p, 1)) ={E£p"l° :r,s € Z},

hence by Lemma 3.1
Gpi={x e H(Z[1/p, 1/1]) : |x|* = p'I5; r,s € 7}
and by Lemma 3.3(2)
ZGpr={x e H(Z[1/p,1/1) :x =X =xp"F; r,s € Z}.

Now let x € H(Z) be an integer quaternion such that |x|? = p/'I° for some

r,s € No,thenx € G, ;and ¥ (x) = ¥ (x) = p(xZG, 1) € p(Gp1/ZGp ),
hence [y < p(Gp,l/ZGp,l) = Gp,l/ZGp,l~

Note that each element in G, ;/ZG ,; has a representative x ZG ,, ; such that
x € H(Z) and |x|> = p"I*; r, s € Ny, by multiplying with large enough positive
powers of p and /, however I, ; # p(G,1/ZGp ) since x must have type o
in the definition of I', ;. More precisely, we can write

p(Gpi/ZGp 1) = golp g1l gl gl < PGL2(Q)) x PGL2(Q)
where for each ¢ € {0, 1, 2, 3} we choose any element g, = ¥ (x), such that

X = X0+ x17 + x2j + x3k € H(Z) has type o, and norm Ix|? = plir,s e Ny
For example, the simplest choice is to take 7 = s = 0 (i.e. [x|> = 1) and

(LG
wmwo=((5 (520

ae=v0=(|(1 o) (0)))
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(2)

a=vi=([( )] (0 5))

To see the decomposition of p(G 1/ ZG 1) given above, we first observe that

Pl =1 (mod 4), since p,/ =1 (mod 4). Therefore, each decomposition of
|x|> = p’I* as a sum of four squares is a sum of squares of three even numbers
and one odd number (cf. Lemma 3.7(3)). If we take the quaternion multipli-
cation on the four classes of quaternions of type 0o, 01, 02 and 03 respectively,
then we get a group structure, where the class of type og quaternions is the
identity element. The group is isomorphic to Z2, as it is seen in the following
multiplication table.

| type op type o1 type oy type o3
type oo | type oo typeo; typeoz typeos
type o) | typeor typeop typeos typeo:
type oz | type oo type o3 typeoy type o;
type o3 | type o3 type o> typeor type og

Table 3.3: Multiplication table for quaternions of type o

Because of ¥ (xy) = ¥ (x)¥ (y), this group structure carries over to the cosets

(gl p1. &1 p1, 80 p1, &30, 1)

in p(G,1/ZGp,1) and we are done. To summarize, we have shown that

4

L, <{y(x) :x e H(Z), |xI* = p/I%; r,s € No)
=p(Gp1/ZGp 1)
= Gp,l/ZGp,l.

If G is a group, we denote here by G/ Z the quotient group G/ ZG of G by its
center ZG. We study the following diagram of group homomorphisms:

Pp1—=Gp1/Z —UM(Q)/Z — UMHR))/Z —= UMH(C))/Z

j; lg j;

SO3(Q) SO3(R) PGL,(C)

The homomorphisms in the top line are all injective: the first of them is de-
scribed in part (1) of this theorem. The other three homomorphisms are induced
by the natural injective group homomorphisms (which are induced themselves
by the chain of the corresponding subrings Z[1/p, 1/1]) Cc Q C R C C)

UM(Z[1/p, 1/1]) — UH(Q)) — UH(R)) — UH(C)), G.1)
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since
ZUM(Z[1/p, 1/1])) Cc ZUMH(Q)) c ZUMHR)) c ZUMEH(C)). (3.2)
Assertion (3.2) follows directly from (3.1) using the fact, see Lemma 3.3(2),
ZUH(R)) = UMH(R)) N {x € UMH(C)) : x =X},
which holdsif R € {Z[1/p, 1/1], Q, R, C}.
The homomorphisms
Gpi/Z — UHQ)/Z — UMHR))/Z — UM(C))/Z
are injective, since (3.1) directly implies
UMH(Ry)) N ZU(H(R2)) < ZUH(Ry)),

whenever (R, R») € {(Z[1/p, 1/1], Q), (Q, R), (R, C)}. In fact, the equality
UM(Ry)) N ZU(H(Ry)) = ZU(H(R7)) holds by (3.2).

To get U(H(Q))/Z = SO3(Q), first note that U(H(Q)) = H(Q) \ {0}. Now
define ¢ : U(H(Q)) — SO3(Q) by mapping x to the (3 x 3)—matrix

1 xg + x% — x% — x% 2(x1x2 — X0Xx3) 2(x1x3 + x0x2)
YE | 2t xoxs) Xo - xphxy—xy 20nxs—xox) )
2(x1x3 — X0X2) 2(x2x3 + xoX1) X3 — X7 — X3 +x3

where x = xo + x17 + x2j + x3k € U(H(Q)). Note that this is the matrix
which represents the Q-linear map Q* — @3, y — xyx~! with respect to
the standard basis of @3, where y = (31, y», 33)7 € @ is identified with the
“purely imaginary” quaternion y1i +y»j + y3k € H(Q). It is well-known that ¢
is a surjective group homomorphism. Even the restricted map

?lH@z)\(0} : H(Z) \ {0} — SO3(Q)

is surjective, since ¥(ax) = ¥ (x), ifa € Q* and x € U(H(Q)). For an
elementary proof of the surjectivity of ¥|mz)\ (0}, see [43]. Moreover, it is easy
to check by solving a system of equations that

ker(9) = {x € H(Q) \ {0} : x =¥} = ZU(H(Q)) .

Seeing ¥ (x) as Q-linear map y +— xyx~! as described above, it is even very
easy to determine the kernel:

ker(®) = {x € U(H(Q)) : xyx~! = y, ¥y € H(Q) such that R(y) = 0}

= {x e UH(Q)) : xy = yx, Yy € H(Q) such that R(y) = 0}
={x e UMHQ)) : x =X}.
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3)

Observe thatif x € U(H(Q)) \ ZU (H(Q)), then the axis of the rotation 9 (x) is
the line (x1, x2, x3)7 - @, and the rotation angle w satisfies

2 2 .2 .2
Xg — X7 — X5 — X3

|x|2

COSw =

Equivalently,
1) x
cos — = —2

2 VP
To prove U(H(R))/Z = SO3(R), replace Q by R above.
The 1somorphism U(H(C))/Z = PGL,(C) follows from Lemma 3.8.

Note that the injective composition homomorphism I',,; — SO3(Q) can be
explicitly constructed as follows: if y € I'); is given as y = ¥ (x), where
X = X0 +x1i + X2 + x3k € H(Z) has type og and |x|*> = p’I*; r, s € Ny, then
the image of y in SO3(Q) is ¥ (x), independent of the possible choice of x. In
the same way, the image of y = {/(x) in PGL,(C) is

Xo +x1ic X2+ X3ic
—x2 +x3ic X0 —xiic )|’
By a result of Malcev ([51]), finitely generated linear groups (over a field of
characteristic zero) are residually finite.
Let g be an odd prime number different from p, / and let
Gg,ps = UM(Z[1/p, 1/1/qZ[1/p, 1/1])).

As in the proof of part (2), we denote by (G/Z the quotient G/ZG of a group G
by its center ZG. We want to define the desired homomorphism

t: I, — PGL2(q)

as composition of the homomorphisms

112

Tpi > Gpi/Z — Gy pi/Z — UM(Z,))/Z —> PGLa(q) .

We describe now separately these four homomorphisms.
The injection I, ; < G, ;/Z is given by part (1) of this theorem.

The unital (quotient) ring homomorphism

Z11/p, /11 — Z[1/p, 1/11/qZ[1/p, 1/1]
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extends to a unital ring homomorphism

H(ZI1/p, 1/1)) — H(Z[1/p, 1/11/qZI1/p, 1/11)

mapping 1,7, j, k,to 1,1, j, k, respectively (see [23, Section 2.5]), and induces
a group homomorphism of the invertible elements G, ; — G ;. Since

ZGp={xe€Gyy:x =X}

by Lemma 3.3(2), it is not difficult to see that the image of ZG ,; under the
homomorphism G, ; — Gy, 1 1s contained in ZGy ;. This gives the second
homomorphism

Gpi/Z — Ggpi/Z.

Now we attack the third one G , ;/Z = U(H(Zg))/Z. The map

¢ Zq — ZI1/p, 1/11/9Z[1/p, 1/1]
v+qgZ—v+qZ[1/p,1/1],

v € Z, is an isomorphism of rings (even of fields, since ¢ is a prime number),
and ¢! therefore induces isomorphisms

H(Z[1/p. 1/11/qZi1/p. 1/1]) —> H(Z,) .

Gy.pa = UM(ZI/p. 1/11/qZ11/p. 1/1) —> U(H(Z,))

and finally an isomorphism Gy ,;/Z — U(H(Z,))/Z. The only non-trivial
thing to check is the surjectivity of ¢: First, we have

(0 +qZ) =0+qZ[1/p, 1/1].

Now, take any element

i+ g2 /p, 1/ 11 € ZI1/p, 1/11/gZ11/p, /11,

where ¢ € Z \ {0} is relatively prime to p and /. To simplify matters, we assume
that 7, s < 0 (ifr,s > 0, then ¢~ (tp"I* + qZ[1/p, 1/11) = tp'I* + gZ; in
the cases 7 > 0,5 < Oand r < 0, s > O the proofs are similar to the proof for
the case r, s < 0 given now). Then gcd(p™17%, ¢) is 1 and therefore obviously
divides 7, hence (see e.g. [36, Proposition 3.3.1]) there is an integer # such that
p"Iu=t (mod g),1.e.t — p~"I7"u € qZ and

ip'le—u=p"FP—p71%u)eqZll/p,1/1].
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4

This implies
tp'lP+qZ1/p, 1/l =u+qZ[1/p, 1/ = ¢(u+qZ).

The isomorphism U(H(Z,))/Z = PGL2(q) follows from Lemma 3.8, since
there exist elements ¢ and d in the field Z, such that ¢? + d° + 1 = 0in Z,, see
[23, Proposition 2.5.3].

Therefore, if y € I'),; 1s given by y = ¥ (xo + x17 + x2j + x3k) (where
we require as in the definition of I',; that x € H(Z) has type og and norm
Ix|> = p'I°;r, s € Ny), and we have chosen ¢, d € Z such thatc? +d>+1=0
(mod q), thent = 7. 4 : '), ; — PGL2(q) is explicitly constructed as

tod(y) = X0+ x1c+x3d+q7Z —x1d + x5+ x3¢ + g7
d\y) = —x1d — x> +x3¢ +qZ  xo— x1¢ — x3d + qZ

If for example ¢ = 1 (mod 4), we can choosed = Oandc € {1,...,q — 1},
such that ¢ + 1 =0 (mod ¢), and T = 7o then simplifies to

xo+x1c+9gZ x2+x3¢+qZ
Y > .
—x2+x3¢+9Z xo—x1¢c+qZ

What happens if we take g = 2?7
The group G2, ,; = U(H(Z2)) = Z3 is abelian, hence

Ga,p1/Z = UMH(Z2))/Z =1 #PGL,(2) =
Note that the field Z, is excluded in the assumptions of Lemma 3.8.

At first, we show that (T, ;) < PSLz(q) if and only 1f( ) = ( ) = 1. The
group I",,; is generated by the set {ay, ..., apn, by, ... + 1}, hence we have
2

7(I"p1) < PSLa(q) if and only if

{t(ay), ..., r(apTH), t(by), ..., f(lerTl)} C PSLa(q) .

Since the elements 7(ay), ..., T(a,u1) are represented by matrices in GL»(q)
with determinant p+¢Z € Z, and tz(bl), oo, T(h ) ) are represented by matri-
ces in GL;(¢g) with determinant / + gZ € Z, the condition 7(I",, ;) < PSL>(g)
is by Lemma 3.5 equivalent to the condition {p + gZ,[ + qZ} C (Z;)z. But
this is equivalent to (5) = (é) = 1 by Lemma 3.6.

By [45, Lemma 7.4.2] or [46, Proposition 3.3], we have

PSL>(gq) < t({ay, ... 1)) and PSLa(q) < t({by, ..., b)),

Apil ey
2 2
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in particular PSL>(q) < ©(I', ;) < PGL2(q).
This determines the image of 7, since [PGL2(gq) : PSL2(¢)] = 2.

Exactly as above, we can show that

1
—1.

)
)

Since the element t(af) = 7(ay)? is represented by a matrix in GL;(g) with de-
terminant (p +¢Z)* = p*+4qZ € Z,, we have t(a?) € PSL2(g) by Lemma 3.5
and consequently r(af) et((by,..., bl%l)).

‘E((bl,...,bl+ )) =

1
2

PSLa(q), if (
PGLx(q), if (

M [~

O

See Table 3.4 for some information about groups U(H(R))/ZU(H(R)), where R
is a commutative ring with unit, p,/ = 1 (mod 4) are distinct prime numbers and g
is an odd prime number.

R | U(H(R))/ZUH(R))
Z[1/p,1/1] | contains I, ; as index 4 subgroup
Z[1/p] | important in [45], virtually Fp1
2

Z | 73
Zq PGLZ(q)
Zy | 1
Q| SO:(Q
R | SO3(R)
C | PGLy(C)

Qq PGLZ(@q)
Table 3.4: The group U((H(R))/ZU(H(R)) for some rings R

The following result is also mentioned in [59, Example 5.12] and [30, Proposi-
tion 3.2, Proof of Theorem 4.1]. It is a very special case of Proposition 4.2(3), where
we prove that all (2m, 2n)—groups contain Z>—subgroups.

Proposition 3.13. The group I, ; contains a subgroup isomorphic o v/

Proof. By Lemma 3.7(1), we can choose x = xo+x17,y = yo+y1i € H(Z) such that
X0, yo are odd, x1, y; are even and non-zero, |x|? = x2 +xi = p, |y? = yi +yi =1.
Obviously, we have xy = yx, hence ¥ (x)y¥(y) = v ()Y (x), where ¥ (x), ¥ (y) are
non-trivial. The subgroup (¥ (x), ¥ (y)) of ', ; is isomorphic to 7? by the following
general lemma. U
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Lemma 3.14. Let T = (ai, ..., ay, b1, ..., b, | Ry.,) be a 2m, 2n)—group and let
aca,...,ay), b e (by,...,b,) betwo non-trivial elements. If a and b commute,
then {a, b) = 7°.

Proof. Since I' is torsion-free, the subgroup (a, b) is a finitely generated abelian
torsion-free quotient of Z>. Using a, b # 1 and the uniqueness of the ab-normal
forms (see Proposition 1.10) of powers of a and b, we conclude that (a, b) is not
cyclic, but itself isomorphic to Z>. O

Kimberley-Robertson have computed presentations of I' , ; for many pairs (p, /).
They conjecture for the abelianization I' Z{’l

Conjecture 3.15. (Kimberley-Robertson [41, Section 6]) Let p,] = 1 (mod 4) be
two distinct prime numbers and let

-1 17-1
r:=gcd<p— —,6).

4 7 4
Then
7o x 73, ifr=1
ab ~ ngZé, ifr =2

Pl sz23xZi, ifr =3
ngzng, ifr =6.
Note that the smallest pairs (p, /) such that ¥ = 1,2,3,6 are (5, 13), (17, 41),

(13,37) and (73, 97), respectively. Conjecture 3.15 is equivalent to the following
conjecture (see Section 3.5 for generalizations of Conjecture 3.16):

Conjecture 3.16. Let p,/ =1 (mod 4) be two distinct prime numbers.
If p,1 =1 (mod 8), then

pab ~ 73 x Ly x Z3, if p,l =1 (mod 3)
Pl ngZ§, else .

Ifp=5 (mod 8) or/ =5 (mod 8), then

pab o Zo x T3 x 73, if p,I=1 (mod 3)
pl Zn X Zi, else .

Proof of the equivalence of Conjecture 3.15 and Conjecture 3.16. First, observe that
r € {1,2,3,6} in Conjecture 3.15 and that all possibilities for (p, /) are treated in
the four cases of Conjecture 3.16.

Ifr =6,then(p—1)/4 =6sand (/—1)/4 = 6t forsomes,? € N 1.e. p =24s+1
and/ = 247 + 1. It follows p,/ =1 (mod 8) and p,/ =1 (mod 3).
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Ifr =3,then (p—1)/4 =3sand (/ — 1)/4 = 3¢, where s or ¢ is odd (otherwise r
would be 6). Consequently, we have p = 12s + 1 and / = 12¢ + 1, in particular
p,l =1 (mod 3). If s is odd, then p = 5 (mod 8). If 7 is odd, then/ = 5 (mod 8).

Ifr =2,then(p—1)/4=2sand (/I —1)/4=2t,ie. p=8s+ land/ =87+ 1,
hence p,/ = 1 (mod 8). Moreover, s # 0 (mod 3) or# # 0 (mod 3) (otherwise r
would be 6). In the first case, we have p # 1 (mod 3), in the second case / # 1
(mod 3).

Ifr =1,then(p —1)/4 =2s —1or(/ — 1)/4 = 2t — 1 (otherwise  would
be even), hence p = 8 —3 or/ =8/ —3,1e. p =5 (mod 8) or/ = 5 (mod 8).
Moreover: (p — 1)/4 =3s+lor(p—1)/4=3s+2o0r(/ —1)/4=3t+1or
(I —1)/4 = 3s + 2 for some s, f € Ny (otherwise 7 would be a multiple of 3), hence
p=12s+5Sorp =12s +9or/ = 12t +Sorl = 12t 4+ 9, in particular p # 1
(mod 3)or/ # 1 (mod 3). O

The structure of F;f’, also seems to depend only on the number of commuting
quaternions whose -images generate I", ;. To make this precise, if / = 1 (mod 4) is
a prime number, let ¥; C H(Z) be any set of cardinality HTI, such that (¥ (1)) = Fl%l

and each element y € ¥; has type oy and satisfies ®#(y) > 0, [y|*> = [. We think of
Vo= (g~ b0, ¥ (b)) and Yy = (¥~ e, ..., Y app)), where

Fpi=A{a,...,ap0, b1, ..., b1 | Rpt1 11).

= =TT
Then, let
cpi:=Hx,y):xel, yel, xy=yx}.
Note that the definition of ¢, ; is independent of the explicit choice of elementsin ¥,
and ¥;. Obviously,

2 72

Moreover, ¢, ; > 3, since ¥, contains by Lemma 3.7(1) elements of the form xo +x17,
X0 + X2/, X0 + x3k and ¥; contains elements of the form yo + y17, yo + y2/, Yo + y3k,
and for example xg + x1i commutes with yo + y;i.

1 /+1
CP,ISmin{p+ L}

Conjecture 3.17. Let p,] =1 (mod 4) be two distinct prime numbers, and
-1 7-1
r = ged A
4 4
as in Conjecture 3.15. Then
3 (mod 12), ifr=1
9 (mod 12), ifr =2
7 (mod 12), ifr =3
1 (mod 12), ifr=6.

CPJ =
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We have checked Conjecture 3.17 for all possible p,/ < 1000. The following
values for ¢, ; appear in this range:

{3, 15,27,39,51, 63,75, 87,99}, iftr=1

{9, 21, 33,45,57,69,81,93,105,117, 129, 153}, ifr =2
‘rl € {7,19,31,43,55,67,79,91, 103, 115, 127, 151}, ifr =3

{37,49,61, 73,85,97, 109, 121, 133}, iftr==6.

See Table 3.5 for the frequencies of the values of ¢, ;, where p,/ = 1 (mod 4) are
prime numbers such that p </ < 1000.

Cp,i 3 15 27 39 51 63 75
# | 1242 449 143 56 34 17 7
87 99

5 2 1955
Cp,l 9 21 33 45 57 69 8l
# 178 158 84 57 40 21

93 105 117 129 141 153

9 12 5 2 1 575
Cp,i 7 19 31 43 55 67 79
# 236 130 79 42 18 8 12
91 103 115 127 139 151

6 1 4 2 1 539
Cp.l I 13 25 37 49 61 73
# 26 15 15 16
85 97 109 121 133
7 4 3 2 3 91
| | 3160

Table 3.5: ¢, ; and its frequency, p </ < 1000

Combining Conjecture 3.17 with Conjecture 3.15, we get another conjecture:

Conjecture 3.18. Let p,/ =1 (mod 4) be two distinct prime numbers, then

Zo x 73, if ¢y =3 (mod 12)
Zg % Zé, if ¢, =9 (mod 12)
pl= ZQXZgXZi, if c,; =17 (mod 12)

73 x Z3 x 7%, ifcpr=1 (mod 12).
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Now, we want to prove that the groups I', ; are commutative transitive. This has
for example applications to centralizers of powers of elements, and a nice application
which allows to detect “anti-tori” in ", ; (see Proposition 3.53 in Section 3.6).

Lemma 3.19. Let p,] =1 (mod 4) be two distinct prime numbers. Let x, y € H(Z)
be of type oy such that |x|?, |y|> € {p"I* : r,s € No}. Then xy = yx if and only if
V)Y ) =y ).

Proof. Obviously xy = yx implies v (x)¥(y) = v(y)¥(x). Assume now that
Y)Y () = v O)w(x). Then ¥(xy) = ¥ (yx) and xy = Ayx for some A € Q.

Taking the norm | - | of xy = Ayx, we conclude |A|> = A = I, hence A = 1 or
A =—1.If A =1, then xy = yx and we are done. The case A = —1 is impossible
since xy = —yx together with M(x) # 0 implies by Lemma 3.4(2) the contradiction
y=0. O

Proposition 3.20. Lef p,/ = 1 (mod 4) be two distinct prime numbers. Then T",
is commutative transitive, i.e. the relation of commutativity is transitive on the set of
non-trivial elements of T, ;.

Equivalently, this means that if x, y, z € H(Z) are of type oq such that

x £ Rx), y #RY), z # R,
X2, [y, |2 € {pF v, s € No},
YOV () = Y)Y (x) and Y)Y (z) = Y (@)Y (x),
then also Y (V)Y (z) = Y ()Y ().

Proof. Note that for x of type op we have x # R(x), if and only if ¥(x) # 1. By
Lemma 3.19, we have xy = yx and xz = zx. Moreover, again by Lemma 3.19,
YWY (z) = Y(2)¥(y) if and only if yz = zy. But yz = zy follows now directly by
Lemma 3.4(3). O

Corollary 3.21. Let p,l = 1 (mod 4) be two distinct prime numbers, I' = T", ;| and
y € I a non-trivial element.

(1) Ifk €N, then Zr (y*) = Zr ().
(2) The centralizer Zr(y) is abelian.
(3) The center ZT is trivial.

Proof (1) Since y and y* commute, the statement follows from Proposition 3.20,
using the fact that I is torsion-free.

(2) Again, this is a direct consequence of Proposition 3.20.
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(3) Of course, the statement follows from the more general result Corollary 1.11(3)
for (2m, 2n)—groups. Here, it follows directly from Proposition 3.20, since the
existence of a non-trivial element in ZT" would imply that I is abelian.

O

Using the following result of Mozes ([54]) together with Proposition 1.12 about
centralizers, we give some applications to number theory, illustrated for two concrete
examples in Proposition 3.23:

Proposition 3.22. (Mozes [54, Proposition 3.15]) Let p,l = 1 (mod 4) be two dis-
tinct prime numbers,

F:Fp,l:(alv"'vap+17b17"'7bl+l |RP+1 l+1>

3 2 z T2

and let z € H(Z) be of type oy such that z # R(z) and |z|*> = I° for some s € N.

lake c1, ca, c3 € Z relatively prime such that ¢ := c1i + c2j + c3k € H(Z) commutes

with z. Then there exists a non-trivial element a € (a1, ...,apn1) C I' commuting
2

with \ (z) if and only if there are integers x, y € Z such that
ged(x, y) = ged(x, pl) = ged(y, pl) =1
and x* + 4|c|*y? e {p’I* :r,s € N}
Proposition 3.23. (1) There are no pairs of integers x, y € 7 such that
ged(x, y) = ged(x, 65) = ged(y, 65) =1

and
x?+12y% € {5"13° :r, 5 € N} .

(2) There are no pairs x, y € Z such that
ged(x, y) = ged(x, 221) = ged(y, 221) =1

and
x> +8y? (13”17 :r,5s € N} .

Proof. (1) Forby =y (1+2i+2j+2k) € I's 13 =: [ wehave Zr(b1) = (b1), see
Proposition 3.29(7) below. In particular, b1 does not commute with any element
in (ay, az,a3) \ {1}. The statement follows now by Proposition 3.22, taking
c=i+j+k

(2) Proposition 3.27(4) below shows that Z(bs) = (b4), where
by =v(B34+2i+2j)eli1r=1.

Taking ¢ = i + j, we can again apply Proposition 3.22.



124 CHAPTER 3. QUATERNION LATTICES INPGL,(Qp) x PGL2(Qy)

The results on centralizers in I", ; used in the proof of the preceding proposition
can also be applied to give statements about non-commuting quaternions. We first
illustrate it again for (p, /) € {(5, 13), (13, 17)} and generalize it in Proposition 3.25.

Proposition 3.24. (1) Lety = 1+ 2i + 2j + 2k. Then there is no x € H(Z),
x # N(x), of ype oo such that |x|? € {5 :r € N} and xy = yx.

(2) Lety =3+42i+2j. Then there is no x € H(Z), x # N(x), of type oy such that
Ix|> € {13" :r € N} and xy = yx.

Proof. (1) LetT"’ =TI's 13 and by = ¥ (y) € I'. Assume that x € H(Z) is of type og
such that |x|> € {5 : 7 € N} and xy = yx, where x # R(x). This implies
Y(x) € (a1, ar,a3) \ {1} and ¥ (x) € Zr(b1), contradicting Zr(by) = (b1)
(which holds by Proposition 3.29(7)).

(2) Same proof as in part (1) taking p = 13,/ =17, b4 = ¢ (y) € I' = I'13,17 and
using Zr(by) = (b4) (which holds by Proposition 3.27(4)).

O
Proposition 3.25. Let p,/ =1 (mod 4) be two distinct prime numbers and
'=r,;= (al,...,apzi,bl,...,bz%l | R_%LH%).
Assume that p,(b;)(a) # a for some b; < {by, ..., bHTl} and all elements a € Ej,.

Let y € H(Z) be of type oo such that |y|> = | and b; = Y (y). Then there is no
x € H(Z), x # R(x), of type oo such that |x|> € {p" :r € N} and xy = yx.

Proof. As in the proof of Proposition 3.24 the claim follows directly from the fact
Zr(b;) = (b;) which is a consequence of Proposition 1.12(1b). O

Now, we want to study the two examples I'13,17 and I's ;3.

Example: p = 13,/ =17

Using the explicit identification

ar = (1 +2i +2j + 2k), a7l = (1 —2i —2j — 2k),
ay = (14 2i +2j — 2k), ayl = (1 —2i —2j + 2k),
as = (14 2i —2j + 2k), a;' =W (1 —2i +2j — 2k),
ay =y (1 —2i +2j +2k), ay' =y (1 +2i —2j - 2k),
as = (3 +2i), a;' =¥ (3 —2i),
as =Y (3 +2j), a;l = (3 —2)),

a7 =¥ (3 + 2k), a;l =¢(3 - 2k),
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by = (1 + 4i), byl = v (1 — 4i),
by =y (1 +4)). byl =y (1 —4)),
by = (1 + 4k), by =Y (1 — 4k),
by =¥ (3 +2i +2j), byl =93 —2i —2)),
bs = (3 +2i —2j), bl =¥ (3 —2i +2)),
be = (3 + 2i + 2k), b =¥ (3 —2i —2k),
by = (3 4 2i — 2k), b7t = (3 —2i +2k),
by = (3 +2j + 2k), by = (3 —2j — 2k),
by = (3 +2j — 2k), by =¥ (3 —2j + 2k),

we get the example I' = I'13,17. The corresponding (14, 18)—complex X is denoted
by «413,17 in [17] and essentially used there in the construction of finitely presented
torsion-free (virtually) simple groups, see [17, Theorem 6.4].

2

Example 3.26. Lef R7.9 = Ry 111 be the set of 63 relators
2

arbiazbs, arbrasby,  arbzasbs,

a7b3a7_1b3_1, a7b7a7b6_1, a7b9a7b8_1
(The complete set of relators can be found in Appendix A.10.)

Proposition 3.27. Let I' = I'13,17 be the (14, 18)—group defined in Example 3.26
(actually in Appendix A.10). Then

(1) Py, =PSLa(13) < S, Py = PSL2(17) < Sis.
(2) T =7, x 73, [T =75 x 23, T =7, x 73 x Z2.

16

(3) Any non-trivial normal subgroup of U has finite index.

B, ifb € {ba, . ... bo).
(a), ifa € {a1, a2, a3, aa}.

(4) Zr(b) = Nr((b)) =
Zr(a) = Nr({a)) =

(5) Let V be the subgroup of U(H(Q))
Vi=(1+2i+2j+2k, 3+2i, 1+4j,3+2i+2j).

ThenT =V /ZV.
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Proof. (1) We compute

pu(b1) = (1,8,13)(2,9,4)(3, 6, 14)(7, 12, 11),
pu(b2) = (1,10, 11)(2, 7, 14)(3, 4, 8)(5, 13, 12),
pu(b3) = (1,9,12)(2, 3, 10)(4, 5, 14)(6, 11, 13),
pu(by) = (1,4,8,3,13,5,10)(2, 11,7, 12, 14, 6, 9),
pu(bs) = (1,8,13,4,9,6,3)(2,12,5,10, 11, 14, 7),
pu(be) = (1,2,9,4,12,7,8)(3, 13,6, 11, 14, 5, 10),
pu(b7) = (1,4,5,10,2,12,9)(3,6,14,13,8,7,11),
pu(bg) = (1,3,10,2,11,6,9)(4,12,5,13, 14,7, 8),
pu(bo) = (1,10, 11,3,8,7,2)(4,13,6,9,12, 14, 5),

on(ar) = (1,5,17,3,12, 18,2, 9, 16)(4, 14, 15,6, 7, 13, 8, 10, 11),
on(a) = (1,6,3,2, 14,18, 16, 11, 17)(4, 5, 15,9, 8, 10, 7, 13, 12),
on(az) = (1,7, 16,17, 15, 18, 3,8, 2)(4, 14, 10, 11,9, 6, 12, 13, 5),
on(as) = (1,3, 10,17, 18,13, 16, 2, 4)(5, 8,9, 11, 12, 6, 7, 14, 15),
onlas) = (2,8,3,10,17, 11, 16, 9)(4, 14, 6, 12, 5, 15, 7, 13),
onlag) = (1,7, 16,13, 18, 12, 3, 6)(4, 5,9, 11, 14, 15, 8, 10),
on(ar) = (1,4,2, 14,18, 15,17, 5)(6, 7, 8,9, 12, 13, 10, 11).

(2) We use GAP ([29)).

(3) We can apply [17, Theorem 4.1] using the results described in [17, Section 2.4]
and [16, Section 1.8]. Note that

PSL»(Q13) S Hi S PGL2(Qy3) and PSL2(Q17) S H» S PGL2(Q17),

in particular
[PGL2(Q13) : H1] = [H; : PSL(Q13)] =2

and
[PGL2(Q17) : H2] = [H> : PSLo(Q7)] = 2.

(4) This follows from Proposition 1.12.

(5) Let 1} : V' — PGL>(Q,) x PGL>(Q;) be the map which sends the quaternion
X=Xxo+x1i +x2j +x3k eV to

Xo+X1ip, X2+ X30, X0 + X147 x2 + X301
=X+ X301, X0 — X1ip ’ —X2 + X307 X0 — X14; )
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It is a group homomorphism such that @(x) =Y (x),ifx e H(Z)NV. We have

V) = ((1+2i +2j +2k), UGB +2i), y(1+4)), ¥(3+2i +2j))
= (Y14 2i +2j +2k), Y3 +2i), v(1+4)), w3+ 2i +2)))
= (al,a5, bz, b4) <TI.

In fact, GAP ([29]) shows that [T" : (a1, as, b2, bs)] = 1, in other words
(a1,as5,b2,b4) =T .

Therefore I' = @(V) = V/ker(tﬂ). We claim that ker(lﬁ) = ZV . On the one
hand, we have

ker(f) ={x e V:x =%} =V N ZU(H(Q)) < ZV .

On the other hand, if x = xo + x1i +x2j + x3k € V < U(H(Q)) commutes
both with3 +2i € V an&i 14+4j eV, thenx =X # 0, hence x € ker(y) and
in particular Z}V < ker(y).

O

Note that the only commuting pairs among the standard generators of I"13 17 are
{as, b1}, {as, b2} and {a7, b3},

Example: p =5,/ =13

Our second example is I = I's 13, using the identification

ar = (1 + 2i), a;l =y - 2i),
a =y (1+2)), ay' =y(1-2)),
az = (1 + 2k), a;' =y - 2k),
b1 = (1 +2i +2j + 2k), byl =y (1 —2i —2j —2k),
by = (14 2i +2j — 2k), byt =y (1 —2i —2j +2k),
by = Y(1 +2i —2j + 2k), b3l = (1 —2i +2j —2k),
by = Y (1 —2i +2j + 2k), byl =y (1 +2i —2j — 2k),
bs = (3 + 2i), byt =y (3 —2i),
bs =¥ (3 +2j), by =¥ (3 —2)),

by = ¥ (3 + 2k), byl =y (3 —2k).
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Example 3.28.
a1b16t3b6_1, ai1brarb7, 0[1[)3612_1197_ ,
-1 —17-1
0[1b46t1b1 , a1b5al b5 , a1b6a3b3,
a1b7a2_1b4_1, Cllb7_lcl2b1, Cllbglaglbz,
— -1 -1 -1 -1 —17-1
R3.7 = 3 a1b4 as b6, Cllb3 Cllb , a2b2a3 b5 , -
-1 —17-1
Clzbgazbl , a2b4a3b5, a2b5a3 b3 ,

a2b6a2_1b6_1, azbs_lagbl, azbllazb_l,

a3b2a3b1_1, a3b7a3_1b7_1, a3b21a3b3_1

Proposition 3.29. Let ' = ['s 13 be the (6, 14)—group defined in Example 3.28 and
let G = U(H(Z[1/5,1/13]))/ ZUM(Z[1/5, 1/13])). Then

(1) Ph = PGL2(5) < SG, Pv = PGL2(13) < S14.
(2) T =7, x 73, [[,T]% =73 x 73, T8 =7, x 73 x 73,
(3) There are finite quotients
L/(b7. b3, (@ia2)’, (b1bs)*)r = PGLy(3) = 84,
such that (b3, b2, (a1a0)*, (b1bs)* V& = 7y x 73,

L/{af, (@a)’, (@b)’, (b1bs)”, (arb1bs)*)r = PGLa(7),
such that (@}, (@a)*, (@51)7, (b1bs)", (a1b1bs)°NE = 73 x Zys x Lse.

L/(b]. (b1bs), (ara2)”, (a1b1bs5)°)r = PGLy(11),
L/(b3. b8, (1a2)’, (a1a3)’, (b2b)®, (a1b1bs)*)r = PGLy(17),
T/{a}, a3, a3, b2°)r = PGL2(19),

[/{(bi?, b3, b7, (babs)')r = PGL2(23),

L/ {ai®, b3, bL, b, (@1b1)*)r = PSL,(29).

(4) We get a finite presentation of G by adding to the presentation

(a1,a2,a3,b1,...,b7| Rz3.7)
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of T two new generators i, j and the relations/relators
% 2 1,
[a1,i], ayi = iay", asi = ia;", avj = jay', (a2, j, azj = ja ',
bii = iby ', bai = ib3, b3i = iby, [bs,il, bsi =ibg", byi =ib7",
bij = jbi'. baj = jba. baj = jbo. bsj = jb3'. [bs. j1. brj = jb7 ",
and U is then the kernel of the homomorphism
G — Z%
i (14+27Z,0+27Z)
Jj—= (0+2Z,1+27Z)
ay,ax, a3 +— (04 27,0+ 27)
bi,....,b7—~ (0+2Z,0+27Z).

(5) For a group H we use the notation HY .= [H, H], H® = [HD, HD),
There is a chain of normal subgroups of G

64 16 12 8 4 4 4
r?a6?ar’ arY a6V ary<ar<G
such that
G/T =T/To=Ty/GV =73, GV/r® =73, 1O/’ =73 x5,

G? = Zg and G/Ty = Z‘z‘. It follows for example that T® is a normal
subgroup of G of index 6291456 = 3 - 221,

(6) I' < SO3(Q) (illustrating Theorem 3.12(2)).

(7) Zr(b) = Nr((b)) = (b), if b € {b1, b2, b3, ba}.
Proof. (1) We compute

pu(b1) = (1,6,3,4,2,5),

pu(b2) = (1,6,2,5,4,3),

pu(b3) = (1,6,5,2,3,4),

pu(bs) = (1,2,5,3,4,6),

pu(bs) = (2,3,5,4),

pu(bs) = (1,4,6,3),

pu(b7) = (1,2,6,5),

pnlar) = (1,4,7,3,13,9,11, 14, 8,2,12,6),
pn(az) = (1,3,5,2,11,8,12,14, 10,4, 13,7),
pn(az) = (1,2,6,4,12,10,13, 14,9, 3, 11, 5).
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(2) We use GAP ([29)).

(3) We have used quotpic ([58]) to compute the abelianizations
(57, b3, (@), (bi1bsY )i = Zo x Zi,
and
(@}, (@az)’, (@ib1), (b163)", (anb1bs) W = 75 x Zia x Lss .

The other statements about the finite quotients of the group I are computed by
GAP ([29)).

