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Nature always has the last word.
i

When we leave, I want to see explosions in the sky. A moment
to laugh. A moment to cry.
— K UNG -F U PANDA .
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Zusammenfassung
Infrastruktur-Netze eines Landes verbinden weit entfernt liegende Städte und
Bevölkerungen mit unterschiedlichsten ökonomischen Wachstumsprinzipien.
Einige Transportnetzwerke wie Flugnetzwerke, Bahn- oder Strassennetze, welche
unterschiedliche Regionen eines Bundeslandes, Staates oder der Welt verbinden,
können sehr anfällig gegenüber lokalen Störungen sein, wie z.B. dem Vulkanausbruchs des Eyjafjallajökull, bei dem Millionen von Passagiere aus der
ganzen Welt aufgrund der geschlossenen europäischen Lufträume festsaÃ§en.
In der vorliegenden Arbeit werden verschiedene Methoden der statistischen
Physik komplexer Netzwerke verwendet, um Topologie und Dynamik von Transportnetzwerken zu untersuchen. Mit Hilfe eines statischen Netzwerkmodells
wird die Struktur des weltweiten Flug-Transportnetzwerkes analysiert, das auf
frei zugängliche Verfügbarkeit gros̈er Flug-Daten basiert. Diese Flug-Datensätze
erlauben die Entwicklung eines komplexen Netzwerkmodells, das sowohl statische Aspekte als auch struktur-dynamische Vorgänge (d.h. die Netzwerkdynamik) umfasst. Dabei wird untersucht, wie anhand der Netzwerktopologie
robustere Transportnetzwerke entwickelt werden können. Dazu wird ein einfaches Modell eingeführt, das unter anderem die sogenannte Core-PheripherieTopologie von Transportnetzwerken erklärt, indem diese topologische Eigenschaft als Resultat des Wettbewerbs zwischen Konnektivität und Profitmaximierung verstanden wird. Profit geht dabei aus einem Last-Umverteilungsmechachnismus hervor, der der Dynamik von Transportnetzwerken unterliegt.
Des Weiteren wird eine Methode entwickelt, um die Robustheit von Transportnetzwerken zu erhöhen, welche auch auf andere komplexe geographisch
eingebettete Netzwerke angewandt werden kann, die Last-Umverteilungen unterliegen und ökonomisch beschränkt sind. Die Methode wird insbesondere
angewandt, um effiziente Netzwerke zu designen. In dieser Arbeit versuchen
wir nicht nur, die statischen strukturellen Eigenschaften von Transportnetzwerke und deren Dynamik zu verstehen und zu kontrollieren, sondern auch das
Zusammenspiel dieser beiden Einflussfaktoren offenzulegen.
vi

Summary
Infrastructure networks reduce the geographical gap between societies, however disparate they are in their economic development. Some transportation
systems - airlines, railways, roadways - that connect different parts of a state,
country or the world, break down considerably in times of a catastrophe, much
like during the volcanic eruption of Eyjafjallajökull, where in millions of passengers were stranded around the world when multiple airspaces were closed.
This thesis uses techniques of statistical physics of complex networks in
order to study transport networks and understand their topology and dynamic
behavior. We analyze the structure of a transportation network, the World Airline Network, through a static network representation using openly available
data sets. The availability of large data sets allows us to represent a complex
network together with its interaction patterns in a holistic manner. We discuss
ways to improve transport network robustness by using data and the structure
of the network, and propose a simple model to understand its characteristic
core-periphery structure. Such a structure, in our plausible scenario, is the result of a balanced interplay between connectivity and profit and arises due to
a load redistribution mechanism which underlines the dynamic nature of transport networks.
In addition, we develop a framework to improve the robustness of transport networks that can also be applied to other complex load-driven networks
embedded in space and restricted in their development by cost constraints. In
particular, we apply this tool to design efficient networks. Thus, this thesis
aims at understanding and controlling not only the static structural features of
a transport network and the dynamic cascading processes but also the interplay
of the two.
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Chapter 1
Introduction
It costs nothing to encourage an artist. Discourage an artist
. . . you get absolutely nothing in return, ever.
— K EVIN S MITH .

Modern society is established on pillars of infrastructure networks that are
robust under ideal conditions, but extremely vulnerable to malicious attacks
[5], random failure [6] and/or unpredictable crowd behavior [7]. Examples of
such networks are Power Grids, the Internet, Transport Mobility and Waterways
among others. Despite the gradual development of these networks over years
(or decades), several hours of disruption in services can be triggered by a single
event.
Transport networks lay at the heart of such a gradual development. Even
though they appear to share a similar generic structure, they have developed
separately of each other and a global network is a superimposition of local
or regional ones [8]. Local transport networks when coupled together could
prove to be beneficial for society, simultaneously also may be a roadblock for
efficient cooperation [9]. Their robustness thus becomes an important aspect of
complexity studies.
A great deal of literature catered to infrastructure networks has provided a
base to study their structure and static vulnerabilities [10–15] and complementary analyses has examined strategies for the protection of networks against
hazards (natural or human-based) [16, 17].
All networks are different in their make, barring common properties that
dictate their behavior to some extent. The contrasting denominator is the structural shape of the network which accounts for its static design and dynamic
processes. In Ref. [14], the author examined a fundamental aspect of public transport networks: network centrality, and analyzed their state, form and
structure [18]. The author studied global trends in the evolution of centrality
1

with network size. A democratization was revealed in the analysis, that betweenness consistently became more evenly distributed with size contrary to
other complex networks where the winner takes it all. They were also able to
identify two different structural regimes.
In another similar report, Roth et al. [8] studied the temporal evolution of the
topology of the world’s largest metro networks in an exploratory fashion. They
showed that despite their geographic and economic differences, these networks
have converged to a generically similar shape with time. This shape is a core of
main stations with branches radiating from it, spreading towards the exteriors
of the cities.
One of the simplest and robust studies in the field of structural robustness
was published by Schneider et al. [5]. The authors explored the vulnerability
of complex infrastructure networks like the Internet and power grid. They devised a methodology to mitigate the risk of a malicious attack on such networks
by using a new approach to calculate robustness of a network. This approach
considers the trade-off between economic feasibility and computation. They
showed that by making small changes to a network the robustness can be improved dramatically without compromising on functionality. This is not only
useful for significantly making existing networks more robust but also designing economically robust networks.
However, structure of a network is a static property. Its evolution is dynamic
in nature which accounts for the flows and processes in a network. A more
popular domain of study involves cascading failures in networks. These failures occur because of redistribution of loads - a quantity being transported in
an infrastructure network - that need to be accommodated in the failing network. For example, economic networks are becoming increasingly complex in
nature; a shock in a financial network can lead to a cascading failure unraveling
throughout the network causing catastrophic effects [19].
Cascades or avalanches in one network may also affect other networks. Motivated by the Italian blackout of 2003 where shut-down of power stations also
led to failures in the Internet communication network which in turn led to more
failures in the power grid. Buldyrev et al. [20] have studied the modeling of
interdependent networks with real datasets at hand. Brummitt et al. [21] have
provided a comprehensive study of cascades on interdependent networks to formulate a more theoretical study. They focus mainly on very specific correlated
failures.
Upon removing elements from a network, load is likely distributed to other
2

remaining elements. Bak et al. [22, 23] showcased a study of this process very
early in the field of complex networks and formed the basis for studying self
organized criticality. A comprehensive study involving very descriptive scenarios was carried out by Lorenz et al. [24] recently. The authors introduced
a unifying general framework to study cascade and contagion in networks and
address their common and different attributes.
The above discussion immediately gives rise to questions involving the structure of transport networks and how it can be made more resilient in order to
mitigate the negative effects of any catastrophe. Therefore, the main focus of
this thesis is on transport networks - their structure, robustness, characteristic
properties and improvement. Ubiquitous models to study such networks, however, have been growing in complexity, universality and non-linearity. What is
lacking in the current state-of-the-art is a connection between the static structural properties like node-node correlations and dynamic processes on networks
such as load redistribution. The text in this thesis particularly describes how
correlations among nodes can affect load redistribution which in turn is a driver
for the structural changes of a network. Whether these networks are robust is
explained in the following chapters.
Like other networks, transport networks are also liable to failures propagating through them. Population density, traffic flows and other operational features play an important role in determining the robustness of these networks.
Chapter 2 will explore the different meta-data of a global transport network and
explain in detail about the structure of one particular network, the WAN, to be
a tightly-knit core of a handful of airports surrounded by the remaining loosely
connected network in the periphery.
Chapter 3 will document an extensive analysis of a novel approach in improving robustness of geo-located transport networks.
In Chapter 4 the discussion will be tailored to the core-periphery structure in
more detail. This structure is a result of the balance between connectivity and
profit that are the two main ingredients that drive the progress of any infrastructure network. This chapter will explain in depth how these two mechanisms
drive a network to core-periphery. Such patterns are a non-linear accumulation of the spatial network design, transportation capacities and the distribution
dynamics in play.
Transport networks arise from local optimization procedures. Chapter 5 will
explain a model that adds long-range connections to a skeleton according to
a probabilistic law that is observed in real networks. What we see is a net3

work with certain optimized properties that exhibits similar characteristics as
the WAN. This chapter attempts to describe the processes behind navigation in
the real world.
Finally, Chapter 6 ends with a discussion entailing how data driven analyses
complements theoretical models. A reformed approach of utilizing meta-data
to understand a structural type, introducing new techniques to produce more
robust networks, then characterizing the physical laws that dictate such structural features and finally showcasing a model that symbolizes the resemblance
between theoretical and real networks, could bridge the gap between theoretical
understandings and real-world applications of networks.

4

Chapter 2
Structure of a Transport Network
There’s no way to know what makes one thing happen and not
another. What leads to what. What destroys what. What
causes what to flourish or die or take another course.
— C HERYL S TRAYED .

2.1

Introduction

We seldom hear of a large airspace shutting down. One of the last known examples was triggered by the eruption of the Icelandic volcano, Eyjafjallajökull, in
2010, that led to the cancellation of at least 60% of daily European flights and
lasted for five days [25]. Airspace disruptions of this type affect both, global
economic activity and daily life of many people. According to the International
Civil Aviation Organization (ICAO), in 2011, 2.9 billion people used the world
airline network to realize business and tourism [26]. Understanding the dynamics and resilience of the to failures is a question of paramount relevance.
However, this is not a trivial task. The World Airline Network (WAN) was not
planned to be resilient at a global scale in the first place. Instead, it is a network
designed to cope up with several economic, political and geographical interests.
The resilience of such a network is therefore delicate to quantify and may give
us a false sense of global connectivity.
Algorithms for analysis and design of complex networks have enabled us
to quantify complexity and understand the rationale behind their structure and
self-organization [10–15]. Exemplarily, studies on the resilience of various
infrastructures, from water transport to the Internet, have provided insights into
the evolution and resilience of such networks [5, 21, 27–29]. In particular, important work has been done in the domain of air transport networks carefully
5

studying the structure [16, 17] including extraction of its multilevel modular
structure [30]. Guimerà et al. [31] analyzed the heterogeneous connection patterns among nodes with different fraction of connections within and outside of
their communities that give rise to the dynamics within the air transportation
network and other infrastructure networks. In a more recent approach, Cardillo
et al. have studied the emerging features of the WAN as a result of the dynamics of cooperation between nodes in the network [6,32]. However, a worldwide
view of the WAN is not comprehensive without exploring the aftermath of failures in light of such an organization.
In this chapter we explore the meta-data of a global infrastructure network
such as the WAN. As a consequence, we are able to extract the non-communal
hierarchical structure of this network, analyze it through a disruption approach
and develop weighted measures to understand its fragility. We compare these
measures to see how the topology of the network complements the empirical
evidence and we reveal a completely new picture of the world airline network.
We find that besides the strongly connected core, many important hubs are
in fact at the centers of star-like structures which are at the “periphery", or
areas of low economic growth. Upon removing these hubs, the entire star loses
its connection to the rest of the network. We show that this mechanism is
responsible for the vulnerability of the network and indicate this by identifying
different regimes of clustering within the network.

