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Abstract
Scanning probe microscopy (SPM) is a key enabling technology for science and
engineering on the nanometer scale. In SPM, control of motion on the nanometer and subnanometer scale down to the size of a single atom, referred to as
nanopositioning, plays a pivotal role. This dissertation considers the problem
of nanopositioning for SPM, more specifically lateral nanopositioning, and focuses on four key technological elements that form the foundation of a typical
feedback control loop in lateral nanopositioning for SPM. These four elements,
termed pillars, are the sensor, the scanner, the controller and the scan trajectory.
We first review the existing sensing technologies on the nanometer scale and
show that non-contact sensing with subnanometer precision over a high bandwidth remains an open problem in applications where optical interferometry
cannot be used, for example because of its form factor and cost. We propose
a new displacement transducer that is based on using spintronic magnetoresistive sensors to detect changes in a high-gradient magnetic field at the pole of
a micromagnetic dipole. We quantify the resolution of the displacement transducer, introduce a new model for multilayer giant magnetoresistance sensors
that are subject to highly non-uniform fields, and present a performance and
scalability study. Experimental results demonstrate
the resolution of 600 pm
p
over 1 MHz with noise floor of 0.5 pm/ H z and range of more than 10 µm
which is a remarkable figure given the low cost, small form factor and noncontact nature of the sensor, rendering it comparable to optical transducers at
a fraction of their form factor and cost.
We next review the existing SPM scanner designs, most of which are limited
by the inherent trade-off between the range of operation and the scan speed. To
tackle this issue, we propose a dual-stage scanner design in which two scanners,
a short-range scanner and a large-range scanner, are serially linked to decouple
the requirements on the scan range and speed. Subsequently, we present a
custom-design short-range scanner that is optimized for high-speed operation
along a single axis and features electromagnetic actuation to enable highly linear motion and the use of advanced feedback controllers. Experimental results
are presented in which the short-range scanner is incorporated in a custombuilt dual-stage nanopositioning system that is used for large-range as well as
real-time atomic force microscopy (AFM) imaging.
A significant attention is devoted to feedback control for nanopositinoing.
iii

We review the large family of control architectures for nanopositioning, including linear and hybrid control schemes, and focus on two control architectures
specifically designed for low sensitivity to measurement noise. In one control
architecture, we combine a two-degree-of-freedom robust control architecture
with an H ∞ signal-based control design for shaping of the closed-loop sensitivity to the measurement noise. This control architecture is employed in the
dual-stage nanopositioning system described above and used for high-speed
AFM imaging. In another control architecture, termed impulsive control, a hybrid feedback controller is used to overcome the limitations of linear feedback
control and enable the tracking of high-speed reference signals in AFM. Experimental results are presented in which impulsive control is used to speed up
AFM imaging without increasing the sensitivity to measurement noise.
Finally, we elaborate on the problem of scan trajectory design for SPM with
a particular focus on novel non-raster scan trajectories that enable high-speed
scanning and at the same time, have a narrow spectral bandwidth. First, we
introduce the Lissajous scan trajectory that is based on a pattern created by an
interference of two single-tone harmonic waveforms over a two-dimensional
space. A detailed analysis of the Lissajous scan trajectory properties is provided
and experimental results are presented in which Lissajous scan trajectories are
used for high-speed mutliresolution AFM imaging. Second, we introduce a
new framework for the analysis and design of scan trajectories that is based
on mathematical optimization and new spatial resolution metrics using Voronoi diagrams. We use the framework to automate the design of Lissajous scan
trajectories.

Zusammenfassung
Die Rastersondenmikroskopie (engl. scanning probe microscopy oder SPM) ist
eine Schlüsseltechnologie für Wissenschaft und Technik auf der Nanometerskala. Von entscheidender Bedeutung in SPM ist die genaue Kontrolle von Bewegungen im Nano- und Subnanometerbereich bis hin zur Grössenordnung einzelner Atome, die so genannte Nanopositionierung. Die vorliegende Dissertation befasst sich der Nanopositierung für SPM, genauer gesagt mit der lateralen
Nanopositionierung. Laterale Nanopositionierung beruht auf vier technologischen Elementen oder Säulen: einem Sensor, einem Scanner, einem Regler und
den Rasterkurven (engl. scan trajectories). In dieser Dissertation werden diese
vier Grundelemente der lateralen Nanopositionierung untersucht. Als erstes
wird ein überblick über verschiedene Sensortechnologien auf der Nanometerskala präsentiert. Ein ungelöstes Problem ist die kontaktfreie Positionsmessung
mit Subnanometerpräzision über grosse Brandbreiten, besonders wenn z.B.
aufgrund der Formfaktors bzw. der Kosten die Verwendung optischer Interferenzmessverfahren nicht in Frage kommt.
Als mögliche Lösung schlagen wir eine neue Sensortechnologie vor, die mittels spintronischer, magnetoresistiver Sensoren die Veränderungen des Hochgradient-Magnetfelds am Pol eines mikromagnetischen Dipols misst. Die Auflösung dieser Sensoren wird quantifiziert, ein neues Modell für MehrschichtGMR-Sensoren in stark variierenden Magnetfeldern vorgestellt und eine Leistungs- und Skalierbarkeitsstudie präsentiert. Experimentelle Ergebnisse zeigen einepAuflösung von 600 pm über 1 MHz bei einem Grundrauschen von
0.5 pm/ H z und einen linearen Operationsbereich von mehr als 10 µm, was
angesichts der geringen Kosten und des kleinen Formfaktors äusserst bemerkenswerte Werte für kontaktfreie Sensoren sind.
Als zweites befasst sich diese Dissertation mit den in SPM verwendeten
Scannern. Ein grundlegendes Problem der meisten Scanner ist die Notwendigkeit, einen Kompromis zwischen Geschwindigkeit und Scan-Bereich einzugehen. Um dieses Problem zu lösen, schlagen wir ein neues, zweiteiliges (dualstage) Scanner-Design vor, in dem zwei Scanner, einer für den Nahbereich und
einer für längere Strecken, seriell miteinander verbunden werden. Mit dieser
Anordung lassen sich die gegensätzlichen Anforderungen von Scan-Bereich
und Geschwindigkeit entkoppeln. Ausserdem präsentieren wir einen selbst entwickelten Nahbereich-Scanner, der speziell für Scannen bei hoher Geschwinv

digkeit entlang einer Achse optimiert ist und dank elektromagnetischer Ansteuerung hochlineare Scanner-Bewegungen und den Einsatz moderner Feedback-Regler erlaubt. Experimenteller Ergebnisse, die mit einem Prototyp über
einen grossen Scanbereich sowie in der Echtzeit-Rasterkraftmikroskopie (AFM)
erzielt wurden, zeigen das Potential dieses sog. Dual-Stage-Napositionierungssystems auf. Ein weiter wichtiger Aspekt der Nanopositionierung sind die Reglersysteme. Wir präsentieren zuerst einen überblick über Reglerarchitekturen
für Nanopositionierung, einschliesslich linearer und hybrider Reglersysteme,
und konzentrieren uns anschliessend auf zwei Architekturen, die speziell für
geringe Empfindlichkeit gegenüber Messrauschen konzipiert worden sind.
Die erste Architektur verbindet eine robuste Reglerarchitektur mit zwei Freiheitsgraden und ein Reglerdesign auf Basis des H ∞ -Frameworks, mit dem die
Closed-Loop-Empfindlichkeit auf Messrauschen gestaltet werden kann. Diese
Regelarchitektur wird in dem oben beschriebenen Dual-Stage-Scannersystem
für Hochgeschwindigkeits-AFM benutzt. In der zweiten Reglerarchitektur, die
auf der so genannten impulsiven oder stossartigen Regulierung (engl. impulsive control) beruht, kommt ein hybrider Feedback-Regler zum Einsatz, um die
Einschränkungen der linearen Reglersysteme zu überwinden und die extrem
schnellen Referenzsignale in AFM erfassen zu können. Experimentelle Ergebnisse werden vorgestellt, in denen diese Art der impulsiven Kontrolle verwendet
wurde, um die Bildgebung in AFM zu beschleunigen ohne Erhöhung der Empfindlichkeit auf Messrauschen.
Als viertes und letztes konzentrieren wir uns auf das Problem der SPM-Abtastbahnen (engl. scan trajectoriers). Hierbei befassen wir uns vor allem mit
neuartigen, nicht raster-artigen Kurven, die ein schnelles Abtasten oder Scannen erlauben, jedoch nur eine geringe spektrale Bandbreite aufweisen. Als erstes werden die Lissajous Scan-Kurven eingeführt. Sie kennzeichnet ein regelmässiges Muster, das aufgrund der überlagerung harmonischer Schwingungen gleicher Frequenz über einem zweidimensionalen Raum entsteht. Nach
einer detaillierten Analyse ihrer Eigenschaften präsentieren wir Experimente,
in denen Lissajous-Scan-Kurven für die Bildgewinnung in der multidimensionalen Kraftmikroskopie verwendet wurden. Als zweites stellen wir ein neues
Rahmenwerk für Analyse und Design von Abtastkurven vor, das mathematische Optimierung und neue, auf Voronoi-Diagrammen basierende Metriken
für die räumliche Auflösung verwendet. Dieses Rahmenwerk verwenden wir anschliessend zur Automatisierung der Gestaltung von Lissajous-Abtastkurven.
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Chapter 1

Introduction
Since its birth in the 1980s, nanotechnology has significantly advanced our
understanding and ability to control physical processes on the nanometer and
sub-nanometer scale. Manipulation and interrogation of matter on these length
scales have become indispensable in various fields of engineering and science,
and have been instrumental in some of the most exciting scientific and engineering breakthroughs of the past decades. Application areas include scanning
probe microscopy, data storage and semiconductor device fabrication. In all
these applications, control of motion and position at length scales down to the
size of a single atom, often referred to as nanopositioning, is a key enabling tool.
In this chapter, we review the basic concepts of scanning probe microscopy
with a particular emphasis on scanning tunneling microscopy and atomic force
microscopy. We outline the role of nanopositioning in SPM and present the two
main control problems, namely, lateral and vertical nanopositioning. Focusing
on lateral nanopositioning, we formulate the goals of the research presented
in this thesis, and present the research strategy that rests on the concept of
four key technological elements of lateral nanopositioning, referred to as pillars.
Subsequently, these four pillars are addressed individually in the remaining
chapters of the thesis.

1.1 Scanning probe microscopy
Scanning probe microscopy (SPM) is one of the key tools in nanoscale science
and engineering. In SPM, the sample under investigation is positioned relative
to an atomically sharp probe tip that interacts with the sample. From the forces
acting between the probe tip and the sample, various properties of the sample
can be inferred, such as the topography, electrical or magnetic properties. SPM
is a family of instruments that work using different underlying physical principles. The two most widely used SPMs are the scanning tunneling microscope
and the atomic force microscope.
1
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1.1.1 Scanning tunneling microscopy
Scanning tunneling microscopy (STM) is based on scanning the surface of a conductive material with a conducting tip such that the tunneling current between
the two tunnel electrodes is kept constant. The tunneling current at distance z
is
I T (z) = I 0 (V )e −2κz
(1.1)
where κ and I 0 (V ) are material-dependent constants. The extremely high resolution of STM relies on the strong dependence of the tunneling current on the
distance between the tip and the sample. For instance, a change of the tunnel
barier by a few angstroms (1 Å = 100 pm = 1 × 10−10 m) results in a change of the
tunneling current by three orders of magnitude.
Scanner actuation
Topography
reconstruction

Piezoelectric
tube scanner
Current
Tip
Sample

Control
system

F IGURE 1.1 – An example schematic of a scanning tunneling microscope. An
atomically sharp scanning tip is scanned over the sample surface by means of a
piezoeletrically actuated scanner. A feedback control system is used to keep the
tunneling current between the tip and the sample constant, and the actuation
signal is used for topography reconstruction.
A schematic of a typical STM device is shown in Figure 1.1. Here, the atomically sharp scanning tip is mounted on a piezo-based tube scanner that positions
the tip relative to the sample laterally and vertically. To keep the tunneling current constant, a feedback control law is typically used that moves the scanner
closer or further away from the sample surface based on the tunneling current
measurement. Subsequently, the scanner actuation signal corresponds to the
topographical properties of the sample and can be used for reconstructing a
high-resolution image of the surface. The sharpness of the scanning tip and the
use of feedback control to keep the tunneling current constant are essential in
STM.
STM was invented in 1981 by Gerd Binnig and Heinrich Rohrer in IBM Research - Zurich [3]. Shortly after its invention, STM was the first instrument

1.1.2 – Atomic force microscopy
(a) Reconstruction of Si surface with
atomic resolution
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(b) Positioning individual Xe atoms on Si surface

F IGURE 1.2 – Examples of interrogation and manipulation with matter on the
subnanometer scale using STM. The image on the left shows a 7 × 7
reconstruction of the Si(111) surface; the relief shows two complete 7 × 7 unit
cells. Reprinted from [1] with permission. Copyright ©1983 by the American
Physical Society. The image on the right shows an atom-by-atom fabricated
nanostructure, created by positioning individual xenon atoms on a nickel
surface by means of low temperature STM [2].

ever to resolve the surface of silicon with atomic resolution in real space [1], see
Figure 1.2(a). In 1986, Binnig and Rohrer were awarded a Nobel prize for their
invention and it soon spawned a new burgeoning research field, today known
as nanotechnology. STM continues to be used for surface studies with atomic
resolution and even for manipulation of single atoms [2], see Figure 1.2(b). The
disadvantage of STM is its limitation to conductive samples and high requirements on the operating environment; often, STM requires vacuum and lowtemperature environment to attain the required resolution.

1.1.2 Atomic force microscopy
Atomic force microscopy (AFM) is based on the ability to resolve forces acting on
the nanometer and subnanometer scale. AFM was invented by Binnig and his
collaborators during Binnigs stay at Standford in 1986 [4]. Developed with the
intention to “enhance” SPM by the ability to image non-conducting surfaces, in
AFM the sample surface is typically scanned with a microfabricated cantilever
with an atomically sharp tip at its end whose deflection is measured. Using the
Lennard-Jones potential model, the force between the tip and the sample at
distance z can be expressed as
· ³ ´
¸
σ 2 1 ³ σ ´8
F (z) = k 1 −
+
(1.2)
z
30 z
where σ and k 1 are constants that depend on the sample and the tip. The
tip-sample interaction force according to this model is highly non-linear and
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consists of a repulsive force region for very small tip-sample distances (typically below 0.5 nm) and an attractive region for distances beyond the zero cross
point up to a distance of a few nanometers. Originally, the tip-sample interaction forces in AFM were inferred by measuring the cantilever deflection using
an STM tip. Later on, an optical deflection sensing method was developed that
is based on sensing the deflection of a laser beam reflected from the AFM cantilever by means of a four-quadrant optical diode [5]. While other deflection
sensing methods exist such as piezo-based deflection sensing [6] and thermal
deflection sensing [7], optical sensing remains the most widely used technique
in today’s scientific and commercial AFM instruments.
Optical system

Optical sensor

Laser source

Electronics

Cantilever actuation

Laser beam

lever

Canti
Sample

X,Y,Z actuation

Control system

3D scanner
X,Y,Z sensing

F IGURE 1.3 – An example schematic of an atomic force microscope. A
microfabricated cantilever is brought to close proximity of the sample surface
and scanned over the sample area by means of a scanner with three-dimensional
positioning capability. The scanner is operated under feedback control using
highly sensitive built-in position sensors. The properties of the sample are
inferred from the deflection of the cantilever; in this example, the deflection is
obtained by an optical read-out system whereby a laser beam is reflected from
the cantilever surface, passes through an optical system and its deflection is
converted to an electrical system in an optical detector. Image from [8].
Reprinted with kind permission from Springer Science and Business Media.
A schematic of a common AFM setup is shown in Fig. 1.3. The sample under
investigation is mounted on a nanopositioner, or scanner, which can move the
sample in three degrees of freedom. To enable high-speed, high-resolution
motion in the presence of external disturbances and modeling uncertainties,
the scanner is typically equipped with highly sensitive non-contact sensors

1.1.2 – Atomic force microscopy
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and operated in a feedback loop. During operation, the sample is brought into
contact with the tip of the cantilever and positioned relative to the tip along a
two-dimensional scan trajectory, for example, along a raster-based pattern. In
the schematic shown in Fig. 1.3, the deflection of the cantilever is estimated by
means of an optical read-out system.

(a) Reconstruction of Si surface
with atomic resolution

(b) Chemical structure of a
pentacene molecule on
Cu(111)

F IGURE 1.4 – Examples of interrogation with matter on the subnanometer scale
using AFM. The image on the left shows a reconstruction of 7 × 7 Si(111) surface
using frequency-modulation tapping mode [9, 10]. From [9]. Reprinted with
permission from AAAS. The image on the right shows the chemical structure of a
molecule obtained using a noncontact AFM with a functionalized tip apex.
From [11]. Reprinted with permission from AAAS.
AFM is an extremely versatile microscopy technique and is capable of imaging both conductive and non-conductive samples, operates in vacuum, air
and even liquid environments, can be used both in low-temperature and roomtemperature environments, enables sensing topographical as well as magnetic
and electrical properties of the sample and has a relatively low cost. AFM can be
used to visualize individual atoms (see Figure 1.4(a)) and even chemical bonds
between atoms in a single molecule [11] (see Figure 1.4(b)). AFM has also been
used for nanofabrication [12, 13], storing information in a high-density data
storage device [14], and imaging of biological processes, such as the motion of
proteins [15].
Modes of operation
AFM can be operated in two common modes that pose different requirements
on nanopositioning. These modes are the contact and the dynamic (or tapping) mode. In contact mode, the cantilever tip is brought into contact with
the sample and a feedback control loop is used to keep the deflection of the
cantilever, and hence the tip-sample force constant. Contact-mode imaging
has relatively low requirements on the complexity of the cantilever deflection
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read-out system and the design of the feedback control loop. Its disadvantage is
that a sustained tip-sample force is applied during the scan operation (the cantilever is “dragged” over the sample) which might cause damage to soft samples
such as biological samples.
In dynamic mode AFM, the cantilever is oscillated at one or more frequencies and interacts with the sample intermittently. By measuring the difference in
the amplitude or the phase of the cantilever deflection signal, different properties of the sample can be inferred. Dynamic mode is well suited for soft samples,
such as biopolymers. Recently, multifrequency dynamic AFM techniques have
been studied extensively, in which the cantilever is oscillated at multiple frequencies and higher resonant modes of the cantilever are exploited to gain
more information about the tip-sample interaction [16]. A disadvantage of
dynamic-mode AFM is a lower scan speed due to a prolonged settling time of
the cantilever oscillation, higher complexity of the cantilever deflection readout system and complexity of the feedback control system.

Cantilever design
The structural and dynamical properties of the microcantilever are critical for
the AFM performance. To increase the imaging speed, cantilevers with extremely small dimensions have been developed which have high resonant frequencies [6], and to minimize the transient vibration effects, the quality factor
of the cantilevers might have to be decreased [17]. In some applications, cantilevers with alternative read-out techniques might be beneficial, such as the
thermo-mechanical cantilevers [18, 19]. In data storage, large arrays of multiple cantilevers have been used which can drastically increase the instrument
throughput, however, also significantly increase the complexity of the cantilever
read-out system and the feedback control systems [20]. More recently, direct
design of the microcantilever geometry and the use of integrated actuators have
shown a high promise in dynamic mode AFM [21, 22].

Tip-sample interaction force
As exemplified by Equation 1.2, the tip-sample interaction force is highly nonlinear, and hence obtaining reliable and quantitative information about the
sample from the measured tip-sample interaction can be challenging. This
is because linear approximations of the tip-sample interaction force often fail
when the tip is intermittently in contact with the sample, and a precise calibration of the instrument becomes complex. To tackle this issue, in one approach
the interaction between the sample and the probe is modeled as a feedback
interconnection of a linear, time-invariant model of the cantilever dynamics
and a nonlinear model of the tip-sample force [23]. The problem becomes even
more challenging in multifrequency AFM [16] and advanced imaging modes
such as nanomechanical holography [24].

1.2 – Nanopositioning for SPM
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1.2 Nanopositioning for SPM
Nanopositioning for SPM comprises two key positioning problems: lateral nanopositioning of the sample relative to the probe tip, and current/force regulation between the tip and the sample, referred to as vertical nanopositioning.
It is often beneficial to decouple these two positioning problems because the
actuation and sensing objectives are significantly different for the lateral and
vertical positioners. In both lateral and vertical nanopositioning, feedback control plays a pivotal role.

z
Laser

Vertical nanopositioning / force regulation

Optical
read-out

y

x

Deflection signal

rFR

rx ,ry

Vertical
nanopositioner

KFR
Sample

K SP

Lateral
nanopositioner

x, y

Position signal

Lateral nanopositioning

F IGURE 1.5 – Nanopositioning in the context of AFM. The sample is mounted on
a lateral nanopositioner whose position in two dimensions is controlled by
means of feedback controller K SP such that it follows the desired reference signal.
The position signal available to the controller is typically affected by position
sensing noise. Information about the sample is obtained from the interaction of
the sample with the probe that is read-out by means of an optical read-out
system. The force between the probe and the sample is regulated by means of
feedback controller K F R that is used to keep the cantilever deflection signal at
the specified set-point.
Figure 1.5 shows the two representative feedback loops typically encountered
in nanopositioning for AFM. In vertical nanopositioning, a feedback controller,
K F R , is used for force regulation between the tip and the sample. It does so by
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controlling the position of the vertical nanopositioner such that the deflection
of the cantilever is kept at the reference setpoint, r F R . The control objectives
in vertical nanopositioning are determined predominantly by the character of
the tip-sample interaction force, mode of operation, and the microcantilever
design. In lateral nanopositioning, a feedback controller, K SP , is used to control
the position of the scanner in two dimensions, denoted as x and y, such that it
follows, or tracks, a given reference trajectory, r x and r y , respectively, based on
the positional information provided by a position sensor. The control objectives
in vertical nanopositioning are determined predominantly by the requirements
on accuracy, precision, speed and repeatability of the scanner motion. Also, the
characteristics of the position sensor and the type of the reference trajectory
play an important role.

1.3 Research objective
Despite extensive research efforts in the past decades, SPM at high speeds and
with uncompromised resolution on the subnanometer scale remains a challenge. The research described in this thesis aims at improving the overall performance of SPM and in doing so, focuses specifically on lateral nanopositioning and addresses the open research problems thereof. Our aim is to identify
the performance bottlenecks in lateral nanopositioning and use a predominantly systems-driven approach along with techniques from the fields of control,
mechanical and electrical engineering to address these issues and contribute
innovations to the related engineering and scientific fields.

1.4 Research strategy
The limitations in performance of the lateral nanopositioning system can be
expressed in terms of tracking error, that is, the deviation of the scanner position from the desired reference signals (or, scan trajectory). Most often, the
tracking error comprises two components, namely, the deterministic tracking
error and nondeterministic tracking error. The deterministic component of the
tracking error mainly affects the positioning accuracy, whereas the stochastic
component determines the precision.

1.4.1 Deterministic tracking error
Deterministic tracking errors typically arise from an inadequate closed-loop
bandwidth, excitation of various mechanical resonant modes of the scanner,
and actuator non-linearities such as hysteresis. Often the achievable closedloop bandwidth is limited by phase delays and non-minimum phase zeros associated with the actuator and scanner dynamics. Hence, the dynamic response
of the scanner, but also the control design and the nature of the reference traject-

1.4.2 – Nondeterministic tracking error
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ory play a key role in minimizing the deterministic component of the tracking
error.

1.4.2 Nondeterministic tracking error
Nondeterministic tracking errors mostly arise from external vibrations and
noise, actuator noise and position sensing noise. To minimize the effect of external vibrations, SPMs are operated in a controlled environment and typically
use a passive or active suspension system. The actuator noise can be minimized
by carefully designing the drive circuitry. The sensing noise, however, remains
a key challenge. With increasing feedback bandwidth, the sensing noise enters
the feedback loop, introduces a random positioning error, and adversely affects
the positioning precision. Often, the amount of scanner motion induced by the
measurement noise is comparable to the dimensions of the nanoscale structures that are to be resolved. For example, even with high-end sensors, the
sensing-noise-induced scanner motion amounts to several nanometers over
a bandwidth of 10 kHz; this effect becomes particularly detrimental when a
high closed-loop bandwidth is required. The amount of measurement noise
can be decreased by using advanced low-noise sensing concepts. Moreover, the
feedback control architecture and the reference trajectories can significantly
contribute to the overall noise resilience of the system.

1.4.3 The four pillars of nanopositioning
The research strategy followed in this thesis is to minimize both the deterministic and the nondeterministic components of the tracking error by simultaneously improving the four key aspects of the lateral nanopositioning system,
termed as the four pillars of nanopositioning.

(iv) Scan trajectory

(iii) Controller

(ii) Scanner

(i) Sensor

F IGURE 1.6 – The four pillars of nanopositioning for SPM, the key concept
underlying the research strategy followed in this thesis. The four pillars are the
four key technological components of a lateral nanopositioning feedback loop,
namely, the sensor, the scanner, the controller and the scan trajectory. By
improving the performance of some or all of the pillars, the performance of
lateral nanopositioning, and hence the overall performance of SPM can be
improved.
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The four pillars of lateral nanopositioning and their interconnection in a
generalized feedback control loop is shown in Figure 1.6. The four pillars are
(i) The position sensor
(ii) The scanner
(iii) The feedback controller
(iv) The scan trajectory
Owing to the importance of each one of these components and its direct
effect on the performance of the lateral nanopositioning system, these four
components can rightly be called the four pillars of nanopositoning. In this
thesis, we identify the research challenges connected to each pillar, elaborate on
the state of the art and propose novel solutions to improve their performance.
Sensor
High-resolution sensing of the scanner position is essential for lateral feedback
control and for subsequent image reconstruction. A wide variety of position
sensors have been developed for this purpose, including capacitive, piezoelectric, inductive and optical interferometric sensors. However, most of the existing sensors have a resolution of several units to tens of nanometers over their
sensing bandwidth, determined by the presence of measurement noise. Often, even a moderate amount of measurement noise becomes prohibitive when
nanoscale objects must be sensed with sub-nanometer resolution. The presence of sensing noise in the position measurements is one of the key challenges
of lateral nanopositioning and an affordable high-resolution, non-contact position sensor with a wide operating bandwidth is still an open research question.
Scanner
For lateral nanopositioning, the structural and dynamic properties of the scanner are of key importance. The scanners are typically based on smart actuators
such as piezoelectric tubes and piezo-stack-actuated flexure stages. While the
conventionally used tube scanners are easy to design and use, they suffer from
a high amount of interaxial cross-coupling and low resonant frequencies which
negatively affect their dynamics. Flexure-based scanners with parallel or serial
kinematics can overcome these issues, however, their clean dynamical response
in the low frequency region often comes at the price of high structural stiffness,
limiting the achievable scan range and applicable actuation techniques. The
design of high-speed, large-range scanner with a highly linear actuator remains
a challenging research problem.

1.5 – Outline of the thesis
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Controller
Control techniques are needed to compensate for the mechanical resonances
of the scanner as well as for various nonlinearities. At low speeds, feed-forward
techniques are usually sufficient to address many of these challenges. However,
over a wide bandwidth, model uncertainties, mechanical cross-coupling and
actuation noise become significant, and hence feedback control is essential
to achieve nanoscale accuracy and precision at high speeds. A wide variety of
control techniques are used for this purpose, including feedforward control,
feedback control, and combinations thereof. A research challenge specific for
lateral nanopositioning is broadband noise-resilient feedback control in presence of a relatively large amount of sensing noise. To that end, advanced linear
and nonlinear control schemes show a large promise.
Scan trajectory
Scan trajectory is the trajectory that the cantilever tip follows with respect to the
sample during a scan operation. The scan trajectory plays an important role in
the design of the lateral nanopositioning system as it determines the reference
signals that have to be tracked. Conventionally, raster-based scan trajectories
have been used owing to their simplicity in implementation and image reconstruction. With increasing scan speeds, however, it becomes difficult to track
raster scan trajectories due to the scanner vibrations that they induce. Design
of efficient alternative, non-raster scan trajectories, such as spiral-shaped scan
trajectories, remains an open research problem.

1.5 Outline of the thesis
The remainder of the thesis is organized in four chapters, of which each chapter
is devoted to one pillar, and concludes with a summary and overview of future
directions in a separate chapter.
In Chapter 2, we focus on the research challenges related to the sensing pillar. We discuss the fundamental limitations of existing sensor technologies in
terms of their resolution, bandwidth and range of motion, outline the interplay
and trade-offs between the key sensor parameters, and present our recent results on a novel family of magnetoresistance-based sensors which show promise
in low-noise high-bandwidth displacement sensing.
In Chapter 3, we review the conventional approaches to scanner design
and actuation, and outline the major challenges and limitations, such as the
trade-off between scanner speed and range of motion. To tackle some of these
problems, we present a novel dual-stage scanner system with a custom-built
electromagnetically actuated short-range scanner that is specifically designed
for use with high-bandwidth, sensing-noise-resilient controllers.
In Chapter 4, we survey the landscape of control techniques for feedback
and feedforward control in nanopositioning and outline their major advantages
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and drawbacks. We also present two recent control architectures: a two-degreeof-freedom approach that combines a robust control design with direct shaping
of the noise sensitivity transfer function, and a new hybrid control technique
that can go beyond the resolution-bandwidth trade-off imposed by linear feedback control.
In Chapter 5, we introduce the problem of scan trajectory design for SPM
and review some of the existing scan trajectories. We also present a new scan trajectory with an ultra-narrow bandwidth and unique multiresolution properties
that can significantly improve the speed, resolution and tracking performance
in a high-speed SPM system.
Chapter 6 summarizes the research described in this thesis and presents a
technological outlook and possible directions for future research.

1.6 Publications
The research described in this thesis originated in collaboration with my scientific advisors and colleagues and has been published in multiple international peer-reviewed journals, conference proceedings and in a book chapter.
Furthermore, the work resulted in a number of international patent applications. In what follows, we summarize the publications for each chapter.
Chapter 2 is based on the journal papers [J1, J2] and the conference paper [C1]. Chapter 3 is based on the journal paper [J3] and the conference papers [C2, C3]. Chapter 4 is based on the book chapter [B1], the journal papers [J4, J5, J6] and the conference papers [C4, C5]. Chapter 5 is based on the
journal paper [J7] and the conference papers [C6, C7].
An overview of the research described in thesis is presented in the journal
paper [J8]. The patents and patent applications that have been granted and/or
published by the patent authorities include [P1, P2]. In total, there are around
8 patent applications filed worldwide based on the research described here.
Book chapter
[B1] T. Tuma, A. Sebastian, J. Lygeros, and A. Pantazi.
A hybrid control approach to nanopositioning.
Smart materials-based actuators at the micro/nano-scale: characterization, control and applications, pages 89–120, Springer - Verlag, New
York, 2013.
Journal papers
[J1] V. Kartik, A. Sebastian, T. Tuma, A. Pantazi, H. Pozidis, and D.R. Sahoo.
High-bandwidth nanopositioner with magnetoresistance based position sensing.
Mechatronics, vol. 22 295–301, 2012.
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[J2] T. Tuma, A. Pantazi, H. Pozidis, P. Eib, G. Salis, D.R. Sahoo. and A. Sebastian
A high-bandwidth spintronic displacement sensor with subnanometer
resolution.
in preparation, 2013.
[J3] T. Tuma, W. Haeberle, H. Rothuizen, J. Lygeros, A. Pantazi, and A. Sebastian.
Dual-stage nanopositioning for high-speed scanning probe microscopy.
IEEE/ASME Transactions on Mechatronics, 2013, in press.
[J4] T. Tuma, A. Sebastian, W. Häberle, J. Lygeros, and A. Pantazi.
Impulsive control for fast nanopositioning.
Nanotechnology, 22:135501, 2011.
[J5] T. Tuma, A. Pantazi, J. Lygeros, and A. Sebastian.
Comparison of two non-linear control approaches to fast nanopositioning: impulsive control and signal transformation.
Mechatronics, 22:302–309, 2012.
[J6] T. Tuma, A. Pantazi, J. Lygeros, and A. Sebastian.
Nanopositioning with impulsive state multiplication: A hybrid control
approach.
IEEE Transactions on Control Systems Technology, 21:1352 – 1364, 2013.
[J7] T. Tuma, J. Lygeros, V. Kartik, A. Sebastian, and A. Pantazi.
High-speed multiresolution scanning probe microscopy based on Lissajous scan trajectories.
Nanotechnology, 23:185501, 2012.
[J8] T. Tuma, A. Sebastian, J. Lygeros, and A. Pantazi.
The four pillars of nanopositioning for scanning probe microscopy.
IEEE Control Systems Magazine, to appear, 2013.
Conference papers
[C1] V. Kartik, A. Sebastian, T. Tuma, D.R. Sahoo, H. Pozidis and A. Pantazi.
High speed nanopositioner with magneto resistance-based position
sensing.
Proceedings of the 5th IFAC Symposium on Mechatronic Systems, pages
306–310,2010.
[C2] T. Tuma, W. Haeberle, H. Rothuizen, J. Lygeros, A. Pantazi, and A. Sebastian.
A dual-stage nanopositioning approach to high-speed scanning probe
microscopy.
Proceedings of the 2012 Conference on Decision and Control, pages
5079–5084, 2012.

14

Chapter 1 – Introduction

[C3] T. Tuma, W. Haeberle, H. Rothuizen, J. Lygeros, A. Pantazi, and A. Sebastian.
A high-speed electromagnetically-actuated scanner for dual-stage nanopositioning.
Proceedings of the 6th IFAC Symposium on Mechatronic Systems, pages
125 – 130, 2013.
[C4] T. Tuma, A. Pantazi, J. Lygeros, and A. Sebastian.
Tracking of high frequency piecewise affine signals using impulsive
control.
Proceedings of the 5th IFAC Symposium on Mechatronic Systems, pages
90 – 95, 2010.
[C5] T. Tuma, A. Pantazi, J. Lygeros, and A. Sebastian.
Impulsive control for nanopositioning: stability and performance.
Proceedings of the 14th International Conference on Hybrid Systems:
Computation and Control, pages 173–180, 2011.
[C6] T. Tuma, J. Lygeros, A. Sebastian, and A. Pantazi.
Optimal scan trajectories for high speed scanning probe microscopy.
Proceedings of the 2012 American Control Conference, pages 3791–3796,
2012.
[C7] T. Tuma, J. Lygeros, A. Sebastian, and A. Pantazi.
Analysis and design of multiresolution scan trajectories for high-speed
scanning probe microscopy.
Proceedings of the 6th IFAC Symposium on Mechatronic Systems, pages
138 – 144, 2013.
Patents
[P1] A. Pantazi, A. Sebastian and T. Tuma.
Performance improvement of signal transformation schemes for ultrafast scanning
United States Patent 8,401,676, granted on March 19th, 2013.
[P2] A. Pantazi, A. Sebastian and T. Tuma.
Control of a dynamic system
United States Patent Application 20110257768, filed 24.3.2011, published 20.10.2011
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Publication awards
The following awards were granted to publications on which this thesis is based:
Student Best Paper Award
6th IFAC Symposium on Mechatronic Systems, Hangzhou, China,
April 2013.
Best Presentation in Session
Session Control Techniques in High-Speed Scanning Probe Microscopy
2012 American Control Conference, Montreal, Canada, June 2012.

1.7 A note on notation
The notation used in this thesis follows the standards common in the field of
control engineering and mechatronics. To keep the exposition simple, a slight
abuse of notation was inevitable in a restricted number of cases. Namely, in
Chapters 1,2,3 and 5, the symbols x, y and z are used to denote coordinates
and position measurements in a three-dimensional Euclidean space. The x
coordinate is also used whenever a single-axis concept is presented that would
work analogically in the remaining axes. In Chapter 4, however, the symbol x
is reserved to denote the state vector of a dynamical system as it is common
in the control literature, and instead of x we use y to denote the position or
the position measurement signal in a single-axis control problem. Whenever a
mutiple-input-multiple-output formulation of a control problem is necessary
and signals for multiple axes have to be distinguished, such as in the case of the
scan trajectory reference signals Chapter 5, we make this clear by subscripting
the signal symbols with their respective axis. However, the vast majority of
the text and illustrations deal with single-input-single-output systems which is
clear from the signals used and in such a case, we omit the subscripts.

Chapter 2

Sensing
In this chapter, we address the first pillar of nanopositioning, namely, the position sensors. The amount of noise in the position measurement signal determines the sensor resolution over a given bandwidth, which in turn determines the
resolution achievable in the nanopositioning feedback system. Most often, the
resolution is quantified in terms of the standard deviation of the sensing noise
in the absence of physical motion, and deteriorates as the sensing bandwidth
increases.
First, we review the existing technologies for nanoscale displacement sensing. Subsequently, we focus on a novel non-contact, non-optical displacement
sensing concept with subnanometer-scale resolution over a megahertz bandwidth. This concept is based on detecting changes in a high-gradient magnetic
field created by a microscale magnetic dipole by using spintronic sensors. Experimental results showing a 1-σ resolution of 600 pm over a bandwidth of
1 MHz and a linear range greater than 10 µm are presented.

