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Abstract
The thesis is concerned with three application projects that deal with optimal control
of switched-input and uncertain systems. In switched-input systems some or all of
the system inputs take binary values. In uncertain systems the dynamics or the
output are aﬀected by random parameters. In the thesis it is shown how to eﬀectively
compute optimal control inputs for switched-input and uncertain systems.
In order to show this, an application-driven approach is taken. In this approach
optimal controllers for switched-input and/or uncertain systems from diﬀerent applications are designed. The projects are presented in three parts of the thesis:
In the ﬁrst part the development of an optimal controller for thermal printheads
is presented. A ﬁrst-order linear system with a non-linear output mapping containing stochastic noise is proposed as a model for the printing dynamics. The
model parameters are identiﬁed and an optimal control problem is formulated to
determine the printhead input. The control algorithm is successfully tested on a
standard thermal printer. A sensitivity analysis is performed using simulations and
experiments in order to analyze the printing quality on varying setups with diﬀerent
printheads, printing media and ribbons. A tuning strategy is derived to adapt to
changing setups without having to recompute the optimization problem. Robustness of the resulting controller is shown in experiments. Comparing the proposed
controller to a current control implementation shows a signiﬁcant quality gain in
barcode readability (ISO/IEC 15416).
The second part presents two load tracking scheduling problem. The ﬁrst problem deals with the scheduling of employees so that the employee presence tracks a
pre-speciﬁed demand curve. Requirements such as minimum employee presence or
constraints on the shift length have to be respected. The second problem is concerned with the energy-cost optimal scheduling of a steel plant. In the steel plant
the total electrical load generated by all machines must track a pre-speciﬁed energy
curve as close as possible, while respecting constraints that arise from production.
For both problems a comparison of discrete-time and continuous-time models of the
scheduling problems is made. The results show that in the workforce planning a solution is computed faster for the discrete-time model. In the steel plant scheduling
the continuous-time model is superior. It is argued that discrete-time models are
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superior for problems where only few possible switching time points exist, i. e. time
points when tasks can start or end. Continuous-time formulations do not seem restricted by the number of possible time points, but their limitation appears to be in
the number of possible arrangements of the tasks that are to be scheduled. Also, we
show an example for the continuous-time problem where small parameter changes
lead to large changes in the computation time.
The third part is concerned with the medium term control of a hydro-thermal
system. In this project a multistage stochastic programming formulation is presented
for monthly production planning of the system. Stochasticity from variations in
water reservoir inﬂows and ﬂuctuations in demand of electric energy are considered
explicitly. The problem can be solved eﬃciently via Nested Benders Decomposition.
The solution is implemented in a model predictive control setup, and performance
of this control technique is demonstrated in simulations. Tuning parameters such as
prediction horizon and shape of the stochastic programming tree are identiﬁed and
their eﬀects are analyzed.
In the conclusion of the thesis the results of the diﬀerent projects are related to
each other. Three diﬀerent approaches that were successful in computing input signals for switched-input systems are summarized. The conclusion also combines the
diﬀerent concepts that were used for treating uncertainty in the systems. Observations on the computational complexity of the application projects are given.

Zusammenfassung
In der vorliegenden Arbeit werden drei Anwendungsprojekte behandelt, die sich mit
der optimalen Steuerung von Systemen mit geschalteten Eingängen und Unsicherheiten beschäftigen. In Systemen mit geschalteten Eingängen besitzen einige oder
alle der Systemeingänge Binärwerte. In unsicheren Systemen ist die Systemdynamik
oder das Ausgangssignal durch zufällige Parameter beeinﬂusst. In der Arbeit wird
gezeigt, wie optimale Steuersignale für Systeme mit geschalteten Eingängen und
Unsicherheiten eﬃzient berechnet werden können.
Die Arbeit verfolgt dazu einen anwendungsorientierten Ansatz. In diesem Ansatz
wird in mehreren Anwendungsprojekten für Systeme mit geschalteten Eingängen
und/oder Unsicherheit eine optimale Steuerung oder Regelung entworfen. Die Projekte sind auf drei Abschnitte der Arbeit aufgeteilt:
Im ersten Abschnitt wird die Entwicklung einer optimalen Steuerung für thermische Druckköpfe vorgestellt. Die Temperaturdynamik im Druckkopf wird dazu
mit einem linearen Modell erster Ordnung approximiert. Die Druckausgabe wird als
nichtlineare Funktion der Temperatur angegeben. Die Druckausgabe ist mit einer
stochastischen Unsicherheit behaftet. Es werden die Modellparameter identiﬁziert
und ein Optimalregelungsproblem wird aufgestellt. Mit Hilfe des Optimalreglers
werden die Eingangssignale für den Druckkopf bestimmt. Der erfolgreiche Test des
Optimalreglers auf einem typischen Thermodrucker wird gezeigt. Um die Änderungen der Druckqualität in unterschiedlichen Konﬁgurationen, z.B. variierende Druckköpfe, Druck-Medien und Farbbänder, zu analysieren wird eine Sensitivitätsanalyse
mittels Experimenten und Simulationen durchgeführt. Aus deren Ergebnissen wird
eine Tuning-Strategie abgeleitet. Die Tuning Strategie erlaubt die Anpassung des
Druckers an neue Konﬁgurationen, ohne dass ein neues Optimierungsproblem gelöst
werden muss. Robustheit des resultierenden Reglers wird in Experimenten gezeigt.
Im Vergleich des vorgeschlagenen Reglers zu einer bestehenden Implementierung
zeigt sich ein signiﬁkanter Qualitätsgewinn beim Erkennen gedruckter Barcodes (ISO
/ IEC 15416).
Der zweite Abschnitt der Dissertation beschäftigt sich mit zwei Bedarfsfolgeplanungsproblemen. Das erste Problem befasst sich mit der bedarfsgerechten Einsatzplanung von Mitarbeitern. Deren Einsätze sollen so geplant werden, dass die
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Mitarbeiterpräsenz einer im Voraus festgelegten Nachfrage-Kurve folgt. Anforderungen wie eine Minimalpräsenz von Mitarbeitern oder Beschränkungen von deren
Schichtlänge müssen in der Planung berücksichtigt werden. Das zweite Problem
betriﬀt die energiekostenoptimale Produktionsplanung in einem Stahlwerk. In dem
Stahlwerk soll dazu die von alle Maschinen zusammen generierte elektrische Last
einer im Voraus festgelegten Lastkurve folgen. Die Einsatzpläne der Maschinen
müssen dabei alle Nebenbedingungen in der Produktion berücksichtigen. Die Summe
ihrer Energieverbräuche soll weder eine Über- noch eine Unterdeckung der Vorgabe
ergeben. Für einen Vergleich werden für die beiden Planungsprobleme jeweils mit
einem auf kontinuierlicher Zeit und einem auf Zeitdiskretisierung basierendes Planungsmodell beschrieben. Für beide Probleme werden das zeitkontinuierliche und
das zeitdiskrete Modell implementiert und getestet. Die Ergebnisse zeigen, dass
sich im Fall des Mitarbeitereinsatzplanungsproblem mit einem zeitdiskretem Modell
die optimale Planung schneller errechnen lässt. Im Planungsproblem für das Stahlwerk ist das zeitkontinuierliche Modell in der Berechnung eines Produktionsplans
überlegen. Es wird argumentiert, dass zeitdiskrete Modelle für Probleme überlegen
sind, die nur wenige mögliche Schaltzeitpunkte, sprich Zeitpunkte an denen Aufgaben oder Schichten beginnen und enden, beinhalten. Formulierungen mit kontinuierlichen Zeitvariablen besitzen diese Einschränkung nicht, allerdings werden
diese durch die Anzahl der Anordnungen von Aufgaben eingeschränkt. Wird diese
Anzahl von Anordnungen zu gross, dann lassen sich die Probleme nicht mehr in
angemessener Zeit lösen.
Der dritte Abschnitt befasst sich mit der Mittelfristplanung eines Hydrothermischen Kraftwerkssystem. In ihm wird eine Multistage-Stochastic-Programming
Formulierung zur Lösung eines monatlichen Produktionsplanungsproblems für ein
hydrothermisches Kraftwerkssystem vorgestellt. Diese Modellierung beinhaltet explizit die stochastischen Variationen der Zuﬂüsse zu den Wasserspeichern, sowie die
Schwankungen des elektrischen Energiebedarfs. Das Problem wird unter Anwendung
der Nested Benders Decomposition eﬃzient gelöst. Simulationen des geschlossenen
Regelkreises werden vorgestellt, um die Funktionsweise des Reglers zu zeigen. Die
Lösungen des Problems für mittlere Zeithorizonte können als Eingangssignale für
Regler mit kurzen Zeithorizonten genutzt werden. Somit wird ein Aufbrauchen des
gespeicherten Wassers durch zu kurze Planungshorizonte vermieden.
In den Schlussfolgerungen der Dissertation werden die Ergebnisse der verschiedenen Projekte zusammengefasst. Drei in den Anwendungsprojekten erfolgreiche Ansätze zur Berechnung der Signale für eingangsgeschaltete Systeme werden vorgestellt.
Desweiteren werden die in der Arbeit genutzten Konzepte zur Steuerungs- und
Reglerauslegung für Systeme unter Unsicherheit vorgestellt. Es werden Beobacht-
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ungen über die Rechenkomplexität der Projekte zusammengefasst.
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1 Introduction
Switched input and uncertain systems are an extension of linear systems. Both
properties, switching and uncertainty, allow the description of a broader class of
problems than those that are possible by using deterministic linear systems alone.
We ﬁrst discuss linear systems with switching and then introduce models containing
stochastic components.
By inclusion of the switching property the systems under consideration now have
discrete and continuous valued parts. Therefore they fall in the class of what so
called hybrid systems.
The ﬁeld of modeling and control of hybrid systems has recently become very
active. Hybrid systems not only pose theoretical challenges, but also allow new
ways to model and control dynamical systems, see Geyer (19) for examples of hybrid
systems. Recently, optimal control schemes for hybrid systems have been proposed.
The schemes are based on discrete-time constrained ﬁnite-time optimal control with
a receding horizon policy, often referred to as Model Predictive Control (MPC), see
Maciejowski (23).
In MPC a constrained optimization problem is solved for a ﬁnite time horizon
into the future. The decision variables of the optimization problem are the control
inputs for the time horizon. The constraints of the optimization variables are the
plant dynamics and limitation on inputs and states. The current state of the plant
enters the optimization problem as a parameter. The optimization then yields an
optimal sequence of control inputs that minimizes its objective function.
In receding horizon policy, only the ﬁrst control input of this sequence is applied.
The control sequence gets recomputed at the next sampling instant over a shifted
horizon. Thereby a feedback is provided and the control loop is closed, see Figure 1.1
for an illustration of MPC control loop. The advantage of MPC is its ability to
systematically cope with constraints on manipulated variables, states and outputs.
Furthermore, it can address systems with multiple inputs and outputs. MPC has
been extensively reviewed in survey papers, for example, Mayne et al. (25) and Qin
& Badgwell (30). An introduction to diﬀerent classes of MPC problems is provided
in Camacho & Bordons (11) and Maciejowski (23).
A mathematical program solver is needed to solve the optimization problem un-
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Figure 1.1: Model predictive control loop. The current state and a reference signal
are fed into the optimizer that computes the next input to the plant. The plant is
subject to a random disturbance.
derlying the MPC framework. In general, the mathematical program is non-linear.
However, it becomes a linear program (LP) if the system and the constraints on inputs and states are linear and all variables are continuous. Eﬃcient, i. e. polynomial
time, algorithms for solving LPs exist, see Wright (36).
In the case of switched input linear systems that this thesis is concerned with,
some inputs are allowed only integer values. In this case the linear program becomes
a mixed integer linear program (MILP). No polynomial time algorithms are known
for MILPs, but a number of MILP solver implementations exist. These include
free and commercial solvers. MILP solvers have undergone a rapid development
during the last two decades. The solution speed achieved with modern hardware
and software codes grew 106 times faster over a period of 10 years; see Bixby (9).
This development enabled novel applications in operations research, see Ashford (3),
and control engineering, see Geyer (19), Möbus et al. (26), and Erdem (17). This
thesis will exploit the computational power of modern hardware and MILP solvers
to solve some novel control problems.
A secondary focus of the thesis is on systems with uncertainty. Uncertainty occurs
in all natural systems. Sources of uncertainty are, for example, inﬂuences from the
surroundings such as light, temperature, humidity or variations in the system such
as changes in physical or electrical properties of a plant.
The most widely used approach to address uncertainty in control engineering is
feedback control, see Åström (4). Instead of blindly applying a sequence of control inputs, a measurement of the system state is taken and the input sequence is
adapted. Thereby inputs are constantly adopted to the current state of the system
and possible changes due to uncertainty can be counteracted. Yet, this approach
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does not include any knowledge about the nature and magnitude of the uncertainty.
If the sources of uncertainty are known and can be modeled, they can be considered explicitly during controller synthesis. The most common approach to solve an
MPC problem subject to uncertainty is to solve a robust MPC problem. Robust here
means that the controller maintains stability and meets its performance speciﬁcations as long as the uncertainty remains within a speciﬁed range. To be meaningful,
a robustness deﬁnition must specify the required kind of stability and the performance bounds together with the uncertainty range, see Bemporad & Morari (7).
In robust MPC, the controller optimizes for a plant model including the worst
case noise realizations, instead of optimizing for a nominal model that does not
include uncertainties. Therefore, the optimization problem is replaced by a robust
optimization problem. In the linear case the robust optimization problem is often
formulated as a min-max program. In the min-max programming, a minimization
problem over the system state and input is solved after a maximization over the
possible uncertainty realizations. Min-max approaches for robust control were ﬁrst
presented by Campo & Morari (12). Since then they have been developed by Allwright & Papavasiliou (1), where the maximization of the uncertainty is performed
analytically. More recent work on computation of robust MPC was published by
Zheng (38), Boyd et al. (10) and Oliveira et al. (28). In Vandenberghe et al. (35)
and Löfberg (22) improvements of the algorithms for computing a robust controller
using the min-max approach are presented.
The advantage of using min-max approaches for robust control is the achievement
of the guaranteed stability and performance, even for the worst case realization of
the uncertainty. However, this comes at the price of possibly lower performance,
especially if the bounds on the noise are wide. Even worse, once the bounds on
the noise become too wide, no feasible min-max controller may be found. To avoid
this problem, the use of stochastic optimal control was suggested, see Felt (18) and
Schwarm & Nikolaou (32).
In stochastic MPC, the hard constraints are softened by replacing the min-max
optimization problem with a chance constraint program, see for example Li et al.
(21) and Arellano-Garcia et al. (2), or a multi stage stochastic program, see for
example Nolde et al. (27).
In chance constraint programs, the constraints are replaced by what is called
chance or probabilistic constraints. These are constraints that need to be satisﬁed
only at a speciﬁed probability level. The research on chance constraints originated
in the paper Charnes et al. (13) and was signiﬁcantly improved by Prèkopa, see
Prèkopa (29). Computational tools for solving chance constraint problems were
contributed by Mayer (24). Recently the use of chance constraints in MPC has
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become very popular in control engineering, see Choi et al. (14), Arellano-Garcia
et al. (2), Bemporad & Cairano (6), Van Hessem et al. (34), Couchman et al. (15),
and Yan & Bitmead (37).
In the multistage stochastic programming, the uncertainty is explicitly included
in the mathematical program and the program is solved by minimizing or maximizing the expected value of the objective function. As suggested by its name,
multistage stochastic programming considers random variables that are realized at
multiple time points in the future. Multistage stochastic programming was developed as an extension of two stage stochastic programming that considers only one
realization of a random variable. Two and multistage stochastic programming were
initiated by Dantzig (16) and Beale (5). An extensive set of solution methods for
multistage stochastic programs has been developed, these are described in the monographs Birge & Louveaux (8), Ruszczynski & Shapiro (31) and Kall & Mayer (20).
Part III of the thesis uses multistage stochastic programming in order to incorporate
uncertainty explicitly in the model.
In what follows, the thesis takes an application-driven approach. We selected three
problems motivated by real life applications. These problems can be reasonably well
solved using techniques based on MPC.
The ﬁrst application problem deals with the control of a thermal printhead. In
this problem, a control design for a switched input system, operating at high speeds
(200 nanoseconds sampling rate), is made. The system is subject to diﬀerent sources
of uncertainty that have to be accounted for. In the second part of the thesis, solution algorithms for two scheduling problems are presented and evaluated. These
scheduling problems are viewed as switched input systems, since scheduled tasks at
diﬀerent time points can take either of the two values: switched on or switched oﬀ.
The third problem discusses the medium term control of a hydro-thermal system. In
the hydro-thermal system, the energy demand has to be satisﬁed via hydroelectric
and thermal electricity production. The system is subject to uncertainty in electricity demand as well as inﬂows in the damed reservoirs that are used for electricity
production.
Below a more detailed description of these application problems is given.

Part I – Thermal Printhead Control
Thermal printers operate either by thermo-transfer or thermo-direct printing. In
thermo-transfer, printing of the image is generated by melting a coating from a
ribbon so that it gets glued to a print medium on which the printout appears. It
contrast, the thermo-direct printing produces the image by selectively heating a
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coated thermal print medium. The coating of the medium turns black in the areas
where heat is applied. A typical thermal printer that can print in thermo-direct and
in thermo-transfer modes is shown in Figure 1.2.
Thermal printing is used in a broad range of applications. The usage includes
printing of labels for shipping and identiﬁcation, tickets or special applications such
as license plates or washing instructions for textiles. Thermal printing remains very
popular in industry because the printers contain very few moving parts. In their
simplest version only the printing medium needs to be transported underneath the
thermal printhead, allowing to construct a thermal printer with very few moving
parts. Thus, in contrast to other printing techniques, they are very reliable and well
suited for environments where physical robustness is needed.
As indicated, the printhead is one of the key components of a thermal printer.
Its control determines the image that is being printed. In Part I of the thesis we
attempt optimize this control so that the printed image will match the requested
image as close as possible. This goal is to be achieved by using a current standard
printer without a modiﬁcation of its hardware. The controller should work for a
wide range of printing media and ribbons.
A constructive approach is proposed in which these goals are achieved. A model
of the printhead dynamics is made and the model parameters are identiﬁed. The
model is used in a mathematical programming formulation of the printing problem.
By solving the program, the optimal printhead input to print a pre-speciﬁed pattern
is found. Using the ﬁnite memory property of the model, we construct a lookup table
based controller for the printhead. Diﬀerent lookup tables are created for diﬀerent
printing media and ribbon setups.
A tuning scheme for selecting the correct lookup table for the current setup is
proposed. By printing a special pattern, the printer user can easily read oﬀ which
lookup table will provide the best results for the current medium-ribbon setup. The
results are compared with tests which use the current printhead control implementations.
Despite its strong focus on solving the application problem, the project also illustrates how uncertainty, inherent in the printhead-ribbon-medium interaction, can
be modeled and incorporated in the mathematical program, which is then solved
to compute the control inputs. Furthermore, it presents a possible realization of a
control algorithm for a fast system, having a sampling rate of 200 nanoseconds. The
tuning algorithm that is used provides an example of how tuning for lookup table
based controllers might be accomplished also in other application projects.
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Figure 1.2: A thermal printer [Source: Avery Dennison Deutschland GmbH].

Part II - Load Tracking Scheduling
Scheduling is an important part of operation in todays industries. Solving a scheduling problem involves ﬁnding an optimal allocation of resources to some given tasks
for a speciﬁed timespan. This allocation ensures a timely or cost eﬀective completion
of processes such as the production of goods or the provision of services.
Classical examples of scheduling can be found in production planning, where the
ﬂow and manufacturing of goods is determined. For each good that is manufactured,
a sequence of tasks must be performed. These tasks require limited resources such
as special machines or workers with speciﬁc skills. The problem of assigning workers
and machines to diﬀerent tasks is solved over the scheduling time horizon. With
increases in labor cost, the eﬃcient scheduling of the workforce becomes more and
more important. In the workforce scheduling, the presence of employees and their
tasks are scheduled. In all industries, scheduling can have a major impact on the
productivity and cost.
More formally, scheduling problems are subject to requirements and a scheduling
goal. The requirements are determined by the permissible usage of resources, timing
constraints for tasks and other requirements for individual tasks, i. e. preemptiveness of a task. Possible scheduling goals may include completing operations in the
shortest possible timespan or minimizing some production or service cost.
A number of methods to solve such scheduling problems have been proposed in
the literature. In Part II of the thesis, we will focus on two of these methods. Both of
them rely on the formulation of the scheduling problem as an optimization problem
that can be solved by a mixed integer linear programming solver. The diﬀerence
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between the two methods lies in the way in which they model the time variable. One
method models time as a continuous variable and is hence referred to as continuous
time scheduling. The second method discretizes time into uniform intervals. All
tasks are only allowed to start and end at these discretization points. This method
is called discrete time scheduling.
Although a number of papers on the two scheduling methods have been published,
it is not clear which method works best for what type of scheduling problems. In the
thesis, two practical scheduling applications will be considered using both methods
for each of the problems. The ﬁrst problem is concerned with the optimization of
a workforce shift schedule. The second problem deals with energy-cost optimized
production planning. The two problems are similar in that they represent what can
be called a load tracking scheduling problem. In load tracking scheduling, tasks or
shifts have to be assigned so that their output or consumption over time tracks a
reference signal as close as possible.
For the workforce scheduling, this load is given by the expected workload at a given
time. The scheduler then must allocate employees so that their presence tracks this
demand as good as possible. The workforce problem in Part II will be solved for cases
of smaller size than those required in practice. However, these cases are suﬃcient
to give an indication of whether the discrete or continuous time scheduling is better
suited. An example of a commercial workforce scheduling system that employs
these methods is shown in Figure 1.3. This system has been developed by APEX
Optimization GmbH, which is a spin oﬀ company of ETH. APEX Optimization
GmbH uses results of the thesis in their software.
Steel production serves as an example for the second load tracking scheduling
problem. In the plant under consideration, the steel is melted using an electric arc
furnace and diﬀerent machinery for alloying and forming the steel. Energy costs
for this process are a major cost factor. They can be minimized by tracking a prespeciﬁed load curve as close as possible. Also, for the steel scheduling problem,
a comparison of the two scheduling methods will be made. The examples that
are chosen to compare the methods were created using information from industrial
collaborators. Results on when it is superior to use discrete or continuous time
scheduling will be shown.