2.2

Model

Our analysis involves a dataset of the WAN, freely accessible at Openflights
[33], and passengers serviced at each airport during the year 2011. The WAN
comprises N = 3237 nodes as airports and L = 18125 links as direct connections between any pair of airports. An important characterization of a network
is its degree distribution which gives us the probability, P(k), of an airport
having k connections. The WAN data reveals a scale-free behavior with an
exponential cutoff,
P(k) ∼ k−γ exp(−k/kx ),
(2.1)
with an exponent γ = 1.5 ± 0.1 (see Appendix A). The exponential function
truncates the distribution around kx ≈ 180, which we confirm by analyzing the
tail of the distribution in the cumulative complementary degree distribution. In
reality, nodes of a physical infrastructure network always depict a truncated distribution as each node can only sustain up to a certain number of connections.
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Each connection might offer multiple alternative flights accounting for its
weight. The International Air Transport Association (IATA) assigns a distinct code to these alternatives. The average weighted degree, i.e. the average number of different flights offered from any airport, of the network is
w
< kw >= ∑N
i=1 ki /N = 19.21. Frankfurt airport that falls within the core has
the maximum number of flights, 498, and the maximum number of connections,
255. Whereas, St. Petersburg airport, Tampa Bay, Florida, a star-like peripheral hub, has only 24 connections with 24 flights. The average path length,
measured as the average number of minimum connections required from any
airport to any other airport, is < l >= 4.05. The largest number of connections
a passenger needs to travel between any pair of airports is 12. On average, 33%
of the routes can be covered with at most three connections.
The structure of this network is naturally divided into continents. North
America has the largest number of airports followed by Asia and Europe. The
classical approach to shed light on the structure of networks is through community detection. We have measured the size of closely formed communities
based on the number of flights that exist for a connection between any two airports. To do this, we have used the definition of modularity as introduced by
Newman et al. [34, 35] using the algorithm developed by Blondel et al. [36].
Modularity of a partition is a value that measures the density of links within
a community compared to the links that are holding the communities together.
This analysis has revealed a total of 20 well connected communities, identifying economically agglomerated regions of the world, such as the Middle-East,
South-East Asia, Alaska and Oceania. Our results are in conformance with
the work of Guimerà et al. [17] (see Appendix A). This confirms the strong
political, geographical and social influence in the development of the air transport network. Nevertheless, the traditional analysis of the network structure
fails to uncover the hierarchical structure of the WAN. Sales-Pardo et al. [30]
have extracted hierarchies within communities for various complex networks,
including the WAN, wherein the modules of these communities correspond to
different levels in the hierarchy. Their approach stems from community detection algorithms that form the basis for identifying cluster of nodes that have
more internal links than external. We are interested in a network-wide extraction of hierarchies as a step towards objectively analyzing the vulnerability of
the entire system.
We have identified airports and also commercial, cargo and private airstrips
that may have been used for a flight recorded by IATA. This adds more weight
7

Figure 2.1: The world airline network divided into three parts. The bottom layer is the Periphery with airports having a zero clustering coefficient. These airports reveal the peripheral
world. The top layer is the Core with airports that form the nucleus of the t-core, t = 387.
Nodes in the t-core are part of at least t triangles. This layer shows how well connected some
of the major economic hubs of the world are. The intermediate layer is the Bridge with all the
remaining airports that act as bridges to connect remote locations to global hubs.

to our analysis as the world is continuously evolving socially and politically
and any tie that may have been formed due to a commercial interest may give
us insight into the economic connectivity of specific places around the globe.
For instance, Alaska has many airports mainly used to serve industries scattered around towns. Our analysis reveals that these airports are completely
cut off from the contiguous United States except through major flights to and
from Anchorage. This reveals a star-like structure completely different from
the country-wide network inside, for example, the United States of America,
Canada or Mexico.
The eclectic mix of star-like structures and a strongly connected core emerges
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as an interesting global hierarchical structure. In Fig. 2.1 we illustrate three distinct layers of the network - Core, Bridge and Periphery - based on the “t − core
decomposition" of the network. If a connection fails, passengers are typically
rerouted through another airport to their destination. This formation is called a
triangle. To extract the aforementioned structure, we propose a decomposition
method based on these triangles. Similar to the k − core method [37], first we
remove all nodes that are not part of any triangle. These nodes form the network periphery (briefly following the classification of Guimerà it et al. [31]),
as upon removing them a lot of nodes get completely disconnected from the
main network. They also form the 0 − shell and what remains falls within the
1 − core with nodes being part of at least one triangle. In the next iteration, all
nodes with at most one triangle are removed from the network together with
their edges and they form the 1 − shell. As we continue to remove nodes that
are part of 1, 2, 3, ...t triangles, we uncover the bridge of the network with nodes
laying at different t − shells. Note that removal of a node with t or fewer triangles is done recursively. If removal exposes a new node with now less than or
equal to t triangles, it is removed in the current iteration as well. The algorithm
stops when each node has been assigned a t − shell. The layer that remains at
the end is the core of the network (see Appendix A). Each airport in the core
is part of at least 387 triangles. For a list of these airports refer to Appendix A.
This indicates that if we remove a connection within the core, there will be numerous other ways to get to the destination. Cohen et al. [38] have previously
shown that a random scale-free network is vulnerable to intentional attack on
hubs and breaks down rapidly. In the WAN, this is not the case. Removal of
the core, that undeniably consists of many hubs, leads to a minor degradation
in the connectivity (the average path length may increase but the world remains
connected). In what follows, we focus our attention to the properties of the rest
of the network.

2.3
2.3.1

Results
Connectivity

Upon removal of the core, most part of the network remains connected and only
8.5% of the airports fall out of the connected cluster. For designing a resilient
airline network, analyzing its reaction to catastrophes is significant. We develop
a model to understand how the global connectivity is affected due to cancella9
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Figure 2.2: Drop in the size of the largest connected cluster of the WAN against removal of
nodes. High degree refers to a conventional targeted removal strategy wherein each subsequent
step corresponds to removing upto a fraction, q, of nodes with the highest degree. In low degree
strategy, each subsequent step corresponds to removing upto a fraction, q, of nodes with the
lowest degree. The random removal strategy is an average over 500 statistically independent
simulations.

tion of flights or shutdown of airports around the globe. To quantify the loss in
connectivity, we measure the fraction of airports that are still part of the largest
connected component, S(q), and observe it as a function of a) the fraction of
airports being shut and b) the fraction of connections getting canceled. Note,
that in our case S(0) = 1, as we start with merely one connected cluster.
We analyze the connectivity of the network by sequentially shutting down
airports using two different strategies. In the first one, at each step, we remove
airports with the highest degree. Figure 2.2 shows that upon removal of the
highest degree airports, the network rapidly disintegrates into many small clusters and the size of the largest connected component drops significantly. When
the most connected airports are not functional anymore, the long haul flights
that give the network a small-world characteristic [17] also break down, ex10

plaining the sudden drop in connectivity. These airports naturally fall in the
core of the network. By contrast, upon removal of the lowest degree airports,
the size of the largest cluster decays linearly. As shown in Fig. 2.1, this network
is hierarchically structured with a well connected core and a tree-like structure
at the periphery. No removal of low degree airports can affect the rest of the
network because they are in the periphery. Thus, the core holds the network
together while the leaves of the tree are pruned. The aforementioned analysis
strengthens our argument of airports with no clustering being peripheral in the
sense that they are at the extremes of the network.
Airports shut down only in extreme cases. Subsequently, we focus on the
most common scenario where connections are canceled. As we will show, the
picture is significantly different when connections fail instead of airports.
2.3.2

Passenger Flux

In an effort to remove connections from the network, we need to define the relevance of the connections. Passenger flux seems ideal to describe the relevance
of a connection. Data is available for the number of passengers being serviced
at each airport in 2011 and we define the relevance of a connection as follows,
pi j = pi

kwj
∑k∈neigh(i) kkw

,

(2.2)

where pi j is the passenger flux on the connection from i to j. neigh(i) is the
set of all nodes directly reachable from i. kiw gives the total number of flights
available from airport i and pi is the number of passengers at airport i.
This division may overestimate the flux of passengers on a connection but
keeps its relevance intact as the number of passengers taking a connection depends on further available connections from the destination airport. In addition,
it is also a simple measure to identify destinations that are popular tourism and
business spots. This method does not explicitly take into account the frequency
of flights per day between two airports, but that has implicitly been accounted
for by considering the number of passengers using that connection. We use the
above measure following a basic ideology of the airline network, i.e. a flight is
only as important as the number of passengers using it. This provides us with
an empirical measure on the network. We constitute another measure based on
connectivity to complement the empirical evidence from the data.
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2.3.3

Degree of Connectivity

The degree of connectivity, ci j , characterizes each connection using the topological information about the network. The topological clustering coefficient
[39] of each node in the network which measures the degree to which neighbors of a node cluster together is defined as follows,
Cc (i) =

2E
,
ki (ki − 1)

(2.3)

where ki is the number of direct connections of airport i and E, the number
of connections that exist between the first neighbors of i. Each connection
has an integer weight wi j given by the number of flights. We define degree of
connectivity as follows,
ci j = Cc (i)wi j ,
(2.4)
which is asymmetric in nature, i.e. ci j is not necessarily equal to c ji . Not all
passengers fly back to the source airport or take the same connections on their
return journey. If the clustering coefficient is very low, then a connection from
this airport with very few flights will be extremely important due to very few alternate paths that passengers can take to their destination. No passenger wants
to take five connections to a destination that is at a relatively short distance.
Thence, we focus more on a removal strategy based on low degree of connectivity and show how seemingly irrelevant details of a complex network might
add to its vulnerability. For an elaborate justification of this concept, we have
included an example in Appendix A.
Connections that serve the least number of passengers or have the lowest
degree of connectivity are most often overlooked and likely to be in the periphery. An important long-range connection cannot affect the connectivity of
the network because of a high degree of redundancy, for example, cancellation
of the longest flight, which is between Newark Liberty International airport in
New Jersey, USA and Changi Airport, Singapore, will not restrict the mobility
of passengers as more than fifteen one-stop alternatives exist for this route. But
many short-range connections within the periphery, such as from Anchorage,
Alaska, to Honolulu, Hawaii (an important tourist hub), have only one option
and such cancellations can result in stranded passengers since very few passengers would accept to take even two connections that take a much longer detour
(about twice the flying time of the direct connection).
Following the above arguments and defining relevance of a connection based
on empirical evidence and topological information, we remove a certain frac12

Figure 2.3: Drop in the size of the largest cluster of the WAN against removal of links. Connections are ranked according to the number of passengers using it. In high traffic removal, each
subsequent step corresponds to removal of all connections up to a fraction, q, with the highest
number of passengers. In low traffic removal, each subsequent step corresponds to removal of
all connections up to a fraction, q, with the lowest number of passengers. The random removal
strategy is an average over 500 statistically independent simulations and each step removes
a fraction, q, of connections chosen at random. After removing 40% of the busy connections,
72% of the network is still connected, shown in the top-right map. The bottom right map shows
that after removing the same fraction of idle connections, the world disintegrates completely,
revealing the vulnerable nature of the periphery of the network (22% connected). The black
nodes are not part of the largest connected cluster. The remaining colors represent different
continents and show the nodes that are part of the largest connected cluster.
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tion of connections. Here, relevance of a connection directly translates into
traffic or connectivity. A high traffic removal would affect the busiest connections. Whereas, a low traffic removal would focus on idle connections. Figure
2.3 shows that the world fragments into different parts upon removing a small
fraction (20%) of idle connections while it is almost fully connected upon removing busy connections, using passenger flux as relevance. During an economic crisis or loss suffered by an airline company, the typical flights to be
canceled are the ones that carry the smallest number of passengers. Cancellation of such flights, however, causes more damage to the global connectivity
than flights that connect hubs. The analysis using degree of connectivity shows
similar results. Moreover, the effect of an idle removal is magnified using passenger flux over degree of connectivity. Both these observations give enough
topological and empirical evidence for the importance of the peripheral connections in the WAN. The periphery is huge and consists of many airports and
connections between these airports. To understand what kind of connections
lay in the periphery, we analyze the resilience using the most basic information
of the connections - the number of flights associated with it.
2.3.4

Flight Model

Airports might offer more than one flight for a direct connection between them.
We define for each connection an integer weight, wi j , given by the number of
alternate flights that are available on that connection. The data set does not give
us precise information about the frequency of flights. Each alternate flight has
a different IATA code, i.e. they are operated by either different companies or
at different times. Passengers have the option to choose among the flights from
source to destination based on their preferences (price, time of flight, reliability
and quality-of-service, etc).
We study the connectivity of the network upon removing connections following the rank of their weight. We found that the WAN is quite resilient to
breakdowns in frequent connections with multiple flights as it has a high degree of redundancy with many paths between any pair of airports with high
degree (see Appendix A). However, the global connectivity of the network,
upon removing rare connections with the least number of flights, is lower than
any other removal strategy. Our common sense would mislead us to believe
that disruption of peripheral connections would not lead to loss in global connectivity and therefore predestined to face economic cuts in case of a crisis.
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However, our result shows that the periphery is weakly connected in terms of
possibles routes as well as the number of different flights between the same
pair of airports and could render a large part of the world inaccessible. Refer
to Appendix A for a visual representation of how global connectivity evolves
with the sequence of failures. In order to explain this phenomenon, we study
the clustering properties of the WAN in depth.
2.3.5

Clustering

Among other reasons airports form connections based on physical proximity.
Airports can be clustered differently. We have identified three regimes of clustering using the physical length of connections.
Firstly, we define the weighted clustering coefficient, Cw (i), as defined by
Barrat et al. [40]
Cw (i) =

(1/di j + 1/dih )
1
ai j aih a jh ,
∑
si (ki − 1) j,h
2

(2.5)

which is a measure of local cohesiveness of neighbors of an airport that takes
into account the intensity of the connections given by its euclidean distance,
di j , between airports i and j. si is the strength of an airport i defined as
∑ j∈neigh(i) 1/di j . ki is the number of connections from an airport (out-degree).
Lastly, ai j is either 0 or 1 depending on the absence or presence of a connection between airports i and j, respectively. In this way we consider the total
relative weight of the closed triplets of any airport with respect to the strength
of the airport. The topological clustering coefficient, Cc , is obtained by simply
marking di j = 1 for all connections.
The following regimes of nodes can be distinguished,
1. Peripheral: Nodes that have no connections between their neighbors, Cc (i) =
Cw (i) = 0.
2. If Cc (i) ≥ Cw (i), the interconnected triplets are formed by connections
with large distances and hence are global.
3. If Cw (i) > Cc (i), the interconnected triplets are formed by connections
with short distances and hence are local.
Most airports in the first category have really few connections but some
of them are busy airports having a significant number of connections to and
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Figure 2.4: Drop in fraction of airports within a cluster regime. Fc (q) is the fraction of airports
belonging to a cluster regime c after removal of a fraction of connections q. The first frame
shows a drop in airports that belong to the largest connected component based on an low traffic
removal. The subsequent frames show the same for high traffic removal and an average over
500 random removals. In all cases, peripheral hubs (Cc = Cw = 0) drop out of the largest
connected component first.

from cut-off regions, and hence we call them peripheral hubs. For instance, St.
Petersburg Airport, Tampa Bay, Florida, is a huge tourist destination consisting
of 24 connections and no clustering. In the remaining categories, nodes are
distributed equally with low degree airports having a low number of passengers
and high degree airports having a higher number of passengers. Examples of
airports in the local category include Frankfurt and JFK, New York. Atlanta
and Domodedovo, Moscow, fall in the global category. Each continent has
at least 40% airports with local clustering pointing to a continental evolution.
When the continents are connected to form a world airline network, there is no
significant change in the fraction of nodes that form local clusters, indicating
that the airline networks typically evolved at the level of continents.
In almost all cases of removal scenarios, airports with zero clustering are
the ones that are mainly responsible for a drop in the resilience of the network,
followed by locally clustered airports and then the global ones. For instance,
Fig. 2.4 shows the drop in fraction of airports within each cluster regime upon
removal of connections. Here, link relevance is defined using passenger flux.
All airports that have a zero clustering coefficient are disconnected from the
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largest connected component first. Since these airports constitute the peripheral
hubs of the network, they take down the extremities of the network with them
(Fig. 2.1 shows a large fraction of airports situated in relatively inaccessible
areas of the world). This explains a sudden drop in the connectivity of the
network.

