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Summary
Many complex processes are taking place during the development of an organism.
One crucial process during early development is the spatial specification of cells. In
many tissues morphogens are known to govern this process by encoding spatial information into a concentration gradient. This gradient can be sensed and read out
by cells and is instructive for their fate. The spatial information provided by an inhomogeneous distribution of morphogens is also known to be crucial for the proper
establishment of body axes.
The first part of this thesis focuses on the scaling of morphogen gradients. Scaling can
be interpreted as the adaptation of the morphogen gradient to the dimension of the tissue and is considered to be an important property of morphogen gradients because it
ensures the correct relative patterning of the tissue. In the Drosophila wing disc, scaling
of the Dpp gradient has been previously observed experimentally, and it is known that
the Dpp gradient controls the expression domains of several target genes that define
the veins of the wings in the adult fly. Maintaining the correct relative patterning is
therefore crucial for the functionality and stability of the wing. In this part of the thesis
a new general mechanism for the dynamic imperfect scaling of morphogen gradients
is identified. The mechanism is based on a low degradation rate of the morphogen in
order to prevent the system from being in steady state. These pre-steady state kinetics
result in an accumulation and an increased spreading of the morphogen across the
tissue. It is shown that this mechanism can explain the scaled expansion of the Dpp
gradient observed in the available experimental data in the Drosophila wing disc.
The second part of the thesis concentrates on how the imperfectly scaling Dpp gradient in the Drosophila wing disc can be read out in order to ensure the perfect scaling
of Dpp target genes. Previously it has been suggested that the slope or the temporal
increase of the Dpp gradient is read out. In this part of the thesis it is shown that a
simple threshold-based mechanism is sufficient to explain the perfect scaling of target genes in a certain region of the wing disc. This is possible because two properties
of the Dpp gradient, the increasing amplitude over time and the imperfect scaling,
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have opposite effects on the predicted relative readout position in a threshold-based
model. The region where these effects are compensating each other coincides with the
expression boundary of several known Dpp target genes. For genes that have their expression boundary outside of this region and are under the regulatory control of Dpp
signaling, more complex read-out mechanisms or additional regulatory interactions
would have to be in place.
The last part of the thesis focuses on evolutionary aspects of axis patterning by BMPs.
It is known that BMP proteins are involved in the establishment of the dorsal-ventral
axis in most Bilateria and a mechanism that is based on the shuttling of Dpp, the
homolog of BMP in Drosophila, has been hypothesized to control this process. In Nematostella vectensis, a model organism that exhibits bilateral symmetry but does not belong to the phylum of Bilateria, BMP homologues are also involved in the patterning
of the secondary axis. However there are striking differences in the spatial expression
of the molecular players between Nematostella and most Bilateria. In this thesis it is
shown that in the shuttling mechanism the localization of BMP signaling is independent of the localization of BMP expression. Therefore, despite the differences in the
spatial expression, a common mechanism that is based on the shuttling of BMP can
govern the axis specificiation in both Bilateria and Nematostella.
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Zusammenfassung
Während der Entwicklung eines Organismus finden mehrere komplexe Prozesse statt.
Ein essentieller Prozess während der frühen Entwicklung ist die räumliche Spezifikation von Zellen. Morphogene sind in vielen Geweben dafür bekannt diesen Prozess zu
steuern, indem sie räumliche Information in einen Konzentrationsgradienten kodieren.
Dieser Gradient kann von Zellen wahrgenommen und ausgelesen werden und ist instruktiv für deren Schicksal. Die räumliche Information, die durch eine inhomogene
Verteilung der Morphogene bereitgestellt wird, spielt ausserdem eine entscheidende
Rolle bei der korrekten Festlegung der Körperachsen.
Der erste Teil dieser Dissertation fokussiert sich auf die Skalierung von Morphogengradienten. Die Skalierung kann als Anpassung des Morphogengradienten an die
Gewebedimension interpretiert werden und gilt als eine wichtige Eigenschaft der Morphogengradienten, weil es die korrekte relative Musterbildung des Gewebes sicherstellt. In der Flügelscheibe von Drosophila wurde die Skalierung des Dpp-Gradienten
experimentell beobachtet und es ist bekannt, dass der Dpp-Gradient die Expressionsdomänen mehrerer Zielgene, welche die Venen der Flügel der adulten Fliege
definieren, kontrolliert. Für die Funktionalität und die Stabilität des Flügels ist es daher entscheidend, die korrekte relative Musterbildung aufrechtzuerhalten. In diesem
Teil der Dissertation wird ein neuer genereller Mechanismus für die dynamische, imperfekte Skalierung von Morphogengradienten identifiziert. Der Mechanismus basiert
auf einer niedrigen Degradationsrate des Morphogens um zu verhindern, dass das
System in den stationären Zustand übergeht. Diese vorstationäre Kinetik führt zu
der Akkumulation und der verstärkten Ausbreitung des Morphogens im Gewebe. Es
wird gezeigt, dass dieser Mechanismus die skalierte Expansion des Dpp-Gradienten,
welche in den verfügbaren experimentellen Daten in der Flügelscheibe von Drosophila
beobachtbar ist, erklären kann.
Der zweite Teil der Dissertation konzentriert sich darauf, wie der Dpp-Gradient in der
Flügelscheibe von Drosophila ausgelesen wird um die perfekte Skalierung der Zielgene von Dpp sicherzustellen. Es wurde zuvor vorgeschlagen, dass die Steigung
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oder die zeitliche Zunahme des Dpp-Gradienten ausgelesen wird. In diesem Teil der
Dissertation wird gezeigt, dass ein einfacher, Schwellenwert-basierter Mechanismus
ausreicht, um die perfekte Skalierung von Zielgenen in einer bestimmten Region der
Flügelscheibe erklären zu können. Dies ist möglich, da zwei Eigenschaften des DppGradienten - die steigende Amplitude und die imperfekte Skalierung - gegensätzliche
Effekte auf die vorhergesagte relative Ausleseposition im Schwellenwert-basierten
Mechanismus haben. Die Region, in der sich beide Effekte kompensieren, fällt mit der
Expressionsgrenze mehrerer bekannter Zielgene von Dpp zusammen. Gene, welche
ihre Expressionsgrenze ausserhalb dieser Region haben und unter der regulatorischen
Kontrolle des BMP-Signaling stehen, müssten demnach komplexere Auslesemechanismen oder zusätzliche regulatorische Interaktionen haben.
Der letzte Teil der Dissertation fokussiert sich auf evolutionäre Aspekte der Musterbildung der Körperachsen durch BMP-Proteine. Es ist bekannt, dass BMP-Proteine
an der Entwicklung der dorsal-ventralen Achse der meisten Bilateria beteiligt sind
und ein Mechanismus, der auf dem Shuttling von Dpp, dem Homolog von BMP in
Drosophila, basiert, steht im Verdacht diesen Prozess zu kontrollieren. In Nematostella
vectensis, einem Modellorganismus mit bilateraler Symmetrie, der nicht zu dem Stamm
der Bilateria gehört, sind ebenso BMP Homologe in der Musterbildung der sekundären
Körperachse involviert. Allerdings gibt es in der räumlichen Expression der molekularen Akteure verblüffende Unterschiede zwischen Nematostella und den meisten Bilateria. In dieser Dissertation wird gezeigt, dass im Shuttling-Mechanismus die
Lokalisierung von BMP-Signaling unabhängig von der Lokalisierung der BMPExpression ist. Aus diesem Grund, und trotz der unterschiedlichen räumlichen Expression, kann ein gemeinsamer Mechanismus, welcher auf dem Shuttling von BMP
basiert, die Körperachsenspezifizierung sowohl in Bilateria als auch in Nematostella
steuern.
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Introduction
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1.1

Chapter 1. Introduction

Spatial Patterning and Morphogen Gradients

In order to ensure the proper formation of a functional organism many processes have
to be tightly regulated during development: the growth of the organism has to be controlled, the shape undergoes multiple drastic changes and asymmetries along several
body axes have to be established. Many of these processes have been well characterized, however the regulatory interactions and mechanisms that are governing them
have remained elusive to a large extend. Deciphering complex processes in morphogenesis and identifying the main drivers of certain experimentally observed phenomena requires the support of mathematical and computational tools in order to test different hypothesis and ideas.
A crucial process during development is the accurate spatial specification of cells
within the developing and growing tissue. Spatial specification typically depends on
the communication between individual cells. This intercellular communication can
happen in numerous ways, but can be catagorized into two groups: signaling that
depends on the direct contact between cells (juxtacrine signaling) and signaling that
is transmitted over a certain distance without the need of direct interaction [1]. The
chemical compounds or proteins that are able to transmit signals over distances and
that are governing tissue patterning during development are often referred to as morphogens. One of the first identified and best studied morphogens is the Bicoid protein
in the Drosophila embryo [2]. However, the Bicoid protein is a rather unusual morphogen as it acts on an uncellularized domain. In contrast to this, most morphogens
are typically secreted from specific cells and spread within the vicinity, where they are
detected by other cells. Typically this more common type of morphogens are ligands
that are secreted by a group of cells and that can spread across a tissue. Ligands can
then bind to their specific receptor at the surface of the receiving cells, which act as
signal detectors. Upon binding, the ligand-receptor complex relays the received information and can respond in multiple ways, e.g. by releasing a transcriptional activator
or repressor. Classical examples of ligands that can act as extracellular morphogens
are Decapentaplegic (Dpp) or Wingless (Wg) [3, 4].
On the theoretical side a lot of insights were gained into how morphogens can control tissue patterning by the work of Lewis Wolpert, who contributed to the so-called
French Flag model [5]. The French Flag model states that the morphogen forms a
gradient across the tissue. The model further states that there are several concentration thresholds that define different regions on the underlying tissue. This is possible
because cells are able to sense the local concentration of the morphogens and react
differently according to the concentration they sense such that the spatial information
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of the morphogen gradient distribution can be utilized for the patterning of the tissue.
Compared to other theoretical patterning mechanisms, such as Turing systems [6], the
French Flag model is relatively simple and in its simplest form can be summarized by
three main processes that define the resulting morphogen gradient: secretion, dispersal and removal of the ligand.
A lot of work focussed on the dispersal mechanisms responsible for the formation of
the morphogen gradient. One such mechanism is transcytosis, a directional, repeated
uptake and re-secretion of the morphogen [7]. Another group of mechanisms discussed are different modes of diffusion, e.g. hindered diffusion, where the dispersal
is modulated by proteins in the extracellular matrix, such as glypicans that can transiently bind the ligand and thereby restrict the spreading of the morphogen [8, 9]. It
was hypothesized that different morphogen systems have different dispersal mechanisms and some may even tissue-specific mechanisms by which they spread [10].
Another important process is the removal of the ligand. In many systems the ligand is
removed from the extracellular region via internalization of the ligand-receptor complex followed by degradation of the ligand in the cell [11].
Despite many insights into the basic processes that are responsible for the formation
of morphogen gradients and the vast knowledge about the different components in
many signaling pathways some very general features of morphogen gradients are still
not well characterized.

1.2

Scaling and Read-Out of Morphogen Gradients

One feature of morphogen gradients that recently gained increased attention in the
scientific community is scaling [12–15]. In contrast to the Bicoid system, where the
embryo is not growing during the patterning process, there are some systems, where
growth and patterning occur at the same time. In these systems the very elegant theory of Lewis Wolpert gets much more complex because the relative pattern defined
by a morphogen gradient of fixed length would constantly change over time as the
underlying tissue is growing. Therefore, in order to preserve the correct patterning
of the tissue over time, the morphogen gradient would have to expand in such a way
that it compensates for the expansion of the tissue. This phenomenon is referred to as
scaling of the morphogen gradient.
Interestingly, it was recently experimentally shown that in the Drosophila wing disc
the Dpp gradient can be well approximated by an exponential function and is indeed
expanding over time [16]. This observation gives rise to the question how the mor-
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phogen gradient can sense the current size of the tissue and by which mechanism the
expansion of the gradient can be controlled. Several theories have been developed to
shed some light into this question [13, 15, 16]. One theory assumes that the system is
in steady-state [16]. In this simplified case the mathematical analysis of the system is
straightforward and one can show that the resulting morphogen gradient has an exponential shape. The length scale of this exponential gradient would then depend on the
diffusion constant and the degradation rate of the ligand [16]. In order to explain the
scaling of the morphogen gradient one of these processes therefore would have to be
linked to the dimension of the tissue. However, measurements revealed that the diffusion coefficient is constant over time and therefore the steady-state model requires a
continuously decreasing degradation rate over time in order to explain the scaling of
the gradient [16]. Measuring the degradation rate directly is challenging and therefore
it was never shown whether a declining degradation rate can be observed experimentally. Furthermore, no potential mechanism was proposed that would explain how the
degradation rate could be tightly controlled during the growth of the tissue. Another
recently published model suggests that a special network topology, termed expansionrepression mechanism, can give rise to a scaling concentration gradient [13, 15]. The
suggested network topology consists of an expander species that facilitates the spreading of the morphogen by either increasing the diffusion of the morphogen or protecting the morphogen from degradation. Furthermore, signaling of the morphogen is
suggested to downregulate the expression of the expander species. The hypothetical
expander species was not further characterized, however, in the Drosophila wing disc
the protein Pentagone seems to facilitate the spreading of the morphogen Dpp and
therefore might be interpreted as the expander in that system. Additionally, it was
recently shown that Pentagone is necessary for the proper scaling of several Dpp target genes in the wing imaginal disc [17]. The expansion-repression mechanism was
initially investigated on static domains of different lengths and on domains that are
growing with a prescribed velocity. Scaling was observed when using certain parameter ranges, however, the time that the system needs to adapt under these conditions
is very long, such that it requires a growth rate that is several hundred-fold lower
than experimentally observed in the Drosophila wing disc [13]. Moreover, the model
was also investigated when coupled to a growth law that depends on the temporal
increase of the morphogen concentration at each position within the domain [15]. Although scaling was observed for certain parameter ranges, the growth of the tissue
was again very different from biologically useful ranges. Furthermore, the model is
not able to capture the increase of the amplitude of the Dpp gradient over time, a phenomenon that has previously been observed experimentally [16]. The question of how
scaling can be achieved therefore largely remains an open question.
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Complementary to the investigations focusing on the scaling of morphogen gradients, a variety of both quantitative and qualitative data with respect to the scaling of
downstream target genes were published recently. In the Drosophila wing disc multiple target genes that are known to control the positioning of the veins in the adult
fly wing were found to scale very well with the domain size [17]. This is interesting
because it is known that in addition to the expansion of the morphogen gradient in
the Drosophila wing disc also the amplitude of the gradient is continuously increasing
and therefore it is not straightforward how the dynamic morphogen gradient is being
read out to result in the scaling of target genes [16]. Several studies investigated the
read-out of the Dpp gradient in the Drosophila wing disc in the context of growth control [16, 18]. It was hypothesized that the tissue can sense the slope of the morphogen
gradient in the Drosophila wing disc and utilize this information to control the growth
of the tissue [18], however there is only little support in the experimental data for this
theory. Another study suggested that the growth of the tissue is determined by the
temporal increase of the morphogen gradient in the Drosophila wing disc, such that a
cell divides whenever the cell senses a 50% increase in the concentration of the morphogen over time [16]. This result was however challenged by the observation that the
growth of cell clones where Dpp signaling was genetically abolished did not drastically change [19]. Additionally, a recent study found that abolishing the Dpp gradient
by immobilizing Dpp at the cell surface did not have an effect on the tissue growth of
the lateral part of the wing disc [20]. This is further supported by the recent observation that only mild growth defects can be observed when Dpp is genetically removed
from its endogenous stripe domain [21]. However, all of these studies reported drastic
changes in the patterning of Dpp target genes. It therefore remains an open question
how the dynamic Dpp gradient is being read out and interpreted.

1.3

Axis Patterning by BMPs

The formation of a morphogen gradient represents an asymmetry on a molecular level
during development. This molecular asymmetry can potentially give rise to a visible
asymmetry in the adult organism, e.g. it is known that the anterior-posterior body
axis in vertebrates is patterned by the Wnt protein and the dorsal-ventral axis in vertebrates is patterned by Bone Morphogenetic Proteins (BMPs) [22]. These asymmetries
in the body plan can also be seen in humans: we have a well-defined front and back
and our top is very different from our bottom. However, humans also do show an external symmetry plane: Our left and right sides are mirror images. Because of this and
despite the asymmetric placement of our inner organs along our left-right axis we are

6

Chapter 1. Introduction

considered to have a bilateral symmetry. The vast majority of animals do also show
a bilateral symmetry, which traditionally was considered to be the distinguishing feature of the phylum of Bilateria.
The Bilateria branched off approximately 550 million years ago [23] and animals outside of this group were traditionally considered to have a body plan that belongs
to a different symmetry group. Sponges for example do not have any symmetry in
their body plan and most jellyfish are considered to be radially symmetric, which
means that they only have one body axis along which an asymmetry can be observed.
The model organism Nematostella belongs to the class Anthozoa within the phylum
Cnidaria, a phylum that traditionally was considered to only include radially symmetric animals, e.g. jellyfish. In Nematostella however, a secondary axis is running
orthogonally to the oral-aboral axis and is also visible by the asymmetric placement
of the retractor muscles [24]. This asymmetry along a secondary axis can also be observed on the gene expression level during development [24,25]. There are similarities
between the development of the secondary axis in Nematostella and the dorsal-ventral
axis in Bilateria, e.g. the asymmetric expression of BMPs and their antagonists. However, there are also striking differences in the spatial expression of several genes, e.g.
BMP and Chd are localized on the same side in Nematostella in contrast to most Bilateria. These observations give rise to the question whether the secondary axis in
Nematostella is homologous to the dorsal-ventral axis in Bilateria or whether both axis
evolved independently.
On the theoretical side a lot of progress has been achieved within the last years. In
Drosophila a patterning mechanism for the dorsal-ventral axis has been identified and
analyzed in detail [26, 27]. This mechanism is based on the shuttling of the Dpp ligand via the Chordin homologue Sog and results in the appearance of a sudden sharp
signaling peak on the dorsal side. In the model both the ligand Dpp and its antagonist
Sog are being expressed and can diffuse. When Sog is bound to another molecule it
can additionally bind to Dpp and thereby prevents Dpp from binding to its receptor.
The metalloprotease Tolloid can cleave Sog in this complex, thereby freeing Dpp from
the complex and degrading Sog, such that another Sog molecule can bind Dpp. Under
certain conditions, e.g. the restricted expression of Sog, this model results in the accumulation of the Dpp-Sog complex and the degradation of free Sog. As soon as no free
Sog is available to bind Dpp from the cleaved complex, Dpp can bind to its receptor,
resulting in the formation of a sudden signaling peak. The molecular players along
the dorsal-ventral axis are remarkably well conserved in other members of the Bilateria and therefore it seems very likely that the shuttling mechanism is also governing
the patterning along the dorsal-ventral axis in other animals.

1.4. Scope and Structure of the Thesis
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Given the striking differences in the spatial expression between the secondary axis in
Nematostella and the dorsal-ventral axis in most Bilateria, it is an interesting evolutionary question whether a common mechanism is able to govern the development of
both body axes.

1.4

Scope and Structure of the Thesis

This thesis is divided into different chapters. The Chapters 2-4 are adapted from the
original peer-reviewed manuscripts. In Chapter 2 we introduce a new mechanism for
the dynamic scaling of morphogen gradients that is based on the pre-steady state dispersal of the morphogen. We subsequently have a close look at the Dpp gradient in
the Drosophila wing disc and try to answer whether our newly identified mechanism
might explain the observed expansion of the Dpp gradient. In Chapter 3 we again focus on the Drosophila wing disc and investigate how the expanding Dpp gradient can
be read out such that it can explain the observed scaling of Dpp target genes. In Chapter 4 we focus on an evolutionary aspect of patterning and investigate whether, despite
striking differences in the molecular setup, the same mechanism that is hypothesized
to govern the development of the dorsal-ventral axis in Bilateria could be responsible
for patterning the secondary axis in Nematostella. We furthermore introduce a model
that is able to explain the observed expression pattern of several key genes that are
asymmetrically expressed along the secondary axis in Nematostella. This model is
also able to explain the phenotypes of several Morpholino knockdown experiments
conducted by our collaborators. At the end of this thesis there is an appendix that
includes the supplementary information for each of the three studies. In the last section of the appendix a summary of other projects conducted during my PhD studies
is briefly presented.

Chapter 2

Dynamic Scaling of Morphogen
Gradients on Growing Domains
This chapter has been adapted from
Fried, P. and Iber, D., Dynamic scaling of morphogen gradients on growing domains.
Nature Communications 5, 5077 (2014).

9

10

2.1

Chapter 2. Dynamic Scaling of Morphogen Gradients on Growing Domains

Abstract

Developmental mechanisms are highly conserved, yet act in embryos of very different
sizes. How scaling is achieved has remained elusive. Here we identify a generally applicable mechanism for dynamic scaling on growing domains and show that it quantitatively agrees with data from the Drosophila wing imaginal disc. We show that for
the measured parameter ranges, the Dpp gradient does not reach steady state during
Drosophila wing development. We further show that both, pre-steady-state dynamics and advection of cell-bound ligand in a growing tissue can, in principle, enable
scaling, even for non-uniform tissue growth. For the parameter values that have been
established for the Dpp morphogen in the Drosophila wing imaginal disc, we show that
scaling is mainly a result of the pre-steady-state dynamics. Pre-steady-state dynamics
are pervasive in morphogen-controlled systems, thus making this a probable general
mechanism for dynamic scaling of morphogen gradients in growing developmental
systems.

2.2

Introduction

Spatial patterning during embryogenesis is controlled by morphogens that control tissue growth and differentiation at a distance from the cells that secrete them [6]. How
morphogens are transported has remained controversial [10, 28, 29]. The proposed
morphogen dispersal models can be divided into two categories: cell-based and diffusive [29]. Cell-based transport requires the endocytosis of ligand, and dynamin has
indeed been shown to be important for morphogen spreading [30]. Internalized ligand
can then be transported either by transcytosis [30], a process by which macromolecules
are transported across the interior of a cell, or by cytonemes, that is, by specialized
filopodia that mediate long-distance signalling during development [31, 32]. Diffusion of morphogens, either freely or hindered [28], is well documented, but the relative
contributions of the different transport mechanisms have remained controversial. According to the French Flag model [5], cells read out the local morphogen concentration
and respond when specific concentration thresholds are exceeded (Fig. 2.1a). To control patterning in embryos of different sizes with the same morphogen-based mechanism, the absolute positions where the threshold concentrations are reached need to
shift between differently sized embryos (Fig. 2.1b). Different models have been proposed to explain the scaling of morphogen gradients in the various systems where
scaling has been analysed [13, 14, 16, 33–38]. However, these models have remained
controversial because of conflicting experimental observations [14, 39–42]. One such
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theory proposes that the production rate of the morphogen could be adjusted such that
morphogen gradients are higher on larger tissues and thus keep a constant threshold
concentration at the particular relative domain position, where the developmental pattern of interest is defined [14]. This model, however, does not apply to the Decapentaplegic (Dpp) gradient in the Drosophila wing and haltere imaginal discs, because measurements show that the gradients indeed widen with the expanding domain [16]. In
parallel, however, also the maximal value of the gradients increases in the Drosophila
wing and haltere imaginal discs, as well as in the early Drosophila embryo [16,33,37,43]
(Fig. 2.1c), such that the measured gradients fall on the same curve (that is, scale) only
when rescaled both relative to their maximal value and relative to the length of the
domain (Fig. 2.1d). Accordingly, the Dpp concentration appears to increase with time
for every single cell [16] (Fig. 2.1c). Absolute concentration measurements would
then be insufficient to define a cell’s relative position in the domain. Interestingly, it
has been reported that the concentration gradient of the downstream target of Dpp
signalling, phosphorylated Mad, does not increase to the same extent as the Dpp gradient increases [17]. There may thus be an adaptation mechanism in place, which
maintains stable response levels in spite of increasing absolute levels of Dpp ligand.
Morphogen gradients can, in principle, also scale with domain size as a result of an
appropriate adjustment of the diffusion and/or decay constants. These adjustments
could be achieved either by passive or active modulators [14]. An active modulation
mechanism for the Dpp gradient in the wing imaginal disc has recently been proposed [38] as an extension of a previously proposed expander-repressor scheme [13].
However, as recently noted, for this expander-repressor mechanism, the amplitude of
the morphogen-receptor complex decreases more than twofold for a twofold increase
in length, indicating that this mechanism is mainly based on an effective increase in the
Dpp diffusion coefficient [14]. However, measurements in a range of systems, including the Drosophila wing imaginal disc, show that the (effective) diffusion coefficient of
the ligand does not change, even though its gradient scales [16]. Scaling has therefore been suggested to be achieved by a reduction in the decay constant of the ligand
on larger domains [16]; the decay constant has not yet been directly measured on the
expanding domain and experimental evidence for this proposal is therefore outstanding - as is a mechanism to achieve this reduction. It has recently been proposed that
an expander-repressor mechanism based on an expander that reduces the Dpp decay
rate could explain gradient scaling in the wing disc if the cellular growth rate was
controlled by a relative change in Dpp signalling [15]. However, this previously proposed mechanism for growth control [16] has remained controversial, because clones
in the wing imaginal disc that cannot transmit Dpp signalling grow at the same rate
as signalling competent cells [19]. Moreover, the model fails to recapitulate the experi-
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mentally observed linear expansion of the wing disc domain with time [16], but rather
results in very fast initial growth and barely any domain expansion after about 50 h.
As a result of the particular growth kinetics, advection and dilution contribute only
to the early phases of growth in this model. Here we describe a general applicable
mechanism for scaling of morphogen gradients on growing domains that recapitulates the quantitative measurements of the Dpp gradient in the Drosophila wing imaginal discs [16, 17, 44]. We show that both, pre-steady-state dynamics and advection of
cell-linked ligand, can, in principle, result in scaling. For the parameter values that
have been established for the Dpp morphogen in the Drosophila wing imaginal disc,
scaling is, however, mainly the result of the pre-steady-state dynamics. The proposed
mechanism also resolves the controversy related to Dpp transport in that it combines
diffusion-based transport with cell-linked transport. The mechanism works for any
ligand-receptor system if gradients are read out during a pre-steady-state on a more or
less uniformly growing tissue. Pre-steady-state dynamics and uniform growth are pervasive in morphogen-controlled systems, making it likely to be that the here-identified
mechanism is of general use for scaled position-dependent readout in growing developmental systems.