Part III – Hydro-thermal System Control
Hydro-thermal systems are composed of hydro and thermal power plants and the
users of electrical energy produced by the power plants. Complexity in operating a
hydro-thermal system is due to the uncertainty concerning the electricity demand
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Figure 1.3: Interface of the APEX Scheduler, a commercial employee scheduling
system [Source: Apex Optimization GmbH].
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and the uncertainty of water availability for power production by the hydro power
plants. Since hydroelectric energy is a renewable source of energy, it does not produce carbon dioxide (CO2) which contributes to greenhouse eﬀect. Therefore, it is
beneﬁcial to utilize the available water for power generation as well as possible while
fulﬁlling the demand from the users and all operational constraints.
In the thesis, we present a stochastic model predictive control formulation for a
medium term controller of a hydro-thermal system. Medium term means that we
present a controller with a sampling interval of one month. Decisions taken by the
medium term controller may act as reference points for short term controllers that
have sampling intervals ranging between an hour and a few days.
In stochastic MPC, the uncertainty is included in the model explicitly using random variables. Therefore, the optimization problem that is solved at each time step
becomes a multistage stochastic program. The stochastic program is solved using
Nested Benders Decomposition as a solution method. In Nested Benders Decomposition, the optimization problem is solved recursively by successively approximating
the objective function until the required accuracy is reached.
Since we do not assume that random variables have distributions with ﬁnite support, their realizations may be arbitrarily away from the expected values, in which
case no robust solution may exist. Hence, also the stochastic model predictive control formulation may fail or return an infeasible solution. Infeasible solutions would
then lead to countermeasures that are not included in the model, i. e. emergency
spilling of water if too heavy inﬂows occur or acquisition of electricity from an outside suppliers to fulﬁll too extreme electricity demands. However, we show that,
by properly tuning the optimization problem, the frequency of failures can be controlled. The tuning is done so that the computational eﬀort to solve the stochastic
program remains constant. We extend the analysis of the tuning to improve the
expected cost of the controller operation.
The algorithm and the tuning is shown for a small setup with two hydro-power
plants, one thermal power plant and the customers in the electric grid. The distributions of the random variables were ﬁtted using hydrological measurement data
from the hydroelectric plant the Dalles in Washington, US. The plant is shown in
Figure 1.4.
The work and results that are presented in Part III of the thesis were obtained in
close collaboration with Markus Uhr, see also Uhr (33) and Nolde et al. (27).
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Figure 1.4: The Dalles-Dam Washington, US [Source: United States Geological
Survey].
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2 Modeling and Control of
Thermal Printing
2.1 Introduction
Thermal printing technology is widely used in ticketing systems and for labeling
of items. Applications include printing of receipts, stickers for logistics, price tags
in stores, stickers with serial numbers or labeling of textiles, e. g. with washing instructions. The technology is established and remains very popular in all industrial
settings.
In their simplest version, thermal printers require a basic setup that transports
the printing medium underneath the thermal printhead. In this conﬁguration, the
medium is blackened by invoking a chemical reaction in the coating of the printing
medium through the heat from the printhead. The setup is called thermo-direct
printing and requires thermo-active material. If an additional ribbon is used, it
runs between the printhead and the printing medium; this printing method is called
thermo-transfer printing. In thermo-transfer, the printing medium does not have
to be specially treated, instead the ink from the ribbon is melted and sticks to the
medium.
In total, the complexity of the printing process is small and the minimal number
of moving parts reduces the risk of failure. In contrast to laser printers, the printing
process is rather insensitive to disturbances such as dust. Thus, thermal printers
are well suited to environments where reliability and robustness are essential.
Despite the maturity of the technology, challenges exist. It is a constant goal of
printer manufacturers to increase print speed. Furthermore, printer manufacturers
would like to print on a wider range of materials and at the same time ensure satisfactory printing quality. To meet these challenges, improvements in the equipment
as well as in the control of the printer are necessary. In this part we will focus
on improvements in control, speciﬁcally for the printhead since it determines the
output quality that is produced.
As for the physics, the printhead is an array of adjacent resistors, see Figure 2.1.
Once a voltage is applied to any of these resistors, a current ﬂows and the resistor
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heats up. Locally, at the position of the resistor, the printing medium is blackened,
either by thermo-direct or thermo-transfer printing. To produce a crisp printout,
the medium or the ribbon underneath the resistors of the printhead needs to be
controlled to a temperature level above a printing threshold temperature during
printing. It has to be colder than the printing threshold temperature during nonprinting phases. Since the printhead resistors, called heat elements (HE), can only
be turned on or oﬀ, maintaining a ﬁxed temperature requires a sophisticated control
scheme. The on-oﬀ pattern is given by the strobe signal that is fed into the printhead.
In current printhead controllers, the optimal on and oﬀ pattern for the strobe
signal is found by trial and error methods in conjunction with estimates on the heat
energy generated by the heat element, see Günther & Wölm (6). If the strobe signal
changes, depending on the dot history of the heat element, this is referred to as a
history control, see Tsubone et al. (14) and Drees et al. (4). Using history control
schemes allows greater ﬂexibility in changing the strobe pattern and print quality is
improved compared to approaches without history control.
To overcome this ad hoc method, printheads with heat elements having positive
high-temperature coeﬃcients were developed. Such heat elements will self regulate
their temperature and make the design of the strobe signal obsolete, see Shibata (12)
and Fukushima (5). However, in the market, the unit cost per printhead is a major
concern and heat elements with positive temperature coeﬃcients are expensive to
produce. Thus, advanced printhead control schemes for the existing printheads are
desirable.
This part will show how to derive a strobe signal control in a constructive manner by mathematical modeling and solving an optimization problem. The analysis
focuses on thermo-transfer printing exclusively. Due to the additional ribbon, the
thermo-transfer setup is more complex and thus more diﬃcult to control. The results are expected to be transferable to thermo-direct printing. Experimental results
of the proposed control algorithm are evaluated on an Avery Dennison printer.
The organization of this part is as follows. In Section 2.2, a model of a printhead is derived and an identiﬁcation for the model parameters is proposed. An
optimization problem to compute the input signal of the printhead is presented in
Section 2.3. Section 2.3 also presents a tuning procedure how the printer can be
adapted to changing setups, i. e. printing on diﬀerent media using diﬀerent printheads and ribbons. Experimental results are presented in Section 2.4, where results
from identiﬁcation of model parameters, computation of input sequences and performance measurements of the proposed controller are given. A conclusion is given
in Section 4.5.
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Figure 2.1: Printhead as an array of resistors, each representing one heat element.
The ﬁgure shows three heat elements (HE).

2.2 Model of Printing Process
2.2.1 Printhead Model
We consider a printhead model that describes for each heat element of the printhead
the print output, whether a dot is printed or not, as a function of past input signals.
The input signals are on or oﬀ signals that are sent to the heat elements via a clocked
data link. Due to the clocked nature of the system a discrete time model is derived
with time t ∈ {1, . . . , N} and a sampling rate of TSample .
Each heat element i ∈ {1, . . . , M} in the printhead has its own input ui(t) ∈ {0, 1}
specifying if it is turned on or oﬀ, and an output signal yi(t) specifying if a dot is
printed or not. To reduce complexity, the model will not explicitly include eﬀects
from the input ui (t) of heat element i on the output yj (t) of another heat element
j with j 6= i. This is a simpliﬁcation since, at least for neighboring heat elements,
such side eﬀects exists. However, the eﬀect can possibly be counteracted in an ad
hoc manner, see Shigeru & Masanori (13).
A Wiener Model is proposed as a system model. It consists of a linear dynamic
system and a nonlinear mapping of the state of the dynamic system to the output
yi (t). The dynamic system describes the evolution of temperature ϑi (t) of the ribbon
on top of the heat element i over time t. The temperature ϑi (t) is subject to the
noise ni (t). The noise is included since the printing process is subject to random
inﬂuences. In the nonlinear part, the temperature ϑi (t) is mapped to the output
yi (t) ∈ {0, 1}, stating whether or not a dot is printed.
For the linear dynamic system we assume a ﬁrst order model of the form:
Ti (t + 1) = αi Ti (t) + βi ui(t) ,

(2.1)
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with αi and β i being two system parameters and Ti (t) denoting the temperature
oﬀset from the operating point. The operating point is chosen as the diﬀerence to
the surrounding temperature ϑroom that will be asymptotically approached for the
input ui (t) being oﬀ. The ribbon temperature is then given by

ϑi (t) = Ti (t) + ϑroom + ni (t) ,

(2.2)

where ni (t) is a noise term. The noise term is added to model random changes in
heat ﬂow between the heat element and the ribbon. Such random variations are a
result of changing contact forces and non-uniformity of the ribbon.
The validity of using a ﬁrst order model is justiﬁed by simulations using ﬁnite
element models (FEM). In the FEM, the geometry of the printhead and the thermal
parameters of the diﬀerent materials in the printhead are modeled, see Figure 2.3.
Dimensions are taken from data sheets of printheads, see Kyocera (8) or Rohm,
Printhead Division (10). The thermal parameters are estimated by guessing the
material types of the diﬀerent layers in the model and taking values for similar
materials from the CRC handbook Lide (9). Also the heat transport through the
moving ribbon and print medium is estimated. It has to be noted that all these
estimates are subject to signiﬁcant uncertainty.
Simulations of the estimated model are made. Figure 2.2 shows the response to
a 15 clock pulses long input impulse, which is about the shortest impulse duration
that is seen in a printer. When comparing the simulation result to the output of
a tuned ﬁrst order system, it is seen that at this speed the output can be approximated suﬃciently well with the ﬁrst order system since one time constant in the
temperature dynamics seems to be dominant. This result is conﬁrmed in additional
simulations. Thus, a ﬁrst order system is taken as a valid approximation of the
temperature dynamics in the printhead. Despite the uncertainty in the parameters,
it is believed that this approximation is suﬃciently good.
Results from the simulated temperature of (2.1)-(2.2) are mapped to whether or
not a dot is printed. Dots are printed if the temperature of the ribbon is beyond the
melting temperature of the ribbon-ink ϑmelt , which is known from the manufacturer’s
speciﬁcation.
Combined, the model of the printhead output yi (t) at heat element i is described
as a function of the input ui(t) and the noise ni (t) by:
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Figure 2.2: Simulation of the response of the print ribbon temperature to a very short
input signal. The simulation result of the ﬁrst order system is tuned to demonstrate
that the temperature simulation of the more complex FEM can be suﬃciently well
approximated by a simpler ﬁrst order system (labeled FOS).
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Ti (t + 1) = αi Ti (t) + βi ui (t) ,
ϑi (t) = Ti (t) + ϑroom + ni (t) ,
(
1 if ϑi (t) ≥ ϑmelt
yi (t) =
0 if ϑi (t) < ϑmelt .

(2.3)
(2.4)
(2.5)

2.2.2 Identification of the Model Parameters
For simulation and controller design the model parameters ϑmelt , ϑroom , αi , βi , and
the properties of the noise ni (t) have to be identiﬁed. For the identiﬁcation of ϑmelt
and ϑroom , the values can be easily obtained from data sheets of the ribbon and by
measurement.
A measurement-based identiﬁcation is proposed for the parameters αi , βi and the
noise ni (t). Todays high resolution printheads hold hundreds or thousands of heat
elements and identifying diﬀerent dynamics for each heat element i is unreasonable.
Thus, for the rest of the part αi and βi are replaced by α and β that represent their
average values. This simpliﬁcation is supported by the empirical observation that, if
the same input sequence is applied to two diﬀerent heat elements, the diﬀerence in
the average output of the heat elements is negligible. Hence, their dynamic behavior,
determined by αi and βi , is almost identical.
Moreover, the noise term ni (t) is replaced with the average noise n(t) of all heat
elements. Under the assumption that the noise ni (t) for diﬀerent heat elements
and time points is described by independent and identically distributed random
variables, the average noise n(t) is asymptotically Gaussian distributed, due to the
central limit theorem. Furthermore, the noise n(t) is assumed to have zero mean,
since it models oﬀsets from the nominal values. Thus, for a complete characterization
of n(t) only its standard deviation σn has to be determined.
The easiest way to determine the parameters α and β would be to take temperature measurements directly at the heat elements i ∈ {1, . . . , M} for diﬀerent
input sequences ui (t). However, this is not possible since the heat energy is small,
highly localized and can only be measured during operation. In particular, the
heat transfer away from the heat element depends on the speed of the medium and
the ribbon movement. Thus, the parameters are measured indirectly by examining
printouts. The idea is to minimize the diﬀerence between a simulated printout and
a real printout by adjusting α and β.
Given that the temperature dynamics are equal for all heat elements, all of them
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Figure 2.3: Geometry of the printhead as used for ﬁnite element simulations.
have the same temperature when the same input sequence is applied. Thus, an
experiment is made where all M heat elements are given the same input. The
resulting printout is shown in the lower part of Figure 2.4. Above the printout, the
fraction of on-dots at each time t is plotted. In the ideal case, with n(t) having a
standard deviation equal to zero, the fraction would be a step function changing
from 0 to 1. However, in reality there exists a transition region where the output of
the heat elements is uncertain.
An identiﬁcation experiments carried out to estimate α, β, and σn . In the experiment the same input is applied to all M heat elements of the printhead by
printing a barcode perpendicular to the movement direction of the medium. The
advantage of printing barcodes is that their properties are well deﬁned, see DIN
Norm (2). A measurement ȳi of the output of the heat element i ∈ {1, . . . , M} is
taken by scanning the printout. The parameters are then identiﬁed by minimizing
P
the Euclidean-norm of kȳ(t) − E{y(t)}k with ȳ(t) = M1
i ȳi (t) being the fraction
of “on” dots of the measured output ȳi and E{y(t)} being the expected value of the
simulated output y(t) at time t.
The assumption is that for a minimal diﬀerence between the measured and simulated output, using the model (2.3)-(2.5), the best estimates for α, β, and σn are
found. We use simulated annealing to minimize kȳ(t) − E{y(t)}k.
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Figure 2.4: Fraction of on dot proﬁle, generated from a scan of a barcode that is
printed perpendicular to the print medium movement.
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2.3.1 Optimal Controller
The goal of the controller is to compute an input ui (t) for each heat element i
such that the output of the heat element yi (t) matches a given reference signal
ri (t) ∈ {0, 1} specifying if a dot is to be printed or not. The input ui (t) is computed
by solving an optimization problem. For simplicity, ﬁrst a feed-forward solution
is formulated in one optimization problem for the entire reference signal ri (t), t ∈
{1, . . . , N} that speciﬁes the printout from the beginning to the end.
The objective of the optimization problem is to have a dot printed whenever the
reference signal is 1 and no dot printed whenever it is 0. This means that for all t
with ri (t) = 1 the temperature at the print ribbon ϑi (t) should be equal or exceed
ϑmelt for an output, see Equation (2.5). If ϑi (t) fails to meet this criterion, a penalty
of ϑmelt − ϑi (t) will be added to the cost function of the optimization problem. Vice
versa, for all t with ri (t) = 0 the temperature of the print ribbon should stay equal
or below ϑmelt or a penalty of ϑi (t) − ϑmelt is added to the cost function.
Note that this optimization problem involves the random variable n(t) that is
included in (2.4) in the model. An explicit consideration of the random variable
would lead to a stochastic optimization problem, see Ruszczynski & Shapiro (11).
To avoid solving a stochastic programming problem we remove the noise term from
the system output equation (2.4) and instead penalize if for r(t) = 1 the temperature
ϑi (t) does not meet the melting point ϑmelt plus three standard deviations 3σn of the
noise and if r(t) = 0 we penalize whenever ϑi (t) is beyond ϑmelt − 3σn . Thereby the
problem is simpliﬁed to a deterministic optimization problem. At the same time, the
solution is optimized for noise realizations in the 99th percentile, adding signiﬁcant
robustness to the result.
The sampling time TSample of the problem is chosen in a range from 20 to 100
kHz, whereas the actual printhead clock rate operates at a few MHz. However,
since printers generally print no faster than ten inch per second with a resolution of
300 DPI, their visible output is less than 3000 dots per second. Hence, a sampling
beyond 20 kHz will be suﬃcient to simulate a print dot with the desired accuracy.
Moreover, at the printhead clock rate, the inputs must be integer-valued variables
since for each clock-pulse they can only take the values on or oﬀ. However, at the
chosen lower sampling frequency, they can be approximated with continuous variables ui (t). These continuous variables can be interpreted as duty cycles, stating the
percentage of binary on or oﬀ inputs during a sampling time. This has an advantage
that, instead of solving a mixed integer program, the optimization problem becomes
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a continuous program.
To complete the optimization problem, the system dynamics (2.3) and the initial
temperature Ti,init of the heat element i at t = 0 are included as constraints:
min J(ui(t), Ti,init ) = min
ui (t)

s.t. Ti (t + 1) = αTi (t) + βui (t) ,
ϑi (t) = Ti (t) + ϑroom


0


 ϑ
melt + 3σn − ϑi (t)
qi (t) =

ϑi (t) + 3σn − ϑmelt



0

Ti (t = 0) = Ti,init ,

ui (t) ∈ [0, 1] .

ui (t)

N
X

qi (t)

(2.6)

t=1

(2.7)
(2.8)
if ri (t) = 1 ∧ ϑi (t) > ϑmelt + 3σn
if ri (t) = 1 ∧ ϑi (t) ≤ ϑmelt + 3σn
(2.9)
if ri (t) = 0 ∧ ϑi (t) ≥ ϑmelt − 3σn
if ri (t) = 0 ∧ ϑi (t) < ϑmelt − 3σn ,
(2.10)
(2.11)

In the problem (2.6)-(2.11), all of the conditional statements can be rewritten as
linear constraints using slack variables. The resulting linear program (LP) can be
solved eﬃciently using standard LP solvers, e. g. Cplex (1).

2.3.2 Lookup Table Controller
Although problem (2.6)-(2.11) can be solved, it is not well-suited for practical use,
since for each new printout, i. e. each diﬀerent reference sequence ri (t), the entire
problem needs to be solved. This requires a linear program solver and, given todays
printhead resolution, also a fast and expensive computer. The goal is however to
operate the printer in a stand-alone environment.
Given a reference sequence ri (t), the printer has to determine the optimal input
ui (t) online, i. e. at the speed of the arrival of new reference data ri (t). To achieve
this, a control scheme with precomputed solutions is proposed.
The idea is that, while it is impossible to store solutions for all possible reference
sequences ri (t) of arbitrary length, it is possible to compute and store input signals
for all dot sequences of a given short length, say up to about 7 dots. Then these
short sequences can be used to construct any arbitrarily long sequence.
The shortest reference dot sequence that can be used is one dot long. For this
sequence, the problem (2.6)-(2.11) can be solved to compute the optimal input for
one on-dot and one oﬀ-dot. The optimized input signal ui(t) can then be stored in a
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lookup table. It can then be used to print longer dot sequences ri (t) by successively
applying the input signals ui(t) for the on or oﬀ dot. However, the problem of a one
dot sequence is that, when solving (2.6)-(2.11), the resulting input signal strongly
depends on the initial temperature Tinit,i which is unknown.
This can be avoided by exploiting the exponential decay of the initial temperature
to the ambient temperature. Therefore, the computed sequence is lengthened into
the past until the initial temperature decays to a negligible value. This is done by
computing the input signal for kpast dots that are matched to the previously printed
dots. The assumption is that for large enough kpast , being about 2 to 4 dots, the
initial temperature of the next dot kpast + 1 is known with suﬃcient accuracy. Then
the input sequence of dot following kpast , which is called the current dot, is applied.
In printhead control this technique is called history control, see Kyocera (8).
Note that the control action for the current dot determines the starting temperature of future dots. To avoid adverse eﬀects on future dots, i.e. having a very low
temperature when the next dot is an on dot, the precomputed sequences are extended by kf uture dots into the future. In printhead control this technique is known
as future control, see Rohm, Printhead Division (10).
In total, the length of the small sequences that get pre-computed is k = kpast + 1 +
kf uture . Thus, 2k diﬀerent dot sequences exist, for which (2.6)-(2.11) has to be solved
and the solution stored in the printer memory in a lookup table. When printing,
the printer must simply examine the reference signal at the printing position for the
current dot, the kpast previous and the kf uture future dots to pick the appropriate
sequence from the lookup table. Using this method, arbitrary print patterns can be
printed without the need to compute an optimization problem online.

2.3.3 Tuning Rule
The results from Section 2.3.1 and 2.3.2 allow to compute a lookup table for one
previously identiﬁed set of parameters α and β. However, recall that these parameters depend on the setup, i. e. the temperature of the surrounding, the ribbon type,
the printhead and the printing medium. If one of these setup components changes,
the parameters have to be re-identiﬁed by the identiﬁcation procedure described in
Section 2.2.2 and a new lookup table has to be computed. The identiﬁcation and
computation of a lookup table is not possible without special external hardware and
therefore not feasible for the end-user of the printer.
A tuning procedure is proposed that avoids recomputation of lookup tables at
the users site for changing parameters α and β. This is achieved by bounding the
α, β-space with estimates of extreme values of α and β. This bounded space is
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subdivided into a ﬁnite number of partitions, with one lookup table being used in
each partition. Thereby, a ﬁnite set of lookup tables can be used to cover all setups
with diﬀerent α and β values. All lookup table computations can be done at the
manufacturer site and stored inside the printer. The procedure on how to determine
the correct bounding and subdivision of the α, β space is described in Section 2.3.3.1.
However, to select the correct lookup table for a setup, the values of α and β of the
setup need to be known. The previously described identiﬁcation involves scanning
and solving an optimization problem. For the end user this procedure is not feasible.
Hence, the identiﬁcation is simpliﬁed. The idea is to create a test pattern that, when
printed, allows to read oﬀ approximate values of α and β directly. With these values,
the suitable lookup table can be selected from the set of lookup tables as will be
described in Section 2.3.3.2.

2.3.3.1 Lookup tables for a set of setups
The computation of lookup tables for a set of setups begins by the identiﬁcation of
the parameters α and β for a variety of diﬀerent setups that customers may print
on. The identiﬁcation is performed as described in Section 2.2.2. Extreme setups,
i. e. setups that are known to require very much or little heat energy or are diﬃcult
to print on for other reasons are included in the identiﬁcation to cover a space of
setups as complete as possible. The identiﬁcation is followed by two steps, ﬁrst
the relevant parameter space is determined and in the second stage a set of lookup
tables that covers the parameter space is generated.
For the ﬁrst step, the convex hull of the identiﬁed parameter values α and β is
determined, which is then assumed to be the relevant parameter space. It is assumed
that for a given print speed, the parameters of yet unknown setups will be within
this parameter space.
Hence, in the second step, the set of lookup tables that covers the relevant space
is generated. Two strategies are proposed. The ﬁrst strategy is based on a bisection
scheme. A lookup table is computed for the central point (αave,1 , βave,1 ) between the
maximum and minimum values of α and β. By experiment, its performance is tested
sequentially on setups with α and β values which are close to αave,1 and βave,1 , e. g.
as measured by the 2-norm. When a point with unsatisfactory results is found, a
new lookup table is computed for this α and β combination and its performance on
adjacent setups is tested again. This procedure is repeated until satisfactory quality
for all α and β combinations is achieved. Therefore, it is ensured that lookup tables
exist that perform well on all relevant setups. One of the disadvantages of this
procedure is that it requires much testing and is therefore time consuming when
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performed for many diﬀerent print speeds.
The second procedure is based on an estimate of the neighborhood around any α
and β in which satisfactory performance for a lookup table is always found. Once
this neighborhood is known, its dimensions are used to grid the α, β space and
compute enough lookup tables to ensure good performance for all setups. In practice, there is no precise method for determining the neighborhood of satisfactory
performance. However, we argue that, by determining the neighborhood for a few,
around 5 to 10, diﬀerent α and β values, it is suﬃcient to derive a good estimate
for the neighborhood around these values for which satisfactory performance can be
expected. This neighborhood then determines the size of the grid that is used to
compute the set of lookup tables for the entire α, β space.
2.3.3.2 Lookup Table Selection via Test Pattern
Now, that suitable lookup tables for all setups exist, the question is how to select
the correct one that provides satisfactory performance on a setup with unknown
parameter values α and β. We propose a test pattern-based procedure for the
selection.
When sending the same input sequence ui (t) to the heat elements, it will produce
diﬀerent outputs ȳi(t) for setups with diﬀerent values of α and β. Then, by appropriate choice of the sequence ui(t), the user can infer by visual inspection of the
printout the parameter values α and β. Once these are estimated, a controller can
be picked from the set of lookup tables.
In the tuning pattern the input ui (t) is gradually increased and therefore the print
ribbon temperature will eventually reach the printing threshold ϑmelt . Once the
temperature ϑi (t) surpasses ϑmelt the print medium will instantly blacken ȳi(t)=1,
since no grey values exist. Then, after turning oﬀ the heat element, i. e. ui(t) = 0,
the ribbon temperature will drop again below ϑmelt and the output will change back
to no dot being printed.
Clearly the value of ui (t) for which ȳi (t) changes to one, i. e. dots get printed, and
the duration until the printing stops, i. e. ȳi (t) drops back to zero, depend on the
parameters α and β. Thus, by inspecting for which value of ui (t) the output blackens
and how long it takes to get white again allows to estimate the two parameters.
Given the model (2.3)-(2.5), the value for which the output blackens depends
mainly on β and the duration until the output turns white again depends on α. By
increasing the value of ui (t) slowly an accurate estimate of β can be made. The
blackening can be easily seen by visual inspection and no measurement equipment
is necessary.
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With parameter estimates, a lookup table that provides satisfactory performance
can be selected from the computed set of tables. Experimental results of this approach are shown in the next section.

2.4 Experimental Results
The proposed control algorithm is tested in simulations and on an experimental
setup. For the experimental tests, a printer from Avery Dennison is used as a
reference system. The printer is equipped with a 300 DPI printhead from Rohm.
This setup is typical. It is used for ticketing applications or printing of labels for
logistics. Conclusions based on this setup may be extended to cheaper, point of
sales type of applications or to more sophisticated applications for printing high
resolution images (e. g. photos or x-ray images).

