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Abstract
The subject of this dissertation is the fractional quantum Hall effect at the filling
fraction ν = 5/2. Nearly 25 years after its experimental discovery, its nature
is still unclear: it is the strongest fractional quantum Hall effect in the second
Landau level but, because of its even denominator, it does not fit in the “odd
denominator rule” of the hierarchy scheme.
For this reason, to describe it, some alternative states has been proposed:
between them of particular interest is the (Moore-Read) “Pfaffian” state. The
elementary excitations above this state are e/4 charged quasiparticles that obey
non-Abelian braiding statistics: the exchange of the position of two quasiparticles results in a rotation in the multidimensional Hilbert space of the
many-quasiparticle states, and not merely in a ±1 or a phase factor (as for
fermions/bosons or Abelian anyons). For example, the Hilbert space for a system containing four Moore-Read quasiholes is two-dimensional (whereas there
is no such degeneracy in a two-quasiholes system). Because of this property, the
“Pfaffian” state has been proposed for the realization of a topological quantum
computer.
There are two possible ways to address the question whether the experimentally realized fractional quantum Hall effect at ν = 5/2 is indeed in the same
universality class of the “Pfaffian” state: by experimental or by numerical investigations. Experimental tests of the non-Abelian braiding statistics have been
proposed and some results are already available, but they are not yet conclusive
(and other experiments are in progress). In this dissertation we take the other
way, studying, by exact diagonalization, quantum Hall systems with a small
number of spin-polarized electrons (Nel ≤ 20) in the sphere geometry.
At first we consider the ground state at ν = 5/2. By calculating the energy
spectrum of the few lowest-energy states, we show that the ground state for
Coulomb interaction is adiabatically connected with the Moore-Read state: interpolating between the two limits, the ground state is protected by a large gap,
with no sign of phase transition for all examined system sizes. We also modify
the (two-body) electron interaction, by varying the Haldane pseudopotentials v1
and v3 (keeping all others at their Coulomb value), drawing a phase diagram in
the (v1 , v3 )-plane. (For example the finite thickness of the quantum Hall sample
causes a variation of these pseudopotentials.) We find that in the (v1 , v3 )-plane
the quantum Hall energy gap and the overlap of the exact ground state with
the “Pfaffian” state form two hills, whose positions and extents coincide: the
energy gap is large there where the overlap is large. We interpret this as a sign
that the fractional quantum Hall (ground) state at ν = 5/2 is indeed in the
“Pfaffian” phase.
During these investigations we also look at the system at ν = 1/2, finding
that it is in a compressible phase, but near to a phase transition to the quantum
Hall (gapped) phase. The variation of the system thickness could lead to a
phase transition into the quantum Hall phase, however from our calculations
this seams unlikely to happen.
Then we look at systems at ν = 5/2 containing a small number of localized
e/4 charged quasiholes. We first show that it is indeed possible to localize such
quasiholes on the surface of the sphere, using δ-function pinning potentials.
Using a smooth pinning potential we also show that it is possible to reduce the
radius of the quasihole to a minimum of about three magnetic lengths. We then
3

perform the adiabatic connection investigations for systems containing two and
four localized quasiholes. For two quasiholes, the lowest energy state evolves
adiabatically between the “Pfaffian” and the Coulomb limit, without mixing
with higher lying energy states. For four quasiholes we find that the lowest
two states in the “Pfaffian” limit, corresponding to the degenerate Moore-Read
doublet, remain the lowest-energy states even for pure Coulomb interaction.
We conclude that the adiabatic continuity holds also for systems containing
quasiholes.
Finally, in the Coulomb limit (only slightly modifying the first Haldane pseudopotential), we perform quasiholes braidings in systems containing four quasiholes: we keep two of them fixed and exchange the positions of the other two
by stepwise changing the location of their pinning potentials. We find that under such a braiding, the system goes from one of the states of the Moore-Read
doublet to the other: a sign of their non-Abelian braiding statistics.
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Riassunto
Il tema di questa dissertazione è l’effetto Hall quantistico frazionario per il fattore di riempimento ν = 5/2. Quasi 25 anni dopo la sua scoperta in un esperimento, la sua natura è ancora misteriosa: è l’effetto Hall frazionario più
evidente nel secondo livello di Landau ma, a causa del suo denominatore pari,
non obbedisce alla “regola del denominatore dispari” dello schema gerarchico.
Per questa ragione, per descriverlo, sono stati proposti alcuni stati alternativi: tra questi di particolare interesse è lo stato “Pfaffiano” di Moore e Read.
Le eccitazioni elementari di questo stato sono quasiparticelle con carica e/4 che
obbediscono ad una statistica di treccia non-Abeliana: lo scambio della posizione
di due quasiparticelle risulta in una rotazione nel multidimensionale spazio di
Hilbert contenente gli stati con molteplici quasiparticelle, e non solamente in
un fattore ± o in una fase (come per fermioni/bosoni o anioni Abeliani). Per
esempio lo spazio di Hilbert per un sistema contenente quattro quasibuchi di
Moore e Read è bidimensionale (mentre non c’è una tale degenerazione per un
sistema con due quasibuchi). A causa di questa proprietà, lo stato “Pfaffiano”
è stato proposto per la realizzazione di un computer quantistico topologico.
Ci sono due possibili approcci per affrontare la questione se l’effetto Hall
frazionario per ν = 5/2 realizzato sperimentalmente è davvero nella stessa
classe di universalità dello stato “Pfaffiano”: con investigazioni sperimentali
o numeriche. Prove sperimentali della statistica di treccia non-Abeliana sono
state proposte e alcuni risultati sono già disponibili, ma non ancora conclusivi
(e altri esperimenti sono in corso). In questa dissertazione scegliamo l’altra via,
studiando, per mezzo di diagonalizzazioni esatte, sistemi Hall quantistici con un
piccolo numero (Nel ≤ 20) di elettroni (spin-polarizzati) nella geometria sferica.
Dapprima consideriamo lo stato fondamentale per ν = 5/2. Calcolando lo
spettro energetico degli stati energeticamente più bassi, mostriamo che lo stato
fondamentale per l’interazione di Coulomb è connesso adiabaticamente con lo
stato di Moore e Read: interpolando tra i due limiti, lo stato fondamentale è
protetto da un grande gap, con nessun segno di transizione di fase per tutti
i sistemi esaminati. Inoltre modifichiamo l’interazione (a due corpi) tra gli
elettroni, variando gli pseudopotenziali di Haldane v1 e v3 (tenendo tutti gli
altri al loro valore di Coulomb), disegnando un diagramma di fase nel piano
(v1 , v3 ). (Per esempio lo spessore finito del campione Hall quantistico causa
una variazione di questi pseudopotenziali.) Troviamo che nel piano (v1 , v3 ) il
gap energetico Hall quantistico e la sovrapposizione dello stato fondamentale
esatto con lo stato “Pfaffiano” formano due colline, le cui posizioni e estensioni
coincidono: il gap energetico è grande là dove la sovrapposizione è grande.
Interpretiamo questo come un segno che lo stato Hall quantistico frazionario
(fondamentale) per ν = 5/2 è in effetti nella fase “Pfaffiana”.
Nel corso di queste investigazioni guardiamo anche al sistema per ν = 1/2,
trovando che è in una fase compressibile, ma vicino ad una transizione di fase
verso la fase Hall quantistica (con gap). La variazione dello spessore del sistema
potrebbe portare ad una transizione di fase verso la fase Hall quantistica, ma
dai nostri calcoli questo sembra improbabile.
In seguito consideriamo sistemi a ν = 5/2 contenenti un piccolo numero
di quasibuchi (con carica e/4) localizzati. Dapprima mostriamo che è in effetti
possibile localizzare tali quasibuchi sulla superficie della sfera, usando potenziali
di localizzazione a funzione δ. Usando un potenziale di localizzazione regolare,
5

mostriamo inoltre che è possibile ridurre il raggio del quasibuco fino ad un
minimo di circa tre lunghezze magnetiche. Poi eseguiamo le investigazioni di
connessione adiabatica per sistemi contenenti due e quattro quasibuchi localizzati. Per due quasibuchi, lo stato energetico più basso evolve adiabaticamente
tra il limite “Pfaffiano” e il limite di Coulomb, senza mescolanza con altri stati
con energia superiore. Per quattro quasibuchi troviamo che i due stati più bassi,
che corrispondono al doppietto degenerato di Moore e Read, rimangono gli stati
energetici più bassi anche per la pura interazione di Coulomb. Concludiamo che
la continuità adiabatica è valida anche per sistemi contenenti quasibuchi.
In conclusione, nel limite di Coulomb (unicamente lievemente modificando
il primo pseudopotenziale di Haldane), eseguiamo degli scambi di quasibuchi in
sistemi contenenti quattro quasibuchi: manteniamo fissi due di loro e scambiamo la posizione degli altri due, cambiando passo dopo passo la posizione dei
loro potenziali di localizzazione. Troviamo che a causa di un tale scambio di
posizione, il sistema evolve da uno degli stati del doppietto di Moore e Read
all’altro: un segno della statistica di treccia non-Abeliana.
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Chapter 1

The quantum Hall effect
1.1

The integer quantum Hall effect

In 1980, K. Von Klitzing, G. Gorda and M. Pepper made a remarkable discovery [1]: In doing Hall measurements on a two-dimensional electron system at
the interface of a silicon MOSFET (metal-oxide-semiconductor field effect transistor) at low temperatures, they found that the Hall resistance RH = VH /I
(see Fig. 1.1 for a sample setup) did not follow the classical behaviour, which
would be linear in the applied perpendicular magnetic field B:
RH =

B
,
ne

(1.1)

where e is the elementary charge and n the electron surface density. Instead,
they found that, at certain values of the magnetic field, plateaux were formed,
−1
where the Hall conductance σH = RH
was very precisely quantized to an integer
2
times the fundamental unit e /h (h the Planck’s constant). At the values of
the magnetic field where the plateaux in the Hall conductance are observed, the
longitudinal resistance RL = VL /I goes to zero. This effect is called the integer
quantum Hall effect: see Fig. 1.2 for recent experimental results.
This observation was completely unexpected, but it can be explained in
terms of non-interacting electrons confined in a two-dimensional system, with a
strong magnetic field perpendicular to it. In these systems, the electronic states
are extended and organize themselves in evenly spaced Landau levels, which are
highly degenerate. The Landau levels are separated by large energy gaps ~ωc
(ωc = eB/me is the cyclotron frequency), in comparison to the other energy
scales in the problem, which are the Zeeman and interaction energy.
With p (an integer) Landau levels completely filled, the Hall conductance is
quantized to σH = p e2 /h. To explain the plateau behaviour, the consequences
of disorder have to be taken into account. The effect of disorder is to localize
some of the extended states, while their energy is slightly shifted. By changing
the magnetic field, one changes the cyclotron energy and thus the filling of
the Landau levels and the Fermi-level. If the Fermi-level is in a region where
only localized states (which do not contribute to the conductance) are present,
changing the magnetic field does not change the conductance and hence one
observes a plateau. The regions where the Hall conductance changes from one
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I
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VH
Figure 1.1: Schematic experimental setup. The magnetic field B is perpendicular to the (almost) two-dimensional sample, in which flows the electric current
of the (Quantum) Hall Effect
I. VL is the longitudinal potential drop, VH History
the Hall
voltage.
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Fig. 1.3 Typical signature of the quantum Hall effect (measured by J. Smet, MPI-Stuttgart).
in theand
Hall fractional
resistance is accompanied
a vanishing
resistance.
Figure Each
1.2: plateau
Integer
quantumbyHall
effectlongitudinal
experimental
results:
The classical Hall resistance is indicated by the dashed-dotted line. The numbers label the
longitudinal
and
Hall
resistivity
as
function
of
the
perpendicular
magnetic
field
plateaus: integral n denote the IQHE and n = p/q, with integral p and q, indicate the FQHE.
(measurements by J. Smet, MPI-Stuttgart). The (integer and fractional) numterms of an integer n. The plateau in the Hall resistance is accompanied by a vanishbers ininfigure
are the corresponding Landau level filling factors. (RH = ρxy ,
ing longitudinal resistance. This is at first sight reminiscent of the Shubnikov-de Haas
RL ∝ ρeffect,
.)
xx
where the longitudinal resistance also reveals minima although it never van-

ished. The vanishing of the longitudinal resistance at the Shubnikov-de Haas minima
may indeed be used to determine the crossover from the Shubnikov-de Haas regime to
plateauthe
toIQHE.
another correspond to magnetic fields where the Fermi-level lies in
It is noteworth to mention that the quantisation of the Hall resistance (1.12) is
the region
of
the extended states (which contribute to the conductance).
a universal phenomenon, i.e. independent of the particular properties of the sample,
To explain
the Hall
conductance
is quantized
precisely
at pgas
e2 /h
such as itsthat
geometry,
the host
materials used
to fabricate the
2D electron
and,also in
even more
importantly,one
its impurity
or distribution.
Thisby
universality
the presence
of disorder,
can useconcentration
a gauge argument
(given
Laughlin [2]).
the reason for the enormous precision of the Hall-resistance quantisation (typically
Due to isgauge
invariance and to the presence of a (mobility) gap, adiabatically
∼ 10−9 ), which is nowadays – since 1990 – used as the resistance standard,3

changing the magnetic flux by one flux2 quantum will just result in the transfer
RK−90 = h/e = 25 812.807 Ω,
(1.13)
of charge from one edge of the
sample to another. If p electrons are transferred,
2
whichto
is also
calledconductance
the Klitzing constant
2009a; of
Poirier
Schopfer, of
2009b).
this leads
a Hall
σH (Poirier
= p eand
/h,Schopfer,
regardless
theand
presence
Furthermore, as already mentioned in Sec. 1.1.2, the vanishing of the longitudinal redisorder in the sample. The quantization of the Hall conductance can be so
3 The subscript K honours v. Klitzing and 90 stands for the date since which the unit of resistance
is defined by the IQHE.
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precise as found in the experiments because it is based only on gauge invariance
and the presence of a mobility gap.1

1.2

The fractional quantum Hall effect

Two years after the discovery of the integer quantum Hall effect an even more
remarkably effect was discovered [4]: in extremely clean GaAs/Alx Ga1−x As heterostructures, D. C. Tsui, H. L. Störmer and A. C. Gossard observed a quantum
Hall effect at values of the magnetic field which correspond to a fractionally filled
Landau level. The value of the Hall conductance at these plateaux was a simple
fraction of the fundamental conductance:
σH =

p e2
,
q h

(1.2)

where p and q are small integers, while q is (mostly) odd. The rational number
ν = p/q is the Landau levels filling fraction. This effect is called the fractional
quantum Hall effect. Figure 1.2 shows typical resistivity measurements on a
clean sample: the trace of the Hall resistance RH (= ρxy ) shows plateaus and at
the same places the longitudinal resistance RL (∝ ρxx ) has deep minima.
This fractional quantum Hall effect can not be explained using the noninteracting picture introduced above to explain the integer quantum Hall effect,
because in that picture no gap can arise within a Landau level. The presence
of a plateau in the Hall conductance and the vanishing longitudinal resistance
imply the presence of a (mobility) gap. The interactions between the electrons
are crucial in the formation of such a gap.
The first step in explaining the fractional quantum Hall effect was made
by Laughlin [5], who proposed a set of quantum states in the form of trial
wavefunctions for the filling fractions ν = 1/q. These wavefunctions were shown
to capture the basic features of the fractional quantum Hall states, such as the
gap and the low energy excitations.
In Laughlin’s picture it is assumed that all the electrons are in the lowest
Landau level and that they are fully spin-polarized by the strong magnetic field.
In the planar geometry, for the symmetric gauge, the single-electron wavefunctions have then the form
2
Ψ(r) = p(z)e−|z| /4 ,
(1.3)
where p(z) is a polynomial in z = (x − iy)/`0 , a complex number representing
the 2-dimensional coordinates r = (x, y) in the plane and
r
~
(1.4)
`0 =
eB
is the magnetic length.2 The polynomial p(z) = z m represents a state with
angular momentum component Lz = m~.
Since electrons
are fermions, the many-particle wavefunctions Ψ(r1 , r2 , . . .) =
P
2
f (z1 , z2 , . . .)e− i |zi | /4 have to be antisymmetric under the exchange of any
1 For a more thoroughly discussion of the integer quantum Hall effect see for example the
first chapters of [3].
2 For a derivation see for example Chapter 2, “Two-Dimensional Electrons in a Magnetic
Field” in [3].
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two particles; furthermore, in the disk geometry, they may be chosen to be
eigenstates of the total angular momentum operator, because the interaction
between the electrons is rotational symmetric. Thus f (z1 , z2 , . . .) has to be an
homogeneous, antisymmetric polynomial in the variables z1 , z2 , . . . In addition
it is assumed thatQthe (strong repulsive) interactions are taken into account via
a Jastrow factor g(zi − zj ), which is a two-body correlation keeping the electrons apart. With these constraints one obtains the unique solution g(z) = z q ,
with q an odd integer, and the Laughlin’s wavefunctions are:
Y
P
2
Ψq (r1 , r2 , . . .) =
(zi − zj )q e− i |zi | /4 .
(1.5)
i>j

They describe a quantum Hall system with filling factor ν = 1/q: the
maximum power in zi , that is the maximum angular momentum of the i-th
electron (also equal to Nφ , the number of magnetic flux quanta in the system), is M = (Nel − 1)q, where Nel is the number of particles; the number of orbitals Norb in the lowest Landau level is equal to M + 1 (the states
with higher angular momentum are unoccupied) and this gives the filling factor ν = Nel /Norb = Nel /[(Nel − 1)q + 1] → 1/q in the thermodynamic limit
Nel → ∞.
These wavefunctions are not the exact ground states for Coulomb interaction, but they are a good approximation of them [6,7]: they were shown to have
very large overlap with the numerically obtained ground state wavefunctions
for small numbers of electrons and for a large class of repulsive interactions. In
particular Ψq is the exact ground state of the short-range interaction with positive Haldane pseudopotentials vm for m < q and all others equal to zero [8].3
The Haldane pseudopotential vm is defined as the interaction energy between
two particles (in a given Landau level) with relative angular momentum m~.
Before we go on to discuss the properties of the excitations over the quantum
Hall systems, we will first briefly discuss the other fractional quantum Hall
states, at filling ν = p/q, with p > 1. Note that all the fractions presented in
the experimental plot in Fig. 1.2 have an odd denominator. First, it is clear
that the filling factors ν = (q − 1)/q (such as 2/3, 4/5, . . .) can be explained as
Laughlin states Ψq describing holes instead of electrons. To explain the other
quantum Hall systems there are two different, but equivalent [10], pictures: the
hierarchy of quantum Hall states and the composite fermions approach.
In the viewpoint of the hierarchy [8, 11, 12] the quasiparticles that are the
elementary excitations of Laughlin ground state (see the following section) condense themselves in a Laughlin-like state, if the particle density is appropriate,
giving rise to a new quantum Hall state. The quasiparticles of this “daughter”
state can also condense and so on: in this way one can costruct a quantum
Hall state for each odd-denominator fraction. The realization of it depends on
the interactions between the quasiparticles and on the size of the gap in the
parent state. The fact that only odd-denominator filling fractions can be realized this way, has its roots in the antisymmetric condition for the Laughlin
wavefunctions, that is in the fermionic nature of the electrons.
In the composite fermions approach [13] an even number of magnetic flux
quanta is bound to each electron, forming so-called “composite fermions”, which
3 See also Chapter 8, “The Hierarchy of Fractional States and Numerical Studies” by
F. D. M. Haldane in [9].
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effectively feel a reduced magnetic field. These composite fermions can condense
in an integer quantum Hall state, that for the original electrons corresponds to
a fractional quantum Hall effect with filling fraction ν = p/(2mp ± 1), where p
is the number of occupied Landau levels for the composite fermions and 2m is
the number of attached flux quanta. Almost all the observed fractions can be
obtained in this way, but there are exceptions [14].
Until now we have considered only fractions with odd denominators: the
prominent exception to this “odd denominator rule”, the quantum Hall state at
ν = 5/2 [15], is the central topic of this work and will be discussed at length in
the following chapter.

