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Zusammenfassung
Dünne mechanische Körper wie Drähte oder Schalen finden sich vielerorts in der
Natur, dem alltäglichen Leben und bei technischen Anwendungen. Unter dem
Einfluss von Kräften und Momenten deformieren sie sich oftmals zu hochkomplexen
Formen. Wohlbekannte Beispiele sind die Faltenbildung in Kleidungsstücken,
das Zerknüllen von Papier oder das Verheddern von langen Kabeln. Aber auch
unter dem Einfluss von Wachstum treten solche Verformungsvorgänge auf. Sie
präsentieren sich in einer Vielfalt unterschiedlicher Pflanzenblätter, gewellten
Quallenschirmen oder den typischen, drahtähnlichen Ranken von Kletterpflanzen.
Verwandte Faltungsvorgänge lassen sich oft auf ganz unterschiedlichen Grössenskalen beobachten, z.B. bei der Verformung von Polymermembranen, oder
bei der Faltung tektonischer Platten. Die oftmals ähnlichen makroskopischen
Eigenschaften weisen auf universelle Prinzipien im Prozess der Formfindung hin.
Tatsächlich sind einige zugrundeliegende Mechanismen mechanischer Natur, wie
z.B. Knick- und Beulvorgänge mit einhergehender Symmetriebrechung, oder
Eigenkontakt. Während diese im Einzelnen und als isolierte Effekte heutzutage
gut verstanden sind, ist deren Zusammenspiel nur in Ansätzen bekannt. Genau
dies ist aber für das gesamtheitliche Verständnis solcher komplexen Vorgänge
zwingend erforderlich.
In der vorliegenden Arbeit wird die zentrale Fragestellung beleuchtet, wie
sich diese Mechanismen gemeinsam auf die Formfindung, d.h. die Morphogenese,
dünner Drähte und Schalen auswirken. Dabei stellt sich zum einen die Frage
nach der Identifikation der relevanten mechanischen Parameter, die über die Formgebung entscheiden. Durch deren systematische Variation kann dann die grosse
Variabilität von solchen Morphologien untersucht und besser verstanden werden.
Zum anderen ist es von Interesse, insbesondere im Hinblick auf Anwendungen
in Industrie und Biologie, die makroskopischen Eigenschaften der deformierten
Strukturen zu kennen. Beide Fragestellungen werden in der vorgelegten Arbeit
anhand von drei Beispielen verfolgt. In den ersten zwei werden Zerknüllvorgänge
von Drähten untersucht, die in zwei- und dreidimensionale Hohlräume gedrückt
iii

werden. Die gewonnenen Resultate zeigen, dass sich die beobachtete Formenvielfalt auf mechanische Mechanismen wie Plastizität, Kontaktreibung und Torsion
zurückführen lässt. Von praktischer Relevanz für biologische, industrielle und
medizinische Anwendungen sind die gewonnen Erkenntnisse über die benötigte
Einschiebekraft oder die maximal erreichbaren Packungsdichten. Die vorliegenden
Resultate legen dar, wie solche Grössen mit den Materialparametern und der
Morphologie zusammenhängen, in welche sich die Drähte falten. Das dritte
Beispiel befasst sich mit der Formfindung von Schalen, die einem Wachstum
unterworfen sind. Bei diesem Prozess entstehen einzigartige Deformationen, die
ganz wesentlich von der lokalen Wachstumsrate und -richtung abhängen. An einem
einfachen Beispiel einer im Umfang wachsenden Kreisplatte wird untersucht, wie
sich aufgrund von Eigenkontakt aus symmetrischen Deformationen asymmetrische
Formen herausbilden können, die energetisch günstigere Eigenschaften haben.
Die theoretischen Einsichten stellen einen möglichen Grundbaustein dar, der
mitverantwortlich sein könnte für die enorme Formenvielfalt in der Biologie.
Die untersuchten Beispiele beinhalten das Zusammenspiel komplexer mechanischer Mechanismen. Aus diesem Grunde werden im folgenden effiziente Computermodelle vorgestellt, welche die Simulation solcher Prozesse ermöglichen. Für
die Untersuchung der Drahtverformungen der ersten beiden Anwendungsbeispiele
wird die Diskrete-Elemente-Methode (DEM) verwendet. Sie erlaubt die effiziente
Simulation dicht zerknüllter Drahtpackungen und hat sich als ausreichend präzise
Modellierungsmethode herausgestellt. Bei der Untersuchung des Schalenwachstums
kommt die Finite-Elemente-Methode (FEM) zum Zug. Sie ermöglicht eine adäquate
diskrete Umsetzung der Wachstumstheorie insbesondere im Hinblick auf die Modellierung von anisotropischem und inhomogenem Wachstum.
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Summary
Slender mechanical structures such as rods, wires, plates and shells are ubiquitous
in nature, daily life and industrial applications. In contrast to a bulk body, they
deform into highly complicated shapes when subjected to forces, moments or
constraints. Examples range from the draping of cloth and crumpled paper to the
spontaneous entanglement of long cables. Another, quite different mechanism that
effectuates the deformation of shapes is volumetric growth. It manifests itself in
numerous occasions, such as the rich variety of plant leaves, wavy jellyfish rims,
and tendriled vines that climb along trees or walls. Similar folding patterns, or
morphologies, can often be found on entirely different length scales, for instance in
the crumpling of polymer sheets or the geomorphology of tectonic plates. The similarity in morphology and macroscopic quantities across different length scales hints
at the universality hidden in such processes. Indeed, common mechanical principles
were found to be underlying these processes. Among them are buckling transitions
and resulting symmetry-breaking, nonlinearities in the material law, and geometric
constraints, such as self-contact. Scientific research has gained a profound knowledge of each of these individual mechanisms. Their interplay and influence on
the morphogenesis of an entire body, however, is as of today still poorly understood.
The present work addresses the question of how these different mechanical
mechanisms and their interaction determine the shapes and shape development
of thin wires and shells. In particular, two tasks are pursued in this context:
First, relevant mechanisms and mechanical parameters are identified from the
vast set of irrelevant ones. This does not only help to understand why a certain
shape manifests itself. It also allows to explore the variability of morphologies
in dependence of few fundamental parameters - a key concept that could help
to understand the richness of shapes in nature. Second, a quantification of the
morphology in terms of macroscopic quantities, which are typically of interest in
real-world applications, is given. Both tasks are addressed using three distinct
examples of thin body morphogenesis: In the first two, the folding of wires injected
in two- and three-dimensional cavities is investigated. The presented examples
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demonstrate that essential parameters for these types of folding processes are
contact friction, plasticity, and torsion. Furthermore, it is shown how these
parameters and the resulting morphology influence macroscopic quantities such
as the required injection force or the maximally achievable packing fraction. The
obtained results have practical relevance in a number of biological, industrial
and medical applications. The third example deals with morphogenesis of thin,
growing shells. In general, the shapes obtained from a growth process depend
fundamentally on the local growth rate and the amount of anisotropy. By means of
a disc growing in circumferential direction, symmetry-breaking due to anisotropic
growth and self-contact is highlighted. In particular, it is shown how asymmetric
shapes with lower energy emerge from symmetric ones when the amount of
growth reaches a critical value. The theoretical findings could constitute a possible building block that is responsible for the enormous variety of shapes in biology.
The examples investigated deal with the interplay and coupling of highly complex mechanical mechanisms, such as nonlinear material laws, self-contact, or friction. A numerical approach is therefore inevitable. The thesis presents three different numerical models that allow an efficient simulation of such processes. To
investigate the first two examples - the folding of wires in cavities - the Discrete
Element Method (DEM) is employed. This method proved to be well-suited for
the simulation of densely packed wire structures with a large amount of elements,
while still yielding accurate results. To investigate the anisotropic shell growth of
the third example, the Finite Element Method (FEM) is chosen. The presented
FEM model allows an adequate discretization of the continuum growth theory including anisotropic, inhomogeneous growth.
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Colors in (a) and (d) represent the bending energy density Ub . Red
color in (b) and (c) denotes points with self-contact. Simulation parameters are Y = 104 Pa, ν = 0.3, R = 1 m, h = 0.02 m (lenghts
are rescaled by R in the main text). Values of ϕe for (a)-(e) are
(3.73, 7.45, 7.6, 12, 12). Dashed lines in (a) denote points Pc of vanishing curvature. For ϕe = 3.73, their tangents are perpendicular to
the gray-shaded plane. . . . . . . . . . . . . . . . . . . . . . . . . .

85

5.10 Normalized bending energy Êb in dependence on the disc thickness h
for the symmetric e-cone, compared to the analytical solution with
h = 0 [71]. Inset: The position of the maxima of Êb , denoted ϕmax
,
e
∗
α
approaches the analytical value ϕ∗e according to (ϕmax
−
ϕ
)
∝
h
e
e
with α = 0.45 ± 0.03. . . . . . . . . . . . . . . . . . . . . . . . . .
5.11 Scaling of the core radius. The straight line corresponds to the fit
RC ∝ h. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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5.12 Bending energies for the n = 2 contact problem with h = 0.02: The
symmetric n = 2 e-cone (bold line) is stable until ϕe = 8, when the
solution changes into the skewed e-cone (thin line). For comparison,
the unphysical situation with self-intersections is also shown (dashed
line), as well as the n = 3 solution (dotted line). The inset illustrates
the influence of the thickness in the transition region. Bold lines
are again the symmetric e-cones, and thin lines correspond to the
skewed equilibrium solution. The critical excess angle ϕcrit
where
e
e-cones loose stability are marked with black dots. . . . . . . . . . .
5.13 Left: Dependence of the touching plane angle γ (cf. Fig. 5.9) on
ϕe , determined numerically (circles) and experimentally (squares)
for h = 0.005. Right: Bending energy ratio f = Êb (ϕtouch
)/Êb (ϕe =
e
touch
3.73) · (2π + ϕe )/(2π + 3.73) between skewed e-cones and the
symmetric one at ϕe = 3.73. . . . . . . . . . . . . . . . . . . . . . .
5.14 Numerical equilibrium solution (left) for a growing ring compared
to a paper model (right) at ϕe = 4π. Colors represent the bending
energy density Ub . Simulation parameters are identical to Fig. 5.9,
with Ri = 0.5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.15 Comparison between deformation and bending energy of a crumpled shell (top row) and a growing shell with spherical confinement
(bottom row). . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Chapter 1

Introduction
Nature and our environment is full of astonishing shapes, forms and patterns. Their
variety, richness and beauty has since long fascinated philosophers, artists and
scientists alike. The modern treatment of morphology - the doctrine of shapes - is
most commonly attributed to J. W. Goethe, who also coined the term. Around
1796, he writes in his personal studies and letters to Schiller [12]:
Morphology rests on the conviction that everything that is must also
manifest and show itself [...] The inorganic, the vegetable, the animal,
the human, all manifests itself, appears as what it is, to our outer and
our inner sense.
Form is something mobile that comes into being and passes away. The
science of form is the science of transformation. The doctrine of metamorphosis is the key to all of Nature’s signs.
Goethe realized that in order to understand a shape or pattern, it is necessary
to understand the process of its formation. What he referred to as the science of
transformation is in modern language called morphogenesis. More precisely, morphogenesis is the ensemble of mechanisms that underlie the reproducible formation
of patterns and structures, and control their shape [10]. Studies of morphology
are therefore inevitably tied to the task of understanding their morphogenesis
and underlying mechanisms. In The metamorphosis of plants, Goethe followed
these lines of thoughts and postulated the existence of an archetypal Urpflanze,
from which all other plant shapes are derivable by well-defined transformations.
Although Goethe’s theory proved to be wrong, the deductible character of his
work was new to this field of science and is considered a fundamental step towards
today’s scientific treatment of morphogenesis.
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As in Goethe’s approach, studies of morphogenesis are typically tied to an observation in nature. A particular class of phenomena well-known to everyone deals
with the shape development of thin macroscopic bodies. This type of morphogenesis occurs in a number of situations, be it the forced crumpling of a sheet of paper,
the appearance of knots in twisted telephone cords, or the draping of clothes. Of
more relevance in nature are, for instance, the packing of DNA in viral capsids,
and the formation of insect wings in a cocoon. In these examples, the way the
structure deforms and evolves is crucial for the intended purpose, and, as such, an
understanding of the process is not only of generic interest. Often, insights into
morphogenesis brings forth insights into related fields. For instance, understanding
the morphology of packed DNA helps to quantify the mechanical requirements the
molecular motor has to fulfill. With these motivations in mind, progress is made
by developing adequate models to describe, reproduce, and possibly predict morphogenesis.
The modeling of morphogenesis in general, and of thin bodies in particular, is
a delicate task. Two traps are to be avoided [10]: First, successful reproduction of
a shape and its evolution does not mean that the model is correct. In particular,
it could account for the wrong mechanisms, leading to a wrong interpretation of
the results. Second, it is often tempting to add more details to a model. This
does not necessarily, however, mean that the model gains more trust. Instead,
its explanatory power comes from the minimal character. It should therefore
only include the ingredients that are at the core of the observed morphology, and
should show that they are both necessary and sufficient. With regard to thin body
morphogenesis, these recipes translate into a fundamental assumption that is made
throughout this work: The focus henceforth lies on a description of the morphology
of thin objects on length scales that are large compared to the size of their
microscopic constituents (cells, molecules or atoms). Continuum mechanics then
is the appropriate theoretical framework and all models presented in the following
will be based upon it. The assumption of a mechanical continuum is justified by
the fact that even at the length scale of DNA and lipid bilayer membranes, continuum models proved their validity in numerous scientific publications [36, 38, 73, 75].
Having furnished a theoretical level of abstraction, a number of mechanisms can
be identified as relevant for the determination and evolution of a shape:
• External constraints and loads: When loads or constraints are applied to
a deformable object, it will adopt a new shape to equilibrate internal and
external forces. Constraints and loads can change over time, for instance,
when a sheet is compressed and develops self-contact.
2

• Change of internal forces due to material rearrangement or volumetric expansion: Prominent examples for this mechanism are muscle contraction,
thermal effects, or growth. These effects result in residual stresses that affect
the body’s shape, but cannot be fully relaxed even if the structure is free to
deform.

The present thesis addresses thin body morphogenesis by means of these two
mechanisms, in particular, external loads due to self-contact, nonlinear material
behavior, and growth. Three different examples are considered to exemplify their
effects: First, the crumpling of metallic wires in two dimensions is investigated,
where the relevance of contact friction and nonlinear material laws is demonstrated.
Second, the packing of wires in spherical cavities shows how boundary conditions
and internal torsion effectuate ordered and disordered morphologies. In the third
application, the anisotropic growth of discs is studied and shows how self-contact
and growth give rise to symmetry breaking.
Due to the inherent complexity of these applications, numerical approaches,
rather than analytical ones, are used for most parts of this work. This requires
suitable discretization of the theoretical models of continuum mechanics. Two
well-known methods are used in this work: The first one is the Discrete Element
Method (DEM), where the continuum is discretized into particles of a distinct
size and shape which interact via resulting forces and moments. The discrete
element method is applied to the first two examples of wire morphogenesis. The
Finite Element Method (FEM) is the second method employed in this thesis.
In the Finite Element Method, the solutions of the continuum equations are
interpolated by a finite set of basis functions, and allow discretization of arbitrary
computational domains. This makes the finite element method the preferred choice
for the simulation of the third example, the anisotropic growth of thin discs.
The thesis is structured as follows: In the remainder of the current chapter,
a short overview over existing work is given. Chapter 2 addresses the continuum
theory of thin bodies, together with a constitutive model for growth that supports
large strains. With the necessary theoretical tools at hand, the three applications
mentioned above are tackled in Chapters 3 to 5. The numerical models are introduced and described along the applications. A conclusion and outlook to possible
extensions and open questions is given in the last part.
3
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1.1

State of research

Similar morphologies of thin bodies can be witnessed in different contexts and
length scales in nature. What seems to point at a universality of the involved
processes has motivated research in the field for several decades. For the sake of
simplicity, existing research is summarized here separated into two parts: In the
first part, studies of the behavior of thin plates and shells are reviewed, and in the
second, existing studies related to the morphology of thin wires, beams, or rods is
given.
A prominent example of shell and plate morphogenesis is the behavior of thin
sheets under external forces. Two phenomena are typically observed throughout
different length scales: The first one are crumpling phenomena, characterized by a
seemingly random structure of ridges and sharp vertices. They are observed, for
instance, in the compaction of polymer sheets, crumpled paper, or on even larger
length scales in the formation of mountains and valleys. The second phenomenon
are smooth, periodic wrinkles, which are found, for instance, in the wrinkling of
human skin or the draping of cloth (see Fig. 1.1). How is it then possible that some
thin sheets show random out-of-plane deformations and others exhibit periodic,
ordered ones?
The reason for the different folding structures lies in the way the external
forces are applied. When external force are small or stretching the sheet, periodic,
ordered wrinkles emerge. This was found to be a consequence of the Poisson effect,
in which transverse strains are produced by stretching in the longitudinal direction.
If this strain is large enough, periodic wrinkles of characteristic wavelength and
amplitude form. Using experiments and scaling arguments based on nonlinear
plate theory, their dependence on the sheet thickness and applied stretching force
has been found in Ref. [15]. Ordered wrinkles can also form in cascades of different
sizes, as demonstrated by Huang et al. in Ref. [51]. The authors used thin polymer
films, with one edge being slightly compressed, but a similar effect is also known
from everyday life, when tablecloth is draping at a table’s edge. The characteristic
shape of these patterns was calculated analytically in Ref. [17].
Under certain conditions, a transition from ordered wrinkles towards random,
disordered folds can be observed. In Ref. [49], this effect was described theoretically
and using experiments of thin polymer films floating on water. When the film is
slightly lifted from the floating surface at one point, small ordered wrinkles appear
with uniform distribution of bending energy. If, however, the vertical displacement
4
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Fig. 1.1: Ordered folding phenomena on different length scales: Graphene sheet
with compressed vertical edges (left) and a draping curtain (right). Figure from
Ref. [97].
and induced strain rises above a critical values, large disordered folds form with
stresses localized at single points, while periodic wrinkles completely disappear.
Under large compressive forces, a sheet starts to crumple and forms random
folds. Surprisingly, even when crumpled with high pressure, most of the space
inside the structure is occupied by air. In Refs. [29, 59, 66], the origin for the large
stiffness was found to be the random ridge network that forms during crumpling.
As the compressive force increases, ridges buckle to form smaller, more stable
ridges. This cascade of ridge buckling and fold formation leads to a power-law
divergence of the bulk stiffness with analytical scaling relations [66]. The crumpling
patterns visible when the sheet is unfolded, are a reminiscent of this hierarchic
process. These findings were also numerically confirmed using models of varying
complexity, for instance by the large scale computer simulations of Åström et
al. [91, 92, 101], and Vliegenthart and Gompper [98], which both employed the
Discrete Element Method.
Crumpling processes can be steered towards deterministic folding, when the
self-interaction of the sheet has an attractive part [91]. If the attractive potential is
large enough, the external forces become less important and the folding is turned
5
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Fig. 1.2: Surgical treatments of aneurysms by coil embolization: Illustration of
the coiling process (left) and X-ray image of a coiled aneurysm near the ophthalmic
segment of the internal carotid artery (right). Illustration copyright by Mayo Foundation for Medical Education and Research.
into a self-assembly process. Quite similar in cause and effect is the packing of
DNA in viral capsids. In this real-world application, DNA is found to be packed
in ordered, aligned coils [76]. The reason for the high degree of order was found in
the attractive part of the electronic interaction potential of different DNA strands
and verified in numerical simulations [56, 95]. Knowing the morphology of the
structure, insights into the power of the involved molecular motors was gained by
simple models consisting of entropic energy terms and mechanical bending energy,
see e.g. Ref. [73–75] and references therein.
The packing of DNA has a macroscopic counterpart in the coil embolization
technique used for surgical aneurysm treatment. An aneurysm is a pathologic
bulging of an arterial blood vessel, caused by a weakness of the arterial walls.
When an aneurysm increases in size, the material is stretched until it ruptures.
The bleeding, when occurring in the brain, typically leads to a brain stroke
and is often of lethal outcome. Coil embolization is a relatively new surgical
approach to treat aneurysms by an endoscopic procedure illustrated in Fig. 1.2
[62]: Through a catheter, a thin Platinum wire is inserted and densely packed
into the aneurysm. The wire structure effectively slows down blood circulation.
Consequently, blood clotting sets in, stabilizes the aneurysm and prevents rupture.
Although the endovascular coiling technique has been proven useful in numerous case studies, the key to success is still poorly understood. Only recently, an
evaluation of several hundred cases revealed that the long-term stability of the
6
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treatment is correlated with the packing density achieved during surgery, with
higher densities having better long-term outcome [93]. A better understanding
of the required injection forces and the influence of material parameters are
therefore required. A few attempts, although in a more theoretical context, have
been made over the last few years. The two-dimensional problem of inserting
a long wire into a circular cavity was studied extensively in the experiments of
Donato and Gomes [31–34, 40, 41]. The authors found that such packings have
surprisingly low packing densities of only 14%, in contrast to the three-dimensional
case. Furthermore, they found that loops are formed in cascades of decreasing
size and deduced a model for the scaling of the bending energy and required
injection force. A profound statistical analysis and thermodynamic formalism of
morphological properties of such structures is found in Ref. [2], and the emergence
of morphological patterns different from those described by Gomes et al. was
suggested [11], although a direct experimental justification was missing due to the
fact that different setups were used.
Finally, thin bodies can also deform due to growth. Growth is a fundamental
capability of living matter and involves a causal chain from the genome to the
structural level [44]. To a large extend, it is well-understood how cell differentiation
develops, and what signaling mechanisms take place at which developmental stage.
The role of mechanics, on the other hand, is poorly understood. It was almost
a century ago when D’Arcy Thompson [94] postulated that physical laws, rather
than evolutionary mechanisms are at the heart of biological morphogenesis.
Indeed, a number of phenomena in tissue growth have simple mechanical causes:
Acetabularia schenckii is a green algae with a disk-like cap. During development,
it undergoes a transformation from a concave to a saddle-like shape. Dervaux et
al. explained this effect on the basis of a nonlinear plate theory augmented by a
growth term that changes during development [24]. Essentially the same approach
gives raise to various mushroom hats observed in Nature [25]. A critical drawback
of such models is their difficult experimental realization with biological tissue.
Macroscopic polymer substrates with different swelling factors provide a viable
alternative, able to reproduce many shapes prototypical for mushroom hats or
flower blossoms [35, 57, 80].
Large parts of the existing work presented above is based on well-known continuum mechanics theories. A short introduction into the theory of thin elastic
objects is given in the next chapter.
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Chapter 2

