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Abstract

In this thesis, we prove various results on metric injective hulls and injective
metric spaces. In Chapter II, we show that the operator given by assigning
to a metric space the corresponding metric space defined by Isbell’s injective
hull is 2-Lipschitz in the Gromov-Hausdorff sense when defined on the class of
general metric spaces and 1-Lipschitz when restricted to the class of tree-like
metric spaces. These estimates are optimal. In Chapter III, we character-
ize effectively the injective affine subspaces of the finite dimensional injective
normed spaces in any dimension and go on characterizing effectively injective
convex polyhedra, this characterization provides in particular a concrete veri-
fication algorithm. We then make use of this result to prove that the solution
set of a system of linear inequalities with at most two variables per inequality
is injective if it is non-empty. Turning to injective hulls with the structure
of a polyhedral complex, we extend in Chapter IV the canonical decomposi-
tion theory of Bandelt and Dress to infinite metric spaces with integer-valued
metric. We consider infinite totally split-decomposable metric spaces with
integer-valued metric and satisfying a local rank condition. We then give a
characterization for Isbell’s injective hull of such metric spaces to be combi-
natorially equivalent to a cube complex satisfying the CAT(0) link condition.
We apply this, among others, to injective hulls of cycle graphs. In Chapter V,
we give an alternative characterization of finite combinatorial dimension for
metric spaces. We consider the canonical decomposition of the collection of
extremal functions that induce admissible graphs. We prove an optimal bound
on the diameters of the elements of this canonical decomposition for discretely
path-connected metric spaces. We conclude by proving for different classes of
metric spaces including any proper metric space, that such a space is injective
if and only if it is 4-hyperconvex and possesses a geodesic bicombing.
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Zusammenfassung

In dieser Dissertation beweisen wir Resultate tiber metrische injektive Hiillen
und injektive metrische Raume. In Kapitel II beweisen wir, dass die Is-
bellsche injektive Hiille ein 2-Lipschitz-Operator ist im Sinne von Gromov-
Hausdorff, wenn man sie auf der Klasse aller metrischen Radume definiert. Die
Isbellsche injektive Hiille wird zu einem 1-Lipschitz-Operator, wenn man sie
auf die Klasse aller baumartigen metrischen Rdume einschrankt. In Kapitel
IIT charakterisieren wir effektiv die injektiven affinen Teilmengen der endlich
dimensionalen normierten Rdume beliebiger Dimension. Ausserdem beweisen
wir noch eine effektive Charakterisierung aller injektiven konvexen Polyeder.
Diese Charakterisierung liefert insbesondere einen konkreten Verifikationsal-
gorithmus. Wir verwenden dieses Resultat, um zu beweisen, dass ein System
linearer Ungleichungen mit hochstens zwei Variablen pro Ungleichung injek-
tiv ist, wenn es nicht leer ist. Desweiteren betrachten wir diejenigen injek-
tiven Hiillen, die die Struktur eines polyedrischen Komplexes haben und in
Kapitel IV verallgemeinern wir die kanonische Zerlegungstheorie von Bandelt
und Dress, indem wir sie fiir unendliche metrische Radume mit ganzzahliger
Metrik entwickeln. Wir betrachten dann diejenigen unendlichen, vollstandig
split-zerlegbaren metrischen Raumen mit ganzzahliger Metrik, die eine lokale
Rangbedingung erfiillen. Fiir diese Klasse metrischer Rdume charakterisieren
wir diejenigen, fiir die ihre Isbellsche injektive Hiille kombinatorisch dquivalent
zu einem Wiirfelkomplex ist, welcher die CAT(0)-Link-Bedingung erfiillt. Wir
wenden dieses Kriterium insbesondere auf Zykelgraphen an. In Kapitel V
geben wir eine alternative Charakterisierung der endlichen kombinatorischen
Dimension. Wir betrachten die kanonische Zerlegung der Familie aller Ex-
tremalfunktionen, die zuldssige Graphen induzieren. Wir beweisen eine opti-
male Schranke an die Durchmesser der Elemente dieser kanonischen Zerlegung
fiir diskret wegzusammenhangende metrische Raume. Schliesslich beweisen
wir flir verschiedene Klassen metrischer Rdume, insbesondere fiir jeden soge-
nannten proper metrischen Raum, dass dieser genau dann injektiv ist, wenn
er 4-hyperkonvex ist und ein Bicombing besitzt.
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Chapter 1

Introduction

The present thesis consists of four main components, corresponding to works
[B1, 37, B8] together with a collection of further results, each one of these
components focusing on a precise topic of the theory of metric spaces. The
common goal of these four works is to develop tools for the study of injective
hulls and injective metric spaces in view of many different applications. For
instance, in phylogenetic analysis where injective hulls are used to compare
general metrics to tree-like ones, cf. [I9, 20]. Furthermore, injective hulls
appear to be relevant in theoretical computer science in particular for online
algorithms in relation with the k-server problem, cf. [13| [14]. Additionally,
injective hulls provide a source of new techniques and approaches for purely
mathematical questions with geometric elements.

As an illustration, injectivity can be regarded as a general metric notion of
global weak non-positive curvature since injective metric spaces share common
features with CAT(0) spaces like, for instance, the existence of a geodesic
bicombing. Developing tools for injective metric spaces and hulls can therefore
lead for example to sharpen and understand better known results of CAT(0)
geometry.

A metric space (X,d) is called injective if for any isometric embedding
i : A — B of metric spaces and any 1-Lipschitz (equivalently distance-
nonincreasing) map f : A — X, there exists a 1-Lipschitz map ¢g: B — X,
so that g oi = f. Examples of such spaces include the real line R, [o(])
for any index set I, and all complete metric trees. As can be deduced from
the definition, injective metric spaces are in particular non-empty, complete,
geodesic and every triple of points has at least one median point. Moreover,
injective metric spaces are abolute 1-Lipschitz retracts and reciprocally ev-
ery absolute 1-Lipschitz retract is injective. In addition, all injective metric



I. INTRODUCTION

spaces are contractible. The terminology coincides with the definition of an
injective object in category theory. Accordingly and unless otherwise stated,
by injective we mean in the category of metric spaces and 1-Lipschitz maps.

As a matter of fact, proving injectivity is often achieved indirectly via an
equivalent but more handy criterion. One such equivalent criterion, which
essentially amounts to a point by point extension property, is hyperconvexity,
which was introduced in [2]. A metric space (X, d) is called hyperconvez if any
collection {(z;,7;)}ier C X x [0, 00) with the property that d(x;, ;) < r;+7;
for all pair of indices 4, j € I, satisfies (;c; B(x;,7;) # () where B(z,r) := {y €
X :d(z,y) < r}. With the help of Zorn’s lemma, it is not difficult to prove
equivalence between injectivity and hyperconvexity. By the hyperconvexity
criterion together with a theorem of Nachbin proved in [36], it follows that
a normed space is linearly injective (i.e., injective in the category of normed
spaces and linear 1-Lipschitz maps) if and only if it is injective in the metric
category.

Ubiquity of injectivity in the theory of metric spaces is best appreciated
when considering Isbell’s injective hull construction. Indeed, Isbell showed in
[29], that every metric space (X,d) possesses an injective hull (e, E(X)), by
which is meant that two properties hold, namely that E(X) is an injective
metric space (endowed with a canonical metric which is for conciseness absent
from the notation) and e: X — E(X) is an isometric embedding such that
every isometric embedding of X into another injective metric space factors
through e.

Interestingly, Isbell’s injective hull is a general object which can be used
in different places as an alternative to ad hoc constructions, as an example,
see [30] in relation with Gromov hyperbolic metric spaces and [6]. Therefore,
Isbell’s injective hull construction offers a general framework to prove many
different results on metric spaces.

To be precise, Isbell’s injective hull is defined as the set E(X) of so-called
extremal functions which is given by

E(X):={f¢ RX : f(z) = sup, ey (d(z,y) — f(y)) for all z € X }.

It is not difficult to see that the difference between two elements of E(X) has
finite supremum norm and E(X) is defined as being endowed with the metric

doo(f59) = I = 9l -

Furthermore, the canonical isometric embedding e: X — E(X) is given by
the assignement x — d, where the map d, : y — d(x,y) is meant.



I. INTRODUCTION

We now continue with a description of the main results contained in
the four chapters following this introduction. Each chapter is written in
a self-contained way and possesses its own introduction recalling all the
facts and definitions needed for the development of the chapter. This allows
reading a chapter independently of the others.

Metric Stability of Trees and Tight spans. We start by considering
Isbell’s injective hull as an operator X +— E(X) on the family of all metric
spaces. Our goal is to determine the Lipschitz constant of this operator for
the relevant notions of distance. Besides, we wish to obtain an improved
Lipschitz constant in case the operator is restricted to metric spaces with
properties similar to those of metric trees. In this framework, dissimilarity
between two metric spaces X and Y is modeled by the Gromov-Hausdorff
comparison. The effective computation of the quantity dgu(X,Y’) consists in
measuring the minimal distortion, namely minimizing the quantity

S sw Jdx(e.a!)  dy(y.y)

(z.y),(=",y")ER

over all relations R in the product set X x Y. In this context, a relation is
defined as a subset R C X x Y such that 7x(R) = X and my(R) =Y. Our
procedure consists in proving extension results for relations between metric
spaces. For the first extension result, we let X and Y be injective metric
spaces and we consider subsets R C X x Y such that 7x(R) is a spanning set
of X. We show that there exists an extension R with same distortion such
that mx(R) is now an a-net in X where a denotes the distortion of R. For
the second extension result, we let X be a metric tree and Y be an injective
metric space and we consider subsets R C X x Y such that mx(R) is this
time a strictly spanning set of X. We show that in this case, there exists an
extension R with same distortion such that mx(R) = X.

From the first extension result, we deduce that X — E(X) is 2-Lipschitz
in the Gromov-Hausdorff sense on the class of general metric spaces and we
show that this Lipschitz constant is optimal. Since injective hulls of Gromov
0-hyperbolic metric spaces are themselves d-hyperbolic (cf. [30]), X — E(X)
restricts to an operator on the class of tree-like metric spaces. From the
second extension result, we deduce that Isbell’s injective hull is 1-Lipschitz
when restricted to the class of tree-like metric spaces, and the constant is
clearly optimal. These results are in particular relevant to recovery issues as
encountered for instance in phylogenetics.

This chapter corresponds to [31], which is joint work with Urs Lang and
Roger Ziist.



I. INTRODUCTION

Injective Convex Polyhedra. There are many reasons for the relevance
of injective convex polyhedra in [T, which denotes the set of real n-tuples
x = (x1,...,2,) endowed with the norm |z| = maxi<i<p |z,|. It was
shown by Nachbin in [36] that an n-dimensional normed space is injective
if and only if it is linearly isometric to [ly. Therefore, in order to study
injectivity, it is natural to focus in the first place on non-empty subsets of
the model spaces 17,. Moreover, by Nachbin’s characterization, if a subset
of an n-dimensional normed space is injective and has non-empty interior, it
follows by a rescaling argument that the ambient space has to be isometric to
I%. With the goal of obtaining a simple elegant and concrete combinatorial
characterization, we consequently consider convex polyhedra in 7. They
indeed build the largest class for which our expectations have a chance to
be fulfilled. Furthermore, as in CAT(0) geometry, convexity is important in
our considerations and in addition, Géhler and Murphy showed in [22] that
there is a unique geodesic bicombing o on [, namely the one given by the
linear geodesics. By a (geodesic) bicombing on a geodesic metric space (X, d)
is meant a map o: X x X x[0,1] — X such that for any z,y € X, the induced
mapping gy = o(x,y,-): [0,1] — X satisfies that o,y is a geodesic from z
to y, that is 04y(0) = z, 04y(1) = y and d(o4y(t), 0uy(t')) = [t — t'| d(z,v),
together with the properties oy, (t) = 04y(1 — t) and d(o4y(t), 00y (1)) <
(1 —t)d(z,2’) + td(y,y’'). Injective convex subsets of I are thus exactly
the injective subsets of [”% whose unique (cf. [16]) convex geodesic bicombing
coincides with the geodesic bicombing of I”,. Finally, considering polyhedral
sets is needed in order to be able to obtain combinatorial or computationally
usable results. Since I is injective, for any subset S, there is a subset S’ of
[ containing S, with the property that S’ is isometric to E(S). Note that
S is injective if and only if for any such S” one has S = S’. Hence injective
subsets are exactly the ones stable under taking injective hulls.

We start by giving a proof of the already known characterization of injec-
tive affine subsets of [, of any dimension. We go on proving a local-to-global
injectivity criterion for convex polyhedra in [7,. In order to do so, we con-
sider the family of tangent cones to a given convex polyhedron. This family
is a collection of convex polyhedral cones which encodes the complete local
information of the associated convex polyhedron. Precisely, we prove that a
polyhedron in 7 is injective if and only each of its tangent cones is injective.