2.4

Discussion

In summary, we found that even though the network has a core resilient structure, which guarantees intercontinental connections, most of the world is accessible through peripheral connections. Clustering plays a crucial role as most
airports that have no alternative connections to their destinations are the ones
that make the WAN most vulnerable. This is surprising since the traditional
strategy of studying the community structure (see Appendix A) and targeted
removal scenarios gives no evidence of such a hierarchical ordering in the network. The global connections are economically and politically significant with
the world moving towards a free society for travel and living, but the local connections serve the population of the region in extending tourism and business.
Though a core-periphery exists which keeps the core tightly knit, such a
network is still vulnerable to targeted attacks and rapidly disintegrates into different components which may or may not fully-function on their own. The
next chapter, Chapter 3, describes a novel approach of improving robustness
of transport networks by changing its structure according to certain real-world
restrictions.
A possible reason for the existence of a strongly connected core and a weakly
tied periphery is the necessity of airline companies to cope with the minimization of flying time and the maximization of profit. Chapter 4 will reflect more
upon these mechanisms and a plausible explanation for the existence of coreperipheries. A flight is only profitable if there is a minimum number of passengers per flight. Flying time is ideally minimized with a fully connected
network with every pair of airports directly connected. Yet, this is only economically reasonable between highly populated areas or regions of intensive
economic activity, which are served by the strongly connected core. The scanty
number of passengers traveling to and from remote regions only justifies the
creation of a star-like network, with a peripheral hub in the center, as we found
in the periphery of the WAN.
Future work could account for temporal evolution of the resilience of the
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network. With an improved model with accurate passenger count on each connection and the frequency of flights, we can extract the community structure
based on influx of passengers to obtain an even more realistic assessment of
resilience. It would also be interesting to study passenger flows in different
locations of the world and reveal the travel patterns toward which the current
generation is moving. This could be beneficial for airline companies not only to
maximize their profit but also to redesign the network to make it more resilient.

2.5

Methods

WAN: The flight data (airports, airlines, routes and geo-locations) was obtained
from OpenFlights [33] as of May, 2013. This data contains some circular connections, i.e. a flight may go from A to B and not return directly to A. Instead,
this flight follows a path from A to B to C and back to A. To simplify our
analysis, we have made the adjacency matrices symmetric by replicating each
unidirectional connection in the opposite direction. This is justified by the fact
that only very small airline companies have circular connections and merely in
remote parts of the world.
Passengers: The passenger data was obtained from The World Bank data
set sourced through Civil Aviation Statistics of the World and ICAO staff estimates for the year 2011. This data has passenger count for every country that is
registered with scheduled air carriers of that country. Changes in air transport
regulations in Europe have made it more difficult to classify traffic as scheduled
or unscheduled. Thus recent increases shown for some European countries may
be due to changes in the classification of air traffic rather than actual growth.
We have divided the passenger data among airports of the countries based on
their relative weighted degree using the following equation,
pi = pc

kiw
∑ j∈c kwj

,

(2.6)

where pi gives the number of passengers serviced at any airport i from country
c, pc is the passenger data of the country c and kiw is the number of alternative
connections from any airport i, i.e. the weighted degree. This approach gives
us an indication of the relevance of connections originating from each airport
(see Appendix A).
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Chapter 3
Improving Robustness of Transport
Networks
When everyone in the world admits they’re going to die, we’ll
really start getting some stuff done.
— C AITLIN M ORAN .

3.1

Introduction

Infrastructure growth in developing nations has come under scrutiny because of
the construction of a new terminal at the Schenzen airport, Southeast China [41,
42]. Schenzen is only eight kilometers away from the Hong Kong airport,
which can handle twice as many passengers. Is it reasonable to invest more
than one billion dollars increasing the capacity of such a large infrastructure
with another one nearby? Some critics argue that global connectivity can profit
from cooperation between stakeholders of air-transportation systems in the region by having airports in close proximity.
Infrastructure networks have been modeled using complex networks for a
long time, such as power grids [27, 43, 44], maritime commerce [45], and communication networks such as the Internet [38, 46, 47]. Spatial characteristics
have helped geolocate elements of some networks [48, 49]. This allows us
to examine, how such proximity and cooperation between nodes in a spatially
embedded network could play a key role in its robustness. We characterize
the robustness of a network as its capacity to maintain global connectivity under disintegration of nodes and describe a strategy based on local cooperation
to improve robustness under possibly realistic restrictions. Upon changing the
distance of swaps that are allowed between nodes, we discover a transition;
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called the cooperation range. We calculate the critical exponents of this transition and illustrate that the key parameter controlling the value of the critical
exponents is the exponent of the decay of the connection probability with the
node distance.
As WAN is an ubiquitous spatially embedded network, we illustrate our results in accordance with it, while they can also be applied to all such networks.
It is paramount that the WAN works in an extremely reliable and efficient fashion, as any temporary airspace closure, such as the one caused by the eruption of
the volcano Eyjafjallajökull in 2010, may cause huge losses worldwide [50,51].
In this chapter, we show that such proximity and cooperation between locally existing nodes is key to the robustness of spatial networks. Complex networks have been used to characterize the robustness of airline networks [6,52],
study its structural properties [1,17,32,53–59] and evolution [60,61]. We study
the robustness of the WAN, propose modifications to it and identify new properties associated with it. We summarize data provided by OpenFlights in the year
2011 as a single static network with 3237 airports (nodes, modeled as points
distributed across the surface of a sphere with distance calculated according
to the Haversine formula) and around eighteen thousand links [62]. Links are
bidirectional, assuming that each flight should return to its origin, and weighted
according to the number of possible flights between two airports. Airports are
weighted by the total number of passengers serviced in the year 2011.

3.2

Model

The WAN is quite fragile to targeted attacks, i.e., intentional removal of the
most connected nodes causes a collapse of its largest connected component [1].
The aim of our optimization strategy is to produce a robust yet economically
feasible WAN. Since robustness can be defined in different ways, we consider
that a robust WAN should be capable of transporting passengers even in face
of a targeted attack, in contrast with previous works where only the size of the
largest connected component is considered [5, 63–67]. We remove airports in
a particular sequence (from most to least connected) and quantify robustness r
as:
1 N n
r=
(3.1)
∑Π N ,
Π(0) n=1

20

where N is the total number of nodes, n is the number of nodes removed from
the network, and Π(q) is the number of passengers in the largest component
after a fraction q = n/N of nodes were removed, i.e., the sum of nodes’ weight
of the largest component.
In many cases airports are located within close proximity of each other, for
example, San Francisco and Oakland among many others in the North Eastern
part of the United States. We assume that a flight rerouted to an airport within
a cooperation range v of the original destination is a likely outcome in times
of a crisis. In our model, a connection is only rerouted to an airport within
the cooperation range of the original destination. In such cases, passengers can
use alternate modes of transportation available in the destination region. Since
transportation networks are dictated by their geography, the cooperation range
is defined as the geographical distance between nodes.
We define the probability to swap a route inversely proportional to the weight
of a link ei j between airports i and j, so that important connections are affected
with less priority. This tends to keep the transportation capacity of the network
stable, and avoids unnecessary expenditure for airports in building more infrastructure. As an example, flights could be distributed between Hong Kong and
Schenzen or among the airports surrounding San Francisco or New York.
Given a cooperation range v and the distance d(i, j) between nodes i and j,
the following swap strategy is defined:
1. Select a node i randomly (all nodes have at least one neighbor as it is a
global network);
2. Select a neighbor j of node i with probability inversely proportional to the
weight of ei j ;
3. Select a pair of connected nodes k and l so that d(i, k) ≤ v and d( j, l) ≤ v
with probability inversely proportional to the weight of ekl ;
4. Remove links ei j and ekl and create links eil and e jk .
This strategy is illustrated in Fig. 3.1. All swaps that decrease the network
robustness r are rejected. We call an accepted swap, a geo swap. A fixed number of geo swaps of the order of the number of links is executed. To compare
networks of different sizes and populations, we normalize the robustness as
R = (r − rmin )/(rmax − rmin ), in which rmin is the value of r for v = 50 km,
the minimum value for which a geo swap will be considered in the WAN, and
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Figure 3.1: Geo swap: a cooperation range rewiring. Diagrammatic representation of a
rewiring procedure based on a cooperation range. Figure a). shows that for a randomly selected
node i, a node k at distance d(i, k) ≤ v is selected. In fig. b). if nodes j, neighbor of i, and l,
neighbor of k, also have d( j, l) ≤ v, then links ei j and ekl , in blue, are swapped.

the maximum robustness rmax obtained for v = 18 × 103 km, which is approximately half of the perimeter of Earth and allows a relatively large number of
swaps. This strategy builds on top of previous work which focused on different swapping strategies [63, 66] or topological characteristics [67], but differs
significantly in focusing on geographic limitations and low-weight links.

3.3

Results

The cooperation range allows us to only carry out geographically acceptable
swaps. A very small value of v does not leave enough airports in the vicinity
to swap connections. While a really large value of v gives alternatives for extremely separated airports which is practically not at all feasible. By gradually
increasing the values of v, we observe a critical value of the cooperation range
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Figure 3.2: Robustness increase of the WAN. Dependence of the optimized robustness on the
cooperation range (blue) and variance over samples (red) with a maximum at 910 ± 90 km, in
which the standard deviation reaches the maximum.

v∗ = 910 ± 90 km at which a significant improvement in the robustness of WAN
occurs. The highest variance in robustness increase also occurs in this range, as
shown in Fig. 3.2.
Continental networks of the WAN (details in Appendix B Table) - together
with other spatially embedded networks (the European Power Grid and
p the
∗
European Rail network), illustrate that v is positively correlated with A/N
(Spearman’s correlation coefficient ρ = 0.78), where A is the total area in which
the N nodes are embedded (Fig. 3.3). The WAN is a combination of both continental and international flights; a network of network of sorts. Hence it appears
slightly off the regular trend observed in other networks but in general we can
conclude that the typical radius served by an airport is correlated with the minimum distance at which swaps become effective. Artificially generated random
networks also follow the same pattern (see Appendix B). Other topological
characteristics of the optimized networks are detailed in Appendix B.
The evolution of R scales with v − v∗ for the continental networks very close
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Figure 3.3: Critical cooperation range asp
a function of the nodes’ coverage. The critical
∗
cooperation v is positively correlated with A/N, where A is the total area in which N nodes
are embedded. The three different symbols represent the types of infrastructure networks in
which the geo swap is applied.
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to the critical cooperation range. We apply the following finite-size scaling for
different system sizes,
h
i
1
∗
− βν
ν
(3.2)
R = N F (v − v ) N ,
where ν and β are critical exponents and F [x] is a scaling function. As expected for a continuous transition in the cooperation range, for v = v∗ , as shown
β
in the inset of Fig. 3.4, R scales with N − ν ; β /ν = 0.08 ± 0.01. The exponents
are shown in Fig. 3.4 as β = 0.20 ± 0.02 and 1/ν = 0.40 ± 0.03.
Continents are limited in size. The sizes and geographical constructions
are vastly different. These conditions prevent us from concluding strongly, but
the data collapse suggests that the construction of airports and formation of
links between them follows a similar pattern in all continents, except Australia.
We assume that the islands in Oceania that have many airports, often times
being the only feasible connection to get to remote regions, were a contributing
factor to this difference. The distance between these islands directly affects the
cooperation range differently in Australia thereby uncovering a physical limit
of v.
The three most important ingredients of a spatial network are: node positions, connection patterns, and degree distribution. We create a simple model
where nodes are assigned random positions in space, a Poisson degree distribution is used, and links are randomly established. This model exhibits different critical exponents (see Appendix B). However, if the probability P(i, j) of
nodes i and j being connected decays with the distance between them,
P(i, j) ∝

1
,
d(i, j)α

(3.3)

where α ∈ R is the decay exponent, we obtain values that are numerically consistent with the ones in Fig. 3.4. Eq. (3.3) is a distance-decay model which
does not take into account the degree of the nodes for P(i, j). This is based on
a simplification of the gravity model (used in the past to describe connections
between spatially distributed nodes) [45, 68–70]. A more exploratory model
called the growth model will be studied in Chapter 5 in which we will take into
account the popularity of nodes.
To test Eq. (3.3), we carry out a simple analysis as follows: node positions
are uniformly distributed
p across a sphere of the shape of the Earth of area A
and in order to keep A/N ≈ 195, the same value of the WAN, network size
is calculated in accordance. A Poisson distribution of average degree 12 is
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Figure 3.4: Continuous transition of robustness. Data collapse of the robustness evolution
for v − v∗ > 0 after successive applications of the geo swap. Curves in the main figure represent
each continent. A total of 104 tentative geo swaps are executed for several cooperation range
values. The value of v∗ is selected as the highest variance point over 100 samples. Data is
scaled using 1/ν = 0.40 and β /ν = 0.08. The inset shows size dependence of R at v = v∗ ,
β

scaling as R ∼ N − ν , with β /ν = −0.08 ± 0.01, where N is the total number of nodes. Symbols
are larger than the standard deviation.
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used for the nodes. Node weights are chosen according to the equation W (i) =
102.6ki1.1 , where ki is the degree of node i, which is a fit of the relationship
between node weights and degree of the WAN. Link weights are randomly
distributed from the range [1, 14], in which 14 is the maximum link weight in a
data set of the WAN; as number of flights plying between any nodes i and j. The
data collapse is affected with changes in the value of α (Fig. 3.5b). Fig. 3.5a
and Fig. 3.5c show a value of β similar to the one of the continents (except
Australia) for α ∈ [1.8, 2.0]. For α = 2.0, the finite-size scaling in Fig. 3.5c
gives us β = 0.23 ± 0.02 and β /ν = 0.08 ± 0.01.
Further analysis shows that the ratio between the average length of routes
and the average distance between two airports is similar to the ones we find
for continents for α ≈ 2 (see Appendix B). Remarkably, the WAN exhibits a
probability distribution of link lengths as a power law of exponent α = 2.2±0.2
(see Appendix B). This explains the similarities in correlations of the distancedecay model and the WAN.