Continuum theories of thin bodies
Continuum mechanics deals with the mechanical behavior and kinematics of solid
bodies, modeled as a continuum rather than as a collection of particles or atoms.
It disregards the discrete nature of bodies, and treats material as being spread
continuously throughout a region of space. The assumption of a continuum is valid
if the body dimensions are large with respect to the characteristic microscopic
length scales. It is then possible to define averaged field quantities such as
density, displacement or stress, making continuum mechanics a field theory. The
mathematical equations that describe and relate these fields are of two kinds:
The first describe universal laws valid for all materials, such as the conservation
of mass or momentum. The second type are constitutive equations that capture
the mechanical behavior of a particular material, such as its stress response to an
applied deformation.
When it comes to application to real problems, two classes of systems can
be distinguished: The analysis of bulk bodies that typically undergo relatively
small deformations, and the behavior of thin bodies, which even under small
forces deform considerably, and may form highly complex shapes. While, in
principle, the general bulk equations of 3d continuum mechanics could be applied
to solve thin body problems, engineers, mathematicians and physicists since long
developed simplified models that require a reduced set of variables and equations.
A major class of such models are based on deductive theories, which obtain thin
body mechanics through expansion of the bulk equations in the thin direction.
Typically, this amounts to a dimensional reduction of the problem: For instance,
the kinematics of a plate is reduced to a description of its middle surface, or
similarly, a wire is reduced to its centerline.
For the following, it proves useful to introduce some standard nomenclature:
9
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A body with one small direction, the thickness, is referred to as a plate when
its undeformed state is flat. For precurved plates, the term shell is used. If two
dimensions of a body are small compared to its length, the terms beams and
rods apply. In analogy to plates and shells, a beam is straight in its undeformed
configuration, while a rod can be arbitrarily precurved.
The first two sections of the current chapter present theories of rods and shells
that are based on Kirchhoff’s kinematic assumptions. It postulates that material
fibers perpendicular to the centerline or middle surface remain so under deformation, and is valid for curvatures that are small compared to the thickness. The
choice of these types of models is twofold: First, the assumptions and limits of
these models are well-studied and, when implemented correctly, known to be free
of numerical problems such as locking. Second, they reduce the mechanics to two
decoupled constituents: bending and stretching. This simplifies the identification
of relevant mechanisms in morphogenesis compared to more complex models. In
order to study growth of solid objects, a constitutive theory for large strain growth
is presented in the last section of this chapter, and is applied to the particular case
of an elastic shell.

2.1

Kirchhoff-Love shell theory

The Kirchhoff-Love theory approximates the mechanics of a flexible shell by the
deformation of its middle-surface. The theory, in fact, can be rigorously derived by
expansion of the bulk elastic equations in the small thickness parameter [18, 39].
In the following section, the Kirchhoff-Love theory is revised in the so-called stressresultant formulation, meaning that the stresses are integrated analytically through
the thickness, so that one is left with a resultant stress on the middle-surface. In
order to formulate the strains and stresses in an adequate parametrization, a short
introduction to the relevant basics of differential geometry is given in the following.
A few notes on the terminology used henceforth: Greek indices α, β, ... shall
take the values 1 and 2, while Latin indices i, j, ... take values from 1 to 3. Unless
otherwise mentioned, the Einstein summation convention applies to repeated indices, and upper (lower) indices denote the contravariant (covariant) components.
The expression x,i is defined as the partial derivative of x with respect to its i-th
contravariant component.
10
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a3

ā3

x

x̄

θ3

Ω

θ2
θ1

Fig. 2.1: Reference (Ω) and deformed (Ω) configurations of the shell’s middle surface, parametrized by the maps x(θ1 , θ2 ) and x(θ1 , θ2 ), respectively.

2.1.1

Kinematics of deformation

Let E3 denote the three dimensional Euclidean space, a · b the inner product and
a × b the exterior product for a, b ∈ E3 . The vectors ê1 , ê2 , ê3 ∈ E3 are the
canonical basis vectors of E3 . Let Ω ⊂ E3 be the geometry of the undeformed
middle surface of a shell with thickness h and boundary Γ = ∂Ω. Under the action
of external loads or growth the shell deforms into a new configuration characterized
by a middle surface of geometry Ω and boundary Γ = ∂Ω. Let {θ1 , θ2 , θ3 } be a
curvilinear coordinate system, and x(θ1 , θ2 ) and x(θ1 , θ2 ) be parametrizations of
the reference middle surface Ω and deformed middle surface Ω, respectively. The
positions r and r of material points in the reference and deformed shell may then
be parametrized as
r(θ1 , θ2 , θ3 ) = x(θ1 , θ2 ) + θ3 a3 (θ1 , θ2 )
r(θ1 , θ2 , θ3 ) = x(θ1 , θ2 ) + θ3 a3 (θ1 , θ2 )

θ3 ∈ [−h/2, h/2]
θ3 ∈ [−h/2, h/2] .

(2.1)
(2.2)

The tangent space of the middle surfaces is spanned by the vectors
aα (θ1 , θ2 ) = x,α and aα (θ1 , θ2 ) = x,α .

(2.3)

a3 in Eq. 2.1 is the so-called shell director, a unit vector that can be interpreted
as giving the direction of material fibers in the thickness direction of the shell
11
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(see Fig. 2.1). By virtue of the Kirchhoff kinematic assumption, the directors will
later be restricted to be normal to the tangent space for undeformed and deformed
configurations, but for the time being, no restriction is imposed on a3 . Having a
basis of the tangent space, the covariant components of the surface metric follow
according to
aαβ = aα · aβ , aαβ = aα · aβ ,
(2.4)
and the infinitesimal area element dΩ can be expressed as
√
(2.5)
dΩ = adθ1 dθ2 ,
√
with a = |a1 × a2 | being the surface Jacobian. The contravariant components of
the metric tensor are given by the relations
aαγ aγβ = δαβ and aαγ aγβ = δαβ ,

(2.6)

where δαβ is the Kronecker delta. With the contravariant metric at hand, the contravariant surface vectors can be constructed by raising indices, i. e.
aα = aαβ aβ and aα = aαβ aβ .

(2.7)

With these definitions, the middle surface and its tangent space are fully defined
by the map x(θ1 , θ2 ) and its derivatives. The covariant basis vectors and metric
tensor for a generic point within the shell - not necessarily on the middle surface is given by
∂r
= aα + θ3 a3,α
∂θα
∂r
gα = α = aα + θ3 a3,α
∂θ

gα =

,
,

∂r
= a3
∂θ3
∂r
g3 := 3 = a3
∂θ

g3 :=

(2.8)
(2.9)

and the covariant components of the corresponding metric tensor gij are
g ij = gi · gj

gij = gi · gj

,

.

(2.10)

For the kinematic description, it is useful to reiterate some basic properties of large
deformation elasticity in curvilinear coordinates. First, note that the deformation
gradient F is defined as
F := ∇r r ,
(2.11)
or, in terms of the curvilinear basis,
Fij =

∂r
⊗ g i = gi ⊗ g i .
∂θi
12

(2.12)
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It follows immediately that F maps between the tangent spaces of undeformed and
deformed configurations such that
Fgk = gi δki = gk .

(2.13)

The Green-Lagrange strain tensor E in curvilinear coordinates is defined as
Eij :=


1
gij − g ij
2

,

(2.14)

and measures the change of distances between reference and deformed configuration,
i. e.
dr2 − dr2 = gij dθi dθj − g ij dθi dθj = 2Eij dθi dθj .
(2.15)
By virtue of Eq. 2.13, it can be written in terms of the deformation gradient as
E=


1 T
F gF − g ,
2

(2.16)

which simplifies in Cartesian coordinates to the well-known form E = 21 (FT F −
1) with 1 being the identity matrix. The Green-Lagrange strain tensor can be
expanded in powers of θ3 ,

1
gα · gβ − g α · g β
2

1
=
(aα + θ3 a3,α ) · (aβ + θ3 a3,β ) − (aα + θ3 a3,α ) · (aβ + θ3 a3,β )
2

Eαβ =

,

thus
Eij = αij + θ3 βij + O((θ3 )2 ) .

(2.17)

Since the thickness h is considered small, terms of order O((θ3 )2 ) will be neglected in
the following, making the theory a so-called first order shell theory. The remaining
components of αij and βij are given by
1
αij := (aij − aij )
2
βij := ai · a3,j − ai · a3,j

(2.18)
.

(2.19)

Here, ααβ measure the in-plane strains and are often also referred to as membrane
strains. The components αα3 measure the shearing in transverse direction, while
α33 account for the stretching of the director. βαβ denote the bending strains that
will later give raise to the bending energy.
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The kinematically accessible configurations so far allow for finite deformations,
stretching of the shell director, and shearing in the transverse direction. The Kirchhoff assumption, which will be used throughout the rest of this thesis, now restricts
the allowed configurations by assuming that the shell director remains perpendicular to the middle surface, and unstretched. This yields the conditions
a3 · aα = 0 , |a3 | = 1 and a3 · aα = 0 , |a3 | = 1

(2.20)

which means that the directors follow from the tangent vectors as
a3 :=

a1 × a2
a1 × a2
and a3 :=
.
|a1 × a2 |
|a1 × a2 |

(2.21)

Under the Kirchhoff assumption, the shear strains αα3 all vanish, as well as the
transverse stretching α33 , leaving only ααβ as non-zero components. Similarly, it
follows that the bending strains βi3 vanish, i. e. βi3 = ai ·a3,3 = 0. Due to symmetry
of E, the only non-zero components are βαβ . They further simplify to
βαβ := aα,β · a3 − aα,β · a3 .

(2.22)

The two terms on the right side of Eq. 2.22 are known in differential geometry as
second fundamental form, or curvature tensor, κ, i. e.
καβ = aα · a3,β ,

(2.23)

giving the bending strains the interpretation of a measure of deviation between reference and deformed curvature. Owing to these simplifications, the Green-Lagrange
tensor reduces to


1 ααβ + θ3 βαβ 0
E=
.
(2.24)
0
0
2

2.1.2

Nonlinear Koiter shell equations

In the previous section, the membrane strain ααβ and the bending strain βαβ were
derived under the assumption of large deformations but small thickness. What is
missing for a mechanical description is an energy functional or stress-strain relation.
An often used and elegant choice for linear elastic materials was derived by Koiter
in 1966 [58]. It defines an energy density W of the form
W =

1
Y h3
1 Yh
αβγδ
H
α
α
+
H αβγδ βαβ βγδ
αβ γδ
2 1 − ν2
2 12(1 − ν 2 )
14
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where Y is the Young’s modulus, ν the Poisson’s ration, h the shell thickness, and
H the elastic tensor
H αβγδ = νaαβ aγδ +

1 − ν αγ βδ
(a a + aαδ aβγ ) .
2

(2.26)

The form of H is derivable by means of asymptotic expansion of the three dimensional equations in the thickness h, and can be thought of as an extension of Hook’s
small strain elasticity law to large deformations [81]. Also note that in deriving W ,
the thickness integration is carried out analytically, using the Kirchhoff-Love kinematic restrictions together with the mechanical assumption that all stresses remain
in plane. Having defined W , the resultant membrane stresses nαβ and resultant
bending stresses mαβ follow by the principle of work conjugacy:
Yh
H αβγδ αγδ .
1 − ν2
Y h3
=
H αβγδ βγδ
12(1 − ν 2 )

nαβ =
mαβ

(2.27)
.

(2.28)

In order to define the potential energy of the shell, the deformation of the middle
surface is re-expressed in terms of the displacement field u,
x(θ1 , θ2 ) = x(θ1 , θ2 ) + u(θ1 , θ2 ) .

(2.29)

The total potential energy of the shell is then a functional of the displacement field
u
Φ[u] = Φ[u]int + Φ[u]ext

,

(2.30)

where Φ[u]ext is the energy due to external surface loads q per unit area and axial
forces N per unit length along the boundary Γ, while Φ[u]int is the internal elastic
energy due to deformations:

Z 
1 αβ
1 αβ
n ααβ + m βαβ dΩ
(2.31)
Φ[u]int =
2
2
Ω
Z
Z
Φ[u]ext = − q · u dΩ − N · u ds ,
(2.32)
Ω

Γ

The functional Φ[u] is called Koiter energy for a nonlinear elastic shell [18]. In
Section 2.3, this energy functional will be extended by a mechanism for in-plane
growth that is valid in the regime of large deformations and rotations.
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Fig. 2.2: Michell’s buckling instability of an elastic ring. As the internal twist θ is
increased, the flat ring shape (left) becomes unstable (middle) and switches into a
figure-8 shape (right) by buckling out of plane. Figure from Ref. [8].

2.2

Cosserat theory of unshearable rods

When two dimensions of a body are small compared to the third, an expansion
in the small dimensions can be carried out, similar to the approach leading to
the Kirchhoff shell model. The obtained rod theory then describes the kinematics
by the so-called centerline, a space-curve that describes the position of the
backbone of the structure. The centerline position allows for a description of
stretching and bending stress resultants, in analogy to the middle-surface of a
thin shell. The position of the centerline, however, does not furnish a complete
description of the body’s kinematics. An additional field is required to account
for the mechanical torsion along the centerline. The equilibrium configuration
is then given by balancing stretching, bending and torsional energy. Michell’s
instability is a famous demonstration of this "energy competition": Consider a
naturally straight, isotropic rod. Take its two ends and bring them together.
If the ends are joined without twist, the equilibrium is given by a planar ring.
Now, twist the ends against each other with angle θ. As θ is increased beyond
a critical twisting angle θc , the ring buckles out of plane and forms a figure-8
shape, as illustrated in Fig. 2.2. Qualitatively, the instability occurs due to a
reduction of torsional energy on the expense of adding some bending energy. If kb
denotes the bending stiffness of a rod and kt the torsional stiffness, then
√ one would
expect θc ∝ kt /kb . Indeed, linear stability analysis shows that θc = 2π 3kt /kb [42].
Historically, the development of a theory of rods dates back to the pioneering
work of Bernoulli (1691) and Euler (1771). Their work concerns the bending deformations of planar beams, and is summarized in the well-known Euler-Bernoulli
beam equation,


d2
d2 w
YI 2 =q .
(2.33)
dx2
dx
The Euler-Bernoulli beam equation relates the deflection w(x) of the centerline
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with the applied load q. The prefactor Y I is the bending stiffness, with Y the
Young’s modulus and I the second moment of area. For planar situations, torsion
is irrelevant and can thus be neglected. For non-planar, general situations, the
mechanical theory is more involving, with origins dating back to the contributions
of St. Venant (1843), Kirchhoff (1859) and Love (1893). In their approaches, a
scalar field measuring the twisting angle of cross sections is introduced to model
torsion.
The remainder of this section describes the general rod theory of a Cosserat
continuum, which is more suited for numerical modeling than the original theories.
The Cosserat continuum was introduced more than a century ago by the brothers
Eugène and François Cosserat [21]. The fundamental idea is to assign six degrees of
freedom to each material point - three for the position and three for the orientation.
Mathematically, the material point orientation is conveniently represented by three
linear independent vectors that are commonly called the director vectors or just
directors.
Applied to the theory of rods, the following three vector-valued functions are
introduced to define the current, or deformed configuration of a Cosserat rod,
r(s, t), d1 (s, t), d2 (s, t) ,

(2.34)

where the directors d1 and d2 are orthonormal for all (s, t). The curve r(s, t)
is assumed to be smooth and describes the position of a material point on the
rod’s centerline at coordinate s and time t. For simplicity, s is chosen as the
arclength parametrization and the third director, d3 is defined as d3 := d1 × d2 .
In what will follow, the shorthand notation r0 for partial derivatives by s and ṙ for
time derivatives will be used. In complete analogy, the reference configuration is
described by the three fields
r(s), d1 (s), d2 (s) .

(2.35)

As before, d1 (s) and d2 (s) are chosen orthonormal and d3 := d1 × d2 . The vectors
di , i = 1, . . . , 3 form a right-handed orthonormal basis of R3 . From the theory of
space-curves it follows that a vector k exists such that
0

d0i = k × di and di = k × di .

(2.36)

k is called the Darboux vector and has the physical interpretation of an angular
"velocity": It describes the rate of change of the directors as one moves along the
centerline. It is useful to express k in terms of the director basis
k = ki di .
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The triple (k1 , k2 , k3 ) is called the bending strain components. Together with the
stretching strains vi = r0 · di they measure the deformation of the rod: For a fixed
t, functions ki (·, t) and vi (·, t) determine r(·, t), d1 (·, t), d2 (·, t) to within a rigid
motion and thus account for the change of shape.

2.2.1

The Kirchhoff kinematic restriction

In the preceding section, a general description of a Cosserat rod was furnished
together with associated strains. What remains is a constitutive expression for the
stress resultants, obtained by analytical integration of the stresses over the cross
section. For thin rods, the Kirchhoff-Love assumptions can be applied, which pose
two restrictions on the rod deformation:
1. d3 coincides with the centerline tangent for the reference configuration and
remains so under all deformations:
r0 (s, t)
and
|r0 (s, t)|
0
r (s)
d3 (s) =
.
0
|r (s)|

d3 (s, t) =

(2.38)
(2.39)

As a result, all components of the stretching strains v vanish except v3 .
2. Under any deformation, the frame {d1 , d2 , d3 } remains orthonormal.
In other words, for a given s, the directors d1 and d2 span cross sections of
the rod that are perpendicular to the centerline. The mechanical interpretation is
that perpendicular fibers remain perpendicular after deformation, i. e. no shear is
considered. Mechanically, the restrictions are thus equivalent to the Kirchhoff-Love
restrictions applied to thin shells (see Section 2.1).
It follows, under these assumptions, that an arbitrary point with coordinates
(x, y) on the undeformed cross section will retain the same material coordinates in
the deformed state. I. e., the position of a material point on the cross section is
p(x, y, s) = r + xd1 + yd2 and
p(x, y, s) = r + xd1 + yd2 .
18
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Using Eq. 2.40, the nonzero components of the strain tensor uij are found to be
d(r3 − r3 )
du3
=
+ x(k × d1 − k × d1 )3
ds
ds
+y(k × d2 − k × d2 )3
du1
=
= x(k × d1 − k × d1 )1 + y(k × d2 − k × d2 )1
ds
du2
=
= x(k × d1 − k × d1 )2 + y(k × d2 − k × d2 )2 .
ds

u33 =

u13
u23

(2.42)
(2.43)
(2.44)
(2.45)
(2.46)

Since strain is invariant under rigid body rotations, it can be assumed that di = di
(see Fig. 2.3). Introducing v = k − k, which measures the change of the angle of
rotation of two infinitesimally close cross sections, allows the strain to be written
as
d(r3 − r3 )
+ xv2 + yv1
ds
yv3
= −
2
xv3
=
.
2

u33 =

(2.47)

u13

(2.48)

u23

(2.49)

Assuming Hook’s law for simplicity, the stresses follow immediately as
d(r3 − r3 )
+ xv2 + yv1 )
ds
yv3
= −G
2
xv3
= G
,
2

σ33 = Y (

(2.50)

σ13

(2.51)

σ23

(2.52)

where Y is Young’s modulus and G the shear modulus. Integration over the cross
section A gives the resulting stresses on the centerline:
Z
M1 =
σ33 ydA
(2.53)
A
Z
M2 =
σ33 xdA
(2.54)
ZA
M3 =
(σ23 x − σ13 y)dA
(2.55)
A
Z
N =
σ33 dA .
(2.56)
A
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d 1, d 2

k d1,
k d2

s

s+ds
k
k

d 1,
d2

Fig. 2.3: Reference configuration (black) and deformed configuration (grey) of a
beam. By applying a suitable rigid body transformation to the deformed configuration, the point p(s) and the directors of both configurations coincide. The
infinitesimal strain is calculated from the compression and extension of the volume
between cross sections at s and s + ds.
Here, Mi is the moment around the di director and N is the resulting tensile stress,
which acts along d3 . Substituting Eq. 2.50 into Eq. 2.53 yields
M1 = I1 Y v1
M2 = I2 Y v2
M3 = JGv3
d(r3 − r3 )
,
N = YA
ds

(2.57)
(2.58)
(2.59)
(2.60)

with I1 , I2 , and J the second moment of area around the directors d1 and d2 , and
d3 respectively. For a rod with circular cross section, it follows that I1 = I2 = I =
πR4 /4 and J = πR4 /2. The elastic energy E of the rod follows by contraction of
the stress with the strain tensor and integration over the cross section A and rod
length L:
Z LZ
E=
σij ij dAds .
(2.61)
0

A

Using Eqs. 2.50, 2.53, and 2.57, the integral over the cross section can be carried
out and a line integral of the following form is obtained

2 #
Z L"
d(r
−
r
)
3
3
ds .
(2.62)
E=
Y I(v12 + v22 ) + JGv32 + Y A
ds
0
20

2.2. COSSERAT THEORY OF UNSHEARABLE RODS
The first of the three terms accounts for the bending energy Eb . The second term
measures torsional energy Etors and the last one denotes the tensile energy Etens
along the centerline.
The general expression of Eq. 2.62 simplifies considerably for rods without intrinsic curvature. In that case, k = 0 and v = k and the bending term in Eq. 2.62
simplify to
Z L
d(r3 − r3 ) 2
) ds ,
(2.63)
Y Iκ2 + JGk32 + Y A(
E=
ds
0
Here, the curvature κ := d03 of the centerline is given by the Darboux vector k via
Eq. 2.36. Since the centerline curvature is a geometric quantity and invariant under
rotation of the rod around d3 , it follows immediately that the bending and torsional
parts in Eq. 2.63 decouple and can be minimized independently. The decoupling is
of practical relevance for certain boundary value problems. Consider, for instance,
a rod with spatially fixed endpoints. If the endpoints are free to rotate around d3 ,
then the variation of the torsional energy yields
dEtors
=0→
dk3

Z

L

2JGk3 ds = 0 .

