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Dempster–Shafer theory of evidence
and its application to fusion problems∗
Ezio Biglieri
Departament TIC – Universitat Pompeu Fabra, Barcelona, Spain

T

the basics of Dempster–Shafer “theory of evidence” [1, 4] and its
relations with standard probability theory, and illustrates it through an example of its
application to a detection problem.
Standard probability theory deals with numbers that reflect how often an event will happen if an experiment is repeated a large number of times. Now, when one performs a random
experiment, the probability density governing it is, in the first instance, unknown. If one examines the “belief” in a given proposition rather than its probability of being true, two opposite
views have been advocated. One (John Maynard Keynes) assumes that the numerical degree
of support of a given proposition is objectively determined by a body of evidence. The competing one (Bruno de Finetti) claims that the degrees of belief are psychological facts, to be
discovered by observing an individual’s preferences among bets. Dempster–Shafer (D–S) theory distinguishes between probabilities and beliefs: the former must be conceived as a feature
of the world, and hence “are not necessarily features of our knowledge or belief,” while the
latter do not reflect “what Nature chooses, but rather the state of our knowledge after making
a measurement.” “If we know [the probabilities], then we should adopt them as our degrees
of belief. But if we do not know [the probabilities], then it will be an extraordinary coincidence
for our degrees of belief to be equal to them.” [4]
Probability theory takes it as given that a statement is either true or false. Thus, since “standard” probability theory “cannot distinguish between lack of belief and disbelief, it does not
allow one to withhold belief from a proposition without according that belief to the negation of
the proposition.” [4] D–S theory allows instead for more nebulous statements, such as “I don’t
know,” and hence can be used in problems in which probabilities are unknown, or only partially known. A fundamental tool of D–S theory is Dempster’s rule of combination, which “can
be interpreted as a method for changing prior opinions in the light of new evidence” [4], and
hence viewed as an information fusion tool. We illustrate it through its application to a fusion
problem in which a network of Decision Makers have each an unknown probability of being
faulty, and hence of switching decisions. In this situation, one may: (a) Use a minimax robust
approach (Downside: With high uncertainty, this approach becomes very conservative, and
may lead to excessive degradation of nonworst case performance). (b) Use a minimax robust
approach with a smaller degree of uncertainty than the actual [5] (nonworst-case performance
is upgraded, while worst-case performance is “nearly optimum”). (c) Use D–S theory [2] (This
outperforms the other two approaches).
HIS TALK SUMMARIZES

References
[1] A. P. Dempster, “Upper and lower probabilities induced by a multivalued mapping,” Ann. Math.
Stat., vol. 38, pp. 325–339, 1967.
[2] E. Drakopoulos and C.-C. Lee, “Decison rules for distributed decision networks with uncertainties,”
IEEE Trans. Automatic Control, vol. 37, no. 1, pp. 5–14, January 1992.
[3] Judea Pearl, Probabilistic Reasoning in Intelligent Systems: Networks of Plausible Interference (Revised 2nd
Printing). San Francisco, CA: Morgan Kaufmann Publ., 1988.
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II. C OMPONENTS OF THE SYSTEM AND THEIR BEHAVIOR

Abstract—Random-Set-Theory (RST) has been recently advocated as a suitable tool for modeling and simulating “open”
systems, which are characterized by a possible unbounded number of components. The scenario considered here is a biological
system describing the evolution of cancer stem cells into tumors.
Starting from some basic hypotheses about the behavior of these
cells, we develop a model to mimic the evolution of a system
of cancer stem cells, and show how RST naturally leads to a
generation algorithm.

The processes that lead to formation and growth of tumors
are mainly based on two types of cells, i.e. cancer stem cells
(CSC) and daughter cells (i.e., other cells that are not CSCs).
The former have two important properties: they can divide
symmetrically or asymmetrically and they are long living. The
latter can only divide asymmetrically and will eventually die.
In particular, we assume that a CSC C1 can participate in one
of the following events:

I. I NTRODUCTION
Understanding the evolution and formation of spheroids of
colon cancer stem cells is critical for the development of
cancer stem cell-targeted anti-cancer therapies [2], [6]. Models
for stem cell and cancer stem cell evolution have already been
proposed [7], [8], [13]. However, existing models are either
based on deterministic approaches, which are known to be
inaccurate in practical scenarios [14]; subject to well-stirred
systems, which is clearly not the case in the cell mediated
processes [12]; or assuming two-dimensional schemes, which
do not reflect in vivo systems [15]. At present time, the threedimensional cultures of floating cancer spheroids represent the
most clinically relevant in vitro tumor model. It is known that
tumor cells acquire multidrug resistance as they assemble into
multicellular spheroids [1], [11]. Produced cancer spheroids
differ in their size, density, growth rate, cell-to-cell adhesion
and other parameters, which can significantly affect a drug
penetration and response.
The work in this paper is in the area of modeling and
simulation using random-set-theory (RST) of the behavior of
cancer stem cells and the processes that lead to formation and
growth of tumors. The developed models should mirror, as
precisely as possible, the cellular communication that leads
to different responses of the system [5], [10] and should
account for the sparse nature of the available data from in vivo
experiments. The objective is to employ the developed models
and simulation methods as a “biology’s microscope” and as an
in-silico laboratory. The improved understanding will be used
for design of better experiments, which in turn will provide
more valuable information for furthering the advancement of
our knowledge about the studied biological phenomena.

p01,t

−→

C1

p02,t

−→

C1

p03,t

−→

C1

∅

(1)

2C1

(2)

C1 + C2,1

(3)

where ∅ symbolizes death, C2,1 is a daughter cell of first
generation, and p01,t , p02,t , and p03,t are probabilities at a
time instant t, where
p01,t + p02,t + p03,t + p04,t

=

1

(4)

with p04,t representing the probability that C1 is in quiescence
state. The event described by (2), for example, represents
symmetric division and can occur with probability p02,t in
a time interval that separates t − 1 and t. We note that this
probability, in general, is a function of time.
A daughter cell of the j−th generation C2,j , where 1 ≤
j < l, takes participation in one of the following events:
C2,j
C2,j

pj1,t

−→

pj2,t

−→

(5)

∅

(6)

2C2,j+1

where C2,j+1 represents a cell from the j + 1 generation, and
the probabilities satisfy
pj1,t + pj2,t + pj3,t

=

1

(7)

where pj3,t is the probability that C2,j is in quiescence state.
The cells of the last generation C2,l can either die within
the interval from t − 1 to t, i.e.,
C2,l
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pl1,t

−→

∅

(8)

or stay alive with probability pl2,t , where
pl1,t + pl2,t

=

1.

point disappears since no new stem cells can be generated.
Therefore, Xk,t is a singleton-or-empty random set. At time
t + 1, the singleton representing the k−th group has the
following form


xk,1,t+1










 xk,2,t+1 



.
..
Xk,t+1 = 
(13)
 .






 xk,nk ,t+1 






lk,t+1

(9)

It is evident that the whole system is per se open, in that
no reasonable upper bound can be determined for either the
overall number of cells. It is thus evident that the structure
of such system requires resorting to simulation tools where
random collections of objects with random states may be easily
handled, a scenario quite reminiscent of the concept of random
finite set, which has recently received much attention in information fusion for distributed tracking [9] and communications
[3].

In order to derive the expressions that connect (12) and
(13), we first note that we have two classes of cells with
differentiated behaviors: the CSCs and the daughter cells. If at
time instant t we have xk,1,t CSCs, those cells can participate
in one of the following actions: die (with probability p01,t ),
divide symmetrically (with probability p02,t ), divide asymmetrically (with probability p03,t ), or remain idle (with probability
p04,t = 1−p01,t −p02,t −p03,t ). Denoting by dk,1,t+1 ≤ xk,1,t
the number of CSCs that will die in the interval (t, t + 1) from
spheroid Xk,t , the number of possibly active CSCs (they may
reproduce or do nothing) during (t, t + 1) is xk,1,t − dk,1,t+1 .
We represent as vk,t+1 ≤ xk,1,t −dk,1,t+1 the number of CSCs
that will reproduce symmetrically in the interval (t, t+1) from
spheroid Xk,t , i.e., those CSCs that will produce new CSCs
and as ik,1,t+1 ≤ xk,1,t − dk,1,t+1 − vk,t+1 the number of
CSCs that will be in quiescence state during the next period.
We can then write that the number of CSCs in the system
evolves with time according to the expression

III. M ODELING THE SYSTEM USING RST
The system evolves from single cells to spheroids and
aggregates (i.e., formations without CSCs). We consider that
the formation of a spheroid is initiated by a CSC, i.e., one
spheroid must contain at least one CSC. We also assume the
hypothesis from the biologists that from one CSC we may
potentially get one spheroid despite the number of symmetrical divisions that the original CSC will undergo. We use
a compartmental approach, that is, we model the system as
composed of two different compartments: the set of spheroids
containing “useful” components (i.e. CSCs) and the set of junk
aggregates with “useless” components (i.e., no CSCs),
[
Zt = Xt Jt
(10)

where Zt is the total number of sets in the system at time
t, Xt is the set with the “useful” spheroids, i.e., those cells
formations comprising a non-zero number of CSCs, while
Jt is a set containing “useless” conglomerates, that is, cell
aggregates that do not contain any CSC. The Xt compartment
can be viewed as a disjoint union of singletons (spheroids)
Xt =

kt
[

Xk,t

(14)

xk,1,t+1 = xk,1,t − dk,1,t+1 + vk,1,t+1

The previous equation means that the new number of CSCs
is the amount of CSCs in the previous time instant minus the
ones that died plus the new ones that were generated through
symmetrical division.
We next focus on the first generation of daughter cells.
These cells can only die, reproduce symmetrically towards
p22,t
the next generation (i.e., C2,2 −→ 2C2,3 ) or remain in a
quiescence mode. The number of cells in this group at time
instant t + 1 will be calculated as the number of cells of this
same generation from the previous time instant that stayed
idle (i.e., the cells that neither die nor divide towards the
next generation) plus the cells that came from asymmetrical
division of the CSCs, i.e.,

(11)

k=0

where kt = |Xt | denotes the cardinality of the set Xt and it
varies with time (i.e., new spheroids can appear, or existing
spheroids can disappear). The expression kt = |Xt | = 0
denotes the absence of stem cells (i.e., the set of useful
spheroids is empty). The singleton Xk,t is a descriptor of the
k−th useful spheroid, and it can be expressed as:


xk,1,t









 xk,2,t 



.
..
Xk,t = 
with nk ≤ l
(12)







 xk,nk ,t 






lk,t

xk,2,t+1 = (xk,1,t − dk,1,t+1 − vk,1,t+1 − ik,1,t+1 ) + ik,2,t+1
{z
} | {z }
|
new cells from asymmetrical division of CSCs at t

idle cells from t

(15)
For the next generations we can write a common update
equation since after the first generation of daughter cells
only death, idleness or symmetrical division towards future
generation is possible. This can be formulated as follows:

where xk,1,t is the random variable modeling the number
of CSCs in the k−th spheroid at time instant t, xk,j,t ,
j = 2, · · · , nk is the random variable modeling the number of
daughter cells from the j−th generation in the k−th spheroid
present at time instant t, and lk,t represents the position of
the group in the experiment domain. Note that Xk,t = ∅ if
xk,1,t = 0, and that means that the k − th spheroid at that

xk,j,t+1

=

2(xk,j−1,t − dk,j−1,t+1 − ik,j−1,t+1 ) + ik,j,t+1
{z
} | {z }
|
new cells from symmetrical division of previous generation at t

idle cells from t

j = 3, 4, · · · , nk

6

(16)

The overall evolution of the system will be given by

xk,1,t+1 =
xk,1,t − dk,1,t+1




+vk,1,t+1





 xk,2,t+1 =
xk,1,t − dk,1,t+1 − vk,1,t+1






−ik,1,t+1 + ik,2,t+1



 xk,3,t+1 =
2(xk,2,t − dk,2,t+1

Xk,t+1 = 
−i
k,2,t+1 ) + ik,3,t+1




..