1.3

Excitations in fractional quantum Hall systems: quasiparticles and quasiholes

The Laughlin wavefunction Ψq (1.5) introduced in the previous section describes
an incompressible fluid with a uniform electron density and a finite energy gap
between the ground state and the first excited states in the bulk. It can be
shown [5] that the elementary excitations above it are localized excesses (or
deficiencies) of the electron density (from its mean value) and can be described
as quasiparticles (or quasiholes). The size of them is of the order of few magnetic
lengths (1.4) and the excess (deficiency) in charge is such that they carry a
fractional charge ±e/q. This prediction has been confirmed experimentally for
ν = 1/3 by means of shot noise experiments [16, 17].
One can introduce a quasihole in a uniform quantum Hall system at ν = 1/q
by (adiabatically) inserting a magnetic flux quantum φ0 = h/e in the system,
decreasing its filling fraction. This insertion has the effect of expelling some
charge from the region of the flux quantum and is described by a factor p(z0 ) =
QNel
i=1 (zi − z0 ) multiplying the wavefunction Ψq (1.5), where z0 is the quasihole
position:
Nel
Y
Ψq,qh =
(zi − z0 )Ψq .
(1.6)
i=1

The factor p(z0 ) add a zero at z0 for each particle coordinate zi , such that the
electron density there decrease. One can show that the missing charge at z0 is
exactly e/q: adding q quasiholes and then an electron at z0 corresponds to a
QNel
multiplication of Ψq by a factor i=1
(zi − z0 )q , where now z0 is the coordinate
of the new electron. What we obtain is a Laughlin wavefunction for Nel + 1
electrons, that is again a uniform system: the q quasiholes are neutralized by
the electron. In analogy, one can introduce a quasiparticle (a quasielectron) by
removing a flux quantum, increasing the filling fraction.
These quasiholes (and quasiparticles) are anyons: their exchange statistics
is fractional [11, 18], in the sense that it interpolates between Fermi and Bose
statistics. Taking two identical quasiholes and exchanging their positions, the
wavefunction for the new configuration is obtained multiplying the old wavefunction by a phase factor eiθ (and not merely by a ±1 factor as for fermions
or bosons).
This is possible only in systems with a (spatial) dimension d < 3: in three
(and higher) dimensions, different exchange paths of two identical particles can
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be continuously deformed into each other, thus, after two successive exchanges,
the system comes back to the original situation, described by the same wavefunction. The phase factor corresponding to the exchange of two particles has
to be +1 or −1, corresponding to Bose or Fermi statistics. In lower dimensions
the situation is different and “exotic” statistics are allowed, as first recognized in
1+1-dimensional space-time [19,20] and then in two spatial dimensions 4 [22–29].
Concretely, in the latter case, not all particle exchange paths can be deformed
into each other, because one would have to pull a path of a particle through
the position of another particle. Thus the result of a particle exchange is not
restricted to a ±1-factor and fractional statistics is allowed: in two dimensions
the topology of the exchange paths is relevant and the exchange properties of
a system with N particles is described by the braid group BN (while in three
dimensions it is the permutation group SN ).
The Laughlin quasiparticles described above transform according to a onedimensional representation of the braid group. There are attempts to measure
the fractional statistics of these quasiparticles, by means of interferometric experiments, but the results are not yet conclusive [30].
Another interesting consequence of the fact that particles in lower spatial
dimensions have to form a representation of the braid group, rather than of the
permutation group, is that higher dimensional representations can be possible
[21,28,31–35], that is the exchange of particles is described by matrices. If these
matrices do not commute with each other, this particles are called non-Abelian
anyons, while the quasiparticles that transforms according to one-dimensional
representations are Abelian anyons.5 In this work we will study the quantum
Hall system at ν = 5/2, where this non-Abelian braiding statistics could be
realized [37].

4 For

a historical overview of this issue, see the introduction of [21].
[36] for a pedagogical review on Abelian and non-Abelian anyons in the framework of
the fractional quantum Hall effect.
5 See
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electron system (2DES) and its host lattice decreases precipitously with decreasing temperature [4,16]. In fact, at
very low temperatures cooling of the electrons proceeds
largely via the electrical contacts. Electrons diffuse to
the contacts, where they cool in the highly disordered region formed by the “dirty” alloy of GaAs and indium.
Therefore, cooling of the contacts is of paramount importance in low-temperature transport experiments and our
cooling system was designed to cool specifically the contact areas of the 2DES specimen. Eight sintered silver
heat exchangers each having an estimated surface area of
⬃0.5 m2 and formed around a 10 mil silver wire were soldered directly to the indium contacts of the sample using
indium as a solder. They provide electrical contact and simultaneously function as large area cooling surfaces. The
back side of the sample was glued with gallium to yet another large surface area heat exchanger for efficient cooling of the lattice of the specimen. The inset of Fig. 1
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deep minimum in the longitudinal resistivity were not yet fully developed, but
nevertheless they were a strong evidence for a new quantum Hall state. Indeed
with the improvement of the quantum Hall samples and of the experimental
techniques it has been possible to obtain the exact quantization at ν = 5/2 [38]
and this state is now routinely observed [Fig. 2.1b)]. Similar results are obtained
for the filling factor ν = 7/2 [39], corresponding to a half filled second Landau
level for holes.
The activation gaps ∆ are usually extracted from transport experiments
(in [40–45] the most recent ones) through the temperature dependence of the
longitudinal resistivity ρxx via the Arrhenius law
ρxx ∝ exp(−∆/2kB T )

(2.1)

(where T is the temperature and kB the Boltzmann’s constant). The gaps
extracted this way are much smaller than the theoretical expectations, calculated in exact diagonalization [43, 46, 47] or density-matrix renormalization
group [48,49] studies: even the biggest experimental activation gaps for ν = 5/2
are a factor 5-6 smaller than the predictions for a clean system. Inclusion of
finite thickness and Landau level mixing effects [43,47] can reduce the difference
by about a factor of two, but a big discrepancy remains. This discrepancy has
to be (eventually) explained by the effects of disorder. Recently d’Ambrumenil
et al. [50] proposed a model for the dissipative conductance, taking into account
the thermally assisted tunneling of the quasiparticles through the saddle points
of the potential caused by the disorder. In the framework of this model the
agreement of the experimentally obtained gaps at ν = 5/2 with the theoretical
calculations is as good as for the (hierarchical) ν = 4/9 state.
The (conventional) composite fermion and hierarchy approaches can not
explain the quantum Hall effect at ν = 5/2, as they only cover states with an
odd denominator filling. From the beginning it was clear that this quantum
Hall system was different from all the previously observed states and needed a
different explanation. Various quantum Hall states were proposed to account for
this effect: we will discuss some of them in the following sections, particularly
focussing on the (weak) paired quantum Hall state proposed by Moore and Read
[51, 52], described by the “Pfaffian” wavefunction, that supports quasiparticle
excitations obeying non-Abelian braiding statistics.

2.2

5/2: polarized or unpolarized?

A central issue for an explanation of the quantum Hall effect at ν = 5/2 is the
spin polarization of the electrons in the second Landau level: they may be fully
polarized and aligned with the external magnetic field, or unpolarized, half of
them with spin up, half with spin down, or something in between (partially
polarized). Note that the electrons in the full first Landau level have both spin
orientations and give no contribution to the total polarization. All the quantum
Hall systems discussed so far were considered to be fully spin polarized by the
strong external magnetic field. But if the magnetic field is sufficiently low, with
a corresponding low Zeeman energy, the two spin bands (of the same Landau
level) can mix and cause an unpolarized, or only partially polarized, ground
state.
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The odd-denominator rule for the Laughlin states (and their hierarchical
descendants) was a consequence of the spin polarization, that forced the wavefunctions to be fully antisymmetric in the spacial coordinates. Being the ν = 5/2
state an exception to this rule, it was natural to speculate that this peculiarity could reflect a breakdown of the assumption of full spin polarization. The
relatively low magnetic fields (B ≈ 5T ) at which the ν = 5/2 state was first
observed supported this speculation.
To gain access to the spin degree of freedom the tilted magnetic field technique has been used: the Landau level spacing ~ωc depends only on the perpendicular component B⊥ of the magnetic field, while the Zeeman energy is
proportional to the total field BT OT . Thus, by tilting the quantum Hall sample
in a magnetic field, it is possible to vary the two energies independently. For
example experiments at ν = 8/5 in a tilted magnetic field (keeping B⊥ constant)
showed a phase transition from an unpolarized state at small tilt angles (lower
Zeeman energy) to a polarized state at larger angles (larger Zeeman energy) [53].

Figure 2.2: Disappearence of the ν = 5/2 quantum Hall state in a tilted field:
energy gap ∆5/2 as function of the total magnetic field BT OT (and of the tilting
angle θ). The collapse of the gap was interpreted to be caused by a Zeeman
energy term with g-factor g = 0.56. (From [54].)
Shortly after its discovery, tilted field experiments were performed also on the
ν = 5/2 state [54,55]. Examining the activation gaps from these experiments, it
was found that the gap ∆ decreases with increasing tilt angle (see Fig. 2.2) and
that the Hall plateau disappeared beyond some critical tilt angle. These results
were interpreted as a signal that the quantized Hall state is unpolarized (or at
most only partially spin-polarized) with a first excitation involving a spin flip,
which is responsible for the linear decrease of the gap as function of BT OT :
∆ = ∆0 − gµB BT OT

(2.2)

(∆0 the gap in absence of Zeeman energy, g the GaAs g-factor, µB the Bohr
magneton), until at some critical tilt angle the increasing Zeeman energy produces a phase transition to a gapless polarized state. From this experiment
a g-factor g = 0.56 was extracted, compatible with the bulk GaAs g-factor
g ≈ 0.44.
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This interpretation agreed with the proposal by Haldane and Rezayi of an
unpolarized spin-singlet wavefunction [56], possibly describing a quantum Hall
state at half filling. This wavefunction is the exact (and unique) ground state
of an “hollow-core” model, in which all Haldane pseudopotentials (including
v0 , which corresponds to the contact interaction of two particles) vanish, with
the only exception of v1 6= 0. But it became soon clear that this model was
not representative of the real Coulomb interactions in the second Landau level.
Early numerical works with small numbers of particles (Nel ≤ 7) showed that
the Coulomb ground state for ν = 5/2 has zero overlap with the spin-singlet
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ν = 8/5 quasi-energy gap due to the well-documented transition in its spin-polarizations.
This anisotropic phase was also observed in higher Landau levels at half filling (ν = 9/2, 11/2, . . .), in this cases even in the absence of a parallel field
component [64, 65]. These results were interpreted as the onset of a “stripe”
phase [66–68], previously theoretically predicted for half-filled Landau levels of
high index. The ν = 5/2 system appears to be at the border to this phase
and B|| can drive a transition into it. This in-plane field component can indeed
affect the interactions between the electrons, because of the finite thickness of
the electron system in the direction perpendicular to it (a purely 2-dimensional
system would be insensitive to B|| ). Thus the tilted field experiments at ν = 5/2
were not a probe for the spin polarization of the state, but for a transition from
an4incompressible quantum Hall state to a compressible “stripe” phase. This
transition was also confirmed by a numerical work by Rezayi and Haldane in
the torus geometry [69].
From these experimental and numerical results a coherent picture of a fully
polarized quantum Hall state at ν = 5/2 emerges, near to the border of a
“stripe” phase. But a direct measurement of the spin polarization is still missing
(but in progress) and this issue is still matter of discussion and the subject of
recent and current studies.
From the theoretical side, Dimov et al. [70] showed by Monte Carlo simulations that, assuming that the quantum Hall effect at ν = 5/2 is described
by a paired state, it will exhibit spontaneous ferromagnetism. In agreement
with this (and with previous numerical works) Feiguin et al. [71] obtained by
exact diagonalization and density matrix renormalization group methods that
for Coulomb interaction the finite-system ground states are fully polarized, also
in absence of the Zeeman energy.
From the experimental side, new in-plane field transport measurements at
low magnetic fields [72] showed opposite behaviors for the systems at ν = 5/2
and ν = 7/3, casting doubts about the magneto-orbital coupling discussed
above, that should give the same gap suppression in the tilted field for both
systems. In contrast more recent experiments at high magnetic fields [73] show
a similar behavior for the two states and give support to the full polarization
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at ν = 5/2: the weakening and disappearence of the gapped phase in a tilted
magnetic field is too abrupt and cannot be explained by a Zeeman energy term
with a GaAs bulk g factor. The different behaviour for ν = 7/3 could maybe
be explained by a different nature of the 7/3 state in the two regimes.
The first results from direct spin polarization measurements, using optical
methods [74, 75], seem to be consistent with an unpolarized quantum Hall state
at ν = 5/2. However these results are not yet conclusive 1 and could eventually
be reconciled with full spin polarization of the 5/2 quantum Hall state: due
to disorder, the experimental sample breaks up into incompressible and compressible domains [50,75]. However the optical experiments (photoluminescence
spectroscopy [74] and resonant light scattering [75]) were not able to discriminate
the contributions coming from these domains: the measured non-polarization
could come from the compressible puddles (where there are no strong exchange
effects that could enhance the spin polarization), while the incompressible filaments could still be fully polarized (in agreement with the theoretical results).
Furthermore, charge disorder may also induce skyrmions in the incompressible
domains [77, 78], which will tend to decrease the spin polarization. 2
In a recent analysis [81] of the energy gaps (obtained by transport experiments) as function of perpendicular and parallel magnetic fields, Das Sarma et
al. argued that the results are more consistent with a spin unpolarized than
with a spin polarized ν = 5/2 state. However the model they used did not
include a complete description of the disorder effects, which is essential for a
discussion of the energy gaps.
In all our numerical investigations we vill assume that the electrons in the
considered half filled Landau level (the lowest for ν = 1/2, the second for ν =
5/2) are fully spin polarized. (For ν = 5/2 we will consider the lowest Landau
level as inert and completely filled with electrons of both spins.)

2.3

The Moore-Read (“Pfaffian”) state: the field
theoretical point of view

The issue of spin polarization is important because it is the basic assumption
for some of the states proposed for the description of the quantum Hall effect
at ν = 5/2: if the system is not fully spin polarized, these proposals have to be
rejected (or at least modified). A particular interesting proposal is the so-called
(weak paired) “Pfaffian” state, introduced by Moore and Read [51], describing
a system at half filling.
But before of a concrete description of it, we shortly present a general remark
about the field theoretical description of a quantum Hall fluid (see for example
[82] (and references therein) or the review [35] for a direct connection with the
5/2 state). In the scaling limit, the bulk of such a system is described by a
topological (Chern-Simon) field theory. However in a sample with an edge, the
charge current from this theory is not conserved (and not gauge invariant): one
has to introduce a (chiral) current at the edge, in order to assure that the total
charge current is conserved. This edge current also exactly cancels the gauge
1 In [74] the measured polarization values for the integer quantum Hall effect states are
slightly offset, casting doubts on the reliability of the results for ν = 5/2, cf. [76].
2 Very recent experimental investigations using NMR techniques [79, 80] found fully spin
polarization for the ν = 5/2 quantum Hall state.
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“anomaly” of the bulk theory. It exists thus a deep connection between the
edge of a quantum Hall system, described by a (chiral) conformal field theory,
and its bulk, described by a topological field theory: the first theory determine
the second and vice versa (provided the boundary between bulk and vacuum is
sharp, without reconstructed edges in between).
For the Laughlin states, the chiral conformal field theory describing the
edge contains only a free boson ϕ, from which it is possible to construct the
electron sector: the (normal ordered) vertex operator : eiqϕ : for charge q = 1
(in elementary charge units) corresponds indeed to an electron. However this
works only for filling factors with an odd denominator: the vertex operator
written above indeed describing a fermion (as the electron is). For half filling
the result would instead be a boson: in this case a single bosonic field is not
enough to get the “desired” electron operator. To overcome this problem, one
has to introduce other fields into the theory and it turns out that there are
several possibilities for doing this.
The “Pfaffian” state is one of these possibilities: in this case one introduce,
beside the boson field ϕ, the fields of the conformal field theory that describes
the two-dimensional Ising model at its critical point: the identity 1, the spin field
σ and the (neutral) Majorana fermion ψ. From these fields one can construct
all (physical) sectors: the electron is here described by the vertex operator
ψel =: eiϕ : ψ, which is indeed a fermion, because of the Majorana fermion ψ.
All other physical fields have to commute (or anticommute) with this electron
field and it turns out that the sector with the smallest charge in this theory is
given by the vertex operator ψqh =: eiϕ/4 : σ, corresponding to a quasihole with
charge e/4.
Of particular importance are the fusion rules of the Ising fields (analogous
to the decomposition of a tensor product of representations in a direct sum of
irreducible representations):
σ × σ = 1 + ψ,

σ × ψ = σ,

ψ × ψ = 1,

(2.3)

which describe the result of the fusion of two objects. Of particular interest is
the first one: fusing two e/4 charged quasiholes (whose vertex operators contain
the spin field σ), there are two possible outcoming channels: the identity 1 and
the Majorana fermion ψ. As we will see in section 2.6, from these different
channels will follow a degeneracy for the states containing multiple quasiholes,
leading to their non-Abelian braiding statistics.

