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Abstract
The aim of this thesis is twofold. Firstly, mathematical certificates based on
convex optimization are used to prove instability of dynamical systems and to
certify polynomial nonnegativity. The second aim is to develop a methodology
based on model predictive control for the direct torque control of a switched
reluctance motor.
The first part of this work is devoted to the stability analysis of nonlinear
autonomous continuous-time systems. Lyapunov’s second method is one of the
most important techniques in the study of stability of dynamical systems. This
approach uses a so-called Lyapunov function to establish certain stability properties of a given system. In this work, duality theory from functional analysis is
used to derive novel conditions for the nonexistence of such a function to draw
conclusions on unstable behavior. The dual space of a Lyapunov function is
characterized by Borel measures that satisfy a generalized continuity equation
and admit a natural interpretation in terms of flows along the vector field. It is
shown that measures corresponding to unstable flows provide certificates for the
nonexistence of a Lyapunov function and prove that certain stability properties
do not hold. The existence problem of a sum of squares (SOS) Lyapunov function for a system described by a polynomial vector field is considered as a special
case. It is shown that analogous to the general case, certificates for nonexistence
of such a Lyapunov function are provided by the moments of measures which
encode unstable dynamical behavior.
The second part of the thesis deals with exact certificates for polynomial nonnegativity. Nonnegativity of a polynomial with rational coefficients is usually
verified by computing a sum of squares decomposition using numerical convex
optimization solvers. Although the underlying floating point methods in principle allow for numerical approximations of arbitrary precision, the computed
solutions will never be exact. However, in many applications such as geometric
theorem proving, it is critical to obtain solutions that can be exactly verified. In
this work, a numeric-symbolic method is developed that exploits the efficiency
of numerical techniques to obtain an approximate solution, which is then used
as a starting point for the computation of an exact rational result. It is shown
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that under a strict feasibility assumption, an approximate solution is sufficient to
obtain a rational decomposition. Furthermore, an implementation of the method
for the computer algebra system Macaulay 2 is described.
The third part of this thesis is concerned with the torque control of switched
reluctance motors (SRMs). The strongly nonlinear magnetic characteristic makes
the torque regulation of these particular type of induction machines a challenging
task. In contrast to standard current-based control schemes, model predictive
control (MPC) is used to directly manipulate the switches of the DC-link power
converter. The control objective is torque regulation while winding currents and
converter switching frequency are minimized. Simulations demonstrate that a
good closed-loop performance is achieved already for short prediction horizons
indicating the high potential of MPC in the control of SRMs.

Zusammenfassung
Diese Dissertation verfolgt zwei verschiedene Ziele. Einerseits wird versucht, anhand auf konvexer Optimierung basierender mathematischer Zertifikate die Instabilität dynamischer Systeme sowie die Nichtnegativität von Polynomen zu beweisen. Anderseits soll mittels modell-prädiktiver Regelung eine neue Methode
für die direkte Drehmomentregelung eines geschalteten Reluktanz-Motors entwickelt werden.
Der erste Teil der Arbeit ist der Stabilitätsanalyse von autonomen nichtlinearen zeitkontinuierlichen Systemen gewidmet. Die zweite Methode von Lyapunov
stellt eines der wichtigsten Verfahren in der Stabilitätsuntersuchung von dynamischen Systemen dar. Dabei werden bestimmte Stabilitätseigenschaften eines
Systems durch die Existenz einer sogenannten Lyapunov Funktion nachgewiesen. In dieser Arbeit werden mit Hilfe der Dualitätstheorie der Funktionalanalysis Bedingungen für die Nichtexistenz einer solchen Funktion hergeleitet, um
daraus Rückschlüsse auf instabiles Verhalten zu ziehen. Der duale Raum einer
Lyapunov Funktion wird durch Borel-Maße charakterisiert, die eine verallgemeinerte Kontinuitätsgleichung erfüllen und eine natürliche Interpretation in Form
von Flüssen entlang des Vektorfeldes haben. Es wird gezeigt, dass zu instabilen
Flüssen gehörende Maße Zertifikate für die Nichtexistenz einer Lyapunov Funktion bilden und damit beweisen, dass bestimmte Stabilitätseigenschaften nicht
erfüllt sind. Für Systeme, die durch ein polynomiales Vektorfeld beschrieben werden, wird abschließend als Spezialfall die Existenzfrage einer Quadratsummen
Lyapunov Funktion behandelt. Es wird gezeigt, dass die Zertifikate für deren
Nichtexistenz in Analogie zum allgemeinen Fall durch die Momente von Maßen
gebildet werden, die instabiles Verhalten beschreiben.
Der zweite Teil der Dissertation befasst sich mit exakten Zertifikaten für polynomiale Nichtnegativität. Der Nachweis der Nichtnegativität eines Polynoms mit
rationalen Koeffizienten erfolgt üblicherweise anhand einer Quadratsummenzerlegung durch Lösung eines konvexen Optimierungsproblems mittels numerischer
Methoden. Obwohl die zu Grunde liegende Fließkomma-Arithmetik grundsätzlich numerische Näherungslösungen von beliebiger Genauigkeit ermöglicht, sind
die auf diese Weise erhaltenen Lösungen niemals exakt. In vielen Anwendungen
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Zusammenfassung

wie zum Beispiel beim Beweisen von geometrischen Theoremen ist jedoch eine
exakt überprüfbare Lösung erforderlich. In dieser Arbeit wird eine numerischsymbolische Methode entwickelt, die mit effizienten numerischen Algorithmen
eine Näherungslösung ermittelt. Diese dient dann als Ausgangspunkt für die Berechnung einer exakten rationalen Lösung. Es wird gezeigt, dass unter einer strikten Zulässigkeitsannahme die Ermittlung eines exakten Resultats immer möglich
ist. Des weiteren wird eine Implementation der vorgestellten Methode für das
Computer Algebra System Macaulay 2 beschrieben.
Der dritte Teil dieser Arbeit widmet sich der Drehmomentregelung eines geschalteten Reluktanz-Motors, die wegen der stark nichtlinearen magnetischen
Eigenschaften dieses speziellen Motortyps eine besondere Herausforderung darstellt. Im Gegensatz zu den üblicherweise zum Einsatz kommenden strombasierten Regelungsstrategien wird eine modell-prädiktive Regelung vorgestellt, die
direkt die Schalter des Stromrichters manipuliert. Ziel der Regelung ist, eine
möglichst gute Drehmomentregulierung mit geringer Welligkeit bei gleichzeitig niedrigen Phasenströmen und Schaltfrequenzen zu erreichen. Abschließende Computersimulationen bescheinigen dem geschlossenem Regelkreis eine gute
Leistung schon bei kurzen Prädiktionshorizonten und unterstreichen das hohe
Potential der modell-prädiktiven Regelung für geschaltete Reluktanz-Motoren.

1. Introduction
The aim of this thesis is twofold. Firstly, mathematical certificates based on
convex optimization are used to prove instability of dynamical systems and to
certify polynomial nonnegativity. The second aim is to develop a methodology
based on model predictive control for the direct torque control of a switched
reluctance motor.
The main topic of the first part is the stability analysis of dynamical systems. Lyapunov’s second method is one of the most important cornerstones in
the study of stability of dynamical systems. The central ingredient of the approach is the search for a so-called Lyapunov function, a function of the state
that decreases monotonically along trajectories. Once such a function is found,
certain stability properties of a system are proven. In this work, we use duality theory from functional analysis to derive conditions for the nonexistence of
such a function to draw conclusions on unstable system behavior. We show that
the dual space associated to a continuously differentiable Lyapunov function is
characterized by Borel measures that satisfy a generalized continuity equation.
This observation motivates a natural interpretation of dual feasible solutions as
densities of steady-state flows of a compressible fluid along the system’s vector
field. We use this to show that measures corresponding to unstable flows provide
certificates for the nonexistence of a Lyapunov function and prove that certain
stability properties cannot hold. The existence problem of a sum of squares
(SOS) Lyapunov function for a system described by a polynomial vector field
is considered as a special case. We show that the corresponding certificates of
nonexistence are provided by the moments of measures which encode unstable
dynamical behavior. Furthermore, we prove that nontrivial equilibrium points
may be recovered from special certificates.
The main concern of the second part of this thesis are certificates for the exact
verification of polynomial nonnegativity. A sufficient condition for nonnegativity
of a multivariate polynomial is the existence of a sum of squares decomposition.
Such an SOS problem can be posed in a quite natural way in terms of the
class of convex optimization problems known as semidefinite programs (SDPs).
Since SDPs can be efficiently solved with numerical methods, SOS problems are
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computationally tractable. Although the underlying floating point methods in
principle allow for numerical approximations of arbitrary precision, the computed
solutions will never serve as true certificates for the SOS property. In many
applications, particularly those arising from pure mathematics, it is critical to
obtain exact algebraic solutions. This is exactly the objective of this work, where
we develop a numeric-symbolic method that exploits the efficiency of numerical
techniques to obtain an approximate solution which is then rounded to an exact
rational result that is unconditionally valid.
The third part of the thesis addresses the torque regulation problem of a
switched reluctance motor. The strongly nonlinear magnetic characteristics
caused by the saliency of its stator and rotor poles make the torque control
of this particular type of induction machine a challenging task. The state-of-theart method to achieve torque regulation in SRMs, comprises the translation of
the desired torque reference into a suitable current reference for each phase. The
power converter switches are then driven using a PWM-based control logic with
the aim of keeping the winding current close to the reference. In this work a
different approach will be pursued. Specifically, model predictive control (MPC)
is employed: the problem is treated as a discrete-time control problem, where
the complete converter switch positions are determined by one central control
algorithm, rather than by individual controllers focusing on each phase current.
The possible time sequences of converter switch positions are then evaluated by
means of a cost function that aims at achieving motor torque regulation, while
respecting the system constraints and keeping the winding currents to a minimum to avoid unnecessary ohmic losses. Out of the converter switching sequence
that minimizes the cost function, the first element is applied to the motor, and
in the next sampling instant the procedure is repeated. The closed loop performance of the proposed method is studied by means of computer simulations for
varying prediction horizons and cost functions. The controller offers impressive
performance already for short prediction horizons, and is easy to tune.

1.1. Outline
In the following we provide a brief outline of the thesis. Each of its three main
parts starts with its own detailed introductory chapter and ends with a conclusion
that summarizes the results and provides possible future research directions.
Chapters 2 and 3 provide necessary background material on mathematical concepts, system theory, and notation used throughout this thesis. The dependence

1.2. Contributions
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of the three parts of the thesis on these chapters is specified in detail below.
Certificates for nonexistence of a Lyapunov function
Chapter 5 motivates our work by means of two simple dynamical systems for
which we derive certificates proving that a Lyapunov function cannot exist. We
show that these certificates have a natural flow interpretation and imply that
the given system cannot be (asymptotically) stable. In Chapter 6, we generalize these ideas to nonlinear continuous-time systems described by smooth vector
fields. We show that measures stemming from bounded trajectories that violate
Lyapunov stability are certificates for the nonexistence of a continuously differentiable Lyapunov function and imply that certain stability properties cannot
hold. Certificates corresponding to unbounded trajectories, on the other hand,
are addressed in Chapter 7. The special case of systems with polynomial vector
fields and sum of squares Lyapunov functions is considered in Chapter 8.
The background material for this part of the thesis is contained in Sections 2.1
to 2.5 and Section 3.1. Chapter 8 additionally requires Sections 2.6 and 2.7.
Rational certificates for polynomial nonnegativity
The basic idea of our method is described in Chapter 11. Given a polynomial
with rational coefficients, we use efficient interior point methods to compute an
approximate numerical sum of squares decomposition which is then rounded to a
rational result. We show that under a strict feasibility assumption, the rational
solution is guaranteed to serve as a true certificate for polynomial nonnegativity.
In Chapter 12, we present an implementation of our ideas through a Macaulay 2
software package.
The mathematical preliminaries for this part of the thesis are covered in Sections 2.1 to 2.3 and Sections 2.6 to 2.8.
Model predictive torque control of a switched reluctance motor
In Chapter 15 we present the physical model of a switched reluctance motor,
as well as the discrete-time model used for the controller design. The control
problem and the model predictive control strategies are then described in Chapter 16. Finally, computer simulation results obtained with the proposed method
are provided in Chapter 17.
The background material for this part of the thesis can be found in Section 3.2.

1.2. Contributions
The main contributions of the thesis are:

4
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Certificates for nonexistence of a Lyapunov function
• We present novel conditions for the nonexistence of a continuously differentiable Lyapunov function for nonlinear systems described by smooth vector
fields.
• We show that the dual space of a Lyapunov function is characterized by
Borel measures that satisfy a generalized continuity equation.
• We show that measures which describe unstable flows in the vector field
provide certificates for the nonexistence of a Lyapunov function and prove
that certain stability properties cannot hold.
• We characterize the dual space associated to a global Lyapunov function
and derive conditions for the nonexistence of such a function.
• We discuss the connection between the general setting with the special
case of systems described by polynomial vector fields and sum of squares
Lyapunov functions.
Rational certificates for polynomial nonnegativity
• We show that under a strict feasibility assumption, an approximate sum
of squares decomposition obtained with numerical methods is sufficient to
obtain an exact rational solution.
• We discuss several rounding techniques to convert the computed floating
point solutions into rational numbers.
• We describe an implementation of the method through a Macaulay 2 software package that formulates and numerically solves the required optimization problems, and uses them to produce certified rational solutions,
guaranteed by construction to be correct.
Model predictive torque control of a switched reluctance motor
• We present a novel control approach for the torque regulation of a switched
reluctance motor. In contrast to standard control techniques, the method
uses an algorithm based on model predictive control to directly manipulate
the switches of the power converter.
• We propose several heuristics that reduce the complexity of the underlying
optimal control problem to account for the requirement of a controller of
tractable complexity.

1.3. Publications
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1.3. Publications
Parts of this work are the result of a close collaboration with various colleagues
and are based on previously published work. The publications cited below reflect
this fact.
Chapter 8 is entirely based on the publication:
• H. Peyrl and P. A. Parrilo
A Theorem of the Alternative for SOS Lyapunov Functions
Proceedings of the 46th IEEE Conference on Decision and Control, New
Orleans, USA, Dec. 2007, pp. 1687–1692.
Chapters 11 and 12 are based on the publications:
• H. Peyrl and P. A. Parrilo
Computing sum of squares decompositions with rational coefficients
Theoretical Computer Science, vol. 409, no. 2, pp. 269–281, 2008.
• H. Peyrl and P. A. Parrilo
A Macaulay 2 package for computing sum of squares decompositions of
polynomials with rational coefficients
Proceedings of the International Workshop on Symbolic-Numeric Computation, London, Canada, Jul. 2007, pp. 207–208.
• H. Peyrl and P. A. Parrilo
SOS.m2, a sum of squares package for Macaulay 2
Available from http://www.control.ee.ethz.ch/~hpeyrl, 2007.
Chapters 15 to 17 are based on the publication:
• H. Peyrl, G. Papafotiou, and M. Morari
Model Predictive Torque Control of a Switched Reluctance Motor
Proceedings of the IEEE International Conference on Industrial Technology, Gippsland, Australia, Feb. 2009, pp. 1–6.

Part I.
Background

2. Mathematical preliminaries and
notation
In this chapter we introduce some basic mathematical concepts which will be
used later in this thesis. Since our notation is mostly standard, the advanced
reader who is familiar with the topics can safely skip the corresponding sections
(a summary of the notational convention can be found in Appendix B). The
material presented here is by no means exhaustive and is just intended to serve
as a quick reference: for the reader who is interested in an in-depth treatment
of the topics, references to standard textbooks in the literature will be provided.
Proofs for the reviewed theorems can be found in these sources, unless an explicit
reference is provided for a particular result.

2.1. Sets
If A is a set, we write x ∈ A if x is an element of A. If x is not contained in
A, we write x ∈
/ A. A set containing no elements will be denoted by ∅. If every
element of a set A is also contained in a set B, we write A ⊂ B or B ⊃ A. If
A ⊂ B and B ⊂ A, we write A = B. Two sets are called disjoint if they have no
element in common. We define the following basic operations on sets.
Definition 2.1 (Set operations). Let A and B be two sets. Then the union,
intersection, and difference of A and B are defined as follows:
• Union: A ∪ B = {x : x ∈ A or x ∈ B}.
• Intersection: A ∩ B = {x : x ∈ A and x ∈ B}.
• Difference: A\B = {x : x ∈ A and x ∈
/ B}.
The set difference also defines the complement Ac of a set A in a set B by
A := B\A.
c
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2.2. Topological concepts of metric spaces
In the following we summarize some elementary topological concepts and results
for metric spaces. Suggested references for this section are [1, 2].
Definition 2.2 (Topological space). A topological space is a set X with a collection of subsets T satisfying
1. ∅ and X are in T .
2. The union of any collection of sets from T is in T .
3. The intersection of any finite collection of sets from T is in T .
The sets in T are called the open sets.
Definition 2.3 (Metric space). Let X be a set and d : X ×X → R+ be a function
such that for any x, y, and z in X,
1. d(x, y) = 0 if and only if x = y,
2. d(x, y) = d(y, x),
3. d(x, y) ≤ d(x, z) + d(z, y).
Then the ordered pair (X, d) is called a metric space; the elements in X are also
referred to as points and the function d is called a metric or distance function.
Every metric space is also a topological space endowed with the topology generated by open balls:
Definition 2.4 (Open ball). Let (X, d) be a metric space. The open ball around
(or neighborhood of) a point x ∈ X with radius ǫ ∈ R+ is defined by
Bǫ (x) := {y ∈ X : d(y, x) < ǫ}.
We are now ready to introduce some basic topological notions for metric spaces.
Definition 2.5 (Topological notions). Let (X, d) be a metric space, and E and
x be a subset and an element of X, respectively.
1. x is called an accumulation point of E if every neighborhood of x contains
a point y ∈ E such that x 6= y.
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2. E is called closed if every accumulation point of E is in E.
3. The union of a set E with its accumulation points is called the closure of
E and denoted by E. Obviously, E is closed.
4. x is called an inner point of E if there is a neighborhood Bǫ (x) such that
Bǫ (x) ⊂ E.
5. E is called open if every element of E is an inner point.
6. The collection of all inner points of a set E is called the interior of E and
is denoted by int(E). Obviously, a set E is open if E = int(E).
7. E is called bounded if there exist an ǫ > 0 and a point x ∈ E such that
E ⊂ Bǫ (x).
8. E is a called a dense subset of X if every point of X is either an accumulation point of E or an element of E.
9. The boundary of E is the set E ∩ X\E and denoted by ∂E.
10. E is called connected if it cannot be partitioned into two nonempty subsets A and B such that both A ∩ B and A ∩ B are empty.
11. E is called a domain if it is connected and open.
Theorem 2.6. Let (X, d) be a metric space and E be a subset of X. E is open
if and only if its complement in X is closed.
Definition 2.7 (Convergence). Let (X, d) be a metric space. A sequence {xk }
of points in X is said to converge to a point x ∈ X if for every scalar ǫ > 0 there
exists an integer number N such that d(xk , x) < ǫ of all k ≥ N . The point x is
called the limit of {xk } and we write limk→∞ xk = x or xk → x.
Definition 2.8 (Continuous function). A map f : X → Y from a metric space
(X, d1 ) to a metric space (Y, d2 ) is said to be continuous at x0 ∈ X if for every
ǫ > 0, there exists a δ > 0 such that d2 (f (x), f (x0 )) < ǫ for all x ∈ X with
d(x, x0 ) < δ. The map f is called continuous if it is continuous at every point
x0 ∈ X.
Definition 2.9 (Compact set). A subset E of a metric space (X, d) is called
compact if every sequence in E has a subsequence that converges to a point in
E.

12
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We conclude with a result for the special case when X is the Euclidean
space Rn :
Theorem 2.10 (Heine-Borel). A subset of Rn is compact if and only if it is
closed and bounded.

2.3. Linear vector spaces
Linear vector spaces constitute some of the most fundamental mathematical
structures used in this thesis. For a comprehensive treatment of the topic, we
refer the reader to [2–4]. We start by introducing some important geometrical
objects in linear vector spaces.
Definition 2.11 (Convex set). Let X be a real or complex vector space. A
subset S ⊂ X is called convex if λx + (1 − λ)y ∈ S for all points x, y in S and
λ ∈ [0, 1].
Definition 2.12 (Topological vector space). A topological vector space X is
a vector space endowed with a topology such that vector addition and scalar
multiplication are continuous.
Definition 2.13 (Cone). Let X be a real or complex vector space. A subset
K ⊂ X is called a cone if for any real λ ≥ 0 and any x ∈ K, λx ∈ K. A
cone K in a topological vector space is called proper if it is convex, closed, solid
(nonempty interior), and pointed (x, −x ∈ K =⇒ x = 0).
A proper cone K ⊂ X induces a partial ordering of the elements in X denoted
by x º y (or y ¹ x) if and only if x − y ∈ K. Moreover, we write x ≻ y (or
y ≺ x) if and only if x − y ∈ int(K).
Definition 2.14 (Convex function). A function f : S → R, where S is a convex
subset of some vector space, is called convex if for all λ ∈ [0, 1] it holds that
f (λx + (1 − λ)y) ≤ λf (x) + (1 − λ)f (y).

2.3.1. Normed vector spaces
Normed vector spaces are a class of metric spaces whose metric is induced by a
norm.
Definition 2.15 (Normed vector space). Let X be a vector space over a field K
and || · || : X → R+ be a function such that for any x and y in X,
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1. ||x|| = 0 if and only if x = 0,
2. ||x + y|| ≤ ||x|| + ||y||,
3. ||αx|| = |α| ||x|| for all α ∈ K.
Then the ordered pair (X, || · ||) is called a normed vector space and || · || is called
a norm on X.
Proposition 2.16. Let (X, || · ||) be a normed vector space. Then (X, d) is a
metric space with a metric d defined by d(x, y) = ||x − y||.
The normed vector spaces we will encounter most frequently in this thesis are
the Euclidean space and the space of bounded functions:
Example 2.17 (Euclidean norm). The Euclidean distance function defined by
P
1/2
||x|| = ( ni=1 |xi |2 ) is a norm on Rn .

Example 2.18 (Supremum norm). The set of bounded functions f : X → R is
a normed vector space with norm defined by ||f || = supx∈X |f (x)|.

As it will be clear from the context which norm we are using, we do not
introduce a special notation to distinguish between different norms.

2.3.2. Dual spaces
Another important concept used throughout this work is the one of a dual space.
Definition 2.19 (Dual space). Let X be a topological vector space over a field
K. The vector space of all bounded linear functionals on X is called the dual
space of X and denoted by X ′ . The value of a functional x′ : X → K at an
element x ∈ X is denoted by hx′ , xi.
Definition 2.20 (Positive linear functional). Let X be a topological vector space
with an ordering denoted by º. A positive linear functional on X is a linear
functional x′ ∈ X ′ such that hx′ , xi ≥ 0 for all x º 0.
Elements of the dual space can be used to construct hyperplanes as in the
following famous theorem due to Eidelheit:
Theorem 2.21 (Eidelheit separation theorem, e.g., [4]). Let S1 and S2 be convex
sets in a topological vector space X. Suppose that S1 has interior points, and S2
contains no interior point of S1 . Then there exists a closed hyperplane separating
S1 and S2 . That is, there exists a nontrivial x′ ∈ X ′ such that supx∈S1 hx, x′ i ≤
inf x∈S2 hx, x′ i.
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Definition 2.22 (Adjoint operator). Let L : X → Y be a bounded linear map
from a topological vector space X to a topological vector space Y . Then the
adjoint operator to L is the mapping L′ : Y ′ → X ′ such that
hy ′ , L(x)i = hL′ (y ′ ), xi,

∀x ∈ X, ∀y ′ ∈ Y ′ .

Definition 2.23 (Dual cone). Let X be a topological vector space. Given a
proper convex cone K ⊂ X, the dual cone is defined as K ′ := {x′ ∈ X ′ : hx′ , xi ≥
0, ∀x ∈ K}.
Definition 2.24 (Self-dual cone). Let X be a topological vector space and K
be a proper cone. K is called self-dual if K = K ′ .

2.3.3. Matrices
Let S n ⊂ Rn×n denote the space of symmetric n by n matrices with duality
P
pairing between two elements A and B in S n denoted by hA, Bi := ij Ai,j Bi,j =
tr(AB).
Definition 2.25 (Definite matrix). A symmetric matrix A ∈ S n is called positive
semidefinite (PSD) if and only if xT Ax ≥ 0 for all x ∈ Rn , and A is called positive
definite if xT Ax > 0 for all x ∈ Rn \{0}. Equivalently, A is positive semidefinite
if and only if all eigenvalues are nonnegative, and A is positive definite if and
only if all eigenvalues are strictly positive. A is called negative (semi)definite if
−A is positive (semi)definite.
We will use λi (A) to denote the i-th largest eigenvalue of A. The set of PSD
matrices forms a (self-dual) cone we denote by S+n .

2.3.4. Polynomials
We start with some basic definitions.
Definition 2.26 (Monomial). Given n variables x1 , . . . , xn , and an n-tuple α =
(α1 , . . . , αn ), αi ∈ N0 , the product xα1 1 · · · xαnn is called monomial and denoted by
P
xα . The degree of xα is deg(xα ) := |α| = ni=1 αi .

Definition 2.27 (Polynomial). A polynomial p(x) := p(x1 , . . . , xn ) in x1 , . . . , xn
with coefficients in the field K is a finite linear combination of monomials:
X
X
p(x) =
p α xα =
pα xα1 1 · · · xαnn ,
α

α
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where the sum is over a finite number of n-tuples α ∈ Nn0 , and pα ∈ K is the
coefficient of monomial xα . The degree of f (x) is determined by the largest |α|
with pα 6= 0. The set of all polynomials in x1 , . . . , xn with coefficients in K is
denoted by K[x] := K[x1 , . . . , xn ].
Let Tdn denote the set of exponents with degree at most d: Tdn = {α ∈
P
Nn0 : |α| ≤ d}. A polynomial p(x) = α pα xα can be represented by its coefn
ficient vector p = (pα )α∈Tdn ∈ K|Td | if deg(p(x)) ≤ d. To indicate that the vector
p (or the rows and columns of a symmetric |Tdn | × |Tdn | matrix A) is indexed by
n
n
n-tuples α ∈ Tdn with respect to a fixed order, we write p ∈ KTd (resp. A ∈ S Td ).
For the subset of polynomials with zero constant term it suffices to consider p
n
n
as a vector in the smaller space RT1,d , where T1,d
:= {α ∈ Tdn : |α| ≥ 1}. Similarly,
the set of nonnegative polynomials p(x) such that p(0) = 0 can be represented
n
n
as an element in RT2,d , where T2,d
:= {α ∈ Tdn : |α| ≥ 2} since pα = 0 for |α| ≤ 1.

2.4. Measure and integration
In this section we will review some important results from measure and integration theory. For a comprehensive treatment of the topic, we refer the reader to
the classical textbooks such as [2, 5, 6].
Definition 2.28 (σ-algebra). A family A of subsets of a set X is a called a
σ-algebra if
1. X ∈ A.
2. When A ∈ A, then X\A ∈ A.
3. If {Ak } is a sequence of sets in A, then their union ∪k Ak is contained in
A.
A direct consequence of the definition is that the empty set ∅, and the intersection of sets from A is contained in A.
Definition 2.29 (Measure). A set function µ : A → [0, ∞] is called a (positive)
measure if
1. µ(∅) = 0.
2. µ(A) ≥ 0 for all A ∈ A.
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3. If {Ak } is a sequence of pairwise disjoint sets in A, then µ(∪k Ak ) =
P
k µ(Ak ).

Definition 2.30 (Measure space). The pair (X, A) in which A is a σ-algebra over
X is called a measurable space, and the triple (X, A, µ), where µ is a measure on
(X, A) is called a measure space. The elements of A are said to be the measurable
sets.
Definition 2.31 (Restriction of a measure). Let (X, A, µ) be a measure space,
and E ∈ A. Then the restriction of µ to E is a measure µ|E : A → [0, ∞] defined
by
µ|E (A) = µ(E ∩ A), for all A ∈ A.
Definition 2.32 (Characteristic function). The characteristic function (or indicator function) χA : X → {0, 1} of a subset A of a set X is defined by
(
1 if x ∈ A,
χA : x 7→
0 if x ∈
/ A.
Definition 2.33 (Simple function). Let (X, A) be a measurable space, and Ak ∈
A, k = 1, . . . , n, be pairwise disjoint sets. Then a simple function is a function
of the form
n
X
s(x) =
ak χAk , ak ∈ R.
k=1

Definition 2.34 (Lebesgue integral of a simple function). Let (X, A, µ) be a
measure space and s(x) be a simple function on X. Then the Lebesgue integral
of s(x) is defined by
Z
n
X
s(x) dµ =
ak µ(Ak ).
X

k=1

The definition of the Lebesgue integral for simple functions forms the basis for
the integration of a very general class of functions, namely the class of measurable
functions:
Definition 2.35 (Measurable function). Let (X, A, µ) be a measure space. A
real valued function f : X → R is called measurable if f −1 ((−∞, a]) ∈ A for any
a∈R.
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Definition 2.36 (Lebesgue integral). Let (X, A, µ) be a measure space, f : X →
R be a nonnegative measurable function, and {sk } be a sequence of simple functions converging uniformly to f . Then the Lebesgue integral of f over the space
X is defined by
Z
Z
f (x) dµ = lim

k→∞

X

sk (x) dµ.

X

If f : X → R is measurable but not nonnegative, the Lebesgue integral of f is
defined by
Z
Z
Z
+
f (x) dµ =
f (x) dµ −
f − (x) dµ
X

X

X

if at least one of the two integrals on the right-hand side is finite, where f + (x) =
max(0, f (x)) and f − (x) = max(0, −f (x)).
Remark 2.37. The Lebesgue integral of a measurable function f over a measurable subset A of X is defined by
Z
Z
f (x) dµ =
f (x)χA (x) dµ.
A

X

Definition 2.38 (Integrable function). Let (X, A, µ) be a measure space. A
measurable function f : X →
R R is called integrable if and only if the Lebesgue
integral of |f | is finite, i.e., X |f (x)| dµ < ∞. If f is a vector-valued function,
i.e., f : X → Rn , f is integrable if every fi : X → R, i = 1, . . . , n is integrable.
Theorem 2.39 (Lebesgue dominated convergence theorem). Let (X, A, µ) be a
measure space and g, f , and fk , k = 1, 2, . . . , be measurable functions from X to
R such that |fk (x)| ≤ |g(x)| and {fk } converges pointwise to f . If g is integrable,
then fk and f are also integrable and
Z
Z
lim
fk (x) dµ =
f (x) dµ.
k→∞

X

X

If X is a topological space, the most natural σ-algebra of measurable sets is
the σ-algebra which contains all open sets of X:
Definition 2.40 (Borel σ-algebra/measure). Let X be a topological space. The
smallest σ-algebra B in X such that every open (and hence also closed) set
belongs to B is called the Borel σ-algebra. The elements of B are called Borel
sets. A measure µ on (X, B) is called a Borel measure.
Throughout this thesis, the set X will denote a subset of Rn :
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Assumption 2.41. X ⊂ Rn endowed with the standard topology induced by the
Euclidean norm (a set is open in this topology if and only if it contains an open
norm ball around every point of the set).
Definition 2.42 (Locally integrable function). Let (X, B, µ) be a measure space.
A function
R f : X → R is said to be locally integrable if for every compact set
K ⊂ X, K |f (x)| dµ < ∞.

