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Abstract—An existing bounded minimum distance decoding
algorithm for Partial Unit Memory codes is improved by using
list decoding of Reed–Solomon codes. Furthermore, a sufficient
decoding condition is given and upper bounds on the complexity
and error probability are derived.
Index Terms—Convolutional codes, Partial Unit Memory
Codes, Reed–Solomon codes, list decoding

I. I NTRODUCTION
(Partial) Unit Memory ((P)UM) codes are special convolutional codes with memory m = 1 and were introduced by
Lee [1] and Lauer [2] in the 1970s. Their construction is
based on block codes, providing a better algebraic structure
than general convolutional codes. In the 1990s, Dettmar and
Sorger [3] introduced a bounded minimum distance (BMD)
decoding algorithm for (P)UM codes that guarantees to correct
up to an error bound that can be derived from the minimum
distances of the used block codes. This decoding method can
decode a (P)UM code sequence polynomially in the field size,
whereas the Viterbi algorithm [4] might not be able to find the
Maximum Likelihood (ML) sequence in sufficiently short time,
because (P)UM codes are usually defined over large fields.
Reed–Solomon (RS) codes were discovered in 1960 and are
commonly used in a broad spectrum of applications due to
the existence of fast and efficient decoding algorithms. Some
of these algorithms, like the Guruswami–Sudan algorithm, are
able to decode beyond half the minimum distance.
This paper combines the advantages of both, (P)UM codes
and list decoding of RS codes. We introduce an improved
version of the BMD algorithm given by Dettmar and Sorger
[3] for (P)UM codes based on RS codes using Guruswami–
Sudan list decoders instead of BMD block decoders. We also
state a sufficient decoding condition for this algorithm and
derive upper bounds on the error probability and complexity.
Section II provides basic notations, defines RS and (P)UM
codes and outlines the Guruswami–Sudan algorithm. In Section III, we introduce the improved algorithm and prove that
the stated condition is indeed a sufficient decoding condition.
Upper bounds on the error probability and complexity are
shown in Section IV and Section V illustrates simulation
results. Finally, Section VI gives a conclusion.
Due to space restrictions, some of the proofs are skipped,
but can be found in the long version of this paper [5].
This work was supported by the German Research Council ”Deutsche
Forschungsgemeinschaft” (DFG) under Grant No. Bo 867/21-2.

II. D EFINITIONS AND N OTATIONS
A. Notations
Let q be a power of a prime, let F denote the finite field
of order q, let F[x] denote the polynomial ring over F and
F[x, y] the bivariate polynomial ring over F. We denote by
Fn = F1×n the set of all row vectors of length n over F and the
(0) (1)
(n−1)
elements of a vector aj ∈ Fn by aj = (aj , aj , . . . , aj
).
Furthermore, we introduce a helpful notation to use parts of a
[` ,` ]
(` ) (` +1)
(` −1)
vector aj , namely aj 1 2 := (aj 1 , aj 1 , . . . , aj 2 ) for
[`]
[0,`]
all 0 ≤ `1 < `2 ≤ n and aj := aj for all 0 ≤ ` ≤ n.
B. Reed–Solomon Codes

Let α0 , α1 , . . . , αn−1 be distinct elements of F with n ≤ q.
A Reed–Solomon (RS) code RS(n, k) of length n and dimension k over F with n ≤ q is given by
RS(n, k) =

n

o
(f (α0 ) . . . f (αn−1 )) : f (x) ∈ F[x], deg f (x) < k .

RS codes are Maximum Distance Seperable (MDS) codes,
i.e., their minimum Hamming distance is d = n − k + 1.
C. The Guruswami–Sudan Algorithm

The Guruswami–Sudan list decoding algorithm solves the
following problem.
Problem 1 Given r ∈ Fn , find a bivariate
polynomial
P`
Q(x, y) ∈ F[x, y] of the form Q(x, y) = j=0 Qj (x)y j , such
that for given integers s, τ and `:
1) (αi , ri ) are zeros of Q(x, y) of multiplicity s, ∀i =
1, . . . , n,
2) deg Qj (x) ≤ s(n − τ ) − 1 − j(k − 1), ∀j = 0, . . . , `,
3) Q(x, y) 6= 0.
The Guruswami–Sudan algorithm returns a list of polynomials that are y-roots of Q(x, y), i.e., they satisfy (y −
f (x))|Q(x, y). It was proven in [6] that these polynomials
include all evaluation polynomials f (x), which generate codewords of Hamming distance less than or equal to τ to r. The
maximum value of τ for given s and ` can be found in [7,
page 131], and is greater than half the minimum distance for
sufficiently large s and `.
Due to the restriction of the y-degree, the list size is upper
bounded by `. However, it turns out that for most parameters
the average list size is notably smaller than this parameter, see
e.g., McEliece [8].
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D. (Partial) Unit Memory Codes