2.4.1 Identification and Optimal Controller Design
The analysis follows the design steps described in Sections 2.2.2 to 2.3.3 and starts
with the identiﬁcation of the model parameters. For the identiﬁcation, diﬀerent
setups are prepared. Every setup consists of a combination of a ribbon, a printing
medium and a printhead. The inﬂuences from the surroundings such as ambient
temperature and humidity are assumed to be relatively small, diﬃcult to reproduce
and therefore neglected in the analysis here.
Printing media in the analysis are as follows: label material, cardboard, PVC foil,
and type plate material. For printing ribbons a wax-resin (2740) and two diﬀerent
resin (2560, B110C) coated ribbons are used. Five diﬀerent printheads of the same
model are used to test the inﬂuence of changing printheads on the results. The
values of the parameters ϑmelt and ϑroom are identiﬁed and are given in Table 2.1.
Next the setups are assembled and the α, β and σn values for the diﬀerent setups are
identiﬁed as described in Section 2.2.2. In the identiﬁcation experiments the value
of the standard deviation was found to be always close to σn = 9 ◦C, regardless of
the setup.
To make the parameters invariant under diﬀerent sampling times TSample in the
system, all values of α and β are presented for their continuous time counterparts
α̃ and β̃, with α = eα̃TSample and β = (eα̃TSample − 1) α̃β̃ .
The results from these identiﬁcations for print speed 4 inch per second are shown
in Figure 2.5. The printing medium seems to have the main inﬂuence on the parameters, but it is also interesting to note that, for example, for ribbon 2740 all results
lie in a narrow range of βe being between 1.1 · 105 ◦C/sec and 1.8 · 105 ◦C/sec.
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Figure 2.5: Identiﬁcation results for the parameters α̃, βe at print speed 4 inch/sec
for medium ribbon combination (indicated by the symbol) and up to ﬁve diﬀerent
printheads.

Table 2.1: Parameter values.
Parameter
Surrounding temperature: ϑroom
Ribbon ink melting temperature: ϑmelt

Value
29◦C
90◦C
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Figure 2.6: Identiﬁcation results for the parameters α̃, βe at print speed 2 inch/sec
for medium ribbon combination (indicated by the symbol) and up to ﬁve diﬀerent
printheads.
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Figure 2.7: Identiﬁcation results for the parameters α̃, βe at print speed 6 inch/sec
for medium ribbon combination (indicated by the symbol) and up to ﬁve diﬀerent
printheads.
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Identiﬁcation results for the print speed of 2 inch per second are shown in Figure 2.6 and identiﬁcation results for the print speed of 6 inch per second are shown
in Figure 2.7. In these plots it can be seen that the βe values of the identiﬁcation
results do not vary much if the medium ribbon combination is kept and only the
printhead is changed. For example for printing on sticker material using ribbon 2560
the βe values for the diﬀerent printheads are within one ﬁfth of the full range of identiﬁed βe values. To conﬁrm the validity of the approach, the identiﬁcations, including
printout, scanning and identiﬁcation of α
e and βe values, are repeated for two setups.
The results from 14 repeated identiﬁcations show that the βe value varies only up to
10% and the α
e value varies up to 23%. Within these variations any controller must
have satisfactory performance; otherwise, the printing quality might vary from one
printout to the next.
In the next step, lookup tables are computed for the identiﬁed setups as described
in Section 2.3.1. For the lookup table computations we chose kpast = kf uture = 3.
For a print speed of 4 inch/sec more than two third of the inﬂuence from the initial
temperature decays over the print duration of 3 dots. Thus every lookup table holds
27 diﬀerent dot sequences from which any dot reference pattern can be constructed.
For a frequently used setup, printing on sticker medium using the ribbon 2560, a
detailed performance analysis is made. Barcodes are chosen as images since these
are well deﬁned and their printout quality can be validated with appropriate measurement equipment, see DIN Norm (3). The results from these tests are shown
in Table 2.2. The measurements are made by Avery Dennison. They compare the
currently implemented controller (Avery) to the proposed controller (ETH). The
results show that the barcodes printed with an ETH controller are on average one
ANSI grade ISO (7) better than those printed with the current printhead controller.
To illustrate this diﬀerence, a comparison of the outputs between the currently
implemented controller and the proposed controller is shown in Figure 2.8. The
simulations use the model (2.3)-(2.5) and the input signal ui (t) as they are generated
by the currently implemented controller or the proposed controller, respectively. It
appears that the current controller tends to print the lines of the barcode too wide.

2.4.2 Tuning Rule
To make the controller suitable for use in practice, the tuning rule proposed in
Section 2.3.3 is implemented as follows. Based on the identiﬁcation results shown
in Figure 2.5, the space of α
e and βe values at print speed 4 inch/sec is determined to
range for α
e from −650 1/sec to −320 1/sec and for βe from 0.6·105 ◦C/sec to 230·105 ◦C/sec.
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Figure 2.8: Comparison of barcodes for current and optimized controller printed at
4 inch/sec.

Table 2.2: Comparison of the ANSI ratings for the barcodes printed on sticker
medium at diﬀerent speeds on a 300dpi printhead. Modulewidth determines the
number of dots of the thinnest line in the barcode. ANSI ratings range from 0 to 4,
with 4 being the best.
Print Speed Modulewidth
ANSI
[inch/sec]
[dots]
Avery ETH
2
3
2.0
3.0
2
6
3.3
4.0
4
3
1.0
2.3
4
6
2.0
3.7
6
3
0.0
0.3
6
6
1.0
3.3
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As discussed in Section 2.3.3.1, a set of lookup tables needs to be determined
that provides satisfactory performance for all α
e, βe combinations within this range.
A sensitivity analysis is performed to estimate the shape of the region for which a
lookup table will always provide satisfactory performance. This region determines
e
the size of the slices that are used to partition the α
e, β-space.
One lookup table is
computed per slice.
First a simulation study of the sensitivity of the controller to parameter variations
is performed. In this study a lookup table for a ﬁxed pair α
e, βe is computed. The
performance of the lookup table is evaluated in simulations on other α
e, βe pairs. The
results are plotted in Figure 2.9. The contours show setups for which the lookup
table has equal print quality. The simulation study indicates that the controller is
insensitive to α
e variations and more sensitive to βe variations.

Experiments are conducted to verify the analysis from the simulations. Furthermore the results from the experiments will be used to choose for which values of
α
e and βe lookup tables need to be computed in order to have controllers with satisfactory performance1 for the entire α
e, βe space. Figure 2.10 shows a result from
experimental sensitivity analysis. In the experiment, a lookup table is computed for
βe = 1.27 · 105 ◦C/sec and α
e = −526 1/sec. The performance is then tested on all other
identiﬁed setups by printing barcodes. The barcodes are evaluated according to the
ANSI grade system, see ISO (7). The contours in the ﬁgure are generated using
a triangle based linear interpolation that is computed with the Matlab command
griddata. The contours are used to illustrate where lookup tables with equal print
quality are expected. It can be seen in Figure 2.10 that the controller performs
very well for a mismatch in βe of ±2 · 104 ◦C/sec and a mismatch in α
e that covers the
entire range of α
e values. This qualitatively conﬁrms the results from the simulation
study. The results from the measurements are used to estimate the smallest region
of satisfactory performance.
The ﬁndings are supported by further experiments that are carried out for print
speeds of 4 inch per second, see Figures 2.11 and 2.12. In both ﬁgures the controller
gives satisfactory performance, when printing on setups with α
e and βe values that
are similar to the ones for which the controller is designed. It is also seen from the
plots that the sensitivity to variations in α is rather low.
The experiment is repeated for 16 additional setups and more than 300 ANSI
grade measurements are taken in total. These include examples for printing at 2 or
6 inch per second, see Figures 2.13, 2.14 and 2.15.
1

We define satisfactory performance to be achieved if printed barcodes are rated on average to be
better than two on the ANSI rating scale, see ISO (7). Note that printer manufacturers may
use a different definitions of what qualifies as satisfactory performance.
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-300
-350

α̃ [1/sec]

-400
-450
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-550
-600

50’000

100’000

150’000
β̃ [◦ C/sec]

200’000

250’000

Figure 2.9: Simulation results for printing with a controller designed for a setup
marked with a star on other setups. The lines indicate setups with equal print
quality.
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-300
Quality:
Symbol
good (ANSI ≥ 3)
poor (ANSI ≥ 1)
insuff. (ANSI = 0)
Controller for:
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Figure 2.10: Experimental results for printing with 4 inch per second with a controller designed for printing on type-plate material using ribbon B110C (marked
with a star) on other setups. Quality is evaluated using ANSI Grades. The lines are
used to illustrate where setups with equal print quality might be expected.
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Figure 2.11: Experimental results for printing with 4 inch per second with a controller designed for printing on sticker using ribbon 2740 (marked with a star) on
other setups. Quality is evaluated using ANSI Grades. The lines are used to illustrate where setups with equal print quality might be expected.

40

2. Thermal Printhead Control

-300
Quality:
Symbol
good (ANSI ≥ 3)
poor (ANSI ≥ 1)
insuff. (ANSI = 0)
Controller for:
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Figure 2.12: Experimental results for printing with 4 inch per second with a controller designed for printing on PVC using ribbon 2560 (marked with a star) on other
setups. Quality is evaluated using ANSI Grades. The lines are used to illustrate
where setups with equal print quality might be expected.
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The measurements qualitatively conﬁrm the results from the experiments shown
in Figure 2.10, 2.11 and 2.12. However, for some setups a lookup table with suﬃcient
performance cannot be found. An examples where no suﬃcient performance is found
is shown in Figure 2.16.
In most cases where, when examples with insuﬃcient print quality are found with
α̃ and β̃ values that are close to the values for which the lookup table is designed,
these are due to setups that are in general diﬃcult to print on. For example in
Figure 2.16 insuﬃcient results are found for a setup with β̃ = 1.15 · 105 ◦C/sec and
α̃ = −733 1/sec which is close to the values for which the lookup table is designed
for. However, the setup with the insuﬃcient performance represents printing on
cardboard with ribbon 2740. This is a demanding task due to the physical properties
of the cardboard and the ribbon. In fact, for a diﬃcult media ribbon combinations
like this it might be impossible to get satisfactory performance with any control
design.
Finally, there are also cases, see for example Figure 2.15, in which the small region
of satisfactory performance is not easily explained. It is only known that for higher
print speeds, starting around 6 inch per second, the printing quality decreases in
general and this might also be the case for the example in Figure 2.15.
From this analysis it is determined that eight lookup tables are suitable to cover
the entire α
e and βe range. In fact, for the print speed of 4 inch/second, the partition
only depends on the βe parameter. The strobe input sequences for the eight diﬀerent
βe values and a ﬁxed α
e value of −450 1/sec are generated as described in Section 2.3.2.
They are stored in a bank of lookup tables. A list of the α
e and β̃ values is given in
Table 2.3.
For a selection of the controllers, a test pattern as shown in Figure 2.17 Is designed.
In this test pattern, two lines are printed and the percentage of strobe-on pulses
between the lines is increased each time they are printed. At some point the strobeon percentage will be high enough so that the ribbon ink melts and sticks to the
medium. Hence, the area in between the lines will be blackened. In the experiments
e Thus,
it is observed that the percentage highly depends on the value of parameter β.
by printing and visually examining the test pattern, the value of βe can be estimated.

Knowing the value of parameter β̃ allows to quickly select a lookup table that is
likely to provide satisfactory performance for this setup. Table 2.3 indicates which
lookup table is used when threshold value of x-% strobe on pulses is observed in the
test pattern. With the tuning pattern and the bank of lookup tables, the printer
can be used in a stand alone conﬁguration.
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good (ANSI ≥ 3)
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poor (ANSI ≥ 1)
insuff. (ANSI = 0)
Controller for:

α̃ [1/sec]
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100’000

150’000

200’000

250’000

300’000

350’000

β̃ [◦ C/sec]
Figure 2.13: Experimental results for printing with 2 inch per second on with a
controller designed for a setup marked with a star on other setups. Quality is
evaluated using ANSI Grades. The lines are used to illustrate where setups with
equal print quality might be expected.

Table 2.3: Matching the results from the test pattern evaluation with the computed
lookup tables.
Strobe on %:
14% 15% 17% 21% 24% 28% 30% 33%
Lookup table:
I
II
III
IV
V
VI
VII VIII
◦
5
Parameters βe [10 C/sec] 1.85 1.60 1.35 1.10 1.00 0.90 0.80 0.70
α
e [1/sec]
-450 -450 -450 -450 -450 -450 -450 -450

2.4 Experimental Results

43

-200
Quality:

Symbol

good (ANSI ≥ 3)
-250

poor (ANSI ≥ 1)
insuff. (ANSI = 0)
Controller for:

α̃ [1/sec]

-300

-350

-400

-450

100’000

150’000

200’000

250’000

300’000

350’000

β̃ [◦ C/sec]
Figure 2.14: Experimental results for printing with 2 inch per second with a controller designed for printing on (setup marked with a star) on other setups. Quality
is evaluated using ANSI Grades. The lines are used to illustrate where setups with
equal print quality might be expected.
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Controller for:
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Figure 2.15: Experimental results for printing with 6 inch per second controller
designed for a setup marked with a star on other setups. Quality is evaluated using
ANSI Grades. The lines are used to illustrate where setups with equal print quality
might be expected.
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Figure 2.16: Experimental results for printing with 6 inch per second a controller
designed for a setup marked with a star on other setups. Quality is evaluated using
ANSI Grades. The lines are used to illustrate where setups with equal print quality
might be expected.

Threshold reached.

18%

19%

21%
22%
strobe on pulses

23%

24%

Figure 2.17: Test pattern for tuning. The percentage of strobe-on pulses between
the lines is gradually increased, at some point the printing threshold is reached and
the area in-between blackens.
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2.4.3 Results
The robust performance of the proposed controller is veriﬁed by experiments. For
the print speed 4 inch/sec, we test 27 combinations of ribbons, print mediums and
diﬀerent printheads. The experiments are conducted with three diﬀerent printheads.
Table 2.4 summarizes results for a new printhead (#1), that has been used during
previous identiﬁcation experiments. For the measurements in Table 2.5, we use
a printhead (#6) that has undergone a stress test previously, i. e., represents a
printhead after heavy use. Table 2.6 shows results with a printhead (#5) that has
not been used for experiments previously.
In the ﬁrst two columns of Table 2.4, 2.5, and 2.6, the ribbon code and the printing
medium are speciﬁed. For each setup the current implementation (Avery) and the
proposed controller (ETH) are tested. For the current controller, the parameters
are tuned by repetitive adjustments and measurements until the optimal tuning of
the implemented controller is found. For the proposed controller, the test pattern is
printed and the appropriate controller is selected through the mapping in Table 2.3.
It has to be noted that the proposed scheme is simpler and faster than the current
scheme, which requires much printing and scanning of printouts for tuning. The
evaluation of the printouts is made according to the ISO norm, see DIN Norm
(3). Three measurements of each printout are taken. The average of the three
measurements is given in the last two columns of the tables.
Clearly, both controllers perform well. At least for the common modulewidth of
5 dots, no barcode is classiﬁed as non-readable. In addition, the ETH controller
performs slightly better on average. For a more extreme case of printing barcodes
with modulewidth 2 dots, the diﬀerence becomes more obvious. For some setups, it
is not possible to tune the current controller to produce readable outputs. Nevertheless, on these setups the ETH controller produces acceptable results. Note that
the modulewidth 2 analysis is performed with a printhead that has not been used
for any tests or during the algorithm design before.

2.5 Conclusions
In this part we present a model based approach for the development of a controller
for a thermal printhead. The printhead input-output behavior is modeled by a ﬁrst
order linear system and a nonlinear output mapping, including a stochastic variable
to account for the uncertainty in the system. The model is used in a mathematical
program to compute the optimal input signals for the printhead.
A tuning concept is introduced to achieve good performance on a variety of print-
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Table 2.4: Performance evaluation for: Speed 4 inch/sec · Modulewidth 5 · Printhead# 1(new)
Setup
ANSI
Ribbon
Medium
Avery ETH
2560
Cardboard 0.33
2.66
2560
Sticker
1.33
1.00
2560
Type Pl.
2.66
3.00
2560
PVC
4.00
0.66
2740
Cardboard 4.00
4.00
2740
Sticker
2.00
3.00
2740
Type Pl.
1.66
3.33
2740
PVC
4.00
3.00
B110C
Type Pl.
3.00
3.33

Table 2.5: Performance evaluation for: Speed 4 inch/sec · Modulewidth 5 · Printhead# 6 (stress tested)
Setup
ANSI
Ribbon
Medium
Avery ETH
2560
Cardboard 3.00
4.00
2560
Sticker
1.00
2.66
2560
Type Pl.
2.33
3.00
2560
PVC
3.66
3.00
2740
Cardboard 3.00
4.00
2740
Sticker
2.00
2.66
2740
Type Pl.
3.00
2.66
2740
PVC
4.00
4.00
B110C
Type Pl.
2.33
3.00
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Table 2.6: Performance evaluation for: Speed 4 inch/sec · Modulewidth 2 · Printhead# 5 (new, not used during identiﬁcation experiments)
Setup
ANSI
Ribbon
Medium
Avery ETH
2560
Cardboard
fail
1.00
2560
Sticker
0.00
1.33
2560
Type Pl.
fail
2.00
2560
PVC
2.00
1.33
2740
Cardboard 0.33
1.66
2740
Sticker
1.00
0.66
2740
Type Pl.
0.66
1.33
2740
PVC
0.33
1.33
B110C
Type Pl.
0.33
2.66
ing setups including: diﬀerent print media, ribbons or printheads. In experiments,
robustness and performance of the tuning concept is demonstrated. In general,
the newly proposed controller outperforms the current implementation in a thermal printer. Furthermore, the new controller can be tuned by printing a simple
test pattern and reading oﬀ the result. This tuning concept is simpler and faster
than current trial and error methods. The evaluation demonstrates suitability of
the proposed controller for use in practice.
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3 Comparison of Continuous and
Discrete Time Formulations for
Load Tracking Scheduling
Problems
3.1 Introduction
Scheduling deals with the allocation of resources and tasks in order to accomplish
processes. Examples of processes include manufacturing of goods or the provision
of services. The tasks are the steps needed to accomplish the processes and the
resources specify objects that are needed to perform the tasks. Finding a “good”
allocation of the resources and tasks can have signiﬁcant impact on the cost and
performance of a process.
Scheduling is an active ﬁeld of research. The publications Mendez et al. (46),
Floudas & Lin (35), Floudas & Li (34) and Pinto & Grossmann (55) present a good
overview on current methods and trends. Despite the advances in the research no
single mathematical method is in general proven to be superior when applied to
common scheduling problems. Not all methods exhibit the same modeling capabilities and thus the used method to solve a particular scheduling problem always
depends on the structure of the problem.
Some guidance on choosing the right modeling method can be found in the literature; see for example Möhring (50), Mendez et al. (46), Maravelias & Grossmann (45)
and Castro & Grossmann (20). However, these publications only provide guidelines
for classical scheduling problems such as makespan or production cost minimization
and revenue maximization.
This paper extends the comparison of scheduling models by focusing on the problem of load tracking scheduling, a non-traditional scheduling problem. In load tracking scheduling, tasks have to be performed so that a pre-speciﬁed production or
consumption is fulﬁlled in a best possible manner at each time. Load tracking problems occur during shift planning for workers in call centers, hospitals, retail stores
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or airports, where the load is derived from the expected customer frequency, see
Di Gaspero et al. (27), Al-Yakoob & Sherali (3), Bard et al. (5), Bard & Purnomo
(6), Buﬀa et al. (17), Ernst et al. (31) and Eveborn & Ronnqvist (32) for examples.
A speciﬁc variation of load tracking scheduling is level scheduling. In level scheduling tasks are allocated such that the production or consumption is the same at all
times. Level scheduling is used in Just-In-Time production, where the output of
parts must be kept constant to fulﬁll a constant demand. For introductory references to Just-In-Time production see Miltenburg (48), Sugimori et al. (59), and for
level scheduling for Just-In-Time production see also Kubiak et al. (42), Steiner &
Yeomans (58) and Drexl et al. (28).
The diﬀerence between load tracking and classical scheduling problems is that
the objective of load tracking scheduling is to assign tasks so that the sum of consumption or production at each time point matches the pre-speciﬁed (load tracking)
or constant (level scheduling) load. Classical scheduling objectives diﬀer to load
tracking scheduling. Classical objectives are to minimize makespan, earliness or
production cost. In contrast to load tracking scheduling they do not penalize production or consumption at every time point, but minimize production duration or
consumption over the entire scheduling horizon.
For classical scheduling problems comparisons between diﬀerent model formulations exist, see Castro & Grossmann (20) and Mendez et al. (46). For example
in Castro & Grossmann (20) it is shown that for scheduling problems minimizing
total earliness using a scheduling formulation that discretized time performed best.
However, the paper also shows counterexamples, where for speciﬁc instances a formulation modeling time as a continuous variable leads to better results.
The special structure of load tracking scheduling problems makes it diﬃcult to
infer from the results for classical scheduling problems which modeling method would
be more beneﬁcial. Therefore, we compare two modeling methods that have been
successfully applied in classical scheduling for load tracking scheduling. The methods
diﬀer in their representation of time. One treats time as a continuous variable
whereas the other uses a time discretization. Both methods result in a mathematical
programming problem with continuous and discrete decision variables that have
linear constraints and objectives. Thus, these problems can be solved using mixedinteger linear programming solvers.
The structure of the two diﬀerent models considered will be explained in Section 3.2. In Section 3.3 two test cases, the demand driven scheduling of employee
shifts and the energy cost optimal scheduling of a steel plant, will be presented.
Formulation of each of the two test cases using the diﬀerent methods are given in
Section 3.3.1 and 3.3.2. The formulations are implemented and their performance
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is compared in Section 3.3.1.4 and 3.3.2.4. Conclusions are given in Section 3.4.

3.2 Models for scheduling problems
A rich literature on scheduling exists, including books (see Brucker & Knust (15),
Brucker (14), or Pinedo (54)) and journals (e. g. Journal of Scheduling) devoted
to the topic. This has created a diverse collection of scheduling models. In this
paper we limit ourselves to models that fall into the class of mixed-integer linear
programs (MILPs). These models oﬀer an advantage in that they can be used to
describe a rich class of scheduling applications, see Grossmann et al. (37). For the
computation of the scheduling solution, standard MILP solver software can be used
which is commercially available such as Xpress-MP from Dash Optimization (Xpress
(71)) and Cplex from Ilog (Cplex (25)). Using MILP solver software for scheduling
problems is well established, see Bixby & Rothberg (11) and Ashford (4).
MILP models allow the formulation of scheduling problems that involve discrete
and continuous variables and linear equality and inequality constraints. The papers
of Pinto & Grossmann (55), Castro & Grossmann (20), Floudas & Li (34), Floudas
& Lin (35) and Mendez et al. (46) provide an overview on diﬀerent scheduling
models that lead to MILP formulations. A primary diﬀerence among the models
is the representation of time. Older MILP scheduling models use a discrete time
representation, e. g. see Bowman (13). This means that the scheduling horizon is
divided into ﬁxed intervals, where events may only happen at these discrete time
points. Often this leads to problems involving several thousands of binary variables
to attain the desired degree of accuracy in the time representation, see Castro &
Grossmann (20). Despite their size, discrete time models are known to work well for
many classical scheduling objectives such as makespan minimization (Maravelias &
Grossmann (45)).
During the last decade, models representing time as a continuous variable have
received much attention (Castro & Grossmann (20)). In the continuous time case
events can happen at arbitrary time points. A recent example considering continuous time scheduling for classical objectives of makespan minimization or proﬁt
maximization is given in Janak & Floudas (40).
For classical scheduling objectives it is well known that selecting between a discrete
or a continuous time representation has an important impact on the size, complexity
and solvability of the model, see Castro & Grossmann (20) and Mendez et al. (46)
for a discussion. However, it is not clear how this transfers to the case of load
tracking scheduling that this paper is concerned with. The paper therefore presents
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discrete and continuous time formulations for load tracking scheduling problems,
implements them and compares their performance.
In both discrete and continuous time formulations tasks l ∈ L are assigned to
resources i ∈ I that are needed to accomplish the tasks. The discrete time and continuous time formulations for the load tracking scheduling problem are introduced
in Subsections 3.2.1 and 3.2.2.

3.2.1 Discrete Time Models
In the discrete time models considered in the paper the time variable is discretized
at a uniform rate, TSample . All events, changes from one machine to another, etc.
can only take place at multiples of this sampling rate. Therefore, all events aﬀecting
the schedule, such as start or end of a task, can only take place at speciﬁc instances.
Essentially, this leads to an approximation of the solution that would allow for events
at arbitrary time points.
Depending on the tasks included in the system, the discretization rate Tsample
needs to be chosen. For the special case of tasks with ﬁxed time durations the
greatest common factor can be used as a sampling time to obtain an exact solution.
However, in practical situations this factor can be very small leading to a very ﬁne
time discretization which makes the problem computationally too expensive. An
exact discretization stops existing as soon as tasks are allowed to start at arbitrary
time points and their duration is given by a time range.
The advantage of discrete time scheduling models is that time discretization provides a common reference grid and restrictions on equipment use, etc. can be formulated relatively easily. Also estimating and tuning the problem size by changing the
discretization rate TSample is simple since the number of variables changes linearly.
To illustrate discrete time modeling, typical constraints are presented for two
formulations with diﬀerent consideration of events. In the ﬁrst formulation, the
constraints are given as linear inequalities. This type of formulation represents a
standard technique that is usually found in the literature, see Floudas & Lin (35).
The formulation assumes no special structure on the events. It is presented in
Section 3.2.1.1.
The second discrete time formulation is presented in Section 3.2.1.2. It is derived
by examining the scheduling problem from a control engineering point of view. In
this formulation events are triggered by input signals. and the scheduling problem
is models as a hybrid system, which is a system involving continuous and discrete
dynamics. It is successfully applied by Gallestey et al. (36).
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3.2.1.1 General Discrete Time Scheduling Models
In the general case consider a task l at time t ∈ T , with T = {0, . . . , Tmax } and
Tmax being the planning horizon length. Then the state, indicating whether the
task l is being performed at time t, can be represented as a binary variable δl,t . The
variable takes value 1 if the assignment is true and 0 if the assignment is false. This
representation easily allows to impose constraints. If all tasks using resource i are
included in the set Li then we can constrain that at each time t only one task can
run on machine i by requiring:
X

δl,t ≤ 1 ∀t ∈ T .