2.3

Results

A measure of scaling. We speak of scaling whether two gradients on differently
sized domains overlay when normalized with respect to their maximal value and
plotted on domains that have been normalized with respect to their maximal length,
L. Accordingly, we can evaluate the quality of scaling by determining the scaling
, where ∆X specifies the difference of the normalized position X, at
error (SE), ∆X
X
which a given normalized ligand concentration is attained by different gradients (for
details see Methods). According to experimental data [16], the Dpp gradients in the
Drosophila wing imaginal disc remain of exponential shape as the disc is growing out,
but the gradient lengthens such that the characteristic length λ increases with time t.
The concentration gradients can therefore be well approximated by [16]



x
.
c(x, t) = c0 (t) · exp −
λ(t)

(2.1)

where x denotes the position in the domain, with 0 ≤ x ≤ L(t) and x(t) = L(t) · X. We
λ(t1 )
λ(t2 )
have perfect scaling between time points t1 and t2 , if L(t
= L(t
. To obtain a measure
1)
2)
of the SE, which is zero for perfect scaling and one for no scaling, we write
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SE =

1

∆X
X
1)
− L(t
L(t2 )

1−
=

1

λ(t2 )/L(t2 )
λ(t1 )/L(t1 )
.
L(t1 )
− L(t
)
2

(2.2)

For details on the derivation and calculation of SE, see Methods.
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Figure 2.1: Dynamic scaling of morphogen gradients on growing domains. (a) According to the French Flag model, concentration thresholds determine differential cell fate (blue, white and red) in a tissue. (b) To maintain proportions in differently sized
tissue, gradients need to lengthen on longer domains. (c) Both the height, c0 , and the length of the measured [16] Dpp gradient
(Eq. 2.1) increase on the growing wing imaginal disc of length L(t). (d) The measured [16] normalized Dpp gradients, c(t)/c0 , of
length λ(t) overlay on a rescaled domain, x/L(t). (e) The spreading of a morphogen gradient on a growing domain as a result of
diffusion, advection and dilution in the absence of any reactions. Morphogens enter the domain at the left-hand side according
to a flux boundary condition. The boundary at the right-hand side is impermeable, that is, we have zero-flux boundary conditions. For details, see Methods. (f) The normalized simulated gradient profiles from e overlay on the rescaled domain, that is, the
gradients scale with domain size (cyan line: 24 h, blue line: 57 h, black line: 90 h). SE refers to the scaling error (Eq. 2.2) between
the gradients at t = 24 h and t = 90 h (0: perfect scaling; 1: no scaling; for details, see Methods). In all panels, the horizontal axis
reports the position on the domain and the vertical axis reports concentration, as indicated.

Scaling by pre-steady-state kinetics and advection. To illustrate the mechanism of
scaling, we first consider a very simple model of morphogen dynamics on a onedimensional (1D) domain: Morphogens are produced on the left-hand side of the
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domain and enter the domain according to a flux boundary condition; we use an impermeable boundary on the other side (zero-flux boundary condition). Morphogens
spread by diffusion; no reactions are included. The equations are given in the Methods. When we solve such a simple model on a growing domain, we find that the morphogen gradient expands over time (Fig. 2.1e) in a way that the gradient scales with
domain size (Fig. 2.1f). Our model differs from previous studies of gradient scaling in
that the simulated gradients do not reach their steady state within the physiological
time scale, and in that the model is solved on a growing domain, such that we include
advection and dilution. Dilution is an inevitable consequence of growth, that is, in the
absence of any other processes the concentration of a component must decline as the
domain expands because the number of molecules is fixed while the compartment size
increases. Advection is inevitable if the ligand is attached to the moving domain, that
is, if ligand is attached on cells or resides inside cells. In the Drosophila wing imaginal
disc, at least 97% of all ligand has been found either internalized ( >85%) or absorbed
on cells, and <3% of all Dpp ligand is free in the extracellular space [44–46]. Cellbound and internalized ligand cannot but move passively with the cells as the cells
are pushed out during tissue growth (Fig. 2.2a).
We illustrate this effect with a stable linear gradient of a compound, which is advected
with the expanding domain in the absence of any diffusion or reactions (Fig. 2.2b).
The gradient stretches with the expanding domain and the maximum of the gradient
decreases due to dilution on the larger domain (Fig. 2.2b, lighter grey lines). However,
when rescaled with respect to the maximum concentration and the domain size, all
lines perfectly overlay, that is, the gradients scale (Fig. 2.2c). The same holds true for
an exponential gradient (Fig. 2.2d,e). For advection to be an efficient and functional
transport mechanism, a large fraction of the ligand must be either bound to the cell
surface or must be found inside cells [44–46], internalized ligand-receptor complexes
must remain stable for a long time, must be partitioned about equally during cell
divisions [47] and must remain active after cell divisions [47]. All these conditions
have previously been shown to apply to Dpp transport in the Drosophila wing imaginal
disc [15, 17, 42, 47] and are likely to also apply to other morphogen transport systems.
Spreading of morphogens by diffusion is effective, however, also in the absence of
growth (Fig. 2.2f), although the expansion is narrower (Fig. 2.2g, grey line) than in the
presence of growth (Fig. 2.2g, black line). When we quantify the relative contributions
of advection (Fig. 2.2h, red line, Fig. A.1), dilution (Fig. 2.2h, grey line), and diffusion
(Fig. 2.2h, blue line, Fig. A.1), we notice that transport by diffusion and dilution effects
dominate close to the source, while advective transport dominates further away where
the velocity field of the uniformly growing tissue is highest (Fig. 2.2i); we note that
the velocity field on the rescaled, uniformly growing domain is constant over time.
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Figure 2.2: Dynamic scaling as a result of pre-steady-state dynamics and advection. (a) As a result of advection, ligand on
and inside cells is transported passively as cells are pushed out
during tissue growth. (b) A stable non-diffusive linear gradient that experiences advection and dilution during growth expands on a growing domain (blue: initial gradient; light grey to
black: increasing time steps). (c) The normalized gradients in
b scale perfectly on the rescaled domain (SE = 0, Eq. 2.2). (d,e)
Perfect scaling (SE = 0) does not depend on the shape of the
stable gradient and also works for an initial exponential distribution. (f) The model shown in Fig. 2.1e,f yields an expanding
gradient also on a static, non-growing domain of length 300
μm, due to the pre-steady-state (light grey to black: increasing
 
time steps). (g) The mean-square displacement, E x2 , over
time for the model that only includes advection and dilution
(blue line, see d for gradient profiles), for the model incorporating advection, dilution and diffusion (black line, see Fig. 2.1e,f
for gradient profiles), and for the model on the static, nongrowing domain only incorporating diffusion (grey line, see
f for gradient profiles). The mean-square displacement of the
diffusion-only model (grey line) perfectly follows the expected
p
√
E[x2 ] = Dt curve, while the advection-only model (blue
p
line) expands linearly in time, E[x2 ] ∼ t (see Methods for a
derivation); the model that includes both diffusion and growth
lies in between those extremes (black line). (h) The relative contributions of the diffusion (blue), advection (red) and dilution
(grey) terms on the temporal evolution of the total morphogen
profile. (i) The velocity field on the scaled, uniformly growing
domain. (j) Removal of the dilution term (red line) from the
full model shown in Fig. 2.1e,f, (black line) results in a more
p
linearly increasing E[x2 ], similar as in the advection-only
model (shown in Fig. 2.1c) (blue line). (k) Higher degradation
rates (increasing rates light to dark green) limit the expansion
of the gradient compared with the purely diffusive model (grey
line), and the gradients reach their steady state profiles faster.
For further details see Supplementary Note 1.
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Importantly, although morphogen spreading as a result of advection is proportional to
time (Fig. 2.2g, blue line), diffusion-based spreading of ligand results in the expansion
of the gradient proportional to the square root of time (Fig. 2.2g, grey line); for details
on the analysis, see Methods. In summary, only in case of advective transport, the
gradient and the domain expand perfectly in parallel such that we have perfect scaling
Fried and Iber,
Figure 2
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(Fig. 2.2c,e). The expansion of the gradients in Fig. 2.1e,f represents a mixture of
these effects (Fig. 2.2g, black line). In particular, we note that without dilution, the
expansion of the gradients in Fig. 2.1e,f at later time points would be rather linear
with time, as characteristic for transport by advection (Fig. 2.2j, red line). On the other
hand, incorporation of ligand degradation would severely limit the expansion of the
morphogen gradient, and would result in a rapid formation of the steady state profile
(Fig. 2.2k, green profiles).
Dynamic scaling of the Dpp gradient in the wing disc. In the Drosophila wing imaginal disc, most rate constants that relate to Dpp transport and signalling have been
measured. This allows us to check the proposed scaling mechanism quantitatively
with experimental data and to explore the relevance of the physiological values for the
scaling mechanism. Figure 2.3a shows the Dpp signalling network. Dpp is produced
at rate ρDpp in a narrow stripe at the boundary of the anterior (A) and posterior (P) compartments in the Drosophila wing imaginal disc, and the ligands diffuse into the target
domain where they interact with their receptors (Tkv) on cells. Experiments demonstrate that most ligand is found inside cells [44–46], and we therefore use a model [10]
that also considers receptor binding and unbinding (at rates kon and koff ), and ligand
internalization, and thus comprises diffusible ligand, internal and membrane-bound
receptors, as well as receptor-ligand complexes (Fig. 2.3a, Methods).
The membrane-bound receptor-ligand complexes, Dpp-Tkvout , can be internalized
(kin ) and the internalized receptor-ligand complexes, Dpp-Tkvin , are either degraded
(kdeg ) or exocytosed (kout ) back to the membrane. Tkv receptors are produced throughout the domain (ρTkv ). We extend the previous model [10] to also include a negative
feedback of Dpp signalling via phosphorylated Mad on Dpp receptor (Tkv) production [49], as well as a repressive effect close to the AP boundary due to Engrailed and
Hedgehog signalling [50], because experiments demonstrate that the receptor density
affects both the height and the width of the gradient [48], something that we also see
in our simulations (Fig. 2.3b). The wild-type simulations reproduce the measured
gradient in tkv expression and Tkv protein abundance, which are both lowest close to
the dpp-expressing stripe [50] (Fig. 2.3c and Fig. A.2).We solve the model on a growing 1D domain of length L(t) that spans the entire A-P axis of the Drosophila wing
imaginal disc, that is, −L(t) ≤ x ≤ L(t), with zero-flux boundary conditions at the
ends of the domains. We note that given its simplicity, the model is sufficiently general to be applicable also to morphogens other than Dpp. The proliferation rate in the
wing imaginal disc decreases over time inversely proportional to the area such that
the domain expands linearly in size [16]. When we solve the model on a domain that
expands linearly at the measured [16] growth speed vg , that is, L(t) = L(0) + vg t, we
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the gradient, λ/L, and scaling is still observed if the ligand-producing
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0.8
0.05
0
1
2
Rel. production zone expansion

find that the resulting ligand gradient scales with the size of the patterning domain
for physiological parameter values (Table A.1). Thus, as the domain expands, both
the maximal value and the reach of the ligand gradient increase (Fig. 2.3d), and the
rescaled gradients overlay well (Fig. 2.3e). The scaling of the gradients is not perfect
(according to Eq. 2.2, SE = 0.45 between the gradients at 24 h and 90 h). In spite of imperfect scaling, we note that the extent to which the gradients overlay is very similar
to what is observed in experiments [16] in that the model has the same scaling properties as the Dpp gradient in the Drosophila wing disc. Thus, the simulations match the
measured length of the Dpp gradient, λ(t), versus the length of the wing disc domain,
L(t), over developmental time (Fig. 2.3f). The model also matches the
measured
Fried
and Iber, disFigure 3
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tribution of ligand in unbound, internalized and surface-bound form (Fig. 2.3g). Thus,
much as in measurements [44–46], only about 3% of ligand represents free, extracellular ligand, while at least 85% of Dpp ligand resides inside cells and another 12% is
absorbed on cells. Importantly, scaling is observed for all distinct ligand pools, that is,
for the extracellular Dpp ligand alone (Fig. A.3a) and for the ligand-receptor complex,
both if located on the extracellular membrane, Dpp-Tkvout (Fig. A.3b), or taken up by
the cells, Dpp-Tkvin (Fig. A.3c). The signalling gradients thus also scale. The model
also captures the increase of the maximal ligand concentration with domain size. Here
the maximal ligand concentration is calculated as the sum of the Dpp, Dpp-Tkvout and
Dpp-Tkvin concentration at the A-P compartment boundary (x = 0) and corresponds
to c0 in Eq. 2.1. Much as in the wing disc [16], c0 (t) and domain size are related
according to a power law with exponent β = 1.18 (Fig. 2.3h), which is twice the measured experimental value because the model is solved in one spatial dimension. The
measured expansion of the Dpp-producing domain, the source, is necessary to recapitulate this aspect (Fig. 2.3i, black line). Gradient scaling is, however, still possible
also without any expansion of the source, both in simulations (Fig. 2.3i, red line) and
in mutants [16]. If the Dpp-producing tissue stripe cannot expand, the Dpp gradient is
shorter, both in measurements [16] and simulations (Fig. 2.3i, red line), because ligand
production is reduced; a shorter gradient is also observed when reducing the ligand
production rate (Fig. 2.4a) and the opposite behaviour is observed for the receptor
production rate (Fig. 2.4b). Similarly, a higher receptor decay rate (Fig. 2.4c) and a
higher ligand-receptor on-rate result in shorter gradients (Fig. 2.4d), while a higher
ligand-receptor off-rate results in longer gradients (Fig. 2.4e).
We note that these parameter values also affect the extent to which ligand is free, absorbed or internalized (Fig. 2.4, third column), but barely have an impact on the quality of scaling (Fig. 2.4, fourth and fifth columns) as judged by the SE. Here we note
that the lower SE for higher ligand production rates (Fig. 2.4a) is the result of receptor
saturation, and thus limited ligand turnover and higher effective diffusion; without
receptor saturation, the ligand production rate would barely affect the scaling quality. To compare the quality of scaling by the eye, we rescaled the domains not only
with respect to the length of the domain but also adjusted it with respect to the relative mean square displacement of the ligand (denoted Relative Normalized Position in
Fig. 2.4); otherwise, the same relative SE would look worse for a wider gradient.The
quality of scaling mainly depends on the pre-steady-state dynamics of the gradient
and is therefore highest for slow ligand turnover, that is, for low rates of receptor internalization, kin (Fig. 2.4f), for high rates of receptor exocytosis, kout (Fig. 2.4g), and
for a low degradation rate, kdeg (Fig. 2.4h).
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Figure 2.4: The sensitivity and robustness of the scaling mechanism to changes in the parameter values. Influence of either
Fried and Iber,
doubling (red) or halving (blue) the specified model parameters of the full model shown in Fig. 2.3 (as given in Table A.1), that
Figure 4
is, of the (a) Dpp production rate, (b) Tkv production rate, (c) Tkv degradation rate, (d) Dpp-Tkv binding rate, (e) Dpp-Tkv
unbinding rate, (f) Tkv internalization rate, (g) Tkv exocytosis rate, (h) degradation rate of internalized Dpp, (i) Dpp diffusion
constant, on the gradient shape at 90 h (first column), on gradient scaling (second column) and on the fractions of the different
Dpp ligand populations (Dpp-Tkvin : light shading; Dpp-Tkvout : intermediate shading; Dpp: dark shading) (third column).
Influence of either halving (fourth column) or doubling (fifth column) the specified model parameters of the full model shown in
Fig. 2.3 (as given in Table A.1) on scaling of the normalized gradients on the rescaled domain. Some parameter values affect the
spread of the gradient, but not the scaling. To correct for the effects of different positions on the gradient profiles, we normalized
the
with the relative change in the gradient dispersal, that is, Relative Normalized Position = (Absolute Position/L(t)) ·
q domain

 q 

( E x2wt / E x2mutant ) SE refers to the scaling error (Eq. 2.2) between the gradients at t = 24 h and t = 90 h (0: perfect scaling;
1: no scaling; for details, see Methods).
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The internalization rate of the BMP and TGF-β receptors has been measured in several cell culture systems and half the receptor is internalized within 5-15 min, both
in the presence and absence of ligand [51–53], corresponding to a rather high effective internalization rate of 0.8-2.3 · 10−3 s−1 . We use the most conservative value of
kin = 0.8 · 10−3 s−1 in the model; we note that twofold deviations from this value
barely affect the scaling properties of the system, but have an impact on the fraction
of extracellular and internalized ligand (Fig. 2.4f). The receptor-related rates and the
binding rates also affect the fraction of extracellular ligand and the gradient length
(Fig. 2.4b-e). We set these rates to typical physiological values (Table A.1) that allow
us to reproduce the measured fractions. We note that the different rates compensate
for each other (Fig. 2.4), such that there is a wide range of parameter sets that allows
us to match the experimental measurements. As degradation rate of internalized ligand, we use kdeg = 4 · 10−6 s−1 , which corresponds to a half-life of internalized Dpp
of 48 h. The low degradation rate of internalized ligand ensures that gradient formation is slow (Fig. 2.2k), such that the gradient does not reach steady state during wing
disc development, as required for the scaling mechanism. The long half-life of internalized ligand is in apparent contradiction to the fast clearance of Dpp ligand in the
experiments by Teleman and Cohen [46]. However, in those experiments only very
little intracellular Dpp was detected, and the measured clearance rate thus mainly
represented the loss of extracellular ligand, as also noted in the previous analysis by
Lander et al. [10] Given the fast rate of ligand internalization, this aspect is also captured by our model. The Dpp degradation rate that was reported by Gonzalez-Gaitan
and colleagues [16, 44], on the other hand, was inferred from the measured length of
the Dpp gradient and the Dpp diffusion coefficient, but was not measured. Thus, the
reported reduction in the Dpp degradation rate over time [16] does not represent an
actual experimental observation but only reflects the predicted behaviour of the Dpp
degradation rate for the case that scaling was obtained with a steady state Dpp gradient. As our model reproduces the Dpp gradient length with the diffusion coefficient
measured by Gonzalez-Gaitan’s team, our simulation is also in agreement with these
data. Here we note that measurements of the Dpp diffusion constant range between
0.1 (refs. [16,44]) and 20 μm2 s−1 (ref. [45]). Even though small changes in the diffusion
coefficient already affect the gradient shape (Fig. 2.4i), a higher diffusion coefficient
can be compensated by a higher receptor-ligand affinity (Fig. 2.4d,e) and/or higher
receptor abundance (Fig. 2.4b,c,f,g) to arrive at the same measured gradient length
(Fig. 2.5a); in that case, however, there is considerably less free extracellular ligand.
As the exact fraction of extracellular ligand is difficult to establish experimentally, the
entire range of measured diffusion coefficients is, in principle, consistent with the proposed gradient scaling mechanism. Similarly, we note that with a fivefold higher
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Figure 2.5: Alternative model parameterizations quantitatively fit the experimental data. The predicted length of the exponential gradient, λ(t), at different domain lengths, L(t), (solid line) and the measured values (red dots) [16]. (a) A 100-fold higher
diffusion coefficient can be compensated by a 100-fold higher Dpp-Tkv binding rate (kon ). However, the predicted fraction of free
ligand would then be much smaller than 1%. (b) A fivefold higher degradation rate (kdeg = 2 · 10−5 s−1 ) can be compensated by
a slightly higher diffusion coefficient (DDpp ) and a slightly higher Dpp-Tkv binding rate (kon ). All quantitative data, including
the fraction of free ligand, would still be reproduced. The alternative parameterizations are listed in Table A.1.

degradation rate, which corresponds to a half-life of internalized Dpp of <10 h, we
still obtain scaling and we still match the measured Dpp gradient length, λ(t), versus the length of the wing disc domain, L(t), over developmental time (Fig. 2.5b).
A half-life of at least 10 h is supported by previous observations, according to which
internalized Dpp ligand remains active beyond cell divisions [47]; the cell cycle time
is 6-30 h in wing imaginal discs [16]. Our proposed scaling mechanism is therefore
consistent with all these previous measurements.

How uniform does growth need to be for gradients to scale. Finally, we wondered
to what extent gradient scaling would depend on uniform growth. When we either
restrict all growth to a small part of the domain (Fig. 2.6a) or set growth to zero in a
small part of the domain (Fig. 2.6b), as is the case in certain clones, gradient scaling is
barely affected as long as the overall growth of the whole domain is linear.
Scaling can thus be still obtained in case of non-uniform linear growth. Scaling is
even observed if the domain grows only at the tip (Fig. 2.6c). In that case, there
is no advective transport, and indeed, when we quantify the contributions of diffusion, advection and dilution in the wing disc model (Fig. 2.3a) we find that transport by diffusion dominates close to the source (Fig. 2.6d and Fig. A.1), even though
only 3% of ligand is free (Fig. 2.3g). In line with this, the experimentally established
gradient length, λ(t), versus the domain length, L(t), can be fitted by a square root
function (Fig. 2.6e) as characteristic for a purely diffusive, pre-steady-state transport
process (Fig. 2.2g, Methods). We note, however, that there are limits to the extent to
which non-uniform growth can be tolerated: for exponentially growing domains, the
SE increases considerably (SE = 0.53 for the exponentially growing domain versus
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SE = 0.45 for the linearly growing domain) (Fig. 2.6f). The fact that the SE is still
so small can be accounted to the impact of advection, which is considerably stronger
on an exponentially growing domain (Fig. A.4). For comparison, increasing kdeg fivefold while leaving all other parameter values unchanged (such that the steady state is
attained much more quickly) results in SE = 0.82 on a linearly growing domain.

Conclusion. In summary, the simulations establish that scaling of the Dpp morphogen gradient on the linearly, uniformly growing wing disc domain is the result of
the pre-steady-state dynamics of the ligand (Figs. 2.3-2.6). The large amount of available quantitative experimental data allowed us to quantitatively test the proposed
mechanism: the model recapitulates the measurements in the Drosophila wing disc
quantitatively, and resolves the controversy related to Dpp transport and readout in
that it combines diffusion-based transport with cell-linked transport. Further experiments will nonetheless be of interest. In particular, it will be important to confirm the

2.4. Methods

23

rather long half-life of internalized Dpp ligand explicitly, which ensures that the gradient dynamics are in pre-steady-state. According to our analysis, the half-life should
be at least 10 h, but much longer half-lives (∼ 48 h) are likely. In contrast to a recently
proposed model for morphogen gradient scaling [15], it is not necessary that the morphogen controls growth to achieve scaling. Gradient scaling and domain growth can
therefore be independently controlled processes that are linked via advection. Ligand
transport by advection, in principle, enables perfect scaling on a uniformly expanding
domain (Fig. 2.2b-e), because the gradient then expands in parallel with the expanding domain (see Methods for details), as required for scaling. However, transport by
advection has only little effect on gradient scaling in the wing disc relative to diffusion
(Fig. 2.6), because the growth field of the uniformly growing domain is rather small
close to the ligand source (Fig. 2i), and because dilution and degradation of internalized ligand limit the quality of scaling (Fig. 2.2j,k). There is a general requirement for
gradient scaling during embryogenesis as well as during the evolution of differently
sized species. Pre-steady-state dynamics and (quasi-) uniform, linear growth are pervasive in morphogen-controlled systems, making it probable that the here-identified
mechanism is of general use for scaled position-dependent readout in growing developmental systems.