We apply this local-to-global criterion to prove an effective characterization
of injective convex polyhedra in 7. This characterization is effective in the
sense that for any given polyhedron, the procedure to check whether it is
injective or not involves computing finitely many times the intersection of

4



I. INTRODUCTION

finitely many affine subspaces of {2,. This gives in particular an implementable
algorithm to perform injectivity tests. The characterization involves looking
at the intersection pattern of convex polyhedral cones centered at the origin
with the facets of the unit cube [—1,1]™. From this characterization follows in
particular the following known result: if Isbell’s injective hull has a canonical
polyhedral structure parametrized by the admissible graphs, then its cells are
themselves injective.

As a concrete application of our characterization of injective convex poly-
hedra, we prove that the solution set to a system of linear inequalities with
at most two variables per inequality is injective as soon as it is non-empty. In
this context, we make use of tools from linear programming and theoretical
computer science which were developed by Shostak in [39]. Note that the
class of convex polyhedra given by such systems is stable under non-empty
intersections, unlike general injective convex polyhedra as illustrated by an
example given at the beginning of the chapter.

Injective Hulls of Infinite Totally Split-Decomposable Metric
Spaces. We now look for a way to decompose Isbell’s injective hull into
simpler components. In order to do so, we extend a construction of Bandelt
and Dress (cf. [4]) to infinite metric spaces. We start with a split (also called
cut) S := {A, B} of a set X which is a pair of non-empty subsets of X such
that AN B =0 and X = AU B. For z € X, we denote by S(z) the element
of S that contains x. The split (pseudo-)metric associated to S is then a
pseudometric dg on X given by

1 i S(x) £ S(y),
ds(z,y) = {0 if S(x)zs(z)-

We consider infinite metric spaces with integer-valued metric as in [30] and
generalize the canonical decomposition of Bandelt and Dress which applies to
finite metric spaces. In this context, we need to consider injective hulls of
pseudometric spaces and we rather use the notation E(X, d) instead of E(X)
for Isbell’s injective hull, if (X, d) is a pseudometric space. Sometimes, when
there is no ambiguity regarding the underlying space considered, we simply
write E(d). Nevertheless, all three denote the same space.

The split-decomposition of a pseudometric d is divided into two compo-
nents, the so-called split-prime component dg which is split-indecomposable
and the totally split-decomposable component d—dy which can be decomposed

as a weighted sum
§ d
Oés(ss

Ses
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of simpler components, namely split pseudometrics dg, over the collection S
of all so-called d-splits of (X,d). Each real nonnegative weight ag is given
by a particular formula depending on the d-split S. When the metric space
(X, d) has integer-valued metric and satisfies the local rank condition (LRC),
the split-decomposition of d is characterized by the property that the inclusion

E(X,d) c R* N <E(X, d)+ > AsE(X, 5S)> :
SeS

holds regardless of the choices Ag € [0, al] and where d; :=d — > g5 Asds.

Extending the split decomposition theory to infinite metric spaces presents
several important advantages. First, there is then the possibility to apply the
new theory to the setting of injective hulls of finitely generated groups endowed
with a word metric. The second advantage is that infinite metric spaces model
homogeneous spaces in general. Furthermore, the class of infinite metric spaces
is closed under taking direct limits.

We give a necessary and sufficient condition for Isbell’s injective hull of
any infinite totally split-decomposable metric space with integer-valued met-
ric satisfying the (LRC) to be combinatorially equivalent to a CAT(0) cube
complex. Cube complexes constitute a natural object of study in parallel to
convex polyhedra especially in analogy with CAT(0) geometry. Note that the
necessary and sufficient condition we prove enables us to characterize Isbell’s
injective hull of the totally split-decomposable part, if it satisfies the (LRC),
of the split-decomposition of any integer-valued metric. This motivates, in
further investigations, to look for other kinds of decompositions for the split-
prime part dgp which might involve classes of pseudometrics other than the
split ones.

As an application, we give a complete combinatorial description of Isbell’s
injective hull of cycle graphs of any size by showing that Isbell’s injective hulls
of odd cycles are combinatorially equivalent to their associated Buneman
complex and thus in particular to a cube complex satisfying the CAT(0)
link condition. The Buneman complex is a well-known construction used in
the analysis of data structures as can be done for instance in computational
biology cf. [8, 19]. Moreover, as a further application, we give a closed
formula for the number of maximal cells of this complex in the case of cycle
graphs. This illustrates that the split decomposition theory is also effective
for computations with concrete families of metric spaces.

Further Results on Metric Injectivity. Paralleling the case of con-
vex polyhedra and of metric spaces with integer-valued metric satisfying the

6
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(LRC), we then extend the classes of metric spaces under consideration by
looking in the first case at metric spaces of finite combinatorial dimension
and in the second case at integer-valued metric spaces in general, specializing
when required, to discretely path-connected ones.

Regarding finite combinatorial dimension, it is well-known that Isbell’s
injective hull of a finite metric space is a finite dimensional polyhedral com-
plex. The combinatorial dimension dimeomp(X) of a metric space (X,d) is
then the supremum over the dimensions of the polyhedral complexes E(Y')
over all finite subsets Y C X. We give a new characterization of combinato-
rial dimension for metric spaces and as an application, an alternative proof of
Dress’ theorem. The goal is to provide a more natural proof using the same
tools as we did for convex polyhedra, namely linear programming for system
of inequalities with at most two variables per inequality. Moreover, this al-
ternative viewpoint is expected to deepen the understanding of combinatorial
dimension and to provide new examples of spaces as studied for instance in
[16, 17]. As an illustrative feature, it is not difficult to see that [} and {7 have
finite combinatorial dimension equal to 2"~! and n respectively (cf. [30]), we
can thus split the family of spaces [y where p € [1,00] and n € N into three
categories according to their metric properties as follows

p | {2} | (1,2)U(2,00) {1, 00}
I, | CAT(0) Busemann dimeom (I) < 00

Regarding integer-valued metric spaces, we prove new results on the struc-
ture of Isbell’s injective hull. Precisely, we already know that there is a distin-
guished subset E'(X) C E(X) which admits a decomposition {P(A)}sc.(x)
parametrized by the collection o7 (X) of admissible edge sets where to each
subset P(A) corresponds a graph (X, A) possibly with a self-loop. An edge
{z,y} € A corresponds to a pair {z,y} satisfying f(z) + f(y) = d(z,y) for
any f € P(A), in particular P(A) C P(A) if A’ ¢ A. We then prove a char-
acterization due to Urs Lang, of those elements P(A) of finite rank which are
maximal in the sense that there is no A 2 A’ € &/(X). Later, we prove an
optimal bound on the diameters of the elements of this decomposition, where
optimality is proved to hold in every dimension.

Finally, we conclude with an outlook, intended to suggest further directions
of investigation, which consists in proving new criteria for injectivity of certain
classes of metric spaces. In particular, we prove that proper metric spaces
are injective if and only if they are 4-hyperconvexr and possess a geodesic
bicombing.



Chapter 11

Metric Stability of Trees and
Tight Spans

II.1 Introduction

Our goal is to provide an optimal stability result, in terms of the Gromov—
Hausdorff distance, for Isbell’s [29] injective hull construction X +— E(X) for
metric spaces. Roughly speaking, E(X) is a smallest injective metric space
containing an isometric copy of X (all relevant definitions will be reviewed later
in this paper). Here, a metric space Y is called injective if for any isometric
embedding i: A — B of metric spaces and any 1-Lipschitz (i.e., distance-
nonincreasing) map f: A — Y there exists a 1-Lipschitz map g: B — Y of
f, so that goi = f (see [I, Section 9] for the general categorical notion).
Examples of injective metric spaces include the real line R, [ (I) for any
index set I, and all complete metric trees; however, by Isbell’s result, this list
is by far not exhaustive. Injective metric spaces are complete, geodesic, and
contractible and share a number of remarkable properties. We refer to [30,
Sections 2 and 3] for a recent survey of injective metric spaces and hulls.

An alternative, but equivalent, description of E(X) was given later by
Dress [18], who called it the tight span of X. If X is compact, then so is
E(X), and if X is finite, E(X) has the structure of a finite polyhedral complex
of dimension at most |X|/2 with cells isometric to polytopes in some finite-
dimensional [, space. If every quadruple of points in X admits an isometric
embedding into some metric tree, then so does X itself, and E(X) provides the
minimal complete such tree. This last property makes the injective hull/tight
span construction a useful tool in phylogenetic analysis. Based on genomic
differences an evolutionary distance between similar species is defined, and
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the construction may then be applied to this finite metric space. Due to noise
in the measurements or systematic errors, the process will rarely yield a tree,
but (the 1-skeleton of) the resulting polyhedral complex may still give a good
indication on the phylogenetic tree one tries to reconstruct (compare [19, 20]
and the references there).

In view of these applications, and also from a purely geometric perspec-
tive, it is interesting to know how strongly the injective hull is affected by
small changes of the underlying metric space. The dissimilarity of two met-
ric spaces A, B is conveniently measured by their Gromov—-Hausdorff distance
dcu(A, B). Moezzi [35, Theorem 1.55] observed that dgn(E(A), E(B)) is not
larger than eight times dgp(A, B). Here it is now shown that in fact

dan(E(A), E(B)) < 2dgu(4, B),

and an example is constructed to demonstrate that the factor two is optimal
(see Section 3). Furthermore, we prove that if both E(A) and E(B) are metric
trees (in the most general sense of R-trees), then

deu(E(A), E(B)) < dan(A, B),

without a factor two. In particular, this implies that if X,Y are two finite
simplicial metric trees with sets of terminal vertices A, B, respectively, then
deu(X,Y) < dgu(A, B). This result (which we have not been able to find in
the literature) is not as obvious as it may appear at first glance. A complica-
tion arises from the fact that for the respective vertex sets Vx, Vy, it is not
true in general that dgu(Vy,Vy) < dgu(A, B), not even for combinatorially
equivalent binary trees. For instance, consider the two trees X,Y depicted
below, with the indicated edge lengths.

Figure II.1: Two metric trees X and Y with dgp(X,Y) = 1.

The correspondence between A := {ai,...,as} and B := {by,...,bs} that

9
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relates a; to b; distorts all distances by an additive error of two. Since the
diameters of A and B also differ by two, no correspondence (i.e., left- and
right-total relation) between A and B has (maximal) distortion less than two.
The Gromov-Hausdorff distance equals one half this minimal number (see Sec-
tion 3), so dgu(A, B) = 1. Similar considerations show that dgy(Vx, Vy) = 2.
Yet, dgu(X,Y) = 1. For the proof, points in X and Y need to be related in
a non-canonical way.

I1.2 Extension of Roughly Isometric Relations

As just indicated, the Gromov—Hausdorff distance may be characterized in
terms of the additive distortion of relations between the two given metric
spaces. Therefore, in this section, we begin by studying the possibility of
extending relations without increasing the distortion.

Let X,Y be two metric spaces. We write |z2’| for the distance of two
points z,2’ € X and, likewise, |yy'| for the distance of y,y’ € Y. Given a
relation R between X and Y, i.e., a subset of X x Y, the distortion of R is
defined as the (possibly infinite) number

dis(R) := sup{||z2’| — lyy/|| : (z,y), (2, ¥) € R}.

In case Ris given by amap f: X — Y, we write dis(f) for dis(R). If dis(f) < e
for some € > 0, then f is called e-roughly isometric. This means that

2’| — e < [f(2)f(a)] < |a!| + &

for every pair of points z,2’ € X. See [9, Chapter 7] and [10, Chapter 7] for
this terminology. We denote by 7x: X XY — X and ny: X XY — Y the
canonical projections. For a set A C X, we say that A spans X if, for every
pair (z,2') € X x X,
lwx| = sup(]xa| — \$/a|);
acA

equivalently, for all € > 0 there is an a. € A such that |zz'|+|2'ac| < |zac|+e.
The definition is motivated by the fact that the injective hull of a metric space
A may be characterized as an injective metric extension X D A spanned by
A, see Proposition below. For a constant o > 0, a set S C X is called an
a-net in X if for every # € X there exists a z € S such that |zz| < a.

2.1 Proposition. Suppose that X,Y are two injective metric spaces. If R C
X XY is a set with o« := dis(R)/2 < 0o and the property that wx (R) spans X,
then there exists an extension R C R C X XY such that mx(R) is an a-net

in X and dis(R) = dis(R).

10
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In particular, every e-roughly isometric map f: A — Y defined on a set
A C X that spans X admits an e-roughly isometric extension f: § — Y
to some £/2-net S in X and, hence, also a 2e-roughly isometric extension
f : X — Y. Below we shall use the simple fact that every injective metric
space Y is hyperconvex [2] (the converse is true as well). This means that for
every family {(y;,r;)}ier in Y x R with the property that r; +r; > |y;y;| for
all pairs of indices i,j € I, there is a point y € Y such that |yy;| < r; for all
el

Proof. Tt suffices to show that for every set R C X xY with « := dis(R)/2 < o0
and the property that mx(R) spans X and for every z € X there exists a pair
(z0,y0) € X x Y such that |Zzg| < o and

dis(R U {(z0,y0)}) = dis(R).