2.1 Sensing concepts
Here, we introduce the basic concepts that allow us to characterize the performance of displacement sensors, namely, the concept of range, linearity, sensitivity,
bandwidth, noise and resolution.

2.1.1 Range, linearity and sensitivity
Displacement sensors translate the measurement of a displacement (position)
into an alternate measurable physical quantity that corresponds to the displacement. Typically, this alternate physical quantity can be read out in terms of a
voltage or current measurement.
Figure 2.1 shows an example response of a displacement sensor. The calibration curve can be established as a linear fit of the generally nonlinear response
curve of the sensor, and can be used to defined the measurement error as the
17
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Sensor response curve
Error

ΔΜ

Calibration curve

Measurement
range

ΔD

Displacement
range

Displacement
F IGURE 2.1 – An example response of a displacement sensor along with some
basic characteristics, such as the diplacement range, the measurement range
and the measurement error. The measurement error is defined as a deviation
from the sensor calibration curve.

difference between the sensor response and the calibration curve. The range of
the sensor is then defined as the range where the measurement error is below
certain bounds. Often, these bounds are set relative to the range. The sensitivity
of the sensor is defined as the slope of the response curve shown in Figure 2.1,
hence it is determined by the ratio of the measurement range to the displacement range, ∆M /∆D.

2.1.2 Bandwidth
If the sensor response in its operating range is modeled as a linear time-invariant
system, it can be characterized by means of a transfer function between the displacement and the sensor measurement.
Figure 2.2 shows an example of the magnitude of such a transfer function.
The magnitude is flat in the low frequency at 0 dB which would mean that the
sensitivity is unity and the sensor measurement signal directly corresponds to
the displacement measured. For displacement sensors, it is typically required
that the magnitude is flat so that the sensor does not introduce any undesirable
dynamics in the measurement. The bandwidth of the sensor is then defined
by the corner frequency f c which is the frequency where the magnitude of the
transfer function drops by 3 dB. The phase response, however, is also critically
important - if the sensor exhibits an appreciable phase drop at higher frequencies, the sensor measurement signal might have a significant delay which might
be prohibitive for its use in high-bandwidth feedback control systems.

2.1.3 – Measurement noise and resolution
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Magnitude
0 dB
-3 dB

Sensor bandwidth
fc

Frequency

F IGURE 2.2 – An example of a transfer function between displacement and
displacement measurement. Typically, for a calibrated sensor the magnitude is
flat at 0 dB over the sensor bandwidth. The sensor bandwidth is defined as the
frequency f c where the magntiude drops below -3 dB.

2.1.3 Measurement noise and resolution
The measurement noise in most common displacement sensors can be modeled
as additive noise created by a random stochastic process with zero mean. It is
usually sufficient to characterize such a process with its second statistic moment, i.e. its variance,
£
¤
V ar X = σ2X = E (X − E (X ))2 = E (X 2 )

(2.1)

The standard deviation, corresponding to the RMS value of the random
process, is then simply
p
(2.2)
σx = V ar X
To get an insight into the distribution of power in the random process across
the frequency spectrum, the power spectral density, S x ( f ), is used which is related to the overall process variance as
σ2X

Z∞
= S x ( f )d f

(2.3)

0

where S x ( f ) is the power spectral density at frequency f . The spectral density
at frequency f , Sp x is then defined as
Sp x ( f ) =

q
Sx ( f )

(2.4)

Before we proceed with the definition of sensor resolution, the notions of
the measurement accuracy and precision need to be precisely defined. According to [25], the measurement accuracy is the degree of closeness of measurements of a quantity to that quantity’s actual value. On the other hand, the
measurement precision is the degree to which repeated measurements under
unchanged conditions show the same results.
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F IGURE 2.3 – An illustration of the relationship between measurement accuracy
and measurement precision. The accuracy corresponds to the (deterministic)
deviation of the measurement from the measured quantity, whereas the
precision denotes the standard deviation of the measurement in the stochastic
sense. The figure also shows the probabilities of a measurement falling into the
2σ and 6σ precision ranges.

The sensor resolution is defined as the precision of the sensor measurement
and as such is determined by the measurement noise. Various characterizations of the measurement noise are used. Typically, the precision, and hence
the sensor resolution is defined as the standard deviation of the measurement.
Alternatively, multiples of the standard deviation can be used to characterize
the resolution, such as 3σ and 6σ. For example, if the random noise process can
be considered Gaussian, then it can be shown that for measurements with 6σ
resolution, there is only 0.3% probability that a repeated sensor measurement
of the displacement quantity will lie outside the ±3σ bounds. This is illustrated
in Figure 2.3.

2.2 Overview of nanoscale displacement sensors
In virtually all displacement sensors, the displacement is transduced into a
measurable change in an alternate physical quantity. In the following, we review some of the widely used displacement sensors that attain nanometer and
subnanometer resolution. A detailed overview of nanoscale position sensing
techniques and commercially available sensors can be found in [26].

2.2.1 Piezoelectric strain sensors
If a force is applied along the polarization of the piezoelectric sensor, the resulting strain change ∆h/h results in the development of an electric field, E , that is
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V

Δh
F
h

F IGURE 2.4 – A schematic of a piezoelectric strain sensor. Upon application of
force F along the polarization of the sensor, the strain change ∆h/h causes a
change in the electric field, and hence the voltage measured.

proportional to the strain change, namely,
E = q 33

∆h
,
h

(2.5)

where q 33 is the piezoelectric coupling coefficient that depends on the material
properties of the sensor. Hence, the voltage read-out of the piezoelectric sensor
is
V = q 33 ∆h.

(2.6)

Piezoelectric sensors have a large bandwidth and a very high resolution
over large bandwidths; however, they cannot be used for non-contact sensing
and suffer from nonlinear effects such as hysteresis, which reduces their usability. More details on piezoelectric sensors and transducers can be found, for
example, in [27, 28, 29].

2.2.2 Capacitive sensors
Capacitive sensors typically consist of two electrodes and a dielectric, see Figure 2.5. By changing the mutual position of the electrodes, for example the
distance between the electrodes, the overlap with the dielectric or by moving
the dielectric, a displacement can be translated into a change in capacitance.
The capacitance is
C=

²0 ²T A
d

(2.7)

where d is the distance between the electrodes, ²0 is the permitivity of free
space, ²T is the permitivity of the dielectric and A denotes the area between the
electrode surfaces.
The sensitivity of a capacitive sensor is given by ∂C /∂d , and hence increases
proportionally with the nominal capacitance and inversely proportionally with
the nominal distance between the electrodes. Typically, the capacitance is
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d

d

AC driving
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F IGURE 2.5 – Examples of the capacitive sensing principle. The image on the left
shows a capacitive sensor in which the distance between the electrodes changes
with the displacement measured. The image on the right shows a capacitive
sensor in which the overlap of the electrodes changes with the displacement
measured. In both cases, the sensor is driven with an AC voltage and a
demodulator circuitry is needed to measure the magnitude of the sensor signal.

measured by applying an AC voltage to one of the electrodes (the probe electrode) and ground the target electrode; the current measured is then proportional to the voltage and capacitance. Alternatively, in configurations where
the displacement is inversely proportional to the capacitance, it might be beneficial to measure the voltage corresponding to an applied current. In any
case, a demodulator circuitry is required to measure the magnitude of the AC
measurement signals.
Capacitive sensors offer a good trade-off between the achievable resolution,
bandwidth and range; for this reason, they are used in a multitude of scientific
and engineering instruments. An overview of capacitive displacement sensors
and their use in nanopositioning can be found, for example, in [30, 31].

2.2.3 Inductive sensors
Inductive sensors include inductive proximity sensors (eddy-current sensors)
and linear variable displacement transformers (LVDT).
Eddy-current sensors consists of a coil and a conductive or ferromagnetic
target. The displacement between the coil and the target can be measured by
passing an AC current through the coil and observing the change in AC resistance of the coil that is induced by an opposing magnetic field developed in the
target.
LVDT sensors typically consist of two driving coils and a sensing coil wound
onto a tube-shaped housing, with a core from magnetically permeable material
connected to a push rod whose displacement is measured. The core is positioned such that it always covers the whole extent of the driving coil and partially covers the sensing coils. By moving the pushrod, the displacement of the
core and its overlap with the sensing coils changes, which results in a change

2.2.4 – Electrothermal sensors
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F IGURE 2.6 – Ax example of two inductive sensing principles. The image on the
left shows an eddy-current sensor that consists of a coil and a conductive target.
By changing distance d between the coil and the target, the AC resistance of the
coil is changed. The image on the right shows an LVDT sensor. Here, the
displacement of a rod inside of a tube-shaped housing affects the magnetic flux
passing through the sensing coils, and hence causes a change in the induced
voltage induced in the sensing coils.

of the magnetic flux density passing through the sensing coils. Subsequently,
the displacement of the pushrod can be estimated from the difference in the
voltage induced in the sensing coils.
LVDT sensors are robust and offer a very good resolution over a large operating range. However, their bandwidth is limited and the read-out electronics are
relatively complex due to the need for signal demodulation. More information
on inductive sensors can be found, for example, in [26, 32].

2.2.4 Electrothermal sensors
Electrothermal sensors are typically used in MEMS-based devices. They are
based on changing the heat conduction pathway of an electrical microheater
which results in a change of the electrical resistance of the microheater.
Figure 2.7 shows an electrothermal sensor for sensing the position of a scan
table [33]. The sensor consist of two microheaters that are in close proximity
to the scan table and partly overlap with the scan table. Upon passage of electrical current, the temperature of the heaters increases. When the scan table
moves, the heat conduction pathway of each heater is changed which results
in a change of their electrical resistance that is proportional to the displacement of the scan table. In Figure 2.7, the displacement signal is obtained from
two heaters interconnected in a differential configuration. This configuration
minimizes the effect of ambient temperature changes and of the heater aging.
Electrothermal sensors have a good resolution and are well suited for miniaturization [34]. They require only a simple read-out circuitry. On the other
hand, their bandwidth is limited.
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Heater

Scan table
Direction of motion
F IGURE 2.7 – The principle of electrothermal sensing. By moving the scan table
relative to a pair of microheaters, the heat conduction pathway of each
microheater is changed which affects the electrical resistance of the microheater.
The differential configuration improves the performance in presence of ambient
temperature changes and sensor aging.

2.2.5 Optical interferometric sensors
In optical interferometry, electromagnetic waveforms are superimposed in order to extract information about displacement.

Mirror (moving)

Source laser beam

Laser source

Beam splitter
Mirror (fixed)

Reflected laser beam

Detector

F IGURE 2.8 – Schematic of a classical Michelson interferometer. A laser beam is
split by a beam splitter into two beams that reflect from a moving and a fixed
mirror, respectively. The difference in the length traveled affects the interference
pattern sensed at the detector, and hence allows for sensing the displacement of
the moving mirror.
Figure 2.8 shows a schematic of the classic Michelson interferometer. Here,
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a single coherent light beam is split by means of a beam splitter, such as a
partially reflecting mirror, into two beams that travel different routes. The first
beam is directed towards a fixed mirror and reflected back onto the detector.
The second beam is reflected onto a moving mirror and then back onto the
detector. The difference in distance traveled by each of the beams leads to
a phase difference that creates an interference pattern in the detector. As of
today, more advanced interferometric systems are used, such as heterodyne
interferometers that use waves at two frequencies rather than one.
Optical interferometric sensors offer a very good performance in terms of
resolution, bandwidth and operating range. For these reasons, they are used in
applications such as wafer scanners in semiconductor lithography. A disadvantage is their high cost and a relatively large form factor. A more detailed overview
on optical interferometric sensors can be found, for example, in [32] and [26].

2.2.6 Linear optical encoders
In optical encoders, the relative position of two gratings with equidistant slits is
compared by optical means.

Photo
detector

Light
source
Collimator
lens

Scanning
reticle
Scale

F IGURE 2.9 – A schematic of a basic linear optical encoder. The relative position
of the scanning reticle grating and the sample grating is determined due to a
shadow projection measured by means of a photo detector.
Figure 2.9 shows a schematic of a basic linear optical encoder. First, the light
generated at the light source passes through a collimator lens to ensure that only
parallel beams of light are projected onto the grating of the scanning reticle.
Subsequently, the shadow of the scanning reticle grating is projected onto the
scale grating and finally, the remanent light reaches the photo detector. Since
the two gratings have an equal period length, the light is completely obscured
when the scanning reticle grating and the sample grating are shifted by a half
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Sensor type

Bandwidth

Range

Linearity

Form factor

Cost

Capacitive
Piezoelectric
Electrothermal
LVDT
Optical

Medium
Large
Low
Low
Large

Medium
Medium
Low
Large
Large

Good
Poor
Medium
Good
Good

Medium
Small
Small
Medium
Large

Medium
Low
Low
Medium
Large

TABLE 2.1 – Overview of technologies for displacement sensing with nanometer
and sub-nanometer resolution. The sensors are categorized according to their
transduction principle, and their key characteristics are compared qualitatively.
The data is based on [26].

of the period. When the gratings are in phase, the transmission of light is at
the maximum. Hence, the irradiation of the photo detector is modulated as a
function of the relative position of the sample and the scanning reticle, with the
relation between the position and the current measured at the photo detector
being approximately linear over a half of the period.
Various improvements to the basic optical encoder are used in practice,
such as using reference marks for absolute position measurements, and multiplefield photo detectors in combination with multiple grating sections to provide
directional information and combat the measurement noise due to the presence of electrical noise and contamination of the gratings. In another approach,
a structured photo detector can be used that enables exploiting the so-called
Vernier effect which occurs when gratings of slightly different periodicity are
used and provides directional information even with a single photo detector.
The highest resolution is provided by interferrometric optical encoders, which
use a phase grating with a period length comparable to the light wavelength
to obtain a three-phase position signal at three photo detectors. An excellent
account on optical encoders and their usage in nanopositioning can be found
in [32].

2.2.7 Summary
The sensors discussed in this section are summarized in Table 2.1 along with
some of their key characteristics. Capacitive sensors offer a good trade-off
between the achievable resolution, bandwidth and range; for this reason, they
are used in a multitude of scientific and engineering instruments. Piezoelectric
sensors have a large bandwidth and a very high resolution over large bandwidths; however, they cannot be used for non-contact sensing and suffer from
nonlinear effects such as hysteresis, which reduces their usability. Electrothermal sensors have a small form factor; however, their bandwidth is limited.
Linear variable displacement transformers (LVDT) offer high robustness and
high resolution, but their bandwidth is limited. Optical sensors offer the best
performance in all sensing parameters, most notably an unparalleled combin-
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ation of high resolution, large range, large bandwidth and linearity. However,
their cost and form factor restrict their usability for many nanopositioning applications, such as SPM.

2.3 Magnetic fields for displacement transduction
In Section 2.2, we have seen that displacement sensing with subnanometer resolution over a bandwidth greater than 1 MHz through non-optical means still
remains an open problem. In virtually all displacement sensors, the displacement is transduced into a measurable change in an alternate physical quantity
such as the change in capacitance due to the relative motion of two parallel
plates (capacitive sensors), or the change in the length of the thermal conduction pathway (electro-thermal sensors) or the piezoelectric voltage developed
due to the positional change-induced strain (piezoelectric sensors). In all these
cases, there are few avenues to dramatically alter the sensitivity of transduction and in most cases the only way to achieve high sensitivity is by increasing
the form factor. Moreover, the measurement of the transduced signal is often
limited in bandwidth.
In this section, we propose the use of the magnetic field close to the pole
of a magnetic dipole as a candidate for displacement transduction. First, we
introduce some very basic notions of magnetostatics and subsequently, we
focus on the magnetic fields at the pole of the ideal magnetic dipole and a blockshaped permanent magnet. We will show that with increasing proximity to the
pole, the magnetic field components orthogonal to the direction of the main
magnetization axis approach zero in density but tend to an infinite gradient.
This property allows for achieving an extremely high transduction sensitivity
at low flux densities, a property that is particularly beneficial for spintronic
magnetoresistive sensing that we will study from Section 2.4 on.

2.3.1 Basic definitions in magnetostatics
In what follows, we shortly review a few elementary concepts in magnetostatics that are essential for the characterization of magnetic fields and magnetic
materials, and which will be used throughout the rest of this chapter.
Magnetic field
The magnetic field, B , can be defined based on the Lorentz force law which
determines the force that acts on a point charge due to electromagnetic fields.
The Lorentz force is
F = q(E + v × B )
(2.8)
where q is the charge of the particle, E is the electric field, v is the velocity of
the particle and B is the magnetic field. Alternatively, the B quantity is often
called magnetic flux density or magnetic induction. The SI unit for magnetic
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field is Tesla(T). In the Gaussian unit system, B is measured in Gauss (G), 1 T =
10000 G.
Magnetic moment
Magnetic moment is a vector quantity that characterizes the magnetic properties of a dipole magnetic field source. It is defined based on the torque, T , that
is exerted on a magnetic dipole with moment m in a magnetic field B :
T = m ×B

(2.9)

The unit of magnetic moment is 1 Am 2 = 1 J /T .
Magnetization
Magnetization is a vector quantity that expresses the density of magnetic dipole
moments in a magnetic material, or in other words, the net magnetic dipole
moment per unit volume. It can be defined as
M=

N
m
V

(2.10)

where M is the magnetization, m is the magnetic moment, N is the number of
magnetic dipole moments and V is the volume of the magnetic material. The
magnetization of a uniform magnetic material then becomes M = m/V . The
unit of magnetization is A/m.
Magnetic field strength (H-field)
The magnetic field strength, or the H-field, is defined using the notion of magnetization as
B
H=
−M
(2.11)
µ0
where µ0 is the permeability of vacuum and B is the magnetic flux density. The
essential difference between the B -field and H -field is that the H -field does not
include the effect of the bound currents that are due to atomic-sized current
loops in the magnetic material. If an external magnetic field with strength H
is applied to some magnetic materials, such as diamagnetic and paramagnetic
materials, the magnetization is often proportional to H , i.e. B /µ0 = H + kM for
some k, and hence, the B-field and H-field are proportionally related as
B = µH

(2.12)

where µ is the material permeability. However, in ferromagnetic materials, a
complex relationship between the applied field H and the magnetization M
exists, which depends on the past history of the ferromagnetic material. The
unit of magnetic field strength is A/m.

2.3.1 – Basic definitions in magnetostatics
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Magnetization, B-H curve and magnetic hysteresis in ferromagnetic
materials
As we have seen above, the B-field and H-field are related as
B = µ0 (H + M )

(2.13)

and this relation is rather complex in ferromagnetic materials. Upon application of a magnetizing field H , the magnetic flux density of the ferromagnetic
material changes in a nonlinear way that corresponds to how the magnetization
of the material evolves.

B
BS
Br
HC

0

H

F IGURE 2.10 – An example of a B-H curve describing the relation between
applied magnetic field strength H and the magnetic field flux B of a
ferromagnetic material. First, with an increasing H -field, the B -field increases
up to the magnetic saturation level B s . Afterwards, with decreasing H -field, the
B -field decreases; when H = 0, the amount of the magnetic flux left in the
magnetic material corresponds to the remanent magnetization. By applying a
negative H -field and further decreasing it, the B -field ultimately reaches zero;
the H -field at this point, Hc , corresponds to the magnetic coercivity.
Figure 2.10 shows the so-called B-H curve that relates the applied magnetization field to the magnetic flux density of a magnetic material. Assume that
we start with magnetic field strength H = 0 and magnetic flux B = 0. With the
increasing H-field, the magnetic flux density increases (the dashed line) until
the material reaches its saturation magnetization and the saturation magnetic
flux density, B s . If we start decreasing the magnetization field H , the magnetic
flux will decrease until the point when H = 0. The magnetic flux density of the
magnetic material that remains at this point is called the remanent magnetization. If we would like to continue and demagnetize the material, negative
H-field would have to be applied until a point when the magnetic flux density
of the magnetic material becomes zero, B = 0. The H-field needed to reach this
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point is called magnetic coercivity, HC . Soft ferromagnetic materials are those
which are easy to magnetize and demagnetize, and hence have a low magnetic
coercivity; hard ferromagnetic materials are those which have a large magnetic
coercivity.

2.3.2 Magnetic field of a magnetic dipole
The magnetic flux density of an ideal dipole evaluated at point r in a threedimensional space is
B (r ) =

µ0 3(p · n)n − p
×
×m
4π
r3

(2.14)

where p is the dipole orientation vector, m is the magnetic moment of the
dipole and n = |rr | .

z

p

y

x

F IGURE 2.11 – The coordinate system used in the dipole magnetic field
calculations. The dipole is centered at the origin of the coordinate system and is
oriented along the vector p. We focus our attention to the magnetic field in the
xz-plane at coordinate y = 0. In particular, we are interested in the properties of
the field B (x, 0, z) as a function of x and z.
We shall focus our attention to the magnetic field in the xz-plane at coordinate y = 0, and will assume that the dipole is situated at the origin of
the coordinate system and oriented along the z axis, see Figure 2.11. To compute£ the magnetic
assume
¤ flux density in the x direction in the xz-plane,
£
¤ that
p = 0 0 1 (dipole oriented along the z axis) and r = x 0 z . Then,
we get by substitution
B x (x, z) =

µ0
3xz
× 2
× m.
4π (x + z 2 )2.5

(2.15)
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The property of B x (x, z) that is interesting for the use in magnetic sensing
is the relation between the magnitude of B x (x, z) and its gradient when x approaches zero. The gradient can be computed as the partial derivative of B x
with respect to x,
∂B x (x, z) µ0 3z(x 2 + z 2 )2.5 − 15x 2 z(x 2 + z 2 )1.5
=
×
× m.
∂x
4π
(x 2 + z 2 )5

(2.16)

Assuming that z > 0 is fixed and x → 0, we see that the magnetic field strength
tends to zero,
B x (x, z) → 0,
but the magnetic gradient in the x direction is comparably high,
∂B x (x, z)
3
→ 4 × m.
∂x
z
By letting z go to zero, we see that the gradient of the B x magnetic field grows
to infinity,
∂B x (x, z)
lim lim
= ∞,
(2.17)
z→0 x→0
∂x
while B x (x, z) → 0 at the same time. Hence, we see that the gradient of the
magnetic flux density in the x direction can be increased arbitrarily by going
closer to the pole (x → 0, z → 0), while the density tends to zero. This property
is of great benefit in high-sensitivity spintronic-based magnetic field sensing
which in turn enables high-resolution displacement transduction. More details
on spintronic-based sensing are covered later in this chapter in Section 2.4.
The relation between the magnitude and gradient of the B x field close to
the pole of a magnetic dipole is illustrated in Figure 2.12. Here, the fields were
computed for a magnetic dipole with magnetic moment of approximately m =
8 × 10−7 Am −2 that would correspond to a bulk 3D magnet of 100 µm side and
1 T remanent magnetization. * We can see that when x is close to zero, B x
is close to zero, yet falls steeply from positive to negative values as x changes
its sign. This shows in the gradient which reaches a peak value at x = 0. For
decreasing vertical distance z, the gradient increases, but the magnitude of the
B x field remains close to zero around x = 0. This is in contrast to the B z field
which grows with decreasing distance to the dipole.

2.3.3 Magnetic field of a block-shaped permanent magnet
In practical applications, the ideal magnetic dipole may be approximated using
a block-shaped permanent magnet. This way, also the range of linear operation
* In case the ideal dipole is used as an approximation to a bulk magnet of non-zero volume,
the relation of the magnetic moment, m, to the volume V and remanent magnetization B r of the
magnet is
Br
m=
×V
(2.18)
µ0
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F IGURE 2.12 – Magnetic flux density and the flux density gradient in the
xz-plane close to a magnetic dipole. The horizontal axis corresponds to the x
axis, the color encodes the z coordinate. We see that with x and z approaching
zero, the B z field (flux in the dipole axis direction) increases. However, the B x
(x,z)
approaches infinity.
flux density tends zero and the gradient ∂B x∂x

can be significantly increased. In the following, we present a set of analytic
equations that can be used to approximate the magnetic field of a permanent
block-shaped magnet, and compare this field to that of an ideal magnetic dipole.
Using the vector potential approach and the Biot-Savart law, the magnetic
field of a block-shaped permanent magnet with size a × b × c in the x, y, z axes,
respectively (see Figure 2.13), can be approximated as [35]

B x (x, y, z) = −

¤c
K£
Γ(a − x, y, z) + Γ(a − x, b − y, z) − Γ(x, y, z) − Γ(x, b − y, z) 0
2

(2.19)
£
¤c
K
B y (x, y, z) = −
Γ(b − y, x, z) + Γ(b − y, a − x, z) − Γ(y, x, z) − Γ(y, a − x, z) 0
2
(2.20)
B z (x, y, z) = −K [Φ(y, a − x, z) + Φ(b − y, a − x, z) + Φ(x, b − y, z)+
+ Φ(a − x, b − y, z) + Φ(b − y, x, z) + Φ(y, x, z)+
+ Φ(a − x, y, z) + Φ(x, y, z)]c0

(2.21)
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F IGURE 2.13 – The coordinate system used in the calculations of the magnetic
field of a block-shaped permanent magnet. It is assumed that the magnet body
is located in the first octant of the three-dimensional Euclidean space, and has
dimensions of a, b and c (m) along the x, y and z axis, respectively.

with the auxiliary functions
q
Γ(γ1 , γ2 , γ3 ) = l n q

Φ(φ1 , φ2 , φ3 ) =

γ21 + γ22 + (γ3 ) − z 0 )2 − γ2

(2.22)

γ21 + γ22 + (γ3 ) − z 0 )2 + γ2

"


ar c t an φ1
φ2

φ3 −z 0
q

#

φ21 +φ22 +(φ3 −z 0 )2



0

if y 6= 0

(2.23)

if y = 0

µ J

0
where K = 4π
and J denotes the equivalent current density. If the magnetic
field strength in the z direction is known, for example, at the point (a/2, b/2, z),
the equivalent current density is obtained as

J =−

Bz π
µ0 [Φ(a/2, b/2, z) + Φ(a/2, b/2, z)]c0

(2.24)

The equation above can be used to calibrate the analytical model for a particular
permanent magnet. Typically, the measurement of the magnetic field strength
at position (a/2, b/2, z) can be obtained using a calibrated magnetometer, such
as a GMR-based, NMR-based or Hall-based sensor.
Figure 2.14 shows the magnetic flux density generated by a permanent magnet along the x and z directions (denoted as B x and B z , respectively), and the
gradient of the magnetic field in the x direction (denoted as d B x /d x). We assume that the magnet has flux density of 1 T on the surface at the pole. Similarly
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F IGURE 2.14 – Magnetic flux density and the flux density gradient in the
xz-plane close to a permanent block-shaped magnet. The horizontal axis
corresponds to the x axis, the color encodes the z coordinate. We see that with x
and z approaching zero, the B z field (flux in the magnetization axis direction)
(x,z)
increases. However, the B x flux density tends to zero and the gradient ∂B x∂x
approaches its maximum.

to the magnetic field of an ideal magnetic dipole (compare with Figure 2.12), the
magnetic field B x has a near-zero magnitude for x close to zero, yet a high gradient that increases with proximity to the magnet surface. Unlike in the case of a
magnetic dipole, the gradient is approximately constant over a certain region
around x = 0 whose extent depends on the size of the magnet, the remanent
magnetization of the magnet and the vertical distance from it. In this region,
the x component of the magnetic field can be used for linear displacement sensing. Similarly to the ideal magnetic dipole, the B z magnetic field component
is relatively large around x = 0; however, the sensitivity to this component can
be significantly decreased in spintronic sensors due to the effect of magnetic
anisotropy.

2.4 Magnetoresistance-based magnetic field sensing
In this section, we review the concept of magnetoresistance, an effect that allows us to infer the magnetic flux density from electrical measurements.
In Figure 2.15, the principle of a magnetoresistance-based measurement of
a magnetic field is shown. The magnetic field, created by a source of a magnetic
field such as a permanent magnet, acts on a material (not necessarily magnetic)
whose electrical resistance changes as a function of the magnetic field. Typically,
the resistance comprises the nominal resistance, R, and a change in the nom-
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F IGURE 2.15 – The principle of magnetoresistance-based measurement of
magnetic flux density. The magnetic field source generates magnetic flux density
B that effects a magnetoresistive material. The resistance of this material is
determined by a nominal resistance component and a magnetoresistance
component that changes as a function of the magnetic flux density affecting the
magnetoresistive material. Subsequently, the magnetic flux density can be
inferred from the electrical measurements.

inal resistance due to the magnetoresistance effect, ∆R. There are various types
of magnetoresistance, including the ordinary magnetoresistance, anisotropic
magnetoresistance, giant magnetoresistance and tunnel magnetoresistance.

2.4.1 Conventional magnetoresistance effects
Conventional magnetoresistance effects include the ordinary magnetoresistance (OMR) [36] and anistropic magnetoresistance (AMR) [37].
In OMR, the resistance of conductive materials can be increased by applying
a magnetic field either parallel or perpendicular to the direction of the current
flowing. However, for non-magnetic materials, the OMR effect is very small for
small magnetic fields. For example, for iron the increase in resistance, ∆R, with
respect to the initial resistance, R, is only ∆R/R ≈ 0.01 for magnetic fields with
strength about 0.01 Oe.
In AMR, the resistance of the material increases with magnetic fields parallel
to the sensing current direction and decreases with magnetic fields perpendicular to the sensing current direction. However, the magnitude of the AMR effect
is also quite small, on the order of 2% at room temperature. Moreover, downscaling of AMR-based sensors is challenging because the AMR effect is based
on bulk scattering of the conduction electrons, and as such decreases for small
sensors where surface scattering becomes dominant.

2.4.2 Spintronic magnetoresistance effects
Significantly stronger magnetoresistance effects can be obtained by using spintronic sensors. In spintronics, the spin polarization of current carrying electrons can be exploited to control the current flow by changing the magnetic
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moments of thin ferromagnetic films [38]. In 1988, the field of spintronics was
started by the discovery of the giant magnetoresistance (GMR) effect [39], a
quantum-mechanical magnetoresistance effect with ∆R/R ratios reaching tens
of percent at room temperatures. Another strong spintronic-based magnetoresistance effect is the tunnel magnetoresistance (TMR) [40]. Because of their
high sensitivities, GMR-based and TMR-based sensors have been employed
in magnetic recording [41], non-volatile memory technologies [42], ultra-weak
magnetic field sensing [43], measurement of micro-scale biological forces [44]
and displacement sensing in industrial applications [45] and atomic force microscopy [46, 47]. In what follows, we illustrate the principle of spintronic-based
magnetic field sensing on GMR-based sensing elements.
Giant magnetoresistance-based sensing
GMR sensing elements have an intrinsically high bandwidth, low cost, small
form factor and high sensitivity which makes them a perfect candidate for highresolution displacement sensing.

(a) Antiparallel magnetization

(b) Parallel magnetization due to external
magnetic field
External magnetic field

Ferromagnetic layer
Conductive layer

Ferromagnetic layer

Ferromagnetic layer
Conductive layer

Ferromagnetic layer

F IGURE 2.16 – Principle of a GMR-based magnetic field sensor. The sensor
consists of an ultra-thin conductive layer of material sandwiched between two
ferromagnetic layers. (a) Illustration of the scenario where the ferromagnetic
layers are magnetized in antiparallel directions. This increases the scattering,
and hence decreases the mean free path of the conducting electrons. This in turn
increases the resistance of the sensor. (b) When the magnetization of the
ferromagnetic layers is parallel to each other, the electron scattering effect
reduces and so does the resulting electrical resistance of the multilayer.
Figure 2.16 shows the schematic of a GMR-based multilayer sensing element, in which a thin conductive material layer is sandwiched between layers
of ferromagnetic material. By changing the magnetization of the ferromagnetic
layers, the overall resistivity of the material stack can be altered. This is possible
because the current-conducting electrons are scattered at the interface between
the conductive and the ferromagnetic layers. When the magnetizations of the
ferromagnetic layers are antiparallel, the resistivity of the material stack is high
because the interfacial scattering is increased and the mean free path of the
electrons is shorter. When the magnetizations of the ferromagnetic layers are
parallel, the scattering is decreased, which makes the mean free path longer
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and reduces the resistivity. An external magnetic field can change the relative
magnetization of the ferromagnetic layers, and hence the electrical resistance
of such an element will change as a function of the strength of the applied magnetic field.
To yield a high magnetic field sensitivity, the sensors can be spin-engineered
for low to intermediate magnetic saturation thresholds in the order of tens of
millitesla [41]. Commercially available sensors with these saturation thresholds
routinely reach resistance changes ∆R/R of more than 10%. At the same time,
GMR sensors are highly directional because of the strong magnetic anisotropy
effect due to the ultra-thin geometry of the sensor.

2.5 Displacement transduction using spintronic sensors and
magnetic dipoles
The attributes of the magnetic dipole field and the field of a block-shaped permanent magnet can be used for displacement sensing with an appropriate highbandwidth, small factor, highly directional magnetic field sensor. This forms
the key working concept of the proposed scheme: the high gradient yet low
absolute value of the magnetic flux density near a magnetic dipole is a perfect
match to the sensing characteristics of a multilayer GMR sensor.
Figure 2.17 shows a scenario in which a GMR-based sensing element is positioned close to the pole of a magnetic dipole and used to sense the change of the
magnetic field caused by a displacement of the dipole relative to the sensor. As
discussed in Section 2.3 and also shown in the figure, at the pole of the magnetic
dipole, the magnetic flux density B x has a high gradient and a near-zero magnitude (see also Figure 2.12). This enables measuring changes in the B x field
with a high sensitivity and at the same time, prevents the GMR sensor from
saturation. The magnitude of the B z field is relatively high close to the pole,
however, the sensor does not saturate owing to the magnetic shape anisotropy.
The shape anisotropy is particularly high owing to the low thickness but large
in-plane dimensions of the ferromagnetic layers of the sensing element.
In a displacement sensor, the working principle shown in Figure 2.17 can
be used to measure the relative position of the magnetic dipole and the sensing
element. For instance, the sensing element can be fixed to a stationary reference
frame and the magnetic dipole can be displaced relative to it by a moving part
whose position is to be measured. In doing so, the measurement noise and
the transduction sensitivity are the key parameters that determine the ultimate
sensing resolution.

2.5.1 Measurement noise
The measurement noise of the displacement sensor is directly related to the
GMR sensing element. The measurement noise in GMR-based sensing elements has two main components. The first component is a 1/ f (flicker) noise
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F IGURE 2.17 – Schematic of an MR-based displacement sensor. The sensor
consists of a micromagnetic dipole positioned in closed proximity to an
MR-based sensing element. When the micromagnet is displaced relative to the
sensing element, the change in the magnetic flux density affects the orientation
of the magnetic domains in the sensing element’s ferromagnetic layers and
thereby, changes the electrical resistance of the sensing element.

that occurs because of random fluctuations in the orientation of the magnetic
domains in the ferromagnetic layers of the GMR multilayer [48]. The second
component is the thermal (Johnson-Nyquist) noise that is present inside any
electrical conductor regardless of the applied voltage. Over wide bandwidths,
the thermal noise becomes the dominant component of the sensing noise and
hence, the measurement noise floor over a large bandwidth ωb is given by
S N (ωb ) = 2

p
k B T Rωb

p
[m/ H z]

(2.25)

where k B ≈ 1.38 × 10−23 J K −1 denotes the Boltsmann constant, T is the temperature and R the resistance of the sensing element. The measurements can be
further affected by Barkhausen noise, however, its effect can be significantly
reduced if the magnetic field is swept only in a small range and no full sweeps
are performed [49].

2.5.2 Transduction sensitivity
The transduction sensitivity, denoted by ∂R/∂P , corresponds to the change in
resistance of the sensing element, R, induced by a change in relative position
of the magnetic field source, P , for example of the permanent magnet. The
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transduction sensitivity depends both on the sensitivity of the sensing element
to changes in the applied magnetic field, denoted as ∂R/∂B , and the change
of the magnetic field corresponding to the change of position of the magnetic
field source, denoted as ∂B /∂P . Hence, the transduction sensitivity is
∂R ∂R ∂B
=
×
∂P ∂B ∂P

(2.26)

The transduction sensitivity is a vector quantity as both the magnetic field
and position can generally change in all three dimensions. However, in our
approach, we are mainly interested in the transduction sensitivity along a single
axis, x. In this case, the sensitivity equation simplifies to
∂R
∂R
∂B x
=
×
∂x ∂B x
∂x

(2.27)

Neglecting the out-of-plane component of the magnetic field is reasonable
given the directionality of GMR sensors due to shape anisotropy.

