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Abstract
Strongly correlated electron systems exhibit a vast variety of fascinating phenomena,
such as superconductivity, giant magneto-resistance, topological excitations, and
magnetoelectric coupling. Such interactions are typically induced by symmetrybreaking phase transitions, as for example in the case of multiferroic materials,
where the simultaneous violation of space and time reversal symmetry gives rise
to both electric and magnetic long-range order.
Despite the tremendous progress in the understanding of the complex correlations
between spin and charge order, few studies elucidate the behaviour of multiferroic
materials on mesoscopic length scales; and little is known about the specific role of
electric and magnetic domains for the field-dependent behaviour.
The focus of this thesis lies on spin-spiral ferroelectrics, which offer the most
pronounced magnetoelectric couplings. So far, however, their actual manifestations
on the level of domains has not been systematically investigated yet.
Here, three different kinds of magnetic-field control of ferroelectric properties –
accessing magnitude, orientation, and sign of the spin-induced polarisation – are
exemplary investigated with optical second harmonic generation. This symmetrysensitive technique allows the investigation of both the macroscopic properties as
well as the behaviour of the ferroelectric domain population:
In TbMn2 O5 the magnitude of the polarisation can be fully controlled by a magnetic
field. This behaviour is analysed with regard to distinct ferroelectric contributions
and the relationship with transition-metal and rare-earth magnetic order.
In Co-doped MnWO4 both magnitude and orientation of the polarisation can be
controlled by a magnetic field. Due to the invariance of the domain distribution
under this rotation, the electric properties at the domain boundaries can be tuned.
Mn2 GeO4 shows a remarkable cross-coupled magnetic-electric hysteresis, which is
caused by the local interaction of polarisation and magnetisation domains.
The results presented in this thesis elucidate the role of electric and magnetic
domains and their profound influence on the macroscopic properties and the
observed cross-correlations. Since modern application often require the controlled
manipulation of local properties, the profound understanding of the relevant length
and time scales as shown here enable to make a step towards future technological
use of multiferroic materials.
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Zusammenfassung
Starke elektronische Korrelationen ermöglichen faszinierende Effekte in Festkörpern, wie Supraleitung, gigantischen Magnetowiderstand, und magnetoelektrische
Kopplungen. Diese Phänomene werden fast immer durch Symmetrie-brechende
Phasenübergänge bewirkt: So ermöglicht beispielsweise die gleichzeitige Brechung
von Rauminversion und Zeitumkehr das Auftreten von multiferroischer Zuständen,
welche sich durch koexistierende magnetische und elektrische Ordnung ausweisen.
Trotz des fortschreitenden Verständnis der zugrunde liegenden Wechselwirkungen
zwischen Ladungen und magnetischen Momenten wurden bisher meist nur Eigenschaften von mikroskopischen oder makroskopischen Freiheitsgraden untersucht.
Hingegen existieren nur wenige Studien die das Verhalten auf mesoskopischen
Längenskalen analysieren; und wenig ist bekannt über die spezifische Rolle der
elektrischen und magnetischen Domänen für das Feld-anhängige Verhalten.
In der vorliegenden Arbeit werden drei Arten von magnetoelektrischen Kopplungen mit Hilfe von optischer Frequenzverdopplung untersucht. In den beispielhaft
gewählten Materialien kann Stärke, Orientierung, und Vorzeichen der elektrischen Polarisierung durch ein Magnetfeld variiert werden, wobei die Symmetrieempfindliche Methode es ermöglicht die entsprechenden Domänenverteilung
unter hohen elektrischen und magnetischen Feldern zu studieren. Damit können Rückschlüsse zu den Wechselwirkungen auf makroskopischen bis hin zu
mikroskopischen Längenskalen gezogen werden:
In TbMn2 O5 lässt sich die Stärke der Polarisierung durch ein Magnetfeld kontinuierlich ändern. Dieses Verhalten lässt sich mithilfe von optischen Messungen
auf die Überlagerung verschiedener elektrischen Beiträge und insbesondere die
Sensitivität der Selten-Erd-Ordnung auf angelegte Felder zurückführen.
In Co-dotiertem MnWO4 ermöglicht ein magnetisches Feld die elektrische Polarisierung kontinuierlich zu drehen. Da die Verteilung der ferroelektrischen Domänen
von dieser Kopplung unbeeinflusst bleibt, kann der Effekt benutzt werden um die
funktionellen Eigenschaften der lokalisierten Domänenwände zu variieren.
In Mn2 GeO4 wird das Vorzeichen der elektrischen Polarisierung durch ein Magnetfeld umgekehrt. Diese gekoppelte Hysterese lässt sich auf die starke Wechselwirkung zwischen den elektrischen und magnetischen Domänen zurückführen.
Diese Ergebnisse verdeutlichen den Einfluss von den Domänenverteilungen auf
die makroskopischen Materialeigenschaften, und erhellen die Möglichkeiten von
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magnetoelektrischen Kreuz-Kopplungen auch auf mesoskopischen Skalen. Da die
gezielte Manipulation lokaler elektrischer und magnetischer Zustände auch in
Anwendungen wie etwa der digitalen Datenspeicherung relevant ist, erlaubt das
hier gewonnene Verständnis über die relevanten Längen- und Zeitskalen einen
weiteren Schritt in Richtung zukünftiger technologischer Nutzung multiferroischer
Materialien.
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Introduction
Symmetry has an unparalleled role in nature with many consequences in physics,
chemistry, and biology, regardless of the considered length scales [1]. Especially
interesting are symmetry-lowering phase transitions as they lead to new ordered
structures and enable emergent phenomena.
This is for example demonstrated by the occurrence of crystallographic order, which
breaks the translational invariance of space.1 This periodic order leads, for example,
to electronic band gaps, and the scientific understanding of the ramifications
enabled the immense progress in semiconductor technology [2, 3].
In this thesis, the discrete symmetry transformations of spatial inversion and time
reversal are of special interest. The former can be broken by an arrangement of
displaced charges, the latter is broken by charge currents or magnetic moments.
Ferroic materials are exemplary for the consequences of such symmetry violations: Technologically-employed examples feature ferroelectric and ferromagnetic
materials with a spontaneous and switchable net moment – while the first are characterised by a non-centrosymmetric electric polarisation, the latter are described
by a magnetisation breaking time reversal symmetry [5]. The properties of these
phases therefore do not depend on the atomic ingredients only, but on the particular
symmetry transformations lost upon the phase transition into the ordered state.
Since electrons carry both charge and spin, space-time parity also plays an important
role for so-called strongly-correlated electron systems: These materials allow for the
emergence of a variety of complex phenomena and cross-couplings, for example
superconductivity and colossal magnetoresistance [6–8].
The simultaneous breaking of spatial inversion and time reversal further enables
the occurrence of both electric and magnetic properties, as in the case for so-called
magnetoelectric and multiferroic materials. The coexistence of magnetic and electric
order is, however, not trivially achieved. In fact, conventional mechanisms to
induced long-range order of charge and spin are contra-indicated [9].
Such restrictions are lifted in so-called spin-spiral ferroelectrics where modulated
magnetic order induces a spontaneous polarisation, enabling a variety of magnetoelectric effects, for example the opportunity to control electric (magnetic) properties
by applied magnetic (electric) fields.
1

Since a hundred years ago the first x-ray diffraction measurements allowed to investigate the
microscopic structure of crystals [4], 2014 celebrates the year of crystallography.
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So far, many of these remarkable spin-charge-correlations have only been investigated on either macroscopic or microscopic length scales. This leaves their
behaviour on mesoscopic scales an open question, being governed by the presence
of ferroic domains. As the domains determine technologically relevant key properties such as the coercive field and switching dynamics a further understanding is
needed if multiferroic materials should ever be considered for applications.
Furthermore, the relationship between the existing microscopic models trying to
explain the macroscopic magnetoelectric coupling often are incomplete, which
could be rectified by experiments taken with a complimentary technique.
Therefore, in this thesis, symmetry-sensitive optical second harmonic generation is
used to investigate three spin-spiral materials with magnetoelectric interactions,
and to elucidate the origin of the magnetic-field-control of magnitude or direction
of the ferroelectric polarisation.
This thesis is structured as follows:
In chapter 1 the role of symmetry on crystallographic properties and the characteristics of ferroic states emerging due to long-range order are introduced.
In chapter 2 the focus lies on multiferroic and magnetoelectric materials and the
microscopic interactions enabling the correlations between spin and charge degrees
of freedom.
In chapter 3 the advantages of optical second harmonic generation in the investigation of ferroic materials are discussed.
In chapter 4 the magnetic-field induced polarisation suppression in TbMn2 O5 is
examined and compared to the robust multiferroic behaviour of YMn2 O5 .
In chapter 5 in particular the properties of the domain walls under magnetic-fieldinduced polarisation rotation in Co-doped MnWO4 are discussed.
In chapter 6 the behaviour of the ferroelectric domains upon the coupled magneticelectric switching hysteresis in Mn2 GeO4 is studied.
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Part I.
Background
C’est la dissymétrie qui crée le phénomène.
P. Curie, 1894 [10]

The following three chapters build the methodological part of this thesis:
Chapter 1 explains the consequences of crystallographic symmetry on
the observable physical properties. Furthermore, the features that define
ferroic phase transitions and phases are discussed in general terms.
Chapter 2 focusses on the microscopic interactions present in
magnetically-modulated materials. Mechanisms that allow the emergence of a spin-induced ferroelectric polarisation are briefly discussed,
as well as possible ways a magnetic field can affect such a cross-coupled
structure.
In chapter 3 optical second harmonic generation (SHG) is introduced
as an experimental technique to investigate symmetry-breaking phase
transitions. The method is especially suited to measuring properties of
ferroelectric phases on macroscopic and mesoscopic length scales. In
the main part of this thesis SHG is used to analyse the magnetic-field
dependence of the spontaneous polarisation in spin-spiral multiferroics.

1

1. Ferroic materials
The breaking of translational, rotational, and time reversal symmetry
in crystals imposes restrictions on the anisotropy of the physical effects
that can be induced in ordered materials. This chapter introduces the
mathematical formalism of physical tensor properties and their relationship with crystallographic and magnetic symmetry. This framework
is especially suited to describe phase transitions accompanied by the
loss of rotational symmetry elements. The resulting ferroic phases are of
tremendous technological relevance due to the presence of switchable
metastable domain states and enhanced susceptibilities.
The defining property of crystallographic order is the loss of translation symmetry
by the periodic arrangement of structural unit cells.1 The resulting long-range order
imposes constraints on the microscopic and macroscopic physical properties of the
material; indeed technically desirable electronic, optical, and magnetic properties
arise due to the periodic repetition of the underlying building blocks [2, 3, 11].
In this chapter the mathematical framework of crystallographic symmetry groups
and the description of anisotropic physical properties are introduced. These
formalisms are especially useful when describing ferroic phase transitions and
ordered phases characterised by the loss of point symmetry operations. The general
consequences of such phase transitions like domain states and hysteretic switching
behaviour are briefly explained; while microscopic interactions relevant to induce
magnetically ordered states are discussed in the next chapter.

1.1. Crystallographic and magnetic symmetry
A crystal structure can be mathematically described by the combination of a lattice,
specifying the translation symmetry, and an atomic basis, which contains the
information about the ionic constituents of the material. The infinite repetition of
the unit cell in space creates the crystallographic order, which in turn determines
many of the physical properties of the considered material.
1

Or, in the case of quasicrystalline order, by the presence of long-range correlations between the
non-periodic atomic building blocks [12, 13] leading to coherent diffraction patterns [14].
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Figure 1.1. Behaviour of (a) displacements r and (b) magnetic moments µ under different
symmetry operations: Four-fold rotation 4z , spatial inversion 1, mirror m (dashed line
denotes the reflection plane), and time reversal 10 . Light arrows denote the initial states,
bold arrows the transformed arrangement. For transformations changing the handedness
of the systems (e.g. 1 or m) the sign of µ is opposite compared to r.

Both the translations and the atomic basis limit the rotation symmetry of the
material: The set of rotations and roto-inversions2 that leaves the microscopic
structure unchanged is called the crystallographic point group. The space group of
a crystal can be described by combining these operations with fractional translations
(leading to glide planes and screw axes) [15–22]. For magnetic materials and effects
time reversal is also considered in the description of the overall symmetry group.
With regard to the properties discussed in this thesis, especially the transformation
behaviour of a material under inversion symmetry 1 : r → −r is of relevance:
Materials which have an inversion centre are centrosymmetric, those for which 1 is not
a symmetry element are non-centrosymmetric. Furthermore, non-centrosymmetric
groups lacking any roto-inversion elements are called chiral; and those exhibiting
axes of distinct direction are called polar.3
If magnetic materials and effects are considered, the symmetry description also
must involve the time reversal operation 10 . Classical magnetic moments can be
described as a circular current, and therefore it changes sign under time reversal
10 µ = −µ [10] while a normal vector r remains unaffected, as shown in figure 1.1.
The figure also demonstrates that symmetry transformations affect both the ionic
position and the local property. Furthermore, µ transforms differently from normal
vectors r under roto-inversion symmetry elements since it is a handed property.
Combination of time reversal 10 with the crystallographic symmetry elements g
(translation, rotation, inversion) leads to a large number of new possible symmetry
groups, which can be classified in three categories [16, 23]: (1) Non-magnetic groups
Roto-inversion elements are the combination of a rotation with spatial inversion, e.g. 12i = mi .
Such operations change the handedness of the coordinate system.
3
The word polar is sometimes used in ambiguous contexts; it can mean (1) symmetry groups with
directed axes, (2) tensors invariant under inversion symmetry, (3) materials with (constant or
induced) dipolar moment P.
2
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lattices

point groups

space groups

crystallographic

14

32

230

magnetic

36

122

1651

[23, p. 586f]

[16, p 91ff]

[24]

Table 1.2. Number of crystallographic and magnetic translational lattices, point groups,
and space groups. The introduction of time reversal 10 vastly increases the number
of possible symmetry groups. The last row lists references to the respective details of
black-and-white magnetic groups.

G10 with the doubled elements g + g10 , (2) magnetic groups G containing no time
reversal, (3) and non-trivial groups G = D + 10 (G − D) where D is a subgroup of G
with index two. The number of magnetic lattices and point and space groups (and
respective references) are given in table 1.2.

1.2. Physical property tensors
The crystallographic and magnetic point group of a material directly determines
whether certain physical effects are permitted. Furthermore, the anisotropic
response to applied fields is also linked to the material symmetry [15, 16, 18, 25].
While the following section discusses macroscopic properties, the same arguments
also can be applied for microscopic interactions as discussed in the next chapter.
The tensor approach only holds limited applicability when considering dynamic
and dissipative processes such as transport phenomena or field-responses involving
hysteretic switching or plastic deformation [16, 26, 27].

1.2.1. Tensor properties
In a static equilibrium the measurable variable that quantifies the material response
Y (like polarisation P or magnetisation M) can be expressed as a combination of
the applied fields X and a material-dependent susceptibility Ẑ:
Y = ẐX

(1.1)

Since physical conservation laws have to be obeyed, the effect must be the same if
observed in equivalent coordinate systems. Therefore, the involved fields and the
material property X, Y, Ẑ transform like tensors.

5

1. Ferroic materials

Considering a change of a coordinate system given by an orthogonal 3 × 3 matrix
T̂, tensors Ẑ transform in the following way:
XXX
Ẑij...m =
Tii0 T jj0 . . . Tmm0 Ẑ0i0 j0 ...m0
(polar tensor Ẑ)
(1.2)
i0

j0

Ẑij...m = det(T)

m0

XXX
i0

j0

Tii0 T j j0 . . . Tmm0 Ẑ0i0 j0 ...m0

(axial tensor Ẑ)

(1.3)

m0

In general, tensors are characterised by their rank, as well as their behaviour under
spatial inversion and time reversal:
Rank – even and odd The rank n of a tensor Ẑ denotes the number of involved
directions in the description of the physical property, i.e. the number of indices
of Ẑ. Therefore, a scalar quality like temperature is described by tensors
of rank zero, displacement vectors by tensors of rank one, stress tensors by
tensors of rank two, and so forth. A tensor of rank n has up to 3n non-zero (and
possibly distinct) components. For general considerations it is only relevant if
the tensor rank is even or odd (denoted e or o, respectively).
Polar or axial According to equations (1.2) and (1.3) the general transformation of
a tensor under spatial inversion with 1 = −1 can be expressed as
1Ẑ = ±(−1)n Ẑ .

(1.4)

The pre-factor +1 corresponds to polar (p) tensors, while those that transform
with an additional factor of −1 are called axial (pseudo-)tensors (abbreviated
with a). An example for an axial property is the magnetic moment µ, which
transforms differently than a polar vector r under symmetry operations that
change the handedness of the system, as illustrated in figure 1.1.
Time-invariant or time-change For magnetic and frequency-dependent interactions the transformation behaviour under time reversal 10 is relevant, too.
Tensors that do not change with 10 are called time-invariant (abbreviated with
i). In contrast, change (c) tensors revert their sign under time reversal (or
complex phase for frequency-dependent effects):
10 Ẑ = −Ẑ ,

or

10 Ẑ = Ẑ∗ .

(1.5)

In addition to the aforementioned properties, intrinsic symmetries imposed by
thermodynamic considerations (Maxwell relationships) or physical indistinguishability of applied fields can lead to the invariance of tensors under the exchange of
certain indices [18]. Such intrinsic symmetry (or antisymmetry) is often expressed
with Jahn symbols [28], and limits the number of distinct tensor contributions to
the material response.

6
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Figure 1.3. Form of invariant polar second-rank tensors with intrinsic symmetry χi j = χ ji
for the seven crystal classes (summarising the general symmetry of the 14 translational
Bravais lattices). Open circles denote zero, filled circles non-zero contributions. Components of equal magnitude are connected with lines. The hierarchy of the crystal classes is
adapted from [29], and shows the possible continuous deformations from one lattice into
another.

1.2.2. Anisotropy of material response
It follows from equation (1.1) that the rank and transformation behaviour of a
material susceptibility Ẑ depend on both the tensor properties of the inducing field
X and the observable Y.
The non-zero contributions to Ẑ do not depend on the intrinsic tensor properties
only but also on the symmetry group G of the investigated material. This relationship
is summarised by the Neumann principle [18, p. 34]:
“The symmetry of any physical property Ẑ of a crystal must include the
symmetry elements of the point group G of the crystal.”
Therefore, knowledge of intrinsic properties of Ẑ and the point group G is enough to
determine if a physical coupling is allowed by symmetry, and if so, what anisotropy
this effect will show. These non-zero contributions can be calculated [25] and are
tabulated, e.g. in the book by Birss [16].
In general, several scenarios can be distinguished which lead to a vanishing material
response, here listed in order of strictest to less strict limitations:
(1) Symmetries of Ẑ and G are incompatible: In this case effects of tensors with
the same symmetry but different rank n0 = n ± 2 are also forbidden. An
example is the vanishing piezoelectric response (o,p,i) in centrosymmetric
crystals.
(2) The rotational symmetry of G leads to zero contributions: For example, a
polarisation P (p,i,o) is allowed in polar materials only. In contrast to the
previous case, higher-order tensors of the same symmetry might be allowed

7
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(e.g. piezoelectric response in non-centrosymmetric non-polar materials).
(3) Invariance under symmetric or antisymmetric permutations can also lead to
vanishing contributions of Ẑ. An example is the case of antisymmetric (chiral)
contributions χijk = −χik j to the optical second harmonic response; in contrast
those contributions do not vanish for sum frequency generation which has
the same tensor properties, but no symmetry under permutation of indices.
(4) Tensor contributions also can vanish accidentally, e.g. due to boundary
conditions or when considering the spectrum of a frequency-dependent
response. If an effect is allowed by symmetry, however, it usually occurs,
which makes the tensor approach so powerful.
In contrast to the previously listed limitations, some material properties are always
allowed, for example those described by symmetric polar invariant second-rank
tensors χij = χ ji . Such tensors describe material properties like mechanical stress σ̂,
dielectric ε̂ and magnetic susceptibility µ̂, or optical birefringence n̂. Their form
only depends on the crystal class (general translational symmetry) of the material
and therefore the measured anisotropy can also be used to limit the symmetry
group of an investigated material.4 The general form of such tensors is shown in
figure 1.3.

1.3. Ferroic order
The relationship between material symmetry and tensor properties are especially
useful when considering phase transitions. In many cases the underlying electric
or magnetic long-range order breaks rotational symmetry as well. In this case
the new phase usually has a lower point group symmetry than the parent phase,
and as consequence, new tensor properties arise below the critical temperature.
Such ferroic phases are technologically relevant, due to their multi-domain states,
switchability, and enhanced susceptibilities [30, 31].

1.3.1. Ferroic phase transitions and hysteretic domain switching
As illustrated in figure 1.4 (a) a ferroic phase transition is induced by microscopic
long-range order that is accompanied by a spontaneous symmetry breaking: For a
uniaxial ferromagnet, the isotropic distribution of the magnetic moments evolved
into a collinear arrangement below TC . Therefore the isotropy of space as well as
time reversal symmetry is broken upon the transition. Consequently, new tensor
properties are allowed to emerge in the ordered phase.
4

8

Tensor properties are usually described in orthogonal (mostly Cartesian) coordinate systems
even if the crystallographic lattice does not feature perpendicular basis translations (such as
hexagonal, trigonal, monoclinic, or triclinic lattices).

1.3. Ferroic order

Figure 1.4. Defining properties of (a) ferroic phase transitions and (b) ferroic phases for
the case of a uniaxial ferromagnet. (a) The onset of long-range alignment of atomic
magnetic moments below TC breaks the rotational invariance and the time reversal of the
material. Furthermore, the magnetic susceptibility χ exhibits a strong enhancement near
TC . (b) The observation of a remanent moment MR in zero field and hysteretic switching
defines a ferroic phase. The field-induced switching process involves the nucleation of
domains with opposite alignment of the magnetisation M, and the subsequent movement
of domain walls. Switching from a multi-domain state (“virgin curve”) is shown in red.

In general, the tensor properties arising below the critical temperature TC can
be macroscopic moments (like a component of the strain tensor, polarisation, or
magnetisation) or a higher-order response function. Related to the microscopic
nature of the developing long-range order, the electric and magnetic linear susceptibilities, thermal expansion, and specific heat will show an anomaly at the
transition temperature. The red dashed line in figure 1.4 (a) shows the divergence
of the magnetic susceptibility χ = ∂M
at TC .5
∂H
Due to the spontaneous symmetry breaking, two or more degenerate arrangements
are possible in the low-symmetry phase, which are called domain (or twins). These
domain states have the same symmetry, magnitude of the ordered property, and
energy, but a different orientation.
Figure 1.5 shows the close relationship between the symmetry breaking phase
transition and the occurrence of ferroic domains: The loss of the four-fold rotation
axis 4z of the tetragonal structure in (a) leads to four equivalent structures with
lower orthorhombic symmetry group H (b). The rotation 4z transforms those
states into each other. If the phase transition happens in absence of fields, these
configurations are degenerate, and a multi-domain state is expected to arise in the
ordered phase.
The hallmark feature of a ferroic phase is the possibility of aligning and reversing
these metastable states with a suitable applied field, as illustrated in figure 1.4 (b).
5

In general, susceptibilities show a divergence (or at least enhancement) at a second-order phase
transition, and a step for first-order transitions. While anomalies in the specific heat (conjugated
to the entropy of a system) are very sensitive to the occurrence of long-range order, describing a
transition as first or second order is a more difficult assignment.
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Figure 1.5. Symmetry breaking upon a ferroic transition, and distinction between fully
and partially switchable domain states. (a) Depiction of the high-symmetry phase with
point group G=4/mmm. (b) Loss of the fourfold rotation allows for four degenerate
configurations with symmetry group H=2/mmm, between which the element 4z transforms
(fully ferroic). (c) Loss of the inversion symmetry leads to four polar states with respective
point group H0 =2mm. Inversion 1 transforms between pairs of domain states only (partial
ferroic).

The reversal of M → −M costs energy, as domains with opposite magnetisation
must be nucleated and domain walls moved with the driving field. The coercive
field HC is needed to achieve equal domain population; and marks the point where
the system is continuously driven into a state aligned parallel to the driving field.
The example in figure 1.5 shows that the relationship between high-symmetry and
low-symmetry phase also can limit possible switching events: In the transition
from (b) to (c) the inversion symmetry is lost. Therefore the domain states now
can be polar (since point group H0 is polar), i.e. displaying a directed property. In
this case, however, the inversion operation only relates two domain states to each
other. This relationship limits the possibility to transform a multi-domain state into
a single-domain state by the application of a suitable driving field. This distinction
between fully and partial ferroic state shifts was first discussed by Aizu [5, 32].
Therefore, knowledge of the point groups of the high-symmetry and ordered phase
allows the prediction of the number, orientation, and possible restrictions on the
switching behaviour of the ferroic domains emerging at the phase transition. The
relationship between different point group symmetries are tabulated, e.g. those by
Janovec and Dvorak [33] can be helpful accessing possible low-symmetry phases,
while the work by Aizu [5] permits conclusions about the expected switching
behaviour.
The length and time scales that govern the equilibrium and dynamic properties of
domain patterns are of technological relevance [18, 34, 35]. The switching process
also depends largely on external influences like the sample’s thermal history or
defect concentration. Furthermore, it is important to note that a symmetry-breaking
phase transition does not necessitate the emergence of a ferroic state – only the
observation of hysteretic switching behaviour allows us to define a long-range
ordered phase as ferroic.

10
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1.3.2. Ferroic order parameters and Landau theory
For the mathematical description of the ferroic phase transition it is therefore useful
to find a way to characterise the relationship between high-symmetry and ordered
phase. When considering figure 1.5 it can be shown that the combination of all
orientations of the domain symmetry groups H restore that of the unordered state G.
Therefore, the loss of rotational symmetry upon the transition can be characterised
by the combination of the high-symmetry group G and the transformation behaviour
of a so-called order parameter τ, such that G = H ∩ τ holds [17, 36, 37].
In general, the transformation behaviour of the order parameter τ can be related
to an irreducible representation of the parent group G [17, 29]. This concept even
holds when considering phase transitions that are induced by modulated charge or
spin order where the breaking of translational symmetry is characterised by a vector
q, which gives direction and periodicity of the modulation in reciprocal space.
Fractional values encode an enlargement of the unit cell, while irrational values
describe modulations incommensurate with the underlying ionic lattice [38–40]. In
this case the irreducible representations τ (or Gq ) related to the space group G and
the modulation vector q can have several complex contributions, complicating the
physical description of the system. Irreducible representations are either found in
tables [23, 41, 42] or can be calculated [37, 43, 44].
A description by the combination of a high-symmetry group G and a symmetrybreaking order parameter τ is only possible if the phase transition is continuous,
τ
i.e. when the transformation G → H indeed can be parametrised by infinitesimal
“deformations” [17, 43, 45, 46]. This condition is generally obeyed by second-order
phase transitions; and most magnetically-induced transitions (irrespective of being
first or second order) also meet this continuity condition.
If the transition is indeed continuous, the successful description of the low-symmetry
phase(s) requires two more conditions to be met: (1) The choice of the prototype
symmetry group G (para phase), and (2) the choice of the right primary order
parameter.
(1) In some cases, G is chosen to be of higher symmetry than that of the phase
observed above the critical temperature TC in order to fully explain the
properties of the ordered phase. Figure 1.5 schematically illustrates this
point: It is more advantageous to describe the transition from (b) to (c) as a
subsequent transition from the symmetry shown in (a); only then the full set
of domains can be explained successfully.
(2) The primary order parameter τ is the one that fully accounts for the loss
of translational, rotational, and time inversion symmetry. Parameters that
capture the broken symmetry only partly are called secondary order parameters
and are especially useful when considering cross-coupling between different
physical properties.

11
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Figure 1.6. Application of Landau theory for the description of ferroic phases. (a) The
form of the free energy F(τ) is determined by the high-symmetry group G and the
transformation behaviour of the order parameter τ. Minimisation of F(τ) can be used
to determine (b) possible stable states, and their sequence, (c) temperature- and fielddependence of the order parameter and related susceptibilities, and (d) cross-correlations.
Furthermore, it is possible to determine the microscopic structure of (e) domains and
(f) domain walls and to (g) classify topological defects (illustration of hedgehog defect
taken from [47, p. 199]).

Knowing the parent phase G and the irreducible representations τ, an expansion of
the Landau free energy can be established: F(τ) only contains those polynomials of
the order parameter(s) and physical fields which are invariant under the symmetry
operations of G.
By assuming that certain pre-factors change sign at TC the spontaneous symmetry
breaking can be explained mathematically. This is illustrated in figure 1.6 (a) which
shows a prototypical free energy above and below the transition temperature: For
T > TC the function F(τ) has only one minimum at τ = 0 equivalent to a non-ordered
state. Due to the sign change of some pre-factor the free energy F(τ) develops
two minima below TC , which determine the equilibrium values ±τ of the order
parameter in the degenerate domain states.
The many applications of the symmetry analysis and Landau theory are summarised
in figure 1.6: (b) Minimisation of the free energy permits the determination of the
possible phase transition sequences, stable phases, and their symmetry groups. (c)
It also allows the prediction of the (mean-field) temperature- and field-response of
macroscopic tensor properties and (d) possible cross-couplings terms [17, 37, 43,
48]. (e,f) In combination with the ionic description of the material, the symmetry
of G and τ imposes constraints on the micro-structure of the domains [43, 49–52]
and the domain walls [36, 53]. (g) Considering the configuration space of τ allows
the classification of possible topological defects related to the symmetry-breaking
phase transition [47, 54–56].
All the aforementioned arguments underline the usefulness of the strictly mathematical approach – even without knowing anything about the exact nature of the
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centrosymmetric

non-centrosymmetric

time
invariant
time
change

Table 1.7 Primary ferroic order with
macroscopic moment, classified by the
transformation behaviour of the primary order parameter under spatial
inversion 1 and time reversal 10 . Here,
antiferromagnetic materials breaking
both time and inversion symmetry are
of interest. The scheme is adapted from
[57] and [58].

microscopic order, the transformation of τ can be calculated and used to predict
the behaviour in the low-symmetry phases.

1.3.3. Classification of ferroic order
So far, the discussion of ferroic materials was based on the symmetry relationship
between the high-symmetry and the ordered phase. But the concept of the order
parameters as introduced in the previous section has a physical manifestation on
both microscopic and macroscopic length scales: As discussed before, the loss of
rotational symmetry implies the emergence of new tensor properties below the
critical temperature TC differentiating between the possible degenerate domain
states. The physical nature and symmetry of this macroscopic property and its
behaviour under applied fields can be used to characterise different kinds of ferroic
order: If a transition is fully characterised by the emergence of a single macroscopic
moment conjugated to mechanical stress or electric and magnetic field, it is called
primary ferroic order. There are four kinds of primary ferroic states, as shown in
table 1.7:
Ferroelastics are defined by the emergence of a spontaneous strain which requires
the deformation of the unit cell, i.e. a change in translational symmetry [59–63].
Therefore ferroelastic transitions can correspond to changes between two of
the crystallographic classes as depicted in figure 1.3.
Ferroelectrics develop a spontaneous polarisation that can be switched by an
electric field. As P is a directed property, ferroelectric order is only allowed
in non-centrosymmetric, polar materials [64, 65]. Furthermore, usually only
insulators or semiconductors are considered as ferroelectric materials, since
in metals the charge dipole would be screened [66, 67].
Ferromagnets show long-range order of the microscopic spin or orbital magnetic
moments. While ferromagnets exhibit a collinear arrangement, partially or
fully compensated distributions characterise ferri- or antiferromagnetic order,
respectively [68–71].
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Ferrotoroidic order is defined by the emergence of a macroscopic polar, time-odd
toroidisation T, which can be generated by magnetic vortices [72–77].
In particular, ferroelectric and ferromagnetic materials are of high technological
relevance, and are used in many applications. Desirable properties are high
susceptibilities (e.g. for transformers and capacitors), high spontaneous moments
(e.g. electro motors), stable domain states (digital data storage), and secondary effects
like pyroelectric and piezoelectric coupling (relevant for sensors and actuators).
This classification of ferroic states can be expanded for higher-order tensor properties. In some cases, only the combination of two applied fields can switch the
domain states, which leads to the definition of secondary ferroics [30–32]. As phase
transitions are accompanied in anomalies in temperature-dependent susceptibilities
and moments, the kind of order can be readily deduced even without knowledge
of what is exactly happening to the material.
The microscopic causes for long-range order are related to the local interaction
between electronic charge, spin, and orbitals, and the ionic lattice. Often it is possible
to generate a relationship between microscopic distortions and the macroscopic
tensor property related to it. In many cases, however, especially in modulated
phases, the relation between microscopic and macroscopic order parameters is by
no means trivial.
Multiferroic materials The complexity of the microscopic interactions can lead
to the emergence of coexisting ferroic orders, either by subsequent transitions of
different character, or due to strong intrinsic cross-coupling of the different microscopic degrees of freedom. Such materials showing the simultaneous occurrence
of different long-range order are called multiferroic [78]. The terminology is not
restricted to bulk materials, but is also used for thin films and heterostructures
especially interesting for technical applications [58, 70, 71, 79–86].
In this thesis especially the coexistence of both magnetically and electrically ordered
states and possible cross-coupling to applied fields is of interest. In particular, it
was shown that magnetically modulated spin-spiral materials allow for intrinsic
cross-coupling terms leading to magnetically induced ferroelectricity.
As discussed in the next chapter and the main part of the thesis, those materials
offer a variety of possibilities to affect the electric properties by magnetic fields.
Many of the observed effects are not yet fully understood; especially a picture
embracing all length scales – microscopic, mesoscopic, and macroscopic – is still
missing.
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Spin-spiral multiferroics are characterised by the occurrence of a magnetically induced spontaneous polarisation. The electric properties of such
materials can often be tuned by applied magnetic fields, and this chapter
aims to give an overview of the vast possibilities of microscopic and
macroscopic cross-couplings. The prerequisites of modulated magnetic
order, as well as the symmetry constraints and microscopic interactions
allowing for the emergence of ferroelectricity are discussed.
The observation of cross-correlations between electric and magnetic properties of
crystals are generally termed as magnetoelectric couplings. The archetype for such
an interaction is the linear magnetoelectric effect, where a polarisation is induced
by a magnetic field, and vice versa:
P = α̂H H , and M = α̂E E .

