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Abstract
Constrained optimal control is a very active research area with broad attention from industry. Not without reason: It is among the few control methodologies providing a systematic
way to perform nonlinear control synthesis while handling at the same time design specifications posed as system constraints. It is with certainty thanks to this capability that Model
Predictive Control (MPC) enjoys so widespread and successful deployment in practice.
However, one of the main challenges in the application of MPC is the inherent computational complexity of the underlying optimization problem, which generally restricts the
applicability of MPC to relatively slow dynamical processes.
This problem has been tackled to some extent by the recent development of parametric
programming, where the optimal control problem is solved off-line for all possible initial
states. For linear and piece-wise affine (PWA) systems, the optimal control law can be
precomputed in closed form, as a PWA state feedback law, which can be then on-line implemented by the use of look-up tables.
Motivated by the recent research in the field of parametric programming, this thesis focuses on extending the aforestated framework for linear and PWA systems, to the class
of polynomial dynamical systems, i.e. discrete-time systems whose state update equation
comprises a polynomial vector field. The constrained optimal control problem for polynomial dynamical systems, gives rise to a nonlinear parametric program. In contrast to linear
and PWA systems, the optimal feedback control law for polynomial systems cannot be
computed in closed form, as a function of the initial state. However, we show that it is still
possible to achieve a parametrization of the optimal control law, by combining a precomputation stage involving algebraic techniques with an on-line stage involving numerical
computations.
This is achieved by developing three novel approaches, which constitute the main contribution of this thesis.
• We develop a new approach for nonlinear parametric optimization, based on the
Cylindrical Algebraic Decomposition (CAD). The approach solves the nonlinear parametric program by dividing the associated computations in two parts; the off-line
part, where the CAD of the problem is constructed; and the on-line part, where given
the value of the parameter, the optimal solution is obtained by solving a sequence of
univariate polynomial equations.
• We present a second approach for nonlinear parametric optimization, which is based
on the Möller-Stetter method for the solution of polynomial equations. In its off-line
part, the approach precomputes certain generalized companion matrices and in the
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Abstract
on-line part, given the value of the parameter, it finds the optimum by calculating the
eigenvalues of the companion matrices.
• We propose an approach for the constrained optimal control of polynomial dynamical systems, based on the homotopy continuation method for solving systems of
polynomial equations. This approach, like the previous two, subdivides the computations into two parts. An off-line, where a generic system of polynomial equations
is solved, and an on-line part where, given the parameter value, the solution of the
generic system is used to obtain the optimal control input.

The presented approaches are exact, in that they do not involve any approximation of the
the problem at hand, or its solution. Moreover, they are guaranteed to find the global
optimum.
Furthermore, we apply all the developed approaches to the control design problem of
the boost and buck DC-DC converters. The control objective is to achieve a regulated
(constant) output dc voltage, despite changes in the unregulated input voltage and in the
face of output power demand changes over time. Certain constraints pertaining to the
safe operation of the device have also to be respected. We demonstrate the applicability
and limitations of the developed approaches for constrained optimal control, through the
various simulation results for real operation scenarios of the DC-DC converters.
The main drawback of the approaches is that they have high computational complexity. As such, their practical relevance is restricted to problems of relatively small size.
Therefore, they are to be understood as a conceptual extension of the parametric programming framework to the class of polynomial systems, and not as ready-to-use computational
tools.
Nonetheless, the computational characteristics of the approach based on homotopy continuation are attractive enough, so that there is a certain promise regarding applicability of
the latter to real control design problems.

Zusammenfassung
Optimale Regelung ist ein sehr aktiver Forschungsbereich mit grosser Bedeutung in der
industriellen Praxis. Der wohl bedeutenste Grund hierfür ist das systematische Vorgehen
zur Reglersynthese für nichtlineare Systeme unter Beachtung verschiedener Restriktionen.
Dank dieser Fähigkeit ist die Modelbasierte Prädiktive Regelung (MPC) sehr erfolgreich
und in der Praxis weit verbreitet.
Ein wesentliches Problem von MPC ist die inhärente Komplexität der notwendigen Berechnungen. Dies beschränkt die Anwendungsmöglichkeit auf relativ langsam ablaufende
Prozesse. Dieser Nachteil wurde zu einem gewissen Grad mit der Einführung der parametrischen Programmierung verringert. In einigen Fällen kann die Lösung des optimalen
Regelungsproblems nun offline berechnet werden, indem das entsprechende Programm
parametrisch, d.h. für alle möglichen Anfangszustände, gelöst wird. Für lineare und abschnittsweise affine (PWA) Systeme ist das Ergebnis eine explizite Formel, die die Lösung
des Programms (also den optimalen Eingang) als eine Funktion der Problemparameter
(gemessene Zustände) angibt. Die Lösung kann dann in Echtzeit effizient mittels einer
Look-Up Tabelle implementiert werden.
Motiviert von dieser neuen Forschung im Bereich der parametrischen Programmierung,
befasst sich diese Dissertation mit der Erweiterung dieses Konzepts für lineare und PWA
Systeme, auf die Klasse der nichtlinearen polynomialen Systeme, d.h. zeitdiskrete Systeme, deren Zustandsgleichungen durch ein polynomiales Vektorfeld gegeben sind. Das
beschränkte optimale Regelungsproblem für polynomiale, dynamische Systeme führt zu
einem nichtlinearen polynomialen Programm. Im Gegensatz zu linearen und PWA Systemen, kann die optimale Lösung dieses nichtlinearen Programms nicht in geschlossener
Form berechnet werden. Durch die Kombination einer (offline) Vorberechnungsphase
unter Verwendung algebraischer Methoden mit einer (online) Echtzeitphase, in der numerischen Berechnungen durchgeführt werden, ist es dennoch möglich, eine Art Parametrierung der optimalen Lösung zu erhalten.
Drei neue Ansätze auf diesem Gebiet bilden den Kern dieser Dissertation.
• Es wird einen neuen, auf zylindrischer algebraischer Dekomposition (CAD) basierenden Ansatz für nichtlineare, parametrische Optimierung vorgestellt. Der Ansatz
löst das nichtlineare parametrische Programm durch die Gliederung der Berechnungen in zwei Teile: den Offline-Algorithmus, welcher eine CAD des Problems konstruiert und den Online-Algorithmus, der die gemessenen Parameterwerte benutzt,
um die optimale Lösung zu finden. Damit ist online lediglich noch die Lösung univariater Polynome erforderlich.
• Ein zweiter Ansatz für das parametrische Lösen optimaler Regelungsprobleme für
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Zusammenfassung
polynomiale Systeme mit Beschränkungen basiert auf Gröbner Basen und der MöllerStetter Methode. Während offline sogenannte parametrische Kompanionsmatrizen
konstruiert werden, muss in der online Phase nur noch eine Eigenwertberechnung
und ein einfacher Sortieralgorithmus abgearbeitet werden.
• Als drittes untersuchen wir einen Ansatz für die optimale Regelung polynomialer
Systeme mit Beschränkungen, die auf der Homotopie-Methode beruht. Änlich wie
die zwei vorigen Ansätze gliedert auch dieser die Berechnung in zwei Teile. Einen
Offline-Algorithmus, der einen Grossteil des Rechenaufwands darstellt, und in dem
ein generisches System von polynomialen Gleichungen gelöst wird, sowie einen Online-Algorithmus, der den optimalen Steuereingang ausgehend von der Vorberechnung und den gemessenen Parameterwerten konstruiert.

Die vorgestellten Ansätze sind exakt, da sie keinerlei Approximationen des Optimierungsproblems und dessen Lösung benötigen. Desweiteren ist garantiert, dass das globale Optimum gefunden wird.
Zudem befasst sich die Arbeit mit der Anwendung der vorgestellten Ansätze auf das
optimale Regelungsproblem leistungselektronischer Systeme am Beispiel des Boost und
Buck DC-DC Konverters. Das Regelungsziel ist eine konstante Ausgangsspannung unabhängig von Änderungen der unregulierten Eingangsspanung und der Ausgangsleistungnachfrage. Um den sicheren Ablauf des Gerätes zu ermöglichen, sind zudem eine
Reihe von Beschränkungen der Zustands- und Eingangsgrössen einzuhalten. Numerische
Resultate in verschiedenen Simulationsszenarien demonstrieren die Anwendbarkeit und
Begrenzung des entwickelten Ansätzes bezüglich optimaler Regelungsprobleme mit Beschränkungen.
Der grösste Nachteil der entwickelten Ansätze ist der relativ grosse Rechenaufwand der
notwendigen Berechnungen. Deswegen ist ihre Anwendbarkeit in der Praxis auf relativ
kleine Probleme beschränkt. Die Methoden sind daher eher als eine konzeptionelle Erweiterung des Begriffs der parametrischen Lösung eines optimalen Regelungsproblems
auf die Klasse von polynomialen Systemen zu verstehen. Dennoch erscheint das auf Homotopie basierende Verfahren als ein aussichtsreicher Kandidat für praktische Berechnungen.
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5.2. Gröbner Bases . . . . . . . . . . . . . .
5.2.1. The Idea Behind Gröbner Bases
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Introduction
Outline
This thesis focuses on developing nonlinear parametric optimization approaches, which
can be used to design optimal controllers for constrained polynomial dynamical systems,
i.e. discrete-time dynamical systems subject to semialgebraic constraints and polynomial
objective functions, whose state update equations comprise polynomial vector fields. Our
motivation stems from the recent development of parametric programming methods and
the associated research in the field of MPC for linear and PWA dynamical systems (see
[BMDP02], [BBM02] and [BBBM05] for some representative publications in this area).
In MPC, a Constrained Finite Time Optimal Control (CFTOC) problem is set up and
solved, based on a model of the controlled plant that is used to predict the plant’s behavior
over a prediction horizon. The control objectives are expressed in a cost function and the
control law is obtained by minimizing the cost function subject to the plant’s model and
the physical constraints that are present. By employing a Receding Horizon Control (RHC)
strategy, feedback is achieved. For an introduction to MPC and further details, the reader
is referred to the textbook [Mac02].
Technology and cost factors, however, make the direct implementation of RHC difficult,
or in some cases impossible. For one thing, the applicability of MPC has traditionally been
restricted to systems with relatively slow dynamics, because of the high computational
cost of the optimization involved.
For linear and PWA systems, however, recent research in parametric programming has
provided an alternative solution to the aforestated problem. Thus, the optimal control law
is computed off-line, by solving the corresponding mathematical program parametrically.
That is, the explicit formula giving the solution of the mathematical program (control inputs) as a function of the problem parameters (measured state) is computed. The optimal
control law can then be implemented on-line as a look-up table, enabling in this way the
application of RHC to systems of higher sampling rates.
The goal of this thesis is to extend this framework to the class of polynomial dynamical systems, where the corresponding CFTOC problem assumes the form of a polynomial
parametric program. In extending the framework, we have aimed at preserving the global
optimality property of the obtained solution and the off-line/on-line structure of the developed algorithms. It has to be emphasized that the global optimality property is of great
importance, since we talk about real-time optimal control and we could not afford letting
the control input spuriously end up in a sub-optimal region. Although in the case of polynomial systems a closed form expression of the optimal solution (optimal control law) does
not generally exist, we show that an off-line partial precomputation of the optimal control

xi

xii
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law is still possible by employing tools from algebraic geometry, in developing new approaches to nonlinear parametric optimization.

Organization
The thesis is subdivided in four parts, as described below.
In Part I, i.e. in Chapters 1, 2 and 3, we define the class of systems this thesis deals with
and summarize the necessary background material from the field of optimal control and
mathematical optimization. We also briefly present previously obtained results in the field
of parametric programming for linear and PWA systems.
In Part II, which comprises Chapters 4, 5 and 6, we present the concepts and tools from
algebraic geometry, that we later use to develop the proposed approaches to nonlinear
parametric optimization.
• In Chapter 4, we present the CAD, which can be thought of as a special way of decomposing the Euclidean space to subsets compatible with a given set of polynomials. We first give an intuitive description of the CAD and then formalize the concepts,
so as to facilitate the subsequent discussions and derivations. The whole idea is illustrated by means of examples. A good reference on CAD is the book [CJ98].
• In Chapter 5, we expose the reader to fundamental algebraic geometry concepts,
such as ideals, varieties and Gröbner bases. The exposition culminates in the MöllerStetter method for solving systems of polynomial equations, which forms the cornerstone for one of the developed approaches to nonlinear parametric optimization. The
reader can refer to the textbook [CLO92] for a good introduction in the field.
• In Chapter 6, we attempt an introduction to the homotopy continuation method for
the solution of systems of polynomial equations. In doing so, we present among
others, the concepts of start and target systems, the Euler-Newton method for path
following and focus on the class of multihomogeneous and coefficient parameter homotopies. The book [SW05] is a good starting point for exploring this area further.

In Part III, which consists of Chapters 7 to 11, we mainly present the contributions of this
thesis.
In Chapter 7, specifically, we present a class of power electronic circuits, namely the DCDC converters, which are used in the successive chapters as guiding application examples.
DC-DC converters are switched circuits that transfer power from a dc input voltage source
to a load. Their objective is to achieve a regulated (constant) output dc voltage, despite
changes in the unregulated input voltage and in the face of output power demand changes
over time.
In Chapter 8, 9 and 10, we develop three approaches for nonlinear parametric optimization (and constrained optimal control), based on the CAD, the Möller-Stetter method and
homotopy continuation, respectively. The developed approaches are further illustrated by
means of application case studies to the DC-DC converters.

xiii
Finally, in Chapter 11, we summarize the key features of all three approaches and attempt a comparison between them.
Part IV is the appendix, which contains the author’s list of publications, a brief curriculum vitae, the bibliography of the thesis as well as a table with some of the notation used.

Contribution
The main contribution of this thesis is the development of three novel approaches for performing nonlinear parametric optimization, and their application to the CFTOC problem
of discrete-time polynomial dynamical systems. These approaches constitute a conceptual
analog to parametric programming for linear and PWA systems, thereby moving off-line
part of the computations associated with solving the optimization problem, leaving thus
an easier task for the on-line controller implementation.
These are the three approaches developed.
• The first approach, off-line constructs the CAD associated with the optimization
problem at hand. Then, the on-line part of the approach takes the parameter value
(initial state) and, by using the precomputed CAD information, it extracts the optimal solution (control input) of the problem, by solving a sequence of univariate
polynomial equations. This approach is pursued in Chapter 8 and is largely based
on publications [FPM05] and [FRPM06].
• The second approach is based on the Möller-Stetter method for solving systems of
polynomial equations. In its off-line part, it computes certain companion matrices by
means of Gröbner bases. In the on-line part, given the value of the parameter (initial
state), it computes the optimal solution (control input) by calculating the eigenvalues
of the companion matrices. The approach is elaborated upon in Chapter 9, which is
based on the material published in [FRSM06], [FRPM06] and [FBM07].
• The third approach makes use of the homotopy continuation method for solving systems of polynomial equations. In the off-line part, the approach solves a generic
polynomial system by means of a multihomogeneous homotopy and stores its solution. Then, the on-line part uses this solution and, given the initial state (parameter)
value, it calculates by means of a coefficient parameter homotopy the control input
(optimum) of the problem. This approach is discussed in Chapter 10 and is based
on [BFR07] and [BBFM08].
All approaches are applied to the constrained optimal control problem of the DC-DC boost
and buck converters. The simulation results obtained demonstrate their applicability and
limitations.
The main drawback of the presented approaches is their relatively high computational
complexity, which poses a limitation on the size of problems that they can tackle. These
limitations are more pronounced for the CAD-based approach and the approach based on
the Möller-Stetter method, while they are less pronounced for the homotopy-based approach. The first two approaches owe this fact to their symbolic nature. The third one, being numeric, forgoes some of the computational disadvantages of the symbolic methods.
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It is our belief that it exhibits more promise than the other two, regarding its applicability
to problems of larger size.

Publications
This thesis is largely based on published material, which is listed in the following.
Chapter 8 is based on
Nonlinear Parametric Optimization Using Cylindrical Algebraic Decomposition; I.A. Fotiou, P.A. Parrilo and M. Morari; IEEE Conference on Decision and Control – European Control Conference, pages 3735–3740, Seville, Spain, December 2005. [FPM05].
Optimal Control of Piecewise Polynomial Hybrid Systems Using Cylindrical Algebraic Decomposition; I.A. Fotiou, A.G. Beccuti, G. Papafotiou and M. Morari; Hybrid Systems:
Computation and Control, volume 3927 of Lecture Notes in Computer Science, pages
227–241, Santa Barbara, CA, 2006. [FBPM06].
Chapter 9 builds on
An Algebraic Geometry Approach to Nonlinear Parametric Optimization in Control; I.A. Fotiou, P. Rostalski, B. Sturmfels and M. Morari; American Control Conference, Minneapolis, MN, pages 3618–3623, June 2006. [FRSM06].
Parametric Optimization and Optimal Control Using Algebraic Geometry Methods; I.A. Fotiou, P. Rostalski, P.A. Parrilo and M. Morari; International Journal of Control, Volume 79, pages 1340–1358, 2006. [FRPM06].
An Optimal Control Application in Power Electronics Using Algebraic Geometry; I.A. Fotiou, A.G. Beccuti and M. Morari; European Control Conference, Kos, Greece, pages
475–482, July 2007. [FBM07].
Chapter 10 draws on
A Numerical Algebraic Geometry Approach to Nonlinear Constrained Optimal Control;
D.J. Bates, I.A. Fotiou and P. Rostalski; IEEE Conference on Decision and Control,
New Orleans, LA, pages 6256–6261, December 2007. [BFR07].
An Optimal Control Application in Power Electronics Using Numerical Algebraic Geometry;
D.J. Bates, A.G. Beccuti, I.A. Fotiou and M. Morari; American Control Conference,
Seattle, WA, June 2008. [BBFM08].

Most of the results reported in this thesis are the fruit of synergy and close collaboration
with various colleagues. This fact is also reflected in the corresponding references. This
thesis is thus to be regarded in this collaborative context. Conversely, not all results that
were obtained during the author’s doctoral studies have been included in this thesis.

Part I
BACKGROUND

1

1

Nonlinear Dynamical Systems
In this chapter, we define the class of systems we focus on in this thesis and introduce some
basic concepts.

1.1. Basic Concepts
Some basic mathematical concepts are introduced in this section. Most of them are well
known and can be found in many textbooks on applied mathematics, mathematical analysis and topology. For detailed reference, we refer the reader to the books: Convex Optimization by S. Boyd and L. Vandenberghe [BV04], Topology by J. Munkres [Mun00] and
Convex Polytopes by B. Gruenbaum [Grü00].
Definition 1.1 (Convex set). A set C is convex if the line segment between any two points
in C lies in C, that is, if for any x1 , x2 ∈ C and any real scalar θ with 0 ≤ θ ≤ 1, we have
θx1 + (1 − θ)x2 ∈ C.
Definition 1.2 (Closed set). A set S is closed if every point outside S has a neighborhood
disjoint from S.
Definition 1.3 (Compact set). A set in Rn is compact if it is both closed and bounded.
Definition 1.4 (Polyhedron). A convex set P ⊂ R n given as an intersection of a finite
number of closed half-spaces
P = {x ∈ Rn | P x x ≤ P o } ,
is called a polyhedron. Here, P o ∈ Rnp , P x ∈ Rnp ×n , where np denotes the number of halfspaces defining P and the operator ≤ is to be understood as the element-wise comparison
of two vectors.
Definition 1.5 (Polytope). A polyhedron P that is bounded is called a polytope.
Definition 1.6 (Semialgebraic set). A subset S of Rn is semialgebraic if it can be constructed
by finitely many applications of the union, intersection and complementation operations,
starting from sets of the form
{x ∈ Rn | g(x) ≤ 0} ,
where g(x) is a real polynomial in n variables.
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In other words, a semialgebraic set can be roughly thought of as one defined by a finite
number of polynomial inequalities. Examples of semialgebraic sets include the interior of
an ellipsoid and the set of points of an algebraic curve embedded in the n-dimensional
Euclidean space. Both can be described by means of polynomial inequalities.
Lemma 1.7. A semialgebraic set S ⊆ Rn can be written as a finite union of intersections of basic
(semialgebraic) sets s of the form {g(x) ≤ 0} and {g(x) < 0}, where g(x) is a real polynomial in n
variables, i.e. there always exist polynomials gij (x) such that
S=


i

sij ,

j

where the sets sij are of the form {gij (x) ≤ 0} or {gij (x) < 0}.
Proof. It follows immediately from Definition 1.6 and the fact that every statement in logic
consisting of a finite combination of union, intersection and complementation operations
can be written in disjunctive normal form [CH99].
Definition 1.8 (Piecewise affine function). A function fPWA (x) : Θ → Rm , where Θ ⊆ Rn ,
Θ
is piecewise affine (PWA), if there exist polyhedra P 1 , . . . , PNΘ for which ∪N
i=1 Pi = Θ and
Pi , Pj have disjoint interiors for i = j, and
fPWA (x) = Fi x + Gi ,

∀x ∈ Pi ,

i = 1, . . . , NΘ ,

where Fi ∈ Rm×n and Gi ∈ Rm . We say that polyhedra Pi form a (polyhedral) partition
Θ
{Pi }N
i=1 of (the function domain) Θ.
Definition 1.9 (Piecewise quadratic function). A function fPWQ (x) : Θ → Rm , where Θ ⊆
Θ
Rn , is piecewise quadratic (PWQ) , if there exist polyhedra P 1 , . . . , PNΘ for which ∪N
i=1 Pi =
Θ and Pi , Pj have disjoint interiors for i = j, and
fPWQ (x) = HiT xHi + Fi x + Gi ,

∀x ∈ Pi ,

i = 1, . . . , NΘ ,

where Hi ∈ Rn×n , Fi ∈ Rm×n and Gi ∈ Rm . We say that polyhedra Pi form a (polyhedral)
Θ
partition {Pi }N
i=1 of (the function domain) Θ.

1.2. Classes of Systems
Linear systems concentrate a vast amount of literature (e.g. [CD94],[Lue79]) and play a
central role in classical but also modern control theory.
Definition 1.10 (Discrete-time linear systems). Discrete-time linear systems are defined by
the following state update equation
x(k + 1) = Ax(k) + Bu(k) ,

(1.1)

where A ∈ Rn×n and B ∈ Rm×n are real matrices, x(k) ∈ Rn is the state vector and
u(k) ∈ Rm is the input vector.
A more general class of systems, which belongs to the class of hybrid dynamical systems [vdSS99], are the piecewise affine (PWA) systems.

1.2 Classes of Systems
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Definition 1.11 (Piecewise affine systems). The class of piecewise affine systems is the class
of discrete-time systems that can be described by the following equation




x(k)
∈ Pi ,
(1.2)
x(k + 1) = fP W A x(k), u(k) := Ai x(k) + Bi u(k), if
u(k)
P
where x(k) ∈ Rn is the state vector, u(k) ∈ R m is the input vector and {Pi }N
i=1 is a partition
of the joint state-input space R n+m into NP disjoint polyhedral sets.

There are, however, numerous systems and processes that lend themselves better to
polynomial modelling – these include battery charge and friction characteristics, to name
a few.
Definition 1.12 (Polynomial systems). Polynomial systems are dynamical systems whose
state update equation has the form


x(k + 1) = f x(k), u(k) ,
where f is a vector field, whose element functions are real polynomials in the state x(k) ∈
Rn and control input u(k) ∈ Rm .
The class of polynomial dynamical systems gives rise to the broader class of piecewise
polynomial (PWP) systems.
Definition 1.13 (Piecewise polynomial systems). Piecewise polynomial systems are discretetime nonlinear systems, whose state update equation has the form




x(k)
∈ Si ,
x(k + 1) = fP W P x(k), u(k) := fi (x(k), u(k)), if
u(k)
where x(k) ∈ Rn is the state vector, u(k) ∈ R m is the input vector, fi , i = 1, . . . , NS are real
n+m
S
polynomials in x(k) and u(k) and {Si }N
i=1 is a partition of the joint state-input space R
into NS disjoint semialgebraic sets.

6

1 Nonlinear Dynamical Systems

2

Optimization Problems
In this chapter we introduce the fundamental concepts of mathematical optimization to be
subsequently used. Good references for the subject include, but are not limited to, [Ber95],
[BV04] and [GMW82].

2.1. Mathematical Programming
Strikingly many questions arising in science and engineering can be mathematically posed
as optimization problems. That is, as problems in which we seek to minimize (or maximize) a measure or physical quantity, given some constraints.
Definition 2.1 (Mathematical program). A mathematical program is an optimization problem of the form
min J(z)
z
⎧
⎨ q(z) ≤ 0
(2.1)
subj. to
h(z) = 0
⎩
z∈Z,
where z ∈ Rr is the optimization (decision) variable, while the functions J : Rr → R,
q : Rr → Rnq , h : Rr → Rnh and the set Z ⊆ Rr are given by the optimization problem. The
function J is called the cost function or objective function. The relations q(z) ≤ 0, h(z) = 0,
and z ∈ Z are called (resp. inequality, equality and set) constraints.
The set of all points for which the real valued functions J, q and h are defined is called the
domain of the mathematical program (2.1), i.e. the domain of (2.1) is dom(J) ∩ dom(q) ∩
dom(h). A point z in the domain is feasible if it satisfies all constraints. The set of all
feasible points is called the feasible set Zfeas , i.e. Zfeas = {z ∈ Rr | q(z) ≤ 0, h(z) = 0, z ∈
Z}. We say that program (2.1) is feasible if there exists at least one feasible point, and
infeasible if there exist no feasible points. A point z ∗ is (globally) optimal if it is feasible
and if J(z ∗ ) ≤ J(z) for all feasible z. Such a point z∗ is also called global optimum or the
optimal solution of program (2.1). If there are no constraints (ng = 0, nh = 0 and Z = Rr ) we
say that program (2.1) is unconstrained. If there are feasible points z k with J(zk ) → −∞ as
k → +∞ we say that program (2.1) is unbounded (below).
Definition 2.2 (Optimal value). The optimal value of optimization problem (2.1) is defined
as
J ∗ = min{J(z) | q(z) ≤ 0, h(z) = 0, z ∈ Z} .
z
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In case the program is infeasible, by convention we set J ∗ = +∞; if it is unbounded, it is
understood that J ∗ = −∞.
Definition 2.3 (Local optimality). A feasible point z is called locally optimal or local optimum
if it minimizes the objective function J (at least) in a subset of the feasible set Zfeas .

2.2. Convex Optimization
A very important class of optimization problems are the convex optimization problems.
Definition 2.4 (Convex function). A function f : C → R, where C ⊆ Rr is a convex set, is
a convex function, if
∀x, y ∈ C, 0 ≤ θ ≤ 1 ⇒ f (θx + (1 − θ)y) ≤ θf (x) + (1 − θ)f (y) .
Definition 2.5 (Convex program). A mathematical program of the general form
min J(z)
z

subj. to z ∈ Zfeas
is called convex, if the objective function J : Rr → R and the feasible set Zfeas are both
convex.
Convex optimization programs include very important special classes of programs, like
linear, convex quadratic and semidefinite programs. A fundamental property of convex
programs is given by the following theorem.
Theorem 2.6 (Global optimality property of convex programs). Any local optimum of a convex optimization problem is also a global optimum.
The above property makes convex programs very attractive and we usually check if we
can pose a given optimization problem as a convex program, before setting out to solve
it. The reason is that by using local optimization routines for solving convex problems, we
are guaranteed to find the global optimum (if it exists). The advantage to be gained is that
local optimization routines are generally fast and can handle large problem instances.
In this thesis, we focus on finding the global optimum to optimization problems that
arise in optimal control. Because we deal with polynomial dynamical systems, the optimization problems to be solved are generally non-convex and cannot be posed as such.

2.3. Polynomial Optimization
Polynomial optimization deals with a special case of nonlinear, generally non-convex optimization problems that take on the form
J ∗ = min J(z)
z

subj. to

q(z) ≤ 0
h(z) = 0 ,

(2.2)

where J : Rr → R, q : Rr → Rnq , h : Rr → Rnh are (vector) polynomial functions of z ∈ Rr ,
while J ∗ is the (globally) optimal value of the problem.

2.4 Parametric Optimization
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Remark 2.7 (Non-uniqueness of optimal solution). It has to be stressed, that the class of
polynomial optimization problems is fairly general. Hence, no assertions can be made as
to the uniqueness of the optimal solution z ∗ . In general, it is not unique, i.e. there may
exist more that one point z ∗ forming a set Z ∗ , which induce the same cost in the objective
function, that is J(z ∗ ) = J ∗ , ∀ z ∗ ∈ Z ∗ ⊆ Zfeas .
Remark 2.8 (Existence of solution). Since polynomials are continuous functions and for the
polynomial optimization problems in this thesis we assume that the feasible region defined
by the problem constraints forms a compact set, the existence of an optimal solution z ∗
to the polynomial optimization problem is guaranteed by the extreme value theorem. The
extreme value theorem states that a continuous function from a compact set to the real
numbers attains minimal and maximal values on the compact set.

2.3.1. Optimality Conditions
There are many sets of necessary optimality conditions in nonlinear programming. For the
class of polynomial optimization problems (2.2), they can take the following form.
Proposition 2.9 (Karush-Kuhn-Tucker necessary conditions). Given that the constraints in
(2.2) satisfy certain regularity conditions – called constraint qualifications [KT51] – the optimizer
z ∗ in (2.2) is attained at one of the solution points of system
∇z J(z) +

nq
i=1 μi ∇z qi (z)

+

nh
i=1 λi ∇z hi (z)

=
h(z) =
μi qi (z) =
μi ≥
q(z) ≤

0
0
0
0
0,

(2.3)

where λ = [λ1 , . . . , λnh ]T and μ = [μ1 , . . . , μnq ]T are the Lagrange multipliers associated with the
equality and inequality constraints, respectively. The solution points (z, μ, λ) of system (2.3) are
called Karush-Kuhn-Tucker (KKT) points.
In order for optimizer z ∗ of (2.2) to be attained on a KKT point, certain conditions have to
hold. One important such condition is the Linear Independence Constraint Qualification
(LIQC). According to LIQC, the set of active constraint gradients ∇ z qi (z) and ∇z hi (z) at
a KKT point must be linearly independent. If this condition fails to hold, it may happen
that the optimum is attained at a point, which is not part of the solution set of the KKT
conditions.

2.4. Parametric Optimization
Parametric optimization, in short, means solving a certain optimization problem that depends on some parameters, for all admissible values of those parameters.
Consider the following special form of mathematical program (2.1) – special in that we
drop the set constraint for ease of exposure – dependent on a parameter x 0 ∈ Rn appearing
in the cost function and in the constraints
J ∗ (x0 ) = min J(z, x0 )
z

subj. to

q(z, x0 ) ≤ 0
h(z, x0 ) = 0 ,

(2.4)
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where J ∗ (x0 ) is the optimal value of the problem, for a given value of the parameter x0 .
Because of the dependence of mathematical program (2.4) on the parameter x 0 , we call it a
parametric optimization problem.
The goal of parametric optimization is to solve (2.4) for all admissible values of the parameter x0 . In other words, we would like to minimize the function J(z, x 0 ) with respect to z,
for any given value of the parameter x0 in the region of interest. Therefore, the parametric
optimization problem boils down to finding a computational procedure for evaluating the
maps
Rn −→ Rr : x0 → z ∗ (x0 )
(2.5)
n
∗
R −→ R : x0 → J (x0 ) .
For simplicity reasons, we focus our attention to one (any) optimizer of (2.4), so that (2.5)
are not point-to-set maps. If all the functions appearing in (2.4) are polynomials, then we
have a polynomial parametric optimization problem, which is what this thesis focuses on.

3

Constrained Optimal Control
In this chapter, we introduce Model Predictive Control (MPC) and the closely related concept of Receding Horizon Control (RHC). Furthermore, we present formulations for classes
of constrained optimal control problems. We focus on constrained finite time optimal control (CFTOC) problems for discrete-time time-invariant polynomial systems based on polynomial cost functions.

3.1. Model Predictive Control
Optimal control is a very active area of research with increasing attention from industry.
The strength of this control methodology is that constraints are taken into account directly
in the control problem formulation and are considered for synthesizing nonlinear control
laws. To a great extent, it is thanks to this capability of coping with constraints that optimization based control algorithms like MPC have proven to be very successful in practice.
For a textbook on MPC the reader is referred to [Mac02]. Good surveys in the area include [ML99], [GPM89] and [QB03].
MPC uses on-line optimization to obtain the solution of the optimal control problem in
real time. The term on-line refers to the fact that the optimization problem is solved while
the dynamical system evolves, i.e. in real time. Typically, a CFTOC problem is set up and
solved, based on a model of the controlled plant that is used to predict the plant’s behavior
over a prediction horizon N . The control objectives are then expressed in an objective
function and the control law is obtained by minimizing this objective function subject to
the plant’s model and the physical constraints that are present.
The control law can be computed on-line at each discrete time step and, depending on
the model of the plant, the constraints and the cost function used, requires the solution of
different types of optimization problems. For example, for linear systems with affine constraints and a cost function with a linear performance index, we obtain a Linear Program
(LP), whereas the use of a quadratic cost function leads to a Quadratic Program (QP).

