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who were always helpful and cheerful when solving administrative issues or tracking down
some old paper in the library.
I am also thankful to Roy Haggerty, my M.Sc. advisor, who was the first to introduce
me to numerical simulations of geologic fluid flow processes and always motivated me to
continue my education and pursue a Ph.D.
During all these years, my family and many close friends kept me sane. These great people are, in no particular order, my parents Helma and Karl-Georg, Marina and Christian,
Maria and Arthur, the Buffle family, the Pudack family, Adrian and Olivia, Dominique,
Irene, Alan, Stefan, Jürgen, and (of course!) Achim – a very very big thank you to all of
you.
Last, but certainly not least, I am deeply grateful to my wife Steph and my little daughter
Olivia, for all their love, support, laughter, understanding, and always reminding me that
life is so much more than just some nice numerical methods.

xiv

Abstract
Many important geological processes in the Earth’s crust are related to the simultaneous,
often buoyancy driven, movement of heat and dissolved salt in water-rich crustal fluids.
These processes encompass the formation of large metallic ore deposits by magmatic fluids
below volcanoes, the cooling of new-formed oceanic crust along mid-ocean ridges, convection in sedimentary basins, or heat transported by fluid flow in geothermal systems.
The hydrodynamic and thermodynamic behavior of NaCl-H2 O fluids in permeable rocks
is fundamentally different from that of pure H2 O. During thermohaline convection, so-called
double-diffusive and double-convective flow patterns can evolve, because heat diffuses at
a higher rate than salt while salt is advected at a faster rate than heat. NaCl-H2 O fluids
can also separate into a high-density, high-salinity liquid phase and low-density, low-salinity
vapor phase at pressures and temperatures well above the critical point of pure H2 O (374◦ C,
221 bar). This process is particularly common in magmatic hydrothermal systems and
likely a key driver for the formation of the world’s major ore deposits of Cu, Mo, Au and
other important metals.
The objective of this thesis is to simulate, using numerical methods, the general behavior
of water, heat, and salt transported in the Earth’s crust across a wide range of pressure and
temperature conditions that exist between the surface and water-bearing magmas reaching
the upper crust. Thermohaline convection has been studied intensely in numerical and
physical experiments assuming that the fluid is incompressible, its viscosity is constant,
fluid density acts only on the gravity term, and can be described by a linear dependency
on temperature and pressure. Two-phase thermally driven convection has been investigated
numerically and experimentally for pure H2 O fluids. Thermohaline convection of NaCl-H2 O
fluids including the full complexity of high-temperature, high-pressure phase separation,
however, has never been studied.
To study thermohaline convection for geologically realistic pressure, temperature, and
compositional ranges, a new higher-order accurate implicit finite-element – explicit finitevolume algorithm has been developed. This algorithm is first applied to model incompressible two-phase flow to test its suitability to accurately resolve geometrically complex
structures and orders of magnitude variations in permeability. The algorithm has then
been extended to simulate compressible heat and solute transport in two fluid phases with
greatly varying fluid properties. A new equation of state for the NaCl-H2 O system, developed by Thomas Driesner at the ETH Zürich in a concurrent part of this thesis, is
employed to calculate thermodynamic fluid properties and phase state as a function of
pressure, temperature, and salinity. A series of benchmarking tests are used to verify that

xv

the algorithm can accurately solve the various component processes of multiphase thermohaline convection. For these and geometrically more complex geological applications, the
algorithm is implemented in a series of libraries in the object-oriented C++ code ’Complex
System Platform’ CSP, being developed by the ETH Zürich’s Fluid and Ore Deposits group
in collaboration with Stephan Matthäi’s research group at Imperial College, London.
In a parametric study, thermohaline convection in a square domain of 4 by 4 kilometers is
simulated for a variety of temperature and salinity input ranges. This study has identified
five general flow patterns, ranging from single-phase diffusive to multiphase convective flow
patterns including the physical separation of variably saline liquid and vapor phases and
local saturation of halite. The type of heat and mass transport cannot be characterized
quantitatively without transient model calculations by using the classical dimension parameters (i.e., Rayleigh number, buoyancy ration, normalized porosity, and Lewis number)
commonly employed to describe thermohaline convection. These are only valid for idealized physical processes that are not likely encountered in geological systems, because fluid
properties vary nonlinearly with pressure, temperature, and salinity, and are not readily
defined at two-phase conditions. Instead, the evolution of the fluid dynamics is examined
and parameterized using the local Rayleigh number and fluxibility term, which explain well
the onset of convection and conditions where heat and salt transport are maximized. The
geological implication is that transport of salt, and probably of many ore-forming metals, is
maximized at single-phase conditions, whereas important fractionation processes including
mineral precipitation are expected to be most effective near the transition between single
and two-phase flow. Furthermore, the thermodynamic explanation for the maximum temperatures of fluid ejected from seafloor black-smokers, which was derived for pure H2 O,
is still valid for NaCl-H2 O fluids and suggests that the hottest black-smoker fluids occur
where the magma chamber is shallow but the seafloor depth is large.
In a second application, the algorithm is employed to simulate heat and salt transport
in a continental magmatic hydrothermal system above a magma chamber at 800◦ C and
5 kilometers depth. In these simulations, a saline fluid is assumed to exsolve at ∼ 720◦ C
from the intrusion. For the hydrodynamic conditions assumed in this series of modeling
scenarios, magmatic fluid exsolves directly as a brine plus vapor mixture. The low-salinity
vapor rises quickly, condensing into cold surface waters. The brine, however, is immobile for large pressure and temperature ranges. Key to the formation of large magmatic
hydrothermal deposits is more likely the transition from lithostatic pressure at depth to
hydrostatic conditions higher up, allowing initial exsolution of a saline single-phase magmatic fluid. As previously shown, a single-phase fluid can maximize transport of salt and
chloride-complexed metals. Phase separation of such a single-phase fluid would occur where
lithostatic pressures decrease rapidly to hydrostatic levels. Phase separation then leads to
selective metal and volatile enrichment in brine and vapor. Herein, solutes that partition
into the vapor phase are transported upwards in high concentration, possibly forming shallow epithermal ore deposits, whereas solutes that partition into the brine phase are likely
accumulated locally due to the relative immobility of the brine.
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Zusammenfassung
Die Zirkulation von Wärme und Salz in wasserreichen Lösungen in der Erdkruste beeinflusst viele geologische Prozesse. Zu diesen gehören die Bildung von grossen metallischen
Erzlagerstätten in magmatisch-hydrothermalen Systemen, das Abkühlen von neugebildeter
ozeanischer Kruste entlang mittelozeanischer Rücken durch Meerwasserzirkulation, Konvektion saliner Lösungen in sedimentären Becken, oder der Wärmetransport in geothermalen Systemen.
Saline Lösungen unterschieden sich grundlegend in ihrer Hydrodynamik und Thermodynamik von reinem Wasser. Sogenannte doppel-diffusive, doppel-advektive Fliessbewegungen entstehen während der Konvektion von Wärme und Salz, da Wärme schneller
diffundiert als Salz, sich aber durch Advektion langsamer ausbreitet. NaCl-reiches Wasser
kann zudem bei Temperatur- und Druckbedingungen, die deutlich über dem kritischen
Punkt von reinem Wasser (374◦ C, 221 bar) liegen, in eine dichte, sehr salzhaltige, flüssige Phase und eine weniger dichte, weniger salzhaltige, dampfförmige Phase entmischen.
Dieser Entmischungsprozess ist wahrscheinlich einer der Hauptfaktoren, der zu der Bildung
der grössten Cu-Mo-Au-Erzlagerstätten führt.
Das Ziel der vorgelegten Arbeit ist, mittels numerischer Verfahren das generelle Verhalten von Wärme- und Salztransport in der Erdkruste für Druck- und Temperaturbereiche
zu studieren, die zwischen der Erdoberfläche und wasserreichem Magma in der oberen Erdkruste vorkommen können. Konvektion von Wärme und Salz ist in vielen numerischen und
experimentellen Studien untersucht worden, meist unter der Annahme, dass das Fluid nicht
kompressibel ist, eine konstante Viskosität hat, sowie dass die Dichte des Fluides nur auf
den Gravitationsterm Einfluss nimmt und durch einfache lineare Beziehungen beschrieben
werden kann. Das Fliessen einer dampfförmigen und flüssigen Phase in reinem Wasser ist
ebenfalls bereits numerisch und experimentell untersucht wurden. Konvektion von Wärme
und Salz, welche die Komplexität der Entmischung einer salzigen Lösungen in eine hochsaline flüssige und weniger saline dampfförmige Phase beinhaltet, wurde jedoch noch nie
untersucht.
In dieser Arbeit wurde deshalb ein neuartiges numerisches Verfahren entwickelt, das auf
einer impliziten Finiten Element Methode und einer hochauflösenden, expliziten Finiten
Volumen Methode basiert. Mit Hilfe dieses Verfahrens kann die Konvektion von Salz und
Wärme für die in der Erdkruste stark variierenden Drücke, Temperaturen und Salzgehalte
modelliert werden. Zuerst wurde dieses Verfahren zur Simulation leicht kompressibler
Mehrphasenströmungen verwendet, um zu testen wie gut geometrische komplexe geologische Strukturen aufgelöst werden können. Der Algorithmus wurde dann so erweitert, dass
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die Simulation von kompressiblem Wärme- und Stofftransport in zwei Fluidphasen mit
deutlich variierenden Eigenschaften möglich ist. Dazu wurde eine neue Zustandsgleichung
für das NaCl-H2 O System verwendet, welche zeitgleich von Thomas Driesner an der ETH
Zürich entwickelt wurde. Diese erlaubt, die thermodynamischen Eigenschaften einer salzreichen Lösung für gegebenen Druck, Salzgehalt und gegebene Temperatur zu berechnen. In
mehreren vergleichenden Simulationen wurde verifiziert, dass das Lösungsverfahren die
verschiedenen Teilprozesse von Mehrphasenströmungen, Wärme- und Salztransport richtig
berechnet. Das Lösungsverfahren wurde in die objekt-orientierte C++ Bibliothek ’Complex System Platform’ CSP eingebettet, einem Gemeinschaftsprojekt der Arbeitsgruppen
von Christoph Heinrich, ETH Zürich, und Stephan Matthäi, Imperial College London.
In einer ersten Studie wurde die Konvektion von Salz und Wärme in einem rechteckigen
Modell von vier mal vier Kilometern bei diversen Temperaturen und Salzgehalten simuliert,
um die Entwicklung der entstehenden Fliessprozesse zu studieren. Die Ergebnisse zeigen,
dass fünf generelle Fliessprozesse möglich sind. Sie reichen von der Diffusion einer einzigen
flüssigen Phase bis zu Mehrphasen-Konvektion von Salz und Wärme mit transienter Entmischung in eine salzhaltige flüssige und salzarme dampfförmige Phase. Die verschiedenen
Wärme- und Salztransportprozesse können jedoch nicht mittels der klassischen Parameter
(Rayleigh-Zahl, Auftriebs-Zahl, Lewis-Zahl und normalisierte Porosität) quantifiziert werden, da diese nur unter idealisierten Bedingungen anwendbar sind, welche wahrscheinlich
nur selten in der Erdkruste anzutreffen sind. Ferner variieren diese Parameter nicht linear als Funktion von Druck, Temperatur, und Salzgehalt und sind nicht per se definiert
wenn zwei Phasen vorhanden sind. Deswegen werden die Fliessprozesse mit der lokalen
Rayleigh-Zahl und dem Fluxibilität-Parameter quantifiziert, da diese das Einsetzen von
Konvektion und die Optimierung von Wärme- und Salztransport gut beschreiben. Für geologische Prozesse implizieren die Simulationsergebnisse, dass der Transport von Salz und
gelösten Stoffen, die Erzminerale ausfällen, am effizientesten ist wenn sich die Lösung nicht
in eine flüssige und eine dampfförmige Phase entmischt hat. Wichtige chemische Fraktionierungzprozesse, welche auch die Ausfällung von Erzmineralen beinhalten, sind jedoch
am Übergang von Einphasen- zu Zweiphasenströmungen am effektivsten. Des Weiteren
zeigt sich, dass die thermodynamische Erklärung der maximal möglichen Temperaturen
einer Lösung, die an den sogenannten ’black smokers’ eines ozeanischen hydrothermalen
Systems austritt, auch für salzhaltige Lösungen seine Gültigkeit hat. Ursprünglich wurde
diese für reines Wasser berechnet. Es ist anzunehmen, dass die Temperaturen eines black
smokers dann am heissesten sind, wenn dessen Magmenkammer relativ flach ist, das Meer
selbst aber sehr tief ist.
In einer zweiten Anwendung wurde das Fliessen von Salz und Wärme in einem kontinentalen hydrothermalen System um eine sich abkühlende magmatische Intrusion untersucht. Diese befindet sich in 5 Kilometern Tiefe und ist 800◦ C heiss. In den Simulationen wird ferner angenommen, dass die Intrusion während ihrer Kristallisation ein
magmatisches salzhaltiges Fluid von ∼ 720◦ C entmischt. Für die angenommenen hydrodynamischen Bedingungen zeigen die Ergebnisse, dass dieses Fluid stets als ein Gemisch einer
salzigen, flüssigen und eher salzarmen, dampfförmigen Phase produziert wird. Während
die Dampfphase schnell aufsteigt und in kalte Oberflächenwässer kondensiert, ist die flüs-
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sige Phase über grosse Druck und Temperaturbereiche relativ immobil. So ist der Übergang von lithostatischem Druck in der Tiefe zu hydrostatischen Bedingungen in flacheren
Bereichen wahrscheinlich einer der wichtigsten Faktoren für die Bildung von magmatischhydrothermalen Erzlagerstätten, da dies verhindert, dass sich das magmatische Fluid als
flüssige und dampfförmige Phase entmischt. Wie die vorangegangenen Untersuchungen
zeigten, ist der Transport von Salz und anderen gelösten Partikeln am effizientesten, wenn
die Lösung sich nicht entmischt hat. Ein solches magmatisches Fluid würde sich dann
entmischen, wenn der Druck über eine kurze Distanz von lithostatisch zu hydrostatisch abnimmt. Das Entmischen bewirkt dabei die selektive Anreicherung von Metallen und Gasen
in den beiden Phasen. Dabei werden die Metalle, die in die dampfförmige Phase partitionieren, mit dieser in hoher Konzentration schnell nach oben abgeführt, was eventuell die
Bildung epithermaler Lagerstätten zur Folge hat. Metalle, die in die flüssige Phase partitionieren, reichern sich wahrscheinlich lokal an, da diese weitgehend immobil ist.
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1 Introduction
“All things are difficult before they are easy”

Thomas Fuller, Gnomologia, 1732

1.1 Background
Geologists studying igneous and volcanic rocks have for a long time inferred that fluid flow
is a key driver for the evolution of magmatic hydrothermal systems (c.f. Guilbert and Park,
1986). Following fundamental analyses of the relation between hydrothermal fluid flow and
heat transfer in hydrothermal systems (Barton and Toulmin, 1961; Helgeson, 1968; Henley
and McNabb, 1978), pioneering research on the role of heat transported by water during the
evolution of hydrothermal system has laid the foundation for our current understanding
of groundwater flow in the vicinity of magmatic intrusions (Cathles, 1977; Norton and
Knight, 1977).
These classical studies dealt, for the first time ever, with numerical simulations of heat
and mass transport processes during density-driven groundwater flow around cooling intrusions. Finite difference models were used to simulate heat transport in an incompressible
fluid, making various simplifying assumptions: The Boussinesq approximation was applied,
which assumes that density only acts on the gravity term. The permeability of pluton and
host rock was assumed to be constant. Two-phase flow, i.e. the simultaneous flow of
a liquid and a vapor phase, was neglected, although field evidence has long shown that
two-phase flow is common in continental and oceanic magmatic hydrothermal systems
(Bodnar et al., 1985; Nehlig et al., 1991; von Damm et al., 1997; Heinrich et al., 1999).
Governing equations and solution techniques for energy transport in two fluid phases were
derived early (Narasimhan and Witherspoon, 1976; Faust and Mercer, 1979a; Faust and
Mercer, 1979b), but experimental and numerical studies were initially restricted to heat
transport during two-phase flow in subcritical (temperature and pressure below the critical point of pure H2 O) geothermal systems (Schubert and Straus, 1977; Sondergeld and
Turcotte, 1977; Grant et al., 1982).
Since these early studies, much progress has been made towards more realistic simulations of heat transport in hydrothermal and geothermal systems. Robust equations of
state for H2 O (Haar et al., 1984; Wagner and Kruse, 1998) allow the computation of fluid
properties and phase state over the entire geological temperature and pressure range. More
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sophisticated numerical models, employing finite difference (Hayba and Ingebritsen, 1994),
integrated finite difference (Pruess, 1987; Pruess, 1991), or finite element (Zyvolovski et
al., 1996) methods, were developed. These do not assume an incompressible Boussinesq
fluid and, in the case of finite element formulations, can better resolve complex geological
structures. They hence have found many applications. Effects of thermal pressurization,
heterogeneous or time-dependent permeabilities were included in the simulations (Knapp
and Knight, 1977; Knapp and Norton, 1981; Delaney, 1982; Hanson, 1992; Dutrow and
Norton, 1995). Chemical reactions were modeled in transport simulations to study fluidrock interactions and the formation of low and high-temperature hydrothermal ore deposits
(Cathles, 1983; Garven et al., 1999; Xu et al., 2001; Geiger et al., 2002). Theoretical studies
have examined the evolution of convection patterns as a function of the Rayleigh number
(Caltagirone, 1975; Kimura et al., 1986; Cherkaoui and Wilcock, 1999), as well as the thermodynamic effects of water (Straus and Schubert, 1977; Ingebritsen and Hayba, 1994; Jupp
and Schultz, 2000; Jupp and Schultz, 2004). Two-phase flow of liquid and vapor in the
vicinity of cooling intrusions was studied by Ingebritsen and Sorey (1988) and Hayba and
Ingebritsen (1997).
These studies have greatly improved our quantitative understanding of the physical and
chemical processes in hydrothermal and geothermal systems. Many of the observations field
geologists have made could be explained. Yet, all these studies have made one key simplification by assuming that the fluid was pure H2 O. Chemical data of fossil and active fluid
samples and alteration patterns show that fluids are much more complex in composition and
contain dissolved solutes (Dilles and Einaudi, 1992; von Damm, 1995; Reed, 1997; Heinrich et al., 1999; Ulrich et al., 2002). The most abundant species is salt, mainly NaCl.
The presence of NaCl in H2 O has important thermodynamic and hydrodynamic consequences. NaCl-H2 O fluids can boil and separate into a high-density, high-salinity brine
and low-density, low-salinity vapor well above the critical point of pure H2 O (Sourirajan
and Kennedy, 1962; Bodnar et al., 1985; Bischoff and Pitzer, 1989). Solid salt (halite)
often precipitates from NaCl-H2 O fluids (Cloke and Kesler, 1979). This high-temperature,
high-pressure phase separation has never been included into numerical methods, although
it is common in many continental and oceanic magmatic hydrothermal systems (Bodnar et
al., 1985; Nehlig et al., 1991; von Damm et al., 1997; Heinrich et al., 1999). Theoretical and
numerical studies of salt and heat transported in a single incompressible fluid phase show
that salt advects faster than heat, but diffuses slower than heat (Phillips, 1991; Nield and
Bejan, 1992). This causes so-called double-convective, double-diffusive flow patterns, which
are nonlinear in nature (Murray and Chen, 1989; Rosenberg and Spera, 1992; Schoofs et
al., 1999; Schoofs and Spera, 2003). Salt and heat transport in a single fluid phase, so-called
thermohaline convection, hence poses an interesting problem for nonlinear dynamics, but
also finds many applications in geologic fluid flow processes. For example, thermohaline
convection in coastal freshwater aquifers (Oude-Essink, 1996), sedimentary basins (Sarkar
et al., 1995; Schoofs et al., 2000b), mid-ocean ridge systems (Wilcock, 1998; Schoofs and
Hansen, 2000), or geothermal systems (Oldenburg and Pruess, 1998) was studied. Thermohaline convection, however, was never realistically applied to high-temperature hydrothermal systems where phase separation can occur far above the critical point of pure H2 O and
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up to magmatic conditions due to the presence of dissolved NaCl. In addition, studies of
thermohaline convection have commonly employed a simplified equation of state which uses
a linear dependency of density on temperature and salinity and assumes an incompressible
fluid with constant viscosities (Schoofs, 1999). These assumptions suppress geologically
important feedback that facilitate, for example, the mixing of fluids in permeable rock
(Matthäi et al., 2004).
Realistic simulations of thermohaline convection including the full complexity of phase
separation in high-temperature hydrothermal systems are challenging because the governing equations are highly nonlinear and strongly coupled, with fluid properties varying over
orders of magnitude as a function of pressure, temperature, and salinity. They have never
been modeled because of two reasons:
First, a consistent equation of state for the NaCl-H2 O system valid for geologically
realistic temperature, pressure, and salinity ranges is missing. Several equations of state
exist for certain pressure, temperature, and salinity regions (Bodnar et al., 1985; Bischoff
and Pitzer, 1989; Anderko and Pitzer, 1993). Since they are only valid over limited p−T −X
regions and do not overlap smoothly at the boundaries of their validity range, they are
not suited for numerical simulations of thermohaline convection in hydrothermal systems.
A recently developed set of correlations for NaCl-H2 O (Palliser and McKibbin, 1998a;
Palliser and McKibbin, 1998b; Palliser and McKibbin, 1998c), which has a wider range of
applicability, provides fluid properties that are, in certain regions, substantially different
from published experimental data and produces non-physical artifacts such as negative
heat capacities.
Second, current numerical codes cannot deal with the the simultaneous flow of a brine
and vapor phase with strongly varying fluid properties. Problems also arise because of their
numerical formulation. Finite difference and integrated finite difference methods require
structured grids which cannot resolve complex geological structures accurately. Finite element methods are not well suited to model advection dominated transport (Zienkiewicz
and Taylor, 2000). Upwind weighting schemes for finite element methods, which are
commonly employed to alleviate these problems, introduce strong grid-orientation effects
(Forsyth, 1991; Huber and Helmig, 2000). Hence they reduce the ability of finite element
methods to resolve complex geological structures. In addition, all of the above methods
commonly use a fully coupled iterative solution technique. This produces ill-conditioned
solution matrices that are not positive definite, which can prohibit the use of fast matrix
solvers and requires more computational resources (Trangenstein and Bell, 1989a; Trangenstein and Bell, 1989b; Burri, 2004). Numerical simulation are therefore often carried out
on relatively coarse grids that may not resolve geometric structures and physical processes
with adequate accuracy.
The shortcomings of the assumption of a pure H2 O fluid have often been acknowledged by
researchers. For example, Jupp and Schultz (2000) state that ”when such (NaCl-H2 O) data
becomes available, the calculations should be repeated for salt water”. It is hence highly
interesting to see how current results change if more realistic fluids, which are described
by an appropriate thermodynamic equation of state, are used to simulate heat and mass
transport in hydrothermal systems.
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(a)

(b)

Volcanism

Hydrofracturing
due to rising hot
fluids

0 km
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- 2 km

Circulation of fluids, - 2 km
phase separation,
cooling of the rock,
and chemical interactions
between fluid and rock
lead to precipitation of ore
minerals and formation
- 4 km
of ore body

- 4 km

Cooling by deep
external fluids

- 6 km

- 6 km

Crystallizing magma exsolves
vapor ± brine phase

Figure 1.1: Idealized cross section through a porphyry ore deposit at two different times. At
early times (a), a deep silicic magma chamber with several porphyry fingers exsolves a low-density, low-salinity vapor possibly coexisting with a high-density,
high-salinity brine during its crystallization. Hot fluids rise in the crust due to
buoyancy driven and forced fluid flow. Hydrofracturing occurs in response to a
progressively increasing fluid pressure due to fluid exsolution from the crystallizing magma and thermal expansion of fluids. Large-scale convection of deep
external fluids cools the system. Volcanism on the land surface is prominent.
At later times (b) phase separation into a brine and vapor phase, circulation of
heat and dissolved components around the porphyry fingers, cooling, and chemical interactions between the fluid and host rock lead to the precipitation of ore
minerals and the possible formation of economic ore deposits of porphyry style
at ∼ 3 kilometers depth, or of epithermal deposits close to the earth’s surface.
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The aim of the presented study therefore is to develop a numerical method which can
efficiently deal with thermohaline convection including the full complexity of phase separation, multiphase flow, halite precipitation, and geometrically complex geological structures.
The particular application of this new method is to model heat and salt transport around
a cooling intrusion which exsolves saline magmatic fluid (Fig. 1.1).
Ore deposits that are associated with continental magmatic hydrothermal systems are the
key sources for Cu, Au, Mo, Sn, and W. The factors that are likely to maximize ore-mineral
precipitation in such deposits can be identified by simulating transient fluid flow patterns
and resulting temperature and salinity distributions around a cooling magmatic intrusion
that exsolves saline fluids and entrains external non-magmatic fluids. For example, it is
important to predict the distinct flow paths of the brine and vapor phases to understand the
p−T evolution and the transport of salt and minor solutes that are preferentially contained
in one or the other phase. In particular, simulations can show if the brine phase, into which
Fe, Mn, Zb, Rb, Cs, Ag, Sn, and Pb preferentially partition (Audétat et al., 1998; Heinrich
et al., 1999), stays in place, sinks down on the flanks of the intrusion, or mixes and disperses
with external meteoric fluids. These processes are likely to be essential for the formation
of magmatic hydrothermal ore deposits including porphyry copper type Cu-Mo-Au and
and shallow high-sulfidation epithermal Cu-As-Au deposits (Audétat et al., 1998; Heinrich
et al., 1999; Ulrich et al., 1999; Heinrich et al., 2004). It is also interesting to investigate
how brine and volatile-rich (CO2 , H2 S, SO2 ) vapor separate on the hydrothermal-system
scale to identify mechanisms that could link porphyry-style and epithermal-style deposits.
Finally, new processes, which could not be captured sufficiently by making the previous
simplification and are related to thermohaline convection of NaCl-H2 O fluids, may emerge.
In the novel solution technique developed here, a new equation of state for NaCl-H2 O
devised by Thomas Driesner parallel to this work (Driesner and Heinrich, 2002; Driesner
and Heinrich, 2003), serves as the basis for fluid property calculations. Since geological structures are often geometrically complex, the numerical solution technique is developed from a high-resolution finite element method (Matthäi and Roberts, 1996; Roberts
and Matthäi, 1996). Based on this ongoing development, a complementary finite volume
method is introduced here to alleviate numerical problems of finite element methods and
model advection-dominated two-phase saline fluid transport. The governing equations are
solved decoupled, using finite element techniques to model diffusion and finite volume
techniques to model advection. Resulting solution matrices are hence well conditioned
and suitable for fast matrix solvers such that high-resolution simulation can be carried
out efficiently. Rigorous benchmarking is employed to verify that the numerical methods,
which are implemented in the object-oriented C++ code ’Complex System Platform’ CSP
(Matthäi et al., 2001), work well for various sub-problems of multiphase thermohaline convection. In a first application, thermohaline convection including the full complexity of
high-temperature, high-pressure phase separation in a 4 × 4 kilometer square box is modeled for a variety of geologically realistic temperature and salinity conditions to identify the
range of possible flow patterns. In a second application, heat and salt transport around
a crystallizing magma chamber is modeled to identify possible p − T − X paths of the
magmatic fluid and their impact on the formation of magmatic hydrothermal ore deposits.
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1.2 Outline
This thesis is organized as follows. In Chapter 2, the numerics of the finite element – finite
volume discretization are developed, discussing its suitability to model slightly compressible
two-phase flow in geometrically complex reservoirs. In Chapter 3, the governing equations
for multiphase thermohaline convection are developed and the new finite element – finite
volume based numerical solution technique is introduced. In Chapter 4, the benchmarking
of this new numerical technique is discussed and an application of thermohaline convection including the full complexity of high-temperature, high-pressure phase separation is
presented. In Chapter 5, a numerical study of single-phase and multiphase thermohaline convection at geologically realistic temperature, pressure, and salinity conditions is
described. This study shows that traditional ways to quantify thermohaline convection
patterns cannot be employed for geologically realistic systems and introduces hence a new
method of quantification. In Chapter 6, a numerical study of flow and transport around
a magmatic intrusion that is exsolving saline magmatic fluid during its crystallization is
discussed. The summary and outlook for possible further studies is presented in Chapter 7. The implementation of the numerical methods is described in Appendix A. The
source code of a CSP example main program for thermohaline convection around a cooling
intrusion is listed in Appendix B. The nomenclature is given in Appendix C.
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2 Combining Finite Element and Finite
Volume Methods for Efficient
Multiphase Flow Simulations in
Highly Heterogeneous and
Structurally Complex Geologic Media
2.1 Abstract
The permeability of the Earth’s crust commonly varies over many orders of magnitude.
Flow velocity can range over several orders of magnitude in structures of interest that vary
in scale from centimeters to kilometers. To accurately and efficiently model multiphase flow
in geologic media, we introduce a fully conservative node-centered finite volume method
coupled with a Galerkin finite element method on an unstructured triangular grid with a
complementary finite volume subgrid. The effectiveness of this approach is demonstrated
by comparison with traditional solution methods and by multiphase flow simulations for
heterogeneous permeability fields including complex geometries that produce transport
parameters and lengths scales varying over four orders of magnitude.

2.2 Introduction
Modelling the transport of multiphase fluids, for example of water and oil, in the Earth’s
crust is very challenging. Hydrological properties such as permeability, porosity, and fluid
velocity vary over many orders of magnitude. Hydraulic conditions often focus fluid flow in
large-scale fluid reservoirs into structures of much smaller scale, for example into fractures.
In such cases the scale of interest can vary from the kilometer to the millimeter scale with
order of magnitude velocity variations between the different scales (Fig. 2.1) (Matthäi
and Roberts, 1996; Matthäi et al., 1998; Matthäi and Belayneh, 2004). As a further
difficulty, constitutive relations for multiphase flow, i.e. the relative permeability and
capillary pressure functions, are nonlinear. In certain cases the numerical solution requires
computationally costly iterative schemes (Helmig, 1997).
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(a)

(b)
Fault

Figure 2.1: Fluid pressure contours (dashed lines) and stream lines (bold lines) in a rock
matrix (500 × 450 meters) with a highly permeable fault zone (approximately
50 cm wide), after Phillips (1991). The permeability of the fault zone is 5 orders
of magnitude higher than the matrix permeability and fluid velocities vary up
to 5 orders of magnitude. Due to its high permeability, fluid flow is focused
into the fault zone (a). Flow is fastest where the fluid pressure contours have
the closest spacing, i.e. at the tip of the fault (b)
Various numerical methods have been applied to model multiphase flow. Traditionally,
the governing equations have been solved by finite difference methods (Aziz and Settari,
1979). Fully coupled upwind-weighted finite element methods have also found many applications, as they allow for a more realistic representation of geologic structures than finite
difference methods (Huyakorn and Pinder, 1978; Dalen, 1979; Forsyth, 1991; Letniowski
and Forsyth, 1991; Helmig and Huber, 1998; Bastian and Helmig, 1999). Such methods are
mathematically similar to the integrated finite difference method (Narasimhan and Witherspoon, 1976), another approach suitable to simulate multiphase flow (Pruess, 1991).
The key difference between fully coupled upwind-weighted finite element methods and
integrated finite difference methods lies in the calculation of the fluid pressure gradient
(Narasimhan and Witherspoon, 1976). The integrated finite difference method computes
the gradient using a finite difference approximation. This requires that the interface between two nodes is perpendicular to the line connecting the nodes. Finite element methods,
in general, do not suffer from this restriction because the gradient is calculated on the basis of the element interpolation functions. Therefore, finite element methods commonly
allow for a more flexible representation of geological structures, particularly if Delaunay
triangulations are used (Shewchuk, 2002). Coupled finite element methods, as well as
integrated finite difference methods, have the drawback that the resulting algebraic solu-
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tion matrices are often poorly conditioned and not diagonally dominant. This makes the
application of fast matrix solvers difficult. In addition, computationally costly iterative
schemes such as Newton’s method are needed to solve for the nonlinearities (Huber and
Helmig, 1999; Burri, 2004). Recent advances in the simulation of multiphase flow in complex reservoirs are flux continuous finite difference methods (Lee et al., 2002) or hexahedral
multi-block methods (Jenny et al., 2002).
Combinations of finite element and finite volume methods (FEFVM) are increasingly
popular (Eymard et al., 1989; Durlofksy, 1993; Bergamaschi et al., 1998; Huber and Helmig,
1999). In this approach, a finite volume subgrid is constructed as a complement to the
finite element grid. The geometric flexibility of the finite element method is retained, but
in terms of run-time and accuracy, FEFVM simulations yield better results than fully
coupled upwind-weighted finite element methods as long as capillary pressures only varies
in continuous fashion (Huber and Helmig, 1999; Burri, 2004). The FEFVM are often
embedded within an implicit pressure, explicit saturation formulation (IMPES) to simulate
multiphase flow in porous media. In the IMPES approach, a parabolic fluid pressure
equation (flow equation) is solved implicitly (here using the finite element method) while
the saturation field is fixed, yielding the velocities of the fluid phases. These velocities
are used to calculate the mass balance of the fluid phases in the hyperbolic continuity
(transport) equation (here using the finite volume method) while the pressure field remains
fixed (Aziz and Settari, 1979).
The IMPES formulation therefore allows the combination of the best features of the
finite element and the finite volume method. In particular: The geometric flexibility of the
finite-element method allows to resolve the inhomogeneous flow field over several orders
of magnitude in scale (Fig. 2.1). The fluid pressure and continuity equation, which both
exhibit nonlinearities, can be decoupled from each other. This avoids the necessity of using
a nonlinear solution algorithm such as Newton’s method. The fluid pressure equation
can be solved efficiently by the finite element method and the transport equation by the
finite volume method. When the nonlinear flow and transport equations are decoupled,
multigrid solvers are readily applied to solve the system of equations. Algebraic multigrid
methods in particular deal well with the large variations in permeability and porosity and
solve the symmetric positive definite matrix for the fluid pressure equation (Matthäi and
Roberts, 1996; Roberts and Matthäi, 1996). Mass conservative, second order accurate,
total variation diminishing (TVD) finite volume schemes can be used to accurately track
the propagation of the saturation fronts when solving the continuity equation.
Here, we will present a finite volume method that is coupled with a standard Galerkin
finite element method embedded within an IMPES formulation. A finite volume subgrid
is constructed on the basis of the finite element grid. This method is similar to the one
discussed in the classical paper of Durlofksy (1993), but it differs in three important points.
Durlofksy (1993) uses a mixed finite element solution for the pressure and velocity equations. Because the flux is continuous between two finite elements in this formulation, the
finite volumes in the approach by Durlofksy (1993) are equal to the finite elements. Saturation is therefore piecewise constant from element to element. Finally, a higher-order
accurate approximation of the flux between two elements (i.e., finite volumes) is obtained
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by a preprocessing step in which the element saturations are linearly interpolated between
three adjacent elements. This gradient is then limited to avoid spurious oscillations.
In the approach presented here, the fluid pressure field is calculated using a standard
Galerkin method. The fluid velocity, obtained by element-wise differentiation of the nodal
fluid pressure, is constant in each finite element. The finite volume cells are constructed
around the corner nodes of each finite element and saturations are calculated at the finite
element nodes. The fluid velocities are discontinuous between two adjacent finite elements
but continuous between two adjacent finite volumes. Higher-order accurate approximation
of the flux between two finite volumes is obtained in a preprocessing step by calculating
a linear gradient of the saturations on the basis of a least-squares method using all finite
volumes surrounding the one of interest. A limiting procedure is applied as well to avoid
spurious oscillations. Our numerical methods are implemented in the object-oriented C++
code CSP (Matthäi et al., 2001).
We will demonstrate that the combination of node-centered finite volumes with standard
Galerkin solutions of the pressure equation within the IMPES formulation allows us to
efficiently model nonlinear multiphase flow in highly heterogeneous geologic media with
complex structures. This method is further fully mass conservative, does not show any
grid orientation effects and accurately retains shock fronts and rarefaction fans occurring
during multiphase flow.
This paper is structured as follows: In the next section, the governing equations for
multiphase flow in geologic media are discussed. This is followed by a detailed description
of the discretization, numerical method, and its extension to a second order accurate, TVD
scheme for node-centered finite volumes on unstructured grids. Next, the numerical method
is compared to an analytical solution, other numerical techniques, and reference solutions.
In the last section, we conduct further numerical experiments and apply the FEFVM to
hypothetical examples where oil is pumped out of reservoir with a random permeability
field and out of a fractured reservoir. We also present an example application of secondary
oil migration due to buoyancy driven flow.

2.3 Governing Equations
Flow of an immiscible fluid phase through porous media is described by the continuity
equation and Darcy’s law (Bear, 1972). Assuming that the fluid and rock matrix are
incompressible, the mass balance for a fluid phase α is given by
φ

∂Sα
= −∇ · vα + qα
∂t

α ∈ {w, n}

(2.1)

where φ is the porosity of the rock and S is the saturation (volume fraction) of phase α. The
subscripts w and n denote the wetting (water) and non-wetting (oil) phase, respectively.
The saturations S must satisfy the relation Sw + Sn = 1. The fluid velocity of phase α is
given empirically by Darcy’s law:
vα = −λα k (∇pα − ρα g)

10

(2.2)

Higher-order Finite Volume Methods for Multiphase Flow
The mobility λα = krα /µα is the ratio between the relative permeability krα of phase
α and its viscosity µα . The relative permeability describes how the presence of a fluid
phase perturbs the flow behavior of the other phase and vice versa (Fig. 2.2). k is the
permeability tensor of the porous medium, pα is the fluid pressure of phase α, ρα is the
fluid phase density, and g = [0, 0, −g]T is the gravitational acceleration vector. The fluid
pressure for the wetting and non-wetting phase are related through the capillary pressure p c
as pn = pw + pc . Several classical functions exist for the calculation of relative permeability
krα and capillary pressure pc (Brooks and Corey, 1964; Van Genuchten, 1980).
0

Log Relative Permeability [-]

-1
-2
-3
-4
krw Brooks-Corey

-5

krn Brooks-Corey
krw Van Genuchten
krn Van Genuchten

-6
-7
0.0

0.2

0.4

0.6

0.8

1.0

Saturation Wetting Phase [-]

Figure 2.2: Relative permeability curves as a function of the saturation of the wetting
phase for the Brooks-Corey model and the Van Genuchten model with input
parameters of 2 and 5, respectively. Residual saturations are 0 in both models.
Neglecting capillary effects such that pw = pn , Darcy’s law for both fluid phases can be
expressed similarly to equation 2.2 as
vt = −λt k∇p − kg (λw ρw + λn ρn )

(2.3)

where vt = vw + vn is the total velocity of the fluid phases and λt = λw + λn is the total
mobility.
If the fluid is incompressible, the divergence of the flow field is equal to the total fluid
source or sink qt = qw + qn
∇ · vt = q t

(2.4)

By inserting Darcy’s law from equation 2.3 into equation 2.4, the following equation for
the fluid pressure of incompressible fluids in a reservoir is obtained
0 = ∇ · [λt k∇p] + k (λw ρw + λn ρn ) g∇z + qt

(2.5)
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For reservoirs with slightly compressible fluids and/or rock matrix where ct (∆p)  1,
which is a valid assumption on the reservoir scale (Durlofksy, 1993), equation 2.5 becomes
the parabolic fluid pressure equation
φct

∂p
= ∇ · [λt k∇p] + k (λw ρw + λn ρn ) g∇z + qt
∂t

(2.6)

Here, ct is the total compressibility of the fluid and rock system.
If we further assume that gravity effects are absent such that for the incompressibility
condition the fluid pressure is given by
0 = ∇ · [λt k∇p]

(2.7)

then the phase velocity vα is equal to
vα = f α vt

(2.8)

where fα = λα /λt is the fractional flow function. This allows rewriting equation 2.1 as
φ

∂Sα
= −∇ · (fα vt ) + qα
∂t

(2.9)

To include capillary as well as gravity effects, equation 2.9 must be expanded as (Durlofksy,
1993)
φ



∂Sα
= −∇ · (fα vt ) + ∇ · λ̄t k∇pc − ∇ · ∆ρg λ̄t k∇z + qα
∂t

(2.10)

where λ̄t is defined as λ̄t = (λn λw ) /λt and ∆ρ as ∆ρ = ρα − ρα2 , the subscript 2 denoting
the second phase. Note that the capillary pressure term has a positive sign if α = n and
negative sign if α = w. For capillary pressure, the transient fluid pressure equation (Eq.
2.6) becomes (Durlofksy, 1993)


∂p
1
φct
= ∇ · [λt k∇p] + ∇ ·
(λn − λw ) k∇pc + k (λw ρw + λn ρn ) g∇z + qt (2.11)
∂t
2

2.4 Numerical Methods
2.4.1 Choice of Discretization
In order to capture the flow geometry with the flexibility that the finite element method
offers, we discretize the two-dimensional domain with a constrained conforming Delaunay
triangulation (Shewchuk, 2002), see Figure 2.3. The finite volumes are constructed from
the basis of the finite elements. A common choice for triangular finite element grids is to
use node-centered finite volumes (Durlofsky, 1994; Huber and Helmig, 2000). For a given
triangular finite element mesh, a finite volume subgrid is constructed by connecting the
barycenters of the triangles with the midpoints of the associated edges (Fig. 2.4).
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Figure 2.3: Triangular finite element mesh of the geometry depicted in Figure 2.1.

2.4.2 Calculation of Fluid Velocities
In the IMPES formulation, an accurate representation of the fluid velocity field is essential
for calculating the advance of the fluid phases. The best technique to calculate fluid velocities from the fluid pressure field using finite element methods has been subject of considerable discussion (Cordes and Kinzelbach, 1992; Durlofsky, 1994; Mosé et al., 1994; Cordes
and Kinzelbach, 1996). In general, two approaches based on different finite element formulations are possible. The first one is a mixed-element formulation in which fluid pressures
are calculated at the element centers and fluid fluxes are obtained simultaneously at the
midpoints of the finite element edges (Chavent and Jaffre, 1986). The flux calculated by
the mixed-element method is continuous across adjacent finite elements. This approach is
commonly used in the IMPES formulation (Eymard et al., 1989; Durlofksy, 1993; Bergamaschi et al., 1998; Huber and Helmig, 1999). The second approach is to calculate the fluid
velocities by element-wise differentiation of the pressure field. This has been successfully
employed in high-resolution simulations of fluid flow in complexly fractured networks and
porous media using linear (Matthäi and Roberts, 1996; Matthäi et al., 1998) and quadratic
(Matthäi and Belayneh, 2004) finite element interpolation functions. For linear interpolation functions, the velocities are element-wise constant and hence discontinuous between
two adjacent elements. They are, however, continuous between adjacent node-centered
finite volumes (Fig. 2.5). By integrating the flux at each segment, i.e. the product of
velocity, normal vector, and segment length, over the entire surface of the finite volume,
conservation of mass is obtained on the finite volumes (Durlofsky, 1994).
Either method has distinct advantages and disadvantages. It has been argued that
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Figure 2.4: Node-centered finite volumes at nodes i and j with triangular finite elements
ei1 - ein (ej1 - ejn , respectively) and segments si1 - sin (sj1 - sin , respectively).
the continuous fluxes of the mixed-element formulation commonly yield more accurate
streamlines, particularly for coarse meshes and strongly heterogeneous permeability fields
(Durlofsky, 1994; Mosé et al., 1994). On the other hand, mixed-element methods produce
solution matrices that are no longer symmetric positive definite and contain between 1.5
to 4 times more unknowns as in standard finite element methods (Durlofsky, 1994; Cordes
and Kinzelbach, 1996). It further can be shown that the lowest order mixed-element
methods yields the same results (pressure, velocity, and flux) as linear triangular finite
elements (Cordes and Kinzelbach, 1996). Cordes and Kinzelbach (1992) use a postprocessing technique to increase the accuracy of element-wise differentiated velocities. The error
of the velocity field computed from mixed-element or Galerkin methods is approximately
the same for sufficiently large models (Lachassagne et al., 1989) because mixed-element
methods approximate the conductivity in the stiffness matrix as the harmonic mean while
standard Galerkin methods approximate it by arithmetic weighting (Cordes and Kinzelbach, 1996). Mixed-element methods therefore underestimate the total flux while standard
Galerkin methods overestimate it. Hydrological scenarios are hence likely to occur where
either method is closer to the true solution (Cordes and Kinzelbach, 1996). Due to the
successful applications of Galerkin methods to model fluid flow in strongly heterogeneous
porous and fractured media (Matthäi and Roberts, 1996; Matthäi et al., 1998; Matthäi and
Belayneh, 2004) and its suitability for applications of fast matrix solvers such as algebraic
multigrid methods (Roberts and Matthäi, 1996), we employ the Galerkin finite element
method to calculate the fluid pressure field and use element-wise differentiation for the
fluid velocities. This method is described in the next section.

2.4.3 Finite Element Method
We use a standard Galerkin finite element method, where the transport parameters (i.e.,
k, φ, q) are defined on the finite elements, to approximate the spatial operators in equation
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p

dp/dx ~ v

FEFV Grid
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Figure 2.5: One-dimensional uniform finite element – finite volume grid showing the fluxcontinuity across boundaries of adjacent finite volumes. The long dashed lines
are the boundaries between four finite elements e. The short dashed lines are
the boundaries, i.e. finite volume segments, between five node-centered finite
volumes V . The run of the fluid pressure p is shown by the gray line. The
derivative dp/dx, which is proportional to the fluid velocity v, is shown by the
black horizontal lines. For linear interpolation functions Φ, dp/dx is constant
and continuous across each finite volume segment but discontinuous across two
neighboring finite elements. Integration of the segment flux, i.e. the product
of velocity, normal vector, and segment length, over the surface of the finite
volume conserves mass on the node-centered finite volume.
2.6. If capillary pressure is present, then we approximate equation 2.11 and solve for the
wetting phase pressure pw . For simplicity, we first explain the finite element approximation
of equation 2.6 and expand this later to include capillary pressure (Eq. 2.11). The backward
Euler method is used to discretize the time derivative. This yields the fluid pressure at the
nodes of the finite elements at each time step. The nodal fluid pressure is differentiated to
compute the total velocities from Darcy’s law (Eq. 2.3). Fluid flux conserves mass across
the boundary segments of finite volumes within associated finite elements (Fig. 2.5).
The Galerkin finite element method is well established and excellent descriptions are
available in the literature (Huyakorn and Pinder, 1983; Zienkiewicz and Taylor, 2000).
Therefore, only a brief description is provided here.
The computational domain Ω is discretized into a family of triangular finite elements
(Fig. 2.3). We also consider a finite element space V of linear polynomial functions which
are restricted to each triangle in the finite element mesh. For each such finite element space
m
there is a set of m Lagrange points Nh = {xi }m
i=1 and a set of basis functions {Φi }i=1 ⊂ V
such that
Φi (xj ) =



1 if i = j,
0 otherwise.

(2.12)
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xj is the coordinate vector at node j. Any v ∈ V can be written as
v(x) =

M
X

v(xj )Φj (x).

(2.13)

j=1

Consider a general differential equation
L[u] = 0

(2.14)

where L is a spatial differential operator. The Galerkin finite element approximation to
the solution of this equation is obtained as the function u ∈ V which satisfies
Z
L[u] Φi dx = 0
(2.15)
Ω

for all basis functions Φi . This leads to a set of m (possibly nonlinear) equations which
need to be solved for the coordinates of u in the given basis {Φi }m
i=1 .
The Galerkin finite element form of equation 2.6 is given by a function p(x, t) such that
for fixed time t, the function p(·, t) ∈ V. The function p satisfies
Z
Z
∂p
φct Φi dx = − λt ∇pk∇Φi dx
(2.16)
∂t
Ω
ZΩ
Z
− (λn ρn + λw ρw ) gT k∇Φi dx + qt Φi dx
Ω

Ω

for all basis functions Φi . p is represented by the interpolation function
m
X

p(x, t) =

pj (t)Φj (x)

(2.17)

j=1

In terms of the functions pj (t) = p(xj , t), equation 2.16 can be written as the coupled
system of algebraic differential equations
m
X
dpj
j=1

dt

(t)Aij (t) = −

m
X

pj (t)Kij (t) + qi (t).