2.5.3 Resolution
The resolution of the magnetoresistance-based displacement transduction scheme
depicted in Figure 2.17 is determined by the measurement noise of the sensing
element and the transduction sensitivity. Assuming that the sensing element is
biased with constant current I , the resolution over a bandwidth of ωb is given
by
N (ωb )
Res(ωb ) =
(2.28)
∂R
I · ∂P
where N (ωb ) denotes the amount of measurement noise over ωb (in V ) and
∂R
∂P is the transduction sensitivity (in Ω/m). The resolution improves with Res
decreasing and deteriorates with Res increasing. From the above equation,
it becomes evident that to improve the resolution, it is desirable to decrease
the measurement noise and increase the transduction sensitivity. In addition,
technological limitations of the sensing element must be obeyed such as the
maximum applicable current and the magnetic saturation threshold.
For single-dimensional sensing, by substituting to Equation 2.28 we get the
resolution in terms of spectral density as
p
2 kb · T · R
S Res =
∂R · ∂B · I
∂B ∂x

p
[m/ H z],

(2.29)

which yields the one-sigma resolution over bandwidth ωb
Res(ωb ) =

2

k b · T · R · ωb
∂R · ∂B · I
∂B ∂x

p

[m],

(2.30)
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F IGURE 2.18 – Estimated resolution of the magnetoresistance-based
displacement sensor as a function of the magnetoresistance. The figure
illustrates the scaling potential of MR-based displacement sensing for
MR-sensing elements with different resistance changes and different
magnet-sensor distances. Subnanometer resolution over a bandwidth as high as
1 MHz is demonstrated experimentally and further scaling in resolution and
range is possible by choosing suitable spintronic materials and sensing geometry.

Using the equations derived above, we now illustrate the efficacy of the
sensing scheme. We present calculations for a hypothetical scenario in which
an infinitesimally small MR-based sensor is operated in close proximity to a
magnetic dipole with a magnetic moment corresponding to a 100 µm 3 bulk
neodymium magnet. As Figure 2.18 shows, the resolution achievable even with
moderately sensitive MR sensors and
p magnet-sensor distances larger than 200
µm can reach levels as low as 1 pm/ H z. Femtometer-scale displacement resolution is possible by improving the magnetic field sensitivity of the spintronic
sensor and by increasing the magnetic moment of the dipole. In addition to the
bandwidth and resolution, the small form-factor, non-contact nature of sensing
and the scaling potential makes this sensing concept particularly attractive.
Note that in the ideal scenario of a perfect magnetic dipole and an infinitely
small sensor, the attainable resolution is virtually infinite but the sensing linear-
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ity over a finite range is limited. Hence, when employing the proposed sensing
concept in real applications, ultra thin permanent magnets can serve as approximations to the magnetic dipole. Here, it is necessary to deviate marginally from
the assumptions of ideal magnetic dipoles and infinitesimally small MR sensors
to achieve a sufficient linear range of operation. By appropriately increasing
the magnet width, the magnetic field gradient can be traded for a larger operational linear range. A possible complication is a finite extension of the sensor
that convolves with the inhomogeneous magnetic field of the magnet, which
could cause sensing nonlinearities if the magnet dimensions are comparable to
those of the active sensing area of the MR sensing element. In what follows, we
elaborate on the effect of the sensing element size on the sensor response.

2.5.4 Sensor modeling
The measurement of a magnetic field obtained using a GMR sensor does not
only reflect the magnetic field applied, but convolves with the characteristics of
the GMR sensor such as the transduction sensitivity, magnetic saturation and
nonlinearities due to the finite size of the sensing element. First, a simple sensor
model is introduced that is applicable when the size of the sensing element
can be neglected. Subsequently, we introduce a sensor model that takes into
account the size of the sensing element.

Infinitely small sensing element
We shall model the resistance of a multilayer GMR sensing element as a nonlinear function, Θ, between the magnetic field flux in the principal sensing direction, B x , and the resulting change in resistance, ∆R. Assuming that the sensing
element is infinitely small and the magnetic field can be measured at a single infinitesimally small point, the following key characteristics will be incorporated
in our model:
(i) The resistance change is ∆R = 0 when no field is applied in the sensing
direction
(ii) The resistance change is negative for |B x | > 0. Hence, the highest overall
resistance is when no field is applied, i.e. when the opposite ferromagnetic layers are oriented antiparallel due to antiferromagnetic coupling
(iii) The resistance change is symmetric for B x > 0 and B x < 0
(iv) The sensor has a magnetic saturation threshold of B sat
(v) The response of the sensor is linear when not saturated, and constant
when in saturation
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Taking this into account, the sensor model is mathematically expressed as


−R max B x /B sat
Θ(B x ) = R max B x /B sat


−R max

if 0 ≤ B x < B sat
(2.31)

if − B sat < B x < 0
if |B x | > B sat

where R max is the maximum resistance change.
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F IGURE 2.19 – Example of the nonlinear model of a GMR multilayer sensing
element Θ(·) with R max = 10 Ω and B sat = 0.01 T.
Figure 2.19 shows the function Θ(·) for R max = 10 Ω and B sat = 0.01 T. The
model does not account for a number of phenomena that occur in real sensors
such as magnetic hysteresis, violations to assumption (i ) and the nonlinear
character of the transition between the region of linear operation and magnetic
saturation. Some of these deficiencies can be resolved by taking into account
the size of the sensing element.
Finite-sized sensing elements
In cases when the width of the GMR sensing element is comparable to the dimensions of the magnetic field source, for example the width of the permanent
magnet, the magnetic field of the magnet convolves with the response of the
sensor and causes sensing nonlinearities. To capture these characteristics in a
simulation and allow for a performance prediction, we use a model that is based
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on viewing a finite-width sensing element as a series of independent nonlinear,
infinitesimally small magnetoresistive elements.

x
Bx (x)

Θ( Βx(x) )

Θ( Βx(x) )

Θ( Βx(x) )

...

Σ Θ(Βx)
F IGURE 2.20 – A model of a GMR sensor based on a serial interconnection of
atomic-scale magnetoresistive elements Θ0 (·) whose resistance changes as a
function of the (possibly nonuniform) magnetic flux density B x .
Figure 2.20 shows a model of the GMR sensing element in which the resistance of the whole sensing element, Θ̄, is modeled as the resistance of a series
of independent magnetoresistive elements Θ(·). Assuming that the maximum
resistance change of the whole sensing element is R max and the magnetic saturation threshold is B sat , the sensing element can be modeled using N independent resistive elements as
Θ̄R (B x ) =

N
X
i =1

Θ(B x (i ·

L
))
N

(2.32)

where L denotes the width of the sensing element in the sensing direction x and
B x (·) the magnetic flux density in the x direction as function of a position in the
x direction.
A vital property of this model is the independence of the individual sensing elements. This way, the non-uniformity of the magnetic field is taken into
account, with individual sensing elements being in saturation or not depending on their position within the sensor. This allows one to accurately model
the distinctive features of the GMR sensor response under highly non-uniform
magnetic fields and in transition regions where the sensor is not fully but only
partly saturated. The model can be directly extended to two dimensions taking
into account the geometry of the sensor.
Figure 2.21 illustrates the effect of non-zero sensor width on the sensor response. First, we computed the response of an infinitesimally small sensing
element (shown by a solid red curve). The sensor has a maximum resistance
change of R max =200 Ω and a saturation field of B sat =0.05 T. The magnetic field
applied to the sensor was that of a 800 µm wide block-shaped permanent magnet with flux density at the pole of 0.15 T, computed using the analytical model
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F IGURE 2.21 – The effect of the width of the GMR sensing element on the
response to a magnetic field of a permanent magnet - comparison of simulation
models introduced in this section. An infinitely small sensing element would
have a zero resistance change when the pole of the magnet is located above the
middle of the active sensing area. In finite-size sensing elements, however, the
resistance change at zero x position is negative, and the response curve is altered
due to an averaging effect in the finite-width sensing element.

introduced in the preceding section. We see that the response of the sensor is
as predicted in Figure 2.19, with an ideally sharp transition between the linear
operating range and magnetic saturation. Next, we computed the response
for sensors with the same R max and B sat parameters, however, with a width of
50 µm (shown by a dashed blue curve) and 100 µm (shown by a dashed black
curve), respectively. For both finite-width sensors, we observe that the resistance change for B x = 0 is not ∆R = 0 which violates the assumption (i) of the
zero-width model. This is because the magnetic field B x (x) is effectively measured over a range of x positions by independent sensing elements, and hence
the sensing elements which see B x (x) 6= 0 contribute negatively to the overall
resistance change. We can also see that this effect is pronounced for sensors
with larger width. For similar reasons, the transition between the linear sensing
regime and the magnetic saturation is progressive in the finite-width sensor
model. Experiments presented in the following section confirm that despite the
complexity of the underlying physical processes, this simple finite-width sensor
model captures the experimental results exceptionally well.
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2.6 Experimental demonstration
An experimental demonstration of the magnetoresistance-based displacement
sensor introduced in this chapter is presented next using multilayer GMR sensing elements and a block-shaped rare-earth NdFeB micromagnet.

2.6.1 Experimental setup
A custom-built experimental setup was used to characterize the transduction
sensitivity, measurement noise, resolution and dynamic properties of the displacement sensor.
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F IGURE 2.22 – Schematic of the custom-built setup used for characterization of
the displacement sensor. The GMR sensing element is displaced relative to a
permanent micromagnet by means of a calibrated scanner operated in
closed-loop using built-in capacitive sensors. The sensor response is captured by
a high-speed data acquisition system.
Figure 2.22 shows a schematic of the experimental setup which consists of
a permanent micromagnet as the magnetic field source, a GMR-based sensing
element and the corresponding read-out electronics, a scanner that enables a
relative displacement of the magnet and the sensor in three dimensions, a feedback control system for operating the scanner in closed loop using calibrated
sensors, and a high speed data acquisition system.
GMR sensing element
We used a multilayer GMR sensing element AA002-01 (NVE Corporation, Eden
Praire, USA) that has a nominal sensitivity of 3.0 to 4.0 mV/V-Oe, linear range
of 1.5 to 10.5 Oe and a saturation threshold of 15 Oe. The sensor is on a wafer
die of 436 × 3370 µm size and has four sensing elements connected in a Wheatstone bridge configuration. Each sensing element has an active sensing area
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of approx. 35 × 100 µm in the x and y directions, respectively. Two of the
sensing elements are shielded from the external magnetic field so that in connection with the Wheatstone bridge, temperature-related fluctuations in the
sensor response can be minimized. The sensor is also equipped with a pair of
flux concentrators that increase the magnetic flux applied to the active sensing elements; by doing so, higher sensitivity can be obtained for low saturation
fields.

F IGURE 2.23 – A photograph of the sensor assembly used in the experiments.
The wafer die containing the GMR sensing elements was glued to a
custom-made PCB and electrically connected by wire bonding.

Figure 2.23 shows a sensor assembly that was used in the experiments. The
sensor die is glued to a custom-made printed circuit board (PCB) and electrically connected to the PCB by wire bonding. The sensor assembly allows an
excellent accessibility of the active sensing elements of the sensor and enables
us to position the micromagnet pole to a close proximity of the sensing element
in the z direction, while maintaining a large sensing range in the x direction.
The inset image shows a top view of the sensor die with the active sensing elements and a part of the symmetrically positioned flux concentrators.
Sensor read-out electronics
We have used custom-built electronics to bias the sensor with a constant current, read-out the resistance of the sensor and low-pass filter the signal to prevent aliasing effects.
Figure 2.24 shows a schematic of the read-out circuitry. Assuming that the
nominal resistance of all sensing elements is R, the change in resistance of
the active sensing elements is ∆R and the Wheatstone bridge is biased with a
constant current I , it can be shown that the voltage difference read-out from
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F IGURE 2.24 – GMR sensor read-out electronics used in the experiment. The
GMR sensor consists of four sensing elements connected in a Wheatstone bridge.
The bridge is biased by a constant current source and the voltage measured is
amplified by a low-noise instrumentation amplifier and low-pass filtered.

the Wheatstone bridge is related to the change in resistance as
I
∆R = − ∆U
2

(2.33)

Using the above relation, we can infer the change in resistance due to an external magnetic field from the read-out voltage signal.
Micromagnet
In the experiments presented, we used a permanent NdFeB rare-earth micromagnet of dimensions 800 µm × 1200 µm × 3000 µm. The width of the micromagnet in the sensing direction was chosen to be 800 µm, i.e. around 20 × the
width of the active area of the sensing element to ensure a high magnetic field
gradient and at the same time, preserve displacement linearity over a relatively
large sensing range. The flux density at the pole of the magnet was approx.
0.15 T.
Nanopositioning system
We used a calibrated scanner (Physik Instrumente P-517) with a three dimensional displacement capability over the range of 100 µm (in plane) and 20 µm
(out-of-plane) to measure and calibrate the response of the GMR-based displacement sensor. The scanner was under feedback control using the built-in
capacitive sensors to ensure high motion precision and accuracy. Figure 2.25
shows a photograph of the experimental setup.

2.6.2 Sensor response and sensitivity
First, we used the experimental setup to characterize the sensor response, estimate the sensitivity for different magnet-sensor distances and compare the
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F IGURE 2.25 – A photograph of the experimental setup. The micromagnet is
mounted on a fixed support, and positioned in a close proximity of the GMR
sensor. The GMR sensor is positioned relative to the micromagnet in three
directions by means of a calibrated scanner.

results to those predicted using simulations.
The change in resistance of the GMR sensing element as a function of the
relative magnet displacement is shown in the left display of Figure 2.26 for various magnet-sensor (vertical) distances. For large and intermediate vertical distances, the response is linear over a range of several tens to hundreds of micrometers, with sensitivities of approximately 5 - 10 Ω/µm. In agreement with the
analytical model, the gradient of the magnetic field, and hence the magnetic
sensitivity increase with shorter vertical distances, resulting in displacement
sensitivities of up to 40 Ω/µm. The maximum resistivity change of approximately 700 Ω amounts to approximately 12 % of the nominal sensing element
resistance (R = 5500 Ω). The linear range in the high sensitivity regime exceeds
10 µm.
A comparison of the experimental sensor response to that of an analytical
model is shown in the right display of Figure 2.26. To account for the convolution of the sensing element response with the magnetic field, the sensing
element is modeled as a series of independent nanoscale magnetoresistive elements with a nonlinear transfer function. The magnetic field of the permanent rectangular micromagnet was modeled using analytic equations (see Section 2.3.3), with an estimated flux density at the pole of 0.15 T. The response
of the sensor was modeled as a serial interconnection of N independent nonlinear resistive elements, with each element having a linear response with gain
of ∆R/N over the linear region, ∆R=700 Ω, and a magnetic saturation threshold
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F IGURE 2.26 – Electrical resistance of the GMR sensing element as a function of
magnet displacement for varying magnet-sensor distance; the experimental
results are compared to an analytic model in which the sensing element is
modeled as a network of serially interconnected non-linear resistive elements.
The bottom display shows an experimentally obtained measurement noise
spectra over the bandwidth of 1 MHz. The 1/f noise corresponds to random
fluctuations in the orientation of the magnetic domains; the noise floor is
determined by the thermal noise of the sensing element.

of 0.015 T and effective sensor width of L=14 µm Satisfactory modeling accuracy was obtained with as few as N=20 resistive elements. Despite the complex
underlying physical phenomena, this simple model captures the key sensor
characteristics remarkably well, such as the saturation effect, displacement
sensitivity and linearity.

2.6.3 Hysteresis measurements
Next, we performed measurements of the displacement sensor linearity in the
high sensitivity regime. As discussed in Section 2.4, in GMR sensors the electrical conductivity is altered by changing the magnetization of thin, soft ferromagnetic layers. Hence, because of the intrinsic hysteresis in magnetization of
ferromagnetic materials, hysteresis might be possibly present in the magnetic
field measurements and the resulting displacements measured by GMR-based
displacement sensors.
To measure the hysteresis present in our GMR-based displacement sensor,
we performed repetitive displacement measurements and compared them to
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F IGURE 2.27 – Measurement of hysteresis in the magnetoresistance-based
displacement sensor. The micromagnet was displaced relative to the GMR sensor
and its position was measured independently using a calibrated sensor. In the
figure, the GMR-based position measurement is plotted against the independent
position measurement. The hysteresis in the middle of the sensing range was less
than 1%.

the independent measurement of the scanner position. Figure 2.27 shows the
displacement measured by the GMR-based sensor as a function of the scanner
displacement. We moved the magnet relative to the sensing element repeatedly
according to a triangular waveform of frequency 1 Hz over a range of 8 µm. The
hysteresis measured in the center of the displacement range was less than 0.2%.

2.6.4 Measurement noise
To estimate the sensing noise of the GMR-based displacement sensor, the GMR
sensing noise was recorded using a high-bandwidth data acquistion system
(Spectrum, Germany) with a sampling frequency of 10 MHz. Frequencies above
1 MHz were low-pass filtered in the custom-built instrumentation amplifier.
Sensitivity of 35 Ω/µm was used to obtain the resolution figures. The reference
measurements in the noise-free laboratory were performed in the Binnig and
Rohrer Nanotechnology Center; in the lab environment used, the nominal flux
density is less than B = 5 nT RMS in the frequency spectrum between 0 and
625 Hz and the noise power in the frequency spectrum up to 1 kHz is less than
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F IGURE 2.28 – Experimentally obtained measurement noise spectra over the
bandwidth of 1 MHz. The 1/f noise corresponds to random fluctuations in the
orientation of the magnetic domains; the noise floor is determined by the
thermal noise of the sensing element.

Figure 2.28 shows the experimentally obtained frequency spectrum of the
measurement noise and compares this to the Johnson-Nyquist noise computed
for the nominal resistance of the sensing element (R = 5.5 kΩ) at temperature
T = 300 K. As expected, the measurement noise spectrum has a 1/f characteristic p
at low frequencies below 10 kHz and is flat up to 1 MHz at the level of 0.5
pm/ H z; the frequencies above 1 MHz were low-pass filtered. The spurious
peaks at the frequency of 50 Hz and its harmonics correspond to the ambient
electromagnetic noise due to the European power line noise. Measurements
taken in a noise-free laboratory of the Binnig and Rohrer Nanotechnology Center show that the influence of the ambient electrical noise can be further reduced by shielding the sensor and the read-out electronics. However, even in
the ambient environment, the standard deviation of the measurement noise
amounts to 610 pm over the bandwidth of 1 MHz. This is a remarkable result
which renders the GMR-based displacement transduction comparable to optical transduction methods such as laser interferometry, however, at a fraction
of their cost and form factor.

2.6.5 Case study: high-frequency oscillator characterization
To demonstrate the resolution, bandwidth and range of the displacement sensor,
we present a frequency response analysis of a miniature harmonic oscillator.
The oscillator consists of an aluminum cantilever actuated by a thin-plate piezoelectric actuator with a bandwidth of approx. 500 kHz.
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F IGURE 2.29 – Schematic of the experimental setup used in the oscillator
characterization experiment. The oscillator consists of a thin aluminum
cantilever actuated by a thin-plate piezoelectric actuator. The cantilever is
equipped with a micromagnet to allow for magnetoresistance-based sensing. A
reference measurement of the cantilever/micromagnet position is performed by
an optical interferometer.

Figure 2.29 shows a schematic of the experimental setup. The micromagnet of the displacement sensor was mounted on an aluminum cantilever of
dimensions 2 mm ×5 mm ×5 mm which was fixed to the surface of a thinplate piezoelectric actuator of dimensions 5 × 5 × 2 mm (Noliac, Denmark).
Using a custom-modified high-speed, high-current amplifier (FCE Electronics,
Sweden), the actuator was excited by a chirp waveform of amplitude 1 V in the
frequency range of 1 kHz to 500 kHz. The cantilever motion over the whole
frequency spectrum was recorded using the GMR-based displacement sensor
and also with a commercial optical displacement sensor (Polytec OFV-500, Germany) which was used as a reference measurement of the oscillator frequency
response.
Figure 2.30 compares the frequency response obtained using the GMR-based
displacement sensor and the reference interferometric measurement. Multiple
mechanical resonances can be observed across the whole frequency range of
the excitation, with low-frequency mechanical vibration modes corresponding to the cantilever resonant modes and high-frequency resonances above
30 kHz corresponding to the piezo actuator modes. At frequencies above approx.
200 kHz, displacements of less than 1 nm are recorded. Despite the extremely
high bandwidth, small range of motion and small form factor of the GMR displacement sensor, the estimated frequency response matches remarkably well
the reference interferometric measurement.
Besides this case study, the GMR-based displacement sensor introduced
in this chapter is used for position measurements in the short-range scanner
introduced in Chapter 3, for the closed-loop control of this scanner using the
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F IGURE 2.30 – Frequency response of a piezo-actuated harmonic oscillator
obtained using an MR-based displacement sensor and a reference optical sensor.
The frequency response clearly shows various mechanical resonances of the
oscillator. The measurement also demonstrates the resolution and range of the
sensor; micrometer-scale displacements in the low frequency range as well as
subnanometer displacements for frequencies above approx. 200 kHz were
measured.

noise-resilient control schemes developed in Chapter 4 and for closed-loop
tracking of the Lissajous scan trajectory introduced in Section 5.

Chapter 3

Scanner
In this chapter, we address the second pillar of high-speed nanopositioning,
namely, the scanner. The scanner properties largely determine the achievable
performance of the lateral nanopositioning system, the applicable control architectures, the sensing scheme, and the scan trajectories that can be used. First,
we review the scanners commonly used in nanopositioning and elaborate on
the modeling and identification of the scanner dynamics. Next, we focus on the
dual-stage scanner concept as a means to overcome some of the limiting tradeoffs in the conventional scanner design and introduce a dual-stage scanner
concept for SPM. In the remainder of the chapter, we present the design, modeling, experimental characterization and control of a custom-built short-range
SPM scanner, and demonstrate its incorporation in a high-speed dual-stage
AFM.

3.1 Scanner concepts in nanopositioning
In lateral nanopositioning, most commonly used are the piezoelectric tube
scanners, flexure-guided scanners and electromagnetically actuated scanners.

3.1.1 Piezoelectric tube scanners
Typically, piezoelectric tube scanners consist of a piezoelectric material with a
grounded inner electrode and four outer electrodes [50, 51, 52], see Figure 3.1.
A pair of opposite electrodes is used to actuate the scanner in the respective
direction. During operation, opposite voltages are applied to the opposite outer
electrodes which causes the tube body to bend. Actuation in the vertical direction is facilitated either by driving the inner electrode with the vertical actuation signal, or by adding a circumferential outer electrode. The scan sample
is typically positioned on the top of the tube and moves over an approximately
spherical surface. Various improvements of the tube-based scanner have been
55
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F IGURE 3.1 – A piezoelectric tube scanner. The left display shows a top view
cross-section of the scanner, showing the tube-shaped body equipped with a set
of outer and inner electrodes. By applying an opposite voltage to a pair of
opposite electrodes, the body of the scanner bends and allows for a displacement
of the scan table, as shown in the side-view in the right display.

introduced, such as using complementary capacitive sensors [53] and using
some of the electrodes for position sensing [54].
Tube-based scanners have a low cost and are easy to design and use. They
integrate well into various types of SPM devices. However, the relatively high
amount of cross-coupling between the positioning axes and the low resonant
frequencies render them less suitable for high-speed applications. Also, as all
piezoelectrically actuated scanners, they suffer from nonlinear effects such as
hysteresis, creep and drift.

3.1.2 Flexure-guided scanners
In flexure-guided scanners [55, 56, 57, 58, 59], a set of profiled flexures is used to
guide a scan table on which the sample is mounted. For lateral nanopositioning,
flexure-guided scanners are typically designed in a serial kinematics configuration or parallel kinematics configuration, see Figure 3.2. In the serial kinematic
system, one actuator is used for each degree of freedom. For example, in the
schematic on the left of Figure 3.2, the X actuator actuates the scan table whose
motion is guided by two sets of flexures. This X scanner subassembly is further
guided by a set of flexures and actuated in the perpendicular direction by the
Y actuator. In the parallel kinematic system, the sample table is actuated by all
actuators. For example, in the schematic on the right of Figure 3.2, the scan
table is connected to two pairs of actuators a guided by four sets of flexures. For
each scan direction, two actuators are connected in a push-pull configuration
across the non-compliant flexure sets.
When compared to tube-based scanners, flexure-guided scanners offer a
better performance in almost all relevant mechanical parameters and provide
a large design freedom. Typically, they are designed for low interaxial cross-
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F IGURE 3.2 – Examples of flexure-guided scanner designs with different
kinematics. In the left display, a schematic of a scanner with serial kinematics is
shown. Here, the Y -actuator actuates the X -subassembly of the scanner,
wherein an independent set of flexures with a dedicated actuator is used to
displace the scan table. In the right display, a schematic of a scanner with
parallel kinematics is shown, whereby the scan table is actuated by both X and
Y actuators in a push-pull configuration.

coupling, low out-of-plane crosstalk and high resonant frequencies. In scanners
with parallel kinematics, the interaxial crosstalk can be easily compensated assuming that the bandwidth of all actuators is comparable. Also, rotations of the
sample platform are possible and the fast scan axis can be chosen arbitrarily. On
the other hand, scanners with serial kinematics are widely used because of the
structural and design simplicity. Because one axis is inherently “slower” in these
scanners, they are well suited for raster-scanning SPM (see also Chapter 5).
Piezoelectric actuation
In one approach, flexure-guided scanners are actuated by using stacked piezoelectric actuators because of their high actuation force and low cost. Hence,
similarly to tube-based scanners, most conventional flexure-guided scanners
suffer from nonlinear motion characteristics, such as hysteresis, creep, and drift
[60]. These can be partially alleviated by using charge amplifiers [61].
Electromagnetic actuation
Electromagnetically actuated scanners, and in particular, voice-coil-actuated
scanners, use the effect of the Lorentz force law to displace a conductor in a
magnetic field of a permanent magnet.
The Lorentz force acting on a conductor with current I and length l immersed in a magnetic field B is
F = Il ×B

(3.1)

The left panel of Figure 3.3 illustrates the effect of Lorentz force as it is used in
electromagnetic actuators. Here, the magnetic B-field is created by a pair of
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F IGURE 3.3 – The electromagnetic actuation principle and an example of a
voice-coil actuated scanner for nanopositioning. The left display illustrates the
effect of a Lorentz force: by passing electric current through a conducting wire
placed in a uniform magnetic field, a force acts upon the wire whose magnitude
and direction follows from the cross-product of the current and the magnetic
field. The right display shows a voice-coil-based tape head actuator for
positioning the read-write head relative to the medium in a tape storage
device [62].

permanent magnets and the conductor biased with current I is immersed in
the magnetic field. Then, the Lorentz force whose direction is determined by
the cross product in the equation above acts on the conductor. A key advantage
of the Lorentz force effect is that the force, and hence also the displacement
of a spring-supported actuation assembly, increases proportionally with the
current passed. Often, to increase the force, a coil rather than a single wire is
used. The coil is typically attached to a yoke which can freely move in the region
of the magnetic field and actuates the scanner. Electromagnetic actuators can
be designed either for linear or rotary displacements.
The right panel of Figure 3.3 shows an example of an electromagnetically
actuated MEMS scanner that was used in a probe-based data storage device [63].
Here, a pair of voice coils is mounted on the mechanical ground, with each coil
surrounded by two micromagnets that actuate the scan table. In this way, the
scan table can be displaced over a relatively large range with low voltage which
is important for portability of the device.
Compared to piezoelectric actuators, electromagnetic and electrostatic actuators exhibit significantly better linear dynamic behavior. Electromagnetic
actuators have been particularly popular in nanopositioners for data-storage
systems, such as hard-disk drives [64], tape drives [62], probe storage [65] and
optical recording [66], owing to their linear dynamic behavior. A disadvantage of electromagnetic actuation is the low actuation force, which limits the
achievable range of motion for high-stiffness scanners. Electrostatic actuators also have a low actuation force and are typically employed only in microelectromechanical scanners [67].

3.2 – Scanner dynamics
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3.2 Scanner dynamics
Understanding, modeling and the ability to simulate the scanner dynamics are
of key importance not only in the process of scanner design, but also for subsequent feedback control of the scanner motion. First, we review the analytical
mass-spring-damper models which are often used as a simple abstraction of
the scanner dynamics and work particularly well as white-box analytical models
for flexure-guided scanners. However, to fully optimize the performance, often
a detailed static and dynamic analysis of the scanner is required which has to
take into account the specific structural properties of the scanner body as well
as the specifics of the actuation components. To that end, the finite element
method is an extremely powerful tool and has become inevitable in modern
computer aided mechanical design. We also briefly review the most common
identification methods that are used to experimentally identify the dynamics of
a fabricated scanner prototype.

3.2.1 Mass-spring-damper models

x
k
m

F

c
F IGURE 3.4 – A free-body diagram of a mass-spring-damper system, with mass
m, a spring with stiffness k, and a damper with damping coefficient c. An
external force F might be acting upon the mass. This system is often a basic
element in modeling the dynamics of scanners for nanopositioning.
Figure 3.4 shows a free-body diagram of a mass-spring-damper system with
mass m attached to a spring with spring constant k and damper with damping
coefficient c. From Hooke’s law, the force needed to extend or compress the
spring is F s = kx. The damping force is proportional to velocity v, and hence is
F c = −c v = −c ẋ

(3.2)

Assuming the mass is a free body and it is acted upon with force F , the total
force acting on the mass is
ma = −F s − F c + F,

(3.3)

where a = ẍ is the acceleration, which yields
m ẍ + c ẋ + kx = F

(3.4)
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Then, the natural frequency is defined as
s

k
m

(3.5)

c
ξ= p
2 km

(3.6)

ωn =
and the damping ratio is

Substituting this back with F = 0, we get the equation
ẍ + 2ξωn ẋ + ω2n x = 0

(3.7)

Solution of this equation, and hence the behavior of the dynamical system for
unforced oscillation, depends on the natural frequency and damping of the
system. For ξ = 1, the system has a double root and is critically damped. For
ξ > 1, the system has two distinct real roots and is overdamped. For ξ < 1, the
system is underdamped and has two complex conjugate poles that result in the
oscillatory response
x(t ) = e −ξωn t (Acos(ωd t ) + B si n(ωt ))

(3.8)

p
where ωd = ωn 1 − ξ2 is the damped natural frequency and A and B depend
on the initial conditions.
In the frequency domain, the transfer function between the input and position x can be obtained by Laplace transform and is often expressed in the form
G(s) =

w n2
s 2 + 2ξωn s + ω2n

(3.9)

Figure 3.5 shows the frequency response of a second-order linear dynamical
system with with a natural frequency of 100 Hz and various damping ratios. For
ξ ≥ 1, there is no resonant behavior at any frequency: the system response to a
unit impulse diminishes out without any vibrations. For ξ < 1 the system has a
resonant peak at ωn . In the right panel of the figure, the relation between the
parameters ωn , ωd and ξ and the location of the corresponding pair of complex
conjugate poles of G(s) is shown. It can be seen that the natural frequency
determines the distance of the poles from the origin whereas the damping ratio
determines the angular location of the pole. The damped frequency determines
the imaginary component of the pole.

3.2.2 Finite-element modeling
In the finite element method (FEM), the deformation of a body is computed by
decomposing the object into small volumetric elements, computing the strain
of the deformed volumetric elements and estimating the internal forces from
the relationship between the volumetric strain and stress.

3.2.2 – Finite-element modeling
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F IGURE 3.5 – Dynamic properties of a second-order linear system. The left
display shows how the damping ratio ξ affects the magnitude of the transfer
function; we can clearly distinguish the overdamped (ξ > 1), critically damped
(ξ = 1) and underdamped systems (ξ < 1). The right display shows how the
position of the system poles in the complex plane connects to the damping ratio
ξ, natural frequency ωn and damped natural frequency ωd .

For the sake of mathematical convenience, let us denote the x, y, z axis as
x i for i = 1, 2, 3. Assume we apply a displacement field U
x i = x i (0) +U (x i )

(3.10)

Then, the strain tensor describes the change of an infinitesimally small volumetric element. The deformation of the i -th side of the element in direction j
is
µ
¶
1 ∂u j ∂u i
²i j =
+
(3.11)
2 ∂x j ∂x j
The strain tensor can be used to describe the normal strain resulting in a length
change as well as the shear strain resulting in a change of angles. Hence, for a
displacement vector u, the deformation can be described in a six-dimensional
vector as
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From the strain tensor, we can use the Hooke’s law for elastic material to com-
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Here, two important constants come into play that characterize the material,
namely, Young’s modulus, E , and Poisson ratio, ν.
Next, given the strain and stress tensors, the strain energy density can be
computed as
1
Π = ²T σ
(3.14)
2
which is integrated to obtain the volume strain energy:
¶
Z µ
1 T
Πel =
² σ dVel
2

(3.15)

Vel

By differentiating the volume strain energy, the internal force acting on the
volumetric element can be computed as
F (x i ) =

∂Πel
∂U

(3.16)

and used in conjunction with the external forces in the Newton equation to
solve for the deformation of the body.

3.2.3 Identification
Experimental identification of the scanner dynamics is important in the process
of scanner design as well as for modeling and feedback control of the scanner.
Unlike white-box modeling, experimental identification can reveal the complex
dynamical behavior of the scanner and help identify unmodeled or undesired
resonant modes. Also, experimental identification reveals the dynamics of the
sensors and actuators such as nonlinearities and delays. An advantage in SPM
scanner design is that one usually has a full control over the actuator and a large
freedom in the sensor placement. This significantly simplifies the identification
process and most often enables treating the scanner as a time-invariant inputoutput system.
Figure 3.6 shows a procedure for experimental identification of the scanner
dynamics that is often used in lateral nanopositioning. The scanner is actuated
with an actuation waveform, u(t ), and its position at a desired point, x(t ), is
measured by using a sensor. Subsequently, the actuation and sensor signals are
collected and input into an estimation algorithm. For example, assuming that
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F IGURE 3.6 – An example of experimental identification of a scanner frequency
response. The scanner is excited with an actuation waveform and the sensor
output signal is collected. Both signals are input into an estimation algorithm
that produces an estimate of the transfer function between the scanner input
and output.

the scanner and sensor dynamics can be modeled as linear and time-invariant,
an averaged periodogram method can be used to obtain a transfer function.
The choice of the actuation signal is important. In lateral nanopositioning, a
common choice is a sinusoidal chirp waveform which is a signal whose instantaneous frequency varies in time. For example, a linear chirp waveform whose
instantaneous frequency varies as f (t ) = f 0 + kt has equation
·
µ
¶¸
k
u(t ) = sin φ0 + 2π f 0 t + t 2
(3.17)
2
Often, u(t ) is chosen as a band-limited white noise signal which might be more
adequate for resonant systems with a high quality factor. A thorough treatment
of the system identification process can be found for example in [68].

3.3 Dual-stage nanopositioning
In this section, we elaborate on the challenges in the conventional single-stage
scanner design and argue that some of these challenges can be overcome by
using dual-stage scanner design. We present the dual-stage approaches to scanner design known from the field of data storage, and subsequently, we introduce
the dual-stage scanner concept for SPM.

3.3.1 Challenges in single-stage design
In high-speed nanopositioning, three major requirements are imposed on the
scanner. First, the scanner should exhibit linear and well-defined dynamic
behavior. Second, a large range of motion is required for usability in a variety of
applications. Third, a flat dynamic response over a wide bandwidth is desirable.
This would ensure low sensitivity of closed-loop performance to model changes
and enable the design of sensing noise-resilient controllers.
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In conventional single-stage scanners, it might be challenging to address
the above requirements simultaneously. To illustrate this, let us assume that the
dynamical response of the scanner resonant modes can be modeled as that of
a harmonic oscillator. A simple harmonic oscillator with mass m and stiffness
k has the resonant frequency
s
k
ωn =
.
(3.18)
m
Hence, to obtain a high open-loop bandwidth, the mass of the scanner should
be minimized and the stiffness maximized. However, the extent to which the
mass can be minimized is limited because of the manufacturing process as well
as the ability to mount samples with variable mass. On the other hand, increasing the stiffness of the scanner conflicts with achieving large scan ranges with
the limited actuation force of the electromagnetic actuator. This is a fundamental design trade-off which renders the above requirements challenging if
not impossible to achieve in a conventional scanner design.