The general result then follows by an application of Zorn’s lemma.
Let such R and T be given, and put a := dis(R)/2. For all (z,y), (2',y') €
R?
|lz2'] = |yy/I] < 200

and (|zZ|+ o)+ (|2'Z|+a) > |z2'|+2a > |yy'|. Hence, since Y is hyperconvex,
there is a point yo € Y such that for all (z,y) € R,

lyyol < |2Z| + a.

Furthermore, since mx (R) spans X, for every (x,y) € R and € > 0 there exists
(e,ye) € R such that |zz| + |zz.| < |zz:| 4 € and, hence,

lyyol = lyyel = Iyoye| = (|rae| = 20) = (|T2e| + @) > [22] = 3a —e.

Since this holds for all € > 0, it follows that |yyo| > |zZ| — 3. For every
(z,y) € R, put r(z,y) := |yyo| + 2, and set r(Z) := a. We have r(z,y) +
r(Z) = |yyo| +3a > |zZ| and r(z,y)+r(2',y) > |yy'|+4a > |za'|+2a > |z2/|,
for all (x,y), (2',y') € R. Thus, since X is hyperconvex, there exists a point
zo € X such that

[zwo| < r(,y) = [yyol + 2cx

and |Txzg| < r(Z) = « for all (z,y) € R. Then also
jywol < |53+ < Jamol + f0] + a < |wwo] + 20

and so ||zzo| — |yyo|| < 200 = dis(R) for all (z,y) € R. O

11
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Now we focus on trees. A metric space X is called geodesic if for every pair
of points z,z’ € X there is a geodesic segment xx’ C X connecting the two
points, i.e., the image of an isometric embedding of the interval [0, |xz’|] that
sends 0 to x and |z2'| to 2/. By a metric tree X we mean a geodesic metric
space with the property that for any triple (z,y, z) of points in X and any
geodesic segments xy, xz,yz connecting them, xy C xz U yz. Thus, geodesic
triangles in X are isometric to tripods, and geodesic segments are uniquely
determined by their endpoints. For the next result we need to sharpen the
above assumption that mx(R) spans X. We say that a subset A of a metric
space X strictly spans X if for every pair (x,2’) € X x X there exists ana € A
such that |z2/| + |2'a| = |zal.

2.2 Proposition. Suppose that X is a metric tree and Y is an injective
metric space. If R C X XY is a set with the property that wx(R) strictly

spans X , there exists an extension R C R C X xY such that nx(R) = X and

dis(R) = dis(R).

In particular, every e-roughly isometric map f: A — Y defined on a set
A C X that strictly spans X admits an e-roughly isometric extension f: X —
Y.

Proof. Tt suffices to show that for every set R C X x Y with dis(R) < oo and
the property that mx(R) spans X and for every € X there exists a point
7y € Y such that
dis(RU{(z,7)}) = dis(R).
As above, the general result then follows by an application of Zorn’s lemma.
Thus let such R and & be given. Put « := dis(R)/2. As in the proof of
Proposition there exists a point yg € Y with the property that

lyyo| < x| +

for all (z,y) € R. Let S be the set of all (z,y) € R with |yyo| < |zZ| — .
If S =0, then ||zZ| — |yyo|| < a < dis(R) for all (z,y) € R; in particular,
y := yo has the desired property. Suppose now that S # (), and fix an arbitrary
(r1,y1) € S. Since wx(R) strictly spans X, there exists a pair (z2,y2) € R
such that |z1Z| 4 |Zza| = |r122|. Now choose § € Y so that |yyo| < « and
lgya] < |yoy2| — a. Note that |yoya| < |Zxa| + «, so |gya| < |Zxs|. For all
(z,y) € R,
lyyl < lyyol + 17yol < lyyol + a < |zz| + 20

To estimate |gy| from below, note first that if (z,y) € R\ S, then
vl = lyyol — |yyol = lyyo| — o = [2Z] — 2a.

12
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Secondly, let (z,y) € S. Consider the tripod zz1 U zze U x1x2, and note that
T € x1x2. Since (z,y), (x1,y1) € S, the strict inequality

lzz1| < lyyi| 4 20 < |yyo| + [yoyr| + 200 < [2Z] + T4
holds, so Z € zx1 and therefore T € zxs. We conclude that
il = lyye| — gyl = (Jzs| — 20) — |Z2s| = [27] - 2a.
This shows that ||zZ| — |yy|| < 2« = dis(R) for all (z,y) € R. O

The following example shows that Proposition is no longer true in
general if the word “strictly” is omitted.

2.3 Example. Let X be the interval [0, 2], and put zp := 0 and z,, :=2—-27"
for all integers n > 1. The set A := {xg,x1,...} spans X, but A does not
strictly span X, because 2 ¢ A. Let Y be the simplicial metric tree with
a single interior vertex y; and the countably many edges yoy1 and yyy, for
n = 2,3,..., where |yoy1| = 27! and |y1yn| = 271 — 27", Note that Y is
complete, hence injective. The map f: A — Y defined by f(x,) := y, for
n =0,1,2,... is 1-roughly isometric, as is easily checked. Since there is no
pair of points at distance one in Y, f does not admit a 1-roughly isometric
extension f: X — Y.

However, the following holds.

2.4 Lemma. Let X be a metric tree, and suppose that A C X is a set that
spans X. Then there exists a dense subtree ¥ C X such that A C 3 and A
strictly spans 3.

Proof. Let 3 be the union of all geodesic segments with both endpoints in
A. Since X is a metric tree, it is easily seen that for every pair of points
x, 7" € ¥ the geodesic segment zz’ in X is part of a geodesic segment aa’ with
a,a’ € A. In particular, ¥ is a geodesic subspace of X, hence a metric tree,
and A strictly spans X. It remains to show that X is dense in X. Let =z € X.
Fix an arbitrary a € A. Since A spans X, for every € > 0 there is an a. € A
so that |ax| + |zac| < |aac| +¢. Consider the geodesic segment aa.. Let x. be
the point on aa. nearest to x. Then

2]zxe| = |ax| + |zas| — |aas| < e.

Since € > 0 was arbitrary and z. € ¥, x lies in the closure of X. O

13



I1.3. GROMOV-HAUSDORFF DISTANCE ESTIMATES

I1.3 Gromov—Hausdorff Distance Estimates

In this section we prove the results stated in the introduction. First we re-
call the definition of the Gromov-Hausdorff distance. Let (Z,d?) be a met-
ric space. The usual Hausdorff distance dﬁ(X ,Y) of two subsets X,Y of
Z is the infimum of all o > 0 such that X is contained in the (open) p-
neighborhood of Y and, vice versa, Y lies in the p-neighborhood of X. More
generally, if X and Y are two metric spaces, their Gromov-Hausdorff dis-
tance dgu(X,Y) is defined as the infimum of all o > 0 for which there exist
a metric space (Z,d?) and isometric copies X', Y’ C Z of X and Y, respec-
tively, such that d%(X’,Y’) < o. The distance is always finite if X and Y
are bounded, and for general metric spaces X1, X2, X3 the triangle inequality
den (X1, X2) + dau(Xa, X3) > deu(X1, X3) holds. Furthermore, dgp induces
an honest metric on the set of isometry classes of compact metric spaces.

The Gromov-Hausdorff distance of two metric spaces X,Y may alterna-
tively be characterized as follows. A correspondence R between X and Y is a
subset of X XY such that the projections 7x : X XY — X and 7y : X XY =Y
are surjective when restricted to R. Then

1
dGH(X, Y) = 5 i%f diS(R),

where the infimum is taken over all correspondences R between X and Y
(see [9, Theorem 7.3.25]). In view of this characterization, the following two
theorems are now easy consequences of the results in the previous section.

3.1 Theorem. Suppose that X,Y are two injective metric spaces, A C X 1is
a set that spans X, and B CY is a set that spans Y. Then

dGH(X,Y> < QdGH(A, B)

Proof. Suppose that R C A x B is a correspondence between A and B with
o := dis(R)/2 < co. By Proposition[2.1} there is an extension R C Ry C X XY
such that 7wx(R;) is an a-net in X and dis(R;) = dis(R), and there is a
further extension R} C Re C X x Y such that 7y (R2) is an a-net in Y and
dis(R2) = dis(Ry). It is then easy to see how to extend Rj to a correspondence
R between X and Y so that dis(R) < dis(Rz) + 2a = 2dis(R). Hence,

1 _
den(X,Y) < 5 dis(R) < dis(R),

and taking the infimum over all correspondences R between A and B with
finite distortion we obtain the result. O
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3.2 Theorem. Suppose that X,Y are two metric trees, A C X is a set that
spans X, and B CY is a set that spans Y. Then

dGH(X,Y) < dGH(A, B).

Proof. Note that the completions X,Y of X,Y satisfy dgu(X,Y) =
dgu(X,Y), and A, B span X,Y, respectively. We thus assume, without loss
of generality, that the metric trees X,Y are complete, hence injective. Let
R C A x B be a correspondence between A and B. By Lemma A strictly
spans a tree X’ D A that is dense in X. Hence, by Proposition there is an
extension R C Ry C X’ x Y such that mx/(R;) = X' and dis(R;) = dis(R).
We have B C B’ := 1y (R;), and so B also spans Y. Again, B’ strictly spans
a tree Y/ D B’ that is dense in Y, and there is an extension Ry C Ry C X xY”
such that my/(R2) = Y’ and dis(Rz) = dis(Ry). Since mx(R2) D X' is dense

in X, and Y’ is dense in Y, we obtain that
1 1
dGH(X, Y) = dGH(Trx(Rg), YI) < 5 diS(RQ) = 5 diS(R).

As this holds for all correspondences R between A and B, this gives the
result. O

Next, in order to relate these results to the discussion in the introduction,
we recall Isbell’s explicit construction of the injective hull E(X) of a metric
space X. We denote by R¥ the vector space of all real functions on X. As a
set, E(X) is defined as

E(X) = {f € RY : f(z) = supyex(|zy| — f(y)) for all z € X},

the set of the so-called extremal functions on X. For every z € X, the distance
function d,, defined by d,(x) := |zz| for = € X, belongs to E(X). In general,
for every f € E(X) and z € X, the inequalities

d, — f(z) < f<d.+ f(2)

hold, and it follows that ||f — d,|lec := sup|f — d.| = f(z). In particular,
Il f — gl is finite for every pair of functions f, g € E(X), and this equips E(X)
with a metric. The map e: X — E(X) that takes x to d, is then a canonical
isometric embedding of X into E(X), as ||dy — dy||ec = |zy| for all z,y € X.
Isbell proved that (e, E(X)) is indeed an injective hull of X, i.e., E(X) is
an injective metric space, and (e, E(X)) is a minimal such extension of X in
that no proper subspace of E(X) containing e(X) is injective. Furthermore,
if (4,Y) is another injective hull of X, then there exists a unique isometry
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I: E(X) — Y with the property that I o e = 4. The following result explains
how injective hulls are related to spanning subsets of (injective) metric spaces,
in the sense of this paper.

3.3 Proposition. (i) For every metric space A, the image e(A) of the
canonical isometric embedding e: A — E(A) spans E(A).

(i) If X is an injective metric space and A C X is a set that spans X, then
X is isometric to E(A) via the map that sends © € X to the restricted
distance function dy|4.

Proof. For (i), let a pair (f,g) of elements of E(A) be given, and let £ > 0.
There exists either a point b € A such that ||f — g||cc < f(b) —g(b) +£/2 or a
point a € A such that ||f — g]lcc < g(a) — f(a) +¢/2. Then, by the definition
of E(A), we may choose a € A with f(b) < |ab| — f(a) + €/2 in the first case
and b € A with g(a) < |ab] — g(b) + /2 in the second. In either case, this
gives

1f = glloo < |ab] — f(a) — g(b) +e.

Since |ab] — f(a) < f(b) = ||f — db||leo and g(b) = ||g — dp||cc, We obtain that
lf —9llo < |If —dblloc — |lg — dblloc + €. As dp = e(b) € e(A), this shows the
claim.

For the proof of (ii), let x,y € X. Since A spans X, we have first that
for every a € A, dy(a) = supyc(|ab] — dy()), so dz|a € E(A). Secondly,
|zy| = sup,eca(|az| — |ay|), which implies that the inequality

\|dela = dylal| , = supllaz| — |ay|| < |2y]
acA

is in fact an equality. Hence, the map that takes = to d,|4 is an isometric
embedding of X into E(A). Since X is injective, so is the image of this map.
Because no proper subspace of E(A) containing e(A) is injective, the image
agrees with E(A). O

In view of Proposition Theorem is equivalent to saying that for
any metric spaces A and B,

dan(E(A), E(B)) < 2dgu(4, B),

as stated in the introduction. We now show that the factor two is optimal.
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3.4 Example. First we show that if f: Rx[0,4] — R is an e-roughly isometric
map, where R x [0,4] C R? is endowed with the [; metric, then ¢ > 4. For
any integer n > 1, consider the subset

Zn = ({0,8,...,8n} x {0}) U ({4,12,...,8n — 4} x {4})

of R x [0,4] of cardinality 2n + 1. Note that, with respect to the l; distance,
distinct points in Z,, are at distance at least eight from each other, and the
diameter of Z,, equals 8n. Let {z1, 22, ..., 22,41} be an enumeration of Z,, so
that f(z1) < f(z2) <+ < f(22n41). We have f(zi41) = f(2i) = [[zi41 —zill1 —
e > 8 —¢, hence taking the sum from ¢ = 1 to 2n we obtain f(z9,+1) — f(21) >
2n(8 — ). On the other hand, f(z2n+1) — f(21) < diam(Z,) + e =8n+ec. It
follows that ¢ > 8n/(2n + 1). This holds for any n > 1, thus ¢ > 4.