To illustrate Theorem 3.12(3) and (4), the homomorphism 723 : ' = PGL2(7)
with kernel

(a®, (aax)?, (a1b1), (b1bs)”, (@1b1bs)®)r

is given by

(5472 1+7Z\]
M\ 1472 4472 )|

(1472 2+7Z \]
2\ s+72 1472 )

(0472 4+7Z \]
BN 4v72 2472 )
oo [(4+T2 0472 ]
'\ s+72 5472 )]
o [(6+72 6472 ]
>\ 2472 3472 )
o [(4+72 3472 ]
37\ o+72 5+72 )
o [(3+72 S+TZ Y]
‘1472 6472 )
e [(0+72 1472 Y]
T\ 1472 6472 )|
oo [(3+72 2472 ]
I\ 5472 3472 )
b [(2+72 4472 ]
"\ 4472 4472 )
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We observe that this homomorphism 723 : I' — PGL,(7) corresponds to the
permutation representation in Sg found by quotpic ([58]):

ar v+ (1,5,7,2,4,6,3,8),
ay > (1,5,6,4,8,3,7,2),
a3+ (1,5,3,8,2,7,6,4),

bi— (2,6,4,3,8,7),
by— (1,5,4,6,8,3),
bs— (1,5,2,7,4,6),
by (1,5,8,3,2,7),
bs— (1,6,7,8,4,5,3,2),
be— (1,3,6,2,8,5,7,4),
b7+ (1,7,3,4,2,5,6,8).

For g = 29, we have 115 ¢o(I') = PSL»(29) < PGL,(29), given by

al —

ap —

a3 —

b1|—>

(
(
(
(
(
(
(
(
(
(

25 + 297
0+ 29Z

1 4 29Z
27 + 297

1 4 29Z
24 + 297

25 + 297
22 + 297

25 +29Z
3+29Z

25 4 297
26 + 297

6 + 297
22 + 297

27 + 297
0+ 29Z

3 4 29Z
27 + 297

3 4 29Z
24 + 297

0+ 29Z
6 + 297

2 4297
1+ 29Z

24 + 297
1 4 297

26 + 297
6 + 297

7+ 297
6+ 29Z

22 + 297
6 + 297

26 + 297
25 + 297

0+ 29Z
8 + 297

24297
3+ 297

24 + 297
3+ 297

)

)
)
)
)
)
)
)
)
)
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and kernel ((a}“, bf, bg, bg, (a1b1)*) 1. The choice ¢ = 17, d = 0 gives another
homomorphism
717,0 : I' = PSL2(29)

with kernel ker(z17,0) = ker(t12,0).

Note that ¢ = 29 is the smallest odd prime number such that (3) = (1q—3) =1,
see Table 3.2 (other numbers with this property are for example 61 and 79).

This follows from Theorem 3.12(1). Observe that the generators 7 and j in the
given presentation correspond to

Y = ([( - )] , [( e )]) € PGL(Qs) x PGL2(Q13)

and

V() = ([( 0 )] , [( . )D € PGLy(Qs) x PGLy(Q13).

respectively. Note that it would be enough to add the relations/relators
2, 2 1, ),
a1, ], arj = jai', [, j1, asj = jag ',
bii =ib;', [bs.i]. bi =ibg", byj = jb3"
in order to get a presentation of the group G.

We have used GAP ([29]), quotpic ([58]) and the presentation of G given in
part (4).

The injective group homomorphism I' — SO3(Q) of Theorem 3.12(2) is given
by

1 0 0
a— | 0 =3/5 —4/5
0 4/5 -3/5
—-3/5 0 4/5
a > 0 1 0
—4/5 0 -3/5
—-3/5 —4/5 0

az — 4/5 =-3/5 0
0 0 1
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-3 4 12
by~ — 12 —3 4
13 3
—4
b2 = — —12
13 -—12 -—4 -3
1 —12 4
b3 = — —12
13 3
1 —12 —4
by > — —3 12
13 -—12 -3
bs 5/13 —12/13
O 12/13 5/13
5/13 O 12/13
b — 0
—12/13 O 5/13
5/13 —12/13 0
b7 +— 12/13 5/13 0
(7) This follows from Proposition 1.12.
O

See Table 3.6 for the index [ : U] and the abelianization U/*?, where U is of the
form U = (a,-, bj), a; {Q‘l, an, ag}, bj € {bl, bz, b3, b4, bs, b6, b7} and [ = F5’13 is
the (6, 14)—group defined in Example 3.28:

L Mbubabsba| bs | be | b |
ar | 16,[16,32] | oc,[0,0] |96,[16,32]] 96,16, 32]
a | 16,[16,32] | 96,[16,32] | o00,[0,0] | 96,[16,32]
a; | 16,[16,32] | 96, [16,32] | 96,16, 32] | oo, [0, 0]

Table 3.6: Index [I" : U] and group U, where U =

Observe that (ay, bs)

= (ay, be) =

(as, b7)

= Zz in F5713.

(a;, b;) in Example 3.28
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3.3 Generalization to p,/ =3 (mod 4)

The main goal of this section is to generalize the construction of I", ; of Section 3.2
to the case where p = 3 (mod 4) and / = 3 (mod 4) are distinct prime numbers.
Before giving the ultimate definitions, we discuss some possible approaches. If we
just naively define I" as set

(¥ (x) : x € H(Z) has type eg, |x|? = p"I*; r,s € Ny},
then we have several problems:

(1) The condition “x has type e(” is not preserved under quaternion multiplication
(for example (i 4+ j +k)> = —3 has type 0y), so we better define I' just as group
generated by ay, ..., apu1, by, ..., lerTl, where

2

{ay, .. .,a,%l}il = {Y(x) : x € H(Z) has type eo, |x|2 = p}
(b1, b} = (Y (») 1y € H@) has type eo, |y =1)
or (as will be explained in (3))
{al,...,apTH}il = {Y¥(x) : x € H(Z) has type e, |x|2 = p}
{b1,. ..,bl+Tl}il = (Y(y) : y € H(Z) has type eq, |y|> =1},
i.e. we get
[ =) :x e H(Z), x> =pI;r,s € Ny,
x has type e, if |x|> = 3 (mod 4),
x has type oo, if |x|* = 1 (mod 4)}
= {Y(x) :x e H(Z), |x|* = p'I5; 7,5 € Ny,
x has type eg, ifr + s is odd,
x has type op, ifr + s is even},
or
[ ={¥(x):x € H(Z), x> =pI5;r,s € Ny,
x has type eq, if |x|* = 3 (mod 4),
x has type o, if |x|> = 1 (mod 4)}
= (Y (x) :x e H(Z), |x|* = pI*; 1,5 € Ny,

x has type ey, ifr + s 1s odd,
x has type og, ifr + s is even}

for a suitable map v, see (2) below.
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(2)

3)

What is a good definition for ¢? Since now p,/ = 3 (mod 4), there are no
elements i, € Q, i; € ( anymore such that if, +1=0and il2 +1=0. We
have two possibilities to generalize the map ¥ of Section 3.2: Either we define

¥ H(Z) \ {0} — PGLx(K ) x PGL2 (X)),

where x = xo + x17 + x3j + x3k is mapped to

Xo —I—xlip x2—|—x3ip Xo + x11; X2 + x30)
—X2 +X30p X0 — X1ip ’ —X2 + x31;7 X0 — X111 ’
and K,, K; are quadratic extensions of Q, and (, respectively, containing
elementsi, € K, i; € K; such that if, + 1 =0and i,2 + 1 = 0, or we define

¥ H(Z) \ {0} — PGL2(Qp) x PGL2(Q)

xo +x1¢p +x3d, —x1d, 4+ x2 + x3¢,
X > ,
—x1dp, —x2+Xx3¢, X0 —X1Cp — X3d,
xo + X161 + X3d;  —x1dp 4 x2 + x3¢;
—x1d; — x> +x301 X0 — X1¢ — X3d) ’

where ¢, d, € Q,, ¢;, d; € ( are elements satisfying
o +di+1=0and ¢f +dj +1=0.

Such elements exist since the equation x> + y?> + 1 = 0 has solutions in
Z, and Z; (see [23, Proposition 2.5.3]) and then applying Hensel’s Lemma.
Both constructions of v are equivalent in the sense that they will give the
same defining relations, hence isomorphic groups I'. This mainly follows from
¥(xy) = ¥ (x)y¥(y) for both y. Therefore, we can always choose any of those
two definitions of ¢ in the following constructions. In practice, we will choose
the second one, since we prefer to be inside PGL,(Q,) x PGL>(Q;) as in the
classical case of Section 3.2.

If p =3 (mod 8), then p can be written as a sum of (0 and) three odd squares
(by Lemma 3.7(2),(3)). So if we take for example one generator a; := ¥ (x)
such that x = 0 + x1/ + x2j + x3k and |x|> = x{ + x3 + x7 = p, then

a; = Yx) =Y (—x) = ¢F) = ¥x) " =a;’,

ie. a% = 1 1in I', in particular the group I' is not torsion-free and therefore

certainly no (p + 1,/ + 1)—group.
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We can easily avoid this problem by changing the type from e to e; whenever
p =3 (mod 8) or/=3 (mod 8):

2

b Y= = (¢(y) 1 y € H(Z) has type eq, |y|* =1} .

2

{ar, ..., a0} = (Y (x) : x € H(Z) has type e1, |x|* = p}
b, ...,

In the remaining case p,/ = 7 (mod 8), we essentially (we could replace e by
e> or e3) have two possibilities: Either we again take

{ai, ... N = (Y (x) 1 x € H(Z) has type ey, |x]> = p}
{br,.... b} ={¥(y) :y € H(Z) has type ey, |y|> =1},

<
s
+

=
N|+ N|

or we take
{al,...,apTH}ﬂ = {¢(x) : x € H(Z) has type eo, |x|> = p}
{b1,..., bHTl}il = {Y(y) : y € H(Z) has type eg, |y]> =1}.

These two constructions give different groups (we have different abelianizations
in our examples, see the list in Section 3.5), but the groups are quite similar (its
intersection has index 2 in both groups).

We always avoid type-mixing constructions, since if x has type e, |x|> = p
and y has type e, # e, |y|*> = I, then |xy|? = p/l = 1 (mod 4). Hence, by
Lemma 3.7(2), |xy|? can be written as a sum of three squares (one odd and two
even squares). By the following multiplication table (Table 3.7), xy has type
01, 03 or 03, 1n particular f(xy) is even, so it can happen that $h(xy) = 0, but
then xy = —Xy, hence (xy)? = xy(—xy) € Z and (¥ (xy))? is the identity in T
which implies that I' is not torsion-free.

Op 01 02 03 |€e €1 € €3
Op |00 01 02 03 |€ €1 €2 €3
01|01 00 03 02]|€ €y €3 €
02102 03 0Op 01 |€ €3 €y €]
03103 02 01 Op|€3 €2 €1 €
€o | €0 €1 €2 €3 |0p 01 02 O3
€1 |€1 € €3 €2 |01 0y 03 02
€| €2 €3 €y €1 |02 03 09 O]
€3 | e3 €2 €1 €y |03 02 01 O

Table 3.7: Multiplication table of quaternion types
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After those preliminary considerations, we give now the final definitions for ¢ and
the group I, ; for this section: Let p,/ = 3 (mod 4) be distinct prime numbers, and

¥ H(Z) \ {0} — PGL2(Q,) x PGL2(Q1) ,

mapping the quaternion x = xo + x17 + x2j + x3k to

xo +x1¢p +x3d, —xi1d, +x2 +x3¢,
—x1d, —x3 +x3¢, X0 — X1¢p — x3d, ’

X0 + x10 + x3d; —x1d; + x2 + x3¢
—x1d] — x2+x3¢1 X0 — X1¢; — X3d] ’

where ¢, d, € Q,, ¢;, d; € () are elements such that
¢ +d;+1=0and ¢f +df +1=0.
Then, we define the group
L= {¥(x):x e H(Z), x> = p"I*;r, s € Ny,
x has type ey, ifr + s is odd,
x has type og, ifr + s is even}

= {(Y(x) :x e H(Z), [x]* = p"I*;r, 5 € Ny,
x has type ey, if Ix|?> =3 (mod 4),
x has type o, if x| = 1 (mod 4)},
with subsets

Ey = {c:l,...,ap_+1}jEl = {Y¥(x) : x € H(Z) has type ey, x| = p}

2

Eyi=1{by,....bia Y ={¥(y):y € H(Z) hastype ey, |y|* =1} .

2
In the subcase p,/ =7 (mod 8), we additionally define the group
Cpte = (W(x) :x € H(Z), |x|* = p'I%;r, s € Ny,
x has type eg, if r + s 1s odd,
x has type oy, ifr + s is even}
= (Y (x) :x €e H(Z), |x|* = p'I*; 1,5 € Ny,
x has type eg, if Ix|* =3 (mod 4),
x has type oy, if x| = 1 (mod 4)},

with corresponding subsets

Ep={ar, ...,ap ' = {¥(x) : x € H(Z) has type eq, |x|? = p}

2

Eyi={b1,....ba}" = {¥(y):y € H(Z) has type eo, |y|* =1}.

2
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Our next goal is to prove that I, ; and ', ; ., are (p + 1,/ + 1)—groups.

Theorem 3.30. Let I' be either the group I, ;, where p, 1 = 3 (mod 4), or let T" be
the group U, | o, where p, 1 =T (mod 8). In the first case, let

{a],...,apTH,apT a1 ={x e H(Z) oftype e1 : |x 1 = p, R(x) > 0}
(Br s B, Bt . iy =y € H(Z) of type ex = [yI? = 1, 9i(y) > 0}
Ep =y (o, L0 Tp La)) =Ha, ..., apTH}ﬂE1
E, =y ({B. P, P, LB =1{b. ..., b%}ﬂ~
In the second case, we take the same definitions, but replace e by ey.
A word in{ay, ..., 0p0,0p1, ..., 01} is called reduced, if it has no subword
of the form o;a; or ;a;. 124 redzjced word in {f, ..., IBI_-E_I, @ ..., B1} is defined

analogously. Then in both cases the following statements hold.

(1) Any quaternion x € H(Z) such that |x|> = p"I*; r,s € Ny, can be uniquely
expressed in the form
x = ep" Plw,, (0)ws, (B)

where

o ¢ € H(Z) isaunit, i.e. e € {£1, £i, +j, Tk}
11,12, 81,8 € Nosuchthat2r1 +ry =r and2s1 + s = s

., a1} of length rs

+1, O p+1

2

, Bri Il ., B1} of length s>.

oy

=
I\J|+ N|

Wy, () is areduced word in {a1, . . ., o

Wy, (B) is areducedwordin {f1, ..., B

(2) The group T is generated by the set {ay, ...,apn1, by, ..., b1}, i.e. by the set
2 2

Wi, ... . ¥lag), v(Bo), ... Y (B}

3) 1o any pair a € Ey, b € E,, there are unique elements a € Ej, b e E, such
that ba = ab.
(4) The group T is torsion-free.
(5) The group U isa (p + 1,1+ 1)—group.
(1) We follow the strategy of the proof of [45, Lemma 2.1.9], see also the
proof of [23, Theorem 2.6.13].

Existence: By Proposition 3.10, we can write
", )

Proof.

x=yM .y
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2)

such that y, z() e H(Z), [yY]*> = p and |z®¥> = [, wheret = 1,....r
and k = 1,...,s. Observe that all quaternions y, z*) have type e by the
assumption p, / = 3 (mod 4). Multiplying y“, z) with suitable units, we can
achieve that x has the form

x =gyM 0D )

such that ¢ € H(Z) is a unit, y, z&) e H(Z) have type e1, and R(y?) > 0,
R(z*)) > 0; or we can achieve that y*), z) have type e instead of type e;.
We get the desired expression if we replace all subwords

ORIy :y(t)

¥y y©

by p = [y“|?, and all subwords

L0 (1) _ 09760

byl = |z

Uniqueness: We adapt the counting argument given in [45, Lemma 2.1.9]. The
number of reduced words w;, () is

(p+ l)p’z_l, if ro > 1
1, ifI”QZO.

Similarly as in [45], it follows that the number of expressions

ep P w,, () wg, (B)

is
8(1+p+--+p )1 +l+--+F)=8) d,
d\p"l®

which is also the number of quaternions x € H(Z), such that |x|> = p’/* by the
Jacobi Theorem (see for example [45, Theorem 2.1.8] for a formulation and a
proof of the Jacobi Theorem).

Let x € H(Z) be a quaternion of norm |x|> = p/'I%; r, s € Ny. By part (1), we
can write
x = ep" P wp, (@) ws, (B) -

Assume that we are in the first case I' = I", ;. If x has type e1 and r + s is odd,
then
rotsy=r—+s—2(r;+s1)
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is odd. By Table 3.7, the quaternion w,,(a)ws,(B) has type e, hence ¢ has
type 0g, 1.e. ¢ € {—1, 1} and it follows

Y(x) = Y (Ep" P w, (@ws, (B)) = ¥ (wr, (@)ws, (B)) -

If x has type op and r + s 1s even, then > + s> is even, w,., (o) wy, (B) has type oo,
again & € {1, 1} and Y (x) = ¥ (wy, (@)ws, (B)).

The proof'in the second case I' = I', ; ., is completely analogous, we only have
to substitute e; by eg everywhere.

Write a = ¥ («) and b = () for some

o€ {al,...,a%],apzi,...,a—l} and B e {ﬁl,...,ﬂ#,ﬁ%,...,ﬁ}.
The quaternion Ba has type oy and norm |Bal? = pl. By part (1), it can be
expressed as Ba = ea S with a uniquely determined unit & and uniquely deter-
mined quaternions

0o, ...,a1) and B e {B1, ..., B But..... P}

3 . 1,
2 2

556{051,...

R
|~=
-

Since @B has type oo, the unit ¢ also has type 0o, i.e. ¢ € {—1, 1} and we
conclude

ba = Yy (P)Y (@) = Y(Ba) = Y(eaf) = ¥ (@p) = v @y (p) = ab.

We adapt the proof given in [54, Proposition 3.6]. Let ¥(x) be a non-trivial
element in I'. Assume that w(x)k = 1 for some k£ € N. Then there is an
element 1 € (@; such that

k
X0 +x1¢p +x3d, —x1d, +x2 +x3¢, _( 0 € GL,(Q,)
—x1dy, — X2+ X3¢, X0 —X1€p — X3d, 0 2ep)

hence ;© = )Jl‘ = )»’2‘, where A1, A, are the two eigenvalues

_ 2 2 .2
Ao =Xxpx \/—xl X5 — X3
of the matrix

xo +x1¢p +x3d, —x1d, + x2 + x3¢)
—x1dp — x2 + X3¢, xXo —Xx1¢p —x3dp )’

using the identity ¢ +d> 4+ 1= 0in Q,. We write

v::xf+x§+x§eN, M=xp++—vand Ay =x9g— ~—V.



3.3

GENERALIZATION TO P, L =3 (MOD 4) 141

By construction of I',, ; and I",, ; ., there are only three possible types for the
quaternion x.

Case 1: x has type 0o, in particular xg is odd and v is positive even.
Case 2: x has type e, and again X is odd and v is positive even.

Case 3: x has type e such that [x|> = 7 (mod 8), in particular x, is non-zero
even and v is positive odd.

We will use the following facts which hold in all three cases:
VA0, xo#0, 3x3 —v#0, x2 —v#0and xj —3v#0.

They follow directly looking at the parity. Since A1/A; belongs to a quadratic
extension of Q, and (A1 /A2)F = 1, we can conclude that ¥ € {1, 2, 3, 4, 6}. But

e k#£1, sincer] — Ay =2~V #0

o k#2, since A — A3 = dxo/—v £ 0

o k#3, since A3 — A3 =2/—v(3x2 —v) #0

o k#4, since AT — A3 = 8xp/—v (x3 —v) #0

o k#6, since AS — A5 = dxov/—v (x2 — 3v)(3x2 —v) #0 .

It follows that ¥ (x)* # 1 and [ is torsion-free.

(5) By part (2), the group I' is generated by its subset

by, ....bm1},

2

{ai,....ap,
2
and by part (3) there are (p + 1)(/ + 1) relators of the form aba~'b~", where
a,d € Ep and b, b € E,. These (p + DU + 1) relators are represented by
exactly (p + 1)(I + 1) /4 relators aba—'b~! (geometric squares [aba—'b~1]), if

and only if the four squares

aba='p=', a='pab, a"'bab~', ab'a b

are always distinct, i.e. if and only if there are noa € Ej, b € E, such that
abab = 1. We want to exclude such “projective planes”, so let us assume that
abab = 1 for some a € Ej, b € E,. Since I is torsion-free by part (4), it
follows that ab = 1, hence ¥ (af) = 1 for some

oee{oel,...,oepTH,oepT Loy and B e{p, ..., ,3% ,BHTlE}

This implies (looking at the two eigenvalues A1, A of part (4) which have to
be equal here) that af = R(ep) € Z, contradicting |af|> = pl. We conclude
that I" is a quotientof a (p + 1,/ + 1)—group

(Cll,... a b],...,bl+1 |Rp+l.l+1>.

s
2
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This quotient is not proper (i.e. I' is exactly this (p + 1,/ 4 1)—group), if and
only if any non-trivial relation which holds in I" is a consequence of the square
relations ba = @b of part (3). So we assume that w is any relator in T, i.e. any
word in the generators

{Cl],...,ap_ﬂ,b],...,bl+l}:‘:1
2 2

which represents the identity in I". Then, gradually using part (3), i.e. replacing

every ba by the corresponding ab, and cancelling all subwords of the form
CliCll-_l, al._la,-, b]bj_l, bj_lbj ,

either w cancels to 1, which means that w is a consequence of the defining

relators in Rp+1 ;.1 and we are done, or w is represented by an element in I’

of the form aV . |.a®pD . b®, where (r, s) # (0, 0), such that aV ... a®

and bV . 5 are freely reduced words in (ay, ..., apa) and (b1, ..., br1),

respectively. Therefore, i i
YW . o™ g9y =1

for some

aV o™ edar, .. o, @, ..., TT)

2 2
and

gL, ... p® e{ﬁl,...,ﬁ%,ﬁm,.‘.,ﬁ},

2

where oV ..o and BV ... B are reduced words. This implies
aM L a@BD B =RV e )y =x e Z.

Taking the norm of the last expression, we get p"[* = xg, hence r, s are even

and
X0 = j:pr/le/27

which contradicts the uniqueness statement of part (1) for the quaternion
aM e MBS = 252

In both constructions of ' =T", ; and I' =T, ; ., we have
To = {¥(x) : x € H(Z) has type oo, |x|> = p¥1**:r,s € Ny}
< PSLo(Q)) x PSL2(Qy)

as in Section 3.2. Note that in the case p,/ = 7 (mod 8), the common subgroup I'g
hasindex2in T, N Ty .

We describe now (or in Appendix A) several explicit examples for the three cases
p,l =7 (mod 8), p,/ =3 (mod 8) and p =3 (mod 8),/ =7 (mod 8), where the
first case is again divided into the type e; and type e subcase:
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Case p,/ =7 (mod 8), type ¢;

Let p,/ = 7 (mod 8) be distinct prime numbers. Here, we take {a;, ..., ap11} to be
2
the set

{¥(x) : x = x0 + x1/ + X2/ + x3k € H(Z) has type ey, xo, x1 > 0, |x|* = p},

and take {b1, ..., lerTl} to be the set

(W) :y =yo+ )i +y2j +y3k € H(Z) has type e, yo, y1 > 0, [y* =1}.

See Appendix A.7 for the explicit definition of the group I' = I'7 23. It has for example
the following properties:

P, =ZPSL»(7) < 8, Py, = PGLy(23) < So4.
[ = 7y x 73, [, T1% = 73 x 73 X Ly, T = 7y x 7y x 73,

In Appendix A .8 is the explicit definition of I' = I'7 3;. We have computed

Ph = PGL2(7) < Sg, PU = PSL2(31) < S32
[ =7, x Z3 x 73, [[, U1 = 73 x 72 x Zey, T80 = 7y x 73 x Z3.

Case p,/ =7 (mod 8), type ¢

Again, let p,/ =7 (mod 8) be distinct prime numbers, but now we take
{ay, .. .,arp_+1}il = {¢¥(x) : x € H(Z) has type e, Ix|? = p}
2

and
{bi1,..., bHT]}ﬂ = {(¢(») : y € H(Z) has type eo, |y|> =1}.

As an example, the group I' = I'7,23 ¢, 1s explicitly defined in Appendix A.9, and we
have

Ph = PSL2(7) < Sg, PU = PGL2(23) < S24.
0% =73 x Zy, [T, T = Z3 x Zy x 73, T80 = 7y x Zz x Z3.

Note that (F7,23,eo)“b =+ (F7,23)“b, in particular the groups I'7,23 ¢, and I'7 23 are not
isomorphic.
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Case p,/ =3 (mod 8)

Let p,/ =3 (mod 8) be distinct prime numbers. We give the example '3 11, taking

ai =y (1+j+h), al =y (1 —j—h),
a =9+ j—k), al =yl — j+k),
by =Y+ j+3k), byl =yl —j—3k),
by = (1 + j — 3k), byt =y (1 — j+3k),
by =v(+43j+k), byl =y (1 —3j —k),
by =y (1+43j —k), byl =y (1 —3j+k),
bs =y (3 +j+k), byl =y (3 —j—h),
be =V (34 j —k), bl =y (3 —j+h.
Example 3.31.

abiarb; !, aibrarby’,
—1;,-1
a1b3a1b6, a1b4a2 b3 s
a1b5a1_1b5_1, Cl]bglaz_llm,
R2.6 = 3 ¢ .

Cllbz_lazbl_l, Cllbl_lclzbz_l,

wmbiaxhy!,  abrarby’,

arbyarbs, a2b6a2_1b6_1
Proposition 3.32. Let I' = I'3 11 be the (4, 12)-group defined in Example 3.31. Then
(1) Ph = PGL2(3) = S4, Pv = PSLQ(ll) < S12.
(2) T =7, x 72, [, 1] = 72 x Zea, T8 =7, x Z2.
Proof. (1) We compute
pU(bl) - pv(bZ) - (17 37 27 4)7
pU(b3) - (17 27 37 4)7
pU(b4) - (17 47 37 2)7

pu(bs) = (2,3),
pu(be) = (1,4),
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pn(ar) =(1,11,9,10,6)(2, 12,7, 3, 4),
)Oh(az) - (17 117 87 47 3)(27 129 10’ 9’ 5)‘

(2) GAP ([29]).
O

See Table 3.8 for the index [ : U], the abelianization U and the structure
of the quotient I'/U (if U 1s normal in T"), where U = {(a;, b;), a; € {a1, a>} and
bj (S {bl, ...,b6}.

| | 61,65 | b2 by | bs | bs |
ar || 2,18,8],Z> | 8,[8,32], — | 00, [0,0], — | 2,[8, 8], Z>
ar || 8,18,32], — | 2,[8,8],Z> | 2,8, 8],Z> | o0, [0, 0], —

Table 3.8: [I": U], U%* and I'/U in Example 3.31, where U = (a;, b;)

Case p =3 (mod 8),/ =7 (mod 8)

Let p =3 (mod 8),/ = 7 (mod 8) be prime numbers, We construct the group I'3 7
as follows:

ai =yl +j+k), al =yl —j—h),
a =Y+ j—k), a' =y —j+h),
by = (1 +2i +j+k), byl =yl —2i —j—k),
by =Y (1 +2i +j — k), byl =y(1—2i — j+k),
by = (1 +2i — j+k), byl = (1 —2i +j — k),
by =y 42 —j—k), byl =w(l—2i +j+k).
Example 3.33.
Cl]blaz_lbz_l, Cllbzal_lb3,

albgaz_lbél_l, a1b4a1b1_1,
R2.4 = 9 ¢ .
arb) 'aby,  aby'axhy,

azbgazbz_l, a2b4a2_1b1
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Proposition 3.34. Let I' = I'3 7 be the (4, 8)—group defined in Example 3.33. Then
(1) Ph = PSL2(3) = A4, PU = PGL2(7) < Sg.
(2) T =7, x 72, [, 0% = 72 x Zys, T8 =7, x Z2.

(3) We have a quotient F/((a?, b‘l‘, (a1b1)°, (b162)°\r = PGL2(5) = Ss, such that
((a?, b‘l‘, (a1b1)°, (b1b2)5))ilb = 7o X Zgo, and quotients
/(@i (@ib))'?, (b1b2)*)r = PGLa(11),
C/{ai, (@b, (b162)*)r = PGLa(13).
(4) The group U(H(Z[1/3,1/7]))/ZU(H(Z[1/3,1/7])) has a presentation with
generators ay, az, by, ba, b3, by, i, j and relators

1’ Z‘Z’ j2, [17]].

Roa, ariayi™', ayja; ' j=Y, byibi™", by jbsj
(5) (UM(Z[1/3,1/71)/ZUM(Z[1/3,1/7])))*? = Z3,
(6) (U(H(Z[1/3,1/71)/ZU(H(Z[1/3,1/7)))/ T = Z3.
(7) Aut(X) = Dy
(8) (a3a?, by 'bbyby ) = 72
Proof. (1) We compute

pu(b1) = (1, 4,3),
pu(b2) = (1,2,3),
pu(b3) = (2, 4,3),
pu(by) = (1,2, 4),
pn(ar) = (1,4,3,7,5,8,6,2),
pn(@) = (1,5,6,7,8,4,2,3).

(2) GAP (]29)).

(3) Let g be an odd prime number distinct from p and /, and choose ¢,d € Z
such that ¢ + d* + 1 = 0 (mod ¢), then we can define exactly as described in
Theorem 3.12(3) a homomorphism 7 = 7. 4 : I'; — PGL2(g) by

o a(y) = Xo+x1c+x3d +9g7Z —x1d + x2 + x3¢ + q7Z
ed\V) = —x1d —xa+x3¢+q9Z  xo—x1¢c— x3d + qZ ’

where y = ¥ (xg + x17 + x2j + x3k).
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For ¢ = 5 we have 19, : '3 7 = PGL,(5) given by

[ (34 5Z
M\ 445z

[ (44 5L
P45z
o | (352
PN 0452
bos | ((45Z
>\ o+5z
bers | (352
T\ 245z
b | ((4F5Z
T\ 245z

We have used quotpic ([58]) to show that

147

(@b, bY, (a1b1), (b1b2)° )2 = 7y x 73,,.

In the same way 77 3 : ['3,7 - PGL,(11) is defined by

as [ (41
P70+ 11z
L[ o+nz
271\ o+ 11z
b [ ([ 6+ 11Z
s+ 11z
b [ 0+11Z
27\ 3411z
5 [ 64+ 11Z
ST\ 7+ 11Z
5 [ 0+ 11Z
“7 s+ 1z

and 79 5 : ['3,7 = PGL2(13) by

. 6+ 137
1 12 4+ 13Z

. 9+ 13Z
2 12 4+ 13Z

24+ 11Z
9O+ 11Z%Z

0+ 11%Z
44 11%Z

7T+ 117%Z
7T+ 11%Z

54+ 11Z
2+11Z

5+ 117%Z
7+ 117Z

3+11Z
24 11Z

14+ 13Z
9+ 13Z

14+ 13%Z
6+ 13Z

)
)
)
)
)
)
)
)
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by —
b —
b3 —

by +—

(4) Same idea as in Proposition 3.29(4) using that the group

UM(Z[1/p, 1/1D)/ZUME(Z[1/p, 1/1]))

can be described as

(Y(x):x e H(Z), |x|> = p'I°:r,s € Np}.

44 13Z 64 13Z

(5) and (6) follow from part (4) using GAP ([29]).

(7) GAP ([29]). The group Aut(X) is generated by the two automorphisms

(@1, a2, b1, by, b3, ba) > (a1, a; ', byt byt b3t BT,

(a1, a2, by, by, b3, by) v (az, ay’', ba, by, by, b3).

([ 6+13Z 4+13Z ]
1\ 2+132 9+132 /|

([ 9+13Z 4+13Z ]
1\ 2+13Z 6+13Z /]

([ 6+13Z 2+13Z ]
1\ 4+132 94132 /|

_< 94+ 13Z 2+ 13Z )_

(8) This follows from Lemma 3.14, since the two elements a%a% =Y(1+8i —4j)
and b 'b3baby! = yr(41 — 24i + 12j) commute.

O

See Table 3.9 for the index [I" : U], the abelianization U?? and the structure of the

quotient I'/U, where U = (a;, b;), a; € {ay, ax}, b; € {b1, bs, b3, bs}.

L [ buba [ babs |
ar || 4.18.16]. Zy | 2.18.8]. 2o
@ | 2.18.8). Z, | 4.18.16]. Z4

Table 3.9: [I" : U], U and I'/ U in Example 3.33, where U = (a;, b;)
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3.4 Mixed examples: p =3,/ =1 (mod 4)

Let p=3 (mod 4),/ =1 (mod 4) be two prime numbers. Similarly as in Section 3.2
or Section 3.3, we define a map

¥ H(Z) \ {0} — PGL2(Q,) x PGL2(Q1) ,

which sends x = xg 4+ x17 + X2/ + x3k to

xo +x1¢p, +x3d, —x1d, +x2 +x3¢,
—x1d, —x3 +x3¢, X0 — X1¢p — x3d, ’

Xo +x1i; X2 + x30;
—X2 + X301 X0 — X1i; ’

where ¢, d, € Q,, i; € ( are elements such that cfj + df, + 1 =0and il2 +1=0.
Then we construct groups I, ; generated by

{al,...,apTH}ﬂ = {Y¥(x) : x € H(Z) has type e1, |x|> = p}
(b1, b} = (¥ () 1y € H(Z) has type oo, |y[* =1},
that is
L, ={Y) x e H(Z), |x|* = p' I r,s € Ny,
x has type ey, if x|?> =3 (mod 4),
x has type oo, if |x|* = 1 (mod 4)}
—{Y(x):x e H(Z), x> = p'I5;r, s € Np,
x has type ey, if r is odd,
x has type op, if'r is even},

and, in the subcase p =7 (mod 8),/ =1 (mod 8), also groups ', ; ¢, generated by
{a, .. .,a,%]}il = (¥ (x) : x € H(Z) has type e, |x|> = p}
(b1 b I = {y () 1y € H(Z) has type oo, |y =1},
i.e. I'p 1 ¢, 15 defined as
{Y(x):x e H(Z), |x|* = p"I5;r, s € N,
x has type e, if|x|2 = 7 (mod 8),
x has type o, if|x|2 = 1 (mod 8)}
= {Y(x) :x e H(Z), |x|* = p"I;r, s € Ny,

x has type eg, if 7 1s odd,
x has type og, ifr 1s even} .
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Note that for both constructionsI" = I', yand I' =", ; ., we have
o = {¥(x) : x € H(Z) has type oy, x| = p2’l2s; r,s € Ny}
< PSLo(Q)) x PSL2(Qy)
as in Section 3.2 and 3.3.

Theorem 3.35. Let I" be either the group " , j, where p =3 (mod 4),/ =1 (mod 4),
or let T be the group T ; .., where p = 7 (mod 8), I = 1 (mod 8). Then T isa
(p+ 1,14+ 1)—group.

Proof. 1t is easy to adapt the proof of Theorem 3.30. O

Now, we give some explicit constructions of I, ; for the two cases p = 7 (mod 8)
and p = 3 (mod 8). Moreover, we illustrate the type ey construction in the subcase
p =7 (mod 8),/ =1 (mod 8), and explain why this restriction makes sense to avoid
torsion in the group.

Case p =7 (mod 8), type ¢;
Let p=7 (mod 8),/ =1 (mod 4) be prime numbers,
{ar,...,apn} = {Y(x): x € H(Z) has type e, R(x) > 0, R(ix) < O, x|? = p}
2

(b1, . ..,bHTl}ﬂ — (¥(y) : y € H(Z) has type 0, R(y) > 0, |[y|> =1}.

We study two examples: the group ['7 5 is generated by

a1 =y(1+2i +j+k), arl =yl —2i —j—k),
a =yl +2i+j—k), al =y -2 —j+k),
azs =y (14+2i —j+kh), a;l =y(1—2i+j—k),
ay =142 —j—k), a;' =y (1 -2 +j+k),
by = (1 +2i), byl =y (1 —2i),
by =y (1 +2)). by =1 -2)),
by = (1 +2k), by = y(1 - 2k).
Example 3.36.

alblagbgl, a1b2a4b2_1, a1b3a4_1b2, albglcmbg,
. -1 -1 -1 —1g-1
R4.3 = a1b2 azbl, albl a4b , a2b2a3 b3 , a2b3a4b1,

dzb§1a3b3, Clzbz_lclgbz, Clzbl_lagbl_l, azbiasbr
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Proposition 3.37. Let I" = "7 5 be the (8, 6)-group defined in Example 3.36. Then
(1) P, =PGLy(7) < 83, Py, = PGL2(5) < Se.
(2) T =7, x 72, [, 1% = Z3 x 72 x Z1s, T80 = 7o x 73 x Z3.
(3) Aut(X) = Sa.

Proof. (1) We compute

pu(b1) = (1,5,2,6,4,8,3,7),
pu(b2) = (1,5,3,7,6,2,8,4),
pu(b3) = (1,6,2,3,7,4,8,5),
p(ar) = (1,6,5,3),
p(az) = (1,6,3,2),
pn(asz) = (1,6,4,5),
pn(as) = (1,6,2,4).