3.3.2 Dual-stage scanners in data storage
In dual-stage scanners, two scanners with different structural and dynamical
properties are coupled in one scanner assembly. Typically, this is done in order
to tackle the challenges in the single-stage scanner design discussed above, in
particular the trade-off between the range of motion and the actuation bandwidth. Dual-stage actuation has been employed in scanners for data storage, in
particular, in optical and magnetic recording.
Figure 3.7 shows the schematics of two different dual-stage scanners for
data-storage. In the left panel, a schematic of a dual-stage scanner for optical
storage drives (for example, CD-ROM and DVD) is shown [66]. Here, the scanner
consists of three actuators. The first actuator is a DC motor that displaces the
“sledge” with the rest of the scanner assembly via a worm and gear combination.
This actuator is responsible for large-range motion of the sledge across the
whole diameter of the disc. The sledge contains two fine-range actuators, the
radial and focus actuators, that are used to adjust the position and focus of the
objective lens. The radial and focus actuators have a range of several hundreds
of micrometers and use the electromagnetic actuation principle.
In the right panel of Figure 3.7, a schematic of a dual-stage hard-disk drive
actuator is shown [69, 70]. Here, a rotary type voice-coil motor is used to generate torque around the pivot point and actuate the main suspension arm. Unlike
the ordinary hard-disk actuator, the suspension arm is further equipped with a
pair of push-pull short-range actuators, typically based on piezoelectric transducers, that actuate the suspension holding the read-write head. Typically, the
first-stage actuator would be used for track seeking, which requires a large scan
range, whereas the second-stage actuator would improve the track following
capability. Dual-stage actuators have also been used in robotics [71, 72] and
micromanipulation [73].

3.3.3 – Dual-stage scanner for SPM
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F IGURE 3.7 – Examples of dual-stage scanners used for data storage. The left
display shows a schematic of a scanner for optical recording wherein the optical
reading element is mounted in a sledge assembly and actuated with high
bandwidth over a short-range using radial and focus actuators. The sledge
assembly is actuated over a large range to allow access to the entire disc by using
a worm-gear system. The right display schematically shows a dual-stage
actuator for hard-disk drive recording. Here, the read head is positioned on a
suspension actuated by push-pull piezo actuators for high-bandwidth motion
relative to the main suspension arm.

3.3.3 Dual-stage scanner for SPM
In the rest of this chapter, we present a novel approach to scanner design based
on decoupling the requirements on the speed and the range of the scanner,
an idea central to the dual-stage positioning concept. In SPM, the dual-stage
concept was introduced in vertical positioning [74, 75], but so far, only little
research effort has been devoted towards dual-stage lateral nanopositioning.
Sample
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F IGURE 3.8 – Schematic illustration of the dual-stage scanning concept used in
SPM. The dual-stage scanner consists of a large-range scanner serially linked
with a short-range scanner. In this way, the requirements on the scanner speed
and range can be decoupled, which allows designs of the short-range and the
large-range scanners to be optimized independently. From [76], © 2013 IEEE.
In the dual-stage nanopositioning system introduced in this chapter, two
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serially coupled scanners are used: a first-stage scanner for large-range positioning with a low bandwidth (large-range scanner) and a second-stage scanner
for short-range positioning with a high bandwidth (short-range scanner). The
large-range scanner is a commercial piezo-actuated stage with three-degreesof-freedom displacement capability whereas the electromagnetically actuated
short-range scanner is custom-designed for high-speed operation along a single
axis. This configuration is particularly suitable for the widely used raster-scanning
SPM, but can also be used for more recent scanning modes such as curvetracking, see Chapter 5. The prototype system demonstrated later in this chapter
achieves real-time video-rate SPM imaging with nanometer-scale resolution
and speed of more than 1 frame/s, while having a range of 100 µm which is
above most state-of-the-art SPM flexure-based scanners (a recent comparison
can be found e.g. in [59]).

3.4 Short-range scanner design
Because most nanopositioning applications are of the raster-scan type, the
more demanding trade-offs between positioning range, bandwidth, and accuracy apply to only one axis. By using a custom-built short-range scanner,
our dual-stage approach improves the performance, for this one axis, in the
high-frequency portion of the dynamic range, while retaining the larger stroke
of the slower in-plane axis. In the following, the mechanical design of the shortrange scanner is described in detail, along with a model of the dynamics in the
actuation direction and a built-in high-bandwidth position sensor.

3.4.1 Design considerations
The custom-built short-range scanner for high-speed positioning comprises
two rigidly linked moving bodies, a sample-carrying table and an actuator subassembly, each of which is guided uniaxially by a set of profiled flexures. A
cross-sectional schematic of the short-range scanner, including actuation and
position sensing components discussed in Section 3.4.4, is shown in Figure 3.9.
The suspension of each of the moving parts is based on four high-aspectratio flexure spring units arranged in symmetrical pairs on either side of the
moving bodies, as shown in a top view in Figure 3.10. Each flexure unit is
shaped with two circular notch hinges for a well-controlled location of bending and ease of fabrication. Having found single-side suspension inadequate
in preliminary simulations, due to excessive run-out and compliance in the
out-of-plane direction, we opted for this doubly clamped configuration which
provides much better cross-talk performance [59, 78]. Although the doubly
clamped boundary conditions do lead to stress-stiffening in principle, the relative length of the flexures (16 mm between the circular notch hinges) compared
to the small displacement range required (on the order of +/- 1 µm) makes these
nonlinearities negligible.

3.4.1 – Design considerations
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F IGURE 3.9 – Half-symmetry crosssection of the short-range scanner. The
lightening holes and one of the magnets have been omitted in this view for
clarity. From [77], © 2013 IEEE.

F IGURE 3.10 – Detail of the scan table sub-assembly of the short-range scanner
with principal dimensions. From [77], © 2013 IEEE.

We use electromagnetic actuation over the more conventional choice of
a piezo stack in order to ensure linearity, and in particular to avoid the latter’s
hysteretic behavior. The actuator consists of a racetrack-shaped flat coil located
on the rotor (moving) side, and an arrangement of four NdFeB magnets on the
stator side, which immerse the long sides of the coil in a uniform magnetic field
and generate Lorentz forces on the coil winds along the intended direction of
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motion (x). The measured force gain of this actuator is approximately 0.9 N/A.
The actuator is driven by a low-noise voltage-to-current amplifier with gain of
0.08 A/V. In the control design and experiments presented in the remainder of
this paper, the voltage-to-current amplifier is considered a part of the actuator
for brevity.
Decoupling of the two moving bodies via the small-section (1.2 x 3.0 mm2 )
connection rod serves two purposes: first, to mechanically attenuate the effects
of any residual out-of-plane forces exercised by the actuator on the sample
table, and secondly, to lengthen the thermal time constant of heat-up of the
sample table subassembly when the actuator is run at high power or low duty
cycle. Lastly, we have perforated all moving parts with lightening holes in order
to decrease the carried mass, and thereby make the stage faster.

3.4.2 Finite-element simulations

F IGURE 3.11 – Eigenmode shapes from finite element modal analysis. Only the
half-symmetry cross-section is shown in the figure for illustration purposes,
however, the simulation was done for the complete system. From [77], © 2013
IEEE.

A summary of the eigenmode shapes obtained in a modal analysis using the
commercial tool for finite element analysis ANSYS is shown in Figure 3.11. The
principle eigenmodes of interest are the fundamental mode of the suspension
system, corresponding to intended actuation along the fast axis, and mode
Nr. 5, which corresponds to elongation/ compression of the connection rod
along its long axis due to finite material stiffness. Other eigenmodes in the
intermediate frequency range involve bending of the coil-holding frame, and
are not expected to show up in a significant way in the dynamics unless the
actuation components are misaligned so as to generate a significant out-ofplane force or bending moment.

3.4.3 – Model
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3.4.3 Model
The short-range scanner was specifically designed with the objective of clean
dynamical behavior over the whole actuation bandwidth in order to simplify the
design, modeling and feedback control of the scanner. To that end, the scanner
was designed such that its dynamics in the actuation direction correspond to
an interconnection of harmonic oscillators.
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F IGURE 3.12 – Free-body diagram of a two-mass model of the short-range
scanner. From [77], © 2013 IEEE.
The dynamics in the actuation direction can be accurately modeled as a
spring-mass-damper system with two masses connected by spring-damper
pairs as shown in the free-body diagram in Figure 3.12. The masses m a and
m s correspond to the actuator body and the scan table body, respectively. These
two masses are connected by the small-section connection rod which is modeled
as a spring-damper system with stiffness k r and damping coefficient c r , respectively, to capture effects related to its finite stiffness at high frequencies. The
connection of the actuator and the scan table body to the mechanical ground
is also modeled with spring-damper pairs with coefficients k a and c a for the
actuator side and k s and c s for the scan table side, respectively.
By using Newton’s laws of motion, the equations governing the scanner
motion are
F a (t ) = m a ẍ a (t ) + k a x a (t ) + c a ẋ a (t ) + k r (x a (t ) − x s (t )) + c r (ẋ a (t ) − ẋ s (t ))
0 = m s ẍ s (t ) + k s x s (t ) + c s ẋ s (t ) + k r (x s (t ) − x a (t )) + c r (ẋ s (t ) − ẋ a (t )). (3.19)
Here, x a and x s denote the position of the actuator and the scan table body,
respectively, and F a specifies the actuation force exerted on the actuator body.
Using the above equations, the motion of the scan table, y(t ), in response to the
actuation, u(t ), can be modeled as the state-space system
ẋ(t ) = Ax(t ) + Bu(t )
y(t ) = C x(t )

(3.20)

with the four-component state
x(t ) =

£

x a (t )

x˙a (t )

x s (t )

x˙s (t )

¤

,

(3.21)
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TABLE 3.1 – Coefficients used in the two-mass model of the short-range scanner
Actuator

Scan table

Rod

m a (kg)

0.0126

m s (kg)

0.002

k r (N/m)

7 × 106

k a (N/m)

106

k s (N/m)

106

cr

0.8

ca

0.8

cs

0.8

the dynamics matrix


0

 − k a +kr

ma
A=
0


1

0

0

− c am+ca r
0

kr
ma

cr
ma

0

1

cr
ms

s
− krm+k
s

− crm+cs s

kr
ms




,


(3.22)

the input matrix
£

0

C=

£

B=

1/m a

0

0

¤

(3.23)

and the output matrix
0

0

1

0

¤

.

(3.24)

For purposes of the controller design, the dynamics of the short-range scanner can be approximated with a second-order transfer function
G(s) = g ·

ω2n
s 2 + 2ξωn + ω2n

.

(3.25)

The damping ratio ξ and the natural frequency ωn can be inferred from the
mass-spring-damper model introduced above. Namely, the damping ratio is
ca + cs
ξ= p
2 (k a + k s )(m a + m s )

(3.26)

and the resonant frequency is
1
ωn =
2π

s

ka + ks
ma + ms

(3.27)

Figure 3.13 compares the transfer function between the actuation force,
F a (t ), and the scan table displacement, x s (t ), as calculated using the finite element simulations and using the above 4-state state space model. As expected
from the eigenmode analysis, the dynamics are very clean with just two dominant vibrations modes in the frequency region up to 10 kHz. The effective masses,
spring and damping constants are shown in Table 3.1. Despite its conceptual
and computational simplicity, the two-mass model provides an accurate estimate of the scanner dynamics. Experimental results presented later show that
this estimate is also close to the real response of the scanner prototype.

3.4.4 – Displacement sensing
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F IGURE 3.13 – Estimated frequency response between the actuation signal and
the displacement of the scan table in the actuation direction. The figure
compares the response obtained from finite element simulation to that
computed using the two-mass model. From [77], © 2013 IEEE.

3.4.4 Displacement sensing
The short-range scanner is equipped with the magnetoresistance-based displacement transducer developed in Chapter 2 for position measurements along
the actuation axis. We have chosen the GMR-based sensor because of its high
bandwidth, low level of measurement noise and small form factor. Besides
meeting the above requirements on performance, GMR sensors have a low cost
and require only simple read-out electronics.
Figure 3.14(a) shows the sensing principle in the context of the short-range
scanner. Here, the micromagnet is mounted on the scan table that moves relative to the stationary frame of the scanner where the GMR sensor is mounted.
Displacement of the scan table affects the magnetic field at the GMR sensor,
and hence can be measured as a change in the electrical resistance of the GMR
sensor. Figure 3.14(b) shows the realization of the magnetoresistance-based
sensor in the short-range scanner. In this realization, a magnet 3 mm × 1.2 mm
× 0.8 mm in size is mounted on the scan table directly beneath the sample location. The GMR magnetic-field sensor (NVE Corporation, Eden Prairie, MN,
USA) is mounted on a PCB assembly and positioned on the stationary frame of
the scanner under the micromagnet. Please refer to Chapter 2 for more details
on the displacement transducer.
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(a) Schematic of the position sensor

(b) Photograph of the position sensor in a
prototype device

Scanbtable

Scan table

Direction of
motion
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MICROMAGNET
Magnet
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Scanbtablebdisplacement

Magnet-sensorbdistance
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F IGURE 3.14 – GMR-based displacement sensing in the short-range scanner. In
(a), the working principle of the position sensor is shown. The GMR sensing
element is mounted on the stationary frame of the scanner, and a permanent
micromagnet is attached to the scam table. By doing so, the scanner motion is
translated into an effective change in the magnetic field affecting the GMR
sensor. This in turn can be measured as a change in the electrical resistance of
the GMR sensor. In (b), a photograph of the GMR-based position sensor as
mounted on the short-range scanner is shown. From [76], © 2013 IEEE.

3.5 Experimental characterization
In this section, experimental characterization of a prototype of the short-range
scanner designed in Section 3.4 is presented. The prototype was fabricated from
a monolithic aluminum block using standard CAM processes. Measurements
of the open-loop scan range and linearity, dynamic response, mechanical and
thermo-mechanical coupling measurements are presented. Figure 3.15 shows a
photograph of the prototype short-range scanner incorporated in a dual-stage
scanner system that is used in Section 3.6 for large-range as well as high-speed
AFM imaging.

3.5.1 Scan range and linearity
Figure 3.16 shows an experimentally measured open-loop response of the scanner to a harmonic actuation signal of 1000 Hz frequency which results in motion
of approx. 6 µm peak-to-peak range. The corresponding gain of the actuator
is approx. 7.5 µm / A. As expected from the electromagnetic actuator and the
predicted dynamics of the scanner, the open-loop scanner response is highly
linear (with non-linearity of approx. 1.5% over the full scan range ) and has a
sufficient range for short-range operation in the dual-stage system.

3.5.2 – Dynamic response
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F IGURE 3.15 – Photograph of the dual-stage scanner system, showing the
single-axis short-range scanner mounted on the three-axis large-range
positioning stage. From [77], © 2013 IEEE.

3.5.2 Dynamic response

The dynamics of the short-range scanner, predicted using finite element simulations, are shown in Figure 3.17 by a blue curve. The transfer function is
computed between the applied actuator force (linear with drive current) and
the displacement of the sample table. The frequency response of the fabricated
prototype was obtained experimentally and is also shown in the figure, by a
dashed red curve. There is a solid agreement between the dynamics as simulated and experimentally measured; the experimental results show a deviation
in the first dominant resonant frequency of less than 1% with respect to the
simulated results. This difference can occur due to uncertainties in the manufacturing process, variations in the materials used for fabrication, variations
in the weight of the actuation components and loading of the scan table, for
example due to the sample weight. Also, the finite-element model does not
account for dynamics of the actuation and sensing components, such as the
actuator amplifier. A slight variation in the dynamics is inevitable and can be
compensated by means of feedback control. The phase delay in the experimental measurement occurs due to the actuation amplifier.
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F IGURE 3.16 – Open-loop scan with frequency of 1000 Hz and range of 6 µm.
The position was sensed using the GMR-based position sensor of the short-range
scanner. From [77], © 2013 IEEE.

3.5.3 Mechanical cross-coupling
As mentioned earlier, the connecting rod helps with mechanically attenuating
the effects of any residual out-of-plane forces exercised by the actuator on the
scan-table. With this feature, the crosstalk to the y- and z-axis arising from
the x motion is very low; the attenuation of more than 80 dB and 50 dB, respectively, is predicted in the simulations. The out-of-plane cross-talk which
was expected to be more dominant owing to the construction of the scanner
was measured experimentally by using an externally mounted photonic sensor
(MTI Instruments MTI-2100).
Figure 3.18 compares the frequency response from the x actuation signal to
the z motion signal with that to the intended x motion signal. A direct experimental measurement of the frequency response between the x actuation signal
and the in-plane cross-talk to the y axis was not possible due to the measurement probe inaccessibility; however, the imaging results presented later show
that the y cross talk is negligible.
To quantify the amount of cross-coupling in the dual-stage system, Figure 3.19 shows a series of experimentally obtained transfer functions between
the position of the large-range scanner (denoted as x, y, z) and the position
of the short-range scanner (denoted as x f ). The first row shows the transfer
functions from x,y,z to x f , respectively. We see that for low frequencies below
approx. 100 Hz, the amount of cross-coupling to the position of the short-range
scanner is less than -40 dB. The amount of cross-coupling increases for higher
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F IGURE 3.17 – Transfer function between the actuation signal and the scan
table displacement in the actuation direction. The figure compares the frequency
response obtained using finite-element simulations with the experimentally
measured frequency response. The phase delay in the experimental
measurement is due to the actuation amplifier. From [77], © 2013 IEEE.

frequencies and peaks in the region of the first dominant resonant mode of
the short-range scanner; the amount of cross-coupling would be high at these
frequencies due to the large mass of the large-range scanner. However, the
large-range scanner is only operated at low frequencies by design and due to
the large load that it carries. The feedback controllers of the large-range scanner were tuned to a bandwidth well below 100 Hz, rejecting any high frequency
components that could excite the motion of the short-range scanner. In the
second row, the cross coupling from x f to x,y,z, respectively, is shown. Here,
the cross-coupling is below -30 dB in the frequency range where the scanner is
operated. The amount of cross-coupling is uniformly low because of the large
mass of the large-range scanner that can hardly be actuated by coupling from
the short-range actuator.

3.5.4 Thermo-mechanical coupling
Passing electric current through the coil of the actuator generates heat. This
effect is known as Joule or ohmic heating and is inevitable in electromagnetic
actuators. According to Joule’s first law, the power dissipated increases proportionally with the electrical resistance of the coil and with square of the current
passed through the coil, i.e.
P = I 2 R.
(3.28)

76

Chapter 3 – Scanner
40
Reference to X
Reference to Z

Magnitude (dB)

20

0

-20

-40

-60
1

10

2

10

3

10
Frequency (Hz)

4

10

F IGURE 3.18 – Out-of-plane crosstalk measurement. The figure compares the
experimentally obtained transfer function from the actuation signal to the
displacement of the scan table in the actuation direction (denoted as X ) with
that to the out-of-plane scan table displacement (denoted as Z ).

For example, with current I =1 A and electrical resistance R=5 Ω, the dissipated
power will be approx. P =5 W. Hence, it is imperative that a sufficient thermal
isolation is provided which will prevent heating of the scanner body and its
unwanted thermal expansion.
In the short-range scanner, the effect of the actuator ohmic heating on the
position of the scan table is significantly decreased due to the mechanical and
thermal decoupling of the actuator sub-assembly and the scan table. Owing
to the small-section connection rod, the scan table is thermally isolated from
the actuator sub-assembly. The actuator sub-assembly also has a strong heat
conduction pathway to the main body of the scanner.
The coil heating was investigated experimentally by mapping the temperature distribution of the scanner using an infra-red camera (FLIR SC5000) while
the scanner is being actuated at its full scan range (6 µm, corresponding current 0.8 A). At the same time, point-based temperature measurements on the
actuator subassembly and on the scan table were acquired using a calibrated
thermometer (Fluke 54-2). The temperature profiles recorded and the corresponding time lapse image from the thermal camera are shown in Figure 3.20.
The measurements clearly show that the scan table remains relatively cool in
spite of a continuous operation of the scanner over 150 seconds. Whereas the
actuator sub-assembly heats up by approximately 10 ◦ C due to the ohmic heating of the actuator coil, the increase of the scan table temperature is negligible
over a short period time and does not exceed 2 ◦ C over 150 seconds. The result-
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F IGURE 3.19 – Mechanical cross-coupling between the position of the
short-range scanner (denoted as x f ) and the position of the large-range scanner
(denoted x, y, z) in the dual-stage system.

ing thermal expansion of the scan table in the transient period is approx. 600
nm/degree for the scan axis and 200 nm/degree for the out-of-plane axis, relative to the temperature of the actuator subassembly. For scan operations with
a short duration, or scan operations performed in the steady-state period, the
disturbance caused by the ohmic heating is significantly smaller; typically, the
displacement fluctuations are below 100 nm and owing to their low bandwidth,
can be readily compensated by means of feedback control.

3.6 AFM experiments
This section presents experiments in which a custom-built dual-stage nanopositioning system is used for imaging in a high-speed AFM setup, see Figure 3.15.
Slow, large-range positioning for all axes is provided by a commercial 3-axis
piezo-actuated scanner (model PI-517 from Physik Instrumente), with stroke
ranges of 100 µm for the in-plane directions x and y, and 20 µm for z out-of
plane. The custom-built short-range scanner is mounted directly on the largerange scanner.
The imaging experiments are based on the dual-stage raster scanning process, see also Chapter 5. In this process, the sample is traversed back and forth
in the x-axis by driving the short-range scanner with a high-frequency triangular waveform. The y-axis of the large-range scanner shifts the sample continu-
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F IGURE 3.20 – Temperature distribution in the short-range scanner obtained by
using an infra-red camera and calibrated temperature measurements using
contact sensors positioned on the actuator subassembly and on the scan table,
respectively. In the thermal camera image, the bright green color corresponds to
a temperature increase of approx. 10 ◦ C with respect to the ambient room
temperature (blue). From [77], © 2013 IEEE.

ously in the direction orthogonal to the fast scan motion while the x-axis of the
large-range scanner provides a DC offset to the fast scan motion. The z-axis of
the large-range scanner is used to engage the cantilever with the sample surface
during the imaging process.
Two experiments are presented: in the first experiment, the dual-stage system is used for high-speed short-range imaging with frame rates of more than
1 frame/s. In the second experiment, a comparably large sample area is decomposed into an array of small-range images and assembled into a single
high-resolution image. In both experiments, the short-range and large-range
scanner are under feedback control. To allow for high precision tracking, the
actuation frequencies are chosen such that at least the first three harmonics of
the actuation signal are within the closed-loop bandwidth.
In the imaging process, we used cantilevers with thermo-electric sensing

3.6.1 – Feedback control
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capability [18, 19] and operated them in constant-height mode. The samples
consist of a silicon surface with lithographic patterns of different dimensions;
for each experiment, a different sample was used.

3.6.1 Feedback control
To achieve high positioning accuracy at high speeds, a feedback controller used
to control the motion of the short-range scanner based on the position information from the GMR sensor. A robust control design procedure for a two degreeof-freedom feedback controller is used in which the noise sensitivity of the
feedback loop is directly shaped. The procedure combines a noise-sensitivity
shaping approach with a robust control design of Limebeer and is detailed
Chapter 4. With the model parameters introduced in Table 3.1, the values used
in the second order model are ξ = 0.005 and ωn = 1768 Hz. As discussed in
Section 3.4.3, slight deviations in the actual resonant frequency and damping
ratio can occur due to manufacturing uncertainties and the sample weight.
For a good overall performance, it is essential that all three axes of the largerange positioner are under feedback control. To that end, we used the standard Physik Instrumente PI-E612.C0 control box with analog integral controllers
which use the built-in capacitive position sensors of the PI-517 stage. The controllers were tuned to approx. 20 Hz bandwidth which was sufficient for the
low-bandwidth large-range scan operation. The cross-coupling between the
large-range scanner and the short-range scanner was experimentally measured
to be below -30 dB and did not require additional active compensation.

3.6.2 High-frame-rate imaging
In the first experiment, the short-range scanner was actuated with a triangular
waveform reference signal of frequency 250 Hz. The scan range was 2 µm × 2
µm, with spatial resolution 3 nm in the x-scan direction and 10 nm in the y-scan
direction. Hence, a single frame consists of 655 × 200 pixels, and its imaging
is completed in 0.8 s, yielding a frame rate of more than 1 frame/s. With this
frame rate, interactive AFM imaging can be performed, in which high-quality
AFM images are obtained on-the-fly.
During the experiment, the sample under investigation was examined along
the x-scan direction. First, an AFM image was obtained at a given sample location, and subsequently, the position of the sample relative to the probe was
shifted along the x-scan direction by using the large-range scanner. Figure 3.21
shows the time-lapse video images obtained during an experiment in which
twelve images with a spacing of 400 nm were taken. Owing to the high-speed
capabilities of the short-range scanner, real-time imaging of the sample was
possible while the large-range scanner enabled large-range navigation over the
sample surface.
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F IGURE 3.21 – A time-lapse sequence of high-resolution AFM topography
estimates obtained in real-time by repeatedly shifting the sample along the x
scan direction and imaging the sample with 1.25 frames/s. The scan range is 2 ×
2 µm, the topographic height of the nanopatterns is approx. 100 nm. From [77],
© 2013 IEEE.

3.6.3 Large-range imaging
In the second experiment, the imaged area of 16 µm × 24 µm was divided into
48 stripe-like subregions of 1 µm × 8 µm which were imaged separately and
patched together to form the resulting image. Each of the subframes was acquired in approx. 3 s by driving the short-range scanner with a triangular waveform of 125 Hz frequency, with the whole image being completed in approx.
two minutes. The spatial resolution is 10 nm. Owing to the excellent mechanical properties of the short-range scanner, precise calibration of the sensors
and the use of feedback control, the subframes are almost perfectly aligned and
constitute a high-resolution, high-quality image of more than 3.2 million pixels.
The 3D topography reconstruction based on the combined image data is shown
in Figure 3.22.

3.6.3 – Large-range imaging
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F IGURE 3.22 – A three-dimensional topography reconstruction of the
lithographically patterned silicon surface. The image is based on the combined
data from an array of 48 subimages acquired by the dual-stage nanopositioning
system. From [79], © 2013 IFAC. This work is reproduced here by permission
from IFAC. The original version was published in ifac-papersonline.net.

Chapter 4

Control
In this chapter, we focus on the third pillar of nanopositioning, namely, control.
Feedback control and feedforward control is of key importance in nanopositioning as it is an essential tool for achieving stable, accurate and repeatable motion
in the presence of manufacturing uncertainties and external disturbances such
as building vibrations and temperature fluctuations. First, we shall define the
control problem and review the landscape of feedforward and feedback control techniques used in nanopositioning, namely, inversion-based feedforward,
tracking control of repetitive reference signals, the conventional PID-based control, resonant control, classical loopshaping, LQG control and robust linear feedback control. Subsequently, we elaborate on two novel control architectures.
In the first control architecture, we combine a robust two degree-of-freedom
control design with an H ∞ signal-based approach to shaping of the noise sensitivity transfer function. Afterwards, we introduce nonlinear hybrid control and
the second control architecture that is referred to as impulsive control and is
based on impulsive modification of controller states.

4.1 The control problem
Assume that we have a model of a plant, G, whose output, y, is to be controlled
by manipulating its input, u. There are two types of the control problem that
are commonly encountered. In the regulation problem, the task is to counteract
possible disturbances, d , that affect the plant input or output. In the servo
problem, the task is to keep the output close to the desired reference value, r .
For both problems, the deviation of the plant output with respect to the desired
output can be characterized in terms of the control error, or tracking error,
e = r − y, and the task can be reformulated as that of minimizing the control
error.
There are multiple challenges that arise in solving the control problem. One
of the major challenges is an uncertainty about the plant model. The reasons
for the uncertainty are, for example, unmodeled plant dynamics and changes
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in the plant dynamics due to the changes in the ambient environment. When
using feedforward and feedback control, plant uncertainty can be detrimental,
lead to a severe decrease in performance and even cause an instability of the
feedback loop. Another major challenge when using feedback control is the
presence of measurement noise in the measurements of the plant output and
delays in the plant. All these lead to undesirable trade-offs in the performance
and stability of the control system.

4.2 Feedforward control
In feedforward control, the control effort is generated in an open-loop fashion
without directly using measurements of the plant output. Typically, feedforward controllers are based on an inverted model of the plant. More advanced
approaches include repetitive control and iterative learning control, in which
a feedforward control effort is applied in subsequent trials that are designed to
progressively minimize the control error, and the command preshaping methods.

4.2.1 Inversion-based feedforward control
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F IGURE 4.1 – An inversion-based feedforward control architecture.

Figure 4.1 shows a schematic of a simple inversion-based feedforward control scheme for reference signal tracking. Here, the reference signal, r , passes
through a feedforward controller, K F F , which is based on an inversion of the
plant dynamics, G. If the ideal case, the control effort generated, u = G −1 r , ensures that the plant output, y = Gu, tracks the reference signal. For complex
nonlinear plants, the plant inversion might involve multiple specific components, such as the creep and hysteresis inversion models used in inversion-based
feedforward control of piezoelectric actuators [80].

4.2.2 Tracking of repetitive reference signals
In lateral nanopositioning, the reference signals are often of repetitive nature.
For example, in raster scanning SPM, the tip is positioned relative to the sample
along consecutive scan lines, which typically requires the tracking of triangular
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waveforms. Such repetitive reference signals can be tracked with tailored control architectures that improve their tracking performance based on the control
error measurements from previous iterations.
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F IGURE 4.2 – A two-dimensional iterative learning control architecture.
An example of such a control architecture is iterative learning control (ILC)
[81], see Figure 4.2. In ILC, the control effort in the ( j + 1)-st iteration, u j +1 , is
based on the control error in the j -th iteration, e j , and the control effort in the
j -th iteration:
u j +1 = Q[u j + Le j ],
(4.1)
where Q and L are the so-called Q-filter and learning function, respectively,
and are typically linear time-invariant dynamical systems. An advantage of
ILC is its anticipatory nature, and hence its ability to efficiently compensate
for tracking errors and repetitive disturbances without a-priori specifications.
On the other hand, besides the decreased performance in presence of nonrepetitive exogenous signals, ILC has a prolonged settling time and increases
the implementation complexity.
An approach similar to ILC is repetitive control [82, 83], where the feedback
loop is augmented with a signal generator which recreates the a-priori known
reference signal, typically by means of a pure delay element. Adaptive control
can also be used to improve tracking of repetitive reference signals [84]; here,
the control law itself is adapted on-line to improve the tracking performance,
however, at the price of increased settling time, implementation complexity
and robustness issues.

4.2.3 Command preshaping
A special case of feedforward control is command preshaping, i.e. shaping or
modifying of the reference signal. Typically, the aim is to optimize the frequency
spectrum of the reference signal such that possible scanner vibrations induced
by tracking the reference signal are minimized. In one approach, the vibrations
induced by the reference signal are reduced by using impulse input sequences
[85]. In another approach, the reference signals is shaped to comply with the
scanner dynamics, for example, by smoothening the turnaround points of the
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triangular waveforms used in raster-based scanning [86]. In yet another approach, alternative SPM scan trajectories are used that result in dramatically
different reference signals with an optimized frequency spectrum, such as the
spiral, cycloid and Lissajous trajectories discussed in Chapter 5.
Feedforward control can significantly improve the closed-loop performance.
However, it depends on the availability of accurate models and can be severely
affected by changes in the plant dynamics.

4.3 Feedback control
4.3.1 PID feedback control and classical loopshaping
PID control is the most widely used control algorithm in industry and it is also
often used in nanopositioning.
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F IGURE 4.3 – A PID feedback controller.
Figure 4.3 shows a single degree-of-freedom PID feedback control loop.
Here, the control error, e = y − r is input into a feedback controller that comprises the proportional, integral and derivative components connected in parallel or alternatively, in a cascade configuration. The transfer function of the
controller is often expressed in the form
µ
¶
1
K (s) = K c 1 +
+ τD s
(4.2)
τI s
where K c denotes the gain of the controller, τI the integration time constant and
τD the derivative time constant. When practically implemented, PID controllers
are often equipped with additional components to improve their performance,
such as a low pass filter to achieve a proper transfer function when using the derivative component, and anti-windup algorithms to improve the performance
of the integrator. PID controllers are immensely popular due to their implementation simplicity and wide availability of intuitive tuning algorithms. However, PID control often cannot meet the increasing requirements on robustness,
accuracy and speed. For instance, PI controllers inherently impose a trade-off
between robustness and performance which becomes prohibitive in complex
high-speed nanopositioning devices, especially when high bandwidth is of critical importance.
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F IGURE 4.4 – General 1-DOF feedback controller

Loop shaping is another conventional approach to design of feedback controllers. In loop shaping, the controller is considered a general dynamical system as depicted in Figure 4.4 and is designed to meet given closed-loop performance requirements. The performance requirements are typically expressed
in terms of the control loop transfer functions and in the process of the control design, these transfer functions are “shaped”. Defining the loop transfer
function as
L = K G,
(4.3)
the sensitivity transfer function as
S=

1
,
1+L

(4.4)

and complementary sensitivity transfer function as
T=

L
,
1+L

(4.5)

the control error can be expressed as
e = r − y = T n + Sr.

(4.6)

Hence, the control objective of minimizing the control error reduces to designing the controller, K , and the corresponding loop transfer function such that
y = 0 and hence S = 0 and T = 0. At the same time, we see from the algebraic
relations that S + T = 1 which immediately manifests the trade-off that has to
be done between two conflicting control objectives, namely, good tracking on
one side, and sensitivity to measurement noise on the other side.
In the process of loop shaping, one typically tries to achieve a large gain of
L in the bandwidth where control is desired, a magnitude slope of −1 in the
crossover region (the frequency region where |L( j ω)|< 1 and ∠L > −180◦ ) and
a slope of −2 beyond the crossover region for a sharp roll-off. For example, the
feedback controller for a minimum-phase plant, i.e. a plant that has no delays
and no zeros in the right half plane, can be designed by inverting the plant
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dynamics, for example, by choosing
K (s) =

ωc −1
G (s)
s

(4.7)

where ωc /s adds an integrator to an essentially inverse of the plant. Classical
loopshaping can be used for very simple systems where it enables an immediate
intuitive understanding of the controller action. However, with high requirements on performance and more complicated plant models, the design effort
becomes excessively complex. In particular, achieving robust performance and
stability might be challenging when using classical loop shaping methods.

4.3.2 Resonant control of collocated systems
In systems with collocated actuators and sensors, tailored feedback control systems can be designed to damp the mechanical resonant modes. These controllers take advantage of the fact that the transfer function of a collocated system
can be written in the form
G(s) =

αi

N
X
i =1

s 2 + 2ξ

(4.8)

2
i ωi s + ωi

where αi > 0 and ωi is the frequency of the i -th resonant mode. The phase
response of such a system is always between 0◦ and −180◦ due to the interlacing
of system poles and zeros. It can be shown that for such a system, stable and
robust feedback controllers for damping of multiple resonant modes can be
designed by combining resonant filters tuned to each resonant frequency that
has to be damped.
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F IGURE 4.5 – A feedback control architecture based on integral resonant control.
Figure 4.5 shows a control architecture based on integral resonant control
(IRC) [87, 88]. In IRC, the feedback control loop is augmented with feed-through
term D f that is used to insert an additional pair of zeros into the closed-loop
system which changes the pole-zero interlacing to zero-pole interlacing. Subsequently, an integral feedback controller can be used in place of K to damp a
resonant mode with a phase margin of 90◦ and an infinite gain margin. Other
control strategies similar to resonant control include positive position feedback [89] and velocity feedback [90]. The advantage of resonant control is its
implementation simplicity, stability and robustness. A disadvantage is the restriction to the damping control problem of simple collocated systems.
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4.3.3 LQG control
Linear Quadratic Gaussian (LQG) control is an optimal control approach [91]
in which a controller is devised whose control effort minimizes an objective
function of a particular form. In LQG control, the plant model is
ẋ = Ax + Bu + w d

(4.9)

y = C x + Du + w n

(4.10)

where x denotes the state vector of the plant, u is the plant input, y is the
plant output, and w d and w n are the process noise and measurement noise,
respectively. The process and measurement noise are typically assumed to
be generated by uncorrelated zero-mean Gaussian processes with a constant
power spectral density. The LQG control problem is then that of finding control
effort u(t ) such that


ZT


¤
1 £ T
J = E lim
x Qx + u T Ru d t
(4.11)
T →∞ T

0

is minimized, where Q and R are symmetric positive semidefinite and positive
definite matrices, respectively, that are the design parameters of the optimization problem.

wd wn
Linear
quadratic regulator

x

y

u
G

Kalman
filter

F IGURE 4.6 – Structure of an LQG feedback controller.
Solution to the LQG control problem is based on the separation theorem
which states that the control problem can be solved by decomposing it into
two parts: an optimal full-state feedback problem and an optimal state estimation problem, see Figure 4.6. The optimal state feedback problem is typically
denoted as the linear quadratic regulator (LQR) problem and is solved disregarding the process and measurement noise and assuming that the full state information of the plant G is known. Interestingly, the solution to this problem is
very simple: we put u(t ) = −K r x(t ) where K r is a constant state feedback matrix.
However, in most practical applications, the full state vector of© the plant is not
ª
available. To get an optimal state estimate x̂ that minimizes E [x − x̂]T [x − x̂] ,
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a Kalman filter can be used. Kalman filter is a dynamic system (unlike the LQR
controller) of the form
x̂˙ = A x̂ + Bu + K f (y −C x̂ − Du)

(4.12)

where K f is the Kalman feedback gain whose optimal choice follows from a
solution of a Ricatti equation.
An example of LQG-based control for nanopositioning can be found, for
example, in [92, 93]. While the separation theorem guarantees the stability of
LQG controllers, there are essentially no guaranteed robustness margins which
is a major disadvantage of LQG-based controllers [94].