2.4

The Moore-Read (“Pfaffian”) state: the microscopic point of view

Moore and Read [51, 52] constructed their “Pfaffian” (Moore-Read) wavefunction, interpreting the conformal blocks coming from the 1 + 1-dimensional conformal field theory describing the edge, as functions on the 2-dimensional bulk
of the system. They first observed that the Laughlin wavefunction (and the
wavefunctions describing quasiholes above it) can be indeed obtained as conformal blocks of the conformal field theory with the bosonic field ϕ of the preceding
section.
They then applied the same procedure to the conformal field theory with
the Ising fields and from the conformal block containing an even number Nel
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of “electronic” vertex operators ψel (zi ) =: eiϕ (zi ) : ψ(zi ) (with zi the complex
coordinate of the i-th electron), they got the Moore-Read wavefunction:

Y
P
2
1
ΨM R (z1 , . . . , zNel ) = Pf
(zi − zj )2 e− i |zi | /4 ,
(2.4)
zi − zj i>j
where the Pfaffian Pf denotes the antisymmetrized sum over pairs




1
1
1
=A
... ,
Pf
zi − zj
z1 − z2 z3 − z4

(2.5)

such that ΨM R is antisymmetric under the exchange of any two particles. The
Pfaffian of an antisymmetric√matrix can also be expressed as the square root of
its determinant: Pf(Mij ) = det M .
The wavefunction ΨM R describes a system with an even number Nel of
spin polarized electrons in the half filled lowest Landau level (in the symmetric
gauge for a planar geometry) and can be considered as a “trial wavefunction”
(like the Laughlin wavefunctions): a prototype independent from the details of
the electron interaction, but (possibly) defining a phase of matter. The actual
wavefunction of the quantum Hall system would be somehow different from
ΨM R and sensitive to the details of the interaction, but would be in the same
phase as ΨM R , having a large overlap with it and sharing the same quantum
numbers (for ground state and excitations).
The “Pfaffian” wavefunction describes a system at half filling because, in
analogy with the Laughlin state discussed in section (1.2), the maximum power
in the complex coordinate zi is M = 2(Nel − 1) − 1 (the additional −1 coming
from the Pfaffian) and thus the filling factor is ν = Nel /Norb = Nel /(Nel −1)2 →
1/2 in the thermodynamic limit Nel → ∞. To obtain the wavefunction for the
electrons in an half filled second Landau level, that is for ν = 5/2, it suffices to
act on (2.4) with the Landau level raising operator for each particle.
As expected from conformal field theory, the elementary quasihole excitations above this state are e/4-charged and obey non-Abelian braiding statistics
(Moore and Read coined for them the term “nonabelions”), realizing the possibilities described in [21]; we will focus on these excitations in section 2.6.
In their seminal work Moore and Read, did not discuss the fractional quantum Hall effect at ν = 5/2: at that time it was still widely believed that the
ν = 5/2 state was spin unpolarized (as discussed in section 2.2), in contrast with
the basic assumption for the “Pfaffian” state (however recently a non-polarized
generalization of this state was investigated [83]). It was first a study by Greiter, Wen and Wilczek [84, 85] that mentioned the possibility that the state at
ν = 5/2 could be related to the “Pfaffian” wavefunction (but without an explicit discussion of this issue). In their work, by simultaneously changing the
applied magnetic field and the statistics of the particles, they showed that the
Moore-Read state is adiabatically connected to a system of electrons in zero
magnetic field with a BCS pairing instability. In fact the “BCS wavefunction”
in real space for p-wave paired electrons is the pure Pfaffian Pf(1/(zi − zk ))
and the adiabatic changes in magnetic field and statistics give then rise to the
wavefunction in (2.4). This adiabatic connection with the BCS state made also
plausible that the “Pfaffian” wavefunction could in fact describe a gapped state
(Moore and Read did not discuss this issue).
22

This sort of pairing is often called “weak pairing”, to distinguish it from the
“strong pairing” scenario, where two electrons are considered as really paired
to form a particle with double charge and bose statistics. In the Moore-Read
wavefunction instead the “weak pairing” is realized through the Pfaffian factor,
that cancels some of the zeros (zi − zj ), such that two electrons can come
nearer to each other. Greiter, Wen and Wilczek argued that these two types
of pairing belong to the same universality class, in particular claiming that the
excitations of the “Pfaffian” state obey Abelian braiding statistics, but it is
not the case: they have a different edge structure and different (topological)
quantum numbers, as shown by Wen [86] a year later.
In their work Greiter, Wen and Wilczek [84, 85] also pointed out that the
“Pfaffian” state is the unique highest density zero energy eigenstate of a particular three-body interaction, in analogy with the Laughlin states that are
zero energy eigenstates of certain two-body interactions defined in terms of Haldane pseudopotentials. If the electrons were bosons, this three-body interaction
would simply require that three particles cannot be at the same position, and is
thus expressed in real space as the product of two δ-functions. In the fermionic
case this condition is already realized because of Pauli exclusion principle, but
the interaction imposes the further requirement that the wavefunctions have to
vanish sufficiently fast as three particles approach each other. The three-body
interaction for which the “Pfaffian” wavefunction is an exact zero energy eigenstate is thus expressed in real space (and then projected on a specific Landau
level) as the product of appropriate derivatives of δ-functions:
V3b = V

Nel
X

i<j<k


Sijk ∆j δ(zi − zj ) ∆2k δ(zi − zk ) ,

(2.6)

where ∆i is the Laplace operator acting on the i-th particle coordinate and Sijk
denotes symmetrization over the permutations within the triplet (ijk). The
choice of the factor V is in principle arbitrary: later we will fix it such that the
interaction energy will scale in the right way with the system size and such that
the gap generated by V3b will be approximately the same as the Coulomb gap.
By projection of V3b on a Landau level the singularities of the δ-functions are
regularized and the interaction becomes smooth. Also note that V3b impose no
“vanishing condition” as two particles approach each other, corresponding to
the “weak pairing” described above.
Alternatively (and more easily) one can express the three-body interaction in
terms of multiparticle pseudopotentials, a generalization of Haldane (two-body)
pseudopotentials [87]:
V3b = v3,3

Nel
X

P3,3 (i, j, k),

(2.7)

i<j<k

where P3,3 (i, j, k) is the projector on the states in which the three particles i, j
and k have relative angular momentum 3~ and the pseudopotential v3,3 > 0 is
the corresponding interaction energy (vL,N denotes the N -body pseudopotential
corresponding to relative angular momentum L~).
In other words the three-body interaction (2.6) is exactly the interaction that
gives a positive energy to the three-body states with relative angular momentum
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3~ (the minimum possible value for three particles, corresponding to the nearest
possible approach), and no energy to all other states with higher relative angular
momentum. Any three particles in the Moore-Read wavefunction have in fact
at least relative angular momentum 5~ and thus this state is a zero energy
eigenstate of (2.7). It is the highest density state with this property because the
polynomial in front of the exponential has the lowest possible degree and thus
belongs to the largest possible filling factor.
In their original paper Greiter, Wen and Wilczek gave a wrong form of the
three-body interaction in the fermionic case. The first correct expression was
given in [86], where also first exact diagonalization calculations for small systems (Nel ≤ 10) involving the three-body interaction V3b (2.6) were presented.
All these calculations showed the presence of a gap in the energy spectrum,
although it was difficult to estimate it in the thermodynamic limit because of
the finite size effects. Neverthless the results suggested that the Moore-Read
wavefunction describes in fact an incompressible state. In the same work, by
exact diagonalizations in systems interacting via V3b in the planar geometry,
Wen showed that the counting of the numbers of states of the low-lying edge
excitations as function of the total angular momentum is consistent with the
conformal field theory that describes the edge of the “Pfaffian” state, containing a free boson and the fields of the Ising model (in particolar the Majorana
fermion ψ, see section 2.3).

2.5

The “Pfaffian” at ν = 5/2? First hints.

The first indications that the fractional quantum Hall effect at ν = 5/2 could
be in fact related to the Moore-Read state came with the numerical work by
Morf [60]. Exact diagonalization results for electrons on a spherical surface
showed that the ground state at ν = 5/2 is spin-polarized (as discussed in
section 2.2) and that its overlap with paired wavefunctions like the “Pfaffian”
is quite large.
An important point in this work is related to the so-called “shift” S, a
topological quantum number [88, 89]. Because of the surface curvature [90], on
a sphere the number of electrons Nel and the number of flux quanta Nφ for an
half filled Landau level are related through the relation [91]
Nφ = 2Nel − S

(2.8)

(instead of the canonical relation Nφ = 2Nel ), where the shift S depends on
the character of the fractional quantum Hall state: different states at the same
filling factor can have different shifts.
For example the “Pfaffian” state of Moore and Read on a sphere has a
shift S = 3 (as already noted in [84, 85]) and the exact diagonalizations clearly
showed that the quantum Hall state at ν = 5/2 belongs to this shift value.
Indeed only for S = 3 the ground states for all (even) system sizes (Nel ≤ 18)
are rotation invariant (having total angular momentum L = 0), as it should
be for incompressible states in the spherical geometry. Furthermore all this
states show a gap and the corresponding ground state energies behave smoothly
with the system size, allowing an extrapolation to the thermodynamic limit.
The overlap of the ground state for Nel = 8 with the “Pfaffian” wavefunction
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The incompressible phase in the central v1 interval was identified as the
Moore-Read paired state, but to obtain an high overlap between the exact
ground state and the “Pfaffian” wavefunction Rezayi and Haldane had to particlehole symmetrize the latter. This has to do with the “Antipfaffian” state [93,94],
the “Pfaffian” state of holes (we will describe it in section 2.10), that on the
torus is realized at the same flux number Nφ = 2Nel as the “Pfaffian” state
of electrons. Exact diagonalizations of particle-hole symmetric systems cannot
decide which of this two states is realized and the ground state contains contributions from both. The situation in the sphere geometry is different: there
the “Antipfaffian” state belongs to another shift value (S = −1) and thus the
calculations at S = 3 are not directly influenced by it.
At the same time, there were also Monte Carlo studies in the spherical geometry [95], comparing the energies for some trial wavefunctions and indicating
that at ν = 5/2 for Coulomb interaction the Moore-Read state has the lowest
energy. In this and in a following work [96] 4 , the “Pfaffian” state was also
interpreted as a BCS instability of the composite fermion liquid state: in this
picture composite fermions (rather than the “bare” fermions, as discussed by
Greiter, Wen and Wilczek [85]) form Cooper pairs in the p-wave channel, opening a gap at the Fermi level. In this work it is claimed that this sort of pairing
becomes possible because of the formation of composite fermions (at half filling each carrying 2 flux quanta and feeling no external magnetic field) that at
ν = 5/2 overscreens the repulsive Coulomb interaction.
Summarizing, around the year 2000 there were plenty of numerical and theoretical hints (reviewed in [98]) indicating that the state at ν = 5/2 could
be described by the Moore-Read wavefunction. But the “puzzle” of the even
denominator quantum Hall state was not yet fully resolved, particularly still
4 This

work has also been criticized, cf. [97].
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missing an experimental evidence of the proposed non-Abelian braiding statistics.

2.6

38

Nonabelions in the Moore-Read state

The elementary excitations above the “Pfaffian” state at half filling are quasiparticles with charge ±e/4 that occur in pairs: because of the paired nature of
the state the elementary flux quantum is halved, that is, inserting a unit of flux
quantum into the system two quasiholes with charge e/4 are generated (instead
of a single quasihole with charge e/2).
The exact diagonalization work by Morf [60] was consistent with this prediction: the energy gap obtained from charged excitations (by changing the flux Nφ
by ±1) was about twice the gap obtained from neutral excitations, indicating
that the insertion (exclusion) of a flux quantum corresponds to a creation of two
quasiholes (quasiparticles). But this is not enough to establish the “Pfaffian”
as the state realized at ν = 5/2: other candidate states support quasiparticles
with charge e/4.
In their seminal paper [51] Moore and Read described these excitations from
the point of view of conformal field theory. They were not able to give explicit
wavefunctions (except for two quasiholes), but from the properties of the conformal blocks they recognized that the wavefunctions describing four or more
quasiholes span a vector space of dimension greater than one. The vector space
for four quasiholes is namely two-dimensional: there are two linearly independent states describing the same configuration of localized quasiholes. One can
prepare the system in one of these states; if then one transports a quasihole once
around another (or interchanges two of them) one gets another state in the vector space (and not only a phase factor): this is the realization of non-Abelian
Chapter 3. Clustered
braiding statistics.
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Figure 2.7: The Bratteli diagram for the “Pfaffian” state: on the left the fields
Figure
3.1: The Bratteli diagram for the Moore-Read state.
of the Ising model, under the diagram the number of fused spin fields σ.
As anticipated, this degeneracy of the states containing quasiholes has its
= 1 + ψ, σ × ψ = σ, ψ × ψ = 1.
Following Moore and Read, to construct a wavefunction for a system containing
4 quasiholes (and an even number of electrons) one has to take the conformal
ψ ×operators
ψ = 1for. electrons and quasiholes. This
block with the corresponding vertex
leads to a correlator containing 4 spin fields σ and an even number of Majorana
fermion
fields
ψ: afterrule
fusing
these complicated
fields one has to end with the identity 1,
ﬁelds
σ, the
fusion
isallmore
otherwise the correlator vanishes. There are an even number of ψs, that fuse to

origin in the
fusionψrules
(2.3): σ × σ
rules of the parafermion
ﬁelds
is trivial

For the spin

σ×σ =1+ψ.
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(3.10)

(3.11)

The consequence is that upon calculating a correlator which contains a certain number of
spin ﬁeld, on in general has a choice of many different fusion paths which fuse the (spin)
ﬁelds to the identity. In the end, after fusing all the ﬁelds, one has to end with the identity,
in order to obtain a non-zero correlator. The number of ways in which this can be done can
be obtained from a so called Bratteli diagram. In such a diagram, the fusion of ﬁelds is

the identity, thus the same has to happen for the 4 σs. However because of the
two channels in σ × σ = 1 + ψ, there are two different ways (two fusion paths)
to do this, as shown in the Bratteli diagram in Fig. 2.7. In such a diagram, the
fusion of fields is encoded in arrows: each arrow stands for fusing with a spin field
σ. The arrow starts from the field (1, σ or ψ) that is fused with σ and points to a
position corresponding to a fusion channel. Following the arrows in the diagram,
it is clear that for 2 quasiholes there is only a possibility to reach the identity
(this means that there is no degeneracy), whereas for 4 quasiholes there are
two (fusion) paths, corresponding to two linearly independent wavefunctions
describing this system. In general, for 2N quasiholes, there are 2N −1 fusion
paths, leading to a 2N −1 degeneracy.
From the diagram it is also clear that the number of spin fields in the correlator has to be even, since an odd number of them always fuse to an unpaired
σ, indicating that the e/4 charged quasiholes only occur in pairs. For the spin
fields that at the end fuses to the Majorana fermion ψ, the number of electrons
in the system has to be odd (since in this case there is an unpaired ψ coming
from the electron vertex operators allowing an overall fusion to the identity),
also leading to a 2N −1 degeneracy.
Explicit wavefunctions for quantum Hall systems at ν = 5/2 containing
quasiholes were given later by Nayak and Wilczek [99], obtaining them as zeroenergy states of the 3-body interaction V3b (equation 2.6).
For 2 quasiholes at (complex) positions η1 and η2 it reads:


P
2
(zi − η1 )(zj − η2 ) + (zi − η2 )(zj − η1 ) Y
(zi − zj )2 e− i |zi | /4
Ψ2qh = Pf
zi − zj
i>j
(2.9)
where the zi ’s are electron coordinates and Pf denotes the Pfaffian (2.5). The
extra flux quantum is halved between the two quasiholes, each carrying e/4
charge. When the two quasiholes are taken together at the position η, a single
(Laughlin) quasihole results, carrying a full flux quantum and a e/2 charge:

Y
Y
P
2
1
Ψ2qh,together = Pf
(2.10)
(zi − η) (zi − zj )2 e− i |zi | /4 .
zi − zj
i
i>j

For 4 quasiholes at positions η1 , η2 , η3 , η4 the situation becomes more interesting: one needs to modify the Pfaffian factor in the manner


(zi − η1 )(zi − η2 )(zj − η3 )(zj − η4 ) + (zj − η1 )(zj − η2 )(zi − η3 )(zi − η4 )
Pf
,
zi − zj
(2.11)
grouping two quasiholes with the electron coordinate zi and the other two with
zj . There are apparently three possibilities to do this, but it turns out that only
two of them are linearly independent; for example


(zi − η1 )(zi − η3 )(zj − η2 )(zj − η4 ) + (i ↔ j)
(2.12)
Ψ(13)(24) = Pf
zi − zj
Y
P
2
× (zi − zj )2 e− i |zi | /4
i>j

28

and
Ψ(14)(23) = Pf




(zi − η1 )(zi − η4 )(zj − η2 )(zj − η3 ) + (i ↔ j)
(2.13)
zi − zj
Y
P
2
× (zi − zj )2 e− i |zi | /4 .
i>j

A particularly useful choice of basis in this 2-dimensional vector space is given
by

√
(η13 η24 )1/4
√ 1/2 Ψ(13)(24) ± xΨ(14)(23) ,
(2.14)
Ψ4qh,± =
(1 ± x)

where ηij = ηi − ηj and x = η14 η23 /η13 η24 .5 This basis wavefunctions have the
property that there is no Berry phase [100] as one braids the quasiholes: all the
transformation properties are manifest in the wavefunctions [101, 102]. Namely,
as one starts with Ψ4qh,+ and takes the quasihole η2 once around the quasihole
η3 and brings it back to its original position, then one gets the state Ψ4qh,−
(because of the branch cuts), and the other way round: the braiding yields a
rotation in the 2-dimensional space and the non-Abelian braiding statistics of
the quasiholes is explicit in this basis.
We also note that taking for example the quasihole η3 around both the fixed
quasiholes η1 and η2 and then taking it back to its original position, results in
a factor i in front of the original wavefunction if the quasiholes are in the state
Ψ4qh,+ , but in a factor −i if they are in the state Ψ4qh,− . The sign obtained
with this operation can thus be used to identify in which particular state the
system (with four quasiholes) is.
On the other hand the wavefunctions Ψ(13)(24) and Ψ(14)(23) have no manifest
transformation properties: the braiding is completely described by the Berry
phase matrix, but the end effect of braiding must be the same in both bases,
since it is physically observable.
In the same work Nayak and Wilczek [99] generalized the construction of the
wavefunctions to 2N quasiholes and showed that the vector space spanned by
them is 2N −1 -dimensional, in agreement with the predictions based on conformal field theory. Independently Read and Rezayi [103] got the same result and
confirmed it with numerical diagonalizations for moderate system sizes in the
(rotation invariant) spherical geometry, for electrons interacting via the threebody interaction (2.6). (The non-Abelian braiding properties were also recovered a few years later by Slingerland and Bais [104] using a quantum group
description of the quasiholes.)