2.4

Methods

A simple model for ligand dynamics on a growing domain. In the simple models, for which we show results in Figs 2.1e,f and 2.2, we only consider a ligand with
concentration c(x, t), which diffuses with diffusion coefficient D = 0.005 μm2 s−1 on a
growing 1D domain, x ∈ [0, L(t)] with L(t) = L(0)+vg t, where t denotes time. We note
that the diffusion constant had to be chosen much smaller than the measured range
(D = 0.1 μm2 s−1 (refs [16, 44]) to D = 20 μm2 s−1 (ref. [45])), because in this simple
model we do not include any reactions that would limit the length of the gradient to
its physiological length. Over the 90 h of development, the wing disc domain expands
from an initial size L(0) = 50 μm to a final size of L(90 h) = 300 μm (ref. [16]). The meaμm)
= 7.7 · 10−4 μm s−1 with L(t) = L(0) + vg t.
sured growth speed is thus vg = (300 μm−50
90 h
Based on Reynolds transport theorem, the diffusion equation for c on a growing domain is given by
∂c
∂c
∂u
∂ 2c
+u
+c
= D 2.
∂t
∂x
∂x
∂x

(2.3)

∂c
Here, u denotes the growth field, u ∂x
is the advection term, c ∂u
is the dilution term and
∂x
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2

∂ c
D ∂x
2 is the diffusion term. Reactions are not included in this simple model. Dilution is
a natural consequence of growth. The inclusion of the advection term is justified only
if the ligand is transported by the growing tissue. This is the case if most functional
ligand is bound on cells or is inside cells, as has indeed been reported for Dpp in
the Drosophila wing imaginal disc [44, 45]. To model the influx of ligand from the
producing domain, we use flux-boundary conditions with flux jin = 10−14 μm−1 on
the left-hand side (x = 0). The boundary condition on the right-hand side (x = L(t))
has little impact on the model, because the ligand concentration on the right-hand side
is rather low; we chose zero-flux boundary conditions, that is,

∂c
∂x

x=0

= −jin

and

∂c
∂x

= 0.
x=L(t)

(2.4)

As initial conditions we are using c(x, 0) = 0. The growth field u for a uniformly
growing domain is given by

u=

vg
dx
=
.
dt
L(t)

(2.5)

A model for the Dpp gradient in the Drosophila wing disc. We base our model on
a previously published model for Dpp ligand dynamics in the Drosophila wing imaginal disc [10]. The model considers both the diffusible ligand Dpp and the cell-bound
receptor Tkv. Ligands can bind to receptors at the cell surface at rate kon to form the
Dpp-Tkv complex Dpp-Tkvout , and unbind at rate koff . The receptor- ligand complex is
not degraded on the cell surface, but is rather internalized at rate kin ; the internalized
Dpp-Tkv complex, Dpp-Tkvin , can still signal. The internalized complex, Dpp-Tkvin ,
is then either degraded at rate kdeg or transported back to the membrane at rate kout .
Dpp production is restricted to a small domain just anterior to the boundary of the A
and P compartments. The measurements of the Dpp gradient are typically carried out
in the posterior compartment, and we will therefore solve the model on a 1D domain
centred at the A-P boundary, which itself is posterior to the Dpp-expressing cells. The
ligand-producing domain is denoted by ΛDpp and the expression rate of Dpp by ρDpp .
The receptor, Tkv, is produced inside cells at rate ρTkv throughout the target domain
and reaches the cell surface by exocytosis. Accordingly, we include an internal and an
external receptor species in the model, denoted by Tkvin and Tkvout , respectively. The
unbound and bound receptors appear to be endocytosed at similar rates [51]. As these
measurements are of limited precision, we use identical rates in the model. Thus, the
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internal Tkv receptor, Tkvin , is exocytosed at rate kout and unbound, external receptor, Tkvout , is endocytosed at rate kin . As an extension to the previously published
model [10], we now include the well-described details of the regulation of tkv expression in the model as well, because the resulting spatially modulated receptor profiles
can affect the spatial ligand dynamics [48]. The expression of tkv in Drosophila is downregulated both by Dpp and Hh signalling [49, 50]. We include the downregulation by
Dpp signalling via an inhibiting Hill term H̄ that depends on the concentration of
bound Dpp-Tkv receptor, that is,

H̄ =

Kn
.
K n + (cDpp-Tkvin + cDpp-Tkvout )n

(2.6)

Hh signalling induces the expression of dpp and reduces the expression of tkv. We do
not include Hh dynamics in the model explicitly, but rather decrease ρTkv by twofold
in the Dpp-producing domain ΛDpp . ρTkv (x) is therefore defined as:

ρTkv (x) =


ρ 0

if x ∈
/ ΛDpp

Tkv

0.5 ·

ρ0Tkv

if x ∈ ΛDpp .

(2.7)

In summary, the reaction terms Ri for the components ci in 2.3a in the main paper are
given as

RDpp = ρDpp ΛDpp − kon cDpp cTkvout + koff cDpp-Tkvout
RDpp-Tkvout = kon cDpp cTkvout − koff cDpp-Tkvout − kin cDpp-Tkvout + kout cDpp-Tkvin
RDpp-Tkvin = kin cDpp-Tkvout − kout cDpp-Tkvin − kdeg cDpp-Tkvin

(2.8)

RTkvout = −kon cDpp cTkvout + koff cDpp-Tkvout − kin cTkvout + kout cTkvin
RTkvin = ρTkv (x) · H̄ + kin cTkvout − kout cTkvin − δTkv cTkvin
Unlike in the previous publication of the model [10], we solve the model on a growing
domain and thus formulate the model as advection-reaction-diffusion equations for a
compound ci with diffusion coefficient Di , velocity field u and reaction terms Ri :

∂t ci + ∇(uci ) = Di ∇2 ci + Ri .

(2.9)

According to experimental data, the wing disc is expanding linearly with time, and
we therefore solve the model on a linearly growing 1D domain, x ∈ [−L(t), L(t)] with
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L(t) = L(0) + vg t.

(2.10)

According to measurements, the ligand-producing stripe expands as the wing disc is
growing, that is,

ΛDpp (t) = 0.2 · L(t).

(2.11)

The receptors are restricted to cells and their diffusion coefficient is therefore set to
zero. We use zero flux boundary conditions for all components, that is,

∇ci = 0.

(2.12)

The absolute protein concentrations in the wing imaginal disc have not been established. We therefore use non-dimensionalized protein concentrations. It is likely to
be that receptor is initially distributed uniformly, and accordingly we use an initially
·kout
for the receptor
spatially uniform, non-dimensional concentration cTkvout (0) = ρδTkv
Tkv ·kin
concentration on the surface, Tkvout . The initial internal receptor concentration, Tkvin
Tkv
. For
is set to the ratio of the production and degradation rates, that is, cTkvin (0) = ρδTkv
the free ligand and for both internal and external receptor-ligand complexes, we use
zero as initial conditions, that is,

cDpp = 0
cDpp-Tkvout = 0
cDpp-Tkvin = 0
ρTkv · kout
cTkvout =
δTkv · kin
ρTkv
cTkvin =
.
δTkv

(2.13)

Parameter values. The parameter values that are used in our standard model are
listed in Table A.1. Based on experiments, the initial size of the wing disc was set
toL(0) = 50 μm and the developmental time was set to 90 h (ref. [16]). The final imaginal disc size is about 300 μm (ref. [16]), and accordingly the growth rate was set to
μm)
vg = (300 μm−50
= 7.7 · 10−4 μm s−1 . The internalization rate was set according to
90 h
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measurements. Thus, measurements in a wide range of systems show that half of the
Dpp ligand is internalized within 10-15 min [51–53], that is, kin = 0.8-2.3 · 10−3 s−1 ;
we use a conservative internalization rate, that is, kin = 0.8 · 10−3 s−1 . The exocytosis
rate has not yet been established. We use kout = 1 · 10−4 s−1 to obtain the measured
fraction of internalized ligand, ≥ 85% (refs [10, 45]). Two important parameter values
in the model that deserve further discussion are the diffusion coefficient, D, and the
degradation rate, kdeg . Measurements by different groups have resulted in very different values for the Dpp diffusion constant, with reported values ranging between
0.1 (refs [16, 44]) and 20 μm2 s−1 (ref. [45]). As shown in Figs. 2.3d-f and 2.5a, scaled
gradients can be obtained over the entire measured range, because the diffusion coefficient can be compensated by adjusting the ligand-receptor binding affinity (kon ,
koff ) and/or the receptor abundance in the model, that is, ρTkv , kout , kin or δTkv , all of
which have not yet been measured. Accordingly, the entire range of measured diffusion coefficients is consistent with currently available experimental data. However, it
has to be noted that for a given gradient width, there is only one diffusion coefficient
that yields the measured fraction of free ligand, because the diffusion coefficient is the
only parameter for which the gradient width and the fraction of free ligand change in
opposite directions as the parameter value is changed (Fig. 2.4i). The affinities and the
receptor expression/degradation rates, on the other hand, regulate the width of the
gradient and the fraction of free ligand in the same direction (Fig. 2.4b-e). We used
the Dpp diffusion coefficient, DDpp = 0.1 μm2 s−1 , which was reported in the Kicheva
et al. [44] publication, because it resulted in the measured fraction of free ligand of 3%
(refs [44, 45]); the other above mentioned parameter values that have an impact on the
gradient length and fraction of free ligand were adapted accordingly. We stress here
that although DDpp = 0.1 μm2 s−1 was uniquely best suited to reproduce the reported
distribution of ligand, the measurements of the ligand fractions are too imprecise as
that they would exclude different diffusion coefficients. Moreover, there are a number of processes that affect the effective diffusion that we do not include in the model
(for example, binding to the extracellular matrix). The second important parameter
value is kdeg , which determines the time scale on which the gradient reaches its steady
state profile. This rate has so far not been determined explicitly, and the many indirect
measurements are unsuitable to infer its value as discussed in the main text. We use
kdeg = 4·10−6 s−1 as turnover rate for internalized Dpp, which corresponds to a half-life
of internalized Dpp of 48 h. We note that scaling and a similar fraction of internalized
Dpp can still be obtained with a fivefold higher turnover rate (kdeg = 2 · 10−5 s−1 ) for
internalized Dpp (Fig. 2.5b). Previous estimates had suggested kdeg ≥ 1 · 10−4 s−1 , but
these were based on a steady state assumption [10, 16, 44]. A steady state assumption
implies a high degradation rate such that the ’prediction’ of a high degradation rate
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directly follows from the specific assumption of a steady state gradient; we now show
that such a steady state assumption does not hold with physiological parameters. For
more details, see the Results section. In summary, we set all parameter values to be
within the probable physiological range (Table A.1), but we note that a wide range of
parameter sets would be consistent with the available data; the exact values are thus
not identifiable, but also do not matter for the analysis of the scaling mechanism.
Gradient expansion in the simple ligand model. In Fig. 2.2 we analysed how diffusion, advection and dilution affect the expansion of the gradient, c, in the simple
∂c
∂2c
+ u ∂x
+ c ∂u
= D ∂x
model, that is, ∂c
2 . To quantify the dispersion of c(x, t), we deter∂t
∂x
mined the mean squared displacement

L(t)
R

 
E x2 (t) =

x2 c(x, t) dx

0
L(t)
R

.

(2.14)

c(x, t) dx

0

As before, L(t) = L(0)+vg t denotes the domain length. As expected, we observed that
p
for advection E[x2 ] increases linearly with respect to time, while in case of diffusion
p
E[x2 ] increases with the square root of time. In particular, we found that for an
p
√ L(t)
exponential initial profile with characteristic length λ, E[x2 ] = 2λ L(0)
, and for the
p
√
diffusion-only transport E[x2 ] = Dt. Here we derive these relationships.
Influence of diffusion on gradient expansion. In Fig. 2.2d we solved equations (13) on a static domain. On a static domain, there are no advection and dilution effects,
and transport is thus purely a result of diffusion. We therefore deal with the simple
1D diffusion equation

∂c
∂ 2c
= D 2.
∂t
∂x

(2.15)

For a Dirac delta function δ(x) as an initial condition, the solution to the diffusion
equation on an infinite domain is



x2
1
c(x, t) = √
exp −
,
4Dt
4πDt

(2.16)
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which is the normal distribution with mean µ = 0 and variance σ 2 = 2Dt. The variance
σ 2 = 2Dt is twice the value obtained in our simulations, E[x2 ] = Dt. This difference
can be accounted to the flux-boundary condition in our model. Thus, although the
right-hand boundary has little effect as long as the domain is sufficiently large, the
ligand source at the left-hand boundary prevents us from using an infinite domain
approximation. Rather, we need to consider the diffusion equation on a semi-infinite
domain (x ∈ [0, ∞]). If we use f (x) as initial condition and homogeneous Neumann
boundary conditions in the first instance, we obtain

1
c(x, t) = √
4πDt

Z∞





(x − a)2
(x − a)2
exp −
+ exp −
f (a) da.
4Dt
4Dt

(2.17)

0

Using again the Dirac Delta function as initial condition, that is, f (x) = δ(x), and the
R∞
property of the Delta function −∞ g(x)δ(x)dx = g(0), this simplifies to
 



1
x2
x2
c(x, t) = √
exp −
+ exp −
4Dt
4Dt
4πDt
√


x2
2
exp −
,
= √
4Dt
4πDt

(2.18)

which is the half-normal distribution with σ 2 = 2Dt. The variance is the second central moment of a random variable U , that is, Var(U ) = E[U 2 ] − (E[U ])2 . Therefore,
we can write E[U 2 ] = Var(U ) + (E[U ])2 and, given the variance and mean of the half  σ √2 2
2
2
2
= σ 2 = 2Dt. This is the
normal distribution, we have E[x ] = σ 1 − π + √π
same expectation value of x2 as in the normal distribution. In our model, we still have
a slightly different situation in that we have a constant influx at the left-hand side
boundary instead of a given initial distribution. We can approximate our inhomogeneous Neumann boundary condition at x = 0 as a mixture distribution of half-normal
distributions with different end times tend , where tend = ki t and i = 0, 1, 2, ..., k. For
large k, the following is therefore a good approximation
√


k
1 X
2
x2
q
c(x, t) ≈
exp −
.
k + 1 i=0 2πD i t
4D ki t

(2.19)

k

E[x2 ] of this mixed distribution is then the weighted sum of the individual expectation
values, Ei [x2 ] = 2D ki t, which range from Ei=0 [x2 ] = 0 to Ei=k [x2 ] = 2Dt. As Ei ∝ t, we
have
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E x2 = Dt,

(2.20)

as observed in our simulations of the simple ligand-only model on a static domain
p
√
(Fig. 2.2g, grey line). In summary, in case of diffusion, E[x2 ] = Dt increases with
the square root of time.
Influence of advection on gradient expansion. Now we consider ligand transport
on a uniformly growing domain L(t) = L(0) + vg t in the absence of diffusion. Transport by advection (in the absence of diffusion) applies if all ligands are strictly attached
or within a cell and the domain is growing. We then have
∂c
∂c
∂u
= −u
−c .
∂t
∂x
∂x

(2.21)
v

g
= L(t)
and dilution is thus
Given that we have linear, uniform growth, we have ∂u
∂x
spatially uniform, such that the gradient height decreases uniformly, while the gradient shape remains preserved. Assuming that we have some initial distribution U
with initial mean µ0 = 0 and initial variance σ02 = 0, we can again write E[U 2 ] =
Var(U ) + (E[U ])2 = σ02 + µ20 . To analyse the impact of growth, we consider a scaled
distribution V (t) such that U = V (t) L(0)
. We now use that Var(aU ) = a2 Var(U ) and
L(t)

L(t)
, we thus have
E[aU ] = a E[U ], such that E[V 2 ] = a2 Var(U ) + (E[U ])2 . With a = L(0)

2
2


L(t)
L(t)
E[V 2 ] = L(0)
(σ02 + µ20 ). We now consider a concentraVar(U ) + (E[U ])2 = L(0)
tion profile c(z, 0) = c(0, 0) · exp(−z/λ) on an infinite domain z ∈ [0, ∞]. We then have
E[z 2 ] = 2λ2 . To capture the impact of growth from L(0) to L(t), we use the mapping
L(t)
x = L(0)
z, and have


2
 2
2 L(t)
E x = 2λ
,
L(0)

(2.22)

p
as indeed observed in the simulations. In summary, in case of advection, E[x2 ] =
p
L(t)
σ02 + µ20 increases linearly with the linearly expanding domain, and thus linearly
L(0)
with time.
Contribution of diffusion and advection to ligand transport. Both, in the simple
model as given by Eq. 2.3 and in the detailed model for the Dpp gradient in the
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Drosophila wing imaginal disc as given by Eqs. 2.8, 2.9 , diffusion and advection contribute to ligand transport. Fig. A.1 quantifies the relative contributions of the two
transport modes. In both models, transport by diffusion dominates close to the source
(Fig. A.1a,e,i, m), while transport by advection dominates far away from the source
(Fig. A.1c,g,k,o), because transport by advection is still strong, while transport by diffusion is negligible; there is no transport by advection on the right-hand-side boundary. Transport by advection is strongest slightly away from the source (Fig. A.1b,f,j,n),
where the velocity field u is of intermediate strength (Fig. 2.2i), while the gradient
of the ligand concentration is still high (Fig. A.1d,h,l,p). Far away from the source,
> 90% of all Dpp transport can be accounted to advection (Fig. A.1k) - even though
no more than 80% of Dpp in the outer parts got there by advection (Fig. A.1o). In the
simple model, transport rates by diffusion and advection both decline over time (Fig.
A.1a,b). On the other hand, in the more detailed model, transport rates by diffusion
and advection both increase over time (Fig. A.1i,j). This can be accounted to the different descriptions of ligand production. In the simple model, we use a flux boundary
condition on the left-hand-side boundary, while in the detailed wing disc model, ligand is produced continuously in the expanding stripe in the centre of the domain. As
a result, the spatial ligand gradient at the left-hand-side declines at later times in the
simple model, but continues to increase in the more detailed model, thereby supporting increased transport by both diffusion and advection.
Evaluation of scaling quality. We speak of scaling if two gradients on differently
sized domains overlay when normalized with respect to their maximal value and plotted on domains that have been normalized with respect to their maximal length. To
evaluate the quality of scaling, we seek to determine the extent, to which the gradients are shifted over time on the normalized domain, X ∈ [0, 1]. Accordingly, we
, where ∆X specifies the difference of the position X at which a
define the SE as ∆X
X
given normalized concentration c(x,t)
is attained by the different gradients. According
c(0,t)
to experimental data, the Dpp gradients in the Drosophila wing imaginal disc remain
of exponential shape as the disc is growing out, but the gradient lengthens such that
the characteristic length of the gradient, λ, increases [16]. We therefore now consider
exponential gradients of the form
 x
c(x, t) = c(0, t) · exp −
λt

(2.23)



c(x, t)
L(t)X
c̄ =
= exp −
,
c(0, t)
λt

(2.24)
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with x(t) = L(t)X, and L(t) is the size of the domain at time t. We have perfect
λ(t1 )
λ(t2 )
scaling if L(t
= L(t
. To evaluate the SE between two gradients at two different
1)
2)


1
time points t1 and t2 , we consider the two normalized gradients c̄ = exp − L(tλt1 )X
1


L(t2 )X2
x
on the rescaled domain X = L(t) ∈ [0, 1].We then have c̄ =
and c̄ = exp − λt2




L(t2 )X2
1
2 )/L(t2 )
2
exp − L(tλt1 )X
=
exp
−
, and thus X
= λ(t
. The SE is then
λt2
X1
λ(t1 )/L(t1 )
1

∆X
X1 − X2
λ(t2 )/L(t2 )
=−
=1−
= 1 − α.
X
X1
λ(t1 )/L(t1 )
We note that this corresponds to determining

λ(t2 )/L(t2 )
λ(t1 )/L(t1 )

(2.25)

in the λ(t) versus L(t) plot

2 )/L(t2 )
= 1 and
in Fig. 2.3f as a measure of scaling. As expected, the SE is zero if λ(t
λ(t1 )/L(t1 )
approaches one in the limit L(t) → ∞ as t → ∞ if λ(t) = const., i.e., if the gradient does
not lengthen on a growing domain. For a finite time t2 , the maximal SE is obtained

1)
= 1 − L(t
. To obtain a measure for the SE,
with λ(t2 ) = λ(t1 ) such that max ∆X
X
L(t2 )
which is zero for perfect scaling and one for no scaling, we use
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X
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(2.26)

To calculate the SE for the gradients in our models we need to determine their characteristic length λ(t) at different time points. In principle, this could be done by fitting an exponential function to the simulation results and determining the characteristic length from the fit. However, such fittings are imprecise, and we rather use that

E[z] = λ for an exponential gradient c̄(z) = exp − λz on z ∈ [0, ∞]. Accordingly, we
can approximate α in equation (25) by calculating E[X] for two normalized, rescaled
gradients at two different time points t1 and t2 , that is,

h

α=

x(t2 )
L(t2 )

i

E
E[X(t2 )]
L(t1 ) E[x(t2 )]
i=
= h
.
x(t
)
E[X(t1 )]
L(t2 ) E[x(t1 )]
E L(t11 )

(2.27)

As expected, if the two gradients are identical and thus α = 1, the SE is zero. Moreover
for t → ∞, we have L(t2 ) → ∞ and thus α → 0, SE → 1. For a finite time t2 , the
L(t )

maximal SE us now max(SE) =

1− L(t1 )
2
L(t )

1− L(t1 )
2

= 1.
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Software. The equations were solved with finite difference methods as implemented
in MATLAB on uniform growing domains, and by finite element methods as implemented in COMSOL Multiphysics 4.3b on non-uniformly growing domains [54, 55].

Chapter 3

Read-Out of Dynamic Morphogen
Gradients on Growing Domains
This chapter has been adapted from
Fried, P. and Iber, D., Read-Out of Dynamic Morphogen Gradients on Growing Domains. PLoS ONE 10(11), e0143226 (2015).
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3.1

Abstract

Quantitative data from the Drosophila wing imaginal disc reveals that the amplitude of
the Decapentaplegic (Dpp) morphogen gradient increases continuously. It is an open
question how cells can determine their relative position within a domain based on a
continuously increasing gradient. Here we show that pre-steady-state diffusion-based
dispersal of morphogens results in a zone within the growing domain where the concentration remains constant over the patterning period. The position of the zone that
is predicted based on quantitative data for the Dpp morphogen corresponds to where
the Dpp-dependent gene expression boundaries of spalt (sal) and daughters against dpp
(dad) emerge. The model also suggests that genes that are scaling and are expressed
at lateral positions are either under the control of a different read-out mechanism or
under the control of a different morphogen. The patterning mechanism explains the
extraordinary robustness that is observed for variations in Dpp production, and offers
an explanation for the dual role of Dpp in controlling patterning and growth. Presteady-state dynamics are pervasive in morphogen-controlled systems, thus making
this a probable general mechanism for the scaled read-out of morphogen gradients in
growing developmental systems.

3.2

Introduction

Morphogens control the emergence of spatial patterns during embryonic development
[6, 56–59]. According to the French Flag model, a morphogen gradient emerges across
the field of cells and cells sense the local morphogen concentration and assume a fate
according to whether the sensed concentration is above or below a given concentration
threshold [5]. While the exact shape of morphogen gradients has been a matter of
debate [60, 61], quantitative experimental data for the morphogen Decapentaplegic
(Dpp) in the Drosophila wing imaginal disc show that the Dpp morphogen forms a
gradient across its patterning domain that can be fitted well by an exponential function
of the form

 x
c(x) = c0 exp − .
λ

(3.1)

where c0 the amplitude of the gradient, corresponds to the concentration at the source
and λ is the characteristic length of the exponential gradient (Fig. 3.1a) [16, 44]. Dpp
defines the expression boundaries of several genes, including those of spalt (sal) and
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daughters against dpp (dad) [62, 63]. According to the French Flag Model, the boundary
position, xθ , of a gene expression domain (Fig. 3.1a) is then defined by a concentration
threshold c(x) = θ and thus by

xθ = λ · log

c 
0

θ

.

(3.2)

The read-out problem is further complicated by the fact that the patterns in the
Drosophila wing disc emerge as the domain is growing out. If the morphogen formed
a stable, steady state gradient with a constant read-out position (Fig. 3.1b) then the
relative position would move closer to the source as the domain is growing out (Fig.
3.1c). Intriguingly, it has been found that the Dpp gradient widens on the growing domain (Fig. 3.1d) in a way that the gradient length increases in parallel to the increase
in the wing disc length, a phenomenon that is referred to as scaling [16] (Fig. 3.1e).
Since the wing disc domain grows largely uniformly [16] and the apical surface area
of cells only shrinks at later stages in parts of the wing disc [16, 64–66], cells roughly
maintain their relative positions over time. As a result, the relative position of the cells
with respect to the gradient remains constant.
A number of different models have been proposed to explain the scaling of morphogen gradients [12–15, 67]. Most scaling mechanisms assumed the morphogen gradient to be in steady state. The quantitative data of the Decapentaplegic (Dpp) gradient in the Drosophila wing imaginal disc, however, show that the morphogen gradient is highly dynamic and that the gradient increases continuously over time [16]. A
pre-steady-state diffusion-based transport model is indeed more consistent with the
quantitative data and explains the observed scaling behavior [67]. Thus, as a result of
the diffusion-based pre-steady-state dispersal, the length of the exponential gradient
increases proportional to the square root of time, as indeed observed in the data [16].
In conclusion, the scaling of the Dpp gradient in the wing disc is not perfect. Nonetheless, in particular, at later stages the gradient expansion is almost linearly proportional
to the domain expansion [16].
While the pre-steady-state dispersal explains the scaling behaviour, the question of
how a continuously increasing and scaling gradient can be read out to result in scaling target genes has remained unanswered. Scaling alone cannot explain how the
Dpp morphogen gradient can define expression boundaries on the growing domain
because the Dpp gradient amplitude increases continuously with time [16] (Fig. 3.1f).
Accordingly, cells would be expected to see different Dpp concentrations over time
such that the threshold-based relative read-out positions,
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Figure 3.1: Morphogen gradients. (a) An exponential morphogen gradient (Eq. 3.1) with amplitude c0 on a domain with length
L = 300 μm. The position where the concentration equals c0 /e, the characteristic length scale, is denoted λ. According to the
French Flag model, a constant concentration threshold θ defines the boundary position xθ between two subdomains, shown
below in blue and white. (b) Two gradients with the same length scale λ and the same amplitude c0 on differently sized domains
have a common boundary position, xθ . (c) On a rescaled domain the gradients in panel b define different relative boundary
positions, ζθ , leading to different relative lengths of the subdomains, shown below in red and blue. (d) Two gradients with a
common ratio λ/L and the same amplitude c0 on differently sized domains have different absolute read-out positions, xθ . (e)
On a rescaled domain, the gradients from panel d overlap and thus define a common relative boundary position ζθ . Therefore,
the relative lengths of the subdomains are the same, shown below in red and blue. (f) For different amplitudes c0 for the scaled
gradients in panels d and e, the relative boundary positions are no longer the same, and the relative lengths of the subdomains
thus differ, shown below in red and blue.