3.1.1. Problem Formulation
In this section, we show that the optimization problems arising in MPC for polynomial
dynamical systems can be posed as parametric polynomial optimization problems.
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Consider the polynomial discrete-time system with state vector x ∈ R n and input vector
u ∈ Rm


x(k + 1) = f x(k), u(k) ,
(3.1)
subject to the inequality constraints


g x(k),
u(k)
≤ 0,


gN x(N )
≤ 0,

k = 0, . . . , N − 1

(3.2)

where N is the prediction horizon and g, g N are scalar polynomial functions in x(k) and
u(k). The dynamical system can also be subject to certain equality constraints


p x(k),
u(k)
= 0,


= 0,
pN x(N )

k = 0, . . . , N − 1

(3.3)

where, naturally, p and pN are real polynomials in x(k) and u(k).
We consider the problem of driving system (3.1) to the origin in an optimal way. To
quantify optimality and the performance of the system response, we define the following
cost function


 N −1 
L x(k), u(k) ,
(3.4)
J(U0N −1 , X1N , x0 ) = LN x(N ) +
k=0

where x0 = x(0) is the initial state, U0N −1 = [u(0)T , . . . , u(N − 1)T ]T is the control input
sequence and X1N = [x(1)T , . . . , x(N )T ]T contains the state evolution over the prediction
horizon N . Functions LN and L are real polynomials, called terminal and stage cost functions, respectively. Performance criteria motivated by physical considerations can usually
be represented by a cost function of form (3.4). The frameworks to be developed in this
thesis, however, can handle polynomial cost functions of any form.
∗
In this light, computing the optimal control input sequence U 0N −1 is equivalent to solving
the following polynomial CFTOC program
J ∗ (x0 ) =

min

(X1N , U0N−1 )

subject to

J(X1N , U0N −1 , x0 )

⎧ 
p x(k), u(k)
⎪
⎪
⎪


⎪
⎪
⎪
pN x(N )
⎪
⎨ 

g x(k), u(k)
⎪


⎪
⎪
⎪
gN x(N )
⎪
⎪
⎪

⎩ 
f x(k), u(k) − x(k + 1)

= 0, k = 0, . . . , N − 1
= 0,
≤ 0, k = 0, . . . , N − 1

(3.5)

≤ 0,
= 0, k = 0, . . . , N − 1 .

Remark 3.1 (Simultaneous and sequential approach). Note that in optimization problem (3.5),
the optimization takes place in the joint space of the state and input variables. Their relations are included in the problem as equality constraints. This formulation is termed as
simultaneous approach [FA02]. In contrast, we could use the state update equation of the
system to eliminate all future state variables x(k), k = 1, . . . , N , by expressing them with
respect to the initial state x 0 and the input sequence U 0N −1 , and perform the optimization
in the space of the input sequence only. This is called the sequential approach. In subsequent chapters, we will see that depending on the mathematical tools used to attack the
optimization problem, one approach may be favored over the other.

3.2 Receding Horizon Control
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∗

U0N −1 = [u∗ (0)T , u∗(1)T , . . . , u∗(N − 1)T ]T

obtain U0N −1

apply u∗ (0)

optimization
problem

∗

PLANT

plant state x(k + 1)

x(k + 1) = f (x(k), u(k))
Figure 3.1.: Receding horizon control scheme. Only the first element u ∗ (0) of the optimal
∗
control sequence U0N −1 is applied, the prediction time window is then shifted
one step forward, the new state measurement x(0) is taken and the optimization is repeated.
To bring problem (3.5) into a more compact form, we can define compound vector z =
T
T
[X1N , U0N −1 ]T ∈ Rr with r = (m + n)N , polynomial function h(z, x0 ) : Rr+n → Rnh to
represent all the equality constraints in (3.5) and polynomial function q(z, x0 ) : Rr+n → Rnq
to represent all equality constraints. Then, program (3.5) can be written as

q(z, x0 ) ≤ 0
(3.6)
s.t.
J ∗ (x0 ) = min J(z, x0 )
z
h(z, x0 ) = 0 .
This is a problem of the form (2.4), i.e. a polynomial parametric optimization problem,
where the initial state x0 = x(0) plays the role of the parameter.
If the sequential approach is used, we can similarly arrive at the same form of parametric optimization problem. They key difference in that case is that the decision vector z
comprises only the control sequence U 0N −1 .

3.2. Receding Horizon Control
To ensure feedback, i.e. to deal with model uncertainties and disturbances, after the opti∗
mal control sequence U0N −1 is obtained by solving program (3.5), only the first move u ∗ (0)
of the sequence is actually applied to the plant. Then, the time window of length equal to
the prediction horizon N is shifted one time step forward, the new initial state x(0) is measured and the optimization procedure is repeated with the new measurement – see also
Figure 3.1. This scheme is known as receding horizon control (RHC).
In many applications, however, the use of MPC is restricted due to its computational
cost. The restrictions arise either from the need to use hardware of limited cost in the
control loop, or from the very small sampling times that are present, making the (relatively
to the sampling interval) time-consuming on-line solution of the optimization problem in
a RHC paradigm an inviable option. The parametric approach to optimal control, also
known as the “explicit” MPC solution, seeks to alleviate these limitations.
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3.3. Parametric Optimal Control
In parametric optimal control, we try to parametrically solve the optimization problem (3.6),
which corresponds to a CFTOC problem of the form (3.5), i.e. we pre-compute off-line the
optimal solution (and hence the optimal control input) for all possible values of the parameter x0 . In special cases, such as linear time-invariant systems with affine constraints
and linear or quadratic objective functions, this precomputation leads to a closed-form
formula for the optimal feedback law, which expresses the optimal control input as an explicit function of the state measurement x(0). This and similar results have been reported
in [BMDP02], [BBM02] and [Bor03] (the list is by no means exhaustive). This body of literature partially motivated the contributions of this thesis. We therefore summarize below
one main result regarding parametric solutions of MPC problems for linear systems with
quadratic cost function.

3.3.1. Linear Systems
Consider the constrained linear discrete-time system
x(k + 1) = Ax(k) + Bu(k) ,

(3.7)

as defined in equation (1.1), subject to the constraints
x(k) ∈ P x
u(k) ∈ P u
x(N ) ∈ P xN

⊆ Rn , k = 0, . . . , N − 1,
⊆ Rm , k = 0, . . . , N − 1,
⊆ Rn ,

where P x , P xN and P u are polyhedra. The corresponding CFTOC problem with quadratic
objective function assumes the form


−1
min
{u(k)T Qu u(k) + x(k)T Qx x(k)}
x(N )T QxN x(N ) + N
J ∗ (x0 ) =
k=0
N−1
N
⎧ (X1 , U0 )x
k = 0, . . . , N − 1,
x(k) ∈ P , u(k) ∈ P u ,
⎪
⎪
⎨
(3.8)
x(N ) ∈ P xN ,
subj. to
x(k + 1) = Ax(k) + Bu(k), x0 = x(0),
⎪
⎪
⎩
Qu  0, Qx  0, QxN  0 ,
where matrices Qx , QxN ∈ Rn×n and Qu ∈ Rm×m are called weight matrices. Problem (3.8)
j
has been well studied [BMDP02], [Gri05]. By substituting x(k) = Ak x(0)+ k−1
j=0 A Bu(k − 1 − j)
(sequential approach), problem (3.8) can be written in the form of a parametric QP, that is


J ∗ (x0 ) = xT0 W00 x0 + min (U0N −1 )T Wuu U0N −1 + xT0 Wxu U0N −1
subj. to

Wu U0N −1

Wuu  0 ,

U0N−1

≤ W + Wx x0 ,

(3.9)

where W, W00 , Wx , Wu , Wxu , Wuu are matrices of appropriate dimensions, obtained from
Qx , Qu , QxN , system (3.7) and the constraints in (3.8) – the reader is referred to [Mac02] for
more details.
Theorem 3.2 (Parametric programming for linear systems with quadratic objective function [Bao05]). The set Xfeas ⊆ Rn of feasible parameters x0 for program (3.9) is convex, the map
∗
Xfeas → RmN : x0 → U0N −1 is continuous and piecewise affine and the map Xfeas → R: x0 → J ∗
is continuous, convex and piecewise quadratic.

3.3 Parametric Optimal Control
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Definition 3.3 (Critical region). Consider a parametric QP (or LP). The set of all parameters
x0 ∈ Xf eas for which the set of active constraints at the optimum of the corresponding QP
(or LP) remains the same, constitutes a critical region of Xf eas .
Let us now present an example illustrating Theorem 3.2.
Example 3.4. Consider the simple double integrator


 
1 1
0
x(k + 1) =
x(k) +
u(k)
0 1
1
subject to the input and state constraints |u| ≤ 1 and x ∞ ≤ 5, respectively. The parameter
x0 is the initial state x(0), which is a two-dimensional real vector x0 = [x1 x2 ]T . By choosing
a prediction horizon of N = 1 and a quadratic cost function as in formulation (3.8), with
weight matrices equal to




1 0
0 0
, Qu = 1 Qx N =
,
Qx =
0 1
0 0
the CFTOC problem of form (3.8) is solved to obtain a PWA state feedback law. Because
we apply RHC, the state feedback law takes the form of the PWA explicit expression with
respect to the parameter x 0 of the first optimal control input u∗ (0) in the optimal control
∗
sequence U0N −1 . We denote the optimal feedback law with u ∗ (x0 ) (understanding that it
refers to the first element in the optimal sequence). The partition of the state-space into
regions, over each of which a unique affine state feedback law is defined, is depicted in
Figure 3.2. The controller is partitioned in a unique polyhedral region P 1 . Over region P1 ,
Controller partition with 1 region.

x2

5

0

-5
-5

0
x1

5

Figure 3.2.: Controller partition for the CFTOC problem of Example 3.4 and a prediction
horizon of N = 1.
an affine optimal feedback control law u∗ (x0 ) = F1 x0 + G1 is defined. The PWA feedback
law u∗ (x0 ) over all the feasible set of the parameter x0 is depicted in Figure 3.3. The opti-
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PWA optimal feedback law.

u∗ (x0 ) = 0

1
0.5
0

-0.5
-1
5

5

0

0

x2

-5

-5

x1

Figure 3.3.: The PWA optimal feedback control law for the CFTOC problem of Example 3.4
and a prediction horizon of N = 1.
PWQ optimal cost function.

J ∗ (x0 ) = xT0 x0

50
40
30
20
10
0
5
0
-5
x2

-10 -10

0

-5

5

x1

Figure 3.4.: The PWQ optimal value for the CFTOC problem of Example 3.4 and a prediction horizon of N = 1.
mal cost function J ∗ (x0 ) is a convex piecewise quadratic (PWQ) function, defined over the
same polyhedral (critical) region P1 and is depicted in Figure 3.4. We note that both the
optimal control law and the optimal cost function are continuous functions of the parameter x0 , as Theorem 3.2 states. Such continuity property does not hold, however, in the case
of polynomial parametric programs.
If we increase the prediction horizon to N = 3, while keeping all other problem parameters constant, the optimal control law we obtain is defined over 7 critical regions and is

3.3 Parametric Optimal Control
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graphically depicted in Figure 3.5. The corresponding partition of the parameter space is
illustrated in Figure 3.6.

PWA optimal feedback law

1
u∗ (x0 )

0.5
0

-0.5
-1
4

2

5
0
x2

-2

0
-4

-5

x1

Figure 3.5.: The PWA optimal feedback control law for the CFTOC problem of Example 3.4
and a prediction horizon of N = 3.

Controller partition with 7 regions.
4
3
2

x2

1
0
-1
-2
-3
-4
-5

0
x1

5

Figure 3.6.: Controller partition for the CFTOC problem of Example 3.4 and a prediction
horizon of N = 3.
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3.3.2. Related Work
At the time of this writing, we are aware of two alternative approaches to nonlinear (not
necessarily polynomial) parametric optimization for receding horizon control problems.
The first approach [Joh04] uses local quadratic programming (QP) approximations
to the original nonlinear program and then proceeds with the solution. More specifically, the parameter space is partitioned in small hyper-rectangles and a local QP
approximation of the original nonlinear optimization problem is solved at their vertices. The partition of the parameter space proceeds iteratively until a prescribed
error tolerance is not exceeded any more. Then, based on the solutions of these QPs,
an affine local approximation to the optimal feedback law is computed.
The second approach [Hal05] uses piecewise affine function approximations over
polyhedral partitions. In particular, based on the Fritz-John necessary optimality
conditions, the author obtains an implicit representation of the optimal solution to
the parametric mathematical program at hand. Then, she approximates that implicit
representation (hypersurface) using piecewise affine (PWA) functions, to obtain an
approximate PWA expression for the optimal control law.
Both aforementioned approaches are very interesting in their own right and not confined
to polynomial dynamical systems. Our work differentiates itself mainly by the fact that
it uses algebraic techniques – which implies no need for any approximation – to find the
global optimum of polynomial optimal control problems.

Part II
ALGEBRAIC GEOMETRY
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Cylindrical Algebraic Decomposition
In this chapter, we introduce the notion of Cylindrical Algebraic Decomposition (CAD).
Because of its intrinsic complexity, we choose an example-driven approach towards illustrating it, rather than giving the full mathematical details – for that, the interested reader
should refer to [CJ98]. For a more simplified introduction, we also recommend the tutorial
sides of C.W. Brown, presented at ISSAC ’04 [Bro04].

4.1. Intuitive Description of the CAD
The CAD is defined by and associated with a set of polynomials. Given a set of n-variate
real polynomials, a CAD of Rn is a special partition of Rn into connected subsets, called
cells, over which all the polynomials have constant sign. By “constant sign” we mean that
in a given cell, every polynomial defining the CAD either vanishes everywhere in the cell,
or nowhere. Namely, it is either everywhere zero, or everywhere positive or everywhere
negative. The CAD defined by a set of polynomials is not unique.
Take, for example, the following set of bivariate polynomials in z, ψ ∈ R
z 4 − 10z 2 + z − ψ + 1
7z − ψ − 17


.

(4.1)

The zero sets of the polynomials, i.e. the sets over which the polynomials vanish, can
be seen in Figure 4.1, where they are depicted as a curve and a line, respectively. In this
chapter, we often use the term “curve” of a polynomial to denote its zero set. Figure 4.2
shows a CAD of R2 defined by polynomials (4.1). The CAD consists of the distinct “dots”,
“lines”, “arcs” and “patches of white space” of the figure (a formal definition of the CAD
is given is Section 4.2). Another CAD defined by the same set of polynomials can be seen
in Figure 4.3.
The intuitive strategy of computing the CAD can be described as follows. The first step is
to identify the “significant points” of the curves defined by the polynomials. These points
are the singularities of the curves – self-crossing, cusps (i.e. saddle points), isolated points
– the points at which the curves intersect with one another and the points at which the
tangent to the curves is vertical with respect to some axis (critical points). In Figure 4.2,
“vertical” means vertical to the ψ-axis and in Figure 4.3 it means vertical to the z-axis. To
identify these significant points, certain univariate polynomials are computed, whose roots
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Figure 4.1.: Zero sets (curves) of polynomials (4.1).
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Figure 4.2.: A CAD of R2 defined by polynomials (4.1). The significant points of the polynomial curves are projected onto the ψ-axis and the latter is decomposed into
the projected points and the complementary open intervals.
constitute the projection of the significant points onto the ψ-axis (for Figure 4.2) – or the
z-axis, for Figure 4.3.
The second step is to find the roots of these univariate polynomials and decompose the
corresponding axis into these roots and the respective complementary open intervals. This
way, for instance, the z-axis in Figure 4.3 is decomposed into two points and three open
intervals. Then, the part of the curves over each of these roots (or intervals) consist of
finitely many disjoint dots (or arcs).
The third step is extending the decomposition of the one-dimensional axis found in the
second step to the whole plane R 2 . This is done by decomposing the line (resp. strip)
“over” each point (resp. interval) in the axis, into the “dots” (resp. “arcs”) of the curve,

4.2 Formal Definition of the CAD
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Figure 4.3.: Another CAD of R2 defined by polynomials (4.1). Here, the significant points
of the curves are projected onto the z-axis and the latter is decomposed into
two points and three open intervals.
and the “arcs” (resp. “patches”) of the complement of the curve, that the line (resp. strip)
contains.
The first, second and third step of the CAD construction generalize to higher dimensions
and are called the projection, base and extension phase. Note also, that the important
difference between the CAD in Figures 4.2 and 4.3 is that in the first one, we chose to find
the projections of the significant points of the curves onto the ψ-axis, whereas in the second
one, we projected them onto the z-axis. A graphical summary of the CAD construction
algorithm is seen in Figure 4.4.

4.2. Formal Definition of the CAD
In this section, we first give some necessary definitions for our discussion, as well as the
formal CAD definition. In the sequel, we see how these relate to the preceding intuitive
description.
Definition 4.1 (Monomial). A monomial in a collection of variables z1 , . . . , zn is a product
z1α1 z2α2 . . . znαn ,

(4.2)

where the αi are non-negative integers.
Multi-index notation is commonly used to write down monomials:
z α = z1α1 z2α2 ... znαn , where α = (α1 , . . . , αn ) ∈ Nn>0 .

(4.3)

The notation in (4.3) induces also an ordering on the variables zi , meaning that by z (1,2) we
unambiguously understand z1 z22 and not z12 z2 .
Consider now two polynomials p(z) and q(z) in one variable z. The Sylvester matrix
associated with two polynomials is a special matrix, whose entries are the coefficients of
the polynomials put in a special arrangement. For example, if
p(z) = p2 z 2 + p1 z + p0
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defining polynomials
are given

ψ

significant points
are identified

ψ

projection
phase

z

z
base
phase
projections of significant
points are computed

projections are extended
to construct full CAD

extension
phase

ψ

ψ

z

z

Figure 4.4.: The three phases of the CAD construction are graphically shown. In the projection phase, univariate polynomials are computed that characterize the significant points of the curves. In the base phase, they are solved, to compute
the projection of the significant points onto the ψ-axis. In the extension phase,
these projections are lifted to R 2 in order to compute the full CAD.
and

q(z) = q2 z 2 + q1 z + q0 ,

then the Sylvester matrix of two polynomials p and q with respect to the variable z, denoted
with Sz (p, q) is defined as
⎛

p2
⎜ 0
Sz (p, q) = ⎜
⎝ q2
0

p1
p2
q1
q2

⎞
p0 0
p1 p0 ⎟
⎟.
q0 0 ⎠
q1 q0

(4.4)

The structure of equation (4.4) generalizes to polynomials of higher degree. For details,
please refer to [Lüt96].
Definition 4.2 (Resultant of two polynomials). The resultant of two polynomials p and q
with respect to a variable z, denoted with R z (p, q), is the determinant of the associated
Sylvester matrix, i.e. Rz (p, q) = det(Sz (p, q)).

4.2 Formal Definition of the CAD
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Definition 4.3 (Discriminant of a polynomial). The discriminant of a polynomial p with
respect to a variable z, denoted with Dis z (p), is the resultant of p and its derivative dp
dz , i.e.
dp
Disz (p) = Rz (p, dz ).
In the case where polynomials p or q (or both) are multivariate, then the associated resultant
and discriminants are polynomials themselves in the remaining variables (not in z, which
is eliminated by taking the resultant or discriminant).
We now introduce some nomenclature specific to the literature of CAD.
Definition 4.4 (Region). In the CAD literature, the term “region” refers to any nonempty
set of Rn .
Definition 4.5 (Cell). Cell is the term used to refer to a region that is part of a cylindrical
algebraic decomposition.
Definition 4.6 (Decomposition). For any subset X of R n , a decomposition of X is a finite
collection of disjoint regions whose union is X.
Definition 4.7 (Cylinder). For a region R ⊆ Rn , the cylinder over R, written Z(R), is the
cartesian product R × R.
The cylinder over a region R ⊂ Rn is illustrated in Figure 4.5 as the gray shaded area.

R
cylinder
Z(R)

f

f-section
of Z(R)

(f1, f2)-sector

f1

of Z(R)

f2

(

(
region R

Rn

Figure 4.5.: A region R, a cylinder Z(R), an f -section and an (f 1 , f2 )-sector over the region
R are depicted.
Definition 4.8 (Section). A section of Z(R) is the set of points (a, f (a)), where a ranges over
R and f is a continuous, real-valued function on R.
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In other words, the section is the graph of f (a) for a ∈ R. We call such a graph the f -section
of Z(R) – see also Figure 4.5.
Definition 4.9 (Sector). A sector of Z(R) is the set of all points (a, b), where a ranges over
R and f1 (a) < b < f2 (a) for continuous, real-valued functions f1 < f2 . Such a set (a, b) is
called the (f1 , f2 )-sector of Z(R).
See also Figure 4.5 for a sector example, where it can be seen that the (f 1 , f2 )-sector is the
part of the cylinder Z(R) “between” functions f 1 and f2 .
Definition 4.10 (Stack). Continuous real-valued functions f1 < f2 < · · · < fk defined on R
for a finite k ≥ 1, determine a decomposition of Z(R) consisting of the following regions:
1. The (fi , fi+1 )-sectors of Z(R) for 0 ≤ i ≤ k, where f 0 = −∞ and fk+1 = +∞,
2. The fi -sections of Z(R) for 1 ≤ i ≤ k.
We call such a decomposition a stack over R (determined by f1 , . . . , fk ).
An example of a stack over a region R can be seen in Figure 4.6.

R
fk

fk−1

f3
f2

f1

(

(
region R

Rn

Figure 4.6.: A stack over the region R is the decomposition of the cylinder Z(R) – the
shaded area – into the various patched areas separated by the functions f i (the
sectors) and the graphs of the functions f i over region R (the sections).
Definition 4.11 (Algebraic Decomposition). A decomposition is algebraic if each of its regions is a semialgebraic set.

4.2 Formal Definition of the CAD
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Definition 4.12 (Cylindrical Decomposition [CJ98]). A decomposition D of Rn is cylindrical
if either
1. n = 1 (region R is one dimensional) and D is a stack over R0 , or
2. n > 1 and there is a cylindrical decomposition D  of Rn−1 such that for each region
R of D  , some subset of D is a stack over R.
Definition 4.13 (Cylindrical Algebraic Decomposition [CJ98]). A cylindrical algebraic decomposition (CAD) is one which is both cylindrical and algebraic.

4.2.1. Interpretation
At a first sight, the formal definition of the CAD above does not add much to its understanding. To make better sense of it, and of all the terms defined so far in this section, let us
see step by step, how they relate to the intuitive description at the beginning of the chapter.
Consider again the CAD of polynomials (4.1), depicted in Figure 4.2. Figure 4.7 shows
the CAD again, where we consider a specific region R of the ψ-axis and the stack above
it. We observe that the “patches of white space” (which are hatched in Figure 4.7) are just
the sectors, defined by the polynomials (4.1). The parts of the curves of the polynomials
that lie in the cylinder above region R, are the associated sections. These sections together
with the sectors decompose the strip of R 2 above region R, formally known as the cylinder
Z(R), thus forming the stack above R.
The boundaries of region R are defined by the projections onto the ψ-axis of the unique
intersection point of the two polynomials and a point at which the tangent to polynomial
z 4 − 10z 2 + z − ψ + 1 is vertical (to the ψ-axis).

ψ
sections
(

}

stack

(

region R

sectors

z
Figure 4.7.: The “arcs” (sections) and “patches of white space” (sectors) over an interval
(region) R, form a decomposition (stack) of the “strip” (cylinder) above R.
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We observe that the CAD of R 2 consists of cells (i.e. components), which are the various
sections and sectors defined by the polynomials of the CAD (4.1).
The fact that the sign of the polynomials remains constant over all cells is guaranteed by
considering all intersection points of the curves of the polynomials with one another (and
with themselves) in constructing the CAD. This way, the graphs of the zero sets (curves)
of the polynomials used to partition the stacks over all regions of the ψ-axis into sectors,
render the resulting cells sign-invariant.
In addition, the fact that we take the projections of the points at which the tangent to the
polynomial curves is vertical (critical points), in order to build the partition of the ψ-axis
into points and open intervals, guarantees that the sections above these intervals can be
described by (single-valued) functions, therefore adhering to the definition of the stack. To
clarify this point, see Figure 4.8, where we intentionally ignore one of the critical points –
compare with Figure 4.2. We see that the decomposition that results over region R cannot

ψ

(
(

region R

not a section

sections

z
Figure 4.8.: The decomposition of R 2 that results after ignoring one critical point of the
defining polynomials (4.1), is not cylindrical.
be described by single-valued functions. In particular, the graph of the polynomial in the
cylinder over R labelled as “not a section” is exactly not a section, because there is no real
function on R that can define it – see Definition 4.8. The reason is that, for some points in
R, there exist more than one point in the corresponding graph of the curve labelled “not
a section”. As a consequence, the resulting decomposition of Z(R) cannot be termed as
a stack, therefore the overall decomposition of R 2 is not cylindrical, according to Definition 4.12. Thus, we realize that, taking into account critical points in constructing the CAD
is essential to guaranteeing the cylindrical property of the decomposition. And, conversely,
that the cylindrical property reflects the fact that we have to consider the critical points in
constructing a CAD.
Moreover, we know that the CAD defined by polynomials is indeed an algebraic decom-
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position, since the polynomials defining the CAD will naturally give rise to semialgebraic
cells – see Definition 1.6.

4.3. Construction of the CAD
In the previous sections of this chapter, we established a geometric understanding of the
CAD. In this section, we complete the picture with the algebraic counterpart. The algebraic
details of the algorithm that constructs the CAD of a set of polynomials, however, are
quite complicated and involve, among other, symbolic computations with resultants and
discriminants – for them, the reader is referred to [CJ98].

4.3.1. Projection Phase
As already mentioned, the first step in constructing the CAD of a set of multivariate polynomials, called the projection phase, is to identify their “significant points”. In doing so,
certain univariate polynomials are computed, whose roots constitute the projection of these
significant points onto a lower-dimensional space (for the example of polynomials (4.1),
this space is the ψ-axis). Let us now be more specific about this statement.
There are two kind of significant points that we want to compute. The first kind are the
intersections between the polynomials. The tool to be used in order to compute these intersection points is the resultant. The resultant of two multivariate polynomials with respect
to a variable, is a polynomial in the remaining variables that vanishes if and only if both
polynomials vanish. Therefore, the resultant R z with respect to z of the two polynomials
in (4.1) is a univariate polynomial in ψ, whose real roots are the ψ-coordinates of the points
(z, ψ) at which the two polynomials intersect. In other words, the roots of the resultant
give us the coordinates of the projection of the intersection points of the two polynomials
onto the ψ-axis.
Remark 4.14 (Projection as elimination). We see that the operation of projecting these significant points onto the ψ-axis is done by eliminating the other variable z. The elimination
of z from the two polynomials is done by computing the resultant of the two polynomials
with respect to z. This fact reflects the correspondence between the algebraic notion of
elimination and the geometric one of projection: they are equivalent.
The second kind of significant points that we want to compute are self-crossings of the
polynomials, as well as cusps, isolated points and critical points. The tool used to compute
this second kind of significant points is the discriminant. The discriminant of one multivariate polynomial with respect to one variable, is a polynomial in the remaining variables
that vanishes at exactly this kind of significant points of the curve (zero-set) of the polynomial, i.e. at the critical points, cusps, self-crossings and isolated points. Therefore, by
computing the (real) roots of the discriminants Disz of both polynomials in (4.1), we compute the ψ-coordinates of the points at which the tangent to them is vertical (to the ψ-axis)
– no cusps, self-crossings or isolated points exist in this example.
Going back to Figure 4.2, we now realize that the ψ-coordinate of the points which decompose the ψ-axis into points and complementary open intervals, are the roots of the
resultant and the discriminants of the polynomials in (4.1).
The elimination procedure using resultants and discriminants that has just been described for the two bivariate polynomials in (4.1), generalizes for more polynomials and
more variables to a very systematic algorithm, which constitutes the first part of the CAD

30

4 Cylindrical Algebraic Decomposition

construction algorithm, i.e. the projection phase. It takes as input a set of multivariate polynomials and eliminates their variables one by one, generating as output other polynomials,
whose roots define the boundaries of the cells of the CAD. These generated polynomials
are called level factors. At our example, for instance, the roots of the univariate level factors
(here the resultant and the discriminants) define the points that decompose the ψ-axis into
cells (points and open intervals). Hence, these roots define the boundaries of the cells the
ψ-axis is decomposed into.
Note also, that in our bivariate example, there is only one elimination step to be performed, in order to arrive to univariate level factors, which we can solve in order to build
the decomposition of the ψ-axis. Generally though, for polynomials in more than two variables, there are more steps (also called levels or projection levels) involved in the projection
phase. In this respect, the level factors are associated to these levels. Level factors for projection level d are denoted with {L di }i=1..td , where the number d denotes the number of
variables that appear in the associated level factors. Naturally, the number of the projection levels is equal to the number of variables n, i.e. d = 1, . . . , n. Level factors play an
important role in using CAD for parametric optimization, as described later in Chapter 8.

4.3.2. Base and Extension Phase
In the second part of the algorithm, called the base phase, we solve the univariate level
factor polynomials and obtain their roots, in order to build the decomposition of the bottommost axis (in our example the ψ-axis). Note that the level factors are not always the
discriminant and resultants of some other polynomials; they are rather generalizations of
resultants and discriminants. However, their role is always to characterize the boundaries
of the cells at a certain projection level.
In the third and last step of the algorithm, called the extension phase, the decomposition of the bottommost axis is step-by-step extended to the axis (that is, cylinder) “above”
it, until we obtain the CAD of the full space of the variables. In the example of polynomials (4.1), the extension phase has only one step, where the stacks above the points and
open intervals of the ψ-axis are computed. In the more general multivariate case, though,
we would have to lift the two-dimensional stacks in the three dimensional space, in order
to compute new stacks defined over each section and sector of the two-dimensional stacks.
Then, the three-dimensional stacks would be lifted again to the four-dimensional space
and the procedure continues till we retrieve the full CAD of the space of the variables.
Of course, there exist algorithmic procedures of performing this lifting operation, whose
details, however, lie outside the scope of this thesis.
The implementation of the CAD algorithm that we have mostly used to run the examples
in this thesis is the program QEPCAD B [Bro03].
Remark 4.15 (Order of elimination). It has become clear from the discussion above, that in
order to compute a CAD, we must first define an order of elimination of the variables. Only
then do we know which variable to eliminate first in the projection phase, and statements
like “bottommost” axis make sense. For instance, in the CAD of Figure 4.2, variable z is
eliminated first, whereas in the CAD of Figure 4.3, variable ψ is eliminated first. By comparing Figures 4.2 and 4.3, it becomes obvious that the CAD for a given set of multivariate
polynomials depends on the order of elimination chosen.
Remark 4.16 (Sample points). The algorithm that constructs the CAD, gives also as output
one point in each of the cells of the CAD, called sample point. This point is used to evaluate
the (constant) sign over the cell, of the polynomials defining the CAD.

4.3 Construction of the CAD

31

Remark 4.17 (Defining inequalities). A set of polynomial inequalities can also define a CAD
the same way a set of polynomials does. We simply move all the terms of each inequality
on the left hand side and consider the resulting polynomials. The CAD defined by those
polynomials is then computed. Once computed, we can associate a true of false value with
each cell of the CAD, depending on wether the initial polynomial inequalities are satisfied
in it or not. This point will be further exemplified in the following sections.

4.3.3. Revisited Example
To better illustrate the presented concepts and give a unified algebraic-geometric interpretation of the CAD construction algorithm, let us consider again the set of polynomials (4.1).
This time, however, in an inequality format

z 4 − 10z 2 + z + 1 ≤ ψ
.
(4.5)
−7z + 17 ≤ −ψ
The direction of the inequalities in (4.5) is relevant to the construction of the CAD only as
far as the truth value of the cells is concerned. Therefore, we move all monomials in (4.5)
on the left-hand side and ignore the inequality signs to obtain following set of polynomials

z 4 − 10z 2 + z − ψ + 1
,
(4.6)
7z − ψ − 17
which are polynomials (4.1). The projection phase of the algorithm begins by eliminating
the variables of the polynomials in (4.6) one by one. By projecting (i.e. eliminating) variable
z in (4.6), the level factors obtained (the exact procedural details of this step can be found
in [CJ98]) are
Level 2:

Level 1:

L21 (ψ, z) = z 4 − 10z 2 + z − ψ + 1
L22 (ψ, z) = 7z − ψ − 17
L11 (ψ) = 256ψ 3 + 12032ψ 2 + 133728ψ − 149989

(4.7)

L12 (ψ) = ψ 4 + 68ψ 3 + 1244ψ 2 + 934ψ − 49857 .

Note that the level-two factors are the polynomials as they appear in (4.6). This is because in the uppermost level, no variable has yet been eliminated. We observe that L 11 (ψ)
is the discriminant Disz (L21 ) of L21 with respect to z and L 12 is the resultant Rz (L21 , L22 ) of
L21 and L22 with respect to z. In this simple example, there is no other elimination step to
be performed, because we only have two variables, z and ψ, and the point where the level
factors are univariate polynomials (i.e. the end of the projection phase) is reached with just
one projection step.
The constructed CAD can be seen in Figure 4.9. Observing Figure 4.9 closer, we see that
the set of real roots of the level-one factors L 1i (ψ) in (4.7) partition the ψ-axis into zero- and
one-dimensional cells. In particular, the rectangles on the ψ-axis mark the roots of the discriminant Disz (L21 ) = L11 (ψ), which are the projections of the critical points of the polynomials (4.6). Similarly, the x’s on the ψ-axis are the roots of the resultant R z (L21 , L22 ) = L12 (ψ),
which represent the projections of the intersections of the zero sets of the defining polynomials (4.6) onto the ψ-axis. On the figure it can also be seen that the defining polynomials
are themselves level factors. This is in adherence with the fact that level factors define
boundaries of cells.
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: roots of level factor L11 (ψ) = Disz (L21 )
x : roots of level factor L12 (ψ) = Rz (L21 , L22 )
{L21 (ψ, z) = 0}
x

ψ
x

{L22 (ψ, z) = 0}
z
Figure 4.9.: CAD of the polynomial inequalities (4.5). The (z, ψ)-space is decomposed into
sections and sectors defined by the corresponding level factor polynomials.
The roots of the univariate level factors (discriminants and resultant) that partition the ψ-axis into points and open intervals are marked clearly on it with
rectangles and x’s.