(3.1)

l∈Li

Also it is simple to compute the total usage ui of resource i by all tasks, since it
can be rewritten as a sum:
ui =

XX

δl,t

(3.2)

t∈T l∈Li

and thus limits umin
or umax
on the total work done using resource i can be
i
i
imposed by:
umin
≤ ui ≤ umax
.
i
i
Objectives such as usage minimization of resource j are simple to model as
P
min i ui . In discrete time modeling many requirements can be easily formulated
by linear constraints since the variables δl,t contain explicit information about the
system state at each time t.
3.2.1.2 Mixed Logic Dynamical Models
Examining the scheduling problem from a control engineering point of view raises
the idea of using one of the available frameworks for systems with coupled discrete
and continuous variables. Such systems are also known as hybrid systems and
are described by Heemels et al. (39), Davoren & Nerode (26). In hybrid systems
the state of the systems is stored in a vector of continuous and discrete variables.
Evolution of the state is described by the system inputs and the system equations.
The idea is to use a hybrid system description to store the system state and restrict
possible transitions and inputs to those that do not violate any scheduling rules. A
schedule is obtained by optimization of a cost function with the system equations as
constraints and the inputs being the decision variables in the optimization problem..
One framework that can be used in this respect is the Mixed Logical Dynamical
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(MLD) Systems framework (Bemporad & Morari (9)). It is based on the concept
that logical relations can be reformulated into mixed-integer inequalities automatically, see Morari et al. (51), Raman & Grossmann (56), Raman & Grossmann (57),
Tyler & Morari (66) and Williams (70). The modeling language HYSDEL supports
model constraints using propositional logic and has a compiler that translates the
logic formulation into mixed-integer inequalities (Torrisi & Bemporad (63)).
Some examples for automatic reformulation of propositional logic into mixedinteger linear constraints are given in Table 3.1. Using common notation Xn represents a literal that has a truth value, either false or true. Diﬀerent literals are
connected by operators not (¬), and (∧), or (∨), xor (⊕), implies (⇒) and if and
only if (⇔) to map to a resulting truth value. In the reformulation, literals are written as binary variables δn ∈ {0, 1} with value 1 being associated with Xn being true
and 0 meaning that Xn is false. By constraining the δn variables, one can formulate statements that are equivalent to those formulated using the literals and logic
operators. The statements using the δn variables can be evaluated using constraint
programming or mixed-integer programming techniques.
Table 3.1 also provides two examples on how to link continuous variables with
logic. These are the Analog-Digital and the Digital-Analog relation. They lead
to mixed-integer linear inequalities as constraints. The generation of this type of
constraints is based on the big M technique. The variables Mn and mn are upper
and lower bounds on the values that fn (x) can take. An overview of how to use
the big M technique to reformulate a variety of mixed logic propositions, involving
continuous variables and literals, is given by Mignone (47).
Using the relations from Table 3.1 any combinatorial relation of logic variables
can be described. With the inclusion of the Digital-Analog and Analog-Digital
relations and linear dynamic diﬀerence equations, hybrid systems can be modeled
using propositional logic and then transformed into the form of an MLD system.
MLD systems are given by:

x(k + 1) = A0 x(k) + B1 u(k) + B2 δ(k) + B3 z(k) + B5

(3.3)

y(k) = C0 x(k) + D1 u(k) + D2 δ(k) + D3 z(k) + D5

(3.4)

E2 δ(k) + E3 z(k) ≤ E1 u(k) + E4 x(k) + E5

(3.5)

Ē2 δ(k) + Ē3 z(k) = Ē1 u(k) + Ē4 x(k) + Ē5

(3.6)

with x ∈ Rnr ×{0, 1}nb as a vector of continuous and binary states, u ∈ Rmr ×{0, 1}mb
as inputs, y ∈ Rpr × {0, 1}pb as outputs, z ∈ Rrr as continuous and δ ∈ {0, 1}rb as
discrete auxiliary variables, and A0 , B1 , B2 , B3 , B5 , C0 , D1 , D2 , D3 , D5 , E1 , E2 ,
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Table 3.1: Logic relations and their conversions into mixed-integer relations.
Relation
Logic Proposition
Constraint
NOT
¬X1
δ1 = 0
AND
X 1 ∧ X2
δ1 = 1; δ2 = 1
OR
X 1 ∨ X2
δ1 + δ2 ≥ 1
XOR
X1 ⊕ X2
δ1 + δ2 = 1
IMPLICATION
X 1 → X2
δ1 − δ2 ≤ 0
IFF
X1 ↔ X2
δ1 − δ2 = 0
f (x) ≤ M(1 − δ)
Analog-Digital [f (x) ≤ 0] ↔ [δ = 1]
f (x) ≥ ǫ + (m − ǫ)δ
m(1 − δ) ≤ f (x)
Digital-Analog
X→[f(x)=0]
M(1 − δ) ≥ f (x)
E3 , E4 , E5 , Ē1 , Ē2 , Ē3 , Ē4 , Ē5 being system matrices of suitable dimension. It
is shown that this type of system is equivalent to many other well known models
of hybrid systems such as linear complementarity (LC) systems, extended linear
complementarity (ELC) systems, piecewise aﬃne (PWA) systems, and max-min-plus
scaling (MMPS) systems. Some of the equivalences are established under (rather
mild) additional assumptions, see Heemels et al. (39).
There is no established way in how to use the MLD system and the propositional
logic for the formulation of a scheduling problem. However, in Gallestey et al. (36)
and Ferrari-Trecate et al. (33) the authors choose to formulate timers as conditioned
state update equations. For example, δl (t) can indicate whether task l is active at
time t. Then xl (t) is a timer counting the duration of task l:
δl (t) = 1 ⇔ xl (t + 1) = x(t) + 1 .

(3.7)

Requirements arising from the physical plant are modeled as constraints on the input
variables ul . For example, an input signal of ul that changes the activity of xl might
be restricted to zero, unless a minimum processing time Tlmin has passed:
xl (t) < Tlmin ⇒ ul (t) = 0 .

(3.8)

A compiler, for example HYSDEL (Torrisi et al. (65)) can convert the logic formulations in (3.7) and (3.8) into mixed-integer linear constraints (3.3)-(3.6). The
mixed-integer inequalities from equations (3.3)-(3.6) ensure that a feasible solution
is found. Thus they are used as constraints in an optimization problem that computes a schedule. However, the advantage of using logic formulations comes at the
cost of having a compiler-generated formulation that is in general not as compact in
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terms of the number of variables and constraints as a formulation that is generated
by direct translation of the process requirement into inequality constraints. Especially, for constraints involving big M formulations a compiler usually chooses too
conservative values for Mn and mn .

3.2.2 Continuous Time Models
In continuous time models no sampling time is needed. The occurrence of events
can happen at any time. The timing of the events is stored in continuous variables,
with starting time of the task l denoted tsl and the ending time tel . Using this
representation, a constraint such as requiring the minimum processing duration
Tlmin can be modeled as
tel − tsl ≥ Tlmin .
(3.9)
Note that this constraint includes the obvious requirement that the starting time
of a task is before its ending time. A constraint on the maximum task duration
Tlmax can be modeled in analogous way:
tel − tsl ≤ Tlmax .

(3.10)

However, modeling constraints that require the state of a task at certain times
is more complex. An example of such a constraint would be two tasks l′ and l′′
sharing a resource i. If only one of the tasks can be processed at a time a constraint
that prevents collisions must be included. This is done by requiring either task l′ to
happen before l′′ :
tel′ − tsl′′ ≤ 0
(3.11)
or vice versa:
tel′′ − tsl′ ≤ 0.

(3.12)

To model this or-type of constraint a big M technique is used. In the big M
formulation, a binary variable δl′ ,l′′ is introduced that ensures that exactly one of
the two constraints is active. The parameter big M is chosen as an upper bound
on the time separating the ending of one and the starting of the other task. The
mutual exclusion of the constraints using resource i is modeled by:
tel′ − tsl′′ ≤ M(1 − δl′ ,l′′ )

(3.13)

tel′′ − tsl′ ≤ M δl′ ,l′′ .

(3.14)
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Note that in a discrete formulation the exclusion could be modeled by simply
requiring that at each time k the sum of the δl,k is less than one, see equation (3.1).
In the continuous time, the state at time t is not explicitly available and has to
be recovered from the relation of starting and ending times of the tasks. This may
signiﬁcantly complicate the modeling.

3.3 Examples of Load Tracking Scheduling
Problems
To test the performance of the discrete time and continuous time models for load
tracking problems we introduce two examples. The ﬁrst problem, dealing with
the assignment of employees to shifts so that a given employee demand is satisﬁed
at all times, is presented in Section 3.3.1. The second problem describes a steel
manufacturing problem where the electrical load of the plant is supposed to track a
pre-speciﬁed load curve, Section 3.3.2.

3.3.1 Employee Scheduling
In employee scheduling, timetables for staﬀ are created so that an organization
can optimally satisfy the requirements for its production or services. This involves
determining the number of staﬀ members with particular skills needed to meet the
demand. The staﬀ members are then allocated to shifts so as to meet the required
staﬃng levels at diﬀerent times. Furthermore, duties are assigned to individuals
for each shift. All industrial regulations associated with the relevant workplace
agreements must be observed during the process.
The problem is to ﬁnd an optimal or at least a good feasible solution that minimizes costs, meets employee preferences, distributes shifts equitably among employees and satisﬁes all the workplace constraints. A number of survey papers have been
devoted to the general area of personnel scheduling, see Caprara et al. (19), Ernst
et al. (31), Ernst et al. (30), Tien & Kamiyama (62).
In Caprara et al. (19) diﬀerent mathematical models for staﬀ scheduling that use
a two stage decomposition are presented. In the ﬁrst stage of the problem, the shifts
are computed that need to be scheduled and in a second stage an assignment of the
employees to the shifts is made. The paper of Tien & Kamiyama (62) decomposes the
scheduling problem even further, for example they formulate break shift scheduling
as a separate component. In their paper, Tien & Kamiyama (62) review diﬀerent
models to solve these sub-problems. The papers of Ernst et al. (31) and Ernst et al.
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(30) provide a general overview by brieﬂy reviewing a wide range of papers written
on scheduling.
Also, the problem of demand driven personnel scheduling has received attention
in the survey papers. In the papers of Burke et al. (18) and Cheang et al. (21) the
authors examine the problems of nurse scheduling and call center operator scheduling. In those problems the shifts must be scheduled such that a pre-speciﬁed load
is tracked and working regulations are fulﬁlled.
Models of personnel scheduling problem can be subdivided into those using formulations leading to MILPs or ILPs that are either solved directly using MILP solver
software (see Al-Yakoob & Sherali (3), Kwan & Kwan (44), Bard & Purnomo (6),
Belien & Demeulemeester (8), Belien & Demeulemeester (7), Eveborn & Ronnqvist
(32), Jaumard et al. (41), Wan & Bard (68), Berrada et al. (10), Valouxis & Housos
(67), Addou & Soumis (1), Bard et al. (5) and Corominas et al. (24)) and those using more general formulations leading to non-linear problems that are not solvable
using MILP solvers and rely on heuristics and stochastic search methods (see Buﬀa
et al. (17), Aickelin & Li (2), Brusco & Jacobs (16), Chuin Lau (22), Watson et al.
(69) and Mirrazavi & Beringer (49)).
3.3.1.1 Requirements and Objective
The problem under consideration is motivated by scheduling problems in service
industry. The goal is to allocate employee shifts such that the employee presence
matches the demand, while fulﬁlling all regulatory constraints.
The objective is to minimize the diﬀerence between allocated employees i ∈ I,
where I is the set of all employees, and employee demand at a given time. The
demand is given by demand intervals indexed by n ∈ N . Each interval is a 2-tuple
given by (tdn , qn ) ∈ E, with tdn being the starting time of the demand interval and
qn being the demand of interval n. The demand requirement has to be tracked
continuously during the interval. The intervals are ordered and cover the entire
time horizon, thus tdn+1 ,the starting time of interval n + 1, is the end time of interval
n. To simplify formulation of the constraints, the end of the last interval is deﬁned
as tn|N |+1 . In the objective, both overstaﬃng, i. e. allocation of more employees than
demanded by qn , or understaﬃng, i. e. allocation of fewer employees than demanded
by qn , is to be penalized.
In addition to the objective, we pose requirements that have to be fulﬁlled. From
the service providers’ point of view, it is necessary to constrain shift start and
end times to be within the opening or service hours ranging from Topen to Tclose .
Secondly, the service provider requires a minimum level of presence during the service
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hours regardless of the speciﬁed demand. The minimum service level is speciﬁed by
requiring a presence of Pmin employees at all time.
From the employees point of view, we constrain the number of shifts to be a
maximum of one per day. In addition the shift length is constrained to be within
SL
SL
Tmin
and Tmax
. In summary the requirements are:
1. time horizon is one working day;
2. each employee works one shift per day;
3. the shift length is subject to a lower and an upper bound;
4. a minimal number of employees is required to be present at all times;
5. the objective is to minimize the deviation between the actual number of employees and the required presence.
Next, these requirements are modeled using a discrete time model, see Section 3.3.1.2,
and with a continuous time model, see Section 3.3.1.3.
3.3.1.2 Discrete Time Model
For the employee scheduling problem, we apply discrete time modeling techniques
introduced in Section 3.2.1.1. Time is discretized at a uniform rate TSample into intervals. All events such as employees coming or leaving and changes in the personnel
demand can only happen at these time points. The presence or absence of employee
i at time t is represented by the binary variable δi,t ∈ {0, 1}, where δi,t = 1 indicates
that employee i is present from time t until t + 1.
By fulﬁlling the requirements posed in Section 3.3.1.1 one by one, we construct
the discrete time model:
• Requirement 1: To remain within the opening and closing time, the time index
t ∈ T is deﬁned for the set T = {1, . . . , T }, with T = (Tclose − Topen )/TSample .
Then the discrete time maps to the continuous time by t TSample + Topen .
• Requirement 2: The requirement that each employee must work one shift per
day is equivalent to requiring the employee to be present at at least one time
point,
X
δi,t ≥ 1,
(3.15)
t∈T
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and to limit the number of times that he starts a shift also to be one. Starting
on
times of shifts are modeled by δi,t
∈ {0, 1}. They are given by the change in
employee presence from one time index to the next, thus:
on
δi,t

T
X

≥

(δi,t − δi,t−1 ) ∀i ∈ I,

(3.16)

t=2

on
δi,1
≥ δi,1 ∀i ∈ I.

(3.17)

The shift starts are limited to be one per day,
X

on
δi,t
≤ 1 ∀i ∈ I.

(3.18)

t∈T

• Requirement 3: The shift length of each employee has upper and lower bounds
SL
SL
Tmin
and Tmax
respectively. Thus the number of presence times δi,t multiplied
by the sampling time Tsample must be bounded as follows:
SL
Tmin
≤ Tsample

X

SL
δi,t ≤ Tmax
∀i ∈ I.

(3.19)

t∈T

• Requirement 4: At any time at least the minimum number of employees Pmin
has to be present. This is modeled by requiring for all times t:
X

δi,t ≥ Pmin ∀t ∈ T .

(3.20)

i∈I

• Requirement 5 (Objective): The tracking error et at time t is given by the
P
diﬀerence between i∈I δi,t , the number of employees present at time t, and
the demand requirement qn valid for time t:
et ≥ qn −

X

δi,t ∀t ∈ {tdn , . . . , tdn+1 }, n ∈ N ,

(3.21)

i∈I

et ≥ −qn +

X

δi,t ∀t ∈ {tdn , . . . , tdn+1 }, n ∈ N .

(3.22)

i∈I

The objective is then to minimize the sum over all times t of all the tracking
errors
X
min
et .
(3.23)
t∈T
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3.3.1.3 Continuous Time Model
The continuous time formulation presented here is taken from the thesis Conte (23)
with minimal changes concerning the generation of event points. For the continuous
time model, events m ∈ M and corresponding event times tm ∈ T are introduced.
There are event times for the starting time of an employee i and the ﬁnishing time.
Also the starting times of each requirement interval n are linked to event times.
Thus, the index set of all events is M = {1, . . . , 2 ∗ |I| + |N |}. The event times are
ordered:
tm ≥ tm−1 ∀m ∈ {2, . . . , |M|},
(3.24)
and the interval length between two points is given by ∆tm , with
∆tm = tm+1 − tm ∀m ∈ {1, . . . , |M| − 1}.

(3.25)

s
e
n
Discrete variables δi,m
, δi,m
, δn,m
∈ {0, 1} are introduced to link the event times
tm with the events shift starts, shift ends and requirement interval starts. These
s
variables, i. e. δi,m
for shift start of employee i, take value 1 if the event happens
at tm and 0 otherwise. The continuous time model is constructed by modeling all
requirements posed in Section 3.3.1.1.

• Requirement 1: The store open and closing time requirement is imposed by
deﬁning t ∈ T and
T = {t : t ∈ R, Topen ≤ t ≤ Tclose }.

(3.26)

• Requirement 2: By adding the constraints
X

s
δi,m
= 1 ∀i ∈ I,

(3.27)

e
δi,m
= 1 ∀i ∈ I,

(3.28)

n
δn,m
= 1 ∀n ∈ N ,

(3.29)

m∈M

X

m∈M

X

m∈M

all employee shifts start, end and all sales interval start points belong exactly
to one event point m. By setting
X
i∈I

s
δi,m
+

X
i∈I

e
δi,m
+

X

n
δn,m
= 1 ∀m ∈ M

(3.30)

n∈N

each event time tm is associated with exactly one event. Therefore, each
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employee i has exactly one shift during the day.
• Requirement 3: To constrain the shift length, we ﬁrst model the presence duration pi,m of employee i in the interval between event m and m+1. Therefore,
each pi,m is constrained to be equal to the value of ∆tm if the employee started
working before tm and ﬁnishes working after tm . Otherwise pi,m is zero:
m
X

pi,m ≤ ∆tm + M(1 −

e
s
(δi,m
′ − δi,m′ ))

(3.31)

m′ =1

pi,m

∀i ∈ I, m ∈ {1, . . . , |M| − 1},
m
X
e
s
(δi,m
≥ ∆tm − M(1 −
′ − δi,m′ ))

(3.32)

m′ =1

∀i ∈ I, m ∈ {1, . . . , |M| − 1},

pi,m ≤ M(

m
X

e
s
(δi,m
′ − δi,m′ )) ∀i ∈ I, m ∈ {1, . . . , |M|}.

(3.33)

m′ =1

Big M constraints are used to enforce a time slice pi,m for employee i to take
the value ∆tm or zero.
SL
The sum of all time slices for each employee must be within the minimum Tmin
SL
and maximum Tmax
allowed shift time:
SL
Tmin
≤

X

SL
pi,m ≤ Tmax
∀i ∈ I.

(3.34)

m∈M

• Requirement 4: To guarantee Pmin employees from the opening in the morning,
we require that the ﬁrst Pmin event times tm are associated with employees
starting times:
X

s
δi,m
= 1 ∀m ∈ {1, . . . , Pmin }.

(3.35)

i∈I

Similarly the last Pmin time points tm are shift end time points:
X

e
δi,m
= 1 ∀m ∈ {|M| − Pmin + 1, . . . , |M|}.

(3.36)

i∈I

For all in-between event times tm , there need to be more employees starting
than ending their shifts when summing over all time points before tm :
m
X
X
s
e
(δi,m
′ − δi,m′ ) ≥ 0 ∀m ∈ {Pmin + 1, . . . , |M| − Pmin },

m′ =Pmin i∈I

(3.37)
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in order to fulﬁll the minimum presence requirement.

• Requirement 5 (Objective): First we assign the starting times of the requirement intervals to the time points using big M technique:
n
tm ≤ tdn + M(1 − δn,m
) ∀m ∈ M,

tm ≥

tdn

− M(1 −

n
δn,m
)

∀m ∈ M.

(3.38)
(3.39)

Then the requirement qn,m from the demand interval n starting at tm is
computed, in a similar fashion as pi,m for the employees. The set N̄ =
{1, . . . , |N | − 1} is deﬁned to simplify notation:
qn,m ≤ qn ∆tm + M(1 −
qn,m ≥ qn ∆tm − M(1 −

m
X

n
n
(δn,m
′ + δn+1,m′ )) ∀m ∈ M, n ∈ N̄ ,(3.40)

m′ =1
m
X

n
n
(δn,m
′ + δn+1,m′ )) ∀m ∈ M, n ∈ N̄ ,(3.41)

m′ =1

qn,m ≤ M(

m
X

n
n
(δn,m
′ + δn+1,m′ )) ∀m ∈ M, n ∈ N̄ ,

(3.42)

m′ =1

q|N |,m ≤ q|N | ∆tm + M(1 −

m
X

n
δ|N
|,m′ ) ∀m ∈ M,

(3.43)

n
δ|N
|,m′ ) ∀m ∈ M,

(3.44)

m′ =1

q|N |,m ≥ q|N | ∆tm − M(1 −

m
X

m′ =1

q|N |,m ≤ M(

m
X

(3.45)

n
δ|N
|,m′ ) ∀m ∈ M.

m′ =1

The diﬀerence em of the actual and the required presence is given by:
em ≥

X

pi,m −

i∈I

em ≥ −

X

X

qn,m ∀m ∈ M,

(3.46)

n∈N

pi,m +

i∈I

and the objective is:
min

X

qn,m ∀m ∈ M,

(3.47)

n∈N

X

m∈M

em .

(3.48)
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3.3.1.4 Comparison of the Models
In this section, the discrete time and the continuous time models described in Section 3.3.1.2 and Section 3.3.1.3 are compared. The comparison starts with some
qualitative observations concerning the model formulations. It is followed by a
short comment on the implementation. Some computations for small scheduling
examples are made. The performance of solving the models on a 3Ghz computer
running CPLEX under Linux is compared and discussed (Cplex (25)).
The discrete time model (3.15)-(3.23) has fewer modeling equations. Due to the
absence of any “or” type constraints, no big M formulations are needed in the model.
The continuous time model (3.24)-(3.48) requires big M constraints to model the
presence constraint and also the objective. In general, it is known that big M
formulations increase computational diﬃculty since they model a either-or condition
by introducing binary variables, see Mendez et al. (46).
Furthermore, in the continuous time model the tracking at each time point is more
complex in the sense that for each event time the number of employees present and
the demand requirement must be determined and then weighted by the duration
of the time interval. In the discrete time model, computing the objective “only”
requires to take the sum over the binary variables used to model the presence at a
given time point.
Four examples are computed using the model parameters in Table 3.2. For the
discrete time model an hourly time discretization is chosen, i. e. TSample = 1hour.
The solutions for example No. 1 using the discrete time and continuous time formulations are plotted in Figure 3.1 and Figure 3.2 respectively. It takes 13.2 milliseconds
(msec) to compute the discrete time and 6 seconds (sec) to compute the continuous
time solution. Thus, it is more diﬃcult for the solver to ﬁnd the solution for this
problem instance using the continuous time formulation. However, the continuous
time solution is better with a cost of only 1.1 employee hours (e h) compared to 1.6
e h for the discrete time solution. Notice that in Figure 3.1 the continuous time solution is not restricted to changes at discretized time like the solution in Figure 3.2.
It can therefore adjust the employee presence at 12:30, whereas the discrete time
formulation is bound to the hourly resolution.
In example No. 2 the number of demand intervals |N | is increased. Since the
demand interval times match the discretization intervals, both schedules are optimal
with a cost of 1 e h, because given the minimum shift constraint, it is not possible to
track the 2 hour long peak in the demand. The scheduling results are plotted for the
discrete time model in Figure 3.4 and for the continuous time model in Figure 3.3.
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Figure 3.1: Discrete time solution to employee scheduling problem No. 1.