(2.18)

j=1

where
Aij (t) =

Z

φct Φj Φi dx and Kij (t) =
Ω

Z

Ω

λt ∇Φj k∇Φi dx

(2.19)

and
qi (t) = −

16

Z

T

(λn ρn + λw ρw ) g k∇Φi dx +
Ω

Z

qt Φi dx
Ω

(2.20)
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Using backward Euler time-stepping to solve this system of equations, we obtain an equation for pkj where the superscript k denotes the approximation of the function at time k∆t,
where ∆t is the time-step. The evolution equation for pkj is given by
m
X

(Ak+1
+ ∆tKijk+1 )pk+1
=
ij
j

j=1

m
X

Akij pkj + ∆tqik+1

(2.21)

j=1

Mass lumping, i.e. diagonalization, of the matrix Aij is common and was shown to be
essential to avoid spurious oscillations for simulations of unsaturated flow (Celia et al.,
1990). Each finite element mass matrix is diagonalized by summing up all entries of a row
 P
j=1 Ae,ij for i = j
Ãe,ij =
(2.22)
0
for i 6= j
Capillary pressure effects are included by the finite element discretization of the term
∇ 21 [(λn − λw ) k∇pc ] in equation 2.6 and its addition to the right-hand side qi (t) in equation
2.20 as
Z
1
(λn − λw ) ∇pTc k∇Φi dx
(2.23)
2 Ω
Equation 2.21, which may be written as Ax = b, is sparse, symmetric, and positive
definite and can be solved efficiently using (algebraic) multigrid methods (Roberts and
Matthäi, 1996; Stüben, 2001). A multigrid solver repeatedly applies a v-cycle, during
which x is approximated by the trial solution x̃. This solution is then smoothed and the
grid is coarsened, i.e. the problem Ax = b is restricted recursively to smaller grids until
the problem can be solved exactly on the coarsest grid, for example by LU decomposition.
This solution is then interpolated back onto successively finer grids until an improved
trial solution x̃ is obtained. Repeated smoothing, grid coarsening, and interpolation will
then lead to a trial solution that solves the problem Ax = b within numerical precision.
In particular, algebraic multigrid solvers do not require any geometric information of the
domain and can therefore be used as a plug-in that yields the most efficient method to
solve problems with very large numbers of unknowns in geometrically complex structures
(Stüben, 2001).
We obtain the element-wise constant phase velocity vα in a post-processing step after
solving equation 2.21 from
vαj =

n,d
X
i,j

−pαi kij ∇Φji λα + kij λα gj ρα

(2.24)

Here, i and j are indices over the n nodes of e, respectively its dimension d. ∇Φ is a matrix
of size d × n holding the derivatives of Φ. λα and ρα are assumed, for simplicity, to be
constant in e.
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2.4.4 Finite Volume Method
In the finite volume method, the element-wise constant velocities calculated from equation 2.24 are employed to compute the mass balance for the fluid phases (Eq. 2.1). For
simplicity, we first assume that capillary and gravity effects are absent and derive the complete finite volume formulation including capillary and gravitational flow later. We use the
identity vα = fα vt and integrate equation 2.9 over a finite volume Vi
Z
Z
Z
∂Sα
φ
dV = −
∇ · (fα vt ) dV +
qα dV
(2.25)
∂t
Vi
Vi
Vi
Within each finite volume Vi , the saturation Sα is assumed to be constant. Applying the
divergence theorem to equation 2.25 leads to the accumulation of all segment fluxes in and
out of Vi
Z

nsi
nei
∂Sα
∆t X
1 X
1
[fαj vtj ] · nj +
φi
dV = −
qαe Ae
∂t
Ai j
Ai e 3
Vi

(2.26)

P
where nj si is the summation of all fluxes [fαj vtj ] · nj at segment j belonging to the group
of segments nsi of finite volume Vi . Ai is the area of the control volume, Ae that of the finite
element, and nj is the outward normal vector to j-th segment, scaled by the length of the
segment. As the source/sink terms qα are definedP
on the finite elements, their contribution
to a finite volume i is computed by summation ne ei of each source term associated with
a finite element e that belongs to the group of finite elements nei connected to the finite
volume Vi . Note that source/sink terms must be multiplied by 1/3 because each finite
element contributes 1/3 of its volume to the associated finite volumes (Fig. 2.4). Using a
forward Euler discretization in time on equation 2.26 yields, after rearranging, the evolution
of Sα in Vi from time k to k + 1 in the final form
k+1
Sαi

=

k
Sαi

nsi
nei
1 k
∆t X
∆t X
k
q Ae
[fαj vtj ] · nj +
−
φi A i j
φi Ai e 3 αe

(2.27)

where ∆t is the time-step. Its size is given by the CFL criterion, stating that the maximum
volume flux per time-step must not exceed the area of the associated finite volume.
If capillary and gravity effects are present, equation 2.25 must include the divergence
terms for capillary pressure and gravity from equation 2.10
Z
Z
∂Sα
φ
dV = −
∇ · (fα vt ) dV
∂t
Vi
Vi
Z

+
∇ · λ̄t kpc dV
ZV i
Z

−
∇ · ∆ρg λ̄t k∇z dV +
qα dV
(2.28)
Vi
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Applying the same procedure to equation 2.28, i.e. the divergence theorem and forward
Euler discretization in time, yields the finite volume formulation including the segment
fluxes for capillary and gravity flow
nsi
∆t X
k+1
k
Sαi = Sαi −
[fαj vtj ]k · nj
φi A i j
nsi
k

∆t X
λ̄tj ∇pc · nj
+
φi A i j

nsi
nei

k
∆t X
1 k
∆t X
−
∆ρg λ̄tj k∇z · nj +
q Ae
φi A i j
φi Ai e 3 αe

(2.29)

Note that ∇pc and ∆ρ are, as vα , element-wise constant.
Second-order Accuracy and Slope Limiters

A first-order accurate scheme for solving equation 2.27 or 2.29 is obtained if we approximate
Sαi by a constant for each volume Vi and compute the flux at segment j using a simple
upwinding scheme, i.e. calculating fαj and λ̄tj from Sαi at the finite volume Viup that lies
upstream of j. This leads to highly diffuse non-physical saturation fronts. A higher-order
accurate approximation of Sαi , respectively fαj and λ̄tj , is hence needed.
We obtain a second-order accurate solution of equation 2.27 or 2.29 by reconstructing
the linear gradient of the saturation Sαi in the control volume Vi . This is achieved by using
a least squares method to fit a plane through Sαi and the saturation values Sαj at the ni
neighboring control volumes Vj of Vi , such that Sαi varies linearly in Vi . In two dimensions,
this gradient a = (a1 , a2 ) satisfies
2
X

Mkl al = bk

(2.30)

l=1

where

Mkl =

n
X

(xjk − xik )(xjl − xil )

(2.31)

(Swj − Swi )(xjk − xik )

(2.32)

j=1

and
bk =

n
X
j=1

and xi1 and xi2 are the two-dimensional spatial coordinates of the center of mass of finite
volume Vi , and xj1 and xj2 are the spatial coordinates of the center of mass of the neighboring finite volumes Vj . The linearly approximated saturation S̃αj is, at any point within
the finite volume Vi , given by
S̃αi (x) = Sαi + a · (x − xi )

(2.33)
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where x ∈ Vi . Evaluating S̃αi at each segment j, the fractional flow fαj is then calculated
for S̃αi at the upstream finite volume Viup such that equation 2.27 or 2.29 is solved to
second-order accuracy.
Although second-order accuracy in space is now achieved, the linear reconstruction S̃αi
will introduce spurious oscillations resulting in non-physical values of Sα , because fαj may
over- or under-predict the flux where sudden jumps (shocks) in Sα occur over two adjacent
finite volumes. The application of a slope limiter is hence essential to smooth the gradient
of Sαi if such shock fronts occur. In particular the limited function S̄αi is obtained for S̃αi
as
S̄αi (x) = Sαi + Ψi (a · (x − xi ))

(2.34)

where 0 ≤ Ψi ≤ 1 is a chosen limiter. With Ψi = 1, the gradient of Sαi is fully retained.
With Ψi = 0, the saturation Sαi is constant in Vi resulting in a first-order scheme. With
0 < Ψi < 1, the gradient of Sαi is limited by a factor Ψi . Values of Ψi < 1 occur in the
vicinity of shock fronts (i.e., discontinuous changes of Sα ) to limit the gradient and avoid
spurious oscillations.
We use the MINMOD limiter to calculate Ψj as the minimum of a value ri or 1
Ψj = min [ri , 1]

(2.35)

The minimum of ri is calculated by comparing Sα at finite volume i and its linear approximation S̃αj at all segments j belonging to i
 max
 (Sαi − Sαi )/(S̃αj − Sαi ) S̃αj > Sαi
ri =
(S min − Sαi )/(S̃αj − Sαi ) S̃αj < Sαi
 αi
1
S̃αj = Sαi

min
max
Sαi
and Sαi
is the minimum, respectively maximum value of Sα at finite volume i and
S̃αj at all its segments j. Solving equation 2.29 with fαj and λ̄tj calculated for the linearly
approximated and limited saturation S̄αj at segment j of the upstream finite volume Viup
yields
nsi

 k
∆t X
k+1
k
fαj S̄αj vtj · nj
Sαi
= Sαi
−
φi A i j
nsi


k
∆t X
+
λ̄tj S̄αj ∇pc · nj
φi A i j

nsi
nei


k
∆t X
1 k
∆t X
q Ae
−
∆ρg λ̄tj S̄αj k∇z · nj +
φi A i j
φAi e 3 αe

(2.36)

Such total variation diminishing (TVD) schemes (Harten, 1983; Sweby, 1984) appear to
be computationally the most efficient methods when applied to a simple one-dimensional,
linear conservation law such as the advection equation. Therefore, TVD methods are
usually employed to solve the advection equation within the FEFVM framework (Eymard
et al., 1989; Durlofksy, 1993; Bergamaschi et al., 1998; Huber and Helmig, 1999).
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2.5 Validation of the Numerical Methods
2.5.1 Buckley-Leverett Problem
If gravity and capillary effects are neglected, the multiphase flow problem reduces to the
Buckley-Leverett problem (Buckley and Leverett, 1964), for which analytical solutions can
be derived (Helmig, 1997). Our numerical method is compared to an analytical solution of
the one dimensional Buckley-Leverett problem using the relative permeability functions
krw (Sw ) = Sw4
and
krn (Sw ) = (1 − Sw )2 (1 − Sw2 )
of the Brooks-Corey model (Brooks and Corey, 1964) with a pore size distribution index of
2 (Fig. 2.2). We chose a uniform isotropic permeability of k = 10−13 m2 , a uniform porosity
φ = 0.15 and a fluid pressure gradient of 1000 Pa m−1 . The viscosity of the water phase
µw and the oil phase µn are the same at 0.001 Pa s−1 . Initially, the medium is saturated
with oil (Sn = 0.9) that is replaced from the left by the intruding water phase with a
saturation of Sw = 0.9. The meshes are pseudo one-dimensional with uniform triangular
finite elements and consist of 60 and 200 nodes, respectively, in the x-direction. The fluid
pressure is updated every 0.1 days.
Figure 2.6 shows the comparison of the numerical solution for the coarse and fine meshes
with the analytical solution for the Buckley-Leverett problem after 105 days. The numerical
solution shows a very good agreement with the analytical solution. Numerical diffusion
at the shock front is minimal and the rarefaction fan, i.e. the nonlinear change in Sw to
the left of the shock front, is matched very closely. The solution improves as the mesh is
refined.

2.5.2 Comparison to Other Methods
We now present a comparison of the numerical results for the Buckley-Leverett problem to
results obtained with an upwind-weighted, fully coupled finite element method (Huyakorn
and Pinder, 1978; Dalen, 1979; Forsyth, 1991; Helmig and Huber, 1998) implemented into
CSP by Burri (2004) and with the integrated finite difference method (Narasimhan and
Witherspoon, 1976) using TOUGH (Pruess, 1991). The same parameters as in the FEFVM
simulations were used for the fully coupled finite element and TOUGH simulations. Furthermore, simulations carried out with TOUGH used an upstream weighting of mobility
and permeability. The module EOS8 was employed with the appropriate adjustment of
the relative permeability model for the oil phase. The oil viscosity was fixed at 0.001 Pa
s−1 . The gas phase was absent. The temperature was held uniform at 20◦ C and pressures
varied from 1.1 × 106 Pa at the left boundary to 1.0 × 105 Pa at the right boundary such
that the water viscosity was constant at 0.001 Pa s−1 in the entire model while retaining a
pressure gradient of 1000 Pa m−1 .
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Figure 2.6: Comparison of the pseudo one-dimensional numerical solution for a coarse and
fine mesh (60 nodes and 200 in x-direction, respectively) to the analytical solution of the Buckley-Leverett problem. The water phase displaces the oil phase
in a homogeneous porous media. Snapshot is taken after 105 days.
Figure 2.7 shows the results for the coarse mesh (60 nodes in x-direction) after 105 days.
Clearly, the FEFVM matches the analytical solution the closest. The fully coupled finite
element solution is also in relatively good agreement with the analytical solution but does
not match the shock front as well. The results obtained with TOUGH show the strongest
deviation from the analytical solution. The location of the shock front agrees partly but the
resolution of shock front is very diffuse. The numerical solutions with TOUGH improve
significantly as the mesh is refined. For the fine mesh (200 nodes in x-direction, not
shown), the numerical solution matches that of the fully coupled finite element method for
the coarse mesh. The fully coupled finite element method, however, has the drawback that
it requires significantly more CPU time due to the use of iterative schemes (Table 2.1).
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Figure 2.7: Comparison of solutions for the Buckley-Leverett problem for different solution
methods on the coarse mesh (60 nodes in x-direction). The water phase displaces the oil phase in a homogeneous porous media. Snapshot is taken after
105 days.

Scheme ∆t [d]
Picard
0.1
Picard
0.33
Newton
0.1
Newton
0.33
FEFVM
0.1

Runtime [min]
1:55
1:18
4:07
2:13
0:16

Total iterations
6980
4195
6057
3377
-

Avg. iterations
4.65
9.22
4.09
7.35
-

Table 2.1: Runtime properties for fully coupled finite element and FEFVM approaches for
the Buckley-Leverett problem using the coarse mesh, after Burri (2004). Picard
and Newton iteration schemes were employed in the fully coupled finite element
formulation. Simulations were carried out on a Pentium IV processor with 2.6
GHz. Runtime properties for TOUGH simulations are not shown because these
runs were carried out on a Sun workstation.
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2.5.3 Five-spot Waterflood Problem
In order to test the sensitivity of our numerical scheme to grid orientation effects we apply
it to the five-point waterflood problem (Spivak et al., 1977). This problem consists of
two test cases, neglects capillary and gravity effects, and only considers incompressible
and immiscible fluid flow. In both cases, a square domain (here 100 × 100 meters with
k = 10−14 m2 ) is initially saturated with oil (Sn = 1.0). In the first case (Fig. 2.8a), water
is injected in the lower left corner (Sw = 1.0), replacing the oil, which is extracted in the
upper right corner. Here, the principal flow direction is diagonal to the grid. In the second
case (Fig. 2.8b), water is injected in the lower left and upper right corners (Sw = 1.0), oil
is replaced and extracted in the lower right and upper left corners, respectively. Here, the
flow is parallel to the grid. In both cases, the pumping rates are held constant. We solve
qt = -qn

qt = -qn

(a)

(b)

qt = qw

qt = qw

qt = qw

qt = -qn

Figure 2.8: Setup of the five-spot waterflood problem with part of the triangular finite
element mesh (not to scale). In case 1, water is injected in the lower left
corner, while oil is extracted in the upper right corner (a). Flow is diagonal to
the grid. In case 2, water is injected in the lower left and upper right corners,
while oil is extracted in the lower right and upper left corners (b). Flow is
parallel to the grid. Dimensions are 100 × 100 meters.
the five-point waterflood problem for finite element grids consisting of 4,096 and 32,768
triangular finite elements using the same Brooks-Corey function and viscosity ratio as for
the Buckley-Leverett test case. The fluid pressure field is updated every 4.32 × 10−4 pore
volumes injected (PVI).
Figure 2.9 shows the saturation contours for the water phase for both cases after 0.015
PVI. A good numerical scheme should reproduce quarter circle shaped saturation fronts
of the water phase (Spivak et al., 1977). For the coarse and the fine mesh, the numerical
scheme does not show major grid orientation effects or cross diffusion and the saturation
fronts are represented by highly resolved quarter circles.
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Figure 2.9: Numerical solution for the five-spot waterflood problem for a coarse (a,c) and
fine (b,d) finite element mesh, respectively. Contours show the water saturation
after 0.015 PVI. In cases (a) and (b), water is injected in the lower left corner,
while oil is extracted in the upper right corner. Here, flow is diagonal to the
grid. In cases (c) and (d), water is injected in the lower left and upper right
corners, while oil is extracted in the lower right and upper left corners. Here,
flow is parallel to the grid.
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2.6 Two-phase Flow in Heterogeneous Reservoirs
In the following, three numerical experiments are discussed which test the applicability of
our method to simulations of multiphase flow in highly-heterogeneous reservoirs represented
by regular and irregular triangulated finite element meshes. The first test case considers
flow in a porous medium with a random permeability field, the second test case describes
flow towards a pumping well within an idealized fractured reservoir. The same relative
permeability model as in section 2.5 is used. The last test-case comprises buoyancy driven
hydrocarbon migration in an idealized faulted sedimentary basin.

2.6.1 Flow in a Random Permeability Field
We have modeled flow in a square domain with a random permeability structure. The
model setup is analogous to the first test case of the five-spot waterflood problem (Fig.
2.8a). Water is injected in the lower left corner at a constant rate (Sw = 1.0) into a
reservoir initially fully saturated with oil (Sn = 1.0). Oil is pumped out of the reservoir
in the upper right corner. In both cases, pumping rates are held constant. A random
permeability field was created using a log normal distribution, a mean of -12.0, a variance
of 0.3, and a correlation length of 2.0 (Bellin and Rubin, 1996). The fine triangular finite
element discretization of the five-spot waterflood problem consisting of 32,768 elements
was used.
Figure 2.10 shows the permeability field and the numerical solution of the water phase
after 0.015 PVI. Our method retains the shock fronts even in a permeable medium with
permeability variations over four orders of magnitude.

2.6.2 Flow Towards a Pumping Well Within an Interconnected
Fracture Model
Faults in oil reservoirs have a strong influence on the total permeability and cause difficulties
when predicting oil recovery (Matthäi and Roberts, 1996; Matthäi et al., 1998) (Fig. 2.1).
Furthermore, permeability fields are discontinuous because variations in permeability are
bound to distinct geological structures. To study the ability of the numerical method to
model pumping in a reservoir with an idealized interconnected fracture system, flow around
a well located in the center of an interconnected fracture network is examined (Fig. 2.11).
All fractures have an equivalent porous media representation and are represented as thin
cuts (10 cm) in a plan view of the reservoir. The fracture aperture is still over-represented
by a factor 100 and the effective medium permeability has been adjusted accordingly. The
matrix permeability in the reservoir is set to km = 10−13 m2 while the fracture permeability
is kf = 10−9 m2 . The matrix porosity is φm = 0.1 while the fracture porosity is φf = 1.0.
The oil phase is twice as viscous as the water phase. Initially, the reservoir is assumed to be
completely filled with oil (Sn = 1.0) and subsequently pumped empty (Dirichlet conditions
of Sw = 1.0 along the boundaries of the model). Reservoir boundary pressures are fixed,
simulating infinite-acting reservoir behavior. The model dimensions are 50 × 50 meters.
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Figure 2.10: Permeability field (darkest values correspond to k = 10−14 m2 , brightest values
to k = 10−10 m2 ) (a) and numerical solution showing the contours of the water
saturation after 0.015 PVI (b).
The unstructured mesh consisted of 20,586 finite elements. Element areas vary from 0.001
to 1 m2 . The smallest triangles are located within the fractures. The fluid pressure is
updated every 0.025 pore volumes extracted (PVE).
Figure 2.12 shows that the presence of conductive fractured leads to dramatic deviations
from radial drawdown. Water is focused into the fractures where the flow is fastest. Oil
can be extracted efficiently through the fractures but only slowly from some parts of the
matrix. The oil within the fracture-bounded block in the reservoir around the well (i.e., the
part of the reservoir that is totally surrounded by fractures) is recovered first and displaced
by water. This implies that oil-production rate rapidly decreases with time as water break
through in the well occurs long before any of the oil in most parts of the matrix has been
mobilized.
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(a)

(b)
Fracture network
(<10 cm width)

Pumping
Well

Oil reservoir
(Dirichlet boundary
conditions)

Figure 2.11: Model setup (plan view) for the simulation of pumping in a reservoir with an
interconnected fracture system (a) and finite element triangulation (b). Note
that triangles within the fractures and their immediate vicinity are so small
that they are not resolved on the model scale and appear as bold black lines.
Model dimensions are 50 × 50 meters.
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Figure 2.12: Contours of water saturation after 10 PVE (a) and close-up of the model in
the area of the well (b). Arrows depict direction of flow. Note how flow is
focused into and out of the fractures due to the deviations in fluid pressure
from the radial drawdown.
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2.6.3 Secondary Migration in a Faulted Reservoir
To illustrate the ability of the numerical method to compute density driven two-phase flow
on the reservoir scale, we have modeled two-phase flow including gravity and capillary
effects to simulate secondary migration within an idealized faulted sedimentary basin. The
sedimentary basin comprises an anticlinal structure that is offset by two normal faults that
are highly permeable. The anticline consists of four different sedimentary layers. Its top
layer (Layer 4) has the low permeability of 10−16 m2 and high capillary entry pressure
of 10000 Pa. It hence forms a barrier. Table 2.2 lists the properties of the different
sedimentary layers. We assume that oil is lighter than water, having a density of ρn = 800
kg m−3 while the water phase has a density of ρw = 1000 kg m−3 . Furthermore, oil is
assumed to be three times as viscous as water. Dirichlet boundary conditions were applied
at the top and bottom model boundary for the oil saturations and on the top boundary
for the fluid pressure. The oil source is initially entirely saturated with oil (Sn = 0.9), the
overlying reservoir entirely with water (Sw = 1.0).
Layer
Oil source
Layer 1
Layer 2
Layer 3
Layer 4
Fault

log k [m2 ] φ [-] BC [-] pe [Pa] Swr [-] Snr [-]
-14.3
0.2
2.5
5000.0
0.05
0.15
-13.0
0.2
2.5
1000.0
0.05
0.15
-14.0
0.15
2.0
3000.0
0.07
0.17
-12.3
0.22
3.0
750.0
0.05
0.10
-16.0
0.1
1.8
10000.0 0.09
0.22
-12.0
1.0
1.0
0.0
0.01
0.07

Table 2.2: Properties of the different rock units of the sedimentary basin depicted in Figure
2.13. BC denotes the Brooks-Corey parameter, pe the capillary entry pressure,
and Swr and Snr the residual saturations of the wetting and non-wetting phase,
respectively.
Figure 2.14 shows the oil movement after 2000 and 4000 years of migration, respectively.
In this hypothetical example, oil rises in a series of individual fingers from its source region.
Water is being displaced by the buoyant oil and sinks down. In the shallower part of the
model, oil is trapped below the low-permeability layer of the anticline. Since oil is lighter
than water, it flows underneath this barrier to the top of the anticline. As oil accumulates
below the low-permeability layer, the capillary pressure increases. When the capillary
pressure in the layer below the barrier is higher than the barrier’s entry pressure, small
amounts of oil diffuse into the low-permeability layer due to the capillary pressure gradient
(Fig. 2.14b). Where the fault zone breaks the barrier, oil rapidly discharges into the
sediments above. It is interesting to note that the flow is not distinctly focused into the
high-permeability faults. Oil only flows through the fault zone where the fault cross-cuts
the low-permeability layer.
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(a)

Layer 1

Layer 4

Layer 3
Faults

Layer 2
Layer 1

Oil source

(b)

Figure 2.13: Structure of the idealized faulted sedimentary basin with its lithologies (a)
and the corresponding triangular finite element mesh (b). The properties of
the different lithologies are listed in Table 2.2. The model was discretized by
17,545 triangular finite elements with element areas varying from 18 to 108
m2 . Model dimensions are 1500 × 700 meters.
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Figure 2.14: Oil saturation after 2000 years (a) and 4000 years (b).
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2.7 Discussion
The presented combination of a node-centered finite volume method with a standard
Galerkin finite element method is well suited to model multiphase flow in structurally
complex geologic media. It is computationally more efficient and accurate than alternative fully coupled solution techniques using finite element or integrated finite difference
discretizations. The technique is an interesting alternative to the approach discussed by
Durlofksy (1993), because it does not need a mixed-element formalism. It hence can be
implemented straightforwardly into existing finite element (or finite difference) codes that
can solve parabolic and elliptic partial differential equations.
Three limitations of the combined finite element-finite volume method, however, exist.
First, the storage and CPU requirements necessary to construct a 3D finite volume subgrid
from tetrahedral elements are high. This makes the method less efficient for 3D simulations.
The number of finite elements, and consequently finite volumes, can be reduced significantly
if mixed finite element meshes are used in three dimensions (Matthäi, 2003).
Second, if extremely high fluid velocities occur in very small finite volumes, the explicit
solution of the continuity equation requires very small time-steps, which increases the
CPU time. A possibility to circumvent this problem could be the use of finite volume
time domain methods. These techniques are commonly employed in numerical simulations
of electromagnetic processes (Fumeaux et al., 2004). They partition the finite volume
domain into several sub-domains where local time-steps can be applied without violating
the stability criterion.
Last, Huber and Helmig (1999) have discussed that a finite volume discretization of the
capillary flux (Eq. 2.29) leads to instabilities in the numerical solution if the capillary
pressure varies discontinuously at material interfaces. It is, however, possible to derive an
alternative, numerically more stable formulation for the capillary pressure (Helmig, 1997).
Using the chain rule, ∇pc can be expressed as
∇pc =

dpc
∇Sα
dSα

(2.37)

Note that dpc /dSα has a positive sign if α = n and negative sign if α = w. By inserting this
identity into the capillary pressure term of equation 2.10, the following nonlinear diffusion
equation can be derived


dpc
∂Sα
= ∇ · λ̄t k
∇Sα
(2.38)
φ
∂t diff
dSα
This equation describes the diffusive spreading of the saturation due to capillary pressure
effects with the diffusivity given by the term λ̄t kdpc /dSα . Due to its parabolic nature, it
is well suited for solution by implicit finite element methods. Its solution can occur before
or after the finite volume calculation of the advective transport of the fluid phases. While
this formulation is numerically more stable than the finite volume discretization of the ∇pc
term (Eq. 2.29) it under-predicts, however, the possible build-up of saturation at material
interfaces (Helmig, 1997; Burri, 2004).
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2.8 Conclusions
We have combined a standard Galerkin finite element method with a second order accurate
TVD finite volume method to model multiphase fluid flow in the Earth’s crust. This technique applies an implicit pressure, explicit saturation formalism. The use of least-squares
methods to obtain a TVD method for node-centered finite volumes allows us to compute
very precise numerical solutions that accurately preserve shock fronts and rarefaction fans.
Cross-diffusion is virtually absent in this TVD scheme. This approach proves as an efficient
way to model two-phase flow of incompressible fluids in geologic media with complex geometrical structures and large variations and discontinuous changes in the hydrological rock
properties (permeability, porosity) and fluid velocities. Our node-centered finite volume
method does not require the use of a mixed-element formulation to solve for fluid pressure
and fluid velocity simultaneously.
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3 Multiphase Thermohaline Convection
in the Earth’s Crust: I. A New Finite
Element – Finite Volume Solution
Technique Combined With a New
Equation of State for NaCl-H2O
3.1 Abstract
We present a new finite element – finite volume (FEFV) method combined with a realistic
equation of state for NaCl-H2 O to model fluid convection driven by temperature and salinity
gradients. This method can deal with the nonlinear variations in fluid properties, separation
of a saline fluid into a high-density, high-salinity brine phase and low-density, low-salinity
vapor phase well above the critical point of pure H2 O, and geometrically complex geological
structures. Similar to the well-known implicit pressure explicit saturation formulation, this
approach decouples the governing equations. We formulate a fluid pressure equation that
is solved using an implicit finite element method. We derive the fluid velocities from the
updated pressure field and employ them in a higher-order, mass conserving finite volume
formulation to solve hyperbolic parts of the conservation laws. The parabolic parts are
solved by finite element methods. This FEFV method provides for geometric flexibility
and numerical efficiency. The equation of state for NaCl-H2 O is valid from 0 to 750◦ C,
0 to 4000 bar, and 0 to 100 Wt. % NaCl. This allows the simulation of thermohaline
convection in high-temperature and high-pressure environments, such as continental or
oceanic hydrothermal systems where phase separation is common.

3.2 Introduction
The simultaneous transport of heat and solutes by aqueous fluids in porous or fractured
media within the Earth’s crust is a key driver for many important geological processes,
such as the formation of large ore deposits, cooling of newly-formed oceanic crust along
mid-ocean ridges, flow in sedimentary basins, topography-driven flow, metamorphism, or
the evolution of geothermal systems. In most of these processes, the motion of fluids
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is dominated by buoyancy forces arising from density differences between the fluids due
to pressure, temperature and compositional variations (Ingebritsen and Sanford, 1999).
Convection of aqueous fluids may occur down to 9 km depth (Möller et al., 1997; Lüschen
et al., 1993) or possibly even 15 km depth (Nesbitt and Muehlenbachs, 1991). Evidence
from fluid inclusions show that crustal fluids can experience temperatures exceeding 700◦ C
(Ulrich et al., 2002).
Crustal fluids commonly contain various dissolved chemical components including gases
(Hedenquist and Lowenstern, 1994; Shmulovich et al., 1995; von Damm, 1995; Barnes,
1997; Reed, 1997; Geiger et al., 2002). The component that is most abundant and whose
concentration can be constrained most accurately from fluid inclusion data is salt, mainly
sodium chloride NaCl. Changes in the concentration of NaCl influence the density variations of crustal fluids the most (Palliser and McKibbin, 1998b). We therefore consider the
system NaCl-H2 O here, and the term thermohaline convection refers to the simultaneous
convection of heat and NaCl by flowing fluids of variable density.
Although thermohaline convection in the Earth’s crust is an important process, it has
never been fully modeled for the wide range of pressure, temperature, and salinity conditions realized in the Earth’s crust. This is primarily a consequence of the decisive and challenging thermodynamic (Palliser and McKibbin, 1998a; Palliser and McKibbin, 1998b; Palliser and McKibbin, 1998c) and hydrodynamic (Phillips, 1991; Nield and Bejan, 1992)
differences between the H2 O and mixed NaCl-H2 O system.
The presence of NaCl in H2 O produces a large p − T − X region where a liquid and a
vapor phase coexist (Fig. 3.1). As a result, a NaCl-H2 O fluid can boil at temperatures and
pressures well above the critical temperature and pressure for pure H2 O. Such two-phase
fluid coexistence is frequently recorded by fluid inclusions from magmatic hydrothermal
systems (Bodnar et al., 1985; Heinrich et al., 1999). Furthermore, crystalline salt (halite)
can precipitate from the fluid at high salinities and/or low pressures, for which there is
also fluid inclusion evidence in magmatic (Cloke and Kesler, 1979) and some metamorphic systems (Trommsdorff et al., 1985). Numerous experimental studies have examined
the phase equilibria, vapor pressures, and resulting fluid properties of NaCl-H2 O fluids
(Sourirajan and Kennedy, 1962; Bodnar et al., 1985; Bischoff and Pitzer, 1989; Anderko
and Pitzer, 1993) and these data were recently compiled into a model for hot, high-pressure
NaCl-H2 O fluids (Palliser and McKibbin, 1998a; Palliser and McKibbin, 1998b; Palliser and
McKibbin, 1998c). Although applicable over a wide p − T − X range, this published model
produces non-physical artifacts such as negative heat capacities in certain p−T −X regions.
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Figure 3.1: Phase diagram of the binary NaCl-H2 O system (Driesner and Heinrich, 2003).
Five different regions can be distinguished. A region of liquid and vapor coexistence (I) bounded by the liquid plus vapor (LV) and halite plus liquid plus
vapor (HLV) surfaces, a region of halite and vapor coexistence (II) bounded by
the HLV surface, regions where the fluid is a single phase with either vapor-like
(III) and liquid-like properties (IV) properties, and a region of halite and liquid
coexistence (V) bounded by the HLV surface and the halite liquidus. The critical curve for NaCl-H2 O, which forms the crest of the LV surface, extends from
the critical point of H2 O (373.976◦ C, 220.561 bar, open circle) to the critical
point of NaCl (>3000◦ C, ∼ 300 to 400 bar). The two-phase curve of pure H2 O
starts at the triple point of pure H2 O (0.01◦ C, 0.0061 bar) and terminates in
the critical point of pure H2 O.
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Convection of heat and salt is considerably different from convection of heat alone,
because salt diffuses slower than heat, but is advected faster (Bear, 1972; Phillips, 1991).
This leads to double-diffusive and double-convective motion of heat and salt which may
produce various complex and nonlinear flow instabilities even if the fluid is not boiling
(Phillips, 1991).
Despite these thermodynamic and hydrodynamic difficulties, fluid flow in important
geologic environments has been studied numerically, making some simplifying assumptions.
Most commonly it was assumed that the fluid is pure water, specifically if phase separation
into a liquid and vapor phase was modeled (Hayba and Ingebritsen, 1997; O’Sullivan et al.,
2001). In this case the evolution of double-diffusive, double-convective systems is impossible
and phase separation is restricted to temperatures and pressures below the critical point of
pure H2 O. If thermohaline convection was modeled, it was often assumed that the fluid is
incompressible, the Boussinesq approximation is valid, and the density depends linearly on
temperature and salinity. In this case, the possibility of phase separation was neglected and
usually a simplified linear equation of state with constant fluid viscosities was employed
(Schoofs, 1999).
Although simplifications were made in earlier studies, these provided fundamental insight
into crustal fluid flow processes and solved challenging problems. For example, it could
be shown why the temperatures of black smokers on the seafloor cannot exceed 400 ◦ C
(Jupp and Schultz, 2000), under which conditions a magmatic pluton can be cooled most
efficiently (Hayba and Ingebritsen, 1997), how various types of brine transport influence
the formation of Mississippi Valley Type ore deposits (Garven et al., 1999), that free
thermohaline convection can drive fluid flow in sedimentary basins (Sarkar et al., 1995;
Schoofs et al., 2000b), that layered thermohaline convection may be common in geothermal
systems and could explain the occurrence of distinct fluid types (Oldenburg and Pruess,
1998), or that the interface of a brine layer and the overlying seawater at a mid-ocean ridge
is not stable (Schoofs and Hansen, 2000).
The numerical techniques employed in these studies were finite difference (FD), integrated finite difference (IFD), or finite element methods (FE). Each method is, in principal, well suited to solve the governing equations for multiphase flow, heat and/or salt
transport and has been successfully implemented in various computer codes (Pruess, 1987;
Pruess, 1991; Hayba and Ingebritsen, 1994; Zyvolovski et al., 1996). The comprehensive
discussion by Steefel and MacQuarrie (1996) has highlighted the advantages and disadvantages of each numerical technique. FD methods are a common choice because they
are relatively easy to implement and grid generation is straightforward. The drawback is
that such uniform FD grids may not resolve geological structures adequately. IFD methods allow a more flexible grid generation and better representation of the geologic domain
(Narasimhan and Witherspoon, 1976). Since gradients are still calculated on the basis of
FD schemes, IFD grids require that the interface between two nodes is perpendicular to
the line connecting them. This requirement may cause problems when generating grids
that need to resolve geometrically complex structures or when dealing with tensor quantities. FE methods can efficiently resolve complex non-rectangular structures, for example if
Delaunay grids are employed in two (Shewchuk, 2002) or poly-element meshes in three di-
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mensions (Matthäi, 2003). Of these three numerical methods, the FE technique is probably
the most difficult to implement in computer codes and special software is needed to generate quality meshes, particularly in three dimensions. All method have in common that,
unless special care is taken, non-physical oscillations in the vicinity of concentration or
temperature fronts may occur if the characteristic time for advection greatly exceeds that
for diffusion. Upstream weighting techniques can be employed to alleviate this problem,
but this introduces numerical dispersion, i.e., concentration or temperature fronts are artifically broadened. Numerical dispersion can be limited by high-resolution spatial schemes,
for example total variation diminishing (TVD) schemes (Harten, 1983; Sweby, 1984). Such
a scheme has been successfully employed in combination with the IFD method in the computer code TOUGH (Oldenburg and Pruess, 2000). Upstream weighting in FE methods
imposes certain requirements onto the finite element mesh, reducing its ability to resolve
complex geological structures. If these requirements are not met, conditions can occur in
which the transmissibility becomes negative, i.e. fluid will flow from low to high potential
(Forsyth, 1991).
Simulations of geologic processes involving both salinity variations and phase separation
at elevated pressures and temperatures hence require an approach that faces two major
challenges. First, a robust and consistent equation of state valid over geologically realistic
pressure, temperature, and salinity ranges is necessary. Second, an accurate and numerically robust transport algorithm is required that can resolve complex geological structures
and deal with flow of two miscible fluids with contrasting properties.
In this paper we present an accurate description of the thermodynamics of the NaCl-H2 O
system in combination with a geometrically flexible, accurate, efficient, and stable transport
algorithm. This tool permits us to gain new insight into the transient evolution of a variety
of high-temperature, high-pressure geological processes involving the convection of NaClH2 O fluids. Due to the problems with the model for NaCl-H2 O fluids of (Palliser and
McKibbin, 1998a; Palliser and McKibbin, 1998b; Palliser and McKibbin, 1998c), we have
developed a new equation of state. This consistent formulation computes accurately and
efficiently the fluid properties and phase state for any given p − T − X combination up to
4000 bar, 750◦ C, and 100 Wt. % NaCl (Driesner and Heinrich, 2002; Driesner and Heinrich,
2003). This equation of state serves as the basis for the fluid properties calculations in
our transport algorithms. Our new transport method combines finite element with finite
volume schemes. This finite element – finite volume (FEFV) method can resolve complex
geological structures and many orders of magnitude of permeability variations which are
widespread in the Earth’s crust. It can also deal with phase separation and multiphase
transport of fluid phases with greatly varying properties in double-diffusive and doubleconvective systems.
In this paper we first discuss the thermodynamics of the NaCl-H2 O system and the
associated fluid properties. This is followed by the derivation of the governing equations for
multiphase thermohaline convection. The numerical method is then described in detail. We
close by discussing the implementation of the described methods into our object oriented
C++ code CSP (Matthäi et al., 2001).
In an accompanying paper (Chapter 4), we present numerical solutions for various bench-
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marking tests representing sub-problems of multiphase thermohaline convection. These are
compared to their reference solutions to verify the numerical method. The accompanying
paper also shows the example application of phase separation of a convecting NaCl-H 2 O
fluid.

3.3 NaCl-H2O Thermodynamics and Fluid Properties
To model convection of a NaCl-H2 O fluid, density ρ, enthalpy H, viscosity µ, and saturation
S must be computed as a function of the evolving fluid pressure p, temperature T , and
salinity X fields. In addition, derivatives of the basic properties ρ and H are commonly
needed, i.e. the compressibility β, thermal expansivity α, chemical expansivity γ, and
isobaric heat capacity cp . All of these fluid properties vary nonlinearly and over orders of
magnitude in the NaCl-H2 O system.

3.3.1 Phase Diagram
The topology of the binary NaCl-H2 O system (Fig. 3.1) is constrained by the high melting
temperature of NaCl at a vapor pressure that is lower than the vapor pressure for pure H 2 O,
and by an intermediate fluid immiscibility region extending to much higher pressures. Five
different regions can be distinguished in the NaCl-H2 O phase diagram (Fig. 3.1). The first
region (Region I) is a large miscibility gap in which a NaCl-H2 O fluid separates into a brine
and a vapor phase. The brine phase is of higher density and has a salt concentration higher
than the bulk salinity of the liquid-vapor mixture. The vapor phase is of lower density and
has a salt concentration lower than the bulk salinity. The second region (Region II) lies
below Region I, i.e. at low pressures. Here, solid salt (halite) coexists with a low-density
vapor phase of near-zero salinity. Regions I and II are separated by a surface where halite,
liquid, and vapor coexist (HLV surface). The third and fourth region (Region III and IV)
lie above Region I, i.e. at high pressures and temperatures. Here, the fluid has either gaslike properties and a low salinity (Region III) or liquid-like properties and a higher salinity
(Region IV). Regions III and IV are separated from Region I by a surface where liquid and
vapor coexist (LV surface). A continuous transition of the fluid properties between Regions
III and IV exists for pressures above and temperatures below the LV surface, whose crest is
the critical curve of the binary NaCl-H2 O system. If the salinity of a single-phase liquid-like
fluid from Region IV is further increased, the halite liquidus is reached. In Region V, the
fluid is saturated with halite, i.e. a high-density, high-salinity liquid phase coexists with
halite.
A NaCl-H2 O fluid can hence take p − T − X paths along which it evolves very differently
from a pure H2 O fluid. For example, a fluid at 500 bar, 100◦ C, and 10 Wt. % NaCl is
isobarically heated. When the fluid encounters the LV surface, it separates into a brine
and vapor phase in Region I. The fluid remains in this phase state if the temperature is
increased further. The vapor fraction, however, will continue to increase. If the same fluid
is isobarically heated at 300 bars, it will again separate into a brine and vapor phase in
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Region I when encountering the LV surface, albeit at lower temperatures. Upon further
heating, the fluid will then encounter the HLV surface. Here, the brine phase is completely
boiled off, precipitating halite and proceeding into Region II. Continued heating then leads
to the dissolution of halite in a newly forming brine phase when the fluid encounters the
HLV surface again, just below 700◦ C. The fluid remains in Region I if the temperature is
further increased. A pure H2 O fluid at 300 and 500 bar, instead, is supercritical. It will
remain supercritical if heated and its fluid properties change continuously from liquid to
vapor like.

3.3.2 Existing Formulations
Individual p − T − X regions of the NaCl-H2 O system have been intensely studied and
equations of state for these regions have been derived (Bodnar et al., 1985; Bischoff and
Pitzer, 1989; Anderko and Pitzer, 1993). None of these equations of state, however, are
fully suitable for the use in the present context because most formulations are valid only
over limited ranges of temperature, pressure, and composition and/or provide only a small
number of fluid properties. Typically, these formulations do not smoothly overlap at the
boundaries of their validity ranges. This often produces discontinuities in the fluid properties which precludes the combination of different formulations for different portions of the
phase diagram (Fig. 3.1). In addition, the more modern equations of state (Anderko and
Pitzer, 1993) are free energy formulations. Therefore, these equations do not provide the
fluid properties as a function of the most practical state variables of the fluid flow simulation, i.e. p, T , and X . Direct extraction, for example, of the compositions of coexisting
liquid and vapor phases is hence not possible. Instead, iterative schemes are required to
generate this basic information.
An alternative approach is the derivation of correlation functions for the fluid properties
of interest. This general approach was recently used by Palliser and McKibbin (1998a),
Palliser and McKibbin (1998b), and Palliser and McKibbin (1998c) employing different
correlation formulae above and below the critical temperature of water for vapor pressures,
densities, and enthalpies on the LV surface and in the one-phase regions. Unfortunately,
their mathematical formalism, which employs a function for sub-critical and a function
for supercritical temperatures for each fluid property, yields non-physical artifacts where
the two functions meet. For example, the enthalpy versus temperature curve for a given
composition shows a negative slope just above the critical temperature of water, implying
a negative heat capacity. Also, some linear interpolation schemes in the one phase regions
provide properties that can be substantially different from known experimental data, in
particular in the highly compressible region around and above the critical point of water.
This region, however, is frequently encountered in the simulation of magmatic hydrothermal
systems.
We therefore decided to develop our own set of correlations (Driesner and Heinrich,
2002; Driesner and Heinrich, 2003). The current formulation is based on a critical review
of essentially all published experimental data on the phase boundaries in the NaCl-H2 O
system and all available data for volumetric and thermodynamic properties. Its accuracy
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is within the uncertainty of the best available experimental data, resolving most of the
apparent inconsistencies. The range of validity is from 0 to approximately 750◦ C, from 0
to 4000 bar, and from 0 to 100 Wt. % NaCl. The pure water side is described by the
functions of Haar et al. (1984) since this is available in a convenient form for computation
(Bauer, 2002). Formulae for the pure NaCl side were newly developed during this study.
A detailed quantitative description of the formulations will be published elsewhere.

3.3.3 Fluid Properties and Phase State
Our equation of state is based on temperature, pressure, and salinity. For any given
p − T − X combination, it returns the phase state of the fluid along with the properties ρ,
H, µ, S, β, and cp for each individual phase. Pressure-temperature profiles of fluid density
ρf and enthalpy Hf at varying salinities are shown in Figure 3.2. ρf and Hf change
continuously in Region IV. Both properties change rapidly from liquid-like to vapor-like
along the interface between Regions IV and I because the vapor fraction increases rapidly
with increasing temperature or decreasing pressure in Region I. Due to the presence of
halite in Region II, a discontinuity in ρf and Hf exists between Region II and Regions IV
and I.
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Figure 3.2: p − T profiles of fluid density ρf = (ρv Sv + ρl Sl ) (left) and enthalpy Hf =
(Hv ρv Sv + Hl ρl Sl ) / (ρv Sv + ρl Sl ) (right) at bulk salinities of 3.2, 20, and 40
Wt. % NaCl (top to bottom). Units of the contour labels are in [kg m−3 ],
respectively [kJ kg−1 ]. The roman numbers in the density profiles indicate the
phase regions from Figure 3.1. Dotted lines mark boundaries between different
phase regions. Note that the salinity of the fluid phase is below 40 Wt. % NaCl
in Region V where halite coexists with a liquid phase and practically zero in
Region II where halite coexists with a vapor phase.
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3.3.4 Fluid Properties at Two-Phase Conditions
Our equation of state provides the properties for each individual phase. Special care must
be taken when computing properties at two-phase conditions, if they are a function of the
proportions of the two phases present. These properties are the saturation S, compressibility β, thermal expansivity α, and chemical expansivity γ. At two-phase conditions, S,
β, α, and γ describe the thermodynamic behavior of the fluid mixture.
Saturation
In Region I (Fig. 3.1), the saturations of the phases are computed employing a balance for
the mass fraction NaCl in the liquid and vapor phase
Sl =

ρv (Xv − X)
ρl (X − Xl ) + ρv (Xv − X)

and Sv = 1 − Sl

In Region II or V, halite precipitates and its saturation Sh is computed as
(
ρv (Xv −X)
in Region II
ρh (X−Xh )+ρv (Xv −X)
Sh =
ρl (Xl −X)
in Region V
ρh (X−Xh )+ρl (Xl −X)

(3.1)

(3.2)

Since part of the pore volume is now occupied by solid salt, the saturation of the fluid
phase that coexists with halite remains one. Halite is treated as rock matrix. This changes
the porosity of the medium
φ = φ0 (1 − Sh )

(3.3)

φ0 is the initial porosity and a potential hysteresis effect is ignored here. Depending on
the nature of the porous medium, a corresponding change in the permeability k can be
computed using an empirical φ-k relation. In Region II the amount of precipitated halite
is very small. Hence Sh is initially low. Thus changes in porosity are of importance for
the hydrodynamics only if halite precipitates for a long time in Region II or coexists with
a liquid phase in Region V.
Saturation at X = 0
If salt is absent in the fluid (i.e. X = 0), the relative proportions of the liquid and
vapor phase cannot be constrained directly from p and T . Since our numerical formalism
transports T rather than energy (Section 3.4), artificial flash boiling (all liquid boils to
vapor during a single time-step) may occur. To avoid this, an energy balance is employed
if T t+∆t > Tsat and T t < Tsat to compute the mass fraction of the liquid phase xl that boils
off. Tsat is the saturation temperature for pure H2 O. Assuming that φ is small, the mass
fraction of the liquid phase xl is given by

(1 − φ) ρr cpr T t+∆t − Tsat
xl =
(3.4)
Slt
Hlat φρt−∆t
l
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where Hlat is the latent heat of the liquid and vapor phase Hlat = Hv − Hl . The saturation
of the liquid phase is then computed as
!
(1 − xl ) ρρll
(3.5)
S l = 1 − x l ρl
+ (1 − xl ) ρρll
ρv
sat

For the case of condensation (T t+∆t < Tsat and T t > Tsat ), a similar energy balance can be
derived.
Compressibility
The isothermal compressibility β is defined as
 
 
1 dρ
1 dV
β=
=−
ρ dp T,X
V dp T,X

(3.6)

where V is the specific volume of fluid. This formula is applied directly at single-phase
conditions. At two-phase conditions in Region I, however, a pressure drop will cause liquid
to evaporate and a pressure increase will force vapor to condense. This is accompanied by
a redistribution of mass and heat. As a result, the two-phase compressibilities βe are orders
of magnitude higher than those for single-phases. We approximate these as (Grant and
Sorey, 1979)

2
ρl − ρ v
1
e
(T + 273.15)
β = [(1 − φ) ρr cpr + φSl ρl cpl ]
φ
(hv − hl ) ρl ρv

(3.7)

Thermal Expansivity

The thermal expansivity α is defined as
 
 
1 dρ
1 dV
α=−
=
ρ dT p,X
V dT p,X

(3.8)

and can be computed directly using this formula at single phase conditions. dT is zero in
Region I if the fluid continues to boil or condense at constant pressure. α hence becomes
infinity if computed from equation 3.8. Computing the mass of fluid that has boiled off from
equation 3.4, the volume change during boiling ∆V , i.e. the two-phase thermal expansivity
α
e, is given by


1
1
α
e = ∆V = mf xl
(3.9)
−
ρv ρl
where mf is the total mass of fluid. Similarly, the mass fraction of condensed vapor xv and
the volume change due to condensation can be computed.
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Chemical Expansivity
The chemical expansivity γ is defined as




1 dρ
1 dV
γ=
=−
ρ dX p,T
V dX p,T

(3.10)

and can be computed directly from this formula at single phase conditions but requires
special treatment at two-phase conditions. In Region I, the chemical expansivity γ
e is given
by


1
1
1
γ
e=
−
(3.11)
ρ l ρ v Xl − X v

3.4 Governing Equations

We formulate the governing transport equations in terms of fluid pressure p, temperature T ,
and salinity X, because these are the input variables for our equation of state. We assume
that porous medium and fluids are always in thermodynamic equilibrium, heat conduction
is predominant in the rock and can be described by a bulk thermal conductivity, and
that capillary pressure effects are negligible (Faust and Mercer, 1979a; Hassainizadeh and
Leijnse, 1988; Huyakorn and Pinder, 1983). For simplicity, we omit any fluid, energy, or
salt source terms in the discussion of the governing equations.