4.3.4. Truth Value of Cells
When we construct a CAD defined by a system of polynomial inequalities, we can associate
to every cell of the CAD a truth value. For the cells that live in the full-dimensional space
– in our example this refers to the sectors (patches or arcs) and sections (arcs or dots) that
live in the (z, ψ)-space – their truth value is directly related to wether the points in the cell
satisfy the initial polynomial inequalities. These cells are specially marked and shaded in
Figure 4.10. They satisfy the polynomial inequalities (4.5) and are therefore referred to as
being “true”.
Note that by construction of the CAD (due to the sign-invariance condition), the points
in a cell either satisfy the polynomial inequalities unanimously, or none of them does.
For the cells, however, that do not belong to the full-dimensional space – in our example the dots and open intervals on the ψ-axis – defining their truth value is slightly more
involved. A cell on the ψ-axis is “true” if there exists at least a cell in the stack above it,
which is true. If none exists, then it is “false”. The true cells on the ψ-axis are also specially
marked on Figure 4.10. Not surprisingly, they are the projections of the true cells of the
(z, ψ)-space onto the ψ-axis.
The sample point of each cell is used to evaluate the truth value of the cell, in a similar
way it is used to evaluate the signs of the polynomials. The CAD algorithm provides a
systematic procedure of evaluating the truth value of the cells – see [CJ98] for the details.
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ψ
{L21 (ψ, z) = 0}

true cells

true cells

{L22 (ψ, z) = 0}
z
Figure 4.10.: The cells that are specially marked are true. For the cells in the (z, ψ)-space,
being true means that the points belonging to them satisfy the polynomial
inequalities (4.5) that define the CAD. For the cells on the ψ-axis, being true
means that there exists at least one true cell on the stack above them.
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The Möller-Stetter Method
In this chapter, we initially introduce fundamental concepts of algebraic geometry, such
as ideals, varieties and Gröbner bases. We then use these concepts to explain the MöllerStetter method, also know as “the eigenvalue method”, for solving systems of polynomial
equations [MS95]. All the propositions and theorems in this chapter – and their proofs –
can be found in many introductory textbooks on algebraic geometry, such as [CLO92]. The
interested reader is also referred to [CLO98] for a denser, graduate-level textbook.

5.1. Basic Concepts
The concepts to be presented in this chapter aim at building a framework that allows us
to solve systems of polynomial equations. The central component of this framework is the
Möller-Stetter (eigenvalue) method. According to this method, given a system of polynomial equations, we can construct certain matrices, called (generalized) companion matrices, whose eigenvalues are the solutions to the given system of polynomial equations. To
facilitate the subsequent exposition, we have to give some definitions first.

5.1.1. Rings and Fields
Definition 5.1 (Ring). A ring is a set S together with two binary operators + and ∗ (commonly interpreted as addition and multiplication, respectively) satisfying the following
conditions:
1. Associativity: For all a, b, c ∈ S: (a + b) + c = a + (b + c) and (a ∗ b) ∗ c = a ∗ (b ∗ c),
2. Distributivity: For all a, b, c ∈ S: a∗(b+c) = (a∗b)+(a∗c) and (b+c)∗a = (b∗a)+(c∗a),
3. Additive commutativity: For all a, b ∈ S: a + b = b + a,
4. Additive identity: There exists an element 0 ∈ S such that for all a ∈ S: 0 + a =
a + 0 = a,
5. Additive inverse: For every a ∈ S there exists −a ∈ S such that a+(−a) = (−a)+a =
0.
For example, the set of integer numbers Z is a (commutative) ring.
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Definition 5.2 (Commutative ring). A commutative ring is a ring S, in which the multiplication operation obeys the commutative law, i.e. for all a, b ∈ S: a ∗ b = b ∗ a.
Definition 5.3 (Field). A field is any set S of elements together with two binary operations
+ and ∗, (commonly interpreted as addition and multiplication, respectively) satisfying
the following conditions:
1. Associativity: For all a, b, c ∈ S: (a + b) + c = a + (b + c) and (a ∗ b) ∗ c = a ∗ (b ∗ c),
2. Distributivity: For all a, b, c ∈ S: a∗(b+c) = (a∗b)+(a∗c) and (b+c)∗a = (b∗a)+(c∗a),
3. Commutativity: For all a, b ∈ S: a + b = b + a and a ∗ b = b ∗ a,
4. Identities: There exist elements 0, 1 ∈ S such that for all a ∈ S: a + 0 = 0 + a = a and
a ∗ 1 = 1 ∗ a = a,
5. Inverses: For every a ∈ S there exist −a, a −1 ∈ S such that a + (−a) = (−a) + a = 0
and a ∗ a−1 = a−1 ∗ a = 1, if a = 0.
The extra properties that differentiate a field from a ring, is that multiplication in a field is
commutative and it also has an identity and an inverse. Examples of fields are the set of
complex numbers C and rational numbers Q.
Among the concepts of ring, commutative ring and field, the ring is the more general
class of sets. Then come commutative rings, with the extra condition of multiplicative
commutativity, and then the fields, where it is also required that a multiplicative inverse
and a multiplicative identity exist.
If k is an arbitrary field (e.g. the real numbers R), we can form finite linear combinations
of monomials with coefficients in k. The resulting objects are the ordinary polynomials. We
denote the set of polynomials in variables z1 , . . . , zn with coefficients in the field k with
k[z1 , . . . , zn ]. Polynomials can be added and multiplied as usual, so the set k[z 1 , . . . , zn ] is a
commutative ring.
Definition 5.4 (Total degree of a monomial). The total degree of a monomial z α , where
z = [z1 , . . . , zn ], is defined as
n

d = |α| =

αi ,
i=1

also commonly referred to as simply the degree of the monomial.

5.1.2. Algebraic Closure
It is well known that there exist polynomial equations with coefficients in the field R of real
numbers, that do not have a solution in R, for instance
z2 + 1 = 0 .
This fact motivates the following definition.
Definition 5.5 (Algebraically closed field). A field k is said to be algebraically closed, if
every polynomial in one variable of degree at least one, with coefficients in k, has a zero
(root) in k.
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According to the definition above, R is not an algebraically closed field. On the contrary,
the field of complex numbers C is algebraically closed, since all non-constant univariate
polynomials with coefficients in the field of complex numbers C do have a solution in C,
as the Fundamental Theorem of Algebra states.
Definition 5.6 (Algebraic closure). The smallest algebraically closed field that contains a
field k is called the algebraic closure of k and is denoted with k.
For example, the algebraic closure of R is C.

5.1.3. Ideals and Varieties
Consider the system of polynomial equations
⎧
⎪
⎨ f1 (z1 , . . . , zn ) = 0
..
F:
.
⎪
⎩
fr (z1 , . . . , zn ) = 0 ,

(5.1)

where fi ∈ k[z1 , . . . , zn ], i = 1, . . . , s. The system of polynomials F above can also be
abbreviated as F = {f1 , . . . , fs }.
Definition 5.7 (Ideal). The ideal I(F) of a system of polynomials F = {f1 , . . . , fs }, where
fi ∈ k[z1 , . . . , kn ], i = 1, . . . , s, is the set of all polynomials that can be formed by multiplying each fi by a polynomial gi and summing them up:
I(F) = {h | h = g1 f1 + · · · + gs fs } ,
where the gi can be any polynomials in the same variables, i.e. gi ∈ k[z1 , . . . , kn ], i =
1, . . . , s.
The ideal I(F) is also denoted with the symbol f 1 , . . . , fs , more specifically
I(F) = f1 , . . . , fs  = { g1 f1 + · · · + gs fs | gi ∈ k[z1 , . . . , zn ], i = 1, . . . , s } .
We call I = f1 , . . . , fs  the ideal generated by f1 , . . . , fs and the set {f1 , . . . , fs } a basis of the
ideal. The basis of an ideal is not unique.
Definition 5.8 (Variety). Let k be an algebraically closed field. The set of all solutions
(a1 , . . . , an ) ∈ kn of a system of polynomials F = {f1 , . . . , fs }, where fi ∈ k[z1 , . . . , zn ], is
called the variety defined by F and is denoted by V(f 1 , . . . , fs ), or V(F), or V(I), where it
is understood that ideal I = I(F).
Moreover, an arbitrary set V ⊂ k n is said to be a variety, if there exist polynomials
fi ∈ k[z1 , . . . , zn ], i = 1, . . . , s, such that V = V(f1 , . . . , fs ). The set of polynomials f i ∈
k[z1 , . . . , zn ] that define the variety V is not unique.
Remark 5.9 (Complex and real solutions). In Definition 5.8, we see that the field k over
which the variety V is defined, is required to be algebraically closed. This is in accordance
with the fact that the Möller-Stetter (eigenvalue) method for solving systems of polynomials – to be presented later in this chapter – computes their complex solutions. In this respect,
instead of making statements in this chapter for any general field k, we could make them
for the field of complex numbers C. The reason, however, that we sometimes choose to
refer to a general field k, is that in Chapter 9 we work with the field of complex rational
functions, which is more general than the field C.
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Let us know see a concrete example, where the concepts introduced thus far are presented.
Example 5.10 (Non-uniqueness of defining equations of ideals and varieties). Consider
following system of polynomials
f1 = z2 − z1 z2
f2 = (z2 − 1)(z1 + 2)

(5.2)

= z1 z2 + 2z2 − z1 − 2 .
The associated ideal according to Definition 5.7 is
I = f1 , f2  = {p1 (z2 − z1 z2 ) + p2 (z1 z2 + 2z2 − z1 − 2) , p1 , p2 ∈ C[z1 , z2 ]} .
We claim that another equivalent representation of the (same) ideal I is given by
I = f˜1 , f˜2  = {q1 (−3z2 + z1 + 2) + q2 (z22 − z2 ) , q1 , q2 ∈ C[z1 , z2 ]} .
In other words, that

I = f1 , f2  = f˜1 , f˜2  ,

where
f˜1 = −3z2 + z1 + 2
f˜2 = z22 − z2 .
To see that not only {f 1 , f2 }, but also {f˜1 , f˜2 } forms a basis for the ideal I, note that the
following (easily verifiable) relations between polynomials fi , i = 1, 2 and f˜i , i = 1, 2 hold
f1 = −z2 f˜1 − 3f˜2
f2 = (z2 − 1)f˜1 + 3f˜2

and

f˜1 = −f1 − f2
f˜2 = z23−1 f1 +

z2
3 f2 .

(5.3)

Based then on relations (5.3), for any polynomial f in f1 , f2  with “coordinates” (p1 , p2 ),
namely for f = p1 f1 + p2 f2 , we can find the “new coordinates” (q 1 , q2 ) in the new basis
{f˜1 , f˜2 } such that f = q1 f˜1 + q2 f˜2 and vice versa. Therefore, the two sets of defining
equations (i.e. bases) {f1 , f2 } and {f˜1 , f˜2 } are equivalent, that is, they both generate the
same ideal I.
Intuitively, set {f˜1 , f˜2 } can also fully characterize the ideal I, because f˜i , i = 1, 2 can be
expressed as linear combinations of fi , i = 1, 2, the coefficients of the linear combinations
being polynomials in C[z1 , z2 ]. We express this fact by saying that f˜i , i = 1, 2 are divisible by
{f1 , f2 } (polynomial division is further explained in the following paragraphs). It is also
polynomial division that can be used for finding relations (5.3).
Furthermore, it can be easily verified that the associated variety V(I) consists of two
points, namely:
V(I) = V(f1 , f2 ) = V(f˜1 , f˜2 ) = { (−2, 0), (1, 1) } ,
equivalently defined by both sets of polynomial equations {f 1 , f2 } and {f˜1 , f˜2 }. Yet another
set of defining equations for the same variety could be, for instance,
z2 = 13 z1 +
(z1 − 1)z2 = 0 .

2
3
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The list is endless. Naturally arises the question then, what set of defining equation, what
basis, is the most appropriate to choose, in order to “better” understand the structure of
an ideal and, ultimately, “more efficiently” calculate its variety, i.e. solve a given system of
polynomial equations (in this example, system (5.2)). The answer to this question is given
by the Gröbner bases. Before presenting them though, we have to introduce some more
concepts.

5.1.4. Monomial Ordering
As already mentioned, by using multi-index notation an ordering on the variables z i is
induced, in that by z (1,2) we understand z1 z22 and not z2 z12 . This ordering of the variables
is formally written as
z1 > z2 > · · · > zn .
The idea can be extended from variables to monomials and motivates the following definition.
Definition 5.11 (Monomial order). A monomial order (or term order) on k[z1 , . . . , zn ] is any
relation > on the set of monomials z α in k[z1 , . . . , zn ] (or equivalently on the exponent
vectors α ∈ Zn≥0 ), i.e. a set of rules for comparing the monomials, satisfying the following
three statements.
1. > is a total ordering relation, i.e. the set of rules always tells us which of any two
monomials is “greater” or if the monomials are “equal”.
2. > is compatible with multiplication in k[x1 , . . . , xn ], i.e. if z α > z β and z γ is any
monomial, then z α z γ = z α+γ > z β z γ , which means that the relative order of two
monomials does not change when they are multiplied by the same monomial.
3. > is a well-ordering. That is, every non-empty collection of monomials has a “smallest” element under >.
The monomial order is not associated to any physical magnitude, it is just a means of
comparing (i.e. “ordering”) monomials according to some given notion of precedence.
For univariate monomials, i.e. polynomials in the ring k[z1 ], it turns out that there exists
only one monomial order, given by
· · · > z1n+1 > z1n > · · · > z12 > z1 > 1.
For multivariate monomials, however, there is more than one choice of monomial orders.
Two important orders used in practice are given below.
Definition 5.12 (Lexicographic order). Let z α and z β be monomials in k[z1 , . . . , zn ]. We say
z α >lex z β if in the difference α − β ∈ Zn , the left-most nonzero entry is positive.
Example 5.13 (Lexicographic order). Consider monomials z1 z2 and z23 . It holds that
z1 z2 >lex z23 ,
because the difference of the exponent vectors (also called supports) has a positive leftmost
entry (underlined below):
(1, 1) − (0, 3) = (1, −2) .
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Also, given that z1 > z2 , it holds that
z12 >lex z1 z2 >lex z1 >lex z22 >lex z2 >lex 1 .

Definition 5.14 (Graded reverse lexicographic order). Let z α and z β be monomials in
n
n
n
k[z1 , . . . , zn ]. We say that z α >grevlex z β if ni=1 αi >
i=1 βi or if
i=1 αi =
i=1 βi ,
and in the difference α − β ∈ Zn , the right-most nonzero entry is negative.
Example 5.15 (Graded reverse lexicographic order). For the same monomials z1 z2 and z23 ,
it holds that
z1 z2 <grevlex z23 ,
because
|(1, 1)| = 1 + 1 = 2 < 3 = |(0, 3)| .
Also, given that z1 > z2 , it holds that
z12 >grevlex z1 z2 >grevlex z22 >grevlex z1 >grevlex z2 >grevlex 1 .

The notion of the leading term (term of highest degree) for a polynomial of one variable
generalizes to many variables as follows.
Definition 5.16 (Leading term). The leading term of a polynomial f = α cα z α with respect to a given monomial order, is the product (term) c α z α , where z α is the greatest monomial in the order. We denote the leading term of polynomial f with LT(f ). The coefficient
of the leading term is called leading coefficient. The leading term and leading coefficient are
sometimes also referred to as the initial term and initial coefficient, respectively.
Definition 5.17 (Initial ideal). For an ideal I ∈ k[z1 , . . . , zn ] we can define its initial ideal
(with respect to a given monomial order) as
in(I) = LT(f ) , f ∈ I ,
namely the ideal generated by the initial terms LT(f ) of all polynomials f in the ideal I.

5.1.5. Division of Polynomials
We say that a (nonzero) polynomial f ∈ k[z1 , . . . , zn ] is divisible by a polynomial g ∈
k[z1 , . . . , zn ], if there exists another polynomial h ∈ k[z1 , . . . , zn ] such that f = hg. We call
h the quotient of the division of f over g. If such an h exists, it is unique.
Similarly, we say that f is divisible with a set of polynomials {f1 , . . . , fs }, if there exist
polynomials hi , such that f = h1 f1 + · · · + hs fs . This time, however, hi need not be unique.
In the univariate case, the Euclidean algorithm is used to divide two polynomials. Dividing two univariate polynomials f (z1 ) and g(z1 ) means finding two other polynomials
h(z1 ) and r(z1 ), such that f = hg + r and either r = 0 or r = 0 and it is not divisible by g.
We call this r the remainder of the division of f over g. The Euclidean algorithm makes use
of the unique monomial order of the univariate case to divide two univariate polynomials.
To establish a division algorithm in the multivariate case, we have to select first a monomial order according to which the division algorithm is to proceed. Then, following statement holds.

5.2 Gröbner Bases

41

Proposition 5.18 (Division of polynomials). Fix any monomial order > in k[z1 , . . . , zn ] and
let F = {f1 , . . . , fs } be a an ordered s-tuple of polynomials in k[z1 , . . . , zn ]. Then every f ∈
k[z1 , . . . , zn ] can be written as
f = h1 f1 + · · · + hs fs + r ,
where hi , r ∈ k[z1 , . . . , zn ] and either r = 0 or r is a linear combination of monomials, none of
which is divisible by any of the leading terms LT(f1 ), . . . , LT(fs ). We call r a remainder of f on
division by F.
We express the fact that the remainder r is not divisible by any of the leading terms
LT(fi ), by simply saying that r is not divisible by the polynomials in F.
F
The remainder r is also denoted by r = f , to indicate that it is the result of dividing
polynomial f with the set of polynomials F.
It is important to note that in Proposition 5.18, we require that the set F = {f 1 , . . . , fs }
is ordered. The reason is that the result of the division algorithm, i.e. polynomials h i and
F
the remainder f depend on this order. This is because, the division algorithm proceeds
step-by-step and divides f with one divisor polynomial f i after another, producing the
sequence
f = h1 f1 + r1
f = h1 f1 + h2 f2 + r2
..
.
f

= h1 f1 + · · · + hs fs + r .

The sequence of hi and ri produced, and eventually the remainder r, depend on the order of {f1 , . . . , fs } in the division procedure. Therefore, it is important to fix the order
of fi within F. For the algorithmic details of polynomial division, the reader is referred
to [CLO92].
Example 5.19 (Non-uniqueness of remainder). To illustrate the point just made, consider
the division of f = z12 z2 + z1 z22 + z22 with f1 = z22 − 1 and f2 = z1 z2 − 1. Upon division with
the (in the common sense) ordered pair {f 1 , f2 }, we obtain
f = (z1 + 1)f1 + z1 f2 + (2z1 + 1) ,
whereas upon division with the ordered pair {f 2 , f1 }, we get
f = (z1 + z2 )f2 + 1 · f1 + (z1 + z2 + 1) .
We note that the remainder of the division is different in the two cases, because it depends
on the order with which the division is performed. However, if set F has a certain special
structure, that of the Gröbner bases to be presented in the next section, then the order of
F
division ceases to play a role and the remainder f (as well as the quotients hi , i = 1, . . . , s
in Proposition 5.18) are unique.

5.2. Gröbner Bases
As stated before, the basis of an ideal I is not uniquely defined. Among all possible bases
for an ideal I, there exists a special type of bases, called Gröbner bases, which plays an
important role in solving systems of polynomial equations.
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Definition 5.20 (Gröbner basis). A Gröbner basis of an ideal I(F), or equivalently of a system of polynomial equations F, is a finite subset G = {γ 1 , . . . , γt } of the polynomials in I
with the following properties.
1. G generates the ideal I, i.e. I = γ 1 , . . . , γt .
2. All leading terms LT(gi ) of G generate the initial ideal in(I) of I, i.e
in(I) = LT (γ1 ), . . . , LT (γt ) .
Moreover, it can be proven that these two properties are equivalent to the requirement that
for every nonzero polynomial f ∈ I, its leading term LT(f ) is divisible by some leading
term LT(gi ) of G.
Given a set of polynomials F, there exist several sophisticated computational procedures for computing a corresponding Gröbner basis. The first of them was proposed by
Buchberger in 1965 and is known as “Buchberger’s Algorithm” [Buc65]. In the heart of
Buchberger’s algorithm lies the construction of certain linear combinations of pairs of the
polynomials in F, called S-polynomials (from the word subtraction), so that certain leading terms vanish. A good textbook on Gröbner bases, where these (non-trivial) algorithmic
details can be found is [AL94].
The Gröbner basis for an ideal I is not unique, nor does it have any minimality requirement that the word “basis” intuitively invokes. Among all possible Gröbner bases of an
ideal, there is one, called the reduced Gröbner basis, which is unique and has the property
that it “minimally” generates the corresponding ideal.
Definition 5.21 (Reduced Gröbner basis). The reduced Gröbner basis of an ideal I (with respect to a particular term order) is a Gröbner basis G = {γ1 , . . . , γt } that satisfies the following conditions.
1. The leading coefficients of all elements γi are equal to one.
2. No trailing (i.e. non-leading) term of any element γi lies in the initial ideal in(I).
From now on, if we talk about “the” Gröbner basis of an ideal, it is understood that we
talk about its unique reduced Gröbner basis, unless explicitly stated otherwise.
Definition 5.22 (Standard monomials of an ideal). For an ideal I ⊆ k[z1 , . . . , zn ], the monomials in the same variables z1 , . . . , zn that are not contained in the initial ideal in(I) are
called the standard (or basic) monomials of ideal I. Their set, denoted with B is called the
standard (or normal) basis of the ideal I (note, however, that B is not a “basis” of I in the
sense of generating it).
Definitions 5.20 and 5.22 give rise to the following proposition.
Proposition 5.23 (Standard monomials of a Gröbner basis). A monomial is standard with
respect to an ideal I generated by a Gröbner basis G = {γ1 , . . . , γt }, if it is not divisible by the
leading monomial of any polynomial γi in G.
The following example should serve to establish a better understanding of the concepts
presented so far in this section.
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Example 5.24 (Gröbner bases, initial ideals and standard monomials). Consider the following system of polynomials
f1 = −z1 z2 + z2
f2 = z1 z2 + 2z2 − z1 − 2 ,
where we underlined their leading terms with respect to the graded reverse lexicographic
term order. Equations F = {f 1 , f2 } define the ideal I = f1 , f2 .
First, we would like check if F is a Gröbner basis. According to Definition 5.20, for F
to be a Gröbner basis, the leading term of any polynomial f ∈ I should be divisible by
at least one leading term LT(f i ). The systematic algorithmic procedure of checking this,
directly relates to the Buchberger algorithm and lies outside the scope of this chapter. For
this example, however, it suffices to see that for polynomial f ∈ I, where
f = f1 + f2 = −z1 + 3z2 − 2 ,
its leading term, i.e. −z1 , is not divisible by either LT(f1 ) = −z1 z2 or LT(f2 ) = z1 z2 .
Hence, F is not a Gröbner basis. A Gröbner basis for ideal I can be, for instance, G =
{z1 − 3z2 + 2, −z1 z2 + z2 , z22 − z2 }. The reduced Gröbner basis for I can be found (using
Buchberger’s algorithm) to be Gred = {z1 − 3z2 + 2, z22 − z2 }.
Once a Gröbner basis G has been computed, the standard monomials of the ideal I can
be extracted by inspecting the leading terms of G. In this example, inspecting G, they are
the monomials that are not divisible by either z1 or z22 or z1 z2 , that is, they are B = {1, z2 }.
Note this important point, i.e. that the standard monomials of an ideal I can be found by
computing the Gröbner basis of I.

5.2.1. The Idea Behind Gröbner Bases
The basic idea behind Gröbner bases, is that the information about a system of polynomial
equations F (and its corresponding ideal I(F)) can be easier understood by inspecting the
Gröbner basis G of I (instead, for instance, the given defining equations F).
Furthermore, Buchberger’s algorithm for constructing the Gröbner basis of a given ideal
I can also be viewed as a generalization of the Euclidean algorithm for computing the
greatest common divisor (GCD) of univariate polynomials and of the Gaussian elimination
algorithm for the solution of linear systems of equations.
Consider, for example, the following univariate polynomials in the variable z1
f1 = z14 + 12z13 + 49z12 − 66z1 + 4
f2 = z15 − 5z14 + 5z13 + 5z12 − 6z1 .
Their Gröbner basis is G = {z1 − 1}, exactly the same as their greatest common divisor.
Moreover, consider the following system of linear equations
f1 = 5z1 +8z2 +3z3 −6 = 0
f2 =

z1 −7z2 +4z3 +1 = 0 .

(5.4)

By performing Gaussian elimination, we arrive at the equivalent triangular system in reduced echelon form
34
+ 53
z1
43 z4 − 43 = 0
z2

11
− 17
43 z4 − 43

= 0.
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Computing the Gröbner basis of the linear system of equations (5.4) yields
G = {43z1 + 53z3 − 34, 43z2 − 17z3 − 11} ,
which contains exactly the same information as the linear system in reduced echelon form,
which was computed with the Gauss elimination procedure.

5.2.2. The Quotient Ring
Remember that the standard monomials of an ideal I are all those monomials which cannot
be divided by the leading term of any polynomial in I.
According to Proposition 5.18, by dividing any polynomial f ∈ k[z1 , . . . , zn ] with the
Gröbner basis G = {γ1 , . . . γt } of an ideal I, we can uniquely write it in the form
t

G

hi γi + f , hi ∈ k[z1 , . . . , zn ] .

f=

(5.5)

i=1
G

It also holds that the remainder f upon division of the polynomial f with the Gröbner
basis G is unique and contains only monomials that are not divisible by any leading term
of polynomials γi , i = 1, . . . , t, i.e. it can contain only standard monomials – see Proposition 5.23.
G
The collection of all such polynomials that, like the remainder f , contain only standard
monomials, form the so-called quotient ring k[z1 , . . . , zn ]/I of the ideal I. The quotient ring
can thus be thought of as the set of all polynomials that do not belong to the ideal I, but
G
belong to the underlying ring of polynomials k[z 1 , . . . , kn ]. Naturally, the remainder f
also belongs to the quotient ring k[z 1 , . . . , zn ]/I.
It can be proven that any polynomial in k[z1 , . . . , zn ]/I can be written as a linear combination of the standard monomials of I, i.e. the collection of standard monomials B forms a
basis for the quotient ring.
Example 5.25 (Remainder of division and standard monomials). Consider the Gröbner
basis G = {z1 − 3z2 + 2, z22 − z2 }. The standard monomials are B = {1, z2 }. Consider also an
arbitrary polynomial f = z1 z22 + z12 − 4z1 z2 + z1 + 4z2 + 5. Upon division with the Gröbner
basis, we obtain the following representation
f = (z1 − 1)γ1 + (z1 )γ2 + (z2 + 7) ,
where γ1 = z1 − 3z2 + 2 and γ2 = z22 − z2 are the elements of the Gröbner basis. We see that
G
indeed, the remainder f = z2 + 7 is a linear combination of the standard monomials, i.e.


G
f = z2 + 7 = [7 1] · z12 .

5.3. Solving Polynomial Systems
We are now ready to present the Möller-Stetter method. Namely, we sketch how we can
use the Gröbner basis G of a system of polynomial equations F = {f 1 , . . . , fs } as in (5.1), in
order to derive an eigenvalue problem to solve the system F = 0 – for details, see [MS95].
We focus on square systems of polynomial equations, i.e. on systems which have the
same number n of variables and equations. If the coefficients of the polynomials are generic
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(i.e. random), then the system has (with probability one) a finite number of solutions. We
assume that this is the case. This is a valid assumption and is motivated by the fact that
usually the problems that arise in our applications in subsequent chapters produce systems
of polynomials with generic coefficients. We then say that the ideal I generated by such a
system of equations and its corresponding variety are zero-dimensional. In this section, we
specialize our discussion to polynomials in C[z1 , . . . , zn ].
Proposition 5.26 (Number of solutions of square polynomial systems [MS95]). A square
polynomial system F with generic complex coefficients, has a finite number of solutions which is
(counting multiplicities) equal to the number  of standard monomials of the ideal I(F).
Consider now a square system of polynomial equations F = {f 1 , . . . , fn }. Denote the
standard monomials of I(F) with bi , i = 1, . . . , , so that B = {b1 , . . . , b } and denote with
b the vector containing them, i.e. b = [b1 , . . . , b ]T (the standard monomials of an ideal
I(F) can be found by computing the Gröbner basis of the ideal). Also, keep in mind that z
denotes the vector of variables zi , that is z = [z1 , . . . , zn ]T .
Consider now an arbitrary polynomial λ(z) ∈ C[z] and form the products p i (z) of λ(z)
with the basic monomials bi as follows
p1 (z) = λ(z)b1 (z)
..
.

(5.6)

p (z) = λ(z)b (z) .
Now, we divide every p i with the Gröbner basis G = {γ1 , . . . , γt } of I(F) to obtain the
representation
t

G

pi (z) =

hij (z)γj (z) + pi (z) , i = 1, . . . ,  .

(5.7)

j=1
t
The quotient qi (z) =
j=1 hij (z)γj (z) belongs to the ideal I(F) (since G generates the
ideal), so it can also be expressed with respect to the set of polynomials F = {f 1 , . . . , fn }
as
t

qi (z) =

n

hij (z)γj (z) =
j=1

hij (z)fj (z), i = 1, . . . ,  .

(5.8)

j=1

From equation (5.8), we see that for all solution points z ∗ of system F, it holds q i (z ∗ ) = 0.
Therefore, from equation (5.7), we derive that
pi (z ∗ ) = pi G (z ∗ ) ,

(5.9)

where z ∗ ∈ C is a solution to system F, i.e. z ∗ ∈ V(F).
Moreover, we know that every remainder p i G (z) can be written as a linear combination
T
ai b(z) of the standard monomials, which means that equation (5.9) can be rewritten as
pi (z ∗ ) = pi G (z ∗ ) = aTi b(z ∗ ) = [ai1 , . . . , ai ] · [b1 (z ∗ ), . . . , b (z ∗ )]T i = 1, . . . ,  ,

(5.10)

where ai ∈ C . Consequently, from equations (5.10) and (5.6) we obtain
aT1 b(z ∗ ) = λ(z ∗ )b1 (z ∗ )
..
.

aT b(z ∗ )

=

λ(z ∗ )b (z ∗ ) .

(5.11)
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Equation (5.11) can in turn be written in a more compact matrix format as
⎤
⎡
⎡ T ⎤
b1 (z ∗ )
a1
⎥
⎢ .. ⎥ ∗
..
∗ ⎢
∗
∗
⎦ = λ(z )b(z ) ,
⎣ . ⎦ b(z ) = λ(z ) ⎣
.
aT
or

b (z ∗ )

Mλ w = λ∗ w ,

(5.12)

where Mλ = [aij ] ∈ C× , w = b(z ∗ ) ∈ C and λ∗ = λ(z ∗ ) ∈ C.
Matrix Mλ contains numbers that, given the system of equations F, depend on the choice
of the polynomial λ(z). It is called the (generalized) companion matrix Mλ of the polynomial function λ(z) and its indexing by the symbol λ reflects this dependence. Standard
monomial vector w = b(z ∗ ) contains also numbers that are the evaluations of the standard
monomials on the (any) solution point z ∗ of system F, i.e. on the variety V(F). Finally,
λ∗ = λ(z ∗ ) is the evaluation of the polynomial function λ(z) : Cn → C on the points z ∗ of
variety V(F).
Since equation (5.12) holds on each one of the points z ∗ of the variety V, we see that the
eigenvalues λ∗ of the companion matrix Mλ give us exactly the value of the function λ(z)
on variety V. This observation can actually be formalized in the following theorem.
Theorem 5.27 (Evaluating a polynomial function on a variety ([CLO98], p. 54)). Consider
a zero-dimensional ideal I ⊂ C[z1 , . . . , zn ], a polynomial function λ ∈ C[z1 , . . . , zn ] and its companion matrix Mλ with respect to the ideal I. Then, for any λ∗ ∈ C, λ∗ is an eigenvalue of the
matrix Mλ if and only if it is a value of the function λ on the variety V(I).
Consequently, to obtain the coordinates of the solution set of system F, we simply evaluate the functions
λ1 : z −→ z1
..
.
λn : z −→ zn
on the variety V(F). This can be done by computing the eigenvalues of companion matrices Mλi (denoted for simplicity with Mi ), by solving the eigenproblems (5.12) for λ(z) =
λi (z) = zi , i = 1, . . . , n; that is, by finding the values zi∗ of variables zi satisfying
Mi w = zi∗ w .