Table 3.2: Model parameters for the employee scheduling problems.
Example No.:
1
2
3
4
Parameter [Unit]
No. Employees |I|[e]
4
4
5
5
Time horizon Topen , Tclose [h]
9, 18
9, 18
9, 18
9, 18
Min/max shift length
SL
SL
Tmin
, Tmax
[h], [h]
4, 11
4, 11
4, 11
4, 11
Min presence Pmin [e]
1
1
1
1
No. demand intervals |N |
2
5
2
5
(Demand interval time,
(9, 2),
(9, 1),
(9, 2.5), (9, 1.25) ,
interval demand)
(12:30, 3.2) (11, 2), (12:30, 4) (11, 2.5),
(tdn [h], qn [e h])
(12, 3),
(12, 3.75),
(15, 4),
(15, 5),
(17, 2)
(17, 2.5)
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Figure 3.2: Continuous time solution to employee scheduling problem No. 1.
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Figure 3.3: Continuous time solution to employee scheduling problem No. 2.
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Figure 3.4: Discrete time solution to employee scheduling problem No. 2.
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The computation time of 13.4 msec for the discrete time example is almost the
same as in the ﬁrst example, but the computation time for the continuous time formulation rose to 40.2 sec, an increase of about seven times. Further computations
showed that per additional demand interval the computations approximately doubled. However, this result also strongly depends on the exact choice of the values
of tdn and qn . Performance variations of up to a factor ﬁve are found for diﬀerent
values of tdn and qn .
The rise in computation time for larger number of employees is even stronger than
in the case of additional sales intervals. For one additional employee, 5 instead of
4, the computation time for the discrete time formulation doubled to 24.3 msec and
for the continuous time formulation it rose by almost a factor of ten to 56.4 sec.
Figures 3.5 and 3.6 show the results of the computations. For any number greater
than 5 employees no optimal solution can be found within an hour of computation
time using the continuous time formulation.
Furthermore, for example No. 4, that combines the increase in the number of sales
intervals and the number of employees from example No. 2 and No. 3, no optimal
solution can be found using the continuous time model (3.24)-(3.48). However, computing the solution using the discrete time model (3.15)-(3.23) takes only 31 msec.
The solution that is found using the discrete time model is plotted in Figure 3.7.
Summarizing, although the continuous time formulations are successful in many
recent applications, see Castro & Grossmann (20), they do not seem to be very
promising for this load tracking problem. The continuous time formulation is superior only in its ability to provide exact solutions without a time discretization.
From a modeling point of view the discrete time model is clearly more compact and
can be described without the use of big M formulations. The problems that can
be solved using the continuous time model are only of very small size, whereas any
practical problem is likely to incorporate more employees as well as multiple days.
The discrete time formulation seems more suitable for this load tracking problem.
Its main advantage is that the amount of employees that are present at a given time
is known directly by summing up the discrete variables for that time step. Hence,
it becomes simple to derive the model and this model also seems computationally
eﬃcient. The results with computation times of less than a tenth of a second are
promising in the sense that a discrete time formulation might be suitable for larger
real world problems in employee scheduling.
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Figure 3.5: Continuous time solution for scheduling of 5 employees (example No. 3).
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Figure 3.6: Discrete time solution for scheduling of 5 employees (example No. 3).
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Figure 3.7: Discrete time solution with a detailed tracking curve for scheduling 5
employees (example No. 4).
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3.3.2 Steel Manufacturing Problem
The second project considers optimization of the operation of a steel plant. A
general overview on optimization problems arising in steel manufacturing is given
in the survey paper of Dutta and Fourer Dutta & Fourer (29), while the paper of
Tang et al. (61) reviews planning and scheduling methods that are actually used in
the industry.
In our analysis we focus on scheduling the material ﬂow through the plant which
would minimize the operating cost of the plant. The problem of cost optimal scheduling of the material ﬂow has also been analyzed in Nystrom et al. (52), Pacciarelli &
Pranzo (53), Tang et al. (60), Boukas et al. (12), Harjunkoski & Grossmann (38).
The papers Boukas et al. (12) and Pacciarelli & Pranzo (53) focus on minimizing
the makespan and thus search for the shortest schedule to complete a given set of
orders.
Papers Nystrom et al. (52) and Harjunkoski & Grossmann (38) present problems
that involve multiple grades of steel that are manufactured in a single plant. In
their optimization models, they minimize the cost of changeovers from one grade
of steel to another and the operation cost of the units. The paper Harjunkoski &
Grossmann (38) accomplishes this by imposing a secondary optimization problem
that ﬁrst groups similar steel grades in order to have minimal changeover cost within
these groups. The paper of Tang et al. (60) presents a formulation for a just-in-time
production problem. In their formulation the cost arises due to either earlier or
delayed production of the just-in-time parts.
In contrast to the previous objectives reported in the literature, in the scheduling
problem here a load tracking objective is considered. The goal of the schedule is to
arrange the material ﬂow and production tasks so that the energy consumption of
the entire plant deviates as little as possible from a pre-speciﬁed load curve.
The problem formulation and requirements are collected from an industry collaboration project. In this project the steel plant is oﬀered a rebate by the electricity
provider if it runs the plant such that the plants electricity demand over the day
tracks a previously negotiated load curve. Deviations, overconsumption and underconsumption are penalized and thus should be avoided.
This situation reﬂects a typical load tracking problem as introduced in Section 3.2.
The tasks of the manufacturing process need to be arranged such that a pre-speciﬁed
curve is tracked. A slight change to the general formulation is introduced by the
fact that the electrical load of the plant is not measured continuously, but it is the
cumulative load during each time interval which has to be matched to the required
load.
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A schematic view of the plant under consideration is shown in Figure 3.8. The
ﬁgure shows ﬁve types of machines that can be found in the plant and indicates
some possible routes of the steel ﬂow during the manufacturing process. The steel is
transported in ladles from one unit to the next. The setup presented in Figure 3.8
is proposed by industrial collaborators as a typical steel plant layout.
In the plant under consideration the ladles are moved by one crane. This crane
is responsible for all transitions that are indicated by arcs. It is pointed out by
an industrial collaborator that the crane movement is a potential bottleneck in
systems operation and needs to be included explicitly as a resource into the problem
formulation. Finally, the continuous casting machine (CCM) must run continuously.
Thus, a fresh ladle of steel alway needs to be delivered to the casting machine when
the previous one is about to be depleted.
3.3.2.1 Objective and Constraints
In the steel plant scheduling case, a list of tasks belonging to diﬀerent processes
has to be arranged such that operational requirements are respected. These requirements include minimum and maximum processing times, capacity constraints
and the constraint that ensures uninterrupted operation of the continuous casting
machine. The crane must be modeled as a resource to avoid conﬂicts when shifting
ladles from one machine to another.
The objective of the steel scheduling problem is to ﬁnd a schedule such that
the energy consumption of the plant tracks a pre-speciﬁed load curve as good as
possible. During the steel making process, each executed task imposes a certain
electrical load (power consumption). The current load of the plant is then given by
the sum of the instantaneous loads of all tasks. This current load is accumulated
over the interval speciﬁed by the load curve. The diﬀerence between the cumulated
and the pre-speciﬁed load is penalized, see Figure 3.9. The objective is to schedule
all tasks such that their schedule minimizes this penalty.
In summary, the requirements for the steel scheduling problem are:
1. Each scheduled task has to be processed at some time.
2. No task can be interrupted, i. e. they are non preemptive.
3. The order of the tasks within a manufacturing process is ﬁxed and no idle time
during the process is allowed.
4. Each machine can only run one task at a time.
5. Each task has a minimum processing time.
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6. Each task has a maximum processing time.
7. The continuous casting machine is not allowed to have an idle time.
8. The crane can be used to change only one ladle at a time.
9. The objective is to minimize the diﬀerence between required and average actual
energy consumption during each load interval.

Discrete time and continuous time formulations for the steel problem are given in
Sections 3.3.2.2 and 3.3.2.3. To model the problem, the following indices and sets
are used:
• Processes are indexed with j ∈ J , where J is the set of all processes. A
process states the sequence of tasks that need to be performed to manufacture
one batch (here a ladle) of steel.
• Machines are indexed by i ∈ I, where I is the set of all machines, including
the crane.
• All tasks are indexed with l ∈ L.
• The tasks running on machine i are given by set Li.
• The sequence of the tasks is stored in the set S that contains 2-tuples with all
pairs of subsequent tasks (l′ , l′′ ) ∈ S, where task l′ precedes task l′′ .
• The pre-speciﬁed load curve consists of load intervals indexed by n ∈ N . Each
load interval is a 2-tuple given by (tdn , qn ) ∈ E , with tdn being the starting time
and qn being the load of interval n. The intervals are ordered and cover the
entire time horizon, thus the starting time tdn+1 of interval n + 1 is the end
time of interval n.
• The energy consumption of machine i is given by pi .
• The tracking error for each load interval is denoted by en .
3.3.2.2 Discrete Time Model
Two discrete time models are presented in this section. The ﬁrst one is based on
the standard discrete time modeling approach as described in Section 3.2.1.1. The
second discrete time model is based on the requirements using propositional logic.
This formulation can then be transformed into an MLD model using a compiler such
as HYSDEL, see Section 3.2.1.2.
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Discrete time model using linear inequalities
In discrete time models, the time variable is discretized at a uniform rate, TSample .
The time horizon considered is then segmented with discrete time points t ∈ T ,
where T = {1, . . . , T }. The work on a task l at time t is represented by the binary
variable δl,t ∈ {0, 1}, where a value of one means that the task l is worked on at
time t. The requirements stated in Section 3.3.2.1 are modeled as follows:
• Requirement 1: Summing all δl,t over all times t ensures that each task is
scheduled at least once:
X
δl,t ≥ 1 ∀l ∈ L.
(3.49)
t∈T

• Requirement 2: To ensure that tasks are not interrupted, additional binary
on
variables are deﬁned. These mark the beginning and ending of a task: δl,t
∈
of f
{0, 1} and δl,t ∈ {0, 1}. The values of the on- and oﬀ-variables are deﬁned as
the starting and ending points of a task by:
of f
δl,t+1
≥ δl,t − δl,t+1
on
δl,t
≥ δl,t − δl,t−1

∀l ∈ L, t ∈ 1, . . . , T − 1,
∀l ∈ L, t ∈ 2, . . . , T ,

of f
δl,T
≥ δl,T

(3.50)
(3.51)

∀l ∈ L

(3.52)

∀l ∈ L.

(3.53)

and
on
δl,1
≥ δl,1

For the tasks to be not interrupted, we require at most one start and one end
of a task. Therefore,
X of f
δl,t ≤ 1 ∀l ∈ L
(3.54)
t∈T

and

X

on
δl,t
≤ 1 ∀l ∈ L

(3.55)

t∈T

of f
on
must hold. Note that introducing either δl,t
or δl,t
would have been suﬃcient
for Requirement 2, however both variables are needed later in the model.

• Requirement 3: To ﬁx the order and have no idle time throughout the processes, we use the set of subsequent tasks (l′ , l′′ ) ∈ S. For each of these pairs
it must hold that the ending time of l′ is equal to the starting time of l′′ :
X
t∈T

f
t δlof
′ ,t =

X
t∈T

t δlon
′′ ,t

∀(l′ , l′′ ) ∈ S.

(3.56)
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• Requirement 4: Using the set Li of tasks running on machine i, we can conﬁrm
that at most one task runs on that machine at a time by constraining:
X

δl,t ≤ 1 ∀i ∈ I, t ∈ T .

(3.57)

l∈Li

• Requirement 5: To ensure that the minimum processing durations are respected each task has a minimum active time Tllmin . This minimum duration
is met by constraining the number of time steps during which the task is active
to be larger than Tllmin /Tsample :
X

δl,t ≥ Tllmin /Tsample

∀l ∈ L.

(3.58)

t∈T

• Requirement 6: The maximum processing time Tllmax can be ensured in an
analogous manner to Requirement 5:
X

δl,t ≤ Tllmax /Tsample

∀l ∈ L.

(3.59)

t∈T

• Requirement 7: To fulﬁll the continuous casting machine (CCM) requirement,
we require the on and oﬀ times of tasks on the CCM to be adjacent:
X
l∈Li

of f
δl,t
−

X

on
δl,t+1
≤ 0 i = ”ccm”, ∀t ∈ {1, . . . , T − 1}.

(3.60)

l∈Li

• Requirement 8: The requirement is covered by the machine requirements that
allow only one machine use at a time and have a minimum time requirement.
• Requirement 9 (Objective): Using the speciﬁed load curve (tdn , qn ) ∈ E, we can
model the tracking error en by
d

en ≥ −qn +

n+1
X X tX

pi δl,t

∀n ∈ N

(3.61)

∀n ∈ N .

(3.62)

i∈I l∈Li t=tdn

and

d

en ≥ qn −

n+1
X X tX

i∈I l∈Li t=tdn

pi δl,t
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The objective is then to minimize the tracking error:
min

X

en .

(3.63)

n∈N

The model equations (3.49) -(3.63) fulﬁll all requirements that are requested by the
industrial collaborator. However, the model is clearly a simpliﬁed version of what
is needed to fully model a scheduling system for steel manufacturing. Most likely
a more realistic version would require constraints that allow operators to inﬂuence
the schedule directly by blocking machines i or assigning tasks l to be performed on
a machine at a speciﬁc time t. Using the discrete time framework such constraints
are simple to implement. They are assignments of zero or one to the δl,t variables
that model the work on task l at time t.

Discrete time model using logic rules
The concept of using propositional logic for the formulation of a scheduling problem
was introduced in Gallestey et al. (36) and is described in Section 3.2.1.2. A formulation in logic can later be translated into a MLD system which can be treated
using tools from control engineering, for an example see Kvasnica & Baotić (43).
To model logic rules so that they can be automatically compiled into MLD form,
some additional variables are introduced. A state variable xm
j (t) ∈ I determines, for
time t and process j, the machine number i ∈ I on which the process is currently
active. In addition, the steps of process j are given by a sequence sj,k with k ∈
{1, . . . , |K|} elements; the ﬁrst element sj,1 points to the electric arc furnace where
all processes start and the last element sj,|K| points to the continuous casting machine
(CCM) that marks the last step of each process. The state in the sequence is denoted
by xsj ∈ K for process j.
To model processing times we associate each process j and machine i combination
with a timer variable xti,j (t) that records the duration, which a process has been
active at time t. In this model, the continuous casting machine is fed by a tank,
and ladles from diﬀerent processes may be mixed in the tank. This is a slight
simpliﬁcation compared to the other models and may or may not apply in practice.
The ﬁlling level of the continuous casting machine is denoted by xccm (t) and is
ccm
ccm
ccm
constrained to be within xccm
min and xmax . If the constraints xmin and xmax are set to
zero then this model will be the same as the other models. The system inputs are
switching signals uj (t) ∈ {0, 1} and the outﬂow of the continuous casting machine
uout (t).
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The model is constructed by formulating the equations that fulﬁll the requirements
given in Section 3.3.2.1:
• Requirements 1, 2 and 3 can be modeled by constraining all elements in the
task sequence to take place in the correct order. Thus, if the switching signal
uj for process j is equal to one then the process switches to the next machine
in its processing sequence sj,k . If the switching signal is zero nothing changes.
uj (t) = 0 ⇒ xsj (t + 1) = sj,k+1 ∀j ∈ J , t ∈ T ,

(3.64)

uj (t) = 1 ⇒ xsj (t + 1) = xsj (t) ∀j ∈ J , t ∈ T .

(3.65)

• Requirements 4 and 8 are modeled using binary variables δi,j (t) that indicate
the use of machine i by process j at time t:
xj (t) = i ⇒ δi,j (t) = 1 ∀i ∈ I, j ∈ J , t ∈ T ,

(3.66)

xj (t) 6= i ⇒ δi,j (t) = 0 ∀i ∈ I, j ∈ J , t ∈ T ;

(3.67)

at most one process can run on machine i at a time
X

δi,j (t) ≤ 1 ∀i ∈ I, t ∈ T .

(3.68)

j∈J

• Requirement 5 disallows a switching signal uj to switch to the next task if the
minimum task time is not fulﬁlled:
min
xti,j (t) < Ti,j
⇒ uj (t) = 0 ∀i ∈ I, j ∈ J , t ∈ T .

(3.69)

In order to check the runtime of a task, the timer xti,j is introduced and increased while process j runs on machine i:
δi,j (t) = 1 ⇒ xti,j (t + 1) = xti,j (t) + 1 ∀i ∈ I, j ∈ J , t ∈ T ,
δi,j (t) = 0 ⇒ xti,j (t + 1) = 0 ∀i ∈ I, j ∈ J , t ∈ T .

(3.70)
(3.71)

• Requirement 6 constrains the maximum processing time and bounds the timer
xti,j of process j on machine i:
max
xti,j (t) ≤ Ti,j
∀i ∈ I, j ∈ J , t ∈ T .

(3.72)

• Requirement 7 ensures continuous casting by constraining the reservoir of the
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casting machine to never run empty. The reservoir ﬁlling level is given by
xccm (t). The inﬂow to the reservoir is given by the ladle volume Vj for process
j and the casting outﬂow by the input variable uout
y (t):
xccm (t + 1) = xccm (t) + uin (t) − uout (t) ∀t ∈ T ,

(3.73)

xsj (t) = |Kj | − 1 ∧ uj (t) = 1 ⇒ uin (t) = Vj ∀t ∈ T ,

(3.74)

xsj (t) 6= |Kj | − 1 ∨ uj (t) 6= 1 ⇒ uin (t) = 0 ∀t ∈ T ,

(3.75)

out
uout
(t) ≤ uout
min ≤ u
max ∀t ∈ T ,

(3.76)

ccm
xccm
(t) ≤ xccm
min ≤ x
max .

(3.77)

• Requirement 8: The cost function is almost identical to the one in the previously presented discrete time model. Using the speciﬁed load curve (tsn , qn ) ∈
E, we can model the tracking error en by:
d

en ≥ −qn +

n+1
X X tX

i∈I j∈J

and

pi δi,j (t) ∀n ∈ N

(3.78)

pi δi,j (t) ∀n ∈ N .

(3.79)

t=tsn

d

en ≥ qn −

n+1
X X tX

i∈I l∈J t=tdn

The optimal schedule is obtained by minimizing
min

X

en .

(3.80)

n∈N

3.3.2.3 Continuous Time
For the continuous time model we assign to each task l a starting and ending time
tsl and tel . The model is constructed by modeling all requirements posed in Section 3.3.2.1:
• Requirement 1. All starting and ending times are assigned within the time
horizon T :
tsl , tel ∈ T .
(3.81)
• Requirement 2. The tasks are not interrupted since only one start and end
points per task exist.
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• Requirement 3. Using the sequence set S, the requirement is satisﬁed by
requiring the ending time tel′ of the preceding task l′ to be equal to the starting
time tsl′′ of the subsequent task l′′ :
tel′ = tsl′′ ∀(l′ , l′′ ) ∈ S.

(3.82)

• Requirement 4. Using the set of all tasks l1 , l2 ∈ Li that run on machine i, we
ensure that the starting time tsl1 of each task is either after the end of tel2 or
tsl2 is after tel1 . To model the or-relationship, we use a binary variable δl1 ,l2 and
the big M technique:
tel1 ≤ tsl2 + M(1 − δl1 ,l2 ) ∀l1 , l2 ∈ {l1 , l2 : l1 , l2 ∈ Li , l1 < l2 }, i ∈ I,

(3.83)

tel12 ≤ tsl1 + M δl1 ,l2 ∀l1 , l2 ∈ {l1 , l2 : l1 , l2 ∈ Li , l1 < l2 }, i ∈ I.

(3.84)

• Requirement 5. The minimum processing time Tllmin is ensured by requiring:
tel − tsl ≥ Tllmin ∀l ∈ L.

(3.85)

• Requirement 6. The maximum processing time Tllmax is ensured by requiring:
tel − tsl ≤ Tllmax ∀l ∈ L.

(3.86)

• Requirement 7. The continuous casting requirement is modeled by requiring
that for every task l1 running on the continuous casting machine there exists
a second task l2 on the CCM for which the starting point tsl2 is equal to the
endpoint tel1 of task l1 :
tel1 ≤ tsl2 + M(1 − δlccm
) ∀l1 , l2 ∈ Lccm,
1 ,l2

(3.87)

tsl2 ≤ tel1 + M(1 − δlccm
) ∀l1 , l2 ∈ Lccm,
1 ,l2
X
δlccm
= 1 ∀l1 ∈ Lccm.
1 ,l2

(3.88)
(3.89)

l2 ∈Lccm

• Requirement 8: The crane requirement is fulﬁlled through the machine requirements No. 2 and No. 4 that allow only one use at a time.
• Requirement 9 (Objective): To model the objective, additional constraints are
required. These compute the energy consumption within each load interval.
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For each load interval task combination, there exist six possible cases how the
intervals may lie with respect to each other. The task may take place:
1. before the load interval,
2. start before and end within the load interval,
3. start and end within the load interval,
4. start before and end after the load interval,
5. start within and end after the load interval,
6. takes place after the load interval.
The possible cases are illustrated in Figure 3.10. Using big M technique, to
load1
load6
each case integer variables δl,n
to δl,n
are assigned. The energy consumption
that task l contributes to the load requirement of load interval n is given by
wl,n . The contributions are computed in a two step approach. First the type
of overlap is determined and then the appropriate contribution to the load
requirement is added.
Case 1: If the task l takes place before the load interval n, it holds that
load1
tel ≤ tdn + M(1 − δl,n
) ∀l ∈ L, n ∈ N

(3.90)

and the contribution wl,n is computed by
load1
wl,n ≤ M(1 − δl,n
) ∀l ∈ L, n ∈ N .

(3.91)

Case 2: If the task l begins before and ends inside the load interval n, it holds
that
load2
tsl ≤ tdn + M(1 − δl,n
) ∀l ∈ L, n ∈ N ,

(3.92)

load2
tel > tdn − M(1 − δl,n
) ∀l ∈ L, n ∈ N ,

(3.93)

load2
tel < tdn+1 + M(1 − δl,n
) ∀l ∈ L, n ∈ N ,

(3.94)

and for the load contribution:
load2
) ∀l ∈ Li, n ∈ N , i ∈ I,
wl,n ≤ pi (tel − tdn ) + M(1 − δl,n

(3.95)

load2
wl,n ≥ pi (tel − tdn ) − M(1 − δl,n
) ∀l ∈ Li , n ∈ N , i ∈ I.

(3.96)

Case 3: When the task takes place entirely inside the load interval, it holds
that
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load interval
case:

overlap:
task:

1.
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3.
4.
5.
6.

Figure 3.10: Six possible classes of load interval overlap.

load3
tsl ≥ tdn − M(1 − δl,n
) ∀l ∈ L, n ∈ N ,

(3.97)

load3
) ∀l ∈ L, n ∈ N ,
tel ≤ tdn+1 + M(1 − δl,n

(3.98)

and for the load contribution:
load3
wl,n ≤ pi (tel − tsl ) + M(1 − δl,n
) ∀l ∈ Li , n ∈ N , i ∈ I,
load3
wl,n ≥ pi (tel − tsl ) − M(1 − δl,n
) ∀l ∈ Li , n ∈ N , i ∈ I.

(3.99)
(3.100)

Case 4: Tasks starting before and ending after the load interval n:
load4
tsl < tdn + M(1 − δl,n
) ∀l ∈ L, n ∈ N ,

(3.101)

load4
) ∀l ∈ L, n ∈ N ,
tel > tdn+1 − M(1 − δl,n

(3.102)

and for the load contribution:
load4
wl,n ≤ pi (tdn − tdn+1 ) + M(1 − δl,n
) ∀l ∈ Li , n ∈ N , i ∈ I,

(3.103)

load4
) ∀l ∈ Li, n ∈ N , i ∈ I.
wl,n ≥ pi (tdn − tdn+1 ) − M(1 − δl,n

(3.104)
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Case 5: If the task l starts within and ends after the load interval n:
load5
tsl > tdn − M(1 − δl,n
) ∀l ∈ L, n ∈ N ,

(3.105)

load5
tel < tdn + M(1 − δl,n
) ∀l ∈ L, n ∈ N ,

(3.106)

load5
tel ≥ tdn+1 − M(1 − δl,n
) ∀l ∈ L, n ∈ N

(3.107)

and for the load contribution:
load5
wl,n ≤ pi (tdn+1 − tsl ) + M(1 − δl,n
) ∀l ∈ Li , n ∈ N , i ∈ I,

(3.108)

load5
wl,n ≥ pi (tdn+1 − tsl ) − M(1 − δl,n
) ∀l ∈ Li , n ∈ N , i ∈ I.