Definition 2.43 (Finite measure). The measure space (X, B, µ) and the measure
µ are called
1. locally finite if µ(A) < ∞ for every bounded A ∈ B,
2. finite if µ(X) < ∞,
3. probabilistic if µ(X) = 1.
The sets of locally finite, finite, and probabilistic measures on X will be denoted
by the symbols M(X), Mfin (X), and M1 (X) respectively.
Definition 2.44 (Support of a measure). Let (X, B, µ) be a measure space. The
support of the measure µ is defined by
supp(µ) = {x ∈ X : µ(Bǫ (x)) > 0 for all ǫ > 0}.
The set supp(µ) is a closed set.
Example 2.45. Consider the measurable space (Rn , B) and let x0 ∈ Rn . The
Dirac measure δx0 defined by
(
1 if x0 ∈ A,
δx0 (A) =
0 if x0 ∈
/ A,
for all A ∈ B, has supp(δx0 ) = {x0 }.

When studying the properties of measures, it is often helpful to regard them
as linear functionals on the space of continuous functions with compact support.
Definition 2.46 (Support of a function). The support of a function f : X → R
is the closed set
supp(f ) = {x ∈ X : f (x) 6= 0}.

2.4. Measure and integration
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Let C(X) denote the space of continuous real-valued functions on X. Moreover, we use C k (X) to denote the subset of k-times continuously differentiable
functions on X. The subsets of C(X) and C k (X) containing only functions with
compact support are denoted by C0 (X) and C0k (X), respectively. Obviously, the
Lebesgue integral defines a (positive) continuous linear functional on the elements
of C0 (X) if µ is a locally finite Borel measure. The celebrated Riesz Representation Theorem states that indeed every positive linear functional on C0 (X) is
represented by a measure:
Theorem 2.47 (Riesz Representation Theorem). For every positive linear functional L : C0 (X) → R, there exists a unique measure µ ∈ M(X) such that
Z
L(ϕ) = hϕ, µi =
ϕ(x) dµ, for all ϕ ∈ C0 (X).
X

We conclude this section with some more definitions and theorems dealing
with sequences of Borel measures.
Definition 2.48 (Weak convergence). A sequence of measures {µk } in M(X)
is weakly convergent to a measure µ ∈ M(X) if
lim hϕ, µk i = hϕ, µi for all ϕ ∈ C0 (X).

k→∞

The following result is a direct consequence of the Riesz Representation Theorem:
Theorem 2.49 (Weak convergence in M, e.g., [7]). Let {µk } be a sequence of
measures in M(X). If the sequence {hϕ, µk i} is convergent for each ϕ ∈ C0 (X),
then there exists a unique measure µ ∈ M(X) such that {µk } converges weakly
to µ.
Theorem 2.50 (Weak convergence in M1 , e.g., [7]). Let {µk } be a sequence
of measures in M1 (X) and C∗ (X) ⊂ C0 (X) be a dense subset of C0 (X). If the
sequence {hϕ, µk i} is convergent for each ϕ ∈ C∗ (X), then {hϕ, µk i} converges
for every ϕ ∈ C0 (X).
The last theorem states, that if {µk } is a sequence of probabilistic measures
on (X, B), it is not necessary to verify convergence of hϕ, µk i for all ϕ ∈ C0 (X)
but just for a dense subset of functions.
Theorem 2.51 (Conditions for weak convergence [8]). Let {µk } be a sequence
in M1 (X), and µ ∈ M1 (X). Then the following conditions are equivalent:
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1. The sequence {µk } converges weakly to µ.
2. lim inf k→∞ µk (A) ≥ µ(A) for all open A ⊂ X.
3. lim supk→∞ µk (A) ≤ µ(A) for all closed A ⊂ X.

Theorem 2.52 (Monotone convergence, e.g., [9]). Let {µk } be a monotone nondecreasing sequence of measures on a measurable space (X, B), and f : X → R
be a nonnegative measurable function. Then there exists a measure µ on (X, B)
such that limk→∞ µk (A) → µ(A) for all A ∈ B and
Z
Z
lim
f dµk =
f dµ.
k→∞

A

A

2.5. Distributions
In the following we provide a concise introduction to the theory of Schwartz
distributions. For a comprehensive treatment of the topic, we refer the reader to
standard textbooks in the literature, e.g., [3, 10, 11].
We start with some basic definitions:
Definition 2.53 (Test function space D(Ω)). Let Ω be a nonempty open subset
of Rn . The vector space of real-valued infinitely differentiable functions C ∞ (Ω)
having compact support in Ω is called the space of test functions and denoted
by D(Ω).
Definition 2.54 (Distribution). A distribution T is a continuous linear functional on D(Ω). The vector space of all distributions on D(Ω) is denoted by
D′ (Ω).
Example 2.55. Let ξ ∈ Ω. Then the Dirac distribution δξ is defined by
δξ (ϕ) := hδξ , ϕi = ϕ(ξ),

∀ϕ ∈ D(Ω).

Theorem 2.56. Suppose f : Ω → R is locally integrable with
R respect to a Borel
measure µ on Ω. Then the equation Tf µ (ϕ) := hf µ, ϕi = Ω f ϕ dµ, ϕ ∈ D(Ω)
defines a distribution Tf µ .
Example 2.57. Let H : R → R be the Heaviside function defined by
(
1 if x ≥ 0,
H(x) :=
0 if x < 0.
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The Heaviside distribution is defined by
Z ∞
TH (ϕ) := hH, ϕi =
ϕ(x) dx,
0

∀ϕ ∈ D(R).

Corollary 2.58. Let µ be a locally finite Borel Rmeasure on Ω. Then µ induces
a distribution by the formula Tµ (ϕ) := hµ, ϕi = Ω ϕ dµ, ϕ ∈ D(Ω).

Since it is usually clear from the context whether one is referring to a measure µ
or its corresponding distribution Tµ , we will often abuse notation and denote the
distribution Tµ by µ.
Definition 2.59 (Equality). Let ω be an open subset of Ω. Two distributions
T1 and T2 in D′ (Ω) are said to be equal on ω if hT1 , ϕi = hT2 , ϕi for every test
function ϕ ∈ D(Ω) with support contained in ω.
Definition 2.60 (Positive distribution). A distribution T ∈ D′ (Ω) is called
positive if hT, ϕi ≥ 0 for every nonnegative test function ϕ(x) ∈ D(Ω).
In the following we introduce some basic operations and concepts for distributions.
Definition 2.61 (Distributional derivative). If T is a distribution, and α :=
(α1 , . . . , αn ), αi ∈ N0 , is a multi-index, then the distributional derivative ∂ α T is
the distribution defined by
∂ α T (ϕ) = (−1)|α| T (Dα ϕ),
where Dα =

∀ϕ ∈ D(Ω),

∂ |α|
α
n.
∂x1 1 ···xα
n

Remark 2.62. If f ∈ C k (X), the distributional derivative ∂ α Tf , |α| ≤ k, coincides
with the classical derivative:
Z
Z
α
α
|α|
f D ϕ dx =
(Dα f ) ϕ dx = TDα f (ϕ),
∂ Tf (ϕ) = (−1)
Ω

Ω

where the equality in the middle follows from integration by parts.
Example 2.63. Let TH be the Heaviside distribution and δ0 denote the Dirac
distribution at x = 0. Then for all ϕ ∈ D(Ω),
Z ∞
′
(∂TH )(ϕ) = −TH (ϕ ) = −
ϕ′ (x) dx = ϕ(0) − ϕ(∞) = ϕ(0) = δ0 (ϕ).
0
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Definition 2.64 (Multiplication). If T is a distribution and f ∈ C ∞ (Ω), the
multiplication of the distribution T by f is defined by
(f T )(ϕ) := T (f ϕ),

∀ϕ ∈ D(Ω).

Definition 2.65 (Convergence of distributions). If {Tk } is a sequence of distributions, we write Tk → 0 if and only if Tk (ϕ) → 0 for each test function
ϕ ∈ D(Ω).
Theorem 2.66. Let {Tk } be a sequence of distributions such that {Tk (ϕ)} converges for each test function ϕ ∈ D(Ω). Then the equation T (ϕ) = limk→∞ Tk (ϕ)
defines a distribution, and we write Tk → T .
We conclude this introductory section with a subclass of D′ (Ω) that plays an
important role in this thesis. That is, distributions with compact support.
Definition 2.67 (Support of a distribution). Let ω be an open subset of Ω.
A distribution T ∈ D′ (Ω) is zero on ω if hT, ϕi = 0 for every ϕ ∈ D(Ω) with
support contained in ω. The support of T is the complement of all points x ∈ Ω
such that T is zero on a neighborhood of x.
Obviously, a linear functional on C ∞ (Rn ) can be identified with an element of
D′ (Rn ) because D(Rn ) ⊂ C ∞ (Rn ). The following theorem links the dual space
of C ∞ (Rn ) with compactly supported distributions:
Theorem 2.68. The space C ∞ ′ (Rn ) can be identified with the space of distributions D′ (Rn ) having compact support.

2.6. Optimization and semidefinite programming
In this section we will give a concise introduction to optimization. In particular,
we will focus on semidefinite programs, a subclass of convex optimization problems
which constitutes one of the main tools in this thesis. We refer the reader to [4] for
a comprehensive treatment of the topic at a very general level, and to [12–14] for
an in-depth coverage of the aforementioned semidefinite programming problems.
We start with a general constrained optimization problem which is defined as
follows:
minimize f (x)
(2.1)
subject to x ∈ Ω,
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where f : Ω → R is called the objective function, and the constraint set Ω is
some subset of a vector space X. The problem and an element x ∈ Ω are
called feasible if the constraint set Ω is nonempty. If f (x) ≡ 0, the problem
is referred to as a feasibility problem. The optimal value of (2.1) is defined by
f ∗ := inf x∈Ω f (x). If the problem is infeasible, it is customary to set f ∗ := +∞.
An element x∗ ∈ Ω is called globally optimal if the infimum is attained at x∗ ,
i.e., f ∗ := minx∈Ω f (x) = f (x∗ ). On the other hand, we say that x0 ∈ Ω is locally
optimal if there is an open neighborhood Bǫ (x0 ) of x0 , such that f (x0 ) ≤ f (x)
for all x ∈ Bǫ (x0 ) ∩ Ω.
If the objective function and the feasible set Ω are convex, problem (2.1) is referred to as convex optimization problem. Probably the most important property
of this problem class is that any local minimum is also a global one. Moreover, for
many finite dimensional convex problems there exist efficient numerical methods
whose complexity grows only polynomially with the problem size. Under fairly
mild conditions these algorithms are guaranteed to find the optimal solution up
to a prescribed level of accuracy if it exists, or provide a certificate that there is
no solution, see, e.g., [14].
Semidefinite programming
A considerable part of this thesis deals with problems which belong to the special
subclass of convex optimization problems known as semidefinite programs. A
semidefinite program (SDP) is defined as the following convex problem:
minimize hC, Xi

subject to hAi , Xi = bi ,

i = 1, . . . , m,

(2.1.P)

X º 0,

where X ∈ S n is the decision variable and the matrices C, Ai ∈ S n , and b ∈ Rm
are the problem data. The problem is convex since its objective function and
the feasible region defined by the constraints are convex. A geometric interpretation is the minimization of a linear function over the intersection of the set of
positive semidefinite matrices with an affine subspace. Problem (2.1.P) is called
strictly feasible if there exists some X ≻ 0 which satisfies the equality constraints
in (2.1.P). The problem above has an associated dual problem being
maximize hb, yi
subject to A(y) := C −

m
X
i=1

yi Ai º 0,

(2.1.D)
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with decision variable y ∈ Rm . Problem (2.1.D) is called strictly feasible if there
exists a y such that A(y) ≻ 0. The inequality constraint in (2.1.D) is usually
referred to as linear matrix inequality (LMI). The value of any feasible solution of
the dual problem provides a lower bound on any achievable value of the primal.
This crucial property is referred to as weak duality and follows since for every
feasible pair X and y
hC, Xi − hy, bi = hC, Xi −

m
X
i=1

yi hAi , Xi = hC −

m
X
i=1

yi Ai , Xi ≥ 0,

where the last inequality follows from the fact that the inner product of two
positive semidefinite matrices is nonnegative. The difference between the value
of a primal feasible and a dual feasible solution is called the duality gap. Under
certain constraint qualifications, e.g., the existence of a strictly feasible solution
(Slater’s condition), strong duality will hold and the optimal values of the primal
and the dual problem will be equal, i.e., there is no duality gap. Furthermore,
if the feasible sets of both problems have nonempty interior, the optima will
be attained by some X ∗ and y ∗ which satisfy the Karush–Kuhn–Tucker (KKT)
optimality conditions stated in the following theorem:
Theorem 2.69 (See, e.g., [12]). Assume that both the primal SDP (2.1.P) and
the dual SDP (2.1.D) are strictly feasible. Then there exist optimal solutions X ∗
and y ∗ that achieve a zero duality gap, i.e., hC, X ∗ i = hb, y ∗ i. Furthermore, X ∗
and y ∗ are optimal if and only if they satisfy the optimality conditions
hAi , Xi = bi ,

i = 1, . . . , m,

(2.2a)

A(y)X = 0,

(2.2b)

A(y) º 0 and X º 0.

(2.2c)

Equation (2.2b) is called complementary slackness condition and is a direct
consequence of strong duality and the existence of optimal solutions. Note that
(2.2a) and (2.2b) form a system of polynomial equations and at least in principle,
one could solve them symbolically, for example, using Gröbner bases. However,
as shown in [15], the degrees of the polynomials arising in the solution process
when eliminating variables is usually enormous. On the other hand, numerical algorithms based on interior point methods can solve SDPs efficiently with
polynomial worst-case complexity (see, e.g., [12]). These methods generally use a
barrier function to encode the feasible set in the objective function. For example,
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to represent the constraint X º 0, a typical approach is to augment the objective
function with the logarithm of the determinant of X and solve instances of the
problem
minimize t hC, Xi − log det X
(2.3)
subject to hAi , Xi = bi , i = 1, . . . , m,
where t ≥ 0 is a real parameter. For t = 0 (a pure feasibility problem) the solution
minimizes the barrier function and is called the analytic center of the feasible
region. Since the barrier function tends to infinity along the boundary of the
feasible set (i.e., when any of the eigenvalues of X gets close to zero), the returned
solution will be well-centered in the interior of the feasible set. In contrast
to simplex-like algorithms, the optimal solution X ∗ of (2.1.P) is approached
iteratively along the so-called central path in the interior of the feasible set as t
increases in each iteration step. For large values of t, the optimal value of (2.3)
will get close to the optimum of (2.1.P).
Most SDP solvers are primal–dual methods which create sequences of primal
and dual feasible points. They use the duality gap as a stopping criterion, and
can be interpreted as solving a system of relaxed KKT conditions:
hAi , Xi = bi ,

i = 1, . . . , m,

A(y)X = (1/t) I,

A(y) º 0 and X º 0.
For large values of t, the above system almost satisfies the optimality conditions (2.2). Hence the central path can be regarded as a continuous deformation
of the KKT conditions.
Nowadays, there exist several efficient open source SDP solvers, e.g., SeDuMi [16], SDPA [17], CSDP [18], SDPT3 [19], just to mention a few of them.

2.7. Sum of squares (SOS)
In the following we introduce sum of squares (SOS) and reveal their connection
to semidefinite programming.
Verifying nonnegativity of a given polynomial p(x) is in general a difficult
problem. Fortunately, there exists a sufficient condition which is easier to solve:
p(x) is nonnegative if it can be decomposed into a sum of squared polynomials:
Definition 2.70 (Sum of squares). The polynomial p(x) ∈ R[x] is called a sum

26

2. Mathematical preliminaries and notation

of squares (SOS) if there exists a finite number of polynomials pi (x) ∈ R[x] such
P
that p(x) = i pi (x)2 . The set of SOS in x1 , . . . , xn of degree 2d will be denoted
by Σn2d , whereas the subset of SOS vanishing at x = 0 will be denoted by Σn0,2d .
Computing a sum of squares decomposition is equivalent to solving a semidefinite program. To pose the SOS problem in a semidefinite programming formulation, we express the given polynomial of degree 2d as a quadratic form
p(x) = z(x)T Qz(x),

(2.4)

where z(x) is the vector of all monomials of degree less than or equal to d,
n
i.e., zα = xα , α ∈ Tdn and Q ∈ S Td is a symmetric matrix whose indexing is
compatible with the one of z. Since the components of z(x) are not algebraically
independent, Q is in general not unique. Expansion of the right-hand side of (2.4)
and matching coefficients of the monomials yields a set of linear equations for
the entries of Q. Hence the set of all matrices Q for which (2.4) holds is an affine
subspace of the set of symmetric matrices. Let this affine subspace be denoted
by L:
n
L := {Q ∈ S Td : p(x) = z(x)T Qz(x)}.
(2.5)
If the intersection of L with the cone of PSD matrices is nonempty, p(x) can be
written as a sum of squares:
Theorem 2.71 ( [20, p. 106]). Let p(x) ∈ R[x] be a polynomial of degree less
than or equal to 2d. The following assertions are equivalent:
a) p(x) is a sum of squares.
b) There exists a positive semidefinite Q ∈ L.
Proof. Assume that b) is true. Then a) follows from a factorization of Q: p(x) =
P
P
z T Qz = z T LT Lz = i (Li z)2 = i pi (x)2 . Conversely, by reversing the order
of the equalities, there exists a positive semidefinite matrix Q ∈ L if p(x) is a
SOS.
A positive semidefinite matrix Q ∈ L is called a Gram matrix of p(x) (with reP
spect to some expression p(x) = i pi (x)2 ). Since finding a positive semidefinite
matrix in an affine space is a semidefinite program, computing an SOS decomposition is equivalent to solving a feasibility SDP . In the following we will discuss
several issues arising in SOS problems such as exploitation of sparsity, different
descriptions of L, and parametrized sum of squares.
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2.7.1. Sparseness
If p(x) is a sparse polynomial, i.e., only a few coefficients pα are different from
zero, not all monomials in Tdn might be needed in the monomial vector z(x).
Techniques exploiting sparseness can dramatically reduce the size of the underlying SDP. Sparseness can be exploited using the Newton polytope associated to
the polynomial p(x):
Definition 2.72 (Newton polytope). The Newton polytope of a polynomial p(x)
is defined as the convex hull of the polynomial’s exponent set:
C(p) := conv({α ∈ Nn0 : pα 6= 0}).
Reznick proved in [21] that only monomials with exponents contained in 12 C(p)
can appear in an SOS decomposition:
Theorem 2.73. If p(x) =

P

i

pi (x)2 , then C(pi ) ⊆ 21 C(p).

2.7.2. Description of L
The affine space L can be represented either by a system of defining equations
(kernel or implicit representation)
X
Qβ,γ = pα , α ∈ C(p),
(2.6)
1
β,γ∈ C(p)
2
β+γ=α

or through a set of basis matrices (image or explicit representation)
X
Q = G0 +
yi G i ,

(2.7)

i

where G0 ∈ L and the Gi are a basis of the subspace L − G0 . Depending on the
dimension of L, it is computationally advantageous to use either the kernel or
the image representation. For polynomials of large degree d, the implicit form
turns out to be more efficient. We refer the reader to [22] for a comprehensive
complexity analysis of either representation. In any case, an SOS problem will be
cast into either an SDP in primal form (2.1.P) or an SDP in dual form (2.1.D).
In the following example we will derive the kernel and image representation for
a simple polynomial.
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Example 2.74. We consider the quartic form p(x1 , x2 ) = 2x41 +2x31 x2 −x21 x22 +5x42 .
Note that since p(x1 , x2 ) is homogeneous of degree 4, it suffices to restrict the
components of z(x) to monomials of degree 2 (see Theorem 2.73):
 2 
T 
x1
q11 q12 q13
x21
4
3
2 2
4





2x1 + 2x1 x2 − x1 x2 + 5x2 = x1 x2
x1 x2 
q12 q22 q23
2
x22
q13 q23 q33
x2


= q11 x41 + 2q12 x31 x2 + (2q13 + q22 )x21 x22 + 2q23 x1 x32 + q33 x42 .

Matching coefficients yields the following linear defining equations for L (kernel
representation):
q11 = 2,

2q12 = 2,

(2q13 + q22 ) = −1,

2q23 = 0,

q33 = 5.

An image representation of the same affine space is given by the parametrization


2
1
−y
Q(y) =  1 −1 + 2y 0  .
−y
0
5

A positive semidefinite matrix Q ∈ L can be obtained using semidefinite programming. A particular solution is
 2





−5 0 1
2 1 −2
5 0 0
Q =  1 3 0  = LT DL, where L =  13 1 0  , D =  0 3 0  .
13
−2 0 5
0 0 15
1 0 0
Hence p(x1 , x2 ) can be written as a sum of 3 squares:
2
1
13
p(x1 , x2 ) = 5(− x21 + x22 )2 + 3( x21 + x1 x2 )2 + (x21 )2 .
5
3
15
When the kernel representation is used for an SOS problem, the equality constraints (2.6) can be easily written in standard form (we use again exponent
tuples for indexing the matrices):
(
1 if β + γ = α,
hAα , Qi = pα , where Aαβ,γ =
0 otherwise.
As described, an SOS problem corresponds to an SDP feasibility problem, and
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any feasible matrix Q will yield a valid Gram matrix. To convert this into a
problem with a unique solution, we can compute for instance the analytic center
of the feasible set. Under the assumption of strict feasibility, it is easy to verify
that the analytic center Q∗ , i.e., the solution minimizing the barrier − log det Q,
has to satisfy the following optimality conditions:
hAα , Q∗ i = pα ,
α ∈ C(p),
X
∇(log det Q∗ ) = Q−1
Aα yα .
∗ =
α

Note the remarkable multivariate Hankel structure of Q−1
which follows from
∗
α
the definition of the matrices A . Again, one could try to solve the optimality
conditions symbolically, but the algebraic degree of the solution will in general
be prohibitive already for problems of moderate size.

2.7.3. Parametrized SOS problems
A tremendous advantage of the SOS approach to polynomial nonnegativity is
that the method can be easily extended to the problem of finding a sum of
squares in a convex set of polynomials. To see this, consider the polynomial
family p(x, λ), where p(x, λ) is affinely parametrized in λ, and λ is either free
or belongs to a convex set described by semidefinite constraints. We can use
semidefinite programming to efficiently search for parameters λ which render
p(x, λ) to be a sum of squares. The procedure is exactly as before: matching
coefficients of the identity p(x, λ) = z(x)T Qz(x) yields linear equations for Q
and λ. Since both Q and λ are defined by semidefinite constraints, the problem
is again an SDP. This fact is exploited in many applications, e.g., computing
a lower bound on p(x) or searching for a polynomial Lyapunov function for a
system with a polynomial vector field.
Example 2.75. Let us revisit the polynomial from Example 2.74, but now assume that the coefficient of the monomial x31 x2 is a free parameter. An image
representation of the corresponding affine subspace L is then given by


2
λ
−y
Q(λ, y) =  λ −1 + 2y 0  .
−y
0
5
The kernel representation of the same space is obtained by dropping the con-
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straint 2q12 = 2 in Example 2.74.
With software tools like SOSTOOLS [23] and YALMIP [24] there are two
MATLAB packages available relieving the user from the task of casting an SOS
problem into the corresponding SDP. However, since these are pure numerical
methods, their answers will never yield exact results. Additionally, we would
like to mention GloptiPoly 3 [25] and SparsePOP [26], two related MATLAB
packages specialized on solving generalized problems of moments which are dual
to SOS problems.

2.8. Rational approximation
In the following we briefly review some concepts for the rational approximation
of a real number or a vector of real numbers.

2.8.1. Continued fractions
Definition 2.76 (Continued fraction). A continued fraction (also referred to
as simple or regular continued fraction) representation of a real number x is an
expression of the form
1

x = a0 +

,

1

a1 +
a2 +

1
a3 + · · ·

where the numbers ai are integers which are positive for i ≥ 1. If a continued
fraction consists of finitely (infinitely) many terms ai , it is called a finite (infinite)
continued fraction.
Definition 2.77 (n-th convergent). Truncating a continued fraction after n
terms ai yields the n−th convergent (or n−th approximant)
1

c n = a0 +

.

1

a1 +
a2 +

1
··· +

1
an
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The following theorem summarizes some remarkable properties of continued
fractions.
Theorem 2.78 (Continued fractions, e.g., [27]). Let x be a real number and cn
be the n-th convergent of x. Then
1. x = limn→∞ cn .
2. A number is rational if and only if it has a finite continued fraction expansion.
3. A number is irrational if and only if it has an infinite continued fraction.
4. The convergents are best rational approximations, i.e., taking cn as an approximation for x, there is no rational number with a smaller denominator
which is closer to x.

2.8.2. Lattice basis reduction
The LLL algorithm by Lenstra, Lenstra, and Lovász computes a set of short,
nearly orthogonal basis vectors for a given lattice. We start with the basic definition of a point lattice.
Definition 2.79 (Lattice). A subset L ⊂ Rn is called a lattice if there exists a
set of linearly independent vectors bi ∈ Rn such that
)
( m
X
αi bi : αi ∈ Z .
L=
i=1

The set {b1 , . . . , bm } is called a basis of L.
Given a basis {b1 , . . . , bm } of a lattice L, the LLL algorithm computes a reduced basis {b̂1 , . . . , b̂m } of L in polynomial-time. The new basis is called reduced
because the vectors b̂i are nearly orthogonal and short, i.e., their length is relatively small. A two dimensional example of lattice basis reduction is depicted in
Figure 2.1. The new basis vectors satisfy a number of properties such as
||b̂1 ||2 < 2m−1 ||x||2 ,

∀x ∈ L, x 6= 0,

or, if m = n,
||b̂1 ||2 < 2(n−1)/4 |det(b1 , . . . , bn )|1/n .

(2.8)
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b

b

b

b

b1
b̂1
b

b

b

b

b2
b

b

b

b

b̂2
b

b

b

b

Figure 2.1.: Lattice basis reduction. Given the lattice basis vectors b1 and b2 , the
LLL algorithm computes the shorter vectors b̂1 and b̂2 spanning the
same point lattice.
To compute the reduced basis, LLL uses a sequence of size reductions and
interchange operations which only involve basic algebraic computations. Hence
the reduced basis can be computed exactly using rational arithmetic (provided
that the lattice points are all rational). For the details, further bounds on the
reduced basis, and the algorithm itself we refer the reader to [28]. Already in this
seminal paper the authors present the simultaneous approximation of a vector
of rational numbers as a possible application of lattice basis reduction.
Proposition 2.80 (LLL based approximation, [28]). Given a set of rational
numbers x1 , . . . , xn , and ǫ with 0 < ǫ < 1, there exists a polynomial-time algorithm that finds integer numbers p1 , . . . , pn , and q such that
|pi − qxi | ≤ ǫ,

1 ≤ i ≤ n,

and
1 ≤ q ≤ 2n(n+1)/4 ǫ−n .
Proof. The basic idea in this proof is to consider the lattice spanned by the n + 1
columns of the (n + 1) × (n + 1) matrix


1 0 ... 0
−x1

 0 1 ... 0
−x2



 .. .. . . ..
.
.
B= . .
.
. .
.



 0 0 ... 1
−xn
0 0 . . . 0 2−n(n+1)/4 ǫn+1
The LLL algorithm transforms this basis into a reduced one spanning the same
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lattice, i.e., there exist integer numbers p1 , . . . , pn and q such that
b̂1 =

£

p1 − qx1 , . . . , pn − qxn , 2−n(n+1)/4 ǫn+1 q

¤T

.

The bounds follow immediately from (2.8): ||b̂1 || ≤ 2n/4 |det(B)|1/(n+1) = ǫ.

3. Systems and control theory
In this chapter we introduce a few basic concepts and definitions from systems
and control theory which are used later in this thesis.

3.1. Stability in the sense of Lyapunov
One of the most fundamental objectives in systems theory addresses the study of
stability of dynamical systems. For a comprehensive treatment of the topic in the
framework of continuous-time systems, we refer the reader to the standard texts
in the literature, e.g., [29–31] and the references therein; the following exposition
will closely follow [29].
We consider an autonomous continuous-time system defined by the differential
equation
ẋ = f (x),
(3.1)
where x denotes the system state, and f : D → Rn is a locally Lipschitz map
from a domain D ⊂ Rn to Rn . Let St (x0 ) denote the solution x(t) of (3.1) with
initial condition x(0) = x0 at time t. Moreover, we assume that the system has
an equilibrium point:
Definition 3.1 (Equilibrium point). x̄ ∈ D is an equilibrium point of (3.1) if
and only if f (x̄) = 0.
Since any equilibrium point x̄ 6= 0 can be shifted into the origin by an appropriate coordinate transformation, we can assume without loss of generality
that system (3.1) has an equilibrium point at x̄ = 0, and hence f (x) satisfies
f (0) = 0. The following definition defines stability in the sense of Lyapunov:
Definition 3.2 (Stability in Lyapunov’s sense). The equilibrium point x̄ = 0
of (3.1) is
• stable, if for all ǫ > 0, there is a δ > 0 such that ||x0 || < δ implies ||St (x0 )|| <
ǫ for all t ≥ 0.
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• unstable, if it is not stable.
• asymptotically stable, if it is stable and there is a δ > 0 such that ||x0 || < δ
implies that limt→∞ ||St (x0 )|| → 0.
• globally asymptotically stable, if it is stable and for all x0 ∈ D := Rn it
holds that limt→∞ ||St (x0 )|| → 0.
Lyapunov’s stability theorem establishes stability of an equilibrium point via
the existence of a so-called Lyapunov function, a function of the state that decreases monotonically along trajectories. The derivative of a differentiable function V : D → R along the trajectories of (3.1) is given by
V̇ (x) = ∇V (x) · f (x) =

n
X
∂V
i=1

∂xi

fi (x).

We are now ready to state Lyapunov’s theorem:
Theorem 3.3 (Lyapunov’s direct method). Let x = 0 be an equilibrium point
of (3.1), and let V : D → R be a continuously differentiable function on a domain
D containing the origin such that
V (0) = 0 and V (x) > 0, ∀x ∈ D\{0},
V̇ (x) ≤ 0, ∀x ∈ D.