(5.13)

However, there is still a missing piece of information we need in order to compute the
solution to F. Each eigenvalue problem (5.13) gives us many values for each zi -coordinate
of the solution points z ∗ . It does not give us, however, a means of matching them with each
other, in order to obtain the full coordinate set [z 1∗ , . . . , zn∗ ]T of a point z ∗ in V(F).
Luckily, this matching information is provided to us by the fact that all matrices Mi
commute pairwise, i.e. there exists a matrix W = [w 1 , . . . , w ] ∈ C× that simultaneously
diagonalizes them [Ste96]. Vectors wi ∈ C , i = 1, . . . ,  are called the joint eigenvectors
of the matrices Mi . It also follows, that these joint eigenvectors w i , i = 1, . . . , , satisfy
equation (5.13) for all matrices Mi .
Because W simultaneously diagonalizes companion matrices Mi , i = 1, . . . , n, we can
write
M1 = W Λ1 W −1
..
.
Mn = W Λn W −1 ,
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or
Λ1

= W −1 M1 W
..
.

Λn = W −1 Mn W ,
where matrix Λi contains the eigenvalues of Mi and
∗,(1)

Λi = diag[zi

∗,()

, . . . , zi

] , i = 1, . . . , n .

In the equation above, index i runs over the different coordinates (variables) z 1 , . . . , zn , and
index (j), j = 1, . . . , , runs over the (solution) points z ∗ of the variety V(F).
Then, the solution points z ∗ of the system of polynomial equations F that we want to
solve are
 ∗,(1) ∗,(1)
∗,(1) 
z1 , z2 , . . . , zn
..
.
 ∗,() ∗,()
∗,() 
,
z1 , z2 , . . . , zn
and their coordinates are the joint eigenvalues of matrices Mi , i = 1, . . . , n (i.e. the eigenvalues that correspond to joint eigenvectors). To each eigenvector w i , i = 1, . . . ,  corresponds
a different (solution) point z ∗ of variety V(F). The following theorem formalizes this fact.
Theorem 5.28 (Solutions as eigenvalues ([Stu02], p. 22)). The complex zeros of the ideal I(F)
are the vectors of joint eigenvalues of the companion matrices M1 , . . . , Mn , that is


V(I) = (z1∗ , . . . , zn∗ ) ∈ Cn | ∃ w ∈ Cn s.t. ∀ i = 1, . . . , n : Mi w = zi∗ w .

Remark 5.29 (Computing matrix W ). The matrix W of joint eigenvectors of the companion
matrices Mi could in principle be computed by computing the eigenvectors of any of the
matrices Mi . This, however, would not always work [Ste96]. We can avoid this difficulty,
by constructing a random matrix
Mrand = c1 M1 + · · · + cn Mn
for random values ci ∈ R and computing its eigenvectors. Then, with probability one,
the eigenvectors of M rand are joint eigenvectors of all matrices Mi , i.e. the corresponding
matrix of the eigenvectors of Mrand simultaneously diagonalizes all Mi , i = 1, . . . , n.
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Homotopy Continuation
In this chapter, we present the homotopy continuation method for systems of polynomial
equations. Homotopy continuation is a numerical technique that can be used for computing all complex solutions of a system of polynomial equations. Most of the material in this
chapter has been adapted from the very good textbook [SW05], where the reader can refer
to for further details and extensions.

6.1. Generally
Consider a square system of polynomials f : C r → Cr with r equations fi (z), i = 1, . . . , r
in r variables zi ∈ C, i = 1, . . . , r
⎧
⎪
⎨ f1 (z1 , . . . , zr ) = 0
..
(6.1)
f (z) =
.
⎪
⎩
fr (z1 , . . . , zr ) = 0 ,
where z = [z1 , . . . , zr ]T ∈ Cr and fi (z1 , . . . , zr ) ∈ C[z1 , . . . , zr ]. Note particularly, that f (z) is
not a scalar polynomial function, but represents the whole polynomial system {f 1 , . . . , fr }.
In this chapter, we consider square polynomial systems f (z) whose solution set consists of
isolated points i.e. the corresponding variety V is zero-dimensional.
Homotopy continuation computes the solutions of a given polynomial system f (z),
starting from the known solutions of some other polynomial system g(z) : C r → Cr . Naturally, the system f (z) whose solutions we want to compute is called the target system and
system g(z), whose solutions we know in advance, is called the start system.
More specifically, homotopy continuation constructs a family of square polynomial systems H(z, t) : Cr × R → Cr with
H(z, t) = (1 − t) · f (z) + γ · t · g(z) ,

(6.2)

where z ∈ Cr is the unknown variable, t ∈ [0, 1] is a scalar called the continuation parameter
and γ ∈ C is a non-zero random complex number that ensures certain numerical properties, as explained in subsequent paragraphs. Function H(z, t) is called the “homotopy
function”.
The idea behind homotopy continuation is that in order to solve system f (z), we solve
instead the family of problems H(z, t) = 0, for all t ∈ [0, 1]. To see why this works, note
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that for t = 1, H(z, 1) = γtg(z), hence the solutions of H(z, 1) = 0 are the known solutions
of start system g(z). As t goes from 1 to 0 (decreasing), the homotopy function H(z, t)
is deformed to finally take the form of H(z, 0) = f (z), hence the solutions of problem
H(z, 0) = 0 are exactly the solutions of target system f (z), i.e. the solutions we aim at
computing.
Therefore, by solving the homotopy equation H(z, t) = 0 for all values of t ∈ [0, 1],
t : 1 → 0, we start from the known solutions of start system g(z) to arrive at the solutions
of f (z), solving thus the target system. This process is called “tracing” or “tracking” the
solutions of g(z) to the solutions of f (z).
Let z(t) ∈ Cr be any of the solutions of homotopy equation H(z, t) = 0, where the
argument t in z(t) denotes the dependence of the solution z(t) on the value of t. In this
respect, equation H(z, t) = 0 is also written as H(z(t), t) = 0. As t goes from one to zero,
the solutions z(t) follow a path in the complex space C r . These solution paths are “followed”
(i.e. found) by solving a nonlinear differential equation. The next section explains how this
is done.

6.2. Path Following
In order to find the solution paths {z(t) ∈ C r | H(z(t), t) = 0, t ∈ [0, 1]}, we first take the
absolute derivative of the homotopy equation H(z(t), t) = 0 with respect to parameter t,
and we obtain the so-called Davidenko differential equation [Dav53]
J (z(t), t) ·

dz(t) ∂H(z(t), t)
+
= 0 , t ∈ (0, 1] ,
dt
∂t

(6.3)

 i (z,t) 
∈ Cr×r is the Jacobian matrix of H(z, t) with respect to z ∈ Cr
where J (z(t), t) = ∂H∂z
j


dzi (t)
and dz(t)
∈ Cr is the absolute derivative of H(z, t) with respect to t. Equation
dt =
dt
(6.3) can be rewritten in the form
ż(t) = −J −1 (z(t), t)

∂H(z(t), t)
, t ∈ (0, 1] ,
∂t

(6.4)

where ż(t) = dz(t)
dt . To solve nonlinear differential equation (6.4) so as to obtain the solution
paths z(t), t ∈ [0, 1] of the homotopy equation H(z(t), t) = 0, we can use numerical integration techniques, such as the Euler-Newton predictor-corrector scheme [AG03] presented in
the next paragraph.

6.2.1. The Euler-Newton Scheme
The Euler-Newton prediction-correction scheme comprises the so called tracking algorithm for solving homotopy equation H(z(t), t) = 0 by means of integrating the nonlinear
differential equation (6.4). It is an iterative algorithm that starts from the known solutions z(t = 1) of the start system g(z) and successively computes the solutions z(t) of
H(z(t), t) = 0 for ever decreasing values of t, until the solutions z(t = 0) of target system
f (z) have been reached.
At every iteration step, the method starts from the known solution z(t 0 ) at the current
value t0 of t and it Euler-predicts the value z(t1 ) of the solution z(t) at t1 = t0 −Δt, stepping
ahead along the tangent
(6.5)
z(t1 ) = z(t0 ) + ż(t0 )Δt ,
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where the value of ż(t0 ) is readily given by equation (6.4). This way, we obtain an approximation of the solution z(t) at t = t1 .
Subsequently, and within the same iteration step, an internal loop with a sequence of
correction steps is commenced, in order to refine the initial approximation z(t 1 ) of the solution z(t) at t = t1 . The correction is done by applying Newton’s method for the solution
of nonlinear equation H(z, t1 ) = 0, t1 being kept constant, that is


zk+1 (t1 ) = zk (t1 ) − J (zk (t1 ), t1 )−1 H zk (t1 ), t1 ,

(6.6)

where the initial guess z0 (t1 ) is the value z(t1 ) computed at the Euler step (6.5). After
enough iterations of the Newton step (6.6), we obtain the corrected value of the solution
z(t) at point t1 = t0 − Δt.
The combined procedure of (6.5) and (6.6) is one step of the tracking algorithm. This step
is repeated and in this way, the known solutions of start system H(z, 1) = g(z) are tracked
to the sought after solutions of system H(z, 0) = f (z).
The solution paths computed this way, are exactly the trajectories z (i) (t), i = 1, . . . , N ,
where N is the number of solutions of the start system g(z) of homotopy (6.2). The situation is depicted graphically in Figure 6.1.
Cr
z (N ) (t = 1)

..
.
z (3) (t = 1)

z (2) (t = 1)

z (1) (t = 1)

t
t=0

t=1

Figure 6.1.: Solutions paths: The “x”s represent the solutions of the start system g(z) and
the black dots those of the target system f (z). As the solution paths are traced
from the solutions of start system g(z) to those of target system f (z), some
solution paths escape to infinity, while others might land on the same solution
of the target system. With probability one, paths do not cross each other.
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6.2.2. Numerical Issues
The tracking algorithm proceeds without a problem so long as the Jacobian matrix J (z(t), t)
is nonsingular. If it is singular, then equations (6.5) and (6.6) are not well-defined (in praxis
they are highly ill-conditioned). Here comes the role of the random complex number γ in
homotopy equation (6.2) into play. Its purpose is to randomize the entries in the Jacobian
matrix at t = 1 so that the latter is, with probability one, non-singular over all solutions of
the start system g(z). It can be also proven, that for homotopies (6.2), if the solutions of the
start system g(z) are non-singular, i.e. if J (z(t), t) is non-singular over the solutions of g(z)
for t = 1, then it will remain so (with probability one) for all values t ∈ (0, 1]. Therefore,
we can trace the solution paths from t = 1 until (but not including) t = 0 without problem.
At t = 0, i.e. at the endpoint corresponding to the target system, singularities may occur –
no regularity guarantee exists for the endpoints of the solution paths.
However, all is not lost if a solution path leads to a singular endpoint. Such singularities are commonplace, and several sophisticated techniques known as endgames have been
developed to handle such situations. The basic idea behind endgames is that the predictorcorrector method presented in the previous paragraph is used to track the solution paths
up to a point t = tf close to t = 0, but with tf > 0. Then, correction steps are no longer
used (due to the ill-conditioning of the Jacobian close to the singularity at the end-point)
but more sophisticated prediction techniques are used (such as higher order predictors) to
predict the value of the solution path at t = 0, using the gathered values of several data
points on the solution path close to t = 0. Chapter 10 of book [SW05] is a good reference
for more information regarding endgames.
Since continuation is a numerical method, the robustness of continuation in the presence
of ill-conditioning could be a concern. In other words, we would like to know what happens if the Jacobian matrix becomes near-singular for some point t on the solution path.
Luckily, this situation can also be successfully dealt with by adaptively increasing the precision used by the tracking algorithm. The method of [BHSWar] provides instructions for
monitoring the condition number of J (z(t), t) – which is a measure of how close J (z(t), t)
is to the nearest singular matrix – during path tracking and increasing the precision as necessary. As a result, we need not worry about the presence of singularities on the proximity
of the solution path.

6.3. Start Systems
In our discussion so far, we have assumed that we know the start system g(z) and its
solutions. In praxis, however, such a system is rarely given and if so, its solutions are not
known. Usually, we have to construct the start system and also solve it. There are two
questions that arise here.
1. Can all square polynomial systems in the same variables as the target system be used
as start systems to construct homotopy H(z(t), t))?
2. Can we ensure that we are able to find the solutions of a suitable start system, if these
are not known in advance?
The answer to the first question is negative and the reason is that the start system g(z)
should have at least as many solutions (counting multiplicities) as the target system. This
way, there are enough solution paths to be traced in order to arrive at the solutions of the
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target system, ensuring that none of the latter will be “missed”. To clarify this point, take
a look at the following example.
Example 6.1 (Bad choice of start system). Assume that the target system is
f (z) =

z12 + z1 + 1
z22 − 3z2 + 2 ,

and we choose as start system the following
g(z) =

z2 − 1
z1 − 7 .

√
√
3j,
1),
(−0.5−0.5
3j, 1), (−0.5+
The√target system has four solutions,
namely
(−0.5+0.5
√
0.5 3j, 2) and (−0.5 − 0.5 3j, 2). However, start system g(z) has only one solution,
namely (7, 1), which upon tracing using homotopy continuation from g(z) to f (z), will
yield only one of the four solutions of start system f (z) – the other three will be missed.
Therefore, g(z) is not a suitable start system.

6.3.1. Number of Solutions
In order for the start system to have at least as many solutions as the target system, both
g(z) and f (z) must share a common structure. This is achieved, if there exists a family of
polynomial systems Fσ , parametrized in some parameter σ ∈ Cnσ , of which f (z) and g(z)
are both members and moreover, g(z) is a generic member of this family. The following
theorem formalizes this idea.
Theorem 6.2 (Basic parameter continuation ([SW05], p. 92)). Let Fσ (z) be a system of polynomials in r variables and nσ parameters,
Fσ (z) : Cr × Cnσ → Cr ,
that is, Fσ (z) = {f1 (z; σ), f2 (z; σ), . . . , fr (z; σ)}, and each fi (z; σ) is polynomial in both z and
σ. Furthermore, let Nσ denote the number of non-singular solutions of Fσ (z) as a function of the
parameter σ:
!



 ∂Fσ
(z; σ) = 0 .
Nσ = # z ∈ Cr ! Fσ (z) = 0, det
∂z
n
σ
Then, Nσ is finite and it is the same for almost all σ ∈ C .
In saying that Nσ is the same for almost all σ ∈ Cnσ , it is understood that for a generic, i.e.
random, choice of the parameter σ, the number of solutions of F σ (z) is (with probability
one) always the same. In other words, that all generic members of the parametrized family
of systems Fσ have the same (maximum) number of solutions. There are, however, some
non-generic choices of the parameter σ that will lead to non-generic systems, whose number of solutions will be less than Nσ . Nevertheless, by choosing parameter σ randomly,
we have a probability-one guarantee of obtaining a generic system of family Fσ , whose
number of solutions will be equal to Nσ . Number Nσ is a characteristic of the family and it
intrinsically depends on its structure.
Consequently, all we have to do in order to find a start system g(z) with at least as
many solutions as target system f (z), is to regard f (z) as a particular member of some
parametrized family Fσ and choose a generic member of this family to be the start system
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g(z). As a generic member, g(z) will have Nσ solutions. If f (z) is also a generic member
of Fσ , then it will also have the same number Nσ of solutions. If it is non-generic, it will
have fewer. But in both cases, g(z) will have enough solutions to start from, so that the
path tracking does not miss any solution of f (z) at the endpoints of the homotopy solution
paths.
It is usually the case though, that the target system f (z) is non-generic with respect
to the family Fσ , since it arises from applications and its structure is very specific. As a
consequence, its number of solutions will be less than or equal the number of solutions of
the (generic) start system g(z). In that case, the extra paths that start out from the solutions
of g(z) and do not have as an endpoint some solution of f (z), will either drift off to infinity
(these paths are called “extraneous”), or land at the same root of f (z) – see Figure 6.1.
Summarizing, the conclusion is that if we can find all solutions to system g(z) = H(z, 1),
we can construct a homotopy to trace the solution paths to find all solutions to target system H(z, 0) = f (z).
However, the second question at the beginning of this section, namely how we can solve
the chosen start system g(z), remains still unanswered and is closely related to making an
appropriate choice of the family Fσ . That is, we have to embed target system f (z) in a
suitable family Fσ , in which there exists a generic system we can solve. Fortunately, such
families exist and some important ones are presented in the following.

6.4. Homotopy Classes
If target system f (z) is given with parameters occurring naturally in the particular application, meaning that f (z) is part of a naturally parameterized family Fσnat , then we can
use the structure of family Fσnat to construct the homotopy. We say then that we have a
coefficient parameter homotopy, an example of which follows.
Example 6.3 (Coefficient parameter homotopy). Suppose the target system f (z), arising in
some application, is the following
f (z) =

σ1 z13 z2 + z22 − σ2 z1 z2 + 5
z1 z22 − σ1 σ2 ,

for σ = [σ1 σ2 ]T = [−3 2.5]T . Note that the parameter space (degree of freedom for
choosing g(z)) for the naturally parametrized family Fσnat is the space of parameter σ =
[σ1 σ2 ]T ∈ C2 . In this respect, a generic member of family Fσnat can be, for instance
g(z) =

(0.5 + 7.3j)z13 z2 + z22 − (101 − 32.1j)z1 z2 + 5
z1 z22 − (0.5 + 7.3j)(101 − 32.1j) .

Start system g(z) above has, according to Theorem 6.2, at least as many solutions as target
system f (z). Hence, if we construct the homotopy H(z(t), t) from g(z) to f (z), we can find,
with probability one, all the solutions of f (z). However, the problem we have is that we
do not know the solutions of g(z), nor is it easier to compute them than solving the target
system f (z) itself.
In the example above, we see that even in the case where polynomial systems are specified with natural parameters, so that we can exploit their intrinsic structure in building a
coefficient parameter homotopy, a generic start system g(z) whose solutions are known is
not necessarily available in the naturally parametrized family Fσnat .
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To circumvent this problem, we could embed (the naturally parametrized) target system
f (z) into a more general family of polynomial systems Fσtot , constructing therefore a total
degree homotopy. In a total degree homotopy associated with a target system f (z) : C r →
Cr , the parameter space is the space of all monomial coefficients of a square system in r
variables, whose equations have the same degrees as those of f (z).
Example 6.4 (Total degree homotopy). Consider the same target system f (z) as in Example 6.3
−3z13 z2 + z22 − 2.5z1 z2 + 5
f (z) =
z1 z22 + 7.5 .
Note that in f (z) above, the first equation is of fourth degree and the second one of third.
The family Fσtot has then the form

i j
tot
i+j≤4 σij z1 z2
Fσ (z) :
i j
i+j≤3 σij z1 z2 .
We see that Fσtot shares the same degree structure with target system f (z). The space of
the parameter σ (σ is now the vector that contains all the σ ij ) is the space of all monomial coefficients σij of a system in r = 2 variables, whose equations have degrees equal
to the degrees of the target system, in this example four and three. We see that the degree
of freedom (the σij ) in choosing a suitable start system (suitable means generic and with
known/easily computable solutions) in this more general family of systems, is considerably greater than in the case of coefficient parameter homotopy of Example 6.3, where we
had only two scalar parameters. Among all systems in F σtot , the one we choose as the start
system g(z) for the total degree homotopy is
g(z) =

z14 − 1
z23 − 1 .

(6.7)

The reason is obvious: Apart from having the maximum possible number of solutions
(equal to the product of the degrees of the equations), system (6.7) can be very easily solved,
by “reading off” the solutions on the unit cycle of the complex plane.
Generally, if the polynomial equations in target system f (z) have degrees d 1 , d2 , . . . , dr ,
then a total degree homotopy constructs the start system
⎧ d1
z1 − 1 = 0
⎪
⎪
⎪
⎨ z d2 − 1 = 0
2
(6.8)
g(z) =
..
⎪
⎪
.
⎪
⎩ dr
zr − 1 = 0 .
However, there is a price we have to pay for being able to solve the total degree start
system (6.8) so easily: the number of solutions of g(z) we obtain (and hence the number
of solution paths that we have to subsequently trace) can grow very large. By the classical
Bezout theorem, the maximum number (called the Bezout number) of solutions of a square
polynomial system in r variables is equal to
Ntot

r
 tot  "
= N Fσ =
di .
i=1

(6.9)
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Total degree homotopy start systems of the form (6.8) – such as (6.7) – attain the Bezout
number (6.9).
Because in practical applications, however, the target system has some structure and
therefore the number of its solutions is less than N tot , not all solution paths from a total
degree start system g(z) eventually land on finite solution points of target system f (z),
some drift off to infinity. Hence, tracing as many as N tot paths in a total degree homotopy
is an overkill, because we trace many more solutions than the number of the solutions of
target system f (z).
At the opposite end of the spectrum, coefficient parameter homotopy fully exploits the
structure of the given target system f (z) by embedding it in a “tighter” family F σnat , so
that the resulting start system g(z) has a number of solutions much closer to the number
of solutions of target system f (z). In other words, coefficient parameter homotopies trace
fewer paths, but it is harder for us to compute the solutions to their start systems.
Finally, we observe that in choosing a family Fσ for a homotopy, there is always a tradeoff between the number of paths we have to trace and the effort involved in solving the
start system. There are several classes of homotopy families in the spectrum between total
degree and coefficient parameter homotopies ([SW05], Chapter 8), each of which achieves
a different tradeoff between these two elements. They include multihomogeneous homotopies, linear, monomial and polynomial product homotopies, as well as homotopies based
on Newton polytopes. Multihomogeneous homotopy families often lead to far fewer paths
than a total degree start system, without having the cost associated with solving the start
system of polyhedral homotopies. Hence, they achieve a good tradeoff and are next presented.

6.4.1. Multihomogeneous Homotopy
Consider the target system f (z) : C r → Cr in r variables. We partition the r variables
z1 , . . . , zr into ν disjoint variable groups Zi , i = 1, . . . , ν of size r1 , . . . , rν (r = r1 + · · · + rν )
as follows:
{Z1 , . . . , Zr }, Zi = {zj }j∈Ii , i = 1, . . . , ν ,
where Ii , i = 1, . . . , ν is an index set indicating which of the variables zj , j = 1, . . . , r
belong to the group Z i , i = 1, . . . , ν. Denote further with dki , k = 1, . . . , r, i = 1, . . . , ν the
degree of the kth polynomial f k (z) in the target system with respect to the ith group of
variables Zi .
Example 6.5 (Partition of variables). Consider following (target) system
⎧
⎨ f1 (z) = z1 z2 z3 + z1 + 5
f (z) = z22 + z3 − 7
f (z) =
⎩ 2
f3 (z) = z1 + z2 + z3 .

(6.10)

We partition the variables {z1 , z2 , z3 } into two groups, Z 1 = {z1 , z3 } and Z2 = {z2 }. Then,
the degrees d ki of the kth polynomial fk (z) with respect to the ith set of variables Z i are
d11 = 2 , d12 = 1
d21 = 1 , d22 = 2
d31 = 1 , d32 = 1 .
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Based on a partition {Z1 , . . . , Zν }, we can write every polynomial of the target system in
the form
c{α1 ,...,αν } Z1α1 · · · Zναν ,
(6.11)
fk (z) =
{α1 , . . . , αν }
|αi | ≤ dki
where each αi is a vector of exponents.
Let now Zi , 1 denote any possible affine combination of the variables in group Zi . For
instance, if Z1 = {z1 , z3 }, Z1 , 1 = {c1 z1 + c2 z3 + c3 | ci ∈ C, i = 1, 2, 3}, where ci , i =
1, 2, 3 are arbitrary complex numbers. The start system of a multihomogeneous homotopy
associated with a target system f (z) for a given partition of the variables {Z 1 , . . . , Zν }
(called also a ν-homogeneous homotopy) is given by r polynomials
gk (z) ∈ Z1 , 1dk1 × · · · × Zν , 1dkν , k = 1, . . . , r .

(6.12)

That is, polynomial gk (z) is the product of affine factors Zi , 1dki , where we have dki (not
necessarily same) factors of the variables Zi . In this way, we produce a start system that
shares the same degree structure (with respect to a certain partition of the variables) as the
original polynomial system. Following theorem holds.
Theorem 6.6 ([SW05], p. 128). Two generic members from the families of polynomial systems
given by equations (6.11) and (6.12) have the same number of roots.
The implication of Theorem 6.6 is that by starting from a generic system in (6.12), with
probability one we will find all solutions of target system f (z) in family (6.11).
It is essential though, to be able to find the solutions of the start system in an efficient
manner. Luckily, for start systems of the form (6.12), solving for the start points is simply
a matter of combinatorially choosing one linear factor from each polynomial gk (z), k =
1, . . . , r of the start system (all combinations) and solving the corresponding linear system.
Once we have done so for all possible combinations of linear factors, we have found all
solutions of start system g(z). Let us clarify this point with an example.
Example 6.7 (Solving a multihomogeneous start system). Consider the following target
system
z1 z2 − 1
(6.13)
f (z) =
z12 − 1 .
We partition the variables in two groups, Z 1 = {z1 } and Z2 = {z2 }. It follows that the
degrees dki of the kth polynomial with respect to the ith group of variables are
d11 = 1 , d12 = 1
d21 = 2 , d22 = 0 .
Then, according to relation (6.12), a generic start system in the corresponding multihomogeneous family is, for instance,
g(z) =

(z1 − 1) · z2
(z1 − 2) · (z1 + j) .

(6.14)

There are 2 · 2 = 4 combinations of the linear factors in system (6.14) that yield 4 different
linear systems. That is, polynomial start system (6.14) is decomposed into 4 linear systems,
each one of which can be efficiently solved. These four linear systems, are obviously




(z1 − 1)
z2
z2
(z1 − 1)
,
,
,
.
(z1 − 2)
(z1 + j)
(z1 − 2)
(z1 + j)
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Out of these 4 linear systems, only the two last are compatible and they yield the solutions
(z1 , z2 ) = (2, 0) and (z1 , z2 ) = (−j, 0). These two solution points comprise the solutions of
the start system g(z) that are then traced to the solutions of target system (6.13). If we had
used a total degree start system, instead of two paths we would have d 1 · d2 = 2 · 2 = 4
paths to trace, i.e. double as much. Although for this small example the gain by using
a multihomogeneous homotopy over a total degree one is not great (only two solution
paths less), it can be tremendous for larger system instances. The choice of the homotopy
type can actually determine wether we can trace all paths and solve the target system in a
reasonable amount of time.
Remark 6.8 (Choice of variable partition). The choice of the partition {Z1 , . . . , Zν } of the
variables into groups in a multihomogeneous homotopy is crucial, because different partitions lead to different number of compatible linear systems to be solved and hence to
different number of solution paths to be traced. There exist both heuristic and systematic approaches for the choice of the partition that generally lead to start systems with a
small number of solutions. For more details, the reader is referred to [Ver96], [Wam92] and
([SW05], Chapter 8).

Part III
NONLINEAR CONSTRAINED
OPTIMAL CONTROL
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7

DC-DC Converters
In this chapter, we give a brief introduction to DC-DC converters, because they are used in
many of the subsequent chapters as a guiding application example.

7.1. Generally
Switch-mode DC-DC converters are switched circuits that transfer power from a dc input
voltage source to a load. They are used in a large variety of applications due to their light
weight, compact size, high efficiency and reliability. Specifically, they constitute the enabling technology in computer power supplies, battery chargers, variable speed dc motor
drives, sensitive medical and demanding aerospace applications. For details, the reader is
referred to the standard power electronics literature [MUR89].
The objective of a DC-DC converter is to achieve a regulated (constant) output dc voltage, despite changes in the unregulated input voltage and in the face of output power
demand changes over time, namely when the output load is time-varying.
There are two basic types of DC-DC converters that appear in this thesis, each one corresponding to a different circuit topology.
• The step-up DC-DC converter, known also as the boost converter, which takes as input an unregulated dc input voltage and gives as output a higher regulated voltage.
• The step-down DC-DC converter, known also as the buck converter, which takes as
input an unregulated dc input voltage and gives as output a lower regulated voltage.
In the following, we describe the operation principle and give the model equations of both
circuit topologies.

7.2. Boost Topology
The circuit topology of the boost converter is shown in Figure 7.1. The converter features
two modes of operation, each one corresponding to a different position of the switch S.
For each position of the switch, the circuit dynamics are described by a linear differential
equation (easily obtained through elementary circuit theory).
By controlling the switch S, we can decide how much of the input power of the voltage
source vs is actually transferred to the output load r 0 , thereby regulating the resulting
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Figure 7.1.: The boost DC-DC converter. ro denotes the output load resistance, r c and r
are the parasitic resistances of the capacitor and the inductor, while x c and x
represent the capacitance and inductance of the converter. By appropriately
controlling the switch S, we can ensure a constant output voltage, despite disturbances in the input voltage and output load.

S = s1

S = s2
t

kTs

(k + d(k))Ts

(k + 1)Ts

duty cycle
switching period
Figure 7.2.: Operation of the boost converter. At the beginning of each period k, the switch
is at the s1 position and the controller selects the control input, i.e. the duty
cycle d(k). During the time interval kTs ≤ t < (k + d(k))Ts , the switch stays
in the s1 position and the inductor is charged. At the end of this interval, it is
switched to s2 and power is transferred to the load. Subsequently, at the end of
the sampling period, the switch is restored to the s 1 position and the procedure
is repeated over again.
output voltage v0 . To facilitate modelling and control, we divide the time axis into discrete
time intervals of duration Ts , called switching intervals. The time period Ts is called the
switching period and its inverse fs = T1s is called the switching frequency – see also Figure 7.2.
We change the position of the switch S only once during the kth switching period, at time
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instant t = (k + d(k))Ts , where d(k) is a real number between zero and one and is called
the duty cycle. The duty cycle represents the percentage of time within a switching period,
for which the switch is at position s1 and is the manipulated variable (control input).
At the beginning of each period k the switch is at the s 1 position and the controller
t (k)
selects the control input, the duty cycle d(k) = s1Ts with ts1 (k) ≤ Ts , where ts1 (k) is the
time period for which the switch is at position s 1 , determining when the switch from the
first mode to the second takes place. During the time interval kT s ≤ t < (k + d(k))Ts ,
the switch stays in the s 1 position and the inductor is charged. At the end of this interval,
it is switched to s2 and power is transferred to the load. Subsequently, at the end of the
sampling period, the switch is restored to the s 1 position and the procedure is repeated
over again. On the basis of this principle of operation, d(k) is constrained to lie in the
interval [0, 1].
Other constraints imposed on the controller design problem, might stem from considerations about safe operation of the converter. For instance, the inductor current may have to
be limited within certain bounds, to avoid overheating of the device. Additionally, in order
to have a smooth startup phase (when the device is turned on), we may have to impose
a constraint on the maximal rate of change of the inductor current. The control problem
can be further complicated by gross changes in the operating point due to input voltage
and output load variations, as well as model uncertainties. For further details on these
complications, please refer to [MUR89].

7.2.1. Continuous-Time Plant Model
In the circuit of Figure 7.1, ro denotes the output load resistance, r c the equivalent series
resistance (ESR) of the capacitor, r is the internal resistance of the inductor, where x  and
xc represent the inductance and capacitance of the remaining circuit parameters. These are
all per unit values, normalized over certain nominal resistance, inductance and capacitance
values, respectively. The physical state variables of the converter are the inductor current
i (t) and the capacitor voltage vc (t). These quantities are also given in the per unit system.
For modelling the plant, we choose the model state to be the vector of normalized inductor current and output voltage [i  (t) vo (t)]T , where the normalization is performed over the
and vo (t) = vov(t)
. This normalization is pervoltage source vs . In other words, i  (t) = iv(t)
s
s
formed in order to ensure that the model equations and the controller to be derived are
independent of the input voltage values v s , as described in [PGM04]. Consequently, the
boost DC-DC converter is described by the following pair of affine continuous-time statespace equations. While switch S is in s1 and the inductor is charged, following equation
holds
ẋ(t) = Φ1 x(t) + φ1 ,

kTs ≤ t < (k + d(k))Ts ,

(7.1)

whereas while the switch is in the s 2 position we obtain
ẋ(t) = Φ2 x(t) + φ2 ,

(k + d(k))Ts ≤ t < (k + 1)Ts ,

(7.2)

with matrices Φ1 , Φ2 and vectors φ1 , φ2 (obtainable through elementary circuit theory)
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Figure 7.3.: The buck (step-down) DC-DC converter.
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Since vs is taken to be measurable, as common in industrial practice, the state vector
vo (t) T
x(t) = [ iv(t)
vs ] is always consistently defined.
s

7.3. Buck Topology
The circuit topology of the buck DC-DC converter is shown in Figure 7.3. The circuit
elements represent the same physical quantities as in the case of the buck converter (see
previous section for an explanation). The control objective and principle of operation are
also the same. The only difference is that in the step-down case, the output load voltage
v0 (t) is lower than the input source voltage v s . This difference is reflected in the different
circuit topologies of the two types of converters.
The switches S1 and S2 in the circuit of Figure 7.3 are operated dually, which means that
when S1 is closed (i.e. it conducts), switch S 2 is open and vice versa. At the beginning of
each period k, switch S1 is closed and the controller selects the duty cycle d(k). For the time
interval kTs ≤ t < (k +d(k))Ts , the switch S1 remains closed and power is transferred from
the input directly to the load. At the end of this time interval (at time t = (k + d(k))T s ),
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S1 is switched off (open) and kept off for (k + d(k))T s ≤ t < (k + 1)Ts . Accordingly, S2 is
switched on (closed) thus providing a path for the inductor current i  (t). At the end of the
switching period, i.e. at time t = (k + 1)Ts , S1 is again switched on (S2 is switched off) and
the procedure is repeated over again.