(2.1)

The intrinsic linear magnetoelectric effect was first predicted and measured for
Cr2 O3 [87–89]: Here, the antiferromagnetic order breaks both inversion symmetry
and time reversal, and therefore allows non-zero contributions to the tensor α̂.
Generally, the term magnetoelectric includes all kinds of cross-couplings between
electric and magnetic properties, which come in a surprising variety, as will be
discussed in detail in section 2.3. The relevance of such effects are extensively
discussed for multiferroic materials: In theory, the possibility to affect a spontaneous
polarisation (magnetisation) of a crystal with a magnetic (electric) field offers many
opportunities for technological applications [58, 70, 71, 79–81, 85].
But the coexistence of magnetic and electric long-range order does not necessitate
a strong cross-coupling: In many materials, polarisation and magnetic order
originate from different microscopic mechanisms, and thus only weak interactions
are expected to arise. This is different in so-called spin-spiral ferroelectrics, where a
modulated spin order induces a spontaneous dipole moment: While the polarisation
is usually several orders of magnitude weaker than in “conventional” ferroelectric
materials, it can often be strongly affected by a magnetic field. Examples are the
magnetic-field-induced polarisation reorientation in TbMnO3 [90], or the magneticfield-induced suppression of the net polarisation in TbMn2 O5 [91].
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Curiously, the reverse effect of manipulation of a magnetisation M(E) by an electric
field is much more difficult to achieve. This is due to the fact that E only breaks
spatial inversion and not time reversal, so that the coupling to the magnetic
properties can only happen via indirect means [71, 85, 86, 92–99].
Most of the spin-spiral multiferroics observed so far are oxides with magnetic
transition-metal or rare-earth ions. The following chapter reviews the main
ingredients leading to complex modulated spin order, and the symmetry arguments
and microscopic interactions required to allow for a spontaneous polarisation.
Finally, the influence of the magnetic field on the microscopic spin order and the
magnetically induced polarisation is discussed.

2.1. Magnetism in transition-metal oxides
Transition-metal oxides show a remarkable versatility for tuning the correlations
between the lattice, charge, spin, and orbital degrees of freedom. This broadness
enables complex phases which are susceptible and controllable with applied fields,
and therefore of profound technological interest. Examples are high-temperature
superconductivity, quantum criticality, giant magneto-resistance [7, 100–102],
spintronic applications [6, 84, 99, 103], and magnetoelectric multiferroics [58, 78,
80].
The structure of many transition-metal oxides consist of a close-packed lattice of
oxygen ions, as O2− usually has the largest ionic radius. The metal cations are placed
on some (or all) of the interstitial sites. The magnetic ions are therefore surrounded
by oxygen polyhedra, and the interaction with the low-symmetry environment
strongly affect the electronic, magnetic, and optical properties [104–106]. Due to the
limited screening of the 3d states these effects related to the crystal-field splitting
are especially pronounced for transition metal ions of the iron series.
The ionic and electronic structure of such materials can promote competing magnetic
interactions, and strong correlations between electronic spin, charge, orbitals and
the underlying atomic lattice. Therefore, semiconducting transition-metal oxides
with localised 3d (and 4 f ) moments allow for strong intrinsic cross-couplings that
possibly lead to multiferroic and magnetoelectric behaviour.
Considering the magnetic order, the spatial distribution of spins is mainly governed
by two energy scales: First, exchange interactions between magnetic moments
stipulate the overall spatial modulation. Second, the spin orientation is mainly governed by the local environment of the ion which determines the magnetocrystalline
anisotropy. The symmetry and properties of the magnetic structure therefore are
sensitive to the balance of these interactions in relation to temperature and applied
field.
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Figure 2.1. The magnetic exchange is sensitive to the bond angles between oxygen O (red)
and metal ion M (grey): (a) Edge-sharing polyhedra enforce the angles ∠(M-O-M) to be
close to 90◦ , which leads to weakly ferromagnetic exchange, while (b) corner-sharing
polyhedra promote larger bond angles and stronger antiferromagnetic interactions.1
(c-h) Connectivity networks for different spin-spiral materials [108]: Open and solid
circles mark ions differing by element, sites symmetry, or valency. Single and double
lines mark connections via corner- and edge-sharing oxygen polyhedra. Dashed lines
connect next-next-nearest neighbouring ions. (c) RMn2 O5 [109], (d) MnWO4 [110], (e)
olivine Mn2 GeO4 [111], (f) o-RMnO3 [90], (g) delafossite CuFeO2 [112], (h) Ni3 V2 O8 [113].

2.1.1. Magnetic exchange interactions
Curiously, the strongest interaction between magnetic ions often does not originate
from dipolar interactions between the spin S or orbital L moments, but rather due
to quantum mechanical exchange interactions based on the interplay of the Pauli
principle and electrostatic Coulomb repulsion [68, 69, 71, 107].
Super-exchange interactions The leading-order term to interactions between magnetic ions in transition-metal oxides is due to super-exchange: Here, the ions on
different sites interact via the orbital overlap with one (or several) oxygen p orbitals.
Phenomenologically, the exchange Hamiltonian can be written as
HHeisenberg = −Jij ΣSi · S j .

(2.2)

Considering this term, only the relative orientation of the spins Si,j matters but not
their absolute direction in space. The largest energy contributions are expected
for collinear spin arrangements ↑↑ or ↑↓. Which of these two configurations is
favoured depends on the sign of the exchange integral Ji j . This constant depends
on the occupation and the overlap of all involved d and p orbitals. Therefore, sign
and strength of the super-exchange interactions are strongly anisotropic in space.
The relationship between orbital occupation, M-O-M bond angle, and favoured
spin arrangement is summarised in the Goodenough-Kanamori-Anderson (GKA)
1

These and all following crystallographic structures were rendered with VESTA [114].
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rules [107, 115–117]. These rules give a rough relation between the connectivity of
metal ions with ferromagnetic or antiferromagnetic exchange paths: Bond angles
∠(M-O-M) close to 90◦ are expected to be weakly ferromagnetic, while straighter
M-O-M bonds promote strong antiferromagnetic interactions.
Frustrated interactions The GKA rules are valid for next-nearest (NN) neighbours
only. But exchange between ion pairs of larger distance can be strong, too, especially
if the NN interactions are weak. The overall spin structure therefore is determined
by the competition between all exchange paths. This can lead to situations where
no spin structure can simultaneously satisfy all magnetic interactions. Such
arrangements usually occur for interactions between an odd number of ions,
competing interactions between nearest- and next-nearest neighbours, or structures
of low dimensionality [118–120]. Figure 2.1 shows the connectivity networks of
some materials that promote magnetic frustration.
There are four main ramifications of frustrated interactions: (1) The transition into a
long-range ordered state occurs for critical temperatures TN or TC much lower with
respect to the Curie-Weiss temperature obtained from the magnetic susceptibility.2
(2) The occurrence of modulated magnetic order. (3) Ground-state degeneracy,
which allows for competing phases and the possibility to influence the magnetic
structure by an applied field. In the case of very strong frustration, this competition
even prevents long-range order to occur.
Spin spirals A common consequence of strong frustration are long-range modulated
magnetic structures, or in the broadest sense, spin spirals. Such configurations
are characterised by a modulation vector q describing the magnetic periodicity in
reciprocal space. If the magnitude of q does not correspond to a rational fraction of
the crystallographic lattice, the emerging incommensurate modulation breaks the
overall translational symmetry. As a result, the order parameter describing the
modulation has several complex contributions; and can allow for further symmetry
lowering and cross-correlations to occur.

2.1.2. Magnetocrystalline anisotropy
The symmetry of the magnetic phases do not depend on the modulation vector q
only, but also on the direction of the local moments, which is determined by the
magnetocrystalline anisotropy [68, 69].
The main contribution to magnetocrystalline anisotropy is the single-ion term,
which is governed by the shape of the electronic orbitals (given by the angular
momentum L), the local charge distribution around the crystallographic site, and
the strength of the spin-orbit interaction.
2

The Néel temperature TN gives the critical temperature of an antiferromagnet, while the Curie
temperature TC marks the transition into a ferromagnetic (ferrimagnetic, ferroelectric) phase.
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Mathematically, the single-ion anisotropy can be expressed as
Haniso = Si K̂Si ,

(2.3)

with the symmetric and traceless anisotropy tensor K̂. Depending on the sign of the
non-zero contributions the local moment will align along an easy axis or easy plane.
Large anisotropy energies, as usually found for 4 f ions [69], imply that it is difficult
to affect the spin order with a magnetic field applied along a “hard” direction.
The situation is slightly different for 3d ions: Stronger interaction with the surrounding ions leads to the (partial or full) quenching of the orbital moment. This,
and the fact that the transition-metal ions are lighter, means that the spin-orbit
coupling is not as effective as for example for rare-earth ions. As a consequence,
for transition-metal oxides the anisotropy energy is usually much lower than
the exchange interactions. Furthermore, the local orientation of the 3d magnetic
moments cannot be concluded as simply as for the 4 f ions. On the other hand,
the smaller anisotropy energy offers more versatility to form complex magnetic
structures.

2.2. Spin-induced ferroelectrics
While ferromagnetic materials show long-range ordering of the microscopic magnetic moments, ferroelectric materials are characterised by the emergence of a spontaneous polarisation due to charge displacements. Therefore, both effects are usually
not coupled. Some materials, however, show simultaneous (antiferro-)magnetic
and ferroelectric order, where the latter is induced by the former. Such coupling
terms are especially promoted in materials with complex modulated spin order.
The presence of magnetically induced ferroelectricity depends on both the symmetry breaking generated by the onset of magnetic order, and on the microscopic
interactions between spin, orbital, and lattice degrees of freedom.

2.2.1. Macroscopic symmetry of spin-spiral order
As discussed in section 1.3.3, ferroelectric behaviour can only be observed in
materials with polar point group symmetry. Therefore, to get a magnetically
induced polarisation, the spin order has to break spatial inversion symmetry.
The symmetry properties of modulated magnetic structure are summarised in
figure 2.2 which shows three archetypical spin spirals. They are characterised
by the propagation vector q, and the preferred direction or plane ℘ in which the
magnetic moments are modulated.
A symmetry analysis of the magnetic spirals allows the determination of their
respective point symmetry group: While the sinusoidal spiral in figure 2.2 (a) is
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(a)
Sinusoidal spiral

(b)
Helical spiral

(c)
Cycloidal spiral
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Figure 2.2. Symmetry properties of modulated spin order. Frustrated magnetic interactions and a low-symmetry magnetocrystalline anisotropy can lead to complex spin
spirals. They can be characterised by their periodicity and modulation vector given by q
and the preferred direction or plane ℘ of the magnetic moments. The figure shows three
limiting cases; (a) the centrosymmetric sinusoidal modulation, (b) the chiral spin helix,
and (c) the polar spin cycloid.

centrosymmetric, both the helix and the cycloid structure (b,c) break inversion
symmetry. The two domains related by 1 differ in the constant spin canting
C = Si × S j between adjacent spins Si, j . Therefore, the presence of non-collinear
magnetic order can be supportive to the inversion symmetry breaking. Here, only
the cycloidal spiral would allow for ferroelectricity due to its polar symmetry.
Real magnetic structures are often more complex than the limiting cases shown in
figure 2.2, e.g. due to a tilted spin plane ℘ or conical contributions. Furthermore, the
overall symmetry is not determined by the magnetic order only, but also depends
on the crystallographic structure, the local symmetry of the magnetic sites, and
how these sites are connected. Therefore, even sinusoidal and cycloidal spirals can
support the emergence of a ferroelectric polarisation.
In many spin-spiral multiferroics, the transition into the ferroelectric states occurs
as a sequence of two continuous second-order phase transitions: Upon lowering
the temperature, usually a narrow intermediate phase with sinusoidal order is
observed. When cooling across the second transition, additionally the magnetic
structure also breaks inversion symmetry, often due to finite spin canting, and a
spontaneous polarisation emerges. In the course of a Landau theoretical treatment
of multiferroic materials this relates to the fact that for a second-order transition
only one order parameter gets activated at a time, or that the magnetic anisotropy
favours the easy direction close to TN only [121]. Therefore, the inversion symmetry
has to be broken either subsequently, or due to a first-order transition.
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2.2.2. Microscopic magnetoelectric interactions
On a microscopic scale a number of models relate the emergence of ferroelectric
behaviour to the spin-spiral order [83, 108, 122–125]. Common for all mechanisms
is the magnetically-induced modulation of bond length or bond angles, or redistribution of electronic orbitals, leading to a global imbalance of the distribution
of negative and positive charges. The effectiveness of these couplings depend on
many parameters, such as the valence of the magnetic ion, its magnetic moment,
site symmetries, the strength of spin-orbit coupling, and the hybridisation with
ligands.
In many cases it is not clear whether lattice or electronic contributions play the major
role for the ferroelectricity: Spin-induced polarisation values are usually in the
order of 1 µC/m2 to 1000 µC/m2 . Ionic shifts necessary to generate this magnitude
of P are in the order of 10−3 Å, and thus difficult to detect with diffraction methods
[126–128]. The distinction between purely ionic or electronic contributions probably
is not entirely necessary anyhow, as cross-relaxation will occur.
Ferroelectricity due to non-collinear magnetic order In many spin-spiral multiferroics ferroelectricity is a consequence of non-collinear magnetic order, and the sign
of the polarisation is directly coupled to the spin chirality C = Si × S j [129–131].
This coupling between magnetic order and ferroelectric polarisation can either
be explained by the Dzyaloshinskii-Moriya interaction [132–134], or via the spincurrent mechanism [135, 136]. In the former case, the interaction between noncollinear spins can lead to ionic displacements stabilising the magnetic structure [137,
138]. The latter model relates the spin current between non-collinear neighbouring
spins js ∝ C with the polarisation P, as both have the similar symmetry properties.
On a phenomenological level, the coupling terms have the same form, but the spincurrent model is allowed for any local symmetry, while the Dzyaloshinskii-Moriya
interaction vanishes for centrosymmetric metal-oxygen clusters.
Overall, antisymmetric exchange strongly depends on the strength of spin-orbit
coupling, as was demonstrated nicely by the ferroelectric properties of Ru-doped
MnWO4 : The 4d ions allow for stronger LS coupling, which enhances the spontaneous polarisation by almost an order of magnitude [139].
Ferroelectricity due to collinear magnetic order Breaking of spatial inversion does
not necessary involve a finite spin chirality. The symmetry of the ionic structure
or the superposition of two sinusoidal spin-density modulations can also lead to
polar structures [121, 140]. Here, instead of being proportional to the off-centring of
ions, the non-zero polarisation is related to the magnetically-induced dimerisation
of inequivalent bonds or sites [122, 141]: Inequivalent ionic occupation can for
example be achieved by the presence of sites with distinct local symmetry or by
charge-ordered states of ions differing in element of valency. Magnetic order also
can generate inequivalent bonds, e.g. the configuration ↑↑↓↓ exhibits alternating
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Figure 2.3. Different ways to affect a dipole moment with a magnetic field: (a) Fieldinduced polarisation; (b,c) enhancement or suppression; (d) sign reversal, or flip; (e)
discontinuous 90◦ -rotation, or flop; (f) continuous rotation.

ferromagnetic and antiferromagnetic bonds [138, 142, 143].
For charge-ordered magnetic states, ferroelectric polarisation contributions both
parallel and transverse to the modulation vector can emerge. The forces between
different ions originate either from superexchange (exchange striction [144], leads
to P ⊥ q) or double exchange interactions (for mixed ionic valency, induces P||q).
Therefore they do not depend on the absolute spatial orientation of the spins. As
spin-orbit coupling is not involved, in general these mechanisms might induce
large polarisation values for collinear spins [141], especially if the M-O-M bonds
are not completely straight [108].
On-site dipole moments The previously discussed cross-coupling terms are induced by the interaction between neighbouring spins. In addition, on-site polarisation contributions also can be of interest. Here, due to metal-ligand hybridisation
the direction of the local spin can affect the bonding strength. This, in turn, may
lead to local displacements [142, 145–148]. A net polarisation can arise if the metal
site is non-centrosymmetric [149] and the spin order is non-collinear [150]. The
magnitude of this effect depends on factors like single-ion anisotropy, pd orbital
overlap, and spin-orbit coupling strength.
The underlying metal-oxygen hybridisation leads to the spin-polarisation of the
initially non-magnetic ligand, which is known to affect both spin-independent and
spin-dependent properties on the connected sites [138, 151]. The induced moment
on the oxygen site can have sizeable magnitude, and was found in a number of
multiferroic and magnetoelectric materials [152–155].

2.3. Polarisation control by a magnetic field
Due to the close relationship between magnetic order and spin-induced ferroelectricity, significant magnetoelectric coupling can be expected in spin-spiral materials.
Indeed, the magnetic field can lead to a multitude of changes in both magnitude
and direction of the net polarisation, as illustrated in figure 2.3.
In the last ten years numerous examples for such cross-coupling effects were found,
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(a1) P(H) ∝ H
LiFeSi2 O6
Cr2 O3
GaFeO3

[156]
[88, 89]
[157]

(a2) P(H) ∝ f (H2 )
Cu2 OSeO3
Ba0.52 Sr2.48 Co2 Fe24 O41
Sr3 Co2 Fe24 O41
ZnCr2 Se4

[158, 159]
[85]
[160]
[161]

(a3) field-induced polar phase
Ni3 TeO6
[98]
CuFeO2
[162]
(b) P(H) > P(0)
DyMn2 O5
HoMn2 O5
CuBr2
Ni3 V2 O8
(c) P(H) < P(0)
TbMn2 O5
ErMn2 O5
Ba2 Mg2 Fe12 O22
α-CaCr2 O4
CaMn7 O12
Ni3 V2 O8
HoFe3 (BO3 )4

[163]
[164]
[165]
[166]
[91]
[164]
[167]
[168]
[169, 170]
[166]
[171]

(d) P(H) = −P(0)
Mn2 GeO4
CoCr2 O4
GdFeO3
Lu2 MnCoO6
MnWO4

[172]
[173]
[174]
[175]
[176, 177]

(e) P(H) ⊥ P(0)
MnWO4
o-TbMnO3
o-DyMnO3
LiCuVO4
TmMn2 O5
YbMn2 O5
LiCu2 O2

[178]
[90]
[179]
[180]
[181]
[182]
[183]

(f1) P(φ) ∝ H
Mn0.95 Co0.05 WO4
Ba2 CoGe2 O7

[184]
[185]

(f2) P(φ) ∝ H(φ)
Ba0.5 Sr1.5Zn2 Fe12 O22
Eu0.75 Y0.25 MnO3
Ba2 Mg2 Ge12 O22
CuFe0.965 Ga0.035 O2

[186]
[187]
[188]
[189]

Magnetoelectric and multiferroic materials investigated in this thesis comprise
YMn2 O5 & TbMn2 O5 [190] (chapter 4), Mn0.95 Co0.05 WO4 (chapter 5), Mn2 GeO4
(chapter 6), Cu2 OSeO3 (together with MnSi & Fe0.8 Co0.2 Si, appendix A) and
MnWO4 (appendix B).
Additionally investigated, but not discussed here: CaBaCo2 Fe2 O7 [191], CuO
[192], InMnO3 [193], LiFeSi2 O6 .
Table 2.4. Examples of materials showing the magnetoelectric couplings illustrated in
figure 2.3. Some multiferroics can exhibit several cross-couplings dependent on field
orientation and magnitude. Subcategories are listed for (a) magnetic-field-induced
polarisation contributions with initial P(0) = 0, and an induced polarisation rotation by
(f1) a magnetic field with fixed direction, or (f2) a rotating magnetic field.
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underlining the versatility of strong correlations between magnetic and electric
properties in modulated spin-spiral materials. Table 2.4 gives an overview of
materials allowing for the magnetic-field control of an electric polarisation.
The general magnitude and effect of interactions between spin-spiral materials and
magnetic fields depends on the subtle relationship between intrinsic degrees of
freedom, like exchange interactions, magnetic anisotropy, spin-orbit coupling, and
spin-dependent hybridisation.
In general, the prevalent strong antiferromagnetic exchange interactions prohibit
the easy deformation of the spin spiral, and often relatively high field strengths
are required to induce magnetoelectric effects. However, materials with a small
magnetisation, e.g. due to conical spiral order or rare-earth moments, were shown
to be more susceptible to magnetic-field-induced changes of the polarisation [90,
91, 188].
Regarding the classification of field-induced effects three main causes can be
distinguished: First, magnetoelectric coupling can arise due to field-induced phase
transitions, or the shift of transition temperatures due to an applied magnetic field.
Second, field-induced contributions can be induced by the reversible deformation
of the overall magnetic structure. Third, magnetoelectric interactions can also
be enabled by the direct coupling in ferroic domains and domain walls. The
consequences of each cause are briefly discussed in the following section.

2.3.1. Field-induced phase transitions
Regarding magnetic phase transitions, an applied field can have two consequences:
First, if the magnetic structure is characterised by successive phases a field may
favour one of these over the other. In turn, the ferroelectric properties associated
with each phase will also change with the shift of the transition temperature, for example leading to magnetic-field-induced polarisation enhancement or suppression.
This effect can allow for gigantic magnetoelectric couplings, due to the delicate
balance of magnetic structures and phase coexistence at a morphotrophic phase
boundary [90, 98, 163].
Second, additional symmetry-breaking phase transitions induced by a magnetic
field can occur. Such meta-magnetic transitions are characterised by the sudden
reorientation of the local moments. This new macroscopic symmetry frequently does
not have a direct relationship with the zero field arrangements symmetry, inducing
a first-order phase transition, and can result in new magnetoelectric couplings.
This will change both magnitude and direction of the induced polarisation.
Polarisation flop The most common example of such meta-magnetic reorientation
are spin-flop transitions: Strong antiferromagnetic interactions will counteract with
the field-induced magnetisation, especially if the field is applied along the magnetic
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easy axis. When the magnetocrystalline anisotropy is weak, this frustration can be
overcome by the reorientation of the magnetic moments perpendicular to the field
while still mostly satisfying anti-parallel alignment which maximises the isotropic
exchange energy [68].
Regarding the magnetoelectric cross-coupling, this spin-flop model successfully
explains the sudden reorientation of the net polarisation in materials like MnWO4
[178], o-TbMnO3 [90], o-DyMnO3 [179], or LiCuVO4 [180]. In these materials, the
polarisation is a consequence of a cycloidal spiral as shown in figure 2.2 (c). At
sufficient magnetic field the spin-spiral plane changes by 90◦ ; which leads to the
simultaneous reorientation of the polarisation direction.
In principle, these first-order reorientation transitions can lead to a new arrangement
of domains [194], especially if the number of domain species increases. The
torque that the magnetic field will apply on the spin spiral is the same, however,
independent on the handedness present in the magnetic domains, which can lead
to a preservation of the domain state upon the flop transition [195]. In addition, the
degeneracy of the domain states can be lifted by a slight canting of the magnetic
field, so that the initial and flopped domain distribution often coincide [196–198].

2.3.2. Field-induced polarisation contributions
Apart from sudden changes, an applied magnetic field also continuously deforms
the microscopic spin structure, which leads to elliptical and conical variants of the
spirals shown in figure 2.2. The field-induced changes in macroscopic symmetry
and local spin configuration influence the microscopic coupling and thus can lead
to changes in the net polarisation [199]: Phenomenologically, the macroscopic
dipole moment can thus be described as a sum of polarisation contributions with
parallel or distinct direction and field-dependence, coupling to different aspects of
the microscopic spin order.
These contributions induced by the continuous and reversible deformation of the
microscopic spin structure often show either linear or quadratic behaviour with
the applied field or field-induced magnetisation.3 Therefore, such effects do not
show a hysteresis, and the zero-field arrangement can be restored fully.
Depending on how the microscopic spin order is affected, the polarisation contributions decrease or increase with the magnetic field, e.g. by reducing antiferromagnetic
correlations, or increasing the effective spin canting. Furthermore, ions with competing local anisotropies can lead to a constant rotation of a spin-spiral plane

3

The modulated spirals shown in figure 2.2 do not break macroscopic time reversal, therefore do
not allow a linear magnetoelectric coupling term as expressed by equation (2.1). The presence of
a finite magnetisation due would, in principle, allow for non-zero coupling.
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– in turn, the polarisation will also reorient. Such a situation, reminiscent of a
continuous spin flop, was observed in Mn0.95 Co0.05 WO4 , for example [184].

2.3.3. Cross-coupling between ferroic domains and domain walls
Phase transitions and field-induced polarisation contributions affect the whole
sample in the same way, even if the sign of the polarisation differs in the distinct
ferroelectric domains. Apart from irrevocable changes accompanying a first-order
transition these effects are expected to be fully reversible.
This is different for magnetoelectric cross couplings that involve the interaction
between ferroelectric and ferromagnetic domains and domain walls. In this case,
coupled hysteretic switching of both magnetisation and polarisation is possible, as
observed for CoCr2 O4 [173], Mn2 GeO4 [172], and Lu2 MnCoO6 [175].
The permanent changes of the ferroelectric properties caused by a magnetic field
can therefore allow for the persistent cross-control of the multiferroic domain states,
of interest for technical applications [79, 200].
Even if both a spontaneous polarisation and magnetisation are present in a material,
in most cases they are not directly coupled, and cross-switching is not possible –
this is a more complex analogue to the partial and full ferroic switching discussed in
section 1.3.1. Because in spin-spiral multiferroics both M and P originate from the
same antiferromagnetic structure, more elaborate cross-couplings can be allowed.
Furthermore, the local spin order at the multiferroic domain boundaries can lead
to phenomena not present in bulk [201], and can enable couplings to external fields
[202, 203], too. Controlling the properties of localised interfaces between domains
allows for additional multifunctionalities which extends the technological potential
of ferroic domain states [204]. In turn, the presence of magnetoelectric domain
walls can also affect bulk properties: The ferroelectric polarisation in CoCr2 O4 is, for
example, thought to be due to the field-induced movement of multiferroic domain
boundaries [205]. In addition, the role of 90◦ -boundaries stabilising the domain
pattern before and after spin-flop transitions have been discussed [197, 206].
Overall, most experiments on multiferroic materials do not consider the interactions
on mesoscopic length scales, nor the magnetic-field dependence of the ferroelectric
domain population determining the net polarisation. Therefore, especially the
magnetoelectric interactions discussed here are not fully understood yet, since the
direct observation of ferroelectric and magnetic domains is only possible with a
limited number of experimental techniques.
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2.4. Open questions & thesis outlook
As illustrated in the previous section, there exist a number of multiferroic materials
which allow diverse magnetoelectric couplings. The cross-correlation between
magnetic structure and the spontaneous polarisation is usually investigated with
integrating methods – like pyroelectric current measurements – sensitive only to the
net polarisation dependent on the applied field. Microscopic probes, like neutron
and resonant x-ray scattering, Mössbauer spectroscopy, and muon spin rotation,
give insight into the local structure. In combination, macroscopic and microscopic
measurement methods often allow the development of a model which relates the
observed effects on both length scales.
There are some limitations, since macroscopic methods cannot distinguish between
distinct collinear contributions to the net polarisation, nor gather information about
the mesoscopic domain distributions and how they are affected by magnetic fields.
It is therefore desirable to use an experimental technique that permits both the
distinction of different order parameters and the imaging of ferroic domains. In
this thesis, three examples of magnetoelectric multiferroics were investigated with
optical second harmonic generation, which is a symmetry-sensitive technique ideal
for investigating ferroelectric phases and cross-couplings.
This integrated approach reveals the behaviour of distinct polarisation contributions in YMn2 O5 , TbMn2 O5 and Mn0.95 Co0.05 WO4 , while SHG domain imaging
elucidates the magnetoelectric coupling at ferroelectric domains and domain walls
in Mn0.95 Co0.05 WO4 and Mn2 GeO4 .
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A material can exhibit a non-linear optical response if intense light
fields are used. Of particular interest for the investigation of ferroic
materials is the generation of a second harmonic wave with twice the
initial photon energy: This response is sensitive to the material symmetry,
and therefore allows the background-free coupling to structural and
magnetic long-range order. Due to the many experimental degrees of
freedom, and the possibility to access macroscopic, mesoscopic, and
microscopic scales, SHG is a superior technique to investigate ferroic
materials and field-induced phenomena, and especially suited in its
application to multiferroic and magnetoelectric materials.
Non-linear optical excitations were first discussed by Maria Göppert-Mayer in
1931 [207], but it was with the invention of the laser in 1960 by Maiman [208] that
facilitated the high-power and intense light fields required to investigate these
phenomena in more detail [209, 210].
Nowadays, materials with non-linear optical absorption and emission are used
in many technical applications such as laser sources with tunable frequency [211,
212], up-converting phosphors [213–215], photonic devices [216], solar cells with
enhanced quantum efficiency [217], and many more [218].
In this thesis second harmonic generation (SHG), or optical frequency doubling,
is used to investigate ferroic transitions and phases. This process, sketched in
figure 3.1, describes the simultaneous absorption of two photons with the same
energy ~ω and the direct re-emission of a photon with 2~ω. Excitation and nonlinear response are closely linked by the symmetry of the material, and thus SHG
can be used to detect changes at symmetry-breaking phase transitions in bulk
materials, surfaces, and even buried interfaces [219–222].
This chapter introduces the theoretical concepts of second harmonic generation and
explains the symmetry selection rules relevant for the observation of ferroic phases
(sections 3.1 to 3.3). The experimental setup used for the following experiments
is outlined briefly in section 3.4. Section 3.5 explains the general experimental
characterisation of non-linear signals, followed by details about the investigations
of ferroic materials in section 3.6.
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Figure 3.1 Schematic illustration of the SHG process: Two photons of
energy ~ω are virtually absorbed and induce the emission of a photon with
twice the initial energy 2~ω. Due to the coherent nature of the process,
the polarisation dependence of the SHG excitations is determined by the
symmetry of the material.

3.1. Optical second harmonic generation (SHG)
In a simplified picture, light-matter interaction is caused by the vibration of electrons
in matter as response to the external light field. Due to the anharmonicity of the
electronic potential, an incident light wave of sufficient strength can induce higherorder vibrations in a material, which act as emitters of light with higher (or lower)
frequency.1 In the following, we consider only the simplest non-linear process
with degenerate light fields E(ω), and thus investigate the production of the second
harmonic wave with 2ω = ω + ω.
Using the Maxwell equations the higher-order excitations can be expressed in terms
of the incident light field with polarisation E(ω) and momentum k(ω).2 The derived
source term S(2ω) will act as a source for light emission at 2ω [224, 225]:
S(2ω) = µ0

∂2 P(2ω)
∂M(2ω)
∂2 (∇ · Q̂(2ω))
+
µ
∇
×
−
µ
.
0
0
∂t2
∂t
∂t2
| {z }
| {z }
|
{z
}
ED

MD

(3.1)

EQ

The three terms correspond to electric and magnetic dipole (ED, MD) or electric
quadrupole (EQ) contributions to the induced non-linear oscillation of the light
field S(2ω). Considering only terms quadratic in the electric field component of the
light field, their anisotropic dependence on E(ω) and S(2ω) can be expressed by
tensor equations [226]:
P(2ω) =
M(2ω) =
Q̂(2ω) =

ε0

ε0 c0
n(ω)
−icε0
2ωn(ω)

χnl
(2ω, ω)E(ω)E(ω) ,
ED
nl
χMD (2ω, ω)E(ω)E(ω) ,
χnl
(2ω, ω)E(ω)E(ω) .
EQ

(3.2)

Therefore, the characterisation of the hyperpolarisability tensors χnl
, χnl
, and χnl
ED
MD
EQ
can give insight into the symmetry of a material. In particular, the leading-order
electric dipole term P(2ω) is allowed in systems with broken inversion symmetry
1
2

The vibration in an anharmonic potential is nicely illustrated in [223, ch. 11].
The vector k(ω, E) gives the propagation direction of the light within the material. Its magnitude
is given by |k(ω, E)| = nω
c0 with energy- and polarisation-dependent refractive index n = n(ω, E).
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symmetry restriction for non-zero χ

SHG

tensor

i-ED
c-ED
MD
EQ

(p,o,i) non-magnetic non-centrosymmetric (1 broken)
(p,o,c) broken 1 and 10 (but 10 can be symmetry element)
(a,o,i) none
(p,e,i) none

EFISH
MFISH

(p,e,i)
(a,e,i)

none
neither 1 nor 10 is a symmetry element

Table 3.2. Symmetry of different SHG tensors and the requirements for the crystallographic
(and magnetic) point group of the material permitting these effects. In this thesis, we pay
particular attention on c-ED SHG induced by spin-spiral multiferroic order.

only. Therefore, SHG is a suitable experimental technique to investigate surfaces,
interfaces, and ferroelectric phases [222, 227], where the signal arises free of
background contributions. Furthermore, it can be used to study antiferromagnetic
transitions, field-induced effects, and even carrier transport.
The intensity of the observable second harmonic light is proportional to the norm
square of the (complex) source term in equation (3.1). As light is a transverse wave,
only the second-harmonic light field S⊥ (2ω) ⊥ k(ω, E) perpendicular to the light
propagation direction k(ω, E) has to be considered for the measured SHG response:
ISHG (2ω) ∝ |S⊥ (2ω)|2

(3.3)

In addition, the SHG yield of a tensor contribution χi jk (2ω, ω) depends strongly on
the electronic structure and the linear optical properties of the material, as briefly
discussed in section 3.3.

3.2. Symmetry selection rules
Due to the tensor relationships described in equation (3.2) a close correlation
exist between the polarisation directions of E(ω), S(2ω) and the crystallographic
directions of the investigated material. As described in section 1.2 such a link
will limit the non-zero contributions of the material tensor describing the physical
effect.3 General properties of the non-linear hyperpolarisability tensors – like rank
and behaviour under inversion and time reversal – are given in table 3.2. In
combination with the material point group symmetry, they determine the non-zero
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contributions of χ, which can be looked up in tables, e.g. in the work by Birss [16].
Usually, for non-centrosymmetric materials a strong non-linear optical response is
expected; while MD and EQ terms of non-leading order are allowed for centrosymmetric materials, too. Their signal strength is usually about two or more orders
of magnitude lower than that of i-ED SHG4 but can have similar amplitude to the
c-ED SHG induced in magnetic phases [231].
In the case of electric dipole SHG, the observation of a modulated polarisationdependent SHG intensity (discussed in more detail in section 3.5.4) can be directly
linked to the excited ED tensor contributions:
SED
i (2ω) ∝ Pi (2ω) ,

with Pi (2ω) = χED
i jk (2ω, ω)E j (ω)Ek (ω) .