3.4.1 Fluid Mass Conservation
The mass balance of a fluid consisting of two fluid phases can be expressed as (Bear, 1972)

φ

∂φ
∂ρf
+ ρf
= −∇ · (vv ρv ) − ∇ · (vl ρl )
∂t
∂t

(3.12)

where φ is the porosity of the porous medium, ρ is the density, v is the Darcy velocity of
the fluid phase, and the subscripts l and v denote the liquid and vapor phase, respectively.
The average fluid density ρf is given by
ρf = Sl ρl + Sv ρv

(3.13)

where S is the saturation (volume fraction) and requires Sl + Sv = 1. The fluid velocity vi
for each fluid phase i is derived from Darcy’s law
vi = −k

kri
[∇p − ρi g]
µi

(3.14)

Here k is the permeability tensor, kr is the relative permeability, µ is the fluid viscosity,
p is the fluid pressure, and g = [0, 0, −g]T is the vector of gravitational acceleration. The
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total velocity of the fluid vf is the sum of both phase velocities vf = vl + vv . A common
theoretical function for the simultaneous flow of a liquid and vapor phase is

krl = Sl4 krv = Sv2 1 − Sl2
(3.15)
The fluid density ρf is a function of p, T , and X. This is expressed as






∂ρf
∂ρf
∂ρf
dp +
dT +
dX
dρf =
∂p T,X
∂T p,X
∂X T,p
= ρf (βf dp − αf dT + γf dX)

(3.16)

where βf is the fluid’s compressibility, αf is the fluid’s thermal expansivity, and γf is the
fluid’s chemical expansivity as defined above.
The change in porosity φ in equation 3.12 is a function of the volumetric compressibility
of the rock βr
∂φ
∂p
= ρf (1 − φ) βr
(3.17)
∂t
∂t
A parabolic equation that describes the evolution of fluid pressure p results from inserting
equation 3.14 into 3.12 and using equations 3.16 and 3.17
∂p
=
ρf ((1 − φ) βr + φβf )
 
 ∂t


krl
krv
krl 2 krv 2
∇· k
ρl +
ρv ∇p + k
ρ +
ρ g∇z
µl
µv
µl l
µv v


∂X
∂T
(3.18)
+ φρf γf
− αf
∂t
∂t
ρf

Equation 3.18 expresses the fluid mass conservation in the systems in terms of changes in
fluid pressure.

3.4.2 Solute Mass Conservation
Conservation of the mass fraction NaCl in H2 O is given by
∂
φ ρf Xf = −∇ · (vv ρv Xv ) − ∇ · (vl ρl Xl )
∂t
+ ∇ · (Dl ∇ρl Xl ) + ∇ · (Dv ∇ρv Xv )

(3.19)

where ρf Xf is the total mass of NaCl in the fluid defined as
ρ f Xf = S l ρ l Xl + S v ρ v Xv
The dispersivity tensor Di of phase i is given by
vix viz
+ a T | vi | I
Di = Dpi I + (aL − aT )
| vi |

(3.20)

(3.21)

where Dpi is the porous-medium diffusivity of NaCl in phase i, aL and aT are the longitudinal and transversal dispersivities, respectively, and I is the identity matrix.
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3.4.3 Energy Conservation
Conservation of energy by the fluid phases is given by
∂T
=
∂t
−∇ · (vv cpv ρv T ) − ∇ · (vl cpl ρl T ) + ∇ · (K∇T )

((1 − φ) ρr cpr + φ (Sl ρl cpl + Sv ρv cpv ))

(3.22)

where cp is the isobaric heat capacity and K is the thermal bulk conductivity of fluid
and rock given by K = (1 − φ)Kr + φKf . The subscript r denotes the rock property.
From equation 3.22 it can be shown that the temperature front moves at the heat transfer
velocity vh defined as
vh =

cpl ρl vl + cpv ρv vv
φ (Sl cpl ρl + Sv cpv ρv ) + (1 − φ) cpr ρr

(3.23)

From equation 3.19 it can be seen that the salt front moves at the pore velocity
vf p =

vl + v v
φ

(3.24)

Hence, the thermal front is retarded with respect to the salt front by the factor Rth
Rth =

vh
<1
vf p

(3.25)

3.5 Numerical Methods
The governing equations are strongly nonlinear and coupled, because the fluid properties ρ,
cp , µ, α, β, γ, and S depend nonlinearly on p, T , and X and may vary over orders of magnitude. The governing equations have mixed parabolic (diffusive) and hyperbolic (advective)
character. A common solution technique is to solve them fully coupled using FD, IFD, or
FE schemes with an iterative method such as Newton’s method to account for the nonlinearities (Pruess, 1987; Pruess, 1991; Hayba and Ingebritsen, 1994; Zyvolovski et al., 1996).
Aside from the previously discussed advantages and disadvantages of each method to resolve geological structures and deal with advection-dominated transport, this approach has
additional drawbacks. The linearized global solution matrices are often very poorly conditioned such that small time-steps are required, the use of fast matrix solvers (e.g., algebraic
multigrid solvers) may be prohibited, and convergence towards a unique solution is not
guaranteed (Trangenstein and Bell, 1989a; Trangenstein and Bell, 1989b; Burri, 2004). A
fully coupled implicit formulation commonly requires as many iteration-steps as a decoupled
explicit formulation needs grid-restricted time-steps (Küther, 2002; Burri, 2004). This combination of relatively small time-steps with a large number of iterations decreases computational efficiency of fully coupled implicit schemes (Huber and Helmig, 1999; Burri, 2004).
Recently, the combination of higher-order finite volume methods and finite element
(FEFV) schemes was suggested to be a very efficient method that overcomes the aforementioned numerical problems of modeling nonlinear fluid flow (Trangenstein and Bell,
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1989a; Trangenstein and Bell, 1989b; Durlofksy, 1993; Huber and Helmig, 1999; Geiger
et al., 2004). In the FEFV method, the pressure equation is solved decoupled from the
conservation equation. Hence, the optimal numerical method can be applied to solve
the respective sub-equations: Finite volume methods model the hyperbolic and finite element methods the parabolic equations (Durlofksy, 1993; Huber and Helmig, 1999; Geiger
et al., 2004). It was further shown that FEFV methods can be successfully applied to
model nonlinear two-phase flow in highly heterogeneous and geometrically complex porous
medium (Huber and Helmig, 1999; Geiger et al., 2004) or compressible and compositional
multiphase flow (Dicks, 1993; Bergamaschi et al., 1998).
In order to derive a robust solution algorithm that makes use of the advantages that the
finite element and finite volume methods have to offer for solving certain types of equations,
we linearize the governing equation by decoupling the pressure equation from the energy
and solute conservation equations. In this operator-splitting, the hyperbolic sub-equations
are solved by the finite volume method by surface-integration of the flux term, e.g.


Z
kri
n · k ∇p dS
µi
S
The parabolic sub-equations are solved by the finite element method by volume integration,
e.g.

Z 
kri
∇k ∇p dV
µi
V
The operator splitting of the governing equations is done as follows (Strang, 1968).
Consider a general advection diffusion equation for a conserved quantity ψ of the form


∂ψ
= δ∇2 ψ − ∇ · (vψ) + q
∂t

(3.26)

where δ is the diffusivity parameter,  is some multiplier (e.g., porosity), and q is a source
or sink of ψ. The partial solution ψ̂ t+∆t of equation 3.26 for the diffusion part δ∇2 ψ at
time t + ∆t is obtained by finite element methods by solving


ψ̂ t+∆t − ψ t
= δ∇2 ψ t + q
∆t

(3.27)

The result of the diffusive contribution ψ̂ t+∆t is then used to solve the advection part
−∇ · (vψ) of equation 3.26 to obtain the final solution ψ t+∆t at time t + ∆t by using a
finite volume method on




ψ t+∆t − ψ̂ t+∆t
= −∇ · vψ̂ t+∆t
∆t

(3.28)

Comparable to the well known implicit pressure explicit saturation method (Aziz and
Settari, 1979), the decoupling approach results in a parabolic pressure-diffusion equation
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(Eq. 3.18), which describes mass conservation of the fluid phases, and conservation equations for energy (Eq. 3.22) and salt (Eq. 3.19). These equations are solved sequentially.
First, the fluid pressure is updated and the fluid velocities are obtained from Darcy’s law
(Eq. 3.14). Then the energy and solute conservation equations are solved. Last, the fluid
properties are updated from the equation of state using the new values for p, T , and X.
The volume change of the fluid due to temperature and concentration changes feeds back
as source terms into the solution of the fluid pressure equation for the next time-step. The
decoupling of the governing equations into a pressure evolution, energy, and solute transport equations in conjunction with implicit and explicitly time-stepping offers considerable
advantages:
• Each sub-equation is solved by the best suited numerical method.
• Node-centered finite volumes are constructed on the basis of the finite elements and
are fully mass conserving even for strongly heterogeneous permeability fields and
complex geometric structures.
• Spatially higher-order accurate transport methods are employed to resolve the hyperbolic shock-fronts.
• Due to the parabolic nature of the fluid pressure equation, a change in the mobility
k kµrii of phase i at a single finite element forces the fluid pressure to change in the entire
model. This is implemented using a very robust implicit temporal discretization.
• The global solution matrices for the governing equations are symmetric positive definite, well conditioned and hence suitable for fast algebraic multigrid solvers.
• Iterative methods that may require very small time-steps or fail to converge are no
longer necessary.

3.5.1 Spatial Discretization
We discretize two-dimensional domains by a constrained conforming Delauney triangulation (Shewchuk, 2002). This allows to resolve complex structures in great detail. Nodecentered finite volumes are constructed on the basis of the finite elements, such that a dual
finite volume grid is formed (Fig. 3.3). It is not necessary to restrict the finite element
mesh to triangles in two dimensions or tetrahedra in three dimensions. Node-centered finite volumes can be constructed also for mixed element meshes consisting of different finite
element types, which allows to maximize geometric flexibility while minimizing the number
of nodes and elements, specifically in three dimensions (Matthäi, 2003).

3.5.2 Finite Element Formulation
We solve the fluid pressure equation (Eq. 3.18) and the parabolic components of the
energy (Eq. 3.22) and salt (Eq. 3.19) conservation equations by the Bubnov-Galerkin
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Figure 3.3: Node-centered finite volumes (bold lines) on nodes i and j constructed on a
triangular finite element mesh consisting of triangles e (dashed lines). The
barycenters of the finite elements e are connected with the midpoints of their
edges to form finite volume segments s.
formalism. While mixed-element formulations are often used to simultaneously compute
fluid pressure and velocity (Huber and Helmig, 1999), the lowest order mixed-element
method requires to solve between 1.5 and 4 times more unknowns but yields exactly the
irreducible Galerkin formulation (Cordes and Kinzelbach, 1996). Thus, excellent results
can be obtained using a Galerkin formulation to solve equation 3.18 even for nonlinear flow
systems (Geiger et al., 2004). As the Galerkin finite element formulation is well known
and excellent descriptions can be found (Huyakorn and Pinder, 1983; Zienkiewicz and
Taylor, 2000), only a brief description is given here. We discuss the Galerkin discretization
for the parabolic part (Eq. 3.27) of the general advection-diffusion equation (Eq. 3.26).
By appropriate substitution of ψ, δ, , and q, equations 3.18, 3.22, and 3.19 are solved.
The computational domain Ω is discretized into a set of finite elements spanning the
finite element space V of continuous linear polynomial functions. V has m Lagrange points
m
. Here, x is the coordinate vector in
Nh = {xi }m
i=1 and a set of basis functions {Φi (x)}i=1 P
two or three dimensions. By writing ψ ∈ V as ψ(x) = m
j=1 ψ(xj )Φj (x), the basis functions
Φ can be used to approximate for a fixed time t equation 3.27 as
Z

∂ψ
 Φi dx =
Ω ∂t

Z

δ∇ψ∇Φi dx +
Ω

With the decomposition ψ(x, t) =
ential equations is defined as
m
X
dψj
j=1

dt

(t)Aij (t) =

m
X

Z

Pm

qΦi dx

(3.29)

Ω

j=1

ψj (t)Φj (x), the coupled system of ordinary differ-

ψj (t)Kij (t) + qi (t)

(3.30)

j=1
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where

Z

Aij (t) =
Φj Φi dx
Ω
Z
Kij (t) =
∇Φj δ∇Φi dx
Ω
Z
qi (t) =
qΦi dx

(3.31)

Ω

Note that we diagonalize Aij by mass-lumping using a row-sum technique.
An implicit Euler time-stepping formulation is used to evolve the solution of ψ from time
t to time t + ∆t as
m
X

t+∆t
(Aij

+

∆tKijt+∆t )ψ̂jt+∆t

j=1

=

m
X

Atij ψjt + ∆tqit+∆t

(3.32)

j=1

This time-discretization ensures that the solution is unconditionally stable as long as the
matrices are positive definite and that no iterative methods need to be used if Aij or Kij
are functions of ψ (Zienkiewicz and Taylor, 2000).
From the updated pressure field, element-wise constant fluid velocities are obtained by
differentiating the pressure field and solving for Darcy’s (Eq. 3.14) law within each finite
element. Although the fluid velocities are discontinuous between adjacent finite elements,
they are continuous across the face of a node-centered finite volume and conserve mass on
the finite volumes (Durlofsky, 1994).

3.5.3 Finite Volume Formulation
The fluid velocity field computed from equation 3.14 is integrated over the node-centered
finite volumes. Application of the divergence theorem to equation 3.28 yields
Z
Z
∂ψ
dV = −
∇ · (vψ) dV
(3.33)
i
∂t
Vi
Vi
The time discretization of equation 3.33 with an explicit Euler method, evolving the solution of the diffusion step ψ̂ t+∆t to the final solution ψ t+∆t leads to
i h
i
Aj ∆t X
t+∆t
−
· nj
vjt ψ̂j∗
 i Vi j

S

ψit+∆t

=

ψ̂it+∆t

(3.34)

In two dimensions, Aj is the area of the finite volume segment j,Vi is the volume of control
volume i, nj is the outward-pointing normal of segment j. Sj is the total number of
segments belonging to finite volume i. The subscript j∗ denotes that the value of ψ is
taken from the upwind finite volume at segment j. We reconstruct the gradient ai of ψ
in i using a least squares method and the MINMOD limiter to avoid spurious oscillations
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and ascertain that the scheme is total variation diminishing as discussed in Geiger et al.
(2004). This yields a second order accurate solution of equation 3.28 in space and resolves
shock-fronts occurring in purely hyperbolic systems in great detail while maintaining mass
conservation for nonlinear systems (Geiger et al., 2004).
Although the finite volume discretization is straightforward, care must be taken when
applying equation 3.34 to the hyperbolic parts of the energy (Eq. 3.22) and salt conservation (Eq.3.19) laws. Using the definition of vh in equation 3.23 and noting that
∇ · (vh T ) = vh · ∇T + T ∇ · vh , the divergence, σ, of vh is nonzero, i.e.
σ = ∇vh 6= 0

(3.35)

the hyperbolic part of the energy conservation law written in terms of vh takes the form
∂T
= −vh · ∇T − T ∇ · vh
∂t

(3.36)

This hyperbolic part of the energy conservation law is discretized as
i h
i
Aj ∆t X
∆t
t
t+∆t
−
vhj
T̂j∗
σi T̂it+∆t
· nj +
|Vi | j
|Vi |

S

Tit+∆t

=

T̂it+∆t

(3.37)

For the hyperbolic parts of the salt conservation equation (Eq. 3.19), the finite volume
algorithm for each phase i is defined as
i h
i
Aj ∆t X
t t+∆t t+∆t
· nj
vij
ρ̂ij∗ X̂ij∗
|Vi | j

S

X̂it+∆t −
ρit+∆t Xit+∆t = ρ̂t+∆
i

(3.38)

Error Estimation
We conserve energy in our scheme using a cp − T formulation (Eq. 3.22) employing the
heat transfer velocity vh (Eq. 3.23) to express energy changes as a variation in temperature
T advected at vh . This is, strictly speaking, not an energy conservation scheme because
temperature is conserved instead of enthalpy H. This scheme implicitly assumes that cp
is constant over a single time-step. This can introduce an error if temperature changes
rapidly over a single time-step due to advection and enthalpy varies nonlinearly within the
given temperature interval. In this case, a fluid enthalpy change ∆H cannot be accurately
represented by the linear approximation ∆H ≈ ∆T cp = ∆T (dH/dT ). As a consequence,
fluid temperature T at the new time-step is over- or under-estimated by a factor ∆T ∗ (Fig.
3.4). The largest errors occur along the critical isobar (220.0561 bar in the formulation
of Haar et al. (1984)) of pure H2 O. Here, enthalpy changes rapidly with temperature,
specifically close to the critical point where cp → ∞. The temperatures, however, do
not become infinite for infinite heat capacities because energy transport is buffered by
the rock matrix. A calculation of ∆T ∗ at the critical isobar for various ∆T and porosity
values shows that this error is large if ∆T is unrealistically high (Fig. 3.5). Since we use
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an explicity time-stepping scheme to solve advection equations, the time-step and hence
∆T is small if vh is large. Temperature variations during a single time-step are therefore
commonly ∆T  10◦ C. The error hence remains small over this temperature increment,
i.e. ∆T ∗ ∼ −1.5%. Away from the critical point, ∆T ∗ is lower, i.e. |∆T ∗ | < 0.01%,
even for unrealistically large ∆T variations during a single time-step. Tcrit is the critical
temperature of pure H2 O.

(a)
ρ H (T )v /φ
f

f

1

∆H

f

f

Hr + Hf
T

ρ H (T )v /φ
f

f

2

f

H

(b)
vhT1

∆T

vhT2
T

v

Figure 3.4: Error source for a vh -based energy transport scheme. Fluid advects energy
and mass, expressed as enthalpy Hf and density ρf , at pore velocity vf /φ in
and out of a control volume (a). The entering fluid is hotter than the exiting
fluid (T1 > T2 ). Hence fluid enthalpy increases with ∆Hf . After thermal
equilibration between fluid Hf and rock enthalpy Hr , they are at temperature
TH and T1 ≥ TH > T2 . In our vh -based energy advection scheme, this process is
approximated by transport of temperature T in and out of a control volume at
velocity vh (b). Since T1 > T2 , this results in a temperature Tv and T1 ≥ Tv >
T2 . Due to the definition of vh (Eq. 3.23), rock and fluid are in equilibrium
at Tv . The two temperatures are not equal, i.e. Tv 6= Th , if enthalpy Hf
changes rapidly over increment ∆T because ∆H 6= ∆T cp . For the estimation
of error ∆T ∗ between TH and Tv (Fig. 3.5), it is assumed that v = 1.0. All
other properties are calculate as a function of temperature and porosity φ with
∆T = T1 − T2 = Tcrit − T2
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Figure 3.5: Absolute error ∆T ∗ = (TH − Tv ) /TH along the critical isobar of pure H2 O
resulting from the vh -based energy advection scheme (Fig. 3.4).

3.5.4 Time Stepping
The pressure equation (Eq. 3.18) is solved by an implicit Euler time-stepping method. The
size of the time-step, however, is controlled by the Courant Friedrich Levy (CFL) criterion
computed for the explicit Euler solution of the hyperbolic parts of the energy and solute
conservation equations (Eqs. 3.22, 3.19). The CFL criterion Ch for energy conservation
equation is given by
Ch =



vhmax
ri



min

i∈V

(3.39)

The CFL criterion Cx and for the solute conservation equation
Cx =



vtmax φ−1
ri



min

i∈V

(3.40)

Here ri is the approximate radius of the control volume i. The superscript max denotes
the maximum elemental velocity within an element ei belonging to control volume i (Fig.
3.3). Note that by using ri rather than the diameter of the finite volume cell, the CFL
criterion is reduced by a factor 2. Since Rth ≤ 1 and φ ≤ 1, the two CFL criteria are not
equal and often i.e. Ch  Cx . Hence it is convenient to set the global time-step ∆t equal
to Ch and use sub-time-stepping for the solution of the hyperbolic parts of equation 3.19
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with Cx . This is permissible as along as
(
Ch
if CChx ≤ ε1 and
∆t =
Cx max(ε1 1 ,ε2 ) otherwise.

∆Xγf
∆T αf

≤ ε2 ,

(3.41)

where ε is a user defined tolerance. As long as the thermal front moves slower than the
salt front by a given factor and density variations due to concentration changes are smaller
than those due to temperature changes by a given factor, the global time-step can be set
equal with the CFL criterion for the energy transport equation.
We introduce an additional stability criterion for the global time-step to avoid instabilities if the CFL criterion increases significantly between two successive time-steps k − 1 and
k

k
k−1
Ck
if C −C
≤ ε3 ,
k
C

∆t =
(3.42)
k
k
k−1
C + C −C
ε3 otherwise.

3.5.5 Sequential Solution

The sequential solution of the governing equations uses a linearization of the equation of
state (Dicks, 1993). The fluid velocities from the previous time-step are employed to evolve
the hyperbolic system of equations 3.22 and 3.19 using the explicit finite volume method
freezing the pressure in time and computing the advection of T and X for t + ∆t. The
size of ∆t is given by equations 3.41 and 3.42 using the phase velocities from the previous
time-step. The diffusive terms of the energy and salt conservation laws (Eqs. 3.22 and
3.19) are updated using the implicit finite element method (Fig. 3.6). The compressibility
β, mobilities ρi kri /µi , expansivities α and γ are updated after the transport step. Finally,
the pressure equation (Eq. 3.18) is solved for time t + ∆t via the finite element method for
the updated parameters. The updated pressure field yields the phase velocities at t + ∆t
for the next transport step.

3.5.6 Splitting Error
The splitting of the governing equations into pressure and transport equations introduces
an error of the order O (∆t) for the pressure fields that can be reduced using iterative
techniques (Dicks, 1993). Mass conservation, however, is not affected by this error. It also
been shown that the splitting error is relatively small even for compressible multiphase
simulations and that it only results in a slight dislocation of the saturation fronts. While
iteration can reduce the error in the pressure field, the corrected field may become nonphysical if phase changes occur (Dicks, 1993). For highly compressible fluids, the reduction
of the CFL criterion by a factor of 2, the use of a first order accurate finite volume algorithm
when phase changes occur introduces enough numerical dissipation for the results to be
stable and oscillation-free (Dicks, 1993). Since our CFL criterion is computed on the radii
of the finite volume cell it automatically introduces the required reduction factor of 2. Our
finite volume scheme is also automatically first order accurate when phase changes occur.
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Second Order Accuracy in Time
The error of the order O (∆t) caused by splitting of the governing equation can be reduced
to second order accuracy by using a predictor-corrector time-stepping scheme. In this
improved Euler time-discretization, the transport equations for energy and salt (Eqs. 3.22
and 3.19) are solved for a half-step in the predictor step. The dependent variables, i.e. µ,
ρ, kr , α, β, and γ are then evaluated at time t + ∆t/2 such that, after solving the pressure
equation (Eq. 3.18) at time t+∆t/2, the fluid velocities v can be obtained at time t+∆t/2.
These fluid velocities are then employed in the corrector step to evolve equations 3.22 and
3.19 from time t to t + ∆t with the flux given at time t + ∆t/2. Finally, equation 3.18 is
evolved from time t to t + ∆t.

3.6 Implementation
Our new formalism to model multiphase thermohaline convection has been implemented in
the object-oriented C++ library ’Complex System Platform’ CSP (Matthäi et al., 2001).
CSP is used extensively for high-resolution multi-physics simulations in two and three
dimensions such as immiscible two-phase flow in reservoirs with complex geological structures (Belayneh et al., 2004; Burri, 2004; Geiger et al., 2004), reactive solute transport
(Geiger et al., 2002; Matthäi, 2003), heat and solute transport in hydrothermal systems
(Matthäi et al., 2004), or fluid flow in geometrically realistic fracture networks (Matthäi
and Roberts, 1996; Matthäi et al., 1998; Matthäi and Belayneh, 2004). The advantage of
the object-oriented design is the modularity, reusability, and extensibility of the code that
is impossible to obtain when programming in procedural languages. Reusability and extensibility, however, is crucial when simulating such processes as multiphase thermohaline
convection because they comprise a series of component-processes that must be computed
by individual modules.
CSP employs the state-of-the-art algebraic multigrid solver SAMG (Stüben, 2002) to
solve the system of algebraic equations that arise from the finite element and finite volume discretization. Fluid and transport properties are updated using the Visitor pattern
(Gamma, 2002) on the finite element – finite volume hierarchy. Visitor objects automatically check input and output properties for validity when interacting with each other.
They raise exceptions when computations fail. A 105 MB binary lookup table calculated
from the implementation of the pure H2 O equation of state (Haar et al., 1984) in the Clibrary PROST (Bauer, 2002) provides the properties for pure H2 O from 5◦ C to 800◦ C and
1 bar to 4000 bars. The equation of state for NaCl-H2 O extracts the properties of pure
H2 O from the lookup table using bi-linear interpolation with 1◦ C and 2.5 bar spacing, or
0.1◦ C and 0.1 bar spacing near the critical point. Figure 3.6 depicts a flow chart of the
implementation and solution algorithm in CSP.
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1. Model Construction
Read finite element (FE) mesh
Build model from FE mesh
Construct dual FV mesh
Initialize Visitors for fluid and transport property computation
Initialize FE and FV algorithms

2. Initial and boundary conditions
Set boundary conditions
Set initial rock properties
Set initial distribution of X
Compute initial temperature distribution
Compute initial hydrostatic pressure iteratively
Compute hydrostatic pressure with constant ρiter
Compute fluid and transport properties at X, T and piter
Recompute hydrostatic pressure until convergence

Compute initial fluid and transport properties (α = γ = 0)
Compute initial fluid velocities
3. Transient computation while t <= max_t
Compute Cx and Ch, find C
Compute diffusion of T using FE algorithm
Compute diffusion of X using FE algorithm
Compute advection of T using FV algorithm
Compute advection of X using FV algorithm
Compute fluid and transport properties at Xt, Tt, pt
Check parameter range of properties, terminate if error occurred
Compute diffusion of p using FE algorithm
Compute fluid velocities
Output results to files and model to binary file
Increase t += C , terminate simulation if t > max_t
Figure 3.6: Flow chart of the solution procedure for multiphase thermohaline convection
simulations in CSP.
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3.7 Conclusions
A new computational formulation for the simulation of transient multiphase thermohaline
convection is presented. A novel equation of state is employed for the thermodynamic
properties of the NaCl-H2 O system from 0 to 750◦ C, 0 to 4000 bar, and 0 to 100 Wt. %
NaCl. The governing equations are decoupled into a parabolic pressure diffusion equation
and hyperbolic and parabolic parts of the energy and salt conservation equations. The
pressure diffusion equation is evolved in time using an implicit finite element algorithm.
The hyperbolic parts of the conservation equations are solved by an explicit second order
accurate finite volume method employing fluid velocities derived from Darcy’s law and
the updated pressure field. The parabolic components of the energy and salt conservation
equations are also solved by an implicit finite element method. Our formulation satisfies
the conservation laws without the necessity of costly nonlinear iteration methods.
The novel solution algorithm allows the modelling of thermohaline convection and fluid
flow in a variety of geological settings where p − T − X conditions are such that boiling
occurs, for example in continental magmatic hydrothermal systems or mid-oceanic hydrothermal systems, and which were insufficiently modeled by single-phase thermohaline
convection or pure H2 O fluid flow. In a companion paper (Chapter 4), the benchmarking
of the algorithm is discussed and an example application is presented.
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4 Multiphase Thermohaline Convection
in the Earth’s Crust: II.
Benchmarking and Application of a
Finite Element – Finite Volume
Solution Technique With a NaCl-H2O
Equation of State
4.1 Abstract
We present the benchmarking of a new finite element – finite volume (FEFV) solution
technique capable of modeling transient multiphase thermohaline convection for geological realistic p − T − X conditions. The algorithm embeds a new and accurate equation
of state for the NaCl-H2 O system. Benchmarks are carried out to compare the numerical results for the various component-processes of multiphase thermohaline convection.
They include simulations of (i) convection driven by temperature and/or concentration
gradients in a single-phase fluid (i.e., the Elder problem, thermal convection at different
Rayleigh numbers, and a free thermohaline convection example), (ii) multiphase flow (i.e.,
the Buckley-Leverett problem), and (iii) energy transport in a pure H2 O fluid at liquid,
vapor, supercritical, and two-phase conditions (i.e., comparison to the U.S. Geological Survey code HYDROTHERM). The results produced with the new FEFV technique are in
good agreement with the reference solutions.
We further present the application of the FEFV technique to the simulation of thermohaline convection of a 400◦ C hot and 10 Wt. % saline fluid rising from 4 km depth. During
the buoyant rise, the fluid boils and separates into a high-density, high-salinity liquid phase
and a low-density, low-salinity vapor phase.

4.2 Introduction
The setting of many geologic processes, such as deep fluid convection in magmatic hydrothermal systems, commonly precludes a direct observations of active fluid flow. Hence,
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indirect observations such as fluid inclusions measurements and chemical data are used to
decipher potential flow scenarios (Roedder, 1971; von Damm, 1995; Nehlig et al., 1991;
Heinrich et al., 1999). These data often indicate that fluid flow involves the simultaneous convection of heat and salt. The data, however, commonly yield only an incomplete
or time-integrated picture. Numerical simulations of such thermohaline convective systems hence would provide a valuable tool to analyze the temporal and spatial evolution of
hydrothermal fluid flow.
Numerical simulations of flow in magmatic hydrothermal systems have so far been seriously hampered for two reasons. On the one hand, although the properties of pure H2 O are
well known (Haar et al., 1984), the lack of an equation of state for the NaCl-H 2 O system
that is valid over the large temperature, pressure, and compositional range that can be
encountered in magmatic hydrothermal systems is missing. On the other hand, computational tools capable of modelling energy transport (Pruess, 1987; Pruess, 1991; Hayba and
Ingebritsen, 1994; Zyvolovski et al., 1996) usually lack the ability to model salt transport
in two fluid phases and are sometimes restricted to staggered grids that cannot resolve
complex geologic structures accurately. Hence, studies of thermohaline convection in magmatic hydrothermal systems have mostly been limited to incompressible single-phase flow
of thermohaline convection including linear T − X approximations for the fluid density
ρ and constant viscosities (Schoofs, 1999), or to energy transport in a pure water fluid
(Cathles, 1977; Norton and Knight, 1977; Delaney, 1982; Dutrow and Norton, 1995; Hayba
and Ingebritsen, 1997; Jupp and Schultz, 2000). While these studies have revealed fundamental insight into the time scales and flow patterns in hydrothermal systems, their
results do not account for the fact that NaCl-H2 O fluids can separate into a high-density,
high-salinity liquid phase and low-density, low-salinity vapor phase at temperatures and
pressures well above the critical temperature and pressure of pure H2 O (Sourirajan and
Kennedy, 1962). Studies of heat transport in pure H2 O further cannot account for the
fact that thermohaline convection exhibits a complex double-diffusive, double-convective
behavior (Phillips, 1991; Schoofs, 1999).
To overcome the limitations and simplifying assumptions of previous studies of fluid
flow in magmatic hydrothermal systems, we have developed a new equation of state for
the NaCl-H2 0 system valid from 0 to 750◦ C, 0 to 4000 bar, and 0 to 100 Wt. % NaCl
(Driesner and Heinrich, 2002; Driesner and Heinrich, 2003). The equation is utilized by
our novel finite element – finite volume (FEFV) algorithm. Our solution technique is
capable of modeling the simultaneous transport of heat and salt in two fluid phases with
highly varying fluid properties (Chapter 3). This FEFV formulation permits a flexible
discretization of complex geological structures (Geiger et al., 2004). The development
of the governing equations, numerical methods, and thermodynamic fluid properties are
discussed in an accompanying paper (Chapter 3).
Unfortunately, no physical experiments of multiphase thermohaline convection or comparable codes exist which can be used to benchmark and verify our new solution technique.
The different sub-processes of multiphase thermohaline convection, however, are intensely
studied and well understood. These processes comprise multiphase flow, solute transport,
single-phase convection driven by temperature gradients, single-phase convection driven
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by temperature and salinity gradients, and energy transport with phase transitions. It is
hence possible to conduct a series of benchmark tests for these component processes.
The benchmarking presented in this paper demonstrates the ability of our FEFV algorithm to properly calculate the convection of heat and salt during the simultaneous flow
of a high-density, high-salinity liquid phase and a low-density, low-salinity vapor phase. In
particular, we verify that (i) the operator splitting technique employed in our algorithm accurately models the advection and diffusion of a solute (Strang, 1968), (ii) the simultaneous
flow of two incompressible fluids yields accurate results when compared to the analytical
solution of the Buckley-Leverett problem (Buckley and Leverett, 1964), (iii) convection of
salt yields the correct results when compared to the classical Elder problem (Elder, 1967),
(iv) convection of heat in an incompressible pure H2 O fluid can be properly resolved at
various Rayleigh numbers (Caltagirone, 1975), (v) convection of heat and salt in a single,
slightly compressible fluid yields the correct behavior for the separation of the thermal and
salt plumes for different initial buoyancy configurations (Oldenburg and Pruess, 1999), and
(vi) that energy transport in a pure H2 O fluid can be accurately modeled at liquid, vapor,
and supercritical conditions and for the case where a vapor phase displaces a liquid phase.
This is achieved by comparing our numerical results to the well-established U.S. Geological
Survey code HYDROTHERM (Hayba and Ingebritsen, 1994).
Finally, we show an application of multiphase thermohaline convection where a hot,
saline and initially single-phase fluid rises and starts to boil. Upon phase separation, the
high-density, high-salinity liquid phase sinks down and the low-density, low salinity vapor
phase rises quickly.

4.3 Governing Equations and Numerical Solution
The derivation of the governing equations and the development of the numerical solution
algorithm are discussed in detail in the companion paper (Chapter 3). Formulated in terms
of fluid pressure p, temperature T , and salinity X, conservation for energy is given by
∂T
=
∂t
−∇ · (vv cpv ρv T ) − ∇ · (vl cpl ρl T ) + ∇ · (K∇T )

((1 − φ) ρr cpr + φ (Sl ρl cpl + Sv ρv cpv ))

(4.1)

conservation of salt by

φ

∂
ρf Xf = −∇ · (vv ρv Xv ) − ∇ · (vl ρl Xl )
∂t
+ ∇ · (Dl ∇ρl Xl ) + ∇ · (Dv ∇ρv Xv )

(4.2)
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and for fluid mass written in terms of a fluid pressure evolution by
∂p
ρf ((1 − φ) βr + φβf )
=
 
 ∂t


krv
krl
krl 2 krv 2
∇· k
ρl +
ρv ∇p + k
ρ +
ρ g∇z
µl
µv
µl l
µv v


∂X
∂T
+ γf
+ φρf αf
∂t
∂t

(4.3)

The velocity v at which phase i moves is given by
vi = −k

kri
[∇p − ρi g]
µi

(4.4)

In the above equations, ρ is the fluid density, µ the fluid viscosity, S the phase saturation,
cp the isobaric heat capacity, K the thermal conductivity, D the dispersion tensor, k the
permeability tensor, φ the porosity, β the compressibility, α the thermal expansivity, γ
the chemical expansivity, kr the relative permeability, and g = [0, 0, −g]T the gravitational
acceleration vector. The subscripts l, v, and r refer to the liquid, vapor, and rock phase,
respectively. The subscript f refers to the total fluid mixture, i.e., ρf = Sl ρl + Sv ρv ,
ρf Xf = Sl ρl Xl + Sv ρv Xv , and Xf = (Sl ρl Xl + Sv ρv Xv ) / (Sl ρl + Sv ρv ).
We solve the governing equations sequentially and decoupled, modelling parabolic (diffusion) equations with the finite element method and hyperbolic (advection) equations
with the finite volume method. The key advantages of this finite element – finite volume
(FEFV) formulation over a fully coupled formulation are that the global solution matrices
are better conditioned and hence are suitable for fast (algebraic) multigrid solvers, that
costly iterative schemes are omitted, that although the size of the time-step is restricted
due to the CFL criterion, the runtime is favorably faster in the decoupled approach, and
that the geometric flexibility of the finite element method is retained (Chapter 3). The new
equation of state for NaCl-H2 O (Driesner and Heinrich, 2002; Driesner and Heinrich, 2003)
provides the fluid properties ρ, cp , µ, S, β, α, and γ as a function of p, T , and X.
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4.4 Tests for Accuracy and Benchmarks For Speed
Buckley-Leverett Problem
φ
0.1
[-]
−14
k
1.0 × 10
[m2 ]
3
dp/dx
1.0 × 10
bar [m−1 ]
µw = µn 0.0001
[Pa s−1 ]
4
krw
Sw
[-]
krn
(1 − Sw )2 (1 − Sw2 ) [-]
Elder Problem
φ
0.1
[-]
k
4.845 × 10−13
[m2 ]
Dl = Dl 3.565 × 10−6
[m2 s−1 ]
µl
0.001
[Pa s−1 ]
ρ0
1000
[kg m−3 ]
ρ
ρ0 + 200 × Xl
[kg m−3 ]
Free thermal convection
ρ
ρ0 (1 − α (T − To )) [kg m−3 ]
µl , κ, k, α Function of RaT
Free thermohaline convection
φ
0.1
[-]
−14
k
5.0 × 10
[m−2 ]
ρr
2650
[kg m−3 ]
cpr
1000
[J kg−1 ◦ C−1 ]
K
1.8
[W m−1 ◦ C−1 ]
−8
Dp
1.0 × 10
[m2 s−1 ]
T0
200.0
[◦ C]
X0
0.0
[Wt. % NaCl]
Energy benchmark
φ
0.1
[-]
ρr
2750
[kg m−3 ]
cpr
880
[J kg−1 ◦ C−1 ]
K
2.25
[W m−1 ◦ C−1 ]
Table 4.1: Input parameters for all benchmark tests.
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4.4.1 Comparison To Analytical Solutions
We have verified the ability of our FEFV method to model linear incompressible singlephase transport and nonlinear incompressible two-phase flow using the operator splitting
and decoupling approach of the governing equations into a pressure evolution and transport equations by comparing the numerical results with given analytical solutions for two
simplified test-cases.
Advection Diffusion Equation
We compare the numerical results and the analytical solution of the generic one-dimensional
advection-diffusion equation in an incompressible fluid at various Peclet numbers P e =
vxmax
(Fig. 4.1). The generic one-dimensional advection-diffusion equation is
δ
∂
∂2
∂ψ
=−
· (vx ψ) + δ 2 ψ
∂t
∂x
∂x
It has the well-known analytical solution (Ogata and Banks, 1961)




ψx=0
vx t
x − vx t
x + vx t
ψx=0
√
√
+
erfc
exp
erfc
ψ (x, t) =
2
2
δ
2 δt
2 δt

(4.5)

(4.6)

ψ is the conserved quantity, δ the diffusivity, and erfc the complementary error function.
Excellent agreement between the numerical and analytical solutions, specifically for the
purely advective case (P e = ∞), is obtained (Fig. 4.1). In the latter case, the jump in
concentration is resolved within three nodes. The exact representation of this discontinuity
is the result of the spatially second-order accurate finite volume scheme employed in the
FEFV method (Geiger et al., 2004).
Buckley-Leverett Problem
A classical test problem for the accuracy of a numerical method for incompressible twophase flow is the Buckley-Leverett problem for which an analytical solution can be derived
(Buckley and Leverett, 1964). We compare the numerical solutions of the Buckley-Leverett
problem for the simultaneous flow of a non-wetting phase n and a wetting phase w in a
homogeneous porous medium with its analytical solution. Table 4.1 lists the fluid and
rock properties. For this configuration, the wetting phase is entering the porous medium
from the left and displaces the non-wetting phase. A discontinuity (shock front) originates
where the wetting phase first displaces the non-wetting phase. Once the pores are largely
filled with the wetting phase, a nonlinear transition from the wetting-phase saturation at
the shock front to the wetting-phase saturation at the inlet boundary develops (rarefaction
fan). This test hence also indicates how well a numerical method can deal with a nonlinear
flow problem. Assuming that the two fluids are incompressible, their viscosities are equal,
and that gravitational and capillary effects are absent, the governing equations (Eqs. 4.1,
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1.2

1.0
Pe = 100

0.8

C/C o

Pe = Infinity

0.6
Pe = 1

0.4

0.2

0.0
0.0

0.2

0.4

0.6

0.8

1.0

X/X max

Figure 4.1: Comparison between numerical (open symbols) and analytical (lines) solutions
for the generic advection-diffusion equation (Eq. 4.5) at different Peclet numbers for solute transport in an incompressible fluid. The normalized grid resolution x∆x
is x∆x
= 0.0101. Transport includes pure advection at P e = ∞
max
max
(squares and solid lines), diffusion dominated at P e = 100 (circles and dasheddotted lines), and an intermediate cases at P e = 1 (triangles and dashed lines).
The time-step ∆t is given by the CFL criterion C, i.e, ∆t = C.
4.2, 4.3) reduce to

 
 
krn krw
+
∇p
0 = ∇· k
µn
µw
∂Si
φ
= −∇ · vi i ∈ {n, w}
(4.7)
∂t
In our simulations, numerical and analytical solutions show excellent agreement (Fig. 4.2).
The rarefaction fan and shock front are accurately resolved and the solution converges as
the grid is refined. The shock front is resolved within three nodes, independent of the grid
size. The suitability of the method to handle two-phase flow on unstructured grids with
highly heterogeneous permeability fields was shown in Geiger et al. (2004).

4.4.2 Convection Benchmarks
We have verified the suitability of our numerical method to model free convection driven
by concentration and/or temperature gradients by comparing the obtained results with
published results for a series of classical benchmarks tests. Convection benchmarks exist
for single-phase flow only.
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Figure 4.2: Comparison of the one-dimensional numerical solution (open symbols) for a
coarse (circles) and fine (triangles) grid to the analytical (solid line) solution of
the Buckley-Leverett problem. The wetting phase w displaces the non-wetting
phase n in a homogeneous porous medium.
Elder Problem
The classical benchmark test to validate a code for modeling free convection driven by
concentration gradients is the Elder problem (Elder, 1967). In the Elder problem, a saline
fluid that is 20 % denser than pure water sinks downwards from the top boundary, driven
by buoyancy forces only. The domain is a rectangular box of 600 m × 150 m of saturated,
homogeneous, and isotropic porous medium (Fig. 4.3). The Elder problem is very suitable
for testing density-dependent fluid flow because the flow pattern is entirely determined by
the internal balance of the gravitational and pressure forces (Simpson and Clement, 2003).
For this test-case, the governing equations (Eqs. 4.1, 4.2, 4.3) reduce to
∂
ρl Xl = −∇ · (vl ρl Xl ) + ∇ (Dl ∇ρl ) Xl
∂t
 
 


1
1 2
∂Xl
∂p
= ∇· k
ρl ∇p + k
ρl g∇z + φρl γ
ρl φβf
∂t
µl
µl
∂t
φ

(4.8)

The parameters for the classical configuration are listed in Table 4.1. The obtained results
are in very good agreement with results published for similarly fine meshes in Koldtiz
et al. (1998) and Ackerer et al. (1999) (Fig. 4.3). The flow patterns are axisymmetric
with a central up-flow zone bordered by two down-flow zones. Our solutions to the Elder
problem are less sensitive to grid resolution than the reference solutions (Koldtiz et al.,
1998; Ackerer et al., 1999). This becomes evident in the salt concentrations, which do
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not change significantly with a mesh refinement by a factor four. This suggests mesh
convergence is obtained already on the coarse mesh. The second order accurate advection
scheme contributes to the fast mesh convergence. The runtime properties are shown in
Figure 4.4. The runtime increases at the order ∼ 1.5 with increasing mesh mesh refinement.
P=0
0m

X = 1.0, ρ = 1200

P=0

75 m
X = 0.0, ρ = 1000

150 m
0m

300 m

600 m

2 yrs

10 yrs

20 yrs

Figure 4.3: Solution to the Elder problem showing the salt concentrations for a coarse grid
(left) and fine grid (right) consisting of 2048 and 8192 uniform triangular finite
elements, respectively at 2, 10, and 20 years (top to bottom). Contour lines
show the salinity in 0.1 intervals from 0.0 to 1.0 Wt. % NaCl.

Thermal Convection
Free thermal convection at high Raleigh numbers in a closed square domain has been extensively studied (Caltagirone, 1975; Kimura et al., 1986; Steen and Aidun, 1988; Caltagirone
and Fabrie, 1989; Cherkaoui and Wilcock, 1999; Schoofs, 1999) and serves as a test-case
for the ability of our numerical method to resolve small scale features. In this test-case, a
constant basal temperature is applied. The temperature at the top boundary is held constant as well. Normally, the Boussinesq approximation is employed in those simulations,
i.e., the assumptions that the fluid is a single-phase incompressible liquid (β = 0) and that
the density term can be neglected everywhere (α = 0) but in the buoyancy term ρg in the
fluid pressure equation (Eq. 4.3). As a result, the divergence of the fluid velocity is zero,
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Figure 4.4: CPU time for the Elder Problem plotted as a function of the area of an individual finite element. Simulations where carried out with a Intel P4 (2.2 GHz)
processor. The coarsest mesh comprises 2048 finite elements, the finest mesh
65536 elements.
i.e., ∇ · vl = 0. The governing equations (Eqs. 4.1, 4.2, 4.3) reduce to (Caltagirone, 1975)
σ

∂T
∂t

= −∇ · (vl T ) + ∇ · (κ∇T )

   

1
1
0 = ∇· k
ρl g∇z
∇p + k
µl
µl

(4.9)

σ is the the ratio of energy in fluid and rock over the energy in the fluid σ = (cpr ρr ) / (cpl ρl ).
It is commonly assumed that σ ≈ 1. κ is the thermal diffusivity κ = K/ (cpl ρl ). In the
simulations, the thermal Rayleigh number RaT
RaT =

(ρmax − ρ0 ) gzkz
µl κ

(4.10)

is computed for fixed values of µl , κ, k, xmax = zmax , T0 , Tmax , ρ0 , and α. The density is
computed as a linear function of T (Table 4.1). The dimensionless heat transport, expressed
as the averaged thermal Nusselt number N uT
d
∂T
N uT = −
∂z

(4.11)

is measured at the top of the domain as a function of RaT . In the definition of N uT , the
bar denotes the normalized quantity T = (T − T0 ) / (Tmax − T0 ) and z = z/zmax . The hat

70

Multiphase Thermohaline Convection: II. Benchmarking and Application
Ra
100
200
300
500*
800*

This study
2.150
3.818
4.503
5.87
9.62

N uT
1
2
3
4
5
6
2.65
2.651
2.647 2.643
3.81
3.810
3.801 3.806
4.52
4.523
4.519 4.511
5.90
5.86 5.82 5.86
9.30
9.42 9.14 9.07

Table 4.2: Comparison of the average thermal Nusselt number N uT for closed-top convection in a square domain. The star denotes unsteady convection. Column entries
are 1 = Caltagirone (1975), 2 = Kimura et al. (1986), 3 = Steen and Aidun
(1988), 4 = Caltagirone and Fabrie (1989), 5 = Cherkaoui and Wilcock (1999),
6 = Schoofs (1999)
denotes the horizontal average. The obtained results of N uT for a given RaT (Table 4.2)
are in good agreement with the published results and small differences can be explained
by the different choices of discretization. Figure 4.5 shows the evolution of the normalized
temperature field over one oscillatory cycle at RaT = 800.

Figure 4.5: Oscillatory convection at RaT 800. The evolution of the normalized temperature T is shown at three different time-steps for one oscillatory cycle. Small
convection cells shear off at the basal boundary at a characteristic dimensionless frequency of 270 and merge with the main plume in the center. Contour
levels are in 0.1 intervals from 0.0 to 1.0.