(2) and (3) are computed with GAP ([29]). The group Aut(.X) is generated by the
two automorphisms

(a1, a2, a3, a4, b1, ba, b3) — (a1, a3, a4, az, b3, by, b2),

-1 -1 -1 71
(a17a27a3’a47b17b27b3) = (a27a4 7a1’a3 7b17b3 7b2 )'
0

See Table 3.10 for the index [I" : U], the abelianization U*? and the structure of
the quotient I'/ U, where U = (a;, b;), a; € {a1, az, a3, as}, b; € {by, b, b3}.

| | & | bbb ]
| ay,ar, az, dy “ 4,8, 16], Z4 | 2,[8, 8], Zz |

Table 3.10: [I" : U], U% and T'/ U in Example 3.36, where U = (a;, b;)

Our second example is the group I'7,13:

ay =y (1+2i+j+h), al =y —2i—j—k),
a =y (142 +j—k), ayl =y -2 —j+k),
az =y(1+2i — j+k), al =y —2i+j—k),

ay =y +2i —j—k), a;' =9l —2i+j+k),
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by = (14 2i +2j + 2k), bl =y (1 —2i —2j — 2k),
by = (14 2i +2j — 2k), byt =y (1 —2i —2j + 2k),
by = (1 +2i —2j + 2k), b3l =y (1 —2i +2j —2k),
by = (1 — 2i +2j + 2k), byt = (14 2i —2j — 2k),
bs = (3 + 2i), byl =¥ (3 - 2i),
be =Y (3 +2)). b =93 —2))
b7 =¥ (3 +2k), b7l =y (3 —2k).
Example 3.38.
Cllblalbs_l, a1b2a4b3, albgal_lbz_ , Cllb4a4bl_l,
a1 bsar b, a1b6a2_1b3_1, a1 brazbs, Cl1b7_la3_1b4_1,

-1 _—1p-1 -1 _—1z-1 -1, -1 -1
arbg "a; by, arby ay by, arby ay by, a1b] asby,

v

. -1 -1 -1 -1
R4.7 = 3 a2b1a2 b4, a2b2a2b5 , a2b3a4 b7, a2b5a4b7 ,
a2b7a3_1b6_1, a2b7_1a4_1b1_1, a2b4_1a3b1, azbglagb_l,

azbz_lagb;l, a3b3a3b5_1, a3b4a3_1b1, a3b6a4_1b2,

agbgla4b5, agbl_laél_lbgl, a4b2a4_1b3_1, a4b5_1a4b4_1
Proposition 3.39. Let I = I'7,13 be the (8, 14)—group defined in Example 3.38. Then
(1) P, =PGLy(7) < Sg, Py = PGL,(13) < Sy4.
(2) T =7y x Z3 x 72, [T, T1° =73 x 72 x Zns, T80 = 7p x Zs x Z2.
Proof. (1) We compute

pu(b1) = (1,5,6,2,4,8),
pu(b2) = (2,6,8,4.3,7),
pu(b3) = (1,2,6,3,7,5),
pu(by) = (1,3,7,8,4,5),
pu(bs) = (1,8,2,7,4,5,3,6),
pu(bs) = (1,2,3,4,6,5,8,7),
pu(b7) = (1,4,2,5,7,6,8,3),
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onla) = (1,4,8,13,12,2,3,6,11, 14,10, 7,9, 5),
on(a) = (1,8,3,13,10,6,7,5,2,12,9, 4, 14, 11),
on(az) = (1,11,7,2,12,10,9,8,5,3, 13, 6, 14, 4),
on(as) = (1,4, 10,8,6,5,11,14,7,12, 13,3, 2,9).

(2) GAP ([29]).

Case p =7 (mod 8), typeep; / =1 (mod 8)
Let p =7 (mod 8),/ =1 (mod 8) be prime numbers,

{ai, .. .,a]il}:t] ={¢¥(x) : x € H(Z) has type ep, R(x) > 0O, Ix|> = p}
2
and

{h“wb%ﬁh:wwyyeH@HmwmmLWﬁ>0Jﬂ%dy
Note that we have two major restrictions in this type eg case. Firstly, we exclude the
case p = 3 (mod 8) for the same reasons explained in Section 3.3. Secondly, we
exclude the case p =7 (mod 8),/ = 5 (mod 8). To motivate it, observe that if x has
type eg, |x|> = p = 7 (mod 8) and y has type 0o, |y|* =/ =1 (mod 8), then xy has
type eg such that |xy|? = p/ = 7 (mod 8), in particular %(xy) # 0 by Lemma 3.7(2).
However, if x has type eo, |x|> = p = 7 (mod 8) and y has type og, |y|> =1 =5
(mod 8), then xy has type ey such that [xy|> = p/ = 3 (mod 8) and it can happen
that f(xy) = 0. But this means that xy = —¥y, hence (xy)> = xy(—Xy) € Z. Asa
consequence, ¥ ((xy)?) is the identity in I" and I is therefore not torsion-free (we say
that x, y generate a projective plane). We will give an example for this phenomenon
later in this section (see Example 3.42).
First, we look at the (8, 18)—group I'7,17,, having the following generators:

ar=yQ2+i+j+k), arll=yQ—i—j—k),
a=yQ2+i+j—k), =y —i—j+h),
a3 =vQ2+4i—j+k), =y —i+j—h),
ay=vQ2—i+j+k), al=vQ+i—j—kh),
by = V(1 + 4i), bl = w1 —4i),
by = Y1+ 4)), byl =y (1 —4j),

by = (1 + 4k), by = (1 — 4k),
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by =Y (3 +2i +2j), byl = (3 —2i —2)),
bs = ¥ (3 4 2i —2j), bl =¥ (3 —2i +2)),
be = Y (3 + 2i + 2k), bl =¥ (3 —2i —2k),
by = ¥ (3 4 2i — 2k), byl =3 —2i +2k),
by = ¥ (3 +2j + 2k), by =¥ (3 —2j —2k),
by = ¥ (3 4 2j — 2k), by =¥ (3 —2j + 2k).

Example 3.40.

arbiazby, arbrasbg, aybzazbe, a1bsaz b,
absasb; ', arbeazby, ajbra; by, ajbsasbs,

-1 B R | S 1 -1
a1b9a3b4 , a1b9 a, bl , albg a3b , a1b7 azb ,

albglagb_l, albs_laz_lbgl, a1b4_1a4b7, albglaz_llg,

. -1 _—1z-1 -1 -1 -1 —14z-1
R4.9 = 3 a1b2 CI3 b7 , albl a4 b9, a2b1a4 b7, a2b6a3 b4 , f -

—1z-1 -1 -1 -1 _-1
a2b7a4 b3 s azbgagbl , a2b9a3 bz, a2b7 CI3 b5,

azbglcmb_l, azbs_laél_lbgl, a2b4_1a4_lbg, Clzb;lcl;lbg,

a2b2_1a4b6, azbl_lclgbg_l, a3b4a4b3_1, a3b5a4_1b1,

1 -1 -1 -1 -1 _-1
6 > a3b9a4 b7 , Cl3b3 614194 , Clgb2 Cl4 b5

as bga4_1 b

Proposition 3.41. Let I' = I'7 17, be the (8, 18)—group defined in Example 3.40.
Then

(l) Ph = PGL2(7) < Sg, Pv = PGL2(17) < Slg.

(2) T =735 x Zy, [T, T = Z3 x Zy x Z3,, T3 =17, x I3 x Z3.

Proof. (1) We compute

pu(b1) =(1,4,3,7,5,8,2,6),
pu(b2) =(1,3,2,5,6,8,4,7),
pv(b3) =(1,2,4,6,7,8,3,9),
pu(by) = (1,6,4,8,2,3,5,7),
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pu(bs) = (1,6,5,7,8,4,3,2),
pv(bs) = (1,5,2,8,3,4,7,06),
pu(b7) =(1,3,4,2,8,6,7,5),
pv(bg) = (1,7,3,8,4,2,6,5),
pu(bo) = (1,7,6,5,8,3,2,4),

on(ar) = (1,10,18,6,5,11,2,7,17,4,9, 13, 3, 14, 16, 8, 12, 15),
on(a) = (1,8,18,4,6,10,16,5,3,7,11,15,2,13, 17,9, 14, 12),
on(az) = (1,11,18,5,7,9,3,4, 16,6, 8, 14, 17,12, 2, 10, 15, 13),
on(as) = (1,14,13, 11, 3, 15, 16, 12, 10, 5,2, 6, 17, 8,4, 7, 18, 9).

(2) GAP ([29]).
O

We illustrate now, why the type eg construction does not work in the excluded case
p =7 (mod 8),/ =5 (mod 8). Take the smallest case p = 7,/ = 5: if for example
a1 =vQ2+i+j+k) and by = ¥ (1 4 2i), then

RO+i+j+hHA+2)=RGSi+3j—k)=0,
athy =y Q+i+j+ov+2i)=y5i+3j—k),
(@1b1)* =¥ ((5i +3j —k)*) =¥ (=35) = Ip,

i.e. we have a projective plane, I is not torsion-free and therefore no (8, 6)—group.
Nevertheless, we can do some computations: If we take

ay=vyQ+i+j+k), al=y@2—i—j—h),
a=yQ+i+j—k), =y —i—j+h),
a=yQ2+i—j+k), aGl=yQ—i+tj—h),
ar=v9Q2—i+j+k), al=yQ+i—j—h),
by = (1 +2i), bl =yl —2i),
by =¢(1+2), byl =y (1 -2)),
by = (1 + 2k), by =y (1 — 2k),

then we get a group I with generators a1, az, az, as, b1, b2, b3 and the following 18
(not 12 !) relators, where the twelve projective planes are printed bold:
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Example 3.42.
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ajbiaby, aibzaiba, ajbzaibs,
alb;1a4b_1, albz_lagb_l, a1b1_10l3b_1,
azbiazby, azbzazbs, abza; by,

azb_;lazb;l ,
azbzazbs,

agbzasby,

Clzbz_la;lbg,
a3bz_la3b2_1,

agbzasbs,

azbjazbq,
agbl_laél_lbz,

a4bl_la4b1_1

Note that also here, if £j, = {a1, as, a3, as}* and E, := {b;, bs, b3}*!, then
given any a € Ej, b € E,, there are unique a € Ej, b € E, such that ab = ba
by an analogon of Theorem 3.30(3). However, in strong contrast to what happens in
(2m, 2n)—groups, we sometimes have @ = a~! and b = b~ i.e. abab = 1.

Proposition 3.43. Let I be the group with generators ay, az, as, as, by, by, bz and the
relators of Example 3.42. Let T be the kernel of the homomorphism

[ — Zg
ai+—> (1 4+27Z,0+27)
bj— (0+2Z,1+27Z),
generalizing the definition of the subgroup U'g of a 2m, 2n)—group U. Then
(1) T =73 x Za, [T, 1% = Z3 x Zg x Z3,, T8 =75 x 73 x Z3.
(2) T has the (vertical) amalgam decomposition

[ = s, (232« F3).

(3) T has the (vertical) amalgam decomposition
Lo = Fs xpy I,
in particular U is torsion-free and U is virtually torsion-free.
Proof. (1) This follow from computations with GAP ([29]).

(2) and (3): See Appendix A.11 for the explicit amalgam decompositions and the

isomorphisms to I and I, respectively.
O
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Remark. Taking an obvious generalized definition of py, py, Pp, P,, we get
pv(bl) - (17 77 27 47 57 67 39 8)9
pv(b2) - (17 57 47 37 67 77 27 8)9
pv(b3) — (17 67 37 27 77 57 47 8)’
ph(al) - (17 57 27 47 37 6)7
ph(az) - (17 37 47 57 27 6)7
ph(a3) - (17 47 37 27 57 6)7
ph(a4) - (17 67 47 37 57 2)7
generating P, = PGL2(7) < Sg and P, = PGL2(5) < Se, respectively.

We can take the six relators of I' in Example 3.42 which are not projective planes
and embed them in a (PGL2(7), PGL2(5))—group as follows:

Example 3.44.

Ollblaél_lbl, Cllbzag_lbz, a1b3a2_1b3, albglcmbz_l,

Ryz = 3 Cllbz_lazbl_l, albl_lagbgl, arbiazby,  arbrasbhs, =

a2b3a4_1b1_1, azbz_laglbg, azbzasbs, agbl_laél_lbz

Proposition 3.45. Let I be the (8, 6)—group defined in Example 3.44. Then
(l) Ph = PGL2(7) < Sg, PU = PGLQ(S) < S6.

(2) rab =~ Zg X Zg, [T, F]“b ~ 7a x 73, ng = Zg, in particular T is not
isomorphic to the group 1'7 5 of Example 3.36.

Proof. (1) We compute

pu(b1) =(1,7,3,8,5,6,2,4),
pu(b2) = (1,5,2,8,6,7,4,3),
pu(b3) =(1,6,4,8,7,5,3,2),
pular) = (1,5,2,4,3,6),
pulaz) = (1,3,4,5,2,06),
prlaz) = (1,4,3,2,5,06),
pnlas) = (1,6,4,3,5,2).

(2) GAP (]29)).
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Case p =3 (mod 8)
Let p =3 (mod 8),/ =1 (mod 4) be prime numbers. The example ['3 5 is given by

a =Y+ j+k), ay' =y - j—h),
a = Y(l+j— k), a;' =yl — j+k),
by = ¥ (1 + 2i), byl = y(1 - 2i),
by = y(142)), by =y (1-2)),
bs = (1 + 2k), by = y(1 — 2k).
Example 3.46.
aibiaxbs, arbrazb!,
Rr3 = a1b3a2_1b1, albglalb_l,

albl_laz_lbg, a2b3a2b2_1
See Appendix B.8 for the GAP-program ([29]) constructing I's s.

Proposition 3.47. Let ' = '35 be the (4, 6)-group defined in Example 3.46 and let
G =UM(Z[1/3,1/5]))/ZUE(Z[1/3,1/5])). Then

(1) Ph = PGL2(3) = S4, Pv = PGL2(5) < S6.
(2) T =7, x 72, [I,T]1% =72 x Zys, T80 =7, x Z2.
(3) There are finite quotients

[/{ay, (@iby)’, (b162)°)r = PGLa(7),
such that ((a?, (a1b1)’, (b1b2)3))‘lib = Zqa X ZgG.

L/{a;, a3, b8, (a1b1)*)r = PSLy(11),

such that (a3, a3, bS, (a1b1)* V{0 = Zy x Loy x 72,

T/{a],a), (@b)*)r = PGL,(13).

(4) The group G has a presentation with generators ai, as, by, b2, b3, 1, j and 13
relators

1

Rz, aviani™', ayja; ' j=, [by,il, bijbij ™, @2, j2 T j1.
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(5) As in Proposition 3.29(5), we use for a group H the notation HV = [H, H]
and H® = [HY, HDY. Then there is a chain of normal subgroups of G

64 16 8 4 4
r296?=r’ar®a6® =ro<ar<c

such that

G/T=r/To=7%, GV =7y x7y, TV 2722 x 24
and G** = G/ Ty = Z5.
Note that GV = T is the kernel of the homomorphism

G —~ Z‘zl
ay,ax+—> (1 4+ 27,04 27,0+ 27,0+ 27)
bi,br, b3+~ (0+27Z,1+ 27,0+ 27,0+ 27)

i (0+27Z,04+27Z,1+4 27,0+ 27Z)

jr> (042Z,04+27,04 27,1+ 27Z).
(6) Aut(X) = Dy
(7) T is commutative transitive.
8) Ifa € {ay, a}E  and b € {by, by, b3}F), then (a, b) is an “anti-torus” in T.
) (a1, b1) # F2.

(10) T < SO3(Q).

(11) Zr(a;) = Nr({a;) = (@), if a; € {ay, az}, and
Zr(bj) = Nr((b;)) = (b)), ifbj € {b1, b2, b3}.

(12) T has amalgam decompositions I'z xr, I's =T = I %, Fy.
Proof. (1) We compute

pU(bl) :(173747 2)7

pv(bZ) — (1747 27 3)7

pU(b3) — (1747372)7

ph(al) - (1727 47 67375)7
ph(a2) - (17 47 57 67 27 3)'

(2) GAP ([29]).
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(3) Let g be an odd prime number distinct from p and /, and choose ¢,d € Z
such that ¢ + d* + 1 = 0 (mod ¢), then we can define exactly as described in
Theorem 3.12(3) a homomorphism v = 7. 4 : ', ; — PGL2(g) by

o a(y) = Xo+xi1c+x3d+9g7Z —x1d+ x2 +x3¢ 4+ q7Z
ed\y) = —x1d —x2+x3¢+q9Z  xo—x1¢c— x3d + qZ ’
where y = ¥ (xo +x17 +x2/ +x3k) € [y ;.
For g = 7 we have 123 : '35 — PGL2(7) given by
. [ 44+7Z 3+7Z
AN 1472 547z

_<5—|-7Z 6+ 7%

DR\ 4472 4472

14+7Z 4+7Z

(1 +7Z 2+7Z
\5+72 1+72

_<O—I—7Z 4—I—7Z>

)
)
:<5+7Z 1+ 7Z >_
)

4477 2+ 7Z

[ 4+nz 2411z
A\ o+11z 9411z /|
Ll o+nz 0+11Z ]
= O+ 11Z 4+ 11Z
. 3411Z 5+ 11Z
1=\ s+11z 10+112 )|
o [(1H1Z 24 11Z ]
27\ o+11z 14112z )|
b [(7HNZ 24112 Y]
S\ 24112 64 11Z

and 1p5 : '3 5 = PGL2(13) by

. 6+13Z 1+ 13Z
1 124+ 13Z 94 13Z
. 94+ 13Z 14 13Z
2 12+ 13Z 64 13Z
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4

(5)

(6)

(7

®)

)

s [ 1H1BZ 34132 ]
PN 34132 14132 )|

oo [ 1H18Z 24132 ]
I\ +13z 14132 )|

b|—>_ 11+13Z 0+ 13Z \]
’ 0+13Z 4+13Z ) |-

We have used quotpic ([58]) to show that
(@}, (@1b1)", (b1b2)* W = T4 x T3,

and
(a7, a5, bS, (a1b) NP = 7y x Ty x 72, .

Same idea as in Proposition 3.29(4) using the isomorphism between

UM(Z([1/p, 1/1D)/ZUMH(Z[1/p. 1/1])

and
(W(x):x e H(Z), |x|? = p"I°;r,s € No}.

We have used GAP ([29]), quotpic ([58]) and the presentation of G given in
part (4).

GAP ([29]). The group Aut(X) is generated by the two automorphisms

(a1, a, by, by, b3) > (a1, a5, b7, b3, bo),

(ar, a2, by, by, b3) > (a2, a;", b1, b3, b2).

We can adapt Lemma 3.19 and Proposition 3.20, using Lemma 3.4(2). This can
be done, since Y (x) € " implies that x has type ej or 0g, in particular H(x) # 0.

See Section 3.6 for the definition of an anti-torus in I'. The statement is an
application of Proposition 3.53 in Section 3.6 using part (7) of this proposition
and an adaption of Lemma 3.19.

We have blafbfalbl_lal_3bl_2al_l = 1in T and yx3y?xy~Ix3y=2x"1 =1
where x = 14 j +k, y = 1 + 2i. There seems to be no smaller non-trivial
freely reduced relation in (x, y) than the one of length 14 given above. The
statement can also be deduced from Table 3.12.

2
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(10) A generalization of Theorem 3.12(2) gives an injective group homomorphism
[ - SO3(Q), defined by

-1 22 122
ap > — 2 1 2 , > =1 —2 1 -2
3\ 2 21 3\ 2 2 1

0

by > —3/5 —4/5

4/5 —3/5

—3/5 0 4/5

by — 1 0

—4/5 0 —3/5

~3/5 —4/5 0

by | 4/5 —3/5 0

0 0 1

(11) This follows from Proposition 1.12.

(12) Use Proposition 1.3. The explicit amalgam decompositions of I" are described
in Appendix A.12.
O

See Table 3.11 for the orders of some I'/ {(w* )1, and see Table 3.12 for the index
[T : U, the abelianization U/?® and the structure of the quotient ['/U (if U is normal
in '), where U = (a, b), a € {ay, al, a,a } be b, b bz, b%, b3, b%}.

LC/Qwiie [ k=1] 2] 3] 4] S[ 6]
w=ar, a S| 64] 8] 512] 10560] o4
bi.by. b3 | 16| 128 | 16 | 1024 | 109440 | 168960

Table 3.11: Some orders of I'/ {w*) in Example 3.46

| | by | bbby | by | bby |
ai,a || 4,[8,16],Z4 | 2,[8,8], Z 16, [8, 64], — 88, [8,32], —
a?, a2 | 16,116,32], — | 8, [16, 16], — | 896, [32, 64], — | 352, [32, 32], —

Table 3.12: [T : U], U% and T'/ U in Example 3.46, where U = (a, b)
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3.5 Some conjectures

Based on computations in the 130 examples described in the following list, we give
some conjectures afterwards. In this list, “G” and “S” in the column P stand for
PGL,(p) and PSL»(p), respectively. Similarly, “G” and “S” in the column P, stand
for PGL, (/) and PSL,(/), respectively. Finally, “4+” and “—" stand for 1 and —1.

p 1| types | Ex | Py (%), P, ()| T [[,rpee rgb
Case p,/ =1 (mod 4)

5 13| (00, 00) | 3.28 G, —,G,— 2,4 3,16 2,3,8°
5 17| (0, 00) G, —,G,— 2, 4° 3,16 2,3,8°
5 29 | (09, 09) S, +, S, + 2,4 3,16 2,3,8°
5 37| (0o, 00) G, —,G,— 2,4 3,16 2,3,8°
5 41| (oo, 00) S, +, S, + 2,4 3,16 2,3,8°
5 53| (09, 00) G, —,G,— 2,4 3,16  2,3,8°
5 61| (09, 00) S, +, S, + 2,4 3,16 2,3,8°
5 73 | (00, 00) G, —,G,— 2,4 3,16 2,3,8°
5 89 | (09, 00) S, +, S, + 2,4 3,16 2,3,8°
5 97| (09, 00) G, —,G,— 2,4 3,16 2,3,8°
13 17| (00, 00) | 3.26 S, +. S, + 2,4 3,16  2,3,82
13 29 | (00, 00) S, +, S, + 2,4 3,16 2,3,8°
13 37| (09, 09) G, —,G,— 2,3,4° 2% 16 2,3,8
13 41 | (09, 09) G, —,G,— 2,4 3,16 2,3,8°
13 53 | (00, 00) S, +, S, + 2,4 3,16 2,3,8°
13 61 | (00, 00) S, +, S, + 2,3,4 2% 16 23,8
13 73 | (09, 00) G, —,G,— 2,3,4 2% 16 23,8
13 89 | (00, 00) G, —, G, — 2,4° 3,165 2,3,8°
13 97 | (00, 00) G, —,G,— 2,3,4°  2° 16 23,8
17 29 | (09, 00) G, —,G, — 2,4 3,166 2,3,8°
17 37| (09, 09) G, —,G,— 2,4 3,16 2,3,8°
17 41 | (0o, 00) G, —,G,— 23,8 3,16°,64 2,3,8°
17 53 | (00, 00) S, +, S, + 2,4 3,16 2,3,8°
17 61 | (09, 0p) G, —,G,— 2,4 3,16  2,3,8°
29 37 | (09, 00) G, —,G,— 2,4 3,16 2,3,8°
29 41 | (0o, 00) G, —,G,— 2,4 3,16 2,3,8°
29 53 | (09, 00) S, +, S, + 2,4 3,16 2,3,8°
29 61 | (09, 09) G, —,G,— 2,4 3,16  2,3,8°
29 73 | (00, 00) G, —,G,— 2,4 3,16 2,3,8°
29 89 | (0o, 00) G, —,G,— 2,4 3,16 2,3,8°
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29 97 | (0o, 00) G, -G, — 2,4 3,16 2,3,8°
37 41 | (09, 00) S, +, S, + 2,4 3,16 2,3,8°
37 53 | (09, 09) S, +, S, + 2,4 3,16  2,3,8°
37 61 | (09, 09) G, -G, — 2,3,4 2% 165 23,8
37 73 | (09, 00) S, +, 8, + 2,3,4 2% 165 2,3,8
37 89 | (09, 09) G, -G, — 2,4 3,16 2,3,8°
41 53 | (09, 0p) G, —,G,— 2,4 3,16 2,3,8°
41 61 | (09, 00) S, +, 8, + 2, 4° 3,16 2,3,8°
73 97 | (09, 00) S, +,8, + 2°,3,8° ? 2,3,8°
Case p,/ =7 (mod 8)

7 23| (eg,e1) | A3l S, +, G, — 2,8  3,8,64 2,3,8°
7 31| (e,e1) | A32 G, -, S + 2,3,8° 278,64 2,3,8°
7 47| (e1,er) G, -, S, + 2,8  3,8,64 2,3,8°
23 31| (e1,e1) S, +,G, — 2,8  3,8,64 2,3,8°
23 47 | (ey,e) S, +,G, — 2,8  3,8,64 2,3,8°
31 47| (ey,e) S, +,G, — 2,8  3,8,64 2,3,8°
Case p,/ =7 (mod 8)

7 23| (eg,e0) | A33 S, +, G, — 2°. 4 3,4,16° 2,3,8°
7 31| (e, e) G, -, S, + 2°.3,4 2°,4,16° 23,8
7 47| (eo, e0) G, -, S, + 2°. 4 3,4,16° 2,3,8°
23 31| (eg, e0) S, +,G, — 2°. 4 3,4,16° 2,3,8°
23 47 | (eg, eo) S, +,G, — 2°. 4 3,4,16° 2,3,8°
31 47| (eo, eo) S, +,G, — 2°. 4 3,4,16° 2,3,8°
Case p,/ =3 (mod 8)

3 11 (er,e1) | 3.31 G, -, S, + 2,8 82, 64 2,8
3 19| (e1,e1) S, +,G, — 2,8 82, 64 2,8°
3 43| (eq,er) S, +, G, — 2,8° 82, 64 2,8°
3 59 (e, e1) G, .S, + 2,8° 82, 64 2,82
11 19 (eq, e1) G, -, S, + 2,8  3,8,64 2,3,8°
11 43| (e, e1) G, -, S, + 2,8  3,8,64 2,3,8°
11 59| (e1,e1) S, +,G, — 2,8  3,8,64 2,3,8°
19 43 | (e1,e1) S, +,G, — 2,3,8 2°,8%,64 23,8
19 59| (e, e1) G, -, S, + 2,8  3,8,64 2,3,8°
Case p =3 (mod 8),/ =7 (mod 8)

3 T|(e.en)| 333 S +G, — 2,4 8-, 16 2,8
3 23 (e, ep) G, -, S, + 2,4° 8-, 16 2,82
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3 31| (e1,e1) S, +,G, — 2, 4° 82, 16 2,8°
3 47 (e, e1) G, -, S, + 2, 4° 82, 16 2,82
11 7] (e, e1) G, -, S, + 2,4  3,8,16 2,3,8°
11 23| (eq,e) S, +,G, — 2,4  3,8,16 2,3,8°
11 31| (er,e1) S, +,G, — 2,4  3,8,16 2,3,8°
11 47| (eq,e) S, +,G, — 2,4  3,8,16 2,3,8°
19 71 (eq,ep) S, +,G, — 2,3,4° 27,816 23,8
19 23| (e1,e1) S, +,G, — 2,4 3,8,16 2,3,8°
19 31| (eq,er) G, -, S, + 2,3,4° 27,816 23,8
19 47| (eq,e) S, +,G, — 2,4  3,8,16 2,3,8°
43 71| (e, e1) G, -, S, + 2,3,4° 27,816 23,8
43 23 | (e1,er1) S, +,G, — 2,4 3,8,16 2,3,8°
43 31| (e1,e1) S, +,G, — 2,3,4° 2°,8° 16 23,8
43 47 | (e1,e1) S, +, G, — 2, 4° 3,8°,16 2,3,8°
Case p=7 (mod 8),/=1 (mod 4)

7 5| (e1,00) | 3.36 G, —,G,— 2,4  3,8,16 2,3,8°
7 13| (e1,00) | 3.38 G, —,G,— 2,3,4> 2°,8,16 2,3,8°
7 17| (e, 00) G, —,G,— 2,8  3,8,64 2,3,8°
7 29| (e, 00) S, +, S, + 2,4  3,8,16 2,3,8°
7 37| (e1, 00) S, +, S, + 2,3,4° 27,816 23,8
7 41| (e1, 00) G, —,G,— 2,8  3,8,64 2,3,8°
7 73| (e, 00) G, —,G,— 2,3,8 2°,8%. 64 23,8
23 5 (e1,00) G, —,G,— 2,4  3,8,16 2,3,8°
23 13 | (e1, 0p) S, +,S, + 2,4  3,8,16 2,3,8°
23 17 | (e1, 0p) G, —, G, 2,8  3,8,64 2,3,8°
23 29 | (e, 0p) S, +, S, + 2,4 3,8,16 2,3,8°
23 37| (e1,00) G, —, G, — 2,4  3,8,16 2,3,8°
23 41| (e1, 0p) S, +. S, + 2,8° 3,8°,64 2,3,8°
23 73 | (e1, 0p) S, +, S, + 2,8  3,8,64 2,3,8°
31 5| (e1, 00) S, +, S, + 2,4  3,8,16 2,3,8°
31 13| (e1, 00) G, —,G,— 2,3,4° 22,816 23,8
31 17| (e1, 00) G, —,G, 2,8  3,8,64 2,3,8°
31 29| (e, 00) G, —,G,— 2,4  3,8,16 2,3,8°
31 37| (e, 00) G, —,G,— 2,3,4° 27,816 23,8
31 41| (e1, 00) S, +, S, + 2,8  3,8,64 2,3,8°
Case p=7 (mod 8),/ =1 (mod 8)
7 17| (e0,00) | 340 | G, —, G — | 2°.4 3,416 2,38
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23 17 | (eq, 00) G, -G, — 224 3,4,16° 2,3,8°
31 17 | (eo, 00) G, —,G, — 224 3,4,16° 2,3,8°
7 41 | (eo, 00) G, -G, — 224 3,4,16° 2,3,8°
23 41 | (e, 0p) S, +, 8, + 2°. 4 3,4,16° 2,3,8°
31 41 | (eo, 00) S, +, 8, + 2°. 4 3,4,16° 2,3,8°
7 73 | (eo, 00) G, -G, — 2°.3,4 2°,4,16° 23,8
Case p =3 (mod 8),/=1 (mod 4)

3 5| (e1,00) | 3.46 G, —,G,— 2,4° 8-, 16 2,8°
3 13 | (e1, 00) S, +,S, + 2,4° 8-, 16 2,8
3 17| (e, 00) G, —,G,— 2,8° 82, 64 2,8
3 29 | (e, 00) G, —,G,— 2, 4° 8,16 2,8°
3 37| (e1, 00) S, +,S, + 2, 4° 8,16 2,8
3 41| (e1, 00) G, —,G,— 2,8 82, 64 2,8°
3 73| (e, 00) S, +, S, + 2, 8° 82, 64 2,8°
11 5] (er,00) S, +, S, + 2,4 3,8,16 2,3,8°
11 13 | (e1, 00) G, -G, — 2,4  3,8,16 2,3,8°
11 17 | (e1, 0p) G, -G, — 2,8  3,8,64 2,3,8°
11 29 | (e1, 0p) G, -G, — 2,4  3,8,16 2,3,8°
11 37 | (e1, 00) S, +, S, + 2,4  3,8,16 2,3,8°
11 41 | (e1, 00) G, —,G,— 2,8  3,8,64 2,3,8°
11 73 | (e1, 0p) G, —,G,— 2,8  3,8,64 2,3,8°
19 51 (e1,00) S, +,8, + 2,4  3,8,16 2,3,8°
19 13 | (e1, 00) G, —,G,— 2,3,4° 27,816 23,8
19 17 | (e1, 0p) S, +,S, + 2,8  3,8,64 2,3,8°
19 29 | (e, 0p) G, —,G,— 2,4  3,8,16 2,3,8°
19 37 | (e1, 00) G, —,G, 2,3,4° 27,816 23,8
19 41 | (e1, 00) G, —,G,— 2,8  3,8,64 2,3,8°
19 73 | (ey, 00) S, +, S, + 2,3,8 2°,8%,64 23,8
43 5 (e1, 0p) G, -G, — 2,4  3,8,16 2,3,8°
43 13 | (e1, 0p) S, +, S, + 2,3,4° 2°,8,16 23,8
43 17 | (e1, 00) S, +, 8, + 2,8  3,8,64 2,3,8°
43 29 | (e, 0p) G, —,G,— 2,4  3,8,16 2,3,8°
43 37| (e1, 00) G, — G, — 2,3,4° 2°,8° 16 2,38
43 41 | (e1, 0o) S, +, S, + 2,8  3,8,64 2,3,8°

Table 3.13: List of properties of some I"j, ;
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Conjecture 3.48. Let p,l be two odd distinct prime numbers and I' = T'j,; as in
Section 3.2, 3.3 or 3.4.

(1) (cf. Conjecture 3.16) Assume that p,l =1 (mod 4) (as in Section 3.2).
Ifp,1 =1 (mod 8), then

(Z3 x Zz x 73, 73 x I3, x Zea) if p,I =1 (mod 3)

Fab, T, T ab ~
(T {(Zg x 73, Tz x L3, x Lea) else .

If p=5 (mod 8) or/ =5 (mod 8), then

o (Zo x Z, 73 x L) else .

(2) Assume that p,l =3 (mod 4) (as in Section 3.3).
If p (mod 8) = / (mod 8), then

(Zo x Zz x 73, 73 x Zg x Zes) if p,I =1 (mod 3)
(T [0, 11 = { (Zo x 22, 73 x Zea) ifp=3orl=3
(Zo x 73, 73 x 73 x Zea) else .

If p (mod 8) # [ (mod 8), then

(Zo x Zz x 73, 73 x Zg x Zie) if p,I =1 (mod 3)
(T [0, 11 = { (Zo x 23, 73 x Zae) ifp=3orl=3
(Zo x 73, Z3 x 73 x Zis) else .

(3) Assume that p =3 (mod 4) and [ =1 (mod 4) (as in Section 3.4).
Ifl =1 (mod 8), then

(Zo x Zs x 73, 73 x 73 x Zes) if p,I =1 (mod 3)
(T [0, 1Y) = { (Zy x 72, 73 x Zea) if p="73
(Zy x L3, L3 x 73 X Zea) else .

Ifl =5 (mod 8), then

(Zo x Zs x 73, 75 x 73 x Z1s) if p,I =1 (mod 3)
(TP, [T, T1") = 3 (Zy x 72, 72 x Zyg) ifp=3
(Zo x 73, 73 x 73 x Z1g) else .
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Conjecture 3.49. Let " =T",,; ., be as in Section 3.3 or 3.4, then

(Z3 x T3 x Ly, 73 x Ty x Z35) if p,I =1 (mod 3)

Fab, T, T aby ~
(11T {(Zg X La, Lz x Lg x L3;) else .

Conjecture 3.50. Let I be any group ', j or T, ;1 o, of Chapter 3, then

ngg{szzz, . ifp=3o0rl=3
Zo X Xz X 75, else.
Remark. Note that in all cases of Chapter 3
To = {¢(x) : x € H(Z) has type oo, |x|* = p? I**:r, s € Ny}.
Conjecture 3.51. Let " be any T, j or U, 1 o, of Chapter 3, and let k € N. Then
(1)

and
~ |PSLa(D), if () =1
" pGLay, if (8) = 1.
(2)
‘Ph(k)‘ — |Ph| . p3(k—l)
and

PP =Py - P*D.
(3) As a consequence of part (1) and (2):

’Ph(k)| _ {p3k_2(p2 - 1)/2, lf( )

l

Ly—1

p
PP =D, i (5)

—1

and
PH)| = P2 —n/2, i (f) =1
Y P2 -, if () =-1.

Conjecture 3.52. Let I' be any group ', j or T, ;1 o, of Chapter 3, then
|Knl = p* and |K,| =P

Remark. We have checked that the Conjectures 3.48(2),(3), 3.49, 3.50, 3.51(1), and
Conjecture 3.51(2) for £ = 2 are true for all 130 examples in Table 3.13. The only
uncertainty in Conjecture 3.48(1) among those examples is the case (p, /) = (73, 97),
where we are not able to compute [[, et
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3.6 Construction of anti-tori

Letl' = (ay,....ay,b1,...,b, | Ry.,) bea (2m,2n)—group. Leta € (ay, ..., ay),
b e (by,...,b,) betwo elements. The subgroup (a, b) < I is called an anti-torus
in [, if a and b have no commuting non-trivial powers, i.e. if a”"b* # b*a” for all
r,s € Z\{0}. If {(a, b) = F>, then (a, b) is called a free anti-torus in I". Obviously, a
free anti-torus is an anti-torus.

A definition in a much more general context is given by Bridson-Wise. We quote
from [10, Definition 9.1]: “Let X be a compact non-positively curved space with
universal cover p : X — X. Suppose that there is an isometrically embedded plane in
X which contains an axis for each of §, 8’ € 7 (X, xo) and that x € p_lxo lies in the
intersection of these axes. If § and §” do not have powers that commute, then gp{3, §'}
is called an anti-torus. If gp{§, 8’} is free then it is called a fiee anti-torus.”

The first example of a (non-free) anti-torus was given by Wise [68] (it is (a2, b3)
in Example 2.36). It was used to construct interesting non-residually finite groups. An
existence theorem for free anti-tori (in a class not including (2m, 2n)—groups) appears
in [10, Proposition 9.2], but no explicit example of a free anti-torus is given there or
elsewhere, as far as we know.

The construction of I', ; in Chapter 3, based on the non-commutativity of quater-
nion multiplication, can be used to generate many anti-tori. Before giving examples,
we will first state some general criteria for the existence of anti-tori in commutative
transitive (2m, 2n)—groups.

Proposition 3.53. Let ' = (ay,...,ay, b1, ..., b, | R,.,) be a commutative tran-
sitive (2m, 2n)—group and let a € (ai,...,ay), b € (b1, ..., b,) be two elements.
Then (a, b) is an anti-torus in U if and only if a and b do not commute in T.

Proof. Assumefirstthat (a, b) isno anti-torusinI', 1.e. a”b* = b*a” for somer, s # 0.
Obviously, a commutes with a”, and b commutes with 5°. Using the assumption that I"
is commutative transitive, we conclude that @ and 5 commute in I'. The other direction

follows immediately from the definition of an anti-torus. O
Corollary 3.54. et T = (a1, ...,am, b1,..., b, | Rusn) be a commutative transi-
tive 2m, 2n)—group and let a € (ai,...,ay), b € (b1,...,b,) be two non-trivial

elements. Then either (a, b) = Z? or {(a, b) is an anti-torus in T.

Proof. 1f a and b do not commute, then (a, b) is an anti-torus in " by Proposition 3.53.
Ifa # 1and b # 1 commute, then we apply Lemma 3.14 to show that (a, b) = 7.
O

Corollary 3.55. Let " = (a1, ..., am, b1, ..., by | Ry.n) be a commutative transitive
(2m, 2n)—group. Then " has an anti-torus if and only if (m, n) # (1, 1).
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Proof. Any (2, 2)—group is virtually abelian, hence has no anti-torus. For the other
direction, assume that (m, n) # (1, 1). There are elements a € £j, and b € £, which
do not commute; otherwise the (2m, 2n)—group I would be

(al,...,am)x (bl,...,bn>§meFn,

which is not commutative transitive if (m, n) # (1, 1). By Proposition 3.53, (a, b) is
an anti-torus in . O

Wise ([68]) showed that reducible (2m, 2n)—groups never have anti-tori:

Proposition 3.56. (Wise [68, Section IL.4]) LetT" = (a1, ..., an, b1, ..., by | Run)
be a 2m, 2n)-group. If " has an anti-torus, then it is irreducible.

