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Abstract
Competing structures and effects of commensuration appear in numerous
physical systems. Prominent examples are atoms on crystalline surfaces or
flux quanta in structured superconductors. A new realization of this physics
is accomplished by assembling cold polar molecules in a two-dimensional
optical trap and stabilizing them with the help of a perpendicular electric
field; adding a square optical lattice provides an effective substrate potential
which competes against the triangular lattice arrangement favored by the
long-range repulsive dipolar interaction. The system exhibits an interesting
phase diagram with an interplay between commensuration effects and quantum/classical floating and melting transitions. In this thesis, we find the
minimal-energy states at commensurate density in the absence of quantum
and thermal fluctuations and thereby establish the complete transformation
pathway from the square to the triangular lattice.
In the simplest case, the transformation pathway between lattices with
different symmetries may involve a sequence of other uniform lattices. An
interesting situation arises when new topological objects show up in intermediate non-uniform phases. The original ‘misfit problem’ between a particle
lattice with lattice constant a and a periodic substrate with incommensurate
periodicity b 6= a has first been formulated in one dimension; these studies have shown that the locked system (with particle separation b) at large
substrate potential amplitude V smoothly transforms into the free lattice
(with particle separation a) at V = 0 via a non-uniform soliton phase, where
soliton cores approximating the free phase separate regions of locked phase.
The commensurate-incommensurate transition in two dimensions has been
addressed by Pokrovsky and Talapov; within their ‘resonance approximation’, the problem reduces to a one-dimensional one and the system develops
a secondary structure in the form of a soliton-line array. Going beyond the
resonance approximation, we find that the square-to-triangular transformation in the dipolar system involves three separate transitions related to the
formation of a period-doubled zig-zag lattice as well as two instabilities towards non-uniform soliton phases.
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For weak substrate potentials, the substrate-induced deformation of the
particle lattice is studied in perturbation theory and the resulting distorted
phase is characterized by a non-trivial rotation angle. In the opposite limit
of strong substrate potentials, the particles are locked in a square-lattice
configuration. Reducing the potential amplitude, the square lattice becomes
unstable towards a shear mode residing at the Brillouin zone edge. The new
lattice features a period-doubling resulting in a orthorhombic unit cell with
two atom basis: the atoms arrange in a zig-zag structure along one principal
direction. The ordered triangular and square lattices smoothly transform
into the rotated and distorted triangular and the period-doubled phases, respectively. The transition away from the period-doubled to the solitonic
phases appears rather sharp (as the weak interaction between solitons leads
to a rapid flooding of the sample) but is of second order as well. The various
phases and transitions are found using perturbation theory and an elastic
description at small V , a harmonic (k-space) stability analysis at large V ,
and a variational minimization scheme combined with a stability analysis in
the intermediate regime. The solitonic arrays are obtained by a variational
ansatz combining a global distortion (shearing/compressing and rotating the
lattice) and a periodic modulation. Furthermore, due to large anharmonic
effects, the different candidate soliton solutions are relaxed numerically to
find the correct low-lying states. The additional complication generated by
the presence of long-range interactions is coped with using the Ewald summation technique.
Contrary to typical situations in the past, in the case with cold molecules
the system can be tuned through all regimes of the phase diagram, as the
various system parameters, density, strength of the substrate potential, and,
within a restricted regime, the interaction strength can be easily changed.
Even more, changing the orientation or the number of lasers the symmetry
of the optical lattice generating the substrate potential can be modified. In
particular, rather than a square substrate lattice, it is even simpler to install
a one-dimensional corrugation what provides already a wealth of interesting
results. We discuss the prospects to observe such structurally competing
phases in a cold molecule system and address possible future directions of
research.
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Kurzfassung
Auf Kristalloberflächen absorbierte Atome und Flussquanten in strukturierten Supraleiter zählen zu den typische Beispielen physikalischer Systeme,
in welchen ein struktureller Wettkampf und Kommensurabilitätseffekte auftreten können. Eine neue Realisierung dieser Physik kann mit kalten polaren
Molekülen, gefangen in einer zwei-dimensionalen optischen Falle und stabilisiert durch ein darauf senkrecht stehendes elektrisches Feld, erreicht werden;
ein zusätzliches optisches Gitterpotential erzeugt ein effektives Substratspotential, dessen quadratische Gittersymmetrie mit der durch die langreichweitige Dipol-Dipol-Abstossung favorisierten Dreiecksanordnung konkurriert. Dieses System besitzt ein interessantes Phasendiagramm, welches durch
das Zusammenspiel von Kommensurabilitätseffekten, Quanten-/klas-sischem
Schmelzen und ‘pinning/depinning’ Phasenübergängen geprägt ist. In der
vorliegenden Dissertation interessieren wir uns für den vollständigen Transformationspfad vom Quadrat- zum Dreiecksgitter als Funktion der relativen
Stärke v = Esub /Eint zwischen dem Substratspotential und der TeilchenTeilchen-Wechselwirkung. Dabei beschränken wir uns auf den Fall kommensurabler Dichte (ein Teilchen pro Substratsminimum) und vernachlässigen
sowohl Quanten- als auch thermische Fluktuationen.
Im einfachsten Fall erfolgt die Umwandlung zwischen Gittern unterschiedlicher Symmetrien über eine Abfolge anderer, regelmässiger Gitter. Ein interessanter Aspekt kommt hinzu, wenn unregelmässige Zwischenphasen mit
neuen topologischen Objekten auftreten. Das ursprüngliche ‘Anpassungsproblem’ zwischen einem Teilchengitter mit Gitterkonstante a und einem periodischen Substrat mit inkommensurabler Periodizität b 6= a wurde zuerst in
einer Dimension untersucht; der Übergang von der kommensurablen ‘locked’
Phase (alle Teilchen sitzen in Substratsminima mit Abstand b) bei grosser
Substratsamplitude V zur inkommensurablen ‘freien’ Phase (mit Teilchenabstand a) bei V = 0 vollzieht sich via einer unregelmässigen ‘Soliton-Phase’,
in welcher Bereiche der locked Phase getrennt werden durch Solitonen, die
in ihrem Innern die freie Phase approximieren. Pokrovsky und Talapov untersuchten den Übergang von kommensurabel zu inkommensurabel in zwei
Dimensionen; im Rahmen ihrer ‘Resonanzapproximation’ reduziert sich das
v

Problem auf ein eindimensionales mit der Lösung einer periodischen Zweitstruktur aus Solitonlinien. Wir widmen uns dem vollständigen Problem und
finden, dass die Transformation von Quadrat- zu Dreiecksstruktur im dipolaren System mit drei getrennten Übergängen einhergeht, welche verbunden sind mit der Bildung einer perioden-verdoppelten Zick-Zack- sowie zwei
Soliton-Phasen.
Die substrat-induzierte Verformung des Teilchengitters bei schwachem
Substratspotential wird im Formalismus der Störungsrechnung behandelt;
es resultiert eine deformierte Phase mit einer fixen, nicht-trivialen Ausrichtung relativ zum Substrat. Im entgegengesetzten Fall zwingt ein genügend
starkes Substratspotential die Teilchen in die unterliegende Quadratstruktur; unterhalb eines Schwellenwertes V wird diese Anordnung jedoch instabil und erfährt eine Periodenverdopplung via einer Schubverformung hin zu
einem orthorhombischen Gitter mit zwei-atomiger Basis: die Teilchen ordnen sich in einer Zick-Zack-Struktur entlang einer Substrats-Hauptachse. Die
regulären Dreiecks- und Quadratgitter gehen stetig in die rotierte und deformiert Dreiecks- bzw. die perioden-verdoppelte Zick-Zack-Phase über. Die
schwache Wechselwirkung zwischen Solitonen führt zu einer raschen SolitonÜberflutung der Zick-Zack-Struktur. Folglich erscheint der Übergang in die
Solitonphase unstetig – tatsächlich ist es aber ein Phasenübergang zweiter
Ordnung. Wir erhalten die unterschiedlichen Phasen und damit verbundenen Übergänge unter Verwendung der Störungstheorie und einer elastischen Beschreibung für kleine Amplituden V , einer harmonischen (k-Raum)
Stabilitätsanalyse für grosse V und einer variationellen Minimierung kombiniert mit einer Stabilitätsanalyse für dazwischenliegende V -Werte. Der
variationelle Ansatz für die Solitonphasen ist eine Kombination von globaler
Verformung (Scherung/Kompression und Rotation) und periodischer Modulation. Aufgrund starker Anharmonizitäten werden unterschiedliche SolitonStrukturen zusätzlich numerisch relaxiert um den tiefliegendsten Energiezustand zu bestimmen. Erschwernisse im Zusammenhang mit der Langreichweitigkeit der Wechselwirkung werden mit der Ewald Summationstechnik
bewältigt.
Im Gegensatz zu vielen bereits untersuchten Systemen haben kalte Gase
den Vorteil, dass unterschiedliche Systemparameter wie Teilchendichte, Stärke
des Substratspotentials und (beschränkt auch) der dipolaren Wechselwirkung
vi
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relativ einfach beeinflusst werden können und man somit experimentellen
Zugang zu grossen Bereichen des Phasendiagramms erhält. Zudem lässt
sich durch Ändern der Orientierung und Anzahl der Laser der Einfluss unterschiedlicher Symmetrien des optischen Gitterpotentials und damit des
Substrats studieren. Insbesondere bringt bereits die Präsenz des simplen
eindimensionalen Waschbrettpotentials eine Vielzahl interessanter Resultate
hervor. Wir erörtern Möglichkeiten zur experimentellen Beobachtung und
weiterführenden Untersuchung solcher struktureller Wettkämpfe in kalten
molekularen Systemen.
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Chapter 1
Introduction
A central topic in condensed matter physics is the structure of solids, liquids, glasses etc. and the transitions among them. An interesting extension
appears when these uniform phases are exposed to a competing potential
supporting a different order. The conceptual problem of structural competition between phases goes back to the work of Frenkel and Kontorova in the
1930-ies who studied the behavior of a one-dimensional particle chain with
lattice constant a subject to a periodic potential with lattice constant b [1].
The classic experimental realization of this physics came in the 1980-ies with
the investigation on the physisorption of noble atoms on corrugated surfaces
such as graphite [2, 3]. A practical example is given by the pinning of vortices
in structured superconductors, e.g., superconducting networks [4, 5], modulated superconducting films [6, 7], or artificial pinning arrays [8] generating a
finite, possibly enhanced critical current. Finally, a modern implementation
of this classic model can be done with systems of cold atoms and molecules
– the high tunability of these systems allows to study the full complexity of
the problem.
In one dimension, the problem reduces to one of competing length scales,
the lattice constant a of the particle chain versus the period b of the underlying potential (as illustrated in Fig. 1.1; to fix ideas, we assume that a is
close to but larger than b). At large potential amplitude V the particles in
the chain are locked to the periodicity b, while in the free system (V = 0) the
particles are separated by a. The transformation between these two phases
proceeds via a commensurate-incommensurate transition with a spontaneous
creation of solitons at the critical value Vc and a rapid flooding of the system with solitons at V < Vc . The non-uniform phase involves ‘free particle
1

Figure 1.1: The Frenkel-Kontorova chain is the generic model for structural competition in one dimension; in the floating phase at small substrate
potential amplitude V , the average particle separation hai approximates the
natural lattice spacing a (> b here) of the free phase, whereas the particles
become locked with hai = b for large substrate amplitudes. In the intermediate substrate regime, a > hai > b and the particle structure becomes
non-uniform with regions in registry with the substrate connected by regions
where the particles are out of registry. Such defects are also called dilution
(or, for a < b, compression) solitons.
phases’ within the soliton cores with locked phases in between, thereby interpolating between the free and the locked phase with a > hai > b, where hai
denotes the average particle distance in the non-uniform phase. An interesting mathematical peculiarity of this problem is the appearance of a Devil’s
staircase: Varying at fixed V the misfit a/b in some interval I the ratio hai/b
exhibits constant plateaus around each rational number a/b = p/q. The
lengths of these plateaus add up to the length of I provided that V is larger
than some critical value Vd.s. , i.e., the interval for which hai/b is irrational
becomes a set of zero measure [9, 10].
The original setup in two dimensions has focused on equilateral triangular lattices with different lattice constants for the particle lattice (a) and
the substrate potential (b), describing the problem of noble gases (Kr, Ar,...)
adsorbed on graphite (see, e.g., Ref. [11] for an overview). Weak substrate
potentials can be treated perturbatively [12, 13] and already provide a new
interesting result: upon increasing V from 0, the particle lattice becomes
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distorted and locks at a fixed angle ϕ0 determined by the elasticity of the
particle system and the misfit parameter s = K/q − 1 with K and q denoting the reciprocal lattice constants of the particle and the substrate lattice,
respectively. The general problem including larger substrate potentials and
different symmetries (yet small misfits) has been studied by Pokrovsky and
Talapov [14–16]. In their resonance approximation they simplify the problem
by replacing the substrate potential by the leading harmonic. The problem
then reduces to an effective one-dimensional one along a direction θ determined by elasticity. The non-uniform solitonic phase describes the structural
deformation of the triangular lattice with increasing V . However, neglecting the other modes of the substrate potential, this phase always ends in
an isosceles triangular lattice which is locked to the one-mode substrate potential. Hence, within this approximation the transformation of the particle
lattice’s triangular symmetry to the symmetry imposed by the substrate potential cannot be described.
In this thesis, we go beyond the resonance approximation and solve the
full two-dimensional problem for the triangular particle lattice subject to
a substrate potential with different, specifically square symmetry. We find
that the full transformation path with increasing substrate potential takes
the particle lattice from the triangular to distorted and rotated triangular via
two non-uniform solitonic phases to a periodic zig-zag phase which smoothly
deforms to the square lattice phase fully locked to the substrate, see Fig. 1.2.
Previews work on the square-to-triangular transition has been done in the
context of vortex pinning in superconductors and superfluids. However, only
uniform periodic intermediate phases have been found, specifically the singlylocked isosceles lattice phase in the case of vortices in modulated superfluids
[17] and in superconductors with periodic pinning arrays [18]. The periodic
zig-zag phase describing the pinned vortex lattice in an artificially structured
superconducting film has been found in Ref. [19].
In this thesis, we study a particle system in two dimensions with longrange dipolar interactions D/r3 as relevant both for adsorbed noble gases
[20] as well as polarized molecular gases [21], subject to a substrate potential
of square symmetry with two modes. We consider the situation of commensurate density (one particle per substrate minimum) in the limit T → 0 K
and ~ → 0, where all thermal and quantum fluctuations are frozen out, and
work out the full phase diagram as a function of V ; our results provide a
good starting point for further studies of the phase diagram including, e.g.,
3

solitonic

Figure 1.2: The full square-to-triangular transformation at commensurate
density and in the limit T, ~ → 0 involves a triangular crystal at V = 0,
a distorted and rotated triangular phase at small V , non-uniform solitonic
and periodic zig-zag phases at intermediate V , and a square lattice for V >
(0,1)
V . Below the critical strength Vc , the system becomes unstable against
the formation of soliton arrays which smoothly take the zig-zag phase to
the triangular lattice. The thin dotted lines represent the energies of the
rigid triangular (4), isosceles (B), and square () lattices. The dashed line
extends the zig-zag phase down to V = 0 ending in the isosceles lattice.
quantum and thermal melting in the presence of a substrate [for the free
system V = 0, the low-temperature transition from the self-assembled crystalline to the superfluid phase has been studied in Ref. [21] and the effects
of quantum fluctuations on the intermediate hexatic phase, expected to a
appear in the classical thermal melting transition in two dimensions [22–24],
has been studied recently [25]].
In order to obtain a first sketch of the triangular-to-square transformation we search for the minimal-energy-state among all simple two-dimensional
Bravais lattices (of equal density n = 1/b2 ) as V is increased (rigid lattice
approximation). In the presence of the substrate potential these lattices can
be divided into the fully-locked, the singly-locked, and the floating class; due
to the sinusoidal nature of each substrate mode a lattice is either locked
to it (with all sites coinciding with minima of that mode) or floating with
the averaged energy contribution V /2 per mode. The transformation from
the floating triangular (the situation at equal densities with a/b = (4/3)1/4
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is incommensurate) to the fully-locked square lattice then proceeds via the
singly-locked isosceles triangular lattice (with base and height equal to b).
These three lattices represent within each class the configuration of lowest
interaction energy (the latter is conveniently evaluated using Ewald summation technique [26]). This rigid lattice approximation already provides quite
a good picture for the transformation pathway as illustrated by the thin
dotted lines in Fig. 1.2.
Allowing for small local deviations in the locked square phase, we expand
the energy functional to second order and find an instability against sheardeformation as indicated by a negative branch of the elastic matrix; it is the
presence of a strong substrate potential which stabilizes the square lattice
at large V ≥ V . Below this threshold value the system transforms into a
zig-zag phase, thereby breaking the symmetry spontaneously and doubling
the period (here, chosen along the direction x). The amplitude δ of the shear
distortion grows with decreasing V and reaches b/2 at V = 0; the zig-zag
phase ends in the singly-locked isosceles phase instead of the free triangular
one, as illustrated by the dashed line in Fig.1.2, and is therefore not a good
description of the minimal-energy-state at small substrate amplitude V .
A reasonable Ansatz in this (small V ) regime is a harmonic expansion
(in small displacements) around the triangular lattice, while treating the
substrate potential as a perturbation. The relaxed structure describes a
distorted triangular lattice with the preferred orientation ϕ0 ≈ 3.83◦ with
respect to the substrate potential. At this angle, one harmonic (say q1 ) of
the substrate potential is predominantly responsible for the distortion as its
associated vector p1 in the first Brillouin zone (of the particle lattice) is close
to zero giving rise to a relatively large energy gain (∝ 1/p21 ). Leaving aside
the contribution from the second harmonic, we obtain a sinusoidal distortion
field evolving along the direction of p̂1 (enclosing an angle θ ≈ 42.13◦ with
q1 ).
It is this distortion which turns into a soliton array with increasing V ;
again, this solitonic phase can be obtained within an elastic description of
the particle lattice while considering the full single-mode cosine-potential,
i.e., working in the same resonance approximation as Pokrovsky and Talapov
(PT) [14–16]. Note that, as displacements become large, of order b, the cosine
potential cannot be expanded anymore as in the perturbative regime at very
small V . At a critical substrate strength VcPT ≈ 0.0416 eD where the last
soliton leaves the system, the particle lattice has deformed to a bb0 -isosceles
5

lattice (with height b and base b0 > b) and becomes locked to the substrate
potential along x, while it remains floating along y due to the resonance
approximation. Besides analyzing the soliton structure starting from the
triangular lattice at small V , we also study the approach of the soliton phase
from the locked phase by searching for the first soliton entry upon decreasing
V ; the latter happens when the energy for soliton formation equalizes the
drive due to the lattice misfit. This procedure to evaluate VcPT proves very
helpful when considering the full problem including both substrate modes.
Including both substrate modes, many different uniaxial soliton solutions
(j, k) shifting the lattice by the vector d(j,k) = (−jb, kb/2) are possible, and
(j,k)
the task is to single out the optimal one, i.e., the one with highest Vc .
We find that the (0, 1)-soliton is the first to enter the zig-zag phase while
the (1, 2)-soliton is the best candidate among the (1, k)-defects. Yet, the
(j,k)
associated values of Vc
and the direction θ along which the soliton array
evolves depends crucially on the elasticity theory used.
In order to eliminate uncertainties due to anharmonic effects, we resort
to a numerical evaluation where we determine the energy difference between
the solitonic and the background structure by assuming the analytic form
of the solitons as a variational solution and summing the microscopic interaction and substrate energies exactly. Implementing periodic boundary
conditions (with large enough periods such that the soliton-soliton interaction may be discarded) we further improve the calculation by numerically
relaxing the particle system. In agreement with the analytic analysis, we
(0,1)
find that with Vc
≈ 0.0741 eD the (0, 1)-soliton is the first to enter, yet at
an unexpected angle close to 45◦ (instead of 90◦ as proposed by the analytics
and considered as natural in the literature [10, 27]). Our numerical results
for the (1, k)-defects provide critical potentials at much smaller values of V :
(1,3)
in particular, the (second) best result Vc (θ = 45◦ ) ≈ 0.0544 eD is found
for the (1, 3)-soliton, while the (1, 2)- and the (1, 1)-defects are even lower
(1,2)
(1,1)
with Vc (45◦ ) ≈ 0.0501 eD and Vc (63◦ ) ≈ 0.0382 eD .
In order to go from the period-doubled phase to the distorted and rotated triangular lattice, a phase transition establishing an array of identical
solitons with shift vector d has to be combined with a second transition
at lower V ; since the global distortion in the soliton array is slaved to the
geometrically constrained vectors d = d(j,k) the non-trivial locking angle
ϕ0 cannot be reached with a single transition. Indeed, the proliferation of
(0, 1)-solitons washes out the (subdominant) substrate mode and dilutes the
6
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particles along y, thereby establishing the bb0 -isosceles lattice; the transformation to the (rotated) triangular lattice at V = 0+ then involves an additional PT solitonic transition at lower V which smoothly eliminates the
(dominant) substrate mode along x. The analytic results for VcPT again can
be improved with a numerical calculation and we find a maximal critical
potential VcPT (θ ≈ 44.5◦ ) ≈ 0.046 eD ; at this value of the substrate potential, the bb0 -lattice is quite well-established (to within ≈ 10 %). Hence, the
full transformation proceeds along the pathway ‘square lattice → periodic
zig-zag → (0, 1)-soliton array (washing out one of the potential modes) →
PT-soliton array (washing out the other mode)’. The latter then smoothly
goes into the distorted and rotated triangular lattice.
The thesis is organized as follows: In chapter 2, crystalline states, their
deformations, and in particular the rigid lattice approximation are discussed.
The weak substrate regime with its distorted and rotated triangular phase
is treated in chapter 3, while the opposite limit, the square lattice and its
instability towards the periodic zig-zag phase is found in chapter 4. The
intermediate non-uniform soliton phases are topic of Chaps. 5 and 6. The
chapter 5 elaborates the phase diagram in the resonance approximation describing the transformation of the triangular to the bb0 -isosceles lattice via
the PT-solitonic phase, whereas in the chapter 6 the full problem with both
substrate mode is taken into account. The corresponding numerical evaluations for the soliton phases are found in the end of each chapter. Finally, in
chapter 7 a possible experimental realization in a cold molecular system is
discussed.
The results of this thesis have been published as a rapid communication
in Physical Review B [28]. A second publication including more technical
details in particular of the numerical analysis is work in progress.
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Chapter 2
Crystalline States
After introducing the model Hamiltonian incorporating the structural competition between a triangular lattice favored by the interparticle interaction
and the square symmetry imposed by the substrate potential, we focus in
this chapter on long-range ordered crystalline states as described by simple two-dimensional Bravais lattices. At fixed density, we determine their
energy as a function of the particle lattice geometry and show that in the
presence of the external sinusoidal potential of square symmetry, the lattices
fall into three groups called ‘floating’, ‘singly-locked’, and ‘(fully-)locked’
lattices. This lattice classification permits a first estimate of the squareto-triangular transformation. A more refined analysis includes (global and
local) lattice deformations and instabilities; the basic tools for a treatment
of these deformed crystalline states will be established in the last part of this
chapter.

2.1

The Model Hamiltonian

An ensemble of N particles confined to two dimensions and interacting via
the dipolar two-body potential Φ(r) = D/r3 with particle separation r = |r|
is described by the Hamiltonian
N
N
X
~2 2 X
D
H=−
∇i +
,
3
2m
|r
−
r
|
i
j
i=1
i<j

(2.1)

where m denotes the mass and ri = (xi , yi ) the position of the particle i.
Given the purely repulsive interaction, the desired unit cell area Ωuc (particle density n = 1/Ωuc ) needs to be stabilized by external means, e.g., by
9
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an external pressure p (or a chemical potential µ), see below. While the
phase diagram of this system includes a superfluid, a normal fluid, and a
crystalline phase [21], it can be largely enriched by the presence of an external periodic potential, e.g., a potential with square lattice symmetry and
two modes q1,2 = (2π/b) ê1,2 ,
N
N
X
~2 2 X
D
H=−
∇i +
2m
|ri − rj |3
i=1
i<j

(2.2)

N

V X
2 − cos(q1 · ri ) − cos(q2 · ri ) .
+
2 i=1

Such a ‘substrate’ potential models e.g., the leading harmonics of a pinning
potential for vortices or the optical lattice for cold gases consisting of two
counter propagating laser beams (of wavelength λ = 2b) placed perpendicular
to each other. This Hamiltonian incorporates an amazing variety of phases
and phase transitions. In the following, we ignore both quantum and thermal
fluctuations (i.e., we consider the limit ~ → 0, T → 0 K) and focus on the
situation with commensurate density n = 1/b2 (one particle per substrate
minimum). Our task is then to minimize the Gibbs free energy per particle,
g(p) = G(p, N )/N = [E int (A, N ) + E sub (A, N ) + pA]/N,

(2.3)

where the unit cell area Ωuc = A/N is determined by p. Here, we choose
to work at fixed given pressure p and particle number N rather than fixed
chemical potential µ; this seems a better approximation, e.g., to the experimental setup for cold gases where particles are confined to a trap; for a
possible experimental realization and its attainability the reader is pointed
to the discussion in Chap. 7.
The energy functional 2.4 experiences a transition from the free triangular
to the fully locked square lattice as the substrate amplitude V is increased
from 0. To get a first idea of the transformation pathway, we start out by
only considering particle configurations among the set of two-dimensional
simple Bravais lattices with density n = 1/b2 . We first concentrate on the
free system (V = 0) establishing the energy landscape as a function of the
lattice parameters and then take the substrate potential into account in order
to obtain a rough sketch of the energy g versus potential V diagram as
illustrated in Fig. 2.3 (or by the dotted lines in Fig. 1.2).
10
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2.2

Long-Range Ordered Crystalline States

We consider the ensemble of particles residing on regular lattice sites ri = Ri
and are interested in the minimal-energy state of the Gibbs free energy per
particle in free space,
g int (p) = Gint (p, N )/N = [E int (A, N ) + pA]/N.

(2.4)

For the computation of the interaction energy per particle
e

int

N
1 X D
,
= E (A, N )/N =
3
2N i,j6=i Rij
int

(2.5)

with particle separation Rij ≡ Ri − Rj , we assume N particles in the area A
and take the thermodynamic limit with the constraint Ωuc = A/N = const.
In order to cope with the long-range interaction between particles, the Ewald
summation technique [26] is used, see Appendix A for further details. The
lattice sum then is split into two parts, one accounting for the neighbors
close-by (in the form of a real-space sum) and a second part incorporating
the interaction energy of distant particles (contributing a k-space sum), such
that
n 4 X
o
eint = π
+
Ψ 1 (Rj 2 ) + Ψ− 3 (Kj 2 /4) eD ,
(2.6)
2
3 j6=0 2
with Ψx (β) = β −(x+1) Γ(x + 1, β), Γ(x, β) the incomplete Gamma function,
3/2
and Kj the reciprocal lattice sites. Here, eD = D/Ωuc (= Dn3/2 ) defines
the basic energy unit. With the choice  = π/Ωuc for the Ewald parameter
[26, 29], Eq. (2.6) takes the simple form
eint = π

n4
3

+

X
o
Ψ 1 (πRj2 /Ωuc ) + Ψ− 3 (πRj2 /Ωuc ) eD .
2

2

(2.7)

j6=0

The factor in the curly bracket depends on the particular lattice geometry but
not on its unit cell area. We therefore introduce the following parametrization
for the basis {a1 , a2 } of a Bravais lattice, see Fig. 2.1,
a1 = (Ωuc /l, h) and a2 = (0, l).

(2.8)

At given Ωuc , each pair of basis vectors can be mapped onto a point in
11
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Ω uc
l

a2
h =0
h

a1

h=−l/ 2

Figure 2.1: A simple two-dimensional Bravais lattice of given unit cell area
Ωuc (density n = 1/Ωuc ) may be parametrized by the y-component h of the
first basis vector a1 , and the length l of a2 . For each l, due to reflection
symmetry on the x-axis it suffices to consider h in the range [−l/2, 0] going
from an isosceles triangular to a rectangular lattice.
the lh-plane as illustrated in Fig. 2.2; due to the ambiguity in the choice
of the basis, several points (l, h) on the plane represent the same lattice as
shown for the equilateral triangular, the isosceles triangular (with base and
height b), and the square lattice. Using Eq. (2.7) the interaction energy can
be found as a function of l and h leading to the energy landscape of Fig.
2.2. It possesses several minima of equal energy (two shown in the figure),
all of which correspond to the equilateral triangular lattice with the lattice
constant
a = (4/3)1/4 a0 ,
(2.9)
1/2

where a0 = Ωuc (= n−1/2 ) denotes the basic length unit, and the lattice
positions (up to orientation in space)
√
R4
=
a(
3mi /2, ni − mi /2) , mi , ni ∈ Z.
(2.10)
i
The sites of the associated reciprocal lattice then are given by
√
4π
(pi + qi /2, 3qi /2) ,
K4
i = √
3a

pi , qi ∈ Z.

(2.11)

The interaction energy of this minimal-energy configuration assumes the
value
e4 = eint
(2.12)
4 = 4.446 eD .
−3/2

With e4 scaling as Ωuc , the relation between p and Ωuc is easily found via
minimization of g int (p; Ωuc ) = e4 (Ωuc ) + pΩuc with respect to Ωuc , leading to
p=

3 int
e /Ωuc = 6.670 eD /Ωuc .
2 4
12

(2.13)
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Figure 2.2: Energy landscape for two-dimensional simple Bravais lattices
with unit cell area Ωuc = b2 parametrized as defined in Fig. 2.1. The
minima at l/b = (4/3)1/4 ≈ 1.0746, − h/b = (4/3)1/4 /2 ≈ 0.5373 and
√
√
l/b = (4/3)1/4 3 ≈ 1.8612, − h/b = (4/3)1/4 3/2 ≈ 0.9306 refer to equilateral triangular lattices with different orientation and energy e4 ≈ 4.446 eD
per particle; the bb-isosceles lattices are nearby. The square lattices reside
in saddle-point positions at l/b = 1, h/b = 0, at l/b = 1, h/b = −1, and
√
√
at l/b = 2, h/b = −1/ 2. Lines are separated by 0.01 eD , start at e4 ,
and are cut off at 4.590 eD . Lattices marked with a solid point are locally
(k-space) stable, the square lattice (empty dots) is locally unstable against
a period-doubling shear mode, see Sec. 2.4.
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The Gibbs free energy per particle in free space is thus
5
= 11.116 eD .
g int = eint
2 4

(2.14)

Similarly, when fixing the chemical potential µ, one finds the grand potential
density
ω int (µ; n) = neint
4 (n) − nµ = −6.670 neD ,

(2.15)

5
= 11.116 eD
µ = eint
2 4

(2.16)

with the relation

between the chemical potential and the particle density.

2.3

Competing Orders in a Substrate Potential

As shown in Fig. 2.2, the lattice energy increases very slowly with a change
in l and/or h close to the equilateral triangular lattice. E.g., going from
the triangular to the square lattice, the energy grows by less than 2%. We
therefore expect that already a weak external potential favoring a different
lattice geometry suffices to observe phenomena of competing structures. In
the following, we study the influence of the simple substrate potential
V sub (r) =


V
2 − cos(q1 · r) − cos(q2 · r) ,
2

(2.17)

with the strength V , the reciprocal basis q1,2 = (2π/b) ex,y , the period b,
2
and the unit cell area Ωsub
uc = b , on the minimal-energy state as a function
of V . This potential tends to localize the particles at its minima, thereby
imposing a four-fold symmetry onto the system. The particle configuration
thus experiences a competition between the substrate-induced order, a simple
square lattice, and the ideal crystal stabilized by the interparticle interaction,
forming a triangular lattice; the system attempts to optimize the total Gibbs
free energy per particle
g(p) = [E int (N, A) + E sub (N ) + pA]/N,

14
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with the substrate energy
E

sub

(N ) =

N
X

V sub (Ri ).

(2.19)

i=1

The structural competition is characterized by the parameter v ≡ V /eD =
3/2
V Ωuc /D, the relative strength between the two energies E sub and E int . A
rough estimate of the regime where the substrate potential begins to dominate the particle configuration may be given by considering the energies of
different Bravais lattices. The sinusoidal nature of the substrate potential
(2.17) allows to divide all Bravais lattices into three classes with different
substrate energies (per particle),


V
q1 , q2 ∈
/ {Kj },


esub =
(2.20)
V /2 q1 or q2 ∈ {Kj },



0
q1 , q2 ∈ {Kj },
where {Kj } denotes the set of reciprocal lattice vectors of the particle lattice with sites {Ri }. This classification criterion follows immediately when
applying the Poisson summation formula (A.3) to the substrate energy per
particle (including a translational shift d of the particle lattice in the substrate frame),
esub
d

N
1 X sub
V (Ri + d)
=
N i=1
N
V X
2 −cos[q1 ·(Ri + d)] − cos[q2 ·(Ri + d)]
2N i=1
X
i
V Xh
1 − cos(qα · d)
δKj ,qα .
=
2 α=1,2
j

=

(2.21)

R
where we have used that A d2 R exp [i(q − k) · R] = Aδq,k . While for d = 0,
expression (2.21) yields the classification condition stated above in Eq. (2.20),
the dependence of the substrate energy on d permits to draw conclusions
about possible system lockings. Members of the first class of Eq. (2.20) represent floating structures; their energy is translationally and orientationally
invariant. Their (reciprocal) lattice constants K1,2 are incommensurate with
q such that the d-dependent terms in (2.21) vanish. If there is a reciprocal
15
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b

11.19

2b
b

b

a
11.09

0

0.042

0.10

Figure 2.3: Sketch of the phase diagram at commensurate density, taking only trivial Bravais lattices into account. As the substrate strength is
increased, the minimal energy configuration undergoes two rearrangements;
at V ≈ 0.042 eD from the triangular to the singly-locked bb-isosceles and at
V ≈ 0.1 eD from the singly-locked isosceles to the fully-locked square lattice.
vector Kj with Kj = q, the alignment Kj = q1(2) (with dx(y) = 0) leads to
a reduction of the substrate energy by V /2 per particle, see the second line
of Eq. (2.20). In such singly-locked structures, the symmetry is broken and
the particles sit in vertical (horizontal) substrate valleys. While the system
(as a whole) is free to move parallel to the valleys, it is locked in the perpendicular direction; a shift −b/2 ≤ dx(y) ≤ b/2 along x(y) requires the energy
eshift = (V /2)[1 − cos (qdx(y) )]. Lattices belonging to the third class are fullylocked structures; the substrate energy vanishes when all sites coincide with
substrate minima.
At commensurate density n = 1/Ωuc = 1/b2 with one particle per substrate minimum, the triangular lattice belongs to the class of incommensurate
structures (as a/b is an irrational number, see Eq. (2.9) with a0 = b). According to equations (2.12) and (2.20), its Gibbs free energy per particle is
given by
g4 (V ) = e4 + p/n + V = 11.116 eD + V.

(2.22)

Naturally, this configuration represents the minimal-energy state at vanishing
substrate. For a large potential amplitude V , the particles arrange in the
square lattice with lattice constant b and an energy involving the interaction
16
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energy only,
g = 11.186 eD .

(2.23)

A third low-energy configuration is found in the singly-locked group; among
these lattices, the isosceles triangular lattice optimizes the interaction energy
leading to the curve
gB (V ) = 11.137 eD +

V
.
2

(2.24)

As we will see, this isosceles triangular lattice with base and height equal to
b plays an important role in the triangular-to-square transformation. Below,
we will refer to it as the bb-isosceles lattice.
The above expressions g4 (V ), gB (V ), and g already provide a reasonable
approximation for the energy g versus substrate strength V diagram, see Fig.
2.3; as the substrate strength is increased, the minimal-energy configuration
deforms from the floating triangular lattice at V = 0 via the singly-locked
bb-isosceles lattice in the regime 0.042 eD ≤ V ≤ 0.1 eD to the fully-locked
square lattice. In the following, this picture will be refined by allowing the
particles to deviate from rigid lattice sites; Chapters 3 and 4 are devoted to
the relaxation of the incommensurate triangular phase at very small V and
to the shear instability of the fully-locked square phase at large V , respectively. In both these regimes, the particle structure rearranges locally while
at intermediate substrate strength the crystal becomes deformed macroscopically, see Chapters 5 and 6. As a preparation, the mathematical ‘tools’
for the treatment of these two types of deformations are discussed in the
remaining part of this chapter.

2.4

Global and Local Deformations

When speaking about deformed lattices, we distinguish two types of deviations ui of the particle coordinates ri = Ri + ui from regular lattice sites Ri ;
a ‘global’ deformation ui changes the lattice macroscopically tracing out a
path in the lh-plane of Fig. 2.2, e.g., from the triangular to an isosceles triangular lattice, and the displacement grows linearly with distance, ui ∝ Ri . In
a ‘local’ deformation on the other hand, each ui itself remains small, ui  b.
In both cases, we assume uij (= ui − uj )  Rij and expand the interaction
17
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energy Φ(R) to second order in uij ,
1X
Φ(|Rij + uij |)
2 i,j6=i
1X 0
Rij · uij
=E0int +
Φ (Rij )
2 i,j6=i
Rij
i (R · u )2
1 X h 00
1 0
ij
ij
+
Φ (Rij )−
Φ (Rij )
2
4 i,j6=i
Rij
Rij

E int =

u2ij
1X 0
.
+
Φ (Rij )
4 i,j6=i
Rij

(2.25)

Global deformations are captured by the long-wavelength physics in the limit
k → 0 and are usually treated within the continuum approximation; we
ν
expand the displacement field uµij ≈ Rij
∂ν uµi and take the continuum limit
ui → u(R) to arrive at the energy density within the continuum elastic
theory,
eel = γx (∂x ux ) + γy (∂y uy )
λ1
λ2
+ (∂x ux )2 + (∂y uy )2 + λ3 (∂x ux )(∂y uy )
2
2
λ4
λ
5
+ (∂y ux )2 + (∂x uy )2 + λ6 (∂y ux )(∂x uy ),
2
2

(2.26)

with the linear drive coefficients γx and γy and the elastic moduli λi , i =
1, . . . , 6. As derived in Appendix B, these constants are given as lattice sums
of algebraically decaying functions including the first and second derivative of
the particle interaction Φ(R), cf. Eqs. (B.5) – (B.11). The numerical values
displayed in Table 2.1 for the triangular, the bb-, and the bb0 -lattice (with base
b0 instead of b) then are evaluated, e.g., using Ewald’s technique, see App. B.
For simplicity, we have assumed in Eq. (2.26) that the initial lattice exhibits
mirror symmetry along the x- and y-axes. The linear terms (∝ ∂i ui ) vanish
for an equilibrium configuration with a proper minimum in the interparticle
potential Φ(R), e.g., the Lennard-Jones potential. For our purely repulsive
potential, however, these terms have to be compensated, e.g., by a pressure
term p δA/A with
δA/A = h∇ · u + (∂x ux )(∂y uy ) − (∂y ux )(∂x uy )i.
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0

Table 2.1: Numerical results for the coefficient of the linear drive γ ( ) + p
0
and the elastic moduli λ( ) (±p), expressed in units neD , for the triangular,
the bb-, and the bb0 -isosceles lattices. The value b0 = 1.0173 b for the base
of the bb0 -lattice is determined (using Ewald technique) such that the drive
along y vanishes. The moduli of the triangular lattice are connected with
the shear and elasticity moduli µ and κ via λ1,2 → κ + µ, λ3 + p → κ − µ,
and λ4,5 , λ6 − p → µ.
(0 )

4
B

0

B

γx + p
0
0.283
0.515

(0 )

γy + p
0
-0.345
0

(0 )

(0 )

(0 )

λ1
λ2
λ3 + p
18.337 18.337 15.003
18.193 20.707 14.023
17.469 19.531 13.820

(0 )

(0 )

(0 )

λ4
λ5
λ6 − p
1.667 1.667 1.667
0.338 0.967 0.684
0.480 0.995 0.480

The elastic energy density then has to be replaced by the (Gibbs) free energy
density g el = eel + pδA/A,
g el = (γx + p) (∂x ux ) + (γy + p) (∂y uy )
λ1
λ2
+ (∂x ux )2 + (∂y uy )2 + (λ3 + p)(∂x ux )(∂y uy )
2
2
λ4
λ
5
+ (∂y ux )2 + (∂x uy )2 + (λ6 − p)(∂y ux )(∂x uy ).
2
2

(2.28)

Note that this transition to the Gibbs energy density modifies the elastic
moduli, i.e., the coefficients λ3 and λ6 pick up an additional pressure term
p and −p, respectively, from the second and third terms in Eq. (2.27). For
the triangular lattice, one finds γx = γy = −(3/2)ne4 = −6.670 neD and the
linear drive is compensated by the pressure p, see Eq. (2.13); as expected, this
configuration represents a minimum of the interaction energy. In addition,
the elastic parameters simplify according to λ1,2 → κ + µ, λ3 + p → κ − µ,
λ4,5 , λ6 − p → µ, with κ and µ the compression and shear moduli, and the
elastic energy density takes the usual form for a homogeneous and isotropic
system,
i
κ
µh
2
2
2
el
g4 = (∂x ux + ∂y uy ) + (∂x ux − ∂y uy ) + (∂y ux + ∂x uy ) .
(2.29)
2
2
By taking advantage of the six-fold symmetry of the configuration, these
moduli can be related to the interaction energy of the triangular lattice; for
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an interparticle interaction ∝ R−η with η ≥ 3, these moduli are given by
η(η − 2)
ne4 ,
8
η(η + 2)
κ=
ne4 ,
4

µ=

(2.30)

see Appendix B. In particular, for η = 3 and with result (2.12) we obtain
κ = 10 µ = 16.67 neD .

(2.31)

Note that these values agree with the ones obtained via Ewald summation,
see Table 2.1. Choosing another lattice at the same pressure p, the coefficients
γx and γy of the linear term in Eq. (2.28) are no longer compensated and the
system tries to relax to the triangular lattice through a proper deformation.
As an example of a global deformation, we deform the triangular lattice
to the bb-isosceles lattice. We denote the triangular and bb-isosceles lattice
sites by
√
4
R4
(2.32)
m,n = a(m 3/2, n − m/2) ≡ R ,
RBm,n = b(m, n − m/2) ≡ RB .