Thermohaline Convection
The separation of the thermal plume and the salt plume by transient thermohaline doubleadvective convection for a NaCl-CaCl2 -H2 O brine has recently been studied numerically
(Oldenburg and Pruess, 1999). Here, the full set of governing equations (Eqs. 4.1, 4.2,
4.3) can be applied with Sl = 1 and Sv = 0, i.e., no vapor phase present. The simulations
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cannot be compared in a quantitative way because we use a different equation of state. The
differences between our NaCl-H2 O equation of state and the NaCl-CaCl2 -H2 O equation
of state in (Oldenburg and Pruess, 1999) are small, however, because (Oldenburg and
Pruess, 1999) assume that the concentration of CaCl2 is low and we have adjusted our
initial NaCl concentration to obtain similar fluid densities (Table 4.3).
This benchmark is very useful for two reasons. First, the simulations do not rely on
on the Boussinesq approximation. Instead the fluids are are treated correctly as slightly
compressible. Second, the qualitative behavior of plume separation can be verified. The
input properties for the initial parcel are listed in Tables 4.1 and 4.3. The initial and
boundary conditions are shown in Figure 4.6. The initial rock and fluid properties for both
simulations are listed in Table 4.1. We discretized the domain using 8192 triangular finite
elements (4425 finite volumes), which results in a uniform nodal spacing of 39.06 m. The
grid spacing is 100.0 m in Oldenburg and Pruess (1999).
Property
T+
X+
ρ+
T−
X−
ρ−
Brine

This study
300.0
10.0
834.9
250.0
12.0
916.8
NaCl-H2 O

Oldenburg and Pruess (1999)
300.0
11.6
831.0
250.0
13.5
919.0
NaCl-CaCl2 -H2 O

Unit
[◦ C]
[Wt. % NaCl]
[kg m−3 ]
[◦ C]
[Wt. % NaCl]
[kg m−3 ]
[-]

Table 4.3: Input parameters for the free thermohaline convection problem as used in this
study and by Oldenburg and Pruess (1999). The subscripts + and − denote the
properties for positive and negative initial buoyancy, respectively, in the initial
parcel.
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T = 200oC, P = 35.6 bar, X = 0.0
0m

wolf on

wolf on
Initial parcel
z
x
T = 200oC, P = 250 bar, X = 0.0

2500 m
0m

2500 m

Figure 4.6: Domain, initial, and boundary conditions for the transient thermohaline convection benchmark as given in Oldenburg and Pruess (1999).
The results of the numerical solutions show the correct behavior and, although the
employed equation of states describe different fluid compositions, the spatial and temporal
evolution of the fronts agree very well. When the hot brine parcel is buoyant, the overall
motion of fluid is upward. Because the temperature front is thermally retarded, a highdensity lid develops on top of a low-density region. This retards the overall movement of
the plume but the motion of the thermal and salt plume is still upward (Fig. 4.7). When
hot brine parcel is negatively buoyant, the thermal and brine plumes separate. The highdensity zone that evolves below the initial parcel location accelerates the downward-motion
of brine while the thermal plume rises after plume separation (Fig. 4.8).
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Figure 4.7: Solution to the positive buoyancy free thermohaline convection problem. From
top to bottom: Temperature (a), brine salinity (b), fluid density (c), and
streamlines (d) after 2 years (left) and 20 years (right).
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Figure 4.8: Solution to the negative buoyancy free thermohaline convection problem. From
top to bottom: Temperature (a), brine salinity (b), fluid density (c), and
streamlines (d) after 2 years (left) and 20 years (right).
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4.4.3 Energy Benchmarks
We have also compared our numerical method with results with the well established U.S.
Geological Survey’s finite difference code HYDROTHERM (Hayba and Ingebritsen, 1994),
for pseudo one-dimensional energy transport in pure H2 O at liquid, vapor, two-phase, and
supercritical conditions. In all simulations, a hot fluid enters cold fluid-saturated rock
from the left and flows down a pressure gradient. The hot fluid displaces and mixes with
the cold fluid and heats up the rock. A number of simulations were carried out for heat
transport dominated by advection or diffusion, as indicated by the thermal Peclet number
P eh defined as
P eh =

(vl cpl ρl + vv cpv ρv ) xmax
κ

(4.12)

Table 4.1 lists the rock properties used in the energy benchmarks. Table 4.4 shows the
boundary condition and permeability values for advection or diffusion dominated transport.
The same spatial resolution of ∆x = 2 m was used in CSP and HYDROTHERM.
Property
Tl
Tr
T0
pl
pr
kP e h 3
kP eh 500

Liquid
100.0
10.0
10.0
20.0
10.0
5.03×10−16
8.39×10−14

Vapor
350.0
230.0
230.0
20.0
10.0
8.37×10−15
1.40×10−12

Two-Phase
300.0
50.0
50.0
20.0
10.0
9.91×10−16
1.65×10−13

Supercritical
800.0
500.0
500.0
400.0
390.0
1.08×10−15
1.80×10−13

Unit
[◦ C]
[◦ C]
[◦ C]
[bar]
[bar]
[m−2 ]
[m−2 ]

Table 4.4: Boundary conditions for energy transport comparisons between CSP and HYDROTHERM for a pure H2 O fluid and advection dominated (P eh = 500) or
diffusion dominated (P eh = 3) liquid, vapor, two-phase, and supercritical conditions. The subscripts l and r denote left and right-side boundary conditions,
respectively. The subscript 0 denotes the initial temperature at t = 0.
Figure 4.9 shows that there is good agreement between the simulations carried out with
CSP and HYDROTHERM at all conditions. The deviation in the energy balance is less
than one percent for liquid, vapor, and supercritical conditions and less than two percent
at two-phase conditions. For advection dominated transport, the temperature fronts are
always steeper in the CSP simulations, which is due to the second order spatial accuracy of
our advection scheme. HYDROTHERM only uses a first order accurate spatial resolution.
If the spatial resolution in CSP is reduced to first order accuracy, the temperature fronts
for advection dominated transport are nearly identical. At vapor conditions and advection
dominated transport (Fig. 4.9b), HYDROTHERM computes temperatures that are lower
than the initial temperatures close to the outflow boundary, and this is probably not the
correct physical solution. Similarly, at supercritical conditions and advection dominated
transport (Fig. 4.9d) the temperature profile in the HYDROTHERM simulation depicts
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a sharp decrease close to the outflow boundary. At two-phase conditions and advection
dominated transport (Fig. 4.9c), a steep temperature drop is associated with the phase
boundary between vapor (left of the temperature drop) and liquid (right of the temperature
drop). The temperature profile and location of the phase boundary at advection dominated
conditions are in good agreement for the two simulations. A small difference in the position
of the saturation fronts can be attributed to the error introduced by the decoupling of the
governing equations (Dicks, 1993).
For diffusion dominated transport, however, the temperature profiles and locations of the
phase boundary differ. We have not been able to reproduce the HYDROTHERM results for
diffusion dominated two-phase energy transport with CSP, even if the spatial resolution in
CSP was reduced to first order accuracy. We explain the differences in this particular case
as a result of the decoupling of the pressure equation from the energy equation in CSP. The
computation of the fluid pressure in HYDROTHERM is a result of the fully coupled and
iterative solution of the governing equations while CSP computes the diffusion of the fluid
pressure directly. The resulting pressure profiles in HYDROTHERM, overall, yield higher
pressures on the vapor side than the CSP simulations. If H2 O is a vapor and the pressure
increases, its density increases faster than its enthalpy decreases, hence more energy per
unit pore volume is transported at higher pressures, and the temperature front moves
more rapidly. This effect increases as permeability decreases. We believe that the direct
computation of the diffusion of the fluid pressure yields the more accurate results and that
the temperature profiles computed by CSP are more likely to represent the actual physics.
For simulations of convective fluid flow, however, the differences between HYDROTHERM
and CSP in the temperature profiles at diffusion dominated energy transport are negligible
because convection cannot occur if diffusion is the dominant transport process. For the
same number of node points, simulations carried out with CSP are generally several times
faster than those carried out with HYDROTHERM.

77

4.4 Tests for Accuracy and Benchmarks For Speed

(a)

120

360

(b)

340

100

320

Peh = 500

80

]Co[ T

]Co[ T

60

Peh = 500

300
280
260

Peh = 3

40

Peh = 3

240
20

220

0

200
0

20

60

80

100

0

Distance [m]

(c)

350

40

850

20

40

60

80

100

Distance [m]

(d)

800

300

Peh = 500

750

250

]Co[ T

]Co[ T

200

700
650
Peh = 3

150
600
100

550

50

500

0

450
0

20

40

60

Distance [m]

80

100

0

20

40

60

80

100

Distance [m]

Figure 4.9: Comparison of energy transport in pure H2 O with CSP (lines with open circles) and HYDROTHERM (lines without symbols) at liquid (a), vapor (b),
two-phase (c), and supercritical (d) conditions. Simulations were carried out
for advection dominated transport at P eh = 500 (bold lines) and diffusion
dominated transport at P eh = 3 (dashed lines). Material properties and initial
conditions are listed in Tables 4.1 and 4.4. Profiles were recorded at 0.8 years
(P eh = 500) and 30 years (P eh = 3) for liquid conditions, 0.4 years (P eh = 500)
and 30 years (P eh = 3) for vapor conditions, 50 days (P eh = 500) and 26 years
(P eh = 3) for two-phase conditions, and at 0.8 years (P eh = 500) and 30 years
(P eh = 3) for supercritical conditions.
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4.5 Example Application
To illustrate the applicability of our new numerical algorithm, we have modeled the buoyant
rise of a hot, saline fluid at 400◦ C and 10 Wt. % NaCl from a depth of 4 km (Fig. 4.10,
Table 4.5). Initially, the fluid is a single-phase liquid but it separates into a high-density,
high-salinity brine phase and a low-salinity, low-density vapor phase during its ascent, once
the fluid pressure drops below the liquid-vapor surface for the given T − X combination.
Property
Tz=0
Xz=0
pz=0
ρz=0
Tz=4000
Xz=4000
pz=4000
ρz=4000
k
φ
ρr
cpr
K
aT
aL

Value
20.0
0.0
1.0
998.2
400.0
10.0
388.0
717.3
1.0×10−15
0.05
2750
880
2.25
20.0
2.0

Unit
[◦ C]
[Wt. % NaCl]
[bar]
[kg m−3 ]
[◦ C]
[Wt. % NaCl]
[bar]
[kg m−3 ]
[m2 ]
[-]
[kg m−3 ]
[J kg−1 ◦ C−1 ]
[W m−1 ◦ C−1 ]
[m]
[m]

Table 4.5: Input parameters for the multiphase thermohaline convection example. aT and
aL are the transversal and longitudinal dispersivities, respectively.

4.5.1 Simulation Results
The presence of salt delays the onset of convection and formation of a convection cell. This
is a consequence of the double-diffusive and double-advective behavior of thermohaline
convection. As in the buoyant case in the free thermohaline convection test (Fig. 4.7), a
stabilizing high-density lid of relatively cold and saline fluid forms, which initially prevents
the advective rise of the underlying hot and saline fluid. The diffusive spreading of the
temperature front later destabilizes this density stratification so that the convection cell
starts to form after approximately 200,000 years (Figs. 4.11a, 4.12a). As the convection cell
develops, salt and energy are quickly advected upwards in a hot, saline, and low-density
plume in the center of the model. This central upflow zone develops from a thin basal
layer in which the fluid has its maximum temperature and salinity and which persists for
the remainder of the simulation. Since salt is transported faster by advection than heat,
relatively cold and saline fluid sinks down parallel to the hot, saline upflow zone and the
salinity in almost the entire model is larger than ∼ 5 Wt. % NaCl (Figs. 4.11b, 4.12b).
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T = 20oC, P = 1 bar, X = 0.0
0m
φ = 0.1
k = 1.0 x 10-15 m-2
wolf on

wolf on

Geothermal gradient 0.025 oC km-1
Hydrostatic gradient
0.0 Wt. % Salinity
z
x
T = 400oC, P = 388.0 bars, X = 10.0

4000 m
0m

4000 m

Figure 4.10: Domain, initial, and boundary conditions for the multiphase thermohaline
convection example (See also Table 4.5). An open top boundary is applied by
fixing the pressure at 1 bar. This allows fluid to leave or enter through the
top boundary (Cherkaoui and Wilcock, 1999).
After approximately 233,000 years, the fluid starts to boil in the upflow zone, separating
into a high-salinity, high-density brine and a low-salinity, low-density vapor phase. The
vapor phase rises quickly, diluting the saline fluid in the shallower parts of the model
(Figs. 4.11c, 4.12c). Within approximately 3,000 years, the flow field reorganizes itself
into a narrow upflow zone of hot intermediate salinity fluid (∼ 3 − 5 Wt. % NaCl, and
∼ 340−380◦ C) feeding a v-shaped boiling zone about 1.5 kilometer below the surface (Figs.
4.11d, 4.12d). The boiling zone is marked by a discontinuity in the salinity profile. During
the reorganization of the flow field, the salinity in the model is continuously reduced until
saline fluid exists only in the upflow zone and along the basal boundary. In the boiling
zone, part of the low-salinity, low-density vapor continues to rise temporarily precipitating
halite. The other part recondenses and the condensate mixes with the high-salinity, highdensity brine to form an intermediate density liquid that percolates from the boiling zone
downwards parallel to the upflow zone and disperses. Dissolving halite also contributes salt
to the intermediate density fluid. Once the reorganization of the flow field is complete, the
fluid in the boiling zone cools and the isotherms retract to greater depth. This causes the
boiling zone to move upwards, shrink, and vanish after approximately 256,000 years (Figs.
4.11e, 4.12e). Once the boiling zone has vanished, a steady-state convection cell forms in
which hot and intermediate salinity fluid of ∼ 3 − 5 Wt. % NaCl and ∼ 280 − 380◦ C rises
in the center, and cools and sinks down as an intermediate salinity fluid on the flanks (Figs.
4.11f, 4.12f).
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Figure 4.11: Temperature profiles after 200,000 years (a), 230,000 years (b), 232,796 years
(c), 235,239 years (d), 249,956 years (e), and 498,709 years (f).
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Figure 4.12: Salinity profiles after 200,000 years (a), 230,000 years (b), 232,796 years (c),
235,239 years (d), 249,956 years (e), and 498,709 years (f).

4.6 Discussion
All benchmark tests show that our results are in good agreement with the respective analytical or numerical reference solutions. Also, the example application, which, to the
best of our knowledge, for the first time ever included the full complexity of thermohaline
convection, demonstrates that our new solution technique yields results that are representative of the geologists qualitative understanding of multiphase thermohaline convection.
Field data, for example from porphyry copper deposits (Henley and McNabb, 1978; Eastoe, 1982), indicates the upward-movement of steam and downward-movement of brines.
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This new solution technique now opens the door to realistically and accurately simulate
a variety of flow phenomena in geologic processes such as brine convection around cooling
magmatic intrusions, flow in oceanic hydrothermal systems, or thermohaline convection
of basin brines. These processes could previously only be modeled by making simplifying
assumptions such as a pure H2 O fluid, incompressibility, linear dependency of density on
temperature and salinity, or the absence of phase separation. With the presented work,
we have developed a code that can improve our current understanding of the above flow
processes.
For future applications it would be desirable if our numerical method could be further benchmarked against field or experimental data, e.g. from geothermal fields, and
against other numerical codes that have the capability of modeling multiphase thermohaline convection with a realistic equation of state of NaCl-H2 O. Little is known about the
hydrodynamics of a boiling saline fluid. Only if several codes can be applied to model a
suite of thermohaline convection test cases and if these results can be compared to field or
experimental data, we will be certain to distinguish numerical artifacts from actual physical process. This will help us to continously improve the quality of our simulations. We
will also increase our quantitative understanding of geologic flow phenomena that include
the transport of heat and salt. Such benchmarking of numerical methods, for example,
has been successfully established with the test cases provided by the Society of Petroleum
Engineers to model various aspects of oil-water flow.

4.7 Conclusions
In this paper, we have presented the benchmarking and application of a finite element
– finite volume (FEFV) framework for numerical simulations of multiphase thermohaline
convection. The development of this FEFV technique is discussed in the companion paper
(Chapter 3). A series of test cases, each evaluating a component process of multiphase
thermohaline convection, was used for the benchmarking. The algorithm was then applied
to model, for the first time ever, the full complexity of convective transport of an initially
hot, saline, single-phase liquid phase that is separating into a high-density, high-salinity
brine phase and a low-density, low-salinity vapor phase during its ascent.
The simulation framework was implemented into the object-oriented C++ code CSP
(Matthäi et al., 2001). Numerical solutions were compared to:
• The analytical solutions for the advection-diffusion equation and the Buckley-Leverett
(Buckley and Leverett, 1964) problem to benchmark the operator splitting (Strang,
1968) and decoupling approach for incompressible single-phase transport and nonlinear incompressible two-phase flow.
• Reference solutions for the Elder problem (Elder, 1967) and thermally driven convection at varying Rayleigh number (Caltagirone, 1975; Kimura et al., 1986; Steen and
Aidun, 1988; Caltagirone and Fabrie, 1989; Cherkaoui and Wilcock, 1999; Schoofs,
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1999) to verify the accuracy of convection driven by variations in the concentration,
respectively temperature field.
• A free single-phase thermohaline convection problem (Oldenburg and Pruess, 1999)
to test the correct behavior for the separation of thermal and salt plumes for different
initial buoyancy configurations
• Energy transport simulations at liquid, vapor, two-phase, and supercritical conditions
for pure H2 O, carried out with the U.S. Geological Survey code HYDROTHERM
(Hayba and Ingebritsen, 1994), to verify that the numerical method accurately computes the advance of the thermal front for different phase states.
The numerical results of the simulations computed with the new solution technique
in CSP are all in very good agreement with these benchmarks. This demonstrates that
our new scheme accurately captures the transient features of multiphase thermohaline
convection. This is true also for a full complexity model where a hot, saline and initially
single-phase fluid rises and starts boil. Upon phase separation, the high-density, highsalinity liquid phase is sinking down due to recondensation of vapor as a single-phase
intermediate salinity fluid. The low-density, low salinity vapor phase is rising up quickly
diluting the fluid above the boiling zone.
With the help of our FEFV framework and its embedded equation of state for NaClH2 O, it is now possible to more accurately model thermohaline convection and fluid flow
in geologic environments where p-T -X conditions promote boiling and commonly applied
simplifications are invalid.
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5 On the Dynamics of NaCl-H2O Fluid
Convection in the Earth’s Crust

5.1 Abstract
Transient numerical simulations of thermohaline convection including phase separation
into a high-density, high-salinity brine phase and a low-density, low-salinity vapor phase
at pressures and temperatures well above the critical point of pure H2 O are presented.
Using a novel finite element – finite volume (FEFV) solution technique and a new equation
of state for the binary NaCl-H2 O system, convection of a NaCl-H2 O fluid in an open-top
square box of 4 × 4 km is studied at geologically realistic pressure p, temperature T , and
salinity X conditions.
In the simulations, the basal temperature and salinity is varied systematically from 200
to 600◦ C and from 3.2 to 40 or 60 Wt. % NaCl, for permeabilities of 10−15 or 10−14 m2 and
hydrostatic pressure conditions. Resulting flow patterns are diffusive, steady convective,
or oscillatory. Single-phase thermohaline convection occurs at temperatures below 400 ◦ C.
Between 400◦ C and 450◦ C, phase separation can occur during the buoyant rise of heat
and salt if the permeability is high or the salinity low. Above 450◦ C, the fluid at the
basal boundary is a vapor phase coexisting with a brine phase. In this case, convection is
dominated by heat and salt transport during the buoyant rise of vapor. Convection sets in
almost instantaneously at these conditions. Above 570◦ C, a nearly pure H2 O vapor phase
coexists with solid salt at the basal boundary. Convection is driven exclusively by the
applied temperature gradient.
Since fluid properties change by highly non-linear functions of p, T , and X, parameters
such as the Rayleigh number and buoyancy ratio, which are classically used to quantify the
different regimes of thermohaline convection, are not meaningful in this context. This implies that parametric studies that make use of the Boussinesq approximation and assume
incompressibility are not representative of thermohaline convection in geologic environments. We use the concept of a local Rayleigh number and a fluxibility parameter to
provide a better insight into the onset and evolution of thermohaline convection.
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5.2 Introduction
The dynamics of thermohaline convection, i.e. the simultaneous buoyancy-driven movement of heat, water and salt (NaCl), have been studied intensely by means of numerical
simulations and laboratory experiments for single-phase fluid systems. The motivation for
those studies is two-fold. On the one hand, thermohaline convection is a key process that
is driving many important geological processes in the earth’s crust including fluid flow in
sedimentary basins (Schoofs et al., 2000b), salt intrusion into groundwater aquifers (OudeEssink, 1996), formation of hydrothermal ore deposits in sedimentary basins (Garven et
al., 1999) or around magma chambers (Henley and McNabb, 1978; Burnham, 1979), convection in geothermal systems (Oldenburg and Pruess, 1998), or chemical fluctuations in
submarine hydrothermal systems (von Damm et al., 1997). Here, numerical simulations
have been employed to better understand the transient spatial and temporal evolution of
these geological processes.
On the other hand, thermohaline convection represents an interesting non-linear flow
problem. The non-linearity was quantified in theoretical numerical simulations and laboratory experiments (Nield, 1968; Griffith, 1981; Trevisan and Bejan, 1987; Murray and
Chen, 1989; Rosenberg and Spera, 1992; Mamou et al, 1998; Mamou and Vasseur, 1999;
Schoofs et al., 1999; Cooper et al., 2001; Pringle et al., 2002).
These applied and theoretical studies of thermohaline convection have revealed important
insights into the emergent behavior of double-diffusion and double-convection and the possible impact on geologic processes. Most of these studies made the simplifying assumption
that the fluid is incompressible and its density depends linearly on temperature and salinity. NaCl-H2 O fluids do not conform with this assumption and, moreover, can separate into
a high-density, high-salinity brine phase and a low-density, low-salinity vapor phase well
above the critical point of pure H2 O (Sourirajan and Kennedy, 1962). Fluid inclusions and
chemical data from fluid samples of active hydrothermal systems show that phase separation is a common and important process in continental and oceanic magmatic hydrothermal
settings. It is possibly responsible for the formation of large-scale economic ore deposits,
or fluctuations in the fluid circulation along mid-ocean ridges (Roedder, 1971; Bodnar et
al., 1985; von Damm et al., 1997; Heinrich et al., 1999).
As of yet, thermohaline convection including phase-separation has not been studied numerically for two reasons. First, an equation of state that accurately describes the thermodynamic fluid properties and phase state of the NaCl-H2 O system over the whole range of
geologically relevant pressure, temperature, and composition has not been available. Second, a numerical algorithm that is capable of modeling thermohaline convection including
phase separation and the simultaneous flow of a brine and a phase was not developed.
For this paper, we have studied the dynamics of thermohaline convection by means
of numerical simulation for a variety of geologically realistic pressure, temperature, and
compositional input ranges to understand the flow dynamics that evolve when a NaClH2 O fluid with realistic fluid properties convects and can separate into a brine and vapor
phase. For the numerical simulations, we have used a novel finite element – finite volume
(FEFV) solution technique (Chapters 3, 4). The FEFV algorithm employs a new equation
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of state for the NaCl-H2 O system valid from 0 to 750◦ C, 0 to 4000 bar, and 0 to 100 Wt.
% NaCl (Driesner and Heinrich, 2002; Driesner and Heinrich, 2003) to calculate the fluid
properties.
This paper is organized as follows: In the first part, we discuss the results of previous
studies of single-phase thermohaline convection. The governing equations and numerical
method are described in the second part. The third part introduces the thermodynamics
of the NaCl-H2 O fluid system. This is followed by a description of the model setup. The
obtained numerical results are then presented in detail. We close by discussing the results
introducing a new method for quantifying the different regimes of multi-phase thermohaline
convection.

5.3 Single-Phase Thermohaline Convection
During subsurface fluid flow through a thermally conductive porous medium, heat is transported faster by diffusion than salt while salt is transported faster by advection. This can
cause double-convection and double-diffusion during single-phase thermohaline convection
(Phillips, 1991; Nield and Bejan, 1992). Four dimensionless parameters are commonly used
to quantify the behavior of thermohaline convection. The Lewis number Le describes the
ratio between the thermal and chemical diffusivity. The normalized porosity φ∗ describes
the matrix porosity multiplied with the ratio between the heat capacity of the fluid and
the heat capacity of the solid matrix. This expresses the degree by which the advection
of the thermal front is retarded with respect to the salt front. In numerical studies of
thermohaline convection, it is commonly assumed that the heat capacity ratio is one. In
this case, the temperature front moves at the Darcy velocity and the salt front at the pore
velocity. The buoyancy ratio Rb describes the ratio of the rates at which the fluid density
is changing due to the applied salinity and temperature differences. Heat and salt have
opposing effects on the fluid density. An increase in temperature leads to a decreasing
fluid density, and an increase in salinity to an increasing fluid density. The last descriptive parameter is the thermal Rayleigh number RaT . It quantifies the onset and vigor of
convection due to the applied temperature gradient.
Initial density stratifications can stabilize or destabilize convection (Phillips, 1991). Of
particular interest to the studied scenario is the configuration where cold salt-poor fluid
overlies hot saline fluid. Here, the presence of salt delays the onset of convection because a
high density lid of cold, saline fluid evolves above the buoyant hot saline fluid (Oldenburg
and Pruess, 1999). The onset of thermohaline convection can be analyzed by linear stability
analysis. A minimum critical thermal Rayleigh number can be derived at which convection
sets in (Nield, 1968; Phillips, 1991; Mamou and Vasseur, 1999). If a porous medium, which
initially comprises a salinity distribution with a stable density stratification, is heated
from below, horizontally layered structures evolve (Schoofs et al., 1998; Schoofs et al.,
2000a). Each layer is well mixed by convection restricted to the individual layer and
a sharp density contrast exists between two adjacent layers. If a porous medium, on
the other hand, is heated and salted from below (Rosenberg and Spera, 1992; Schoofs et
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al., 1999; Schoofs and Spera, 2003), low values of Rb (fluid density changes are dominated
by variations in temperature) along the basal boundary force the flow dynamics to evolve
towards a convective steady-state. This steady state is similar to a convective steady-state
driven by temperature gradients only. With increasing Rb values, flow dynamics become
periodic oscillatory and eventually chaotic. At high Rb values (fluid density changes are
dominated by variations in salinity), flow dynamics evolve towards a diffusive steady-state.
Chaotic thermohaline convection is governed by an irregular transition from layered to nonlayered interfaces. It has been suggested that typical geological parameters for temperature
and salinity often produce such chaotic flow dynamics (Schoofs et al., 1999; Schoofs and
Spera, 2003). A decrease in φ∗ shifts periodic oscillatory convection dynamics to multiperiodic oscillatory systems and steady convective systems to chaotic systems (Mamou et
al, 1998; Schoofs et al., 1999; Schoofs and Spera, 2003).

5.4 Governing Equations and Numerical Method
The governing equations have been derived in detail in Chapter 3. They are formulated
in terms of fluid pressure p, temperature T , and salinity, i.e. mass fraction NaCl, X.
Conservation of energy is given by
∂T
=
∂t
−∇ · (vv cpv ρv T ) − ∇ · (vl cpl ρl T ) + ∇ · (K∇T )

((1 − φ) ρr cpr + φ (Sl ρl cpl + Sv ρv cpv ))

(5.1)

of salt by
φ

∂
ρf Xf = −∇ · (vv ρv Xv ) − ∇ · (vl ρl Xl ) + ∇ · (Dl ∇ρl Xl ) + ∇ · (Dv ∇ρv Xv )
∂t

(5.2)

and of fluid mass by
∂p
ρf ((1 − φ) βr + φβf )
=

 
 ∂t

krl
krv
krl 2 krv 2
∇· k
ρl +
ρv ∇p + k
ρ +
ρ g∇z
µl
µv
µl l
µv v


∂X
∂T
+ γf
+ φρf αf
∂t
∂t

(5.3)

The generalized Darcy’s law yields the velocity v at which phase i moves
vi = −k

kri
[∇p − ρi g]
µi

(5.4)

Symbols and corresponding units are listed in Table 5.1.
The numerical solution technique, which is employed to solve the governing equations, is
discussed in Chapter 3 and implemented into the object-oriented C++ code CSP (Matthäi
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Symbol
α
β
γ
µ
ρ
φ
cp
kr
K
S
X
g
D
k
ρf = Sl ρl + Sv ρv
ρ f Xf = S l ρ l Xl + S v ρ v Xv
Xf = (ρf Xf ) /ρf
l
v
r

Property
Thermal expansivity
Compressibility
Chemical expansivity
Viscosity
Density
Porosity
Isobaric heat capacity
Relative permeability
Thermal conductivity
Saturation
Mass fraction NaCl
Gravitational acceleration vector
Dispersion tensor
Permeability tensor
Total fluid mass
Total NaCl mass in fluid
Mass fraction NaCl in fluid
Liquid property
Vapor property
Rock property

Unit
[◦ C −1 ]
[Pa −1 ]
[Wt. %−1 ]
[Pa s−1 ]
[kg m−3 ]
[-]
[J kg−1 ◦ C−1 ]
[-]
[W m−1 ◦ C−1 ]
[-]
[Wt. % NaCl]
[m s−2 ]
[m2 s−1 ]
[m2 ]
[kg m−3 ]
[kg m−3 ]
[Wt. % NaCl]
[-]
[-]
[-]

Table 5.1: List of mathematical symbols.

et al., 2001). It combines finite element with finite volume (FEFV) methods. The governing
equations are solved decoupled and sequentially using operator splitting. They are separated into their parabolic (diffusion type) and hyperbolic (advection type) sub-equations.
This allows the solution of the governing equations by the numerical method that is best
suited for a certain type of sub-equation. Parabolic equations are solved by a semi-implicit
finite element method. Hyperbolic equations are solved by an explicit second-order accurate finite volume method. In the first step of the sequential procedure, the fluid pressure
field is updated (Eq. 5.3) via the finite element method. Fluid velocities are obtained from
equation 5.4. In the second step, the diffusive spreading of the salt and temperature fields
is calculated for the parabolic parts of equations 5.2 and 5.1 via the finite element method.
In the third step, the advection of salt and heat is computed for the hyperbolic parts of
equations 5.2 and 5.1 via the finite volume method. The fluid properties ρ, µ, cp , S, α, β,
and γ are updated as a function of p, T , and X at the next time level. α and γ account
for fluid volume changes due to the thermal or chemical expansion of the fluid. A new
equation of state for the system NaCl-H2 O valid from 0 to 750◦ C, 0 to 4000 bar, and 0 to
100 Wt. % NaCl (Driesner and Heinrich, 2002; Driesner and Heinrich, 2003) is used for
the calculation of the phase state and according fluid properties.
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5.5 Thermodynamics of the NaCl-H2O System
A key feature of the binary NaCl-H2 O system (Fig. 5.1) is the large miscibility gap in which
a high-density, high-salinity liquid phase (brine) coexists with a low-density, low-salinity
vapor phase (Sourirajan and Kennedy, 1962; Bodnar et al., 1985). At high pressures, the
miscibility gap is bounded by the liquid plus vapor (LV) surface, at low pressures by the
halite plus liquid plus vapor (HLV) surface. The crest of the LV surface is the critical
curve of NaCl-H2 O. It starts at the critical point of pure H2 O (373.976◦C, 220.561 bar)
and extends to the critical point of pure NaCl (>3000◦ C, ∼ 300 to 400 bar). The saturation
curve of pure H2 O at X = 0 exists at pressures and temperatures below the critical point of
pure H2 O. At pressures and temperatures above the LV surface, the fluid is a single phase
with either liquid-like or vapor-like properties. A smooth transition from liquid-like to
vapor-like properties exists above the LV surface for pressures and temperatures above the
critical curve NaCl-H2 O. At pressures below the HLV surface, vapor coexists with halite,
i.e. the solid salt phase. At salinities above and temperatures below the halite liquidus,
halite can coexist with a liquid phase.
A NaCl-H2 O fluid can take several possible p−T −X paths that are considerably different
from a pure H2 O fluid. For example, a single-phase liquid fluid at 500 bar, 10 Wt. % NaCl
and 100◦ C is isobarically heated. When crossing the LV, it separates into brine and vapor.
Further heating of the fluid does not change the phase state of the fluid. The volumetric
steam content (i.e. saturation), however, increases with increasing temperature. If, on the
other hand, the same fluid parcel is isobarically heated at 300 bars, it encounters the LV
surface at a lower temperature. When the temperature is increased, the brine vaporizes
and halite precipitates when crossing the HLV surface. If the temperature continues to
increase, the fluid encounters the HLV surface for a second time. Here, halite dissolves into
a brine condensed out from the vapor condenses. At very high temperatures (>700 ◦ C), a
vapor phase coexists again with a brine phase. This phase state does not change anymore
if the fluid is further heated. Phase separation into a vapor and brine may also occur if
a single-phase fluid is adiabatically depressurized. By contrast, a pure H2 O fluid can only
coexist as a liquid and vapor phase for a relatively small p − T range along the saturation
curve.

5.6 Model Setup
Free convection of heat and salt in a uniform square domain of 4 × 4 km has been modeled
(Fig. 5.2). The rock properties are listed in Table 5.2.
An open top boundary condition is applied with the pressure fixed at 1 bar at z = 0
km such that fluid can leave or enter through the top boundary. Temperature and salinity
are fixed at the top boundary at T = 20◦ C and X = 0 Wt. % NaCl. The boundary
conditions at z = 4 km for temperature and pressure are also held constant but were varied
systematically from simulation to simulation (Table 5.3). The pressure at z = 4 km changes
transiently and is computed as the current hydrostatic pressure. For the initial conditions, a
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Figure 5.1: Phase diagram of the binary NaCl-H2 O system (Driesner and Heinrich, 2003).
The open circle denotes the critical point of pure H2 O, LV-Surface denotes the
liquid plus vapor surface. HLV-Surface denotes the halite plus liquid plus vapor
surface. The zone of liquid plus vapor coexistence is bounded by the LV and
HLV surfaces.
geothermal gradient is computed for a basal heat flux of 0.05 W m−2 yielding dT /dz ≈ 22◦ C
km−1 . Initially the salinity is X = 0 Wt. % NaCl. A hydrostatic fluid pressure distribution
is calculated for the initial temperature and salinity distribution yielding an initial pressure
of 388 bars at z = 4 km. The domain is discretized into 8192 uniform triangular finite
elements and 4425 node-centered finite volumes using a constrained conforming Delauney
triangulation (Shewchuk, 2002). Depending on the permeability, the simulations were run
up to 100,000 years or 1,000,000 years.

5.7 Results
Five basic fluid flow patterns can be distinguished for the input parameters defined in
Table 5.3. They comprise (i) purely diffusive transport, (ii) single-phase thermohaline
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Property
Porosity φ
Permeability k
Thermal conductivity K
Rock density ρr
Rock heat capacity cpr
Longitudinal dispersivity aL
Transversal dispersivity aT

Value
0.05
10−15 or 10−14
2.25
2750
880
20.0
2.0

Unit
[-]
[m2 ]
[W m−1 ◦ C−1 ]
[kg m−3 ]
[J kg−1 ◦ C−1 ]
[m]
[m]

Table 5.2: Rock properties for the free thermohaline convection study.
T = 20oC, p = 1 bar, X = 0.0 (constant)
0m

wolf on

wolf on

Geothermal gradient
Hydrostatic pressure
0.0 Wt. % NaCl Salinity
z
x

4000 m

Hydrostatic p, varying T, X (constant)
0m

4000 m

Figure 5.2: Domain, initial, and boundary conditions for the multi-phase thermohaline
convection simulations. See Table 5.3 for T and X values at z = 4 km.
convection, (iii) thermohaline convection with supercritical phase separation during the
ascent of a single-phase fluid, (iv) convection of a low-salinity vapor if a brine coexists with
vapor at z = 4 km, and (v) temperature-only driven convection of pure H2 O if a vapor
coexists with halite at z = 4 km. Convection pattern may have steady state solutions or
exhibit single-cell oscillatory, multi-cell oscillatory, or chaotic behavior. Flow patterns for
the according T − X basal conditions are summarized in Table 5.3 and plotted for both
permeability values in Figure 5.3.
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Number
1
2
3
4
5
6
7
8
9

93

20
21
22
23
24
25
26

X
3.2

ρl
914.9

ρv
-

Sl
1.0

Sv
0.0

Sh
0.0

200.0

10.0

966.5

-

1.0

0.0

0.0

200.0

20.0

1044.2

-

1.0

0.0

0.0

log k
-14
-15
-14
-15
-14

0.0

-15
-14

0.071

-15
-14

200.0

200.0

30.0

40.0

1127.7

1141.1

-

-

1.0

0.929

0.0

0.0

400.0

3.2

599.1

-

1.0

0.0

0.0

400.0

10.0

717.1

-

1.0

0.0

0.0

400.0

20.0

836.5

-

1.0

0.0

0.0

400.0

30.0

939.8

-

1.0

0.0

0.0

400.0

40.0

1044.9

-

1.0

0.0

0.0

450.0

10.0

792.1

336.67

0.247

0.753

0.0

450.0

20.0

792.1

336.67

0.835

0.165

0.0

500.0

3.2

1048.6

188.29

0.011

0.999

0.0

-15
-14
-15
-14
-15
-14
-15
-14
-15
-14
-15
-14
-15
-14
-15
-14
-15

Flow Pattern
Single-phase convective (oscillatory)
Single-phase diffusive
Single-phase convective (steady)
Single-phase diffusive
Single-phase convective (layer formation)
Single-phase diffusive
Single-phase convective (layer formation)
Single-phase diffusive
Single-phase diffusive (temporary layer
formation)
Single-phase diffusive
Phase separation (oscillatory)
Phase separation (steady convective)
Phase separation (oscillatory)
Phase separation (steady convective)
Phase separation (oscillatory)
Single-phase convective (steady)
Phase separation (oscillatory)
Single-phase convective (steady)
Single phase diffusive (temporary layer
formation)
Single-phase diffusive
Not studied
Initial boiling (steady convective)
Not studied
Initial boiling (steady convective)
Initial boiling (oscillatory)
Initial boiling (steady convective)
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10
11
12
13
14
15
16
17
18
19

T
200.0

36

500.0

10.0

1048.6

188.29

0.041

0.959

0.0

500.0

20.0

1048.6

188.29

0.105

0.895

0.0

500.0

30.0

1048.6

188.29

0.209

0.791

0.0

500.0

60.0

1175.8

-

1.0

0.0

0.0

600.0

3.2

-

118.86

0.0

0.998

0.002

-14
-15
-14
-15
-14
-15
-14
-15
-14
-15

Initial boiling (oscillatory)
Initial boiling (steady convective)
Initial boiling (oscillatory)
Initial boiling (steady convective)
Initial boiling (oscillatory)
Initial boiling (steady convective)
Phase separation (oscillatory)
Phase separation (oscillatory)
Initial halite plus vapor coexistence
(chaotic)
Initial halite plus vapor coexistence
(chaotic)

Table 5.3: Observed fluid flow patterns as a function of
temperature T , bulk salinity X, and permeability k. Initial fluid densities ρl and ρv , and
saturations Sl , Sv , and Sh for an initial pressure of 388 bar (pure H2 O hydrostatic) are
shown as well. Note that halite coexists with
liquid at T = 200◦ and 40.0 Wt. % NaCl. The
fluid salinity is hence 31.5 Wt. % NaCl. Halite
also coexists with vapor at T = 600◦ C. The
vapor salinity is hence very close to zero. The
halite saturation Sh is given by Sh = 1 − Sl ,
respectively Sh = 1 − Sv . Oscillations can be
single-cell or multi-cell oscillatory.
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Figure 5.3: Observed fluid flow patterns mapped in T − X space at k = 10−14 m2 (a) and
k = 10−15 m2 (b).

5.7.1 Static Diffusive Transport
If salt is present at the basal boundary, convection does not occur below 400◦ C for permeabilities of k = 10−15 m2 (Simulations 2, 4, 6, 8, and 10). Heat and salt are transported
by diffusion only. Since salt diffuses slower than heat, a basal layer of high salinity develops. After ∼ 100, 000 years, a steady state solution results, and temperature increases
linearly with depth after the geothermal gradient has readjusted to the boundary conditions. Convection cells do not form because the diffusive spreading of heat cannot decrease
the density sufficiently to overcome the negative buoyancy effect of the salt. At k = 10 −14
m2 , 200◦ C or 400◦ C, and 40 Wt. % NaCl (Simulations 9 and 19), layered convection exists
for about 20,000 years. Due to the high salinity and its large negative buoyancy effect,
however, convection ceases quickly and a static diffusive profile evolves.

5.7.2 Single-Phase Thermohaline Convection
Single-phase thermohaline convection occurs over a wide temperature and salinity range.
Flow patterns can be steady convective, single-cell or multi-cell oscillatory. The onset of
convection is delayed in comparison to thermally driven convection in pure H2 O, because
of the negative buoyancy effect of the salt. A high-density lid of cold, saline fluid opposes
the upward movement of the hot, saline fluid and slows down convection. At 200◦ C, 3.2
Wt. % NaCl and k = 10−14 m2 (Simulation 1), unsteady oscillatory patterns evolve (Fig.
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5.4). These instabilities lead repeatedly to asymmetric flow patterns, despite the perfect
symmetry of mesh and boundary conditions. They nucleate from small numerical errors,
which are of the order of numerical precision. The period of oscillation and the general
shape of the flow patterns was found to be independent of increased spatial resolution or
decreased time-step. The patterns thus are a realistic description of the natural physical
process, where tiny irregulations in material property distributions lead to the nucleation
of large-scale oscillatory or chaotic instabilities.
Steady convective patterns evolve for salinities of 10 up to 40 Wt % NaCl at 200 ◦ C and
k = 10−14 m2 (Simulations 3, 5, and 7). At k = 10−15 m2 , 400◦ C, and more than 10 Wt.
% NaCl convection is steady for salinities up to 40 Wt. % NaCl (Simulations 16 and 18).
In these steady convective patterns, hot and saline fluid is transported upwards in the
core of the convection cell (Fig. 5.5). The width of this upflow zone depends on the
salinity and permeability. The less saline and/or the more permeable the system is, the
narrower the upflow zone becomes. Cold fluid sinks down parallel to the upflow zone. The
downflowing fluid is saline if the upflow zone is broad and salt depleted if the upflow zone
is narrow (Fig. 5.5).
At 200◦ C, above 10 and below 40 Wt. % NaCl, and k = 10−14 m2 (Simulations 5 and 7),
convection cells grow by a layer forming process. A sharp interface exists below which the
fluid is saline and well mixed and above which the fluid is cold and salt depleted (Fig. 5.6).
This interface is moving upwards with time until it breaks down and a steady convection
cell forms that spans the entire model.
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Figure 5.4: Snapshots of Xf , T , and streamline profiles over an oscillatory cycle at basal
conditions 200◦ C, 3.2 Wt. % NaCl, and k = 10−14 m2 (Simulation 1) after
557,059 (a), 594,559 (b), and 625,436 (c) years.
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Figure 5.5: Steady convection solutions at basal conditions of (a) 200◦ C, 10 Wt. % NaCl,
and k = 10−14 m2 (Simulation 3) and (b) 400◦ C, 20 Wt. % NaCl, and k = 10−15
m2 (Simulation 16).
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Figure 5.6: Layer formation during the evolution of a convection cell at basal conditions of
200◦ C, 20 Wt. % NaCl, and k = 10−14 m2 (Simulation 5) after 130,000 years.
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5.7.3 Thermohaline Convection With Phase Separation
Phase separation of a rising single-phase fluid into a high-density brine and low-density,
low-salinity vapor occurs at 400◦ C up to 40 Wt. % NaCl for k = 10−14 m2 (Simulations
11, 13, and 15) and up to 20 Wt. % for k = 10−15 m2 (Simulations 12 and 14). At 388
bar initial hydrostatic pressure, single-phase conditions exist at the basal boundary up to
∼ 435◦ C for salinities equal to or less than 40 Wt. % NaCl. Single-phase conditions also
exist at 388 bar above ∼ 535◦ C if the salinity exceeds 60 Wt. % NaCl.
Similar to steady single-phase convection, the onset of convection is initially delayed.
Heat and salt then rise in one or more upflow zones. Phase separation occurs in an upflow
zone if the pressure falls below the LV surface, forming a v-shaped boiling zone. This boiling
zone, i.e. the zone of liquid plus vapor coexistence, is thin. Vapor rises quickly from the
boiling zone displacing the saline fluid and forming vapor pockets with low salinities. Halite
can precipitate temporarily above the boiling zone if the pressure is below the HLV surface.
At the top and the sides of the vapor zone, condensation leads to dilution of the more saline
fluid. Vapor recondensate mixed with the brine sinks down parallel to the upflow zone as
a cold, intermediate density single-phase fluid (Xf ∼ 5 Wt. % NaCl). Dissolving halite in
the vapor pocket can add extra salt to this intermediate density fluid.
A single central upflow zone with a shallow stationary boiling zone develops at 400 ◦ C,
3.2 Wt. % NaCl, and k = 10−15 m2 (Simulation 12). The boiling zone moves upwards
and shrinks as isotherms are shifted towards larger depths. At the same temperature and
permeability, but with a basal salinity of 10 Wt. % NaCl (Simulation 14), the boiling zone
in the central upflow zone completely vanishes approximately 23,500 years after the onset
of phase separation as the isotherms retract to greater depths (Fig. 5.7). Then, steady
single-phase convection comparable to Figure 5.5b develops.
Three upflow zones form at 400◦ C for all studied input salinities and k = 10−14 m2
(Simulations 11, 13, and 15) (Fig. 5.8). Boiling zones develop in each upflow zone. The
boiling zones, however, are not stationary and disappear and reappear multiple times as
the upflow zones grow and shrink. At 3.2 Wt % NaCl (Simulation 11), the upflow zones
are not parallel and change their shape in a multi-periodic oscillatory fashion (Fig. 5.9).
At 500◦ C and 60 Wt. % NaCl (Simulations 33 and 34), fluid begins to boil just above
the basal boundary after ∼ 23, 000 years. The boiling zone comprises a lower temperature
and bulk-salinity than the basal layer. A low-salinity vapor rises from the boiling zone and
a vapor pocket develops feeding an upflow zone (Fig. 5.10). When the thermal plumes
are established, the pressure in the model shifts from cold to hot hydrostatic. This causes
boiling in the entire basal layer. As the hydrostatic pressure decreases further, the HLV
surface is crossed. Halite precipitates along the basal layer coexisting with vapor. At both
permeabilities, convection is oscillatory with multiple convection cells.
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Figure 5.7: Phase separation, shrinking, and vanishing of a boiling zone at basal conditions
of 400◦ C, 10 Wt. % NaCl, and k = 10−15 m2 (Simulation 14) after 232,796 (a),
236,381 (b), and 249,956 years (c). Streamlines are calculated for the sum of
vl and vv . The gray-shaded area in the streamline plot shows the extent of the
vapor phase. Note how flow is focused into the vapor pocket.
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Figure 5.8: Phase separation in multiple convection cells at basal conditions of 400◦ C, 20
Wt. % NaCl, and k = 10−14 m2 (Simulation 15) after 75,951 (a) and 85,958 (b)
years . Streamlines are calculated for the sum of vl and vv . The gray-shaded
area in the streamline plot shows the extent of the vapor phase.
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Figure 5.9: Phase separation in multiple convection cells at basal conditions of 400◦ C, 3.2
Wt. % NaCl, and k = 10−14 m2 (Simulation 11) after 16,325 years. Streamlines
are calculated for the sum of vl and vv . The gray-shaded area in the streamline
plot shows the extent of the vapor phase.
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Figure 5.10: Development of a vapor pocket above a high-temperature, high-salinity singlephase basal layer at basal conditions of 500◦ C, 60 Wt. % NaCl, and k = 10−15
m2 (Simulation 34) after 23,379 years. Streamlines are calculated for the sum
of vl and vv . The gray-shaded area in the streamline plot shows the extent of
the vapor phase.
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5.7.4 Thermohaline Convection With Initial Boiling
At 388 bar pressure, two-phase conditions exist already at the basal boundary for all
salinities between 3.2 and ∼ 51 Wt. % NaCl, and temperatures between ∼ 435◦ C and
∼ 570◦ C. Due to the presence of the basal brine-vapor zone, convection always starts
immediately. Salt and energy are only transported upwards by convection in the vapor
phase because the brine density is higher than the density of the overlying cold fluid.
Vapor condenses into cold, initially salt-free liquid above the basal layer. Since vapor also
has a very low salinity, the salinity of the overlying liquid phase increases only little. As a
consequence, the amount of salt transported by convection is low.
Stationary convection with three upflow zones develops at 450◦ C with 10 and 20 Wt.
% NaCl, and k = 10−15 m2 (Simulations 22 and 24). This basal configuration differs
distinctly from the 500◦ C case, because the density contrast between brine and vapor is
lower and the saturation of the liquid phase at 20 Wt. % NaCl is larger than that of the
vapor phase (Table 5.3). Convection, however, is also stationary at 500◦ C and k = 10−15
m2 for salinities up to 30 Wt. % NaCl (Simulations 26, 28, 30, and 32). Three upflow
zones develop for salinities up to 20 Wt. % NaCl (Fig. 5.11). A single central upflow
zone forms if the salinity is 30 Wt. % NaCl (Simulation 32). In all these cases, the
upflow zones are dominated by a vapor phase, because the fast-flowing vapor cannot be
cooled efficiently enough by conduction and convection. Hence the two-phase zone along
the interface of the hot vapor-upflow zone and the surrounding cold liquid is not a boiling
zone, but rather a ’condensation zone’. An intermediate density single-phase fluid emerges
from this condensation zone, containing a small amount of salt (Xf ∼ 1 Wt. % NaCl),
exceeding that of the adjacent fluid. This liquid sinks down parallel to the upflow zone.
These downflow zones comprise the highest salinity in the model except for the basal layer.
Halite, which can precipitate in the vapor-dominated upflow zones, contributes salt to the
downflowing intermediate density fluid when dissolving.
The presence of large vapor-dominated upflow zones shifts the pressure from cold hydrostatic to hot hydrostatic at k = 10−15 m2 . As a consequence, the pressure at the
basal boundary decreases to ∼ 290 bars. For the fixed basal salinity and temperature
conditions, the pressure is now below the HLV surface. Thus, after approximately 15,000
years, halite precipitates and brine vaporizes. Salt along the basal boundary is then sequestered as halite and no additional salt can be transported from the basal boundary into
the convective system because the salinity of the vapor phase is very close to zero (Fig.
5.11).
At 500◦ C, salinities between 3.2 and 30 Wt. % NaCl, and k = 10−14 m2 (Simulations 25,
27, 29, and 31), convection is multi-oscillatory (Fig. 5.12). During the oscillations, small
convection cells shear off from a thin, hot basal boundary. They merge with the upflow
zones and cause fluctuations in the temperature. The system is cooled more efficiently by
convection at this permeability. The upflow zones consist therefore of a single low-salinity
liquid phase. Only at shallow depths, the liquid separates into a brine and vapor phase.
The salt sinks down as an intermediate density fluid which has emerged from the boiling
zone and precipitated halite.
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It should be pointed out, that the temperature profiles are, in general, more stable than
the salt profiles which often exhibits oscillatory and non-symmetric downflow patterns even
if the upflow zones are stationary (Fig. 5.11).
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Figure 5.11: Steady convective pattern with three vapor-dominated upflow zones at basal
conditions of 500◦ C, 20 Wt. % NaCl, and k = 10−15 m2 (Simulation 30) after
20,309 years. Streamlines are calculated for the sum of vl and vv . The grayshaded area in the streamline plot shows the extent of the vapor phase. Note
that the scale of Xf is adjusted to better represent the low values.

104

Multiphase Thermohaline Convection Dynamics

0

Xf [Wt. %]

T [oC]

0.0 4.0 8.0 12.0 16.0 20.0

20 116 212 308 404 500

Streamlines [-]

] m[ z

20000

4000
0

2000
x [m]

4000 0

2000
x [m]

4000 0

2000

4000

x [m]

Figure 5.12: Multi-oscillatory convection with three liquid-dominated upflow zones at basal
conditions of 500◦ C, 20 Wt. % NaCl, and k = 10−14 m2 (Simulation 29) after
10,005 years. Streamlines are calculated for the sum of vl and vv . The grayshaded area in the streamline plot shows the extent of the vapor phase. Note
that only small amounts of salt are transported upwards from the basal twophase layer into the liquid upflow zones.

5.7.5 Thermohaline Convection With Initial Vapor and Halite
Coexistence
Above ∼ 570◦ C at 388 bar and any basal salinity above 3 Wt. % NaCl, a nearly pure H2 O
vapor coexists with halite. Hence, in all simulations at 600◦ C (Simulations 35 and 36), salt
is fixed in the halite phase and essentially no salt is transported during convection (Fig.
5.13). The convection dynamics are driven only by the evolving temperature gradient and
the moving fluid is essentially pure H2 O. Phase transitions between liquid and vapor can
only occur below the critical pressure of H2 O if the saturation curve is crossed. The phase
state along the basal boundary, however, is influenced by the presence of NaCl and has an
impact on the development of the convection cell. Due to the vapor-halite coexistence, highdensity cold liquid overlies low-density hot vapor. This initial configuration destabilizes the
flow field. Unsteady, chaotic convection results, in which multiple upflow zones form. They
change their location due to the development of smaller convection cells that merge with
the large upflow zones. Initially these upflow zones are supercritical H2 O. Boiling occurs
only below the critical point of H2 O. During the evolution of the convection patterns, the
pressure changes from cold to hot hydrostatic, enhancing the development of vertically
extensive vapor zones. Chaotic convection results from this heterogeneous distribution of
vapor zones causing steep lateral pressure gradients.
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Figure 5.13: Convection driven by temperature gradients only at 600◦ C, 3.2 Wt. % NaCl,
and k = 10−14 m2 (Simulation 35) after 20,029 years. Note that all NaCl
is fixed in halite at the basal boundary. Xf is zero and hence not plotted.
Streamlines are calculated for the sum of vl and vv . The gray-shaded area in
the streamline plot shows the extent of the vapor phase.