(2.64)

0

An equilibrium solution with minimal energy is given for k3 = 0 everywhere: The
rod in equilibrium is free of torsion. Consequently, the bending and stretching energies are given entirely by the geometry of the centerline. The director field is thus
not required for a description of the equilibrium solution and can be neglected.
In dynamical problems, however, this simplification cannot be made in general.
Only when the time scales of interest are large enough, similar simplifications can
be made: Torsional waves propagate at a speed that increases with decreasing
rotational inertia of the rod cross section, see Ref. [83] for details. The bending
waves, on the other hand, are dispersive [8]: Their velocity depends on the wavelength λ: v = ch/λ with c the speed of sound of the material and h the thickness.
Hence, torsional waves travel much faster than bending waves with wavelengths
much larger than the wire diameter. In dynamical problems where the time scales
of interest are only in the regime of the long-wavelength bending waves, torsion
becomes irrelevant. It can therefore be disregarded also in such dynamical cases.
As a consequence, numerical models for the simulation of rods under any of these
static or dynamic conditions can be considerably simplified, as will be described in
Chapter 4.
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2.3

Theory of growth for large deformations

Growth is a phenomenon of fundamental importance for almost all living organisms.
One of the most important mechanical consequences of growth is the generation
of residual stress [82]. Such stresses are not due to external loads, constraints, or
boundary conditions, but are caused by the incompatibility produced by growth:
When growth takes place at different local rates, parts of the body need to be
stretched or compressed to ensure integrity and compatibility of the body. The
effectuated internal stresses do not vanish in any allowed configuration of the
body, and are thus termed residual stresses [48, 82]. The thin plate in Fig. 2.4
provides a good illustration of the effect: The green colored part, which is assumed
to grow faster than the rest, develops residual stresses in the plate, and no state
exists, in which the body is stress-free. This loss of a stress-free reference state
plays an important part in the modeling of growth and is discussed later in the
text. Furthermore, the buckled state of the grown plate elucidates another effect
of growth: Growth provides a symmetry-breaking mechanism, leading to effects
similar to the buckling or wrinkling of a body under external loads. This is not so
obvious, since volumetric growth would in general also increase the thickness of
the plate. Since thick bodies are typically more stable than slender ones, growth
might as well have a stabilizing effect, see Ref. [6] for a detailed discussion.

Modeling growth and including it into the existing theory of elasticity is a delicate task. A modern attempt consists of separating growth into two mechanisms:
a change of mass and an elastic response [50, 82]. This concept is formalized in the
general statement of growth by Rodriguez et al. [77]. It postulates a multiplicative
decomposition of the geometric deformation gradient into a growth tensor and an
elastic tensor. The growth tensor describes the local addition of mass, whereas
the elastic tensor characterizes the reorganization of matter needed to ensure
compatibility and integrity. The stresses generated through growth then depend
only on the elastic part of the deformation tensor. Rodriguez’ work on growth has
since been widely discussed [52] and put on a rigorous foundation [27, 68].

This section provides an introduction to the mechanical growth model of Rodriguez et al. with application to surface growth of thin shells in the context of
Kirchhoff’s theory.
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Fig. 2.4: Residual stresses originating from growth: Growth can be locally incompatible (left), leading to residual stresses and loss of a stress-free reference state
(middle, right). Illustration based on Ref. [35]

2.3.1

General setup

Consider an elastic body B embedded in Euclidean space, described by the material
coordinates x in its reference configuration. Due to growth and accompanying elastic response, the body adopts its deformed configuration B with deformed material
coordinates x. Let the deformation be described by a map χ such that x = χ(vecx).
The deformation gradient F then is given by F = ∂χ(x)
= ∇x χ. Since growth ef∂x
fectuates a resulting elastic response, F must naturally contain the effect of both.
The idea of Rodriguez et al. is to express this relationship in a multiplicative
decomposition of F into a growth tensor G and an elastic response A,
F = A(X, t) · G(X, t) .

(2.65)

In other words, the growth deformation can vary spatially and may not even be
continuous. Compatibility and continuity of the body is, however, ensured by an
elastic response A. As illustrated in the diagram of Fig. 2.5, the growth deformation
G maps from the reference state B to the grown state Bg . This state is locally stress
free, but not compatible, i. e. it is in general not embeddable in Euclidean space.
The elastic response A then maps the grown state Bg to the deformed state B,
which may contain residual stresses. The stresses due to the elastic response follow
from any strain energy functional W , which is now assumed to be a function of
only the elastic part A of F:
W = W (A) .
(2.66)
Since growth is mathematically represented by a tensor, this formalism easily
incorporates spatial inhomogeneities as well as anisotropy of growth.
It should be noted here that a multiplicative decomposition of the deformation
gradient as in Eq. 2.65 has previously been proposed for finite plasticity models,
where F = Fp · Fe is decomposed into a plastic, irreversible deformation Fp , and
an elastic part Fe . Similar to plasticity theory, where the time evolution of Fp
is governed by a plasticity law, the evolution of the growth tensor G needs to be
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deformed
configuration

B
F

reference
configuration

B̄

A

virtual
configuration

Bg

G

Fig. 2.5: Illustration of the multiplicative decomposition proposed by Rodriguez
et al. The geometric deformation tensor F consists of a growth part G that leads
to an incompatible and non-continuous grown configuration Bg . Continuity and
compatibility of the body is recovered by the elastic response A.
prescribed by a constitutive growth law. For biological systems, in particular multicellular organisms, it has long been recognized that growth depends on the local
stresses that are present (see, e.g. Ref. [43] and references therein). With regard
to the modeling, there is, however, an ongoing discussion if G or the growth rate
Ġ is a function of the stresses. For an overview, the reader is referred to Ref. [43]
and references therein. In the present work, the focus lies on an investigation of
instabilities introduced into thin shells by the effect of growth. To this end, it is
advantageous - in order to keep it simple - to prescribe G by external parameters.
It is therefore assumed in the following that G is time-dependent but independent
on local stresses.

2.3.2

The Koiter shell with in-plane growth

To apply the presented growth model to the Koiter shell, the three-dimensional
Green-Lagrange strain tensor of Eq. 2.16 is modified to measure only the strain
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due to the elastic part of the deformation, i. e.
Ê =


1
AT gA − g .
2

(2.67)

Using the relation A = FG−1 and Eq. 2.13, the strain is formulated as a function
of the geometric deformation and the prescribed growth tensor,

1
G−T FT gFGT − g
2

1
=
G−T gGT − g .
2

Ê =

(2.68)
(2.69)

Owing to the Kirchhoff-Love assumptions, recall that the deformed metric reads in
matrix-form,


aαβ − 2θ3 καβ 0
g=
.
(2.70)
0
1
In order not to violate the Kirchhoff-Love restrictions due to growth, Eq. 2.69
requires G to remain in-plane, i. e.


G̃αβ 0
Gij =
.
(2.71)
0 1
The only parts of Eq. 2.69 affected by growth then read
G̃−T g̃ G̃−1 = G̃−T ((aαβ ) − 2θ3 (καβ ))G̃−1
−T

−1

3

−T

= G̃ (aαβ )G̃ − 2θ G̃
=: âαβ − 2θ3 κ̂αβ ,

(2.72)
−1

(καβ )G̃

(2.73)
(2.74)

hence, for the non-zero components of the Green-Lagrange strain,
Êαβ = α̂αβ + θ3 β̂αβ , with
1
α̂αβ = (âαβ − aαβ ) and β̂αβ = καβ − κ̂αβ ,
2

(2.75)
(2.76)

that is, the strain decomposes into a membrane and a bending part as was the case
without growth. To derive the elastic stresses, the strains in the energy functional
of the Koiter shell, Eq. 2.25, are replaced by the strains of Eq. 2.75, but remain
formally the same. The elastic stresses follow by work conjugacy as
Eh
H αβγδ α̂γδ
1 − ν2
Eh3
=
H αβγδ β̂γδ
12(1 − ν 2 )

n̂αβ =
m̂αβ
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and the potential energy (Eq. 2.31) is modified accordingly:
Φ[u] = Φ̂[u]int + Φ[u]ext , with

Z 
1 αβ
1 αβ
Φ̂[u]int =
n̂ α̂αβ + m̂ β̂αβ dΩ .
2
2
Ω

(2.79)
(2.80)

Consider, for the moment, an elastic plate subject to in-plane growth. The bending
strains in Eq. 2.75 then simplify to βαβ = −κ̂αβ since the reference state is flat. The
resulting energy density is then formally similar to the one obtained by Sharon et
al. [35, 57]. Their approach starts from the postulation that growth is taken into
account by replacing the reference metric by a prescribed target metric. In contrast
to the current formulation, the target metric approach, however, misses to include
the change of reference curvature when the surface grows.

26

Chapter 3

Morphological phases of crumpled
wires in two dimensions
A first example of thin body morphogenesis is presented in the current chapter.
The system considered consists of a long piece of metallic wire that is injected
into a circular cavity. The cavity height is just small enough to allow for one layer
of wire, i. e. the setup can be considered a two dimensional one. Nonetheless,
the system is a realistic model for shell crumpling, where the folded structure
has translational invariance in one direction. This is the case, for instance, in
paper jams, linen production and similar fabrication processes. Despite these
applications, research has mostly focused on crumpling of membranes without
such apparent symmetry, as summarized in the introductory chapter of this work.

In the following chapter, the two-dimensional crumpling of wires is investigated
with the following novel results: First, a morphological phase diagram of crumpled
wires in two dimensions is presented. It is shown that two material parameters,
namely friction and the yield threshold of plastic flow, determine the morphological
phase. An analysis of the morphologies by means of the number of loops as function
of the packing density is given, which exhibits a power-law behavior with slightly
different exponents for each morphology. Finally, measurements of the required
injection force indicate a power law increase in the packing fraction, similar to
observations on membranes. The stiffness, however, does not fully diverge due to
the finite wire thickness, resulting in jammed states where percolating force chains
are formed by contacting wire segments.
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Fig. 3.1: The injection mechanism used for experimental packing of wires. Image
courtesy F.K. Wittel.

3.1

Experimental setup and numerical model

In the experiments presented here, a wire is pushed from opposing sides into a
metallic cylindrical cavity of radius r=10cm. The height of the cavity is one wire
diameter d, allowing only one layer of wire to crumple in it. The top part consists of
a transparent acrylic glass plate to allow for visual observation. This setup is based
on experiments initially conducted by Gomes in Ref. [32], with the crucial difference
that in the present work, the wire is injected in a controlled way, driven by large
forces. The injection mechanism is illustrated in Fig. 3.1 and works by two counterrotating rollers that push the wire into the cavity. To ensure straight insertion into
the cavity, the wire is hold in place by a Teflon tubule. As the packing density
increases, higher forces are required. To prevent the wire from slipping in this
situation, the pressure exerted by the two rollers can be increased via a cantilever
and a screw thread (see Fig. 3.1). For the experiments, steel wires (d=0.8mm) and
brazing solder (d=1mm) are used - materials with strongly differing mechanical
properties.
The wire is modeled by point masses, connected by tensile springs, whereas
bending stiffness is considered by rotational springs attached to each node (see
Fig. 3.2). Hook’s law is used for tensile forces and moments,
Fi = −k1 (λ0 − λi ) and Mi = −k2 ζi ,

(3.1)

with the rest length λ0 , the angle ζi at node i and the two proportionality constants
28

3.1. EXPERIMENTAL SETUP AND NUMERICAL MODEL

ei

xi

xi-1

ζi
ei+1

xi+1

Fig. 3.2: Mass-spring model for the mechanics of a wire in two dimensions. The
centerline of the wire (grey color) is discretized into a set of nodes xi . Nodes are
connected by Hookean springs ei to model axial stretching and compression while
bending is considered by rotational springs. The bending moment is obtained from
the angle of turn ζi between two neighboring edges.
k1 and k2 for the tensile forces and bending moments respectively. Note that the
angle ζi is a signed quantity, such that bending towards the left side of the wire
backbone has negative angles, while bending towards the right side results in positive angles. The discrete curvature is likewise a signed quantity and is approximated
by κi = ζi /λ0 . In the continuum limit λ0 → 0, this model reproduces Euler’s beam
equation, Eq. 2.33. For a formal proof, see Ref. [30]. The continuum limit allows to
relate the discrete stiffness constants k1 and k2 with material parameters, and one
finds k1 = Y A/λ0 and k2 = Y I/λ0 with A being the wire cross-section area. For
the numerical results presented in the following, Y =1275 is fixed, corresponding to
k1 =1000 and k2 =60 for a circular wire with diameter d=1 and λ0 =1. The effective
system size is described by the dimensionless ratio f = r/d between cavity radius
and wire diameter.
For a realistic simulation considering friction at wire-wire and wall-wire contacts proved to be crucial. An efficient numerical treatment of wire self-contact is
achieved by splitting the process of finding and handling contacts into two parts:
1. In the broad phase, possible contact pairs are identified. A naive node-edge
distance check results in O(N 2 ) complexity with N the number of nodes.
A far better efficiency is achieved using the linked cell algorithm [5]: The
simulation domain is split into a regular lattice of M × M cells. A list is
then constructed of all the nodes and edges contained in each cell. To find
possible contact partners of a node, only its distance to the edges in the
same and in neighboring cells needs to be evaluated. On average, a single cell
contains Nc = N/M 2 edges. To check all potential neighboring pairs, 9/2Nc N
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FN
FT

kst
dc

µd

kc

Fig. 3.3: Contact mechanics for wire self-contact. The model is based on nodesegment interactions (dashed lines). The repulsive force FN acts in normal direction
with spring constant kc . Relative movement in the normal direction is damped
using a dash-pot with coefficient dc . Dynamical friction in tangential direction is
modeled by Coulomb’s law (sliding plates). For static friction, a stiff spring with
spring constant kst is used to enforce the stick condition.
distance checks need to be performed - a clear advantage over the naive O(N 2 )
approach. Each node/edge pair with distance smaller than 4h is added to a
separate contact pair list. Since nodes do not move very quickly, this list
does not need to refreshed every time step, offering additional performance
gains. An update every 50 time steps turned out to be an optimal choice for
all simulations.
2. In the dense phase, effective contacts, i. e. node/edge pairs with distance di
smaller than d, are identified from the contact pair list. The contact law used
can be separated into two parts: For the repulsive, normal component of the
contact force, FN , a force law quadratic in (d − di ) was used. In tangential
direction, a stick-slip friction model according to Coulomb’s law was used
[69]: Contacts with relative tangential velocity below a small threshold value
vth were considered to be subjected to static friction. To enforce the stick
condition locally, the contact pairs are connected by a stiff spring of rigidity
kst acting only in tangential direction (see Fig. 3.3). If the spring force exceeds
the maximum static friction force Fst = µst FN , dynamic friction sets in. This
is accomplished by removing the spring and applying dynamic friction with
force Fd = µd FN in opposing direction to the relative tangential movement.
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Fig. 3.4: Nonlinear stress-strain model for bending with hysteresis. For small bending with curvature κ smaller than κe , the resulting moment grows linearly with slope
k1 in κ. For κe+ < κ < κp+ , the deformation is still reversible, but the moment is
nonlinear in κ. If κ grows larger, plastic flow with slope k2 occurs. After unloading
from such a situation, a permanent deformation κθ remains.

3.1.1

Constitutive model for bending deformations

Metallic wires undergo plastic yielding if their deformation becomes too large. The
result is a permanent, remaining deformation in absence of external forces. Plastic yielding and accompanying hysteresis is difficult to model. For the crumpling
setup at hand, it is however sufficient to consider only plastic yielding for bending
deformations. A simplified model consists of adapting the moment-curvature relation for the rotational springs in Eq. 3.1 using the flow rule illustrated in Fig. 3.4.
Assume, for the moment, that bending to the right side is considered, i. e. κ is
positive. The modeled flow rule consists of three regions: (1) For κ ≤ κe+ , Hook’s
law (Eq. 3.1) holds. (2) For κe+ ≤ κ ≤ κp+ , the deformation remains reversible,
but the stress is nonlinear in strain. This nonlinear regime was chosen to follow a
2nd order polynomial with matching derivatives at the interval boundaries. While
the precise form of the nonlinear regime is not important, it is necessary to model
a smooth elastic-plastic transition in order to prevent kink formation in the wire.
(3) For even larger bending deformation, i. e. κ ≥ κp+ , strain hardening occurs
occurs with slope k2 . Unloading from this region follows the elastic path and results in a remaining curvature κθ as indicated in the figure. For bending towards
the left side, an analogous flow rule is applied with κe− and κp− as elastic and
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Algorithm 1 Bending hysteresis loop.
Require: Current curvature κ, previous curvature κ̂, previous plastic curvature
κθ , elastic range 
(κe+ , κe− , κp+ , κp− , x, y) = update_yield_regions()
//Set coefficients a, b of polynomial fit ax + bx2
a=k1
b=-(k2 - k1)/(2*(κp+ - κe+ ))
moment = x*k1 //Elastic part of moment
//Left bending
if x< κe− then
if x< κp− then
moment = κe− *k1 + a*(κp− - κe− ) + b*(κp− - κe− )*(κp− - κe− ) + (x κp− )*k2
//Adapt permanent deformation
κθ +=x-κp−
if κp+ - κp− >  then
//Adapt elastic range if necessary
ndiff = κp+ - κp− - 
κe+ -= ndiff
κp+ -= ndiff
end if
else
moment = κe− *k1 +a*(x - κe− ) + b*(x - κe− )*(x - κe− )
end if
end if
//Same for right bending (omitted for brevity)
return moment

plastic yield curvatures. The details of the numerical algorithm are outlined in the
Alg. 1, but some remarks are in order here: First, the elastic regime, that is the
range  = κp+ − κp− , is kept of constant size, such that an increase of κp+ due
to plastic yielding also results in the equivalent change in κp− . In Alg. 1, this is
accomplished by the update_yield_thresholds function (see Alg. 2). Once the yield
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Algorithm 2 update_yield_thresholds
Require: Current curvature κ, previous plastic curvature κp , previous plastic
thresholds κp+ , κp−
κe+ = κθ+ - δ
κe− = κθ− + δ
{Elastic part of curvature}
x = κ - κp
y = κp
if k1*κe− + y*k2 > 0 then
diff = κe− + y*k2/k1
κe− -= diff
κθ− -= diff
end if
if k1*κe+ + y*k2 < 0 then
diff = κe+ + y*k2/k1
κe+ -= diff
κθ+ -= diff
end if
return (κp+ , κp− , κθ+ , κθ− , x, y)

thresholds are set up, the elastic part of the curvature is computed together with
the corresponding moment. Second, it is crucial to differentiate between loading or
unloading condition. To this end, not only the current curvature κ, but also the
curvature at the previous timestep, κ̂ is used in the algorithm.

To follow the time evolution of the system, the equations of motion of all nodes
are integrated using a predictor corrector method of 4th order [5]. For stability reasons, small viscous damping is added on the translational and rotational degrees of
freedom. Unless noted, the system size is chosen as f =100, in order to match the
experimental setup. During the simulation new elements are continuously pushed
into the cavity, starting from an initially cavity-spanning straight wire. The simulation stops, when a sudden increase of the injection force appears. At this point,
the system is considered to be jammed. Similarly, the experiments end, when the
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Fig. 3.5: Crumpled wires in a circular cavity. Experiments (top row) and simulations (bottom row), showing the three different morphologies. Materials are
steel wire (1.5125) d=0.8mm without and with silicon oil (left) and (middle) and
brazing solder (Sn99Cu1) d=1mm (right). Simulation parameters are f =100,
κθ =0.04;µst =5;s=0.08 for the classic (left), κθ =π/2;µst =0;s=0.04 for the spiral
(middle) and κθ =0.02;µst =5;s=0.04 for the plastic (right) morphology. Simulation
snapshots are shown for similar packing densities as in the respective experiments.
resistance of the crumpled structure becomes so large, that the rollers are not able
to push more wire into the cavity.