.




 xk,n ,t+1 = 2(xk,n −1,t − dk,n −1,t+1 −


k
k
k





ik,nk −1,t+1 ) + ik,nk ,t+1



lk,t+1 =
f (lk,t , xk,t+1 )





































where f (·) is a function that determines the evolution of
the location of the compound depending on the previous
location and the amount of cells in the compound xk,t+1 =
[xk,1,t+1 , xk,2,t+1 , · · · , xk,nk ,t+1 ]> .
The above equations show that the set sequence Xt is
actually a Markov Finite Random Set, and lends itself to being
computer-generated, i.e. offers an easy simulation tool for the
reproduction process. As an example, the model (which, however, neglects for simplicity reason a number of phenomena
that can be observed) leads to an algorithm wherein Xk,t+1
is generated from Xk,t as follows:
CSC generation
1) Generate dk,1,t+1 ∼ Bi(p01,t , xk,1,t )
(number of CSCs that die);
2) Generate vk,1,t+1 ∼ Bi(p02,t , xk,1,t − dk,1,t+1 )
(number of CSCs that divide symmetrically);
3) Update xk,1,t+1 = xk,1,t − dk,1,t+1 + vk,1,t+1
(number of CSCs at t + 1);
4) Generate
ik,1,t+1 ∼ Bi(p04,t , xk,1,t − dk,1,t+1 − vk,1,t+1 ).
{z
}
|
xk,1,t+1

First generation of daughter cells
1) Generate ik,2,t+1 ∼ Bi(d13,t , xk,2,t )
(number of 1st generation that are idle);
2) xk,2,t+1 = (xk,1,t − dk,1,t+1 − vk,1,t+1 − ik,1,t+1 )
+ ik,2,t+1
(number of 1st generation at t + 1);
3) Generate dk,2,t+1 ∼ Bi(d11,t , xk,2,t − ik,2,t+1 )
(number of 1st generation that die – needed in 3).

CSC
Daughters

Death
0
0.1

Idle
0.3
0.3

Migration
0.3
0.3

Asym. division
0.35
0

Sym. division
0.05
0.3

TABLE I
P ROBABILITIES OF THE POSSIBLE EVENTS .

locations of the spheroids. At a particular time instant, cell
fates depend on a number of factors such as temperature,
chemoattractant concentrations as well as physical constraints
due to locations of the neighboring cells. We consider (for
now) only the last one (space constraints) as the major location
determining factor.
We have used the approach in [4] to simulate migration
rules. We consider a square or cubical lattice with each side
equal to ngrid points. Each cell can occupy at most 1 grid
point. There are two types of cells: CSCs and daughter cells.
Daughter cells are assumed to have finite proliferation capacity
(limited number of generations) whereas CSCs have infinite
proliferation capacity. Time units are days. A cell can only
proliferate if it is at least one-day old, and if it is a daughter
cell, it dies (with certainty) after it reaches a certain age (l).
Apart from this, there can be random events which also lead
to death of daughter cells of any age, for which we assign
some finite probability. At the beginning of each day, each
cell can take a number of migration steps. At each possible
step, a cell can choose with equal likelihood to move to any
one of its free neighbors or to stay idle in its present position.
We specify some maximum possible migration steps per day
for each cell. If no neighbor grid point is free, the cell stays
idle.
After migration, for a CSC, the possible fates are remaining quiescent, death, symmetrical division, or asymmetrical
division. For daughter cells, the possible fates are the same
as above except that there is no possibility for asymmetrical
division. If no neighbors are free for a CSC, its fate is being
idle or death; otherwise it may have all the possible fates.
Daughter cells also have similar fates, except if the cell has
reached a dying age, in which case it has to die. For each
possible fate, we can assign probabilities, with possibly timevarying probabilities for CSC’s and for daughter cells.
A. Results
Figure 1 shows the results for two different migration
rates for a 50-by-50-by-50 3D lattice model. The simulation
was initialized with three cancer stem cells at three different
locations. Figure 1 (a) to (c) show the results for migration rate
= 10 per day while (d) to (e) show results for no migration. The
total cell population is provided in each subfigure. During each
simulation, the probabilities for various cell fates remained
unchanged over time (see Table I).
The simulation was carried out for 30 days and the maximum number of daughter cell generations was 7 and l = 10
days.
It is quite clear from the figure that without migration,
the increase in size of the tumor size (indicated by the cell
count) is much slower. This suggests that including a location
function in our random sets’ model is necessary in order to

j−th generation of daughter cells, j = 3, 4, · · · , nk
1) Generate ik,j,t+1 ∼ Bi(dj3,t , xk,j,t )
(number of cells that are idle);
2) xk,j,t+1 = 2(xk,j−1,t − dk,j−1,t+1 − ik,j−1,t+1 )
+ ik,j,t+1
(number of cells of j−th generation at t + 1);
3) Generate dk,j,t+1 ∼ Bi(dj1,t , xk,j,t − ik,j,t+1 )
(number of 1st generation that die – needed in j +1).
IV. C OMPUTER SIMULATIONS
Using RST and a multinomial sampling approach to cell
growth, it is possible to derive the populations of cancer
cells in each generation. However, we also need to deal with
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(c)
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0
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Fig. 1. Simulation snapshots for migration rates = 10 ((a)-(c)) and 0 ((d)-(f)) per day respectively. Snapshots (a) and (d) were taken at T = 5 days, (b) and
(e) at T = 15 days and (c), (f) at T = 30 days. Cancer stem cells are marked in blue and daughter cells in red.
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make our model correspond to real data. Similar results have
been observed in [4].
The above example demonstrates the potential of our approach of using RST to modeling tumor growth. In particular the simulations show how a migration process can be
simulated using simple random sampling rules and a lattice
environment where proliferation and movement are limited by
spatial constraints.
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V. C ONCLUSIONS
The present contribution is aimed at shedding some light
on the possible applications on Random-Set-Theory (RST) for
analysis and simulation of complex systems, epitomized here
by the evolution process of cancer cells starting upon parent
(“stem”) cells. It is important to remark that the flexibility of
RST allows the inclusion of different effects (such as, e.g.,
migration effects from different spheroids or aggregates, undeterminacy of the next spheroid or aggregate location from
the previous one and so on) in a very easy and user-friendly
way. The definition and the validation of such models actually
forms the object of current research jointly conducted by the
authors of this contribution.
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MIMO and OFDM:
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Abstract—Like the two Rudolphs in the Prisoner of Zenda,
OFDM and MIMO share many aspects. Comparing one to
the other can expand our understanding of both. OFDM and
MIMO with some channel knowledge rely on eigenvectors for
modulation. OFDM and MIMO both without channel knowledge
rely on diversity: with OFDM the diversity comes from the timedomain taps and with MIMO the diversity comes from multiple
antennas. This talk examines some parallels between the two
concept and examines how frequency-time relates to space-space
or space-time.

I. I NTRODUCTION
This talk discusses ways that OFDM and MIMO mirror
each other and tries to show that they have more in common
than just an O and an M in their name. Both OFDM and
often MIMO antennas systems modulate in one dimension
and transmit in another. Diversity in OFDM is achieved
through coding in the frequency domain. This coding has
some parallels to space-time coding. Finally, waterfilling in
OFDM and beamforming in MIMO share several attributes.
The advantage of comparing these two different methods is
that with the comparisons, one can see how methods can be
borrowed from one to the other.
II. M ODULATING

FROM ANOTHER

−j2π(N −1)
N

... e

−j2π(N −1)(N −1)
N

and the eigenvalues of Ho are the Fourier coefficients of the
k
. So the transmitted OFDM signal
channel at frequencies N
with no knowledge of the channel is:
Vo co

VoH Ho xo

= xo

where co are the constellation values and xo is the timedomain signal.

=
=

Vo Ho VoH co
So co

where So is the matrix of eigenvalues (Fourier coefficients)
of the circulant channel matrix. A wonderful thing about
OFDM and the cyclic prefix, is the eigenvectors are the same
regardless of the channel or the knowledge of the channel.
This is not quite the same in MIMO, but if the matrix
channel is known at the transmitter, then one beamforms by
finding the eigenvectors of the channel matrix Hm via a
H
, where
singular value decomposition. So if Hm = Vm Sm Vm
U, V are unitary matrix and S is a diagonal matrix of the
singular values of S.
So knowing the channel at the transmitter, the transmitted
MIMO signal is:
Vm cm

=

xm

UH
m Hm xm

=

Sm cm

and at the receiver:

S PACE

OFDM modulates in the frequency domain and transmits
in the time-domain. A key point is, if the OFDM signal has
a cyclic prefix, then the time-domain channel matrix, H0 is
circulant. When this is the case, the eigenvectors of the channel
are the DFT matrix [1]:


1 1
... 1
−j2π(N −1)
−j2π


N
... e

1  1 e N

VoH = √ 
..

N 
.


1 e

At the receiver, we match the signal with the inverse of the
eigenvector matrix and we have:

With channel knowledge at the transmitter, MIMO, just like
OFDM, modulates its signals along the eigenvectors of the
channel. But unfortunately for MIMO, it must have tailormade eigenvectors, unlike it’s luckier cousin OFDM, who
always has eigenvectors at the ready.
III. D IVERSITY
When the channel is unknown at the transmiter both OFDM
and MIMO rely on the kindness of diversity. In MIMO one
venue for diversity is space-time coding. Constellation values
are mapped onto a space-time grid with appropriate repetition.
Diversity is achieved via appropriate mapping and due to the
path delays from different transmit and/or receive antennas.
In OFDM, a common way to achieve diversity is to encode
data with interleaving across the frequency domain. The diversity is achieved through repetition across the frequency domain
either through a simple repetition code or a more efficient error
control scheme. However, this is really a frequency-time grid
in the sense that the path delays are temporal and are the basis
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for the diversity. Just as MIMO has no diversity if the antennas
have the same signal, OFDM has no diversity if there is only
1 path delay.
For example, suppose one has a simple repetition code in
OFDM where a constellation value is repeated every N/2
subcarriers. Then the demodulated matched value, ignoring
noise, is:
zl

V. S UMMARY
OFDM and MIMO share many of the same operations and
aspects. These commonalities include eigenvector modulation,
diversity gains and beamforming/waterfilling. Similarly multiuser OFDM and multi-user MIMO share the spectrum/antenna
space. Methods and operations used in one can be borrowed
and adapted for another.

= cl (|Sl |2 + |Sl+N/2 |2 )

ACKNOWLEDGMENT

where Sl are the Fourier coefficients (eigenvalues) at the lth
subcarrier. Given an L−tap channel, h, Sl = vl,o H h, where
vl,o is a Lx1 vector of the DFT components:

vl,o

=







1
l
ej2π N
..
.
ej2π

l(L−1)
N







So
zl

= cl hH Wh



H
H
The amount of
where W = vl,o vl,o
+ vl+N/2,o vl+N/2,o
diversity found here is limited by the rank of the internal
matrix, W. The rank of this matrix is limited by two factors:
the dimension of h, the number of independent taps in the
time-domain and the number of repetitions. In this case, as
there are only two repetitions in the example code, the rank
of the matrix is at most two and that is the maximum diversity
achieved.
So here the analogy is the diversity is limited by the rank
of the matrix W and the rank of space-time coding matrix.
In this comparison, the time-domain in W corresponds to the
spatial domain while the frequency domain corresponds to the
time-domain.

