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Zusammenfassung

Das Verständnis von komplexen physikochemischen Vorgängen in Materialien bei hohen Drücken und Temperaturen ist von enormer praktischer und grundlegender Wichtigkeit. Die Schwierigkeit solche Bedingungen experimentell zu realisieren machen Computersimulationen zu einem unverzichtbaren Werkzeug um das Verhalten bei hohen Drücken und Temperaturen zu untersuchen. Wegen der Unzulänglichkeit von empirischen interatomaren Potentialen und dem
hohen Rechenaufwand von ab initio Simulationen waren Computersimulationen von Hochdruck und Temperatur Materialen bisher nur
eingeschränkt erfolgreich.
Das Hauptaugenmerk dieser Arbeit liegt darin zum mikroskopischen
Verständnis von bisher unverstandenen Phänomene der Elemente Kohlenstoff und Natrium bei hohen Drücken mit Hilfe von Molekulardynamik (MD) Simulationen beizutragen. Die Einschränkungen von
Computersimulationen dieser Elemente werden hierbei durch den Einsatz einer neuartigen Methode zur Repräsentation von ab initio Potentialhyperflächen mit Hilfe von neuronalen Netzen (NN) umgangen. Diese NN Potentiale erlauben es die Genauigkeit einer ab initio
Beschreibung der interatomaren Wechselwirkungen mit der rechnerischen Effizienz von empirischen Kraftfeldern zu kombinieren. Die
in dieser Arbeit konstruierten NN Potentiale für Kohlenstoff und Natrium ermöglichen MD Studien von ungeahnter Systemgröße und Genauigkeit.
Die hier präsentierten Ergebnisse befassen sich mit einer ganzen Reihe
von Fragestellungen bezüglich des Verhaltens der Hochdruckphasen
dieser Elemente.

Insbesondere wurde das Kohlenstoff NN Potential dazu verwendet
um umfassende Berechnungen der freien Energie von Graphit und
Diamant durchzuführen. Hierbei wurde gezeigt, dass Kernquanteneffekte für die beobachtete Abflachung der Koexistenzkurve unterhalb
von 1000 K verantwortlich sind. Weitere Untersuchungen zur Keimbildung von Diamant liefern neue Einsichten des atomaren Mechanismus der direkten Phasenumwandlung von Graphit zu Diamant. Dies
manifestiert, dass bei Graphit zu Diamant Koexistenzdruck, wegen
der großen benötigten Deformationen die mit der Bildung von Diamant einhergehen, keine Phasenumwandlung beobachtet werden kann
und erklärt zudem die Entstehung der hexagonalen Diamant anstatt
der stabileren kubischen Phase.
Im Fall von Natrium lässt sich mit dem NN Potential das vollständige
Phasendiagramm bis zu 1000 K und 120 GPa zu rekonstruieren. Zudem erlaubt es Einblicke in elektronische, strukturelle und dynamische
Eigenschaften von dichtem Natrium zu gewinnen. Eines der wichtigsten Ergebnisse dieser Arbeit ist eine neuartige Erklärung des ungewöhnlichen Abfalls der Schmelztemperatur von Natrium bei hohem Druck.
Im Gegensatz zu früheren Arbeiten kann kein Zusammenhang zwischen dem Abfall der Schmelztemperatur und einem potentiellen flüssigflüssig Phasenübergang festgestellt werden. Vielmehr lässt sich dies
eher auf die Abschirmung der interatomaren Wechselwirkungen durch
Leitungselektronen zurückführen, welche bei hohem Druck eine Abschwächung der abstossenden Interaktionen induzieren.
Die theoretischen Modelle und Methoden dieser Doktorarbeit erlauben
es komplexe mikroskopische Vorgänge unterschiedlichster Materialen
zu untersuchen. Die Ergebnisse dieser Arbeit haben unmittelbare
Auswirkungen für das Verständnis verschiedenster Phänomene in zahlreichen Metallen und Legierungen, sowie auf Kohlenstoff basierenden
Nanomaterialien.

Abstract

Understanding complex physicochemical processes in materials at high
pressures and temperatures is of tremendous practical and fundamental importance. Experimental difficulties in accessing such conditions
make computer simulations an indispensable tool for studying highpressure high-temperature (HPHT) behavior. However, computer
simulations have had only limited success in modeling HPHT materials mainly because of the inadequacy of empirical potentials to
describe the interatomic interactions in HPHT phases and the computational expense of ab initio simulations.
The main objective of the research performed in this work was to
contribute to the understanding of microscopic origins of previously
unexplained phenomena in the behavior of high-pressure carbon and
sodium using molecular dynamics (MD) simulations. The computational limitations in modeling these elements were circumvented by
employing an emerging methodology for the neural-network (NN) representation of ab initio potential energy surfaces. The NN potentials
combine the accuracy of a first-principle description of interatomic interactions with the computational efficiency of empirical force fields.
The construction of the NN potentials for carbon and sodium performed in this work enabled molecular dynamics (MD) studies of
these elements on an unprecedented scale. The results presented here
address a number of debated questions about the behavior of highpressure phases of these elements.
In particular, the NN potential for carbon was used to perform extensive free-energy simulations of the graphite-diamond coexistence curve

that showed that nuclear quantum effects are responsible for the flattening of the curve observed at temperatures below 1000 K. The largescale NN-based study of diamond nucleation from graphite offered
new insights into the atomistic mechanism for the direct graphiteto-diamond phase transition. It demonstrated that the transformation is not observed at the graphite-diamond coexistence pressure in
the static compression experiments because of the prohibitively large
strains accompanying the formation of diamond nuclei. This study
also explained the formation of the metastable hexagonal diamond
phase instead of the stable cubic phase by showing that the lattice
distortions around nuclei of cubic diamond are substantially larger
than those around hexagonal diamond nuclei.
In the case of sodium, the NN potential was used to perform reconstruction of the phase diagram in the region up to 1000 K and
120 GPa. It also enabled a unique insight into the electronic, structural and dynamical properties of dense sodium. One of the most
important finding presented here is a new explanation of the dramatic anomalous drop in the melting teperature of sodium at high
pressure. It was discovered that, contrary to the previous reports,
the drop in melting temperatures is not a consequence of liquid-liquid
phase transitions. Instead, it can be attributed to the screening of interionic interactions by conduction electrons, which at high pressure
induces a softening in the short-range repulsion wall.
The theoretical models and computational methodologies presented in
this thesis offer new opportunities for investigating of complex microscopic processes in a wide range of materials. The findings obtained in
this work will have immediate practical implications for understanding various phenomena in the behavior of numerous metals and alloys
as well as carbon-based nanomaterials.
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Chapter 1
Introduction
Molecular dynamics (MD) simulations have become a vital component of the scientific investigation of microscopic mechanisms of fundamental physical processes
(i.e. nucleation events, phase transitions and chemical reactions) in condensed
matter, nanomaterials and molecular systems. If carefully formulated and linked
to observable phenomena of appropriate length and time scale, simulations can
facilitate interpretation of experimental data and test atomic level hypotheses.
The mechanistic insights gained from simulations can suggest new experiments
and innovative strategies for practical applications.
The reliability of MD simulations depends crucially on the quality of the
potential energy surface (PES) – function that describes how the potential energy
of the system depends on the position of the atoms. Computationally efficient
evaluation of the PES is another crucial factor that determines accuracy of the
simulation results: efficient computations enable longer sampling and hence lower
statistical error in the calculated properties.
The accuracy-efficiency trade-offs associated with various computational methods used for the evaluation of energies and forces in MD simulations are well
known. On one hand, accurate ab initio methods based on density functional
theory and wavefunction quantum mechanics are not practical for very long MD
simulations because of their computational expense. At present, the state-of-theart ab initio MD simulations performed on massively parallel supercomputers
can trace trajectories of at most several thousands of atoms over a nanosecond timescale. The investigation of many interesting chemical problems requires
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longer simulations and significantly larger systems. Microsecond trajectories are
often required to obtain statistically reliable results for free energy landscapes,
mechanisms and rate constants of chemical reactions (even if simulations are accelerated with rare-events sampling methods). MD simulations must often include
hundreds of thousands of atoms to model properly nanomaterials, biomolecules,
and solids with large concentration of defects. Such large-scale simulations will
remain well beyond capabilities of even high-performance computing systems in
the near future because of poor scalability of ab initio methods with system size.
On the other hand, MD simulations based on empirical potentials can already
access the desired time- and length-scales. However, the construction of accurate
empirical potentials capable of describing various bonding patterns in materials
(i.e. chemical transformations) is a difficult and lengthy process, which does
not always result in the desired accuracy. It involves guessing the complicated
functional forms of the potentials on the basis of chemical and physical intuition.
The parameters of the potential energy function are then adjusted to fit a small
set of experimental and/or ab initio data. Such potentials can yield qualitatively
wrong results for properties or phenomena that are not included in the fitting
dataset or into the analytic expression of the potential.
A new class of methods that combine the accuracy of ab initio MD with the
high computational efficiency of empirical potentials has emerged recently Behler
and Parrinello [2007]; Bartok et al. [2010]. The key idea of the new methods is
to use artificial intelligence algorithms to create an accurate representation of the
ab initio potential energy surface (PES) and then perform lengthy MD simulations with the energies and forces obtained from this computationally inexpensive
representation in place of the original ab initio PES.
Neural-network (NN) algorithms, which originate in the field of artificial intelligence, are well suited to represent complex high-dimensional potential energy
landscapes without a priori knowledge of their underlying functional form. Given
a number of atomic configurations for which the ab initio energies are known the
machine-learning algorithms are tuned to reproduce the input data in the training
process. The entire training procedure is fully automated. Thus, the significant
human effort normally required to parametrize empirical potentials is replaced by
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a short computer calculation. Once trained, the NN algorithm performs interpolation to reconstruct the potential energy and forces for new atomic configurations.
Accurate representation of ab initio PESs ensures that all properties determined
by the topology of the PES are described with the accuracy comparable with that
of first-principle calculations.
A unifying theme of my doctoral research has been the development of an
efficient modeling framework, which fully utilizes capabilities of NN algorithms
in order to extend length and time scales accessible in atomistic MD simulations. This thesis consists of two major projects: the implementation project and
application project. Chapter 2 describes the implementation of a highly-efficient
parallel NN algorithm for MD simulations, whereas Chapters 3 through 4 presents
new insights into the origins of complex behavior of carbon and sodium obtained
from MD simulations based on NN potentials.
Carbon and sodium are of a great importance in industry, emerging technologies and fundamental science. Nevertheless, despite of their importance,
the rich and complex behavior of these elements at extreme conditions is still
poorly understood. The main reason for this is that accessing high-pressure
high-temperature (HPHT) conditions experimentally is difficult if not outright
impossible. Quite often scarce experimental data is insufficient for a thorough
understanding of the fundamental mechanisms behind experimental observations.
Difficulties with HPHT experiments make computer simulations an indispensable
tool for the detailed investigation of physical processes in these elements at the
atomic level.
A large number of published studies indicate that empirical potentials most
commonly used in molecular dynamics simulations of carbon and sodium may not
fully capture properties of these elements at extreme conditions. Many of these
potentials developed based on the pseudopotential theory Ho [1971]; Magana and
Vazquez [1990]; Sugiyama [1987], embedded atom model (EAM) Baskes [1987];
Belashchenko [2009]; Chantasiriwan and Milstein [1996, 1998]; Guellil and Adams
[1992]; Hu and Masahiro [2002]; Johnson and Oh [1989]; Wang and Boercker
[1995] or the bond-order concept Barnard and Russo [2002]; Brenner [1990]; Los
et al. [2005]; Tersoff [1988] are limited to a few phases in a narrow P–T region and
do not always give a correct description of all properties or phenomena of interest

3

throughout phase diagrams. Furthermore, empirical models cannot accurately
describe bond-breaking events, which are of the paramount importance when
studying phase transformations (e.g. graphite-to-diamond phase transition).
A realistic molecular dynamics modeling of physico-chemical processes at
HPHT conditions requires an ab initio approach that explicitly utilizes the groundstate electronic wavefunction to compute forces in the course of a simulation.
However, as mentioned above, the computational cost of severely restrict both
the maximum possible system size and length of simulations, to the extent that
many relevant phenomena are not directly observed in silico. Hence the unique
combination of accuracy and efficiency of the NN potentials was utilized to gain
unprecedented insight into microscopic origins of complex behavior of HPHT
carbon and sodium. Specifically, we applied NN-driven MD simulations to the
following areas:
• Investigation of the nucleation mechanism of the diamond formation from
graphite.
• Determination of the coexistence lines in the HPHT portions of the phase
diagrams with accurate free-energy methods. In the case of carbon, the
effect of quantum nature of nuclei on the low-temperature portions of the
coexistence lines was also inspected.
• Investigation of the possibility of liquid-liquid phase transitions in dense Na
and explanation of the anomalous melting of sodium above 30 GPa.
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Chapter 2
Generalized Neural-Network
Representation of
Potential-Energy Surfaces
Fitting potential-energy surfaces (PES) is a highly non-trivial task. First of all,
the functional form of any analytic representation of a PES has to be sufficiently
flexible to adapt to the reference points with high accuracy. Second, the obtained
PES must have continuous derivatives for applications in MD simulations. Third,
the representation function should be fast to evaluate and its construction should
not require a significant amount of manual work. Furthermore, an improvement
and extension to new regions of the configuration space should be possible without much effort (e.g. without starting the elaborate construction of a functional
form and the fitting process right from the beginning). Finally, the ideal representation method should be general, that is, it should equally well describe
molecules, nanostructures and condensed systems with wide range of properties
be it a covalent insulator, ionic crystal or metal.
Empirical potentials is perhaps the most well-known class of methods designed
for the PES representation Allinger et al. [1989]; Brooks et al. [1983]; Cornell et al.
[1995]; Mayo et al. [1990]; Rappe et al. [1992]. The use of this approach is widespread and countless empirical potentials and force fields of varying form and
complexity have been developed in the past decades for many types of systems.
For simple systems, analytical functional forms containing a few parameters can
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be guessed based on the available knowledge about physical interactions in the
system. The adjustable parameters in these functionals can be fitted to theoretical and/or experimental data. The general advantage of empirical potentials
is that the number of the parameters is rather small and, consequently, only a
few reference calculations are sufficient to optimize such potentials. Additionally,
since the form of the individual terms in the potential is derived from strict physical laws they often allow for a clear interpretation. However, the choice of the
functional form of an empirical potential requires great care. If it is not chosen
appropriately either unphysical artefacts may be introduced or the shape of the
PES is too constrained for an accurate fit. For many systems, including carbon
and sodium, the construction of suitable functional forms has been a frustrating
challenge. The sheer complexity of chemical bonding in many elements enforces
a limitation to a subset of possible structures that can be accurately described
prohibiting bond breaking and artificially reducing the chemical complexity of
the system.
Another possibility to reconstruct PESs is to use purely mathematical fitting
methods like splines. They have a very general functional form, but they are
not applicable to high-dimensional PESs (i.e. the error increases rapidly with
the number of dimensions) and very sensitive to noise in the data. An example
for a general approach for the description of molecule-surface interactions is the
modified Shephard method Crespos et al. [2003, 2004], which is based on a Taylor
expansion of the energy around the reference points.
In recent years, another mathematical approach based on artificial neural networks (NNs) has become a promising new tool for the construction of PESs. Artificial NNs have been first introduced in 1943 by McCulloch and Pitts inspired
by the way of signal processing in the networks of neurons in the brain McCulloch and Pitts [1943]. Nowadays, NNs have found numerous applications
in many fields of science Bishop [1995] including chemistry Duch and Diercksen [1994]; Sumpter et al. [1994]; Zupan and Gasteiger [1991, 1993]. They are
used for establishing structure-activity relationships Gasteiger and Zupan [1993],
prediction of reaction probabilities Agrawal et al. [2005], medical classification
in clinical chemistry Reibnegger et al. [1991], binding site prediction Keil et al.