3.2

Morphological phases

The crumpling starts with an initial buckling of the cavity-spanning wire in the upor downwards direction (see Fig. 3.5). The symmetry of the wire in the simulations
is broken by imposing small random displacements on the initial positions. Alternatively, small intrinsic curvature is imposed on the wire by randomly setting κp to
small but non-zero values. For the numerical outcome, both procedures turned out
to have similar effect. After the initial buckling, the solution is stable until the wire
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contacts the cavity wall for the first time. Depending on yield threshold κθ and
static wire friction coefficient µst , three different morphologies can be distinguished:
1. With high cavity friction µst the classic morphology emerges, which corresponds largely to the observations of Refs. [31–34]. As can be seen in
Fig. 3.5(left), characteristics of this morphology are the cascades of loops
of decreasing size. Since wire is inserted on both sides, strong symmetry is
present. In simulations of purely elastic wires, this symmetry is preserved
until the structure is jammed, while experimentally, it is broken when plastic
flow sets in for high packing densities. Cascading loops and strong symmetry
are the two criteria for this classical morphology.
2. Elastic wires with low µst form a spiral pattern, with the turning direction
chosen spontaneously (see Fig. 3.5(middle)) comparable to Ref. [11]. The
spiral winds up more when more wire is inserted. Simulations reveal that
this pattern is maintained for purely elastic wires without friction until the
entire cavity is filled. In the experiment, however, a critical packing density
exists when plastic deformations set in and when the small but remaining
friction anticipates further windings. In that case, loop cascades appear on
the left and right side of the spiral, i.e. a mixing of the classic and the spiral
morphology can be observed.
3. Typical for the plastic morphology is the loss of symmetry. This third morphology arises for highly plastic wires (Fig. 3.5(right)). It starts similarly
as the classic one by forming cascades of loops. In contrast to the classical morphology the axial symmetry is soon broken and large rearrangements
of existing structures occur. Such reordering is observed on length scales
ranging from a single loop up to the rearrangements of entire cascades. As
a consequence, higher packing densities can be obtained than for the other
morphologies. Note that the plastic phase is defined by the disorder and not
by the material. Plastic and classic morphologies are distinguished by comparing the spatial distribution of curvature, which is concentrated near the
cavity border for the classic phase (cf. the location of loops in Fig. 3.5). To
this end, the cavity is divided into two regions of equal area by placing a circle at its center. If A/B <0.5, where A is the total squared curvature in the
circle and B the area of the surrounding ring, the morphology is considered
as classic.
Experimentally, the classic, spiral and plastic morphologies were produced using
steel wire without and with silicon oil or brazing solder, each one represented by
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Fig. 3.6: Morphological phase diagram of the spiral/plastic/classic morphologies
obtained numerically for f =50, where the control parameters are the static wire
friction µst and the elastic yield curvature κθ . Each point is averaged over 9 realizations.

one point in the plasticity-friction phase space. By changing the yield curvature κθ
from 0 to 0.06 and friction µst from 0 to 0.6, this phase space can be numerically
investigated in detail, resulting in the morphological phase diagram of Fig. 3.6.
Simulations are limited to f =50, to be able to present a precise phase diagram in
reasonable CPU-time, however results of coarser resolution for f =100 do not show
significant differences. For κθ = 0 plastic yielding immediately occurs irrespective of
the curvature, while κθ = π/λ0 represents the elastic case. No further influence on
the morphology was observed for µst >0.6 and κθ >0.06. All other parameters of the
simulation were kept constant, in particular k1 =1000, k2 =60, and s=0.05. The two
most notable observations are that a direct transition from the spiral to the classic
phase is not possible and that a reentrant phenomenon exists at 0.2< µst <0.35
when κθ is increased. For an explanation of the latter, consider the two requirements
for building the symmetric structures of the classic phase: First, friction stabilizes
the structures during packing. With µst between 0.08 and 0.18, this constraint is
not sufficient and the loops rotate and rearrange. Consequently, the plastic phase
emerges between the spiral and classic one. However, also plastic deformation has
a stabilizing effect by dissipating stored energy, limiting the system’s ability to
rearrange. To find the classic phase at 0.2< µst <0.35, small κθ is required to
prevent rearrangements, along with friction. For too small κθ , no cavity spanning
loops form and the classic phase is unreachable. Consequently, the classic phase
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Fig. 3.7: Fractal dimension of experiments (empty circles) and simulations (black
dots) at 14% packing fraction.
requires a minimal κθ ≈0.027, leading to the observed reentrant phenomenon.

3.3

Statistical properties

The morphology of the crumpled wires is quantified in the following by its fractal
dimension, by the number of loops, and the number of contact pairs. To calculate
the fractal dimension, the mass-radius (or sandbox) method was employed due to
the geometric aspects of the cavity. The method states that the fractal dimension
D of the crumpled structure is given by the relation
M ∼ rD ,

(3.2)

where M is the total mass within distance r from the cavity center. To calculate M ,
high resolution photographs were taken from the experimentally crumpled structures and converted to a black-and-white image. For simulations, a cubic spline
of linewidth d is fitted through the nodal data points and converted to a blackand-white image. For better statistics, multiple spots on the wire were chosen as
center points for the mass-radius method. To avoid boundary effects due to the
cavity size, the maximum radius for each measurement is chosen small enough so
that no overlap with the cavity border occurs. The measurements were taken from
16 samples of the plastic phase with different seeds used for the initial random
displacements. Fractal dimensions were measured at 14% packing ratio in order
to allow comparison to the previous measurements of Donato et al. [34]. The fit
shown in Fig. 3.7 suggests D = 1.75±0.1, which is somewhat smaller than the value
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of D = 1.9 ± 0.1 reported in Ref. [34]. However, the discrepancy can be attributed
to the different method employed for the fractal dimension calculation by Donato
et al.: An analysis of the experimentally crumpled structure of Ref. [34] with the
algorithm presented here matches the simulation results very closely, with a value
of D = 1.73 ± 0.1.
The scaling of the number of loops Nl as a function of the dimensionless packing
density φ = d · L/(πr2 ) is another characteristic morphological quantity. A loop is
defined as the area surrounded by a wire segment with only one inner contact of
inward wire surfaces. In experiments, the number of loops was counted manually
and the total wire length was obtained by standard image analysis of digital images
that were taken during the experiment. Gomes et al. [32] report a pronounced
shoulder for φ <0.032, a power law asymptotic dependence Nl ∼ φγ with γ=1.8±0.2
and a maximum packing density of φ=0.14±0.006. The results of the present
simulations and experiments are given in Fig. 3.8 and suggest that the exponent
γ only varies slightly for different morphologies. For the classical morphology one
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finds γ=1.75±0.03, for the plastic morphology γ=1.85±0.04 and for the spiral γ=0
up to φ=1, as only two loops are present. Also a universal maximum packing density
could not be observed in contrast to the findings of Donato and Gomes [31–34]. The
most probable explanation is that the mechanical injection mechanism used here
allows a controlled way to insert wire with high forces, in contrast to the manual
insertion used in previous works.
Related to the scaling of loops is the total number of wire-wire contacts Nc .
When measured as function of the packing fraction, it is observed that Nc ∝ φµ
with µ ≈ 2.23 (see Fig. 3.9). Again the values from simulations are in very close
agreement with the experimental ones of µ = 2.2. Nc effectively measures the
excluded volume due to self-avoidance, and gives rise to a comparison with Flory’s
theoretical approximation of the excluded volume [38]. Flory’s theory is a meanfield theory and is obtained by balancing internal elastic energy, entropic energy and
the energetic cost of the excluded volume. It is well-applicable to polymer physics
and, in that context, predicts a value of µ = 2, since the excluded volumes scales
as φ2 . Flory’s value is somewhat smaller than the measured one. The deviation is
probably due to the fact that in Flory’s theory, the repulsive excluded volume energy
is assumed to be comparable to the bending energy. Clearly, this is not the case
here, where the bending term strongly dominates during the whole packing process.
Consequently, in an attempt to minimize the total energy, mainly bending energy
is minimized. Consequently, relatively straight wire segments that are aligned with
each other are energetically favored. This alignment of segments in contacting
branches leads to a large number of contacts, and thus leads to a larger exponent
µ than Flory’s theoretical prediction.

3.4

Energetics and required injection force

For a macroscopic analysis of the packing process, the stiffness of the crumpled
structures as function of the packing density φ is of primary interest. It can be
assessed by measuring the force acting on the nodes in the insertion channels. As
before, the simulation is stopped when the system is jammed, i.e. when straight
parallel force lines from contacting wire segments exist between the injection channels, as illustrated in Fig. 3.10). For computational reasons, these measurements
were performed for different system sizes up to f =35. Parameters were chosen as
κθ =0.08, s=0.06, and µst =5, corresponding to the classical phase. For precise force
measurements, the packing process was first stopped to allow the system to reach
39

CHAPTER 3. MORPHOLOGICAL PHASES OF CRUMPLED WIRES IN
TWO DIMENSIONS
1000
100
NC

10
1
0.1
0.02

0.05

Φ

0.10

0.20

Fig. 3.9: Coordination number as function of the packing density for simulations.
The power-law fit has slope µ = 2.23, which is slightly larger than the prediction
from Flory’s mean-field theory (µ = 2). See text for detailed discussion.
static equilibrium before the measurement was performed. These careful measurements suggest the force to scale as a power-law of the form
F ∝ (φc − φ)β

(3.3)

with exponent β=-1.43±0.02. In Fig. 3.11, φc =0.46±0.01 which is substantially
smaller than the theoretical limit φc =1. For the purely elastic case of the classic
morphology, one finds β=-2.05±0.02 and φc =0.54±0.02 (data not shown). Recent
analytical results using Liouville field theory of elastic wires without dissipation
predict β = −17/10, which is in reasonable agreement [23].

3.5

Comparison with analytical approximations

For the spiral phase, φc ≈ 1 and the force scaling relation can be approximated
with a simple analytical model. This phase consists of two parts, an inner s-shaped
core of radius Rc , and an outer part which spirals around the core. The outer part
itself consists of two nested, but otherwise identical spirals. Accordingly, the total
bending energy can be split into Eb = Ec + 2Es , where Ec is the bending energies of
the core and Es the bending energy of each of the two spirals. Although the precise
shape of the core can be derived analytically, a good estimate is already obtained
by approximating it by two connected arcs of radius Rc /4, having a total bending
energy of Ec = 4Y Iπ/Rc . The radius of the core is related with the packing density
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Fig. 3.10: The jammed classic morphology. Force chains formed by contacts are
clearly visible. Contact forces are represented by the thickness of the line segments,
while the grey scale of the wire backbone represents its local elastic bending energy. Since this system includes plastic deformations, highest curvature does not
necessarily imply highest bending energy.

via φ = (π(R2 − Rc2 ) + πdRc )/(πR2 ), i. e.
Rc (φ) =


p
1
d + d2 + 4R2 − 4φR2 .
2

(3.4)

The two surrounding spirals are identical in shape and are only rotated against each
other by an angle of π. Consequently, they can be described by the same curve γ,


ϕd
· (cos(ϕ), sin(ϕ)) ,
(3.5)
γ(ϕ) = Rc +
π
where ϕ measures the accumulated angle of the windings. The bending energy is
then formally given by integrating the curvature along γ, i. e.,
Z
Z
1
1
1 ϕmax
YI
dγ
Es =
Y I 2 dγ =
dϕ ,
(3.6)
2
2 γ
κ
2 0
κ(γ(ϕ)) dϕ
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Fig. 3.11: The insertion force F as function of φ. Simulation parameters are
k1 =1000, k2 =60, f =25, κθ =0.08, µst =5, s=0.05. The best fit for the divergence is
a power law F ∝ (φc − φ)β with β=-1.43 (solid line).
where ϕmax is the total winding angle. ϕmax is easily found to relate to the packing
density as
π
(3.7)
ϕmax (φ) = (R − Rc (φ)) .
d
Substituting the parametrization of γ, Eq. 3.5, into the above expression yields
a rather complicated integrand. However, the following two approximations keep
the problem simple: First, the curvature κ is reasonably well approximated by the
radius of the spiral, κ(γ(ϕ)) ≈ Rc (φ) + ϕd/π. Second, a series expansion in d yields
for the second part of the integrand:
dγ
ϕd
= Rc +
+ O(d2 ) .
dϕ
π
The bending energy of the spiral follows then as
Z ϕmax
YI
dϕ
Es (φ) =
Rc + ϕd/π
0
YI
=
(ln(dϕmax (φ) + πRc (ϕ)) − ln(πRc (φ))) + C .
d
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(3.9)
(3.10)
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Fig. 3.12: Bending energy E of the spiral phase in dependence on the packing
density φ, obtained numerically (circles) and using analytical approximations (solid
line). The analytical model is in good agreement with numerical data for small and
moderate packing densities. As φ → 1, assumptions for the analytical model are
not valid anymore and result in larger deviation from the measured numerical data.

Here, C is an integration constant corresponding to the energy of the spiral at
the beginning of the process, which is different from 0 as the packing process
starts with non-vanishing initial packing density. After matching the bending
rigidity prefactor Y I, the wire and cavity radius with the simulation setup, C
is found as the addition constant necessary to match simulation and analytical
values. This is done in Fig. 3.12, which shows good agreement with the numerical
values throughout the whole packing process. Only for packing densities close to
1, the approximation worsens, which is of no surprise since the series expansion of
the curvature integrand Eq. 3.6 breaks down as Rc and d become of comparable size.
In this first example of morphogenesis in constrained spaces, three different
morphologies were presented into which wires crumple inside a circular cavity.
Using a discrete element model that incorporates plastic deformation and static
friction, two material parameters were found to be essential to determine the
morphology, namely plasticity and friction. Three different experimentally found
morphologies were reproduced in silico by matching wire materials and friction,
and the associated phase diagram was constructed. The morphological phase
diagram exhibits a reentrant phenomenon due to two mechanisms that stabilize
the crumpled structures, friction and plastic deformation. The crumpled structures
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were analyzed by their fractal dimension, the coordination number, and the
number of loops as function of the packing density. The latter of which is showing
a power-law behavior for experiments and simulations. The insertion force, which
is difficult to obtain in experiments, was determined numerically and exhibits a
power-law divergence with critical packing fractions substantially lower than 1. A
similar power-law divergence (with φc ≈0.75, β ≈-1.85 [70, 101]) was also found for
the forced crumpling of membranes in three dimensions, although the divergence
in membranes stems from kinks [66, 99]. In wires, on the other hand, kinks do not
appear and the divergence is most probably a consequence of the decreasing size of
the newly generated loops. For the spiral morphology, a simplified analytical model
was derived which shows good agreement of the elastic energy with the numerical
measurements. A summary of the obtained results is published in Ref. [89].
The presented work demonstrated the crucial role of plasticity and friction in
crumpling processes, with its characteristic morphology. It is natural to generalize
this work to higher dimensions, i. e. the packing of slender rods in spherical cavities.
This process has some relevance in specific applications, such as the packing of
DNA into viral capsids [96] or the treatment of aneurysms by endovascular coiling
[62]. Such a generalization is discussed in the following chapter. In contrast to
the current model, the extensions to three dimensions will be considerably more
complex, mainly due to the need to include axial twist - a new degree of freedom
that was not relevant in 2d.
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Chapter 4

Packing of wires in three dimensions
The packing of wires inside cavities in three dimensions occurs in a number of
situations in biology and mechanics. It takes place when chromatin is stored in the
cell nucleus, DNA is injected into viral capsids [4, 55, 75], or when endovascular
coils are formed in aneurysm surgery [62]. Often, such systems are geared towards
high volume packing densities. For instance, the amount of DNA packed in a capsid
limits the genetic information the virus can spread, and in endovascular surgery,
high densities are reported to improve the long-term stability of the treatment
[93]. In the present chapter, the packing of an elastic wire into a rigid spherical
container is considered experimentally and using numerical simulations. First, the
emergence of ordered as well as disordered packings depending on the amount of
internal torsion is shown. Second, it is found that the maximum packing density
depends on morphology and system size. More precisely, ordered packings provide
higher maximum packing densities at large system sizes, while disordered ones offer
higher maximum densities at small system sizes.

4.1

Numerical modeling of Cosserat rods

In order to simulate the dense packing of wires, a sufficiently accurate but also
fast discretization of the continuum equations is needed. The Discrete Element
Method (DEM) was chosen for this purpose and its details are described in the
following. In DEM, the wire is discretized into a set of particles that interact with
each other via forces and moments derived from the continuum equations or from a
contact law. The method is comparable to a molecular dynamics (MD) simulation,
but, in contrast, also includes rotational degrees of freedom and discrete particle
shapes [22]. In view of the packing applications considered later, a model capable
of simulating straight as well as precurved wires is necessary. In principle, both
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Fig. 4.1: Sketch of the numerical model for the simulation of straight wires: The
centerline (grey) is discretized into a set of nodes xi connected by edges ei . From
neighboring edges ei and ei+1 , the discrete curvature is approximated by the binormal vector (κb)i . The length of (κb)i accounts for the change of angle π − φi
between two edges (see text for details).

cases could be modeled by a DEM discretization of the general rod equation for
curved rods, Eq. 2.62. It is however computationally more advantageous to use
a simplified model when straight rods are simulated, since it allows a directorfree implementation that reduces the degrees of freedom. Comparison of results of
both models agreed so well for straight rods that the use of the simplified model is
justified.

4.1.1

Simplified model for straight rods

The following model for straight rods without director field is based on the work
by Bergou et al. [8], but in contrast does not assume inextensibility of the rod and
is applicable to dynamical problems. Since bending energy and moments can be
calculated from geometrical curvature, the only degrees of freedom are the spatial
position of the discretized centerline.
Recall that the elastic energy of a straight rod with vanishing torsion is given
by Eq. 2.63 as
Z L
d(r3 − r3 ) 2
) ds .
(4.1)
Y Iκ2 + Y A(
ds
0
The model starts from a discretization of the rod centerline into a set of vertices
xi connected by edges ei = xi − xi−1 , as shown in Fig. 4.1. The current length of
an edge is denoted by |ei |, and its natural, unstressed length by |ei |.
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The Cosserat rod theory presented in Chapter 2.2 considers fields of mechanical
quantities such as strains and stresses WHICH are defined at each point in the
rod. The energy then follows by integrating these pointwise quantities over the
wire length. For the discrete model proposed above, on the other hand, it is more
natural to treat some of these fields as integrated quantities that are associated
with the edges. For instance, the turning angle φi in Fig. 4.1 relates to the
accumulated curvature over edges ei and ei+1 . More precisely, let in the following
an integrated quantity be a measure that associates a quantity to a domain D of the
centerline, obtained by integrating the corresponding pointwise quantity over that
domain. Conversion of an integrated quantity to an averaged pointwise one then
follows by dividing the quantity by the length |D| of the domain of integration [8].
A natural choice for the integration domain are the Voronoi regions Di associated
to each vertex. Each Voronoi region has length |Di | = li /2, where li = |ei−1 | + |ei |.
From the centerline discretization, the discrete tangents follow as ti = ei /|ei |,
which are naturally assigned to the edges. The discrete, i. e. integrated, curvature
at vertex xi is then given by
φi
,
(4.2)
κi := 2 tan
2
where φi is the angle between ti and ti+1 . It is shown rigorously in Ref. [8] that
Eq. 4.2 amounts to the total curvature integrated over the domain 1/2(|ei−1 |+|ei |).
A related quantity is the curvature binormal κbi , which, in its integrated form reads
as
2ei−1 × ei
.
(4.3)
κbi =
|ei−1 ||ei | + ei−1 · ei
Notice that κbi is normal to the bending plane of edges ei−1 and ei , and has length
κi . The discrete bending energy Eb can then be rewritten as
N

1X
Eb =
YI
2 i=1



κbi
li /2

2
li /2 .

(4.4)

The division by li /2 is due to the fact that κbi is an integrated quantity that needs
to be converted to a pointwise first. The multiplication by li /2 amounts to the
measure of the integration domain. For the discrete tensile energy, one obtains
N

1X
Es =
YA
2 i=1



|ei | − ei
|ei |
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2
|ei | .

(4.5)
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Again, the factor |ei | accounts for the integration domain, while the denominator
|ei | converts the integrated change of length into a pointwise quantity.
The forces Fi = Fstretch + Fbend acting on each vertex due to stretching and
bending follow by taking the gradient of the elastic energy with respect to the
vertex positions:
∂(Es + Eb )
Fi = −
,
(4.6)
∂xi
which gives, for the tensile forces,


|ei−1 | − |ei−1 |
|ei | − |ei |
tens
= −Y A
Fi
ti−1 −
ti .
|ei−1 |
|ei |

(4.7)

This expression for the stretching forces can be interpreted as placing a Hookean
spring of stiffness Y A at every edge and is equivalent to the spring forces used in
the two dimensional rod model presented in Chapter 3. The forces due to bending
are more difficult to calculate. It follows from Eq. 4.4 that
Fibend

= −Y I

N
X
i=1

∇i (κb)i · κbi

2
.
li

(4.8)

Considering the definition of κbi , it is easy to see that all but three terms in the
sum vanish. The non-zero contributions are
Fibend = −

2Y I
∇i (κb)j · (κb)j , i − 1 ≤ j ≤ i + 1 ,
li

(4.9)

with the gradients of the curvature binormal given by
2[ei ] + (κb)i eTi
λ,
|ei−1 ||ei | + ei−1 · ei
2[ei−1 ] − (κb)i eTi−1
=
λ,
|ei−1 ||ei | + ei−1 · ei
= −(∇i−1 + ∇i+1 )(κb)i λ .