5.8 Discussion and Quantification of Results
5.8.1 Classical Dimensionless Parameters
Thermohaline convection is commonly parameterized in terms of RaT , Rb, φ∗ , and Le.
Assuming incompressibility and a Boussinesq fluid in which the fluid density only acts on
the gravity term, these are defined for a homogeneous geologic layer as
RaT =

kz α∆T gZ
κµ

Rb =

γ∆X
α∆T

φ∗ =

φ
σ

Le =

κ
D

(5.5)

The fluid properties are calculated at some reference state, usually at the top or bottom
boundary. Z is the height of the system, κ the thermal diffusivity, and σ the heat capacity
ratio between rock and fluid σ = (cpr ρr ) / (cpf ρf ). α, γ, µ, σ, and κ are constant. α and
γ describe a linear dependency of the density on T and X. Using these assumptions and
the definition of equation 5.5, single values for RaT , Rb, φ∗ , and Le are computed for the
entire model.
For the studied simulations, it is not assumed that the fluid is incompressible nor does
the Boussinesq approximation apply. The fluid properties depend nonlinearly on p, T ,
and X. Hence the descriptive parameters RaT , Rb, and φ∗ vary strongly as a function of
space and time even at single-phase conditions (Fig. 5.14) and may not even be uniquely
defined for two-phase conditions. For example, RaT calculated at single-phase conditions
but at different depths varies up to three orders of magnitude between surface and bottom
conditions (Fig. 5.14a). If RaT is computed at surface conditions, the system may appear
too stable for convection to onset. On the other hand, if RaT is computed at bottom
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conditions, the instability may be overestimated. Note that Le also varies as a function of
p, T , and X but much less than RaT , Rb, and φ∗ .
For two-phase conditions, RaT has been defined by Schubert and Straus (1977) as
RaT =

kz krl (ρl − ρv ) gZ kz krv (ρl − ρv ) gZ
+
κl µ l
κv µ v

(5.6)

Rb, however, cannot be defined for two-phase conditions, because α and γ no longer describe
the change in density due to temperature and salinity variations, respectively. Instead, α
and γ define a volume change of the bulk fluid due to the redistribution of energy and
salt between brine and vapor (Chapter 3). Hence, the best way to obtain an estimation
of Rb seems to employ equation 5.5 with α and γ taken at T just below the temperature
at which the fluid starts to boil. ∆X is estimated by ∆X = X − Xv , because salt is
only transported upwards in the vapor phase. From this we may predict whether density
changes are dominated by temperature or by salinity variations. For the studied twophase conditions, Xv is low and Rb hence close to zero. φ∗ at two-phase conditions can be
calculated individually for each fluid phase i as
φ∗i =

φkri cpi ρi
φ
=
σi
(1 − φ) cpr ρr + φ (Sl cpl ρl + Sv cpv ρv )

(5.7)

φ∗l and φ∗v are not additive because brine and vapor phase may flow in different directions.
If the brine or vapor saturation is close to unity, however, the relative permeability of the
second phase is low and its velocity close to zero. In this case, φ∗ is dominated by the
flowing phase and the contribution of the stationary phase is negligible.
It is therefore difficult to find a single global parameter for RaT , Rb, or φ∗ that describes
the entire model because it is not representative of a certain flow pattern. Rb and φ∗ are
also not clearly defined for two-phase conditions. This raises problems when using RaT to
study the onset of convection or parameterizing convection patterns in terms of Ra T , Rb,
and φ∗ .
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Figure 5.14: Thermal Rayleigh number RaT at single phase (a) and two-phase (b) conditions, buoyancy ratio Rb (c), and normalized porosity φ∗ (d) computed as a
function of the basal temperature T for various X at Z = 4000 m, p = 388
bar, φ = 0.05, and kz = 10−15 m2 . RaT at single-phase conditions was also
computed for comparison with α, µ, and κ at surface conditions of p = 1
bar, T = 20◦ C, and X = 0 Wt. % NaCl (dotted line). In this case, RaT
increases linearly with increasing ∆T . Note that the kink in the RaT , Rb,
and φ∗ profiles at 30 Wt. % NaCl is due to the precipitation of halite below
∼ 180◦ C.
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Stability and Onset of Convection
The critical Rayleigh number Rac describes the onset of convection. For the open top
model and a Boussinesq fluid, Rac is 27.1 (Nield, 1968). It has been shown that Rac
decreases when the fluid is non-Boussinesq and its properties vary as a function of p and T
(Straus and Schubert, 1977; Horne and O’Sullivan, 1978). This suggests that Rac  27.1
for the studied conditions. Figures 5.14a and 5.14b show that RaT is always larger than
Rac if k ≥ 10−15 m2 . Hence convection should be possible if the stabilizing effect of the
salinity remains relatively small, i.e., Rb is low.
If a cold depleted fluid overlies hot saline fluid and the Boussinesq approximation is valid,
the initial configuration is stable at any RaT if (Phillips, 1991)
1
σ γ∆X
Rb
=
≤1
φ∗
φ α∆T

(5.8)

Figures 5.14c and 5.14d clearly show that for the applied single-phase configurations below
∼ 430◦ C, it is impossible to obtain Rb/φ∗ ≤ 1. This criterion predicts that thermohaline
convection cannot occur at single-phase conditions, which is clearly not the case in all
single-phase simulations for k ≥ 10−15 m2 and T ≥ 200◦ C. Hence, realistic geological
setting are likely to be less stable, i.e. more convective, than equation 5.8 suggests.
Parameterization of Flow Patterns
Figure 5.15 shows the parameterization of the observed flow patterns (Table 5.3) in RaT −
Rb − φ∗ space. RaT , Rb, and φ∗ are computed using the above single-phase and two-phase
definitions for the basal boundary conditions listed in Table 5.3. Figure 5.15 demonstrates
that no clearly defined parameter spaces exist in which a certain type of convection pattern
occurs. RaT , Rb, and φ∗ can also not predict whether phase separation occurs.
For the studied open-top convection in a 4 by 4 kilometer square domain, a diffusive
regime can be identified at low RaT , high Rb, and low φ∗ . The onset of convection occurs
at increased RaT values and/or lower Rb. Single-phase convection in the transition from
the diffusive to convective regime can be associated with layer formation. The single-phase
convective regime transforms into a phase-separating convective regime if φ∗ increases, i.e.,
if the fluid is relatively hotter and energy is transported more rapidly. If only RaT is
increased, single-phase convection becomes oscillatory. At high RaT and low Rb values, a
steady and oscillatory convection regimes exist where the fluid is already in the two-phase
state along the basal boundary.
Some counter-intuitively different flow patterns can also be identified for relatively similar
parameters. For example, a diffusive profile evolves at 200◦ C, 20 Wt. % NaCl, and k =
10−15 m2 . The parameters for these conditions are RaT = 28.6, Rb = 1.06, and φ∗ = 0.07.
A flow pattern in which the fluid separates into a brine and vapor phase at large depth,
halite precipitates, and convection is oscillatory occurs at the same permeability but at
500◦ C and 60 Wt. % NaCl. At these conditions the dimensionless parameters have the
values RaT = 31.6, Rb = 1.43, and φ∗ = 0.17. It is very unlikely that this parameterization
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obtained for the 4 kilometer depth model can be upscaled to predict flow processes at say 6
kilometer depth and the corresponding higher hydrostatic pressure because fluid properties
and phase state change with pressure.
A rigorous parameterization in terms of RaT , Rb, and φ∗ is possible only if the fluid is
incompressible, single-phase, the Boussinesq approximation holds, the viscosity constant,
and the density can be computed by a linear T − X relation. Geological settings where
these assumptions are valid are probably rare. In particular, the above assumptions do
not accurately represent flow dynamics in continental and oceanic magmatic hydrothermal
systems where temperature variations are large.
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Figure 5.15: Flow dynamics listed in Table 5.3 parameterized in terms of Rayleigh number
Ra, buoyancy ratio Rb, and normalized porosity φ∗ calculated for the various
basal boundary conditions.
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5.8.2 The Local Rayleigh Number
Instead of trying to globally quantify thermohaline convection using single values for Ra T ,
Rb, and φ∗ , we propose to use the local Rayleigh number RaL . RaL is a descriptive
parameter based on the local thermodynamic fluid properties that can be used to at least
predict the onset of a convective instability (Jupp and Schultz, 2000). The local Rayleigh
number describes the ratio of the accumulation of energy due to convection and diffusion
RaL =

∇ · (ρHv)
∇ · (K∇T )

(5.9)

Here, H is the fluid’s enthalpy. If RaL is larger than one, advective transport dominates
and convection cells form where RaL has its maximum. If RaL is less than one, any thermal
disturbances decay by diffusion and convection does not occur. Clearly, this quantity can
be straightforwardly expanded to the situation where two fluid phases are present
RaL =

∇ · (ρv Hv vv )
∇ · (ρl Hl vl )
+
∇ · (K∇T )
∇ · (K∇T )

(5.10)

The initial stability of the system at time t = 0 and the onset of convection can also be
determined from RaL . If the fluid is initially at rest, the horizontal velocity component of
each fluid phase i is vxi = 0 at t = 0. The vertical velocity component vzi is given by


kri ∂p
vzi = −k
− ρi g
(5.11)
µi ∂z
and is zero everywhere but along the basal boundary. Here it can be approximated as
vzi = gkkri

(ρ − ρi )
µi

(5.12)

Note that in this instance, ρi , µi , and kri are evaluated at the basal boundary and ρ at
some distance ∆z away from the basal boundary. Since the fluid is assumed to be at rest,
the divergence ∇ · (ρHv) and ∇ · (K∇T ) are only non-zero adjacent to the basal heater.
The initial local Rayleigh number RaL for the basal boundary at time t = 0 is then given
by
RaL =

l)
ρl Hl gkkrl (ρ−ρ
µl

K ∆T
− KΓ
∆z

+

v)
ρv Hv gkkrv (ρ−ρ
µv

K ∆T
− KΓ
∆z

(5.13)

∆T is the difference between the temperature at the basal boundary and the initial geothermal temperature at some distance ∆z above the basal heater. Γ is the initial geothermal
gradient. The distance ∆z typically corresponds to the height of the finite element.
If RaL is larger than one, energy is transported by advection and salt can be transported
upwards. If RaL is less than one, diffusion dominates and salt is not transported by
advection. Convection cells form where RaL is maximized. Although we did not encounter
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the case in the presented simulations, it seems likely that if RaL is only slightly larger than
one and the basal salinity is high, convection cells cannot form. Every time the flow field
develops into a convective pattern, salt is transported upwards. This increases the density
such that RaL is less than one. The exact onset of convection for RaL ≈ 1 and varying
salinities is subject to further research.
Figure 5.16 shows RaL at the basal boundary. If RaL (Fig. 5.16) is compared with RaT
(Figs. 5.14a, 5.14b), a different behavior is apparent. RaL and RaT increase with increasing
temperature. At the onset of phase separation at ∼ 430◦ C (388 bar pressure), RaL and
RaT first decrease at low vapor saturations, i.e., when the relative permeabilities for both
fluid phases are low. They rapidly increase again with increasing vapor saturation. While
RaT continues to increase, RaL decreases again at high temperatures because less energy is
transported in a vapor phase at high temperatures. This fundamentally different behavior
of RaL and RaT at high temperatures can be explained by their different formulations. The
thermal expansivity of the fluid increases with increasing temperature causing the steady
increase of RaT . The product of enthalpy H and density ρ, i.e., the energy transported per
volume fluid, decreases with increasing temperature causing the steady decrease of Ra L .
This effect has also been discussed by Jupp and Schultz (2000) and Jupp and Schultz
(2004). They argue that for the pure H2 O case, convective transport of energy is maximized
around 400◦ C largely independent of the fluid pressure as long as the fluid is hotter than
500◦ C. This energy maximum of pure H2 O around 400◦ C may lead to the occurrence of
super-convection (Ingebritsen and Hayba, 1994). If the fluid, however, is saline, energy
transport and hence RaL are no longer maximized around 400◦ C and depend on pressure.
High pressures shift the maximum of RaL to higher temperatures (Fig. 5.16b).
Revisiting the Onset of Convection
Without knowledge on the phase state of the fluid, RaL cannot be used in isolation to
predict the type of convective behavior. It is probably not possible to identify steady
convective, oscillating, or chaotic patterns from simple material and model constraints.
As in the computation of RaT , identical values for RaL can be obtained for completely
different thermodynamic conditions and permeabilities. RaL allows, however, to identify
if convective distortion of the temperature and salinity field occurs. The presented simulations show that if buoyancy is positive, i.e., if the density at the basal boundary is
less than that of the cold overlying fluid, and if RaL > 1, convection always sets in. The
simulations further demonstrate that even high fluid salinities cannot prevent convection
if the buoyancy is positive and RaL > 1. In this case, convection can only be delayed by
the formation of a high density lid of cold saline fluid above the hot saline basal boundary
layer. The density in this basal layer, however, is always low enough to destabilize the flow
and onset convection. This gives, for realistic fluid properties, a better explanation of the
onset of convection and stabilizing effects of the salinity than the stability criterion defined
in equation 5.8 because it accounts for the fact that an increase in temperature decreases
the fluid density which drives the buoyant rise of the fluid.
For the presented simulations at 4 kilometers depth, RaL peaks when the fluid coexists
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Figure 5.16: Local Rayleigh number RaL for various salinities computed as a function of
temperature at (a) 388 bars (∼ 4 km hydrostatic pressure) and (b) 582 bars
(∼ 6 km hydrostatic pressure). The permeability in both cases is k = 10−15
m2 . The initial geothermal gradient is Γ = 22◦ C km−1 . The sharp decrease
in RaL at ∼ 430◦ C, respectively ∼ 500◦ C and X > 0 Wt. % NaCl is related
to the onset of phase separation. The discontinuity in RaL at ∼ 565◦ C and
p = 388 bar corresponds the coexistence of vapor and halite.
as vapor and brine at the basal boundary (Fig. 5.16a). This implies that basal two-phase
conditions always introduce an additional instability. Convection therefore occurs almost
instantaneously even at relatively low permeabilities. At these conditions, only the vapor
phase with a very low salinity rises. Little salt is transported in the system and stabilization
effects of salinity are low. This agrees well with the findings of Schubert and Straus (1977),
who argue that for a pure H2 O system convection is always more vigorous if the fluid is
boiling.
An interesting behavior at the onset of convection becomes apparent from equation 5.13
and Figure 5.16. Initial density configurations with negative buoyancy exist. Here, the
basal density, although fluid is hot, is higher than the cold density above, i.e., (ρ − ρi ) < 0
and RaL < 0. This is the case if the fluid is hot but very saline, for example at temperatures
between 200 and 400◦ C and high salinities (Table 5.3). In this case it is not clear if
convection should ever occur.
The stability of this single-phase negative buoyancy configuration can also be examined
by the local Rayleigh number. Again, it is assumed that the fluid is initially at rest and the
velocity is zero everywhere but at the basal boundary. Note that this time, the velocity as
computed from equation 5.12 would have a downward component. The system, however,
is initially stable and the energy of the cold fluid is not transported towards the basal
boundary. At early times, it can therefore be assumed that heat and salt move by diffusion
only. Hence the governing equations (Eqs. 5.1, 5.2, 5.3) can be solved for a one-dimensional
problem with the vapor phase being absent and vl = 0. The local Rayleigh number RaL
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is computed using equation 5.10 as a function of time. It is assumed that the horizontal
velocity is zero and the vertical velocity of the liquid phase can be calculated from equation
5.12 to obtain the divergence ∇ · (ρl hl vl ). As heat and salt diffuse upwards, the cold fluid
above the hot saline basal layer heats up. If its density decreases such that the buoyancy
forcing transports heat faster by advection than the temperature field diffuses, in other
words if RaL becomes larger than one, convection sets in. This can be shown for two
initially stable density configurations (Fig. 5.17).
Figure 5.17 shows how RaL increases with decreasing density and viscosity and becomes
larger than one after approximately 11 or 23 years. The initial increase of Ra L is independent of the salinity because salt diffuses about 1000 times slower than heat. Once RaL > 1,
convection sets in and salt is mined from the hot, saline fluid underneath and transported
upwards. The concept of the local Rayleigh number hence explains the onset of convection
in a physically intuitive way.
At high salinities it is possible that convection ceases if the advective transport of salt
creates a high density lid that stops convection. This has been observed in the simulations
at 200◦ C, 40 Wt. % NaCl (fluid salinity is 31.5 Wt. % NaCl), and k = 10−14 m2 . Here
convection cells and layer formation exist only temporary and the system evolves towards
a diffusive steady state. The temporary existence of convection cells, however, is then no
longer a problem that can be studied by diffusion alone and is subject to further research.

114

Multiphase Thermohaline Convection Dynamics

(a)
2.0

970
Local Rayleigh Number
Liquid Density

1.0

960

0.5

955

ρ

965

] 3- m gk[

]-[ L aR

1.5

0.0

950
0

3

6

9

12

15

Time [yrs]

(b)
2.5

980
960
Local Rayleigh Number
Liquid Density

940

]-[ L aR

900
880

1.0

] 3- m gk[

920
1.5

ρ

2.0

860
840

0.5

820
0.0

800
0

10

20

30

40

Time [yrs]

Figure 5.17: Evolution of RaL and ρl for two initially stable density configurations at (a)
200◦ C, 30 Wt. % NaCl, k = 10−14 m2 and (b) 400◦ C, 30 Wt. % NaCl,
k = 10−15 m2 . The evolution of RaL and ρl is monitored 32 m above the basal
boundary. When RaL > 1 convection cells can form.
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5.8.3 The Fluxibility Term
The fluxibility F describes the ability of a buoyancy driven fluid to transport energy (Jupp
and Schultz, 2000; Jupp and Schultz, 2004) and is defined as
F =

ρf (Hf − H0 ) (ρ0 − ρf )
µf

(5.14)

where the subscript 0 denotes the cold ground state. The vertical advective energy flux
in W m−2 is proportional to gkz F . It has been observed that for the pure H2 O case F
reaches its maximum at ∼ 400◦ C, relatively independent of the ambient fluid pressure (Jupp
and Schultz, 2000; Jupp and Schultz, 2004). Convection cells form where the fluxibility
gradient F = |∂F/∂T | is maximized. The peak in F is controlled by the thermodynamic
properties of pure H2 O. In the vicinity of the critical point, the product ρH is maximized.
Hence, energy transport is maximized and a hydrothermal system is cooled most efficiently
in such super-convection regions (Ingebritsen and Hayba, 1994). This thermodynamic
effect, expressed in the behavior of F , is the reason for the large difference between the
temperature of a black smoker at 350 to 400◦ C and its magmatic heat source at ∼ 1200◦ C
(Lister, 1995; Jupp and Schultz, 2000).
The peak in F at ∼ 400◦ C corresponds to the maximum local Rayleigh number RaL for
pure H2 O (Jupp and Schultz, 2000). This suggests that the fluxibility for the NaCl-H2 O
system may behave similarly. The calculation of RaL at varying salinities, however, shows
that the maximum is shifted to significantly higher temperatures with increasing salinity
and pressure (Fig. 5.16). From the definition of the vertical velocity component (Eq. 5.12)
and equation 5.14 we define the two-phase fluxibility as
F =

krl ρl (Hl − H0 ) (ρ0 − ρl ) krv ρv (Hv − H0 ) (ρ0 − ρv )
+
µl
µv

(5.15)

Figure 5.18 shows F and |∂F/∂T | as a function of temperature computed at varying salinities and 388 and 582 bar pressure. The peak of F shifts to higher temperatures with
increasing salinity and pressure and the derivative |∂F/∂T | reaches a maximum at significantly higher temperatures if salt is present. This maximum is related to the onset of
phase separation and vapor plus brine coexistence. Once the vapor phase dominates, F
increases rapidly causing the steep gradient |∂F/∂T |. Convection cells develop at temperatures significantly higher than 400◦ C if salt is present and the pressure is larger than 400
bars (Fig. 5.18b, 5.18d). The simulation at 500◦ C, 388 bar, 20 Wt. % NaCl, and k = 10−15
m2 (Fig. 5.11) shows that the temperature at which convection cells form is remarkably
close to the temperature of ∼ 460◦ C predicted by the computation of F and |∂F/∂T | (Fig.
5.18a, 5.18c).
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Figure 5.18: Fluxibility F (a,b) and its derivative |∂F/∂T | (c,d) as a function of temperature at varying salinities. Pressures of 388 (a,c) and 582 (b,d) bars correspond
to a hydrostatic head of approximately 4 and 6 kilometers depth, respectively. The sharp increase in F in the presence of salt corresponds to the
onset of phase separation. The discontinuity in F and the corresponding large
derivative |∂F/∂T | at ∼ 600◦ C at 388 bar are due to the halite plus vapor
coexistence.
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5.8.4 Geological Implications
Although the numerical examples consider only the highly idealized case of a horizontally
dispersed, unlimited supply of hot saline fluid, three major geological implications for
saline single-phase hydrothermal systems, porphyry-style magmatic hydrothermal Cu-MoAu deposits, and mid-ocean ridge hydrothermal systems become apparent.
First, where salt is present in hydrothermal systems it is essential to use an appropriate equation of state. Modeling convection for an incompressible Boussinesq fluid with
constant viscosities and a linear temperature-salinity-density relation yields results that
are qualitatively and quantitatively inaccurate, even if the fluid is not boiling. The necessity to use an appropriate equation of state even for single-phase thermohaline convection
was recently shown in numerical simulations of the Mount Isa copper deposit, which was
proposed to have formed by a permeability-controlled, NaCl-H2 O convection system at
temperatures below 400◦ C (Matthäi et al., 2004). Our results further imply that thermohaline convection in the earth’s crust is not intrinsically chaotic as suggested by Schoofs
et al. (1999) and Schoofs and Spera (2003). Calculations by Manning and Ingebritsen
(1999) have shown that the bulk permeability of the continental crust is generally less than
10−15 m2 below ∼ 2 kilometers depth. At this permeability, all of our simulations exhibit
intrinsically stable convection patterns. Oscillatory and chaotic convective patterns are
observed at permeabilities higher than 10−15 m2 , implying that such flow patterns occur
only in the shallow continental crust or in the oceanic crust, which often has permeabilities
significantly higher than 10−15 m2 (Fisher, 1998). Perhaps the most fundamental difference
to pure H2 O, however, is that a NaCl-H2 O fluid can separate into a liquid and brine phase
at temperatures and pressures well above the critical point of pure H2 O.
Second, magmatic hydrothermal systems on land giving rise to porphyry copper, epithermal gold and many other important ore deposits, show widespread fluid-inclusion evidence
for phase separation of saline fluids across a wide range of pressures and temperatures (e.g.,
Eastoe, 1978; Bodnar, 1995; Ulrich et al., 2002). The degree by which minor ore-forming
solutes, including sulfur species and ore-metals, are partitioned between liquid and vapor
strongly depends on the pressure and temperature where phase separation occurs. Gaseous
species like CO2 , H2 S and SO2 partition into the vapor phase at all p-T conditions, while
salt species like KCl, FeCl2 , PbCl2 , ZnCl and other chlorides mostly partition into the liquid, together with NaCl. Metals including Cu, As and Au may selectively fractionate into
the vapor phase, if the pressure of phase separation is well above the critical pressure of
pure water, i.e. in high-salinity brine plus dense vapor systems (Audétat et al., 1998; Heinrich et al., 1999; Ulrich et al., 1999). The simulations presented here show that if a saline
fluid exists as a brine and vapor mixture already at the base of a hydrostatically-pressured
system, the vapor phase alone may rise while the brine phase does not move. As a result of
the relatively high basal pressure, packets of dense low-salinity vapor may selectively move
Cu, Au, As as well as volatile S-species and CO2 upward, thus generating porphyry copper
deposits from a high-temperature vapor plume (Henley and McNabb, 1978). Subsequent
cooling of this low-salinity vapor may selectively transport Au together with As and S into
epithermal ore deposits closer to the earths surface (Heinrich et al., 2004). If the fluid,
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on the other hand, exsolves as a single phase and starts to boil only closer to the surface, all components including the salts are initially transported together. This may give
rise to polymetallic ore deposits, such as Pb-Zn-(Cu-Ag-Au) skarns formed by reaction of
the fluid with suitable wall rocks (e.g., Baker et al., 2004). Polymetallic epithermal veins
may form by mineral precipitation from a mixture of deep fluid with meteoric water or by
low-pressure boiling generating a vapor phase that can only transport the gaseous species
(e.g., Spycher and Reed, 1989). Our modelling suggests in general terms that the pressure
of phase separation is probably most decisive for the formation of different ore deposits,
rather than fluid salinity itself, or the actual depth of fluid source and mineral deposition.
Our modelling is limited, however, not only by the simple geometry assumed here, but also
by the reality that ore formation in these systems is caused by magmatic fluids traversing
from a lithostatically-pressured source towards a hydrostatic regime. Only in the latter,
free convection can occur, but the steep p-T gradients generated by magmatic fluid flow
across the lithostatic-to-hydrostatic transition are probably a key to economic ore-metal
enrichment (Fournier, 1999).
Third, mid-ocean ridge hydrothermal systems are active beneath a load of cold seawater
corresponding to 150 to 300 bar (1.5 to 3 km water depth), and characterized by hydrostatic
conditions extending deep into the underlying oceanic crust close to a high-temperature
but dry magma chamber, due to active extension. Jupp and Schultz (2000) have derived
a thermodynamic explanation for the maximum temperature of 350 to 400◦ C of fluids
ejected from black smokers, approximating the fluid as pure H2 O. Since no thermodynamic
data for the NaCl-H2 O system was available for their study, they speculated that the
presence of salt at a concentration of the seawater salinity of 3.2 Wt. % NaCl shifts the
maximum temperature to temperatures slightly higher than 400◦ C. Similar conclusions
from numerical simulations of single-phase hydrothermal circulation beneath mid-ocean
ridges were also drawn by (Wilcock, 1998).The presented calculations for the fluxibility
and its derivative at 3.2 Wt. % NaCl show that indeed the maximum is shifted to slightly
higher temperatures (Fig. 5.18), implying that the thermodynamic explanation for the
maximum black-smoker fluid temperatures given in Jupp and Schultz (2000) is still valid. It
is, however more complex in the NaCl-H2 O case, because the amount of energy transported
in a NaCl-H2 O fluid is not independent of pressure as in the pure H2 O case. For basal
fluid pressures lower than 500 bar (∼ 5 kilometer overlying water column), the maximum
temperature of the black-smoker fluid cannot exceed 400◦ C (Fig. 5.18c). A NaCl-H2 O
fluid at 3.2 Wt. % NaCl and pressures above 500 bar can transport energy leading to
fluid temperatures above 500◦ C (Fig. 5.18d). Fluid also looses energy during its buoyant
rise and cools due to expansion, which was not considered by Jupp and Schultz (2000).
Hence, the fluid temperature at the black smoker is always less than maximum temperature
suggested by the fluxibility relation. This implies that black-smoker fluids are hotter in
mid-ocean hydrothermal systems with shallow magma chambers but large seafloor depth,
because little energy is lost due to expansion during buoyant rise if the magma chamber is
shallow, but relatively hotter fluids can rise if the hydrostatic pressure above the magma
chamber is high due to a deep seafloor.
Since the current version of the equation of state applied in our simulations is only
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valid up to 750◦ C, it is difficult to predict how convective patterns evolve if the heat
source is at 1200◦ C. The oscillating to chaotic convection pattern that we observed at our
highest temperatures, at low salinities and high permeabilities suggest that the salinity
and chemical fluctuations that are observed in some black smokers (von Damm, 1995; von
Damm et al., 1997) may be the result of such convective oscillations and the frequent
appearance and disappearance of relatively local boiling zones close to the interface between
basaltic magmas and seawater.

5.9 Concluding Remarks
We have presented a series of numerical simulations of thermohaline convection in NaClH2 O fluids including the full complexity of phase separation for geometrically simple but
otherwise geologically realistic input conditions. By employing a novel equation of state
paired with a finite element – finite volume algorithm, the saline fluid is correctly predicted
to separate into liquid, vapor, or halite phases depending on the p − T − X conditions
encountered during convection.
The simulations revealed five general flow patterns: These are (i) purely diffusive transport, (ii) single-phase thermohaline convection, (iii) thermohaline convection with phase
separation of a single-phase saline fluid, (iv) convection of a low-salinity vapor phase if
a brine coexists with vapor at depth, and (v) purely temperature driven convection of
pure H2 O if halite coexists with vapor at the basal boundary. Convection patterns can
be static, oscillatory, or chaotic. We found that the classical parameters Rayleigh number
RaT , buoyancy ratio Rb, and normalized porosity φ∗ , globally assigned to the model as a
whole, cannot be employed to parameterize the convection behavior. They vary nonlinearly over several orders of magnitude, are not unique for a given thermodynamic state of
the fluid, and cannot readily be defined at two-phase conditions. Instead we adopted the
concept of the local Rayleigh number RaL and fluxibility F . RaL allows the prediction
of the local onset of convective distortion of the temperature field, independently of the
salinity. RaL is maximized at two-phase conditions. Convection is instantaneous if the
basal fluid boils and the permeability exceeds ∼ 10−16 m2 . The peak of RaL corresponds
also with the peak of the fluxibility F , which describes the likely maximum temperature
transported by convection. This temperature varies with pressure and salinity, but is,
in general, higher than 400◦ C for salty fluids. Although the simulations only represent
very idealized geological scenarios, some first conclusions can be drawn for the formation
of magmatic hydrothermal ore deposits and magmatic oceanic hydrothermal systems. In
the future, these conclusions must be further verified by modeling convection of NaClH2 O fluids including the full complexity of phase separation for geologically more realistic
geometries and permeability structures.
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6 Coupled Heat and Salt Transport
Around Cooling Magmatic Intrusions
6.1 Abstract
We present numerical simulations of coupled heat and salt transport around a cooling
magmatic intrusion exsolving a saline fluid. A large magma chamber at 800◦ C is emplaced
at 5 kilometers depth. Host-rock permeability is 10−15 m2 above 7 kilometers depth and
10−17 m2 below, i.e. fluid flow is convection dominated above 7 kilometers depth. Our
model also considers the time-dependent production of a saline magmatic fluid at ∼ 720◦ C
as the intrusion crystallizes, as well as the interaction with fresh water infiltrating from the
earth surface.
Using a new equation of state for NaCl-H2 O, we investigate the impact of a fluid that
is geologically more realistic than pure H2 O. In particular, we study the effects of phase
separation of a saline single-phase fluid into a high-density, high-salinity brine and lowdensity, low-salinity vapor at temperature and pressure well above the critical point of
pure H2 O. This allows us to identify the transient flow patterns of brine and vapor, which
may be the key driver for the formation of economic magmatic hydrothermal ore deposits,
such as porphyry-style Cu-Mo-Au deposits, because ore-forming metals partition differently
into brine and vapor.
Simulations show that at these depths and an initial assumption of hydrostatic conditions
throughout the model, the exsolving fluid consists of a nearly pure-water vapor coexisting
with halite during the very early stages of crystallization and is a brine-vapor mixture
later on. Vapor rises quickly, transporting salt upwards. The brine is initially immobile
and is later progressively diluted by entrained meteoric fluids, converted to and rising as
low-salinity vapor. These results indicate that in geological reality, the transition from
lithostatic to hydrostatic fluid pressure is likely to be crucial for the formation of large
porphyry-style ore deposits. Transport of salt and dissolved metals is most efficient if the
fluid is a single phase. This is only possible at pluton depths ≤ 10 kilometers at lithostatic
conditions, which is likely at temperatures greater than brittle-ductile transition. This
single-phase fluid will probably separate into brine and vapor where pressures decrease
from lithostatic to hydrostatic, enriching solutes differently in the vapor and brine phase.
Solutes that partition into the brine are likely to accumulate in this boiling zone, solutes
that partition into the vapor will accumulate at shallow depth where vapor condenses into
cold surface water.
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6.2 Introduction
Density-driven groundwater flow around cooling intrusions plays an important role for the
evolution of continental magmatic hydrothermal systems. This has been long-time inferred
by field geologists (c.f. Guilbert and Park, 1986). Fluid flow was studied numerically for
the first time in two classic papers (Cathles, 1977; Norton and Knight, 1977) almost thirty
years ago, following fundamental analyses of the relation between hydrothermal fluid flow
and heat transfer in hydrothermal systems (Barton and Toulmin, 1961; Helgeson, 1968).
Although these numerical studies had to make some simplifying assumptions due to limited
computational resources, they laid the foundation for our current understanding of heat
and mass transport processes in magmatic hydrothermal systems. The simplifications included incompressibility, single-phase flow, constant and uniform permeability, negligence
of thermal pressurization, and the Boussinesq approximation, i.e. it was assumed that fluid
density acts only on the gravity term. Subsequent studies have modeled groundwater flow
around cooling intrusions with increasing realism. The effects of thermal expansion of fluids, variable magmatic fluid production, topography, chemical reactions between fluid and
host-rock, and heterogeneous and time-dependent permeability were studied (Knapp and
Knight, 1977; Norton and Cathles, 1979; Knapp and Norton, 1981; Delaney, 1982; Cathles, 1983; Cline et al., 1992; Hanson, 1992; Dutrow and Norton, 1995; Hanson, 1996).
Two-phase liquid-steam flow in magmatic hydrothermal systems and around cooling plutons has been investigated by Ingebritsen and Sorey (1988) and Hayba and Ingebritsen
(1997). More recent numerical models, for example, the U.S. Geological Survey’s finite
difference code HYDROTHERM (Hayba and Ingebritsen, 1994), solve the complete set of
governing equations for multi-phase heat and mass transport in groundwater. They employ
accurate equations of state for pure H2 O and do not make simplifying assumptions, but do
not consider dissolved salt.
These studies have shown that host-rock and pluton permeabilities control flow pattern
and heat transfer in hydrothermal systems. Other key factors are the depth of the intrusion,
intrusion size, and single versus multiple intrusions. Heat transfer is dominated by conduction below permeabilities of 10−16 m2 and dominated by advection above 10−16 m2 . Below
10−16 m2 , thermal pressurization is mainly driving fluid flow. The hottest hydrothermal
systems with the most extensive and long-lived two-phase zones evolve at permeabilities
of 10−15 m2 , even for deep intrusions. An interface develops between topography-driven
and density-driven fluid flow. It varies as hydrothermal flows oscillate but is stabilized if
a low-permeability cap-rock is present. Fluid pressures above the intrusion can exceed 1.5
times hydrostatic and depend on the permeability.
While all these studies have greatly improved our understanding of the transient evolution of fluid flow and temperature profiles in magmatic hydrothermal systems, they always have made one key simplification: The fluid is assumed to be pure H2 O. Data from
fluids samples of fossil and active hydrothermal systems, as well as host-rock alteration
assemblages show that fluids typically have a complex composition containing various dissolved components (Dilles and Einaudi, 1992; Reed, 1997; Heinrich et al., 1999; Geiger
et al., 2002; Ulrich et al., 2002). NaCl and other chloride salts are the most abundant
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dissolved components. Fundamental thermodynamic and hydrodynamic differences exist
between NaCl-H2 O and pure H2 O. Phase separation of a single-phase saline fluid into
a high-density, high-salinity brine and low-density, low-salinity vapor at temperatures
and pressures well above the critical point of pure H2 O is common in NaCl-H2 O fluids
(Sourirajan and Kennedy, 1962) and frequently observed in fluid inclusions from magmatic
hydrothermal systems (Bodnar et al., 1985; Heinrich et al., 1999). Precipitation of solid
salt (halite) is also often recorded by NaCl-rich hydrothermal fluid inclusions (Cloke and
Kesler, 1979). Density-driven transport of heat and salt, so-called thermohaline convection, exhibits non-linear double-diffusive, double-convective patterns, i.e., heat is advected
slower than salt but diffuses faster than salt (Phillips, 1991).
High-temperature, high-pressure phase separation, halite precipitation, and thermohaline convection have never been simulated realistically for high-temperature hydrothermal
systems. Yet, they most likely have a strong impact on the evolution of magmatic hydrothermal systems (Schoofs, 1999). In particular, ore-forming processes are related to
brine and vapor transport. Audétat et al. (1998), Heinrich et al. (1999), and Ulrich et
al. (1999) have shown that ore-forming components partition differently into brine and
vapor. Low-salinity vapor can efficiently transport certain metals at high concentrations,
and boiling drives metal deposition in epithermal systems at lower pressures due to the
fractionation of volatiles into the vapor phase (Heinrich et al., 2004). Hence it is crucial to
understand where single-phase fluids, vapor, and brine flow, how they physically separate,
and whether the brine phase is immobile, sinks down on the flanks of the intrusion, or
mixes and disperses with ambient meteoric water.
Here, we present the first numerical studies of heat and salt transport around a cooling
magmatic intrusion including the full complexity of high-temperature, high-pressure phase
separation. The aim is to understand where the vapor and brine phase flow in a continental
magmatic hydrothermal system, as well as to analyze the extend of the boiling zone and
at which depth the vapor recondenses into shallow surface waters. To address these questions, we examine fluid flow at a permeability of 10−15 m2 , i.e. at convection dominated
conditions where the hottest hydrothermal systems evolve. Magmatic fluid with 10 Wt. %
NaCl is produced as the intrusion crystallizes as a result of conductive heatloss. The permeability of the intrusion changes as a function of temperature to approximate the effects
of hydraulic fracturing in the intrusion contact and subsequent transition from ductile to
brittle conditions. The simulations are carried out with and without topographic effects.
Simulations of heat transported in pure H2 O are conducted for comparison.
This paper is organized as follows. In the first part, we introduce briefly the governing
equations, the solution methodology, and the thermodynamics of the NaCl-H2 O system. In
the second part, we discuss in detail the model setup, initial and boundary conditions, and
related constitutive relations. This is followed by the description of the results for a flat
topography and a topographic slope. In both cases, we first describe the results for a pure
H2 O fluid briefly before discussing the more complicated results for NaCl-H2 O fluids. We
close by discussing the implications of the numerical results for the formation of economic
ore deposits.
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6.3 Mathematical Model
6.3.1 Governing Equations
The governing equations for multi-phase heat and salt transport are formulated in terms
of fluid pressure p, temperature T , and salinity X. Their derivation is discussed in detail
in Chapter 3. Conservation of energy is given by
∂T
=
∂t
−∇ · (vv cpv ρv T ) − ∇ · (vl cpl ρl T ) + ∇ · (K∇T )

((1 − φ) ρr cpr + φ (Sl ρl cpl + Sv ρv cpv ))

(6.1)

of salt by
φ

∂
ρf Xf = −∇ · (vv ρv Xv ) − ∇ · (vl ρl Xl ) + ∇ · (Dl ∇ρl Xl ) + ∇ · (Dv ∇ρv Xv )
∂t

(6.2)

and of fluid mass by
∂p
=
ρf ((1 − φ) βr + φβf )
 ∂t


 
krl 2 krv 2
krv
krl
ρl +
ρv ∇p + k
ρ +
ρ g∇z
∇· k
µl
µv
µl l
µv v


∂X
∂T
+ γf
+ φρf αf
∂t
∂t

(6.3)

The generalized Darcy’s law yields the velocity v at which phase i moves
vi = −k

kri
[∇p − ρi g]
µi

The relative permeability functions are given by

krl = Sl4
krv = Sv2 1 − Sl2

(6.4)

(6.5)

Symbols and corresponding units are listed in Table 6.1.

6.3.2 Numerical Solution
The governing equations (Eqs. 6.1, 6.2, 6.3) are solved by combined finite element and
finite volume methods (Chapter 3). Finite volume cells are centered in a complementary
grid around the corner nodes of the finite element grid. Using a decoupling approach
and operator splitting, parabolic (diffusion) sub-equations are computed by semi-implicit
finite element methods and hyperbolic (advection) sub-equations by second-order accurate
explicit finite volume methods. Hence, the governing equations are solved by the numerical
method that is best suited for the respective type of equation, and geometric flexibility is
retained (Geiger et al., 2004). A sequential procedure is carried out during each time-step.
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Symbol
α
β
γ
µ
ρ
φ
Φ
cp
kr
K
q
S
X
g
D
k
ρf = Sl ρl + Sv ρv
ρ f Xf = S l ρ l Xl + S v ρ v Xv
Xf = (ρf Xf ) /ρf
l
v
r

Property
Thermal expansivity
Compressibility
Chemical expansivity
Viscosity
Density
Porosity
Mass flux
Isobaric heat capacity
Relative permeability
Thermal conductivity
Source term
Saturation
Mass fraction NaCl
Gravitational acceleration vector
Dispersion tensor
Permeability tensor
Total fluid mass
Total NaCl mass in fluid
Mass fraction NaCl in fluid
Liquid property
Vapor property
Rock property

Unit
[◦ C −1 ]
[Pa −1 ]
[Wt. %−1 ]
[Pa s−1 ]
[kg m−3 ]
[-]
[kg m−2 s−1 ]
[J kg−1 ◦ C−1 ]
[-]
[W m−1 ◦ C−1 ]
[m3 s−1 ]
[-]
[Wt. % NaCl]
[m s−2 ]
[m2 s−1 ]
[m2 ]
[kg m−3 ]
[kg m−3 ]
[Wt. % NaCl]
[-]
[-]
[-]

Table 6.1: List of mathematical symbols.

First, the fluid pressure field is updated by the finite element method and fluid velocities
are computed. Next, diffusion of heat and salt is calculated using finite element techniques.
Advection of heat and salt is then computed using the finite volume method. In the last
step, the fluid properties ρ, µ, cp , S, α, β, and γ are updated as a function of p, T , and X
at the next time level. α and γ account for the fluid volume changes due to the thermal
or chemical expansion of the fluid. Fluid properties and phase state are retrieved from
a new equation of state for the system NaCl-H2 O, valid from 0 to 750◦ C, 0 to 4000 bar,
and 0 to 100 Wt. % NaCl (Driesner and Heinrich, 2002; Driesner and Heinrich, 2003)
as a function of p, T , and X. The numerical solution technique has been benchmarked
for various component processes of multi-phase thermohaline convection to ascertain that
results are valid and accurate (Chapter 4). It was implemented into our object-oriented
C++ code ’Complex System Platform’ CSP (Matthäi et al., 2001).
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6.3.3 Thermodynamics of NaCl-H2O Fluids
The NaCl-H2 O system (Fig. 6.1) has a prominent miscibility gap in which a high-density,
high-salinity brine phase coexists with a low-density, low-salinity vapor phase. This gap
is bound by a surface of liquid and vapor coexistence (LV surface) at high pressures and
a surface of halite plus vapor plus liquid coexistence (HLV surface) at low pressures. The
critical curve of NaCl-H2 O, which begins at the critical point of pure H2 O (373.976◦ C,
220.561 bar) and terminates at the critical point of NaCl (>3000◦ C, ∼ 300 to 400 bar),
forms the crest of the LV surface. At subcritical temperatures, this crest extends as the
saturation curve for pure H2 O (X = 0). Halite can precipitate from a NaCl-H2 O fluid at
pressures below the HLV surface or at salinities equal to or higher than the halite liquidus.
Above the LV surface, fluid exists as a single phase with either liquid-like or vapor-like
properties. Fluid properties vary continuously from liquid-like to vapor-like above the LV
surface for pressures and temperatures above the critical curve of NaCl-H2 O. A fluid can
encounter each of these regions for the typical p − T − X range in continental magmatic
hydrothermal systems.
Due to the topology of the NaCl-H2 O system, a NaCl-rich fluid can boil and separate
into brine and vapor at pressures and temperatures well above the critical point of pure
H2 O. For example, phase separation occurs if a fluid at 100◦ C, 10 Wt. % NaCl, and 500 bar
is isobarically heated or if a fluid at 600◦ C, 20 Wt % NaCl, and 1500 bar is adiabatically
depressurized. In the latter case, halite precipitates if the pressure is below the HLV surface.
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Figure 6.1: Phase diagram of the binary NaCl-H2 O system (Driesner and Heinrich, 2003).
The open circle denotes the critical point of pure H2 O, LV Surface denotes the
liquid plus vapor surface. HLV Surface denotes the halite plus liquid plus vapor
surface. The miscibility gap with brine-vapor coexistence is bounded by the
LV and HLV surfaces. Brine and vapor coexist in Region I, halite and vapor
in region II. The fluid is a single phase with vapor-like properties in Region III
and liquid-like properties in Region IV. Halite coexists with liquid in Region
V.
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6.4 Model Setup
We model heat and salt transport around a cooling intrusion in a two-dimensional planar
model (Fig. 6.2). The model has a nominal thickness of 1 m. We assume that the geometry
is symmetric and simulate flow only in the half-space. All quantities in areal, volumetric,
or mass units refer to this half-space. As in Hayba and Ingebritsen (1997), simulations
are carried out for a geometry with a flat upper boundary and a topographic slope of 20
degree. The model is discretized using a constrained conforming Delauney triangulation
(Shewchuk, 2002) (Fig. 6.3).
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Figure 6.2: Intrusion geometry and initial and boundary conditions for the presented simulations. The dashed box above the intrusion denotes the monitored region. The
upper surface, representing a rain-saturated water table, is open to salt outflow
and intake of pure water at fixed pressure (1 bar) and temperature (20◦ C). The
finite element discretization is shown in Figure 6.3.
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Figure 6.3: Finite element discretization of the intrusion model. The mesh is refined in
and above the magma chamber to accurately resolve fluid flow. The geometry
with topography (shown) is discretized by 12589 linear triangles ranging in size
from 2906 to 68828 m2 . The geometry with a flat topography is discretized by
12121 linear triangles ranging in size from 3413 to 68828 m2 .

6.4.1 Pressure and Temperature Conditions
A 800◦ C hot intrusion is emplaced instantaneously at 5 kilometers depth into fluid-saturated host-rock. In the half-space shown in Figure 6.3, a 250 meter wide, 2 kilometer high
porphyry finger at 800◦ C extends from the intrusion. Intrusion and porphyry finger form a
magma chamber of 1.45 × 107 m3 volume. The cross-sectional area of this magma body is
comparable to the intrusions in the Yerington district, Nevada (Dilles and Einaudi, 1992).
We do not model the effects of energy contributed by the latent heat of crystallization within
the magma chamber. The magma chamber geometry is considerably different from previous
simulations by Cathles (1977), Norton and Knight (1977), and Hayba and Ingebritsen
(1997), who only considered a relatively small magmatic stock comparable in size to our
porphyry finger. By extending the right boundary to 20 kilometers, boundary effects
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are minimized and the flow field can evolve independently from the applied boundary
conditions.
The initial geothermal gradient in the host-rock is 40◦ C km−1 resulting from an elevated
basal heat flux of 90 mW m−2 . This heat flux is held constant throughout the simulation.
Initially we assume a hydrostatic pressure in the host-rock and in the magma chamber
when the temperature within a finite element is below the granite solidus of 720◦ C.
The temperature at the top boundary is fixed at 20◦ C and the pressure at 1 bar. This
boundary is assumed to represent the water table supplied by freshwater from above and
open to runoff of any saltwater ascending from below.

6.4.2 Permeability Structure
Based on the assumption of an exponential downward decrease of permeability in the
continental crust, Manning and Ingebritsen (1999) have calculated that the permeability
is approximately 10−17 m2 at 7 kilometers depth. This implies that, on average, heat
transport in the crust is dominated by advection above and conduction below this depth.
In a magmatically active region, thermal gradients are above average and the boundary
will be sharper and possibly closer to the surface. For the modeling resented here, we have
set the permeability of the host-rock to 10−15 m2 above and to 10−17 m2 below 7 kilometers
depth.
The basal intrusion and porphyry are initially impermeable (k = 10−22 m2 ). Their
permeability changes as the magma crystallizes (Fig. 6.4). If the temperature cools below
the granite solidus, a finite element within the intrusion is set to a permeability of 10−17 m2
and to 10−16 m2 in the porphyry finger. This reflects an assumed instantaneous formation
of hydrofractures on solidification and in-situ fluid exsolution (Burnham, 1979). Further
increase in permeability on cooling of solid rock, following Hayba and Ingebritsen (1997), is
assumed to be a consequence of volume contraction of the intrusive rocks and increasingly
brittle rock properties, but ignores any effects of sealing by mineral precipitation. As in
Hayba and Ingebritsen (1997), we describe this latter increase by a log-linear function and
set intrusion and porphyry permeabilities equal to the host-rock permeability of 10−15 m2
and 10−17 m2 above the brittle/ductile transition at 360◦ C (Fig. 6.4).
For this permeability structure, we model diffusive and advective heat and salt transport
above 7 kilometer depth, but only conduction of heat below this depth. The boundary of
the magma chamber is treated as an impermeable no flow boundary when the permeability
is less than 10−17 m2 , i.e. if the temperature is above the granite solidus.
All other rock properties were held uniform and constant during the simulation (Table 6.2).