4.3.4 Robust linear feedback control
In robust linear feedback control [95, 96], we are concerned with the shaping
of closed-loop transfer functions. The controller is obtained by optimization
over a set of controller transfer functions to optimize a given objective function,
such as the maximum peak value of the sensitivity transfer function. In order to
do so, the space of transfer functions has to be rigorously characterized and the
norms over a space of transfer functions properly defined. Subsequently, we
will elaborate on a general control problem formulation that allows to recast a
class of control problems into a well-defined form which can be passed over to
an optimization algorithm. Finally, we conclude with some of the widely used
design methodologies.
H 2 and H ∞ norms
In robust and optimal control, classes of signals and functions are mathematically characterized by means of normed vector spaces. First, recall that for a
finite n-dimensional vector space, the p-norm is defined for 1 ≤ p < ∞ as
Ã
!1/p
N
X
p
kxkp =
|x i |
(4.13)
i =1

and the infinity norm as
kxk∞ = max{|x 1 |, . . . , |x n |}

(4.14)

A commonly encountered variant of the p-norm is the 2-norm for p = 2 which
is also known as the Euclidean norm. Analogically, norms for functions of a
complex variable, such as transfer functions, are introduced as

1/2
Z∞
1
k f (s)k2 = 
| f ( j ω)|2 d ω
(4.15)
2π
−∞

and
k f (s)k∞ = max| f ( j ω)|,
ω

(4.16)
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assuming the right-hand sides of the equations are well defined. Here, the
functions are treated in the frequency domain and evaluated on the imaginary
axis at frequencies ω. When transfer functions with multiple inputs/outputs are
concerned, the norms can be generalized using the concepts of singular value
and matrix trace.
Using the norms defined above, normed vector spaces of time-domain signals and linear time-invariant operators (transfer functions) can be defined.
Time-domain signals are typically captured by a Lebesgue L 2 space and stable
transfer functions by Hardy spaces H 2 and H ∞ , which are spaces of complex
functions with analytic continuation into the right half of the complex plane
that are square-integrable on the imaginary axis (in the H 2 case) and bounded
(in the H ∞ case), respectively. Typically, a control objective is expressed as a
minimization of an H 2 or H ∞ norm of a transfer function, which gives rise to
the terms H 2 and H ∞ control.
General control problem formulation
In 1983, Doyle introduced a general control problem formulation which can
be used to recast a large class of practically relevant control problems into a
standardized form.

Δ
uΔ

yΔ
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z
G
u

v

K
F IGURE 4.7 – General control problem.

In its most general form, the general control problem formulation is shown
in Figure 4.7. Here, the model of the plant to be controlled is denoted as G. The
problem of controller design is then to find a controller K which based on its
control input v generates control effort u that counteracts the influence of the
exogenous disturbance w on the output z. Uncertainty about the plant model
can be captured by a block-diagonal matrix ∆ that perturbs the plant.
The transfer function N between the input, w, and the output, z, such that
z = N w, can be obtained by means of linear fractional transformation (LFT).
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First, the plant is partitioned as
·
G=

G 11
G 21

G 12
G 22

¸
(4.17)

so that the transfer functions between the plant outputs z and v, and the plant
inputs w and u are accessible:
·
¸ ·
¸ ·
¸
z
G 11 G 12
w
=
·
(4.18)
v
G 21 G 22
u
Then, the lower LFT is defined as
F l (G, K ) = G 11 +G 12 K (I −G 22 K )−1G 21

(4.19)

and can be used to “close” the lower feedback loop around G and obtain N such
that z = N w. To close the loop around N and take into account the uncertainty
matrix ∆, the upper LFT can be used which is defined as
F u (N , ∆) = N22 + N21 ∆(I − N11 ∆)−1 N12

(4.20)

where N is partitioned similarly as above.
Standard control problem formulations
In the general control framework, the standard H 2 optimal control problem is
defined as finding a stabilizing controller K which minimizes
v
u
Z∞
u
u 1
kF |2 = t
|F ( j ω)|2 d ω
(4.21)
2π
−∞

where F = F l (P, K ) is the transfer function between the input, w and the output,
z. One interpretation of this is that we minimize the RMS value of the system
output z (i.e. the output power) in response to a unit-intensity white noise
input. It can be shown that LQG control is a special case of an H 2 optimal
controller.
The standard H ∞ optimal control problem is defined as finding a stabilizing
controller K which minimizes
kF k∞ = max σ̄(F ( j ω))
ω

(4.22)

where F = F l (P, K ) is the transfer function between the input, w and the output,
z. It can be shown that
kz(t )k2
(4.23)
kF k∞ = max
w(t )6=0 kw(t )k2
which means that we minimize the maximum ratio of the system output and
input (induced) 2-norms. Owing to the its complexity, the H ∞ optimal control problem is often reduced to a suboptimal problem of finding a stabilizing
controller for which kF k∞ < γ where γ is usually close to 1. This problem can
be solved by a γ-iteration algorithm that is nowadays available in a variety of
commercial software packages.
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Mixed-sensitivity controller design
In H ∞ optimal control, mixed-sensitivity control design refers to shaping of
one or more closed-loop transfer functions related to the sensitivity transfer
function. Most often, the sensitivity transfer function itself, S = (I + GK )−1 ,
the complementary sensitivity transfer function T = I − S and the K S transfer
function are shaped. By doing so, the performance requirements that arise
in a large class of practically relevant regulation and servo problems can be
expressed.
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F IGURE 4.8 – Mixed-sensitivity S/KS control design

Figure 4.8 shows a formulation of a S/KS mixed-sensitivity servo control
design problem. To formulate the performance objectives, the plant model,
G, is extended with a set of weighting functions which are stable and proper
transfer functions. The Wp transfer function is used to express performance
requirements on the sensitivity transfer function. To enforce a good tracking
performance at low frequencies, this weighting function is often chosen as
Wp (s) =

(s/M 1/n + ωB )n
(s + w B A 1/n )n

(4.24)

where A ≈ 0 specifies the upper bound on |S| at low frequencies, M ≥ 1 specifies
the upper bound on |S| at high frequencies and ωB is the crossover frequency
that corresponds to the requirement on tracking bandwidth. The exponent n
can be used to increase the order of Wp , and hence enforce a steeper roll-off
of |S| beyond the crossover frequency. The concept of “weighting” comes from
the fact that
kWp Sk∞ < 1 if and only if kS( j ω)k <

1
for all ω
Wp ( j ω)

(4.25)

The Wu transfer function is used to limit the control energy used by the
controller and the controller bandwidth. Depending on the particular system,
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Wu can be a constant transfer function or can be constructed similarly to Wp ,
for example, to limit the control effort at high frequencies.
In terms of the general control problem formulation, the exogenous control
input is the reference signal r , w = r , and the system output are the weighted
inputs z 1 = Wp Sw and z 2 = Wu K Sw. Hence, we have
·
¸
Wp S
N (K ) = F l (G, K ) =
(4.26)
Wu K S
and the H ∞ controller is obtained by solving the problem
q
minkN (K )k∞ = min max |Wp ( j ω)S( j ω)|2 + |Wu ( j ω)K ( j ω)S( j ω)|2
K

K

ω

(4.27)

Mixed-sensitivity designs including the T transfer function are often used
when the tracking performance and sensitivity to measurement noise is of high
importance. Common combinations are S/KS/T and S/T mixed-sensitivity
designs.
Uncertainty and robustness
H ∞ control framework is particularly well suited for the design and analysis
of uncertain feedback control systems. Typically, two main types of plant uncertainty are considered, namely the structured (parametric) uncertainty and
unstructured uncertainty. Structured uncertainty occurs when the plant model
is known but there is an uncertainty about some parameters of this model, such
as the gain, pole location or time delay. Unstructured uncertainty, on the other
hand, refers to lump uncertainty about the dynamics of the system, such as
unmodeled dynamics at high frequencies.

wI

Gp

ΔI
+
G

F IGURE 4.9 – A multiplicative uncertainty model. The perturbed plant is
defined using stable transfer function ∆I and weighting transfer function w i .
In controller design and analysis, one typically works with a set of plants ΠI
in which perturbed plant models G p ∈ ΠI are centered around a nominal plant
model, G 0 :
G p (s) = G 0 (s)(1 + w I (s)∆I (s))
(4.28)
where ∆I is a stable transfer function such that k∆I k∞ ≤ 1, and w i is a weighting
function specifying the relative uncertainty. A block-diagram representation of
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Equation 4.28 is shown in Figure 4.9. Equation 4.28 can also be viewed as the
frequency domain analog of a scalar parameter perturbation
αp = α0 + w α ∆α0 = α0 (1 + w α ∆).

(4.29)

Having the plant uncertainty expressed mathematically, we can formulate
exact conditions for stability and performance of the closed-loop system in presence of the plant uncertainty. In the case of SISO systems, these conditions can
be expressed concisely and are intuitive. It can be shown that the system satisfies the conditions for robust stability in presence of uncertainty parametrized
by w I if and only if
|T | < 1/|w I |
(4.30)
at all frequencies. Hence, wherever the relative uncertainty is higher than 1, we
have to ensure |T | < 1, i.e. give up on the tracking performance of the system.
The system satisfies the conditions on robust performance if and only if
|w p S| + |w I T | < 1

(4.31)

at all frequencies, where |w p S| < 1 is the condition for nominal performance.
It follows that to achieve robust performance, a good nominal performance
cannot be required at frequencies with large plant uncertainty.

4.4 Robust 2-DOF feedback control with noise sensitivity
shaping
From the definitions of the sensitivity transfer function, S = (I + GK )−1 , and
the complementary sensitivity transfer function, T = GK (I + GK )−1 (see Section 4.3.1), it becomes evident that
S + T = 1,

(4.32)

and hence, it is difficult in a feedback system at any frequency to simultaneously
obtain a small magnitude of S( j ω) and T ( j ω). This would be desirable, however, because minimizing the magnitude of S( j ω) corresponds to minimizing
the control error due to disturbance signals, and minimizing the magnitude of
T ( j ω) corresponds to minimizing the sensitivity to measurement noise. When
a nanopositioning system is operated in a controlled environment, this tradeoff can be overcome at the expense of disturbance rejection (by allowing a larger
magnitude of S), and the sensitivity to measurement noise can be shaped by
shaping the T transfer function. However, in single degree-of-freedom systems, the magnitude of T also determines the tracking performance, and hence
noise-resilient tracking at high bandwidths remains challenging. This remaining trade-off can be overcome by using two degree-of-freedom (2-DOF) system that combine feedforward control with feedback control. As opposed to
feedback-only control architectures, a 2-DOF controller allows for using both
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F IGURE 4.10 – Two equivalent architectures for two-degree-of-freedom control.

the control error signal as well as the reference signal to improve the performance and provide more design flexibility.
Figure 4.10 shows two equivalent 2-DOF control architectures. In the scheme
on the top, the controller, K , consists of a feedback component, K F B , and a feedforward component, K F F . The feedback control law acts on the control error
signal, whereas the feedforward control law acts on the reference signal; the
resulting control effort, u, is created by adding the outputs of K F F and K F B .
In the scheme on the bottom, the feedforward and feedback component are
interconnected in a different way; the feedforward control output enters as a
reference signal to be tracked by the feedback control loop. In this context, the
feedforward controller is often referred to as a prefilter, K P RE .
A 2-DOF control architecture can be designed using the H ∞ control framework. For example, a mixed-sensitivity S/KS/T control design (see Section 4.3.4)
based on the control architecture of Figure 4.10 with exogenous signals being
the reference signal, r , and the measurement noise, n, yields the closed loop
transfer function [97]
·
¸
r
z = N (K )
,
(4.33)
n
where


Ws S er
Wt T yr
N (K ) = 
Wu S(K F F + K F B )


−Ws S
,
−Wt T
−Wu SK F B

(4.34)
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with S = (1 + K F B )−1 , T = (1 + GK F B )−1GK F B , S er = S(1 − GK F F ) and T yr =
SG(K F F +K F B ). One advantage we can see from Equation 4.34 is that the 2-DOF
control architecture allows for designing dissimilar transfer functions between
the measurement noise signal and the output, and the reference signal and the
output, respectively. This is particularly advantageous in the design of noiseresilient controllers for nanopositioning.
In this section, we present a robust control design procedure for a two
degree-of-freedom feedback controller in which the noise sensitivity of the
feedback loop is directly shaped. The procedure combines the noise sensitivity shaping approach [98] with the robust performance design of [99]. The
resulting procedure enables designing controllers that are sensitive to measurement noise only in the frequency regions where control is essential, while
retaining an explicit control over the relative importance of robust stability and
robust performance. The modeling of the plant uncertainty is based on coprime
factorization which accounts for changes in the plant characteristics, such as
shifts in the location of the system poles. Shifts of the pole frequencies inevitably occur in a practical implementation due to changes in the weight of the
sample and changes of the operating conditions, such as the ambient temperature. Therefore, robust feedback control is particularly important for high-speed,
high-accuracy tracking in SPM.

4.4.1 Control design
First, we elaborate on the plant uncertainty model. Subsequently, we present
the control architecture including the weighting transfer functions, recast it
into a general control problem formulation and obtain the closed-loop transfer
functions for analysis with the weighting functions and controller included. Using these results, we can evaluate the robustness and noise resiliency properties
of the control design.
Plant uncertainty modeling
We will assume that the set of plants Π is characterized around the nominal
model G 0 whose normalized left coprime factorization is
G 0 (s) = M −1 (s)N (s)

(4.35)

where M and N are coprime, have no poles in the close right half of the complex
plane and satisfy
M (s)M ∗ (−s̄) + N (s)N ∗ (−s̄) = I .
(4.36)
Then, a plant G p ∈ Π can be characterized as
G p (s) = (M (s) − ∆(s)M )−1 (N (s) + ∆(s)N )

(4.37)

This type of uncertainty modeling is well suited for nanopositioning systems
because the set Π can contain marginally stable systems, and hence allows for
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modeling the robustness problems in resonant systems with very low damping
coefficients that frequently occur in nanopositioning.
Control architecture
The control architecture is based on the Limebeer 2-DOF control design, and
extends this by using H ∞ signal-based approach to incorporate a model of the
measurement noise.
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F IGURE 4.11 – A control design architecture for a two degree-of-freedom robust
controller with direct shaping of the noise sensitivity transfer function.

The control design scheme for the single-input-single-output case is shown
in Figure 4.11. Here, the perturbed plant, G = (M − ∆M )−1 (N + ∆N ), with input
u and output y, is enclosed in a feedback loop with the two degree-of-freedom
controller, K . For the purposes of control design, the perturbation of the plant
is captured by the disturbance signal φ entering the feedback loop. The feedback controller has two inputs. One input of the feedback controller is β = ρ · r ,
i.e., the reference signal scaled by the design parameter ρ. The ρ parameter
allows for adjusting the relative importance of the robust stability and robust
performance. The robust performance is enforced by matching the closed loop
frequency response from r to y to the desired transfer function M 0 . The second
input of the controller is the output of the plant, y, affected by additive measurement noise, n. The characteristics of the measurement noise are captured
in the auxiliary weighting function Wn . The weighting function Wu specifies
the requirements on the control effort.
General control problem formulation
For the purposes of the controller synthesis, it is convenient to recast the control architecture of Figure 4.11 into the general control problem formulation
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(e.g., [95]). In this formulation, the control architecture is expressed in terms
of generalized plant, P , and generalized feedback controller, K . The task of the
control design is then to find a controller K which minimizes the H∞ norm
£
¤T
of the transfer function between the exogenous inputs to P , r φ n
,
£
¤T
and exogenous outputs of P , z y v
. For the control architecture of
Figure 4.11, the general control problem formulation is
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(4.38)

Once the stabilizing feedback controller
K=

£

K1

K2

¤

(4.39)

is found, the closed-loop transfer function between the exogenous inputs and
outputs becomes




z
£
¤ r
 y  = Tr Tφ Tn  φ 
(4.40)
n
v
£
¤
where N (K ) = Tr Tφ Tn and

ρ 2 [(I −GK 2 )−1GK 1 − M 0 ]
,
ρG(I − K 2G)−1 K 1
Tr = 
−1
ρWu (I − K 2G) K 1

(4.41)


ρ(I −GK 2 )−1 M −1
,
(I −GK 2 )−1 M −1
Tφ = 
Wu K 2 (I −GK 2 )−1 M −1

(4.42)


ρWn K 2G(I − K 2G)−1
Tn =  Wn K 2G(I − K 2G)−1  .
Wn Wu K 2 (I − K 2G)−1

(4.43)





and



Robustness performance and noise-resilience
Having the transfer function between the exogenous inputs and outputs, N (K ),
parametrized by the controller transfer function K , we can infer the robust
performance of the system in terms of the bounds on the infinity norm of N (K )
and the uncertainty of the plant.
Assume that for some γ > 0, the uncertainty about the plant is bounded as
k ∆M

∆N k∞ < γ−1

(4.44)
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If the stabilizing controller K is found such that
k

£

Tr

Tφ

Tn

¤

k∞ ≤ γ,

(4.45)

then the feedback loop will remain stable, with the robust performance guarantee
k(I −GK 2 )−1GK 1 − M 0 k∞ ≤ γρ −2
(4.46)
for the transfer function from the reference to the output and
kWn K 2G(I − K 2G)−1 k∞ ≤ γρ

(4.47)

for the transfer function from the noise to the output. Hence, we see that besides the robust performance guarantees owing to the Limbeer control architecture, we can shape the K 2G(I − K 2G) transfer function that corresponds to
the transfer function between the measurement noise and the plant output
according to the signal-based weighting function Wn . To meet additional performance requirements, it might be required to further shape the frequency
response of the plant, for example to enforce an integral feedback action. This
can be done by using a shaping precompensator according to the method of
Glover and McFarlane [100, 101].

4.4.2 Case study: control design for a high-speed AFM scanner
The 2-DOF robust control design with noise-sensitivity shaping introduced in
this section was used for noise-resilient control of the high-speed short-range
scanner introduced in Chapter 3. In particular, the AFM image shown in Figure 3.22 was taken under feedback control using this control architecture. Here,
we provide details on the control design procedure and present an estimate of
the amount of measurement noise that is projected to the scanner position.
Plant model
For the purposes of the control design, the dynamics of the short-range scanner
were approximated with a second-order transfer function
G(s) = g ·

ω2n
s 2 + 2ξωn + ω2n

(4.48)

where g = 0.2 µm/V is the gain, ξ = 0.006 is the damping coefficient and ωn =
2π · 1775 rad the natural frequency. The model captures the low frequency
dynamics of the scanner and the first mechanical resonant mode at 1775 Hz.
To keep the control design simple, the remaining resonant modes were omitted
in the model and the resulting feedback loop was additionally shaped by a
Butterworth band-stop filter centered at 10 kHz. For the targeted closed loop
bandwidth and shape of the frequency response, no additional shaping of the
plant model was required. The requirements on low sensitivity to measurement
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noise were reflected by choosing Wn as a second-order transfer function with
band-pass characteristics in the frequency range from 500 Hz to 7 kHz. The
limitations on control effort were expressed by choosing Wu as a first-order
low-pass filter with corner frequency of 10 kHz.
Controller design
The desired closed-loop transfer function, M 0 , was set to a first-order low pass
filter with corner frequency of 1.5 kHz. In the process of the controller design,
the ρ parameter was set to zero at first, thereby reducing the problem to pure
robust stabilization. As Glover and McFarlane showed [100], this problem has
a unique solution which resulted in the robustness margin of γopt = 1.46. This
value is not surprising and indicates that the inner feedback loop is consistent
with the robust stability requirement. Subsequently, the value of ρ was optimized to offset the model matching properties of the closed loop against the robust stability. We arrived at ρ = 2.5 which yields a good match against M 0 while
not deteriorating the robust stability property too much (γ = 4.70 ≈ 3γopt ).
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F IGURE 4.12 – The prefilter and feedback components of the two
degree-of-freedom robust controller designed for the short-range scanner of the
dual-stage system. From [102], © 2012 IEEE.
The magnitude response of the resulting controllers is shown in Figure 4.12.
We see that the prefilter component is primarily responsible for matching the
low frequency gain and partly compensates for the lightly damped pole at approx. 1.7 kHz. The feedback component has a very low gain at low frequencies
and its control effort is focused into the frequency range of 1 kHz to 7 kHz. This
is important for achieving the required closed-loop bandwidth and is in agreement with the limitations imposed by Wn . By design, there is no integral part in
the controller; this is possible due to the high linearity of the scanner. If needed,
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the integral part could be added by preshaping of the plant model prior to the
control design.

Experimental results
The controller was discretized by using Tustin’s method with sampling time of
20 µs and implemented in a digital signal processor. To identify the response
of the closed-loop system experimentally, we applied a chirp waveform as the
reference signal and measured the resulting position of the scanner.
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F IGURE 4.13 – Experimental frequency response of the short-range scanner.
From [102], © 2012 IEEE.

Figure 4.13 compares the experimental open-loop scanner response with
the experimental closed-loop response. We see that the closed-loop response
is flat with bandwidth of approx. 1530 Hz which is important for tracking the
broadband reference signals which arise in raster-based SPM.
To evaluate the effect of the measurement noise that enters the feedback
loop and affects the control action, we have used the experimentally acquired
noise measurements from the GMR sensor and computed the motion projected
by the feedback loop to the output of the plant. The spectra are shown in Figure 4.14 and confirm that the controller is sensitive to the measurement noise
only in the frequency region of the resonant peak where feedback control is
essential. Therefore, the standard deviation of the positioning error induced by
the measurement noise in this feedback loop amounts to remarkable 0.04 nm.
Note that this is the positioning error arising from measurement noise alone
and that there might be other sources of positioning error such as the actuator
and amplifier noise.
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F IGURE 4.14 – Estimation of the measurement noise induced error as projected
by the feedback loop to the output of the short-range scanner.

4.5 Hybrid feedback control
Unlike linear feedforward and feedback systems that were considered up to this
point, nonlinear feedback systems allow us to overcome some of the inherent
performance limitations of linear feedback control. In the remainder of this
chapter, we will focus on a particular type of nonlinear control systems, namely
hybrid control systems.
Hybrid systems are dynamical systems that combine continuous and discrete dynamics [103]. They arise naturally in sampled digital control architectures and in applications where dynamical systems are combined with discrete
logic. For example, in the framework of switched systems [104], multiple linear
feedback controllers are switched depending on various algebraic and logical
conditions, such as the operating points of the plant. Hybrid control systems are
a particularly promising technique for advanced control of mechanical systems:
on one hand, like nonlinear systems, they have the potential of overcoming the
fundamental limitations of linear feedback control; on the other hand, they allow the use of well-established linear control techniques in combination with
nonlinear control laws.

Clegg integrator
One of the earliest developments in the field of applied hybrid control is the
Clegg integrator [105]. Clegg observed that in a feedback loop with a single
integrator, the phase lag due to the integral component can be significantly
decreased if the state of the integrator is reset to zero whenever its input reaches
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zero. Denoting the integrator state x(t ) and its input e(t ), the dynamics of a
Clegg integrator in state-space are
ẋ(t ) = e(t ) when e(t ) 6= 0

(4.49)

x(t ) := 0 for e(t ) = 0

(4.50)

For instance, if e(t ) is the tracking error, resetting the integrator state when
the tracking error is zero reduces the unnecessary overshoot caused by x(t ) 6= 0
when the error is already removed. The effect of the reset control law is quite significant: the magnitude response of the integral controller remains unchanged,
the phase lag decreases from 90 degrees to only about 50 degrees.
More generally, the Clegg integrator belongs to the class of reset control
systems which have been further generalized and studied both theoretically
and experimentally [106, 107, 108]. The concept of reset control is conceptually
close to that of impulsive control, which is studied later in this chapter.
Signal transformation approach
Signal transformation approach (STA) [109] is a hybrid control technique in
which a linear feedback system is equipped with a pair of possibly time-invariant,
non-linear signal transformation functions. These transformation functions
translate signals between a high-bandwidth and a low-bandwidth representation, thereby allowing the use of low-bandwidth feedback controllers for the
tracking of high-bandwidth reference signals.

n
r

Φ

-

K

Φ -1

+
G

Φ

F IGURE 4.15 – Signal transformation approach to nanopositioning. A pair of
mutually inverse transformation functions Φ, Φ−1 are used to transform the
signals between a low-bandwidth and high-bandwidth representation.
From [110], with permission from Elsevier.
A schematic of an STA control architecture is shown in Figure 4.15. The
transformation functions Φ, Φ−1 are mutually inverse and translate the signals
from a high-bandwidth representation to a low-bandwidth representation and
vice versa, respectively. Before the high speed reference signal enters the feedback loop, it is transformed by Φ into the low-bandwidth representation seen
by the linear feedback controller K . The control effort that K generates is translated by Φ−1 before it is applied to the scanner to ensure that the desired reference signal is tracked. The measured output of the scanner is transformed by Φ
back into the low-bandwidth representation.
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The key idea of STA is that if the low-bandwidth representation of r is
tracked accurately by K , the scanner follows the desired reference signal even
if the bandwidth of K is much lower than what would be needed to track r in
a conventional control architecture. The control framework of STA is general;
specific transformation functions can be designed for the reference signals of
interest.
One particular case is a triangular reference signal, which can be transformed into a ramp signal and vice versa by means of an affine, time-variant
transformation [111, 112] as follows. Assume that the reference signal, r (t ), has
frequency f = 1/T and range [0, A]. For t ≥ 0, divide the time into intervals
corresponding to the half periods of the triangular waveform, [(i − 1) T2 , i T2 ) for
i ∈ N. In the odd and even time intervals, r (t ) is strictly increasing and decreasing, respectively, and is governed by the equation
µ
¶
i
(i −1) 2A
r (t ) = (−1)
t − b cT
(4.51)
T
2
for t ∈ [(i − 1) T2 , i T2 ), i ∈ N. Hence, the forward and the inverse signal transformation operator for conversion between a triangular waveform of frequency 1/T
and range [0, A] and a ramp signal with slope 2A/T are
i
Φ(x(t ), t ) = (−1)(i −1) x(t ) + 2Ab c
2

(4.52)

for t ∈ [(i − 1) T2 , i T2 ), i ∈ N.
i
Φ−1 (x(t ), t ) = (−1)(i −1) x(t ) + (−1)i 2Ab c
2

(4.53)

for t ∈ [(i − 1) T2 , i T2 ), i ∈ N.
In the STA control scheme of Figure 4.15, the above transformation functions can be used to facilitate the tracking of fast triangular waveforms by means
of a low bandwidth double integral controller K . This is particularly beneficial
in nanopositioning, wherein a low bandwidth K can be used for a control design
with low sensitivity to the measurement noise, n.

4.6 Impulsive control
In the remainder of this chapter, we focus on a novel hybrid control approach to
nanopositioning in which the controller combines a continuous-time control
law with a discrete control law based on impulsive changes of the controller
state. By using this impulsive state multiplication, some principal limitations
of linear control can be overcome, such as the trade-off between the closedloop bandwidth and the positioning resolution. Moreover, impulsive control
is an important theoretical concept which links hybrid control with some of
the recent nonlinear control techniques for nanopositioning and enables new
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and elegant ways to analyze and improve them. Despite its non-linear character, impulsive control is easy to implement and can significantly improve the
performance of existing nanopositioning systems.

4.6.1 Impulsive state multiplication
Dynamical systems that evolve continuously but are subject to sudden impulses
or impacts arise naturally and are one of the basic hybrid phenomena. Examples include colliding particles, bouncing balls and systems with mechanical impacts. In a general treatment, impulsive systems have been studied thoroughly [113]. We shall introduce a particular type of impulsive control, namely,
impulsive state multiplication (ISM) in which the state of a system is multiplied
by given factors at discrete time instants.
Let {t i }∞
be a sequence of time instants such that 0 = t 1 < t 2 < ... < t i < ....
i =1
Let {Q i }∞
be
a
sequence of real square matrices Q i ∈ Rn×n for i = 1, 2, . . . . Let K
i =1
be a linear, time-invariant system with state space matrices (A, B,C , D). K with
impulsive state multiplication is a dynamical system that evolves according to
the following equations:
ẋ(t ) = Ax(t ) + Bu(t ) when t 6= t i , i = 1, 2, 3, ...
x(t i ) := Q i x(t i− ) for i

= 1, 2, 3, ...

y(t ) = C x(t ) + Du(t )

(4.54)
(4.55)
(4.56)

where t ∈ R+ , x K (t ) ∈ Rn , u(t ) ∈ Rm , y(t ) ∈ Rp , A ∈ Rn×n , B ∈ Rn×m , C ∈ Rp×n ,
D ∈ R1×m .
ISM is fully determined by the sequence of times when the states of K are
multiplied, {t i }∞
, and by the multiplication matrices, {Q i }∞
. For convenience
i =1
i =1
and brevity, we shall denote the resulting dynamical system as
∞
I SM (K , {t i }∞
i =1 , {Q i }i =1 ).

(4.57)

The multiplication matrices will be referred to as state multiplication matrices
(SMM), and in what follows, they will be assumed to be diagonal


qi 1
0
...
0
 0
qi 2 . . .
0 

Qi = 
(4.58)
 ...

0
...
qi n
for i = 1, 2, . . . ; n is the number of states in the state vector. The assumption on
diagonality simplifies the matters because it excludes any state coupling at the
time of the multiplication.

4.6.2 Stability
Applying impulses may destabilize a system which would be stable otherwise.
The following theorem provides sufficient conditions for the state of the system
to remain bounded given that the input is bounded.
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Theorem 1 Consider a system with impulsive state multiplication
∞
I SM (K , {t i }∞
i =1 , {Q i }i =1 ).

Assume that 0 < t i +1 − t i < Θ and° that the input
° signal is bounded, i.e. ku(t )k∞ <
∞. If there exists q < 1 such that °e A(ti +1 −ti )Q i ° < q for i = 1, 2, 3... then kx(t )k∞ <
∞.
Proof As t i +1 − t i < Θ, it is sufficient to show that x(t i− ) remains bounded for
i ∈ N. Observe that for i = 1, 2, 3...
x(t i−+1 ) =e A(ti +1 −ti )Q i x(t i− )+
+

Zti +1
e A(ti +1 −τ) Bu(τ)d τ.
ti

In what follows, fix the vectorRnorm k·k and assume that the induced matrix
t
norm is used. Let M := supi ∈N tii +1 ku(τ)kd τ and G := Me kAkΘ kB k and note
that, thanks to our assumptions on u(t ) and t i +1 − t i , M and G are both finite.
It follows from the properties of norm that for i = 1, 2, 3, ...
kx(t i−+1 )k ≤ qkx(t i− )k +G,
which gives for i = 2, 3, 4, ...
kx(t i− )k ≤ q i −1 kx(t 1− )k +

iX
−2

q k G.

k=0

i →∞

As q < 1, q i −1 −−−→ 0 and
iX
−2
k=0

qkG ≤

∞
X
k=0

qkG =

G
.
1−q

This concludes the proof. ■
Theorem 1 parallels the results known in the theory of impulsive systems
[113]. The theorem guarantees bounded-input-bounded-state stability when
only an upper bound on the time between impulses is assumed. Stronger results
can be obtained, for example, when the average time between the impulses is
considered. This approach is well known in switched systems [104].
Theorem 1 reveals the connection between the frequency and magnitude
of the impulses and the dynamics of the linear system. To see this explicitly,
consider the simple case when the time between the impulses is fixed, T :=
t i +1 − t i for i ∈ N, and the magnitude of the impulses is upper bounded by Q
such that kQ i k ≤ Q for i ∈ N. By taking the spectral norm, a particular variant of
the stability condition arises,
ke AT Qk ≤ Qke AT k < 1,

(4.59)
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which is slightly more conservative than Theorem 1 and can be rewritten as
ke AT k < 1/Q.

(4.60)

This form of the stability condition is easy to analyze. For instance, it is easy
to see that if the stability condition applies, the possible locations of the system
poles are limited. An upper bound on the real part of the system poles can be
obtained as follows. Assume that λ = a + i b is an eigenvalue of A. As T > 0, it
follows from the properties of the exponential, matrix norms and the stability
condition that
e aT ≤ |e λT | ≤ ke AT k,
(4.61)
which gives an explicit bound on the real part of the pole:
ℜ(λ) ≤

1
logQ
log ke AT k < −
.
T
T

(4.62)

The upper bound is particularly useful for Q > 1, that is, when the impulses
magnify some of the states. In that case, logQ > 0 and the real parts of the poles
are enforced to be less than a negative number which is proportional to the
frequency of the impulses. When Q ≤ 1, the upper bound shifts to nonnegative
numbers, suggesting that poles with a nonnegative real part may be present in
a stable impulsive system. Indeed, such systems can be found, for instance, by
constantly counteracting a state growth with an appropriate impulsive control
law. A more detailed analysis can be carried out when a particular structure is
imposed on matrix A.
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F IGURE 4.16 – Sufficient condition for stability of a second-order system under
regular impulses. The plots show the quantity ke AT Q i k as a function of the
frequency of the impulses applied and the natural frequency and the damping
coefficient of the plant, respectively. White corresponds to values less than one,
black corresponds to values greater than or equal to one. The system is
guaranteed to be stable in the white parameter region. From [114], © IEEE 2012.
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In the following, we demonstrate the stability condition for a second-order
system with natural frequency ωn and damping coefficient ξ. For such a system,
the matrix exponential can be explicitly evaluated [115], and we get
ke AT Q i k =
°

ξ
°
° −ξω T cos(ωd T ) + p1−ξ2 si n(ωd T )
n 
°
= °e
−ωd
si n(ωd T )
°
1−ξ2

1
ωd

°
°
°
 Qi °
°
si n(ωd T )
°
2

si n(ωd T )

cos(ωd T ) − p

ξ



1−ξ

(4.63)
p
where ωd = ωn 1 − ξ2 . Hence, the criterion takes a fully analytic form and recasts the stability as a function of the plant dynamics and the impulses applied.
To illustrate this, Figure 4.16 shows the stability criterion as a function of the
impulse frequency 1/T and the plant parameters ωn (Figure 4.16(a)) and ξ (Figure 4.16(b)). In Figure 4.16(a), ξ = 0.3 is fixed, in Figure 4.16(b) ωn = 300
· Hz, and
¸
2 0
in both cases, the impulse magnitude is uniform and fixed as Q i =
.
0 2
The white region depicts the parameter space in which the stability is guaranteed, the dark region depicts the parameter space in which ke AT Q i k > 1 and the
stability is not guaranteed. It is apparent that a high damping coefficient and/or
high natural frequency are vital for stability; the stability is not guaranteed if
fast impulses are applied to plants which are relatively “slow” or insufficiently
damped. It also becomes clear that the frequency of the impulses may interfere
with the natural frequency of the plant. For instance, the line-shaped stability
regions in Figure 4.16(a) arise when the impulses align with the natural frequency ωn , e.g., when T = c/ωn for some c ∈ N. In such a case, the stability may
be guaranteed even for very high impulse frequencies. Moreover, for these impulse frequencies, the stability is highly independent of the damping which can
be observed as the “peak” components in Figure 4.16(b). Further insights can
be obtained by exploiting the structure of the stability condition; in a similar
fashion, the stability can also be examined for more complex plants including
feedback systems.

4.7 Impulsive control for feedback systems
Consider a one degree of freedom, single-input-single-output control architecture which combines linear and impulsive control as in Figure 4.17. The aim
of the controller, K , is to force the plant, G, to track the reference signal, r (t ).
The controller comprises a linear feedback and linear feed-forward component,
K F B and K F F , respectively. The feedback component is subject to impulsive
state changes by the ISM block. ISM can be driven either by the reference signal, r , or the feedback measurement signal, y. The control and measurement
signals are affected by the input disturbance signal, d i , the output disturbance
signal, d o , and the measurement noise, n.
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F IGURE 4.17 – Control architecture combining linear and impulsive control.
Plant G is controlled by controller K comprising a feedforward component, K F F ,
and a feedback component, K F B . The I SM block impulsively modifies the states
of K F B based on the reference signal, r , and the measurement signal, y.
From [114], © IEEE 2012.

The ISM block can contain multiple impulsive control laws, which are applied simultaneously. Merging multiple impulsive control laws or combining
impulsive and linear control might be particularly useful, for example, when
multiple control objectives have to be met. In the control architecture presented, this can be achieved by partitioning the controller states.
Consider that the feedback controller, K F B , is decomposed as
K F B (s) =

N
X
j =1

j

K F B (s),

(4.64)

j

where K F B , j = 1, ..., N , are the controller components. Assume that the realization of the i -th transfer function is (A iF B , B Fi B ,C Fi B ) and consider the realization
of the sum of transfer functions with


AF B

A 1F B
0
...