∇i−1 (κb)i =

(4.10)

∇i+1 (κb)i

(4.11)

∇i (κb)i

(4.12)

Here, [e] denotes the skew-symmetric 3×3 matrix for which [e] · a = e × a for
e, a ∈ R3 , i. e.


0 −ez ey
0 −ex  .
[e] =  ez
(4.13)
−ey ex
0
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The scalar quantity λ accounts for a change of curvature due to stretching along
the centerline, and is given by
λ=

1
.
|ei−1 ||ei | + ei−1 · ei

(4.14)

Given the forces acting on each vertex, the acceleration ai of vertex i is given
by
ai = Fi /mi ,

(4.15)

where mi = ρAli /2 is the integrated, or lumped, mass of vertex i, and ρ the mass
density. The equations of motion are then integrated in time using a standard
predictor-corrector method of sixth order.

4.1.2

General model for rods with intrinsic curvature

The configuration of an elastic rod with intrinsic curvature is characterized not
only by the position of its centerline, but also requires the director field as
additional degrees of freedom. The model presented here was first introduced by
J. Spillmann et al. [84] and is reviewed in detail in this section.
In order to describe the orientation of the directors di , a suitable representation
for the group of orthogonal rotations SO(3) is needed. While the three well-known
Euler angles use the minimum number of parameters to represent the rotation,
they suffer from singularities such as the gimbal lock [47]. A singularity-free
representation is given by the four Euler parameters, also known as the quaternion
group. A quaternion can be thought of as a quadruple q = (q0 , q1 , q2 , q3 ) with qi ∈ R.
Some important properties of quaternions are revised in the following for completeness. It is useful to introduce the convenient notation q = (q0 , q), i. e. the
quaternion is treated as having a scalar component and a three-dimensional vector
part. Using this short-hand notation, the addition of two quaternions q = (q0 , q)
and p = (p0 , p) is defined as
q + p = (q0 + p0 , q + p) ,

(4.16)

q ◦ p = (q0 p0 − q · p, q0 p + p0 q + q × p) .

(4.17)

and their product as
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The quaternion product is non-commutative, but associative, satisfying r ◦ (p ◦
q) = (r ◦ p) ◦ q). The zero element is (0, 0) and the unit element is (1, 0). The
adjoint
pquaternion of q is defined as q = (q0 , −q) and the norm of q is given by
|q| = q02 + q · q. It is convenient to rewrite the quaternion product as a matrixvector product,





q0
−qT
p0
p0
q◦p =
=: Q
,
(4.18)
q q0 13 + [q]
p
p





p0
q0
−qT
p0
=: Q
p◦q =
,
(4.19)
q q0 13 − [q]
p
p
with 13 the 3×3 identity matrix and [q] the skew-symmetric matrix such that
[q] · p = q × p, see Eq. 4.13.
Quaternions of unit length, |q| = 1 are called unit quaternions. They represent
pure rotations without stretching or shearing. The rotation matrix in terms of a
unit quaternion is given by
 2

q0 + q12 − q22 − q32
2(q1 q2 − q0 q3 )
2(q1 q3 + q0 q2 )
q02 − q12 + q22 − q32
2(q2 q3 − q0 q1 )  .
(4.20)
R =  2(q2 q1 + q0 q3 )
2
2
2
2
2(q3 q1 − q0 q2 )
2(q3 q2 + q0 q1 )
q0 − q 1 − q2 + q3
The Cosserat directors di form an orthonormal basis of R3 , and their orientation
in Euclidean space can be understood as a rotation of the Euclidean base vectors
e1 , e2 , e3 . Their quaternion representation is then easily obtained by reading off the
columns of R:

 2
q0 + q12 − q22 − q32
(4.21)
d1 =  2(q2 q1 + q0 q3 )  ,
2(q3 q1 − q0 q2 )


2(q1 q2 − q0 q3 )
d2 =  q02 − q12 + q22 − q32  ,
(4.22)
2(q3 q2 + q0 q1 )


2(q1 q3 + q0 q2 )
d3 =  2(q2 q3 − q0 q1 )  .
(4.23)
q02 − q12 − q22 + q32
These expressions allow for a quaternion formulation of the Darboux vector k.
Recall that k is defined via Eq. 2.36, such that
d0i = kdi , for i = 1, 2, 3 .
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The components of k in terms of the directors are given by Eq. 2.37, i. e. k =
k1 d1 + k2 d2 + k3 d3 . For d03 , one obtains for example
d03 = (k1 d1 × d3 + k2 d2 × d3 + k3 d3 × d3 )
= −k1 d2 + k2 d1 .

(4.25)
(4.26)

Multiplying both sides with −d2 yields
−d2 d03 = k1 ,

(4.27)

and similarly k2 = −d3 d01 and k3 = −d1 d02 . To obtain an expression for d0i ,
note that the di depend explicitly only on the quaternion q. However, since by
construction, d3 is aligned with the centerline tangent, q itself is a function of the
arclength s. Employing the chain rule therefore yields
d0i (q(s)) =
where Ji =
follows as

∂di (q)
∂q

∂di (q) ∂q
= Ji q 0 ,
∂q ∂s

(4.28)

is the Jacobi matrix that is obtained from Eq. 4.21. k1 now
k1 = −d2 · J3 q 0 = JT3 d2 · q 0 ,

(4.29)

where · denotes the standard scalar product of Euclidean space in R3 or R4 respectively. Using Eq. 4.21, the product JT3 d2 is easily rewritten as
JT3 d2 = 2B1 q ,

(4.30)

with a skew-symmetric matrix B1 . Similar calculations for k2 and k3 yield
ki = 2Bi q · q 0 ,

(4.31)

with the matrices Bi given in Appendix A. The components of the Darboux vector
k of the undeformed configuration are given in a similar way by
k i = 2Bi q · q 0 .

(4.32)

The matrices Bi are defined in Appendix A and are not equivalent to the Bi due
to the fact that the components ki are given in terms of the deformed directors,
whereas the k i are measured with respect to the reference directors. For details,
the reader is referred to Ref. [28].
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4.1.3

Quaternion formulation and discretization

The elastic energy of Eq. 2.62 is now easily reformulated in terms of the quaternion
q by replacing v = k − k with their quaternion expressions, Eq. 4.31. This yields,
for the energy,
Z L
2
X
d(r3 − r3 ) 2
YI
(2Bi q · q 0 − k i )2 + JG(2B3 q · q 0 − k 3 )2 + Y A(
) ds . (4.33)
E=
ds
0
i=1
As in the previous model, the rod centerline is discretized into a set of vertices xi
connected by edges ei . The director d3 and the centerline tangents by construction
are parallel. It is therefore natural to assign the director field and its quaternion
to the edges ei , as illustrated in Fig. 4.2.

xi
ei

ei+1 qi+1

qi

xi-1

xi+1

Fig. 4.2: Sketch of the numerical model: The centerline (gray) is discretized into
a set of nodes xi connected by edges. The director frame is approximated by the
quaternions qi , which are aligned to the edges ei .

The discrete tensile energy is not affected by the quaternion formulation and
given by Eq. 4.5. Consequently, the resulting force on vertex xi is given by the
spring force derived in Eq. 4.7. To discretize the bending and torsion part of
Eq. 4.33, the spatial derivatives q 0 at vertex i are approximated by finite difference,
i. e.
1
(4.34)
qi0 ≈ (qi+1 − qi ) ,
li
where li = 12 (|ei+1 | − |ei |). Furthermore, to integrate the bending energy over the
integration domains li of vertex i, the quaternion q i at the vertex is approximated
by the average of the quaternions of the neighboring edges, qi and qi+1 :
1
q i = (qi + qi+1 ) .
(4.35)
2
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The bending energy Eb integrated over the domain li then follows as:
Z
2
X
1 li
YI
Eb [i] =
(2Bj q i qi0 − k j )2 ds
2 0
j=1

(4.36)

2

X
li
1
=
YI
(Bj (qi + qi+1 ) · (qi+1 − qi ) − k j )2
2
li
j=1

(4.37)

For the torsional energy Etors , a similar calculation yields
1
li
GJ(B3 (qi + qi+1 ) · (qi+1 − qi ) − k 3 )2 .
(4.38)
2
li
The bending and torsional forces Fb and Ftors acting on the quaternions are now
obtained from Eqs. 4.36 and 4.38. Each quaternion qi will get two contributions,
one from Eb [i − 1], and one from Eb [i]. Hence,
Etors [i] =

Fbi

=YI

2
X
j=1

(Qji (Bj (qi + qi+1 ) − BkT (qi+1 − qi ))

(4.39)

+ Qji−1 (Bj (qi−1 + qi ) + BkT (qi − qi−1 ))) ,

(4.40)

with

1
(4.41)
Qji = Bj (qi+1 + qi ) · (qi+1 − qi ) − k i .
li
A similar expression is obtained for the torsional forces Ftors , with Y I replaced by
the torsional modulus GJ.
The quaternions are coupled to the centerline by the constraint that d3 has to
be aligned with the centerline tangent,
r0
− d3 = 0 .
|r0 |

(4.42)

A simple way to approximately fulfill this constraint is to weakly enforce alignment
by introducing a coupling energy of the form
Z
1 L
r0
C( 0 − d3 )2 ds ,
Ecoupling =
(4.43)
2 0
|r |

where C is a coupling constant. In the discrete setting, Eq. 4.43 reads as
Z
1 li
r0
Ecoupling [i] =
C( 0 − d3 )2 ds
2 0
|r |
li
ri+1 − ri
=
C(
− d3 (qi ))2 .
2 |ri+1 − ri |
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The resulting forces on the quaternions and vertices are straightforward to obtain
by differentiation by qi and ri respectively.

4.1.4

Contact and friction model

To avoid intersection of the rod with itself, contact forces FN are applied that repel contacting segments of the wire in both presented models. Efficient contact
detection is accomplished using the linked-cell algorithm described in the previous chapter and in Ref. [5]. The handling of contacting segments is illustrated in
Fig. 4.3. The procedure is as follows: At the point C, where the contact occurs,
the tangent plane TP is first constructed. The repelling force FN is acting in the
direction normal to TP , and attacks the wire segments e1 and e2 at points S1 and
S2 , respectively. Its strength is calculated from the shortest distance d12 = |S1 −S2 |

-FN
a

S1

C

S2

t

FN

TP

Fig. 4.3: Illustration of the contact model. Two segments are in contact if the
shortest distance |S1 − S2 | is smaller than 2a. The repelling force FN acts in
normal direction of the common tangent plane Tp .

between two edges, taking into account the finite thickness 2a of the rod:
d12
|d12 |
2πE(|e1 | + |e2 |)
=
8(1 − ν 2 )

FN = E ∗ (2a − |d12 |)

(4.46)

E∗

(4.47)

The force law corresponds to the Hertzian contact force between two cylinders of
radius a and average length 1/2(|e1 | + |e2 |), aligned in parallel. For details, see,
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for instance, Ref. [37]. This choice is justified by the fact that most contacts in the
simulations occurred between almost parallel edges. The Poisson ratio ν is fixed to
ν = 0.33. Since FN does not directly act on the nodes, it is split linearly among
the vertices i and i − 1 of an edge according to
FNi−1 = tFN and FNi = (1 − t)FN ,
where 0 ≤ t ≤ 1 is the parametrized location of the contact point S1 on the
edge (see Fig. 4.3). The situation for the second edge and the contact point S2
is analogous. For a more realistic simulation, contact damping and a stick-slip
friction model with friction coefficients µst for static and µd for dynamic friction
are added to the contact law. The details are analogous to the situation outlined for the two-dimensional system of the previous chapter. A choice which
turned out to yield best agreement with experiments is µs = 0.2 for static and
µd = 0.18 for dynamic Coulomb friction. These values will be used in the following.
The impenetrability of the spherical container is weakly enforced by adding a
repelling force to all vertices that penetrate the container. The magnitude of the
force is proportional to the overlap distance and the same stick-slip model as for
the self-contacts is included, with the same values for the friction coefficients.

4.2

Experimental and numerical setup

Two mechanically common setups are considered in simulations and experiments
in the following: In the first, straight wires are used that can axially rotate at
the injection point. Together with the injected, free end, this configuration allows
internal torsion in the wire to be continuously released via the boundaries. Assuming that no external torsional moments - for instance from high contact friction
- are imposed, rod theory predicts vanishing torsion in static equilibrium, as discussed earlier. This setup is therefore termed the low torsion setup. In contrast,
the second setup prohibits axial rotation at the insertion point. For straight wires,
torsion could still be released via the free end [61]. To reduce this effect, the second
setup employs precurved wires. When the wire is precurved, torsion and bending
are not uncoupled. To release torsion, bending deformations and accompanying
spatial rearrangements are in general necessary. As more and more wire is packed
in the cavity, these rearrangements become less likely due to spatial constraints.
Consequently, internal torsion accumulates. The setup is therefore termed the high
torsion setup in the following. The experimental realization consists of a hollow,
transparent sphere of inner radius R with a small hole to which a nozzle is attached.
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Nylon wire
injection mechanism
specimen
stabilizer bracket
precision load cell

Fig. 4.4: Experimental setup: A Nylon wire of 1mm diameter is injected into
a spherical container (specimen), driven by two counter-rotating rollers and an
electric motor. The specimen is mounted on a precision load cell to measure the
injection force. It is held in place by a stabilizer bracket.

Nylon or Silicon wires of cross section radius a are inserted by two counter-rotating
rollers, which allow for a controlled insertion speed and large forces, similar to the
previous chapter. The Young’s modulus Y of the wires was determined from axial
extension tests, and by measuring the downward deflection y of the free end of
horizontally clamped pieces of different lengths L. Y then follows by comparison
to the analytical result
8λgL4
(4.48)
y=
πY a4
of the linear rod theory [61]. Y had, however, negligible influence on the results.
For the high torsion setup, wires of constant intrinsic radius of curvature Ri ≈ 2R
are injected, although, no influence within the experimental range of R ≤ Ri ≤ 5R
was found. In the low torsion setup, the wires are straightened through axial
loading. The packing process is recorded by a digital camera, and the insertion
force is measured continuously by a load cell. The packing process stops when the
force becomes so high that no further insertion is possible. Tomographic images
are taken from the final packing to reconstruct the internal structure. A picture of
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the experimental setup is shown in Fig. 4.4.
In simulations, the wire radius was fixed to a = 1 and 7 different sphere radii
R = (4, 5, 10, 13, 20, 40, 50) were simulated. Young’s modulus was fixed to
Y = 1000 and for the high torsion setup, ky = 0.001 was chosen, corresponding
to an intrinsic radius of curvature of Ri = 100. Insertion speed was sufficiently
small to ensure being in the quasi-static regime, and the simulation was stopped
when the measured injection force increased above a fixed threshold. Force and
moment resultants in both presented models are integrated in time using a standard
predictor-corrector method of 6th order, with small viscous damping added for
numerical stability. For the simulation of the low torsion setup, the model for
straight rods, Section 4.1.1, was used due to its superior computational efficiency.
A comparison with the general model in the low torsion setup showed negligible
differences, such that the use of the simplified model is justified.

4.3

Packing morphologies and the role of torsion

The packing process starts with one end of the wire being inserted into the cavity.
To break symmetry of the straight wires in simulations, small random displacements
are initially imposed on all nodes. When the wire contacts the cavity walls for the
first time, a loop forms along a cavity wall. The orientation of this loop for naturally
straight wires depends on initial conditions, whereas curved wires tend to form it
in the preferred, curved direction. As more wire is inserted, distinct morphologies
emerge for the two setups:
Low torsion setup: Here, the wire continues to form loops which align in parallel
with each other, similar to the coiling of DNA in spherical capsids. This
process leads to ring-like structures with decreasing coiling radius. Whenever
the coiling radius becomes too small, a new coil is started with a different
orientation (Fig. 4.5, a,b). The result is an ordered packing in layers from
outside inwards, similar to the shells of an onion (Fig. 4.5, c,d).
High torsion setup: In this setup, torsion can only be minimized on the expense of
bending deformations, leading to frequent reorientation of loops. In certain
cases, torsion becomes so large that figure-eight patterns appear, or loops form
with smaller radius than imposed by geometric conditions. As a consequence,
the packing is disordered (Fig. 4.5, e,f), and fills the cavity homogeneously
(Fig. 4.5, g,h), with a large amount of accumulated torsion (Fig. 4.6, bottom
right).
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b)

c)

d)

e)

f)

g)

h)

Eb/(103YI)
12.7
0

4.3

8.7

high torsion setup

low torsion setup

a)

Fig. 4.5: Morphologies of wires packed into spherical cavities. Top row: The low
torsion setup results in an ordered morphology, characterized by ring-like coiling
(a). A cut through the packing (c) reveals the shell-like inner structure. X-ray
tomography scans from experimental realizations are shown in (b, d). Bottom row:
The high torsion setup produces disordered structures (e, g), with corresponding
experiments in (f,h). System parameters: φ = 0.23, a/R = 0.02 (simulations);
φ = 0.24, a/R = 0.025 (low torsion, experiment); φ = 0.18, a/R = 0.017 (high
torsion, experiment)

In many packing applications, the maximum packing density is critical
for the intended purpose. For instance, it limits the information content of
viral DNA stored in the capsid, and is correlated to the long-term stability
of endovascular coiling [93]. It is therefore natural to study the maximum
packing density φmax = Lmax πa2 /(4/3πR3 ) in dependence of the effective system size f = a/R, with Lmax the maximum length of the packed
wire.
The experimentally accessible range was between f = 0.0069 and
f = 0.23 with values of R[mm] = (6.8,14.0,19.9,22.9,28.5,30.3,38.5,48.5) and
a[mm] = (0.16,0.25,0.35,0.4,0.5,1.5,1.93,2.0,3.25). The computational cost limited
f in simulations to 0.02 ≤ f ≤ 0.25. Fig. 4.6 (top) shows φmax as function of a/R
for the low torsion (left) and the high torsion setup (right). Data points in each
setup collapse on a common curve for simulations and experiments. Consequently,
φmax in both setups seems to only depend on a/R and not on a and R individually.
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Fig. 4.6: Top: Maximum packing density φmax as a function of the effective system
size a/R for the low torsion (a) and the high torsion setup (b). Experimental
data are shown with empty, numerical data with filled symbols. DNA packing
densities (O) are added in the low torsion setup for reference [73]. Bottom: Lengthradius scaling in the high torsion setup (c), and a comparison between the total
accumulated internal torsional energy Etors as function of φ (d).

The low torsion setup (top, left) yields generally higher maximum packing
densities especially at small a/R. Experimental data from ordered DNA coiling
are shown for reference (triangles) and have comparable φmax .

The data points of the high torsion setup (top, right), were fitted by the powerlaw φmax ∼ (a/R)α , with α = 0.38 ± 0.04 (dashed line). If φmax scales as a powerlaw in the effective system size, it follows, for the packed wire mass, M ∼ L ∼
R3 (a/R)α , i. e. M ∼ R3−α (Fig. 4.6, bottom left). The exponent 3−α = 2.62±0.04
is surprisingly close to the experimental value of 2.7 found by Gomes et al. [3] for
the forced crumpling of wires in three dimensions.
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Fig. 4.7: Bending energy of the wire for the low torsion setup (simulations: continuous line, experiments: ) and the high torsion setup (simulations: dotted line,
experiments: ), with a/R = 1/40. In the inset, numerical measurements of the
injection force F are shown for the low torsion (continuous line) and high torsion
(dotted line) setups together with corresponding experimental measurements.

4.4

Energetics and statistical properties

The dominant energy in both morphologies is the bending energy Eb . It is directly
obtainable from simulations, whereas experimentally, an approximation of Eb
follows from numerical integration of the measured injection force over the wire
length. Dimensional analysis shows that a comparison of systems with different
cavity radii can be made by considering the dimensionless quantity Eb R/Y I.
Fig. 4.7 shows Eb R/Y I and suggests qualitative agreement between simulations
and experiments. The results again exemplify the different maximum packing
fractions achievable in both setups. The required injection force F is depicted
in the figure inset by means of the dimensionless quantity F R2 /Y I. It shows
that despite the reduction of bending energy by precurving the wire, the required
injection force is larger in the high torsion setup, probably due to the fact that
disorder very quickly decreases the effective free volume available to the wire.
The distribution of the bending energy measured at the maximum packing density gives further insights into the statistical properties of the morphologies, and
is shown in Fig. 4.8. In the low torsion setup (squares), a distinct peak is visible
around Eb /hEb i = 0.1 corresponding to the ordered coils of largest radius. Subse60
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Fig. 4.8: Bending energy distribution of the packed wire in log-linear scale and
log-log scale (inset) for a/R = 1/50. The filled circles represent the disordered
morphology, which can be approximated by a log-normal distribution with parameters µ = −0.905 and σ = 1.275 (continuous line). For the ordered morphology
(squares, dotted line is shown as a guide to the eye) small bending energies dominate
due to the ordered coiling.

quent coiling rings are squeezed into existing ones. They take on a shape reminding
of stadium racepaths, with almost straight parts that lead to a high probability for
small Eb . In contrast, the high torsion setup and resulting disordered packings yield
a distribution fitted well by a log-normal function of the type


(ln(x) − µ)2
1
√ exp −
,
(4.49)
p(x = Eb /hEb i) =
2σ 2
σx 2π
with µ = −0.901 and σ = 1.275. Log-normal distributions are usually associated
with hierarchical events and are found in similar systems of densely packed objects,
for instance in the ridge-length distribution of crumpled paper or 2d crumpled wires
[9, 90, 99].