Now, for any N > 0, consider the two metric spaces A = {aq,...,a4} and
B = {by,...,bs}, where |a1az| = |azas| = 4, |a1a3| = |agas] = N, |ara4| =
lagas| = N +4, |biba| = |bsbs| = 2 and |b;jbj| = N + 2 (i # j) otherwise. The
correspondence {(a1,b1),..., (aq,bs)} has distortion two, and since diam(A) =
diam(B) + 2 there is no correspondence between A and B with distortion
less than two. So dgu(A,B) = 1. The injective hull E(A) is isometric to
[0, N] x [0,4] C R? with the I; distance, and E(B) is a metric tree with a
central edge of length N and two edges of length one attached at each of its
endpoints (like the tree Y depicted in the introduction). Let g < 4 be given.
If N is chosen big enough, depending on gg, essentially the same argument
as above shows that there is no e-roughly isometric map f: E(A) — E(B)
with € < eg. In particular, every correspondence between E(A) and E(B)
has distortion at least £¢/2. In other words, for every Jy < 2 we find a pair
of four-point metric spaces A, B so that E(A) is two-dimensional, E(B) is a
metric tree, dgu(A4, B) = 1, and dgu(E(A),E(B)) > dp.
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Chapter III

Injective Convex Polyhedra

I1I1.1 Introduction

We call a metric space X injective if for any metric spaces A, B such that
there exists an isometric embedding i: A — B and for any 1-Lipschitz (i.e.,
distance nonincreasing) map f: A — X, there is a 1-Lipschitz map g: B — X
satisfying g oi = f (cf. [I, Section 9] for the general categorical definition).
In particular, it follows from a result of Nachbin that a real normed space X
is injective in the the category of metric spaces if and only if X is injective in
the category of normed spaces.

The purpose of the present chapter is to provide an effective characteri-
zation of injective convex polyhedra in {2 by proving an easy combinatorial
criterion. It is important to note that only the case of the [ .-metric is relevant
since if a convex polyhedron P C R"™ with non-empty interior is injective for
some norm ||-|| on R™, then considering an increasing sequence of rescalings of
P whose union is equal to R, it follows by Lemma [3.1] that the space (R™, |-
is itself injective and by [36, Theorem 3], which states that an n-dimensional
normed space X is injective if and only if X is linearly isometric to 12, it
follows that (R™, ||-]|) is isometric to 1.

Note at this point that linear subspaces of injective normed spaces need
not be injective. A straightforward example is the plane

Vi={zecld 12y +xy+a3=0} (1.1)

which is not injective since it can be easily seen that the unit ball of V' is an
hexagon and thus V' cannot be isometric to [2,. Furthermore, Example
exhibits a non-injective convex polyhedron with injective supporting hyper-
planes and Example an injective convex polyhedron with a non-injective
face.
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It was noted in [30] that a good characterization of injective polytopes is
missing. The present chapter gives a solution to this problem. We start by
giving in Section a characterization of injective affine subspaces of [T
and as a consequence we obtain an easy injectivity criterion for hyperplanes,
namely if v € R™ \ {0}, then the hyperplane

X ={zeR":z-v=0} Cl, (1.2)

(where x -y denotes the standard scalar product on R") is injective if and only
if

Il < 2[vllo - (1.3)
For a € Rand ) # A, B C R", we define a4, A+ B, A— B C R" in the obvious
way and we set [a,b]A 1= {J,e[q 5 @A. For a convex polyhedron ) #+£PCR"”
and a point p € P, the tangent cone T\, P is given by

T,P = U P, m where P, :=p+m(P —p).
meN

The effective characterization we are aiming at is obtained in two steps. First,
we prove that injectivity follows from a local injectivity property namely in-
jectivity of tangent cones. It is no restriction to assume that the interior of P
satisfies int(P) # () in the next theorem which is proved in Section

1.1 Theorem. Let P C I% be a convexr polyhedron such that int(P) # (.
Then, the following two conditions are equivalent:

(i) P is injective.
(i7) T, P is injective for every p € OP.

By a convex polyhedron in R™ we mean a finite intersection of closed half-
spaces. Closed half-spaces are just called half-spaces when no ambiguity arises.
A convex polytope is then a compact convex polyhedron. A cone C is a subset
of R™ such that x € C' implies Ax € C for any A > 0. Convex polyhedra which
are additionally cones are called convex polyhedral cones. If C is a convex
polyhedral cone and x € R", the apexr apex(x + C) of a translate of C is
defined as the affine space = + V where V is the biggest linear subspace of
R"™ contained in C. It is easy to see that T, P — p is a convex polyhedral
cone. In the sequel, the relative interior of a subset S is denoted by relint(.5).
The dimension of a convex polyhedron P C R" is the dimension of its affine
hull. One has int(P) # 0 if and only if dim(P) = n and in this case, F' is
a facet of P if and only if F' is a face of P and dim(F) = n — 1. Let us
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denote by Faces(P) and Facets(P) the set of non-empty faces and the set
of facets of P respectively, for any subset S C R” let Faces(P,S) := {F €
Faces(P): FNS # 0} and let Faces(P, S)¢ be the complement of Faces(P,.S)
in Faces(P). Moreover, Facets*(P, S) := {F € Facets(P) : relint(F) N S # 0}.
Note that the closed unit ball B(0,1) C I is nothing but the n-hypercube
[—1,1]™ endowed with the lo-metric. The following theorem, which is proved
in Section characterizes injective convex polyhedral cones:

1.2 Theorem. A convex polyhedral cone C C 17 with int(C) # () is injective
if and only if the following hold:

(1) TpC is injective for every p € OC' \ apex(C).
(1i) There is F € Facets*([—1,1]",C) such that —F ¢ Facets*([—1,1]",C).

It follows from Theorem in the case where 9C \ apex(C) = () or
equivalently when C' is a half-space, that is an injectivity criterion
for the half-spaces having the hyperplane X as in as boundary. For
p € 0C \ apex(C) # 0, the dimension of apex(T,C) is strictly bigger than
that of apex(C) and making repeated use of Theorem on tangent cones,
one thus easily obtains:

1.3 Corollary. A convex polyhedron P C I with int(P) # 0 is injective if
and only if for every p € OP, the convex polyhedral cone K := T,,P—p satisfies
(7i) in Theorem which means that there is a facet F' € Facets*([—1,1]", K)
such that —F ¢ Facets*([—1,1]", K).

There are several equivalent characterizations of injective metric spaces
and one of them is hyperconvexity (cf. [2]). We call a metric space X hyper-
convez if for every family {(x;,7;)}icr in X x R satisfying r; +r; > d(x;, x;)
for all (i,7) € I x I, one has (,c; B(z;,7;) # 0 (with the convention that the
intersection equals X itself if I = ()) where B(x,r) denotes throughout the
text, a closed ball in the contextually relevant metric (whereas open balls are
denoted by U(z,r)). Furthermore, if Y C Z with Z being injective and if there
is a 1-Lipschitz retraction r: Z — Y (i.e., r € Lip;(Z,Y) and r|y = idy), then
Y is injective (this follows immediately from the definition of injectivity given
above). The following two examples show that the characterization we are
looking for requires more effort than one would think at first sight:

1.4 Example. Consider the half-spaces

H:={zxcll x>0}
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and

1
H :={zecll 2z < §<1'2 + 234+ 14)}.

Note that it is easy to see that both H and H’ are injective by considering
in each case the 1-Lipschitz retraction given by mapping each point in the
complement to the unique corresponding point on the boundary so that all
coordinates but the first remain unchanged and then extending by the identity.
Moreover, both 9H and OH' are injective by . However, it is easy to see
that P := HN H' C % is not injective by considering the three points

{p, v, 9"} :=={(0,0,0,0),(0,0,-2,2),(0,-2,0,2)} C OHNOH' C P,
note that
I:=B(p,1)nB{,1)NnBp",1)={(t-1,-1,1): t € [-1,1]},
hence I NP = (). Thus P is not hyperconvex and therefore not injective.
Next, we have:

1.5 Example. Consider the injective half-space H’ defined above, let further
H":={x €l% :x; <0} and

P :=HnH"CI.

Note that the face
F:=0H noH" C 1%

of P’ is not injective since
F:{:célio:xle,x2+x3+:c4:O}

is isometric to (1.1)) which is not injective as we already noted. Let us now
however show that P’ is injective by defining an explicit 1-Lipschitz retraction
r of 14, onto P'. Let g € Lip,(I%,,R) be the map

1
(T1,...,24) — g(xg + x3 + x4).
Now, let r: 2 — P’ be given by

(':Ula s ,1'4) = (min{xlvoy Q(CL’)},IEQ, x3, :E4)

and note that r is the desired 1-Lipschitz retraction.
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Finally, in Sections and we introduce and use a theorem of
Shostak (cf. [39]), in order to prove:

1.6 Corollary. Consider f,g: {1,...,m} — {l,...,n} and for i €
{1,...,m}, a;,b;,¢; € R so that

Pi= () {zeR":amp) +bivgs > ci}
1€{1,...,m}

verifies int(P) # (0 and P # R™. Then, P C I satisfies the injectivity
criterion stated in Corollary[1.3 and is therefore injective.

II1.2 Injective Linear Subspaces in [

We start this section with a characterization of injective linear subspaces in
. For each i € I,, :== {1,...,n}, we have the linear isometry

piilg = Uy (1,000, 20) = (T1, 4, Tic1, =4, Tig 1y - - -, Tn)
and the 1-Lipschitz linear map
mit b = R, (z1,...,2n) — ;.

Moreover, let us denote by {ei,...,e,} the standard basis of R". Injective
convex polyhedra were also studied in [35]. Note that Theorem and
as well as Lemma in Section already appear in [35]. Our proof of
Theorem is however more elementary.

2.1 Theorem. Let ) # X C 12 be a linear subspace and let k := dim(X).
Then, the following are equivalent:

(i) X is injective.

(1) There is a subset J C I, with |J| = k such that for any i € I, \ J there
exist real numbers {c(i, j) }jes such that 3, ;lc(i, j)| < 1 and such that

X:{:L‘GZZO:WEIH\J, ;U7;:Zc(i,j)xj}.
jed

Proof. Assume first that (¢7) holds. Assume for simplicity that J = {1,...,k}.
Let us define the map L: I%, — I” such that for any (y1,...,yx) € 1%,

k
L(y) := (yl,..-,yk,ZC(k +1,5)yj5- - 726(%]')%’)-

j=1 7=1
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II1.2. INJECTIVE LINEAR SUBSPACES IN 2

It is then easy to see that L is an isometric embedding with L(I%) = X. Tt
follows that X and % are isometric and thus X is injective.

Assume now that (i) holds, there consequently exists a linear isometric
embedding L: I¥, — X C I (see the Introduction). In particular,

I1L(€ej)ll o =1 (2.1)
and
||L(O'€j + TGZ)HOO =1 (2.2)

for (j,1) € I x Iy with j # [ (where I := {1,...,k}) and 0,7 € {£1}.
Now, implies for j € Ij the existence of some f(j) € I, such that
[(7 ¢y 0 L)(ej)| = 1; replacing L by Lo p; if necessary, we can assume without
loss of generality that

(Wf(j) (e] L)(ej) =1 (23)

for any j € I. Therefore, together with imply that (w0 L)(e;) =
0 for (j,1) € Iy x I with j # [ and thus f is injective. We summarize by
writing (77(;y o L)(e;) = 5. Now, we can assume for simplicity that f(j) = j
for any j € Iy hence in particular J := f(I;) = {1,...,k} and

(m;0 L)(er) = Gy (2.4)
It follows that there are c(k +1,j),...,c(n,j) € R such that
L(e;) = (0,...,0,1,0,...,0,c(k + 1,5),...,c(n, ),

where the first k& entries of L(e;) are zero except the j-th one. For any
(01,...,0%) € {£1}* one has by linearity

k k
HZ%‘L(%‘)H = Hzajej
j=1 =

Inserting successively appropriate values for (o1, ..., 0x) in the above equality,
one obtains for any i € I, \ J ={k+1,...,n},

=1.