(3.4)

Due to the spatial derivatives in equation (3.1) the polarisation dependence S(2ω)
of the MD and EQ non-linear terms additionally depend on the light propagation
direction k(ω): The magnetic dipole term contributes as a cross product with k(ω),
while the quadrupole term is given by a contraction of the EQ tensor with the light
propagation vector:
SMD
(2ω) ∝ εijk k j Mk (2ω) ,
i

with Mk (2ω) = χMD
klm (2ω, ω)El (ω)Em (ω) ,

(3.5)

SEQ
(2ω) ∝ ki Q̂ij (2ω) ,
j

with Q̂i j (2ω) = χEQ
(2ω, ω)Ek (ω)El (ω) .
i jkl

(3.6)

Therefore, the assignment of MD and EQ tensor contributions to the observed
signals must be approached with more prudence than that of ED contributions.
In many cases the polarisation dependence given by SMD (2ω) and SEQ (2ω) is the
same, and thus MD and EQ tensors (most often giving a temperature-independent
background signal) cannot be distinguished – for the same (magnetic) point
symmetry group their polarisation dependence is usually different to that of i-ED
SHG, and at most times distinct to c-ED SHG, too [16].

3.2.1. Field-induced SHG response
In addition to SHG due to the crystallographic structure, additional non-linear
signals can arise when symmetries are broken by extrinsic fields or internal longrange order.
3

In an experiment with collinear incident light fields the degeneracy of E(ω) leads to up to eighteen
χi jk that can be distinguished for ED or MD SHG (and up to 54 distinct χi jkl for EQ SHG). A
consequence of the particular tensor symmetry χi jk = χik j is that chiral contributions χxyz = −χxzy
cannot be observed with SHG [228–230], but only with sum frequency generation (SFG).
4
The derivation of the source term contributions contain spatial derivatives for MD and EQ SHG
as in equation (3.1). Due to the ratio between light wavelength and crystallographic lattice
constants those contributions are usually two orders of magnitude weaker than crystallographic
ED-SHG signals.
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In the case of electric-field induced SHG (abbreviated EFISH) the application of
a static electric E(0) field removes the macroscopic inversion symmetry, and thus
additional SHG contributions are allowed:
S(2ω) ∝ χEFISH (2ω, ω)E(ω)E(ω)E(0)

(3.7)

To detect EFISH contributions, the electric field (or a projection of it) has to be applied
perpendicular to the light propagation direction k(ω). Such an induced effect can
be distinguished by material-specific SHG due to its quadratic field-dependence
IEFISH (2ω) ∝ |E(0)|2 [232, 233].
Conversely, an applied magnetic field also can generate a second harmonic excitation (abbreviated MFISH) dependent on the static (induced or spontaneous)
magnetisation M(H(0)). The material response is given by the equation
S(2ω) ∝ χMFISH (2ω, ω)E(ω)E(ω)M(H(0)) ,

(3.8)

and is allowed in non-centrosymmetric systems only. Usually it has a different
polarisation dependence than i-ED SHG and thus can be distinguished from the
crystallographic non-linear response. Therefore, MFISH signals can be used to
investigate the behaviour of magnetised bulk materials and interfaces [219, 220,
234–238].
Since charge currents break both spatial inversion and time reversal symmetry,
transport properties can be investigated with SHG as well [239–242]. Such experiments are especially interesting for the contact-free detection of spin currents
[135], as discussed and observed in spintronic materials [243, 244] and topological
insulators [245–247].

3.2.2. Coupling to ferroic order parameters
Due to its inherent sensitivity to symmetry breaking, SHG is a superb technique
to investigate ferroic transitions and phases. Most commonly it is used to study
ferroelectric materials [222, 227, 248], but it also allows to investigate antiferromagnetic and magnetoelectric materials [220, 221]. In particular, it is one of the few
experimental techniques that allow the imaging of antiferromagnetic 180◦ -domains,
as first shown for Cr2 O3 [231, 249, 250].
As described in chapter 1 ferroic transitions are characterised by the loss of
point group symmetry elements. Therefore, new non-linear susceptibility tensor
contributions coupling to the primary and secondary order parameters are expected
to arise below the critical temperature TC .
If the transformation behaviour of the order parameters is known, an extended
tensor approach can be used to predict the ferroic non-linear contributions [251].
In most cases, however, it is enough to compare the form of the SHG tensors
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in the high- and low-symmetry phase to determine contributions coupling to
ferroic order parameters. In particular, for transitions from centrosymmetric to
non-centrosymmetric phases a pronounced SHG signal coupling to the inversionsymmetry breaking of the microscopic order is expected to arise. For ferroelectric
materials usually only those ED-SHG contributions χi jk (2ω, ω) are non-zero where
the tensor indices i jk contain an odd combination of the polar direction k P.5
In the case of spin-spiral ferroelectrics, SHG usually couples only to translationalinvariant combinations of the complex order parameter, and it often cannot be
distinguished if the non-linear response originates from the magnetism or the
polarisation. Although optical methods are usually insensitive to the breaking of
translational symmetry, the occurrence of magnetic order with incommensurately
modulated moments can lead to non-zero SHG contributions as well [252].
The assignment of SHG contributions to macroscopic order parameters is usually
done on a purely phenomenological assumption on the basis of temperature- and
field-dependent measurements (see also section 3.6). Due to the spectroscopic and
polarisation degree of freedom of SHG it is possible to observe independent order
parameters simultaneously [253–255]

3.3. Spectral dependence of SHG yield
The selection rules discussed in the previous section only determine if a non-linear
response is allowed in a material, but not if and at what photon energies 2~ω they
occur and which intensity the SHG excitation will have. There are three factors that
largely affect the magnitude of the non-linear signals: the electronic structure of the
material, as well as the linear optical properties, namely absorption and refraction.
Especially interesting for the investigation of transition-metal materials are crystalfield excitations of magnetic 3d ions, which usually occur in the infrared to ultraviolet
spectral range [106, 256, 257] and can allow for SHG signals coupling to the longrange magnetic order. Furthermore, due to the different selection rules for linear
and non-linear transitions, SHG spectroscopy can be used as a complimentary tool
to determine the electronic structure of a material [258, 259].
Electronic structure A quantum mechanical perturbation theory treatment of the
non-linear excitations reveal that if real electronic states are in the vicinity of the
energies ~ω or 2~ω the SHG yield can be resonantly enhanced [218, 260–262].
This is illustrated in figure 3.3 (a) with states |i > and |e > near the incident and
doubled photon energy. On a phenomenological level this relationship is also
expressed by Miller’s rule [263], which relates the complex linear dielectric response
5

The only exception to this rule are materials with trigonal and hexagonal symmetry, which allow
additional SHG contributions, tabulated in [16].
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Figure 3.3 Factors influencing the SHG magnitude: (a)
Enhanced non-linear conversion is expected if electronic
states |i >, |e > exist in the
vicinity of photon energies
~ω or 2~ω. (b) Linear absorption at both ω and 2ω limits the sample volume from
which a SHG signal is detected. (c) Mismatch between
the light momenta leads to
so-called “walk off” limiting
the SHG yield.

P(ω) ∝ χ(ω)E(ω) to the SHG hyperpolarisability:
χSHG
ijk ∝ χii (2ω)χ jj (ω)χkk (ω) .

(3.9)

Absorption The linear optical absorption coefficient α(ω) attenuates both the incident as well as the generated second harmonic wave, as illustrated in figure 3.3 (b).
This limits the conversion efficiency. In the case of a transmission experiment and a
material with strong absorption at ω (2ω) the detected SHG signal will originate
from the front (back) part of the sample only.
Refraction So far, only the conservation of energy was considered. Due to the
coherent nature of the light fields at ω and 2ω the momentum mismatch between
k(ω) and k(2ω) has to be considered, too: If 2k(ω) = k(2ω) the incident and
generated light fields are in phase, and the SHG signal is generated through the
whole depth of the sample. This condition can be achieved if the momenta of the
respective light fields are the same,6 as is the case for so-called “phase matching”.
If the momenta do not match, as illustrated in figure 3.3 (c), the propagation of the
ground and SH wave will neither be collinear nor in phase (“walk off”) and the
non-linear yield will decrease or even vanish [210, 264, 265].

3.4. Setup for non-linear optical experiments
To fully characterise the second harmonic response χi jk (2ω, ω) of a material, only
a few integral instruments are needed; chiefly a laser source with tunable energy
and polarisation, filters to separate ground and SH wave, and a detector. The
6

Optical phase matching is observed in multiferroic MnWO4 , as described in appendix B.
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Figure 3.4. Schematic experimental setup for SHG experiments. Polarisation optics (GT,
λ/2, in red) allow the control of the incident ground wave E(ω) and the analysis of
the SHG response S(2ω) of the sample. Incident and generated light are separated
using suitable filters (F1,F2) and detected with a CCD camera or a photomultiplier (PM).
Further details are discussed in section 3.4.

investigations in this thesis were mainly performed in a transmission setup as
shown in figure 3.4. Reflection experiments with small-angle or 90◦ incidence can
be done with a similar setup. In the following the optical components shown in
figure 3.4 are discussed, while details about the sample environment are described
in section 3.6.1.
Illumination A coherent laser source is needed for non-linear optical experiments,
which can be achieved by a combination of a pulsed laser with frequency mixing
stages and a tunable optical parametric amplifier or oscillator (OPA, OPO). This
allows the covering of spectral ranges from the near infrared to the ultraviolet.7
The higher peak electric fields obtained for shorter femtosecond pulses also permit
reflection experiments on surfaces and thin films. In contrast, nanosecond pulses
have a higher pulse energy, larger beam diameters, and a flatter spectrum.
Polarisation control The selective excitation of SHG contributions χi jk (2ω, ω) can
be achieved by controlling E(ω) and S(2ω) separately: A Glan-Taylor prism (GT)
sets the initial laser polarisation E(ω) (i.e. the laboratory frame with vertical and
horizontal polarisation), which can then be rotated by an achromatic λ/2-wave
plate in a motorised mount. To analyse the SHG polarisation S(2ω) a rotatable
Glan-Taylor prim is placed behind the sample. The rotational anisotropies of SHG
signals are further discussed in section 3.5.4.
Signal separation To avoid damage on the optics and the detection of additional
non-linear signals, a high-pass filter (F2) is directly placed behind the sample
(Schott). It absorbs most of the incident light field at ω. Sometimes, additional
interference filters can be used (Melles-Griot). A low-pass filter (F1) in front of the
sample removes the strong SHG signals produced by the Glan-Taylor prism and
the wave plate.
7

Two systems were used here: One, a nanosecond Nd:YAG laser (1064 nm, 7 ns, Continuum
Powerlite Precision II) in combination with a optical parametric oscillator (GWU Versa Scan).
Two, an amplified femtosecond Ti:sapphire laser (800 nm, 120 fs, Coherent) in combination with
an optical parametric amplifier (Coherent TOPAS).
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Detection The generated SHG intensity can be detected either with a photomultiplier or a CCD camera, which additionally allows spatially resolved measurements.
In general, signal acquisition with a photomultiplier and a gated integrator allows
fast detection and a good signal-to-noise ratio even for small signals.8 Liquidnitrogen cooled CCD cameras with high quantum efficiency can also detect small
SHG signals with good spatial resolution.9 By integrating over a chosen region
(track) non-imaging experiments can also be performed (furthermore, both modes
can be combined). The use of a monochromator (MC) allows the enhancement of
the spectral resolution.
Additional optics The sample illumination can be controlled with lens L1, while
lens L2 is used either to collimate the beam (if it is divergent) or to image the sample
onto the CCD detector. Their position can be fine-tuned by placing the lenses on
translation stages.

3.5. Observation and characterisation of SHG signals
The aim of the following section is to describe the experimental steps for finding
and characterising the SHG response of a material: Linear optical spectra give
an indication of interesting spectral regions. By scanning the in these ranges,
higher-order excitations can be found. The source of these signals needs to be
verified to be due to SHG, and then characterised by their energy and polarisation
dependence given by χijk (2ω). The use of this signal to investigate ferroic phases
and domains is explained in section 3.6.

3.5.1. Linear absorption and reflection spectra
As indicated by Miller’s rule in equation (3.9), there exists a relationship between the
linear and non-linear response of a material. By measuring absorption or reflection
spectra, regions containing dd-transitions appearing as peaks or shoulders can
be identified [106]. Those features can also depend on the magnetic order of the
material [256, 257] and may allow for a non-linear response coupling to the ferroic
order parameters. On the other hand, high absorption limits the SHG yield, as
shown in figure 3.3 (b) and decreases the optical damage threshold of the sample.10
8

When using a photomultiplier the applied high voltage and the sensitivity of the electronics
should be chosen such that the relationship between incoming SHG intensity and generated
electronic signal is linear. Photomultipliers are inherently sensitive to applied magnetic fields,
and their use in high fields is limited.
9
Two brands of CCD cameras with 256 × 1024 pixels per chip are available: Photometrics CH270
(26.0 µm × 26.2 µm pixel size) and Horiba Jobin Yvon Symphony (20.0 µm × 19.9 µm pixel size).
10
If the absorption is too high either the measurements have to be performed in reflection geometry
or the sample has to be thinned accordingly.
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Linear optical spectra presented in this thesis were measured with the micro
spectrometer MSV-370 by Jasco. The microscope can select the sample volume
where optical density O.D., transmission T, and reflection R of the sample is
measured. A spectral range of 190 nm to 2500 nm is covered (photon energies
0.5 eV to 6.5 eV). The relationship between measured sample properties O.D. and
T and material-specific absorption coefficient α is given by
ln(10) O.D.
,
(3.10)
d
with sample thickness d. More precise measurements also account for reflection
losses at the sample surfaces [266]. The general use (and certain pitfalls) of the
micro spectrometer are described in the instrument manuals and in [267]; here I
just wish to point out a few remarks about polarisation-dependent measurements.
1 − T = 10−O.D. = e−αd

⇒

α=

Angular dependencies One can measure the angular polarisation dependence of
the absorption (or reflection) at a fixed photon energy by successively rotating the
polariser, e.g. in 5◦ or 10◦ steps.11 As the detection efficiency is highly dependent
on the light polarisation, one has to measure an angular baseline: The absorption
values at a fixed photon energy ~ω are measured for all polariser angles first
with the sample, and then without. Subtracting these values gives α(φ). Such
an experiment only takes a few minutes, therefore, thermal fluctuations of the
spectrometer will not likely disturb the measurement.
Circularly polarised light To investigate chiral materials with optical activity [268–
270], or directions of high symmetry like three-, four-, or six-fold axes or cubic faces
it is advisable to work with circularly polarised light.12

↔

↔

To measure absorption or reflection spectra with circularly polarised light one
attaches an achromatic λ/4-wave plate behind the spectrometer polariser. If the
optical axis of the wave plate is vertical (l), polarisation angles of 0◦ and 90◦ ( , )
will lead to left- and right-circularly polarised light. For both settings new baselines
have to be measured.
Spectrum analysis A useful tool to analyse absorption spectra is the "Peak Analyser"
routine of OriginLab [271]. Before analysing the absorption peaks it is a good
idea to subtract the high-energy background, which is usually either
p a transition
across the band gap E g with the absorption behaving like α(ω) ∝ ~ω − E g [223]
or a metal-oxygen charge-transfer transition with α(ω) behaving like a Gaussian
(or Lorentzian) peak. This ensures that transitions hidden in the absorption edge
are also found. Assignments to crystal-field dd transitions can be made using
Tanabe-Sugano diagrams [104–106]; information about charge-transfer excitations
are for example found in [106, 272, 273].
11
12

Such an angular dependence of the absorption coefficient is shown for Mn2 GeO4 in figure 6.4.
Reflecting the high symmetry, only four SHG contributions are distinguished when working with
circularly polarised light, which are χ+++ , χ+−− , χ−++ , and χ−−− . Optical activity with α+ , α−
was observed for chiral Cu2 OSeO3 (see appendix A.3).
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3.5.2. Non-linear spectroscopy
As explained in section 3.3, the SHG response is especially enhanced for photon
energies ω or 2ω near electronic transitions of the material. Also, as selection rules
for one- and two-photon processes are different, SHG peaks can also be found at
energies not obvious from the linear spectra.
Non-linear spectra are measured by tuning the incident photon energy ~ω while
detecting the signal at 2~ω (ω-2ω spectrum). When a CCD camera is used, the
spectral range is limited by the detector sensitivity and the filter transmission.
Better spectral resolution is achieved by using a monochromator, which detects
signals at 2ω synchronous to the laser tuning frequency ω.
The experimental coordinate system is given by the light propagation vector k(ω)
and two orthogonal polarisation directions in the plane perpendicular to k.13 If
nothing is known about the non-linear properties of a material, the six distinguishable ω − 2ω spectra should be investigated.14 Often higher-order excitations are
found in energy regions for which the linear spectra show distinguished features
as shoulders or peaks.
For quantitative comparison of non-linear spectra e.g. for different energy ranges,
other sample directions, or materials the measurements have to be normalised.
This is usually performed by dividing the sample response by a reference surface
SHG signal, e.g. from a silver mirror [274].15

3.5.3. Tests for SHG
For short laser pulses and high photon energies other higher-order optical interactions can compete with the SHG response of a material [214, 215]. Other two- or
multi-photon excitations can be distinguished by a true second harmonic response
by employing several tests:
Power dependence Since SHG is a two-photon process its intensity ISHG (2ω) scales
with the square of the input power P(ω); or more accurately with [218]
p
(3.11)
ISHG (2ω) = P(ω) tanh2 (c P(ω)) .
13

Together with the intrinsic symmetry of the SHG process only six contributions can be distinguished in a given sample setting (four if circularly polarised light is used). The relation between
the non-linear susceptibility tensor of the material as described in section 3.2 and that of the
given sample setting is obtained by transforming the tensor between the different coordinate
systems using equations (1.2) and (1.3).
14
If the sample is mounted such that the principal in-plane directions are not known, the first run
of NLO spectra can be made by arbitrarily using horizontal and vertical light polarisation. Once
a non-linear signal is found, polarimetry measurements reveal the direction of the in-plane axes.
15
If the SHG reference sample is mounted in the same position as the sample the normalisation
accounts for all linear absorption properties of the setup (however, the polarisation dependence
of the monochromator still has to be accounted for).
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The power dependence of a non-linear signal can be measured by attenuating the
incident beam with grey filters. ISHG (P) should appear as a line with slope equal (or
smaller) than 2 in a double-logarithmic plot. Steeper slopes point to higher-order
optical excitations, and therefore exclude SHG as the signal origin [275].
Spectral position and width A second harmonic signal should appear at exactly
twice the incident photon energy. This can be checked using an interference filter
or doing a monochromator scan.16 In particular, a central energy lower than 2~ω
indicates a process involving energy transfer between real electronic states [214,
276].
Symmetry dependence The materials symmetry constrains the possible non-zero
contributions χijk (2ω, ω) and thus determines the polarisation dependence of the
non-linear signal. Therefore, a clear rotational anisotropy obeying the symmetry
selection rules discussed in section 3.2 is a sign of a SHG response. This behaviour is
especially evident for symmetry-breaking transitions; a signal coupling to a ferroic
order parameter and vanishing above the critical temperature TC is most likely
due to SHG. Deviations from the aforementioned symmetry selection rules and in
particular an isotropic polarisation dependence points to higher-order fluorescence
not due to SHG.
Coherence and decay time The aforementioned criteria can only be used to
exclude other non-linear excitations, but not to unambiguously confirm that a
signal originates from SHG only. Even coherence is not a unique feature of SHG in
comparison with other non-linear optical processes [216, 277]. A stringent test for
SHG would be the observation of the signal decay time, which must be zero due to
the virtual nature of the process. In contrast, the occupation of real states implies
exponential decay after the exciting light field is switched off.

3.5.4. SHG Polarimetry
An anisotropic polarisation dependence ISHG (φ) of an SHG signal reflects the
non-zero contributions χijk (2ω, ω) of the hyperpolarisability. On one hand, this
anisotropy can be used to restrict the possible point group of the material. If the
symmetry is already known, ISHG (φ) can be used to determine the crystallographic
axes in the plane perpendicular to k(ω).17
Figure 3.5 shows the rotational anisotropies generated by exemplary SHG contributions: Here, polar plots show the modulated SHG intensity with the (relative)
rotation of the sample between parallel (S(2ω)||E(ω), anisotropy 0◦ ) and perpendicular (S(2ω) ⊥ E(ω), anisotropy 90◦ ) polarisation of incident and induced light.
16
17

The central transmission frequency of an interference filter can be slightly shifted by tilting it.
The discussion in this section is mainly valid for experiments in transmission geometry, and
small-angle reflection. For observation under large reflection angles usually this formalism no
longer works, so s, p, and d polarisations (given by the lab frame) are usually used [278].
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χvvv

χvhh

χvvh

Polarization of light
fields E(ω) and S(2ω)

Anisotropy 0◦
E(ω)||S(2ω)

Anisotropy 90◦
E(ω) ⊥ S(2ω)
Figure 3.5. Angular dependence of selective excitation of single ED-SHG contributions
χijk , with vertical and horizontal light polarization, v and h, respectively. The upper row
shows the light fields involved in exciting χi jk , the lower row the rotational anisotropies
originating from such contributions. The light polarisations involved in exciting χvvh can
also induce a response from other non-zero contributions. The behaviour of the other
three possible contributions χhhh , χhvv , and χhhv is obtained by interchanging h ↔ v, i.e.,
rotating the diagrams by 90◦ .

The measurement of rotational anisotropies can quickly discern the number and
relative magnitude of non-zero SHG contributions, as well as determine the
orientation of the two primary orthogonal axes of the material in the plane
perpendicular to k(ω). A rotation of the sample with respect to horizontal and
vertical axes is accounted for by an offset angle φ0 .
If more than two contribution are simultaneously excited in the anisotropy measurements, relative amplitudes and phase can be determined by additional rotational
dependencies acquired from polariser or analyser experiments: In the first case,
S(2ω) is fixed to lie along the in-plane axes, while E(ω) is modulated. If these
measurements do not complete the picture, rotating the analyser while E(ω) is fixed
to lie along or in-between the axes gives additional information.
The angular modulation of the SHG intensity can be related to the material
symmetry in two steps: First, the allowed SHG contributions (see section 3.2) can
be expressed in the chosen coordinate system by using the tensor transformations
in equations (1.2) and (1.3).Sine and cosine functions give the in-plane projections
of the light fields and can be used to model the angular modulation.18
For example, an angular dependence of an analyser measurement (fixed E(ω)) can
18

Figure A.5 and table A.6 shows the result for symmetry group 2310 .
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be described by the following general term:
I(φ) = | A cos(φ − φ0 ) + Beiθ sin(φ − φ0 ) |2 .

(3.12)

Due to the coherent superposition of two terms, interference occurs. As a consequence, more complex patterns with rotated lobes, lost mirror symmetry, and
additional dips can occur. Often, the phase angle in eiθ can be chosen to be either 0
or π (corresponding to pre-factors of ±1).

3.6. Investigation of ferroic phases
Due to the symmetry breaking at a ferroic transition, new SHG contributions
are expected to arise, as explained in section 3.2.2. Here, magnetoelectric and
multiferroic materials with broken inversion symmetry are of particular interest.
A route to finding background-free SHG signals coupling to the ferroic order
parameter is to compare non-linear spectra in the ordered and the high-symmetry
phase. Contributions only present in the low-temperature phase point to second
harmonic generation. Such signals have to be verified to be SHG using the test
from section 3.5.3 and analysed by their polarisation-dependence (discussed in
sections 3.2 and 3.5.4).
These signals then can be used to investigate the domain distribution, and the
behaviour of the material under varying temperature and applied electric or
magnetic fields. The following sections briefly explain the control of the sample
environment, and imaging of ferroic domains with SHG.
Small and large SHG contributions Some experiments require the simultaneous
observation of SHG signals with magnitudes differing by two to three orders of
magnitude.19 Different contributions to the non-linear susceptibility can only be
successfully separated if they have a distinct polarisation or spectral dependence.
If such signals are measured in the same experimental run, the sensitivity of the
detector20 should be chosen such that neither the large signal saturates (and possibly
damages) the electronics nor the small signal disappears in noise.

19

For example, in RMn2 O5 (chapter 4) and Mn0.95 Co0.05 WO4 (chapter 5) both large and small
SHG signals differing by two orders of magnitude were observed. In both cases they could be
measured independently due to their perpendicular polarisation dependence of the SHG light.
20
Detector sensitivity here means either the combination of photomultiplier high voltage and
sensitivity of the gated integrator, or the binning of the CCD track. Care should also be taken
that the detectors are not overexposed.
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3.6.1. Sample environment
Interesting ferroic transitions and magnetoelectric properties in bulk materials
are most commonly observed at low temperatures. Therefore, all experiments in
this thesis were performed in a cryogenic environment provided by the use of a
magnet cryostat (Oxford Spectromag 4000): A superconducting coil allows the
application of magnetic fields |µ0 H| up to 7 T in either Faraday (k||H)21 or Voigt
(k ⊥ H) configuration. The hysteresis of the magnet upon field sweeps is typically
less than 5 mT. The sample is mounted to a sample rod which is placed in a
variable temperature insert (VTI); cooling is done via thermal exchange with He
gas with controlled flow and temperature [279].
Sample preparation Optical linear and non-linear transmission experiments usually
require thin samples with flat surfaces to avoid unnecessary losses due to absorption
or scattering. Although the materials investigated in this thesis were grown in
different research groups the sample preparation was usually done on site. Single
crystals are oriented using Laue x-ray diffraction, and then cut with either an inner
diameter or a diamond wire saw. The resulting platelets are lapped to thicknesses
of 50 µm to 500 µm, and their surfaces are polished by chemical-mechanical or
purely mechanical processes [280–282].
Sample mounting For experiments at cryogenic temperatures the samples have to
be glued to an intermediate mount, which then is attached to the sample rod. For
transmission experiments, mounts are either drilled copper plates, Teflon cubes, or
transparent glass slides.22 Samples can be attached with various adhesives, like
silver paste, textile tape, glue threads,23 or vacuum grease.24 Mechanical stress
due to thermal expansion or protruding ridges can lead to cracks; therefore it is
advisable to sand down the edges of drilled holes and to attach only two or three
corners of the sample.
Temperature-dependent measurements The temperature-dependence of the SHG
21

For large magnetic fields and light in the visible range, rotation of the light polarisation due to
the Faraday effect in the cryostat windows have to be accounted for.
22
Alternatively, a sapphire substrate can be used – the material is transparent, centrosymmetric,
electrically insulating, and exhibits excellent thermal conductance. In experiments with transparent substrates it is advisable that the side with the sample faces the detection unit – in this
case the generated signal is not attenuated.
23
With this method the sample can be clamped to a mount: With a sharpened toothpick one takes a
fresh ball of UHU Hart and dips it first into acetone to prevent drying and then onto the mount
surface to anchor it. Thin glue threads can be drawn and fixed similarly on the other side of the
sample. It takes a "network" of threads to fully secure the sample position.
24
A thin layer of vacuum grease on a glass slide is especially suitable for very small samples that
cannot be mounted with other means [193]. Provided no air bubbles are trapped below the
sample even SHG imaging experiments are possible. Normal vacuum grease (Dow Corning
"High vacuum grease") freezes out at −100 ◦C (leads to a dimpled pattern in imaging), while
low-temperature vacuum grease does not (Apiezon Grease N).
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intensity often allows a phenomenological connection to be made to macroscopic
(primary or secondary) order parameter(s) known from integrated measurement
or neutron scattering. Transition temperatures obtained by SHG measurements
usually differ from literature values because of the effects of thermal coupling in
the cryostat and the accumulative heating from the laser radiation. The intensity
variation ISHG (T) reflects both the temperature dependence of the order parameter
it is coupling to, as well as the change in linear optical properties. As the latter is
known to vary across phase transitions [256, 257, 269, 283, 284] SHG contributions
not vanishing above the critical temperature have to be accessed carefully.

3.6.2. Application of electric fields
To switch a ferroelectric domain state an electric field conjugated to the spontaneous
polarisation must be applied. This is achieved by placing the sample between
conducting electrodes, one to which a voltage is applied while the other is connected
to the ground. The central electric field can be calculated using the equation E = U/d
with applied voltage U and electrode distance d.
Therefore, the magnitude of the maximal field Emax is limited by both the voltage
supply (here, high voltages up to 4 kV were used), the minimum distance of the
electrodes (50 µm to 5 mm), and electrical break-through. The last effect is enhanced
for materials with leaky conductance or high defect concentration, asymmetric or
sharp-edged electrodes, and reduced He gas pressure.
Metal electrodes A convenient design uses metal electrodes, which resemble steel
cuboids with rounded and polished edges. Specially built plastic holders for
horizontal or vertical electrode arrangement are available for the cryostat sample
rods. The ends of the high-voltage cables can be squeezed between metal and
plastic to ensure the electrical connection. Cube-shaped samples can be wedged
directly between the pole shoes, while thin platelets are best glued to a Teflon cube
with a conical hole of suitable size, and then placed between the electrodes.
ITO electrodes Smaller distances and thus higher electric fields can be achieve
using conducting indium tin oxide (ITO) layers. The second advantage of using
transparent ITO electrodes is that the electric field can also be applied in the beam
direction E||k. Here, the sample can either be sandwiched between separate ITO
layers, or the electrodes can be grown directly on the sample with pulsed laser
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Figure 3.6. Detection of ferroic 180◦ -domains with SHG imaging: (a) Across the domain
wall, the ferroic order parameter Γ changes sign, and consequently the SHG contribution
χ ∝ Γ does, too. As only the net intensity is measured, the domains appear with
equal brightness, while destructive interference leads to black lines at positions of the
domain wall. The width of the black wall reflects the imaging resolution rather than
the dimensions of the ferroic domain boundary. (b) If a constant (crystallographic or
induced) background signal is present, interference with the ferroic contribution leads to
different brightness levels between domains. This contrast can be used to determine the
phase of an order parameter.

deposition (PLD).25 To apply electric fields, thin gold wires are attached to the ITO
electrodes and the high voltage cable with (heavily diluted) silver paste. If the
sample is very thin and very high electric fields are required it is advisable to use a
dielectric material to insulate the front and rear side of the sample.26
General remarks Sparks to the VTI housing can be prevented by covering the
ends of the high-voltage cables and part of the electrodes with Kapton tape. It is
advisable to take a photo of the installed sample before insertion – it helps to assign
the direction of the electric field. Thermal coupling can be rather bad because of
the bulkiness of the plastic sample holder, and large temperature shifts can occur.

3.6.3. SHG imaging
Spatially resolved measurements of the SHG contributions coupling to the ferroic
order parameters can image the domain distribution in the sample.
25

For the ITO growth the sample has to be fixed on a glass slide (e.g. by glue threads) and the
electrode area masked – for this I used a piece of Kapton tape and cut out a rectangle of suitable
size. Alternative ways to mask and attach the sample must sustain the PLD growth temperature
of 120 ◦C, and avoid shadowing effects due to a masking layer of uneven thickness. Since the
as-grown ITO layer has a brownish colour, the sample has to be annealed at suitable high
temperature (two hours at 580 ◦C under O2 atmosphere). ITO acts as an anti-diffusion barrier,
thus the material properties are not expected to change due to the high-temperature treatment.
Comparison of optical spectra before and after annealing can give a hint if the physical properties
have changed due to the thermal treatment.
26
For room-temperature experiments nail polish works well, for cryogenic temperatures vacuum
grease is an alternative. If the grease is not uniformly attached SHG imaging is not possible.
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Different lenses can be used to image the sample onto the detector; camera objective
lenses offer achromatic imaging with little aberration, while normal lenses permit
for easy handling. The minimal working distance is determined by the dimensions
of the cryostat, and usually limit the magnification factor to not exceed 5.27 The
spatial resolution is determined by the optics and the wavelength of light, and
generally limited to 1 µm.
The illumination of the sample and the quality of the imaging can roughly be
checked by using linear light or the SHG signal of the half-wave plate (by removing
the low-pass filter in front of the sample). Especially for imaging with a femtosecond laser it is advisable to use an interference filter directly in front of the CCD
to avoid detecting additional fluorescence signals.
Domain imaging If the domain size is large enough, SHG imaging with a signal
coupling to the corresponding order parameter can detect the distribution and
anisotropy of the ferroic domain pattern. A good indicator that confirms the
observation of domains are changes after heating and cooling cycles across the
critical temperature, or with applied fields.
Depending on what signals are additionally excited, two general scenarios have
to be distinguished, as illustrated in figure 3.6: Either opposite domains appear
with equal brightness separated by a black line, or, when interference is present,
as areas of different brightness. The constant reference signal can be an intrinsic
crystallographic or field-induced SHG contribution, or externally induced in a
quartz crystal [287, 288].
As discussed in figure 3.3 (b) absorption at ω and 2ω limits the volume of which a
SHG signal is observed. If the sample is thin compared to the typical size of ferroic
domains, usually no interference of different domains along the optical path will
occur. In this case even a rotation of the sample within the beam (e.g. to excite
additional SHG contributions) can image the in-plane domain distribution.
Analysis of domain properties Domain patterns can be analysed by their length
scales, anisotropies, and textures. These properties are determined by the underlying microscopic interactions, defect distribution, and macroscopic stray fields
as well as the thermal history of the sample [18, 34, 35, 289]. Speckled domain
pattens are usually interpreted as a sign of small-scale domains with sizes below
the resolution limit, however they can also appear due to other reasons.28
The analysis of large sets of domain images can be automated using MatLab scripts
as briefly explained in appendix C.
27

Higher magnifications and a limited depth resolution can be achieved with special microscopic
objectives with large working distance or by using SHG scanning methods [285, 286].
28
In Mn0.95 Co0.05 WO4 the SHG contribution χbbb leads to the observation of a speckled pattern
although both χbaa and χabb showed the distribution of well distinguishable ferroelectric domains
of moderate size (see section 5.5).
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Part II.
Polarization control
with magnetic fields
In many spin-spiral multiferroics the magnetic field allows to control
magnitude, orientation, and sign of the spontaneous polarisation, as
illustrated below. In the following chapters three prototypical examples
of such cross-coupling effects are investigated.