=
 0

 ...



0
A 2F B

...
0

...

...

0

AF B

j

0

and the state partitioned as
x F B = ( x F1 B

...

x FNB )






... 


N
AF B
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j

j

where x F B ∈ Rn( j ) , j = 1, ..., N , is the state of K F B with the dimension n( j ) ∈ N.
Accordingly, the input matrix
£
¤T
B F B = B F1 B B F2 B . . . B FNB
(4.65)
j

j

j

j

where B F B ∈ Rn( j )×1 is the input matrix of K F B . The outputs of the controller
components are added,
£
¤
C F B = C F1 B C F2 B . . . C FNB ,
(4.66)
where C F B ∈ R1×n( j ) is the output matrix of K F B .
Assume that ISM is applied to the partitioned feedback controller,
∞
K̂ F B := I SM (K F B , {t i }∞
i =1 , {Q i }i =1 ).

(4.67)

The resulting impulsive controller, K̂ F B , has dynamics that evolve between
the impulses, t 6= t i , according to
x̂˙K (t ) = A F B x̂ K (t ) + B F B e(t )
y(t ) = C F B x̂ K (t ),
where x̂ K denotes the state of K and e(t ), y(t ) denote the system input and
output, respectively. At the time of impulses, t = t i , the state of K is multiplied
x̂ K (t i ) := Q i x̂ K (t i− ).
As the state x̂ K is partitioned according to the decomposition of the feedback controller, it is straightforward to partition the SMM:
Q i1
0
...







Qi = 
 0

 ...



0
Q i2

...
0

...

...

0

Qi

j

0






... 


Q iN

j

In the partitioned SMM, Q i ∈ Rn( j )×n( j ) is the SMM corresponding to the conj
KF B .

troller component
The advantage of the partitioning is that distinct impulsive control laws can be applied to the controller components. In the special
j
case when Q i is an identity matrix of appropriate dimensions, the correspondj

ing states evolve linearly. When Q i = 0, the corresponding states are reset to
zero.
The control architecture of Figure 4.17 is general and can be applied to a
variety of problems. Next, we provide a detailed treatment for the case when
ISM is combined with a single integral feedback controller to improve tracking
of piecewise constant and piecewise affine signals. Also, an example is given
involving a controller with multiple control objectives, which showcases the
amalgamation of multiple impulsive control laws and linear control.
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4.7.1 Tracking of piecewise constant signals
A piecewise constant signal r (t ), t ≥ 0 is determined by a series of time instants
{t i }∞
and values {v i }∞
such that r (t ) = v i when t ∈ [t i −1 , t i ) for i ∈ N. Coni =1
i =0
sider the control scheme of Figure 4.17 with I SM = 0, K F F = 0, and G with no
poles at the origin, and assume that the controller involves a single integrator.
In such a control scheme, a step signal can be tracked with a zero steady-state error. Hence, if the system bandwidth is sufficiently high, the piecewise constant
signal can be tracked with a short transient effect at the discontinuity points
and near-zero tracking error elsewhere.
By using impulsive control, the tracking performance of the single integral
controller K F B = k/s may be improved without increasing the controller bandwidth. Consider
·
¸
vi
Qi =
(4.68)
v i −1
for i ∈ N which multiplies the state of the feedback controller at time instants t i ,
i ∈ N, by the ratio of the successive reference signal values. It can be shown that
by using this SMM, the tracking error decays exponentially for any piecewise
constant signal if the plant dynamics can be neglected:
Theorem 2 Consider the control scheme in Figure 4.17 with K F F = 0, K F B = ks . If
G(s) = 1, all disturbance and noise signals are zero and r (t ) = v i for t ∈ [t i −1 , t i ),
i ∈ N, the controller
·
¸
k
vi
K̂ F B = I SM ( , {t i }∞
,
{
}∞ )
i =1
s
v i −1 i =0
tracks the reference signal with error
e(t ) = r (t ) − y(t ) = v i e −kt

Proof The claim will be shown by relating the system with the impulsive controller, K = K̂ F B , to the underlying linear system where K = K F B , I SM = 0 and
r (t ) = v 1 . The tracking error, the state of K̂ F B and the control effort in the control
loop with ISM will be denoted as e(t ), x̂(t ) and u(t ), respectively. The tracking
error, the state of K F B and the control effort in the control loop without ISM will
be denoted as e c (t ), x c (t ) and u c (t ), respectively.
Note that e c (t ) = v 1 e −kt . We will show that in the impulsive system, the
tracking error e(t ) = b i e c (t ) for t ∈ (t i −1 , t i ), i ∈ N, where
bi =

i
Y
vj
j =1 v j −1

=

vi
.
v1

First, let us convince ourselves that
x̂(t ) = b i x c (t )

4.7.1 – Tracking of piecewise constant signals

113

for t ∈ [t i , t i +1 ), where i ∈ N ∪ {0} and t 0 := 0 for convenience. Indeed, we can
show this by induction in i . For t ∈ [t 0 , t 1 ), x̂(t ) = x c (t ) trivially, because no
impulsive change has happened. For t ∈ [t i , t i +1 ), i = 1, 2, 3, ..., the state evolves
according to
Zt
At
x̂(t ) = e x̂(t i ) + e A(t −τ) Br (τ)d τ
0

where A and B correspond to the closed loop in Figure 4.17 with G(s) = 1. According to the definition of ISM, x̂(t ) is right continuous with left limits and
v
x̂(t i ) = v i x̂(t i− ). Because
i −1

x̂(t i− ) = b i −1 x c (t i ) =

iY
−1

vj

j =1

v j −1

x c (t i )

by induction,
x̂(t i ) =

i
Y
vj
j =1

v j −1

x c (t i ) = b i x c (t i ).

It follows from the assumptions on r (t ) that r (t ) = b i v 1 for t ∈ [t i , t i +1 ).
Therefore,
Zt
At
x̂(t ) = b i e x c (t i ) + e A(t −τ) B b i v 1 d τ = b i x c (t ).
0

Given that x̂(t ) = b i x c (t ), it immediately follows that u(t ) = b i u c (t ). Therefore,
the tracking error is
e(t ) = b i v 1 − b i u c (t ) = b i (v 1 − u c (t )) = b i e c (t ).
This concludes the proof. ■
Theorem 2 bounds the tracking error of an impulsive system with a single
integral controller and a piecewise constant reference on an ideal plant. It says
that the reference is tracked with an error that decays exponentially to zero.
Figure 4.18 illustrates the results of Theorem 2 in simulation. A piecewise
constant reference signal (shown in Figure 4.18(a) as thin blue curve) was randomly generated and tracked on an ideal plant, G(s) = 1, with a single integral
feedback controller K (s) = 5/s. The bandwidth of the controller is less than 1 Hz,
which is very low compared with the bandwidth of the reference signal. Consequently, the reference signal is tracked poorly and with a large tracking error,
as shown in Figure 4.18(a) and Figure 4.18(b) by the thick green curve. When
K is equipped with ISM, the resulting feedback controller K̂ is the nonlinear
system
½·
¸¾∞ ¶
µ
5
vi
K̂ = I SM , {t i }∞
,
.
(4.69)
i =1
s
v i −1 i =0
In controller K̂ , the impulsive control law multiplies the state of the low bandwidth integrator by the ratio of the successive values of the reference signal. By
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F IGURE 4.18 – Tracking of a piecewise constant reference signal with and
without impulsive control (ISM). With impulsive control, the tracking error
converges to zero despite the low bandwidth of the controller. The controller
bandwidth governs the error bounds (shown in subplot (b)), which decay
exponentially to zero. From [114], © IEEE 2012.

doing so, a near-perfect tracking performance is achieved after a short transition period (shown in Figure 4.18(a) and Figure 4.18(b) as dashed red curve).
The duration of the transition period and the magnitude of the tracking error
can be derived from Theorem 2. The bounds on the tracking error (up to the
scaling by v i ) are shown in Figure 4.18(b) by the solid black curve.
The assumption of G(s) = 1 is vital for Theorem 2 and essentially requires a
sufficient bandwidth and damping of the plant in the frequency region of the
impulses. Practical systems, such as scanners for SPM, are often designed specifically for a high bandwidth [116], and their dynamics may in addition be improved by active or passive damping [117, 31]. When G(s) 6= 1, the impulses may
excite the dynamics of the plant and result in transient effects. Also, reference
signals with large magnitude range may result in large impulses and introduce
inaccuracies, for example, by exceeding the linear range of the plant. A tailored
analysis of the performance may be conducted for the plants of interest, such
as for second-order linear scanners.

4.7.2 Tracking of piecewise affine signals
A piecewise affine signal r (t ), t ≥ 0, is determined by a series of time instants
{t i }∞
, offsets {v i }∞
and slopes {w i }∞
such that
i =1
i =0
i =0
r (t ) = v i + w i (t − t i −1 )

(4.70)

when t ∈ [t i −1 , t i ) for i ∈ N. In other words, a piecewise affine signal is a piecewise ramp signal with successive segments that do not necessarily share their
endpoints. We will assume that the ramp always has a nonzero slope, i.e., w i 6= 0
for i ∈ N. The class of piecewise affine signals includes some of the widely used
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signals in nanopositioning, such as triangular waveforms. In particular, triangular waveforms with fixed frequency and amplitude often arise as the fast axis
reference signal in raster scanning SPM and must be tracked accurately and at
high speeds. Changes in the scan range or speed result in triangular waveforms
with varying slopes and amplitudes which are also piecewise affine.
In the control framework of Figure 4.17, piecewise affine reference signals
can be tracked using a feedforward gain compensation and a single integral
feedback controller. Consider the system without ISM and assume that the
plant, G, has a nonzero, finite DC gain k P . To keep the control architecture
simple, we assume that the plant gain is known exactly and a compensation
with a constant term is applicable, K F F = k1 . With the feedforward compensaP

tion, it can be shown that a single integral feedback controller K F B (s) = ks tracks
a ramp reference signal with a zero steady-state error. Consequently, given sufficient bandwidth of the system, also a piecewise affine reference can be tracked.

eo

r
-

KFF

-

KFB

di

do

+

+

G

G
ISM

FEEDFORWARD COMPONENT

n
y +

FEEDBACK COMPONENT

F IGURE 4.19 – A control scheme equivalent to that in Figure 4.17, separating the
feed-forward and feedback components and revealing the role of the open-loop
plant tracking error, e 0 (t ). From [114], © IEEE 2012.

By employing impulsive control, high-bandwidth piecewise affine signals
can be tracked even with low bandwidth K F B . The ISM control law that can do
this originates in the control architecture for piecewise constant signals devised
in Section 4.7.1. The problems are linked because tracking of piecewise affine
signals inherently involves tracking of piecewise constant signals. In our control
scenario, this is true for a class of plants and can be shown in two steps. First, the
feedforward and feedback components of the control scheme in Figure 4.17 are
structurally separated and connected in sequence, with the feedforward component preceding the feedback loop. Second, the output of the feedforward
component is modeled based on the plant model. For a class of plants, the signal entering the feedback component is shown to be approximately piecewise
constant.
A purely algebraic separation of the feedforward and feedback components
of the control scheme of Figure 4.17 (keeping I SM = 0) results in the equivalent
scheme of Figure 4.19. The feedforward and feedback components are connected in cascade. The signal produced by the feedforward component, e 0 (t ),
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corresponds to the tracking error that would occur if the reference signal was
applied to the plant in open loop with only the gain compensation.
We will model e 0 (t ) for a class of linear, time-invariant plants with a nonzero,
finite gain and proper transfer function. Let
G(s) =

a(s) s m + a m−1 s m−1 + ... + a 0
= n
b(s)
s + b n−1 s n−1 + ... + b 0

(4.71)

such that m ≤ n, a 0 6= 0, b 0 6= 0 and denote k F F := b 0 /a 0 . Let r (t ) be a ramp
signal with slope w and offset v, r (t ) = v + w t for t ≥ 0. Then the steady-state
tracking error
b1 − kF F a1
lim [r (t ) − k F F G(r (t ))] =
w,
(4.72)
t →∞
b0
where G(r (t )) denotes the output of G under input r (t ). Hence, for a fixed plant,
the steady-state tracking error under a ramp input is constant and proportional
to the slope of the ramp. If the bandwidth of the plant is sufficiently high, such
that the transients can be neglected, the complete tracking error can be approximated by a constant. By treating a piecewise affine signal as a sequence of ramp
signals, the tracking error for a piecewise affine reference can be approximated
as piecewise constant.
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F IGURE 4.20 – Tracking of a piecewise affine signal on a second-order scanner
(simulation). The tracking error is approximately piecewise constant and is
determined by the slope of the reference signal. From [114], © IEEE 2012.
Figure 4.20 illustrates these results in simulation for a second-order plant
with natural frequency 1 kHz and damping ratio 0.5. A random triangular waveform with different amplitudes and slopes was applied to the plant and the
output was subtracted from the input to obtain the tracking error. The tracking
error is approximately piecewise constant, with short transients at the points
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where the reference signal changes the slope. The character of the transients
depends on the bandwidth and damping of the plant.
Having a model of e 0 (t ), the feedback component of the control scheme
of Figure 4.19 can be designed accordingly. Under the assumption that the
transients in e 0 (t ) can be neglected, e 0 (t ) is tracked as a piecewise constant
signal with SMM
·
¸
wi
Qi =
(4.73)
w i −1
for i ∈ N. The SMM multiplies the state of the feedback controller by the ratio
of the successive slopes of the reference signal. By doing so, the tracking error
can be reduced under the same conditions as discussed in Section 4.7.1. In particular, for sufficiently damped plants the tracking error diminishes according
to the exponential bounds of Theorem 2.
The approach taken in this section can also be used for other classes of
signals. In general, discontinuous signals with sudden changes or control tasks
which inherently work with these signals are natural applications for impulsive
control.

4.7.3 Impulsive control for structured controllers
We give an example in which a structured SMM is used to implement two distinct impulsive control laws and combine them with linear control. Consider
a feedback controller for which the control objectives are tracking and disturbance rejection. The objective is to track a piecewise affine reference signal,
r (t ) = v j +w j (t −t Rj ) for t ∈ [t Rj−1 , t Rj ), j ∈ N, in the presence of a harmonic input
disturbance, d i , and a piecewise constant output disturbance, d o (t ) = z k for
Do
t ∈ [t k−1
, t kDo ), k ∈ N. Whereas the reference signal is typically known exactly, additional techniques such as detection and observer schemes might be needed
to estimate the disturbance signals. In the following, we assume that both the
reference and the disturbance signals are known explicitly.
Assume that the feedback controller is decomposed into three components
K F B = K FRB + K FDiB + K FDo
B

(4.74)

as in Figure 4.21. K FRB = k R /s is the tracking component and is based on a
single integral controller with gain k R . As discussed in Section 4.7.2, a single
integral controller is sufficient for tracking piecewise affine signals if a gain
compensation for the plant, K F F = 1/k P , is present. The disturbance rejection
D
D
component K FDo
B = k /s is also a single integrator with gain k . The linear
component K FDiB rejects the harmonic disturbance, and we assume that it is
based on a conventional design, such as PID or H∞ control.
The performance of components K FRB and K FDo
B is critical for the control
design and can be improved by impulsive control. For each component, the
impulses must be driven by a different source, namely, by the reference and
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F IGURE 4.21 – Control architecture combining linear and impulsive control.
Plant G is controlled by controller K comprising a feedforward component, K F F ,
and a feedback component, K F B . The I SM block impulsively modifies the states
of K F B based on the reference signal, r , and the output disturbance signal, d o .
From [114], © IEEE 2012.

disturbance signal. Impulsive control is not needed for K FDiB , in which a linear
evolution of the states is adequate.
The combined performance objectives can be achieved by the impulsive
feedback controller
∞
I SM (K F B , {t i }∞
(4.75)
i =1 , {Q i }i =1 ),
where {t i }∞
= {t Rj }∞
∪ {t kDo }∞
is an ordered, strictly growing time sequence
i =1
j =1
k=1
merging the time sequences corresponding to r (t ) and d o (t ). For the time instant t i , the SMM matrix can be broken down as
I
Qi =  0
0


0
Q iR
0


0
0 .
Q iDo

(4.76)

In Q i , the identity matrix corresponds to the state vector of K FDiB and guarantees
that the states evolve linearly. The SMM submatrix corresponding to K FRB is
(
Q iR

=

w j /w j −1

∃ j : ti = t j

1

otherwise.

(4.77)

Q iR multiplies the state of K FRB by the ratio of successive slopes of the reference
signal, as in Section 4.7.2. The SMM submatrix corresponding to the disturb-
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ance rejection component is
(
Q iDo

=

z k /z k−1

∃k : t i = t k

1

otherwise

(4.78)

and multiplies the state of K FDo
B by the ratio of successive values of the disturbance signal. The resulting controller has a set of linear states evolving simultaneously with two integrators under distinct impulsive control laws.

4.8 Relation between impulsive control and signal
transformation approach
In this section, we point out the relations between impulsive control and STA.
First, we elaborate on the inherent connection between impulsive multiplication of system states and multiplicative signal transformation of the system
input and output. Next, we use this general result to analyze the STA architecture for tracking of triangular waveforms and compare it to the ISM-based
scheme. The analysis reveals several important facts related to the performance
and implementation of both ISM and STA.

4.8.1 ISM and multiplicative signal transformation
The link between ISM and STA is based on the fact that multiplicative impulsive
changes to the state of a linear system are equivalent to multiplicative transformation of the system input and output. This important fact is stated precisely in the following.

K
u

J -1

u'
K

y'

J

y

F IGURE 4.22 – Multiplicative signal transformation. The input and output of
linear system K are transformed by a pair of mutually inverse multiplicative
transformation operators. This scheme is equivalent to ISM applied to system K ,
thereby creating a link between ISM and STA. From [110], with permission from
Elsevier.
Consider the control scheme in Figure 4.22. The input and output of a linear, time-invariant system K , is transformed by a pair of signal transformation
operators J −1 and J , respectively. Assume that the time, t ≥ 0, is divided into
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intervals [t i −1 , t i ), i ∈ N. The transformation operators are piecewise constant
over the time intervals and multiply the signals as
J (u(t ), t ) := j i u(t )
J −1 (u(t ), t ) := j i−1 u(t )

(4.79)

for t ∈ [t i −1 , t i ), i ∈ N. The multiplication factors j i , i ∈ N, are non-zero real
numbers. At any given time point t ∈ [t i −1 , t i ), the input signal, u(t ) is transformed into u 0 (t ) := j i−1 u(t ) and enters system K . The output of K , y 0 (t ), is
transformed as y(t ) = j i y 0 (t ). Hence, the input and output signals entering system K are pre-multiplied and post-multiplied, respectively, by mutually inverse
scalar factors.
The multiplicative signal transformation shown in Figure 4.22 is tightly related to ISM. In fact, for a given input u(t ), multiplication factors { j i }∞
and
i =1
times {t i }∞
,
the
output
y(t
)
of
system
K̄
is
the
same
as
the
output,
z(t
),
of
the
i =1
impulsive system
j i +1 ∞
K̂ := I SM (K , {t i }∞
I }i =1 )
(4.80)
i =1 , {
ji
for all times t ≥ 0.
We can see this by induction with respect to the sequence of time intervals
[t i −1 , t i ), i ∈ N (letting t 0 := 0 for convenience). First, let us show that in the l -th
time interval,
x K̂ (t ) = j l x K̄ (t )
(4.81)
In the first interval (l = 1), the claim holds since both systems have equivalent
dynamics, started in the same (zero) state and no non-linear state change has
happened.
Assume now that the claim holds up to the end of the interval i − 1 and let
us investigate the evolution in the i -th time interval [t i −1 , t i ). The state of K̂
immediately after the impulsive change at time t = t i −1 is
x K̂ (t i −1 ) =

ji
x (t − ) = j i x K̄ (t i −1 )
j i −1 K̂ i −1

(4.82)

by the inductive hypothesis.
Let (A, B,C ) be a state space realization of K . Knowing the initial states, the
state evolution of K̄ and K̂ for t ∈ [t i −1 , t i ) is
x K̄ (t ) = e At x K̄ (t i −1 ) +

Zt

e A(t −τ) B [ j i−1 u(τ)]d τ

(4.83)

t i −1

x K̂ (t ) = j i e At x K̄ (t i −1 ) +

Zt

t i −1

from where it follows that x K̂ (t ) = j i x K̄ (t ).

e A(t −τ) Bu(τ)d τ

(4.84)

4.8.2 – Tracking of triangular waveforms

121

Now we can turn our attention to the output of the system. For t ∈ [t i −1 , t i ),
i ∈ N,
y(t ) = j i y 0 (t ) = j i C x K̄ (t ) = C x K̂ (t ) = z(t )
(4.85)
Hence, we have seen that multiplicative signal transformation by factors j i
j
and 1/ j i is equivalent to ISM with SMM Q i = ij+1 I .
i

4.8.2 Tracking of triangular waveforms
Based on the relation between multiplicative impulsive changes to the state of
a linear system and multiplicative signal transformation of its input and output presented in the preceding section, STA and ISM for tracking of triangular
waveforms can be rigorously linked.
In what follows, the STA control scheme for tracking of triangular waveforms
(see Section 4.5) is decomposed and simplified in a series of steps as shown in
Figure 4.23. This provides useful insights into the inherent properties of the
scheme and reveals its relation to impulsive control.
First, define the signal transformation operator
J (x(t ), t ) := (−1)i −1 x(t )

(4.86)

for t ∈ [(i − 1) T2 , i T2 ), i ∈ N. The operator J inverts the sign of the input signal in
the even half periods of the reference signal, i.e. when the triangular waveform
is decreasing. It preserves the sign of the input signal in the odd half periods.
Hence, J is the basic element of the transformation between a triangular waveform and a ramp signal. Further, define the signal
i
f (t ) := 2Ab c
2

(4.87)

for t ∈ [(i − 1) T2 , i T2 ), i ∈ N, which is a stair-like signal increasing by the magnitude of 2A every period of the triangular reference.
Using the transformation operator J and the auxiliary signal f (t ), we realize
that
Φ(x(t ), t ) = J (x(t ), t ) + f (t )
(4.88)
and by rewriting Φ−1 as
i
Φ−1 (x(t ), t ) = (−1)(i −1) (x(t ) − 2Ab c)
2

(4.89)

Φ−1 (x(t ), t ) = J (x(t ) − f (t ), t )

(4.90)

we also get
Therefore, the control scheme of Figure 4.23(a) is equivalent to the control
scheme of Figure 4.23(b), with the transformation blocks decomposed.
It is now apparent that the auxiliary signal f (t ) added to the plant output
cancels out the same signal stemming from the leftmost Φ operator. This yields
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F IGURE 4.23 – Tracking of triangular waveforms: the relation between STA and
ISM. The figure shows a sequence of equivalent control schemes which unveil the
relation between STA (subfigure (a)) and ISM (subfigure (g)). From [110], with
permission from Elsevier.
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the control scheme of Figure 4.23(c). In a similar fashion, the transformation
operators acting on the reference signal and output of the plant can be merged
and put inside the feedback loop, yielding the control scheme of Figure 4.23(d).
Now, the auxiliary signal f (t ) is entering the feedback loop at a single point
only. Interestingly, the signal can be further decomposed into an unbounded
part, g (t ) , and bounded part, h(t ), as
f (t ) = g (t ) − h(t )
where
g (t ) = 2A
and
h(t ) = 2A(

t
T

t
i
− b c)
T
2

(4.91)

(4.92)

(4.93)

for t ∈ [(i − 1) T2 , i T2 ), i ∈ N. The signal g (t ) is a ramp signal with slope 2A/T and
h(t ) is a sawtooth signal in the range [−A, A]. Let us pass the bounded part, h(t ),
through the transformation operator. We realize that
J (h(t ), t ) = (−1)(i −1) 2A(

i
t
− b c) = r (t )
T
2

(4.94)

Hence, the bounded part is nothing else than a feedforward connection to the
ramp reference signal. Recognizing this explicitly, we obtain the control scheme
of Figure 4.23(e).
Since the exact form of K is known, the controller input which corresponds
to the auxiliary signal g (t ) can be found by inverting the transfer function of
K . We look for g 00 (t ) such that the following equation in the Laplace domain is
satisfied:
L {g (t )}(s) = K (s)L {g 00 (t )}(s)
(4.95)
Since g (t ) is a ramp signal of slope 2A/T , its Laplace transform is L {g (t )}(s) =
2A/T
and the equation
s2
2A/T
k1 s + k2
=
L {g 00 (t )}(s)
s2
s2

(4.96)

yields the solution
L {g 00 (t )}(s) =

2A/T
k1 s + k2

(4.97)

By taking the inverse Laplace transform,
g 00 (t ) =

2A/T − kk2 t
e 1
k1

(4.98)

Further, the transformation operator can be inverted and g 0 (t ) can be found
such that J (g 0 (t ), t ) = g 00 (t ) for all times. The inversion yields
g 0 (t ) = (−1)i −1

2A − kk2 t
e 1
k1 T

(4.99)
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for t ∈ [(i − 1) T2 , i T2 ), i ∈ N. The resulting control scheme is shown in Figure 4.23(f).
Finally, it follows from Section 4.8.1 that K̄ can be replaced with the impulsive system
T
I SM (K , {i }∞
, {−I }∞
(4.100)
i =1 )
2 i =1
while yielding the same input-output relation. Figure 4.23(g) shows the final
control scheme which is equivalent to the scheme in Figure 4.23(a).
The analysis shows that the STA scheme for tracking of triangular waveforms is equivalent to a negative feedback control loop with a feed forward
connection and an impulsive feedback controller. The sign of the controller
state is reversed at each turnaround point of the triangular reference signal.
Furthermore, the presence of a fixed bounded signal, g 0 (t ), was revealed which
enters the feedback loop externally. The signal is implicit in the definition of
the transformation operators. The signal decays exponentially to zero, however,
it is responsible for the large transient tracking error which is typically observed
in the STA control loop.

4.8.3 Transient performance of STA
The analysis presented in the preceding sections shows that the transient tracking error of STA for tracking triangular waveforms is strongly affected by the
disturbance signal g 0 (t ) entering the feedback loop, see Figure 4.23(e). The disturbance signal is intrinsically generated by the signal transformation operators
and depends on the reference signal, r (t ), and the double-integral feedback
controller, K :
k1 s + k2
K (s) =
(4.101)
s2
The effect of g (t ) on the tracking error can be estimated as follows. Assume
that the scanner transfer function can be approximated as G(s) = 1 (i.e. the
scanner is well damped and has sufficient bandwidth in the frequency region in
which the major spectral components of the reference signal occur). Consider
the control scheme in Figure 4.23(e) and note that for G(s) = 1 and r (t ) = 0, the
transformation blocks J cancel each other and the tracking error induced by
g (t ) is the same as in the feedback loop K/(1+K) tracking g (t ) as the reference
signal (up to an alternating sign). Since g (t ) is a ramp signal of slope 2A/T and
K (s) = k 1 /s + k 2 /s 2 is a double integral controller, the transient tracking error
corresponding to g (t ) is
L {e g (t )}(s) =

2A/T
2A/T
1
·
= 2
2
1 + K (s)
s
s + k1 s + k2

(4.102)

up to alternations in the sign. Hence, the tracking error induced by g (t ) corresponds to a natural response of a second-order system with “damping coefficient” k 1 and “spring coefficient” k 2 . For example, if k 2 > k 12 /4, we get the
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explicit equation
2A/T
|e g (t )| = r
k2 −

s
e

k
− 21

t

sin t

k2 −

k 12

(4.103)

4

k 12
4

The equation says that the magnitude of the tracking error induced by g (t ) is a
sinusoidal waveform that exponentially decays to zero. It is possible to design
the feedback controller so that the transient response is “critically damped” by
choosing gains k 1 , k 2 which preserve the equation k 2 −

k 12
4

= 0.
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F IGURE 4.24 – The transient tracking error of STA as a function of the feedback
controller gains. By choosing the controller gains carefully, a critically damped
transient response may be achieved (in dashed blue). Oscillations may occur,
however, for certain combinations of controller gains (in bold red). The transient
tracking error can be quantified accurately (in dotted green). From [110], with
permission from Elsevier.
Let us demonstrate the effect of the feedback controller gains on the transient tracking error of STA. Assume that G is a second order scanner with natural
frequency 3000 Hz and damping coefficient of 0.8. Consider that a triangular
reference signal of frequency 100 Hz and amplitude 5 µm is tracked using the
STA control architecture of Figure 4.23(a) with two different feedback controllers. In the first configuration, the coefficients are k 1 = 100 and k 2 = 2500, so
k2

that k 2 − 41 = 0. In the second configuration, k 1 = 50 and k 2 = 2500. Figure 4.24
shows the tracking error for the first and second configuration in dashed blue
and solid red, respectively. As predicted by theory, the first configuration exhibits a transient tracking error which converges exponentially to zero without oscillations. The tracking error of the second configuration also decays exponen-
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tially to zero, however, with undesirable transient oscillations. For the second
configuration, the estimate of the transient tracking error based on Equation
(4.102) is shown in dashed green. Equation (4.102) captures the tracking error
exactly if G(s) = 1; for plants which are well damped and sufficiently fast, such
as the one used in the simulation, Equation (4.102) can be used as an accurate
estimate of the tracking error. This is very useful, for example, for predicting the
duration of the transient phase and maximum overshoot.
The transient response of STA can be improved in several ways. In the
most straightforward approach, STA can be simplified and the parasitic disturbance signal g 0 (t ) completely removed. For instance, the control scheme in
Figure 4.23(f) suggests that STA can be implemented by merely inverting the
sign of the input and output of the feedback controller and using a constant
feed-forward term. Also, the equivalent performance can be achieved with the
ISM-based control scheme of Figure 4.23(g).
Feedforward controller
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Φ
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Φ
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F IGURE 4.25 – Feed-forward control architecture for improvement of the
transient tracking error in STA. The feedforward controller comprises an
auxiliary transfer function K/(1+K), a zero-order-hold element and a signal
transformation function J which inverts the sign of the signal every half period
of the triangular reference signal. From [110], with permission from Elsevier.
If the signal transformation operators and the structure of the feedback
loop must be preserved, it is possible to significantly improve the tracking performance by using an additional feed-forward controller. In this approach, the
disturbance signal g 0 (t ) is reproduced in the feed-forward controller and injected at appropriate points of the STA feedback loop. Figure 4.25 suggests
a possible implementation. The feedforward controller consists of three components, namely an auxiliary transfer function 1/(1+K ), a zero-order-hold term
(ZOH) with time interval T /2 and the signal transformation operator J . The input of the feedforward controller is the reference signal as transformed by Φ.
The output of the feedforward controller enters the feedback loop at two points,
namely it is subtracted before the control signal enters the scanner and it is added to the measurement. By doing so, the invariants of the STA feedback loop
are preserved, however, a large part of the transient tracking error is removed.
The second component of the transient tracking error is common for STA
and impulsive control and is governed by the feedback controller, K , as it con-
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verges to remove the tracking error that would occur in the absence of control.
In the case of a fixed frequency triangular reference signal, the tracking error
in the absence of control often is an approximately piecewise constant signal
of some magnitude m, in which m depends on the slope of the signal and the
scanner dynamics [118].
It can be shown that on fast plants, the magnitude of the tracking error decreases approximately as the output of the system 1/(1+K) under a step input of
magnitude m. For a single or double integral K , this results in an approximately
exponential decrease in the tracking error which does not depend on frequency
of the reference signal.
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F IGURE 4.26 – Transient tracking error for a feedback loop based on impulsive
control. A 20 Hz triangular waveform results was tracked by means of a slow
linear feedback controller. The transient tracking error decays to zero
approximately exponentially. From [110], with permission from Elsevier.

Consider again a second-order scanner with natural frequency 3000 Hz and
damping coefficient of 0.8. Assume that an impulsive control loop as given in
Section 4.6 is tracking a 20 Hz triangular signal with amplitude 5 µm by means
of a slow single integral feedback controller K (s) = 10/s. Figure 4.26 shows the
transient tracking error in bold red. The tracking error decays to almost zero in
about half a second; the speed of the decay and the intra-period transients only
depend on the scanner and the feedback control. In dashed green, the output
of the auxiliary transfer function 1/(1 + K ) is shown when a step is applied to its
input. We see that the convergence of the impulsive control loop corresponds to
that of the auxiliary system. The “peaks” in the tracking error are caused by the
plant response to the impulsive changes of the controller state. Thanks to the
short settling time of the plant, the stability and performance of the impulsive
control loop is not significantly affected and the response closely follows that
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of the auxiliary system.
The transient response can be tuned by changing the bandwidth and type
of the feedback controller. If the value of m can be predicted, for example based
on a model of the scanner, the state of the feedback controller can be preset
appropriately which may decrease the convergence time significantly.

4.9 Experiments
In this section, the concept of impulsive control and its properties are demonstrated in an experimental AFM setup. In the experiments, impulsive control
is used for closed-loop control of the uniaxial short-range scanner incorporated in a dual-stage nanopositioning system as described in Chapter 3. For
the use with impulsive control, the high linearity and clean dynamics of this
short-range scanner are particularly advantageous. For position sensing, the
magnetoresistance-based displacement transducer described in Chapter 2 is
employed.*
For the stability and performance of impulsive control and STA, the flat
frequency response of the scanner is of key importance. To that end, the mechanical resonances were damped by inverting the scanner dynamics in a feedforward fashion. The resulting transfer function could be approximated as G(s) ≈ 1
in the frequency region below approx. 250 Hz. Owing to the voice-coil actuation
principle, the dynamics of the scanner are highly linear, which is also important
for impulsive control. For positioners with significant nonlinearities, such as
piezo-actuated positioners, additional compensation techniques might have to
be employed, such as feedforward inversion [80] and charge amplifiers [61].

4.9.1 Impulsive control for tracking piecewise affine signals
In this experiment, the performance of a linear feedback loop with and without
ISM is compared and its effect on the quality of AFM imaging is demonstrated.
The control architecture used is the one shown in Figure 4.17, with G denoting the shaped dynamics of the short-range scanner along the single actuation
axis. The feedback controller, K F B was chosen as a simple integral controller
such that the closed loop system has a low bandwidth below 1 Hz. A benefit
of such a scheme is that it minimizes the impact of measurement noise on the
positioning precision. The feedforward term K F F was chosen as unity because
the DC gain of the scanner is 1.
We performed AFM imaging of a lithographically patterned silicon surface
over an area of 3.5 µm × 1.5 µm using a raster scan trajectory (see Chapter 5)
and thermomechanical cantilevers [119, 19] operated in constant-height mode.
* In the experiments, we used an earlier version of the short-range scanner that features the
same actuation principle and has a similar dynamical response to the one described in Chapter 3.
A photograph and more information on the early version of the dual-stage scanner system can be
found in [114].
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In the first case, the controller was only the linear feedback system as described
above. In the second case, the linear feedback system was equipped with an
ISM-based impulsive control law as described in Section 4.7.2. Because the
fast axis reference signal corresponding to the raster scan trajectory, r , is a
constant-amplitude, constant-frequency triangular waveform, the ISM control
law means that we simply invert the sign of the accumulator of K at every turnaround point of r .
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F IGURE 4.27 – Comparison of tracking error for closed loop feedback control
without and with ISM. The upper panel shows the settling period of ISM, the
lower panel shows the steady-state performance. The frequency of the reference
signal was 100 Hz. Figure ©IOP Publishing 2011, reprinted from [120] with
permission.

The tracking performance of the closed-loop system with and without ISM
is compared in Figure 4.27. Using the ISM-based feedback controller, after a
short settling time (top panel) a near-zero steady-state tracking error (bottom
panel) is achieved; the convergence time corresponds to the rise time of the
feedback loop K /(1 + K ) under a step input which is consistent with the estimates presented in Section 4.8. The significant reduction of the tracking error is
truly remarkable as it is enabled solely by the impulsive control law, with the
bandwidth of the linear portion of the controller remaining very low. This significantly decreases the noise sensitivity of the control loop, as we demonstrate
in the next section.
Figure 4.28 shows how the improved tracking performance affects AFM imaging by comparing the images obtained using open-loop control (on the left),
feedback control without ISM (in the middle) and feedback control with ISM
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F IGURE 4.28 – The images of nanopatterns obtained with three different control
schemes. The image on the left was acquired in open loop, using only the
shaping of the scanner dynamics. The image in the middle was obtained using
feedback control without ISM. The image on the right was acquired using
feedback control with ISM. The height is in nanometers. The images were
obtained in approx. 2 seconds. Figure ©IOP Publishing 2011, reprinted
from [120] with permission.

(on the right). The closed-loop image without ISM is similar to the open-loop
image because of the very low bandwidth of the controller. The tracking error
consists mainly of a tracking lag component that results in an uncorrected, unknown shift in the scan data that is different for forward and backward scans.
This shift, different for subsequent scan lines, is the dominant source of the
distortion seen in the image. On the other hand, in the control architecture
with ISM the tracking error is minimized without increasing the bandwidth of
K . This not only results in detecting the real positions of the nanopatterns but
also yields consistent data in both scan directions, speeding up the imaging by
a factor of two.