6

2.1 Neural Network Potentials

[2004], extraction of pair potentials from diffraction data Toth et al. [2005], estimation of force constants in large molecules Fischer et al. [1995], data mining
in drug design Gasteiger et al. [2003], electrostatic potential analysis Gasteiger
and Zupan [1993]; Zupan and Gasteiger [1991], construction of exchange correlation potentials Zheng et al. [2004], the numerical solution of the Schrödinger
equation for simple model systems Sugawara, the prediction of secondary protein
structure Holley and Karplus [1989].
This Chapter describes the application of NNs to the reconstruction of PESs.
This application utilizes the ability of NNs to approximate complex functions
without any a priori knowledge of their analytic form. This analytic form may
be very complex, sometimes too complex to be even written down, and completely
unknown but, if it in principle exists, the neural network can be used to approximate this unknown functional form with high accuracy. It has been proven that
any real-valued function depending on a set of variables can be represented by
a feed-forward neural network with arbitrary precision Attali and Pagès [1997];
Hornik et al. [1989]; Scarselli and Tsoi [1998]. The reason for this capability of
NNs is the extreme flexibility arising from a large number of simple non-linear
functions which are combined in a hierarchical and systematic way.

2.1
2.1.1

Neural Network Potentials
Functional Form

Feed-forward NNs is a class of artificial NNs that is most commonly used for the
representation of PESs. Feed-forward NNs have a general and unbiased form of
a nested function containing a large number of simple functional units. The form
of a typical feed-forward NN is represented schematically in Figure 2.1.
Artificial neurones or nodes are the main units of NNs. Nodes receive input
data, process it and produce the output, which is passed as an input to other
nodes. Such data links between nodes create the network. Nodes in a feedforward NN are arranged into layers. Every node is connected to all nodes in
the adjacent layers but nodes in the same layers are not connected. Thus, there
are several types of layers in the feed-forward NNs: the input layer, the output
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Figure 2.1: Schematic structure of a simple feed-forward neural network. The
value of the node in the output layer corresponds to the energy E, which depends
on the variables Gi in the input nodes. The bias weights bji connect the bias
node with the nodes i in layer j and shift the non-linear region of the activation
functions. The number of hidden layers and the nodes in these layers define the
functional form of the NN. The weights parameters akl
ij connecting node i in layer
k with node j in layer l as well as the bias weights are the fitting parameters
of the NN. They are determined iteratively using a set of known reference data
points.

layer and one or more hidden layers (see Figure 2.1). Each node in the network
is also connected to the bias module, which produces the unit output and acts
as an adjustable offset (see Section 2.2). When data is passed from one node to
another it is multiplied by a parameter called weight.
When a NN is used for the representation of PESs, descriptors of the potentialenergy function Gi (e.g. atomic coordinates or other atomic degrees of freedom
that determine the total energy of the system) serve as the NN input. The output
layer contains only one node, which represents the target quantity - the potential
energy of the system. The specific functional form of a NN is fully defined by the
number of hidden layers and the number of nodes in each layer.
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Once the topology of the NN is set up, the output is calculated as follows.
First, the numerical values of the coordinates of the atoms Gi in a given structure
are provided to the NN as the output of the input layer, which has the layer index
“0”. The values Gi are then propagated to each node in the first hidden layer and
multiplied by the value of the corresponding weight parameter. Further in this
work, akl
ij denotes the weight parameter connecting node i in layer k with node j in
layer l and symbol bji is the bias weight acting on node i in layer j. At each node j
P
in the first hidden layer, the sum of weighted inputs i Gi a01
ij is calculated and a
non-linear activation function fjk is applied to the sum. Frequently used activation
functions have a sigmoidal shape (see below), i.e., they have a finite non-linear
region and saturate for very small and very large arguments. In summary, the
value yj1 of node j in the first hidden layer is given by:
!
X
b1j + a01
yj1 = fj1
ij Gi .

(2.1)

i

The output of the nodes in the first hidden layer are passed forward to the nodes
in the next layer until finally a number is obtained at the node in the output
layer of the NN. The output of a node j in layer k thus becomes:
!
X
k−1,k k−1
yjk = fjk
bkj + aij
yi
.

(2.2)

i

The full functional form of the example NN in Fig. 2.1 is given accordingly by

E = y13 = f13 b31 +

4
X
k=1

2
a23
k1 · fk

b2k +

3
X
j=1

1
a12
b1j +
jk · fj

2
X
i=1

a01
ij · Gi

!!!

(2.3)

In general the NN output depends on the topology of the NN, i.e., the number of layers and nodes per layer, the type of activation functions, and most
importantly, the numerical values of the weight parameters. Initially, the weight
parameters are chosen randomly and the output of the NN is of course very different from the correct energy of the structure. But if for a set of reference structures
the energy is known (e.g. from electronic structure calculations) then an error
function can be defined as the difference between the output of the NN and the
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known correct energy. This error function can then be minimized by optimizing
the weight parameters until all example points are accurately reproduced by the
NN. Details on the weight optimization are given in Section 2.2. This optimal set
of weight parameters is then kept fixed and can be used to predict the energies of
new (similar) structures not included in the reference set (e.g. structures visited
during an MD simulation).
The size of the NN is determined empirically for a given system by constructing fits with different numbers of hidden layers and nodes per layer, and chosing
the structure which provides the most accurate fit. As a general rule, if two NN
architectures provide the same accuracy the one with less parameters should be
preferred to reduce overfitting (see Sec. 2.2.4).

2.1.2

Activation Functions

NNs have the ability to fit general multivariate functions by the incorporation of
the so-called activation functions. In general, activation functions in NNs map a
variable to an interval [−1, 1] or [0, 1]. Frequently used examples for activation
functions are the hyperbolic tangent (Figure 2.2)
f (x) = tanh(x),

(2.4)

the sigmoid function (Figure 2.2)
f (x) =

1
,
1 + e−x

(2.5)

and the Gaussian function
2

f (x) = e−αx .

(2.6)

A linear function is often used for output nodes to avoid any constraints on
the possible range of output values
f (x) = x .

(2.7)

The activation functions have to be continuous and differentiable, which is
needed for (a) the weight optimization algorithms and (b) for the calculation of
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Figure 2.2: Frequently used activation functions: A. hyperbolic tangent, B.
sigmoid function. Activation functions saturate for very small and very large
arguments, but have a non-linear region in between, which ensures that the neural
network is able to adapt to general non-linear functions.

the derivatives of the output with respect to the atomic coordinates, i.e., for the
atomic forces.
I will illustrate the capability of the non-linear activation functions to adapt to
arbitrary functions using the example of the potential of the harmonic oscillator
V (x) = x2

.

(2.8)

For the case of the hyperbolic tangent activation function, the neural network
expression can be decomposed into a set of functional units of the form
f (x) = d + c · tanh (a · x + b)

(2.9)

with four “parameters” a, b, c, and d. By optimizing these parameters, the
shape of the hyperbolic tangent can be modified as illustrated in Figure 2.3. This
flexibility can be used to obtain a rather good approximation to the parabolic
potential in a given range by just two activation functions, as shown in Figure 2.4.
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Figure 2.3: Illustration of the flexibility of the hyperbolic tangent activation
function. The functional form of a neural network (Eq. 2.3) contains building
blocks f (x) = d + c · tanh (a · x + b) which can adapt to general functions by
varying the parameters a, b, c, and d. For comparison also the unmodified hyperbolic tangent is plotted as black line.
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Figure 2.4: The fit of a parabola in the range −3 < x < 3 by two hyperbolic
tangent functions g1 and g2 . A. The two functions are plotted separately. B. The
sum is compared with the parabola.

2.2
2.2.1

Optimization of the Weight Parameters
The Fitting Procedure

In order to reproduce a PES the correct weight parameters of a NN have to be
known. These parameters are tuned iteratively to reproduce the ab initio energies
for a selected set of atomic configaurations. This optimization process is called
training of the NN while the set of atomic configurations, for which the ab initio
energies are known, is called training set.
A large variety of algorithms can be used to optimize the weight parameters Skinner and Broughton [1995]. They can be classified as gradient-based algorithms and random methods. Examples of the gradient-based methods include
the steepest-descent algorithm (called “back-propagation” in the NN community),
conjugate gradients Fletcher and Reeves [1964]; Polak [1971]; Polak and Ribiere
[1969], the global extended Kalman filter Blank and Brown [1994]. Gradientbased schemes are fast but often get trapped in local minima in the weight-space.
Random methods, which include such techniques as genetic algorithms Skinner
and Broughton [1995] or swarm search Skinner and Broughton [1995], are com-
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putationally very demanding but can easily jump from one local minimum to
another. Methods like simulated annealing (i.e. the damped dynamics in the
space of the weight parameters) combines ideas from gradient-based and random
methods Fischer et al. [1995]; Kirkpatrick et al. [1983]; Skinner and Broughton
[1995].
For complex PESs and large training data sets (∼ 104 − 105 reference points),

typical NNs contain between one and three hidden layers with 25–40 nodes per
layer. Therefore, the parameter space has dimentions of 1000–5000 and finding
global minima in this space is, in practice, an impossible task. Fortunately, many
local minima can represent the reference energies sufficiently well and thus provide
a reliable estimate of the PES.
The optimization of the weight parameters corresponds to the minimization
of a cost function Γ, which is defined as the sum of the squared errors of the
energies Ei,NN predicted by the NN and the true reference energies Ei,Ref from
electronic structure calculations.
Γ=

N
X
1
(Ei,NN − Ei,Ref )2
N
i=1

(2.10)

The optimization process is started with random values of the weight parameters. In each iteration, called epoch), a training point is presented once to the
NN. Usually the training points are presented in random order, to reduce the
probability of ending up in a close local minimum. The measure for the quality
√
of a fit is the root mean squared error Γ is calculated in every epoch.
I will describe gradient-based algorithms here because they are more commonly used for the weight optimization than random fitting methods. For their
application, the partial derivatives of the NN output with respect to all weight
parameters have to be calculated for each point in the training set:
X 1 ∂Eµ,NN
∂Γ
=
µ ∂akl
∂akl
ij
ij
µ

(2.11)

and
X 1 ∂Eµ,NN
∂Γ
=
µ ∂bji
∂bji
µ
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There exist two types of optimization procedure. In the so-called offline learning the weights are updated once per epoch, whereas in the online learning the
update is preformed after the presentation of each individual training point. In
the latter case, the summation in Eqns. 2.11 and 2.12 are dropped and the gradients for each single point are used separately. In the following Sections the
back-propagation and extended Kalman filter algorithms, which represent examples of offline and online methods correspondingly, will be discussed.

2.2.2

Back-Propagation

One of the most frequently employed weight optimization methods is the backpropagation algorithm. In the back-propagation optimization the weight parameters are updated according to the following equation:
kl
akl
ij,new = aij,old − κ

∂Γ
,
∂akl
ij

(2.13)

where κ is a positive damping factor called learning rate. Since the output of the
nodes in layer k are used as the input for layer k + 1 the derivatives wrt weights
(k−1)k

aij

k(k+1)

can be expressed in terms of derivatives wrt aij
using the chain rule.
The steepest-descent method is not very efficient and likely to get trapped in

a local minimum. It may also show an oscillating behaviour or diverge if κ is
chosen too large.

2.2.3

Extended Kalman Filter

An optimization scheme that has become very popular in the context of NNs is
the extended Kalman filter. The extended Kalman filter is a very sophisticated
algorithm originating from estimation and control theory Gelb [1974]. It is used
for online learning (i.e. the weight parameters are optimized after the presentation
of each individual training point). In the Kalman filter the update is directed by
a weighted history of previous updates. The recursion relations for the update of
the weights on iteration n is:
w(n) = w(n − 1) + K(n) [ERef (n) − ENN (w(n − 1)] ,
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where K is the Kalman gain matrix

−1
K(n) = λ−1 P(n − 1)J(n) I + λ−1 JT (n)P(n − 1)J(n)
.

(2.15)

P(n) = λ−1 P(n − 1) − λ−1 K(n)JT (n)P(n − 1)

(2.16)

J is the Jacobi matrix with the elements Ji =
is the covariance matrix:

∂E
,
∂wi

I is the identity matrix and P

For each training point first the Kalman gain matrix is updated using the
covariance matrix of the previous epoch and the current weight derivatives in the
Jacobi matrix. Then the new vector of weight parameters w is determined using
K. Finally, the covariance matrix is updated according to Eq. 2.16. A “forgetting
schedule” is introduced via λ to ensure that only the recent history of updates in
taken into account for the update of point n,
λ(n) = λ0 λ(n − 1) + 1 − λ0 .

(2.17)

The constant λ0 is usually chosen between 0.99000 and 0.99900.
In the adaptive form of the extended Kalman filter weights are not updated
after presentation of each individual training point. Instead, an error threshold
α is defined in terms of the actual RMSE of the full training set. Only if the
error of a training point is larger than the product of α and the current RMSE,
the point will be used to update the weights. This can reduce the computational
effort of training, since only those points are used in the fit, which are not yet
well represented.
For the construction of NN potentials, the extended Kalman filter often shows
a performance which is superior to other optimization algorithms Blank and
Brown [1994]; Witkoskie and Doren [2005], because is less likely to get trapped
in shallow local minima.

2.2.4

Overfitting

Extremely flexible functional form of NNs with thousands of parameters requires
detection and control of overfitting. Overfitting is a situation in which a set of
training points is fitted accurately while other similar points not included in the
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Figure 2.5: Illustration of overfitting. A. The training points (diamonds) are
well represented and smoothly connected by the fit (line). B. The fit is very
accurate for the training points, but many local extrema are present in between
the training points. These extrema are not based on information in the training
set but are artefacts of the fit arising from exessive flexibility.

training set are poorly described. In other words, overfitting is an improvement
of the fit in one region of the configuration space at the cost of a poor quality in
another region (Figure 2.5).
Most applications of neural networks do not allow for a visual inspection of
the fit quality due to the high dimensionality of PESs. A commonly employed
method in these cases is the so-called early stopping method. In this method the
available points are split into a training set which is used to update the weight
parameters, and a test set, which is not used in the optimization procedure. A
comparison of the RMSEs of the training and the test set then allows for an
estimate of the generalization properties of the NN fit. The typical course of the
training error and the test error in the iterative fit is shown in Figure 2.6. The
training error decreases steadily since the weight parameters are optimized to
reproduce the training set as accurately as possible. Initially, also the test error
drops quickly, because the description of the overall shape of the potential-energy
surface is improving in each epoch. Then the test error reaches an local minimum
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Figure 2.6: Typical course of the errors of the training set and the test set in
the iterative optimization of the NN weight parameters.

and starts to increase slowly. This increase indicates that now the accuracy of
the training points is improved on the expense of the regions in configuration
space in between the training points. This is detected by the RMSE of the test
points, which are located in between the training points. In the early stopping
method, the set of weights, which minimizes the error of the test set is considered
to represent the best fit.