Proof. Let (a, b) be an anti-torus in ', where a € (ay, ..., a,), b € (by,...,b,).
Suppose that I" is reducible. Then by [17, Proposition 1.2], the subgroup A; x Aj
has finite index in ', in particular [{a1, ..., an) : A1] and [{(b1, ..., b,) : Az] are
finite. It follows that a” € A4, b* € A, for some r, s € N. But then a"b° = b’d", a
contradiction. O

Corollary 3.57. A commutative transitive (2m, 2n)—group is irreducible if and only if

(m,n) # (1, 1).
Proof. Any (2, 2)—group is reducible. If (m, n) # (1, 1), then we apply a combination

of Corollary 3.55 and Proposition 3.56. O
Corollary 3.58. Let " = (a1, ..., am, b1, ..., by | Ry.n) be a commutative transitive
(2m, 2n)—group and let b € (by, ..., b,) be an element such that Z(b) = (b). Then
(a, b) is an anti-torus in U for each a € (ay, ..., ay,) \ {1}.

Proof. The assumption Z(b) = (b) implies that b # 1 and that 5 does not commute
with any element a € (ay, ..., a,) \ {1}. Now apply Proposition 3.53. O

The groups I',,; of Section 3.2 are commutative transitive by Proposition 3.20.
Therefore, we can restate the preceding results for I', ;:

Corollary 3.59. Let T' = I'); = (Cl],...,dp_«H,b],...,bHTl | Rp+1 1) be as in
2 2 2
Section 3.2 andleta € (a1, ...,apn), b € (b1, ..., b1) be two elements. Then
2 2

(1) (a, b) is an anti-torus in U if and only if a and b do not commute in T.
(2) Ifa, b # 1, then either (a, b) = 77 or (a, b) is an anti-torus in T
(3) The group T has an anti-torus and is irreducible.

(4) If Zr(b) = (b) and a # 1, then (a, b) is an anti-torus in T".
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We can also restate Proposition 3.53 for I', ; in terms of quaternions:

Proposition 3.60. Let yy and I" = T, ; be as in Section 3.2. Assume that x, y € H(Z)
have type oy, |x|2 =p, |y|2 = [ for somer,s € Nandxy # yx. Then (Y (x), ¥ (y))
is an anti-torus in .

Proof. By Lemma 3.19, {¥/(x) and {(y) do not commute, hence (y(x), ¥(y)) is an
anti-torus in I' by Proposition 3.53. O

Proposition 3.60 can be applied for example to I's 17 and I'13,17 or to any other
group I', ; of Section 3.2, illustrating Corollary 3.59(3):

Corollary 3.61. Let i be as in Section 3.2. Then
(1) The group (Y (1 + 2i), Y (1 + 4k)) is an anti-torus in I's 17.
(2) The group (Y (3 + 2i), Y (1 + 4k)) is an anti-torus in '3 17.

(3) Fix two distinct prime numbers p,l = 1 (mod 4). Choose by Lemma 3.7(1)
two quaternions x = xo + x1i, y = yo + y3k € H(Z) such that x, y, are odd,
X1, v3 are non-zero even numbers and |x|* = xg +xf =p y? = yg —I—y% =1
Then ( (x), ¥ (y)) is an anti-torus in T, ;.

Proof. (1) We apply Proposition 3.60, takingx = 14+ 2i,y = 1+ 4k, p = 5,
I=17,r=1,s=1

(2) We apply Proposition 3.60, takingx =3 +2i,y =1+4k, p = 13,1 = 17,
r=1s=1.

(3) We apply Proposition 3.60, taking 7 = 1, s = 1 and using the fact that xo + x17
and yo + y3k do not commute.

O
Proposition 3.62. There are distinct prime numbers p,l = 1 (mod 4), a group
F=T,={a,....,ap01,b1,....,b001 | Rpta 11)
2 2 2 2
as in Section 3.2, and an element b € (b1, ..., b1 ), such that (a, b) is an anti-torus
2

inT foreacha € (a, ... ,a%ﬁ) \ {1}.
We give two different proofs of Proposition 3.62:
First proof of Proposition 3.62. We choose p =5,/ = 13 and
b=by=vy(1+2i+2j+2k)els3.

By Proposition 3.29(7), we have Z-(b) = (b) and apply now Corollary 3.58. O
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Second proof of Proposition 3.62. We take p =5, = 29,
b=vy@B+2j+4k)e's2 and ¢ = j + 2k € H(Z) .

Assume that there is a non-trivial element a € (aj, az, a3) < I's 290 commuting with
some power b’ t € N. Note that

' =y (3 +2j +4k)") = Y(xo + Aj + 24k)

for some xg, A # 0, depending on 7. Then, applying Proposition 3.22 to the power
z = (3 +2j + 4k)', there are x, y € Z such that

ged(x, y) = ged(x, pl) = ged(y, pl) =1

and x> 4 4 - 5> = 5729 for some 7, s € N. But this implies x? = 5(5 ~129% — 4y?),
contradicting ged(x, 5 - 29) = 1. (What we use here is that such a decomposition
x>+ 4. |c]?y* = p"I* implies ged(|c|?, pl) = 1, as already noted in [54].) O

Proposition 3.63. There are distinct prime numbers p,1 =1 (mod 4), a group

I'=T,i={a1,...,ap0,b1,....,b11 | Rpr1 11)

3 -
as in Section 3.2, and elements a € {(ay, ..., apa ) \{1}, b € (by, ..., b1 )\ {1} such
2 2
that {a, b;) is an anti-torus in I for all b; € {b1, ..., b}, but (a, b) is no anti-torus
2

in U, in particular Z(a) # (a).
Proof. Wetake p =29,/ =41,a =¥ (3 +4i +2j) and
b=vY(-31+24i+12j) =¥ (1 +6j —2k)¥y (1 + 65 + 2k),

which implies ab = ba. Itis easy to check that a does not commute with any generator
b; € {b1, ..., by}, in particular (a, b;) is an anti-torus in I" by Proposition 3.53. [

Also note the following easy corollary of Proposition 3.13, see Corollary 4.3 for a
generalization to all (2m, 2n)—groups:

Corollary 3.64. Let p,l =1 (mod 4) be distinct prime numbers and

F:Fp,]:(a],...,ap+],bl,...,bl+] |RP+1 l+1>

2 2 2 2

as in Section 3.2. Then there are always non-trivial elements a € (ay, ..., apn) and

be (by,...,b) suchthat {a, b) is no anti-torus in T". ’

1
2
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Free anti-tori

The following proposition gives sufficient conditions to generate free anti-tori in the
groups I', ; of Section 3.2:

Proposition 3.65. Let p,/ = 1 (mod 4) be two distinct prime numbers and let
and T, | be as in Section 3.2. Moreover, let x,y € H(Z) be of type oy, such that
Ix|?> = p", |ly|? = I¥ for somer, s € N. Suppose that x , y generate a free subgroup I
in the multiplicative group U(H(Q)) = H(Q) \ {0} (or equivalently in the subgroup
UM(ZI1/p, 1/11)) < UME(Q))). Then ((x), ¥ (y)) is a free anti-torus in T p, ;.

Proof. Extending ¥ from the integer to the rational quaternions, let

¥ : U(H(Q)) — PGL2(Q,) x PGL2(Q))

be the map which sends the quaternion x = xo + x17 4 X2/ + x3k to

x0+x1ip x2+x3ip X0+ x1i; x> + x3i;
—x2+x3i}, xo—xlip ’ —X> + x31; X0 — X1} ’
where x¢, x1, X2, x3 € Q, x # 0. Recall that U(H(Q)) = H(Q) \ {0} equipped with
quaternion multiplication is a non-abelian group, ¥ is a group homomorphism such

that 3
ker(y) = ZU(H(Q)) = {x € H(Q) \ {0} : x =¥},

and ¥ (x) = ¥(x), if x € H(Z) \ {0}. Now, fix two integer quaternions x and y
satisfying the assumptions made in the proposition. We restrict ¥ to the free subgroup
Fy = {x, y) < UM(Q):

Ulpey) : (6,0 Z B — (), ¥ () = (Y (x), ¥ () < Ty
We have

ker(V] ) = (v, ») N ZUMH(Q)) < Z({x, y) = ZF> = {1},

in particular 1ﬁ|(x,y) is an isomorphism, i.e. (Y (x), ¥ (y)) = F>.
By construction, (x) is an element in

(ai, ....apn) = {Y(x) : x € H(Z) has type o, |xl2 =p . reNg < Cpis

2

and ¥ (y) an element in

by, ..., b)) = {¥ () : y € H(Z) has type oo, [y|* =1%; s e No} < T,

2

where the (p+1, /41)~group ', ; is generated by a1, .. ., aps1, by, . . ., lerTl asusual.

2

This shows that ((x), ¥ (y)) is a free anti-torusin I, ;. O
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For example, if (3 + 2i, 1 + 4k) = I> < U(H(Q)), then Proposition 3.65 would
give an explicit free anti-torus (¥ (3 + 2i), ¥ (1 + 4k)) in I'13,17. (However, we guess
that this group is not free.)

Question 3.66. Is (3 +2i, 1 + 4k) = F>?
More generally:

Problem 3.67. Let p, [ be distinct odd prime numbers. Construct a pair x, y € H(Z)
such that (x, y) = F> < U(H(Q)), where |x|* = p", |y|> = I° for somer,s € N.

The anti-tori constructed in Corollary 3.61(1) and Proposition 3.47(8) are not free:

Proposition 3.68. (1) Let s be asin Section 3.2, x = 1+2i,y = 1+4k, a = ¥ (x)
and b = Y (y). Then the anti-torus (a, b) in I's 17 is not free.

(2) Let  be as in Section 3.4, x =14+ j+k y=1+2i,a=9(Xx), b=y().
Then the anti-torus (a, b) in I'3 5 is not free.

Proof. (1) InT's 17, we have found the relation

Abab b '@ \a b 2a ha b a B b L ab?
ab la2ba b 2a2b 2P ba b AP brab ' aPba b2

a 'badba’b ab’a*ba*ba*ba b 2a b la = 1.
To get this relation of length 106, we have used the GAP-command ([29])
PresentationSubgroupMtc (G, U);

where G and U describe I" and its subgroup (a, b), respectively. This command
gives 514 relations of lengths between 106 and 5270 and of total length 536176.

The relation in U (H(Q)) corresponding to the relation in s 17 given above is

1 1 1x—4y—2x—lyx—2y—1x—8y—1xy2
x—2yx—1y—2x—2y—2x3yx—2y2x2y2xy—1x2yx—ly—2

1

x3y2xy_ x2y_ x2y_
xy_l

T B B S P

in particular (x, y) # F>. Note that GAP ([29]) can also be used to show that

[[s.17: (@, b)] =32 and (a, b)*® = Z1s x Zey .
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Moreover, (a, b) = (x,y)/Z{x,y), where Z(x, y) # 1, sincee.g.

xy—lxy2x8yx—3y—lxyx4y2xy—lx2y—1x2y—lx—4y—2x—ly

X~ y lx y xy Xy lx yx y 2x—2y—2x2y—1x2y2
xy he2yx Ty Ty Byxdy ey Aty yx yx ty=2
X~ y lx y 1x3y2xy ley ley lx y x yx y —1

x By xytey e Py Ty AT y x’yPxy” 1x2y1
xtyZey Iy ey he Ty 2 Ty T2y T I By T2

|
Xy~ yx Ty T Ty Ty T = e Zie )\ (1)

(2) See Proposition 3.47(9). Recall that the subgroups (a’, b'), t € N, are never
abelian, and that [['35 : (@, b)] = 4. Also note that [['35 : (a?, b%)] = 896
is finite, using GAP ([29]). In particular (a?, b°) is not free by the following
general remark.

O

Remark. If (a, b) is a free subgroup in a (2m, 2n)—group I, then the index [T : (a, b)]
is infinite. Otherwise, I' would be virtually free, but this is impossible since being
virtually free is a quasi-isometry invariant (see e.g. [32, IV.50]), and using the facts
that (2m, 2n)—groups are all quasi-isometric (to F> x F>), it m,n > 2 (see Propo-
sition 4.25(4)), and that there are (2m, 2n)—groups which obviously are not virtually
free, e.g. the virtually simple groups constructed in Chapter 2. Anyway, it is known
that finitely generated, torsion-free, virtually free groups are free ([65]).

The following interesting general question of Wise appears in Bestvina’s problem
list “Questions in Geometric Group Theory” ([6]):

Question 3.69. (Wise [6, Question 2.7]) “Let G act properly discontinuously and
cocompactly on a CAT(0) space (or let G be automatic). Consider two elements a, b
of G. Does there exist n > 0 such that either the subgroup (a”, b") is free or (a”", b")
is abelian?”

Question 3.70. Let I = I'3 5 be the group of Example 3.46 and ay = ¥ (1 + j + k),
=y (14 2i).

(1) Is the index T : (a?, b%)] infinite?

(2) Is (a3, b3) free?
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Free subgroups of U(H(Q)) also induce free subgroups in SO3(Q) < SO3(R)
via the group homomorphism ¢ : U(H(Q)) — SO3(Q), which maps the quaternion
X =x0+x1i +x2j +x3k € UMH(Q)) to the (3 x 3)—matrix

L X5 X —xd - x3 22(x1xzz - xzoxs) ) 20r1x3 + x0X2)
W 2(x1x2 + x0x3) Xy —X) +x5 —Xx3 2(x2x3 — x0X1) ’
2(x1x3 — X0X2) 2(x2x3 + x0X1) xé - xf - x% + x%

see Section 3.2. The proof is similar to a part of the proof of Proposition 3.65: First
remember that

ker(?) = ZU(H(Q)) = {x € H(Q) \ {0} : x =X}.
Assume now that /5, = (x, y) < U(H(Q)). Then
Plixy) 1 (%, ¥) > (%), 7)) < SO3(Q)
is bijective, since it is surjective and
ket (#(x,y)) = (¥, ») N ZUM(Q)) < Z((x,y) = ZF> = {1},
in particular (9 (x), 9 (y)) = F5.

Note that if
Fp,] = (al,...,a&,bl,...,bH_l | R&.H_l)
2 2 2 2
is the group of Section 3.2, then both free subgroups (ay, ..., apw1) and (b1, .. ., bl%l)
2

of I, ; induce free subgroups of SO3(Q) via the homomorphism ¢ (we can combine
Corollary 1.11(1) and Theorem 3.12(2), cf. [45, Corollary 2.1.11]). For example,
taking p = 5 and any distinct prime number/ = 1 (mod 4), the subgroup

(a1, a0, a3) = (0 (1 + 2i), 0(1 + 2j), 0 (1 + 2k))

1 0 0 —3/5 0 4/5 —3/5 —4/5 0
:< 0 —3/5 —4/5 |, 0O 1 0 : 4/5 =3/5 0 >
0 4/5 —3/5 —4/5 0 —3/5 0 0 1

of SO3(Q) is isomorphic to F3.
However, by Proposition 3.68, the following two subgroups of SO3(Q) are not
free:

1 0 0 ~15/17 — 8/17 0
(19(1—|—2i),19(1+4k)):< 0 —3/5 —4/5 |, 8/17 —15/17 0 >
0 4/5 —3/5 0 0 1
L3 22 1 0 0
(19(1+j+k),19(1+2i)):<— 2 12|, (o0 =35 —4/5 >
3\ 2 21 0 4/5 —3/5
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We can use the explicit amalgam decompositions of I'j, ; to construct two integer
quaternions x and y generating a non-abelian free group in U (H(Q)) such that |x|? and
|y|? are not both powers of the same prime number (cf. Problem 3.67). We illustrate
this with an example:

Proposition 3.71. Let i be as in Section 3.4, x = 1+2i +2j + 4k of norm |x|*> = 52,
y=3—=2i+j—kofnorm|y|* =3-5. Then (x,y) = F> < UH(Q)).

Proof. We have
v(x)=v(A+20)y(1+2j) =bbaelss

and
Y () =Y+ +0Y —2k) =ab;' €355,

By the vertical amalgam decomposition of I'3 5 given in Appendix A.12

I = (s1,84) = (b1ba, arh3') = (Y (x), ¥ (1)) < T35,

hence (x, y) = F>» < U(H(Q)). O

3.7 A construction for (p,/) = (2, 5)
Let x = xo + x17 + x2j + x3k € H(Z). Motivated by the three identities ([24])

(1 +i)(xo + x1i + x2j + x3k) = (x0 + X171 — Xx3j + x2k)(1 4 7)
(1 + j)(xo + x1i + x2j + x3k) = (x0 + x30 +x2j — x16)(1 + j)
(I +K)(xo + x17 + x2j + x3k) = (x0 — x2i +x1j + x3k)(1 + k)

we identify

am =141, a1_1§1 i,
a =1+, al =1,
a3 =1+ &, a;' =1k,
by =1+ 2i, byl =1 -2,
by =1+ 27, byl =1-2j,
b3 =1+ 2k, by =1 - 2k,

and get the following (6, 6)—group:
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Example 3.72. Let T be the group (a, az, a3, by, b, b3 | R3.3), where
alblctl_lbl_l, albgal_lbgl, albga‘l_lbz,

- -1 —14-1 —1g—1
R3.3 = 0[21)16!2 b3, a2b2a2 b2 y a2b3a2 bl ,

—17-1 -1 —17-1
a3b1a3 b2 , a3b2a3 bl, a3b3a3 b3

Note that there is no map ¥ involved in this construction, in particular I behaves
completely differently than the groups I',; constructed before, e.g. I' is reducible,
(14+i)* = —4,butal # Ir; 1 +i and 1 + 2; do not commute, but {ay, b3) is no
anti-torus.

Proposition 3.73. Let I be the (6, 6)—group defined in Example 3.72. Then
(1) P,=1, P, =84 < S
(2) T is reducible.
(3) A Xx Ap E Fyox F53 and [I' : Ay x As] = 24.
Proof. (1) We compute
pv(b1) = py(b2) = py(b3) = 0,
pnlar) = (2,4,5,3),

prlaz) =(1,3,6,4),
pr(az) = (1,5,6,2).

(2) This follows from the subsequent Lemma 3.74(1).

(3) Apply Lemma 3.74(3).
O

Lemma 3.74. Let ' = (a1, ...,ay,b1,...,b, | Ry.,) be a (2m,2n)-group such
that P, = 1. Then

(1) T isreducible and Ph(k) =1forallk € N.
(2) Ay = ker pp, and Ay = kerpf)k) = (by,...,b,) forallk € N.
(3) A1 X A2 = Fuu—1y|p,|+1 X I, has index | Py in T
Proof. (1) To prove that I is reducible, it is enough by Proposition 1.2(2a) to show
that Ph(z) =1 Letbe E,,a=a-ac«c E;(lz), where d,a € Ej, & # a~'. Then
po(b)(@) = & and py(pn(a)(b))(@) = a, i.e. pi? (b)(a) = a. See Figure 3.1 for

an illustration of this fact. The proof of Proposition 1.2(2a) shows that P;fk) =1
forall £ € N.
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ARG

4H
pn(a@)(b)

aA Aa

S —
b

Figure 3.1: Illustrating Ph(z) = 1 in Lemma 3.74

(2) Since ker ,o}(lk+1> < ker p,(lk) for all £ € N, and

A= ﬂ kerp(k),
keN

we always have A1 < ker py,.
Conversely, ker p, < A1 follows from Lemma 1.1(1a) using P, = 1.

To show the second part, observe that ker pf)k) = (b1,...,b,) forall k € N,
since Ph(k) = 1for all £ € N. This implies

Ay = [ kerpl? =kerpl® = (b1, ..., b,) forall k € N.
keN

(3) This follows from [{ay, ..., ay) : A1] = |Py|, which is a direct consequence of
part (2) and P, = (ay, ..., ay)/ker py.
O
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Chapter 4

Miscellanea

This chapter consists of six independent sections which we briefly describe now.
Given any (2m, 2n)—group ', we construct in Section 4.1 doubly periodic tilings of
the Euclidean plane, where the tiles are the 4mn squares corresponding to I'. It follows
that " always has free abelian subgroups Z*. We apply a criterion of Burger-Mozes
in Section 4.2 to prove that certain (2m, 2n)—groups are not linear. In Section 4.3, we
investigate possible relations between reducibility, transitivity properties of the local
groups, and finiteness of the abelianization of a (2m, 2n)—group. Following Mozes,
we associate in Section 4.4 to any (2m, 2n)—group two infinite families of finite regu-
lar graphs. In Section 4.5, we show that any (2m, 2n)—group is quasi-isometric to the
group Fo x I3, if m,n > 2, and compute its growth series. We prove in Section 4.6
that (2m, 2n)—groups are efficient and compute their deficiency.

4.1 Periodic tilings and Z*-subgroups

For the moment, let X be a locally compact complete CAT(0)-space and I' a properly
discontinuous and cocompact group of isometries. Then, in this general context, it
is an open question if certain free abelian subgroups of I' exist. We quote from an
article of Ballmann [ 1, Question 2.3]: “Is hyperbolicity equivalent to the non-existence
of a subgroup of I' isomorphic to Z>? More generally, does I" contain a subgroup
isomorphic to ZF if X contains a k-flat? By the work of Bangert and Schroeder [2] the
answer is positive in the case of compact, real analytic Riemannian manifolds. Except
for this, the answers to these questions are completely open, even in the case where X
is a geodesically complete and piecewise Euclidean complex of dimension two!”

We will give in Proposition 4.2(3) an elementary proof that (2m, 2n)—groups al-
ways contain a Z>-subgroup. The idea of this proof (and the fact that this result holds)
was explained to me by Guyan Robertson.

Letl' = (a1,...,am,b1,...,b, | Ry.n) be a (2m,2n)—group and let 7(I") be
the “tile set” consisting of the 4mn squares which represent a geometric square in the

181



182 CHAPTER 4. MISCELLANEA

corresponding (2m, 2n)—complex X.

T'(l) := U {abd't', a'bab, a0 o b7, oo a7 Y

aba’'b'eRy,.;,

It is easy to check that the definition of 7'(I") only depends on the group I', but not
on the choice of the relators in R,,.,,. Recall that the four squares aba’d’, a'b’ab,
a '0'1a7'p~1 and a’~1'h~'a=1h'~! represent the same geometric square [aba’D’].
We always visualize them in the Euclidean plane as in Figure 4.1.

a/ a a/ a

b’ b b b’ b \ 8 b’ b

a a/ a a/

Figure 4.1: Tiles in 7'(T") induced by the geometric square [aba’b’]

Moreover, we assume that each edge of such an element in 7(I") has length 1. Unit
squares like this are usually called Wang files (named after Hao Wang [66]). We define
“south-", “east-", “north-" and “west-functions”

S,EN,W:T({) - E,uk,
as follows:
S(aba't'y := a, E(aba't') :=b, N(aba'b') :=a' ", W(aba'b') :=b"".

A tiling (of the Euclidean plane) is a map f : Z> — T'(I'). We are only interested in
valid tilings, i.e. tilings where all edges match. To be precise, this means that for each
point (x, y) € Z*

S(f(x,y) =N(f(x,y—1) and W(f(x,y)) = E(f(x—1,y)).

A valid tiling f : Z*> — T(T') is said to satisfy the adjacency condition (AC) if for
each (x, y) € Z*
S(fxy) #N(flx =Ly —1)7

AC
W(fx.p) #E(fx—1y-1)" (AC)

1.e. the two situations illustrated in Figure 4.2 are nowhere allowed in the plane.
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b a

A

QY

Figure 4.2: Violating (AC)

Note that (AC) is equivalent to the conditions

S(fx =1Ly £ S(fx. ) # S(fex+1,9))7!
N(f(x =1Ly #N(fGe. ) # N(fx+ 1 y)~!
E(f(x,y— 1) #£E(f(x,p) # E(f(x,y+1)7!
W(f(e,y— ) EW(fx,y) #W(fx,y+1)7!

for each (x, y) € Z” and it requires that any word consisting of consecutive horizontal
or consecutive vertical edges in the tiling f is freely reduced, where the words of
edges are seen as elements in the free groups (a1, ..., ay) < T or (b1,...,b,) < T,
respectively.

We say that a valid tiling f : Z> — T/(T") satisfies the condition (AC ;) for some
fixed j € Z, if for eachi € Z

S(fG i+ N #NSG—1i—1+ )"
W(fG,i+j)#EfG—1i-1+ )",

Note that if (AC;) holds in a valid tiling f : 7? — T(I') for each j € Z, then also
(AC) holds for f.

A valid tiling 1 : Z? — I'(T") is called periodic with period (a, b) € Z2\{(0, 0)},
if f(x,y)=/f(x+a,y+ b) for each (x, y) € Z*>. Observe that if (a, b)isa period
of f then sois (—a, —b).

The following lemma guarantees the unique extension of any 7'(I")—valued map f
on the main diagonal in Z? to a valid tiling of the whole plane satisfying (AC), pro-
vided f satisfies the inequalities of condition (ACy).

(AC))

Lemma 4.1. Let T be a (2m, 2n)—group and f : {(i,i) :i € Z} — T(I') a map such
that for each i € 7

S(fG, i) #N(fG—1,i =) and W(fG,i) #E(fG—1,i —1)7".

Then f uniquely extends to a valid tiling 7> — T(T"). Moreover, this valid tiling
satisfies (AC).
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Proof The existence and uniqueness of a valid tiling Z? — 7'(I') extending the given
map f follows directly from the link condition in the (2m, 2n)—group I'. We call this
extension again f. By assumption, this f satisfies (ACy). If n € Ny, we prove now
that condition (AC,,) implies condition (AC,,+1). In the same way, one can prove that
(AC_,) implies (AC_,_1). By induction, we conclude that f : Z*> — T'(T") satisfies
condition (AC).

Fix any i € Z and assume that (AC,,) holds. To show (AC,,11), we have to prove
that

S(fG,i+n+1)£NfG—1,i+n)"!
W(fG,i+n+1)£EfG—1,i+n)"" .
Assume first that
N(fG—1,i+nm) ' =S(fG,i+n+1) (=N(fG,i+n)).

Since W(f(i,i +n)) = E(f(i — 1,i + n)), it follows from the link condition in "
that

S(fG,i+m)=8(fG—1,i+n) ' =N(fG—1,i4+n—-1)",
contradicting (AC,,). Similarly, assume that
W(fG,i+n+1))=E(fGi—1,i+n)"" (=W(fGi+n)").
Then S(f(i,i +n+ 1)) = N(f(i,i + n)) implies
E(fG,i+m)=E(fG i+n+1)""'=W(fG+1,i+n+1)"",
again contradicting (AC,,). O

Proposition 4.2. Fixa 2m,2n)-group ' = (a1, ..., am, b1, ..., by | Ry.n) and the
corresponding tile set T (I") defined as above. Then

(1) There is a periodic valid tiling f : 7> — T(T') satisfying (AC).

(2) There is a valid tiling f : 7> — T(T) satisfying (AC), and a number a € N
suchthat f(x,y) = f(x+a,y) = f(x,y+a) foreach (x,y) € Z, i.e. | has
the two periods (a, 0) and (0, a) and therefore is doubly periodic.

(3) There are commuting elements a € (a1, ...,ay) <, b € (b1,...,b,) < T
such that
0 < |a| = |b| < 64m*n,

in particular (a, b) is a subgroup of T isomorphic to 7.
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Proof.

(2)

(1) Given T, our goal is to construct a valid tiling f : Z> — 7'(I'), such that
f(x,y) = f(x +2,y+2) for each (x, y) € Z*. Fix any square

t:=aba'b € T(I')

and define f periodic along the diagonal {(i,7) : i € Z} as follows. If a # a’
and b # b’, then we define f(i,i) =t for eachi € Z. If a = a’, then we define

fQi2i)=t, fRIi+1,2i+ D) =a 0 la b e T(),ick.
Note that [a='6'"1a= 161 = [¢]. If b = ¥/, then we define
fQi2iy=t, fRi+1,2i+ ) =d b7 la7 b7l e (), ic.

Also here, [a’~'p~'a=1h~1] = [£]. See Figure 4.3 for an illustration of these
three cases.

< < <
a’ a a’
\ 44 AD \ 44 Ab Yh 'Y))
< > > > > >
a’ a a a a
\ 4/ Ap 'y Yh A) Yh
< > < <« < <
! a a a a’ a
\ 4% Ap \ 8/ 'y Yh A)
a a a
/ / / /
a#zad, b#b a=a b=>b

Figure 4.3: Definition of f (7, i) in Proposition 4.2

Now we can apply Lemma 4.1 to the map f : {(i,i) : i € Z} — T(I'). The
obtained unique extension f : Z*> — T'(T') satisfies (AC) and is obviously
periodic with period (2, 2) (in the first case where a # a’ and b # b/, there is in
fact a smaller period (1, 1)).

We use an idea probably going back to Robinson ([60]). It was explained to
me by Guyan Robertson. Let f : Z*> — 7T'(I') be the periodic valid tiling with
period (2, 2) satisfying (AC) obtained in part (1). Since |7'(I")| = 4mn is finite,
we have

{(fG. =), fG+1,—i+ 1) :ieZ} <|T(T) x I(T)| = (4mn)* < oo,
in particular there are i # j, such that |j —i| < (4mn)? and

fGa,—-iy=f(G,—j)and fG+1,-i+1)=fG+1,—j+1).
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It follows that
S y)=fx+j—i,y+i—j)
for each (x, y) € Z*. Now, we compute
foe ) =fo+j—iy+i—j)=fx+2j—-2 y+2—2j)
and
foe ) =foe+j—iy+i—j)=fx+2j-2 y+2—2j)
=f(x+4j -4 y)=f(x +4i —4j,y).
Note that 0 < |4/ — 4i| < 4(4mn)? = 64m>n>.
(3) We use the doubly periodic valid tiling f : Z> — T(I') satisfying (AC) of
part (2), i.e.
fx.y)=fx+ay =fxy+a
for each (x, y) € Z, where a > 0. Since any closed edge-path (i.e. any circuit)
in this tiling describes a relator in the group I', we obviously have two commut-
ing elements a € (ay,...,ay), b € (by,...,b,) corresponding to the periods
(a, 0) and (0, a). Because of condition (AC), a and b are freely reduced and
we therefore have |a| = || = @ € N. The upper bound 64m?>n? for the length
of |a| and |b| can be obtained by the explicit construction in (2). The statement

(a, b) = 77 follows from Lemma 3.14.
O

Remark. The set 7(I") is a reflection-closed 4-way deterministic tile set (using the
terminology of [38]), but 7'(I") is never aperiodic by Proposition 4.2(1).

We want to illustrate the constructions made in the proof of Proposition 4.2 with a
concrete example and take the group I' = I'3 5 of Example 3.46 with five generators
ay, ap, by, by, bz and the six relators in Ry.3

arbrazby, Ollbzazbl_l, a1b3a2_1b1, albglalbz_l, albl_laz_lb3, a2b3a2b2_1 .
This defines the tile set
I(I'35) ={a1b1axb2, axbra; by, al_lbz_laz_lbl_l, az_lbl_lal_lbz_l}
U {albzazbl_l, azbl_lalbz, al_lblaz_lbz_l, az_lbz_lal_lbl}
U{albgaz_lbl, az_lblalbg, al_lbl_lazb_l, azbglal_lbl_l}
Ularbs'arbs !, anbytanbs!, ay ' boay bs, ay bia by}
U {albl_laz_lbg, az_lbgalb_l, al_lbglazb], agblal_lbgl}

—1 -1 -1 —1,-1 —17,-1 -1
U{a2b3a2b2 , Clzbz Clzbg, Cl2 bzdz b3 s 612 b3 Cl2 bz}
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In Figure 4.4, we recognize a finite part of a periodic valid tiling f : Z?> — T'(I'3 5)
satisfying (AC) induced by t = a1b1axby € T(I'3 5), with periods

(17 l)v (_2’ 2)7 (47 0)7 (07 4) € Z(lv 1) + Z(_27 2)
and commuting elements ayaa1a; L by 1b1_1b3_ U1, generating the free abelian group
Zz = (alazalaz_l, bz_lbl_lb;lbﬂ < F3,5 .

Note that the two generators ajaxaia; I and by 1bl_lb; 1b1 of Z? correspond to the
two commuting quaternions 5 +4i 4+ 6 — 2k and —11 — 12/ — 18 + 6k of norm 3%
and 5%, respectively.

| - d | - | - |- dl
Ll - » L L -
a . a ay ap al ap

\ 27 Yo ¥ Ab \ 2 % Yo, ¥ Ab
< > > > < >
az ai a al NERY) al

A\ 4 bz A bl \ 4 b3 A\ 4 bl \ 4 bz /,\’\/ A bl Y b3
> > > < > —>
a1 as a N} ai IR

A b \ a3 \ &3 Y2 2 An \ R A
> > < > > >
an ai ap al an al

Yo o ¥h \ &z A b \ A28 Y b Y by
| - dl | . | - | - gl //
L | > L > | 7]
a) ap ay ap ai an

Figure 4.4: llustration of Proposition 4.2 taking Example 3.46 and t = a1b1a2b2

However, recall that (a1, b1) is an anti-torus in ['3 5 (see Proposition 3.47(8)), in
particular there are also valid non-periodic tilings of the Euclidean plane using the tile
set 7'(I'3,5).
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See Figure 4.5 for an illustration of a finite part of the non-periodic valid tiling
determined by (aj, b1). Note that all 24 squares of 7'(I'3 5) appear in this picture. To
illustrate this, we have equipped the tiles with numbers from 1 to 24.

Ab
|- | - | . |- B |-
L » » L » »
az asz az al ai al

A by 7 ADb 3 Y by 24 VY b3 15 A by 4 VY by 8 VY by

< < < < < <
<4 << < < < <
ai ai az ai asz az

VY b3 10 A Dby 18 A b3 1 VY by 2 A by 21 A b3 11 VY by

o » d - » d
- hal - |l L -
an an al an an al

Ybr 4 Aby Aby 5 Y b3 47 Ybr o Abs 44 Y by

al al al al al al al al
A b3 20 Ab 12 VY b3 15 A by 4 \ A 8 Y by 16 A b3

» » o A < o
» » 4 < < 4
az az ai az az ai

Aby . A by 3 Y by 6 Y by 19 Y b3 2 Y by 6 Y by

VY b3 10 ADb 18 A b3 23 A Dby 13 VY b3 17 Y by 9 A b3

A by

Figure 4.5: A non-periodic tiling in Example 3.46

Corollary 4.3. Let I = (a1, ..., ap, b1, ..., b, | Ry.,) be a 2m, 2n)—group. Then
there are always non-trivial elements a € (ay, ..., a,)and b € (by, ..., b,) such that
(a, b) is no anti-torus.

Proof. This follows directly from Proposition 4.2(3). O
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4.2 A criterion for non-linearity

Applying a criterion of Burger-Mozes ([17]), we give here examples of very small
irreducible non-linear (2m, 2n)—groups I', where both P, and P, are primitive but not
alternating groups.

Proposition 4.4. (Burger-Mozes, [17, Proposition 1.3, Theorem 1.4]) Let T be a
(2m, 2n)—group such that P, and P, are primitive permutation groups. If either K,
or K, is not a p-group, then T is irreducible and not linear over any field.

Remark. There is no (2, 2)—, (2, 4)— and (4, 4)—group satisfying the assumptions of
Proposition 4.4.

Remark. If m > 3 and I" is an irreducible (A2, P,)—group, i.e. if

@1 | Aom |\ "
7] = 1 (12)

by Proposition 1.2(1a), then K, is not a p-group, since | K| = |Aopm—1 RicntS

We apply now Proposition 4.4 to a (4, 6)—group which is moreover a candidate for
having a simple subgroup of index 4.

Example 4.5.

—17-1 -1
Cl]blal b2 , a1b2a2 bl ,

— -1 -1
R2.3 = a1b3a2 bl, Cl]b3 a2b3,

-1

1
5, @mbiay by

arby 1a2_ 'p
Proposition 4.6. Let " be the (4, 6)—group defined in Example 4.5. Then
(1) P, =ZPGLy(3) = 8y, Py = S6.
(2) |K,| = 12441600000 = 214 .35 .55,
(3) T isirreducible and not linear over any field.
(4) [T, T'] =Toand Uy is perfect.
(5) Zr(b3) = Nr({(b3)) = (b3).

(6) Aut(X) = Zo.
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Proof. (1) We compute

po(b1) = (1,2),

pu(b2) = (3, 4),

pu(b3) = (1,2,4,3),
pr(ar) = (1,2)(3,5,6),
pr(az) = (1,4,2,6,5).

(2) GAP (]29)).

(3) Apply Proposition 4.4, using part (1) and (2).

(4) It 1s an easy computation.

(5) This follows from Proposition 1.12.

(6) Using GAP ([29]), we see that Aut(X) is generated by

(a1, a2, br, b2, b3) > (ay ', a5, b, by, b3).

Conjecture 4.7. The (4, 6)-group I of Example 4.5 is non-residually finite and

ﬂN:FO.

Example 4.8.

—17-1 -1
Cllb]al b2 , Cl]bzal b3 ,

Ros = albgaz_lbl, albglazbl_l,

agblazbz_l, arbranbs
Proposition 4.9. Let " be the (4, 6)-group defined in Example 4.8. Then
(1) P, =PGL,(3) = 84, Py, = PGL(5) < Se.
(2) |Ky| = 50000 = 2% - 5°.
(3) T isirreducible and not linear over any field.
(4) [T, '] =Ty, ng =7, U'/IT0, o]l = D4 and [Ty, o] is perfect.
(5) Zr(a;)) = Nr({@i)) = (@), if a; € {1, az}.
(6) Aut(X) = Zo.
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Proof. (1) We compute

po(b1) = (1,3, 2),
pu(b2) = (2,3),
po(b3) = (2,4,3),

ph(al) - (17 47 57 67 37 2)7
ph(a2) - (17 47 2)(37 67 5)'

(2) GAP ([29)).

(3) Apply Proposition 4.4.

(4) This is an easy computation.

(5) This follows from Proposition 1.12.