(3.109)

Case 6: If the load interval n is entirely before task l takes place, it holds
load6
tsl ≥ tdn+1 − M(1 − δl,n
) ∀l ∈ L, n ∈ N

(3.110)

load6
wl,n ≤ M(1 − δl,n
) ∀l ∈ L, n ∈ N .

(3.111)

and then

Since only one case can be active the binary variables are constrained:

load1
load2
load3
load4
load5
load6
δl,n
+ δl,n
+ δl,n
+ δl,n
+ δl,n
+ δl,n
= 1 ∀l ∈ L, n ∈ N .

(3.112)

Using the load contributions wl,n from all tasks l to the load interval n, the
tracking error en per load interval n is given by
en ≥ −qn +

X

wl,n ∀n ∈ N

(3.113)

l∈L

for positive deviations and
en ≥ qn −

X

wl,n ∀n ∈ N

(3.114)

l∈L

for negative deviations.
Then the objective function becomes
min

X

n∈N

en .

(3.115)
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3.3.2.4 Comparison of Models and Analysis
This section will analyze the performance of implementations of the models from
Section 3.3.2.2 and 3.3.2.3. The continuous time and the discrete time formulations
of the steel problem are implemented. However, the implementation of the formulation based on propositional logic is omitted since the MILP constraints that are
generated with a compiler do not seem as compact as in the discrete time model.
Therefore, no performance gain of the propositional logic formulation is expected
over the general discrete time model. Furthermore, no eﬃcient compiler exists that
can interpret a formulation with vectors of decision variables as it is presented in
the model (3.64)-(3.80). The current version of HYSDEL can only interpret one dimensional variables, which would make the implementation and testing for diﬀerent
problem sizes very time consuming, see Torrisi et al. (64).
The constraints and objective of the discrete time scheduling model (3.49)-(3.63)
and the continuous time model (3.81)-(3.115) are implemented in Matlab and passed
to Cplex for solving Cplex (25).
To evaluate the models, ﬁve units are considered: the Electric Arc Furnace (EAF),
the Ladle Furnaces (LF), the Deslagging Unit (DS), the Continuous Casting Machine
(CCM) and the Crane (C). In operation the units consume diﬀerent amounts of
energy. The energy consumptions per unit are given in Table 3.3. The values are
estimated by talking to the industrial collaborator.
The time horizon given by T is constrained to be the end of the last interval of
the speciﬁed load curve. In the discrete and continuous time models, the continuous
casting constraint cannot be fulﬁlled until the ﬁrst casting is started on the CCM.
Hence, to avoid a violation of the constraints (3.60) or (3.87)-(3.89), a virtual task
is included that runs from time 0 until the ﬁrst casting process starts. The virtual
casting task produces zero load and is not explicitly listed for the examples. In the
discrete time model, a one minute time discretization is used, i. e. Tsample = 1 min.
According to the industrial collaborator one minute represents the current planning
time interval for crane movements. Since it is a requirement to model the crane
usage accurately it is not possible to chose a longer discretization interval.
In the following analysis, computation times do not consider the construction of
the matrices, but only the runtime of the optimizer Cplex. Instances of the problem
are solved for diﬀerent task and load curve values to compare the performances
of the discrete and continuous time models and demonstrate their computational
limits.
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Power Consumption
[kW]

Electric Arc Furnace
(EAF)
Ladle furnace
(LF)
Deslagging
Unit (DS)
Crane
Unit (VD)
Continuous Casting
Machine (CCM)

1000
10
30
1
100

Table 3.3: Energy consumption.
Initial Test
An initial comparison of the two models is made for a simple test problem. In this
problem we assume a load curve of 30 min length, having two 15 min intervals. The
intervals of the load curve are given in Table 3.4. The load curve is kept short to
ensure that the computations of both, the discrete time and the continuous time
model will ﬁnish within a few minutes of computation time. As explained in the
problem formulation, see Section 3.3.2, the goal is to track a cumulative load over
each interval.
The tasks that are scheduled in the simple problem are listed in Table 3.5. The
table speciﬁes the constraints on the tasks, minimum and maximum processing
durations and the order of the tasks. In this initial test the durations for the EAF
and the CCM are chosen unrealistically short enough so that they can be scheduled
within the 30 min load curve duration.
Using the discrete time formulation (3.49)-(3.63) the optimal solution is found in
0.8 sec. The result is shown in Figure 3.11. The same problem is also solved using
the continuous time formulation (3.81)-(3.115). The computation time is a tenth of
a second and the solution is plotted in Figure 3.12.
Although, the schedules proposed by the two formulations are rather diﬀerent,
their performance is almost identical. The continuous time solution is not bound
Load interval
1
2

Start time
0
15

End time
15
30

Cumul. load [kW min]
8000
2000

Table 3.4: Initial test load curve.
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Figure 3.11: Discrete time solution of the initial test scheduling problem.
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Figure 3.12: Continuous time solution of the initial scheduling problem.
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Task
No.
1
2
3
4
5
6

Process
No.
1
1
1
2
2
2

Unit
EAF
C
CCM
EAF
C
CCM

Duration
min
max
4
6
3
6
4
6
4
6
3
6
4
6

Next
Task
2
3
5
6

Table 3.5: Task list for the initial test.
to a time discretization and starts some tasks at non-integer times to accomplish
an even better result. However, due to the ﬁne time discretization of 1 min, the
performance gain of using a continuous time formulation compared to the discrete
time version is small. On the other hand the computation time for this small example
is eight times longer for the discrete time problem. A second test case using realistic
task durations will show this eﬀect more clearly.
Realistic Test
In a second test, the task durations are chosen to match durations that are suggested
by a collaborator from industry. The tasks to be scheduled are given with their parameters in Table 3.7. The tasks represent a scheduling problem for three batches of
steel. The schedule is supposed to track the load curve that is speciﬁed in Table 3.6.
The load curve is chosen based on a rough estimate of what the energy consumption for the production schedule might be. This method of generating a load curve
might be similar to what is used in practice, where the operator estimates his energy demands and sends his estimates a few days ahead to the electricity provider.
The optimal scheduling is then done only shortly before the ordered energy gets
consumed.
Using the continuous time formulation, a ﬁrst feasible schedule is found within
less than a second. Computing the optimal schedule takes 3.3 sec. The solution
is plotted in Figure 3.13. The discrete time approach fails to even ﬁnd a feasible
solution within 12 hours.
For the steel plant scheduling problem, the continuous time formulation seems to
be by far superior to the discrete time version. Compared to the employee scheduling
problem, this might appear surprising. However, when comparing the discrete time
formulations for the employee and the steel scheduling problems, it is found that
the scheduling horizon in the steel problem is much longer. Here the steel problem
considers 75 time steps, whereas the employee problem has only ten time steps.
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Load interval
1
2
3
4
5
6
7

Start time
1
15
30
45
60
75
90

End time
15
30
45
60
75
90
105

97

Cumul. load [kWh]
14000
15000
14000
9000
2000
800
200

Table 3.6: Load curve for the realistic test example.

Task
No.
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

Process
No.
1
1
1
1
1
1
1
2
2
2
2
2
2
2
3
3
3
3
3

Unit
EAF
C
DS
C
LF
C
CCM
EAF
C
DS
C
LF
C
CCM
EAF
C
DS
C
CCM

Duration
min
max
16
20
3
6
12
17
3
6
14
18
3
6
18
22
20
26
3
6
8
12
3
6
9
12
3
6
17
23
16
17
3
6
6
8
3
6
20
24

Table 3.7: Task list for the realistic test.

next
Task
2
3
4
5
6
7
9
10
11
12
13
14
16
17
18
19
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Choosing a diﬀerent time discretization with longer intervals is not an option since
it does not allow the detailed crane scheduling that is requested by the collaborator.
Furthermore, in the employee scheduling problem, a binary variable is introduced
per employee per time step. In the steel manufacturing problem each task is assigned
a binary variable per time step. Already short manufacturing processes for one steel
ladle have at least ﬁve tasks. These factors increase the computation times of the
discrete time formulation of the steel manufacturing problem.
In contrast, the continuous time formulation appears to be much faster in the steel
manufacturing problem. However, in contrast to the employee scheduling problem,
the sequence of the tasks is almost ﬁxed. Within one process they must follow a
given sequence and only the processes may vary in their sequence. In the employee
scheduling problem this is not the case as there is no constraint on which employee
starts ﬁrst, second, and so on. For the continuous time formulation, ﬁnding the
right sequence is a main source of complexity. Once the sequence is known binary
variables in big M formulations, modeling the order in which task l′ and l′′ occur
as speciﬁed by constraints (3.83)-(3.84), are ﬁxed. This elimination simpliﬁes the
remaining problem.
Finally, for the steel problem, the objective requires that the cumulative load
per interval is tracked, whereas in the employee problem the objective is on tracking
the instantaneous load. Tracking the cumulative load means that only one deviation
per load interval is computed, whereas in the employee scheduling case the deviation
per event (starting and ending times of employee shifts and load intervals) must be
computed. The advantage of the discrete time model to have explicit information
on the instantaneous load is not needed in the steel case example. Altogether this
makes the continuous time model favorable for the steel scheduling problem.
Variations of Permissible Task Duration
To further explore the properties of the continuous time solution, we compute schedules for the task lists given in Table 3.8 and Table 3.9 and the load curve speciﬁed
in Table 3.10. The diﬀerence between the two task lists is that the permissible task
durations are extended to be one minute shorter or longer. All other parameters
remain the same.
Solving the problem with the tighter bounds on the task durations takes 73.3 sec.
The solution is plotted in Figure 3.14. For the slightly relaxed problem it takes
7583.1 sec, which is more than 100 times longer. The solution to the relaxed problem
is plotted in Figure 3.15.
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Figure 3.13: Continuous time solution of the realistic test problem.
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Task
No.
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

Process
No.
1
1
1
1
1
1
1
2
2
2
2
2
3
3
3
3
3
3
3

Unit
EAF
C
LF
C
DS
C
CCM
EAF
C
LF
C
CCM
EAF
C
LF
C
DS
C
CCM

Duration
min
max
19
21
3
6
6
8
3
6
6
8
3
6
18
21
15
17
3
6
6
8
3
6
21
24
16
18
3
6
6
8
3
6
6
8
3
6
18
21

Next
Task
2
3
4
5
6
7
9
10
11
12
14
15
16
17
18
19

Table 3.8: Task list for parameter variation test with tight min-/max task durations.
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Task
No.
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

Process
No.
1
1
1
1
1
1
1
2
2
2
2
2
3
3
3
3
3
3
3

Unit
EAF
C
LF
C
DS
C
CCM
EAF
C
LF
C
CCM
EAF
C
LF
C
DS
C
CCM

Duration
min
max
18
22
2
7
5
9
2
7
5
9
2
7
17
22
14
18
2
7
5
9
2
7
20
25
15
19
2
7
5
9
2
7
5
9
2
7
17
21
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Next
Task
2
3
4
5
6
7
9
10
11
12
14
15
16
17
18
19

Table 3.9: Task list for parameter variation test with relaxed min-/max task durations.
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Task
No.
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

Process
No.
1
1
1
1
1
1
1
2
2
2
2
2
3
3
3
3
3
3
3

Unit
EAF
C
LF
C
DS
C
CCM
EAF
C
LF
C
CCM
EAF
C
LF
C
DS
C
CCM

Duration
min
max
19
21
3
6
6
8
3
6
6
8
3
6
18
21
15
17
3
6
6
8
3
6
21
24
16
18
3
6
6
8
3
6
6
8
3
6
18
21

Next
Task
2
3
4
5
6
7
9
10
11
12
14
15
16
17
18
19

Table 3.10: Task list for parameter variation test with tight min-/max task durations.
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Figure 3.14: Solution with tighter min-/max task durations.
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Figure 3.15: Solution with relaxed min-/max task durations.
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The eﬀect of this small change in the permissible task durations is rather surprising, especially since the two optimization problems have the same number of
variables and constraints. Hence, the enlarged solution space is the source of the
increased computation time.
Both problems are also solved by setting the objective to be zero. Thus the solver
only searches for a feasible solution. In both cases this solution is found in about a
tenth of a second. Therefore, the longer computation time is not due to ﬁnding a
feasible solution, but must be due to the objective function.
We argue that the increased ﬂexibility allows for more possible task load interval
overlaps, since the start or end times may fall into diﬀerent load intervals, see Figure 3.16. Thus, a task that in the inﬂexible situation could only ﬁnish in one load
interval can now end in several diﬀerent load intervals. Solving for the end time if
a task is known to ﬁnish in a speciﬁc interval means solving a pure linear program,
but if there are more possible task-load overlaps these are modeled using the big M
formulation, see Equations (3.90)-(3.112). The number of possible overlaps increases
the number of possible integer combinations in the optimization problem that need
to be searched and this results in a longer computation time.
For possible application projects, this increase demonstrates that the eﬀectiveness
of a solution algorithm does not only depend on the size of the problem, i. e. the
number of variables it contains. It also depends on the values of the parameters in
the problem. Often the values may not be known exactly before the implementation
and thus this example underlines the importance of thorough testing.
Moreover, it implies for a second conclusion. By artiﬁcially ﬁxing parts or the
whole sequence or just reducing the ﬂexibility, the scheduling optimization problem
is simpliﬁed. Thus the amount of ﬂexibility or the amount of ﬁxing of a sequence
become potential tuning parameters in real world problems.

15 min interval

time

ﬂexible task
inﬂexible task

possible
end time

Figure 3.16: Flexible tasks enlarge the search tree by adding new cases.
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Online scheduling
In the previous examples the focus was on solving the scheduling problems to optimality. Although achieving an optimal solution is desirable, it is usually not necessary or practical in real applications. For example, in the case with ﬂexible task
durations, see Table 3.9 and Figure 3.15, computing the solution for a 2 hour time
period takes longer than 2 hours. Hence, applying the algorithm to ﬁnd optimal
solutions may not be possible.
Moreover, in practical applications a “good” solution will often be suﬃcient. MILP
solvers produce feasible but suboptimal solutions during their solution process.
These solutions can be queried, or the solution process can be stopped at a certain time and the best solution obtained so far is retrieved. In this example we
compute a solution for a 4 hour time horizon and the solver is given a computation
time of 1 min. The load curve parameters for this example are given in Table 3.11
and the task parameters are listed in Table 3.12. The values in Table 3.11 and 3.12
are estimated based on comments from the collaborator on what a realistic case
might require. The obtained solution is plotted in Figure 3.17. Note that this
solution already fulﬁlls all the constraints. In particular, feasible crane schedules
and schedules ensuring continuous casting are obtained. Both of these features are
diﬃcult to obtain by manually arranging the tasks.
Thus, stopping the optimization prematurely may also be a feasible tuning approach for real world applications. However, once again it must be determined
from the application whether the sub-optimal solutions that are obtained are good
enough.

3.4 Conclusions
In this paper we compare continuous and discrete time models for load tracking
scheduling problems. Two application examples are chosen for this comparison.
One is a problem for demand driven employee shift scheduling and the second is
the energy cost optimal scheduling of a steel plant. Both problems are simpliﬁed
versions of real application problems. Each problem is formulated in a continuous
and a discrete time scheduling framework. In both cases the discrete time model is
more intuitive to construct since it models the resource and task activity at each time
point explicitly by a variable. In the continuous time model, the task activity has
to be inferred by comparing the starting and ending times, which leads to either-or
type of conditions. Such conditions require big M constraints and are more complex
in the sense that they require the modeler to think in terms of a set of diﬀerent cases
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Load interval
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17

Start time
0
15
30
45
60
75
90
105
120
135
150
165
180
195
210
225
240

End time
15
30
45
60
75
90
105
120
135
150
165
180
195
210
225
240
255

Cumul. load [kWh]
8000
9000
9000
10000
10000
11000
10000
10000
10000
11000
11000
12000
10000
11000
9000
7000
6000

Table 3.11: Load Curve for a 4 hour scheduling example.
that can happen.
In a performance comparison of the two models it is found that the discrete time
model proves to be more eﬃcient for the employee scheduling problem and the
continuous time model for the steel scheduling. The employee problem has a short
optimization horizon and few resources that need to be scheduled. It is argued that
for such a problem structure discrete time formulations are beneﬁcial. In the steel
problem the optimization horizon is longer and more tasks are included. However,
their sequence is mostly ﬁxed. Therefore, it becomes beneﬁcial to use a continuous
time formulation, since the sequence is the main source of computational diﬃculty
in the continuous time formulation.
Finally, large variations in the computation times are discovered for small changes
in the values of the modeling parameters. It is argued that for application projects
this means that models must be carefully evaluated using real datasets. If the
solution times are unacceptably long, retrieval of sub-optimal solutions and partial
ﬁxing of task sequences might be used to approximate the optimal solution.
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Task
No.
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
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Process
No.
1
1
1
1
1
1
1
2
2
2
2
2
3
3
3
3
3
3
3
4
4
4
4
4
5
5
5
5
5
5
5
6
6
6
6
6

Unit
EAF
C
LF
C
DS
C
CCM
EAF
C
LF
C
CCM
EAF
C
LF
C
DS
C
CCM
EAF
C
DS
C
CCM
EAF
C
DS
C
LF
C
CCM
EAF
C
DS
C
CCM

Duration
min
max
25
34
3
6
14
17
3
6
13
17
3
6
28
33
24
29
3
6
10
12
3
6
24
29
22
27
3
6
9
14
3
6
16
19
3
6
22
28
18
19
3
6
10
13
3
6
20
24
25
34
3
6
14
17
3
6
13
17
3
6
28
33
24
29
3
6
10
12
3
6
24
29

Next
Task
2
3
4
5
6
7
9
10
11
12
14
15
16
17
18
19
21
22
23
24
26
27
28
29
30
31
33
34
35
36

Table 3.12: Task list for 4 hour scheduling test.
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4 Medium Term Control of a
Hydro-thermal System Using
Stochastic Model Predictive
Control
4.1 Introduction
This part deals with the scheduling of hydro-thermal systems. Hydro-thermal systems are composed of water reservoirs with hydro-power plants, thermal-power
plants and the customers whose needs for electrical energy have to be satisﬁed.
The problem in planning a hydro-thermal system is to determine when to use which
power plant for the generation of electrical energy.
Naturally the power generation by the hydro-power plants is limited by the availability of upstream water. To allow scheduled water release the water is stored in
dammed reservoirs. Thereby water usage can be delayed. Thus, when an energy
production decision is taken a trade-oﬀ between the immediate use of water for energy production and storing the water for future production requirements is made.
To optimally determine this trade-oﬀ it is important to look far enough into the future. Since electricity produced by hydro-power is cheaper than electricity produced
by thermal plants consuming fossil fuels, a too short-sighted management scheme is
likely to use up all available upstream water immediately and thereby fail to meet
the demands in later time stages.
Thus, we introduce a medium term scheduling policy for the production of electrical energy in the hydro-thermal system. The medium term scheduling policy looks
between 3 months and 2 years into the future for its planning decisions. Thereby,
greedy water usage can be avoided.
The medium term scheduling plays a role between long and short term scheduling,
where in long term scheduling planning decisions for multiple years have to be taken,
such as decisions on construction of new plants, and in short term scheduling the
immediate decisions are made, such as determining water quantities that are released
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within the next few hours or days. In practice, the medium term scheduling will
give reference points to the short term planning on how much upstream water may
be used in the upcoming planning interval.
For the medium term planning it is important to note that quantities such as
inﬂows into the reservoirs, or the demands of electric energy cannot be predicted
very well. These quantities depend on weather parameters like rainfall, snow melt,
and temperature variations that are stochastic by nature. Hence the stochasticity
property is included in the medium term planning problem explicitly by the use of
random variables in the model of the scheduling problem.
The scheduling problem can be cast as an optimization problem, where some operating costs are minimized or proﬁts are maximized. Constraints in the scheduling
problem arise from requirements on minimum ﬂows in the rivers, operations of dams,
hydro, and thermal power plants, and constraints on electric energy transport in the
grid. This type of constrained optimization problem, including random variables, for
the optimization of hydro-electric plants or hydro-thermal systems has been considered by various authors (see Jacobs et al. (13), Pereira & Pinto (23), Kim et al. (14),
Growe-Kuska et al. (10), Spangardt et al. (29), Nasakkala & Keppo (18), Pritchard
et al. (25), Morton (17), Dantzig & Infanger (5)). With its explicit consideration of
random variables the optimization problem is also known as a stochastic program.
When time and random variables are discretized, meaning that instead of a continuous distribution only certain realizations of the random variables are considered,
the stochastic programming problem can be formulated as a linear or quadratic optimization problem and thus in principle be solved directly. In Pereira & Pinto (22)
and Jacobs et al. (13) the authors demonstrated that this approach can be used for
medium term scheduling of a hydro-thermal network, even in the case of a complex
network topology with more than 20 interconnected hydro-power plants.
To the best of our knowledge all stochastic programming solutions to hydro energy
planning were presented without using receding horizon control. Without using
receding horizon control the optimization problem is solved once for a time horizon
into the future and the solution is applied for the full time horizon. In this part
a receding horizon control problem is considered, where measurements from the
hydro reservoirs are fed back into the scheduling problem and the decisions for
the production of thermal and hydro-electric energy are updated by resolving a
stochastic optimization problem based on the newly available data.
The part will present how the stochastic program can be used as part of a model
predictive control scheme. Speciﬁcally it will point out how parameters of the
stochastic program setup, such as prediction horizon and the coarseness of the
discretization of the random variables, aﬀect the performance of the closed-loop
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outcome. In addition the study of a closed-loop implementation allows to examine
the frequency of constraint violations. In contrast to the open-loop case, some of
the on-line realizations of the random variables may lie outside of what has been
considered in the stochastic program, e. g. an inﬂow occurs that is smaller than the
smallest inﬂow event in the stochastic program. The part will demonstrate how the
frequency of infeasible scenarios occurring in the implementation is aﬀected by the
setup of the stochastic program.
The structure of the part is as follows. In Section 4.2 the model of a hydro-thermal
system is given. The setup of the controller, based on model predictive control and
stochastic programming, is described in Section 4.3. Section 4.4 shows the results of
simulations of the proposed scheduling controller and analyzes the eﬀect of tuning
parameters in the stochastic program. The part ends with conclusions in Section 4.5.

4.2 System Modeling
We consider a model of a hydro-thermal system comprising hydro-power plants
h ∈ H and thermal-power plants p ∈ P. The model is subject to uncertain inﬂows
into the reservoirs of the hydro-power plants and an uncertain electrical load. The
electrical load has to be satisﬁed by the energy production of the plants. A graphical
representation of a simple setup of a hydro-thermal system is shown in Figure 4.1.
For the problem to be numerically solvable, the horizon of the scheduling problem
T is discretized into uniform intervals t ∈ {1, . . . , T } of one month each. All variables, such as loads, ﬂows, and electricity production are assumed constant within
the time intervals. In each time interval a realization ω of the random variables
bh,t (ω) for the inﬂows and lt (ω) for the electrical load of the system takes place.
We deﬁne the ﬁlling volume Vh,t of the reservoirs of hydro-power plant h as states of
the system. Given the realization of the inﬂow bh,t (ω) and a decision on the amount
of water to be released Wh,t the state update equation is given by the following mass
balance:
Vh,t = Vh,t−1 − Wh,t + bh,t (ω), h ∈ H, t ∈ {1, . . . , T } .

(4.1)

Furthermore the system is subject to constraints at each time stage. The energy
balance has to be fulﬁlled, meaning that the energy production Qh,t and Qp,t of all
hydro plants and thermal plants p has to match the realization of the electric load
lt (ω):
X
X
lt (ω) =
Qp,t +
Qh,t , t ∈ {1, . . . , T } .
(4.2)
p∈P

h∈H
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Figure 4.1: Example of a simple hydro-thermal system with two hydro-power plants
and one thermal plant.
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Thirdly, the amount of spillage Sh,t , meaning released water that is not used for
energy production, has to be decided upon. Spillage is necessary to control the
amount of water release independently of the electricity production through the
turbines of the hydro-power plants. Furthermore, environmental reasons, e.g. ﬁsh
having to pass around the power station, generally require a minimum amount of
spillage.
Since we consider only linear descriptions for the system model, all water volumes Wh,t , Sh,t , and Vh,t can be represented by their energy equivalents and for the
conversion of released water into energy we can directly write:
Qh,t = Wh,t − Sh,t ,

h ∈ H, t ∈ {1, . . . , T }.