2.3

Construction of the Training Set

The training set for the optimization of the weight parameters can be obtained
from any electronic structure method, because the only information required for
each atomic configuration in the training set is its total energy. A significant
constraint on the choice of the electronic structure method for large systems is
the large number of training points that is needed to set up a neural network
potential. This limits the application of computationally demanding quantum
chemical methods to small molecules, and the most frequently used electronic
structure method for large systems is density-functional theory. NN potentials
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for carbon and sodium constructed in this work are both based on the PerdewBecke-Ernzerhof density functional Perdew et al. [1996].
Having chosen an electronic structure method for the calculation of the training set, the next problem is the choice of the atomic configurations. For small
systems with few degrees of freedom (e.g. crystals with small periodic cells) a
dense grid of points can be obtained by systematically varying all degrees of freedom. However, the exponential growth of the number of configurations prevents
a systematic mapping for larger systems of typically more than six degrees of
freedom. This is because if each degree of freedom is sampled by N points, for d
degrees of freedom the number reference calculations is N d . In practical applications like MD simulations often only a subspace of the full configuration space is
accessible for the system. This relevant subspace can be mapped by a systematic
approach in the following way. First, some random structures are calculated and
a preliminary NN potential is constructed using these points. This potential will
not be reliable and may contain unphysical stationary points. Nevertheless, it
can be used to perform short MD simulations or structural relaxations to propagate the system to new configurations. The configurations suggested in this way
by the NN can then be recalculated using electronic structure methods, and the
resulting energies can be compared with the NN predictions. If the agreement is
not satisfactory, the new structures can be included in the training set and the
fit can be refined. In contrast to conventional empirical potentials with a given
analytic form, no change in the functional form of the NN is required and improving the NN is a straightforward task with little manual work involved. The
new fit again can be used to suggest new structures and the cycles are repeated
until all wrong features of the NN PES are removed and the training data set is
reproduced with the desired accuracy. Typically, an accuracy of a few meV per
atom with respect to the reference energies can be obtained in this way.
It is also possible, to identify regions of the configuration space, which are
relevant but not well represented in the training set, without carrying out costly
electronic structure calculations. For this purpose several NN fits are constructed
employing different NN topologies. Because the NN topologies are different, so is
the functional form of the fits. Now two fits with approximately the same RMSEs
for the training and the test set are chosen. Accordingly, it is not possible to judge
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which of the two fits is a better representation of the true PES. Then a large
number of structures is generated, e.g., random structures, optimized structures
or snapshots from MD simulations. The energy for all structures is predicted by
both NNs. If a structure is close to a point already included in the training set,
both NNs are likely to predict a similiar energy. But if the two NN energies are
different, then the NNs have too much flexibility at this point in the configuration
space and an electronic structure calculation should be carried out for this point.
This way it is possible to avoid a large number of unnecessary electronic structure
calculations.

2.4

NN Potentials for Condensed Systems

NNs have been successfully used to interpolate PESs of simple chemical systems for the last decade Lorenz et al. [2006]; Malshe et al. [2008]; Manzhos and
Carrington [2006]; Prudente et al. [1998]. However, NN potentials that can be
used to map high-dimensional PESs of condensed systems have appeared only
recently Behler and Parrinello [2007]; Behler et al. [2008b]; Sanville et al. [2008].
All studies in this work were performed by utilizing one of such methodologies
that has been introduced by Behler and Parrinello Behler and Parrinello [2007];
Behler et al. [2008b].
In the scheme of Behler-Parrinello, the total energy of the system is expressed
as a sum of atomic energy contributions
E=

X

Ei ,

(2.18)

i

where each atomic energy is calculated by an atomic neural network. If all atoms
of a chemical element in the system are described by NNs with the same weights
then the decomposition 2.18 ensures the NN energies will be invariant to the
order of atoms in the input. Futhermore, once the fit is obtained, such NN
potentials can be applied to systems containing an arbitrary number of atoms.
It is also important to note that the approach described by Eq. 2.18 is based
on the assumption that the energy contribution of each atom i in the system
is determined by its local chemical environment up to a certain cutoff radius
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Figure 2.7: Schematic structure of a high-dimensional neural network potential
for a condensed system Behler and Parrinello [2007].

Rc . The NN scheme proposed by Behler-Parrinello is shown schematically in
Figure 2.7 with each atom corresponding to one line in the scheme.
Another important feature of the NN method method of Behler-Parrinello is
that the input for each atomic NN is represented by a set of order parameters
{Gi }, called symmetry functions, which describe the energetically relevant local
geometric environment of each atom (i.e. a set of symmetry functions can be
regarded as a kind of structural fingerprint). The use of symmetry functions
(instead of cartesian coordinates) as the NN input ensures invariance of the NN
results to translations and rotations of the systems. This trick also reduces the
dimensionality of the problem because, unlike with the use of internal coordinates,
only neighbors inside the cutoff sphere affect the environment descriptors for each
atom.
The cutoff radius Rc is typically chosen in the order of 5–6 Å, and the cutoff
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function fc is defined as
(
fc (Rij ) =

h 

i
πR
0.5 · cos Rcij + 1 for Rij ≤ Rc
0 for Rij > Rc ,

(2.19)

with Rij being the distance between atom i and j. At the cutoff radius fc has
zero value and slope.
A set of order parameters for each atom typically includes 40–50 radial (Eq. 2.20)
and angular (Eq. 2.20) symmetry functions Behler [2011]:
Gi =

X
j

Gi = 2

2

e−η1 (Rij −Rs ) · fc (Rij ) ,

1−ζ

X
i,j

(1 + γ cos θijk )ζ · e−η2 (Rij +Rjk +Rjk ) ×
2

× fc (Rij ) · fc (Rik ) · fc (Rjk ) ,
where angle θijk =

Rij ·Rik
Rij Rik

(2.20)
2

2

(2.21)

is centered at atom i. These functions depend on

pre-defined parameters η1 , η2 , γ, Rs and ζ, which describe the region of configuration space described by the symmetry functions. The radial functions can
be interpreted as effective coordination numbers at various distances, the angular functions as angle distributions. Further details on the symmetry functions
can be found elsewhere Behler [2011]; Behler and Parrinello [2007]; Behler et al.
[2008b].
In general, other functional form for symmetry functions can be used but
all of them have to fulfill several requirements. Symmetry functions and their
derivatives have to be continuous, they should be fast to evaluate, and there
should be a one-to-one correspondence between a given structure and its set of
symmetry function values. If two structures with different energies yield the same
set of symmetry function values, the NN fitting will become impossible, because
the NN would associate two different energies to the same structure. It is also
worth noting that the transformation from Cartesian coordinates to symmetry
functions is not required to be inversible. For all practical purposes the mapping
is carried out from atomic coordinates to symmetry functions.
The analytic form of the neural network total energy expression in Eq. 2.3
allows to calculate analytic derivatives, which are essential to obtain accurate
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forces for applications in MD simulations. With the use of symmetry functions
{Gi } the force with respect to an atomic coordinate α is given by
∂E
∂α
X ∂E ∂Gi
= −
∂Gi ∂α
i

Fα = −

The derivative

∂E
∂Gi

is given by the NN topology, the derivative

(2.22)
∂Gi
∂α

is defined by the

choice of symmetry functions. Other quantities containing analytic derivatives
such as the stress tensor can also be computed in a straightforward fashion.

2.5

Pros and cons

NNs provide a very general and unbiased way to construct accurate PESs. In
contrast to classical force fields, NN potentials do not require a classification
of atoms in terms of functional groups or hybridization state. Neural network
potentials are intrinsically reactive, which means that, in the course of an MD
simulation based on a NN potential, bonds can be broken or formed. Like in
the underlying electronic structure calculations, just the atomic positions have
to be provided in form of a suitable set of coordinates. However, NNs provide
analytic energy expressions which do not allow for a physical interpretation of
individual terms. The flexible functional form of the NN potentials is a priori
non-physical. Consequently, NNs are very accurate for the energy prediction of
structures similar to the structures included in the training set, but they can
spectacularly fail if structures are very different.
Some extrapolation regions can be identified by checking whether the NN
input is within the minimum-maximum range of inputs in the training set. If, in
the course of an MD simulation, a structure with the values outside this range
is encountered the NN energy prediction for this structure should be taken with
great care. It is important to make sure that the NN potential is complete, that
is, in MD applications all energetically accessible parts of the configuration space
must be well represented in the training set.
The use of symmetry functions together with a partitioning of the system into
local environments (see Section 2.4) enables an application of NNs potentials to
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condensed systems. However, the exponential growth in the number of possible
atomic configurations with the number of chemical elements present in a system
makes application of NNs problematic in such fileds as organic chemistry or biochemistry. On the other hand, chemical problems involving a large number of
atoms but a moderate number of elements, like in materials science and solid
state chemistry can strongly benefit from the use of NN potentials. This thesis
is devoted entirely to such applications.

2.6

Implementaion

The main objective of this work has been to exploit recent advances in methodologies for the NN reconstruction of PESs and NN-driven MD simulations. To
this end, a parallel multi-layer feed-forward NN program was implemented and
interfaced with the DLPOLY MD package.
Several major features of the program is described in this Section. In the
beginning of each MD simulation, the NN descriptors are loaded into memory
together with the standard MD input. These descriptors include specifications
of the NN topology (number of layer, nodes in each layer and their activation
functions), types and parameters of the symmetry functions and numerical values
of weights. The evalution of the NN energy, forces and stress tensors is performed
on each MD step as described in Section 2.4. Partitioning of the NN energies into
atomic contributions (Eq. 2.18) enables efficient MPI parallelization with each
CPU in a multi-CPU MD run evaluating the NN energies and forces for the
assigned group of atoms. Atomic contributions are summed up on every MD
step to obtain the system-wide quantities. Benchmark calculations on a Cray
XT5 platorm show that ∼90% parallel efficiency can be achieved if one CPU
treats a group of approximately 10 atoms or more (Figure 2.8). Benchmarks also
demostrated that the NN version of DLPOLY code can be efficiently executed on
upto ∼1000 CPU. The simulations using a larger number of CPUs become less
efficient because of parallel bottlenecks in the DLPOLY routines outside the NN
module.
To reduce memory requirements, I implemented the Verlet-list algorithm that
allows the NN to keep track of the neighbors of each atom and allocate memory
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Figure 2.8: Benchmark calculations on a Cray XT5 platform.
only for those neighbors that lie inside the NN cutoff sphere. With this modification the memory requirements grow linearly with the number of atoms in
the system and enable routine MD simulations with up to 500,000 atoms on a
time-scale of hundreds of picoseconds.
Thus, the unique combination of accuracy and efficiency of NN potentials leads
to dramatic enhancement of MD simulations. When used in combination with
advanced sampling techniques (e.g. metadynamics), free energy methods (e.g.
thermodynamics integration) and numerous other features available in DLPOLY
package, the NN potentials can be used in computational studies of mechanisms
and thermodynamics of various chemical transformations in materials of unprecedented accuracy.

2.7

Concluding Remarks

In summary, the basic methodology and some technical aspects of the application
of artificial NNs to the reconstruction of PESs have been reviewed in this Chapter.
NNs represent flexible functions, which are able to reproduce accurate energies
for a given set of electronic structure data with high accuracy and to provide
interpolated energies for similar structures. The availability of analytic energy
gradients enables a straightforward calcution of atomic forces for molecular dynamics simulations. The high flexibility of the NN functional form is the reason
for the high numerical accuracy. It is also the major drawback of NNs because a
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large number of reference points is required to train a reliable NN and the prediction of the energy of structures very different from the structures included in the
training set (i.e. extrapolation) is not possible. Several applications presented in
the rest of this thesis demonstrate that NN PESs is computationally many orders
of magnitude faster to evaluate than even the most efficient electronic structure
methods like density-functional theory.
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Chapter 3
Thermodynamics and Mechanism
of the Graphite–Diamond Phase
Transition
3.1

Introduction

The ability of carbon atoms to form strong chemical bonds with a variety of coordination numbers leads to a remarkably wide range of physical properties of the
condensed phases of carbon. The diamond phase is a three-dimensional network
of four-fold coordinated atoms characterized by a very low electrical conductivity
and extreme hardness. Unlike diamond, the graphite phase is semimetallic and
made up of planes of three-fold coordinated atoms. It behaves as a lubricant
because of weak van der Waals (vdW) bonding between the planes.
In spite of the great fundamental and practical importance of graphite and
diamond the characterization of these phases and their mutual transformation is
far from complete especially in the region of high pressures and temperatures
which are difficult to access experimentally. Although computer simulations
based on density functional theory (DFT) provide a comprehensive framework
for modeling a variety of carbon polymorphs, they become computationally too
demanding for the generation of long molecular dynamics (MD) trajectories for
large systems (nanosecond-long trajectories are required to study thermodynamics and mechanism of phases transitions). On the other hand, the construction of
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accurate and computationally efficient potentials capable of describing the wide
range of interactions in carbon is still a challenge. Many simple force fields developed for covalent systems such as the embedded atom method Baskes [1987],
the Stillinger-Weber approach Barnard and Russo [2002], and the bond-order
potential of Tersoff Tersoff [1988] have only limited success in modeling carbon
phases. More elaborate potentials such as the Brenner potential Brenner [1990],
the environment-dependent interaction potential Marks [2001], and a family of
long-range carbon bond-order potentials Los et al. [2005] significantly improve
the description of carbon structures by incorporating π-bonding effects and vdW
interactions. Nevertheless, even the most sophisticated empirical potentials do
not always give a correct description of all properties or phenomena of interest.
This Chapter describes a different approach for modeling solid phases of carbon such as diamond and graphite. Instead of representing the interatomic interaction energy by an analytic function fitted to experimental and ab initio data
an accurate mapping of the relevant portion of the ab initio potential energy
surface (PES) has been created using the high-dimensional neural network (NN)
approach Behler and Parrinello [2007] described in the previous Chapter. As
mentioned before this approach eliminates the requirement to guess a complicated
functional form for the carbon interatomic potential. Accurate mapping ensures
that all properties determined by the topology of the PES are described with
an accuracy comparable with that of DFT. Furthermore, PES mapping allows
one to examine nuclear quantum effects in MD simulations from first principles
whereas empirical potentials attempt to incorporate such effects through parameterization. From a computational standpoint, the NN energies, forces, and stress
tensor are evaluated with the speed of empirical potentials Behler et al. [2008a,b]
thus enabling an MD study of graphite-diamond coexistence Khaliullin et al.
[2010] and of the mechanism of the graphite-to-diamond phase transition Khaliullin et al. [2011] of unprecedented accuracy.
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3.2

NN Potential for the Graphite and Diamond
Phases of Carbon

As described in Chapter 2, NNs have been successfully used to interpolate the PES
of simple chemical systems for the last decade Lorenz et al. [2004, 2006]; Malshe
et al. [2008]; Manzhos and Carrington [2006]; Prudente et al. [1998]. However,
an NN-based method that can be used to map the high-dimensional PES of bulk
systems and large clusters has been introduced only recently Behler and Parrinello
[2007]; Behler et al. [2008a,b]. The mapping of the ab initio PES is performed by
optimizing NN parameters to reproduce the ab initio energies of many thousands
of structures in a training set. The overfitting (i.e. obtaining a good fit to
the training data, but performing less accurately when making predictions) is
controlled by testing the performance of the NN for an independent test set not
used in the optimization.
The accuracy of the reference ab initio energies is of paramount importance
while training the network. It is known that conventional local- and semilocal
density functionals cannot describe the long-range electron correlations that are
responsible for the vdW interactions between graphite sheets Mounet and Marzari
[2005]. To account for the dispersion forces in graphite, the Perdew-BurkeErnzerhof (PBE) functional in combination with the dispersion corrected atom
centered pseudopotential (DCACP) von Lilienfeld et al. [2004], which has been
shown to perform well for graphene sheets and aromatic compounds Tapavicza
et al. [2007]; von Lilienfeld et al. [2004], was employed. Extensive tests were performed to demonstrate that DCACP closely reproduces the experimental lattice
constants as well as elastic and vibrational properties of diamond and graphite
(Table 3.1). The ABINIT package Gonze et al. [2002] was used to perform the
ab initio calculations. A dense mesh of k-points and a large plane-wave cutoff
of 170 Ry were used for all structures so as to ensure convergence of the total
energy to 1 meV/atom.
The initial fitting of the carbon NN potential was performed on crystal structures that included the zero-temperature and randomly distorted structures of
cubic and hexagonal diamond, hexagonal and rhombohedral graphite in the pressure range up to 100 GPa. To describe the energetics of the graphite-diamond
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Hex. graphite
PBEa
PBE, DCACP
NN
Exp.b
Cub. diamond
PBEa
PBE, DCACP
NN
Exp.c
a