(6) Using GAP ([29]), we have checked that the group Aut(X) is generated by the
permutation

(a1, a, by, ba, b3) > (a1, a5 ', b7t b1, b3

of order 2.
O

Conjecture 4.10. Let I" be the (4, 6)-group defined in Example 4.8. Then T is non-
residually finite such that

() N =T, Tol.
Vir
Question 4.11. Let [ be the (4, 6)—group defined in Example 4.8. Is the index 8
subgroup [To, To] simple?
We also apply Proposition 4.4 to a (6, 6)—group:

Example 4.12.

1

—145-1 17— -1
Ollblcll b2 , a1b2a2 b3 , a1b3a2 bl,

o -1 -1 -1 —-1;,-1 -1
R3.3 = a1b3 Cl3 b3, Cllb2 Cl2 bl , a2b1a2 b

2

a2b3a3_1b3_1, azbiazbo, agbz_lagbl_l
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Proposition 4.13. Let I be the (6, 6)—group defined in Example 4.12. Then
(1) P, =PSLa(5) < 86, Py = PSL2(5) < S6.
(2) |K,| = 100000 = 2° - 5°.
(3) T isirreducible and not linear over any field.
(4) [T, '] =ToandTy is perfect.
(5) Zr(b3) = Nr({b3)) = (b3).
(6) Aut(X) = Z3.
Proof. (1) We compute

pU(bl) = (17 2)(3, 4)’
pv(b2) = (37 4)(57 6)9
pv(b3) = (17 27 3)(47 6’ 5)’
pular) = (1,5.6,3,2),
pn(az) = (1,4,5,6,2),
pn(az) = (1,5)(2, 0).
(2) GAP ([29)).
(3) Apply Proposition 4.4.
(4) This is an easy computation.
(5) This follows from Proposition 1.12.
(6) Using GAP ([29]), Aut(X) is generated by the two automorphisms
(a1, a2, a3, b1, ba, b3) > (ap, a1, a3, b7, by, b3 1),
(0[1, ar, as, bl, bz, b3) = (Clz_l, 0[1_1, a3_1, bz, bl, b;l)
O

Conjecture 4.14. Let T be the (6, 6)-group defined in Example 4.12. Then I is non-
residually finite such that
(1N =To.

Nar

Question 4.15. Let I" be the (6, 6)-group defined in Example 4.12. Is the subgroup I
simple?
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4.3 Local groups, irreducibility, abelianization

Two naive attempts to characterize irreducibility for (2m, 2n)—groups I' could be as
follows: I' is irreducible if and only if its abelianization is finite; I" is irreducible if
and only if the local groups P, and P, are transitive. Both turn out to be false by small
counter-examples given in Proposition 4.16. By [17, Proposition 1.2], any reducible
(2m, 2n)—group satisfies A # 1 and A, # 1. We give in Proposition 4.16(6) also
an irreducible example with this property. Finally, we show that it is not enough to
compute for example P;fz) and Py, in order to decide by Proposition 1.2(2) that I is
reducible, even if it is reducible.

Proposition 4.16. 7here exist examples of (2m, 2n)—groups which are
(1) reducible such that their local groups P), and P, are transitive.
(2) irreducible such that P, and P, are not transitive.

(3) reducible and have finite abelianization.

(4) irreducible and have infinite abelianization.

(5) irreducible such that P, is transitive and Ay # 1.
(6) irreducible such that Ay, A> # 1.

(7) reducible but |P,| < | P and |P,| < |PS|.

(8) reducible but |P\| < |P?|.

Proof. (1) Take
Cllblaz_lbl, a bzaz_lbz,
R2.2 =
albz_lalbl_l, arbrar by

Then, we have

pv(bl) - (1747372)’
pv(b2) = (1747372)’

pn(ar) = (1,3,2,4),
pn(az) = (1,4,2,3)

for the corresponding (4, 4)—group.

It is reducible, since IPh(2)| = |Py| = 4.
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Embed any irreducible (2m, 2n)—complex into a (2m + 2, 2n + 2)—complex ¥
by adding the m 4+ n 4+ 1 geometric squares (geometric tori)

—15-1 —17-1
[albn+la1 bn+1]7 cees [ambn—l—lam bn—H] >
-1 -1 -1 7-1
[am+1blam+]b] ]7 ey [am—l—lbnam_an ] ?
[as1b a !l p7l ]
m+1n4+1¢,, 1Y%, 11

and apply Proposition 1.9(3) to show that ¥ is irreducible. See the example
described in part (6) for an explicit realization of this idea.

Taking
alblal_lbl, albza]bz_l,
R2.2 = s
Ctzblazbl_l, azbzaz—lbz

we have | P, | = IPh(z)l = 4, which shows that the corresponding (4, 4)—group I’
is reducible. A simple computation gives ['** = Zg of order 16.

Take the subsequent Example 4.18.

Note that if we add to the non-residually finite (4, 12)—complex of Example 2.26
the two geometric tori [a1b7a; ! by 1] and [axb7a; ! by 1], then we even get a non-
residually finite (4, 14)—group I having an infinite abelianization 4 = Z x Zg.

We take the (6, 4)—group I" given by

alblal_lbz_l, albzagbl_l, albz_laglbl,
R3.2 =
arbrazby, azbzazbl_], azbz—lag,bz_l

Then

pu(b1) = (1,4,2,5,3),
pu(b2) = (2,4,6,3,5),
pn(ar) = (1,2)(3, 4),

praz) = ppaz) = (1, 2,3, 4),

~

in particular P, = Dy < S, is transitive. Moreover, we compute P, = Ag
and |Ph(2)| = 360 - 60°. By Proposition 1.2(1a), I is irreducible. Using
Lemma 1.1(1b), B := {(b162)>, (b2b1)3, (b1b2) 3, (b2b1) >} is a subset of As,
since for each b € B and a € E;, we have p,(b)(a) = a and p,(a)(b) € B.
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(6) Embedding theirreducible (6, 4)—complex just described in the proof of part (5),
we construct an irreducible (8, 6)—group such that A| # 1 # As.

—17-1 -1 —1z7-1 -1 -1
a1b1a1 b2 , Cl]bzdgbl , a1b3a1 b3 , Cllb2 Cl3 bl,

R4.3 = 3 a2b1a3b1, Clzbzazbl_l, Clzbgclz_lbgl, Clzbz_lagbz_l,

v

—17-1 —17-1 —17-1 -1
a3b3a3 b3 , a4b1a4 bl , Cl4b26l4 b2 , a4b3a4 b3

It 1s irreducible by Proposition 1.9(3) and we have a4 € A1, b3 € Ao, applying
Lemma 1.1. Note that P, and P, are not transitive, since
pv(bl) — (17 67 27 77 3)7
pU(bZ) - (27 67 87 37 7)7
pu(b3) = 0,
on(ar) = (1, 2)(5, 6),
pon(az) = pplaz) = (1, 2,5,6),
on(ag) = ().
(7) For the (4, 6)—group given by
Cllblal_lbl_l, Cllbzal_lb_l

3

Rr3:= albgal_lbz, a2b1a2_1b2 , ,
b -1 -1
arb2d, bl, a2b3a2b3

we compute | P4 = 2, |P\7| = 4, |P,| = 24, |P?| = 48. 1t is reducible by
Proposition 1.2(2b), since | )| = 48. Note that |P,”)| = |P\"| = 8.

(8) Take the (4, 6)—group defined by

alblal_lbl_l, albzal_lbz,
. -1 -1
R2.3 = a1b3a1b3 , a2b1a2b2 ,

a2b2a2b3_1 , a2b3a2bl_l

We compute |P,| = 4, [P = 8, |PY)| = 16, [PP| = 32. Note that
|Ph(5)| =32and |Py| = |PU(2)| = 24, in particular the (4, 6)—group is reducible
by Proposition 1.2(2).

O
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Question 4.17. (1) Is there a reducible (Py,, P,)-group T such that Py, is transitive
and P, is 2-transitive?

(2) Does there exist a reducible (Py, P,)-group T such that Py, is transitive and P,
is primitive?

(3) Is there areducible (Py, P,)—group U such that Py, is transitive and P, is quasi-
primitive?

(4) Is there a (2m, 2n)—group T such that Py, and P, are transitive and T is
infinite?

The (6, 6)—group in the following example not only illustrates Proposition 4.16(4),
but has other interesting properties.

Example 4.18.

-1

—15—1 —15-1 -1
alblal bl , a1b2a1 b3 , a1b3a2 b2 ,

Ris = albglazbz, azblcl;lbl_l, azbga‘zbz_l,

azbl_laglbl, Clgbzag_lbz_l, a3b3a3_1b3_1
Proposition 4.19. Let I be the (6, 6)—group defined in Example 4.18. Then
(1) P, = A, Py = 7Zn < S¢ and T is irreducible.
(2) Hi(xy) is a pro-2 group, where x, is any vertex of 7>,.
(3) Az # 1, in particular QZ(H>) # 1.
(4) We have
(a1, a2, a3) = pry({a1, a2, a3))

= pry({a1, a2, a3)) (xy)
= pro (I (xy) < Aut(72,)(xy) .

This group stabilizes pointwise a bi-infinite geodesic in 7>, = T¢ through the
vertex xy.

(5) 9 X 72 x 7o, in particular it is an infinite group.
Proof. (1) We compute
pv(bl) - (27 3)(47 5)7

po(b2) = (1,2,5),
pu(b3) = (2,6,5),
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pn(ar) = (2,3)(4,5),
pn(az) = (2,3)(4,5),
pnlaz) = ().

To see that I is irreducible, compute |P;52)| = 360 - 60°.
(2) This follows directly from the subsequent Proposition 4.20.

(3) Using Lemma 1.1(1b), the set {67, bg, bg} is a subset of A;. Note that A is
a normal subgroup of (b1, ..., b,) of infinite index, since I" is irreducible. In
particular, Aj is a non-finitely generated free normal subgroup of I".

(4) The map pr, : ' — Aut(72,) is injective because we know that QZ(H;) = 1
by [16, Proposition 3.1.2, 1)]. This gives the first claimed isomorphism. The
two other isomorphisms are based on the identification

(a1, a2, a3) = {y € I : pra(y)(xy) = x,}

proved in [17, Chapter 1]. Since p,(a)(b1) = by for each a € Ej,, the bi-infinite
geodesic (b’l‘ )rez through x, is fixed.

(5) This is an easy computation.
O

Proposition 4.20. Let T" be a (Py,, P,)—group such that |P,| = 2. Then H>(x,) is a
pro-2 group (an infinite group if and only if U is irreducible).
Proof. Consider the following commutative diagram, where pi, k € N, is the obvious

restriction map.
(k+1)

0
(a1, ..., ap) 2 pv(k+1) < Sym(El()k+l))

Pk
k i
e

P < sym(Ey")

We want to show that Ptfk) is a 2-group for each ¥ € N. Since [P, = 2 and
Pv(k) = Plfkﬂ) /ker(py), it is enough to show that ker(py,) is a 2-group (or trivial). This
follows, if any element o € ker(py) has order 1 or 2 in PU(kH). Given o € ker(py),
write o = p,(lkﬂ)(a) for an appropriate element a in (a1, ..., a,). Let b be any el-
ement in Ef)kH). Decompose b = b’ - b”, such that " € Ef)k), b" € FE, and define

a = pi®V(b")(a) (see Figure 4.6). Then
O_2(b) — ;lk-l-])(az)(b/ . b//) — b/ . ph(flz)(b”) — b/ X b// — b,

where the second equation uses the commutativity of the diagram above and the third
equation follows from the assumption | P,| = 2. O
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b"s A b
a a

b'A Wb L b
a a

Figure 4.6: Illustration in the proof of Proposition 4.20

The following conjecture is true at least for & < 6, because we have computed
PP =4, 1P =16, 1P| =32, || = 128, || = 256.

Conjecture 4.21. For I defined in Example 4.18 and | € N
31-1 g
‘P(k)‘: 2207 if k=21
v 272 ifk=20-1.

A very natural question is to ask if there is a criterion in terms of properties of
the local groups P, and P, to decide whether a given (2m, 2n)—group is reducible or
not. The answer to this question is “no” as shown in the first part of the following

?

proposition.

Proposition 4.22. (1) In general, it is not possible to determine whether a given
(2m, 2n)—group is reducible or irreducible only by knowing its local groups Py,
and P,.

(2) There exist (2m, 2n)-groups 'y and 'y having isomorphic local groups, but
different local transitivity properties. More precisely, there are examples such
that P,(I'1) and Py (I'2) are transitive, P,(I'1) and P,(T"2) are not transitive,
although Py(T'1) = Pp(T'2) and Py(T'1) = Py(I).

Proof. (1) The idea is to find two (2m, 2n)—groups I'1 and I'> with permutation
isomorphic local groups such that I'y is irreducible but I'; is reducible. We
take the (6, 6)—group of Example 4.18 as '}, and I'; as (6, 6)—group defined as

follows:

—1z2-1 —14-1 —14-1
alblal bl , albgal b3 , a1b3a2 b2 ,

v

Ry3 := 4 a1b3_1a2b2, azblaglbl_l, azbgazbz_l,

-1 -1 —17-1 —1
azbl Cl3 bl, a3b2a3 b3 , a3b3a3 b2
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Note that it has seven (of nine) defining relators in common with those of Exam-
ple 4.18. The two different relators are underlined. They can be obtained from
the corresponding two relators azbyasy 1b2_ ! and azbzay 1b3_ ! in Example 4.18
by a single “surgery” operation indicated in Figure 4.7. For a more general
description of surgery techniques in square complexes, see [17, Section 6.2 2].

as | a

b>a s b b3 4 1 b
5 5
@«

b3 4 s b3 b 4 s b3
% %

Figure 4.7: “Surgery” on Example 4.18 (on the left)

We compute for ['5:

po(b1) = (2,3)(4,5),

po(b2) = (1,2,5),

pu(b3) = (2,6,5),

pr(ar) = pplaz) = pp(az) = (2,3)(4,5),

in particular it follows that P, = Ag and P, = Z> < Ss. Moreover, we have
|Ph(2)| = 360 = |Py], hence I'; is reducible by Proposition 1.2(2a). Observe
that |P\F| = 2 forall k € N.

(2) The reason for this phenomenon is that the local groups are isomorphic, but not
permutation isomorphic. Let the (4, 6)—group 'y be defined by

-1

—14-1 —1
alblal b2 , a1b2a2 b3 ,

. —1;7-1 -1 _-1
R2.3 — a1b3a2 bl , a1b3 a2 bl,

Cllbz_laz_lbg, Clzblaz_lbz



200 CHAPTER 4. MISCELLANEA

Then

po(b1) = (1,2),

pu(b2) = (3,4),

po(b3) = (1,2)(3, 4),
pr(ar) = (1,3,2)(4,5,06),
pn(a2) = (1,3,2,6,4,5),

hence 7, = Zg < 84 is not transitive, P, = Z» x A4 < Sg 1s transitive.
Define the (4, 6)—group ['; by

—1z7-1 -1
a1b1a2 b2 , albzaz bz,

— -1 -1
R2.3 = Cl1b3a2b3, a1b3 azb s

arbylaz byt arbtay by
We compute

po(b1) = (1,2)(3,4),
po(b2) = (1,2)(3,4),
po(b3) = (1,3)(2,4),
pn(ar) = (1,5,2)(3, 4),
pn(a2) = (2,5,6)3.4)

and see that P, = Z% < 8, is transitive, but P, = Zp x Ay < Sg is not
transitive.
O

4.4 Graphs associated to a (2m, 2n)—group

Following an idea of Mozes ([52]), we associate to any (2m, 2n)—group ' two infinite
families of finite regular graphs (X (I"))ren and (¥ (I'))ren. The vertex set of X(I")
is identified with the set £ }(lk) and the vertex set of Y (I") is identified with El()k). Two
vertices a, a € E,(lk) are connected in Xz (") by an edge if and only if p,(b)(a) = a
holds for some b € E,. In this case, b and 5~! are edges in X;(T") such that o(b) = a,
t(b) =aand b = b~!. Similarly, two vertices b, be Ef)k) are connected in Y3 (I") by
an edge if and only if p,(a)(b) = b for some a € Ej.

See Figure 4.8 and 4.9 for a visualization of ¥1(I'35) and X2(I'3 5), respectively,
where I'3 5 1s the (4, 6)—group of Example 3.46.
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Figure 4.8: The graph Y1(I'35)

We list now some obvious general properties of the graph X;(I") (the properties
of Y (I") are analogous):

e X;(I') has exactly 2m(2m — 1)*~! vertices.

Xi(T") is 2n-regular.

Xi(T") is connected if and only if P;fk) is transitive on £ ;(lk).

Xi(I') is connected for each £ € N if and only if pr;(I") 1s locally co-transitive.

If X;(T") is not connected, then X;(I") is not connected for each / > k.
e If X;(I") has no loops, then X;(I") has no loops for each / > £.
Less obvious is the following result of Mozes:

Proposition 4.23. (Mozes, [52, Theorem, p.323]) IfT" = T", ; is as in Section 3.2, then
(X (T)ken and (Y (T))ren are Ramanujan graphs, i.e. for every k € N and every
eigenvalue ) of the adjacency matrix of X;(I), either » = £( + 1) or |A| < 2+/1,
and for every eigenvalue ). of the adjacency matrix of Yi(I'), either A = =(p + 1) or

Al <2./P.

Problem 4.24. Construct other (2m, 2n)—groups I such that the graphs (Xi(I'))keN
and (Yi(I'))ren are Ramanujan graphs.
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a;lazl " 1>
R I

ard;y ‘1 ‘V’ I. arag!
( (Vi
amay N " ‘& alay’

Figure 4.9: Geometric realization of X2(I'35)

4.5 Growth of 2m, 2n)—groups

Let I" be a finitely generated group and § a finite subset generating I'. Following [32],
we define the word length £5(y ) of an element y € ' \ {1} with respect to .S:

bs(y):=min{i : y =s81...8; S1,...,8; € SUS™YY,  (and €5(1) :=0),
for k € Ny the growth function
k> BT, S k)= {y el : ts(y) <k},
the corresponding growth series

B(T, S:z) =Y BT, S: k)",
k=0

the spherical growth function
k> o, 8 k) :=[{y el 1 ls(y) =k},
and the corresponding spherical growth series
o0
B, 8 2):= Y o, S:k)zF = (1—2)B(T, S:2).

k=0
Observe that o(I', S; k) = BT, S k) — (U, S; k— 1), if bk e N.
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Proposition 4.25. LetT" = (a1, ..., a,, b1, ..., b, | Ry.,) be a 2m, 2n)—group and
S:={ay,...,ay, b1, ..., b,} the set of standard generators of T.

(1) The Cayley graph of (I', S) can be identified with the 1-skeleton of the product
of regular trees 7, X T,, in particular the growth functions of (I, S) only
depend on m and n.

(2) The spherical growth series is

(F)°
(T, S:z) = —Z
( 2) (m —(m — l)% (n —(n— l)%)
14z 1+z

1—Cm—1)z 1—@n— 1)z
= 1+ Q2m +2n)z + (4m* + 4n* + 4mn — 2m — 2n)z* + O(Z%).

(3) If (m,n) # (1, 1), then T is of exponential growth. If m = n = 1, then I is of
polynomial growth.

(4) If m,n > 2, then U is quasi-isometric to F, x F.

Proof. (1) See [9, Section 1.8A.2] for an explicit identification. Observe that the
product 73, X 7>, is the universal covering space of the “Cayley complex” of
([9, Section 1.8A.2]), which is exactly our (2m, 2n)—complex X.

(2) By part (1) we have X(T', §; z) = X(Fn X F,, S; z). Note that

14z

T

The claim follows now from the behaviour of the spherical growth series with

respect to taking free and direct products (see [32, Proposition VI.A 4]). As an
intermediate step, we have for example

X(Z,{1};2) =

14z

E(Fm, {Cl], ...,Clm};Z) = m

(3) If (m, n) # (1, 1), then the statement follows from the obvious fact that F;,, x I,
contains a non-abelian free subgroup (namely F,, x {1} ifm > 2, or {1} x F,
ifn > 2). Ifm = n = 1, then I is virtually abelian, hence is of polynomial
growth.

(4) The group F,, x F;, is isomorphic to a finite index subgroup of /5 x F> (the
index is (m — 1)(n — 1)), hence the groups are quasi-isometric by part (1). (Note
that for £, £ > 3, the tree 77 is quasi-isometric to 7, see [9, Exercise 1.8.20(2)].

This is a more general result than (4), since £, £’ are allowed to be odd.)
O
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Example. Let I" be a (6, 6)—group. Then

(I, S;z) = 1 + 122 4 9622 + 660z° + 4200z* + 25500z° + O(z%)
B(T, S:z) = 1+ 13z 4 109z° 4 76923 4 4969z* + 30469z° + 0(z°).

4.6 Deficiency of 2m, 2n)—groups

Let G be a finitely presented group. The deficiency of a finite presentation P of G is
the number of generators minus the number of relations in £. The deficiency def(G)
of the group G is the maximum of the deficiency of P taken over all possible finite
presentations of G. It is well-known (see [27, Lemma 1.2]) that

def(G) < rank(H(G; Z)) — d(H>(G; 7)), 4.1

where d(H>((G; Z)) denotes the minimal number of generators of the second homo-
logy group of G with integer coefficients. The group G is called efficient if equality
holds in (4.1).

Proposition 4.26. Let I" be a (2m, 2n)-group. Then T is efficient and
def(’) =m+n—mn.

Proof. Since I' has the finite presentation (ay, ..., a,, b1, ..., b, | Ry.,), we have
def(’) >m +n—mn.

On the other hand

def(T") < rank(H(I"; Z)) — d(Ha2(T'; Z))
= rank(H(I"; Z)) — rank(H>(I"; Z))
=1-x@)
=m+n—mn.

The inequality is (4.1), and the equalities above are described in [41, Section 6], where
x (') is the Euler characteristic of the (2m, 2n)—complex X (or the alternating sums
of the ranks of the homology groups of I", which is the same here). O

Remark. The deficiency def(I") for a (2m, 2n)—group I is attained by its standard
presentation
(ala"'vaI’n7b17"'7bn |Rmn>

as well as by the natural presentations of their amalgams (provided they exist, see
Proposition 1.3)

Fn >l<F‘172m+277m Fl_m+mn and Fm >l<Fvl*ZﬂJrerm Fl_n+mn :
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Similarly as in Proposition 4.26, one can prove that the deficiency of 'y is
def(I'g) = 4n + 4m — 4mn — 3 .

Remark. There are non-efficient torsion-free groups, see [47].
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Appendix A

More examples

A.1 Irreducible (A4¢4, P,)—groups

In Appendix C.1, we will give a list of all primitive permutation groups in S2,, where
n < 7. There are 33 different such groups (up to isomorphism). Our goal now is to
construct for each such primitive group P, an irreducible (44, P,)—group. We already
have constructed an (A4g, Ag)—group in Example 2.2, an (Ag, M,)—group in Exam-
ple 2.18, an (Ag, ASL3(2))—group in Example 2.21 and an (A4, S5 < S10)—group in
Example 2.58. There are no (Ag, S2)—groups and no (Ag, A4)—groups, and we have
not found an (A4g, A5 < Sip)—group or an (Ag, M1 < S12)—group. In this section,
we construct the 25 remaining (Ag, P,)—groups and give the generators of the local
groups P, = Ag and P,. All these examples are irreducible by Proposition 1.2(1a),
since we always have |P;52)| =360 - 60°.

Example A.1. (Ag, S4)-group:

alblal_lbz_l, albzaz_lb], a]bz_lazbl_l,
R3.2 =
Q‘Qb1a3_1b1, azbzaglbz, azbraz b

pv(bl) - (17 57 47 37 2)v
/)v(b2) - (27 67 57 47 3)v

pn(ar) = (1,3, 4,2),

pr(az) = (1,3,2,4),
pr(az) = (1,4, 2,3).
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Example A.2. (Ag, PSL,(5))-group:

alblal_lbl_l, albzaz_lb;l, a1b3a1b2_1,
— -1 _-1 -1
R3.3 = Ollb3 Cl3 bz, a2b1a3b2 , 0[21)26!3[)2,

a2b3a3b1_1, azbglclgb_l, azbl_lagbl

po(b1) = (2,4)(3,5),
pu(b2) = (1,6,5,3)(2, 4),
po(b3) = (1,2,4,6)(3.5),

on(ar) = (2,3)(4,5),
on(az) = (1,3,4,5,2),
on(az) =(2,3,4,6,5).

Example A.3. (4g, PGL>(5))—group:
Cllblal_lbl_l, Cl]bzal_lbgl, Cllbgaz_lbz,
N -1 -1 —1z—1 -1
R3.3 = a1b3 Clzbz , a2b1a3 bl , a2b2a3 bl,
arbzazbs, azbl_lcl;lbz, a3b2a3b3_1
pl)(bl) = (27 3)(47 5)’

pv(bZ) - (17 57 47 37 2)v
pv(b3) - (27 67 57 37 4)v

ph(al) - (27 47 57 3)7
ph(ClZ) - (27 4737 57 6)7
ph(a3) :(1757 47372)‘
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Example A.4. (A, Se)—group:

R3.3 =

—1z7-1 —17-1
alblal bl , Cl]bzal b2 ,

-1 _-1 —14-1
a1b3 CI3 b3, a2b1a2 b2 ,

a2b3a3_1b1, azbz_lclgbl_l,

po(b1) = (2,4,3),
pu(b2) = (3,5, 4),

-1
a1b3a2 b3 ,

-1
a2b2a3 b3 ,

azbyaz by

pu(b3) = (1,2,3)(4,6,5),

pn(ar) = 0,
pn(a2) = (1,5,6,3,2),
pn(az) = (1,4,5)(2,06).

Example A.5. (4, AGL;(8))—group:

R34 =4

-1 —17-1
a1b1a2 bl , a1b2a2 b3 ,

a1b4a2_1b4, a1b4_1a2_1b2,

albz_laz_lbl, albl_laz_lbg,

a3b1a_1b_l , azbrazbs,
3 "4

po(b1) = (1,2)(5,6),
po(b2) = (1,4,3,2)(5,6),
po(b3) = (1,2)(3,6,5,4),
puo(bs) = (1,2)(5,6),

pn(ar) = (2,6,8,7,5,4,3),
pn(az) = (1,2,4,5,6,7,3),

a1b3a2_1b4 ,
albglagbz_l,
bsa;'b
axbszay b,

—1g—1

pn(as) = (1,4)(2,6)(3,7)(5, 8).
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Example A.6. (Ag, AT'L(8))-group:

—1g-—1 —14z-1
0[1[)16!2 b3 , albzazbg, a1b3a2 b4 ,

a1b4a2_1b4, albél_lclz_lbz, albglagbz_l,
R3.4 = 3 ¢ .

arby'as by, arbylas by, anbylay'esl,

—17-1 —17-1 —1
Cl3b1613 bl , a3b3a3 b4 , a3b4a3 b2

pu(b1) = (1,2)(5, 6),

pu(b2) = (1,4,5,6,2),

pu(b3) = (1,2,3,6,95),

rov(b4) = (l’ 2)(57 6)’

pn(ar) = (1,8,7,5,4,3)(2,6),
pn(az) = (1,2,4,5,6,8)(3,7),
pn(az) =(2,5,0)(3,7,4).

Example A.7. (A4g, PSL>(7))—group:

—14—1 -1 —14-1
a1b1a2 bl , a1b2a2 bl, a1b3a2 b3 ,

a1b4a2_1b4, a1b4_1a2_1b2, alb3_1613b2_1,
R3.4 = 3 ¢ .

-1 _—1z-1 -1 _-1 —1
a]b2 612 b4 , albl a2 b3, a2b3a3 bz,

a3b1a§1b4, azbraz b3, a3b4a3_1b1

pu(b1) = (1,2)(5, 6),

po(b2) = (1,4,3,2)(5,06),
pu(b3) = (1,2)(3,6,5,4),
pu(bs) = (1,2)(5, 6),

pn(ar) = (2,6,8)(4,7,5),
pn(a2) = (1,7,3)(2, 4, 5),
pr(az) = (1,5)(2,6)(3,7)(4, 8).
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Example A.8. (A4g, PGL»(7))-group:

R3.4 = 9

alblaz_lbgl,
—1

a1b4a2 b4,

Ctlbz_laz_lbg,

abza; ' by,

po(b1) = (1,3,2)(4,6,5),
po(b2) = (1,4,3,2)(5,6),
pu(b3) = (1,2)(3,6,5,4),
pu(bs) = (1,

arbtay by,

arbra; by,

a1b4_1a2_1b2,

1

azbrazbs,

2)(5,6),

a1b3a2_1b4_1,

albglagbz_l,
bia;'b

abiaz by,

—17-1
a3b4a3 b4

pnar) = (1,8,2,6,7,5,4,3),
pn(az) = (1,7,3,2,4,5,6,8),

pn(as) = (1,8)(2,6)3,7).

Example A.9. (Ag, Ag)-group:

R34 := 4

alblal_lbl_l,
baay ' by
arbaa, 04 -,

abra; ' by,

azbz_laglbg,

pu(b1) = (2,
pu(b2) = (2,
pu(b3) = (2,
pu(bs) = (1,
pn(ar) = (),

pn(a2) = (1,6,7,2)3, 8),

albgal_lbz_l,
albél_laz_llm,
arbzazby,

—1z-1
a3b3a3 b4 ,

5,4),
3)(4,5),
5,3),

2)(5,6),

alb3al_lb3_l,
bia; by
axoias 0, -,

azb:_s_lazb_l ,

a3b4a3_1b1

ph(a3) - (17 57 6)(27 77 87 47 3)'
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Example A.10. (Ag, Sg)—group:

alblal_lbl_l, Cllbzal_lbz, albga‘l_lb;l,
0[11)4622_1194_1, a1b4_1a2_1b4, 0l2b1a3_1b2_1,
R3.4 = 9 ¢ .
mbra;'by,  mbsashy, aby ab],
by'a;'bs, asbza;'by bya;'b
arb, d; b3, dzb3a; O, , aAzbid; 01

po(b1) = (2,5, 4),

po(b2) = (2,3)(4,5),

po(b3) = (2,5, 3),

pu(bs) = (1,2)(5,6),

pn(ar) = (2,7),

pn(az) = (1,6,7,2)(3, 8),

en(az) =(1,5,6)(2,7,8,4,3).
Example A.11. (A4g, PSL2(9))-group:

-1 —17-1
3 Cllb3al b

—17-1 -1
alblal bl , a1b2a3 b PR

—14—1 —14-1 -1
611[)461l b5 , a1b5a2 b4 , a1b5 a2b4,

v

R3.5 .= 3§ albz_laglbg, azblclzbz_l, arbrar b3,

azbsazbl_l, a2b4_1a2b_1, a3b1a3b1_1,

11 g 11

pu(b1) = (2,5)(3, 4),

pu(b2) = (2,5)(4,6),

pu(b3) = (1,3)(2,5),

pu(bs) =(1,2,5),

pu(bs) =(2,6,5),

prlar) = (2,3)(4,5)(6,7)(8,9),
pn(an) = (1,5,4,8,2)3,7,6,10,9),
pn(a3) = (2,3)(4,5)(6,7)(8,9).
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(46, Py)-GROUPS

Example A.12. (Aq, S¢ < S10)—group:

R3.5 = 3

alblal_lbz_l, albzal_lbs, alb3al_lb3,

a1b4a1_1b1, a1b5a2_1b4_1, albs_laglm,

-1

azblcl;lbg, azbzaz_lbz , arbzazbq, : .

a2b5a2b1_1, a2b4_1a2b_1, a3b2a51b4 ,

2

a3b3a3_1b a3b4a3_1b1, a3b5a3_1b5
pu(b1) = (2,5,4), pu(b2) =0,

po(b3) = (2,5,3),

pu(bs) = (1,2,5),

pv(bs) = (2,6,5),

on(ar) = (1,7,6,2)(3,8)(4,5,9, 10),
on(an) = (1,5,4,8)(3,7,6, 10),

on(az) = (1,7,9,8)(2,3,10,4)(5, 6).

Example A.13. (4¢, PGL2(9))—group:

R3.5 := 4

alblal_lbz_l, albgal_lbl_l, alb3al_lb3,

—17-1 —17-1 —1
Cl]b4a1 b5 , a1b5a2 b4 , albs a2b4,

a‘zbsazb_l, a2b4_1a2b_1, a3b2a3_1b5,

a3b3a3_1b_1 a3b4a3_1b1, a3b5a3_1b4_1

2
pu(b1) = (2,5,4), py(b2) = O,

pu(b3) = (2,5,3),

pu(bs) = (1,2,5),

pu(bs) = (2,6,5),

pr(ar) = (1,2)(3, 8)(4, 5)(6,7)(9, 10),
pr(az) = (1,5,4,8)(3,7,6,10),
pn(az) = (1,7,6,2,3,10,4,5,9,8).

azbla’j,_lbg, Clzbzaz_lbz_l, a2b3613b1, r .
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Example A.14. (A4g, Mo)—group:

R3.5 = 3

alblal_lbl_l,
a1b4a1_1b5_1,
—1

—1
a2b1a3 b2 ,

a2b4_1a2b_1,

Example A.15. (Ag, PI'L2(9))—group:

R3.5 = 9

azbsasby’,

APPENDIX A. MORE EXAMPLES

albgal_lbgl,
a b5a2_1b4_1,
arbrar b3,

aby  azby,

-1
a3b4a3 bl ,

albgaflbz_l,
-1
0[1b5 a2b4,

ambsarby !,

—17-1
Cl3b2613 b5 ,

—1
a3b5a3 b4

pu(b1) = (2,5,4), py(b2) = (2,3,5),
pv(b3) = (2,5)(3, 4),
pu(bs) = (1,2,5), py(bs) = (2,6,5),
pn(ar) = (2,3)(4,5)(6,7)(8,9),
on(a) = (1,5,4,8,2)(3,7,6,10,9),
on(az) = (1,4,5,2)(6,9, 10, 7).

-1
aybya; b,

—17-1
a1b4a1 b5 ,

—1
a2b1a3 b2 ,

a2b4_1a2b_1,

azbsazby !,

—17-1
Cl]bzal b3 ,

-1
a1b5a2 b4 ,

arbrasbs,
~1
axb, "azby,

a3b4a3_1 bs,

pu(b1) = (2,5, 4),
pu(b2) = (2,3,5),
pu(b3) = (2,5)3,4),
pu(bs) = (1,2,5),
pu(bs) = (2,6,5),
prlar) = (1,10)(2,3)(4, 5)(6, 7)(8, 9),
pn(a) = (1,5,4,8,2)(3,7,6,10,9),
pn(az) = (1,5,7,2)(4,9, 10, 6).

Cllbgal_lbz_l,
b laxb
ajbs axba,

-1
absaxb

a3b2a51b4,

—1z-1
a3b5a3 bl

v

v
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Example A.16. (A4g, A10)-group:

—1z-1
alblal bl ,

—1z2-1
a1b4a1 b2 ,

-1
1 >

R35:= 4 azblcl;lb
—1
absaxby ",

1

ablay'b;

—1z—1
albgal b4 ,

a1b5a1_1b5_1,
abraz by,

Clzbs_lclglm,

—17-1 -1
, a3b3a3 b4 , a3b5a3 b

—14-1
a1b3a2 b3 ,

albglaz_lbg,

—1g—1
a2b4a3 b5 ,

a2b2_1a3_1b1,

3

pu(b1) = py(b2) = (2,3)(4,5),
pu(b3) = (1,2)(5,6),
po(bs) = (2,5,4),
pu(bs) = (2,3,5),
pn(ar) = (2,4)(7,9),
pn(az) = (2,10,9)(4,5)(6,7),
pn(az) = (1,2,9)(3,5,4)(6,7, 8).

Example A.17. (4g, S10)-group:

—1z2-1
alblal bl ,

—145-1
a1b4a1 b2 ,

— —1z-1
R3.5 = 9 a2b1a3 bl ,

absarb) !,

-1
2

agbl_laglb

albgal_lb4,
a1b5a1_1b5_1,
Clzbzar;lbz,

azb;1a3b4,

—17-1
a3b3a3 b4 y

—14-1
a1b3a2 b3 ,

a1b3_1a2_1b3,

—17-1
a2b4a3 b5 ,

a2b2_1a3_1b1,

—1z7-1
a3b5a3 b3

po(b1) = py(b2) = (2,3)(4,5),
pu(b3) = (1,2)(5, 6),
pu(bs) = (2,5, 4),
po(bs) = (2,3,5),
pr(a) =(2,4,9,7),
pr(az) = (2,10,9)(4,5)(6,7),
pn(az) = (1,2,9)(3,5,4)(6,7, 8).
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Example A.18. (Ag, PSLy(11))-group:
a1b16t3 b2 1, albgal bl_l, albgctl_lbél_l,
0[11)4621 b3 1, Cl]b5a1 b6 1, aleal b5 1,

Cl]bl_lclzbz, Clzb]dzb;l, Clzbgazb;l,
R3.6 = 9 ¢ .
a2b4a2 b4 1, a2b5a2b6, Clgbg]azbz_l,

ambllashy,  azbiasby',  azbsasby’,

a3b4a3 b4 1, azbsaszbg, agbgla3b2_1

pu(b1) = (2,6,4,3.5), py(b2) = (1,3,4,2,5),
po(b3) = pu(bs) = pu(bs) = (2,5)(3,4),

pu(bs) = 0,

pr(ar) = (1,2)3, 4)(5,6)(7, 8)(9, 10)(11, 12),
pn(a) = pn(az) = (1,2,7,5,3)(6, 11, 12, 10, 8).