Thanks to Len Cimini for helpful conversations.
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IV. WATER - FILLING
With channel knowledge at the transmitter, both OFDM
and MIMO can increase their bit-rate through proper powerloading or beamforming.
When the channel is known at the transmitter, power can
be assigned to each subcarrier via waterfilling,
i.e. Pi = λ −
PN
σ2
i=1 Pi [1]. As also
|Si |2 , where λ is chosen so that P =
noted in [2], on-off waterfilling has little loss compared to
full-scale waterfilling. In other words, given knowledge of the
channel OFDM modulates on the largest eigenvectors. As the
SNR on largest eigenvectors increases, the power on each used
subcarrier approaches a constant value.
When a MIMO system has knowledge of the channel at
the transmitter, beamforming can occur by transmitting along
the largest eigenvector of the MIMO channel. So OFDM
is essentially beamforming along the subcarriers with the
strongest signals. Similarly, MIMO beamforming approaches
waterfilling under the right conditions [3], [4].
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On the PAPR-Problem for General
Multi Waveform Transmission Schemes
Holger Boche
Abstract
High peak values of transmission signals in wireless communication systems lead to wasteful energy consumption
and and out-of-band radiation. However, reducing peak values generally comes at the cost of some other resource.
We provide a theoretical contribution towards understanding the relationship between peak value reduction and the
resulting cost in information rates. In particular, we address the relationship between peak values and the proportion
of transmission signals allocated for information transmission when using a strategy known as tone reservation.
We show that when using tone reservation in both OFDM and DS-CDMA systems, if a Peak-to-Average Power
Ratio criterion is always satisfied, then the proportion of transmission signals that may be allocated for information
transmission must tend to zero. We investigate properties of these two systems for sets of both finite and infinite
cardinalities. We present properties that OFDM and DS-CDMA share in common as well as ways in which they
fundamentally differ.
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From Gram–Schmidt Orthogonalization
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Robert F.H. Fischer
Lehrstuhl für Informationsübertragung, Friedrich–Alexander–Universität Erlangen–Nürnberg,
Cauerstrasse 7/LIT, 91058 Erlangen, Germany, Email: fischer@LNT.de

I. I NTRODUCTION
Over the last years, numerous equalization schemes for
multiple-input/multiple-output (MIMO) channels have been
studied in literature. In particular, techniques known from
intersymbol-interference channels have been transferred to the
MIMO setting, such as linear equalization, decision-feedback
equalization (DFE, also known as successive interference
cancellation, SIC, and the main ingredient of the BLAST approach), and maximum-likelihood detection, cf. [3, Table E.1].
Besides them, new approaches based on lattice basis reduction, e.g., [16], [11], are of special interest. Using these latticereduction-aided (LRA) techniques, low-complexity equalization achieving the optimum diversity behavior [9] is enabled.
In this contribution, the connection of the Gram–Schmidt
procedure—well-known from linear algebra for calculating an
orthogonal/orthonormal basis for a vector space—to decisionfeedback equalization and to lattice reduction and latticereduction-aided equalization, respectively, is enlightened. It
is shown that the operations quantization and sorting play
an important role. Their consequences for the universal tool
Gram–Schmidt procedure and the connection to the LLL
algorithm with deep insertions [8] are explained.
II. G RAM –S CHMIDT O RTHOGONALIZATION
Assume we are operating on RN and let K (K ≤ N ) linearly
independent vectors h1 , h2 , . . . , hK be given.1 These vectors
span some K-dimensional subspace of RN , i.e., are a basis
for this subspace.
Given the hi ’s, the Gram–Schmidt (GS) orthogonalization
procedure2 result in new vectors q1 , q 2 , . . . , q K , such that
they are mutually orthogonal (qT
k q l = 0, k = l) and span the
same K-dimensional subspace, e.g. [4]. If desired, the new
2
basis may also be normalized, i.e., qT
k q k = ||q k || = 1, ∀k—
orthonormal vectors, Gram–Schmidt orthonormalization.
A possible implementation of Gram–Schmidt orthogonalization (steps for orthonormalization are shown in square
brackets) is given in Algorithm 1. For convenience, we

combine the vectors and scalars, respectively, in matrices as
follows



def 
(1)
H = hij = h1 . . . hK




def
Q = qij = q 1 . . . q K
(2)



def 
R = rij = r 1 . . . r K .
(3)

The coefficients rij describe the basis change; the initial basis
vectors hk are given
kas a linear combination of the new vectors
q k , i.e., hk =
l=1 rlk q l . Due to construction, Q
 is an
T
orthogonal matrix (QT Q = diag q T
1 q 1 , . . . , q K q K ) or an
orthonormal matrix (QT Q = I), and R is upper triangular.
Hence, we have
H = QR ,
(4)

i.e., the Gram–Schmidt process induces a QR decomposition
of the initial basis matrix H. Subsequently, we only consider
orthogonalization.
In linear algebra, usually the basis Q is of main interest and
the matrix R of less importance. Moreover, the order of the
vectors q i is often irrelevant, as a permutation of the vectors
does not change the spanned subspace.
Besides linear algebra, the Gram–Schmidt procedure also
plays an important role in digital communications. Given the
signal elements of a general digital modulation scheme, an
orthonormal basis spanning the signal space can be obtained
via the Gram–Schmidt orthogonalization, e.g. [14]. Using this
basis, modulator and, in particular, the optimum receiver can
be derived immediately.
Algorithm 1 Gram–Schmidt orthogonal-/orthonormalization.
[Q, R] = GramSchmidt(H)
1: Q = H, R = 0
2: k = 1
3: while k ≤ K {
rkk = 1
4:

1 Notation: matrices are denoted by bold uppercase letters, column vectors
by bold lower case letters. AT , aT : transpose of a matrix or a vector;√A−1 :
inverse of the square matrix; I: identity matrix; 0: null matrix; ||a|| = aTa:
Euclidean norm of the vector a. For brevity, the basic principles are described
for real-valued vectors. However, almost all statements are equally valid for
vectors from CN . In this case, transposition ·T has to be replaced by conjugate
transposition, i.e., hermitian operation ·H .
2 Named after the Danish mathematician Jørgen Pedersen Gram (1850–
1916) and the German mathematician Erhard Schmidt (1876–1959).
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5:
6:

for i = k + 1, . . . , K {
T
rki = q T
k q i /(q k q k )
q i = q i − rki q k
}
k =k+1

7:
8:
9:
10:
11:

}




T
 rkk = q k q k 
q k = q k /rkk


rki = q T
k qi



III. D ECISION -F EEDBACK E QUALIZATION
Next, we consider tranmission over a flat fading channel with
K transmit and N receive signals. The fading coefficients hij
from transmit antenna j to receive
 antenna i are collected in
the channel matrix H = hij . The column vectors hj of
H contain the transmission factors from transmit antenna j to
all receive antennas; they span the space, the receive signal
lies. Furthermore, additive (spatially white) Gaussian noise
(variance σn2 per component) is present. Denoting the vector
of data symbols by a, the classical input/output relation
y = Ha + n

(5)

holds.
The interference between the parallel data streams has to be
eliminated by means of equalization. Using linear equalization
(either optimized according to the zero-forcing (ZF) or the
minimum mean-squared error (MMSE) criterion) via3 r =
H R y a decision vector is generated, on which individual (per
component) threshold decision can be performed to recover
data.
n
a

H

y

F

r

P

â

R−I

Fig. 1.

MIMO transmission systems using decision-feedback equalization.

Some gains over linear equalization can be achieved by
using decision-feedback equalization, also known as BLAST
or SIC, see Figure 1. Key ingredient for ZF DFE4 is the QR
decomposition of the channel matrix, such that (cf. (4))
H = QR ,

(6)

where Q is orthogonal and R is upper triangular with unit
main diagonal. The factorization can simply be obtained applying the Gram–Schmidt procedure. However, in the present
case, the upper triangular matrix R is of more interest.
Calculating via feedforward processing (feedforward matrix
def
F = (QT Q)−1 QT )
r =
=
=
=

Fy
(QT Q)−1 QT Ha + (QT Q)−1 QT n
(QT Q)−1 QT QRa + (QT Q)−1 QT n
Ra + ñ ,

(7)

we see that the effective transmission matrix is R, hence
has triangular form. Thereby spatially causality is achieved;
tranmission symbols with larger index disturb those with
smaller one but not the other way round. Due to the orthogonal
3H

is a (regularized) pseudo inverse of H.
that MMSE DFE can be obtained as for the ZF case when using
augmented matrices and vectors, cf. [5], [12].
R
4 Note

transformation, the new noise vector ñ is also Gaussian and
−1
.
white but with variances σñ2 k = σn2 (q T
k qk )
Due to causality, the data symbols can be detected in a
successive manner. Having decisions on symbols K, K −
1, . . . , k+2, k+1, their interference into data symbol k (given
by the factors rki ) can be eliminated, and the kth symbol
is decided. This procedure is repeated until all K transmit
symbols are known (detection in reverse natural order).
The signal-to-noise ratio in component k is proportional to
||q k ||2 . Hence, for best performance (most reliable decisions),
the norms of the vectors qk should be as large as possible.
However, since decisions are taken (quantization is a nonlinear operation) within the equalization procedure, the decision order influences performance. Since the receiver operates
on the entire receive vector it is not necessary to detect the data
symbols in (reverse) natural order but an optimized one can
be used. Defining a criteria of optimality—usually the symbol
to be detected next among the not yet detected one is that one
with the largest signal-to-noise ratio, cf. the BLAST ordering
[13]—among all possible K! detection orders the best one can
be identified.
The optimum detection order can be described by a (virtual)
relabeling of the transmit antennas, corresponding to a columnwise permutation of the channel matrix H. Instead of H, the
def
matrix C = HP , where P is a permutation matrix (a single
one in each row and column), is considered. Decisions are still
taken in the reverse natural order (K, K−1, . . . , 1); having all
estimates, via the permutation matrix P the original sequence
is re-established, cf. Figure 1.
Hence, we end up with a sorted QR decomposition of the
channel matrix according to
def

C = HP = QR .

(8)

In [13] an algorithm for finding the optimum permutation and
feedforward and feedback matrices for DFE has been given.
Later on, more efficient variants, e.g., [5], [1], have been
derived in literature.
Essentially, the sorted QR decomposition is nothing else
than a Gram–Schmidt procedure with pivoting. In [15] a simple
pivoting has been proposed which, however, shows some
loss compared to the BLAST algorithm. Basically, instead of
maximizing ||q k ||2 in sequence of detection (k = K, K −
1, . . . , 1), it is minimized for k = 1, 2, . . . , K.
In the above Algorithm 1, only few new lines have to
be additionally introduced, see Algorithm 2. Lines already
present in Algorithm 1 are printed in gray. Instead of a column
exchange, here an insertion of column i between columns k−1
and k (thereby columns k through i − 1 are shifted by one
position to the right) is used.
In summary, quantization of the involved signal induces
the need to look for a suited ordering for performing these
non-linear operations. In other words, as long as only linear
operations are carried out, sorting is of no importance; as
soon as non-linear operations are present, performance can
be improved by sorting.

14

Algorithm 2 GS with pivoting.

In the second step, for performing LRA decision-feedback
equalization H red is further decomposed according to

[Q, R, P , C] = GramSchmidtSort(H)
1: Q = H, R = 0, C = H, P = I
2: k = 1
3: while k ≤ K {
4:
i = argminj=k,...,K ||q j ||2
5:
if i = k {
6:
Insert(i, k)
7:
}
8:
rkk = 1
9:
for i = k + 1, . . . , K {
T
10:
rki = q T
k q i /(q k q k )
11:
q i = q i − rki q k
12:
}
13:
k =k+1
14: }

H red P = QR ,

(10)

i.e., again a sorted QR decomposition has to be performed.
The transmission system employing LRA DFE is depicted
in Fig. 2. Feedforward and feedback matrices are thereby given
as above (for more details see [12]). Since via DFE only H red
is equalized, estimates of the actual data symbols are finally
generated using T −1 .
n
a

H

y

F

T −1

P

R−I



â

Z

Fig. 2.
MIMO transmission systems using lattice-basis-reduction-aided
decision-feedback equalization.

Insert(i, k)
1: in C, Q, R, and P : insert column i between columns
k − 1 and k; delete old column i

B. Combined Lattice Reduction and QR Decomposition

IV. L ATTICE -R EDUCTION -A IDED D ECISION -F EEDBACK
E QUALIZATION
A. Basic Operation
The idea of lattice-reduction-aided equalization [16], [11]
is to interpret the (noise-less) signal at the output of the
MIMO channel as points taken from the lattice spanned by
the columns hk of the channel matrix H. Choosing a “more
suited” representation of this lattice, a so-called reduced basis,
within the DFE loop not the data symbols itself but integer
linear combinations thereof are recovered. After having these
decisions, the change of basis is undone. In other words,
equalization is carried out with respect to the new basis, which
is desired to be close to orthogonal,5 hence less noise enhancement results. Meanwhile it has been proven that latticereduction-aided equalization achieves full diversity provided
by the MIMO channel [9].
Given the N × K channel matrix H, in the first step
lattice basis reduction—e.g., by using the LLL algorithm [6]—
is performed. For obtaining equalization optimized according
to the zero-forcing criterion,6 the factorization of the channel
matrix reads
H = H red T .
(9)
Thereby, T is an unimodular matrix (only integer coefficients
and | det(T )| = 1) and the columns of H red should be close
to orthogonal and should have small norms.
5 A quantitative measure is the so-called orthogonality defect. For a given
K
matrix H with columns hk it is defined as δ = k=1 ||hk ||/| det(H)|. It
is easy to see that δ ≥ 1, ∀H, and δ = 1, iff all columns of H are pairwise
orthogonal.
6 As above, optimization according to the minimum mean-squared error
criterion may be obtained by replacing the matrices H and Q by their
augmented versions.