(2.33)

The global deformation
ug = RB − R4

(2.34)

takes the triangular lattice into the isosceles. In going to the continuum
limit, we define the coordinates R = (x, y) ⇔ R4 and R0 = (x0 , y 0 ) ⇔ RB
and rewrite the isosceles coordinates

R0 (R) = (1 + s1 ) x, (1 − s2 ) y ,
(2.35)
with the lattice misfits
√
s1 = 2b/ 3a − 1 and s2 = a/b − 1.

(2.36)

The global deformation field then reads
ug (R) = RB (R) − R4 (R) = (s1 x, −s2 y)

(2.37)

in triangular coordinates. Note that corrections O(s21,2 ) are neglected as they
lead to anharmonic terms in the elastic energy (see also the discussion in Sec.
6.1.1). Furthermore, for lattices of equal densities as considered here, we have
s1 = s2 = 0.0746.
20

(2.38)

Crystalline States
Inserting this global deformation into Eq. (2.29), we obtain the energy of the
isosceles triangular lattice within the continuum elastic theory (starting from
the triangular lattice),
Z
µ
1
κ
el
(ug ) = g4 +
(s1 − s2 )2 +
(s1 + s2 )2
gB = g4 +
d2R g4
N A
2n
2n
2µ 2
= g4 +
(2.39)
s = 11.135 eD .
n 1
This differs from the exact value given in Eq. (2.24) only by 0.002 eD or
0.02%. Similarly, starting with the bb-isosceles lattice with coordinates R0 ,
the global deformation field
u0g (R0 ) = R(R0 ) − R0 = (−s1 x0 , s2 y 0 )

(2.40)

takes us to the triangular lattice with coordinates
R(R0 ) = (1 − s1 ) x0 , (1 + s2 ) y 0



and energy (using Eq. (2.28) with the coefficients from Table 2.1)
Z
1
g4 = gB +
d2R0 gBel (u0g )
N A0
γx
γy
λ1
λ2
λ3 + p
= gB − s1 + s2 + s21 + ss2 −
s1 s2
n
n
2n
2n
n
λ1 + λ2 − 2(λ3 + p) 2
γy − γx
s1 +
s1 = 11.120 eD .
= gB +
n
2n

(2.41)

(2.42)

Again, the difference between this result and the exact one, Eq. (2.22), only
amounts to 0.004 eD or 0.04%. The (anharmonic) corrections to our elastic
description are thus very small.
The continuum theory of elasticity (2.28) requires sufficiently small gradients, i.e., misfit parameters s(1,2) between the lattices, see Eqs. (2.37) and
(2.40); particles then typically stay close to their immediate (also deformed)
neighborhood with (in case of global deformations) linearly growing distance
to their undeformed positions. This is in contrast to local deformations where
each particle itself does not deviate much from its site in the undeformed lattice. Such deformations which also incorporate short-wavelength phenomena
where the crystal shape is unaffected (they can appear at macroscopically
fixed boundaries), are usually analyzed in k-space; for small ui ’s, the double
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sums in Eq. (2.25) may be rearranged treating the ui ’s and the uj ’s separately,
e.g., for the linear term
Rij · uij XhX 0
1X 0
Rij i
=
· ui .
Φ (Rij )
Φ (Rij )
2 i,j6=i
Rij
Rij
i
j6=i

(2.43)

Due to inversion symmetry of the lattice, the term in the square brackets
vanishes. Eq. (2.25) thus simplifies to
E int =E0int +

1X
ui · Φ̂int (Rij )uj ,
2 i,j

(2.44)

with the elastic matrix Φ̂int (Rij ). All eigenvectors eνk and eigenvalues φνk of
its Fourier transform
X
Φ̂int (k) =
Φ̂int (Rij ) exp (−ik · Rij )
(2.45)
j

are real and defined within the first Brillouin zone (BZ)1 . The index ν stands
for one of two possible polarizations; only along high crystal symmetry, they
can be assigned to transverse (ν =⊥) and longitudinal (ν =k) polarizations,
while in general they are superpositions of both. Besides providing information about the stiffness of the lattice against deformations uk ∝ eνk , the
branch φνk with k ∈ BZ serves as a stability check; for a stable configuration, the eigenvalues are strictly positive with φνk → 0 as k → 0, reflecting
the translational invariance of the system. Zero or negative eigenvalues for
finite k mark instabilities of the system. The amplitude of the corresponding
deformation grows without bound as there is no restoring force within the
harmonic approximation, see Eq. (2.44). However, this k-space analysis is
only a stability check against local deformations. Positive branches for all
k 6= 0 do not imply global stability; the bb-isosceles lattice, for instance, possesses only positive branches φνk , yet it is globally unstable, as may be seen
in the energy landscape Fig. 2.2. Another evidence for its global instability
is the non-zero linear term (γx + p)(∂x ux ) + (γy + p)(∂y uy ) in the gradient
expansion gBel driving the system towards the triangular groundstate.
For a system with dipolar interaction, the element µν of the elastic matrix
1

The associated inverse Fourier transform is then defined as Φ̂int (Ri )
P
(1/N ) k∈BZ Φ̂int (k) exp (ik · Ri ).
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reads
 δµν
Rij,µ Rij,ν 
Φint
µν (Rij ) =D(1 − δij ) 3
5 − 15
Rij
Rij 7
X  δµν
Ril,µ Ril,ν 
− Dδij
3 5 − 15
.
7
R
R
il
il
l,l6=i

(2.46)

The explicit evaluation of its Fourier transform Eq. (2.45) involves, e.g., the
Ewald summation technique. With  = π/Ωuc and reciprocal lattice vectors
Kj , the element µν takes the form
Φint
µν (k, l, h) =

4π 2 D n kµ kν
Ψ− 3 (k 2 /4)
−5/2
2
2
Ωuc
i
Xh

2
2
+
2Rjµ Rjν Ψ 5 (Rj ) − δµν Ψ 3 (Rj ) 1 − cos(k · Rj )
2

2

j6=0

+

Xh (Kjµ − kµ )(Kjν − kν )
Ψ− 3 (|Kj − k|2 /4)
2
2
j6=0
io
Kjµ Kjν
2
3
Ψ− (Kj /4) ,
−
2
2

(2.47)

where l, h specify the Bravais lattice at fixed density n = 1/Ωuc . In general,
one finds that the ‘longitudinal’ branch lies above the ‘transverse’ one. A
trivial Bravais lattice is thus more easily distorted in the transverse than
in the longitudinal direction. As an example, Fig. 2.4 shows the eigenvalue
branches of the triangular lattice along high crystal symmetries. All eigenvalues are positive implying that a weak external potential only results in
a moderate relaxation of the lattice structure. Indeed, in Chap. 3 we will
learn that at very small substrate potential local deformations lead to a sinusoidally distorted and orientationally locked triangular lattice. In Chapter
4 we will encounter a k-space instability (of the square lattice) involving a
shear deformation which is visible in the negative transverse branch at the
Brillouin zone edge, see Fig. 4.1 where the eigenvalues of the square lattice
are shown.
Note that in the long-wavelength limit, the continuum elastic theory of
Eq. (2.28) can be derived from the elastic matrix in our k-space analysis
(see, e.g., Ref. [30]); in the limit k → 0, the eigenvalue branches become
quadratic functions of k, φνk = C ν k 2 , where the constants C ν are linear
combinations of the elastic moduli (λ’s in Eq. (2.28)). In particular, in the
23

2.4 Global and Local Deformations

Figure 2.4: Transverse (lower, for sufficiently small k’s ∝ µ/n) and longitudinal (upper, for sufficiently small k’s ∝ (κ + µ)/n) eigenvalue branches
of the elastic matrix for the triangular lattice along high crystal symmetries,
calculated using Eq. (2.47).
long-wavelength limit, the triangular lattice becomes equal to an isotropic
medium with eigenvectors and eigenvalues assuming the form
k

φk ≈ [(κ + µ)/n] k 2 ,

k

= (ky , −kx )/k,

φ⊥
k

ek = (kx , ky )/k,
e⊥
k

(2.48)

2

≈ (µ/n) k ,

where κ and µ denote compression and shear moduli, respectively. The connection between the branches of the elastic matrix and the phonon spectrum
of the crystal follows when considering the equation of motion
X
∂E int
mül = −
=−
Φ̂int
(2.49)
lj uj ,
∂ul
j
with m the particle mass. In Fourier space (with respect to space and time)
this can be expressed as an eigenvalue problem
mω 2  = Φ̂int (k),

(2.50)

where the vector  describes the direction in which the particles move. Thus,
k
the (two) normal modes 1,2 with wave vector k have the polarization ek and
k
⊥
e⊥
k and frequencies ωk and ωk given by
s
r
r
r
k
φk
κ+µ
φ⊥
µ
k
⊥
k
ωk =
≈
k, ωk =
≈
k.
(2.51)
m
mn
m
mn
p
k
In particular,
with
the
relation
ω
=
ck
one
finds
c
=
(κ + µ)/mn and
p
⊥
c =
µ/mn as the longitudinal and transverse sound velocities of the
structure.
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Chapter 3
Distorted and Rotated
Triangular Phase
This chapter is devoted to the regime of small substrate strength. Treating
the substrate potential as a weak perturbation leads to an elastic relaxation
of the ideal crystal at V = 0+ . To lowest order in perturbation theory,
the resulting structure is described by a distorted triangular lattice which
experiences an orientational lock-in at a non-symmetry angle while it remains
translationally floating; in general, the locking angle between the axis of the
substrate and the parent particle crystal depends on the misfit between the
lattices and the elastic properties of the particle lattice structure but not on
the substrate strength V (higher order terms lead to a correction of order
V 2 , see App. C). These results are in agreement with the work of McTague
and Novaco who were first to study the influence of a rigid periodic substrate
potential on the structure of an incommensurate adsorbed monolayer in the
regime of weak substrate amplitude [12, 13]. Closely following the longwavelength treatment of Ref. [13] where only the dominant contributions are
accounted for, we find a simple expression for the locking angle as a function
of the misfit parameter s (between the reciprocal lattice constants) and the
shear and compression moduli µ and κ which holds also for systems away
from (but still sufficiently close to) commensurate density, see Sec. 3.2.
In harmonic approximation the relaxation gives rise to an energy reduction ∝ V 2 . We have checked that higher-order corrections to the energy
appear to order V 4 , require to account for anharmonic terms, and have little effect on the shape of the phase diagram, in particular, the location of
the transition to the singly-locked state (slightly shifted to larger values, see
25
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Appendix C). Hence, below we focus on the harmonic approximation.

3.1

Elastic Relaxation

Let ui denote a field of local deviations of the molecules from the triangular
4
lattice sites R4
i such that the position of each particle can be written as Ri +
ui . At V = 0 the orientation of the floating triangular lattice is arbitrary.
We then assume that the relaxation is optimized for a rotated (but still
triangular) particle lattice which encloses an angle ϕ with respect to the fixed
substrate potential, hence the positions R4
i are rotated by the (variational)
angle ϕ. With ui  a for all i (with a the triangular lattice constant),
the change in the interaction energy of the particle lattice expressed in a
harmonic approximation reads, see Eq. 2.44
∆E int =

1X
4
ui · Φ̂int
ϕ (Rij )uj ,
2 i,j

(3.1)

4
with the elastic matrix Φ̂int
ϕ (Rij ) the properly rotated version of Eq. (2.46),
4,0
4
−1 int
i.e., Φ̂int
ϕ (Rij ) = Uϕ Φ̂ (Rij )Uϕ where Uϕ = (cos ϕ, sin ϕ; − sin ϕ, cos ϕ)
,0
transforms from the substrate to the particle frame, R4
= Uϕ R4
i
i (note that
4
Ri and ui as well as the reciprocal basis vectors K1,2 below are expressed
in the substrate frame and thus implicitly ϕ-dependent). The assumption of
small ui ’s rules out global deformations and is justified due to the fact that
for V = 0, the triangular lattice represents the global energy minimum.
The substrate potential contributes to the system’s energy with the terms


V X
4
2 − cos(q1 ·(R4
i + ui ) − cos(q2 ·Ri + ui )
2 i
X
1X
≈ E0sub +
ui · fdsub (R4
)
+
ui · Φ̂sub
d (Ri 4) ui ,
i
2
i
i

E sub =

(3.2)

where we have assumed that |qα · ui |  1 for all sites i and indices α (= 1, 2).
The expansion coefficients are
V X
qα sin[qα · (R4
i + d)],
2 α
V X
4
T
Φ̂sub
qα cos[qα · (R4
d (Ri ) =
i + d)]qα .
2 α
fdsub (R4
i ) =
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Figure 3.1: The reduction of the substrate’s q1 - and q2 -vectors back to the
first Brillouin zone of the (rotated triangular) particle lattice are shown. The
back-folded q-vectors p1 and p2 assume values on circular segments; these
segments derive from different sectors of circles of radii K1 and K2 around
q1 and q2 which emerge when rotating the particle lattice against the fixed
substrate (angle ϕ). For later use, the z-axis pointing along p1 and enclosing
an angle θ with the x-axis is also shown.
Again, a rigid shift d of the particle lattice is taken into account in order to
study the behavior of the energy of the relaxed structure under translations,
i.e., to check whether the resulting phase remains (translationally) floating.
Note that a shift does not influence the interaction energy (2.5) and hence,
4
4
int
Φ̂int
d (Rij ) = Φ̂ (Rij ). A comparison of the elastic term in (3.1) and the
linearized force term in (3.2) yields a relaxation amplitude ui ∝ V such that
the last term in Eq. (3.2) already leads to a V 3 -correction. To lowest order
in perturbation theory, the elastic relaxation is thus a consequence of the
balance between the u-linear term of the substrate energy (3.2) acting as
the driving force and the harmonic term of the interparticle interaction (3.1)
stabilizing the triangular configuration,
X
1X
4
∆Ed =
ui · fdsub (R4
ui · Φ̂int
(3.5)
ϕ (Rij )uj .
i )+
2 i,j
i
Minimization with respect to the displacement field ul results in a set of N
coupled equations,
X
4
Φ̂int
(3.6)
fdsub (R4
ϕ (Rlj ) uj ,
l ) = −
j
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which may be solved in Fourier space: with the definition of the Fourier
transform on a lattice,
X
4
f (k) =
f (R4
(3.7)
i ) exp(−iRi · k),
i

f (R4
i ) =

1 X
f (k) exp(iR4
i · k),
N k∈BZ

(3.8)

and exploiting the translational invariance of the interaction potential, we
obtain N decoupled equations,
fdsub (k) = −Φ̂int
ϕ (k) u(k),

(3.9)

with k belonging to the first Brillouin zone of the triangular lattice (see
−1 int
Fig. 3.1) and Φ̂int
ϕ (k) = Uϕ Φ̂ (Uϕ k)Uϕ . The substrate force (3.3) is a sum
of two simple harmonics and the Fourier representation involves only four
nonvanishing coefficients1 ,
X
−ik·R4
i
fdsub (k) =
fdsub (R4
i )e
i

V N X iqα ·d
=
(e
δk,−pα − e−iqα ·d δk,pα )qα ,
4i α

(3.10)

with δ denoting the Kronecker delta-function (for a finite system size A2 ).
The pα -vectors correspond to the reciprocal substrate vectors reduced to the
first Brillouin zone, i.e. −pα = qα − nα K1 − mα K2 , mα , nα ∈ Z, α = 1, 2,
where we have included a minus sign in the definition of pα for convenience.
As shown in Fig. 3.1, the vectors pα depend on the relative orientation of
the particle lattice with respect to the substrate and hence are ϕ-dependent.
On rotating the particle lattice, the pα move on circular segments mapped
out by the Kα vectors within the Brillouin zone of the particle lattice.
Inverting Eq. (3.9), the Fourier coefficients of the displacement field are
given by
X
4
ud (k) =
ui,d e−ik·Ri
i

=−

V N X iqα ·d
−1
(e
δk,−pα − e−iqα ·d δk,pα ) [Φ̂int
ϕ (k)] qα ,
4i α

(3.11)

P
P
We make use of i exp[iRi · (k − k0 )] = N δk,k0 and k∈BZ exp(iRi · (k) = N δi,0 .
2
With a discrete reciprocal space, the Kronecker symbol here has to be understood as
the characteristic function over the mode volume (2π)2 /A.
1
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and transforming back to real space we obtain the relaxed version of the
rotated triangular lattice with a deformation imprinted by the substrate. The
particle displacement at site i is characterized by the four modes associated
with the wavevectors ±p1 and ±p2 ,
4
1 X
ud (k)eik·Ri
N k∈BZ
V X int
[Φ̂ (pα )]−1 qα sin[qα · (R4
=−
i + d)],
2 α ϕ

ui,d =

(3.12)

where we have used the inversion symmetry of Φ̂int
ϕ (k) and have replaced
4
4
pα · Ri = −qα · Ri + 2πZ. The deformation (3.12) reduces the ground-state
energy by the amount
1X
ui,d · fdsub (R4
i )
2 i
V 2N X X
−1
qα · [Φ̂int
=
(3.13)
ϕ (pβ )] qβ
16 α,β l

× δqα +qβ ,Kl cos[(qα+qβ )·d]−δqα−qβ ,Kl cos[(qα−qβ )·d] .

∆Ed (V, ϕ) =

This result is not restricted to a triangular particle lattice; the lattice symmetry of the particle crystal enters via the reciprocal lattice vectors {Kl }
and consequently via the p-vectors, as well as via the inverse of the elastic
matrix Φ̂int
ϕ (k). If the sum qα + qβ is not contained in the set of reciprocal
lattice vectors for any combination of α, β ∈ {1, 2}, only the second pair of
terms in (3.13) with α = β = 1 and α = β = 2 survives and leads to an
energy decrease (per particle) independent of the global shift d,
∆e(V, ϕ) = −

V 2 nπ 2  −1
[Φ̂ϕ (p1 )]11 + [Φ̂−1
ϕ (p2 )]22 ,
4

(3.14)

int −1
with Φ̂−1
the inverse of the elastic matrix of the ϕ-rotated lattice.
ϕ = [Φ̂ϕ ]
Since the d-dependence has vanished, the resulting structure stays (translationally) unlocked. Obviously, the energy gain (3.14) due to the relaxation
grows as V 2 and depends on the relative orientation ϕ between the particle
lattice and the substrate potential; the angle-dependence in Eq. (3.14) enters
in two different ways. First, the elastic matrix itself needs to be rotated
properly. Second, as shown in Fig. 3.1 its argument pα are functions of the
relative orientation. This results in an angle-dependence shown in Fig. 3.2
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Figure 3.2: The relaxation of the particle lattice onto the substrate leads
to an orientational lock-in. The energy gain due to relaxation as a function
of the relative orientation ϕ is shown for the harmonic approximation (solid
line) and its continuum approximation (dotted line) at a substrate strength
V = 0.01 eD . The dashed line represents the energy of the triangular lattice
without relaxation.
for the case of the triangular lattice. The locking angle is then found via a
numerical minimization,
ϕ = ϕ0 ≈ (±)3.83◦ (+60◦ Z).

(3.15)

Being based on the assumptions ui  a and |qα ·ui |  1, the results (3.12)
through (3.14) are only valid for sufficiently small values of V . A convenient
measure to estimate the regime of validity is given by the Lindemann criterion
for lattice melting [31] (adapted to static
plattice distortions); as soon as the
root mean square displacement urms = hu2 i exceeds the value cL a where
cL denotes the Lindemann constant (and a the lattice spacing), the lattice
has melted, i.e., in our case it is no longer justified to speak about a lattice
configuration. With equation (3.12), one finds
u2rms =


1 X 2 V 2 nπ 2 X −1
ui =
Φϕ (pα )Φ̂−1
ϕ (pβ ) αβ δqα ∓qβ ,Kl .
N i
2 α,β,l

(3.16)

Again, for incommensurate structures only the terms l = 0, α = β(= 1, 2)
survive such that the ‘Lindemann substrate strength’ takes the form
VL ≈ q

2cL a
 .
P  −1
2n α Φ̂ϕ (pα )Φ̂−1
(p
)
α
ϕ
αα
30
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Taking cL = 0.1, we find that for commensurate density n = 1/b2 and the
associated locking angle ϕ = ϕ0 the results of the elastic relaxation remain
valid for substrate strengths V  VL ≈ 0.046 eD .

3.2

Long-Wavelength Approximation

As discussed in Sec. 2.4, for a k-space stable configuration such as the triangular lattice, the branches of Φ̂int (k) are positive for all k 6= 0 and tend to
zero as k → 0. The smaller a p-vector the larger are the elements of Φ̂−1
ϕ (p)
and hence its contribution to the relaxation energy (3.14). Assuming a small
locking angle ϕ0 and K ≈ q, the vector p1 is located close to the center of the
Brillouin zone while the p2 -vector is further away (near the zone boundary),
see Fig. 3.1. Hence, the relaxation is dominated by the p1 -distortion mode
and we discard the contribution from the p2 -mode. Note that here, we break
the symmetry; alternatively, assuming an angle close to 30◦ , the relaxation
would predominantly come from the p2 -mode and the mismatch p1 could
be ignored. Following Ref. [13], we work in the long-wavelength limit with
well-known eigenvectors and eigenvalues of the longitudinal and transverse
elastic modes given in Eq. (2.48). Exploiting the isotropy of the triangular
lattice at small k, equation (3.14) simplifies considerably,
2
V2 X 1 
q · eλp
λ
16 λ φp
V 2 q 2 n h cos2 θ sin2 θ i
=−
+
16p2 κ + µ
µ

i
2 2 h
V q n
1  K2
1
1
2
=−
+
−
sin ϕ ,
16p2 κ + µ
µ κ + µ p2

∆e(V, ϕ) ≈ −

(3.18)

where the index 1 has been dropped such that p = p1 , q = q1 , and K = K1
and the angle θ between the vector p and the x-axis has been introduced. In
k
k
the second equality we have used that ep = p/p and thus q · ep = q cos θ and
q · e⊥
p = q sin θ; the third step in Eq. (3.18) is obtained by using the relation
K/ sin θ = p/ sin ϕ (see Fig. 3.3). With p2 = q 2 + K 2 − 2qK cos ϕ and
2b
4π b
= √ = 1 + s,
r = K/q = √
3a 2π
3a
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Figure 3.3: For a given particle density n, the length of K is fixed and hence,
the relation between p, ϕ, and θ may be found by elementary trigonometry;
the laws of sines and cosines yield K/ sin θ = p/ sin ϕ and p2 = q 2 + K 2 −
2qK cos ϕ.
the full angle dependence h(ϕ) ≡ −16 ∆e/V 2 n of (3.18) reads
µ(1 + r2 − 2r cos ϕ) + κr2 sin2 ϕ
.
h(ϕ) =
µ(κ + µ)(1 + r2 − 2r cos ϕ)2

(3.20)

Note that the reciprocal lattice misfit s in Eq. (3.19) is equal to the lattice
misfit s1 from Sec. 2.4.
For a given particle density, r is fixed and h(ϕ) is maximal for the angle
ϕ = ϕ0 satisfying
cos ϕ0 =

2r2 + (1 + r2 )µ/κ
r[(1 + r2 ) + 2µ/κ]

(3.21)

or
sin2 ϕ0 = s2

(1 + r)2
r2 − µ2 /κ2
≈ s2 ,
[(1 + r2 ) + 2µ/κ]2
r2

(3.22)

where we have assumed that µ  κ in the last relation, and hence the
rotation angle ϕ0 is small, of the order of the misfit parameter s; for κ =
10 µ and commensurate filling with r = (4/3)1/4 one finds a locking angle
(choosing the positive value)
ϕ0 ≈ 3.75◦ .

(3.23)

The energy decrease per particle as given in equation (3.18) takes the form
∆e(V, ϕ0 ) = −

V 2 n r2 + µ/κ
.
16 s2 µ (1 + r)2

32

(3.24)

Distorted and Rotated Triangular Phase
With the result (3.21) for ϕ0 , the length p and direction θ of the misfit vector
p (in the substrate frame) are given by
s
1+r
(1 + r)2
√
≈
sq
p = sq
,
(3.25)
(1 + r2 ) + 2µ/κ
1 + r2
s
r
r2 − µ2 /κ2
r2
≈
sin θ =
,
(3.26)
(1 + r2 ) + 2µ/κ
1 + r2
s
r
(1 + µ/κ)2
1
≈
cos θ =
.
(3.27)
(1 + r2 ) + 2µ/κ
1 + r2
For µ  κ the vector p points in the direction of the substrate diagonal
(about 45◦ away from the x-axis). The displacement field u associated with
the relaxation is given by Eq. (3.12) and assumes the form
u(R) =

i
µ
V nq h
⊥
(sin
θ)
p̂
+
(cos
θ)
p̂
sin(p · R),
2p2 µ
κ+µ

(3.28)

i.e., the relaxation is periodically evolving along the direction p and is predominantly shear type (pointing in a direction orthogonal to p). It is out of
this perturbative relaxation at small V that the soliton array will emerge at
larger values of V , see Chap. 5.
The root mean square of the displacement field may be expressed in a
similar way,
s
Vn
r2 [(1 + r2 ) + 2µ/κ]
urms = b
.
(3.29)
4π s2 µ
2(1 + r)4
Again making use of the Lindemann criterion with cL = 0.1, the validity
regime is defined as V  VL ≈ 0.046 eD .
The smallest possible value of the p-vector is equal to sq, the difference between reciprocal particle and substrate lattice constants K and q,
respectively (ϕ = 0, see Fig. 3.1). For a given substrate potential, the qvalue is fixed while K and therefore r = 1 + s is tunable via the particle
√
density, r(n) = [2nb2 / 3]1/2 ; as a consequence the optimal angle is densitydependent, see Eq. (3.21). As this dependence is smooth, the locking angle
remains small, ϕ ≈ ϕ0 , and the long-wavelength description is applicable for
particle densities close to commensurability.
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3.2.1

Close to Commensurate Density

For densities close to commensurability, n ≈ 1/b2 , the relaxation of the ideal
particle lattice onto the substrate is still governed by the p1 -distortion wave.
√
In particular, as the density decreases, the height a 3/2 < b of the triangular
lattice approaches the length b of the substrate period and hence, the backfolded K-circle of Fig. 3.1 comes closer to the origin. While the continuum
approximation gains accuracy, the range of validity shrinks continuously (see
Fig. 3.4).

Figure 3.4: The locking angle (solid line) of the relaxed triangular lattice
√
goes to zero ∝ s ≈ (n − nsl )b2 / 3 (see Eq. (3.30)) as the density approaches
√
the value nsl = 3/2b2 ≈ 0.87/b2 for which the triangular lattice belongs to
the singly-locked class. The dashed line represents the substrate strength VL
estimating the V -regime where the particle distortions become so large that
the lattice structure is destroyed. In agreement with Eq. (3.29), it behaves
∝ s2 ≈ [(n − nsl )b2 ]2 /3 to lowest order in s. The case of commensurate
density n = 1/b2 is marked by the dotted vertical line.
The behavior of the locking angle as a function of density is shown in
Figure 3.4. As expected, the closer the height of the triangular structure
to the substrate period, the smaller the optimal angle, until at the density
√
nsl = 3/2b2 (where a1x = b) the triangular structure belongs to the singlylocked class and ϕ0 = 0. The structures then are perfectly aligned and
the particle system is translationally locked with respect to the horizontal
direction of the substrate potential. Very close to this density, however, the
harmonic approximation is not applicable for any finite potential V since the
particle displacements ui become very large. Note that right at the locking
density nsl , there is no relaxation along the x-direction; the distortion wave
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associated with p1 = 0 is suppressed due to locking and only the p2 -wave
gives rise to an energy decrease. With p2 located at the zone boundary the
corresponding regime of validity is greatly enlarged, VL ≈ 0.50 eD .
Let us now consider a very small mismatch between the reciprocal lattice
constant K and the substrate wavevector q, i.e., r = 1 + s with s  1.
Expanding the result (3.22) in s and assuming a small locking angle, one
finds to lowest order the following relation,
r
√
κ−µ
ϕ0 ≈ ±s
= ±s ν,
(3.30)
κ+µ
where ν = (κ − µ)/(κ + µ) stands for the Poisson ratio of the elastic medium.
This result implies that the locking angle is dominated by two factors. While
the mismatch s is a purely geometric quantity, the second factor is determined
by the ratio between the transverse contraction and axial extension strain
of the elastic medium (in the direction of an external force). The latter
depends on the nature of the particle interaction. For the case considered
here, ν = 9/11, see App. B. In the limit of small mismatch, the results (3.25)
through (3.27) read
√
2
,
(3.31)
p ≈ sq p
1 + µ/κ
p
1 − µ/κ
√
sin θ ≈
,
(3.32)
2
p
1 + µ/κ
√
cos θ ≈
,
(3.33)
2
in agreement with later findings (see Eq. (5.56)). The deviation of θ from
the diagonal is (to lowest order) given by
δθ = θ − π/4 ≈ −

µ
.
2κ

(3.34)

√ √
The displacement field is a simple sinusoidal modulation (p̂ = (1, ν)/ 1 + ν
√
√
and p̂⊥ = ( ν, −1)/ 1 + ν )
i
V n(1 + µ/κ)3/2 h√ ⊥
µ
√
ν p̂ +
p̂ sin(p · R)
κ+µ
8π 2s2 µ
Vn
√
=b
p̂s sin(p · R).
8πs2 µ 1 + ν

u(R) = b
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As shown in Fig. 3.5, the vector


1
1
√
p̂s = √
1+ν − ν

(3.36)

represents the specular vector of p̂ with respect to the x-axis. From Eq.

Figure 3.5: The direction of the modulation amplitude (∝ p̂s ) is in specular
relation with respect to the x-axis to the z-direction (∝ p̂) along which the
modulation evolves.
(3.35), one thus sees that the modulation evolves along the z-axis (see also
Fig. 3.1) with the amplitude directed along p̂s . Note that for an incompressible system, κ → ∞, expressions (3.30) through (3.33) are given by
ϕ0 → ±s,
√
p → sq 2,
√
sin θ = cos θ → 1/ 2.

(3.37)
(3.38)
(3.39)

The modulation is then of pure-shear type and evolves exactly along the
diagonal.
In this Section 3.2, the contributions of the p2 -mode are dropped. So, the
particles are exposed singly to the one-dimensional periodic potential along
x. This situation is referred to as the resonance approximation in Ref. [15].
In chapter 5 we again work in resonance approximation. Yet, in contrast
to the perturbative approach of this chapter (where the cosine term of the
substrate potential is expanded), the full form of the substrate harmonic is
retained. The problem can then be mapped onto an effective one-dimensional
Sine-Gordon problem with the solution of a regular array of solitons. It is out
of the sinusoidal modulation given in Eq. (3.35) that this one-dimensional
soliton structure emerges at larger values of V . In other words, the distorted
and rotated triangular phase at low V corresponds to the situation where
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the ‘soliton picture’ established in Chap. 5 breaks down due to the strong
mutual overlap of solitons.
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Chapter 4
Locked Phases
In this chapter, we study the large-V regime where the particle structure is
dominated by the geometry of the substrate. We discuss how the fully-locked
square phase smoothly transforms into a period-doubled phase via a shear
instability as V is decreased and present a simple model for the description
of this intermediate zig-zag phase. This phase constitutes the background
structure on top of which the solitons form below a critical strength Vc , see
Chap. 6.

4.1

Instability of the Square Lattice

For a sufficiently strong substrate potential V , the particles are forced into
the substrate minima and any displacement from such a minimum leads to
an energy increase of order V ; the system forms a square lattice which is
translationally and orientationally pinned to the substrate. With decreasing
V the pinning becomes weaker and the particles start to locally deviate from
the square lattice sites trying to optimize their interaction energy. Analogous
to the previous chapter, we consider the harmonic expansion of the energy
around the ideal structure, here the square lattice {Ri } = {Ri }. There
are two mayor differences in the analysis compared to the one of Sec. 3.1;
first, there is no u-linear term in (3.2) as the driving force (3.3) vanishes
and second, the substrate depth V is no longer a small parameter such that
the u2 -term (3.4) enters the harmonic description; as a result, we obtain the
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deformation energy
∆E =


1X
sub
ui · Φ̂int
uj .
ij + δij Φ̂i
2 i,j

(4.1)

The eigenvalue branches of the elastic matrix in homogeneous space, Φ̂int (k)
(associated with the first term in Eq. (4.1)) are shown in Fig. 4.1 for some
high-symmetry directions of the square lattice; the lower (transverse) branch
becomes negative along the line Γ − X implying that the square lattice by
itself is not stable against certain shear deformations. The substrate term
in Eq. (4.1) contributes with V q 2 /2 to the eigenvalues, independently
δij Φ̂sub
i

of K (see Eqs. (4.1) and (3.4) with R4
i → Ri ). For large enough V , this
upward shift acts as a stabilization of the square lattice; above a threshold V
the entire transverse branch becomes positive. The value of V is obtained by
equating the absolute value of the largest negative eigenvalue of Φ̂int (k) with
the substrate shift. Evaluating the elastic matrix Φ̂int (K), see Eq. (2.47),

Figure 4.1: In homogeneous space, the transverse eigenvalue branch of the
elastic matrix of the square lattice is negative along the high symmetry line
Γ − X, indicating an instability of the system. The presence of the square
substrate potential gives rise to a stability threshold V below which a shear
deformation produces a period-doubled zig-zag phase.
within the first Brillouin zone, the largest negative eigenvalue is found at the
X-point, see Fig. 4.1. Its numerical value is φ⊥ (0, π/b) = −3.958 eD n, and
hence
q2
V = |φ⊥ (0, π/b)| = 3.958 eD n,
2
such that
V = 0.201 eD .
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While for sufficiently strong substrate potential V > V the square lattice
is stable, at V = V the lowest eigenvalue touches zero at the X-points
(π/b, 0) and (0, π/b) and the lattice deforms; the two possible choices for this
distortion correspond to a Z2 -symmetry breaking. A shear mode doubles the
unit cell in one of the two principal directions; the period-doubled phase then
exists in four versions, with a zig-zag structure manifest along x and y, each
with a twin shifted by b, see Fig. 4.2. E.g., choosing a period-doubling along

Figure 4.2: The two possible zig-zag structures manifest along y. The small
light grey points represent an undistorted square lattice, whereas the black
and dark grey points show the twins A and B, respectively. The twin structures are shifted by the distance b along x.
the x-direction, the modulation is along the y-direction,
ui = uy (−1)pi êy ,

(4.3)

with Ri = b(pi , qi ). The modulation amplitude uy is a function of V . Its
dependence is determined via the balance between the shear force due to the
lattice instability and the substrate force which tries to restore the square
lattice: the modulation amplitude continuously grows from 0 at V = V
(square lattice) to ±b/4 as the substrate strength is decreased to 0 (bbisosceles lattice). For intermediate values V ∈ (0, V ), the particles form
a period-doubled phase.
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4.2
4.2.1

The Period-Doubled Phase
Description with respect to the Square Lattice

For a quantitative picture of the distorted square lattice we consider a shear
deformation in the vertical direction and introduce the following notation;
let {RRj }, j = 1, . . . , N/2, be the rectangular Bravais lattice with basis vectors a1 = (2b, 0) and a2 = (0, b), aligned with the minima of the substrate
potential, and two particles per unit cell, see Fig. 4.3. Within the unit cell,
b)

a)
b
0

substrate
minimum
u1
u2
u2 > u1 > 0

u1 = −u2 < 0

Figure 4.3: a) A shear distortion of the square lattice characterized by the
particle displacements u1 and u2 gives rise to a doubling of the unit cell
(shaded area). The substrate minima are indicated as grey points. A convenient solution is provided by the choice σ = (u1 + u2 )/2 = 0 with symmetric
modulation u1 = −u2 = δ/2 (see b)) and δ = u1 − u2 ranging between 0
(square lattice) and δ = ±b/2 (bb-isosceles lattices). The two signs of δ define the spontaneously broken Z2 -symmetry when the shear mode chooses
between the two degenerate zig-zag distortions of the square lattice.
the particles are located at the positions
c1 = (0, u1 ) and c2 = (b, u2 ),

(4.4)

such that the overall particle positions are given as RRj + c1 and RRj + c2 ,
respectively. Introducing the sum and difference variables σ = (u1 + u2 )/2
and δ = u1 − u2 , the substrate potential energy per particle takes the form

V X
esub (u1 , u2 , V ) =
2 − cos(qu1 ) − cos(qu2 )
2N j
=


V
1 − cos(qσ) cos(qδ/2)
2

= esub (σ, δ, V ),
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where in the first line, j runs from 1 to N/2. While the parameter δ is
a measure for the relative distortion of the square lattice, the parameter σ
accounts for the center-of-mass position of the particles in the unit cell (in
the substrate frame). For the interaction energy eint per particle only relative
distances are important such that it can be expressed as a function of the
single argument δ; as discussed in Appendix D, the interaction energy can
be split into two sums over sites of rectangular lattices with unit cell vectors
a1 and a2 , one sum with zero offset, the other including the offset c = (b, δ),
eint
pd (δ)

N/2
N/2
1 X D
D
1 X
=
+
.
R 3
R
2N j=1 (Rj )
2N j=1 |Rj + c|3

(4.6)

=
The first sum can directly be evaluated using Ewald summation, eint
R
2.025 eD . The second sum is decomposed into a sum over columns (index
m) and a sum over rows (index l). Applying the Poisson summation rule
(A.3) to the sum over l, Eq. (4.6) can be rewritten as
π2
eD
4
X X l0 K1 [2πl0 (2m − 1)]
+ 8πeD
cos(ql0 δ),
2m
−
1
m>0 l0 >0

eint (δ) =eint
R +

(4.7)

where l0 accounts for the particle rows in reciprocal space; the term l0 = 0
has been treated separately leading to the term (π 2 /4) eD . K1 (z) denotes
the modified Bessel function of the second kind of order 1 and decays exponentially with z, K1 (z) ∝ e−z . For large z we can discard the sums over l0
and m such that the interaction energy per particle takes the simple form
(l0 = m = 1)
π2
eD + 8πeD K1 [2π] cos(qδ)
4
≡ C1 + C2 cos(qδ)

eint (δ) ≈ eint
R +

(4.8)

with the constants C1 = 4.492 eD and C2 = 0.0248 eD . Going over to the
Gibbs energy by adding the term pΩuc = 3eint
4 /2, see Sec. 2.2, and rearranging
equation (4.8), we obtain


g int (δ) = gB + ∆ 1 + cos (qδ)
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with
∆=

g − gB
= 0.0248 eD .
2

(4.10)

It is easily seen that the ‘asymptotic cases’ are in agreement with our expectations, i.e., g int (δ = 0) = g and g int (δ = ±b/2) = gB . The interaction
energy (4.9) differs from the exact result obtained by the Ewald method by
far less than a tenth of a percent such that the approximation made in the
step going from (4.7) to (4.8) is justified.
The minimization of the total energy g = esub + g int with respect to δ
relates the displacement field δ to the center-of-mass field σ,
cos(qδ/2) =

V
cos(qσ),
8∆

(4.11)

and provides us with the energy of the period-doubled phase
V
V2
−
cos2 (qσ)
2
32∆

V
V2
V2 
= gB + −
+
1 − cos(2qσ) .
2
32∆ 64∆

gpd (σ, V ) = gB +

(4.12)

This energy is minimal for 2σ = nb, n ∈ Z. Choosing the solution 2σ = 0 (or
2σ equal to an even multiple of b) and combining this result with Eq. (4.11),
we find that the particles distort symmetrically in every substrate valley when
moving along the x-direction (see Fig. 4.3) and that the distorted phase
is pinned to the substrate with respect to both directions, although much
weaker along the y-axis; the period-doubling along x reduces the amplitude
of the pinning potential along y from V /2 to V 2 /64∆ and its period from b
to b/2. Note, however, that this effective potential (4.12) is not a potential
seen by an individual particle but only when displacing the period-doubled
lattice as a whole1 . The period-doubled phase has an energy per particle
gpd (V ) = gB +

V
V2
−
,
2
32∆

(4.13)

and is characterized by the relative distortion
δ(V ) =

b
arccos(V /8∆),
π

1

(4.14)

Note that in period-doubled lattice the relative distortion δ is always slaved to the
center-of-mass displacement σ via Eq. (4.11). So a shift of the whole lattice goes along
with an adjustment of the distortion within the unit cell.
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where both signs of the arccos are relevant; the sign of δ then decides in which
of the two degenerate zig-zag solutions the system resides. The distortion
depends on the substrate strength V and assumes its smallest value |δ| = 0
describing the square lattice phase when V assumes the value 8∆,
V = V (δ = 0) = 8∆ = 0.198 eD ,

(4.15)

in good agreement with the point of instability Eq. (4.2) found previously.
Figure 4.4 shows the behavior of the relative distortion δ as a function of the
substrate amplitude V (we choose the negative branch for consistency with
our later analysis). For V → 0 and V → V− , it goes as
b
2V 
δ(V → 0) ≈ − 1 −
, and
2
πV
√ r
V
2b
−
(4.16)
1− .
δ(V → V ) ≈ −
π
V
Note that the maximal distortion amplitude attained at V = 0 is |δmax | =
|u1 − u2 |max = b/2 and describes the bb-isosceles phase with all particles
residing in the symmetry points between the potential maxima and minima
along y. Equivalent solutions (involving the branch of arccos around 0) are

Figure 4.4: The relative distortion |δ| assumes its maximal value b/2 in the
bb-isosceles phase atp
V = 0, decreases ∝ V /V for small substrate amplitudes,
and goes to zero ∝ 1 − V /V as V approaches V .
obtained for 2σ = nb with even n (although the distortions u1 and u2 are no
longer antisymmetric). Care has to be taken when choosing 2σ = nb with an
odd integer n; in this case, the right hand side of Eq. (4.11) is negative and
the solutions for δ involve the branches of arccos around ±π, see Fig. 4.5.
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Figure 4.5: Depending on the choice of the center-of-mass coordinate σ the
relative distortion δ involves different branches of arccos. Close to V , one
may smoothly go from the twin-A to the twin-B phase using, e.g., the branch
of arccos around 0 (corresponding to σ = 0).

4.2.2

Description with respect to the bb-Isosceles Lattice

The same results are recovered when using the bb-isosceles lattice as a starting
point. This formulation will be useful later in Sec. 6.1. The components ū1
and ū2 are now measured from the bb-isosceles phase, i.e.,
c̄1 = (0, ū1 ) and c̄2 = (b, b/2 + ū2 ).