3.4

Discussion

Our model is application oriented and in doing so we must take most of the
relevant factors into account, such as space and cost, in case of transport networks. Our geo swapping strategy is specifically oriented toward networks that
are spatially embedded and transport a quantity of load from point A to B;
eventually improving the robustness of such networks. However, an important
note to remember is that all networks have their own specific restraints. Hence,
the underlying optimization strategies for robustness must come with their own
probabilistic or deterministic mechanisms. Future work may point in this direction.
Our method calls for other considerations in order to successfully route load
from one point to another. Firstly, an alternate mode of transportation network
should be present to connect nearby airports (which is the weak point of our
model, considering our geo-swaps do not cater to this restriction) [71]. By
taking into account the critical cooperation range networks could be designed
or improved for distances close to v∗ . Secondly, a local cooperation strategy
is highly mandated between nearby airports. Flights landing in San Francisco
and Oakland could be rerouted to one another, furthering the reliability of the
WAN’s robustness.
The probability of two airports being connected decaying quadratically with
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Figure 3.5: Distance-decay model shows similarities with the WAN. Data-collapse of the
robustness evolution for v − v∗ > 0 after successive applications
of the geo swap on random
p
networks generated through the distance-decay model with A/N ≈ 195. a, value of R at v =
β

v∗ with α = 2.0 scaling with the number of nodes (N) as R ∼ N − ν , with β /ν = −0.08 ± 0.01.
b, impact on β for the distance-decay model with different values of α. c, curves for different
system sizes with α = 2.0, scaled using 1/ν = 0.35 and β /ν = 0.08.
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their distance allows us to show that our rewiring strategy improves robustness
of all continents except Australia in the same universality class. Further studies
could shed more light on Australia’s geographical behavior.
The next chapter is dedicated to uncovering a plausible mechanism for the
structure of the WAN.

3.5

Methods

Figure 3.2 results from the application of 104 tentative geo swaps for each value
of v in the WAN. Each blue circle is the average of 250 samples while red circles
stand for the variance over samples.
In Fig. 3.3, data for the European Power Grid (red) is used [72] and the Rail
transportation network was manually extracted from the public domain of the
internet. The power grid network has 1254 nodes and 1812 links, and the rail
network has 39 nodes and 70 links. The value of v∗ is chosen to be the highest
variance point of 100 samples, with error bars representing the values where
variance is equal to 0.75σ 2 (v∗ ). The same data for the continents is used to
construct Fig. 3.4, in which symbols are larger than the standard deviation. For
continents, the power grid, and the rail network, a total of 104 tentative geo
swaps are executed for several cooperation range values.
For all parts in Fig. 3.5, a maximum of 104 tentative geo swaps are executed
for various values of the cooperation range. Each point represents the average
over 100 samples, with symbols being larger than standard deviation in (c). The
critical cooperation range is defined as v∗ = 240 ± 10 km.
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Chapter 4
Core-Peripheries: An Emerging
Phenomena
However vast the darkness, we must supply our own light.
— S TANLEY K UBRICK .

4.1

Introduction

In today’s world we want to fly everywhere. Despite higher fuel prices and a
wider consciousness for reducing carbon emissions, airplane travel is on the rise
globally and is predicted to grow even further in the future [73]. Events like the
shutdown of the entire European airspace, due to the eruption of the Icelandic
volcano, Eyjafjallajökull, have demonstrated the importance of efficiency and
reliability of the airline traffic [74] and other transport networks, be it trade,
Internet or trains.
An ideal point-to-point network topology would ensure the fastest transfer
of loads in a transport network. However, the real world imposes costs on
transport networks and their actual structure is a result of a complex interplay
of (among other factors) economic considerations of involved parties as well
as political ties between different regions. For instance, most major airlines,
nowadays, employ a hub-and-spoke philosophy in which passengers are routed
through a few central airports, depending on the size of the airline’s fleet. In
recent years, however, especially low-cost airlines (for example, Ryanair in
Europe) have rediscovered the point-to-point philosophy, providing non-stop
flights wherever sufficient demand exists [75]. This results in a denser and
more clustered network as opposed to a hub-and-spoke one.
One of the remarkable features of the WAN is its small core (consisting of
about 2.5% of the airports) that is almost fully connected and surrounded by a
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vast periphery that is nearly tree-like and connected to the core through many
regional and national hubs [1]. This block arrangement is prominently known
as the core-periphery structure [76–79] which was also reported for other infrastructure networks, such as the World Trade Network (WTN) [80, 81], the
autonomous Internet network [81] and the financial interbank lending markets [82], where the fraction of peripheral nodes varies from 45% to 85%.
Rombach et al. [83] have also found similar structures for friendship, voting
and collaboration networks and Avin et al. for other social networks [84].
The reason behind core-peripheries is still unclear. Some transport network [85, 86] models have been based on a greedy optimization of a particular evaluation function of distance, cost or time. None of the above studies,
however, could reproduce the core-periphery structure. In this chapter, using
a tangential approach, we hypothesize that the core-peripheries are a result of
a naturally existing state of the dynamics of networks that are driven by a balance between functional connectivity and load-based profit. As an illustration
of this hypothesis, commercial airlines will very likely cancel a direct link if
the number of passengers does not compensate for the associated costs. Here,
we start with a Utopian network where each node is connected to every other
node. Underutilized links are pruned and the load of such links is redistributed
to guarantee the load transfer between nodes. Through this pruning model, we
demonstrate that core-periphery structures can be obtained.

4.2

Model

Generally, in transport networks, load is anything that needs to be transported
from one place to another. We start with an ideal fully-connected and undirected network where load pertaining to a pair of nodes can be transferred bidirectionally (a full description of the algorithm is given in Section 4.5.
We represent the network using an adjacency matrix Ai j (N,V ) with N nodes
and V links representing whether or not there exists a direct link between any
pair of nodes. Our reference network contains N = 1000 nodes. Since we are
interested in transport networks, we consider that a link is characterized by its
load li j , cost ci j , and physical length di j (Euclidean distance between nodes,
in km, taken randomly from a Gaussian distribution, µ = 8.369 × 103 ; σ =
4.954 × 103 . The nodes are spread around a sphere of the size of the Earth - see
Appendix C).
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We define the profit of a link connecting nodes i and j as
ui j = bi j − ci j ,

(4.1)

where bi j is the benefit arising from a link and ci j is the cost of establishing and
maintaining the said link. Since the load of a link is a proxy for the benefit it
accrues, we set bi j = li j . For simplicity, we assign the same cost to every link
with a dispersion to accommodate for heterogeneity in the network; ϑ ≡ ci j
and ci j = (1 + δi j )c, where δi j is a uniformly distributed random number in
the range [−a; a]. In particular, we consider the cases a = {0, 0.05, 0.1}. We
obtain good quantitative agreement for the three cases, showing that our results
are robust to heterogeneity in the parameter ci j (see Appendix C). Varying
ϑ from the minimum load, we systematically prune links of negative profit,
starting with the least loaded ones. An underutilized link that is necessary for
maintaining global connectivity is not removed and classified as essential.
Once a link is pruned, its load is redistributed through the next best (shortestpath) alternative, which potentially turns these alternative links more beneficial
than they were before. In the case where several paths are of the same length,
one is chosen at random. The load redistribution process can be explained in
two steps. Firstly, when a link is removed, the load is routed through the next
shortest path available between the nodes. Secondly, every link on the next
available path will have to absorb the incoming load as it moves from source
to sink. The reason for choosing the shortest path as the next available path is
because normally in a transport network, the length of travel times and in most
passenger driven networks, convenience is of primary importance to both the
consumers and service providers. However, a robustness analysis of two other
alternatives (random path, second shortest-path) shows that core-periphery features are observed in the critical window and the robustness of the networks
in different regimes remains the same (see Appendix C). The pruning process
eventually gives rise to a network only comprising essential links.
To distribute the loads, we introduce an observable called the popularity,
pi , for each node i, characterizing its importance for the network. The popularity of a node is initially randomly chosen from a uniform distribution in
the range [1/3, 1], and alternatively from a scale-free distribution, P(p) ∼ k−γ ,
to contrast and compare the effect of initial conditions on our model (see Appendix C). Subsequently, the initial load on any link is defined as the product
of popularities of the nodes involved,
li j = pi p j .
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(4.2)

The popularity of each link remains intact with the pruning process. However,
the load of each link dynamically changes as the load of removed links is redistributed. We have examined several other load functions (such as li j = pi + p j ,
log(pi + p j ), log(pi p j ) and exp(pi p j )) and found no significant dependence of
the main findings on the load function. In addition, we have also used a specific
and more conventional case of load, betweenness centrality (see Appendix C).
As will be evident in the Results section, the existence of core-peripheries remains the same. However, the load and its redistribution are needed (and critical) to find the core-periphery structure.
We run the above algorithm and analyze the structure using standard network techniques. The pruning process coupled with the load redistribution
mechanism gives rise to three distinct families of network structures (see fig.
4.1), one of which strongly resembles the features of a core-periphery structure.

Figure 4.1: Schematic of the network classes obtained by our pruning algorithm. For
vanishing cost, the network is fully connected (network A of six nodes - shown for simplicity)
resembling the initial network. For significantly high cost, the network is tree-like, exhibiting
no loops (network C of 103 nodes). In between, the proposed pruning process generates a
network (network C of 103 nodes) with a core-periphery structure. The network in regime B
was obtained for cost, ϑ = 0.92, corresponding to a peak in the core-periphery measure (details
in the text). For the central network, the layout was generated by applying the FruchtermanReingold algorithm [87]. Colors show the difference in magnitude of coreness with black
indicating the core and red, the periphery.

To identify and analyze the core-periphery structure we use the t-core decomposition, as proposed in Ref. [1]. Similar to the k-core decomposition [37],
this method progressively prunes a network by recursively removing nodes that
are part of the least number of triangles. The decomposition assigns the removed nodes a “coreness”, t, and places them in different shells, t = 0, 1, 2 . . .,
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where a shell, t, has nodes that are part of at least t triangles. Since triangles
enhance the resilience of load transfer and this method recovers subgraphs at
every shell that are more and more densely connected, the method uncovers
a hierarchical ordering. More specifically, the load passing between a pair of
nodes in a transport network can be redistributed with only one change in case
the direct link becomes unavailable. A node that is part of the fully-connected
core of a network will be able to transfer its load through many alternatives (as
many as there are nodes in the core) to accommodate for a faulty link. Thus,
the t-core measure is especially suitable to assess which nodes belong to the
core or the periphery.
To compare networks of different sizes, we define the relative coreness
τ=

t
,
T

(4.3)

(N−1)(N−2)

where T =
is the maximum possible coreness of a node in a network
2
of N nodes.
To perform a more aggregate level analysis where core-periphery structure
across different networks can be studied, we focus on the core-periphery (CP)
measure, a dimensionless quantity defined as
λ = (τmax − τmin )

Sτmin
,
Sτmax

(4.4)

where τmax and τmin stand for the maximum and minimum relative coreness
found in the network, respectively, and Sτmin and Sτmax for the number of nodes
that were assigned the respective coreness. A network with a genuine coreperiphery structure will have both, many nodes with low coreness (periphery)
and a few nodes with high coreness (core). For example, the empirical WAN
S
has a ratio, Sττmin = 42.5, i.e. much larger than unity, suggesting the presence
max
of very few nodes in the core, compared to the periphery. Thus, a high ratio
indicates a particularly pronounced core-periphery, and a low value, the lack of
a core-periphery. The rationale behind definition (4.4) is based on qualitative
experience with the empirical WAN, which distinctly maximizes λ as there
are very few nodes in the core and the majority of nodes fall in the periphery.
Moreover, the difference in the relative coreness between core and periphery
(τmax − τmin ) is large.
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4.3