Optical second harmonic generation can probe these phenomena in
detail, and can uncover the field-dependence of both the macroscopic
polarisation and the ferroelectric domain distribution:
In chapter 4 the observation of independent polarisation contributions underlines the importance of the rare-earth moment to the magnetoelectric
coupling in TbMn2 O5 and YMn2 O5 .
In chapter 5 the continuous magnetic-field induced polarisation rotation in Co-doped MnWO4 is used to demonstrate an unprecedented
configuration control of the multiferroic domain boundaries.
In chapter 6 the coupled reversal of both magnetisation and polarisation
in olivine Mn2 GeO4 is investigated, with special focus on the fieldresponse of the ferroelectric domain pattern.
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suppression in TbMn2O5
Multiferroic TbMn2 O5 shows a pronounced magnetoelectric
effect as even moderate magnetic fields can suppress and even
revert the sign of the ferroelectric polarisation. To explain this
unusual coupling, models with two independent contributions adding up to the observed net polarisation were proposed – by
using the versatility of non-linear optics, indeed several contributions to
the net polarisation in TbMn2 O5 could be separated by second harmonic
generation.
Here, this analysis was extended to investigate the magnetic-field dependence of the ferroelectric polarisation in YMn2 O5 and TbMn2 O5 .
This can unambiguously disentangle two (three) collinear polarisation
contributions in YMn2 O5 (TbMn2 O5 ), and relate their temperature- and
field-dependence to a mean-field description based on a Landau theoretical treatment. Comparison between the both materials reveal the role of
rare-earth magnetism as a source of additional multiferroic contributions,
which can be readily tuned by applied fields.
Isostructural rare-earth manganites RMn2 O5 show complex multiferroic behaviour
and exhibit a multitude of magnetoelectric couplings, like magnetic-field induced
polarisation suppression, enhancement, or flop [91, 164, 181, 182]. These properties
make this material class ideal for studying the relationship between transition-metal
Mn3+/4+ spin order, 4 f rare-earth magnetism, and polar charge displacements.
An especially pronounced example of magnetoelectric coupling is observed in
TbMn2 O5 , where a moderate magnetic field of approximately 3 T repeatedly reverts
the sign of the spontaneous polarisation at low temperatures [91]. To explain the
complex behaviour of the ferroelectric polarisation both with temperature and
magnetic field, a two-polarisation model based on phenomenological observations
and Landau theory was proposed [91, 290]: The high-temperature contribution is
mostly independent of external influences, whereas a second contribution explains
both the sudden decrease of polarisation and the magnetoelectric coupling at low
temperatures.
An experimental observation of these contributions is impossible with conventional
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Figure 4.1. (a) Crystallographic structure of TbMn2 O5 with edge-sharing ribbons of
Mn4+ O6 octahedra (orange), connected via Mn3+ O5 square pyramids (blue). (b) and (c):
Sequence of phase transitions in TbMn2 O5 and YMn2 O5 in zero magnetic field. Dashed
lines denote second-order, solid lines first-order phase transitions, respectively. The upper
row gives the magnetic propagation vectors, the bottom line states which ferroelectric
contributions are present in the corresponding multiferroic phase. Ionic positions from
[291], values for magnetic Ti and q from [292, 293].

methods like pyroelectric current measurements, which couple to the net polarisation only. Here, optical second harmonic generation offers a unique way to couple
to independent polarisation contributions [254] and investigate their temperatureand magnetic-field dependence. Furthermore, comparing the experimental results
of TbMn2 O5 to that of YMn2 O5 without rare-earth magnetism allows an irrefutable
link to be made between the different contributions of the magnetic 3d or 4 f order.

4.1. Multiferroic properties of RMn2O5 (R = Y, Tb)
Members of the isostructural RMn2 O5 crystallize in the orthorhombic space group
Pbam10 . Their crystallographic structure is shown in figure 4.1 (a): Mixed-valent
manganese ions show a complete charge order, with Mn4+ O6 octahedra forming
edge-sharing ribbons along the crystallographic c directions. These are linked via
corner-sharing Mn3+ O5 pyramids, and the rare-earth R3+ ions lie in planes between
the ribbons. As the complicated structure is geometrically frustrated [293],1 a
complex magnetic phase diagram with several phases is to be expected.
Figure 4.1 (b) and (c) lists the magnetic and ferroelectric phases of TbMn2 O5 and
YMn2 O5 in zero field, respectively. Both materials show a similar sequence of
phase transitions: Upon cooling below the Néel-temperature TN = T1 a sinusoidal
magnetic order with wave vector q = (kx , 0, kz ) emerges. A second-order phase
transition a few Kelvin below at TC = T2 marks the onset of the ferroelectric order
with a polarisation Pb parallel to the crystallographic b direction, as qx approaches
1

See also the connectivity net in figure 2.1 (c).
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0.5. At T3 the wave vector locks into a commensurate value of q = (0.5, 0, 0.25); and
while the slope of the polarisation slightly decreases it still reaches a maximum value
of about 120 nC/cm2 around T4 [91, 294]. At T4 ≈ 20 K a first-order commensurate-toincommensurate transition accompanied by a drastic decrease of the spontaneous
polarisation is observed.
In the case of TbMn2 O5 a fifth transition occurs around T5 =10 K associated to
the long-range antiferromagnetic order of Tb3+ moments (configuration 4 f 8 ) and
accompanied by a recovery of the spontaneous polarisation Pb [91, 295]. As a
consequence, a dome-like temperature-dependence of PII [91] or, alternatively,
a third polarisation contribution PIII to the ferroelectric net polarisation were
proposed [254]. This low-temperature phase is absent in YMn2 O5 since Y3+ is
non-magnetic (configuration 4 f 0 ), and here the polarisation value stays at a low
level. Application of a magnetic field to TbMn2 O5 along the crystallographic a
direction – the easy axis of the Tb 4 f moments – leads to the aforementioned
pronounced magnetoelectric coupling; that is, the suppression and subsequent
reversal of the polarisation Pb at low temperatures.
Ferroelectric behaviour as expected by Landau theory A theoretical analysis on
the basis of mean-field Landau formalism predicts the existence of two magneticallyinduced polarisation contributions in TbMn2 O5 [290]: The first contribution PI
emerges below TC = T2 and scales as a square root of the temperature. The additional
second contribution PII appears jump-like below the first-order transition at T4
and scales linearly with T. According to the prediction in [290], the sum of these
contributions Pb = PI − PII then gives the temperature-dependence of the net
polarisation along b.

4.2. Optical analysis of polarisation contributions
The non-linear optical experiments were carried out in transmission geometry
described in section 3.4. As the light source, tunable laser pulses of 5 ns length and
several mJ pulse energy were used. SHG was measured on thinned and polished acut platelets of TbMn2 O5 and YMn2 O5 of 100 µm and 50 µm thickness, respectively.2
The magnetic field was applied parallel to both the crystallographic a direction
and the propagation vector k(ω) of the incident light (Faraday configuration).
The SHG signal was measured using a liquid-nitrogen-cooled CCD camera, allowing
both the imaging of the multiferroic domain pattern and the integration of SH
intensity upon heating-and-cooling cycles (heating rates 0.5 K/min to 1 K/min) and
magnetic-field sweeps (sweep rates of 0.25 T/min to 0.5 T/min). An electric-field
poling procedure was omitted, as the observed SH intensity did not depend on the
2

Single-crystal samples were provided by K. Kohn, V.A. Sanina, and R.V. Pisarev (TbMn2 O5 ), and
S.-W. Cheong and S. Park (YMn2 O5 , TbMn2 O5 ).
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sign of the polarisation as no domain contrast was observed (ISHG ∝ | ± P|2 ), and
the domain pattern was found to feature predominantly large domains (∼1 mm in
YMn2 O5 ) or almost single-domain states (TbMn2 O5 ), as discussed in section 4.2.4.
In addition, pyroelectric current measurements were performed to acquire values
of the net polarisation of both YMn2 O5 and TbMn2 O5 at zero magnetic field. 3 For
this, electrodes were painted on b-cut platelets of 500 µm thickness with conductive
silver paste. After an electric-field cooling procedure (Eb =4 kV/cm to 6 kV/cm),
the pyroelectric current was measured while heating with a rate of 1 K/min. The
integrated current then gives the value of the spontaneous polarisation Pb .

4.2.1. Non-linear optical properties
Previous SHG studies on TbMn2 O5 revealed that this technique allows a unique
selective coupling to independent contributions of the net polarisation: In figure 1
of [254] the spectral and temperature-dependence of non-linear susceptibilities
χbbb and χcbc differ at SHG energies of 2.10 eV – the first closely resembles the net
polarisation, whereas the second is non-zero below T4 only, and thus couples to
contribution PII .
In the aforementioned work, a phenomenological model was used to explain the
observed behaviour of the SH intensity, and this analysis was performed only at
zero field. In the current work the measurements were analysed using a more
refined model based on Landau theory [290], the magnetic-field dependence of
the polarisation contributions was investigated, and a direct comparison between
TbMn2 O5 and YMn2 O5 were drawn.
The linear and non-linear optical properties of TbMn2 O5 and YMn2 O5 are quite
similar; the position and strength of absorption and SHG contributions in the two
materials conform to each other. This is not surprising, as the optical response
is mostly governed by the charge transfer between manganese and oxygen [296].
Contributions due to f − f transition of Tb3+ ion are found in the infrared region
between 0.5 eV to 0.75 eV only (not shown).

4.2.2. Contributions to the zero-field net polarisation
To separate the polarisation contributions, temperature-dependent measurements
of the non-linear susceptibilities χbbb and χcbc at 2.10 eV were performed: As shown
for YMn2 O5 in figure 4.2, these two contributions couple to a coherent superposition
of PI and PII (a), or PII only (b). According to [290] these polarisation contributions
have the following temperature dependence (∆T4 corresponds to the width of the
3

Many thanks to R. Simon and S. Manz for providing the pyroelectric current measurements.
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Figure 4.2. Polarization contributions in YMn2 O5 : (a,b) Temperature dependence of
the SHG contributions from (a) χbbb and (b) χcbc measured in the same experimental
run at 2~ω=2.10 eV. (c) Comparison of the sum Pb = PI − PII (as obtained from SHG
measurements) with the net polarisation obtained by pyroelectric current measurements.
The correlation is apparent. Solid lines in (a) to (c) mark Landau theoretical fits.

first-order transition):


m2 (T3 − T) + (m1 − m2 )(T2 − T3 )



2
m1 (T2 − T)
PI (T) = 


 0
 0

m (T4 − T) + (m01 − m02 )∆T4


 02
m1 (T4 − T)
PII (T) = 


 0

T < T3
T3 < T < T2
T > T2

(4.1)

T < T4 − ∆T4
T4 − ∆T4 < T < T4
T > T4

(4.2)

One can obtain proper agreements by fitting the SHG intensities Ibbb (T > T4 ) ∝ P2I (T)
and Icbc (T) ∝ P2II (T), as shown by green and blue solid lines in figure 4.2, respectively.
Below T4 , χbbb is described by a coherent superposition of both contributions (with
relative amplitude and phase A and φ, respectively), shown by the grey line:
Ibbb (T < T4 ) = |PI − Aeiφ PII |2 .

(4.3)

The sum Pb = PI − PII gives the net polarisation in YMn2 O5 obtained by pyroelectric
current measurements with the drastically reduced P value below T4 , as shown in
figure 4.2 (c). Here, the values for the transition temperatures were slightly shifted,4
while the slopes of the fitting functions to the SHG intensities were left unchanged.
An analogous analysis can be made for TbMn2 O5 as shown in figure 4.3: As in the
case for YMn2 O5 , χbbb and χcbc at SH energy of 2.08 eV were measured simultaneously
while heating. Again, χbbb in (a) behaves similar to the net polarisation (shown in
4

Due to heating with the intense laser light the transitions appear at slightly lower temperature
compared to the literature values or pyroelectric current measurements.
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Figure 4.3. Polarization contributions in TbMn2 O5 : (a,b) Temperature dependence of the
SHG contributions from (a) χbbb and (b) χcbc measured in the same experimental run at
2~ω=2.08 eV. Three independent contributions PI,II,III to the net polarisation are uniquely
distinguished (see text). Note that the data below 10 K in (a) cannot be explained by a
sum of PI and PII (dashed line), so that a third contribution, PIII , related to the magnetic
order of the Tb3+ ions has to be taken into account (solid line). (c) Comparison of the
obtained contributions Pb = PI − PII + PIII with the net polarisation. Solid lines denote
fits based on Landau theory.

(c)), whereas χcbc is present below T4 only. Applying the aforementioned procedure
based on sections 4.2.2 and 4.2.2 and equation (4.3) leads to the results shown as
lines in green, blue, and grey, respectively. Above T5 they agree well with the SHG
data; but below 10 K deviations occur as the value of χbbb increases again. This
indicates the presence of a third polarisation contribution PIII , for which a linear
temperature dependence can be assumed:
(
m(T5 − T) T ≤ T5
PIII (T) =
.
(4.4)
0
T > T5
Adding a third term proportional to PIII to the interfering contributions in equation (4.3) gives an excellent agreement with the SHG data, as shown by the grey
line in figure 4.3 (a).
Therefore, SHG allows the decomposition of the spontaneous ferroelectric polarisation into three independent polarisations PI,II,III . These couple linearly to the
SHG susceptibilities and exhibit temperature dependencies in agreement with
expectations derived by Landau theory. The critical temperatures at which these
contributions emerge, and the comparison between isostrucutral YMn2 O5 and
TbMn2 O5 relate PI and PII to the magnetic order of the transition-metal Mn3+/4+
order, whereas PIII is induced by the magnetic order of the rare-earth Tb3+ lattice
at low temperatures [91, 295]. To conclude, the macroscopic net polarisation Pb
shown in panel (c) is well described by the sum of three components PI,II,III :
PTb
b = PI − PII + PIII .
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4.2. Optical analysis of polarisation contributions

Figure 4.4. Magnetic-field dependence of polarisation contributions in YMn2 O5 . (a)
and (b) show the temperature-dependence of χbbb and χcbc (2~ω=2.10 eV) at different
fields µ0 Ha , respectively. The magnetic field Ha only stabilizes the low-temperature
incommensurate phase, as indicated by the slight increase of first-order-transition
temperature T4 , whereas the SH intensity remains unaffected. This is also illustrated
in panel (c) to (e), which show the magnetic-field dependence of SHG contributions at
different temperatures. Solid lines denote constant fits. (f) Two-polarisation model with
robust polarisation contributions PI (T) and PII (T), shown in green and blue. The net
polarisation is indicated in grey.

4.2.3. Magnetic-field dependence of the polarisation
After demonstrating the separation of independent contributions to the net polarisation by optical SHG, their magnetic-field dependence is investigated. For this,
fields µ0 Ha up to 7 T are applied along the crystallographic a direction. Neither
YMn2 O5 nor TbMn2 O5 showed a sign-dependent magnetoelectric effect.
The situation is quite simple in YMn2 O5 , as shown in figure 4.4: Apart from a
slight increase in the first-order transition temperature T4 , the temperature- and
magnetic-field dependence of χbbb and χcbc remains constant for fields up to 7 T, as
shown in panels (a) to (e). As a consequence, the polarisation contributions PI and
PII , and the net polarisation as shown in figure 4.4 remain largely unaffected by the
magnetic field, supporting claims of the robustness of the Mn3+/4+ order [297, 298].
At first glance the situation in TbMn2 O5 is similar to that of YMn2 O5 : Figure 4.5
(a,b) shows the temperature-dependence of χbbb and χcbc in different magnetic fields.
Again, a stabilization of the low-temperature phase is observed in agreement with
[91, 298], which is more pronounced than in YMn2 O5 . Also the contributions
coupling to PI and PII remain unaffected by the applied field, as clearly seen by
their constant behaviour in field-sweeps given in panels (c) and (e).
At low temperatures, however, χbbb shows a very remarkable dependence upon
application of a magnetic field, as shown in figure 4.5 (a) and (d): The high intensity
at zero field is largely suppressed even by small values of µ0 Ha , and has a minimum
near 3 T. As both PI and PII are field-independent, this change must be attributed
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Figure 4.5. Magnetic-field dependence of the polarisation contributions in TbMn2 O5 .
Panels (a) and (b) show the temperature-dependence of χbbb and χcbc (2~ω=2.08 eV) at
different magnetic fields µ0 Ha , respectively. At non-zero field the low-temperature signal
of χbbb is suppressed, while the shift of the first-order transition to higher values is more
pronounced than in YMn2 O5 . (c-e) Magnetic-field dependence of SHG contributions
at different temperatures. Only at low temperatures the contribution χbbb coupled
to PIII shows a pronounced magnetic-field dependence linked to the magnetization,
while SH contributions coupling to PI and PII remain constant. Solid lines denotes (c,e)
linear fits or (d) a fit based on equation (4.6). (f) Proposed three-polarisation model to
explain the complicated temperature- and magnetic field dependence of the ferroelectric
net-polarisation PTb
= PI − PII + PIII as observed in [91].
b

to the rare-earth induced polarisation contribution PIII . Furthermore, the fielddependence of PIII (T, Ha ) can be related to the sample magnetization by the simple
quadratic relationship
PIII (Ha , T) = PIII (0, T) − βM2a (Ha , T) ,

(4.6)

with the assumption that the magnetization is given by the alignment of the large
rare-earth moments described by a Brillouin function Ma ∝ B J (T, Ha ) with J = 6
and g J = 1.5 for Tb3+ (configuration 4 f 8 ) [91]. As a result, the contribution χbbb
rapidly decreases with increasing field, and shows a minimum near 3 T where
the magnetization saturates and PIII changes its sign; which is underlined by the
good agreement between SHG data and the fit function in figure 4.5 (d). Since
the magnetic moments closely follow the field in a paramagnetic fashion, no
hysteresis is observed. The sign-independence of the polarisation suppression is
also suggested by the squared dependence of the induced magnetisation.
In comparison with integrated methods like pyroelectric current measurements
which measure the net polarisation only, here the behaviour of the three ferroelectric
contributions can be separated unambiguously. Their temperature- and magneticfield dependence culminates in the three-polarisation model shown in figure 4.5 (f):
Robust manganese magnetism induces the largely field-independent contributions
PI and PII , whereas the pronounced magnetoelectric effect is linked to the low-
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Figure 4.6. Domains in TbMn2 O5 . Imaging with χbbb ∝ Pb at 2.08 eV at 5 K. Application
of magnetic fields leads to additional needle-like structures along the polar b direction.
The overall ferroelectric domain pattern stays unchanged by the magnetic field, however.
The scale bar measures 500 µm.

temperature, rare-earth induced polarisation PIII and its suppression as the applied
field aligns the large Tb moments parallel to the field direction.

4.2.4. Ferroelectric domains
To verify that the magnetoelectric coupling is a coherent process not involving
domain wall movement, SHG imaging experiments were also employed, as shown
in figures 4.6 and 4.7.5
Zero-field domain patterns Usually, TbMn2 O5 forms an almost single-domain
state like the one shown in figure 4.6 (a). These domains are very stable once cooled
below T3 , even when repeatedly cycling across the first-order phase transition at
T4 . In contrast, YMn2 O5 shows a multi-domain state, and pronounced hysteresis
at T4 : Figure 4.7 (a) and (b) show the domain re-arrangement for a cooling cycle,
while the comparison of (b) and (d) gives the changes upon heating across the
first-order transition. The pattern in figure 4.7 (d) can be due to the interference of
SHG contributions of domains staggered along the optical path.
Overall, the typical domain size is several hundred µm, which is orders of magnitude
larger than for conventional ferroelectric materials. The shapes of the domains are
quite random, but the domain walls show a slight preference to align along the
polar b direction. Both materials show a pronounced domain memory effect due to
pinning, and only heating the sample at least 50 K above the Néel temperature T1
leads to changes the domain pattern.
In both YMn2 O5 and TbMn2 O5 imaging with χbbb and χcbc leads to the same results,
indicating that contributions PI and PII are not induced by different ferroelectric
domains (not shown). Furthermore, the application of a magnetic field does not
change the distribution of the polar domains, shown by comparing figure 4.6 (a)
5

The SHG images show interference fringes due to the long coherence length of the ns laser pulse
and the thin sample. In figures 4.6 and 4.7 these brightness variations are slightly reduced by
overlaying the image with an inverted, smoothed version of itself.
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Figure 4.7. Ferroelectric domains in YMn2 O5 . Imaging with χbbb ∝ Pb at 2.10 eV. The
scale bar measures 500 µm. In contrast to TbMn2 O5 , the domain pattern in YMn2 O5
changes when cooling or heating across the first-order transition at T4 =19 K.

and (b) or figure 4.7 (b) and (c) for example. This indicates that indeed PI , PII , and
PIII are induced due to microscopic interactions in the same domain. Therefore the
magnetic-field induced polarisation suppression in TbMn2 O5 should not be called
“reversal” or “switching” as in [91], as these terms are associated to the change
from ±P to ∓P involving hysteretic domain formation and motion. Here, only
the balance of different contributions to the net polarisation is changed with the
magnetic field.
Needle-like patterns in TbMn2 O5 The situation is more complicated in TbMn2 O5
where, in magnetic fields, additional needle-like stripes along b are observed: At
5 K they appear for µ0 Ha above 3 T, and multiply in number for higher fields as seen
in figure 4.6 (b) and (c). Once formed, they persist when removing or reversing
the magnetic field at low temperatures (figure 4.6 (c) and (d)). They are more
mobile at higher temperatures and disappear when heated above T4 . Therefore one
might conclude that the needle-like domains are related to the low-temperature
incommensurate phase and the occurrence of the magnetization of the Tb3+ sublattice; however, they do not simply trace M domains as the sample is expected to
be uniformly magnetized at high field (as indicated by the coherent signal reduction
tracing Pb ).
No conclusions can be made about origin and actual size of these needle-like
structures, but it is important to emphasize that they do not contribute to the
observed magnetoelectric effect and three-polarisation model as presented in
figure 4.5 (f): Firstly, the largest field-dependent response of both the SHG signal
and Pb is observed below 3 T, where the stripes initially do not occur. Secondly,
the presence of the stripes does not affect the behaviour of field- or temperaturedependent measurements – in the former case they mostly stay unchanged, in
the latter they disappear upon heating. Therefore, these patterns are not directly
related to the presence of PIII , and its field-dependent behaviour.
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4.3. Magnetoelectric coupling in RMn2O5
As shown in the previous sections, SHG experiments can disentangle independent
contributions to the ferroelectric net polarisation in RMn2 O5 and investigate their
response to an applied magnetic field. Furthermore, the coupling of the light fields
to the electronic structure reveals clues about the microscopic interactions leading
to multiferroic and magnetoelectric behaviour in this class of materials. These
observations and conclusions are discussed in the following section.

4.3.1. Transition-metal-induced multiferroicity
The two polarisation contributions PI and PII , observed in both TbMn2 O5 and
YMn2 O5 , are linked to the magnetic order of 3d transition metal Mn3+/4+ ions,
as indicated by the close relationship between ferroelectric and magnetic phase
transitions in figure 4.1. PI and PII maintain an anti-parallel orientation, leading to
a sudden drop of the net polarisation Pb = PI − PII with the emergence of PII below
the first-order transition at T4 . This behaviour was predicted by phenomenological
models and Landau theory previously [91, 290], but the independent observation
of both contributions via SHG unambiguously confirms their opposite sign.
The spin order of the Mn ions and the related polarisation contributions PI and PII
is affected neither by magnetic fields ±µ0 Ha up to 7 T nor the rare-earth magnetic
order in TbMn2 O5 . This is clearly demonstrated by the measurements in figures 4.4
and 4.5, and has also been shown by neutron scattering experiments [298]. The
applied field has some effect on the magnetic structure, however, as in both YMn2 O5
and TbMn2 O5 as well as iso-structural DyMn2 O5 [299] and ErMn2 O5 [164] the
low-temperature incommensurate phase, and thus the presence of PII , is stabilized.
On that note, the presence of at least two contributions PI and PII seems to be
a uniting feature in the family of multiferroic RMn2 O5 : The comparison of the
ferroelectric properties, e.g. shown in [300, fig. 2],6 reveals similar transition
temperatures, as well as comparable magnitudes of the spontaneous polarisation
[300–304]. These similarities further underline the remarkable stability of the 3d
spin order and its role for the ferroelectric properties in the RMn2 O5 series.
The microscopic mechanism inducing the net polarisation is not yet clear. Many
results point to symmetric exchange striction between collinear Mn moments
[140, 141, 305] as the predominant source. Additionally, contributions due to
anti-symmetric exchange are proposed [303, 306] as well as local dipoles due to
p-d hybridisation [154, 296, 307]. Also, those combinations of all contributions are
discussed [300, 308].
6

The comparison in [300] would be more striking if newer and more accurate pyroelectric current
measurements for the ferroelectric polarisation had been included.
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4.3.2. Rare-earth-induced magnetoelectric coupling
In contrast to the two previously discussed ferroelectric contributions, the third
polarisation PIII was observed in TbMn2 O5 only. Here, it was shown that this
contribution emerges at low temperatures only, and is solely responsible for the
magnetoelectric coupling observed in TbMn2 O5 . Due to the close relationship
between magnetisation, rare-earth moment, and PIII , the 4 f spin order seems to be
of integral importance in explaining the magnetoelectric properties of this material.
Zero-field polarisation For the emergence of PIII in zero field it helps to understand
the evolution of the rare-earth magnetic order upon cooling: A portion of the
Tb3+ moments already order below the Néel temperature T1 , as they are spinpolarized by the ordered Mn3+/4+ spins [293, 309, 310]. On the other hand, isotropic
Tb3+ -Tb3+ exchange can induce long-range order below T5 ≈10 K, and indeed
antiferromagnetic order of the rare-earth ions with the same incommensurate wave
vector q as the Mn order is observed [309, 311, 312]. This phase transition is
accompanied by a small characteristic hump in the dielectric function εb [312, 313],
supporting the emergence of an additional polarisation contribution PIII .
The assumption of the linear increase of PIII (T) upon cooling presented in figure 4.3 (c) is supported by the Landau theoretical predictions: The irreducible
representation of the Tb order and the subsequent symmetry-allowed couplings
for PIII are the same as for PII [290]. A linear increase of PIII (T) with lower T also
is proportional to the increase of the ordered rare-earth moment and thus the
magnitude of the antiferromagnetic order parameter below 10 K [309–312].
Field-dependent behaviour As shown in figure 4.5 (d) and equation (4.6), the fielddependent response of PIII (Ha ) is directly correlated to the induced magnetisation
Ma (Ha ): As the magnetisation increases proportional to the applied field, the
polarisation contribution PIII decreases quadratically with Ma . For fields of around
3 T the magnetisation saturates, and PIII changes sign. This behaviour points to
a strong competition between antiferromagnetic Tb order on the one hand, and
alignment of the large rare-earth moments on the other hand, as independent, but
closely interwoven, mechanisms contributing to the magnetoelectric response.
At zero field, only the antiferromagnetic order of the rare-earth sub-lattice contributes to PIII = PAFM
. Due to the large 4 f moment, a small field Ha induces a
III
magnetisation along the field direction, which in turn diminishes the antiferromagnetic arrangement of the Tb moments [91, 295, 314]. Consequently, the magnitude
of the ferroelectric contribution PAFM
is reduced:
III
AFM
2
PAFM
III (T, Ha ) = PIII (T, 0) − β1 (Ma )Ma (T, Ha ) ,

(4.7)

The coupling constant β1 (Ma ) is determined by the condition
lim PAFM
III (T, Ha ) = 0 ,

Ha →∞
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so that this contribution vanishes completely once the 4 f moments are fully aligned
with the magnetic field.
Additionally, a quadratic magnetoelectric effect PPM
(T, Ha ), induced by the paramIII
agnetic alignment of the rare-earth moments, contributes to the field-dependent
response. This effect leads to the upturn of the SHG intensity for high fields shown
in figure 4.5 (d) as the sign of PIII = PAFM
− PPM
reverses [295]. Its temperature- and
III
III
field-dependence is given by
2
PPM
III (T, Ha ) = β2 Ma (T, Ha ) .

(4.9)

Here, β2 parametrizes the quadratic coupling term [295, 315]. This contribution
also persists at temperatures higher than T5 [91, 316], which once more emphasizes
its relation to the induced magnetization instead to the long-range Tb order.
The overall field-response of the polarisation contribution PIII therefore is given by
the following sum:
PM
PIII (T, Ha ) = PAFM
III (T, Ha ) − PIII (T, Ha )

 2
= PAFM
III (T, 0) + −β1 (Ma ) + β2 Ma (T, Ha ) .

(4.10)
(4.11)

The antiparallel configuration and different magnitude of PAFM
(T, Ha ) and PPM
(T, Ha )
III
III
leads to the sign change of PIII , and consequently of Pb , at high magnetic fields [91].
Microscopic mechanisms Below T5 the Tb3+ moments are aligned collinearly
[293], which could lead to a finite polarisation due to exchange striction. Another
possibility to induce a ferroelectric contribution would be the emergence of local
dipoles due to p- f hybridisation, as described in section 2.2.2.
Further insight to the microscopic origin of PIII is given by the optical non-linear
properties: In both YMn2 O5 and TbMn2 O5 the SHG signal is sensitive to the
polarisation contributions PI,II . These excitations couple to Mn → O charge-transfer
excitations [254, 296], and thus are sensitive to the transition-metal magnetism.
In contrast, the SHG signal proportional to the low-temperature polarisation in
TbMn2 O5 does not couple directly to the rare-earth order, as no Tb3+ excitations are
present in the studied spectral range. Therefore, an indirect optical coupling to the
4 f moments must be present via induced effects on either the Mn or O sites.
As the polarisation contributions PI and PII are independent of the applied field the
Mn3+/4+ ions are largely unaffected by the Tb order [298], which leaves oxygen as
the main ingredient of the microscopic magnetoelectric coupling.
Recent publications indeed show the important role of oxygen for the multiferroic
properties of RMn2 O5 materials [154, 311, 317]. Furthermore, the oxygen bond
polarisation was shown to depend on the rare earth order [307, 318]. Due to the
susceptibility of the large 4 f 8 moment (|µ| ≈ 8.2µB [91, 295]) to magnetic fields,
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the oxygen-rare-earth hybridisation therefore offers the possibility of pronounced
magnetoelectric effects as observed in multiferroic TbMn2 O5 .7

4.4. Summary
In conclusion, two (three) independent contributions to the spontaneous polarisation in multiferroic YMn2 O5 (TbMn2 O5 ) were separated using non-linear optical
second harmonic generation. Their respective temperature and field dependence
were investigated, and related to a Landau-theoretical model.
Polarization contributions PI and PII induced by the complex order of Mn3+/4+
moments were found in both materials. Their sum Pb = PI − PII explains the specific
temperature-dependence of the net polarisation Pb with a sudden drop at the
magnetic phase transition where also PII emerges. Both PI and PII were shown to
be robust under magnetic fields ±µ0 Ha up to 7 T. These robust contributions seem
to be a general feature for the multiferroic properties of RMn2 O5 materials.
In TbMn2 O5 an additional contribution PIII explained both the recovery of Pb at
low temperatures and the pronounced magnetoelectric coupling induced by the
long-range rare-earth order and – due to the large 4 f moment – readily influenced
by an applied magnetic field. The optical properties indicated that the interaction
between rare-earth order and hybridisation with the surrounding oxygen ions
could be the main ingredient to this pronounced magnetoelectric coupling.

7

Many thanks to P. Tolédano and R.V. Pisarev for fruitful discussions about the origin of PIII .
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5. Magnetoelectric control of
multiferroic domain walls
Recently, scientific focus has shifted from the investigation
of domain states and their control to that of the functional
properties of ferroic domain boundaries. These interfaces
between different domain states are highly localised, and can
exhibit physical features distinct from the bulk compound. Furthermore,
they can be manipulated easily by external fields and thus written, erased,
and moved at will.
Following the discovery that the boundary conductance can be tuned
by the polarisation state at the domain wall in ErMnO3 , another route is
chosen here: Because of the magnetoelectric effect in Co-doped MnWO4
the electric configuration at domain walls can be varied by a magnetic
field. In this chapter the control of ferroelectric domains and domain
boundaries in Mn0.95 Co0.05 WO4 by electric and magnetic fields is demonstrated. In particular the relative orientation of the polarisation on both
sides of the ferroelectric walls can be continuously turned from a sideby-side to a head-to-head or tail-to-tail configuration. This demonstrates
that functional interfaces of multiferroic domain boundaries can be manipulated by additional degrees of freedom compared to conventional
ferroic materials.
Many technical applications make use of the presence of ferroic domains [30, 35,
70], however recently the advent of suitable microscopic techniques enabled a more
thorough investigation of the interfaces between different domains.
Like ferroic domains, domain boundaries can be written, moved, and erased with
applied fields. Furthermore, they can exhibit properties different from the bulk
compound, highly localised at the interfaces between neighbouring domain states.
Therefore domain boundaries in ferroic materials offer a unique way for nano-scale
functional devices [200, 204, 319–321].
Of particular interest is the observation of emergent conductivity at ferroelectric
domain boundaries in textbook materials like BaTiO3 , PZT, LiNbO3 , and BaTiO3 ,
all of which are insulators or semiconductors [322–325]. Furthermore, in ferroelectric ErMnO3 this conducting behaviour is tunable by the relative orientation
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of the polarisation at the wall: Due to charge accumulation and subsequent electronic screening, head-to-head or tail-to-tail boundaries show a distinctly different
conducting behaviour to charge-neutral side-by-side domain walls [326].
In hexagonal RMnO3 the curved domain walls are a consequence of the improper
ferroelectric order and topologically protected due to their structural origin [327,
328]. In contrast, magnetoelectric materials offer another route to influence the
polarisation state at the ferroelectric domain boundaries: In several spin-spiral
multiferroic materials like orthorhombic RMnO3 (R = Tb, Dy), MnWO4 , LiCuVO4 ,
or RMn2 O5 (R = Tm, Yb) a magnetic-field-induced polarisation flop was observed
[90, 163, 178, 180, 181, 329]: As discussed in 2.3.1 the magnetic structure and the
ferroelectric polarisation suddenly re-orient above a critical field.
An even more precise way to control the polarisation state is found in Co-doped
MnWO4 , which shows a continuous rotation of the net polarisation with applied
magnetic field [184]. Here it is shown that the position of domain boundaries in
Mn0.95 Co0.05 WO4 does not change upon the magnetic-field induced polarisation
rotation. As a consequence, the ferroelectric state at the domain boundary can
be continuously and reversibly tuned by an applied magnetic field. Thus, in
combination with an electric field, both domain wall position and state can be fully
controlled.
In the following sections, the magnetic, electric, and optical properties of Co-doped
MnWO4 are discussed first. Then the exclusive coupling of second harmonic
signals to the ferroelectric polarisation contributions is shown. This can be used to
visualise the electric- and magnetic-field control of the domain boundary position
and its polarisation state. The experimental results will be followed by a brief
discussion about the microscopic structure of multiferroic domain boundaries and
implications for possible functional behaviour.