(4.17)

The substrate energy per particle (4.5) then takes the form (again the sum
over j involves N/2 unit cells)

V X
esub (ū1 , ū2 , V ) =
2 − cos(qū1 ) − cos(π + qū2 )
2N j

V X
2 − cos(qū1 ) + cos(qū2 )
=
2N j
V
1 + sin(qσ̄) sin(q δ̄/2)
2
= esub (σ̄, δ̄, V ),

=

(4.18)

with σ̄ = (ū1 + ū2 )/2 and δ̄ = ū1 − ū2 . For the interaction energy, one finds


g int (δ̄) = gB + ∆ 1 − cos (q δ̄) .
(4.19)
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Eliminating δ̄ via minimization of g int + esub yields
sin(q δ̄/2) = −

V
sin(qσ̄),
8∆

(4.20)

such that the effective energy functional yields
V
V2
−
sin2 (qσ̄).
2
32∆

V2
V2 
V
+
1 + cos(2qσ̄) .
= gB + −
2
32∆ 64∆

geff (σ̄, V ) = gB +

(4.21)

The minimal energy configuration corresponds to 2σ̄ = b(2n + 1)/2, n ∈ Z,
in agreement with Subsec. 4.2.1 as σ̄ = σ − b/4. Choosing n = −1, σ̄ = −b/4
provides us with the identical particle positions as before when starting from
the square phase: The relative distortion δ̄ = δ + b/2 grows from δ̄ = 0 at
V = 0+ (first zig-zag solution) to δ̄ = b/2 (square lattice) as V → 8∆ and
increases further to δ̄ = b (second zig-zag solution) as we return back to
V = 0+ ,
δ̄(V ) = (b/π) arcsin(V /8∆).

(4.22)

Note that the negative branch of the arcsin is not compatible with Eq. (4.20)
and σ̄ = −b/4. Instead, the alternative zig-zag phase, previously realized
by changing the sign of δ, is now conveniently encoded through a change
in the center-of-mass coordinate by going over to the value σ̄ = b/4, see
Fig. 4.6; as a result, the right hand side of Eq. (4.22) changes its sign, see
Eq. (4.20), and so does δ̄. These global shifts by ±b/4 at V = 0 can be
understood by viewing the period-doubling as a relaxation of the bb-isosceles
phase placed such that all particles sit at points of steepest descent in the
substrate potential, thereby taking most advantage of the relaxation upon
turning on V .
With the results from the previous and the current chapters, the phase
diagram of Sec. 2.3 can be complemented by the distorted and rotated triangular and the period-doubled phases. A qualitative sketch is given in Fig.
4.7.

4.2.3

Stability Analysis of the Period-Doubled Phase

As V → 0, the period-doubled phase ends in the bb-isosceles lattice whereas
the true ground state forms a rotated and distorted triangular lattice as V is
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Figure 4.6: The twin-B phase may be reached from the twin-A phase by
changing the center-of-mass coordinate σ̄ from σ̄ = −b/4 to σ̄ = b/4.
increased from zero, see Chap. 3. Although not the state with minimal energy
at small but finite V , the period-doubled phase is stable against global and
local deformations: First, any finite V prevents a locked structure (such as
the period-doubled phase) from global changes; having all particles sitting in
substrate valleys along the x-axis, an infinitesimal global deformation spoiling
this registry increases the energy by V /2 per particle (see Sec. 2.3). The gain
of interaction energy, on the other hand, only scales as O(δl) with δl a change
in the lattice parameter, see Sec. 2.2. Thus, the presence of the substrate
suppresses global changes of the lattice structure. Second, for investigating
the stability against local deformations, we expand the total energy eint +esub
in a harmonic approximation as done in Eq. (2.25). For finite V the δdistortion is determined via Eq. (4.11); this equation balances the linear
terms (forces) from the interaction and the substrate energies. The force
in the x-direction vanishes due to symmetry. Hence there is no force term
driving the system away from the period-doubled phase and the stability
analysis reduces to the k-space analysis of Sec. 2.4, searching for non-trivial
zeroes of the branches of the elastic matrix Φ̂(k) = Φ̂int (k) + Φ̂sub (k). The
period doubling in real space produces a Brillouin zone half the size of the
square-lattice Brillouin zone with two additional eigenvalue branches. The
four branches divide into two acoustic branches with φac (k) → 0 as k → 0,
and two optical branches with φopt (k) 6→ 0 as k → 0. We have determined the
eigenvalues of the elastic matrix (in the presence of the substrate potential)
and have found that all branches are positive for any value of V ∈ (0, V ).
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11.19

b

2b

b

b

a

11.09

0

0.046

0.10

0.20

Figure 4.7: The phase diagram of Sec. 2.3 has been complemented by the
distorted and rotated triangular and the period-doubled phases (thick solid
lines); the shear instability appears at a value V ≈ 0.20 eD and cuts the line
of the distorted and rotated triangular phase (which decreases the free energy
of the triangular phase ∝ V 2 ) at a value V ≈ 0.046 eD . Note however, that
these substrate amplitudes exceed the validity regime of the perturbation
theory, see Chap. 3. The dotted vertical lines mark the V -values where
the rearrangements from the triangular to the bb-isosceles and from the bbisosceles to the square lattice take place (see Sec. 2.3).
Even though the period-doubled phase is stable against local and global
deformations, it does not represent the minimal energy configuration in the
weak-substrate regime. The resolution in form of non-uniform soliton structures (on top of the period-doubled background) will be discussed in the next
section.
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Chapter 5
Solitonic Phase in the Presence
of One Substrate Mode
The one-dimensional analog to competing structures discussed here is the
problem of competing length scales. The most simple system exhibiting
such a competition is known as the Frenkel-Kontorova model [1] which deals
with an elastic particle chain (with interparticle distance a) subjected to a
sinusoidal substrate potential with periodicity b. Depending on the ratio
a/b, the ground-state includes commensurate and incommensurate configurations. With increasing substrate amplitude, incommensurate structures
are forced into close-by commensurate structures where the misfit is healed
over finite regions, so-called discommensurations, where the particles are out
of registry. The physics of the continuum version of the Frenkel-Kontorova
model is captured by the Sine-Gordon model with its soliton solutions. In
such solutions, large regions where particles are in registry with the substrate
(commensurate or locked phases) are connected via solitons, regions where
the particle arrangement is out of registry with the substrate and where the
system attempts to optimize the interaction energy.
In the next two chapters, we search for possible soliton solutions in our
two-dimensional system. From the earlier analysis we have learnt that the
preferred background structure at sufficiently large V is the period-doubled
phase. We will see that periodic modulations (in combination with a global
deformation) of this homogeneous background in the form of one-dimensional
soliton arrays lower the energy and as the solitons strongly overlap they
smoothly take the system into the distorted and rotated triangular phase
with decreasing V . This physics can be derived both starting from the trian51

gular lattice in a weak substrate and increasing V (with solitons disappearing
from the system) or from the period-doubled or isosceles phase at large substrates and decreasing V where solitons start flooding the sample; the latter
approach is particularly suitable to find the critical substrate potential Vc
where the first soliton enters the system.
In the present chapter, inspired by the results of section 3.2, we start
out with an elastic description of the particle lattice and restrict ourselves
to the dominant substrate harmonic (q ≡ q1 along x). This approximation
is called the resonance approximation in Ref. [15]. Assuming small V , the
two-dimensional model can be reduced to an effective one-dimensional SineGordon problem which is exactly solvable (see, e.g., Ref. [32]). We find that
the resulting structure involves a periodic array of (predominantly) sheartype solitons which can be decomposed into a global deformation (shear and
rotation) on top of which resides a periodic modulation; this array grows
out of the sinusoidal deformation directed along p as discussed in Sec. 3.2
and is oriented at an angle determined by the elastic properties (the Poisson
ratio) of the medium, which for large ratios κ/µ is close to 45◦ . The density
of solitons depends on the effective structural misfit (including the global
deformation); at a critical strength Vc of the substrate the system undergoes
a second-order phase transition where the soliton density vanishes. This type
of solution has first been found by Pokrovsky and Talapov for the situation
of a two-dimensional particle crystal in a periodic one-dimensional substrate
potential, see Refs. [14–16]. As our description in this chapter is based on
their work the kind of solitons involved are referred to as PT-solitons. With
only the dominant substrate mode present, the PT-soliton phase takes the
distorted and rotated triangular phase to the (singly-locked) isosceles phase
(instead of the square one which can only be reached when considering both
modes, see Chap. 6) whose base b0 differs from the base b of the isosceles
lattice in the presence of both substrate modes. The analogous treatment
starting from the appropriate bb0 -isosceles lattice at large V provides us with
almost the same critical substrate potential Vc for first soliton-entry. As a
closer look shows that anharmonic effects are not negligible, we additionally
include a numerical evaluation of the soliton entry at the end of this chapter.
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5.1

Simple Estimates

In contrast to a one-dimensional particle chain where solitons are either
compression- or dilution-type, the solitons in our two-dimensional medium
can also include shear-deformations. Before dealing with various solitons
(especially later in Chap. 6), we start out with a few simple estimates concerning two inherently different soliton-types; a shear and a compression
soliton. This study is motivated by the analytic findings below; considering
only the dominant substrate harmonic (along x) the soliton array is sheardominated whereas the sub-dominant harmonic (along y) is washed out by
pure-compression solitons.
For simplicity, we focus on uniaxial solitons along a coordinate z (enclosing an angle θ with respect to the dominant substrate mode). Starting and
ending in a commensurate phase, the displacement field u(z) of a soliton
grows by a lattice vector, which is of order of the distance b. For a shear
soliton, the displacement u is perpendicular to z and no particles are accumulated or repelled from the soliton; this is different for a compression/dilution
soliton with u k êz where the particle density changes along the soliton as
δn ∼ n∂z u.
A soliton is made up of a core region resembling the incommensurate
phase which is enclosed by the soliton wings, see Fig. 5.3 below. The main
displacement takes place inside the soliton core of width λcore . In this region,
the elastic line energy C(b/λcore )2 λcore (with C the relevant elastic coefficient)
competes with the locking energy V n λcore (with V the relevant potential
barrier). For the shear-dominated soliton crossing the dominant mode of the
substrate potential (along x), the balance in energy (density) µ(b/λshear )2 ∼
V n provides us with the core size
r
µ/n
λshear ∼ b
.
(5.1)
V
Inside a soliton, particles are out of registry such that the soliton line energy
can be estimated as (we use that n = 1/b2 )
p
εs,shear ∼ λshear V n = nb V µ/n.
(5.2)
For a large compression modulus κ, the soliton deformation involves mainly
a shear deformation. Our estimates then are in agreement with our findings
for the PT-soliton in Subsec. 5.2.1 below: as seen from Eq. (5.44), the soliton
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is exponentially suppressed outside a region of size
s
√
b
2µ
κ+µ
λx = α =
→ λshear ,
2π V n κ sin2 θ + µ

(5.3)

and the corresponding line energy Eq. (5.99) reads
εs = 8
=

V n√
α
2s

4nb
π

(5.4)

Vµ κ+µ
→ εs,shear ,
2n κ sin2 θ + µ

as κ → ∞.
Similarly, a compression/dilution soliton crossing the subdominant effective barrier ∼ V 2 n/∆ deriving from the second substrate harmonic (along
y, see Eq. 4.12) stretches over a region (we use the compression modulus
C ∼ κ)
r
κ∆
,
(5.5)
λcomp ∼ b
nV 2
with an energy
p
εs,comp ∼ nb κV 2 /n∆,

(5.6)

as obtained for the (0, 1)-soliton, see Eq. (6.39) later in Chap. 6; the more
accurate results are (see Eqs. (6.28) and (6.39))
r
b
64∆
√
λy = αy =
(κ sin2 θ + µ) → λcomp ,
(5.7)
4π V 2 n
and the corresponding line energy Eq. (6.37) reads
V 2n √
αy
64∆
r
2nb
V2
=
(κ sin2 θ + µ) → εs,comp .
π
64∆n

εs = 8

(5.8)

The drive energy to distort a lattice by the amount sb via shear is of the
order of
εd ∼ −µsb.
(5.9)
54

Solitonic Phase in the Presence of One Substrate Mode
The more precise results derived below involve a numerical prefactor of order
unity and an angular dependence, e.g., the drive for the shear-dominated
PT-soliton is εd = −[4κ/(κ + µ)]µbs cos θ, see Eq. (5.96), while the one for
the compression/dilution (0, 1)-soliton is εd ≈ −µsb sin θ, see Eq. (6.14).
Balancing the soliton energy εs against the drive εd (pushing the perioddoubled phase towards the triangular phase on decreasing V ), we can find
the critical amplitudes Vc for the first entry of the soliton. For the shear-type
soliton the solitonic part εs and drive εd compete to define a critical substrate
potential
µ
Vc,shear ∼ s2 .
(5.10)
n
The more accurate result provides the PT-soliton at θ ≈ 45◦ with VcPT ≈
(π 2 /2)(µ/n)s2 in the limit κ → ∞, see Eq. (5.67). For the compression/dilution
type soliton we find the estimate
r
∆n µ
Vc,comp ∼
s.
(5.11)
κ n
The more accurate
result for the (0, 1)-soliton at the angle θ = 90◦ is
p
(0,1)
Vc
≈ 4π ∆n/κ (µ/n) s, see Eq. (6.43). Most remarkably, the critical
substrate amplitude for the compression/dilution soliton scales with the misfit parameter s, whereas the one for the shear soliton scales with s2 . Hence
for small s, the compression/dilution soliton appears at a higher substrate
potential Vc and is the first to enter the system. However, the ratio
p
Vc,shear
∼ s κ/∆n
Vc,comp

(5.12)

tells us that in the limit of large κ it is the shear soliton p
which enters first. The
more accurate result reads Vc,shear /Vc,comp ≈ (π/8) s κ/∆n and inserting
the value of the parameters which are of interest here, we obtain a ratio
of order unity. Hence a more accurate analysis (as given in the next two
chapters) is needed to decide which type of soliton is the first to appear in
our problem. Unfortunately, it will turn out that even our more sophisticated
analysis is not sufficient to provide a final answer, as the imprecision due to
anharmonicities turns out to be larger than the difference in the critical
values for the substrate potentials; hence, we finally have to resort to a
numerical calculation in order to decide upon the correct pathway describing
the square-to-triangular transition.
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On the other hand, from our simple estimates we learn, that the compression (0, 1)-soliton at 90◦ is always the first to enter at finite κ and small
s. In our setup, this means that decreasing the particle density towards
√
n → 3/2b2 (at fixed lattice constant b of the substrate lattice) where s → 0,
the (0, 1)-soliton at θ = 90◦ is the more favorable. Vice versa, increasing the
particle density favors a shear soliton crossing the dominant substrate barrier, e.g., the (1, 2)-soliton with lattice shift (−b, b) along θ ≈ 45◦ from Chap.
6.

5.2

Soliton Array

The soliton phase can be viewed as a combination of a global deformation
trying to minimize the substrate potential energy and a local elastic relaxation improving the interparticle interaction. Indeed, the results from Sec.
3.1 show that the accommodation of the particle lattice in a weak substrate
consists of a periodic modulation on top of an optimized rotation of the particle lattice with respect to the substrate potential. In the spirit of Sec. 3.1, we
neglect in this chapter the subdominant harmonic q2 of the substrate potential and reduce our task to finding the particle arrangement in the presence
of a one-dimensional substrate of period b = 2π/q (along the x-direction).
In this case, the resulting locked phase at large V is an isosceles triangular
phase with height b and a base b0 > b entirely determined via the elastic response of the lattice. Picking up the nomenclature of Chap. 2 this structure
is called the bb0 -lattice. Note that for a quantitative comparison with earlier
results considering both harmonics, we need to include an additional energy
V /2 per particle (in Eq. (5.13) below) due to the fact that along the y-axis
our structure is incommensurate (as discussed in Sec. 2.3) and hence costs a
mean energy V /2 per particle.

5.2.1

Triangular Lattice as Reference

With the particle interaction favoring the triangular lattice, for small substrate amplitudes V it seems natural to take this structure as a reference.
The position of particle i, ri , is then given as a sum of the triangular lat4
tice site R4
i and a displacement vector ui = u(Ri ). The lattice periodicity
4
reduces the argument of the cosine q · R4
i = 2πZ − p · Ri in the substrate
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potential per particle such that
sub

e

i
1 XVh
4
2 − cos[q · (Ri + ui )]
({ri }) =
N i 2
i
1 XVh
2 − cos p · R4
=
−
q
·
u
i ,
i
N i 2

(5.13)

with the term 2 (rather than 1) accounting for the average cost of the second
(otherwise dropped) mode and where, for convenience, we have reversed the
sign in the argument of the cosine. We work in the substrate frame; the
coordinate system is chosen such that the x-axis points along q. As shown in
Fig. 5.1, p = K − q then denotes the mismatch vector between the reciprocal
(triangular) lattice vector K ≡ K1 enclosing the angle ϕ with the x-axis and
the substrate vector q ≡ q1 ; at vanishing substrate strength the angle ϕ is
√
given by the locking angle, i.e., ϕ = ϕ0 = s ν (to lowest order in s, see
Eq. (3.30)). The vector p can be expressed through the misfit parameter
s = K/q − 1 and the angle ϕ; within a harmonic approximation, a rigid
rotation by an angle ϕ0 takes the form

Figure 5.1: The effective mismatch p0 is a combination of the true mismatch
p and the correction −qw due to the global deformation ug .

u(R) = ϕ

0




−y
,
x

(5.14)

i.e., the linearized version of

u(R) =


x(cos ϕ0 − 1) − y sin ϕ0
.
x sin ϕ0 + y(cos ϕ0 − 1)

(5.15)

Note that adopting the precise rather than the linearized expression for the
rotation is beyond precision and produces spurious terms. A rotation in real
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space corresponds to the rotation in reciprocal space with the same rotation
axis and angle such that the reciprocal lattice vector K (= K(1, 0) in the
particle frame) assumes the coordinates
 


1
1+s
K=K
=q
(5.16)
ϕ
ϕ
with respect to the substrate frame. The mismatch vector p then takes the
form
 
s
p=K−q=q
.
(5.17)
ϕ
For a small misfit parameter s = 0.0746 of a few percent, see Eqs. (3.19)
and (2.38), the term p · R4
i in Eq. (5.13) is a slowly varying function of the
4
index i such that Ri may be treated as the continuous variable R. The small
relative displacements uij  Rij allow a gradient expansion of the interaction
energy and we can make use of the continuum elastic energy density for the
triangular lattice as given in Eq. (2.29),
Z
nκ
1
d2 R
(∂x ux + ∂y uy )2
(5.18)
g = g4 +
N A
2
i
µh
+ (∂x ux − ∂y uy )2 + (∂y ux + ∂x uy )2
2
io
V nh
2 − cos p · R − q · u
.
+
2
Our analysis above has provided us with the asymptotic limits of a distorted and rotated triangular phase for V → 0 and a period-doubled phase for
intermediate V < V . With only the dominant substrate harmonic (along the
x-axis), the period-doubled phase is replaced by an isosceles triangular phase
locked along the horizontal direction with height b and a base b0 deriving from
minimizing the elastic energy in the presence of the single-mode substrate
potential—given the finite compressibility of the lattice, the system replies
to the one-dimensional substrate potential with a small but finite change in
density, hence b0 6= b. We find the precise shape of this new bb0 -isosceles
lattice at large V by adopting the general Ansatz for a global deformation

 

w1 x + w2 y
w·R
ug (R) =
=
,
(5.19)
t1 x + t2 y
t·R
with constant vectors w = (w1 , w2 ) and t = (t1 , t2 ); this global deformation
may change the symmetry group but preserves the periodic nature of the
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lattice. Inserting this Ansatz into the elastic part of Eq. (5.18) we obtain the
deformation energy per particle
gg =


µ
κ
(w1 + t2 )2 +
(w1 − t2 )2 + (w2 + t1 )2 .
2n
2n

(5.20)

Minimizing this energy with respect to t1 and t2 we find that (with ν the
Poisson ratio)
t1 = −w2 ,

(5.21)

t2 = −νw1 ,

(5.22)

allowing us to write the global deformation in terms of a combination of a
rotation ur (by the angle −w2 ) and a shear deformation ud (a stretching by
w1 along x and a compression by w1 ν along y),


 
x
−y
ug (R) = w1
− w2
= ud + ur .
(5.23)
−νy
x
In deforming the triangular lattice to an isosceles lattice locked to a period√
icity b along x we need a shear with w1 = s (such that (1 + s)a 3/2 = b)
and we find the compressed (with respect to a, diluted with respect to b)
lattice constant b0 = a(1 − sν) (we can ignore the rotation in this place as we
consider a floating triangular lattice). For our dipolar interaction, ν = 9/11
and we find that
b0 = a(1 − νs) = 1.0090 b > b
(5.24)
is larger than the base of the bb-isosceles lattice. The elastic energy needed
to deform the triangular lattice into the bb0 -isosceles one is
gg (w1 = s) =

κ 2µ 2
s = 0.0169 eD
κ+µ n

(5.25)

and the global deformation includes a global area change (to linear order) by
the factor δA/A = ∇ · ud = s(1 − ν) = 0.0136. Note that the result (5.24)
for b0 used in the present section is based on the triangular elasticity theory.
The derivation of the exact value for b0 , however, involves the minimization
of the Gibbs free energy per particle at given pressure p of an isosceles lattice
with fixed height b,
0
0
gB0 (b0 ) = eint
B (b ) + p/n ,
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where n0 = 1/bb0 denotes the corresponding particle density and the interaction energy is calculated by the Ewald summation technique. We find the
optimal value
b0exact = 1.0173 b
(5.27)
and the exact energy difference
gB0 − g4 = 0.0179 eD .

(5.28)

The exact area change then is δAexact /A = 0.0173. The difference between
the b0 -values (5.25) and (5.28) by about 6% is due to anharmonic corrections.
Next, we construct an Ansatz for the soliton array which shall take us
from the distorted and rotated triangular lattice to the bb0 -isosceles lattice.
Obviously, such a displacement field has to involve a global deformation of
the type Eq. (5.19) which has to rotate (back) and deform the triangular
lattice to align with the bb0 -isosceles lattice at large V . In addition, given the
competing length scales and the insight provided by the Frenkel-Kontorova
model, we expect a periodic superstructure to emerge. We therefore adopt
the Ansatz u = ũ + usg for the displacement field describing the soliton array.
It includes a periodic modulation characterized by ũ on top of a globally
s
deformed lattice with sites at the positions R4
i + ug,i . Inserting this Ansatz
into the expression (5.18), the (Gibbs) energy per particle reads
Z
nκ
1
2
g = g4 +
dR
(∂x ũx + ∂y ũy )2
(5.29)
N A
2
h
i
µ
+ (∂x ũx − ∂y ũy )2 + (∂y ũx + ∂x ũy )2
2
i
V nh
2 − cos p0 · R − qũx
+
2
o
κ
µ
+ (w1 + t2 )2 + (w1 − t2 )2 + (w2 + t1 )2 ,
2
2
where we have defined the effective mismatch vector


 0
s − w1
s
0
p = p − qw = q
=q 0 ,
ϕ − w2
ϕ

(5.30)

see also Figure 5.1. The terms linear in ũ have disappeared from this expression due to their periodicity. The parameters t1 and t2 only show up in the
last line of equation (5.29) and are easily eliminated by a proper minimization; as a result, the global deformation takes the known form of Eq. (5.23)
with a rotation by the angle −w2 and a shear deformation characterized by
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the amplitude w1 . Using the definition of the effective mismatch vector p0 ,
Eq. (5.30), we can express the parameters w1 and w2 in terms of the effective
shear amplitude or mismatch s0 (V ),
w1 = s − s0 ,

(5.31)

and the effective locking angle ϕ0 (V )
w2 = ϕ − ϕ0 .

(5.32)

It is the effective mismatch s0 which then drives the soliton phase, specifically,
the soliton density. Making use of these results, Eq. (5.29) simplifies to
κ 2µ
V
(s − s0 )2 +
κ+µ n
2
Z
n
κ
1
d2 R
(∂x ũx + ∂y ũy )2
+
N A
2
i
µh
+ (∂x ũx − ∂y ũy )2 + (∂y ũx + ∂x ũy )2
2
io
V nh
+
1 − cos p0 · R − qũx
.
2

g = g4 +

(5.33)

In Eq. (5.33) we have taken the averaged substrate contribution of the second
mode in front of the integral such that the first line gives the energy of the
globally deformed background structure. Note that being able to separate
the energy of the homogeneous background does not mean that the global deformation and the periodic modulation decouple; the equilibrium conditions
for the fields ũx and ũy follow from the variation of the above functional,

−V n
q sin p0 ·R−qũx ,
2
2
κ(∂x ∂y ũx +∂y ũy ) + µ∆ũy = 0.

κ(∂x2 ũx +∂x ∂y ũy ) + µ∆ũx =

(5.34)
(5.35)

These equations admit a uniaxial solution ũ(x, y) = ũ(z) with z = x cos θ +
y sin θ and the direction of z determined by the effective mismatch vector p0 ,
 0


s
0
0 cos θ
p =q 0 =p
,
(5.36)
ϕ
sin θ
such that
tan θ =
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ϕ0
.
s0

(5.37)
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Due to the periodicity of ũ along z, ũ(z) = ũ(z + L) ∀z ∈ R, the drive in Eq.
(5.34) has to be reproduced after the period L, i.e.,
p0 =

2π
.
L

(5.38)

Hence, the angle θ and density 1/L of solitons (assuming the shortest possible period L, ũ describes one soliton per period) are determined by the
parameters w1 and w2 of the global deformation. For a uniaxial ũ, equation
(5.35) can be written in the form
∂z2 ũy = −η(θ) ∂z2 ũx

(5.39)

with
η=

κ sin θ cos θ
.
κ sin2 θ + µ

(5.40)

Using the boundary conditions ũx (0) = 0 = ũx (L) and ũy (0) = 0 = ũy (L),
and integrating twice provides us with the relation
ũy = −η(θ) ũx ,

(5.41)

which allows to eliminate all ũy -dependence in equation (5.34). Defining
z̃ = p0 · R = p0 z, v = z̃ − qũx , and
α̃ =

2µ
κ + µ  p 0 2
,
V n κ sin2 θ + µ q

(5.42)

Eq. (5.34) turns into a time-independent Sine-Gordon equation,
α̃ ∂z̃2 v = sin v,

(5.43)

with the boundary conditions v(0) = 0 and v(2π) = 2π. Note that the field
v here includes the total soliton deformation, the global part via z̃ = p0 z,
determining the average slope of the deformation and the period of the array,
and the periodic part via −qũx , adjusting the structure locally. The reduction
of our problem to the effective one-dimensional one of Eq. (5.43) is only
possible due to the relation (5.41); it is the parameter η which incorporates
the two-dimensionality of our problem. As shown in Fig. 5.2, the properties
of the periodic part ũ = ũx (1, −η) strongly depends on the angle θ. Assuming
κ  µ, η increases with θ from zero, η ≈ (κ/µ)θ, goes through a maximum
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Figure 5.2: The ratio η = −ũy /ũx between the y- and the x-component
shown as a function of the angle θ. Using the triangular reference frame
(black line, with κ/µ = 10), it increases rapidly with θ from zero, goes
through a maximum ηmax ≈ 3/2 at θ ≈ 17◦ , and moderately decreases back
to zero as θ approaches 90◦ . At the optimal angle θ4 ≈ 42.13◦ , it assumes
the value η4 ≈ 0.905 implying ũy ≈ −ũx . Note that as discussed below,
the function η(θ) is quite different when working in the bb0 -isosceles reference
frame (grey line); at the associated angle θB0 ≈ 45.05◦ we have ηB0 ≈ 0.696.
p
p
η ≈ κ/µ/2 at θ ≈ µ/κ, and decreases to zero as η ≈ (1 − µ/κ)(π/2 − θ)
near π/2; while for angles close to 0 and π/2, the y-component ũy is very
small, it increases to about 1.5 times the x-component ũx for κ/µ = 10. Our
calculations below shows that the optimal angle is close to π/4 where η . 1
and |ũy | . |ũx |.
In the single-soliton limit, L → ∞ (p0 → 0) and equation (5.43) takes
the form α∂z2 v = sin v with α = α̃/p02 and the corresponding single-soliton
solution
√
v(z) = 4 arctan[exp(z/ α)].
(5.44)
Such a Sine-Gordon soliton displaces the system from v = 0 (with ∂z v = 0)
at z = −∞ to v = 2π (with ∂z v = 0) at z = ∞. The region where the
displacement v differs appreciably from 0 or 2π is called the ‘soliton core’
√
and scales with α; as illustrated in Fig. 5.3, the core width λ is estimated
√
by the condition ∂z v(z = 0) · λ ≈ 2π. Hence λ ≈ π α and contains the
region where the displacement is between approximately 13% and 87% of the
total shift 2π. In agreement with the estimates of Sec. 5.1, the core width
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0

Figure 5.3: A single soliton connects the (registered) solution v = 0, v 0 = 0
at z = −∞ with the (registered) solution v = 2π, v 0 = 0 at z = ∞. The
region where the system is (appreciably) out of registry is referred to as the
soliton core. The outer parts on both sides are called the soliton wings. The
√
√
core width scales with α; a core with width λ ≈ π α covers about 74% of
the total shift 2π.
p
√
λ ∝ α ∼ C/2V n2 with C the relevant elastic coefficients (more shearor compression-dominated, depending on the value of θ) is determined by
the ratio of elastic to substrate energy. The region outside of the core where
the displacement field is exponentially small is referred to as the ‘soliton
wings’. The terms soliton core and wings also make sense when talking
about soliton arrays with finite soliton density. The solitons then still connect
locked regions v/2π ∈ Z, yet with finite slope of v between the solitons (finite
slope at z̃ = 0, 2π means finite density of solitons); only for very large soliton
separations (= L), the solution (5.44) serves as a good approximation for the
shape of the solitons in the array.
In the following, we consider a soliton array, i.e., a finite distance L between solitons; in this case, it is convenient to go back to the dimensionless
parameters z̃ and α̃. Multiplying Eq. (5.43) by ∂z̃ v and integrating once we
obtain the ‘velocity’
r

2
∂z̃ v =
α̃0 − cos v ,
(5.45)
α̃
where the integration constant α̃0 defines the slope of v at z̃ = 0, 2π (i.e.,
between the solitons) and depends on the value of α̃; with v(0) = 0 and
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Figure 5.4: The integration constant α̃0 determines the slope of v via Eq.
(5.45) and enters in the soliton part of the energy, see Eq. (5.50). Its behavior
as a function of α̃ is deduced from Eq. (5.46); for small α̃, α̃0 approaches 1
(dotted line) and thus may be written as α̃0 = 1 + β with β  1. In the
opposite limit, α̃ → ∞, α̃0 approaches the asymptotics α̃/2 (dashed line).
v(2π) = 2π equation (5.45) is easily integrated
r
hr 2 i
π 2
(1 + α̃0 ) = K
,
2 α̃
1 + α̃0

(5.46)

with K the complete elliptic integral of the first kind, see Ref. [33]. Solving Eq. (5.46) for α̃0 , the resulting function α̃0 (α̃), shown in Figure 5.4, is
monotonically increasing with the asymptotic behavior
(
1,
α̃ → 0,
α̃0 =
(5.47)
α̃/2, α̃ → ∞.
The limit α̃ → 0 corresponds to a single, infinitely sharp soliton (or equivalently the locked phase, see Eq. (5.42) with either V → ∞ or p0 → 0 and
Fig. 5.5); the displacement v is an integer multiple of 2π and the slope (5.45)
of v at z̃ = 0, 2π vanishes. On the other hand, for sufficiently small V (large
α̃) the particle configuration is only slightly perturbed by the presence of the
substrate such that the cosine-term in (5.45) may be neglected and the slope
∂z̃ v approaches unity. As α̃ → ∞, the number
increases while at
p of solitons
√
02
the same time their width broadens (λ ∝ α̃/p = α̃); the strong overlap
of the solitons then wash out the substrate harmonic and the soliton picture
is no longer appropriate; the structure is better described by the distorted
and rotated triangular phase.
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Figure 5.5: In the limit α̃ → 0, the slope of the (total) displacement v at
z̃ = 0, 2π vanishes and only a single, infinitely sharp soliton is present; the
system is in the locked bb0 -isosceles phase. With increasing α̃ (decreasing V ),
the slope of v approaches unity. The strong overlap of the solitons wash out
the substrate harmonic making way for the distorted and rotated triangular
lattice in the limit V → 0.
In terms of the total displacement field v, the energy per particle (5.33)
takes the form
κ 2µ
V
(s − s0 )2 +
κ+µ n
2
Z 2π
n
o
dz̃ α̃
V
2
+
(∂z̃ v − 1) + 1 − cos v ,
2 0 2π 2

g = g4 +

(5.48)

where we have used that v(2π) = 2π. Note that α̃, which depends on s0 and
ϕ0 , is the only parameter entering the integral. Rewriting equation (5.45) in
the form
α̃
(5.49)
− cos v = (∂z̃ v)2 − α̃0 ,
2
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allows us to carry out the integration in equation (5.48) and we find
V
κ 2µ
(s − s0 )2 −
κ+µ n
2
Z 2π
h
i
V
dz̃
α̃
=
α̃(∂z̃ v)2 − α̃(∂z̃ v) + − α̃0 + 1
2 0 2π
2
Z 2π
n
dv
V
=
α̃(∂z̃ v)
2 0 2π
o
v(2π) − v(0) α̃
+ − α̃0 + 1
− α̃
2π
r2
h
n
o
p
V 2
2 i α̃
2α̃(1 + α̃0 )E
=
− − α̃0 + 1 ,
2 π
1 + α̃0
2

g − g4 −

(5.50)

where E denotes the complete elliptic integral of the second kind, see Ref.
[33]. Going from the first to the second equality, we have changed the integration constant using dv = (∂z̃ v) dz̃ and have used the boundary conditions
v(2π) = 2π and v(0) = 0.
The energy Eq. (5.50) grows monotonically with α̃ from 0 at α̃ = 0 and
saturates at 1 as α̃ → ∞, see Fig. 5.6. It represents the energy due to the
periodic superstructure on top of the globally deformed background (yet, it
is not independent from it); it vanishes for the locked phase where α̃ = 0
and averages to V /2 for the incommensurate crystal (α̃ → ∞). At fixed V ,
the energy depends on the parameters s0 and α̃, where the latter depends
on the density (p0 ) and direction (θ) (or s0 and ϕ0 ) of the solitons. The
monotonic behavior of this part implies that the energy is lowered as the
parameter α̃ is decreased. Our strategy then is to search for the minimum of
α̃ with respect to ϕ0 , thus minimizing the energy in Eq. (5.50) (which now
becomes a function of s0 ) without affecting the background energy (which
is independent of the angle ϕ0 of the global rotation). The only parameter
remaining, the effective misfit parameter s0 , then has to be determined as a
function of V .
The parameter α̃ as a function of s0 and ϕ0 reads

2
2µ (κ + µ) (ϕ0 )2 + s02
.
(5.51)
α̃ =
V n (κ + µ)(ϕ0 )2 + µs02
Minimizing with respect to ϕ0 yields the condition


0 =2ϕ0 (ϕ0 )2 + s02

× (κ + µ)(ϕ0 )2 − (κ − µ)s02 ,
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Figure 5.6: The energy Eq. (5.50) of the soliton superstructure is a monotonically increasing function of the parameter α̃. For small V (α̃ → ∞),
the corrections to the averaged substrate energy contribution per particle
(= V /2) are given by the last term of Eq. (5.59) (dashed line). In the largeV limit (α̃ → 0) the energy is well-approximated by Eq. (5.64) (dotted line).
for which there are three solutions, the solution ϕ0 = 0 and the two (degen√
erate) solutions ϕ0 = ± νs0 (with Poisson ratio ν = (κ − µ)/(κ + µ)); the
corresponding values for α̃ differ by the factor (κ + µ)2 /4κµ > 1. For given
V and s0 , the minimal value
α̃ =

4κ 2 µ 02
s
κ+µVn

is assumed at (we choose the positive angle of orientation)
√
ϕ0 = νs0 .

(5.53)

(5.54)

Inserting this result into Eq. (5.37) we find that the angle along which the
soliton structure develops is entirely determined by the interaction between
the particles, i.e., by the poisson ratio ν of the particle crystal,
√
ϕ0
θ = arctan 0 = arctan ν = 42.13◦ ,
s

(5.55)

and the effective mismatch vector remains parallel to the initial mismatch
√
vector p = qs(1, ν),
 
1
0
0
p = qs √ .
(5.56)
ν
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Using the relation p0 = 2π/L, we obtain the following expression for the
soliton density (L denotes the distance between solitons)
√
s0 1 + ν
1
=
.
(5.57)
L
b
√
√
√
Finally, with w = (s − s0 )(1, ν) and 1 + νz = x + νy, the background
deformation Eq. (5.23) can be written in the simple form


 
√ −y
x
s
0
0
ug (R) = (s − s )
− (s − s ) ν
(5.58)
−νy
x


√
1
0
√ .
= (s − s ) 1 + ν z
− ν
On approaching the critical substrate potential V → Vc (where the last soliton vanishes from the system), the effective misfit s0 vanishes and the particle
lattice aligns with the substrate as the global deformation ug stretches (by
sx along x), compresses (by −νsy along y) and rotates back the lattice (by
√
the angle − νs).
Small V Limit, α̃ → ∞
As illustrated in Fig. 5.4, the integration constant α̃0 approaches the value
α̃/2 rapidly as α̃ is increased. In the limit of large α̃ (or equivalently, small
V ), we set α̃0 = α̃/2 and expand equation (5.50) up to order 1/α̃,

V
V 1
κ 2µ
(s − s0 )2 + +
−
+1
κ+µ n
2
2
4α̃
2
κ 2µ
V n
= g4 +
(1 + µ/κ).
(s − s0 )2 + V −
κ+µ n
64s0 2 µ

g = g4 +

(5.59)

In the last line, we have inserted the angle-optimized α̃ from (5.53) such that
s0 remains the only free parameter in the energy. The optimal s0 satisfies the
equation ∂s0 g = 0, i.e.,
3

s0 (s − s0 ) =

V 2 n2
(1 + µ/κ)2 .
128µ2

(5.60)

In the limit V → 0, the deformation parameter s − s0 is proportional to V 2 .
Up to order V 2 , the contribution from the global deformation ∝ (s − s0 )2 is
negligible, and we can set s = s0 in Eq. (5.59). Accordingly, ϕ0 = ϕ, i.e., the
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particle lattice is oriented at the original angle ϕ(0) =
energy decrease
∆g = g − g4 (V ) ≈ −

√

νs and the resulting

V 2n
(1 + µ/κ)
64s2 µ

(5.61)

agrees with the solution obtained in Sec. 3.2, see Eq. (3.24) (to leading order
in s).
Large V Limit, α̃ → 0
A large substrate amplitude V corresponds to small values of α̃. In this
regime, α̃0 & 1, such that one may assume α̃0 = 1 + β with β  1. The
complete elliptic integrals K and E then are approximated by
hr 2 i 5
1
β
= log 2− log β + (2+5 log 2−log β),
K
2+β
2
2
16
hr 2 i
β
β
E
= 1− (1−5 log 2)− log β,
(5.62)
2+β
8
8
where we ignore terms of order O(β 2 log β, β 2 ). Using the expansion for K,
equation (5.46) may be solved for β,
√

β = 32 e−2π/

α̃

+ O(β 2 log β, β 2 ).