(3.2)
(3.3)

Then x = 0 is stable. Moreover, if
V̇ (x) < 0, ∀x ∈ D\{0},

(3.4)

then x = 0 is asymptotically stable.
Remark 3.4. The requirement that V is continuously differentiable is not strictly
needed by Lyapunov’s direct method. The crucial property of a Lyapunov function is its decrease along trajectories and hence all conclusions remain valid if
V̇ (x) is replaced by
DV (x) := lim sup
h→0+

1
[V (Sh (x)) − V (x)] .
h

For the ease of readability we confine ourselves to continuously differentiable Lyapunov functions. As we will learn later from the so-called converse theorems, the
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assumption of a continuously differentiable (or even smooth) Lyapunov function
is not restrictive.
Definition 3.5 (Definite function). A function V satisfying (3.2) is said to be
positive definite. If it only holds that V (x) ≥ 0 for all x 6= 0, it is called positive
semidefinite. V is called negative (semi)definite if −V is positive (semi)definite.
Definition 3.6 (Lyapunov function). A function V satisfying (3.2) and (3.4) is
called a Lyapunov function of (3.1) on D.
Theorems showing that all trajectories which start in a certain set converge
to an equilibrium point, are usually based on LaSalle’s invariance principle [32].
We start with the definition of invariant sets.
Definition 3.7 (Invariant set). A set Ω ⊂ D is called invariant if
x0 ∈ Ω =⇒ St (x0 ) ∈ Ω,

∀t ∈ R.

Ω is called positively invariant if
x0 ∈ Ω =⇒ St (x0 ) ∈ Ω,

∀t ≥ 0.

Theorem 3.8 (LaSalle’s invariance principle). Let Ω ⊂ D be a compact, positively invariant set, and let V : D → R be a continuously differentiable function
such that V̇ (x) ≤ 0 in Ω. Let E be the set of all points in Ω where V̇ (x) = 0,
and let M denote the largest invariant set in E. Then every solution starting in
Ω approaches M as t → ∞.
Note that in contrast to Lyapunov’s theorem, LaSalle’s theorem does not require V (x) to be positive definite. In many cases the level sets of the function V (x) can be used to construct the set Ω: suppose that the set Ω = {x ∈
Rn : V (x) ≤ l} is bounded for some l > 0. If additionally V̇ (x) ≤ 0 in Ω, then
Ω is a positively invariant compact set. To establish asymptotic stability of the
origin, one needs to make sure that the origin is stable and the largest invariant
set in E.
Corollary 3.9 (LaSalle’s principle to establish asymptotic stability). Let x = 0
be an equilibrium point of (3.1). Let V : D → R be a continuously differentiable
function on a domain D containing x = 0 such that
V (0) = 0 and V (x) > 0, ∀x ∈ D\{0},
V̇ (x) ≤ 0, ∀x ∈ D.
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Let E = {x ∈ D : V̇ (x) = 0}, and suppose that E contains no solution of (3.1)
other than St (0) = 0, ∀t. Then x = 0 is asymptotically stable.
Remark 3.10. If V̇ (x) is negative definite, then obviously E contains only the
origin, and one recovers Theorem 3.3.
To establish stability in the large, i.e., global asymptotic stability, one needs
to make sure that every solution is contained in a compact, positively invariant
set.
Corollary 3.11 (LaSalle’s principle to establish global asymptotic stability).
Let x = 0 be an equilibrium point of (3.1), and let V : Rn → R be a continuously
differentiable function such that
V (0) = 0 and V (x) > 0, ∀x 6= 0,
V̇ (x) ≤ 0, ∀x,

V (x) → ∞ as ||x|| → ∞.

(3.5a)
(3.5b)
(3.5c)

Let E = {x ∈ Rn : V̇ (x) = 0}, and suppose that E contains no solution of (3.1)
other than St (0) = 0, ∀t. Then x = 0 is globally asymptotically stable.
Since V (x) is radially unbounded by (3.5c), every initial condition x0 ∈ Rn
can be included in a bounded level set of V (x). Moreover, this set is positively
invariant because V (St (x)) is decreasing, and hence LaSalle’s invariance principle
applies.
Remark 3.12. If V̇ (x) is negative definite, then obviously E only consists of the
origin and one recovers the well-known stability theorem of Barbashin-Krasovskii,
see, e.g., [29].
LaSalle’s invariance theorem establishes convergence of all solutions that start
in a given positively invariant set. If the origin is asymptotically stable, it is
natural to ask for the set of initial conditions from which the state will converge
to x = 0. This question motivates the definition of the region of attraction:
Definition 3.13 (Region of attraction). The region of attraction RA (sometimes
referred to as domain of attraction) of the origin is defined as the set
RA = {x ∈ D : St (x) is defined ∀t ≥ 0 and ||St (x)|| → 0 as t → ∞}.
The stability theorems presented so far merely provide sufficient conditions for
(asymptotic) stability. Hence the question arises whether these conditions are
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also necessary, i.e., whether one can infer the existence of a Lyapunov function
from known stability properties. The answer is given by the so called converse
theorems. There exists a large number of converse theorems in the literature
which differ in the assumptions imposed on the vector field and the type of
stability. Usually, these theorems try to establish the existence of a Lyapunov
function which is as “nice” as possible under the given assumptions [31]. We will
confine ourselves to a very general result that fits our purposes well:
Theorem 3.14 (Converse theorem for RA , [29, Theorem 4.17]). Let x = 0 be
an asymptotically stable equilibrium of (3.1), and let RA ⊂ D be the region
of attraction of x = 0. Then there exists a smooth positive definite function
V : RA → R and a continuous positive definite function W : RA → R, such that
V̇ (x) ≤ −W (x), ∀x ∈ RA ,

V (x) → ∞ as ||x|| → ∂RA .
Moreover, for any c > 0, the set {x : V (x) ≤ c} is a compact subset of RA . When
RA = Rn , then V (x) is radially unbounded.
Remark 3.15. A remarkable feature of this theorem is that any subset A of the
region of attraction RA can be included in a level set of the Lyapunov function,
i.e., A ⊂ {x : V (x) ≤ c} for some c. Consequently, all conclusions we obtain for
a set of the form {x : V (x) ≤ c} will also apply to the set A.

3.2. Receding horizon control
Receding horizon control (RHC) also known as model predictive control (MPC)
represents one of the most important paradigms in the control of nonlinear constrained systems.
Although its conceptual ideas can be traced back to publications in the 1960s,
MPC did not arise much awareness until its successful implementation in the
process industry in the 1980s [33]. Since then it gained widespread use in various control fields, and researchers provided the necessary theoretical foundation for crucial systemic properties such as stability and robustness. Nowadays,
there exists a vast amount of literature treating the topic in both theory and
practice. The reader interested in the details is referred to the textbooks of
Maciejowski [34] and Goodwin [35], or the survey papers [33, 36–40].
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Although there exist many different variants of MPC which are tailored to
specific system classes and problem setups, they all share the same basic ingredients: a model to predict the evolution of the plant’s state over time, an
optimization procedure which computes the control action in accordance with
the control objectives, and a receding horizon strategy.
In principle, any kind of plant model can be used, for example differential
equations, neural networks, or just an oracle. In accordance with the application
described in Part IV of this thesis, we will use the discrete-time model
x(k + 1) = f (x(k), u(k)),

(3.6)

where x(k) ∈ Rn denotes the system state at time step k, u(k) ∈ Rm the control
input, and f : Rn × Rm → Rn is a nonlinear map. Moreover, the system can have
state and control constraints, i.e.,
x(k) ∈ X ⊂ Rn and u(k) ∈ U ⊂ Rm .
The basic idea is now as follows: the control objectives are encoded in the
objective function and the constraints of an optimization problem. Given the
current, measured (or estimated) state vector x(k), the optimization problem
uses the model to predict the evolution of the system’s state over a finite horizon N :
J ∗ (x(k|k)) := min
U

N
−1
X

ℓ(x(k + i|k), u(k + i|k), i)

(3.7)

i=0

subject to x(k + i + 1|k) = f (x(k + i|k), u(k + i|k)),
x(k + i|k) ∈ X,

u(k + i|k) ∈ U,

0 ≤ i ≤ N,

0 ≤ i ≤ N − 1,

0 ≤ i ≤ N − 1.

The variables x(k + i|k) denote the predicted state at the absolute time instant
k + i given the current state x(k|k) := x(k), the input sequence U := {u(k +
i|k)}0N −1 , and the prediction model (3.6). The function ℓ : Rn × Rm × R → R is
the stage cost function which is a performance measure for the control objectives.
Problem (3.7) is referred to as a finite time optimal control problem (FTOCP) and
its solution is a control input sequence U ∗ := {u∗ (k + i|k)}0N −1 which minimizes
the objective function (also called cost function).
Although a control strategy for the next N time steps is readily available,
only the first control move, i.e., u∗ (k|k) gets applied to the plant. In the next
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Figure 3.1.: Receding horizon policy: the prediction horizon is a moving window
with respect to the absolute time.
time instant the whole procedure is repeated, i.e., the current state is measured
to compensate for modelling errors, and optimization problem (3.7) is solved
for the shifted horizon (see Figure 3.1). This so-called receding horizon policy
introduces feedback to the system. It constitutes one of the cornerstone in MPC
and yields Algorithm 3.1.
Algorithm 3.1 Model predictive control
loop
Measure (or estimate) current state x(k).
Solve the finite time optimal control problem (3.7).
Apply the first control action u(k) = u(k|k).
Wait for the next sampling time k + 1.
end loop
Being a time-domain based control approach, one of the most appealing features of MPC is its straightforward design procedure. The setup in terms of
the FTOCP (3.7) makes it relatively easy to incorporate control objectives, and
system and control constraints. For obtaining a controller with a good control
performance a long prediction horizon is desirable. The price to pay is that depending on the nonlinearities introduced by the model, the stage cost function,
and the state and control constraints, problem (3.7) can become computationally
intractable already for short prediction horizons. Consequently, one of the main
tasks in the control design is to use a sufficiently simple model and cost function to balance the trade-off between control performance and computational
complexity.

Part II.
Certificates for nonexistence of a
Lyapunov function

4. Introduction
Lyapunov’s second method is one of the most important cornerstones in the study
of stability of dynamical systems. The central ingredient of the approach is the
search for a so-called Lyapunov function, a function of the state that decreases
monotonically along trajectories. Once such a function is found, certain stability
properties of a system are proven. It is well-known that for linear systems there
always exists a quadratic Lyapunov function if the origin is (globally) asymptotically stable (e.g., [29]). Unfortunately, for nonlinear systems matters are more
complicated: although converse Theorems (e.g., [29, 31, 41]) indeed guarantee
the existence of a Lyapunov function if a system is asymptotically stable, results
are just of existential nature: usually knowledge of the solution of the system’s
differential equation is assumed in order to construct a valid Lyapunov function.
In practice a different approach is often used: one only considers functions in
a certain class (e.g., polynomials) and parameterizes the candidate function accordingly. The problem is then posed as a feasibility problem: if it is feasible,
stability has been proven. However, if the problem is infeasible, no firm conclusion about stability can be drawn: the search might have failed only because the
chosen function class was too restrictive.
In [42] the method of sum of squares (SOS) was introduced to the control
community for computing polynomial Lyapunov functions for systems governed
by polynomial state equations. The method’s strength stems from the fact that
SOS problems result in semidefinite programs (SDPs) which can be solved efficiently in polynomial time by interior point methods (see Sections 2.6 and 2.7).
However, the problem that infeasibility does not give direct information about
stability or instability still remains.
Duality concepts in Lyapunov stability
For the specific case of linear systems, Balakrishnan and Vandenberghe presented in [43] theorems of alternatives for the Lyapunov stability problem, i.e.,
certificates of infeasibility. These conditions are derived using duality theory,
a well-known concept in functional analysis and convex optimization. An interesting observation in the context of stability is that feasible solutions of the
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dual problem do not merely certify nonexistence of a quadratic Lyapunov function but also give information about the eigenspace of the system matrix that is
associated to eigenvalues with nonnegative real part, i.e., unstable modes.
Duality concepts have already been used by Rantzer in [44] to derive a theorem
on almost sure stability of nonlinear systems. It is shown that the existence of
an absolutely continuous measure with certain divergence properties implies an
“almost everywhere” stability property. A consistent treatment of the duality
theory in Rantzer’s approach on compact spaces has been recently presented by
Vaidya and Mehta in [45] for discrete-time systems and by Rajaram et al. in [46]
for continuous-time systems.
A related work is the one of Prajna and Rantzer in [47], where duality arguments are used to show the necessity of a so-called Barrier function, a Lyapunovlike function that establishes safety of a dynamical system. The authors show
that under a Slater point (see Section 2.6) and a compact state space assumption, the nonexistence of a Barrier function implies the existence of an unsafe
trajectory.
Research contribution
The aim of this work is to extend the ideas of Balakrishnan and Vandenberghe
to a more general setting. More specifically, we derive conditions for the nonexistence of a continuously differentiable Lyapunov function for autonomous continuous-time systems with smooth vector fields. We show that the dual space
associated to a Lyapunov function is characterized by Borel measures that satisfy
a generalized continuity equation. This observation motivates a natural interpretation of dual feasible solutions as densities of steady-state flows of a compressible
fluid along the system’s vector field. We will see that the flow along a trajectory
of the system is described by its occupation measure, a measure for how much
time the solution spends in which part of the state space (see Definition 6.3). In
particular, we will use occupation measures of trajectories which contradict the
existence of a Lyapunov function (e.g., periodic solutions) to prove the necessity
character of our theorems.
In [48], Lasserre explored the duality between sum of squares and the moment problem: the dual variables can be viewed as moments of a nonnegative
measure. In the special case of systems with polynomial vector fields and SOS
Lyapunov functions, we show that the certificates for the nonexistence of such a
Lyapunov function are provided by the moments of appropriate occupation measures. Furthermore, we prove that nontrivial equilibrium points can be recovered
from special dual feasible solutions.
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Outline
The remainder of this work proceeds as follows. Our point of departure is Chapter 5, in which we motivate our work using two simple dynamical systems. The
simplicity of the chosen examples makes it relatively easy to derive and interpret
certificates for the nonexistence of a Lyapunov function. We show that these
certificates satisfy a flow-type equation and describe unstable flows in the state
space. We will encounter the basic structure of this continuity equation again
and again throughout this work. In Chapter 6, we generalize the ideas from
the previous chapter to the class of systems described by smooth vector fields.
The certificates considered in that chapter revolve around bounded system trajectories and are characterized by measures with compact support. Certificates
which stem from unbounded solutions, on the other hand, will be addressed in
Chapter 7 in which we explore the dual space of a global Lyapunov function.
Chapter 8 concerns the special case of systems with polynomial vector fields and
SOS Lyapunov functions. After deriving conditions for the nonexistence of such
a function, we link the obtained certificates with our earlier results. A conclusion
of our work and an outlook on future research directions is given in Chapter 9.
Throughout this work familiarity of the reader with the material from Sections 2.1 to 2.7 and Section 3.1 is assumed.

5. Motivation
The purpose of this chapter is to illustrate by means of two examples how duality
theory can be used to certify the nonexistence of a Lyapunov function for a given
dynamical system. In addition, we will see that these certificates stem from
trajectories violating Lyapunov’s definition of stability.

5.1. Network flow problem
We consider a simple discrete transportation example with four states as shown
in Figure 5.1. The states and the state transitions are represented by the nodes
and edges of a directed graph respectively. To verify whether the system state
converges to node 0 for all initial states, one can try to find a Lyapunov function
for the system, i.e., a function of the state that decreases along the paths of the
graph. The discrete counterpart of the continuous-time conditions (3.2) and (3.4)
is given by
V0 − V1 < 0, V2 − V0 < 0,
V3 − V2 < 0,

V2 − V3 < 0,

(5.1.P)

V0 = 0, V1 , V2 , V3 > 0,
¤T
where V = V0 V1 V2 V3
∈ R4 . Analogous to (3.4), we require that
Vi > Vj if there is a directed edge from node i to node j. We will call the
£

3
ρ23
1

ρ32
2

ρ10

ρ02
0

Figure 5.1.: Discrete transportation example with four states.
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feasibility problem (5.1.P) the primal problem. If it was feasible, node 0 would
be the unique attractor of the system with domain of attraction being nodes 0 to
3. By inspection of the graph given in Figure 5.1, we see that this is apparently
not the case. Hence (5.1.P) must be infeasible.
Infeasibility of (5.1.P) can not only be inferred from a contradiction arising in
the solution process (e.g., identification of the contradicting constraints V3 −V2 <
0 and V2 −V3 < 0), but also from the existence of a certificate of infeasibility. For
this purpose we associate a nonnegative scalar multiplier ρij to each constraint
Vj − Vi < 0 in (5.1.P), and suppose that (5.1.P) is feasible and not all ρij are
equal to zero. Then the duality pairing between the constraints and the scalars
yields
0 > (V0 − V1 )ρ10 + (V2 − V0 )ρ02 + (V3 − V2 )ρ23 + (V2 − V3 )ρ32

= V0 (ρ10 − ρ02 ) − V1 ρ10 + V2 (ρ02 − ρ23 + ρ32 ) + V3 (ρ23 − ρ32 )

If we can find ρij such that the right-hand side in the expression above becomes
nonnegative, we have a direct contradiction to the existence of a Lyapunov function. Such a certificate has to satisfy the conditions
−ρ10 + ρ02 = ν0 ,

ρ10 ≤ 0,

−ρ02 + ρ23 − ρ32 ≤ 0, −ρ23 + ρ32 ≤ 0,
£
¤T
º 0,
ρ10 ρ02 ρ23 ρ32

(5.1.D)

where ν0 is a scalar with no sign constraint. The feasibility problem (5.1.D) will
be referred to as the dual problem of (5.1.P). It follows from the duality pairing of
the constraints that at most one of the two problems can be feasible. Therefore,
problems (5.1.P) and (5.1.D) are so-called weak alternatives as feasibility of one
problem implies infeasibility of the other one.
Before we proceed, let us analyze the conditions of the dual problem (5.1.D)
in more detail to obtain an intuition for the meaning of dual feasible solutions.
Therefore, suppose that the graph describes a steady-state flow in a transportation network. If we interpret a dual variable ρij as transportation density from
node i to node j, the first four conditions in problem (5.1.D) essentially represent
the principle of flow conservation. This principle states that the generation of
flow at a node i is equal to the total flow departing from i less the total flow
arriving at i. The quantity is positive if i is a source and negative if it is a
sink. The duality between a network flow problem and a pricing problem (in
our setting Vi can be interpreted as the price or cost-to-go from i to 0) has been
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Figure 5.2.: Dual feasible flows. Left. Unstable flow emerging from node 0. Right.
Cyclic flow between two nodes.
studied extensively in the literature, see, e.g., [49].
We have already shown that feasibility of the dual problem implies the nonexistence of a Lyapunov function. Hence, interpreting the dual problem as a flow
problem suggests that a dual feasible solution corresponds to an unstable path
(or flow) in the network that does not lead to 0. In the running example, the
three linear inequalities state that nodes 1 to 3 can only be a sink while node 0
is allowed to act as a source as well since there is no sign constraint on ν0 . In
particular, we recover two interesting solutions:
1. ν0 , ρ02 = 1, and ρ01 , ρ23 , ρ32 = 0. This solution corresponds to an unstable
flow from node 0 to node 1. See left-hand side of Figure 5.2.
2. ρ23 , ρ32 = 1, and ν0 , ρ01 , ρ02 = 0. This solution corresponds to the cyclic
flow between node 2 and node 3. See right-hand side of Figure 5.2.
Note that since problem (5.1.D) is homogeneous, every conic combination of the
two solutions will again be feasible.

5.2. Results for linear systems
We continue with some results from linear systems theory where the duality
aspects of the Lyapunov function existence problem have been explored not so
long ago by Balakrishnan and Vandenberghe in [43].
Consider the autonomous linear continuous-time system governed by the differential equation
ẋ = Ax,
(5.1)

5.2. Results for linear systems
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where x ∈ Rn denotes the system state, and the system matrix A is an element
of Rn×n . The system has an equilibrium point at x = 0 which is asymptotically
stable if and only if A is a Hurwitz matrix (sometimes also referred to as a
stability matrix ). That is, all eigenvalues λi of A must satisfy Re(λi ) < 0.
Moreover, it is a well-known fact that the existence of a homogeneous quadratic
Lyapunov function V (x) = xT P x with P ∈ S n and corresponding time derivative
V̇ (x) = xT (AT P + P A)x, is both necessary and sufficient for A to be a Hurwitz
matrix:
Theorem 5.1 (Lyapunov stability for linear systems, e.g., [29]). A matrix A is
a stability matrix if and only if given any positive definite matrix Q, there exists
a positive definite matrix P satisfying the Lyapunov equation
AT P + P A = −Q.
The theorem essentially says that asymptotic stability of x = 0 can be established via the existence of a positive definite matrix P satisfying AT P + P A ≺ 0.
In [43] the authors derive conditions for the case when this problem does not
have a solution, that is, a theorem of alternatives:
Theorem 5.2. Exactly one of the following two statements is true:
a) There exists a symmetric matrix P such that

T

P ≻ 0,

A P + P A ≺ 0.

(5.2.P)

That is, A is a Hurwitz matrix.
b) There exists a symmetric matrix M such that
M º 0, M 6= 0,

AM + M AT º 0,

(5.2.D)

i.e., A has an eigenvalue with nonnegative real part.
It is not difficult to see that the two statements contradict each other. Assuming that both are true yields
0 > hAT P + P A, M i = hP, M AT + AM i ≥ 0,
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which is a contradiction. Consequently, at most one of the statements can be
true. The theorem, however, makes the even stronger claim that exactly one
of the problems is feasible, i.e., infeasibility of one problem implies feasibility
of the other. The proof of this strong alternatives property can be found in
Appendix A.1 of this thesis.

5.2.1. Interpretation of dual feasible solutions
According to Theorem 5.2, any symmetric matrix M satisfying the dual problem (5.2.D) is a certificate of infeasibility of (5.2.P), and hence proves instability
of the origin. In contrast to the discrete transportation example discussed in
Section 5.1, a flow type of interpretation of the conditions (5.2.D) is not that
apparent. We will show later in Section 8.2 that the entries of M can be interpreted as second order moments of an unstable flow. Nevertheless, the proof
of Theorem 5.2 (see Appendix A.1) provides a characterization of dual feasible
solutions in terms of the unstable modes of the linear system: it is shown that
every feasible M , expressed as M = U U T , satisfies AU = SU , where S is the sum
of a positive semidefinite and a skew-symmetric matrix. Thus the column space
of U is a subspace of the eigenspace of A that is associated with eigenvalues in
the closed right-half complex plane. Roughly speaking, every eigenvector corresponding to an unstable mode of (5.1) provides a certificate for the nonexistence
of a quadratic Lyapunov function.
Note that if the column space of U is spanned by eigenvectors with eigenvalues
on the imaginary axis, it follows that AM + M AT = 0. On the other hand,
AM + M AT º 0 if the eigenvalues are in the open right-half complex plane. In
the following these two cases are demonstrated by means of two simple unstable
systems.
Example 5.3. Consider the two linear systems ẋ = Ai x, where
¸
¸
·
·
0 1
1 0
.
and A2 =
A1 =
−1 0
0 −1
A has eigenvalues λ1 = 1 and λ2 = −1 with corresponding eigenvectors v1 =
£1
¤T
£
¤T
and v2 = 0 1 . A feasible solution of (5.2.D) is given by
1 0
M=

v1 v1T

=

·

1 0
0 0

¸

T

º 0 and AM + M A =

·

2 0
0 0

¸

º 0.
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A2 has eigenvalues λ1 = j and λ2 = −j with corresponding eigenvectors v1 =
£
¤T
£
¤T
and v2 = 1 −j . A feasible solution of (5.2.D) is given by
1 j
M=

Re(v1 v1H )

=

·

1 0
0 1

¸

T

º 0 and AM + M A =

·

0 0
0 0

¸

º 0.

5.2.2. Non-robustness of the dual problem
In the previous section we showed that any dual feasible solution is of the form
M = U U T , where the column space of U is a subspace of the eigenspace of A
corresponding to eigenvalues with nonnegative real part. Unless all eigenvalues
of A lie in the closed right-half complex plane, M cannot have full rank. Hence,
M and AM + M AT will in general be on the boundary of the cone of positive
semidefinite matrices. An immediate consequence of this is that the dual problem (5.2.D) is in general not robust against perturbations of both A and M . In
order to be a unconditionally valid certificate, M must be computed exactly. The
primal problem (5.2.P) does not suffer from such shortcomings as it requires a
solution in the interior, and hence is robust against small perturbations of both
A and P . The fact that a Lyapunov function is also valid for a slightly perturbed
system is exploited in Lyapunov’s indirect method which proves local asymptotic
stability of a nonlinear system with the Lyapunov function of the corresponding
linearized system.
The dual problems we will derive later in this thesis exhibit the same properties as (5.2.D) since they are all based on a primal formulation analogous
to (5.2.P). Hence a solution will only be dual feasible if it characterizes the
unstable behaviour exactly. We conclude with a simple example that gives a
geometric interpretation of a dual feasible solution in terms of a separating hyperplane. The aforementioned robustness issues of the dual problem can also be
understood as a consequence of a failing strict separation property of two convex
sets.
Example 5.4. Consider the linear unstable system
¸
·
1 0
x
ẋ =
0 −1
with eigenvalues λ1,2 = ±1. Since (5.2.P) is a conic problem, we can augment
it with the normalization constraint tr(P ) = 1 without loss of generality. Now,
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Figure 5.3.: Orthogonal projection of the convex sets C (dark blue), S+2 (light
red; the red line corresponds to matrices with tr(P ) = 1), and −S+2
(light blue) on the space of the diagonal matrix entries x11 and x22 .
The thick vertical line H (purple) defines a hyperplane that separates
C from − int(S+2 ).
consider the set
C = {X ∈ S 2 : X = AT P + P A for some P ≻ 0, tr(P ) = 1}.
The intersection of C with the cone of negative definite matrices − int(S+2 ) is
empty if (5.2.P) is infeasible. Furthermore, both sets are convex, and −S+n has
interior points. Thus, by Theorem 2.21, there is a hyperplane H separating
C from int(−S+2 ): an orthogonal projection of the whole situation is shown in
Figure 5.3. For the given example, the set C is described by
¸
¾
½·
2γ
0
2
∈S :0≤γ≤1 ,
C=
0 2γ − 2
while H is defined through the dual feasible solution M =

·

¸
1 0
:
0 0

¸À
¾
¸ ·
½
¿·
1 0
x11 x12
2
= x11 = 0 .
,
H = X ∈ S : hX, M i =
0 0
x12 x22
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Since C and −S+2 share the point
C∩

−S+2

=

·

0 0
0 −2

¸

,

H cannot strictly separate the two sets (see Figure 5.3). Already a slight perturbation of M renders the certificate useless since only the hyperplane defined
by x11 = 0 can separate the two sets.

6. Nonexistence of a Lyapunov
function – compact certificates
In Chapter 5, we used two simple dynamical systems to demonstrate how duality
arguments can be used to prove the nonexistence of a Lyapunov function. The
aim of this chapter is to generalize these ideas to nonlinear continuous-time systems. More specifically, we will derive sufficient conditions for the nonexistence of
a continuously differentiable Lyapunov function for systems with smooth vector
fields, and show the necessity of these conditions in many cases. In contrast to
the systems discussed so far, matters are more complicated in this general setting.
While the local and global behaviour of a linear system ẋ = Ax are identical,
the behaviour of a nonlinear system can vary significantly within the state space
and might be very complex. As a consequence, these systems typically require a
rather general class of Lyapunov function candidates to establish properties such
as global asymptotic stability or asymptotic stability on a certain set. One of the
most stringent results with respect to the Lyapunov function existence problem
is probably Theorem 3.14 which guarantees a smooth Lyapunov function on the
region of attraction of a system with a locally Lipschitz vector field. The scope
of this work, however, is limited to the slightly less general system class which
has smooth vector fields: we consider the autonomous continuous-time system
ẋ = f (x),

(6.1)

where f : Rn → Rn is an infinitely differentiable function, and x = 0 is an
equilibrium point of (6.1), i.e., f (0) = 0. Assume that the solution of (6.1) with
initial condition x(0) = x0 is well-defined on the interval [0, T ] for some T > 0.
Then system (6.1) defines a family of mappings
St : Rn → Rn ,

0 ≤ t ≤ T,

where St (x0 ) is the solution x(t) of (6.1) that starts at initial state x0 at time
t = 0.
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While the problem of global asymptotic stability and the special requirements
of the associated Lyapunov function (see Theorem 3.11) will be addressed in
Chapter 7, the main focus for now will be a simpler problem, namely the existence of a Lyapunov function on a subset of the Euclidean space. In particular, the certificates for the nonexistence of such a function will be provided
by distributions defined by compactly supported Borel measures. The following
proposition provides a pair of weak alternatives:
Proposition 6.1. Let Ω ⊂ Rn be a set containing a neighborhood of x = 0.
Then at most one of the following two statements is true:
a) There exists a continuously differentiable function V : Rn → R such that
V (0) = 0 and V (x) > 0, ∀x ∈ Ω\{0},
V̇ (x) < 0, ∀x ∈ Ω\{0}.

(6.1.P)

b) There exist a Borel measure µ with compact support and a finite Borel
measure ν0 such that f is µ-integrable, µ(Ω\{0}) > 0, supp(µ) ⊂ Ω,
supp(ν0 ) ⊂ {0}, and
∇ · (f µ) ≤ ν0 ,
(6.1.D)
in the sense of distributions on D(Rn ).
Proof. To begin with, note that the distributional inequality (6.1.D) is welldefined because f is µ-integrable and ν0 is a finite Borel measure. To see that
the two statements contradict each other, assume that both are true. Recall that
a distribution defined by a compactly supported measure extends uniquely to a
linear functional on C ∞ (Rn ) (see Theorem 2.68). For the sake of clarity, we will
show that the proposition is true under the assumption that V is an element of
C ∞ (Rn ) (the complete proof for V ∈ C 1 (Rn ) is given in Appendix A.2). Then,
Z
0>
∇V · f dµ = h∇V · f, µi = −hV, ∇ · (f µ)i ≥ −hV, ν0 i
Ω

= −V (0)ν0 ({0}) = 0,

which is a contradiction. Hence, at most one of the statements can be true.
Remark 6.2. By Theorem 3.3, a function V satisfying (6.1.P) merely guarantees
local asymptotic stability of x = 0 and the existence of a positively invariant set
containing a neighborhood of x = 0 from which all trajectories converge to x = 0
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(see proof of Lyapunov’s Theorem, e.g., [29]). In particular, one cannot conclude
that all trajectories starting in Ω will remain in Ω and converge to the origin.
Furthermore, feasibility of (6.1.D) does not imply that the origin is not locally
asymptotically stable (see also the discussion in Sections 6.2 and 6.3).
The duality relation between problems (6.1.P) and (6.1.D) is apparent from
the proof of Proposition 6.1. From now on we will refer to them as the primal
and the dual problem respectively.