B. Algorithm

The encoding rule for a code block of a (P)UM code of
length n is given by cj = ij · G0 + ij−1 · G1 , for ij , ij−1 ∈ Fk
and G0 and G1 are k × n matrices. Both matrices have full
rank if we construct an (n, k) UM code. For an (n, k | k1 )
PUM code, rank(G0 ) = k and rank(G1 ) = k1 < k hold,
00
such that G0 = G
and G1 = G010 ,where G00 and
G01
G10 are k1 × n matrices and G01 is a (k − k1 ) × n-matrix.
As notation, let the generator matrices




G00
G10
G0 ,
, G01 and Gα = G01 
G01
G10

Our algorithm is an improved version of the BMD PUM
decoding method by Dettmar and Sorger [3] using list decoding of RS codes. It first constructs a reduced trellis and then
applies the Viterbi Algorithm to it.
We show that if Condition 1 is satisfied for a received
sequence r, then the ML path is contained in the reduced
trellis and thus, can be found by the Viterbi algorithm.
In the following, the algorithm for decoding a received
sequence r = (r0 , . . . , rN −1 ) of length N is presented in
detail.
In the first step of the algorithm all received words rj for
j = 0, . . . , N − 1 are decoded individually in Cα . Actually,
r0 can be decoded in C0 and rN −1 in C10 because we know
that i−1 = iN −1 = 0. If decoding
 does not
 fail, we obtain a
µ,[k ]
list of information word tuples îj−11 , îµj and trellis edges
ĉµj with µ ∈ {1, . . . , `j } for each level j of the trellis, where
`j is upper bounded by the maximum list size `α of the list
decoder of Cα . Moreover, we define a metric
(
τα + 1,
if decoding fails,
(α)

mj =
max d(rj , ĉµj ) , else.

define the block codes C0 , C1 , C01 and Cα and τ0 , τ1 , τ01
and τα the decoding radii of corresponding block decoding
algorithms. In this paper, we assume that these codes are
RS codes and the decoders realize the Guruswami–Sudan
algorithm with the parameters (τi , si , `i ), i ∈ {0, 1, 01, α}.
A concrete construction scheme for these codes can be found
in [9, page 30]. We denote such codes as (n, k | k1 ) RS PUM
codes.
III. D ECODING A LGORITHM

µ

A. Decoding Condition
Let the received sequence r = c + e = (r0 , r1 , . . . , rN −1 )
be given, where rh = ch + eh , h = 0, . . . , N − 1 is in Fn ,
c = (c0 , c1 , . . . , cN −1 ) is a codeword of the (n, k | k1 ) RS
PUM code as in Section II-D, with ij = 0 for all j ≥ N − 1,
and eh is an error block of Hamming weight wt(eh ). In the
following, we assume that for each of the underlying RS block
codes C0 , C1 , Cα and C01 , we have a list decoder, which can
correct up to τ0 , τ1 , τα and τ01 errors respectively. In order
to give a sufficient decoding condition for RS PUM codes we
need the following definition.

τjrc

:= (j − 1)τα + τ1

i=k

(j)

j ≥ 1.

∀j, k

(1)

and that the block of the ML sequence in block rt is in the
reduced trellis after step 4 if
k+j−1
X
i=k

wt ei ≤ τjr ,

∀j, k with k ≤ t ≤ j + k − 1.

ν(µ)

(j)

where lB and lF are defined as follows:
(
)
i
X
(j)
(α)
rc
lB = min i :
(2τα + 1 − mj−t ) > τi
,

j ≥ 1,

wt ei ≤ τjr ,

it in C1 . Furthermore, we take all “right nodes” îµj and decode
(j)
lF steps in C0 in forward direction:
1
rj+i − îj+i−1
G10 = îj+i G0 + ej+i ,

Section III-C shows that the first one of the following
conditions is sufficient that the reduced trellis contains the
ML path after decoding step 3 of the improved algorithm
k+j−1
X

where the left
 is known and the informa side of the equation
ν(µ),[k1 ] ν(µ),[k1 ,k]
are the result of decoding
tion words îj−i−1 , îj−i
µ,[k ]

Definition 1 We define the following integers:
(
τ01 ,
j = 1,
r
τj :=
τ0 + (j − 2)τα + τ1 , j > 1,
τjc := τ0 + (j − 1)τα

Step two of the algorithm uses the results of step one for
decoding in forward and backward direction. In particular, that
µ,[k ]
means that we take all “left nodes” îj−11 of step one and
(j)
decode lB steps in C1 in backward direction:
 G 

ν(µ),[k ] ν(µ),[k ,k]
µ,[k ]
10
rj−i − îj−i 1 G00 = îj−i−1 1 , îj−i 1
+ ej−i ,
G01

(2)

(j)
lF

(

= min i :

t=1

i
X
t=1

(2τα + 1 −

(α)
mj+t )

>

τic

)

.