(5.63)

Inserting this result into Eq. (5.62), the energy (5.50) takes the form
κ 2µ
V
(s − s0 )2 +
(5.64)
κ+µ n
2
√ i
V h α̃ 4 √ 
+
− +
α̃ 1 + 4e−2π/ α̃ + O(β 2 log β, β 2 ).
2
2 π
Making use of the optimal α̃ from equation (5.53) and defining the elastic
and soliton energies
s
κ 4µ
4
κ V 4µ
, =
,
(5.65)
γ=
κ+µ n
π κ+µ 2 n
g =g4 +

one obtains a nice expression for the energy,
g = g4 +

= g4 +

V
γ
+ ((s − s0 )2 − s02 )
2
2

0
+ 1 + 4e−4V / s s0

γ
V
0
+ s2 +  − γs s0 + 4 s0 e−4V /s ,
2
2
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with the following interpretation; the first three terms of Eq. (5.66), independent of s0 , represent the energy of the locked phase (bb0 -isosceles structure,
expressed as an elastic deformation with respect to the triangular lattice).
Relevant for the transition is the term ∝ s0 . The sign of its prefactor is determined by the competition between the soliton energy  and the chemical
potential −γs which drives the transition from the locked to the modulated
phase; in the locked phase  − γs > 0 and the effective mismatch s0 is zero
with no solitons present. The modulated phase has  − γs < 0 and is characterized by a finite s0 , i.e., by a finite density of solitons, see Eq. (5.57). The
transition takes place when the prefactor of s0 in equation (5.66) changes
sign, i.e., at the critical substrate amplitude
Vc =

π2 κ µ 2
s.
2 κ+µn

(5.67)

Note that the last term in equation (5.66), accounting for the exponentially
small interaction between solitons, does not have an impact on the transition
point. As soon as soliton creation starts, however, the number of solitons is
limited only by their mutual repulsion and this term becomes important in
limiting the soliton density. In fact, as with vortices in type II superconductors, the weak exponential interaction triggers a rapid flooding of the system
with solitons until their cores start overlapping.
For particles interacting via a 1/r3 -potential, the compression and shear
moduli fulfill the relation κ = 10µ, see Eq. (2.31), such that at commensurate
density one finds the critical substrate amplitude
Vc =

π 2 κ µ 2 5π 2 µ 2
s =
s = 0.0416 eD ,
2 κ+µn
11 n

(5.68)

where we have made use of the mismatch parameter s = K/q − 1 = 0.0746
and the shear modulus µ/n = 1.667 eD . With these results, we are able to
describe the complete transformation from the bb0 -isosceles to the triangular
lattice taking place in the presence of one substrate mode as its strength is
decreased. As shown in Fig. 5.7, the bb0 -isosceles lattice goes smoothly into
the free triangular one via a solitonic transition at V = VcPT . The width of
the solitons broaden with decreasing V and the solitons overlap more and
more, thereby washing out the substrate potential and taking the system into
the distorted and rotated triangular phase at V + described in Chap. 3.
The increase in soliton density 1/L ∝ s0 as V is decreased across Vc may
be obtained by searching for the minimum in the energy (5.66) as a function
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Figure 5.7: The phase diagram of the complete isosceles-to-triangular transformation; in the presence of one substrate harmonic, the bb0 -isosceles lattice
goes smoothly into the triangular lattice at V = 0 via a phase transition
at VcPT = 0.0416 eD where the first PT-soliton enters the system. With decreasing V , overlapping solitons wash out the substrate potential and take
the system into the distorted and rotated triangular phase at V + described
in Chap. 3. The thin dotted lines show the free energy of the rigid triangular and bb0 -isosceles lattices, g4 (V ) and gB0 (V ) respectively. The dashed line
(hardly visible below the black solid PT-soltiontic-line) denotes the energy
of the distorted and rotated triangular phase.
s0 . With ∂s0 g = 0, one finds

0
( − γs) + 4 e−4V /s 1 + 4V /s0 = 0,

(5.69)

where the last factor is dominated by the term 4V /s0 and one may ignore the
constant 1. Hence, as V approaches the critical value, s0 fulfills the equation
4V
γs − 
0
≈ 0 e−4V /s .
4
s

(5.70)

For values V sufficiently close to Vc , we write V = Vc (1 − δ) with 0 < δ  1
such that  ≈ γs(1 − δ/2). Inserting this Ansatz into equation (5.70) yields
to lowest order in δ
δ
4Vc −4Vc /γss0
0
≈
e
≈ e−4Vc /γss ,
(5.71)
0
8
γss
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and therefore
s0 ≈ −

1
π2
4Vc
=
s,
γs log(δ/8)
2 log(8/δ)

(5.72)

where in the last step we have used that c = γs. To next order, we find
s0 ≈

π2
 s.
2 log (8/δ) log(8/δ)


(5.73)

Inserting equation (5.69) into the energy density (5.66) yields the asymptotic
behavior (V → Vc )
g = g4 +

V
κ 2µ 2
0
+
s − 16V e−4V /s .
2
κ+µ n

(5.74)

The above result provides the system’s free energy in the diagram Fig. 5.7 for
V below but close to Vc . Using Eq. (5.73) we find that right at the transition
(V . Vc )
g = g4 +

V
κ 2µ 2
V −V
 c
;
+
s −2
2
κ+µ n
log 8Vc /(Vc − V )

(5.75)

indeed, the transition from the locked to the solitonic phase is smooth. Note
that in the numerical analysis later on, we show that in a particle system
with 1/r3 -repulsion the interaction between two charged line defects scales as
1/L2 where L denotes the defects’ separation. This exact result, implying an
even smoother transitions, differs from the behavior given in Eq. (5.75); this
is due to the fact that in this chapter, we have worked in a non-dispersive
continuum elastic theory where such subtle differences cannot be captured.
The Solitonic Displacement Field
Finally, let us discuss the displacement field associated with the solitonic
phase. The total soliton displacement field v(z) = p0 · R − qũx appearing
in the Sine-Gordon equation (5.43) and including both the global distortion
p0 · R and the periodic modulation qũx of the soliton array is shown in
Fig. 5.8. At small values of V the global distortion provides the dominant
component in v(z): dropping the term ũx in the argument of the sine in
the Sine-Gordon equation (5.43), we can integrate the equation and find the
periodic modulation (with p0 ≈ p)
ũx =

1
sin(p · R).
q α̃
73

(5.76)
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Figure 5.8: For a perturbatively small substrate amplitude V → 0, the
total displacement field v(z) = p0 · R − qũx involves a weak modulation
√
of period L = 2π/p = b/s 1 + ν on top of a linear function with slope
√
b/L = p/q = s 1 + ν. With increasing V , the displacement field v becomes
more steplike and its average slope is diminished to the effective mismatch
√
p0 /q = s0 1 + ν. The decrease from p to p0 may be regarded as the response
of the system to the driver p, the real mismatch of the competing length
scales. The period L is inversely proportional to p0 such that it diverges as
p0 becomes zero at V = Vc ; in this situation, all particles sit in substrate
minima.
√
Evaluating the parameter η(θ), Eq. (5.40), at θ = arctan ν, see Eq. (5.55),
√
√
we find that η = ν, from which follows the y-component ũy = − ν ũx . The
amplitude 1/q α̃ is obtained by evaluating Eq. (5.42) at p0 ≈ p and combining
results, we find the displacement field


Vn
1
√
ũ = b
sin(p · R),
(5.77)
8πs2 µ(1 + ν) − ν
which agrees with the result (3.35) obtained from perturbation theory at
small values of V .
In the limit of large V close to Vc the system is mainly locked to the
isosceles phase. The global displacement ug rotates the triangular lattice
back to line up with the xy-coordinate system of the substrate and stretches
√
(compresses) the triangular lattice by s along x (by s ν along y). The
periodic part
√
ũ = (p0 · R/q)(1, − ν)
(5.78)
√
grows slowly (with a slope ∝ s0 → 0), rapidly changes by (−b, b ν), and
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continues again growing as in Eq. (5.78) until the end of the period. Hence
√
the soliton shifts the bb0 -isosceles lattice by the vector (−b, b ν), such that
the commensurate states on the two sides of the soliton are back in registry
√
along the x-axis, but shifted against one another by b ν ≈ 0.905 b < b0
along the y-axis. Note that this shift is incommensurate with b0 so also with
a finite number of solitons the structure will never return to exactly the same
bb0 -lattice.

5.2.2

Starting from the bb0 -Isosceles Lattice

Before including the second substrate harmonic in our analysis, it is useful
to carry out the same calculation from a different point of view, namely by
starting from the soliton-free phase slightly above Vc , the bb0 -isosceles lattice
with b0 = a(1 − νs) as found in Eq. (5.24). Starting from the isosceles phase
with sites

0
RBm,n = mb, (n − m/2)b0 ≡ R0 ,
the free energy per particle is given by
Z
n
o
1
d2R0 gBel0 (v0 ) + esub (R0 + v0 ) ,
g ≈ gB0 +
N A0

(5.79)

(5.80)

with the field v0 (R0 ) accounting for the displacements with respect to the
lattice R0 .
We wish to approximate the elasticity theory of the isosceles phase by
that of the triangular one (we will consider the true elasticity of the isosceles
lattice later): given a configuration X with coordinates X and a displacement
field f (X) measured from X, then the free energy density of the system reads
Z
1
g ≈ gX +
d2 X gXel [f (X)].
(5.81)
N
With the triangular coordinates R given in Eq. (2.32), we have
Z
1
g ≈ gB0 +
d2 R0 gBel0 [v0 (R0 )]
N A0
Z
1
el
≈ g4 +
d2 R g4
[u(R) = v(R) + ug (R)],
N A
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where we have made use of the relation R + u(R) = R0 + v0 (R0 ) with the
displacement field u(R) with respect to the triangular lattice, the definition
v(R) ≡ v0 [R0 (R)], and the global deformation
ug (R) = R0 (R) − R = (sx, −νsy).

(5.83)

Evaluating Eq. (5.82) for v0 = v = 0 and using Eq. (5.83) we obtain
Z
2µ κ 2
1
el
(ug ) =
d2 R g4
s.
(5.84)
gB0 − g4 ≈
N A
n κ+µ
Next, we rewrite the substrate term in triangular coordinates: exploiting the
match between the substrate potential and the isosceles phase, we can rewrite
the argument under the cosine in the form q · (R0 + v0 ) = 2πZ + q · v(R).
Again, we split the displacement field v into a homogeneous global and a
periodic local part, v = vgs + ṽ. With vgs = (w̄ · R, t̄ · R), the energy per
particle takes the form
Z
n
o
1
el
g ≈ g4 +
d2 R g4
(v + ug ) + esub (v)
N A
Z
nκ
1
≈ g4 +
d2 R
(∂x ṽx + ∂y ṽy )2
(5.85)
N A
2
i
µh
+ (∂x ṽx − ∂y ṽy )2 + (∂y ṽx + ∂x ṽy )2
2
io
V nh
2 − cos p̄0 · R − qṽx
+
2
κ
+ [w̄1 + t̄2 + s(1 − ν)]2
2n
µ
+
[w̄1 − t̄2 + s(1 + ν)]2 + (w̄2 + t̄1 )2 ,
2n
with the mismatch vector, see Eq. (5.30)
 0
s̄
p̄ = −q w̄ ≡ q 0 .
ϕ̄
0

(5.86)

Comparing with Eq. (5.29), we note that we have shifted the original misfit
from the substrate term to the elastic one which then provides the drive
4µs/n(1+µ/κ) from the terms ∝ s in the last two lines of Eq. (5.85). Here, we
start from the isosceles phase with zero misfit and a growing mismatch vector
p̄0 on decreasing the substrate amplitude V , while previously we started with
a large p0 in the triangular phase decreasing with increasing V . Physically,
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the two pictures then should provide identical results as we will see in the
following.
As in (5.29), the integral in (5.85) is independent of the quantities t̄1 and
t̄2 ; minimization of g with respect to t̄1,2 provides us with the relations
t̄1 = −w̄2

and t̄2 = −ν w̄1 .

(5.87)

The energy (5.85) then simplifies to
2µ κ
(s − s̄0 )2
n κ+µ
Z
nκ
1
d2 R
(∂x ṽx + ∂y ṽy )2
+
N A
2
i
µh
2
2
+ (∂x ṽx − ∂y ṽy ) + (∂y ṽx + ∂x ṽy )
2
io
V nh
0
2 − cos p̄ · R − qṽx
.
+
2

g ≈ g4 +

(5.88)

As expected, the expressions (5.88) and (5.33) are equivalent if we identify
s̄0 = s0

(5.89)

and equivalent results emerge. In particular, for s0 = 0, we have no solitons
with ṽ = 0, the phase is the isosceles one with vg = 0, and the energy Eq.
(5.88) reduces to the one of the isosceles lattice, g = g 4 + V /2 + [κ/(κ +
0
µ)](2µ/n)s2 ≈ g B + V /2. Decreasing V , we reach the point Vc as given
by Eq. (5.68) of first soliton entry. While the effective mismatch vector p̄0
coincides with p0 in Eq. (5.56), the disortion vector w̄ now grows away from
the isosceles phase (see Eq. (5.56)),
 
 
1
1
0
0
0
p̄ = qs √
and w̄ = −s √
(5.90)
ν
ν
and so does the global distortion field

 

√
x
−y
s
vg (z) = w̄1
− ν w̄1
−νy
x


√
1
√ .
= − s0 1 + ν z
− ν

(5.91)

The above result then is consistent with Eq. (5.58). Note that the first term
in Eq. (5.91) coincides with the global distortion field ug (R) in Eq. (5.83);
since in the definition of ug (R) the triangular lattice is not rotated, the
second (rotation) term in vgs is absent in ug (R).
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5.3

Single Soliton

So far, we have analyzed the entire soliton phase which takes the locked
isosceles lattice to the free triangular lattice as the substrate amplitude V
is decreased. The results describe the global distortion shearing and rotat√
ing the lattice and the soliton array with angle θ = arctan ν and density
√
1/L = s0 1 + ν/b appearing below the critical substrate amplitude Vc . In
the following, we consider an alternative approach with focus on the problem
of determining the critical value Vc for soliton formation. As this simpler
task does not require to study the entire soliton phase as a function of V ,
it proves especially useful when extending the analysis to include the second
substrate mode where different types of solitons compete.
The phase transition occurs at the value of V where the cost of a single
soliton matches the gain due to the drive. In contrast to the true onedimensional case, in two dimensions, solitons may be oriented at any angle
θ, to which a particular critical substrate strength Vc (θ) is associated. The
orientation with the highest value of Vc then characterizes the optimal soliton
solution. For its determination, it is enough to study the system’s behavior
right at the transition point. Coming from the strong substrate regime with
p0 = 0 (L = ∞), one then attempts to find the conditions where the first soliton enters. Note that in the previous section, we have studied the situation
with a finite soliton density, p0 > 0 (L < ∞), and approached the transition
from below p0 → 0 (L → ∞). Naturally, both points of view yield the same
result.
To begin with, we still neglect the second substrate harmonic and confirm
that the instability towards first soliton entry provides the identical results
as finding the instability towards formation of a soliton lattice. With one
substrate mode present, the reference system without solitons is always the
bb0 -isosceles lattice. We consider a single soliton along z, with the displacement field v(z) (see Sec. 5.2.2) satisfying the boundary conditions
 


0
−b
v(−∞) =
, v(∞) =
,
(5.92)
0
vy,∞
where vy,∞ is to be determined by optimizing the soliton shape.
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5.3.1

Triangular Lattice as Reference

Following the scheme discussed in Sec. 5.2.2, we approximate the isosceles
elasticity theory by the triangular one and make use of triangular coordinates.
The energy (per unit length of the soliton line; we consider the difference
between the states with and without solitons) is defined as
Z ∞ n
o
sub
el
el
(5.93)
dz g4 (v + ug ) − g4 (ug ) + e (v)
ε≈
−∞
Z ∞ n
o
V n
el
dz g4 (v) +
=
1 − cos (−qvx )
2
−∞
Z ∞


+ κ(1 − ν)s
dz cos θ ∂z vx + sin θ ∂z vy
Z−∞
∞


dz cos θ ∂z vx − sin θ ∂z vy
+ µ(1 + ν)s
−∞
Z ∞ n
o
V n
el
dz g4 (v) +
=
(5.94)
1 − cos (−qvx )
2
−∞
4µκ
−
bs cos θ
(5.95)
κ+µ
and can be split into a solitonic part εs given by (5.94) and a drive εd given
by (5.95); it is the mixed terms (∂m vi ) (∂n ug,j ) in the elastic energy (5.93)
which determine the drive. Note that it is independent of vy,∞ as the two
terms ∝ sin θ cancel one another. For our dipolar system, we have
εd (θ) = −

4κ
bµs cos θ ≈ −0.27 bµ cos θ.
κ+µ

(5.96)

The soliton contribution Eq. (5.94) is related to the previous discussion of
soliton arrays via (we consider a system reduced to a strip with one soliton)
Z
n
o
1
el
sub
εs ≈ lim
dz dz⊥ g4 (v) + e (v)
L,L⊥ →∞ L⊥ L×L
⊥
Z
n
o
1
el
≈ lim nL
d2R g4
(v) + esub (v) .
(5.97)
L→∞
N A
Hence, it can be expressed through the integrand in Eq. (5.33) with ũx playing
the role of the displacement vx (note that p0 = 2π/L → 0 in the single soliton
limit) and the displacement vy is again slaved to vx via vy = −ηvx . Using
the result Eq. (5.50) with α̃0 = 1 and E(1) = 1 yields

V n 4 √
εs ≈
4α̃
−
π
α̃
.
(5.98)
2 p0
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Taking the limit p0 → 0, we obtain the single-soliton line energy (with α =
α̃/p02 )
εs (V, θ) =
=

Vn √
8 α
2 s
41
πb

V µ κ+µ
,
2 n κ sin2 θ + µ

(5.99)

where in the second step, we have inserted the expression for α̃ from Eq.
(5.42). Collecting terms, a solitonic excitation on top of the homogeneous
background costs the energy
ε(V, θ) = εs (V, θ) + εd (θ)

(5.100)

and appears first when the two energies (5.99) and (5.96) balance each other.
This condition implies a dependence of the critical substrate strength Vc on
the soliton orientation θ as given by
Vc (θ) ∝ (κ sin2 θ + µ) cos2 θ.

(5.101)

The angular dependence assumes its maximum when
cos 2θ =

µ
,
κ

(5.102)

or equivalently,
√
tan θ = ± ν,

θ = 42.13◦ .

(5.103)

As a result, we obtain the critical substrate potential
Vc =

π2 κ µ 2
s = 0.0416 eD ,
2 κ+µn

(5.104)

in agreement with the results Eqs. (5.55) and (5.68) obtained when approaching the transition point from the solitonic phase.
√
Each (PT-)soliton shifts the lattice by the vector dPT = b(−1, ν) as
√
follows from inserting Eq. (5.103) into Eq. (5.40), vy,∞ = η(θ)b = νb. It is
not a coincidence that the direction of this shift is equal to the one of the
solitonic background deformations usg in Eq. (5.58) and vgs in Eq. (5.91); in
an array of identical solitons, each soliton contributes with the lattice shift.
The sum of these shifts then form the background deformation.
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5.3.2

bb0 -Isosceles Lattice as Reference

Above, we have used the triangular elastic theory in order to estimate the
critical potential strength Vc and the angle θ for the first entry of the soliton. Unfortunately, the lattice structure changes quite appreciably over the
soliton: the structure goes from a bb0 -isosceles lattice in the wings to a more
triangular lattice in the core (the structure in the core resembles more the
floating/incommensurate than the locked/commensurate phase). In this section, we recalculate the critical quantities Vc and θ starting from the wingoptimized lattice which is the bb0 -isosceles lattice. The elastic theory (including the pressure term p δA/A) for the displacement field v(R) as measured
from the bb0 -isosceles lattice takes the form, see Eq. (2.28)
gBel0 = (γx0 + p)(∂x vx ) + (γy0 + p)(∂y vy )
λ0
λ0
+ 1 (∂x vx )2 + 2 (∂y vy )2 + (λ03 + p)(∂x vx )(∂y vy )
2
2
0
λ
λ04
+ (∂y vx )2 + 5 (∂x vy )2 + (λ06 − p)(∂y vx )(∂x vy ),
2
2

(5.105)

with the elastic moduli λ0i , i = 1, . . . , 6 given by Eqs. (B.36) – (B.41) and linear coefficients γx0 and γy0 by Eqs. (B.34) and (B.35); the latter two determine
the drive which previously was given by the mixed term ∝ (∂m vi ) (∂n ug,j )
when approximating the isosceles elasticity by the triangular one, see Eq.
(5.93). The pressure p = 6.670 neD has been determined such as to compensate the linear terms in the triangular elastic theory, γx/y,4 + p = 0; in
the absence of the second substrate harmonic, the base b0 adjusts such the
condition
γy0 (b0 ) + p = 0

(5.106)

is satisfied and the only remaining drive is given by the first substrate mode
with forces along x. Equation (5.106) yields a second way for determining
the exact value for b0 (the first one is given in Eq. (5.26)); using the Ewald
summation technique, we obtain b0 = 1.0173 b in agreement with Eq. (5.27).
The total line energy expressed through the bb0 -isosceles elastic theory
takes the form
Z ∞ n
o
V n0 
el
ε=
dz gB0 (v) +
1 − cos (−qvx ) = εd + εs ,
(5.107)
2
−∞
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with the energy of the drive, deriving from the linear term ∝ (∂x vx ) in the
elastic energy Eq. (5.105),
Z ∞
dz (γx0 + p) cos θ(∂z vx ).
(5.108)
εd =
−∞

With the boundary condition Eq. (5.92) and the numerical value for γx0 of
the bb0 -lattice, Eq. (B.34) we obtain the result
εd = −(γx0 + p)b cos θ ≈ −0.31 bµ cos θ,

(5.109)

whose absolute value is somewhat larger than the one obtained within the
triangular elastic theory, Eq. (5.96). The solitonic part in Eq. (5.107) reads
Z ∞ n 0
λ1 cos2 θ + λ04 sin2 θ
λ02 sin2 θ + λ05 cos2 θ
2
dz
εs =
(∂z vx ) +
(∂z vy )2
2
2
−∞
0
o
Vn
0
0
+ (λ3 + λ6 ) sin θ cos θ(∂z vx )(∂z vy ) +
1 − cos (−qvx ) . (5.110)
2
Minimizing this integral again leads to a one-dimensional Sine-Gordon equation
0

αbb ∂z2 u = sin u with u = qvx

(5.111)

and
α

bb0

(λ03 + λ06 )2 cos2 θ i
2 h 0
2
0
2
λ cos θ+λ4 sin θ − 0
;
=
V n0 q 2 1
λ2 + λ05 cot2 θ

(5.112)

the y-component is slaved to the distortion along x via
0

vy = −η bb vx

0

with η bb =

(λ03 + λ06 ) cot θ
λ02 + λ05 cot2 θ

(5.113)

and the soliton line energy takes the usual form
εs =

V n0 √ bb0
8 α .
2

(5.114)

The first soliton entry appears when the two energies compensate one another, εs + εd = 0, and the result of the numerical analysis provides the
critical substrate potential and the soliton angle
Vc = 0.0417 eD ,
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θ = 45.05◦ .

(5.115)
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Figure 5.9: Solitonic energy εs b (dotted) and drive εd b (dashed) calculated
from the isosceles lattice (black) and from the triangular lattice (grey) at the
critical potential VcPT ≈ 0.0417 eD in units of eD . The solid lines represent
the total energy εb = εd b + εs b.
The result agrees rather well (particularly for Vc , less for θ) with the one obtained using the triangular lattice as a reference, see Eqs. (5.104) and (5.103).
However, comparing both drive and soliton energy as a function of angle θ,
see Fig. 5.9, shows that the differences are not negligible, hinting to the
relevance of anharmonicities. Furthermore, while the PT-soliton described
√
with the triangular elasticity theory shifts the lattice by νb ≈ 0.905b along
0
y, here we obtain quite a different shift η bb b ≈ 0.696b, see Fig. 5.2. We
will see later that changing the reference frame in the presence of both substrate modes will lead to even larger differences, indicating the importance
of including anharmonic effects.

5.4

Numerical Results

We have seen that calculations in different reference frames give different
results due to anharmonicities. Being interested in the correct answer we
include a numerical study for the (PT-)soliton. Such an analysis will be even
more relevant with two substrate modes, where anharmonic effects are much
larger. Besides providing us with a good estimate for the location of the PTtransition, we will also familiarize ourselves with the basic ideas underlying
the numerical evaluation of the soliton energies, e.g., the evaluation of the
interaction and the substrate energies and the concept of Miller indices in
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dealing with different angles θ for the soliton. We will make use of these
ideas later in Chap. 6 when including both substrate modes.
In order to find the critical substrate amplitude VcPT , we determine when a
single Sine-Gordon soliton, Eq. (5.44), becomes energetically more favorable
than the soliton-free background structure. The latter is given by the bb0 isosceles lattice with b0 = 1.0173b. The energy difference between these
two states is obtained straightforwardly; we sum the microscopic interaction
energy E int (A, N ), see Eq. (2.5) and the substrate energy E sub (N ), see Eq.
(2.19), for each configuration with and without the soliton and subtract one
from the other.
At the transition point, the deviation between the solitonic and the background configurations becomes small far out in the wings, see Fig. 5.3, and
the difference in energy mainly derives from a finite region around the soliton
center. In addition, the finite-size corrections to the soliton energy scale as
the inverse system size, see Eq. (6.117) later. It therefore suffices to consider
a ‘system size’ including up to N = 5000 particles; the soliton core is then
located in the center of the system.
Below, we will take a variational approach with a few parameters: With
the analytic Ansatz Eq. (5.44) for the soliton shape, the x- and y-component
of the deformation field are connected via the parameter η. In particular,
√
vx and vy have the same core sizes λ ∝ αx . In order to optimize the
numerical result for VcPT , we search for the best soliton shape obtained by
independently varying the core sizes in the x- and y-directions as well as
the shift along y (= ηb in the analytic solution). Furthermore, in order to
resume the interaction in the transverse dimension analytically (resulting in a
1D numerical problem) the direction of the z-axis is chosen among a discrete
set of angles as given by the appropriate Miller indices (m, n) defining an
angle θ = arctan (mb/nb0 ). The idea then is to find the critical substrate
potential Vc (m, n) for some discrete angles in order to study the dependence
Vc (θ) and thus arrive at an estimate for VcPT and the corresponding θc . With
this four-parameter Ansatz (αx , αy , η, θ) for the PT-type soliton, we arrive
at a numerical result VcPT ≈ 0.046 eD (at the angle θ ≈ 44.5◦ ) which differs
by about 10% from the analytic results given in Eqs. (5.68) and (5.115).
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5.4.1

The Entry of a Single PT-Soliton

Our numerical study of the PT-soliton starts from the background bb0 -isosceles
lattice with b0 = 1.0173b and its corresponding elasticity theory, see Eq.
(2.28) and elastic moduli in Table 2.1. The soliton shape with center located
at z = zs takes the form
vx (z) = −

√
2b
arctan{exp[(z − zs )/ α]}
π

(5.116)

and
vy (z) = −ηvx (z),

(5.117)

with α and η taken from Eqs. (5.112) and (5.113).
In order to analyze the entry of the PT-soliton for different angles θ ∈
[0, π/2] of the z-axis, we have to evaluate the energies as functions of θ.
This task is numerically demanding. Yet, choosing a geometry exhibiting
translational invariance along z⊥ permits a projection onto an effective onedimensional (z-)axis and the problem simplifies considerably (even though
we may have to deal with a supercell). This is the case when the direc0
tion of the z⊥ -axis is defined along a bb0 -lattice vector RB or equivalently,
when angles are given by Miller indices (m, n) via θ = arctan (m/nrb ) with
rb = b0 /b; exactly these angles allow to exploit translational invariance
along z⊥ , see Figs. 5.10 and 5.13 for the indices m = n = 2 and m = 1,
n = 1/2. The bb0 -background structure are then viewed as a Bravais lattice with lattice vectors a1 = (mb, −nrb b) and a2 = (0, rb b) with m particles
per unit cell: n assumes half-integer values for m odd and integer values
for m even. We define the z⊥ z-frame such that the z⊥ -axis
p points along a1 ;
in this frame p
the lattice vectors p
take the form a1 = ( m2 + n2 rb2 b, 0) and
a2 = (−nrb2 b/ m2 + n2 rb2 , mrb b/ m2 + n2 rb2 ). The matrix


1
m −nrb
Um,n = p
(5.118)
m
m2 + n2 rb2 nrb
transforms the coordinates from the xy- to the z⊥ z-frame, i.e., (z⊥ , z)T =
Um,n (x, y)T .
◦
For the choice m = p
n = 2, we have θ = arctan (1/r
b ) ≈ 44.5 and
p
p a unit
2
2
2
cell spanned by a1 = (2 1 + rb b, 0) and a2 = (−2rb b/ 1 + rb , 2rb b 1 + rb2 )
(written in z⊥ , z-coordinates) as shown in Fig. 5.10. The basis vectors are
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Figure 5.10: Coordinates z⊥ and z for θ ≈ 44.5◦ used for the description of the bb0 -isosceles lattice (shown here as black dots, enumerated by
q = 0, 1, . . . , µ = 0, 1) and including the soliton evolving along z. For such
uniaxial distortion fields along the z-axis, the structure can be divided into
vertical strips l = 0, ±1, . . . that remain invariant under a translation by the
vector a1 (the projection onto the effective one-dimensional axis is shown
by thin dotted lines); the choice of the unit cell with two particles allows
for thepanalytic summation of the interaction energy along z⊥ with period
a1 = 2 1 + rb2 b.
chosen as c0 = (0, 0) and c1 = (b, −b0 /2) (in the xy-coordinates) such that
the positions of the bb0 -isosceles lattice are given by
 µ 
z
B0 ,µ
Rlq = ⊥,lq
= la1 + qa2 + U2,2 cµ ,
(5.119)
µ
zq
and the positions of the distorted lattice with a single soliton by

 s,µ 

z⊥,lq
vx (zqµ )
s,µ
B0 ,µ
Rlq =
= Rlq + U2,2
.
vy (zqµ )
zqs,µ
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In the interaction energy
Esint =

D
1 X
,
s,µ
3
2 l,l0 ,q,q0 ,µ,ν |Rlq − Rs,ν
l0 q 0 |

(5.121)

we can evaluate the translation-invariant sums over l and l0 using Poisson’s
formula (A.3) (for given l0 we replace l − l0 by l),
X
l

1
[(l +
+ β 2 ]3/2
X
¯
2
¯l cos(2π¯lα) K1 (|2π lβ|) ,
= 2 + 8π
β
|β|
α)2

(5.122)

l̄>0

s,µν
s,µ
s,ν
s,µν
s,µ
with α = z⊥,qq
− zqs,ν
0 /a1 = (z⊥,0q − z⊥,0q 0 )/a1 , β = zqq 0 /a1 = (zq
0 )/a1 , and
K1 (z) the modified Bessel function of the second kind. With K1 (z) ∝ e−z for
large z (see Ref. [33]) the terms in the sum over ¯l decay fast and including
10 terms is sufficient. The interaction energy then simplifies to the sum

2
N⊥ D X
int
(5.123)
Es =
s,µν
3
2a1 q,q0 ,µ,ν (zqq0 /a1 )2

s,µν
X
K1 [|2π¯l(zqq
0 /a1 |)]
s,µν
¯l cos[2π¯l(z 0 /a1 )]
+ 8π
,
s,µν
⊥,qq
|zqq
0 /a1 |
l̄>0

p
where N⊥ denotes the number of unit cells (of extension a1 = 2 1 + rb2 b)
along z⊥ . The sums are to be taken over µ, ν ∈ {0, 1} and q, q 0 ∈ {0, . . . N/2−
1} where N denotes the particle number within the ‘lattice strip’ with l = 0
(see Eqs. (5.119) and (5.131)). Equation (5.123) evaluates the interaction
energy of a one-dimensional chain of particles with an effective interaction
that accounts for the transverse dimension. Note that the terms with q = q 0
s,µµ
at µ = ν have to be discarded from this sum as the associated β(= zqq
/a1 )
is equal to zero and their projection onto the z-axis collapses; in this case,
the right-hand side of Eq. (5.122) diverges if the ¯l-sum is cut off after a finite
number of terms. The contribution to the interaction energy (per particle)
from the collapsed rows is thus taken into account via the direct-space sum
D X1
Dζ(3)
=
,
3
3
2a1 l6=0 l
a31
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P
−s
with ζ(s) = ∞
the Riemann zeta function. However, when calculating
n=1 n
the difference between the states with and without a soliton (see Eq. (5.126)
below) this term drops out.
The substrate energy Eq. (6.68) is cast into a similar form and finally goes
over all basis vectors µ ∈ {0, 1} and unit cells q ∈ {0, . . . N/2 − 1} within the
l = 0-strip,
q
h
io
V N⊥ Xn
s,µ
2 − cos 2π(rb zqs,µ + z⊥,q
)/ 1 + rb2 b .
(5.125)
Essub =
2 q,µ
Adding the interaction and substrate energies and dividing by the number of
unit
p cells N⊥ along z⊥ we obtain the energy of a single PT-soliton per length
2 1 + rb2 b. The final quantity to calculate is the line energy of the soliton,
ε = (Esint − EBint0 + Essub − EBsub
+ pδA)/N⊥ a1 ,
0

(5.126)

where the energy of the lattice without soliton, the bb0 -background, derives
0
from Eq. (5.123) by inserting the undistorted positions RBlq ,µ , see Eq. (5.119).
The last term pδA represents the cost due to the area change which comes
along with the soliton deformation and depends on the direction of z; for the
PT-soliton with its lattice shift dPT = (−b, ηb), we find the area change per
l-strip (such that δA = N⊥ δAPT
m,n )
Z a1 Z


PT
δAm,n =
dz⊥ dz det JR+v − det JR
0Z


= a1 dz ∇ · v + (∂x vx )(∂y vy ) − (∂y vx )(∂x vy )
i
h
λ03 + λ06
PT
= a1 (d · êz ) = nrb −1 + 0
b2 ,
(5.127)
0
2
λ2 + λ5 (nrb /m)
where we have used Eq. (5.113) with cos θ = nb0 /a1 and sin θ = mb/a1 (note
that the last two terms in the second line cancel each other). For any values
of m and n, the area change is negative, i.e., the PT-soliton includes a com2
pression. In particular, for m = n = 2, we have δAPT
2,2 ≈ −0.620 b . Along
PT
0
with the area change one can also define a ‘charge’ QPT
m,n = −δAm,n /bb per
soliton (and l-strip). This quantity corresponds to the number of missing
(< 0) or additional (> 0) particles per soliton. As discussed later on, opposite charges attract, equal charges repel each other, see Sec. 6.3.3. Yet,
considering here only single PT-solitons, the effect of the soliton charges is
irrelevant.
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Figure 5.11: The interaction energy of the bb0 -lattice summed upp
via Eq.
0
(5.123) as a function of the inverse of the system size Z = (N −1)b /2 1 + rb2
(along z) with N the particle number (up to N = 25000). The grey dot
marks the exact value eB0 = 4.349 eD of the infinite system (calculated using
the Ewald technique).
In order to check the numerical accuracy of the code we first compare the
interaction energy of the bb0 -isosceles lattice obtained via Eq. (5.123) with
the exact value eB0 = 4.349 eD (from the Ewald
p method) as a function of the
inverse of the system size Z = (N − 1)b0 /2 1 + rb2 (along z). The result
shows that the energy and with it the boundary effects scale as 1/Z, see Fig.
5.11.
For the solitonic phase, we carry out summations over N = 5000 particles with
p the soliton core located at the center of the system, zs = Z/2 =
0
N b /4 1 + rb2 . This system size is sufficient to provide accuracies of Vc on
the per mill level. Taking as a starting configuration the analytic Ansatz
from Eqs. (5.116) and (5.117), we optimize the soliton shape by varying the
√
core widths λx,y ∝ αx,y along x and y and the soliton shift ηb along y by
introducing the parameters wx = αx0 /α, wy = αy0 /α, and rd = η 0 /η,
vx (z; wx ) = −

√
2b
arctan{exp[(z − zs )/ wx α]}
π

(5.128)

and
vy (z; wy , rd ) = rd η

2b
√
arctan{exp[(z − zs )/ wy α]}.
π
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Within this variational Ansatz, we find that the optimal soliton with narrower
cores (wx = 0.8, wy = 0.75) and a larger shift along y (rd = 1.1), enters at
the critical substrate strength
VcPT ≈ 0.046 eD

(5.130)

at the angle θ ≈ 44.5◦ . The shapes of the initial analytic and the optimized
soliton are compared in Fig. 5.12.

Figure 5.12: A comparison of the soliton shapes (grey curve shows the
analytic result from Sec. 5.3.2 and the black curve the shape after variational
optimization) at the substrate strength Vc = 0.046 eD as a function z (directed
along θ ≈ 44.5◦ ). Shown is the core region around the soliton center zs ≈
891.25 b.
Next, we proceed with the analysis for different angles belonging to other
Miller indices. For m = 1, n = 1/2 (θ ≈ 63.0◦ ), m = 1, n = 3/2 (θ ≈ 33.2◦ ),
and m = 1, n = 5/2 (θ ≈ 21.5◦ ), there is only one particle per unit cell and
the particle parametrization simplifies as (q, µ) → j with j = 1, . . . N , i.e.,
the position of the particle j in the bb0 -lattice reads






la1 + z⊥,j
z⊥,j
0
B0
Rlj =
with
= Umn
(5.131)
zj
zj
(j − 1)a2
denoting the z⊥ z-coordinates (for the corresponding indices m, n) within the
l = 0-strip, see Fig. 5.13 for θ ≈ 63.0◦ . The formulas (5.123), (5.125), and
(5.126) for the interaction, the substrate, and the soliton line energies can be
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Figure 5.13: Coordinates z⊥ and z for θ ≈ 63.0◦ used for the description of
the bb0 -isosceles lattice (shown here as black dots, enumerated by j = 1, 2, . . . )
and the soliton arrays evolving along z. For such uniaxial distortion fields
along the z-axis, the structure can be divided into vertical strips l = 0, ±1, . . .
and remains invariant under a translation by the vector a1 (the projection
onto the effective one-dimensional axis is shown by thin dotted lines); the
choice of the unitp
cell with one particle allows for the summation along z⊥
with period a1 = 1 + rb2 /4b
trivially adapted to these cases by replacing the indices (q, µ) → j. The fifth
angle considered here, θ ≈ 75.7◦ , belongs to the Miller indices m = 4, n = 1
and includes four particles per unit cell (q = 0, . . . , N/4 − 1, µ = 0, 1, 2, 3)
and is handled in the same way.
A summary of the critical substrate potentials Vc together with the optimal parameters wx = αx0 /αx , wy = αy0 /αx , and rd = η 0 /η as a function of the
angle θ is given in Table 5.1 and Vc as a function of θ is shown in Fig. 5.14.
Among these discrete directions, the value of Vc is largest for θ ≈ 44.5◦ which
is in good agreement with the analytic results θ ≈ 42.13◦ and θ ≈ 45.05◦ ,
Eqs. (5.55) and (5.115) respectively.
The solitonic phase transforming the singly-locked (bb0 -)phase at large V
into the free (rotated triangular) lattice at V = 0 is non-uniform; in the
soliton cores, the system approximates the free phase whereas in the wings
it remains locked. With decreasing V , the soliton density increases rapidly.
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Table 5.1: Overview of the numerical results for VcPT and optimal parameters
wx = αx0 /α and wy = αy0 /α for the core widths, and rd = η 0 /η the soliton
shift along the y-direction for the PT-soliton evaluated at discrete angles θ.
The corresponding values for the analytic results of the triangular and the
bb0 -isosceles elasticity theories are VcPT,4 ≈ 0.0416 eD at θ4 ≈ 42.13◦ and
0
VcPT,B ≈ 0.0417 eD at θB0 ≈ 45.05◦ .
θ
21.5◦
33.2◦
44.5◦
63.0◦
75.7◦

VcPT, opt /eD
0.033
0.042
0.046
0.031
0.016

αx0 /α
1.1
0.9
0.8
1.3
1.85

αy0 /α
1.2
0.95
0.75
1.15
2.05

η 0 /η
0.95
1.05
1.1
1.05
1

0.05

Figure 5.14: Numerical results for the critical substrate potential Vc (black
dots) of the PT-soliton evaluated at selected angles defined by small Miller
indices (m, n); the dashed line is a guide to the eye. The solid line is the
analytic result following the continuum-elastic description of the bb0 -isosceles
lattice from Sec. 5.3.2. The thin dotted line marks the optimal angle θ ≈
45.05◦ where the curve assumes its maximal value VcPT ≈ 0.0417 eD .
The overlapping cores suppress the locked regions such that at V = 0, the
free phase is established. Indeed, we find that the core of the optimal PTsoliton approximates quite well the triangular lattice oriented at ϕ = 3.83◦ .
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Figure 5.15 shows the center of the optimal PT-soliton at V = 0.046 eD (large
dots) as well as the triangular lattice (rotated by ϕ = 3.83◦ ).

Figure 5.15:
The center z = zs (dashed line) of the PT-soliton at
V = 0.046 eD in the z⊥ z-frame with thin solid lines indicating the substrate
√
minima along the x-axis. The soliton core is of the order αx ≈ 1.9 b along
√
x and αy ≈ 1.8 b along y. The particle structure (black dots) approximates
the free phase, i.e., the triangular lattice oriented at ϕ ≈ 3.83◦ (grey dots).
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Chapter 6
Solitonic Phases in the
Presence of Two Substrate
Modes
After the extensive discussion of the solitonic phase appearing in a system
with a one-dimensional periodic substrate potential (along x) in the previous
chapter, in the present one we include the subdominant substrate harmonic
(along y). The period-doubled phase from Sec. 4.2 then defines the background structure at large V . This changes the boundary conditions (drive)
and produces additional deformations (in the soliton-wings) locking the particle lattice to the second harmonic. Having understood the evolution of the
soliton array in the example of the PT-soliton array in the resonance approximation, we concentrate on the problem of finding the critical substrate
amplitude Vc for the first soliton entry. While the resonance approximation
admits only one low-energy soliton (the PT-soliton), the full problem with
both substrate modes present allows for several line defects shifting the lattice by d(j,k) = (−jb, kb/2) with integers j, k. Besides testing promising
candidates (j, k) = (1, k) reminding of the PT-soliton, we also try the simple
Ansatz with the shift d(0,1) = (0, b/2), since the particles merely have to overcome the weak effective potential ∝ V 2 /64∆  V /2 along the y-direction in
this case, see Sec. 4.2.
We again make use of various elastic descriptions in order to investigate
the effects of anharmonicities and, unfortunately, find substantial differences
in our analytic results. While indications are found that the (0, 1)-soliton
is favorable, the presence of anharmonicities makes it difficult to identify
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the final route of deformation from the locked period-doubled phase at large
V to the floating triangular phase at vanishing V → 0+ . To shed light
on the square-to-triangular transformation, we again analyze the problem
numerically. In contrast to the one-mode study of chapter 5, here, we not
only optimize a few parameters defining the soliton shape but let the entire
structure relax. As the analytics already suggests, we find that the (0, 1)soliton is the first to enter the system, washing out the subdominant harmonic
along y and establishing the bb0 -lattice. The transformation to the floating
triangular lattice is then completed by the PT-soliton taking the bb0 -lattice
to the distorted and rotated triangular phase at V → 0+ .