6.4.3 Magmatic Fluid Production
Magmatic fluid exsolves from the crystallizing magma. We assume that the magma exsolves
5 % of its mass as H2 O (Cline, 1995; Hanson, 1996). Such a magma is likely to be saturated
with H2 O at subvolcanic conditions, exsolving water during emplacement (’first boiling’),
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Figure 6.4: Assumed permeability-temperature relation for intrusion and porphyry.
Property
Porosity φ
Rock density ρr
Rock heat capacity cpr
Thermal conductivity K
Isotropic dispersion coefficient Dl = Dv

Value
0.05
2700
880
2.25
2.0 × 10−7

Unit
[-]
[kg m−3 ]
[J kg−1 ◦ C−1 ]
[W m−1 ◦ C−1 ]
[m2 s−1 ]

Table 6.2: Rock properties for the intrusion geometry.
or becomes water-saturated immediately after emplacement during the first stages of crystallization (’second boiling’) (Cline, 1995). The total mass of magmatic fluid produced is
2.0 × 109 kg. We assume that the magmatic fluid has a salinity of 10 Wt. % NaCl, which
corresponds to the upper level for the bulk Cl/H2 O ratio of magmatic volatiles (Cline and
Bodnar, 1991).
We assume that magmatic fluid exsolves at the upper boundary of the liquid part of the
magma chamber over the width of the porphyry finger until the magma is fully crystallized
(Figure 6.2). With progressing crystallization of the magma, the depth at which magmatic fluid is exsolved hence increases. Numerically, we model fluid production as follows.
Magmatic fluid is produced where the temperature in finite elements of the intrusion or
porphyry falls below the granite solidus, which is equivalent to the ’second boiling’. The
fluid is released through the finite elements of the porphyry that have cooled below the
granite solidus during the current time-step. Elements with a temperature already below
the granite solidus do not release anymore fluid. A numerical problem arises in this ap-
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proach: With a coarse resolution, time-steps can occur during which no magmatic fluid
is produced because no elements are cooled below the granite solidus. This results in a
discontinuous release of fluid, which may lead to non-physical pressure fluctuations. To obtain a continuous fluid release until the entire magma chamber has crystallized, a very fine
spatial discretization of the magma chamber is required, which slows down the simulations
significantly. To approximate a continuous rate at which fluid is released, we hence have
modeled the cooling of the magma chamber in a first trial run for both topographies using
a pure H2 O fluid and a discontinuous fluid release. We have monitored the mass of fluid
produced during these preparatory simulations. These results were fitted with a powerlaw equation to obtain a continuous time-dependent production rate that was employed in
the subsequent simulations (Fig. 6.5). We also tested and confirmed that fully computed
runs for pure H2 O do not show any significant differences compared to simulations with
continuous fluid production rates.
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Figure 6.5: Measured and fitted total fluid mass produced. For the flat topography case,
the mass of magmatic fluid m accumulates as m = 1747559.5 × t0.6976 and for
the topographic slope case as m = 1343538.3 × t0.7246 with m in [kg] and t in
[yrs].
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6.5 Results For Flat Topography
This section first describes how pure H2 O cools the magma chamber. Since the magma
chamber geometry is different from previous studies, this set of calculations is required as
a baseline to compare the results for NaCl-H2 O fluids to the well understood pure H2 O
case.

6.5.1 Pure H2 O Fluid
Heat transport is dominated by advection. Already after 10,000 years, large-scale densitydriven fluid flow moves cold, meteoric surface-water towards the magma chamber (Fig.
6.6). Thermal pressurization and magmatic fluid production have little influence on the
evolution of the flow field. Fluid entrainment, however, depresses the geothermal gradient
5 to 10 kilometers away from the magma chamber. Close to the chamber, water is heated
causing hot fluids to rise in two plumes mining heat from below. The first plume evolves
in and above the porphyry finger, the second above the edge of the magma chamber. The
porphyry finger has completely crystallized after ∼ 2000 years. H2 O begins to boil after
∼ 1000 years in the plume above the porphyry finger. When both plumes are established,
boiling occurs in each plume above ∼ 2.5 kilometers depth (Fig. 6.7a). The boiling zones
in our simulations are narrow, each feeding a large vapor zone that extends vertically from
∼ 2.5 kilometers depth to the shallow sub-surface where vapor condenses into cold surface
water. After ∼ 20, 000 years, the upflow zones merge (Fig. 6.7b). Complete crystallization
of the magma chamber occurs 5000 years later at about ∼ 25, 000 years. Afterwards,
cellular convection cools the crystallized magma chamber driving a single thermal plume.
The remaining vapor zone vanishes after ∼ 40, 000 years (Fig. 6.7c). After 1,000,000 years,
a weak thermal signal driven by slow convection still persists (Fig. 6.7d).
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Figure 6.6: Temperature profile and streamlines for pure H2 O and a flat topography after
10,038 years.
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Figure 6.7: Temperature evolution in the monitored region (Fig. 6.2) above the magma
chamber for pure H2 O and a flat topography after 15,089 (a), 20,276 (b), 40,333
(c), and 1,000,000 (d) years. Streamlines show direction of flow.
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6.5.2 NaCl-H2O Fluid
Temperature Evolution
The large-scale flow field and temperature profiles are very similar to those obtained for
pure H2 O (Fig. 6.6). As in the pure H2 O case, the porphyry finger completely crystallizes
within ∼ 2000 years, and the magma chamber in ∼ 25, 000 years. Afterwards, the vigor
of convection continuously decreases, but a weak thermal signal persists for more than
1,000,000 years (Figs. 6.9, 6.10). The presence of NaCl has little effect on the thermal
evolution of the hydrothermal system (Fig. 6.8). Maximum temperatures in the model
for pure H2 O and NaCl-H2 O are nearly identical before 25,000 and after 50,000 years. In
between, the maximum temperature for pure H2 O decreases faster.
As in the pure H2 O case, two upflow zones develop in which vapor rises at high rates
(Fig. 6.10), transporting heat away from the magma chamber (Fig. 6.9). Their hottest
parts are approximately 40◦ C cooler than the pure H2 O plumes. The upflow zones merge
after ∼ 30, 000 years and the vapor zones vanish after ∼ 50, 000 years. The vapor zones,
however, are much larger than in the pure H2 O case. Their widths are comparable but
their vertical extent reaches from top of the magma chamber to the shallow sub-surface
regions where vapor condenses into cold surface water (Fig. 6.10).
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Figure 6.8: Evolution of the maximum model temperature for a flat topography during
the first 100,000 years of flow. Convection cools the system faster than heat
is supplied by the basal heat flux during the first 50,000 years. The maximum
temperature increases again when convection fades and heat is supplied at the
base faster than heat can be removed by hydrothermal circulation.
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Figure 6.9: Temperature evolution in the monitored region above the magma chamber for
NaCl-H2 O and a flat topography after 15,056 (a), 30,135 (b), 50,141 (c), and
1,000,000 (d) years. Streamlines show direction of flow.

137

6.5 Results For Flat Topography

0

(a)

(b)
Φ [kg m s ]
-2

1

-1
-4

]mk[ htpeD

6.0 x 10
-4
5.4 x 10
-4
4.8 x 10
-4
4.2 x 10
-4
3.6 x 10
-4
3.0 x 10
-4
2.4 x 10
-4
1.8 x 10
-4
1.2 x 10
-5
6.1 x 10
-6
1.0 x 10

2

3

4

5
0

(c)

(d)
Φ [kg m s ]
-2

1

-1
-4

]mk[ htpeD

6.0 x 10
-4
5.4 x 10
-4
4.8 x 10
-4
4.2 x 10
-4
3.6 x 10
-4
3.0 x 10
-4
2.4 x 10
-4
1.8 x 10
-4
1.2 x 10

2

3

-5

6.1 x 10
-6
1.0 x 10

4

5

0

1

2
Distance [km]

3

4 0

1

2
Distance [km]

3

4

Figure 6.10: Evolution of the total mass flux Φ = |vl |ρl + |vv |ρv in the monitored region
above the magma chamber for NaCl-H2 O and a flat topography after 15,056
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Salinity Evolution
During the early stages of magma crystallization, salt precipitates from the exsolving magmatic fluid forming a halite shell around the top of the porphyry finger. The exsolving fluid
is in the region of halite plus vapor coexistence (Region II, Fig. 6.1). Vapor of very low
salinity rises where halite precipitates. As the porphyry finger cools, halite dissolves and is
replaced by a brine-vapor mixture. The depth at which magmatic fluid exsolves increases
as the magma chamber crystallizes. As a consequence, fluid pressure increases and magmatic fluid at later times is exsolved as a brine-vapor mixture. Here, the exsolving fluid
is in the region of brine plus vapor coexistence (Region I, Fig. 6.1). The exsolved brine
phase has a salinity of ∼ 78 Wt. % NaCl at shallow exsolution depths which decreases
to ∼ 70 Wt. % NaCl with increasing exsolution depth. The brine phase is immobile and
stays in place because its volume fraction at all depths is very small (< 0.015). This yields
a relative permeability (Eq.6.5) of ∼ 5 × 10−8 , i.e. the permeability for the brine phase is
∼ 10−23 m2 .
The brine, however, does not accumulate. Entrained meteoric water that is colder than
the exsolved magmatic fluid dilutes the brine. It replaces low-salinity steam that rises from
the exsolved brine-vapor mixture in the upflow zone above the porphyry finger (Figs. 6.11,
6.13). Although its salinity is low, it flows at high rates (Figs. 6.10, 6.13b), transporting salt
upwards from the progressively diluted and cooled magmatic fluid. When the exsolution
depth increases, the overlying brine is further diluted by the rising low-salinity vapor. As
a consequence, fluid salinities are high only in close proximity to the zone where magmatic
fluid is exsolved (Fig. 6.12a). At early times, additional salt enters the upflow zone by
dissolution of the halite shell at the top of the porphyry finger.
Figure 6.14 shows a simplified sketch of salt transported in the two upflow zones. At
shallow depths (∼ 2 kilometer), vapor condenses into cold water producing a narrow condensation zone (Fig. 6.11). This causes a decrease in the vapor salinity (Fig. 6.13) and
the vapor continues to rise and condenses at the top boundary. The lower boundary of the
condensation zone remains relatively constant (Fig. 6.13). The brine phase has a salinity
of about 25 Wt. % NaCl. It increases slightly as the hydrothermal systems cools (Figs.
6.11c, 6.11d). The vapor salinity in the condensation zone is relatively constant (Fig. 6.13).
An intermediate density single-phase fluid of ∼ 2 Wt. % NaCl originates by dilution of
the brine phase. It sinks down parallel to the vapor zone above the porphyry finger (Fig.
6.11a). Some of this intermediate density fluid disperses into the second upflow zone when
both plumes begin to merge. When vapor of the second upflow zone condenses, salt sinks
down as an intermediate density fluid as well (Fig. 6.11b). Halite precipitates temporarily above the condensation zone when both upflow zones merge. This halite, however,
quickly dissolves as the temperature in the remaining upflow zone decreases. The salt is
transported downwards in the intermediate density fluid.
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Figure 6.11: Fluid (a,b) and brine (c,d) salinity after 20,687 (a,c) and 30,135 (b,d) years
in the monitored region for a flat topography. The low-salinity zone above
the porphyry finger in (a) at x < 500 m corresponds to the rising low-salinity
vapor (Fig. 6.13).
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After the magma chamber has completely crystallized, salt continues to rise in the vapor
phase and sink as an intermediate density fluid. The maximum salinity in the model,
however, rapidly decreases because no additional saline magmatic fluid is produced. The
saline fluid is quickly diluted by entrained meteoric water and disappears through the top
boundary. When the vapor vanishes, cellular single-phase convection continues to disperse
the dissolved salt above the magma chamber. After 1,000,000 years, the maximum salinity
is ∼ 10−5 Wt. % NaCl. All the remaining salt has been flushed out of the system.
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Figure 6.14: Simplified sketch of flow pattern and salt transport for a flat topography. The
black lines mark the boundary of the low-salinity vapor regions within the
upflow zones.
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6.6 Results For Topographic Slope
The geometry with a topographic slope is interesting because of three reasons. First, the
presence of topography is more realistic as large granitic intrusions often occur in areas with
significant elevation either due to updoming or due to the formation of a stratovolcano. Second, it has been shown that topography changes the flow field around magmatic intrusions
significantly, producing a sharp interface between topography-driven and density-driven
flow (Hanakoa, 1980; Hayba and Ingebritsen, 1997). Third, for the applied slope of 20
degree, the hydrostatic pressure on top of the porphyry finger is ∼ 40 bar higher than in
the flat-topography case. This may influence the phase state of the NaCl-H2 O fluid above
the porphyry finger.

6.6.1 Pure H2 O Fluid
Differences of large-scale and small-scale flow features between a flat topography and topographic slope are only minor. The system is advection dominated, drawing cold meteoric
towards the intrusion (Fig. 6.15). The porphyry finger completely crystallizes within
∼ 2000 years, and the magma chamber in ∼ 25, 000 years. Two narrow, hot upflow zones
develop above the magma chamber mining heat from below (Fig. 6.16a). Each upflow zone
is dominated by vapor, which condenses into cold surface water. The hottest parts of the
upflow zones are approximately 20◦ C hotter than in the flat-topography case. They merge
after ∼ 20, 000 years (Fig. 6.16b). The remaining vapor zone vanishes after ∼ 45, 000 years,
but cellular convection continues to cool the crystallized magma chamber (Fig. 6.16c). A
thermal disturbance persists for more than ∼ 1, 000, 000 years that is not influenced by
topography-driven fluid flow (Fig. 6.16d).
In contrast to Hayba and Ingebritsen (1997), flow in our simulations is dominated by
buoyancy effects. We do not observe any disturbances of the flow field by the presence of
topography (Fig. 6.16).
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Figure 6.15: Temperature profile in and streamlines for pure H2 O and topographic slope
after 10,124 years.
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Figure 6.16: Temperature evolution in the monitored region above the magma chamber for
pure H2 O and a topographic slope after 15,134 (a), 20,022 (b), 45,373 (c), and
1,000,000 (d) years. Streamlines show direction of flow.
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6.6.2 NaCl-H2O Fluid
Temperature Evolution
Comparable to the flat-topography case, the large-scale flow field and temperature profiles
are very similar to those obtained for pure H2 O (Fig. 6.15). The presence of NaCl has
little effect on the thermal evolution of the hydrothermal system (Fig. 6.17). Maximum
temperatures in the model for pure H2 O and NaCl-H2 O are nearly identical before 30,000
and after 60,000 years. In between, the maximum temperature for pure H2 O decreases
faster. The porphyry finger completely crystallizes within ∼ 2000 years, and the magma
chamber in ∼ 25, 000 years. Afterwards, a weak thermal signal persists for more than
1,000,000 years (Figs. 6.18, 6.19)
Two upflow zones form in which vapor rises at high rates (Fig. 6.19), transporting heat
away from the magma chamber (Fig. 6.17). Their hottest parts are approximately 50◦ C
colder than the pure H2 O plumes. They merge after ∼ 25, 000 years, about 5000 year
earlier than in the flat-topography case. The vapor zone vanishes after ∼ 60, 000 years. As
in the flat-topography case, the vapor upflow zone above the porphyry finger is much larger
than in the pure H2 O case. Their widths are comparable but their vertical extent reaches
from the top of the magma chamber to the shallow sub-surface where vapor condenses into
cold surface water.

900
Merging of upflow zones
Complete crystallization
of magma chamber

o

Maximum Temperature [ C]

800

700
Vapor zones vanish

600

500
Pure H2O
NaCl-H2O

400

300
0

25000

50000

75000

100000

Time [yrs]

Figure 6.17: Evolution of the maximum model temperature for a topographic slope during
the first 100,000 years of flow. Convection cools the system faster than heat
is supplied by the basal heat flux during the first 50,000 years. The maximum
temperature increases again when convection fades and heat is supplied at the
base faster than heat can be removed by hydrothermal circulation.
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Figure 6.18: Temperature evolution in the monitored region above the magma chamber for
NaCl-H2 O and a topographic slope after 15,140 (a), 25,096 (b), 60,271 (c),
and 1,000,000 (d) years. Streamlines show direction of flow.
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Figure 6.19: Evolution of the total mass flux Φ = |vl |ρl + |vv |ρv in the monitored region
above the magma chamber for NaCl-H2 O and a topographic slope after 15,140
(a), 25,096 (b), 60,271 (c), and 1,000,000 (d) years. Zones with a total mass
flux higher than ∼ 2.5 × 10−4 kg m−2 s−1 in (a) and (b) correspond to vapor
upflow zones.
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Salinity Evolution
Although the hydrostatic pressure above the porphyry finger is ∼ 40 bar higher than in the
flat-topography case, salt precipitates from the exsolving magmatic fluid during the first
stages of magma crystallization, forming a halite shell around the porphyry finger. The
fluid is initially in the region of vapor plus halite coexistence (Region II, Fig. 6.1). When
the porphyry finger cools, halite dissolves into a brine-vapor mixture.
As in the flat-topography case, later magmatic fluids are exsolved as a brine-vapor
mixture, because of the increasing hydrostatic pressure with increasing exsolution depth.
Deeper fluids are in the region of brine plus vapor coexistence (Region I, Fig. 6.1). Since
the magma chamber is cooled at very similar rates for both topographies, the exsolution
depth increases at comparable speeds.
The salinity of the exsolved brine is ∼ 72 Wt. % NaCl at shallow exsolution depths
and, in contrast to the flat-topography case, decreases only little with increasing exsolution
depth. As in the flat-topography case, the brine saturation at all times is very low (< 0.015),
yielding very low relative permeabilities for the brine phase (Eq. 6.5). As a consequence,
the brine phase is immobile and does not move.
As in the flat-topography case, the brine also does not accumulate because it is diluted by
entrained colder meteoric water, displacing fast-rising low-salinity vapor (Figs. 6.20, 6.22).
The vapor has a higher salinity than in the flat-topography case and flows at higher rates
(Figs. 6.19, 6.22b). When the exsolution depth increases, the overlying brine is further
diluted by the rising low-salinity vapor. As a consequence, fluid salinities are high only in
close proximity to the zone where magmatic fluid is produced (Fig. 6.21a). Dissolution
of the halite shell at the top of the porphyry finger contributes salt to the vapor at early
times.
Figure 6.23 shows a simplified sketch of salt transported in the two upflow zones. Vapor
condenses into cold surface water at shallow depth (∼ 1 kilometer). Vapor of very low
salinity continues to rise from the condensation zone and condenses at the top boundary.
The depth of the lower boundary of the condensation zone is relatively constant (Fig.
6.22). The brine phase within the condensation zone has a distinctly higher salinity (∼ 38
Wt. % NaCl) than in the flat-topography case. It decreases slightly with decreasing
temperature (Figs. 6.20c, 6.20d). Condensation of vapor and dilution of brine produces a
single-phase fluid of intermediate density. Its salinity is lower than in the flat-topography
case (∼ 1 Wt. % NaCl). Extensive downflow zones of intermediate density fluid like
in the flat-topography case, however, do not form (Figs. 6.20a, 6.20b). Instead, salt is
transported upwards and leaves through the top boundary. As a consequence, salt does
not disperse into the second upflow zone. As in the flat-topography case, halite precipitates
temporarily above the condensation zone when both zones merge. It dissolves quickly as
the temperature decreases in the intermediate density fluid.
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Figure 6.20: Fluid (a,b) and brine (c,d) salinity after 20,091 (a,c) and 30,101 (b,d) years
in the monitored region for a topographic slope. The low-salinity zone above
the porphyry finger in (a) at x < 500 m corresponds to the rising low-salinity
vapor (Fig. 6.13).
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Figure 6.21: Salinity-depth (a) and pressure-depth (b) profiles at selected times above the
porphyry finger for a topographic slope. If not otherwise noted, the peaks in
the salinity profiles correspond to a brine-vapor mixture. The sharp decrease
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production. Above these zone, fluid pressures correspond to a hot hydrostatic
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selected times for a topographic slope.
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6.6 Results For Topographic Slope
After the magma chamber is completely crystallized and magmatic fluid production
has ceased, salt continues to rise in the vapor phase. As in the flat-topography case, the
maximum bulk fluid salinity decreases rapidly, because salt leaves through the top boundary
and is diluted by entrained meteoric water. Cellular single-phase convection continues to
disperse salt when the vapor zone vanishes. After 1,000,000 years, the maximum salinity
is reduced to ∼ 10−5 Wt. % NaCl by this process.
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top boundary
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Figure 6.23: Simplified sketch of flow pattern and salt transport for a topographic slope.
The black lines mark the boundary of the low-salinity vapor regions within
the upflow zones.
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6.7 Discussion and Tentative Geological Interpretation
The pure H2 O results for the flat topography case are in good agreement with the results
obtained by Hayba and Ingebritsen (1997) for a permeability of 10−15 m2 . In both studies,
fluid flow is convection dominated with negligible effects of thermal pressurization and
magmatic fluid production. Large vapor dominated upflow zones form above the intrusion.
They last for thousands of years. In contrast to Hayba and Ingebritsen (1997), however, we
observe two vapor-dominated upflow zones that merge as the magma crystallizes. This is
a consequence of the significantly larger magma chamber present in our simulations, which
also increases the longevity of hydrothermal circulation. While Hayba and Ingebritsen
(1997) observe elevated temperatures for more than 50,000 years, we observe elevated
temperatures for more than 1,000,000 years. This implies that modeling flow and transport
only around a small porphyry intrusion yields a simplified hydrothermal convection pattern.
Since we do not model the effects of energy contributed by the latent heat of crystallization
of the magma chamber, elevated temperatures are likely to exist for even longer than
1,000,000 years.
In contrast to the the simulations of Hayba and Ingebritsen (1997) that include a topographic slope, we do not observe any influence of topography-driven fluid flow in our
simulations. This can be explained by the high initial geothermal gradient of 40◦ C km−1 .
Due to this geothermal gradient, the density above the porphyry finger, i.e. at the highest elevation, decreases more rapidly with depth than above the flanks of the intrusion,
i.e. where the elevation is low. This reverses the influence of topography on the flow field
(Fig.6.24). This influence, however, vanishes as the two convection-dominated upflow zones
evolve.
The general thermal evolution and large-scale flow field of both topography cases is
only weakly influenced by a NaCl in the fluid (Figs. 6.8, 6.17). There are, however, several
important deviations from the pure H2 O case: (i) The horizontal extent of the vapor upflow
zones is larger, reaching from the top of the magma chamber to the shallow sub-surface.
(ii) The hottest parts of these upflow zones are always cooler than the hottest parts of the
pure H2 O upflow zones. (iii) After the magma has crystallized in the pure H2 O case, the
maximum temperature decreases faster over a time interval of 25,000 to 30,000 years. (iv)
The upflow zones merge ∼ 5, 000 years later. (v) Boiling persits for longer times (∼ 5, 000
to 10,000 years).
Fluid flow patterns are also similar for both topography cases with two differences.
Two-phase flow due to vapor condensation at shallow depth exists for longer times in
the topographic-slope case. The key difference, however, is that the intermediate density
single-phase fluid, which originates from the condensation zone, is of lower salinity and
sinks down in the flat-topography case (Fig. 6.11) but is of higher salinity and mainly rises
in the topographic-slope case (Fig. 6.20). This implies that less refluxing and recycling of
solutes occurs when there is a mountain above the magma chamber.
The open-top, i.e. fixed pressure, boundary condition permits that a major fraction of
the exsolved salt is flushed out of the model. While geysers, hot springs, or fumaroles are
common in volcanic areas, it is questionable if they can always account for the salt lost at
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Figure 6.24: Initial density profiles and streamlines for topography driven flow at 90 (a)
and 20 (b) mW m−2 basal heat flux.
the top boundary. A second problem arises from the open-top boundary because supply of
cold meteoric fluid is unlimited. This is, however, not realistic for arid regions. In future
simulations, a fluid rate could be ascribed to the top boundary, reflecting limited supply of
meteoric water due to precipitation and possibly reducing the salt loss at the top boundary.
In both models, magmatic fluid exsolved as a brine-vapor mixture, except of the very
early times of crystallization where the fluid consists of halite and vapor. Low-salinity vapor
rises from the magmatic fluid, likely transporting solutes that partition into vapor (CO2 ,
H2 S, and SO2 , Cu, As, and Au, Audétat et al. (1998) and Heinrich et al. (1999)). Heinrich
et al. (1999) and Heinrich et al. (2004) have argued that vapor separation from brine can
effectively generate a high-sulfide fluid with low Fe content which rapidly transports high
concentrations of Cu, As, and Au upwards, possibly forming high-sulfidation epithermal
Cu-As-Au deposits.
The brine phase, however, is immobile because of its low saturation and the resulting
very low relative permeability. Figure 6.25 shows the pressure dependency of the brine
saturation and corresponding relative permeability at selected temperatures for a magmatic
fluid exsolving at 10 Wt. % NaCl salinity. If the magmatic fluid exsolves as a brine-vapor
mixture at temperatures around the granite solidus (∼ 720◦ C), the brine saturation is
always low and the corresponding relative permeability close to zero. Even cooling of the
brine-vapor mixture does not lead to significantly higher brine saturations, implying that
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Figure 6.25: Pressure dependency of brine saturation (a) and relative permeability (b) at
selected temperatures for 10 Wt. % NaCl salinity. If the brine saturation is
1, a single-phase fluid of intermediate density and salinity exists. Note that
relative permeabilities are non-zero if the brine saturation Sl is 0 < Sl < 1.
The calculated saturations, however, are very low and hence the corresponding
relative permeability krl of the brine phase is in general krl  0.1 as computed
from equation 6.5.
the brine phase is immobile over large temperature and pressure ranges.
Although the brine is immobile, it does not accumulate. Colder meteoric water is entrained at high rates, diluting the brine. Low-salinity vapor, rising at high rates, also mines
salt from the exsolved magmatic fluid.
Most likely, this brine-immobility has a key influence on the formation of economic ore
deposits, because metals that partition into the brine (Fe, Mn, Zn, Rb, Cs, Ag, Sn, and
Pb, Audétat et al. (1998) and Heinrich et al. (1999)) cannot be moved and accumulate
in favorable permeability structures. Instead, solutes that partition into the brine are
dispersed over the entire height of the intrusion as meteoric waters dilute the brine and
the depth of magmatic fluid production increases. Lower host-rock permeabilities (k ≤
10−18 m2 ), however, reduce the vigor of hydrothermal convection and the entrainement
of meteoric fluid (Hanson, 1995; Hayba and Ingebritsen, 1997). This would likely lead
to less dilution of the magmatic fluid and allow for an accumulation of brine. Thermal
pressurization and magmatic fluid production in such low permeabilities can also force the
fluid pressure to increase to lithostatic values (Hanson, 1995).
In Chapter 5 it was shown that salt transport is maximized during NaCl-H2 O convection
at single-phase conditions. It is therefore highly probable that transport of all solutes
exsolving with the magmatic fluid is optimized at single-phase conditions as well. This
would allow for efficient solute transport over large distances and accumulation of metals in
certain permeability structures. Here, cooling, fluid-rock reaction, and precipitation of ore
minerals could form economically valuable deposits. A magmatic fluid at high temperatures
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around the granite solidus, however, exsolves only as a single-phase for pressures higher
than ∼ 1000 bar. Such pressures appear to be typical for porphyry copper systems (Cline,
1995). However, they cannot be achieved for hydrostatic heads and subvolcanic intrusions,
i.e. emplaced at ∼ 5 kilometer depth, because these pressures are up to twice as high as
hydrostatic (Figs. 6.12b, 6.21b).
The required pressures of ∼ 1000 bar can be achieved in two ways that may also occur
in combination. Either the intrusion is emplaced at lithostatic pressure or the permeability
of the intrusion increases much slower with decreasing temperature than assumed in our
simulations (Fig. 6.4). In the latter case, the production of magmatic fluid would lead to a
pressure build-up that most likely would yield the required pressures (Hanson, 1995). This
suggests that the depth of magma emplacement is only a secondary factor for the genesis
of ore deposits as long as the pressure exceeds ∼ 1000 bar.
If magmatic fluid is exsolved as a single phase, it should separate into brine and vapor at
the transition from (sub-)lithostatic pressures to hydrostatic pressures. Such a transition
would most likely be linked to the evolving permeability structure around and above the
cooling intrusion, generating steep p − T gradients that are probably a key to economic
ore-mineral enrichment (Fournier, 1999). The process of phase separation would then automatically lead to an enrichment of those metals that partition into the brine, as the brine is
immobile. Metals that partition into the vapor would continue to be transported upwards.
Our simulations show that the depth at which low-salinity magmatic vapor recondensates
is relatively constant (Figs. 6.13, 6.22). The lower boundary of this recondensation zone
could possible lead to the accumulation of the metals that have partitioned into the vapor
phase (Heinrich et al., 1999; Heinrich et al., 2004). Simulations by Hayba and Ingebritsen
(1997) have shown that the presence of a low-permeability cap-rock above the intrusion
restricts the vertical extent of the vapor zone. A cap-rock is hence likely to reduce the
dispersion of solutes transported in the vapor and increase their accumulation. Specifically
in the case of a topographic slope, the cap-rock would likely reduce the loss of solutes
through the top boundary.
Ore minerals precipitate from the fluid mainly due to cooling (Ulrich and Heinrich, 2002;
Landtwing, 2004). Temperatures above the magma chamber decrease to less than 400 ◦ C in
less than 100,000 years (Figs. 6.9c, 6.18c), while fluid circulation continues for more than
1,000,000 years. This suggests that mineral precipitation occurs in the relatively early
stages of the hydrothermal system.
The magma chamber in our planar model, with a nominal thickness of 1 meter, has a
volume of 1.45 × 107 m3 in half space. Hence, the intrusion needs only a thickness of ∼ 500
meters to account for the approximate volume of 13 to 16 cubic kilometer magma required
to provide the copper for an economic porphyry copper deposit (Cline, 1995).
Geological and chemical data presented by Landtwing (2004) show that the chemical
evolution of fluids at the Bingham porphyry Cu-Au-Mo deposit, Utah, is influenced by
brine condensation and metal deposition. These data, however, do not clearly indicate a
possible flow scenario. Flow pattern driven by convection as well as fluid production could
be possible. Our simulations, however, favor a flow pattern where the magma chamber
is cooled by large-scale convection and small-scale flow patterns due to magmatic fluid
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production. Such a flow scenario is also in good agreement with the data by Inan and
Einaudi (2002). In particular, magmatic fluid is exsolved at near-lithostatic pressure as a
single-phase at ∼ 10 Wt. % NaCl. Phase separation at the transition from lithostatic to
hydrostatic pressure enriches Cu and Au in the vapor phase. Recondensation of vapor at
shallow depth and cooling lead to the accumulation and precipitation of Cu and Au above
the porphyry finger.
It remains to be verified by additional simulations that include the transition from hydrostatic to lithostatic pressure and different host-rock permeability structures including a
cap-rock, if such a flow-scenario is plausible.

6.8 Conclusions
We have presented the first simulations of heat and salt transport around a 800◦ C hot
cooling magmatic intrusion of 1.45×107 m3 volume emplaced at 5 kilometers depth. During
crystallization, the intrusion exsolves a magmatic fluid at 10 Wt. % NaCl and 720◦ C.
The host-rock permeability is 10−15 m2 above 7 kilometer depth and 10−17 m2 below.
Simulations were carried out for a flat topography and topographic slope. They show
that the presence of NaCl has only little effect on the cooling of the intrusion. Fluid
flow is dominated by convection with negligible effects of thermal pressurization and fluid
production. In all simulations, the magma chamber has crystallized after ∼ 25, 000 years,
but elevated temperatures persist for more than 1,000,000 years. Large vapor upflowzones develop above the intrusion. They persist for tens of thousands of years. The longest
occurrence of vapor-dominated upflow zones appears for NaCl-H2 O fluids and a topographic
slope model. Due to boiling at temperatures and pressures above the critical point of H2 O,
NaCl-H2 O fluids also produce vapor upflow-zones that extend vertically from the the top
of the intrusion to the shallow sup-surface.
The magmatic fluid exsolves as a halite and vapor phase during the first ∼ 2000 years
of crystallization. The depth of magmatic fluid production increases with progressive crystallization. Hence, later fluids exsolve as a brine-vapor mixture. Due to the very low
saturation of the brine phase, only the low-salinity vapor is transported upwards while the
brine is immobile. Vapor condenses at shallow depth into cold surface water. A flat topography favors the refluxing and recycling of salt in an intermediate density single-phase
fluid originating from the condensation zone and sinking down.
Thermodynamic and hydrodynamic considerations show that pressures of ∼ 1000 bar
are required to exsolve the magmatic fluid as a single phase at temperatures around the
granite solidus of ∼ 720◦ C. Only fluid pressures close to lithostatic can produce such
high pressures above subvolcanic intrusions. A single-phase fluid, however, maximizes the
upward transport of salt and other dissolved solutes. It would boil where the pressures
decreases from lithostatic to hydrostatic. This boiling alone could lead to the hydrodynamic
accumulation of metals that partition into the brine phase. Vapor rising from this boiling
zone can efficiently transport Cu, As, and Au at high concentrations. Recondensation in
shallow surface waters could lead to their accumulation.
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7 Conclusions and Outlook
This thesis has dealt with the numerical simulation of the hydrodynamics and thermodynamics of the NaCl-H2 O system. A new finite element – finite volume solution technique
coupled with a novel equation of state for the NaCl-H2 O system has been developed to
model thermohaline convection including phase separation and condensation processes at
temperatures and pressures above the critical point of pure H2 O for geologically realistic
pressure, temperature, and compositional ranges, as well as complex geological structures.
This now allows for more realistic simulations of fluid flow in a variety of important geological processes, for example in continental and oceanic magmatic hydrothermal systems,
sedimentary basins, or geothermal systems without making the simplifying assumption
that the fluid is incompressible, obeys the Boussinesq approximation, or is pure H2 O.

7.1 Summary
Chapter 2 discusses the coupling of a second order accurate finite volume algorithm with a
standard Galerkin finite element method for simulations of slightly compressible two-phase
flow in geometrically complex structures.
In this approach, a complementary finite volume grid is constructed centering finite volume cells on the corner nodes of triangular finite elements. This combines the geometrically
flexible finite element method with the mass conservative finite volume method, allowing
to solve the governing equations by the best suited numerical method. In an implicit
pressure, explicit saturation (IMPES) technique, the pressure equation, which is of elliptic or parabolic (diffusion-type) character, is solved using an implicit Galerkin method.
The conservation equation for each fluid phase, which is of hyperbolic (advection-type)
character, is solved using an explicit finite volume method. The velocity field is obtained
from the updated fluid pressure field. This alleviates the necessity to implement costly
iterative schemes to solve for the nonlinearities and allows to easily incorporate the finite
volume method into existing finite element codes capable of solving parabolic and elliptic
differential equations.
The finite volume method is second order accurate in space. This is achieved by reconstructing the gradient of the phase saturation in each finite volume using a least squares
method. The MINMOD limiter is employed on the gradient to avoid spurious oscillations
and obtain a total variation diminishing (TVD) scheme. Comparisons of numerical with
analytical solutions for the Buckley-Leverett problem show that this finite element – finite
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volume technique accurately resolves the shock front and the rarefaction fan of the reference
solution. This method also compares favorably well to solutions of the Buckley-Leverett
problem calculated with fully coupled finite element methods and integrated finite difference methods. Benchmarking tests for the five-spot waterflood problem demonstrate that
cross diffusion is absent. Example applications of two-phase flow in a random permeability
field, in a fractured reservoir, and of buoyancy driven two-phase flow in a faulted reservoir further illustrate the algorithm’s suitability to accurately resolve complex geological
structures and orders of magnitude variations in permeability.
Chapter 3 derives the governing equations for multiphase thermohaline convection. It
further introduces the extension of the finite element – finite volume method described in
Chapter 2 to model heat and solute transport in two fluid phases with highly contrasting
fluid properties.
The governing equations are decoupled using an operator splitting approach. Parabolic
sub-equations are solved by a semi-implicit Galerkin finite element method and hyperbolic
equations by an explicit TVD finite volume method. In this solution technique, the construction of large coupled solution matrices is avoided because these are commonly not
symmetric positive definite, ill conditioned and hence not suited for fast matrix solvers.
Instead, a grid-size limited time-step (CFL criterion) is computed for heat and solute
transport, yielding the maximum global time increment for each computational step. Each
time-step starts with an update of the pressure field using the finite element method. The
fluid velocity field is obtained via Darcy’s law and is used by the finite volume method
to advance the temperature and concentration field in time. Diffusion of heat and salt is
computed using the finite element method. Finally, fluid properties and phase state are
updated for the new pressure, temperature, and salinity values.
Fluid properties are calculated with a novel equation of state for the NaCl-H2 O system,
valid from 0 to 750◦ C, 0 to 4000 bar, and 0 to 100 Wt. % NaCl, permitting the simulation of transient thermohaline convection including phase separation at temperatures
and pressures well above the critical point of pure H2 O for geologically realistic pressure,
temperature, and compositional ranges. The numerical solution technique has been implemented into the object-oriented C++ code CSP as described in Appendix A. The source
code of an example main program is listed in Appendix B.
Chapter 4 discusses the benchmarking of the finite element – finite volume method
to verify its suitability to model multiphase thermohaline convection. It further provides
a first application to convection of a hot, saline single-phase fluid that separates into a
high-density, high-salinity brine and a low-density, low-salinity vapor during its buoyant
rise.
Various component processes of multiphase thermohaline convection have been modeled
using the new numerical solution technique and NaCl-H2 O equation of state. They were
compared to corresponding analytical and reference solutions to demonstrate that the finite
element – finite volume method accurately models multiphase thermohaline convection.
Notably, no experimental or other simulation results exist to which the algorithm can be
compared. The suite of benchmarks that were modeled with the new numerical scheme
includes comparisons with:
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• Analytical solutions of the advection-diffusion equation and Buckley-Leverett problem to verify that the operator-splitting technique accurately models slightly compressible solute transport and two-phase flow.
• Reference solutions to the Elder problem and thermally driven convection at different Rayleigh numbers to verify that variations in convective concentration and
temperature fields can be accurately resolved.
• Reference solutions for a free thermohaline convection simulation to verify that separation of the thermal and concentration plumes can be accurately modeled for nonBoussinesq fluids.
• Numerical solutions of energy transport in pure H2 O at liquid, vapor, super-critical,
and two-phase conditions generated with the United States Geological Survey code
HYDROTHERM to verify that the numerical method accurately computes the advance of the energy front at different phase states.
The numerical results are in good agreement with the reference solutions for all studied
tests cases, which demonstrates that the new solution technique is capable of accurately
modeling thermohaline convection including the full complexity of high-pressure, hightemperature phase separation. This is further illustrated in the example application where
hot saline fluid at 400◦ C and 10 Wt. % NaCl rises from 4 kilometer depth and boils,
separating into a brine and vapor phase. The vapor rises quickly in the crust, diluting
fluid in the shallower parts. Vapor that condenses sinks down as an intermediate-density
single-phase fluid parallel to the rising hot, saline fluid.
Chapter 5 discusses the application of the finite element – finite volume method to a
series of numerical simulations of convection of NaCl-H2 O fluids including the full complexity of phase separation for geometrically simple but otherwise geologically realistic input
conditions.
The simulations show that five typical circulation patterns evolve. These are: (i) purely
diffusive transport, (ii) single-phase thermohaline convection, (iii) thermohaline convection
with phase separation of a single-phase saline fluid, (iv) convection of a low-salinity vapor phase if a brine coexists with vapor at depth, and (v) the temperature-only driven
convection of pure H2 O if halite coexists with vapor at the basal boundary.
These convection patterns cannot be parameterized using the classical descriptive parameters for thermohaline convection such as the thermal Rayleigh number, the Lewis
number, the buoyancy ratio, and the normalized porosity. All these parameters rely on the
assumption that the fluid is a single incompressible phase, the Boussinesq approximation
is valid, density varies linearly with temperature and salinity, and viscosity is constant. In
actuality, however, these parameters vary nonlinearly over orders of magnitude and are not
readily defined at two-phase conditions. As a consequence, well-defined parameter spaces
cannot be identified for the convection patterns of interest. An analysis is presented that
shows that the aforementioned simplifying assumptions are not valid for geologic systems.
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The concept of local Rayleigh number is introduced to study the onset of convective
distortion of the temperature and salinity fields. The fluxibility parameter is adopted to
analyze for which conditions energy transport in a NaCl-H2 O fluid is most efficient. This
fluxibility analysis shows that depending on salinity and pressure, convection in NaClH2 O fluids can transport fluids upwards that have temperatures significantly higher above
400◦ C, which is the theoretical upper limit for pure H2 O fluids.
Although the simulations have targeted a highly idealized geological scenario, some geological implications become apparent. First, salt is transported most efficiently if the
fluid is a single phase. If the fluid is a brine-vapor mixture, only the vapor rises while
the brine does not move. This may be crucial for the formation of economic ore deposits,
because ore-forming metals partition differently into brine and vapor. If the metal-bearing
magmatic fluid exsolves at pressure-temperature conditions where it is a single-phase, contained solutes can be transported most efficiently. Phase separation and cooling lead to
mineral precipitation.
Second, the thermodynamic explanation for the temperature maximum (∼ 400◦ C) of
black smoker fluids at mid-ocean ridge hydrothermal systems, as originally derived for pure
H2 O, likely is still valid for NaCl-H2 O fluids at a seawater salinity of 3.2 Wt. % NaCl. The
presence of NaCl, however, introduces a pressure dependency from which can be inferred
that the black smokers expel the hottest fluids heated by shallow magma chambers but
large seafloor depths.
Chapter 6 discusses the first results of numerical simulations of heat and salt transport
around a cooling intrusion exsolving saline magmatic fluid.
A volume of 1.45 × 107 m3 of 800◦ C hot magma is emplaced at 5 kilometer depth
and has a 0.5 kilometer wide and 2 kilometer high porphyry finger. The permeability of
the crystallized magma chamber is increased with decreasing temperature. Fluid flow is
modeled for settings with and without surface topography. The host rock permeability is
set to 10−15 m2 above and 10−17 m2 below 7 kilometer depth. Magmatic fluid at 10 Wt.
% NaCl is continuously released as the magma crystallizes.
Simulations show that the presence of salt has little effect on the thermal evolution
of the hydrothermal system. Two hot, vapor-dominated upflow zones evolve above the
intrusion and merge as the intrusion crystallizes. The intrusion is completely crystallized
after ∼ 25, 000 years. The vapor zones vanish between ∼ 50, 000 years and 60,000 years.
Elevated temperatures persist for more than ∼ 1, 000, 000 years.
When the fluid pressure is hydrostatic, magmatic fluid exsolves as halite and vapor during
the very early stages of crystallization and afterwards as a brine-vapor mixture. Hot lowsalinity vapor rises quickly and condenses into cold surface waters at shallow depth. Such
vapor can efficiently transport Cu, Au, and As at high concentrations, possibly leading
to the formation of high-sulfidation epithermal Cu-As-Au deposits. The brine, however,
is immobile and stays above the intrusion in the crystallized porphyry. It is diluted by
relatively colder entrained meteoric water, replacing the upwards-rising low-salinity vapor.
The transition from lithostatic to hydrostatic pressure in the exsolving magmatic fluid is
likely to be a key driver for the formation of large ore deposits, because salt and solutes can
be moved most efficiently as a single phase and hence concentrated in existing permeability
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structures. A magmatic fluid produced at temperatures around the granite solidus (720
◦
C) is a single phase only at pressures close to lithostatic (∼ 1000 bar). Such pressures
cannot be regarded as hydrostatic even if the magma chamber is emplaced well below 5
kilometer depth.
A possible explanation for the formation of porphyry copper ore deposits is that the
metal-bearing magmatic fluid exsolves as a single phase at lithostatic pressure. It separates into brine and vapor where the fluid pressure decreases rapidly from lithostatic to
hydrostatic. Brine formation traps all metals that do not partition into the vapor phase.
Vapor transports the other metals upwards into cold surface waters. Minerals that partition into the brine are likely to accumulate where the fluid boils, while minerals that
partition into the vapor where it condenses into surface waters.

7.2 Outlook
The newly develop simulation tools open the possibility to study flow in geologic processes
involving NaCl-H2 O fluids that where incompletely described previously because simplifying assumptions such as single-phase flow, incompressibility, a pure H2 O fluid or the
Boussinesq approximation had to be employed. Several aspects of heat and salt transport
in NaCl-H2 O fluids should now be studied to continue this work.
Additional simulations are required to investigate if economic porphyry copper deposits
can form at the transition from lithostatic to hydrostatic pressure. These simulations must
include a physically realistic description of the lithostatic-hydrostatic transition, which
possibly may require the simulation of hydrofracturing. They further need to investigate
the effects of various temperature-dependent permeability relations of the crystallizing
intrusion and host-rock. Once realistic fluid flow scenario of heat and salt transport around
cooling intrusions can be reproduced, the effects of quartz deposition could be investigated
to simulate first-order effects of mineral precipitation and dissolution on the evolving flow
field. Later studies could include oxygen and hydrogen isotope exchange reactions to
forecast the amounts of meteoric fluid that have mixed with magmatic fluid. Detailed
fluid-rock reactions could also be calculated along selected pressure-temperature-salinity
paths to understand the evolution of wall-rock alteration patterns.
The developed solution technique is also ideally suited to investigate the world’s largest
magmatic hydrothermal systems along the mid-ocean ridges. Here, time-series of chemical
data and temperatures of fluids ejected from black smokers exist as well as heat flow
measurements at the ride axis. Numerical simulations can be used to rationalize and
interpret these data in terms of the underlying geologic processes. For example, it can be
studied if certain seafloor and magma chamber depth relations exist which determine the
temperature of black smoker fluids. Variations in chemistry and salinity of black smoker
fluids can further be investigated by a series of generic numerical models. The origin of
mega plumes can also be studied.
On the numerical side, it will be interesting to compare how the decoupled finite element
– finite volume approach compares to upwind weighted, fully coupled finite element dis-
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7.2 Outlook
cretization, which have been used previously to model heat transport in two compressible
and miscible fluid phases. First results for incompressible two-phase flow, however, show
that the decoupled approach is superior to the coupled approach in terms of accuracy and
computational efficiency. Nevertheless, such a comparison will show if additional coupling
factors have to be introduced in the numerical scheme to increase the accuracy of the
solution, specifically when phase transitions occur.
All simulations so far have been in two dimensions. Convection, however, is threedimensional. Little is known though about (thermohaline) convection patterns in three
dimensions. Since flow and transport can be readily modeled with CSP in three dimensions
using finite element and finite volume techniques, it will be highly interesting to study three
dimensional convection. Simple geometries could be employed first to identify general flow
patterns. Later simulations could include more realistic geological structures such as faults.
Further geologic applications of flow and transport in NaCl-H2 O fluids that benefit from
the improved transport algorithm and novel NaCl-H2 O equation of state could include
simulations of the thermal evolution and related brine convection in petroleum reservoirs,
formation of low-temperature hydrothermal ore deposits in sedimentary basins, saltwater
intrusions in coastal freshwater aquifers, energy transport in geothermal systems, or brine
convection around salt domes that are potential targets for nuclear waste repositories. The
inversion of seismic profiles may be improved as well because sound velocities can now be
calculated for saline fluids.
The transport algorithms available in CSP for high-resolution two and three-dimensional
simulations and the new equation of state for NaCl-H2 O allow users to add distinctively
more realism to numerical models of geologic fluid flow processes. It will be very exciting
to see how our knowledge of several important geological processes will improve using
field-data based numerical simulations with CSP in the years to come.
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Matthäi, S.K. and Belayneh, M.: 2004, Fluid flow partitioning between fractures and a permeable rock matrix, Geophysical Research Letters 31, L07602,
doi:10.1029/2003GL019027.

173

Bibliography
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Stüben, K.: 2001, A review of algebraic multigrid. Journal of Computational and Applied
Mathematics, 128, 281–309.
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A Implementation in CSP
The numerical algorithms presented in the previous chapters were implemented into the
object-oriented multi-physics C++ platform CSP (Matthäi et al., 2001). This has led to a
set of new libraries within the CSP toolkit. In this chapter, the structure of CSP is briefly
discussed. The added classes and libraries are described in more detail.

A.1 The Object-Oriented C++ Code CSP
The ’Complex System Platform’ CSP (Matthäi et al., 2001), whose first implementation by
Stephan Matthäi dates back to 1995, is a collection of C++ classes that allow to simulate
geological processes by means of finite element and finite volume methods in two and
three dimensions. CSP obeys the ANSI/ISO C++ standard and is currently supported for
Windows, using the CodeWarrior compiler (http://www.metrowerks.com), and for Linux
distributions, using the free Intel compiler (http://www.intel.com).
High-quality finite element meshes in two and three dimensions allow users to accurately
represent geometrically complex structures. The finite element meshes are imported into
CSP using a variety of interfaces. If a finite volume computation is desired, finite volume
meshes are generated automatically within CSP on the basis of the finite element grid,
centering the finite volume cells around the corner nodes of the finite elements.
The solution of partial differential equations on high-resolution meshes requires the inversion of large sparse matrices with up to millions of degrees of freedom. The computationally
fast algebraic multigrid solver SAMG (Stüben, 2002) is hence employed in CSP.
The SuperGroup object represents the geological model in CSP. The SuperGroup contains and manages: internally
• The finite element mesh through the CSP_MeshManager object.
• The property database for access to the physical variables through the PropertyDatabase object.
• The physical variables through the CSP_MemoryMangager object.
Physical variables can be of type SCALAR, VECTOR, or TENSOR and may be placed on the
NODE, ELEMENT, or FACE within the finite element mesh. They can be flagged as PLAIN,
DIRICH, or NEUMANN to indicate their computational status.
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The SuperGroup allows for geological domain decomposition in which the geological
model can be divided into sub-domains using Group objects. The size of a Group can be
dynamically changed during a simulation using constraints for certain physical variables.
These are defined in the PropertyConstraints object. Calculations of geological processes
and values of physical variables may vary from Group to Group. For example, one subdomain may be a fracture zone comprising high permeabilities, another sub-domain may
be an ore body in which certain chemical reactions take place.
The actual geologic processes are computed either globally on the SuperGroup or locally
restricted to the Group objects using four different methods.
• The Algorithm objects combine the finite element discretization of the governing
partial differential equation with the associated physical variables and assemble them
into the global solution matrices and right-hand side vectors. The PDE_Operator
objects resemble the finite element operators for the partial differential equations.
For example, an Algorithm object is used to compute the transient fluid pressure
equation in the SuperGroup.
• The Interrelation objects allow for an element by element or node by node computation of a single physical variable as a function of other physical variables. For
example a ConductivityFromPerm object computes the hydraulic conductivity on
the elements for the given permeability and fluid viscosity.
• The Visitor objects can be used for more complex calculations of physical variables.
Still, the Visitor objects are applied either on the elements or the nodes. For
example an IAPWS_H2OPropertiesVisitor object calculates nodal fluid properties
of H2 O as a function of the nodal fluid pressure and temperature.
• Advection of a scalar variable in two and three dimensions, with first or second
order accurate spatial discretization, can be computed on a complementary finite
volume subgrid. A variety of finite volume objects is available in the libraries CSP3Dtriangular-finite-volumes and CSP3D-generic-finite-volumes. The respective objects cannot be restricted to a certain Group like the Algorithm, Interrelation, and Visitor objects. By setting the flag of transported variable to DIRICH in
a certain Group, transport in this Group is omitted.
After the computation, each object belonging to one of the four groups discussed above
carries out an internal range check of the calculated results. If the parameter ranges of
the physical variables assigned in the PropertyDatabase object are exceeded, the error is
reported at runtime in the ErrorHandler.log file through the SkmErrorHandler object.
The severity of the error message is, in increasing order, NOTICE, WARNING, CSP_ERROR, and
FATAL_ERROR. Simulations are terminated if a FATAL_ERROR is encountered.
CSP is interfaced for input and output operations to various formats. These interfaces
are gathered in the CSP3D-interfaces library. Finite element meshes can be read in
from TRIANGLE (http://www-2.cs.cmu.edu/∼quake/triangle.html), the ICEM TETRA

180

Implementation in CSP
meshing tool (http://www.icemcfd.com), RHINO (http://www.rhino3d.com), and GOCAD (http://gocad.org). Output can be written to VTK (http://www.vtk.org), TECPLOT (http://www.tecplot.com), JPEG, and TXT format. Output of physical variables
can be restricted to individual Group objects as well. In addition, CSP provides internal tools such as the CSP_StatisticalAnalyzer or GroupMonitor objects to analyze the
results from computations and log them to files.
A suite of example main() files is distributed with CSP. These files demonstrate how
increasingly complex types of fluid flow can be simulated within the CSP framework.