5.1. Multiferroic tungstates
Isomorphous transition-metal tungstates Me2+ WO4 with Me = Mg, Mn, Fe, Co,
Ni, Zn, and Cd crystallise in the wolframite structure shown in figure 5.1 (a) [331].
This crystallographic structure is based on a hexagonal close-packaging of oxygen
ions. Cations fill half of the octahedral interstitial sites and the edge-sharing
octahedra surrounding the transition-metal ions Me2+ form zigzag ribbons along
the c direction [332]. The space group is P2/c10 with two-fold symmetry axis along b,
and the monoclinic angle β only deviating slightly from 90◦ (typically less than 1◦ ).
Prominent in the series of tungstates is MnWO4 which shows multiferroic behaviour
between 7 K to 12 K. The spontaneous polarisation P||b up to 40 nC/cm2 is induced
by cycloidal spin-spiral order [130, 333], as schematically shown in figure 5.1 (b).
For magnetic field H||b above 10.5 T, a spin-flop transition with a 90◦ reorientation
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Figure 5.1. Structural and magnetic properties of Mn0.95 Co0.05 WO4 . (a) Crystallographic
wolframite structure, with Me2+ O6 octahedra (Me = Mn, Co) forming edge-sharing
zigzag ribbons along c [330]. (b) Magnetic structure in the multiferroic phase. The spiral
propagates along q = (−0.25 + δa , 0.5, 0.5 − δc ); while the spins rotate within the easy plane
℘ containing the polar b direction. ℘ is inclined from the ac plane. Adapted from [110].
(c) Relative magnitude and direction of the net polarisation at 5 K [184]: A moderate
field H||b rotates the initial polarisation P||b towards the a direction due to a rotation of
spin-spiral plane ℘.

of the polarisation towards the a direction is observed in MnWO4 [178]. This
magnetic transition is the result of a competition between exchange interactions
and the magneto-crystalline anisotropy, as discussed in section 2.3.1.
Other wolframites show different magnetic behaviour, which is largely determined
by the properties of the respective transition-metal ions Me2+ . Therefore, doping MnWO4 with magnetic and non-magnetic ions can lead to changes in the
multiferroic properties of the base material [139, 334, 335].
Especially interesting magnetic properties are achieved in Co-doped MnWO4 as
the single-ion anisotropy of Mn2+ (d5 ) and Co2+ (d7 ) are decidedly different: While
the easy axis of MnWO4 lies at an angle of approximately 34◦ towards a in the ac
plane [332, 336, 337], that of CoWO4 is at 133◦ [338]. As consequence, Co doping
will strongly affect the multiferroic properties of MnWO4 and its behaviour under
applied magnetic fields, as shown in various studies [110, 184, 334, 335, 339–345].
In this chapter, MnWO4 with 5% Co-doping is investigated: In this material it is
possible to continuously rotate the ferroelectric polarisation with a magnetic field
[184]. The light doping induces only small changes in the crystal structure, and the
ferroelectric transition temperature TC ≈12 K and the magnetic propagation vector
q = (−0.25 + δa , 0.5, 0.5 − δc ) remain mostly unaffected [110].
In contrast, the multiferroic phase is stabilised down to low temperatures, and the
spin-spiral plane ℘ determined by the magnetic anisotropy is less inclined towards
the a axis as for un-doped MnWO4 [110, 334]. At zero field, the polarisation is
aligned mostly along b, but with applied magnetic field Hb the net polarisation
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gradually rotates towards the a direction, as shown in figure 5.1 (c) [184].
The polarisation control by a magnetic field in Mn0.95 Co0.05 WO4 offers a great
opportunity to investigate the behaviour of multiferroic domains and domain
boundaries under the effect of gradually changing the configuration of the domain
boundary from side-to-side to tail-to-tail or head-to-head configuration.

5.2. Experimental details
Here, optical second harmonic generation is used to detect and image domains of
polarisation contributions Pb and Pa , and determine their behaviour under applied
electric and magnetic fields. This section briefly describes the sample preparation
and the experimental setup.
Sample preparation Large single-crystal samples (up to 50 mm3 ) of Mn0.95 Co0.05 WO4
grown by the floating-zone method were provided by Jack Kao-Cheng Liang and
Bernd Lorenz from the University of Houston, USA. Three platelets oriented along
the crystallographic a, b and c direction were lapped to a thickness of 100 µm and
polished with silica slurry in preparation for optical transmission experiments. As
the wolframite structure shows a cleavage along the ac plane, the b-cut sample
yielded very flat surfaces. The preparation of the a-cut sample was also satisfactory,
whereas the c-cut gave only mediocre surface flatness. Fortunately, these defects
did not hamper later results.
Linear optical properties The polarised absorption spectra of Mn0.95 Co0.05 WO4
were measured at room temperature as described in section 3.5.1 and compared to
corresponding spectra of pure MnWO4 .
SHG experiment The non-linear optical experiments were performed in transmission geometry. A tunable fs laser was used as light source, and the non-linear
response was detected either with a liquid-nitrogen cooled CCD camera or with a
photomultiplier for integrated measurements. The sample was located in a magnet
cryostat with magnetic fields ±µ0 Hb up to 7 T in Voigt configuration (Hb ⊥ (k||c)).
Using a special sample holder in-plane electric fields up to approximately 5 kV/cm
could be applied along the polar a or b directions.

5.3. Linear optical properties of Mn0.95Co0.05WO4
The polarised absorption spectra of Mn0.95 Co0.05 WO4 are shown in figure 5.2:
As expected by the monoclinic symmetry, the material shows a pronounced
pleochroism, and the absorption ellipsoid was slightly inclined from the a and c
axes [346].
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Figure 5.2. Linear absorption coefficients αi (ω) of Mn0.95 Co0.05 WO4 at room temperature.
On the bottom the determined positions and widths of crystal-field transitions are
marked. The colours illustrate the optical pleochroism of the material. Comparison with
pure MnWO4 reveals that the observed absorption peaks and green colour is most likely
caused by crystal-field transitions of Co2+ ions. The inset shows the orientation of the
absorption ellipsoid in the ac plane at 2.15 eV. The offset angle is approximately 10◦ , but
its sign towards the monoclinic a direction could not be determined.

In the case of pure MnWO4 only weak absorption is observed, with the lowest-lying
crystal-field excitation at 2.20 eV [252, 347]. In contrast, dd excitations of Co2 +
ions (configuration d7 ) are only parity-forbidden, but not spin-forbidden, as in
the case for Mn2+ ions (d5 ). Therefore, the absorption is expected to be stronger
in Mn0.95 Co0.05 WO4 : While thin platelets of MnWO4 which appear light orange in
transmission, the Co-doping lends to a dark green colour.
Furthermore, additional excitations due to Co2+ ions are observed centred at 0.75 eV,
1.48 eV, and around 2.17 eV. The latter is a combination of Mn and Co dd transitions,
but its splitting to three peaks is typical for Co2+ [106].
Further d-d transitions are known to exist above 2.5 eV [252] where the optical
response is dominated by O 2p → Mn 3d charge-transfer [347–349].

5.4. Distinction of ferroelectric contributions by SHG
To image the ferroelectric domain population and their temperature- and fielddependence of both Pb and Pa , SHG signals coupling to both polarisation directions
are required. SHG signals related to Pb in undoped MnWO4 were previously
investigated and were used to image the ferroelectric domains topography, and
the electric-field switching process [255, 349–353]. From these previous results it
was found that around 2.15 eV a pronounced SHG signal coupling to Pb [252, 354],
greatly enhanced by optical phase matching, is present (see appendix B).
Therefore, the search for SHG contributions coupling to polarisations Pb and Pa in
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Figure 5.3. Comparison of SHG contributions ∝ Pb (in blue) and ∝ Pa (in red). (a) SHG
spectra of χbaa and χabb at different magnetic fields. (b) Temperature dependence of
χbbb and χabb compared to the Pb and Pa contributions at 5 T. χbaa and χbbb show the
same coupling to Pb (not shown). (c) Magnetic-field dependence of SHG contributions
scaled to polarisation values, reflecting the magnetic-field induced 90◦ -rotation of the net
polarisation. Polarisation values in (b) extracted from [184], those in (c) were provided
by B. Lorenz, University of Houston.

Mn0.95 Co0.05 WO4 was focussed in the SHG energy range of 1.7 eV to 2.2 eV, and on
a c-cut sample with an in-plane configuration of both polar directions.
Unsurprisingly, a large signal χbaa ∝ Pb around 2~ω=2.1 eV like in undoped MnWO4
was also found in Mn0.95 Co0.05 WO4 . The SHG contribution χabb ∝ Pa centred at
2.2 eV is at least two orders of magnitude weaker – in contrast to the relation
between Pb and Pa , with the latter being clearly dominant at higher temperatures
and magnetic fields. The agreement with symmetry selection rules and the distinct
spectral dependence confirm that indeed independent contribution were found, as
can be seen in figure 5.3 (a).
The temperature- and magnetic-field-dependence of both χbaa and χabb further
confirm the unique coupling to polarisation contribution Pb and
√ Pa , respectively,
as shown in figure 5.3 (b) and (c): Here the magnitude of χ ∝ ISHG is compared
with the polarisation values obtained by pyroelectric and magnetoelectric current
measurements, showing a good agreement. Therefore, it is possible with optical
SHG to couple to independent polarisation contributions and to use those signals
to image the ferroelectric domain pattern, as explained in the next section.

5.4.1. Other spectral contributions
Additional to the mentioned signals used for ferroelectric domain imaging, other
non-liner contributions were found in Mn0.95 Co0.05 WO4 .
In the energy range 1.8 eV to 2.2 eV an SHG signal χbbb ∝ Pb was found. It showed
an oscillating spectral dependence, and was the same order of magnitude as χabb .
While integrated measurements show a good agreement with the temperature- and
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magnetic-field-dependent behaviour of Pb , the images proved to be speckled and
did not reproduce the domain images taken with other SHG contributions. This is
probably due to the different absorption properties.
No SHG response was found above 2.2 eV. However, at 2.67 eV a strong threephoton fluorescence coupled to the spin-forbidden 2 T2 →4 T2 transition of the Mn2+
ion was found. In previous studies at this energy a SHG response coupling to Pb
was observed [252, 255, 351]. This indicates that the use of femtosecond instead
of nanosecond laser pulses might enable additional non-linear optical excitations
[214].

5.5. Imaging of ferroelectric domains with SHG
In the following section the results of SHG imaging of ferroelectric domains are
explained, starting with the proof of conformity of Pb and Pa domains. The
peculiarities of zero-field cooled domain patterns are discussed, and the control of
the ferroelectric domains and domain boundary states with applied electric and
magnetic fields is demonstrated.

5.5.1. Direct correspondence of Pb and Pa domains
As indicated by a semi-phenomenological model, the emergence of Pa with
increasing magnetic field is related to the rotation of the spin-spiral plane in
Mn0.95 Co0.05 WO4 [110, 334]. Consequently, the Pb and Pa domains are expected to
coincide, rather than showing separate spatial distributions.
This assumption is confirmed, by the single-domain patterns after electric-fieldcooling cycles: Figure 5.4 (a,b) shows spatially resolved images of χbaa ∝ Pb and
χabb ∝ Pa after electric-field cooling with Ea in applied magnetic field µ0 Hb =6 T.
At higher field the polarisation contribution Pa is dominant and field-cooling will
lead to a ferroelectric single-domain state. Imaging with χbaa ∝ Pb shows uniform
brightness, and thus a single-domain state, too.
A similar result is obtained after electric-field cooling with applied Eb at fields
below 2 T, again leading to a single-domain state in both Pb and Pa (not shown).
As electric-field poling either with Ea or Eb leads to simultaneous single-domain
states in both Pa and Pb , imaging with χbaa and χabb gives redundant information,
and thereafter the large signal of χbaa can be used to image the ferroelectric domains.
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Figure 5.4. Ferroelectric domains in Mn0.95 Co0.05 WO4 : (a,b) Single-domain states obtained
after electric-field cooling with Ea at 6 T, as indicated by the uniform brightness. That both
Pa and Pb appear in the same domain state proves their common origin. (c) As-grown
domain pattern after zero-field cooling. Most of the domain boundaries align parallel to
the polar b direction, thus favouring neutral side-by-side domain walls. (d) Same state
as in (c), but imaged with contribution χabb ∝ Pa . The weak signal shows a stripe-like
pattern possibly due to depth interference of SHG contributions from different domains.

5.5.2. As-grown domain patterns
As explained in the previous section, ferroelectric Pb and Pa domains coincide as they
are induced by the same microscopic spin spiral structure. The corresponding SHG
images as shown in figure 5.4 (c,d), however, do not match: The pattern observed
for χabb images in figure 5.4 (d) shows stripes aligned along the a direction with
average distances of 150 µm along b and typical lengths of 600 µm along a. They
are clearly of magnetic origin, and change distribution after a heating-and-cooling
cycle above TC . For higher magnetic fields they seem to disappear as the SHG
signal of χabb increases, but the pattern re-appears if the magnetic field is removed.
The observation of speckled patterns fields implies that the spatial distribution
of SHG signal is a consequence of depth interference and not due to the domain
distribution of the net polarisation P.
In contrast, χbaa gives clear SHG images of the ferrroelectric domain distribution,
e.g. in figure 5.4 (c): The position of the domain boundaries are marked by black
lines, while the domains appear with equal brightness. After zero-field cooling the
domain size varies greatly between large areas of 0.2 mm2 to 1 mm2 and speckled
patterns, which indicate domain sizes below the optical resolution.
After zero-field cooling, the domain boundaries show a slight preference to align
along the polar b direction. Boundaries along a are also readily stabilised, leading to
the conclusion that charge accumulation and electrostatic repulsion at ferroelectric
head-to-head or tail-to-tail walls does not dominate the domain topography in
Mn0.95 Co0.05 WO4 .
Like in other magnetic and multiferroic properties the domain pattern depends
on the thermal history of the sample, with strong dependence upon cooling rate
across TC and a pronounced memory effect.
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Figure 5.5. Ferroelectric domain switching in Mn0.95 Co0.05 WO4 . (a) Single-domain state
after electric-field cooling in zero magnetic field. The scale bar measures 250 µm. (b)-(e)
Subsequence growth of opposite ferroelectric domain in reversed constant electric field.
(f) Final two-domain state with preferred side-by-side domain wall configuration.

5.5.3. Electric-field control of ferroelectric domains
To demonstrate the magnetic-field control of the polarisation configuration at
the ferroelectric domain wall, a two-domain state was prepared: As shown in
figure 5.5 (a) a single-domain state was obtained by electric-field cooling with
Eb =3.5 kV/cm and −0.5 K/min at zero magnetic field. At suitably high reversed
field (−4.9 kV/cm at circa 7.5 K), first a domain of opposite polarity nucleated in the
top of the sample and then grew in the constant driving field.
The sideways growth of the domain was imaged by taking SHG images every six
seconds, a selection of which are shown in figure 5.5 (b)-(f).1 After the domain
boundary was approximately in the middle of the sample (figure 5.5 (f)), the field
was switched off, the temperature lowered to 5 K, and a magnetic field applied.
Before analysing the magnetic-field control of the polarisation state at the domain
boundary, as explained in the next section, a few observations about the growth
process are mentioned. Further results of the analysis of the domain-switching
image sequence can also be found in appendix C.
The sideways motion of the ferroelectric domain boundary was very slow on
average; numerical analysis gives a median velocity of 0 µm/s as most parts of the
boundary do not move between successive images, and a mean velocity of 1.3 µm/s.
During the growth most sections of the domain boundary are aligned along the
polar b direction, thus favouring a side-by-side configuration of the net polarisation.
Compared to conventional ferroelectric materials, the interface between opposite
domains seems to be very rough, and shows strong modulation even above 25 µm.
In contrast to the slow continuous growth, sudden forward jumps of the domain
boundary are also observed. This leads to pronounced head-to-head or tail-to-tail
wall configurations as seen in figure 5.5 (c) and (e). These arrangements usually are
strongly disfavoured in ferroelectric materials due to electrostatic repulsion.
While no systematic imaging series was performed with electric fields Ea at high
1

The full electric-field switching series is shown in figure C.2 on page 122.
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Figure 5.6 Ferroelectric domains before and after
the magnetic-field-controlled polarisation rotation.
(a) Initial two-domain state at zero magnetic field
and 5 K. Directions a and b are vertical and horizontal, respectively. The image area measures
1 mm2 . (b) Ferroelectric domain pattern at magnetic field µ0 Hb =6 T. As indicated by the white
arrows the net polarisation rotated from a side-byside wall in (a) to a head-to-head configuration in
(b). (c,d) Sketches of the local dipole moments at
the ferroelectric domain boundary.

magnetic field, similar results were observed in provisional experiments: Again
ferroelectric domain boundaries favour the alignment along the a direction, which
correspond to side-by-side polar configurations at the wall. This behaviour is
possibly further enhanced by the polarisation Pa being at least three times larger
than that of Pb .
In summary, the observed growth of ferroelectric domains in a constant electric
field shows remarkable similarities to the switching process in other ferroelectric
materials. But while the domain anisotropy clearly favours side-by-side domains
in Mn0.95 Co0.05 WO4 , the electrostatic repulsion is not strong enough to completely
disfavour head-to-head or tail-to-tail configurations.

5.5.4. Domain wall configuration control with a magnetic field
Application of a magnetic field to the previously prepared two-domain state
which leads to the rotation of the polarisation by approximately 90◦ as well as the
enhancement of the net polarisation, as illustrated in figure 5.1 (c).
As demonstrated in figure 5.6 this magnetoelectric coupling has no effect on the
position of the ferroelectric domain boundary on a mesoscopic length scale, even
though the domain wall changes from neutral side-by-side in figure 5.6 (a) to
nominally charged head-to-head configuration in (b).2 This invariance furthermore
underlines the coherent and reversible deformation of the magnetic order; in
agreement with the phenomenological models of the rotating spin-spiral plane as
reason for the magnetoelectric effect [110, 334].
It is not exactly clear if elevated temperatures can lead to instabilities in the domain
pattern: This could in principle occur as at higher magnetic fields and temperatures
2

Here, SHG cannot determine the sign of the polar vector, as its intensity is proportional to the
polarisation squared ISHG ∝ P2 , so the configuration at the wall could also be tail-to-tail. In the
following, the properties of head-to-head boundaries are discussed without loss of the general
applicability of the arguments.
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the magnitude of Pa is clearly larger than that of Pb [184]. On the other hand, the
ferroelectric domains exhibit a remarkable stability even in close proximity to TC .
Finding a field and temperature regime where the domain pattern visibly changes
would give tremendous insight into the energy scales that determine the domain
anisotropy and the effect of the depolarising field.
In conclusion, the domains in multiferroic Mn0.95 Co0.05 WO4 clearly show a preference for side-by-side domain walls, as in conventional ferroelectrics, while showing
a remarkable stability upon the magnetic-field-induced polarisation rotation. The
transformation from uncharged side-by-side to nominally charged tail-to-tail domain walls clearly underlines the induced ferroelectric character as well as the
smallness of P.
Due to the close relationship between the spin order and the dipole moment, the
local structure at the domain boundary deserves a closer look. In the following
section, the micro-structure and physical properties of multiferroic domain walls
are discussed in more detail.

5.6. Domain boundaries in spin-spiral multiferroics
The multiferroic properties in spin-spiral multiferroics like MnWO4 or TbMnO3 are
induced by antisymmetric exchange between non-collinear spins, which relates the
spiral handedness C = Si × S j with polar displacements, adding up to a macroscopic
ferroelectric moment [123, 137].
Between domains of opposite polarisation, the chirality of the spin spiral must
change. As already discussed in the PhD thesis of Tim Hoffmann [353], the
most probable solution to this problem is the gradual rotation of the spin-spiral
plane ℘ ⊥ C across the domain boundary. Here, only the magneto-crystalline
anisotropy energy is paid, which typically is less than the energy scales related to
the exchange interaction. Since a magnetic field readily induced the rotation of the
net polarisation due to changes in the magnetic anisotropy in Mn0.95 Co0.05 WO4 , is is
simple to assume such rotations can readily occur due to local boundary conditions.
Figure 5.7 illustrates the consequences of this idea: In bulk, the spin-spiral plane ℘
lies in the xz plane, as illustrated by the circular discs. Across a domain boundary,
℘ tilts towards the yz plane, and beyond, until it lies again in the xz plane. To
visualise the twist from the front to the back of the plane, the opposite sides of ℘
are coloured red and blue, respectively.
If one assumes that the cycloidal spin spiral remains unaffected by the local
orientation of the rotation plane ℘, in first order the magnitude of the local dipoles
P will not change, but their direction will: Even within the boundary a modulated
polarisation will be present, as shown by the green arrows in figure 5.7.
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Figure 5.7. Schematic view on the microscopic structure of multiferroic domains wall:
A favourable way to change the spin chirality C = Si × S j is to revert the direction of
the spin plane ℘ ⊥ C, here shown as red and blue sides. As consequence, the local
dipoles P (in green) also will be modulated across the wall. Depending on the direction,
the ferroelectric character of the domain boundary will be different. Application of a
magnetic field will lead to the rotation of the local anisotropy plane ℘ and thus changes
the direction of the polarisation within the domains and the domain boundary (far left).

The character of this multiferroic domain walls is different, depending on the
direction of the boundary normal n: Although the twist of the plane ℘ is the same in
all three configurations, both ferroelectric Bloch and Néel walls can be stabilised.3
As a consequence of this complex microscopic structure, new physical properties
can arise at the multiferroic boundaries. The major advantage of such effects
is related to the localised character of the interfaces, and their controllability by
applied fields, as demonstrated in the first part of the chapter.
Charge and conductance As shown for conventional ferroelectric materials [322–
326], nominally charged head-to-head or tail-to-tail walls can induce local
conductance. This effect depends on the electric depolarisation field ∝
∆P⊥n · (ε0 εr )−1 , the dielectric constant εr , and the semiconducting properties
3

The former is characterised by Pwall ⊥ n, while the latter has Pwall k n.
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leading to the screening of the charge accumulation at the boundary.4
Due to the predominance of side-by-side domain walls in Mn0.95 Co0.05 WO4
it seems that electrostatic repulsion indeed plays a sizeable role. Due to the
magnetoelectric effect the character of the wall can be tuned, and therefore
similar conducting properties also may be expected for this material.
Strain The gradients induced by the rotation of the polarisation across the domain
boundary induce a local strain. While this does not reduce the net symmetry
(which is already 1 in bulk Mn0.95 Co0.05 WO4 ), the local crystallographic
structure will be different than in the bulk domains and the gradient might
allow for flexoelectric couplings [355, 356]. Furthermore, local defects and
strain fields, e.g. induced by dislocations might lead to a stronger pinning
of the domain walls which would influence their electric-field switching
behaviour.
Interactions between domain boundaries The change of handedness in figure 5.7
involves a rotation of the spin-spiral plane ℘. The interaction between
neighbouring boundaries therefore depends on the relative orientation of
this twist: Domain walls with opposite twist can merge, those with same
cannot. This behaviour of avoiding and coalescent domain walls was already
observed and discussed for domains in multiferroic MnWO4 [353].

5.6.1. Micro-magnetic model of domain walls in Mn0.95 Co0.05 WO4
To obtain a realistic understanding of the local magnetic and electric properties and
the involved length scales, micro-magnetic simulations can be used to calculate the
microscopic structure of a multiferroic domain wall. These results presented here
were obtained by Anders Bergman from Uppsala University (Sweden).
Calculations Micro-magnetic and spin-dynamic simulations search for spatial magnetisation distribution that minimise the total energy of the system [34, 357]. Contributing to this energy are Heisenberg exchange, magneto-crystalline anisotropy,
and the Dzyaloshinskii-Moriya interaction.
The coupling constants were calculated for Mn0.95 Co0.05 WO4 using density functional theory (DFT) [358]. Qualitatively equivalent interactions were also obtained
with independent calculation methods (LDA+U). These values were then used
to solve the micro-magnetic equations. From the determined spin structure the
polarisation was calculated using the spin-current model [135].
The balance of the exchange interactions stabilised a magnetic modulation vector
q = (0.17, 0.5, 0.41) in reasonable agreement with neutron scattering results [110,
4

Although the polarisation in MnWO4 is approximately two to three orders of magnitude smaller
than in conventional ferroelectric materials as BaTiO3 . But since εr is much smaller in MnWO4
the depolarising field differs by only one order of magnitude.
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Figure 5.8. Profile of the polarisation contributions Pa , Pb and the net polarisation |Ptot |
along a calculated by micro-magnetic simulations: (a) At zero field side-by-side domains
with ferroelectric Bloch walls are favoured. The polarisation vector rotates within the
ab-plane and its value is enhanced in the middle of the boundary. (b) The state of
the domain wall changes at high magnetic field to a head-to-head configuration. This
boundary corresponds to a ferroelectric Néel wall, which is only half as wide as in the
zero-field case. Contributions of polarisation Pc are negligible in both cases.

334]. Values for the magneto-crystalline anisotropy were adapted from [359, 360].
The calculations lead to a ferroelectric state with a polarisation along b, which
vanishes above 15 K, again in valid agreement with observations [184].
Since the simulations of a single-domain state coincide well with the multiferroic properties of Mn0.95 Co0.05 WO4 , meta-stable domain walls were introduced
artificially by simulating a rapidly cooled hot disordered system with a size of
200 × 24 × 24 unit cells. Relaxation of the spin system then lead to the determination
of the local magnetic and electric structure at the domain walls.
Results At zero field, the calculations clearly showed a preference for side-by-side
domain walls, as expected from the experiments. Furthermore, the simulation of
the domain wall structure confirm the phenomenological model depicted figure 5.7:
Indeed, the polarisation reversal across the domain boundary occurs as due to the
rotation of the spin plane. Consequently, an additional contribution Pa is induces
as the net polarisation rotates within the domain wall.
The profile of the polarisation contributions Pb and Pa and the net polarisation |Pnet |
across the wall is shown in figure 5.8 (a): While Pb changes sign, a sizeable amount
of Pa is induced. The net polarisation thus varies strongly and is enhanced in the
middle of the wall, Pwall /Pbulk ≈ 2.8. The width of the boundary wFWHM ≈ 10 nm
lies well between values of ferroelectric and ferromagnetic domain walls [201, 320].
Micro-magnetic calculations also allow to determine the spin and electric structure
after the magnetic-field-induced polarisation rotation: In this case the side-by-side
Bloch wall transforms to a head-to-head Néel wall. The local polarisation profile
is shown in figure 5.8 (b): While Pa changes sign, the polarisation vector rotates
towards the b direction. In agreement with observations in Mn0.95 Co0.05 WO4 , the
polarisation value Pa within the domain exceeds that of Pb [184]. As consequence,
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the net polarisation is slightly reduced within the domain boundary Pwall /Pbulk ≈ 0.8.
Interestingly, this wall is only half as wide as in the zero-field configuration.
Conclusion These calculations obviously show that the micro-structure of multiferroic domain walls differ to that of the bulk compound. This can enable new
emergent phenomena, as discussed previously. The narrow boundaries in multiferroic Mn0.95 Co0.05 WO4 therefore allow for localised properties which are readily
tunable by electric and magnetic fields.

5.7. Conclusions and perspectives
Here, the full control of the domain boundary position and polarisation state in
by electric and magnetic fields was demonstrated in multiferroic Mn0.95 Co0.05 WO4 .
This tuneability allows to change from favourable side-by-side ferroelectric domain
boundaries to nominally charged head-to-head configuration. The microscopic
structure of such multiferroic domain walls were discussed on a phenomenological
level and on the basis of micro-magnetic simulations.
These results lay the foundation for future experiments using microscopic probes
like piezo force microscopy [361], spin-polarised scanning microscopy [362, 363],
and low-energy and photo-emission electron spectroscopy [94, 364, 365]: Such techniques can be used to investigate the microscopic structure and physical properties
of the domain boundary itself while controlling its position and configuration state
by applied electric and magnetic fields, respectively.
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in multiferroic Mn2GeO4
Magnetic olivine Mn2 GeO4 is one of the rare multiferroic
materials which exhibit both a spontaneous polarisation as
well as a finite magnetisation. Furthermore, there exists a
close cross-correlation between them: With the application of
a magnetic field not only the ferromagnetic moment is switched, but the
sign of the spontaneous polarisation reverses as well.
Here, optical second harmonic generation is used to investigate the
ferroelectric domain distribution in Mn2 GeO4 and its dependence on
applied electric and magnetic fields. The results clearly show that
the unusual magnetoelectric effect originates from the direct coupling
between mobile ferromagnetic domains and robust polarisation domains.
This allows for the hysteretic control of a ferroelectric domain state by
means of a magnetic field.
In many spin-spiral multiferroics the magnetoelectric properties are promoted by
competing magnetic interactions, and therefore crystallographic structures with
geometrically frustrated exchange paths might enable new cross-couplings.
An example for such complexity is the olivine structure, which features zigzag
chains, and distinct crystallographic sites enabling magnetic frustration [111].
Indeed, Cr2 BeO4 was the first spin-spiral ferroelectric to be found [366, 367]. Recently
Mn2 GeO4 attracted attention, too, due to its unusual multiferroic properties [172,
368, 369]; since few materials are known exhibiting both a spontaneous polarisation
as well as a magnetisation. In Mn2 GeO4 these moments also exhibit a very close
cross-correlation, as ferroelectric and ferromagnetic hysteresis show simultaneous
switching under an applied magnetic field.
So far, the spatially-resolved behaviour of the ferroic domains under applied fields
has not been discussed. Here, the distribution and field-dependence of multiferroic
domains in Mn2 GeO4 are investigated using optical SHG.
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Figure 6.1 Connectivity of magnetic
ions in Mn2 GeO4 [370]. The Mn2+
cations occupy two different crystallographic sites – shown in red (symmetry
1) and blue (symmetry m y ). The lines
show the connection between ions on
equivalent (red, blue) or different sites
(grey). Mn-O-Mn bond angles and distances are annotated. Yellow arrows
denote the incommensurate propagation vectors q.

6.1. Multiferroic olivine Mn2GeO4
Many materials with the formula M2 AX4 (M = transition metal, A = Si or Ge, X =
O or S) crystallise in the olivine structure, as shown in figure 6.1: It is formed by a
hexagonally-packed X lattice with A ions on one eight of the tetrahedral interstitial
sites and transition metal cations M on half of the octahedral sites.
Mn2 GeO4 , as well as isostructural tephroite Mn2 SiO4 , crystallise in the orthorhombic
space group Pnma (no. 62) with orthogonal crystallographic directions a, b, and c
(a > b > c) [370]. Figure 6.1 shows the connectivity of the Mn cations, with magnetic
Mn2+ ions on two different crystallographic sites; Mn1 with symmetry 1, shown in
red, and site Mn2 with symmetry m y , shown in blue. The oxygen octahedra around
the centrosymmetric Mn1 site form edge-sharing chains along the b direction (red
lines) whereas the octahedra at the mirror Mn2 sites are corner sharing to each
other, and to the Mn1 octahedra (blue and grey lines, respectively).
The magnetic properties of Mn2 GeO4 are governed by the Mn2+ moments with
configuration d5 (S = 5/2). Due to the different sites and connection geometry, the
expected strength of the exchange interactions varies: The bond angles between
Mn1-Mn1 and Mn1-Mn2 ions are closer to 90◦ and thus the exchange along these
paths is expected to be weak. In contrast, whereas next-neighbour Mn2 ions have
the largest distance, the Mn2-O-Mn2 bond angle of 125◦ supports antiferromagnetic
exchange, which is also supported by experimental studies [172, 371].
The three-dimensional network of nearest- (and possibly next-nearest) neighbour
interactions promote moderate geometric frustration [111, 372] so that several
magnetic phases and complex spin order are expected to emerge.
As seen in figure 6.2 Mn2 GeO4 shows three distinct phases [172, 368]: Upon
cooling, antiferromagnetic order develops below the Néel temperature TN1 =47 K.
Additionally, a small magnetisation along c emerges, growing continuously upon
cooling until it reaches its maximum value of 0.01 µB /Mn2+ around TN2 =17 K. At
TN2 a first-order spin reorientation occurs, and the ferromagnetic moment vanishes.
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Figure 6.2. Multiferroic phase diagram of Mn2 GeO4 : Three phases with different antiferromagnetic order are distinguished. The Néel transition at TN1 is second-order, whereas
the transitions at TN2 and TC are of first-order character. Only the incommensurate phase
below TC shows ferroelectric properties with P k M k c. Adapted from [172, 368].