7.3.1. Continuous-Time Plant Model
As with the boost converter, the buck converter plant is also described by a pair of affine
continuous-time differential equations, one for each operation mode.
vc (t) T


T
Defining x(t) = [ iv(t)
vs ] = [i (t) vc (t)] as the plant state vector, where i  (t) is the
s
inductor current and vc (t) the capacitor voltage, and given the duty cycle d(k) during the
kth period, the plant model is described by the following set of affine continuous-time
state-space equations. For S 1 being closed and S2 open, we have
dx(t)
= Φx(t) + φvs ,
dt

kTs ≤ t < (k + d(k))Ts ,

(7.4)

whereas if S1 is open and S2 is closed, the system becomes an autonomous one, that is
dx(t)
= Φx(t),
dt

(k + d(k))Ts ≤ t < (k + 1)Ts .

(7.5)

Matrix Φ and vector φ in the dynamical equations above are obtained by means of simple
circuit laws and are given by

Φ =

φ

=

− x1 (r +
1
x

0

ro rc
r0 +rc )

1 ro
xc r0 +rc



rc
− x1 rr0o+r
c
1
− x1c r0 +r
c


,

.

on the load of the converter r o can easily
Lastly, the normalized output voltage v o (t) = vov(t)
s
be derived as


ro rc
ro

x(t) .
vo (t) =
ro + rc ro + rc

7.4. Discrete-Time Control Models
To design controllers for DC-DC converters using the methods developed in this thesis,
we have to discretize the continuous-time models presented in this chapter. Moreover, in
order to bypass the difficulties posed by the switched nature of the plant model, we can
use the standard approach to deriving control models for DC-DC converters, which is the
method of state-space averaging [MC76], [ECM82]. However, averaging is done at the cost
of not being able to capture all the dynamics of the plant, but only the slower ones.
There are various approaches with which both model discretization and averaging can
be performed in order to obtain a simplified model, amenable to control design computations, as described in ([Gey05], Chapter 8). Each different approach leads to a different
control model, the simplest of which is the averaged linear model. This control model is
the one mostly used for controller design in the chapters to follow, where we also report
some details regarding it.
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Nonlinear Parametric Optimization
Using CAD
In this chapter, we show how we can use the CAD presented in Chapter 4 to perform
nonlinear parametric optimization. The work presented is mainly based on publications
papers [FPM05], [FBPM06] and on the material presented in Chapter 4.

8.1. The Approach
Consider parametric optimization problem (2.4), which is also stated here for ease of reference:
J ∗ (x0 ) := min J(z, x0 )
z

subj. to

q(z, x0 ) ≤ 0
h(z, x0 ) = 0 ,

(8.1)

where z = [z1 , . . . , zr ]T ∈ Rr is the decision variable, x0 = [x1 , . . . , xn ]T ∈ Rn is the parameter, J(z, x0 ) ∈ R[z, x0 ] is the objective function and q ∈ R[z, x0 ]nq , h ∈ R[z, x0 ]nh are vector
polynomial functions representing the inequality and equality constraints of the problem.
The approach we present in this chapter, aims at solving problem (8.1) and is divided
into two parts: an off-line and an on-line part. In the off-line part, we construct the CAD
associated with the parametric optimization problem and in the on-line part, once we know
the value x̂0 of the parameter x0 , we use the precomputed CAD to evaluate maps (2.5) from
the parameter x0 to the optimizer z ∗ (x0 ) and optimal cost J ∗ (x0 ).

8.1.1. Off-line Part
The basic operations of the off-line part of the approach are described in Algorithm 1. The
first step of the approach is to pose problem (8.1) in an epigraph form by introducing an
auxiliary variable ψ ∈ R as follows
ψ ∗ (x0 ) := min ψ
z
⎧
⎨ q(z, x0 ) ≤ 0
h(z, x0 ) = 0
subj. to
⎩
J(z, x0 ) ≤ ψ .

(8.2)
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Algorithm 1 Off-line part: CAD computation
Input: Parametric optimization problem.
Output: The associated CAD and truth value of its cells
1: Pose parametric optimization problem in epigraph form.
2: Compute associated CAD.
3: Store level factors and truth value of the CAD cells.
It follows that the optimal value ψ ∗ (x0 ) of problem (8.2), if it exists, is equal to the optimal
value J ∗ (x0 ) of problem (8.1). We denote the feasible set defined by the constraints of
problem (8.2) with Zfeas ⊆ Rn+r+1 .
Subsequently, we construct the CAD associated with the following system of polynomial
constraints
⎧
⎨ q(z, x0 ) ≤ 0
(8.3)
h(z, x0 ) = 0
⎩
J(z, x0 ) ≤ ψ .
The order of elimination that we choose for the construction of CAD is z > ψ > x 0 , specifically zr > . . . > z1 > ψ > xn > . . . > x1 , where x0 = [x1 , . . . , xn ]T and z = [z1 , . . . , zr ]T .
This means, that the CAD first eliminates the decision variable z, then variable ψ and at
the end the parameter x 0 . We also store the truth value of the CAD cells – compatible with
inequalities (8.3) – for use in the on-line part of the approach.

8.1.2. On-line Part
The on-line part of the algorithm consists of three steps and is described in Algorithm 2.
Algorithm 2 On-line part: Finding the optimal solution
Input: The value x̂0 of the parameter x0 .
Output: The optimal solution J ∗ (x̂0 ) and the optimizer z ∗ (x̂0 )
1: Locate parameter x̂0 with respect to the CAD partition.
2: Compute the optimal value J ∗ (x̂0 ).
3: Using the optimal value J ∗ (x̂0 ), obtain the optimizer z ∗ (x̂0 ).
The first step in the on-line part of the algorithm, is to locate in what cell of the x0 -space
the measured parameter value x̂0 belongs. This can be done by checking the signs of the
level factors of levels d = 1, . . . , n, where the level factors are polynomials only in the
parameter variables x1 , . . . , xn . The cell in which x̂0 belongs is denoted with C x̂0 ⊆ Rn .
By construction of the CAD, cell Cx̂0 is unique. If the truth value of Cx̂0 is false, then the
optimization problem (8.1) is infeasible for this particular value x̂0 , whereas if it is true,
there is a feasible solution.
In the second step of the on-line algorithm, we compute the optimal value J ∗ (x̂0 ). To
do this, we consider the stack above cell C x̂0 , denoted with Y ψ . Such a stack is shown in
Figure 8.1, consisting of three sections (hypersurfaces) and four corresponding sectors.
The sections in Yψ are defined by the zero sets of the (n + 1)-level factor polynomials
(x̂0 , ψ), i = 1, . . . , tn+1 . The optimal value J ∗ (x̂0 ) is then the smallest value ψ ∗ , for
Ln+1
i
which value the point (x̂0 , ψ ∗ ) belongs to the cylinder Z(x̂ 0 ) above point x̂0 and (x̂0 , ψ ∗ )
also belongs to some true cell of Y ψ .
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3
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Figure 8.1.: To find optimal value J ∗ (x̂0 ) = ψ ∗ , we consider the stack Y ψ over cell Cx̂0 . The
optimal value ψ∗ lies among the intersections ψ i , i = 1, . . . , Nψ (in the picture
Nψ = 3) of the stack sections with the cylinder Z(x̂ 0 ). These intersections are
(x̂0 , ψ), i = 1, . . . , tn+1 . The
the roots of the (n+1)-level factor polynomials L n+1
i
figure is based on Christopher Brown’s ISSAC 2004 CAD tutorial slides [Bro04].
To see why this is the case, note that the part of the cylinder Z(x̂ 0 ) above point x̂0 , which
is inside the true cells of Yψ , is the set of all points (x̂0 , ψ) ∈ Rn+1 for which there exists a point
z ∈ Rr , such that (x̂0 , ψ, z) ∈ Rn+1+r satisfies constraints (8.3), i.e. point (x̂0 , ψ, z) ∈ Zfeas .
In other words, by searching for the smallest value of ψ in the “feasible” (i.e. belonging
to true cells of Yψ ) part of the cylinder Z(x̂0 ), we minimize variable ψ in the projection of
Zfeas onto the ψ-space (for x0 = x̂0 fixed), thereby finding the optimal value ψ ∗ .
The search of the value ψ ∗ in the cylinder Z(x̂0 ) can be done by means of the sections of
the stack Yψ and the truth values of its cells. These sections intersect Z(x̂ 0 ) at distinct points
(x̂0 , ψi ), i = 1, . . . , Nψ , where the values ψi , i = 1, . . . , Nψ are the roots of the (n + 1)-level
factor polynomials (for x0 = x̂0 fixed), that is
(x̂0 , ψ) = 0} .
{ψi , i = 1, . . . , Nψ } = {ψ ∈ R | ∃i : Ln+1
i
Because of the sign invariance property of the CAD, the change of the truth value of the
cells of Yψ is done only on the sections of Y ψ . Therefore, the optimal value ψ ∗ is among
the values ψi , i = 1, . . . , Nψ , i.e. on the intersection of the sections of Y ψ with cylinder
Z(x̂0 ). Moreover, the pattern of the truth values of the cells of Y ψ depends only on cell
Cx̂0 and is computed off-line as part of the CAD. Therefore, there exists a positive natural
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number iψ ∈ N+ (dependent on C x̂0 ), marking the position of ψ ∗ within the ordered set
{ψ1 < ψ2 < · · · < ψNψ }, which is obtained by inspecting the truth values of the cells of
stack Yψ .
In summary, the second step of the on-line part of the approach solves the univariate
polynomial equations
(x̂0 , ψ) = 0, i = 1, . . . , tn+1 ,
Ln+1
i
to obtain solutions ψi , i = 1, . . . , Nψ and by using the truth values of the cells of the CAD
(i.e. the number iψ ), picks out among the roots ψ i the one that is the optimal value ψ ∗ =
J ∗ (x̂0 ).
The third step of the on-line part, uses the computed value ψ ∗ and finds the optimizer
∗
z , by extending vector (x̂ 0 , ψ ∗ ) to the space of the z variables, thus obtaining vector
(x̂0 , ψ ∗ , z ∗ ). In case the optimizer is not unique, we focus on one (any) of them.
Since point (x̂0 , ψ ∗ ) is feasible (i.e. it belongs to the projection of Z feas to the (x0 , ψ)space), it satisfies the (projection of) problem constraints (8.3), i.e. following relation holds
⎧
⎨ q(z ∗ , x̂0 ) ≤ 0
∗
r
(8.4)
h(z ∗ , x̂0 ) = 0
∃ z ∈ R s.t.
⎩
J(z ∗ , x̂0 ) = ψ ∗ .
Finding such a value z ∗ is exactly what we want to do, since a z ∗ that satisfies the constraints of relation (8.4) is an optimizer of problem (8.1).
Remark 8.1 (Optimality and feasibility). We note that we no longer have to solve an optimization problem – the optimization part was performed in the second step of the on-line
algorithm, where we chose ψ ∗ as the smallest among all solutions ψi , i = 1, . . . , Nψ . Here,
we rather have to solve a feasibility problem, i.e. we have to find a (feasible) z ∗ satisfying
the constraints in (8.4). Such a z ∗ is automatically optimal by its connection to ψ∗ through
equation ψ ∗ = J(z ∗ , x̂0 ) in (8.4).
The structure of the CAD provides us with a systematic procedure of choosing such a
z ∗ to complete vector (x̂0 , ψ ∗ , z ∗ ), while maintaining optimality, starting out from the “optimal” vector (x̂0 , ψ ∗ ). Finding such a (feasible) z ∗ = [z1∗ , . . . , zr∗ ]T is done by sequentially
considering the stacks built above point (x̂ 0 , ψ ∗ ). Specifically, the first stack in the CAD we
consider is Yz1 ⊆ Rn+1 × R, which is the stack build upon point (x̂0 , ψ ∗ ).
Remark 8.2 (Why a stack above (x̂0 , ψ ∗ ) exists in the CAD). The value of ψ ∗ is a root of
some (n + 1)-level factor of the CAD. Hence, it corresponds to the ψ-coordinate of some
of the “significant” points (e.g. intersections and critical points) of the polynomial curves
defining the CAD. In other words, ψ ∗ is the projection on the ψ-axis of some of the significant points of the curves that live in the higher-dimensional spaces and define the CAD.
As such, by construction of the CAD there exists an one-dimensional stack Y z1 built upon
(k)
point (x̂0 , ψ ∗ ) which consists of distinct points (x̂0 , ψ ∗ , z1 ) and their complementary open
intervals.
The sections of Yz1 are the points
(k)

(x̂0 , ψ ∗ , z1 ), k = 1, . . . , Nz1 ,
(k)

where the z1 -coordinates z1 , i = 1, . . . , Nz1 are the roots of the (n + 2)-level factors
(n+2)
, i = 1, . . . , tz1 :
Li
(k)

(n+2)

{z1 , k = 1, . . . , Nz1 } = {z1 ∈ R | ∃i : Li

(x̂0 , ψ ∗ , z1 ) = 0} .
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The sectors of Y z1 are the complementary open intervals between these sections. The situation is depicted in Figure 8.2. The false cells of Yz1 correspond to infeasible values of
Rn+1

stack Yz1
(x̂0 , ψ ∗ )

R
(1)
z1

(2)
z1

(Nz )
z1 1

Figure 8.2.: To find z1∗ , we have to consider stack Y z1 built over cell (x̂0 , ψ ∗ ). This stack
consists of sections (points) and their complementary open intervals. The z 1 (k)
coordinates of these points are the roots z 1 , k = 1, . . . , Nz1 of the (n + 2)-level
n+2
∗
factors Li (x̂0 , ψ , z1 ) with respect to z1 , and z1∗ is among them. In deciding
(k)
which one of the roots z 1 , k = 1, . . . , Nz1 is z1∗ , we look at the truth value of
(k)
the sections (x̂0 , ψ ∗ , z1 ), k = 1, . . . , Nz1 .
the z1 -coordinate and the true cells to feasible ones. If there exists more that one true cell
in stack Yz1 , it means that the optimizer z ∗ is not unique. Stack Yz1 contains at least one
feasible cell though, since (x̂0 , ψ ∗ ) ∈ Yψ (which (x̂0 , ψ ∗ ) is the projection of Yz1 onto the
(x0 , ψ)-space) is true – see Section 4.3.4.
Moreover, since we assume that the feasible set Z feas is compact, so are its projections,
hence there always exists at least one section point z 1∗
(k)

z1∗ ∈ {z1 , k = 1, . . . , Nz1 } ,
for which (x̂0 , ψ ∗ , z1∗ ) constitutes a true cell of the CAD. All such points z 1∗ are sections of
(n+2)
,i =
the Yz1 stack and are therefore roots of the (n + 2)-level factors polynomials L i
1, . . . , tn+2
z1∗ ∈ {z1 ∈ R | ∃i : Ln+2
(x̂0 , ψ ∗ , z1 ) = 0} .
i
Because the truth value pattern of the cells in Y z1 depends only on cell (x̂ 0 , ψ ∗ ) and there
is at least one true cell in Yz1 , there exists a positive natural number iz1 ∈ N+ (dependent
on (x̂0 , ψ ∗ )) marking the position of z1∗ (focusing on one optimizer) within the ordered set
(1)

(Nz )

{z1 < · · · < zr 1 }. Number iz1 can be obtained off-line by inspecting the truth values of
the cells in Yz1 (corresponding to any value x0 ∈ Cx̂0 ). Therefore, the optimizer z 1∗ can be
found by solving the univariate (with respect to z1 ) polynomial equations
(x̂0 , ψ ∗ , z1 ) = 0 , i = 1, . . . , tn+2 ,
Ln+2
i
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and then using the truth value of the cells in Y z1 , i.e. number iz1 , to pick out a feasible
solution z1∗ . Thus, we find the first coordinate of the optimizer z ∗ = [z1∗ , . . . , zr∗ ]T .
It now remains to find the rest of the coordinates to retrieve the whole vector z ∗ ∈ Rr . In
this respect, note that point (x̂ 0 , ψ ∗ , z1∗ ) is itself a cell and therefore a stack Yz2 ∈ Rn+2 × R
above it exists, for the same reason point (x̂ 0 , ψ ∗ ) is a cell and the stack Yz1 above it exists –
please see Remark 8.2. Since z1∗ is feasible, i.e. cell (x̂0 , ψ ∗ , z1∗ ) is true, there exist true cells in
the stack Yz2 . Consequently, we can find the second coordinate z 2∗ of the optimizer vector
z ∗ exactly the same way we found z1∗ , by solving univariate polynomial equations
(x̂0 , ψ ∗ , z1∗ , z2 ) = 0, i = 1, . . . , tn+3 ,
Ln+3
i
and using the truth values of the cells in Y z2 (i.e. index iz2 ) to select z2∗ .
The same reasoning applies to all zi∗ , i = 3, . . . , r, where we can retrieve them by con∗ ), residering all the stacks Yz3 , . . . , Yzr built upon cells (x̂0 , ψ ∗ , z1∗ , z2∗ ), . . . , (x̂0 , ψ ∗ , . . . , zr−1
spectively. In this way, that is by solving a sequence of univariate equations
(x̂0 , ψ, z1∗ , z2 , . . . , z2+j ), j = 1, . . . , r − 2 , i = 1, . . . , tn+2+j ,
Ln+2+j
i
and by using the corresponding number i z3 , . . . , izr , obtained off-line from the truth value
pattern of the stacks Y zi , i = 3, . . . , r − 1, we obtain the optimizer coordinates z3∗ , . . . , zr∗ ,
i.e. the full optimizer vector z ∗ = [z1∗ , . . . , zr∗ ]T .
Remark 8.3 (Connection with MPC). As already shown in Section 3.1.1, MPC problems can
be cast in the form of parametric optimization problems. Therefore, the general nonlinear
parametric optimization approach presented in this chapter can in principle be used for
performing polynomial parametric optimization arising in MPC problems.

8.2. Illustrative Example
Let us now exemplify the approach with a concrete, numerical example.
Example 8.4. Consider the following parametric minimization problem
J ∗ (x0 ) = min z 4 + x1 z 2 + x2 z + 1 ,
z

(8.5)

where x0 = [x1 x2 ]T is the parameter and z ∈ R is the decision variable. Without loss of
generality, we chose an unconstrained example for the sake of expositional clarity.
Off-line part
The epigraph form of problem (8.5) is
J ∗ (x0 ) := min ψ
z
 4
subj. to
z + x1 z 2 + x2 z + 1 ≤ ψ .

(8.6)

The system of polynomial inequalities that corresponds then to problem (8.6) is
z 4 + x1 z 2 + x2 z + 1 ≤ ψ .

(8.7)

The order of projection for the CAD is chosen to be z > ψ > x 2 > x1 . By constructing the
CAD defined by inequality (8.7), the off-line part of the algorithm obtains the following
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level factors:
Level 4:

L41 (x1 , x2 , ψ, z) = z 4 + x1 z 2 + x2 z − ψ + 1

Level 3:

L31 (x1 , x2 , ψ)

= 256ψ 3 + 128x21 ψ 2 − 768ψ 2 + 144x1 x22 ψ
+16x41 ψ − 256x21 ψ + 768ψ + 27x42 + 4x31 x22
−144x1 x22 − 16x41 + 128x21 − 256

Level 2:

Level 1:

L21 (x1 , x2 )

= 27x22 + 8x31

L22 (x1 , x2 )

= x2

L11 (x1 )

= x1 .

The factor polynomials of the first two levels (levels one and two) define the cells of the
CAD in the (x1 , x2 )-space, partitioning R2 into stacks, sectors and sections, as seen in Figure 8.3.
x0 -space partition
(1,7)

(2,3)

(3,3)

(1,6)

{L21 (x1 , x2 ) = 0}
{L11 (x1 ) = 0}

x̂0

1

(3,2)

Cx̂0

(1,5)

x2

(2,2)

(1,4)

{L22 (x1 , x2 ) = 0}
(1,3)

{L21 (x1 , x2 ) = 0}
(3,1)

(1,2)

(1,1)

(2,1)
(2)

-10
(1)

x1

(3)

Figure 8.3.: The partition of the parameter space of problem (8.5) that the CAD performs
can be seen in this figure. Note that the zero sets of the level factor polynomials
of levels one and two define the boundaries of the cells of the x 0 -space. All the
cells have been labelled with their corresponding indexes. The measured value
x̂0 = [−10 1]T of the parameter lies in cell (1, 5), therefore C x̂0 = (1, 5).
Remark 8.5 (Labelling of the cells). To facilitate the discussion when referring to specific
cells of the CAD, we label every cell of the dth projection level with a tuple (k1 , . . . , kd ), d =
1, . . . , r + n + 1. For example, in Figure 8.3, cell (−∞, 0) on the x1 -axis is labelled with (1),
point-cell 0 on the x1 -axis is labelled with (2) and cell (0, +∞) on the x1 -axis is labelled
with (3). Considering now the stack in the (x 1 , x2 )-space built on cell (1), we have its
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lowest sector labelled with (1, 1). The first section bounding (1, 1) from above is labelled
(1, 2), the adjacent sector from above with (1, 3) and so on. Then, the cells that comprise
the stacks above the cells of the x 0 -space are labelled with triplets (k1 , k2 , k3 ) in a similar
manner and so on for all levels d = 1, . . . , n + r + 1.
On-line part
Let the experienced (measured) value of the parameter x 0 be
x̂0 = [−10 1]T ,
that is x1 = −10 and x2 = 1.
In the first step, we determine the cell C x̂0 . We first check the sign of the level-one factors
for x1 = −10. We readily see that
L11 (x1 ) = x1 = −10 < 0 .
The negative sign indicates that point x̂ 0 = [−10 1]T belongs to a cell labelled (1, k2 ),
where k2 is still to be determined. Geometrically, this means that in Figure 8.3, belongs to
the stack built upon cell (1).
Checking the signs of the level two factors, we obtain
L21 (x1 , x2 ) = 27x22 + 8x31 = −7973 < 0
L22 (x1 , x2 ) = x2 = 1 > 0 ,
which means that x̂0 belongs to cell (1, 5), i.e. Cx̂0 = (1, 5).
Remark 8.6 (Sign pattern of cells). From the first step above, we see that every cell in a
level d of the CAD is uniquely identified from the sign pattern it induces in the level factor
polynomials of levels 1, . . . , d.
In the second step, we wish to find the optimal value J ∗ ([−10 1]T ) = ψ ∗ . For that, we
consider the stack Yψ in the (x0 , ψ)-space above cell (1, 5) seen in Figure 8.4. The solid vertical line represents the cylinder Z(x̂0 ) above point x̂0 = [−10 1]T . Solving the univariate
polynomial equation
L31 (x̂0 , ψ) = L31 ([−10 1]T , ψ) = 0 ,
yields the solutions ψ ∈ {−26.25, −21.78, 1.03}. Considering the stack above cell C x̂0 =
(1, 5), it turns out that cell (1, 5, 1) is false, whereas cells (1, 5, 2) (a section), (1, 5, 3) (a
sector), (1, 5, 4) (a section), (1, 5, 5) (a sector), (1, 5, 6) (a section) and (1, 5, 7) (a sector) are
true. Since ψ ∗ is the intersection of Z(x̂0 ) with the “lowest true” cell in stack Yψ , it follows
from the truth values that iψ = 2 (iψ can be found off-line), so that
ψ ∗ = J ∗ (x̂0 ) = −26.25 ,
and (x̂0 , ψ ∗ ) is then the cell labelled (1, 5, 2).
In the third step of the on-line part of the approach, we aim at computing the optimizer
z ∗ . This is achieved by considering the stack Y z over cell (x̂0 , ψ ∗ ) and finding a section
(point) in Yz which is true. The situation is depicted in Figure 8.5. We observe that the
stack over (x̂0 , ψ ∗ ) consists of two open intervals and one point. The point cell (1, 5, 2, 2) is
the only true cell in Yz , which means that iz = 2 . The z-coordinate of section (1, 5, 2, 2) is
given by the solution with respect to z of the univariate polynomial equation
L41 (x̂0 , ψ ∗ , z) (= J(z, x̂0 ) − ψ ∗ ) = 0 ,
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Z(x̂0 )

ψ
sections

(x̂0 , ψ ∗ )

x2

x1
x̂0

Cx̂0

Figure 8.4.: To determine ψ ∗ , we have to consider the stack Y ψ built on cell Cx̂0 and the
cylinder Z(x̂0 ) over point x̂0 . The smallest true intersection of the sections of
Yψ with cylinder Z(x̂0 ) is the point (x̂0 , ψ ∗ ), which value ψ∗ corresponds to the
optimal solution ψ ∗ = J ∗ (x̂0 ) of problem (8.5). Please note the analogy of this
figure with Figure 8.1.
which yields
z ∗ = −2.26 .
In summary, the online part of the approach takes as input the parameter value x̂ 0 =
[−10 1]T and returns the optimal solution J ∗ (x̂0 ) = −26.25 and z ∗ (x̂0 ) = −2.26.

In Algorithm 3, we give a more refined listing for the algorithmic procedure of the online part of the proposed approach.

8.2.1. Parametric Optimization as a Tree Traversal
From the discussion so far, we see that the on-line part of the proposed method solves
univariate polynomial equations and then picks out specific solutions based on the indexes
(iψ , iz1 , . . . , izr ), in order to obtain J ∗ (x̂0 ) and z ∗ (x̂0 ).
We have seen that index iψ depends on cell Cx̂0 . Based on the truth values of the cells in
Yψ over Cx0 , x0 ∈ Xfeas , we off-line find the indexes iψ associated to all cells Cx0 of the x0 space and “attach” them to the corresponding C x0 . Then, index iz1 depends on cell (x0 , ψ ∗ ),
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ψ

True

False

cell (1,5,2,1)
cell (1,5,2,2)

stack Yz
ψ∗

(z ∗ , ψ ∗ )
z∗

cell (1,5,2,3)

z

Figure 8.5.: This figure depicts a slice of the CAD for x 0 = x̂0 = [−10 1]T , where the x0 space can be thought of as being “perpendicular” to the plane of the page. To
find optimizer z ∗ , we consider stack Yz and the cells contained in it. Among
them, only the section point labelled (1, 5, 2, 2) is true, therefore z ∗ is the zcoordinate of the cell (1, 5, 2, 2).
Algorithm 3 (On-line CAD algorithm) The CAD level factors, cells and index sequences
(iψ , iz1 , . . . , izr ) for all cells Cx0 of the x0 -space, have been computed off-line.
Input: Value x̂0 of the parameter x0 .
Output: Optimal cost J ∗ (x̂0 ) and optimizer z ∗ (x̂0 ).
1: Determine cell Cx̂0 .
n+1
2: Specialize parameter x0 in level factor polynomials Li
(x0 , ψ), i = 1, . . . , tn+1 to its
value x̂0 and solve resulting univariate equations to obtain roots ψ i , i = 1, . . . , Nψ .
3: Use CAD information iψ to pick out the root that corresponds to the optimal solution
ψ ∗ = J ∗ (x̂0 ).
4: for all j = 1, . . . , r do
(k)
5:
solve Ln+1+j
(x̂0 , ψ ∗ , z1 , . . . , zj ) = 0 to obtain solutions zj , k = 1, . . . , Nzj .
i
6:
Use CAD information izj to select zj∗ .
7: end for
return: optimal cost J ∗ (x̂0 ) and optimizer z ∗ (x̂0 ) = [z1∗ , . . . , zr∗ ]T .
which in turn depends on C x0 . Similarly, we can off-line compute all indexes iz1 and attach
them to their corresponding (x 0 , ψ ∗ ) (or Cx0 ) cells.
This procedure goes on, till we have off-line found all index sequences (i ψ , iz1 , . . . , izr )
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for all cells Cx0 , x0 ∈ Xfeas , that the x0 -space is decomposed into. We therefore see, that the
index sequence (iψ , iz1 , . . . , izr ) depends on the specific cell C x0 , defining a map
Cx0 −→ (iψ , iz1 , . . . , izr ) ∈ Nr+1
+ .

(8.8)

Map (8.8) provides us a “road map”, which is then used on-line to go from x̂ 0 to ψ ∗ to z1∗
all the way to zr∗ . The road signs are the indexes (i ψ , iz1 , . . . , izr ) and can be thought of as
∗ ) that the on-line algorithm
being attached to the cells Cx̂0 , (x̂0 , ψ ∗ ), . . . , (x̂0 , ψ ∗ , z1∗ , . . . , zr−1
∗
visits one after the other on his path to the solution J (x̂0 ) and z ∗ (x̂0 ).
Moreover, because Cx̂0 depends uniquely on the value x̂ 0 of parameter x0 , the value of
these indexes for a given x̂ 0 are predetermined and known the time we know the value x̂ 0 .
In this respect, the on-line algorithm can be regarded as a tree traversal (modulo solving
univariate polynomial equations). The tree traversal corresponding to Example 8.4 for
x̂0 = [−10 1]T can be seen in Figure 8.6.
(x1 , x2 , ψ) space
(x0 , ψ, z) space

cell (1, 5, 2, 2)

x0 -space

x2 = 0

−∞
cell(1)

x1 = 0
cell(2)

+∞
cell(3)

Figure 8.6.: Traversing the cell tree for problem (8.5). Once cell Cx̂0 has been identified,
the resulting index sequence (i ψ , iz1 , . . . , izr ) dictates the way the tree has to be
traversed to reach the optimal solution.
Furthermore, the segmentation of the continuous x 0 -space into the discrete cells Cx0 , x0 ∈
Xfeas that the CAD performs, is in effect a conversion of the continuous optimization problem (8.1) into a discrete decision problem – modulo the solution of univariate polynomial
equations. This segmentation of the parameter space into disjoint cells C x0 is in analogy
with the partition in polyhedral critical regions that occurs in the linear explicit MPC
case [BMDP02]. In this light, we could argue that the map x 0 → z ∗ (x0 ) is given by a
piecewise function defined over the cells C x0 of the feasible parameter space Xfeas , whose
pieces are compositions of algebraic functions.

8.2.2. Interpretation of Results
To obtain more information about the structure of the solution J ∗ (x0 ) and z ∗ (x0 ), we repeat
the optimization for problem (8.5) for various values of the parameter x0 . The optimizer
z ∗ as a function of x0 = [x1 x2 ]T is shown in Figure 8.7. We observe that the optimizer
is discontinuous along the line x2 = 0, but only for x1 < 0 (for x1 > 0, the optimizer is
continuous). Such discontinuities are characteristic of nonlinear parametric optimization
problems. The reason for the discontinuity can be seen if we plot some instances of the
objective function J(z, x0 ) for some values of the parameter x0 .

78

8 Nonlinear Parametric Optimization Using CAD

6

4

2

0

z ∗ (x0 )

-2

-4

-6
100
50
-50

0

0

-50

50

x1

100

x2

Figure 8.7.: Optimizer for problem (8.5). Note that the optimizer z ∗ (x0 ) is discontinuous
along the x2 = 0 line. Discontinuities with respect to the parameter are characteristic of nonlinear parametric optimization problems.
In Figure 8.8, for example, we see the objective function J(z, x 0 ) plotted against the decision variable z for x1 = 2 > 0. Although there are only two plots on Figure 8.8 for x 2 = 3
35
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Figure 8.8.: For x1 = 2 > 0, we observe that the position z ∗ of the global minimum of the
objective function moves continuously with the value of parameter x 2 . Therefore, the optimizer z ∗ (x0 ) is a continuous function of the parameter x0 , as can
be seen in Figure 8.7.
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and x2 = −3, we realize that the z-coordinate of the global minimum (i.e. optimizer z ∗ )
changes continuously (smoothly) with the value of the parameter x 2 . Therefore, the optimizer z ∗ (x0 ) is a continuous function of the parameter x0 , as can be seen in Figure 8.7.
In contrast to that, the optimizer becomes discontinuous when x 2 < 0, as shown in Figure 8.9, where the optimizer z ∗ “jumps” from the negative z-axis to the positive z-axis as
the parameter x2 changes sign.
16
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Figure 8.9.: For x1 = −2 < 0, we observe that the position z ∗ of the global minimum of
the objective function jumps as the value of the parameter x 2 changes sign.
Therefore, the optimizer z ∗ (x0 ) is discontinuous along the line x2 = 0, as can
be seen in Figure 8.7.
However, the objective function J(z, x0 ) remains a continuous function of the parameter
x0 (for all values of x1 , x2 ), as can be seen in Figure 8.10. This continuity is reflected by the
fact that the value of the objective function J(z, x0 ), i.e. the “height” of the lowest point of
the two graphs in Figures 8.8 and 8.9 exhibits no jumps as x 0 varies, irrespectively of the
value (and signs) of the parameters x1 and x2 . This fact can be noticed well in Figure 8.9.
As x2 turns from positive to negative, the optimizer z ∗ jumps from the negative z axis to
the positive. However, the value of the objective function changes smoothly and remains
around the same value (J ∗ ) of the vertical plot coordinate. Therefore, function J ∗ (x0 ) (in
this example) is a continuous function of the parameter x0 .

8.3. Application to the Boost DC-DC Converter
In this section, we present a power electronics case study, where we use the approach of
this chapter for nonlinear parametric optimization, for the controller design problem of the
boost DC-DC converter. DC-DC converters have been introduced in Chapter 7, where the
reader is referred to for background material. Full details on the presented application can
be found in [FBPM06].
In the following, we consider the controller design problem for the boost DC-DC converter depicted in Figure 7.1. The exact, continuous-time state update equations describing
the circuit are (7.1) and (7.2).
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Figure 8.10.: Optimal value for problem (8.5). We observe that J ∗ (x0 ) is a continuous function of the parameter x0 .