Lattice const. (Å)
a0
c0
2.461
8.712
2.467
6.815
2.467
6.688
2.461
6.705
a0
3.568
3.570
3.569
3.567

B0
2.4
37
48
36
B0
432
439
434
442

Elastic constants (GPa)
c11
c12 c33 c44
1240a
2.4
1069 162 40
5
1080 179 52
7
1060 180 37
4
c11
c12 c44
1060 125 562
1056 130 567
1016 142 580
1076 125 577

Freq. (cm−1 )
c13
ΓZO
ΓLO/T O
-0.5 1561, 1561
881
-4 1553, 1573
870
0
1527, 1530
834
15
1575
861
ΓO
1289
1292
1295
1332

Results of calculations with the standard Vanderbilt ultrasoft PP from Ref. Mounet and Marzari [2005],
c11 + c12 value from Ref. Mounet and Marzari [2005].
b
Lattice constants from Ref. Boettger [1997], elastic constants from Ref. Seldin and Nezbeda [1970], vibrational
frequencies from Refs. Oshima et al. [1988]; Tuinstra and Koenig [1970].
c
Lattice constants from Ref. Donohue [1974], elastic constants from Ref. Grimsditch and Ramdas [1975],
vibrational frequency from Ref. Warren et al. [1967].
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Table 3.1: Structural, elastic, and vibrational properties of graphite and diamond.
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transformation, transition structures along several highly-symmetric pathways
connecting the two phases were also included in the training set. In addition to
this, the training set also contained configurations of various graphite-diamond
interfaces, which ensured that the energetics of the nucleation of diamond from
graphite is described properly.
After the initial training, the NN was improved self-consistently by iterative repetition of the NN-driven MD simulations, collection of new structures
emerging from the simulations, calculation of the DFT energies for the physically
relevant structures, and refinement of the NN. These iterations were performed
until the root mean squared error (RMSE) of the new structures not included in
the fit converged to the RMSE of the test set. After the self-consistent procedure
the DFT dataset contained ∼60,000 DFT energies corresponding to more than
700,000 atomic environments. 10% of all structures were randomly chosen for
the test set. The best fit was obtained for a NN with 2 hidden layers, each of
which contains 25 nodes (the total number of the NN parameters is 1901). The
RMSE of the training set is 4.0 meV/atom, while the RMSE of the test set is
4.9 meV/atom. Figure 3.1 shows that the vast majority of the structures have an
error less than 10 meV/atom. The maximum absolute errors are 41.5 meV/atom
and 46.7 meV/atom for the training and test sets, respectively. The largest
errors are attributed to highly distorted graphite structures that are accessible
only at temperatures of 4000–5000 K (i.e. close or above the melting temperature of graphite). At these high temperatures the errors are small compared
to kB T ∼ 340 − 430 meV so the quality of the relevant ensemble averages is
essentially maintained.
To check the accuracy of the NN potential the lattice constants, stiffness coefficients, and vibrational frequencies for the zero-temperature structures of cubic
diamond and hexagonal graphite were calculated. The lattice constants were determined by minimization of the NN potential energy fitted using the Murnaghan
equation Murnaghan [1944] in the case of diamond and by a two-dimensional
fourth order polynomial in the case of graphite. The second-order elastic constants were calculated by fitting the energy as a function of an appropriate cell
distortion to a parabola Fast et al. [1995]; Guo et al. [1991] while vibrational
frequencies were obtained by diagonalizing the dynamical matrix. The computed
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Figure 3.1: Histogram of the NN errors in the training and test sets.
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Figure 3.2: NN prediction and experimental data Zhao and Spain [1989] for the
c0 lattice parameter of hexagonal graphite as a function of pressure. T = 295 K.
The NN values are computed from constant-pressure MD simulations with a
quantum Langevin thermostat Ceriotti et al. [2009b].

quantities are summarized and compared with DFT and experimental values in
Table 3.1. The NN accurately reproduces DFT results for structural, elastic and
vibrational properties of diamond 1 . All properties of graphite determined by the
strong in-plane interactions (a0 , c11 , c12 , ΓZO ) are also described well by the NN.
However, the relative error between DFT and NN values is generally larger for
the properties determined by weak interplanar interactions (e.g. c33 , c44 , c13 ).
Nevertheless, the NN description of one of the most important structural characteristics of graphite – the interlayer distance – is remarkably accurate for a wide
range of pressures (Figure 3.2).
A correct estimation for the coefficients of linear thermal expansion (CLTE) is
important for the accurate prediction of the coexistence line Berman and Thewlis
[1955]. The CLTE for diamond and graphite can be calculated from the state
points (i.e. density as a function of pressure and temperature). Despite a very
1

To demonstrate the accuracy of the NN potential relative to DFT, it is sufficient to calculate
all properties in Table 3.1 classically without ZPE correction. However, it is worth pointing
out that the ZPE corrected PBE value of a0 for diamond is 3.584Å, significantly larger than
the experimental lattice constant of 3.568Å.
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small value of the CLTE of diamond the calculated value of 5.1×10−6 K−1 at
1000 K is in good agreement with the experimental estimate of 4.4×10−6 K−1 Berman
and Thewlis [1955]. The NN potential also predicts that the CLTE of diamond
increases with temperature reaching 5.9×10−6 K−1 at 3000 K. This behaviour is
in agreement with the predictions based on the Grüneisen relation, which gives
a CLTE of 5.6×10−6 K−1 at this temperature Berman and Thewlis [1955]. The
NN calculations also correctly estimate the two very different CLTEs of graphite
as 1.5×10−6 K−1 in the direction parallel to the planes and 2.3×10−5 K−1 in
the perpendicular direction (the experimental values are 1.1–1.3×10−6 K−1 and
3.0–3.5×10−5 K−1 , respectively Steward et al. [1960]).
Figure 3.5B shows that the energetics of graphite-diamond transformation in
small cells obtained with the NN potential is indistinguishable from the density
functional theory (DFT) results. In quantitative agreement with the ab initio
calculations of Tateyama at al. Tateyama et al. [1996], the stability of diamond
relative to graphite increases with pressure whereas the barrier separating the
two phases decreases. At a pressure of 80 GPa graphite reaches a lattice instability point (i.e. one of the barriers becomes zero) and undergoes an ultrafast
transformation to diamond as was previously observed in ab initio simulations by
Scandolo et al Scandolo et al. [1995]. The NN-driven MD simulations at constant
pressure and temperature correctly reproduce the mechanism of this concerted
transformation and are in perfect agreement with the results of Scandolo et al.
Figure 3.3 demonstrates that the energy of the graphite-diamond interface and
the formation of a small diamond nucleus in a system of ∼100 atoms is also
excellently described by the NN.

3.3

Thermodynamics of Graphite–Diamond Coexistence

Since graphite and diamond phases are separated by a large free-energy barrier,
the observation of the transition from one phase to another within the accessible simulation time requires a significant overpressurization with the standard
constant pressure MD schemes. Previous simulations has shown that graphite
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Figure 3.3: Comparison of the enthalpies for the interface formation obtained
with DFT and NN. A. DFT (line) and NN (circles) enthalpy of the graphitediamond interface (relative to RG). B. DFT (lines) and NN (symbols) enthalpy
profiles for a nucleation pathway of CD. The enthalpy of undistorted RG is taken
as zero; the 20 and 40 GPa curves are shifted up for clarity.
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transforms to diamond only around 80 GPa. This pressure is significantly higher
than the graphite-diamond coexistence pressure approximated by the BermanSimon line P (GPa) ∼ 0.76 + 2.78 × 10−3T (K) Bundy et al. [1961].
A proper reconstruction of the graphite-diamond coexisting line requires accurate free-energy calculations with extensive sampling and systems that are large
enough for the finite-size effects to be negligible Polson et al. [2000]. Hence, direct
ab initio MD simulations for large systems (especially with a large plane wave
cutoff and a dense k-point mesh) are computationally very demanding for the
evaluation of free energies, whereas, the NN provides an affordable and accurate
method to determine the coexistence line.
The graphite-diamond coexistence line was determined by locating points of
equal chemical potential in the P–T plane as described in Appendix A. All NNdriven MD simulations were performed for 512 atoms of cubic diamond (cubic
box, ρ0 = 173.94 nm−3 ) and 960 atoms of hexagonal graphite (4 layers, cell size
ratio 2.024:2.104:1, ρ0 = 120.02 nm−3 ). The temperature was controlled using
a colored-noise Langevin thermostat that was tuned to provide the optimum
sampling efficiency over all relevant vibrational modes Ceriotti et al. [2009a]. The
time step was set to 0.7 fs. The thermodynamic integral in Eq. A.1 was evaluated
numerically by the Gauss-Legendre quadrature with 20 points. At each value
of λ, the average value of the integrand and its statistical error were obtained
from a 133 ps trajectory. The integration in Eq. A.1 yields F NN /(NkB T0 ) 901.3337±0.0005 and -902.0801±0.0010 for diamond and graphite, respectively.
State points along the 2000 K isotherm were obtained from NPT simulations
governed by Nosé–Hoover equations of motion with Langevin noise on the particle
and cell velocities Ceriotti et al. [2009a]; Feller et al. [1995]. Averaging over a 95 ps
trajectory was performed for each state point. The predictor-corrector algorithm
was iterated until pressure had converged to less than 0.05 GPa that required
2-3 iterations of 50 ps each. The total simulation time required to obtain the
coexistence line totals ∼5 ns for each phase clearly demonstrating the advantage

of the NN approach in comparison with the direct ab initio simulation.
Two separate calculations of the coexistence line were performed. In the first
simulation, the Langevin thermostat was tuned to reproduce quantum-mechanical
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behavior of carbon nuclei using a recently published method of Ceriotti et al. Ceriotti et al. [2009b] In the second simulation, the thermostat was fitted to obtain
classical behavior of the nuclei.
Two graphite-diamond coexistence lines determined as the intersection of the
µNN (T, P (ρ)) planes in classical and quantum simulations are shown in Figure 3.4. Independent thermodynamic integration at T0 = 300 K and T0 =
1000 K (indicated by red points in Figure 3.4) were performed to verify that
the coexistence lines are calculated correctly. Comparison with the experimental data Bundy et al. [1961]; Kennedy and Kennedy [1976] in the temperature
interval from 1500 to 3000 K reveals that the NN overestimates the transition
pressure by approximately 3.5 GPa. Nevertheless, the slope of the calculated
coexistence line (2.8×106 Pa K−1 ) agrees very well with the experimental value
(2.7–3.1×106 Pa K−1 ) Bundy et al. [1961]; Kennedy and Kennedy [1976].
At temperatures below 1000 K, the quantum coexistence curve flattens out
and deviates from the straight classical line (Figure 3.4). At 0 K, the quantum transition pressure is 0.8 GPa higher than the corresponding classical value.
Analysis of the data shows that this shift is a direct consequence of the diamond zero-point energy being larger than that of graphite. The shape of the
calculated quantum coexistence line closely resembles the shape of the BermanSimon curve obtained from experimental thermodynamic properties of diamond
and graphite Berman and Simon [1955]; Bundy et al. [1961]. The 0 K transition pressure predicted by both the NN and PBE functional (4.7 GPa) is again
overestimated by 3.3 GPa relative to the experimental value of 1.4 GPa Berman
and Simon [1955]; Bundy et al. [1961]. Based on this observation it was inferred
that the positive 3.3 GPa shift of the calculated coexistence line is caused by
inaccuracies of the ab initio PES and not by errors in the NN mapping. This
systematic shift is a result of the inability of the PBE functional to capture precisely the small difference between the energies of graphite and diamond (i.e.
P BE
∆Ud−g
= 68 meV/atom is smaller than the average error of the PBE functional,
160 meV/atom Mortensen et al. [2005]). Despite this error, the PBE functional
and NN predict the zero-point energy contributions for diamond and graphite
correctly and, therefore, accurately describe the flattening of the coexistence line
at the low temperatures. The inset of Figure 3.4 shows that the Berman-Simon
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curve Berman and Simon [1955], the coexistence line of Bundy Bundy et al. [1961]
and the experimental estimate of the graphite-diamond-liquid triple point Bundy
[1963] are well reproduced in the calculations if the quantum NN curve is shifted
down by 3.3 GPa to match the experimental 0 K transition pressure.
In the 1000–3000 K range, the coexistence line predicted with the LCPOBI+
potential Ghiringhelli et al. [2005] lies ∼2 GPa closer to the experimental line than

the NN curve. However, the LCBOPI+ potential incorrectly predicts an increase
in the slope of the line below 1000 K and above 3000 K. As a consequence, the
LCBOPI+ triple point lies ∼4 GPa above the experimental value even though

the 0 K transition pressure is correctly estimated by LCBOPI+.
In summary, the computational efficiency of the NN potential enables an
MD study of graphite–diamond coexistence of unprecedented accuracy. Comparison of the coexistence lines determined in quantum and classical simulations
has shown that nuclear quantum effects are responsible for the experimentally
observed flattening of the coexistence curve at temperatures below 1000 K.

3.4

Nucleation Mechanism for the Graphite-toDiamond Transition

Graphite and diamond have comparable free energies, yet forming diamond from
graphite is far from easy. In the absence of a catalyst, pressures that are significantly higher than the equilibrium coexistence pressures are required to induce
the graphite-to-diamond transition Britun et al. [2004]; Bundy [1963]; Bundy
and Kasper [1967]; Bundy et al. [1996]; Irifune et al. [2003]; Ohfuji and Kuroki
[2009]; Sumiya et al. [2006]. Furthermore, the formation of the metastable hexagonal polymorph of diamond instead of the more stable cubic diamond is favored
at lower temperatures Britun et al. [2004]; Bundy and Kasper [1967]; Ohfuji and
Kuroki [2009]; Sumiya et al. [2006]. The concerted mechanism suggested in previous theoretical studies Fahy et al. [1986, 1987]; Scandolo et al. [1995]; Tateyama
et al. [1996]; Zipoli et al. [2004] cannot explain these phenomena. In this section, the NN potential Khaliullin et al. [2010] for carbon was used to perform a
large-scale study of the graphite-to-diamond transition assuming that it occurs
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Figure 3.4: Graphite-diamond coexistence line. Red lines represent NN results.
LCBOP+ (Ref. Ghiringhelli et al. [2005]) results are denoted by blue color and
experimental data by green color. The inset shows that the Berman-Simon
curve Berman and Simon [1955] (green squares), the experimentally measured coexistence line Bundy et al. [1961]; Kennedy and Kennedy [1976] (thick green lines)
and the experimental estimate of the graphite-diamond-liquid triple point Bundy
[1963] (green empty diamond) are well reproduced if the quantum NN curve is
shifted down by 3.3 GPa to match the experimental 0 K transition pressure.
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via nucleation. The results presented in this Section show that the nucleation
mechanism accounts for the observed phenomenology and reveals its microscopic
origins. I will demonstrate that the large lattice distortions that accompany the
formation of the diamond nuclei inhibit the phase transition at low pressure and
direct it towards the hexagonal diamond phase at higher pressure. The nucleation mechanism proposed in this work is an important step towards a better
understanding of structural transformations in a wide range of complex systems
such as amorphous carbon and carbon nanomaterials.