2.7

The “weak paired” phase

In the following Read and Green [59] looked at the “Pfaffian” from the viewpoint
of BCS paired states in two dimensions, with breaking of parity and timereversal symmetry: they found that the Moore-Read state corresponds to a
“weak paired” phase (in contrast to a “strong paired” phase of the Halperin type,
see section 2.10). The “Pfaffian” wavefunction is obtained as an asymptotical
limit and they argued that its properties are characteristic of the whole phase,
5 Nayak

and Wilczek [99] took a slightly different anharmonic ratio x.
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in particular its non-Abelian braiding statistics (while the “strong paired” phase
is Abelian). The transition between the two phases involves the appearence of
a Majorana fermion in the “weak paired” phase.
These Majorana fermions were further studied by Ivanov [105], finding that
their presence or absence in the vortex cores (the BCS analogue of quasiholes)
leads exactly to the 2N −1 -degeneracy of the Moore-Read state with 2N quasiholes in it. Furthermore, by braiding the vortices, the occupation numbers of
the Majorana fermions in the cores change, giving the same non-Abelian braiding statistics as that discussed by Nayak and Wilczek [99]. An important point
in this discussion is that the Majorana fermions are stable with respect to local
perturbations, implying the topological stability of the non-Abelian braiding
statistics associated with them.
A few years later Stern et al. [106] gave a more physical picture, but equivalent to that of Ivanov, of the non-Abelian braiding statistics of the vortices.
The main difference in the new picture is that the 2N −1 degenerate states are
not given by the occupation numbers of the Majorana fermions, but are rather
entangled superpositions of all possible occupations of single-particle states near
the vortex cores, in which the probability for all occupations is equal and only
the relative phases changes from one state to another. The braiding does not
affect the occupation numbers (a problematic point in Ivanov’s picture, because
there is no tunneling if the vortices are kept far enough one from the other)
but precisely changes the relative phases, bringing the system from a state to
another and realizing the non-Abelian braiding statistics.
Recently Möller and Simon [107] constructed a family of BCS paired wavefunctions that generalize the Moore-Read state and remain in the same “weak
paired” phase. They also showed that these wavefunctions can give a good
description of the exact ground states for systems interacting via a realistic
two-body interaction, obtained by varying the first Haldane pseudopotential
v1 from its Coulomb value: indeed in a v1 -interval the overlaps are quite high
(larger than those with the original “Pfaffian” wavefunction), showing the finite
extent of the “weak paired” phase in the interaction parameter spaces for these
systems (with up to 16 particles).

2.8

“Pfaffian” numerics

The non-Abelian braiding statistics of the quasiholes above the “Pfaffian” state
was originally deduced from conformal field theory [51, 99] and then confirmed
by the BCS approach described in the preceding section [105,106]. With the goal
to obtain an explicit demonstration of it in the microscopic “Pfaffian” model,
Tserkovnyak and Simon [108] performed in the lowest Landau level a direct
numerical (Monte Carlo) calculation of the evolution of the Berry matrix under
interchange of the positions of two Moore-Read quasiholes, in the presence of
other two quasiholes at fixed positions. The results showed strong oscillations,
which however become smaller for larger system sizes and for larger quasiholes
separations; in this limit they could confirm the predictions for the braiding of
four quasiholes above the “Pfaffian” state.
In the following Simon [109] investigated the effect of Landau level mixing
on the braiding statistics: he found that, although the Abelian part of it is
perturbed, the non-Abelian properties are robust to an accuracy that is ex-
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ponentially small in the distance between the Moore-Read quasiholes. These
results seem natural, since there is a continuum of possible Abelian statistics,
whereas the character of non-Abelian braiding statistics is discrete and cannot
be continuously perturbed (although there is in principle also the possibility
that the whole concept of braiding statistics loses its meaning, the result of
quasihole braiding becoming path dependent).
The quasiholes are not point-like objects (in fact they are quite large) and
they acquire their non-Abelian properties only if they are enough far apart
from each other. Baraban et al. [110] numerically examined this dependence
on the distance and found out that in a system with four quasiholes the exact
two-fold degeneracy necessary for non-Abelian braiding statistics is reached in
an exponential way; similarly the unitary transformation that describes the
quasiparticle braiding converges exponentially towards its asymptotic limit: in
both cases the length scale of the convergence is about 2-3 magnetic lengths
`0 , which suggests that the spacing between quasiholes should not represent a
problem for an experimental realization of non-Abelian braiding statistics.
At last, Prodan and Haldane [111] using suitable pinning potentials (in the
“Pfaffian” interaction limit) were able to localize Moore-Read quasiholes at
specified locations (in the spherical geometry) and to move them adiabatically
along different paths. By means of exact diagonalizations (restricted to some
zero modes spaces) they showed that the braiding properties of quasiholes are
indeed as described by the underlying conformal field theory. In their geometrical representation of the braiding, the “source” of the non-Abelian properties is
strongly localized near to the quasiholes, confirming the topologic character of
these properties (that is, their independence on the precise shape of the braiding
path, as long as the quasiholes are far enough from each other). Furthermore,
they also studied the fusion of quasiholes: measuring the electron density as two
quasiholes are taken together (in the presence of other two quasiholes) one can
in fact determine in which of the two degenerated states the system originally
was.

2.9

The “Pfaffian” on a torus

It is interesting to look at the “Pfaffian” state on the surface of a torus (instead
of on a planar or spherical surface, as considered so far): indeed it turns out that,
because of the different geometry, the “Pfaffian” state is six-fold degenerated.
At half filling there is always (for each state) a two-fold degeneracy on the torus,
due to a center of mass translational symmetry [112], but the additional threefold degeneracy is a characteristic peculiar to the “Pfaffian” state: other states
have in general different degeneracies. Indeed the degeneracy on the torus is
a topological quantum number characterizing a state, just like the “shift” S in
the spherical geometry.
The six “Pfaffian” wavefunctions fulfilling the (magnetic) boundary conditions on the torus are explicitely given in [103] (Section V.), in terms of the four
theta functions ϑi (i = 1, 2, 3, 4): concretely, the three-fold degeneracy comes
from the Pfaffian factor Pf(ϑa (zi − zj )/ϑ1 (zi − zj )), where a can be chosen to
be 2, 3 or 4; the overall two-fold degeneracy is realized through a factor that
depends only on the center of mass coordinate.6
6 These

wavefunctions were already given by Greiter, Wen and Wilczek [85], but they also
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Recently Oshikawa et al. [113] and Chung and Stone [114] gave a physical derivation of the topological degeneracy of the “Pfaffian” state on a torus
(and on general Riemann surfaces with genus g), relating it to the fractional
and non-Abelian nature of the Moore-Read quasiholes. In this picture, starting
from one of the ground states, one obtains another ground state by creating a
quasiparticle-quasihole pair, moving the quasihole around the torus and annihilating it again with the quasiparticle. Using this procedure, eight states can be
generated; however, it turns out, exactly because of the non-Abelian properties
of the quasiholes, that two of them are not ground states of the system, giving
the six-fold degeneracy.
Another interesting work (by Bergholtz et al. [115]) investigated the thin
torus limit of the “Pfaffian” state. In this limit the system becomes essentially
a one-dimensional (circular) chain and the states (in a given Landau level) are
labeled by the occupation numbers on this chain. The six “Pfaffian” states at
half filling correspond to the patterns 010101 . . . 01 (two-fold degenerated) and
01100110 . . . 0110 (four-fold degenerated); the (quarter-charged) quasiholes and
quasiparticles are realized as domain walls between these degenerated states.
It is interesting to note that this picture is manifestly particle-hole symmetric,
allowing a unified description of quasiparticles and quasiholes, whereas in the
original two-dimensional system much is known about quasiholes but only few
about quasiparticles. By counting the number of states with fixed 2N domain
walls, one easily gets the 2N −1 degeneracy for localized Moore-Read quasiparticles. Furthermore, Seidel [116] showed (for the bosonic ν = 1 case) that also
in this one-dimensional limit the braiding statistics of the quasiparticles is nonAbelian and in agreement with the predictions of conformal field theory.

2.10

The others

The “Pfaffian” wavefunction of Moore and Read [51] represents an interesting
possibility for the description of the quantum Hall effect at ν = 5/2, but it is
not the only one. In this section we briefly review some of the other proposed
possibilities.
K=8
As discussed by Halperin [117], assuming that there is some mechanism that
causes the formation of electron pairs (the so-called “strong pairing”), then the
so formed 2e-charged bosons can condense in a Laughlin state at (pair) filling
factor νB = 1/8:
Y
P
2
Ψ8 =
(Zi − Zj )8 e− i |Zi | /4 ,
(2.15)
i>j

where the Zi ’s are the (complex) coordinates of the pairs. The filling factor for
the original electrons is indeed ν = 1/2: the number of bosons NB is half the
B
number of electrons Nel and the number of available “bosons orbitals” Norb
is
el
about twice the number of electronic orbitals Norb
= Nφ + 1 (for the 2e charged
el
B
bosons the flux quantum is halved) and thus ν = Nel /Norb
≈ 2 · 2 · NB /Norb
=
1/2. The elementary excitations of this state are Laughlin quasiparticles with
argued that the “Pfaffian” state should in reality be eight-fold degenerated.
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charge ±e/4 (1/8 of the boson charge 2e), obeying an Abelian fractional statistics.
The denomination “K = 8” comes from an effective theory introduced, independently, by Fröhlich et al. [118–122] and by Wen and Zee [88, 89, 123] that
allows the classification of Abelian quantum Hall systems in terms of a quadratic
matrix K. The above state corresponds to the 1×1 matrix K = 8 in this scheme.
331
In the same work [117] Halperin also discussed the possibility of a two-component
quantum Hall system, that is a system with two sorts of electrons, labeled for
example by their spin orientation (if the system is not polarized) or by a layer
index (in a bilayer system). If the two sorts are equally populated, the Laughlin
wavefunction can be generalized to
Nel /2

Ψmmn

=

Y

Nel /2
(1)

(zi

i>j

× e−
(1)

P

(1)

− zj )m

(1) 2
i |zi | /4

e

Y

s>t
P
(2)
− t |zt |2 /4

(2)

(2)

(zs(2) − zt )m
,

Nel
Y
(1)
(2)
(zi − zt )n ×
i,t

(2.16)

where zi and zt are the (complex) coordinates for the two sorts of electrons.
The correlations between particles of the same sort are described by the exponent m, while n describes the correlations between particles of different sorts.
This wavefunction corresponds to a filling factor ν = 2/(m + n) and its elementary excitations are (Abelian) quasiparticles with charge ±e/(m + n): the
number of flux quanta in the system, that is the maximum power in each coordinate (for each sort), is Nφ = (m + n)Nel /2 − m and thus in the thermodynamic
limit the filling factor is ν ≈ Nel /Nφ → 2/(m + n). Furthermore, a quasihole
QNel /2 (1)
QNel /2 (2)
at position z0 corresponds to a factor i=1
(zi − z0 ) (or t=1
(zt − z0 ))
inserted into the wavefunction, in analogy with the quasiholes in Laughlin wavefunction. Comparing the maximum power of the quasihole coordinate z0 (Nel /2)
with the maximum power of the electrons coordinates ((m + n)Nel /2 − m) it is
evident that one needs m + n quasiholes to neutralize an electron, that is, the
quasihole charge is e/(m + n).
For the choice m = 3, n = 1, one thus gets a candidate for the quantum Hall
effect at half filling, with quarter-charged quasiparticles. By means of the Kmatrix classification one can also show that this state is in the same universality
class of the state obtained by the condensation of 2e/3 charged quasiparticles
above the ν = 1/3 Laughlin state, into a second level hierarchical fractional
quantum Hall state [124–126].
The wavefunction Ψ331 is obviously antisymmetric as function of the coor(1)
(2)
dinates zi and, separately, of the coordinates zt ; interestingly, if one in addition performs the full antisymmetrization of Ψ331 , the result is the “Pfaffian”
wavefunction ΨM R . This antisymmetrization is clearly a non-trivial operation:
for example it transforms the braiding statistics of the quasiparticle excitations
from Abelian to non-Abelian.
Ho [127] showed that it is also possible to continuously transform Ψ331 into
ΨM R , by varying the spin configurations: indeed both states belong to a family
of triplet paired wavefunctions Ψd , parametrized by a complex vector d. Furthermore Ho constructed a family of model Hamiltonians H(d) that have Ψd as
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ground state, thus allowing a continuous interpolation between the “331” and
the “Pfaffian” wavefunction. This interpolation seemed to contradict the fact
that the two states belong to different universality classes, but in reality there is
no contradiction (cf. [103]): it is always possible to interpolate between any two
states in the same Hilbert space. To show that two states belong to the same
class, one has to perform such an interpolation without any phase transition,
that is, the energy gap between the ground state and the first excitations has to
remain finite over the whole parameter interval. For the Hamiltonians proposed
by Ho, however, this is not the case because the “Pfaffian” point is “pathological”: at this point the gap closes and there is a big degeneracy of zero-energy
states.
Antipfaffian
Levin et al. [93] and Lee et al. [94] noticed that the Moore-Read state is not
symmetric under particle-hole conjugation: the “Pfaffian” state of holes is (topologically) different from the “Pfaffian” state of electrons and belongs to another
universality class. In particular, the edge structure is different, whereas the bulk
physics is similar: for this reason our calculations for electrons on the compact
(edgeless) surface of the sphere, interacting via the (particle-hole symmetric)
Coulomb interaction in a single Landau level can not discriminate between the
“Pfaffian” and the “Antipfaffian”.
To find out which of the two is favoured over the other, one has to consider
the three-body interactions that arise in real samples from Landau level mixing
and break particle-hole symmetry: the decisive factor appears to be the sign of
this three-body interaction [128] (that is, whether it is attractive or repulsive),
with a sharp (possibly first order) phase transition between the two phases at
the particle-hole symmetry point.
Studies investigating the effects of Landau level mixing were performed [129–
131], but the results are unclear, and partly contradictory. On one side Rezayi
and Simon [129] did calculations in truncated Hilbert spaces, taking in account
some Landau levels (and not only the “valence” Landau level) but allowing only
a certain number of particle or hole excitations. From exact diagonalizations
in the torus geometry in systems with up to 20 particles they found that the
ground states (often) have a bigger overlap with the “Antipfaffian” than with the
“Pfaffian” state, particularly for the larger systems. This effect is particularly
magnified if the first Haldane pseudopotential v1 is slightly increased from its
Coulomb value.
On the other side Bishara and Nayak [130] did a perturbative expansion in
the “small” dimensionless parameter κ, defined as the Coulomb interaction scale
e2 /4πε`0 divided by the cyclotron energy ~ωc . This parameter describes the
Landau level mixing and in real systems it is actually not so small: κ ≈ 0.6 − 1.8
for magnetic fields in the range 15 − 2T . In the lowest order of this expansion, Bishara and Nayak calculated the effective 3-body interaction (and the
renormalization of the 2-body interaction) generated by Landau level mixing,
expressing them in terms of the N -body pseudopotentials vL,N [87] which give
the interaction energies of N particles in a state with relative angular momentum L~. The obtained 3-body pseudopotential for the lowest possible angular
momentum, v3,3 , corresponding to three particles at closest approach, is small
but negative, thus in principle favorizing the “Antipfaffian” state. However,
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from exact diagonalizations for small systems (with up to 18 electrons) in the
spherical geometry, using the effective interaction of Bishara and Nayak, Wójs
et al. [131] found that in the experimentally relevant κ-range the ν = 5/2 ground
state and its (charged and neutral) low lying excitations are better described
by the “Pfaffian” model. They explained this result with the influence of higher
order vL,3 pseudopotentials, that dominate over the negative v3,3 and select the
“Pfaffian phase”.
Thus from the theoretical (numerical) viewpoint it is not yet clear which of
these two states is favoured and further investigations are needed to identify
which of the two approaches described above is the appropriate one to correctly
take into account the effects of Landau level mixing.
Experimentally the discrimination between “Pfaffian” and “Antipfaffian”
can (in principle) be made by measuring properties that involves the edge
physics, such as tunneling and thermal Hall conductance [93,94] (see also section
2.12).
and more...
These were only a few, the most “prominent”, candidates. Other possibilities
are for example the “NAF” state proposed by Wen [132–134], a quaternate
generalization of the Moore-Read state [135], or “Pfaffian” and “Antipfaffian”
states with modified edge structures [126]. Furthermore, Boyarsky et al. [136]
systematically investigated and listed the conformal field theories that, from
physical arguments, could be candidates for the description of the quantum Hall
effect at ν = 5/2. For each theory they gave the values of quasiparticle charge e∗
and scaling tunneling dimension g for a comparison with the experiments [137]
(see also section 2.12).