[e.9]

(i, ) < 1.

k
=1

J

Since X = L(I%.), there are for any x € X real numbers ci,...,cx € R such
that x = Zle ciL(ep). For any j € Iy, it follows from (2.4)) that

k
€Tj = Wj(x) = ch(ﬂ'j 9] L)(el) = chéjl = Cj.
=1

=1
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Hence finally

k k k
:)::ijL(ej):<x1,...,xk,Z c(k+1,5)z;,... ,chj.%‘])
j=1 j=1 j=1
This proves that (i¢) holds and concludes the proof. O

The next theorem is an immediate consequence of Theorem

2.2 Theorem. Let v € R"\ {0}. The hyperplane X = {x e R" : x-v =0} C
1%, is injective if and only if ||v||; < 2|V

Proof. Assume first that X is injective. By Theorem there is some 7 € I

such that
{xel”'—xz—i- Z zng—()}
JEN{i}
with > cp iy le(i, 7)] < 1. Define now v so that v; := ¢(i,j) if j # i and
v; := —1. Note that v is a normal vector of X and satisfies ||v|; < 2|v|

For the other implication, let v a normal vector of X satisfying ||v|; <
2 |lv||,, and assume without loss of generality that ||v||,, = 1; hence, ||v||; < 2.
There is @ € I such that || = 1 and assume additionally without loss of
generality that v; = —1. Thus }_ ey V5] S Land zv = —xi+3 2501 1y V5%,
hence we can apply Theorem [2.1] to

X:{xelgo:—a:i—k Z ujszo},

Jel\{i}

to obtain that X is injective. This concludes the proof of the theorem. O

II1.3 Tangent cones of Injective Convex Polyhedra
3 n
in 7
We start this section with a lemma and then go on to prove Theorem
Throughout the text, we call a sequence of sets (X,;,)men increasing if and

only if X, C Xi;n41 for m € N whereas it is called decreasing if the reverse
inclusions hold.

3.1 Lemma. Let ) # S C I be a closed subset. Then, the following are
equivalent:
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I1I.3. TANGENT CONES

(i) S is injective.
(ii) There is x € S such that S N B(xz,r) is injective for any r € (0,00).

(iii) There is an increasing sequence (X )men of injective subsets of S such
that S =J,, Xm.

Proof. We only prove that (iii) implies (i) since the other implications follow
immediately from the definitions. In order to do so, we prove that (iii) implies
that S is hyperconvex. Consider a family {(zq,7a)}aca in S x R such that
Ta +78 > ||x0 — 2], for any (a, ) C A x A. Pick v € A arbitrarily and let
mo € N be such that z, € X,,,. Consider a sequence (A, Ym)men such that

Ay i={a€A:zq € Xpimg}

and
Ym € SN ﬂ B(zqa,7a),
aEAm

noting that Xmimg N Naea,, B(TasTa) # 0 hence SN (Noeq B(Tasra) #
0. Since S is closed and (ym) C S N B(xy,r,), it follows that there is a
convergent subsequence (¥,,) such that y,,, = y € S N B(x,,ry). Thus,
y € SN \pea B(Ta,ra). This proves that S is hyperconvex and finishes the
proof of the lemma. O

We also make use in the proof of Theorem [L.1| of the following (cf. [42]):

3.2 Theorem. S C R” is a convex polyhedron if and only if there is a convex
polytope Q@ and a convex polyhedral cone C' such that

S=Q+C.

For an n-dimensional polyhedron P and for & € {0,1,...,n — 1}, let
Faces(P) denote the set of k-dimensional faces of P and let 0P be
the union of all elements of Facesy(P). We use the notation d(A,B) :=
inf(, peaxn lla —bll for two subsets § # A,B C I3. The open J-
neighborhood J,c 4 U(a,d) of A is denoted by N(4,9).

Proof of Theorem[1.1. By Lemma[3.Tand by definition of T; P it immediately
follows that (i) implies (i7). Assume now that (i7) holds. Let us consider an
enumeration {F}}jcqi,.. vy of Faces(P)\ {P}. For j € {1,..., N} we consider
an arbitrary point p’ € relint(F;) and a corresponding 1-Lipschitz retraction
0j: 5 — Ty P. For p € OP, let

ep = sup{e € (0,00] : U(p,e) N TP = U(p,e) N P}.
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Note that if £, = oo for some p, then P = T,P and thus P is injective.
Otherwise, we proceed inductively on the dimension of faces of P to show
that there is a § > 0 such that

PUN(9P,6)c PU | ] Ulp,gp).
peEOP

Suppose F' € Facesy(P) \ {P}, for k =0 set ¢(F') := F and for k > 1, set
— (k)
o(F):=F\N(@PUd'PU-.-udF1p iy

e .= min [1 min d(c(F), F")
FcFacesy(P) | 2 Faces(P)>F'2F

By the Separation Theorem for Polyhedra, cf. [41, Theorem 10.4], one has
d(P’, P") > 0 for any two disjoint convex polyhedra () # P’, P” C I, and thus
ekt > (. Furthermore, let 69 := (1) and

E4+1) . . E+1) s
S+ = mm{s( + ),T}.
Moreover, we set A? := 9P and for k > 1:

A= | ) =0"P\N@PUPU--UITIP D).
F€Facesy (P)
It follows by construction that for any p € A* and any F € Faces(P), one

has U(p,0*+*D) N F # () if and only if p € F. Hence U(p,s**))NT,P =
U(p, 6%ty N P for any p € A¥. It follows by induction that

n—1
U U6 = N@1P,60) € [ N4k, 564D,
pEOP 0

This shows that § := 6" > 0 satisfies P U N(OP,) C P U Upear Up,ep). Tt
is now easy to see that we obtain a 1-Lipschitz retraction ¢: N(P,d) — P by
setting 0 := g|n(ps) Where 0 := g10---0on. By Theorem there is a convex
polytope @ and a polyhedral cone C such that P = Q + C. We can assume
without loss of generality that 0 € int(Q). We can set k := 1 + ﬁm@) and
since kP = k@ + C' it follows that kP C N(P,d). By iteration, we obtain
a sequence { (0", P™)}men of rescalings P™ := k™ P of P and corresponding
1-Lipschitz retractions ¢™: P™ — P™~! by setting o™ (kz) := ko™ !(z) for
m > 2 and o' := g|.p. Finally, we can define the 1-Lipschitz retraction
r: 1% — P as an inverse limit map for the system {(o™, P™)}men, that is
r(x) := (o' o--- 0 0™)(x) where m is the smallest natural such that z € P™.

It follows that P is injective. O
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Let us consider a simple example to show that it is necessary in the above
proof to argue locally before extending to increasing rescalings.

3.3 Example. Consider Q := [-2,0] x [-2,0] = B((—1,-1),1) C 2. We
enumerate the tangent cones of @ as follows; for k € {1,2,3,4}:
Co—1 := Tp, Q where (p1,...,ps) == ((—-2,-2),(-2,0),(0,0), (0, —2)),
Cyy, =T, Q where (q1,...,q4) = ((—2,-1),(—1,0), (0, -1), (-1, —-2)).
Consider corresponding 1-Lipschitz retractions such that
02(x1,22) := (=21 — 4, 29) if 1 < =2 and gg(21,22) = (—x1,22) if 21 >0,

os(z1,22) := (21, —x9 — 4) if x9 < —2 and p4(z1, 22) := (21, —x2) if 22 >0

and extend g9, 04, 0 and pg by the identity. Finally, we set for odd indices:
01 := 020 08 and @of_1 := Q9 © 022 for k # 1. It is then easy to see that

(eg©---001)((~10,-10)) = (-6,2) ¢ Q.

3.4 Remark. Note that it is enough to assume that the minimal (for the
inclusion) tangent cones of P C [ are injective. Hence, letting P be a convex
polyhedron with non-empty interior, the following are equivalent:

(i) P is injective.

(74) All minimal tangent cones of P are injective.

I11.4 Systems of Inequalities

The proposition that we prove in this section is used in the proof of Lemma/5.1
in Section [[IL5| For each i € I, := {1,...,n}, let 7; € Lip; (I, 1"5") denote
the map

(T1yee oy xn) = (T1y ooy Ty e e vy Ty)

and recall that m; € Lip,(IZ,R) denotes the map (z1,...,2,) — z;. The fol-
lowing fact was already observed by D. Descombes (personal communication):

4.1 Proposition. Let I C I,,, R:={r;:i € [}U{F; :i € I} C Lip,(Ix"},R)
and

Q= {x ell: foralliel one has (r;om;)(z) <z < (75 o?r\l)(x)}

Assume that:
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III.4. SYSTEMS OF INEQUALITIES

(i) Q #0;
(ii) for anyiel, r; <T;.
It follows that Q) is injective.

Proof. We first show the statement in the case & C Lip,(I5},R) for some
A €[0,1). For i € I, let us define p; € Lip;(I%,1%) by setting

[e.okide ¢]
0i(x) :== (acl, e, T, min{(ﬂ- o7;)(x), max{x;, (r; o 7/1\_7:)<$)}},$Z‘+1, . ,a:n)
for any « € [”. Consider an enumeration I = {iy,...,ixy}. Moreover, set

GD = ldlgo as well as Gj = Qij O---0 04 and
T: =GN =0iy© " 00i-

Fix now = € 1. We show that (7" (z))men converges to a fixed point of 7.
Let us define the maps {f;; }i,er C Lip,(l%,, R) by

fi, 1y min{(?ij oi;)(Y), max{ozij, (L-j o %ZJ)(y)}},
where a; 1= (m;; 0 Gj_1 o T™)(x) = (m;; 0 Gj o T™ 1)(x). We further set

Bi, =

m, ((Gj o T™(x) — Tm(m)) ‘

for any i; € I and observe that

Bi;

mi, ((G5 0 T™) (@) = (G0 T" (@)

mi, ((Gy o T™)(@) = (03, 0 Gy o T" 1) (@) |
= |(fi; 0 Gj10T™)(x) — (fi; 0 Gj o T™ ) (2)]
<A[(Gj1 0 T™) (@) = (G o T™ ()|
<G 0 T™) (@) = (Gj1 0 T™ ()|
<M T (@) =T (=) -

Thus

|77 @) = T @) < maxsi, < A7) - 7|

i€l oo’

It easily follows that (T (x))men is a Cauchy sequence and thus converging
to a fixed point «* of T'. This implies in particular that z* € Q.

28
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We now prove the statement in case only R C Lip; (I'5°1, R) is assumed.
Moreover, assume without loss of generality that 0 € Q. By Lemma [3.3] it is
enough to show that for any R > 0, the set QN B(0, R) C I is injective. For
each i € I, we set

(s; omi)(z) := min{max{(r; o m;)(x), — R}, R},
(8; o) () := min{max{(7; o 7;)(z), —R}, R}.
<85 <

It is easy to see that r; <7; implies —R < s; R. Hence, if one sets

P = {;13 € B(0,R) : foralli e I, one has (s; om;)(x) < z; < (5 oﬁi)(a})},

it is easy to see that since the functions s; and s; are 1-Lipschitz and since we
assumed that 0 € @, one has P = @ N B(0, R). We can thus for £ € N and
1€1,set \p :=1— %, as well as
(sF o 7o) (2) := Ae[(s; 0 7o) (2) + R] — R,

f o %1)(33) = A [(EZ o %Z)(x) — R] + R.

Note that —R < §f <5, <5 < Ef < R. For any k € N, we now set

Qr = {:U € B(0,R) : for all i € I, one has (s o 7;)(x) < z; < (3¢ o%z)(x)}

The functions in R¥ := {s¥ : i € I} U {sF : i € I} are all \4-Lipschitz.
Hence, we can apply the above argument and define the 1-Lipschitz retraction
r¥: B(0,R) — Q4 to be the pointwise limit of the sequence (T™%),,cn. Tt
follows that @y is injective. Finally, since the sequence (Q)ken is decreasing
for the inclusion and Q N B(0, R) = (e @, it follows that @ N B(0, R) is
injective (cf. for instance [2I, Theorem 5.1]). O

We later need a statement which is slightly more general than Propo-
sition and whose proof is a direct analogue of the above proof. Let
INI2, PP C I, with ' = 0 if i # § and

K= {r,cic "YU {FicI')y, W :={r,:icl?}, R :={F:icl’
such that |, M2 M3 C Lip, (151, R). Set moreover

Q= {l‘ €R"™: for all i € I' one has (r; o ;) (x) < z; < (7 o%i)(m)},

Q* = {x € R"™: for all i € I? one has (r; o 7;)(x) < xi},

Q3 = {x € R"™: for all i € I® one has z; < (7; oﬁi)(x)},

so that Q',Q?, @3 C I%,. Assume finally that Q := Q' NQ*NQ? # () and that
for any i € I', r; <7;. It follows that @ is injective.
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ITI1.5 The Cone Ko

In this section, we prove Lemmas [5.1] and [5.3] Both are used in the proof of
Theorem For j € I, = {1,...,n}, let us define the cone

Cj={zeR":z; = |z|}
note that

t = eR":z; > i
in(Cy) = {o € B" ;> o [z}

and set
C:={-C;:jel,}u{C;:jel,}.