3.4.1

Concerted vs Nucleation Mechanism

Direct transformation of graphite to diamond under static compression is of great
technological and fundamental importance Bundy [1963]; Bundy and Kasper
[1967]; Irifune et al. [2003]. It opens possibilities to manufacture pure ultrahard diamond crystals Irifune et al. [2003, 2004] and represents a simple model
process for understanding structural transformations in more complex carbon systems. Static compression of hexagonal graphite (HG) results in the formation of
metastable hexagonal diamond (HD) at temperatures around 1200–1700 K Britun
et al. [2004]; Bundy and Kasper [1967]; Ohfuji and Kuroki [2009]; Sumiya et al.
[2006] and cubic diamond (CD) at higher temperatures Britun et al. [2004]; Bundy
[1963]; Bundy et al. [1996]; Irifune et al. [2003]; Ohfuji and Kuroki [2009]. Although the transition pressure is sensitive to the nature of the graphite samples
(e.g. purity, crystallinity, degree of the orientation of the grains) neither of the
diamond phases has been observed to form below ∼12 GPa. This pressure is significantly higher than the graphite-diamond coexistence pressure approximated
by the Berman-Simon line P (GPa) ∼ 0.76 + 2.78 × 10−3 T (K) Bundy et al. [1961].
Despite being an area of intense theoretical research Fahy et al. [1986, 1987];
Scandolo et al. [1995]; Tateyama et al. [1996]; Zipoli et al. [2004] the microscopic
mechanism of the formation of metastable HD and the reason for the remarkable
stability of graphite above the coexistence pressure are still unknown. Computer
simulations, which could help resolve these issues, have been hindered because of
the inability of empirical potentials to describe the energetics of the transformation accurately Bartok et al. [2010]; Khaliullin et al. [2010] and the computational
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expense of more reliable ab initio molecular dynamics (MD). In the latter case,
short simulation time and small system size (i.e. several hundred atoms) force
the transition to occur in a concerted manner with the ultrafast (∼ 10−2 − 1 ps)
synchronous formation of all new chemical bonds across the entire simulation
box Mundy et al. [2008]; Scandolo et al. [1995]; Zipoli et al. [2004]. While concerted mechanisms can be observed at shock compression Erskine and Nellis [1991,
1992]; Mundy et al. [2008], the transformation under static conditions is expected
to proceed via nucleation and growth.
It has been estimated that because diamond has an extremely high surface
energy Vanderbilt and Louie [1984] its critical nuclei may contain thousands of
atoms Bradley [1971]; Deryagin and Fedoseev [1979]; Zerilli and Jones [1996].
Hence, tens or even hundreds of thousands of atoms are required for modeling
the diamond nuclei and the surrounding graphite matrix. Direct ab initio simulations of systems of this size are outright impossible. Therefore, theoretical studies of the nucleation have been restricted to simple continuum models Bradley
[1971]; Deryagin and Fedoseev [1979]; Zerilli and Jones [1996], which neglect the
anisotropic nature of graphite, use significantly different estimates of the surface
energy terms, and ignore the distortion of graphite around the growing nuclei.

3.4.2

Energetics of Diamond Nucleation from Graphite

High-dimensional NN Behler and Parrinello [2007] are capable of creating accurate representations of ab initio potential energy surfaces of numerous elements Behler and Parrinello [2007]; Eshet et al. [2010]; Khaliullin et al. [2010].
Even in the case of graphite and diamond which are very differently bonded, a
NN potential predicts all relevant properties in quantitative agreement with ab
initio and experimental data (see Section 3.2). Furthermore, the computational
efficiency of MD based on the NN potential enables one to extend time and length
scales accessible to simulations and, thus, to perform the first atomistic study of
homogeneous diamond nucleation from graphite.
The energetics of the nucleation was studied at zero temperature by seeding diamond nuclei of various sizes inside a periodic ∼100×100×100 Å graphite

matrix containing 145,152 atoms. Hexagonal and rhombohedral graphite (RG)
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Figure 3.5: Schematic representation of concerted graphite-to-diamond transformaion pathways and their enthalpy
profiles. A. Pathways for RG→CD (green) and HG→HD (red) transformations. OG denotes an (unstable) intermediate orthorhombic graphite phase. B. DFT (lines) and NN (circles) enthalpy profiles for the concerted mechanism:
RG→CD (green) and OG→HD (red). The enthalpy of undistorted RG is taken as zero.
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lattices were used as initial structures for the formation of HD and CD nuclei,
respectively, because of high symmetry of the HG→HD and RG→CD transformation pathways Fahy et al. [1986]; Tateyama et al. [1996]. HD and CD nuclei
of various shapes and sizes were formed by shifting atoms in the graphite lattice
in the manner shown in Figure 3.5A and constraining distances between appropriate atoms to the values corresponding to the C–C distance in diamond. The
shifting results in buckling of basal planes into the ”chair” conformation in the
RG lattice and leads to CD whereas the ”boat” buckling of the HG lattice results
in the formation of HD. These types of distortion of graphite planes have been
observed in previous ab initio simulations Scandolo et al. [1995] and satisfy the
orientation relations between graphite and diamond crystals discovered experimentally Britun et al. [2004]; Bundy and Kasper [1967]; Ohfuji and Kuroki [2009];
Yagi et al. [1992]:
(100)HD k (001)G and [100]HD k [100]G ,
(111)CD k (001)G and [110]CD k [100]G .
Constant pressure MD simulations at 1000 K were performed for 30 ps to relax
the atoms around the constrained region and were followed by quenching to zero
temperature. After this, the constraints were removed and the geometry was
optimized at constant pressure to obtain fully relaxed nuclei. It was observed
that regardless of the shape of the initial constrained region all relaxed nuclei have
shapes similar to those shown in Figure 3.6. The convergence of all simulation
results with respect to the system size was verified by performing additional test
calculations for a ∼150×150×150 Å simulation cell.

The calculations show that the nucleation process is strongly influenced by
pressure. Both the nucleation barrier and the size of the critical nuclei decrease
rapidly as the pressure is increased (Figure 3.6 and 3.7). Examination of the

atomic structure of the diamond nuclei reveals the microscopic origin of this
phenomenon. Diamond nuclei are generally highly non-spherical and contain a
diamond core (red atoms in Figure 3.6) separated from a relaxation region of
the graphite lattice by a thin (∼5 Å) high-enthalpy interface. To form interlayer bonds in the core, large regions in a number of graphite layers have to be
buckled and bent in the [001]G direction. At low pressure these distortions are
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energetically costly because of the significant mismatch between the [001]G lattice parameters of the parent phase and the nuclei. At 10 GPa, the formation of
interlayer bonds were not observed even around large diamond seeds. At higher
pressure the mismatch decreases and the diamond cores become increasingly more
spherical (Figure 3.6). The same mismatch is the reason for the [001]G distortion of the graphite crystal around the nuclei. The extent of the distorted region
decreases with the increase in pressure.
Since the size of the distorted region around the diamond core grows linearly
with the size of the core the free energy of the diamond nucleus in graphite can
be written as Chu et al. [2000]; Eshelby [1957]
∆G = (∆gs + ∆gµ )V + σS,

(3.1)

where ∆gµ is the difference between the free-energy densities of bulk diamond and
graphite, ∆gs is the positive misfit strain free-energy per nucleus volume and σ
is the interfacial free-energy density. S and V are the surface area and volume of
the nucleus, respectively. Due to the considerable mismatch between the lattice
parameters, the large strain energy term outweighs the relatively small bulk term
at P < 10 GPa and makes nucleation impossible (i.e. the volume term becomes
positive). As a result the 10 GPa nucleation curve does not show any signs of
flattening out even at R = 50 Å. In contrast, the 20 GPa curve is predicted to
reach the maximum around 25–31 Å and 560–630 eV. Hence, these results are
consistent with the observed ∼12 GPa minimum pressure threshold for diamond
formation. The negative bulk term ∆gµ increases in magnitude with pressure
(Figure 3.5B) while the positive strain term becomes smaller (i.e. note the extent
of the relaxation region around the diamond core in Figure 3.6) leading to the
observed decrease in the nucleation barriers (Figure 3.7).
Comparison of the transition barriers for the concerted pathways and the
nucleation process (Table 3.2) shows that the nucleation is energetically more
favorable in the pressure range used in compression experiments. Hence, nucleation represents a more realistic mechanism for diamond formation. However, at
higher pressure the graphite crystal approaches the lattice instability point and
the activation barriers for the continuous transformations are lower (Figure 3.5B
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Figure 3.6: Pressure dependence of the shape and size of the CD nuclei. The optimized critical nuclei are shown for
30, 40, and 50 GPa whereas the 20 GPa nucleus is below the critical size and is presented to compare its shape with
that of the 30 GPa nucleus. Atoms are colored according to the values of the tetrahedral atomic order parameter
constructed to distinguish graphite (χi ∼ 0) and diamond (χi ∼ 1) configurations. Parameter χi for atom i is defined
P
as follows: χi = ni (n72i −1) j>k nij nik ( 12 + cosθjik )2 , where the cutoff function is nij = [1 + e(rij −r0 )/∆r ]−1 , the atom
P
coordination number is ni = j nij and r0 = 1.6 Å, ∆r = 0.005 Å.
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Figure 3.7: Pressure dependence of the barriers for the RG→CD (circles) and
HG→HD (squares) diamond nucleation. The 20 GPa curve is predicted to reach
the maximum around 25–31 Å and 560–630 eV. The sharp drop of the curves at
high pressure provides evidence that there are extremely low barriers for adding
atoms to the critical nuclei that prevent stabilization of supercritical CD nuclei
even at low temperatures.
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Table 3.2: Comparison of the enthalpy barriers of
the concerted pathways and nucleation.
Pressure
(GPa)
30
40
50

Nucleationa
(meV/atom)
70–90
40–60
110–280

Concerted (meV/atom)
CDb
HDb
130
185
80
140
50
93

a

Calculated by dividing the nucleation barrier by the number
of atoms in the diamond core (χi > 0.8) of the critical
nucleus. This value gives the upper bound on the nucleation
barrier.
b
Pathways are shown in Figure 3.5A with green (CD) and
red (HD) colors.

and Table 3.2). In this high-pressure limit, diamond domains can appear spontaneously throughout the graphite matrix without the formation of a well-defined
graphite-diamond interface. For example, at 60–70 GPa, the formation of only
several interlayer bonds in close proximity to each other is enough to initiate a
rapid irreversible growth of a diamond crystal.
It is worth noting that homogeneous nucleation represents an idealized model
of the real nucleation process. Recent experiments demonstrate that highlyordered graphite exhibits lower rates of diamond synthesis than disordered graphite
materials Le Guillou et al. [2007] implying that structural defects play an important role in the graphite-to-diamond transformation. Computer models have
shown that dangling bonds around structural defects (e.g. dislocation edges) can
facilitate the creation of interlayer covalent bonds and thus lead to the formation of large regions of sp3 -hybridized atoms inside the graphite lattice SuarezMartinez et al. [2007]. Such domains of sp3 -hybridized atoms can serve as preexisting nucleation sites and lower the nucleation barriers. Nevertheless, despite
the importance of lattice defects in the transformation, the homogeneous nucleation model correctly captures the main features of the nucleation process. The
diamond growth at defects is expected to be governed by mechanisms similar to
those described above (i.e. the energetics of lattice distortions around diamond
nuclei will be similar for homogeneous and heterogeneous nucleation).
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3.4.3

Formation of Metastable Hexagonal Diamond

The activation barriers for the concerted mechanism are determined by the energetics of buckling of graphite basal planes into the ”chair” or ”boat” configurations. The considerably lower activation barrier along the ”chair” buckling mode
favors the formation of CD (Figure 3.5B and Table 3.2) while in experiments the
metastable HD phase is often observed. This disagreement between the theoretical predictions and experiment is resolved if the nucleation mechanism of diamond
formation is considered. The NN calculations show that the nucleation barriers
for the HG→HD and RG→CD processes are not very different (Figure 3.7). The
similar heights of activation barriers is the consequence of comparable energy of
the CD and HD nuclei and their surface energies 1 .
In the nucleation process, the graphite basal planes undergo local ”in-layer”
distortions that bring the atoms into an appropriate stacking sequence inside
the diamond nuclei. The slightly higher barriers along the pathway leading to
the HD phase are a consequence of this local [210]G distortion. This distortion
brings the neighboring layers from the hexagonal (AB) to orthorhombic (AB’)
stacking (Figure 3.5A) inside the HD nuclei. The HG→CD nucleation process
is considerably more difficult than both the RG→CD and HG→HD nucleation.
The strains necessary to distort the lattice from the AB stacking in HG to ABC
stacking inside CD nuclei prevent stabilization of the CD nuclei inside the HG
lattice in the performed simulations.
In-layer distortions have not been observed in any of the previous theoretical
studies of this phase transition Mundy et al. [2008]; Scandolo et al. [1995]; Zipoli
et al. [2004] because in-layer stresses result in the artificial sliding of graphite layers in small-cell simulations. The results presented here suggest that the in-layer
distortions in large-cell simulations determine the energetics of the transformation and the overall direction for the phase transition. The higher in-layer strains
for the HG→HD transformation relative to the HG→CD transition explain why
1

The rate of nucleation is controlled by the thermodynamic nucleation barrier and the
activation barrier for bringing atoms across the interface. In the case of diamond, the latter
term is small compared to the thermodynamic barriers and does not affect the overall kinetics
considerably provided that the growth of the critical nuclei occurs in an atom-by-atom manner.
Hence, only the thermodynamic nucleation barriers were considered in this work
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HD is formed from graphite, which mostly consists of the hexagonal form. On
the other hand, this study shows that the formation of CD is favored in the
RG lattice because no in-layer distortions are required for the RG→CD process.
This implies that CD nucleates in the HG samples around stacking faults (e.g.
[AB]n [CA]m ), which are common defects in the HG lattice. High temperature
fluctuations can also activate the sliding of graphite basal planes in HG with the
formation of the RG regions and, hence, favor the nucleation of the CD phase.
In conclusion, the NN-based study of diamond nucleation offers new insights
into the atomistic mechanism for the direct graphite-to-diamond phase transition.
It demonstrates that the transformation does not occur at the graphite-diamond
co-existence pressure in the static compression experiments because of the prohibitively large strains accompanying the formation of diamond nuclei. It also
shows that, at higher pressures, the nucleation mechanism is favored over the
concerted transformation. Larger distortions of the graphite lattice around the
CD nuclei compared to those around the HD nuclei explain the formation of the
metastable HD phase. At yet higher pressures, the transition is continuous and
proceeds without formation of a well-defined graphite-diamond interface.
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Chapter 4
Study of Complex Behavior of
the High-Pressure Sodium
4.1