A.2 Finite Element Library
During the first stages of this work, new finite element classes were implemented that provided quadratic interpolation functions for the physical variables. Finite elements with
quadratic interpolation functions are isoparametric. Hence their line, surface, and volume
integrals must be evaluated numerically. Quadratic finite elements, however, have several
advantages over elements with linear interpolation functions: First, variables are interpolated quadratically over the element. They hence yield derivatives that vary linearly in
each finite element. This leads, for example, to more accurate solutions of the streamline function and constant fluid fluxes between two adjacent finite elements. Second, the
integration of the fluid density contributing to the buoyancy term is carried out on the
element integration points. This yields a more accurate velocity field for simulations of
buoyancy driven flow. Third, computations are done within a local coordinate system attached to each finite element. Mapping between the global, i.e., physical x − y − z and local
r − s − t coordinate systems is obtained by a Jacobian transformation (Fig. A.1). This
allows to accurately carry out finite element computations on deforming meshes. While the
global coordinate system changes, the local coordinate system remains constant through
the Jacobian transformation.
The classes IsoparametricQuadraticTriangle and IsoparametricQuadraticTetrahedron were implemented into the CSP3D-finite-element library of CSP as derived
classes of the FiniteElement base class.
The interpolation functions N for node i of an isoparametric quadratic triangle are given
by (Huyakorn and Pinder, 1983)
N1
N2
N3
N4
N5
N6

= 1 − r − s − 0.5N4 − 0.5N6
= r − 0.5N4 − 0.5N5
= s − 0.5N5 − 0.5N6
= 4r (1 − r − s)
= 4rs
= 4s (1 − r − s)

with the node numbering as given in Figure A.1. Similarly, the interpolation functions of
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Figure A.1: Two-dimensional quadratic triangular finite element in the global x − y (left)
and local r − s (right) coordinate space. Transformation from local to global
coordinate space is obtained through the Jacobian matrix J, from the global
to the local coordinate system by the inverse of the Jacobian matrix J−1 . J
and J−1 are square matrices of size dimension × dimension. Black circles
denote the corner nodes, gray circles the mid-side nodes, and open circles the
integration points.
an isoparametric quadratic tetrahedron comprising 10 nodes are given by
N1 = (1 − r − s − t) (2 (1 − r − s − t) − 1)
N2 = r (2r − 1)
N3 = s (2s − 1)
N4 = t (2t − 1)
N5 = 4 (1 − r − s − t) r
N6 = 4rs
N7 = 4s (1 − r − s − t)
N8 = 4rt
N9 = 4st
N10 = 4 (1 − r − s − t) t
Using the chain rule, the local derivative of the interpolation function N is given by
∂x ∂Ni
∂Ni
∂Ni
=
=J
∂r
∂r ∂x
∂x
which yields for the general three-dimensional case
 ∂N   ∂x ∂x ∂x   ∂Ni 

 ∂ri 



∂x
∂r
∂s
∂t
∂Ni
∂Ni
 ∂y ∂y ∂y 
=
=
J
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∂s 
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∂s
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 ∂N
 ∂N


∂z
∂z
∂z
i
i
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Similarly, the global derivative of N is given by
∂Ni
∂Ni
∂r ∂Ni
=
= J−1
∂x
∂x ∂r
∂r
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such that
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The Jacobian matrix J can also be employed to transform the local two-dimensional coordinate system into a global three-dimensional coordinate system. This allows, for example,
to represent thin three-dimensional fractures as the surfaces of tetrahedral quadratic finite
elements using two-dimensional quadratic triangular finite elements that are oriented in
a three-dimensional global coordinate system (Figure A.2). The Jacobian matrix J then
reduces to a 2 × 3 matrix. Its determinant |J| is given by
p
|J| = Eg − F 2
with



 2  2  2
∂x
∂y
∂z
E =
+
+
∂r
∂r
∂r
        
∂x
∂y
∂y
∂z
∂z
∂x
+
+
F =
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∂s
∂r
∂s
∂r
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  2  2  2
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+
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∂s

183

A.2 Finite Element Library

(a)

(b)

0m

400 m

Figure A.2: Fluid flow calculation in a three dimensional mineralized fault zone reconstructed from the Sigma Mine, Quebec Canada (Matthäi et al., 2000). (a)
shows the side view and (b) the plan view. The fault is meshed by twodimensional quadratic triangular finite elements representing the surface of
the three-dimensional quadratic tetrahedral finite elements of the rock matrix.
The color denotes the volume flux, red being high and blue being low. Arrows
depict the direction of flow and contours show the fluid pressure.
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A.3 Triangular Finite Volume Library
The explicit second-order accurate finite volume methods for simulations of advective transport (Chapter 2) are implemented in the CSP3D-triangular-finite-volumes library. A
FiniteVolumeManager object generates, stores, and manages a two-dimensional finite volume grid. In this grid, finite volume cells are centered around the corner nodes of a
triangular finite element mesh (Fig. 2.4). Since fluid velocities are constant within each
finite element, the flux n · v across the segment of such a node-centered finite volume is
continuous (Fig. 2.5). The finite elements can be of type LinearTriangle and IsoparametricQuadraticTriangle. Each finite volume cell is stored as a FiniteVolume object.
This object contains the information about the size of the individual finite volume, its
location, its neighbors, its parent elements, and its segments. A FiniteVolume objects can
be accessed through the FiniteVolumeManager object.
Figure A.3 shows the relationships, interfaces, and collaborations between the classes implemented in the CSP3D-triangular-finite-volumes library. The kernel of the explicit
second-order accurate finite volume method is the FiniteVolumeAdvectionAlgorithms
object. Its member functions allow to project fluid velocities onto the finite volume segments, compute the flux at each segment, and sum the segment fluxes to each individual
FiniteVolume object. The calculation of the segment fluxes can be done with first or
second order accuracy. If second order accuracy is desired, a FiniteVolumeAdvectionAlgorithms object automatically obtains the nodal gradients of the transported variable from
the NodePropertyGradient object. These are computed for each FiniteVolume object.
The corresponding MINMOD limiter values are calculated in the NodePropertyGradientLimiter object. As the finite volume method employs explicit time-stepping, it is not
necessary to construct a global solution matrix. Instead, the summation of the segment
fluxes to the finite volumes is done sequentially by looping over all finite volume segments
and adding or subtracting the flux at each segment to its two connected finite volumes.
The FiniteVolumeAdvection and FiniteVolumeFluidPhasePropagation objects employ the FiniteVolumeAdvectionAlgorithms object. Each object carries out five identical
steps to calculate advection (Fig. A.4). First, the CFL criterion C is determined. Second,
fluid velocities are projected onto the finite volume segments. Buoyancy driven flow is
automatically simulated if the pressure equation and fluid velocities include gravity terms.
Third, if desired, the property gradients and limiter values are computed. Fourth, the segment fluxes are accumulated for each individual finite volume. Only those finite volumes
are considered where the flag of the transported variable is not DIRICH. If its flag at the
outflowing boundary is NEUMANN, it is assumed that the flux into the finite volume equals
the flux leaving the finite volume. Fifth, the new values are mapped from the finite volume
grid onto the finite element grid. During this step, each nodal value is compared to its
prescribed variable range. An error is returned if this range is exceeded. If the global
time-increment ∆t is larger than C, sub-stepping is employed until ∆t is met. In addition
to these five steps, the respective objects use several pre- and post-processing operations
to calculate a specific type of advection (e.g., transport in a compressible fluid).
The object FiniteVolumeAdvection solves the advection equation for transport of a
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scalar variable ψ, i.e. ∇ · (vψ). For slightly compressible fluids, a first and second order
accurate transport scheme is available. Transport in compressible fluids or a fluid with
strong density variations can be calculated as well, i.e. ∇ · (vρψ) can be solved for. In this
case, the mass flux is computed at each finite volume segment. The latter methods are
only available with second order accuracy.
The object FiniteVolumeFluidPhasePropagation computes the immiscible displacement of two slightly compressible fluids (e.g., water and oil). Transport can be calculated with or without capillary effects for the wetting and non-wetting phase. The methods allow to chose from a variety of relative permeability models by setting the enum
TWO_PHASE_METHOD in the constructor of a FiniteVolumeFluidPhasePropagation object
to the desired value. All methods only work with second order accuracy to accurately
resolve shock-fronts and rarefaction fans that occur during immiscible displacement of two
fluids. This object, for example, has been successfully applied to model two-phase flow in
fractured limestones analogues from the Bristol Channel, U.K. (Belayneh et al., 2004).
If the fluid is slightly compressible such that the divergence of the velocity field is nonzero, i.e. ∇ · v 6= 0, the object NodalFluidVolumeSource must be employed to calculate
the divergence and correct the transport for it. Otherwise, under- and over-shoots of the
transported variable are likely to occur.
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SuperGroup
PropertyDataBase
CSP_MeshManager
CSP_MemoryManager

FiniteVolume
pore_volume
radius
cv_id
mass_center
neighbor_ids
nptr
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fvmptr_

1 ... *

Out()
StoreNodePropertyValue()
ReadNodePropertyValue()
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CVNeighborsEnd()
ParentElementsBegin()
ParentElementsEnd()

FiniteVolumeAdvectionAlgorithm
fvm
projected_velocity
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old_property
concentration
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limiter
CalculateFirstOrderFlux()
CalculateSecondOrderFlux()
CalculateMassAndEnergyFlux()
CalculateCompressibleSoluteFlux()
ProjectVelocityOntoFaceNormal()
AdjustTimeIncrement()
SetAdvectionStep()
ComputeSecondOrderFluxOutward()
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CalculateNodalGradient()
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Segment()
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AtBoundary()
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SegmentsBegin()
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ControlVolumesBegin()
ControlVolumesEnd()
CVSegmentsBegin()
CVSegmentsEnd()
CVNeighborsBegin()
CVNeighborsEnd()
ParentElementsBegin()
ParentElementsEnd()

NodePropertyGradientLimiter
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gradient
limiter
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CalculateSlopeLimiter()
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NodalFluidVolumeSource
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source
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ProjectVelocity()
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ComputeAdvectionInCompressibleFluid()
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AddSourceSinkTerm()
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WriteConcentrationToNodesl()
CheckRange()
ComputeTotalConcentrationOfTwoFluidPhases()
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AdvectionTimeStepSize()
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Figure A.3: UML class diagram for parts of the CSP3D-triangular-finite-volumes library. Associations between classes are denoted by a bold line. The arrow
notes the direction of flow of the associations. That is, the object at the tip of
the arrowhead does not know about the other object. The diamond denotes
a composition. That is, the object at the diamond is composed of the other
object.
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CSP_MemoryManager

create(SuperGroup)

FiniteVolume

FiniteVolumeManager
create(FiniteVolumeManager)

FiniteVolumeAdvection

FiniteVolumeAdvectionAlgorithm

NodePropertyGradient

NodePropertyGradientLimiter

SetPropertyKey(advected variable)
SetPropertyKey(advected variable)
SetPropertyKey(advected variable)
AdjustTimeIncrement()
ProjectVelocityOntoFaceNormal()
CalculateNodalGradient()
CalculateSlopeLimiter()
CalculateSecondOderFlux()
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ReadNodePropertyValue()
1 ... control_volumes

CheckRange()

WriteConcentrationToNodes()
StoreNodePropertyValue()
1 ... control_volumes
ComputeSecondOderAdvection() while time < time_increment

Figure A.4: UML sequence diagram for a FiniteVolumeAdvection object. The individual steps necessary to calculate the higher order advection of ψ in a singlephase incompressible fluid using function CalculateSecondOderAdvection()
are shown. All steps are repeatedly calculated as along as the CFL criterion C
is smaller than the external time-increment ∆t.
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A.4 Equation of State Library
The library CSP3D-eos contains the implementations of the equation of state for pure
H2 O and NaCl-H2 O, as well as interfaces to them, Visitor and Interrelation classes
for fluid property calculations, and a class to generate a lookup table for the pure H2 O
fluid properties (Fig. A.5). Using the CSP3D-eos library, fluid and transport properties for
single-phase thermal and thermohaline convection simulations can be calculated.
The C-library PROST (Bauer, 2002), which has implemented the NBS/NRC Steam
Tables (Haar et al., 1984), is included in the CSP3D-eos library to compute fluid properties
of pure H2 O. The H2OPropertiesLookUpTable class employs PROST to generate a 105
MB lookup table for the pure H2 O properties density, enthalpy, viscosity, compressibility,
isobaric heat capacity, and thermal expansivity. The lookup table is stored as a binary
file generated from a FiniteDifferenceGrid object. It is valid from 5 to 800 ◦ C and 1 to
4000 bar pressure. Bi-linear interpolation is used to extract the fluid properties. The grid
spacing is 1.0◦ C and 2.5 bar away from the critical point of H2 O and 0.1◦ C and 0.1 bar
in its vicinity. In addition, the properties for the liquid and steam phase can be obtained
along the saturation curve of pure H2 O for a given temperature or pressure value. The
error of the interpolated fluid properties is below 0.01 % close to the critical point and
below 0.0001 % away from it.
The IAPWS_H2O_Density class is an interface to PROST and may be used to obtain fluid
properties as a function of temperature and pressure. The IAPWS_H2OPropertiesVisitor
class employs PROST to compute nodal fluid properties as a function of nodal pressure
and temperature values. The object terminates a simulation if non-physical, i.e. negative
pressure or temperature values are encountered. It does not make a distinction between
liquid and vapor. Hence it cannot be used to accurately model two-phase liquid-steam
flow. The Interrelation classes IAPWS_H2O_Storativity and IAPWS_H2O_dVdT_Source
compute the element variables ’storativity’, respectively ’thermal expansion’, as a function of the fluid and rock compressibilities, respectively expansivities. The Interrelation object IAPWS_H2O_Conductivity calculates the element variable ’conductivity’
from the element permeability and the nodal fluid viscosities. The Interrelation object
IAPWS_H2O_HeatTransferVelocity calculates the element variable ’heat transfer velocity’ from the relation (vcp ρ) / ((1 − φ) cpr ρr + φcp ρ) using the element Darcy velocity, rock
density, and rock heat capacity as well as the nodal fluid density and fluid viscosity.
The NaCl-H2 O equation of state can be accessed through the interface Fluid. The phase
state of the fluid and the properties density, enthalpy, viscosity, saturation, heat capacity,
mass fraction salt, and compressibility are returned for the brine, vapor, and halite phase
as a function of pressure, temperature, and salinity. If a phase does not exist, its values
are set to zero. The NaCl-H2 O equation of state employs a H2OPropertiesLookUpTable
object to retrieve the properties of pure H2 O, because pure H2 O properties must be computed repeatedly at small temperature, pressure, and salinity increments away from the
values of interest. The object NaClH2O_PropertiesVisitor calculates nodal fluid properties as a function of nodal pressure, temperature, and salinity. It terminates a simulation
if non-physical, i.e. negative, pressure or temperature values are encountered. A Na-
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ClH2O_PropertiesVisitor object does not return properties of a vapor phase. Instead, the
simulation is terminated if vapor is present. The object NaClH2O_TransportPropsVisitor
computes the element variables ’conductivity, ’storativity’, and ’total source’ as a function
of nodal fluid and element rock properties. The Interrelation object SalinityFromMassFractionSalt converts the mass fraction salt into salinity, accounting for the possible
presence of halite.
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Figure A.5: UML class diagram for the calculation of thermodynamic fluid properties. Associations between classes are denoted by a bold line. The arrow notes the
direction of flow of the associations. That is, the object at the tip of the
arrowhead does not know about the other object. The diamond denotes a
composition. That is, the object at the diamond is composed of the other
object.
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A.5 Hydrothermal Fluid Flow Library
The library CSP3D-hydrothermal provides a collection of Visitor and Interrelation
classes for more complex simulations of heat and salt transport at single-phase and twophase conditions such as in magmatic hydrothermal systems. This library contains the
implementation discussed in Chapter 3.
The H2OLiquidSteamPropertiesVisitor object calculates nodal properties of pure H 2 O
liquid and steam as a function of nodal pressure and temperature values (Fig. A.5). If
the saturation curve of pure H2 O is crossed at subcritical conditions, the energy balance
between fluid and rock is calculated to compute the mass of liquid and steam present. This
object can employ the PROST library or a H2OPropertiesLookUpTable object to calculate fluid properties (Eq. 3.4). Calculations with PROST are computationally more costly
than a direct retrieval from a H2OPropertiesLookUpTable object. On the other hand,
a H2OPropertiesLookUpTable object requires and additional 105 MB memory. Sophisticated error checking is used in the H2OLiquidSteamPropertiesVisitor object, because
PROST often fails at temperatures close to the critical point or pure H2 O saturation curve.
If a failure of PROST is encountered, the object attempts to recompute fluid properties at
some small temperature increment ∆T away from the current temperature. Only if this
method fails repeatedly, the simulation is terminated.
The NaClH2OLiquidSteamPropertiesVisitor object calculates nodal brine, vapor, and
halite properties for the NaCl-H2 O system as a function of nodal pressure, temperature,
and salinity values (Fig. A.5). It uses a H2OPropertiesLookUpTable object to calculate the pure H2 O properties and a Fluid object to obtain the NaCl-H2 O properties.
If the salinity is below 1.0 × 10−15 Wt. % NaCl, the object treats fluid as pure H2 O.
By setting the boolean in the NaClH2OLiquidSteamPropertiesVisitor constructor to
true, thermal and chemical expansivities are retrieved from lookup tables as well. Each
expansivity lookup table requires 65 MB of additional memory. Only one third of the
computation time, however, is needed, because fluid properties do not have to be evaluated at increments ∆T and ∆X away from the temperature and salinity of interest.
The NaClH2OLiquidSteamPropertiesVisitor object uses sophisticated error checking as
well, attempting to recompute fluid properties at some small increment ∆T away from the
temperature at which property calculations failed.
Both fluid property Visitor object terminate if non-physical, i.e., negative pressure,
temperature, or salinity values are encountered. If the pressure exceeds the maximum
valid pressure of 4000 bar, a warning is issued, because properties can only be computed
up to 4000 bar.
The H2OLiquidSteamTransportPropsVisitor object calculates the element transport
properties ’storativity’, ’expansivity’, ’mobility liquid’, ’mobility vapor’, ’total mobility’,
’mass mobility liquid’, ’mass mobility vapor’, and ’total mass mobility’ for two-phase fluids
from nodal fluid and element rock properties. The mobility variables refer to the property
kkri /µi and the mass mobility variables to kkri ρi /µi . The expansivity includes thermal
and chemical expansivity. If two-phase conditions are encountered, nodal fluid properties
are averaged to the element considering only the nodes at which the phase is present.
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The H2OLiquidSteamVelocityVisitor object solves Darcy’s law (Eq. 3.14) for each
element to compute fluid velocities for the liquid and vapor phase from nodal fluid pressures,
element mobilities, and nodal relative fluid densities. The latter can be computed for
each phase using a LiquidSteamRelativeDensityVisitor object. Relative fluid pressures,
which result if buoyancy terms are evaluated using relative fluid densities, can be converted
into the actual fluid pressure using a RelativePressureToFluidPressure object. This
object adds the relative pressure to a reference pressure, which must be computed once at
the beginning of a simulation, to obtain the actual fluid pressure.
Fluid phase velocities may be transformed into a ’heat transfer velocity’ using a HeatTransverVelocityVisitor object. This object solves equation 3.23 on each element using
nodal fluid and element rock properties. At two-phase conditions, fluid properties are averaged to the element only for the nodes where the phase is present.
The NaClH2OMassFractionVisitor object computes the mass of salt in the liquid and
vapor phase such that the term ∇ · (vi ρi Xi ) can be solved. The Interrelation object
TotalMassFractionToSalinity converts mass fraction back to salinity considering that
brine, vapor, and halite may be present.
Advection of salt in brine and vapor can be modeled using the NaClTwoPhaseFVAdvection object. This object employs a FiniteVolumeAdvectionAlgorithms object and uses
pre- and post processing steps to calculate fluid mass and salt transport in each phase. It
automatically converts mass fractions back to salinity considering that brine, vapor, and
halite may be present. If sub-stepping is used, i.e. if multiple advection steps are calculated during a single time-step, salt mass fractions are automatically updated using a
NaClH2OMassFractionToFlowingMassVisitor object. Range checking at the end of each
transport step returns error messages if salinity values exceed their prescribed ranges.
The Interrelation object TotalHeatCapacity and the Visitor object HeatCapactiyVisitor both calculate the term [(1 − φ) ρr cpr + φ (Sl ρl cpl + Sv ρv cpv )] needed for the solution of the heat conduction equation. The Interrelation class TotalFluidVolumeSource
can be used to add the source/sink term arising from the thermal and chemical expansivity
to any additional fluid sources/sinks.
The aqueous diffusivity Da of NaCl in H2 O can be computed as a function of temperature,
pressure, and salinity using an AqueousDiffusivityVisitor object. This object evaluates
the Stokes-Einstein relation (Oelkers, 1996) at each node, using the viscosity of pure H 2 O
µH2 O
Da =

kb T
6πµH2 O rs

Here, kb is the Boltzmann constant and rs the radius of the diffusing particle. The diffusion of the dissolved particle within the pore space can be computed from a PoreDiffusivityVisitor object. This object calculates an element pore diffusivity D p from
the nodal aqueous diffusivity Da and the element porosity φ by evaluating the equation
(Oelkers, 1996)
Dp =

Da
φ−nf
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Here, nf is the formation of the exponent factor and commonly ∼ 2 (Oelkers, 1996). For
large scale convection models, however, it is not necessary to evaluate Da and Dp , because
their changes are negligibly small in comparison to the numerical diffusion, even when
using a higher order transport scheme. For simulations in which only diffusion of heat and
salt is considered, it is important though to accurately calculate the diffusivities.
For single-phase fluid property calculations of pure H2 O or NaCl-H2 O, the objects provided by the CSP3D-eos library always should be used, since they require memory allocation
for only a single fluid phase.
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B Source Files For Simulation of Heat
and Salt Transport Around A Cooling
Intrusion
B.1 Main File
#include "auxiliary_intrusion_modelling.h"
using namespace std;
namespace csp {
// global variable definitions
SkmErrorHandler
skm_err;
csp_float
global_time = 0.0;
CSP_String
global_physvar_textfile;
}
using namespace csp;
// ***********************************************************
//
// Simulation of Salt and Energy Transport around Intrusion
//
// ***********************************************************
int main()
{
// variable definitions
global_physvar_textfile = "intrusion_modelling.txt";
// time loop variables
const csp_float year
= 31536000.0; // in sec
const csp_float day
=
86400.0; // in sec
csp_float time_increment, tolerance(0.3), cfl_dt,
cfl_dt_old, cfl_dt_test, cfl_dt_test2, max_time;
long

timestep
global_time

=
=

1;
0.0; // timestep 1
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char file_name[NAME_STRING], step[NAME_STRING], in_file[NAME_STRING];
CSP_String run_info("run-info"), fluid_rate("fluid-production"),
properties("monitored-properties"), hydro_frac("excess-pressure");
long
bool

model_saver, maxsteps(25);
from_vset, tec, jpg, k_with_depth;

// finite element mesh construction
CSP_TRIANGLE_Interface
mesh_interface;
CSP_VSet<csp_float, 2>
mesh_container, vset;
CSP_Standard_IO_Handler
stdio;
// reading configuration file
strcpy( in_file, "intrusion_modelling_configuration.txt" );
ifstream ifs;
char c;
ifs.open( in_file );
if ( !ifs.is_open() ) {
cout << "\nmain: Could not read/find configuration file "
cout << "’intrusion_modelling_configuration.txt’, terminating..." << endl;
return 0;
}
// get name of vset file or ’Triangle’ file set
ifs.getline( file_name, NAME_STRING );
// decide if ’Triangle’ file set or vset shall be read in
ifs >> c;
from_vset = trueOrNotFromYorN( (int32)(c) );
// jpg output
ifs >> c;
jpg = trueOrNotFromYorN( (int32)(c) );
// tecplot output
ifs >> c;
tec = trueOrNotFromYorN( (int32)(c) );
// depth dependent permeabiliy
ifs >> c;
k_with_depth= trueOrNotFromYorN( (int32)(c) );
// max runtime, time increment, output to files
ifs >> max_time;
ifs >> time_increment;
ifs >> model_saver;
ifs.close();
max_time *= year;
time_increment *= year;
cfl_dt = cfl_dt_old = cfl_dt_test = cfl_dt_test2 = time_increment;
// reading in mesh or vset file in case of restart
if ( !from_vset ) {
cout << "\nmain: Reading ’Triangle’ input file set ’";
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cout << file_name << "’" << endl;
mesh_interface.ReadTriangle2DMesh( file_name, mesh_container );
}
else {
bool read_vset(false);
cout << "\nmain: Restarting from vset-file, reading vset-file ’";
cout << file_name << "’" << endl;
read_vset = mesh_container.InputFrom( file_name, global_time );
if ( !read_vset ) {
cout << "\nmain: Could not read vset from file ’"
<< file_name << ".vset’ terminating... " << endl;
return 0;
}
else {
sprintf( step, "%ld", static_cast<long>(global_time) );
cout << "\nmain: Successfully read file ’" << file_name << ".vset’...";
cout << "Restarting simulation at "
<< global_time << " years..." << endl;
global_time *= year; // yrs to sec
// append info to monitoring files
// such that they are not overwritten
strcat( run_info,
step );
strcat( fluid_rate, step );
strcat( properties, step );
strcat( hydro_frac, step );
}
}
// finish naming the files
strcat( run_info,
".txt"
strcat( fluid_rate, ".txt"
strcat( properties, ".txt"
strcat( hydro_frac, ".txt"

);
);
);
);

// build SuperGroup
cout << "\nmain: Building the SuperGroup... " << endl;
SuperGroup<csp_float, 2> intrusion( mesh_container );
const PropertyDatabase& p_ref = intrusion.ReferencePropertyDatabase();
// dimensions of the model
std::vector<csp_float> xyz;
intrusion.Dimensions( xyz );
cout << "\nmain: Model dimensions are horizontal " << xyz[0] << " to " << xyz[1];
cout << "\nand vertical " << xyz[2] << " to " << xyz[3] << endl;
// echoing the model parameters to a file
ofstream ofs;
ofs.open( run_info, ios::out|ios::trunc );
ofs << "Model dimensions are horizontal " << xyz[0] << " to " << xyz[1];
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ofs << " vertical " << xyz[2] << " to " << xyz[3] << " m " << endl;
ofs << "Maximum run time " << max_time/year;
ofs << " with initial time step " << time_increment/year << " years" << endl;
ofs << "Output to files every " << model_saver << " steps " << endl;
if ( from_vset ) {
ofs << "Restart after " << global_time / year << " years" << endl;
}
ofs.close();
// form groups (always needed)
// groups are built on basis of the ’Triangle’ permeabilities
if ( !from_vset ) intrusion.CopyReplace( "permeability", "backup permeability" );
createGroups( intrusion, k_with_depth );
// input initial conditions
if ( !from_vset ) {
inputInitialAndBoundaryConditions( intrusion );
computeInitialTemperature( intrusion );
}
// setting up the visitors
H2OPropertiesLookUpTable<csp_float> h2o_lookup;
const csp_float ref_dens = h2o_lookup.Density( 20.0, 101325.0 );
intrusion.InputUniformScalarValue( "reference density", ref_dens );
NaClH2OLiquidSteamPropertiesVisitor<csp_float, 2>
properties_visitor( intrusion, h2o_lookup, false );
NaClH2OMassFractionVisitor<csp_float, 2>
mass_fraction_visitor( intrusion );
NaClH2OMassFractionToFlowingMassVisitor<csp_float,2>
xmass_to_fmass_visitor( intrusion, h2o_lookup );
H2OLiquidSteamVelocityVisitor<csp_float, 2>
velocity_visitor( intrusion, "relative fluid pressure" );
HeatTransferVelocityVisitor<csp_float, 2>
heat_velocity_visitor( intrusion );
H2OLiquidSteamTransportPropsVisitor<csp_float, 2>
transport_properties_visitor( intrusion );
LiquidSteamRelativeDensityVisitor<csp_float, 2>
relative_density_visitor( intrusion, ref_dens );
// setting up the interrelation
TotalFluidVolumeSource<csp_float, 2> total_fluid_source( p_ref );
TotalHeatCapacity<csp_float, 2>
total_heat_capacity( p_ref );
// setting up the other remaining objects
GlobalTimeToInteger<csp_float>
t_convert;
RelativePressureToFluidPressure<csp_float,2> absolute_pressure;
// setting up the finite volume operations
FiniteVolumeManager<csp_float, 2>
fv_manager( intrusion );
FiniteVolumeAdvection<csp_float, 2>
advection_temperature( fv_manager );
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NaClTwoPhaseFVAdvection<csp_float, 2> advection_X( fv_manager );
NodalFluidVolumeSource<csp_float,2> divergence( fv_manager );

// setting up transient temperature diffusion
Algorithm<csp_float, 2> transient_temperature;
transient_temperature.ComputationalMethod( CSP_SAMG );
transient_temperature.IncreaseMultiGridVectorStorage( 5 );
Integral_dNT_op_dN_dV<csp_float, 2>
conductance_temp( p_ref, "thermal conductivity", "temperature",
"temperature" );
Integral_NT_op_N_dV<csp_float, 2>
source_temp( p_ref, "heat source", "temperature" );
Integral_NT_lhsop_N_dV<csp_float, 2>
capacitance_lhs_temp( p_ref, "total heat capacity", "temperature",
"temperature" );
Integral_NT_op_N_dV<csp_float, 2>
capacitance_rhs_temp( p_ref, "total heat capacity", "temperature" );
Integral_NT_op_dS<csp_float, 2>
boundary_heat_flux( p_ref, "boundary heat flux", "temperature" );
conductance_temp.MultiplyWithTimeIncrement(true);
capacitance_lhs_temp.LumpedFormulation(true);
capacitance_rhs_temp.LumpedFormulation(true);
source_temp.MultiplyWithTimeIncrement(true);
source_temp.LumpedFormulation(true);
source_temp.AddAccumulateLater();
boundary_heat_flux.MultiplyWithTimeIncrement(true);
boundary_heat_flux.LumpedFormulation(true);
boundary_heat_flux.AddAccumulateLater();
transient_temperature.Add(
transient_temperature.Add(
transient_temperature.Add(
transient_temperature.Add(
transient_temperature.Add(

&conductance_temp );
&source_temp );
&capacitance_lhs_temp );
&capacitance_rhs_temp );
&boundary_heat_flux );

// setting up transient pressure diffusion
Algorithm<csp_float, 2> transient_pressure;
transient_pressure.IncreaseMultiGridVectorStorage( 5 );
transient_pressure.ComputationalMethod( CSP_SAMG );
Integral_dNT_op_dN_dV<csp_float, 2>
conductance_press( p_ref, "total mass mobility", "relative fluid pressure",
"relative fluid pressure" );
Integral_NT_op_N_dV<csp_float, 2>
source_press( p_ref, "total fluid volume source", "relative fluid pressure" );
Integral_NT_lhsop_N_dV<csp_float, 2>
capacitance_lhs_press( p_ref, "storativity", "relative fluid pressure",
"relative fluid pressure" );
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Integral_NT_op_N_dV<csp_float, 2>
capacitance_rhs_press( p_ref, "storativity", "relative fluid pressure" );
Integral_NT_op_dNi_dV<csp_float, 2>
density_water_press( p_ref, "relative density liquid", "mass mobility liquid",
"relative fluid pressure" );
Integral_NT_op_dNi_dV<csp_float, 2>
density_steam_press( p_ref, "relative density vapor", "mass mobility vapor",
"relative fluid pressure" );
conductance_press.MultiplyWithTimeIncrement(true);
capacitance_lhs_press.LumpedFormulation(true);
capacitance_rhs_press.LumpedFormulation(true);
source_press.MultiplyWithTimeIncrement(true);
source_press.LumpedFormulation(true);
source_press.AddAccumulateLater();
density_water_press.MultiplyWithTimeIncrement(true);
density_water_press.LumpedFormulation(true);
density_water_press.AddAccumulateLater();
density_steam_press.MultiplyWithTimeIncrement(true);
density_steam_press.LumpedFormulation(true);
density_steam_press.AddAccumulateLater();
transient_pressure.Add(
transient_pressure.Add(
transient_pressure.Add(
transient_pressure.Add(
transient_pressure.Add(
transient_pressure.Add(

&conductance_press );
&source_press );
&capacitance_lhs_press );
&capacitance_rhs_press );
&density_water_press );
&density_steam_press );

// setting up transient solute diffusion
Algorithm<csp_float, 2> transient_diffusion_liquid;
Algorithm<csp_float, 2> transient_diffusion_vapor;
transient_diffusion_liquid.ComputationalMethod( CSP_SAMG );
transient_diffusion_liquid.IncreaseMultiGridVectorStorage( 5 );
transient_diffusion_vapor.ComputationalMethod( CSP_SAMG );
transient_diffusion_vapor.IncreaseMultiGridVectorStorage( 5 );
Integral_dNT_op_dN_dV<csp_float, 2>
dispersion_water( p_ref, "pore diffusivity", "mass fraction salt liquid",
"mass fraction salt liquid" );
Integral_NT_lhsop_N_dV<csp_float, 2>
retardation_lhs_water( p_ref, "retardation", "mass fraction salt liquid",
"mass fraction salt liquid" );
Integral_NT_op_N_dV<csp_float, 2>
retardation_rhs_water( p_ref, "retardation", "mass fraction salt liquid" );
Integral_NT_op_N_dV<csp_float, 2>
source_water( p_ref, "salt source", "mass fraction salt liquid" );
Integral_dNT_op_dN_dV<csp_float, 2>
dispersion_vapor( p_ref, "pore diffusivity", "mass fraction salt vapor",
"mass fraction salt vapor" );
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Integral_NT_lhsop_N_dV<csp_float, 2>
retardation_lhs_vapor( p_ref, "retardation", "mass fraction salt vapor",
"mass fraction salt vapor" );
Integral_NT_op_N_dV<csp_float, 2>
retardation_rhs_vapor( p_ref, "retardation", "mass fraction salt vapor" );
Integral_NT_op_N_dV<csp_float, 2>
source_vapor( p_ref, "salt source", "mass fraction salt vapor" );
dispersion_water.MultiplyWithTimeIncrement(true);
retardation_lhs_water.LumpedFormulation(true);
retardation_rhs_water.LumpedFormulation(true);
source_water.MultiplyWithTimeIncrement(true);
source_water.AddAccumulateLater();
dispersion_vapor.MultiplyWithTimeIncrement(true);
retardation_lhs_vapor.LumpedFormulation(true);
retardation_rhs_vapor.LumpedFormulation(true);
source_vapor.MultiplyWithTimeIncrement(true);
source_vapor.AddAccumulateLater();
transient_diffusion_liquid.Add( &dispersion_water );
transient_diffusion_liquid.Add( &retardation_lhs_water );
transient_diffusion_liquid.Add( &retardation_rhs_water );
transient_diffusion_liquid.Add( &source_water );
transient_diffusion_vapor.Add( &dispersion_vapor );
transient_diffusion_vapor.Add( &retardation_lhs_vapor );
transient_diffusion_vapor.Add( &retardation_rhs_vapor );
transient_diffusion_vapor.Add( &source_vapor );

// compute initial properties
if ( !from_vset )
computeInitialProperties( intrusion, properties_visitor,
transport_properties_visitor,
relative_density_visitor, velocity_visitor,
heat_velocity_visitor, mass_fraction_visitor );
// start the intrusion
if ( !from_vset ) startIntrusion( intrusion, 800.0 );
// groups ’flow’ and ’no flow’ grow, resectively shrink, if
// the permeability is larger than the no flow permeability
csp_float k_min, k_max;
if ( !k_with_depth ) {
k_min = 1.0001e-17;
k_max = 1.0e-15;
}
else {
k_min = pow( 10.0, ( -14.0 - 3.2 * log10( 7.0 )));
k_max = 1.0e-14;
}
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PropertyConstraints k_constraints;
k_constraints.AddConstraint( "permeability", k_min, k_max );
k_constraints.InitializePropertyIndices( p_ref );
k_constraints.Out();
// group intrusion shrinks due to temperature constraints
// (not unique identified by permeability reduction)
PropertyConstraints t_constraints;
t_constraints.AddConstraint( "temperature", 20.0, 700.0 );
t_constraints.InitializePropertyIndices( p_ref );
t_constraints.Out();
// if restarted from vset, recompute permeabilities and resize groups
if ( from_vset ) {
computePermeability( intrusion, "porphyry",
-16.0, -15.0, xyz[3], k_with_depth );
computePermeability( intrusion, "magma",
-17.0, -15.0, xyz[3], k_with_depth );
resizeGroups( intrusion, k_constraints, t_constraints );
}
// restrict all application but heat diffusion to group ’flow’
// visitors
properties_visitor.RestrictApplicationTo( "flow" );
mass_fraction_visitor.RestrictApplicationTo( "flow" );
xmass_to_fmass_visitor.RestrictApplicationTo( "flow" );
velocity_visitor.RestrictApplicationTo( "flow" );
heat_velocity_visitor.RestrictApplicationTo( "flow" );
transport_properties_visitor.RestrictApplicationTo( "flow" );
relative_density_visitor.RestrictApplicationTo( "flow" );
// interrelations
total_fluid_source.RestrictApplicationTo( "flow" );
total_heat_capacity.RestrictApplicationTo( "flow" );
// algorithms
transient_pressure.RestrictApplicationTo( "flow" );
// fluid properties are only computed at
// non-dirichlet nodes (i.e. not in the no-flow group)
properties_visitor.IncludeDirichletNodes( false );
// add divergence correction for temperature field
divergence.CalculateNodalFluidVolumeSource( "temperature",
"heat transfer velocity" );
advection_temperature.AddSourceSinkTerm( "nodal fluid volume source" );
// initial conditions to file
monitorMaximumProperties( intrusion, properties,
global_time / year );
outputVariablesToScreen( intrusion );
outputVariablesToFile( intrusion, t_convert.GlobalTimeInYears( global_time ),
0, jpg, tec );

202

Source Files for Modeling Heat and Salt Transport Around Intrusion
// transient loop
while ( global_time <= max_time ) {
// backup primary variables
backupPrimaryVariables( intrusion );
// compare cfl criterion for heat and transport velocity,
// if x more transport steps are needed for solute transport
// than heat transport, reduce dt .
cfl_dt_test
= advection_T.CFLTimeIncrement( time_increment,
"heat transfer velocity",
"temperature" );
cfl_dt_test2 = advection_X.CFLTimeIncrement( time_increment );
cout << "\nCFL_heat: " << cfl_dt_test/year << ", CFL_solute: ";
cout << cfl_dt_test2/year << ", sub-steps: " < cfl_dt_test/cfl_dt_test2;
cout << ", allowed max sub-steps: " << maxsteps << endl;
if ( ( cfl_dt_test / cfl_dt_test2 ) > maxsteps )
cfl_dt_test = cfl_dt_test2 * maxsteps;
// if dt increases more than 30 % between two timesteps,
// reduce timestep
if ( ( ( cfl_dt_test -cfl_dt_old ) / ( cfl_dt_old ) ) > tolerance ) {
cfl_dt = cfl_dt_old + ( cfl_dt_test-cfl_dt_old ) * tolerance;
cfl_dt_old = cfl_dt;
cout << "\nmain: Exceeded maximum allowed change of time increment, ";
cout << "resizing dt from " << cfl_dt_test/year;
cout << " to " << cfl_dt/year << endl;
}
else {
cfl_dt = cfl_dt_test;
cfl_dt_old = cfl_dt_test;
}
// diffusion of salt
transient_diffusion_vapor.TimeIncrement( cfl_dt );
intrusion.Pass( transient_diffusion_vapor );
transient_diffusion_liquid.TimeIncrement( cfl_dt );
intrusion.Pass( transient_diffusion_liquid );
resetConcentrations( intrusion );
intrusion.Accept( mass_fraction_visitor );
// advection of salt
advection_X.ComputeSaltAdvectionWithPhaseVelocities( cfl_dt,
xmass_to_fmass_visitor );
// compute heat advection
divergence.CalculateNodalFluidVolumeSource( "temperature",
"heat transfer velocity" );
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advection_T.ComputeSecondOrderAdvection( cfl_dt, "temperature",
"heat transfer velocity", true );
// set salinity and temperature flag to PLAIN in no flow group
// (diffusion of temperature is computed in entire model)
setDataStyleInGroup( intrusion, PLAIN, "no flow" );
// conduction in rock
transient_temperature.TimeIncrement( cfl_dt );
intrusion.Pass( transient_temperature );
// compute the fluid production rate
computeMagmaticFluidProduction( intrusion, fv_manager,
h2o_lookup, cfl_dt,
(global_time+cfl_dt)/year,
0.05, 0.1, xyz[3],
fluid_rate );
// compute the temperature and depth dependent permeability
// in groups porphyry and magma
computePermeability( intrusion, "porphyry",
-16.0, -15.0, xyz[3], k_with_depth );
computePermeability( intrusion, "magma",
-17.0, -15.0, xyz[3], k_with_depth );
// resize the groups ’flow’ and ’no flow’
// depending on their permeabilities
resizeGroups( intrusion, k_constraints, t_constraints );
// set salinity and temperature flag to DIRICH
// in no flow group after groups are resized
// transport and properties are only updated in group flow
setDataStyleInGroup( intrusion, DIRICH, "no flow" );
// compute new fluid properties
properties_visitor.TimeIncrement( cfl_dt );
intrusion.Accept( properties_visitor );
intrusion.Accept( mass_fraction_visitor );
intrusion.Accept( relative_density_visitor );
intrusion.Accept( transport_properties_visitor );
intrusion.Pass( total_fluid_source );
intrusion.Pass( total_heat_capacity );
// fluid pressure computation
intrusion.CopyReplace( "fluid pressure", "previous fluid pressure" );
transient_pressure.TimeIncrement( cfl_dt );
intrusion.Pass( transient_pressure );
absolute_pressure.ComputeFluidPressure( intrusion,
"relative fluid pressure",
"reference pressure" );
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// check for excess pressure
excessPressure( intrusion, hydro_frac, (global_time+cfl_dt)/year );
// compute flow velocities
intrusion.Accept( velocity_visitor );
intrusion.Accept( heat_velocity_visitor );

// Preparing next Time Step
global_time += cfl_dt;
timestep++;
// record variables
monitorMaximumProperties( intrusion, properties, global_time / year );
outputVariablesToScreen( intrusion );
outputVariablesToFile( intrusion, t_convert.GlobalTimeInYears( global_time ),
model_saver, jpg, tec );
outputModelToVset( intrusion, vset, global_time, model_saver );
cout << "\n\n*** GLOBAL TIME [years] "
<< global_time / year << " *** " << endl << endl;

}
cout <<"\nmain: That’s it..."<< endl;
return 0;
}
// end main
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B.2 Auxiliary Functions Header File
// CSP Files
#include "SuperGroup.h"
#include "CSP_TRIANGLE_Interface.h"
#include "SkmErrorHandler.h"
#include "CSP_Tecplot_Interface.h"
#include "CSP_JPEG_Interface.h"
#include "CSP_JPEG_GroupInterface.h"
// finite volume
#include "FiniteVolumeManager.h"
#include "FiniteVolumeAdvection.h"
#include "NodalFluidVolumeSource.h"
#include "NaClTwoPhaseFVAdvection.h"
// pde operators
#include "Integral_dNT_op_dN_dV.h"
#include "Integral_NT_op_N_dV.h"
#include "Integral_NT_lhsop_N_dV.h"
#include "Integral_NT_op_dS.h"
#include "Integral_NT_op_dNi_dV.h"
// visitors
#include "NaClH2OLiquidSteamPropertiesVisitor.h"
#include "H2OLiquidSteamVelocityVisitor.h"
#include "H2OLiquidSteamTransportPropsVisitor.h"
#include "HeatTransferVelocityVisitor.h"
#include "LiquidSteamRelativeDensityVisitor.h"
#include "NaClH2OMassFractionVisitor.h"
#include "NaClH2OMassFractionToFlowingMassVisitor.h"
// interrelations
#include "TotalFluidVolumeSource.h"
#include "TotalHeatCapacity.h"
// further files
#include "GlobalTimeToInteger.h"
#include "RelativePressureToFluidPressure.h"
#include "H2OPropertiesLookUpTable.h"
#include "Log10Property.h"
#include "PropertyConstraints.h"
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// auxiliary functions definitions
namespace csp {
bool trueOrNotFromYorN( int );
void outputVariablesToFile( SuperGroup<csp_float, 2>& sg,
long step, long save_frequency,
bool with_jpg, bool with_tec );
void outputModelToVset( SuperGroup<csp_float, 2>& sg,
CSP_VSet<csp_float, 2>& vset,
csp_float time, long save_frequency );
void outputVariablesToScreen( SuperGroup<csp_float, 2>& sg );
void inputInitialAndBoundaryConditions( SuperGroup<csp_float, 2>& sg );
void printRangeOfVariable( const SuperGroup<csp_float, 2>& sg, const char* var );
void backupPrimaryVariables( SuperGroup<csp_float, 2>& sg );
void computeInitialTemperature( SuperGroup<csp_float, 2>& sg );
void createGroups( SuperGroup<csp_float, 2>& sg, bool depth_dependency );
void computePermeability( SuperGroup<csp_float, 2>& sg,
const char* group_name, csp_float log_k_zero,
csp_float log_k_back, csp_float z_max,
bool depth_dependency );
void startIntrusion( SuperGroup<csp_float, 2>& sg, csp_float temp );
void resizeGroups( SuperGroup<csp_float, 2>& sg,
PropertyConstraints& constraints_k,
PropertyConstraints& constraints_t );
void computeMagmaticFluidProduction( SuperGroup<csp_float, 2>& sg,
FiniteVolumeManager<csp_float,2>& fvm,
H2OPropertiesLookUpTable<csp_float>& lookup,
csp_float dt, csp_float time,
csp_float percentage, csp_float x_salt,
csp_float z_max, CSP_String& fname );
void computeInitialProperties( SuperGroup<csp_float, 2>& sg,
NaClH2OLiquidSteamPropertiesVisitor<csp_float, 2>& p_vis,
H2OLiquidSteamTransportPropsVisitor<csp_float, 2>& t_vis,
LiquidSteamRelativeDensityVisitor<csp_float, 2>& r_vis,
H2OLiquidSteamVelocityVisitor<csp_float, 2>& v_vis,
HeatTransferVelocityVisitor<csp_float, 2>& h_vis,
NaClH2OMassFractionVisitor<csp_float, 2>& m_vis );
void monitorMaximumProperties( SuperGroup<csp_float, 2>& sg,
CSP_String& fname, csp_float time );
void excessPressure( SuperGroup<csp_float, 2>& sg,
CSP_String& fname, csp_float time );
void setDataStyleInGroup( SuperGroup<csp_float, 2>& sg,
DATA_STYLE flag, const char* group_name );
void monitorGroupProperties( SuperGroup<csp_float, 2>& sg,
CSP_String& pname, long time );
void resetConcentrations( SuperGroup<csp_float,2>& sg );
}
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B.3 Auxiliary Functions Source File
#include "auxiliary_intrusion_modelling.h"
using namespace std;
namespace csp {

// translate Y or N from configuration file into boolean
bool trueOrNotFromYorN( int i ) {
extern SkmErrorHandler skm_err;
bool decision;
if ( i == 121 ) decision = true;
if ( i == 110 ) decision = false;
if ( i != 121 && i != 110 ) {
skm_err.notice( FATAL_ERROR,"trueOrNotFromYorN",
"Character must be ’y’ or ’n’, terminating");
}
return decision;
}