2.11

Topological quantum computation

In recent years there has been a (big) renewed interest in the quantum Hall
state at ν = 5/2, because of the possible exploitation of its non-Abelian braiding
statistics for topological quantum computation (see [35] for a review).
A quantum computation consists of three steps: first an initialization of the
system in a known state |Ψ0 i, then a controlled unitary evolution to some final
state U (t)|Ψ0 i and at the end the measurement of this state. The biggest source
of problems for the realization of a quantum computer comes from the errors that
occur during one of these steps, causing decoherence and eventually destroying
the quantum information: these errors are not only mere discrete errors (like
a spin flip) but also continuous (like an arbitrary change of a relative phase).
Some error corrections schemes are available, but to be applicable they require
a low basis error rate: practically one has to be able to perform about 104 − 106
operations without errors.
Topological quantum computation allows to circumvent this difficulty [138,
139]. Here the quantum information is stored in a system of localized nonAbelian anyons: the system is initially prepared in one of the degenerated
ground states and the quantum computations are realized through braidings
of the anyons, thus transforming the initial state in another (degenerated) one.
Indeed, if the temperature is low enough and the anyon motions are sufficiently
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slow, the system evolves only within the subspace of degenerated ground states,
because of the energy gap that separates it from the rest of the spectrum. This
scheme is naturally immune to errors, because here (in contrast to most proposed realizations of a quantum computer) the quantum information is stored
non-locally, in a wavefunction describing many anyons well separated from each
other: all local perturbations can not cause a transition from one of the ground
states to another, only the (highly non-local) operation of braiding can do this.
Furthermore, the result of a braiding operation depends only on the topology of
the anyon path (and not on its precise geometry), thus unitarity errors during
the quantum computations are also unlikely.
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2.12

The “Pfaffian” (or others) at ν = 5/2? Experiments.

To answer the question whether the fractional quantum Hall effect at ν = 5/2 is
indeed described by the “Pfaffian” state of Moore and Read [51] or by another
state, many possible experimental tests were proposed, mostly of them involving transport measurements (tunneling or interference of edge states, as in the
qubit described in the previous section), but also including some examination
of the bulk properties. The first results for such experiments have been recently
published, giving some hints, but a clear answer to the question is still lacking.
Here we present some of the proposals and their realizations.
Quasiparticle charge (and tunneling exponent)
The first point to clarify is whether the elementary excitations in the quantum
Hall effect at ν = 5/2 are indeed ±e/4-charged quasiparticles and quasiholes.
This prediction is not unique to the “Pfaffian” state, on the contrary, it is
common to all possible states described in section 2.10 (and also to others),
NATURE |Vol 452 |17April2008
but it is a necessary condition: if it were found that the elementary excitations
were ±e/2-charged objects, the “Pfaffian” (and the other proposals) should be
rejected.
Shot noise experimentsaat a quantum point contact are sensitive
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c
80
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70
60
tunnel across the constriction. Such measurements allowed to determine the
quasiparticle charges in some Laughlin and hierarchical states, like at ν = 1/3
60
and 2/5 [16, 17, 146].
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First results for ν = 5/2 were presented by Dolev et al. [147]: from their
shot noise measurements the deduced quasiparticle charge was consistent with
a charge value e∗ = e/4, and inconsistent with a multiple of it, like e/2, as
shown in Fig. 2.9. However, in the following, more detailed (and sensitive)
investigations [148, 149] showed that the situation is more complicated: the
tunneling quasiparticle charge e∗ deduced from the shot noise experiments is
highly dependent on the temperature and on the tunneling strength at the
quantum point contact. Indeed only in an intermediate regime, e∗ is found to
be about e/4; for weaker or stronger tunneling and for lower temperatures, e∗ is
significantly larger. This behaviour, particularly at low temperature and weak
tunneling, is not yet fully understood, probably signaling a “bunching” of the
tunneling quasiparticles [150], but the fact that the smallest observed value for
e∗ is e/4, is at least a strong indication that the fundamental quasiparticles in
the system carry this charge.
Another method to determine the tunneling quasiparticles charge e∗ is the
investigation of the temperature scaling of the bias-dependent tunneling at a
quantum point contact, as done by Radu et al. [137] (more recent and better
data in [151]). By fitting the experimental data with the theoretical curves for
weak tunneling [86, 152–156] one can indeed extract the quasiparticle charge e∗
and a scaling exponent g (describing the temperature dependence of the zerobias tunneling conduction peak as T 2g−2 ). The latter is of particular interest,
because it has a specific value for each of the proposed states for the fractional
quantum Hall effect at ν = 5/2; thus a precise determination of g could allow
to recognize which of these states is actually realized.
RESEARCH ARTICLES

Fig. 5. Map of the fit quality. Normalized fit error is the residual from the least-squares fit, divided by the
number of points and by the noise of the measurement. Also marked on the map are proposed theoretical
pairs of (e*, g).

Figure 2.10: ν = 5/2: mean squared fit error of the tunneling data at a quantum
point contact,
as Rfunction
of the quasiparticle charge e∗ and of the exponent g.
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of temperature. The red
line is the best fit of the
high-temperature data
with a line going through
zero. Below ~30 mK the
peak width no longer follows this line.
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best fit, yellow for the worst); the (e∗ /e, g)-values for different candidate states
are also indicated: 7
• (1/4, 1/8) for the “K = 8” state,
• (1/4, 1/4) for the “Pfaffian” state,
• (1/4, 3/8) for the “331” state,
• (1/4, 1/2) for both the “Antipfaffian” and “NAF” states
The latter parameter pair has the smallest fit error, indicating that these
states (both non-Abelian) are the most consistent with the weak tunneling experiments; however the (Abelian) “331” state can not be completely ruled out.
In any case the data appear to be consistent with e∗ = e/4-charged tunneling
quasiparticles and inconsistent with e∗ = e/2 (at least for the tunneling conditions considered in this experiment), signaling that this is the fundamental
charge present in the system. The more recent (and better) results [151] yield
e∗ = 0.23e and g = 0.44 for the best fit, confirming these conclusions.
Other methods for the determination of the tunneling charge using current
measurements (also involving photo-assisted currents) have been proposed [158],
but not yet realized, for any filling fraction.
Recently an experiment by Venkatachalam et al. [157] for the first time investigated the charge of quasiholes localized in the bulk of the sample (and not
flowing at the edges or tunneling at constrictions like in the previous experiments). The quasiparticles are localized in puddles by the disorder potential:
by measuring the (stepwise) charging process of these puddles at ν = 5/2 and
ν = 7/3 as the electron density n is varied, Venkatachalam et al. could determine the ratio of the fundamental charges for the two filling fractions. The
measurements were done using a single electron transistor, directly measuring
the local incompressibility κ = (∂µ/∂n)−1 , which at a charging event shows
a (negative) spike because of the discontinuity in the local chemical potential
µ. The spike frequency is inversely proportional to the quasiparticle charge
e∗ = 1/q: a full electron corresponds to q charging events. Comparing the spectra for the two filling fractions (as shown in Fig. 2.11) and averaging over many
measurements, a ratio of about 4/3 was found, consistent with the quasiparticle
charges e/4 for ν = 5/2 and e/3 for ν = 7/3.
(Fabry-Pérot) Interferometry
To directly detect the non-Abelian braiding statistics of quasiparticles in the
ν = 5/2 state, several experimental setups involving interference of propagating
edge modes has been proposed.
The first proposals came, simultaneously and independently, by Bonderson et
al. [159] and Stern and Halperin [160] (see also [36]), proposing an interferometry
experiment (in the Fabry-Pérot geometry), which symplified the setup for the
qubit introduced by Das Sarma et al. [140] (discussed in section 2.11). The
basic idea is still the interference between two quasiparticle currents that flow
at the edges of the quantum Hall sample and eventually tunnel from one edge
to the other at some constriction; but in this simplified version there is only a
7 The

values for other candidates are listed in [136].
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single antidot, that can localize a variable number of quasiparticles, and only
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An important feature of the proposed non-Abelian states at ν = 5/2 is the
presence of neutral
0.1chiral edge modes at the boundaries of the sample [51,86,93,
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[28]. The non-linear transmission also changed, albeit by very small amount (Fig. 7b).
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mounting
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of the other proposed
states
in (not
yet realized)
experiments
involving
transport
the effective transmission is about 77%. (c) The dependence of the excess noise as a function of Is on the presence of In
measurements at (d)
ν =The5/2,
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geometries,
all aiming
dependence
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from (c)]. at
Thethe
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..and other transport
in
30nmexperiments
wide quantum well,

identification of the underlying state. These proposals involve: interferometry
in a Mach-Zehnder [177, 178] (see also [36]) and in an Aharonov-Bohm geometry [179]; signatures in the shot noise at a single quantum point contact [180] or
Discussion
in a Mach-Zehnder interferometer [181]; voltage and noise measurements in a
“wormhole” geometry [182]; a dissipative transport caused by tunneling of MaPresenting
the first
evidence
of the existence
of Coulomb
neutral modes
in the
fractional states νb =2/3, νb =3/5 an
jorana fermions
between
localized
quasiparticles
[183];
blockade
experusing a ubiquitous
QPC constriction
serving as a detector,
following findings can be summarized: (i
iments [169,184–187]
and interference
noise measurements
[188] in athe
Fabry-Pérot
neutral
quasiparticles,
emittedinfrom
a biased ohmic
contact
does connected
not carry current or shot noise. Moreover
geometry;
transport
measurements
a geometry
with three
edges
mode impinging on a macroscopic ohmic contact, does not increase its temperature by a measurable amou
by two quantum point contacts [189]; the coupling between a quantum dot and
impinging flux of neutral quasiparticles on a QPC constriction having a finite transmission t, results in
the edgenoise.
of a quantum
Hall bulk, both at ν = 5/2 [190–192]; transport across
The excess noise is approximately proportional to t(1 − t) and to the voltage of the injecting con
a point contact
separating
twoin line
[193]; tunneling
upstream energy flux,
the junctions
odd denominator
fractions, resonances
seems to be across
correlated with the ratio between the
a single upstream
long-contact
region
[194];
momentum-resolved
tunneling
the edge
and downstream modes. (iii) Having a neutral modeinto
impinging
on a QPC constriction, while a ch

is simultaneously being partitioned, alters dramatically the noise and the deduced partitioned quasiparti
The charge drops inversely in proportion to the injecting voltage. (iv) In the same experiment, the tem
42
the simultaneously partitioned quasiparticles
increases with increasing the injecting voltage. However, the te
increase is too small to account for the observed drop in charge. The mechanism responsible for modifying th
cross-section of the quasiparticles in the QPC constriction is not currently understood. (v) Assuming a te
dependent energy decay of T −2 , the typical length scale is ∼100µm at 25mK for νb =2/3. (vi) Observing an
7

of a ν = 5/2 quantum Hall liquid (from outside of it) [195, 196]; detection of
the neutral edge modes through thermal effects in the transport across a point
contact [197] or signatures in the scattering at a lower-density constriction [198].
Bulk physics
To investigate the nature of the fractional quantum Hall effect at ν = 5/2,
besides these many proposals related to edge and transport physics, also a few
experimental tests involving bulk properties has been proposed. The key point
for these experiments is the exponential ground state degeneracy related to nonAbelian braiding statistics: in a system with Nq localized and well separated
non-Abelian quasiparticles the degeneracy D grows as dNq (up to a prefactor),
where d is the quantum dimension of the quasiparticles and depends on the
particular non-Abelian state. 8 For example,
for the quasiholes in the “Pfaffian”
√
state the quantum dimension is d = 2, as seen in section 2.6. This degeneracy
leads to a ground state entropy
Sd = kB log D = kB Nq log d + O(1),

(2.17)

where kB is the Boltzmann constant. That is, in a non-Abelian state, each
quasiparticle carries an entropy kB log d; on the other hand for Abelian quasiparticles there is no degeneracy and thus no such contribution to the entropy. If
it were possible to measure it, it would clearly signal the non-Abelian nature of
the experimentally realized ν = 5/2 state. Some methods for this investigation
has been proposed, basing on the measurements of thermopower [199], electrochemical potential or orbital magnetization [200] and adiabatic cooling [201]: for
the first some (still inconclusive) results has been published, while the others
still wait for an experimental realization.
In a thermopower experiment, the sample is submitted to a temperature
gradient ∇T and the voltage gradient E = −∇V generated as a response by
the system is then measured. The thermopower is defined as the ratio between
them: Q = −∇V /∇T . Yang and Halperin [199] showed that the thermopower
Q directly measures the entropy per electron and could thus allow to access
the non-Abelian entropy (2.17) (if it is present), in the (low) temperature interval where it dominates over the other entropy contributions. The number
of quasiparticles localized in the sample can be for example varied by changing
the external magnetic field around the value that corresponds to the ν = 5/2
fractional quantum Hall state (and keeping constant the electron density in the
sample).
The results of a first experimental attempt has been published [202], but
the measured entropy is larger than the predicted value, as shown in Fig. 2.14.
Furthermore, the slope of the measured entropy (red dots in the figure) as function of the external magnetic field seems to be larger than the expectation for
the “Pfaffian” state (represented with a dashed line). The exact value of this
slope could be important, because it depends on the quantum dimension of the
8 The

quantum dimension d comes directly from the conformal field theory describing the
system. For a quasiparticle of the type a, the quantum dimension
Pis the biggest eingenvalue
of the matrix (Na )cb that encodes the fusion rules with a: a × b = c (Na )cb c. Fusing M times
the quasiparticle a with itself, the degeneracy can be expressed as the matrix multiplication
P
bM −2
b1
b2
a
, that grows asymptotically as dM [32]. For a direct
bi (Na )b1 (Na )b2 (Na )b3 . . . (Na )a
connection with the 5/2 state see for example the review [35].
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Gervais and Yang [201], showing that, at sufficiently low temperatures, an adiabatic increase of the number of non-Abelian quasiparticles in the sample causes a
cooling of the system; whereas the same operation on an Abelian state induces
heating. One can easily explain this cooling by looking at the total entropy
Stot = Sd (Nq ) + Sn (Nq , T ), where Sd ∝ Nq is the (temperature independent)
non-Abelian entropy (2.17), while Sn (Nq , T ) contains all other (“normal”) contributions: at sufficiently low temperatures it is dominated by the quasiparticles
−1/3
contributions and it turns out that Sn ∝ T 4/3 Nq
, monotonically increasing
with temperature. An adiabatic increase of the number of quasiparticles Nq
does not change the total entropy; but this process increases Sd and thus the
normal entropy Sn has to decrease: below a critical temperature this leads to
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cooling. On the other hand for an Abelian state Sd is absent: in order to keep
Sn constant, the increase in the number of quasiparticles is counterbalanced by
an increase of temperature.
...in conclusion
In conclusion, these first experimental results agree with the elementary quasiparticle excitations being ±e/4-charged and are not inconsistent with a fractional quantum Hall state at filling factor ν = 5/2 having non-Abelian braiding
statistics. In particular, the “Antipfaffian” state seems to be a better candidate
than the “Pfaffian”, but more results are needed for a clear answer.

2.13

The “Pfaffian” (or others) at ν = 5/2? Numerics.

As we have seen, the experimental tests have not yet given a clear answer
concerning the exact nature of the quantum Hall state at ν = 5/2. Luckily, it
turned out that numerical investigations in systems containing only few particles
can give some useful information about this issue. However, also the results from
this approach are not fully conclusive, mostly because of finite size or geometry
effects, the definitive “smoking gun” being only an experimental evidence. We
review here some of the numerical works, with electron systems in different
geometries and with different interactions.
ν = 5/2 with the “Pfaffian”?
As discussed in section 2.5, the first numerical investigations, with exact diagonalizations in the spherical [60] and torus [69] geometry, gave the first hints that
the quantum Hall system at ν = 5/2 could indeed realize the “Pfaffian” state.
Further numerical studies, mostly of them based on exact diagonalization, supported these results, at least in some region of some parameter space around or
in the vicinity of the experimentally realized quantum Hall state.
In a series of works Wójs (partially in collaboration with Quinn) [203–206]
investigated the exact ground state at ν = 5/2 in the sphere geometry for
Coulomb interaction and for modifications of it (by slightly changing the lowest
order Haldane pseudopotentials), consistently finding for all examined system
sizes (Nel ≤ 16) a gap and a sizeable overlap with the “Pfaffian” state around
the Coulomb point. Furthermore, around this point the three-body correlations
for the ground state show the caracteristic behaviour of the “Pfaffian” state
(cf. section 2.4): the avoidance of the three-body state with the smallest relative
angular momentum L = 3~.
In the planar geometry Xin Wan et al. [207, 208] investigated small systems
(with up to 12 electrons) in the ν = 5/2 state confined in a disk by a tunable
confinement potential, thus allowing to study both the bulk and the edge of
the system. They considered an electron interaction interpolating between the
three-body interaction that has the “Pfaffian” as ground state and the Coulomb
interaction, identifying the phase in which the system is, by looking at the total
angular momentum of the ground state (obtained by exact diagonalization).
They found that the “Pfaffian” phase extends until the Coulomb limit, however
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only in a small range of strength of the confinement potential, with a strong
dependence on it: for both a weaker and a stronger confinement, the system is in
a stripe phase; for an even weaker confinement eventually in the “Antipfaffian”
phase [see Fig. 2.15a)].
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investigated systems were still to small to accomodate and adeguately describe
both the bulk and the edge of the quantum Hall system.
At the same time, Peterson et al. [209, 210] investigated the dependence of
some quantum Hall state on the finite width of the system (in the direction
perpendicular to the (quasi) two-dimensional electron layer). This finite width
leads to a softening of the Coulomb interaction, particularly modifying its lowest order Haldane pseudopotentials (describing the short range strength of the
interaction).
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For ν = 5/2 in the sphere geometry (with up to 12 electrons), they found
that a finite system thickness enhances the overlap between the “Pfaffian” state
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state (see section 2.9). Because of the degeneracy with the “Antipfaffian” in
the torus geometry one should actually observe two such sets of six-fold degenerated states, corresponding to a symmetric and an antisymmetric “Pfaffian”“Antipfaffian” combination. They claim to see these two sets of (almost) degenerated states, and that the finite system width enhances their visibility; however
it is not always clear how to discern them (from the rest of the spectrum) and
the results strongly depend on the aspect ratio of the system.9
In a subsequent work, Papić et al. [212] investigated the behaviour of the
system at ν = 1/2. For zero width the system is in a (compressible) Fermiliquid-like phase [213], but increasing the system width a phase transition to a
quantum Hall state could occur: indeed Papić et al. showed that the overlaps of
the exact ground states with the “Pfaffian” state sharply increase at a critical
value of the system width. However, the corresponding quantum Hall gaps are
very small and in our general framework such a phase transition seams unlikely
to occur.
We also note that recent numerical investigations for systems with an odd
number of electrons studied (for Coulomb interaction) the energy gap eventually
related to the (neutral) Majorana fermion ψ [214, 215]. If the “Pfaffian” model
is realized, in these systems an unpaired neutral fermion ψ is indeed present,
as mentioned in section 2.6. The size of this “neutral fermion gap” is found to
be of the same order of magnitude of the gap obtained from (±e/4) charged
excitations [43, 46, 47].
Entanglement entropy (and spectrum)
Besides the “standard” exact diagonalization techniques, recently the quantum
Hall systems were also investigated within the framework of the so-called “topological entanglement entropy” [216, 217] and “entanglement spectrum” [218],
with results consistent with the Moore-Read state.
The topological entanglement entropy is obtained by spatially dividing the
quantum Hall system in two parts and tracing out the degrees of freedom of
one of these; for a topological ordered system, the von Neumann entropy of the
so obtained reduced density matrix ρA (measuring the entanglement of the two
parts) has then form
 