Introduction

Recent experimental studies have shown that sodium, a simple metal at ambient conditions, exhibits unexpected complex behavior under high pressure (Figure 4.1A). At ambient conditions, sodium crystallizes in the body-centered cubic
(bcc) structure, which transforms to the face-centered cubic (fcc) phase upon
compression to 65 GPa Hanfland et al. [2002]. At 105 GPa, the fcc phase undergoes a transformation to the cI16 phase – a distorted variant of the bcc structure McMahon et al. [2007]; Syassen [2002]. Further compression significantly
alters free-electron properties of sodium leading to a series of complex crystal
structures that range from incommensurate composite host-guest phase Gregoryanz et al. [2008]; Lazicki et al. [2009]; Lundegaard et al. [2009] to low-symmetry
crystal structures with 50 to 512 atoms in the unit cell Gregoryanz et al. [2008]
and an optically transparent insulating phase Ma et al. [2009]. Although the
existence of such a rich diversity of high-pressure solid structures is intriguing,
the most striking feature of the sodium phase diagram is the anomalous melting
curve. X-ray diffraction measurements have revealed a maximum in melting temperature around 1000 K at ∼30 GPa followed by a pressure-induced drop, which
extends to nearly room temperature at ∼120 GPa Gregoryanz et al. [2005] and
spans the regions of stability of at least three solid phases (Figure 4.1A). This
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anomaly implies that in this range the liquid is denser than the already dense
closed-packed solid phases.
The complexity of the sodium phase diagram combined with experimental difficulties of obtaining detailed characterization of high-pressure high-temperature
(HPHT) phases Gregoryanz et al. [2005] make molecular dynamics (MD) simulations an indispensible tool for the investigation of the microscopic origins of
complex behavior in dense sodium. As described in the previous chapters of
this thesis, the reliability of MD simulations depends crucially on the quality
of the underlying potential energy surface (PES). While density functional theory (DFT) provides a comprehensive framework for modeling a wide variety of
sodium structures it is not practical for lengthy MD simulations because of its
high computational cost. On the other hand, the construction of accurate and
computationally efficient potentials capable of describing various bonding patterns in HPHT sodium is a formidable challenge. Many potentials for sodium
developed based on the pseudopotential theory Ho [1971]; Magana and Vazquez
[1990]; Sugiyama [1987] and the embedded atom model (EAM) Belashchenko
[2009]; Chantasiriwan and Milstein [1996, 1998]; Guellil and Adams [1992]; Hu
and Masahiro [2002]; Johnson and Oh [1989]; Wang and Boercker [1995] are limited to a few phases in a narrow P–T region of the phase diagram and do not
always give a correct description of all properties or phenomena of interest.
In this Chapter, I will present an interatomic potential for sodium based on
a high-dimensional neural-network (NN) representation of ab initio PESs Behler
and Parrinello [2007]. As in the case of carbon described above, the sodium PES
is represented by a highly flexible NN optimized to reproduce high-quality DFT
energies of a large dataset of structures. The dataset includes crystal (bcc, fcc,
cI16, oP8) and liquid structures for pressures up to 120 GPa and temperatures
up to 1200 K. I will demonstrate that the NN potential is capable of reproducing numerous properties of sodium phases in this P–T region with an accuracy
comparable with that of the underlying DFT calculations. From a computational
standpoint, the NN energies, forces, and stress tensor are evaluated with the speed
of empirical potentials enabling ab initio quality MD simulations of sodium on
unprecedented length and time scales.
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Figure 4.1: Sodium phase diagram. A. The squares represent experimentally
measured melting points. The lines show tentative phase boundaries Gregoryanz
et al. [2005]. B. The squares represent coexistence points computed with thermodynamic integration. The lines show coexistence curves traced by integrating
the Clausius–Clapeyron equation (see Section 4.3).
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4.2

NN Potential for HPHT Sodium

The NN potential was created to reproduce the Perdew-Burke-Ernzerhof (PBE)
density functional Perdew et al. [1996] energies. An ultrasoft pseudopotential
with the 2s and 2p semicore electrons included explicitly as the valence states
was used to describe the energetics of high-pressure structures. A large planewave cutoff of 100 Ry and a dense mesh of k-points (22 × 22 × 22 for the primitive
cell of bcc and fcc, 12 × 12 × 12 for the primitive cell of cI16 and oP8, and 6000k
for liquid) were used for all structures so as to ensure convergence of the total
energy to 1.5 meV/atom. The Quantum-Espresso package Giannozzi et al. [2009]
was used to perform all ab initio calculations.
The initial fitting of the sodium NN potential was performed on crystal structures that included the zero-temperature and randomly distorted structures of
bcc, fcc, cI16, and oP8 phases in the pressure range from -1 to 200 GPa. Liquid
structures of sodium were modeled with periodic cubic cells containing 32 and
64 randomly arranged atoms with the densities corresponding to the 0–120 GPa
pressure range. The energetically relevant local environment for each atom is defined by 48 symmetry functions constructed to include all neighbors within 6.0Å
cutoff radius.
After the initial training, the NN was improved self-consistently by iterative repetition of the NN-driven MD and metadynamics-accelerated ParrinelloRahman simulations Martoňàk et al. [2003], collection of new structures emerging
from the simulations, calculation of the DFT energies for the physically relevant
structures, and refinement of the NN. These iterations were performed until the
root mean square error (RMSE) of the new structures not included in the fit converged to the RMSE of the test set. After the self-consistent procedure, the DFT
dataset contained ∼17,000 DFT energies corresponding to more than 350,000
atomic environments. 10% of all structures were randomly chosen for the test
set. The best fit was obtained for a NN with 2 hidden layers, each of which contains 25 nodes (the total number of the NN parameters is 1901). The RMSE of the
training set is 0.72 meV/atom, while the RMSE of the test set is 0.91 meV/atom.
The maximum absolute errors are 6.18 meV/atom and 7.62 meV/atom for the
training and test sets, respectively. It is imporant to emphasize that the fitting
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Figure 4.2: Normalized cumulative histogram of the absolute NN errors in
the training and test sets. It demonstrates that the fitting error is less than
1 meV/atom for 83% of structures and less than 2 meV/atom for 95% of structures
in the test set. The inset shows the ordinary histogram for the same data. Only
a few strucutres in the test and train sets have errors larger than 3 meV/atom.

procedure introduces only small error (less than 1 meV/atom) in addition to the
1.5 meV/atom numerical (convergence) error of the DFT calculations. Thus, the
NN-potential for sodium is expected to reproduce closely the ab initio PES.

4.3

Computational Methods

The zero-temperature structures of sodium crystals were obtained by the minimization of the enthalpy with respect to the atomic coordinates and lattice parameters at constant (external) pressure. The zero-pressure zero-temperature
bulk moduli and their pressure derivatives were calculated by fitting the energy
to the Murnaghan equation Murnaghan [1944]. The second-order elastic constants were determined from a fit of the energy as a function of an appropriate
cell distortion to a parabola Guo et al. [1991].
The lattice dynamics calculations were performed using the linear response
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method within the density functional perturbation theory Baroni et al. [1987].
An 8 × 8 × 8 q-mesh was used in the interpolation of the force constants for the

phonon dispersion curve calculations. The NN lattice dynamics calulations were
carried out with the direct supercell calculation method Parlinski et al. [1997].
Convergence tests suggested the use of a 6 × 6 × 6 supercell in the force constant
calculation. The PHON program Alfe [2009] was used to obtain the phonon
dispersion curves.
The radial distribution functions g(r), thermal expansion coefficients, isothermal compressibility, self-diffusion and viscosity coefficients for liquid sodium were
obtained from NN-driven MD simulations. All MD runs were performed with
the DLPOLY package Smith [2006] interfaced with the NN code. The temperature was controlled using a colored-noise Langevin thermostat that was tuned to
provide the optimum sampling efficiency over all relevant vibrational modes Ceriotti et al. [2009a]. Constant-pressure simulations were governed by Nosé–Hoover
equations of motion with Langevin noise on the particle and cell velocities Ceriotti
et al. [2009a]; Feller et al. [1995]. The time step was set to 1.0 fs.
State points along several isotherms (T from 400 to 1000 K with 100 K increment) were obtained from NPT simulations with cells of 512 atoms. The density
at each P and T was obtained by averaging over a 25 ps trajectory. The volumetric thermal expansion coefficients do not change appreciably with temperature
and were evaluated for the 800–1000 K range assuming a linear density dependence on temperature. The radial distribution functions were obtained from 25 ps
NVT trajectories for systems of 54 atoms.
To evaluate dynamical properties of a liquid one must address the issue of
size dependence of the self-diffusion coefficient. This effect has been analyzed by
Dünweg and Kremer Dunweg and Kremer [1993]; Yeh and Hummer [2004] who
established the following dependence for the apparent diffusion coefficient D on
the simulation box length L:
D(L) = D(∞) −

2.837297kB T
,
6πηL

(4.1)

where D(∞) is the true diffusion coefficient and η is the translational shear viscosity, which is much less system size dependent than D Kühne et al. [2009]. To
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calculate D(∞) and η, apparent diffusion coefficients were computed for different
system sizes. D(∞) and η were then obtained from the y-intercept and the slope,
respectively, of a linear fit of D(L) with respect to 1/L.
It is important to emphasize that long MD trajectories are essential to obtain
statistically accurate results for transport properties of liquids. Furthermore, it
is desirable to perform simulations using large systems. Hence, direct ab initio
MD simulations (especially with a large plane wave cutoff and a dense k-point
mesh) are computationally very demanding for the evaluation of the diffusion and
viscosity coefficients Kühne et al. [2009], whereas, the NN provides an affordable
and accurate method to determine D(∞) and η. Each apparent diffusion coefficient was calculated from 10 independent 500-ps NVE trajectories. Systems
containing 256, 512, and 1024 atoms were used to determine the dependence of D
on L (Figure 4.3). Thus, the total simulation time required to obtain D(∞) and
η at four temperature points is ∼60 ns, which clearly demonstrates the advantage
of the NN approach in comparison with direct ab initio simulations.

4.3.1

Reconstruction of the Phase Diagram

The coexistence lines were determined by locating points of equal chemical potentials for each pair of phases in the P–T plane. This was done in three steps
as desribed in Appendix A. In the first step, NN-driven MD simulations were
performed for systems containing several hundred atoms (1024 atoms – bcc, cI16,
liquid; 868 atoms – fcc). The temperature was controlled using a colored-noise
Langevin thermostat that was tuned to provide the optimum sampling efficiency
over all relevant vibrational modes Ceriotti et al. [2009a]. The time step was set
to 2 fs. The integral in the first step was evaluated numerically by the GaussLegendre quadrature with 10 points. At each value of the coupling parameter λ,
the average value of the integrand and its statistical error were obtained from a
100 ps trajectory. In the second step, the state points along the isotherms were
obtained from NPT simulations (2000 atoms – bcc and cI16, 2048 atoms – fcc and
liquid) governed by Nosé–Hoover equations of motion with Langevin noise on the
particle and cell velocities Ceriotti et al. [2009a]; Feller et al. [1995]. Averaging
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Figure 4.3: Diffusion coefficient at T = 490 K as a function of the inverse box
length. Circles show apparent diffusion coefficients with the linear fit represented
by the solid line. Squares show the diffusion coefficients D(∞) corrected for finitesize effects with Eq. 4.1. The constant dashed line marks the value of D(∞).
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over a 200 ps trajectory was performed for each state point. The predictorcorrector algorithm was iterated until melting temperature had converged to less
than 2 K, which required 2–4 iterations of 100 ps each. The total simulation time
required to model the phase diagram was ∼50 ns.

4.4

Structural, Elastic and Vibrational Properties of Solid Phases

The first application of the NN potential was to calculate structural, elastic, and
vibrational properties for the zero-temperature structures of the two most important crystal phases of sodium, bcc and fcc. The computed zero-pressure values
for the latice constants and stiffness coefficients are summarized and compared
with DFT and experimental values in Table 4.1. The NN accurately reproduces
zero-temperature zero-pressure DFT values for lattice constants (the error does
not exceed 0.02%) and all independent elastic constants (the error is less than
5% for c11 , c12 , c44 ). The pressure derivatives of the bulk modulus B ′ are also
accurately described. The discrepancies between the theoretical results and experimental data shown in Table 4.1 are due to the fact that experimental measurements are taken at non-zero temperatures. When the lattice constants are
computed from NN-driven MD simulations at 298 K the NN lattice constant for
the bcc structure (4.2816Å) is very close to the experimentally obtained value of
4.2908Å (Table 4.1). The fcc lattice constant obtained from MD simulations at
T = 298 K and P = 70 GPa (3.6570Å) is also in very good agreement with the
experimentally measured value of 3.6292Å (the fcc crystal is not stable at low
pressure and, therefore, no attempts to obtain its zero-pressure lattice constant
were made).
Figure 4.4 displays the calculated pressure dependence of selected elastic co12
efficients. A non-monotonic behavior of the tetragonal (c′ = c11 −c
) and trigonal
2
(c44 ) moduli obtained from ab initio calculations is accurately reproduced with
the NN. Elastic constant softening is a usual indication of a pressure-induced
phase transformation. For example, it has been established that softening of the
c′ modulus of bcc is connected with the bcc→fcc structural transition along the
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Table 4.1: Structural and elastic properties of solid sodium phases.

a0 (Å)
B0 (GPa)
B′
c11 (GPa)
c12 (GPa)
c44 (GPa)
c′ (GPa)
a
b

BCC
DFT
NN
Exp.
4.2008 4.2018 4.2908a
7.63
7.59
6.31a
3.722 3.501 3.886a
8.72
8.70
8.57b
7.09
7.03
7.11b
6.11
6.42
5.87b
0.82
0.83
0.73b

FCC
DFT
NN
Exp.
5.2967 5.2972 5.4061a
7.624 7.613 6.433a
3.71
3.82
3.83a
8.74
8.62
7.07
7.11
5.86
5.85
0.83
0.75

X-ray diffraction study at T = 298 K Hanfland et al. [2002].
Ultrasonic test at T = 80 K Martinson [1969].

tetragonal Bain path Katsnelson et al. [2000]; Xie et al. [2008]. It has also been
suggested that the negative melting line in the sodium phase diagram could be
related to the softening of elastic constants in crystal phases Koci et al. [2008].
The NN dispersion curves for the bcc and fcc structures are shown in Figure 4.5
for a wide range of pressures. Remarkable agreement between the DFT and NN
curves implies that the NN potential will provide results of DFT quality for all
finite-temperature properties that are well described within the quasiharmonic
approximation. The NN dispersion curves calculated for bcc at zero pressure
(Figure 4.5A) are in closer agreement with experimental data than those predicted
with the embedded atom potentials Guellil and Adams [1992]; Hu and Masahiro
[2002] and the pseudopotential theory Magana and Vazquez [1990]. It is worth
pointing out that the pressure-induced transverse acoustic phonon softening along
the [0ξξ]-direction near the zone center in bcc is accurately captured with the NN
(Figure 4.5C). This softening is responsible for the instability to the tetragonal
deformation (negative c′ in Figure 4.4) and the bcc→fcc transition mentioned
above Xie et al. [2008].
The calculated enthalpies of sodium crystal phases are shown in Figure 4.6.
Despite small enthalpy differencies between the bcc and fcc phases (∼2 meV/atom)
the shape of the bcc NN enthalpy curve is in excellent agreement with the DFT
data. The NN bcc→fcc transition pressure (68 GPa) is only slightly lower than
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Figure 4.4: Pressure dependence of the elastic coefficients. Points (lines) represent
NN (DFT) data.

the corresponding DFT value (77 GPa) and in good agreement with experimental
measurements (65 GPa at 298 K) Hanfland et al. [2002].
Experiments have shown that, in the pressure range from 105 to 117 GPa, the
cI16 structure becomes the stable structure of sodium Gregoryanz et al. [2008];
McMahon et al. [2007]; Syassen [2002]. This structure can be represented as a
2×2×2 supercell of bcc with a small shift in the positions of the atoms along
the space diagonal. This shift is described by a single internal parameter x
(x = 0 gives the bcc structure). The NN (DFT) calculations (Figure 4.6 and
Figure 4.7) show that cI16 becomes more stable than bcc at pressures above
95 GPa (90 GPa). The initial rapid growth of the distortion parameter x in this
pressure region [the dividing line between regions (i) and (ii)] is accompanied by
only a small, on the order of 0.2 meV/atom, decrease of the enthalpy of cI16
relative to bcc. Such small energy differencies cannot be captured by the NN
potential resulting in visible discrepancies between the x values calculated with
the NN and DFT. However, this discrepancy is only of minor importance in MD
simulations since fcc is the most stable phase in this pressure range (i.e. the
bcc→cI16 transition is not observed experimentally). It is predicted by both
NN and DFT that the cI16 strucutre of sodium becomes more stable than fcc
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Figure 4.6: Stability of crystal phases of sodium relative to the fcc phase. Solid
(dashed) lines represent NN (DFT) results.

above ∼117 GPa at zero temperature. This transition pressure is only slightly
overestimated compared to 105 GPa experimentally observed for the fcc→cI16
transition at T = 300 K. Comparison of the NN and DFT predictions for the
value of the distortion parameter x demonstrates that the structure of the cI16
phase is well reproduced by the NN for the entire stability region of cI16 [region
(iii) in Figure 4.7].
The NN and DFT calculations show that the oP8 structure becomes the stable phase of sodium at pressures above 160 GPa (the corresponding experimental
transition pressure is 117 GPa). Thus, the NN potential accurately reproduces the
experimentally observed sequence of stable sodium phases: bcc→fcc→cI16→oP8.
It predicts the transition pressures in very close agreement with DFT. The calculated (NN and DFT) zero-temperature transition pressures are above the experimentally observed room-temperature transition pressures with the discrepancy
between theoretical and experimental Ptr values increasing with pressure. The
pressure of 150 GPa can currently be taken as the upper limit of the validity
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Figure 4.7: Distortion x for cI16 as a function of compression U.

of the NN potential. Extension of the potential to higher pressures requires the
inclusion of additional high-pressure structures into the fitting database.