6.1

Single Solitons in the Presence of Two
Substrate Modes

Taking into account the second substrate harmonic, we expect that the
solitonic phase grows out of the homogeneous, period-doubled background
decribed in Section 4.2. This period-doubled phase emerges from the bbisosceles phase at V = 0 via a short-wavelength distortion (with the wave
vector on the boundary of the first Brillouin zone), shifting alternately one
particle column up and the other down by a distance δ̄/2. We choose the
substrate frame such that the origin of the coordinate system is placed in
a substrate minimum and define the period-doubling distortion field of the
bb-lattice, see Fig. 6.1,
 b δ̄ 
v1,2 = − ±
êy ,
4 2

(6.1)

where the first index corresponds to the upper, the second index to the lower
sign such that subsequent columns are shifted by δ̄ with respect to one another. The global shift σ̄ = −b/4 in Eq. (6.1) is augmented by the alternating
modulation δ̄/2 producing the doubling of the unit cell as discussed in Sec.
4.2.2, see Eq. (4.22).
In the following, we consider a long-wavelength deformation of this structure. In the substrate frame, the departure from the isosceles phase may be
written as
b
δ̄(RR
l )
vl1,2 = − êy + σ̄(RR
)
±
,
l
4
2
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(6.2)
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Figure 6.1: With the origin of the coordinate system placed in a substrate
minimum (thin black lines represent the minima of the harmonics along x
and y), the sites of the period-doubled lattice (black dots) are located at the
coordinates of the bb-lattice (empty grey dots), shift by −b/4 along y (full
grey dots) with columns alternately shifted by ±δ̄/2. The corresponding
(period-doubled) unit cell is shown as the shaded area.
where the index l = 1, . . . , N/2 runs over all (period-doubled) unit cells of
the rectangular Bravais lattice with lattice vectors a1 = (2b, 0) and a2 =
(0, b). The σ̄-field describes a long-wavelength ‘center-of-mass’ distortion
whereas the δ̄-field accounts for short-wavelength ‘relative’ displacements
within the unit cell (inter- and intra-cell motion, respectively; note that
we have extracted the constant shift −b êy /4 from σ̄ as compared to the
definition in Sec. 4.2.2). Consequently, one finds


δ̄(RR
l )
R
vl1,2 − vl1,2
≈ (RR
,
(6.3)
0
ll0 · ∇) σ̄(Rl ) ±
2


δ̄(RR
l )
R
R
vl1,2 − vl2,1
≈
(R
σ̄(R
)
∓
·
∇)
± δ̄(RR
0
0
ll
l
l ).
2
In a harmonic approximation, the interaction energy of the deformed structure includes the squares of the four differences above; due to the symmetry
δ̄ → −δ̄, the energy does not depend on terms ∝ (∇σ̄)(∇δ̄) and ∝ (∇σ̄)δ̄
2
and only terms ∝ (∇σ̄)2 , (∇δ̄)2 , (∇δ̄)δ̄, and δ̄ survive; the inter- and the
intra-cell motion decouple, g int (σ̄, δ̄) = g int (σ̄)+g int (δ̄). As the σ̄-field of the
period-doubled structure is nothing but a long-wavelength distortion of the
bb-isosceles lattice, its contribution to the interaction energy is simply given
R
by the elastic energy of the bb-lattice, g int (σ̄) = (1/N ) d2R gBel (σ̄). Being decoupled from the σ̄-field, we assume that the δ̄-deformation remains directed
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along the y-axis, i.e., δ̄ = (0, δ̄y ), and that the spatial variations in δ̄ are small
such that (∇δ̄)-terms are neglected; the contribution g int (δ̄) = g int (δy ) of the
intra-cell distortion is then captured by the same approximation used to
obtain the period-doubled structure (see Eq. (4.8) with δ̄ = δ + b/2),


g − gB
g int (δ̄y ) = gB + ∆ 1 − cos (q δ̄y ) with ∆ =
.
2

(6.4)

For the substrate energy, we proceed similar as in Eq. (4.18) with l =
1, . . . N/2 and α = 1, 2
 
o
V Xn
α
α
1 − cos (qvl,x
) + 1 − cos (qvl,y
)
(6.5)
2N l,α
 
o
V Xn
=
1 − cos (qσ̄l,x ) + 1 − sin (qσ̄l,y ) cos (q δ̄l,y /2) ,
N l

esub (vl1 , vl2 , V ) =

where we have used definition (6.2) and the fact that δl,x = 0 for all l. Note
that as for the period-doubled phase, it is again due to the substrate that the
σ- and δ-deformations mix, leading to the relation (6.7) below. Collecting
terms and going to the continuum limit, the total energy per particle reads
Z
n
1
d2R ng int (δ̄y ) + gBel (σ̄)
g=
(6.6)
N A
 V n
o
V n
+
1 − cos (qσ̄x ) +
1 − cos (qσ̄y ) sin (q δ̄y /2) .
2
2
Relating the period-doubling field δ̄y to the center-of-mass field σ̄ (see Eq.
(4.20) with the additional −b/4-shift in the definition of σ̄),
sin (q δ̄y /2) =

V
cos (qσ̄y ),
8∆

(6.7)

and inserting this result back into Eq. (6.6), we arrive at the following expression for the energy per particle
V2
V
−
(6.8)
2Z 32∆
n
 V 2n 
o
V n
1
+
d2 R gBel (σ̄) +
1 − cos (qσ̄x ) +
1 − cos (2qσ̄y ) .
N A
2
64∆

g = gB +

The first line of Eq. (6.8) represents the energy gpd (V ) of the homogeneous
period-doubled background, Eq. (4.13), with respect to which all energies will
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be measured in the following, whereas the second accounts for the energy of
the solitonic excitations.
Besides giving rise to the additional locking along the y-direction, the
presence of the second substrate mode admits several soliton solutions (in
contrast to the one-mode analysis, which only allows for the PT-soliton)
characterized by the lattice shift d(j,k) = (−jb, kb/2) with integer j and k,
when crossing a soliton. The boundary condition for a single (j, k)-soliton
then reads
 


0
−jb
v(−∞) =
, v(∞) =
,
(6.9)
0
kb/2
such that d(j,k) = v(∞) − v(−∞). As shown in Fig. 6.2, all these line defects
fall into two classes; the domain-walls with j +k assuming odd values take the
period-doubled phase from one twin to the other, δ̄ → −δ̄, and the genuine
solitons with even j +k connect equal twins, δ̄ → δ̄. For simplicity, we usually
use the term ‘solitons’ for both types of line defects.
In Chap. 5, we have learnt that a soliton array can be viewed as a periodic
modulation ũ on top of a background deformation usg and that the direction
of the latter is slaved to the one of the lattice shift d of a single soliton.
In the presence of one substrate harmonic (along x), this lattice shift can
accommodate freely along y and materializes such as to optimize the interaction energy. Consequently, the d-vector points exactly along the direction
of the global deformation which takes the bb0 -isosceles into the rotated triangular lattice, see Eq. (5.58) (and (5.91)) and therefore, the PT-soliton array
qualifies to complete the isosceles-to-triangular transition. In the present
case with two substrate modes, however, the directions of the lattice shifts d
are geometrically constrained (d = d(j,k) ). For the pathway from the perioddoubled to the rotated triangular phase to be completed, the phase transition
establishing an array of identical solitons with vector d necessarily has to be
followed by a further transition at lower V ; the rotated triangular phase at
V = 0+ cannot be reached without appearance of other defects. The transformation may thus involve the formation of a network of crossing solitons.
Furthermore, if the most favorable solitons have close critical potentials and
a negative intersection energy, the two smooth transitions can merge to a
single first-order one.
In the following, we search for line solitons directed along the angle θ and
impose the Ansatz v(x, y) = v(z) with z = x cos θ + y sin θ. We thereby
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Figure 6.2: Selection of solitons and domain-walls which are low-energy
candidates to enter the period-doubled lattice as V is decreased: The domainwall (j, k) = (1, 2) crosses both potential barriers along x (Vx ) once and along
y twice (note that here the barrier Vy denotes the weak effective potential ∝
V 2 /64∆ with period b/2) and connects different twins of the period-doubled
phase. The (1, 1)-soliton crosses both barriers once and connects identical
period-doubled phases. The (0, 1)-domain wall crosses the barrier along y
only once.
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focus on the first appearance of such a solitonic phase and are particularly
interested in the (1, k)-solitons with k = 1 and k = 2 being quite similar to
the PT-soliton (including a shift dPT = (−b, ηb) with η ≈ 0.7−0.9 depending
on the elasticity theory used, see the discussion at the end of Sec. 5.3.2). A
further candidate is the (0, 1)-soliton which only needs to cross the weak
effective potential ∝ V 2 /64∆ along the y-axis, see Fig. 6.2. In order to
estimate the effects of anharmonicities we first carry out the calculations
with the triangular lattice as a reference and compare the results with the
ones obtained in Sec. 6.1.2 when taking the bb-isosceles lattice as a reference.

6.1.1

Triangular Lattice as Reference

Starting from the isosceles lattice, we approximate the energy of the center-ofel
el
(ug ),
(σ̄ + ug ) − g4
mass field σ̄ by the triangular elasticity theory gBel (σ̄) ≈ g4
see Sec. 5.2.2 with the global deformation ug connecting the triangular and
el
(ug ) has to be
the bb-isosceles phases as described by Eq. (2.37); the term g4
subtracted since the energies are measured with respect to the period-doubled
background. In the following, we denote the long-wavelength distortion again
by v instead of σ̄.
When neglecting the second substrate harmonic in Sec. 5.2, the base b0 of
the isosceles lattice (see Eq. (5.24)) and hence the y-component of the global
distortion field ug (see Eq. (5.83)) were determined by the elastic response
to the deformation along the x-axis. However, with the second harmonic
present, both ug,x and ug,y are fixed by geometric conditions; the exact ug field written in triangular coordinates R (with s1 and s2 given in Eq. (2.36))


s1 x
exact
ug (R) =
,
(6.10)
−s2 y/(1 + s2 )
takes the triangular to the bb-isosceles lattice and is indeed truly density
conserving (at commensurate density where s1 = s2 ; in the following we thus
drop in indices); the exact relative area change δA/A due to a deformation v
is given by the difference between the Jacobi determinants of the deformed
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and initial states R + v and R, respectively, i.e.,
δA
= det JR+v − det JR
A


1 + ∂x vx
∂y vx
= det
− det I
∂x vy
1 + ∂y vy
= ∇ · v + (∂x vx )(∂y vy ) − (∂y vx )(∂x vy ).

(6.11)

It is easily checked that for the ug -field of Eq. (6.10) δA/A = 0 implying
that no compressive contribution (∝ (δA/A)2 ) is permitted to appear in the
associated deformation energy. Working in a harmonic approximation, a
relative change in area δA/A is identified with the divergence (∇ · v) of the
deformation field v, see Eq. (2.29). In this approximation, a fixed density
corresponds to a divergence-free displacement field. This differs from a true
density-conserving field, such as the ug -field given in equation (6.10), in
higher-order terms O(s2 ), see Eq. (6.11). These terms give rise, e.g., to a
compressive contribution which is an artefact of the harmonic approximation.
Hence, for a consistent treatment within a harmonic theory, only s-linear
terms in the deformation field (6.10) should be considered, i.e.,


sx
exact
(harm)
ug (R) → ug
(R) =
.
(6.12)
−sy
Inserting the Ansatz v(x, y) = v(z), z = x cos θ + y sin θ, and the apel
el
proximation gBel (v) ≈ g4
(v + ug ) − g4
(ug ) into Eq. (6.8), the line energy
ε = limL→∞ nL(g − gpd ) = εs + εd , see Eq. (5.97), can be split into the
solitonic part εs and the drive εd with
Z ∞ n

V n
el
εs =
dz g4
(v) +
1 − cos (qvx )
2
−∞
2 
o
V n
1 − cos (2qvy )
(6.13)
+
64∆
and
(j,k)

εd



k
= 2µbs −j cos θ − sin θ ,
2

(6.14)

where the latter derives from the cross term ∝ (∇ · v)(∇ · ug ) in the elastic
part. Comparing this drive for the (1, k)-soliton with the drive Eq. (5.96)
originating from one substrate mode only, we note the additional contribution
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along the y-axis proportional to sin θ producing a different anlge-dependence
(1,2)
for the drive. Numerically, the (1, 2)-drive εd ≈ −2bµs(cos θ + sin θ) coincides with the drive Eq. (5.96) at θ = 45◦ . For the (0, 1)-soliton the drive is
(0,1)
smaller, εd ≈ −bµs.
Next, we focus on the soliton energy εs , Eq. (6.13); with the triangular
elastic energy Eq. (2.29) we obtain the expression
Z ∞ n
µ+κ cos2 θ
µ+κ sin2 θ
εs = dz
(∂z vx )2+
(∂z vy )2+ κ cos θ sin θ(∂z vx )(∂z vy )
2
2
−∞
 V 2n 
o
V n
+
1 − cos (qvx ) +
1 − cos (2qvy ) ,
(6.15)
2
64∆
and the corresponding minimizer equations
Vn
sin (qvx ),
(6.16)
2
V 2n
κ sin θ cos θ∂z2 vx + (µ + κ sin2 θ)∂z2 vy = 2q
sin (2qvy ).
(6.17)
64∆
We solve these equations in two steps, neglecting first the second harmonic
in equation (6.17) and including this vy -drive afterwards. This separation is
justified by the different length scales associated with the shear- and compression type solitons generated by the two drives, see Eqs. (5.1) and (5.5),
which is of the order λcomp /λshear ∼ λy /λx ≈ 5 → 10, see Eq. (E.8). Using
the dimensionless variable u = qvx , the first step yields the one-dimensional
Sine-Gordon problem
(µ + κ cos2 θ)∂z2 vx + κ sin θ cos θ∂z2 vy = q

αx ∂z2 u = sin u

(6.18)

with
αx =

2µ
κ+µ
1
,
2
V n κ sin θ + µ q 2

and a first integral
αx
(∂z u)2 = αx,0 − cos u.
2

(6.19)

For a single soliton with j = 1 and k ≥ 0 (this choice restricts the angle θ to
the interval [0, π/2]), the boundary conditions for vx are given by vx (−∞) = 0
and vx (∞) = −b and αx,0 = 1. The solution of vx then takes the form
vx (z) = −

√
2b
arctan[exp(z/ αx )],
π
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and using equation (5.39), the y-component of the distortion field reads (up
to a linear function in z)
vy (z) = −ηvx (z)

(6.21)

with
η=

κ sin θ cos θ
.
κ sin2 θ + µ

(6.22)

Assuming η ∈
/ Z/2, the values for this vy -solution are not equal to integer
multiples of b/2 in the limits z = ±∞. This locking is provided by the second
substrate harmonic which we now include in our considerations. First, we
note that the region where the vx -field is not registered with the first substrate
harmonic is very narrow (and in the following referred to as the soliton core).
The solutions (6.20) and (6.21) dominate in the core region, where the first
harmonic is mainly responsible for the behavior of the soliton. The second
harmonic comes into play in the ‘soliton wings’ where the vx -distortion is
exponentially suppressed and the vy -field is forced into registry with the
substrate potential. Since the derivative ∂z vx is a sharply peaked function,
1
b
p
,
∂z vx (z) = − √
π αx cosh (z/ αx )

(6.23)

it may be approximated by a delta-function ∂z vx (z) ≈ −bδ(z) outside of the
core. This allows us to rewrite the equilibrium equation (6.17) in the form
(µ + κ sin2 θ)∂z2 vy = 2q

V 2n
sin (2qvy ) + κ sin θ cos θ b δ 0 (z).
64∆

(6.24)

The derivative δ 0 generates a jump in the vy -field at z = 0, see Eq. (6.24),
vy+ (0) − vy− (0) = ηb,

(6.25)

which is due to the drive by the vx -field within the core region; instead of a
rapid but smooth increase, the δ 0 -function enforces a boundary condition on
vy at z = 0. Together with the requirements vy (−∞) = 0 and vy (∞) = kb/2
the latter reads
b
vy (∞) − ηb  k
vy− (0) =
=
−η ,
2
2
2
k
b
v
(∞)
+
ηb
y
vy+ (0) =
=
+η .
(6.26)
2
2
2
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Figure 6.3: Sketch of core (vy0 ) and wing (vy1 ) solutions for the (1, k)-soliton
for the cases k = 2 (top) and k = 1 (bottom). Solid lines are for η < 1 (top)
and η < 1/2 (bottom) and dashed lines are for η ≥ 1 (top) and η ≥ 1/2
(bottom); the dotted line (top) is for η < 1/2. In the present case it is the
vx -soliton which (in the core region) drags the vy -soliton across the valley
(see Eq. (6.21)) binding up two solitons into a proper solution.
Accounting for the last term in Eq. (6.24) via the above boundary conditions,
the remaining minimizer condition assumes again the form of a Sine-Gordon
equation (expressed in the dimensionless displacement ū = 2qvy ),
αy ∂z2 ū = sin ū,

(6.27)

with
αy =

64∆ κ sin2 θ + µ
,
V 2n
4q 2

(6.28)

and a first integral
αy
(∂z ū)2 = αy,0 − cos ū.
2

(6.29)

The integration constant αy,0 determines the slope of ū at z = ±∞. In
particular, for a single soliton appearing at the critical value V = Vc this
constant is equal to 1.
In contrast to the problem (6.18) above, due to the jump of vy at z = 0,
the present equation has two different solutions for positive and negative
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Figure 6.4: As each wing can only heal a mismatch up to the size ±b/2,
the jump of vy across the soliton core (=ηb) needs to satisfy the condition
max[(k − 2)/2, 0] ≤ η ≤ (k + 2)/2 for a (1, k)-soliton. Hence, with 0 ≤ η .
1.508, the direction of the z-axis is restricted for k 6= 2; no soliton array with
k = 1 exists at angles close to the maximum of η, i.e., θmax ≈ 16.8◦ , whereas
for k = 3, soliton arrays develop only along an angle 2.95◦ . θ . 60.5◦ . For
k > 5, there is no angle for which the jump in the core is large enough to
(1,k)
reach the asymptotic shift dy
= kb/2 along y; for given η, the possible
k-values are restricted by d2(η − 1)e ≤ k ≤ b2(η + 1)c, where the function
dxe (bxc) gives the smallest (largest ) integer greater (less) than or equal to
x.
values of z. At V = Vc , they take the form
b
b
√
vy+ (z > 0) = k ± arctan[exp[−(z + z0 )/ αy ]],
2
π
b
√
vy− (z < 0) = ∓ arctan[exp[(z − z0 )/ αy ]],
π

(6.30)
(6.31)

with
i
h π
√
η − k/2 ,
z0 = − αy ln tan
2

(6.32)

where the upper and lower signs apply to the cases k/2 ≤ η ≤ (k + 2)/2
and max[(k − 2)/2, 0] ≤ η < k/2, respectively; two representative cases for
k = 2 and k = 1 are illustrated in Fig. 6.3. The restriction η ∈ [ηmin , ηmax ]
with ηmin = max[(k − 2)/2, 0] and ηmax = (k + 2)/2 for given k can be
understood as follows: the total shift vy (∞) − vy (−∞) = kb/2 along y is
made up of the core part ηb and the wing contribution. The latter covers
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at most a distance ±2 (b/2) corresponding to two full (positive or negative)
wing solitons; the maximal value ηmax = (k + 2)/2 describes the situation
where two full wing solitons are needed to cure the overshoot by b in the
core region, the minimal value ηmin = max[(k − 2)/2, 0] corresponds to two
full wing solitons providing the missing distance b. As for η ∈
/ [ηmin , ηmax ]
no solution exists, there are some angular restrictions for the z-direction of
some (1, k)-solitons; while the (1, k)-solitons with k = 2 exist for any angle θ,
the k = 1-soliton cannot assume angles close to θ ≈ 16.8◦ , where η assumes
its maximum, η(16.8◦ ) ≈ 1.508. The (1, 3)-soliton, however, can only appear
along an angle θ with η(θ) ≥ 1/2, i.e., 2.95◦ . θ . 60.5◦ , see Fig. 6.4. Note
that these ‘angle windows’ slightly change when considering another elasticity
theory (see, e.g., Sec. 6.1.2). By similar considerations, one obtains that for
given η possible values for k are restricted by d2(η − 1)e ≤ k ≤ b2(η + 1)c,
where the function dxe (bxc) gives the smallest (largest ) integer greater (less)
than or equal to x.
Having found the solutions vx and vy for the (1, k)-solitons, we now proceed with the calculation of the soliton energy εs given in (6.15). We make
the Ansatz vy = vy0 + vy1 , where vy0 stands for the core part driven by vx
(without linear correction, see App. E) and vy1 represents the wing solution,
Eqs. (6.30) or (6.31) for z > 0 and z < 0, respectively. Note that the second
harmonic becomes dominant outside the core where vy0 is exponentially suppressed; as a result, to a good approximation only the wing solution vy1 enters
in the argument of the cosine (of the second mode, see Eq. (6.33) below). For
the solitonic part we then obtain the expression (note that we do not need
the precise shape of the soliton wings in the determination of the energy)
Z ∞ n
µ+κ cos2 θ
εs =
dz
(∂z vx )2 + κ cosθ sinθ(∂z vx )(∂z vy0 )
(6.33)
2
−∞

V n
µ+κ sin2 θ
+
(∂z vy0 )2 +
1 − cos (qvx )
2
2
1
+ κ cos θ sin θ(∂z vx )(∂z vy ) + (µ + κ sin2 θ)(∂z vy0 )(∂z vy1 )
o
µ + κ sin2 θ
V 2n 
+
(∂z vy1 )2 +
1 − cos (2qvy1 )
2
64∆Z
Z ∞ n
o
o
Vn
αx
V 2 n ∞ n αy
=
dz
(∂z u)2 + 1 − cos u +
dz
(∂z ū)2 + 1 − cos ū
2 −∞
2
64∆ −∞
2
−
Z
|ū0 |
p
√
V 2n
Vn √
8 αx +
2
dū 2αy 1 − cos ū
(6.34)
=
2
64∆ 0
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Figure 6.5: Total line energy εb = εd b+εs b (solid line) of the (1, 1)-soliton at
(1,1)
Vc
≈ 0.0309 eD as a function of θ in units of eD . The dashed line shows the
drive contribution εd b, the black dotted line the solitonic part εs b consisting
of the core and wing contributions (grey dotted lines, first and second term
of Eq. (6.35)).
−
with ū−
0 = 2qvy (0), see Eq. (6.26); the factor 2 before the integral in the
last line accounts for the second wing at z > 0. The last integral has to
be evaluated separately for the two cases with k = 1 (soliton) and k = 2
(domain-wall). For the (1, 1)-soliton the final result takes the form

ε(1,1)
=
s


Vn √
V 2n √
8 αx +
8 αy 1 − sin πη .
2
64∆

(6.35)

Obviously, the wing contribution vanishes for η = 1/2. The value at η = 3/2
is double the one at η = 0; in the first case, two complete wing solitons need
to cure the maximal overshoot of b/2 on each side of the core while in the
second case, there is no y-distortion in the core such that each wing needs
to contribute with half a (wing) soliton. As in Sec. 5.3.2, the first soliton
appears when the total line energy ε = εs + εd becomes zero. With the
(1,1)
drive εd = −2µbs(cos θ + sin θ/2) from Eq. (6.14), our numerical analysis
provides us with the critical substrate amplitude and at an angle
Vc(1,1) ≈ 0.0309 eD ,

θ(1,1) ≈ 58.7◦ .

(6.36)

Figure 6.5 shows the dependence of the total energy ε(1,1) (and of its com(1,1)
ponents) as a function of θ at the critical strength Vc . With η (1,1) =
η(θ(1,1) ) ≈ 0.534 the overshoot of the y-component in the core and consequently the adjustment in the wings is very small, see Fig. 6.6. This is in
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Figure 6.6: With η (1,1) = η(θ(1,1) ) ≈ 0.534 the y-component of the (1, 1)soliton experiences a very small overshoot in the core region and hence, only
small wings are necessary to return into the valley of the effective potential
along y.
agreement with a very small wing energy close to the critical angle θ(1,1) in
Fig. 6.5.
Evaluating Eq. (6.34) for the domain-wall with k = 2, one obtains for the
solitonic part
ε(1,2)
=
s


Vn √
V 2n √
8 αx +
8 αy 1 + cos πη .
2
64∆

(6.37)

The wing contribution vanishes for η = 1; again, the total wing energy
doubles when going from η = 1/2 to η = 2 due to the presence of two half
or two full wing solitons, respectively (for η = 0, again two full wing solitons
(1,2)
show up). The energy (6.37) is balanced by the drive εd = −2µbs(cos θ +
sin θ) from Eq. (6.14) at the critical amplitude and angle
Vc(1,2) ≈ 0.0478 eD ,

θ(1,2) ≈ 47.8◦ .

(6.38)

This domain-wall, illustrated in Fig. 6.7, is quite similar to the previous
solution of the resonance approximation where only the first harmonic is
considered (and no locking occurs along the y-axis). The jump of the vy -field
at z = 0 is given by η(θ(1,2) ) b ≈ 0.766 b and the displacement field relaxes into
the valleys of the second harmonic separated by b, i.e., the soliton crosses
two maxima of the effective potential along y. Adding the second mode
of the substrate potential increases the drive at large angles, pushing the
minimum towards larger values of θ; however, for large angles, the jump
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(1,2)

Figure 6.7: The shape of the (1, 2)-soliton at Vc
≈ 0.0478 eD and θ(1,2) ≈
47.8◦ . With η (1,2) = η(θ(1,2) ) ≈ 0.766, rather large wings are necessary for the
vy -component to reach the valleys of the effective potential along y separated
by b.
ηb becomes small and the wing energy increases. These two energies then
compete against each other, resulting in an angle very close to 45◦ , see Fig.
6.8.
The line energy associated with the wings, see Eqs. (6.35) and (6.37),
is given by the compression line energy Eq. (5.6) and corrected by a factor
(1 − sin πη) or (1 + cos πη). As discussed earlier, e.g., Fig. 5.2, the jump bη
in the vy -component sensitively depends on the angle θ. For a (1, 2)-soliton
with θ around π/4 we have η ≈ 1 − 2µ/κ close to unity and the factor
(1 + cos πη) ≈ 2π 2 µ2 /κ2 is small for µ  κ, i.e., the wings cost little energy.
As the angle θ increases, η drops substantially below unity and the wings
become more important, until the entire soliton turns into a dilution-type
pure wing soliton at θ = π/2 with vanishing jump in the core, see below.
Note that the relation (6.21) allows for an additional linear term in vy which
would decrease the misfit along y and lower the wing energy, yet at the
expense of an increase in the core energy. A finite ‘tilt’ of the vy -component
may thus lead to an overall lower soliton energy. As briefly discussed in App.
E for the (1, 2)-soliton, this core-wing optimization only plays an appreciable
role for η . 1, where the wing contributions are very small anyway.
The third soliton structure we want to consider is the domain-wall characterized by the numbers j = 0 and k = 1. As with j = 0 the drive along x
vanishes, there will be no displacement field along the first harmonic, vx = 0.
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Figure 6.8: Total line energy εb = εd b+εs b (solid line) of the (1, 2)-soliton at
(1,2)
Vc
≈ 0.0478 eD as a function of θ in units of eD . The dashed line shows the
drive contribution εd b, the black dotted line the solitonic part εs b consisting
of the core and wing contributions (grey dotted lines, first and second term
of Eq. (6.37)).
The solitonic energy (6.33) then simplifies to
Z
o
V 2 n ∞ n αy
(0,1)
2
εs =
dz
(∂z ū) + 1 − cos ū ,
64∆ −∞
2

(6.39)

with ū = 2qvy and αy form Eq. (6.28), leading to the Sine-Gordon equation
(6.27). The displacement along the y-axis then smoothly connects 0 and b/2,
√
(6.40)
vy (z) = (b/π) arctan[exp(z/ αy )]
and we obtain for the solitonic energy
ε(0,1)
s

V 2n √
=
8 αy .
64∆

(6.41)

(0,1)

For given V ≤ 0.0635 eD 1 and with εd = −µbs sin θ from Eq. (6.14), the
(0,1)
(0,1)
total energy ε(0,1) = εs
+ εd
(shown in Fig. 6.9) assumes its minimal
◦
value at θ = 90 ,
r
n(κ + µ)
V
(0,1)
− µbs.
(6.42)
ε (V ) =
2q
∆
By the condition for the first soliton appearance, ε(0,1) (Vc ) = 0, we find for
p
For V > 2qbs (κ + µ)∆/nµ/κ ≈ 0.0635 eD , the minimum of ε(0,1) is found at θ < 90◦ .
(0,1)
Yet, εmin then is always greater than zero, i.e., this V -regime is not relevant for the study
of the solitonic transition.
1
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0

Figure 6.9: Total line energy εb = εd b+εs b (solid line) of the (0, 1)-soliton at
(0,1)
Vc
≈ 0.0577 eD as a function of θ in units of eD , evaluated in the triangular
reference frame; the dashed line shows the drive contribution εd b, the dotted
line the solitonic part εs b.
the critical amplitude and angle
s
∆
Vc(0,1) = 2q
µbs ≈ 0.0577 eD ,
n(κ + µ)

θ(0,1) = 90◦ .

(6.43)

Hence, the (0, 1)-domain wall traversing only the second harmonic is a pure
dilution soliton.

6.1.2

bb-Isosceles Lattice as Reference

As with the single-mode analysis above, we now seek to improve the above
results using a more sophisticated elastic theory; this allows us to test the
effects of anharmonicities. With two substrate modes present, the appropriate reference lattice is the bb-isosceles lattice with elastic coefficients λi ,
i = 1, . . . , 6 given by Eqs. (B.28) – (B.33) and linear drive coefficients γx and
γy from Eqs. (B.26) and (B.27); this time, the pressure p does not compensate any of these drives and hence the solitons/domain-walls are helped by
drives along both x- and y-directions. Note that for the domain-wall/soliton
with j = 1 crossing the principal substrate mode once, the core phase is close
to triangular, while for the (0, 1)-domain wall (not crossing the main mode
along x) the core region is close to the bb0 -isosceles phase (since the (0, 1)solitons wash out the second harmonic, leaving the first harmonic behind
with the optimal lattice given by the bb0 -isosceles phase). Hence the lattice
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structures of core and wings are quite different for the (1, k)-solitons and
rather close to one another for the (0, 1)-soliton. In this sense, we can expect
to obtain more accurate results for the latter if we make use of the isosceles
lattice as our reference. On the other hand, for the (1, k)-solitons the large
difference between the lattice structures between wings (isosceles) and core
(pseudo-triangular) makes us expect that corrections due to anharmonicities
are large.
As in Sec. 6.1.1, the line energy is given as a sum of a solitonic and a
bb
drive contribution, εbb = εbb
s + εd , with
Z ∞ n
λ1 cos2 θ + λ4 sin2 θ
λ2 sin2 θ + λ5 cos2 θ
bb
dz
εs =
(∂z vx )2 +
(∂z vy )2
2
2
−∞
+ (λ3 + λ6 ) cosθ sinθ (∂z vx )(∂z vy )
 V 2n 
o
V n
+
1 − cos (qvx ) +
1 − cos (2qvy ) ,
2
64∆

(6.44)

and
k
εbb
d = −j(γx + p) b cos θ + (γy + p) b sin θ .
2

(6.45)

The numerical evaluation of Eq. (6.45) using Eqs. (B.26) and (B.27) for the
(1, 2)-domain wall provides the drive εbb
d = −0.17 bµ cos θ−0.21 bµ sin θ, which
is appreciably larger than the approximate drive Eq. (6.14) in the triangular
reference. The drive for the (0, 1)-domain wall is εbb
d = −0.10 bµ cos θ, again
more than 30 % larger than the one obtained previously. Hence, regarding
the drive, one can expect to obtain a larger value of the critical substrate
potential Vc .
The (1, k)-Soliton
Following the same analysis as with the triangular reference above, we obtain
(1,1)
(1,2)
the corresponding results for the solitonic contributions εs
and εs , see
Eqs. (6.35) and (6.37) respectively, yet with adjusted coefficients αx , αy , and
η,
2 (λ1 cos2 θ+λ4 sin2 θ)(λ2 sin2 θ+λ5 cos2 θ) − (λ3 +λ6 )2 sin2 θ cos2 θ
,
V nq 2
λ2 sin2 θ + λ5 cos2 θ
(λ3 + λ6 ) cos θ sin θ
64∆ λ2 sin2 θ + λ5 cos2 θ
bb
bb
η =
,
αy = 2
.
(6.46)
V n
4q 2
λ2 sin2 θ + λ5 cos2 θ

αxbb =
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0

Figure 6.10: Solitonic energy εs b (solid) and drive εd b (dashed) of the (1, 2)domain-wall, calculated from the isosceles lattice (black) and from the tri(1,2)
angular lattice (grey) at the critical potential Vc
≈ 0.0536 eD (in units of
eD ). The dotted lines track the core and wing contributions to the solitonic
part (first and second term in Eq. (6.37)).
The critical values for Vc and θ are then again found by (numerically) evaluating where the line energy ε(V, θ) = εs (V, θ) + εd (V, θ) goes to zero for the
first time upon decreasing V ; for the (1, 1)-soliton we obtain
Vc(1,1) ≈ 0.0529 eD ,

θ(1,1) ≈ 72.45◦ ,

(6.47)

θ(1,2) ≈ 79.15◦ .

(6.48)

while the (1, 2)-domain wall enters at
Vc(1,2) ≈ 0.0536 eD ,

Obviously, the critical potential and angle have changed quite drastically as
compared to the previous results Eqs. (6.36) and (6.38) obtained with the
triangular elastic theory, telling us that anharmonic effects (in the calculation
of the drive or soliton energy) are large. This is illustrated in Fig. 6.10 which
shows the direct comparison of the solitonic and drive energies for the case
of the (1, 2)-domain-wall as calculated in the isosceles and the triangular
reference frames.
The (0, 1)-Soliton
With vx (z) = 0 and the boundary conditions vy (−∞) = 0 and vy (∞) =
b/2, the solitonic energy of the (0, 1)-soliton takes the same form as in the
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triangular reference frame,
εbb,(0,1)
=
s

V 2 n q bb
8 αy ,
64∆

(6.49)
bb,(0,1)

with the adjusted coefficient αybb , see Eq. (6.46). Adding the drive εd
=
(γy + p) b sin θ/2 (see Eq. (6.45) with j = 0, k = 1) and minimizing the total
bb,(0,1)
bb,(0,1)
line energy εbb,(0,1) = εs
+ εd
with respect to θ yields the condition
for the critical field as a function of θ,
r
n∆
2π(γy + p)
,
(6.50)
Vc (θ) = −
n
λ2 + λ5 cot2 θ
which in the interval θ ∈ [0, π/2] is a monotonically increasing function. The
first soliton thus enters at
Vc(0,1) ≈ 0.0753 eD ,

θ(0,1) = 90◦ .

(6.51)

Comparing this result with the one obtained when working with the elasticity
theory of the triangular phase (see (6.43)), the value for the critical field has
shifted by roughly 31%. The reason for this large change is found in the much
bb,(0,1)
larger (exact) drive εd
≈ −0.10 bµ sin θ as compared to the approximate
drive εd ≈ −s bµ sin θ ≈ −0.07 bµ sin θ calculated from the triangular elastic
theory, see Fig. 6.11.
As shown in Fig. 6.11, the total line energy has a very weak dependence
on angle for large θ implying that solitons evolving along directions not too
far from 90◦ are only little worse. Consequently, the value for V at which
a first soliton appears decreases very slowly as θ is decreased from 90◦ , see
Fig. 6.26. Indeed, in our numerical analysis later on, we also find a flat
dependence on angle, yet unexpectedly, with a maximum away from 90◦ (or
another symmetry angle of the isosceles phase).

6.2

Estimating the Effects of Anharmonicities

Above, we have analyzed different solitons/domain-walls using either a triangular or an isosceles lattice as our reference system, with corresponding
elasticity theories. It turns out, that both drive and soliton energies change
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Figure 6.11: Total line energy εb = εd b + εs b (solid line) of the (0, 1)(0,1)
soliton at Vc
≈ 0.0753 eD as a function of θ in units of eD , calculated
from the isosceles lattice; the dashed line shows the drive contribution εd b,
the black dotted line the solitonic part εs b. While the angle dependence of
both contributions is very similar to the corresponding results evaluated in
the triangular reference frame (grey lines), especially for the drive energy the
(0,1)
value is quite different. This leads to the large change in the value of Vc
of about 31%.
appreciably when considering another reference lattice. In an attempt to analyze the accuracy of the critical potentials (6.48) and (6.51) (in the present
section, we restrict ourselves to the cases (j, k) = (1, 2) and (0, 1)), we repeat
the calculations for the critical substrate amplitude and angle for the first
soliton entry, using (i) different elastic theories for the soliton cores and wings
and (ii) what we believe to be the most appropriate drive. The basic idea is
the following:
(i) We always start from the commensurate state at large substrate potential, which is the period-doubled phase in a full description and the bbisosceles phase for the center-of-mass displacement field v0 (R0 ) written in
isosceles coordinates R0 . For the calculation of the solitonic part εs , we
choose as the reference structure the one resembling the lattice in the core:
for the (1, 2)-soliton this is the elastic theory of the triangular lattice, while
for the (0, 1)-soliton the proper elastic theory is the one of the bb0 -lattice (with
b0 = 1.0173 b). The wings of the (1, 2)-soliton are analyzed in the bb-system
(note that the (0, 1)-soliton does not possess any additional wing-structure).
The idea behind this choice is that most of the soliton energy is expected to
originate from the core region, so we try to catch this part more precisely by
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using the lattice resembling the one in the core.
(ii) When switching reference frames, the appropriate transformation of
the displacement field, u = v + ug , provides an approximate drive via the
mixed gradient term, see Sec. 5.2.2. Here, we choose instead the correct
drive as defined by the linear term in the harmonic expansion around the
bb-isosceles lattice (within which the soliton forms): this drive is given by
Eq. (6.45) with (j, k) = (1, 2) and (0, 1), respectively.

6.2.1

The (1, 2)-Soliton

When working with the triangular reference lattice (with coordinates R given
in Eq. (2.32)), the particles are located at R + u(R) and the elastic energy
is most easily written in terms of the displacement field u(R),
Z
1
el
g ≈ g4 +
d2 R g4
[u(R)].
(6.52)
N A
Since the first soliton forms in the bb-isosceles lattice, we reformulate the
problem in terms of the coordinates R0 , see Eq. (2.33), and the corresponding
displacement field v0 = v0 (R0 ) of the bb-lattice. Using the fact that R +
u(R) = R0 + v0 (R0 ), we can insert u(R) = v0 (R0 ) + ug (R0 ) with ug (R0 ) =
R0 − R(R0 ) into Eq. (6.52) to obtain
Z
1
el 0
g ≈ g4 +
d2R g4
[v (R0 ) + ug (R0 )]
N A
Z
 el 0 0
1
mix 0
el
= g4 +
d2R g4
[v (R )] + g4
[v (R0 ), ug (R0 )] + g4
[ug (R0 )] . (6.53)
N A
If we compare this with the energy written in the bb-isosceles reference frame,
Z
1
g ≈ gB +
d2R0 gBel [v0 (R0 )]
N A0
Z

1
= gB +
d2R0 gBel,2 [v0 (R0 )] + gBel,1 [v0 (R0 )] ,
(6.54)
N A0
where we have split the elastic energy gBel = gBel,2 + gBel,1 into an elastic part,
∝ (∂i0 vj0 )2 , and a linear part (or drive), ∝ ∂i0 vj0 , respectively, we see that the
first and the last term of Eq. (6.53) add up to the approximate bulk energy
R
el
gB ≈ g4 + (1/N ) A d2R g4
(ug ) of the isosceles lattice and the mixed term
mix
g4 yields the approximate drive corresponding to gBel,1 . The elastic energy
of the displacement field v0 can be calculated either in the triangular reference
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frame (the second term in Eq. (6.53)) or in the isosceles frame (the second
term in Eq. (6.54)).
For the core part we make use of Eq. (6.53); the distortion field v0 is
given in R0 -coordinates such that the integration parameter R has to be
replaced by R0 . Since the triangular and the bb-isosceles structures have equal
densities, no additional factor appears in the integration measure. However,
renormalization factors (1 ± s)2 arise in the triangular elastic moduli from
adapting the derivatives ∂i vj0 in triangular coordinates to derivatives ∂i0 vj0 in
isosceles coordinates, e.g., (∂x vx0 0 )2 = (∂x x0 )2 (∂x0 vx0 0 )2 = (1+s)2 (∂x0 vx0 0 )2 (with
R0 (R) taken to order O(s), see the expression (2.35)). The core energy is then
obtained similar to the calculation of Eq. (6.37) with the adapted triangular
elastic moduli λ1 = (κ + µ)(1 + s)2 , λ2 = (κ + µ)(1 − s)2 , λ3 = κ − µ,
λ4 = µ(1 − s)2 , λ5 = µ(1 + s)2 , λ6 = µ entering the coefficient αx and
η. Note that since the renormalization factors of the moduli are different
el
for the x- and y-directions, the elastic energy of the triangular lattice g4
in
Eq. (6.53) needs to be written in the anisotropic form Eq. (2.28) with the
six elastic moduli λ1,...6 instead of the isotropic expression Eq. (2.29) where
only the (isotropic) shear and compression moduli µ and κ appear. For the
energy of the wings we use the bb-elasticity Eq. (6.54). This calculation has
already been done in Sec. 6.1.2, where the appearance of the first soliton in
the bb-reference frame has been studied. We therefore can adopt the result
from there, the second term of Eq. (6.37) and take the coefficient αy from
Eq. (6.46) with the elastic moduli λ1...6 of the bb-elasticity theory, see Table
2.1. Summing up, the soliton line energy εs is given by Eq. (6.37) with the
renormalized triangular elastic moduli used for αx and η and the λ’s of the
bb-lattice for αy .
The energy gain due to the soliton formation is given by the drive energy
εd . With the bb-lattice representing the (center-of-mass) soliton-free phase,
it is most accurate to express the drive energy εd in the bb-reference frame,
i.e., using the linear part gBel,1 = (γx +p)(∂x0 vx0 0 )+(γy +p)(∂y0 vy0 0 ) in Eq. (6.54)
(see Eq. (2.28)) with the linear coefficients taken from Table 2.1. As for the
wing energy, the drive energy εd in the bb-reference system was found in Sec.
6.1.2 and is given by Eq. (6.45) with j = 1 and k = 2 for the (1, 2)-soliton.
Evaluating the expressions for εs (core and wing parts) and for εd we show
the results in Fig. 6.12 (black curves). Compared to the soliton energy as
calculated in the isosceles frame (grey curve), at intermediate inclination θ
the soliton energy is reduced, leading to a larger critical substrate amplitude
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Figure 6.12: Solitonic energy εs b (solid) and drive energy εd b (dashed) of the
(1, 2)-soliton calculated from the isosceles reference with triangular elasticity
for the core and bb-isosceles elasticity for the wings (black) and from the
(1,2)
isosceles lattice (grey) at the critical potential Vc
≈ 0.0781 eD obtained in
the present calculation (in units of eD ).
(1,2)

Vc

at an intermediate angle θ,
Vc(1,2) ≈ 0.0781 eD ,

θ ≈ 56.3◦ .

(6.55)

This result is quite different from those in Eqs. (6.38) or (6.48) above, telling
us, that our control on the anharmonicities is very poor and we cannot be sure
about the accuracy of our calculation. For the (0, 1)-soliton, the situation is
better, as we are going to see below.

6.2.2

The (0, 1)-Soliton

The new estimate for the (0, 1)-soliton follows the same general ideas as
the one for the (1, 2)-soliton above: we express the elastic energy of the
displacement field v0 (R0 ) defined in the bb-isosceles lattice in terms of the
elasticity theory gBel0 of the bb0 -lattice using the bb0 -coordinates
0

RBm,n = (mb, (n − m/2)b0 )

→

R00 .