Let () £ C' C R™ be a convex polyhedral cone; in particular, 0 € apex(C') and
C=C+C=MXCfor A >0 . Define

Sc:={C"eC:int(C")YNC = 0}.
Finally, set
Ko := {p € R": Ja € apex(C) such that {C' €C:peca+C'} C Sc}
= apex(C) + | R™\ U o4
C'eC\Sc

and B
Ko :=R"\ K¢, (5.1)

noting in particular that K¢ is a cone, C C K¢ and apex(C) + Ko = K.
Although we use the above expression in the proof of Lemma note that
K¢ also admits the expression

Ke:= [ U @+0o). (5.2)

acapex(C) C'eC\S¢c
For a v € R™ \ {0}, let us denote by
H,={zeR":z-v>0}

the corresponding inner half-space at the origin with normal vector v. More-

over, we again denote the standard basis of R™ by {eq,...,e,}. Note that in
this notation and for any j € I,,,
Cj = N Heotge, and —Cj= N )2 S
(i,0)€(In\{5})x{£1} (i,0)€(In\{5}) x{£1}
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We now prove that the cone K¢ C [ is injective. The purpose of introducing
K¢ is that we are able to construct in the proof of Theorem a 1-Lipschitz
retraction of K¢ onto C. As a remark, it follows from Lemma that K¢
consists of the union of C' and points p € [, that are contained in a finite
intersection (); B(z;,7;) of balls centered at points z; € C' such that

apex(C) N ﬂB(:pi, ri) = 0.
i
5.1 Lemma. Let C C R"™ be a convex polyhedral cone such that int(C) # (),
then Ko C 17, is injective.
Proof. We want to use Proposition We set

I':={j € I, : 3o € {#1} such that ¢C; € S¢ and — oC; ¢ Sc},
I?:={jel,:{C;,—C;} C Sc}.

Whenever j € I' and 7C; € S¢, set
I(lj’T) ={(i,o0) € (I, \ {j}) x {1} : 0C; € S¢}
and whenever j € I2, let
I = 1= {(iy0) € (I \ (7)) x {£1} : {Ci,~Ci} € Sc}.

For oo € {1,2} and j € I, we define the cones

C;— = ﬂ HTej—O'ei
(o) El(Ia\ T X {ETINIE,

with C7 := Hye, if [(I, \ {j}) x {£1}] \ I, = 0 and define for a € apex(C)
and z € [ corresponding 1-Lipschitz functions by

ax o(x; — a;).

(@) = a4 7 m
(L,0) €[\ T X {E1INIE

If =1, theny € a + CN’jl if and only if y; > i (y). We set (Tjomj)(x) ==

infaEapex(C’) rgl(x) and

Noy= () [R*\int(a+C})]= {x ER":z; < (70 ﬁj)(x)}.
acapex(C)
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If 7= —1,theny € a+5’j_1 if and only if y; < 17 (). We set (rjomj)(z) ==

1
SUPgeapex(C) T‘é (‘T) and

Nij—1) = ﬂ [R"™\ int(a + 5’;1)] = {:c eR":z; > (1 oﬁj)(az)}.
a€apex(C)

If j € I' and 7C; € S¢, we set N(j—7) == R". Now, if j € I? we need to show
that
. 0T, S?j O;['\j7 (53)

before we can apply the statement after Proposition Let us set

Aj = Cj U U nCj.

(1777)6[(2],1)

It is easy to see that agex(C) Nint(A4;) = 0 since int(C) # 0. Furthermore,
C; C Aj since for z € C]l, if (i,0) € [(In\{j}) x {£1}] \I(zj’l), then z; > ox;.
Hence, either z; = ||z||, or there is (I,n) € 1(2].’1) such that nz; = ||zf . It
follows in particular that apex(C) N int(é’}) = (). One then easily deduces
(noting that 5’;1 = —5]1) that

[apex(C) + int(éjl)} N [apex(C) + 5’;1] =

and this implies that r; o @; < 7; o 7;. Indeed, if it (y) < ri’,_l(y) for some
y € R™, it follows that [a + int(é})] Nl + int(éj_l)] # (). Now, on the one
hand, it is easy to see that setting

NC = m N(i,a) (54)
(i,0)e(ITUI?)x {£1}

it follows that Ko = N¢. Indeed, note that R™ \ K¢ € R™ \ N¢ since if a face
F of [—1,1]™ which satisfies

F € F:={F' € Faces([-1,1]") \ {[-1,1]"} :
V(i,0) € I, x {£1}, if F' C 0C; then 0C; € Sc'},
then relint(F) N N = 0. Indeed, in the asymmetric case where F is such that
—F ¢ F, there is then j € I' such that F C 0C; C S¢ for some o € {£1} and

thus relint(F) is in the complement of N(; . In the symmetric case where
both F' and —F are in F, there is then j € I? such that F C oCj, —F C —oC}
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and {C}, —C;} C Sc for some o € {£1}, thus relint(F') is in the complement
of N(j ). Hence in both cases and for any A > 0, one has:

relint ()\F + apex(C)) A Ne =0

and thus R" \ K¢ C R™ \ N¢. Now, note that if z € R" \ N¢, then z €
a +int(C7) for some j € I* verifying 7C; € Sc for some 7 € {£1}. Hence

r€a+int | 7C; U U nC
(Lmely;

and thus z ¢ K¢ by (5.1). Finally, by (5.3) we can, using (5.4), apply the
statement following the proof of Proposition[f.1to N¢ C 1%, in order to obtain
that N¢ is injective and thus so is K¢ C I7y, which finishes the proof. ]

To illustrate Lemma [5.1} consider the case where C = H,, . It follows that
apex(C) = 0H,, and S¢ = {—-C,}. Thus K¢ = C = H,, is injective by
Lemma which we already know from the statement following the proof
of Proposition In the case where C' = C,,, one has apex(C) = {0} and
Sc =C\{Cy}. Hence K¢ = C = C,, is injective as we already know. Finally,
if

C=0Cy = {x eR":z, > max (1 +€)|1:1]} C int(Cp) U{0}
i€l \{n}

for some ¢ > 0, then we again have apex(C) = {0}, S¢ = C \ {C,,} and
K¢ = C,,. We moreover denote by

! !
aff(X) := {Zaixi ot oY R, {2t 2!} CX,Zai = 1} CR"
i=1

=1

the affine hull of a subset ) # X C R™. We now define a class of polytopes
that can be obtained as a finite intersection of balls in {7 .
5.2 Definition. Set Z := [—1,1]" and for 1 < k < n, let
k .
Ty = {[—1, 11" () (T F; — ') CR™:
j=1

for all j € {1,...,k}, Fj € Facets([~1,1]") and p/ € FJ}
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The next lemma enables us to find for any p € K¢ \ C a face F €
Faces(P, apex(C))¢ of a polytope P € T such that for some 7 € (0,00) and
a € apex(C), F, :== ¥F + a contains p. The interesting feature of F), is that
it is stable under any 1-Lipschitz retraction of [ onto a set containing C'. It
is key that the set Zj is finite for every k and that Faces(P) is finite for any
Pe1.

5.3 Lemma. Let C C I be a convex polyhedral cone such that int(C) # ()
and 0 < k := dim(apex(C)) < n. Define A: apex(C) x (0,00) — R by

A = mi i F
(a’ FY) ]géljg@ FGFaces?Iljglpex(C))c d(7 +a, apeX(C))
with MiN pepaces(Papex(C))e A(VE +a, apex(C)) := oo if Faces(P, apex(C))¢ = (.
Then, for each p € K¢ so that d(p,apex(C)) = n > 0, there are (c’z €
apex(C) x [n,00), P € Iy and F € Faces(P,apex(C))¢ such that for F, =
~F + a, one has:

(1) p € F, as well as

(i7) d(Fp,apex(C)) is positive, A(0,1) # oo and A(0,1) is positive as well.
In addition:

d(Fp’ apex(C)) > A(a,7) = ¥A(0,1) > nA(0,1).

(731) Moreover, for any set C C X C I and any retraction r € Lip; (I%, X)
onto X, one has r(F,) C Fp.

In the proof of Lemma we consider for given points p and ¢ in [7,, the
set

meNN[ng,00)

It is not difficult to see that there is a threshold ng € N as well as
¢ € Rgq such that ||mg—p|l,, = |lmq—qll,, for any m > ng and such
that the sequence of balls (B(mq, |mq — pl| o)) meNnino,00) 18 increasing. Alto-
gether, this implies that the above union can be written as the tangent cone
T3B(nog, ||nog — ||, ). Before proceeding to the formal proof of Lemma
we give a brief outline of the main ideas. For a fixed point p € Ko \ C, our
strategy to prove Lemma is to iterate the above observation as many times
as the dimension k of apex(C). Going from step j to step j+ 1, we consider a
particular increasing sequence of balls with centers on a line in apex(C') and
whose union is the tangent cone Tz;B(z, R1) as described above.
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m3q /...

’/Tn.IQ/‘/

B(m1q7 Hmlq - p”oo)

p
q
y

B(mag, |maq — pl )

B(mag, maq — pllo)

TqB<n(JQ7 Hnoq - p”oo)

Figure III.1: Illustration of the definition of TgB(nog, ||nog — p||,) in the case
of ZZO. Each of mq1, my and mg is bigger or equal than the threshold ny and
hence, each of the three corresponding l..-balls have tangent cone at ¢ equal
to TgB(noq, [|[n0g — || ), which contains p in its boundary.
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Following an easy criterion described in the proof, we consider a corre-
sponding sequence of balls centered on a ray in C' in the interior of a cone
0;C}, € C and once more, it follows as above, that their union can be written
as a tangent cone to a ball, namely in this case p + Hy,e i These two tan-
gent cones are defined in such a way that their intersection Gj1; (which is
then by definition an increasing union of intersection of balls centered in C')
is (n — 1)-dimensional. Hence, ﬂf:() G is of a similar form and we show that

k

apex(C) N ()| G = {a}.
=0

Finally, we consider the polytope P := B(a,¥) N ﬂf:o G; which is a trans-
lated rescaling of a polytope in Zj (cf. Definition and we show that P has
a face p € F}, which is disjoint from apex(C') and which can be written as a
finite intersection of balls centered in C. In particular, F}, is stable under any
1-Lipschitz retraction of [, onto a subset containing C'. Finally, note that if
C is injective (hence hyperconvex), then in particular F, N C' # 0.

Proof of Lemma[5.3. Fix p € K¢ C 1% such that 7 := d(p,apex(C)) > 0. We
set Ag := apex(C), Go := 1, Dy := l%. We continue inductively and define
for 1 < j+ 1 < k the following

j+1 j+1
A i=apex(C)N ﬂ apex(G;) and Djyq:= ﬂ aff (Gy)
1=0 1=0

as well as the sets G, ..., Gy along the following procedure: for each 0 < j <
k —1, choose arbitrarily a € A; and set Y; := B(a,1) N D;. Next, pick ¢ € A;
such that the following hold:

1) If there is a facet F' of Y such that A; Nrelint(F) # 0, then ¢ € A; N
relint(F).

2) If for any facet F” of Y}, one has A; Nrelint(F”) = @, then there is a face
F" of Y; with dim(F") < dim(Y;) — 2 such that A; C aff(F” U{a}) and
then ¢ € A; Nrelint(F”).

It is not difficult to see that exactly one of these two cases occur. Let us now set
m

q" = a+m(qg—a) for m € N. There exists m; > 0 such that one can find J :=
{(J1,01)s .-, (n,on)} C Iy x{£1} so that |[p — ¢"| ., = oi(py, —qg?) for m >
my if and only if (ji,0;) € 3. Hence p € ¢™ + [}, »,)e3 7iCh; \ U ryea TCIl-

Since p € K¢ and ¢™ € apex(C), it follows that there is some (j;, 0;) € J such
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that w € C'Nint(0;C};) # 0. We then set w™ := a+mw € CNa+int(o;Cj,)].
As we noted before the proof, one can find 2,z € a + R(q — a), as well as
R; > 0 and mg € NN [my,00) such that:

T:B(z ki) = |J B lld" = pl)
m>ms
and v,? € a + Rw as well as Ry > 0 such that
p+ Hyep =TsB(w,Ry) = ) Bw™ |[w™ - pll).
m>ma

We then set
Gjp1:=T:zB(z,R1) N (p+ Hoye;,)

which is a face of TzB(z, R1) and thus in particular a cone with
apex(Gjy1) = apex(TzB(z, R1)).

By construction, we can define the re-indexing 1 < f(j + 1) := j; < n such
that
aff(Gj41) =p+ 8Hef(j+1>.

There is I(j) := {f(1),...,f(j)} C I, such that for any z,y € D; and for
any f(I) € 1(j), wyq) = yyq)- Therefore, since for m > mg both p and ¢™
are in D;j and p € ¢" + 0,C}, it follows in particular that j; ¢ I(j). Hence
q™ ¢ aff(Gj41) = p+ OH,; and therefore () # aff(Gj11) N A; # Aj. Now, it
is easy to see that for 1 < j 4 1 <k, one has:

Gjr1 N Aj = apex(Gjy1) N A; = aff (Gj41) N A;,

dim(Aj+1) = dim(4;) — 1 and Ay = {a} C apex(C). We finally set 7 :=
la =pllo =7 and

k
= B(a,3) N ()G
=0

Similarly to what we have argued before, since p € K¢ there is b € C'Nint(a+
7Cp,) where ng ¢ I(k) such that setting 3 := ||b — p|| ., and

Q = B(a,7) N Dy,

one has that F' := B(b,3) N Q is a facet of Q in Dy. Setting finally F, :=
FNP = B(b,B)NP, it follows that F), has the desired properties, in particular
it is a face of P (Remark that F), = FOP = (aff(F)NQ)NP = aff(F)N P
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and there is a half-space H of Dy, such that reldH = aff(F') and P C Q C H.