4.5

Properties of High-Pressure Liquid Sodium

In this section, the performance of the NN potential for thermodynamic, structural, and dynamical properties of HPHT liquid sodium was tested.
The temperature and pressure dependence of the density of liquid sodium is
well described by the NN potential. Figure 4.8 shows that at zero pressure the
NN density is in excellent agreement with the experimental and EAM data. The
pressure dependence of the thermal expansion coefficient is shown in Figure 4.9.
It is well described by the Murnaghan equation of state which postulates a linear
dependence of the bulk modulus on pressure (the line in Figure 4.9) Dass and
Kumari [1984]
−1

B0′
P
.
(4.2)
α(P ) = α0 1 +
B0
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Figure 4.8: (color online) Thermal expansion of sodium liquid at zero pressure.
The EAM curve is from Ref. Belashchenko [2009], the experimental curve is from
Ref. Kumari and Dass [1993].

The zero pressure thermal expansion coefficient (α0 = 2.861 · 10−4 K−1 ), bulk

modulus (B0 = 5.490 GPa), and pressure derivative of the bulk modulus (B0′ =
2.792) in Figure 4.9 were determined from NN NPT simulations at 800 K. It is
worth mentioning that the EAM of Belashchenko Belashchenko [2009] predicts
negative expansion coefficients at high pressures.
The isothermal compressibility of liquid sodium evaluated from the pressure
dependence of the density is plotted in Figure 4.10 for zero pressure. The NN
predictions are in full agreement with the experimental results. The calculated
isothermal compressibility at 100 GPa (βT = 3.75 · 10−6 MPa−1 ) is an order
of magnitude smaller than the zero pressure value and does not change with
temperature to any measurable degree. No experimental data is available for the
isothermal compressibility at such a high pressure.
Figure 4.11 shows the radial distribution functions obtained with the NN potential at two state points (ρ = 2.8 and 3.7 g/cm3 correspond to 50 and 110 GPa,
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Figure 4.9: Pressure dependence of the volumetric thermal expansion coefficient
of sodium liquid. The line is calculated using Eq. 4.2.

respectively). Both of the functions are in good agreement with g(r) calculated
previously with ab initio MD (ρ = 2.8 and 3.7 g/cm3 correspond to 47 and
107 GPa, respectively) Yamane et al. [2008]. Ab initio MD predicts slightly
overstructured liquid compared to the NN simulations. The difference between
the two methods is more noticeable at the higher pressure. This discrepancy is
most likely due to inaccuracies (low plane wave cutoff and/or insufficient k-point
sampling) in the ab initio simulations Yamane et al. [2008]. The ab initio g(r)
in Figure 4.11 are calculated for a 54-atom system and Γ-point sampling of the
Brillouin zone (54k points) while the NN is trained to reproduce high-quality ab
initio energies that correspond to 6000k-points.
The transport properties of sodium liquid at zero pressure calculated with the
NN potential are summarized in Table 4.2. The experimental values of the selfdiffusion coefficients are reproduced perfectly with the NN whereas the viscosity
coefficients are systematically underestimated. The effect of temperature on the

65

4.5 Properties of High-Pressure Liquid Sodium

4.0
NN
Experiment

βT (MPa−1) x104

3.5
3.0
2.5
2.0
1.5
1.0
400

450

500

550
600
650
Temperature (K)

700

750

800

Figure 4.10: Isothermal compressibility of liquid sodium at zero pressure. The
experimental curve is from Ref. Fink and Leibowitz [1995], the dashed lines show
the uncertanty in the experimental data.
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Figure 4.11: Radial distribution functions of highly compressed liquid sodium.
The lower curve is calculated at ρ = 2.8 g/cm3 and T = 1130 K, the upper curve
is obtained at ρ = 3.7 g/cm3 and T = 930 K and is shifted up by 1. The ab initio
results are from Ref. Yamane et al. [2008]
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Table 4.2: Transport properties of liquid sodium at zero
pressure.

407
448
490
500

D (cm2 · sec−1 ) ×105
NN
Exp.a
5.681±0.034 5.44
7.307±0.033 7.16
9.070±0.001 9.05
9.499±0.169 9.52

a

Ea (J · mol−1 )
η∞ (P a · sec) ×104

T (K)

b

η (P a · sec)
NN
4.709±0.275
3.917±0.152
3.513±0.003
3.388±0.601
NN
6080
0.777

×104
Exp.b
5.810
4.935
4.282
4.152
Exp.
6105
0.957

Ref. Meyer and Nachtrieb [1955].
Ref. Shpil’rain et al. [1985] as reported in Ref. Fink and Leibowitz
[1995].

viscousity coefficients can be described with the exponential law:
η = η∞ exp(Ea /RT ),

(4.3)

where Ea is the activation energy of an elementary viscous flow process and η∞ is
the pre-exponential factor that represents viscosity in the limit of zero activation
barrier or infinite temperature. Fitting of the data to Eq. 4.3 shows that the
activation energies are the same for the experimental and NN series (Table 4.2).
It is the pre-exponential factor, which includes the activation entropy of viscous
flow, that is undestimated by ∼20% in the NN calculations. Nevertheless, the
20% error between the calculated and experimental values of η is considered to
be very small taking into account that the NN potential is derived only from ab
initio data Kühne et al. [2009].

4.6

Origins of the Anomalous Melting Behavior
of Dense Sodium

Although previous ab initio studies Hernandez and Iniguez [2007]; Koci et al.
[2008]; Lepeshkin et al. [2009]; Martinez-Canales and Bergara [2008]; Raty et al.
[2007]; Yamane et al. [2008] have reproduced the reentrant melting behavior of
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sodium the physical origin of this anomaly still remains unclear. The only hypothesis that has been proposed attributes the anomalous melting behavior to a
series of pressure induced structural and electronic transitions in the liquid Raty
et al. [2007]. According to ab initio molecular dynamics (MD) simulations of Raty
et al. Raty et al. [2007], liquid sodium undergoes a progressive transition from
the bcc- to fcc-like local order around 30 GPa. It has also been suggested that
an opening of the pseudogap in the electronic density of states above ∼60 GPa
drives yet another transition, in which the liquid acquires the cI16-like local structure Raty et al. [2007]. While these conclusions are highly appealing first-principle
MD simulations performed by Hernández et al. Hernandez and Iniguez [2007]
show no evidence of structural liquid-liquid phase transitions (LLPTs) in the
region of the anomalous melting behavior. Yamane et al. Yamane et al. [2008]
have attributed the discrepancy between these results to different treatment of
the semicore states, which were explicitly included in one case Hernandez and
Iniguez [2007] and incorporated into the pseudopotential in the other Raty et al.
[2007]. Due to the high computational cost of ab initio MD further approximations have been introduced in all simulations Hernandez and Iniguez [2007]; Koci
et al. [2008]; Raty et al. [2007]; Yamane et al. [2008]: the Brillouin zone (BZ) has
been sampled only at the Γ point, the system size as well as the simulation timescale have been small, and melting points (Tm ) have been calculated by heating
solid until it melts. In such simulations, melting is usually delayed due to the
hysteresis resulting from the absence of nucleation sites and, therefore, only an
upper bound on Tm can be obtained. A proper reconstruction of the melting
curve requires not only an accurate determination of the electronic structure but
also free-energy evaluation with extensive sampling on large systems. Performing
such simulations with ab initio methods directly is computationally too expensive
at present.
The previous sections of this chapter demonstrate that the neural-network
(NN) potential for sodium based on well-converged electronic structure calculations, retains the accuracy of ab initio simulations at a highly reduced computational cost. The NN potential is able to reproduce numerous ab initio and
experimental properties both in the solid and the liquid phases in the pressure
range up to 140 GPa.

69

4.6 Origins of the Anomalous Melting Behavior of Dense Sodium

In this section, the NN potential will be utilized to reconstruct the sodium
phase diagram and verify the existence of LLPTs. The phase diagram shown
Figure 4.1B is calculated using thermodynamic integration and by tracing the
coexistence curve using the Clausius-Clapeyron equation (see Appendix A and
Section 4.3). The NN potential captures the experimentally observed sequence of
the solid-state phase transitions bcc→fcc→cI16 and the regions of stability of each
phase. The shape of the melting curve with the maximum around 30 GPa is also
correctly reproduced. The computed melting temperatures are lower than the
experimental ones. The comparison of heat-until-it-melts curves calculated with
the NN and ab initio methods shows that this discrepancy is the consequences of
inaccuracies in the density functional rather than the NN errors (Figure 4.13).
To verify the existence of LLPTs the order parameter introduced in Ref. Raty
et al. [2007] was evaluated for liquid sodium in the 0–140 GPa range along the
calculated melting curve. These calculations do not reveal any significant changes
in the structural properties of high-density liquid sodium (Figure 4.12A). In addition, the electronic density of states for liquid above the cI16 phase does not
clearly show a pseudogap, which is very visible in the solid phase (Figure 4.12B).
Analysis of the pressure dependence of other structural properties does not show
noticeable structural change in the 0–140 GPa range (Figures 4.14, 4.15, 4.16).
Discrepancies between the results presented here and in Ref. Raty et al. [2007]
can be attributed in part to the different treatment of the 2s and 2p semicore
electrons Yamane et al. [2008] and also to the larger size and the longer simulation
times performed in this work.
While satisfactory in reproducing the unusual features of the phase diagram
the NN calculations do not explain the mechanism that causes this anomalous
behavior. To analyze its physical origin, a density dependent pair potential based
on the jellium model for the conducting electrons was constructed. According to
this model the ionic structure of a metal can be replaced to a first approximation,
by a uniform positively-charged background while conduction electrons can be
treated as a uniform electron gas. The granularity of sodium is introduced at the
level of two-body interactions by immersing two Na atoms in such a jellium and
calculating the energy as a function of the interatomic distance (see Section 4.3).
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Figure 4.12: A. Pressure dependence of the average interatomic distances to the
first, second, etc. nearest neighbors along the melting curve in liquid sodium.
Distances are normalized to the sixth-nearest neighbor. Compare to Figure 2a in
Ref. Raty et al. [2007]. B. Electronic density of states in fcc (350 K), cI16 (0 K)
and liquid (450 K) sodium at 140 GPa. Compare to Figure 3b in Ref. Raty et al.
[2007].
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Figure 4.13: The ”heat-until-it-melts” curves obtained with ab initio simulations Yamane et al. [2008] (red) and the NN potential (black). For comparison
purpose small simulation cells were used. Points below 90 GPa were obtained by
melting the bcc phase (54 atoms in the cell), points above 90 GPa – by melting
the fcc phase (128 atoms).
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Figure 4.14: RDFs obtained for liquid states along the melting curve from NNdriven simulations. Compare to Supplementary Figure S2 in Ref. Raty et al.
[2007].
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Figure 4.15: Structure factors obtained for liquid states along the melting curve
from NN-driven simulations. Compare to Supplementary Figure S1 in Ref. Raty
et al. [2007].
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Figure 4.17: Decomposition of the sodium pair potential (black) into the repulsive
Yukawa potential (blue) and oscillatory term (red). The period of oscillations is
determined by the density-dependent Fermi wavenumber kF : A. 10 GPa, B.
90 GPa.

The effect of the pressure is taken into account by varying the density of the
electron gas ρe according to the NN equation of states.
To determine the pair potential, the ground-state energy of the system was
computed for a series of fixed interatomic distances with the PBE density functional and an ultrasoft semicore pseudopotential. A 17.2Å cubic cell, 30 Ry
plane-wave cutoff, 1000 K smearing temperature and a 4 × 4 × 4 Monkhorst–Pack
k-point mesh were used to converge the potential curves to 1 meV.
It was found that the two-body effective potential obtained from this model is
well reproduced by a sum of the repulsive Yukawa potential and oscillatory term
(Figure 4.17):
A exp(−k0 r) B cos[2kF (r − r0 )]
+
,
(4.4)
φ(r) =
r
rm
where kF is the Fermi wavenumber and A, B, k0 , r0 and m are density dependent
fitting parameters (Table reftab:param). This analytical form of the potential
is inspired by linear screening theory Ashcroft and Mermin [1976] and reflects
the nature of physical interactions in metallic sodium, in which the direct Na-Na
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Figure 4.18: The ”heat-until-it-melts” curves obtained with the NN potential
(green), effective pair potential based on the jellium model (red) and repulsive
wall of the effective pair potential (blue). The points below 90 GPa are obtained
by melting the bcc phase, the points above 90 GPa – by melting the fcc phase.

repulsion is screened by the free-electron gas. In particular, the oscillatory term
has its origin in the sharpness of the Fermi surface. MD simulations based on the
effective pair potential reproduce semiquantitatively the maximum in the melting
curve (Figure 4.18). The potential is also remarkably accurate in predicting
the radial distribution functions (RDFs) of liquid for pressure up to 100 GPa
(Figure 4.19) 1 .
In order to shed light on the origin of the anomalous melting behaviour,
the effect of two different parts of the effective potential on the melting curve
1

Above ∼100 GPa (i.e. in the region of the cI16 phase) the pair potential fails to reproduce
more accurate NN simulations because of increasingly more important contribution of manybody interactions.
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ρe , Å−3
0.025
0.040
0.060
0.080
0.090
a

A, kJ mol−1
907521
534313
387396
222572
215154

B, kJ mol−1 Åm
5643.12
6562.03
6770.53
5160.46
4878.10

Fermi wavenumber is calculated as kF =

r0 , Å
0.668038
1.018580
1.230760
1.311630
1.329670

k0 , Å−1 kF a , Å−1
4.70328
0.905
4.04097
1.058
3.70687
1.212
3.38107
1.334
3.36481
1.387

p
3
3π 2 ρ (i.e. it is not a fitting parameter).

m
5.28656
5.58567
5.79208
5.67845
5.65150
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Table 4.3: Density-dependent fitting parameters used to reproduce the DFT energies
with Eq. 4.4.