(4.3)

Clearly an advantage of the pure linear model is that no additional variables for
the volumetric ﬂows used for the power production Qh,t are necessary. However, it
is pointed out that this is an approximation, since the conversion of stored water
to electricity in general depends on the head level (ﬁlling height) of the reservoirs
(compare Ni et al. (20) and Conejo et al. (4)).
To complete the system model the energy production and spillage Qp,t , Qh,t , and
Sh,t are bounded, and the initial, minimum and maximum ﬁlling volumes of Vh,t are
constrained:
Vh,0 = Vh,init ,
0
0
Sh,t,min
Vh,t,min

≤
≤
≤
≤

Qp,t
Qh,t
Sh,t
Vh,t

≤
≤
≤
≤

Qp,t,max ,
Qh,t,max ,
Sh,t,max ,
Vh,t,max ,

p ∈ P,
h ∈ H,
h ∈ H,
h ∈ H,

h∈H
t ∈ {1, . . . , T }
t ∈ {1, . . . , T }
t ∈ {1, . . . , T }
t ∈ {1, . . . , T }.

(4.4)

It is important to note that the model contains random variables. Thus in order for
the load balance to be fulﬁlled the decision on Qp,t and Qh,t can only be made after
the realization of lt (ω) is known. However, in order for the scheduling assumption to
be meaningful the decision on the released water Wh,t is made before the realization
of the random variables bh,t (ω) is known. Now, given that Qh,t is ﬁxed after the
realization happened and that equation (4.3) has to be fulﬁlled also Sh,t is not
decided until after bh,t (ω) and lt (ω) occurred.
From a practical point of view the delay for the decision on Qp,t , Qh,t, , and Sh,t
can be justiﬁed since in practice setting the correct values for Qp,t , Qh,t , and Sh,t
are tasks of the short term planning for which complete, or at least more certain,
information on bh,t and lt is known. Only the reference values Wh,t for the water
available during the planning interval have to be set at the beginning of the interval.
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The event decision structure of the process is illustrated in Figure 4.2.

4.3 Model Predictive Control
In this section we will formulate the medium term scheduling problem as a model
predictive control problem. In model predictive control the decision variables of
a system are determined by solving for each time stage a ﬁnite horizon open-loop
optimal control problem, subject to the current state as the initial state, see also
Garcia et al. (8), Mayne et al. (16) and Maciejowski (15).

4.3.1 Stochastic optimization problem
In the case of scheduling the hydro-thermal system the optimal control problem is
deﬁned as minimizing the operating cost of the hydro-thermal system, while fulﬁlling
the constraints given by the system model (4.1)-(4.4). Due to the stochastic components of the optimization problem we minimize the expected value of the energy
production cost, denoted by E[·].
To compute the energy production cost, the thermal plants are assigned a cost
factor cp and the hydro plants are assigned ch . The production cost is then given
by cp Qp,t (Wh,t , ξt ) and ch Qh,t (Wh,t , ξt ) respectively, where the energy productions
Qp,t (Wh,t , ξt ), Qh,t (Wh,t, ξt ) depend on the decision Wh,t and the realization of the
random variable ξt = [bh,t , lt ]. The cost factors are assumed constant over time and
production cost for thermal plants is higher than for hydro plants, i.e. cp > ch . The
observe
inflows bh,1
and load l1

decide
Wh,1

0

observe
observe
inflows bh,2 inflows bh,T
and load l2 and load lT

decide decide
Qp,1, Sh,1 Wh,2

1

decide
Qp,T, Sh,T

T

time

Figure 4.2: Event decision structure of the hydro-thermal system.
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optimization objective JT for a time horizon T becomes1 :
hP
JT = Eξ1
p∈P cp Qp,1 (Wh,1 , ξ1 )
P
+ h∈H chh Qh,1 (Wh,1, ξ1 ) + · · ·
P
· · · + EξT
p∈P cp Qp,T (Wh,T , ξT )
i i
P
+ h∈H ch Qh,T (Wh,T , ξT ) · · · ,

(4.5)

which is subject to the system model (4.1)-(4.4). Together, objective and constraints
form a multistage stochastic programming problem; see Ruszczynski & Shapiro (26)
and Birge & Louveaux (2) for a general introduction to the problem class. Since
the program contains the original continuous random variables we refer to it as the
true problem. However solving the true problem directly is fundamentally diﬃcult
because the objective function (4.5) is expressed in terms of a multidimensional
integral. Furthermore the optimal decision is a functional optimization problem
that cannot be solved except for extremely simple unrealistic cases. To render the
problem solvable the continuous random variables ξt are approximated by discrete
bounded random variables ξtk . The new problem is then an approximation of the
true problem. By enumeration of the outcomes k ∈ {1, . . . , N}, the stochastic
optimization problem transforms into a deterministic linear optimization problem,
as will be shown.
The discrete random variables are constructed by Monte Carlo sampling techniques (see Shapiro (28), Birge & Louveaux (2), Shapiro (27)). An advantage of using Monte Carlo sampling is that it allows one to work directly with the multivariate
distribution. The procedure to generate a Monte Carlo sampled discretization of the
true continuous distribution Fξt |ξt−1 with ﬁnite number of outcomes {N1 , N2 , . . . , NT }
at the respective time intervals t ∈ {1, . . . , T } is as follows:

t=1
t = 2...T

Draw N1 random samples ξ1k , (k = 1, . . . , N1 ) from the
distribution Fξ1 |ξ0 , i. e. conditioned on the observation at t = 0.
k
For each sample ξt−1
draw Nt random samples ξtk ,
(k = 1, . . . , Nt ) from the distribution Fξt |ξt−1=ξa(k) ,
i. e. conditioned on their parent samples a(k).

t−1

The discrete nature of the random variables ξtk and its nested structure for the
time intervals allows one to represent the optimization problem in tree form as
1

The nested expectation values are actually conditioned expectation values, i.e.
Eξt [ . | ξ1 , . . . , ξt−1 ]. For notational convenience this is not mentioned explicitly in the
formulas.
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shown in Figure 4.3. Every realization of the random variables corresponds to a
diﬀerent branch in the event tree. In this discretized setup outcomes of the inﬂows
bh,t (ω) and loads lt (ω) are replaced by bh,nt and lnt respectively. The variables of
the discretized problem are indexed by node indices nt ∈ St with St , the set of all
nodes at time stage t. The number of nodes Nt at a given time stage t is determined
by the number of diﬀerent outcomes of the random variables at the previous time
stage. The structure of the tree is symbolically denoted as N = {N1 , N2 , . . . , NT }.
A path in the tree leads from the root node to a leaf node. Therefore, the number
of leaf nodes of the tree corresponds to the number of paths.
Given the discretized random variables ξtk we solve, instead of the true problem
(4.5), the corresponding discretized problem, which is a linear program:
X
1 X hX
(
cp Qp,n1 +
ch Qh,n1 )+
min
W,Q,S,V N1
n1 ∈S1
p∈P
h∈H
X
1 X hX
(
cp Qp,n2 +
ch Qh,n2 ) + · · · +
N2 n ∈S
p∈P
h∈H
2

2

a(n2 )=n1

1
NT

X

(

X

nT ∈ST
p∈P
a(nT )=nT −1

s.t. lnt
Vh,n0
Vh,nt
Wh,nt

P

cp Qp,nT +

X

h∈H

i
i
ch Qh,nT ) · · ·

P
Qp,nt + h∈H Qh,nt ,
nt ∈ St , t = 1 . . . T
= Vh,init,
h∈H
= Vh,a(nt ) − Wh,nt + bh,nt ,
nt ∈ St , h ∈ H, t ∈ {1, . . . , T }
= Qh,nt + Sh,nt ,
nt ∈ St , h ∈ H, t ∈ {1, . . . , T }

=

0
0
Sh,t,min
Vh,t,min

p∈P

(4.6)

≤ Qp,nt ≤ Qp,t,max ,
nt ∈ St , p ∈ P, t ∈ {1, . . . , T }
≤ Qh,nt ≤ Qh,t,max ,
nt ∈ St , h ∈ H, t ∈ {1, . . . , T }
≤ Sh,nt ≤ Sh,t,max,
nt ∈ St , h ∈ H, t ∈ {1, . . . , T }
≤ Vh,nt ≤ Vh,t,max,
nt ∈ St , h ∈ H, t ∈ {1, . . . , T } .

The index a(nt ) is used to denote the parent node of node nt and Vh,init is a measurement of the current ﬁlling level of reservoir h.
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Figure 4.3: Event tree example with 4 stages and 18 paths in total.
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A disadvantage of the Monte Carlo method is that the discretization and the
resulting event tree is not optimally constructed in the sense that the algorithm
creates the samples randomly. In their paper Pﬂug & Swietanowski (24) show how
to better construct a discrete distribution from the true original by minimizing an
upper bound to the Fortet-Mourier metric, that describes the distance between the
true distribution and its approximation. In their work Heitsch and Römisch (Heitsch
& Romisch (11), Heitsch & Romisch (12)) extend these algorithms for the reduction
of the number of paths and nodes of given event trees. The forward and backward
algorithms they propose add or reduce paths and nodes to an approximated tree
while minimizing a metric between the given tree and its approximation.
The work of Plug, S̀więtanowski, Heitsch and Römisch is based on the assumption
that the best result is found if the event tree approximates the true problem for the
entire horizon optimally. In our work we drop this assumption and allow diﬀerent
time stages to be approximated with a diﬀerent level of accuracy. Furthermore
we assume that in the closed-loop problem the optimal number of stages T is not
determined by cycle length (e. g. one year for the hydro-thermal system), because
we allow for re-optimization after every time stage.

4.3.2 Stochastic model predictive control
The optimal control problem can be constructed using the optimization problem (4.6)
and solving it eﬃciently by the application of Nested Benders Decomposition. See
the publications Birge & Louveaux (2) and Gassmann (9) for a comprehensive introduction to Nested Benders Decomposition. The current ﬁlling volumes Vh,0 and
the latest observations of bh,0 and l0 at t = 0 are inputs of the controller. The water
release Wh,1 for the ﬁrst month, t = 1 is obtained by solving problem (4.6) and is
an output of the controller.
Due to the event decision structure of the problem, compare Section 4.2, the
realization of the random variables bh,1 and l1 becomes known after the decision for
Wh,1 was made, but before Qp,1 , Qh,1 and Sh,1 have to be decided. Almost surely
the realization of bh,1 and l1 will take values that have not been anticipated in the
event tree of the stochastic program. Thus, to determine Qp,1 , Qh,1 and Sh,1 and
optimally fulﬁll the load balance a second optimization problem is solved:
min
Q,S

subject to the constraints

X
p∈P

cp Qp,1 +

X

h∈H

ch Qh,1

(4.7)
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P
P
l1
= p∈P Qp,1 + h∈H Qh,1
Wh,1 = Qh,1 + Sh,1, h ∈ H
0
≤ Qp,1 ≤ Qp,1,max , p ∈ P
0
≤ Qh,1 ≤ Qh,1,max , h ∈ H
Sh,1,min ≤ Sh,1 ≤ Sh,1,max , h ∈ H.

(4.8)

(4.9)

The values for Qp,1 , Qh,1 and Sh,1 are implemented and the whole process is repeated,
i. e. the ﬁlling levels of the reservoirs are measured and stored in Vh,init , the stochastic
program (4.6) is solved to determine Wh,t for the next time stage, the random
variables realize and the deterministic problem (4.7)-(4.9) is solved again. Note
that although the stochastic program (4.6) extends over multiple time stages only
the ﬁrst stage is applied. Also, the control loop is closed since after each time
stage an update of the ﬁlling levels is fed back into the optimization as a new
initial value. This approach is fundamentally diﬀerent from approaches without
model predictive control that are presented in the stochastic programming literature
(for example Pereira & Pinto (22), Growe-Kuska et al. (10)). The approaches in
stochastic programming solve only one optimization problem at the beginning and
apply the solution for the full horizon. This has the disadvantage that for solutions
of later time stages the horizon length, number of time stages until the terminal
stage in the stochastic program, declines. In a model predictive control approach
the horizon length is kept constant through the re-optimization and thus makes
it suitable for problems that do not have a terminal stage, like the hydro-thermal
system optimization problem.
Due to the inclusion of stochastic quantities the model predictive control problem
is called a stochastic model predictive control problem, compare de la Penad et al. (6)
and Felt (7) with the latter also using Nested Benders Decomposition as a solution
method.

4.4 Simulations
The model predictive control algorithm is applied to compute solutions for the hydrothermal scheduling in simulations. Diﬀerent parameters for the prediction horizon
and the construction of the sampling tree are selected for computations. The performance of the controllers is analyzed so as to extract some guidelines as to how
the choice of these parameters aﬀects the results.
It is important to note that, in contrast to other studies, the performance is
evaluated for the closed-loop case. This means that for a stochastic load-inﬂow
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scenario the controller is tested over a twelve month interval. Thereby, this test
mimics a live implementation. Computation of an entire twelve month simulation
is called one run. For the analysis of the controller performance we evaluate the
controller on ﬁxed inﬂow-load scenarios. The scenarios are generated by drawing one
year Monte Carlo samples from ξt with t = {1, . . . , 12}. The samples are unknown
to the controller. The steps for each run are summarized in Algorithm 1.
For each scenario ten runs are simulated. The outcomes of the runs of the same
scenario diﬀer because in each time stage for the stochastic optimization problem
a new event tree is constructed and thus the solutions of the optimization problem
are diﬀerent. Afterwards we average over the runs and the ten scenarios to show
certain properties, as follows.
Firstly, feasibility of the result. Since we employ stochastic programming there is
no guarantee that the result we obtain may later on be feasible or in other words
that the controller is robust. In fact it is a property of stochastic programming
used for model predictive control that infeasible solutions are allowed in order to
obtain better performance (Bemporad & Cairano (1)). In the case of hydro-electric
scheduling infeasibility is an acceptable risk. Extreme demand, weather, and climate
conditions occur. It is not possible to construct dams and hydro-electric equipment
such that they can handle all scenarios successfully. For some scenarios electrical
demands, water ﬂows and levels may be violated, i.e. ﬁelds are ﬂooded, electrical
energy has to be bought from outside sources, or minimum ﬁlling levels of reservoirs
are temporarily violated. Such risks may still be economical if they are compensated
by a corresponding performance gain.
For the study of the results we denote the percentage of runs that lead to infeasible
trajectories in our performance assessment. A run is considered infeasible if one of
the nominal constraints is violated by more than 20%. The additional 20% are
necessary since the stochastic program does not determine “hard” robustness and
thus small amount violations are typical.
The second property, that we contrast with the feasibility, is the performance of
the controller. The performance of the controller is shown as an average cost of multiple runs, where cost means the cumulated cost of the implemented control decisions
over one year. The plots also show the standard deviation of the performance, to
indicate the sensitivity of the performance to varying inﬂow and load scenarios. Analyzing these two properties in combination shows the eﬀects of diﬀerent controller
setups.
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Algorithm 1 Steps taken to compute the cost and feasibility per run.
Given a scenario {lt , bh,t }12
t=1 and starting conditions Vh,t=0 , {lt , bh,t }t=0 the following
three steps are performed for each month:
1. Controller input is Vh,t and the last realization of ξt that was observed. The
controller solves the stochastic program (4.6) and outputs Wh,t+1 .
2. After bh,1+1 and l1+1 become known, the controller computes the optimal production Qp,t+1 , Qh,t+1 and spillage Sh,t+1 by solving the deterministic program
(4.7) - (4.9) .
3. The cost associated with the power generation is computed and recorded. The
volumes of the reservoirs are updated using equation (4.1). Violations of the
minimum and maximum ﬁlling levels Vh,t+1,min, Vh,t+1,max are recorded.

Yearly inflow profile the Dalles Dam
1.6
1.4
1.2

Log normalized inflow

1
0.8
0.6
0.4
0.2
0
−0.2
−0.4

0

2

4

6

8

10

12

14

Month

Figure 4.4: Inﬂow proﬁle of The Dalles dam in Washington/Oregon, USA.
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4.4.1 Simulation problem setup
For the following numerical studies we used the simple setup of two hydro-power
plants and one thermal plant that is shown in Figure 4.1. For the parameters of
the stochastic model predictive controller we use the values in Table 4.1. A ﬁrstorder autoregressive model was assumed for the distribution of the random variables
bh,t and lt . The model parameters were ﬁtted using historical data from the past
30 years of “The Dalles Dam” in Washington and Oregon, USA (Wat). For the
regression the river ﬂow data were grouped per month. The data of each month
are correlated with the data of the previous month and in addition correlations
amongst the inﬂows and loads are determined and Gaussian noise of the data is
estimated for each month. For more details on the technique used, the reader is
referred to Neumaier & Schneider (19). A graphical view of the stochastic data is
given in Figure 4.4, the error bars show the standard deviation of data for the same
month between diﬀerent years. The dotted lines denote the extreme ﬂow scenarios
that were observed in the past 30 years. In the stochastic model the data were
normalized to ease setting up the computations.

4.4.2 Initial test of the proposed controller
A closed loop simulation example is used to illustrate feasibility of the proposed
algorithm. The prediction horizon in the event tree is 9 months, with . For the
computation we solve a stochastic program with 350k event trees in each month,
the problem consist of 8.9 million decision variables and takes 17 minutes 22 seconds
to solve on a 3 GHz computer. From the results of the simulation the ﬁlling levels
of the reservoirs, reservoir inﬂows and outﬂows and the power-production of the
thermal-power plant are plotted in ﬁgure 4.5.
It is seen that the controller augments the water ﬂow. During the water rich
months in summer the reservoirs of the hydro-power plants are ﬁlled and the water
is used during the dry winter months when the electricity demand is higher. Thereby
the amount of electricity that is produced by the thermal-power plants during the
winter months can be reduced. By saving the water for winter months it is possible
to reduce the energy production by fossil fuels and also to reduce the peak loads on
the thermal-power plants, meaning that less plant capacity is necessary.
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Table 4.1: Parameters used for the simulations.
indices
range
index hydro plants
h ∈ {1, 2}
index thermal plant
p ∈ {0}
parameter
symbol
value
cost factor
[cp=0 , ch=1 , ch=2]
[1, .1, .1]
ﬁlling limits
[Vh,t,min, Vh,t,max]
[2, 8] ∀h, t
thermal production
[Qp,t,min, Qp,t,max ]
[0, 15] ∀p, t
limits
hydro plant
[Qh,t,min, Qh,t,max ]
[0, 6] ∀h, t
production limits
maximum spilling
[Sh,t,max ]
[8] ∀h, t
limits
month dependent
.1 ≤ Sh,t,min(t) ≤ .16
min-spilling
[Vh=1,t=0 , Vh=2,t=0 ]
[3, 3]
initial ﬁlling levels

9
Thremal Production
Stored Water
Inflow
Outflow

8

Normalized Data
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0
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Figure 4.5: Closed loop simulation result.
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4.4.3 Constant number of paths trees with varying horizon
length
The governing idea of the following analysis in this part of the thesis is to check the
eﬀects of diﬀerent parameters such as tree length and tree shape on performance and
feasibility in the model predictive control framework for a ﬁxed problem diﬃculty.
We deﬁne the problem diﬃculty by the number of paths in the sampling trees,
which is equal to the number of leaf nodes. Therefore, two trees can have the same
diﬃculty, despite the fact that they comprise a diﬀerent number of nodes. However,
even for extreme diﬀerences in the number of nodes, for equal number of paths,
rather mild changes in the computation times were observed. The diﬃculty increase
between solving a two-stage stochastic program and a multistage (more than twostage) stochastic program with the same number of paths has been noted as “not
dramatic” by Shapiro (28).
Thus, in a ﬁrst example the eﬀect of the horizon length, which is given by the
number of time stages in the stochastic program, will be tested. To properly control
the eﬀect we attempt to keep the number of paths in the stochastic programs as
constant as possible, despite the diﬀerent number of time stages in the event tree.
This is done by allowing more realizations per time stage for shorter trees and less
for longer trees. A complete list of the number of realizations in each time stage is
given in Table 4.2.
Using ten diﬀerent scenarios the feasibility of the simulations and the performance
were recorded. They are plotted in Figure 4.6. The sizes of the stochastic programs
solved for each month range from 92k decision variables in the horizon 3 case to
147k decision variables in the horizon 13 case and the corresponding compute times
range between 2.5 and 7.5 seconds per stochastic program on a 3GHz computer.
In Figure 4.6 it is easy to see that feasibility of the controller decreases as the horizon length grows, while performance attains an optimum for the 7 stage controller.
Due to the constant number of paths restriction, controllers with short horizons
cover many possible realizations in the ﬁrst few time stages. Thus controllers may
hedge against extreme events coming up and achieve high robustness, resulting in
no or less than 10% infeasible simulations. On the other hand, the controller does
not look very far into the future and cannot plan ahead as well as with a longer
prediction horizon controller. The performance improves for somewhat longer horizons. Once the horizon gets too long, here longer than 7, both performance and
feasibility worsen as the computation eﬀort is shifted to time stages far in the future, presumably with only little eﬀect and advantage on the ﬁrst control input that
is implemented.
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Table 4.2: Constant number of path trees.
horizon outcomes per time stage
3
22 - 21 - 21
4
10 - 10 - 10 -10
5
7-7-6-6-6
6
5-5-5-5-4-4
7
4-4-4-4-4-3-3
8
4 - 3 - 3 - 3 - 3 - 3 - 3 -3
9
3 - 3 - 3 - 3 - 3 - 3 - 3 -2 - 2
10
3-3-3-3-3-3-2-2-2-2
11
3-3-3-3-2-2-2-2-2-2-2
12
3-3-2-2-2-2-2-2-2-2-2-2
13
2-2-2-2-2-2-2-2-2-2-2-2-2

total
9’702
10’000
10’584
10’000
9’216
8’748
8’748
11’664
10’368
9’216
8’192

Constant number of path trees
27.6
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60
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7
8
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Percentage infeasible

average 1 year production cost
percent of simulations with >20% constraint violation

0

Figure 4.6: Simulations of controllers with approximately constant number of path
in the stochastic program, but diﬀerent number of time stages (prediction horizon).
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To conﬁrm the results at a high statistical signiﬁcance we repeated the simulations
on a sample of 10’000 scenarios. However, to keep the computation eﬀort under
control we had to reduce the number of paths in the trees of the stochastic program
to be approximately 254. The compute times per stochastic program were less than
0.01 seconds. A list of the diﬀerent trees that were used is given in Table 4.3. The
results for this increased sample are plotted in Figure 4.7. The results qualitatively
conﬁrm the ﬁndings from the ﬁrst test that was performed on only 10 scenarios
using trees with approximately 10’000 leave nodes. A prediction horizon of 7 time
stages is found to give the best average performance. However, probably due to the
smaller number of paths in the event tree, more trajectories violate the ﬁlling level
requirements of the reservoirs.
The larger sample allows us to compute statistical properties. It is of interest to
estimate with what probability one controller is better than the other. Therefore,
we compare the cost of the 100’000 runs (10’000 scenarios and 10 runs per scenario)
for one controller to those of another controller (see Table 4.3). Table 4.4 lists the
comparison of all pairs of controllers. For example, in 90.0% of the cases controller
no. 3 achieved a lower cost than controller no. 2. Note that although the mean
value of the cost is decreasing as the prediction horizon increases from 2 to 7, the
probability of controller no. 5 being better than no. 2 is actually lower than that
for no. 4 to be better than no. 2. This decrease can be explained by the fact the
standard deviation of the estimated cost of controller no. 5 is greater than that for
controller no. 4.
In general the values shown here are of course likely to be problem dependent and
for a diﬀerent setup or diﬀerent model other values might be obtained. Nevertheless,
they give a clear indication that changing the tuning parameter “prediction horizon
length” does aﬀect the performance and feasibility of the resulting controller. Thus,
for a ﬁxed number of paths in the stochastic program it might not be beneﬁcial
to lengthen the prediction horizon beyond a certain point as this decreases both

Table 4.3: Small constant number of path trees used to compute a large sample.
controller no. horizon outcomes per time stage total
2
2
16-16
256
3
3
7-6-6
252
4
4
4-4-4-4
256
5
5
3-3-3-3-3
243
6
6
3-3-3-2-2-2
216
7
7
3-3-2-2-2-2-2
288
8
8
2 - 2 - 2 - 2 - 2 - 2 - 2 - 2 256
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Figure 4.7: Simulation results of controllers with approximately 254 paths, but
diﬀerent number of time stages (prediction horizon).

Table 4.4: Comparison of controllers with approximately 254 paths, see Table 4.3.
Probability of controller no. A being better than controller no. B.
no. A
3
4
5
6
7
8
no. B
2
90.0 % 92.0 % 89.3 % 91.0 % 90.8 % 81.5 %
3
72.9 % 74.3 % 78.8 % 79.1 % 66.6 %
4
58.1 % 65.4 % 67.0 % 54.1 %
5
58.0 % 60.5 % 48.6 %
6
53.0 % 42.1 %
7
40.0 %
8
-
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the likelihood of feasibility as well as the performance. For shorter horizons, the
trade-oﬀ between the two may be tuned to the desired value.