Hence F, is a face of P cf. [42, Chapter 2]) and note that P is a translated

rescaling (with parameters a and 7) of a polytope in Z. This proves (7).
Moreover, d(F),, apex(C)) is positive since

F, Napex(C) = F, N Dy Napex(C) = F,N{a} = 0.

The rest of (ii) is easily seen to hold. Indeed, A(0,1) is positive since Zj is
a finite set and thus up to rescaling and translation along points of apex(C),
there are only finitely many different intersections of a hyperplane of the form
P+ Hg,e;, with a tangent cone to a ball like T:B(z, R1) and thus there are
only finitely many different outcomes for the sets Gy, ..., Gy depending only
on the dimension of [ and independently of the particular C.

Since P is bounded and looking at the definition of the sets Gy, ..., Gg;
it is clear that the set P can be expressed as an intersection of closed balls
centered in C that are pairwise intersecting and note that such balls are stable
under r as given in (i4¢). This finally concludes the proof of the Lemma. [

To illustrate Lemma [5.3] consider again the case where

C=C; ={zecR":z, > IInz\m }(1 +¢)|zi|} C int(Cy) U {0}
1€1n

n
for some ¢ > 0 and consequently apex(C) = {0}, S¢ = C\{C),} and K¢ = C,,.
For any p = (p1,...,pn) € Cp \ C5, one has
Fp = B(0,[[pllo) N(p+ He,) = {z €15, : 2] = Il and zn = pa}.
Now, in the case C' = C% + Re,,_1, one has apex(C) = Re,—1, Ko = C, +
Re,—1. Forany p = (p1,...,pn) € Ko\ C, one has with p := (0,...,0,p,—1,0):
Fp = a(p+ Hen—l) N B(ﬁapn) N (p+ Hen)

= {LL" S lgo : ||$ —]3||OO = Pny Tn—1 = Pp—1 and T, = pn}-

II1.6 Injective Convex Polyhedral Cones

In this section, we start by proving that (i4) in Theorem is necessary for
injectivity. We then go on with the proof of Theorem with the help of
Lemmas and from Section In the next lemma, we also make use
of the observation before the proof of Lemma (see also Fig. [II1.1)).

6.1 Lemma. Let C C [ be an injective convex polyhedral cone with
non-empty interior such that for any F € Facets*([-1,1]",C), —F €
Facets*([-1,1]",C) as well. Then C = R™.
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Proof. By assumption there is a subset I C I,, = {1,...,n} such that
CNint(cCj) # 0 if and only if (j,0) € I x {£1}. (6.1)

Let us assume for simplicity that I = {1,...,k} with I := @ if K = 0. Note that
by (6.1), for any i € I and any = € R™ there is (u’,v") € [int(C) Nint(C;)] x
[int(C) N int(—C;)] such that mu’ + z € int(C) N int(C;) and mov® + & €
int(C) Nint(—C;) for any m € N as well as:

x+0H,, = U B(mu' + , muiHoo)ﬂ U B(mv' + z,
meN meN

(where H, is defined in Section [[IL.5)). Setting U}, +x := B(mu'+z,
and V! + x := B(mv' + z, ||mv* ), we obtain

(@ +0H.,) =) (U U+ n [v,;;m]).

el i€l \meN meN

mo'(| )

el )

It follows that there are mq,...,mg,n1,...,n, € N such that

T € ﬂ (U, + 2NV, +z]) =5 C ﬂ(:c+ O0H,,).
icl iel
Note that S is an intersection of closed balls with centers in C and pairwise

intersecting in [7, (since they all contain x), hence SNC' # () by hyperconvexity
of C. We then deduce

({xl} s oo {xp) X R”_k) nNC+£0 (6.2)
for any {z;}icr C R. Set
T i=Ty10 - 0Tp

with # = 0 if £k = 0 and 7 := idg~ if £ = n. From , it follows
7(C) = R¥. Assume now by contradiction that m(apex(C)) # R¥. Pick
p € C such that 7(p) ¢ w(apex(C)) and pick ¢ € C N7 ({—7(p)}). Re-
mark that setting z := ¢+ p € C \ apex(C) one has z # 0 and 7(z) = 0.
Hence maxi<j<i|zj| = 0 < maxpii<j<n|zj| thus maxi<j<i |z < ||2]lo
and therefore z ¢ Ui<j<i [Cj U (—=Cj)]. Since int(C) # 0 it follows that
C Nint(aCy) # O for some (I,0) ¢ I x {1} which contradicts (6.1)). Thus
m(apex(C)) = R¥. Hence, for any y € R¥, there is w € apex(C) such that
m(w) = y. Assume now by contradiction that there is w’ € C such that
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m(w') = y and W' # w. Then z := w' —w € C\ {0} satisfies 7(z) = 0 thus
maxi<j<i |2j| = 0 < maxpyi1<j<n |2;| and this as before contradicts . It
follows that 7: C' — R¥ is injective. By definition of 7 and since int(C') # 0,
we deduce that kK =n thus C = R"”. This proves the Lemma. O

Let dp (A, B) denote the Hausdorff distance of two subsets §) # A, B C I”%,
in other words

di (A, B) :=inf{r € (0,00): AC N(B,r) and B C N(A,r)} € [0, ]

with inf () := oo.

Before proceeding to the formal proof of Theorem [1.2] we give an outline
of the main ideas in a few paragraphs. The strategy to show in the proof
of Theorem that (¢) and (¢¢) imply the injectivity of C' is to construct
a 1-Lipschitz retraction r of Ko onto C. In order to do so, we consider an
increasing sequence (lag + C)jen of translates of C' along Rg with a > 0.
The direction ¢ is chosen such that —g € int(C'), in order that C' C lag +
C and Uen(lag + C) = R™. Moreover, ¢ is chosen so that for a facet F
of [-1,1]" = B(0,1) C % such that F ¢ Facets*([-1,1]",C) and —F €
Facets*([—1,1]",C), one has ¢ € relint(F') which implies d(g+apex(C), K¢) >
0. We define r as the composition r9 o 1 of two 1-Lipschitz retractions. The
points of K¢\ C that have distance to apex(C) greater than a fixed constant
are mapped by 1 to C. The purpose of r9 is then to map the points situated
in a neighborhood of apex(C') but which are outside apex(C'), onto C.

Starting with the definition of r1, we let 7! be the composition of retractions
onto the tangent cones of lag + C' that are different from lag + C itself and
we let r; be the inverse limit of the system (r!);cn, similarly to the proof of
Theorem[T.1] After that, we define o as the pointwise limit of the composition
of a system of 1-Lipschitz retractions (0*)ren. The map oF is the composition
of a fixed number of 1-Lipschitz retractions o*! defined (similarly as 7! above)
as the composition of retractions onto the tangent cones of [ % + C (different
from 15 + C' itself).

To prove that r := ry ory is the desired map, we note that the 1-Lipschitz
retractions used to define r are all 1-Lipschitz retractions of I onto a set
containing C'. Lemmaprovides for any p € K\ C a polytope F), containing
p, stable under r and such that Fj, N apex(C) = 0.

In particular, r induces a 1-Lipschitz retraction of F, onto F,NC. To show
that the image of r is exactly C, we consider in a particular neighborhood of
apex(C), an arbitrary point p € Cy 41 N (K¢ \ Cky,) where C g, = lo% +
C and consider the map ¢*! which consists of the composition of every 1-
Lipschitz retraction onto the tangent cones of Cy,j, (different from Cj j, itself).
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Figure II1.2: Sketch of the construction of 7 in the proof of Theorem[1.2]for the
especial case n = 2 and apex(C) = {0}. The two squares are balls in 2, cen-
tered at the origin. For each point p € K¢, we consider a family {Ck,l}le{o,...,m}
of translates of C' (purple cones) such that F,NKe C Ujeqo,... my Cky and which
induce the image point r(p) € F, N C. The black cones represent the family
of smaller scale translates {Cyy1,}1eq0,..,m}> they induce the image under r of
points in K¢ that are closer to apex(C').
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We show that there is a ball U(po, d,,) containing p and centered in C},, such
that
U(po;0py) N Crio = U(po, 6po) N TpoClrty-

This step is similar to an argument in the proof of Theorem with the
key difference that it is here important that py ¢ apex(Cjy,), in order that
Crio S TpoChry, and by definition of 0"l that consequently o (p) C Chlo-
We can repeat this procedure until Iy = 0 to obtain ¢*(p) € C.

We use indifferently the notation [—r,7]” and B(0,r) in the proof since

both denote the same subset of [7..

Proof of Theorem[1.2. If C is injective, we know by Theorem that its
tangent cones are all injective. Furthermore, (i7) follows from Lemma

Assume now that (i) and (i) hold. Pick a facet F' of [—1,1]™ such that
F ¢ Facets™([—1,1]",C) as well as —F € Facets*([-1,1]",C) and pick ¢ €
relint(F) such that —g € relint(—F") Nint(C). Remark that

int([0, 00) F') 4+ apex(C) C R™ \ K¢.
For R > 0, set
Sr i=Ke N (B(0, R) + apex(C) + [0, oo)q)c.
Let us define the map A: apex(C) x (0,00) — R by

A - : : !
Aa,y) = min F,eFaceSI(nI;’gpex(C))cd((vF +a)NKc, [0,00)g+apex(C)). (6.3)

where k := dim(apex(C)). It is easy to see with the help of Lemma that

e := A(0,1) > 0 and thus by rescaling
A(a, k) = A0, k) = kA(0,1) = ke. (6.4)

Furthermore, there is ¢ € (0,e) such that C U UycpcU(p,&) C C U
Upeac U(p,ep) where for any p € 9C, we set

ep :=sup{d € (0,¢) : U(p,d)NT,C =U(p,0) NC}, (6.5)
cf. proof of Theorem Let us then choose «a € [0, 00) such that

du(C,aq+C) < (6.6)

DO|

Since by definition, one has [0,00)q + C = I, there is m € N so that

B(0,1) + apex(C) C mag+ C
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which after rescaling becomes

magq
QT —"_ C- (6-7)
Let {T}}jeq1,..,ny be an enumeration of the set:

{Tp(C) : there is F € Faces(C) \ {apex(C)} such that p € relint(F)}.

If for each j € {1,..., N}, we pick a 1-Lipschitz retraction g;: {2 — T}, then
0:= on o---0 o1 defines a 1-Lipschitz retraction of ag + C onto C, cf. proof
of Theorem Let us now for y € X denote by 7, the translation map
x+— z +y. For [ € N, the map

Tl = Tlag © 0° T—|ag
is a 1-Lipschitz retraction of (I + 1)ag + C onto lag + C. We then define
ri(z) == (P orto. orM)(z)

where M is the smallest natural such that z € M«ag + C. Similarly, for any
je{l,...,N}, ke NU{0} and [l € {0,...,m}, we set

kil ._
Q7 = Tlag ©0°CT |ag
ok — 5k
as well as
k._ kO k,m
o =07 o SN

We then define

ri=r9or]
by setting for any y € r1(K¢):

ra(y) := lim (0¥ 0 "1+ 0 0")(y).

k—o0

We now show that r is well-defined, r|c = id¢ and r € Lip; (K¢, C). This
implies that C' is injective by Lemma Consider first R € (Qk%, 2%] with
k € NU{0} and let p € K¢ be a point at distance R from apex(C). Borrowing
its notation, we can by Lemma find a corresponding F}, containing p such

that by (6.3) and (6.4]), one has
Fp NKeg CX_e (6.8)

BV ES
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Assume that p ¢ C. Note that by (i7) in Lemma and since it is easy
to see that r(K¢) C K¢, one has

T(Fp NKe) C F,NKc.

Let us set Cy, := IS¢ + C for any I € {0,...,m}. By (6.7), there is then
lo €{0,...,m — 1} such that p € Cj 41 \ Ck,, since p was chosen so that

pe a(B(o, R) + apeX(C)) NKe C B(0, &) + apex(C).
It follows by that

1
A (Criys Crio+1) = du(C,Cr1) = du(C,aq + C) <

g
9k 9k+1"

Therefore, noting that if z € C, then o(2) := 2% (z — lo%) € C, one sees
(cf. (6.5) for the definition of e,(.)) that

re U UGz c U Uk 52
ZEBC}CJO Zeack,lo

Hence, there is pg € 0C}, such that p € U(po, dp, ), Op < Qk% and
U(po; 0po) N Crio = U(pos 0pg) N T Creo-

From 6, < Q,f% and € < ¢, it follows that py ¢ apex(Cy,) because by (6.8):

€
d(Fp, NKc,apex(Cy,)) > d(F, NKe, [0,00)q + apex(C)) > SR Opo-

There is then j € {1,..., N} such that T, C, = lo% +T}. Hence oPlo(p) €
Cr.1, and thus o¥(p) € C.