6.1. Flow interpretation of the dual problem
The dual problem in Proposition 6.1 provides a certificate for the nonexistence
of a Lyapunov function on a set Ω containing the support of the measure µ.
In the following we provide an intuitive interpretation of the distributional inequality (6.1.D). Therefore, suppose that f (x) describes the velocity field of a
compressible fluid with density ρ(x). The evolution of the fluid density in time
is described by the continuity equation from fluid dynamics which formalizes the
principle of mass conservation (e.g., [50]):
∂ρ(x)
= −∇ · (f (x)ρ(x)) + s(x),
∂t
where s(x) represents the generation or removal rate of fluid. If the flow is in
steady-state, it holds that
∇ · (f ρ) = s.
The similarity between this expression and the distributional inequality (6.1.D)
is evident. Hence, we can interpret (6.1.D) as a measure-theoretic generalization
of the continuity equation from classical fluid mechanics: since the support of
the measure ν0 must be contained in the set {0}, inequality (6.1.D) essentially
states, that solely the origin can be a fluid source, while at the rest of the state
space only removal of fluid (sinks) is allowed. Moreover, we see that the dual
problem formally agrees with our findings for the simple network flow example
from Section 5.1: the connection between the dual variables ρij in that example
and the density ρ(x) in the continuity equation is apparent. While the classical
continuity equation requires that the density ρ(x) is a continuously differentiable
function, (6.1.D) allows for more general solutions. In particular, it is possible
to characterize the “transportation density” of a flow along a single trajectory.
Measures characterizing these flows along the velocity field are referred to as
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ST (x0 )
St2 (x0 )

A
x0

St1 (x0 )
µ(A) = t2 − t1

Figure 6.1.: Occupation measure of a set A (shaded in light blue) with respect
to the trajectory from x0 to ST (x0 ).
occupation measures:
Definition 6.3 (Occupation measure, e.g., [51]). Assume that the solution St (x0 )
of (6.1) exists for t ≤ T , for some T > 0. The occupation measure µ ∈ Mfin (Rn )
of the trajectory from x0 to ST (x0 ) is defined by
µ(A) =

Z

T

χA (St (x0 )) dt,

0

for all A ∈ B.

Hence, given a solution St (x0 ), 0 ≤ t ≤ T , the occupation measure of a measurable set A is equivalent to the time the solution spends in A (see Figure 6.1).
In other words, it is a measure for how much time is spent in which parts of the
state space. Obviously, it holds that µ(Rn ) = T and hence µ is an element in
Mfin (Rn ).
Integrating the derivative of a function ϕ ∈ C 1 (Rn ) along the trajectories
of (6.1) with respect to the occupation measure µ of a trajectory yields
Z

Rn

∇ϕ · f dµ =

Z

0

T

∇ϕ(St (x0 )) · f (St (x0 )) dt = ϕ(ST (x0 )) − ϕ(x0 ),

and, in the sense of distributions,
Z
∇ϕ · f dµ = h∇ϕ · f, µi = −hϕ, ∇ · (f µ)i,
Rn

∀ϕ ∈ D(Rn ).

(6.2)

(6.3)

Therefore,
∇ · (f µ) = δx0 − δST (x0 )
in the distributional sense.
The flow interpretation of the dual problem suggests to regard measures satis-
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fying hypothesis b) of Theorem 6.1 as occupation measures of steady-state flows
along trajectories of (6.1). In the following section we will show that occupation measures of trajectories which violate Lyapunov’s definition of asymptotic
stability can be used to construct feasible solutions of (6.1.D).

6.2. Dual feasible solutions
In Proposition 6.1 we presented a pair of weak alternatives for the Lyapunov
function existence problem. We showed that whenever the dual problem (6.1.D)
is feasible, there cannot exist a Lyapunov function on any set Ω containing the
support of the measure µ. In the following we want to give an answer to the
question when feasibility of (6.1.D) is also necessary for the nonexistence of a
Lyapunov function on Ω.
According to Theorem 3.3, a function V satisfying (6.1.P) implies that the
origin is asymptotically stable. Hence, if x = 0 is not asymptotically stable,
such a function cannot exist, and ideally the dual problem is feasible whenever
this is the case. Recalling Definition 3.2, we see that local asymptotic stability
fails if at least one of the following two conditions is met:
1. x = 0 is unstable.
2. There is no δ > 0 such that ||x0 || < δ implies that limt→∞ ||St (x0 )|| → 0.
Remark 6.4. Although one might be inclined to think that the first condition
implies the second, this assertion is in general not true. An example is given
in [30, Section 5.2, p. 186].
It is important to note that asymptotic stability of an equilibrium point is a
local phenomenon. In other words, it is sufficient if the conditions hold in some
(potentially very small) neighborhood of the equilibrium point. Consequently, if
the set Ω is too large, a Lyapunov function on Ω might not exist even though
x = 0 is asymptotically stable. As a simple example, suppose that Ω contains a
second equilibrium point: the existence of a nontrivial x̄ ∈ Ω such that f (x̄) = 0
clearly contradicts the strict decrease requirement V̇ (x̄) < 0. More generally,
assume that there exists a solution of (6.1) which remains in a compact subset
of Ω but can be bounded away from x = 0. Then there cannot exist a Lyapunov
function on Ω.
To sum up, we are able to identify two different reasons why the search for a
Lyapunov function on a set Ω might fail. First, instability of x = 0, and second,
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the existence of a bounded solution in Ω that can be bounded away from x = 0.
We will consider these two cases separately in the next two subsections.

6.2.1. Certificates from trajectories bounded away from the
origin
The following theorem shows that it is possible to construct a feasible solution
for the dual problem (6.1.D) from a bounded trajectory that can be bounded
away from x = 0.
Theorem 6.5. Assume that there exists a solution of (6.1) that stays within a
compact set Ω and satisfies lim inf t→∞ ||St (x0 )|| ≥ δ for some δ > 0. Then there
exists a measure µ ∈ M1 (Rn ) such that the distribution ∇ · (f µ) is zero on Rn .
Moreover, µ fulfills hypothesis b) of Proposition 6.1 with ν0 = 0.
The proof of the theorem uses some ideas commonly found in the field of
ergodic systems; it is along the lines of the proof of a discrete-time result in [7,
Theorem 12.5.1, pp. 417ff.].
Proof. Let St (x0 ), x0 ∈ Ω be the solution of (6.1) with the properties assumed by
the theorem. Observe that this solution exists for all t ≥ 0 because it remains in
a compact set, and f is locally Lipschitz. Consider the sequence of probabilistic
occupation measures {µk } defined by
1
µk (A) =
k

Z

0

k

χA (St (x0 )) dt,

for all A ∈ B,

k = 1, 2, . . . ,

(6.4)

and choose a dense, countable subset {ϕ1 , ϕ2 , . . . } of C0 (Rn ). Now, we use the
Cantor diagonal process (e.g., [1]) to construct a subsequence {µkm } such that
{hϕi , µkm i} converges for every i ∈ N as m → ∞. Since the sequence {hϕ1 , µk i}
is bounded, there exists a subsequence {µ1,k } of {µk } such that {hϕ1 , µ1,k i} is
convergent. Similarly, because {hϕ2 , µ1,k i} is bounded as well, there is a subsequence {µ2,k } of {µ1,k } such that {hϕ2 , µ2,k i} converges. Proceeding iteratively
for every ϕj , j = 3, 4, . . . , we find sequences {µj,k } such that {µj,k } is a subsequence of {µj−1,k }, and {hϕi , µj,k i} converges for i = 1, . . . , j. It follows that the
sequence {hϕi , µk,k i} is convergent for every i ∈ N. Observe that {µk,k } may be
written as {µkm }, where {km } is a sequence of strictly increasing integer numbers. Recall that the set {ϕ1 , ϕ2 , . . . } was chosen to be dense in C0 (Rn ), and
that µkm (Rn ) = 1 by definition. Hence according to Theorem 2.49 and Theorem 2.50, there exists a measure µ ∈ M(Rn ) such that {µkm } converges weakly
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to µ, i.e., limm→∞ hϕ, µkm i → hϕ, µi, for all ϕ ∈ C0 (Rn ). Furthermore, it follows
from Theorem 2.51 that µ(Rn ) = 1 since µkm (Rn ) = 1. Hence, µ is an element
of M1 (Rn ).
Next, we will prove that ∇ · (f µ) = 0. We infer from (6.2) and (6.3) that for
any test function ϕ ∈ D(Rn )
hϕ, ∇ · (f µkm )i = −h∇ϕ · f, µkm i =

1
[ϕ(x0 ) − ϕ(ST (x0 ))] .
km

The expression above converges to zero as m → ∞ because ϕ is bounded while
km is tending to infinity. Since {µkm } converges weakly to µ, it follows that
∇ · (f µ) = 0.
It remains to show that µ(Ω\{0}) > 0, and supp(µ) ⊂ Ω. To see the first
point, note that lim inf t→∞ ||St (x0 )|| ≥ δ > 0 implies that there exists a T > 0
such that ||St (x0 )|| ≥ δ for all t ≥ T . Consequently, µkm (Ω\Bδ (0)) → 1 as
m → ∞. Moreover, since Ω\Bδ (0) is closed, it follows from Theorem 2.51 that
µ(Ω\Bδ (0)) ≥ lim sup µkm (Ω\Bδ (0)) = 1,
m→∞

which implies that µ(Ω\{0}) ≥ µ(Ω\Bδ (0)) = 1. Finally, we conclude from
µ(Ω) ≤ µ(Rn ) = 1 that supp(µ) ⊂ Ω. Since µ is a finite measure with compact
support and f is smooth by assumption, f is integrable with respect to µ.
The probabilistic measure µ constructed in the proof of Theorem 6.5 is a
measure of a particular type:
Definition 6.6 (Invariant measure). Let (X, B, µ) be a measure space. The
measure µ is called invariant under a family {St } of transformations St : X → X
if
µ(St−1 (A)) = µ(A), for all A ∈ B.
Remark 6.7. The operator Pt : Mfin → Mfin defined by Pt µ(A) = µ(St−1 (A)),
A ∈ B is called the Frobenius-Perron operator.
Theorem 6.8. Assume that the solution of (6.1) exists for all t ≥ 0. Then, the
measure µ constructed in the proof of Theorem 6.5 is an invariant measure.
Proof. See Appendix A.3.
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Remark 6.9. If the solution of (6.1) does not exist for all t ≥ 0, one can introduce
a new independent variable by using the transformation
p
ds = 1 + ||f (x)||2 dt
and consider the topologically equivalent system

dx
f (x)
,
=p
ds
1 + ||f (x)||2

whose solution is well-defined for all s ∈ R, see, e.g., [31, p. 59].
The following two examples consider two special cases of bounded solutions
according to Theorem 6.5, namely equilibrium points and periodic solutions.
Example 6.10 (Equilibrium points). Assume that (6.1) has a nontrivial equilibrium at x̄ ∈ Ω. Then the measure µ = δx̄ possess the properties
R 1 guaranteed
by Theorem 6.5. Note that µ is an occupation measure: µ(A) = 0 χA (St (x̄)) dt,
∀A ∈ B. Indeed, for all ϕ ∈ D(Rn ) it holds that
h∇ · (f µ), ϕi = −h∇ϕ · f, δx̄ i = −∇ϕ(x̄) · f (x̄) = 0.
Example 6.11 (Periodic solutions). Assume that (6.1) has a periodic solution
of period T > 0 lying entirely in Ω. That is, there exists a nontrivial solution
such that
St+T (x0 ) = St (x0 ) ∈ Ω, ∀t ≥ 0.
Then, taking µ equal to the normalized occupation measure of the periodic solution yields a measure in the sense of Theorem 6.5. Indeed, for all ϕ ∈ D(Rn )
it holds that
h∇ · (f µ), ϕi = −h∇ϕ · f, µi =

1
[ϕ(x0 ) − ϕ(ST (x0 ))] = 0.
T

Proposition 6.1 merely provides sufficient conditions for the nonexistence of a
Lyapunov function on a certain set. We conclude this section with a necessity
result.
Proposition 6.12. Let Ω ⊂ Rn be a compact set that is positively invariant
under (6.1) and contains a neighborhood of x = 0. Moreover, assume that the
origin is stable. Then exactly one of the following two statements is true:
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a) The equilibrium x = 0 is asymptotically stable and all trajectories starting
in Ω converge to x = 0.
b) There exists a measure µ ∈ M1 (Rn ) such that µ(Ω\{0}) > 0, supp(µ) ⊂ Ω,
and ∇ · (f µ) = 0 in the sense of distributions.

The proof of the proposition is based on a little lemma whose proof can be
found in [31, Theorem 31.2, p. 162]:
Lemma 6.13. Let x = 0 be a stable equilibrium point of (6.1). Given x0 ∈ Rn ,
suppose that lim inf t→∞ ||St (x0 )|| = 0. Then St (x0 ) tends to zero.
Proof of Proposition 6.12. On the one hand, note that if hypothesis a) is true,
then Ω must be a subset of the region of attraction RA . According to Theorem 3.14 there exists a smooth Lyapunov function on the open set RA that
satisfies (6.1.P) on Ω. Define V to be equal to this function on Ω and its analytic
extension on the set Rn \Ω (which exists due to [52, Theorem 1, p. 65]). On the
other hand, if b) is true, µ is a feasible measure for (6.1.D) with ν0 being the
trivial measure. Hence by Proposition 6.1 at most one of the two statements can
be true.
For the rest of the proof it suffices to show that if a) is false, then b) must
be true. Hence assume that hypothesis a) is false. Then there exists a solution
St (x0 ) of (6.1) that remains in Ω, exists for all t ≥ 0, but does not converge
to x = 0. By Lemma 6.13, this is only true if there is a δ > 0 such that
lim inf t→∞ ||St (x0 )|| ≥ δ. Now, Theorem 6.5 implies the existence of a measure
µ that satisfies hypothesis b).

6.2.2. Certificates from unstable trajectories
At the initial discussion in Section 6.2 we identified another obvious reason why
a Lyapunov function might not exist: the origin itself could be unstable. In the
following we will show that under certain assumptions, an unstable equilibrium
point implies the existence of a measure satisfying (6.1.D). Intuitively, if we recall
the flow interpretation of the dual problem and our findings from the network
flow example from Section 5.1, such a measure should represent an unstable flow
which emerges from x = 0. However, in contrast to the network flow example we
cannot simply construct this measure from a solution starting at x0 = 0 because
x = 0 is an equilibrium point. Even if we take the flow along a trajectory that
starts very close to x = 0, we cannot conclude that Lyapunov’s δ-ǫ formulation
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x2
Bǫ (0)
δ2 δ1
x1

Figure 6.2.: Unstable equilibrium. The equilibrium point x = 0 is unstable if
there is a ball Bǫ (0) such that for every δ > 0 there is a trajectory
that starts in Bδ (0) and leaves Bǫ (0) in finite time.
of stability (see Definition 3.2) is violated. Hence, in a first step it is necessary
to obtain a mathematical characterization of an unstable equilibrium point. Let
us restate the definition of Lyapunov stability using quantifiers: the equilibrium
point x = 0 is stable if
(∀ǫ > 0)(∃δ > 0)(∀x0 )(∀t ≥ 0) (||x0 || < δ =⇒ ||St (x0 )|| < ǫ) .
Negation of this propositional formula yields the following definition of an unstable equilibrium point:
Definition 6.14 (Unstable equilibrium point). The equilibrium point x = 0
of (6.1) is unstable if
(∃ǫ > 0)(∀δ > 0)(∃x0 )(∃t ≥ 0) (||x0 || < δ ∧ ||St (x0 )|| ≥ ǫ) .
The definition states that the origin is unstable if there exist a ball and trajectories starting arbitrarily close to x = 0 and leaving the ball in finite time (see
Figure 6.2). Note that an unstable equilibrium point in general does not imply
the existence of a single unstable trajectory which can be traced back in time
to x = 0 (see also Example 6.19). The following theorem uses the definition of
instability to construct a sequence of occupation measures that will satisfy the
dual problem in the limit.
Theorem 6.15. Let Ω ⊂ Rn be a set containing a neighborhood of x = 0, and
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suppose that the equilibrium point x = 0 of (6.1) is unstable. Then there exists
a sequence {µk } of measures in Mfin (Rn ), and a measure λ ∈ M1 (Rn ) such that
µk (Ω\{0}) is bounded below by a positive number, supp(µk ) ⊂ Ω, supp(λ) ⊂ Ω,
and
∇ · (f µk ) → δ0 − λ as k → ∞,
in the sense of distributions on D(Rn ).
Proof. Let {γk } be a sequence of positive real numbers such that γk → 0 as
k → ∞. Since x = 0 is an unstable equilibrium point, by Definition 6.14 there
exists an ǫ > 0 such that for every γk there are a solution St (x0,k ) of (6.1),
and a Tk > 0 such that ||x0,k || < γk and ||STk (x0,k )|| ≥ ǫ. Without loss of
generality, we can choose ǫ sufficiently small such that Bǫ (0) ⊂ Ω, and assume
that γk < ǫ/2 for all k ∈ N. Moreover, let Tk be the first time, the solution leaves
the ball Bǫ (0), i.e., ||STk (x0,k )|| = ǫ. Note that {STk (x0,k )} is a sequence of points
on a compact subset of Rn , namely the boundary of Bǫ (0). Hence, there exists
a converging subsequence {STkm (x0,km )} that converges to a point x1 ∈ Ω on the
surface {x ∈ Rn : ||x|| = ǫ}. Now, consider the sequence {µkm } of occupation
measures defined by
µkm (A) =

Z

Tkm

χA (St (x0,km )) dt,

0

for all A ∈ B,

m = 1, 2, . . . .

By assumption, the solution St (x0,km ) is contained in Bǫ (0) ⊂ Ω for t ∈ [0, Tkm ].
Therefore, supp(µkm ) ⊂ Ω and µkm (Ω\{0}) = Tkm . To see that the sequence
{Tkm } is bounded below by a positive number, define η := sup||x||≤ǫ ||f (x)|| which
exists because ||f (x)|| is a continuous function and {x ∈ Rn : ||x|| ≤ ǫ} is compact. Moreover, η > 0 since f (x) cannot be identically zero on this set. Then,
for all t ∈ [0, Tkm ] it holds that
||St (x0,km )|| ≤ ||x0,km || +

Z

0

t

||f (Ss (x0,km ))|| ds ≤

ǫ
+ ηt.
2

In particular, for time t̂ = ǫ/2η we obtain that ||St̂ (x0,km )|| ≤ ǫ. Since Tkm is the
first time the solution leaves the ball Bǫ (0), it follows that Tkm ≥ t̂.
Finally, we infer from (6.2) and (6.3) that for any test function ϕ ∈ D(Rn )
hϕ, ∇ · (f µkm )i = ϕ(x0,km ) − ϕ(STkm (x0,km )) = hϕ, δx0,km − δSTk

m

(x0,km ) i.

Observe that x0,km → 0 as m → ∞ because ||x0,km || < γkm and {γkm } converges
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to zero by assumption. Moreover, STkm (x0,km ) → x1 as m → ∞. Hence, in the
limit,
lim ∇ · (f µkm ) = δ0 − δx1 .
m→∞

We conclude the proof by defining λ := δx1 and noting that supp(δx1 ) ⊂ Ω.
The theorem above states that if the origin is unstable, there exists at least
a sequence of measures that will satisfy hypothesis b) of Proposition 6.1 in the
limit. However, in general there is no guarantee that the constructed sequence
will converge (weakly) to a unique measure that has all the required properties.
(The reason for this is that in contrast to the proof of Theorem 6.5, the measures
in the sequence are not normalized and therefore can grow unbounded.) Hence,
in the view of Proposition 6.1 this result is of limited use. However, as we will see
in the subsequent theorem, there exists a converging sequence under a bounded
trajectory length assumption.
Remark 6.16. It is not difficult to reformulate the dual problem, i.e., hypothesis b) of Proposition 6.1, to use a sequence of measures instead of a single measure.
In such a version, a sequence of measures (as provided by Theorem 6.15) would
certify the nonexistence of a Lyapunov function. For the sake of clarity, we decided to only present the single measure version as the benefit from a sequence
version is limited: from a conceptual viewpoint one would not gain more insight
into the dual problem while at the same time notation and proofs become more
tedious.
Theorem 6.17. Let Ω ⊂ Rn be a set containing a neighborhood of the equilibrium
point x = 0 of (6.1). Suppose that there is a solution St (x1 ) of (6.1), x1 ∈ Ω,
such that ||S−t (x1 )|| → 0 as t → ∞. Moreover, assume that the arc length of
S−t (x1 ) is bounded above between t = 0 and t → ∞. Then there exists a Borel
measure µ on Rn that satisfies with ν0 = δ0 hypothesis b) of Proposition 6.1.
Proof. We will show that under the assumptions made in the theorem there exists
a sequence of occupation measures which converges to a Borel measure µ with
the required properties. Without loss of generality, we can assume that S−t (x1 )
is contained in Ω for all t ≥ 0. Now, consider the sequence {µk } of occupation
measures defined by
1
µk (A) =
k

Z

0

k

χA (S−t (x1 )) dt,

for all A ∈ B,

k = 1, 2, . . . .
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According to Theorem 2.52, this sequence converges to a Borel measure µ because
it is monotonically nondecreasing. Obviously, it holds that µ(Ω\{0}) > 0 and
supp(µ) ⊂ Ω. Moreover, f is integrable with respect to µ because
Z

Ω

|fi | dµ ≤

Z

Ω

||f || dµ = lim

k→∞

Z

Ω

||f || dµk = lim

k→∞

Z

k

0

||f (S−t (x1 )|| dt < ∞.

The term on the right-hand side is exactly the definition of the arc length of
S−t (x1 ) between t = 0 and t → ∞ which is bounded above by assumption.
Hence, ∇ · (f µ) defines a valid distribution, and for any test function ϕ ∈ D(Rn )
it holds that
hϕ, ∇ · (f µ)i = −h∇ϕ · f, µi = − lim h∇ϕ · f, µk i = lim ϕ(S−k (x1 )) − ϕ(x1 )
k→∞

k→∞

= ϕ(0) − ϕ(x1 ) = hϕ, δ0 − δx1 i.
Consequently, ∇ · (f µ) ≤ δ0 , and hence hypothesis b) of Proposition 6.1 is satisfied with µ and ν0 := δ0 .
The measure µ constructed in the proof above satisfies ∇ · (f µ) = δ0 − δx1 .
As discussed in Section 6.1, we can interpret this equality as a generalized flow
equation in which δ0 represents a unit source at x = 0, and δx1 corresponds to a
sink at x = x1 . In that view, the measure µ describes the transportation density
of a flow that is emerging at x = 0 and seeping away at x = x1 . In the following
example we are going to construct such a measure for a simple unstable linear
system.
Example 6.18. Consider the unstable linear system
ẋ = cx,

c > 0,

and suppose that we want to find a certificate for the nonexistence of a Lyapunov
function on the interval Ω = [−3, 3]. For this purpose, we will construct a
measure µ that characterizes an unstable flow from x = 0 to x = 2. Obviously,
limt→∞ S−t (2) = limt→∞ 2e−ct = 0. It is not difficult to see that the occupation
measure µt of a trajectory from x = S−t (2) to x = 2 has the density
(
1/cx if x ∈ (S−t (2), 2),
ρt (x) =
0
otherwise.
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4
3
2

ρ(x)

1
−1 0
1
2
Figure 6.3.: Density describing an unstable flow of the system ẋ = cx, c > 0.
In the limit, as t → ∞, we obtain a measure µ with density (see Figure 6.3)
(
1/cx if x ∈ (0; 2),
ρ(x) =
(6.5)
0
otherwise.
We claim that the measures µ and ν0 = δ0 satisfy the dual problem (6.1.D).
Clearly, µ(Ω\{0}) > 0, supp(µ) ⊂ Ω, and supp(ν0 ) = {0}. Furthermore, f is
µ-integrable because
Z
Z 2
1 dx = 2 < ∞.
|f (x)|ρ(x) dx ≤
0

Ω

And finally, for every nonnegative test function ϕ ∈ D(R) we obtain
hϕ, ∇ · (f µ)i = −

Z

Ω

′

ϕ f ρ dx = −

Z

0

2

ϕ′ dx = ϕ(0) − ϕ(2) ≤ ϕ(0) = hϕ, ν0 i.

The bounded trajectory length assumption of Theorem 6.17 is needed to guarantee that f is µ-integrable and ∇ · (f µ) is a well-defined distribution. This gives
rise to the question how restrictive this assumption is. We have seen that it is
fulfilled for the simple example system from above. However, in general a dynamical system can have unstable solutions in the sense of Definition 6.14 whose
lengths grow unbounded as the initial condition x0 tends to x = 0. Moreover,
there is no guarantee that there is a single solution that converges to x = 0 as
t → −∞. In fact, as we will see in the next example, already a simple linear
system that has eigenvalues of double multiplicity on the imaginary axis fails to
fulfill these requirements.
Example 6.19 (Linear system with two double poles on imaginary axis). Con-
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sider the linear system

0 −1 0 0
 1 0 0 0 

ẋ = Ax = 
 1 0 0 −1  x,
0 1 1 0


(6.6)

with eigenvalues λi (A) = ±j, each with double geometric multiplicity. The
general solution of (6.6) with initial condition x0 is given by (see, e.g., [53])

cos(t) − sin(t)
0
0
 sin(t)
cos(t)
0
0 

St (x0 ) = eAt x0 = 
 t cos(t) −t sin(t) cos(t) − sin(t)  x0 .
t sin(t)
t cos(t) sin(t)
cos(t)


The system is clearly unstable due to the factor t which is a consequence of
the double eigenvalue multiplicity. Evidently, there does not exist an initial
condition x0 6= 0 such that limt→−∞ ||St (x0 )|| = 0. Nevertheless, solutions with
£
¤T
initial conditions of the form x0 = δ 0 0 0 , δ > 0 will leave any ball
Bǫ (0) as t → ∞:
St (x0 ) = δ

£

cos(t) sin(t) t cos(t) t sin(t)

¤T

.

p
The time T at which this solution leaves Bǫ (0) is given by T = ǫ2 /δ 2 − 1, where
0 < δ < ǫ. It is not difficult to verify that the arc length of the corresponding
trajectory from x0 to ST (x0 ) is
!
Ãr
r
Z T√
Z T
2
ǫ
ǫ4
1
δ
−1
2 + t2 dt = δ sinh
||f (St (x0 )|| dt = δ
−
− 1.
+
2δ 2 2
2 δ4
0
0
If we fix ǫ and let δ tend to 0, the right term in the sum on the right-hand side
grows unbounded.
To sum up, the system does not possess unstable solutions which fulfill the
requirements of Theorem 6.17. Nevertheless, the dual problem (6.1.D) is feasible because (6.6) has periodic solutions which satisfy the assumptions of The£
¤T
orem 6.5. For instance, the initial condition x0 = 0 0 δ 0 , δ > 0, will
result in a solution of period T = 2π on a sphere of radius δ:
St (x0 ) = δ

£

0 0 cos(t) sin(t)

¤T

.

(6.7)
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We have seen in Example 6.11 that the occupation measure of a periodic solution
is an invariant measure that contradicts the strict decrease requirement of a
Lyapunov function. For any neighborhood Ω of x = 0, we can find a δ > 0 such
that the occupation measure of the periodic solution (6.7) will satisfy (6.1.D).
Note that the support of this measure will be contained in the x3 -x4 plane.
Since (6.6) is a linear system, it is natural to ask whether our findings formally
agree with the solutions one obtains from the LMI formulation in Theorem 5.2.
According to this theorem, (5.2.D) must be feasible because the eigenvalues of
A have nonnegative real part. In the following we will characterize the set of
feasible solutions of (5.2.D). We start by parametrizing M by


y11 y12 y13
 ⋆ y22 y23
M =
 ⋆
⋆ y33
⋆
⋆
⋆


y14
y24 
,
y34 
y44

where ⋆ denotes an element defined by symmetry. Hence



−2y12 y11 − y22 y11 − y14 − y23
y12 + y13 − y24
 ⋆

2y12
y12 + y13 − y24
y14 + y22 + y23
.
AM + M AT = 
 ⋆
⋆
2y13 − 2y34
y14 + y23 + y33 − y44 
⋆
⋆
⋆
2y24 + 2y34
Since W := AM + M AT must be positive semidefinite, we obtain that y12 = 0
which implies the equations
y11 = y22 ,

y11 − y14 − y23 = 0,

y12 + y13 − y24 = 0,

y14 + y22 + y23 = 0.

Adding the second and the last equation yields y11 + y22 = 2y11 = 2y22 = 0 which
implies that y13 = y14 = y23 = y24 = 0 because M is positive semidefinite. Now,
from y13 = y24 = 0 and W º 0 we conclude that y34 = 0 and y33 = y44 . In
summary, the set of feasible solutions of (5.2.D) is given by


0
 0
M =
 0
0


0 0
0
0 0
0 
,
0 y33 0 
0 0 y44

y33 = y44



0
 0
> 0 and W = 
 0
0

0
0
0
0

0
0
0
0


0
0 
 . (6.8)
0 
0

We will show in Section 8.1 that the elements of M can be regarded as second
order moments of a measure µ. From this point of view, the conditions M º 0
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and W º 0 can be interpreted as necessary conditions for µ satisfying (6.1.D).
Hence, in the concrete example, only the second order moments of x3 and x4 can
be different from zero. Consequently, the support of µ is contained in the x3 -x4
plane which is in perfect correspondence with our earlier results. Furthermore, as
we will see later in Theorem 8.7, the matrix W is zero if µ satisfies ∇ · (f µ) = 0.
Hence, we can interpret (6.8) as necessary conditions for the existence of an
invariant measure with support contained in the x3 -x4 plane. In our example,
this invariant measure corresponds to periodic solutions of the form (6.7).
The previous two examples suggest that an unstable linear system ẋ = Ax,
A ∈ Rn×n , admits a single measure according to Theorem 6.17 if A has at least
one eigenvalue in the open right-half complex plane. To see this, we cluster the
eigenvalues of A into two groups, one consisting of the eigenvalues in the closed
left-half plane, the other one consisting of the remaining ones. Then there exists
a nonsingular transformation T ∈ Rn×n (e.g., the transformation that brings A
into its Real Jordan Form; see, e.g., [54]) such that
¸
·
A1 0
−1
,
T AT =
0 A2
where the eigenvalues of A1 are located in the open right-half plane, whereas A2
has only eigenvalues in the closed left-half plane. The change of variables z = T x
transforms ẋ = Ax into the system
¸
¸·
¸ ·
·
z1
A1 0
ż1
,
=
z2
0 A2
ż2
where the new state vector z is partitioned into z1 and z2 according to the
dimension of A1 and A2 , respectively. Since T is nonsingular, the new system
has the same stability properties as ẋ = Ax. Thus, we may restrict our attention
to the transformed system in the z-coordinates. The general solution St (z0 ) of
this system for an initial state z0 is given by (e.g., [53])
¸
¸·
· At
z1,0
e 1
0
.
St (z0 ) =
z2,0
0 eA2 t
Observe that any solution with nontrivial initial condition such that z2,0 = 0
fulfills the requirements of Theorem 6.17. Indeed, ||S−t (z0 )|| = ||e−A1 t z1,0 || → 0
as t → ∞ because e−A1 t consists only of terms of the form tk e−λi t , where Re(λi ) >
0. For exactly the same reason, the arc length of the solution is bounded between
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t = 0 and t → ∞:
lim

T →∞

Z

0

T

||ż(−t)|| dt = lim

T →∞

Z

0

T

||A1 e−A1 t z1,0 || dt < ∞.