ζθ =

c 
λ
xθ
0
=
log
,
L(t)
L(t)
θ

(3.3)

would be shifted out over time (Fig. 3.1f). Quantitative experimental data, however,
confirm that also the boundaries of the Dpp-controlled gene expression domains scale
with the growing domain [17]. A mechanism must thus be in place that permits a
constant relative read-out position, ζθ , over time in spite of an increasing concentration
gradient. It is an open question how a continuously increasing gradient could be read
out [68].
We now show that the imperfect scaling of the pre-steady-state gradient also resolves
the conundrum of how expression boundaries can be robustly defined by an increasing gradient on a growing domain. We show that as a result of imperfect scaling, a
zone exists on the domain where the Dpp concentration remains almost constant over
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time. Using published experimental data together with our data-based model of the
Dpp gradient in the Drosophila wing imaginal disc, we confirm that predicted location of this zone coincides with the position where the Dpp-dependent gene expression boundaries of sal and dad emerge. The scaling of more lateral gene expression
boundaries cannot be explained by this mechanism. Intriguingly, the scaled lateral
gene expression domains that are affected by Dpp, i.e. brinker (brk) and optomotor blind
(omb), are mainly controlled by another morphogen, Glass bottom boat (Gbb) [69].
Finally, we show that the dual role of Dpp in controlling both growth and patterning
increases the robustness of the patterning mechanism to variations in Dpp production.
Pre-steady-state dynamics are pervasive in morphogen-controlled systems, thus making this a probable general mechanism for the scaled read-out of morphogen gradients
in growing developmental systems.

3.3

Results

Read-out of a morphogen gradient on a growing domain. Before we focus on the
detailed model of the Dpp morphogen in the Drosophila wing disc, we will first use a
simple set-up to show that the combination of an expanding gradient and an increasing amplitude, as observed for the pre-steady-state dispersal mechanism, results in
a position on the domain where the concentration remains constant over time. This
position can then serve as read-out position. We will consider the simple gradient
given by Eq. 3.1, and we will compare the read-out of morphogen gradients that either scale perfectly, i.e. λ ∝ L(t) (Figs. 3.2 and 3.3, left column), that do not scale at
all (λ = const.) (Figs. 3.2 and 3.3, center column), or that scale imperfectly as observed
√
in our pre-steady-state model of the Dpp gradient (λ ∝ t) (Figs. 3.2 and 3.3 right
column). By applying different thresholds to the simulated gradients (Figs. 3.2, 3.3,
differently coloured lines in first row), we can follow the relative read-out position
over time on the linearly growing domain, L(t) = L(0) + vg t (Figs. 3.2 and 3.3, second
row). Note that the different domain lengths correspond to different time points.
We will first consider the case of a constant amplitude, c0 = const., for the gradient
(Fig. 3.2). If the morphogen gradient scales perfectly, i.e. λ ∝ L(t), then the position
of the read-out domain, xθ (Eq. 3.2), will shift proportionally to the increase in the domain length (Fig. 3.2a, differently coloured lines), and the relative read-out position,
ζθ (t) (Eq. 3.3), is constant over time (i.e. for all domain lengths, L(t)) and for all possible concentration thresholds and thus for all possible final read-out positions (Fig.
3.2d, coloured lines). In more mathematical terms, the change of the relative read-out
dζ
position, ζθ (t), with domain length, L(t), determined as the derivative, dL(t)
, from Eq.
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3.3 is zero for all times and for all read-out positions (Fig. 3.2g); for a derivation see
the Methods section. To evaluate the quality of the read-out on the growing domain
we introduce the measure ∆ζ (Fig. 3.2j). ∆ζ quantifies the maximal shift in the relative
read-out position over a time interval ∆t (marked by horizontal black lines in panel d
for a given threshold concentration θ and thus for the different final read-out positions
(marked by the different colours in panels a,d,j). Since ζθ (t) does not change over time
(Fig. 3.2d,g) the maximal time-dependent change in the read-out position, ∆ζ, in the
considered time interval is also zero for all possible concentration thresholds θ and
thus for all possible final read-out positions (Fig. 3.2j).
If we now consider a gradient that does not scale at all, i.e. λ = const. (Fig. 3.2b), the
relative read-out position is monotonically decreasing with increasing domain length,
dζ
is therefore negative everywhere, except at
except at ζθ (t) = 0 (Fig. 3.2e), and dL(t)
ζθ (t) = 0 where it is zero (Fig. 3.2h). Accordingly, ∆ζ is nonzero everywhere except
for the final boundary positions of zero and one (Fig. 3.2k).
√
In case of our imperfect scaling mechanism (λ ∝ t) the relative boundary position is
slowly decreasing after a rapid initial increase (Fig. 3.2c). In agreement with this, the
deviation in the boundary positions over time is lower than in the absence of scaling
dζ
is negative everywhere, except at ζθ (t) = 0, the absolute
(Fig. 3.2f) and while dL(t)
value is smaller than in the absence of scaling (compare Fig. 3.2h,i). Accordingly, ∆ζ
has a similar shape as in the absence of scaling, but the positional inaccuracy is less
(compare Fig. 3.2k,l). The most stable read-out position is, however, obtained with
perfect scaling (Fig. 3.2j).
The situation changes when we consider an increasing gradient amplitude (Fig. 3.3).
According to the measurements in the Drosophila wing imaginal disc [16], c0 is related
to the area of the wing disc by a power-law of the form
c0 (t) = A(t)β = k2 · L(t)2β .

(3.4)

Here, A(t) denotes the area of the wing disc, which is proportional to the square of the
length of the domain, L(t), and k2 is the proportionality constant.
In case of perfect scaling of the morphogen gradient, λ(t) ∝ L(t), we now observe a
shift to the right in the read-out position over time (Fig. 3.3a,d). From the derivative
dζ
2β
= L(t)
k1 (Fig. 3.3g), we see that this shift depends on the strength, β, by which
dL(t)
the gradient amplitude, c0 , increases (Fig. 3.3j, blue line), but it does not depend on
the threshold concentration and thus on the read-out position (Fig. 3.3j, red line). Accordingly, ∆ζ is zero only at the left and right boundaries, and substantially deviates
from zero otherwise (Fig. 3.3m).
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In case of a non-scaling morphogen gradient, the read-out position still shifts over
time (Fig. 3.3b), but the read-out positions close to zero are now shifting to the right
rather than to the left (Fig. 3.3e). This effect can be understood by considering the
dζθ
2β λ
ζθ
derivative dL(t)
= L(t)
− L(t)
(Fig. 3.3h). The second term, shown as red line in Fig.
L(t)
3.3k, is the same as for a constant gradient amplitude (β = 0) (Fig. 3.2h). However, as a
result of the increasing gradient amplitude (β > 0), the derivative now also comprises
a term that is independent of the read-out position (Fig. 3.3k, blue line). This additional positive term increases the value for the derivative, such that it is positive for
small ζθ (t) and negative for larger ζθ (t) (Fig. 3.3h). Accordingly, close to the source at
dζ
, and thus the positional
ζθ (t) ∝ 0.05, there is a position, where the derivative, dL(t)
inaccuracy, ∆ζ, are zero (Fig. 3.3n). This is visible as a crossing of all gradients over
time in a single point (Fig. 3.3b). Such a behavior has indeed recently been reported
for the Bicoid gradient in differently sized embryos [70]. In case of the Bicoid gradient,
the domains are static but can vary in size in different embryos. DNA replication is
coupled to the nuclear volume of the nurse cells such that the concentration is higher
in larger embryos (β ≈ 3) [70]. In case of the Dpp gradient, the concentration increases
less as the domain expands (β ≈ 1.2), and as a result the gradients would cross rather
close to the source (ζθ (t) ∝ 0.05) in the absence of scaling. Such a short read-out distance would not be helpful for a biological patterning mechanism. Further away from
the source the positional inaccuracy, ∆ζ is large again (Fig. 3.3n).
Strikingly, in case of the imperfectly scaling gradient, the read-out position shifts much
less over time (Fig. 3.3f), and we again observe a position where all gradients intersect (Fig. 3.3c). Again, the increasing gradient amplitude
(β > 0) adds a thresholdq
2β 1
ζθ
ζθ
dζθ
D
+ 2(L(t)−L
.
independent term to the derivative, dL(t) = L(t) L(t) 2vg (L(t) − L0 ) − L(t)
0)
The contribution of this position-independent term is larger than in the absence of
scaling (Fig. 3.3k,l, blue lines) and the slope of the position-dependent term is less
(Fig. 3.3k,l, red lines).
As a result, the position ζθ (t), where the derivative is zero (Fig. 3.3i) and the read-out
position is thus stable with time, is shifted further into the domain. We note that the
dζθ
derivative, dL(t)
, in panel i is plotted at the final time point. Here the minimal deviation
is attained at ζθ (t) ∝ 0.3. Integrated over time, ∆ζ, however, attains the lowest value
close to 40% of relative domain length (Fig. 3.3o).
In summary, perfect scaling of morphogen gradients results in a perfectly stable readout position in case of a constant gradient amplitude, while imperfect scaling gradients result in the most stable read-out position of all three mechanisms in case of
increasing gradient amplitudes.
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Figure 3.3: Read-out of morphogen gradients with increasing amplitude c0 on a growing domain. Gradient read-out for a
gradient with an increasing amplitude, c0 ∝ L(t)2β with β = 0.6, in case of (left column) perfect scaling with λ = k1 · L(t);
k1 =q
0.11 (ref [16]), (center column) absence of scaling with λ = 20.2 μm (ref [44]), and (right column) imperfect scaling with

λ=

D
L(t)
2vg

−

D
L
2vg 0

with

D
2vg

= 3 μm and L0 = 46 μm (ref [67]). (a-c) A morphogen gradient at three timepoints (L(t) =

100 μm (light grey), L(t) = 200 μm (dark grey), L(t) = 300 μm (black)) on a rescaled domain. Differently colored lines represent
different concentration thresholds. (d-f) Trajectories of the positions, ζθ , where the different threshold concentration, shown in
panels a-c, are attained. The dashed horizontal lines mark the time interval that is further analysed in panels m-o. (g-i) The
θ
θ
derivative of the relative read-out position with respect to the domain length, dζ
. (j-l) The derivative dζ
not only depends on
dL
dL
the relative position ζθ (red lines), but also on the gradient amplitude, β (blue lines); see Methods section. (m-o) The maximal
deviation of the relative read-out positions, ∆ζ, in the interval from 125 μm to 300 μm (marked by dashed, black horizontal lines
in panels d-f) for different final read-out positions. The colored dots indicate the final read-out position of the thresholds shown
in panels a-c.

44 Chapter 3. Read-Out of Dynamic Morphogen Gradients on Growing Domains

Read-out of the Dpp gradient in the Drosophila wing disc. We recently developed
a model for Dpp spreading in the growing Drosophila wing imaginal disc (Fig. 3.4a)
that quantitatively agrees with the measured experimental data [67]. In particular, the
model reproduces the experimentally observed scaling of the morphogen gradient
with domain size, the increase of the gradient amplitude, and the relative distributions of the ligand Dpp between the extracellular and intracellular space. The model
follows the dynamics of the morphogen Dpp and its receptor Tkv and considers the
internalization and degradation of the Dpp-Tkv complex as two separate steps (Fig.
3.4a). Importantly, degradation of the internalized Dpp ligand is slow, thus ensuring
that the model remains in a pre-steady-state over the course of the developmental period of 90 h. The ligand Dpp is produced in a stripe in the center of the domain that
spans 10% of the entire anterior-posterior length. The receptor can be produced everywhere, but receptor production is inhibited by ligand-receptor signaling [49, 50].
The domain comprises the entire anterior-posterior axis with x(t) ∈ [−L(t), L(t)] and
expands linearly at the measured speed vg , i.e. L(t) = L(0) + vg t ; for more model
details, see the Methods section.
When we simulate the model on the growing domain (Fig. 3.4b), we notice that the
morphogen gradients at different time points all cross at a relative position of approximately ζ = 0.25 (Fig. 3.4c,d), even though the gradients widen over time to achieve
(imperfect) scaling (Fig. 3.4b). We next monitored the change in the read-out position
over time for different threshold concentrations (Fig. 3.4d, differently coloured lines).
During the early phase of growth when scaling is particularly imperfect, the relative
read-out position, ζθ (t), where a given threshold concentration is attained, is pushed
away from the source as the domain is growing out. However, after this initial movement of the read-out positions, the relative read-out positions are remarkably stable
on the growing domain (Fig. 3.4e). Much as in Figs. 3.2 and 3.3, we next plotted
the maximal deviations in the read-out position in the time interval that is marked by
black horizontal lines in panel e for the different threshold concentrations (Fig 4f) and
thus at the different possible final relative read-out positions (Fig. 3.4g). At a threshold
concentration of 1 (marked by a light blue line), the read-out position barely changes
over time (Fig. 3.4d-f). Accordingly, at about 25% of domain length, the read-out position in the domain barely changes over time (Fig. 3.4g), even though the amplitude
of the gradient increases over time (Fig. 3.4b). We note that the position of this stable
read-out position is closer to the source for the detailed Dpp model (25% of domain
length) compared to the simple model in Fig. 3.3 (40% of domain length). This difference can be accounted to the impact of ligand degradation. In Figs. 3.2 and 3.3, we
√
considered the case λ ∝ t. This relationship is accurate only in the complete absence
of degradation [67].
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In the Drosophila wing disc, several genes are directly regulated by Dpp signaling,
in particular sal and dad [17, 62, 63]. Their gene expression boundary positions have
been reported at different developmental stages, and thus for different wing disc
lengths [17]. When we plot the relative boundary positions of these gene expression
domains against the domain length we notice a considerable variance in the reported
results, both for sal (Fig. 3.5a) and for dad-gfp (Fig. 3.5b). We can use our model
to determine the range of threshold concentrations that would correspond to the extreme measurements (blue and red lines) and to the average measurements (yellow
lines). We notice that the experimentally observed positional inaccuracy corresponds
to a five-fold variation in the threshold concentration for sal and to an 18-fold range
for dad-gfp (Fig. 3.5c,d). When we compare the corresponding relative final read-out
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positions to the model, we notice that the average biological read-out position (orange line) coincides with the position where the model predicts the highest stability
of the read-out position over time (Fig. 3.5c,d). In particular, the expression domain
of dad-gfp coincides almost perfectly with the minimum (Fig. 3.5d), while the sal expression boundary is centered at a slightly higher threshold concentration where the
read-out position varies slightly more over time (Fig. 3.5c). In conclusion, sal and dad
have their expression boundaries in a part of the domain where the imperfect scaling of the morphogen gradient is compensated by the increasing gradient amplitude,
c0 . This provides an explanation how a simple Dpp concentration threshold-based
mechanism can yield the observed scaled expression boundaries for these genes.
In contrast to this it is well known that other genes affected by Dpp signaling, e.g.
omb and brk, have their gene expression boundary in more lateral regions of the posterior compartment, but nevertheless have been reported to scale [17]. In these regions
our model however would predict that the scaling quality is rather bad (∆ζ ≥ 0.05).
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The observed lateral scaling behavior can thus not be explained with the read-out of
a constant threshold of an imperfectly scaling Dpp gradient. There are two alternative explanations: either the Dpp gradient is read out by a different mechanism in the
lateral region, or the scaling of the lateral gene expression domains is achieved by a
different morphogen. With regard to the first option, we note that the Dpp levels are
at least 2-3 orders of magnitude smaller in lateral regions compared to the maximal
concentration at the source. Given the low Dpp concentration in the lateral region, a
robust read-out the Dpp concentration can be considered difficult also with a different mechanism. With regard to the second option of a different morphogen, there is
a very good candidate, the BMP ligand Glass bottom-boat (Gbb). Much as Dpp signaling, also Gbb signaling is transduced via Tkv type I receptors and pMad [69]. Gbb
mutants show defects or complete loss of the L5 vein, which is well established to be
controlled by Brk and Omb [71]. Reducing Dpp function, on the other hand, clearly
affects pattern in medial regions (loss of L2 and L4 in strong phenotypes), but never
leads to a loss of the L5 vein [69]. These results suggest that in wildtype discs Dpp signaling is the major regulator in medial parts and Gbb signaling is the major regulator
in lateral regions. Overexpression of dpp in the lateral parts will, of course, still affect
brk and omb expression via Dpp’s effects on pMad.
Influence of parameters on read-out dynamics. Developmental patterning mechanisms are intriguingly robust, and the correct relative patterns are observed in embryos that differ in size and growth speed or that grow up at different temperatures
[72–74].We wondered how robust our conclusions would be to changes in the parameter values. To this end, we both doubled and halved the original value for each of
the ten parameters. As a concentration threshold we used the concentration that results in a minimal shift of the relative read-out position for the original parameters.
As expected, for most parameters, halving or doubling the parameter values had an
effect on the final read-out position (Fig. 3.6, left column). Interestingly, as the readout position shifted, so did the position, where the most stable read-out is achieved.
As a consequence, the most stable read-out was still achieved at the same threshold
concentration, even though the position of its read-out had shifted in the domain (Fig.
3.6, right column). One exception to this is the degradation rate kdeg , for which we observe a much higher deviation in the relative boundary position during growth when
the degradation rate is increased (Fig. 3.6h). This can be accounted to the lower quality of scaling because a steady state is attained more quickly for a higher degradation
rate [67]. As a result, the expansion of the gradient and the increase of c0 are not
compensating each other very well at higher degradation rates.
This might also explain the effects seen in Pentagone (pent) mutants, where the pMad
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Figure 3.6: The sensitivity and robustness of the read-out to independent changes in the parameter values. Influence of either
doubling (red) or halving (blue) the specified model parameters of the model shown in Fig. 3.4 (left column) on the relative
boundary position during domain growth, and (right column) on the maximal deviation in the relative read-out position in the
interval from 125 μm to 300 μm (marked by horizontal dashed black lines in a,b), ∆ζ, for the different final read-out positions.
The perturbed parameters were the (a) Dpp production rate, (b) Tkv production rate, (c) Tkv degradation rate, (d) Dpp-Tkv
binding rate, (e) Dpp-Tkv unbinding rate, (f) Tkv internalization rate, (g) Tkv exocytosis rate, (h) degradation rate of internalized
Dpp, (i) Dpp diffusion constant, (j) growth speed. Dashed lines indicate the final readout position after doubling (red) or halving
(blue) the original parameter value (final point in the panels in the left column). In all perturbations, the concentration threshold
was applied which yields the lowest positional inaccuracy in the standard model, θ = 1.12 (Fig. 3.4f).

gradient is much shorter and most target genes are not scaling [17]. How Pentagone is
regulating Dpp is not known yet, and a number of mechanisms have been suggested,
including blocking rapid internalization of Dpp, preventing degradation of external
Dpp and hindering tight binding of Dpp to Tkv [75]. As discussed above an increase
in the rate of degradation, whether mediated by rapid internalization of the Tkv-Dpp
complex or the external degradation of Dpp, would reduce scaling and shorten the
Dpp gradient. Furthermore there is a strong effect on the size and shape of the wing
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disc in Pentagone mutants [17, 75]. We previously showed that changes in the growth
rate or in the linearity of growth can have severe effects on scaling, which would again
be in agreement with the qualitative observations of the Pentagone mutant.

Dual effect of Dpp on growth and patterning enhances robustness of the read-out
mechanism to changes in the Dpp production rate. As shown above, an isolated
change in the production rate of Dpp, ρDpp , greatly shifts the read-out pattern in
our model (Fig. 3.6a). However, even though ectopic expression of dpp has previously been shown to result in considerable overgrowth of the wing disc [76], the dppoverexpressing wing discs are considered as patterned normally [16]. Interestingly,
when we increase the Dpp production rate, ρDpp , and the growth rate, vg , by 2-fold
and in parallel, we notice that in the region of sal and dad expression the effect on the
simulated Dpp gradient is small both on a linear scale (Fig. 3.7a) and on a log-scale
(Fig. 3.7b). Therefore, also the change in the relative read-out position in this region is
very small (Fig. 3.7c).
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If we compare this to the situation in a simple steady state model (Methods), we notice
that the insensitivity of the Dpp gradient (Fig. 3.7d,e) and the relative read-out position (Fig. 3.7f) to a parallel increase in the Dpp production rate and the growth rate
is restricted to the very front of the domain. The region, where sal and dad have their
expression boundaries, therefore still become shifted (Fig. 3.7f). The reason for the
different levels of compensation in the steady state model and in the pre-steady-state
wing disc model lie in the different effects of the enhanced Dpp production rate on
the Dpp gradient length. In the steady state model, the Dpp gradient length remains
unchanged. On a faster growing, larger domain, the relative gradient length therefore
becomes shorter and less Dpp reaches the read-out positions of sal and dad. In case
of the pre-steady-state gradient in the detailed wing disc model, the increased Dpp
production rate, not only translates into a higher gradient amplitude c0 , but also into a
longer gradient length. In fact, the more Dpp is produced, the more saturated the Dpp
receptors become, and this effect is even more enhanced by the negative feedback of
Dpp signaling on the receptor production rate. The parallel impact of Dpp on growth
and patterning thus permits robust patterning in spite of variations in the strength of
Dpp production in the pre-steady-state wing disc model.

3.4

Discussion

Patterning during development is remarkably robust, but the mechanistic basis has remained elusive. We have previously shown that the scaling of the Dpp gradient with
the expanding size of the wing disc [16] can be explained with the pre-steady-state
behavior of the gradient [67]. However, how a scaled gradient with an increasing
amplitude could be read out by cells remained unclear. We have shown here that
the pre-steady-state character of the gradient also permits the robust threshold-based
read-out of the gradient, even though the gradient amplitude increases continuously
with time. In particular, we find that the combination of imperfect scaling and a continuously increasing gradient amplitude results in a position on the scaled domain,
where the concentration remains constant over development (Figs 2-4). We further
found that the position, where the morphogen concentration is constant over time,
coincides with the expression boundaries of the two genes, sal and dad, that are controlled by Dpp signaling (Fig. 3.5) [17].
The read-out mechanism is remarkably robust. Changes in any of the parameter values shift the final read-out position of the gradient, but a constant relative read-out
position over time is still achieved for the same concentration (Fig. 3.6). Thus, even
if parameter values change, the larvae can still use the same concentration threshold
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for the read-out. Alternatively, the expression boundary may be detected as the position where the local concentration no longer increases over time. Thus, after an initial
build up of the gradient, the morphogen concentration continues to increase over time
at positions closer to the source, but decreases at the positions further away (Fig. 3.4d).
It is a long-standing question why Dpp controls both growth and patterning. We now
find that the additional role of Dpp in controlling growth is important to enable the
observed robustness of the patterning process to changes in the strength of Dpp expression (Fig. 3.7). If Dpp did not enhance growth, Dpp-dependent patterns would be
rather sensitive to changes in the Dpp production rate (Fig. 3.6a). The impact of Dpp
on growth may thus mainly exist to enhance the robustness of the patterning mechanism to noisy protein production. It has previously been suggested that the Dpp gradient would be responsible for the the uniform growth rate and its decline in the wing
disc because, in case of a perfectly scaling exponential gradient, the relative temporal
change in the Dpp concentration would be equal everywhere within the domain, thus
enabling uniform growth, and the magnitude of the relative temporal change in the
Dpp concentration would decline according to a power law, thus offering an explanation for the uniformly declining growth rate (see Methods section for details) [16]. The
mechanism has been questioned because clones in the wing imaginal disc that cannot
transmit Dpp signalling grow at the same rate as signalling competent cells [19]. In
light of our analysis, the Dpp gradient appears to be in pre-steady-state and to scale
imperfectly. The relative temporal change in the Dpp concentration would then be
different at different positions within the domain (Fig. B.1a), as would be its temporal
decline (Fig. B.1b). Our imperfectly scaling gradient would thus not correlate with the
observed growth pattern in the wing disc and our analysis would thus not support
such a role of the Dpp gradient.
In summary, our analysis shows that a pre-steady-state gradient model enables a robust threshold-based read-out on a growing domain, in spite of a continuously increasing amplitude. Pre-steady-state dynamics are pervasive in morphogen-controlled
systems, thus making this a probable general mechanism for the scaled read-out of
morphogen gradients in growing developmental systems.

3.5

Methods

In this paper, two models are used. In Figs. 3.2 and 3.3 we use the observation that
the experimentally measured Dpp gradient can be well approximated by exponential
gradients [16]. We then analyze three different modes of scaling for a constant gradient
amplitude (Fig. 3.2) as well as an increasing gradient amplitude (Fig. 3.3). In the
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absence of scaling the characteristic length λ is constant over time. In case of perfect
scaling the characteristic length is proportional to the domain length, i.e. λ ∝ L(t).
We previously showed that the scaling of the Dpp gradient can be best described by
the pre-steady-state dispersal of a diffusive, long-lived morphogen [67]. We showed
√
that for such a behavior the characteristic length can be approximated by λ ∝ t,
which we termed imperfect scaling. The analysis shown in Figs. 3.2 and 3.3 is thus
based on the biologically observed exponential gradient approximation and not on
any steady state solution of a mechanistic model although it converges to the same
mathematical description in the case of a constant gradient amplitude and a constant
gradient length. In Figs. 3.4-3.6 and 3.7a-c, we confirm the validity of the results from
the simple models (Figs. 3.2 and 3.3) in a detailed pre-steady-state model of wing disc
patterning. We previously showed that the detailed model recapitulates all relevant
experimental measurements quantitatively [67]. In Fig. 3.7d-f we use the steady state
solution for a secretion-diffusion-decay model, which follows the same mathematical
description as Eq. 3.1.
Derivation of the relative read-out positions over time for the different scaling behaviours. In the following, we provide the derivation of the relative read-out position and the change of the read-out position on the growing domain for the different
scaling behaviours, i.e. for perfect scaling, no scaling, and imperfect scaling, when the
gradient amplitude is either constant or increases with time.