8.3.1. Hybrid PWP Model
As shown in [BPM05], one can formulate a discrete-time PWP hybrid model of the boost
converter, to be used for the design of the controller. The model monitors the behaviour of
the states within a single switching period, thus providing an expression approximating
the average inductor current, required for reasons further detailed in Section 8.3.2. By
taking x(t) = [i (t) vc (t)]T as the state vector, comprizing the (normalized) inductor current
and capacitor voltage, and the duty cycle d(k) as the manipulated variable (control input)
of the control problem, this PWP model can be written in the form
x(k + 1) = fj (x(k), d(k)), if d(k) ∈ [

j−1 j
, ] , j = 1, . . . , ν ,
ν
ν

(8.9)

where fj are polynomial functions of the state and control input and ν ∈ N + is a design parameter that determines the accuracy of the PWP model with respect to the exact
discrete-time map describing the converter [BPM05]. The PWP system is constrained in
that the duty cycle d(k) must satisfy
0 ≤ d(k) ≤ 1, k = 0, . . . , N − 1 .

(8.10)

8.3.2. Control Scheme
Control Objectives
The main control objective for the boost DC-DC converter is to regulate the (average)
dc component of the output voltage v o to its reference vo,ref . This regulation has to be
achieved in the presence of the hard constraints on the manipulated variable (the duty cycle) which is bounded between 0 and 1, and needs to be maintained despite the changes in
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the voltage source vs . Moreover, the controller must render a steady state operation under
a constant duty cycle, thus avoiding the occurrence of fast-scale instabilities (subharmonic
oscillations).
Similarly as described in [BPM05] however, and as often done in actual industrial practice [MUR89], it is more convenient to formulate the control problem of the boost DC-DC
converter as a current (rather than a voltage) regulation problem, aiming at steering the
value of the normalized discrete-time inductor current i (k) to a reference i,ref . The value
i,ref corresponding to the desired v o,ref can be explicitly calculated on the basis of the
known parameters of the circuit during nominal system conditions [KMM00]; v s can then
be measured and used to accordingly modify the normalized current reference in the face
of a change in the voltage source.
Constrained Finite Time Optimal Control
The control objectives are to regulate the average output voltage to its reference as fast and
with as little overshoot as possible, or equivalently, to minimize the error of the normalized
inductor current i,err (k) = i (k) − i,ref , despite changes in the voltage source v s . Let
Δd(k) = d(k) − d(k − 1) indicate the value of the difference between two consecutive duty
cycles. This term is introduced in order to reduce the presence of unwanted chattering in
the input when the system has almost reached stationary conditions and entails appending
d(k − 1) to the parameter vector x 0 . Furthermore, as the reference may change during
operation, i,ref must also be included in the parameter vector x 0 .
Define the positive penalty weights Q x ∈ R+ and Qu ∈ R+ . Consider also the quadratic
objective function
N −1

J(z, x0 ) =




Qx |i,err (k)|2 + Qu |Δd(k)|2 ,

(8.11)

k=0

where z = U0N −1 = [d(0), . . . , d(N − 1)]T (see Section 3.1.1) and the parameter x0 =
[x(0)T d−1 i,ref ]T , denoting with d−1 the duty cycle (control input) of the previous time
interval. The sequential method (see Remark 3.1) is used for the CFTOC problem formulation, because the number of optimization variables is of greater concern (from a computational complexity point of view) than the degrees of the polynomials.
The control input at time-instant t = 0 is then obtained by minimizing the objective function (8.11) over the sequence of control moves U 0N −1 = [d(0), . . . , d(N − 1)]T subject to the
related system equations (8.9) and constraints (8.10); the resulting nonlinear optimization
program constitutes a CFTOC problem.
Computation
For the numerical simulation of the proposed scheme, we employ a PWP model with ν = 3.
The circuit parameters are as in [BPM05], the penalty matrices are chosen to be Q x = 5,
Qu = 2 and the prediction horizon is set to N = 2.
To keep the computational cost relatively low, we employ a move blocking [QB03] scheme
of length two, i.e. we consider the control input to be constant over the horizon. The move
blocking renders the space of the decision variable z ∈ R r one-dimensional, that is r = 1.
An extended – adapted to PWP systems – version of the proposed CAD algorithm presented in this Chapter is then used to extract the optimal control law for the application at
hand. The details of this strainghtforward extension can be found in [FBPM06].
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8.3.3. Simulation Results
In this section, simulation results demonstrating the performance of the proposed scheme
are presented. All results presented in the following figures are normalized, including the
time scale where one time unit is equal to one switching period. The plant model used for
the simulations is the continuous-time switched linear model of equations (7.1) and (7.2).
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Figure 8.11.: Inductor current (above) and output voltage (below) – startup scenario.
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Figure 8.12.: Duty cycle – startup scenario.
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Startup
The first case to be examined is that of the transient behavior during startup. Figures 8.11
and 8.12 depict the step responses of the different schemes during start-up. The initial
state is given by x(0) = [i (0) vc (0)]T = [0 0]T , the voltage source is vs = 0.8 p.u. and the
reference for the output is 1 p.u. This translates to a current reference i ,ref = 1.3889. The
output voltage reaches its steady state within approximately 30 switching periods with an
overshoot of just over 10%.
Voltage Drop
In the second case, the behavior of the converter under a step change in the voltage source
is analyzed. In the example presented, the converter is initially at steady state when a
step change in the voltage source from v s = 0.8 p.u. to vs = 0.55 p.u. is applied at timeinstant k = 5. This is shown in Figures 8.13 and 8.14, where one can see that the output
voltage remains practically unaffected and the controller finds the new steady-state duty
cycle within 15 switching periods.
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Figure 8.13.: Inductor current (above) and output voltage (below) – scenario featuring the
step-down of vs from 0.8 p.u. to 0.55 p.u..

8.4. Further Considerations
In this section, we explain how the CAD approach presented in this chapter solves LPs and
QPs and make a connection with the standard optimization methods used to solve such
problems. It is our hope that the reader will thus obtain a better understanding of the way
the CAD and the proposed optimization approach work.
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Figure 8.14.: Duty cycle – scenario featuring the step-down of v s from 0.8 p.u. to 0.55 p.u..

8.4.1. CAD and KKT Points
The first important observation about the proposed approach is that by computing the
CAD of relations (8.3), in effect we compute the critical and intersection (i.e. KKT) points
of the underlying optimization problem. To clarify this statement, consider the following
simple parametric QP
J ∗ (x0 ) := min z 2 + 3x0
z

(8.12)
subj. to
z ≤ x0 ,
where x0 ∈ R is the parameter and z ∈ R is the decision variable. By computing the
associated CAD of the epigraph form as described in the previous sections, the level factor
polynomials we obtain for the three projection levels are
Level 3:

L31 (x0 , ψ, z) = z 2 + 3x0 − ψ
L32 (x0 , ψ, z) = z − x0

Level 2:

Level 1:

L21 (x0 , ψ)

= ψ − 3x0

L22 (x0 , ψ)

= ψ − x20 − 3x0

L11 (x0 )

= x0 .

The situation is graphically depicted in Figure 8.15. We see that by projecting the decision variable z onto the (x0 , ψ)-space (in the figure seen as the ψ-axis), the CAD computes
the critical point (z, ψ) = (0, 3x0 ) and the intersection point (z, ψ) = (x 0 , x20 + 3x0 ). The
ψ-coordinates of these points are of course the roots (with respect to ψ) of the 2-level factor
polynomials. Specifically, the ψ-coordinate of the intersection of constraint z ≤ x 0 with the
curve {ψ = z 2 + 3x0 } corresponds to the root (with respect to ψ) of the resultant L 22 (x0 , ψ).
Also, the ψ-coordinate of the critical point (point of zero tangent) of the (objective function)
curve {ψ = z 2 + 3x0 } corresponds to the root (with respect to ψ) of L 21 (x0 , ψ).
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Figure 8.15.: In this figure, we see the (ψ, z)-space of the CAD associated to QP problem (8.12). The intersection and critical points that the CAD computes, are
exactly the points that are described by the KKT optimality conditions (8.13).
The CAD, however, computes a superset of the KKT points, generating thus
more information than is needed for optimization purposes.
We therefore see that in effect, the CAD with its discriminants and resultants (and related
operators) provides a very systematic procedure of computing not only, but also all the
critical points of the objective function (points where the derivative is zero) and the points
where the objective function “intersects” the constraints.
This is exactly what some of the standard methods for solving QPs do, namely they look
for the optimizer at the critical and intersection points of the given problem. By forming the KKT optimality conditions, they aim to characterize exactly these intersection and
critical (i.e. KKT) points, at which the global optimum may occur. For instance, the KKT
optimality conditions for problem (8.12) are
∇z (z 2 + 3x0 ) + μ∇z (z − x0 )
μ(z − x0 )
z − x0
μ

=0
=0
≤0
≥ 0,

(8.13)

where μ ≥ 0 is the Lagrange multiplier associated with the inequality constraint. Solving
this system produces the (obvious for this example) solution z ∗ (x0 ) = 0 for x0 ≥ 0 and
z ∗ (x0 ) = x0 for x0 ≤ 0. We see that the optimizers z ∗ characterized by the KKT system
(8.13) are exactly the z-coordinates of the intersection and critical points that the CAD
computes, as seen in Figure 8.15.
The same reasoning holds for solving an LP using CAD. The difference in the LP case is
that the optimum may occur only at intersection points (vertices of the simplex polytope
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in the space of z), since the linear objective function will yield (through the discriminant)
no critical points, because its derivative vanishes nowhere (for the non-trivial case).
In summary, we conclude that by using the CAD we can indeed find the optimum to an
LP and QP, because among the points that the CAD considers in the search of the optimum
(as described in Section 8.1.2), are the KKT points at which the optimum occurs.

8.4.2. Comparison with LP and QP Solution Methods
The CAD computes not only the KKT points, but also other “significant” points, marked on
Figure 8.15 with squares instead of circles, that are not captured by KKT system (8.13) and
are thus not needed for the optimization. This way, it does an overkill in comparison with
tailored optimization methods for QPs and LPs, that exploit the linearity and convexity
properties of these classes of problems.
To clarify this further, let us consider an example, where the decision variable space is
two dimensional, i.e. z ∈ R2 . The dimension of the parameter space does not play a role in
the exposition to follow, so let x 0 ∈ Rn . Moreover, let parameter x 0 be fixed to its value x̂0 .
First, we examine the QP case and then the LP case.
Solving QPs
In Figure 8.16, the affine constraints of the hypothetical QP problem are shown. The critextras points
generated by CAD

infeasible
intersections

critical point

feasible z-space

feasible
intersections

Figure 8.16.: In solving a QP, active-set methods look for the optimum at the KKT points
and on the constraints. However, the CAD-based approach looks for it also
at the extra points (squares) generated by the CAD. The plane of the figure
represents the z-space.
ical points and the intersections of the constraints (feasible or infeasible) are marked with
circles. These points are part of the “significant” points that the CAD computes and they
are also characterized by the equations of the corresponding system of KKT optimality
conditions. However, there are extra points that are generated by the CAD but do not
correspond to KKT points. These points are also marked on Figure 8.16 with squares.
The plane of Figure 8.16 represents the z-space. Consequently, all the points on the
picture are the projections of the CAD’s significant points of the (x 0 , ψ, z)-space onto the
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z-space. Remember that (see Section 8.1.2) the optimization procedure using CAD is performed by considering the stack Y ψ above Cx̂0 and in particular the points (x̂0 , ψi ) ∈ Z(x̂0 ),
i = 1, . . . , Nψ . The projection of these points on the z-space are the points of Figure 8.16.
Since all points (x̂0 , ψi ), i = 1, . . . , Nψ in cylinder Z(x̂0 ) are integral part of the CAD and
they are all considered in finding the optimal value ψ ∗ (we showed that the optimal value
J ∗ (x̂0 ) = ψ ∗ is among the ψi , i = 1, . . . , Nψ ), we see that in effect all the points (circles
and squares) in Figure 8.16 corresponding to (z 0 , ψi , z), i = 1, . . . , Nψ , are examined when
using the CAD optimization approach.
In contrast, convex QP optimization techniques such as active-set methods, take into
account the convexity property of QPs and do not have to consider all significant points
(circles and squares) in finding the optimum. They key observation of which they take
advantage is that the optimum for a QP can occur either at the unconstrained critical point
or on a constraint or at the intersection of constraints.
Thus, the active-set methods search for the optimum only at the unconstrained critical
point, the KKT points and the constraints, which places are (depending on the problem)
far fewer than the points generated and used by the CAD. In particular, active set methods
start by considering all constraints as inactive (targeting the unconstrained minimum) and
they proceed by sequentially picking constraints which they consider active, thus searching for the optimum on the constraints themselves and their intersections. In a sense, they
start from optimality and try to achieve feasibility, like the CAD does. If they reach a point
that is both (locally) optimal and feasible, they stop and by convexity they have found the
global optimum. In their path to the optimum, they generally consider only a subset of
the KKT points and none of the extraneous points (squares) generated by the CAD. Of
course, there exist sophisticated techniques that enhance the judicious choice of the active
constraints at every step, so that the active-set algorithms find the optimum even faster.
It has to be emphasized though, that central to the success of the scheme is the convexity
property of the QP.
Solving LPs
For LPs, the situation is similar. Because of the linearity of the problem, the optimum can
occur only at the intersection points (vertices) of the constraints (save degenerate cases).
No unconstrained optimum exists in the LP case. The simplex algorithm (which is the
standard method for solving LPs) takes advantage of this property by considering only
the feasible intersection points of the constraints as candidate optimums and not all the
KKT points. With regard to Figure 8.16, this amounts to considering only the four feasible
intersections of the constraints.
Thus, the simplex starts from a feasible intersection point (on the so-called simplex polytope) and then, by pivoting, it visits adjacent vertices each time lowering the value of the
objective function. At some point, it reaches a vertex which constitutes a local minimum
(all moves to adjacent vertexes can only increase the objective function value). By convexity, the local minimum achieved is also the (global) optimum of the LP. Usually, the simplex
method reaches the optimum without having visited all of the vertices. In other words, it
does not have to enumerate all points generated by the intersection of the constraints. In
the worst case, however, it would have to enumerate them all. But even this worst case corresponds to fewer points to be considered than what the CAD method considers, because
the latter considers not only all vertices of the simplex polytope, but also the infeasible
intersections of the constraints and the extraneous CAD-generated points (the squares).
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In summary, we see that there are two ways in which by considering all points (x̂ 0 , ψi , z),
i = 1, . . . , Nψ , the CAD does an overkill in comparison to convex optimization methods:

• The CAD computes the extra significant points (the squares) to take into consideration in finding the optimum. However, the optimum does not occur at those points.

• The CAD “enumerates” all combinations of active and inactive constraints in searching for the optimum, which enumeration is skillfully avoided (except for worst-case
scenarios) by convex optimization methods.

Conclusively, we see that the CAD approach, although it can tackle LPs and QPs (they
are subclasses of polynomial optimization programs, anyhow), is outperformed in terms
of computational efficiency by tailored convex optimization methods, such as the simplex
algorithm and the active-set methods.
However, when we leave the convex realm, we inevitably have to take into account
all possible combinations of active and inactive constraints, if we wish to find the global
optimum. This is achieved by the CAD, in taking the resultants of all possible pairs of the
defining polynomials.

An example
Let us see now what happens when we use the CAD approach to solve a parametric QP (or
LP). Consider again the parametric QP problem of Example 3.4. By letting x0 = [x1 x2 ]T
be the parameter, and z ∈ R be the decision variable (corresponding to the control input
u ∈ R), we compute the associated CAD of the parametric optimization program for the
CFTOC problem formulated using the sequential method 1 and we obtain the following
level factor polynomials

Level 4:

1

L41 (x0 , ψ, z)
L42 (x0 , ψ, z)
L43 (x0 , ψ, z)
L44 (x0 , ψ, z)
L45 (x0 , ψ, z)

=
=
=
=
=

z 2 − ψ + x22 + x21
z+1
z−1
z + x2 − 5
z + x2 + 5

We use the sequential method, because the number of variables to be eliminated contribute more to the
computational complexity of the CAD, than the degree of the defining polynomials.
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Level 3:

L31 (x0 , ψ)
L32 (x0 , ψ)
L33 (x0 , ψ)
L34 (x0 , ψ)

=
=
=
=

ψ − x22 − x21
ψ − x22 − x21 − 1
ψ − 2x22 + 10x2 − x21 − 25
ψ − 2x22 − 10x2 − x21 − 25

Level 2:

L21 (x1 , x2 )
L22 (x1 , x2 )
L23 (x1 , x2 )
L24 (x1 , x2 )
L25 (x1 , x2 )
L26 (x1 , x2 )
L27 (x1 , x2 )
L28 (x1 , x2 )
L29 (x1 , x2 )

=
=
=
=
=
=
=
=
=

x2 + x1 − 5
x2 + x1 + 5
x2 − 6
x2 + 4
x2 − 4
x2 + 6
x2 − 5
x2 + 5
x2

Level 1:

L11 (x1 )
L12 (x1 )
L13 (x1 )
L14 (x1 )
L15 (x1 )
L16 (x1 )
L17 (x1 )
L18 (x1 )
L19 (x1 )
L110 (x1 )
L111 (x1 )

=
=
=
=
=
=
=
=
=
=
=

x1 + 1
x1 − 9
x1 − 1
x1 − 11
x1
x1 − 10
x1 − 5
x1 + 11
x1 + 9
x1 + 10
x1 + 5 .

From theory (see Theorem 3.2) we know that the optimal value J ∗ (x0 ) for a parametric
quadratic program can be expressed as a (piecewise) quadratic function of the parameter
x0 . We have also seen, that using the CAD, the optimal value J ∗ (x̂0 ) = ψ ∗ is found by
solving certain univariate level factor polynomials. Since the solution J ∗ is to be found
among ψi , i = 1, . . . , Nψ , and J ∗ is a (piecewise) quadratic function of x0 , it follows that
among the level factors, whose roots (with respect to ψ) give the values ψ i , i = 1, . . . , Nψ ,
there exist some, which are affine with respect to ψ and quadratic with respect to x 0 . That
these expressions are affine in ψ and quadratic in x 0 can also be algebraically verified, if
we consider the exact algorithmic procedure of the CAD projection phase and the fact that
the defining polynomials (in the uppermost level) are affine in ψ and quadratic in x0 .
In other words, the quadratic functions (the “pieces”) expressing the optimal value ψ ∗ (x0 ) =
∗
J (x0 ) as a function of x0 , appear within the level factors that the CAD generates. In this
example, the (obvious) optimal solution J ∗ (x0 ) = xT0 x0 is encoded in the level factor
L31 (x0 , ψ) = ψ − x22 − x21 ,
whose root ψ ∗ can be expressed as a quadratic function of the parameter x 0 , i.e.
ψ ∗ = x22 + x21 ,
which is the quadratic function J ∗ (x0 ) giving the optimal value of the QP.
For this example, the parameter space x 0 is partitioned only in one critical region (see
Figure 3.2) and the optimal value function J ∗ (x0 ) = x21 + x22 is valid over the whole feasible
parameter space. If we had more that one critical regions, then the corresponding quadratic
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expressions – valid over the other critical regions – would also appear as factor polynomials in the same projection level. Which one of them would be valid for a given value x̂0 of
the parameter x0 , depends on the corresponding cell C x̂0 and is in effect determined by the
corresponding index i ψ .
Therefore, in the QP case, the roots of interest of the level factor polynomials giving
the optimal value ψ∗ (x0 ) = J ∗ (x0 ) can be expressed in closed form, leading thus to the
same piecewise quadratic expressions for J ∗ (x0 ) that we obtain by using tools such as the
Multi-Parametric Toolbox [KGB04].
The same arguments hold for the affine expressions giving the optimizer z ∗ (x0 ). However, the affine expression of z ∗ (x0 ) may not be readily available by “reading off” the level
factors. A substitution of the quadratic expressions J ∗ (x0 ) in place of the variable ψ may
be needed to obtain the expression for z ∗ (x0 ). For instance, the level factor which encodes
function z ∗ (x0 ) in the QP example above is
L41 (x0 , ψ, z) = z 2 − ψ + x22 + x21 ,
which, upon substitution of the optimal cost expression ψ ∗ = x22 + x21 in the place of ψ,
yields
L41 (x0 , ψ, z) = z 2 .
The root of L41 (x0 , ψ, z) with respect to z gives the affine expression of the optimizer z ∗ , i.e.
z ∗ (x0 ) = 0 (valid over the whole feasible parameter space Xfeas ).
A natural question to ask then is, wether the level factors that partition the parameter
space into cells, give rise to the critical regions of the parametric solution. This question is
addressed in the following section.

8.4.3. Connection between CAD Cells and Critical Regions
Consider the CAD of Rr+n+1 of the set (8.3) of polynomials in z ∈ Rr , x0 ∈ Rn and ψ ∈ R.
The distinctive characteristic of the CAD cells is that the signs of all the defining polynomials remain constant in them. On the other hand, the characteristic of the critical regions,
is that the set of active constraints at the optimum remains constant when the parameter
x0 stays in a critical region. Note also, that the critical regions are defined in the x 0 -space,
in contrast to the CAD cells, which decompose the whole R r+n+1 .
We would like to compare the critical regions with the projection of the CAD cells onto
the x0 -space, and the partition of the x0 -space into the various Cx0 cells that this projection
generates.
In turns out that the partition of the x 0 -space due to the CAD is finer than the one of the
critical regions, because not all changes of sign in the polynomials in (8.3) are due to sign
change of the constraints of the underlying QP. However, if a constraint switches from inactive to active (and vice versa), so that a new critical region has to materialize, this is a sign
change (from non-zero to zero and vice versa) of some polynomial in (8.3) that corresponds
to a constraint. Therefore, every boundary between two critical regions has its corresponding boundary (zero set of some level factor) in the CAD partition of the x 0 -space. However,
the converse does not hold. For that matter, note also that the sign changes of the relation
J(z, x0 ) ≤ ψ in (8.3) gives rise to level factors in the bottommost levels of the CAD, that
partition the parameter space into cells which are not related to the critical regions, because
relation J(z, x0 ) ≤ ψ is not a constraint of optimization problem (8.1).
Figure 8.17 displays the CAD cells of the x0 -space generated by the factor polynomials
of levels one and two for the QP of Example 3.4, also discussed in the previous section.
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Figure 8.17.: The CAD partitions the x0 -space into cells. The thick solid line defines the
boundaries of the (single) critical region – compare with Figure 3.2. Some of
the level factors define this region, others simply refine the CAD further. In
any case, all affine equalities in x0 that delineate the critical region (six in this
example), are among the level factors defining the CAD cell boundaries in
the x0 -space. Moreover, the CAD defines the feasible parameter space X feas
through the truth value of its cells. That is, all the cells contained within (and
on) the thick solid polygon are true. The rest are false.

In Figure 8.17, all extra level factors that further divide the unique critical region into
smaller ones happen to be linear. This need not be always the case for a parametric QP,
however. Higher degree level factors that define the boundaries of semialgebraic cells
of the x0 -space may appear (in the QP case). Nevertheless, the equations defining the
hyperplanes that partition the feasible parameter space into critical regions (as obtained
by the standard parametric QP methods) are always contained among the level factors of
the CAD.
In conclusion, we see that all the information of the solution of a parametric QP, such
as the explicit function expressions and the critical regions, is contained in the CAD of the
optimization problem.
For the LP case, the situation is similar. One important difference with the QP case,
however, is that all level factors of the CAD are linear with respect to all variables z, ψ and
x0 . This is due to the fact that the resultant of two linear polynomials is also linear in the
remaining variables. In this respect, the off-line part of the approach, when applied to an
LP, eliminates one-by one all the variables from the linear equations, in a procedure that
resembles elimination-by-substitution. On the other hand, the on-line part of the CADapproach, when the latter is applied to an LP, is equivalent to evaluating affine functions,
rather than solving polynomial equations of degree higher than one.
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8.4.4. Computational Aspects of the Approach
It is important to mention that the CAD is computationally-wise very expensive to construct. Its complexity grows doubly exponentially with the number of variables that appear in the polynomials that define the CAD [CJ98]. Every new variable in the polynomials
defining a CAD adds a new projection step. With every projection step, which involves expanding determinants of Sylvester-type matrices, the length of the expressions that are
computed explodes. The higher the degree of the polynomials, the bigger the dimension
of the Sylvester matrices and the longer the expressions of the computed discriminants and
resultants. In this respect, computing the CAD of nonlinear expressions is more complex
than computing the CAD of affine expressions (the computational complexity in the latter case stems firstly from the combinatorial aspect of the approach and secondly from its
symbolic nature). Generally though, based on our experience the CAD can be expected to
tackle problems of up to maybe seven variables (n + r + 1 ≤ 7).
As a consequence, the proposed CAD-based optimization method is not meant as a
computational solution for polynomial parametric optimization problems. It is rather presented as a conceptual framework that extends the notion of parametric programming
from linear systems (LPs and QPs) to polynomial systems.
In [FBPM06] we have put the presented approach to work, where the control design
problem for a boost DC-DC converter is addressed, as briefly described in Section 8.3. This
is also the largest instance of problem that we were able to tackle, where the dimension
of the decision variable space was r = 1 and r = 2, while the parameter space had a
dimension of n = 4. We have not been successful in making the method handle larger
instances, r = 2 being already marginally feasible – see [FBPM06] for the details. For this
modest number of dimensions, the CAD approach quickly found itself having to expand
23×23 determinants whose elements are polynomials of up to 2000 terms – an overwhelming task with today’s commonly available desktop computational power. This expression
swell phenomenon is one of the weaknesses of symbolic computational methods (including Gröbner bases).
By means of the DC-DC converter case study, we have identified, among others, two
main computational weaknesses of the proposed approach.
• The proposed parametric optimization approach suffers form coefficient blowup.
Through most of the projection levels, the parameters x 1 , . . . , xn that comprise the
vector x0 , are carried through as symbols. At every next projection level, this leads
to the length of the expressions containing them (and of the coefficients therein) to
grow very large. Sometimes, the computations had to be interrupted, because we ran
out of memory.
• Special attention has to be paid if floating point precision, rather than infinite precision (working with rational numbers) is used for the computations. In our experience, the on-line part of the method is not numerically robust. This means, that even
small errors in the value of ψ ∗ may lead to large errors when computing optimizers
zi∗ , i = 1, . . . , r. This fact is reflected in Figure 8.5: If we perturb the value of ψ ∗
slightly, the point of intersection of the line ψ = ψ ∗ with curve ψ = J(z, x̂0 ) changes
abruptly, and can even become complex.
However, the approach is among the few approaches for polynomial parametric optimization that are both exact and find the global optimum.

8.5 Conclusion
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8.5. Conclusion
In this chapter, we have presented a new method for performing parametric optimization
of polynomial functions subject to polynomial constraints. The method uses CAD to evaluate the map from the parameter space to the corresponding optimizer and optimal value.
It is exact, global and provides a conceptual analog to the standard parametric LP and QP
methods, whose connection with the proposed approach has been demonstrated. We have
also shown that standard classes of constrained optimization problems (such as LPs and
QPs) can be tackled using the proposed approach. However, it should be emphasized that
available algorithms for these specific problems exploit properties such as linearity and
convexity, which do not hold in the general case. Therefore, they are more efficient.
It should be also stated that although the proposed algorithm is general and can in principle be applied to a wide variety of problems, its application is limited by the computational cost of the CAD procedure. Unless algorithmic breakthroughs take place or more
efficient methods for CAD construction are implemented, the practical relevance of the
proposed scheme will be restricted to problems with a relatively small number of variables.
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9

Nonlinear Parametric Optimization
Using the Möller-Stetter Method
In this chapter, we present a method for nonlinear parametric optimization based on the
Möller-Stetter method for the solution of polynomial equations, seen in Chapter 5. The
problem to be studied, which arises in optimal control, is to minimize a polynomial function with parameters, subject to semialgebraic constraints. Furthermore, an application
case study in power electronics is demonstrated, where the proposed scheme is successfully employed to tackle the control design problem of the boost DC-DC converter. This
chapter is based on publications [FRPM06], [FRSM06], [FBM07] and on the material presented in Chapter 5.

9.1. The Approach
Consider parametric optimization problem (2.4), which is also stated here for ease of reference:
J ∗ (x0 ) := min J(z, x0 )
z
(9.1)
q(z, x0 ) ≤ 0
subj. to
h(z, x0 ) = 0 ,
where z = [z1 , . . . , zr ]T ∈ Rr is the decision variable, x0 = [x1 , . . . , xn ]T ∈ Rn is the parameter, J(z, x0 ) ∈ R[z, x0 ] is the objective function and q ∈ R[z, x0 ]nq , h ∈ R[z, x0 ]nh are vector
polynomial functions representing the inequality and equality constraints of the problem.
The approach we present in this chapter, aims at solving problem (9.1) and is divided
into two parts: an off-line and an on-line part. In the off-line part, we construct the generalized companion matrices associated with the KKT system of optimality conditions of
problem (9.1). In the on-line part, once we know the value of the parameter x 0 , we use
the precomputed companion matrices to evaluate maps (2.5) from the parameter x 0 to the
optimizer z ∗ (x0 ) and optimal cost J ∗ (x0 ).
Our point of departure is the observation that all local and global minima for problem
(9.1) (satisfying certain constraint qualifications) occur at the so-called KKT points, namely

95

96

9 Nonlinear Parametric Optimization Using the Möller-Stetter Method

the solution set of the following system of KKT optimality conditions:
∇z J(z, x0 ) +

nq
i=1 μi ∇z qi (z, x0 )

+

nh
i=1 λi ∇z hi (z, x0 )

=0
h(z, x0 ) = 0
μi qi (z, x0 ) = 0
μi ≥ 0
q(z, x0 ) ≤ 0 ,

(9.2)

where λi , i = 1, . . . , nh and μi , i = 1, . . . , nq are the Lagrange multipliers associated with
the equality and inequality constraints, respectively.
The three first relations of the KKT conditions (9.2) form a square system of z + n q + nh
polynomial equations (x0 being regarded as a parameter). We furthermore assume, that
the so-called KKT ideal
nq

IKKT = ∇z J(z, x0 ) +

nh

μi ∇z qi (z, x0 ) +
i=1

λi ∇z hi (z, x0 ), h(z, x0 ), μi qi (z, x0 ) ,

(9.3)

i=1

generated by all the equations appearing in (9.2), is zero-dimensional. This is a valid assumption, since in many problems arising in optimal control, the KKT ideal is indeed zerodimensional.

9.1.1. Off-line Part
The aim of the off-line part of the proposed approach, is to construct certain companion matrices associated with z, μ and λ characterizing the solution points of the variety
V(IKKT ). In doing so, we temporarily ignore the inequalities in KKT system (9.2) and we
consider a superset of all KKT points, which constitute the variety V(I KKT ).
The companion matrices can be computed by using Gröbner bases, as described in Chapter 5. Gröbner bases treat parameter x 0 as a symbol and carry it over as such through the
computations they perform. Therefore, the elements of the resulting companion matrices will be rational functions of the parameter x0 . In this light, the companion matrices
parametrically characterize the variety V(IKKT ), for all admissible values of the parameter
x0 .
However, it turns out that computing the Gröbner basis for the KKT ideal (9.3) can be
computationally burdensome, if not impossible. This is due to the structure of the equations defining IKKT and particularly because of the fact that the complementarity slackness
conditions μi qi (z, x0 ) = 0, i = 1, . . . , nq are separable. To overcome this bottleneck, we
choose to enumerate all possible combinations of active and inactive constraints in KKT
system (9.2), thereby decomposing system (9.2) into easier-to-solve subsystems.
More specifically, for all possible combinations of active and inactive inequality constraints, we separate the inequality constraints q i (z, x0 ), i = 1, . . . , nq into two groups. The
active ones
q̃i (z, x0 ) = 0, i = 1, . . . , ñq ,
and the inactive ones
q̄i (z, x0 ) ≤ 0, i = 1, . . . , (nq − ñq ) .
We denote the Lagrange multipliers corresponding to the active inequality constraints
with μ̃i , i = 1, . . . , ñq and the ones corresponding to the inactive constraints with μ̄ i , i =
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1, . . . , (nq − ñq ). Without loss of generality, we consider μ̄ i = 0, i = 1, . . . , (nq − ñq ). Then,
the resulting KKT sub-systems take the form
∇z J(z, x0 ) +

ñq
i=1 μ̃i ∇z q̃i (z, x0 ) +

nh
i=1 λi ∇z hi (z, x0 )

h(z, x0 )
q̃(z, x0 )
μ̃i
q(z, x0 )

=0
=0
=0
≥0
≤ 0.

(9.4)

System (9.4) contains r + nh + ñq equations in r + nh + ñq unknowns. Moreover, there are
θ = 2nq combinations of active and inactive constraints (2nq is the cardinality of the power
set of the set of all inequality constraints q i , i = 1, . . . , nq ) that give rise to θ systems of the
form (9.4). All these θ KKT systems (9.4) lead in turn to the super-ideals I j , j = 1, . . . , θ
ñq

Ij = ∇z J(z, x0 ) +

nh

μ̃i ∇z q̃i (z, x0 ) +
i=1

λi ∇z hi (z, x0 ), q̃(z, x0 ), h(z, x0 ) ,

(9.5)

i=1

with the associated feasibility inequalities
μ̃i ≥ 0 i = 1, . . . , ñq
qi (z, x0 ) ≤ 0 i = 1, . . . , nq .