(6.56)

With the bb-coordinates R0 from Eq. (2.33), one obtains the relation
 0 

x
x00
0
00
R (R ) =
=
(6.57)
y0
(b/b0 )y 00
between the two coordinate systems.
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Similar to the discussion above, we start with the elastic energy in the
bb -frame, see Eq. (2.26) with moduli taken from Table 2.1, and insert the
displacement field v00 (R00 ) = v0 (R0 ) + u0g (R0 ) with u0g (R0 ) = R0 − R00 (R0 ),
Z
1
g ≈ gB0 +
d2 R00 gBel0 [v0 (R0 ) + u0g (R0 )]
N A00
Z

1
el,1 0
0
0
0
= gB0 +
(6.58)
d2 R00 gBel,2
0 [v (R )] + gB0 [v (R )]
N A00
0
0
0
0
el
0
0
+ gBmix
0 [v (R )ug (R )] + gB0 [ug (R )] .
0

el,1
Again we have included the separation gBel0 = gBel,2
in the last line. Com0 +gB0
pared to the Eq. (6.54), the first and the last term of Eq. (6.58) combine to
R
an approximate bulk energy gB ≈ gB0 + (1/N ) A00 d2R00 gBel0 (u0g ), whereas the
mixed term gBmix
provides a correction term to the bb0 -drive gBel,1
to approxi0
0
el,1
el,1
mix
mate the exact bb-drive gB ≈ gB0 + gB0 . Since there is no additional wing
structure to provide the locking along y in case of the (0, 1)-soliton, the soliton line energy εs only consists of the core contribution. For its calculation
we use the bb0 -isosceles elastic theory (the second term in Eq. (6.58)), where
again correction factors to the elastic moduli λ01,...6 arise from transforming
the derivatives ∂i00 vj0 in bb0 -coordinates to derivatives ∂i0 vj0 in bb-coordinates,
e.g., λ02 (∂y00 vy0 0 )2 = (∂y00 y 0 )2 (∂y0 vy0 0 )2 = (b/b0 )2 (∂y0 vy0 0 )2 . Furthermore, the integration measure picks up the factor (b0 /b) when integrating over R0 instead
of R00 (since the bb- and bb0 -lattices do not have the same density) such that
the effective moduli replacing the λ’s in the formula (6.46) for the coefficient
αy take the form (b0 /b)λ01 , (b/b0 )λ02 , λ03 , (b/b0 )λ04 , (b0 /b)λ05 , λ06 .
Again we take the exact bb-drive gBel,1 from Eq. (2.28) with εd given by
Eq. (6.45) (with j = 0, k = 1). Combining this expression with the soliton
line energy Eq. (6.49) evaluated with the properly renormalized elastic coefficients, we obtain the critical substrate potential for the first entry of the
(0, 1)-soliton

Vc(0,1) = 0.0782 eD ,

θ ≈ 90◦ .

(6.59)

Comparing this result with that in Eq. (6.51), we note a relatively little
change, telling us that we can trust these results better than those for the
(1, 2)-soliton.
In table 6.1, the critical substrate amplitudes and soliton/domain-wall
angles obtained for the various line defects and involving different elasticity
theories and drives are summarized. The inaccuracy and closeness of the
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Table 6.1: Summary of the analytic results for the critical substrate amplitudes and corresponding angles for the (1, 1)-, the (1, 2)- and the (0, 1)solitons calculated with the triangular (4), the isosceles (B), and (in case of
the (1, 2)- and the (0, 1)-solitons) the mixed (mix) elasticity theory.
(1,1)

4
B

mix

Vc /eD
0.0309
0.0529

θ(1,1)
58.7◦
72.5◦

(1,2)

Vc /eD
0.0478
0.0536
0.0781

θ(1,2)
47.8◦
79.2◦
56.3◦

(0,1)

Vc /eD
0.0577
0.0753
0.0782

θ(0,1)
90◦
90◦
90◦

results for the different soliton types (both critical amplitudes may be close
to Vc ∼ 0.07 − 0.08 eD ) tells us that we need a better evaluation of the soliton
energies, e.g., through a numerical analysis of the problem; such a study is
provided in the following.

6.3

Numerical Results

Having arrived at ambiguous results for the critical potentials of the (1, 1)-,
the (1, 2)-, and the (0, 1)-solitons nearby in energy and with limited precision
due to the presence of anharmonicities, we have to resort to a numerical
evaluation of the soliton energies and the critical Vc s. Similar to the numerical
analysis in the one-mode study of Chap. 5, we determine the energy difference
between the candidate solitons and the soliton-free background structure by
assuming the analytic form for the solitons as a variational solution and
summing the microscopic interaction energy E int (A, N ), as given by Eq. (2.5)
and the substrate energy E sub (N ), see Eq. (2.19). Note that adding the
subdominant harmonic along y changes the background from the bb0 -isosceles
lattice to the period-doubled state. We first focus on the (0, 1)-soliton and
consider two well-separated defects (due to the fast decay the soliton-soliton
interaction may then be neglected) taking us from twin A of the perioddoubled background structure to twin B and back to A such as to get rid
of boundary problems. For the (0, 1)-soliton evolving along the direction
(0,1)
θ = 90◦ , we find the critical potential at Vc (90◦ ) ≈ 0.0730 eD , in rather
good agreement with the analytic results and consistent with our expectation
that anharmonic effects are small in this case. We then switch to periodic
121

6.3 Numerical Results
boundary conditions where we consider an array of well-separated solitons
and let the structure relax. Periodic boundary conditions allow to work with
smaller system sizes, drastically reducing the CPU time, and avoid boundary
effects; the latter are particularly relevant for charged solitons which interact
algebraically ∝ 1/distance2 . We then find a slightly higher critical strength,
(0,1),rel
Vc
(90◦ ) ≈ 0.0732 eD . The same situation is studied for a discrete set
of angles θ where a quite unexpected result emerges: after relaxation, the
(0,1),rel
(0,1),rel
function Vc
(θ) assumes its maximal value Vc
≈ 0.0741 eD at a very
◦
different angle θ = 45 (before relaxation the maximum has been located at
θ = 90◦ ) which does not agree with a symmetry axis of the isosceles triangular
lattice.
The (1, 2)-soliton is studied in a similar way. First we look at two wellseparated defects evolving along θ = 45◦ in an extended system before switching to periodic boundaries and changing the direction of the z-axis (in the
(1,2)
same discrete steps); the largest value Vc (45◦ ) ≈ 0.0468 eD found along
the diagonal is close to our first result Eq. (6.38). Relaxation of the (1, 2)structure leads to higher values for Vc , yet does not change the preferred
(1,2),rel
direction of the z-axis; the maximum of Vc
= 0.0501 eD corresponds to
◦
the angle θ = 45 .
In order to improve our knowledge of the solitonic phases in the intermediate V -regime, we extend our study to the (1, 1)- and the (1, 3)solitons; we find that the optimal (1, 3)-soliton develops along θ = 45◦ with
(1,3),rel
(1,1),rel
Vc
(45◦ ) ≈ 0.0543 eD , while the first (1, 1)- soliton enters at Vc
(63◦ ) ≈
(1,3),rel
0.0382 eD . Note that the value for Vc
exceeds the corresponding one for
the (1, 2)-soliton. This finding is not anticipated from our analytical considerations; with η(45◦ ) < 1 the (1, 3)-solitons possess rather large wings.
√
Compared to the (1, 2)-soliton, the additional cost (V 2 n/64∆)8 αy (sin πη −
√
cos πη) of wing energy is not compensated by the gain −µbs/ 2 in the drive
energy. However, these numerical results show that the (1, k)-solitons do
not take part in the square-to-triangle-transformation; the relevant solitonic
(0,1)
phases involve (0, 1)-solitons flooding the system below Vc , thereby washing out the second harmonic and establishing the bb0 -isosceles phase. The
PT-solitons then smoothly transforms the latter into the free triangular phase
at V = 0. According to our numerical optimization of Chap. 5, this second
kind of solitons enter the system at the value VcPT (44.5◦ ) ≈ 0.046 eD . At this
point, the bb0 -phase has already been reached to within 10%, as measured by
the ratio of the amplitudes Ã of the periodic deformation ṽ generated by the
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(0,1)

(0, 1)-soliton array, Ã(VcPT )/Ã(Vc ) = 0.019/0.25 ≈ 0.08 (the average shift
(hb0 i − b)/b differs by ≈ 3% from the asymptotic value (b0 − b)/b), see Fig.
6.13.

Figure 6.13: At VcPT ≈ 0.046 eD the bb0 -lattice is already established to
within 10%; shown here are the total (dimensionless) displacement field 2qv =
z̃ + 2qṽ (solid lines) and the periodic part 2qṽ (dashed lines, with amplitudes
Ã) of the (0, 1)-solitonic phase for V ≈ 0.046 eD (black curves) and V ≈
0.075 eD (grey curves) as obtained from the analytic calculation using the
bb-isosceles elasticity theory.

6.3.1

The (0, 1)-Soliton at θ = 90◦

Two Solitons in an Extended System
A convenient choice for the implementation of the (0, 1)-soliton with lattice
shift d(0,1) = (0, b/2) starts from the period-doubled lattice described by
the rectangular Bravais lattice with a1 = (2b, 0) and a2 = (0, b). The basis
vectors are chosen as c0 = (0, −b/4 + δ̄y /2) and c1 = (b, b/4 − δ̄y /2) with
δ̄y = (b/π) arcsin(V /8∆), the relative distortion between the two sublattices
of the bb-isosceles phase, see Eq. (6.7). The variational shape of the solitons
obtained by the analytic results Eqs. (6.40) and (6.7) provide the Ansatz

√
vy (y) = (b/π) (arctan[exp[(y − ys1 )/ αy ]]
√
+ arctan[exp[(y − ys2 )/ αy ]] ,

(6.60)

δ̄y (y) = (b/π) arcsin[(V /8∆) cos[2πvy (y)/b]],

(6.61)
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with ys1,2 /b = ∓qs − 1/4 chosen such that the solitons are placed (almost)
symmetrically around the origin, with a particle sitting in the substrate minima ∓ys = ∓qs b and neighboring particles arranging symmetrically around
it, see Fig. 6.14. Note that the energy differs only very little for a different

Figure 6.14:
The particles (black dots) close to the soliton center at
ys1 /b = −qs − 1/4 (dashed line) arrange themselves symmetrically around
the substrate minimum at −qs b. The grey dots represent the lattice sites of
the bb-lattice. Note that the δ̄y (y)-distortion vanishes in the soliton center
and the local configuration becomes an isosceles lattice.
choice of zs (leading to an asymmetric arrangement) and does not influence
the critical value Vc within the precision considered here. As we have also
checked that this is true for other types of (j, k)-solitons, the choice of zs will
not be discussed in further details.
As we go through the soliton, the internal deformation of the unit cell
with δ̄y (y) starts out at δ̄y at large negative y (twin A), goes through 0 in the
middle of the soliton (corresponding to an isosceles lattice) and approaches
−δ̄y at y ≈ 0 (twin B); the second soliton then takes δ̄y (y) back to the positive
asymptotic δ̄y at large y and the lattice returns to the original period-doubled
phase (twin A). Flooding the period-doubled lattice with (0, 1)-solitons then
generates a bb0 -isosceles lattice, as if the second substrate mode were absent.
Note that for a dilution-soliton as considered here, the base b0 is larger than
b. In Fig. 6.15, we show the center-of-mass and the internal distortion of the
two solitons; a plot of the distortion field on top of the period-doubled lattice
with two dilution-solitons is shown in Fig. 6.16.
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Figure 6.15: Shape of two (0, 1)-solitons vy (y)/b as well as the internal
√
distortion δ̄y (y)/b for V = 0.075 eD . The soliton width is αy ≈ 6.1 b. The
distortion field δ̄y (y) (dashed) is expanded by a factor 10 for better visibility.
The positions in the distorted lattice with two solitons are given by

 0 
xl
x0l
s,0
Rlq =
,
(6.62)
=
yq0 + vy (yq0 ) + δ̄y (yq0 )/2
yqs,0
 1 

xl
x1l
s,1
Rlq =
,
(6.63)
=
yq1 + vy (yq1 ) − δ̄y (yq1 )/2
yqs,1
where xµp and yqµ denote the x- and y-coordinates of the bb-isosceles phase
globally shifted by −b/4 along the y-axis, i.e.,
 0


xl
0
B,0
Rlq =
= la1 + qa2 +
,
(6.64)
yq0
−b/4
 
 1
b
xl
B,1
Rlq =
= la1 + qa2 +
.
(6.65)
1
yq
b/4
When comparing to the numerical analysis in Chap. 5, the bb0 -lattice is replaced by the bb-lattice due to the geometric constraints of the second harmonic and additionally shifted by −b/4. This shift makes sure that we have
the correct period-doubled phase when the soliton is absent.
For the evaluation of the interaction energy
Esint =

D
1 X
,
s,µ
3
2 l,l0 ,q,q0 ,µ,ν |Rlq − Rs,ν
l0 q 0 |
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(6.66)

6.3 Numerical Results
we can again apply Eq. (5.122) to obtain the simplified expression (with
xµν = xµν
0 )

2
N⊥ D X
int
(6.67)
Es =
s,µν
3
2a1 q,q0 ,µ,ν (yqq0 /a1 )2

s,µν
X
K1 [|2π¯l (yqq
0 /a1 )|]
µν
¯
¯
l cos[2π l(x /a1 )]
+ 8π
,
s,µν
|yqq
0 /a1 |
l̄>0

where N⊥ denotes the number of unit cells (of extension a1 = 2b) along x and
again, the terms with q = q 0 at µ = ν have to be omitted. Since the lattice
is locked to the potential minima along the x-direction, only the positions
along y contribute non-trivially to the substrate energy,

V N⊥ X
Essub =
1 − cos(2πyqs,µ /b) .
(6.68)
2 q,µ
Again, the quantity relevant for the determination of Vc is the line energy of
the two solitons,
int
sub
ε = (Esint − Epd
+ Essub − Epd
+ pδA)/N⊥ a1 ,

(6.69)

where the energy of the lattice without solitons, the period-doubled background, derives from Eq. (6.67) by inserting the undistorted positions Rµlq
with vy (yqµ ) = 0 and δ̄y (yqµ ) = δ̄y , see Eqs. (6.62) and (6.63). For two dilution solitons as considered here, the pressure term involves the area change
(0,1)
(0,1)
δA = 2a1 dy
= 2b2 where dy
= b/2 denotes the lattice shift along y of
one (0, 1)-soliton.
In order to deal with the boundary effects due to the long-range interaction between particles we analyze the asymptotic behavior of ε for a large
separation 2ys between the solitons and a large system size 2Y (for simplicity,
ys /b and Y /b are taken to be integers in the following consideration). We
start from the square lattice and consider two rows separated by the distance
y = qb. Summing over the x-coordinates (with N⊥,b the number of unit cells
of extension b along x) and using Eq. (5.122), we find the interaction energy
(between the two rows)
Eint (y) = N⊥,b eD

X
l

b3
[(bl)2 + y 2 ]3/2

b2
≈ 2N⊥,b eD 2 ,
y
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Figure 6.16: Two (overlapping) dilution-solitons in the period-doubled lattice at V = 0.073 eD . The solitons reside at ys = ±4 b, their width is 6.23 b.
The fine points mark the undistorted lattice of the period-doubled phase,
the thick points are the distorted lattice with the two solitons. Note the
additional area taken by the distorted solution at large values of y—this area
defines the expansion δA at constant pressure p = 6.670 eD n that has to be
accounted for.
where we have ignored corrections due to the sum over ¯l (which is valid at
large y/b  1, see Eq. (5.122)). Next, we transform to the isosceles lattice
with rows of half-density separated by b/2 and unit cell size 2b (along x),
EBint (y) = N⊥ eD
127

b2
,
y2

(6.71)

6.3 Numerical Results
where N⊥ = N⊥,b /2. The same result can be derived with the help of Eq.
(5.122),
EBint (y) = N⊥ eD

X
l

b3
[(a1 l)2 + y 2 ]3/2

(6.72)

b 3 a2
≈ 2N⊥ eD 3 21 .
a1 y
Describing the two solitons by two missing rows at ±ys , we can estimate their
line energy ε via
1
eD 4 hX2s Xi
−
ε≈
,
(6.73)
0 )2
a1 2 j6=j 0
(j
−
j
0
j6=j
where the factor 4 originates from the period-halfing b → b/2 along the ydirection, y = j b/2, and the factor 1/2 avoids double counting of lines, cf.
P
the factor 1/2 in Eq. (6.66). In Eq. (6.73) the sum 2s has to be taken
between ±jY = ±(2Y /b + 1) but with j, j 0 6= ±js = ±2ys /b (we consider
a symmetrized situation which provides identical leading corrections), while
the second sum goes over j, j 0 = −(jY − 1), . . . (jY − 1) = −2Y /b, . . . 2Y /b.
Then the following terms survive the cancellation in the difference of sums,
i
1
1
eD n X h
+
ε≈ 4
a1 j6=±j (jY − j)2 (jY + j)2
s
i
Xh
1
1
−
+
(6.74)
(js − j)2 (js + j)2
j
1
1 o
−
+
,
(2jY )2 (2js )2
where the additional factor 2 arises from interchanging the role of j and j 0
and the last two terms correct for double counting the interactions between
the ‘adatoms’ at ±jY and ‘vacancies’ at ±js b; self-energy terms always have
to be dropped from the sums. Replacing the sums by integrals, e.g.,
hZ ∓js −1 Z jY −1 i
X
1
dx
≈
+
(6.75)
2
2
(j
±
j)
(j
±
x)
s
s
−j
+1
∓j
+1
s
Y
j
=2−

1
1
−
,
jY − 1 − js jY − 1 + js
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we can evaluate Eq. (6.74) and obtain the asymptotic behavior (we assume
js  jY and drop terms ∝ jY−2 )
ε ≈ ε∞ +

4b
2b
b2 
eD  4b
+
−
+ 2 .
a1 Y + y s Y − y s
Y
4ys

(6.76)

The constant ε∞ then provides the asymptotic estimate ε(Y, ys → ∞) for the
soliton line energy at large system size. From Eq. (6.76) we learn that the
soliton-soliton interaction decays as 1/distance2 , but boundary effects decay
only like 1/(system size). Therefore, considering large qY is a necessity (due
to the long-range interaction between particles), while the separation between
solitons is less critical; we carry out summations over |q| < qY = Y /b − 1/4
with qY going up to 1200 (the summation over ¯l in Eq. (6.67) typically
involves 10 to 20 terms). A separation between solitons of order 100 b is
sufficient to render their interaction irrelevant. We evaluate the soliton line
energy ε numerically with the help of Eqs. (6.67) and (6.68) at various values
of V and for different soliton separations ys and fit the results with Eq. (6.76)
to find the extrapolated value ε∞ . Varying V to make ε∞ vanish we find a
critical substrate potential
Vc(0,1) (90◦ ) ≈ 0.0730 eD .

(6.77)

The data for Y /b = 1200 and ys /b = 75 – 400 and V /eD = 0.0730 providing
the asymptotic result ε∞ ≈ 0.000123 eD /a1 is shown in Fig. 6.17.
Periodic Boundary Conditions
An alternative scheme to control the problem of long-range interactions and
finite size effects is to go over to a periodic system with supercells of size
L (along y); since a separation of order 100 b between solitons is sufficient
to reduce their interaction energy below the per mil level (see Eq. (6.76)),
a cell size of this order is adequate and much smaller then the system sizes
simulated above, such that the computational effort is lowered considerably
(especially important for the numerical relaxation).
For the implementation with periodic boundary conditions it is more
convenient to enumerate the particles (within a vertical strip of width a1 ,
i.e., l = 0 in expressions (6.64) and (6.65)) with one index j = 1, . . . N where
N denotes the particle number per period L, instead of two indices (q, µ) as
used in the previous section. The particle positions (6.64) and (6.65) of the
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Figure 6.17: Line energy a1 ε/eD versus half-distance ys /b between solitons
for Y /b = 1200 and V /eD = 0.0730, providing an extrapolated line energy
ε∞ ≈ 0.000123 eD /a1 .
bb-isosceles lattice then take the form


la1 + xj
B
Rlj =
,
yj

(6.78)

with xj /b = (1 + (−1)j )/2 and yj /b = j/2 − 1/4, and the coordinates (6.62)
and (6.63) of the distorted lattice read


la1 + xj
s
Rlj =
.
(6.79)
yj + vy (yj ) + (−1)j δ̄y (yj )/2
For convenience, the isosceles lattice here is shifted by +b/4 along y rather
than −b/4 as above. Note that in the definitions (6.78) and (6.79), the
coordinates xj only account for the x-values within the strip l = 0; due
to the invariance under a translation by a1 along x, this does not have any
influence on the calculation of the interaction and the substrate energies, i.e.,
Eqs. (6.67) and (6.68) are still the correct formulas.
The calculation of the interaction energy (6.67) can be modified by splitting the sum over particle distances yjj 0 in a sum over particle distances within
one period and then extend the sum over periodic images. This corresponds
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Figure 6.18: With two (0, 1)-soliton at θ = 90◦ per period (black dots), going
from the period-doubled twin A (grey points) to twin B (grey crosses) and
back to twin A, L/b needs to be integer in order to match periodic boundary
conditions; the left half of the figure shows the situation for L = 4b (with
N = 2L/b − 2 = 6 particles per period), the right half for L = 5b (and
N = 8). In both cases, the soliton centers are located at ys1 = L/4 − b/4
and ys2 = 3L/4 − b/4. As shown on the left side, particles with odd index
j first cross a substrate maximum (max) and then a minimum (min) while
the even j’s have the reversed order.
to changing the 1/y 2 interaction (the first line of Eq. (6.67)) to

∞
N X
N
∞
∞
X
X
X
1
1
1 X 1
=
+
2
0 + kL)2
2 0
yjj
(y
(kL)2
0
jj
0
k=−∞
j =1 j=1 k=−∞
j,j =−∞
j6=j 0

j<j 0

=

N X
N h
X
j 0 =1

j=1
j<j 0

k6=0


i2
π/L
2
+ 2 ζ(2) .
sin(πyjj 0 /L)
L

(6.80)

The corrections ∝ K1 given in the second line of Eq. (6.67) are even sim131
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pler; due to the exponential decay, at most the neighboring cell (along y)
might contribute with its nearest image to the sum over ¯l . This is easily accounted for by replacing the distance |yjj 0 | by the minimal distance
min
yjj
0 ≡ min(|yjj 0 |, L − |yjj 0 |) in each term. The final expression for the interaction energy then assumes the form
N 
N 
X
2a21 (π/L)2
N⊥ D X 4a21
int
ζ(2)
+
(6.81)
Es =
2
s
a31 j 0 =1 L2
sin
(πy
0 /L)
jj
j=1
j<j 0

+ 8π

X

¯l cos[2π¯l(xjj 0 /a1 )]

l̄>0

s,min
K1 [|2π¯l (yjj
/a1 )|]
0
s,min
|yjj
/a1 |
0


,

Working with periodic boundary conditions, the cell size L has to be
chosen such that the boundaries match. For the (0, 1)-soliton and θ = 90◦
this is easily satisfied for L/b ∈ N and two solitons per period see Fig.
6.18, going from twin A-phase to twin B-phase and again back to twin A,
described by formula (6.60) with ys1 = L/4 − b/4 and ys2 = 3L/4 − b/4.
With this choice the soliton cores are separated by Ls = L/2. To minimize

0

Figure 6.19: The line energy a1 ε/eD evaluated for different substrate amplitudes V /eD = 0.0729 (light grey), V /eD = 0.0730 (black), and V /eD = 0.0731
(dark grey) shows a linear dependence on 1/L2s with soliton separations
Ls /b = 100.5 − 400.5. The dashed lines are linear extrapolations Ls → ∞.
computation time, we want to work with small cell sizes L yet at the same
time be sure that we are in the ‘asymptotic regime’ where the interaction
between neighboring solitons is sufficiently weak such that a further increase
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in L does not give rise to a change in Vc (up to the fourth digit after the
decimal point). The line energy (before relaxation) as a function of 1/L2s
for Ls /b = 100.5 − 400.5 (the line energy is slightly smaller for Ls /b halfinteger than integer, yet the difference does not lead to different results for
Vc ) evaluated for V /eD = 0.0729, 0.0730, and 0.0731 is illustrated in Fig.
6.19. In agreement with the result (6.77) from the previous section, the
value of the line energy ε is closest to zero for V ≈ 0.0730 eD as Ls → ∞.
The numerical results confirm the dependence
ε ∝ 1/L2s ,

(6.82)

stated in Eq. (6.76); in a periodic set-up where boundary terms (∝ 1/Y )
are absent only the interaction energy between well-separated solitons (∝
1/(2ys )2 where 2ys = Ls ) remains.

Figure 6.20: The process of relaxation converges rather fast as illustrated
by the (0, 1)-soliton line energy a1 ε/eD (at V = 0.0732 eD , θ = 90◦ , and L =
401 b) as a function of the number of iteration steps (#it; #it=0 represents
the analytic value).
For the numerical relaxation, we work with the system size L = 401 b and
two solitons therein, see Fig. 6.21. Letting the soliton shape relax, we find
the critical substrate potential of the first soliton entry at
Vc(0,1),rel (90◦ ) ≈ 0.0732 eD .

(6.83)

The process of relaxation converges very quickly; as shown in Fig. 6.20,
going beyond 15 steps of iterations, the change of the value for the line
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1.

0.
0

Figure 6.21: The (0, 1)-soliton deformation y s −y at θ = 90◦ (on top of the bbisosceles lattice y) for two solitons per period L = 401 b and at V = 0.0732 eD
before (grey curves) and after (black curves, #it=15) relaxation. When
going from twin A to twin B, particles with odd index j (solid lines) have
to overcome a substrate maximum while the even j’s (dashed lines) cross a
substrate minimum (and vice versa from twin B back to twin A, see Fig.
6.18).
energy is no longer perceptible (within the precision of interest, 10−4 ). The
difference between the relaxed and the analytic soliton shape is small (hardly
noticeable in Fig. 6.21) telling us that the analytic solution is already a
very good approximation to the true solitonic state. Fig. 6.22 shows the
absolute difference between the positions y s,rel after and y s before relaxation;
this difference is appreciably larger (approximately by the factor 4.5) for
the particles crossing a substrate minimum (along y) than for the particles
crossing a substrate maximum. In both cases, however, the relaxation is such
that the steplike nature of the soliton deformation becomes more pronounced;
the slope near the soliton center becomes steeper resulting in a narrower
soliton core.
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0

0.0075

0

Figure 6.22: Comparing the soliton structure of the (0, 1)-soliton at θ = 90◦
before (y s ) and after (y s,rel , #it=15) relaxation shows that upon relaxation,
the particle configuration changes very little; the relaxation is symmetric
around the soliton center and more than 4.5 times larger when crossing a
substrate minimum than when crossing a substrate maximum (odd j (black
curve) first cross a maximum and than a minimum, even j’s (grey curve) the
other way around).

6.3.2

The (0, 1)-Soliton at Different Angles

The analytic study of the (0, 1)-soliton has given us the optimal orientation
θ(0,1) = 90◦ . Yet, the results exhibit a very weak dependence on the angle, see
(0,1)
Figs. 6.11 and 6.26. We therefore analyze the behavior of Vc
for different
angles also numerically; similar to the numerical treatment of PT-soliton in
Chap. 5, we consider a set of discrete angles θ = arctan (m/n) belonging to
the small Miller indices (m, n). We implement periodic boundary conditions
and relax the soliton shape starting from the variational Ansatz given in Eqs.
(6.40) and (6.7).
When adapting the definition of the z⊥ z-frame from Chap. 5, there are
two major differences; the period-doubled background structure is based on
the bb-isosceles lattice such that rb = 1 and the Miller index m needs to be
even (doubling of the period results in an even particle number per unit cell).
The lattice vectors a1 = (m, −n)b and a2 = (0, 1)b written in the xy-frame
√
√
√
read a1 = ( m2 + n2 b, 0) and a2 = (−nb/ m2 + n2 , mb/ m2 + n2 ) in the
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z⊥ z-frame and again
Um,n

1
=√
m2 + n2



m −n
n m


(6.84)

transforms the coordinates from the xy- to the z⊥ z-frame.

Figure 6.23: Coordinates z⊥ and z for a) θ = 45◦ , b) θ ≈ 63.4◦ , c) θ ≈ 76.0◦ ,
and d) θ ≈ 26.6◦ used for the description of the period-doubled lattice (black
dots shown here) and the soliton array evolving along z. For such uniaxial
distortion fields along the z-axis, the structure remains invariant under a
translation by the vector a1 ; the choice of the unit cell with 2(4) particles
allows for the summation along z⊥ with period a1 .

The (0, 1)-Soliton with θ = 45◦
For the choice m = n = 2, we have θ = 45◦ and a unit cell spanned by
√
√ √
a1 = (2 2b, 0) and a2 = (− 2b, 2b) (written in z⊥ , z-coordinates) as shown
in Fig. 6.23 a). The basis vectors are chosen as c0 = (0, b/4) and c1 =
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(1, −b/4) (in the xy-coordinates) such that the sites of the bb-isosceles lattice
are located at
 µ 
z
B,µ
= la1 + qa2 + U2,2 cµ ,
(6.85)
Rlq = ⊥,lq
µ
zq
and the ones of the period-doubled lattice at


0
pd,µ
B,µ
Rlq = Rlq + U2,2
,
(−1)µ+1 δ̄y /2

(6.86)

with δ̄y = (b/π) arcsin(V /8∆), see Eq. (4.22). For periodic boundary conditions, we again replace the two indices (q, µ) by one index j such that


la1 + z⊥,j
B,µ
B
Rlq → Rlj =
,
(6.87)
zj
where j = 1, . . . N enumerates the particles within each strip specified by the
number l; the functions zj and z⊥,j account for the z- and z⊥ -coordinates of
the particles in the strip l = 0. The positions for the distorted phase are
again given by


0
s
B
Rlj = Rlj + U2,2
,
(6.88)
vy (zj ) + (−1)j δ̄y (zj )/2
with vy and δ̄y taken from Eqs. (6.60) and (6.61) with the difference that the
soliton structure now evolves along z and the soliton centers are located at
zs1 = Ls /2 and zs2 = 3Ls /2 (or zs = Ls /2 if we work with only one soliton
per period, L = Ls ). The interaction energy can then directly be calculated
with formula (6.81) (with (z⊥,j , zj ) replacing (xj , yj )) while for the substrate
√
energy Eq. (6.68) with yj = (zj −zj,⊥ )/ 2 can be used. A single (0, 1)-soliton
with shift d(0,1) = (0, b/2) and orientation θ(m, n) gives rise to an area change
(per l-strip, see Eq. (5.127))
(0,1)
2
δA(0,1)
m,n = a1 (dm,n · êz ) = (m/2)b ,

(6.89)

or equivalently the charge per soliton,
(0,1) 2
Q(0,1)
m,n = −δAm,n /b = −m/2.

(6.90)

Obviously, the (0, 1)-soliton is a dilution soliton at any angle in [0, π/2],
(0,1)
hence costs the additional energy pδAm,n (per soliton); due to the increase
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in particle separation (reducing the interaction energy), this dilution soliton is
still more favorable than its compressive counterpart, i.e., the (0, −1)-soliton.
As a last step to evaluate the line energy ε (and hence Vc ), we need
to match the periodic boundaries correctly; at θ = 90◦ the period L could
simply be chosen such that L/b ∈ N (see Fig. 6.18). Unfortunately, this
result cannot be generalized to any direction θ(m, n) (and/or soliton-type
(j, k)) in a simple way and each case has to be considered separately. What
holds in general is that for correct matching at the boundaries the following
conditions have to be met,
z⊥,N +1 = z⊥,1 + pa1 ,
zN +1 = z1 + L,

(6.91)
(6.92)

for some integer p (note that for θ ∈ [0, π], Eq. (6.91) is fulfilled for negative integers p only). Otherwise, the cosine in the interaction energy (6.81)
would contribute with a nontrivial phase when considering the interaction
between particles belonging to different periodic images. We want to point
out that the intuitive expectation of identical twin-phases being required for
the matching at the boundary is mistaken. While the period L in Eq. (6.92)
is measured along z and in general not an integer multiple of b, the particle
number N per period naturally is integer. The relation between N and L is
most simply understood in terms of the distance Y (corresponding to the period along y within the l = 0-strip, see Fig. 6.24); L is given as the projection
√
of Y onto the z-axis, L = Y sin θ = Y m/ m2 + n2 and the particle number
in the undistorted phase is equal to Npd = 2Y /b. In the distorted phase, we
have Nsol = 2Y /b + ns Q with ns the number of solitons per period and Q the
charge per soliton. Note that the choices of L and ns are not independent of
each other; for the (0, 1)-soliton at θ = 45◦ , the conditions (6.91) and (6.92)
√
are satisfied for one soliton (ns = 1) per period L with L/b = (2k + 1) 2
and k ∈ N. This is illustrated for the cases k = 0 and k = 1 in Fig. 6.24. In
Table 6.2, the relevant parameters for the numerical implementation of the
(0, 1)-soliton at discrete angles are summarized.
We find that the resulting soliton line energy (6.69) for the unrelaxed
soliton shape becomes negative at
Vc(0,1) (45◦ ) ≈ 0.0718 eD .

(6.93)

√
For the implementation, we have chosen L/b ≈ 101 2 (which we have
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Figure 6.24: For the (0, 1)-soliton at θ = 45◦ one soliton (ns = 1) per period
√
L = (2k + 1) 2b with k ∈ N ensures correct matching at the boundaries as
illustrated here for the cases k = 0 (left, shown are two periods of length L =
√
2 b containing N(sol) = 3 particles) and k = 1 (right, shown is one period of
√
length L = 3 2 b with N(sol) = 11 particles). The shaded area corresponds
to the l = 0-strip. The particle number N(sol) per period is related to L
via the ‘vertical period’ Y (and the charge Q per soliton); L = Y sin θ and
N(sol) = 2Y /b + ns Q.
checked to be sufficiently large in order to discard the soliton-soliton interaction). Including relaxation (again 15 steps of iterations suffice for convergence) the first soliton entry is pushed to a considerably higher value
Vc(0,1),rel (45◦ ) ≈ 0.0741 eD ,
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Table 6.2: Parameters relevant for the numerical implementation of the
(0, 1)-soliton for discrete angles defined by small Miller indices; possible cell
sizes L ensuring correct matching (k ∈ N), the number of solitons ns per
cell, and charge Q per soliton (and length a1 ). Note that L and ns are not
independent quantities and may be chosen differently than proposed here.
θ
26.6◦
45◦
63.4◦
76.0◦
90◦

L/b
√
5(2k + 1)
√
2(2k + 1)
√
2 5(2k + 1)
√
17(2k + 1)
2k + 1

ns
2
1
2
1
2

Q
-1
-1
-1
-2
-1

Figure 6.25: The (0, 1)-soliton deformations at θ = 45◦ and V /eD = 0.0741
√
(on top of the bb-isosceles lattice) for one solitons per period L/b = 101 2
before (grey curves) and after (black curves, #it=15) relaxation. Solid lines
represent particles with odd index j, dashed lines particles with even j. Upon
relaxation the step-function (along y) becomes more pronounced and the
particles slightly deviate from their locked position (the substrate minima
along x) in the soliton core.
(0,1),rel

which exceeds the value Vc
(90◦ ) = 0.0732 eD implying that the optimal
orientation of the (0, 1)-soliton is not along the y-axis as proposed by the
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analytic results. The soliton shape before and after relaxation is shown in
Fig. 6.25. Inside the core (which becomes narrower), the particles deviate
slightly from their locked positions, the substrate minima along x.
The (0, 1)-Soliton with θ ≈ 63.4◦
The Miller indices (m, n) = (2, 1) lead to an angle θ ≈ 63.4◦ . The unit
√
cell lattice vectors (written in z⊥ , z-coordinates) are a1 = ( 5b, 0) and a2 =
√
√
(−b/ 5, 2b/ 5) and the basis vectors are again c0 = (0, b/4) and c1 =
(1, −b/4), see Fig. 6.23 b); the positions of the bb-isosceles lattice and the
distorted phase can directly be taken from Eqs. (6.85), (6.87), and (6.88)
replacing (m, n) = (2, 2) by (m, n) = (2, 1).
While the overall procedure to determine Vc is very similar to the case
θ = 45◦ , there is a subtlety (particular to this angle) in the calculation of
the interaction energy; the summation over l in Eq. (5.122) leads to the
interaction energy Eq. (6.109) which is not suitable in the present case. The
reason is that using Poisson’s formula (5.122) and discarding exponentially
small contributions works well as long as β 6= 0. For β = 0, the singularity
of the 1/β 2 -term would only be compensated if the entire sum over ¯l in Eq.
(5.122) is retained (since we always have α 6= 0, this divergence is an artifact
of the calculation). Unfortunately, for θ ≈ 63.4◦ the situation β = 0 appears
within each soliton, namely when the internal distortion field δ̄y crosses zero,
s
s
see Fig. 6.15; there the separation z2q
− z2q−1
between the particles j = 2q − 1
0
and j = 2q vanishes. We have used two different approaches in order to deal
with this situation which both evaluate the sums over l in direct space; the
first one makes use of the Euler-Maclaurin formula (here evaluated to order
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6),
∞
X

N
−1
X
1
1
≈
2
2
3/2
2
[(l + a) + β ]
[(l + a) + β 2 ]3/2
l=−∞
l=−N +1

+

1
β2

1−

N +a
[(N +a)2 +β 2 ]1/2

+

1
β2

1−

N −a
[(N −a)2 +β 2 ]1/2

+ 21

1
1
+ 12
[(N +a)2 +β 2 ]3/2
[(N −a)2 +β 2 ]3/2

+ 41

N +a
N −a
+ 14
[(N +a)2 +β 2 ]5/2
[(N −a)2 +β 2 ]5/2

45
+ 720

N +a
N −a
45
+ 720
[(N +a)2 +β 2 ]7/2
[(N −a)2 +β 2 ]7/2

105
− 720

[(N +a)2 +β 2 ]9/2

(N +a)3

− 105
720

(N +a)5



(N −a)3
[(N −a)2 +β 2 ]9/2

− 10395
30240

(N −a)5

10395
− 30240

[(N +a)2 +β 2 ]13/2

9450
+ 30240

(N +a)3
(N −a)3
9450
+ 30240
[(N +a)2 +β 2 ]11/2
[(N −a)2 +β 2 ]11/2

1575
− 30240

N +a
N −a
1575
− 30240
[(N +a)2 +β 2 ]9/2
[(N −a)2 +β 2 ]9/2

(6.95)

[(N −a)2 +β 2 ]13/2

.

In the limit β → 0 the first two correction terms should be replaced by
1/[2(N ± a)2 ]. The second approach is based on the expansion of only the
problematic terms j = 2q − 1, j 0 = 2q
X
l

1
,
[(l + 1/2 + αq )2 + βq2 ]3/2

(6.96)

for small αq = (z⊥,2q 2q−1 − 1/2)/a1 and βq = z2q 2q−1 /a1 . For all other terms
j, j 0 in Eq. (6.66), β is not small and Poisson’s formula can be used. Up to
order 10 in the small parameters one finds
X
l

1
≈ 14 ζ(3)
[(l + 1/2 + αq )2 + βq2 ]3/2




(6.97)


+ 372 α2q −93 βq2 ζ(5)+ 3810 α4q −5715 α2q βq2 + 1905
βq4 ζ(7)
4





+ 28616 α6q −107310 α4q βq2 +53655 α2q βq4 − 17885
βq6 ζ(9)
8





+ 184230 α8q −1289610 α6q βq2 + 3224025
α2q βq4 (4α2q −βq2 )+ 644805
βq8 ζ(11)
8
64



8 2
6 4
+ 1081212 α10
q −12163635 αq βq +28381815 αq βq



α4q βq6 + 85145445
α2q βq8 − 5676363
βq10 ζ(13).
− 141909075
8
32
128

With periodic boundary conditions, q in Eq. (6.96) assumes values from 1 to
N . For any periodic image k 6= 0, the apparent singularity vanishes and one
may again apply Poisson’s formula. As a1 βq + kL > L, for sufficiently large
142

Solitonic Phases in the Presence of Two Substrate Modes
L it is enough to keep the first term of Eq. (5.122) and expand it up to order
10, i.e.,
X
l

1
2
≈
[(l + 1/2 + αq )2 + (βq + kL/a1 )2 ]3/2
(βq + kL/a1 )2

(6.98)

5
X
a12n+2 2n
≈ 4
(2n + 1)ζ(2n + 2) 2n+2 βq .
L
n=1

Naturally, the substrate energy is not affected by the problem discussed above
√
and may simply use y = (2z − z⊥ )/ 5 in Eq. (6.68)
√
With two solitons (ns = 2) per period L/b = 2(2k + 1) 5 and k ∈ N,
the boundary conditions (6.91) and (6.92) are satisfied; working with L/b =
√
162 5, the first (unrelaxed) soliton enters at
Vc(0,1) (63.4◦ ) ≈ 0.0727 eD .

(6.99)

The critical substrate amplitude slightly increases upon relaxation (15 steps
of iterations),
Vc(0,1),rel (63.4◦ ) ≈ 0.0735 eD ,

(6.100)

and also exceeds the corresponding value (6.83) for θ = 90◦ .
The (0, 1)-Soliton with θ ≈ 76.0◦ and θ ≈ 26.6◦
The analysis for the (0, 1)-soliton with z-axis along the angle θ = 45◦ can
be adopted to the angles θ ≈ 76.0◦ and θ ≈ 26.6◦ without vital changes;
in the first case, the Miller indices are m = 4, n = 1 and the bb-isosceles
√
lattice is described by a unit cell with lattice vectors a1 = ( 17b, 0) and
√
√
a2 = (−b/ 17, 4b/ 17) and a basis (expressed in xy-coordinates) c0 =
(3b, −3b/4), c1 = (2b, −b/4), c2 = (b, b/4), and c3 = (0, 3b/4). In the
√
second case, m = 2, n = 4 give lattice vectors a1 = (2 5b, 0) and a2 =
√
√
(−2b/ 5, b/ 5) and associated basis vectors c0 = (0, b/4) and c1 = (1, −5b/4),
see Fig. 6.23 c) and d). For periodic boundary conditions, we again go over
to a single index j as done in Eq. (6.87) where the particle positions are
obtained as in Eqs. (6.85) and (6.88) with appropriate values for (m, n).
For the interaction energy, we again use formula (6.81) with (z⊥ , z) playing the role of (x, y), whereas the substrate energy is calculated inserting
√
y = (mz − nz⊥ )/ m2 + n2 in Eq. (6.68).
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For the angle θ ≈ 76.0◦ we work with one soliton per period of size
√
L/b = 41 17 (we find that the conditions (6.92) and (6.91) are fulfilled for
√
L/b = (2k + 1) 17, k ∈ N) and obtain for the critical substrate strength
(before relaxing the soliton shape)
Vc(0,1) (76.0◦ ) ≈ 0.0729 eD .

(6.101)

Relaxation (15 steps of iterations) then shifts this value to
Vc(0,1),rel (76.0◦ ) ≈ 0.0733 eD , .