6.3. Nonexistence of a local Lyapunov function
The results presented so far concerned the existence of a Lyapunov function on a
set Ω ⊂ Rn . More precisely, we showed that a compactly supported Borel measure µ satisfying (6.1.D) certifies that there is no Lyapunov function on any set
Ω containing the support of µ. Obtaining a certificate that the equilibrium point
x = 0 is not asymptotically stable, however, poses a challenge: for an asymptotically stable equilibrium, it is sufficient that the conditions of Definition 3.2
hold in a (possibly very tiny) neighborhood of x = 0 whose size is not known a
priori (see also the discussion at the beginning of Section 6.2). Consequently, if
we want to certify that the origin is not asymptotically stable, the measure µ has
to work for arbitrarily small neighborhoods of x = 0. The following proposition
formalizes this idea.
Proposition 6.20. At most one of the following two statements is true:
a) The equilibrium point x = 0 of (6.1) is asymptotically stable.
b) There exist a Borel measure µ with compact support and a finite Borel measure ν0 such that f is µ-integrable, supp(ν0 ) ⊂ {0}, and every neighborhood
U of x = 0 contains a set Ω such that µ(Ω\{0}) > 0, and
∇ · (f µ|Ω ) ≤ ν0
in the sense of distributions on D(Rn ).
Proof. Assume that both statements are true. If x = 0 is asymptotically stable
there exists a Lyapunov function W on the region of attraction RA by Theorem 3.14. Now, choose a neighborhood U of x = 0 such that U ⊂ RA , and define
V to be equal to W on U and extend it to Rn \U (see [52, Theorem 1, p. 65]).
On the other hand, if the second statement is true, there exists Ω ⊂ U such that
µ(Ω\{0}) > 0 and ∇ · (f µ|Ω ) ≤ ν0 . Applying Proposition 6.1 to the set Ω, the
function V , and the measure µ|Ω yields a contradiction.
Before we discuss the conditions of the proposition in more detail, let us revisit
the unstable linear system from Example 6.18.

72

6. Nonexistence of a Lyapunov function – compact certificates

Bǫ (0)
x4

x1
x3

x2

Figure 6.4.: Restriction of the occupation measure of the flow from x = 0 to
x = x4 to the ball Bǫ (0).
Example 6.21. In Example 6.18 we showed that the measures ν0 = δ0 and
µ with density (6.5) prove that there cannot exist a Lyapunov function on the
interval [−3, 3] for the linear system ẋ = cx, c > 0. Observe that µ fulfills the
requirements of Proposition 6.20 if we restrict it to intervals Ωǫ = (−ǫ, ǫ), ǫ > 0:
for any neighborhood U of x = 0, there exists an ǫ > 0 such that Ωǫ ⊂ U . Now,
for every test function ϕ ∈ D(R) it holds that
Z ǫ
Z ǫ
′
ϕ′ dx = ϕ(0) − ϕ(ǫ) = hϕ, δ0 − δǫ i.
ϕ f ρ dx = −
hϕ, ∇ · (f µ|Ωǫ )i = −
−ǫ

0

Therefore, ∇ · (f µ|Ωǫ ) ≤ ν0 . The measure µ|Ωǫ characterizes an unstable flow
from x = 0 to x = ǫ.
The choice of the restriction sets Ωǫ for the one dimensional system in the
example above is trivial. However, for a higher dimensional system, the shape of
these sets is crucial. For example, suppose that µ represents an unstable flow of
a two dimensional system as shown in Figure 6.4. The restriction of µ to the set
Ω := Bǫ (0) (as depicted in the figure) corresponds to the occupation measures of
the two trajectory pieces from x = 0 to x = x1 and from x = x2 to x = x3 . It is
not difficult to see that µ|Ω does not satisfy the requirements of Proposition 6.20.
Indeed, for every nonnegative test function ϕ ∈ D(R2 ) we obtain
hϕ, ∇ · (f µ|Ω )i = ϕ(0) − ϕ(x1 ) + ϕ(x2 ) − ϕ(x3 ) ≤ ϕ(0) + ϕ(x2 ) − ϕ(x3 ).
The difference ϕ(x2 ) − ϕ(x3 ) can be arbitrary because ϕ is an arbitrary non-
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negative test function. Consequently, ∇ · (f µ|Ω ) £ ν0 . This observation is not
surprising, since the trajectory piece between x2 and x3 does not allow to draw
any conclusion about the existence of a Lyapunov function on Ω. However, if we
changed the shape of Ω in such a way that it would only contain the unstable flow
from x = 0 to x = x1 , the restriction of µ to Ω would satisfy the distributional
inequality.
To sum up, the sets Ω have to be chosen such that the restriction of µ to
Ω corresponds to the occupation measure of a solution of (6.1) in the sense of
Theorem 6.5 or Theorem 6.17. Proposition 6.20 does not reveal how to construct
these sets, nor does it guarantee that they always exist. It would be interesting
to derive a constructive method for these sets that uses information of the vector
field f (x), e.g., the eigenvalues of its linearization.

7. Nonexistence of a global
Lyapunov function
In Chapter 6, we derived certificates for the nonexistence of a Lyapunov function
for a system with a smooth vector field. The presented certificates were provided
by Borel measures with compact support. More specifically, the existence of a
pair of measures µ and ν0 satisfying hypothesis b) of Proposition 6.1 proves that
there cannot exist a Lyapunov function on any set containing the (compact)
support of µ. We showed that these measures may be obtained from bounded
or unstable solutions of the dynamical system (see Theorems 6.5 and 6.17), and
can be interpreted as the “densitiy” of steady-state flow of a compressible fluid
along the nonlinear vector field.
In this chapter, we address the problem of global asymptotic stability via the
nonexistence of a global Lyapunov function. Clearly, any feasible solution of
the dual problem (6.1.D) from Chapter 6 also negates the existence of a global
Lyapunov function. A desirable property of the dual problem in the global
setting is the inclusion of certificates which characterize unbounded trajectories.
For this purpose, we must take the special requirements of a global Lyapunov
function into account: in addition to satisfying (6.1.P) for Ω := Rn , such a
Lyapunov function must have bounded level sets. This property is typically
enforced by requiring that it is radially unbounded (see Corollary 3.11). To
establish global asymptotic stability, the primal problem must be augmented with
this extra condition in an adequate way. Furthermore, recall that the compact
support assumption is crucial in the proof of Proposition 6.1. Hence, from a
mathematical point of view, the occupation measure of an unbounded trajectory
will not be a dual feasible solution. Nevertheless, the mere existence of such a
trajectory clearly contradicts global stability, and it is our aim to incorporate
such certificates as well.
The remedy for the aforementioned problems is to reformulate conditions (3.5)
of Corollary 3.11 in such a way that the existence problem can be regarded on
a compact space. We consider an autonomous continuous-time system with
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differential equation
ẋ = f (x),

(7.1)

where f : Rn → Rn is a smooth function, and x = 0 is an equilibrium point
of (7.1), i.e., f (0) = 0. As before, St (x0 ) denotes the solution x(t) of (7.1) with
initial condition x(0) = x0 . The following theorem proposes a variant of the
usual global Lyapunov function existence problem, in which both the Lyapunov
function and its derivative along the trajectories of (7.1) converge to a limit as
the state grows unbounded.
Theorem 7.1. The equilibrium point x = 0 of (7.1) is globally asymptotically
stable if and only if there exists a smooth function V : Rn → R such that
V (0) = 0 and 0 < V (x) < 1, ∀x ∈ Rn \{0},
V̇ (x) < 0, ∀x ∈ Rn \{0},

(7.2)

V (x) → 1 and V̇ (x) → 0 as ||x|| → ∞.
Proof. See Appendix A.4.
The theorem above states that the existence of a Lyapunov function V such
that the two limits lim||x||→∞ V (x) and lim||x||→∞ V̇ (x) exist, is both necessary
and sufficient for global asymptotic stability. Thus, without loss of generality,
we can restrict the Lyapunov function search to functions for which these limits
exist. This enables us to extend the domain of definition of V (and V̇ ) to the
compactified space that evolves from completing Rn by adding the point at infinity, denoted by ∞. Then, V (∞) denotes the value of the V at the point ∞
and corresponds to the limit lim||x||→∞ V (x). In Euclidean space, this one-point
compactification due to Alexandroff [55] has a nice geometric interpretation, and
is often referred to as the Bendixson compactification (e.g., [56]). It is obtained
by the stereographic projection of Rn on the tangent unit sphere Sn from the
sphere’s north pole. An illustration of the projection of the two dimensional
Euclidean plane on the sphere S2 is depicted in Figure 7.1. Any point of Rn
and any solution of (7.1) is mapped to a point and a curve on Sn , respectively.
Hence, the stereographic projection is an embedding of Rn in the compact space
Sn which is obtained by adjoining the additional point ∞ to the north pole. From
now on, we will consider the conditions (7.2) on the compact space Ω defined by
Ω := Rn ∪ {∞}.
Let us proceed with a pair of weak alternatives.
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N (0, 0, 1)
b

Z
Y
bc

X

y
b

R2

b

P

′
b

P

x

S(0, 0, −1)

Figure 7.1.: Bendixson one-point compactification of R2 . The sphere S2 is tangent to the plane R2 in its south pole S. The stereographic projection
of a point P of the plane from the sphere’s north pole N yields a
point P ′ on S2 . Points of R2 which tend to infinity are identified
with the north pole N .
Proposition 7.2. Let Ω be the Bendixson compactification of Rn . Then at most
one of the following statements is true:
a) There exists a continuously differentiable function V : Ω → R such that
V (0) = 0, V (∞) = 1, and 0 < V (x) < 1, ∀x ∈ Ω\{0, ∞},
V̇ (0) = 0, V̇ (∞) = 0, and V̇ (x) < 0, ∀x ∈ Ω\{0, ∞}.

(7.1.P)

b) There exist a Borel measure µ, and finite Borel measures ν0 , ν, and λ∞
on Ω such that f is µ-integrable, µ(Ω\{0, ∞}) > 0, supp(ν0 ) ⊂ {0},
supp(λ∞ ) ⊂ {∞}, ν(Ω) ≤ λ∞ (Ω), and
∇ · (f µ) ≤ ν0 + ν − λ∞

(7.1.D)

in the sense of distributions on D(Ω).
Proof. To begin with, note that the distributional inequality (7.1.D) is welldefined because f is µ-integrable, and ν0 , ν, and λ∞ are finite Borel measures.
To see that both statements contradict each other, assume that both are true.
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For the sake of clarity, we assume that V is smooth.1 Then,
Z
0>
∇V · f dµ = h∇V · f, µi = −hV, ∇ · (f µ)i ≥ −hV, ν0 + ν − λ∞ i
Ω
Z
= −V (0)ν0 ({0}) − V dν + V (∞)λ∞ ({∞}) ≥ −ν(Ω) + λ∞ ({∞})
Ω

= −ν(Ω) + λ∞ (Ω) ≥ 0,

which is a contradiction. Hence, at most one of the statements can be true.
As before, problems (7.1.P) and (7.1.D) will be referred to as the primal and
the dual problem, respectively.

7.1. Dual feasible solutions
We start with a comparison of the dual problem (7.1.D) with the dual problem (6.1.D) from Chapter 6. As desired, the latter is a special case of the former:
any pair of measures µ and ν0 satisfying (6.1.D) will be a feasible solution of
(7.1.D) if we set ν and λ∞ equal to the trivial measure. Since we discussed
these certificates already in detail in Sections 6.1 and 6.2, we will now focus instead on the role of the measures ν and λ∞ , and discuss solutions which satisfy
∇ · (f µ) ≤ ν − λ∞ . As discussed in Section 6.1, this distributional inequality can
be interpreted as a measure-theoretic generalization of the continuity equation
that describes a steady-state flow of a compressible fluid with velocity field f .
From this point of view, ν can be interpreted as a fluid source, whereas λ∞ represents a fluid sink at the point at infinity. Thus the condition ν(Ω) ≤ λ∞ (Ω)
states that the fluid drain at the point ∞ is at least as big as the fluid generated
by the source ν. Hence, a dual feasible solution satisfying ∇ · (f µ) ≤ ν −λ∞ characterizes an unstable flow to the point ∞, i.e., an unbounded solution of (7.1).
In the following theorem we will see that an unbounded solution guarantees the
existence of a sequence of measures that satisfies this condition in the limit.
Theorem 7.3. Suppose that there exists an unbounded solution St (x0 ) of (7.1)
with x0 ∈ Ω\{0, ∞}. Then there exists a sequence {µk } of measures in Mfin (Ω)
such that µk (Ω\{0, ∞}) is bounded below by a positive number, and
∇ · (f µk ) → δx0 − δ∞
1

The proof for V ∈ C 1 (Ω) is analogous to the proof of Proposition 6.1 in Appendix A.2.
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in the sense of distributions on D(Ω).
Proof. The proof is very similar to the proof of Theorem 6.15. Let τ be the
escape time (possibly infinite) of the unbounded solution St (x0 ), and consider
the sequence {µk } of occupation measures defined by
Z τk
χA (St (x0 )) dt, for all A ∈ B, k = 1, 2, . . . ,
µk (A) =
0

where {τk } is a nondecreasing sequence of positive real numbers such that τk → τ
as k → ∞. Since {τk } is nondecreasing, it follows that µk (Ω\{0, ∞}) = τk ≥
τ1 > 0.
Finally, we infer from (6.2) and (6.3) that for any test function ϕ ∈ D(Ω)
hϕ, ∇ · (f µk )i = ϕ(x0 ) − ϕ(Sτk (x0 )) = hϕ, δx0 − δSτk (x0 ) i.
Observe that ||Sτk (x0 )|| → ∞ as k → ∞, and hence passing to the limit yields
lim ∇ · (f µk ) = δx0 − δ∞ .

k→∞

The theorem above states that an unbounded solution of (7.1) guarantees the
existence of a sequence of measures that will satisfy hypothesis b) of Proposition 7.2 in the limit. Since the sequence of measures constructed in the proof is
monotonically nondecreasing, Theorem 2.52 implies that it converges setwise to
a measure µ. However, in general there is no guarantee that f is µ-integrable –
unless we require that the trajectory length is bounded.
Corollary 7.4. Suppose that there exists an unbounded solution St (x0 ) of (7.1)
with x0 ∈ Ω\{0, ∞}. Moreover, assume that the arc length of St (x0 ) between the
points x0 and ∞ is bounded. Then there exists a Borel measure µ that satisfies
the conditions of hypothesis b) of Proposition 7.2 with ν0 = 0, ν = δx0 , and
λ∞ = δ∞ .
Proof. The sequence {µk } of occupation measures used in the proof of Theorem 7.3 is monotonically nondecreasing. Hence, according to Theorem 2.52,
there is a Borel measure µ such that {µk } converges setwise to µ. Obviously,
µ(Ω\{0, ∞}) > 0. Moreover, f is integrable with respect to µ because
Z
Z
Z
Z τk
|fi | dµ ≤
||f || dµ = lim
||f || dµk = lim
||f (St (x0 )|| dt < ∞.
Ω

Ω

k→∞

Ω

k→∞

0
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5
4

ρ(z)

3
2

ρ(z)f (z)

1
1

π/2

Figure 7.2.: Density corresponding to an unbounded solution of ẋ = x in zcoordinates.
The term on the right-hand side is exactly the definition of the arc length of
St (x0 ) between t = 0 and t → τ which is bounded above by assumption. Hence,
∇ · (f µ) defines a valid distribution, and for any test function ϕ ∈ D(Ω) it holds
that
hϕ, ∇ · (f µ)i = −h∇ϕ · f, µi = − lim h∇ϕ · f, µk i = lim ϕ(x0 ) − ϕ(Sτk (x0 ))
k→∞

k→∞

= ϕ(x0 ) − ϕ(∞) = hϕ, δx0 − δ∞ i.
Consequently, µ satisfies hypothesis b) of Proposition 7.2 with ν0 := 0, ν := δx0 ,
and λ∞ := δ∞ .
We conclude this chapter with a little example.
Example 7.5. Consider the unstable linear system ẋ = x on the real line. Applying the coordinate transformation x = tan(z) yields a topologically equivalent
system
tan(z)
ż =
1 + tan(z)2
on the open interval (−π/2, π/2). Now, define Ω := (−π/2, π/2) ∪ {∞}. It is
not difficult to see that the occupation measure µ of a trajectory from x = 1 to
x = π/2 = ∞ has the density (see Figure 7.2)
( 1+tan(z)2
if z ∈ (1, π/2),
tan(z)
ρ(z) =
0
otherwise.
We claim that the measures µ, ν = δ1 , λ∞ = δπ/2 , and ν0 = 0 solve the dual problem (7.1.D). Clearly, µ(Ω\{0, ∞}) > 0, and supp(λ∞ ) ⊂ {∞}. Furthermore,
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f (z) is µ-integrable because
Z

Ω

|f (z)|ρ(z) dz =

Z

π/2

1

1 dz = π/2 − 1 < ∞.

And finally, for every test function ϕ ∈ D(Ω) we obtain
hϕ, ∇ · (f µ)i = −

Z

′

Ω

ϕ f ρ dz = −

Z

1

π/2

ϕ′ dz = ϕ(1) − ϕ(π/2) = hϕ, ν − λ∞ i.

8. Nonexistence of a sum of
squares Lyapunov function
In Chapters 6 and 7, we were concerned about the existence of a Lyapunov
function for a very general class of nonlinear systems, namely those which are
described by a smooth vector field. Likewise, the Lyapunov function itself was
allowed to be a continuously differentiable function. This setting was illuminating from a theoretical point of view for several reasons. Firstly, the approach
was not conservative because a smooth Lyapunov function is guaranteed to exist on the region of attraction by Theorem 3.14. Secondly, the elements of the
dual space had a natural interpretation in terms of flows along trajectories, and
the obtained expressions are in accordance with the familiar continuity equation
from fluid dynamics. From a practical point of view, however, this general setup
is of limited use since both the primal and the dual space are infinite dimensional
and therefore computationally intractable. As a consequence, the standard approach in the quest for a Lyapunov function is to restrict the search to a function
class of finite dimension, e.g., polynomials of a fixed degree. The problem is
then parameterized accordingly, posed as a feasibility problem, and solved with
computer-based methods. As already mentioned in the introduction, a computationally tractable approach for solving Lyapunov’s stability problem when the
vector field is described by polynomial or rational functions is to consider sum
of squares (SOS) as Lyapunov function candidates. A brief introduction to SOS
can be found in Section 2.7. In this chapter, we address the existence question
of an SOS Lyapunov function for global asymptotic stability. We will derive certificates for the nonexistence of such a function and link the obtained conditions
with our earlier results.
We consider the autonomous continuous-time system
ẋ = f (x),

(8.1)

where f : Rn → Rn is a polynomial map of the state x ∈ Rn , i.e., f ∈ R[x]n . As
before, we assume that x = 0 is an equilibrium point of (8.1), i.e., f (0) = 0. The
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solution x(t) of (7.1) with initial condition x(0) = x0 will be denoted again by
St (x0 ).
The stability theorem of Barbashin-Krasovskii (see Corollary 3.11 and Remark 3.12) provides sufficient conditions for proving that an equilibrium point is
globally asymptotically stable in the sense of Lyapunov. The theorem requires
strict positivity (or negativity) of a function for all x 6= 0. One possibility to
ensure this in the framework of polynomials is to introduce strictly positive (or
negative) definite bounding polynomials and require that
p(x) − ℓ(x) is an SOS,
where ℓ(x) is a positive definite polynomial. In [57] for example, polynomials of
Pd/2
P P
2j
the form ℓ(x) = ni=1 d/2
j=1 ǫij xi are used, where
j=1 ǫij ≥ ǫ ∀i, ǫij ≥ 0 ∀i, j,
and ǫ > 0. To keep notation simple, we will enforce strict positivity by requiring
the polynomial to be contained in the interior of Σn0,2d , i.e., the interior of the
set of SOS vanishing at x = 0.
Consider the following relaxed SOS problem for a degree 2d Lyapunov function:
given a polynomial vector field f (x), find a polynomial V (x) of degree 2d such
that
V (x) ∈ Σn0,2d ,
(8.2)
−∇V (x) · f (x) ∈ int(Σn0,2d0 ),
¡
¢
where d0 = ⌈deg ∇V (x)T f (x) /2⌉.
To derive conditions for the nonexistence of an SOS Lyapunov function, we
will state the SDP underlying (8.2) in operator notation and compute its dual.
For this purpose, we need to define linear operators mapping the Gram matrix
of an SOS polynomial to its coefficient vector, taking the partial derivative of a
polynomial, and multiplying a polynomial with another (fixed) one. We start by
introducing these linear operators and their adjoints.
Definition 8.1.
• H(Q) maps the square matrix Q of a quadratic form representation of a polynomial to its coefficient vector (see also Section 2.7):
n

n

H : S T1,d → RT2,2d
Q 7→ p,

where
pα =

X

β+γ=α

Qβ,γ ,

n
.
α ∈ T2,2d
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• H′ (y) is given by

n

n

H′ : RT2,2d → S T1,d
y 7→ M,

where
n
α, β ∈ T1,d
.

Mα,β = yα+β ,

(8.3)

It is easy to see that H and H′ are adjoint operators:
X X
X X
hy, H(Q)i =
Qβ,γ yα =
Qβ,γ yβ+γ
α β+γ=α

=

X

α β+γ=α

Qβ,γ yβ+γ = hH′ (y), Qi.

β,γ

• Dxi (p) computes the partial derivative ∂x∂ i p(x) of a polynomial p(x) of
degree d:
n
n
Dxi : RTd → RTd
p 7→ q,

where
qα =

(
(αi + 1)pα+ei
0

if |α| < d,
if |α| = d,

and ei denotes the i-th vector of the standard basis in Rn , i.e., ei has 1 at
its i-th component and a 0 everywhere else.
• Dx′ i (y) is given by

n

n

Dx′ i : RTd → RTd
y 7→ u,

where
uα =

(
αi yα−ei
0

if |α| ≤ d, αi ≥ 1,

The adjoint property is not difficult to verify:
X
hy, Dxi (p)i =
(αi + 1)pα+ei yα =
|α|<d

=

X

|β|≤d,βi ≥1

(8.4)

otherwise.

X

|β−ei |<d,βi ≥1

pβ βi yβ−ei = hDx′ i (y), pi.

pβ βi yβ−ei
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• Mq (p) multiplies a polynomial p(x) of degree d1 with the fixed polynomial q(x) of degree d2 :
n

n

Mq : RTd1 → RTd1 +d2
p 7→ r,

where

X

rγ =

p α qβ ,

α+β=γ
|α|≤d1 ,|β|≤d2

• M′q (y) is given by

|γ| ≤ d1 + d2 .

n

n

M′q : RTd1 +d2 → RTd1
y 7→ u,

where

X

uα =

yα+β qβ ,

|β|≤d2

|α| ≤ d1 .

(8.5)

Mq (p) and M′q (y) are adjoints:
hy, Mq (p)i =

X X
γ

p α q β yγ =

X
α

α+β=γ

pα

X
β

qβ yα+β = hM′q (y), pi.

Having H, Dxi , and Mq properly defined, we can reformulate the SOS problem
in operator notation:
n

n

Lemma 8.2. Suppose there exist Q ∈ S T1,d and R ∈ S T1,d0 such that

−

n
X
i=1

Q º 0, R ≻ 0,
Mfi (Dxi (H(Q))) = H(R).

(8.1.P)

Then there exists an SOS Lyapunov function of degree 2d.
Proof. Using the operators from Definition 8.1 and representing polynomials by
their coefficient vectors, it holds that V := H(Q) is an SOS of degree 2d because
Tn
Q ∈ S+1,d (see Section 2.7). Then, −V̇ (x) = −∇V (x) · f (x) can be expressed as
−V̇ = −

n
X
i=1

Mfi (Dxi (V )) = H(R).
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Since R ≻ 0 it follows that −V̇ (x) ∈ int(Σn0,2d0 ). Hence, V (x) solves (8.2).
The next proposition provides a pair of weak alternatives.
Proposition 8.3. At most one of the following two statements is true:
a) The SOS problem (8.1.P) is feasible.
n

b) There exists a nonzero y ∈ RT2,2d0 such that
M (y) := H′ (y) º 0,
n
X
′
W (y) := H (
Dx′ i (M′fi (y))) º 0.

(8.1.D)

i=1

Proof. To see that the two statements contradict each other, assume that both
are true. Then
X
0 < hH′ (y), Ri = hy, H(R)i = −hy,
Mfi (Dxi (H(Q)))i
i

X
= −hH (
Dx′ i (M′fi (y))), Qi ≤ 0,
′

i

where we used the fact the cone of positive semidefinite matrices is self-dual.
As always, we will refer to the problems (8.1.P) and (8.1.D) as the primal
and the dual problem, respectively. In the next section we will link the dual SOS
problem with our earlier findings and show that dual solutions have a meaningful
measure-theoretic interpretation.

8.1. Interpretation of dual solutions
According to the Riesz Representation Theorem (see Theorem 2.47), every positive linear functional L
: C0 (Rn ) → R is uniquely represented by a Borel measure
R
µ ∈ M(Rn ): L(ϕ) = ϕ dµ, ∀ϕ ∈ C0 (Rn ). If µ has compact support, L can be
extended to the set C(Rn ) of all continuous functions. In particular, if ϕ := p is a
polynomial of degree d, L may be written as a linear combination of coefficients
of p:
Z
Z
X
p(x) dµ =
L(p) =
pα
xα dµ, for all p ∈ R[x].
Rn

α∈Tdn

Rn
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The integral on the right-hand side is called the α-th moment of the measure µ
and is defined as follows:
Definition 8.4 (α-th moment). Let (X, B, µ), X ⊂ Rn , be a measure space.
The α-th moment yα of the measure µ is defined by
Z
yα =
xα dµ.
X

P
Hence, L(p) may be expressed as L(p) = α∈T n pα yα = hp, yi. In [48] Lasserre
d
explored the links between SOS duality and the moment problem. In that view,
the matrix M (y) in the dual problem (8.1.D) can be interpreted as a (truncated)
moment matrix: the condition M (y) º 0 is a necessary requirement for y ∈
n
T2,2d
0
R
R α to be a sequence of moments with a representing measure µ, i.e., yα =
x dµ. To see this, compute the expected value of any squared polynomial
n
p ∈ RT1,d0 :
Z
0≤

p(x)2 dµ = pT M (y)p.

(8.6)

Rn

Since p is arbitrary, the inequality is only true if M is positive semidefinite.

Remark 8.5. In the special case when M (y) is a so-called flat matrix, the condition M (y) º 0 is also sufficient for the existence of a representing measure. Since
the details are beyond the scope of this work, we refer the reader to the survey
paper [58] by Laurent for more information.
In the following we provide a similar interpretation for the condition W (y) º 0.
Combining (8.4) and (8.5) yields an expression for the elements of W (y) = H′ (w):
wα =

n
X
¡
i=1

¢

Dx′ i (M′fi (y)) α

=

n
X
i=1

αi

X

yα+β−ei (fi )β .

(8.7)

β

If we regard the dual variables yα as liftings of the monomials xα , i.e., apply the
map L : xα 7→ yα , we can interpret wα as the lifted derivative of xα along the
trajectories of (8.1):
Ã n
!
!
Ã n
X X
X
α−ei
α+β−ei
αi
wα = L
αi x
fi (x)
x
(fi )β = L
i=1

β

i=1

Ã n µ
!
¶
µ
¶
X ∂
d α
α
=L
(x ) .
x fi (x) = L
∂x
dt
i
i=1

(8.8)
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Now assume that the dual variables yα are a sequence of moments corresponding
to a measure µ such that f is µ-integrable. Then, W (y) º 0 is a necessary
condition that µ satisfies the distributional inequality (6.1.D) from Chapter 6. To
n
see this, test the distributional inequality with any squared polynomial p ∈ RT1,d :
Z
¢
d ¡
2
2
2
0 = hp , ν0 i ≥ hp , ∇ · (f µ)i = −h∇p · f, µi = −
p(x)2 dµ
Rn dt
Z
(8.9)
X
X
d ¡ α+β ¢
=−
pα pβ
x
dµ = −
pα pβ wα+β = −pT W (y)p.
Rn dt
α,β
α,β
Since p is arbitrary, the inequality can only hold if W (y) º 0.
The following example demonstrates how to compute the matrices M (y) and
W (y) for a simple system.
Example 8.6. Consider the two dimensional system
ẋ1 = −2x1 + x2 + 3x21 − x31 ,
ẋ2 = 2x1 − 2x2 − x32 ,

and assume that we would like to find a quadratic Lyapunov function. Hence
d = 1 and d0 = ⌈deg(∇V T f )/2⌉ = ⌈4/2⌉ = 2. The matrix M (y) = H′ (y),
n
y ∈ RT2,4 is easily obtained using (8.3):




M (y) = 



y20
y11
y30
y21
y12

y11
y02
y21
y12
y03

y30
y21
y40
y31
y22

y21
y12
y31
y22
y13

y12
y03
y22
y13
y04





.



The elements of W (y) are computed using (8.8). For example, α = (2, 0) yields:
¶
µ 2
¶
µ
∂x21
∂x1
d ¡ 2 0¢
=L
xx
ẋ1 +
ẋ2
w20 = L
dt 1 2
∂x1
∂x2
¡
¢
= L 2x1 (−2x1 + x2 + 3x21 − x31 ) = −4y20 + 2y11 + 6y30 − 2y40 .
The remaining elements of W (y) are given by

w11 = −4y11 + y02 + 3y21 − y31 + 2y20 − y13 ,

w02 = 4y11 − 4y02 − 2y04 .
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8.2. Dual feasible solutions
In Section 6.1 we showed that the dual of a smooth Lyapunov function represents
flows which are characterized by occupation measures. Moreover, in Section 6.2
we saw that occupation measures of certain trajectories provide certificates for
the nonexistence of a Lyapunov function. The moment interpretation of the
dual space in the framework of SOS Lyapunov functions suggests that the feasible
solutions of (8.1.D) are given by the moments of these measures: suppose that the
dual variables {yα } are a sequence of moments corresponding to the occupation
measure µ of a solution St (x0 ) from t = 0 to t = T . Under this assumption, yα
is given by
Z
Z
T

xα dµ =

yα =

Rn

0

Stα (x0 ) dt.

It follows from (8.8) and (6.2) that
Z
d α
wα =
(x ) dµ = STα (x0 ) − S0α (x0 ).
dt
n
R

(8.10)

Then the constraint W (y) º 0 implies that the value of any squared polynomial
n
p ∈ RT1,d does not decrease along the trajectory from x0 to ST (x0 ):
³
´
X
X
α+β
α+β
T
p W (y)p =
pα pβ wα+β =
pα pβ ST (x0 ) − S0 (x0 )
α,β

α,β

2

= p(ST (x0 )) − p(x0 )2 ≥ 0.