Example A.19. (Aq, PGL;(11))—group:

alblal b2 1, Cl]bzal b4 1, a1b3a2_1b1,
bsa7 b, arbsaTlbl, arbear b
4 46!1 6 » Al 5611 3, Al 631 5
b lgap! -1
a1by azby”, axbiazba, abzaxbs
R3¢ := 9 -
a2b4a2 b4 1, arbsanbg, azbglazb_l,
b lasbT!, azbiazh bzazb:!
axby "azb5 -, az01a3b2, azbzazbs -,
bsa; b, azbsazh b lazb; !
as 4“3 4 - A30s50430¢, aszbg Az,

pu(b1) = (1.4,3,5,2),

pu(b2) = pu(bs) = pu(bs) = (2,5)3,4),

pu(b3) = (2,4,3,06,5), pu(bs) = 0,

pr(ar) = (1,10,8,7,9,11,12,3,5,6,4,2),
pn(a) = ppaz) = (1,10, 8,6,11)(2,7,5, 3, 12).
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Example A.20. (A4g, A12)-group:

R3.6 = 9

Pv(bl) = (1’ 3)(2’ 6’ 47 5)7 Pv(bz) = (la 3’ 2’ 5)(4’ 6)7
po(03) = pu(bs) = pv(bs) = (2,5)(3,4), pu(bs) = (),

—142-1
a1b1a3 bl ,

—14-1
a1b4a1 b3 ,

ajby'a; by,
-1
abzaxbs

azbglazb_l ,

—1z-1
a3b4a3 b4 ,

Cl]bzag_lbl,
a1b5a1_1b6_1,
Cllbl_lclzbz,

a2b4a2_1b4_1,

azbl_laglbz,

azbsazbs !,

a1b3a1_1b4_1,
a1b6a1_1b5_1,
wmbiazhy !,
axbsazbe,

asbsasby’,

azbgas b6_1

prlar) = (2,11,12)(3, H)(5, 6)(7, 8)(9, 10),
pnla) = (1,2,7,5,3)(6, 11, 12, 10, 8),
prlaz) = (1,11, 2).

Example A.21. (4g, S12)-group:

R3¢ := 4

alblal_lbg,
bsa; by
arbsa; 05,
albz_laz_lbl,
a2b4a2_1b4_1,

b azhy,

—17-1
a3b4a3 b4 ,

arbrash;?,
B
a1b5al b6 ,
-1
abrazby
absazbg,

azbyasby’,

azbsazbe,

alb3al_lb4_l,
beay by
aibea, 5
—1
abzaxbs
azbglazb_l,

azbzasbs!,

a3b6_1a3b2_1

pv(bl) = (17 47 37 57 2)7 pv(b2) - (27 59 6’ 37 4)7

pu(b3) = pu(bs) = pu(bs) = (2,5)(3,4), pu(bs) = 0,

pn(an) = (1,2,12,11)(3,4)(5, 6)(7, 8)(9, 10),
pn(az) = pp(az) = (1,2,7,5,3)(6, 11, 12, 10, 8).
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Example A.22. (Ag, PSLy(13))-group:

R3.7 = 9

pv(bl) = (lv 4’ 3’ 59 2)’ pv(b2) -

alblal bzl,
1

0[11)4621 b3 ,
1

61112’761l b7 ,
-1
abzaxbs ",
b -1
abraxb5 ",
b -1
azbyazb; ",

a3bsazbg,

arbrazh;?,
1

a1b5al b6 y
albz_laz_lbl,
b 1
a 4612 b4 ,
azbglclzb_l,
-1
azbzaszbs ",

azbrazby !,

albgal b41,
1
0[11)5611 b5 ,
-1
abraxb;
axbsazbg,
b7 lazb
axb, azba,
b 1
as 4Cl3 b4 ,

a3b6_1a3b2_1

(27 57 67 37 4)’

v

pu(b3) = pu(bs) = pu(bs) = pu(b7) = (2,5)(3.4), pu(ba) = O,
pnlar) = (1,2)(3,4)(5, 6)(9, 10)(11, 12)(13, 14),
pn(az) = pplaz) = (1,2,9,5,3,7)(6,13, 14, 8,12, 10).

Example A.23. (A4q, PGL;(13))—group:

R3.7 = 3

pv(bl) - (17 47 39 57 2)7 pv(b2) -

alblal bzl,
b 1
al 4611 b6 ,
b —1
aybya; b3,
-1
a2b3a2b5 ,
-1
abraxby ",
-1
0[3[)1&‘3[)7 ,

azbsazbe,

albzagbl ,
bsa;'b
aibsa; 0s,
albz_laz_lbl,
bya; by}
azbglclzbz_l,

-1
azbsazbs -,

azbrazhy’,

a1b3a1_1b7,
b 1
al 631 b4 ,
—1
a2b1a2b7 ,
arbsaz b,
by lazb
axb| azbs,
a3b4a3_1b4_1,

agbglagbz_l

(27 57 67 37 4)7

g

Pu(b3) = py(bs) = pu(bs) = pu(b7) = (2,5)(3,4), pu(ba) = O,
pn(ar) = (1,2)(3, 8)(4, 6)(5, 10)(7, 12)(9, 11)(13, 14),
pn(a) = pp(az) = (1,2,9,5,3,7)(6, 13, 14, 8, 12, 10).
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Example A.24. (Ag, A14)-group:

R3.7 = 9

-1
alblal b2 ,

-1
a1b4a1 b3 ,

a1b7a1_1b7_1,
—1
absazbs
—1
a2b7a2b3 ,
b —1
abiazby -,

azbsazbe,

arbrasbh;,

-1
aq b5a1 b6 ,

albz_laz_lbl,
a2b4a2_1b4_1,
azbglazbz_l,
Cl3b3d3b5_l,

azbrazb!,

pv(bl) - (1’ 47 37 57 2)7
pv(b2) - (27 57 67 37 4)7

pu(b3) = (2,5)(3,4),

pu(bs) = O,

pu(bs) = (2,5)(3,4),
po(bs) = (2,5)(3,4),
pu(b7) = (2,5)(3,4),

pn(ar) = (1,2)(3,4)(5,6)(9, 10)(11, 12)(13, 14),

-1
albgal b4 ,

-1
0[1[)6611 b5 ,

ambiazbs !,
axbsasbe,
azbl_lagbz,
a3b4a3_1 b4_1 ,

a3b6_1a3b2_1

on(a) = (1,2,9,5,3,7)(6, 13, 14, 8, 12, 10),
on(as) = (1,2,9,5,3)(6, 13, 14, 12, 10).

219



220 APPENDIX A. MORE EXAMPLES

Example A.25. (4, S14)-group:

alblal_lb_l

P Cllbzagbl_l, 0[1[)3611_119_1

4

3

6

0[11)46!1_119 a1b5al_lb aleal_le_ ,

a1b7a1_1b7, albz_laz_lbl, a2b1a2b7_1,

v

R37 .= 3 a2b3a2b5_1, a2b4a2_1b4_1, arbsas b,
—1 —1 -1 —1
a2b7a2b3 , a2b6 a2b2 , azbl agbg,

agb]agbg_l, agbgagbs_l, a3b4a3_1b4_1,

azbsazbg, a3b7a3b7_1, a3b6_1a3b2_1

po(b1) = (1,4,3,5,2),
po(b2) = (2,5,6,3,4),
pu(b3) = (2,5)(3, 4),
pu(bs) = (),

pu(bs) = (2,5)(3,4),
po(be) = (2,5)(3,4),
pu(b7) = (2,5)(3,4),

pn(ar) = (1,2)(3,4)(5, 6)(7,8)(9, 10)(11, 12)(13, 14),
on(a) = (1,2,9,5,3,7)(6, 13, 14, 8, 12, 10),
on(as) = (1,2,9,5,3)(6, 13, 14, 12, 10).
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A.2 Amalgam decompositions of Example 2.2

Vertical decomposition
We first give the vertical decomposition of the (6, 6)—group I of Example 2.2:
= ORI A
3 *F1(3’b>:F1(3’ T
where the factors are defined as follows:
b )
Fg(v ' = (b1, by, b3), F7(U ) = (51,52, 53, 54, 55, 56, 57) .

The injective homomorphism # 1(; RN F;"’b) is given by the description of F 1(; 0 as
a subgroup of Fé"’b) of index 6:

Ff;”“ = (b1, b3, bab3 ' b, by B3 b3, by b1B3, by B3, bab By, babsb B,
B3b b, bbb, babib3b3, by by bibsb3, by b3 babsb3),

the inclusion Fl(;”s) s F{") by

(v,s) _ -1 -1 -1 -1 -1
F\377 = (s1, 82, S6, S, 83, S5 $3, S 83, 5783, $583

-1 -1, -1 2 -1 -1
S485 , Sy S6S3 , 83, S5 8183, S5 85283) .

The identification
(vby = (v,s)
Fi37 «— Fj3
b1 <~ 5
b3 <~ 5
bab3 by < s6
bz_lbglbg > S4_]S3
by b3 < 57 s
b—lb—lb2 -1
r 0 05 <— 5783
babi?by ' <« 5755
babsby by <> 5557

2,-15-1 -1
b3b| by <—> s48;

192_3191_1b2_1 <« s>*3_1s>*65>*3_1
bob1b3b3 <> 53
bz_zbglblbgbg <« S3_1S1S3

b;zb;lbzbgbg <« s3_1s2S3
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in the amalgam leads to a finite presentation of I" with 10 generators

{b1, b2, b3, 51, 52, 53, S4, S5, S6, 57}
and 13 relations

—1 —1g—142 -1 -1 2 -1
b1 =951, b3 = 52, b2b3 b2 =S¢, b2 b3 b2 = S4 S3, b2 b1b2 = S5 53,
by b b3 = 57 ts3, bobPhy ! = 575y, bobsby by = sssy !,
bbbyt = susy !, by b7 by = s sesy !, babib3b3 = 53,

—27—1 2 -1 —27—1 2 -1
b2 b3 b1b3b2 :S3 5153, b2 b3 b2b3b2 :S3 $283 .

Horizontal decomposition

In a similar way, we can describe the horizontal decomposition of
~ h,a hu
= Fg( ) *Fl(éz,a)%Fl(éz,u) F7( )
by a finite presentation with generators
(a1, a0, a3, uy, us, u3, ua, us, e, U7},

and relations

ap =uq, ag‘ = usuy, 612613_3 = u7u5_1, a§a1a3_3 = usulus_l, a3a1a3_2 = uzus_l,

a3a2a3_2 = u;lus_l, a%alagl = Usly4, a%azagl = Uuslg, agazalag = usius,
3 _ -1 33 _ .2 _—1 -1,_-3 _ -1 -1 -1.,-3 _ -1
azaa3ay = Usl -, 305 = Us, A, A30, A3~ = Uiy, Ay, a1a, a3 = Uy .

Isomorphisms

We recall the set of relators R3.3 of Example 2.2:

alblal_lbl_l, albgal_lb3 1, albgazbz_l,

- -1 -1 —14-1 —1
R3.3 = a1b3 a3 bz, a2b1a3 b2 , a2b2a3 b3 ,

a2b3a3_1b1, azbglclgbz, azbl_la’;lbl_l
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Explicit isomorphisms between the three given finite presentations of I" are:

FY <« (a,...,b3| R33) «— T®
—2,-1 _
s3b,°by  <— ay <« q =1

b3b2S4_1b2 <~ ar <> I
b2s4_1b§ <~ a <~ a3
$1 =01 <«— by <~ u7_1a2

by <«— b <~ agus_lag
S =b3 <«— b3 <~ a%us_lag
§3 < Cllbgbg
Sq4 < Cllb%bz
S5 <> albgbl_lbz
6 <> bab3 by
S§7 <> a1b3b1b2
agalagbl_l <~ U
-1, —17-1
a, 1a1a2 1b1 1 <~ u3
a, agazlb1 > Uy
azb; <~ Us
(b1azazaz)~! <« Ug
Clzbl_l <~ u7,
where ,
v, v,s
r@ — F3( ) *Fg’wEFg’” F—f )
and

hy _ pha (h,u)
M =F *Fl(;z,a)gFl(;t,u) k5 .

Observe that with this identification, the abelianization map I' — ['** = Z3 is now
given by

ai,ar, a3 — (1 4+ 27,0+ 27)
b1, by, b3 +— (04 27,1+ 27)
81, 82,86+ (04 27,1+ 27)
83, 84,85, 87+ (1 + 27,1+ 27)
uy > (14+27,04 27)
U, U3, Uy, Us, Ug, U7+ (1 + 27,1+ 27) .
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Local action on trees

The vertical amalgam decomposition of I described above gives a natural action of '
on the first barycentric subdivision 7/ of 75,, = 7. See [64, Chapter 4] for the general
theory about amalgams and their action on the corresponding tree. Let P be the vertex
of ?'6/ stabilized by F(" b) = (b1, b2, b3). The local action of I' = pri(I") < Aut(72,)
on S(xp, 1) in T, 1.e. the homomorphism p, : (b1, b2, b3) - P < So, determined
in the proof of Theorem 2.3(1), can be reconstructed by the action of F;”’b) on the

set of edges of 7 originating at . These edges are labelled by right cosets / f; 4) gi,
i=1,..,6gc¢€ F;"’b), such that

(v,b) (v, b)
Iy |_| F

The group Fév’b) = (b1, by, b3) acts by right multiplication on the set of right cosets
{Fl(g’b)g,-}izl ,,,,, 6. If we choose g1 = l, g = bzblbz, g3 = (bzbl)z, g4 = b2b1,

g5 = by, g6 = byb1 b3 and make the identification Fl(;”b)g,- <~ ifori=1,...,6,then
we exactly get back our homomorphism p,:

po(b1) = (2,3)(4,5),
po(b2) = (1,5,4,2,3),
pu(b3) = (2,3,5,4,6),

generating P, = Ag. In the same way, we compute the action of F; (h,) = (ay, ar, a3)
by right multiplication on right cosets

F = gl p 020 0 FEY2 U FE a3 0 FE Y azar 1 OV a
and recover py, : (a1, az, az) - Py, < 82, = S6:

pnlar) = (2,3)(4,5),
pr(a2) = (1,6,3,2)(4,5),
pn(az) = (1,4,5,6)(2,3),

generating P, = Ae.

Vertical decompositions of [

The cell complex X of Example 2.2 corresponding to the subgroup I'g < I is given
by the 4 - 9 = 36 geometric squares illustrated on the next two pages.
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The amalgam decompositions of ' are:
s s ~ ~ h,t) (h,u))
F(Ur)*(,>~(,)F(vq): ():F( * (ht) ~ (h,)F ,
> Fzgr:Fzgq > > 135 :Fzsw 5
where

F&7 = (ry, 72,13, 14, 75) F5(U’q) = (91, 92, 43, 94, q5) -
The inclusion Fz(g’r) < Fs(v’r) is defined by

(U,}") —1..—1 —1
Fos™ = {ra, rs, 3, rirsry vy rirarg

1 1 1 1

rit syt esen, e e,

- - - -1,.— -1 —1,,-1 -1
I’l rary, I’l 7”27”1 , 7’4 I’l rq, 7’4 rsrirg, 1’4 I’l raryg, 7’47’17”4 ,
rarar, 1, rarsry 1, rary 1r4, Far3rary, rar3rars 1r4_ 1, rar3rsrs 1r4_ 1,

—-1.-1 2 2 —1..-1 2
1’47’37’17’3 ?’4 , Fal1¥a, rr3ry, 1’17’37’27’3 7’4 , 7”47’37”17”4)

and the other inclusion /.7 < Fs(v’q) by

ESD = g1, g5, @ 20505" q20505" 42055 45105 020 4505 e

' e ' 0d " 5 6. 6 6 i a5 g,
Bear G 695 GG Bad ! 647 B Baundse.
BN@ppd; 4G pawasa; 67 @ o e e
BNG - BBR- NG 4G BOaGs) -

We obtain a finite presentation for the vertical decomposition of 'y with generators

{r1,72,73, 74,75, q1, q2, 43, q4, g5}
and 25 relations

1 1

r2=qu. rs =qs, 13 =qa, 1rsty = qaqugy ! rrary e = gagags
rrsry = qags et s = 43 gy e i = 45 gy g,
P = g5 g s, r v = g qugs rr s = g g g,
rotrsrira = q50q5 g, 1 rors = g5 s, eyt = g g
rarary = q3q5 g st rarsry = gaquast rary s = @39 ' g,
AP = GQIqaqiqaga, Tarsrars 1 = gsqiqagaay g g5

F4r3rsrs !

-1 -1 -1 _-1 | -1 -1 _-1
ry =q@q194959, 4y 43 , Far3rry Iy = q3q1q949249, 4, 43
2 2 2 2 e e | -1 -1 _-1
ririra = q3qq3, rirsty = 4y q3qo, Firsrry vy = @414, 4, 45

2 2
rar3rirs = q3q1q959s3 -
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Horizontal decompositions of '

The horizontal decomposition of [ is given by the generators {w1, ..., ws, f1, ..., f5}
and 25 relations

wiws = by, wlwf = l2f52, w3 = L, wlwgwl_l = 2‘22‘32‘2_1, w4w1_1 = 2‘52‘2_1,

wiwy = bhiy, w4_1w1w4 = 2‘5_11215, w4_1w3_1w4 = 15_1111‘5, w4_1w5w4 = 15_11315,
1. -1 ~1 2 1, -1 ~1 ~1 ~1
Wy Wy Wa =15 lals, ww, ™ = bt "hbi; *, waw, waw, = nishl, ,
1. -1 -1 -2 —1 -1 —1 -1
w, W, =bhl; ", wawzwrw, = nhihl, , wawswrw, = hlahl, ",

-1 -1 -1, —1 -1 -1 -1 .2 -1 2,1
Wiws wiws = bl 151, , wsw, wsw, = b, , wsw, =1L,

1

wlwz_

-1,.,.-1 _ -1, ,—1
w, ws =hil, B,
2

w5w2w5w1_1 = 2‘42‘1142‘2_1, wiws

-1 1 -1

-1, -2 _ -1, -2 -2 _ -3 2 2
Wy ws wy T =1 hl, ", wy waw, " =1, ", wiwiw) = L5,

w%wgwl = t22t3t2, w% = 2‘22t4t2 .

Isomorphisms

Explicit isomorphisms between the two amalgams of Iy described above, and 'y as a
subgroup of I are given as follows

r
Vv
F(()U) PEmEN [ <> F(()h)
-1 -1
r < b2b] <~ wil,
rp=q; <— bgbl_l < wyly
r3=qy <— b1b3 > 1 1ws
rg <— b1b> <~ z‘l_lwzw4
rs=¢qs <— b% <« ts_lw4
g <« alaglbzbl_l <~ wz_lwltz_1
142 21—
q? <~ aa, b2 <> 1, 1] wawy
riragy s <> aa, <~ W
rgq, <— 613611_1 <> Wy
-1, -1 2
q, 9, rlr?rz <> a; <> w3 =108
qy T4 <—> a i <« Wy
C]z_ll”ll”3 <> aras <> W5
~1, -1 —1z—1
"ng, q5 <— amb, by <«— h
-1, -1 1,2
Mraq;y qs <> aa; b <~ b
qz_lrl <~ d]dgbglbl_l “«— I
q3_1r4r5_1 <~ alazbl_z <~ 15,
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using the notation

(v) _ (o) (v,q) (hy _ p(h,t) (h,w)
FO = F5 F , FO = FS *FZ(?,w%FZ(?,w) F5

F(U V)NF(U q)

A.3 An example illustrating Proposition 2.4

In the notation of the proof of [17, Proposition 6.1] we have n = 0, (VX is the
(As, Ag)—complex X of Example 2.2 and &k = £ = 4. Let Cj ¢ be the (4, 4)—complex
given by

{Cl4b4615_1b5_1, a4b4_1a5_1b5, Cl4b5615_1b4_1, a4b5_1a5_1b4}

and C4 4 (a disjoint copy of Cy,¢) be given by

{a6b6a7_1b;1, a6b6_1a7_1b7, a6b7a7_1b6_1, 6t6b7_10[7_1b6} .
We chooseN(O)a = ay, (O? = by, qy := ay, G := as, by := by, by := bs, &) := aq,
ay := aq, by := bg and by := b7. The surgery operations which are described in the

proof of [17, Proposition 6.1] lead to the irreducible (414, A14)—complex given by the
following set R7.7 (the relators of the embedded Example 2.2 are underlined)

—14-1 —14—1 -1 1 1
alblal bl , a1b2a1 b3 , a1b3a2b2 , a1b4a7 b4 , a1b5al b5 ,

a1b6a5 b6 1, a1b7a1 b7 1, Cllbglas_le, a1b4_1a7_1b4, Cllbgla;lbz,

a2b1a3 bzl, a2b2a3 b3l, a2b3a3_1b1, a2b4a2 b4l, a2b5a2 b51,

arbea; Tp= , abiay Ip=1 , Clzb_la3b2, aby P 1, azbiay o ,
2 6 2 U7 3 3 Y1 3 4

a3b5a3 b51, a3b6a3 b61’ a3b7a3 b71, a4b1a4 b71, a4b2a4 bzl,

a4b7a b !
4

asbea, Ip-1 ,
4966, 1

asbsa; Ipt ,
40545 6

asbaaz Ipt ,
40465 4

asrbza; Ip! ,
4036, 5

3 ’

-1 _-1 -1_-1 1 1 1

a4b a b4, a4b a b5, a5b1a b , a5b2a b , a5b3a b ,
5 %5 4 5 5 1 5 72 5 73

a5b7a5 b71, a6b1a6 b51, a6b2a6 bzl, a6b3a6 b31, a6b4a6 b41,

a6b5a6 bl 1, a6b6a7 b7 1, a6b7a7 b6 1, a6b7_1a7_1b6, a6b6_1a7_1b7,

a7b1a7 bll, a7b2a7 bzl, a7b3a7 b31, a7b5a7_1b5_1
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and local groups determined by

pu(b1) = pr(a1) = (2,3)(12, 13),

pu(b2) = (1,13,12,2,3),

pu(b3) = (2,3, 13,12, 14),

pu(ba) = pr(as) = (1, 7)(4, 5)(8, 14)(10, 11),
pu(bs) = prlas) = (4,5)(10, 11),

pu(bs) = pnlas) = (1,5)(6, 7)(8,9)(10, 14),
pu(b7) = pr(ar) = (6,7)(8,9),

pn(az) = (1,14, 3,2)(12, 13),

pn(az) = (1,12,13,14)(2,3).

A.4 A virtually simple (Ag, A14)—group
Example A.26.

—1z—1 —1gz-1 —1z-1 —1z-1
alblal bl , a1b2a2 b3 , albgal b4 s a1b4a1 b5 ,

—17-1 —17-1 —17-1 -1
a1b5al b6 , Cl]bGCll b2 , a1b7a2 b7 , Cllb7 a3b7,

Cllbz_lazb3, Clzblaz_lb_l

-1 -1
5 . @baxdy, axbsa; by,

v

Ry 1= | a2b5a2_1b1_1, a2b6a2_1b6, a2b7a4_1b7_1, a3b1a4b3_1,

Clsbza4bl_l, azbzasbs, a3b4a3_1b5, azbsasby,

—1z-1 -1 -1 _—1;-1 -1
a3b6a3 b6 s a3b7 a4b3, a3b5 a4 b4 s a3b3 a4b7,

-1 -1 -1 —1z—1 -1 -1
0[3[)2 a4b s agbl a4b1, a4b6a4 b6 s a4b5 Cl4b4

pu(b1) = (3,5)(4,6),

po(b2) = (2,8,7)(3,5)(4,06),
po(b3) = (1,2,7)(3,5)(4,06),
po(bs) = (3,4.5),

pu(bs) = (4,5,6),

pu(bs) = (),

po(b7) = (1,2,4,6)(3,8,7,5),
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onlar) = (2,6,5,4,3)(9, 10, 11, 12, 13),

on(a) = (1,5)(2,3)(4, 11)(6, 9)(10, 14)(12, 13),
on(az) = (1,2, 13,3)(4, 10)(5, 11)(8, 12),

on(as) = (2,13, 14, 12)(3, 7)(4, 10)(5, 11).

A.S Supplement to Example 2.58

Let I" be the (6, 10)—group defined in Example 2.58. We first give a finite presentation
of the horizontal decomposition I'g = F5 g, F5 in Example 2.58 with generators

{51, 82,83, 84,85, U1, U2, U3, Ug, U5}

and 41 relations
1. -1
S1 S3S4 S3

“12.-1, —1
S5 SySy S48]

-1.2.3.-2
S5 S4S35, 783
S3S1S3S4_2S3
-1.2.,-2
S3 S4S3 5183 =
S3S2S3S4_2S3
-1, 2.2
S3 S2S3S4 53
-1 2.2
S3 S4SQS4S3S4 S3

-1 -1
S] SzS3S4 53

83 lsﬁs3 234 1s3 1S4 !
Sy ls; 1S4S§S4—2S3

83 1sﬁs3 1S4S3 1s1 !

S, 1S§s4 2S3

-12.-1.,-1.2
S3 S4S3 S4 $3 =

83

S5_1S§S4_2S3

83 1s5 1S§S4 2S3
S3_1S4S5_1S4S§S4_2S3

3 1st3 2s4 1s5 154 1S3

S3S4_1S1_1

= u21u1u4u3

= uglulugulugul

-1 -1 -1, -1, -
:u3 u1u3u4 u3u1u4u1 u3 ul us

_ -1 -1 -1, -1 -1
=Uy Uy UM U; Uy U3
-1 -1, -1
= u3 u1u3u1u4 ul UyU3

=11, —1 1, —1
=wuy uy ug uy Uz Uy U3

N g | -1, -1, -1
= Uy uy upuguy Uy U] U3

_ =1 -1 -1, -1, —1
=Uz Us UUAU| Uz U U3
:u21u2u4u3

| -1, -2 -1 -1

2 -1, -1 -1
—u4 u1u4u1 u3 ul U3
-1 -1
:u3 u1u3u1u3u4
-1 -1 -1 -1
—u5 u3u1u4u1 u3 ul u3s
= u;1u1u3u1u51u4u1u3

= u2u3u1u4ul_lu3_lul_lu3

-1, -1 -1 -1, -1, -1
=Uy Uy Us ULUy U5 Uy U3

-1 -1, -1, -1
= u3 u2u1u4u1 u3 ul us

-1 -1, -2 -1 -1
—u3 u1u3u1u4 ul u5 ul us

_ -1 -1 -1
=Uy Uy Uy

1
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-1.-1 -1
Sl S4 S3S4 S3

-12.,-2.-1,-1
Sy 8483 8, Sy

—1 2
S3 8545153

-1.-12.-2
Sy S, 835,783

12,1 2,2
Sy SySy S154838, 783

-12.,-2.-1
S5 8383 85 83
5385 1S3S4_2S3

-1.2.-2
S3 S4S3 5253

-12.,-1, .—1.-1
Sy 84Sy 8485 S

-1.2
5y Sys2 =

-1 -1 -1

S1 SS S3S4 S3
3
$3

-1.2.-1 3.2
Sy 84Sy 8451838, 783

12,21, —1
Sy SySy S, S18, 83 =

S3 lSﬁS1S3S4 1S3
sglslsgséfzg

83 1st3 1s2s§
szs§s4_2S3

853 1sfs3 1s5 1s§
S5 1s§s3_ 1S4SQS1_ 1
83 1sﬁs5 !

-1.2,-2.-1 -1

In the following table, we have computed ‘pﬁk

thatif b, b € {by, ..., bs}*!, then

1o B @b)| = |p® (bb)| = |pF ()~ =

If ‘p(k)(w)‘ = | p(kH)(w)‘ for some k and w in the table, then we have printed

bold the number ‘p(kﬂ) (w) |

APPENDIX A. MORE EXAMPLES

-1, -1
:u4 u3 Uiz

-1 -1, -2 -1
:u3 u1u3u1u4 ul u3 Uy

-1,-1
:u3 u3 Ua1U3

-1, -1, -1, -1 -1 —1
=uy Uy Uy ugU] Uy U U3

-1 -1 -1,-1,-1
:u3 u1u3u1u3 u1u4u1 u3 ul us

-1 -1, -1 -1
—u3 u1u3u1u4 ul u4 us

_ -1 -1 -1 -1 -1 -1
—u4 ul u4 ul u3 ?ll us

-1 -1, -1 -1
—u3 u1u3u1u4 ul us us
-1 -1

= u3 u1u3u1u3u5

-1 -1
= u3 u1u3u5 Uy

-1, -1
= u4 u5 UsUz
-1, -1
= u4 ul Uqg1U3

-1 2 -1, -1 -1
:u3 u1u3u1u3u1U4ul u3 ul usz

= uglulugulullul_zul_lug
= u;1u1u3u4u3

= u3_1u1_1u4u1_1u3_1u1_1u3
= u;lulllgu%lMulI/lg

= u1u3u1u4ul_lu3_lu1_1u3
= u;1u1u3u1u2u4u1u3
= u3_IU1U3U1U3u2

= u;1u1u3u2u4

-1, -2 -1
—u3 u1u3u1u4 Uy u2u1 us.

1p® BB~
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Uoan[ Jk=1] 2] 3] 4] 5]

w = b7 5| 5] 50| 300 | 1500
b1bs 3] 15| 75] 1502250
b1bs 5| 10]150 ] 900 [ 9000
b1bs 3]15] 30] 4504500
by bs 5130300 900 | 5400
b1b3! 5| 15 | 450 | 4500 | 4500
biby’ 5| 15]150 | 900 | 1800
b1by! 5125| 50| 5003000
b1b;" 3] 9 s4| 541620
b; 5| 5| 50| 300 | 1500
babs 5]25] 50| 5003000
boby 5|15 [ 150 | 900 [ 1800
b2 bs 5130]300] 9005400
bab3! 5| 15 | 450 | 4500 | 4500
bob;! 3[15] 30| 4504500
boby! 5] 10]150 | 900 [ 9000
b3 1] 5| 25| 50| 500
b3b, 2| 6] 90| 1802700
b3bs 1[30] 30| 4504500
b3b3 ! 1[30] 30| 4504500
bsb; ! 2120| 60| 600 | 1800
b; 2] 4] 20] 100[ 500
b4bs 2[10] 20] 600 | 6000
bsb3! 2110] 20| 600 | 6000
bz 1| 2] 10| 20| 600

Table A.1: Orders of some pf}k> (w) in Example 2.58

A.6 Some 4-vertex examples

We give now several examples in a certain class of 4-vertex square complexes. In all
examples, the complex will be denoted by Y.

The 1-skeleton of ¥ is illustrated in Figure A.3, and a typical geometric square
of ¥ is illustrated in Figure A 4, i.e. we always have four vertices «, §, ¥, §, horizontal
edges ai, a2, a3 (oriented from « to B), ¢1, ¢2, ¢3 (oriented from § to ), and vertical
edges by, ..., bg (oriented from S to y), d, ..., ds (oriented from « to §).
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Figure A .4: A typical geometric square of ¥

Each of the 18 geometric squares is of the form a;b; = djc; (see Figure A 4), and
the universal covering space ¥ is 73 x Js. By construction of the 1-skeleton and the
geometric squares of ¥, we have for each £ € N:

PP =pPP©), PPB) = PPy, PP@ = PP, PPy)= PP ).

Example A.27. ((1, Ag), reducible)
Let Y be given by its geometric squares

Then

aby =dic1, arby =dbcy, a1bz =dscy,
ayby = dyc1, arbs =dscy, arbg = dscy,
aby =d\cy, axby =dhcr, arb3z = dseo,
aby = dscy, abs = dscz, axbs = dycs,
a3by = dhes, azby = dzc3, azbz = djcs,
a3b4 = d16‘3, a3b5 = d603, a3b6 = d563.

Pu(@) =1, Py(B) = 1, Py(@) = 4s, Po(y) = 4s,
PP@ =1, PP(B) = 1. PP(@) = A6, PP (y) = 4s.
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Example A.28. ((Z,, Ag), irreducible)
Let Y be given by its geometric squares

Then

a by =dic1, arby =dher, a1bz; = dsey,
arby =dsc1, arbs =dsci, airbs = dscu,
arby = dca, axby = dorcr, arbz = dseo,
arby = dscy, axbs = dsca, arbs = dycs,
azby = dhcs, azby = dics, azbz = dscs,
a3b4 = d603, a3b5 = dlcg, a3b6 = d402.

Pu(@) = Zo, Pu(B) = Za, Polar) = Ag, Po(y) = Ao,
1P (@) =4, 1PP(B) =4, 1P (@) =360-60° |PP(y)] =360 - 60°.

Example A.29. (P,(@) # Py(B), PP (@)| = | Py(a)|, irreducible)
Let Y be given by its geometric squares

Then

a by =dic1, arby =dher, a1b; = dsey,
a1by = dyc1, a1bs = dsca, ajbs = decs,
ayby = dca, axby = dicr, axbz = dyco,
axby = dsca, axhs = dhe3, axbs = dscy,
azby = dzc3, azby =dic3, azbz = dscs,
a3b4 = d403, a3b5 = d601, a3b6 = dzCz.

1Py(@)] = 6, |Py(B)] =3, Py(a) = As. Po(y) = A,
PP () =6, |PP(B)| =24, |PP(a)| =360 - 60°, |PP(y)] =360 - 60°.

Example A.30. (P, (a) # Pp(B), Po(a) # Pu(y))
Let Y be given by its geometric squares

aby =dic1, arby =dher, a1b; = dsey,
arby = dycr, arbs = dsca, a1be = decs,
ayby =d\ca, axby = dicr, arbz = dycs,
arby = dsc3, axbs = dsc1, arbs = dheo,
a3by = dbes, azby = dze3, azbz = dsco,
a3b4 = d401, a3b5 = dlcg, a3b6 = d501.

Then |Pp()| = 3, |Ph(B)| = 6, [Pu(e)| = 360, | Py(y)| = 120.

235



236 APPENDIX A. MORE EXAMPLES

A.7 Example I'7 53

Example A.31.
alblag_lbél_l, a1b2a4_1b5, a1 bzasbg, arbsarb7,
a1b5a3_1b7_1, a1b6a2_1b5_1, a1b7a4_1b1_01, albgal_lblz,
aiboay ' ba, arbioa; 'byt,  aybiiazbs, aybi2a3 b3,
arba; by, apbilaybe,  anbilasby!,  anbytag by,

a b7_1614b6_1 ,

albglaét_lbn,

Cllbs_laz_le,

arb)tay by,

a1b51a4b1_1, albz_laz_lbh albl_la4b3_l, arbrasbo,
R4.12 = 9
—1 —1 1.1
abzay b1y,  axbisashyo, abeay by, axboa; by,
—1 1.1 1 -1 1 1
ambia, b7,  abpay by, abyay by, ab a; b,

-1 -1
a2b9 Clgblz ,
a2b4_1a3b2_1,
a3b4a4_1b3_1,

1,1
azbyoa, by, ,

a2b8_1a4_1b6,
azbglcl;lbz,
azbsasby,

-1
azbnay  be,

a2b7_1a3_1b3 ,
Clzbz_lagb;l,
azbsasby,

a3b7_1614_1b3,

Clzbs_lclgbg_l ,

-1

agbl_laglblo ,

—1,-1
a3b8a4 b7 ,

a4b5a4_1b9
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Generators of I'7,23:

ar=v(1+2i+j+k),
a=y1+2+j—k),
as = W(l+2i — j+h),
ar=yY(1+2i—j—k),

by = (1 +2i +3) +3k),
by = y(142i +3j —3k),
by = (14 2i —3j — 3k),
by = (1 +2i —3j +3k),
bs = (3 +2i + j +3k),
bo = w(3 +2i + j — 3k),
by = W3 +2i — j+3k),
by = W(3 4+ 2i — j — 3k),
bo=v(3+2i +3j+k),
bio = V(3 +2i —3j +k),
bin=vG3+4+2i+3j—k),
bp=vB4+2i —3j —k),

by!
b,
by
b
b!
bg!
by
blo
by

-1
b12

=y =2 —j—h),
=y (1 -2 —j+k),
=y =24+j -k,
=y(1—-2i+j+k),

=y (1 —2i —3j — 3k),
= (1 —2i — 3/ + 3k),
= (1 —2i +3j 4 3k),
= (1 —2i 43 — 3k),
=y (3 —2i — j — 3k),
=y (3 —2i — j +3k),
=y (3 — 2+ j — 3k),
= (3 — 2+ j + 3k),
=y (32 —3j k),
=y (3 —2+3j —k),
=y (3—2i —3j+k),
=y (3 —2+3j+k).

237
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A.8 Example I'7 3,
Example A.32.

a1b1a4_1b8_1, albzaglbl_g, albgalbl_éll, arbaasbhy,

a1 bsaqbg, a1b6a1b1_51, a1b7a4_1b1_0 , albgaglbgl,

Ry6:

4

—17-1
Cllbgal b9 ,

-1

arbizarby, ,

-1 _-1
a1b16 a2 b7,
albg_laz_]bls,

a1b4_1a4_1b5,

-1

-1
a2b1a3 b 25

-1
a2b6a3 b3 ,

11
abnay, by,

—17—1
a2b15a3 b147

a2b8_1a4b6_1 ,

agbglagl bo,

a3b5a4_1b_41,
bisasbyy

aszn15a304 ,

-1

a4b2a4b15 ,

arbioa; b3,
a1b14a3_1b4_1,
a1b1_31a4_1b16,
a1b7_1a3b5_1,
albglaz_llM,
abrazbs,
azbrasbg,
abpa; by,
a2b1_51a4_1b1,
a2b7_1a3_1b2,
azbs,_lallblg,
azbsasbyy

agbglaél_lblo,

-1

a4b7a4b14 ,

arbiiaabiy,
a1bysasbyo,
albl_llaél_lbz,
albglaél_lbll,
albz_lazbl_l,
a2b4a2b1_31,
aboaz by,
aybi3a3b12,
a2b1_41a3_1b15,
a2b6_1614b8_1,
a3b1a3bisl,
azbiia; by,
a3b4_1a4b3_1,

—1,-1
a4b12a4 b12’

11
aybizay by,

—1g-1
arbisay by,
-1 _-1
alblo a, b12,
-1 -1
a1b5 a3b7 ,
albl_lagbz_l,
bsazbyy
axds5ax04¢

—1z-1
axbioay by,
braazhy
ax014a20, ¢,
-1 _-1
a2b9 CI3 bg,
a2b5_1a4_1b7,

—1z-1
a3b2a4 bl ,
—17-1
abizay by,

agb;1a4b4_l ,

-1
a4b16a4b9
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Generators of ['7,31:

ay =142+ j+k), arl =yl —2i —j—k),
a =Y(1+2i +j—k), al =y -2 —j+k),
as =y (142 —j+k), a;l =y (1 -2 +j—k),
ay =Wl +2i —j— k), al =yl =2+ j+k),
by = ¥(1+2i + j + 5k), byl =yl —2i — j —5k),
by = (1 +2i + j — 5k), byl =y (1 —2i — j +5k),
by = (1 +42i — j + Sk), byl =yl —2i + j — 5k),
by =y (1 +2i — j — Sk, byl =y (1 —2i + j+ 5k),
bs =y(1+2i +5j+k), bl =y(1—2i —5j—k),
be=Y(1+2i +5j—k), bl =w(l —2i —5j+k),
by =y(1+2i —5j+k), bl =y(1—2i +5j —k),
bg =Y (1+42i —5j — k), b = (1 —2i +5j +k),
bo=Y(5S+2i +j+k), byl =y (5—2i—j—k),
bio=v(G5+2i+j—k), bid = (5 —2i —j+k),
by =v(5+2 —j+k), bl =v(5-2i+j—h),
bio=Y(5+2i—j—k), by =v(5—2i+j+k),
biz =¥ (3 +2i +3j + 3k), by = (3 —2i —3j —3k),
biy =Y (3 +2i +3j —3k), bl =¥ (3 —2i —3j+3k),
bis =¥ (3 +2i —3j +3k), bid =¥ (3 —2i +3j —3k),

bic =¥ (3 +2i —3j — 3k), big =3 —2i +3j+3k).
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A.9 Example I'7 3,

Example A.33.