(6.102)

With the z-axis along θ ≈ 26.6◦ , without relaxation the first (0, 1)-soliton
enters at
Vc(0,1) (26.6◦ ) ≈ 0.0684 eD ,
(6.103)
√
where we have considered two solitons per period L/b = 81 5 (possible
√
period sizes are L/b = (2k + 1) 5, k ∈ N). For this angle, 20 steps of
iterations are necessary for the process of relaxation to converge, leading to
the result
Vc(0,1),rel (26.6◦ ) ≈ 0.0730 eD .

(6.104)

(0,1)

For an overview, the results for Vc
before and after relaxation for different angles are listed in Table 6.3. In the numerical calculation before relaxing
(0,1)
the soliton shape, we find rather large values for Vc
with a maximum at
(0,1),unrel
◦
◦
θ = 90 , Vc
(90 ) = 0.0730 eD . This behavior agrees quite well with
the results of the corresponding analytic study, see Eq. (6.50). Including
(0,1),rel
numerical relaxation, the largest value Vc
≈ 0.0741 eD is assumed at a
◦
very different angle θ = 45 which does not coincide with a symmetry axis of
the parent crystal, the bb-isosceles lattice. However, the data shows that the
(0,1),rel
curve Vc
(θ) is very flat and the optimal orientation of the domain-wall
is poorly defined, see Fig. 6.26.

6.3.3

The (1, 2)-Soliton

From the continuum elastic description discussed earlier in this chapter we
have learnt that anharmonicities very strongly influence the results obtained
for the (1, k)-solitons. Especially the direction of the z-axis along which the
soliton array builds up depends sensitively on the elasticity theory used. In
this section, we focus on the (1, 2)-soliton. We start out with the z-axis
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Table 6.3: Numerical results for the critical substrate strength for the (0, 1)solitons before and after relaxation.
θ
26.6◦
45◦
63.4◦
76.0◦
90◦

(0,1),unrel

Vc

/eD
0.0684
0.0718
0.0727
0.0729
0.0730

(0,1),rel

Vc

/eD
0.0730
0.0741
0.0735
0.0733
0.0732

Figure 6.26: The critical substrate strength Vc of the (0, 1)-soliton as a
function of θ. Upon relaxation the maximum shifts from θ = 90◦ (grey
points are numerical results using the analytic soliton shape) to θ = 45◦ ; the
angle dependence of the relaxed configuration (black dots) is very flat. The
dashed lines are guides to the eye. The solid line shows the analytic result
from the continuum elastic description, see Eq. (6.50).
along the diagonal, i.e., m = n = 2 and θ = 45◦ . As for the analysis of the
(0, 1)-soliton at θ = 90◦ , we first consider two solitons in an extended system;
we introduce the Ansatz for the (1, 2)-soliton and find the critical substrate
strength for the unrelaxed soliton structure. We then switch to periodic
boundary conditions in order to include structural relaxation. Extending
(1,2)
our study to other Miller indices, the discrete results Vc (m, n) then allows
(1,2)
for an estimate of Vc
and the corresponding θc .
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Two Solitons in an Extended System with θ = 45◦
For the (1, 2)-soliton evolving along the diagonal, m = n = 2 or θ = 45◦ ,
the particle coordinates of the bb-isosceles and the period-doubled lattices
can be taken from Eqs. (6.85) and (6.86) (see also Fig. 6.23 a)). In the
distorted phase, the solitons are again placed (almost) symmetrically around
√
the origin at 2zs1 ,2 /b = ∓qs + 1/4; their variational shape is obtained from
the analytic results Eqs. (6.20), (6.21) and (6.30), (6.31) with αx , αy and η
from Eq. (6.46) using the elastic coefficients given in Sec. 6.2.1,

√
vx (z) = − (2b/π) (arctan[exp[(z − zs1 )/ αx ]]
√
+ arctan[exp[(z − zs2 )/ αx ]] ,

(6.105)

vy (z) = − ηvx (z) − (b/π)
(6.106)

√
× sign(z − zs1 ) arctan[exp[−(|z − zs1 | + z0 )/ αy ]]
√
− 2Θ(z − zs1 ) arctan[exp[−z0 / αy ]]
√
+ sign(z − zs2 ) arctan[exp[−(|z − zs2 | + z0 )/ αy ]]
√
− 2Θ(z − zs2 ) arctan[exp[−z0 / αy ]] ,
where we have smoothly combined the core and wing regions in the ydirection of the soliton (Θ(z) stands for the Heaviside step function [33]).
Again, the unit cell is deformed with
δ̄y (z) = (b/π) arcsin[(V /8∆) cos[2πvy (z)/b]],

(6.107)

starting out at δ̄y at z = 0 (twin A), going through −δ̄y in the middle of
the soliton (where the atoms are shifted by −b/2 along x) and returning
back to δ̄y far away from the core (twin B due to the shift by (−b, b)). The
second soliton than takes the structure back to twin A. The soliton shape
(in the xy-frame) is shown in Fig. 6.27. The positions of the particles in the
distorted lattice are given by


vx (zqµ )
s,µ
B,µ
.
(6.108)
Rlq = Rlq + U2,2
vy (zqµ ) + (−1)µ+1 δ̄y (zqµ )/2
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Figure 6.27: Deformations vx (z)/b and vy (z)/b describing the shape of the
(1, 2)-soliton as well as the internal distortion δ̄y (z)/b for V = 0.05 eD . The
√
√
soliton widths are αx ≈ 1.9 b and αy ≈ 6.6 b; within the soliton core, vy
jumps by ηb ≈ 0.94 b, leaving only small wing amplitudes. The distortion
field δ¯y (dashed) is expanded by a factor 10 for better visibility.
The interaction energy is again evaluated with the formula (we simplify the
notation z⊥,0q = z⊥,q )

2
N⊥ D X
int
Es =
(6.109)
s,µν
3
2a1 q,q0 ,µ,ν (zqq0 /a1 )2

s,µν
X
K1 [|2π¯l(zqq
0 /a1 |)]
s,µν
¯l cos[2π¯l(z 0 /a1 )]
+ 8π
,
s,µν
⊥,qq
|zqq
0 /a1 |
l̄>0

√
with N⊥ the number of unit cells (of extension a1 = 2 2b) along z⊥ , µ, ν ∈
{0, 1}, q, q 0 ∈ {0, . . . , N/2 − 1}, and the terms with q = q 0 at µ = ν have
to be discarded. In contrast to the (0, 1)-soliton, with distortion fields along
√
√
x(= (z + z⊥ )/ 2) and y(= (z − z⊥ )/ 2) both substrate harmonics enter
non-trivially in the substrate energy of the (1, 2)-soliton,
√ 

V N⊥ Xn
s,µ
sub
Es =
2− cos 2π(zqs,µ + z⊥,q
)/ 2b
2 q,µ
√ o

s,µ
− cos 2π(zqs,µ − z⊥,q
)/ 2b .
(6.110)
int
sub
Finally, formula (6.69) with the corresponding energies Epd
and Epd
obtained by inserting the coordinates (6.86) into Eqs. (6.109) and (6.110) then
yields the line energy of two (1, 2)-solitons. For the pressure term we note
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that the (1, 2)-soliton along θ = 45◦ (shown in Fig. 6.28) is a pure-shear soli√
(1,2)
ton which shifts the lattice by 2 2b along z⊥ , i.e., the area change δA2,2 = 0;
more generally, the area change (per l-strip, see Eq. (5.127)) associated to
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Figure 6.28: Two (overlapping) (1, 2)-solitons at θ = 45◦ in the perioddoubled lattice at V = 0.05 eD . The solitons reside at zs = ±4 b, their widths
√
√
are αx ≈ 1.9 b along x and αy ≈ 6.6 b along y. The small points mark
the undistorted lattice of the period-doubled phase, the thick points are the
distorted lattice with the two solitons. Note the distorted area of the solitonic
solution at large values of z—as this distortion is of pure shear, there is no
(1,2)
change in area, δA(2,2) = 0.
single soliton with shift d(1,2) = (−b, b) and orientation θ(m, n) takes the
form
(1,2)
2
δA(1,2)
m,n = a1 (dm,n · êz ) = (m − n)b ,
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and corresponds to the charge per soliton,
(1,2) 2
Q(1,2)
m,n = −δAm,n /b = n − m.

(6.112)

In order to find the asymptotic dependence of the soliton energy on the
finite distance between solitons and on the finite system size we generalize
the result Eq. (6.76) to arbitrary (j, k)-solitons and Miller indices (m, n);
√
we describe our system through unit cells of dimension a1 = b m2 + n2
√
along z⊥ and bz = b sin θ = mb/ m2 + n2 along z and divide the unit cell
in m (consecutive) strips. As to each soliton one can assign the charge
(j,k)
(j,k)
Qm,n = nj − mk/2 it may be approximated by |Qm,n | charge strips moved
from zs to the boundary Z (here, we focus on dilutive solitons, i.e., Q < 0).
Starting from Eq. (6.66), we first find the interaction energy between two
strips a distance z apart,
EBint (z) = N⊥ eD

X
l

b3
b3 2a21
≈
N
e
.
⊥
D
[(a1 l)2 + z 2 ]3/2
a31 z 2

(6.113)

The line energy for one soliton per length a1 is given by (we transform distances z to line number j via z = bz j/m = (b2 /a1 ) j)
1
eD a1 hX1s Xi
.
(6.114)
ε1s ≈
−
a1 b j6=j 0
(j − j 0 )2
j6=j 0
The terms surviving the cancellation in the difference of sums are
o
X
eD 2a1 n (j,k) X
1
1
(j,k)
ε1s ≈
|Qm,n |
− |Qm,n |
,
a1 b
(jZ − j)2
(js − j)2
j
j

(6.115)

(j,k)

where we have accounted for |Qm,n | missing rows at the location zs =
(b2 /a1 ) js of the soliton and the corresponding charge accumulated at the
boundaries. Evaluating the sums and transforming back to z-coordinates we
obtain the result (ignoring terms ∝ 1/Z 2 )
eD (j,k) n 2b
2b
bo
ε1s ≈ ε1s + |Qm,n |
+
−
.
a1
Z − zs Z + zs Z
∞

(6.116)

The corresponding result for two solitons at ±zs then is given by twice this
(j,k)
energy plus corrections for double counting. Indeed, the |Qm,n | terms with
j = −js in the energy of the first soliton representing the second soliton in
Eq. (6.115) appear again in the expression for the second soliton, resulting in
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(j,k)

a correction term (eD /a1 )(2a1 /b)(Qm,n )2 /(2js )2 (we ignore the corresponding
interaction term of the compensating charges at ±Z which is ∝ 1/Z 2 ). The
asymptotic energy for two solitons then takes the form
2 o
eD (j,k) n 4b
4b
2b
(j,k) b b
+
ε2s ≈ ε∞
|Q
|
+
−
+
|Q
|
.
(6.117)
2s
m,n
a1 m,n Z − zs Z + zs
Z
a1 2zs2
For the (0, 1)-soliton (with d(0,1) = b(0, 1/2)) at θ = 90◦ with a1 = 2b and
(0,1)
Q2,0 = 1, the result Eq. (6.117) coincides with Eq. (6.76). For the (1, 2)(1,2)
soliton (with d(1,2) = b(−1, 1)) at 45◦ we have Q2,2 = 0 (uncharged solitons)
and the corrections vanish. We thus expect that in this case the effect of
long-range interactions is less relevant and the results’ dependence on the
system size Z and the soliton separation 2zs is weak; indeed, in the periodic
set up below we find that the line energy of the (1, 2)-solitons along θ = 45◦
depends very weakly on the separation (Ls replacing 2zs ) between defects,
see Fig. 6.30.
Again, we calculate the energies for system sizes |q| < qZ with qZ going
√
up to 1200 (corresponding to a sample length Z = 2bqZ / 2) and typical
√
separations between the solitons 2zs = 2bqs / 2 of order 200 b. We find
that the interaction and substrate energies balance each other at the critical
substrate potential
Vc(1,2) (45◦ ) ≈ 0.0468 eD ,
(6.118)
which is in between the analytic results Eqs. (6.38) and (6.48) but rather
different from the result Eq. (6.55). The result (6.118) is appreciably smaller
(0,1)
than the critical substrate potential Vc (90◦ ) ≈ 0.0730 eD , Eq. (6.77), for
the (0, 1)-soliton. Although neither relaxed to optimize its shape nor minimized with respect to the angle θ, the result suggests that the (0, 1)-soliton
appears first on decreasing V at commensurate filling (i.e., with a misfit
s ≈ 0.0746).
Periodic Boundary Conditions with θ = 45◦
Extending the analysis to a periodic setup, we again replace the indices (q, µ)
by j such that


la1 + z⊥,j
B
Rlj =
,
(6.119)
zj
where j = 1, . . . N enumerates the particles within each strip specified by the
number l; the functions zj and z⊥,j account for the z- and z⊥ -coordinates
150

Solitonic Phases in the Presence of Two Substrate Modes
of the particles in the strip l = 0. The coordinates of the solitonic phase
(considering two solitons per period L = 2Ls ) are then again given by Eq.
(6.108) with the distortion fields of Eqs. (6.105) and (6.106) and zs1 = Ls /2
and zs2 = 3Ls /2, whereas the prefactor (−1)µ+1 of the δ̄y -distortion is changed
to (−1)j .

√
Figure 6.29: Sketch of two (1, 2)-solitons within the period L/b = 2 2
(N = 8, i.e., four particles per soliton) going from twin A (grey dots) to twin
B (grey crosses) and back to twin A. The shaded area corresponds to the
l = 0-strip. With (z⊥,N +1 − z⊥,1 )/a1 = −2 the boundary condition (6.91) is
satisfied and no incorrect phase is picked up in the interaction energy between
particles of different supercells.
We find that for the (1, 2)-soliton at θ = 45◦ with two solitons per supercell, the conditions (6.91) and (6.92) are satisfied for a period L with
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√
L/b = 2 2k and k ∈ N (alternatively, one could work with one soliton per
√
cell of size L/b = (1 + 2k) 2). Figure 6.29 illustrates the situation for k = 2.
Our program involves two solitons per period; Fig. 6.30 illustrates the unrelaxed soliton line energy a1 ε/eD with the soliton shape (6.105) and (6.106)
√
as a function of b2 /L2s ; working with a period of size L/b = 80 2 suffices to
(1,2)
determine the critical substrate strength. We find Vc (45◦ ) ≈ 0.0468 eD in
agreement with the value obtained in Sec. 6.3.3.

Figure 6.30: The soliton line energy a1 ε/eD (shown in black for V /eD =
0.0468 and in grey for V /eD = 0.0469) of the pure-shear (1, 2)-soliton along
θ = 45◦ depends very weakly on b2 /L2s with Ls the separation between defects. The dashed lines are linear fits with slopes ≈ 0.14. This behavior
agrees quite nicely with the approximate formula (6.117) for the case of un(1,2)
charged solitons, i.e., Q2,2 = 0 which predicts a vanishing slope. Within
√
our precision, it suffices to consider a system of size L/b = 80 2 which
corresponds to the dot on the very right, b2 /L2s = 4b2 /L2 ≈ 0.0031.
After relaxing the soliton shape, the (1, 2)-soliton appears at somewhat
larger substrate amplitudes
Vc(1,2),rel (45◦ ) ≈ 0.0501 eD ,

(6.120)

where again 15 iterations of relaxation are sufficient to reach the result with
the required precision. Figure 6.31 compares the soliton deformations xs − x
and y s − y as a function of z before and after relaxation. Along x the effects
of relaxation are hardly observable, symmetric about the soliton center, and
tend to narrow the core region. Along y on the other hand, the step-like
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Figure 6.31: The soliton deformations xs − x and y s − y as a function of
z (with θ = 45◦ ) for two (1, 2)-solitons per period and at V = 0.0501 eD
before (grey) and after (black) relaxation. The effects of relaxation are very
small along x. Along y they are more pronounced and asymmetric about
the soliton center due to the fact that in the first soliton the odd j’s (solid
lines) first cross a substrate maximum then a minimum, while the situation
for the even j’s (dashed lines) is reversed. In the second soliton, the roles are
switched.
nature of the solitons becomes softer (broadening of the core region). The
structural relaxation exhibits an asymmetry (about the soliton center) which
is due to the fact that along y, the odd j’s cross first a substrate maximum
then a minimum when going from twin A to B, the even j’s do exactly the
opposite; along x all particles only cross a maximum.
After having studied in detail the pure-shear (1, 2)-soliton (θ = 45◦ ), we
go on by varying the direction θ as for the (0, 1)-soliton in order to find the
optimal direction θc along which the first (1, 2)-soliton develops. Remember
that in the analytic study, the sensitive dependence on the elasticity theory
used has made it impossible to give a reliable result for θc . To minimize
repetition, for each (discrete) value of θ we only include a short discussion
and point out interesting features or difficulties encountered. In Table 6.4,
the parameters relevant for the numerical implementations of the discrete
angles considered are listed.
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Table 6.4: Parameters relevant for the numerical implementation of the
(1, 2)-soliton for discrete angles defined by small Miller indices; possible cell
sizes L ensuring correct matching (k ∈ N), the number of solitons ns per
cell, and charge Q per soliton (and length a1 ). Note that L and ns are not
independent quantities and may be chosen differently than proposed here.
θ
26.6◦
45◦
63.4◦
76.0◦
90◦

L/b
√
5(2k + 1)
√
2 2(2k + 1)
√
5(2k + 1)
√
17(2k + 1)
2k + 1

ns
2
2
1
1
2

Q
2
0
-1
-3
-2

The (1, 2)-Soliton with θ ≈ 63.4◦
For the angle θ ≈ 63.4◦ we use the same coordinates for the bb-isosceles and
the period-doubled phase as in Sec. 6.3.2, see Fig. 6.23 b), and take the
displacement field from Eqs. (6.105) and (6.106) yet with one soliton per
period (such that the boundary conditions Eqs. (6.91) and (6.92) are fulfilled
√
for a cell size L/b = 5(2k + 1)). We then have Ls = L and the initial
distortion field reads
√
vx (z) = − (2b/π) arctan[exp[(z − zs )/ αx ]],

(6.121)

vy (z) = − ηvx (z) − (b/π)
(6.122)

√
× sign(z − zs ) arctan[exp[−(|z − zs | + z0 )/ αy ]]
√
− 2Θ(z − zs ) arctan[exp[−z0 / αy ]] ,
with zs = Ls /2. As for the study of the (0, 1)-soliton at this angle, we
s
s
encounter the problem that the separation z2q
− z2q−1
between the parti0
cles j = 2q − 1 and j = 2q vanishes for some particles within the soliton, namely when the internal distortion field δ̄y crosses zero, see Fig. 6.27.
We therefore again have to proceed in direct space either using the EulerMaclaurin formula (6.95) or expanding the critical terms according to Eqs.
(6.97) and (6.98). For the substrate energy, we use formula (6.110) inserting
√
√
x = (mz⊥ +nz)/ m2 + n2 and y = (−nz⊥ +mz)/ m2 + n2 with appropriate
values (m, n).
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In the present situation, the soliton displacement field is no longer directed
along the negative z⊥ -axis; rather, a soliton moves the lattice points by the
√
√
(1,2)
(1,2)
vector d2,1 = (−3b/ 5, b/ 5) leading to an area change δA2,1 = b2 . We
√
have checked that a cell size L/b ≈ 81 5 is sufficiently large in order to
discard the interaction between these charged solitons. We then find that the
resulting soliton line energy (6.69) for the unrelaxed soliton shape becomes
negative at
Vc(1,2) (63.4◦ ) ≈ 0.0456 eD .
(6.123)
Including relaxation (with 15 iterations) the first soliton entry is pushed to
a considerably higher value
Vc(1,2),rel (63.4◦ ) ≈ 0.0492 eD ,

(6.124)

slightly below the corresponding value (6.120) for θ = 45◦ . A comparison of
the soliton deformations xs − x and y s − y as a function of z before and after
relaxation is illustrated in Fig. 6.32.
The (1, 2)-Soliton with θ ≈ 76.0◦
Choosing the coordinates for θ ≈ 76.0◦ as in Sec. 6.3.2, see Fig. 6.23 c), we
implement one soliton per period; the boundary conditions (6.91) and (6.92)
√
√
then enforce system sizes L/b = 17(2k + 1). For L/b = 41 17, the critical
substrate strength is found to be
Vc(1,2) (76.0◦ ) ≈ 0.0413 eD .

(6.125)

Vc(1,2),rel (76◦ ) ≈ 0.0441 eD ,

(6.126)

After relaxation, we find

again smaller than the value at θ = 45◦ . Note that for this case, the relaxation
process converges much slower and our result has converged after 30 steps
of iterations. This is due to the fact that upon relaxation the soliton along
y crossing both a substrate maximum and a minimum starts to dissolve
into two solitons, one crossing a maximum, the other a minimum, see Fig.
6.33. The dissolution however stops and the configuration remains bound
in a (1, 2)-‘bound state’. Note that this will no longer be the case for the
(1, 2)-soliton evolving along θ = 90◦ , where the original soliton dissociates
into smaller subunits, i.e., (1, 2) → (0, 1) + (1, 0) + (0, 1), see below.
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Figure 6.32: The soliton deformations xs − x and y s − y as a function
√
of z (with θ ≈ 63.4◦ ) for one (1, 2)-soliton per period L/b = 81 5 and at
V = 0.0492 eD before (grey) and after (black) relaxation. Similar to the
situation with θ = 45◦ , the effects are very small along x. Along y they
are more prominent and asymmetric about the soliton center due to the
fact that within the soliton the odd j’s (solid lines) first cross a substrate
maximum then a minimum, while the situation for the even j’s (dashed lines)
is reversed.
The (1, 2)-Soliton with θ ≈ 26.6◦
In contrast to the previous cases, the (1, 2)-soliton at θ ≈ 26.6◦ is a compres(1,2)
sion soliton; δA2,4 = −2b2 corresponds to adding two particles per soliton
to the system. In addition, η > 1 such that the variational shape is obtained
from the analytic results Eqs. (6.20), (6.21), and choosing the upper signs in
the wing solutions (6.30), (6.31)

√
vx (z) = −(2b/π) (arctan[exp[(z − zs1 )/ αx ]]
(6.127)
√
+ arctan[exp[(z − zs2 )/ αx ]] ,

vy (z) = −ηvx (z) + (b/π)
(6.128)
√
sign(z − zs1 ) arctan[exp[−(|z − zs1 | + z0 )/ αy ]]
√
− 2Θ(z − zs1 ) arctan[exp[−z0 / αy ]]
√
+ sign(z − zs2 ) arctan[exp[−(|z − zs2 | + z0 )/ αy ]]

√
− 2Θ(z − zs2 ) arctan[exp[−z0 / αy ]] ,
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Figure 6.33: The soliton deformations xs − x and y s − y as a function of
√
z (with θ ≈ 76.0◦ ) for one (1, 2)-soliton per period L/b = 41 17 and at
V = 0.0441 eD before (grey) and after (black) relaxation. The relaxation
effects are very small along x. Upon relaxation, the soliton along y crossing
both substrate maximum and minimum starts to dissolve into two solitons,
one crossing a substrate maximum, the other a minimum; their centers are
identified with δ̄y = 0, i.e., at the crossing points of the solid (odd j’s) and
dashed lines (even j’s) lines. The weak attraction between the soliton along
x (corresponding to a (1, 0)-type defect) and the two solitons along y (of
(0, 1)-type) suffices to keep them in the (1, 2)-bound state, see the discussion
below in Sec. 6.3.3.
with zs1 = L/4 and zs2 = 3L/4; we have again chosen two solitons per cell
such that the boundary conditions (6.91) and (6.92) are satisfied for system
√
sizes L/b = (2k + 1) 5, k ∈ N. The remaining steps follow those already
described above in Sec. 6.3.3 with new positions Rs,µ
involving the lattice
j
√
and basis vectors shown in Fig. 6.23 d). With L/b = 81 5 being in the
asymptotic regime, the first ‘analytic’ soliton enters at
Vc(1,2) (26.6◦ ) ≈ 0.0253 eD .

(6.129)

The relaxation of the soliton shape (15 iterations) changes this value only
very little,
Vc(1,2),rel (26.6◦ ) ≈ 0.0255 eD ,
(6.130)
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and hardly any structural relaxation can be observed (not even along y).
The (1, 2)-Soliton with θ = 90◦
For the implementation of the (1, 2)-soliton along θ = 90◦ , we work with
two solitons per period L = 401 b, expressed in the coordinates of Sec. 6.3.1.
Using the analytic trial configuration we find a critical substrate amplitude
Vc(1,2) (90◦ ) = 0.0332 eD .

(6.131)

Upon relaxation the soliton structure changes rigorously; the dissolution
(1, 2) → (0, 1) + (1, 0) + (0, 1) partially observed at the angle θ ≈ 76.0◦
proceeds as the number of iterations is increased (see Fig. 6.34 where we
follow the relaxation over up to 40 steps) until the splitting is complete;
the system then forms a regular array of (0, 1)-solitons with a (1, 0)-soliton

Figure 6.34: The soliton deformation y s −y as a function of z (with θ = 90◦ )
for two (1, 2)-solitons per period L/b = 401 (for better visibility, only half the
period is shown) and at V = 0.0400 eD before (light grey), after 20 iterations
(grey), 30 iterations (dark grey), and 40 iterations (black) of relaxation. We
expect that upon relaxation, the dissolution (1, 2) → (0, 1) + (1, 0) + (0, 1)
goes on until the complete splitting is reached (qualitatively shown in Fig.
6.35).
placed in every second gap (qualitatively illustrated in Fig. 6.35). By starting with other trial states and observing their behavior upon relaxation, we
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have checked that this is indeed the final configuration. Note that since the
(1, 2)-soliton along θ = 90◦ is an unstable configuration upon relaxation it is
(1,2),rel
not reasonable to assign to it a critical substrate strength Vc
(90◦ ).

Figure 6.35: Qualitative sketch of the final configuration (black) of the
(1, 2)-soliton at θ = 90◦ upon relaxation. The light grey lines represent the
analytic (unrelaxed) form of the (1, 2)-soliton.
There is a nice way to understand the instability of compound solitons of
type (j, k) in terms of the soliton charge Q; equally charged solitons repel,
solitons of opposite charge attract each other. This is easily seen by similar
considerations which have lead to Eq. (6.116); first we consider two (wellseparated, ∆y  b) equally charged solitons and compare the energies for
the situations where the two solitons are separated by the distances ∆y and
∆y + d, respectively,
(I)

s
E(±) = E bulk + 2E(±)
+ Q2(±) /(∆y)2 ,
(II)

s
E(±) = E bulk + 2E(±)
+ Q2(±) /(∆y + d)2 .

(6.132)

s
the interacHere, E bulk denotes the energy of the bulk system and E(±)
tion energy between one additional/missing row (representing a compression/dilution soliton; for simplicity, we have chosen unit charges, Q(±) = ±1)
and the bulk system. When considering two solitons separated by the diss
tances ∆y(+d), taking the energy E(±)
twice has not yet accounted for the
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interaction between the additional/missing rows correctly. In both cases, one
needs to add the interaction between the rows (∼ charge2 /distance2 , see Eq.
(6.116)), leading to the last term in Eqs. (6.132); in the compressive case
(Q+ = 1) it hasn’t been considered yet, in the dilutive case (Q− = −1) it
(II)
(I)
has been subtracted twice. The energy difference E(±) − E(±) = Q2(±) /(∆y +
d)2 − Q2(±) /(∆y)2 is negative for positive d implying that placing the solitons
further apart is energetically more favorable, i.e., two equally charged solitons repel each other. The argument for solitons with opposite charge is very
similar. The corresponding energies then take the form
(I)

E+− = E bulk + E+s + E−s + Q+ Q− /(∆y)2 ,
(II)

E+− = E bulk + E+s + E−s + Q+ Q− /(∆y + d)2 ,

(6.133)

where the last term in each line avoids the counting of the interaction energy
between the missing and the additional row. With Q+ Q− < 0, the energy
(II)
(I)
difference E+− −E+− = Q+ Q− (1/(∆y+d)2 −1/(∆y)2 ) is positive for positive
d and the solitons attract each other.
Let us now look at a possible splitting of the (1, 2)-soliton into (1, 0)soliton and two (0, 1)-solitons. Whereas the (0, 1)-solitons carry negative
charge for all angles considered, see Table 6.2, the (1, 0)-soliton is a compression (positively charged) soliton which goes into a pure-shear one at θ = 90◦ ,
i.e., Q ≥ 0. Hence, for small and intermediate angles θ, the attraction between the (1, 0)- and the (0, 1)-solitons is strong enough to keep them in
a bound state. At θ ≈ 76.0◦ , a slight separation of the (1, 2)-structure is
observed, yet there is still a weak attraction which inhibits a true splitting.
At θ = 90◦ , however, there is no attraction between solitons any longer and
the relaxed configuration consists of a regular array of (0, 1)-solitons with a
(1, 0)-soliton placed in every second gap, see Fig. 6.35.
The results of this section are summarized in Table 6.5 giving an overview
of the critical substrate amplitudes of the (1, 2)-soliton for different angles
before and after relaxation of the soliton shape, and in Figure 6.36 comparing
the numerical Vc ’s before and after relaxation with the results obtained in
the analytic continuum elastic description (shown for both, the triangular
and the bb-isosceles reference frame). A simple polynomial fit (to order 4,
(1,2)
dashed lines in Fig. 6.36) between the points (θ, Vc (θ)) shows that the
(1,2)
maximal value of Vc
located near θ = 45◦ is considerably smaller than the
critical values found for the (0, 1)-soliton. We therefore conclude that the
(1, 2)-soliton does not take part in the square-to-triangular transition.
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Table 6.5: Overview of the critical substrate amplitudes of the (1, 2)-soliton
for different angles before and after relaxation of the soliton shape. For
(1,2),del
θ = 90◦ , the value Vc
is not well-defined due to the instability of the
(1, 2)-compound soliton against the splitting (1, 2) → (0, 1) + (1, 0) + (0, 1).
θ
26.6◦
45◦
63.4◦
76.0◦
90◦

(1,2),unrel

Vc

/eD
0.0253
0.0468
0.0456
0.0413
0.0332

(1,2),rel

Vc

/eD
0.0255
0.0501
0.0492
0.0441
–

Figure 6.36: The critical substrate strength Vc of the (1, 2)-soliton as a
function of θ. Grey points show the numerical results using the analytic
soliton shape, black points are the values after relaxation. The dashed lines
are guides to the eye. The black solid line corresponds to the analytic result
from the continuum elastic description with respect to the triangular frame,
see Sec. 6.1.1, the grey solid line is the analytic result using the isosceles
elasticity theory, see Sec. 6.1.2.

6.3.4

The (1, 1)- and the (1, 3)-Solitons

Besides the (1, 2)-soliton, we have tested the soliton types (1, 1) and (1, 3).
The analysis is very similar; due to different lattice shifts d(j,k) , the bound161
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Table 6.6: Parameters relevant for the numerical implementation of the
(1, 1)- and the (1, 3)-soliton at discrete angles defined by small Miller indices;
possible cell sizes L ensuring correct matching (k ∈ N), the number of solitons
ns per cell, and mass charge Q per soliton (and length a1 ). Note that L and ns
are not independent quantities and may be chosen differently than proposed
here.
(1,1)
θ
26.6◦
45◦
63.4◦
76.0◦
90◦

L/b
ns
√
5k
1
√
2 2k
1
√
4 5k
2
√
2 17(2k+1) 1
k
1

(1,3)
Q
3
1
0
-1
-1

L/b
√
5k
√
2 2k
√
2 5k
√
2 17(2k+1)
k

ns
1
1
1
1
1

Q
1
-1
-2
-5
-3

ary conditions need to adjusted, see Table 6.6 for a comparative summary.
Furthermore, for the (1, 3)-soliton, the angle θ along which the soliton can
evolve is restricted by the condition η(θ) ≥ 1/2, see Fig. 6.4 and the discussion there. The resulting angle window slightly depends on the elasticity
theory used; as before, we work with η from Sec. 6.2.1 and obtain analytic
results for Vc for the angles θ ≈ 26.6◦ , 45◦ , and 63.4◦ . For the directions
θ ≈ 76.0◦ and 90◦ the ‘vy -jump’ in the core region does not suffice for a 3b/2shift along y. For the (1, 1)-soliton, no such problems arise for the angles
considered (the only forbidden directions are close to θ ≈ 19.2◦ ). However,
for the angle θ ≈ 26.6◦ , η ≈ 1.41 is large such that two almost full (negative)
wing solitons are necessary to cure the overshoot in the core and obtain the
b/2-shift along y. Such extensive wings require very large periods (soliton
separations) in order to discard the soliton-soliton interaction. Consequently,
relaxing the soliton shape necessitates a lot of computing time. Being convinced that this direction is not favorable, we have omitted this task.
The results for the (1, 1)- and (1, 3)-defects are listed in Table 6.7. With
(1,1),rel
Vc
/eD ≈ 0.382 the best value for the (1, 1)-soliton is found along θ ≈
◦
63.4 (not too far from result (6.36)). As nicely seen in Fig. 6.37 for θ = 45◦ ,
the overshoot of the y-component in the core region is diminished considerably upon relaxation. Very similar to the (1, 2)-soliton, a dissolution into
three solitons is observed for the (1, 3)-defect, namely (1, 3) → (0, 1)+(1, 1)+
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Table 6.7: Numerical results for the critical substrate amplitudes before and
after relaxation of the soliton shape for the (1, 1)- and the (1, 3)-solitons.
θ
26.6◦
45◦
63.4◦
76.0◦
90◦

(1,1),unrel

Vc

/eD
0.0140
0.0267
0.0357
0.0332
0.0249

(1,1),rel

Vc

/eD

0.0287
0.0382
0.0350
0.0266

(1,3),unrel

Vc

/eD
0.0328
0.0493
0.0544
–
–

(1,3),rel

Vc

/eD
0.0337
0.0544
–
–
–

(0, 1). While at θ ≈ 26.6◦ and 45◦ the positive charge of the middle (1, 1)soliton, see Table 6.6, still binds the outer negatively charged (0, 1)-solitons,
the (1, 1)-soliton at θ ≈ 63.4◦ is purely shear-type and the compound splits
completely. The slight separation at θ = 45◦ (similar to the one of the
(1, 2)-soliton at θ ≈ 76.0◦ ) is shown in Fig. 6.38.

Figure 6.37: The (1, 1)-soliton deformation y s − y as a function of z (with
√
θ = 45◦ ) for one soliton per period L/b = 80 2 and at V = 0.0287 eD
before (grey) and after relaxation (black). Upon relaxation, the rather large
overshoot of vy in the core region is partially cured while along x, hardly any
change is observed.
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Figure 6.38: The (1, 3)-soliton deformation y s − y as a function of z (with
√
θ = 45◦ ) for one soliton per period L/b = 80 2 and at V = 0.0544 eD before
(grey) and relaxation (black). Upon relaxation, the soliton along y starts to
dissolve similar to the (1, 2)-soliton at θ ≈ 76.0◦ illustrated in Fig. 6.33; the
attractive interaction between (1, 1)-soliton (compression-type along θ = 45◦ )
and the (0, 1)-soliton (dilution-type along θ = 45◦ ) is still strong enough to
stabilize the compound (1, 3)-state.
In summary, our numerical study confirms the analytic result that the first
defect to enter and therefore the relevant one for the transition is the (0, 1)(1,k),rel
(0,1),rel
soliton; with Vc
< Vc
(45◦ ) = 0.0741 eD , the (1, k)-solitons are not
expected to show up in the square-to-triangular transformation. The final
transformation pathway is shown in Fig. 8.1: the square lattice, stabilized by
the substrate potential with sufficiently large amplitude V becomes unstable
against a shear deformation at V = V ≈ 0.02 eD resulting in a period(0,1)
doubling along a principal direction (here, the x-axis). At V = Vc
≈
0.0741 eD a phase transition to a soliton phase consisting of an array of (0, 1)solitons takes place. The proliferation of the (0, 1)-soliton washes out the
y-harmonic and dilutes the particles along the y-axis establishing the bb0 isosceles lattice; the transformation to the distorted and rotated triangular
phase at V = 0+ then takes place via an instability towards an array of
PT-solitons washing out the substrate harmonic along x.
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Chapter 7
Experimental Realization in
Cold Molecular Gases
In this chapter, we discuss the prospects for an experimental realization and
detection of these competing structures in a cold molecule system. A possible
experimental setup and the corresponding effective Hamiltonian will be introduced. We then give an estimate for the ratio between interaction and kinetic
(thermal) energies for realistic system parameters showing that the regime
where quantum (thermal) fluctuations are negligible is indeed expected to
be accessible in experiments. In the last part of the chapter we propose a
possible method to experimentally detect and distinguish the different phases
found in the discussion of the square-to-triangular transformation.

7.1

The Experimental Setup

The system we have in mind is an ensemble of bosonic heteronuclear molecules
with closed electronic shells, e.g., SrO, RbCs, or LiCs. In their electronic and
vibrational ground-state they can have large permanent electric dipole moments d of order of a few Debyes (1D ≈ 0.39 eaB with e the unit of electric
charge and aB the Bohr radius), yet in a spherically-symmetric situation the
net dipole moment vanishes. It is the presence of an external electric field
that breaks the symmetry and mixes the low-energy (rotational) excitations
thereby inducing finite dipole moments hdi which may assume values up to
the asymptotic permanent value. This gives rise to a long-range dipole-dipole
interaction which can either be repulsive (e.g., two parallel dipoles) or attrac-
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tive (e.g., dipoles aligned along their collision axis), possibly leading to an
instability in a many-body system [34]. A stable setup is therefore often only
realizable by reducing the geometry.
A relatively simple example of a collisionally stable system with cold
polar molecules is obtained by combining an external DC electric field with
a tight optical confinement in the field’s direction (defining the z-axis). As
derived in Ref. [21] (for more details, see also Refs. [34, 35]) the low-energy
dynamics of these polarized dipoles is then captured by the effective manybody Hamiltonian
X ~2
X
D
Heff = −
∇2i +
,
(7.1)
3
2m
|r
−
r
|
i
j
i
i<j
where m denotes the mass and ri = (xi , yi ) the position of particle i in
the transverse plane. The coupling D = d2 (with induced dipole moment
d = hdi · ez ) can further be tuned by the strength of the applied electric
field [36]. Hence, this setup opens up the possibility to study the many-body
behavior of polar molecules in the strong (long-range) interaction limit. The
different phases of the Hamiltonian (7.1) may be characterized by the parameter r~ = Dm/~2 a0 (measuring the ratio of the interaction energy and the kinetic energy at the mean particle spacing a0 = n−1/2 ) and the (dimensionless)
temperature rT = D/kB T a30 . The corresponding phase diagram proposed by
Büchler et al. [21] includes a ‘normal fluid’, a ‘superfluid’, and a ‘crystalline’
phase with an associated quantum melting transition at rQM = 18 ± 4. In
the classical limit, the two-dimensional thermal melting from the crystalline
to the liquid phase is expected to occur at rCM ≈ 62/π 3/2 ≈ 11 [37].
The existence of a self-assembled crystalline phase in the large-interaction
limit (r~  1) at sufficiently low temperatures is a very distinct feature of a
system with isotropic long-range interaction which has attracted quite some
interest, e.g., in the field of quantum information processing [36, 38] or, when
loaded into an optical lattice, in realizing new phases such as two-dimensional
supersolids [39]. The latter situation is also well-suited to mimic the physics
of competing structures; the Hamiltonian (7.1) is then complemented by an
optical lattice generating the substrate potential,
X
X ~2

D
V X
∇2i +
+
1
−
cos(q
·
r
)
.
(7.2)
Heff = −
α
i
3
2m
|r
−
r
|
2
i
j
i<j
α,i
i
Besides being clean, the advantage of this systems is that it can be continuously tuned through various configurations by applying external fields or
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changing system parameters such as the particle density and the substrate
potential amplitude. Even more, the symmetry and periodicity of the optical
lattice can be changed by modifying the orientation or number of lasers as
well as the wavelength λ (= π/q) of the laser light. Hence, this setup represents an ideal toolbox to map out large regions of the phase diagram which is
extended by the additional axis v = V a30 /D, balancing the substrate energy
versus the interaction energy, i.e., quantifying the competition between the
substrate-induced symmetry and the interaction-favored triangular crystal.
Including the effects of thermal and quantum fluctuations opens up an interesting direction for further research. Before attacking this rather demanding
task however, one should understand the classical starting point. This is
what we have focused on in this thesis. As it has turned out, this simpler
problem is already very interesting and rewarding, providing us with a complex sequence of different phases as discussed in the previews chapters. In the
following section, we argue that the ‘classical regime’ (i.e., T → 0 K, ~ → 0)
should indeed be experimentally feasible with cold polar molecules.