An occupation measure with this property proves the nonexistence of an SOS
Lyapunov function of degree 2d because the SOS candidate function
X
pj (x)2
V (x) =
j

is required to strictly decrease along trajectories.
In the next sections we show that the moments of the measure-certificates
derived in earlier chapters are indeed feasible solutions of (8.1.D).

8.2.1. Certificates from trajectories bounded away from the
origin
The following theorem is the SOS counterpart of Theorem 6.5.
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Theorem 8.7. Assume that there exists a solution of (8.1) that is bounded
and satisfies lim inf t→∞ ||St (x0 )|| ≥ δ for some δ > 0. Then hypothesis b) of
Proposition 8.3 is true.
Proof. According to Theorem 6.5 there exists a compactly supported probabilisn
n
tic measure µ ∈ M
R 1 (Rα ) that satisfies ∇ · (f µ) = 0 and µ(R \{0}) = 1. We
claim that yα = Rn x dµ satisfies the dual problem (8.1.D). Obviously, y is
nontrivial and M (y) º 0 by (8.6). Furthermore, (8.9) implies that W (y) = 0
because ∇ · (f µ) = 0.
The following two examples parallel Examples 6.10 and 6.11, and are special
cases of the theorem above.
Example 8.8 (Periodic solutions). Assume that (8.1) has a periodic solution of
period T > 0, i.e., there exists a nontrivial solution St (x0 ) such that
St+T (x0 ) = St (x0 ),

∀t ≥ 0.

Then the moments of the occupation measure of this periodic solution solve the
dual problem (8.1.D).
Example 8.9 (Equilibrium points). Let x̄ ∈ Rn be a nontrivial equilibrium
point of (8.1). Then the moments of the Dirac measure µ = δx̄ solve the dual
problem (8.1.D). That is, yα = x̄α is dual feasible.
Remark 8.10. If system (8.1) has several equilibrium points x̄1 , . . . , x̄r , moments
of any conic combination of Dirac measures δx̄i solve the dual problem, i.e.,
Pr
the moments of µ =
i=1 λi δx̄i , λi > 0 are a feasible solution. The measure µ is said to be r-atomic because its support is given by the finite set
P
supp(µ) = {x̄1 , . . . , x̄r }. If we take yα = ri=1 λi x̄αi , λi > 0, we obtain M (y) =
Pr
n
T1,d
T
0 denotes the vector of the lifted point x̄ :
i
i=1 λi ζx̄i (ζx̄i ) , where ζx̄i ∈ R
α
n
(ζx̄i )α := x̄i , α ∈ T1,d0 . Hence for this particular choice, rank(M (y)) = r.

If x̄ 6= 0 is an equilibrium point of (8.1) and yα = x̄α , the matrix M (y) has
rank equal to one and W (y) = 0. This motivates the question whether every
solution of (8.1.D) with rank(M (y)) = 1 and W (y) = 0 implies that the system
has a nontrivial equilibrium point. In the next theorem we give a positive answer
to this question.
n

Theorem 8.11. Assume that d0 ≥ 2 and let y ∈ RT2,2do be a solution of (8.1.D)
such that rank(M (y)) = 1, W (y) = 0, and y2ej > 0 and y4ej > 0 for some
j ∈ {1, . . . , n}. Then the system has a nontrivial equilibrium point.
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Proof. The proof consists of two steps. Firstly, we claim that if there is a y ∈
n
RT2,2do with the properties of the theorem, we can extract a point x̄ ∈ Rn from
M (y) (scaled appropriately) such that
yα = x̄α

n
for all α ∈ T2,2d
.
0

(8.11)

2
and redefine y := ηy.
To begin with, scale the solution by the factor η = y4ej /y2e
j
(Note that ηy is feasible because (8.1.D) is homogeneous and η is a positive
scalar.)
Because rank(M (y)) = 1, M (y) can be written as M (y) = ζζ T , where ζ ∈
n
T1,d
R 0 . Then it follows from the definition of M (y), i.e., Mα,β = yα+β , that
yα+β = ζα ζβ . For proving (8.11), it suffices to show that ζα = x̄α . Defining
x̄i := ζei implies that ζα = x̄α holds for |α| = 1 and x̄j 6= 0 because x̄2j = ζej ζej =
√
y2ej > 0. Note that because of the used scaling, ζ2ej = y4ej = y2ej = x̄2j .
Furthermore,

ζej ζei +ej = yei +2ej = ζei ζ2ej = x̄ei +2ej
implies that ζei +ej = x̄ei +ej . Now assume that ζα = x̄α is true for |α| = k < d0 .
Then it also holds for |α| = k + 1 because for any i ∈ {1, . . . , n}
ζej ζα+ei = yα+ei +ej = ζα ζei +ej = x̄α x̄ei +ej .
Hence ζα+ei = x̄α+ei , and (8.11) is proved by induction.
The last step is to show that x̄ actually corresponds to a stationary point
of (8.1). For the choice α = 2ej expression (8.7) becomes
w2ej = 2

X

!

yβ+ej (fj )β = 2x̄j fj (x̄) = 0.

β

Since x̄j 6= 0, it follows that fj (x̄) = 0. Similarly, for α = ei + ej , i ∈ {1, . . . , n}
we obtain
X
X
wei +ej =
yβ+ej (fi )β +
yβ+ei (fj ) = x̄j fi (x̄) + x̄i fj (x̄) = x̄j fi (x̄) = 0.
β

β

which implies that f (x̄) = 0.
Remark 8.12. It is tempting to ask whether above result can be extended to the
case of several equilibrium points and solutions with rank(M (y)) > 1. Although
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it is possible to extract several points x̄i if M (y) is a flat matrix (see [58]), the
condition W (y) = 0 is only necessary for f (x̄i ) = 0.
Remark 8.13. Theorem 8.11 suggests that equilibrium points correspond to solutions with rank(M (y)) = 1 and W (y) = 0, i.e., solutions that are on the
boundary of the feasible set of (8.1.D). This allows (at least in principle) to find
an equilibrium point by adding an appropriate objective function to the problem. However, this would require a-priori knowledge of the right optimization
direction. To compute equilibrium points in practice one would rather try to
solve f (x) = 0 directly.
Before we continue, let us revisit Example 8.6.
Example 8.14 (Example 8.6 continued). For solving the dual problem derived
in Example 8.6 we used the MATLAB optimization package YALMIP [24] together with the SDP solver SeDuMi [16]. By supplementing the pure feasibility
problem with a trace minimization as a heuristic for rank minimization, and
specifying bounds for entries of M (y) to prevent zero solutions, we obtained the
following rank one solution for M (y) (after scaling appropriately, see proof of
Theorem 8.11)




M (y) ≈ 



0.1708
0.1590
0.0706
0.0657
0.0612

0.1590
0.1480
0.0657
0.0612
0.0570

0.0706
0.0657
0.0292
0.0271
0.0253

0.0657
0.0612
0.0271
0.0253
0.0235

0.0612
0.0570
0.0253
0.0235
0.0219





.



W (y) was zero with respect to the computational accuracy of the SDP solver.
Thus, according to Theorem 8.11, there exists an equilibrium point x̄ such that
yα = x̄α . We can just read off its coordinates by inspecting M (y):
y20 = x̄21 ≈ 0.1708 and y02 = x̄22 ≈ 0.1480.
√
Since √
the odd moments are all positive we conclude x̄1 ≈ 0.1708 ≈ 0.4132 and
x̄2 ≈ 0.1480 ≈ 0.3847. One can easily check that every entry yα of M (y) corresponds to the monomial xα evaluated at x̄. The system’s phase-plane plot is
shown in Figure 8.1: observe that the system – although stable in the large – indeed has two equilibrium points next to the origin. One of them exactly matches
our numerical result. By using a different objective function, we managed to find
the second equilibrium point as well: x1 ≈ 2.3904, x2 ≈ 1.2977. Furthermore,
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Figure 8.1.: Phase-plane plot of the system from Example 8.14. The equilibrium
points are marked by red dots.
we successfully extracted both points from a solution with rank(M (y)) = 2 using
the methods from [59]. Notice that in this case the equilibrium property of the
obtained points has to be verified afterwards (see Remark 8.12).

8.2.2. Certificates from unbounded trajectories
The certificates presented in the previous section were derived from probabilistic
measures which stem from bounded solutions of (8.1). In the following theorem
we will show that it is also possible to obtain a certificate from an unbounded solution if the moments of the corresponding occupation measure are appropriately
normalized.
Theorem 8.15. Suppose that (8.1) has an unbounded solution. Then the dual
problem (8.1.D) is feasible.
Proof. Let St (x0 ) be the unbounded solution of (8.1) with escape time τ (possibly
infinite). Without loss of generality we assume that ||St (x0 )|| ≥ 1, ∀t ∈ [0, τ ).
Now, consider the sequence defined by
(yα )k =

µZ

0

τk

2do

||St (x0 )||

¶−1 Z
dt

0

τk

Stα (x0 ) dt,

n
∀α ∈ T2,2d
,
0

where {τk } is a sequence of positive scalars such that τk → τ as k → ∞. To
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show that the sequence {(yα )k } is bounded, we introduce the distance variable
ρ(t) = ||St (x0 )|| and the unit direction vector u(t) = ρ(t)−1 St (x0 ). Then, for all
|α| ≤ 2d0 ,
¯µZ
¯ µZ
¶−1 Z τk
¶−1 Z τk
¯
¯
τk
τk
¯
¯
2d0
|α| α
2d0
|(yα )k | = ¯
ρ dt
ρ u dt¯ ≤
ρ dt
ρ|α| dt ≤ 1.
¯ 0
¯
0
0
0

The last inequality follows from the assumption that ρ(t) ≥ 1, and consequently
ρ(t)|α| ≤ ρ(t)2d0 , ∀t ∈ [0, τ ). Since the sequence {(y)k } is bounded, there exists
a converging subsequence {(y)km }. Let yα := limm→∞ (yα )Rkm . We claim that yα
τ
solves (8.1.D). For brevity, let us write Ik for the integral 0 k ||St (x0 )||2do dt. To
see that y 6= 0 consider the sum
Z τkm X
X d0 !
d0 ! 2α
−1
y2α = lim Ikm
S (x0 ) dt
m→∞
α!
α! t
0
|α|=d0
|α|=d0
!d0
Z τkm ÃX
n
dt = 1,
St2ei (x0 )
= lim Ik−1
m
m→∞

0

i=1

where α! = α1 ! · · · αn !. The last line in the above expression follows from the
n
multinomial formula. Furthermore, for any p ∈ RT1,d0 we have
Z τkm X
−1
T
p M (y)p = lim Ikm
pα pβ Stα+β (x0 ) dt
m→∞

= lim Ik−1
m
m→∞

0

Z

0

α,β

τkm

p(St (x0 ))2 dt ≥ 0.
n

Finally, we conclude from (8.8) that for any p ∈ RT1,d
Z τkm X
−1
T
pα pβ Ṡtα+β (x0 ) dt
p W (y)p = lim Ikm
m→∞

0

α,β

¤
p(Sτkm (x0 ))2 ≥ 0.
= lim Ikm p(Sτkm (x0 ))2 − p(x0 )2 = lim Ik−1
m
m→∞

£
−1

m→∞

The last equality follows from p(x0 )2 being finite and therefore tending to zero
when divided by the integral Ikm as m → ∞.
To obtain a finite solution for (8.1.D) the proof of Theorem 8.15 normalizes
the moments of an occupation measure by a sum of highest order moments.
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Figure 8.2.: Phase-plane plot of the system from Example 8.16. The equilibrium
points are marked by red dots.
Consequently, the normalized lower order moments will be equal to zero because
the measure characterizes an unbounded solution where the higher order moments outweigh moments of lower order. We conclude this section with a simple
example where we show the existence of such a solution for an unstable system.
Example 8.16. Consider the system
ẋ1 = −2x1 + x2 + x31 ,

ẋ2 = 2x1 − 2x2 − y 3 .

The phase-plane plot given in Figure 8.2 shows that the x1 -coordinate grows unbounded for many trajectories. Now, let d = 1. Hence, d0 = ⌈deg(∇V T f )/2⌉ =
⌈4/2⌉ = 2. The matrix M (y) is the same as in Example 8.6 and W (y) is obtained
using (8.8):
¸
·
−4y20 + 2y11 + 2y40
2y20 − 4y11 + y02 − 2y12 + y31
.
W (y) =
2y20 − 4y11 + y02 − 2y12 + y31
4y11 − 4y02 − 2y04
A dual feasible solution satisfying (8.1.D) is obtained by setting y40 = 1 and
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yα = 0 for all α 6= (4, 0):




M (y) = 



0
0
0
0
0

0
0
0
0
0

0
0
1
0
0

0
0
0
0
0

0
0
0
0
0




¸
·

2
0
 º 0 and W (y) =
º 0.

0 0


We can interpret this solution as a (normalized) moment characterization of a
trajectory which is tending to infinity in the direction of the x1 -coordinate.

9. Conclusion
In this work we presented theorems of alternatives for the Lyapunov stability
problem. In particular, we used ideas from convex optimization and its associated
duality theory to derive conditions for the nonexistence of a continuously differentiable Lyapunov function for systems with smooth vector fields. We showed
that the dual space of a Lyapunov function is characterized by Borel measures
which satisfy a generalized continuity equation from fluid dynamics. Indeed, dual
feasible solutions can be naturally interpreted as densities of steady-state flows
of a compressible fluid along the system’s velocity field. Subsequently, we showed
that compactly supported measures, which correspond to unstable flows in the
vector field, provide certificates for the nonexistence of a Lyapunov function and
hereby prove that certain stability properties cannot hold for a given system.
Examples of these are measures describing periodic and chaotic trajectories, and
trajectories in the unstable manifold of an equilibrium point. The problem of
global asymptotic stability was addressed by an appropriate compactification of
the state space which admits the characterization of unbounded solutions in the
dual space.
For the special case when the dynamics are described by a polynomial vector
field, we derived conditions for the nonexistence of a sum of squares Lyapunov
function of a fixed degree. We showed that the obtained certificates can be interpreted as moments of measures which satisfy the aforementioned generalized
continuity equation and correspond to unstable flows. The LMI conditions obtained in the sum of squares framework turn out to be necessary conditions for
the existence of a measure with the desired properties. Furthermore, we proved
that nontrivial equilibrium points of a system may be recovered from special
solutions of the dual problem.
For future research, the following two points appear particularly interesting.
First, the degree of conservatism introduced by the bounded trajectory length
assumption for unstable solutions is currently not well understood. It would be
interesting to investigate whether a system for which this assumption does not
hold, always admits a solution in terms of an invariant measure as in Example 6.19. Another interesting task in this context would be the exploration of
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possible links of our necessity results with standard constraint qualifications for
strong duality. A second research direction could address one of the major shortcomings of our certificates, namely the lack of robustness features. The fact that
measures corresponding to unstable solutions must be supported on the unstable
manifold of the equilibrium point, renders such a certificate useless for a slightly
perturbed system. Consequently, an improved model for Lyapunov stability that
does not exhibit this problem would significantly improve the applicability of our
approach.

Part III.
Rational certificates for polynomial
nonnegativity

10. Introduction
An important question in computational mathematics is to decide whether a
multivariate polynomial p(x) ∈ R[x] only takes nonnegative values for all x ∈ Rn .
Clearly, a sufficient condition for nonnegativity is that p(x) can be written as
P
a sum of squared polynomials, i.e., p(x) = i pi (x)2 . The question of whether
every nonnegative polynomial can be written as a sum of squares (SOS) dates
back to Hilbert. The negative answer was given by Hilbert himself, and famous
counterexamples were found later by Motzkin, Robinson, Choi, and Lam. We
refer the reader to [60] for a survey on nonnegative polynomials, SOS, and their
relations to Hilbert’s 17th problem.
The algorithmic questions of deciding whether a sum of squares decomposition
exists, and effectively finding one when it does, have been studied only relatively
recently. A key structural element to these issues is provided by the “Gram
matrix” method discussed in Section 2.7. This was presented in full form by Choi,
Lam, and Reznick in [20], but there are clear traces of it in those authors’ earlier
works. Based on this characterization, perhaps the first work in the algebraic
literature presenting an effective algorithm is Powers and Wörmann [61]. Their
method is based on the Gram matrix technique, and relied on general decision
theory algorithms such as quantifier elimination. For this reason, despite of its
high conceptual value, the methodology was not too applicable, except for very
small problems.
A key development in this direction was the recognition that this problem has
some very attractive properties from the geometric viewpoint, namely the convexity of the underlying feasible sets. These ideas were presented in [42, 62], and
in fact go back to Shor’s pioneering work on global lower bounds on polynomials [63]. In fact, as we reviewed in Section 2.7, these problems can be posed in a
quite natural way in terms of the class of convex optimization problems known as
semidefinite programs (SDPs). Since SDPs can be efficiently solved by interior
point methods (see, e.g., [12]), SOS problems have now become computationally
tractable. After establishing the links between SDP, SOS and the Positivstellensatz, SOS techniques based on semidefinite programming gained widespread use
in various fields, such as continuous and combinatorial optimization [42, 48, 64],
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control and dynamical systems [65, 66] and quantum information theory [67] to
cite a few.
In many applications, particularly those arising from problems in pure mathematics, it is often desirable to obtain exact algebraic solutions. Examples of
these are the use of SOS methods for geometric theorem proving as in [68], or for
establishing the validity of certain algebraic inequalities as in [69]. An interesting
recent application is the work of Bachoc in [70], where SOS methods are used
to prove new upper bounds on kissing numbers, a well-known problem in sphere
packings. A common element in all these papers is the use of exact algebraic
identities obtained from inspection of a numerically computed solution, as the
basic ingredients in a rigorous proof. A further application area of exact solutions is the certification of numerical borderline cases where the floating point
solution is too close to the boundary of the feasible set to justify unconditional
“trust” in its validity and/or accuracy. Typical examples of such problems are
the computation of accurate rational bounds for polynomial (or rational function) optimization problems as in the aforementioned work of Bachoc or in the
recent work of Kaltofen et al. in [71]. In the latter paper the authors use an
extension of our method (described in detail in Chapter 11) to improve existing rational lower bounds near the global optimum of several difficult algebraic
optimization problems from the literature.
In principle, semidefinite programming problems can be defined and solved
purely algebraically. This can be done through real algebraic techniques such
as the general decision methods as in the already mentioned [61], or slightly
more efficient versions that partially exploit the convexity of the underlying sets
(e.g., [72]). A possible alternative approach, relying on the solution of zero dimensional systems, is to focus on a specific element of the feasible set such as its
analytic center (see Section 2.7), and provide algebraic equations that uniquely
define it. The considerable price to pay here is the algebraic degree of the corresponding solution. As has been recently shown by Nie et al. in [15], optimal
solutions of relatively small semidefinite programs generically have minimum
defining polynomials of astronomically high degree (an example of von Bothmer and Ranestad in [73] shows that for a generic semidefinite program with a
matrix constraint with n = 20, m = 105, the degree of the optimal solution is
≈ 1.67 × 1041 ). Despite the fact that an explicit algebraic representation of this
solution is absolutely impossible to compute, it is a simple task using interior
point methods to produce arbitrary precision numerical approximations to its
solution.
While this and other dramatic examples suggest the superiority of numerical
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methods for these tasks, approximate numerical solutions computed via floating
point (even with arbitrary precision) are often useless for certain applications
such as the already mentioned ones. The reason is that they will never exactly
satisfy the constraints, and thus do not serve as true certificates of the SOS
property of the given polynomial, but only of nearby approximations.
Research contribution
There are solid theoretic reasons to justify the use of a mixed symbolic-numerical
approach to the SOS problem. The aforementioned facts point to the necessity
of an approach where the advantages of numerical computation are exploited for
numerical efficiency, but at the same time the obtained solutions yield exact,
unconditionally valid certificates of the existence of an SOS representation. This
is exactly the objective of this work, where we present a technique to use a
numerical solution obtained from computationally efficient interior-point solvers
as a starting point for the computation of an exact one. In this work we develop
a simple method based on this idea.
Our main contributions are the following:
• We show that under a strict feasibility assumption, it is sufficient to compute an approximate solution to the semidefinite program in order to obtain a rational sum of squares representation. In particular, we quantify
the relation between the numerical error in the subspace and semidefinite
constraints, versus the rounding tolerance, that guarantee that the rounded
and projected solution will remain feasible. See Proposition 11.6 for the
exact statement.
• We discuss several rounding procedures to convert the computed floating
point solutions into rational numbers, and compare their relative advantages.
• We describe our implementation of these techniques through a Macaulay 2
package. This software formulates and numerically solves the required optimization problems, and uses them to produce certified rational solutions,
guaranteed by construction to be correct.
Outline
The remainder of this work is organized as follows: the basic ideas of our method
are presented in Chapter 11. In Chapter 12 we present an implementation of
our ideas in form of a Macaulay 2 software package. Throughout this text, we
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assume that the reader is familiar with SOS and their relation to semidefinite
programming. A brief introduction to these topics can be found in Sections 2.6
and 2.7.

11. Computing rational SOS
decompositions
We are interested in solving the following problem: given a polynomial with
rational coefficients, i.e., p(x) ∈ Q[x], compute an exact SOS decomposition
consisting only of squares of polynomials in Q[x]. If such a decomposition is
possible, we call p(x) a rational sum of squares. To our knowledge, it is still an
open question whether there always exists such a decomposition for every SOS
polynomial with rational coefficients. Landau showed in [74] that this is indeed
possible for univariate polynomials that can be written as a sum of 8 squares
in Q[x]. Pourchet was able to improve Landau’s estimate and proved in [75]
that already 5 squares are sufficient (we refer the reader interested in the proof
to Chapter 17 in [76]). Recently, it was shown by Hillar in [77] that sums of
polynomial squares over totally real number fields are sum of squares in Q[x].
Schweighofer presented an algorithmic proof in [78] showing that every univariate
polynomial with coefficients in a subfield of R is a sum of squares of polynomials
with coefficients in the same subfield. Unfortunately, the algorithm is restricted
to univariate polynomials. The following proposition links rational SOS with the
Gram matrix method:
Proposition 11.1. Let p(x) be a polynomial in Q[x]. The existence of a raP
tional SOS decomposition of p(x), i.e., p(x) = i pi (x)2 where pi (x) ∈ Q[x], is
equivalent to the existence of a Gram matrix with rational entries.
Proof. Assume that there exists a rational positive semidefinite Gram matrix Q
for p(x). Using diagonalization of quadratic forms over a field (see, e.g., [79,
Theorem 3.1.5]), the quadratic form z T Qz can be written as a weighted sum of
squares in Q[x]:
T

T

T

p(x) = z Qz = z P DP z =

k
X
i=1

di (P z)2i

=

k
X

di pi (z(x))2 ,

i=1

where P and D are rational matrices, D := diag(d1 , . . . , dk ) being diagonal.
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The rational weights di are nonnegative because Q was assumed to be positive
semidefinite. Observe that di = ai /bi = ai bi /b2i . Hence p(x) can be written as a
sum of at most a1 b1 + · · · + ak bk squares in Q[x]. A slightly different argument,
using Lagrange’s four-square theorem, yields an upper bound of 4k squares.
Conversely, reversing the order of the equalities implies that if p(x) can be written as a sum of squared polynomials in Q[x], there exists a positive semidefinite
Gram matrix Q with rational entries.
The basic idea of our approach for computing rational sums of squares is to
take advantage of interior point solvers’ computational efficiency: we compute
an approximate numerical solution and in a second step we round the numerical
solution to an exact rational one. We have the following standing assumption:
Assumption 11.2. There exists a strictly feasible Gram matrix for p(x).
A crucial factor in obtaining an exact SOS decomposition with our method is
the strict feasibility of the underlying SDP, i.e., the existence of a Gram matrix
Q with full rank. Consequently, the method could fail in general for sum of
squares that are not strictly positive: if there is an x∗ such that p(x∗ ) = 0, it
follows from the identity p(x∗ ) = z(x∗ )T Qz(x∗ ) that the monomial vector z(x∗ )
is in the kernel of Q. Hence Q cannot be positive definite.
If the real zeros of p(x) are known, then it may be possible to remove them
using the linear constraint Qz(x∗ ) = 0, to obtain a smaller semidefinite program that will likely be strictly feasible. Both this procedure, and the already
mentioned Theorem 2.73, can be understood in terms of a facial reduction procedure [80], where the full-dimensional SOS cone is replaced by a smaller (but
not necessarily minimal) face containing the given polynomial.
As already mentioned, a plain SOS problem is just a feasibility SDP without
any objective function. Hence an interior point solver that minimizes the logbarrier function will return a solution which is “well-centered” in the cone of PSD
matrices. Under the strict feasibility assumption, this analytic center will be a
positive definite matrix, since the optimization is maximizing the determinant,
and there exists at least one solution with strictly positive determinant. Thus
chances are good that a rational approximation of the numeric solution is positive
semidefinite as well. Consequently, we have to verify in a last step that the Gram
matrix corresponding to the rational solution is indeed positive semidefinite.
In the following we will briefly discuss different methods to symbolically verify
positive semidefiniteness of a rational matrix:

11.1. SOS problem in kernel representation
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Characteristic polynomial. The following theorem links positive semidefiniteness of a matrix with the signs of the coefficients of its characteristic polynomial.
Theorem 11.3 (e.g., [81]). An n × n symmetric matrix Q is positive
semidefinite if and only if all the coefficients of its characteristic polynomial p(λ) = det(λI − Q) = λn + pn−1 λn−1 + · · · + p0 alternate in sign, i.e.,
they satisfy pi (−1)n−i ≥ 0.
If Q has only rational entries, the coefficients of the characteristic polynomial will be rational numbers that can be computed exactly. Checking
their signs according to the theorem yields an unconditionally valid test
for positive semidefiniteness.
Matrix diagonalization. Another way to verify positive semidefiniteness of a
matrix is to diagonalize it as in the proof of Proposition 11.1. A particular
diagonalization is obtained via the LDLT decomposition, a variant of the
LU decomposition appropriate for symmetric matrices:
Theorem 11.4 (e.g., [82, pp. 134ff.]). Let Q be a symmetric positive
semidefinite n×n matrix. Then there exist a lower triangular matrix L with
unit diagonal, a diagonal matrix D = diag(d1 , . . . , dn ), and a nonsingular
permutation matrix P such that P T QP = LDLT .
Since the LDLT factorization of a matrix only involves basic arithmetic
computations, the decomposition can be computed exactly in the field of
rational numbers. The matrix Q is positive semidefinite if and only if all
the diagonal elements di are nonnegative.
Alternatively, an essentially similar matrix diagonalization may also be
obtained from a Gram-Schmidt orthogonalization process (see, e.g., [79,
Theorem 3.1.5]).
In the approximation step we have to distinguish two cases depending on
whether the SOS problem is posed as an SDP in primal form (2.1.P) or dual
form (2.1.D). We will discuss them in detail in the following two sections.

11.1. SOS problem in kernel representation
If the SOS problem is posed as an SDP in primal form (2.1.P), the numerical
solution Q will not exactly fulfill identity (2.4). For an exact representation
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of the original polynomial p(x), we have to find a rational approximation of
Q which satisfies the equality constraints (2.6). The simplest procedure is to
compute a rational approximation Q̃, for example by using continued fractions
(see Section 2.8) which represent a real number r with an expression as follows
1

r = a0 +

1

a1 +
a2 +

,

1
a3 + · · ·

where the ai are integer numbers. Continued fractions are a reasonable choice
as truncating the series yields best rational approximations (see Theorem 2.78):
a best rational approximation of a real number r is a rational number ab , b > 0
such that there is no rational number with smaller denominator which is closer
to r.
To satisfy (2.6), the rational approximation Q̃ is projected onto the affine
subspace L. Since the affine space is defined by rational data, i.e., the coefficients
of p(x), an orthogonal projection Π onto L will yield a rational matrix Π(Q̃)
satisfying (2.4). The special structure of L results in a very simple projection
formula:
Proposition 11.5. The orthogonal projection Π of a symmetric matrix Q onto
the space L defined in (2.5) is given by
#
"
X
1
Π(Q)α,β = Qα,β −
Qα′ ,β ′ − pα+β , for all α, β ∈ 12 C(p),
n(α + β) α′ +β ′ =α+β
{z
}
|
eα+β

where n(α + β) denotes the number of pairs (α′ , β ′ ) such that α′ + β ′ = α + β,
i.e.,
¯©
ª¯
n(α + β) := ¯ (α′ , β ′ ) : α′ + β ′ = α + β, α′ , β ′ ∈ 12 C(p) ¯ .
Proof. The proof consists of two steps:

1. The matrix Π(Q) is an element of L because for all γ ∈ C(p)
#
"
X
X
X 1
X
Π(Q)α,β =
Qα,β −
Qα′ ,β ′ − pγ = pγ .
n(γ)
′
′
α+β=γ
α+β=γ
α+β=γ
α +β =γ
| {z }
=1

11.1. SOS problem in kernel representation
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2. Q − Π(Q) is orthogonal to L, i.e., the inner product between Q − Π(Q)
and the kernel of the linear map defining L is zero. Let ∆ be an element
P
in the kernel of this map, i.e., α+β=γ ∆α,β = 0 for all γ ∈ C(p). Then
hQ − Π(Q), ∆i =
=

X

1
α,β∈ C(p)
2

X

(Qα,β − Π(Q)α,β ) ∆α,β =

X

γ∈C(p) α+β=γ

X

1
α,β∈ C(p)
2

eα+β
∆α,β
n(α + β)

X eγ X
eγ
∆α,β =
∆α,β = 0,
n(γ)
n(γ) α+β=γ
γ∈C(p)

where the last equation follows from the assumption that ∆ is contained
in the kernel of the map Q 7→ p.
Note that the quantity eα+β is the error in the coefficient of monomial xα+β of
the polynomial z(x)T Qz(x). Thus the orthogonal projection is obtained by just
subtracting the averaged coefficient errors from the Gram matrix. Furthermore,
since only basic arithmetic operations are used in the projection formula, Π(Q)
will be a rational matrix if Q and p are rational.
We conclude with an estimate of the rounding tolerance needed. Assuming
strict feasibility of the numerical solution, we quantify how “far away” it is from
the boundary of the PSD cone and the affine subspace. In other words, there
are an ǫ > 0 and a δ ≥ 0 such that Q º ǫI and d(Q, Π(Q)) ≤ δ, where d( · , · )
denotes the Euclidean distance between two matrices. Note that the condition
Q º ǫI is equivalent to the minimum eigenvalue of Q being greater than or
equal to ǫ. The matrix Q is approximated by a rational matrix Q̃ such that
d(Q, Q̃) ≤ τ . Figure 11.1 depicts the whole situation.
Proposition 11.6. Let ǫ, δ, and τ be defined as above. Assume τ 2 + δ 2 ≤ ǫ2 .
Then, the orthogonal projection of the rounded matrix Q̃ on the affine subspace
L is positive semidefinite, and thus it is a valid SOS decomposition.
Proof. Since the projection of Q̃ onto L is orthogonal, Q−Π(Q) and Π(Q̃)−Π(Q)
are orthogonal. Therefore, by Pythagoras’ theorem:
d(Π(Q̃), Q)2 = d(Q, Π(Q))2 + d(Π(Q̃), Π(Q))2 .
Clearly, d(Π(Q̃), Π(Q)) ≤ d(Q̃, Q) ≤ τ , so
d(Π(Q̃), Q) ≤

√

δ2 + τ 2.
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0
Q̃ 1
0
1

τ

00
11
Q PSD
0000
1111
0000
1111
0000
1111
0
1
ǫ
δ
0000
1111
0
1
0000
1111
0000
1111
Π(Q̃) Π(Q)
0000 L
1111

Figure 11.1.: Projection of a rounded solution. The orthogonal projections of
the matrices Q and Q̃ are denoted by Π(Q) and Π(Q̃) respectively.
The shaded cone PSD represents the cone of positive semidefinite
matrices.
Let λi ( · ) denote the i-th largest eigenvaluep
of a symmetric matrix and σ̄( · ) =
P 2
maxi |λi ( · )|. Note that because |λi ( · )| ≤
iλ
√i ( · ) = d( · , 0), it holds that
|λi (Π(Q̃) − Q)| ≤ d(Π(Q̃) − Q, 0) = d(Π(Q̃), Q) ≤ δ 2 + τ 2 . To show that Π(Q̃)
is positive semidefinite, we rewrite Π(Q̃) as follows:
³
´ ³
´
√
Π(Q̃) = Q + Π(Q̃) − Q º ǫ − σ̄(Π(Q̃) − Q) I º (ǫ − δ 2 + τ 2 )I º 0,
where the last inequality follows from the assumption that τ 2 + δ 2 ≤ ǫ2 .