The obvious procedure for LRA DFE would be to perform
lattice reduction and QR decomposition of the reduced channel
matrix in sequence. However, it has been recognized, e.g.,
[10], [7], that parts of the complexity can be saved as there
are interactions between both steps.
def
Combining (9) and (10), and defining Z = T −1 P , which
is also unimodular, we arrive at
def

C = HZ = QR .

(11)

Hence, for performing LRA DFE a suited unimodular matrix
Z (replacing the permutation matrix P in conventional DFE)
has to be found such that C is a (sorted and) reduced basis.
At the same time, the QR decomposition of C has to be
calculated.
Fortunately, the famous lattice reduction algorithm proposed
by Lenstra, Lenstra, and Lovász (LLL) [6] relies on the QR
decomposition. The basic idea of the LLL algorithm is to
calculate Q and R and then to quantize the coefficients of R to
the set of integers. The inverse of this integer matrix—which is
upper triangular with unit main diagonal, hence unimodular—
is a candidate for the desired unimodular matrix Z. If R would
be integer, the reduced basis would be given by Q; an orthogonal basis would be present. Unfortunately,
this
 will
 usually
def 
be not the case and the columns of C = cij = c1 . . . cK
will only be approximately orthogonal.
Basically, the LLL can be obtained from the above Gram–
Schmidt procedure by incorporating a size reduction step.
This multiplication of all terms in (11) from the right by the
inverse of the quantized version of R is done successively.
Each time (step k) a new vector qk is processed not only
its projection—which is a real-valued multiple of qk —onto
the remaining vectors qk+1 , . . . , q K is subtracted, but also
an integer multiple, say r, of the already processed vectors
ci , i = k − 1, . . . , 1, is subtracted from ck (this operation
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Algorithm 3 GS with pivoting and reduction.

When additionally including size reduction, quantization
within the GS algorithm is done. Now, this operation not only
influences the not yet processed vectors but also has an effect
on the already calculated ones. In turn, for obtaining optimum
results, the need for revisiting prior processed vectors arises.
However, as in the case of sorting/pivoting a criterion for
optimality is required—here a criterion of when and how far
going back.
The LLL algorithm requires that |rik | ≤ 1/2, ∀i < k. This
reflects the degree of orthogonality of the vectors ck of the
reduced basis. Additionally,

[Q, R, Z, C] = GramSchmidtRed(H)
1: Q = H, R = 0, C = H, Z = I
2: k = 1
3: while k ≤ K {
4:
i = argminj=k,...,K ||q j ||2
5:
if i = k {
6:
Insert(i, k)
7:
}
8:
rkk = 1
9:
for i = k + 1, . . . , K {
T
10:
rki = q T
k q i /(q k q k )
11:
q i = q i − rki q k
12:
}
13:
for i = k − 1, k − 2, . . . , 1 {
14:
Red(k, i)
15:
}
16:
k =k+1
17: }

1<k≤K
(12)
has to hold, which gives a criterion on the sorting of the
basis vectors with respect to their length. In the basic LLL
algorithm adjacent basis vectors are compared and if (12) is
not fulfilled they are swapped. Then, k is decremented, hence,
the algorithm goes back one step in the GS procedure.
In [8] Schnorr and Euchner proposed a different approach.
Instead of swapping adjacent vectors, the vector ck may be
inserted between vectors ci−1 and ci . When doing so, and
recalculating the Gram–Schmidt factorization, the new vector
at position i, say qi , is given by ck minus the projections of
the already known basis vectors qj , j = 1, . . . , i − 1. Hence,
as the projections rjk are already known, it calculates to

Insert(i, k)
1: in C, Q, R, and Z: insert column i between columns
k − 1 and k; delete old column i
Red(k, i)
1: r = rik
2: ck = ck − r · ci
3: r k = r k − r · r i
4: z k = z k − r · z i

i−1

q i = ck −
and using ck =

is kept track in Z). Choosing7 r = rik , i.e., calculating
ck = ck − rik ci , the off-diagonal elements of the final
R have magnitude not exceeding 1/2. This is one of the
conditions for C being “LLL reduced”, cf. [6].
A first approach to combined Gram–Schmidt procedure and
lattice reduction is summarized in Algorithm 3. Again, the
lines printed in gray are already present in Algorithm 2.

The above algorithm achieves gains with respect to the orthogonality defect of C but as Q remains unchanged, no
performance gains in DFE are possible, cf. [10]. Hence there
is still room for improvement.
In the Gram–Schmidt procedure no quantization at all is
present. Performing (conventional) DFE, quantization of the
signals, outside the GS algorithm, takes place, leading to
the necessity of finding a suited permutation of the columns
of the channel matrix. The quantization results (decisions)
influence the decisions of the not yet detected symbols. Hence,
quantization acts in a causal manner and the greedy approach
of BLAST or sorted QR decomposition to find a suited sorting
is justified.

k

j=1 rjk q j ,

rjk q j

(13)

j=1

with rkk = 1, we arrive at
k−1

= qk +

rjk q j .

(14)

j=i

Taking the pair-wise orthogonality of the vectors qk into
account, the squared length of the new vector qi is hence
given as [2]
i−1

||q i ||2 = ||ck ||2 −

C. LLL with Deep Insertions and Pivoting

7 x:

3
||q
||2 ,
4 k−1

2
||q k−1 ||2 ≥
||q k ||2 + rk−1,k

j=1

2
rjk
||q j ||2

(15)

2
rjk
||q j ||2 .

(16)

k−1

= ||q k ||2 +

j=i

If the length of the new vector qi is significantly smaller than
the length of the old vector qi , say,
3
||q ||2 ,
(17)
4 i
then it is reasonable to do the insertion and obtain a Gram–
Schmidt basis with shorter vectors and in turn a “more
reduced” basis of the lattice. After the insertion, k is reset
to i and the Gram–Schmidt procedure is restarted from this
point.

quantization (rounding) to the nearest integer.
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||q i ||2 ≤

Algorithm 4 LLL with deep insertions.

(assuming that it is kept track of the length of the vectors qk
anyway) a significant reduction in complexity (e.g., how many
times the while loop is carried out) is possible.

[Q, R, Z, C] = LLLdeep(H)
1: Q = H, R = 0, C = H, Z = I
2: k = 1
3: while k ≤ K {
4:
i = argminj=k,...,K ||q j ||2
5:
if i = k {
6:
Insert(i, k)
7:
}
8:
rkk = 1
9:
for i = k + 1, . . . , K {
T
10:
rki = q T
k q i /(q k q k )
11:
q i = q i − rki q k
12:
}
13:
for i = k − 1, k − 2, . . . , 1 {
14:
Red(k, i)
15:
}
i−1 2
16:
find i such that ||ck ||2 − j=1 rjk
||q j ||2 ≤ 34 ||q i ||2
17:
if i = k {
18:
Insert(k, i)
19:
recalculate q i , . . . , q K and rij , j = i, . . . , K
20:
k=i
21:
}
22:
k =k+1
23: }

V. C ONCLUSIONS
To summarize, in this paper, the connection of the sorted
Gram–Schmidt procedure and its use in decision-feedback
equalization schemes on the one side and the LLL algorithm
and its use in lattice-reduction-aided equalization schemes on
the other side has been studied. It has been shown that the
LLL with pivoting and deep insertions is a logical development
staring from the basic Gram–Schmidt procedure.
ACKNOWLEDGMENT
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Insert(i, k)
1: in C, Q, R, and Z: insert column i between columns
k − 1 and k; delete old column i
Red(k, i)
1: r = rik
2: ck = ck − r · ci
3: r k = r k − r · r i
4: z k = z k − r · z i

Due to (15), the test can be done successively: starting with
L1 = ||ck ||2 it is tested against ||q1 ||2 . At each step Li+1 =
2
||q i ||2 is calculated and tested against ||qi+1 ||2 , i =
Li − rik
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printed in gray are already present in Algorithm 3. The main
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Algorithm for Decoding Layered Space-Time Codes. IEE Electronics
Letters, Vol. 37, No. 22, pp. 1348–1350, Oct. 2001.
[16] H. Yao, G.W. Wornell. Lattice-Reduction-Aided Detectors for MIMO
Communication Systems. IEEE Global Communications Conference,
Taipei, Taiwan, Nov. 2002.

17

Nonlinear Cancellation as Constrained Optimization
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Abstract—Nonlinear interference cancellation has been successful as a low-complexity iterative detection strategy for
multiple-input, multiple-output channels. However, such strategies are generally difficult to analyze. Here we develop a
connection to constrained optimization through the use of penalty
functions. The resulting framework provides a means of analysis,
and includes known nonlinear cancellation schemes.

I. E XTENDED A BSTRACT
Consider a real-valued, matched-filtered multiple-input,
multiple-output additive white Gaussian noise (AWGN) vector
channel as follows,
y = Mx + z,
t

(1)

where y = (y1 , y2 , ..., yK ) ∈ R is the received vector,
t
M ∈ RK×K is the channel matrix, x = (x1 , x2 , ..., xK ) ∈
K
{−1, 1} is the transmitted vector of binary symbols, and
t
z = (z1 , z2 , ..., zK ) ∈ RK is the vector of Gaussian noise
samples with covariance matrix E {zzt } = Mσ 2 . Note that
the model can be extended to complex baseband and more
general symbol alphabets D.
For symmetric positive definite M, define the vector norm
kxk

K

1

1

M−2

= kM−2 xk2 = xt M−1 x,

(2)

i.e., the norm derived from the inner product (·, ·)M−1 . We can
then express the normalized log-likelihood function as
1
kMx − yk −12 .
(3)
M
2
The maximum-likelihood estimate of x is found as the solution
to the integer-constrained optimization problem

One well-known approach for numerical solution of optimization problems such as (5) is to use a descent algorithm [1]. In
general terms, for a convex optimization problem such as (5)
descent algorithms take the form
x̂(n+1) = x̂(n) + tn d(n)

x̂(n+1) = x̂(n+1) − tn ∇(x̂(n) ) = tn y − (tn M − I)x̂(n) . (8)

Eqn. (8) is recognized as the Jacobi over-relaxation iteration
to the linear equation system y = Mx. Different choices of
tn and d(n) lead to different iterative algorithms.
Maximum likelihood detection results from the solution of
(3) subject to the constraint x ∈ D = {−1, 1}K , while linear
detectors stem from replacing the integer constrained problem
x ∈ D with an unconstrained problem, x ∈ RK . An intermediate approach is to introduce constraints C ⊂ RK that more
closely approximate D. For example, one could require unit
energy solutions, xt x ≤ 1, or solutions in which each user’s
output is individually unit energy, |xk |2 ≤ 1, k = 1, 2, . . . , K.
In general, we consider inequality constrained optimization
problems of the form

f (x) =

x̂ML = arg min f (x),
x∈D

(4)

K

where D = {−1, 1} . The problem in (4) is NP-hard, and
can therefore be prohibitively complex to solve. Relaxing
the integer-constraint typically leads to sub-optimal solutions
obtained with reduced complexity.
Consider the convex problem
x̂ = arg min f (x),
x∈RK

(5)

where the solution can be found as the unique stationary point
of the gradient of f (x),
t

∂f (x) ∂f (x)
∂f (x)
,
,...,
= Mx − y. (6)
∇ (x) ,
∂x1
∂x2
∂xK

(7)

where the direction d(n) is chosen to reduce the value of the
objective function and the step size tn is chosen to minimize
the objective function in the direction of d(n) .
One possible choice for the search direction is the negative
gradient of the objective function, evaluated at the current
point, d(n) = −∇(x(n) ), resulting in

min f (x) subject to
gi (x) ≤ 0 i = 1, 2, . . . , m,

(9)
(10)

where f (x) = 21 kMx − yk −12 and the gi (x) are convex,
M
differentiable functions. Clearly, selection of the gi will have
an impact on the performance of a detector that implements
(9), depending on how well the constraint set C implied
by (10), namely C = {x : gi (x) ≤ 0, i = 1, 2, . . . , m},
approximates D.
The main focus here is on implementation of (9)-(10) rather
than selection of C. One approach for numerical solution of an
inequality constrained optimization problem is to use barrier
functions [1, Section 11.2]. First, we can replace the inequality
constrained problem (9)-(10) by an equivalent unconstrained
problem
m
X
min f (x) +
I (gi (x))
(11)
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i=1

|

{z

}

penalty function

where the ideal barrier function I is defined as
(
0
u≤0
I(u) =
∞ u > 0.