7.2

Attainability of the Classical Regime

In our discussion of the square-to-triangular transformation, we have discarded quantum and thermal fluctuations and have focused on finding the
classical minimal-energy state as a function of v = V /eD . This is well in line
with similar problems from traditional condensed matter systems considered in the past where quantum effects on solitons have also been neglected.
Indeed, in such systems the electronic scales (kinetic and interaction energies) are balanced, ~2 /me a2 ∼ e2 /a with electron mass me and unit charge
e, and large (∼ eV; here, the distance a is of order Angstrom); they define the interaction energy between atoms. The quantum motion of atoms,
~2 /M a2 with atomic mass M , is on the phononic (meV) scale – the mass
ratio me /M ∼ 10−5 then renders the quantum fluctuations of atoms small,
allowing to work in the Born-Oppenheimer approximation. In cold atomic
and molecular gases, the energy scales are not that widely separated – note
that in contrast to conventional cold atom systems where the quantum fluctuations are limited by the optical lattice, it is the long-range interaction
between the particles in the dipolar system which limits the zero-point motion (in our system, the optical lattice only modifies the location of the
minima and hence determines the symmetry/structure of the crystal). In es167
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timating the importance of quantum fluctuations, one then has to compare
the kinetic (or recoil) energy with the interaction energy 1 : the recoil energy
er = ~2 /M A2 is by a factor (me /M )(a/A)2 smaller than the electronic kinetic
energy (here, the distance A is of order 0.1 − 1 µm), while the dipolar energy
is of order (ea)2 /A3 = (e2 /a)(a/A)3 , a factor (a/A)3 smaller than the electronic interaction energy. Combining factors, one sees that the ratio of recoil
and interaction energies is (me /M )(A/a) ∼ 10−2 , a factor thousand times
smaller than in a solid. So quantum fluctuations are much more relevant in
cold atomic and molecular systems.
This rough discussion is in agreement with typical estimates for systems
of dipolar molecules: a more precise formula for the ratio r~ of interaction
and kinetic (recoil) energies is r~ = eD /er = 15 D[D2 ] Z/a0 [nm], where Z is
the molecular weight and a0 the average particle distance. Systems serving
well our purpose have large Z and small a0 . With √
favorable but reasonable parameter settings Z ∼ 100, a0 ∼ 500 nm, and D ∼ 5 D, we obtain
r~ ∼ 100, but taking SrO with d = 8.9 D (see Ref. [21] or the original paper
[40]) and a0 = 300 nm [21] one can even reach the large value r~ = 410. This
should be compared with the critical value rQM = 18 where strong fluctuations melt the crystal and establish a superfluid phase. Our estimates for
realistic values of r~ are still quite a stretch away from this critical value. Furthermore, the classical melting occurs at Tm ∼ 0.1 µK for typical parameters
(as used above), at Tm ≈ 2 µK for the SrO estimate of Ref. [21]. This temperature range should be accessible with cold molecular systems. Therefore
we conclude that a cold molecule system can well serve as a classical simulator although some renormalization effects due to quantum and/or thermal
fluctuations may occur, e.g., a softening of the elastic coefficients generating
a shift in the values of the critical potential for first soliton entry.
Finally, we want to point out that for an experimental realization of
our findings sufficiently large amplitudes V for the optical lattice must be
reached; in a recent experiment [41], dipolar molecules have been localized in
1

We consider the dipolar system in free space forming a triangular lattice {Ri }. The deviation u = u êx of a single particle from its equilibrium position costs (in harmonic approxP
imation) the energy E ≈ f u2 /2 with f = i6=0 9D/2Ri5 ≈ 21 eD n (applying Ewald summation technique). In the quantum limit, the mean square deviation of p
the particle is given
√
2
2
2
2
by hu i = ~/2M ω. With ω = f /M we find hu i = ~/2 M f ≈ A ~2 /100eD M A2 =
√
√
A2 /10 r~ , where we have used that n = A−2 . Consequently, hu2 i/A2 = 1/10 r~ , i.e.,
the importance of quantum fluctuations may be estimated by the ratio of kinetic and
interaction energy.
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deep wells V ∼ 102 er , which should be sufficient to reach the critical value
V .

7.3

The Experimental Detection

Finally, we turn to the experimental confirmation of the transformation pathway proposed in this work. A promising way to differentiate the various
structural phases is via their characteristic dynamical response under an
applied force field f ; the ordered lattices, square and period-doubled, are
pinned to the optical lattice, one symmetrically along the x- and the y-axes,
the other asymmetrically with a reduced pinning along y by, e.g., the factor
V /32∆ ≈ 1/8 at V = V /2 ≈ 4∆. The solitonic phases exhibit a very interesting dynamical response: The solitons are (exponentially) weakly pinned to
the substrate (unpinned within the continuum elastic description). A force
(density) field f acting on the molecules will act with the line force f · dj,k
directed along z on a (j, k)-soliton; shifting a soliton by the infinitesimal distance dZ along z is equivalent to moving the particles located at z by the
distance [u(z − dZ) − u(z)] ≈ −(∂z u) dZ. In the force field f , this shift then
costs the line energy
Z
1
dz dz⊥ f · [u(z − dZ) − u(z)]
d = − lim
L,L⊥ →∞ L⊥ L×L
⊥
Z ∞
≈
dz f · (∂z u) dZ = f · [u(∞) − u(−∞)] dZ
(7.3)
−∞

corresponding to the line force fz = d/dZ = f · djk . The soliton motion
along z thus produces a mass flow along the displacement field dj,k which is
longitudinal for a pure dilution soliton and transverse for a pure shear soliton
(note that our solitons are neither pure dilution nor pure shear). We believe
that the ‘macroscopic’ measurement of the mass flow allows to identify the
two solitonic phases taking the period-doubled to the distorted and rotated
triangular phase.
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Chapter 8
Summary and Outlook
In this thesis, we have studied the behavior of a two-dimensional system of
particles interacting via a dipolar two-body repulsion. While in free space,
the particles preferably arrange in an equilateral triangular lattice, the presence of an external ‘substrate’ potential of square lattice symmetry gives rise
to a structural competition; depending on the misfit between the two structures and the strength of the substrate potential, the particles can be found
in regular lattice-configurations (partially) locked to the substrate as well as
in several non-uniform solitonic phases.
In this work, we have focused on the specific case of commensurate density
– with one particle per substrate minimum, the commensurate phase appearing at sufficiently strong substrate potential is the simple square lattice. In
the absence of thermal and quantum fluctuations, we present the complete
transformation pathway from the fully-locked (square) to the free (triangular) phase as shown in Fig. 8.1: upon decreasing the substrate strength V the
square lattice becomes unstable towards a zone-boundary shear mode and deforms into a period-doubled zig-zag lattice. As this period-doubled phase can
emerge along the x- or y-direction, the deformation breaks the Z2 -symmetry
and divides the substrate potential into a subdominant and a dominant harmonic, thereby giving rise to an asymmetric locking. The period-doubled
structure turns unstable towards a solitonic phase which washes out the
subdominant substrate harmonic. The dominant substrate harmonic is then
eliminated by a second soliton phase which is established at lower values of V
and which smoothly takes the system via a distorted and rotated triangular
phase to the free phase at V = 0.
We have considered a realization of this physics in the framework of cold
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solitonic

Figure 8.1: The complete transformation pathway illustrated as a Gibbs free
energy g versus substrate strength V diagram. Below the critical potential
(0,1)
Vc , the period-doubled phase smoothly transforms into the triangular lattice via two soliton transitions involving different soliton arrays. The dashed
line extrapolates the energy of the period-doubled lattice. Dotted lines are
energies of rigid triangular, bb-isosceles, and square lattice configurations.
dipolar molecules and discussed the experimental attainability of the ‘classical regime’ T → 0 K and ~ → 0 in such systems. Furthermore, a possible
method for the experimental detection of the different phases is proposed.
The advantage of an implementation in cold gases is the precise knowledge of
the microscopic Hamiltonian and the high control over and tunability of the
system’s parameter via external fields. This allows to map out large regions
of the phase diagram which to this extend is not accessible in other systems
exhibiting competing structures such as rare gases adsorbed on crystalline
surfaces or vortices in structured superconductors.
Even though quantum fluctuations are found to be much more relevant
in cold atomic and molecular systems than in conventional solids, we expect that their main effect consists in the softening of the elastic coefficients
generating a shift in the values of the critical potentials, while the overall
picture of Fig. 8.1 persists. On the other hand, considering quantum motion
opens up an interesting direction for future studies. In particular, the possibility of quantum melting into a normal or superfluid liquid phase has to
be investigated. Another promising subject for further research is thermal
melting; while the melting transition is strongly first order for a bulk sys172

Summary and Outlook
tem, there are melting scenarios predicting two continuous transitions with
an intermediate hexatic phase from the two-dimensional solid to the liquid
phase. Whether such Kosterlitz-Thouless type transitions occur in the dipolar system and how their behavior is affected by the presence of the substrate
potential are among the most intriguing topics to be addressed. Further work
could be concerned with the dynamic behavior of the phases, in particular
with the pinning properties of the locked structures, the evaluation of the
critical forces and the determination of the transport coefficients (mass and
friction of the moving lattice). The phase diagram studied in the present
work applies to commensurate filling – other fillings may exhibits alternative
pathways and an additional intermediate floating triangular phase may show
up before melting when fluctuations are included. Finally, an interesting
question is the generalization of the Devil’s stair case to two dimensions, a
question that, to our knowledge, has not been addressed so far.
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Appendix A
Ewald Summation Method
The Ewald summation method [26] allows for an efficient evaluation of lattice
P
sums i f (Ri ) (with Ri ≡ Rlatt
i ) and is often used for the calculation of the
interaction energy of periodic systems. It is based on the idea of splitting
the term f (R) into a short-range and a long-range part, where the first
part accounts for a rapidly converging sum in real space and the second
one has the same property in Fourier space. In this thesis, the method is
used in the computation of the interaction energy of simple two-dimensional
Bravais lattices as well as in the determination of their elastic matrix and
elastic coefficients, see Chap 2. In all cases, the function f is of the form
f (R) = D/Rη , with η ≥ 3. The present discussion is therefore aimed at
lattice sums of functions exhibiting appropriate power-law decays,
Fηlatt =

1X D
,
2 i6=0 Riη

with η ≥ 3.

(A.1)

In a first step, the power-law term is reexpressed as an integral over a Gaussian function,
Z ∞
nZ 
o
D
η/2−1 −tR2
η/2−1 −tR2
=
DC
dt
t
e
+
dt
t
e
,
(A.2)
η
Rη
0

where the constant Cη is given by 1/Cη = Γ(η/2) with the Gamma function
R∞
Γ(x) = 0 du ux−1 e−u . The parameter  > 0 regulates the separation into
short- and long-range contributions; for any distance R, the integrand is
strongly suppressed for sufficiently large t due to the factor t in the exponent
and the lattice sum over the second term in Eq. (A.2) quickly converges.
For the evaluation of the long-range part (coming from the first term in
175

Eq. (A.2)), we make use of the Poisson summation formula
X

f (Ri ) =

i

1 Xˆ
f (Kj ),
Ωuc j

(A.3)

which relates the real-space lattice sum of a function f (R) to the reciprocalR
space lattice sum of its Fourier transform fˆ(K) = d2 R f (R) exp(−iK · R)
R
(the relevant inverse transform is f (R) = [d2 K/(2π)2 ] fˆ(K) exp(iK · R));
the Fourier transform of the Gauss function required in the present context
is
π
fˆ(K) = exp(−K 2 /4t).
(A.4)
t
Using (A.3) and (A.4) in the first term of (A.2), the lattice sum Fηlatt reads
2Fηlatt X
=
DCη
i6=0

Z

∞

2

dt tη/2−1 e−tRi



Z
π X  η/2−2 −Kj2 /4t 2 η/2
+
dt t
e
− 
Ωuc j 0
η
hX
2i
= η/2
Ψ η−2 (Ri2 ) −
2
η
i6=0
i
X
π η/2−1 h 2
+
Ψ− η2 (Ki2 /4) .
+

Ωuc
η − 2 i6=0

(A.5)

Here, we have made use of the substitutions t = u/Ri2 and t = Kj2 /4u in the
integrals of the first and second sum of Eq. (A.2), respectively. The set {Kj }
denotes the reciprocal lattice sites and the function Ψx (β) is related to the
R∞
Incomplete Gamma function Γ(x, β) = β du ux−1 e−u via
Ψx (β) = β −(x+1) Γ(x + 1, β).

(A.6)

In addition, in applying the Poisson summation formula the term i = 0
term (not present in Fηlatt but contributing to the Poisson formula) has to
be handled properly, giving rise to the two terms ∝ 2/η (from the real-space
sum) and ∝ 2/(η − 2) (from the k-space sum). Note that the second one
only exists for η ≥ 3 as is indeed the case for all lattice sums considered in
this thesis.
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In two dimensions, the positions of the direct and the reciprocal lattice
(with basis K1 = (2π/Ωuc )(a2 × a3 ), and cyclic with a3 = (0, 0, 1)) read
Rp,q = pa1 + qa2 ,
Kp,q = pK1 + qK2 =

(A.7)
2π
[(pa2y − qa1y ), (−pa2x + qa1x )],
Ωuc

with integers p and q, and can be related via
 2π 2
2
2
Kp,q
=
R−q,p
.
Ωuc

(A.8)

(A.9)

Hence, following Ref. [29], we choose  = π/Ωuc such that the formula (A.5)
simplifies to a sum over real space only,
n
2
Fηlatt =Cη π η/2 DΩ−η/2
(A.10)
uc
η(η − 2)
io

1 X h
2
2
/Ωuc
.
+
Ψ η−2 πRpq
/Ωuc + Ψ− η2 πR−q,p
2
2
(p,q)6=0

The specific lattice type enters via the parameterization of the primitive
lattice vectors a1 (l, h, Ωuc ) = (Ωuc /l, h) and a2 (l, h, Ωuc ) = (0, l) (see Fig.
2.1). The functions Ψx (β) die off exponentially fast with β. As a result, only
the first few shells of lattice sites give a significant contribution in the above
formula. This allows for a very fast determination of the interaction energy
for particles on a lattice, as well as the elastic coefficients, see below. For
any exponent η > 1 the expression (A.10) assumes its global minimum for
the values l2 = (4/3)1/2 Ωuc and h = −l/2 corresponding to the triangular
lattice.
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Appendix B
Elasticity Theory for
2D-Bravais Lattices with
Dipolar Interaction
In many solid state systems, the pair potential between particles may be
taken to be of a type similar to the Lennard-Jones potential. Such a twobody potential exhibits a minimum in the interaction potential at a distance
R0 , hence providing the approximate location of the ideal particle spacing
and stabilizing the system at a specific density. A deformation of the bulk
material contributes to the elastic energy which in the continuum limit takes
the form,
Z
1
int
int
E = E0 +
dd r λµνσρ uµν uσρ ,
(B.1)
2
where the linearized strain tensor and the elastic moduli are given by (see
standard solid state physics text books, e.g., Refs. [30, 42])
1
uµν ≈ (∂µ uν + ∂ν uµ ),
2
1 Xn
λµνσρ =
Φµσ (Ri )Riν Riρ + Φνσ (Ri )Riµ Riρ
8Ωuc i
o
+ Φµρ (Ri )Riν Riσ + Φνρ (Ri )Riµ Riσ ,

(B.2)

(B.3)

with unit cell area Ωuc = A/N . Note that in these expressions, it is implicitly
assumed that the system is situated in a homogeneous and isotropic ‘background’ such that rigid rotations do not cost any energy. Consequently, only
the symmetric part uµν of the derivatives ∂µ uν enter in the formula (B.3).
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This is different, e.g., for a vortex lattice in an anisotropic superconductor where the anisotropy provides a non-isotropic background, associating
an energy with a rotation of the vortex lattice. Another problem of direct
relevance in the present context is the purely repulsive two-body potential
Φ(Rij ) = Φ(Rij ) requiring an additional external stabilization, e.g., by a
pressure p; otherwise the repulsive particles would diffuse apart to assume a
state of vanishing density. In this situation, one should minimize the Gibbs
free energy density rather than the internal one. The continuum limit of the
elastic energy density then reads
δA
A
= (γx + p)(∂x ux ) + (γy + p)(∂y uy )
λ1
λ2
+ (∂x ux )2 + (∂y uy )2 + (λ3 + p)(∂x ux )(∂y uy )
2
2
λ4
λ
5
+ (∂y ux )2 + (∂x uy )2 + (λ6 − p)(∂y ux )(∂x uy ),
2
2

g el = eel + p

(B.4)

with
γx =

1 X 0 x2j
,
Φ
2Ωuc j6=0 j Rj

λ1 =

1 Xh 00 1 0 i x4j
Φ − Φ
+ γx ,
2Ωuc j6=0 j Rj j Rj2

(B.6)

1 Xh 00 1 0 i yj4
+ γy ,
λ2 =
Φ − Φ
2Ωuc j6=0 j Rj j Rj2

(B.7)

1 Xh 00 1 0 i x2j yj2
λ3 =
Φ − Φ
,
2Ωuc j6=0 j Rj j Rj2

(B.8)

γy =

1 X 0 yj2
,
Φ
2Ωuc j6=0 j Rj

(B.5)

λ4 =

1 Xh 00 1 0 i x2j yj2
+ γy ,
Φ − Φ
2Ωuc j6=0 j Rj j Rj2

(B.9)

λ5 =

1 Xh 00 1 0 i x2j yj2
Φ − Φ
+ γx ,
2Ωuc j6=0 j Rj j Rj2

(B.10)

λ6 =

1 Xh 00 1 0 i x2j yj2
Φ − Φ
,
2Ωuc j6=0 j Rj j Rj2

(B.11)

where we have used the abbreviations Φj ≡ Φ(Rj ), Φ0j = dΦ(Rj )/dRj , and
Φ00j = d2 Φ(Rj )/dRj2 . Note that in Eq. (B.4) we have assumed that the lattice
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possesses mirror symmetry along both the x- and the y-axis. Otherwise,
the expression would also depend on the linear terms (∂y ux ) and (∂x uy )
and on the quadratic terms (∂x ux )(∂y ux ), (∂x ux )(∂x uy ), (∂y uy )(∂y ux ), and
(∂y uy )(∂x uy ). For an isotropic repulsion, the energetically most favorable
configuration is an equilateral triangular lattice; in this phase, the linear
terms in Eq. (B.4) have to vanish. Indeed, one finds γx = γy = −p (see
below) and
p=−

1 X 0
Φ (Ri )Ri .
4Ωuc i6=0

(B.12)

As the right hand side of Eq. (B.12) is a function of the unit cell area Ωuc ,
we obtain a relation between the applied pressure p and the area Ωuc or the
density n = 1/Ωuc . In agreement with Eq. (2.13), one finds p = (3/2 Ωuc )e4 =
6.670 eD /Ωuc for the interaction energy Φ(R) = 1/R3 .

B.1

Equilateral Triangular Lattice

Due to the high symmetry of the equilateral triangular lattice, see the relations (B.16), the continuum elastic energy density of Eq. (B.4) simplifies to
the standard form of a homogeneous and isotropic system [42]
el
ghex
=

κ
µ
(∂x ux + ∂y uy )2 + [(∂x ux − ∂y uy )2 + (∂y ux + ∂x uy )2 ],
2
2

(B.13)

where the shear and compression modulus µ and κ are linear combinations
of the λµνρσ ’s (in this case, λ1 = λ2 ),
λ1 + λ3 + p
2
λ1 − λ3 + p
µ=
= λ4 = λ5 = λ6 − p
2
κ=

(B.14)
(B.15)

The evaluation of the infinite sums is simplified considerably by noting that
for each site Ri of the triangular lattice, there are at least 5 additional sites
with the same distance from the origin. Hence, they contribute equally to
the interaction energy. A rotation about the origin by an integer multiple of
π/3 transforms them into each other. Instead of considering the contribution
of each site separately, one may make use of the ’averaged’ contributions of
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the shells Ri ,
x2j
x2j yj2

5
Rj2
π
1X 2
2
Rj cos (ϑj + s) =
= yj2 ,
=
6 s=0
3
2
5
Rj4
1X 4
π
π
2
2
=
R cos (ϑj + s) sin (ϑj + s) =
,
6 s=0 j
3
3
8
5

x4j

1X 4
π
3
=
Rj cos4 (ϑj + s) = Rj4 = yj4 .
6 s=0
3
8

(B.16)

The dependence on the angle ϑj (with Rj = Rj exp iϑj ) drops out due to
averaging. Inserting these results into the expressions for the elastic moduli
Eqs. (B.14) and (B.15) and assuming an interaction potential of the form
Φ(R) = 1/Rη , the latter can be expressed in terms of the interaction energy
e4 of the triangular lattice,
η(η + 2)
e4 n,
4
η(η − 2)
µ=
e4 n,
8
κ=

(B.17)
(B.18)

scaling as ∝ n(η+2)/2 in the particle density n. Their ratio is determined by
value of the exponent η of the power-law interaction potential only,
κ
2(η + 2)
=
,
µ
η−2

(B.19)

leading to a Poisson ratio
ν=

η+6
κ+µ
=
.
κ−µ
3η + 2

(B.20)

In our particular case with η = 3, we have κ = 10 µ and ν = 9/11.

B.2

Isosceles Triangular Lattices

Due to the anisotropic character of an isosceles triangular lattice with height
b and base l, one finds that γx 6= γy and that the linear term in the harmonic
expansion Eq. (B.4) does not vanish. Without further stabilization by an
additional potential, an external boundary condition, etc., the system will
not remain in this structure.
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Even though in homogeneous space this configuration is not stable by itself,
it has to be invariant under global rotations. That this is indeed the case
may be checked by inserting the deformation field of a rotation by the angle
ϕ (up to order ϕ2 )
ϕ2
x + ϕy,
2
ϕ2
uy (r) = −ϕx − y.
2

ux (r) = −

(B.21)

into the expression (B.4). The energy change reads
∆g rot = −γx − γy + λ4 + λ5 − 2λ6

 ϕ2
,
2

(B.22)

which vanishes, as can by verified using formulas (B.5) through (B.11).
Applying the Ewald summation technique for η = 3 (the factors xnj yjm in
the expressions for the coefficients γx,y and λ1,...,6 are written as derivatives
n
∂ m exp(−K 2 /4t)), the elastic moduli for the isosceles lattice can be
∂K
xj Kyj
combined from the expressions (the coefficients γy and λy are obtained by
replacing x2 → y 2 , Kx2 → Ky2 , etc., with y 2 = (pR1y + qR2y )2 and Ky2 =
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(2π/Ωuc )2 (−pR2x + qR1x )2 )
1X
2
Ψ−3/2 (πRpq
/Ωuc )
5/2
2
Ωuc
p,q
π X
2
−
(pR2y − qR1y )2 Ψ−1/2 (πR−qp
/Ωuc )
Ωuc p,q
i
π X
2
2
+
(pR1x + qR2x ) Ψ3/2 (πRpq /Ωuc ) ,
Ωuc p,q
1 Xh 00 1 0 i x4j
λx =
Φ − Φ
2Ωuc j6=0 j Rj j Rj2
4πD h 3 3 X
2
+
Ψ−3/2 (πR−qp
/Ωuc )
= 5/2
2
4
Ωuc
p,q
π2 X
2
+ 2
(pR1x + qR2x )4 Ψ5/2 (πRpq
/Ωuc )
Ωuc p,q
3π X
2
−
(pR2y − qR1y )2 Ψ−1/2 (πR−qp
/Ωuc )
Ωuc p,q
i
π2 X
2
+ 2
(pR2y − qR1y )4 Ψ1/2 (πR−qp
/Ωuc ) ,
Ωuc p,q
1 Xh 00 1 0 i x2j yj2
Φ − Φ
λxy =
2Ωuc j6=0 j Rj j Rj2
4πD h 1 1 X
2
+
Ψ−3/2 (πR−qp
/Ωuc )
= 5/2
2
4
Ωuc
p,q
π X 2
2
−
R Ψ−1/2 (πR−qp
/Ωuc )
2Ωuc p,q −qp
γx = −

2πD h

1+

(B.23)

(B.24)

(B.25)

π2 X
2
(pR2y − qR1y )2 (−pR2x + qR1x )2 Ψ1/2 (πR−qp
/Ωuc )
Ω2uc p,q
i
π2 X
2
+ 2
(pR1x + qR2x )2 (pR1y + qR2y )2 Ψ5/2 (πRpq
/Ωuc ) ,
Ωuc p,q

+

2
where the terms with R−qp
arise from the K-transformed part in the Ewald
summation.
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The bb-Isosceles Lattice
The expansion coefficients for an isosceles lattice with height and base equal
to b take the values (for convenience, we include the ‘correction’ terms ±p
with p = 6.670 eD n for the moduli λ3 and λ6 , respectively)
γx = −6.387 eD n,

(B.26)

γy = −7.015 eD n,

(B.27)

λ1 = 18.193 eD n,

(B.28)

λ2 = 20.707 eD n,

(B.29)

λ3 + p = 14.023 eD n,

(B.30)

λ4 = 0.338 eD n,

(B.31)

λ5 = 0.967 eD n,

(B.32)

λ6 − p = 0.684 eD n.

(B.33)

The bb0 -Isosceles Lattice
Assuming a locking to the period b along x, the particles form a bb0 -lattice
where b0 adjusts itself such that the drive along y, γy + p (see Eq. B.4),
vanishes; using the Ewald technique, we find that this is the case for b0 =
1.0173 b (alternatively, b0 can be found by minimizing at given p the Gibbs
free energy (5.26) with respect to b0 as done in Sec. 5.2.1). The elastic moduli
for this bb0 -isosceles lattice are

λ03

λ06

γx0 = −6.155 eD n,

(B.34)

γy0
λ01
λ02

= −p = −6.670 eD n,

(B.35)

= 17.469 eD n,

(B.36)

= 19.531 eD n,

(B.37)

+ p = 13.820 eD n,

(B.38)

λ04 = 0.480 eD n,

(B.39)

λ05 = 0.995 eD n,

(B.40)

− p = 0.480 eD n,

(B.41)

where we have used b as our length unit and express our energy densities
through Dn5/2 = eD n.
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Appendix C
Elastic Relaxation:
Higher-Order Corrections
In the following, we qualitatively discuss higher-order corrections to the energy of the rotated and distorted triangular phase. Naturally, they include
the study of anharmonic terms in the energy functional (3.5). In addition,
global deformations of the initial triangular lattice leading to a different starting point for relaxation are taken into account. We find that both effects do
not change the qualitative nature of the transition and higher-order terms in
the perturbation theory of chapter 3 may be neglected.

C.1

Going beyond the Harmonic Approximation

In order to study anharmonic effects, we expand the energy functional (3.5)
up to order V 4 ,
1 X
V X
∆E =
(uij · ∇)2 Φ(rij )|Rij +
sin(qα · Ri )(qα · ui )
(C.1)
2! i,j
2 i,α
+

1 X
V X
(qα · ui )2
(uij · ∇)3 Φ(rij )|Rij +
cos(qα · Ri )
3! i,j
2 i,α
2!

(C.2)

+

1 X
V X
(qα · ui )3
(uij · ∇)4 Φ(rij )|Rij −
sin(qα · Ri )
,
4! i,j
2 i,α
3!

(C.3)

where we have arranged the terms of order V 2 in the first line (C.1), terms
of order V 3 in the second line (C.2), and terms of order V 4 in the last line
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(C.3). In k-space, with the generalized elastic constants
X
Cµ(n)
=
[∂µ1 . . . ∂µn Φ(ri )]ri =Ri (1 − eik1·Ri ) . . . (1 − eikn·Ri )
...µ
n
1

(C.4)

i

and the force terms
fk,α = ±δ±pα ,k V /4i

f¯k,α = δ±pα ,k V /4,

and

(C.5)

the energy takes the form
(2)
o
X
1 Xn Cµν
u−k,µ uk,ν +
f−k,α (qα · uk )
∆E =
N k
2
α

+

n C (3)
1 X
µνσ
δ
uk1 ,µ uk2 ,ν uk3 ,σ
Kl ,k1 +k2 +k3
2
2N l,k
3
1,2,3
o
X
f¯k1 ,α (qα · uk2 )(qα · uk3 )
+

(C.6)

(C.7)

α

+

1
6N 3l,k

X

δKl ,k1 +k2 +k3 +k4

n C (4)

µνσρ

4

uk1 ,µ uk2 ,ν uk3 ,σ uk4 ,ρ

1,2,3,4

−

X

o
fk1 ,α (qα · uk2 )(qα · uk3 )(qα · uk4 ) ,

(C.8)

α

where kn , n ∈ {1, . . . 4} are vectors in the first Brillouin zone while Kl is a
vector of the reciprocal particle lattice. The distortion field uk is found by
minimization with respect to up,τ , i.e., ∂∆E/∂up,τ = 0. To lowest order,
(0)
uk = uk , it satisfies
X
(0)
Cτ(2)
u
=
−
f−p,α qα,τ ,
(C.9)
µ −p,µ
α

which agrees with equation (3.9) and hence, recovers the results obtained in
(2)
the harmonic approximation (in this notation, Cµ1 µ2 represents the elastic
matrix (2.47)). To go a step further, we include the higher order corrections
(0)
(1)
(2)
to the distortion field via the ansatz uk = uk + uk + uk leading to the
equations
(1)
Cτ(2)
µ u−p,µ

n C (3)
o
X
1 X
τ µν (0)
(0)
(0)
δKl ,k1 +k2 +p
uk1 ,µ uk2 ,ν +
f¯k1 ,α qα,τ qα,µ uk2 ,µ ,
=−
N l,k
2
α
1,2

188

Elastic Relaxation: Higher-Order Corrections
(1)

for the next order, i.e., uk ∝ V 2 and
(2)

Cτ(2)
µ u−p,µ = −

o
n
X
1 X
(0)
(1)
¯k ,α qα,τ qα,µ u(1)
u
u
+
f
δKl ,k1 +k2 +p Cτ(3)
1
µν k1 ,µ k2 ,ν
k2 ,µ
N l,k
α
1,2

−

n C (4)
1 X
τ µνσ (0)
(0)
(0)
δ
uk1 ,µ uk2 ,ν uk3 ,σ
Kl ,k1 +k2 +k3 +p
2N 2 l,k
3
1,2,3
o
X
(0)
(0)
−
fk1 ,α qα,τ qα,µ qα,ν uk2 ,µ uk3 ,ν ,
α
(2)

with the solution uk ∝ V 3 . Inserting these results back into the relaxation
energy, one obtains
∆E =

1 X
(0)
f−k,α (qα · uk )
2N k,α
1 X
(1)
+
f−k,α (qα · uk )
2N k,α
X
1
(0)
(0)
(3) (0)
−
δKl ,k1 +k2 +k3 Cµνσ
uk1 ,µ uk2 ,ν uk3 ,σ
12N 2 l,k
1,2,3
1 X
(2)
f−k,α (qα · uk )
+
2N k,α
1 X
(0)
(1)
(3) (0)
−
δKl ,k1 +k2 +k3 Cµνσ
uk1 ,µ uk2 ,ν uk3 ,σ
2
4N l,k

(C.10)
(C.11)

(C.12)

1,2,3

−

n C (4)
X
1
µνσρ (0)
(0)
(0)
(0)
δ
uk1 ,µ uk2 ,ν uk3 ,σ uk4 ,ρ
Kl ,k1 +k2 +k3 +k4
3
12N l,k
2
1,2,3,4
o
X
(0)
(0)
(0)
−
fk1 ,α (qα · uk2 )(qα · uk3 )(qα · uk4 ) .
α

Again, the first line (C.10) represents the harmonic corrections, whereas the
terms (C.11) and (C.12) correspond to corrections of order ∝ V 3 and ∝ V 4 ,
respectively.
For floating structures which remain translationally invariant in the presence of the substrate, energy contributions of odd powers in V vanish; replacing V by −V has the same effect as a global shift by the vector d = (b/2, b/2).
Hence, the total energy should not change. By this argument the third order
terms (C.11) may be discarded. From the structure of the terms (C.12) one
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learns that in order to determine the fourth-order corrections, one needs to
include anharmonicity terms of order u4 and V u3 .
For a qualitative study of the anharmonic effects on the locking angle, we
write the relaxation energy ∆E as
∆E(ϕ) = −V 2 g1 (ϕ) − V 4 g2 (ϕ),

(C.13)

where the functions g1 and g2 stand for the angle-dependent factors of (C.10)
and (C.12), respectively. An expansion of (C.13) around the locking angle
ϕ0 of the harmonic treatment reads
∆E(ϕ) ≈ −V

2

h

∂ 2 g1
g1 (ϕ0 ) +
∂ϕ2

h
∂g2
δϕ2 i
4
− V g2 (ϕ0 ) +
∂ϕ
ϕ0 2

i
δϕ ,

(C.14)

ϕ0

with δϕ = ϕ − ϕ0 and the term V 2 g1 (ϕ0 ) corresponding to the energy correction δe(V, ϕ0 ) of Eq. (3.14). The linear term in the g1 -expansion vanishes as
ϕ0 is optimal in the harmonic approximation. Consequently, taking into account higher order corrections leads to a change in the locking angle ∝ V 2 (as
may be seen by minimization of (C.14) with respect to δϕ). Since up to the
order V 4 , this does not affect the total energy of the system, we may retain
the orientation at ϕ = ϕ0 such that ∆E = −V 2 g1 (ϕ0 ) − V 4 g2 (ϕ0 ) + O(V 6 ).

C.2

Elastic Relaxation of Other Bravais Lattices

The choice of the unrelaxed lattice {Ri } influences the energy reduction
(3.13) in several ways; the lattice parameters Ωuc , l, and h introduced in
Chap. 2 determine the elastic matrix (2.47), i.e., the stiffness of the lattice
against local deformations. In addition, the mismatch s between the particle
lattice and the substrate symmetry influences the locking angle, see Chap. 3.
So far, we have studied the relaxation of the triangular lattice. In the
following, we generalize our considerations to other Bravais lattices given by
(Ωuc , l, h) with Ωuc = b2 , l = a + δl, and h = a/2 + δh where |δl|, |δh|  a.
We find that up to 4th order in V , the phase does not experience a qualitative
change; the particles still form a distorted and rotated crystal. Taking into
account higher order corrections to the lattice relaxation results in a shift
of the transition point to the singly-locked state (by a few percent). The
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correction to the locking angle ϕ0 remains to be ∝ V 2 such that it would
manifest itself in an energy correction of order O(V 6 ).
In analogy to the preceding section, the energy of a relaxed Bravais lattice
with (Ωuc , l, h) may be written as
Erel (l, h, ϕ; V ) = E0 (l, h; V ) − V 2 g1 (l, h, ϕ) − V 4 g2 (l, h, ϕ),

(C.15)

where E0 denotes the total energy of the unrelaxed lattice, E0 = E0int + E0sub ,
and g1 and g2 are now not only functions of the orientation angle but also
on the initial lattice geometry. A Taylor expansion of (C.15) up to order V 4
about the triangular lattice oriented at ϕ = ϕ0 (abbreviated by a) yields
a
∆E(l, h, ϕ; V ) = Erel (l, h, ϕ; V ) − Erel (a, , ϕ0 ; V )
2
∂ 2 E0int (δl)2 ∂ 2 E0int
∂ 2 E0int (δh)2
≈
+
(δl)(δh) +
∂l2 a 2
∂l∂h a
∂h2 a 2
n ∂g
2
∂g1
∂ g1 (δl)2
1
−V2
δl +
δh + 2
∂l a
∂h a
∂l a 2
∂ 2 g1 (δh)2 ∂ 2 g1 (δϕ)2
∂ 2 g1
+
+
+
(δl)(δh)
∂h2 a 2
∂ϕ2 a 2
∂l∂h a
o
∂ 2 g1
∂ 2 g1
+
(δl)(δϕ) +
(δh)(δϕ)
∂l∂ϕ a
∂h∂ϕ a
n ∂g
o
∂g2
∂g2
2
−V4
δl +
δh +
δϕ ,
(C.16)
∂l a
∂h a
∂ϕ a
where we have used that among Bravais lattices the triangular lattice is the
global minimum. Again, by definition of ϕ0 the term ∝ ∂ϕ g1 |a vanishes.
From the minimization with respect to δl and δh follows that both are of the
order O(V 2 ),
δh =

gh Ill − gl Ilh 2
gl Ihh − gh Ilh 2
V + O(V 4 ) and δl =
V + O(V 4 ),
2
2
Ill Ihh − Ilh
Ill Ihh − Ilh
(C.17)

with Ill = ∂l2 E0int |a , Ilh = ∂l ∂h E0int |a , Ihh = ∂h2 E0int |a , gl = ∂l g1 |a , and gh =
∂h g1 |a . The angle optimization ∂ϕ ∆E = 0 yields δϕ ∝ δl, δh. Hence, up to
4th order in V , only the harmonic term g1 needs to be considered; the angledependence of ∆E as well as the anharmonic corrections g2 may be neglected.
Inserting δl(V ) and δh(V ) into equation (C.16) leads to the expression
∆E(l, h, ϕ; V ) =

2gh gl Ils − gh2 Ill − gl2 Ihh 4
V + O(V 6 ).
2(Ill Ihh − Ils2 )
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As sketched in Fig. C.1, these 4th order corrections shift the structural transition from the distorted (orientationally locked and translationally floating)
crystal to the singly-locked phase to higher values of V . The qualitative
nature of the transition, however, is not altered as higher order terms are
included in the perturbation theory. These results show that it suffices to
treat crystal relaxation in harmonic approximation (where l = a, h = a/2,
and ϕ = ϕ0 ).

Figure C.1: The transition from the distorted and rotated floating to the
singly-locked crystal with period-doubling is illustrated in different orders of
approximation; the singly-locked (bb-)isosceles lattice undercuts the triangular lattice at V /eD ≈ 0.042 (grey solid lines). Including elastic relaxation of
the triangular crystal and period-doubling in the isosceles phase the transition takes place at V /eD ≈ 0.046 (black solid lines). Finally, 4th order
correction in the lattice relaxation (dashed line) shift the transition point to
slightly higher values of V .
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Appendix D
Interaction Energy in the
Period-Doubled Phase
For the derivation of the effective second-mode potential (4.8) entering the
effective energy functionals (4.12) and (4.21), we divide the particle lattice
into two sublattices as illustrated in Fig. D.1; both sublattices form rectangular Bravais lattices which are spanned by the vectors a1 = (2b, 0) and
a2 = (0, b) and shifted with respect to one another by the vector c = (b, δ).
With RRj denoting the sites of the rectangular lattice, the interaction energy
per particle can be written as
N/2

eint
pd (δ)

N/2

1X D
1X
D
=
+
R 3
R
2 j=1 (Rj )
2 j=1 |Rj + c|3
XX
D
= eint

 ,
R +
2 b2 + (lb + δ)2 3/2
(2m
−
1)
m>0 l

(D.1)

where m runs over the columns and l over the rows; eint
= 2.025 eD is the
R
interaction energy per particle in the rectangular lattice (given by the first
sum in the first line and obtained using Ewald summation). Making use of
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y

δ

b
2b

x

Figure D.1: The period-doubled phase is made up of two rectangular Bravais
lattices with density n/2 which are shifted by the distance (b, δ).
the Poisson formula (A.3), the sum over l takes the form
X
D


2 b2 + (lb + δ)2 3/2
(2m
−
1)
l
Z
0
D
1X
−i 2πlb y
dy 
e
=
3/2
b l0 R
(2m − 1)2 b2 + (y + δ)2
Z
D
1n
dy 0 
=
3/2
b R
(2m − 1)2 b2 + y 02
 2πl0 0
o
XZ
0
D
−i b (y −δ)
i 2πl
(y 0 −δ)
b
e
+
e
+
dy 0 
3/2
(2m − 1)2 b2 + y 02
l0 >0 R
2D
(D.2)
=
(2m − 1)2 b3
X
8π D
+
l0 cos (2πl0 δ/b)K1 [2πl0 (2m − 1)],
(2m − 1)b3 l0 >0
with K1 the modified Bessel function of the second kind of order 1 with
K1 (z) ∝ e−z for large z (see Ref. [33]). Inserting (D.2) into (D.1), the first
P
−2
term in Eq. (D.2), corresponding to l0 = 0, yields ∞
= π 2 /8
m=1 (2m − 1)
and the interaction energy (D.1) reads
π2
eD
4
X X l0 K1 [2πl0 (2m − 1)]
+ 8πeD
cos(ql0 δ).
2m
−
1
m>0 l0 >0

eint (δ) =eint
R +

(D.3)

Due to the exponential decay of K1 , we neglect terms with m > 1 and
l0 > 1 in the second line and arrive at the approximative formula (4.8) for
the interaction energy in the period-doubled phase.
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Appendix E
Core-Wing Optimization
According to equation (6.21), the y-component of the soliton field is connected to the x-component via elasticity. Yet this relation doesn’t prohibit
an additional linear term in vy . While such a term always increases the core
energy (see Eq. E.2 below), it may decrease the misfit along the y-direction;
the decrease in the amplitude of the wings will then lower the wing energy. A
β-linear term may thus lead to a competition between core and wing energies
and one has to minimize the sum of the two terms. In the following, we want
to study the effect of such a linear term in the core-solution for the case of
the (1, 2)-soliton. As for this soliton the orientations θ of interest always give
a value of η < 1 we take β > 0 in order to decrease the misfit along y and
along with it the wing energy.
Inside the core region [−λx /2, λx /2] of the vx -soliton, the vy -field is written
as
vy (z) = −ηvx (z) + βz,

(E.1)

with the constant β to be optimized and the core solution vx given by equation (6.20). Inserting this Ansatz into Eq. (6.15) leads to a line energy of the
core
Z λx /2 n
i
V n h αx
2
εcore =
dz
(∂z vx ) + 1 − cos qvx
2 2
−λx /2
µ + κ sin2 θ 2 o
+
β
2
≈

Vn √
µ + κ sin2 θ 2
8 αx +
β λx ,
2
2
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(E.2)

where the two β-linear terms (deriving from the elastic part) cancel each
other, i.e., κ cos θ sin θ − η(µ + κ sin2 θ) = 0. In the second step above, we
have assumed that outside of the core, vx is exponentially small such that
the integral can be taken from −∞ to ∞ without making an appreciable
mistake. The β-contribution in (E.1) changes the jump of the vy -field at
z = 0, i.e.,
vy+ (0) − vy− (0) = ηb + βλx ,

(E.3)

which leads to an additional term in the argument of the cosine in the wing
energy (second term in Eq. (6.37)),
i
V 2n √ h
εwing =
8 αy 1 + cos π η + βλx /b .
(E.4)
64∆
Minimizing the soliton energy εcore + εwing with respect to β leads to the
relation


2πβ √
αy = sin π η + βλx /b ≈ π 1 − η − βλx /b ,
(E.5)
b
√
where we have assumed a small misfit along y. Hence, with λy ≈ π αy (see
Fig. 5.3), the optimal β is given by
β=

π(1 − η)b
,
πλx + 2λy

(E.6)

and the misfit in the wings decreases by the amount
βλx
πλx
= (1 − η)
b
πλx + 2λy
h πλ 2 i
πλx
x
= (1 − η)
+O
.
2λy
2λy

(E.7)

With
λy
=
λx

r

αy
≈
αx

s

8∆ κ
V µ

(E.8)

of order 5 to 10, the term βλx /b  1. With η . 1, the wing energy Eq. (E.4)
may be expanded to quadratic order in the small parameter 1 − η − βλx /b
leading to the soliton energy
εcore + εwing ≈

Vn √
V 2n 2√
8 αx +
4π αy (1 − η)2
(E.9)
2
64∆
√
h
h π α 2 i
V 2n 2 √
x
−
2π (π αx )(1 − η)2 1 + O
.
√
64∆
2 αy
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Core-Wing Optimization
The first line agrees with soliton energy for β = 0, whereas the term on the
second line yields the energy correction due to the additional β-tilt of vy . This
√
√
tilt-contribution
reduces the wing energy by a factor ≈ (1 − π αx /2 αy ) ∼
p
(1 − π V µ/32∆κ) which is of the order of 3/4 for substrate amplitudes
V /eD ≈ 0.05 and κ/µ = 10. Note, however, that the result (E.9) only holds
for η . 1, where the wings (and their associated energy) are very small. As
the corrections due to the β-tilt are even smaller, we do not consider such a
tilt in our calculations of Chap. 5.
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