Results

4.3.1

Regimes

The cost, ϑ , is varied as an independent tunable parameter and the properties
of the model networks are investigated as a function of this parameter. Specifically, we systematically increase the value of the cost, starting from the minimum load and until only essential links remain, i.e., links necessary to keep
global connectivity.
Our pruning process, depending on the value of ϑ , necessarily leads to a
crossover between different regimes of networks. Say that lmin and lmax are the
least and most loaded links in the initial network, respectively. The regimes
are:
1. Connectivity Driven (A) ϑ ≤ lmin - In this case, no links fall below the
cost and hence no pruning takes place. It is apparent that this regime will
essentially have only a fully-connected network (the reference network
we begin with). Networks in this regime maximize connectivity but their
profit is diminished (eq. 4.1).
2. Core-Periphery (B) lmin < ϑ ≤ lmax - In this regime, the network undergoes the most rapid changes in its structure. All the links that fall below
the cost are removed sequentially and the load is redistributed to the remaining network. Nodes gain more traffic and the links that get pruned
give rise to a variable core-periphery character. This character is not always prominent in the entire regime and depends strictly on the value of
ϑ . An example is shown in fig. 4.1(B).
3. Profit Driven (C) lmax < ϑ - This regime shows extreme structural changes
in the network. Most links get pruned except the ones essential for connectivity - eventually giving rise to a tree-like structure towards the end
of this regime, illustrated in fig. 4.1(C). Since we attach the same cost to
each link, the cost of the network scales monotonically with the number
of links. Thus, networks in this regime have the minimum possible cost.
Upon removing links and redistributing their loads onto the remaining links,
the modularity [35, 88], average shortest path length [39] and average load per
link increase; see fig. 4.2, while the average degree and average clustering coefficient decrease [39] (Appendix C). This indicates that communities start
emerging while keeping beneficial links intact and sacrificing the ones that lead
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Figure 4.2: Average shortest path hdi j i in km and average load hli j i dependence on cost ϑ .
We observe three different regimes as a function of the cost. In (a) the average shortest path
length remains relatively stable while the load (a proxy for benefit) as shown in (b) increases
drastically in regime B. The insets of both figures are blow-ups of regime B. In (a) a slight
increase in the shortest path in regime B is observed while in (b) the benefit increases by a large
magnitude pointing to the inevitable compromise between connectivity and profit. Data are
averages over 100 realizations.

to a shorter path for transfer of loads. The clustering in the network decays
due to a periphery that is slowly emerging. It is worth noting that these curves
exhibit a kink at ϑ = lmax (see fig. 4.2 and Appendix C for other details). With
a small increase in the average shortest path (fig. 4.2a), the average load on the
remaining links increases (fig. 4.2b), thereby making them more significant to
the network. At ϑ = lmin the network changes rapidly and links start getting
pruned as they fall short of justifying their existence. Around ϑ = lmax , we
observe that the network exhausts its pruning capabilities. The links that are
removed now are the most loaded and hence transfer much more load to other
links thereby slowing down the pruning process considerably.
Additionally, in regime A, since no link is pruned, the average shortest path
length remains constant. As the pruning process becomes effective, the average
shortest path slightly increases with the cost (regime B). By contrast, in regime
C, the average shortest path increases exponentially with the cost. Note that
as illustrated in the Appendix C, the fraction of essential links required to ensure global connectivity is small unless the costs are very high, indicating that
the constraint of global connectivity does not affect the network’s proclivity
towards core-peripheries.
37

4.3.2

Core Size
0

10

0

10

(a)

(b)
Regime B

Regime B

1

1

−1

−2

0.5

10

0.5

10

0

0

−4

−2

10

10

−3

10

−6

-3

10

2

10

7

10

10

-3

10

2

10

7

10

Figure 4.3: Characteristic metrics of t-core decomposition. Core size, Sτmax , and relative
coreness, τmax , vs the cost, ϑ . (a) shows a decay in the size of the core in regime B for increasing
cost. Core size increases again abruptly in the transition between regimes B and C as the
pruning mechanism slows down. (b) illuminates upon the comparison of the relative coreness
of the core between a fully connected network in regime A and a core-periphery observed in
regime B. The insets of both figures are blow-ups of regime B. The core of the network in
regime B has a much lower coreness which decays continuously with increasing cost until the
network becomes a tree. Data are averages over 100 realizations.

A t-core decomposition was performed at every value of ϑ to assess the network’s core-periphery properties. We measured the size of the core, Sτmax , and
the maximum relative coreness of the network, τmax , as a function of the cost.
Figure 4.3 shows that in regime A, where the network is still fully connected,
the core consists of the entire network with a very large coreness since there
are many triangles. On the other hand, in regime C, the tree-like network is
sparsely connected such that it is essentially segregated into one shell at coreness, t = 0. Remarkably, between regimes B and C, the core size exhibits a
discontinuity (see Appendix C). The network undergoes a transition from a
state where the size of the core is comparable to the system size but is of small
coreness to a state with a small core and relatively large coreness. Since the
empirical WAN is known to have a small core size of approximately 2.3% but
high inter-connectivity within the core [1], it should be found in regime B with
lmin < ϑ ≤ lmax , where the value of λ is largest (see fig. 4.4). λ is close to
zero in regime A and C, because we have a fully-connected network in A and a
tree-like one in C. However, in regime B, where λ ≈ 0.25 is maximum, we find
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a periphery emerging which is held together by the core in the middle (see fig.
4.1(B)). In this region, the difference in the relative coreness between core and
periphery (τmax − τmin ) is huge and the ratio of the number of nodes in the peS
riphery to that of the core is much larger than unity ( Sττmin  1). The WTN [89]
max
and the WAN [33] are also included in fig. 4.4 for comparison (solid horizontal
lines). The trade network is only comprised of 80 nodes, whereas, the airline
network encompasses about 3500 nodes. These networks exhibit a lower coreperiphery measure, λ , since there is a high cost for building networks. In contrast, a network that has no cost (or less cost) attached can comprise many more
triangles within its core, consequently depicting a higher value for λ . In order
to understand the physical depth of the quantity coreness, λ , we first discuss
two limits of λ : a fully connected network (regime A) and a tree-like structure
(regime C). In both cases λ = 0. We tested another null configuration starting
with a fully connected network of our main model where links are removed at
random until the network turns into a tree (no more pruning is possible). As
shown in Appendix C, by contrast to the results with load redistribution, when
links are simply removed at random, there is no well-defined maximum for λ ,
thus core-periphery structures do not emerge at any stage.
4.3.3

Coreness Distribution

To evaluate the core-periphery properties of the networks, we calculated the
probability density function (PDF) of the relative coreness of some exemplary
model networks in each regime as well as the empirical WAN. Figure 4.5 shows
the PDFs of the relative coreness of networks in each regime. Qualitatively, the
core-periphery structure is visible in regime B networks. The periphery consists
of many nodes with small coreness, i.e., the probability drops with increasing
coreness (notice the semi-logarithmic scale).
The coreness densities of the networks from regimes A and C exhibit a
markedly different behavior. In the case of a fully connected network (regime
A), it consists of a single peak at τ = 1 and for the tree-like network (regime
C), of a single peak at τ = 0. Hence the entire network is segregated into one
shell following the t-core decomposition. Due to their simplicity, the PDFs for
regimes A and C are grouped in one plot.
Figure 4.1 illustrates the structural difference between the core-periphery
network of regime B and the tree-like network of regime C. It is immediately evident how the core nodes (in black) are highly interconnected as they
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Figure 4.4: Core-periphery measure λ as a function of ϑ for different system sizes N. Modeled networks in regime B have a high value of λ owing to their core-periphery characteristic
and resilience. The world trade network from year 1994 lies close to λ = 0.041 and the world
airline network from the year 2011 is at λ = 0.0032. The trade network is only comprised of
80 nodes, whereas, the airline network has close to 3500 nodes. Data are averages over 100
realizations.

are grouped closely together by the force directed Fruchterman-Reingold algorithm [87]. The algorithm uses spring-like attractive forces to attract the nodes
that have a link between them, while simultaneously repulsive forces of charged
particles are used to separate all pairs of nodes. This arrangement allows us to
distinguish core from periphery. In the empirical WAN network, the core is
spread over continents or different regions of the world (see Appendix C).
4.3.4

Resilience

Transportation networks in our globalized world have not resulted from a centralized optimization procedure. Most networks have resulted from the superimposition of many locally optimized networks and accretion of regional net40

works, providing for a globalized way to travel. In such scenarios, it is nontrivial to establish a common ground for measuring resilience. We use a basic
measure, often used in the past to qualitatively assess the efficiency of a network [5] to removal of nodes. Although the modeled networks have a smaller
size than the WAN, a data collapse of these networks’ robustness shows that
for similar average degree, we find an agreement in their robustness (see Appendix C).
We compare the robustness of our modeled networks - for the same average
degree - with the empirical WAN. As presented in Ref. [1], the empirical network is very sensitive to the removal of high degree nodes and the size of the
largest component drops very quickly. However, a model network in regime
B appears more robust owing its topological strength to a strongly connected
periphery where peripheral nodes have a few redundant links between each
other. Figure 4.6 illustrates that the modularity of the network seems to result
from the peripheral linkages, a topological feature that indicates the strength
of intra-community links over links across communities. This is a grave factor
contributing to its abrupt diminishing robustness. Our model produces robust
networks that accrue benefit to network elements without compromising on the
connectivity of these elements. In addition, the modularity peaks are a result of
the increase in coreness of the network as the core collapses and a larger core
takes shape (see fig. 4.5 - local peak** observed in the distribution of coreness
for modeled networks). Furthermore, a detailed robustness analysis for various
network sizes shows that the change in robustness does not depend on the network size and follows the same pattern for all network sizes (robustness plot in
Appendix C). For the same average degree, L = N = 5/6, the model generates
many interconnected modules while the World Airline Network shows little or
no links between modules (increment in modularity). In other words, the model
networks have lower modularity compared to the world airline network which
also has a larger average shortest path length, giving rise to more tightly knit
modules.

4.4

Discussion

We have presented a model producing the qualitative nature of the core-periphery
structure observed in many real world networks. Remarkably, this is possible
by dynamically allowing the failed links to redistribute their loads and the network’s effort to increase its profit, as two processes working on the network.
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We have also taken into account the costs imposed due to the spatial nature of
such networks, by considering Euclidean distances between the nodes to define
the new routes for the redistribution of loads. Simulating these processes on a
network with no other fundamental assumptions, we obtain for a wide range of
cost values, a small but densely interconnected core and a vast periphery.
Our pruning process not only produces core-periphery networks but also reveals different network regimes. The crossover between these regimes can be
modeled using only a single cost-based parameter, ϑ . This parameter can be
varied to show many interesting properties of the modeled networks. For instance, when a core-periphery structure is present, the average load on a link
(a proxy for the benefit of the link) increases, while the average shortest path
length between any two nodes (a proxy for convenience of load transfer) stays
stable. Additionally, connectivity is optimized in regime A where everything
is connected and profit is optimized in regime C, according to the construction
of our model. However, note that regime B balances these two real world considerations and, interestingly, we find most real-world networks to exist in this
region as well.
Though, not all networks are planned, their current condition is dictated by
a variety of rules. Our efforts do not reproduce every kind of network verbatim and do not try to fully describe the evolutionary process of a network but
give a plausible explanation for understanding profit-driven core-periphery networks. We not only produce the core-periphery character of networks, but also
show that modeled networks are more resilient to removal of nodes compared
to the empirical example of the world airline network. This resilience can be
attributed to the less modular structure of the modeled networks. Since our
modeled networks are stable and resilient to removal of nodes, it is natural to
ask whether our approach could be used to design cost-efficient and resilient
infrastructure networks, something policy makers might centrally control.
The process of pruning a globally connected network fundamentally differs
from the bottom-up growth many real networks have undergone. Schneider et
al. developed a pruning model which reproduces well many topological properties of protein interaction networks [90]. Inspired by this strategy of preferential
depletion, our model mimics core-periphery networks closely. Transport networks with a geographical dependence try to optimize faster connectivity with
demand induced profit. An example includes the world airline network that is
a possible outcome of individual airline networks competing and cooperating
(wherever profitable) with each other. On the other hand, the networks of large
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carriers like Star Alliance could approximate the picture of a global network
in which our model could make suggestions for improvements assuming the
partners in such an alliance are able and willing to cooperate with each other.
Lastly, Peixoto et al. [65] show that the most robust topology against random
failures is a core-periphery structure. By studying the percolation properties of
arbitrary large-scale networks using robustness as the most significant force for
driving the system, the authors show that a core-periphery network is the case
of maximum entropy. Our non-equilibrium approach depicts that a network
in regime B (critical window) will be highly robust in comparison to real networks. Louf et al. [91] have proposed a cost-benefit driven optimization model
based on physical distances in transport networks to study their formation. An
interesting revelation of their work is that cost driven network optimization
leads to a hub-and-spoke structure, different from a core-periphery structure
in our model. Louf et al. carried out the addition of links on a static system
where the distances dictate the future of links. Our model differs from this in a
way that a dynamic redistribution of loads is taken into account which encapsulates the collective nonlinear effects of various local load redistribution around
the network. The interplay between load redistribution and profit provides a
plausible explanation for core-peripheries in transport networks. We believe
that our framework can be extended to other networks that are based on profit
maximization.
Now that we know about one plausible mechanism for the existence of coreperipheries, we can move a step further to study the mechanism behind the
navigation in such transportation networks, for example, the WAN. The next
chapter will describe a simple model wherein links are added to a minimum
spanning tree according to a probabilistic law that gives rise to networks showing similar characteristics as the WAN. We show a comparison between our
model networks and the real-world scenario to understand how clustering affects navigation.