(9.6)

Subsequently, we compute the (unique reduced) Gröbner basis G j of each Ij , j = 1, . . . , θ.
The elements of the Gröbner basis G j , j = 1, . . . , θ will be polynomials in the variables z,
μ̃ and λ, whose coefficients will be rational functions of the parameter x 0 . The Gröbner
basis computation identifies the infeasible combinations of active and inactive constraints,
by returning a Gröbner basis equal to unity. The corresponding combinations are then
discarded and not dealt with any more.
For the remaining feasible combinations (let their number be θf ≤ θ), the corresponding
generalized companion matrices are computed, as described in Chapter 5. So, for every
feasible1 super-ideal Ij , j = 1, . . . , θf (or, equivalently, for each non-empty sub-variety
V(Ij ) corresponding to a different combination of active and inactive constraints), we obtain the companion matrices
(j)
Mzi , i = 1, . . . , r
(j)
Mλi , i = 1, . . . , nh
(j)

Mμ̃i ,

i = 1, . . . , ñq ,

where the value of ñq above depends on the particular choice of the ideal I j , j = 1, . . . , θf ,
i.e. on the particular choice of active and inactive constraints.
A summary of the off-line part of the approach appears in Algorithm 4.

9.1.2. On-line Part
Given the precomputed generalized companion matrices that have been obtained in the
off-line part, the on-line part takes the value of the parameter x 0 and evaluates the maps
from the parameter x0 to the optimizer z ∗ (x0 ) and the optimal cost J ∗ (x0 ) of problem (9.1).
The main steps of the algorithm are:
1

We refer to a feasible ideal I j , j = 1, . . . , θf to denote that Ij corresponds to a feasible combination of active
and inactive constraints of (9.2).
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Algorithm 4 Off-line part: Companion matrix computations.
Input: Parametric optimization problem (9.1).
(j)
(j)
Output: Generalized companion matrices Mzi , i = 1, . . . , r, Mλi , i = 1, . . . , nh and
(j)

1:
2:
3:
4:
5:
6:
7:

Mμ̃i , i = 1, . . . , ñq , for all feasible ideals Ij , j = 1, . . . , θf .
for all combinations of active and inactive constraints do
Construct Ij .
Compute associated Gröbner basis Gj .
if Gj = {1} then
discard super-ideal Ij (combination is infeasible).
else
(j)
(j)
Compute generalized companion matrices Mzi , i = 1, . . . , r, Mλi , i = 1, . . . , nh
(j)

and Mμ̃i , i = 1, . . . , ñq .
8:
end if
9: end for
1. Specialize parameter x0 in the companion matrices to its fixed given value.
2. Calculate the points of non-empty varieties V(Ij ), corresponding to the feasible ideals
Ij , j = 1, . . . , θf .
3. Check the obtained solution points with feasibility inequalities (9.6) and remove the
infeasible and non-real ones.
4. Among the remaining feasible solutions, select the one that induces the minimum
cost in the objective function.
First, the parameter x0 is fixed to its given value.
Remark 9.1 (Division with zero). The specialization of the parameter x0 gives a map from
the field R(x0 ) of rational functions of x0 with real coefficients, to the field R of real numbers, in the sense that the symbolic (in x 0 ) companion matrices whose entries are rational
functions of x0 , become numeric. If the value of x0 is generic, then in all likelihood, there
will be no divisions with zero upon specialization, i.e. no denominator in the elements
of the companion matrices will vanish. However, this issue is something that should be
kept in mind, when using standard Gröbner bases computation techniques to construct the
companion matrices. More sophisticated techniques, such as the one described in [Wei92],
could be used to alleviate this potential issue.
(j)

(j)

Subsequently, for all feasible ideals Ij , we compute the matrix Wj = [w1 , . . . , wj ] ∈

Rj ×j of common eigenvectors of all numeric companion matrices associated with Ij , as
shown in Chapter 5. We use then W j to calculate the eigenvalues of the companion matrices, obtaining thus the solution points of the non-empty varieties V(I j ), j = 1, . . . , θf . The
values of the coordinates of these solution points corresponding to μ̃ are
(1)

(j )

{μ̃i , . . . , μ̃i

}j , j = 1, . . . , θf , i = 1, . . . , ñq ,

where j is the number of solutions points in variety V(I j ) (which is equal to the number
of basic monomials of the ideal Ij ). Similarly, the coordinates for λ are
(1)

(j )

{λi , . . . , λi

}j , j = 1, . . . , θf , i = 1, . . . , nh ,
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and those for the decision variable z are
(1)

(j )

{zi , . . . , zi

}j , j = 1, . . . , θf , i = 1, . . . , r .

After the solutions for variables z, μ̃ and λ above have been obtained for every nonempty variety V(Ij ), j = 1, . . . , θf , we discard the complex ones and the ones not satisfying
the corresponding feasibility inequalities (9.6).
Let the set of the remaining feasible and real solution points of variety V(I j ), j = 1, . . . , θj
be denoted with
,
Sj = {(z (k) , μ̃(k) , λ(k) )}j , k = 1, . . . , feas
j
(k)

(k)

(k)

(k)

is
where z (k) = [z1 (k), . . . , zr (k)]T , μ̃(k) = [μ̃1 , . . . , μ̃ñq ]T , λ(k) = [λ1 , . . . , λnh ]T and feas
j

the number of real, feasible solution points (z (k) , μ̃(k) , λ(k) ) contained in (the non-empty)
variety V(Ij ). The union of all sets Sj , j = 1, . . . , θf for all feasible ideals Ij , j = 1, . . . , θf ,
constitute the set
θf

Sj
S=
j=1

of tuples (z, μ̃, λ) which contain the candidate optimizers z of optimization problem (9.1).
Let Sz denote the set of all these z ∈ R r . The optimizer z ∗ can then be determined by
selecting that z ∈ Sz which induces the minimum cost in the objective function, i.e.
z ∗ (x0 ) = argmin J(z, x0 ) ,
z∈Sz

whereas the optimal cost is

J ∗ (x0 ) = min J(z, x0 ) .
z∈Sz

A summary of the on-line part of the proposed approach can be seen in Algorithm 5.
Algorithm 5 On-line part: Computation of the optimal solution. Off-line computed companion
matrices have to be provided.
Input: Value of the parameter x0 .
Output: Optimal cost J ∗ (x0 ) and optimizer z ∗ (x0 ).
1: for all non-empty varieties V(Ij ), j = 1, . . . , θf do
(j)
(j)
(j)
2:
Specialize parameter x0 in companion matrices Mzi , Mλi and Mμ̃i .
3:
Calculate the matrix of common eigenvectors Wj , that simultaneously diagonalizes
all companion matrices.
4:
Compute the eigenvalues of the companion matrices to obtain solutions for z, μ̃ and
λ.
5:
Discard all non-real solutions and those not satisfying the associated feasibility inequalities.
6:
Gather the remaining feasible solutions in the set S j .
7: end for
8: Form the discrete set of all candidate optimizers S z from all the computed sets S j , j =
1, . . . , θf .
9: Compare values J(z, x0 ) for all z ∈ Sz and select optimizer z ∗ (x0 ) and corresponding
optimal cost J ∗ (x0 ).
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Remark 9.2 (Connection with MPC). As already shown in Section 3.1.1, MPC problems can
be cast in the form of parametric optimization problems. Therefore, the general parametric
optimization approach presented in this chapter can be used for performing polynomial
parametric optimization arising in MPC problems.

9.2. Application to the Boost DC-DC Converter
In this section, we present a power electronics case study, where we use the approach of
this chapter for nonlinear parametric optimization, for the controller design problem of the
boost DC-DC converter. DC-DC converters have been introduced in Chapter 7, where the
reader is referred to for background material.
In the following, we consider the controller design problem for the boost DC-DC converter depicted in Figure 7.1. The exact, continuous-time state update equations describing
the circuit are (7.1) and (7.2).

9.2.1. Nonlinear Control Model
For control design, we derive a simplified control model using the classical method of
state-space averaging. The principle of operation of the boost converter circuit naturally
lends itself to formulating the discrete-time control model of the system with sampling
interval Ts . In particular, integrating the differential equations (7.1) and (7.2) over Ts for
the two modes of operation yields the exact expressions
x(k + 1)mode 1 = Ξ1 x(k) + ξ1

(9.7)

x(k + 1)mode 2 = Ξ2 x(k) + ξ2 ,

(9.8)

valid for the exact system update if the duty cycle were 1 (circuit always in mode 1) or 0
(circuit always in mode 2), respectively. For the purpose of the present study the (approximate) averaged model of the boost converter is employed [MUR89] so that the control
model dynamics assume the form
x(k + 1) = d(k)x(k)mode 1 + (1 − d(k))x(k)mode 2
= (Ξ1 − Ξ2 )x(k)d(k) + (ξ1 − ξ2 )d(k) + Ξ2 x(k) + ξ2 ,

(9.9)

subject to the physical constraint
0 ≤ d(k) ≤ 1 ,

(9.10)

where d(k) is the duty cycle (control input) of the kth sampling interval. We see that the
two discrete-time modes are averaged over the sampling period T s according to their effective duration. The resulting expression (9.9) is polynomial as it features the product of
the state and the input. Although intrinsically a simple approximation of the exact dynamics of the system, the averaged model lies at the heart of classic DC-DC converter control
schemes [ECM82], [MC76] and can be seen to yield satisfactory performance for the optimal control setup derived in the following.

9.2.2. Control Scheme
Control Objectives
The main control objective for the boost DC-DC converter is to regulate the (average)
dc component of the output voltage v o to its reference vo,ref . This regulation has to be
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achieved in the presence of the hard constraints on the manipulated variable (the duty cycle) which is bounded between 0 and 1, and needs to be maintained despite the changes in
the voltage source vs . Moreover, the controller must render a steady state operation under
a constant duty cycle, thus avoiding the occurrence of fast-scale instabilities (subharmonic
oscillations).
Similarly as described in [BPM05] however, and as often done in actual industrial practice [MUR89], it is more convenient to formulate the control problem of the boost DC-DC
converter as a current (rather than a voltage) regulation problem, aiming at steering the
value of the normalized discrete-time inductor current i (k) to a reference i,ref . The value
i,ref corresponding to the desired v o,ref can be explicitly calculated on the basis of the
known parameters of the circuit during nominal system conditions [KMM00]; as previously mentioned, v s can then be measured and used to modify the normalized current
reference in the face of a change in the voltage source.
Constrained Finite Time Optimal Control
The control objectives are to regulate the average output voltage to its reference as fast and
with as little overshoot as possible, or equivalently, to minimize the error of the normalized
inductor current i,err (k) = i (k) − i,ref , despite changes in the voltage source v s . Let
Δd(k) = d(k) − d(k − 1) indicate the value of the difference between two consecutive duty
cycles. This term is introduced in order to reduce the presence of unwanted chattering in
the input when the system has almost reached stationary conditions and entails appending
d(k − 1) to the parameter vector x 0 . Furthermore, as the reference may change during
operation, i,ref must also be included in the parameter vector x 0 .
Define the positive penalty weights Q x ∈ R+ and Qu ∈ R+ . Consider also the quadratic
objective function
N −1

J(z, x0 ) =




Qx |i,err (k)|2 + Qu |Δd(k)|2 ,

(9.11)

k=0

where z = U0N −1 = [d(0), . . . , d(N − 1)]T (see Section 3.1.1) and the parameter x0 =
[x(0)T d−1 i,ref ]T , denoting with d−1 the duty cycle (control input) of the previous time
interval. The sequential method is used for the CFTOC problem formulation, because the
number of optimization variables is of greater concern (from a computational complexity
point of view) than the degrees of the polynomials.
The control input at time-instant t = 0 is then obtained by minimizing the objective
function (9.11) over the sequence of control moves U0N −1 = [d(0), . . . , d(N − 1)]T subject
to the related system equations and constraints (9.10); the resulting nonlinear optimization
program constitutes a CFTOC problem and is solved by means of the approach presented
in Section 9.1.

9.2.3. Simulation Results
In this section, simulation results demonstrating the performance of the proposed control
methodology are presented. The circuit parameters (see Figure 7.1) expressed in the per
70
3
p.u., x = 2π
p.u., rc = 0.01 p.u., r = 0.05 p.u. and
unit system are given by xc = 2π
ro = 1 p.u.. If not otherwise stated the voltage source is v s = 0.7 p.u.; the average output
voltage reference is set to v o,ref = 1, to which, for the given circuit parameters, a scaled
inductor current reference i ,ref = 1.964 is associated, corresponding to a physical value
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of 1.375. For the cost function, the penalty weights are chosen to be Q x = 20, Qu = 1 and
the prediction horizon in all cases is N = 3. The simulation cases considered represent
different scenarios typically of interest in practical applications. The plant model used for
the simulations is the continuous-time switched linear model of equations (7.1) and (7.2).
Startup
The first case to be analyzed is that of the transient behavior during startup. Figures 9.1(a)
9.1(b) depict the step responses of the state and control input during start-up, i.e. when
the converter starts operation with zero initial conditions (x(0) = [i  (0) vo (0)]T = [0 0]T ).
The proposed optimal control approach yields an output voltage that reaches its desired
stationary value within 20 switching periods. The overshoot in the inductor current is
intrinsically present in the response of the system due to the numerical parameters of the
circuit and the required reference and is thus unavoidable, although the controller tries to
minimize its magnitude by keeping the duty cycle at zero for the first few time instants.
Voltage Drop
For the second case, results stemming from a 30% decrease in the voltage source v s during
the previously attained steady state operation are shown in Figures 9.2(a)-9.2(b). Upon
the voltage drop, the new value of the voltage source is measured, the current reference is
updated accordingly and the system is restored to its desired output voltage value. As the
control problem is formulated in terms of a current tracking scheme, the system is steered
in such a manner as to quickly reach its required inductor current value.
Implementation Details
The off-line, algebraic part of the algorithm (computation of the companion matrices) has
been implemented in Maple. The nonlinear programming problem formulation gives rise
to 64 different combination of active/inactive constraints, out of which only 27 are feasible. The associated companion matrices have dimension of up to 5 × 5 with the majority
of them being 1 × 1. In the latter case, the optimal control input can be expressed as a
rational function of the measured state parameter. This stems from the fact that in those
cases the resulting KKT conditions are linear with respect to the decision variables and the
corresponding companion matrices are 1 × 1 (see also [FRSM06] and [FBM07]). The computed companion matrices are then used for the on-line part of the algorithm (eigenvalue
computations), which was implemented in Matlab. The time that each step of the on-line
part of the algorithm took to be computed lies in the order of seconds. However, much of
this time was consumed for expression evaluations and overhead associated with the use
of the symbolic toolbox of Matlab.
Numerical Sensitivity
The off-line part of the algorithm involves Gröbner bases computations and is carried out
entirely using rational numbers. As a result, the elements of the companion matrices are
computed with infinite precision. The issue of sensitivity to numerical errors is only raised
when these elements are specialized to real, floating-point numbers, once the parameter x 0
has been measured and specified. The eigenvalues sensitivity of a matrix with respect to
perturbations of its elements is a well-studied topic and beyond the scope of the present
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Figure 9.1.: Simulation results for the startup scenario.

work. To the best of the author’s knowledge, the companion matrices do not exhibit any
special structure to enable a more specific eigenvalue perturbation analysis than in the
regular case studied in the literature [Wil84], [Wil86]. With regard to the application at
hand, no problems stemming from the finite floating-point precision were detected with
regard to the eigenvalue computations.
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Figure 9.2.: Simulation results for the scenario featuring a 30% decrease of v s .

9.3. Further Considerations
In discussing the implementation details of the proposed approach to the DC-DC converter
case study, we briefly mentioned that in certain cases, some of the companion matrices
turn out to be of dimension 1 × 1. In those cases, the coordinates of the solution points of
varieties V(Ij ), j = 1, . . . , θf can be expressed as rational functions of the parameter x 0 .
In other words, we see that the computation of the companion matrices (through the
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Gröbner bases) reveal the structure of the solution to the KKT system (9.4). Specifically, if
the solution can be expressed in closed form, as an explicit function of the parameter x 0
(i.e. the equations in (9.4) can be solved analytically), the proposed method will find this
explicit expression. This owes to the fact that Gröbner bases minimally characterize the
underlying ideal.
This property of the Gröbner bases becomes more relevant in the context of parametric
optimal control, where the optimal control law is obtained by solving a parametric QP (or
LP) – see Section 3.3.1. In the following, we investigate what happens when we apply the
approach presented in this chapter, to solve parametric QPs (or LPs).

9.3.1. Solving Parametric QPs and LPs
Consider a parametric QP where z ∈ Rr is the decision variable and x0 ∈ Rn is the parameter. In a QP, all the constraints are affine with respect to the decision variable z and
parameter x0 and the objective function is quadratic with respect to z and x 0 . As a consequence, upon applying the presented approach, all equations defining the KKT ideals (9.5)
are linear with respect to the decision variable z (since taking the derivative of the quadratic
objective function with respect to z, yields an affine expression of z). The equations in (9.4)
(defining the ideals Ij ) are affine also with respect to the Lagrange multipliers λ i and μ̃i .
Therefore, they constitute a system of linear equations in their variables z, μ̃ and λ, while
x0 is regarded as a parameter.
Similarly, for an LP it also turns out that the equations defining the KKT ideals I j are all
linear with respect to z, μ̃, λ and x0 .
Consequently, when we compute the Gröbner basis of each I j , j = 1, . . . , θf (for a QP or
an LP), we perform Gaussian elimination for the square, linear system defined by the first
three relations in (9.4). The resulting Gröbner basis has then the form of a triangular linear
system (reduced echelon form), as we have seen in Section 5.2.1. That is, the elements of
the Gröbner basis are polynomials affine in z, μ̃ and λ, expressing the coordinates of the
(z, μ̃, λ)-points in variety V(Ij ) as affine functions of the parameter x0 – the Gröbner basis
elements are not rational in x0 but affine, because no cross product between x 0 and the
variables z, μ̃ and λ appears in the equations (9.4) defining ideals Ij , j = 1, . . . , θf .
Every feasible combination of active and inactive inequality constraints in the QP (or
LP), gives rise to a different feasible ideal Ij , j = 1, . . . , θf . Each such feasible ideal
features in its Gröbner basis Gj unique affine expressions for the candidate optimizers
zi , i = 1, . . . , r and the corresponding Lagrange multipliers μ̃ i , i = 1, . . . , ñq and λi , i =
1, . . . , nh . These expressions are unique, because the non-empty zero-dimensional varieties V(Ij ), j = 1, . . . , θf contain a unique solution point (since a square linear system that
has isolated solutions can only have a unique solution).
We realize then, that the only basic monomial of all ideals Ij , j = 1, . . . , θf will be
(j)
(j)
the unity. As such, the corresponding companion matrices M zi , i = 1, . . . , r, Mλi , i =
(j)

1, . . . , nh and Mμ̃i , i = 1, . . . , ñq will be of dimension 1 × 1. Their eigenvalues coincide
with their only elements, which are the affine expressions for the variables z, μ̃ and λ
found in the Gröbner basis Gj .
Therefore, in specializing the value of the parameter and computing the eigenvalues
of the companion matrices, the on-line part of our approach in effect evaluates the affine
expressions for z, μ̃ and λ appearing in the 1 × 1 matrices. Subsequently, it checks for
feasibility and optimality of the obtained values.
It follows also, that among these affine expressions for z in the Gröbner bases G j , j =
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1, . . . , θf , are the affine explicit solution expressions for parametric QP (or LP), in the sense
described e.g. in [BMDP02]. Our approach, however, does not associate the obtained affine
functions to their critical regions, as the standard parametric QP (or LP) methods do. We
could say though, that this association is effectively done numerically on-line, when the
induced costs for all candidate optimizers are compared.
In conclusion, we see that the proposed approach can successfully tackle parametric
QPs and LPs and moreover can also retrieve the affine explicit expressions of the optimal
solution.

9.3.2. Computational Aspects of the Approach
We should stress the fact that the proposed approach uses symbolic algebraic computations and as such suffers from certain computational drawbacks. For one thing, computing Gröbner bases is known to have exponential complexity with respect to the number
of variables that appear in the expressions. This aspect strongly manifests itself in the fact
that computing the Gröbner basis of the KKT system (9.2) is nearly impossible for most
cases of practical interest.
Moreover, the off-line part of the proposed approach works in the field of rational functions of x0 , resulting in potentially large expressions of the parameter x 0 , an issue known as
expression swell (or coefficient blowup). Hence, the rational expressions of the elements of
the companion matrices may grow large and thus difficult to handle with most computer
algebra systems.
To give an idea of the amount of complexity Gröbner bases computations (and thus the
presented method, too) may develop, let us mention that for systems consisting of as few as
four polynomial equations in four variables, the associated Gröbner basis can have rational
coefficients whose elements have over two hundred digits [BPS06]. Moreover, the number
of the polynomials in the basis can easily grow very large, by only slightly increasing the
number of variables. Therefore, the approach of this chapter can be applied to systems of
up to maybe ten variables (r + nh + ñq ≤ 10).
In short, the proposed method is computationally suitable for problems of modest size.
The two main drivers of complexity are the length of the parameter vector x 0 , which leads
to coefficient blowup; and the number of variables z, μ and λ appearing in the (optimality
condition) equations, which generally increases the effort needed to construct the associated Gröbner basis.
One third driver of complexity, that sets linear systems apart, is the degree of the polynomials appearing in the equations that define ideals I j , j = 1, . . . , θf . As we have mentioned before, computing the Gröbner basis of a system of linear equations amounts to
Gaussian elimination. This is reflected by the fact that all associated S-polynomials in
Buchberger’s algorithm are affine. Upon passing from linear to nonlinear polynomials,
though, the Buchberger algorithm has to compute S-polynomials that are no longer affine
and may contain many higher order terms. This leads to more divisions, which also take
longer to execute (see [AL94] for details), contributing thus to the overall complexity of the
Gröbner basis calculation and, eventually, of our approach.
The largest problem instance we could solve using the proposed approach was the DCDC converter case study presented in this chapter. The parameter vector x 0 had a length
of n = 4, while we had r = 3 decision variables, nq = 6 inequality constraints and nh =
0 equality constraints (because of the substitutions of the sequential method). Solving a
larger instance of the same control design case study, by e.g. increasing the prediction
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horizon to N = 4, proved to be marginally feasible.

9.4. Conclusion
In this chapter, we have presented a new method for nonlinear parametric optimization of
polynomial functions subject to polynomial constraints. The method uses Gröbner bases
and the Möller-Stetter method for solving systems of polynomial equations, to evaluate the
maps from parameter x0 to the corresponding optimal value J ∗ (x0 ) and optimizer z ∗ (x0 ).
Moreover, it delivers the global optimum without relying on approximations or convexity
assumptions.
The method has been developed with model predictive control in mind. In this respect, it
has been applied to a sample case study in power electronics – the boost DC-DC converter
– where it successfully tackles the control design problem of the converter. However, as the
off-line part of the approach entails symbolic (Gröbner bases) computations, its practical
relevance is inherently limited to systems with relatively few variables.
In order to extend the applicability of the approach to larger problem instances, we could
look for suitable decomposition techniques that would enable us to address smaller subsystems separately in a tractable manner. Finally, exploiting the recursive structure of
control problems could potentially lead to computational benefits. For instance, sparse
resultant techniques for computing the solutions to the KKT optimality conditions could
be investigated.
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10

A Homotopy Continuation Approach
to Optimal Control
In this chapter, we present a new method for nonlinear constrained optimal control based
on the homotopy continuation approach for the solution of systems of polynomial equations. An application case study in power electronics is also demonstrated, where the proposed scheme is successfully employed to tackle the control design problem of the buck
DC-DC converter. The chapter is based on publications [BFR07] and [BBFM08] and on the
material presented in Chapter 6.

10.1. The Approach
As shown in Section 3.1.1, the CFTOC problem associated with polynomial dynamical
systems can be formulated as a polynomial parametric optimization problem of the general
form(2.4), stated also here for ease of reference:

J ∗ (x0 ) = min J(z, x0 ) s.t.
z

q(z, x0 ) ≤ 0
h(z, x0 ) = 0 ,

(10.1)

where z = [z1 , . . . , zr ]T ∈ Rr is the decision variable, x0 = [x1 , . . . , xn ]T ∈ Rn is the parameter, J(z, x0 ) ∈ R[z, x0 ] is the objective function and q ∈ R[z, x0 ]nq , h ∈ R[z, x0 ]nh are vector
polynomial functions representing the inequality and equality constraints of the problem.
The approach we present in this chapter, aims at solving problem (10.1) and is divided
in two parts: an off-line and an on-line part. In the off-line part, we solve a certain generic
polynomial system and store its solutions; then, in the on-line part, given the measurement
of parameter x0 , the generic system and its solutions are used to obtain the optimal solution
J ∗ (x0 ) and optimizer z ∗ (x0 ) of (10.1).
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10.1.1. Off-line Part
The first step of the off-line part of the approach is to construct the system of KKT optimality conditions, associated with optimization problem (10.1)
∇z J(z, x0 ) +

nq
i=1 μi ∇z qi (z, x0 )

+

nh
i=1 λi ∇z hi (z, x0 )

h(z, x0 )
μi qi (z, x0 )
μi
q(z, x0 )

=0
=0
=0
≥0
≤ 0,

(10.2)

where λi , i = 1, . . . , nh and μi , i = 1, . . . , nq are the Lagrange multipliers associated with
the equality and inequality constraints, respectively.
The three first relations of the KKT conditions (10.2) form a square system of z + n q + nh
polynomial equations (x0 being regarded as a parameter). The homotopy continuation
method that forms the basis of the presented approach aims at solving this square polynomial system. For that, we temporarily ignore all inequality constraints, to get a naturally
of square systems of polynomial equations parametrized by x 0
parametrized family Fxnat
0
⎧
nq
nh
λi ∇z hi (z, x0 ) = 0
⎨ ∇z J(z, x0 ) + i=1 μi ∇z qi (z, x0 ) + i=1
(10.3)
Fxnat
(ρ)
:
μi qi (z, x0 ) = 0
0
⎩
h(z, x0 ) = 0 ,
where ρ = (z, μ, λ) ∈ Cr+nq +nh denotes the compound vector consisting of the z, μ and
λ appearing in (10.3). Because homotopy continuation works with complex numbers, we
consider the complex solutions of system (10.3). This is why we regard ρ to be a complex
vector.
Remark 10.1 (Zero-dimensional assumption). We further assume, that the solution of system (10.3) is a set of isolated points. In other words, that the corresponding variety V
is zero-dimensional. This is a valid assumption, since many problems arising in optimal
control give rise to zero-dimensional systems of optimality conditions. If this assumption
fails to hold, we could potentially employ the numerical irreducible decomposition (NID)
([SW05], Chapter 15) to tackle the non-zero-dimensional case.
in family Fxnat
,
The off-line part of the algorithm aims at solving a generic instance Fx̃nat
0
0
n
for a generic (i.e. random complex) value x̃0 ∈ C of the parameter x0 . Therefore, we
. To solve Fx̃nat
, we
fix x0 to a random complex value x̃0 ∈ Cn to obtain instance Fx̃nat
0
0
have to embed it in a suitable parametrized family of polynomials, in which a start system
g(ρ) exists, whose solutions we know (or we can easily find). We choose to embed it in
the multihomogeneous family of systems F σm-hom , as described in Section 6.3. We then
construct a homotopy of the form (6.2), in order to trace the solutions of g(ρ) to those of
(ρ). The solutions of Fx̃nat
obtained are denoted with ρ̃ (j) , j = 1, . . . , ñρ .
Fx̃nat
0
0
A graphical illustration of the off-line part of the proposed method can be seen in Figure 10.1.
In summary, the off-line part of the proposed approach solves the generic polynomial
(ρ) (using a multihomogeneous homotopy) and stores its solutions ρ̃ (j) , j =
system Fx̃nat
0
1, . . . , ñρ . An overview of the off-line part of the approach appears in Algorithm 6.

10.1.2. On-line Part
Given the solutions ρ̃(j) , j = 1, . . . , ñρ of system Fx̃nat
, the on-line part of the approach takes
0
the measurement value x̂0 of the parameter x0 and computes the optimum J ∗ (x̂0 ) and an
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nat
generic member Fx̃0

off-line homotopy

g(ρ) (start system)
Figure 10.1.: Off-line part of the approach: After the naturally parametrized family of poly(curve) is embedded into the multihomogeneous family F σm-hom
nomials Fxnat
0
(surface) containing a suitable start system g(ρ), homotopy continuation is
(ρ), in order to compute
used off-line from g(ρ) to the generic member F x̃nat
0
(j)
and store the latter’s solutions ρ̃ , j = 1, . . . , ñρ .
Algorithm 6 Off-line part: Compute the solution of a generic instance Fx̃nat
of the family
0
of
polynomial
systems.
Fxnat
0
Input: Parametrized family of polynomial systems Fxnat
0
Output: Solutions ρ̃(j) ∈ Cr+nq +nh , j = 1, . . . , ñρ
1: Choose a random x̃0 ∈ Cn and form instance Fx̃nat
0
2: Embed Fx̃nat
in a multihomogeneous family Fσm-hom and choose an appropriate start
0
system g(ρ) ∈ Fσm-hom .
3: Solve g(ρ) (as in described in Section 6.4.1).
4: Construct and solve multihomogeneous homotopy from start system g(ρ) to generic
, so as to obtain its solutions ρ̃ (j) , j = 1, . . . , ñρ .
system Fx̃nat
0
optimizer z ∗ (x̂0 ). The three main steps of the on-line part are:
, using coefficient parameter homotopy with F x̃nat
as the start sys1. Solve system Fx̂nat
0
0
tem.
2. Remove non-real and infeasible (with respect to the inequalities in (10.2)) solutions.
3. Among the remaining feasible, real solutions, select the one that induces the minimum cost in the objective function.
as the start system and, given the
The on-line part of the algorithm considers system F x̃nat
0
on-line state measurement x0 = x̂0 , it constructs a coefficient parameter homotopy from x̃ 0
to x̂0 , thereby solving instance Fx̂nat
. This is possible, because we have already computed
0
nat
the solutions to Fx̃0 in the off-line part of the algorithm. In Figure 10.2 we graphically see
, the solutions of which we
the coefficient parameter homotopy that solves instance F x̂nat
0
(j)
denote with ρ , j = 1, . . . , nρ .
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Fx̂nat
0

on-line homotopy

nat
generic member Fx̃0

Fxnat
0

g(ρ)
Figure 10.2.: On-line part of the proposed approach: A coefficient-parameter homotopy is
, starting from system Fx̃nat
, whose solutions have
used to solve system F x̂nat
0
0
already been computed in the off-line part of the approach.
After system Fx̂nat
has been solved, we check all its solutions ρ (j) ∈ Cr+nq +nh , j =
0
1, . . . , nρ and keep the ones that are both real and feasible with respect to the inequalities
in (10.2).
Let the set of real feasible solutions with respect to the constraints in (10.2) be
S = {ρ(j) = (z (j) , μ(j) , λ(j) ), j = 1, . . . , nρ | q(z (j) , x̂0 ) ≤ 0, μ(j) ≥ 0} .

(10.4)

Let also the set of all z (j) contained in the compound vectors ρ (j) ∈ S form the set Sz . The
optimizer z ∗ (x̂0 ) for parametric optimization problem (10.1) can then be determined by
selecting that z ∈ Sz , which induces the minimum cost in the objective function, i.e.
z ∗ (x̂0 ) = argmin J(z, x̂0 ) ,
z∈Sz

whereas the optimal cost is

J ∗ (x̂0 ) = min J(z, x̂0 ) .
z∈Sz

A summary of the on-line part of the proposed approach can be seen in Algorithm 7.
Algorithm 7 On-line part: Requires system F x̃nat
and its solutions ρ̃(j) , j = 1, . . . , ñρ .
0
Input: Parameter value x̂0 .
Output: Optimal cost J ∗ (x̂0 ) and an optimizer z ∗ (x̂0 ).
1: Construct the coefficient parameter homotopy from F x̃nat
to Fx̂nat
and solve it to obtain
0
0
(j)
nat
solutions ρ , j = 1, . . . , nρ of Fx̂0 .
2: Keep the real feasible solutions respecting the inequalities of the optimality conditions
and store them in set S.
3: Form the discrete set S z of all candidate optimizers.
4: Compare values J(z, x̂0 ) for all z ∈ Sz and select optimizer z ∗ (x̂0 ) and corresponding
optimal cost J ∗ (x0 ).
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10.2. Application to the Duffing Oscillator
In this section we illustrate the proposed approach by means of a simple example. Consider the Duffing oscillator (10.5), a nonlinear oscillator of second order [JS87]
ÿ(t) + 2ζ ẏ(t) + y(t) + y(t)3 = u(t),

(10.5)

where t ∈ R+ is time, y ∈ R is the continuous state variable and u ∈ R the control input.
The parameter ζ is the damping coefficient and is known (here ζ = 0.3). The control
objective is to regulate the state to the origin. To derive the discrete-time model, a simple
forward difference approximation is used with a sampling period of h = 0.05 time units.
Forward difference is used here for illustration purposes only and is not meant to replace
more sophisticated methods for discretizing nonlinear continuous-time systems and the
considerations that come with them.
The resulting state space model with a discrete-time state vector x ∈ R 2 and input u ∈ R
is





1
h
x1 (k)
x1 (k + 1)
=
−h (1 − 2ζh)
x2 (k + 1)
x2 (k)

(10.6)
 

0
0
.
+
u(k) +
h
−hx31 (k)

10.2.1. Control Scheme
An optimal control problem with prediction horizon N and a quadratic objective function
with weight matrices Qx = diag(1, 1), Qu = 0.1, QxN = diag(0, 0) and state constraints
x(k)∞ ≤ 5, k = 1, . . . , N , leads to the CFTOC problem
J ∗ (x0 ) =

s.t.

min

(X1N ,U0N−1 )

N −1
T
k=1 {x(k) Qx x(k)

+ u(k)T Qu u(k)}

x(k)∞ ≤ 5 , k = 1, . . . , N


x(k + 1) = f x(k), u(k) , k = 1, . . . , N − 1,

(10.7)

where function f ∈ R[x, u]2 captures the state update equation (10.6) and the parameter
vector x0 is the initial state measurement, i.e. x0 = x(0).
Remark 10.2 (Simultaneous approach used). Continuation methods are usually more efficient when dealing with lower degree polynomials – the number of equations being not of
equal concern. Therefore, we use the simultaneous approach in formulating the CFTOC
problem (10.7) to be solved with the proposed homotopy approach, because in this way we
trade the degree of the polynomial equations appearing in the resulting CFTOC problem,
with their number.