The discontinuity of I at u = 0 resists analysis, and the main
idea of the barrier function approach is to use a differentiable
approximation b(u) ≈ I(u). For a given barrier function b(u)
and inequality constraints gi , let
ϕ(x) =

m
X

(12)

b(gi (x))

i=1

be the associated penalty function. Replacing (11) with the
approximation
min f (x) + ϕ(x),
(13)
we can now consider the class of suboptimal, nonlinear
detectors defined by various solution methods for (13). In the
following development, the choices of barrier function b and
constraints gi are arbitrary. Note, however, that certain choices
of these functions recover several known detectors.
One common choice for b(u) in the optimization literature
is the logarithmic barrier function,
1
(14)
lt (u) = − log (−u) .
t
where t > 0 tunes the accuracy of the approximation, noting
lim lt (u) = ∞

u→0−

lim lt (u) = 0,

t→∞

u < 0.

Returning to our general framework, note that f is convex
and hence, if ϕ is convex, the modified objective function f +ϕ
in (13) is convex. In that case, a vanishing gradient is a necessary and sufficient condition for optimality. Alternatively with
non-convex ϕ, there may be local optima and the condition is
necessary only.
Now the gradient of the objective function evaluated at a
particular point x̂ (13) is

where

Mx̂ − y + ϕ0 (x̂)
ϕ0 (x̂) =

∂
ϕ(x)
∂x

.
x=x̂

The resulting gradient descent algorithm is a direct modification of (8) to include the gradient of the penalty function,


x̂(n+1) = tn y − (tn M − I)x̂(n) − tn ϕ0 x̂(n) .
(15)

Setting tn = 1 in (15) and re-arranging, we obtain


x̂(n+1) + ϕ0 x̂(n) = y − (M − I)x̂(n) .

Several nonlinear cancellation detectors of the form (17)
have been described in the literature. The framework of
constrained optimization that we have just developed gives
a means of analysis of such detectors. Given a particular
nonlinearity ζ, applied to the output of a canceller, it may
be possible to determine the underlying constraints (approximately) enforced by the detector via (12) and (13).
The following theorem summarizes this framework for
nonlinear cancellation [2].
Theorem 1: The nonlinear iteration


x̂(n+1) = ζ y − (M − I)x̂(n)

is a gradient method for numerical solution of
1
min kMx − yk −12 + ϕ(x)
M
2
where ϕ satisfies
ζ −1 (x) = ϕ0 (x) + x.

If ϕ is convex, then the iteration is convergent to the unique
point x̂ satisfying
Mx̂ + ϕ0 (x̂) = y.
In certain cases, it may be possible to decompose ϕ into a
sum of barrier functions and constraint functions (12), which
further identifies the nonlinear iteration as a barrier method
for a constrained optimization problem.
The development of the functions ϕ : RK 7→ R and
ζ : RK 7→ RK allows for general mappings with domain
RK . In many cases of interest, the functions ϕ and ζ operate
independently on each coordinate, i.e.
ϕ(x) =

(18)

ϕk (xk )

k=1
t

ζ(x) = (ζ1 (x1 ), ζ2 (x2 ), . . . , ζK (xK )) .

(19)

Furthermore, it is typical that the functions ϕk : R 7→ R
and ζk : R 7→ R are identical for each coordinate, ϕi = ϕj
and ζi = ζj . This is in particular the case for well-known
nonlinear cancellation schemes based on clipped soft decision,
hyperbolic tangent, or hard decision. We demonstrate that
these structures are conveniently described within this framework of constrained optimization, which in turn encourages
the investigation of new nonlinearities for cancellation.
ACKNOWLEDGMENT
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(16)

Supposing ξ(x) = x + ϕ0 (x) has inverse function ζ = ξ −1 ,
then Eqn. (16) motivates iterations of the form


x̂(n+1) = ζ y − (M − I)x̂(n) ,
(17)

K
X
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which is simply cancellation followed by a nonlinearity ζ.
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Lossless Data Compression Done Right
Sergio Verdú
Abstract
Information theory courses and textbooks deal with source coding by presenting the fundamental limits of:
a) Almost-lossless fixed-length data compression;
b) Average length of variable-length “uniquely-decodable” codes.
A major conclusion is that the compression rate can never be lower than the entropy.
We will argue that the lossless data compression systems of interest in practice do not belong to either a) or b).
Jettisoning extraneous constraints, we will show, among other things, that yes, we can beat the entropy.
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Abstract—In a sparsely referenced paper 1983 paper, Yamamoto developed the tradeoff between rate, distortion, and
equivocation for a simple source model. In this paper, it is shown
how Yamamoto’s formalism can be translated into the language
of data disclosure in searchable data repositories, leading to an
analytical framework that quantifies how safe private data can be
(privacy) while still providing useful benefit (utility) to multiple
legitimate information consumers.

I. S UMMARY
The emergence of large centralized searchable data repositories has made leakage of private information such as medical
data, credit card information, or social security numbers via
data correlation (inadvertently or by malicious design) an
important societal problem. Unlike the related problem of
secrecy (e.g., [1]) in which a distinction is drawn between
secret and non-secret data, in the privacy problem, disclosing
data provides utility while enabling possible loss of privacy
at the same time. That is, via a legitimate query, a user
of a database can learn some public information, which is
allowed and needs to be supported, and at the same time
can also learn or infer private information, which needs to
be prevented. Thus every user of a database is (potentially)
also an adversary. This drives the need for a framework that
can quantify how safe private data can be (privacy) while
still providing useful benefit (utility) to multiple legitimate
users of a database. Clearly, utility and privacy are competing
goals: perfect privacy can be achieved by publishing nothing
at all, but this has no utility; perfect utility can be obtained
by publishing the data exactly as received, but this offers
no privacy [2]. Utility of a data source is potentially (but
not necessarily) degraded when it is restricted or modified to
uphold privacy requirements. This paper presents a formalism
for quantifying the tradeoff between the privacy needs of
the respondents (individuals represented by the data) and the
utility of the sanitized (published) data for any data source.
Our approach is information-theoretic, and a modification
of rate-distortion theory to account for privacy is a natural
choice for studying the utility-privacy tradeoff: utility can be
quantified via fidelity which in turn is related to distortion,
and privacy can be quantified via equivocation. In particular,
we draw on ideas exposed in a three-decade-old paper on
secure source coding by Yamamoto [3], which developed

the tradeoff between rate, distortion, and equivocation for a
specific and simple source model. Yamamoto’s formalism can
be translated into the language of data disclosure, by coupling
it to a key insight [4]: for a data source with private and public
data, minimizing the information disclosure rate sufficient to
satisfy the desired utility for the public data is equivalent to
maximizing the privacy for the private data.
Enlarging on this theme, we develop a model for singleand multiple-query databases, derive application-independent
utility and privacy metrics, quantify fundamental bounds on
utility-privacy tradeoffs, and propose a side-information model
for dealing with questions of external knowledge. We show
that this privacy model naturally covers in a single formalism
the key sanitization approaches in statistical database privacy,
namely, data suppression and noise addition. The formalism
developed also leads to new problems in information theory, such as rate distortion of vector sources with multiple
distortion constraints, and a generalization of the multipledescription and successive-refinement problem with additional
equivocation constraints.
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Abstract
The information bottleneck method (IBM) was introduced by Tishby et al. in the
context of machine learning [1–4]. Using information-theoretic principles, it aims
at compressing given data as much as possible while simultaneously preserving as
much information as possible about an (unknown) “relevance variable.” IBM can be
viewed as an extension of rate-distortion theory that doesn’t require the specification of a distortion measure in advance. From a statistics perspective, IBM provides
a generalization of the concept of suﬃcient statistics to probability distributions
that do not belong to exponential families. We provide a self-contained introduction to IBM and highlight some relations with classical information theoretical and
statistical concepts like source coding with side information information, suﬃcient
statistics, and canonical correlations. We conclude with an outlook on the use of
IBM in the context of digital communications like relaying and sensor networks.
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Proofs for the Maximum Entropy Property of the
Normal Distribution
Christoph F. Mecklenbräuker
Institute of Communications and Radio-Frequency Engineering
Vienna University of Technology, Vienna, Austria
September 19, 2010
It is well known that for any absolutely continuous random variable, the distribution
that maximizes the differential entropy subject to an upper bound σ 2 on its second
moment is the zero-mean normal distribution with variance σ 2 .
In this contribution, several proofs for the maximum entropy property of the normal
distribution are reviewed: Calculus of variations [Shannon 48, Kapur 89], use of
Jensen’s inequality [McEliece 77], and exploitation of the information inequality
[Cover and Thomas 91], as well as Gallager’s proof [Gallager 68]. The discussion
emphasizes the corresponding concepts and pedagogical aspects.

References
[Shannon 48] C.E. Shannon, “A Mathematical Theory of Communication”, Bell
Syst. Tech. J., Vol. 27, July, pp. 379–423; Oct., pp. 623–656, 1948.
[Gallager 68] R.G. Gallager, “Information Theory and Reliable Communication”,
Wiley, New York, 1968.
[McEliece 77] R.J. McEliece, “The Theory of Information and Coding: A Mathematical Framework for Communication,” Addison Wesley, Reading, Mass., 1977.
[Kapur 89] J.N. Kapur: Maximum-entropy models in science and engineering, John
Wiley and Sons, New York, 1989.
[Cover and Thomas 91] T. Cover and J.A. Thomas, “Elements of Information Theory”, John Wiley and Sons, New York, 1991.
[Gibson 93] J.D. Gibson, “Principles of Digital and Analog Communications,” 2nd
ed., Maxmillan Publishing Co., New York, 1993.

1

23

Partition Functions of Normal Factor Graphs
G. David Forney, Jr.
Abstract
One of the most common types of functions in linear algebra is a sum of products, sometimes called a partition
function. After ”normalization,” a sum of products has a natural graphical representation, called a ”normal factor
graph,” in which vertices represent factors, edges represent internal variables, and half-edges represent the external
variables of the partition function. Various linear algebraic manipulations (e.g., ”gauge transformations”) may be
performed on a normal factor graph without changing the partition function represented by the graph. Other
manipulations yield prescribed changes in the partition function; e.g., if every factor is replaced by its Fourier
transform and sign inverters are inserted in every edge, then we obtain a normal factor graph whose partition
function is the Fourier transform of the original partition function, regardless of whether the graph has cycles. When
all factors are linear code indicator functions, this result yields the normal graph duality theorem as a corollary.
We believe that the conceptual framework of representing sums of products as partition functions of normal
factor graphs is an important and intuitive paradigm that, surprisingly, does not seem to have been introduced
explicitly in the previous factor graph literature. We will therefore try to give as tutorial a talk as possible.
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On Quantum Mechanics and
Factor Graphs of Statistical Models
Hans-Andrea Loeliger
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CH-8092 Zürich, Switzerland
A BSTRACT
The axioms of quantum mechanics (QM) specify a recipe
to compute the probabilities of certain experimental outcomes;
they do not, however, define an underlying statistical model.
Indeed, it has been claimed that no such underlying model
exists. In this paper, we argue that some key features of QM
occur also in comprehensible statistical models. Specifically,
we make the following observations:
• The squared-magnitude rule for probabilities in QM
arises naturally in nonforgetting Markov chains.
• QM systems can be represented by factor graphs. The
quantum state may be viewed as a message in the
factor graph, and its evolution in time according to
Schrödinger’s equation amounts to sum-product message
passing.
• Contrary to general belief, the superposition of “incompatible” quantum states is not peculiar to QM: superposition of messages corresponding to incompatible hypotheses / models occurs also in common signal processing
problems.
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ABOUT NETWORK UTILITY MAXIMIZATION
(NUM)