λ
log cθ0 .
Eq. 3.3 reports the general formula for the relative read-out position, ζθ (t) = L(t)
This formula applies in the absence of scaling, λ = const.. For perfect scaling we
2
have λ = k1 · L(t), while for imperfect
q scaling, we previously established that E[x ] =

D·L(t)
0
2λ2 = Dt (ref [67]) such that λ =
− D·L
on a linearly growing domain with
2vg
2vg
L(t) = L0 + vg t. We can substitute the respective length scales into Eq. 3.3 and obtain
the relative read-out position for

Perfect scaling:

Imperfect scaling:


c 
k1 · L(t) · log cθ0
0
ζθ (t) =
= k1 · log
L(t)
θ
q

D·L(t)
D·L0
c0
−
·
log
2vg
2vg
θ
ζθ (t) =
.
L(t)

(3.5)

(3.6)

For all aforementioned cases we can also calculate the derivative of the relative boundary position with respect to the domain length. To obtain this measure we differentiate
Eqs. 3.3, 3.5, 3.6 w.r.t. the domain length and substitute Eqs. 3.3, 3.5, 3.6 into them.
The resulting derivatives are:
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Non-scaling:

Perfect scaling:

Imperfect scaling:

dζθ
ζθ
=−
dL(t)
L(t)

(3.7)

dζθ
=0
dL(t)

(3.8)

dζθ
ζθ
ζθ
=−
+
.
dL(t)
L(t) 2 · (L(t) − L0 )

(3.9)

We now consider the impact of an increasing gradient amplitude. According to Eq.
3.4 we have c0 = k2 · L(t)2β and thus, with Eqs. 3.3, 3.5, 3.6, we have for the relative
read-out position:

λ · log
Non-scaling:

ζθ (t) =



k2 ·L(t)2β
θ


(3.10)

L(t)

k2 · L(t)2β
ζθ (t) = k1 · log
θ


Perfect scaling:

q
Imperfect scaling:

ζθ (t) =

D·L(t)
2vg

−

D·L0
2vg


(3.11)

· log



k2 ·L(t)2β
θ



L(t)

(3.12)

.

For all cases we can then again calculate the derivative of the relative boundary position with respect to the domain length by differentiating and then substituting Eqs.
3.10-3.12 into them:

Non-scaling:

Perfect scaling:

Imperfect scaling:

ζθ
2β · λ
dζθ
=−
+
dL(t)
L(t)
L(t)2

(3.13)

dζθ
2β · k1
=
dL(t)
L(t)

(3.14)

2β ·
dζθ
ζθ
ζθ
=−
+
+
dL(t)
L(t) 2 · (L(t) − L0 )

q

D·L(t)
2vg

L(t)2

−

D·L0
2vg

.

(3.15)

We note that for all these formulas, we can recover the formulas for constant gradient
amplitude by setting β = 0.
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Deviation of the final read-out position in the steady state gradient model. Assuming a steady state model as given by Eq. 3.1, we can calculate the deviation in the final
read-out position between a wildtype length scale λwt and a new length scale λnew .
ζwt − ζnew

λnew · log
= ζwt −
L(t)

c0
θ


= ζwt −

λnew ·

xwt
λwt

L(t)

= ζwt − ζwt



λnew
λnew
= ζwt 1 −
(3.16)
λwt
λwt

Similarly we can also calculate the deviation in the final read-out position for parallel
changes in the production rate and the growth speed. In the steady state model the
production rate is proportional to the concentration at the left boundary c0 . We can
therefore write

λ · log
ζwt − ζnew =



cwt
0
θ



L0 + vgwt t

λ · log
−



cnew
0
θ



L0 + vgnew t

= ζwt −

λ · log(f ) + ζwt · (L0 + vgwt t)
L0 + f · vgwt · t

(3.17)

where f is the factor by which c0 and vg are changed, i.e. vgnew = f ·vgwt and cnew
= f ·cwt
0
0 .

Gradient read-out based on local temporal changes in the morphogen concentration. It has been suggested that, rather than responding to fixed concentration thresholds, cells may sense the relative temporal increase of the concentration over time, i.e.
dc/dt
= ċc (refs. [16, 77]). In the following, we will derive the formulas for the relative
c
temporal increase of the concentration, cċ , for perfect scaling, absence of scaling, and
imperfect scaling. As before, we are considering a morphogen gradient of the form
c(x, t) = k2 · L(t)2β · exp(−x/λ(t)) on a linearly growing domain L(t) = L(0) + vg · t,
with x = ζ · L(t).
Assuming perfect scaling, we have c(ζ, t) = k2 ·(L0 +vg ·t)2β ·exp(−ζ/k1 ). The temporal
derivative is given by ċ(ζ, t) = k2 · 2β · vg · (L0 + vg · t)2β−1 · exp(−ζ/k1 ). Therefore the
normalized temporal increase of the concentration over time is given by:

k2 · 2β · vg · (L0 + vg · t)2β−1 · exp(−ζ/k1 )
2β · vg
2β · vg
ċ(ζ, t)
=
=
=
.
2β
c(ζ, t)
k2 · (L0 + vg · t) · exp(−ζ/k1 )
L0 + vg · t
L(t)

(3.18)

Similarly, we can calculate the normalized temporal increase of the concentration over
time in the case of absence of scaling:
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ζ·L(t)
· 2β · vg · L(t)2β−1 − L(t)2β ·
k
·
exp
−
2
λ
ċ(ζ, t)


=
c(ζ, t)
k2 · L(t)2β · exp − ζ·L(t)
λ
2β · vg − L(t) ·
=
L(t)

vg
λ

·ζ

=

vg
λ

·ζ



2β · vg vg · ζ
−
L(t)
λ

(3.19)

and in the case of imperfect scaling:


 √
 
2·ζ·L(t)
2β−1
2β
k2 · exp − √Dt
· 2β · vg · L(t)
+ L(t) · √D·ζ·L(t)3 −
2·(Dt) 2
ċ(ζ, t)
 √

=
c(ζ, t)
√
k2 · L(t)2β · exp − 2·ζ·L(t)
Dt
=

2β · vg
D · ζ · (L(t) − 2L0 )
−

 32
√
L(t)
D
D
2 · vg L(t) − vg L0


√
2·vg ·ζ
√
Dt

(3.20)

We see that for perfect scaling, ċc is spatially uniform and decreases during growth with
time according to a power law. In the absence of scaling and for imperfect scaling, cċ
still decreases with time, but not in a spatially uniform manner.

Chapter 4

Axis Patterning by BMPs
In this chapter I contributed the mathematical models that are based on the experimental data from our collaborators. My master student Karin Meier helped me with
the Xenopus model. This chapter has been adapted from
Genikhovich, G., Fried, P., Prünster, M. M., Schinko, J. B., Gilles, A. F., Fredman, D.,
Meier, K., Iber, D., Technau, U. Axis Patterning by BMPs: Cnidarian Network Reveals
Evolutionary Constraints. Cell Reports 10, 1646-1654 (2015).
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4.1

Summary

BMP signaling plays a crucial role in the establishment of the dorso-ventral body axis
in bilaterally symmetric animals. However, the topologies of the bone morphogenetic
protein (BMP) signaling networks vary drastically in different animal groups, raising questions about the evolutionary constraints and evolvability of BMP signaling
systems. Using loss-of-function analysis and mathematical modeling, we show that
two signaling centers expressing different BMPs and BMP antagonists maintain the
secondary axis of the sea anemone Nematostella. We demonstrate that BMP signaling
is required for asymmetric Hox gene expression and mesentery formation. Computational analysis reveals that network parameters related to BMP4 and Chordin are
constrained both in Nematostella and Xenopus, while those describing the BMP signaling modulators can vary significantly. Notably, only chordin, but not bmp4 expression
needs to be spatially restricted for robust signaling gradient formation. Our data provide an explanation of the evolvability of BMP signaling systems in axis formation
throughout Eumetazoa.

4.2

Introduction

Bone morphogenetic protein (BMP) signaling regulates dorso-ventral (DV) axis patterning in Bilateria. Binding of a homo- or heterodimeric BMP ligand to the BMP
receptor leads to phosphorylation of SMAD1/5/8, which enters the nucleus together
with SMAD4 and regulates transcription of target genes [78]. Several BMP family
molecules, BMP2/4, BMP5-8, ADMP, and Gdf5/6, use this pathway, however, the
most prominent members of the family are BMP2/4 and BMP5-8. Signaling is regulated extracellularly by several antagonists, including Chordin, which binds to BMPs
and prevents them from binding their receptors [79]. In contrast to other BMP antagonists, Chordin can be cleaved by Tolloid metalloprotease, resulting in the release
of active BMP ligand [80]. Thus, Chordin acts as a BMP shuttle diffusing away from
Chordin source and promoting signaling at a distance [78]. These interactions form a
BMP signaling gradient patterning the DV axis in vertebrates and insects, leading to
the idea of a common evolutionary origin of the DV axis in Bilateria [81,82]. Indeed, in
vertebrates and in Drosophila, bmp4 and chordin homologs are expressed at the opposite
ends of the DV axis (Fig. 4.1A), and the position of the CNS is defined by suppression
of BMP signaling, independent of whether the CNS is dorsal, as in vertebrates, or ventral, as in flies. Yet, even within Bilateria, variations regarding expression domains and
network topology exist. For example, sea urchin bmp4 and chordin are co-expressed on
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the same side of the DV axis (Fig. 4.1A; [83]), and many molecules were shown to play
crucial roles in DV patterning in some phyla but not in others [84–88], which raises
the question of the ancestral condition in Bilateria. In this respect Cnidaria, the sister
group to Bilateria [89, 90], is pivotal for understanding the evolution of key bilaterian traits. Among cnidarians, Anthozoa (corals, sea anemones) encompass bilaterally
symmetric animals with a directive axis orthogonal to the oral-aboral axis. Previous
work demonstrated that the directive axis of the sea anemone Nematostella vectensis is
marked by asymmetric expression of BMPs and BMP antagonists [24, 91–94], pointing at the possible common evolutionary origin of the directive axis and the bilaterian
DV axis. Surprisingly, expression domains of the Nematostella homologs of vertebrate
bmp4 and chordin, NvDpp and NvChd, are not opposed as in vertebrates and insects but
become co-localized during gastrulation at the same side of the embryo [93], as in sea
urchin ( [83]; Figs. 4.1A and 4.1B). This symmetry break depends on BMP signaling
itself [94]. Another BMP gene, NvGDF5- like, and a gene coding for a BMP antagonist gremlin (NvGrm) also are expressed asymmetrically in early planula, yet on the
opposite side of NvDpp, NvBMP5-8, and NvChd (Fig. 4.1B), suggesting a more complex network [93]. How such signaling system evolved and what constraints limited
its evolutionary divergence is unclear. Here, by a combination of gene knockdown
analysis and mathematical modeling, we reveal the functional links and constraints
of the BMP signaling network regulating the maintenance of the directive axis in Nematostella. Our data provide an explanation for the evolutionary divergence of BMPdependent axis regulation observed among animals.

4.3

Results

BMP Signaling Forms a Gradient along the Directive Axis Opposing expression
of two sets of BMPs and BMP antagonists (NvDpp/NvBMP5-8/NvChd and NvGDF5like/NvGrm) along the directive axis makes it difficult to predict how these secreted
factors influence one another and where BMP signaling occurs. Using anti-pSMAD1/5
antibody staining as a readout of BMP signaling, we revealed strong nuclear pSMAD1/5 staining on one side of the directive axis in early planula (Fig. 4.1D). Since
different BMPs are expressed on different sides of the embryo (Fig. 4.1B; Table C.1),
and because no morphological landmarks exist, it was unclear where BMP signaling
is active along the directive axis. Double in situ hybridization experiments showed
that NvDpp and a Hox gene NvHoxE (Figs. 4.1C and C.1A; Table C.2) are expressed on
opposing sides of the directive axis [24, 95]. Therefore, we generated an anti-NvHoxE
antibody and co-immunostained the embryos with anti-pSMAD1/5 and anti-NvHoxE
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Figure 4.1: BMP Signaling Is Strongest on GDF5-like-Expressing Side of Nematostella Embryo. (A) Positions of chordin (blue)
expression, bmp4 (green) expression, and BMP signaling domain (red circles) in different animal models. (B and C) Schematic representation of NvDpp, NvBMP5-8, NvGDF5-like, NvChd, NvGrm, NvGbx, and Hox expression domains in planula viewed laterally
and orally. Red lines, cutting planes; black double-headed arrows, directive axis; asterisks, blastopore. (D-K) The αpSMAD1/5
and αNvHoxE antibody staining in control and morphant early planulae, n>50 for each sample; (D-I) lateral views; (J and K)
oral views; asterisks, blastopore. (D) αpSMAD1/5-positive nuclei are located on NvHoxE-expressing side. αpSMAD1/5 and
αNvHoxE stainings partially overlap. (E-K) αpSMAD1/5 and αNvHoxE in StdMO, ChdMO, GrmMO, GDF5lMO, BMP5-8MO,
and DppMO embryos. Staining is absent in DppMO, BMP5-8MO, and ChdMO and suppressed (white arrow) in GDF5lMO (EH); the domain showing strong staining (white double-headed arrows and white demarcating lines) is narrower in the StdMO
than in the GrmMO (J and K).
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(Figs. 4.1C and C.1). We found that these two epitopes partially co-localized in the
same endodermal nuclei on the NvGDF5-like-expressing side of the embryo, with additional pSMAD1/5 staining in the pharyngeal ectoderm (Figs. 4.1D and 4.1K). Thus,
the peak of BMP signaling was found at a maximal distance to the source of NvDpp
protein. To assess the role of various BMPs and BMP antagonists in establishing
pSMAD1/5 signaling, we performed antisense morpholino (MO)-mediated knockdowns. Nuclear pSMAD1/5 staining was absent in NvDpp and NvBMP5-8 morphants
and strongly suppressed in NvGDF5-like morphants (Figs. 4.1E-4.1G), suggesting that
all three BMPs from both sides contribute to signaling via pSMAD1/5. The pSMAD1/5
staining also was abolished upon knockdown of NvChd (Fig. 4.1H), suggesting that
BMP signaling depends on the pro-BMP action of Chordin at a distance. Conversely,
in NvGrm knockdowns, the pSMAD1/5-positive domain expanded in comparison to
embryos injected with standard control morpholino (StdMO) (Figs. 4.1I-4.1K), suggesting that Gremlin locally restricts BMP signaling. We then quantified pSMAD1/5
staining intensity in endodermal nuclei on confocal sections of control and morphant
embryos and showed a BMP signaling gradient along the directive axis, which was
abolished upon injection of DppMO, suppressed in GDF5lMO and expanded in GrmMO, with significantly (p <0.05, Wilcoxon exact test) elevated pSMAD1/5 levels
at middle positions (Figs. 4.2 and C.2B-C.2D). By late planula stage, the anlagen of
the eight endodermal folds called mesenteries are formed in Nematostella. Phalloidin
staining showed that all control late planulae contained eight mesenteries (Fig. 4.2A),
whereas no mesenteries formed in DppMO, BMP5-8MO, and ChdMO planulae (Figs.
4.2B, C.2E, and C.2F). Strikingly, upon knockdown of NvGDF5-like, which leads to
a much shallower gradient of pSMAD1/5, only four mesenteries were formed (Fig.
4.2C). Knockdown of NvGrm, which results in an expanded pSMAD1/5 gradient, led
to impaired outgrowth of mesenteries and inflated mesogloea (the normally thin extracellular matrix separating the ectodermal and endodermal layers) (Fig. 4.2D). This
demonstrates that BMP signaling is necessary for the formation and positioning of the
mesenteries.

Hox Genes Are Regulated by BMP Signaling In early planula, NvHoxB, NvHoxD,
and NvHoxE are expressed endodermally in staggered domains along the directive
axis together with NvGbx, demarcating the positions of future mesenteries ( [95]; Figs.
4.1C and C.1A; Table C.2), while NvHoxF is expressed in a radially symmetric domain in the aboral ectoderm ( [95]; Fig. 4.1C; Table C.2). Whenever pSMAD1/5 staining was abolished, NvHoxE also could not be detected (Figs. 4.1E-4.1K), suggesting that NvHoxE expression is downstream of BMP signaling. To test whether other
Hox genes also might be controlled by BMP signaling, we assessed their expression
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Figure 4.2: Effect of MO Knockdown on αpSMAD1/5 Staining Gradient and Morphology of Late Planulae. (A-D) Nuclear
αpSMAD1/5 staining intensity as a function of relative position of each endodermal nucleus along 180◦ arc from 0 to πstarting
at the middle of pSMAD1/5-positive domain (see the Supplemental Experimental Procedures and Fig. C.2A for details on
measuring), described by measurements from multiple embryos (colored points) for Control (n = 12), GrmMO (n = 7), GDF5lMO
(n = 10), and DppMO (n = 8). LOESS smoothed curves (black lines) with 99% confidence interval for the mean (shade), and linear
model fit of the logarithm of relative position to pSMAD1/5 staining intensity (R2 = 0.73, dashed red line) for Control embryos
and linear model fit of relative position to pSMAD1/5 staining intensity (R2 = 0.55, dashed red line) for GrmMO embryos. Oral
views of corresponding StdMO, DppMO, GDF5lMO, and GrmMO late planulae stained with fluorescent phalloidin are shown
next to the graphs (n >55 for each sample). While StdMO planulae with normal nuclear pSMAD1/5 gradient develop eight
mesenteries (red arrows in A), DppMO-injected planulae lacking the pSMAD1/5 gradient do not develop mesenteries at all (B).
αpSMAD1/5 staining intensity is suppressed but not absent in the GDF5lMO planulae correlating with the formation of four
mesenteries instead of eight (red arrows in C). In GrmMO-treated embryos (D), the average pSMAD1/5 staining intensity is
elevated in mid-range positions (see also Fig. C.2C) and more variable than in Control embryos across the whole range (see also
Fig. C.2D). The endoderm in GrmMO appears compartmentalized but its development is abnormal with extremely thickened
mesogloea (green arrow). Scale bars represent 50 μm.

upon knockdown of BMP network members. We found that the aboral ectodermal
expression of NvHoxF is not abolished by any of the knockdowns (Figs. 4.3S-4.3X
and C.3). However, all endodermally, asymmetrically expressed Hox genes, as well
as NvGbx, are abolished or strongly suppressed in BMP5-8MO, DppMO, GDF5LMO,
and ChdMO (Figs. 4.3A-4.3E, 4.3G-4.3K, 4.3M-4.3Q, 4.3Y-4.3CC, and C.3). In contrast, upon knockdown of NvGrm, the endodermal Hox genes are either barely affected (NvHoxB, NvHoxD) or enhanced and broadened (NvHoxE) (Figs. 4.3F, 4.3L,
4.3R, 4.3X, 4.3DD, and C.3). To test whether BMP signaling is sufficient to activate Hox
gene expression, we overexpressed a constitutively active BMP receptor type I fused
C-terminally to EGFP (BMPRIQ209>D -EGFP) in a mosaic fashion in the embryo and
assayed for NvHoxE protein. We found that, in addition to the endogenous endodermal domain, NvHoxE protein was detected ectopically in the nuclei of the transgenic
ectodermal cells, concurrent with the strong expression of pSMAD1/5 (Figs. 4.3EE4.3HH). Together, these data show that BMP signaling is necessary for endodermal
Hox gene expression and sufficient to induce at least NvHoxE. The regulation of ax-
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ial Hox gene expression by BMP signaling is unexpected, as so far the only known
upstream regulatory role of BMP signaling on Hox genes is the transient and likely
indirect activation of Hox genes in the non-organizer mesoderm in Xenopus [96].