4.5

Methods

Algorithm. We start the simulations with a fully connected network and follow
the steps sequentially,
1. Create an ordered list of passenger loads, li j , and choose the link with the
smallest load limin
j . If there are several links with an equally small load,
choose one randomly.
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2. Say Ai j represents the potential link between nodes i and j and can take
values 1 or 0 depending on whether the link is present or not, respectively.
If the load of the chosen link falls below the cost, ϑ , and if it has not
been labeled essential (as defined in 3(a).), delete the corresponding link
as follows, if limin
j < ϑ → Ai j = A ji = 0.
3. Check whether after removing this link the network is still connected (single component).
(a) If it becomes disconnected, reverse the removal and mark this link as
“essential” such that it does not get selected for removal again.
(b) Else, find the new shortest path between i and j (e.g. Dijkstra’s algorithm [92]), given that their direct link has been deleted. When finding
the shortest path, use the Euclidean distances di j as link weights (refer
to section Model for more details).
4. Reroute the passenger load of the deleted link to each link that is part of
the new shortest path. For example, if the shortest path between i and j,
SP(i, j), passes through a set of nodes K, set,
for each link (k, k0 ) ∈ SP(i, j)
0
min
lkk
0 = lkk0 + li j

(4.5)

5. Mark limin
j as “removed” and repeat the above steps until only essential
links fall below the cost, ϑ .
We ran tests for various system sizes, namely, N = 100, 200, 400, . . . 1000
and for each system 100 randomly selected samples were considered.
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Figure 4.5: Probability density functions of coreness of different regimes and the empirical WAN. Regime B, for cost ϑ = 0.92, that maximizes the value of core-periphery measure
(independent of system size N), λ = 0.248 (fig. 4.4), and the real-world network exhibit a coreperiphery structure. The density functions show the probability of having a shell with relative
coreness τ (relative to a fully connected network). Data are averages over 100 realizations.
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Figure 4.6: Modularity as a function of average degree. The model networks show a peak*
in the modularity for an average degree close to the World Airline Network. This peak is due to
the increase in coreness of the network as the core collapses and a larger core takes shape (see
fig. 5 - local peak** observed in the distribution of coreness for modeled networks). For the
same average degree, L/N = 5.6, the model generates many interconnected modules while the
World Airline Network shows little or no links between modules. Different colors represent
different communities and the size of the nodes classify them into core (large) or periphery
(small). Data for system sizes N = 200, 400, 1000 are averages over 100 realizations.
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Chapter 5
Perceived Distances: Navigation in the
Real World
Living well is the best revenge.
— G EORGE H ERBERT.

5.1

Introduction

Kleinberg’s theory of navigation illustrates that some small-world networks
[39] have a better chance at efficient navigability when nodes in a network
only have local knowledge of their neighbors [93]. In other words, when longrange connections in a small-world network follow an inverse-square distribution, there is at least one network that achieves the most optimal delivery time
for transporting information through that network; despite lacking global routing information.
The assumption employed for efficient navigation was most often based on
local information of paths [93–96]. Li et al. illustrated the principles of designing optimal transport networks that require - or possess - global knowledge of
routing within the network [61]. The revelation of an optimal navigation condition, as a trade off between the length and the number of connections added
to the network (cost restrictions), is an important one.
The real world runs with overhead costs. In recent times, with the advent
of technology and infrastructure systems, most transport networks need not be
constrained anymore by the lack of global routing information. Instead a defined cost must direct its development. The WAN is a superimposition of local
networks established at different points in time in different locations around the
globe. It has evolved through political ties between countries and trade relations
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across borders while simultaneously following the development of cities [97].
Global routing information is readily available.
Navigation in the real world depends on this global knowledge instead of
local information transfer at intermediate levels. The World Airline Network is
a core-periphery network [1] with long-range connections that make possible
its relatively small diameter compared to its size. The existence of central hubs
that form the interconnected core, together with the long-range connections that
separate the hubs to span across the globe, gives the WAN its unique shape.
So far, we have analyzed the structure of the WAN, discussed ways to improve it, and proposed a simple model to understand the plausible mechanism
behind its core-periphery structure. In this chapter, we will study how to design an efficient network from scratch. We introduce a probabilistic law that
governs the addition of long-range connections to a real world network lattice (Minimum Spanning Tree (MST)) considering its weighted properties; Euclidean distances, passenger flows and flight connections. This growth model
allows us to study the features of a network that is embedded in space and has
a cost of construction attached to it. We demonstrate the existence of a family
of networks that resemble closely a real-world scenario by optimizing certain
navigability conditions.

5.2

Model

Consider a transport network that needs to be planned. We already know the
location of its nodes (latitudinal and longitudinal coordinates [33]) and the Euclidean distance between them, namely di j .
In case of a real-world network which uses global information, we begin by
introducing our growth model as a means to add long-range connections to a
skeleton network. Pairs of nodes i j are randomly selected for adding long range
connections. These connections are governed by a probabilistic law Pi j (refer
Chapter 3 for the basis of this law),
Pi j ∝

pi .p j
,
di j α

(5.1)

where pi is the popularity attached to the node i and α is the clustering exponent; the degree to which nodes tend to cluster in the network. So if the distance
between the selected nodes is large, then large α values will avoid the addition
of long-range connections, thereby favoring close proximity clustering.
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Figure 5.1: Growth Model showcasing the addition of long-range connections. Nodes i
and j are assigned popularities pi and p j . The distance between the nodes is given using the
Euclidean distance di j between them. i and j are randomly selected for long-range connectors
based on the probabilistic law Pi j .

We utilize the WAN for our case study. The WAN is comprised of N =
3237 nodes representing airports and L = 18125 links depicting direct connections between the airports. A growth model of this sort can be initialized as a
weighted MST over the WAN with only N −1 = 3236 nodes with weights as the
Euclidean distances between them. We start with a spanning tree to guarantee
that we have only one large component that includes all nodes. The MST establishes that our starting network is the most efficient in terms of costs and/or
traveling time. Note that there is a unique MST for networks with different
weights on every link [98]. Hence, every node i is connected with every other
node through the shortest chain in the network that runs as its backbone. The
model is illustrated in fig. 5.1.
The popularity of a node comes from the fact that every real world network has some hubs that either give it a scale-free or small-world structural
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resemblance. We use this concept to retain the one-on-one mapping with a real
infrastructure network; the WAN. As explained in Chapter 2 earlier, the popularities of the nodes are extracted from a data-set collected based on the number
of passengers serviced at airports in the year 2011 (see Appendix A).
The process of adding long-range connections is constrained by a budget
function B. Our results are robust against changes in B, except that a very low
and unrealistic budget for development does not show the expected optimization (see Appendix D). The question is whether a real world network inadvertently optimizes a particular variable in the system in a centralized manner in
spite of its decentralized construction. In other words, is there a property of the
network that is optimized using our growth strategy?

5.3

Results

The measure that is most often thought to be optimized in a transport network
is the expected time for delivery of a unit load between a random pair of source
and sink nodes in the network. In other terminology, this can also be referred
to as the average shortest path < l > between a pair of nodes in the network.
The average shortest path < l > is calculated over all pair of nodes in the
network. The budget function,
B=

∑

di j ,

(5.2)

i, j i6= j

restricts the growth of the network beyond the underlying overall link length of
the WAN. This is a measure to keep the size of the model network close to the
real scenario for comparisons.
Figure 5.2 clearly indicates the absence of a clear minimum or a clearly
optimized network for our efficient navigation condition, namely the average
shortest path. This however, only means that a feasible representation of a real
world infrastructure network does not optimize its distances.
Due to the budget constraints, a larger value of the clustering exponent α
allows for short-range links and many in number. Hence, the increase in the
navigation condition beyond the faint minimum is very small. Smaller values
of the exponent let the network have fewer but longer-range connections, which
reduces the value of < l > considerably. In case of the WAN, distances are
indeed not as important as in case of road networks. On land, kilometers are
directly translated to the time it takes for transporting load. In air, this changes
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Figure 5.2: Average shortest path < l > as a function of α. The constraint of budget B =
∑i, ji6= j di j allows for keeping the system of the same relative size as the WAN. We find no clear
minimum except a faint one at α = 4. Data are based on 100 realizations.
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ACCESSIBILITY OF REGIONS
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Figure 5.3: Weighted accessibility heat map of WAN. Closeness centrality depicts what the
accessibility of a node location is within a network. We add weights to the measure by using
the flux transfer between nodes as inverse of its distance in kilometers.

considerably. A flight from Lisbon to Amsterdam takes 2 hours and 15 minutes.
A flight from Dubai to Delhi is 3 hours long. The same travel on land is at least
ten hours apart due to geographical terrain restrictions.
Distance based metrics give us basic information about the number of links
that exist between any two points or the shortest path that one can take between
two points. However, when we add a waiting time at each of the intermediate
nodes, the notion of shortest paths can get distorted. In such cases, the shortest
path from A to B is not always the fastest. Figure 5.3 indicates the accessibility
of different airports (closeness centrality) around the world. The darker regions
are the most accessible and the lighter, the least. The concept of closeness centrality here is based on “perceived" distances. We define a quantity called the
effective distance which is the perceived distance of a particular travel scenario
in a network. Consider the flux fi j passing through the system (for details see
Chapter 2). The higher the load transfer between a pair of nodes, the more
important that link is in the network and the more frequent transfers could be
expected on the particular link. Thus the perceived distance in terms of an airline network could very well be affected by the number of passengers passing
through a link. We calculated closeness centrality using effective distances,
which is defined as follows,
di j
(5.3)
edi j = .
fi j
Flow of passengers fi j between a pair of nodes is a good indicator of how
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quickly traffic is moving through the network in a particular region. We use
this flow as the measurable navigation parameter to quantify the depth of optimization in the network for different values of α. Figure 5.4 shows a clear
minimum < ed > (the average of effective distances over all pairs of nodes in
the network) for our model network at α = 2 where the model network optimizes the number of distance units per unit flow of load transfer in the network.
α ≈ 2 is also the exponent of the link distribution in the gravity model and the
world airline network [2].
It is important to note that budget constraints are merely a cost restriction
as a real infrastructure network cannot construct infinitely many links in order
to optimize its navigability. Appendix D details the process of variation in
link additions and minimums obtained as a result of different sized networks.
The qualitative agreement remains the same, no matter the size of the network
(.125L, .25L, .5L, L, 2L, 4L, 8L, 16L - L being the number of links in the WAN),
α ≈ 2. It is clear that cost restrictions do not affect the navigability of the
optimized network.
More importantly, the question is whether our model network is able to reproduce a significant part of the real network or not? Without this, an optimized
network existing at α = 2 would not be of much significance. We studied the relationship between our model networks and the WAN using bootsrapping techniques [99]. It is a test that relies on random sampling with replacement and
assigns various measures, such as variance or error prediction etc., to sample estimates. Details are provided in Section 5.5. In fig. 5.5a, α = 2 shows the least
error in resemblance between the rank of nodes per degree of the model and the
WAN (see Appendix D for all cases). The color codes are depicting core (red,
circle), periphery (yellow, triangle) and the remaining bridge (green, cross) of
the network (see Chapter 2) [1]. Figure 5.5b shows the relationship between
weighted standard deviation [100] of the samples with respect to changes in α.
The weights are added according to the ranks of the nodes and hence nodes in
the core contribute much more than the peripheral nodes to this measurement.
There is a clear minimum at α = 2 that reinforce the quantitative resemblance
between the structure of our model networks and the WAN.
We also calculated the number of links of the WAN that were replicated in
our model. Figure 5.6a shows the network of nodes (and their links) that form
the largest connected component through links that exist in 100% of all 100
data samples. Figure 5.6b illustrates the network of nodes (and their links) that
form the largest connected component through links that exist in 50% of all 100
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Figure 5.4: Average effective distance < ed > as a function of α. The constraint of budget
B = ∑i, ji6= j di j allows for keeping the system of the same relative size as the WAN. We find a
clear minimum at α = 2. Data are based on 100 realizations.
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Figure 5.5: Bootstrapping analysis of a random sampling of networks with the WAN for
α = 2. Figure a). shows the correlation in rank of nodes per degree between the model and
the WAN. The inset shows a highly accurate match of data sampling. Figure b). illustrates the
relation between the weighted standard deviation of the samples with respect to changes in α.
Clearly, there is a minimum at α = 2. Sampling data are based on 10, 000 realizations.
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data samples. Naturally, this network spans a larger surface of the globe; as we
lower the number of samples a link is part of (less precision), more recovery is
possible.

5.4

Discussion

The world airline network is not governed by physical distances. Rather, a
sense of perceived distances may be a driving factor in its optimal navigation.
Distances between airports are primarily a geographical constraint. Airports
cannot be made closer to each other, or many in number, because of a high cost
of construction. Our results strongly suggest that the evolution of this network
of continental networks has been driven by the optimization of passenger flows.
Remarkably, the presence of a minimum both in the weighted standard deviation and the flux measurement reiterate that our choice of probabilistic law
for the growth model allows us to create networks that resemble the WAN to
a large extent and also provide optimal transportation through the system. Interestingly, any form of distance based measurements do not show an optimal
network for α = 2. The distance between airports, d −α , decays as a power
law for α = 2 [2] and the resemblance of our model and the WAN shows the
same exponent. When the exponent in our simulation narrows down toward the
distance-decay exponent of the WAN, load is transported most efficiently.
Both budget restrictions and geographical conditions contribute to the development of the WAN. Our efforts to add a budget restriction bring a sense of
reality to the modeling approach while the network is simultaneously restricted
by its geography; which explains the use of real world distances for navigation.
Our results exhibit in totality that the clustering exponent is the deciding factor for selection of long-range connections. Increasing clustering favors shorter
distances and thus heavier loads as a consequence of the popularity of the selected nodes. This accomplishes easy routing and results in more clustering
but the small world nature of the network breaks down. At the critical value
of clustering exponent, the small world nature of our model networks remains
intact because of the decaying of distances between airports.
Our approach can be used for different transport networks that may exhibit
different decaying laws. In general, our approach need not be a hard and fast
rule but a mere suggestion to carefully analyze the probabilistic mechanisms in
different networks before applying the methodology.
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a)

b)

Figure 5.6: Visualization of a replicated network from the growth model. Figure a). shows
the network of nodes (and their links) that form the largest connected component through links
that exist in 100% of all 100 data samples. Figure b). illustrates the network of nodes (and their
links) that form the largest connected component through links that exist in 50% of all 100 data
samples. Naturally, this network spans a larger surface of the globe. Sampling data are based
on 100 realizations.
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5.5

Methods

The weighted standard deviation of bootstrapped samples was calculated as
follows,
∗ 2
∑N
i=1 wi (xi − x̄ )
,
(5.4)
N
where, N is the number of observations, wi are the weights, xi are the observations and x̄∗ is the weighted mean. In our case,
N = 10, 000
1
wi = rank(WAN)
xi is the model measurement, and
x̄∗ is the WAN measurement.
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Chapter 6
Conclusion
The only way to deal with an unfree world is to
become so absolutely free that your very
existence is an act of rebellion.
— A LBERT C AMUS .