ANTHONY EPHREMIDES
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USA
ABSTRACT
A formulation of optimal flow-control and routing in non-wireless networks, developed by F. Kelly, led to tractable and insightful analysis of
upper-layer network behavior and design. A subsequent combination of this
formulation with MAC and Physical-Layer components, that generalized the
Back-Pressure Algorithm for Wireless Networks, was developed by Neely et
al. The combination yielded a truly cross-layer network design optimization
that is conceptually clear but practically difficult to implement.
In this talk we present a distillation of the combined approach and identify
its components along with hints about solvability.
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On the effects of decentralized link protocols on
stochastic models for wireless ad hoc networks
Michele Zorzi
Abstract
In this talk, we consider wireless ad hoc networks in which distributed protocols are used for medium access control
and PHY/data-link reliability. These include, for example, CSMA-based MAC (e.g., IEEE 802.11) and Cooperative
Hybrid ARQ. We describe how the protocol rules of these access and ARQ mechanisms may have a significant
biasing effect on the statistics of various quantities that are relevant for the modeling and performance analysis of
such networks, e.g., node locations, interference, availability to cooperate, etc. Accurate analytical modeling and
performance evaluation of these systems require to adequately understand these effects and to properly take them
into account. We will illustrate these behaviors and discuss modeling issues, using some examples drawn from
cooperative CSMA protocols, cognitive radio, and HARQ.
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MIMO cooperation in wireless networks
with limited information sharing
David Gesbert
Abstract
MIMO-based cooperation methods play a crucial role in improving the capacity of wireless networks, both in the
ad hoc and cellular scenarios. Such techniques allow to exploit interfering links in order to transmit useful data
but go at the expense of information sharing overhead between the cooperating devices. Two important and novel
problems arise in this context. The first deals with the understanding of the trade-off between data sharing benefit
and burden. The second one relates to the design of precoding schemes which can adapt to a continuous range
of data sharing scenarios. In particular, we address the problem of MIMO precoding with partially shared channel
side information across the cooperating transmitters. We show the links between this situation and a wider class of
problems referred to as team decision theoretic problems. We illustrate some solutions for some examples of such
problems and formulate a few challenging questions for future research.

28

1

Cognitive Radio and the Data Processing Inequality
Giorgio Taricco

Abstract—A cooperative cognitive radio system is equivalent
to a binary channel, whose input is the primary signal presence
and whose output is the fusion center decision. The error
probabilities of this channel are the false-alarm and misseddetection probabilities. Using the data-processing inequality, a
lower bound to the receiver operating characteristic is derived.

Primary
signal

ξ ∈ {0, 1}

I. I NTRODUCTION

×

S1

y1 (n)

S2

y2 (n)

..
.
SK

Cognitive Radio (CR) technologies have gained considerable interest in the last few years because of two factors:
i) the increasing demand for wireless spectrum from a large
number of applications; and ii) the fact that many portions of
licensed spectrum are neglected or underutilized by the regular
licensees [1]–[6].
The concept of CR depends considerably on the application
context [7]. According to the definition of the Global Standards
Collaboration (GSC) group within the ITU [8], a CR device
should be able to autonomously exploit unused portions spectrum to increase its own signalling rate without limiting the
use of the radio spectrum from licensed users. Thus, the most
important feature of a CR device is the ability to detect the
availability of spectrum holes [7], which can be accomplished
by suitable spectrum sensing techniques.
In a CR network there are two classes of users: i) primary
users, who have license rights to the radio channel access;
ii) secondary users, i.e., those users who have limited or no
licence rights the channel resources. Secondary users need
to estimate the radio channel condition before attempting a
transmission, i.e., they need to assess whether the channel
is idle or busy (hypotheses H0 and H1 , respectively). This
estimation is characterized by two error probabilities:
• The false-alarm probability Pfa , corresponding to the
detection of hypothesis H1 when H0 is true.
• The missed-detection probability Pmd , corresponding to
the detection of hypothesis H0 when H1 is true.
Typical values of these probabilities have been set to Pmd =
Pfa = 0.1 in the contest of the developing standard IEEE
802.22 [6]. The performance of a CR system is illustrated by
the receiver operating characteristic (ROC) plot, i.e., the plot
of the missed-detection probability Pmd versus the false-alarm
probability Pfa .
User cooperation (see, e.g., [7] and references therein)
improves a CR system performance by limiting the effects of
the hidden primary user problem. Fig. 1 illustrates the block
diagram of a CR system based on user cooperation, where the
primary signal is present if ξ = 1. The signal samples received
by a set of K secondary users (or sensors) during a certain
∗ Giorgio Taricco is currently with Politecnico di Torino (DELEN), corso
Duca degli Abruzzi 24, 10129, Torino, Italy (e-mail: taricco@polito.it).
Submitted to the IEEE Transactions on Information Theory, July 2010.

yK (n)

Fig. 1. Block diagram of a cognitive radio system with input ξ, denoting
the primary signal presence or absence, and output given by the set of
sensor outputs yk (n) for k = 1, . . . , K and n = 1, . . . , N . Dotted lines
represent the fading channels connecting the primary transmitter to the sensors
(secondary users).

observation window are forwarded, after suitable processing,
to a central processing unit called fusion center (FC) [7]. We
can see that, by appending the decision process at the FC to the
primary signal transmission channel, we obtain an equivalent
ˆ the FC decision. The
binary channel with input ξ and output ξ,
false-alarm and missed-detection probabilities are the two error
probabilities of this binary channel (conditioned to ξ = 0 and
ξ = 1), which is in general asymmetric because Pfa 6= Pmd .
By using the data-processing inequality, we calculate an
upper bound to the channel capacity, which translates into a
lower bound to the ROC. This lower bound can be applied
to assess the validity of specific combinations of spectrum
sensing and fusion strategy.
II. S YSTEM MODEL AND OPTIMUM ROC
We consider a CR system (illustrated in Fig. 1) equipped
with K sensors sensing the wireless spectrum over N sampling times in order to provide information about the channel
availability to secondary users. The system is completed by a
control channel connecting the sensors to an FC implementing
the decision on the signal presence. We assume a block fading
channel where the nth sampled signal received by sensor k is
given by
yk (n) = ξ · hk s(n) + zk (n)
(1)
for ξ = 0, 1, k = 1, . . . , K and n = 1, . . . , N . Here,
zk (n) ∼ Nc (0, σk2 )1 are the iid received noise samples, hk are
the block fading gain coefficients, s(n) are the primary user’s
symbols, and ξ denotes the the random variable indicating
that the primary signal is present (ξ = 1) or absent (ξ = 0).
The variances σk2 are known parameters. We can interpret ξ as
the imponderable primary user decision to convey information
1 Notation z ∼ N (µ, Σ) denotes a circularly symmetric complex Gausc
sian distributed vector with mean µ, covariance matrix Σ = E[zz H ]−µµH ,
and pdf det(πΣ)−1 exp[−(z − µ)H Σ−1 (z − µ)].
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III. C ALCULATION OF I
Let us define for convenience the following matrices and
vectors:

Y , (yk (n))K,N

k=1,n=1





K,N
Z , (zk (n))k=1,n=1
.




h , (h1 , . . . , hK )T


s , (s(1), . . . , s(N ))H .

0

10

0.1
0.5

−1

10

0.8
0.9

−2

10
Pmd

0.95
0.98
−3

10

0.99
0.995

Then, we can simplify (1) by writing it as follows:

0.998

−4

10

Y = ξ · hsH + Z,

0.999

and hence the mutual information (2) becomes

−5

10

(5)

−5

−4

10

−3

10

−2

10

10

−1

10

0

10

I = h(Y ) − h(Y | ξ) = h(Y ) − h(Z),

Pfa

Fig. 2. ROC lower bound curves corresponding to α = 0.5 and mutual
information I indicated by the labels.

through the channel at the time the CR system is trying to
check the existence of a spectrum hole.
In the following we assume that the random variable ξ is not
necessarily equiprobable but rather we have P (ξ = 0) = α.
Then, α represents the a priori probability of primary signal absence. The block diagram in Fig. 1 is a binary-input
continuous-output vector channel, whose mutual information
is


I , I ξ; {yk (n)}K,N
(2)
k=1,n=1 .

Using the data processing inequality (DPI) [9] and denoting
by ξˆ the FC’s output, we obtain
ˆ ≤ I.
I(ξ; ξ)

(3)

Then, since


Pfa
Pmd

=
=

P (ξˆ = 1 | ξ = 0)
,
P (ξˆ = 0 | ξ = 1)

−αHb (Pfa ) − ᾱHb (Pmd ),

A. Known gains and signal at the receiver
In order to equalize the noise variances, we transform the
channel equation (5) by pre-multiplying by the inverse of the
square root of the noise covariance matrix
2
Σz , diag(σ12 , . . . , σK
).

We obtain

(6)

Y = ξA + Z,
−1/2
Σz hsH

and the entries of Z are then iid as
where A ,
Nc (0, 1). This linear transformation is invertible and does not
change the mutual information I. In order to calculate the
mutual information, we resort to Theorem A.1 (Appendix A).
Since ξ = 0, 1, in order to use this result we can subtract A/2
and obtain symmetric input. Theorem A.1 tells us that the
channel is equivalent to a binary-input real additive Gaussian
channel with SNR kAk2 /2. We obtain



2
ᾱ
I = Hb (α) − αE log2 1 + eZ−kAk
α



α Z−kAk2
−ᾱE log2 1 + e
,
(7)
ᾱ

where Z ∼ N (0, 2kAk2 )2

the mutual information, assuming P (ξ = 0) = α, is given
by [9]:
ˆ = Hb (α(1 − Pfa ) + ᾱPmd )
I(ξ, ξ)

where h(·) denotes the differential entropy [9].

(4)

where ᾱ , 1 − α and Hb (p) , −p log2 p − (1 − p) log2 (1 − p)
is the binary entropy function [9].
Finally, inserting (4) into inequality (3), we obtain a relationship between the false-alarm and missed-detection probabilities, which represents a lower bound to the ROC for the
given CR system.
The parametric dependence of the ROC lower bound on
the mutual information is illustrated in Fig. 2. As expected,
as I ↑ 1, the ROC lower bounds decrease monotonically to
Pfa = Pmd = 0.

Remark III.1 Notice that (7) is invariant to the mapping α 7→
1 − α, (i.e., exchanging the a priori probabilities of primary
signal presence and absence). The ROC lower bound is then
symmetric. We define the equilibrium probability Peq , Pfa =
Pmd over the ROC lower bound.
Remark III.2 It is worth noting that the mutual information
I, and hence the lower bound to the ROC, depend only on
kAk2 (in this case). This parameter can be written as
SNR , kAk2 =

K
X
|hk |2 ksk2

k=1

σk2

,

(8)

which corresponds to the sum of the secondary users’ receive
SNR’s. For this reason, we refer to it in the following by the
term additive SNR.
2 Notation Z ∼ N (µ, σ 2 ) represents a real Gaussian random variable with
mean µ and variance σ 2 .
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Fig. 3. Plot of the ratio I/α and of its second-order approximation [SNR −
0.5(e2SNR − 1)α] log2 e versus α for SNR = 1 (0 dB).

1) Limiting behavior for α → 0: Expanding (7) for α → 0
we obtain:


1
I = SNR α − (e2SNR − 1)α2 log2 e + O(α3 ).
2
We can see that the first- and second-order approximations
represent upper and lower bounds, respectively, to the mutual
information I. These lower bounds are illustrated in Fig. 3,
plotting the ratio I/α versus α and its second-order approximation (lower bound) for SNR = 1 (0 dB).
2) Limiting behavior for SNR → ∞: Applying Theorem
B.1 (Appendix B), we obtain the following asymptotic approximation:
√
παᾱ
1
I ∼ Hb (α) − 2
e−SNR/4 .
(9)
ln 2 SNR1/2
3) Limiting behavior for α → 0 and SNR → ∞: Finally,
we can also expand (4) for α → 0 at the equilibrium point of
the ROC, and obtain the approximation
Peq ≈ e−SNR .