Figure 4.3: Staggered Endodermal Expression of Hox Genes and NvGbx Is Regulated by BMP Signaling. (A-DD) Expression of
NvHoxB (A-F), NvHoxD (G-L), NvHoxE (M-R), NvHoxF (S-X), and NvGrm (Y-DD) in StdMO-, BMP5-8MO-, DppMO-, GDF5lMO-,
ChdMO-, and GrmMO-injected embryos at early planula stage. Lateral views; oral end to the left. Embryos on (Y) and (DD)
are rotated 90◦ compared to other stained embryos to make bilateral expression of NvGbx visible. (EE-HH) Ectopic expression of
BMPRIQ209>D -EGFP in patches of ectodermal cells in 2-day planula results in ectopic activation of NvHoxE protein. (EE) Ectopic
pSMAD1/5-positive nuclei in the ectoderm of early planula in addition to endogenous staining in the endoderm (blue dots).
(FF) In addition to endogenous αNvHoxE staining (blue dots), ectopic expression is observed in pSMAD1/5-positive ectodermal
nuclei. Apart from specific nuclear NvHoxE signal, the secondary anti-rat antibody cross-reacts with mouse anti-GFP antibody
staining the BMPRIQ209>D -EGFP fusion protein in the cell membranes. (GG) Anti-GFP antibody detects BMPRIQ209>D -EGFP in
cell membranes. Anti-mouse antibody does not cross-react with the rat αNvHoxE, thus no nuclear staining is observed, showing
that nuclear staining on (FF) is specific for NvHoxE. (HH) Merged image of (EE-GG). White dots indicate the border between
ectoderm and endoderm. White arrows point at two strongly pSMAD1/5-positive ectodermal nuclei in transgenic cells, which
also ectopically express NvHoxE. Yellow arrows point at a weakly pSMAD1/5-positive ectodermal nucleus in a transgenic cell,
which does not express detectable amounts of NvHoxE. Scale bars represent 50 μm.
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The Topology of the BMP Signaling Network To understand the regulatory interactions required for maintaining a stable BMP signaling gradient patterning the
directive axis in early planulae, we assessed expression of NvGDF5-like, NvBMP5-8,
NvDpp, NvChd, and NvGrm upon knockdown of each of them (Figs. 4.4A and C.3).
NvDpp, NvBMP5-8, and NvChd expression (Fig. 4.4A, images 7, 13, and 19) was restricted to the side of weak BMP signaling (Figs. 4.1B and 4.1D). MO knockdown of
NvDpp and NvBMP5-8 resulted in upregulation and radialization of NvDpp, NvBMP58, and NvChd expression (Fig. 4.4A, images 8-9, 14-15, and 20-21), suggesting that
strong BMP signaling suppresses transcription of these genes. In contrast, NvGDF5like expression was restricted to the side of maximal pSMAD1/5 (Figs. 4.1B, 4.1D, and
4.4A, image 1). NvGDF5-like transcription in early planula is regulated by signaling
via NvDpp and NvBMP5-8 as it was absent in the BMP5-8MO and the DppMO (Fig.
4.4A, images 2-3). Chordin appeared to be pivotal for both the restriction of NvDpp,
NvBMP5-8, and its own expression to an asymmetric domain on one side of the directive axis and for the signaling via NvDpp and NvBMP5-8 at the opposite side of
the directive axis. In ChdMO, NvDpp and NvBMP5-8 expression was suppressed (Fig.
4.4A, images 11 and 17) and NvChd expression was radialized (Fig. 4.4A, image 23).
At the same time, the NvDpp and NvBMP5-8 signaling target NvGDF5-like on the
opposite side was abolished (Fig. 4.4A, image 5). These data suggest that Chordin
locally antagonizes BMP signaling by binding NvDpp and NvBMP5-8, but facilitates
their function at a distance acting as a shuttle molecule, similar to the situation in
Drosophila [97] and Xenopus [35]. Given that NvDpp and NvBMP5-8 are co-expressed
in Nematostella and their MO phenotypes are indistinguishable ( [94]; Fig. 4.4A), it
is likely that NvDpp and NvBMP5-8 heterodimerize. Disappearance of the NvDpp
and NvBMP5-8 expression in ChdMO also suggests that a low level ofBMP signaling facilitated by NvChd might be required for the proper expression of NvDpp and
NvBMP5-8. Like NvGDF5-like, BMP antagonist NvGrm is expressed opposite to NvDpp
( [93]; Fig. 4.4A, image 25), and NvGrm expression was absent in GDF5LMO, DppMO,
BMP5-8MO, and ChdMO (Fig. 4.4A, images 26-29). However, NvGDF5-like knockdowns still showed NvBMP5-8 and NvDpp expression (Fig. 4.4A, images 10 and 16),
but lacked NvGrm expression (Fig. 4.4A, image 28), suggesting that in early planula
NvGrm is induced only by NvGDF5-like signaling. NvGDF5-like expression is not affected in GrmMO (Fig. 4.4A, image 6), suggesting that NvGrm does not antagonize
the NvDpp/NvBMP5-8 complex as otherwise NvGrm knockdown would lead to an
upregulation of NvGDF5- like. Instead, NvGrm appears to antagonize NvGDF5-like
signaling, as NvGrm was strongly upregulated in GrmMO (Fig. 4.4A, image 30), suggesting enhanced NvGDF5-like signaling.
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Figure 4.4: Maintenance of the Directive Axis in Nematostella. (A) Expression analysis of network components in morphant
early planulae; lateral views, oral end is to the left. Scale bars represent 50 μm.(B) Mathematical model correctly predicts expression patterns of all genes shown in (A) (color code as in ISH), as well as pSMAD1/5 localization (shown as heat maps) in the
knockdowns. All expression patterns and pSMAD1/5 staining patterns are plotted onto mesogloea and shown as 2D projections
of a 3D structure. Expression domains of NvDpp/NvBMP5-8/NvChd, although not identical, strongly overlap when plotted onto
mesogloea. In the model they are controlled by the same mathematical expression and thus plotted together.
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NvGDF5-like signaling does not regulate NvGDF5-like expression as neither in
GDF5LMO nor in GrmMO was NvGDF5-like expression affected (Fig. 4.4A, images
4 and 6). NvGDF5-like and NvGrm knockdowns indicate the contribution of NvGDF5like to the formation of the weak BMP signaling on the NvDpp-expressing side of the
planula. Both GDF5LMO and GrmMO resulted in a reduction of the unilateral NvDppexpressing domain to the aboral or oral endoderm, respectively (Fig. 4.4A, images 16
and 18). NvChd expression is suppressed by NvGDF5-like signaling, since the NvChd
expression domain was radially expanded in GDF5lMO and not in GrmMO (Fig. 4.4A,
images 22 and 24).
Modeling Reveals Constraints of the Network Given the complexity of the network
interactions, we resorted to mathematical modeling to reveal functional constraints on
the components of the BMP network. We used our loss-of-function data to generate
a 3D computational model of BMP signaling-dependent maintenance of the directive
axis in Nematostella. Our results suggest that Chordin acts as a shuttle for the Dpp/
BMP5-8 heterodimer, similar to the situation in Drosophila and Xenopus during DV
patterning [26,27,35,97]. A mathematical model for BMP ligand shuttling by Mizutani
and coworkers focuses on the core part of the regulatory network and reproduces the
kinetics of the maintenance of the BMP signaling in Drosophila correctly [26, 27]. To
test whether similar rules also would apply to a non-bilaterian, we adapted the model
to Nematostella (Fig. 4.5A, black part) by including NvGDF5-like and NvGrm (Fig.
4.5A, colored part) in addition to NvDpp, NvBMP5-8, and NvChd and by removing
Twisted gastrulation (Tsg), as Tsg is absent from the Nematostella genome [98]. Our aim
was to include these components with the least alterations to the Drosophila model
in a way that all key experimental observations in control and MO experiments in
Nematostella could be reproduced and thus generate a minimal viable model of BMP
signaling maintenance in Nematostella after symmetry break (see the Supplemental
Experimental Procedures for details).
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Figure 4.5: The regulatory interactions of the Nematostella and Xenopus models. (A-B) The regulatory interactions of the core
Drosophila model [26] (black arrows) and the model extensions specific for Nematostella (A, coloured arrows) and Xenopus (B,
coloured arrows). Parameter names are written next to the interactions they belong to. pSMAD1/5 (grey) is included for clarity
but was not modelled explicitly. The parameter name above the arrows from pSMAD1/5 to the targets indicates which ligandreceptor complex impacts on the downstream components. Note that in the Nematostella model some regulatory interactions only
depend on one of the two ligand-receptor complexes, while in Xenopus BMP-R and ADMP-R have the same targets. (C-I) Impact
of the sequential incorporation of signalling modules in the Nematostella network. Parameter values are as in the standard model,
with parameter values of non-incorporated parts set to zero. (C) The core model (black arrows) results in a stable BMP signaling
domain opposite to the NvChd expression domain. This domain corresponds to the NvGDF5-like expressing domain (D). (E)
Including the negative feedback of both GDF5l-Receptor and BMP-Receptor signaling on BMP and Chordin expression into the
model results in the restriction of both the NvDpp, NvBMP5-8 and the NvChd expression domains. (F) Adding NvGrm as an
antagonist of NvGDF5-like into the model results in the upregulation of NvGrm expression in the NvGrmMO compared to wild
type. (G-I) Shuttling of NvGDF5-like, although not essential, sharpens the expression domains of BMP and NvChd (G) , NvGDF5like (H) and NvGrm (I) compared to the alternative model where only NvDpp/NvBMP5-8 is allowed to shuttle. (J) Xenopus model.
Simulation of the BMP4/BMP7 (BMP) and ADMP/BMP2 (ADMP) mRNA expression patterns and pSMAD1/5/8 localization in
wild type and upon knockdown of different BMP network components in Xenopus. Relative expression (shown in colour code as
ISH) and relative pSMAD1/5 concentrations (shown as heat maps) are plotted onto the Brachet’s cleft.
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According to the core model (Fig. 4.5A, black part), the diffusible NvDpp/NvBMP5-8
heterodimer (termed BMP in the schemes) can either form an inactive diffusible complex with NvChd, or bind the BMP receptor to form an active signaling complex and
undergo degradation (for details see the Supplemental Experimental Procedures). As
in other systems, NvChd, when bound to the NvDpp/NvBMP5-8 ligand, is cleaved
by ubiquitously endodermally expressed Tolloid [92] to release the active BMP heterodimer. After the simulation start, shuttling of NvDpp/NvBMP5-8 by Chordin
rapidly results in a stable BMP signaling gradient with a maximum opposite to the
NvChd expression domain (Fig. 4.5), consistent with the experimentally observed pSMAD1/5 distribution. BMP signaling then represses NvChd expression (Fig. 4.5A, red
dashed lines), maintaining the restricted expression patterns. The initial restriction on
NvChd expression needs to be imposed for only 15 min in the model. Thereafter, the
simulation reproduces all important aspects of the expression of NvDpp, NvBMP5-8,
NvGDF5-like, NvChd, and NvGrm, as well as the location of the BMP signaling domain
in the wild-type and the knockdowns (Figs. 4.4B and 4.5), confirming the role of each
of the BMPs and the BMP antagonists in maintaining and shaping the pSMAD1/5 gradient. Thus, we conclude that the deduced topology of the Nematostella BMP network
(Fig. 4.6A) is consistent with the experimental data.
To assess the sensitivity of the signaling network to perturbation, we systematically increased and decreased all 31 model parameters individually until the model failed to
reproduce asymmetric BMP signaling (Figs. 4.6F and 4.7A). In line with the results of
the knockdowns (Figs. 4.3A-4.3F), many of the parameters linked to NvDpp/NvBMP58 and NvChd were heavily constrained, while those related to NvGDF5-like and
NvGrm could vary widely without destroying the asymmetric BMP signaling pattern
(Figs. 4.6F and 4.7A). To test whether a division into constrained core components and
unconstrained modulators might represent a conserved evolutionary feature of axisforming BMP signaling networks, we adapted the model to describe the BMP network
regulating DV patterning in frog embryos. As for Nematostella, our minimal viable
model describing the Xenopus BMP network using a subset of the components (for
details see the Supplemental Experimental Procedures) reproduced all key aspects of
normal expression as well as known loss-of-function and overexpression phenotypes
of BMP4/BMP7, ADMP/BMP2, Chordin, SMAD6/7, and BAMBI ( [88, 99, 100]; Figs.
4.5B and 4.5J).
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Figure 4.6: Strongly Constrained Core Interactions and
Weakly Constrained Modulators of the BMP Signaling
System. (A and B) Nematostella directive axis network (A)
compared to the DV network in Xenopus (B). Blue lines
represent transcriptional regulation downstream of BMP
signaling and black lines represent protein-protein interactions (putative in case of Nematostella). Xenopus network is modified after [100, 101]. Overlaid blue and black
lines represent shuttle function of Chordin.(C-E) Restricted
chordin expression domain (red curves on the left plots) results in BMP signaling on the opposite side of the embryo
(relative concentration of BMP ligand-receptor complexes
shown as black curves on C’-E’) independent of bmp4 expression localization (blue curve). bmp4 can be expressed
uniformly (C), on the chordin side (D), or opposite to it
(E). The x axis is normalized with respect to maximal domain length (shown as 2πsince the embryo is spherical), and
the y axis shows the ratio of ligand-bound receptors (LR)
with respect to total receptor concentration (RT ). (F and
G) Constrained core regulators versus weakly constrained
modulators of BMP signaling in Nematostella (F) and Xenopus (G).(F) Many parameters describing production, function, and turnover of NvDpp/NvBMP5-8 and NvChd (blue
circles) are strongly constrained, while most of the parameters describing production, function, and turnover of
NvGDF5-like and NvGrm (orange circles) are weakly constrained. Large orange circle with a 9 corresponds to
nine unconstrained parameters related to NvGDF5-like and
NvGrm.(G) Many parameters describing production, function, and turnover of frog BMP4/BMP7, ADMP/BMP2,
Chordin, and Tolloid (teal circles) are strongly constrained,
while most of the parameters describing production, function, and turnover of BAMBI and SMAD6/7 (pink circles) are weakly constrained. Large pink circle with an 8
corresponds to eight unconstrained parameters related to
BAMBI and SMAD6/7. Fold of possible increase of parameter values (log scale) is plotted on the y axis, and fold of
possible decrease of parameter values (log scale) is plotted
on the x axis. (For details see the Supplemental Experimental Procedures and Fig. 4.7)

The sensitivity analysis demonstrated that in Xenopus, like in Nematostella, there is a
conserved core of the network with strongly constrained parameters (BMPs, Chordin,
Tolloid) and peripheral weakly constrained signaling modulators, such as BAMBI and
SMAD6/7 (Figs. 4.6F, 4.6G, and 4.7).
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Figure 4.7: Sensitivity of the asymmetric BMP signaling pattern to the parameter values in the Nematostella (A) and Xenopus
(B) model. For each parameter, as indicated at the bottom of each bar, we report the relative fold change from the standard value
used in the model (indicated by zero) on a logarithmic scale that still permits the emergence of an asymmetric BMP signaling
pattern as defined in the Supporting Information. For parameter values outside the bar, asymmetric BMP signaling becomes
symmetric or unstable in that it oscillates over time. A zero at the bottom of the bar indicates that an asymmetric BMP signaling
is observed even when the parameter value is set to zero, i.e. when the reaction is absent from the model. A star at the top of a
bar indicates that asymmetric BMP signaling was still observed at very large parameter values (infinite values cannot be tested in
a simulation framework). A filled square indicates that wider parameter spaces could not be tested due to numerical limitations.
Red bars indicate stronger asymmetric BMP signaling; blue bars indicate weaker asymmetric BMP signaling. Red-white bars
indicate a shift of the asymmetric BMP signaling domain towards the NvChd expression domain in the case of Nematostella (A)
or a ventralization in the case of the frog (B); blue-white bars indicate a shift in the opposite direction away from the NvChd
expression domain (A) or a dorsalization (B). White bars indicate that none of these changes in the asymmetric BMP signaling
pattern are observed as the parameter values are changed.
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Discussion

Similar to Bilateria, anthozoans have a second body axis specified by BMP signaling [94, 102]. We have shown that various BMPs and BMP antagonists from opposing
sides of the Nematostella larva contribute to the maintenance of nuclear pSMAD1/5
gradient along the directive axis. This could be interpreted as evidence for common
evolutionary origin of the directive and DV axis and loss of bilaterality in medusozoan
cnidarians, such as hydroids and jellyfish. The deduced topology of the BMP network
maintaining the directive axis in Nematostella appears to be remarkably similar to the
one described for the DV-patterning network in Xenopus ( [88, 103]; Figs. 4.6A and
4.6B). However, striking differences in the BMP networks exist between Bilateria and
Cnidaria: (1) conserved molecules occupy different positions in the network and there
is a positive- versus-negative feedback loop of BMP4/BMP5-8 on their own expression; (2) the involvement of Gdf5 and Gremlin homologs in the initial axis specification, although not unique, is very uncommon in Bilateria [104, 105]; and (3) instead of
positioning the CNS, in Nematostella, the gradient of BMP signaling is used to specify
and position the mesenteries and regulate staggered Hox and Gbx gene expression in
the endoderm. This link of an early BMP gradient and staggered Hox gene expression is uncommon among Bilateria, where Hox genes are a hallmark of patterning the
anterior- posterior axis, but not the DV axis. All these differences make homology
assumptions of the cnidarian and bilaterian axes problematic.
Combination of gene function analysis and mathematical modeling allows insights
into how BMP signaling networks evolved in different animals. One of the obvious
differences in the organization of the BMP signaling systems during secondary bodyaxis patterning in different organisms is the relative location of the bmp4 and chordin
expression domains. While in Bilateria bmp4 and chordin are typically expressed on
opposing ends of the DV axis [82], they are co-expressed in Nematostella [93] and sea
urchin [83], raising questions about the ancestral mode of bmp4 and chordin expression in Bilateria (Fig. 4.1A). Our 1D computational analysis of differently positioned
bmp4 and chordin expression domains reveals, however, that only the spatial restriction of chordin expression is crucial, while the BMP expression domain can vary; BMP
signaling maximum always is located opposite to the chordin expression domain independent of the bmp4 expression pattern if shuttling is at work (Figs. 4.6C-4.6E’).
This suggests that there is no selection pressure on the localization of bmp4, as long as
chordin expression is restricted. Support for this conclusion comes from experiments
in Drosophila showing that the BMP signaling domain is defined solely by Sog expression [106], and in Nematostella demonstrating that ChdMO injected into one half of
the embryo always leads to the formation of the pSMAD1/5-positive domain on the
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injection side; i.e., where Chordin protein is inactive [102]. Sensitivity analysis of our
model demonstrated that, consistent with the knockdown phenotypes, the parameters describing production and turnover of NvDpp/NvBMP5-8 and NvChd, which
are required for generating the BMP signaling gradient, were strongly constrained
(Figs. 4.6F and 4.7A), while those describing NvGDF5-like and NvGrm, which work
as modulators of the BMP signaling, could vary widely (Figs. 4.6F and 4.7A). Modeling frog BMP signaling network, based on the same principles of ligand shuttling,
showed that the same logic of having highly constrained core components and weakly
constrained modulators of the BMP signaling also applied here and thus might be
a common theme throughout animal evolution (Figs. 4.6G and 4.7B). An important
difference between the Xenopus and Nematostella networks is that the frog system appears to be more robust due to partial redundancy of the BMP ligands. Different constraints on members of the BMP network give clues as to why BMP signaling modulators seem to be exchanged easily during evolution in various animals, while the
involvement of the core components, BMP4 and Chordin, is conserved except for a
few known cases, primarily in animals with highly deterministic development like
leeches, ascidians, and nematodes [104,107,108], but also in the wasp Nasonia [109]. In
this respect, investigating the DV-patterning mechanism in molluscs, which develop
similar to annelids but, unlike annelids, have retained chordin in their genomes, will
be particularly interesting. In summary, we deciphered the logic of the BMP signaling network maintaining the secondary body axis in a non-bilaterian species, the sea
anemone Nematostella vectensis, and demonstrated an unexpected link between BMP
signaling and staggered Hox gene expression. Mathematical modeling showed that
the spatial restriction of chordin expression as well as the production and turnover of
the core components of the network appear to be the factors crucial for the functional
BMP signaling system in many of the studied Eumetazoa. Since the selection pressure
is on the generation of robust signaling gradients, the variety of different network
topologies primarily is constrained by the biochemical qualities of the core network
components. We conclude that a few key constraints under strong selection pressure
keep crucial parameters constant over hundreds of millions of years of separation,
while less constrained modulators are added or removed during the evolution of the
BMP signaling network, thus generating the diversity of different BMP signaling networks observed in animals.

4.5. Experimental Procedures
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Experimental Procedures

Animal Culture and Microinjection Animals were kept and gametogenesis was induced as described [110]. Antisense MO oligonucleotides (Gene Tools) against NvDpp,
NvBMP5-8, NvGDF5-like, NvChd, and NvGrm were injected into fertilized eggs. For
MO sequences, concentrations, and specificity tests as well as for the details on generating the constitutively active Nematostella BMPRI, see the Supplemental Experimental
Procedures.
Antibody Staining, Phalloidin Staining, and In Situ Hybridization Rabbit antiPhospho-Smad1 (Ser463/465)/Smad5 (Ser463/465)/Smad8 (Ser426/428) (Cell Signaling, 9511), rat anti-NvHoxE, rabbit anti-GFP (Abcam, ab290), and mouse anti-GFP
(Life Technologies, A11120) were used for the experiments. Intensity of αpSMAD1/5
staining was quantified on 16-bit images of confocal optical sections (oral views) of
early morphant and control planulae stained with DAPI and αpSMAD1/5. For Factin staining, Alexa Fluor 488 phalloidin (Life Technologies, A12379) was used. For
the details on raising the anti-NvHoxE antibody, the antibody staining protocol, and
pSMAD1/5 gradient quantification, see the Supplemental Experimental Procedures.
In situ hybridization was performed as described previously [111]. For double in situ,
the staining was developed as in [112].
Mathematical Modeling Details on the mathematical modeling are presented in the
Supplemental Experimental Procedures.

4.6

Supplemental Experimental Procedures

Morpholino injection and generating the constitutively active NvBMPRI.
Morpholino oligonucleotides were injected at following concentrations: DppMO (GTAAGAAACAGCGTAAGAGAAGCAT), BMP5-8MO (GTAACAGGTCTCGTATTCTCCGCAT) and ChdMO (GATCCACTCACCATCTTTGCGAGAC) at 300 μM concentration
as in [94] (see also for controls of MO specificity); GDF5LMO (AGGTTATTTAGCCTGACCTTGATCG), GrmMO (CTCAACAGCTTCTTCAATGATCCGT) and standard control morpholino StdMO (CCTCTTACCTCAGTTACAATTTATA) - at 500 μM concentration. The functionality of the GDF5lMO was assessed by PCR on cDNA from GDF5l
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morphants and control embryos (Fig. C.1D) followed by sequencing the PCR products; the specificity of the GrmMO, which is constructed against a region in the 5’
UTR of the NvGrm, was tested by co-injecting mRNA carrying either a wild type sequence (ACGGATCATTGAAGAAGCTGTTGAG) recognized by GrmMO or the one
with 5 mismatches (ACTGATGATTGACGAAGTTGTTAAG) upstream of the mOrange2 coding sequence with StdMO and GrmMO (Fig. C.1E). Nematostella BMPRI sequence (KJ948110) was mutated by template switching PCR to substitute the Q209
residue by a D residue in the resulting protein to generate a constitutively active BMPRI [113]. Then NvBMPRIQ209 >D sequence was fused through a Gly4Ser spacer to
the EGFP coding sequence and cloned downstream of the 3.4 kb NvFGFa1 promoter,
which has an early ubiquitous activity and drives mosaic transgene expression in the
early F0 embryos. Microinjection of the plasmid was carried out as described in [114].

NvHoxE protein expression, antibody production, staining and imaging.
NvHoxE coding sequence was cloned downstream of the GST and His-tag coding
sequence in a pET21 vector. The protein was expressed in RosettaTM (DE3)pLysS Competent Cells (Novagen) and isolated under native conditions on a GSTrap column
(GE Healthcare) using the BioRad BioLogic DuoFlow FPLC machine. The tags were
cleaved off by AcTEV protease (Invitrogen) according to the manufacturer’s protocol, and isolated GST-His tag was trapped from the solution with Ni-NTA agarose
(Qiagen). The sequence of the purified protein was confirmed by MSMS. The rat antiNvHox antibody was produced at BioGenes (Berlin, Germany). The specificity of the
antibody (Fig. S1B) was assayed by transiently expressing the NvHoxE-EGFP fusion
protein under control of the 3.4 kb NvFGFa1 promoter, and performing the staining
with the anti-NvHoxE and anti-GFP antibodies at the gastrula stage (when endogenous NvHoxE is not yet expressed). Embryos injected with EGFP coding sequence
downstream of the 1.1 kb ActP3 Nvβ-actin promoter were used as control. For whole
mount antibody staining, the embryos were fixed in 4% MEM/PFA containing 0.2%
Tween 20 and 0.2% TritonX100 for 30 minutes, then washed 5 times for 5 minutes in
1xPBS containing 0.2% Tween 20 and 0.2% TritonX100 (PBSTT) and blocked in a 4:1
mixture of 1% BSA/PBSTT and heat inactivated sheep serum for 2 hours. The rat
anti-NvHoxE antibody (1:500), the rabbit anti-Phospho-Smad1 (Ser463/465)/ Smad5
(Ser463/465)/ Smad8 (Ser426/428) antibody (Cell Signaling, 9511) (1:100), rabbit antiGFP antibody (abcam, ab290) (1:1000) and mouse anti-GFP antibody (Life Technologies, A11120) (1:500) were preabsorbed in the blocking solution for the time of the
blocking. The embryos were stained with primary antibodies overnight at 4◦ and then
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washed 5 times for 25 minutes with PBSTT at room temperature. The secondary antibody staining and washing was done in the same way as described for the primary
antibody. The following secondary antibodies were used: goat anti-rabbit-Alexa Fluor
568 (Life Technologies, A11011), goat anti-rabbit-Alexa Fluor 488 (Life Technologies,
A11008), goat anti-rabbit-Alexa Fluor 633 (Life Technologies, A21070), goat anti-rat
DyLight549 (Jackson, 112-505-143), goat anti-rat DyLight488 (Rockland, 612-141-120).
For imaging, embryos were embedded in Vectashield (Vector Labs). Confocal imaging
was done with a Leica TCS SP5X. In situ images were taken with Nikon DS-Fi1 camera attached to Nikon Eclipse 80i microscope. Image processing was done in Adobe
Photoshop CS5.

Quantification of the pSMAD1/5 gradient.
Intensity of αpSMAD1/5 staining was quantified on 16 bit images of confocal optical
sections (oral views) of early morphant and control planulae stained with DAPI and
αpSMAD1/5. Staining intensities of all endodermal nuclei along an arc of 180◦ starting
from the centre of the pSMAD1/5-positive domain were collected in ImageJ. Nuclei
were detected based on DAPI staining. Each counted nucleus was given a sequential
number. To correct for the different numbers of endodermal nuclei in different planulae, the sequential number of each counted nucleus was divided by a total number
of counted nuclei on the optical section resulting in a relative position of the nucleus
along the 180◦ arc (from 0 to π). Background staining values were calculated for each
embryo by measuring and averaging αpSMAD1/5 staining intensity in several endodermal positions, which did not overlap with nuclei. These average background values were subtracted from all the staining intensities prior to analysis. No additional
normalization of the data was performed.

Mathematical model.
Since the BMP signaling network involves multiple players and the interactions are
very complex, a number of mathematical models have been proposed to explain various aspects of DV patterning [26, 35, 37, 85, 97, 100, 115–117] . Yet, to date, there is
no mechanistic understanding of the BMP signaling networks outside Bilateria. In
our paper, we combine loss of function experiments and mathematical modelling to
understand the general rules of BMP signaling-dependent axis patterning in animals.
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Model of directive axis patterning in Nematostella.
Towards the end of gastrulation two striking events occur: a symmetry break in the expression domains and the emergence of the BMP signaling domain at the opposite site
of the NvDpp expression domain. To explain the emergence of this counterintuitive
signaling pattern of BMP from the asymmetric expression patterns we built a mathematical model for axis patterning in Nematostella that is based on the known regulatory interactions between the key regulatory proteins NvDpp/NvBMP5-8/NvGDF5like, the BMP receptor, the BMP antagonists Chordin (NvChd) and Gremlin (NvGrm),
and the protease Tolloid (Fig. 4.5A). The regulatory proteins that have been identified in Nematostella are strikingly similar to those involved in dorso-ventral patterning in Drosophila and the model therefore builds on a previously published shuttling
mechanism for Drosophila [26, 27]. Since NvDpp and NvBMP5-8 are co-expressed in
Nematostella and their morpholino phenotypes are indistinguishable [94], we assume
in the model that NvDpp and NvBMP5-8 heterodimerize to form NvDpp/NvBMP5-8
complex. Interestingly, heterodimers of Drosophila Dpp/Screw and vertebrate
BMP4/BMP7 signal stronger [116,118] and are shuttled by Chordin preferentially over
homodimers [116].
As a starting point of the model, we mimicked the situation after the symmetry break
and, therefore, restricted the expression of NvChd in the initial time steps until the
regulatory network can self-maintain the asymmetric expression patterns. After gastrulation, NvDpp and NvBMP5-8 are expressed in a stripe in the endoderm, while
NvChd remains expressed in the overlying ectoderm, separated by the mesogloea, the
extracellular matrix separating ectoderm and endoderm. Although so far, we could
not directly show the secretion site of the corresponding proteins, our knockdown experiments suggest that their diffusion and physical interactions most likely occur in
the mesogloea, similar to the situation in the frog (Plouhinec et al., 2013). We therefore
simplified the geometry by modelling only the mesogloea. As a result, we did not
distinguish between the endodermal expression of NvDpp and NvBMP5-8 and the ectodermal expression of NvChd, but rather considered NvDpp, NvBMP5-8 and NvChd
to be co-produced and co-secreted in the same domain. In doing so, we generated a
minimal viable model demonstrating the system of the BMP signaling gradient maintenance in Nematostella planula.

Geometry. The geometry of this early developmental stage is similar in Drosophila
and Nematostella in that the embryo is a spherical structure with a diameter of about
200 μm, and in both cases the proteins can diffuse in a fluid-filled cavity (periviteline
fluid and mesogloea respectively). In Drosophila it surrounds a 1-layered epithelium
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that secretes the proteins into this space and which harbours the receptors; in case of
Nematostella, it is sandwiched between two protein secreting 1 cell thick cell layers:
the ectoderm on the outside and the endoderm on the inside. The oral opening can
be described as a small interruption in the ectodermal and endodermal cell sheets. In
the simplest approximation we can use a 1-dimensional domain with an approximate
length of 500 μm and periodic boundary conditions at the ends of the domain. In
the more realistic 3-dimensional model, based on measurements of the dimensions of
multiple embryos, we represent the mesogloea as the surface of a hollow sphere with
a radius of 80 μm and an oral opening of radius 45 μm at one side of the sphere. In this
case we use zero flux boundary conditions at the oral pole.