The following Step three of the algorithm makes sure that
even a certain class of error patterns with scattered peaks of
error blocks with up to τ01 errors can be decoded. For every
[k ]
block j we have to take all nodes îj−1 and îj 1 from Steps 1
[k ,k]
and 2. Then we calculate îj 1 by decoding in C01 :
[k ]

[k ]

[k1 ,k]

1
rj − îj−1
G10 − îj 1 G00 = îj

G01 + ej

The fourth step is needed to ensure correct decoding of
a certain block rt that satisfies Condition (2) if the entire
sequence does not fulfill (1). We have to define an erasure
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node for every level j of the reduced trellis and link it to
every node in the levels j − 1 and j + 1 (including erasure
nodes) using the designed edge costs of Definition 2.
Finally, Step 5 applies the Viterbi algorithm (cf. [4]) to the
reduced trellis in order to obtain the ML sequence.
Step 4 of the algorithm needs the following designed edge
costs.

Lemma 2 Step 2 is able to find the correct path between two
adjacent correct decoding decisions from Step 1 (rt and rt+i )
if (1) holds and

Definition 2 (Designed edge costs for Step 4) The
edge
(e)
cost between an erasure node ij at level j of the trellis and
information words ij−1 and ij+1 at levels j − 1 and j + 1,
which are found in Steps 1 and 2 are defined as follows:
(ef )
1) The edge cost mj
between every information word
(e)
ij−1 and the erasure node ij is given by

Lemma 3 If (1) is satisfied between two adjacent correct
decisions from Step 1 (rt and rt+i ), the following holds

(ef )

mj

= max (τ0 + 1, 2τ0 + 1 − ζF )

where ζF is defined as the smallest Hamming distance
between received block and estimated codeblock of all
edges which connect ij−1 with any node of the reduced
trellis at level j.
(eb)
(e)
2) The edge cost mj between the erasure node ij and
every information word ij+1 is given by
(eb)

mj

= max (τ1 + 1, 2τ1 + 1 − ζB )

where ζB is defined as the smallest estimated number
of errors of all edges which connect any node of the
reduced trellis at level j with ij+1 .
(ee)
(e)
3) The edge cost mj between the erasure nodes ij and
(e)
ij+1 is given by

2τ + 1 − ζ , if ∃ ij , ij+1 which are
α
α
(ee)
connected through an edge,
mj =
τ + 1,
else,

wt(ej ) ≤ min {τ0 , τ1 }

∀j ∈ {t + 1, . . . , t + i − 1} ,

is satsified.

wt(ej ) + wt(ek ) ≤ τ0 + τ1 ,

∀j, k ∈ {t + 1, . . . , t + i − 1} , j 6= k.
Theorem 1 If (1) is satisfied, the ML sequence is in the
reduced trellis.
Proof: Note that there are always at least two correctly
decoded blocks found in Step 1, namely c−1 = cN = 0,
and from Lemma 1 it is clear that it is sufficient that Step 2
(j)
(j)
corrects only lF steps in forward and lB steps in backward
direction.
From Lemmas 2 and 3, we know that after Step 2 there is
at most a gap of one block between two correctly decoded
blocks from Step 1, in which decoding both in forward and
in backward direction fails.
Since wt(ej ) ≤ τ01 for every block j, if (1) is satisfied, we
are able to close this gap in Step 3 and the complete ML path
is in the reduced trellis.
Lemma 4 If Condition (2) is satisfied for block rt , the most
likely code block ct is in the reduced trellis.

α

where ζα is defined as the smallest estimated number of
errors of all edges which connect any two nodes ij and
ij+1 of the reduced trellis.

C. Proof of Correctness
Lemma 1 If (1) is satsified, then the gap between two adjacent correctly decoded blocks in Step 1 is smaller than
L := min {LB , LF }, where
(j)
LB

(

= min i :

(j)

(

LF = min i :

i
X
t=1
i
X
t=1

(2τα + 1 −

(α)
mj−t )

(α)

>

τir

(2τα + 1 − mj+t ) > τir

)

)

,

(3)

.