Hence if the SDP is strictly feasible, and δ < ǫ, it is in principle always
possible to compute a valid rational solution by using sufficiently many digits for
the approximated solution. The allowed rounding tolerance τ depends on the
minimum eigenvalue of the positive definite matrix Q and its distance from the
affine space L. Under the strict feasibility assumption (Assumption 11.2), there
always exists a solution with δ sufficiently small such that the inequality above
can be fulfilled (in particular, we can just take δ = 0). From a practical point of
view, however, it could conceivably happen that a fixed-precision floating-point
solver returns a solution where δ ≥ ǫ. This is not too serious an issue, for two
reasons. A simple reformulation described in the next section, using the image
representation and the dual SDP form, will guarantee that the computed solution
exactly satisfies the constraints, i.e., δ = 0. Alternatively, many available SDP
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solvers such as SDPT3 or SDPA allow the user to specify the accepted error
in the equality constraints for a solution. Nevertheless, we think that arbitrary
precision floating point SDP solvers could be an important step to overcome this
potential difficulty for more complicated problems. Furthermore, please note that
Proposition 11.6 only provides a sufficient condition for the rounding tolerance;
in many examples, even not strictly feasible ones, we were able to obtain valid
rational solutions using much coarser roundings.

11.2. SOS problem in image representation
If the SOS problem is formulated as an SDP in dual form (2.1.D), the polynomial
identity (2.4) holds for any value of the decision variables y since the base matrices Gi are exact. Thus it suffices to approximate the numerical solution y by a
vector of rational numbers ỹ. Again, a reasonable choice for the rounding procedure are truncated continued fractions. While for a given precision they will yield
the best rational approximation of y, the denominators of the ỹi will in general
be different. An approximation with common denominator, however, may be
obtained with the LLL lattice basis reduction algorithm developed by Lenstra,
Lenstra, and Lovász. Already in their seminal paper [28] the authors presented
the simultaneous approximation of a vector of rational numbers as a possible
application of lattice basis reduction. We refer the reader to Theorem 2.80 in
Section 2.8 and the aforementioned paper for the details.
We conclude this section with the following estimate for the rounding tolerance
that guarantees a valid solution:
Proposition 11.7. Let the subspace L be described by a set of basis matrices as
in (2.7). Assume that Q º ǫI ≻ 0, and let the rational approximation ỹ be such
ǫ
that |yi − ỹi | ≤ τ , where τ ≤ P σ̄(G
with σ̄( · ) = maxi |λi ( · )|. Then the rational
i)
i
approximation ỹ will yield an exact SOS decomposition.
Proof. Since identity (2.4) is fulfilled for any ỹ, we only have to verify that Q(ỹ)
is positive semidefinite. Under the assumptions of the proposition it is easy to
see that this is indeed the case:
Ã
!
X
X
X
Q(ỹ) = G0 +
ỹi Gi º G0 +
(yi Gi − τ σ̄(Gi )I) º ǫ − τ
σ̄(Gi ) I º 0.
i

i

i

12. Macaulay 2 SOS Package
We used the computer algebra system Macaulay 2 [83] by Grayson and Stillman
to implement a sum of squares package based on the ideas presented in this work.
It is available for download at [84]. Similar ideas to the ones presented in this
work have recently been implemented by Harrison in the open source theorem
prover HOL Light [85].
Our Macaulay 2 SOS package requires two additional packages which provide
the basic functionality for semidefinite programming and verification of positive
semidefiniteness of a rational matrix:
• The LDL package computes the LDLT factorization of a given symmetric
rational matrix. We opted for the LDLT decomposition for verifying positive semidefiniteness as it turned out to be significantly faster than the
method based on the characteristic polynomial (see Chapter 11). A detailed description of the algorithm can be found in [82]. As of Macaulay 2
version 1.1, our LDL package is an official part of Macaulay 2.
• The simpleSDP package is an SDP solver we implemented in Macaulay 2’s
high level language. The main reason for writing a custom solver was not to
compete with established solvers but to offer a self-contained software package that does not depend on additional third-party software. The solver
uses a simple, pure dual interior point method based on damped Newton
steps as described in [13]. Being a straightforward and unoptimized textbook implementation, simpleSDP is only suited for problems of moderate
size. As is to be expected, solving the SDP is evidently the bottleneck in
our SOS package.
Table 12.1 summarizes the functions which are provided by the SOS package.
The main function is getSOS which tries to compute a rational SOS decomposition for a given polynomial. It is based on a couple of internal functions,
choosemonp.m2 and createSOSModel.m2 being the two most important ones.
The former function uses the Newton polytope to compute the necessary monomials for an SOS decomposition (see Section 2.7.1), while the latter poses the
SOS problem as an SDP in either primal or dual form (see Section 2.7.2).
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Table 12.1.: Functions provided by the SOS package.
Function
Description
(g,d) = getSOS(f)
Computes a rational SOS decomposition of the
input polynomial f and returns a list of rational
weights d and P
a list of polynomials g in Q[x] such
2
that f (x) =
i di gi (x) . An error message is
displayed if no valid SOS decomposition is found.
(ok,Q,z) = findSOS(f) Same functionality as getSOS but returns the
corresponding Gram matrix Q and a list of monomials z such that f (x) = z(x)T Qz(x). ok is
a Boolean variable which is true when the decomposition algorithm was successful and false
otherwise.
f = sumSOS(g,d)
For checks: given a list of polynomials g and a
list of weights d, sumSOS computes the expression
P
2
i di gi (x) .
We conclude this chapter with two examples showing how to use the SOS
package for solving rational SOS problems. We start with the rational SOS
decomposition of a polynomial of degree 4 with 4 variables.
Example 12.1. Consider the polynomial
p(x, y, z, w) = 2x4 + x2 y 2 + y 4 − 4x2 z − 4xyz − 2y 2 w + y 2 − 2yz + 8z 2 − 2zw + 2w2
To begin with, we have to load the SOS package and define p(x, y, z, w):
M2 Code
i1 : loadPackage "SOS";
i2 : P = QQ[x,y,z,w];
i3 : p = 2*x^4 + x^2*y^2 + y^4 - 4*x^2*z - 4*x*y*z - 2*y^2*w + y^2 - 2*y*z
+ 8*z^2 - 2*z*w + 2*w^2;

If successful, the function getSOS will return a weighted SOS representation
P
such that p(x, y, z, w) = i di gi (x, y, z, w)2 . Otherwise an error message would
be displayed.
M2 Code

i4 : (g,d) = getSOS p
... omitted output ...
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1 2
1
1
1
2 2
2
8 2
1
o4 = ({- -*x - -*x*y - -*y + z - -*w, - --*x - --*x*y - --*y - --*y + w,
4
4
8
8
15
15
15
15
---------------------------------------------------------------------2
4
4 2
2
18 2
20
81 2
2
x - --*x*y - --*y - --*y, x*y - --*y - --*y, - ---*y + y, y },
11
11
11
59
59
205
---------------------------------------------------------------------15 22 59 41
66
{8, --, --, --, --, ----})
8 15 55 59 1025

Hence p(x, y, z, w) may be written as
µ
¶2
¶2
2 2
1
1
2
8 2
1
15
1 2 1
− x − xy − y − y + w
p(x, y, z, w) =8 − x − xy − y + z − w +
4
4
8
8
8
15
15
15
15
µ
µ
¶2
¶2
4
18
22
4
2
20
59
x2 − xy − y 2 − y +
xy − y 2 − y
+
15
11
11
11
55
59
59
µ
¶2
81 2
66 4
41
−
y +y +
y .
+
59
205
1025
µ

Correctness of the obtained decomposition may be verified with the function
sumSOS which expands a weighted sum of squares decomposition:
M2 Code
i5 : sumSOS (g,d) - p
o5 = 0
o5 : P

In contrast to getSOS, the function findSOS returns the Gram matrix representation of a polynomial rather than its SOS decomposition:
M2 Code
i6 : findSOS p
... omitted output ...
o6 = (true, |
|
|
|
|
|

1
-1
0
0
0
0

-1
8
-1
-2
-2
0

0
-1
2
0
0
-1

0
-2
0
2
0
-2/5

0
-2
0
0
9/5
0

0
0
-1
-2/5
0
1

|,
|
|
|
|
|

{-1}
{-1}
{-1}
{-2}
{-2}
{-2}

|
|
|
|
|
|

y
z
w
x2
xy
y2

|)
|
|
|
|
|
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Table 12.2.: Parameter optimization with getSOS. Optional arguments are given
in square brackets
(g,t [,pval]) = getSOS(f [,p [,ofun [,pmin,pmax]]] [,rndTol=>n])
Argument: Description:
f
Input polynomial
p
List of affine parameters
pmin/pmax List of lower/upper bounds for the parameters
ofun
Linear objective function of the parameters, ofun is minimized
rndTol=>n Set required precision to n binary digits (0 ≤ n ≤ 52)
g
List of polynomials
d
List of rational weights
pval
List of rational parameters
Hence p(x, y, z, w) can be also written as





p(x, y, z, w) = 




y
z
w
x2
xy
y2

T 
















1
−1
0
0
0
0


y
−1 0
0
0
0

8 −1 −2 −2
0 
 z

−1 2
0
0
−1  
 w
2

−2 0
2
0 −2/5  
 x


xy
−2 0
0
9/5
0
y2
0 −1 −2/5 0
1






.




As discussed in Section 2.7, one of the strengths of the SDP approach to polynomial nonnegativity is that one can search for (and optimize over) coefficients
which render a polynomial to be an SOS. The SOS package contains rudimentary support for handling linearly parametrized polynomials. Please note that
this functionality is still at an early stage. Table 12.2 shows the syntax of the
command getSOS when used with parametrized polynomials. In the subsequent
example we will show how to compute a verified lower bound for a given polynomial.
Example 12.2. In [86] the value −2.11291382 was obtained as a numerical lower
bound for the polynomial
f (x, y, z) = x4 + y 4 + z 4 − 4xyz + x + y + z.
We can compute an rational approximation of this lower bound with the function
getSOS. For this purpose, we define the polynomial with an additional variable
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t for the lower bound:
M2 Code
i7 : P = QQ[x,y,z,t];
i8 : p = x^4 + y^4 + z^4 - 4*x*y*z + x+y+z - t;

To compute a rational lower bound, we want to find the biggest t such that
p(x, y, z, t) can still be written as a sum of squares (we restrict t to be in the
interval [−10, 0]):
M2 Code
i9 : (g,d,v) = getSOS (f,{t},-t,{-10},{0});
... omitted output ...
i10 : v
35448817
o10 = {- --------}
16777216

Hence a certified lower bound for the polynomial f (x, y, z) is − 35448817
which is
16777216
roughly −2.112914145.

13. Conclusion and Outlook
In this work we presented a method for computing rational SOS decompositions
which serve as exact certificates of the SOS property. The proposed method is
a symbolic–numeric approach that uses efficient interior point solvers to obtain
a numerical approximate solution which is then rounded to an exact rational
solution. We showed that under a strict feasibility assumption, an approximate
solution of the underlying semidefinite program is sufficient to obtain an exact
SOS representation, and quantified the relation between the numerical error versus the rounding tolerance needed. We discussed several rounding procedures
to convert the floating point solutions into rational ones for different SDP formulations of the SOS problem (kernel and image representation). Furthermore,
we described an implementation of the proposed method through a Macaulay 2
package. An extended version of this package which is able to handle several
SOS constraints at once and has interfaces to external SDP solvers is currently
under development.
Recently, Kaltofen et al. reported in [71] the successful application of a generalization of our technique to several nontrivial problems in the context of rational
function optimization. In their paper, the authors refine the quality of a floating point solution with a structure- and rank-preserving Gauss-Newton iteration
that minimizes the error of the numerical solution in the equality constraints.
Future research could address the following points. Firstly, since the approach
relies on the existence of a strictly feasible solution, it would be of interest to
extend the Newton polytope theory to a fully general facial reduction scheme.
Secondly, the orthogonal projection described in Proposition 11.5 might not be
optimal for preserving positive semidefiniteness of the rounded solution. A projection scheme tailored to our method could possibly increase its applicability
to borderline cases. And finally, it would be desirable to explore in detail the
benefits and effects of the intermediate Gauss-Newton iteration used in [71].

Part IV.
Predictive control of a switched
reluctance motor

14. Introduction
Switched reluctance motors (SRMs) have evolved to represent interesting solutions for variable speed drive applications, due to their low cost and high dynamic
performance capabilities. On the other hand, a number of less positive characteristics, such as their inherent strongly nonlinear behaviour, and the existence
of a significant torque ripple in the output (also accompanied by audible noise),
make the torque control problem associated with their operation a challenging
task, and have so far limited their deployment in practical applications [87].

14.1. General description
By their construction, SRMs are doubly salient motors which are characterized
by the number of stator and rotor poles (the typical structure of a 6/4 SRM is
illustrated in Figure 14.1). The phase windings reside at the stator poles, while
the rotor has no windings at all. Typically, the windings of diametrically opposite
stator poles are connected in series to form one phase. During their operation
the windings of the stator poles are excited by means of a power electronics converter, and torque is produced “by the tendency of its moveable part to move to
a position where the inductance of the excited winding is maximized” [88], i.e., to
a position of alignment with the excited stator pole. Rotor poles moving towards
this position contribute with a positive torque to the rotational movement, while
poles moving away from it produce a negative (breaking) torque. This operation principle implies that for the torque production unipolar phase currents are
required to be switched on and off when the rotor is at precise positions, which
depend on the strongly nonlinear magnetic dynamics of the machine.

14.2. Review of state-of-the-art control techniques
A number of methods have been reported in the literature, aimed at designing control loops that achieve a minimization of the torque ripple or power
consumption. The reader is referred to [88, 89] and the references therein for
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Figure 14.1.: Structure of a 6/4 SRM (6 stator poles, 4 rotor poles). The stator
windings are indicated by grey solid boxes.
a detailed coverage. The state-of-the-art method to achieve torque (and subsequently speed) regulation in SRMs, comprises the translation of the desired
torque reference into a suitable phase current reference for the excited stator
pole. This reference is typically stroke based and a periodic function of the rotor
position. Within stroke duration, it is either a constant signal that is based on
time-averaged motor operation (average torque control ), or a time varying signal (instantaneous torque control ) [88]. The converter switches are driven using
a hysteresis- or PWM-based control logic with the aim of keeping the winding
current close to the reference.
Average torque control.
The basic ingredients in average torque control are the definition of suitable
commutation angels (see Figure 14.2), and a constant reference current: a stator
pole gets magnetized when the rotor arrives at the turn-on angle and a chopping
controller tracks the current reference until the rotor pole that is the closest
is brought almost in alignment with the excited stator pole. Subsequently, at
the turn-off angle the winding current is switched off as quickly as possible to
demagnetize the stator pole and avoid the production of negative (breaking)
torque as the inertia of the rotor drives the rotor pole away from the alignment
position.
A rather early implementation of a control algorithm using fixed angles (for
four different motor operating modes) can be found in [90]. Suitable angles for
different operating modes may be obtained from experiments or computer simulations. If no such data is at hand, a commonly used rule is the one introduced
by Bose et al. in [91] which selects the angles depending on motor speed and
reference current. In [92] and [93] the authors suggest improvements upon this
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θoff

θon

(a) Turn-on angle

(b) Turn-off angle

Figure 14.2.: Definition of turn-on and turn-off angle for the vertical phase.
rule which aim for reduced power consumption and torque ripple.
Instantaneous torque control.
In contrast to average torque control, instantaneous torque control defines a
varying reference for the phase current. The main issue is to distribute the
torque production between individual phases in such a way that the total torque
tracks the reference torque. Since this distribution is not unique when several
phases can contribute with a positive torque, and because of the fact that a
bad choice can lead to high ohmic losses, several methods have been suggested
for designing suitable torque-sharing functions and subsequently phase current
waveforms which aim for a low torque ripple while keeping the phase currents at
a minimum. For example, in [94] and [95] the authors use the angular position at
which two neighboring phases produce the same torque at the same current level
as a starting point to construct reasonable torque-sharing functions. Moreover,
in [96] the phase current reference signal is approximated by splines which are
the solution of a static optimization problem, while iterative learning control is
employed in [97].

14.3. Research contribution
In this work a different approach will be pursued. Specifically, model predictive
control (MPC) [34] is employed for the torque control of an SRM. MPC has
been traditionally (and successfully) used in a large variety of industrial control
applications, and lately a number of publications have reported on its possible
application to the control of industrial electronic systems, such as dc-dc converters [98], dc-ac inverters [99, 100], and induction motor drives [101–104].
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In [105] the authors have already investigated the application of MPC for the
control of an SRM, using a setup that keeps the hysteresis-based stator current
controller intact and employs MPC for determining the proper current references.
The controller is then calculated off-line using the tools reported in [106], and the
result is a piecewise affine state-feedback control law that is stored in a look-up
table comprising a total of 19,000 entries for the controller expressions.
The approach presented here uses a different problem setup and results in different controller computation requirements. The problem is treated as a discretetime control problem, where the complete converter switch positions are determined by one central control algorithm, rather than by individual controllers
focusing on each stator winding. More specifically, at each sampling time, all
possible converter switch positions are considered, and predictions of the motor’s behaviour are made over a finite prediction horizon of a few steps, using a
discrete-time nonlinear model of the system. The possible time sequences of converter switch positions are then evaluated by means of a cost function that aims
at achieving motor torque regulation, while respecting the system constraints
and keeping the winding currents to a minimum to avoid unnecessary ohmic
losses. Out of the converter switching sequence that minimizes the cost function, the first element is applied to the motor, and in the next sampling instant
the procedure is repeated in accordance with the receding horizon policy.
The closed loop performance of the proposed method is studied by means of
computer simulations for varying prediction horizons and cost functions. The
controller offers impressive performance already for short prediction horizons,
and is easy to tune. The results indicate the high potential of MPC in the
control of SRMs.
The implied assumptions of the proposed approach are that the motor winding currents are measurable, and that information regarding the rotor position
(either rotor speed or angle) is available. Although the enumeration of all possible converter switching sequences over the complete horizon implies that the
computational demand can increase significantly when considering longer prediction horizons, the use of a relatively simple motor prediction model and the
fact that a short prediction horizon is enough to render a satisfactory closed loop
performance, make the actual implementation of the presented method feasible
with today’s state-of-the-art hardware.
This part of the thesis is organized as follows. Chapter 15 presents the physical
model of the SRM, as well as the discrete-time model used for controller design.
The MPC-based controller is described in Chapter 16, and simulation results are
provided in Chapter 17.

15. Modelling
We will focus on the three-phase 6/4 SRM (as shown in Figure 14.1), noting
that an adaptation of the presented method to SRMs with different phase and
stator/rotor pole configurations is straightforward.

15.1. Physical Model of the SRM
Because of the varying air-gap and the operation in a saturated region, the flux
linkage Ψp of a phase p ∈ {1, 2, 3} is a nonlinear function of the phase current ip
and the rotor position θp :
Ψp = Ψp (ip , θp ).
The magnetization characteristics may be obtained from finite-element computations, experimental measurements, or approximated by analytical, nonlinear
functions. We are using the analytical model from Le-Huy et al. which gained
widespread use through its Simulink implementation in the SimPowerSystems
toolbox [107].
Remark 15.1. The choice to use an analytical model was motivated by the fact
that we did not have the magnetization characteristics of a concrete SRM at
hand. In a practical implementation, the motor characteristics are usually stored
in look-up tables for efficiency reasons. By filling these tables with data obtained
from measurements or finite-element simulations, a custom model for a specific
SRM may be easily obtained.
The basic assumption in Le-Huy’s model is that the mutual couplings between
the phases can be neglected, and that the effects of the phase current and the
rotor position on the flux linkage can be separated. The extremal magnetization
curves corresponding to the aligned and the unaligned rotor-stator pole positions
are approximated by analytical functions. In the unaligned position (θp = 45◦ ),
the flux is assumed to be a linear function of the stator current ip :
Ψp (ip , 45◦ ) = Lq ip ,
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Ψm
Ψp (ip , 0◦ )
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Ψp (ip , 45◦ )
Im

ip

Figure 15.1.: Extremal magnetization curves of an SRM at aligned position (θ =
0◦ ) and unaligned position (θ = 45◦ ).
with inductance Lq . In the aligned position (θp = 0◦ ), the flux linkage is described
by a nonlinear function which captures the saturation effects of the iron:
Ψp (ip , 0◦ ) = Ldsat ip + A(1 − e−Bip ),
where Ldsat denotes the saturated inductance, and A and B are appropriately
chosen constants:
A = Ψm − Ldsat Im
and
B = (Ld − Ldsat )/(Ψm − Ldsat Im ),
where Ld is the non-saturated inductance in the aligned position, and Im is the
rated maximum phase current with corresponding flux linkage Ψm . Figure 15.1
shows the magnetization characteristics of the SRM which we used for the simulations presented in Chapter 17.
The magnetization curves for the intermediate positions are obtained through
interpolation between the two extremal curves with an appropriate π/2-periodic
interpolation function:
(
128 θp3 /π 3 − 48 θp2 /π 2 + 1 if θp ∈ [0, π/4],
f (θp ) =
f (π/2 − θp )
if θp ∈ (π/4, π/2].
Hence the magnetization characteristics of the 6/4 SRM are described by the
expression
¤
£
Ψp (ip , θp ) = Lq ip + Ldsat ip + A(1 − e−Bip ) − Lq ip f (θp ).

(15.1)
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Te,p
i3
i2
i1
45◦

θ
90◦

Figure 15.2.: Torque characteristics for different phase currents (i1 < i2 < i3 ).
The torque is negative (breaking) for angles in the interval [0◦ , 45◦ ],
while it is positive in [45◦ , 90◦ ].
The electromagnetic torque generated by a phase p is given by the derivative of
the machine co-energy, and is a nonlinear function of the phase current ip and
the rotor position θp :
∂
Wp′ (ip , θp ),
Te,p (ip , θp ) =
∂θp
where
Wp′ (ip , θp )

=

Z

ip

Ψp (ip , θp ) dip .

0

Using (15.1), the electromagnetic torque is given by
¸
·
A
Ldsat − Lq 2
−Bip
) f ′ (θp ).
ip + Aip − (1 − e
Te,p (ip , θp ) =
2
B
Figure 15.2 shows the typical torque characteristics of an SRM.
The dynamics of the phase currents are governed by the differential equation
·
¸
dip
∂Ψp
1
= ∂Ψp Up − Rip −
ω ,
dt
∂θp
∂ip

where Up denotes the phase voltage, R the stator winding resistance, and ω the
rotor speed (e.g., [108]). The mechanical part of the motor is described by
1
dω
= [Te − TL − Dω],
dt
J
with rotor and load inertia J, friction coefficient D, load torque TL , and total
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Figure 15.3.: Power converter topology of a three-phase SRM
P
electromagnetic torque Te = p Te,p . To sum up, the dynamics of the SRM are
described by the differential equations

dθ
= ω, θp = θ + (p − 1)π/6, p ∈ {1, 2, 3}



dt



1
dω
= [Te − TL − Dω]
dt
J ·

¸


∂Ψp
dip
1



= ∂Ψp Up − Rip −
ω .

dt
∂θp

(15.2)

∂ip

15.2. Model of the Converter

The power converter topology of a three-phase 6/4 SRM with two controlled
switches per phase is shown in Figure 15.3. When both switches of a phase
are closed, the dc-link voltage Vdc is supplied to the phase windings, and the
flux will increase. If both switches are turned off, the voltage will be reversed
through the free-wheeling diodes and the flux rapidly decays to zero. However,
if just one switch is opened, and the other one remains closed, no voltage will be
supplied from the dc-link, and a flux in the inductance decreases more slowly. We
will describe these three different switch configurations by three integer variables
u1 , u2 , u3 ∈ {−1, 0, 1}, one for every phase. We use up = −1 to denote the
configuration in which both switches are open, up = 1 when both are closed,
and up = 0 when one switch is open and the second one is closed. In total,
the power converter admits 33 = 27 switch combinations. Note that the used
converter topology implies that the phase currents ip are nonnegative for any
switch configuration.

15.3. Modelling for Controller Design
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Since the time constant of the rotor speed dynamics is by orders of magnitudes
greater than the length of the prediction interval, we can neglect the rotational
dynamics and consider ω as constant over the horizon. Using a forward Euler
discretization, the continuous-time model (15.2) of the motor is replaced by a
discrete-time model, combined with the model of the converter, and posed in the
standard form
)
x(k + 1) = f (x(k), u(k))
(15.3)
y(k) = g(x(k))
with the overall state vector x ∈ R4
x(k) =
and the output

£

i1 (k) i2 (k) i3 (k) θ(k)

¤T

y(k) = Te (k).
The model inputs are the integer variables u1 , u2 , and u3 which denote the switch
configurations of the converter:
u(k) =

£

u1 (k) u2 (k) u3 (k)

¤T

∈ {−1, 0, 1}3 .

Furthermore, we use the standard assumption that all states are measurable.

16. Model predictive torque control
16.1. Control Problem
Usually the main objective in the control of an induction machine is to regulate
and keep its torque close to a reference value which is typically set by an outer
control loop. Further aims include the minimization of the winding currents and
the operation within the rated values, e.g., keeping the phase current below the
specified maximum.
Clearly, a finite switching frequency makes it impossible to regulate the torque
of a motor driven by discrete voltages arbitrarily close to the reference value.
As every switch transition also causes a heat loss in the converter, a further
objective in the controller design is the minimization of the average switching
frequency. Consequently, there is an inherent trade-off between achieving a low
torque ripple and operating at a low switching frequency.

16.2. Model Predictive Control
Model Predictive Control has been traditionally and successfully applied in the
process industry and recently also to industrial power electronic systems. The
control action is obtained by minimizing an objective function at each time step
over a finite prediction horizon subject to the equations and constraints of the
model. Depending on the model and on the length of the prediction horizon used
in the objective function, this minimization problem varies considerably in complexity. The major advantage of MPC is its straightforward design procedure.
Given a model of the system, including constraints, one only needs to set up an
objective function that incorporates the control objectives. By putting different
weights on the control objectives, one has several tuning knobs to balance torque
ripple, winding currents, and switching frequency.
Further details about MPC can be found in Section 3.2 in the background part
of this thesis.

16.3. Controller Objectives
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The control objectives discussed in Section 16.1 are now expressed by appropriate
cost terms for the cost function of the MPC problem.
The main objective, i.e., keeping the electromagnetic torque Te close to its
reference Te,ref , is achieved by putting a quadratic penalty on the deviation from
the reference in each prediction step:
ǫT (k + i|k) = qT (Te (k + i|k) − Te,ref )2 ,

i = 1, . . . , N,

where qT > 0 is the penalty weight on the torque, and k + i|k denotes the i-th
discrete-time instance within the prediction horizon relative to the current time
instant k.
Similarly, we use a quadratic penalty on the stator winding currents:
ǫI (k + i|k) = qI

3
X

ip (k + i|k)2 ,

i = 1, . . . , N,

(16.1)

p=1

with weight qI > 0. Apart from minimizing the ohmic losses in the windings,
the current costs have an important positive side effect: in the overlap of the
angular intervals in which two phases can generate a positive torque, a current
minimizing controller will be more inclined to start using the subsequent phase
instead of maintaining the torque with the currently excited stator pole. Since
tractable prediction horizons are too short to foresee a full cycle, a penalty on
the currents enhances stability as it helps the controller to hand over the torque
generation from one phase to the other.
The last objective in the control design is to minimize the average switching
frequency. Since the prediction horizon is finite, we have to use the number of
switchings within the prediction horizon as a measure for the switching frequency.
Because MPC is a receding horizon policy in which only the first control move of a
sequence is applied to the system, we additionally need a heuristic to ensure that
a switch transition is delayed as much as possible to the future. We accomplish
this by using time decaying switching weights qsw (i) > qsw (i + 1) which make a
switch transition expensive at the beginning of the horizon while it is relatively
cheap at the end. Moreover, we would like to take into account that a switch
transition at a high current results in a higher heat loss in the power converter,
and therefore should be more expensive than a switch transition at a low current.
To accomplish this, we assume a linear relationship between the semiconductor
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losses and the current:
ǫsw (k+i|k) = qsw (i)

3
X
ip (k + i|k)

Im

p=1

|up (k+i|k)−up (k+i−1|k)|,

i = 0, . . . , N −1.

The total costs over a prediction horizon of length N under the switching
policy U = {u(k|k), . . . , u(k + N − 1|k)} are now given by
J(x(k), u(k − 1), U ) =

N
X

[ǫT (k + i|k) + ǫI (k + i|k)] +

i=1

N
−1
X

ǫsw (k + i|k), (16.2)

i=0

where x(k) is the current state, u(k − 1) is the previous switch position, and
ǫc (k + i|k), c ∈ {T, I, sw} denote the predicted costs for time instance k + i
under the sequence of control inputs U .

16.4. Constrained Finite Time Optimal Control
Problem
The optimal control input u∗ (k) is now obtained by minimizing the cost function (16.2) subject to the evolution of the discrete-time model (15.3) with respect
to the set of switching policies U := {U ∈ {−1, 0, 1}N }:
U ∗ := arg min J(x(k), u(k − 1), U )
U ∈U

(16.3)

subject to model (15.3)
ip (k + i|k) ≤ Im ,

0 ≤ i ≤ N.