Regulatory interactions. The model for axis patterning in Nematostella (Fig. 4.5A) is
an adaptation of the model by Mizutani and co-workers for Drosophila [26, 27]. The
original model for dorso-ventral patterning in Drosophila included Dpp ligand, the
Dpp ligand-receptor complex, Sog, Tsg, the Sog/Tsg complex, and the Sog/Tsg/Ligand
complex. There is no homologue of Tsg in Nematostella, and we therefore modified the
original model in that we removed Tsg and allowed the heterodimeric NvDpp/NvBMP58 ligand (henceforth called BMP) to bind the Sog-homologue Chordin directly without
binding of additional proteins, which was shown to be possible in vertebrates [25].
In summary, the Nematostella model has four components: the Dpp/BMP5-8 ligand
(BMP), the ligand-receptor complex (BMP-R), Chordin (Chd), and the Dpp/BMP5-8Chd complex (BMP-Chd). All components can diffuse at speed D, resulting in a set of
reaction-diffusion equations of the form

∂ci
= D∆ci + R(ci ).
∂t

(4.1)

As the receptor is bound to the surface and cannot diffuse the differential equation for
the ligand-receptor complex (BMP-R) reads

∂[BMP-R]
= R(BMP-R).
∂t
The biological processes are translated into the following reaction terms

(4.2)
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BMP-Chd
BMP-Chd
+ τ cBMP-Chd
cBMP cChd + koff
R(BMP) = ρBMP ΛBMP (x) − kon
BMP-R
BMP-R
−kon
(Rtot − cBMP-R )cBMP + koff
cBMP-R


BMP-R
BMP-R
R(BMP-R) = kon
(Rtot − cBMP-R )cBMP − koff
+ δBMP-R cBMP-R
BMP-Chd
BMP-Chd
R(Chd) = ρChd ΛChd (x) − kon
cBMP cChd + koff
cBMP-Chd

BMP-Chd
BMP-Chd
R(BMP-Chd) = kon
cBMP cChd − koff
+ τ cBMP-Chd .

(4.3)

The model has been described in detail before [26, 27]. In brief, the total BMP receptor
concentration R0 is assumed to be constant over time and space, such that Rtot =
cBMP-R + cR . The expression of BMP is spatially restricted according to ΛBMP (x). BMPBMP-R
BMP-R
receptor binding and unbinding occurs at rate kon
and koff
, respectively. Upon
BMP-receptor binding, the ligand is endocytosed and degraded at rate δBMP-R , which
has been determined experimentally for Drosophila embryos. In Nematostella, BMP can
BMP-Chd
to Chordin, and the BMP-Chordin complex, BMP-Chd, can then
bind at rate kon
BMP-Chd
dissociate at rate koff
. Chordin is expressed in a restricted part of the domain
according to ΛChd (x) and can be cleaved by the protease Tolloid at rate τ when bound
to the BMP ligand.
As motivated in the main text, in the 3D model we further included the signaling protein NvGDF5-like (GDF5l) and its receptor, as well as Gremlin (Grm), an antagonist
of GDF5l. GDF5l is a member of the BMP family, and we therefore allow it to bind to
GDF5l-Chd
Chordin with the same kinetics as the BMP ligand, i.e. binding at rate kon
and
GDF5l-Chd
unbinding at rate koff
. Gremlin is a GDF5l antagonist much as Chordin, but it
is not cleaved by Tolloid. We therefore allow it to bind to Gdf5 at the same rate as
GDF5l-Grm
GDF5l-Grm
Chordin, i.e. binding at rate kon
and unbinding at rate koff
. GDF5l expression is induced by BMP-receptor signaling, while Gremlin expression is induced
by GDF5l. Both GDF5l and BMP signalling can inhibit Chordin and BMP expression.
This translates into the following reaction terms:
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BMP-Chd
BMP-Chd
+ τ cBMP-Chd
cBMP cChd + koff
R(BMP) = ρBMP σ̄G5>B,C σ̄B>B,C − kon

BMP-R
BMP
BMP-R
−kon
Rtot
− cBMP-R cBMP + koff
cBMP-R


BMP-R
BMP
BMP-R
+ δBMP-R cBMP-R
Rtot − cBMP-R cBMP − koff
R(BMP-R) = kon
BMP-Chd
GDF5l-Chd
R(Chd) = ρChd ΛChd (x, t) − kon
cBMP cChd − kon
cGDF5l cChd
BMP-Chd
GDF5l-Chd
cBMP-Chd + koff
cGDF5l-Chd
+koff

BMP-Chd
BMP-Chd
+ τ cBMP-Chd
cBMP cChd − koff
R(BMP-Chd) = kon


GDF5l-Chd
GDF5l-Chd
R(GDF5l) = ρGDF5l σB>G5 − kon
cGDF5l cChd + koff
+ τ cGDF5l-Chd

GDF5l-R
GDF5l
GDF5l-R
cGDF5l-R
− cGDF5l-R cGDF5l + koff
Rtot
−kon
GDF5l-Grm
GDF5l-Grm
−kon
cGDF5l cGrm + koff
cGDF5l-Grm


GDF5l-R
GDF5l
GDF5l-R
R(GDF5l-R) = kon
Rtot
− cGDF5l-R cGDF5l − koff
+ δGDF5l-R cGDF5l-R
GDF5l-Grm
GDF5l-Grm
R(Grm) = ρGrm σG5>Grm − δGrm cGrm − kon
cGDF5l cGrm + koff
cGDF5l-Grm
GDF5l-Grm
GDF5l-Grm
R(GDF5l-Grm) = kon
cGDF5l cGrm − koff
cGDF5l-Grm .

(4.4)

Parameter values in the 1D model. The parameter values are the same as previously [26,27], with exception of the Tolloid activity, τ , which we lowered about 10-fold
compared to the previous model, to compensate for the removal of Tsg. The values
are summarized in Table C.3.
The production of Chordin is restricted to parts of the domain, using


1 if 0 < x < π ∨
2
ΛChd (x) =
0 if π < x < 3π
2
2

3π
2

< x < 2π

(4.5)

As we investigate the effects of three different BMP expression domains three different
values are assigned to ΛBMP (x):

ΛBMP (x) =




ΛChd (x)

if BMP expression is on same site as Chordin expression.

1 − ΛChd (x) if BMP expression is on opposite site as Chordin expression. (4.6)


1
2

if BMP expression is homogeneous.

Parameter values in the 3D model. The parameter values are the same as in the
1D model unless otherwise indicated in the last column. The constants without an
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entry in the last column were adjusted to match the observed expression patterns.
The values are summarized in Table C.4.
BMP is expressed homogenously, while Chordin is restricted to the following domain:

1.4 · x + z > 110 μm
ΛChd (x, t) =
σ̄G5 >B,C σ̄B >B,C

if

t ≤ 2h

if t > 2h

(4.7)

Activating Hill terms are denoted σC1 >C2 , where C1 is the component that is signaling
and thereby inducing the expression of component C2. Inhibiting Hill terms are denoted σ̄C1 >C2 , where C1 is the component that is signaling and thereby inhibiting the
expression of component C2:

σC1>C2 =

C1n
n
C1n + KC1>C2

(4.8)

and

σ̄C1 >C2 =

n
K̄C1>C2
n
C1n + K̄C1>C2

(4.9)

Model of DV patterning in the frog.
Geometry. The geometry of this early developmental stage is similar, but much larger
than in Nematostella, in that the embryo is a spherical structure with a radius of about
550 μm. Extracellular proteins can diffuse in the Brachet’s cleft, a thin layer of extracellular matrix between ectoderm and endomesoderm [119]. In our 3-dimensional
model, we represent the Brachet’s cleft as the surface of a hollow sphere with a radius
of 550 μm and a blastopore opening of radius 150 μm on one side of the sphere. We
use zero flux boundary conditions at the blastopore opening.
Regulatory interactions. The Xenopus model has 6 main components: the BMP4/7
ligand (BMP), the ADMP/BMP2 ligand (ADMP), Chordin (Chd), the BMP/ADMP receptor (R), BAMBI and SMAD6/7. For simplicity, we absorbed the effects of Twisted
gastrulation protein, which promotes diffusion of the Chd-BMP complex [120, 121],
into the parameter values. We also did not model the effects of the important modulators of the Tolloid activity - the dorsally expressed ONT1 [84] and the ventrally
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expressed Sizzled [85], which keep Tolloid activity highest at intermediate BMP signaling levels, but rather absorbed them in the Tolloid activity (τ ) directly. We did not
consider CV2, which is a ventrally expressed protein exhibiting pro-BMP and antiBMP activities depending on the context [122]. We also assumed Chordin to be the sole
dorsally expressed BMP inhibitor, thus ignoring Noggin and Follistatin [99], which are
not regulated by Tolloid cleavage.
In brief, the total BMP/ADMP receptor concentration Rtot is assumed to be constant
over time and space, such that Rtot = cBMP-R + cADMP-R + cR . Upon BMP-receptor or
ADMP-receptor binding , the ligand is endocytosed and degraded at rate δBMP-R or
ADMP-Chd
BMP-Chd
[79] and kon
δADMP-R respectively. Both BMP and ADMP can bind at rate kon
to Chordin [88]. The BMP-Chordin (BMP-Chd) and ADMP-Chordin complex (ADMPBMP-Chd
ADMP-Chd
Chd), can then dissociate at rate koff
and koff
. Chordin is expressed in a
restricted part of the domain according to ΛChd (x) and can be cleaved by the protease
Tolloid [87, 115] at rate τ when bound to the BMP or ADMP ligand.
We further included a dominant negative BMP receptor BAMBI [123] and inhibitory
SMAD6/7 [124, 125], which are negative feedback antagonists of BMP/ADMP signalADMP-BAMBI
BMP-BAMBI
and kon
ing [100]. Both BMP and ADMP bind to BAMBI at rate kon
BMP-BAMBI
ADMP-BAMBI
and unbind at rate koff
and koff
. As BAMBI is only a derivative of
the BMP receptor, we decided to use the same degradation rates δBMP-R or δADMP-R for
the BMP/ADMP bound BAMBI receptors. Production of SMAD6/7 is induced upon
BMP/ADMP signaling and SMAD6/7 inhibits BMP/ADMP signaling by competitive
inhibition [100]. Both, ADMP and BMP signaling, inhibit Chordin and ADMP expression, and induce BMP, BAMBI and SMAD6/7 expression (for review see [78]. This
translates into the following reaction terms:
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BMP-Chd
BMP-Chd
R(BMP) = ρBMP (0.1 + σB+A >B ) − kon
cBMP cChd + koff
+ τ cBMP-Chd
BMP-R
BMP-R
−kon
(Rtot − cBMP-R − cADMP-R )cBMP + koff
cBMP-R
BMP-BAMBI
BMP-BAMBI
cBMP-BAMBI
cBMP cBAMBI + koff
−kon


BMP-R
BMP-R
R(BMP-R) = kon
(Rtot − cBMP-R − cADMP-R )cBMP − koff
+ δBMP-R cBMP-R
BMP-Chd
BMP-Chd
R(Chd) = ρChd ΛChd (x) σ̄B+A >C − kon
cBMP cChd + koff
cBMP-Chd
ADMP-Chd
ADMP-Chd
−kon
cADMP cChd + koff
cADMP-Chd

BMP-Chd
BMP-Chd
R(BMP-Chd) = kon
cBMP cChd − koff
+ τ cBMP-Chd


ADMP-Chd
ADMP-Chd
+ τ cADMP-Chd
cADMP cChd + koff
R(ADMP) = ρADMP σ̄B+A >A − kon
ADMP-R
ADMP-R
−kon
(Rtot − cBMP-R − cADMP-R )cADMP + koff
cADMP-R
ADMP-BAMBI
ADMP-BAMBI
−kon
cADMP cBAMBI + koff
cADMP-BAMBI
ADMP-R
R(ADMP-R) = kon
(Rtot − cBMP-R − cADMP-R )cADMP

ADMP-R
− koff
+ δADMP-R cADMP-R

ADMP-Chd
ADMP-Chd
R(ADMP-Chd) = kon
cADMP cChd − koff
+ τ cADMP-Chd
BMP-BAMBI
R(BAMBI) = ρBAMBI σB+A >BAMBI − δBAMBI cBAMBI − kon
cBMP cBAMBI
BMP-BAMBI
ADMP-BAMBI
+koff
cBMP-BAMBI − kon
cADMP cBAMBI
ADMP-BAMBI
+koff
cADMP-BAMBI
BMP-BAMBI
BMP-BAMBI
R(BMP-BAMBI) = kon
cBMP cBAMBI − koff
cBMP-BAMBI − δBMP-R cBMP-BAMBI
ADMP-BAMBI
ADMP-BAMBI
R(ADMP-BAMBI) = kon
cADMP cBAMBI − koff
cADMP-BAMBI

−δADMP-R cADMP-BAMBI
R(SMAD6/7) = ρSMAD σB+A >S6/7 − δSMAD cSMAD6/7 .

(4.10)

Parameter values. In contrast to Nematostella, some quantitative data is available for
Xenopus:
1. Spatially averaged Chordin concentration of around 33 nM [87].
2. BMP4/BMP7 concentration in the range between 0.1 nM and 2.5 nM [79].
3. KD value for BMP4/7 and Chd: 3.2 ± 0.6 · 10−10 M [79].
4. KD value for BMP4 and BMP receptor: 2.5 − 9 · 10−10 M [126, 127].
All the other parameter values were adjusted to obtain the published expression patterns and observe the four measured concentrations and affinities listed above. We
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note that given the change in the decay rates, also the diffusion coefficients needed
to be adjusted. The diffusion coefficients of 85 μm2 ·s−1 chosen by Mizutani and coworkers are at the high end of what has been measured for proteins diffusion in
tissue [128]. The new 3.4-fold lower diffusion coefficients are thus if anything more
realistic [45,129,130]. We note that the model also works over a broad range of parameters closer to the ones used in Nematostella. However it would then not observe the
measured values above. The values are summarized in Table C.5.
Production of Chordin is restricted to part of the domain, using

ΛChd (x) = 1.3 · x + z > 300 μm

(4.11)

In the frog model, all Hill terms depend on both ADMP and BMP signaling. This
signaling induces SMAD6/7 activation, which acts as a competitive inhibitor. Activating Hill terms are therefore as denoted σB+A>C1 , where BMP and ADMP are the
components that are signaling and thereby inducing the expression component C1.
Inhibiting Hill terms are denoted σ̄B+A>C1 where BMP and ADMP are the components
that are signaling and thereby inhibiting the expression of component C1:

σB+A>C1

(cBMP-R + cADMP-R )n
=
(cBMP-R + cADMP-R )n + (KB+A>C1 (1 + cSMAD6/7 ))n

(4.12)

and

σ̄B+A>C1 =

n
K̄B+A>C1 (1 + cSMAD6/7 )

n .
(cBMP-R + cADMP-R )n + K̄B+A>C1 (1 + cSMAD6/7 )

(4.13)

Model analysis.
Comparison of simulation results with experimental data. Antibody stainings detect proteins, and thus provide a measure of protein concentrations. We therefore
compare the antibody stainings to the values of the variables in our model (which
represent protein concentrations). In situ hybridization (ISH) experiments provide a
(semi-quantitative) measure of the mRNA concentration, i.e. of the protein expression
rate (rather than the protein concentration). To compare ISH results with our simulations, we thus compare them to the production terms in the model (rather than the
variables, which would represent concentrations).
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Simulation of morphants. We model Morpholino experiments by reducing the production rates of the relevant proteins. In the Nematostella simulations of the Chordin,
GDF5l and Gremlin morphants, the production rate was reduced to 10% of the standard values (Table C.4). In the BMP morphant we reduced the production rate to 5%
of the original value to avoid oscillations. MO knockdowns in the frog show in general
a less extreme phenotype compared to Nematostella, possibly due to partial compensation by redundant BMP proteins. In our simulations all knockdowns were therefore
modeled by a reduction of the production rates or by setting the Tolloid cleavage rate
to 20% of the standard values in order to reproduce the less severe MO effects.
Sensitivity analysis. We conducted a sensitivity analysis to determine the range of
parameter values for which the pattern of interest would be observed. We report an
upper and lower boundary for each parameter value; parameter values outside of
these boundaries result in a loss of pattern. A key event in the simulation is the emergence of an asymmetric BMP5-8/Dpp signaling pattern in Nematostella and the emergence of an asymmetric BMP4/7 signaling pattern in Xenopus. Thus, we define the
lack of an asymmetric BMP5-8/Dpp or BMP4/7 signaling pattern as a loss of pattern.
In particular, an asymmetric BMP5-8/Dpp signaling pattern is considered absent if
one of the following three conditions is met:
1. The maximum of σB>G5 , the Hill function inducing GDF5l expression, is below
0.3.
2. The ratio between the maximal and minimal GDF5l expression is less than 3-fold.
3. The system is unstable and oscillates.
In the frog, an asymmetric BMP4/7 signaling pattern is considered absent if one of the
following three conditions is met:
1. The maximum of σB+A>B , the Hill function inducing BMP expression, is below
0.3.
2. The ratio between the maximum and minimum of the Hill function σB+A>B is less
than 3-fold.
3. The system is unstable and oscillates.
We further report if increasing or decreasing a parameter value leads to stronger (red)
or weaker (blue) expression domains. In Nematostella, in a few cases the NvGDF5-like
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expression domain is expanded while the NvDpp/NvBMP5-8/NvChd expression domain is reduced. This results in a shift of the NvGDF5-like expression domain towards
the NvChd expression domain (red with white lines).
The opposite case, a reduced NvGDF5-like and an expanded Dpp/BMP5-8/Chd expression domain, results in a shift of NvChd expression towards the NvDpp/NvBMP58/NvChd expression domain (blue with white lines).
These cases are similar to dorsalization (blue with white lines) and ventralization (red
with white lines) in the frog. Expansions/Reductions of the expression domains were
judged by eye. In some cases we were not able to increase or decrease the parameter
range any further due to numerical problems with the stiff set of equations. These
cases are denoted by a filled black square. The results of the sensitivity analysis are
presented on Fig. 4.7.

4.7

Contributions

The project presented in this chapter is the result of a collaboration with the group
of Prof. Technau. My collaborators designed and performed the experiments and
analyzed the experimental data including the statistical analysis of the gradient data.
I contributed the mathematical models that are based on the experimental data from
our collaborators. My master student Karin Meier helped me with the Xenopus model.

Chapter 5

Conclusion and Outlook

87

88

Chapter 5. Conclusion and Outlook

This thesis focuses on two distinct aspects of developmental patterning processes:
first, the scaling and read-out of dynamic morphogen gradients on growing domains
in Drosophila and second, the evolutionary constrained axis patterning by BMPs with
an emphasis on the secondary axis in Nematostella vectensis. In both projects, the modeling efforts were based on experimental data and aimed at identifying the mechanistic basis of relatively different patterning events. The patterning mechanisms
discussed in this thesis heavily depend on signaling via ligand-receptor interactions,
however the level on which signaling is investigated is very different. The work on
morphogen gradients concentrates on the details of ligand-receptor interactions, such
as on their kinetics. In contrast to this, the project concerning the secondary axis patterning in Nematostella focuses more on the regulatory interactions by which different
ligand-receptor systems are coupled.

5.1

Scaling and Read-Out of Morphogen Gradients

Although Lewis Wolpert’s theory regarding the existence of morphogen gradients
has been around for decades, there are still many open questions that remain to be
adressed and some of these questions are answered in this thesis. In Chapter 2 of
this thesis the scaling of morphogen gradients on growing domains is investigated.
In this chapter it is shown that both the expansion as well as the continuous increase
in the amplitude of the Dpp gradient that is seen in the experimental data of the developing Drosophila wing disc can be well explained by a kinetic effect. In essence, a
slow turnover of the Dpp ligand prevents the system from being in steady state and
results in an accumulation and an increased spreading of the Dpp ligand across the
tissue. This is especially interesting because steady state behaviour is a very common
assumption in many models, and kinetic effects are often neglegted. Furthermore it is
interesting that the complex dynamics of the gradient only requires a low degradation
rate of the internalized Dpp ligand and can be explained without an active mechanism
for sensing the tissue dimensions and for expanding the gradient. In contrast to other
studies the growth of the tissue is prescribed and the presented mechanism does not
incorporate a regulatory interaction between the Dpp gradient and the growth of the
tissue. The results presented here are therefore independent of the mechanism that
controls growth. It is further shown that the expansion caused by the pre-steady-state
spreading of Dpp does not result in perfect scaling of the gradient, i.e. the proportionality of gradient length and tissue length, but instead gives rise to an imperfect
scaling of the gradient. This observation raises several questions, in particular how
the imperfectly scaling Dpp gradient can be read out to result in the perfect scaling of
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target genes that are under the regulatory control of Dpp.
In Chapter 3 of this thesis a simple threshold-based read-out mechanism of the dynamic Dpp gradient is analyzed. It is shown theoretically that in a certain region of
the Drosophila wing disc a threshold-based mechanism would be sufficient to result
in the perfect scaling of potential target genes of Dpp. This is possible because of the
combination of two effects: the increasing amplitude of the gradient over time pushes
the read-out position further to the back while the imperfect scaling of the Dpp gradient pulls the read-out position towards the front. Interestingly, it is shown that the
hypothetical zone coincides with the observed expression domain of several reported
target genes of Dpp. However, the observed expression domain of several other target
genes cannot be explained with this simple threshold-based read-out mechanism. This
suggests that there either has to be a different read-out mechanism by which the Dpp
gradient is interpreted or those target genes of Dpp have to be under the additional
regulatory control of other factors. It was recently reported that the Pentagone protein is required for the proper scaling of target genes in the Drosophila wing disc [17].
Little is known about the exact biochemical function of Pentagone, however several
functions are discussed, e.g. blocking rapid internalization of Dpp. In the presented
model, Pentagone is not an explicit component of the model, however by changing
biochemical paramters it might be possible to mimic the phenotype of Pentagone mutants. Increasing the internalization rate of the Dpp-receptor complex in the model for
example indeed shortens the gradient length of Dpp and leads to worse scaling as it
increases the amount of ligand within the cell that can be degraded. However it has to
be noted that it is impossible to make quantitative predictitions about this phenotype
without a better understanding of the biochemical functions of Pentagone. In Chapter 3 it is additionally shown that the predicted read-out position is relatively robust
against combined changes of the growth rate and the production rate of the Dpp ligand. This is interesting because several studies have been trying to link the read-out of
the Dpp gradient with tissue growth [16, 18]. Although our model does not include or
require such a regulatory link, it might point to a potential benefit of it: the robustness
of the relative pattern against variations in the morphogen gradient.

5.2

Evolutionary Constrained Axis Patterning by BMPs

In Chapter 4 of this thesis the patterning of the secondary axis in Nematostella is investigated in an evolutionary context. The shuttling mechanism that is known to govern the patterning of the dorsal-ventral axis in Drosophila is investigated in detail, as
several components of this network are also present in Nematostella. It is shown that
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the location of the signaling peak of the ligand-receptor complex, in contrast to other
patterning mechanisms, does not depend on the spatial expression of BMP. This is
especially interesting because the expression domains of the molecular players are
drastically different in Nematostella compared to most Bilateria. Instead, the location
of the signaling peak only depends on the spatial restriction of Chordin expression,
a molecule that can bind BMPs and is an essential part of the shuttling mechanism.
Furthermore a three-dimensional mathematical model is presented that reproduces
the expression patterns of several asymetrically expressed genes in Nematostella along
the secondary axis. Additionally the model also captures the observed loss of asymmetry in response to certain Morpholino experiments. This result indicates that it is
very likely that despite drastic differences, both the secondary axis in Nematostella and
the dorsal-ventral axis in Bilateria are patterned by the same mechanism. It is further shown that in response to isolated parameter changes in the model two groups
of parameters emerge: one group of parameters that have a severe effect on the maintenance of asymmetry and another group of parameters where the parameter values
can be changed to almost arbitrary values and still maintain the asymmetry along the
secondary axis. Interestingly, the group of sensitive parameters consists of parameters
related to components that are part of the shuttling model, while other parameters are
related to genes that are specific to Nematostella. This result again suggests that there
is a common mechanism governing the patterning of both Nematostella as well as Bilateria with additional components that are specific to each species. A common mechanism might be interpreted as an indication that the secondary axis in Nematostella is
homologous to the dorsal-ventral axis in Bilateria, however, it cannot be excluded that
the same mechanism evolved independently.

5.3

Outlook

The findings presented in this thesis illustrate the contributions that mathematical
analysis and modeling can offer in dissecting complex processes and in discovering
underlying mechanisms that are controlling crucial steps in the development of living
organisms. However, there are several challenges that mathematical biologists are facing: the need for more quantitative experimental data, the proper integration of data
from different sources and protocols and the limitations of mathematical methods. Improvements in any of these areas will most likely turn out to be of great importance for
future projects. Transforming current modeling efforts towards integrated data-driven
multiscale models will without doubt influence how we think of the development of
organisms.
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Morphogen Gradients
The work presented in this thesis as well as several recently published articles are
answering some questions regarding morphogen gradients but give rise to even more
emerging questions. One of the most interesting open questions regarding the scaling
of morphogen gradients is certainly how general the mechanism that is based on the
pre-steady state dispersal of a ligand, presented in this thesis, is. As this effect is
mainly based on the slow internal degradation of the ligand other ligand-receptor
systems with a higher degradation rate would behave very differently. Currently, the
degradation rate of Dpp in the Drosophila wing disc is unknown and in the future
quantitative measurements are needed in order to validate the suggested model. In
Chapter 2 it was shown that the pre-steady state model requires a half-life of the Dpp
ligand that is at least 10 hours. Another very interesting question that only recently
gained attention is the effect of the extracellular matrix on the dispersal of the ligand.
Molecules like Pentagone are considered to be crucial for the scaling of downstream
target genes, but the mechanism by which they act is largely unknown. Another very
interesting question is the interplay between patterning and growth in the wing disc.
Currently there are several contradicting findings regarding the link between the Dpp
morphogen gradient and the growth control of the wing disc. There are also several
open questions regarding the read-out of morphogen gradients. Although a simple
threshold-based mechanism can explain the scaling of several Dpp target genes, the
regulation of other genes seems to be more complex. There are some indications that
another less studied morphogen in the wing disc, Glass bottom boat (Gbb), seems to
be a major contributor to signaling via the same receptor as Dpp in a zone of the wing
disc where the Dpp gradient alone cannot explain the observed expression patterns
of target genes [69]. Future research will presumably reveal how morphogen systems
interact and crosstalk with each other and how this effects the respective tissue.