4.5

Comparison to related systems

It is natural to compare the findings to the packing of DNA in viral capsids, where
ordered structures are assumed to emerge due to the attractive part of the electronic
interaction of different DNA beads. The inverse spool model, an analytical model
61

CHAPTER 4. PACKING OF WIRES IN THREE DIMENSIONS

Rc

Fig. 4.9: Cross section of Purohit’s inverse spool model of DNA [75] (left). Rc is
the radius of the empty column. A cross section from simulations of the low torsion
setup is shown on the right.
by Purohit et al. [75], proposes DNA packings to be structured in hoops of maximal
radius. The resulting cross section of this model is illustrated in Fig. 4.9, together
with a cross section from simulations of the low torsion setup. Both cross sections
feature an empty column aligned with the feeding axis (aligned vertically in the
figure). Let Rc denote the width of the column. Assuming an average strand
spacing of ds between contacting strands, the total number of hoops, N (Rc ), is
prescribed by geometry as
p
2 R2 − Rc2
.
(4.50)
N (Rc ) =
ds
The bending energy is obtained by summing all hoops at a given distance Ri from
the feeding axis,
X N (Ri )
,
(4.51)
Eb = Y I
Ri
i
where, in contrast to the original work of Purohit, the prefactor is not the statistical flexural rigidity of DNA, but the macroscopic bending stiffness of the wire.
Following Ref. [75], this expression is converted into an integral of the form
Z R
YI
N (r)
Eb (Rc ) = √
dr ,
(4.52)
3ds /2 Rc r
√
where the integration bounds are the column and cavity radius, and 3ds /2 is the
average horizontal spacing between adjacent strands, assuming hexagonal packing.
To compare to the previous results from experiments and simulations, Eq. 4.52
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Fig. 4.10: Rescaled total bending energy Eb R/Y I (bold line) as function of the
packing density φ. The dashed line shows the analytical prediction by Purohit et
al. with ds = 2.8a. For reference, the compression energy is shown in the same
scale (thin line). Its sudden increase around φ ≈ 0.45 indicates that the system
is entering the jammed state. Around the same packing density, the measured
bending energy deviates from analytical predictions since reordering occurs and no
smaller coils can be formed due to the non-vanishing wire thickness.
still needs to be transformed into a function of the packing density, instead of the
column radius Rc . To this end, the packed DNA length is calculated similarly, and
follows as
8π
(4.53)
L(Rc ) = √ (R2 − Rc2 )3/2 ,
3 3d2s
yielding the packing density as a function of Rc ,
φ(Rc ) =

L(Rc )πa2
.
4/3πR3

Combination of Eqs. 4.52 - 4.54 yields for the bending energy
"
!#
√
RY I √ 1/3
1 − kφ1/3
Eb (φ) ∼ − 2
kφ + log p
,
ds
1 − kφ2/3

(4.54)

(4.55)

in which k = [3d4s /(4π 2 a4 )]1/3 . The only remaining unknown is the average strand
distance ds , which was determined from cross sections of the simulation output
as ds = 2.81a. The prediction surprisingly well captures the simulation data, c.f.
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Fig. 4.11: Required injection force F R2 /Y I in dependence of the packing density φ.
The simulation measurements (circles) are in relatively good agreement with forces
obtained from Purohit’s model (solid line). For higher packing densities, axial
compression of the wire occurs and the measured force is in less good agreement.
Fig. 4.10. The insertion force obtained analytically by taking the derivative of
Eq. 4.55 is comparable to the measurements, and shown in Fig. 4.11.
A morphological comparison can be made for instance in terms of the radius of
gyration, Rg , which describes essentially the spatial extent of the packing. For a
system of N mass points, it is defined as
PN
|ri − rM |2 mi
2
,
(4.56)
Rg = i=1PN
i=1 mi
where ri is the position of mass point i, mi its mass, and rM the center of mass.
Rg for a solid body is obtained by replacing the sum over particles with integrals
over the body volume:
R
|r − rM |2 ρ(r)dV
2
Rg = V R
.
(4.57)
ρ(r)dV
V
For Purohit’s hoop model, the integral can be rewritten in cylindrical coordinates
as
Z R Z √R2 −r2
Z 2π
1
2
Rg (Rc ) =
dr √
dz
(z 2 + r2 )rdϕ ,
(4.58)
Mp R c
− R2 −r2
0
where the density ρ was set to unity for simplicity, and the mass of the packed
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Fig. 4.12: Rescaled radius of gyration as function of the packing density φ. Circles indicate measurements obtained from simulations, while the solid black line
corresponds to the analytical prediction for the Purohit packing morphology. As
the packing density increases, the radius of gyration approaches the one of a solid
sphere, indicated by the dashed line.
structure, Mp is given by
Z

√

R

Z
dr

Mp =
Rc

R2 −r2

√
− R2 −r2

Z

2π

rdϕ .

dz

(4.59)

0

Integration of both expressions is straightforward and yields
1
Rg (Ri )2 = (3R2 + 2Ri2 ) .
5

(4.60)

Re-expressing Rg (Ri ) in terms of φ, the average interstrand spacing ds enters as a
parameter. Setting it to ds = 2.81a as before, yields a good agreement between
simulations and experiments, see Fig. 4.12. Purohit’s model therefore captures
surprisingly well not only the energetics, but also the morphological properties of
the ordered structures obtained in the low torsion packing setup.
In summary, investigating the crumpling of wires in spherical cavities led to
a number of novel insights. The morphological role of torsion is highlighted - a
mechanism that is often neglected completely in DNA packing simulations. It was
found that mechanical setups with high internal torsion tend to form disordered
morphologies, while packings with low torsion are resulting in ordered packings.
65

CHAPTER 4. PACKING OF WIRES IN THREE DIMENSIONS
Of practical relevance is the connection with system size and maximum packing
density: When the cavity size is large, the ordered morphologies provide higher
packing densities, with only moderate dependence on the effective system size.
For small enough cavities, on the other hand, the disordered structures of the high
torsion setup yield higher packing densities, following a power-law in the effective
system size throughout the tested range. The work presented here is summarized
in Ref. [87].
Torsion is a unique property of wires, and, in general, of thin bodies with one
long and two small dimensions. As such, it does not appear as a degree of freedom
in the Kirchhoff shell and plate theories, which are entirely described by the position
of their middle-surfaces. The application of these theories to surface growth will be
investigated in the following chapter.

66

Chapter 5

Morphogenesis of growing shells
In this last chapter, the morphogenesis of thin elastic shells under the influence of
growth is considered. Without any doubt, growth of thin shells is of fundamental
importance for most living organisms and can be witnessed in nature for instance
in the formation of leafs in buds, the development of the Drosophila wing or the
wrinkling of aged skin. A general property of growth is that it leads to internal
residual stresses that drive the elastic body towards deformed configurations even
in absence of external loads. As such, growth constitutes a different mechanism for
morphogenesis than the examples discussed in the previous chapters, where shapes
evolved solely under the influence of external loads.
While simple cases of thin shell growth are tractable analytically, most cases
require computational models due to the strong nonlinearities inherent in the governing equations. Often, the finite element method is the preferred computational
method for its well-known accuracy and convergence behavior. With regards to
shells and plates, this is a delicate task. The Kirchhoff-Love theory presented in
Section 2.1 is the weak formulation of fourth order differential equations in the
displacements. It is well-known from the theory of finite elements that the convergence of the solutions requires so-called C 1 interpolation, see e.g. Ref. [100].
More precisely, to ensure a finite bending energy, the test functions have to be of
the H2 -type, i. e. square-integrable functions, with first- and second-order derivatives square-integrable as well. While this is straight forward to achieve for 1D
meshes, the situation is considerably more difficult for 2D meshes. An entire class
of quadrilateral elements with C 1 continuity is obtained from tensor products of
Hermite polynomials, see, for instance, Ref. [100]. While simple to construct, they
are limited to regular, rectangular meshes and not of much practical use for arbitrary geometries. The family of Hsieh-Clough-Tocher triangles have shown success
in plate bending and other biharmonic problems [86], but are tedious to set up and
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add a high number of additional degrees of freedom. Moreover, certain topologies
such as spheres or tori overdetermine the extra degrees of freedom due to the lack of
domain boundaries, and render the use of such elements rather limited for general
purpose simulation packages.
Historically, the disadvantages of C 1 elements lead to an increased interest in
C 0 shell and plate elements where the continuity requirement was weakened by
introducing an additional degree of freedom for the rotation of the middle-surface
normal. From a mathematical point of view, the idea was to transform the high
order differential equation of Kirchhoff-Love or von Kármán into two separate ones
of lower order. Such decoupling of the middle-surface and its normal field was
also of practical advantage, since it allows the inclusion of transverse shear in the
thickness direction - a distinct mechanical feature of moderately thick or laminated
plates. The well-known Reissner-Mindlin plate and shell elements are constructed
with this approach in mind. Not surprisingly, the C 0 elements began to replace
their older C 1 counterparts in general purpose software packages. However, it was
noticed that these new elements suffer from some dramatic drawbacks, and a great
part of almost thirty years of research in the field was spent on understanding and
eliminating what became commonly known as locking problems.
The locking problems of shell and plate finite elements is typically observed
by slow convergence of the finite element solution as the degrees of freedom, i. e.
number of elements, is increased. The thinner the shell, the more manifest certain
locking problems become. For instance relative errors of the minimal compressive
buckling force can be as large as several orders of magnitude in the thin shell
limit. Locking was initially associated with a non-singular stiffness matrix linked
to the penalty term that couples the middle-surface and the director field. Later,
however, it was recognized that the effect is rather a consequence of assumptions
made on the coupling term discretization [72]. Remedies known as consistency
approaches offer some improvement, but are still prone to failure when elements
are severely distorted. It is, in fact, questionable, if the C 1 continuity requirement
can be vanquished at all - the rapid growth of specialized literature in the field
suggests that the accompanying problems might not only be difficult but probably
insurmountable [20].
During the development of the C 0 elements, the field of computer graphics and
computer-aided design have made considerable steps towards modeling of smooth
surfaces. Subdivision surfaces, which date back as early as the 1970ies, constitute
a well-studied methodology to create smooth surfaces from a set of points in space
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[13]. Smoothness of subdivision surfaces was shown to be of the very same H2 -type
as required for thin shell modeling. Not until 2001, however, Cirak et al. [20] for
the first time applied subdivision surface techniques to solve linear shell problems,
and showed the good performance of the new subdivision surface shell elements in
a number of standard small-displacement benchmarks.
The present chapter describes the finite element implementation of the Kirchhoff shell presented earlier. The FE model can be understood as an extension
of Cirak’s original FE model to nonlinear shells with large deformations, analytical thickness integration, and in-plane growth. The numerical implementation is
based on C++ and the freely available LibMesh finite element framework [63].
The LibMesh library was extended to support subdivision surface shape functions,
self-contact routines, adaptive time stepping, and a flexible caching mechanism to
store geometry data. To demonstrate the capabilities of the model and its efficient
implementation, the anisotropic growth of a disc is studied in the last section and
an outlook to crumpling applications is given.

5.1

Variational form of the Koiter shell and its finite element discretization

According to the principle of minimum potential energy, stable equilibrium solutions
of the shell follow as minimizers of Φ as defined in Eq. 2.79,
inf Φ[v] ,

v∈V

(5.1)

where v are trial displacements in the space V of admissible solutions of Φ[v]. It
is easy to see from the previous section that finite Φ[v] requires trial displacement
fields with finite first and second derivatives. Taking into account additional
requirements, the description of which would go beyond the scope of this thesis,
it can be shown that V can be identified with the Sobolev space H 2 (Ω, E3 ) of
functions with square integrable second derivatives.
In the finite element approach, the direct search for a minimum of Φ is avoided.
Instead, the weak form, obtained by first variation of the potential energy, is dis69
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cretized and the problem to solve becomes
0 = δΦ[v] = δ Φ̂[v]int + δΦ[v]ext with
Z 

n̂αβ δ α̂αβ + m̂αβ δ β̂αβ dΩ ,
δ Φ̂[v]int =
ZΩ
Z
q · δvdΩ − N · δvds .
δΦ[v]ext =
Ω

(5.2)
(5.3)
(5.4)

Γ

For dynamical problems, Eq. 5.2 is augmented by an inertia term
Z
0 = δ Φ̂[v]int + δΦ[v]ext + hρv̈ · δvdΩ

(5.5)

Ω

where ρ is the mass density of the shell.
The finite element discretization is done in the usual way: The minimization
problem (Eq. 5.1) is replaced by an approximate minimization problem over a finite
subspace Uh ⊂ H 2 (Ω, E3 ) of admissible displacements, that is
min Φ[uh ] .

(5.6)

uh ∈Uh

Uh is spanned by a finite set of basis functions N I (θ1 , θ2 ), I = 1, ..., N , allowing every trial displacement field to be written as a linear combination of basis functions:
1

2

uh (θ , θ ) =
δuh (θ1 , θ2 ) =

NP
X
I=1
NP
X

N I (θ1 , θ2 )uI and

(5.7)

N I (θ1 , θ2 )δuI .

(5.8)

I=1

By substituting this interpolation into the weak form Eq. 5.5, and using the arbitrariness of the trial field, the variational statement is recast into an algebraic
minimization problem for the weighting coefficients uI :
X
I
I
0 =fint
+ fext
+
MIJ üJ , with
(5.9)
J
I
fint

I
fext

MIJ

Z

∂ α̂αβ
∂ β̂αβ
=−
n̂αβ
+ m̂αβ
∂uI
∂uI
Ω
Z
Z
= − qNI dΩ − NNI ds ,
Γ
Z Ω
= hρNI NJ dΩ .
Ω
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dΩ ,

(5.10)
(5.11)
(5.12)
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Eq. 5.9 is often referred to as the balance of generalized forces.
As in standard finite element analysis, the domain of the middle surface is
comparted into a finite number NE of elements E with domains ΩE . The surface
integrals in the residual calculation then becomes a sum over local element integrals,
i. e.,
NE
X
fI =
fIE .
(5.13)
E=1

fIE

The element integrals are integrated numerically using a standard Gauss quadrature rule with NG Gauss points {qp , p = 1, ..., NG } ∈ ΩE . For an element E, this
yields for the internal force
IE
fint
=−

NG
X
p=1

"

∂ β̂αβ
∂ α̂αβ
+ m̂αβ
n̂αβ
∂uI
∂uI

!

√
awp

#
,

(5.14)

(s1p ,s2p )

where (s1p , s2p ) are the parametric coordinates of the quadrature point p in the
element, and wp is the corresponding weight. A likewise expression is obtained for
∂ α̂
I
the external forces fext
and the mass matrix MIJ . Note that the derivatives ∂uαβ
I
∂ β̂

and ∂uαβI are straightforward to calculate since the growth tensor is not depending
on the test functions in the current formulation, i. e., for the membrane strain
variations,
∂(ααβ ) −1
∂ α̂αβ
= (G̃−T
G̃ )αβ
.
(5.15)
∂uI
∂uI
The precise form of these expressions is given in Appendix B.
The transient system defined by Eq. 5.9 is evolved in time using the Newmark
family of time integration methods. To this end, consider the equation of motion
for a general mechanical system,
Mü(t) + Cu̇(t) + Ku(t) = f (t) ,

(5.16)

where u(t) are the nodal displacements, u̇(t) the nodal velocities, ü(t) the nodal
accelerations and f (t) the external load vector at time t. M, C and K are called
the mass, viscous damping, and stiffness matrices.
In order to discretize Eq. 5.16 in time, let ut , vt , at be approximations of u(t),
u̇(t), ü(t). The family of Newmark methods is then obtained by a Taylor expansion
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of u(t) and u̇(t) and by introducing the two real parameters 2β, γ ∈ [0, 1]
ut+1 = ut + vt ∆t + ((1 − 2β)at + 2βat+1 )
vt+1 = vt + (1 − γ)at ∆t + γat+1 ∆t
ft+1 = Mat+1 + Cvt+1 + Kut+1 .

∆t2
2

(5.17)
(5.18)
(5.19)

Depending on the choice of the parameter β, the Newmark scheme is of implicit
(β > 0) or explicit (β = 0) nature. In view of crumpling applications, where a large
number of self-contacts are expected, the explicit method is simpler to implement
since it does not require the solution of a nonlinear equation system. The choice
of β = 0 with γ = 1.0 is used in the following unless mentioned otherwise. The
disadvantage of the explicit integration scheme lies in the choice of a sufficiently
small time step. The critical time step size, however, depends on the size of forces
and moments, and therefore is expected to change during a crumpling simulation.
As a remedy, an adaptive time stepping method based on an a-posteriori error
estimator was implemented in the existing code during the master work of T. Jenni
[53].

5.2

C 1 finite elements based on Loop subdivision
surfaces

Over recent years, progress was made in the development of C 1 elements by
borrowing spline-based methods from computer graphics. Subdivision surfaces
constitute one such method which is particularly appealing because of its simplicity,
efficiency, and ability to mesh arbitrary topologies. Subdivision surfaces were first
shown to be applicable for finite element analysis by Cirak et al. [20]. In fundamental difference to traditional elements, subdivision surfaces gain C 1 continuity
at the expense of a larger local support of the basis functions. More precisely, in
traditional finite element methods, the basis functions NI are chosen with local
element support. Consequently, most terms in the element decomposition Eq. 5.13
of the middle surface vanish identically. In contrast, subdivision surface based
finite elements operate on basis functions with an extended support, including not
only adjacent elements but also their one-ring of neighbors. While this is neither
a mathematical problem nor computationally disadvantageous, it requires new
concepts with regard to, e.g., adaptive mesh refinement or modeling of fracture or
other discontinuities [19, 46, 54, 60].
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In the field of computer graphics, subdivision surfaces were discovered simultaneously by Catmul and Clark in 1978 as a method to represent smooth surfaces
by a coarse polygonal mesh [13]. The smooth surface is obtained from the coarse
mesh as the limit of a yet to be defined recursive refinement rule which better
and better approximates the smooth limit surface. In practical applications such
as 3D character modeling, only a few refinement steps are typically necessary
to achieve a visually appealing, seemingly smooth surface. In the context of
finite elements, such an approximation is not sufficient since C 1 continuity is
only obtained in the limit of infinitely many refinements. The development
of methods for direct, analytical evaluation of the limit surface can therefore
be considered a fundamental pillar for applications in finite element analysis.
Only a few subdivision refinement rules, however, allow for such a direct evaluation. A popular one was proposed by Loop in 1987 and is explained in the following.
Loop’s refinement rule operates on triangular meshes and each triangle is refined
by quadrisection (see Fig. 5.1) [67]. A triangular mesh is a triple M = (T, E, X)
where T ,E,X are the sets of faces (triangles), edges and nodes, respectively. Let
VI denote the valence of the I-th node, i. e. the number of neighboring nodes it is
connected with. A node with valence VI = 6 is called regular, whereas nodes with
VI 6= 6 are called irregular. Furthermore, let the k-ring of a node XI be the set of
all nodes which are connected to XI via at most k edges.
(k)

Loop’s subdivision step for a node X0 and its 1-ring consists of adding new
(k+1)
(k)
nodes {XI
} and repositioning of the old node X0 . The positions of the new
nodes are computed as weighted averages of the positions of the existing ones
according to
(k)

(k+1)
xI

(k)

whereas the old node X0

(k+1)

x0
(k)

(k)

(k)

(k)

3x + xI−1 + 3xI + xI+1
;
= 0
8

I = 1, ..., V

,

(5.20)

is repositioned to
(k)

(k)

(k)

= (1 − V ω)x0 + ωx1 + ... + ωxV

(5.21)

with V = V0 . Several choices for the parameter ω lead to a smooth limit surface.
The original Loop scheme proposes
"

2 #
1 5
3 1
2π
ω=
−
+ cos( )
,
(5.22)
V 8
8 4
V
which leads to a C 2 limit surface everywhere except at irregular vertices, where it
is only C 1 .
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Fig. 5.1: Loop’s subdivision scheme showing one refinement step.

5.2.1

Evaluation of the limit surface

Analytical access to the limit surface was developed by J. Stam in Ref. [85], where
it was shown that Loop’s subdivision rule is in fact an eigenvalue problem of the
so called subdivision matrix. The idea is as follows: Suppose X(k) ∈ R3(V +1) is the
combined vector of positions of a node with valence V and its 1-ring neighbors, see
Fig. 5.1 (left side):
(k)

(k)

X(k) = (x0 , ..., xV ) .

(5.23)

In this form, the linear relationship between the vertex positions on level k and level
k + 1 can be expressed by a subdivision matrix S, such that the nodal positions of
the vertices at level k + 1 are given by
X(k+1) = SX(k)

.