4.9.2 Sensitivity to measurement noise
One striking advantage of impulsive control is that fast and accurate tracking
can be achieved without compromising the positioning resolution, even in the
presence of significant measurement noise. In what follows, we present a comparative study between a high-bandwidth linear controller and the ISM-based
controller in terms of their sensitivity to measurement noise. Both controllers
have a similar tracking performance.
The character and frequency spectrum of the measurement noise are de-
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F IGURE 4.29 – Frequency spectra of the scanner motion induced by
measurement noise. The measurement noise (dashed green curve) significantly
affects the scanner motion if a high-bandwidth linear controller is used (solid
blue curve). By using impulsive control, the positioning error introduced is
significantly smaller (red curve) without compromising the tracking
performance. From [114], © IEEE 2012.

termined by the position sensor. In this study, the magnetoresistive position
sensor with nanometer-scale resolution introduced in Chapter 2 is used to
demonstrate the effect of ISM. The spectral characteristics of the measurement
noise are presented in Figure 4.29 and are largely dominated by 1/f noise as is
common for this type of sensor; spurious peaks occur at frequencies which are
multiples of 50 Hz, and are due to the ambient electrical noise. The standard
deviation is approx. 9 nm over the frequency range from 0 Hz to 3 kHz.
For the purposes of a fair comparison, the ISM-based controller used in
Section 4.9.1 was compared with a linear high gain integral feedback controller
K F B (s) = 1530/s. By using a large gain in K F B , the steady-state performance
of both control schemes was made equivalent. The ISM-based and the linear
controller were used to track a reference signal of frequency 130 Hz.
For the linear controller, the simulated spectral characteristics of the estimated positioning error are shown in Figure 4.29 in blue. Because of the high
bandwidth of the controller, the measurement noise at low frequencies significantly affects the motion of the scanner and induces a positioning error with a
standard deviation of more than 8 nm over the frequency range examined.
For the ISM-based control scheme, the standard deviation of the positioning error is less than 1 nm over the frequency range from 0 Hz to 3 kHz. The
spectral characteristics are shown in Figure 4.29 in red. This improvement in
resolution is achieved even though the tracking performance is not compromised; in fact, the transient tracking performance of the ISM-based controller
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is even better than that of the linear controller. However, there are additional
peaks in the frequency spectrum which are induced by the impulsive changes
of the controller state. In particular, the spectral component at 130 Hz corresponds to the frequency of the signal tracked. Further spectral components at
frequencies which are multiples of 130 Hz occur because of the discontinuous
evolution of the state. However, these spectral components have only minimal
influence on the overall tracking performance. Moreover, they are not strongly
affected by the closed-loop dynamics because the impulsive control law is of
feedforward type and is fully determined by the reference signal.

4.9.3 Multiobjective impulsive control: Tracking and disturbance
rejection
Impulsive control can be applied to feedback controllers with a complex structure, such as those designed for achieving multiple control objectives simultaneously. To demonstrate this, a feedback controller for the control architecture
of Figure 4.17 is presented which can track a fast triangular waveform in the
presence of a sinusoidal input disturbance.
The feedback controller consists of a tracking component, a disturbance
rejection component and an ISM-based component. Using the notation introduced in Section 4.7.3, the controller takes the form
K F B (s) = K FRB (s) + K FDiB (s),

(4.104)

where K FRB (s) = k/s is the tracking component, here a single integrator with gain
k, and K FDiB rejects the sinusoidal input disturbance. For example, K FDiB can be
a peak filter or a model-based controller. To track the fast triangular waveform
with low gain k, K FRB is extended with an impulsive control law as in the previous
experiments. On the other hand, given the type of the disturbance, the states of
K FDiB are not affected by the impulsive control law and evolve linearly.
This feedback controller was used for high-speed AFM imaging in the presence of significant input disturbance that would cause scanner motion of more
than 500 nm in the absence of control. Figure 4.30 compares the images taken in
open-loop mode and with the feedback controller. In open-loop mode, the image is heavily distorted by the input disturbance, as is evident in Figure 4.30(a).
By using the proposed controller, the effect of the input disturbance is minimized and at the same time, excellent tracking performance is achieved (Figure 4.30(b)).

4.9.4 Transient performance of STA and impulsive control
Section 4.8 provided a detailed analysis of the relation between impulsive control and the recently published STA. It was shown that for triangular waveform
tracking, both schemes are inherently linked and equivalent in their steadystate performance. However, one of the conclusions of the theoretical analysis

4.9.4 – Transient performance of STA and impulsive control
(a) Open loop
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(b) Structured feedback controller with ISM

F IGURE 4.30 – High-speed AFM images of approx. 1000 × 250 × 100 nm
titanium nitride nanopatterns taken in the presence of a significant input
disturbance. The image in (a) was acquired in open-loop; the image in (b) was
acquired using a feedback controller with combined control objectives for
tracking and disturbance rejection. It demonstrates the combination of
impulsive and linear control: the good tracking performance was obtained with
only a low-gain integrator with ISM. Moreover, at the same time, the effect of the
input disturbance was minimized. From [114], © IEEE 2012.

is that the transient tracking error when using impulsive control is significantly
smaller than in the case of STA, with both control architectures having the same
steady-state performance. In what follows, experiments are presented which
compare the performance of impulsive control and STA for the tracking of triangular signals.
(b) Tracking error
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F IGURE 4.31 – Tracking of a fixed frequency triangular waveform with a control
architecture based on impulsive control (in blue) and signal transformation
approach (in red). The frequency of the reference signal was 75 Hz and the
amplitude was 1 µm. From [110], with permission from Elsevier.
The STA control architecture was implemented as shown in Figure 4.23(a).
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A double integral controller
K (s) =

50 1000
+ 2
s
s

(4.105)

was used together with a pair of signal transformation operators Φ, Φ−1 as
defined in Section 4.5. By doing so, the triangular reference signal was transformed into a ramp signal which was tracked by the feedback controller K .
In the control architecture based on impulsive control, the control scheme
of Figure 4.17 was used with the feedforward term K F F (s) = 1 and the the feedback controller
50
K F B (s) =
(4.106)
s
As the DC gain of the scanner was known exactly, a single integrator was sufficient to provide a near-zero tracking error in the steady state. The state of
the feedback controller was multiplied by −1 at every turnaround point of the
triangular reference signal. The factor of −1 is the ratio of the successive slopes
of the single frequency triangular signal.
Figure 4.31 compares the tracking performance of STA and impulsive control. As predicted by theory, the transient phase of STA is dominated by a large
overshoot which exponentially decays to zero. Because of the overshoot, the
amplitude of the reference signal had to be limited so that the scanner stroke
was not exceeded in the transient phase. The transient effects also induced
unwanted mechanical vibrations. The transient phase of the impulsive control
scheme did not suffer from the overshoot present in STA and quickly achieved
the convergence as discussed in Section 4.8.3. The steady state performance of
both schemes was comparable.

Chapter 5

Scan trajectories
In this chapter, we address the fourth pillar of high-speed nanopositioning,
namely, scan trajectories. Scan trajectory is the path that a cantilever follows
in order to map a given scan area. Accurate and precise tracking of scan trajectories is one of the primary objectives of lateral nanopositioning. Because
the scan trajectory determines the reference signals that have to be tracked by
the scanner, it has a significant impact on the choice of the control architecture,
the control design, the achievable tracking performance, and the sensing-noise
resilience of the closed-loop system. In the first part of this chapter, we review
the existing scan trajectories with a particular emphasis on alternative nonraster trajectories, and introduce a novel scan trajectory that is based on the
so-called Lissajous patterns. In the second part of the chapter, we generalize
the trajectory design problem, introduce universal metrics of spatial resolution
and formulate the trajectory design problem in the framework of mathematical
optimization.

5.1 Scan trajectory in a nanopositioning system
Figure 5.1 shows how a scan trajectory is typically intertwined with the lateral
nanopositioning system. Based on the requirements on duration and spatial
resolution, the scan trajectory reference signals r x (t ) and r y (t ) are determined,
which have to be tracked by the nanopositioning system. Most often, this is
achieved by using a feedback loop based on the measurement signals of the x
and the y scanner position.
At each position (x(t ), y(t )), a measure of a local surface property (e.g., the
topography) is obtained, referred to as scan data. Subsequently, the position
measurements and the scan data are input into an image reconstruction algorithm, an important part of the SPM instrument, that is tightly connected to
the nanopositioning system. Two different approaches to image reconstruction
can be used: in one approach, a set of analytic equations is used to decode the
x(t ) and y(t ) position corresponding to a scan data point at any given time t .
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F IGURE 5.1 – Scan trajectory and image reconstruction in the context of an SPM
nanopositioning system. Based on the requirements on duration and spatial
resolution, the scan trajectory reference signals are determined that are tracked
by the nanopositioning system. To facilitate the tracking, the scanner is typically
under feedback control using the scanner position sensors. At each scanner
position, the scan data is obtained that is subsequently used for the image
reconstruction. Depending on the scan trajectory and the nanopositioning
system, the sensor signals may or may not be used in the image reconstruction
algorithm. From [76], © IEEE 2013.

Subsequently, the scan data is plotted at this position, assuming that the reference signals are tracked well. In another approach, the position measurement
signals from the nanopositioning system are used to estimate the location of a
scan data point. The latter method can be used for virtually any scan trajectory and is robust against tracking errors. The disadvantage is the projection of
measurement noise from the position measurements into the final image.

5.2 Review of scan trajectories
In almost all nanopositoning applications, a scan trajectory is needed that systematically traverses a two-dimensional sample surface to enable imaging and
manipulation of the sample. In the following, we will review some these scan
trajectories, including the classical raster scan trajectory, non-raster scan trajectories such as spiral and cycloid trajectories, and a curve tracking scan trajectory.

5.2.1 Raster scan trajectory
Conventionally, most SPMs used the raster scan trajectory (Figure 5.2), which
scans the sample in consecutive lines by actuating the scanner with a triangular
waveform in one axis and by shifting the sample position in steps or continuously in the orthogonal axis. The raster scan trajectory continues to be the most
widely used scan trajectory in both industrial and scientific instruments mostly
because of the simplicity of the image reconstruction.

5.2.2 – Non-raster scan trajectories
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F IGURE 5.2 – Raster scan trajectory (on the left) and the corresponding reference
signals r x and r y (on the right). Raster scan trajectory visits the scan area in
consecutive scan lines. The points of the scan trajectory where the scan data
would be sampled with a uniform sampling time are highlighted.

However, with increasing scan speeds, the high-frequency components of
the trajectory reference signals will excite the mechanical resonant modes of the
scanner and introduce unwanted residual vibrations and tracking errors. These
high-frequency components stem from the sharp turnaround points of the raster scan trajectory and result in a wide frequency spectrum of the reference
signals, requiring broadband feedback compensation and hence deteriorating
the noise resilience of the system. For this reason, the frequency spectrum is
often shaped by smoothening the turnaround points. To this end, optimizationbased methods are available that take into account the specific scanner dynamics [86]. However, as the shape of the trajectory is largely preserved and only the
turnaround points are optimized, the achievable improvements in speed and
frequency spectrum are limited.

5.2.2 Non-raster scan trajectories
More recently, a novel approach has emerged in which the requirement on
scanning in consecutive lines is relinquished and entirely new scan patterns are
devised that cover the sample area with a desired resolution and at the same
time, require only reference signals with a narrow-band frequency spectrum.
Such trajectories are, for example, the spiral and cycloid scan trajectories, and
the Lissajous scan trajectory introduced in Section 5.3. We also give an example
of a scan trajectory in which only a subset of the scan area is visited.
Spiral scan trajectory
Figure 5.3 shows an example of a spiral-based scan trajectory [121, 93]. In spiral
scanning, the reference signals are sinusoidal waveforms of varying frequency
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F IGURE 5.3 – Spiral scan trajectory with a constant angular velocity (on the left)
and the corresponding reference signals r x and r y (on the right). Spiral scan
trajectory visits the scan area starting from its center point along the spiral of
Archimedes. The points of the scan trajectory where the scan data would be
sampled with a uniform sampling time are highlighted.

and/or amplitude. For instance, the constant angular velocity (CAV) spiral trajectory shown in Figure 5.3 has reference signals
r x (t ) = R(t )cos(2π f t )
r y (t ) = R(t )si n(2π f t ),

(5.1)

where the R(t ) signal enforces a linearly increasing scan amplitude and f is the
principal scan frequency. An advantage is the narrow frequency spectrum, a
disadvantage the nonuniform velocity and the spatial resolution profile, which
can be observed in the image as a nonuniform distance between the sampling
points. A constant linear velocity spiral scan trajectory circumvents this problem at the expense of the scan speed and reference signals with varying frequency [122, 123].
Cycloid scan trajectory
In a cycloid scan trajectory [124], the scan area is visited along a series of circular
paths whose center is continuously shifted to cover the entire scan area.
Figure 5.4 shows an example of a cycloid-based trajectory along with the
reference signals. The reference signals take the form
r x (t ) = αt + cos(2π f t )
r y (t ) = si n(2π f t ),

(5.2)

where α is a constant determined by the required spatial resolution and duration of the scan trajectory. The advantage of cycloid scanning is its largely
uniform spatial resolution and speed.

5.2.2 – Non-raster scan trajectories
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F IGURE 5.4 – Cycloid scan trajectory (on the left) and the corresponding
reference signals r x and r y (on the right). Cycloid scan trajectory visits the scan
area along a circular path whose center is continuously shifting from left to
right. The points of the scan trajectory where the scan data would be sampled
with a uniform sampling time are highlighted.

Curve tracking
In special purpose SPM applications, such as in scanning of string-shaped
biopolymer samples in biology, tailored scan trajectories can significantly increase the scan efficacy and speed. We give an example of a recently developed
trajectory that is based on tracking of string-like samples with a slowly varying
curvature [125].

String-like
sample
Area visited by
scan trajectory
Scan lines

Scan points

F IGURE 5.5 – The principle of a curve tracking scan trajectory. Instead of
covering the entire scan area, a string-like sample with a slowly varying
curvature is tightly followed by a localized scan trajectory whose scan points are
determined algorithmically during the scan process.
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Figure 5.5 shows the working principle of a curve-tracking scan trajectory.
The key idea is to restrict the area visited by the scan trajectory to that of the
sample of interest, and thereby decrease the scan time and the tip travel distance. Assuming that the sample can be modeled as a planar curve, the scan
trajectory proceeds along a path that is predicted from the spatial evolution of
the curve. This prediction is done algorithmically during the scanning process.
At each scan point, the sample is traversed along a scan line perpendicular to
the scan path. An advantage of the curve-tracking scan trajectory is a significant reduction of scan time and tip travel distance for suitable samples. A
disadvantage is that samples with rapid or unexpected curvature evolution can
cause difficulties in the scan path prediction algorithm, and also an increased
implementation complexity.

5.3 Lissajous scan trajectory
In this section, we introduce a novel scan trajectory for SPM that is based on
Lissajous curves. The applicability of Lissajous curves to scanning has been
studied before, for example, in the fields of medical and biological imaging
[126, 127] and precision mechatronics [128]. In our treatment, a Lissajous
curve is followed by driving a scanner in two orthogonal axes, with one singletone, constant-amplitude sinusoidal waveform in each axis. By doing so, the
requirement of a large tracking bandwidth reduces to the minimum case of one
single-tone frequency. This allows the sample to be scanned at very high speeds
without exciting the scanner dynamics. Consequently, tailored feedback controllers can be designed with ultra-low sensitivity to the measurement noise.
Also, the Lissajous scan trajectory enables multiresolution imaging in which a
preview of the scan area is obtained in fractions of the overall scan time, a property which is of great advantage in fast, real-time, interactive SPM applications.
Note that a scanner driven with a Lissajous scan trajectory can be viewed as
a “two-dimensional tuning fork” comparable to the “one-dimensional tuning
fork” idea proposed for high-speed lateral nanopositioning [129].
First, we present the generating equations for the Lissajous trajectory and
analyze some of its important properties, such as the duration, shape and restrictions on the shape in high-speed SPM. We present a trajectory-specific,
analytically derived metric of spatial resolution and subsequently, derive an explicit method for choosing the driving frequencies such that the requirements
on the temporal and the spatial resolution of the Lissajous curve are met. In the
experiments presented, model-based feedback controllers tailored for the Lissajous scan trajectory are designed, and also the sensitivity to measurement noise
of the Lissajous scan trajectory and of the conventional raster-based scanning
method are compared.
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5.3.1 Definition
A Lissajous scan trajectory in orthogonal scan directions x and y, centered at
position X 0 and Y0 , and with range A µm and B µm, respectively, is the scan
trajectory
·
¸
r x (t )
L(X 0 , Y0 , A, B, f x , f y , t ) =
(5.3)
r y (t )
with
A
sin(2π f x t )
2
B
r y (t ) = Y0 + sin(2π f y t )
2

r x (t ) = X 0 +

(5.4)
(5.5)

for time t ∈ [0, T ], where T is the duration of the scan trajectory.
(a) Frequencies f x = 8 Hz, f y = 10 Hz

(b) Frequencies f x = 9 Hz, f y = 10 Hz
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F IGURE 5.6 – An example of a Lissajous scan trajectory. Figure ©IOP Publishing
2012, reprinted from [130] with permission.
In Equation 5.4, A and B determine the range, whereas the driving frequencies f x and f y determine the duration T as well as the shape of the scan trajectory. Figure 5.3.1 illustrates how the driving frequencies affect a Lissajous
trajectory with a fixed range of A = 1 µm and B = 1 µm. In Figure 5.6(a), the driving frequencies are f x = 8 Hz and f y = 10 Hz, the duration of the scan trajectory
is T = 0.5 s. By changing f x to 9 Hz, the trajectory in Figure 5.6(b) is obtained
and the duration changes to T = 1 s.

5.3.2 Duration and shape
Adhering to the definitions in Section 5.3.1, we will require that the Lissajous
scan trajectory be periodic in order to define its duration. The following theorem gives a sufficient condition for the periodicity of a Lissajous scan trajectory
and gives an explicit equation for its duration:
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Theorem 3 Assume that f x / f y ∈ Q, i.e. the ratio of the frequencies f x and f y is
a rational number. Then the Lissajous trajectory L(X 0 , Y0 , A, B, f x , f y , ·) is closed
and periodic with period
T = l cm(1/ f x , 1/ f y )
(5.6)
where l cm denotes the least common multiple.
Proof Assume that

fx
fy

∈ Q, then there exist k, l ∈ N such that

the corresponding periods T x =

1
fx

and T y =

1
fy

fx
fy

= kl . Defining

, respectively, we have

Ty
Tx

= kl ,

hence
l · T y = k · T x =: T0 (k, l )

(5.7)

In Equation 5.7, T0 is a common multiple of the periods T x and T y . Take the
least common multiple and denote it
T := mi n k,l ∈N T0 (k, l )

(5.8)

Now, we can see that Lissajous scan trajectory L(t ) := L(X 0 , Y0 , A, B, f x , f y , t ) is
closed and has a period T . For closeness, note that trivially L(0) = L(T ). For any
given t ≥ 0,
·
L(t + T ) =

x(t + T )
y(t + T )

¸

¸
x(t + k · T x )
y(t + l · T y )
·
¸
x(t )
=
= L(t ).
y(t )

(5.9)

·

=

(5.10)
(5.11)

This concludes the proof. ■
Theorem 3 says that the duration of the Lissajous trajectory is the least common multiple of the periods of the waveforms r x (t ) and r y (t ) given that the ratio
of the frequencies f x and f y is a rational number. The rationality condition is
important; for irrational frequency ratios, the Lissajous scan trajectory never
returns to its starting point and, with a slight abuse of our notation, we could
say that the duration of the trajectory is infinite.
Theorem 3 also gives an important insight into how the duration of a Lissajous trajectory is actually determined by frequencies f x and f y . This is illustrated in Figure 5.7. Denoting the periods of x(t ) and y(t ) as T x and T y , respectively, we see that generally the periods have different durations and only align
at time T = l cm(T x , T y ) after a certain number of repetitions which is different
for x(t ) and y(t ).
Equation 5.6 reveals that the duration of a Lissajous scan trajectory is fully
determined by the frequencies f x and f y and that there are sets of different
trajectories with the same duration as dictated by the properties of l cm. For

5.3.2 – Duration and shape

143

T
Tx

Tx

rx(t)

...

ry(t)

...

Tx

Ty

Ty

Ty
Time

F IGURE 5.7 – Duration of a two-dimensional Lissajous scan trajectory:
interference of the two actuation frequencies f x = 1/T x and f y = 1/T y .
From [131], © 2013 IFAC. This work is reproduced here by permission from IFAC.
The original version was published in ifac-papersonline.net.

1

T (s)

0.8

0.6

0.4

0.2

0
0

20

40

fy (Hz)

60

80

100

F IGURE 5.8 – Duration of a Lissajous scan trajectory as a function of frequency.
From [131], © 2013 IFAC. This work is reproduced here by permission from IFAC.
The original version was published in ifac-papersonline.net.

the case of integer frequencies, this effect is illustrated in Figure 5.8. The figure shows the durations of Lissajous scan trajectories with fixed f x =100 Hz and
variable f y ∈ {1 H z, . . . , 100 H z}. For this set of frequencies, the possible durations take only values 1 s, 0.5 s, 0.25 s. 0.2 s, 0.1 s, 0.05 s and 0.02 s. We can see
that there is a relatively complex relationship between the duration of the scan
trajectory and the frequencies f x and f y which cannot be generally modeled
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as being proportional to the difference or ratio of the frequencies f x and f y .
For those trajectories which have the same duration, further design objectives
might be applied such as restrictions on the trajectory shape and spatial resolution.

5.3.3 Restrictions on the trajectory shape
In SPM, one of the critical properties of a scan trajectory is the trajectory length
which determines the travel distance of the cantilever tip. Typically, longer
tip travel distances lead to an unwanted wear of the tip material and decrease
the quality of the resulting SPM data. In minimizing the trajectory length, it is
essential to exclude trajectories which retrace the same sample area without
providing additional information on the sample.
(b) f x =3 Hz, f y =2 Hz
1
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F IGURE 5.9 – Example of two Lissajous trajectories with the same duration but
different ways of approaching a corner of the scan area. The scan trajectory on
the left hits the corner and retraces a part of the scan area. The scan trajectory on
the right does not hit the corner, and hence does not retrace a part of the scan
area. From [131], © 2013 IFAC. This work is reproduced here by permission from
IFAC. The original version was published in ifac-papersonline.net.
The following theorem captures a class of Lissajous scan trajectories in
which a part of the trajectory is retraced:
Theorem 4 There exist k, l ∈ {0} ∪ N such that
f x 2k + 1
=
,
fy
2l + 1
if and only if the Lissajous scan trajectory
L(X 0 , Y0 , A, B, f x , f y , ·)

5.3.4 – Analytically derived metric of spatial resolution
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hits some of the corners of the scan area (-A, -B), (A,-B), (-A,B), (A,B).
Proof The Lissajous scan trajectory hits one of the scan area corners if and only
if the functions x(t ), y(t ) simultaneously reach one of their extremal points.
That happens if and only if there exists t such that
si n2π f x t = ±1

(5.12)

si n2π f y t = ±1

(5.13)

That occurs if and only if there exist k, l ∈ {0} ∪ N such that
π
+ kπ
2
π
2π f y t = + l π
2
2π f x t =

This means that
t=

(5.14)
(5.15)

1 + 2k 1 + 2l
=
4 fx
4fy

which gives the ratio
f x 2k + 1
=
.
fy
2l + 1
This concludes the proof. ■
Theorem 4 states that if the ratio of the frequencies f x and f y is a ratio of
odd natural numbers, the Lissajous scan trajectory hits one of the corners of
the scan area. Intuitively, since there is “no smooth way” out of the corner, the
trajectory retraces a significant portion of the scan area. This is exemplified in
Figure 5.9. The scan trajectory on the left is generated by actuation frequencies
f x =3 Hz, f y =1 Hz, and it follows from the above theorem that it hits some of
the corners of the scan area. Subsequently, it retraces back from the corner to
the center of the image before it proceeds further. On the other hand, the scan
trajectory on the right, generated by actuation frequencies f x =3 Hz, f y =2 Hz,
does not satisfy the condition stated in the above theorem, and does not hit
any corner of the scan area. Hence, it is more efficient in terms of the scan area
covered and the tip travel distance. In general, we see that it might be desirable
to avoid certain frequencies in order to decrease the tip travel distance and
hence, the wear of the cantilever tip.

5.3.4 Analytically derived metric of spatial resolution
For conventional raster-based scan trajectories, it is trivial to define the spatial
resolution because these trajectories cover the scan area in a regular grid-like
pattern. A correct definition of the spatial resolution becomes more complex in
the case of the Lissajous scan trajectory as it covers the scan area in an irregular
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fashion. In the following, we present an analytically derived metric of spatial
resolution specific to the Lissajous trajectory.
We say that the spatial resolution of Lissajous scan trajectory L(X 0 , Y0 , A, B, f x , f y , ·)
is the largest distance between two intersections of the scan trajectory with the
principal axis y = 0. Denoting
T={

k
k
|k ∈ {0} ∪ N,
≤ T },
2fy
2fy
X = {x(t )|t ∈ T}

and ordering the elements of X such that X (i ) < X (i + 1), the spatial resolution
is
Res = max i |X (i + 1) − X (i )|
This spatial metric is significantly less complex to compute than the universal Voronoi-based metrics of spatial resolution considered later in this chapter(see
Section 5.4), and at the same time accurately estimates the ultimate spatial resolution of the Lissajous scan trajectory. This follows from the fact the Lissajous
scan trajectory has the coarsest spatial resolution around the center point (0,0).
A comparison between the analytically derived metric and a universal metric of
spatial resolution will be further demonstrated in Section 5.3.5. Another alternative analytically derived metric for the Lissajous scan trajectory has recently
been published in [132].
Figure 5.10 shows the resolution of Lissajous scan trajectories with fixed
range (A = B = 1 µm) as a function of the driving frequencies, using the above
definition of spatial resolution. In Figure 5.10(a), the resolution of Lissajous
trajectories with duration T = 1 s (shown by black dots) is compared with those
of the trajectories with a shorter duration (shown by grey dots). The resolution varies with the driving frequencies, with finer resolution for higher driving
frequencies (less than 5 nm) and coarser resolution for lower driving frequencies (more than 15 nm). By decreasing the duration to T = 0.5 s (i.e., a frame
rate of 2 frames/s, black dots in Figure 5.10(b)), the resolution decreases by approximately a factor of two for the same frequency range. The resolution maps
for the 3 frames/s and 4 frames/s scan trajectories are shown by black dots in
Figure 5.10(c) and Figure 5.10(d), respectively.

5.3.5 Multiresolution properties
Lissajous scan trajectories have a unique multiresolution property: by following
the trajectory, the spatial resolution of the resulting image increases continuously in time until the maximum resolution is obtained. First, we demonstrate
this by using a universal metric of spatial resolution based on the concept of a
Voronoi diagram (see Section 5.4). Second, we show that the ultimate spatial
resolution is well approximated by the analytically derived metric introduced
earlier in this section.

5.3.5 – Multiresolution properties
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(a) Duration T = 1 s

(b) Duration T = 0.5 s

(c) Duration T = 0.33 s

(d) Duration T = 0.25 s

F IGURE 5.10 – Spatial resolution of the Lissajous scan trajectory as a function of
the driving frequencies. Each subfigure corresponds to one of the durations
T = 1 s, T = 0.5 s, T = 0.33 s and T = 0.25 s, respectively, and the frequencies which
result in a Lissajous curve with that duration are depicted by black dots. The
other frequencies which correspond to one of the remaining three durations are
shown in grey for comparison. Figure ©IOP Publishing 2012, reprinted
from [130] with permission.

Figure 5.11 shows how the maximum cell radius of the Voronoi diagram
which is a measure related to the coarsest pixel size evolves as a function of time
for a Lissajous trajectory with f x =100 Hz and f y =99 Hz, A = 1 µm, B = 1 µm.
The trajectory duration is T =1 s and to obtain the set of generating points, it is
sampled with T s =20 µs. We see that the maximum radius of the Voronoi cells
decreases with time until it reaches the minimum, approx. 6.7 nm, which corresponds to the ultimate spatial resolution of the scan trajectory. The spatial
resolution increases significantly in the first half of the overall duration and only
a comparably fine improvement is obtained in the second half of the scan duration. This is highly advantageous for SPM applications because the Lissajous
scan trajectory provides a rapid preview of a scan area. A complete image in the
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F IGURE 5.11 – The multiresolution character of a Lissajous trajectory. The
resolution increases rapidly in approx. the first half of the scan time and
continues increasing until the full resolution is obtained. From [131], © 2013
IFAC. This work is reproduced here by permission from IFAC. The original
version was published in ifac-papersonline.net.

full scan duration may be obtained only if the preview is deemed promising.

5.3.6 Scan trajectory design algorithm
In SPM, one of the most common objectives in designing a scan trajectory
are the duration and the spatial resolution. In what follows, we present an
algorithmic procedure which combines the analytical results presented in the
preceding sections and allows for designing a Lissajous trajectory with given
properties by following a set of simple steps.
Figure 5.12 show a flow diagram representing the trajectory design algorithm.
First, the frequency f x is chosen based on the scanner bandwidth. Next, the
scan trajectory duration, T , is chosen such that the imaging process completes
in given time. Next, frequency f y is chosen such that the duration T is preserved and the restrictions on the trajectory shape are met. This can be done
by using the results of Theorem 3 and Theorem 4. Next, the spatial resolution is
computed, for example by using the analytically derived metric introduced in
Section 5.3.4, or by using a more involved Voronoi-based metric. If the spatial
resolution satisfies the requirements, the algorithm ends. Otherwise, the frequency f y and the duration T may have to be changed. If that is not possible,
frequency f x might have to be changed; for example, if f x has to be increased,
this may ultimately lead to a requirement on higher scanner bandwidth.
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Choose frequency f x

Choose duration T

Choose frequency f y
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Duration T is preserved
Trajectory shape restrictions are met

Compute spatial resolution
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Can change
duration T?
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DONE

F IGURE 5.12 – Algorithm for the design of Lissajous scan trajectories.From [131],
© 2013 IFAC. This work is reproduced here by permission from IFAC. The
original version was published in ifac-papersonline.net.

5.3.7 Experimental setup
In the following, the experimental results are presented in which a Lissajous
scan trajectory is used for high-speed scanning in a custom-built atomic force
microscope (AFM). First, the experimental platform is described. Then we
present the control design, and finally the imaging results using the Lissajous
trajectory.
In the experimental setup, the sample under investigation is positioned
relative to the scanning probe by a custom-designed high-speed scanner with a
two-dimensional displacement capability [133], see Figure 5.13. The scanner is
based on a serial kinematic flexure design, with each axis actuated by a separate
piezo-based stack actuator. The effective range of motion is approximately 4 µm
in each of the orthogonal scan axes. Owing to the uncomplicated mechanical
connections and the low mass and high rigidity of the flexures, the scanner
has high resonant frequencies in both positioning axes, low directional crosscoupling and exceptionally clean and collocated dynamics. The position of the
scan table is sensed with magnetoresistance-based sensors, see Chapter 2.
The frequency response of the scanner in the x and y axes is shown in Figure 5.14(a) and Figure 5.14(b), respectively. In both axes, the response is flat in
the low frequency range with the first resonant modes occurring at frequencies
of approx. 4.1 kHz and 4.8 kHz, respectively. For the purposes of the control
design, the low-frequency dynamics of each scan axis are approximated with a
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F IGURE 5.13 – Custom-built AFM setup used in the experiments. In the setup, a
flexure-based scanner is used to displace the sample relative to the scanning
probe. The scanner is actuated in two orthogonal directions by stack
piezo-actuators. Figure ©IOP Publishing 2012, reprinted from [130] with
permission.

low-order linear model which is also shown in the figure. The scanner is treated
as a two-channel single-input-single-output system which is possible owing to
the low directional cross-coupling between the positioning axes.

5.3.8 Controller design
Controlling the scanner motion by means of feedback or feedforward is essential for achieving precise motion at high speeds. In feedback control, a conventional approach is to use a high-bandwidth controller with a high level of gain
over a large range of frequencies. Such controllers can be designed, for example,
by using the conventional PID approach or by employing optimization-based
techniques such as the H∞ control framework, see Chapter 4.
Lissajous scan trajectories can be tracked by using conventional feedback
controllers; however, tailored controllers can be designed that exploit the narrow frequency spectrum of Lissajous scan trajectories. In particular, by using
feedback controllers with a highly localized control effort, the bandwidth of the
feedback loop can be significantly reduced, which also enables a reduction of
the sensitivity to measurement noise. A similar control technique is used, for instance, in magnetic recording to suppress disturbances of a specific frequency
[134, 135].
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F IGURE 5.14 – Experimental frequency response of the scanner and the
low-order linear models used for the feedback controller design. Figure ©IOP
Publishing 2012, reprinted from [130] with permission.

In what follows, a feedback controller is designed in which the control effort is localized at the driving frequencies of the Lissajous scan trajectory. The
feedback controller is designed in the H∞ control framework, which allows us
to specify the requirements on the controller in a parametric way by using the
concept of weighting transfer functions.
We use the S/KS mixed-sensitivity control design discussed in Section 4.3.4
and schematically depicted in Figure 4.8. The linear model of the scanner dynamics in a single axis is denoted as G and the feedback controller as K . The
sensed position of G is used to compute to the tracking error, which is the input
to the feedback controller. The actual measurement of the position is affected
by additive measurement noise.
The blocks Wp and Wu (see Figure 4.8) are the weighting transfer functions
that are used in the process of controller design to specify the requirements
on the closed-loop error sensitivity and the control effort. For Lissajous scan
trajectories, the reference signal is a sinusoidal waveform of constant frequency
ωr and the requirements on the closed-loop sensitivity are expressed with
Wp (s) =

s 2 + 2ξ1 ωr s + ω2r
s 2 + 2ξ2 ωr s + ω2r

.

(5.16)

In Equation 5.16, the second-order transfer function enforces a low error sensitivity at the frequency of ωr where it attains a peak and rolls off steeply for other
frequencies. The magnitude and the quality factor of the peak can be tuned by
adjusting the values ξ1 and ξ2 .
The magnitude response of the controller synthesized for a reference signal
of frequency ωr = 200 Hz is shown in Figure 5.15 by the solid red curve. The
magnitude is low over the majority of the frequency spectrum and attains a
peak of more than 50 dB only at the frequency of the reference signal. The
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F IGURE 5.15 – Magnitude response of the feedback controller for tracking
Lissajous scan trajectories (“Lissajous controller”, shown by the red curve)
compared with a conventional high-bandwidth controller (shown by the blue
curve). The dashed curves show the transfer function from the reference signal to
the position in the x-axis. Figure ©IOP Publishing 2012, reprinted from [130]
with permission.

resulting transfer function from the reference signal to the position in the xaxis is shown by a dashed red curve, showing that frequencies not matching the
desired frequency of ωr are sharply attenuated. For the purposes of comparison,
a conventional high-bandwidth controller with a corner frequency of 1000 Hz
was designed using the same control framework (the details can be found in
[133]). Its magnitude response is shown in Figure 5.15 by the solid blue curve.
Here, the magnitude is high over a large range of frequencies and results in a flat
transfer function from the reference signal to the position in the x-axis (shown
by the dashed blue curve).
The sensitivity of the feedback controllers to measurement noise is critical for the resolution of the nanopositioning system. In the following, the
noise sensitivity of the controllers designed above is analyzed based on the experimentally obtained spectral characteristics of the measurement noise. Figure 5.16 shows the spectral characteristics by a green curve. The spectra are
mainly determined by the magneto-resistive sensors that are used for the position sensing and have a 1/f characteristic in the low frequency range, see
Chapter 2. The spurious peaks occur at 50 Hz and 150 Hz and correspond to
the ambient power line noise. The standard deviation over the frequency range
from 20 Hz to 50 kHz is approx. 4.1 nm (this resolution is imposed by the spe-
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F IGURE 5.16 – Analysis of the effect of measurement noise on the positioning
error. The measurement noise spectra is shown in green, the projection to the
positioning error for the high-bandwidth and Lissajous controllers are shown in
blue and red, respectively. Figure ©IOP Publishing 2012, reprinted from [130]
with permission.

cifics of the scanner design and is not limited by the position sensing concept
itself ).
The spectral characteristics of the measurement noise were used to estimate the positioning error that is caused by measurement noise in the feedback
loop. For the conventional high-bandwidth feedback controller, a large amount
of the measurement noise is projected into the scanner motion, and the standard deviation of the positioning error due to the measurement noise is approx.
1.6 nm. For the Lissajous feedback controller, on the other hand, a large amount
of the measurement noise does not affect the scanner motion, and the standard deviation of the positioning error amounts to only approx. 0.2 nm. The
low sensitivity to measurement noise is a particularly attractive attribute of the
Lissajous trajectory and is further illustrated in the imaging results presented
next.