Evolution of Body Axes
As discussed in Chapter 4, the shuttling mechanism that was first analyzed in detail
in Drosophila might very well be responsible for the patterning of the secondary axis
in Nematostella. One very interesting question is certainly whether similar, yet unidentified molecular asymmetries exist in other radially symmetric animals that are not
translated into visible asymmetries in the adult organisms. It is currently unknown
whether the bilateral symmetry in Nematostella is homologous to the bilateral symmetry of the Bilateria or whether, despite a common mechanism that governs the patterning of the secondary axis, bilateral symmetry is a result of convergent evolution. It is
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also currently unknown whether certain radially symmetric animals lost an asymmetry along a secondary axis during the course of evolution or whether bilateral symmetry is a feature that was gained by the Bilateria and Nematostella. Future research
might also focus on which molecular players cause the actual symmetry break and by
which mechanism they do so.

Appendices
This chapter contains the adapted supplemental information from the original manuscripts.
In the last section there is a brief summary of other projects that I conducted during
my PhD studies.
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Appendix: Dynamic Scaling of Morphogen Gradients
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Figure A.1: The contributions of diffusion and advection to ligand transport in the two studied models. Results for
the (a-h) simplified Ligand Model as given by Eq. 2.3, and (i-p) the wing disc model as given by Eq. 2.8,2.9. The top
row for each model specifies the values at each time point, while the bottom row for each model specifies the value integrated up to the time point plotted.The first column reports the diffusion term, the second column the advection term,
the third term the relative contribution of the advection term, and the last column the results for the total ligand. More
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Figure A.2: Receptor levels. Total external receptor concentration (a), and total receptor concentration (b) over time (increasing
grayscale).
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Figure A.3: Scaling is achieved in all ligand populations. Free ligand (a), external Dpp-Tkv complex (b) as well as internal
Dpp-Tkv complex (c) scale with domain length. We plot the concentrations, normalised with respect to the concentration at the
left hand side boundary, on a domain that is scaled with respect to its maximal length, L(t).
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for the Drosophila wing disc model on a linearly growing domain as shown in Fig.

2.3 (black line) and on an exponentially growing domain as shown in Fig. 2.6F (red line) at the final time point t = 90 h.
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Supplementary Tables
Parameter
L(0)
vg
∆t
DDPP
kdeg
δTkv
ρDpp
ρTkv
kon
koff
kin
kout
K
n

Fig. 3
50 μm
7.7 · 10−4 μm s−1
90 h
0.1 μm2 s−1
4 · 10−6 s−1
1 × 10−4 s−1
3 · 10−4 s−1
2 · 10−3 s−1
2 · 10−3 s−1
4 · 10−4 s−1
8 · 10−4 s−1
1 · 10−4 s−1
10
0.5

Fig. 5A
=
=
=
10 μm2 s−1
=
=
=
=
0.2 s−1
=
=
=
=
=

Fig. 5B
=
=
=
0.27 μm2 s−1
2 · 10−5 s−1
=
=
=
2.2 · 10−3 s−1
=
=
=
=
=

Experimental Value
50 μm
(300−50)
μm h−1
90
90 h
0.1 − 20 μm2 s−1

References
[16]
[16]
[16]
[16, 44, 45]

T1/2 = 10-15 min
≥ 85% of DPP inside cell

[51–53]
[45]

Table A.1: Parameter values of the detailed wing disc model. The table summarizes all parameter values that are used in the
model along with the evidence. Where parameter values that deviate from those in the table were used, the parameter values are
given in the detailed figure legends.

Supplementary Notes
Supplementary Note 1 In the following, we specify the exact simulation conditions
for Fig. 2.2 in the main text:
Fig. 2:
1−x
(b - e) We simulated Eq. 2.21 with initial gradients (blue) c(x, 0) = 5·10
−5 (b, c) and
5
c(x, 0) = exp(−10 · x) (d, e). k Higher degradation rates (light green line – 2 × 10−6
s−1 , green line – 10−5 s−1 , dark green line – 10−4 s−1 ) limit the expansion of the gradient compared to the purely diffusive model (grey line), and the gradients reach their
steady-state profiles faster.
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Supplementary Note 2 In the following, we specify the exact simulation conditions
for Fig. 2.6 in the main text:
Fig. 6:
(c) To simulate tip growth, we used a domain of length of 300 μm, and implemented a
moving diffusion barrier for the ligand of the form

D
if x ≤ L(t)
(A.1)
D=
0
if x > L(t)
with L(t) = L(0) + vg t as before. (e) Using E[x2 ] = Dt for a diffusion-only model
with flux-boundary conditions Eq. 2.21 and E[x2 ] = 2λ2 for an exponential profile of
the form L(x, 0) = L(0, 0) exp ( λx ) on the domain x ∈ [0, ∞), the blue curve was obtained by fitting the experimental data that was read off from [16] with the relation
λ2 = 2vDg (L(t) − L(0)); the fit yielded 2vDg = 3.0 ± 1.1 μm and 2vDg L(0) = 138.7 ± 170.1 μm
such that L(0) ∼ 46 μm. Using vg = 7.7 · 10−4 μm s−1 as before, we further have D =
0.005 μm2 s−1 as used in our simple diffusion-only model to recapitulate the ligand dynamics (Fig. 2.1e,f). (f) Exponential growth was implemented as L(t) = L(0) exp (αt),
)/L0 )
= 5.53 · 10−6 s−1 .
with α = ln(L(ttend
end

98

Appendices

B

Appendix: Read-Out of Dynamic Morphogen Gradients

Supplementary Figure
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Figure B.1: The predicted relative change in the Dpp concentration within the domain. (a) The relative change in the Dpp
concentration at the different relative positions at four time points (light to dark grey): 24 h, 46 h, 68 h, 90 h. The coloured
lines mark four different relative positions: 0.2 (blue), 0.4 (orange), 0.6 (red), 0.8 (brown). (b) The relative change in the Dpp
concentration decreases over time, albeit differently at different relative positions (colours as in panel a).

C. Appendix: Axis Patterning by BMPs

C

99

Appendix: Axis Patterning by BMPs

Supplementary Figures

Figure C.1: Controls for the determination of the BMP signaling side. (A) NvDpp and NvHoxE are expressed on the opposing
ends of the directive axis in early planula; NvGbx is expressed throughout the NvDpp-free part of the endoderm. (B) Anti-NvHoxE
antibody specifically stains NvHoxE. All stainings performed at gastrula stage, when no endogenous NvHoxE is expressed.
Transgenic ActP3::EGFP - embryos mosaicly expressing EGFP under Nematostella β-actin promoter in a subset of cells. Transgenic
FGFa1::NvHoxE-EGFP - embryos mosaicly expressing NvHoxE-EGFP fusion protein under Nematostella FGFa1 promoter in a
subset of cells. Both, anti-rat-DyLight549 and anti-rabbit-Alexa488 secondary antibodies were added to each sample. Primary
antibodies are marked on the image. Minus sign stands for no primary antibody added. Uninjected embryos are not stained
by either anti-GFP or anti-NvHoxE. EGFP expressing embryos are stained only by anti-GFP antibody and not by anti-NvHoxE
antibody. NvHoxE-GFP expressing embryos stain with both anti-GFP and anti-NvHoxE antibody and do not stain with rat preimmune serum (PI). (C) Anti-NvHoxE antibody specifically stains endodermal nuclei on the pSMAD-positive side of the embryo.
Combinations of the primary and secondary antibodies are marked. (D) Injection of the GDF5lMO results in the retention of an
intron with several stop codons in all reading frames in the majority of the NvGDF5-like transcripts as revealed by RT PCR. Arrow
points at a PCR product containing an intron. (E) GrmMO specifically inhibits the translation of the target mRNA with a fully
complementary recognition sequence and not the one carrying 5 mismatches. Early planulae injected with the in vitro transcribed
mRNA carrying the wild type recognition site for GrmMO (GrmMOwt) followed by mOrange2 sequence are stronlgy fluorescent
if co-injected with StdMO but not if co-injected with GrmMO. Early planulae co-injected with mRNA carrying the recognition
site for GrmMO with 5 mismatches (GrmMOmis) followed by mOrange2 sequence are strongly fluorescent and not affected by
GrmMO. Scale bars 50 μm.
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Figure C.2: Statistical analysis of the BMP signaling gradient and the morphology of the BMP5-8MO and ChdMO late planulae. (A) The αpSMAD1/5 staining intensity was measured along the arc of 180◦ in the body wall endoderm nuclei (between
dashed white lines). The first nucleus to be measured (yellow arrow) is located closest to the centre of the intensively pSMAD1/5positive domain; the last nucleus to be measured is located at the opposite side of the embryo (red arrow). (B) αpSMAD1/5 staining intensity as a function of relative position (represented as fraction of the 180◦ arc) along the endoderm perimeter, described by
a LOESS smoothed curve (solid line) with a 99% confidence interval for the mean (shade) based on individual measurements from
multiple embryos for Control (n=12), GrmMO (n=7), GDF5lMO (n=10), and DppMO (n=8). Relative position allows compensating for different numbers of nuclei in different embryos and gives each nucleus its coordinate. It corresponds to the sequential
number of each nucleus divided by total number of endodermal nuclei along the 180◦ arc in the particular embryo (as in A). (C)
pSMAD1/5 staining intensity as a function of relative position along the endoderm perimeter (represented as fractions of the
180◦ arc from 0 to π) in ten equally sized discrete windows, with box plots representing measurements from multiple embryos
for Control (n=12), GrmMO (n=7), GDF5lMO (n=10), and DppMO (n=8). The pSMAD1/5 intensity was significantly higher in
GrmMO than Control (p<0.05, Wilcoxon exact test) in the bins in the range (0.2,0.7]. The pSMAD1/5 intensity was significantly
lower (p<0.01, Wilcoxon exact test) in GDF5lMO and DppMO treated embryos compared to Control in all positional bins. (D)
Bootstrap estimate of the standard error (SE) for pSMAD1/5 staining intensity for Control (n=12), GrmMO (n=7), GDF5lMO
(n=10), and DppMO (n=8) treated embryos as a function of relative position along the endoderm perimeter (represented as fractions of the 180◦ arc) in equally sized discrete windows. The SE for pSMAD1/5 intensity is significantly higher in GrmMO than
Control (p<0.01, F test) in the bins in the range (0.4,0.6]. A comparison of the residuals in linear model fits of pSMAD1/5 staining
intensity to logarithmic and linear independent variables representing relative position showed that globally, the variance is significantly higher for the GrmMO treated embryos than Control (p-value = 6.893·10−7 , F test). (E-F) Oral views of the BMP5-8MO
and ChdMO late planulae stained with fluorescent phalloidin. Morphants do not show any sign of mesentery formation. Scale
bars 50 μm.
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Figure C.3: Penetrance of the morpholino phenotypes. Penetrance of the morpholino phenotypes for the morpholino/gene
combinations not reported in [94].
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Supplementary Tables
Gene name

Accession
numbers

Asymmetric expression

Knockdown phenotype

References

AY391716
AY391716

Suggested
homologues
in Bilateria
BMP2/4,
decapentaplegic

NvDpp

Yes, at symmetry break

[24, 93, 94, 131]

NvBMP5-8

DQ358699

BMP5-8, Screw

Yes, at symmetry break

NvGDF5-like

AY496945,
AY391717

Gdf5, Gdf6

Yes, at symmetry break

mstn/gdf11

KC662373

No

NvActivin
NvAdmprelated
NvChd

ABF61781
JQ959545

myostatin,
Gdf8/11
activin
ADMP

Radialization of NvDpp,
NvBMP5-8 and NvChd; disappearance of pSMAD1/5;
expression of NvGDF5-like,
NvGrm,
Hox genes and
NvGbx is abolished
Radialization of NvDpp,
NvBMP5-8
and
NvChd
expression; disappearance
of pSMAD1/5; expression
of NvGDF5-like, NvGrm,
Hox genes and NvGbx is
abolished
Expansion of NvChd; reduction of pSMAD1/5; expression of NvGrm9, Hox
genes and NvGbx is abolished or repressed
N/A
N/A
N/A

[91]
[133]

DQ286294
DQ358700

Chordin, short
gastrulation
(sog)

[92–94, 131]

NvGremlin
NvGrm

DQ517924
DQ471325

Gremlin
Gremlin

No
Yes, at symmetry break

NvFollistatinlike
NvFollistatin
NvNoggin1

DQ517921

Follistatin

No

Radialization of NvChd, disappearance of pSMAD1/5,
disappearance of expression of NvDpp, NvBMP5-8,
NvGDF5-like, NvGrm, Hox
genes and NvGbx
N/A
Delay in symmetry break;
expansion of pSMAD1/5;
expansion of the NvGrm and
NvHoxE expression
N/A

DQ517920
DQ517922

Follistatin
Noggin

N/A
N/A

[91]
[91]

NvNoggin2

DQ517923

Noggin

No
Yes, after symmetry break
No

N/A

[91]

No
N/A after symmetry
Yes, at symmetry break

Table C.1: TGFβ molecules and BMP antagonists found in Nematostella vectensis.

[92, 94, 131]

[93, 131, 132]

[94]

[92]
[93, 131]

[91]
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Chourrout et al., 2006 [134]
NvHoxA
NvHoxB
NvHoxC
NvHoxDa
NvHoxDb
NvHoxE
NvHoxF

This study
NvHoxA
NvHoxB
NvHoxC
NvHoxD∗
NvHoxE
NvHoxF
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Ryan et al., 2007 [95]
Anthox6
Anthox6a
Anthox7
Anthox8a
Anthox8b
Anthox1a
Anthox1

Table C.2: Different nomenclature of the Nematostella vectensis Hox genes with confirmed expression. In this table we list the
nomenclature of the Nematostella vectensis Hox genes with confirmed expression in this as well as in two other studies. NvHoxDa
and NvHoxDb have been shown to be different transcripts originating from the same locus by alternative splicing [135]. In this
study, we name this gene NvHoxD (indicated by an asterisk).

Parameter
ρBMP
ρChd
Rtot
BMP-Chd
kon
BMP-Chd
koff

Value
0.001 μM s−1
0.08 μM s−1
3 μM
95 μM−1 s−1
4 · 10−6 s−1

BMP-R
kon
BMP-R
koff

0.4 μM−1 s−1
4 · 10−6 s−1

δBMP-R

5 · 10−4 s−1

τ

0.05 s−1

D

85 μm2 s−1

L

500 μm

Explanation
Production rate BMP
Production rate Chd
Concentration of BMP receptor
Binding rate of BMP to Chordin
Unbinding rate of the BMP-Chd
complex
Binding rate of BMP to its receptor
Unbinding rate of the BMPreceptor complex
Degradation rate of BMP-receptor
complex
Tolloid-mediated degradation rate
of BMP-Chd complexes
Diffusion coefficient of BMP, Chd
and BMP-Chd complex
Length of the 1D domain

References
[26, 27]
[26, 27]
[26, 27]
[26, 27]
[26, 27]
[26, 27]
[26, 27]
[26, 27]
N/A
[26, 27]
Measured

Table C.3: Parameter values for the 1D Nematostella model. The table summarizes all parameter values that are used in the
model along with the evidence.
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Parameter
ρBMP
ρChd
ρGDF5l
ρGrm
δGrm
τ

Value
0.001 μM s−1
0.08 μM s−1
0.001 μM s−1
0.003 μM s−1
0.001 s−1
0.05 s−1

δBMP-R

5 · 10−4 s−1

δGDF5l-R

5 · 10−4 s−1

BMP
Rtot
GDF5l
Rtot
BMP-R
kon
GDF5l-R
kon
BMP-R
koff

3 μM
3 μM
0.4 μM−1 s−1
0.4 μM−1 s−1
4 · 10−6 s−1

GDF5l-R
koff

4 · 10−6 s−1

BMP-Chd
kon
GDF5l-Chd
kon
BMP-Chd
koff

95 μM−1 s−1
95 μM−1 s−1
4 · 10−6 s−1

GDF5l-Chd
koff

4 · 10−6 s−1

GDF5l-Grm
kon
GDF5l-Grm
koff

95 μM−1 s−1
4 · 10−6 s−1

KB>G5

1 μM

KG5>Grm

0.6 μM

K̄B>B,C

0.5 μM

K̄G5>B,C

0.1 μM

D

85 μm2 s−1

rball

80 μm

rmouth

45 μm

Explanation
Production rate BMP
Production rate Chd
Production rate GDF5l
Production rate Grm
Degradation rate Grm
Tolloid-mediated degradation rate of
BMP-Chd complexes
Degradation rate of BMP-receptor
complex
Degradation rate of GDF5l-receptor
complex
Concentration of BMP receptor
Concentration of GDF5l receptor
Binding rate of BMP to its receptor
Binding rate of GDF5l to its receptor
Unbinding rate of the BMP-receptor
complex
Unbinding rate of the GDF5l-receptor
complex
Binding rate of BMP to Chordin
Binding rate of GDF5l to Chordin
Unbinding rate of the BMP-Chd complex
Unbinding rate of the GDF5l-Chd
complex
Binding rate of GDF5l to Gremlin
Unbinding rate of the GDF5l-Gremlin
complex
Activating Hill constant of the BMP-R
complex
Activating Hill constant of the GDF5lR complex
Inhibiting Hill constant of the BMP-R
complex
Inhibiting Hill constant of the GDF5lR complex
Diffusion coefficient of all diffusing
components
Measured radius of the mesogloea in
the embryo
Measured radius of the oral opening

References
[26, 27]
[26, 27]
Assumed equal to ρBMP
N/A
N/A
Same as in 1D model
[26, 27]
Assumed equal to δBMP-R
[26, 27]
BMP
Assumed equal to Rtot
[26, 27]
BMP-R
Assumed equal to kon
[26, 27]
BMP-R
Assumed equal to koff

[26, 27]
BMP-Chd
Assumed equal to kon
[26, 27]
BMP-Chd
Assumed equal to koff
BMP-Chd
Assumed equal to kon
BMP-Chd
Assumed equal to koff

N/A
N/A
N/A
N/A
Assumed equal to diffusion
of BMP [26, 27]
Measured
Measured

Table C.4: Parameter values for the 3D Nematostella model. The table summarizes all parameter values that are used in the
model along with the evidence.
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Parameter
ρBMP
ρChd
ρADMP
ρBAMBI
ρSMAD
τ

Value
3 · 10−7 μM s−1
1.5 · 10−5 μM s−1
1 · 10−7 μM s−1
1.8 · 10−6 μM s−1
3 · 10−4 μM s−1
0.0017 s−1

δBMP-R ,
δADMP-R
δBAMBI
δSMAD
Rtot
BMP-R
kon
ADMP-R
kon
BMP-R
koff
ADMP-R
koff
BMP-Chd
kon
ADMP-Chd
kon
BMP-Chd
koff
ADMP-Chd
koff
BMP-BAMBI
kon
ADMP-BAMBI
kon
BMP-BAMBI
koff
ADMP-BAMBI
koff
KB+A>B
KB+A>BAMBI
KB+A>S6/7

5 · 10−4 s−1

K̄B+A>B
K̄B+A>A
D

7.5 · 10−4 μM
2.25 · 10−4 μM
25 μm2 s−1

rball
rmouth

550 μm
150 μm

1 · 10−3 s−1
1 · 10−4 s−1
1.5 · 10−3 μM
8 μM−1 s−1
8 μM−1 s−1
4 · 10−3 s−1
4 · 10−3 s−1
14 μM−1 s−1
14 μM−1 s−1
4.5 · 10−3 s−1
4.5 · 10−3 s−1
8 μM−1 s−1
8 μM−1 s−1
4 · 10−3 s−1
4 · 10−3 s−1
2.25 · 10−4 μM
1.5 · 10−3 μM
1.5 · 10−3 μM
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Explanation
Production rate BMP
Production rate Chd
Production rate ADMP
Production rate BAMBI
Production rate SMAD
Tolloid-mediated degradation rate of LigandChd complexes
Degradation rate of BMP-receptor / ADMPreceptor complex
Degradation rate of BAMBI
Degradation rate of SMAD6/7
Concentration of BMP/ADMP receptor
Binding rate of BMP to its receptor
Binding rate of ADMP to its receptor
Unbinding rate of the BMP-receptor complex
Unbinding rate of the ADMP-receptor complex
Binding rate of BMP to Chordin
Binding rate of ADMP to Chordin
Unbinding rate of the BMP-Chd complex
Unbinding rate of the ADMP-Chd complex
Binding rate of BMP to BAMBI
Binding rate of ADMP to BAMBI
Unbinding rate of the BMP-BAMBI complex
Unbinding rate of the ADMP-BAMBI complex
Activating Hill constant on BMP expression
Activating Hill constant on BAMBI expression
Activating Hill constant on SMAD6/7 expression
Inhibiting Hill constant on Chordin expression
Inhibiting Hill constant on ADMP expression
Diffusion coefficient of all diffusing components
Radius of the Brachet’s cleft in the embryo
Radius of the blastopore opening

Table C.5: Parameter values for the 3D Xenopus model. The table summarizes all parameter values that are used in the model.
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D

Appendix: Other Projects

A quantitative analysis of growth control in the Drosophila eye disc
This project is a collaboration with the group of Prof. Casares, Universidad Pablo de
Olavide, Seville, Spain. The aim of the project is to combine mathematical modeling
and quantitative measurements of the eye imaginal disc in Drosophila to analyze the
growth dynamics of the tissue. Together with my colleague Jannik Vollmer, I analyzed
the imaging data of the eye discs and developed and analyzed a simple mathematical
model of the eye disc. We find that the area growth rate of the eye imaginal disc
has to decline over time in order to explain the experimental data provided by Jannik
Vollmer and our collaborators. Interestingly, the decline is inversely proportional to
the total area of the eye disc and might therefore be controlled by a mechanism that is
based on the dilution of a secreted growth factor.
The following publication is currently under revision:
Vollmer, J., Fried, P., Sánchez-Aragón, M., Lopes, C. S., Casares, F., Iber. A Quantitative
Analysis of Growth Control in the Drosophila Eye Disc. Development, under revision.

An integrated model of growth and patterning in the Drosophila eye
disc
This project is a collaboration with the group of Prof. Casares, Universidad Pablo de
Olavide, Seville, Spain and is complementary to the project mentioned above. The
aim of this project is to investigate the link between patterning and growth in the
Drosophila eye disc. To this end we developed a spatio-temporal model based on the
regulatory interactions controlled by the signals Decapentaplegic (Dpp), Hedgehog
(Hh) and the transcription factor Homothorax (Hth) in order to explore how those
factors affect the movement of the morphogenetic furrow, a moving signaling wave
that sweeps across the tissue from the posterior to the anterior side and differentiates
proliferating cells into differentiated cells. Together with a master student, Brigitta
Lehtinen, that I supervised, I developed the computational model and analyzed the
experimental data provided by our collaborators. We find that the model reproduces
the linear movement of the morphogenetic furrow and the growth termination of the
eye disc. We further show that the model can explain several mutant phenotypes, but
fails to reproduce the previously reported scaling of the Dpp gradient in the anterior
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compartment, suggesting that scaling in the eye disc must be under a more complex
control.
The following publication is currently in preperation:
Fried, P. et. al. An integrated model of growth and patterning in the Drosophila eye
disc, in preperation.

Simulating Tissue Morphogenesis and Signaling
This book chapter reviews different techniques and methods of how to simulate spatiotemporal models on non-static domains. It is shown how velocity fields can be mathematically incorporated into Partial Differential Equations. Furthermore different tissue models are discussed. In the book chapter I contributed the section about cellbased tissue models and focused in particular on Cellular Potts models.
The following book chapter has been published:
Iber, D., Tanaka, S., Fried, P., Germann, P, Menshykau, D. Simulating tissue morphogenesis and signaling. Methods in Molecular Biology 1189, 323-38 (2015).
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[66] Bai, L., Widmann, T., Jülicher, F., Dahmann, C., Breen, D. 3D surface reconstruction and visualization of the Drosophila wing imaginal disc at cellular resolution. Proc. SPIE 8654, 86540D, 2013.
[67] Fried, P., Iber, D. Dynamic scaling of morphogen gradients on growing domains. Nature Communications 5, 5077, 2014.
[68] Kerszberg, M., Wolpert, L. Mechanisms for positional signalling by morphogen
transport: a theoretical study. Journal of theoretical biology 191, 103–114, 1998.
[69] Bangi, E., Wharton, K. Dpp and Gbb exhibit different effective ranges in the establishment of the BMP activity gradient critical for Drosophila wing patterning.
Developmental biology 295, 178–93, 2006.
[70] He, F., et al. Fundamental origins and limits for scaling a maternal morphogen
gradient. Nature Communications 6, 6679, 2015.
[71] Cook, O., Biehs, B., Bier, E. brinker and optomotor-blind act coordinately to initiate development of the L5 wing vein primordium in Drosophila. Development
(Cambridge, England) 131, 2113–24, 2004.
[72] Kuntz, S. G., Eisen, M. B. Drosophila embryogenesis scales uniformly across
temperature in developmentally diverse species. PLoS genetics 10, e1004293,
2014.
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[105] Sidi, S., Goutel, C., Peyriéras, N., Rosa, F. M. Maternal induction of ventral fate
by zebrafish radar. Proceedings of the National Academy of Sciences of the United
States of America 100, 3315–20, 2003.
[106] Wang, Y.-C., Ferguson, E. L. Spatial bistability of Dpp-receptor interactions during Drosophila dorsal-ventral patterning. Nature 434, 229–34, 2005.
[107] Lemaire, P. Unfolding a chordate developmental program, one cell at a time:
invariant cell lineages, short-range inductions and evolutionary plasticity in ascidians. Developmental biology 332, 48–60, 2009.
[108] Patterson, G. I., Padgett, R. W. TGF beta-related pathways. Roles in Caenorhabditis elegans development. Trends in genetics : TIG 16, 27–33, 2000.
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