1
,
(2.18)
S = αL − γ + O
L
where L is the length of the boundary between the two parts and γ is the
topological entanglement entropy. The p
latter
a direct measure of the total
P is
2 (where the sum is over all the
quantum dimension of the system, γ =
d
a a
sectors) [216,217], thus helping√to discriminate in which state the system is: for
the Moore-Read state γM R = 8.
Numerical investigations of the entanglement entropy for both the “Pfaffian”
wavefunction [219] and the exact ground state of realistic systems at ν = 5/2
[220, 221] gave indeed results compatible with this value.
Li and Haldane [218] pointed out that the spectrum (called “entanglement
spectrum”) of the fictitious Hamiltonian H, ρA = exp(−H), extracted from
9 We also did calculations in the torus geometry, looking for these six-fold degenerated
states, however finding no consistent picture, the results strongly depending on the system
size, the aspect ratio and the electron interaction.
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the reduced density matrix ρA (described above) of a fractional quantum Hall
ground state contains more information than the entanglement entropy: the lowlying “entanglement spectrum” (corresponding to high probability levels) can
be used as a “fingerprint” allowing to identify the corresponding conformal field
theory. Indeed it provides information about the counting of the edge states (as
function of angular momentum) at the boundary between the two half systems;
a counting consistent with the underlying conformal field theory [222, 223].
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agreement at the smallest L in the exciton branch in
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4

Figure holes
2.18: Comparison
at 2Q ¼ 2N of the
2 ¼energy
30. spectra as function of the angular moquasiparticles at 2Q ¼ 2N
mentum L for 2 (non-localized) quasiholes in systems of 16 electrons interacting
096802-3
via (a) Coulomb interaction, (b) Coulomb interaction with inclusion of
Landau
level mixing and (c) the three-body interaction that has the “Pfaffian” as ground
state. Panels (d) and (e): squared overlaps of the quasihole states with the corresponding “Pfaffian” quasihole states in (c), as function of Landau level mixing
strength κ and modification of the first Haldane pseudopotential δv1 . (The blue
numbers in (a) and (b) are the corresponding squared overlaps; from [131].)
as shown in Fig. 2.18 (a), (b) and (c).
On the other side, Tőke et al. [227] also tried to localize quasiholes, using
weak δ functions as pinning potentials. In the pure “Pfaffian” case they could
localize only e/2 charged “double quasiholes” and not the e/4 charged elementary quasiholes, since the former have a zero in the electron density, thus giving
a zero contribution to the localization energy, while the latter only have a local
minimum of the density, giving a finite localization energy. In the Coulomb case
they were not able to localize quasiholes.
Exactly these two points are the main topics of our work: we will show how
to localize and manipulate e/4 charged quasiholes (also performing a braiding
of quasiholes in the Coulomb case) and we will obtain an adiabatic continuity
between the pure Coulomb and the three-body interaction limit, both for the
ν = 5/2 ground state and for systems containing localized quasiholes [211, 229],
signaling that the “Pfaffian” model is indeed relevant for the description of the
experimentally realized state at ν = 5/2
We believe that the differences in the energy spectra for the systems without
localization of quasiholes (Fig. 2.18) are a finite size effect, with the inclusion of
(Landau level mixing) three-body forces helping to get larger overlaps for the
quasiholes states in the small systems considered, but without driving a phase
transition into the “Pfaffian” phase; indeed our results suggest that the pure
Coulomb limit is already in this phase. Figures 2.18 (d) and (e) show that an en-
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1
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δV1

FIG. 3 (color online). Same as in Fig. 2 but for two Pf quasi-

2

(c) HPf

hancement of the overlaps similar to that obtained by Landau level mixing, can
be also obtained by merely modifying the first (two-body) Haldane pseudopotential v1 from its Coulomb value, indicating that the three-body interaction is
not an essential ingredient for the “Pfaffian” phase (although such an interaction is actually present in real samples and would help to select between the
“Pfaffian” and the “Antipfaffian”, as seen in section 2.10).
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Chapter 3

ν = 5/2: our numerical
investigations
3.1

Introduction

With our numerical investigations we aim to strengthen the evidence that the
experimentally realized fractional quantum Hall state at ν = 5/2 is indeed in the
“Pfaffian” phase proposed by Moore and Read [51]. On one side we confirm and
reinforce previous work already pointing in this direction [60,69,86,107,203–210]
(also “improving” it, by looking at bigger system sizes and by studying the
system in a more general framework) and on the other side we directly confute
the results of other work [226–228] that put in question the relevance of the
“Pfaffian” state for the description of the quantum Hall effect at ν = 5/2 (as
discussed in section 2.13).
We consider systems with a small number (Nel ≤ 20) of electrons on the
surface of a sphere [6–8, 230]. We choose this geometry because on the sphere
the finite size effects turn out to be less important than in other geometries
(disk and torus), also because of the absence of a boundary and of other “geometry aspects” (like the shape and aspect ratio of a torus). The only geometry
parameter of the sphere is its radius, which is fully determined by the system
size, once the perpendicular magnetic field at the surface is fixed to a constant.
We assume that the electrons in the considered half filled Landau level are
fully spin polarized. For ν = 5/2 the lower-lying Landau level is full (with
electrons of both spins) and we treat it as inert: in our calculations we consider only the (spin polarized) electrons in the half filled second Landau level.
This electrons in the second Landau level interact with each other via the corresponding Coulomb interaction (or modifications of it): we implement this
by taking the matrix elements of the interaction with the second Landau level
wavefunctions [231].
We take (indirectly) into account the finite thickness of the quantum Hall
system by varying the first Haldane pseudopotentials that parametrize the twobody electron interaction [8]. On the other hand we do not consider Landau
level mixing effects, which should play an important role in selecting between the
“Pfaffian” and the “Antipfaffian” (as discussed in the paragraph “Antipfaffian”
of section 2.10). Our calculations on the (edgeless) sphere, with particle-hole
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symmetric two-body interactions, are not able to distinguish between them.
(For simplicity in the following pages we always only speak of the “Pfaffian”.)
For the ground state of a spin-polarized half filled second Landau level, in
the sphere geometry, the number of electrons Nel and the number of magnetic
flux quanta Nφ are related through [60]
Nφ = 2Nel − 3,

(3.1)

that is, the “shift” has the value S = 3 (the same as for the “Pfaffian” state).
We insert Nqh e/4-charged quasiholes into the system by adding Nqh /2 supplementary flux quanta:
Nφ (Nel , Nqh ) = 2Nel − 3 + Nqh /2.

(3.2)

We perform exact diagonalizations in the Hilbert space for various system
sizes using a (block) Lanczos algorithm [232] and this way finding the low-energy
spectra (and states) of the investigated systems. Starting from an initial (normalized) vector, the Lanczos algorithm iteratively constructs an orthonormal
basis in which the original matrix takes a tridiagonal form; the obtained tridiagonal matrix can then be easily diagonalized. In the “block version” of the
Lanczos algorithm one starts from various vectors, iterating for each of these
and keeping the generated “block-basis” orthogonal to each other; this method
allows us to determine degenerate (or almost degenerate) energy states. In most
of our calculations, we use as starting vectors states that are already “near” to
the exact eigenstates: for example as we slightly modify the interaction, we use
as starting point the eigenstates of the preceding calculation, speeding up the
convergence.
In the following two sections we present the publications reporting our results. In section 3.2 we investigate the ground state at ν = 5/2, while in section
3.3 we insert (and localize) e/4 charged quasiholes into the system.
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3.2

The ground state

In the following 4 pages we attach the work published in Phys. Rev. Lett. 104,
076803 (2010).
Summarizing, we show that the ground state for Coulomb interaction is
adiabatically connected with the Moore-Read state: interpolating between the
two limits, the ground state is protected by a large gap, with no sign of phase
transition for all examined system sizes. We also modify the (two-body) electron
interaction, by varying the Haldane pseudopotentials v1 and v3 (keeping all
others at their Coulomb value), drawing a phase diagram in the (v1 , v3 )-plane.
(For example the finite thickness of the quantum Hall sample causes a variation
of these pseudopotentials.) We find that in the (v1 , v3 )-plane the quantum Hall
energy gap and the overlap of the exact ground state with the “Pfaffian” state
form two hills, whose positions and extents coincide: the energy gap is large
there where the overlap is large. We interpret this as a sign that the fractional
quantum Hall (ground) state at ν = 5/2 is indeed in the “Pfaffian” phase.
During these investigations we also look at the system at ν = 1/2, finding
that it is in an compressible phase, but near to a phase transition to the quantum
Hall (gapped) phase. The variation of the system thickness could lead to a
phase transition into the quantum Hall phase, however from our calculations
this seams unlikely to happen.
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The Fractional Quantum Hall State at ν = 5/2 and the Moore-Read Pfaan
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Using exact diagonalization we show that the spin-polarized Coulomb ground state at ν = 52 is
adiabatically connected with the Moore-Read wave function for systems with up to 18 electrons on
the surface of a sphere. The ground state is protected by a large gap for all system sizes studied.
Furthermore, varying the Haldane pseudopotentials v1 and v3 , keeping all others at their value
for the Coulomb interaction, energy gap and overlap between ground- and Moore-Read state form
hills whose positions and extent in the (v1 , v3 )-plane coincide. We conclude that the physics of the
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is not found at ν = 12 , unless the width of the interface wave function or Landau level mixing eects
are large enough. Yet, a Moore-Read-phase at ν = 21 appears unlikely in the thermodynamic limit.
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In Fig. 1 we show the energies and

(blue curve) and

hG1 |Gx i

(red curve),

where

|G1 i

is the MR wf (unique GS for

V3b )

and

|G0 i

is the Coulomb GS. Energies are measured in the usual

e2 /`0 , where `0 =

units

p

~c/eB

is the magnetic length.

x
0 to 1 the GS has always angular momentum L = 0

Fig. 1(a) shows the results in the second LL: Varying
from

and the lowest excitation energy has a weak maximum
near

x = 1/2

with values 0.0257, 0.0300, 0.0248, 0.0263,

0.0264, 0.0240 for

Nel = 8, 10, 12, 14, 16 and 18, respecx is lowered, the overlap with the

tively. Furthermore, as

MR wf slowly decreases reaching a fairly high value at
the Coulomb point (≈

the Coulomb point (x
(x

= 1),

0.78 for Nel = 16 electrons). At
= 0) and at the Moore-Read point

we have evidence of a nite gap in the thermo-

Figure 2. Surface plots for (a) gap and (b) overlap of the GS
with the MR wf for the 2-body interaction of Eq. (3), varying
the pseudopotentials v1 and v3 in the second LL. (c) contour
plot of the gap as function of v1 /v5 and v3 /v5 . The black line
marks the maxima of the overlap. The thick lines with dots
depict the nite width trajectory, the upper (lower) refers to
ν = 5/2 (1/2), the dots denoting width w/`0 = 0, 1, 2, 3, 4
(from right to left). The compressible region is shaded blue
(all data for Nel = 16, Nφ = 29). (d) energy gap at ν = 1/2
as function of w/`0 for Nel = 8, 10, 14, 16, 18 (color online).
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x = 0

≤ 16).

low the hills, for smaller

Remarkably, these two hills

v3 , we nd a compressible phase.

We also note that, if we plot the gaps and overlaps

and the overlaps are comparable in size or even larger

y1 = v1 /v5 and y3 = v3 /v5 , the resultν = 1/2 and ν = 5/2 are quite similar,

than in the second LL. Thus the nite width induces

as functions of

adiabatic connection between MR wf and Coulomb GS

ing plots for

in the lowest LL. In analogy, we also look at the eect of

the dierences being of the same magnitude as those due

a nite width in the second LL: In agreement with [14],

to nite size eects. This results from the fact that the

we obtain a decrease of the Coulomb gap, together with

higher order

an increase of the overlap between MR wf and Coulomb

lowest to the second LL. In Fig. 2(c) we summarize our

GS. We note LL mixing eects can be accounted for by

results for both LL in the

an eective width in the range

tour plot shows the incompressible region, in addition

1 . w/`0 . 6,

depending

Now looking at the nite width

ference between rst and second LL we vary the 2-body

v3

by changing the pseudopotentials

[Eq. (3)] and keeping all other

vm

v1

(y1 , y3 )-plane:

the gap con-

shaded (blue) area is the compressible region.

To study in detail the nite width eect and the dif-

V2b

change only little when going from the

the black line marks the top of the overlap ridge; the

on the cyclotron energy (and electron density) [10, 28].

interaction

vm 's

y3 (y1 )

trajectories we

can view the above results in a new light: for

and

ν = 5/2

at their Coulomb

(blue curve) the Coulomb point is on the safe side of the

vi

encode the de-

MR gap ridge, with a consistent gap and a high overlap

pendence of the interaction on sample characteristics, like

with the MR wf; increasing the thickness of the system

the width of the 2D layer and the electron density.

the overlap grows somewhat, as the nite width trajec-

values (in a given LL). The values of

In Fig. 2(a) we plot the gap as a function of
and

vicoul

v3 /v3coul

for

16

v1 /v1coul

tory approaches the crest of the ridge, while the gap decreases.

particles in the second LL, where

For

ν = 1/2

(red curve) the situation is very

are the Coulomb values of the pseudopotentials.

dierent: the Coulomb point is on the other side of the

In Fig. 2(b) we do the same for the overlap of the GS

MR ridge, near the line of the phase transition, for some
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system sizes in the gapped region, for others already in

d'Ambrumenil,

the compressible phase. We thus conclude that the MR
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and

inite prediction of its existence in the thermodynamic
limit is not possible and only experiment can answer.
Indeed, the gaps calculated for

ν = 1/2 for nite width

are small [Fig. 2(d)] and show a marked, although nonmonotonic, decrease with increasing system size (Nel

[1]
[2]
[3]
[4]

≤

18) while the layer width at which the gap opens increases

with system size. It is unlikely that a gap survives in the
thermodynamic limit for any layer or quantum well width

[5]
[6]

supporting a single-layer system [29]. This proves the importance of careful studies of the system size dependence
for valid conclusions about the existence of FQH states.

[7]

As a test of our methods in discriminating the MR
phase from Abelian FQH phases we studied the sys-

[8]
[9]

Nφ = 2Nel − 3 = 21, which
is aliased with the hierarchical 2/5 state of 10 holes,
Nφ = 52 Nholes − 4 = 21 [30]. Indeed, our results for the
tem with

Nel = 12

and

[10]

second LL show AC between the Coulomb GS and the

[11]
[12]

MR state. However, in the lowest LL as the interaction
is varied from pure three-body to Coulomb, the gap increases linearly while the overlap of the MR wf with the

[13]

GS decreases strongly and its largest overlap is with a
high-lying

L=0

state (∆E

≈ 0.128):

we have entered

[14]

the Abelian hierarchical phase. The phase transition, as
the interaction is varied, from the non-Abelian MR phase
to the Abelian hierarchy phase is signalled by a signi-

[15]

cant and sharp decrease of the overlap between the GS
and the MR state. To identify the universality class of

[16]

a FQH state, AC is thus only a necessary condition, one

[17]
[18]
[19]

must also study the overlap between GS and prototype
FQH state as well as its system size dependence.

S = 3: three
S = 3: (i) the
L = 0 for all even

Finally, we address the choice of the shift
important features characterize states at
GS at 5/2 has angular momentum
system sizes

Nel ≤ 20

[20]

explored by us; (ii) the excitation

[21]

gap shows a smooth size dependence as expected for a

S 0 6= 3 can
= ±2(S 0 −3)

FQH state [8, 26]; (iii) low energy states at

Nqp
±e/4 nucleated in the underlying

[22]

quasiparticles

[24]

We have shown that the polarized GS for Coulomb

[25]
[26]

be consistently identied as states with
quasiparticles of charge

S = 3, while the GS has
0
L = O(Nel
) indicating that
±e/4 are well separated.

FQH state with
momentum
with charge

interaction at

ν = 5/2

[23]

small angular

is adiabatically connected to the

Moore-Read state for all sizes studied.