5.3.9 Imaging results
In what follows, the Lissajous scan trajectory is used for high-speed AFM imaging with a frame rate of 1 frame/s and compared with a conventional rasterbased scan trajectory. The scan area is 1 × 1 µm, and the required spatial resolution is at least 10 nm. To meet these requirements, the Lissajous scan frequency
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in the x-axis is set to f x = 200 Hz and the scan frequency in the y-axis is chosen
according to the analysis presented in Section 5.3.1 as f y = 141 Hz. The fast axis
frequency of the raster scan trajectory is 100 Hz.
To ensure precise tracking of the reference signals, the scanner was under
feedback control. The controllers were designed according to Section 5.3.8, discretized and implemented in a DSP with a sampling time of 20 µs. The reference
signals for the Lissajous scan trajectory were tracked by feedback controllers
with their gain peak localized at 200 Hz and 141 Hz, respectively. If the Lissajous driving frequencies are changed, the controllers have to be redesigned to
reflect the new location of the gain peaks. In the particular case of the H∞ formulation presented in Section 5.3.8, this would translate into a selection of a
new weighting function and the rest of the control design will be taken care of
by the optimization framework. Because the imaging process is significantly
accelerated when using Lissajous scan trajectories due to the high linear tip velocities achieved in the center of the image, this naturally requires an increase
of the bandwidth of the vertical position control. In the experiments presented in this paper, this requirement is circumvented by using special-purpose
thermo-mechanical cantilevers [18, 19] operated in constant-height contact
mode.
The reference signals of the raster scan trajectory were tracked using the
conventional high-bandwidth controller with a corner frequency of 1000 Hz.
With this corner frequency, the first five harmonics of the raster-based reference
signal are within the bandwidth of the controller, which is important for good
tracking performance. Alternative control techniques could also be used for
tracking the raster scan trajectory, such as iterative learning control, repetitive
control and various advanced linear control techniques. However, their use
would typically significantly increase the controller complexity.
The sample consists of a lithographically patterned nano-structure approx.
600 nm × 600 nm in size. The height of the structure is approx. 100 nm. Figure 5.17(a) and Figure 5.17(b) show the images acquired with the raster and
Lissajous scan trajectory, respectively. It can be seen that the tracking of the
raster scan trajectory is affected by a large amount of measurement noise that
enters the feedback loop and deteriorates the lateral positioning accuracy. This
corresponds to the analysis presented in Section 5.3.8, in which the standard
deviation of the positioning error was estimated to be approx. 1.5 nm, i.e.,
about one sixth of the pixel size. The positioning error due to measurement
noise could be reduced by reducing the bandwidth of the feedback controller;
however, this would negatively affect the tracking of the raster scan trajectory.
On the other hand, the Lissajous scan trajectory provides a high-quality image in the same time and with the same spatial resolution. Figure 5.17(c) shows
a three-dimensional reconstruction of the sample topography based on the
data acquired with the Lissajous scan trajectory. Since the scanning direction is
changing continuously along the Lissajous trajectory and each sampling point
is approached more than once from different scan directions, images acquired
by using a Lissajous scan trajectory inherently provide more data than the con-
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F IGURE 5.17 – High-speed AFM images of lithographically patterned
nanostructures. The images have been obtained using different scan trajectories.
Each image was obtained in 1 s and has a spatial resolution of 10 nm. The
height is in nanometers. Figure ©IOP Publishing 2012, reprinted from [130]
with permission.

ventional raster-scan method. The multiple measurements typically reflect the
variations in the tip-sample interaction as the sample features are approached
from different angles. While a subset of the measurements might be used in
a simplified image reconstruction algorithm (such as the one used to obtain
Figure 5.17(b)), in fact, multiple measurements provide valuable information
which would not be available in a conventional scanning method and which
can be exploited by advanced filtering techniques.
Figure 5.18(a) and Figure 5.18(b) compare a time-lapse sequence of the
raster and Lissajous imaging process, respectively. Whereas the raster scan
trajectory covers the scan area sequentially in lines, the Lissajous scan trajectory
starts in the center of the image and provides a preview of the entire scan area,
whose resolution increases continuously until the image is completed. This sets
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(a) Time-lapse sequence of the raster imaging process. The raster scan trajectory visits the
scan area in consecutive lines.

(b) Time-lapse sequence of the Lissajous imaging process. Owing to its multiresolution
nature, the Lissajous scan trajectory provides a preview of the entire scan area, whose
resolution increases continuously in time.

F IGURE 5.18 – Time-lapse sequences of the raster and Lissajous imaging process.
Figure ©IOP Publishing 2012, reprinted from [130] with permission.

the Lissajous scan trajectory apart from the various scan trajectories that have
been used in SPM so far. For instance, in only 0.05 s, a preview of the scan area
is available which clearly reveals the most significant features of the sample. In
25% of the scan duration, approximately half of the scan area is covered. This
multiresolution capability is extremely useful for modern SPM applications,
and allows for adjusting the scan position, real-time image processing, and
modifications of the imaging area in real time.

5.4 Optimal scan trajectories
In the remainder of this chapter, we present a novel method that enables the systematic analysis and design of scan trajectories for high-speed scanning probe
microscopy. First, we formulate the problem of scan trajectory design using
a mathematical operator concept. Second, we introduce a family of universal
metrics of spatial resolution that utilize Voronoi tessellations. These metrics
provide a mathematically rigorous technique to characterize and quantify the
geometrical properties of scan trajectories. Third, we show that using the above
metrics, scan trajectories can be designed in the framework of mathematical
optimization in which the specifications on spatial resolution, speed and frequency content are captured in an objective function and a set of constraints.

5.4.1 – Problem formulation
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5.4.1 Problem formulation
First, we introduce an operator-based mathematical model of a scan trajectory
and interconnect it with a model of the scanner and the discrete-time scan data
acquisition. By doing so, we obtain a generic trajectory model that translates a
set of given trajectory parameters, such as duration and spatial resolution, into
a discrete set of points on a two-dimensional plane that represent the scan data
used in an image reconstruction algorithm.

α

Tr

( rx(t) ry(t) )

G

S(i)

( x(t) y(t) )
TS

F IGURE 5.19 – A trajectory operator model, consisting of the scan trajectory, Tr ,
the scanner, G, and the discrete-time scan data acquisition, T s . The operator
allows us to construct a generic trajectory model that translates a set of trajectory
parameters into a set of points on a two-dimensional plane.
Figure 5.19 shows how the model of the scan trajectory, Tr , is interconnected with the scanner model, G, and a discrete-time sampling block with
sampling time T s . The scan trajectory is generated by operator Tr (·) : Rp →
C ([0, T ], R2 ) where T is the duration of the scan trajectory. The parameter
¡
¢
α = α1 α2 . . . αp ∈ Rp
(5.17)
is constant in time and uniquely determines the scan trajectory coordinates at
time t
¡
¢
r (t ) = r x (t ) r y (t ) ∈ R2
(5.18)
for t ∈ [0, T ]. For instance, in case of a spiral trajectory the parameter α may
specify the spiral diameter and inter-spire pitch. In a typical lateral nanopositioning system, the trajectory coordinates r (t ) are the reference signal that is
tracked by the scanner. The model can also be generalized to more dimensions
when applicable (e.g. three-dimensional trajectories).
Further, the operator model of the scan trajectory is combined with the
dynamics of the scanner. In particular, we assume that the scan trajectory r (t )
drives the scanner, G, which displaces the sample
relative
¡
¢ to the probe tip. The
resulting position at time t is denoted as x(t ) y(t ) = G(r (t )). Note that
G can model complex dynamics including passive damping, active close loop
compensation, sensor characteristics and crosstalk.
We assume that the information from the probe tip is obtained at discrete
time instances
T s (i ), i = 1, . . . ,¢N , T s (1) = 0, T s (N ) = T when the scanner is at
¡
position x(T s (i )) y(T s (i )) . For instance, if regular sampling is used with
sampling period T s , T s (i ) = (i − 1)T s . The task of the scan trajectory design is to
come up with trajectory Tr (·) such that the set of points
¡
¢
S(i ) := x(T s (i )) y(T s (i ))
(5.19)
further referred to as “scan” cover the area of interest:
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(i) with a desirable frequency spectrum of r (t ),
(ii) in given time T ,
(iii) with given spatial resolution.

5.4.2 Metrics of spatial resolution
It is trivial to define the spatial resolution of a conventional raster scan trajectory
since the points S(i ) are regularly distributed over the scan area. For a general
scan trajectory, however, the spatial resolution has to be defined more carefully. For instance, if S(i ) are points on a spiral scan trajectory with a constant
angular velocity and regular sampling time, the Euclidean distance between
subsequent scan points S(i ) and S(i + 1) increases with the radius, causing the
spatial resolution to vary across the scan area. In such a case, it is difficult to
quantitatively assess the spatial resolution unless a trajectory-specific metric is
used which is well defined and constant, such as the inter-spire distance (pitch).
This motivates the need for a universal metric of spatial resolution that would
rely on a generic mathematical construct related to the geometry of the scan
trajectory.
Voronoi diagram

Points in the generating set

Voronoi cells
F IGURE 5.20 – Example of a Voronoi diagram generated by a set of 10 points
randomly distributed in plane.
In what follows, we introduce a universal metric for the spatial resolution in
which the points {S(i )}iN=1 are used as a generator set for the Voronoi tessellation
of the scan area. A similar idea was proposed in [136]. Voronoi tessellation is a
fundamental structure of computational geometry that divides (tessellates) a
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space into regions according to a set of points, such that each point is associated
with one region. Figure 5.20 gives an example of a planar Voronoi diagram for
a generator set containing 10 randomly spaced points in plane. Formally, in a
two-dimensional Voronoi diagram V, the scan area is partitioned into a set of
Voronoi polygons V (S(i )), or cells,
V = {V (S(1)), . . . ,V (S(N ))}

(5.20)

with each cell associated to exactly one point from {S(i )}iN=1 . Cell V (S(i )) is the
subregion of the scan area in which all points are closer to S(i ) than to any other
point of the scan trajectory:
V (S(i )) = {x|kx − S(i )k ≤ kx − S( j )k, j 6= i , j = 1, ..., N }

(5.21)

for i = 1, ...N .
(a) Constant angular velocity

(b) Constant linear velocity
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F IGURE 5.21 – Comparison of Voronoi diagrams generated by a spiral scan
trajectory with constant angular velocity (on the left) and constant linear
velocity (on the right). Due to a different linear velocity of each trajectory, the
shapes and sizes of the Voronoi cells are different, and allow us to infer the
difference in spatial resolution of each of the trajectories.
Voronoi diagrams are a powerful tool to characterize the spatial resolution
of a scan trajectory. This is illustrated in Figure 5.4.2 which compares the Voronoi diagrams generated by two different types of a spiral scan trajectory. In
Figure 5.21(a), the generating point set corresponds to points of a spiral scan trajectory with constant angular velocity (CAV), sampled with a uniform sampling
time. We can see that the size of the Voronoi cells decreases towards the center of the scan area where the linear velocity of the scan trajectory is low. In
Figure 5.21(b), the generating point set corresponds to points of a spiral scan
trajectory with constant linear velocity, again sampled with a uniform sampling
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time. Unlike the CAV spiral scan trajectory, the size of the Voronoi cells remains almost unchanged across the effective spatial range of the scan trajectory.
Hence, we see that by observing the geometrical properties of the Voronoi cells,
we can estimate the effective spatial resolution of these two trajectories.
Cell metrics
Next, we introduce a set of geometrical metrics that can be used to characterize
the cells of a Voronoi diagram. Consider a two dimensional Voronoi cell V (S(i )).
It can be shown that the³cell is always
a convex polygon; we will denote its
´
y
x
v
v
vertices as v 1 , . . . , v n , v j =
, and for simplicity, we will take v j := v j %n
j
j
for j > n . We will introduce the following geometrical metrics for the cell
V (S(i )), see Figure 5.22.

Cell area

Generating
point

Skew
Centroid

Radius

Height

Width

F IGURE 5.22 – Geometry and the related metrics of a Voronoi cell: centroid,
radius, skew, area, width, height. From [137], reprinted with permission of
AACC.
The area of the cell is computed as
´
n ³
1X
y
y
A(i ) =
v xj v j +1 − v xj+1 v j
2 j =0
Knowing the area, the centroid of the cell, C , can be computed as
" Pn
y #
x
x
x y
x
1
j =1 (v j + v j +1 )(v j v j +1 − v j +1 v j )
Pn
C (i ) =
y
y
y
x y
x
6A
j =1 (v j + v j +1 )(v j v j +1 − v j +1 v j )

(5.22)

(5.23)

Once the centroid is known, we can define the radius
R(i ) = max kv j −C (i )k
j =1,...,n

(5.24)
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Notice that the generating point does not necessarily coincide with the centroid;
to quantify the dislocation, we define the skew of the cell,
Q(i ) = kS(i ) −C (i )k

(5.25)

A useful metric is also the width and height of the cell,
W (i ) = max kv xj − v kx k
j ,k=1,...,n

y

y

H (i ) = max kv j − v k k
j ,k=1,...,n

(5.26)

(5.27)

The suggested metrics capture the basic geometric properties of a Voronoi cell.
Clearly, other cell metrics may be devised which are found useful in a particular
problem.
Aggregate metrics
Aggregate metrics can be defined which characterize the distribution of the cell
metrics over the Voronoi diagram. In most cases, standard norms and statistical moments can be used, such as maximum, mean, variance and other. The
aggregate metrics are extremely powerful in characterizing the shape of the
Voronoi diagram and in particular, the spatial resolution of the scan trajectory. For example, the maximum radius of the Voronoi cells, maxi =1,...,n R(i ), is
closely related to the size of the largest empty rectangle that can be inscribed
into the scan area without intersecting with a scan point. Other aggregate metrics are useful in characterizing the shape, orientation and uniformity of the
cells, such as maximum cell skew, mean cell radius, variance of the cell radius
or maximum cell width.
Operator realization: pipeline scheme
The metrics of spatial resolution can be combined with the scan trajectory operator introduced in Section 5.4.1 to obtain a spatial resolution operator between
the trajectory parameters and the aggregate metrics. This highly modular technique for quantifying spatial resolution can be used in mathematical optimization, as described later in this section.
Figure 5.23 shows how the scan trajectory operator can be combined with
the Voronoi-based metrics of spatial resolution. First, the scan trajectory is
determined by the parameter α, fed through the scanner model G and sampled
to obtain the set S(i ). Next, the Voronoi tessellation is computed and the set of
Voronoi cells is obtained. Subsequently, the cell metrics are computed which
characterize the geometrical properties of each cell and aggregate metrics are
computed over the set of the cell metrics. As a result, a quantitative assessment
of the spatial resolution is obtained which is a function of the parameter α. The
concept of the cell metrics and aggregate metrics is central here and offers a
great control over the actual meaning of spatial resolution.
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Parameter
α

TRAJECTORY
Tr

r(t)

SCANNER
G

VORONOI
TESSELATION

S(.)

SAMPLING
Ts

V(.)

CELL
METRICS

A(.),R(.),Q(.),
H(.),W(.)

AGGREGATE
METRICS

x(t), y(t)

Spatial
resolution

F IGURE 5.23 – A pipeline-based architecture that effectively intertwines the
operator model of the trajectory, the dynamics of the positioning device and the
metrics for spatial resolution. From [137], reprinted with permission of AACC.

5.4.3 Optimization
In mathematical optimization, a constrained programming problem is the problem where an objective function F (α), α ∈ Rp is minimized (without loss of
generality) under the constraints specified by inequalities (without loss of generality) g k (α) ≤ 0 for k = 1, ..., c. The constraints constitute a region of feasible
solutions in Rp
F = {α ∈ Rp |g k (α) ≤ 0}
(5.28)
Out of all feasible solutions, we search for the one which minimizes the value
of the objective function, i.e.
α∗ = arg min F (α)
α∈F

(5.29)

In the problem of scan trajectory design, the scan trajectory is modeled as
operator Tr (α) : Rp → C ([0, T ], R2 ) and optimized in terms of the parameter α.
The objective function and the constraints capture the requirements on duration T , frequency content of Tr (α) and the spatial resolution which is quantified
by the metrics introduced in Section 5.4.2.
Often, the objective function is a combination of multiple aggregate metrics
that pertain to the spatial resolution. For example, to optimize the maximum
cell radius and penalize high skew of the cells, the objective function might be
chosen as
X
F (α) = γ1 max R(i ) + γ2
Q(i ) + γ3 varQ(i )
(5.30)
i =1,...,N

i =1,...,N

where γ1 , γ2 and γ3 are normalization factors and i = 1, . . . , N are indices of the
Voronoi cells generated by Tr (α). In the optimization process, the maximum
cell radius is minimized which corresponds to improving the “peak” spatial
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resolution. Minimizing the mean and variance of the cell skew guarantees that
the cells of the Voronoi diagram are centered around the generating points and
hence, penalizes solutions with a non-uniform spatial resolution.
While algorithms exist that can compute the Voronoi tessellation in O(N log N )
time (e.g. Fortune’s sweep algorithm [138]), the optimization problem is still
non-linear and non-convex. In such a case, it is often difficult or impossible to
solve the optimization problem analytically; instead, numerical methods are
used which yield an approximate solution close to a local minimum, such as the
descent method, penalty function method, randomized optimization, MCMC,
simulated annealing and further [139]. For very simple problems, exhaustive
search can sometimes be used thanks to the efficient implementations of the
Voronoi tessellation.

5.4.4 Case study: Lissajous scan trajectories
Next, we will use the optimization framework to analyze and design Lissajous
scan trajectories. Lissajous scan trajectories were introduced in Section 5.3
along with trajectory-specific metrics of spatial resolution and an algorithm to
determine the actuation frequencies. Here, we will recast the trajectory design
problem into the operator-based framework introduced earlier in this section,
characterize the spatial resolution using the Voronoi-based metrics, and use
mathematical optimization to arrive at the optimal actuation frequencies.
The Lissajous scan trajectory operator is defined as
·
¸
¡£
¤¢
A x si n(2π f x t )
Ax fx A y f y
Tr (α) = Tr
=
(5.31)
A y si n(2π f y t )
where A x , f x , A y and f y are amplitudes and frequencies, respectively, that actuate the scanner in two perpendicular axes, x and y, respectively.
Examples of objective functions
In the trajectory design process, the objective functions are of key importance.
We will give an example of four objective functions based on Voronoi cell metrics, and investigate their relevance in the scan trajectory design and the impact
on the optimization result.
The following four objective functions are considered:
(i) Maximum cell area
MA(α) = max A(i )
i =1,...,N

(ii) Maximum cell radius
MR(α) = max R(i )
i =1,...,N

(iii) Variance of the cell radius
VR(α) = varR(i )
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(iv) Maximum cell skew
MS(α) = max S(i )
i =1,...,N

where i = 1, . . . , N enumerates the Voronoi cells generated by the trajectory
Tr (α). The objective functions are based on the aggregate cell metrics as derived in Section 5.4.2. In the optimization process, we seek a solution that
minimizes the value of one of these objective functions, or their combination,
and satisfies given constraints. The minimization is done over the space of
parameters defined above, namely,
£
¤
α = Ax fx A y f y
(5.32)
with A x = 1 and A y = 1 fixed. The constraints will be set to simplify the problem;
we shall restrict our attention to regular sampling with sampling time T s = 1 ms,
and the scanner is assumed to be have ideal dynamics, i.e. G(s) = 1. Further
constraints are set to a fixed duration of T = 1 s and a limited set of actuation
frequencies f x , f y ∈ {1, 2, . . . , 40}.
Figure 5.24 shows the optimal scan trajectories for the four different objective functions defined above and demonstrates their strengths and weaknesses.
The trajectory in Figure 5.24(a) minimizes the maximum cell area. The solution is degenerate because the cell area is not representative of the geometrical
shape of the cell. The optimal solution has very low frequencies ( f x = 2, f y = 1)
that result in a low linear velocity of the scan trajectory and consequently, generate many cells of a very small area.
The trajectory in Figure 5.24(b) was obtained by minimizing the maximum
cell radius. In contrast to the area minimization, the geometry of the cells is
significantly refined. The maximum cell radius of the optimal trajectory, f x = 18,
f y = 17, is approximately 0.04.
The disadvantage of the scan trajectory in Figure 5.24(b) is the variation in
the cell radius. In particular, the radius of the cells that are in the center of the
scan area is significantly larger than that of the cells near the margins of the
scan area. A requirement on the uniformity of the cell radius might be captured
by minimizing the variance of the cell radius. The optimal solution is shown in
Figure 5.24(c) and has frequencies f x = 20, f y = 1.
While the cell radii of the trajectory in Figure 5.24(c) are very regular, the
actual spatial resolution might not be desirable in practice. The reason is the
high skew of the cells. For instance, at the center and margins of the scan area,
the generating points of the cells do not coincide with the centroids. This can be
improved by taking the cell skew into account. The scan trajectory which minimizes the maximum cell skew is shown in Figure 5.24(d) and has frequencies
f x = 25, f y = 8.
Experiments
Next, experimental results are presented in which the optimization framework
is used to design a Lissajous-based scan trajectory for a custom-built atomic
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(a) f x = 2, f y = 1, maximum cell area 0.002

(c) f x = 20, f y = 1, cell radius variance
0.000075
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(b) f x = 18, f y = 17, maximum cell radius
0.04

(d) f x = 25, f y = 8, maximum cell skew 0.008

F IGURE 5.24 – Optimizing the spatial resolution of a Lissajous scan trajectory
using different cell metrics as objective functions. The plot shows the optimal
trajectory (in bold red) and the corresponding Voronoi diagram (in thin blue).
From [137], reprinted with permission of AACC.

force microscope (AFM). We demonstrate that by using a carefully designed
scan trajectory, imaging rates as high as 1 image/s can be achieved with a lowbandwidth commercial scanner.
In the AFM, a commercial low-bandwidth scanner (Physik Instrumente PI517) is used to position the sample relative to the AFM probe. The scanner is
based on a piezo-actuated flexure stage and can displace the sample in two
perpendicular in-plane axes x and y with range up to 100 µm and in vertical
axis z with range of 20 µm. The vertical motion capability is used to approach
the sample with the probe and keep the probe and the sample in contact. In
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the x and y axes, the scanner follows a given scan trajectory in order to scan the
area of interest with a given speed and spatial resolution.
The scan speed is limited by the dynamical properties of the scanner. The
scanner in this experiment has a flat frequency response in both x and y axes
up to the frequency of approx. 200 Hz. The first resonant modes occur at frequencies of approx. 350 Hz after which the transfer function of the scanner rolls
off. However, due to significant phase lag and nonlinear effects like hysteresis,
it is challenging to control the scanner with a closed-loop bandwidth in excess
of approx. 100 Hz. The crosstalk between the x and y axes is typically below
−30 dB with spurious frequencies at which the crosstalk is particularly low.
In the following experiment, an area of 1 × 1 µm is scanned under the constraint of scan duration T = 1 s. The relative position of the probe as well as
the topography information is sampled with time interval T s = 20 µs. Using the
operator model, the Lissajous-based scan trajectory is described by
Tr (α) = Tr

¡£

fx

fy

α=

£

¤¢

·
=

0.5si n(2π f x t )
0.5si n(2π f y t )

¸
(5.33)

with the parameter
fx

fy

¤

specifying the frequencies driving the x and y axis, respectively.
The objective function is chosen to be a weighted sum of four metrics,
F (α) = γ1 M R(α) + γ2 V R(α) + γ3 M S(α) + γ4 MV (α)

(5.34)

where M R(α), V R(α), M S(α) and MV (α) denote the maximum cell radius, maximum variance of the cell radius, maximum cell skew and maximum linear
velocity of the trajectory Tr (α). The first three metrics were introduced in the
preceding section. The constraint on the maximum linear velocity is introduced
here to avoid excessive probe-sample loading force during contact-mode imaging. Namely, a high linear velocity of the tip would broaden the frequency
content of the topography signal, making it more difficult to track using the
force regulation loop (vertical nanopositioning feedback loop). This would result in a potentially high loading force. All metrics are normalized in the range
of [0, 1].
The weights in the objective function were chosen as γ1 = 0.5, γ2 = γ3 =
0.1 and γ4 = 0.3. By doing so, the emphasis is primarily put on the radius of
the Voronoi cells which relates to the spatial resolution of the scan trajectory.
Also, high linear velocities are penalized so that the topography changes on
the sample can be accurately followed by the probe. There is also a preference
towards scan trajectories with a uniform distribution of the cell radii and with a
small cell skew.
For the sake of demonstration, additional constraints of f x = 113 Hz and
f y ∈ {1, 2, . . . , 200} are introduced so that the optimization problem has only
one dimension. The value of f x was chosen to minimize the crosstalk between
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the nanopositioner axes x and y. The frequency range of f y was chosen such
that we can assume an ideal dynamical response of the scanner, G(s) = 1. The
optimization process can be extended in a straightforward way if the dynamics
of the scanner are non-trivial in the frequency region of interest.
0.7
Objective function
Optimum
0.6
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F IGURE 5.25 – Objective function in the trajectory design problem. The function
attains the minimum at f y = 54 Hz. From [137], reprinted with permission of
AACC.
Figure 5.25 shows the objective function as a function of the frequency f y .
First, notice that all choices of f y lead to a scan trajectory which satisfies the
constraint on the scan duration T = 1. This can be explained by the fact that the
frequency f x happens to be a prime number and hence, all f y ’s (except f y = f x )
considered are coprime with f x . It can be shown that the scan duration is equal
to the least common multiple (l cm) of the periods corresponding to f x and f y ,
T = l cm(1/ f x , 1/ f y )

(5.35)

which in this case always yields T = 1 s.
Next, we notice that the values of the objective function are clustered into
two groups of different magnitude. The cluster with higher values of the objective function corresponds solely to frequencies f y which are an odd integer.
This can also be explained by an insight into the properties of the Lissajous
trajectory, considering the exposition presented in Section 5.3. Namely, if both
f x and f y are odd integers, the Lissajous scan trajectory hits a corner of the scan
area. There is no “smooth” way out of the corner and the trajectory retraces
an area that already has been scanned. Hence, with the same scan time, the
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(b) Raster scan image taken in 1 s, with 12x12
nm pixel dimension.
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(a) Scanning electron micrograph of the
nanostructure.
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(c) Lissajous scan image taken in 1 s with,
with 12x12 nm pixel dimension.
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(d) 3D topography reconstruction based on
the Lissajous scan image
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F IGURE 5.26 – Experimental results: nanoscale topography reconstruction of a
nanostructure by means of high speed atomic force microscopy. The height is in
nanometers. From [137], reprinted with permission of AACC.

spatial resolution is coarser. We would like to emphasize that none of these
trajectory-specific insights are needed to yield the optimum trajectory; this is a
particularly powerful property of the optimization approach.
The optimum of the objective function is reached for frequencies f x = 113 Hz
and f y = 54 Hz, yielding a maximum cell radius of approx. 7.5 nm. This is an excellent result: with merely two single tone frequencies, image rate of 1 image/s
can be achieved with square pixels of approx. 12 nm × 12 nm. To achieve the
same resolution with a conventional raster scan, the scanner has to be driven
with a triangular waveform of frequency approx. 84 Hz which requires a comparatively high bandwidth of the scanner.
The Lissajous scan trajectory was used for topography imaging of a lithographically patterned nanostructure and was compared to a conventional raster scan of the same duration and spatial resolution. Figure 5.26(a) shows a
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scanning electron micrograph of the nanostructure under investigation. The
nanostructure is a titanium-nitride island deposited on a silicon surface, with
planar dimensions of roughly 600 nm × 350 nm. Figure 5.26(b) shows an image
that was obtained in 1 s with a conventional raster scan method. Due to the
limited bandwidth of the scanner, the scan trajectory could not be tracked accurately and the image is significantly distorted. In particular, the motion in the
x-axis was distorted by low pass characteristics of the scanner and caused the
tip to follow the scan line in a non-linear fashion with respect to time, leading to
a deformation of the image. In Figure 5.26(c), the same area was scanned using
the Lissajous scan trajectory. Despite the extremely modest requirements on
the bandwidth of the scanner, the resulting image is significantly more accurate
without compromising the spatial resolution or the imaging time.

Chapter 6

Summary and conclusions
Scanning probe microscopy (SPM) was at the cradle of nanotechnology and
continues to play a pivotal role in science and engineering on the nanometer
and subnanometer scale. To comply with the stringent requirements on accuracy, precision and speed, SPM relies on advanced techniques for position control on the nanometer scale, collectively referred to as nanopositioning. Most
nanopositioning systems use feedback control to enable good performance in
real world where uncertainties in the manufacturing of mechanical components and changes of the ambient environment are inevitable. However, despite
significant research efforts over almost three decades, high-speed SPM with
subnanometer spatial resolution remains a challenging and open problem.
We argued that a typical SPM nanopositioning system comprises a lateral
and a vertical feedback control system, with both systems being essential for the
overall performance of SPM. Because the control objectives are significantly different for these two systems, we focused on the lateral nanopositioning problem
and identified four key technological elements that constitute the foundation of
virtually every feedback control architecture for lateral nanopositioning. These
elements, referred to as pillars, are the sensor, the scanner, the feedback controller, and the reference trajectory. We argued that in improving the performance
of SPM, advancements in some or all of the pillars are required.
For the first pillar, we showed that non-contact position sensing with subnanometer resolution over a megahertz bandwidth remains an open problem.
To tackle this problem, we proposed a novel displacement transducer based on
spintronic sensors. The transducer works by detecting displacement-induced
changes in the high-gradient magnetic field at the pole of a micromagnetic dipole by means of spintronic sensors. Unlike their common use in data storage
for the sensing of magnetic storage elements, the spintronic sensors are used
here to detect continuous changes in a locally highly non-uniform magnetic
field. The advantage of using spintronic-based displacement transducers is
their inherently high bandwidth, high sensitivity, low cost and small form factor.
A striking dissimilarity with conventional displacement transducers and a large
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advantage of this concept is that by scaling down the dimensions of the transducer components, the performance improves as the ideal scenario of a perfect
magnetic dipole and an infinitesimally small sensor is approached.
In our experiments, we have shown that with a multilayer giant magnetoresistance (GMR) sensor operated in a close proximity to a pole of a micromagnetic
dipole, one-sigma resolution of 600 pm over 1 MHz sensing bandwidth can
be achieved. These are truly excellent figures that render magnetoresistancebased displacement transduction comparable to optical transducers, however,
at a fraction of their footprint and cost. We have shown both experimentally
and in simulations the scaling potential of the GMR-based displacement transducer. We believe that because of its low cost and excellent performance, the
displacement transducer will be useful in a multitude of industrial and scientific
applications. The research presented in this thesis also opens exciting research
directions for future; multi-sensor configurations for large-range sensing and
further miniaturization of the displacement transducer and the development
of its microfabricated version for integrated sensing applications are examples
of promising and desirable technological advancements.
Focusing on the second pillar, scanner, we showed that conventional singlestage scanners suffer from inherent design trade-offs such as the trade-off between
the scan range and speed. We introduced a dual-stage scanner concept for SPM
as a means to overcome the speed-range trade-off by decoupling the requirements on speed and range using two serially linked scanners, a short-range
scanner and a large-range scanner. We presented a custom-built short-range
scanner based on electromagnetic actuation that is specifically designed for
high-resolution positioning using advanced control architectures. The scanner has a low interaxial crosstalk (less than -30 dB in all axes), clean and wellunderstood dynamics and high linearity owing to the electromagnetic actuation principle. We equipped the scanner with the GMR-based position sensor
developed in Chapter 2 and used the sensor for closed-loop positioning with
approx. 1.5 kHz bandwidth. To demonstrate the benefits of dual-stage nanopositioning, we integrated the short-range scanner in a dual-stage system
with a commercial large-range scanner, and used this system to obtain a multimegapixel AFM image of a 16 × 24 µm area, and a live AFM image stream of
an 2 × 2 µm area with frame-rate of 1.25 frames/s. With these experiments, we
demonstrated the versatility of the dual-stage system, in particular its ability to
seamlessly merge large-range and video-rate AFM imaging, which is attractive
for emerging SPM applications such as the study of real-time biological processes. This way, besides contributing innovations to control-centric scanner
design, our research and the resulting instrument opens up new avenues for
interdisciplinary experimental research.
The presence of measurement noise remains one of the main challenges in
high-speed feedback control, and often its effect on the closed-loop positioning
precision can be minimized by using advanced control architectures. This is
the third pillar of nanopositioning. Hence, after an extensive review of linear
and nonlinear control techniques, we focused on two novel control architec-
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tures for noise-resilient feedback control that we developed. In the first control
architecture, we combined a robust 2-DOF feedback control architecture with
a noise-sensitivity-shaping approach using signal-based H ∞ control. This control architecture was used for feedback control of our short-range scanner in
the dual-stage high-speed SPM setup discussed above. We have shown that
by focusing high-gain feedback control effort only to frequency regions where
this was necessary, we could significantly decrease the amount of measurement
noise projected to the scanner motion.
In the second control architecture, we presented a new hybrid control architecture for nanopositioning that is based on impulsive multiplication of the
states of a linear feedback controller. The key idea is that for a large class of
plants and reference signals, the tracking error in a linear feedback system is of
abrupt, discontinuous nature and can be modeled and predicted well. Therefore, by abrupt changes of the linear controller states at discrete time instances,
the tracking error of the closed-loop feedback system can be significantly improved without increasing the bandwidth and the noise sensitivity of the linear
portion of the feedback controller. By doing so, the trade-off between tracking
bandwidth and measurement noise sensitivity that occurs in linear feedback
control can be overcome.
We thoroughly analyzed the stability and performance of this new control scheme when applied to tracking of high-bandwidth reference signals and
demonstrated its efficacy in a high-speed AFM setup. We showed that by using
impulsive control, one can speed up the AFM imaging time by a factor of two
without increasing the sensitivity to the measurement noise. This also demonstrates that owing to the low complexity of implementation and its symbiotic
relation with conventional linear feedback control, impulsive control can be
readily used in existing SPM instruments. Furthermore, our results have revealed rather surprising connections between impulsive control and the signal
transformation approach (STA) to nanopositioning which not only led to direct
performance improvements of STA controllers, but also improved our theoretical understanding of nonlinear control methods. Our research poses new
open questions such as expanding impulsive control laws to arbitrary classes of
reference signals and using impulsive control in feedback with disturbance observers to suppress sudden exogenous disturbances. These research questions
are of both theoretical and practical relevance.
Finally, we focused on the problem of scan trajectory design for high-speed
SPM. We argued that scan trajectories are extremely important for the performance of SPM because they determine the reference signals that have to
be tracked in lateral nanopositioning. Only very recently, SPM research has focused on developing alternative scan trajectories that have a significantly better
frequency spectrum characteristics than the conventional raster scan trajectory.
In our research, we made two significant contributions on this front. First, we
developed a new ultra narrow-bandwidth scan trajectory for high-speed SPM
that is based on Lissajous patterns, and resolved some of the challenging issues
in the design of these trajectories. We showed experimental results that reveal
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some of the unique properties of the Lissajous scan trajectory, such as its suitability for noise-resilient closed-loop tracking and the multiresolution imaging
capability in high-speed SPM.
Second, we generalized the problem of scan trajectory design and developed
an operator-based framework that allows to recast the scan trajectory design
problem as that of mathematical optimization. An important part of this framework is a new family of metrics for spatial resolution based on Voronoi diagrams,
a generic construct from computational geometry. This way a fair and quantitative comparison among different scan trajectories is enabled which is the
foundation for a solid and rigorous definition of optimality. We have demonstrated how the optimization framework can be used to automatically design
Lissajous scan trajectories. Our research has contributed important tools that
will enable us to answer tantalizing questions in the field of scan trajectory
design and efficiently tackle new research problems. In particular, using our
tools, a systematic comparison among existing scan trajectories can be performed, and even more importantly, completely new, possibly non-intuitive
scan trajectories can be designed.
The concept of four pillars introduced in this thesis is a powerful and deeply
systems-oriented approach that enables us to tackle the complex problems in
high-speed nanopositioning systematically, efficiently and in a modular fashion. In some scenarios, it might be sufficient or only possible to improve upon
some of the pillars; for example, if the hardware cannot be changed, only the
techniques belonging to the control and the scan trajectory pillars can be used.
On the other hand, the solutions developed according to the four-pillar strategy
can be naturally combined together and can be employed synergistically in a
single instrument. We have demonstrated this in our experiments. In a broader
context, the concept of four pillars can be extended beyond the realm of nanopositioning for SPM; for example, position control problems in data storage
and more generally, a large family of industrial automation problems have a
similar structure.
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