Our society is data driven. Recent studies have gained an edge by analyzing
this data, deciphering patterns and recognizing physical laws that may have remained hidden for a long time. Infrastructure networks are different from each
other in their shape, form and size. Some are planar, like waterways. Others are
a superimposition of many regional networks such as airlines and railways. A
few networks are scale-free, lacking a peculiar scale. A long running approach
of research in the field of complex networks has established these fundamental laws of the nature of networks. However, in this thesis, we believe that a
specific representation of a real-world network needs to be carefully analyzed
in order to utilize the abundant data in our society for solving a problem that
otherwise seems very complex. We show that a network together with its most
valuable information could shed light on many of its processes and structure.
Our results are centered around this very divide in the network’s static structure
and its dynamic processes, occasionally mixing the two wherever suitable.
Chapter 2 presents a method to utilize large data sets in the study of infrastructure networks. We use the WAN data and passenger counts serviced at airports in a particular year to uncover a hierarchical ordering in the network. Our
new method, called the t − core decomposition, allows us to break the network
down to its very core and analyze its structure. The core-periphery structure
that we reveal segregates the network into core and peripheral nodes where the
core nodes keep the network tightly knit which is still vulnerable to targeted attacks and rapidly breaks down into parts that may or may not function on their
own.
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The vulnerability of infrastructure networks is itself a well-researched topic
in complex network studies. Ubiquitous models provide enough insight into the
behavior of synthetic networks. Our techniques presented in Chapter 2, however, paint a slightly different picture. In Chapter 3 we study the robustness of
transport networks by modeling the WAN together with passenger data, flight
information and geographical coordinates of airports. This chapter answers in
detail how the robustness of the world airline network can benefit from local
cooperation between neighboring airports. We define a cooperation range in
terms of distance within which airports can reroute flights to each other for a
more robust network. Our model identifies a critical range of cooperation below which improvement in robustness is close to negligible. A network model
in which the probability to connect two nodes decays algebraically with the
distance between them exhibits the same value of critical exponents that many
spatially embedded networks do and falls in to the same universality class.
The robustness of spatially embedded networks can be improved, as we have
seen in Chapter 3. Their vulnerability arises from their structure, which is inevitable. But what factors drive the WAN, or any transport network, to have a
core-periphery character? Chapter 4 describes our pruning model which provides one plausible explanation of such a characteristic structural property. Remarkably, core-peripheries can arise if local load redistribution maintains a balance between connectivity and profit. In the absence of redistribution of loads,
this feature does not occur. Our model also reveals different classes of networks
and shows the transitioning between the classes using a single cost-based parameter. Our approach is rather non-equilibrium as there is no incentive in the
model for a network to stay in a particular state. Though, these core-periphery
networks also illustrate a more robust structure compared to the WAN or the
WTN.
By using our pruning model, we have shown a plausible mechanism for the
existence of core-peripheries in transport networks. The reverse of this model,
a growth model, as designed and analyzed in Chapter 5, explains how to design
“efficiently" navigable networks from scratch that follow the same principles
governing transport networks as revealed in the previous chapters. Our choice
of probabilistic model for growth allows us to create networks that resemble
the WAN very closely. The model employs a budget putting restrictions on the
addition of links and the use of real-world distances for navigation brings in the
sense of geographical restrictions on real-world networks. By extracting these
relevant properties of a network like WAN, we are able to show that our model
60

networks try to optimize a “perceived" distance measure which basically is the
number of distance units per unit flow of load. Our inference reveals a plausible
optimal navigation condition for the WAN. Due to the level of abstraction of our
model, it can be applied to other transport networks, which may reveal different
decaying laws.
Our thesis carries out a detailed case study of the World Airline Network.
Through a common complex network approach and use of specific models and
scenarios, we reveal the structure of the airline network, show methods to improve its robustness, explore a plausible mechanism that drives its structural
characteristics and study a model to design the entire network from scratch for
optimal navigability. We show here that the use of large data sets can add a
good layer of abstraction of real-world properties to a complex network and
provide for many interesting revelations. Future works from this point onward
should be more detail oriented (using accurate data sets instead of multiple parameters) and focus on studying different complex networks other than transportation systems. Some of our results are reflected in various fields, such as
citation networks, financial markets etc., and indicate a sense of similarity in
our theoretical approaches.
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Appendix A
Supporting Information of Chapter 2
A.1

Flight Model

Figure A.1 visually depicts how the world fragments into different parts as the
peripheral connections with the least number of flights are removed. Frame 2
of this figure illustrates that 45% of airports fall out of the largest connected
component upon removing connections with merely one flight (≈ 60% connections). In frame three of the figure, it is clear how only the global hubs are
connected when connections carrying up to eight flights (≈ 96% connections)
have stopped plying. These flights are connecting small fishing industries in
remote islands or making chartered connections to sectors outside of economic
and political hubs. These also include connections to scarcely populated areas
in Siberia, Alaska, Northern Canada, Papua New Guinea, the Sahara Desert,
etc.

Figure A.1: Subsequent stages of WAN under a rare removal of links as ranked by number
of flights. The colors represent different continents but also only the largest connected component of the network. Black nodes are airports that have been disconnected from the largest
connected component but still may be functioning (not completely isolated) within their own
small clusters. All maps are produced using Gephi [101].
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A.2

Rationale behind degree of connectivity

Figure A.2(a) shows node b has zero clustering. Link b − a is extremely important as it is the only connection between b and a. Whereas, in fig. A.2(b), a can
be reached from b in many ways and link b − a is redundant in a network sense.
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Figure A.2: Illustration of the rationale behind the degree of connectivity. Each link is characterized by the number of flights on that connection. In (a), the clustering coefficient of b is zero
and hence b − a is a very important link as there is no other way to reach a via b. However,
in (b), the clustering coefficient of b is greater than zero, i.e., nodes in the neighborhood of b
are also connected to each other. This implies that the a higher degree of connectivity gives a
lower "importance" to the link and also clarifies our rationale behind unconventional removal
scenarios.
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A.3

t-Core Decomposition

Figure A.3 shows the core of the World Airline Network. It comprises 73 airports that are extremely well-connected and provide a strong foundation for air
travel.

Figure A.3: Seventy three airports that belong to the core of the network. All these airports fall
in the t-core with t = 387. All maps are produced using Gephi [101].
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A.4

Degree Distribution
0

10

0

10

γ = 1.5

P(K > k)

−1

10

kx = 180

−5

−2

10

10

0

P(k)

10

2

4

10
k

10

−3

10

−4

10

−5

10

0

10

1

10

2

Degree k

10

3

10

Figure A.4: Degree distribution of WAN plotted in a log-log scale. The degree is a measure
of the connections of an airport and follows a scale-free behavior with an exponential cut-off,
P(k) ∼ k−γ exp(−k/kx ) with an exponent γ = 1.5 ± 0.1 and truncates at kx = 180 ± 5. The inset
shows the cumulative complementary distribution for the network in a log-log scale with the
same exponents as above. There is an exponential decay for the number of airports with large
degree.
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A.5

Community Detection

Figure A.5: Closely held communities existing in WAN based on the number of alternate
flights between each pair of airports. Nodes are locations of the airports and colors represent
different communities. A high value of modularity (M → 1) indicates presence of well-formed
communities. All maps are produced using Gephi [101].
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A.6

Resilience

Figure A.6: Drop in the size of the largest connected cluster of WAN against removal of links.
Connections are ranked according to their weight given by the number of alternative flights.
In frequent removal, each subsequent step corresponds to removal of all connections with the
highest weight. In rare removal, each subsequent step corresponds to removal of all connections with the lowest weight. The random removal strategy is an average over 500 statistically
independent simulations and each step removes all connections with a random probability. After removing connections that offer at least four alternatives (7.5% connections), a large part
of the network is still connected, shown in the top-right corner. The bottom right map shows
that after removing connections that offer at most four alternatives (96.5% connections), the
world disintegrates completely, revealing the vulnerable nature of the periphery of the network.
The black nodes are not part of the largest connected cluster. The remaining colors represent
different continents and show the nodes that are part of the largest connected cluster. All maps
are produced using Gephi [101].
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A.7

Meta-Data
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Figure A.7: Scatter plot of the number of passengers served at each airport annually versus
the number of available alternative connections at each airport. The plot is in a log-log scale.
Several airports with the same number of connections has varied passenger count. We describe
this behavior by adding the red line to the curve with the following scale-free exponent, γ =
1.02 ± 0.02.

69

Appendix B
Supporting Information of Chapter 3
B.1

The World Air-transportation Network

The network that represents the WAN was carefully described in Ref. [1]. Information about continents, contained in the original data set, was used to further
break it down. Continental networks contain flights in which both end-points
are in the same continent. Australia includes all islands in the Pacific ocean.
For simplification, Russia is entirely part of Europe, and Turkey is entirely in
Asia. A summary of the main characteristics of the continents and the WAN is
present in the table below.
Table B.1: Data of WAN and its continental components.
Name

Nodes

Links

Passengers
(daily)

Flights
(daily)

Average
Degree

Average
Passengers
(daily)

Average
Flights
(daily)

Average
Distance btw
Airports
(km)

Africa

269

642

220,481

3,023

4.77 ±
0.43

819.63 ±
129.59

2.35 ±
0.10

3, 759.92 ±
10.52

Average
Flight
Distance
(km)
1, 139.23 ±
44.35

Asia

773

3,911

2,409,160

23,406

10.12 ±
0.64

3, 116.64±
281.14

2.99 ±
0.07

4, 089.57 ±
4.16

1, 338.13 ±
19.76

Australia

288

567

178,447

2,499

3.94 ±
0.39

619.61 ±
132.87

2.20 ±
0.11

3, 450.12 ±
10.14

810.18 ±
39.03

Europe

602

5,188

1,907,980

25,587

17.24 ±
1.07

3, 169.40±
391.04

2.47 ±
0.07

2, 410.24 ±
4.05

1, 250.84 ±
12.11

North America

1,006

4,289

2,344,470

20,593

8.53 ±
0.62

2, 330.48±
245.49

2.40 ±
0.08

3, 386.44 ±
2.66

1, 150.44 ±
15.67

South America

299

762

380,348

3,984

5.10 ±
0.44

1, 272.07±
154.33

2.61 ±
0.10

2, 719.93 ±
6.84

793.98 ±
27.81

World

3,237

18,125

7,440,880

94,644

11.20 ±
0.42

2, 298.70±
127.80

2.61 ±
0.04

8, 678.58 ±
1.92

1, 734.64 ±
14.58
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B.2

Behavior of the Critical Cooperation Range in Random
Networks

Figure B.1: Behavior of the Critical
Cooperation Range in Random Networks. The critical
p
∗
cooperation v correlated with A/N, where A is the total area in which N nodes are embedded,
in artificial networks. Data is based on artificially generated random networks, similar to the
ones used for the distance-decay model in Fig. 5 of the main text, but with links randomly
assigned without any bias. Each point represent the average over 100 randomly generated
networks of 500 nodes. A total of 104 tentative geo swaps are executed for several cooperation
range values. The value of v∗ is selected as the point with highest variance, with error bars
representing the values where the variance is equal to 0.75σ 2 (v∗ ).
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B.3

Distance Ratio in the model
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Figure B.2: Distance Ratio in the model. Distance-decay model reproduces the same β for
different ratios between the average distance traveled by the flights (link length) and the average geographical distance between two airports of the WAN. Plot shows the impact on β for
the distance-decay model with different values of α (blue) in comparison with data for the continents (green). The data used is the same from Fig. 4 (continents) and Fig. 5b (distance-decay
model) in the main text.
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B.4

Finite Size Scaling of Random Networks

Figure B.3: Finite Size Scaling of Random Networks. Data collapse of the robustness evolution for v − v∗ > 0 after successive applications of the geo swap in random networks. Curves
in the main panel represent each continent scaled with 1/ν = 0.28 and β /ν = 0.20. The inset
β

shows the size dependence of R at v = v∗ , scaling as R ∼ N − ν , with β /ν = −0.20 ± 0.01,
where N is the total number of nodes. Data is based on artificially generated random networks,
similar to the ones used for the distance-decay model in Fig. 5 of the main text, but with links
randomly assigned without any bias. A total of 104 tentative geo swaps are executed for several
cooperation range values. Each point represents the average over 200 samples, with symbols
being larger than standard deviation in the main panel. The critical cooperation range is defined
as v∗ = 240 ± 10.
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Figure B.4: Changes on networks characteristics after successive geo swaps with v = v∗ .
The strategy makes the networks more assortative, more onion-like, but also more random,
as clustering coefficient and modularity decrease. Plots show the change of several features
of the airport networks after 104 tentative geo swaps. a, Degree assortativity (adeg ) [102].
b, Neighbors’ degree correlation (knn ) [103]. c, Weighted clustering coefficient (CCw ) [40],
weighted by the number of passengers per airport. d, Clustering coefficient (CC). e, Onionlikeness (Sk) [67]. f, Modularity (Q) [35]. The subscript 0 represents the value of the value of
the feature without any optimization. Box plots are used to represent the quantities computed
for 100 networks, according to: lower whisker (horizontal trace below and on top of the box)
for the lowest observation still within 1.5 IQR of the lower quartile (25% percentile of the
distribution), bottom of the box for the lower quartile, white trace for the median, top of the
box for the upper quartile, and upper whisker for the highest value still within 1.5 IQR of the
upper quartile.
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Figure B.5: Flight distance distribution (link length) of the WAN. The empirical distribution
of flight length shows a power law decay with exponent −2.2 ± 0.2. Both raw (turquoise)
and binned (purple) data are shown in the plot. For simplicity, an exponential cutoff is not
considered.
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Appendix C
Supporting Information of Chapter 4
C.1