If the gap does

[27]
[28]
[29]

not close in the thermodynamic limit - we have not seen
any sign that it will - the polarized GS at

ν = 5/2 has the

characteristics of the MR state. The same may happen
in the lowest LL at

ν = 1/2:

While nite width and LL

[30]

mixing eects may help establish a Moore-Read phase, its
realization in the thermodynamic limit remains doubtful.
We
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3.3

Quasihole excitations

In the following 9 pages we attach the work published in Phys. Rev. B 83,
195306 (2011).
Summarizing, we look at systems at ν = 5/2 containing a small number of
localized e/4 charged quasiholes. We first show that it is indeed possible to
localize such quasiholes on the surface of the sphere, using δ-function pinning
potentials. Using a smooth pinning potential we also show that it is possible
to reduce the radius of the quasihole to a minimum of about three magnetic
lengths. We then perform the adiabatic connection investigations for systems
containing two and four localized quasiholes. For two quasiholes, the lowest
energy state evolves adiabatically between the “Pfaffian” and the Coulomb limit,
without mixing with higher lying energy states. For four quasiholes we find that
the lowest two states in the “Pfaffian” limit, corresponding to the degenerate
Moore-Read doublet, remain the lowest-energy states even for pure Coulomb
interaction. We conclude that the adiabatic continuity holds also for systems
containing quasiholes.
Finally, in the Coulomb limit (only slightly modifying the first Haldane pseudopotential), we perform quasiholes braidings in systems containing four quasiholes, by keeping two of them fixed and exchanging the positions of the other
two, by stepwise changing the location of their pinning potentials. We find that
under such a braiding, the system goes from one of the states of the Moore-Read
doublet to the other: a sign of their non-Abelian braiding statistics.
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Localized quasiholes and the Majorana fermion in fractional quantum Hall state at
ν = 5/2 via direct diagonalization
M. Storni and R. H. Morf
Condensed Matter Theory, Paul Scherrer Institute, CH-5232 Villigen, Switzerland

Using exact diagonalization in the spherical geometry, we investigate systems of localized quasi-

ν = 5/2

holes at

for interactions interpolating between the pure Coulomb and the three-body

interaction for which the Moore-Read state is the exact ground state. We show that the charge
quasihole can be easily localized by means of a

δ -function

e/4

pinning potential. Using a tuned smooth

pinning potential, the quasihole radius can be limited to approximately three magnetic length units.
For systems of two quasiholes, adiabatic continuity between the Moore-Read and the Coulomb limit
holds for the ground state, while for four quasiholes, the lowest two energy states exhibit adiabatic
continuity. This implies the existence of a Majorana fermion for pure Coulomb interaction. We also
present preliminary results in the Coulomb limit for braiding in systems containing four quasiholes,
with up to 14 electrons, diagonalizing in the full spin-polarized sector of the second Landau-level
Hilbert space.
PACS numbers: 73.43.Cd 71.10.Pm

I.

INTRODUCTION

In spite of the AC of the GS, the question whether
the elementary charged excitations preserve their non-

The

possibility

of

realizing

non-Abelian

braiding

Abelian properties in going from the MR to the Coulomb

1
statistics in a condensed-matter system has generated

limit still needs to be examined: This is a very important

a great deal of interest both for theoretical and experi-

issue, because braiding of non-Abelian quasiparticles has

mental studies. One such system that may be closest to
experimental realization is the fractional quantum Hall
(FQH) state at lling fraction
Willett et al.

ν = 5/2,

rst observed by

2 Whether the experimentally observed

5/2

4,11

been proposed for topological quantum computation.

ν = 5/2, one expects that QHs can have either charge
e/4 with the possibility of having non-Abelian braiding
statistics or e/2 with Abelian fractional statistics. InAt

12 have cast doubt on the

state indeed has charged excitations with non-Abelian

deed, the results by T®ke et al.

braiding statistics is still unknown, altough the discovery

existence of localized QHs with charge

3

of a neutral current in experiment may make us hopeful.

4 and to

For a review, we refer the reader to Nayak et al.

5
Stern.

e/4.

Here, we study fully spin-polarized systems with localized QHs in the spherical geometry.

This polarization

choice is motivated by theoretical investigations concern-

6 we presented numerical evidence

In an earlier work

that the FQH ground state (GS) at

ν = 5/2 for Coulomb

ing this issue:

One of us showed that the GS of the

disorder-free FQH state at

ν = 5/2

is spin polarized

13 recent theoretical

interaction, when spin polarized, is in the same univer-

even for vanishing Zeeman energy;

sality class as the non-Abelian Moore-Read (MR) Pfaf-

work

an state.

imental point of view, the situation is less clear. Trans-

7 Calculating the energy spectrum of the few

14,15 conrmed this result. However, from the exper16,17 or in
18 have been inter-

lowest-energy states by exact diagonalization for electron

port experiments with variable electron density

interactions interpolating between the Coulomb interac-

a tilted magnetic eld at high density

tion

VC

and the three-body interaction

V3b , for which the

preted in controversial ways: Varying the electron den-

2,16

MR state is the unique GS, we found for all examined

sity by more than a factor

system sizes adiabatic continuity (AC) of the GS and no

smoothly with no break in slope or discontinuity, indicat-

VC

ing that neither GS nor excitations change their character

sign of a decrease of the gap between the two limits
and

V3b .

We concluded that AC can be expected even in

the excitation gap varies

while the Zeeman energy varies by an amount that ex-

5−10.

the thermodynamic limit. In addition, we drew a phase

ceeds the measured energy gap by a factor of

diagram in the two-body interaction space (in the vicin-

an unpolarized state would survive under this condition

ity of the Coulomb interaction), showing that the FQH

appears unlikely. Also, in high-density samples, the dis-

gapped phase coincides with the MR phase.

appearence of the gapped phase in a tilted magnetic eld

810 gave indications for AC
Previous theoretical work

for the spin-polarized

ν = 5/2

GS between the MR and

the Coulomb limit. In the disk geometry Xin Wan et

9
al.

That

cannot be explained by a Zeeman energy term with a
GaAs bulk

g factor.18

Nevertheless, arguments have been

presented that these experimental results might be con-

5/2

19 Also rst

were also able to localize a single quasihole (QH) at the

sistent with a spin-unpolarized

center of the disk showing that, in a certain range of QH

results from direct spin polarization measurements, us-

pinning and system connement potential strength, the

ing optical methods,

lowest-lying state belongs to the total angular momentum

spin-unpolarized state. As the experimental samples are

value that corresponds to a MR

e/4

charged QH, for

electron interactions interpolating between

V3b

and

VC .

state.

20,21 appear to be consistent with a

likely to be inhomogeneous and consist of compressible
regions separated by percolating incompressible laments

at

ν = 5/2,22

ν = 5/2

it is not clear that the optical data relate

21

we study a half lled second LL, while the two

solely to the laments or to the compressible regions.

lower-lying lled levels are considered as inert. For such

The separate determination of the polarization state of

a system the GS is at shift

the incompressible parts has not yet been possible.

diagonalizations
We can insert

in the incompressible domains,

adding

21,23 which will decrease

the total spin polarization. We also note that, once ther-

22 the gap

Nφ (N, NQH ) = 2N − 3 + NQH /2.

mally assisted tunneling is taken into account,

obtained from analyzing the dissipative conductance can

In the spirit of our previous work

be as consistent with expectations for a spin-polarized

ν = 5/2 (Refs.
ν = 4/9.

QHs can be localized by a

δ -function,

(1)

δ -function potential and, vary-

where

we also show that there is an optimal

exact GS is the MR wave function,

two QHs, in the Coulomb case, it is sucient to have a

V3b =

This localizes a single QH in the GS,

on the sphere, because of the Coulomb repulsion.

Sijk

5/2 evolve as the interaction is varied between V3b

tions within the triplet

VC ,

in the separation of particles

6

V3b

we nd that the lowest energy state does not

mix with the higher lying ones. For systems containing
four QHs, the two lowest-lying states forming a degenerate doublet in the

V3b

26,27 remain the two lowest-

limit

energy states even in the limit of pure Coulomb interaction

VC .

the doublet

expresses the full symmetrization over the permuta-

(ijk) and δ(i−j) is the δ -function
i and j . The constant A is
6
chosen as in the earlier work, such that the gap for V3b
is approximately the same as that for VC (note that V3b
induces an extensive energy for all GS at any ν > 1/2).
The superscripts (0) and (1) in Eq. (2) indicate that
(1)
the Coulomb energy VC
is evaluated in the n = 1 LL,
as required for the experimentally realized ν = 5/2 state,
(0)
while the three-body interaction V3b is evaluated in the
n = 0 LL, since the MR state is the GS of V3b in the

and

and show that there is AC between the two interac-

For two QHs, as the interaction is varied from

Thus, the Majorana fermion associated with

28 appears to survive in the Coulomb limit.

lowest LL.

To better study the MR limit we then repeat the inves-

The pinning term

tigations for four QHs using a dierent pinning potential:


(1)
(0) 
Vpin (x) = (1 − x) · (1 − x)Vpin + xVpin ,

results of braiding with QHs, showing that exchanging
the position of two QHs, in the presence of two others
xed QHs, the system goes from one of the MR doublet

where the pinning function

states to the other, showing non-Abelian braiding statis-

Vpin (x)

29
getting an estimate for the MR doublet splitting.

(1 − x)

and

x,

n = 1

and

n = 0

respectively. The overall fac-

limit as

30 By exact diag-

double QH has a zero in the electron density and thus
zero pinning energy, while the

spectra. In the spherical geometry for a half lled Lan-

e/4-charged

QH shows a

nite local minimum of the density and thus nite pin-

N and the number
Nφ = 2N − S , where

dau level (LL) the number of electrons
(Ref.

QH. This

(1 − x) makes the localization term vanish in the MR
x → 1, just like the Coulomb term, both helping
to separate the energies of states with charge e/4 QHs.
However, in the MR limit (x → 1), the e/2-charged
tor

THE SYSTEM

onalization we obtain their low-lying states and energy

S

is still to be chosen,

e/4-charged

the electron interaction between LL

In the following we consider fully spin-polarized elec-

the shift

(4)

couples to the electron density, interpolating like

with weights

are related by

Vpin

such that it localizes exactly an

tics. Furthermore, we investigate the fusion of two QHs,

Nφ

In our rst

parametrization of the pinning potential of the form

the above results. Finally we present some preliminary

of ux quanta

localizes the QHs at xed

calculations (in sections III and IV A) we consider a

doublet between the two interaction limits, conrming

tron systems on the surface of a sphere:

Vpin (x)

positions on the surface of the sphere.

Also with this approach we obtain AC for the lowest-lying

II.

(3)

when projected onto the lowest (spin-polarized) LL. Here

tion limits, as in the previous work.
to

N

A X
Sijk ∆j δ(i − j)∆2k δ(i − k) ,
5
N

We then study how states containing two and four QHs

VC ,

8

i<j<k

while the other is automatically at the antipodal point

at

(2)

0 ≤ x < 1, interpolating between the Coulomb
VC and the three-body interaction V3b , whose

tions around the QHs. We also nd that in systems with

δ -function:

(0)

interaction

localizing potential that minimizes the density oscilla-

single

6 we consider inter-

V = (1 − x)VC + xV3b + Vpin (x),

e/4

ing the form of the localization potential away from the
simple

(1)

actions of the form

17, 24 and 25) as for the hier-

archy state at

In our investigations at rst we show that charge

(as obtained by exact

NQH e/4-charged QHs into the system by
1
2 NQH supplementary ux quanta, i.e.,

addition, charged impurities may also induce skyrmions

system at

S=3

13 ), the same value as for the MR state.32

In

ning energy.

To separate

e/4-charged

QHs requires ei-

ther an additional repulsive interaction between QHs or

31) is a topological quantum number

a special pinning potential coupling to the monopole and

that depends on the particular FQH state.

quadrupole moment of the QHs (cf. problems discussed

For our investigations of the FQH at lling factor

in T®ke et al.

12 ). To avoid this diculty, in this rst se-

ries of calculations we never reach exactly the MR point,
62
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Figure 1. (Color online) Polar angle dependence of electron density and missing charge for

10

12

ν = 5/2 systems with two QHs
δ -function potential Vpin

localized at the poles of the Haldane sphere, for Coulomb interaction. In (a) the QHs are localized by a
[setting

x=0

in Eq. (4)], for two dierent pinning strengths; in (b) by a smooth pinning potential, whose radial dependence

is shown in (c). (d) Energy spectrum of a system with two QHs, without pinning, as function of the total angular momentum

L, and comparison with the Coulomb energy for δ function and smooth
N = 20, Nφ = 38 in (a) and for N = 18, Nφ = 34 in (b),(c) and (d)].

pinning [cf. the text for more details; results are for

but approach it closely enough to identify the lowest-

shape, depicted in Fig. 1(c), we obtain an electron den-

energy states. In Section IV B we will then use a dierent

sity without oscillations, as illustrated in Fig. 1(b): The

localization potential

smooth potential allows to properly separate the two QHs

33 to circumvent this problem and

and to reduce their radius to a minimum of

study the full AC up to the MR point.
where

`0 =

p

~c/eB

∼ 3`0 .

e2 /ε`0 ,

How is this possible? Figure 1(d) shows a comparison

is the magnetic length, and taking

of the interaction energies, not including the energy due

All energies are measured in the usual units

to the pinning forces, for

the energy of the lowest state as reference.

δ -function

pinning (upper line)

and for smooth pinning (lower line). The circles depict
the spectrum of a system with two free QHs, i.e., without

III.

LOCALIZATION OF QUASIHOLES

pinning force, as function of the total angular momentum

L.
We start by studying the QH localization in the pure
Coulomb limit, taking for

Vpin

a

δ -function

We see that the use of a smooth pinning potential

allows to obtain a smaller interaction energy, admixing
only the lowest-lying

pinning po-

L

eigenstates, while the

δ -function

potential admixes also higher-lying states, giving rise to

tential: Choosing a suitable pinning strength we see that

e/4-charged

the large density oscillations. We also note that a better

1(a) shows the polar angle dependence of the density (up-

the interaction energy, is unlikely to be possible, because

it is actually possible to obtain separated
QHs, in contrast to the results of T®ke et

12 Figure
al.

localization, with a pinning potential that further lowers
a minimal number of low-energy

per curves) and of the integrated missing charge (lower
containing two QHs with localizing

δ

by how well the density oscillations t with the separation distance of the QHs, such that the energy will show

We observe that the two QHs are localized at the poles.

oscillations as function of the QH separation.

However they are large in extent and are accompanied

17 ). The missing charge

equator as required by symmetry.

of the Majorana fermion energy

e/4 is reached (for
R ≈ 4`0 and at the

29 may to some extent be

caused by such commensuration eects.

An optimized

localization potential might help to reduce them, hopefully allowing a more accurate calculation of the coher-

As the system is compressible at the position of a QH,

ence length associated with the Majorana fermion.

the shape of the pinning potential will inuence its struc-

In the following, we use

ture. We therefore study how the pinning potential can

δ -function

pinning potentials.

We rst study what happens if only a single

be tuned to minimize the size of the QH and to suppress
the density oscillations around it.

The en-

ergy oscillations observed in the variational calculation

by signicant and slowly decaying density oscillations (cf.
the stronger pinning potential) at

eigenstates is needed

We note that the energy of two-QHs systems is aected

functions, one at

the north and the other at the south pole of the sphere.

Nuebler et al.

L

to obtain the desired QH localization.

curves) for two dierent pinning strengths, for a system

is inserted in a system of

With the choice of
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N = 16

δ -function

electrons with two

0.03

0.04
0.035

weak b-pinning at N- and S-pole
strong b-pinning at N- and S-pole

[e2/¡l0]

a)

total energy [e2/¡l0]

0.03

excitation energy

0.025
0.02
0.015
0.01
0.005
0

0

1

b)

0.035

2

3
4
5
6
momentum
weakangular
b-pinning
at S-pole Lz
strong b-pinning at S-pole

7

8

0.02

0.01

0

9

0

0.2

0.4
0.6
interaction parameter x

0.8

1

total energy [e2/¡l0]

0.03
Figure 3. (Color online) Low-lying energy spectrum as func-

0.025

tion of the interaction parameter

pinning potentials; the lowest-energy state is the reference.

Coulomb interaction, this double QH state has quite
large interaction energy and, except perhaps in the limit

0.005
0

Figure 2.

of very strong pinning, is unlikely to become the GS.

0

1

2

3
4
5
6
angular momentum Lz

7

8

9

IV.

when

δ

A.

(Color online) (a) Energy spectrum of a two-QH

system as a function of the angular momentum component

N = 16, Nφ = 30);

δ

Quasiholes localization with δ -function pinning

We now turn to the study of AC for systems containing

the lowest-energy state

is the reference. (b) The same for a single

localized QHs.

function at the

poles by

south pole.

δ

We begin with two QHs, pinned at the

functions, and we vary the particle interaction

as in Eq. (2) from

x = 1
e/2-charged

double quasihole is formed.

x

Figure

Lz

when two

δ

Figure 2(b) shows the same, but for a single

6

Next we investigate a system of
and

indicating that the QHs are still at max-

N = 14 electrons
NQH = 4 lo-

ux quanta that contains

34 This is particularly interesting because in
35 which
28
is associated with a Majorana fermion
and with the
26,27 For any
non-Abelian braiding statistics of the QHs:
the MR limit the GS is a degenerate doublet,

to the north pole of the sphere. For increasing pinning
are reduced in energy.

Lz 6= 0,

Nφ = 27

calized QHs.

sion: The QH pinned at the south pole repels the other

Lz 6= 0

ux units; other

as observed for systems without QHs.

δ

imal separation, which minimizes their Coulomb repul-

With strong enough pinning, a state with

Nφ = 22

in going from the Coulomb case to the MR limit, exactly

function at the south pole. The lowest energy state has

strength some states with

electrons and

mixing between them. Thus there is no phase transition

cf. Fig. 1(a). In both cases the lowest-energy state has
poles.

N = 12

lines for the excited states come close to it and there is no

are inserted at the poles, for weak and strong pinning and describes two separated QHs localized at the

for

zero energy represents the GS energy: Clearly none of the

functions

Lz = 0

(the Coulomb case) to near

Figure 3 shows the evolution

system sizes give similar results. The horizontal line at

2(a) shows the energy spectrum as function of the angular momentum component

x = 0

(the MR limit).

of the excitation energies as function of the parameter

QHs, and whether they are still separated or if a sin-

Lz = 0,

ADIABATIC CONTINUITY

Lz

functions are inserted at both poles (for two dierent

pinning strengths,

also

N = 12
δ -function

for a system of

0.015
0.01

gle

x

electrons with two QHs localized at the poles by

0.02

four-QH conguration there are two linearly independent

in

wave functions that describe it; braiding QHs around

which QHs would cease to be maximally separated, may

each other induces a linear transformation in the degen-

become the lowest energy state. Of particular interest is

erate subspace of the doublet. Does this doublet survive

Lz = N/2 = 8 which corresponds to a double QH with charge e/2 localized at the south pole, but
no charge deciency at the north pole. At ν = 5/2, for
the state at

in the Coulomb limit?
Figures 4(a) and 4(b) show results for four QHs localized at the corners of a square on a great circle and at
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(c)

0.9
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0.015
excitation energy [e2/¡l0]

groundstate
first excitation

(b) tetrahedron
overlap

(a) square
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0.5
0.6
0.7
interaction parameter x

0.8

0.5

0.9

1

(Color online) Low-lying energy spectrum as function of the interaction parameter

localized with

δ -function

pinning potentials:

1.5

2

2.5

strength of pinning potential

x

for systems with four QHs

(a) At the corners of a square on a great circle and (b) at the vertices of a

tetrahedron; the curves labeled Pfaan give the variational estimate of the doublet splitting obtained using the GS doublet
for the MR limit. (c) Overlaps of the two doublet-states for Coulomb interaction with the corresponding states for interaction
parameter

x.