R4.12 = 9

arbraszbo,
a1bsazby,
a1b9a4b5,

1 -1
arb, ay by,
1 -1
arb7la; b3,

11
a2b7a3 blO’
1 -1
ab, ay b3,
azbglcmbg_l,
brailh
azbiay b,
beash=]
asbeas by,

—1_ 51
azbyg aabyy

—14z-—1
albgal b12’

arbsazbs,

—1z-1
Cl]bloal b6 s

-1 -1
a1bya; b,
alb;1a51b7

—14-1

a2b3a2 b7 ’
-1
axbgasbs -,

-1 -1
abiay b,
a2b4_1a3b2_1,

-1

-1

a4b2a4_1b5,

1

-1

?

?

APPENDIX A.

—1gz-1
a1b3a3 b2 5

—17-1
a1b7a2 bS P

11
arbnay by,

—1
11~

albglaz_lb
a1b4_1a2_1b3,
absa; b,
abioa; by,
axby ' asho.
Clzbz_lagbét_l,
a3b3a4_1b8_1,
agbna;lb;],

-1
a4b7a4 bll s

MORE EXAMPLES

arbsazbyo,
albgal_lbél_l,
arbipaybg,
ajb;'ay by
albglaét_lbl
—1,-1
a2b6a3 bll ,
braazby!
arbpazby -,
agbg_lcmbgl,
b7 layb
axb| “ayby,
a3b4a4_1b7_1,

—1, 71
azbyy asdyy

ay b9a4_ 1 by

1

’

-1

?




A.9. EXAMPLETI'7 23k, 241

Generators of ['7,23 ¢,

ay=YQ2+i+j+k), all=y@2—i—j—k),

a=vyQ2+i+j—k), al =92 —i—j+h),

a3 =y Q2+i—j+k), a;l =@ —itj—k),

ay=YQ2—i+j+k), al =y +i—j—k),

by =y Q2 +i+3j+3k), bl =y —i—3j-3h),
by =y (2 +i+3j—3k), byl =v@2—i—3j+3k),
by =¥ (2+i—3j —3k), byl = (2 —i+3j+3k),
by =y +i—3j+3k), byl = w2 —i+3)—3k),
bs = (24 3i + j + 3k), b3l = (2 —3i — j - 3k),
b = V(24 3i + j — 3k), bl =w(2—3i — j+3k),
by =¥ (2 —-3i +j - 3k), bl = (2 +3i — j+3k),
b 304 ] 430 by = (2 43i — j —3k),
bo = (2 +3i +3j+k), byl =v(2—3i —3j —h),
bro =92 +3i —3j+k), by = ¥(2—3i +3j —k),
b =v(2—3i —3j+k), bl =v@2+3i +3j— k),

by =v(2—3i +3j+k), by =¥(2+3i —3j—k).



242

A.10 Example I'j5 17

arbrazbs,
a1bsasbs,

—14—1
a1b7a2 b6 ,

a1b9_1a3_1b8
1 14—
arbg "a, b
—1 -1
a b3 a5b9 ,
azbza?,_lb;l,
-1
aybsash, ",
azboasby,
azbglagb;l,
a2b3_1a4_1b1,
a3b1a4_1b2_1,
b -1
azbsarby ",
a3b9_1a!6_1b5,
a3bgla‘7b2,
-1
a4b1a7b4 ,
6141)9_1015_1193
a4b5_1a5_1b7
a5b1a5_1b1_1,
616[)2616_1[)2_1,

a7b3a7“1b3_1 ,

1

?

1

?

-1

-1

?

?
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arbaazby,
-1
aybsazb;
arbgarbe,
-1 -1
a1b8 a2 b9,
-1 _-1
arbs a, b,
-1 -1
a1b2 a7b5 ,
-1
a2b3a6b6 ,
b -1
absagh; ",
a2b9_1a4b8_1,
by lar b
a2b2_1a5bg,
-1
azbrasbg
a3b7a6_1b1_1,
agbg1a4b9,
agb;1a51b7
-1
a4b4a7b2 ,
a4b7_1a7bg,
a4b3_1a6b6,
a5b7_1a5b6_1,
b -1
asbsagh, ",

a7b7a7b6_1 ,

-1

1

-1

’

’

’

arbzasbs,
arbeasby,
arboasby
alb;1a6b3_1,
albllaglbs,
a]bl_la6b7,
arbsasby,
a2b7a7_1b9,
arby 'asbs,
azbllagbs_l,
a2b1_1a7_1b5,
azbsasbe,
azbsasby’,
a3b6_1a4b7,
a3b1_1a7b4,
0l4bga6b5_1,
a4b6_1a6b1,
a4b2_1a5_1b9,
a5b;1a5b4_1,
a6b9_1a6bg_l ,

a7b9a7b8_1
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A.11  Amalgam decompositions of Example 3.42
We first give the vertical decomposition of the group I' of Example 3.42:
~ 1:(b) 12 (s)
r= F3 *F1(17;>%F1(;> (Z>2x< * F3 ),

where ,
P = (b, by, b3)

*12 (s) 2
Zz *F3 :(sl,...,slg,slg,s14,s15|s1:..‘:su:l).

The subgroup Fl(];) < F3(b) of index 8 is given by

FO = (67 ba, b7 b3, bab1b3 ", b3baby, bib3by, bibs brby,
by'by bibab?, b by TBTB?, bib3, B3B3, biby b7,
b3b'B3b3, b3by b3babi, b3bPhabi, by bbb,
b1by b3, bib3bibg Y,

the index 2 subgroup £ < Z312 « F& by

F® = (5159, s
17 — 192, 1S37 S137 S4S17 S5S17 S6S1’ S1S14S17
$151581, $751, S881, $951, S1051, 1151,

51251, S151351, S15, S14) -

The identification in I" is

RO s B

bl_lb2 <> 5152

bl_lbg <> 51853

bab1by! < s13

b%bzbl <> 5481

blbgbl <> 85581

b1b3 ' boby <> s651
by'b b1bab <> s1s1481
bl_lbz_lbglbf <—> $15155]

bgb% <~ §781

b%b% <> 58851
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bgbz_lb% <—> 5951
bgbl_lbgb% <—> 81051
bgbl_lbgbzb% <> 51151
bgbl_zbzb% <> §1251
bl_lb;lbzb% <> 5151351
blbz_lbgl <—> 515

blbgblbgl <> S14 .
Recall the presentation of I" given in Section 3.4:
['={a1,a,a3,a4,b1, 02,03 | R),

where
aibiaiby, aibza;bs, aibsabs,

0[1[)3_16{4b_1, Cllbz_lazb_l, albl_lagb_l,

azbiazby, azbzazbs, a2b3014_1b1_1,
-1 -1 -1 _—1

az2b; "azb; -, a2b2 a; b3, aszbiazbs,

azbsazbs, a3bz_la3b_1, agbl_laét_lbz,

agbsasbs, agbszagbs, a4bl_la4b1_1

The 1somorphism to the amalgam described above is

b ~
15" RO xp® (Z5? % I{") <— T = (a1, ay. a3, a4. by by, b3 | R)

S <— Cl]bl

S <—> a1b2

§3 <— Cllbg

Sy <—> albz_lbl_2
S5 <——> 611192_2b1_1
Sg <— Cllbz_lbgbl_l
§7 <—> albl_zbgl

Sg <> albl_lb3_2
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59 <—> albl_lbzbgl
s10 < arby 'by2b1b3 !
s11 <> arby by by by !
s12 < arby by by
s13 <> bab1b3!
s14 <> b1b3b1b3!
s15 <> b1by b3
Slbl_l <~ a
b1_2S4b1 <« I
b3_2s8b3 <~ a3
by 'b163 s10b3b7 ! < au
by «— by
by < by
by «— b3.

We describe now the (vertical) amalgam decomposition of the subgroup [y:

~ 1) (¢
o= IS g 5

where

F5(r) = (r1,r2,r3,74,75) ,

FP = (q1. 42. 45. 94, 95) .

r) _ -1 -1 -1
I35 = (ry rs, ry rs, rsrirs, rarirs, Iy Firs, Firarars, Firsrars,
rirars, rar, rarsrs, rary s, ey ey e ey ey
1,.-1 1

ryry ,rs ry r

—1..— — -1 -1 —-1,,-1
7”5 I’1 }”5}”3 ,I”l 7”3}”1}”5,7”1 rararrs, rl 7'4 rarrs,

FAFAFSIOrS, FOFAFIFSIrS, FaFary ISrars, 1 rs Crirs,

ol ! 1r3_1r1r5, r2r4r2r1_1,

1

S
I3 r
1

—1.-1 —
r2 7”3 rrs, I’l
1,1 1

ryry

—1,.-1 — -1 —-1,.— -1
I”l 7’3 r5r4 7’3}”5 rarirs, rl 7”3 7’47”3 ,

1

ry s 7Is

1

ry

1.-1 1

F1F3r1rs, rs_lrl_lr4r5, r;1r2r5r2r5,
1

ry rs

1

ry ., rs

1

ry
1

F3Fy , Is Iy I3F, I'siar's),
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B =@ q.q'e5" a7'ar ' a5 a4 a5 a5 g
' e 5 esar " a5 ey a5 e ey 4 gy
45929495 4o, 45020305 ' qa- 459295 qa. 45 45 45 qags
a7 605 ey a7 s  maaas . a5 as sy
a5 '0q; 397" 95 Baeasar 97 6 asqas a5
a'& ' pae a5 e eaey e a5
a7 a7 a5 as. asaay qaas . 4y 4 a5  ga
064 6 395 aseasas g
4 ' asq1qs. asa2q7 ;)

) = (q)
by «— I3

-1
ry rs <—> q2

F4_1F5 > q
rsrirs <— g5’
rarirs <— q; ' q7 g5
rz_lrlr5 <~ q4_1q3q5_1
Firarars <—> 613_1611_1614_1
rir3rars <— 613_1612_1614_1
rirars <—> 613_1615‘]4_1
rory < q5'qy!
rarsrs <— q5'q5 g5
rzrl_lrs <~ 615_19‘(4613_1
rs'r T e gsqpquqs
r5_1r1—1r2—1r3—1 > %6]26136]5_1%
rstr syt < gsqpq5 g
r s < q) g5 a5 qags!
7’1_1F2F3F1F5 <« 614_1612_1613_1614%_1
ot s <= 44y ' q1qags”
rararstars <— qs ' q3q5 ' q3q;

-1 -1 _
rorarrsiaols <— {5 q3q, 43q,

1

1
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rargry 1r5r2r5

—-1,-2
}”1 1”3 rrs

-1,-1,-1,-1
ry ry ry, ry rirs
-1,-1,-1,-1
ry ry ry ry rirs
r2r4r2r1_1
-1.-1 —-1,.-1
ry ry Fsky r,
-1,.-1 -1
7’5 rl 7”37”5 rsrrs
—1,-1 -1
ry oy Frary
-1.-1,-1
'y rs
—1,.-1
7’5 F2 rirarirs

1r1_1r4r5

I's
rs 1r2r5r2r5
r3rs, !

-1.,.-1 -1
7’5 I’l I”31”4 rsrors

The isomorphism is

> 47 ' Gpaqy

— ¢ ¢ 595 g5
— q;7'¢ \pag; g5
— ¢ ungy !
— ¢ 0

— ;' a7 95" g5
e 975612611_1612614(15_1
— 4,975 ' qa

— gy

— 4795

“—> 4524545

> CI3Q1Q3Q4_1

— q; ' qsq195

<« 615612611_1%%;_1 .

F& % o0 F9 Z,1, <T
S wrigarty 1S To

r <——> bzbl_1

Ty <—> bgbl_l

r3 <> b1b3

ry <—> b1b>

rs <—> b%

qr <— bz_lbl

g <— b;lbl

g3 <> ayazbs3bs’!
qs <— alaz_lbl_2

—1p—15—1
gs <> aja; by by .
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A.12 Amalgam decompositions of Example 3.46

We describe the amalgam decompositions of the group '3 5.

r® s (ay,.... b3 | Raz) < T®
sabs; <— a; <~
blszbz_l <« a <« @
by <«— by <« uz_lazal
by <«— b <« a%u2 1a§
b3 <«— b3 > @i, 1a2
ST <— b1b2
Sy <> a1b3b2
§3 <> albl_lbz
Sy <> a1b3_1
S5 <> alblb
aa, 1b ! <« Ui
agalb <~ U
al_zag < U3
al_laz_lalbl_1 <« U4,

where

F(U) F( F(v b>~F(U s) F v S)

ré — Fz( D (hu) Fi

(h,a) ~
O =

F{"Y = (b1, b2, by) .
F(U ) = (51,52, 53, 54, 55) .
FUP = (03701, bab?, b3b2, biba, b3 bsby, b7 62, b7 b3b, b ba, b7 2baby)

(v,5) 1 -1 —1.-1 -1 2 -1
Foo™ = (5355, 848, , Sy Sy . S1, 8585 , $285, 85, $283, $2518, ),

FP = ay, a)

F(h “ = (uy, uz, u3, u)

1 -1 -2 -1 -2 -2 2 -1
(ala2 ,ay ay”, ;mayma, , a; ‘@, aa, “a, a\a;, aia, aa),

= (wyusus ', uguy b, waut?t, us, wt, wyug, wyug),

F(h a)
F(h u) _
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(v,6)
£y
b3l

bob?
b3b?
b1bs

by 'b3by
by'b
by *bsby
b by
b %baby

= Fg(v,s)

<> S3S2_1

<> 5485 !

<~ S4_1S2_1
<> 51
> S5S2_1
<> 5255
— s
<> 5253

<> s2s1s2_1 ,

P§hu)

<> uluguz_l

-1 -2 -1

)

mayaa; !

2

<> u4u2

<« U,

a,“ax <— u3

a1a2_2a1 <« U

2

alaz_lalaz >

and
arbiaz b,

Rz =13 o b3a2_1b1 ,

albl_laz_lbg,

Uiy
uiuz

-1
arbraxb;
albglalb_l,

arbzan bz_l

249



250 APPENDIX A. MORE EXAMPLES



Appendix B

GAP-programs

In this appendix, we present and describe the GAP-programs ([29]), which led to the
construction of most groups in this work.

B.1 Theory and ideas

Our strategy to generate and analyze (2m, 2n)—groups I' with GAP ([29]) can be
resumed as follows:

Step 1: Describe a (2m, 2n)—complex X in a way which is manageable for a
computer. We write X as a pair of integer valued (2m x 2n)—matrices (lists of lists) A
and B.

Step 2: Given “small” m, n, generate all pairs of matrices (4, B) corresponding
to a (2m, 2n)—complex. Given “large” m, n, generate randomly many pairs (4, B)
corresponding to a (2m, 2n)—complex.

Step 3: Starting from a constructed pair (4, B) describing X, provide additional
programs which compute the local groups r®, pP (for £ € N small) and a finite
presentation of I' = 71 (X). Then apply the powerful GAP-tools for finite permutation
groups to look for examples with interesting local groups and/or use GAP-commands
like

AbelianInvariants () ;

and

LowIndexSubgroupsFpGroup () ;

to get some information on the (normal) subgroup structure of the infinite group I'".

Following these three steps, we have for instance immediately found an irreducible
(4g, Ag)—group I' with [[", I'] = I'g and I' perfect (see Example 2.2).
We explain now each of the three steps in detail:

251
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Step 1

We want to define for given m, n € N an injective map

Omon - Xomom — Mat(2m, 2n, {1, ..., 2m}) x Mat(2m, 2n, {1, ..., 2n})
X = gﬁm,n(X) - (A7 B)

where X5, 2, denotes the set of (2m, 2n)—complexes and X € Xy, 2, 1s given as
usual by its mn geometric squares, and where Mat(2m, 2n, {1, ..., 2m}) denotes the
set of (2m x 2m)-matrices with entries in {1, ..., 2m}. Recall that each geometric
square [aba’b’] of X can be represented by four squares of the form

abd't', a'bab, a b Yd" b7, o la T

To define the map ¢, ,, note that at least one of these four expressions has one of the
five types (I)-(V) illustrated in Figure B.1, for suitable

i,ke{l,...,m}and j, [ €{1,..., n}.

It is easy to check that each geometric square has a unique type.

@ (1) (111) 1v) V)
ay ay ay ar ay

brv Ab; ba Ab; by Ab; ba Ab; DA vb;
a; a; a; a; a;

—1 —1 —1z—1 —1 —1

a;b;aib; a;bjab, a;ba; by a;bja, " b; a,-bj arb;

Figure B.1: Possible types of a geometric square

We now define the map ¢,, , for each possible type of geometric squares, using
the following notation for the “inverses”:

i=2m+1—i, k:=2m+1—k, ]_'::2n—|—l—j, [:=2n+1-1.

Type (I) (Clibjakb]) Aij = ]} Bij = l_
Ay =i By := ]_
A=k Bij:=j

AIE]_' =1 B,;]T =1,
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Type (H) (Llib}'akbl_l) A,‘j = l; Bij =1
Ap=i Byi=j
A=k By:=]
A,;]‘ =i B =1
Type (III) (a,-bjak_lbl) Al] =k Bl] = l_
Aip=k By:=j
A =i By:=].
Type (IV) (aibjak_lbl_l) A,’j =k Bij =1
Ay =k By:=j
A=i Bg:=].
Type (V) (a;b; 'axh; ) A=k Bj;:=I
Api=i Biyi=
A=k Byi=j
A];J =1 B];] =1.

Thus, each geometric square of X defines exactly four entries in 4 and in B which
describe the corresponding four geometric edges in the link L£(X). In case of type (1)
and (V), two choices are possible, since we have the equalities for geometric squares
la;b;arbi] = [abja;b;] and [a,-bj_lakbl_l] = [akbl_la,-b;l] respectively, but the given
definition of ¢, , is independent of this choice. This proves that ¢,, , is well-defined.

We illustrate this definition in Table B.1 in the case of Example 2.2 given by its
nine relators

Cl]blcll_lbl_l, Cllbzal_lbgl, 0[1[)3612[)2_1,

N -1 -1 —14-1 —14-1
R3.3 = a1b3 CI3 bz, a2b1a3 b2 , a2b2a3 b3 ,

a2b3a3_1b1, azbglagbz, a2b1—1a3—1b1—1
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| geometric square | representative | type | A-entries

| B-entries

[alblal_lbl_l] | Ollblal_lbl_l | V)| A1 =1,416=1|Bi1=1,Bis=6
Ae1 =6, Aes =6 | Be1 =1, Bes =6
[albzal_lbgl] | albgal_lbgl | AV)| A12=1,415=1|B;x=3,B;5=4
Ae3 =06, 464 =6 | Bz =2, By =5
[Cl]bgazbz_l] | Cllbgazbz_l | (H) A13 = 5, A25 =06 B13 = 2, B25 =4
Asrp=2,As4 =1 | Bep =3,Bs4 =5
[Cl]bglaglbz] | a3b3al_1b2_1 | (IV) A33 = 1, A14 =3 B33 = 2, B14 =5
Ay =6, Ags =4 | Byp =3, Bgs = 4
[azblcl;lbz_l] | azb]aglbz_l | (IV) A21 = 3, A36 =2 B21 = 2, B36 =5
Asp =4, 445 =5 | Bsx =1,B45 =6
[azbzaglbgl] | azbza?’_lb;l | (AV) | Axp =3, A35=2 | Bxn =3, B35 =4
As3 =4, A4a =5 | Bsz3 =2,B44 =5
[azbgcl;lbl] | a2b3a3_1b1 | (Il) | A3 =3,A434 =2 | B3 =06,B3 =1
Asg =4, 441 =5 | Bss =3, By =4
[a2b5 'azb,] | asboarby’ | () | 430 =5,424=4|Byx=3,Bu=>5
Ay3=2,45s =3 | B3 =2,Bs55 =4
[Clzbl_lcl;lbl_l] | Clgblaz_]bl | (HI) A31 = 2, A26 =3 B31 = 6, B26 =1

Ags =35, As1 =4

By =1,Bs1 =6

and

Hence, we get

Table B.1: Definition of 4 and B in Example 2.2

AN BN W=
N A OV DW=

—_— N RN DN =
W — L) W) W W

AN BN = W

[N NS I \O I S e N 0}

N = N W
B W LN N —
AN BN W

W L = N
R AN S SN
AN W = = O\
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See Table B.2 for a more compact notation.

033(X) [ 1aby 2mby 3mby|d4nby! S~by' 6~b))
~a 1/1 1/3 5/2 3/5 1/4 1/6
~ay | 3/2 3/3 3/6 4/5 6/4 3/1
~az | 2/6 53 1/2 2/1 2/4 2/5
~a;' | 5/4  6/3 2/2 5/5 5/6 5/1
~ay' | 4/6 41 4/2 1/5 3/4 4/3
~al| 6/1 2/3 6/2 6/5 4/4 6/6

Table B.2: Compact notation of 4 and B in Example 2.2

Note that given (4, B) € im(¢,, ), we can uniquely and easily reconstruct the
(2m, 2n)—complex X = go,;‘ln ((4, B)) (this reflects the injectivity of ¢, ,).
Remark. By construction of ¢, ,, there are bijections between the following sets:
{(Aij, Bij)}Yi=1,..om, j=1,..20n = {1, ..., 2m} x {1, ..., 2n},

{1,....2m} = {A4;;}i=1,...om forany j € {l,...,2n},
{1,....2n} ={Bjj}j=1,..0, forany i € {1,...,2m},

in particular each column of A4 is a permutation of {1, ..., 2m}, and each row of B is
a permutation of {1, ..., 2n}.
Step 2

The idea of Step 2 for small m, n (for example “small” could mean mn < 10)1s to start
with (2m x 2n)-matrices 4 and B consisting of 0-entries and “fill” them recursively
with one geometric square (four non-zero entries in A4 and B) in each recursion step.
This is done systematically, i.e. going through all potential geometric squares §. Of
course, S has to satisfy several conditions, e.g. we want all potential new positions
in 4 (and B) coming from § to be free (i.e. zeroes), and all potential new pairs of
entries (Aqg, Byg) coming from § are required to be new. If the candidate S does
not satisfy these conditions, we try the next one. The conditions guarantee that at
the end a “full” (i.e. without zero entries) pair of matrices (A4, B) indeed describes a
(2m, 2n)—complex X, in particular having a complete bipartite link LA(X) as required
in the link condition.
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B.2 The main program

Our main GAP-program ([29]) looks as follows: (comments in GAP start with the
character #)

all := function(xl, x2, vy1l, y2)

# generates the list

# [[x1,y1],...,[x1,y2],...,[x2,y1],...,[x2,y2]]
local w, k, i, 7j;

w o= [ 1;

k :=1;

for i in [x1..x2] do
for j in [yl..y2] do

wlk] := [1,]];
k := k+1;
od;
od;
return w;
end;
test := function(M, N, g, r, s, t, cM, cN)

# checks candidate a,b.a;'b;!
if (8 = ¢cM+1l-g and t = cN+1l-r) or
M[s] [cN+1-r] <> 0 or
M[cM-g+1] [t] <> 0 or
M[cM+1-8] [cN+1-t] <> 0 or
# M[g] [r] <> 0 is tested in test2
ForAny(all(1,cM,1,cN),
v -> ([M[v[1]][vI[2]],N[v[1]][vI[2]]] in
[[s,t], [g,cN+1-t], [cM+1l-s,r], [cM+l-g,cN+1-r]]))

then
return false;
else
return true;
fi;
end;
part := function(x, vy, z)
# we assume y <= z
# generates [[1,1]1,...,0[2,z],...,[x-1,1],...,[x-1,z],
# [x,1],...,[x,y-11]

local w, k, i1, i2, j;
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w = [ 1;
k :=1;
for i1 in [1..x-1] do
for i2 in [1..z] do
wlk]l := [i1,i2];
k := k+1;
od;
od;
for j in [1..y-1]1 do
wlk]l := [x,3];
k := k+1;
od;
return w;
end;

test2 := function(a, x, vy, z)
# returns true if (x,y) is
# the first "free" position in A
if Alx][y] = 0 and
ForAll (part(x,y,z), v -> A[vI[1]][vI[2]] <> 0)
then
return true;

else
return false;
fi;
end;
full := function(a)

# returns true if matrix A contains no 0
if ForAny (A, x -> 0 in x) then
return false;

else
return true;
fi;
end;
main := function(a, B)
# main program
local ca, c¢B, i, j, k, 1, AA, BB;
cA := DimensionsMat () [1];
CcB := DimensionsMat (A) [2]; # = DimensionsMat (B) [2]
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for 1 in [1..cA/2] do
for j in [1..cB] do
if test2(A,i,j,cB) then
# (i,j) is first free position in A
for k in [1..cA] do
for 1 in [1..cB] do
if test(A,B,i,j,k,1,cA,cB) then
# tests if %bﬂ%bel is ok

AA := StructuralCopy (&) ;

BB := StructuralCopy(B) ;
AA[i] [J] := k;

BB[i] [j] := 1;

AA[k] [cB-j+1] := 1i;

BB [k] [¢cB-j+1] := cB+1-1;
AA[cA+1-1i] [1] := cA+1l-k;
BB[cA+1-1] [1] := 3J;
AA[cA+1-k] [cB+1-1] := cA+1-1i;
BB[cA+1-k] [cB+1-1] = cB+1-7;

if full(aa) then
# (AA,BB) now describes a (cA,cB)-complex
# now we can check for conditions on AZA, BB,
# e.g. if conditions(AA,BB) then

# Print(aa, " ", BB, "\n"); fi;
else
main (AA, BB); # recursive step
fi;
fi;
od;
od;
fi;
od;
od;
end;

can be applied as follows:

for example main(NullMat (4, 6), NullMat (4, 6));
generates now all (4,6)-complexes,

or use main(C,D); for an embedding, where C, D describe
any partial complex, i.e. some given geometric squares

FH H HF H HF

This procedure can a priori also be applied for large integers m, n (for example if
mn > 10), but the time required to finish (that is to generate a/l (2m, 2n)—complexes)
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grows very rapidly with increasing m and n. One reason for this is that the filling
process needs mn recursion steps for each (2m, 2n)—complex but another reason is
that the number of different (2m, 2n)—complexes becomes very large soon. This is
illustrated in Table B.3. Observe that the number of non-isomorphic corresponding
fundamental groups is much smaller, but unknown in general, even for (4, 4)—groups.
Kimberley ([40]) has counted the number of “BM relations” for

(m,n) € {(1,1),(1,2),(1,3),(1,4), (1,5),(1,6), (1,7), (2,2), 2, 3)}.

They coincide with those in Table B.3. The number 541 for (4, 4)—complexes also
appears in [41, Section 7].

m|n|mn X
1111 3
112 2 15
13| 3 105
114 4 945
115 5 10395
116] 6 135135
117 7 2027025
18] 8 34459425
2121 4 541
2 13| 6 35235
2 14| 8 3690009
2 15| 10 | 570847095
3 13| 9 27712191

Table B.3: Number of (2m, 2n)—complexes generated by our programs

Therefore, to get a better “distribution” of the examples for large m and n, we
also have written a program which randomly generates many (2m, 2n)—complexes for
fixedm,n € N.

B.3 A random program

# the functions full(), all(), test(), part(), test2()
# are defined as before

Ma := function(m, n)
# generates (m x n)-matrix A, A[i] [j] = 1
local i, j, w;
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w := NullMat (m,n) ;
for i in [1..m] do
for j in [1..n] do

wlil [§] := 1i;

od;
od;
return w;
end;
Mb := function{(m, n)
# generates (m x n)-matrix A, A[i] [§] = j
local i, j, w;
w := NullMat (m,n) ;

for i in [1..m] do
for j in [1..n] do

wli] [§] := J;
od;
od;
return w;
end;
out := [ 1;
rdm := function(a, B, p)

local cA, c¢B, i, j, k, 1, AA, BB, k1, pp, z;
zZ := 0;
cA DimensionsMat (A) [1];
CB DimensionsMat (A) [2];
for i in [1..cA/2] do
for j in [1..cB] do
if test2(A,i,j,cB) then
repeat kl := Random(p); # p:available edges in link
z := z+1l; # z counts number of attempts,
# here we set the maximal number to 30, but it
# can be chosen larger or smaller if needed
until test(A,B,1i,j,k1[1],k1[2],cA,cB) or z = 30;
AA := StructuralCopy (&) ;
BB := StructuralCopy (B) ;
if z < 30 then # test ok
AA[i] [J] := k1[11;
BB[i] [J] := k1[2];
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AA[k1[1]] [cB-j+1] := 1i;
B[k1[1]] [cB-j+1] := cB+1-k1[2];
AA[cA+1-1i] [k1[2]] := cA+1-k1[1];
BlcA+1-1i] [kK1[2]] := J;
AA[cA+1-k1[1]] [cB+1-k1[2]] := cA+1-i;
BlcA+1-k1[1]1]1[cB+1-k1[2]] := cB+1l-7;
pp := StructuralCopy(p):;
RemoveSet (pp,kl) ;
RemoveSet (pp, [1,cB+1-k1[2]1]1);
RemoveSet (pp, [cA+1-k1[1],7]1);
RemoveSet (pp, [cA+1-i,cB+1-7]);
# removes used edges in link
if full (A2) then
out := StructuralCopy([AA,BB,cA,CB]);
else
rdm(AA, BB, pp);
fi;
fi;
fi;
od;

od;

return out;

end;

slc := function(aa,bb)

local res;

repeat out := [Ma(aa,bb),Mb(aa,bb),aa,bb]l; res :=
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rdm(NullMat (aa, bb), NullMat (aa, bb), all(l,aa,l,bb));

until

# conditions(res[1l],res[2]); whatever we want to check
Print (res[1], "\n",res[2],"\n")

end;

# e.g. slc(6,6); generates now randomly a (6,6)-complex

# satisfying additional conditions

One nice feature of both programs is that we can start with any & given geometric
squares (where 0 < k£ < mn) and generate all (or randomly some, respectively)
(2m, 2n)—complexes containing these k& geometric squares. This was very useful in
Chapter 2, where we have embedded for instance non-residually finite examples in

virtually simple (2m, 2n)—groups.
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B.4 Computing the local groups

Step 3

We have written programs which compute the local groups Ph(k) and Plfk) for & small
enough. Here are the programs for k = 1 and & = 2. The programs for £ > 3 become
more complicated with increasing &, but we do not need any new ideas. Moreover, we
give the program to compute the group K, for m = 3.

PhPerm := function(j, cA, A)

# generates permutation in P, induced by b;, i.e. py(b;)
local v, 1i;

v o= [ 1;

for i in [1..cA] do

v[i] := cA+1-AlcAa-i+1][]];
od;
return PermList (v) ;
end;
Ph := function (d)

# generates P, as a permutation group
local p, j, cA, cB;

cA := DimensionsMat (2) [1];
cB := DimensionsMat (2) [2];
p := [ 1;
for j in [1..cB/2] do
pljl := PhPerm(j,cA,A);
od;
return Group (p, ());
end;
PvPerm := function(i, cA, c¢B, B)

# generates permutation in P, induced by a;, i.e. on(a;)
local w, Jj;
w o= [ 1;
for j in [1..cB] do
wljl := BlcA-i+11I[3j];
od;
return PermList (w) ;
end;



B.4. COMPUTING THE LOCAL GROUPS

Pv := function (B)
# generates P,
local p, i, cA, cB;

cA := DimensionsMat (B) [1];
cB := DimensionsMat (B) [2];
p :=1[1;
for i in [1..cA/2] do

plil := PvPerm(i,cA,cB,B);
od;
return Group (p, ());
end;
indx := function(v, Xx)

# returns index of first appearance of x

# in vector v

local i;

i :=1;

while v[i] <> x do
i := i+1;

od;

return i;

end;

s2 := function(c)

# generates points in 2-sphere
# of c-regular tree
local v, k, i, j;
v o= [ 1;
k :=1;
for i in [1..c] do
for j in [1..c] do
if i+j <> c+1 then
# exclude reducible paths
vkl := [1,3];
k := k+1;
fi;
od;
od;
return v;
end;
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vPerm2i := function(i, cA, ¢B, A, B)
# generates i-th permutation in Iﬁ”
local w, J;
w = [ 1;
for j in [1..cB*(¢cB-1)] do
w[j] := indx(s2(cB), [BlcA+1-i][s2(cB) [j][1]]
B[A[cA+1-1] [s2(cB) [J1[1]11]1[s2(cB) [j]1(2]111);

od;

return PermList (w) ;
end;

P2v := function(a, B)

# generates fﬁb
local i, p, cA, cB;

cA := DimensionsMat (A) [1];
cB := DimensionsMat (A7) [2];
p:=1[1;
for i in [1..cA/2] do
pli]l := vPerm2i(i, cA, ¢B, A, B);
od;
return Group (p, ());
end;
hPerm2j := function(j, cA, cB, A, B)

# generates j-th permutation in Iﬁb
local w, 1i;
w o= [ 1;
for i in [1..cA*(cA-1)] do
wl[i] := indx(s2(cA), [cA+1-A[cA+1l-s2(cA) [i][1111[51],
cA+1-A[cA+1-s2(cA) [1] [2]] [B[cA+1-s2(cA) [1]1 (2111 (3111);
od;
return PermList (w) ;
end;

P2h := function(a, B)
# generates Iﬁb
local j, p, cA, cCB;
cA := DimensionsMat(Z) [1]; c¢B := DimensionsMat (Aa) [2];
p :=1[1;
for j in [1..cB/2] do
pljl := hPerm2j(j, cA, cB, A, B);
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od;

return Group (p, ());
end;

Khé := function(a, B)

# generates K; for m = 3
return Stabilizer(Stabilizer (Stabilizer(
Stabilizer(Stabilizer(Stabilizer(P2h (A
1, 2, 3, 4, 5], OnTuples),
6, 7, 8, 9, 10], OnSets),
11, 12, 13, 14, 15], OnSets)
l6, 17, 18, 19, 20], OnSets),
21, 22, 23, 24, 25], OnSets),
26, 27, 28, 29, 30], OnSets)

7

.

7

end;

B.S Computing a presentation

A finite presentation for I" is obtained as follows (illustrated form = n = 3):

F := FreeGroup("al"™, m"a2m", m"a3m", "pim", "ph2",
# free group generated by a1, az, az, by, by, b3
al := .1

az :=
a3z :=
bl :=
b2 :=
b3 :=

7

o~

~e

ey Iy ey e I ey B
AUl WN

NL6a function (i)
# bijection {1,...,2m}— Ej
local v;
if i=1 then v := al;
elif i=2 then v := a2;
elif i=3 then v := a3;
elif i=4 then v := a3"-1;
elif i=5 then v := a2”-1;
elif i=6 then v := al™-1;
fi;
return v;
end;

I B)I

nb3 n) ;
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NL6b := function(j)

# bijection {1,...,2n} — E,
local v;

if j=1 then v := bl;

elif j=2 then v := b2;
elif j=3 then v := b3;
elif j=4 then v b37-1;

elif j=5 then v := b2"-1;

elif j=6 then v := bl1"-1;
fi;

return v;

end;

relationé := function(aA, B)

# generates mn relators of I
local i, j, rel, cA, cB;

cA := DimensionsMat (a) [1];
cB := DimensionsMat (2) [2];
rel := [ 1;

for i in [1..cA/2] do
for j in [1..cB] do
if not NLéa (i) *NLéb(j) *
NL6a (cA+1-A[i] [j]) *NL6b(cB+1-B[i] [j]) in rel
and not NLé6a(cA+1-A[i] [j])*NLéb (cB+1-B[i] [j])*
NL6a (i) *NL6b(j) in rel
and not NLéa(cA+1-A[i] [j]) "-1*NLéeb(j) -1+
NL6a (i) "-1*NLéb (¢B+1-B[i] [j]) -1 in rel then
Add (rel,NLé6a (i) *NLé6b (j) *
NL6a (cA+1-A[i] [j]) *NL6b (cB+1-B[i] [j])) ;
fi;
od;
od;
return rel;
end;

G := F / relation6(A,B); # definition of I

# e.g. AbelianInvariants (G); computes now rab

# LowIndexSubgroupsFpGroup (G, TrivialSubgroup(G), 8);
# computes all subgroups of low index

# (here of index < 8), only reasonable for small index
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B.6 A normal form program

Very useful for other investigations are programs which bring a word of I in ab- and
in ba-normal form, see Proposition 1.10 (again illustrated for m = n = 3):

# F, al, a2, a3, bl, b2, b3, NLé6a(), NL6b()
# as in Appendix B.5

LN6a := function(w)
# bijection Ej, — {1,...,2m},
# inverse of NL6a
local i;
if w=al then i := 1;
elif w=a2 then i := 2;
elif w=a3 then i ;
elif w=a3"-1 then 1 := 4;
elif w=a2"-1 then i := 5;
elif w=al"-1 then i
fi;
return i;
end;

Il
w

I
(&)

LN6b := function (w)
# bijection E, — {1,...,2n},
# inverse of NLé6Db
local j;
if w=bl then j := 1;
elif w=b2 then j := 2;
elif w=b3 then j := 3;
elif w=b3"-1 then j := 4;
elif w=b2"-1 then j := 5;
elif w=bl"-1 then j := 6;
fi;
return j;
end;

SetAé6
# Ly

Il
o
=
3]
N

a3, a3”™-1, a2"-1, al"-11;

SetBé6
# Ly

[bl, b2, b3, b37-1, b2"-1, bl"-11;
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nfab := function(a,B,w)
# brings word w in ab-normal form
local 1i;

for i in [1..Length(w)-1] do
if Subword(w,i,i) in SetB6 and
Subword(w, i+1,i+1) in SetAé6 then
return nfab(A,B, SubstitutedWord(w,i,i+1,

(NL6b (B[LN6a (Subword(w, i+1,1+1) "-1)]
[LN6b (Subword(w,i,i) ~-1)]1)*

NLéa (A[LN6a (Subword (w, i+1,i+1) "-1)1]
[LN6b (Subword(w,i,i) " -1)]1))"-1));

fi;
od;
return w;
end;

nfba := function(a,B,w)
# brings word w in ba-normal form
local i;
for i in [1..Length(w)-1] do
if Subword(w,i,i) in SetAé and
Subword(w, i+1,i+1) in SetBé6 then
return nfba(A,B, SubstitutedWord(w,i,i+1,
NLé6b (B[LN6a (Subword(w, i, i) )]
[LNé6b (Subword (w, i+1,i+1))]1)*
NLéa (A[LN6a (Subword(w, i, i) )]
[LN6b (Subword (w, i+1,1i+1))1)));
fi;
od;
return w;
end;

B.7 Computing Aut(X)

The following program generates all elements of Aut(.X), where X is described by the
matrices 4 and B (again illustrated form = n = 3).