Above TC =6 K the magnetic order preserves the unit cell (q = 0), and the moments
lie either along the a (TN2 < T < TN1 ) or b direction (TC < T < TN2 ) [172]. Due to
the different symmetry of the crystallographic Mn1 and Mn2 sites though, both
magnetic anisotropy and amount of ordered moment can be different [373, 374].
At TC another first-order transition leads to the incommensurate low-temperature
phase. The magnetic propagation vector q = (0.211, 0.136, 0) lies in the ab-plane
and is almost parallel to the Mn1-Mn2-Mn1 zigzag bonds.1
The low-temperature phase of Mn2 GeO4 exhibits a complex magnetic order as well
as multiferroic properties with both a finite magnetisation M||c and a spontaneous
polarisation P||c with magnitude Pc =6 µC/m2 . Several experiments with varying
temperature, magnetic field, and pressure imply that these moments are induced
by the underlying antiferromagnetic order, i.e., have a common microscopic origin
[172, 368, 369, 375] possibly related to antisymmetric exchange interactions.
While both the polarisation and magnetisation are exceedingly small in Mn2 GeO4 ,2
they show a remarkable and robust cross-coupling: A magnetic field in the order
of 100 mT not only reverses the magnetisation Mc , but also the sign of ferroelectric
Pc [172]. This hysteresis-locking does not imply a one-to-one coupling between Mc
and Pc , however, and its underlying mechanism is not yet entirely clear.
So far the multiferroic and magnetoelectric properties of Mn2 GeO4 were investigated
with integrated methods. The goal of this chapter therefore is to elucidate the
multiferroic properties of Mn2 GeO4 on mesoscopic length scales and the effect of
both electric and magnetic fields on the domain population.

The incommensurate wave vector q = (u, v, 0) has point group symmetry mc . Therefore, four
different translation domains corresponding to the equivalent directions of the wave vector star
q∗ = {(u, v, 0), (u, v, 0), (u, v, 0), (u, v, 0)} are possible. The different directions of q are depicted by
the yellow arrows in figure 6.1.
2
The spontaneous polarisation in Mn2 GeO4 is two orders of magnitude smaller than in the
spin-spiral ferroelectric materials MnWO4 or TbMn2 O5 . The magnetisation value of 0.01 µB per
Mn ion corresponds to less than 2 % of the net moment, or a spin canting angle of less than 0.1◦ .

1
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Figure 6.3 Investigation of the a-cut sample was performed in normal incidence
(a), with light polarisation along b and c
in the imaging plane (b). The c-cut sample had to be rotated in the beam to excite
SHG contribution χcbb (c,d).

6.2. Experimental details
Before discussing the results of the imaging experiments, the following section
briefly describes details of sample preparation, the setup used for the SHG experiments, and the challenge of applying high voltages at low temperatures.
Sample preparation Large Mn2 GeO4 single crystals were grown by the floating
zone method, and provided by T. Honda (Kimura group, Osaka University, Japan).
For optical experiments a- and c-cut samples between 1 mm and 50 µm thickness
were used, which were lapped and polished with silica slurry (Ultrasol 555).
The obtained sample surfaces were optically flat. The c-cut platelets, however, show
fanning cracks mainly along b in agreement with moderate cleavage expected along
this direction [376]. These cracks strongly absorb light and diminish the effective
area that can be used for optical experiments. Furthermore, selective etching was
observed at these cracks during mechanical-chemical polishing.
SHG experiment The SHG data was acquired using the transmission setup described in section 3.4, using 120 fs laser pulses as coherent light source. The incident
power was in the range 20 µJ to 25 µJ, and the beam was slightly defocussed to
illuminate the whole sample area up to 3 mm2 . The signal acquisition was either
integrated, or spatially resolved for domain imaging.
Sample environment The sample was located in a magnet cryostat, allowing
temperatures down to 2 K. The magnetic field was applied along the c direction.
Furthermore, electric fields were applied along c, using either metal electrodes in
the case of a-cut or grown-on ITO electrodes on c-cut samples.3
Imaging planes As shown in figure 6.3 the experiments were performed in transmission on the ab- and bc-planes. The a-cut sample was imaged in normal incidence.
In contrast, the c-cut sample was slightly rotated in the beam by 20◦ to 35◦ in order
to get a projection of the second harmonic response proportional to χcbb . In spite
of this experimental geometry, no depth interference between stacked domains
was observed for a thin sample. The SHG images therefore reflect the domain
anisotropy in the bc- and ab-plane, respectively.
3

Metal electrodes for the a-cut sample only allows to apply fields of up to 1.5 kV/mm, which is too
small to affect the ferroelectric domain structure but useful to distinguish different polarisation
domains via interference with an EFISH signal. On the thin Mn2 GeO4 c-cut platelet electric
fields of up to 15 kV/mm could be achieved using ITO electrodes (see section 3.6.2).
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Low-temperature measurements Temperature control proved to be challenging
due to the low multiferroic transition temperature and continuous laser heating;
problems occurred in combination with applied electric fields, particularly as the
bulky sample holder hinders efficient cooling in the He gas flow. Unfortunately,
measuring in liquid helium was not an option, as the cryostat had a cold leak –
flooding with suprafluid LHe would have solved the aforementioned problems.
Normal liquid helium continuously boils, which makes optical measurements
impossible. To avoid bubbles, the variable temperature insert can be pumped,
leading to a gas atmosphere of lower pressure and temperature. This, in turn,
reduces electrical breakthrough and limits the electric field that can be applied.
Therefore, a tight trade-off between laser power, needle-valve temperature and
opening, He gas pressure, and electric fields was required.4 Under these circumstances, controlled field-cooling experiments were difficult, especially as the cooling
rate becomes discontinuous around 4.2 K.

6.3. Optical properties of Mn2GeO4
To determine spectral regions of interest, polarised linear absorption spectra were
measured, as presented in figure 6.4 (a): While dd transitions are spin-forbidden
for the case of 3d5 configuration, the thin platelets of Mn2 GeO4 appeared reddish
brown in transmission, which is actually is quite common for materials containing
Mn2+ or Fe3+ cations [106]. This is mainly due to the long tail of the lowest-lying
Mn→O charge-transfer transition in the UV region extending to the visible range
of the spectrum.
Crystal-field transitions Furthermore, in all three spectra weak crystal-field transitions are observed as marked in figure 6.4 (a). Absorption for c-polarised light
is strongest throughout the visible regime, while a- and b-polarised bands appear
weaker. Careful peak analysis revealed five dd transitions in each spectrum, and
an additional peak in the c-polarised spectrum. Position, width, and intensity of
the peaks are summarised in table 6.5. The different absorption results in optical
dichroism of Mn2 GeO4 as depicted in the upper left corner of figure 6.4 (a).5
The assignment to possible crystal-field transitions as summarised in TanabeSugano diagrams [104, 105] is achieved in comparison with isostructural tephroite
4

A good, but not fool-proof way to get to suitable low temperatures in gas atmosphere is to start
pumping the sample room at 10 K, and adapt the needle valve such that the gas pressure stays
above 800 mT and the heater power is at least 30 %. Then the sample can be slowly cooled down.
Flooding with LHe still occurred more often than not. Thankfully, this is detected easily by
visual observation; but it takes some time to evaporate the liquid once it is in the sample room.
5
Thanks to Franziska Schlich (Laboratory for Nanometallurgy, ETH Zürich) for simulating the
absorption colours for Mn2 GeO4 and Mn0.95 Co0.05 WO4 (see also figure 5.2).

83

6. Magnetoelectric polarization flip in multiferroic Mn2 GeO4

Figure 6.4. Optical properties of Mn2 GeO4 . (a) Linearly polarised spectra measured at
room temperature. The mean peak position and width of the detected crystal-field
transitions #1-#4 are marked, for detailed assignment see table 6.5. The blue area denotes
the spectral dependence of the SHG peak around 1.9 eV. The upper left corner shows the
simulated pleochroism of a 250 µm thick Mn2 GeO4 sample. (b) Angular dependence of
absorption coefficient α in the bc-plane (dots), which shows a deviation from the ellipsoid
expected for an orthorhombic material (line).

Mn2 SiO4 [106]. Compared to Mn2 GeO4 the crystal-field splitting in Mn2 SiO4 is
slightly stronger, probably attributed to the different lattice constants [370, 376].
The Mn sites with different symmetry contribute differently to the optical absorption;
spin-forbidden transitions in centrosymmetric Mn1 sites will only be enabled by
vibronic coupling. In contrast, selection rules are less strict for transitions at
the acentric Mn2 octahedra, and light-matter couplings are further enhanced by
antiferromagnetic interactions. Thus the optical absorption by Mn2 ions is expected
be stronger and to show a more pronounced polarisation dependence than that of
the Mn1 cations. The definite assignment of bands to different sites can only be
made using temperature-dependent spectral measurements, however [266].
Low-energy transition and anomaluous polarisation dependence Of particular
interest is the lowest-lying transition at 1.76 eV which is observed in the c-polarised
spectra only and cannot be assigned to a crystal-field transition. It might be due
to a further splitting of electronic levels at the low-symmetry Mn sites. At similar
energies an anomalous polarisation dependence of the absorption is also observed,
as seen in figure 6.4 (b): Although orthorhombic symmetry implies the absorption
ellipse to be aligned along the crystallographic directions, the angular dependence
of α(~ω) has an additional contribution for light polarisation along the bc diagonals.
Possibly this odd behaviour is linked to a spin-flip transition between two ions,
coupled by antiferromagnetic exchange, as observed for coloured sapphire [377].
Further indicators for this theory are the approximate diagonal alignment of the
Mn2-O-Mn2 bonds in the bc-plane and their strong anti-parallel spin coupling in
the magnetically ordered phases [172, 371]. Again, temperature-dependent spectral
measurements could clarify this assignment.
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a

b

Ec (eV)
A (m−1 )
FWHM (eV)
y0 (m−1 )

3.716
77364
0.482
8821

3.638
49271
0.432
10623

y00 (m−1 )

1393

1146

2310

Background for multi-Gauss fit.
Cannot be attributed to a dd
transition.

band
CT

c
3.861
Metal-oxygen charge transfer
102906 transition dominating UV and
0.626 VIS absorption. Was subtracted
11069 before performing analysis.

#0

Ec (eV)
A (m−1 )
FWHM (eV)

–
–
–

–
–
–

1.760
271
0.205

#1

Ec (eV)
A (m−1 )
FWHM (eV)

2.172
1090
0.398

2.177
1017
0.474

2.103
2025
0.339

6

A1g →4 T1g .

#2

Ec (eV)
A (m−1 )
FWHM (eV)

2.784
4360
0.690

3.672
2406
0.576

2.755
7955
0.815

6

A1g →4 T2g .

#3

Ec (eV)
A (m−1 )
FWHM (eV)

2.990
681
0.116

3.000
621
0.122

2.990
948
0.118

A1g →4 E g ,4 A1g . Very sharp,
and independent of crystal field
splitting energy.

#30

Ec (eV)
A (m−1 )
FWHM (eV)

3.090
264
0.163

–
–
–

3.106
201
0.129

Occurs as shoulder to the
well-defined peak #3. Probably
6
A1g →4 E g .

#40

Ec (eV)
A (m−1 )
FWHM (eV)

–
–
–

3.262
(6160)
(0.850)

–
–
–

#4

Ec (eV)
A (m−1 )
FWHM (eV)

3.375
1843
0.357

3.387
(101)
(0.080)

3.419
2159
0.380

6

6

A1g →4 T2g .

Table 6.5. Assignment of optical transitions for the absorption spectra of Mn2 GeO4 shown
in figure 6.4. Charge-transfer (CT) and crystal-field transitions (#i) were fitted with
Gaussian functions using the Peak Analyser of the data analysis software OriginLab
[271]. Assignment to crystal-field transitions were compared with isostructural tephroite
Mn2 SiO4 [106]. As the high-energy transitions are almost hidden in the charge-transfer
absorption, the fit parameters in brackets are unreliable.
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Figure 6.6. Rotational SHG anisotropies for a-cut and c-cut samples of Mn2 GeO4
(2~ω ≈1.9 eV). (a,b) Anisotropy 0◦ with S(2ω)||E(ω) coupling to χbbc for k||a, and the
structure projected in this direction. (c,d) Anisotropy 90◦ with S(2ω) ⊥ E(ω) in slightly
rotated c-cut sample, leading to the observation of SH contribution χcbb and the crystal
structure viewed in this direction. (e) Temperature-dependence of the SHG signal
χcbb ∝ Pc at 1.9 eV. Due to laser heating, the transition temperature is slightly lower than
its literature value of 6 K [172, 368].

SHG contribution This low-energy transition might only seem like a minor detail.
But the search for a non-linear response of Mn2 GeO4 in the range of 1.5 eV to 3.3 eV
lead to only one SHG contribution around 1.9 eV.6
SHG selection rules imply that electric-dipole SHG contributions χi jk are only
allowed in the non-centrosymmetric phase, with an odd number of the polar
direction c in the indices i, j, k. This agrees with the angular dependence of the
multiferroic SHG signals in figure 6.6 (a,c). Interestingly, while in a c-cut sample
χcbb is observed, the a-cut sample shows a χbbc signal. This is peculiar, because
SHG contributions of the type χcbb would be allowed for k k a. Comparison of the
angular SHG dependence with the crystal structure in figure 6.6 (b,d) again implies
a close relationship between (non-)linear response and the Mn2-Mn2 bonds.
The SHG signal at 1.9 eV was observed in the non-centrosymmetric multiferroic
phase only. Temperature-dependent measurements as shown in figure 6.6 (e)
demonstrate the jump-like emergence at the first-order transition TC ≈ 6 K, and
the constant intensity in the multiferroic phases is similar to the temperaturedependence of the spontaneous polarisation [172]. Together with the magneticand electric-field-dependent behaviour of the domain images it can be concluded
that the SHG contributions χbbc and χbcc couple to ferroelectric Pc only.
There are three macroscopic order parameters in the low-temperature phase – the
polarisation P, the magnetisation M, and the antiferromagnetic component L0 which
determines the relative sign of M and P. In principle, the SHG signal can couple to
one or more order parameters. Apart from the coupling term χSHG ∝ P the other six
possibilities can be discarded, however:
6

In a one mm thick c-cut sample the SHG response peaked at 1.82 eV, but for the other samples
with thickness from 50 µm to 250 µm a signal centred around 1.9 eV was observed.
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In the case of SHG coupling to M a non-zero signal would be expected in the other
weakly ferromagnetic phase between 17 K and 47 K, but was not observed.
Coupling to either L0 , PM, or PML0 cannot explain the SHG contrast reversal with a
magnetic field shown in figure 6.9 as those products stay unaffected by ±M → ∓M.
Finally, the demonstration of electric-field poling also excludes SHG coupling to ML0 or
PL0 : In neither case the observation of a single-domain state indicated by the uniform
brightness in figure 6.7 (a) and its subsequent fragmentation with applied magnetic
field – demonstrating an uneven distribution of L0 – can be explained.

Electric-field induced SHG Application of an electric field E||c also leads to an
induced SHG signal, even above both the Curie and the Néel temperatures TC , TN .
Its spectral and polarisation dependence is exactly that of the ferroelectric signal,
which might imply a related microscopic origin. This notion is emphasized by the
fact that the ratio between ferroelectric and EFiSH signal is in the same order of
magnitude as the ratio between spontaneous Pc and induced ε0 εr Ec .
Together with the aforementioned preference of the incident light polarisation to lie
parallel to the Mn2-Mn2 bonds, both spontaneous and induced polarisation might
be due to a coherent charge displacement on the zigzag chains in the bc plane [372].
Other non-linear contributions Higher-order non-linear responses independent
of magnetic order were found at 2.67 eV,7 and for energies above 3.2 eV (possibly
involving non-linear interactions with the lowest-lying Mn→O transition [214]).

6.4. Imaging of multiferroic domains in Mn2GeO4
The following experiments focus on the imaging of the multiferroic domain structure,
and its behaviour under applied electric and magnetic fields. Of interest are the
changes that accompany the synchronised ferromagnetic and ferroelectric switching,
especially for a multi-domain state; here, spatially resolved measurements can
unambiguously decide if the magnetoelectric coupling in Mn2 GeO4 involves a
change of the ferroelectric domain pattern or not.
SHG imaging Although the magnitude of the polarisation in Mn2 GeO4 is very
small, the SHG contribution coupling to Pc was strong enough to get satisfactory
domain images using relatively short exposure times of 20 seconds to 120 seconds.
The image quality was further enhanced by suppressing fluorescent background
signals with an interference filter at the SHG central wavelength (1.9 eV  650 nm).
The magnification was approximately 6 µm/px in all experiments.
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Figure 6.7. Electric-field switching in Mn2 GeO4 . (a) Image sequence with increasing
electric field Ec applied on a c-cut sample. The overlap of the ITO electrodes is marked by
a white outline. Numbers give magnitude of E||c in kV/mm. (b) Area fraction of bright
domains in the region of electrode overlap against electric field. The line is a guide to the
eye, and shows the onset of ferroelectric switching around fields of 5 kV/mm, which is a
lower bound for the coercive field.

6.4.1. Electric-field control of the ferroelectric domains
First, the electric-field control of the induced polarisation is demonstrated in a c-cut
Mn2 GeO4 -sample. The first image in figure 6.7 (a) shows the ferroelectric domain
pattern after zero-field cooling. Domains of different polarity are distinguished
by their brightness, and show a pattern of stripes with typical thickness 20 µm to
40 µm mostly aligned along the vertical b direction or slightly inclined to it.
Application of an electric field of sufficient strength leads to ferroelectric switching
governed by the growth of bright and the shrinking of dark domains; until at
high fields a ferroelectric single-domain state indicated by uniform brightness in
reached. The electric-field switching process only happens where the front and
back ITO electrodes overlap, which is indicated by a white outline in figure 6.7 (a).
Furthermore, an EFISH signal leads to the apparent brightness decrease in the
areas without electrode overlap, however, the domains in these regions stay mostly
unaffected by the applied electric field.
The temporal resolution for the switching process, shown in figure 6.7 (a), is
seemingly governed by domain growth and not nucleation, and the boundary propagation occurs along two main directions: The main motion is downwards along b,
probably enhanced by the thermal gradient. A sideways motion perpendicular to
the slightly diagonal domain boundaries is also observed.
7

Three-photon fluorescence involving the dd transition #2, similar to that found in Mn0.95 Co0.05 WO4 .
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Figure 6.8. Magnetic-field dependence of domain distribution in the ab plane. The image
sequence shows the evolution of a single-M-multi-P-domain state under the reversal of a
magnetic field H = 0.94Hc + 0.34Ha . Although changes occur for fields around 60 mT, the
initial and final domain state strongly resemble each other, underlining the robustness of
the polarisation domain pattern to magnetic fields.

Figure 6.7 (b) shows the area fraction of bright domains, reminiscent of the initial
curve of a full hysteresis loop. The increase for electric fields above 5 kV/mm gives
a lower bound to the coercive field. The high field strength needed to switch the
ferroelectric polarisation in Mn2 GeO4 is probably due to the induced character and
small magnitude of the ferroelectric polarisation.
Application of electric fields above 8 kV/mm often were accompanied by discharging
currents and sparks. These would inevitably change the ferroelectric domain
distribution by rapid heating and quenching, and lead to very small-scale domain
patterns. As the ITO electrode areas were not symmetric to each other, breakthrough was also asymmetric with positive and negative voltages. Therefore a full
ferroelectric hysteresis loop could not be obtained in these experiments.

6.4.2. Behaviour of the domain pattern under magnetic fields
The experiments described in the following section focus on the magnetic-fielddependence of the ferroelectric domain pattern to better understand the unusual
magnetoelectric coupling: As demonstrated by integrated hysteresis measurements,
the weak magnetisation and the spontaneous polarisation switch simultaneously
for small fields of about 100 mT [172].
Magnetic-field dependence in c-cut sample Figure 6.8 shows the evolution of
a single-M-multi-P-domain state upon reversal of the magnetic field Hc . Here,
changes occur especially for fields of 30 mT to 90 mT, as additional stripe-like
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Figure 6.9. Magnetic-field dependence of domain distribution in the bc plane. (a) The
diagram shows the integrated intensity of the SHG interference signal | ± P + E|2 , and the
time series corresponds to the unfolding of a full hysteresis loop. Images (b)-(g) show
the domain distribution before and after the three magnetic-field cycles. Domains of
opposite polarity are marked by a yellow or blue overlay. Axes b and c are oriented along
the vertical and horizontal direction, respectively. The scale bar in (b) measures 500 µm.

domains along b appear and move downwards. Therefore, the magnetic field can
induce additional ferroelectric domain walls in Mn2 GeO4 .
The overall effect of the magnetic switching on the ferroelectric domain pattern
is minimal, however: Comparison of the first and last image of the sequence
in figure 6.8 reveals only little changes. These images correspond to magnetic
single-domain states with −Mc and +Mc , respectively. As the spatial distribution
shows only little changes, the magnetic-field-induced polarisation reversal does not
affect the ferroelectric domains much. Therefore, the intermediate domain images
reflect a superposition of electric and magnetic domains.
Furthermore, application of a magnetic field on a multi-Mc -single-Pc -domain state
(obtained after zero-field cooling and subsequent electric-field switching) leads
to a break-up of the single-domain state into several polarisation domains (not
shown). This demonstrates that the magnetisation reversal has a direct effect upon
the ferroelectric domains.
Magnetic-field dependence in a-cut sample To further investigate this magneticfield-induced polarisation flip similar experiments were performed with an a-cut
sample, and electric-field induced SHG (EFISH) was used to generate a contrast
between domains of opposite polarity ±Pc via I± ∝ |χ(±Pc + Ec )|2 .
Figure 6.9 shows both the integrated SHG intensity (a), as well as selected domain
images (b-g) with applied magnetic field Hc . Both trace the changes in ferroelectric
domain pattern starting from a multi-Mc multi-Pc -domain state. Figure 6.9 (a)
resembles an unfolded hysteresis curve of the integrated SHG intensity, and shows
rapid changes around Hc ≈ 60 mT upon the reversal of the magnetic field. The
image sequence in figure 6.9 (b-g) shows the domain pattern of at different applied
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fields starting from a multi-Mc multi-Pc -domain state. By comparing images with
and without EFISH contrast, domains of opposite polarity ±Pc can be distinguished,
and are marked blue and yellow, respectively.8
Before discussing the particular behaviour of the first two magnetic-field cycles
it should be noted that the result of the third (and actually every following) field
cycle confirms the behaviour already anticipated from the previously presented
results: The coherent polarisation reversal with the magnetisation switching occurs
without disturbing the ferroelectric domain pattern; and is unambiguously shown
by the interchanging of blue and yellow regions in figure 6.9 (f,g).
As the first field cycle shown in figure 6.9 starts from a multi-Mc -domain state, the
overall spatial distribution is expected to change more upon the initial field cycle.
The images 6.9 (b,c) clearly demonstrate this behaviour, with changes in colour
(i.e. sign of Pc ), alignment, and size of the domains with the initial field sweep to a
single-Mc -domain state.
Curiously, upon the first magnetisation reversal +Mc → −Mc , the domain pattern
can again change, as shown in figure 6.9 (d,e). As a consequence, domain boundaries
straighten out and smaller domains disappear. This effect cannot be directly
associated to the magnetoelectric coupling, as the domain pattern stays robust for
further field cycles. Therefore, the observed changes could rather be related to the
fact that the system tries to adopt a domain pattern better suited to the spontaneous
polarisation along c. The value of Pc is small, but the sudden change by twice its
magnitude might be large enough to induce adjustments in the spatial distribution
of ferroelectric domains.
In contrast, when starting from a single-Mc state obtained after magnetic-field
cooling or a full hysteresis sweep, only the polarisation flips ±Pc → ∓Pc and with
merely small changes in the position of the domain walls, as discussed for figure 6.8
or figure 6.9 (f,g). This effect is highly repeatable, and the domain distribution
between different cycles show none or only minor differences.

6.4.3. Topography of ferroelectric and ferromagnetic domains
Since domain images in both the ab and bc plane were investigated, a typical
three-dimensional distribution of ferroelectric and ferromagnetic domains can be
predicted, as shown in figure 6.10. Such an assignment can be used to determine
average domain volumes; and the anisotropy reflects directions of preferred
interactions [34, 289].
As can already be seen from figures 6.7 to 6.9 the ferroelectric – and ferromagnetic –
domains in Mn2 GeO4 align along preferred directions; however, the association
8

To generate a domain contrast a field of Ec ≈ 0.6 kV/mm was applied, which is too low to affect
the ferroelectric domain pattern in Mn2 GeO4 .
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Figure 6.10 Spatial anisotropy of
(a) ferroelectric and (b) ferromagnetic domains in Mn2 GeO4 .
The domain distribution in the
ac plane has not been investigated. The cubes measure
1 cm × 1 cm × 1 cm.

with crystallographic orientations is not very strict, as angles show a standard
deviation of about 10◦ .
Ferroelectric domains Figure 6.10 (a) shows the ferroelectric domain distribution,
obtained by images of single-Mc domain states: On the polar ab face the domain
boundaries align preferably parallel to b or inclined by about 30◦ to b. The ac face
shows preferred directions along c and at an angle of 10◦ to 30◦ towards b.
Ferroelectric domain boundaries along the polar direction c are uncharged, and
thus cost less energy. In contrast, the diagonal direction might reflect either
the structural zigzag chains shown in figure 6.1, the direction of the magnetic
modulation vector ∠(−q, b) ≈ 33◦ , or the spin direction in the multiferroic phase
[172]. Any of these three properties are expected to be related to the induced
ferroelectricity in Mn2 GeO4 and thus could influence the domain anisotropy.
Ferromagnetic domains Although SHG couples to the polarisation only, the ferromagnetic domain pattern shown in figure 6.10 (b) could be determined using the
indirect evidence from the intrinsic magnetoelectric coupling: In figure 6.8 the local
polarisation reversal during a magnetic-field sweep indicates stripe-like magnetisation domains on the ab plane. The domain pattern in the ac plane can be deduced
by comparing the domain contrast between the multi-Mc and single-Mc domain
states in figure 6.9 (b,c). In this case, the domain boundaries prefer directions of 45◦
or 30◦ to the b direction.
The three-dimensional distribution of ferromagnetic domains in figure 6.10 (b) might
not be truly accurate, since it compares apples to oranges – domain distributions
can adopt different anisotropies for zero-field cooling and after field sweeps [353,
378]. As the field range ∆H for magnetic switching is rather narrow, and the domain
changes are not resolved in this image series, a similar assignment could not be
made in the case of the a-cut sample.

6.5. Magnetoelectric coupling in Mn2GeO4
With the experimental results described in the previous section it is possible to
derive a conceptional understanding of the magnetoelectric effect in Mn2 GeO4 .
As shown in figures 6.8 and 6.9, the coupled ferromagnetic and ferroelectric
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hysteresis demonstrated by macroscopic measurements [172] is governed by
a coherent flip of the polarisation ±Pc ↔ ∓Pc as the magnetisation reverses
+Mc ↔ −Mc .
Field dependence of domain pattern This magnetoelectric coupling leaves the
ferroelectric domain distribution mostly unchanged, provided that the sample had
been in a Mc -single-domain state prior to the application of the magnetic field.
Due to the persistence of the magnetic-field-induced polarisation reversal even after
the field is switched off, e.g. shown in figure 6.9 (e-g), the sign of the polarisation Pc
is indeed coupled to the internal magnetisation Mc and not the applied field Hc .
When changing a multi-Mc to a single-Mc -domain state the final ferroelectric
domain distribution is determined by both the initial Pc and Mc states: On one hand,
comparison of the images figure 6.9 (b,c) implies that after zero-field cooling Pc and
Mc domains show a distinct distribution. On the other hand, it was also observed
that a single-Pc -domain state fractioned into several polarisation domains due to
an initial non-uniform sample magnetisation. Therefore, the first magnetic-field
sweep leads to a rearrangement of the ferroelectric domains as the polarisation
only changes sign where the magnetisation does, too.
In fact, only the rigid locking of ferroelectric and ferromagnetic domains can explain
the observed coupled ferroic hysteresis: From the results in figures 6.7 and 6.8 it
is clear that magnetic and electric domain walls show different dynamics in an
applied field. If the polarisation domains would move in a magnetic field, too, and
not only locally revert their sign, one could expect changes in the domain pattern,
leading to non-equal magnetic and electric hysteresis loops.
Magnetoelectric coupling Thus the magnetic-field induced local polarisation
flipping in Mn2 GeO4 observed by macroscopic measurements [172], is shown
to be coherent on mesoscopic scales, too. On a phenomenological level this
magnetoelectric effect must be described by a coupling linear in both Pc and Mc ,
since a quadratic dependence would not be sensitive to the relative orientation.
To satisfy the symmetry of the free energy under both time reversal and spatial
inversion, the coupling invariant Fme must also involve a polar magnetic term L0
which transforms like the irreducible representation Γ02 (see table 6.11):
Fme ∝ Pc Mc L0

(6.1)

The parallel or anti-parallel alignment of Pc and Mc is determined by the sign of
persistent L0 , and thus preserved in the case of magnetic-field switching, where
the magnetisation and the polarisation are simultaneously reversed.
This coupling arises from the complex microscopic interactions in Mn2 GeO4 , which
permit the emergence of both ferromagnetic and ferroelectric order induced by
the underlying the antiferromagnetic structure. In the PhD thesis of T. Honda
[375] the origin of both Mc and Pc is discussed to be induced by a spin spiral with
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σii
abc
σbc
Pa
σac
Pb
σab
Pc
Pc Mc
Ma
Ta
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Tb
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Table 6.11. Non-magnetic and magnetic irreducible representations Γi and Γ0i for point
group mmm. The corresponding macroscopic basis functions polarisation P, mechanical
stress tensor σ, magnetisation M, and toroidal moment T are listed on the right column.
Rows related to the magnetoelectric coupling in Mn2 GeO4 are highlighted.

uneven pitch. This leads to the modulation of the local Dzyaloshinskii-Moriya
vectors in the Mn1-Mn1 chain and the magnetic and electric properties. As only
one contribution to these vectors can be affected by a magnetic field, the bistable
coupling between polarisation and magnetisation is possible.
The change of the local polarisation is driven by the propagation of magnetic domain
walls, as seen in figure 6.8: Here, mobile ferromagnetic and robust ferroelectric
boundaries are superimposed. The local reversal of the magnetisation also changes
the polarisation, but above the magnetic saturation field of ≈ 100 mT the electric
domain structure remains unchanged. This clamping of domain walls have also
been discussed for other systems [174, 205]. In contrast, ferroelectric domain walls
are extremely stable, as implied by the large electric coercive field in figure 6.7.
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6.6. Summary
Here, the unusual magnetoelectric properties of Mn2 GeO4 with both finite magnetisation and polarisation were investigated. Using SHG imaging of the ferroelectric
domains in the multiferroic phase, it was demonstrated for the first time that the
magnetic-field-induced polarisation reversal is due to a local coupling that leaves
the global domain distribution unchanged.
The unusual magnetoelectric coupling arises due to the complex magnetism,
featuring frustrated interactions, inequivalent Mn sites, and staggered spiral order.
These interactions also lead to two kinds of domain walls, which govern the vastly
different switching dynamics under electric and magnetic fields.

95
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The unusual magnetoelectric effects in spin-spiral multiferroics allow to control
the magnitude, orientation, or even the sign of an electric polarisation by means
of a magnetic field. While past studies mainly focussed on the macroscopic
consequences or the microscopic origin of these cross-couplings, little was known
about the respective role of the ferroic domains. Furthermore, experiments were
either focussed on one specific material, or being sensitive to electric or magnetic
properties only, thus providing an incomplete picture.
In this thesis a comprehensive analyses of domains and the related coupling phenomena in three exemplary classes of magnetoelectric multiferroics are investigated.
Using optical second harmonic generation, it is possible to simultaneously measure
independent polarisation contributions and to image spatial domain distributions. This enables the purposeful investigation of three specific magnetoelectric
cross-couplings and their ramifications on microscopic to macroscopic length scales.
The observation of SHG signals coupling to independent contribution to the
net polarisation in isostructural TbMn2 O5 and YMn2 O5 allows to analyse the
temperature- and field-dependence. The measurements demonstrate the robustness
of the manganese-induced polarisation contributions, and clearly underline the
role of the rare-earth moments to the ferroelectric properties.
The application of a magnetic field to Mn0.95 Co0.05 WO4 allows for control of both
orientation and magnitude of the net polarisation, without changing the ferroelectric
domain distribution. Therefore the polarisation state at the domain boundaries can
be continuously tuned, leading to the magnetic-field control of localised properties
at functional interfaces.
In Mn2 GeO4 the strong correlation between spin-induced polarisation and finite
magnetisation is investigated. SHG imaging shows the direct coupling between
polarisation and magnetisation domains, which governs the sign change of the
ferroelectric moment via the field-driven magnetisation reversal.
These results demonstrate the importance of mesoscopic properties, like that of the
ferroic domains and domain boundaries, for the magnetoelectric couplings.
Concerning the magnetoelectric behaviour of the ferroic domains, two distinct
scenarios have been observed here: First, the invariance of the domain distribution
under the reversible deformation of the spin-spiral structure, leading to global
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changes of the ferroelectric properties.
Second, a field-induced redistribution of both electric and magnetic domains. These
changes are induced by the nucleation and motion of clamped domain walls, and
allow for a persistent control of the electric order by magnetic means.
Both results demonstrate the importance of the domain boundaries, which can
determine the magnetoelectric coupling, too. Their local structure is determined by
the boundary conditions imposed by the adjacent domain states; and the lowered
symmetry enables new emergent properties. Since their position and properties are
readily affected by applied fields, domain boundaries in magnetoelectric materials
allow for highly localised and controllable functionalities not present in the bulk
compound, such as conducing channels [322] or tunable conductivity [326]. These
intriguing and new effects deserve a closer look with local probes like scanning
force or electron microscopy.
The here demonstrated control of multiferroic domains by electric and magnetic
fields allows the purposeful engineering of domain walls states [319], and the design
of highly functional micro-structured ferroic materials [200, 321]. With the continued
discovery of magnetoelectric multiferroics with high ordering temperatures [165,
188, 379–381] such couplings might even be employed in future applications.
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Part III.
Appendix
In addition to the work presented in the previous chapters, further
non-linear optical experiments were performed:
Appendix A summarises the linear and non-linear optical properties
of B20 alloys and Cu2 OSeO3 . The non-centrosymmetric structure of
these materials allows for interesting magnetoelectric couplings, and the
observation of Skyrmion order.
In Appendix B the observation of magnetically-induced optical phase
matching in MnWO4 is described. The breaking of inversion symmetry
in the multiferroic phase induces a large SHG signal with tunable
wavelength across the visible range.
Two more chapters contain supplementary information about automated
image analysis with MatLab (appendix C) and the sample database
software which I developed in 2012 (appendix D).
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A. Optical characterization of B20
materials with Skyrmion order
Here I investigated metallic MnSi and Fe0.8 Co0.2 Si, as well as oxide
Cu2 OSeO3 for a non-linear optical response related to their unusual
magnetic properties, especially with regard to the recently discovered
Skyrmion order. In all materials a strong SHG signal in agreement
with the non-centrosymmetric crystallographic symmetry and the linear
optical properties is observed. Whereas no signals related to magnetic
order were detected in the metallic samples, a coupling to the ferrimagnetic order of Cu2 OSeO3 was found. Signatures of the helimagnetic or
Skyrmion phases were not detected, however. Linear circular dichroism
was found for Cu2 OSeO3 , which underlines the relationship between
crystal and magnetic handedness in the class of B20 materials.
Binary silicate alloys like MnSi and Fe0.8 Co0.2 Si with space group P21 310 – called B20
materials – have been known due to their unusual correlated electronic behaviour
for quite some time. This includes their long-period modulated magnetic order
[382–384], the relationship between crystal handedness and magnetic chirality
[385–387], quantum phase transitions [388], non-Fermi liquid like behaviour of their
electronic transport properties [389], and – recently – the observation of so-called
Skyrmion order. The concept of Skyrmions originated from high energy physics,
where it represents particle-like field excitations [390]. Transferred to condensed
matter physics, the energy scales present in the B20 alloys allows the emergence of
a lattice of such topologically-protected magnetic vortices [391].
Although oxide Cu2 OSeO3 is neither a metal nor does it have binary structure it
shares the crystallographic space group like the aforementioned alloys. Furthermore
its magnetism shows strikingly similarities to that of the B20 alloys, including
the Skyrmion phase. Therefore this material was included in the B20 notation
[158]. In addition, the material shows a quadratic magnetoelectric effect related
to the ferrimagnetism. Other magnetoelectric couplings are also observed in the
Skyrmion phase [158, 159, 392].
The goal here was to determine if one could couple with non-linear optics to the
long-period magnetic modulations and the Skyrmion order. The materials MnSi,
Fe0.8 Co0.2 Si, and Cu2 OSeO3 were investigated.
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Figure A.1. Structure of B20 materials. (a) Symmetry elements of space group P21 310 , with
three two-fold screw axes (dashed blue) and four three-fold axes along the space diagonals
(solid red). (b) Structure of binary MnSi [393]. (c) Structure of alloy Fe0.8 Co0.2 Si with
opposite crystallographic handedness [387]. (d) Unit cell of insulating oxide Cu2 OSeO3
with different copper sites Cu1 (4a, in blue) and Cu2 (12b, in green) [394].