4.6 Origins of the Anomalous Melting Behavior of Dense Sodium

7.0
NN
Jellium

6.0

5.0
ρ=0.09 Å−3
T=750 K
P≈90 GPa

g(r)

4.0

3.0
ρ=0.06 Å−3
T=1100 K
P≈30 GPa

2.0

1.0
ρ=0.04 Å−3
T=850 K
P≈10 GPa

0.0
0

1

2

3

4

5

6

7

8

9

10

r (Å)

Figure 4.19: RDFs obtained from simulations with the NN potential (black) and
the effective pair potential calculated with the jellium model (red).
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was examined. The Yukawa part of the potential and the repulsive wall of φ(r)
were considered. The latter was constructed in the same spirit as the WCA
potential Weeks et al. [1971] by truncating the total potential at its first minimum
and shifting it so that both the energy and force are zero at the truncation point.
It was found that the Yukawa potential cannot reproduce the reentrant melting
behavior. In contrast, the melting curve obtained with the repulsive wall exhibits
a maximum similar to that obtined with the full potential (Figure 4.18). This
observation suggests that it is the short range repulsive part of the potential
that provides the origin of the anomalous melting (see Appendix B for a detailed
pressure decomposition analysis that confirms this conclusion).
A log-log plot of the interatomic force in the region of the repulsive potential
wall shown in Figure 4.20) supports this point of view. It is seen that there is a
large change of slope as the potential changes from 1/r 12 to a much softer 1/r 3
behavior. The lower panel of same figure shows the RDFs obtained at different
pressures along the melting line. It demonstrates that at low pressure only the
steep part of the repulsive wall is sampled, whereas at higher pressure the softer
short-range part of the potential starts influencing the interatomic interactions.
Since softening the potential lowers the melting temperature Hoover et al. [1971];
Young [1991] the softening of the repulsive interations in sodium at high pressure
is arguably the origin of the observed anomaly.
The electronic origin of the softening effect can be deduced from Figure 4.21,
which shows the electronic density at the center of the Na-Na bond together with
its dependence on the jellium density ρe . For high ρe , the electronic density is
less localized in the range of distances relevant for the first peak of g(r). ZZZ
As evident from the decomposition of the effective potential (Eq. 4.4) the soft
region in the repulsive wall is induced by a maximum of the oscillatory term (Figure 4.17). Therefore, the softening effect and, consequently, the unusual melting
behavior arise from the screening of interactions between atoms by conduction
electrons. It should be noted that the softening effect is very subtle and cannot
be observed directly in the shape of the repulsive wall. In fact, the short-range
repulsive potential, the force and even the second derivative of energy behave
monotonically with distance. A non-monotonic behavior (i.e. the direct evidence
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Figure 4.20: Upper panel: interatomic forces in the region of the repulsive wall of
the effective pair potential (black solid line). Lower panel: RDF of liquid sodium
along the melting curve at ∼10 GPa (blue), ∼30 GPa (green) and ∼90 GPa (red).
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Figure 4.21: The electronic density at the center of the Na–Na bond as a function of the interatomic distance. The density is adjusted by subtracting the
background jellium densty ρe . The black and red curves correspond to ρe of
0.025 Å−3 (0 GPa) and 0.090 Å−3 (90 GPa), respectively. The two-dimensional
plots show the difference between the adjusted electronic density of the high and
low pressure systems ∆ρ ≡ ρ(90 GP a) − ρ(0 GP a). The regions of negative
and positive values of ∆ρ are indicated by red and blue colors, respectively. The
relevant distances are shown in the lower panel by the first peaks of RDFs at
∼10 GPa (blue) and ∼90 GPa (red).
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of softening) is observed only in the third derivative of the potential. Nevertheless, despite its subtlety the softening effect has a dramatic impact on the
melting characteristics of sodium. It reduces the penalty for close interatomic
contacts, which occur more frequently in the disordered liquid state than in the
rigid solids and, thus, provides the main mechanism that makes liquid sodium
denser than the already-dense closed-packed solid phases. Furthermore, the position of the soft region coincides with the short-distance tails of RDFs in a wide
pressure range making sodium unique among other materials in the magnitude
of pressure-induced drop of melting temperatures.

4.7

Summary

In summary, a NN potential for sodium has been created and tested to reproduce
properties of HPHT crystal and liquid phases. The NN potential captures the
experimentally observed sequence of pressure-induced solid-state phase transformations: bcc→fcc→cI16→oP8. The transition pressures as well as structural,
elastic, and vibrational properties of bcc, fcc, and cI16 phases predicted with the
NN are in very close agreement with DFT. All calculated properties of bcc, fcc,
and cI16 phases are in quantitative agreement with experimental data. The pressure of 150 GPa (on the NN and DFT scales) can currently be taken as the upper
limit of the validity of the NN potential for crystal phases. The NN potential
provides an ab initio quality description of thermodynamics (density dependence
on pressure and temperature), structural, and dynamical (diffusion and viscosity)
properties of sodium liquid in the P–T region up to 120 GPa and 1200 K.
The unique combination of accuracy and efficiency of the NN potential presented here leads to dramatic enhancement of the quality of MD simulations and
better understanding of the microscopic origins of anomalous behavior of dense
liquid sodium. The insights into the electronic and structural properties of sodium
offer a new explanation of its anomalous melting behavior at high pressure. The
results presented in this Chapter demonstrate that the observed dramatic drop
in the melting temperature can be attributed to the screening of interatomic interactions by conduction electrons, which at high pressure induces a softening in
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the short-range repulsion wall. These findings have immediate implications for
explaining behavior of other metal elements and alloys.
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Chapter 5
Summary and Conclusions
Understanding complex physicochemical processes in elements holds the key for
designing new technologically important materials and developing novel promising technologies. The main objective of the research performed in this work was
to apply molecular dynamics (MD) simulations with the goal of understanding
atomic-scale origins of a wide varety of complex phenomena in the behavior of
high-pressure high-temperature (HPHT) phases of carbon and sodium.
Despite considerable recent advances in high-performance computing the application of MD simulations in modeling HPHT material is still hindered because
of the inadequacy of empirical potentials to describe the interatomic interactions
in HPHT phases and the computational expense of ab initio simulations. This
work shows that the computational limitations in modeling pure elements can
be circumvented by employing an emerging methodology for the neural-network
(NN) representation of ab initio potential energy surfaces. Numerous tests and
applications presented in this thesis demonstrate that simlations based on NN
potentials provide ab-initio-quality results but computationally many orders of
magnitude faster than MD based on density-functional theory. The unique combination of accuracy and efficiency provided by the NN potentials constructed for
carbon and sodium enabled MD studies of these elements on an unprecedented
scale and helped address a number of debated questions about the behavior of
these elements.
The NN potential for the graphite and diamond phases of carbon was used to
perform, for the first time, an extensive free-energy study of the thermodynamics
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of graphite-diamond coexistence. It showed that good agreement between the
experimental and calculated coexistence curves can be achieved if nuclear quantum effects are included in the simulation. The large-scale NN-based study of
diamond nucleation from graphite offered new insights into the atomistic mechanism for the direct graphite-to-diamond phase transition. It demonstrated that
the transformation is not observed at the graphite-diamond coexistence pressure
in the static compression experiments because of the prohibitively large strains
accompanying the formation of diamond nuclei. This study also explained the
formation of the metastable hexagonal diamond phase instead of the stable cubic
phase by showing that the lattice distortions around nuclei of cubic diamond are
substantially larger than those around hexagonal diamond nuclei.
In the case of sodium, the NN potential was utilized to gain a unique insight
into the electronic, structural and dynamical properties of dense NA. It allowed
accurate reconstruction of the phase diagram in the region up to 1000 K and
120 GPa, which helped explain the anomalous drop in the melting teperature of
sodium above 30 GPa. Based on the results from NN simulations it was discovered
that, contrary to the previous reports, the drop in melting temperatures is not
a consequence of liquid-liquid phase transitions. Instead, it can be attributed
to the screening of interionic interactions by conduction electrons, which at high
pressure induces a softening in the short-range repulsion wall.
The findings obtained in this work will have immediate practical implications
for understanding various phenomena in the behavior of numerous metals and
alloys as well as carbon-based nanomaterials. The theoretical models and computational methodologies presented in this thesis offer new opportunities for investigation of mechanisms, thermodynamics, and kinetics of complex microscopic
processes in a wide range of materials.
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Appendix A
Free-Energy Methods for
Modeling Phase Diagrams
This appendix describes the general methodology for the reconstruction of phase
diagrams from molecular dynamics simulations based on NN potentials.
The coexistence lines were determined by locating points of equal chemical
potential for each pair of phases in the P–T plane. This was done in three
steps. First, the NN Helmholz free energy F NN (T0 , ρ0 ) of each pair of phases
was calculated by thermodynamic integration at a predefined temprature T0 and
density ρ0 . The Einstein and Lennard-Jones potentials were used as the reference
systems for crystal and liquid phases, respectively Frenkel and Smit [2001]
Z 1
∂Uλ
NN
REF
F (T0 , ρ0 ) = F
(T0 , ρ0 ) +
h
iλ dλ,
(A.1)
∂λ
0
where Uλ = λU NN + (1 − λ)U REF .

In the next step, the chemical potentials were evaluated by integrating the
free energy as a function of density starting from ρ0 Ghiringhelli et al. [2005]
ρ
a(T0 )
1 NN
+ b(T0 ) ln
F (T0 , ρ0 ) +
N
ρ0
ρ0
+ b(T0 ) + c(T0 )(2ρ − ρ0 ).

µNN (T0 , ρ) =

(A.2)

Parameters a(T0 ), b(T0 ), and c(T0 ) were determined by fitting the pressure dependence on density using
P (T0 , ρ) = a(T0 ) + b(T0 )ρ + c(T0 )ρ2 .
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(A.3)

A.1 Free energies of the reference systems

Finally, the coexistence line was traced by integrating the Clausius-Clapeyron
= Th∆Hi
using the predictor-corrector scheme of Kofke Kofke and
equation dP
dT
h∆V i
Cummings [1997].

A.1

Free energies of the reference systems

Thermodynamic integration in the first step requires the knowledge of the free
energies of the reference systems. For the liquid phase, the Lennard-Jones (LJ)
system was chosen as a reference:
 σ
σ 
U LJ = 4ǫ ( )12 − ( )6
(A.4)
r
r
The σ parameter was determined to match the positions of the first peak of the

radial distribution functions of the NN and LJ liquids. The ǫ parameter was
chosen such that the LJ liquid would be subcritical at the selected T0 .
The free energy of the LJ liquid is given by the following equation:
LJ
F LJ = NkB T (3 ln Λ + ln ρ − 1) + Fex
,

(A.5)

√
where N is the number of particles in the box, Λ = h/ 2πmkB T is the de
Broglie wavelength, m is the mass of one atom, and ρ is the number density.
LJ
The excess free energy Fex
has been accurately parameterized with MC and MD
simulations Johnson et al. [1993].
For solid phases, the Einstein crystal was taken as a reference:
N

U

EIN

αX
(ri − ri,0 )2 ,
=
2 i

(A.6)

where ri,0 denotes equilibrium lattice positions of the particles. The Einstein
crystal spring constant α was chosen so that the mean-squared displacement from
the equilibrium lattice positions is equal to that obtained from the NN potential
at T0 :
3kB T
,
(A.7)
α = 1 PN
2
(r
−
r
)
i
h
i
i,0
i
N
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A.1 Free energies of the reference systems

Since MD simulations in this work are performed with the fixed center of
mass (CM), the thermodynamic integration equation A.1 requires the following
correction if the Einstein crystal is used as a reference:
F NN = F EIN(CM) + ∆F EIN(CM)→NN(CM) + ∆F NN(CM)→NN
Z 1
EIN(CM)
= F
+
hU NN(CM) − U EIN(CM) iλ dλ + ∆F NN(CM)→NN , (A.8)
0

where (CM) refers to the systems with the fixed center of mass and
F EIN(CM) = NkB T (3 ln Λ −

3
2πkB T
3
α
ln(
)) + kB T (ln(
) + ln N). (A.9)
2
α
2
2πkB T

with the last term representing the finite size correction for fixing the center of
mass.
∆F NN(CM)→NN = −kB T ln

V
,
Nws

(A.10)

where Nws is the number of Wigner-Seitz cells in the simulation box (i.e. if nws
is the number of atoms in the Wigner-Seitz cell Nws = N/nws ). Note that this
term is also a finite size correction, which vanishes in the thermodynamic limit.
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Appendix B
Pressure Decomposition Analysis

To undestand why liquid sodium becomes denser than the already-dense solid
bcc and fcc phases, we calculated and compared pressure for the solid and liquid
phases at melting temperatures (Tm ) and fixed densities (ρ) in three regions of
the phase diagram: ∼0 GPa (normal melting behavior), ∼35 GPa (slightly above
the maximum of the melting curve) and ∼100 GPa (anomalous behavior). The
difference in pressure between the liquid and solid phases ∆P (ρ) ≡ Ps (ρ) − Pl (ρ)
is negative at low densities (i.e. the solid is denser than the liquid) but changes
the sign at the densities corresponding to ∼30 GPa.

The pairwise nature of the effective jellium potential allowed us to analyze
contributions of different regions of the potential φ(r) to the total ∆P (ρ). The
contribution of atoms located within a sphere of radius r from a central atom is
defined as
Z
2π 2 r dφ(r)
∆P (r, ρ) = − ρ
[gs (r) − gl (r)] r 3 dr,
(B.1)
3
dr
0
where gs (r) and gl (r) are the radial distribution functions for the solid and liquid

phases at Tm , respectively.
As expected, ∆P (r, ρ) converges to the negative value as r → ∞ in the region

of the normal melting behavior and to the positive value in the region of the
anomalous slope (Figure B.1). It can be seen from Figure B.1 that the converged
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value of ∆P (r, ρ) is determined largely by the short-range behavior of potential
(i.e. by the region of the repulsive wall where the gradient is large).
As evident from the decomposition of the effective potential (Eq. 4.4) the soft
region in the repulsive wall is induced by a maximum of the oscillatory term
(Figure 4.17). The position of the maximum shifts towards higher distances as
pressure increases and, above certain pressure, the soft region starts affecting
the interactions between closest atoms. This makes the initial dip in ∆P (r, ρ)
shallower and pushes ∆P (∞, ρ) to positive values. and hence resulting in the
drop of the melting temperatures.
The long-range behavior of ∆P (r, ρ) at 35 GPa shows (Figure B.1) that the
long-range oscillations also contribute to the anomalous melting. However, while
being essential for determining the precise position of the melting line the longrange oscillatory component is less important for the overall reentrant effect (see
Figure 4.18).

91

T=1100K, ρ=0.06Å−3, P≈30GPa

V(R) (kJ/mol)

RDF

∆P (GPa)

T= 850K, ρ=0.04Å−3, P≈10GPa

0.4
0.2
0.0
−0.2
−0.4
−0.6
−0.8
−1.0
−1.2

T= 750K, ρ=0.09Å−3, P≈90GPa

2.0

8.0

1.0

5.0
2.0

0.0

−1.0
−1.0

−4.0

−2.0

−7.0

−3.0

−10.0

2.5

2.5

2.5

2.0

2.0

2.0

1.5

1.5

1.5

1.0

1.0

1.0

0.5

0.5

0.5

0.0

0.0

0.0

85.0

85.0

85.0

70.0

70.0

70.0

55.0

55.0

55.0

40.0

40.0

40.0

25.0

25.0

25.0

10.0

10.0

10.0

−5.0

−5.0
1

2

3

4 5
R (Å)

6

7

8

−5.0
1

2

3

4 5
R (Å)

6

7

8

1

2

3

4 5
R (Å)

6

7

8

Figure B.1: Pressure decomposition analysis. Lower panels: effective pair potential (red) obtained from the jellium model and its decomposition into the Yukawa
(blue) and oscillatory (green) terms. Middle panel: RDFs of liquid (black) and
solid (red) phases. Upper panel: pressure curve given by Eq. B.1 (red) and the
corresponding Yukawa (blue) and oscillatory (green) components.
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