(10)

B. Known gain and signal distribution at the receiver
The case of known gain and signal distribution at the
receiver can be handled by exploiting the results derived in
−1/2
Section III-A. First, we notice that A = Σz hsH is a
random matrix whose joint pdf of the entries depends on the
distributions of the channel gain vector h and of the signal
vector s. Then, starting from (7), we can apply the chain rule
for the mutual information and the independence between ξ
and the vectors h, s in order to obtain the following result:
I

= I(ξ; A) + I(ξ; Y | A)

= I(ξ; Y | A)



ᾱ √
= Hb (α) − E α log2 1 + e 2ΓZ1 −Γ
α


α √2ΓZ1 −Γ
+ ᾱ log2 1 + e
.
ᾱ

(11)

Fig. 4. ROC lower bound in the case of known channel gains and signal
for different values of the additive SNR (reported on the plot) and a priori
probability of primary signal absence α = 0.5.

where Z1 ∼ Nc (0, 1) is independent of Γ , kAk2 , and the
average is with respect to both Z1 and Γ. In accordance with
eq. (8), we have
K
X
|hk |2 ksk2
Γ=
,
σk2
k=1

but in this framework Γ is a random variable whose mean
value is defined as the additive SNR, i.e.,
SNR , E[Γ].
The lower bound to the ROC depends on the distribution of
Γ. Some examples illustrate this dependence in Section IV.
IV. N UMERICAL EXAMPLES
In this section we illustrate the ROC bound obtained by
numerical examples in order to compare the lower bounds
obtained with some real estimation scheme.

A. Known gains and signal at the receiver
The first example reported in Fig. 4, which consider the
case of known channel gains and signal (Section III-A) with
a priori probability of primary signal absence α = 0.5. It
can be noticed that the curves are symmetric with respect
to exchanging the probabilities Pfa and Pmd . We can also
notice a threshold behavior with respect to the SNR, which
is better illustrated in Fig. 5. The SNR threshold lies between
5 and 10 dB: below the threshold, the equilibrium probability
decreases slowly; above the threshold, the decrease rate becomes faster. The curves in Fig. 5 are lower bounds to the
equilibrium probability versus the additive SNR for different
values of the probability of signal absence (or presence) and
in the asymptotic case of α → 0, which is given by eq. (10).
B. Comparison with an energy detection scheme
A simple spectrum sensing scheme based on energy detection corresponds to the following estimation rule:

0, kY k2 < θ + ln α
ξˆ =
(12)
1, kY k2 > θ + ln ᾱ
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0.5, 0.1, 10−2 , 10−3 (solid curve). The dashed curve corresponds to α → 0
(asymptotic case).
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Since kZk2 and kA + Zk2 are central and noncentral χ2 distributed random variables, we can find explicit expressions
of the two probabilities. In fact, the cdf’s can be found in
standard textbooks, such as [10]. We have:

Remark IV.1 It is worth noting that the previous results hold
for fixed additive SNR. Then, increasing either K or N implies
that the individual secondary user SNR’s |hk |2 ksk2 /σk2 must
decrease to keep the overall additive SNR constant. On the
contrary, if one fixes the individual SNR’s, the additive SNR
increases and both the lower bound and the energy-detector
ROC improve. Thus, the fact that the ROC curves decrease as
KN increases shall be interpreted by saying that the energy

10

Fig. 6.
ROC obtained with an energy detector with SNR = 0 dB,
KN = 1 and 10, and α = 0.5. Solid lines are obtained analytically and
markers correspond to Monte-Carlo simulation results. The lowest dashed
curve corresponds to the information-theoretic lower bound.

From the equivalent channel equation (6), the resulting falsealarm and missed-detection probabilities are given by:

Pfa = P (kZk2 > θ + ln ᾱ)
ξˆ =
(13)
Pmd = P (kA + Zk2 < θ + ln α)

P (kZk2 < u) = γ(KN, u),
R∞
where γ(n, x) , Γ(n)−1 x un−1 e−u du is the normalized
upper incomplete Gamma function, and
p
√
P (kA + Zk2 < u) = 1 − QKN ( 2kAk2 , 2u),
R∞
2
2
where Qm (a, b) , b x(x/a)m−1 e−(x +a )/2 Im−1 (ax)dx is
the generalized Marcum’s Q function defined in [10].
Figures 6 and 7 show the ROC corresponding to an energy
detector spectrum sensing scheme for two values of the product KN and SNR = 0 and 10 dB, respectively. The diagrams
also report the information-theoretic lower bound derived in
Section III-A. We can see that increasing the product KN
for a fixed SNR degrades the resulting ROC. This can be
understood by observing that the variances of kA + Zk2 and
kZk2 are proportional to KN (they are (1 + 2 SNR)KN and
KN , respectively), while the mean value difference is equal to
SNR. Therefore, as the KN increases, the overlapping of the
two pdf’s increases, and hence the probabilities of false-alarm
and missed-detection.
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lower bound
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Fig. 7.
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Same as Fig. 6 but SNR = 10 dB.

detector performance would improve if we could concentrate
all the available sensors in a single one by keeping the total
additive SNR constant.
C. Known gain and signal distribution at the receiver
Here we consider the case of iid Rayleigh fading gains,
where γk , E[|hk |2 ]/σk2 , and ksk2 has probability distribution
P (ksk2 = Sm ) = pm for m = 1, . . . , M . If we assume that
all the γk are different, the pdf of Γ can be derived as follows:
pΓ (G) =

M
X

m=1

pm

K
X
exp(−G/(γk Sm )) Y

k=1

γk Sm

`6=k

1
.
1 − γ` /γk

We can use this result to calculate the double integral
Z
Z ∞
exp(−z 2 /2) ∞
√
pΓ (G)
I = Hb (α) −
2π

 −∞ √
 0
ᾱ
α log2 1 + e 2Gz−G
α


α √
+ ᾱ log2 1 + e 2Gz−G dG dz.
ᾱ
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(14)

5

information, to a binary-input real additive Gaussian channel
with SNR γ = kak2 . The mutual information is:



ᾱ √
I(X; Y ) = Hb (α) − α E log2 1 + e2 γZ1 −2γ
α



α 2√γZ1 −2γ
−ᾱ E log2 1 + e
,
(15)
ᾱ

0

Pmd

10

−1

10

lower bound
ED K=N=1
ED K=4,N=1
ED K=4,N=5

where Z1 ∼ N (0, 1).

Proof: See [13, App. A].
A PPENDIX B
A SYMPTOTIC APPROXIMATION OF (15)
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Fig. 8. ROC curves corresponding to α = 0.5, K = 4 secondary users,
and Rayleigh fading. The solid curve is the lower bound. The other curves
correspond to energy detection (ED) with different combinations of K and
N and constant additive SNR (12.66 dB).

Theorem B.1 The asymptotic expansion of (15) for γ → ∞
is given by
I(X; Y ) = Hb (α) −
where

As an illustrative example, we consider the following scenario:
•

•

•

kn (α) =

K = 4 secondary users.
γk = (4 + k) dB for k = 1, . . . , K.
ksk2 = 1.

∞
X
(−1)n kn (α) −γ/2
e
,
γ n+1/2
n=0

(16)

√

n 
2 παᾱ X 2n 2(n−k)
π
|E2(n−k) |
n! ln 2
2k
k=0

The ROC curves are reported in Fig. 8. The lowest curve
corresponds to the lower bound calculated by using (14).
The other curves correspond to the implementation of a
spectrum sensing algorithm based on energy detection for
different combinations of the number of secondary users K
and sampling times
. In all cases, the same additive SNR is
PN
K
assumed, SNR = k=1 γk , namely,

×

k
X

22m (2k)(2m) (ln(α/ᾱ))2(k−m) . (17)

m=0

Consecutive partial sums in (16) are lower and upper bounds
to I(X; Y ).

10 log10 (100.5 + 100.6 + 100.7 + 100.8 ) = 12.66 dB.

As already noticed in Remark IV.1, the best operating condition for the energy detector corresponds to the case of
K = N = 1 (at fixed additive SNR).
V. C ONCLUSIONS
In this work we proposed an information-theoretic method
to derive a lower bound to the receiver operating characteristic
of a cognitive radio network based on cooperative sensors.
The bound stems from the application of the data-processing
inequality to the binary asymmetric channel arising by considering the primary signal presence as a binary input and the fusion center decision on the signal presence as a binary output.
Key advantages of this approach are: i) independence from the
implementation of the connection between the sensors and the
fusion center; and ii) independence from the fusion rule.
A PPENDIX A
E QUIVALENCE OF BINARY INPUT G AUSSIAN CHANNELS
Theorem A.1 A binary-input vector-output additive Gaussian
channel y = Xa + z, where X = ±1, α , P (X = −1),
ᾱ , 1 − α = P (X = +1), and the entries of z are iid
and distributed as N (0, 1), is equivalent, in terms of mutual
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Proof: See [13, App. B].
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Abstract—We consider the transmission of a single bit over
the continuous-time Poisson channel with noiseless feedback. We
show that to send the bit reliably requires, on the average, half
the energy of a photon. In the absence of peak-power constraints
this holds irrespective of the intensity of the dark current.

I. I NTRODUCTION
The continuous-time Poisson channel models optical communication using direct detection. The input to the channel
x(·) is nonnegative
x(t) ≥ 0,

t ∈ R,

(1)

and conditional on the input, the output Y (·) is a conditional
Poisson process (also known as a doubly-stochastic Poisson
process) of intensity x(t) + λ0 , where λ0 is a nonnegative
constant called dark current. Thus, conditional on the input,
the output Y (·) is a nonhomogeneous Poisson process and
thus of independent increments with


Λν
Pr Y (t + τ ) − Y (t) = ν X = x = e−Λ , ν ∈ Z, (2)
ν!
where
Z t+τ

Λ=
x(σ) + λ0 dσ.
(3)
t

To send a bit D taking on the values 0 and 1 equiprobably
over this channel without feedback we use two input waveforms x0 (·) and x1 (·), and we send x0 (·) if D = 0 and x1 (·)
if D = 1.
We refer to
Z t+τ

E
X(σ) dσ
t

as the transmitted energy in the time interval [t, t+τ ], although
this is somewhat imprecise: this quantity is the expected
number of transmitted photons in the interval, and one should
technically multiply it by the energy in each photon (which
depends on the light frequency) to obtain the transmitted
energy in the interval.
We sometimes impose a peak-power constraint on the input,
in which case we require that, with probability one,
x(t) ≤ A.

(4)

We then refer to A as the maximal allowed power (although,
technically speaking, this needs to be normalized by the energy
of each photon to have the sense of power.)

In the presence of feedback, the channel description is a
bit more technical [1]. We require that conditional on D = 0,
the channel output Y (t) admit the Ft intensity X0 (t) + λ0 [2,
Chapter II, Section 3, Definition D7]. That is, conditional on
D = 0, Y (t) is a point process adapted to some history Ft ;
X0 (t) is a nonnegative Ft -progressive process such that for
all t ≥ 0
Z
t

0

X0 (s) ds < ∞;

and for all nonnegative Ft -predictable processes C(t)

Z ∞

Z ∞

E
C(t) dY (t) = E
C(t) X0 (t) + λ0 dt . (5)
0

0

The conditional expected energy transmitted when D = 0 over
the time interval [0, T] is
"Z
#
T
E0 = E
X0 (t) dt .
(6)
0

Similarly, when D = 1 the transmitted energy is
"Z
#
E1 = E

T

X1 (t) dt .