A.1. Material properties
As stated before, all B20 materials have the same cubic space group P21 310 , whose
symmetry elements are illustrated in figure A.1 (a). Since the symmetry group
only allows two- and three-fold rotations the structure is non-centrosymmetric and
chiral, which allows for strong Dzyaloshinskii-Moriya interactions.
The crystal structures of MnSi and Fe0.8 Co0.2 Si are shown in figure A.1 (b,c): Both
materials are enantiomorph-pure, i.e. have only one crystallographic handedness,
and the magnetic chirality is determined by this structural property: MnSi grows
only in left-handed crystals with left-handed magnetic modulation [385, 386],
while Fe0.8 Co0.2 Si (with this particular doping level) has the same crystallographic
handedness but with opposite magnetic chirality [387, 395].
The unit cell of Cu2 OSeO3 shown in figure A.1 (d) contains many atoms, and
most importantly two inequivalent Cu2+ (3d9 ) lattice sites. One Cu2+ sits in a
distorted trigonal oxygen bi-pyramid (4a position), while another Cu2+ occupies
the 12b position coordinated in a distorted square pyramid. The copper moments
on the different sub-lattices align with opposite direction, so that at high fields a
ferrimagnetic arrangement is realized [396, 397].
Overall, the sequence of magnetic phases is very strikingly similar for the metallic
alloys and Cu2 OSeO3 with localised magnetism. A generalised phase diagram is
shown in figure A.2: Below the critical temperature TC the system develops a helical
spiral with long modulation periodicity 2π/q >> a. Above a certain threshold field
Hh→c , the modulation vector q aligns parallel to the field; and at even higher field
Hc→ f the sample is fully field-polarized with q = 0. The values for the transition
temperatures Ti , critical fields, and magnetic propagation vector q for the materials
MnSi, Fe0.8 Co0.2 Si, and Cu2 OSeO3 investigated in the present study are compared
in table A.3.
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Figure A.2 General phase diagram of
B20 materials, which show a longperiod helical modulation with periodicity 2π/q in their ground state. Application of a magnetic field first leads
to a conical spiral, and – for higher
fields – to a fully field-polarized state.
Furthermore, these materials also show
within a certain phase region (A phase
in dark blue) the occurrence of a magnetic Skyrmion lattice. See table A.3 for
material-specific temperature and field
values. Adapted from [158, 399, 404].

Skyrmion order In the so-called A phase, B20 materials show emerging magnetic
vortices, which is the so-called Skyrmion order. The size of these magnetic vortices
is similar to the modulation length in the helical phase, and form a hexagonal lattice
in the plane perpendicular to the applied magnetic field. This vortex lattice can
be observed by diffraction methods [398–400] and real-space imaging techniques
[158, 401]. In the A phase pronounced magnetoelectric couplings are observed: For
metallic alloys an electric current can cause the vortices to rotate by spin-transfer
torque [402, 403]. In Cu2 OSeO3 quadratic magnetoelectric effects are observed with
additional contributions in the Skyrmion phase [158, 159]; furthermore, a static
electric field can induce a rotation of the Skyrmion lattice [392].

A.2. Experimental details
Here, B20 materials MnSi, Fe0.8 Co0.2 Si, and Cu2 OSeO3 were investigated for their
linear and non-linear optical properties; either in reflection geometry (metallic
samples) or in transmission (oxide Cu2 OSeO3 ). Linear reflection and absorption
spectra were measured as described in section 3.5.1.
Non-linear optical measurements were performed as explained in section 3.4.
Experiments in reflection were usually done with small-angle incidence (φ < 2◦ ),
but also with reflection angles of 90◦ . The magnetic field was applied in Faraday
configuration H||k, or sometimes with H ⊥ k (Voigt configuration).

A.2.1. Samples
A large bulk single crystal of Cu2 OSeO3 , grown by chemical vapour transport, was
provided by Shinichiro Seki (group of Prof. Tokura, University of Tokyo, Japan).
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Table A.3 Magnetic properties of
investigated B20 materials. Temperature and field values correspond to the borders of the phase
diagram (in figure A.2) for bulk
crystals and magnetic field applied along (110) [399, 400, 404].
Neutron scattering results for q
and 2π/q from [158, 405–407].

MnSi

Fe0.8 Co0.2 Si

Cu2 OSeO3

(111)
180 Å

(100)
295 Å

(100)
500 Å

TC
TA
HA1
HA2

29 K
28 K
100 mT
200 mT

30 K
23 K
20 mT
60 mT

58 K
56 K
10 mT
35 mT

Hh→c (0 K)
Hc→ f (0 K)

100 mT
480 mT

90 mT
200 mT

60 mT
190 mT

q
2π/q(0 T)

For the optical experiments thin platelets with orientations (100) , (110), and (111)
(typical thickness 120 µm) were cut and prepared by Dirk Schemionek (Technische
Universität Dortmund, Germany). Polishing was done with SiO2 slurry.
Polished metal samples of MnSi and Fe0.8 Co0.2 Si grown by floating zone technique
with surface normals parallel to (100) and (110) were provided and prepared by
Andreas Bauer (group Prof. Pfleiderer, Technische Universität München, Germany).

A.2.2. SHG selection rules
Due to the non-centrosymmetric cubic point group 2310 the investigated materials
show strong crystallographic electric-dipole SHG with symmetry-allowed contributions χxyz = χ yzx = χzxy . Therefore, no SHG response is allowed for k||(100).
Reflecting the crystallographic symmetry SHG signals with two-fold (k||(110)) or
three-fold anisotropy (k||(111)) are expected for the other distinct “Blickrichtungen”.
Detailed assignment of SHG tensors in different geometries are listed in table A.6.
The major interest of this study is the investigation of unusual magnetic properties
of B20 materials. There are several possible SH contributions coupling to magnetic
order that have to be distinguished:
Zero-field magnetic order The occurrence of incommensurate helical order does not
break symmetries on a macroscopic scale, and therefore no new SHG contributions
are expected to arise below TC . But the intensity of the crystallographic SHG
may change due to changes in the linear optical properties at the magnetic phase
transition.
Magnetization-induced SHG (MFISH) As the materials are non-centrosymmetric,
a linear coupling between SHG response and static sample magnetization Ml (Hl ) is
allowed [236, 237], as discussed in section 3.2.1:
Si (2ω) = χMFISH
E j (ω)Ek (ω)Ml ∝ Ml (Hl )
ijkl
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Figure A.4. Linear and non-linear optical spectra of Fe0.8 Co0.2 Si (a) and Cu2 OSeO3 (b).
Shown are linear absorption α or reflectivity R (solid line) measured with unpolarised
light at room temperature, in comparison with crystallographic SHG contribution χρρz
(blue area) measured above TC . The non-linear optical spectra were normalized to the
SHG signal of a silver mirror. Tuning ranges for ground and SH energy are highlighted
in grey. The spectral dependence of the SHG response with the linear optical properties
is apparent.

Magnetoelectric contributions In Cu2 OSeO3 a quadratic magnetoelectric effect is
allowed. In principle a coupling to the induced polarization via SHG is possible.
It is distinguished from the aforementioned contribution by its field-dependence:
The MFISH signal scales quadratically with the magnetisation, the magnetoelectric
contribution would scale with the fourth power.
Skyrmion phase The symmetry group of the Skyrmion lattice is 6/m0 mm with
the six-fold z0 axis parallel to the magnetic field Hkz0 . The direction of the inplane x0 axis is weakly determined by the magneto-crystalline anisotropy [400].
Magnetically-induced electric-dipole SHG allows non-zero contributions χz0 z0 z0 ,
χz0 x0 x0 = χz0 y0 y0 , and χx0 x0 z0 = χ y0 y0 z0 , which are only observable in Voigt configuration
with k ⊥ H.

A.3. Crystallographic optical properties
As stated before, due to the non-centrosymmetry of the 23 point group, a strong
non-linear optical signal is expected and indeed observed in all investigated B20
materials. The linear and non-linear properties of Fe0.8 Co0.2 Si and Cu2 OSeO3 are
compared in figure A.4. The spectral features of their SHG response are discussed
in the following paragraphs. Due to the isotropic linear optical response and the
occurrence of only one independent SHG contribution only two curves need to be
compared for each material.
Metallic Fe0.8 Co0.2 Si and MnSi In figure A.4 (a) the reflectivity and SHG spectra
of χρρz are shown for the (110)-cut Fe0.8 Co0.2 Si-sample. The reflectivity shows a
hump around 1.5 eV – however, this might be a relic of the spectrum normalization
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Anisotropies
0◦
cos · sin2
90◦
cos3 ±2 cos · sin2

Polariser
A||ρ
cos · sin

(a) Cu2 OSeO3 , k||(110), measured in transmission

A||z
sin2

(b) Fe0.8 Co0.2 Si, k||(110), measured in small-angle reflection

Analyser
P||ρ
cos

P||z
0

P||ρz
sin + f cos

Figure A.5. Angular dependencies of crystallographic SHG for (a) Cu2 OSeO3 and (b) Fe0.8 Co0.2 Si measured above
the transition temperature TC , respectively. Points denote the SHG intensity, solid lines a fitted model (third row)
accounting for the non-linear optical contributions allowed for symmetry 2310 and k||(110) as obtained in table A.6 (c).
Diagrams in (a) and (b) have the same scale, unless noted otherwise.
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in-plane view transformation matrix



χ+++ = χ−−−
= χ∗+−− = χ∗−++

χτρρ = χρρτ = −χτττ

χzρρ = χρρz

0

0

SHG contributions

Table A.6. Different experimental reference frames, determined by the relation between light direction
k(ω), in-plane light fields E(ω) & S(2ω), and cubic directions x, y, z. The last column gives the respective
ED-SHG expected for B20 materials with point group 2310 with allowed contributions χxyz = χ yzx = χzxy
(obtained by applying the tensor transformation in equation (1.2)).

(e) k||(111)

(d) k||(111)

(c) k||(110)

(b) k||(001)

(a) k||(001)

top view

A.3. Crystallographic optical properties
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with regard to an aluminium mirror. The SHG spectrum shows two peaks at
1.65 eV and 1.75 eV, but most of the experiments were performed at 2.1 eV where
the non-normalised intensity of the detected signal was higher. The results from
MnSi are similar to that of Fe0.8 Co0.2 Si, and are therefore not shown here.
Copper selenite The linear absorption spectrum of Cu2 OSeO3 in figure A.4 (b)
shows only two features: a steep absorption edge at 0.95 eV, and a transparency
window centred around 2.2 eV (560 nm), leading to the deep green colour of the
thin platelet samples. Apart from this, no other optical anomalies were found, in
agreement with other studies [408]. The strong absorption is most likely linked to
several metal-oxygen charge transfer transitions.
The tuning range for the SHG experiments was chosen to cover the charge-transfer
edge and the transparent region around 2.2 eV as most likely frequency combination
for a strong non-linear optical response. As shown in figure A.4 (b), a SHG double
peak signal was detected at 2.1 eV and 2.2 eV and a smaller response around 1.85 eV.
Crystallographic SHG in B20 materials As stated before, the crystallographic
SHG signal is strong due to the breaking of the inversion symmetry. In fact,
the crystallographic SHG signal can be used to orient the in-plane axes even at
room temperature. Both in metallic and insulating samples only the allowed
crystallographic tensor components are observed. Their angular dependencies as
shown in figure A.5 can be fully described by the symmetry selection rules for
point group 2310 . No surface SHG was detected for the metallic samples, even if
the experiment was performed with large reflection angles.
Although symmetry selection rules predict no response from a (100)-cut sample,
a small response was always detected in this geometry, independent of the investigated material. This could be related to a minor misalignment. But even at
room temperature – where sample rotation and tilt are much easier to control – a
residual signal was always measured, which could point to a different mechanism
of two-photon fluorescence [214].
In conclusion, the crystallographic SHG response of both metallic and insulating
B20 materials is determined by the non-centrosymmetric point group and the linear
optical properties.

A.4. Magnetic SHG
The main point of the present study was to identify non-linear optical signals
coupling to the helical and Skyrmion magnetic structure in the B20 materials.
Therefore, experiments at low temperature and with applied magnetic and electric
fields were performed.
B20 alloys MnSi and Fe0.8 Co0.2 Si No new non-linear tensor contributions indicating
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Figure A.7. Magnetic SHG in Cu2 OSeO3 . All experiments were performed on (110)-cut
platelet of Cu2 OSeO3 with the magnetic field applied in beam direction H||k||(110).
(a) Normalized SHG spectra of all susceptibility contributions at zero field and 1 T
at 56 K. Symmetry selection rules and magnetic-field dependence can be used to
assign crystallographic and MFISH contributions. (b) Temperature-dependence of
χρρρ (2.19 eV) ∝ M. (c) Magnetic field sweeps of χρρρ (2.19 eV) at different temperatures.
Changes in the curve’s slope indicate the saturation magnetization. In this experiment,
also an electric field was applied. No anomaly related to the Skyrmion phase (shaded
region) is seen. The asymmetry of the curve is probably due to some minor misalignments
of the sample. Sweeps were done from negative to positive fields.

a loss of point group symmetry were observed in any of the four metallic samples.
Although the linear reflectivity is expected to change with the onset of magnetic
order [409, 410], no reproducible temperature dependencies of SHG could be
measured. One problem to consider is the effect of laser heating: In comparison
with the laser properties used in [411] the sample temperature in the current SHG
experiments was expected to be in quasi-equilibrium, so that the magnetic phase
should have been entered here at least at lower temperatures. Still, no signal
coupling to the magnetic order has been found in temperature- or magnetic-fielddependent measurements.
Insulating Cu2 OSeO3 Since no signatures of the long-period magnetic phases
in metallic MnSi and Fe0.8 Co0.2 Si had been found, further experiments focussed
on oxide Cu2 OSeO3 . As in the case of the metallic samples no new SHG contributions were observed after zero-field cooling into the magnetic phase. This is
in agreement with other studies failing to find evidence for a lowering of point
group symmetry at the magnetic transition [397, 412]. SHG signals coupling to
the sample magnetization were found, however: Figure A.7 (a) shows the spectral
dependence of all non-linear contributions in configuration H||k||(110) and 56 K at
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zero field (grey) and 1 T (blue). Crystallographic contributions χzρρ = χρρz are only
weakly dependent on field or temperature, whereas contributions χρzz , χρρρ , and
χzρz couple linearly to the sample magnetization M(H). χzzz vanishes, in agreement
with symmetry selection rules for magnetization-induced SHG (see table 3.2). The
temperature-dependence of χρρρ (200 mT) in figure A.7 (b) shows the behaviour of
the field-induced magnetization and the magnetic transition around 56 K [396].
As magnetic Skyrmion order and related magnetoelectric effects are expected in
a limited phase space below the transition temperature TC ≈ 58 K, various fieldcooling and magnetic field sweep experiments were performed in both Faraday
and Voigt geometry, however no additional SHG signal was found. The most
promising experiment looked for features in combined electric and magnetic fields
as shown in figure A.7 (c). Here, an electric field E(111) of 165(5) V/mm was applied
while sweeping the magnetic field H110 at different temperatures.1 At increasing
temperature, both SH intensity and saturation field – as indicated by the kink in
the curve – decrease when approaching the transition temperature. Above TC only
a small signal, probably related to the paramagnetic magnetization, is observed.
No anomalies in the field range 20 mT to 60 mT are observed, however, thus again
showing that SHG is proportional to the net magnetization only and does not
couple to helical or Skyrmion magnetic structures or the related magnetoelectric
effects.
Circular dichroism in Cu2 OSeO3 As the B20 space group P21 3 is chiral, circular
dichroism – that is different absorption for σ+ and σ− light – is to be expected. It was
indeed observed in (100)-cut samples: Large transmission coefficients for infrared
light with “minus” polarization σ− contrasts with a strong absorption for “plus”
light σ+ , e.g. at 0.9 eV transmission coefficients are 85% and 60% for σ− and σ+ light,
respectively.
Below the magnetic phase transition, the difference of transmission τ− − τ+ seems
to decrease with decreasing temperature (at 0.83 eV). This might indicate that the
magnetic and crystallographic handedness have different sign. Also a peculiar
behaviour with applied magnetic field H||k is observed: A negative field H < 0
has no effect on the linear optical properties, whereas for H > 0 the transmission
difference (τ− − τ+ ) was reduced. This effect seemed to be proportional to the
sample magnetization, as the field-dependent curves show a slight kink where the
magnetization is supposed to saturate.
SHG spectroscopy revealed that only incident σ− light induces a non-linear response
on (100)-cut samples, whereas no (or only a very small) signal was observed for σ+
light. Since no SHG signal should be allowed in this particular configuration, these
1

The electric field was chosen to point in a general direction as different magnetoelectric effects
related to the Skyrmion phase are expected for applied fields along both the space diagonal (111)
as well as along the face diagonal (110) (see [392] and [159], respectively).
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observations might indicate that two-photon fluorescence might also play a role in
the non-linear optical response in Cu2 OSeO3 .
While this study was not very systematic, the results clearly show that crystal
and magnetic chirality play an important role in Cu2 OSeO3 , as already known for
metallic B20 alloys. These materials are found to be enantimorph-pure [385–387],
but the dominance of one crystal handedness of Cu2 OSeO3 it is not exactly clear
from the literature. The optical spectra suggest that one chirality dominates over
large crystal volumes of 0.1 mm3 and larger.
Although not measured, the observation of circular dichroism can also be expected
for incident light along the three-fold axes of Cu2 OSeO3 (k||(111)).

A.5. Conclusions
In summary the observed non-linear optical properties of the B20 materials are
mostly determined by the lack of an inversion centre in the crystallographic
structure and their linear optical properties. No evidence for a lowering of point
group symmetry in the magnetic phases – including the Skyrmion phase – was
found. Especially, reproducible results were not obtained for magnetic phases in
metallic MnSi and Fe0.8 Co0.2 Si, where laser heating might have been a problem.
In Cu2 OSeO3 SHG contributions coupling to the net magnetization were identified
(MFISH), as allowed by non-centrosymmetric crystal symmetry. No particular
signatures of phase transitions between helical, conical, and Skyrmion phase were
detected, however.
The optical circular dichroism and its relationship to crystallographic and magnetic
chirality might be worth an additional study. Another route to investigate specifically the chiral symmetry of a Skyrmion vortex lattice is to employ other non-linear
optical techniques like sum or difference frequency generation [228, 229].2

2

In contrast to SHG, SFG or DFG allow coupling to chiral contributions of the non-linear tensor.
“Chiral” second-order processes involve terms χi jk = −χik j which vanish for SHG due to the
intrinsic tensor symmetry.
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B. Magnetically induced phase
matching in MnWO4
While phase matching is a well-known technique to enhance the nonlinear response, it usually is only considered in transparent non-centrosymmetric materials. In this chapter the continuous energy shift across
the visible spectral range in ruby-coloured centrosymmetric MnWO4 is
presented. In this material, the second harmonic response is enabled
by the magnetically induced inversion-symmetry breaking, and due to
the linear optical properties (refraction and absorption) its response is
greatly enhanced by phase matching.
The process of optical second harmonic generation (SHG) describes the simultaneous absorption of two photons with the same energy and a re-emission of a photon
with twice the initial energy [218]. This is a virtual process not involving occupancy
of real intermediate electronic states, however, like all other physical processes it
must obey the general conservation laws.
The preservation of energy is clearly accounted for by the equation 2~ω = ~ω + ~ω.
On the other hand, the momentum mismatch
∆k = k(2ω) − 2k(ω)

(B.1)

as already introduced in section 3.3 and figure 3.3 (c) depends strongly on the
direction and polarisation of the light fields E(ω), S(2ω) with respect to the optical
properties given by the refractive indices of the investigated material.
In other words, equation (B.1) describes how much incident and generated light
field stay in phase during the passage through a crystal – if it is fulfilled, the SHG
intensity is greatly enhanced, as no destructive interference occurs and signal is
generated across the whole optical path. On the other hand, a non-zero momentum
mismatch reduces conversion efficiency.
For negligible absorption at both ω and 2ω the momentum mismatch in equation (B.1) vanishes if the so-called phase-matching condition is met:
n(2ω, S) = n(ω, E) ,

(B.2)

with n(E(ω)) and n(S(2ω)) denoting the respective optical refractive indices, which
depend on both energy and polarisation of the light fields. Therefore, linear
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Figure B.1 Relevant directions in
the MnWO4 phase matching experiment: (a) Top view of the incident
and SH light field E(ω) and S y (2ω)
with respect to the surface normal
n parallel to the magnetic easy axis
e.a. If the sample is rotated by φ
around the polar axis b the incident
beam is refracted, and the propagation direction within the sample is
k0 . (b) Relationship between sample, crystallographic, and optical
frames of reference: The sample rotation φ = ∠(k, n) is given with
respect to the surface normal n,
which lies in the crystallographic
ac-plane. The axes Y, Z of the
optical indicatrix ellipse n(E) are
confined to lie in the same plane
at an inclined angle. Using equations (B.3) and (B.4) the direction
k0 of the refracted beam can be calculated.

dispersion is of great importance for the non-linear conversion efficiency. If the
condition in equation (B.2) is met, the SHG signal is expected to be sensitive to
changes of frequency ω or angle of the incident light (so-called walk-off, e.g. due
to misalignment or finite beam divergence) as well as external parameters like
sample temperature [210, 264, 265]. In certain cases, periodically poled ferroelectric
materials enable that E(ω) and S(2ω) stay in phase throughout the crystal, leading
to a coherent enhancement of the SHG intensity. This technique is called quasi-phase
matching [413–417].
Non-linear crystals employed for frequency converters usually are transparent,
non-centrosymmetric materials, which exhibit both high non-linear coefficients
and suitable optical dispersion. Here, we report magnetically induced SHG phase
matching over the whole visible spectral range in coloured, centrosymmetric
spin-spiral multiferroic MnWO4 .
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B.1. Experimental details
MnWO4 crystallises in the centrosymmetric space group P2/c10 with two-fold
symmetry axis b and a monoclinic angle β = ∠(a, c) = 91.1◦ only deviating slightly
from a square angle [331]. Thin platelets of samples have a ruby-red colour
induced by charge-transfer and crystal-field transitions of the Mn2+ ions. Due to
the monoclinic symmetry optical birefringence is observed, and the material is
confirmed to be biaxial positive [346].
At low temperatures (7 K to 12 K) the magnetic order indices a finite spontaneous
polarisation of 50 µC/m2 [178, 333]. In this non-centrosymmetric phase a non-zero
SHG response was found [252, 351], which could be used to image the multiferroic
domains [350, 352]. Although the spontaneous polarisation enabled by the breaking
of inversion symmetry due to the magnetic order is rather small compared to that
of conventional ferroelectric materials, the non-linear optical conversion efficiency
in MnWO4 is relatively high [254].
Here, the spectral dependence of the SHG response of MnWO4 for different angles
of incidence was investigated using a transmission setup described in section 3.4.
As light source an optical parametrical oscillator (OPO) pumped by a Nd:YAG
laser (pulse width 7 ns) was used, which allows the incident energy ~ω to be tuned
from 0.5 eV to 1.5 eV. The experiments were performed at 7 K where both the
ferroelectric polarisation of MnWO4 and the related SHG signal is maximal.
The geometry of the experiment is shown in figure B.1 (a): The ground wave is
horizontally polarised, while the polarisation of the SH wave is vertical and parallel
to the rotation axis. The sample was rotated about the b axis, changing the incident
light polarisation between a and c. According to equation (B.2) the phase matching
condition is thus met at different energies, leading to a spectral shift.
The surface normal n of the sample was chosen to be parallel to the magnetic easy
axis e.a., which lies in the ac plane at an angle of ∠(a, e.a.) = 33.9◦ . Figure B.1 (b)
shows the relationship between the three relevant coordinate systems – the sample
frame, the crystallographic directions a, b, c, and the axes of the indicatrix ellipsoid
X, Y, Z. The latter is used to determine the index of refraction n(ω, φ) for the
incident light field E(ω, φ) in order to calculate the direction k0 (ω) of the ground
wave within the sample.

B.2. Phase-matched SHG in MnWO4
Figure B.2 shows the energy dependence of the SHG intensity for different angles
φ0 between the surface normal and light direction k0 (ω) within the crystal: For
normal incidence, the SHG signal peaks at 2.31 eV while the central energy shows
a blue shift (red shift) at positive (negative) sample rotation angles φ.
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Figure B.2. SHG peak shift with the sample rotation in MnWO4 : Here, the secondharmonic spectra are shown with varying (internal) direction ∠(k0 , a) of the incident
light field E(ω, φ). Line colours correspond to the wavelength of the SHG peaks. Central
energy and peak width are indicated by the bars below the curves. End cases χbaa at
1.96 eV and χbcc at 2.75 eV taken from [252]. The dashed grey line corresponds to the
prediction of phase matching angles based on equation (B.2) and interpolation of the
refractive indices [346].

As indicated by the colours of the peaks, and the central energies marked by the
error bars the SH signal covers a wide spectral range from red to blue. Including
the end cases χbaa and χbcc from [252] the covered wavelength range reaches from
450 nm to 630 nm.
The different curves were fitted with a Lorentzian peak function, and the fit results
are listed in table B.3, together with the sample rotation angle φ and the direction
of propagation within the crystal given by φ0 .
Calculation of refraction angle φ0 Although the propagation of light in an optically
biaxial material is not trivial [418, 419], the angle of refraction within the material
can be determined knowing the sample rotation angle φ and the energy of the
incident light (which equals to half of the SH central energy 2~ωc ):
First, the refractive index n for E(ω, φ) must be calculated. As shown in figure B.1 (b)
the angle φ also determines the polarisation direction with respect to the in-plane
axes Y, Z of the optical indicatrix. The frequency dependence ni (ω) of the main
refractive indices nX < nY < nZ can be expressed by a Sellmeyer equation with
material parameters given in [346]. The refractive index n(ωc , φ) is then given by
an ellipse equation, with relative angle θ = ∠(Y, E) = 90◦ − φ − ∠(Y, e.a.).
1
cos2 θ
sin2 θ
=
+
,
n2 (φ, ω) n2Y (ωc ) n2Z (ωc )

(B.3)

Second, the incident and refracted angles φ and φ0 with respect to the surface
normal are connected via the Descartes-Snellius relationship [420]:
sin(φ)

tan(φ0 ) = q
n2 (ω
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c , φ)

.
2

− sin (φ)

(B.4)

B.2. Phase-matched SHG in MnWO4

φ
ext.
◦

−40
−30◦
−20◦
−10◦
0◦
10◦
20◦
30◦
40◦
50◦
60◦
70◦
80◦

∠(k0 , a)
int.
91.1◦
50.5◦
46.6◦
42.6◦
38.3◦
33.9◦
29.5◦
25.1◦
21.0◦
17.1◦
13.6◦
10.7◦
8.5◦
7.2◦
0.0◦

~ωc
(eV)
1.958
2.108
2.148
2.201
2.249
2.307
2.351
2.393
2.446
2.494
2.522
2.573
2.603
2.629
2.751

~w
(eV)

A

0.041
0.035 19 480
0.033 33 752
0.028 37 757
0.027 28 987
0.024 19 676
0.022
7800
0.010
1974
0.006
1590
0.007
5786
0.008 11 426
0.009 12 578
0.011
6524
0.021
3274
0.033

Table B.3 Details of the phase
matched signals presented in figure B.2: The different peaks were
fitted with Lorentz functions
ISHG (ω) =

2A
w
.
π (ω − ωc )2 + w2

The obtained central frequency ω,
width w, and area A are listed in
the right three columns. Internal direction ∠(k0 , a) was calculated from
the rotation angle φ = ∠(k, e.a.) and
central frequency ωc using equations (B.3) and (B.4).

While the investigated rotation angle φ of the sample lies between −40◦ and 80◦ , the
propagation direction of the ground wave within the material lies between 7◦ and
51◦ with respect to the crystallographic a axis (see table B.3). As shown in figure B.2
for these directions an almost linear energy shift 0.118 eV/10◦ with φ0 is observed.
Phase matching condition From equation (B.2) and the refractive indices given in
[346] the phase matching angle and optimum energy can be calculated. In figure B.2
this prediction is marked by a grey dashed line:1 At lower energies the theoretical
and experimental values coincide rather well2 while at higher energies the model
based on equation (B.2) loses validity.
This deviation between theoretical prediction and experimental observation is
linked to the non-transparent properties of MnWO4 – at higher photon energies the
refractive index nX (2ω) of the SHG wave can neither be extrapolated not directly
measured any longer. From the continuous shift of the SH peak energy it can either
be concluded that nX (2ω) is larger than its value calculated from the Sellmeyer
equations [346] and the strong dispersion leads to anomalous phase matching [422].
Energy dependence of the conversion efficiency Finite optical absorption also has
a profound effect on the magnitude of the SHG signal, as shown in figure B.4 (a):
Here, the SHG intensity dependent of the peak energy (circles) is shown in
comparison with the linear absorption coefficient α at 2~ω (orange line).
1
2

Values calculated by Petra Becker-Bohatý, University of Cologne, Germany.
Angular deviations of a few degrees are considered normal in such calculations [421].
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Figure B.4. Influence of the linear absorption at 2~ω on the second-harmonic intensity
and line width: (a) Comparison of the envelope of the SHG intensity (in blue) with the
linear absorption coefficient α(ω) (orange) shows that at lower energies the SH signal is
enhanced with higher absorption at 2~ω, while it is suppressed with the onset of optical
charge-transfer transitions. (b) Comparison of SHG peak line width ~w (blue circles)
with linear absorption coefficient α(2~ω) (orange). Arrows denote the spectral position
of crystal-field transitions [252, 347]. Values of unpolarised α(~ω) taken from [252].

At low energies, the second-harmonic signal seems to be aligned with the linear
absorption at 2~ω: The peak at 2.2 eV originates from a crystal-field transition,
which is also finely affected by the spin order of MnWO4 [252, 354], possibly
explaining the enhanced signal of magnetically-induced SHG at that energy.
In contrast, at high energies the signal is greatly suppressed, even though another
crystal-field transition is present at 2.65 eV (denoted by grey arrows in figure B.4 (b)).
Due to the strong charge-transfer transitions the generated SHG light is directly
re-absorbed, thus reducing the non-linear conversion efficiency.
The linear absorption does not only affect the intensity of the frequency-doubled
light, but also broadens the line width of the SHG peak [218], as can be seen by the
almost linear relationship in figure B.4 (b).

B.3. Summary
The non-linear optical response of MnWO4 enabled by the spin-induced loss of
inversion symmetry is greatly enhanced by the materials linear optical properties –
namely the matching of refractive indices of the incident wave and the generated
SHG response. Therefore, the second harmonic peak can be continuously shifted
across the whole visible spectral range by rotating the sample in the beam, extending
to energies where linear absorption is no longer negligible.