(4)

Proof: If Step 1 cannot decode a block successfully,
there occured more than (2τα + 1 − mα
j ) errors in this block.
Suppose that block rt was decoded correctly and decoding in
all following L blocks failed. Then,
t+L
L
X
X
(3)&(4)
r
wt ej >
(2τα + 1 − mα
t+j ) > τL
j=t+1

j=1

in contradiction to (1).

Theorem 2 If Condition (2) is satisfied for block rt , the
Viterbi Algorithm finds the most likely code block ct .
IV. E RROR P ROBABILITY AND C OMPLEXITY A NALYSIS
A. Error Probability
By proceeding in the same way as Dettmar in [9], page 74,
and redefining ρν := τνr + 1, we obtain the following upper
bound on the block error probability of the code for a binary
symmetric channel with crossover probability p:
(P )U M

PW

≤

∞
X

ν=1

ν

ρν+1 −1 

X

i=ρν


νn i
p (1 − p)νn−i .
i

B. Complexity Analysis
By counting the maximum number of necessary block
decoding iterations, we can derive an upper bound on the
decoding complexity, which holds under the assumption of
Condition 2.
A detailed proof of the following theorem can be found in
the long version of this paper [5].
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100
Impr. (P)UM decoder (actual)
Impr. (P)UM decoder (only condition)
Single Block List Decoder
BMD (P)UM decoder (actual)

L→1+

which is polynomial in τα , τ0 and τ1 . The derivation of this
limit can be found in the long version of this paper [5].
V. S IMULATION R ESULTS
We now illustrate the improvements of the algorithm by
simulation results. A (31, 11 | 6) RS PUM sequence over F25
of length N = 50 is sent via BPSK modulation over an AWGN
channel. Figure 1 shows the block error probability over
the signal-to-noise ratio. The plot illustrates the differences
between the actual decoding capability, the decoding condition
and the equivalent block-by-block decoding performance of
both, the BMD decoding algorithm by Dettmar and Sorger
[3] and the improved (P)UM decoder.
Since the improved algorithm is able to correct more error
patterns than those fulfilling condition 2, there is a difference
between considering only the sufficient decoding condition and
evaluating the actual decoding capability.
One can notice that the Eb /N0 -gain between the actual
BMD PUM decoder and the improved PUM algorithm at an
error probability of 10−4 is about 1.2 dB.
VI. C ONCLUSION
We presented an improved version of the (P)UM decoding
algorithm of Dettmar and Sorger [3] and introduced a sufficient
decoding condition. Moreover, we derived upper bounds on the
complexity and error probability and illustrated the improvements with simulation results.

Single Block Decoder

10−2

There are two important cases which we want to discuss.
Theorem 3 shows that in general, the decoding complexity of
a RS (P)UM code list decoder is exponential in τ0 and τα .
1) In the worst case, the list size L is always the maximum
list size of all block decoders.
2) However, McEliece [8] showed that for almost every RS
code and its Guruswami–Sudan decoder, the average list
size is close to 1. In average case, we can replace L by
the upper bound
 
τB
X
n
(q − 1)s−n+k
L ≤ 1 + L0 (τB ) = 1 +
s
s=0

for the average list size (cf. [8]), where we define τB :=
max {τα , τ0 , τ1 , τ01 }.
Hence, the decoding complexity is notably smaller in the average case than in the worst case. Taking the limit of C(P )U M
for L → 1+ helps to illustrate the average complexity:


lim C(P )U M ≤ 1 + 4(2τ0 + τ1 + τα (τ0 − τα − 2)) CB ,

BMD (P)UM decoder (only condition)

10−1

Pblock

Theorem 3 If Condition 2 is satisfied for a certain block rt
of a RS (P)UM code sequence, the decoding complexity of this
block is upper bounded by
4
L(τ0 −τα +1)(τα +3)−1 CB ,
C(P )U M ≤
L−1
where CB is the maximum of the complexities of the decoders
used in Steps 1-3 and L denotes the maximum size of the lists
of code words which are the results of the decoders of each
step of the algorithm.

10−3

10−4

10−5 3

3.5

4

4.5

5

5.5

6

Eb /N0 [dB]
Fig. 1.

Error probability simulation result of a (31, 11|6) PUM code

The decoding condition as well as the simulation results
show a significant improvement compared to the original
algorithm.
A possible further modification of the algorithm could use
the Kötter–Vardy soft-decision list decoding algorithm [10]
instead of the Guruswami–Sudan algorithm as block decoders.
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