Supplementary Figures
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Figure C.1: Distribution of physical distances di j between nodes in the initial state of the
model network.
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Figure C.2: Average load hli j i dependence on cost ϑ for varying dispersion in the value of
the cost threshold. We observe three different regimes as a function of the cost. The effect of
increasing the cost systematically is robust against small changes in dispersion of the cost itself.
We produce heterogeneity for the threshold parameter, ϑ = ci j ; ci j = (1 + δi j )c, where δi j is a
uniformly distributed random number in the range [−a; a]. µ depicts the mean of the varying
cost. The dispersion - in particular, we consider the cases a = {0, 0.05, 0.1} - produces three
different scenarios. The load (a proxy for profit) increases drastically in regime B showcasing
a core-periphery network’s existence. Data are averages over 100 realizations.
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Figure C.3: Change in robustness, R, vs threshold, ϑ . The change in robustness as load
is redistributed follows the same pattern as threshold is increased for three different scenarios
of path selection. The first case is random selection wherein paths are selected randomly for
redistributing load. The second case is the standard for our model; selecting shortest path for
redistribution. The third case incorporated redistribution of load over the second shortest path.
Data are averages over 100 realizations.
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Figure C.4: Initial distribution of loads on each link. Inset of the figure shows the initial
popularity assigned to the nodes, chosen from an underlying distribution. Figure a) depicts
uniform popularity (no knowledge of hubs) randomly assigned from the interval, [0.33, 1] and
Figure b) shows a power law distribution, P(p) ∼ k−γ , with γ = 2.5 depicting the presence of
hubs. The black smooth curve is a fit of large bin sizes, the grey curve shows unbinned data.
Data are averages over 100 realizations.
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Figure C.5: Distribution of loads per node vs initial popularity of nodes. Figure a) exhibits the relationship between initial popularity and load in regime A and Figure b) shows the
correlation between popularity and loads in regime B. It is evident that the higher popularity
nodes at the beginning tend to form the core towards the end. A step-varying animation of this
relationship over the duration of change in cost shows a uniform distribution in the beginning
(initial conditions) that later transforms into higher popularity nodes forming the core and then
breaking it down to transition into a tree-like network in regime C (see Supplementary Video).
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Figure C.6: Core-periphery measure λ as a function of ϑ for a system of N = 100 nodes.
Modeled networks in the critical window (B) have a high value of λ owing to their coreperiphery characteristic and resilience. There is no typical transition at lmin as the links are
removed from the beginning and the same characteristic transition at lmax is observed, as we
do for a different load choice. This model is based on betweenness as the sole choice of
load indicating that our model illustrates the basic ingredients of a core-periphery network
irrespective of the initial conditions and choice of link loads. Data are based on 100 realizations.
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Figure C.7: Network properties measure with respect to a varying cost, ϑ . (a) shows the
relatively abrupt drop in average degree. (b) Fraction of essential edges that need to be there
to maintain a connected skeleton of the system. (c) Average clustering coefficient drops in
regime B. (d) Modularity increases as communities start appearing. Data are averages over 100
realizations.
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Figure C.8: Comparison of the real world network data with our model networks for same
average degree. The empirical networks have a higher clustering coefficient and much longer
paths on average to transport load. Data are averages over 100 realizations.
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Figure C.9: Degree distributions, P(K > k), of a model network in regime B and the world
airline network. Inset of the figure shows the load distributions, P(L > l), of a model network
in regime B and the world airline network. The model networks lack a characteristic scale-free
property which is clear and present in most real-world networks of the sort due to existence of
hubs.
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Figure C.10: Fraction of essential links vs ϑ . The fraction of links that are essential to
maintain connectivity only increases in the profit driven regime (C). Before that it remains zero
suggesting that the assumption of maintaining connectivity in the system does not give rise to
core-peripheries. Data are averages over 100 realizations.
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Figure C.11: Fraction of removed links as a function of ϑ for different system sizes N.
The critical window (B) exhibits the largest change in the removal of links from the network,
irrespective of the system size. The network undergoes a substantial change when lmin < ϑ ≤
lmax . Data are averages over 100 realizations.
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Figure C.12: Core-periphery measure λ as a function of ϑ . The links are removed at random
for a system of N = 100 nodes. All networks have a varying value of λ without indicating a
pronounced peak or preferable region for a core-periphery network (see Supplementary Note 5
- Figure C.6). Data are based on 100 realizations.
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Figure C.13: Visualization of the World Airline Network (N = 3237). The node layout was
generated by applying the Fruchterman-Reingold algorithm [87]. Size of the nodes show the
difference in magnitude of coreness with the largest (black) indicating the core and the smaller
different colors - the periphery - showing different continents.
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Figure C.14: Connectivity robustness curves for networks belonging to different regimes,
showing the fraction of nodes in the largest connected component of the network as a function
of the fraction of nodes that have been iteratively removed. The three colors represent removal
strategies: starting with the highest degree (black), lowest degree (yellow) or in a random order
(red). Data are averages over 100 realizations.
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World Trade Network '94

World Airline Network '11

Figure C.15: Robustness versus average degree. The model networks show the same robustness pattern for changing average degree. Data from the real-world networks, WAN and
WTN is provided as evidence to show the robustness improvement of model networks. Data
for system sizes N = 100, 200, 1000 are averages over 100 realizations.
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C.2

Supplementary Notes

C.2.1

Distance Distribution

We do not take into account the exact spatial positions of the nodes. The nodes
are distributed randomly on a sphere of the size of the Earth’s radius. A link is
characterized by its physical length di j (distance between nodes, in km, taken
randomly from a Gaussian distribution, µ = 8.369×103 ; σ = 4.954×103 . Supplementary Figure C.1 shows the probability distribution of the physical distances between nodes spread around the globe, in kilometers, for a weighted
analyses.
C.2.2

Cost Variations

We have run different sets of simulations with ci j = (1 + δi j )c, where δi j is a
uniformly distributed random number in the range [−a; a]. In particular, we
consider the cases a = {0, 0.05, 0.1}. As seen in Supplementary Figure C.2, we
obtain good quantitative agreement for the three cases, showing that our results
are robust to heterogeneity in the parameter ci j .
C.2.3

Popularity

To each node in the network, we randomly assigned a popularity from a uniform distribution in one case and a scale-free distribution, in another. This
popularity corresponds to the relative relevance of a node. Supplementary Figure C.4 depicts the load assigned to each link using the rule, li j = pi p j , where
pi ∈ [0.33, 1] for the uniform distribution and P(p) ∼ k−γ , with γ = 2.5 for the
power-law distribution. Small values are eliminated for simplifying numeric
calculations. The behavior of average load and average distance remains qualitatively identical with changes in threshold, ϑ , for both cases.
C.2.4

Popularity versus Load

Supplementary Figure C.5 illustrates that as the cost, ϑ , increases, the correlation between initial popularity and load weakens. Initially the nodes are part
of the same core as it is a fully-connected network. With increasing cost, the
nodes are segregated into different cores. In the beginning, in regime A the
nodes are all of the same color indicating that they have the same coreness.
As the cost increases, the coreness of the nodes with a high initial popularity
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raises, and thus they become the hubs. After a certain cost when the network
is close to the end of the critical window, there are only two colors that appear
forming two different layers of coreness showing that a bigger core encapsulates the inner core to break this characteristic feature of the network. In regime
C, the network shows only one color (layer) indicating the start of the tree-like
regime.
The redistribution mechanism changes the load passing through nodes by
increasing the network traffic for certain nodes, thereby creating hubs that give
rise to the core-periphery nature of the network (see Supplementary Video).
Supplementary Video: An animated illustration of the relationship between popularity of a node and its load. As the cost of the system, ϑ , increases,
this relationship starts breaking. The color map shows the coreness of nodes in
the network and at each cost step the nodes change color. In the beginning in
regime A the nodes are all of the same color indicating that they have the same
coreness. As the cost increases, the high coreness nodes start to appear at nodes
that have a high initial popularity; the ones forming hubs for the core. After a
certain cost when the network is close to the end of the critical window, there
are only two colors that appear for two different layers of coreness showing that
a bigger core encapsulated the inner core to break this characteristic feature of
the network. In regime C, the network shows only one color (layer) indicating
the start of the tree-like regime.
C.2.5

Load

The choice of load for our model is specific in the sense that the least loaded
link is removed at every iteration and this load is determined from redistribution. This case is essentially a generalization of the more conventional load
choice, betweenness centrality, because in this case when a link is removed, the
betweenness of other links is increased as load is redistributed to other shortest
paths. At each iteration we recursively rank the links according to betweenness
centrality and remove the one with the lowest betweenness. After the removal
we recalculate the betweenness centrality of each link. Note that, shortest paths
previously going through a link are rerouted when the link is removed, resembling the redistribution mechanism described above. To include disorder into
the distribution of betweenness, we consider a weighted betweenness Bi j of the
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link i j, defined as:
ij

nst Wst
,
Bi j = ∑
n
st
i6= j6=s6=t

(C.1)
ij

where nst is the total number of shortest paths connecting nodes s and t, nst is
the subset of such paths containing the link i j, and Wst is the weight of the pair
st that we set randomly from a uniform distribution in the interval [0.5; 1.5].
As shown in Supplementary Figure C.6, for this pruning process we also obtain a peak in λ , in the window spanning lmin and lmax , corresponding to a
core-periphery structure. This clearly supports that our results are robust to the
choice of load.
We run simulations with two other path alternatives for load redistribution.
Firstly, a path is chosen randomly for redistribution of load. In the second
scenario, the load is redistributed over the second shortest path available. These
two scenarios are contrasted with our standard shortest path scenario, depicting
that the robustness results - with a varying cost threshold - in all cases follows
the same pattern (see Supplementary Figure C.3).
C.2.6

Topological characteristics of the real world

The empirical networks have a higher clustering coefficient and much longer
paths on average (Supplementary Figure C.8), likely due to geographical restrictions. The degree and load distributions show that our model lacks a scalefree nature (Supplementary Figure C.9) which is more clearly visible in the
real-systems due to the existence of hubs.
C.2.7

Coreness

In order to understand the physical depth of the quantity coreness, λ , we discuss
two limits of λ : a fully connected network (regime A) and a tree-like structure
(regime C). In both cases λ = 0. Then, we consider a null-model. We have
taken a fully-connected network and removed links at random until it turns into
a tree (no more pruning is possible). As shown in Supplementary Figure C.12,
by contrast to the results with load redistribution, when links are simply removed at random, there is no pronounced maximum for λ , thus core-periphery
structures do not emerge at any stage.
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C.2.8

Resilience

As an additional method of comparing modeled networks to the real network,
we use a connectivity robustness measure as defined in Ref. [1]. For a given
network, this scheme assesses how robust the connectivity of the largest connected component is against the removal of nodes or links. The following iterative steps are taken when removing nodes, with a), b) and c) denoting three
separate versions of the removal procedure:
• Create a list of nodes ordered by their degree.
• Remove the node with the a) maximum degree, b) minimum degree or c)
a random node.
• Measure the size (relative to the system size N) of the largest connected
component S(q) as a function of the fraction of removed nodes q and repeat until all nodes have been removed.
We performed a finite-size study of the results in modularity. We considered
N = {100, 200, 400, 600, 800, 1000} but only three different sizes are shown in
Supplementary Figure C.15 (for the sake of clarity). We compare the robustness curves of a modeled network of the same average degree with that of the
empirical world airline network. A detailed robustness analysis collapse for
various network sizes shows that the change in robustness does not depend on
the network size and follows the same pattern for all network sizes, as now
shown in Supplementary Figure C.15.
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Appendix D
Supporting Information of Chapter 5
D.1

Variation in Budget

We performed a robustness study of relationship between effective distance
and clustering exponent. We considered L = {.125L, .25L, .5L, L, 2L, 4L} sizes
for the number of links in the model networks as a fraction of the original
WAN in order to study the effects in variation of budget for different average
degrees of the network. Figure D.1 shows a clear minimum for all cases except
when the links are less than half of the WAN. A detailed robustness analysis
for various network sizes shows that the change in robustness does not depend
on the network size and follows the same pattern for all network sizes.
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D.2

Bootstrapping

Bootstrapping the weighted standard deviation of our model from the WAN
shows the most optimal match at α = 2.
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Figure D.1: Average effective distance < ed > as a function of α for different budget B.
For the robustness analysis, the constraint of budget B = x.L restricts the model networks to
different fractions of the WAN. We find a clear minimum at α ≈ 2. Data are based on 100
realizations.
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Figure D.2: Bootstrapping analysis of a random sampling of networks with the WAN for
changes in α. Different curves show the correlation in rank of nodes per degree between the
model and the WAN for respective α values. The inset shows a close to perfect match in
accuracy of data sampling. Sampling data are based on 10, 000 realizations.
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