118

C. Domain image analysis
The spatial anisotropy of ferroic domains is determined by internal
interactions and defects, as well as external influences like thermal
treatment and applied fields. The comparative analysis of shape, size,
and distribution of mesoscopic domains can therefore give insight to
underlying physical effects on a micro- or macro-scale.
Here, a series of images of ferroelectric domains growing in an electric
field is analysed automatically. The following chapter tries to give a
brief tutorial-like introduction into the use of MatLab to investigate such
image sequences.
Ferroic domains are volumes with uniform alignment of the microscopic order
parameter, and often have sizes in the micro- or nano-meter range. The shape, size,
and distribution of these domains reflect the underlying microscopic mechanisms,
and strongly affect macroscopic properties. In particular, the dynamic responses to
applied fields like material susceptibilities and switching processes are governed
by domain growth and domain wall motion.
The spatial anisotropy of a mesoscopic domain pattern generally minimizes the
global energy (and entropy) by spatially modulating the order parameter. As a
consequence of competing energies related to uniform volumes and boundaries
separating them, different domain morphologies like bubble-, stripe-, or maze-like
patterns can emerge [289, 378, 423].
The shape of ferroelectric domains is often heavily influenced by electrostatic
repulsion and strain matching, whereas the distribution of ferromagnetic domains
is mostly governed by stray fields and the spatial anisotropy of the exchange
interactions [18, 34, 35]. With applied fields the growth of domains is often found
to be highly anisotropic, too.
Therefore, the analysis of static (equilibrium) and dynamic domain patterns can
characterise the observed structures and reveal some indirect insight into the
underlying microscopic interactions. To get comparative and reproducible results
for even a large number of images, it is advisable to analyse the domain images in
a systematic and automatised way. Using a computer-assisted study also has the
advantage of being fast (once scripted and optimised), reproducible, and adaptable
to other cases.
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Figure C.1 Interesting parameters of a
domain pattern: (a) From a single
image, areas and boundaries can be
extracted. The comparison of subsequent images allows to quantify dynamic properties as area change and
forwards velocity. Especially interesting are cross-correlations between
these properties. (b) Point-to-point
displacement ∆y and angle φ are determined by the boundary shape and
the chosen correlation length L.

This chapter is intended to be used as a tutorial to guide such an analysis and
is structured as follows: First, the general concepts of domain pattern and their
characterisation are briefly discussed. The second section describes the MatLab
scripts and functions used to analyse an image sequence of ferroelectric domains
in Mn0.95 Co0.05 WO4 . In the end, the results of this study are discussed.

C.1. Properties of domain patterns
An image showing ferroic domains is always a projection of the three-dimensional
domain topography of the sample. Depending on the experimental technique
used to image domain patterns typical resolutions range from the millimetre to
the nanometre scale [34, 35, 424]. Domain images typically show different areas
which are separated by curves tracking the position of the domain boundaries. It
is noteworthy that in many cases the resolution limit is larger than the physical
width of the domain wall, and therefore the boundaries usually appear broader
than they actually are.
The analysis of domain pictures can either focus on the different areas or on the
boundaries between them, as schematically illustrated in figure C.1 (a). In the first
case, the distribution of domains can be analysed with regard to typical sizes and
shapes, their distribution, and – if a contrast is present – the balance of different
domain states and their connectivity [328, 425]. In the second case, the boundaries
separating different domains can be characterised by their preferred direction,
typical curvature, or roughness. Also dynamic features, like forward motion or
area change, can be investigated if the imaging method is fast enough to track
continuous changes in the domain distribution. Especially interesting are the
cross-correlations between all these properties.
The main focus of the following analysis was on the anisotropy and roughness of
the boundaries during the field-driven domain growth. Therefore in the following
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paragraphs the autocorrelation functions measuring statistical displacements and
direction are defined.
As shown in figure C.1 (b) the difference between two points of the domain boundary
is given by the horizontal distance L and the vertical displacement ∆y. Averaging
the square of this displacement for the whole curve and a given autocorrelation
length L defines the correlation function B(L) [426]:
B(L) = (y(x) − y(x + L))2 ∝ L2ζ .

(C.1)

As indicated in the above equation, the dependence of B(L) on L is expected to
follow a power law, and the exponent ζ depends on the dimensionality of the
system and the underlying pinning potential [65, 426].
Another way to quantify the local deviation of a boundary from a straight line is
to calculate the angle between two points separated by L, which again defines an
autocorrelation function:
!
∆y
φ(L) = arctan
.
(C.2)
L
The average of the angle φ(L) indicates the general inclination or slope of the
curve. Furthermore, the norm of the angle is closely related to the boundary
p
roughness B(L), as |φ(L)| gives an estimate how much the curve meanders around
the horizontal straight line.

C.2. Computational details
The following part of this chapter deals with the analysis of an image sequence
showing an electric-field-driven growth of ferroelectric domains in Mn0.95 Co0.05 WO4 .
The experiment is described in section 5.5.3, and the full set of eighty-four images,
each taken every six seconds, can be seen in figure C.2: After starting from a singledomain state (upper left image), indicated by uniform brightness, the application
of a constant electric field first leads to nucleation and then to continuous growth of
domains with opposite polarity, ending with two domains of approximately equal
area (bottom right image).
The goal of the computational analysis of these images was to automatically
determine the domain area and the boundary curve, as well as to calculate the
autocorrelation values defined by equations (C.1) and (C.2) for these curves. This
analysis can be separated into three stages:
(1) Image analysis: Enhancement of images to determine areas and boundaries.
(2) Curve analysis: Computation of autocorrelation values and forward velocities.
(3) Data exploration: Reduction of data complexity by calculating statistics,
visualising results and searching for cross-correlations.
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Figure C.2. Growth of ferroelectric domains in a constant electric field in Mn0.95 Co0.05 WO4 .
The horizontal axis is parallel to the polar b direction. The SHG images were taken every
six seconds, and the shown sequence of 84 images took about eight minutes to record.
Further details about the experiment can be found in section 5.5.3 and figure 5.5.
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Continuation of figure C.2. Growth of ferroelectric domains in a constant electric field in
Mn0.95 Co0.05 WO4 . The horizontal axis is parallel to the polar b direction. The images
were taken every six seconds, so that the shown sequence of 84 images took about eight
minutes to record. Further details about the experiment can be found in and .
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Figure C.3. Determination of domain area: (a) Original image. (b) Increased contrast
obtained by multiplying the image with itself. (c) Morphological transformations enhance
the separation of different domains. (d) Cleaned-up image. (e) Colour-coded regions
with automatically determined size.

These three steps (and the functions used) will be briefly explained in the following
pages to give an idea how to implement such an investigation in a efficient and
reproducible manner. The software used here was MatLab [427], which offers
specialised functions with the Image Processing Toolbox and the Statistics Toolbox
useful in steps (1) and (3). MatLab is proprietary software; free alternatives for the
different steps of the analysis could be (1) ImageJ, (2) Python, and (3) statistical
analysing software R [428–433].

C.2.1. Step 1: Image analysis
The goal of the first stage is to enhance image contrast and to automatically extract
the values for the domain areas and a table describing the domain boundary
curves for an image sequence. The following code loops over all images in a given
directory:
directory = ’file_path’; cd(directory); %set directory path
all_files = dir(’*.tif’);
%load all tif files
file_names = {all_files.name};
for k = 1:numel(all_files(:,1))
%loop over all loaded files
image = imread(file_names{k});
%load image
%do something with image
end

The procedure within the for loop can be separated into five steps, which details
depend on whether the interest lies on the area or the boundary:
(1) Image preparation: Experimental images are usually not perfectly oriented,
which can be corrected with imrotate(image,angle). Furthermore it can also
be neccessary to cut the image or mask certain regions with roifill.
(2) Contrast enhancement: To make the boundaries more visible, the contrast of
the image has to be enhanced. The way to get the best results usually depends
on the image quality and what properties are wished to be investigated.

124

C.2. Computational details

Figure C.4. Determination of domain boundary curve: (a) Original image. Subtraction of
a blurred version of this image (b) enhances the domain boundaries (c). Clean-up of the
black-and-white image (d) allows to extract the domain boundary curves (d). For the
subsequent analysis only the lower half of the longest (blue) curve was used.

(3) Conversion to black-and-white image: im2bw(image,greythresh(image)) converts the grey-scale image to binary mode, with automatically determined
threshold.
(4) Clean-up and fine-tuning: The reason for using black-and-white images is
that many morphological operators are available to manipulate and enhance
structural features (see chapter 16 of [434]). MatLab functions worth mentioning here are bwareaopen(image,n) and bwmorph(image,mode): The first removes
all white areas containing less than n pixels, whereas the second applies
different morphological transformations depending on the chosen mode.
Sometimes these operations have to be combined with imcomplement(image),
which reverses black and white pixels.
(5) Recognising areas and boundaries: MatLab offers several functions automatically recognising properties of areas and boundaries. The success of
these operations depend on the diagonal un-connectedness of the different
(white) areas, so bwmorph(image,’diag’) should be used before. After saving
the results one can continue with the second step of the analysis.
Figure C.3 illustrates the different steps in extracting the domain areas: After the
image was rotated (a), the contrast between domains is enhanced by multiplying
the image with itself using immultiply(image,immultiply(image,f)) (the optimal
value for the exponent 1 + f has to be determined by hand). In (b) the contours were
sharpened with imsharpen(image), then image was transformed to binary mode (c).
Since the main boundary separating the two areas was not a continuous line, the
connectivity was enforced by several bwmorph transformations with the options
’thicken’ and ’bridge’. As can be seen by comparing (a) and (d) these operations
do not fully preserve the domain shape. Even with this systematic error the analysis
of a full image sequence sill should give the right trends and comparable results.
The values for the areas can be extracted using stats=regionprops(image,’Area’),
and transpose([stats.Areas]) gives a table with the results. To produce an image
with coloured regions as in figure C.3 (e) refer to the functions labelmatrix and
label2rgb.
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The determination of the domain wall curves is illustrated in figure C.4: A nifty
trick to extract only the inner curves shown in (c) (and e.g. not the sample boundary)
is to subtract the blurred image (b) from itself (a):1
imadd(immultiply(image,2),imcomplement(medfilt2(image,[30,30])));

The best results are achieved using a median blur (instead of a Gaussian filter), and
a large filtering area. imadjust(image) further enhance the contrast.
To calculate correct values for the properties of the domain wall and its forward
velocity, the shape of the boundary curve should be as exact as possible with respect
to the original image. Using bwmorph with the options ’spur’, ’thin’ and ’diag’
(in that order) will produce the result shown in figure C.4 (d). The edges of the
white areas are recognised using [table]=imcontour(image,1). This table has to
be transposed (transpose(table)) and the different parts of the contour can be
separated by finding points that have large separation. The result is visualised in
figure C.4 (e). In the end, only the upper part of the longest curve was saved with
dlmwrite(filename,table) for the subsequent analysis, with the file name given by
that of the original picture file, containing the time stamp when the image was
taken.

C.2.2. Step 2: Curve analysis
Once the domain boundary curves were obtained, their properties can be computed
in a rather straight-forward way. The static autocorrelation values of B(L), φ(L),
and |φ(L)| are calculated using equations (C.1) and (C.2) for all point pairs with
distances from 1 px to 50 px corresponding to 6 µm to 300 µm.
To characterise the forward motion, first points with the same x value have to
be determined in subsequent images. Dividing the vertical displacement by the
time difference gives the forward velocity v = ∆y/∆t. The time between images is
approximately six seconds, and can also be extracted from the time stamp in the
file name with the following code:
pattern = ’[0-9]{6,6}\.[0-9]{3,3}’;
timestamp = regexp(name, pattern, ’match’);
timeFormat = ’HHMMSS.FFF’;
time = 24*60*60*datenum(timestamp,timeFormat);

%timestamp pattern
%timestamp as string
%timestamp format
%time in seconds

It makes sense to write MatLab functions for the different small routines, which
makes it easier to reuse and adapt them. Additionally the main code is shorter and
easier to understand, which is helpful when problems occur.
All the results were stored in an ASCII table. The reason not to store only averaged
values is that certain cross-correlations between variables might not be detected in
an abridged data set.
1

Thanks to Chris Wetli for sharing!
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Domain textures can similarly be analysed using the concepts explained in [434]
and the MatLab functions graycomatrix and graycoprops.

C.2.3. Step 3: Data exploration
The best way to access the calculated results in MatLab is to store them in a dataset,
which is part of the Statistical Toolbox. It allows easy handling of large arrays of data,
and to sort, filter, analyse, and visualise them. To convert an ASCII table to a dataset,
first the file is loaded using table=importdata(filename); and then converted with
d = mat2dataset(table,’VarNames’,{’L’,’B’,’phi’,’v’}). The different columns
then can be accessed e.g. by d.v. To filter the values according to a certain condition
(e.g. condition = ’d.v > 0’) use d(condition,:).v.
The first step in the analysis is to check, using simple statistics, if the distribution of
the variables and the extremal values lie in the expected (and physically reasonable)
range. One thing to be careful about in this step is to avoid counting invalid
events, like empty entries or that of type ’Not a Number’ (NaN). MatLab offers
some functions like nanmean(d.v) or nanstd{d.v} for calculating mean and standard
deviation of d.v automatically excluding invalid values. In other cases, they have
to be filtered out by using the syntax in the previous paragraph and functions like
isnan(d.v) and isempty(d.v).
Statistics of a single variable can be characterised by several figures, like the
number of events (size(d.v,1)), the data range given by minimal and maximal
value (range(d.v), min(d.v), max(d.v)), mean value and its standard deviation
(mean(d.v), std(d.v)), and median value and interquartile range (median(d.v),
iqr(d.v)). It is note-worthy that the median and interquartile range (containing
the middle 50% of the data points) are a more robust measure of the distribution
than the mean value and its deviation, as the latter are more influenced by outliers
[435]. The function boxplot{d.v,’Notch’,’on’} gives a visual summary of all the
aforementioned values [436]. Histograms can be plotted with histfit(d.v) which
also can compare the data distribution with several statistical distribution functions.
An illustration of such plots is for example given for the distribution of the domain
wall forward velocity in figure C.7.
Cross-dependencies can be found by various means: To visualise the statistical
distribution of the autocorrelation values of B(L), φ(L) or |φ(L)| in dependence of
the (evenly-spaced) correlation length L, for example, a box plot is most suited
(boxplot(d.B,d.L,’Notch’,’on’)). A way to picture correlations between continuous variables, e.g. B and φ is to use a scatter plot, like scatterhist(d.B,d.phi),
which additionally shows histograms of the single-valued distributions.
Non-trivial relationships, though more difficult to identify, can reveal interesting
results, such as a link between boundary roughness and forward velocity in a time
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Figure C.5. Static properties of ferroelectric domain boundaries in Mn0.95 Co0.05 WO4 :
(a) Mean square displacement B(L) in dependence of the correlation length L. Power law
fit B(L) ∝ Lζ , with ζ = 0.424(3), is shown in grey. (b) Angular deviations φ(L) and |φ(L)|
of the domain boundary. The statistical error is less than the dot size, grey lines denote
c
the fit with a logistic function f (L) ∝ 1+(L/L
p.
0)

series. To find such correlations is a highly non-trivial task, that engages a whole
branch of mathematics and informatics. Functions to visually explore higher-order
relationships are for example scatter matrices and parallel coordinates (gplotmatrix,
parallelcoords) [433, 437–441].

C.3. Domain wall creep in Mn0.95Co0.05WO4
The procedure described in the previous sections was used to analyse the image sequence taken during electric-field switching of ferroelectric domains in
Mn0.95 Co0.05 WO4 . This sequence is also shown in figure C.2 with an optical magnification such that one pixel corresponds to 6 µm. The main feature of this time series
is that one main domain nucleates on the top of the sample and successively growths
towards its centre. The boundary exhibits a certain roughness, and while most of
the domain growth is very slow, sudden forward jumps stabilizing head-to-head
or tail-to-tail configurations are also observed.
In the following, geometrical measures of domain boundaries in Mn0.95 Co0.05 WO4
like roughness and angular deviations, are discussed, and the dynamical properties
and cross-correlations are presented.
Figure C.5 shows the results for the domain wall roughness as measured for
autocorrelation functions B(L), φ(L), and |φ(L)|, and averaged over all the extracted
domain boundary curves of the 84 images:
These results are distinctly different from similar studies on domain boundaries
presentpin ferroelectric thin films [426, 442, 443]: In these materials, the displacements (B(L)) usually are in the range of nanometres for typical correlations lengths
L from 1 nm up to a few micrometres. Also the curve B(L) usually are steeper
(due to larger exponents ζ ≈ 0.6), while at large L values a saturation of the square
displacement is observed.
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Figure C.6. Comparison of dynamical and boundary properties for the time series: Shown,
from the bottom upwards, are the area increase (blue area), maximal forward velocity
p
(H), averages of local angle and orientation (•, ), and the boundary roughness (B(L))
(). Error bars are omitted for clarity, lines are guides to the eye.

In
p bulk Mn0.95 Co0.05 WO4 the domain boundaries exhibit a pronounced roughness
B(L)=10 µm to 65 µm without saturation even at high L values (Lmax =300 µm), as
can be seen in figure C.5 (a). The exponent of the power law ζ=0.424(3) implies
an effective dimension of the domain wall drfd =2.7 for a random-field pinning
potential, or drbd =2.0 for random-bond disorder potential [426]. Since only one
time series (with one set of environmental variables) was investigated, a distinction
between these two models cannot be made.
Figure C.5 (b) shows the autocorrelation values for the angles φ(L) and |φ(L)|: The
value of φ(L) describes the inclination of the boundary to the image horizontal.
The mean value is approximately 6◦ , which could be related to the angle of the
net polarisation towards the b direction [184]. In contrast, the norm value |φ(L)|
gives a measure for the local deviations from a straight line, which is especially
pronounced on short correlation lengths L. Both φ(L) and |φ(L)| can be fitted using
a logistic function.
Another point of interest are the dynamic properties of the switching process, by
comparing area growth, velocities, boundary roughness and angles. In figure C.6,
these values were calculated for every image of the sequence: On one hand,
there does not seem to be a cross-correlation of the boundary properties and the
increase of domain area.
p On the other hand, there is a close resemblance between
the roughness value B(150 µm) and the boundary inclination φ(150 µm), which
is not surprising since both values are determined by geometrical relations in
equations (C.1) and (C.2).
More interestingly, there seems to be a correlation between the maximal forward
velocity vmax and the local deviation of the boundary from a straight line measured
by |φ(30 µm)|.
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C. Domain image analysis
Figure C.7 Statistical distribution
of the domain boundary forward
velocity. On the top a beeswax
plot (red scatter plot) and an exponential fit (in blue) of the distribution are shown. The bottom diagram shows the summarised statistics in a box plot (in grey) which
marks the interquartile range, and
other values of significance. Although high forward velocities are
observed, too, most of the dynamics happens on long time scales as
expected for domain wall creep.

The calculation of the forward motion of the domain boundary lead to 11 750
values, of which 16.7 % were invalid (NaN or values smaller zero). The distribution
of velocities equal or larger than zero are visualised in figure C.7. The upper figure
shows a beeswax plot, which is similar to a histogram. Almost sixty percent of the
values are zero, and non-zero velocities seem to follow an exponential distribution,
which is typical for a creep processes [65]. The velocity statistics are summarised in
a box plot on the bottom: The rectangle marks the interquartile range (IQR) from
the 25 % to the 75 % quantiles, whereas the whole grey part marks the range of 10 %
to 90 % of the data points. Outlier ranges (1.5·IQR) are marked by black whiskers.
As more than 60 % of the values are zero, the median velocity is 0 µm, in agreement
with the observation that the domain boundary does not move forward between
most images. The mean velocity is 1.30(3) µm/s, which is consistent with the rough
estimate of the velocity by the displacement between the first and last image of
the sequence, and the time passed in between. The maximal value is 27.35 µm/s,
however, due to the rather bad temporal resolution of ∆t = 6 s this only gives a
lower margin on the maximal velocity. In summary, these values nicely describe
the observed domain wall creep, interrupted by untypically large forward jumps.

C.4. Conclusions
The first part of this chapter describes interesting properties of domains and domain
boundaries, and established a useful sequence for the automated analysis of domain
image sequences. These algorithms then were used to analyse the electric-field
driven domain wall creep in multiferroic Mn0.95 Co0.05 WO4 . The results clearly
demonstrate the overall roughness of the domain boundary even on micrometer
scales and underline the slow discontinuous forward motion in the driving field.
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In comparison with the results here, a study with several domain image sequences
taken at different temperatures or electric field strengths could give further insights
into the dynamical process of multiferroic domain switching, for example which
kind of pinning is present and what the dynamical exponents are [35, 65, 426]. With
an automated image analysis these properties can be extracted in a manner that is
reproducible and easy to adapt.
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D. Sample database
With currently more than 600 scientific samples in the FERROIC research
group, and their numbers steadily growing, there is a need to reliably
identify and characterize these samples. Therefore, a software with the
five following characteristics was developed: (1) An intuitive interface,
(2) read and write access for every user, (3) automatic generation of
a unique sample number, (4) standardized input forms, and (5) the
possibility to upload files. Therefore, the sample database allows keep
track of available samples even on longer time scales.
With a growing number of investigated materials and samples there is a need to
reliably store information about these samples. The first attempt to standardize the
description and subsequent numbering of new samples, was done in 2009. But as
only one person was responsible for maintaining the database, it was not widely
accepted. Furthermore, the stored data was not standardized, and, as consequence,
important pieces of information were often missing, contradictory, ambiguous,
redundant, or invisible.1 As a consequence, the system was used very little and the
output was not kept up to date.
As an alternative, I developed the current sample database in 2012. It has a simple
web interface and allows general reading and writing access. Therefore every user
has the possibility as well as the responsibility of keeping the data up to date. The
transparent output and the possibility to upload files facilitates the quick searching
and tracking of samples.
In this chapter, I first give an introduction to the functionalities of the web interface
of the sample database, and how to use its different viewing and editing options.
Then I briefly explain the software architecture and the interplay between its
different parts.

1

I had some problems to assign samples of RMnO3 to either the hexagonal or orthorhombic family
of rare-earth manganites. In other cases, the origin of samples was no longer known, although
this information is quite important, e.g. for communication and the assignment of co-authorship.
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D. Sample database
Figure D.1 Home page of
the sample database interface as of September 2014.
The left
panel shows navigation
options, whereas on the
right the search results
are shown. Here, on the
start page, the number of
samples by sample type
(bulk, thin film, multilayer system etc.) are
given.

D.1. User guide
Almost all of the sample used in the FERROIC group are grown and provided
by other research groups from all over the world.2 The complete description
of a scientific sample – unmistakeably identified by a unique number – is the
sum of many different properties, which are summarized in figure D.2. Many
attributes are directly linked to a specific sample (e.g. width, orientation, doping)
while information about materials or cooperating research group can be entered
independently into the database, and then linked to specific samples.
One of the most important concepts here is the distinction between samples and
sample batches: A batch describes a set of samples with common origin and shared
physical properties: Often this means slices of varying crystallographic orientations
cut from the same bulk crystal, or a thin film series with varying thickness. As
a consequence, samples in the same batch have the same sample type – like
bulk crystal, thin film, multilayer systems, nano-structured meta-materials. Like
individual samples, sample batches are uniquely identified, so that the relationship
between different samples within a batch is preserved, even if sub-samples are
created.

D.1.1. Access and navigation
The database interface is available under www.samples.ferroic.mat.ethz.ch
from within the ETH intranet only. Access is restricted to members of the Ferroic
group, and a prompt asks for netz user name and password. The start page of the
2

Since recently, also by in-house fabrication by pulsed laser deposition (PLD), or floating-zone
(FZ) techniques.
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sample database looks like in figure D.1. From within the interface, the homepage
can either be accessed by selecting the menu point Overview or clicking on the
group logo in the navigation panel on the left. On the right side, the start page
shows the numbers of samples by sample type. Clicking on an icon will lead to list
of all samples within that respective category.
Navigation The other three options in the navigation pane Materials, Sample
Users, and Sample Growers lead to overview pages of the corresponding categories
which allow to selectively browse for samples associated to material, user, or origin.3
The forms to add new entries and edit existing ones are mostly self-explanatory and
tool tips provide a short help: While the yellow light bulb explains the significance
and content of a certain input field, the blue exclamation mark provides text
formatting syntax (like Greek letters, sub- and superscripts).
If one looks for a specific sample with known ID, one can short-cut the search by
using the input field on the left bottom part of the navigation pane.
Sample views The properties of samples are shown on the left side of the page.
They can be presented in different ways – the List View gives a brief overview,
while the Detailed View presents (almost) all properties and the full history of
a sample. One can toggle between those view by selecting the link "Switch to
detailed/list view" in the upper right corner. A Print View with less colour and
without the navigation panel is available, too.
The Batch View can be selected from the detailed sample view by clicking the link
„Show n samples in batch #xy“ under the point sample origin. It shows all samples
belonging to a specific batch. Additionally it provides detailed information about
sample origin, growth method, and batch history on top, with the list of samples
below. Batch events, which will be explained in the following section, can only be
added in this view.

D.1.2. Batch and sample history
Sample attributes (orientation, thickness, dimensions) only change if something
is done to the sample (e.g. cutting, or lapping and polishing). Therefore, every
modification is related to some event. The button Add new event in the batch or
detailed sample view opens a form with four fields – date (in yyyy-mm-dd format),
event (a drop-down menu), a text field (the user token will always be added) and
the possibility to upload a file.4 Further input may be asked for in the case of
specific events, e.g. after lapping the thickness and dimensions of a sample will

3

To find, for example, all MnWO4 samples first go to the materials page, find the material and
then select the link "Show x MnWO4 samples".
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Figure D.2. To fully characterize a scientific sample, information like that in the above
net diagram are needed. Many of these properties can be stored independently of each
other, and later linked to a specific sample. A relational database like MySQL allows the
storage of such interdependent pieces of information, and to add constrains by format
(text, number, date) and relationships.
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have changed. Existing events can be modified, too. Files cannot be changed once
they are uploaded, however.

D.1.3. Adding samples to the database
Before adding new samples to the database, a new batch has to be created. Therefore
this process also requires two input forms. There are a few hurdles, so the main
points are summarised here:
Before starting Entries for the sample materials and the sample grower should
already exist in the database (or be added before the next steps).
Add sample batch Most input fields are self-explanatory. Three information are
vital for the next step: (1) The right sample type must be selected, as it determines the
number of materials.5 (2) The number of samples in the new batch have to be given.
(3) Only if the samples do not have the same material or material combination, the
option "samples all have same material - no" must be selected.
Add samples The next step asks for specific information of the samples: The
meaning of most fields should be clear, but be aware that the sample description
cannot be changed afterwards – this field is reserved for fundamental sample
properties only, like doping level6 or film thickness. Other characteristics like
thickness, orientation, and dimensions may change and should be written down in
the corresponding fields.7
Storing samples Once the input forms are submitted, new entries for batch and
samples are created. Now it is the responsibility of the user to mark and store the
samples in a comprehensible manner. If plastic boxes are used for storage at least
the sample ID should be written on the box. It is advisable to seal the label with a
piece of Scotch tape to prevent smudging due to solvents or skin oils.8

4

Portable document format (pdf) is preferred. File formats are only allowed for file extensions
having up to four letters.
5
The sample type limits the number of materials that can be selected for the sample description:
Bulk single crystal (one material), thin film (one substrate plus one layer material), multilayer
system (one substrate plus up to three layer materials).
6
If a sample is doped, choose the parent material, select the option "sample doped: yes", and not
the doping level in the description field. This avoids confusion due to generation of "new"
materials of different doping levels.
7
A set of thin film or multilayer samples often come with a substrate (most times a bulk crystal)
for comparison measurements. Such a sample can also be added to a batch by choosing "sample
substrat: yes".
8
It is also a good idea to make a photo of all the samples and to annotate them with their
corresponding IDs and distinct properties. This file can be uploaded and linked with the
corresponding batch (by adding a "batch comment" to the batch history). Another way of
identification is the use of sample aliases, which can be used together with the unique IDs.
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Figure D.3 Different layers of the sample database application: The heart of
the system is a MySQL database storing
the information. Server-sided scripting
is then used to retrieve (and write) data,
and to generate a web output. The user
sees the web interface only, whereas all
the data handling and presentation is
done with PHP scripts.

D.1.4. Concluding remarks
While the sample database provides a convenient framework to store information
about scientific samples, there are some disadvantages: First, the user is not able to
delete information. While this was a design choice to prevent involuntary data loss
it also means that if wrong input occurred the database administrator has to delete
it manually. A second inconvenience is that sample properties can be changed only
one-by-one. Again, the database administrator can help in that case. But the major
advantages of the system – autonomy and transparency – should outshine these
minor drawbacks.
In conclusion, discipline is still needed to keep the sample information up-to-date.

D.2. Application architecture
Before the development of the current sample database information about scientific
samples were stored in a text-based XML database: While easy maintainable and
expandable without knowing special code, the comprehensibility and completeness
of sample information vastly depended on the user entering it. A survey of the
old database revealed many cases with missing (often vital) information, and
redundant or contradictory entries.
The old system therefore served both a starting point for the development of the
new database as well as inspiration for further requirements and improvements.
The main goal was to provide a system with a simple interface, read and write
access for every user, and forms to encourage the complete description of a sample.

D.2.1. Storing sample information
Before starting to write the first script, the format of the actual database, which
stores information about all samples, had to be decided. In contrast to the previous
text-based XML database a relational database was used. It can store data of
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different tables and formats (e.g. textual, numerical, Boolean, temporal, categorical,
and so on), supports auto-incrementing counters, and relational links between
different entries. All these properties make such a database ideal for storing
information with predefined and repeating structure. Here, popular open-source
MySQL was used [444, 445].9
From the old XML database, categories and properties needed to describe a
scientific sample were derived. Those attributes and their cross-relationships are
summarized in figure D.2. By separating and distributing content over several
categories, describing their respective relationships, and restricting their format,
many occurrences of data anomalies like missing, redundant, or contradictory
entries can be avoided ("database normalisation") [448–450]. Once this process was
finished, the data from the old XML database was manually transferred to the new
MySQL database.
One major requirement for a new and useful sample database system was the
ability to upload files with further description of different samples. While MySQL
also can store files in the database, it disproportionally increases its size and slows
down the handling of queries. So here a different approach was chosen: The files
are uploaded on the server and stored in the a folder called ./samplefiles/, and a
link to the file is stored in the database.

D.2.2. Server and data handling
The MySQL database alone does not offer a usable framework, since the structure
of the data must be known to access it with a specialised script language. Therefore,
a web interface to access the MySQL database was developed.
Several scripting languages are used in the sample database application, with
server-sided PHP10 in the centre of data handling and manipulation, as shown in
figure D.3: PHP allows communication with the MySQL databases as well as the
generation of the web output via the PHP-based template engine Smarty [451].
With this separation of data handling and data presentation it is easier to maintain
and update the application or interface, if needed.
For the formatting of the web output HTML and CSS are used for static, and
JavaScript for dynamic content [456].11
9

phpMyAdmin [446] allows to access the MySQL database via a web interface. More complex
MySQL scripts were written using Notepad++ [447].
10
PHP: Hypertext Preprocessor under free PHP license, [452, 453]. As editor I used CodeLobster [454],
and as development environment XAMPP [455].
11
The interface is optimised for the browser Firefox, while in contrast some problems – especially
with JavaScript – occur when accessing the FERROIC sample database with the Internet Explorer.
Existing data can be accessed independent of the chosen browser, although input forms may be
rendered incorrectly with the Internet Explorer.
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Adding and changing database entries is performed by first producing input forms
with Smarty, and then writing this information to the MySQL database; again, both
steps are done via PHP scripts.
The setup of the Apache and MySQL servers, as well as the installation of PHP and
Smarty was kindly done by Marc Petitmermet (D-MATL IT support). He also set
up the access restriction to admit active members of the FERROIC group only.
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List of Measurements
The folders containing the measurements that lead to the here presented results can
be found on the Ferroic server under ./projects/035 Naemi PhD/. For experiments performed since 2012 the scanned measurement protocols are usually also
stored in the corresponding folder. Previous measurements are only documented
on paper, and the protocols are collected in project-based case binders.
Measurements

Figure 4.2
Figure 4.3
Figure 4.4
Figure 4.5

Figure 4.6
Figure 4.7
Figure 5.2
Figure 5.3
(a)
(b)
(c)

Figure 5.4
(a,b)
(c,d)

Sample

Date

Number

#335
#336
#320
#331
#335
···
#335
···
···
···
#320
#335

2010-05-16
2010-08-04
2009-05-15
2010-08-18
2010-05-16
2010-05-18
2009-05-15
2009-05-29
2010-04-23
2010-05-19
2010-05-19
2010-05-18

011_3, 011_4
Messung_3, Messung_5
003_1, 003_2
Messung_4
011-013, settings _3 and _4
004_1, 004_2, 006
003
006, 010
007
006_1, 006_2
im02, im08, im12, im14
im02, im03, im13, im25

#1173
#1167

2014-06-18
2014-06-18

016, 019
007

#1167
#1167
#1167

2013-07-11
2013-08-07
2013-08-07

···

2013-07-11

006, 031
053_1, 053_2
048_2, 048_4, 049_3, 050, 054_2,
056_2
009

#1167
#1167

2013-09-08
2013-09-05

1723, 1707
1811, 1836
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Measurements
Sample

Date

Number

Figure 5.5

#1167

2013-09-13

Figure 5.6

#1167

2013-09-13

120552, 120747, 121042, 121112,
121224, 121424
1335, 1513

#1197
#1194
···
#1197

2014-02-05
2014-02-11
2014-04-11
2014-06-11

005, 007
pol0-a
012
001

#1197
#1194
#1194
#1194
#1194
#1197

2014-01-09
2014-04-11
2013-10-17
2014-04-11
2014-04-11
2014-01-27

002
020
027
1911-1928
022, 2117-2129
001-003, 120730, 120825, 125658,
125733, 131910, 131948, 140403,
140441, 141020, 141057, 145332,
145405

#425
#425
#1098
#1099
Ag

2012-05-11
2013-06-04
2012-10-11
2012-11-06
2013-06-04

002
003, 006_5
003
013_5
003

#1099
···
#425

2012-11-02
2012-11-06
2012-06-22

002
007-012
028-034

#1099
Ag
#1099
#1099

2012-11-06
2013-06-04
2014-02-28
2014-03-05

014_1-6, 015_1-6
003
006_2
006-018

Appendix B

#160

2009-02-36

008-020

Figure C.2

#1167

2013-09-13

003, 120634 – 121455

Figure 6.4
(a)

(b)
Figure 6.6
(a)
(b)
(c)
Figure 6.7
Figure 6.8
Figure 6.9

Figure A.4
(a)
(b)

Figure A.5
(a)
(b)
Figure A.7
(a)
(b)
(c)
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