(5.24)

The limit position is obtained by infinite application of the subdivision matrix, i. e.,
X(∞) = lim Sk X(0) .
k→∞

(5.25)

The problem is therefore cast into an eigenvalue analysis of the subdivision matrix
S. For regular triangles, that is, triangles where every node itself is regular, the
solution is an analytical expression first found by J. Stam in Ref. [85]. In fact, the
analytical limit also yields the position of the limit surface of the entire triangle
domain. More precisely, let the isoparametric domain ωk be defined as
ωk := {(θ1 , θ2 )| θ1 ∈ [0, 1] ∧ θ2 ∈ [0, 1 − θ1 ]} .
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Fig. 5.2: Regular patch. The shaded region is the parametric domain of the limit
surface over the regular triangle.
The limit surface x(θ1 , θ2 ) of ωk is then given by the superposition of the well-known
quartic box spline functions N I (θ1 , θ2 ),
1

2

x(θ , θ ) =

12
X

N I (θ1 , θ2 )xI

,

(5.27)

I=1

where the sum extends over all nodes of what is called the regular patch. The
regular patch of a triangle is the union of the 1-rings of its nodes, i.e. the 12 nodes
as depicted in Fig. 5.2, and the index I here denotes the local numbering of the
patch nodes as shown in the figure. For the precise form of the spline functions
N I , the reader is referred to Appendix C. Eq. 5.27 can be understood as a local
isoparametric mapping from the standard triangle to the geometric (physical) space.
By virtue of the interpolation Eq. 5.27, the displacement field Eq. 5.7 is interpolated
analogously,
12
X
uh (θ1 , θ2 ) =
N I (θ1 , θ2 ) uI .
(5.28)
I=1

The evaluation of the limit surface of an irregular triangle is somewhat more
involved. First, assume that only one node per irregular triangle is irregular. Any
triangulated surface easily fulfills this assumption if a quadrisection is performed
globally. Without loss of generality, it is assumed in the following that any irregular
triangle and its patch is locally numbered as illustrated in Fig. 5.3 (left). Note
that after a subdivision step, triangles 1 to 3 of the four regions of the subdivided
irregular triangle are accessible to direct evaluation since their patches are regular.
The same procedure can be repeated for any point in region 4 arbitrary close to the
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Fig. 5.3: An irregular triangle and its patch (left) is subdivided by application
of one Loop subdivision step (right). The limit surface of the three grey shaded
regions is then obtainable since their respective patch is regular (bottom row).
irregular vertex. Since direct evaluation of the limit surface for finite elements is
only required at a fixed number of Gauss points in the triangle, the computational
cost for evaluation of irregular triangles is insignificant.
In more detail, the action of the subdivision operator for the entire irregular
patch can be described by a matrix A
X1 = AX0 ,

(5.29)

where X0 is the vector of vertices of the irregular patch and X1 denotes the vector
of all vertices of the subdivided patch. A has dimension (N + 12, N + 6) and its
entries can be derived from the subdivision rule, Eq. 5.25. To extract those entries
of X1 required for the subpatches of shaded regions 1, 2, or 3, three sets of selection
vectors are introduced. To simplify the notation, assume that the subpatch for
region 2 is to be extracted. The twelve nodes SI , I = 1, .., 12 of the subpatch are
then extracted using 12 selection vectors PI , I = 1, .., 12, i. e. they are given by
SI = PI AX0
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The limit surface of region 2 then follows by means of Eq. 5.27 as
1

2

x(θ , θ ) =

12
X

1
< θ1 , θ2 < 1
2

NI (θ˜1 , θ˜2 )PI AX0

I=1

(5.31)

To account for the change of parametrization induced by the subdivision step,
transformed isoparametric coordinates θ˜1 and θ˜2 have to be used, see Appendix C.
For region 2 they are related to the original coordinates before refinement by
Triangle 2: θ˜1 = 1 − 2θ1 ,

θ˜2 = 1 − 2θ2 .

(5.32)

The coordinate transformation also has to be taken into account via the chain rule
when tangent vectors are derived for irregular triangles. For instance, for region 2,
the tangents are
12
X
1 2
x,α (θ , θ ) = −2
NI,α (θ˜1 , θ˜2 )PI AX0 .
(5.33)
I=1

Further details regarding the precise form of A and the selection vectors PI for
all three subdivision regions can be found in the original works by J. Stam [85] or
Cirak et al. [20].

5.2.2

Essential boundary conditions

The evaluation of the limit surface over a triangle requires the 1-ring of its
neighbors. At the border of a mesh this requirement cannot be met because
the 1-ring is incomplete. Consequently, neither the interior of these elements
can be integrated, nor can boundary conditions readily be applied. In order
to calculate the limit surface and boundary of border elements, one has to
resort to special refinement rules. Alternatively to this tedious procedure,
Schweitzer [79] showed that the limit surface and boundary are also obtainable
by introducing an extra layer of artificial ghost nodes (see Fig. 5.4). By specific
choice of the ghost node positions and their nodal displacement coefficients,
essential boundary conditions of the Dirichlet type can be efficiently enforced.
These relationships are summarized in Fig. 5.4. In view of applications to study
growing discs, free boundary conditions are treated in more detail in the following.
According to the work of Schweitzer and Cirak, free boundary conditions are
obtained by mirroring the displacement u3 of the ghost node x3 in Fig. 5.4 to
u3 = u0 + u2 − u1
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displacements and
rotations fixed
u0
u1
u2
u3

=
=
=
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0
0
0
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displacements and
rotations free

displacements fixed,
rotations free

u4 = u2 + u3 - u1

u4 = - u1
u2 = 0
u3 = 0
u3
x3
u2
x2

u0
x0
u1
x1

Fig. 5.4: Artificial ghost nodes (empty dots) are necessary to calculate the limit
surface over border elements.
where u0 , u1 , u2 are the nodal displacements of the corresponding border element
vertices. An alternative method was proposed by Green et al. [45], in which the
position of the ghost nodes for free boundary conditions is free of any constraints.
The ghost nodes then move according to the generalized forces acting on them,
which was shown to result in the same equilibrium solution as with the mirroring
method. As was pointed out in the thesis of Jenni [53], both methods have their
advantages and disadvantages for transient simulations: Green’s boundary condition can lead to strong distortion of the ghost nodes. While the limit surface of
the integration domain theoretically remains unaffected, numerical inaccuracy in
transient simulation can lead to instabilities when ghost nodes oscillate with high
amplitudes, i. e. when the kinetic energy of the entire system is large. On the other
hand, mirrored ghost nodes do not suffer from these instabilities, but converge
much slower to equilibrium because of the additional constraints and require small
time increments. A combination of the advantages of both methods is achieved
by the following method: For each ghost node, the mirrored displacement umirr is
calculated according to Eq. 5.34. If the deviation of the current displacement to
the mirrored one, |u − umirr | is larger than a predefined fraction λ of the average
element side length, the ghost node is forced towards umirr by a linear spring force
fghost ,
fghost = −kghost (|u − umirr | − λ) ,
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with kghost a spring constant. In other words, large amplitude oscillations of the
ghost nodes are prevented by introducing an additional force, while small oscillations are left unaltered.

5.3

Collision handling

For a realistic simulation of thin shell morphogenesis, the detection and handling of
self-contacts is crucial. A naive implementation of a collision detection algorithm
which checks each element against all others results in an inefficient O(N 2 )
complexity, where N is the total number of elements. Similar to the procedure
in Chapter 3, the task of detecting collisions is therefore split into a broad
and a dense detection phase. In the broad phase pairs of triangles which will
potentially collide are marked. An algorithm similar to the linked-cell method is
used to reduce the amortized complexity. The marked pairs are then tested in
the dense phase and repelling contact forces are applied if they are indeed in contact.

5.3.1

Broad detection phase

In the present system the broad phase of the collision detection is itself composed
of three stages, explained in detail in the following:
Voxel list update
In the first stage, the simulation domain is divided into cubic cells, denoted voxels
in the following. Axis aligned bounding boxes are constructed around every triangle. For each voxel, a voxel list is constructed containing those elements with a
bounding box that overlap with the voxel. An example is illustrated in Fig. 5.5.
By construction, an element can be contained in multiple voxels. To reflect this
relation, each triangle element Ti also stores a list of voxels, Tivoxels , it is contained
in. During the simulation these lists are rebuilt after a fixed time interval to reflect
the movement of the mesh.
AABB check
In the second stage, an iteration over all elements is performed, see Alg. 3. For
each element Ti , the list of intersected voxels, Tivoxels , is retrieved. The bounding
box of Ti is then checked for overlap with the bounding boxes of all other elements
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AABB

AABB

T1

T3

T2

AABB

Fig. 5.5: Adjacency check. The red triangle T1 has four common voxels with the
blue triangle T2 . Their AABB’s overlap, therefore the pair (T1 , T2 ) passes the
adjacency test. The green triangle T3 has two common voxels with T2 but their
AABB’s do not overlap, therefore they fail the adjacency test. Figure courtesy T.
Jenni [53]

in the voxel list. If the bounding boxes do not overlap, the elements are definitely
not in contact and the algorithm proceeds to the next element.
Topology check
If the bounding boxes overlap, a second, more subtle check is applied. In this
topology check, all element pairs are sorted out which are topological mesh
neighbors and therefore should not be regarded as contacts. A naive approach
consists of excluding only direct neighbors, but fails for shells with a thickness
larger than the element dimension: Assume a flat shell with thickness h and let the
shell be composed of elements with edge lengths smaller than h, see Fig. 5.6. In
this situation next nearest neighbors also need to be excluded and not treated as
contacts. If, however, the shell is not flat but forms a ridge, these element contacts
need to be considered to prevent the shell from self intersection.
The problem is solved by two simple checks: First, topological neighbors are
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h

Fig. 5.6: Topology check. The figure shows the control mesh for an undeformed
configuration. Contacts between the center element and direct neighbors are excluded. For all other elements which have a vertex within the three circles of radius
r = h (white triangles), a ridge check is performed. A ridge check between two
triangles is passed, if the inner product of their surface normals is less than zero,
i.e. they are tilted with respect to each other such that a ridge has been formed.
identified by calculating the minimum distance dmin between the vertices of two
elements T 1 , T 2 in the reference configuration. For direct neighbors, dmin = 0 and
they are excluded immediately from contact detection. If dmin < h, a comparison
between the element surface normals Tnormal
and Tnormal
detects efficiently the
1
2
normal
formation of a ridge: For a ridge, Tnormal
·
T
<
0
and
the element pair is
1
2
normal
normal
> 0, the element normals are
· T2
treated as a possible contact. If T1
aligned and indicate that no ridge has been formed. Consequently, the pair is
excluded from contact handling.

5.3.2

Dense phase and contact law

In the dense phase, the shortest distance between remaining contact candidates is
calculated by performing a vertex-triangle and an edge-edge distance calculation.
For two triangles T1 , T2 not to penetrate each other, it is sufficient to perform these
two checks on all vertices and edges, see Fig. 5.7. The result of both checks is the
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shortest distance vector dmin together with the isoparametric coordinates v1 , w1
and v2 , w2 of the contact points on both elements.

Vertex-Face

Edge-Edge

Fig. 5.7: To prevent triangles from overlapping each other, it is sufficient to perform
vertex-triangle and edge-edge checks.
The force applied to each triangle is calculated by the contact law
fct = kct

(h − |dmin |)2 dmin
d2min
|dmin |

,

(5.36)

where kct is a contact stiffness parameter and h the shell thickness. The precise
choice of the contact law turned out to be irrelevant. Numerical tests of this
collision handling algorithm are presented in the Ref. [53].
It should be noted that the contact calculations operate on the faceted surface,
which does only approximately coincide with the subdivision limit surface. Contact calculations based on a faceted surface can lead to ratcheting effects when
contacting surface segments slide along each other. In the term and master thesis
of V. Lienhard, an iterative algorithm for contact search on the limit surface was
developed which effectively avoids this problem. For details, the reader is referred
to Refs. [64, 65]. For the following applications, contact calculations on the faceted
surface were accurate enough and chosen for performance reasons.

5.4

Application to the study of circumferential
growth of discs

With the previously presented thin shell model at hand, specific applications can
be approached and analyzed. Flat discs growing under various conditions have
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Algorithm 3 Collision Detection.
for all T1 in elements do
for all voxel in T1 .voxels do
for all T2 in voxellist[voxel] do
if T1 .id < T2 .id then
{AABB check}
if not overlap(T1 .aabb,T2 .aabb) then
continue
end if
{topology check}
dmin := min_vertex_distance(T 1 ,T 2 )
if dmin ≤ h and (dmin = 0 or T1 .normal · T2 .normal > 0) then
continue
end if
{collision calculation}
vertex_triangle_check(T1 ,T2 )
edge_edge_check(T1 ,T2 )
end if
end for
end for
end for

become a prototype for the study of shell growth over the last few years. Sharon
et al. investigated the morphology of thin discs with non-euclidean Gaussian
curvature [57]. Experimentally, this was achieved by the use of polymers with
spatially varying swelling factors for the disc material. The main findings were
that a decreasing swelling factor in radial direction leads to spherical caps, whereas
a radially increasing swelling factor produces a variety of potato-chip like shapes
with a characteristic number of wings depending on the swelling factor gradient.
Santangelo later presented a semi-analytical approach to reproduce the same
morphologies for discs as well as for rings [78]. One important consideration left
out in the work of Sharon and Santangelo was anisotropic growth, a mechanism
that is thought to play a major role in the development of cellular organisms (see,
e.g., Ref. [43] and references therein). A prominent example for this type of growth
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n=2
ϕe = 0.2π
h=0.04

n=3
ϕe = 0.25π
h=0.04

Fig. 5.8: Left: Acetabularia schenckii with its characteristic cap. Middle and right:
n = 2 and n = 3 e-cones
is the cap of Acetabularia schenckii, a green algae shown in Fig. 5.8 (left). Dervaux
et al. studied the formation of such shapes by extending the Föppl-von Kàrmàn
plate equations with a term originating from anisotropic growth [24, 26]. They
found that the two different hat shapes of the algae originate from an inversion
of the anisotropic growth coefficients during development. This description is
however only valid for small out-of-plane deformations and was extended in
Ref. [71] to large deformations in the limit of vanishing disc thickness. It was found
that circumferential growth is equivalent to inserting a wedge into the disk. The
solution to this growth problem are the so-called excess cone or "e-cone" shapes.
They are characterized by an excess angle ϕe which is the angle of the wedge
added to the disc and the integer wavenumber n that counts the number of wings
that appear. e-cones for n = 2 and n = 3 are shown in Fig. 5.8 for illustration.
The symmetric n = 2 mode with two wings is the ground state.
With increasing ϕe , the e-cone will eventually touch itself simultaneously
with two perpendicular contact planes. From that situation on, the authors of
Ref. [71] made the assumption that the e-cone remains symmetric, and derived the
corresponding bending energy. Under these assumptions, it seems plausible that
the solution will eventually switch to the n = 3 mode when the bending energy
due to the contact constraints becomes too large.
In the following, the previously presented finite element code is used to show
that this assumption is not correct when ϕe is above a critical value. Instead, by
taking surface self-contact into account, a family of new shapes emerges, namely
skewed e-cone solutions with varying contact plane angle. The energetically
most favorable shapes and their stability are discussed in dependence on the disc
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(c)

(b))

(a)

γ

γ

Pc
8.1e-03
5.5e-03
2.7e-03

0

Ub

(d)

(e)

Fig. 5.9: Numerical equilibrium solution for the touching problem of e-cones: Increasing the excess angle ϕe of a symmetric e-cone (a), the four wings start to
touch, initially with angle γ = π/2 between the two touching planes (b). For larger
ϕe , the angle changes (c) and a skewed e-cone emerges (d), where the contacting
wings have slided against each other. A paper model is shown in (e) for comparison.
Colors in (a) and (d) represent the bending energy density Ub . Red color in (b)
and (c) denotes points with self-contact. Simulation parameters are Y = 104 Pa,
ν = 0.3, R = 1 m, h = 0.02 m (lenghts are rescaled by R in the main text). Values of ϕe for (a)-(e) are (3.73, 7.45, 7.6, 12, 12). Dashed lines in (a) denote points
Pc of vanishing curvature. For ϕe = 3.73, their tangents are perpendicular to the
gray-shaded plane.
thickness. Finally, it is shown that anisotropic growth of rings is analogous to disc
growth.
For the simulation of the e-cone growth process, it is convenient to specify the
growth tensor in polar coordinates (r, φ) and in terms of the excess angle ϕe , i. e.,


1
0
G(r, φ; ϕe ) =
.
(5.37)
0 1 + ϕe /(2π)
To implement the growth rule of Eq. 5.37 in the thin shell finite element code,
G(r, φ; ϕe ) is evaluated at each Gauss point of the reference configuration. However,
the FE code expresses all strains and stresses in the element’s aα basis and not us85
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ing a global polar coordinate system. Consequently, before G can be applied to the
strains, it is expressed in the elements local {a1 , a1 } basis by a basis transformation.
Since the reference configuration of the disc is flat, the energy functional of the
Kirchhoff-Love shell can be simplified to a plate problem, with an internal energy
given by

Z 
Y h3
Yh
Us +
Ub dΩ ,
(5.38)
E=
2
24(1 − ν 2 )
Ω 2(1 − ν )
where the integral is carried out over the middle-surface Ω of the plate [61]. As
before, Y denotes Young’s modulus, ν is the Poisson ratio and dΩ the infinitesimal
surface area element. The energy densities Us and Ub account for the stretching
and bending of the disc, and are given by
Us = (11 + 22 )2 − 2(1 − ν)(11 22 − 212 ) and
Ub = (κ11 + κ22 )2 − 2(1 − ν)(κ11 κ22 − κ212 ) .

(5.39)
(5.40)

ij denotes the in-plane strains and κij the components of the middle-surface
curvature tensor. The first term in Ub is the squared mean curvature, while the
second term accounts for Gaussian curvature.
As a validation of the finite element model, all results were also reproduced using the non-linear Abaqus software package with implicit solver and 4 node general
shell elements (S4) including transverse shear [1]. Contact is modeled in Abaqus
via surface-surface contacts and a linear force law while the subdivision shell elements use point-triangle contacts with the repulsion force law of Eq. 5.36. Note
that in tangential direction contacts are frictionless unless explicitly mentioned.

5.4.1

e-cones with finite thickness

The simulation starts from a flat disc with constant thickness h, with h between
0.001 and 0.04. The excess angle ϕe is increased in small steps and the equilibrium
solution is obtained after every such step by relaxing the system until the kinetic
energy becomes negligible. To break the planar symmetry of the flat disk, small
initial random noise is imposed on the vertical displacements. In dynamic simulations via Abaqus, high buckling modes of the e-cone type are first observed, and
for h small enough even superimposed radial buckles. Due to the bending rigidity
these soon damp out into the lowest energy mode with two folds (n=2), having
a shape similar to a potato chip as shown in Fig. 5.9 (a). The growth continues
stable in the n=2 mode. The first contact between the two wings occurs between
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Fig. 5.10: Normalized bending energy Êb in dependence on the disc thickness h for
the symmetric e-cone, compared to the analytical solution with h = 0 [71]. Inset:
The position of the maxima of Êb , denoted ϕmax
, approaches the analytical value
e
∗
max
∗
α
ϕe according to (ϕe − ϕe ) ∝ h with α = 0.45 ± 0.03.
ϕe = 7.12 ± 0.01 for h = 0.04, and ϕe = 7.074 ± 0.005 for h = 0.001, in excellent
= 7.08 [71] for vanishing thickagreement with the analytical predictions of ϕkiss
e
ness.
The analytical solution suggests an increase in bending energy up to the theoretical value of the solution with three wings (n=3), followed by a transition into
this mode [71]. The simulations reveal a flattening of the contact zones maintaining
symmetry in two planes (Fig. 5.9 (b)), in agreement with the theoretical predictions. Shortly after reaching ϕkiss
e , however, the contact planes start to counter
rotate (Fig. 5.9 (c)), leading to a reduction of curvature of one wing on the expense
of the other. Consequently a skewed e-cone solution with a flat disc-like part and
two wings forms as shown in Fig. 5.9 (d). This transition is obtained for all shell
thicknesses considered. If growth continues, additional windings are simply added
to both sides of the flattened region. The remaining text addresses the nature of
the transition, the composition of elastic energies, and their dependence on system
parameters.
The analytical results in Ref. [71] are based on discs with vanishing thickness.
As a consequence, the e-cone shape has zero Gaussian curvature everywhere, except
at the point-like apex. By introducing a finite thickness, it is intuitively clear that
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Fig. 5.11: Scaling of the core radius. The straight line corresponds to the fit RC ∝ h.
the singularity at the apex will be flattened in order to reduce bending energy and
because the maximal curvature is bounded by the thickness. Consequently, the
Gaussian curvature cannot vanish in the core region close to the apex, and leads
to local stretching. Simulations of the e-cone equilibrium solutions for different
thicknesses indicate that the radius of the core scales as Rc ∝ h (Fig. 5.11), a
behavior similar to the core size scaling of developable cones reported in Refs. [7,
14, 16, 99]. Comparison to existing analytical
results is made in Fig. 5.10, which
R
shows the rescaled bending energy Êb = Ω Ub /A dΩ, where A is the total area of
the e-cone 1 . The figure indicates that the bending energy is strongly reduced for
thick shells, as is expected from the flattening of the core region. To quantify the
convergence towards the analytical solution, consider the excess angle ϕmax
where
e
max
Êb reaches its maximum. The inset of Fig. 5.10 indicates that ϕe converges to the
analytical maximum ϕ∗e = 2.57 according to (ϕmax
− ϕ∗e ) ∝ hα with α = 0.45 ± 0.03.
e

5.4.2

Self-contact and symmetry-breaking

For the n = 2 mode at ϕkiss
e , the wings touch and eventually form a skewed econe. In order to analyze the stability of the symmetric solution, two types of
simulations are performed: First, the symmetric solution is stabilized using static
friction between the areas in contact while ϕe is increased slowly to 10. This
procedure effectively fixes the symmetric e-cone solution, which would be unstable
otherwise. At ϕe = 10, the contact friction is removed such that the system relaxes
1

Since stretching occurs, A is not exactly R2 (2π + ϕe )/2.
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5.0
2.0

n=3
n=2

1.0

h=0.005

analytical
4.0 (h=0)

h=0.01
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Fig. 5.12: Bending energies for the n = 2 contact problem with h = 0.02: The
symmetric n = 2 e-cone (bold line) is stable until ϕe = 8, when the solution changes
into the skewed e-cone (thin line). For comparison, the unphysical situation with
self-intersections is also shown (dashed line), as well as the n = 3 solution (dotted
line). The inset illustrates the influence of the thickness in the transition region.
Bold lines are again the symmetric e-cones, and thin lines correspond to the skewed
where e-cones loose stability
equilibrium solution. The critical excess angle ϕcrit
e
are marked with black dots.

towards the skewed e-cone. The stable branch of the skewed solution is then tracked
by decreasing the excess angle from ϕe = 10 back to ϕkiss
e . During this procedure,
the bending energy is measured, which is the relevant part of the total energy,
shown in Fig. 5.12. Note that in the range of ϕe investigated, the next higher
n = 3 mode (dotted line) is energetically above the symmetric e-cone (bold line),
despite the fact that it is a configuration that does not involve any contact (for
n = 3, the wings would touch only for ϕe = 13.3). Fig. 5.12 furthermore shows
that above a critical ϕcrit
e , the skewed solution provides the lowest energy, whereas
the symmetric e-cone is favored in the regime ϕkiss
< ϕe < ϕcrit
e
e . The influence
of the finite disc thickness on the energy and stability is illustrated in the inset of
Fig. 5.12. Remarkably, even though ϕkiss
is practically identical for all thicknesses
e
crit
considered, ϕe significantly depends on h (black dots).
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Fig. 5.13: Left: Dependence of the touching plane angle γ (cf. Fig. 5.9) on ϕe ,
determined numerically (circles) and experimentally (squares) for h = 0.005. Right:
Bending energy ratio f = Êb (ϕtouch
)/Êb (ϕe = 3.73) · (2π + ϕtouch
)/(2π + 3.73)
e
e
between skewed e-cones and the symmetric one at ϕe = 3.73.