Solving this nonlinear integer optimization problem yields an optimal control
strategy U ∗ = {u∗ (k|k), . . . , u∗ (k + N − 1|k)} from which only the first control
action, i.e., u∗ (k|k) is applied to the converter. This procedure is repeated at
every sampling instance yielding a receding horizon control policy. We solve
this optimization problem by a brute force enumeration of switching policies and
comparison of their associated costs.
A crucial property for obtaining a controller with a good performance and stability properties is a long prediction horizon. Unfortunately, the computational
complexity of the optimization problem (16.3) grows exponentially as the horizon
N increases. The reason for this is that the number of different control strategies
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U is 27N because there are 27 different switch combinations possible per time
step. In the following we propose two methods which aim at a lower number of
scenarios at the price of sub-optimality. The first method imposes reasonable restrictions on the allowed switch transitions while the second approach combines
MPC with a traditional stroke-based design.

16.4.1. Approach 1: MPC under restricted switching
We impose the following three restrictions on the set of admissible control laws
to reduce the number of different control scenarios.
1. No switching at angles corresponding to negative torques
Knowing that a phase can only contribute in the interval [0◦ ; 45◦ ] with a
positive torque, we prohibit turning on a phase when it would generate a
negative torque. Since we are interested in a power optimal control design,
this is also a desirable behaviour. In the case of the 6/4 SRM, never more
than two phases can simultaneously produce a positive torque. Hence the
number of possible switch combinations in a time step reduces from 27 to
9.
2. Never change both switches of one phase at the same time
The number of switch combinations can be reduced further by excluding
control policies which would toggle both switches of one phase within a
time step. In terms of the integer variables up , this means that to go from
up = −1 to up = 1 (and vice versa) an intermediate step over up = 0 is
required. This restriction of the switch transitions is motivated from classical current based control schemes like the one presented in [93]: to keep
the winding current of a phase close to its reference within stroke duration,
these controllers typically manipulate only one of the two switches while
the other one remains closed. Only at the end of the stroke both switches
are turned off to rapidly demagnetize the stator pole before it generates
a breaking torque. Simulations obtained with the unrestricted MPC controller showed a similar behaviour so that the expected performance loss
under the imposed switching restrictions can be assumed to be negligible.
Please note that this restriction is not useful for horizon N = 1: assume
that in the previous time step up (k − 1) = −1, ip (k − 1) = 0, and hence
Te,p (k) = 0. Generating torque in the next time step would require to set
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up (k) = 1 but under the switching restrictions the control action can only
be up (k) = −1 or up (k) = 0. Consequently, the torque will remain zero
also in the next time step and an MPC controller that looks just one step
ahead has no intention to deviate from up (k) = −1.

3. No simultaneous switching on (or off) of different phases
During operation, consecutive phases are controlled in such a way that a
subsequent phase starts taking over the torque generation while its predecessor, though still contributing to the overall torque, is getting switched
off. Hence it seems rather unlikely, that both phases are turned on (or off)
simultaneously at one time instance. Indeed, simulation runs with the unrestricted MPC controller almost never exhibited such a behaviour. In terms
of the discrete inputs up , this means that whenever up1 (k−1) = up2 (k−1) =
0 with p1 6= p2 , we prohibit switching policies with up1 (k) = up2 (k) = 1 or
up1 (k) = up2 (k) = −1.
The heuristics above reduce the number scenarios significantly. For example,
with a prediction horizon of N = 2, only 39 instead of 272 = 729 scenarios must
be explored. This together with the relatively simple prediction model makes an
implementation of the controller feasible on today’s hardware platforms.

16.4.2. Approach 2: MPC of one alternating phase
Our second method combines MPC with a traditional stroke-based control design. It is motivated by the observation that during machine operation for a
long time only one phase is actively contributing to the total torque, whereas
two phases are typically only used in the transition period from phase to the
other. This suggests that a controller focusing on only one phase at a time
should work well.
The main idea is now to define a controlled phase at every time step and
only consider the switch positions of this phase as (free) decision variables in the
optimal control problem (16.3) while the switch positions of the remaining two
phases are fixed. With this strategy the number of control law scenarios reduces
to 3N .
During operation the controller must decide when to shift its focus from the
currently controlled phase to the subsequent phase. Obviously, the switch configurations of the remaining two phases must be well defined at every time step.
We suggest the following strategy to accomplish this: a phase gets turned on as
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soon as it arrives at a predefined turn-on angle. When the torque generated by
this phase exceeds a certain fraction of the reference torque or the torque contribution of the currently controlled phase, it becomes the new controlled phase
while the latter is turned off. Obviously, there is no need for an extra turn-off
angle. As mentioned in the introduction, there exist several papers concerned
about reasonable turn-on angles for SRMs which provide good candidates for
our approach, e.g., [88,92,93]. For our simulations, we implemented a commonly
used rule introduced by Bose in [91]:
θon = θJ −

Lq iref
ω,
Vdc

where θJ is the angle at which stator and rotor pole start to overlap, and iref
is the current demand which is usually set by the outer control loop. Since our
method does not involve a current reference, we need a different way to obtain
a suitable value for iref . We propose to take the phase current necessary to
produce Te,ref at the half-aligned position θp = 67.5◦ which can be pre-computed
from the expression Te,p (ip , 67.5◦ ) = Te,ref .
The described procedure results in a periodic alternation of the controlled
phase and yields a very stable control loop already for a prediction horizon of
N = 1. Moreover, the stabilizing effect of the winding current penalty (16.1) is
not needed any more, since the magnetization of a subsequent stator pole, and
the shift of torque production from one phase to the other is initiated through
the turn-on angle. Hence, if winding currents are not of any concern, the corresponding weight can be set equal to zero.

17. Simulation results
In this section we present simulation results obtained with the model of a 60 kW
6/4 SRM described in [109]. The motor parameters are listed in Table 17.1.
In all simulations, the sampling time was 40 µs, and the weights on torque and
current were set to qT = 1 and qI = 0.03, respectively. Initially, the motor is
running at steady state operation with a rotor speed of 1 500 rpm and a reference
torque Te,ref = 50 N · m. At time t = 0.01 s, the reference torque makes a step
to Te,ref = 80 N · m.
In the following we present simulation results we obtained using the two different methods proposed in Section 16.4.

17.1. Approach 1: MPC under restricted switching
Figure 17.1 shows the simulation results obtained with a prediction horizon N =
1 using only restriction 1 from Subsection 16.4.1. The switching costs qsw were
set equal to zero in this run. Not surprisingly, the average switching frequency
is rather high because there is no penalty on the switching: 10 154 Hz. The
torque response to the step in the reference signal is rapid, while the torque
ripple remains at a satisfactory level. In the region in which two phases can
actively contribute to the total torque, the ripple is especially low because the
simultaneous interplay of two phases offers a larger degree of freedom for fulfilling
the control objectives.

Symbol:
Vdc
R
Lq
Ld
Ldsat

Table 17.1.: Motor parameters
Value: Unit:
Symbol: Value: Unit:
240
V
Im
450
A
0.05
Ω
Ψm
0.486
Wb
0.67
mH
J
0.05
kg · m2
23.62
mH
D
0.02 N · m · s
◦
θJ
51.5
0.15
mH

17.1. Approach 1: MPC under restricted switching
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Figure 17.1.: Simulation results obtained with Approach 1 (restricted switching),
N = 1, and qsw (0) = 0.
Moreover, the phase current plot demonstrates that in the intervals where only
one phase contributes to the overall torque, the evolution of the phase current is
not constant. This behaviour which gets stronger for higher currents, is in sharp
contrast to the results obtained with classical control techniques which aim at a
constant reference current within the stroke interval. Clearly, since Te,p (ip , θp ) is
a function that varies with θp , the phase current should not be kept at a constant
level as the rotor is moving.
The simulation results for a prediction horizon of N = 2 were obtained using
all the switching law restriction heuristics introduced in Section 16.4.1. The
outcome for qsw = 0 is shown in Figure 17.2. The longer horizon increases the
stability properties of the controller making it less sensitive to badly chosen cost
weights. The torque signal is similar to the one obtained with N = 1, whereas
the average switching frequency is 8 667 Hz. From the rising current signals (e.g.,
at t = 0.005 [s]) it can be seen that in contrast to the simulations obtained with
N = 1, the controller does not manipulate the switches of a phase during its
magnetization. This is a direct consequence of the longer prediction horizon as
the controller can now better foresee the necessity of a sufficiently high torque
contribution of the just activated phase.
The simulation results presented in Figure 17.3 were obtained for N = 2 and
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Figure 17.2.: Simulation results with Approach 1 (restricted switching), N = 2,
and qsw (0) = qsw (1) = 0.
enabled switching costs. With the decaying weights qsw (0) = 300, qsw (1) =
60 the torque ripple is only slightly bigger at a significantly improved average
switching frequency of 5 026 Hz. Note that due to the switching costs the poles
get demagnetized a little bit too late and hence we can observe some traces of
breaking at the end of demagnetization period.
Increasing the prediction horizon yields similar, only slightly improved performance but comes at the price of a higher number of different switching law
scenarios (216 for N = 3). The undesired effect of negative torque production
due to late demagnetization (as observed for N = 2) gets smaller though.

17.2. Approach 2: MPC of one alternating phase
For simulating the second method (see Section 16.4.2) we used a prediction horizon of N = 1. The turn-on angles were derived using Bose’s rule [91]: θon = 49◦
for Te,ref = 50 N · m and θon = 48◦ for Te,ref = 80 N · m. The MPC-based controller takes over the control of a new phase as soon as its torque production
exceeds 80% of the total electromagnetic torque.
Figure 17.4 shows the simulation results obtained without a penalty on switch

17.2. Approach 2: MPC of one alternating phase
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Figure 17.3.: Simulation results with Approach 1 (restricted switching), N = 2,
qsw (0) = 300, and qsw (1) = 60.
transitions (qsw (0) = 0), whereas Figure 17.5 displays the results for switching
costs qsw (0) = 300. The average switching frequencies for disabled and enabled
switching costs are 6 931 Hz and 4 559 Hz, respectively. In both simulations, the
torque signal exhibits a similar ripple and step response as in the simulations
obtained with the first method. The ripple in the overlapping area of torque
production of two phases is slightly higher though. This is a consequence of
restricting MPC to the control of only one phase at a time step, and therefore
reducing the degree of freedom. For the same reason the average switching frequencies are lower than with Approach 1 because the switches of other phases
remain at fixed positions according to the rules introduced in Section 16.4.2.
Although performance may be deteriorated by an unfavorably chosen turn-on
angle, the method is by far not as sensitive to “bad” angle choices as many classical approaches whose control performance depends heavily on the commutation
angles.
Simulations using longer prediction horizons did not show a substantial improvement over the results obtained with horizon N = 1. This seems to be a
consequence of the fact that the synchronization of the phases is accomplished
by the turn-on angle based control scheme with its inherent limited degree of
freedom rather than by MPC’s prediction capabilities.
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Figure 17.4.: Simulation results with Approach 2 (alternating phase), N = 1,
and qsw (0) = 0.
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Figure 17.5.: Simulation results with Approach 2 (alternating phase), N = 1,
and qsw (0) = 300.
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Figure 17.6.: Simulation results with Approach 1 (restricted switching), N = 2,
qsw (0) = qsw (1) = 0, and an angle offset of −3◦ .

17.3. Sensitivity analysis
The electromagnetic torque Te,p (ip , θp ) developed by a magnetized phase is highly
dependent on the current rotor position θp (see Figure 15.2). Several authors
have identified an accurate knowledge of the positional information as the crucial
requirement for an effective torque control of an SRM drive because inaccuracy in
the rotor position can lead to erroneous torque estimation, see, e.g., [110,111]. To
obtain an indication of the quality of the proposed MPC schemes with respect to
errors in the rotor position, we used computer simulations under the assumption
that the rotor angle is measured with a shaft encoder which offers a resolution of
8 bits. In addition, we assumed that the rotor angle exhibits a constant positive
or negative angular offset which could be caused by an imprecise sensor alignment
of the commissioning engineer.
Figure 17.6 depicts the results we obtained with Approach 1, disabled switching
costs, horizon N = 2, and a rotor angle offset of −3◦ (θerr = θ̂−θ, where θ̂ denotes
the measured rotor position). Overall, the controller maintains a stable operation
but the torque signal deviates significantly from the reference signal especially
at higher torque levels. Since the angular offset is negative, the stator poles are
demagnetized too late and hence produce a (minor) breaking torque at the end
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Figure 17.7.: Simulation results with Approach 1 (restricted switching), N = 2,
qsw (0) = qsw (1) = 0, and an angle offset of +3◦ .
of the demagnetization periods. Conversely, if θp has a positive offset of +3◦ ,
the magnetization process starts too early and thus causes a hardly noticeable
negative torque at the begin of the magnetization periods (see Figure 17.7).
These observations suggest that the motor efficiency is more sensitive to negative
offsets in the positional information than to positive ones. The deviation of the
total electromagnetic torque from its reference value remains at a similar level
in both simulations.
The next simulations test the robustness of Approach 2 against errors in the
rotor position. Figures 17.8 and 17.9 show the results we obtained with the settings described in Section 17.2, disabled switching costs, and a rotor angle offset
of −3◦ and +3◦ , respectively. In both cases, the controller succeeds in maintaining a stable motor operation. The total electromagnetic torque’s deviation
from the reference signal, however, is stronger than in the first approach. In
our opinion, this behavior and the higher number of tuning parameters (i.e., the
turn-on angle) make Approach 2 less appealing than Approach 1 for a practical
implementation.
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Figure 17.8.: Simulation results with Approach 2 (alternating phase), N = 1,
qsw (0) = 0, and an angle offset of −3◦ .
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Figure 17.9.: Simulation results with Approach 2 (alternating phase), N = 1,
qsw (0) = 0, and an angle offset of +3◦ .

18. Conclusions and future research
In this part of the thesis we presented a novel control scheme for the torque regulation problem of switched reluctance motors. In contrast to other approaches
which rely on hysteresis based current controllers, the proposed method uses
model predictive control and operates at the level of the power converter by
directly manipulating its switches. We use a nonlinear state-of-the art model
from the literature to predict the highly nonlinear behaviour of the motor. The
main objectives in torque control, i.e., keeping the torque close to its reference,
minimizing the winding currents, and the switching frequency, are encoded in
the objective function of a constrained nonlinear optimal control problem which
is solved at every time instance. However, since the complexity of the underlying optimization problem grows exponentially with the prediction horizon, the
computation time can quickly exceed practical sampling times. As a remedy, we
proposed two different methods which aim at a reduced computational effort at
the price of sub-optimality.
In the first approach, the complete converter switch positions are determined
by an MPC-based controller that imposes sensible restrictions on the allowed
switching policies to account for the requirement of a controller of tractable
complexity. The second approach, however, can be regarded as a combined
approach that relies on MPC and a traditional stroke-based design: on the one
hand, the optimization procedure determines the switch position for only one
phase at a time step and only has to explore a reduced number of switching law
scenarios. The synchronization of the phases, on the other hand, is achieved by
defining suitably chosen commutation angles.
The controllers were easy to tune and their performance was evaluated on the
basis of computer simulations which we obtained with a well documented SRM
from the literature. The results obtained with both approaches are promising
already for prediction horizons short enough to allow for an actual implementation on today’s hardware platforms. This together with MPC’s simplicity and
transparency points to the high potential of the methods in the control of SRMs.
Future research could cover the following topics. Evidently, the control performance of the proposed methods should be verified with a real motor, and
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compared with the performance obtained with conventional control designs. A
rigorous investigation of the controller’s robustness features is also still pending.
Moreover, one might approximate the nonlinear SRM model by a piecewise affine
model, and try to compute an explicit feedback law with the tools from [106].
Another interesting idea is to treat the torque regulation problem rather as a
feasibility instead as an optimization problem. For instance, one could compute
a control invariant set that keeps the torque signal within prespecified bounds.

Part V.
Appendix

A. Proofs
A.1. Proof of Theorem 5.2
Note that it was already shown in Section 5.2 that at most one of the statements
of Theorem 5.2 can be true. Hence, it suffices to show that if the first statement
is false, the second must be true. Therefore, consider the two sets
K1 = {X ∈ S n : X ¹ 0},

K2 = {X ∈ S n : X = AT P + P A for some P ≻ 0}.
The sets K1 and K2 are convex and K1 has interior points. The intersection
of int(K1 ) and K2 is empty if (5.2.P) is infeasible. Hence, according to Theorem 2.21, there exists a nonzero M ∈ (S n )′ = S n such that
sup hX, M i ≤ inf hX, M i.

X∈K1

X∈K2

The left-hand side of the expression is unbounded above unless M º 0. For the
right-hand side it holds that
inf hX, M i = inf hAT P + P A, M i = inf hP, M AT + AM i.

X∈K2

P ≻0

P ≻0

This expression is unbounded below unless M AT +AM º 0. Putting all together,
we recover (5.2.D).
It remains to show that (5.2.D) is feasible if and only if A has an eigenvalue with nonnegative real part: assume that A has an eigenvalue λ with
nonnegative real part and corresponding eigenvector v. Then one can easily
construct a feasible solution of (5.2.D) by taking M = Re(vv H ), where v H denotes the conjugate transpose of v: M º 0 and M 6= 0 by construction, and
AM + M AT = Re(Avv H + vv H AT ) = Re(λvv H + λH vv H ) = 2 Re(λ)M º 0.
For the other direction of the proof, assume there is an M satisfying (5.2.D).
Then M can be written as M = U U T , where U ∈ Rn×r with rank(M ) =
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rank(U ) = r. The inequality AM + M AT º 0 implies that the symmetric part of
AM = AU U T is positive semidefinite and one can write AM = AU U T = U SU T ,
where S is the sum of positive semidefinite and a skew-symmetric matrix. To
see this, consider
¸· T ¸
·
£
¤ S1 S12
U
T
T T
1
1
,
AU U + 2 U U A = U V
2
VT
S12 S22
{z
}
|
Ŝ

where V ∈ Rn×(n−r) is the orthogonal complement of U . Multiplying the expression on the left with V T and on the right with V , yields S22 = 0. Since Ŝ is
positive semidefinite, it follows that S12 = 0. Consequently,
1
AU U T
2

+ 21 U U T AT = U S1 U T .

(A.1)

Furthermore, let us define the skew-symmetric matrix Z by
1
AU U T
2

− 12 U U T AT =: Z.

(A.2)

Adding (A.1) and (A.2) yields AU U T = U S1 U T + Z. Hence the rows of Z are
in the row space of U T . Similarly, by subtracting (A.2) from (A.1) we obtain
U U T AT = U S1 U T − Z, which implies that columns of Z are in the range of
U . Consequently, Z can be written as Z = U S2 U T for some skew-symmetric
matrix S2 .
In summary, we have AM = AU U T = U (S1 + S2 )U T = U SU T . Note that
all eigenvalues of S are in the closed right half-plane because it is the sum of
a positive semidefinite and a skew-symmetric matrix. Consequently, AU = U S
implies that the column space of U is a subspace of the eigenspace of A associated
to eigenvalues with nonnegative real part. Since U is nontrivial by assumption,
A must have at least one eigenvalue with nonnegative real part. Furthermore,
the rank of U (and hence M ) can be at most equal to the number eigenvalues
with nonnegative real part.

A.2. Proof of Proposition 6.1
To see that the two statements of the proposition contradict each other, assume
that both are true. Because K := supp(µ) ∪ {0} is compact and V ∈ C 1 (Rn ),
V and its partial first order derivatives can be simultaneously approximated on

A.3. Proof of Theorem 6.8
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K by a smooth function (see [52, Lemma 5, pp. 74–76]): given δ > 0, there is
a ϕ ∈ C ∞ (Rn ) such that |V (x) − ϕ(x)| < δ and |∂V (x)/∂xi − ∂ϕ(x)/∂xi | < δ,
i = 1, . . . , n, for all x ∈ K. Without loss of generality, we can assume that ϕ ∈
D(Rn ) (to see this, multiply ϕ by a function gR ∈ D(Rn ) such that 0 ≤ g(x) ≤ 1
Pn
and g(x)
=
1
on
K).
Now,
let
η
:=
i=1 Rn |fi (x)| dµ, m := ν0 ({0}), and
R
γ := − Ω ∇V · f dµ. Then, γ > 0 because µ(Ω\{0}) > 0 and V̇ (x) < 0 for all
x ∈ Ω\{0}. Now, choose ϕ such that δ < γ/2(1 + η + m). Then, it holds that
Z
Z
Z
(∇ϕ − ∇V ) · f dµ −
∇ϕ · f dµ ≤ δη − hµ, ∇ϕ · f i
γ = − ∇V · f dµ =
Ω

K

K

= δη + h∇ · (f µ), ϕi ≤ δη + hν0 , ϕi = δη + mϕ(0) ≤ δη + m(δ + V (0))
γ(η + m)
γ
= δ(η + m) <
≤ .
2(1 + η + m)
2

which is a contradiction since γ > 0. Hence, at most one of the two statements
can be true.

A.3. Proof of Theorem 6.8
To proof the statement, we need the following lemma:
Lemma A.1. Let (X, B, µ) be a finite measure space, {St }t≥0 be a family of
transformations St : X → X, and Pt : Mfin → Mfin denote the Frobenius-Perron
operator, i.e.,
Pt µ(A) = µ(St−1 (A)), for all A ∈ B.
Then the adjoint operator Pt′ : Bb (X) → Bb (X) is given by
Pt′ : ϕ(x) 7→ ϕ(St (x)),
where Bb (X) denotes the space of bounded Borel measurable real functions on X.
Proof. The proof is the continuous-time counterpart of the discrete-time version
in [7, p. 48]. We have to show that for every µ ∈ Mfin (X) and ϕ ∈ Bb (X),
hϕ(x), Pt µi = hϕ(St (x)), µi.

(A.3)

To begin with, the relationship holds if ϕ is a characteristic function, i.e., ϕ = χA ,
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A ∈ B:
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hϕ(St (x)), µi =

and
hϕ, Pt µi =

Z

Z

χA (St (x)) dµ =

X

χA (x) d(Pt µ) =

X

Z

A

Z

St−1 (A)

d(Pt µ) =

dµ,

Z

St−1 (A)

dµ.

Since (A.3) is true for characteristic functions, it also has to hold for simple functions. Consequently, by the Lebesgue dominated convergence theorem, it holds
for every integrable function. In particular, it is valid if ϕ is Borel measurable
and bounded.
To prove Theorem 6.8, we have to show that the measure µ constructed in the
proof of Theorem 6.5 satisfies Pt µ = µ. For this purpose, consider the sequence
of occupation measures {µk } defined by (6.4). Then, we infer from Lemma A.1
that for any ϕ ∈ C0 (Rn )
Z

Z
1 k
ϕ(St (x)) − ϕ(x) dµk =
hϕ, Pt µk − µk i =
ϕ(St (Ss (x0 ))) − ϕ(Ss (x0 )) ds
k 0
Rn
·Z k+t
¸
Z t
1
ϕ(Ss (x0 )) ds ,
ϕ(Ss (x0 )) ds −
=
k k
0
and hence
|hϕ, Pt µk − µk i| = |hϕ(St (x)), µk i − hϕ(x), µk i| ≤

2t
||ϕ||.
k

It was shown in the proof of Theorem 6.5 that there exists a subsequence {µkm }
of {µk } that converges weakly to the measure µ, i.e., limm→∞ hϕ, µkm i = hϕ, µi
for all ϕ ∈ C0 (Rn ). Hence, in the limit,
hϕ(St (x)), µi = hϕ, µi,

for all ϕ ∈ C0 (Rn ).

Since the equation above is true for all ϕ ∈ C0 (Rn ), and hϕ, Pt µi = hϕ(St (x)), µi
by Lemma A.1, Theorem 19 implies that Pt µ = µ.

A.4. Proof of Theorem 7.1
We start with the following simple lemma which will be used later in the proof.

A.4. Proof of Theorem 7.1
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Lemma A.2. Let V (x) be a Lyapunov function on D ⊂ Rn for the system
ẋ = f (x). Define c := supx∈D V (x) and let η : [0, c) → [0, ∞) be a strictly
increasing, continuously differentiable function with η(0) = 0. Then the function
W (x) defined by W (x) := η(V (x)) is again a Lyapunov function on D having
the same level sets as V (x).
Proof. Clearly, W (0) = 0, W (x) > 0, and Ẇ (x) = η ′ (V (x))V̇ (x) < 0 for all x ∈
D. Hence W (x) is again a Lyapunov function on D. It remains to show that the
level sets LV := {x ∈ D : V (x) ≤ V (x0 )} and LW := {x ∈ D : W (x) ≤ W (x0 )}
are equal for all x0 ∈ D. Since η( · ) is strictly increasing and nonnegative it
follows that V (x) ≤ V (x0 ) ⇔ η(V (x) ≤ η(V (x0 )) ⇔ W (x) ≤ W (x0 ) which
implies that LV and LW are equal.
We are now ready to proof Theorem 7.1. To show sufficiency, assume that
there exists a function V (x) that satisfies the hypothesis of the theorem. Now,
let W (x) = η(V (x)), where η : [0, 1) → [0, ∞) is defined by η(r) := − log(1 − r).
The function η( · ) fulfills the requirements of Lemma A.2 and hence W (x) is a
Lyapunov function on Rn . Moreover, note that W (x) → ∞ as ||x|| → ∞. Consequently, W (x) is radially unbounded and satisfies all the conditions of Corollary 3.11. Since Ẇ (x) is negative definite, the set E defined in Corollary 3.11
consists only of the point x = 0, and we conclude that the origin is globally
asymptotically stable.
For the necessity part of the theorem recall that if x = 0 is globally asymptotically stable, there exists a radially unbounded Lyapunov function W (x) on Rn
by Theorem 3.14. We will show that there exists a function η : [0, ∞) → [0, ∞)
such that V (x) defined by V (x) := η(W (x)) satisfies the properties of the theorem. Since W (x) is a continuous positive definite function and radially unbounded, there exists a class K∞ function1 α(r) such that W (x) ≥ α(||x||)
(e.g., [29, Lemma 4.3, p. 145]). Now let G(r) := supx {−Ẇ (x) : ||x|| ≤ r} and let
η̂ : [0, ∞) → [0, ∞) be defined by
Z r
1
η̂(r) :=
ds.
2
−1
0 (1 + s )[1 + G(α (s))]
Observe that η̂(0) = 0 and η̂(r) is strictly increasing and continuously differentiable. Hence it fulfills all requirements of Lemma A.2 and hence η̂(W (x))
1

A continuous function α : [0, c) → [0, ∞), c > 0, is said to be of class K if it is strictly
increasing and α(0) = 0. The function belongs to class K∞ if additionally c = ∞ and
α(r) → ∞ as r → ∞. Moreover, if α ∈ K∞ , the inverse of α−1 is defined on [0, ∞).
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is a valid
function on Rn . Moreover, η̂(r) is bounded from above:
R r Lyapunov
1
−1
η̂(r) ≤ 0 1+r
(r) ≤ π2 . Consequently, η̂(r) converges to a limit, say
2 dr = tan
c > 0 as r → ∞. By taking η(r) := 1c η̂(r) we conclude that V (x) := η(W (x)) < 1
for all x ∈ Rn \{0} and V (x) approaches 1 as ||x|| → ∞.
It remains to show that V̇ (x) → 0 as ||x|| → ∞. An upper bound on the
absolute value of V̇ (x) is given by
|V̇ (x)| = −η ′ (W (x)) Ẇ (x) ≤ η ′ (W (x)) G(||x||) ≤ η ′ (α(||x||) G(||x||)
G(||x||)
1
=
≤
,
(1 + α(||x||)2 ) (1 + G(||x||))
1 + α(||x||)2
where the second inequality is due to the fact that η ′ is decreasing. Since α( · )
was assumed to be in class K∞ , it follows that V̇ (x) → 0 as ||x|| → ∞.

B. Notation
General symbols
·
generic place holder
:=
left-hand side defined by right-hand side
=:
right-hand side defined by left-hand side
...
and so forth
:
such that
→
maps from . . . to . . . , or converges to
7→
maps from . . . to . . .
=⇒
implies
⇐⇒
if and only if
∃
there exists at least one
∀
for
√ all
j
−1
q.e.d.
Sets
∅
∈
∈
/
⊂, ⊃
º, ¹
{·,...}
[a, b)
Bǫ (x)
Sn
A(X)
B(X)
Tdn
n
T1,d
n
T2,d

empty set
is an element of
is not an element of
subset, superset
partial ordering induced by a proper cone
set or sequence
set of real numbers x such that a ≤ x < b
open ball {y ∈ X : d(y, x) < ǫ}
n-dimensional sphere {x ∈ Rn+1 : ||x|| = 1}
σ-algebra on X
Borel σ-algebra on X
set of monomials in n variables of degree less or equal to d
set of monomials xα in n variables with 1 ≤ deg(xα ) ≤ d
set of monomials xα in n variables with 2 ≤ deg(xα ) ≤ d
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Spaces
K
N
N0
Z
Q
R
R+
Kn
Km×n
Sn
S+n
K[x]
Bb (X)
C(X)
C0 (X)
C k (X)
C ∞ (X)
D(X)
M(X)
Mfin (X)
M1 (X)
X′
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field
natural numbers (positive)
natural numbers (including 0)
integers
rational numbers
real numbers
nonnegative real numbers
space of n-dimensional column vectors with entries in K
space of m by n matrices with entries in K
real symmetric n by n matrices
positive semidefinite matrices
ring of polynomials with coefficients in K
bounded Borel measurable functions on X
continuous functions on X
continuous functions with compact support on X
k-times continuously differentiable functions on X
smooth functions on X
set of smooth test functions with compact support on X
locally finite Borel measures on X
finite Borel measures on X
probabilistic Borel measures on X
dual space of X

Set operators
∩
intersection
∪
union
\
set difference
×
Cartesian product
c
A
set complement
|X|
number of elements in X
∂X
boundary of X
X
closure of X
int( · )
strict interior
relint( · )
relative interior
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Special functions and measures
χA ( · )
characteristic function of the set A
δx
Dirac measure (or distribution) at x
d( · , · )
distance function (metric)
|| · ||
norm
|·|
absolute value
⌈x⌉
smallest integer greater than x
Special operators
Re( · )
real part of a complex number
Im( · )
imaginary part of a complex number
det( · )
determinant of a matrix
rank( · )
rank of a matrix
tr( · )
trace of a matrix
λi ( · )
i-th eigenvalue of a matrix
deg( · )
degree of a polynomial or monomial
supp( · )
support of a measure or function
inf
infimum: the greatest lower bound
sup
supremum: the least upper bound
min
minimum: the smallest value of a function
max
maximum: the largest value of a function
Acronyms
FTOCP
MPC
PSD
RHC
SDP
SOS
SRM

Finite Time Optimal Control Problem
Model Predictive Control
Positive SemiDefinite
Receding Horizon Control
SemiDefinite Program
Sum Of Squares
Switched Reluctance Motor
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