(d) Low-lying energy spectrum for Coulomb interaction, as function of the pinning strength, for four QHs in

tetrahedral position. (The lowest-energy state is the reference;

N = 14, Nφ = 27.)

the vertices of a tetrahedron, respectively. In both cases
we see that the two lowest-energy states close to the MR
limit, i.e., the GS at energy

0

and the rst excited state,

0

remain the lowest-energy states over the entire parameter interval, even at the Coulomb point

x = 0.

the whole evolution there is neither crossing nor mixing
[e2/εl0]

x = 1,

all the

Vpin (x)

excitation energy

considered states have zero energy, because the pinning
potential

vanishes at this point.

In the tetrahedral case, right in the Coulomb limit,
a higher-energy state comes down in energy and nearly
reaches the upper state of the doublet.

But Fig. 4(d)

shows that this is actually not a problem: The Coulomb
pinning potential and it is evident that the near degen-

[e2/εl0]

29

limit.

excitation energy

The curves denoted by Pfaan in Figs. 4(a) and 4(b)
show the variational results for the splitting of the dou(compare

29 ): They overestimate the splitting

in the Coulomb limit, in the square geometry by a factor
and in the tetrahedral geometry by

1

0.7

0.8

0.9

1

0.00

-0.01

0.025

we expect the splitting to vanish in the thermodynamic

2.5

0.9

(b) tetrahedron, N=14

degenerate in the presence of a Coulomb interaction but

of

0.8

0.01

We also note that the two states of the doublet are not

x = 0.95

0.7

-0.03

eracy is easily lifted by increasing the pinning strength.

with Baraban et al.

interaction parameter x
0.4
0.5
0.6

-0.02

spectrum is plotted as function of the strength of the

blet, computed using the states at

0.3

0.02

with higher-lying states, indicating the absence of a phase
transition. Note that in the MR case, at

0.2

(a) tetrahedron, N=12

0.03

During

0.1

∼ 70%.

0.020

0.015

0.010

0.005

Finally, Fig. 4(c) shows the evolution of the overlaps

hψi (0)|ψi (x)i

ψi (x) (i = 0, 1)

of the

doublet as the interaction varies from Coulomb

VC at
at x =

of the two states

x = 0 to the vicinity of the three-body limit V3b
0.95. We see that there is no sign of an abrupt drop

0.000
0

of

0.2

0.3

0.4
0.5
0.6
interaction parameter x

Figure 5. (Color online) Low-lying energy spectrum as func-

the overlaps which could signal a phase transition, and

tion of the interaction parameter

the values reached near the MR limit are reasonably large
for a system of this size (N

0.1

x for systems with four QHs

localized at the vertices of a tetrahedron using the pinning

= 14, Nφ = 27).

(a) N = 12, Nφ = 23, q = −e/4,
N = 14, Nφ = 27, q = −0.19e (the lowest-energy state in

potential in Eq. (5):

All these results provide evidence in favor of adiabatic
continuity from the MR to the Coulomb limit for the two

MR limit is the reference).
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(b)
the

Figure 6. (Color online) Particle density on the sphere surface for the two states of the MR doublet: (a),(b) in the MR limit
and (d),(e) in the Coulomb case; (c) and (f ) show the density dierence between the two states (N

= 14, Nφ = 27).
36 in their inves-

lowest-energy states in systems with four localized QHs,

was rst used by Prodan and Haldane

suggesting that the non-Abelian doublet, and the associ-

tigation of the (non-Abelian) braiding properties of MR

ated Majorana fermion, can be expected in the limit of

QHs, although projecting the pinning potential on the

pure Coulomb interaction.

zero energy space of their Hamiltonian.
Figure 5 shows the results for the low-lying energy
spectrum, as the interaction is varied from the Coulomb

B.

Quasiholes localization with STM tip pinning

(x

= 0)

to the MR limit (x

= 1),

for systems with four

QHs localized at the corners of a tetrahedron by four
such pinning potentials. The results in Fig. 5(a) are for

In the AC investigations described so far, the pinning
potential

N = 12 electrons and a localizing charge q = −e/4, while
34 and q = −0.19e:
in Fig. 5(b) for N = 14 electrons

Vpin (x) [in Eq. (4)] was not able to localize QHs

in the MR limit (as discussed in section II), but we approached this limit near enough to recognize the lowest-

These charges were chosen in order to obtain that the

lying states. One can pose the question if the permanent

two states of the MR doublet are exactly the lowest-lying

presence of the Coulomb interaction (that vanish as
in the MR limit

x → 1)

states in the MR limit.

1−x

In both cases we see that (once

could inuence our results, se-

q

is xed) the two

lecting exactly the right states from the zero energy

lowest energy states remain the lowest over the whole

states at the MR point. To strenghten our evidences and

parameter interval (for

to show a complete AC between Coulomb and MR limit,

The third energy level, corresponding to an excitation in

we repeat here the calculations for systems containing

the pinning potential, is exactly threefold degenerate (for

Vpin (x) that

symmetry reasons) and can thus be easily distinguished

four QHs, using a dierent pinning potential

with a level crossing).

from the two lowest states forming the MR doublet.

allows to reach both limits:

We note that this doublet has a nite energy splitting,

Vpin (x) = (1 − x)Vq(1) + xVq(0) ,

not only for pure Coulomb interaction, but also in the
MR limit: This is caused by the pinning potential (5)
that mixes in states with nonzero energy. We also nd

LL like the electron interaction, is the Coulomb potential

that the energy separation between the upper state of the

of a pointlike object, e.g., a STM tip, with a (negative)

doublet and the third (threefold degenerate) state can be

charge

small, particularly in the MR limit, and depends on the

interpolated between the

n=1

(5)

n=0

where

Vq ,

N = 12

and the

q , positioned on the surface of the FQH sample.33

This potential repels the electrons from its center and,
if the charge

q

q
N = 14
charge

is chosen in an appropriate way, namely,

in an interval near

−e/4, it can only localize e/4-charged

double QHs in the MR limit.

q = −e/4,

the pinning potential is too strong and at the MR point

QHs, thus avoiding the problem of the localization of

e/2-charged

used in the pinning potential. For example for
electrons, using a localizing charge

the threefold degenerate state is slightly lower in energy

This idea
66

than the upper state of the doublet; to obtain the right
order we chose a weaker potential, with

q = −0.19e.

0

30

0

30

braiding angle ϕ [degrees]
60
90
120

150

180

150

180

-4.504
(a) N=12

The AC between the Coulomb and the MR limit for the

-4.506

lowest energy doublet shown in Fig. 5 thus supports the
evidences of the previous section in favor of a survival

-4.508

the two limiting cases: (a), (b) for the MR and (d), (e)
for the Coulomb limit. The two states of the doublet are

[e2/εl0]

In Fig. 6 we also show the particle density on the surface of the sphere for the two states of the MR doublet in

-4.510

energy

of the Majorana fermion till the Coulomb point.

-4.512

indeed very similar, as also shown in (c) and (f ), where

-4.514

the density dierences are plotted. Note that the density
dierences in the MR case are approximately twice as

-4.516

large as the dierences in the Coulomb limit.
-4.518
(b) N=14

V.

QUASIHOLES BRAIDING AND FUSION

-5.223

In this last section we show some preliminary results

interactions near to the Coulomb limit, but slightly increasing

v1 , the Haldane pseudopotential30 that describes

[e2/εl0]

calized QHs. We perform this investigation for electron

-5.227

energy

-5.225

of QH braiding and fusion in systems containing four lo-

-5.229

the interaction between two particles having a relative
angular momentum

6 we showed

1~.

-5.231

In our previous work

that, under such interaction modications, the system re-

-5.233

mains in the MR phase, even improving the overlap between the exact GS and the Pfaan wave function and

-5.235

simultaneously with an enhancement of the gap. For the
QH localization we use the pinning potential introduced

x = 0, that is
n = 1 LL, and chosing a suitable
charge q , as explained below.

in the previous section [Eq. (5)], setting

Figure 7.

evaluating it fully in the
value for the localizing

60
90
120
braiding angle ϕ [degrees]

(Color online) Braiding of two QHs (in the pres-

ence of two other xed QHs): low-lying energy spectrum as
function of the braiding angle

Investigating QH braiding in systems with four QHs,

ϕ,

dened through Eq. (6).

The electron interaction is near to the Coulomb limit (with a

the non-Abelian nature of the MR doublet states should

slightly increased Haldane pseudopotential

become manifest: Interchanging the positions of two QHs

are localized by the pinning potential of Eq. (5), setting x = 0.
Coul
(a) N = 12, q = −0.1715e, v1 = 1.05v1
, (b) N = 14,
Coul
Coul
q = −0.19e, v1 = 1.075v1 , where v1
is the Coulomb

by stepwise changing the location of their pinning potentials (and keeping the other two QHs xed), the two

v1 )

and the QHs

value of the rst Haldane pseudopotential.

states of the MR doublet should transform into each
other, in particular, switching their position in the energy spectrum. For this to happen, during the QHs in-

and

terchange process, an odd number of level crossings between them is needed. In the following calculations, we
the doublet at the midpoint of the QHs interchange proand the rst Haldane pseudotential

v1 .

(6)

θ1,2 = 54.736◦ constant, until
◦
◦
exchange their original positions: 0 ≤ ϕ ≤ 180 .
◦
is a 180 -periodic process; we call ϕ the braiding

keeping the polar angle

q

they

Then, performing

This

the interchange, we investigate if this is indeed a crossing

angle.

point and whether it is the only one or if others arise.

The polar angles

We chose as starting (and ending) conguration four

θ1,2

and

θ3,4

are chosen in such a

way that at the midpoint of the rotation process, that

QHs at the corners of a rectangle: Two of them on the
upper half-sphere, at the same polar angle

around the vertical axis through the poles,

ϕ1 (ϕ) = 90◦ + ϕ, ϕ2 (ϕ) = (270◦ + ϕ) mod 360◦ ,

engineer an exact energy degeneracy for the two states of
cess, by choosing suited values for the localizing charge

2

is at braiding angle

θ1,2 ≡ θ1 =
angles ϕ1 =

ϕ = 90◦ ,

tetrahedral conguration.

θ2 = 54.736◦ and at the opposite azimuthal
90◦ , ϕ2 = 270◦ ; the other two on the lower half-sphere at
◦
the polar angle θ3,4 ≡ θ3 = θ4 = 125.264 and azimuthal
◦
◦
angles ϕ3 = 90 and ϕ4 = 270 . We keep QHs 3 and
4 xed at their locations and, by stepwise changing the
positions of the pinning potentials, we rotate both QH 1

Haldane pseudopotential

v1

the four QHs are in a

The localizing charge

q

and

(for the whole braiding pro-

cess) were previously chosen, such that at this point
the two states of the MR doublet are degenerate in en-

q = −0.1715e, v1 = 1.05v1Coul for N = 12 and
q = −0.19e, v1 = 1.075v1Coul for N = 14 electrons, where
v1Coul is the Coulomb value of the pseudopotential v1 .

ergy:
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The local-

-5.220

and the electron interaction is

-5.225

q

These are reasonable values for
ized QHs have charge

e/4

and

v1 :

modied such that the system is still in the MR phase.

-5.230

Figure 7 shows the evolution of the low lying energy
and (b)

N = 14

electrons.

-5.235

for (a)

In both cases we

observe that the two states of the doublet remain the
lowest-energy states during the whole braiding process,
never mixing with higher-lying states or with each other
(except at the degeneracy point).

[e2/εl0]

N = 12

ϕ

-5.240

energy

spectrum as function of the braiding angle

-5.250

-5.245

-5.255

Indeed the overlaps

-5.260

between the corresponding states of the doublet for suc-

-5.265

cessive braiding steps are consistently high: In the range

-5.270

0.94-0.97 for N = 12 (5◦
◦
(3 steps).

steps) and

0.97-0.99

for

N = 14

-5.275
10

20

From the plots it is evident that the degeneracy point

ϕ = 90◦

at

is indeed also a crossing point for the two

(in the presence of two other xed QHs): Low-lying energy

derivative, at the degeneracy point one goes from the

spectrum for

lower to the upper state of the doublet (and vice versa).

ϕ = 180

at

electrons as function of

1

θ1,2 ≡ θ1 = θ2 ,
2. The elec-

and

tron interaction is near to the Coulomb limit (with a slightly
Coul
increased Haldane pseudopotential v1 = 1.075v1
) and the

braiding causes an interchange in the MR doublet states:

ϕ = 0◦

N = 14

the polar angle of both the moving QH

No other crossing or mixing point arises and thus the QH

◦

50

Figure 8. (Color online) Fusion of two QHs at the north pole

doublet states: If one follows the lines with a continuous

If one starts at

30
40
polar angle θ1,2 [degrees]

in the lower-energy state, one ends

QHs are localized by the pinning potential of Eq. (5), setting
x = 0 and q = −0.19e (v1Coul is the Coulomb value of the rst

in the upper-energy state, as expected for

Haldane pseudopotential).

non-Abelian braiding statistics. Two such braidings are
needed to come back to the initial state.
We note that we can get an exact degeneracy of the
MR doublet only when the four QHs are in the tetra-

possible with a study of the monodromy matrix, as was

hedral conguration.

done by Prodan and Haldane

36 ); nevertheless, the inter-

Slightly modifying the geometry

of the conguration, a small gap opens; however, if the

change of the MR doublet states should survive also in

speed of the braiding is suciently high, the states of the

this limit.
Unfortunately we can get results for QH braiding only

MR doublet would still interchange at this point. This

for small system sizes

situation is analogous to that studied by Thouless and

37 concerning the crossing between the lowest-lying
Gefen,

34 and from them we cannot extract

useful information about the dependence of the energy

states as function of the magnetic ux, for the quantum

splitting when approaching the thermodynamic limit.

Hall eect at fractional llings, showing that these cross-

The average splitting of the MR doublet for

ings are essential in order to get a fractional charge. On

is slightly smaller than for

the other hand if the QHs are moved in a strictly adia-

caused by the dierent shape of the energy oscillations

N = 12,

as function of the braiding angle

batic way, the system always remains in the lowest-energy

N = 14

state, without crossing. We also wish to emphasize that

ϕ

in the two cases: For

the oscillations of the MR doublet states are al-

N = 12 they are out of phase,

the doublet degeneracy is very dierent from the three-

most in phase, while for

fold degeneracy of the rst excited state:

thus giving a larger average splitting.

The former

is obtained only by ne tuning of the parameters

q

N = 14

but this is mainly

and

Finally we investigate the fusion of two QHs by bring-

the latter is a purely geometric degeneracy, resulting

ing the pinning potentials that localize them close to each

from the symmetric QH conguration and independent

other, in the presence of two others xed QHs. We start

from interaction and localization parameters.

from the tetrahedral conguration described above and

v1 ,

we let fuse the two QHs in the upper half-sphere, by tak-

The fact that the MR doublet states are not degenerate (except by tuning at

◦

ϕ = 90

ing them to the north pole, that is, by shrinking the polar

) in our small system

θ1,2 ≡ θ1 = θ2 from 54.736◦ to 5◦ at xed azimuthal

diagonalizations helps us to follow their evolution during

angle

the braiding (through the evolution of the energy lev-

angles. Figure 8 shows the low-lying energy spectrum as

els) and thus to recognize the crossing point which leads

function of the polar angle

θ1,2

during this process, for

to the interchange of states. However we expect that in

N = 14 electrons.

the thermodynamic limit the two states become exactly

is lifted, the evolution of the two lowest states is similar,

degenerate during the whole braiding process, when the

with a relatively constant splitting between them. This

QHs are suciently far apart from each other: On one

splitting (or at least a part of it) could come from the in-

q

trinsic splitting of the MR doublet as two QHs are taken

unnecessary, but on the other side it would make

together (its order of magnitude is the same as that ob-

side this would make the ne tuning of the parameters
and

v1

We see that, after that the degeneracy

29 ). However, at approximately

tained by Baraban et al.

it impossible, using our present method, to follow the

◦

θ1,2 = 37

evolution of the states under braiding (however, it is still

68

, the upper state of the MR doublet comes very

near to the next higher-lying state and strongly mixes

Coulomb interaction. Forces breaking particle-hole sym-

with it

metry like

38 (but without crossing), possibly losing a part of

39,40
7
41,42
and will favor either the Pfaan or the Antipfaan.

its character. Thus it is not fully clear what happens at

V3b

are actually present due to LL mixing

the MR doublet, and further investigations are needed.
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Conclusions
Summarizing, in our exact diagonalization studies we have shown:
• Localization of spatially separated e/4 charged quasiholes in the ν = 5/2
state.
• Adiabatic continuity beetween the pure Coulomb limit and the “Pfaffian”
model for the ground state at ν = 5/2 and for states containing few
localized e/4 charged quasiholes.
• Coincidence of the quantum Hall gapped phase with the region of high
overlap between the exact ground state and the “Pfaffian” state in a phase
diagram obtained by varying the Haldane pseudopotentials v1 and v3 describing the two-body interaction.
• Signals of non-Abelian braiding statistics as two quasiholes exchange their
position (in the presence of other two fixed quasiholes).
We believe that these results are a strong indication that the “Pfaffian” (or
“Antipfaffian”) model is indeed relevant for the description of the experimentally
observed fractional quantum Hall effect at ν = 5/2, if spin polarized.
Experiments on two-dimensional electron systems (in GaAs-based samples)
investigating this issue are in progress. Recently it has been pointed out [233,
234] that the Moore-Read state could also be realized in half filled Landau
levels of bilayer graphene systems. These systems offer the advantage that
the effective electron interaction can be tuned over a wider range, eventually
allowing to obtain a more stable state, with a larger gap and a larger overlap
with the “Pfaffian” state (that is reaching the ridge of the hill in our phase
diagram).
In any case we hope that an irrefutable experimental proof of non-Abelian
braiding statistics in a fractional quantum Hall system will soon be available.
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[118] J. Fröhlich and T. Kerler. Universality in quantum Hall systems.
Nucl. Phys. B 354 (1991), 369.
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