5.4.3

Comparison with experiments

Finding the minimum of the nonlinear problem posed by Eq. 5.38 with self-contact
is nontrivial and numerically delicate. The numerical findings are therefore
compared to experiments by measuring the angle γ between the touching planes
(cf. Fig. 5.9) for h = 0.005. In simulations, this was done by averaging over the
contact forces in each of the two contact zones, resulting in an approximation for
the contact plane normals from which the angle γ is obtained. Experimentally,
two layers of paper were glued together to obtain a homogeneous bending stiffness.
The angle was obtained from digital camera images taken from the top view
of the e-cone. The results in Fig. 5.13 (left) show good agreement between
simulations and experiments, confirming the validity of the theoretical model
and the numerical equilibrium solution. Moreover, for values of ϕe > 10 the
skewed e-cone solution approaches a shape which can be approximated by a
flat disk with two connecting loops (see Fig. 5.9 d). Both loops put together
are described remarkably well by the symmetric free e-cone shown in Fig. 5.9
a: From the shape equations of the symmetric e-cone it can be derived that for
ϕe = 3.73, the tangent in the points Pc of vanishing curvature is perpendicular to
the plane in which the Pc lie. These points are in fact equivalent to the points
of contact of the skewed e-cone. The described approximation yields an estimate
for the bending energy. One obtains for a skewed e-cone with excess angle ϕtouch
:
e
touch
touch
Êb (ϕe ) ≈ Êb (ϕe = 3.73)(2π + 3.73)/(2π + ϕe ). Fig. 5.13 (right) shows the
ratio of the two energies Êb (ϕtouch
)/Êb (ϕe = 3.73) · (2π + ϕtouch
)/(2π + 3.73), which
e
e
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Ub
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3.4e-03
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Fig. 5.14: Numerical equilibrium solution (left) for a growing ring compared to a
paper model (right) at ϕe = 4π. Colors represent the bending energy density Ub .
Simulation parameters are identical to Fig. 5.9, with Ri = 0.5.
is indeed close to the predicted value (solid line). Understandably, the quality of
the approximation decreases with larger h, as the change in bending energy of the
e-cone core region is not taken into account.
It is unanswered so far whether or not the same behavior is also found for
rings with inner radius Ri . To give first insights, the same simulation procedure
was applied with fixed thickness h = 0.02. Simulations suggest that rings, like
discs, loose stability after contact occurs and attain the skewed solution shown
strongly depends on Ri , as shown in
in Fig. 5.14. Interestingly, however, ϕkiss
e
Table 5.1.

ϕkiss
e

Ri = 0.1
7.3 ± 0.05

Ri = 0.25
7.8 ± 0.05

Ri = 0.5
8.45 ± 0.05

Table 5.1: Dependence of ϕkiss
on the inner radius Ri of a ring for h = 0.02.
e

To conclude, the presented application showed how asymmetric, skewed morphologies emerge for the anisotropic growth of thin discs and rings. Good agreement
with experiments suggests that the skewed solutions are energetically optimal, but a
rigorous proof remains an open question. The asymmetries arising from circumferential growth constitute a novel piece in understanding the shapes of growing sheets
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in situations where self-contact is relevant. A summary of the results presented here
is published in Ref. [88].

5.5

Growth in constrained spaces

Growth often takes place within spatial confinements. In this last part, uniform,
isotropic growth of a thin disc within a rigid spherical confinement is investigated.
The results are of preliminary character and presented here for two reasons: first,
to demonstrate the capabilities of the developed finite element code, and, second,
to motivate further research in this direction.
Growth within spatial confinements occurs in various situations of tissue development in biology, but was rarely addressed in quantitative studies so far. It is, at
first sight, closely related to the forced crumpling of thin sheets, which attracted intense scientific interest over the last few decades (see Chapter 1.1 for an overview).
It is natural to ask if results obtained for forced crumpling are valid also for growth
inside a fixed cavity. To provide preliminary, first insights, the following two setups
are compared here:
• In the first setup, a disc of constant thickness h = 0.01 and radius R = 1 is
placed inside a rigid spherical container. The container radius is slowly but
continuously decreased with shrink rate τ , starting from the initial radius
Rs = 1.
• In the second setup, a disc of constant thickness h = 0.01 and radius R = 1 is
placed inside a rigid spherical container of radius Rs = 1. The disc is growing
at a constant, uniform and isotropic growth rate λ, i. e. a growth tensor G(t)
of the form


1+λ·t
0
G(t) =
.
(5.41)
0
1+λ·t
All other material parameters were chosen as in the previous example of
e-cone growth. In order to compare folded states of both setups with each
other, a common control parameter has to be introduced in both processes. The
dimensionless effective size f = D/Rs , with D the diameter of the free disc
in absence of the confinement, is chosen here. f effectively measures the ratio
between the linear size of the confinement and the spatial extension of the disc if
it would not be constrained. The time scale of both processes is then given by the
rate of change of f . In order to simulate both systems on the same time scale, this
requires that the shrink rate τ and the growth rate λ are set equal. Their value
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Fig. 5.15: Comparison between deformation and bending energy of a crumpled shell
(top row) and a growing shell with spherical confinement (bottom row).
was chosen small enough to allow for a quasistatic simulation in both cases.
In both setups, the sheet initially forms out-of-plane deformations in the form
of small ripples with short wavelength. Due to viscous damping, they soon disappear and larger, more prominent folds are formed. As growth and shrinkage
of the container continue, a situation as shown in Fig. 5.15 is observed. While
the morphology in the forced crumpling setup (top row) looks similar to that of
the growing sheet (bottom row), the distribution of the bending energy density Ub
shows differences between the two processes: In the crumpling case, bending energy
is concentrated in small vertex-like spots, connected by ridges of lower energy. This
is in agreement with experimental results on crumpled paper, analytic scaling models and large-scale computer simulations (see Section 1.1). In fact, it was shown
that roughly 80% of the total bending energy is concentrated in these vertices. In
the growth case, the bending energy is distributed more uniformly, with almost no
regions of vanishing energy (blue color). Consequently, a vertex-ridge structure is
not visible anymore. Without further measurements, one can only speculate about
the consequences for the bulk stiffness of the folded structure. As mentioned in the
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introductory chapter, the vertex-ridge structure was found to be responsible for the
stiffness divergence of crumpled paper as the compressive force increases. This is
due to the anomalous strength of ridges, which give stability to the structure. A
missing ridge network, as is the case in the growth setup, is therefore expected to
lead to a different behavior. This difference in the bulk stiffness development could
explain why leaves can form at high packing densities inside a flower bud without
destroying the enclosing bud scale leaves. A detailed analysis is, however, needed
to put these speculations on quantitative ground.
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Chapter 6

Discussion and outlook
Morphogenesis is a field of research spanning a multitude of disciplines from
biology, chemistry to mathematics, physics and engineering. The presented work
focused on the particular class of thin body morphogenesis, i. e. of slender rods,
and thin shells. Their morphogenesis has been studied in the context of three
examples: the packing of wires in a cavity in two dimensions, the packing of wires
in a spherical cavity, and the anisotropic growth of a thin disc. The morphogenetic mechanisms involved and studied were twofold, although they appeared
intermingled: The first mechanism consists of external, spatial constraints in
the form of self-contact and confinements. The second mechanism is an internal
one, consisting of stresses due to growth or plastic flow. To get insights into the
complex interplay of such effects, numerical approaches were used throughout this
work. Since the behavior and interaction of large, spatially extended systems
had to be investigated, the development of suitable models was crucial. These
models need to be simple for computational efficiency, yet complex enough to
capture and reproduce the essential morphogenetic behavior. Three models with
increasing complexity have been derived from continuum theory: A mass-spring
based discrete element model for the simulation of elasto-plastic beams in two
dimensions, an extension to three dimensions for precurved rods, and, lastly, a
finite element model for growing shells of the Kirchhoff type. The validity of the
models for their intended purposes has been justified by accompanying experiments.
In review, the following insights are gained from the presented work: The
importance of plasticity and static friction - two effects that are often neglected in
related work - has been demonstrated on a simple setup where elasto-plastic wires
were folded in a two-dimensional cavity. While both effects describe short-range
interactions, they yet globally determine the morphological phase and macroscopic
properties of the structure. One macroscopic property of particular relevance in
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industry is the maximally achievable packing density. It was shown to be as high
as 100% in the ordered phase with small friction and high degree of elasticity,
but remarkably small in all others. In related industrial applications this insight
might put forward what materials to choose when high packing densities are desired.
The important relationship between packing density, order and system size
was in more detail studied in the second example, the packing of wires in three
dimensions. It was shown that the degree of internal torsion is strongly influencing
morphogenesis. Using two mechanical setups that allow or disallow the release
of internal torsion, it was demonstrated that ordered packings emerge in the low
torsion setup, and disordered ones in the high torsion setup. Surprisingly, the
ordered phase achieves highest packing densities only for large system sizes, while
for small systems, the high torsion setup provides higher densities. This could
be due to the fact that large amounts of torsion effectively reduce the required
buckling forces. Extreme cases are known from the plectonem formation in DNA
and telephone cords: When torsion in a straight piece of wire becomes large
enough, the wire spontaneously breaks symmetry and starts to twist around itself.
Symmetry-breaking also occurs due to other mechanical effects. One of them,
in which symmetry-breaking is effectuated by self-contact, was investigated in
the last example. When a thin disc is growing in circumferential direction, it
forms two pairs of wings, with one pair folding upwards and the other pair
folding downwards. After a certain amount of growth is reached, the wings touch
themselves in a symmetric way, predicted also by analytic calculations. If growth
continues slightly, symmetry is broken and asymmetric shapes with lower energy
emerge as stable ground-state solutions. The example once more elucidates the
role of self-contact in morphogenesis and also shows that anisotropic growth leads
to shape changes also in absence of external forces.
The presented work allows extensions in a variety of ways. From a modeling
point of view, the inclusion of large-strain plasticity in the three-dimensional
rod and shell model is an open point. Based on the results obtained from twodimensional wire crumpling, one can speculate that new morphologies also emerge
in three dimensions or for growing shells when plasticity is considered. In case of
the shell model, the model extension is rather straightforward to implement since
the existing growth model is strongly related to large-strain plasticity models. The
required framework in terms of data and program structure is therefore already
available.
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In terms of future analysis and studies, an extensive investigation of shell
growth within confinements would be of general and wide interest, especially
with regard to different growth rules. Of particular relevance for biological tissue
growth is the coupling of the growth rate with mechanical fields such as pressure
or stresses. It is known since long time in developmental biology that mechanical
factors influence growth rate and direction. Investigations based on quantitative
methods or models are, however, still rare. The simulation of mitochondria fold
generation comes to mind as a possible application. Mitochondria consist of two
lipid bilayer membranes, an inner, folded one, and an outer, enclosing membrane.
In contrast to the Kirchhoff shells, however, the mitochondria membranes lack
in-plane shear forces. The proper modeling of the fold generation therefore still
requires considerable modifications of the current model.
A coupling of the wire and shell model would open up another field of studies
with practical applications in medicine. Such a coupled model would allow the simulation of coil deployment during aneurysm surgery. Novel materials, with different
material parameters, pre-curvature, or plastic behavior could be tested quickly and
safely.
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Appendix A

Bending matrices for precurved rods
using the quaternion formulation
The skew-symmetric matrices Bi , i = 1, 2, 3, follow directly from the defining expression in Eq. 4.31 together with Eq. 4.21. They read, explicitly,


0
0 0
0
0 1
B1 = 
 0 −1 0
−1 0 0

0 0 −1
0 0
0
B2 = 
1 0
0
0 −1 0

0 1 0
−1 0 0
B2 = 
0 0 0
0 0 −1


1
0
 ,
0
0

0
1
 ,
0
0

0
0
 .
1
0

(A.1)

(A.2)

(A.3)

The matrices Bi are obtained by a similar calculation with respect to the reference
frame. The details of the derivation can be found in Ref. [28]. Here, the Bi are
given merely for completeness:


0
0
B1 = 
0
−1


0 0 1
0 −1 0
 ,
1 0 0
0 0 0
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(A.4)

APPENDIX A. BENDING MATRICES FOR PRECURVED RODS USING
THE QUATERNION FORMULATION



0
0 1
0
0 0
B2 = 
−1 0 0
0 −1 0

0 −1 0
1 0
0
B3 = 
0 0
0
0 0 −1
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0
1
 ,
0
0

0
0
 .
1
0

(A.5)

(A.6)

Appendix B

Generalized forces of the Koiter shell
In order to apply the finite element discretization it is often convenient to use
Voigt’s notation, which expresses symmetric tensors as ordinary 3-vectors. The
tensors n̂αβ , m̂αβ , α̂αβ and β̂αβ read in Voigt’s notation
 






β̂11
n̂11
m̂11
α̂11
n̂ = n̂22  , m̂ = m̂22  , α̂ =  α̂22  , β̂ =  β̂22  .
(B.1)
n̂12
m̂12
2α̂12
2β̂12
With this simplified representation, the constitutive relations 2.27 and 2.28 can be
expressed as
n̂ =

Yh
Hα̂ ,
1 − ν2

m̂ =

Y h3
Hβ̂
12(1 − ν 2 )

,

(B.2)

where the constitutive tensor (Eq. 2.26) is rewritten as an ordinary matrix of form
 11 2

a11 a12
(a ) νa11 a22 + (1 − ν)(a12 )2
 .
(a22 )2
a22 a12
H=
1
11 22
12 2
sym.
((1 − ν)a a + (1 + ν)(a ) )
2
(B.3)
With these expressions the potential energy Eq. 2.31 can now be stated as


Z
1
Yh T
Y h3
T
β̂ Hβ̂ dΩ .
α̂ Hα̂ +
(B.4)
Φ̂[u]int =
1 − ν2
12(1 − ν 2 )
Ω 2
Similarly, the k-th component of the generalized internal forces of Eq. 5.9 are then
given by
!
Z
∂Φint
Y h ∂ α̂T
Y h3
∂ β̂ T
I
(fint )k =
=
Hα̂ +
Hβ̂ dΩ
. (B.5)
∂uIk
1 − ν 2 ∂uIk
12(1 − ν 2 ) ∂uIk
Ω
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By virtue of Eq. 5.15,

∂ α̂αβ
∂uI

= (G̃−T

∂α11 
∂uIk
 ∂α22  ,
∂uIk
12
2 ∂α
∂uIk

∂(ααβ ) −1
G̃ )αβ ,
∂uI

it is sufficient to calculate



∂α
=
∂uIk

and

∂β
=
∂uIk



∂β11
∂u
 ∂βIk
22 
 ∂uIk

∂β12
2 ∂uIk

.

(B.6)

Since G̃−T and G̃−1 are symmetric, the transformation Eq. 5.15 can be written in
Voigt notation as
∂ α̂
∂α
= GV ·
∂uIk
∂uIk
with

, and

∂ β̂
∂β
= GV ·
∂uIk
∂uIk

,


−1
−1
−1
G̃−1
G̃−1
2G̃−1
11 G̃11
21 G̃21
11 G̃21
−1
−1
−1

GV = G̃−1
G̃−1
2G̃−1
12 G̃12
22 G̃22
12 G̃22
−1 −1
−1 −1
−1 −1
−1 −1
G̃11 G̃12 G̃21 G̃22 G̃12 G̃21 + G̃11 G̃22

(B.7)



.

(B.8)

The components of the vectors in Eq. B.6 are straightforward to calculate from
previous definitions, and follow as

∂ααβ 1
I
= N,α
aβ + aα N,βI · êk
∂uIk 2

(B.9)


1
∂βαβ
I
= − N,αβ
a3 · êk + √ N,1I aα,β × a2 + N,2I a1 × aα,β
∂uIk
a
aα,β · a3 I
(N,1 a2 × a3 + N,2I a3 × a1 ) · êk .
+ √
a

(B.10)

In the derivation of Eq. B.9 and Eq. B.10 the following identities were used
∂aα
∂ ∂(x + uh )
I
= α
= N,α
êk
∂uIk ∂θ
∂uIk
∂ a1 × a2
∂a3
=
∂uIk ∂uIk |a1 × a2 |

1
= √ N,1I êk × a2 + N,2I a1 × êk
a

1
− √ (N,1I a2 × a3 + N,2I a3 × a1 ) · êk a3
a

110

(B.11)

.
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Appendix C

Direct evaluation of Loop
subdivision surfaces
The limit surface over a regular triangle (c.f. Fig. 5.2) can be expressed in terms
of the following 12 basis functions
1 4
(u + 2u3 v) ,
12
1
N 2 (v, w) = (u4 + 2u3 w) ,
12
1
N 3 (v, w) = (u4 + 2u3 w + 6u3 v + 6u2 vw + 12u2 v 2
12
+ 6uv 2 w + 6uv 3 + 2v 3 w + v 4 ) ,

N 1 (v, w) =

N 4 (v, w) =

1
(6u4 + 24u3 w + 24u2 w2 + 8uw3 + w4
12
+ 24u3 v + 60u2 vw + 36uvw2 + 6vw3 + 24u2 v 2
+ 36uv 2 w + 12v 2 w2 + 8uv 3 + 6v 3 w + v 4 ) ,

N 5 (v, w) =

1 4
(u + 6u3 w + 12u2 w2 + 6uw3 + w4
12
+ 2u3 v + 6u2 vw + 6uvw2 + 2vw3 ) ,

1
(2uv 3 + v 4 ) ,
12
1
N 7 (v, w) = (u4 + 6u3 w + 12u2 w2 + 6uw3 + w4
12
+ 8u3 v + 36u2 vw + 36uvw2 + 8vw3 + 24u2 v 2
N 6 (v, w) =

111

APPENDIX C. DIRECT EVALUATION OF LOOP SUBDIVISION SURFACES
+ 60uv 2 w + 24v 2 w2 + 24uv 3 + 24v 3 w + 6v 4 ) ,
N 8 (v, w) =

1 4
(u + 8u3 w + 24u2 w2 + 24uw3 + 6w4 + 6u3 v + 36u2 vw
12
+ 60uvw2 + 24vw3 + 12u2 v 2 + 36uv 2 w + 24v 2 w2
+ 6uv 3 + 8v 3 w + v 4 ) ,

1
(2uw3 + w4 ) ,
12
1
N 10 (v, w) = (2v 3 w + v 4 ) ,
12
1
N 11 (v, w) = (2uw3 + w4 + 6uvw2 + 6vw3 + 6uv 2 w
12
+ 12v 2 w2 + 2uv 3 + 6v 3 w + v 4 ) ,
N 9 (v, w) =

N 12 (v, w) =

1 4
(w + 2vw3 ) ,
12
(C.1)

where u := 1 − v − w and v, w are the isoparametric coordinates. The numbering
shown here corresponds to the local patch numbering as shown in Fig. 5.2.
For irregular patches, the correct subpatch and the required number of subdivision steps are found according to the Alg. 4, based on the procedure proposed in
Ref. [20].
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Algorithm 4 Dealing with irregular patches
Require: Valence of irregular node v0 , isoparametric coordinates v and w
u = 1-w-v; =10−10 ; ns = 0; min = 0; max = 0.5
while !(u>min- && u<max+) do
ns++
min = max
max += 2−ns−1
end while
// Transform u,v and w according to number of required subdivisions
v *= 2ns
w *= 2ns
u = 1-v-w
//Find subdivided patch and perform change of coordinates
if v > (0.5-) then
//Patch 1
v = 2*v-1
w = 2*w
jfac = 2ns+1
end if
if w >0.5- then
//Patch 3
v = 2*v
w = 2*w-1
jfac = 2ns+1
else
//Patch 2
v = 1 - 2*v
w = 1 - 2*w
jfac = −2ns+1
end if
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