(7)

0

The average transmitted energy is thus

1
E0 + E1 .
(8)
2
A decoder is a mapping from the σ-algebra generated by
{Y (t), 0 ≤ t ≤ T} to the set {0, 1}.
We say that a bit can be transmitted reliably over our
channel with average transmitted energy E, if for any  > 0 we
can find some transmission interval T and a coding/decoding
rule of expected transmission energy E and probability of error
smaller than . We denote by Emin the least energy required to
transmit a bit reliably over our channel.
II. M AIN R ESULT
Theorem 1. The minimum energy required to send a single
bit over the Poisson channel with dark current λ0 , feedback,
and no peak-power constraint is
1
Emin = ,
(9)
2
irrespective of the dark current. If the dark current is zero,
then this is achievable even under a peak-power constraint
whenever A > 0.
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III. C ODING S CHEME

registered. Substituting the stochastic process

The achievability when λ0 = 0 is straightforward. To send
D = 0 we transmit the all-zero input; to send D = 1 we
transmit A until, through the feedback link, we learn that a
count was registered; thereafter we send zero. The decoder
guesses “D = 0” if no counts were registered in the interval
[0, T], and guesses “D = 1” otherwise. Since λ0 = 0, the
probability of error given D = 0 is zero. Also, the transmitted
energy when D = 0 is zero, so E0 = 0. Conditional on D =
1 the time of the first count is exponential with mean 1/A.
Consequently, E1 = 1. Conditional on D = 1, the probability
of error is the probability that no counts are registered in the
interval [0, T]. The probability of this event is the probability
that the first count occurs after time T, i.e., the probability that
a mean-1/A exponential exceeds T. It thus tends to zero as
T → ∞.
If λ0 > 0 and there is no peak-power constraint, we choose
A  1 and ∆  1 and use the above scheme with T = ∆.
We make sure that ∆ is small enough for the probability of
a spurious count in the interval [0, ∆] to be very small (the
probability of a spurious count in this interval is 1 − e−∆λ0 ),
and we choose A large enough so that the probability that a
mean-1/A exponential exceeds ∆ is also very small.
IV. C ONVERSE
To prove that Emin cannot be smaller than 1/2, it suffices
to consider the case where λ0 = 0. We thus assume λ0 = 0.
In this case there is no loss in optimality in assuming that
to send D = 0 we transmit the all-zero input. Indeed, given
any general scheme consider the guess the decoder produces
when faced with no counts. Call that FALSE. Let TRUE be its
complement. Consider now a scheme with the same encoding
rule for TRUE, with the same decoding rule, but where we
send the all-zero input to convey FALSE. The new scheme
uses less (or same) energy; has the same p(error|TRUE);
and has p(error|FALSE) = 0. Since the name we give to
the hypotheses is immaterial, we can assume that FALSE
corresponds to D = 0.
Next we argue that there is no loss in optimality in restricting ourselves to a detector that bases its decision on the
presence of counts in the interval [0, T]. Since this enlarges
the set of outcomes yielding the guess “D=1”, this cannot
increase p(error|D = 1). To send D = 0 we send the allzero waveform, which results in no counts (there is no dark
current), so this does not change p(error|D = 0).
Finally, we argue that there is no loss in optimality in stopping transmission once a count has been registered. Indeed,
this reduces the transmitted energy and does not change the
performance of the above detector.
We next analyze the probability of error of such schemes.
Conditional on D = 0, the probability of error is zero, because
there is no dark current so sending zero input guarantees zero
counts. As to the conditional probability of error given D =
1, let T1 denote the random time at which the first count is

C(ω, t) = I{t ≤ T1 (ω) ∧ T},

in (5) yields

(ω, t) ∈ Ω × [0, ∞).

(10)

p(correct|D = 1) = Pr[T1 ≤ T|D = 1]


= E Y (T1 ∧ T) D = 1

Z ∞
=E
C(t) dY (t) D = 1
Z0 ∞

C(t)X1 (t) dt
=E
"Z0
#
T1 ∧T

=E

X1 (t) dt

0

= E1 .

For the probability of error to tend to zero, the expected energy
transmitted to convey D = 1 must thus approach 1.
V. D ISCUSSION
In the absence of a peak power constraint, the capacity of
the Poisson channel (with or without feedback) is infinite [3],
[4]. Thus, in sending a very large number of bits, reliable
communication can be had with an arbitrarily small expected
energy per bit. The situation changes dramatically when sending a single bit. Even in the presence of feedback, the required
energy is finite; it is, in fact, 1/2.
This should be contrasted with the infinite-bandwidth Gaussian channel, where a single bit can be sent reliably with the
same amount of energy that would be required per bit if one
were sending a large number of bits [5], [6].
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Abstract
Estimation of ancillary signal parameters is a key function in all issues related to data communication, so much
that it is often found to heavily affect and further restrict the fundamental performance metrics as predicted by
Information Theory. The role taken by Shannon capacity in the latter is played in the context of estimation by
the very many bounds that limit the ultimate accuracy (i.e., variance) of estimators in a noisy environment. The
workhorse of bounds is Cramér-Rao’s, just because it is the simplest to compute, but the impression of many in
this respect is that it is often inaccurate - the reality is that it is just misused. In this talk, we will start from
the Cramér-Rao bound (CRB) in all of its many variants (average CRB, Gaussian CRB, Modified CRB, CRB for
biased estimators) discussing how and why at times it appears ”wrong”, and we will introduce other well-known
bounds like Ziv-Zakai’s and Barankin’s, showing in a few case studies when they should be preferred to their most
celebrated counterpart.
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Extended Abstract
High data rates on wireless channels can be attained through multiple antennas installed
on both transmitter and receiver sides [1][2]. Multiple antenna systems also offer spatial
diversity which is a great means to ensure a low error probability in presence of fading
[3]. At the receiver side, all known combining methods produce a diversity order equal
to the number of receive antennas. A transmit diversity order, which is upperbounded
by the number of transmit antennas, is achieved if a well designed space-time code is
employed at the channel input.
Algebraic constructions of space-time block codes for multiple antenna channels (also
referred to as MIMO channels) are usually based on design criteria established by analyzing the pairwise error probability under maximum likelihood (ML) decoding. These
space-time coding criteria, originally published in [4][5], led to the design of coding for
MIMO channels without taking into account the presence of efficient error-correcting
codes or the potential use of iterative probabilistic decoding as known in modern coding
theory [6].
Some unusual space-time codes, in the context of full-rate unitary linear precoding,
have been proposed by applying two constraints to make the code suitable for iterative
decoding [7][8]. These constraints, known as the genie conditions, were mainly used for
linear precoding in bit-interleaved coded modulations such as in [9]. The analysis of
these codes from a rank/determinant criterion point of view has never been performed.
The main difficulty is encountered when trying to satisfy all constraints for both ML and
iterative decoding. This is done in the present work.
In this paper, our goal is the design of space-time coding which is optimal under
both maximum likelihood and iterative decoding. We focus the study on linear unitary
precoders for 2×2 MIMO channels. The coherence time is assumed to be equal to 2. The
channel is supposed to be frequency non-selective and its fading matrix (CSI) is perfectly
known by the decoder. There is no CSI at the encoder and no feedback information from
the decoder to the encoder. We briefly summarize the method of linear unitary precoding
for MIMO channels and the genie conditions in Section 1.
Section 2 gives a reformulation of the problem and a quadratic form reduction in the
2 × 2 case. Let c ∈ A4 \ {0} for A = Z[i] be an information vector. The space-time
codeword resulting from a linear precoding applied to c on a 2 × 2 MIMO channel can
be written in matrix form
1
Xc = √ (c1 M1 + · · · + c4 M4 ).
2
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Our problem can then be reformulated as follows: find 2 × 2 basis matrices M1 , . . . , M4
for the code, satisfying the two conditions
(1) Shaping: the Mi form a unitary basis of the vector space of all 2 × 2 matrices,
equipped with its natural Hermitian scalar product (up to some scaling constant),
(2) Genie: the Mi are unitary matrices, i.e. they lie in the group U (2)
and such that the minimal value of | det Xc | as c ranges in A4 \ {0} is non-zero, and as
large as possible.
It is shown that for n = 2, matrices satisfying these two conditions can always be put
in the form




1 0
α 0
M1 =
,
M2 =
,
0 1
0 −α




0 β
0 γ
M3 =
,
M4 =
,
β 0
−γ 0

for α, β, γ ∈ C with |α| = |β| = |γ| = 1. Taking the determinant, our optimization
problem is then to find α, β, γ such that the minimum (absolute) value over non-zero c
of the quadratic form
1 2
(c − α2 c22 − β 2 c23 + γ 2 c24 )
2 1
is as large as possible.
This last task is done in Section 3 via algebraic number theoretic tools, mainly the theory of generalized quaternion algebras. We obtain a family of codes with non-vanishing
determinant that satisfy the genie conditions. The quadratic form expressing their determinant involves Pythagorean triples, hence their name, Pythagorean codes.
The simplest code in this family is the one associated with the triple (3, 4, 5). For
reasons explained below, we named it the Aladdin-Pythagoras space-time code, or more
simply, Aladdin’s code. It is found to be given by


1
c1 + αc2 βc3 + γc4
√
Xc =
,
2 βc3 − γc4 c1 − αc2
√ , β = 2+i
√ , γ = 1+3i
√ .
where c ∈ Z[i]4 , and α = 1+i
2
5
10
This code is a perfect 2 × 2 space-time code satisfying the genie conditions and
admitting a minimum determinant equal to 2√1 5 , which is shown to be optimal. A careful examination also shows this code admits strong algebraic relations with the so-called
golden code [10]:
different, both are Z[i]-lattices in the same generalized quater although

i,5
nion algebra Q(i)
. To summarize, this code is (somewhat) golden and contains a genie,
hence its name.
Experimental results are illustrated in the final section with error rate comparisons
(at least under iterative probabilistic decoding) to some famous space-time codes given
in the literature.

38

References
[1] E.R. Larsson and P. Stoica, Space-Time Block Coding for Wireless Communications,
Cambridge University Press, 2003.
[2] C. Oestges and B. Clerckx, MIMO Wireless Communications: from real-world propagation to space-time code design, Academic Press, Elsevier, 2007.
[3] D.N.C. Tse and P. Viswanath, Fundamentals of Wireless Communication, Cambridge University Press, 2005.
[4] J.-C. Guey, M.P. Fitz, M.R. Bell, and W.-Y. Kuo, “Signal design for transmitter
diversity wireless communication systems over Rayleigh fading channels,” In Proc.
Vehicular Technology Conf. (VTC’96), Atlanta, GA, Apr. 1996.
[5] V. Tarokh, N. Seshadri, and A.R. Calderbank, “Space-time codes for high data
rate wireless communication: performance criterion and code construction,” IEEE
Trans. on Inf. Theory, vol. 44, no. 2, pp. 744-765, Mar. 1998.
[6] T.J. Richardson and R.L. Urbanke, Modern Coding Theory, Cambridge University
Press, 2008.
[7] J.J. Boutros, N. Gresset, and L. Brunel,“Turbo coding and decoding for multiple
antenna channels,” Int. Symp. on Turbo Codes, Brest, Sept. 2003. Downloadable at
http://www.josephboutros.org/coding
[8] N. Gresset, J.J. Boutros, and L. Brunel, “Optimal linear precoding for BICM over
MIMO channels,” In Proc. IEEE Int. Symp. on Inf. Theory, Chicago, IL, pp. 66,
June 2004.
[9] N. Gresset, L. Brunel, and J.J. Boutros, “Space-time coding techniques with bitinterleaved coded modulations for MIMO block-fading channels,” IEEE Trans. on
Inf. Theory, vol. 54, no. 5, pp. 2156-2178, May 2008.
[10] J.-C. Belfiore, G. Rekaya, and E. Viterbo,“The golden code: a 2x2 full-rate spacetime code with non-vanishing determinants,” IEEE Trans. on Inf. Theory, vol. 51,
no. 4, pp. 1432-1436, Apr. 2005.

39
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Abstract
The capacity of communication channels has largely been studied in the digital domain, under the premise that
sampling, if done above the Nyquist rate of the channel bandwidth, preserves information. However, hardware and
power limitations often preclude sampling at this rate, especially for wideband channels. Moreover, the Nyquist rate
is not always needed to preserve information; recent results in compressed sensing indicate that when signals exhibit
sparse structure they can be sampled below their Nyquist rate without losing information. These ideas give rise to
several fundamental questions at the intersection of sampling theory and information theory: how is channel capacity
affected by sampling below the channels Nyquist rate; what is the optimal sub-Nyquist rate sampling strategy to
maximize capacity; and for what channels is capacity preserved at sub-Nyquist sampling rates. This talk will explore
these fundamental questions and provide some preliminary answers about fundamental tradeoffs between sampling
and capacity.
Joint work with Yuxin Chen and Yonina Eldar
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Abstract
We first review basics of deterministic linear time-varying (LTV) systems and then discuss a fundamental result,
due to Kailath (1962), showing that a deterministic LTV system is identifiable from a single observation if and only
if the support area of its delay-Doppler spreading function is smaller than 1. We present a text-book proof of this
result and develop insights into the design of good signals for nonparametric LTV system identification. We show
that this design problem is closely linked to Weyl-Heisenberg frame theory, in particular to the Heil-RamanathanTopiwala conjecture. We close with comments on how the framework developed in this talk can be applied to the
identification of LTV systems with sparsely supported delay-Doppler spreading function and unknown support area,
thereby establishing relations between system identification, compressed sensing, and radar waveform design.
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