// output results to tecplot or jpg files for given timestep
// method also records depth dependent profiles above porphyry
void outputVariablesToFile( SuperGroup<csp_float, 2>& sg,
long step, long save_frequency,
bool with_jpg, bool with_tec )
{
static bool called_first_time(true);
static stl_index save_counter(0);
static CSP_Tecplot_Interface<csp_float, 2> tec;
static CSP_JPEG_Interface jpg;
static CSP_JPEG_GroupInterface jpg_group( sg, "monitor" ),
jpg_group1( sg, "flow" ),
jpg_group2( sg, "no flow" );
static std::vector<CSP_String> string_vec(9);
if ( called_first_time ) {
string_vec[0] = "temperature";
string_vec[1] = "fluid pressure";
string_vec[2] = "salinity";
string_vec[3] = "total mass fraction salt";
string_vec[4] = "mass fraction salt liquid";
string_vec[5] = "mass fraction salt vapor";
string_vec[6] = "saturation liquid";
string_vec[7] = "saturation vapor";
string_vec[8] = "saturation halite";
}
if ( called_first_time || save_counter == save_frequency ) {
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if ( with_jpg ) {
// monitor region
jpg_group.OutputGroupDataToJPG( sg, "temperature",
"temperature", step );
jpg_group.OutputGroupDataToJPG( sg, "salinity",
"salinity", step );
jpg_group.OutputGroupDataToJPG( sg, "salt-fluid",
"total mass fraction salt", step );
jpg_group.OutputGroupDataToJPG( sg, "salt-vapor",
"mass fraction salt vapor", step );
jpg_group.OutputGroupDataToJPG( sg, "salt-liquid",
"mass fraction salt liquid", step );
jpg_group.OutputGroupDataToJPG( sg, "sat-liquid",
"saturation liquid", step );
jpg_group.OutputGroupDataToJPG( sg, "sat-halite",
"saturation halite", step );
jpg_group.OutputGroupDataToJPG( sg, "fluid-pressure",
"fluid pressure",step );
jpg_group.OutputGroupDataToJPG( sg, "total-source",
"total fluid volume source", step );
jpg_group1.OutputGroupDataToJPG( sg, "log-permeability",
"log permeability", step );
jpg_group2.OutputGroupDataToJPG( sg, "log-permeability",
"log permeability", step );
// entire model
jpg.OutputDataToJPG( sg, "temperature",
"temperature", step );
jpg.OutputDataToJPG( sg, "salinity",
"salinity", step );
jpg.OutputDataToJPG( sg, "salt-fluid",
"total mass fraction salt", step );
jpg.OutputDataToJPG( sg, "fluid-pressure",
"fluid pressure", step );
jpg.OutputDataToJPG( sg, "log-permeability",
"log permeability", step );
}
if ( with_tec ) {
// compute nodal velocities
sg.ExtrapolateElementPropertyToNodeProperty( "pore velocity liquid",
"nodal pore velocity liquid" );
sg.ExtrapolateElementPropertyToNodeProperty( "pore velocity vapor",
"nodal pore velocity vapor" );
sg.ExtrapolateElementPropertyToNodeProperty( "pore velocity",
"nodal pore velocity" );
// monitor region
tec.OutputDataToTecplotFile( sg, "monitor", "temperature",
"temperature", step );
tec.OutputDataToTecplotFile( sg, "monitor", "salinity",
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"salinity", step );
tec.OutputDataToTecplotFile( sg, "monitor", "salt-fluid",
"total mass fraction salt", step );
tec.OutputDataToTecplotFile( sg, "monitor", "salt-vapor",
"mass fraction salt vapor", step );
tec.OutputDataToTecplotFile( sg, "monitor", "salt-liquid",
"mass fraction salt liquid" step );
tec.OutputDataToTecplotFile( sg, "monitor", "sat-liquid",
"saturation liquid", step );
tec.OutputDataToTecplotFile( sg, "monitor", "sat-halite",
"saturation halite", step );
tec.OutputDataToTecplotFile( sg, "monitor", "fluid-pressure",
"fluid pressure", step );
tec.OutputDataToTecplotFile( sg, "monitor", "velocity-liquid",
"nodal pore velocity liquid", step );
tec.OutputDataToTecplotFile( sg, "monitor", "velocity-vapor",
"nodal pore velocity vapor", step );
tec.OutputDataToTecplotFile( sg, "monitor", "velocity",
"nodal pore velocity", step );
// entire model
tec.OutputDataToTecplotFile( sg, "temperature",
"temperature", step );
tec.OutputDataToTecplotFile( sg, "salinity",
"salinity", step );
tec.OutputDataToTecplotFile( sg, "salt-fluid",
"total mass fraction salt", step );
tec.OutputDataToTecplotFile( sg, "fluid-pressure",
"fluid pressure", step );
tec.OutputDataToTecplotFile( sg, "velocity-liquid",
"nodal pore velocity liquid", step );
tec.OutputDataToTecplotFile( sg, "velocity-vapor",
"nodal pore velocity vapor", step );
tec.OutputDataToTecplotFile( sg, "velocity",
"nodal pore velocity", step );
}
// write properties at x = 0 above intrusion to files
for ( stl_index i=0; i<string_vec.size(); i++ )
monitorGroupProperties( sg, string_vec[i], step );
save_counter = 0;
}

called_first_time = false;
if ( !called_first_time ) save_counter++;
}
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// echo variables to screen
void outputVariablesToScreen( SuperGroup<csp_float, 2>& sg )
{
printRangeOfVariable( sg, "pore velocity" );
printRangeOfVariable( sg, "pore velocity liquid" );
printRangeOfVariable( sg, "pore velocity vapor" );
printRangeOfVariable( sg, "heat transfer velocity" );
printRangeOfVariable( sg, "fluid pressure" );
printRangeOfVariable( sg, "fluid volume source" );
printRangeOfVariable( sg, "thermal expansion" );
printRangeOfVariable( sg, "chemical expansion" );
printRangeOfVariable( sg, "temperature" );
printRangeOfVariable( sg, "saturation liquid" );
printRangeOfVariable( sg, "saturation vapor" );
printRangeOfVariable( sg, "saturation halite" );
printRangeOfVariable( sg, "salinity" );
printRangeOfVariable( sg, "total mass fraction salt" );
printRangeOfVariable( sg, "mass fraction salt liquid" );
printRangeOfVariable( sg, "mass fraction salt vapor" );
}

// input of initial and boundary conditions at time = 0
void inputInitialAndBoundaryConditions( SuperGroup<csp_float, 2>& sg )
{
// source terms
sg.InputUniformScalarValue( "fluid volume source", 0.0 );
sg.InputUniformScalarValue( "heat source", 0.0 );
sg.InputUniformScalarValue( "salt source", 0.0 );
sg.InputUniformScalarValue( "boundary heat flux", 0.0 );
// rock properties
sg.InputUniformScalarValue(
sg.InputUniformScalarValue(
sg.InputUniformScalarValue(
sg.InputUniformScalarValue(
sg.InputUniformScalarValue(
sg.InputUniformScalarValue(
sg.InputUniformScalarValue(
sg.InputUniformScalarValue(
sg.InputUniformScalarValue(
sg.InputUniformScalarValue(
sg.InputUniformScalarValue(
sg.InputUniformScalarValue(
sg.InputUniformScalarValue(
sg.InputUniformScalarValue(
sg.InputUniformScalarValue(

"thermal conductivity", 2.25 );
"total heat capacity", 880.0 * 2700.0 );
"compressibility rock", 1.0e-15 );
"expansivity rock", 1.0e-15 );
"porosity", 0.05 );
"lithostatic pressure", 0.0 );
"nodal porosity", 0.05 );
"heat capacity rock", 880.0 );
"nodal heat capacity rock", 880.0 );
"density rock", 2700.0 );
"nodal density rock", 2700.0 );
"residual saturation liquid", 0.05 );
"residual saturation vapor", 0.01 );
"nodal residual saturation liquid", 0.05 );
"nodal residual saturation vapor", 0.01 );

// fluid properties
sg.InputUniformScalarValue( "temperature", 20.0 );
sg.InputUniformScalarValue( "salinity", 0.0 );
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sg.InputUniformScalarValue( "mass fraction salt liquid", 0.0 );
sg.InputUniformScalarValue( "mass fraction salt vapor", 0.0 );
sg.InputUniformScalarValue( "fluid pressure", 1.0 );
sg.InputUniformScalarValue( "reference pressure", 1.0 );
sg.InputUniformScalarValue( "relative fluid pressure", 0.0 );
// approx 1/50 of thermal diffusivity
sg.InputUniformScalarValue( "pore diffusivity", 2.0e-07 );
// dummy properties
sg.InputUniformScalarValue( "retardation", 1.0 );
sg.InputUniformScalarValue( "dummy permeability", 1.0e-13 );
sg.InputUniformScalarValue( "dummy source", 0.0 );
// Boundary Conditions
sg.AssignBoundaryValues( TOP,
"fluid pressure",
DIRICH, 101325.0, 101325.0 );
sg.AssignBoundaryValues( TOP,
"lithostatic pressure",
DIRICH, 101325.0, 101325.0 );
sg.AssignBoundaryValues( TOP,
"reference pressure",
DIRICH, 101325.0, 101325.0 );
sg.AssignBoundaryValues( TOP,
"relative fluid pressure",
DIRICH, 0.0, 0.0 );
sg.AssignBoundaryValues( TOP,
"temperature",
DIRICH, 20.0, 20.0 );
sg.AssignBoundaryValues( TOP,
"salinity",
DIRICH, 0.0, 0.0 );
sg.AssignBoundaryValues( BOTTOM, "boundary heat flux",
NEUMANN, 0.09, 0.09 );
}

// save entire model to binary vset file for possible restart
// if calculation has produced errors
void outputModelToVset( SuperGroup<csp_float, 2>& sg,
CSP_VSet<csp_float, 2>& vset,
csp_float time, long save_frequency )
{
static stl_index save_counter(1);
if ( save_counter == save_frequency ) {
char file_name[NAME_STRING];
sg.OutputTo( vset );
strcpy( file_name, "intrusion-model" );
vset.OutputTo( file_name, time/31536000.0 ); // in yrs
save_counter = 0;
}
save_counter++;
}
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// helpful function to print variable range and units
void printRangeOfVariable( const SuperGroup<csp_float, 2>& sg,
const char* var )
{
csp_float pmin, pmax;
sg.MinMaxOf( var, pmin, pmax );
cout <<"\nRange of variable [";
cout << sg.ReferencePropertyDatabase().Unit(var) <<"]: ’";
cout << var <<"’: "<< pmin <<" to "<< pmax << endl;
}

// backup of primary variables to compute change between two timesteps
void backupPrimaryVariables( SuperGroup<csp_float, 2>& sg )
{
sg.CopyReplace( "temperature",
"previous temperature" );
sg.CopyReplace( "salinity",
"previous salinity" );
sg.CopyReplace( "density liquid",
"previous density liquid" );
sg.CopyReplace( "density vapor",
"previous density vapor" );
sg.CopyReplace( "saturation liquid",
"previous saturation liquid" );
sg.CopyReplace( "saturation vapor",
"previous saturation vapor" );
sg.CopyReplace( "mass fraction salt liquid", "previous mass fraction salt liquid" );
sg.CopyReplace( "mass fraction salt vapor", "previous mass fraction salt vapor" );
sg.CopyReplace( "relative fluid pressure",
"previous relative fluid pressure" );
}

// calculate initial steady state geothermal gradient for applied basal heat flux
void computeInitialTemperature( SuperGroup<csp_float, 2>& sg )
{
Algorithm<csp_float, 2>
initial_temperature;
initial_temperature.ComputationalMethod( CSP_SAMG );
Integral_dNT_op_dN_dV<csp_float, 2>
conductance( sg.ReferencePropertyDatabase(),
"thermal conductivity", "temperature", "temperature" );
Integral_NT_op_N_dV<csp_float, 2>
source( sg.ReferencePropertyDatabase(),
"heat source", "temperature" );
Integral_NT_op_dS<csp_float, 2>
boundary_flow( sg.ReferencePropertyDatabase(),
"boundary heat flux", "temperature" );
initial_temperature.Add( &conductance );
initial_temperature.Add( &source );
initial_temperature.Add( &boundary_flow );
sg.Pass( initial_temperature );
initial_temperature.Reset();
printRangeOfVariable( sg, "temperature" );
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}

// start the intrusion by setting temperature to defined value
// and all fluid properties to zero as they are not defined
// in the magma chamber
void startIntrusion( SuperGroup<csp_float, 2>& sg, csp_float temp )
{
cout << "\nstartIntrusion: Starting the intrusion with ";
cout << temp << " oC " << endl;
sg.ChangePropertyInGroupToWhere( "intrusion",
"temperature", temp, PLAIN );
sg.ChangePropertyInGroupToWhere( "intrusion",
"temperature", temp, BOUNDARY );
// fluid properties are not defined
sg.ChangePropertyInGroupToWhere( "intrusion",
"density liquid",
0.0, PLAIN );
sg.ChangePropertyInGroupToWhere( "intrusion",
"density liquid",
0.0, BOUNDARY
sg.ChangePropertyInGroupToWhere( "intrusion",
"density vapor",
0.0, PLAIN );
sg.ChangePropertyInGroupToWhere( "intrusion",
"density vapor",
0.0, BOUNDARY
sg.ChangePropertyInGroupToWhere( "intrusion",
"heat capacity liquid",
0.0, PLAIN );
sg.ChangePropertyInGroupToWhere( "intrusion",
"heat capacity liquid",
0.0, BOUNDARY
sg.ChangePropertyInGroupToWhere( "intrusion",
"heat capacity vapor",
0.0, PLAIN );
sg.ChangePropertyInGroupToWhere( "intrusion",
"heat capacity vapor",
0.0, BOUNDARY
sg.ChangePropertyInGroupToWhere( "intrusion",
"viscosity liquid",
0.0, PLAIN );
sg.ChangePropertyInGroupToWhere( "intrusion",
"viscosity liquid",
0.0, BOUNDARY
sg.ChangePropertyInGroupToWhere( "intrusion",
"viscosity vapor",
0.0, PLAIN );
sg.ChangePropertyInGroupToWhere( "intrusion",
"viscosity vapor",
0.0, BOUNDARY
sg.ChangePropertyInGroupToWhere( "intrusion",
"saturation liquid",
0.0, PLAIN );
sg.ChangePropertyInGroupToWhere( "intrusion",
"saturation liquid",
0.0, BOUNDARY
sg.ChangePropertyInGroupToWhere( "intrusion",
"saturation vapor",
0.0, PLAIN );
sg.ChangePropertyInGroupToWhere( "intrusion",
"saturation vapor",
0.0, BOUNDARY
sg.ChangePropertyInGroupToWhere( "intrusion",
"enthalpy liquid",
0.0, PLAIN );

);

);

);

);

);

);

);

);
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sg.ChangePropertyInGroupToWhere( "intrusion",
"enthalpy liquid",
sg.ChangePropertyInGroupToWhere( "intrusion",
"enthalpy vapor",
sg.ChangePropertyInGroupToWhere( "intrusion",
"enthalpy vapor",
sg.ChangePropertyInGroupToWhere( "intrusion",
"relative density liquid",
sg.ChangePropertyInGroupToWhere( "intrusion",
"relative density liquid",
sg.ChangePropertyInGroupToWhere( "intrusion",
"relative density vapor",
sg.ChangePropertyInGroupToWhere( "intrusion",
"relative density vapor",

0.0, BOUNDARY );
0.0, PLAIN );
0.0, BOUNDARY );
0.0, PLAIN );
0.0, BOUNDARY );
0.0, PLAIN );
0.0, BOUNDARY );

}

// create model sub-domains as a function of initial permeability at
// time = 0. if depth dependent permeability is used, the function
// automatically calculates k that decays with depth. otherwise,
// permeabilities are set to log -17 below 7 km depth, log -15 above
// that depth, and log -22 in intrusion (all units m2)
void createGroups( SuperGroup<csp_float, 2>& sg, bool depth_dependency )
{
// magma chamber
cout << "\nForming the group ’magma’ " << endl;
sg.FormAndAddGroup( "magma",
"backup permeability", 1.0e-19, 1.0e-19
// ppy on top of magma chamber and into magma chamber
cout << "\nForming the group ’porphyry’ " << endl;
sg.FormAndAddGroup( "porphyry", "backup permeability", 1.0e-18, 1.0e-17
// ppy + magma chamber = intrusion
cout << "\nForming the group ’intrusion’ " << endl;
sg.FormAndAddGroup( "intrusion", "backup permeability", 1.0e-19, 1.0e-17
// top of ppy plus region above intrusion
cout << "\nForming the group ’monitor’ " << endl;
sg.FormAndAddGroup( "monitor",
"backup permeability", 1.0e-17, 1.0e-15
// basis of model including initially hot magma and ppy
cout << "\nForming the group ’no flow’ " << endl;
sg.FormAndAddGroup( "no flow",
"backup permeability", 1.0e-20, 1.0e-17
// all of the upper part of the model excluding intrusion
cout << "\nForming the group ’flow’ " << endl;
sg.FormAndAddGroup( "flow",
"backup permeability", 1.0e-15, 1.0e-13

);

);

);

);

);

);

// compute depth dependent k if desired
if ( depth_dependency ) {
std::deque<Element<csp_float,2> >::iterator it;
std::vector<csp_float> bc(3);
CSP_INDEX k_key(sg.ReferencePropertyDatabase().StorageKeys("permeability")),
log_key(sg.ReferencePropertyDatabase().StorageKeys("log
permeability"));
ScalarVariable<csp_float> k, log_k;
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csp_float z;
std::vector<csp_float> xyz;
sg.Dimensions( xyz );
for ( it = sg.ReferenceMesh().ElementsBegin();
it != sg.ReferenceMesh().ElementsEnd(); it++ ) {
it->BaryCenter(bc);
z = (xyz[3] - bc[1]) / 1000.0;
log_k = -14.0 - 3.2 * log10(z); // manning & ingebritsen, 1999
k = pow( 10.0, log_k() );
it->Store( sg.ReferencePropertyStorage(), k_key.index, k );
it->Store( sg.ReferencePropertyStorage(), log_key.index, log_k );
}
}
// if constant k’s are used, reset k in groups flow and no flow
if ( !depth_dependency ) {
// uniform permeability in flow region
sg.ChangePropertyInGroupToWhere( "flow", "permeability", 1.0e-15, PLAIN );
sg.ChangePropertyInGroupToWhere( "flow", "permeability", 1.0e-15, BOUNDARY );
sg.ChangePropertyInGroupToWhere( "no flow", "permeability", 1.0e-17, PLAIN );
// no flow region below intrusion heat transfer if
// k > log -17 (manning & ingebritsen 1999)
sg.ChangePropertyInGroupToWhere( "no flow", "permeability", 1.0e-17, BOUNDARY );
}
// reset permeabilities for groups
// ppy has same k as magma with k(T) dependency taken from hayba & ingebritsen 1997
sg.ChangePropertyInGroupToWhere( "intrusion", "permeability", 1.0e-22, PLAIN );
sg.ChangePropertyInGroupToWhere( "intrusion", "permeability", 1.0e-22, BOUNDARY );
// compute log k everywhere, output to file
Log10Property<csp_float,2> log_ten( sg );
log_ten.ComputeLog10Property( "permeability", "log permeability", true );
cout << "\ncreateGroups: Volume of intrusion is: ";
cout << sg.ReferenceGroup( "intrusion" ).GroupVolume() << endl;
}

// monitor fluid pressure and record if fluid pressure exceeds lithostatic pressure
void excessPressure( SuperGroup<csp_float, 2>& sg, CSP_String& fname, csp_float time )
{
static ofstream ofs;
static bool first_time(true);
if ( first_time ) ofs.open( fname, ios::out|ios::trunc );
std::deque<Node<csp_float,2> >::iterator it;
CSP_Index fp_key(sg.ReferencePropertyDatabase().StorageKey("fluid pressure")),
lp_key(sg.ReferencePropertyDatabase().StorageKey("lithostatic pressure"));
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ScalarVariable<csp_float> fp, lp;
csp_float ep;
cout << "\nexcessPressure: checking for excess pressure" << endl;
for ( it = sg.ReferenceMesh().NodesBegin();
it != sg.ReferenceMesh().NodesEnd(); it++ ) {
it->Read( sg.ReferencePropertyStorage(), fp_key.Index(), fp );
it->Read( sg.ReferencePropertyStorage(), lp_key.Index(), lp );
ep = lp() - fp();
// hydrofracturing occured
if ( ep < 0.0 ) {
ofs << "Node: " << it->ID() << ", x: " << it->x();
ofs << ", y: " << it->y() << ", ep: " << ep;
ofs << ", fp: " << fp() << ", lp: " << lp();
ofs << " at " << time << " yrs " << endl;
cout << "Node: " << it->ID() << ", x: " << it->x();
cout << ", y: " << it->y() << ", ep: " << ep;
cout << ", fp: " << fp() << ", lp: " << lp() << endl;
}
}
first_time = false;
}

// compute temperature-dependent permeabilites using a log-linear relation
// in the magma chamber. at granite solidus, permeability is log -17 m2
// and increases with decreasing temperature until host rock permeability
// is reached at 360 oC.
void computePermeability( SuperGroup<csp_float, 2>& sg, const char* group_name,
csp_float log_k_zero, csp_float log_k_back,
csp_float z_max, bool depth_dependency )
{
std::map<stl_index,DATA_STYLE>::const_iterator it;
CSP_INDEX k_key(sg.ReferencePropertyDatabase().StorageKeys("permeability")),
log_key(sg.ReferencePropertyDatabase().StorageKeys("log permeability")),
t_key(sg.ReferencePropertyDatabase().StorageKeys("temperature"));
ScalarVariable<csp_float> k, log_k;
std::vector<csp_float> bc(3);
std::vector<ScalarVariable<csp_float> > vec(3);
stl_index i;
csp_float t, k_test, z, gradient, t_min(360.0),
t_max(700.0), log_k_no_flow(-17.0);
bool above_t_max;
int cntr(0);
assert( log_k_back > log_k_zero );
gradient = ( log_k_back - log_k_zero ) / ( t_max - t_min );
for ( it = sg.ReferenceGroup( group_name ).ElementsBegin();
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it != sg.ReferenceGroup( group_name ).ElementsEnd(); it++ ) {
sg.ReferenceMesh().E((*it).first-1).NodePropertyVector(
sg.ReferencePropertyStorage(),
t_key, vec );
t = 0.0;
above_t_max = false;
for ( i=0; i<vec.size(); i++ ) {
t += vec[i]();
if ( vec[i]() > t_max ) above_t_max = true;
}
t /= static_cast<csp_float>(vec.size());
sg.ReferenceMesh().E((*it).first-1).BaryCenter(bc);
z = (z_max - bc[1]) / 1000.0;

// permeability only changes below solidus of granite if
// ALL nodes are below granite solidus
if ( t <= t_max && !above_t_max ) {
// compute depth dependent k if desired
if ( depth_dependency ) k_test = -14.0 - 3.2 * log10(z);
// below brittle ductile transition: depth k or background k
if ( t <= t_min ) {
if ( depth_dependency ) {
log_k = k_test;
k = pow( 10.0, log_k() );
}
else {
log_k = log_k_back;
if ( z > 7.0 ) log_k = log_k_no_flow; // no flow below 7 km depth
k = pow( 10.0, log_k() );
}
}
// compute temperature dependent permeability similar to
// hayba and ingebritsen (1997) but set k_zero to a value
// significantly higher than log -22 m2 (intrusion
// permeability) assuming that hydrofracturing and
// fracturing due to contraction has been going on
else {
log_k = log_k_back - gradient * ( t - t_min );
// if depth dependent k is computed, check that t
// dependent k is not larger than depth dependent k
// also assume that below 7 km depth k is a no-flow
// k of log -17 m2
if ( depth_dependency && k_test < log_k() ) log_k = k_test;
if ( !depth_dependency && z > 7.0 )
log_k = log_k_no_flow;
k = pow( 10.0, log_k() );
}
// store values
sg.ReferenceMesh().E((*it).first-1).Store( sg.ReferencePropertyStorage(),
k_key.index, k );
sg.ReferenceMesh().E((*it).first-1).Store( sg.ReferencePropertyStorage(),
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log_key.index, log_k );
cntr++;
}
}
cout << "\ncomputePermeability: " << cntr;
cout << " element permeabilities changed in group ’";
cout << group_name << "’" << endl;
}

// resize groups as defined in the PropertyConstraints objects
void resizeGroups( SuperGroup<csp_float, 2>& sg,
PropertyConstraints& constraints_k,
PropertyConstraints& constraints_t )
{
// flow group grows if permeability is larger than no flow permeability
sg.ReferenceGroup( "flow" ).ModifyGroupAccordingTo( ’+’, constraints_k );
// no flow group shrinks if permeability is larger than no flow permeability
sg.ReferenceGroup( "no flow" ).ModifyGroupAccordingTo( ’-’, constraints_k );
// shrink also group intrusion, magma and ppy must not
// be shrinked because permeability is recomputed in these groups
sg.ReferenceGroup( "intrusion" ).ModifyGroupAccordingTo( ’-’, constraints_t );
}

// monitor various properties as a function of time
void monitorMaximumProperties( SuperGroup<csp_float, 2>& sg,
CSP_String& fname, csp_float time )
{
static ofstream ofs;
static bool first_time(true);
if ( first_time ) {
ofs.open( fname, ios::out|ios::trunc );
ofs << "Time [yrs] \tT ppy [oC] \tT int [oC] \tT model [oC] \tX ppy [Wt.] \t";
ofs << "X int [Wt.] \tX model [Wt.] \trf ppy [kg m-3] \trf int [kg m-3] \t";
ofs << "rf model [kg m-3] \tP ppy [MPa] \tP model [MPa] \tV ppy [m s-1] \t";
ofs << "V model [m s-1] \tVol int [m3]" << endl;
}
csp_float min, max,
vol_p(sg.ReferenceGroup( "porphyry" ).GroupVolume()),
vol_i(sg.ReferenceGroup( "intrusion" ).GroupVolume());
ofs << time << "\t";
if ( vol_p > 0.0 ) {
sg.ReferenceGroup("porphyry").GroupPropertyExtrema( "temperature",
min, max );
ofs << max << "\t";
}
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else ofs << 0.0 << "\t";
if ( vol_i > 0.0 ) {
sg.ReferenceGroup("intrusion").GroupPropertyExtrema( "temperature",
min, max );
ofs << max << "\t";
}
else ofs << 0.0 << "\t";
sg.MinMaxOf( "temperature", min, max );
ofs << max << "\t";
if ( vol_p > 0.0 ) {
sg.ReferenceGroup("porphyry").GroupPropertyExtrema( "salinity",
min, max );
ofs << max << "\t";
}
else ofs << 0.0 << "\t";
if ( vol_i > 0.0 ) {
sg.ReferenceGroup("intrusion").GroupPropertyExtrema( "salinity",
min, max );
ofs << max << "\t";
}
else ofs << 0.0 << "\t";
sg.MinMaxOf( "salinity", min, max );
ofs << max << "\t";
if ( vol_p > 0.0 ) {
sg.ReferenceGroup("porphyry").GroupPropertyExtrema( "total mass fraction salt",
min, max );
ofs << max << "\t";
}
else ofs << 0.0 << "\t";
if ( vol_i > 0.0 ) {
sg.ReferenceGroup("intrusion").GroupPropertyExtrema( "total mass fraction salt",
min, max );
ofs << max << "\t";
}
else ofs << 0.0 << "\t";
sg.MinMaxOf( "total mass fraction salt", min, max );
ofs << max << "\t";

if ( vol_p > 0.0 ) {
sg.ReferenceGroup("porphyry").GroupPropertyExtrema( "fluid pressure",
min, max );
ofs << max << "\t";
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}
else ofs << 0.0 << "\t";
sg.MinMaxOf( "fluid pressure", min, max );
ofs << max << "\t";
if ( vol_p > 0.0 ) {
sg.ReferenceGroup("porphyry").GroupPropertyExtrema( "pore velocity",
min, max );
ofs << max << "\t";
}
else ofs << 0.0 << "\t";
sg.MinMaxOf( "pore velocity", min, max );
ofs << max << "\t";
if ( vol_i > 0.0 ) ofs << vol_i << endl;
else ofs << 0.0 << endl;
first_time = false;

}

// record a depth dependent profile above intrusion at x = 0
void monitorGroupProperties( SuperGroup<csp_float, 2>& sg,
CSP_String& pname, long time )
{
static bool first_time(true);
static std::list<stl_index> id_list;
static csp_float y_max;
std::list<stl_index>::iterator lit;
ScalarVariable<csp_float> sc;
CSP_INDEX sc_key(sg.ReferencePropertyDatabase().StorageKeys(pname));
ofstream ofs;
char fname[NAME_STRING], step[NAME_STRING];
if ( first_time ) {
std::map<stl_index,DATA_STYLE>::const_iterator it;
for ( it = sg.ReferenceGroup( "monitor" ).NodesBegin();
it != sg.ReferenceGroup( "monitor" ).NodesEnd(); it++ ) {
if ( sg.ReferenceMesh().N((*it).first-1).x() == 0.0 )
id_list.push_back((*it).first-1);
}
std::vector<csp_float> xyz;
sg.Dimensions( xyz );
y_max = xyz[3];
}
pname.ReplaceWhiteSpaceBy(’-’);
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strcpy( fname, pname.String() );
sprintf( step, "%ld", time );
strcat( fname, step );
strcat( fname, ".txt" );
ofs.open( fname, ios::out|ios::trunc );
for ( lit = id_list.begin();
lit != id_list.end(); lit++ ) {
sg.ReferenceMesh().N(*lit).Read( sg.ReferencePropertyStorage(),
sc_key.index, sc );
ofs << y_max - sg.ReferenceMesh().N(*lit).y();
ofs << "\t" << sc() << endl;
}
first_time = false;
}

// reset concentrations to zero. sometimes, diffusion algorithm produces
// non-physical salinities just below zero, which would cause the property
// visitor object to crash
void resetConcentrations( SuperGroup<csp_float,2>& sg )
{
std::deque<Node<csp_float,2> >::iterator it;
CSP_INDEX saltl_key(sg.ReferencePropertyDatabase().StorageKeys("mass fraction
salt liquid")),
saltv_key(sg.ReferencePropertyDatabase().StorageKeys("mass fraction
salt vapor"));
ScalarVariable<csp_float> conc;
for ( it = sg.ReferenceMesh().NodesBegin();
it != sg.ReferenceMesh().NodesEnd(); it++ ) {
(*it).Read( sg.ReferencePropertyStorage(), saltl_key.index, conc );
if ( conc() < 0.0 ) {
conc = 0.0;
(*it).Store( sg.ReferencePropertyStorage(), saltl_key.index, conc );
}
(*it).Read( sg.ReferencePropertyStorage(), saltv_key.index, conc );
if ( conc() < 0.0 ) {
conc = 0.0;
(*it).Store( sg.ReferencePropertyStorage(), saltv_key.index, conc );
}
}
}
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// calculate the magmatic fluid production. method either identifies finite
// elements in magma chamber that have crystallized, calculates the mass
// of H2O exsolved from these elements and releases it through the finite
// elements of the porphyry that just crystallized; or method uses a user
// defined rate at which fluid is produced, calculates a rate and attributes
// this rate to the finite elements of the porphyry that just crystallized.
// fluid is assumed to exsolve at a salinity of 10 wt % nacl
// various checks are used to ascertain that fluid can be exsolved from the
// porphyry even if it already crystallized
void computeMagmaticFluidProduction( SuperGroup<csp_float, 2>& sg,
FiniteVolumeManager<csp_float,2>& fvm,
H2OPropertiesLookUpTable<csp_float>& lookup,
csp_float dt, csp_float time,
csp_float percentage, csp_float x_salt,
csp_float z_max, CSP_String& fname )
{
static ofstream ofs;
static bool first_time(true);
static csp_float total_mass_produced(0.0);
static csp_float accumulated_fluid(0.0);
if ( first_time ) {
ofs.open( fname, ios::out|ios::trunc );
ofs << "Time [yrs] \tMass Fluid [kg] \t";
ofs << "Total Mass Fluid [kg] \tFluid Rate [kg m-2 s-1]" << endl;
ofs << 0.0 << "\t" << 0.0 << "\t" << 0.0 << "\t" << 0.0 << endl;
}
std::map<stl_index,DATA_STYLE>::const_iterator it;
std::list<stl_index>::iterator lit;
CSP_INDEX t_key(sg.ReferencePropertyDatabase().StorageKeys("temperature")),
tp_key(sg.ReferencePropertyDatabase().StorageKeys("previous
temperature")),
p_key(sg.ReferencePropertyDatabase().StorageKeys("fluid pressure")),
x_key(sg.ReferencePropertyDatabase().StorageKeys("salinity")),
f_key(sg.ReferencePropertyDatabase().StorageKeys("fluid volume source")),
rho_key(sg.ReferencePropertyDatabase().StorageKeys("density rock"));
static Fluid properties(lookup);
ScalarVariable<csp_float> rho, fluid_rate, tn, pn, x;
csp_float fluid_mass(0.0), extraction_volume(0.0), t_max(700.0),
t, tp, z, mass1, mass2, n_mass, fv_vol,
rl, rv, rh, xl, xv, xh, sl, sv, sh;
std::list<stl_index> id_list;
static std::list<stl_index>old_id_list;
std::vector<ScalarVariable<csp_float> > vec1(3), vec2(3);
std::vector<csp_float> bc(3);
stl_index i, j;
bool above_t_max1, above_t_max2;
static bool first_crystallization(false);
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// for resetting the source terms in the ppy
fluid_rate = 0.0;
percentage += 0.0;
// find elements that are below granite solidus in magma chamber
/*for ( it = sg.ReferenceGroup( "intrusion" ).ElementsBegin();
it != sg.ReferenceGroup( "intrusion" ).ElementsEnd(); it++ ) {
sg.ReferenceMesh().E((*it).first-1).NodePropertyVector(
sg.ReferencePropertyStorage(),
t_key, vec1 );
t = 0.0;
above_t_max1 = false;
for ( i=0; i<vec1.size(); i++ ) {
if ( vec1[i]() > t_max ) above_t_max1 = true;
t += vec1[i]();
}
t /= static_cast<csp_float>(vec1.size());
// if temperature below 700.0 assume that some percent
// of the rock mass (element volume * density)
// are exsolved as a fluid phase
if ( t <= t_max && !above_t_max1 ) {
sg.ReferenceMesh().E((*it).first-1).Read( sg.ReferencePropertyStorage(),
rho_key.index, rho );
fluid_mass +=
sg.ReferenceMesh().E((*it).first-1).Volume() * rho() * percentage;
// if fluid could not be exsolved during last time step at all, sum up
fluid_mass += accumulated_fluid;
}
}*/
// compute the fluid mass produced from a power fit of
// the pure h2o intrusion cooling runs if magma chamber exists
if ( sg.ReferenceGroup( "intrusion" ).GroupVolume() > 0.0 ) {
mass2 = 1747559.5242 * pow( (time+dt/(86400.0*365.0)), 0.6976 );
mass1 = 1747559.5242 * pow( time, 0.6976 );
fluid_mass = mass2 - mass1;
// if fluid could not be exsolved during last time step at all, sum up
fluid_mass += accumulated_fluid;
}

// reset rate in group porphyry
for ( it = sg.ReferenceGroup( "porphyry" ).ElementsBegin();
it != sg.ReferenceGroup( "porphyry" ).ElementsEnd(); it++ ) {
sg.ReferenceMesh().E((*it).first-1).Store( sg.ReferencePropertyStorage(),
f_key.index, fluid_rate );
}
// only if magma crystallized, compute fluid production
if ( fluid_mass > 0.0 ) {
cout << "\ncomputeMagmaticFluidProduction: Exsolved fluid ";
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cout << fluid_mass << " kg from intrusion volume: ";
cout << sg.ReferenceGroup( "intrusion" ).GroupVolume() << " m3 " << endl;
// find elements that are below granite solidus in porphyry.
// fluid is exsolved through these elements
// this is done by comparing the previous
// and new temperature at each element node
// if elemental t falls below solidus, element releases fluid
// also fluid can only exsolve above 7 km depth
for ( it = sg.ReferenceGroup( "porphyry" ).ElementsBegin();
it != sg.ReferenceGroup( "porphyry" ).ElementsEnd(); it++ ) {
sg.ReferenceMesh().E((*it).first-1).NodePropertyVector(
sg.ReferencePropertyStorage(),
t_key, vec1 );
sg.ReferenceMesh().E((*it).first-1).NodePropertyVector(
sg.ReferencePropertyStorage(),
tp_key, vec2 );
t = tp = 0.0;
above_t_max1 = above_t_max2 = false;
for ( i=0; i<vec1.size(); i++ ) {
if ( vec1[i]() > t_max ) above_t_max1 = true;
t += vec1[i]();
}
t /= static_cast<csp_float>(vec1.size());
for ( i=0; i<vec2.size(); i++ ) {
if ( vec2[i]() > t_max ) above_t_max2 = true;
tp += vec2[i]();
}
tp /= static_cast<csp_float>(vec2.size());
sg.ReferenceMesh().E((*it).first-1).BaryCenter(bc);
z = (z_max - bc[1]) / 1000.0;
//
//
//
if

find elements that have an elemental t below solidus,
i.e., all nodes are below solidus and
previously had at least one node above solidus temperature
( t <= t_max && !above_t_max1 && above_t_max2 && z < 7.0 ) {
extraction_volume += sg.ReferenceMesh().E((*it).first-1).Volume();
id_list.push_back((*it).first-1); // save id
first_crystallization = true;
}

}
// if elements were found in porphyry that just
// crystallized save the rates on the elements
if ( !id_list.empty() ) {
// compute fluid production rate
fluid_rate = fluid_mass / ( extraction_volume * dt );
accumulated_fluid = 0.0;
old_id_list.erase( old_id_list.begin(), old_id_list.end() );
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// save to elements
for ( lit = id_list.begin();
lit != id_list.end(); lit ++ ) {
sg.ReferenceMesh().E(*lit).Store( sg.ReferencePropertyStorage(),
f_key.index, fluid_rate );
old_id_list.push_back(*lit); // save ids
// compute nodal fluid mass contribution
n_mass = fluid_rate() * dt * sg.ReferenceMesh().E(*lit).Volume();
n_mass /= 3.0;
// loop over element nodes and set salinity to 10 wt NaCl
for ( j=0; j<sg.ReferenceMesh().E(*lit).Nodes(); j++ ) {
x = 10.0;
sg.ReferenceMesh().E(*lit).ConnectedNode(j)->Store(
sg.ReferencePropertyStorage(),
x_key.index, x );
}
}
}
// otherwise distribute exsolved fluids on previous elements
if ( id_list.empty() && !old_id_list.empty() ) {
for ( lit = old_id_list.begin();
lit != old_id_list.end(); lit ++ )
extraction_volume += sg.ReferenceMesh().E(*lit).Volume();
// compute fluid production rate on basis of
// previous elements where fluid was exsolved
fluid_rate = fluid_mass / ( extraction_volume * dt );
accumulated_fluid = 0.0;
// save to elements
for ( lit = old_id_list.begin();
lit != old_id_list.end(); lit ++ )
{
sg.ReferenceMesh().E(*lit).Store( sg.ReferencePropertyStorage(),
f_key.index, fluid_rate );
// compute nodal fluid mass contribution
n_mass = fluid_rate() * dt * sg.ReferenceMesh().E(*lit).Volume();
n_mass /= 3.0;
// loop over element nodes, add salt to fluid present at node
for ( j=0; j<sg.ReferenceMesh().E(*lit).Nodes(); j++ ) {
sg.ReferenceMesh().E(*lit).ConnectedNode(j)->Read(
sg.ReferencePropertyStorage(),
t_key.index, tn );
sg.ReferenceMesh().E(*lit).ConnectedNode(j)->Read(
sg.ReferencePropertyStorage(),
p_key.index, pn );
sg.ReferenceMesh().E(*lit).ConnectedNode(j)->Read(
sg.ReferencePropertyStorage(),
x_key.index, x );
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// compute fluid properties for new T, P, X
// at nodes to which fluid is added
properties.UpdateProperties( tn(), pn(), x() );
rl = properties.liq.rho;
rv = properties.vap.rho;
rh = properties.salt.rho;
sl = properties.liq.s;
sv = properties.vap.s;
sh = properties.salt.s;
xl = properties.liq.wt/100.0;
xv = properties.vap.wt/100.0;
xh = properties.salt.wt/100.0;
// compute new salt mass as mass of salt
// (liquid+vapor+halite+source)
// over total fluid mass (liquid+vapor+halite+source)
fv_vol =
fvm.ControlVolume(
sg.ReferenceMesh().E(*lit).ConnectedNode(j)->ID()
-1 ).CVPoreVolume();
if ( sh == 0.0 ) {
x = ( x_salt * n_mass +
xl * sl * rl * fv_vol +
xv * sv * rv * fv_vol );
x /= ( n_mass + sl * rl * fv_vol +
sv * rv * fv_vol );
}
if ( sh != 0.0 && sl != 0.0 ) {
x = ( x_salt * n_mass +
xl * sl * rl * fv_vol +
xh * sh * rh * fv_vol );
x /= ( n_mass + sl * rl * fv_vol +
sh * rh * fv_vol );
}
if ( sh != 0.0 && sv != 0.0 ) {
x = ( x_salt * n_mass +
xv * sv * rv * fv_vol +
xh * sh * rh * fv_vol );
x /= ( n_mass + sv * rv * fv_vol +
sh * rh * fv_vol );
}
x *= 100.0;
sg.ReferenceMesh().E(*lit).ConnectedNode(j)->Store(
sg.ReferencePropertyStorage(),
x_key.index, x );
}
}
}
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// if no elements can be found and magma did crystallize, accumulate fluid
if ( id_list.empty() && old_id_list.empty() && first_crystallization ) {
accumulated_fluid += fluid_mass;
fluid_rate = 0.0;
}
// sum up the total mass for monitoring and output results
total_mass_produced += fluid_mass;
ofs << time << "\t" << fluid_mass << "\t";
ofs << total_mass_produced << "\t" << fluid_rate() << endl;
}
first_time = false;
}

// compute iteratively initial fluid pressure for initial geothermal gradient
// plus all transport and fluid properties
void computeInitialProperties(
SuperGroup<csp_float, 2>& sg,
NaClH2OLiquidSteamPropertiesVisitor<csp_float, 2>& p_vis,
H2OLiquidSteamTransportPropsVisitor<csp_float, 2>& t_vis,
LiquidSteamRelativeDensityVisitor<csp_float, 2>& r_vis,
H2OLiquidSteamVelocityVisitor<csp_float, 2>& v_vis,
HeatTransferVelocityVisitor<csp_float, 2>& h_vis,
NaClH2OMassFractionVisitor<csp_float, 2>& m_vis )
{
Algorithm<csp_float, 2>
reference_pressure;
reference_pressure.ComputationalMethod( CSP_SAMG );
Integral_dNT_op_dN_dV<csp_float, 2>
ref_conductance( sg.ReferencePropertyDatabase(), "dummy permeability",
"reference pressure", "reference pressure" );
Integral_NT_op_N_dV<csp_float, 2>
ref_source( sg.ReferencePropertyDatabase(), "dummy source",
"reference pressure" );
Integral_NT_op_dNi_dV<csp_float, 2>
ref_density( sg.ReferencePropertyDatabase(), "reference density",
"dummy permeability", "reference pressure" );
reference_pressure.Add( &ref_conductance );
reference_pressure.Add( &ref_source );
reference_pressure.Add( &ref_density );
Algorithm<csp_float, 2>
rock_pressure;
rock_pressure.ComputationalMethod( CSP_SAMG );
Integral_dNT_op_dN_dV<csp_float, 2>
rock_conductance( sg.ReferencePropertyDatabase(), "dummy permeability",
"lithostatic pressure", "lithostatic pressure" );
Integral_NT_op_N_dV<csp_float, 2>
rock_source( sg.ReferencePropertyDatabase(), "dummy source",
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"lithostatic pressure" );
Integral_NT_op_dNi_dV<csp_float, 2>
rock_density( sg.ReferencePropertyDatabase(), "density rock",
"dummy permeability", "lithostatic pressure" );
rock_pressure.Add( &rock_conductance );
rock_pressure.Add( &rock_source );
rock_pressure.Add( &rock_density );
Algorithm<csp_float, 2>
initial_pressure;
initial_pressure.ComputationalMethod( CSP_SAMG );
Integral_dNT_op_dN_dV<csp_float, 2>
init_conductance( sg.ReferencePropertyDatabase(), "total mass mobility",
"relative fluid pressure", "relative fluid pressure" );
Integral_NT_op_N_dV<csp_float, 2>
init_source( sg.ReferencePropertyDatabase(), "fluid volume source",
"relative fluid pressure" );
Integral_NT_op_dNi_dV<csp_float, 2>
init_density_liq( sg.ReferencePropertyDatabase(), "relative density liquid",
"mass mobility liquid", "relative fluid pressure" );
Integral_NT_op_dNi_dV<csp_float, 2>
init_density_vap( sg.ReferencePropertyDatabase(), "relative density vapor",
"mass mobility vapor", "relative fluid pressure" );
initial_pressure.Add(
initial_pressure.Add(
initial_pressure.Add(
initial_pressure.Add(

&init_conductance );
&init_source );
&init_density_liq );
&init_density_vap );

TotalFluidVolumeSource<csp_float, 2> q_tot( sg.ReferencePropertyDatabase() );
TotalHeatCapacity<csp_float, 2>
cp_tot( sg.ReferencePropertyDatabase() );
RelativePressureToFluidPressure<csp_float,2> abs_p;
cout << "\ncomputeInitialProperties: computing initial ";
cout << "fluid pressure and fluid properties " << endl;
// compute an initial fluid pressure with rho = 1000.0 kg m-3
sg.Pass( reference_pressure );
reference_pressure.Reset();
sg.Pass( rock_pressure );
rock_pressure.Reset();
// copy reference pressure to fluid pressure for first properties calculation
sg.CopyReplace( "reference pressure", "fluid pressure" );
backupPrimaryVariables( sg );
for ( stl_index i=1; i<=3; i++ ) {
cout << "\ncomputeInitialProperties: Pressure iteration " << i << endl;
// update the fluid properties
sg.Accept( p_vis );
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// transport properties
sg.Accept( t_vis );
// compute relative densitites
// if relative pressure is computed
sg.Accept( r_vis );
// compute new fluid pressure
sg.Pass( initial_pressure );
// update new fluid pressure, reset relative pressure
abs_p.ComputeFluidPressure( sg, "relative fluid pressure",
"reference pressure" );
}
// reset algorithm
initial_pressure.Reset();
// compute initial properties
backupPrimaryVariables( sg );
sg.CopyReplace( "fluid pressure", "previous fluid pressure" );
sg.Accept( p_vis );
sg.Accept( m_vis );
sg.Accept( r_vis );
sg.Accept( t_vis );
sg.Accept( v_vis );
sg.Accept( h_vis );
sg.Pass( cp_tot );
sg.Pass( q_tot);
sg.ExtrapolateElementPropertyToNodeProperty( "pore velocity",
"nodal pore velocity" );
sg.ExtrapolateElementPropertyToNodeProperty( "pore velocity liquid",
"nodal pore velocity liquid" );
sg.ExtrapolateElementPropertyToNodeProperty( "pore velocity vapor",
"nodal pore velocity vapor" );
}

// method resets datastyle in a certain group to user defined value
void setDataStyleInGroup( SuperGroup<csp_float, 2>& sg, DATA_STYLE flag,
const char* group_name )
{
sg.ChangePropertyStatusInGroupToWhere( group_name,
"temperature", flag, PLAIN );
sg.ChangePropertyStatusInGroupToWhere( group_name,
"salinity", flag, PLAIN );
}

} // end namespace csp
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C Nomenclature
Symbol
α
β
γ
Γ
δ
∆

λ
κ
µ
σ
φ
φ∗
Φ
ψ
Ψ
ρ

Parameter
Thermal expansivity
Compressibility
Chemical expansivity
Geothermal gradient
General diffusivity parameter
Increment
General scalar multiplier
Mobility
Thermal diffusivity
Viscosity
Heat capacity ratio
Porosity
Normalized porosity
Basis function or mass flux
General scalar conserved variable
Limiter function
Density

Unit
[◦ C−1 ]
[Pa−1 ]
[Wt. % NaCl−1 ]
[◦ C km−1 ]
[m2 s−1 ]
[–]
[–]
[Pa s−1 ]
[m2 s−1 ]
[Pa s−1 ]
[–]
[–]
[–]
[–] or [kg m−2 s−1 ]
[kg m−3 ]
[–]
[kg m−3 ]

Table C.1: Nomenclature (Greek symbols) and units used.
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C Nomenclature

Symbol
a
A
c
cp
C
D
D
e
f
F
g
H
kr
k
K
Le
m
n
N
p
Pe
q
Rth
RaL
RaT
Rb
t
s
S
T
v
V
x
x
X
z
Z

Parameter
Dispersion coefficient
Area
System compressibility
Isobaric heat capacity
Courant criterion
Diffusivity
Dispersion tensor
Finite element
Fractional flow function
Fluxibility
Acceleration due to gravity
Enthalpy
Relative permeability
Permeability tensor
Thermal conductivity
Lewis number
Fluid mass
Normal vector
Interpolation function
Pressure
Peclet number
Source/sink term
Thermal retardation factor
Local Rayleigh number
Global thermal Rayleigh number
Buoyancy ratio
Time
Finite volume segment
Saturation
Temperature
Velocity
Volume
Mass fraction fluid or horizontal coordinate
Location vector
Mass fraction salt (Salinity)
Vertical coordinate
Depth

Unit
[m]
[m2 ]
[Pa−1 ]
[J kg−1 ◦ C−1 ]
[s]
[m2 s−1 ]
[m2 s−1 ]
[–]
[–]
[J s m−5 ]
[m s−2 ]
[J kg−1 ]
[–]
[m2 ]
[W m−1 ◦ C−1 ]
[–]
[kg]
[–]
[–]
[Pa] or [bar]
[–]
[m3 s−1 ]
[–]
[–]
[–]
[–]
[s]
[–]
[–]
[◦ C]
[m s−1 ]
[m3 ]
[–] or [m]
[m]
[Wt. % NaCl]
[m]
[m]

Table C.2: Nomenclature (Latin symbols) and units used.
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Nomenclature

Symbol
f
h
i
k
l
L
lat
m
n
p
r
sat
t
T
v
w
x
α
0

Parameter
Unit
Fluid (all fluid phases present) or fracture [–]
Halite phase or heat
[–]
Phase
[–]
Time-step
[–]
Liquid phase or left boundary
[–]
Longitudinal
[–]
Latent heat
[–]
Matrix
[–]
Non-wetting phase
[–]
Pore
[–]
Rock phase or right boundary
[–]
Saturation property (pure H2 O)
[–]
Total (all phases present)
[–]
Transversal or thermal
[–]
Vapor phase
[–]
Wetting phase
[–]
Concentration
[–]
Phase
[–]
Initial or ground state
[–]

Table C.3: Nomenclature (subscript and superscript symbols) and units used.
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