4.4.4 Constant number of child nodes trees with varying
horizon length
In control engineering it is expected that longer prediction horizons improve performance. However in general, as in the case of this second test, the computational
eﬀort grows exponentially for increasing horizon length.
For the second example the number of realizations per time stage is kept constant
and the horizon length is extended. The example is run on ten scenarios for twochild trees, meaning two realizations at each time stage for each node, and three-child
trees. The computation times for the stochastic programs that were solved range
from 0.02 seconds to 40 seconds on a 3GHz computer. The results are plotted in
Figure 4.8 and conﬁrm the idea of a performance improvement for longer prediction
horizons. The plots also show a steep performance improvement for the ﬁrst few
time stages until the performance ﬂattens for horizons greater than 7 time stages. It
is interesting to note that due to the exponential growth of the tree the increase in
the number of paths for short trees is mild and the performance gains are high, while
the increase from, for example, 12 to 13 stages in the two-child tree is big and yields
only a small performance improvement if at all. In total, the results correspond very
well with intuition that increasing the number of paths yields better performance,
although there are diminishing performance improvements for the increases.

4.4.5 Constant number of paths trees with varying tree
shapes
For the case that computational resources are limited and the horizon length is ﬁxed
there remains the possibility to change number of realizations Nt of the discretized
random variable ξtk in diﬀerent time stages t ∈ {1, . . . , T }. We call such changes in
the tree variations of the tree shape. We call trees, that have consistently more or
fewer realizations for earlier time stages, skewed trees.
Motivated by the outcome of Section 4.4.3, it seems desirable to have a large
number of nodes in earlier time stages to attain feasibility, while maintaining a
certain prediction horizon to achieve good performance. Based on this assumption
the following test is performed. The number of paths in the trees is kept constant to
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Figure 4.8: Simulations for controllers based on two-child and three-child event trees
with diﬀerent number of time stages (prediction horizon).
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be 16’384 and also the prediction horizon is ﬁxed to 7 time stages, a value that was
found optimal in Section 4.4.3. We vary the number of realizations at the diﬀerent
time stages. Starting from a “ﬂat” tree, that has the same number of realizations in
each time stage, more realizations are considered for earlier nodes and fewer for later.
Thus the number of realizations for each time stage is skewed until the “m-1-1-1-...”
case is reached, with m being the total number of paths. In that extreme case all
the uncertainty is assumed to happen in the ﬁrst time stage. Table 4.5 summarizes
the tree shapes that were tested. For the open-loop case a similar analysis was done
by Blomvall & Shapiro (3).
The results for a test using ten scenarios are shown in Figure 4.9. The sizes of the
stochastic programs range from 197k to 1’032k decision variables. From Figure 4.9 it
is clear that neither of the extreme trees, ﬂat or completely skewed, is desirable and
interestingly there seems to be an optimum for both feasibility and performance for
trees with a moderate skewedness, i. e. the trees no. 4 to 6 with tree no. 4 being the
best. The interpretation of the result for the feasibility is analogous to the argument
in Section 4.4.3. For an increasing number of nodes in the immediate time stage
the program attains more robustness, as more extreme events are considered in the
upcoming time stage. Since the controller is based on a randomized scheme, it should
be noted, that besides average performance and guarantee of feasible trajectories,
the variability of the performance is also a tuning objective that should be considered
in practical applications.
Concerning the average performance of the controller, it is interesting to note
that not only the horizon, but also the shape of the tree has an eﬀect. Similar to
the ﬁndings on feasibility placing more computational eﬀort at earlier time stages
seems beneﬁcial. However, if the number of branchings in later time stages gets
too small, i. e. if those become deterministic, the performance deteriorates again.
Thus, a trade-oﬀ with a mildly skewed tree seems optimal. From a tuning point
of view it seems likely that an iterative strategy of tuning the horizon length and
the skewedness for a constant number of leave nodes in the tree leads to an optimal
utilization of the computational power at hand.

4.5 Conclusions
In the part we showed how to schedule a hydro-thermal system using stochastic
model predictive control. The controller output was computed by solving a stochastic programming problem. As a solution method of the stochastic program we used
Nested Benders Decomposition.
To optimally use the computational power we identiﬁed two tuning parameters,
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tree no.
1
2
3
4
5
6
7
8
9
10
11
12

Table 4.5: Skewed trees.
outcomes per time stage
4-4-4-4-4-4-4
8-4-4-4-4-4-2
8-8-4-4-4-2-2
16 - 8 - 4 - 4 - 4 - 2 - 1
16 - 16 - 8 - 4 - 2 - 1 - 1
16 - 16 - 16 - 4 - 1 - 1 - 1
32 - 16 - 16 - 2 - 1 - 1 - 1
32 - 32 - 8 - 2 - 1 - 1 - 1
64 - 32 - 8 - 1 - 1 - 1 - 1
128 - 32 - 4 - 1 - 1 - 1 - 1
256 - 64 - 1 - 1 - 1 - 1 - 1
16’384 - 1 - 1 - 1 - 1 - 1 - 1

total
16’384
16’384
16’384
16’384
16’384
16’384
16’384
16’384
16’384
16’384
16’384
16’384

Constant number of path, skewed trees
28.4

20
average 1 year production cost
percent of simulations with >20% constraint violation

18
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Figure 4.9: Simulations for controllers with constant number of paths and horizon
length 7. The simulations started with four-child trees and ended for skewedness 12
with 16’384 realizations for time stage 1 followed by deterministic paths to the leaf
nodes of the event tree.
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horizon length and shape of the event tree. Both parameters can be adjusted independently of the number of paths in the stochastic program. By properly tuning
them performance and robustness of the controller can be improved. For a speciﬁc
hydro-thermal scheduling case this tuning process was shown.
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5 Conclusion
In the thesis contributions are made to solve three speciﬁc application problems:
1. control of a thermal printhead, see Part I;
2. load tracking scheduling for employee scheduling and energy cost optimal
scheduling of steel manufacturing, see Part II;
3. medium term scheduling of a hydro-thermal system, see Part III.
The contributions to each of these individual problems are discussed in their respective parts. Thus, instead of restating the contributions and conclusions that are
drawn for the projects individually, we link the diﬀerent projects and draw some
joint conclusions here. Although all three projects are distinct in the practical problems they address, they overlap in the questions that are answered in their solutions.
So, next we point out the overlaps by drawing joint conclusions that combine two
parts.

Application Projects Part I and Part II
The printhead system and the scheduling problems are examples of what we denote
a switched-input systems. In these systems, some inputs to the plant can take only
binary values. For the printer, this is clear from the technical speciﬁcations of the
printhead as the heat element of the printhead can only be switched on or oﬀ. In
the scheduling systems, the switching property results from the fact that tasks are
always fully started or stopped. Thus, also the assignment of starting or stopping a
task can be modeled with a binary variable.
In Part I and Part II diﬀerent methods are presented on how to compute the
switching inputs. The methods that are chosen can be classiﬁed by the way they
model the time variable. Three diﬀerent models of the time variable are used. Each
of the three diﬀerent models proves to be eﬃcient for a certain problem setup, as
follows:
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1. The ﬁrst model is based on fully discretized time. In this model, all future time
points when switching is possible are enumerated. For each time point and
system input, a binary variable is determined by the controller. If the binary
variable takes a value of zero, the associated part in the system is turned oﬀ,
while it is turned on for a value of one. In the model predictive controller, a
mixed-integer program is solved to compute the binary inputs. This discrete
time approach in MPC seems to be the most eﬀective for systems with relatively few time steps, e. g. less than about 20, in the prediction horizon.
An example from the application projects is the workforce scheduling problem.
Here employees are allowed only to come or leave at each full hour. Therefore,
depending on the operation time, about twelve starting and stopping time
points per day must be considered. For a small number of employees, e. g. less
than 50, the total problem size remains small and, as shown in Section 3.3.1.4,
the schedules can be eﬃciently computed for such cases.
2. In the second approach, a duty cycle formulation is taken to model the switching property. In this formulation the future horizon is discretized into intervals that each encompass multiple, e. g. 10 to 1000, possible switching time
points. In the optimization problem we compute the inputs for each of the
discretization intervals by using one continuous variable. This continuous variable determines the ratio of on versus oﬀ time for each of the discretization
intervals. Thus, instead of computing at which points the switching occurs,
only the amount of on versus oﬀ pulses during the discretization intervals is
determined.
In the optimization problem the system dynamics are predicted using these
ratios. For this to work, the dynamics of the system must be slow when compared to the allowed switching frequency.
An example of such a case is the printhead control problem. Here the system
clock runs at 5 MHz, which would be the theoretical maximum for switching
heat elements on and oﬀ. However, the heating dynamics of the system can
be approximated suﬃciently well by simulating the system at about 10 kHz.
At this lower sampling frequency, the binary inputs are approximated by a
continuous variable that speciﬁes the duty cycle, i. e. the ratio of binary on
versus oﬀ pulses per simulation time step. The knowledge of the duty cycle is
suﬃcient to simulate the system output, since the exact placement of on and
oﬀ pulses during one sampling time step has a negligible eﬀect.
The use of duty cycles greatly simpliﬁes the computation of the control input.
For example, in the printhead case, we can compute one continuous variable
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that is constrained between zero and one, instead of 500 binary inputs. The
continuous variable then speciﬁes the ratio of on vs. oﬀ pulses of the 500 binary
inputs.
Another example where duty cycle formulations are successfully applied are
DC-DC converters and the reader is referred to the work of Geyer et al. (2)
for more details.
3. The third approach is based on treating the time as a continuous variable. This
approach allows to optimize over very long prediction horizons. However, it
requires that the system has simple dynamics, since the approximation of the
system evolution without a predeﬁned time grid is diﬃcult in modeling and
computation. Furthermore, structure on the sequence of the binary inputs
might be needed to achieve acceptable computation times.
An example of a problem where a continuous time formulation is eﬃcient
is the steel plant scheduling problem, see Section 3.3.2. In the steel plant
scheduling, a planning horizon of multiple hours must be decided and changes
in the tasks can occur at any minute. In discrete time scheduling this leads
to prediction horizons that are too long to be solved for. In continuous time
models, however, only the time points, when an event occurs, i. e. a task starts
or ends, need to be considered. These events are associated with a continuous
time variable and a binary variable linking the event to the time variable.
For the steel plant scheduling problem, the continuous time formulation works
well because the scheduling problem does not have a dynamic component that
must be approximated. All tasks must be fulﬁlled, but their performance or
output does not change over time or depending on their sequence.
Moreover, the continuous time formulation is also eﬃcient for the steel plant
scheduling, because sequencing constraints that determine the order of the
tasks exist. These sequence constraints minimize the number of possible task
arrangements and thereby simplify the underlying optimization problem.

Application Projects Part I and Part III
A common component in the printhead control and the hydro-thermal system control problems is the occurring uncertainty. In the printhead control, two types of
uncertainty exist. The ﬁrst source of uncertainty is due to impurities in the print
ribbon and the print medium. This uncertainty directly aﬀects the print image and
is modeled by including a noise term n(t) in the output equation of the model,
see Equation (2.4)-(2.5). The second source of uncertainty in the printhead control
comes from possible changes in the printer setup. These changes are not detected
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automatically by the printer. They are either due to changes of the print media
or ribbon, or due to slow processes such as aging of the printhead. This second
uncertainty aﬀects parameters α and β in the printhead model that determine the
system dynamics, see Model (2.3)-(2.5).
In the control of a hydro-thermal system, the uncertainty arises from the weather
conditions as well as from the diﬃculty to forecast the electricity demand in the
future. The variations of these sources of uncertainty during the last 30 years ranged
±60% of the average value.
The types of uncertainty found in the application projects fall into three diﬀerent
categories. Each category is then addressed by a diﬀerent approach in the MPC
that is presented in the thesis. The approaches are as follows:
1. The ﬁrst category groups the noise that changes quickly and is diﬃcult or
impossible to measure. We think that such uncertainty should be bounded
and the MPC problem should be solved for the worst case realizations of this
bounded noise. Thereby feasibility and performance of the controller can be
guaranteed as well as possible.
This technique is also known as robust MPC, for example, see Löfberg (3) for
more details on the computation of robust MPC problems.
In the thesis, the randomness in the noise n(t) in the printhead output model
belongs to this category. This noise cannot be measured since it is highly
localized and even if measurements were available it is doubtful that these
could be included in the control at the systems clock rate of 5MHz. Thus we
decide to bound the noise and compute the resulting controller so that always
the worst-case realization of this bounded noise is assumed, see Section 2.3.2.
2. In the second category the uncertainty is observable and evolves slowly. Here
the uncertainty can be described by a random variable. Realizations of the
random variable may have a complex dependence structure. In this case it
seems best to incorporate the available information such as measurement data
and knowledge about dependence in the MPC formulation. The MPC then
becomes a stochastic MPC problem. In Section 4.3.2 we showed how such
problems can be solved. The beneﬁt of solving this more complex MPC problem is that on average a better performance can be gained than if the problem
was solved for the nominal case.
An example of such a setup is found in the hydro-thermal control problem in
Part III of the thesis. There the randomness is in the inﬂows to the hydropower plants and in the electric load. Realizations of all random variables
can be observed and their distribution and the dependence structure can be
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estimated from historical data. Furthermore, as shown in Section 4.4, the performance of the proposed controller depends on incorporating this information
as well as possible in the stochastic MPC. Note that, depending on the chosen
model of the uncertainty, the controller may become infeasible, as discussed
in Section 4.3.2.
3. The third category of uncertainties that we identiﬁed includes situations when
random factors change very slowly compared to the model dynamics. This
type of uncertainty is also observable. We propose to adjust the system parameters discretely always, when the changes in the random factors have a
signiﬁcant eﬀect on the performance. In between the updates the model parameters are kept constant.
An example of uncertainty sources in this category is the changes of the parameters in the printhead model after setup changes, new print ribbon or medium
or aging of the printhead. In the analysis in Section 2.4.3 it is shown that
after such changes the performance of the printer on the new setup may be
decreased. However, since such changes happen discretely or very slowly, they
can easily be detected. By identiﬁcation of the new parameter values and
choosing a controller for these new values, the changes can be counteracted
and the controller will perform satisfactory for the new parameter values.
We believe that a large class of uncertainties found in applications falls into one of
these categories. Thus, the approaches that were developed in the thesis might be
helpful in addressing the uncertainty also in other application projects. However,
there obviously exist other types of uncertainty beyond the categories we mentioned,
and as a consequence uncertain systems oﬀer a wide range of future research possibilities. Some of these will be discussed in Chapter 6.

Application Projects Part II and Part III
Part II and Part III present two load tracking scheduling problems and the control
problem of a hydro-thermal systems. In both parts computation is a limitation when
solving these problems in real life situations. The optimization problems that need
to be solved for these situations grow too large. This leads to insuﬃcient memory
and to intractable computation time. No simple solution to this problem exists and
also this thesis does not introduce a novel concept in how this problem may be
overcome. Yet, in the application problems three general concepts were used that
we think are helpful when solving such problems.
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1. The ﬁrst objective is to exploit the problem structure as much as possible. For
example, in the hydro-thermal system control problem, we model the problem of determining the optimal water release scheme as a linear programming
problem. In principle, such problems can be solved by general purpose linear
programming solvers, such as Cplex (1) or Xpress (4). However, these solvers
do not explore the special tree structure of the problem, see Section 4.3. In
the tree, the decision variables associated with each node depend only on the
parameters in the node itself and the decisions in all future nodes. The Nested
Benders Decomposition exploits precisely this kind of problem structure and
is therefore used to solve the optimization problem. Using Nested Benders
Decompositions, problems including 500K scenarios and 9 million decision
variables can be solved within minutes. On the other hand, general purpose
linear programming solvers not exploiting this structure cannot solve a problem with 500K scenarios and are slower even when used for smaller cases.
Similarly, in the analysis of the scheduling problems in Part II, it is shown that
choosing the “right” method of modeling time can have a signiﬁcant impact
on the computation speed.
2. Tuning strategies must be exploited to ensure eﬃcient use of the computational resources. A common error in modeling is to try to specify every aspect
as precisely as possible. This precision may be possible due to the availability
of accurate data and the description of a problem. However, doing so may
not be necessary to obtain a good solution. In fact, having a too detailed
description or model may hinder obtaining a solution at all.
In the thesis, an example, where a very detailed description is successfully approximated with a coarse one, is given in the printhead control project. There
the ﬁrst description is based on a ﬁnite element model which would be too
complex to integrate into an optimization problem. It is approximated by a
ﬁrst-order linear system that proves to be robust and eﬃcient enough to design
a printhead controller, which leads to a more than 90% performance increase
based on experiments.
Thus, the degree of detail in the model must be based on the requirements
of the solution and not on the availability of data, this is also known as the
parsimony principle. Since it is diﬃcult to determine which level of detail is
necessary, we need to employ tuning.
By tuning we mean changing the level of detail, adding heuristics or adjusting
some parameters to obtain a better solution. We think that identifying good
tuning parameters, i. e. the ones that are easy to adopt and have a large impact
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on the solution quality, is very helpful in solving real world problems.
Examples for tuning parameters are given in the hydro-thermal system control problem. There it is shown that, for ﬁxed computational resources, the
solution quality can be improved by changing the sampling frequency of the
random variable at diﬀerent time stages in the prediction horizon of the controller.

3. The computations in the thesis show that models and problem formulations
need to be tested using real world data.
Researchers are often asked to provide general purpose solutions that can solve
a large class of problems. However, the results in the thesis indicate that this
is only possible to a limited extent. When the application problems need to
be solved for realistic problem sizes, computational complexity often becomes
a limitation. In such cases, no general purpose concept will help other than to
provide a problem speciﬁc controller design.
For example, in Part II it is shown that neither discrete time nor continuous time formulations are in general superior for load tracking scheduling
problems. It is possible to model both, the workforce scheduling and the steel
plant scheduling problem, as a discrete time and as continuous time scheduling
problem. However, the continuous time formulation of the workforce scheduling problem and the discrete time formulation of the steel scheduling problem
are only able to solve unrealisticly small problem cases.
Furthermore, we show that even if a formulation works well for a given problem size, as speciﬁed by the number of variables and constraints, it may fail
to do so if the parameters in the problem are slightly changed.
An example of this eﬀect is shown in Part II. Here minimal variations in parameter values, not the number of variables or constraints, lead to an increase
in computation time by two orders of magnitude. Such results are diﬃcult to
predict. As a consequence a close collaboration between the control engineer
and the industrial user is needed. The industrial user is likely to have the best
possible estimates of what data can be expected and his expert knowledge
should be included in the controller design process. Showing that a controller
“works “ for an academic example might not be suﬃcient. Thus solutions of an
application project should demonstrate that they can successfully solve test
cases that were deﬁned by the industrial user.
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Summary
Altogether the applications in the three parts of the thesis demonstrate that sophisticated controllers can be designed using techniques of optimal control. Where
necessary these are augmented by stochastic variables, or the model of the time
variable is adopted to the special needs of the application. Also, various tuning
possibilities were shown for the diﬀerent projects. As pointed out in the individual
parts, these might be used to improve the performance of the controller or even
to make a problem solvable at all. Yet, the projects also raise a number of open
questions that are discussed in the next chapter.
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6 Outlook
Application driven research lead to the solution of three industrial problems. However, many ideas, concepts and ﬁndings apply to a broader range of problems. As
an outlook we propose to continue this road and extend the techniques for control of
switched-input and uncertain systems. More precisely, for the applications discussed
in this thesis, we list potential extensions and starting points for further research.

Printhead Control
For an industrial implementation of the printhead controller, a few problems still
remain that can further enhance the proposed controller.
• Investigation of the eﬀects of neighboring heat elements:
As discussed in Section 2.2, we neglect the eﬀects of neighboring heat elements
in the current model. It is not clear, if this is a valid assumption and it
should be analyzed how large the eﬀects from neighboring heat elements are.
If necessary, an ad-hoc scheme to counteract these as e. g. proposed by Shigeru
& Masanori (6) could be designed and tested.
• Controller switching during the ramp up and down phases of the print speed:
The current controllers are designed for each print speed separately. However,
during start and stop of the printer, it has to accelerate and decelerate until
the ﬁnal print speed is reached. For these ramp up and ramp down times a
suitable scheme that switches among lookup tables for diﬀerent speeds must
be developed and tested.
• Inclusion of heat sink temperature variations in the controller:
All current results were obtained for a “cold” printhead, i. e. one that has not
been used heavily right before making a test printout. However, in industrial practice the printers are used for printing up to several hundred meters
of printout at a time. In these situations the heat sink, that is mounted on
top of the printhead, and the interior of the printer heat up. This change in
ambient temperature of the heat elements aﬀects their dynamics. Preliminary
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experimental results show that such changes should be considered by the controller. Since the temperature of the heat sink can be measured, we propose
to compute lookup tables for diﬀerent heat sink temperatures. Based on the
measured heat sink temperature, the controller can chose the appropriate look
up table and thereby adapt to the changing temperature.

Load Tracking Scheduling
Analyzing load tracking scheduling problems is a ﬁrst step in bringing together the
ﬁeld of scheduling and the ﬁeld of control engineering. Unlike traditional scheduling
problems, load tracking scheduling is concerned with the tracking of a reference
signal. This is the typical objective in control engineering problems. As an extension
of this research, we propose the following research directions:
• It should be examined what might be called a closed loop scheduling problem,
where feedback is used to counteract disturbances. In the thesis, the focus is on
testing diﬀerent formulations for load tracking scheduling problems. However,
the analysis is done for a ﬁnite horizon open loop case only. In practice however, load tracking problems may have long, possibly inﬁnite, tracking signals.
For such cases receding horizon policies should be investigated. In receding
horizon policies, the schedule would be computed for a ﬁxed horizon into the
future and executed until a new solution is computed over a shifted horizon.
Such a scheme might be able to solve scheduling problems for long horizons.
Furthermore, the re-solving of the problem allows adjusting to unmodeled
changes that happen throughout the application.
• From a practical point of view, it would also be interesting to develop algorithms for robust scheduling. We deﬁne robust scheduling as a problem where
a schedule must be computed such that it remains feasible even if parameters
change within a pre-speciﬁed range. One of the diﬃculties in robust scheduling
is that the resulting schedule should be robust for both changes in continuous
parameters (such as variations in minimum or maximum processing durations
of tasks) as well as to changes in discrete parameters (such as availability of
a machine). In a research project, both of these parameter variations should
be investigated separately at ﬁrst. This might be started by analysis of existing schedules. The goal should be to ﬁrst formulate an open loop control
problem that computes a robust schedule for a given horizon into the future.
Following the open loop control, it should be investigated if, and how, a robust
scheduling might be extended to the closed loop case.
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Hydro-thermal System Control
In the hydro-thermal system control project we employed stochastic programming
techniques in a closed loop control problem. To the best of our knowledge we
presented the ﬁrst closed loop analysis of using multistage stochastic programming
for MPC. However, the algorithms we used still have some deﬁciencies that should
be addressed in future research.
• A major drawback of using Monte-Carlo sampling to generate the event tree
for the stochastic program is that it makes the computed control outputs
stochastic, since for the same initial conditions the sampled event trees will
diﬀer almost surely. Thus, it is proposed to replace the Monte-Carlo sampling
by a scheme that creates the event tree deterministically. One possible scheme
is described by Pﬂug & Swietanowski (4), where an event tree is constructed
in a deterministic way from the continuous distribution by minimization of the
Fortet-Mourier metric.
• Using Monte-Carlo sampling for the event tree generation does not guarantee
feasibility of the solution. As discussed in Section 4.4 the stochastic program
does not guarantee feasibility since scenarios may occur that lie outside of
those that are included in the event tree. The chances for scenarios leading to
infeasibility might be reduced by augmenting the tree with extreme scenarios
as suggested by Dupacova (1). In a ﬁrst step with this approach, feasibility
of the open loop problem might be guaranteed. In a second step, it might be
examined if, and how, feasibility for the closed loop case might be obtained
when using these results.
• The current setup uses Nested Benders Decomposition to solve the multistage
stochastic program eﬃciently. Other decomposition schemes exist. Eﬃciency
of these should be investigated. In particular, it might be investigated whether
the use of diagonal quadratic decomposition, see Ruszczynski & Shapiro (5),
allows for larger event trees and leads to faster computation times. Also,
it might be possible to use the decomposition scheme that was proposed by
Haneveld & van der Vlerk (2) to solve the multistage stochastic program more
eﬃciently.
Such an analysis is not only of interest from a stochastic programming point
of view, but also from a control engineering perspective, since the diﬀerent
decomposition schemes can also be used to solve min-max MPC problems as
Munoz De La Pena et al. (3) demonstrated using Nested Benders Decomposition.
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