10.2.2. Simulation Results
The homotopy computations were carried out by Bertini [BHSW] and a Matlab script was
used for simulation and illustration of the results.
In Table 10.1 we can see the performance of the off-line and the on-line part of the method
applied to the Duffing oscillator, for three different values of the prediction horizon N . The
most critical information in the table is the rightmost column. It shows how much it takes
for the on-line part to find the optimal solution of the problem, given the parameter value
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N
1
2
3

Off-line part
# paths tot. time
7
64 ms
132
6.728 s
2729
504.812 s

On-line part
# paths/step time/step
3
< 1 ms
9
40 ms
31
376 ms

Table 10.1.: Number of paths and timings – Duffing oscillator.
x̂0 . Note that the number of paths for the off-line part is much larger than that of the on-line
part. This reflects the fact that homotopies resulting from naturally parameterized families
make full use of the characteristics of the family, leading to fewer paths. On the contrary,
the off-line part requires the use of an artificial (in particular, multihomogeneous) parameterized family, which takes into account only some of the structure of the polynomial
system to be solved, thus resulting in more paths.
Although the Duffing oscillator is a relatively small example to consider, the timings reported in Table 10.1 indicate that the on-line part of the approach can, under circumstances,
be fast enough, so as to extend the method’s applicability to systems with relatively high
sampling rate, i.e. in the range of milliseconds. Concerning the timings for the off-line
part, longer time durations can also be acceptable, since that part is not to be executed on
the control unit in real time.
The timings in Table 10.1 correspond to a Pentium 4 machine, 1.8 GHz with 1GB of RAM.
It has to be noted that they include the file read/write overhead associated with the calls to
Bertini. If the algorithm were to be applied to a real experimental setting, we could further
reduce the on-line time per step. In Figure 10.3 we can observe the dynamical response of
the system for N = 1, 2, and 3. We see that as the horizon increases, the state is regulated to
the origin more effectively. For N = 1, the response resembles more the natural dynamics
(free response) of the system. The corresponding optimal control inputs can be seen in
Figure 10.4.

10.3. Related Work
The author of [Oht04] proposed a homotopy continuation scheme as well, used for the
solution of nonlinear receding horizon control problems. While that method is tailored
to receding horizon control problems, the one described here extends to the more general
setting of parametric optimization. The main advantage of our approach, however, is that
it yields a probability one guarantee of convergence to the optimal solution. This property
is particularly important in real-time applications.
The method in [Oht04] differs also in that it deals with general nonlinear systems, while
we use homotopy continuation for polynomial systems [SW05], therefore exploiting their
intrinsic structure. This gives rise to the second main advantage of our method, which is
the ability to deal with singular paths, whereas in [Oht04] it is assumed that homotopy
paths remain nonsingular.
Moreover, since we have a probability one guarantee that we can find all solutions to the
polynomial system, we have a guarantee for finding the global optimum of the optimization
problem; this is not obvious in [Oht04]. Please refer to [SW05], Chapter 4, for precise
statements regarding probability one guarantees.
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Figure 10.3.: Phase (state-space) plot of the Duffing oscillator.
One further difference between the approaches is the fact that we use derivative information derived from the dynamics of the discrete-time system. The author of [Oht04]
uses the derivative information from the continuous-time system to Euler-predict the next
step, with no Newton correction afterwards, which raises issues regarding the numerical accuracy of the method. In contrast, by using Newton correction steps, we are able
to obtain arbitrarily high digit precision, at a very small computational price, as detailed
in [BHSWar].

10.4. Application to the Buck DC-DC Converter
In this section, we present a power electronics case study, where we use the optimal control approach presented in this chapter, for the controller design problem of the DC-DC
buck converter. DC-DC converters have been introduced in Chapter 7, where the reader is
referred to for background material.
In the following, we consider the controller design problem for the buck DC-DC converter depicted in Figure 7.3. The exact, continuous-time state update equations describing
the circuit are (7.4) and (7.5).
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Figure 10.4.: Input evolution of the controlled Duffing oscillator.

10.4.1. Nonlinear Control Model
The principle of operation of the circuit naturally lends itself to formulating a discretetime model of the system with sampling interval Ts . In particular, through a forward Euler
approximation over Ts of (7.4), (7.5) one has the expressions
x(k + 1)mode 1 = x(k) + (Ax(k) + B)Ts

(10.8)

x(k + 1)mode 2 = x(k) + Ax(k)Ts ,

(10.9)

respectively valid for the system update if the duty cycle were 1 (circuit always with S 1
in conduction) or 0 (circuit always with S2 in conduction). For the purpose of the present
work the averaged model of the buck converter is employed [MUR89]; although intrinsically a simple approximation of the exact dynamics of the system, the averaged model lies
at the heart of classic DC-DC converter control schemes [ECM82], [MC76] and can be seen
to yield satisfactory performance for the optimal control setup to be derived. The control
model dynamics then assume the form
x(k + 1) = d(k)x(k + 1)mode 1 + (1 − d(k))x(k + 1)mode 2
= Ξ̃(ro )x(k) + ξ̃(ro )d(k)

(10.10)

subject to the constraints
0 ≤ d(k) ≤ 1 ,

(10.11)

wherein the two discrete-time modes are averaged over the period according to their effective duration and where the elements of matrix Ξ̃(ro ) and vector ξ̃(ro ) are nonlinear
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(rational) functions of the output load ro . Since the load will be taken to be a variable
value in the control problem setup (as discussed in Section 10.4.2), (10.10) effectively constitutes a rational nonlinear relation between the system’s physical state x(k), input d(k)
and parameter ro .
Remark 10.3 (Dealing with rational expressions). To deal with the rational expressions appearing in relations (10.10) and make them conform to the polynomial framework presented in Section 10.1, we clear denominators from their right-hand side. This does not
pose any limitations, since the quantities appearing in the denominators are physical quantities that do not assume the value of zero. We then obtain polynomial equations, representing the state-update rational relation (10.10), which are in turn incorporated in the
equality constraints of the associated optimal control problem formulation (10.1).

10.4.2. Control Scheme
Control Objectives
The main control objective for the buck DC-DC converter is to regulate the (average) dc
component of the output voltage v o to its reference vo,ref , with an accuracy of ±1%. This
regulation has to be achieved in the presence of the hard constraints on the manipulated
variable (the duty cycle) which is bounded between 0 and 1, and on the inductor current,
which must not exceed its maximum value i,max , and must be maintained in the face of
measurable variations in vs and the load ro 1 . Moreover, the controller must render a steady
state operation point with constant duty cycle, thus avoiding the occurrence of fast-scale
instabilities (subharmonic oscillations).
Constrained Finite Time Optimal Control
The constraint (10.11) must be augmented to include the constraint on the inductor current, which is imposed for safety reasons. Through simple considerations [BPM06b] it can
be seen that this constraint can be directly captured by simply adding the (nonlinear) inequality
1 − vo
≤ i,max ,
(10.12)
i (k) + d(k)
x
is the maximum current scaled over the source voltage and x  is the
where i,max = ,max
vs
coil inductance, as can also be see in Figure 7.3.
The control objectives are to regulate the output voltage to its reference as fast and with
as little overshoot as possible, or equivalently, to minimize the scaled output voltage error


(k) = vo (k) − vo,ref
despite changes in the voltage source v s and output load ro . Let
vo,err
Δd(k) = d(k) − d(k − 1) indicate the value of the difference between two consecutive duty
cycles. This term is introduced in order to reduce the presence of unwanted chattering in
the input when the system has almost reached stationary conditions and entails adding
d(k − 1) to the parameter vector x 0 . The reference vo,ref may then change during operation
and since all circuit values are represented as scaled over vs , also i,max will change whenever vs does; lastly, ro will also be subjected to step variations. Summing up, v o,ref , i,max
and ro must thus likewise be featured within the parameter vector x 0 .
i

1

The assumption that the load ro is measurable is not trivial in effective industrial practice and would for
example require the implementation of an extended Kalman filter.
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Define the positive penalty weights Q x ∈ R+ and Qu ∈ R+ . Consider also the quadratic
objective function
N −1

J(z, x0 ) =



Qx |i,err (k)|2 + Qu |Δd(k)|2 ,

(10.13)

k=0


T T
T
where z = X1N , U0N −1
with U0N −1 := [d(0), . . . , d(N −1)]T and X1N := [x(1)T , . . . , x(N )T ]T

(see also Section 3.1.1). Moreover, x0 = [x(0)T , d−1 , vo,ref
, i,max , ro ]T , denoting with d−1
the duty cycle (control input) of the previous time interval. The simultaneous method is
used for the CFTOC problem formulation.
The control input d(0) at time-instant t = 0 is then obtained by minimizing the objective
function (10.13) over the decision variables z, subject to the related system equations and
constraints for the model (10.10), (10.11) and (10.12), in order to obtain the sequence of
control moves U0N −1 := [d(0), . . . , d(N − 1)]T . This constitutes a parametric optimization
problem, and is solved by means of the approach presented in Section 10.1.
Remark 10.4 (Ability to handle a variable output load). It should be mentioned that a similar optimal control scheme, based on a piecewise affine approximation of the converter dynamics (10.10) was presented in previous work [BPM06b], [BPM06a], [BPFM07]. Therein
however the particular modelling framework does not allow for the inclusion of r o as a
parameter, so that load variations have to be dealt with through an external estimation
loop, which appropriately adjusts the controller reference to compensate for prediction errors. The present homotopy approach on the other hand, allows us to inherently incorporate
such variations within the controller itself by directly modelling the intrinsically nonlinear rational
expression (10.10), thereby forgoing the need for an external loop.

10.4.3. Simulation Results
In this section, we present simulation results demonstrating the performance of the proposed control methodology. The circuit parameters expressed in the per unit system are
given by xc = 352 p.u., x = 0.5 p.u., rc = 0.01 p.u., r = 0.02 p.u. and ro = 1 p.u.. If not
otherwise stated, the voltage source is v s = 53 p.u.; the average output voltage reference is
set to vo,ref = 1. For the cost function, the penalty weights are chosen to be Q x = 20 and
Qu = 1, while the prediction horizon in all cases is N = 2. The simulation cases considered
represent different scenarios typically of interest in practical applications. The plant model
used for the simulations is the continuous-time switched linear model of equations (7.1)
and (7.2).

Startup
The first case to be analyzed is that of the transient behavior during startup. Figure 10.5(a)
and Figure 10.5(b) depict the step responses of the state and control input during start-up,
i.e. when the converter starts operation from zero initial conditions (x(t = 0) = [0 0] T ).
The proposed optimal control scheme yields an output voltage that reaches its desired
stationary value within 25 switching periods. The hard constraint on the inductor current
is respected, in that the controller succeeds in keeping the current always below the value
of 6 p.u.
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Figure 10.5.: Simulation results for the startup scenario.
Voltage and Load Disturbance
For the second case, results stemming from a 50% increase in the voltage source v s during
the previously attained steady state operation and from a 90% decrease in the output load
r0 are shown in Figures 10.6(a)-10.6(b); more specifically, the voltage source increase occurs at the 90th switching period and additionally, at the 145th switching period, the load
decrease takes place. In the simulation diagrams we can see that the controller can cope
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Figure 10.6.: Simulation results for the scenario featuring a 50% increase of vs and a 90%
decrease in the output load r o .

with both disturbances, guaranteeing a constant regulated output voltage of 1 p.u. (equal
to 30 Volts).
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Implementation Details
The method described in this chapter has been implemented as a Matlab routine which
makes calls to the Bertini software package [BHSW] for the solution of polynomial systems. For the off-line part of the algorithm, the Matlab routine writes a Bertini input file
containing the generic system to be solved, which Bertini solves via a multihomogeneous
homotopy. The Matlab routine then reads in the list of finite solutions. The finite solutions,
along with the appropriate coefficient parameter homotopy, are written to Bertini-style input files for each step of the on-line part of the algorithm. Matlab reads in the real, finite
solutions after each on-line step and interprets the results, as discussed in Section 10.1.
For the off-line part of the application discussed in this section, there were 1392 paths to
be tracked, leading to 19 finite, multiplicity one solutions. The tracking for the off-line part
of the algorithm took 88 seconds on a 3.2 GHz Pentium 4 machine.
The on-line part of the algorithm involved tracking the 19 finite solutions from the offline part through a coefficient parameter homotopy. The tracking for each step took 0.2
seconds on the same machine. All 19 finite paths stayed finite, although in every case, two
paths landed at complex solutions while the other 17 were real.

10.5. Further Considerations
In this section, we examine what happens when we apply the homotopy continuation
method to solve systems of linear equations. We also investigate to what extend this relates
to the solution of parametric QPs and LPs using the homotopy approach presented in this
chapter.

10.5.1. Solving Linear Systems
Consider again the standard homotopy presented in Chapter 6
H(z, t) = (1 − t)f (z) + γtg(z) ,
where f is the target system and g is the start system. We consider the special case where
both f and g are linear systems, i.e.
f (z) : Af z + Bf ,

g(z) : Ag z + Bg ,

where Af , Ag ∈ Rr×r and Bf , Bg ∈ Rr . In this case, the homotopy equation H(z, t) = 0 is a
system of linear equations in the variable z ∈ Rr and it can be easily shown that
H(z, t) = Ãz + B̃ ,
where Ã = (1 − t)Af + γtAg and B̃ = (1 − t)Bf + γtBg . The partial derivative
also a linear function of z

(10.14)
∂H(z,t)
∂t

is

Ht (z, t) = (γAg − Af )z + (γBg − Bf ) ,
and the Jacobian J (z, t) is a linear function of t
J (z, t) = (1 − t)Af + γtAg .
Despite the linearities of the individual expressions above, the nonlinear Davidenko
differential equation (6.3) continues being nonlinear in z and t, because of the product
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J (z(t), t) · dz(t)
dt . Therefore, in order to find the paths of the solutions z(t), we would have
to use the predictor-corrector Euler-Newton method as usual.
However, the key difference in this case, as opposed to the general non-linear one, is
that the equation H(z, t) = 0, which the Newton iterations solve, is a linear system of
equations in z, since t is kept constant within the Newton iterations. Therefore, given the
Euler prediction, the Newton method needs only one iteration to land on the corrected
value. This is shown analytically in the following.
Suppose that the guess for z(t) we receive from the Euler prediction step is z 1 . Then, according to relations (6.6) and (10.14), the Newton correction calculates the corrected value
z1+ as follows
z1+ = z1 − Ã−1 (Ãz1 + B̃)
= −Ã−1 B̃ .
It is obvious that z1+ = −Ã−1 B̃ is the correct solution of system H(z, t) = 0 and a second iteration of the Newton step would produce the same solution (no further correction
needed).
Consequently, we can say that in the case of linear systems, the Newton correction needs
only perform one step, to solve the system H(z, t) = 0 (at every t) in one shot.
Taking this reasoning further, we realize that no matter how large the Euler prediction
step is, the guess z 1 will always be within the region of convergence of the Newton method,
since system H(z, t) = Ãz + B̃ = 0 is linear with respect to z. Hence, we could choose a
large step Δt = 1 in the first place, in order to go in one shot from the start to the target
system. The Euler step would produce a guess for the solution of the target system (of no
relevance, because any guess would do) and the Newton correction would perform one
single step to correct the guess to the real solution of the target system.
In that respect, since the Euler prediction is not relevant, the homotopy continuation
method could ignore the prediction step, choosing z 1 = 0 as the initial guess, and use the
Newton method in order to produce z 1+ = −Ã−1 B̃, i.e. solve the target system by Gaussian
elimination.
Remark 10.5 (Target system has no solutions). Throughout our discussion, we have always
assumed that we have a finite number of solutions to the systems of equations. The case
where the (linear) target system has no solution is included in this assumption. Then,
Jacobian matrix J (z, t = 1) = Af is not invertible. This case can be also successfully
dealt with, by the use of projective coordinates. Actually, all computations of homotopy
continuation take place in the projective space, so that the non-existence of a solution to
the target system is of no concern. The non-existence of a solution is equivalent to the
existence of a solution at infinity, when working in the projective space. The continuation
routines used (Bertini) can identify such behavior and interpret it back to the affine space
(from infinity to non-existence). For more details, please refer to [SW05], Chapter 3.

10.5.2. Connection with Parametric QPs and LPs
If we apply the approach of this chapter to solve a parametric QP (or LP), we obtain a set of
bilinear equations in ρ = (z, μ, λ) as the set of KKT optimality conditions (10.2). The bilinearity owes to the complementarity slackness conditions μ i qi (z, x0 ) = 0, i = 1, . . . , nq . This
bilinear structure does not allow, to the best of the author’s knowledge, any further statements regarding the mechanics of the proposed approach (at least not in a straightforward
manner) regarding its solving parametric LPs and QPs.
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However, if we were to take cases and break system (10.2) into smaller subsystems, by
enumerating all possible combinations of active and inactive constraints – as in Chapter 9
– then the resulting subsystems would be linear in their unknowns and the description in
the preceding section for the linear case applies.

10.5.3. Computational Aspects of the Approach
There are two basic drivers of complexity when considering homotopy continuation methods for polynomial systems. The first is the number of paths they have to trace and the
second is the amount of effort needed to move along the paths.
Regarding the number of paths, these depend on the type of homotopy we choose (e.g.
total degree, multihomogeneous). For a simple total degree start system, the number of
paths grow exponentially with the number of (nonlinear) equations. If we add a new
equation of degree two to an existing total degree system, the new number of paths (i.e.
solutions) doubles. Linear equations do not add to the number of paths (note that for linear
systems, homotopy continuation needs to trace only a single path.) So, in that sense, the
number of paths is exponential with respect to the number of equations (which is equal to
the number of variables).
However, at the more sophisticated end of the start system spectrum lie polyhedral start
systems, the complexity of which is still unknown. A polyhedral homotopy for a general
polynomial system may have exponential behavior, but many systems that arise in praxis
give rise to very simple polyhedral homotopies, meaning that they have few paths.
Regarding the cost of moving along the paths, this entails linear algebra, namely the
Euler-Newton method. More equations/variables mean larger matrices (Jacobians). Generally, bigger systems need more effort to trace their paths. Then, there is the issue of
singularities at the end of the paths that are tackled by means of endgames, which also
add to the complexity of path tracing.
All told, we can say that simple homotopy methods (total degree or multihomogeneous)
are exponential in behavior, but more sophisticated methods have unknown complexity.
Remark 10.6 (Numeric vs. symbolic methods). A key difference of the method presented
in this chapter in comparison to the ones presented so far, namely the CAD and MöllerStetter approach, is that homotopy continuation treats the parameter x 0 numerically and
not symbolically. Specifically, the off-line parts of the CAD and Möller-Stetter approach,
carry the parameter x0 as a symbol throughout their computations (projection phase or
Gröbner basis computation, respectively), thereby leading to severe coefficient blowup.
The homotopy approach, on the contrary, always assigns a value to the parameter x 0 , be it
the generic value x̃0 or the measured value x̂0 . This way, it avoids the coefficient blowup
problem associated with the other two methods, thereby allowing for the treatment of
vectors x0 containing more parameters.

10.6. Conclusion
A new approach to nonlinear constrained optimal control using numerical algebraic geometry has been presented. The approach uses the homotopy continuation method for poly, assonomial systems to precompute off-line the solution set of a generic start system F x̃nat
0
ciated with the optimal control problem at hand. Then, given the measured value of the
parameter x0 , the on-line stage of the algorithm utilizes coefficient parameter continuation
to retrieve the optimal control input of the original problem. The algorithm extends to
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the general setting of nonlinear parametric optimization. Moreover, the approach exhibits
a probability-one guarantee of finding the global optimum, without relying on convexity
assumptions or approximations.
The Duffing oscillator has been used to illustrate the approach. Furthermore, we apply
the method to a power electronics case study, namely the buck DC-DC converter. The
illustrated application is tackled successfully by means of the proposed approach.
Further research directions in the field of numerical algebraic geometry could include
investigating the potential of the numerical irreducible decomposition for solving positive
dimensional systems of optimality conditions, arising if parameter x 0 is regarded as an
unknown variable. Moreover, we could also consider more sophisticated homotopy families, especially the polyhedral ones (see [SW05], Chapter 8), in the hope of reducing the
computational burden of the off-line part of the presented approach.

11

Comparison of the Approaches
In this chapter, we summarize the key characteristics of the three presented approaches for
polynomial parametric optimization and attempt a comparison between them. The three
approaches that have been presented in this thesis are:
• The CAD-based approach. The key feature of this approach is that it pre-solves as
much as possible of the parametric optimization problem off-line, thereby forgoing
the need of comparing values on-line. However, it is computationally very complex
and therefore does not scale well with the size of the problem at hand.
• The Möller-Stetter method-based approach. The main computational engine of this
approach are Gröbner bases. This is also a symbolic method and as such, is relevant
only to problems of modest size.
• The homotopy-based approach. This approach draws on the numerical method of
homotopy continuation for finding solutions to systems of polynomial equations.
The key feature here is, that the approach is numerical and thus exhibits better computational efficiency than the preceding two.
A common denominator of all three approaches is that they are exact, i.e. they need not
approximate the optimization problem before solving it, or its solution; and that they find
the global optimum. To the best of the author’s knowledge, these are the first global optimization approaches for polynomial parametric optimization, involving no approximation
to the original optimization problem or its solution (modulo floating point precision).
It has to be stressed, however, that they are not presented as out-of-the-box computational tools, able to tackle any polynomial parametric optimization problem arising in
optimal control or other disciplines. As already mentioned several times in the text, the
computational complexity of all the approaches (especially of the symbolic ones) is very
high, so that their applicability is restricted to problems of small size. In this respect, the
proposed approaches are meant to serve as a conceptual framework extending the known
parametric optimization methodologies for the linear case (parametric QPs and LPs) to the
nonlinear, polynomial one.
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11.1. Similarities of the Approaches
As already mentioned, all three approaches are exact, global and computationally burdensome. Moreover, they approach parametric optimization from a similar angle of attack, in
that they all compute – directly or indirectly – the KKT points defined by the optimality
conditions of the parametric program at hand.
The Gröbner bases approach and the homotopy-based method explicitly construct the
system of KKT optimality conditions and then proceed with its solution. On the one hand,
the Gröbner bases approach decomposes the KKT system into smaller subsystems and
then solves each subsystem separately. On the other hand, the homotopy-based approach
solves the initial KKT system directly.
As opposed to this, the CAD-based approach does not consider the KKT optimality conditions. Nevertheless, by eliminating the variables of the polynomials in the projection
step, it implicitly differentiates the objective function (through the discriminants) and finds
the intersection points with the constraints (through the resultants), thereby computing a
superset of the KKT points. This aspect of the CAD procedure is explained in more detail
in Section 8.4.1.

11.2. Differences of the Approaches
One difference of the CAD approach when compared to the other two, is that it is the only
one that works in the field of real numbers. The other two work with complex numbers.
This implies that for the two latter methods, we have to eventually discard the extraneous
complex solutions obtained.
One further difference of the CAD approach is that in its on-line part, it needs not perform any comparison among values that correspond to evaluations of the objective function for different candidate optimizers. This comparison is in effect done off-line. This
leads in turn to an increased computational off-line burden, but renders the on-line part of
the CAD approach equivalent to the traversal of a tree – see Section 8.2.1. On the contrary,
both the Gröbner bases and the homotopy approach have to perform on-line comparisons
between values, in order to select the one that corresponds to the global optimum.
Furthermore, the CAD-based approach differs from the other two, also in that it considers a superset of the KKT, and not only the KKT points in searching for the optimum.
What really sets the homotopy-based method apart from the other two, is that it is a
numerical method, while the others are symbolic. The computational engine of homotopy continuation is the numerical integration of a nonlinear differential equation, using
the Euler-Newton prediction-correction method. Predictor-corrector methods are generally more efficient than the symbolic methods (e.g. Buchberger’s algorithm, multivariate
resultants and discriminants) used by the other two approaches.
Moreover, the homotopy-based approach does not treat the parameter of the parametric
optimization problem as a symbol either, thereby alleviating the problem of coefficient
blowup that the other two methods exhibit – see Sections 8.4.4 and 9.3.2.

11.3. Computational Considerations
In this section, we summarize the largest problem instances that we have been able to
solve by means of the proposed approaches. The results displayed in the following are only
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indicative and serve merely to convey an idea of the complexity the proposed methods can
develop. The computations were carried out using desktop computers (3 GHz Pentium 4).

Approach
CAD
Möller-Stetter
Homotopy

Size of largest problem
# decision vars. # parameters
2
4
3
4
14
6

Time it took to be solved
off-line
on-line time/step
∼ hour
∼ seconds
∼ minutes
∼ seconds
∼ seconds
∼ milliseconds

Table 11.1.: Size and required solution time for the largest problem instances considered
using the proposed approaches. All problem instances refer to various case
studies on the control design problem of the boost and buck DC-DC converters,
as reported in [FBPM06], [FBM07] and [BBFM08] for the CAD, Möller-Stetter
and homotopy approaches, respectively.
The timings reported in Table 11.1 include the overhead associated with function calls and
file read-write routines. In this respect, they are only meant as a ballpark figure for the
amount of time required to run the methods.
However, the sizes of the problems considered regarding the number of decision variables and parameters are more indicative. For the CAD method, it was impossible (to our
experience) to solve any problem instance larger than that. That is, increasing the overall number of variables from six to seven made computations fail (i.e. either run out of
memory or require days to complete). With regard to the Möller-Stetter approach, trying
to solve larger problem instances proved to be problematic as well. This comes to no surprise, given the way Gröbner bases computations scale with the number of variables – see
Section 9.3.2.
The homotopy approach on the other hand, can handle problems of more variables. The
book [SW05], Chapter 9, reports several cases studies that support this statement. Choosing an appropriate homotopy class for the off-line part (such as polyhedral homotopies)
could further reduce the off-line computational time. For reducing the on-line computational time, parallelization of the path tracing algorithm could be used [LVY06].
Conclusively, it follows that while the applicability of the Möller-Stetter and the CADbased approaches are intrinsically restricted to small problem instances, the homotopybased approach holds some promise regarding the size of parametric optimization problems it can handle. To what extent, it remains an open research question.
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Here, all the publications and technical reports of the author are listed in chronological
order:
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of Wavelet Packets Transform and Fractal Dimension. Technical Report, Aristotle University of Thessaloniki, Thessaloniki, Greece, September 2003.
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• I.A. Fotiou, A.G. Beccuti and M. Morari. An Optimal Control Application in Power
Electronics Using Algebraic Geometry. In European Control Conference, pages 475–482,
Kos, Greece, July 2007. [FBM07].

131

132

A Publication List
• D.J. Bates, I.A. Fotiou and P. Rostalski. A Numerical Algebraic Geometry Approach to
Nonlinear Constrained Optimal Control. In IEEE Conference on Decision and Control,
pages 6256–6261, New Orleans, LA, December 2007. [BFR07].
• D.J. Bates, A.G. Beccuti, I.A. Fotiou and M. Morari. An Optimal Control Application
in Power Electronics Using Numerical Algebraic Geometry. In American Control Conference, Seattle, WA, June 2008. [BBFM08].

B

Curriculum Vitae

Ioannis A. Fotiou
Born March 21, 1981 in Thessaloniki, Greece

2003–2008

ETH Zurich
Automatic Control Laboratory
Doctor of Sciences ETH Zurich

2003–2006

Department of Information Technology and Electrical Engineering
Post-graduate Diploma in Information Technology

1998–2003

Aristotle University of Thessaloniki
Diploma in Electrical and Computer Engineering
Final grade: 8.82 of 10 (ranked 3rd out of 224)

1992–1998

Second Lyceum of Ano Toumba, Thessaloniki
National High School Degree
Final grade: 19.8 of 20 (ranked 1st )

133

134

B Curriculum Vitae

Bibliography
[AG03]

E.L. Allgower and K. Georg. Introduction to Numerical Continuation Methods,
volume 45 of Classics in Applied Mathematics. Society for Industrial and Applied
Mathematics, Philadelphia, PA, 2003.

[AL94]

W. Adams and P. Loustaunau. An Introduction to Gröbner Bases. American Mathematical Society, 1994.
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Notation
Sets
R

Set of real numbers

Z

Set of integer numbers

Q

Set of rational real numbers

C

Set of complex numbers

Rn

Set of real vectors with n elements

Cn

Set of complex vectors with n elements

Rn×m

Set of real matrices with n rows and m columns

C

Convex set

S

Closed set

P

Polyhedron

S

Semialgebraic set

Θ

Domain of a PWA function

k[z]

Ring of polynomials in z with coefficients in field k

I

Polynomial ideal

B

Set of basic monomials of an ideal

R

Region (in CAD)

Z(R)

Cylinder over a region R

F

Set (system) of polynomials

Fσm-hom

Multihomogeneous family of polynomial systems (parametrized in σ)

Fxnat
0

Naturally parametrized family of polynomial systems (parametrized in x0 )

Zfeas

Feasible set in a mathematical program

V

Variety

Xfeas

Feasible set of parameter (in a parametric program)

Y

Stack (in a CAD)
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Cx0

Notation

Cell of a CAD in which parameter x0 belongs

Set Operators and Functions
∅

The empty set

∪i∈{1,...,NP } Pi Union of NP sets Pi
P\Q

Set difference P\Q = {x | x ∈ P and x ∈
/ Q}

P ⊆Q

The set P is a subset of Q, i.e. x ∈ P ⇒ x ∈ Q

P ⊂Q

The set P is a strict subset of Q, i.e. x ∈ P ⇒ x ∈ Q and Q\P = ∅

Algebraic Operators
AT

Transpose of matrix A

A−1

Inverse of matrix A

det(A)

Determinant of matrix A

Rz (p, q) Resultant w.r.t. z of polynomials p and q
Disz (p)

Discriminant w.r.t. z of polynomial p

x2

Euclidean norm of the vector x ∈ Rn

x∞

Largest absolute value of the elements of the vector x ∈ Rn

Polynomials
J

Objective function

h

Polynomial representing equality constraints

q

Polynomial representing inequality constraints

γ

Polynomial in a Gröbner basis

{Ldi }i

Level factor polynomials of level d (in CAD)

q̃

Active constraints

q̄

Inactive constraints

G

Gröbner basis

LT(p)

Leading term of a polynomial p (w.r.t. a term order)

Notation
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in(I)

Initial ideal of an ideal I

pG

Remainder of polynomial p upon division with Gröbner basis G

Matrices
Qx

State weight matrix in the cost function of a QP

Qu

Input weight matrix in the cost function of a QP

QxN

Terminal state weight matrix in the cost function of a QP

W

Matrix of common eigenvectors (in the Möller-Stetter method)

M

Generalized companion matrix (in the Möller-Stetter method)

Λ

Diagonal eigenvector matrix (in the Möller-Stetter method)

J

Jacobian matrix (in homotopy continuation)

Sz (p, q) Sylvester matrix w.r.t. z of arbitrary polynomials p and q
Matrix coefficient of the quadratic term of a PWQ function

Hi

Vectors
b

vector of basic monomials

Fi

Vector coefficient of the linear term of a PWQ or PWA function

Gi

Vector coefficient of the constant term of a PWQ or PWA function

U0N −1

Vector of control input sequence (in a CFTOC)

X1N

Vector of state evolution sequence (in a CFTOC)

x(k)

Measurement of state x at time k

x0

Parameter vector (in a parametric program)

xk

Predicted value of state x at time k, given a measurement x(0)

DC-DC Converters
x

Inductance

xc

Capacitance

i

Inductor current
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Notation

vc

Capacitor voltage

vs

Unregulated voltage source

vo

Regulated output voltage

r

Internal inductor resistance

rc

Equivalent Series Resistance (ESR) of capacitor

r0

Output load resistance

d(k)

Duty cycle (control input) at time instant k

Ts

Switching period

Acronyms
CFTOC

Constrained Finite Time Optimal Control

DC

Direct Current

ESR

Equivalent Series Resistance

GCD

Greatest Common Divisor

KKT

Karush Kuhn Tucker

LIQC

Linear Independent Constraint Qualification

LP

Linear Program(ming)

LTI

Linear Time Invariant

MPC

Model Predictive Control

NID

Numerical Irreducible Decomposition

PWA

Piece-Wise Affine

PWQ

Piece-Wise Quadratic

QP

Quadratic Program(ming)

RHC

Receding Horizon Control