# F, al, a2, a3, bl, b2, b3, NLé6a(), NLé6b()
# as in Appendix B.5
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relation := function(a, B)
local i, j, k, rel, rel2, cA, cB;

cA := DimensionsMat (2) [1];
cB := DimensionsMat () [2];
rel := [ ];
rel2 := [ 1;

for i in [1..ca] do
for j in [1..cB] do
rel[cB*(i-1)+j] := NLéa(i)*NL6b(j)*
NL6a (cA+1-A[i] [j]) *NL6b (¢B+1-B[i] [j]) ;
od;
od;
for k in [1..cA*cB] do
rel2[k] := Subword(rellk],2,4)*Subword(rel(k],1,1);
od;
return Union(rel,rel2);
end;

LN := function(w,k1,k2,k3,k4,k5,k6,c)
local n;
if w=al then n := k1;
elif w=a2 then n := k2;
elif w=a3 then n := k3;
elif w=bl then n := k4;
elif w=b2 then n := k5;
elif w=b3 then n := ké6;
elif w=b3"-1 then n := c-ké6;
elif w=b2"-1 then n := c-k5;
elif w=b1"-1 then n := c-k4;
elif w=a3"-1 then n := c¢-k3;
elif w=a2"-1 then n := c¢-k2;
elif w=al"-1 then n := c-k1;
fi;
return n;
end;

NL := function(z)
local n;
if z=1 then n := al;
elif z=2 then n := a2;
elif z=3 then n := a3;
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elif z=4 then n := bl;
elif z=5 then n := b2;
elif z=6 then n := b3;
elif z=7 then n := b37-1;
elif z=8 then n := b2"-1;
elif z=9 then n := bl1™-1;
elif z=10 then n := a3”-1;
elif z=11 then n := a2”-1;
elif z=12 then n := al™-1;
fi;
return n;
end;
permute := function(A,B)
local i1, i2, i3, ji, j2, j3, k, PL, L, cA, CB, c;
PL := [ 1;
L := relation(a,B);
cA := DimensionsMat (Z) [1]; c¢B := DimensionsMat (&) [2];
Cc := CA + CB;
for il in [1..c] do
for i2 in Difference([1..c], [il, c+1-i1]) do
for i3 in Difference([1..c],
[i1, c+1-1i1, i2, c+1-i2]) do
for j1 in Difference([1..c],
[i1, c+1-i1, i2, c+1-i2, 13, c+1-i3]) do
for j2 in Difference([1..c],
[i1, c+1-i1, i2, c+1-i2,
i3, c¢+1-i3, j1, c+1-j1]) do
for j3 in Difference([1l..c],
[i1, c+1-1i1, i2, c+1-i2, i3, c+1-13,
jl1, c+1-j1, j2, c+1-j2]) do
for k in [1..Size(L)] do
PL[k] :=
NL (LN (Subword (L [k],1,1),i1,i2,i3,31,92,33,c+1))*
NL (LN (Subword (L [k],2,2) ,i1,i2,i3,31,92,33,c+1) ) *
NL (LN (Subword (L [k],3,3),1i1,i2,13,31,32,33,c+1))*
NL (LN (Subword (L [k] ,4,4),11,12,i3,31,32,33,¢c+1));
od;
if Set (PL) = Set (L) then
Print (NL(il),"™ ",NL(i2),"™ ",NL(i3)," ",
NL(j1),"™ ",NL(j2),™ ",NL(j3),™ ","\n");
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fi;
od;
od;
od;
od;

od;
od;
end;

For X as in Example 2.2, i.e. for

AN A NN W=

A OV DN W o=
AN BN = W W
AN = N W
B L NN
AN A NN W~
@) SN SN @ )N \O I
W = W W W W
[N N \O I \O B @ )\
W U D — N DN
B N L C AT - G - =
AN W = =N

2
we get (cf. Theorem 2.3(9))

permute (A, B) ;
al a2 a3 bl b2 b3
al™-1 a2”-1 a37-1 bl1"-1 b3 b2

B.8 A quaternion lattice program

We illustrate the construction of the group I", ; of Chapter 3 for the smallest example
p = 3,1 =5 (Example 3.40).

psi := function(v,x0,x1,x2,x3)
return([[x0 + v*x1*E(4), v*x2 + Vv*x3*E(4)],
[-v*x2 + v*X3*E(4), x0 - v*x1*E(4)]1];
end;
# v = -1 gives the conjugate of x
¥ E(4)72 = -1
a :=[1; b:=11;
all] := psi(1,1,0,1,1); # v(14+j+k)
al2] := psi(1,1,0,1,-1); # v(1+j—k)
al3] := psi(-1,1,0,1,-1); # v(1—j+k)
al4] = psi(-1,1,0,1,1); # w(l—j—k)
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b[1] := psi(1,1,2,0,0); # (14 2i)
b[2] := psi(1,1,0,2,0); # Y(1+2))
b[3] := psi(1,1,0,0,2); # (1 +2k)
bl[4] = psi(—1,1,0,0,2); # w(l—Zk)
b[5] := psi(-1,1,0,2,0); # ¥(l—2))
bl6] := psi(-1,1,2,0,0); # ¥(l—2i)
gAB := function(p,1l)

local i, j, k, m, A, B;

A := NullMat(p+1,1+1);

B := NullMat(p+1,1+1);

for i in [1..p+1] do
for j in [1..1+1] do
for k in [1..1+1] do
for m in [1..p+1] do
*

if al[il*b[j] = blk]l*a[m] or
alil*b[j] = -bl[k]l*a[m] then
A[i] [J] := m;
B[i] [j] := k;
fi;
od;
od;
od;
od;
return([A,B]);
end;
A := gAB(3,5) [1];
B := gAB(3,5) [2];
gives
332 4 42
4 1 431 3 4
4 2 4 2 11
2113 23
and
516 2 3 4
3621435
B= 4 315 6 2
24561 3



Appendix C

Some lists

C.1 Primitive permutation groups

We give a list of all primitive permutation groups G < S2,, where n < 7, including
some information about the groups like its order |G| or its transitivity on {1, ..., 2n}.
A comprehensive introduction to permutation groups, including the definitions of the
groups in Table C.1, is given in [25]. See also [13] for a list of all finite primitive
permutation groups up to degree 50.

| Group G | degree 2n | transitivity(G) | order |G| | G < Ay, |
B | 2| 2 | 2] N |
Ay 4 2 12 Y
Sy 4 4 24 N
PSL,(5) 6 2 60 Y
PGLL(5) 6 3 20 N
. 6 4 360 %
Se 6 6 720 N
AGL,(3) 3 2 56 Y
ATL,(8) g 2 168 Y
PSLL(7) 3 2 168 Y
PGL,(7) g 3 36| N
ASL;(2) g 3 1344 Y
Ag 8 6 20160 Y
Ss 8 8 40320 N
As 10 1 60 Y
Ss 10 1 120 N
PST,(9) 10 2 360 Y
Se 10 2 720 N
PGL,(9) 10 3 720 N
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Mo 10 3 720 Y
PL'L,(9) 10 3 1440 N
i 10 8 1814400 Y
S1o0 10 10 3628800 N
PSL,(11) 12 2 660 Y
PGL,(11) 12 3 1320 N
M 12 3 7920 Y
Mz 12 5 95040 Y
A1 12 10 239500800 Y
S12 12 12 479001600 N
PSL,(13) 14 2 1092 Y
PGL,(13) 14 3 2184 N
A4 14 12 43589145600 Y
S1a 14 14 87178291200 N

Table C.1: Primitive permutation groups

C.2 Quasi-primitive permutation groups

See Table C.2 for all quasi-primitive, but not 2-transitive subgroups of S»,, where
n < 8. Only two of them are not primitive. For the primitive groups, we have used the
list in [13] and their notations, in particular the symbol “:” to denote a split extension.

| Group G | degree 2n | primitive | order |G| | G < 42, |
As 10 Y 60 Y
S5 10 Y 120 N
PSL,(5) 12 N 60 Y
PSL>(7) 14 N 168 Y
245 16 Y 80 Y
2% : Ds 16 Y 160 Y
(Ay x Aa) : 2 16 Y 288 Y
(2%:5): 4 16 Y 320 Y
24:3% .4 16 Y 576 Y
245 x 83 16 Y 576 Y
2% As 16 Y 960 Y
(Ss x S4):2 16 Y 1152 Y
24 85 16 Y 1920 Y

Table C.2: Quasi-primitive permutation groups
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C.3 Locally 2-transitive (6, 6)—groups

We study (6, 6)—groups such that Py, P, are 2-transitive and give a complete list of the
arising 4-tuples (| Py |, | Py, |Ph(2) [, |PU(2) |). Without loss of generality, we may assume
that | P,| < |P,| and that |P\”| < |P{?|if |P,| = |P,|. By Table C.1, there are only
four 2-transitive subgroups of Sg: PSL»(5), PGL;(5), 4¢ and g of order 60, 120, 360
and 720, respectively. Given P, € {P),, P,}, the maximal possible value for |[P(| is
|Py|(|P,]/6)®. If this maximum is attained, the value of | P | is marked in the list with
the symbol “x” on the right hand side. Observe that in the case P, = A the number
|P| is always maximal (this is not very surprising by [16, Proposition 3.3.1]).

1Pyl | Pyl 1P 1P
60 60 937500 937500
60 60 937500 60000000 =%
60| 120 7500 15000
60| 120 937500 60000000
60| 120 937500 120000000
60| 120 937500 1920000000
60| 120 30000000 1875000
60| 120 30000000 60000000
60| 120 30000000 1920000000
60 | 120 60000000 60000000
60| 120 60000000 =« 120000000
60 | 120 60000000 =« 7680000000
60 | 360 937500 16796160000000
60 | 360 30000000 16796160000000
60 | 360 60000000 16796160000000 %
60 | 720 7500 1074954240000000
60 | 720 937500 33592320000000
60 | 720 937500 1074954240000000
60 | 720 937500 2149908480000000
60 | 720 1875000 1074954240000000
60 | 720 30000000 33592320000000
60 | 720 30000000 1074954240000000
60 | 720 30000000 2149908480000000
60 | 720 60000000 =« 33592320000000
60 | 720 60000000 =« 67184640000000
60 | 720 60000000 x | 1074954240000000
60 | 720 60000000 * | 2149908480000000 =
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120 | 120 15000 15000
120 | 120 1875000 60000000
120 | 120 60000000 60000000
120 | 120 60000000 1920000000
120 | 120 60000000 3840000000
120 | 120 1920000000 1920000000
120 | 120 1920000000 7680000000  *
120 | 120 3840000000 7680000000  *
120 | 360 1875000 16796160000000
120 | 360 60000000 16796160000000
120 | 360 120000000 16796160000000
120 | 360 1920000000 16796160000000
120 | 360 3840000000 16796160000000
120 | 360 7680000000  * 16796160000000
120 | 720 1875000 33592320000000
120 | 720 1875000 1074954240000000
120 | 720 60000000 33592320000000
120 | 720 60000000 67184640000000
120 | 720 60000000 1074954240000000
120 | 720 60000000 2149908480000000
120 | 720 120000000 33592320000000
120 | 720 120000000 1074954240000000
120 | 720 120000000 2149908480000000
120 | 720 1920000000 33592320000000
120 | 720 1920000000 67184640000000
120 | 720 1920000000 1074954240000000
120 | 720 1920000000 2149908480000000
120 | 720 3840000000 33592320000000
120 | 720 3840000000 67184640000000
120 | 720 3840000000 1074954240000000
120 | 720 3840000000 2149908480000000
120 | 720 7680000000 33592320000000
120 | 720 7680000000 x | 1074954240000000
120 | 720 7680000000 * | 2149908480000000 =
360 | 360 16796160000000 16796160000000
360 | 720 16796160000000 33592320000000
360 | 720 16796160000000 67184640000000
360 | 720 16796160000000 =« | 1074954240000000
360 | 720 16796160000000 =« | 2149908480000000
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720 | 720 33592320000000 3359232000000
720 | 720 33592320000000 67184640000000
720 | 720 33592320000000 1074954240000000
720 | 720 33592320000000 2149908480000000
720 | 720 67184640000000 1074954240000000
720 | 720 67184640000000 2149908480000000
720 | 720 | 1074954240000000 1074954240000000
720 | 720 | 1074954240000000 2149908480000000
720 | 720 | 2149908480000000 = | 2149908480000000

Table C.3: Local groups in locally 2-transitive (6, 6)—groups

C.4 Listof (4, 4)—groups
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In the list below, we classify all (4, 4)—groups by the permutation isomorphism types
of the local groups P, and P, and by I'?® (up to interchanging the role of P, and P,).
In total, we get 32 different types. Note that there are in fact at least 41 and at most 43
non-isomorphic (4, 4)—groups (see [41, Section 7]).

We use the following notation in Table C.4:

21: group of order 2, permutation isomorphic to ((1, 2)) < Sy,
25: group of order 2, permutation isomorphic to ((1, 2)(3, 4)),

4;: group of order 4, isomorphic to Z3, permutation isomorphic to ((1, 2), (3, 4)),

4,: as above, but permutation isomorphic to ((1, 2)(3, 4), (1, 3)(2, 4)).
trans(P,) denotes the transitivity of the group P, € { P, P,} on the set {1, 2, 3, 4}.
“N?” means that I" 1s possibly irreducible.

P, | P, | trans(Py) | trans(P,) | reducible | '?
1|1 0 0 Y VA
1|2 0 0 Y 7> x 7o
1|2 0 0 Y VA
1|2 0 0 Y 77 x 7
1| Zy4 0 1 Y 77 x 7o
1 | 4 0 0 Y 77 x 7
1| 4 0 1 Y 77 x 7o
1 | Da 0 1 Y 77 x 7o
21 | 2 0 0 Y 77 x 7
2, | 25 0 0 Y 77 x 7o
21 | 22 0 0 Y 77 X 7
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21 | 2 0 0 Y Z x T

2 | 25 0 0 Y 77 X I

22 22 0 0 Y Z X Z2 X Z4
21 | Za 0 1 Y Z x 75

22 Z4 0 1 Y Z X Zg

2 | Zy 0 1 Y Z x T

21 | 4 0 0 Y Z x T

21 42 0 1 Y 7 x Zz X Z4
22 41 0 0 Y Y/ Zz X Z4
2, | 4 0 0 Y Y

2 | 4 0 1 Y Zo x 7

21 | Dy 0 1 Y 7 x T

21 D4 0 1 Y 7 x Zz X Z4
2, | A4 0 2 Y 7 X 7

Z4 Z4 1 1 Y Z4 X Zg

Z4 41 1 0 Y 7, X Z4

4, | 44 0 0 Y 75

41 D4 0 1 Y 7. X Zz

41 | Dy 0 1 Y Z5 x Za

D4 A4 1 2 N? Z2 X ZG

Sy | Sa 4 4 N? 7%

Table C.4: Properties of (4, 4)—groups

C.S Listof (4, 6)—groups

Similarly as in Section C.4, we give a certain classification of (4, 6)—groups, but here
the groups P, and P, are classified only up to isomorphism (nof up to permutation
isomorphism) and up to their transitivity. Notation: “36” denotes the group of order
36 permutation isomorphic to ((1, 2, 3), (1, 4, 2, 5)(3, 6)) and “72” denotes the group
of order 72 permutation isomorphic to the group ((1, 2, 3), (1, 2), (1, 4)(2, 5)(3, 6)).
“Y?” means that we do not exclude the existence of a reducible example.

| Example | P, | P, | trans(P;) | trans(P,) | reducible |

1 1 0 0 Y
1 Zs 0 0 Y
1 Z3 0 0 Y
1 2y 0 0 Y
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L 75 1 0 Y
Z4 S3 1 0 Y
Z4 Zz X Z4 1 0 Y
Zs | Da 1 0 Y
L 73 1 0 Y
Z4 S3 X S3 1 0 Y
75 1 0 0 Y
75 1 1 0 Y
2 0 0 Y
75 Zo 1 0 Y
75 | Zs 0 0 Y
75 L4 0 0 Y
Z Ly 1 0 Y
Z5 Z5 0 0 Y
Iz 1 0 Y
75 S 0 0 Y, N?
Z; S3 0 1 Y
75 Zs 0 1 Y
75 | 7o x 74 0 0 Y
Z5 | D 0 0 Y
75|  Aa 0 1 Y
Z5 Ay 1 0 Y
75 | 7o x S5 0 1 Y, N?
Z; S 0 1 Y, N?
75 | Zr x As 0 1 Y
75 | Zn x Ay 1 0 Y
Z5 36 0 1 N?
236 | Z5 | S3x S 0 0 N?
75 | Zo x S 0 1 Y, N?
73 | PSLy(5) 0 2 N?
Z5 | PGL,(5) 0 3 N?
75 S6 0 6 N
Dy 1 1 0 Y
Di| I 1 0 Y
Dis| Zs 1 0 Y
Dy| Iy 1 0 Y
Dys| 75 1 0 Y
Ds| S 1 0 Y, N?
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Dy S3 1 1 Y
Dy Ze 1 1 Y
D4 Zz X Z4 1 0 Y
Dy Dy 1 0 Y
D4 Zg X Zg 1 0 N?
Dy Ay 1 0 Y, N?
Dy Ay 1 1 Y
Dy Sy 1 1 Y, N?
D4 Zz X A4 1 0 Y, N?
D4 Zz X A4 1 1 Y
Dy 36 1 1 N?
D4 S3 X S3 1 0 N?
D4 Zz X S4 1 1 N?
Dy | PSLy(5) 1 2 N?
Dy | PGL;(5) 1 3 N, Y?
Dy Ag 1 4 N
Dy Se 1 6 N
Ay Zs 2 0 Y
Ay 75 2 0 Y
Ag $3 2 0 N?
Ag Dy 2 0 N?
A4 Zz X S3 2 1 N?
As S 2 1 N?
Ay 36 2 1 N?
A4 S3 X S3 2 0 N?
A4 Z2 X S4 2 1 N?
Ay S6 2 6 N
S4 Z 4 0 Y
Sa Za 4 0 Y
Su 75 4 0 Y
Si S 4 0 N, Y?
S4 ZQ X Z4 4 0 Y
S D 4 0 Y, N?
S4 Zg X Zg 4 0 N?
Si Sa 4 0 N?
Sa Sa 4 1 N, Y?
S4 S3 X S3 4 0 N, Y?
Sa | Zo x S84 4 0 N?
S4 Zo x S4 4 1 N, Y?
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Si | PSLL(5) 4 2 N, Y?
Sa 72 4 1 N?
346 | Si | PGL2(5) 4 3 N
Si | PGL2(5) 4 3 Y?
Sa Ao 4 4 N
Sa S 4 6 N

Table C.5: Properties of (4, 6)—groups

C.6 Some abelianized (A4,,,, A>,)—groups

We classify some (42, A2,)—groups I" by their abelianization b and by the size of
P;fz) and P? (werestrictto2 <m <nandm +n < 8). If Ph(z) is not maximal
(this can only happen if 2m = 4), then we give the number 12 - 34/ |Ph(2) |. The list is
complete for (2m, 2n) = (6, 6) and (2m, 2n) = (4, 8). There are no (A4, A4)— and
(A4, Ag)—groups.

Example | 2m | 2n P;fz) max. Plfz) max. | |[[9?] | [eb
| | 4] 8] Y Y | 4]7
4110 Y Y 4| Z5
4110 3 Y 4|z
4110 Y Y 8| Zy x Zy
4110 3 Y 8| Zy x Zy
4110 Y Y 12 | Z> x Zg
4110 3 Y 12 | Zs x Zs
4110 Y Y 16 | 73 x Z4
4110 Y Y 16 Zz X Zg
4110 3 Y 16 | Z, x Zg
4110 Y Y 24 ZQ X le
4110 Y Y 24 | Z5 x Zg
4110 Y Y 32 | 75 x Zg
4112 Y Y 4| z5
4112 3 Y 4| Z5
4112 Y Y 8| Zs x Zy4
4112 3 Y 8| Zsr x Zy4
4112 Y Y 8| Z3
4112 3 Y 8| 73
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6| 8 Y Y 48 | 75 x Z1»
6 8 Y Y 60 ZQ X Zgo
6| 8 Y Y 80 | Z5 x Zog
6] 10 Y Y 475

6|10 Y Y 8| 7o x Za
6] 10 Y Y 8| 73

6|10 Y Y 12 | 7y x Zs
6|10 Y Y 16 | 7o x Zs
6|10 Y Y 16 | 7

610 Y Y 16 | Z5 x Zy4
6| 10 Y Y 20 ZQ X ZlO
6| 10 Y Y 24 Z2 X le
6|10 Y Y 24 | 75 x Ze
6| 10 Y Y 28 Zz X Zl4
6| 10 Y Y 40 Zz X Zz()
6|10 Y Y 40 | Z5 x Zqo
6|10 Y Y 108 | Zo x 713
8| 8 Y Y 4| z5

8 8 Y Y 8 Zz X Z4
8| 8 Y Y 8| 73

8] 8 Y Y 12 | Z> x Zs
8] 8 Y Y 16 | Zo x Zs
8| 8 Y Y 16 | Z;

8| 8 Y Y 16 | Z5 x Z4
8| 8 Y Y 16 | Z;

8 8 Y Y 20 Z2 X ZlO
8 8 Y Y 24 ZZ X le
8| 8 Y Y 24 | 75 x Zs
8 8 Y Y 28 Zz X Zl4

Table C.6: Abelianized (A2, A2,)—groups
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C.7 More embeddings of Example 2.39

We embed the non-residually finite (8, 6)—complex of Example 2.39 into many dif-
ferent (10, 10)—complexes X such that P, and P, are primitive permutation groups.
Let w := aza; 1a3a4_1. In all examples I" in the subsequent list, the normal subgroup
{w)r has finite index in I, in particular, by Lemma 2.42,

(wir= [ N.
Nf'<il'l“

If two rows are exactly the same, then the quotients I'/ ((w)) r are non-isomorphic non-
abelian groups of the same finite order. The (410, A10)—groups are precisely those of
Table 2.7.

| Py | P, | abelianization T | [T%"| and [T : (w))r] |
| S6 < Si0 | 4io | [2,2] | 4 |
| Se < S10 | S10 | [2, 2] | 4 |
| PTL2(9) | 410 | [2,2] | 4 |

PI'L>(9) | Sio [2, 2] 4

PI'L>(9) | Sio [2, 4] 8

PI'L>(9) | Sio 2,2, 2] 8

Ao Ao (2, 2] 4

Ao Ao (2, 4] 8

Aio Ao 2,2, 2] 8

A1o Aqo [2, 6] 12

A1 Aqo 2,2, 4] 16

A1 Ao [2, 8] 16

Aio Ao [2, 10] 20

Aio Ao [2,12] 24

Ao Ao 2,2, 6] 24

A1o A1o 2,2, 8] 32

Aqo Ao [2, 20] 40

Ao S10 [2,2] 4

Ao S10 (2, 4] 8

Aio S1o 2,2, 2] 8

Aio S1o 2,2, 2] 8, 16

Aio Sio [2, 6] 12

Aqo S10 [2, 8] 16

Aqo S10 [4, 4] 16

A1 S10 2,2, 4] 16
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Aqo S10 [2, 10] 20
Aqo S10 [2, 12] 24
Aio S10 [2,2,6] 24
Aio S10 [2, 14] 28
Aio S0 2,2, 8] 32
Aqo S10 [2, 16] 32
A1o S10 [2, 20] 40
Aqo S10 2,2, 10] 40
Aio S10 [2, 24] 48
S10 Ao (2, 2] 4
S10 Ao (2, 4] 8
S10 Ao (2,2,2] 3
Sto 10 2.2.2] 8. 16
St i [2.2.2] 8. 16
S10 A1o [2, 6] 12
Sto A0 [2.2. 4] 16
S10 Ao (2, 8] 16
S10 A10 (4, 4] 16
Sto 10 [2.10] 20
Sto 10 2.12] 24
Sto 10 [2.2.6] 24
Sto A10 2. 14] 28
Sto A0 [2.2. 8] 32
Sto 410 [2.18] 36
S10 Ao [6, 6] 36
Sto A10 2. 20] 40
Sto A0 2.22] 44
Sto A10 2, 28] 56
S1o0 Ao [2,32] 64
S10 S10 (2, 2] 4
S10 S10 (2, 4] 8
S1o S1o [2,2,2] 8
S10 S10 [2,2,2] 8, 16
S10 S10 [2,2,2] 8, 16
S10 S10 [2, 6] 12
S1o0 S1o [2, 8] 16
S1o S1o [2,2,4] 16
S1o S10 [2,2,4] 16, 32
S10 S10 [2,2,4] 16, 32
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S10 S1o 2,2, 4] 16, 32
S10 S1o [4, 4] 16
S10 S0 [2, 10] 20
S10 S0 [2, 12] 24
S10 S0 [2,2,06] 24
S10 S1o [2,2,06] 24 48
S10 Sto [2, 14] 28
S10 Sto [2, 16] 32
S10 S0 [2, 2, 8] 32
S10 S0 [2, 4, 4] 32
S10 S0 [4, 8] 32
S10 S0 [2, 18] 36
S10 S1o [6, 6] 36
S10 S10 [2,20] 40
S10 S1o [2,2,10] 40
S10 S0 [2,22] 44
S10 S0 [2, 24] 48
S10 S0 [2,2,12] 48
S10 S0 [2, 26] 52
S10 Sto [2, 28] 56
S10 S1o [2, 30] 60
S10 Sto [2,32] 64
S10 S0 [2, 36] 72
S10 S0 [2, 38] 76
S10 S0 [2, 40] 80
S10 Sto [2, 44] 88
S10 Sto [2, 50] 100
S10 S1o [10, 10] 100
S10 S1o [2,52] 104

Table C.7: Example 2.39 embedded into (10, 10)—groups
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Appendix D

Miscellanea

D.1 History of simple groups and free amalgams

We give in this section some history of finitely presented (or finitely generated) infinite
simple groups and amalgams of finitely generated non-abelian free groups.

Aleksandr G. Kuros 1944 ([42]) He asked for the existence of a finitely gener-
ated infinite simple group. (This was positively answered in [34].)

Graham Higman 1951 ([34]) He gave the first existence proof of a finitely gen-
erated infinite simple group and asked for the existence of a finitely presented
infinite simple group: “Can an infinite simple group have not only a finite set
of generators, but also a finite set of defining relations?” (This was positively
answered by Richard J. Thompson in 1965.)

Ruth Camm 1953 ([19]) She constructed uncountably many finitely generated
infinite simple groups of the form 7 x5 F>. These groups are torsion-free,
2-generated, but not finitely presentable (by [4]).

Richard J. Thompson 1965 (in unpublished notes) He defined two finitely pre-
sented infinite simple groups C (often called 7") and v (often called V7). They
are not torsion-free. He also defined a third interesting group P (often called F)
which is torsion-free but not simple. For an introduction to these three groups,
see [20].

Peter M. Neumann 1973 ([56]) “At one time I had hoped that one might con-
struct a finitely presented simple group as a generalised free product of two free
groups A, B of finite rank amalgamating finitely generated subgroups H and
K. Joan Landman-Dyer and I showed quite easily that if /4 has infinite index in
A or K has infinite index in B then such a group G 1is not simple.” For a proof
that & 1s even SQ-universal under these conditions, see [62, Corollary 2]. For
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an alternative proof that G is not simple (again provided [4 : H] or [B : K]is
infinite), see [37, Corollary 2]. Then Neumann posed the following problems
(which appeared also in the Kourovka notebook): “Let G = A xy—_x B where
A, B are non-abelian free groups of finite rank and |4 : H|, |B : K| are finite.
(a) Can it happen that G is simple? (b) Is G always SQ-universal?” ((a) was
positively answered in [15]; consequently the answer to (b) is “no”.

Graham Higman 1974 ([35]) He generalized Thompson’s group } to an infi-
nite family of finitely presented infinite simple groups.

Dragomir Z. Djokovi¢ 1981 ([26]) His finitely presented “simple” group with
bounded torsion turned out to be nof simple.

Elisabeth A. Scott 1984 ([63]) She constructed another family of finitely pre-
sented infinite simple groups, related to the Higman groups.

Kenneth S. Brown 1985 ([11]) He generalized the Thompson groups 7', " and
established some finiteness properties. In 1989 ([12]), he showed that Thomp-
son’s group V' can be written as a (“positively curved, realizable”) triangle of
groups with finite vertex groups Ss, S, 57.

Meenaxi Bhattacharjee 1994 ([7]) She gave a construction of an amalgam
I3 s, I3 without non-trivial finite quotients. This group is “nearly simple” in
her terminology, but it is not known whether it has proper infinite quotients, or
it is simple. More examples like this appear in [7, 8].

Geoffrey Mess (in [57, Problem 5.11 (C)] 1995) “Let X be a finite aspherical
complex. Is there an example of an X with simple fundamental group?” (His
question was positively answered in [15].)

Daniel T. Wise 1996 ([68]) He constructed a square complex without a non-
trivial finite covering and asked: “Does there exist a CSC with (non-trivial) sim-
ple m1? I guess that one does exist.” (where CSC stands for complete squared
complex; any (2m, 2n)—complex is CSC). (Again, this was positively answered
in [15].)

Marc Burger, Shahar Mozes 1997 ([15]) They constructed an infinite family
of finitely presented torsion-free simple groups which are amalgams of finitely
generated non-abelian free groups and thereby solved many open problems
mentioned above (Neumann, Mess, Wise).

Claas E. Rover 1999 ([61]) He gave a construction of finitely presented infinite
simple groups that contain Grigorchuk groups.
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D.2 Topology of Aut(7)

Throughout this section, let 77 be the £-regular tree and G = Aut(77) its group of
automorphisms. We denote by X the countable vertex set of 7, endowed with the
discrete topology. Let X = {x,x2,...} be a fixed enumeration of X. For subsets
V,W < X and elements x, v, w € X, we define Gy :={g € G : g(}V) C W}, the
vertex stabilizer G := Gy}, (x}, the pointwise stabilizer Gy := Nyep G and to sim-
plify the notation we write G, i = G}, w, Gu,w = G},{w). We take the product
topology on [[,cy X = XY = {f: X — X} and let O be the relative topology for
GcC XY Letm; : [liex X — X be the i-th projection. The product topology guar-
antees that these maps are continuous. Again, by definition of the product topology,
a subbase for O is given by the sets G, -, where v € JV € X and W C X. Since
Go,w = UyewGy,w, the family of sets G, where v, w € X, is another subbase
for @. This topology O is sometimes called topology of pointwise convergence (or
topology of simple convergence), since a sequence (g,),en in G converges to g € G if
and only if (g, (x)) converges to g(x) in X for all x € X. Since X carries the discrete
topology, this means that for each x € X there is an integer m such that g,,(x) = g(x)
if n > m. Note that O is the compact open topology, since this has as subbase the sets
Gy, w,where V' C X isfinite, W C X, and since

GV,W — m U Gvi,w s

i=1 welW
where V' = {v1, ..., v,}.

Proposition D.1. (G, O) is a locally compact, totally disconnected, second countable,
metrizable Hausdor{f space. Moreover, it is a topological group, where we take the
usual composition of elements in the group G.

Proof Hausdorff: The space X* is Hausdorff as a product of Hausdorff spaces (see
[39, Theorem II1.5]), hence also its subspace G is Hausdorff.

Second countable: This follows immediately since X is countable and the set
{Gyw: v, w e X}isasubbase for O.

Metrizable: Let p be the discrete metric on X, i.e. p(v, w) := 0if v = w and
p(v,w):=1ifv # w. Wedefineforg, h e G

o @]
d(g.h) = p(g(x;). h(x).
i=1
Then d is a metric on G which induces O (see [18, Theorem 6.20]).
Locally compact: Let v, w € X. If we can show that G5, ,, is compact, then any
g € G has a compact neighbourhood. Let (g,,)»cn be a sequencein G, ,,. By the local
finiteness of 77, the set {g,,(x;) : n € N} is finite for each i € N. Therefore, there is an
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infinite subset N1 € N such that the vertices g, (x1) coincide for all 71 € N;. Denote
this common vertex by g(x;). Next, choose an infinite subset N C Nj, such that
gn,(x2) coincide for all n; € N> and define g(x2) := g,,(x2) (n2 € N>). Continuing
this process (i = 3,4, ...) defines an element g € G, ,,. By construction, g is a
cluster point of (g, ),en. This shows that GG, ,, 1s countably compact. But in a metric
space, the notions of countably compactness and compactness are equivalent.

Note that G, 1s a profinite group (see [21, Proposition 1.3.5]). Recall that a topo-
logical group is profinite if and only if it is compact and totally disconnected.

Observe that X is not locally compact (this follows from [39, Theorem V.19]).

Separable: A metric space is separable if and only if it has a countable base (see
[18, Corollary 7.21]).

Totally disconnected: We show that X% is totally disconnected. Assume that
K < X¥ is a connected subset such that k1, k» € K. Since the projections 7; are
continuous, each image 77;(K) is connected in X, i.e. a point. Thus 7; (k1) = m; (k2)
for each i and therefore k1 = k>. G is totally disconnected as a subspace of X° X

Topological group: Let U be the family of sets G-, where V' runs over finite
subsets of X. Note that G- = NyepGy,y 1s open in G. We first show that

Br:={gUu:2eG, UeU}

is a base for some topology @ on G such that (G, @) (with the usual composition in
the group G) is a topological group and then show that @ = ©.

The subbase B; = {gU : g € G, U € U} generates a topology @ on G, in particular,
the family B, of finite intersections of elements in B; is a base for O. Obviously, we
have B; C B,. If we can prove B, C By, then By is a base for O as claimed. Let

By=(&U (g eG UeW
i=1

be any element in B, and let # € B,>. Then gl._lh € U; foreachi = 1,...,nand
therefore gl._th,- = U; foreachi = 1, ..., n, using that U; = Gy, for some finite
V:; ¢ X. Thus,

By=(\hUi =h([\Ui) € B1.
i=1 i=1
since M?_,U; € U. Recall that the map
¢:GxG—>G
(g1, 82) = g1&

is continuous if for each (g1, 22) € GAx G and each open neighbourhoodAU of g1
in G there is an open neighbourhood V" of (g1, £2) in G x G such that (V') C U.
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So let (g1,22) € G x G and let U = uhU, (h, € G,U, € U) be an open neigh-
bourhood of g1g2 in G, say g1g&2 = h;u; € h;U; C U with U; = Gy,. Then
gz_ngZ(Vj)gng C Uj. It follows that

(1Ge)) (22U) € g182U; = hju;U; =h;U; C U

Since gngz(Vj) x g2U; 1s an open neighbourhood of (g1, g2) in G x G, we conclude
that ¢ is continuous.

The proof of the continuity of the map G — G, g +— g~ ! is similar. We have to
show that for each g € G and each open neighbourhood U of g~ ! there is an open
neighbourhood V oof g such that V-l cu:

Let g € G and let U = UhU, (h, € G, U, € U) be an open neighbourhood ofg_l,
say g7 = hju; € h;U; C U with U; = Gy, and define V= Ggfl(Vj) € U. Then

gV 'g' c U; and

(gI})_l Cg_lUj :hjujUj ://ljUj C lA]

1

Since gV is an open neighbourhood of g, the map g > g~ is continuous and (G, ©)

is a topological group.
We know that {G, ,, : v, w € X} is a subbase for @ and

{gU:g€ G, U= Gy, V C X finite}

is a subbase for @. In fact, @ = O, because on one hand Gyw=8G,foranyg e G
such that g(v) = w, and on the other hand

gGV = ﬂ Gv,g(v) .
vel

O

Proposition D.2. Let I be a subgroup of G and define I'y := ' N G,. Then the
following three statements are equivalent:

i) T isdiscrete.
ii) Ty is finite for all x € X.
iii) Ty is finite for some x € X.

Proof. 1) = 1i): A discrete subgroup A of a Hausdorff topological group G is closed
in G (see [33, Theorem 5.10]). Applying this theorem, the group I' is closed in G and
[y = I' NG, 1s closed in G, hence compact (since G is compact). But Iy is also
discrete (being a subgroup of I'), thus finite.
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i1) = iii): This is obvious.

i) = 1); Write 'y = {y1, ..., yu}. Forany y; € 'y \ {1} there is some (large)
integer m; such that y; ¢ I' N Gg(x,m;). Let m be the maximum of the m;’s, then
[N Gsi,m = {1}. Since Gs(x,m) 1s open in G, {1} is open in I', and I is discrete
({y} = {yH1}isopeninT). O

Remark. By Proposition D.2, the full group G is not discrete if £ > 3, in particular
{g} 1s not open in G. However, {g} is closed in G, since

(gt =G\ Guxrviewn -
ieN
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