The case where p € K¢ is a point at distance R > 1 from apex(C) is
similar. It follows that r is well-defined and it is then obviously a 1-Lipschitz
retraction onto C. This finally concludes the proof. O

II1.7 Graph Representation of Linear Systems of
Inequalities with at most Two Variables per
Inequality

In this section, we introduce concepts that we later use in Section [[IL.8] to
prove Corollary[1.6] Let () # Q C R™ be an intersection of general half-spaces,
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that is half-spaces that are either closed or open. To a general half-space H
containing @), we assign its inner normal vector v € R™ \ {0} in order that
there is p € R™ such that H = p+ H,, if H is closed and H = p+int(H,) if H
is open (recalling that H, := {x € R" : - v > 0}). For n € N, let us denote
by Z, the family of all Q for which there is a set § # N (Q) C R™\ {0} such
that the following hold:

(a) N(Q) is finite and @ can be written as the intersection over all v € N'(Q)
of a general half-space with inner normal vector v.

(b) For every v € N(Q), there exist f,,g, € {0} U{e1,...,e,} and a,,b, € R
so that f, # g, as well as

v=oayf,+b,g,.

We now describe a construction that was introduced in [39]. Every Q € Z,, is
the solution set of a linear system of inequalities of the form

N = {al,y,j + bz, — CV}VE/\/(Q)

where > stands for > in some inequalities and possibly for > in some others
and vy, z, € {0, x1,..., 2y} denote variables so that y, = z; if f, = e; as well
as z, = z; if g, = ej and y, = ¢ if f, = 0. Conversely, to any system of
linear inequalities as above, we can associate an element of Z,. Now, we can
require all variables appearing in ¥ to have nonzero coefficients except the zero
variable xg which we additionally require to appear only with coefficient zero.
We can associate to ¥ an undirected labeled multigraph without self-loops
Iy, := (Vy, Ex) where the vertex set Vy, is given by {zg, 21, . . ., z,} and the set
Ex :={E,},en(q) consists of all the labeled edges E, = ({v, 2.}, X,) where
Y., denotes the inequality a,y, + b,z, = ¢,. Note that I's; does not contain
any self-loop since we require v, # z,, that is all equations in ¥ contain two
different variables. Equations that contain only one variable different from xg
are given by edges connecting to x¢ and remark that > does neither contain
any trivial inequalities like for example 1 > 0 nor trivial inequalities of the
other type like for instance —% > 0. A path P in I'y is then given by

((vl,...,vm+1),E1,...,Em) (71)
where (v1,...,vm+1) is a sequence of vertices in Vy and (F1,...,Ey,) a se-
quence of labeled edges in Ey. such that for each I € {1,...,m}, one has:

Ep = ({v, v}, agop + bpoggr = )
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We call P admissible if for each | € {1,...,m — 1}, the coefficients b; and
aj+1 have opposite signs (i.e., one is strictly positive and the other one is
strictly negative). Note that if P is admissible, one has v; # xo for each
l € {2,...,m — 1} because we have required that xy appears only with zero
coefficient. Admissible paths correspond to sequences of inequalities that form
transitivity chains, the three inequalities 2x; — 3x2 > —4, 2x9 + z3 > 4
and —xz3 —x1 > 0 give e.g. rise to an admissible path. However, the three
inequalities 1 — z9 > 0, 290 — x3 > 0 and —x3 — x4 > 0 cannot label an
admissible path since the coefficients of x3 have the wrong relative signs. A
path is called a loop if its first and last vertices are identical and a loop is said
to be simple as soon as its intermediate vertices are distinct. The reverse of
an admissible loop is admissible and cyclic permutations of a loop P given by
are admissible if and only if a; and b, have opposite signs, in which case
P is called permutable. Note also that since xg appears in X only with zero
coefficient, no admissible loop with initial vertex z( is permutable.

For an admissible path P given again by , let us define the residue
inequality of P to be the inequality obtained by applying transitivity to the
inequalities labeling the edges of P. The residue inequality of P is thus of
the form avy + bvy,4+1 = ¢, where = denotes a strict inequality if and only if
at least one of the inequalities labeling the edges of P is strict. Consider for
example a path P given by

<(l’1,$2, xs3, .’E4), ({‘rla fEQ},CL’l - 2'1:2 Z _1) 5
({JIQ, .CEg},xQ + 3x3 > —2) R
({z3, w4}, 23 — 24 > 0)>7

we have x1 > —1 4+ 2(—2 — 3z3) = —5 — 623 > —5 + 624 and thus the residue
inequality of P is &1 — 6x4 > —5. In the case where P is a loop with initial
vertex v, its residue inequality is of the form (a + b)v > c. If it happens that
(a+bv>c,a+b=0and c>0or (a+bv>c, a+b=0and c >0, the
residue inequality of P is false and we say that P is an infeasible loop. Note in
particular that infeasibility implies admissibility. We define a closure 'y, :=
(Vs,Eyx) of I's; to be a graph I's; containing I's; and having the same vertex set,
such that Ey, is obtained from Ex. by adding for each simple admissible loop
P (modulo permutations and reversals) of I'y, a residue edge which is a new
edge labeled with the residue inequality of P. Let moreover Nontrivial(Eyx)
denote all the elements of Ex; that are no self-loop at z. Note that a closure
is not necessarily unique since the initial vertex of each permutable loop can
be chosen arbitrarily. We can now state the main theorem of [39]:
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7.1 Theorem. X is unsatisfiable if and only if T's, has an infeasible simple
loop.

As an example, consider the system

Y= ieq,.60 = {961 —x2 >0, 221 + 22 > 1, 23 — 21 >0,

rg—x3 20, v3— x4 > —1, —9632%}-

It is easy to see that the only loop of I's; contributing an edge to I's; is the
loop

((1‘1, T2, x1)7 ({xlv xQ}’ 21)7 ({‘/E?? xl}v ZQ))

having residue inequality z1 > —%. Now note that the loop

<($0,$1,$3,$0), ({zo, 21}, 21 > —3), ({z1, 23}, B3), ({23, 20}, Z6)> cTy

is infeasible and hence > must be unsatisfiable according to the theorem.

IT11.8 Injectivity of Linear Systems of Inequalities
with at most Two Variables per Inequality

In this section, we prove Proposition from which Corollary follows
immediately. For j € I, = {1,...,n}, let Fj := [-1,1)77t x {1} x [-1,1]"J
which is a facet of the unit cube [—1,1]". Note that relint(F};) = (—1,1)77! x
{1} x (=1,1)"7 and this is used in the proof below.

8.1 Proposition. Let C C Z,, be a convex polyhedral cone with int(C') # ()
satisfying
C = ﬂ {z eR": 2z (apfu, +bug,) > 0}.
veN(C)

There is then (j,T) € I, x {£1} such that
C Nrelint(7Fj) # 0 = C Nrelint(—7Fj).

Proof. We proceed by induction on n. It is easy to see that the result holds for
n =1 and n = 2. We assume that the result holds for {1,...,n—1} and show
that it consequently holds for n. Since int(C') # 0, there is (s,0) € I,, x {£1}
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such that C Nrelint(oFs) # 0. If C Nrelint(—oFs) = 0, we are done. Hence,
assume that
C Nrelint(—Fy) # 0 # C Nrelint(F) (8.1)

which recalling the notation 0H,., = {z € R" : x5 = 0} implies
relint(C' N 0H,,) # 0. (8.2)

The map 75 given by (z1,2Z2,...,Ts,...,Tn) — (T1,T2,...,Tsy...,Tp) IS,
when restricted to OH,,, an isometry with the property that C° := 7,(C N
0H.,) € Z,_1. To see that the latter holds, assume without loss of generality
that f, # ey for every v € N(C). We can write N (C) = N(C)? U N(C)*
where N (C)? is the set of all v such that f, # es # g, and N(C)® the set
of those such that f, # e; = g,. We then write cY = myeN(C)iHu and
C* := Nyen(c)s Hy which implies C = C* N C?. Tt is easy to see that

CNOH, =C'NoH, N () Hay.
veN(C)s

Applying 75 on both sides, we get:

CY=7(CTNOH.,)NRs | 0He, N () Haup,
veN(C)s

— ﬂ Hﬁs(y) N ﬂ Hﬁs(ayfu) € Zp_1.
veN(C)Y veN(C)s

It follows by the induction hypothesis that there is (t,7) € (I, \ {s}) x {£1}
such that

CO N 7s(velint(7Fy) N OH,,) # 0 = C° N7y (relint(—7F;) NOH,,).  (8.3)

Note moreover that CYN7s(relint(7F;)NOH,,) # () implies CNrelint(7F;) # (.
Furthermore, if C¥ N relint(—7F;) N OH,, = (), then C Nrelint(—7F;) = () and
thus we are done. We thus assume that

C7 N relint(—7F;) N OH,, # 0. (8.4)

We now show that one can find a,b € R with b # 0 such that C' C Hge, +be, -
We can assume without loss of generality that in addition to f, # es, one
has f, # e; for any v € N(C) since otherwise we can find the desired normal
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vector aeg; + be;. Let N(C)V be the set of all v such that f, # e; # g, and
C?.= ﬂyeN(C)t/Hy. Let

Wi := (—1,1)" Urelint(F;) U relint(—F;).

Note that W;NC € Z,, and 7,07 (CNOH,, Nrelint(—7F})) € Z,_2. Let ¥ and
Y0 denote the respective associated systems induced by the supporting half-
spaces. Remark that X° is obtained by plugging z, = 0 and 2; = —7 in every
inequality of > and deleting those loops corresponding to those inequalities
associated to Wy that are made trivial. Note that X° is unsatisfiable by
and thus by Theorem|[7.1] there is an infeasible (hence by definition admissible)
simple loop L in every closure I'spo of the graph I'sjo associated to the system
0.

Let now I'ys := (Vg \ {25, 2:}, Exs) where Exs consists of all labeled
edges E € Eso so that there is ({yu, zs}, apyu + buxs = ¢,) € Ex such that
E = ({yu, z0}, apyu = cu) (possibly with y, = z¢). Analogously, I'st := (Vs '\
{zs, ¢}, Ext) where Exy consists of all labeled edges E € Exo so that there is
({yp, e}, apyy + buxe = ¢,) € Ex such that E = ({yu, o}, apyu = cu + 70y)
(possibly with y,, = xg). Now, it is easy to see that for v € {s,t}, one can
choose closures satisfying:

Nontrivial (Ezo \ Egu> C Nontrivial (EEO \ E2> (8.5)
Indeed, note that since Exu C Exo, it follows that
EEO \Ezu == (EEO \EEO) U (EEO \EEU) (86)

By definition, Exo \ Exu C Eso \ Exu. Now, consider an admissible loop
Lo C T'so. If Lo contains an edge of I'su, then by admissibility (in particular
xo does not arise as intermediate vertex), Lo is a loop starting at xp and thus
Lg does not induce any nontrivial residue edge. Hence, if Ly C I's;0 induces one
nontrivial residue edge in Eso \ Exo, then in particular, the residue equation
of Ly does not contain zy alone and thus Ly does not contain any edge of I'syu.
This thus implies that Nontrivial (Ezo \ EEO> C Nontrivial <E20 \Egu) It
finally follows by that holds.

Now, if L C T'spo is nontrivial and does not contain any edge of I'sis, we

obtain in view of (8.5)):
LC (Vg \ {zs, x+}, Nontrivial (EEO \ Egs

)
- (VZ \ {xs, 2+ }, Nontrivial (M)) =T.
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But I' has Q = 7 o 7 (C‘Vﬂ relint(—7F;) N BHeS) as associated solution set.
Thus I' contains an infeasible simple loop and therefore its associated system
is unsatisfiable by Theorem Hence, Q = () and thus C7 N relint(—7F;) N
O0H., = (), which contradicts (8.4). It follows that L has to contain an edge of
I'ss.

Similarly, if L is nontrivial and does not contain any edge of I's:t, we obtain

in view of ({8.5):
Lc (Vz \ {zs, z:}, Nontrivial (EEO \ E2t>>
C (Vz \ {xs, z+}, Nontrivial (M)) =:T.

But I" has Q = 7 o 7 (Ct/ﬂ Wen 8Hes) as associated solution set. Thus
I' contains an infeasible simple loop and therefore its associated system is
unsatisfiable by Theorem (7.1l Hence, Q = § and thus C¥NW; N 0H,, = 0,
which contradicts as one can easily see by noting that C¥N 0H,, is a
cone. It follows that L has to contain an edge of I'y:.

Finally, note that a self-loop in I'so at zg cannot arise as intermediate
segment on an admissible path and no self-loop at x; # xg can be induced
by a loop containing an edge in Exs U Ext. Hence the only remaining case is
when L is a self-loop at x¢. But then, since I'so is defined so as not to contain
any infeasible self-loop at xg, it follows that L must be induced by a simple
nontrivial admissible loop Lg in I'so and as above, one has that Ly needs to
be containing an edge of Exs as well as an edge of Es:.

Thus, up to replacing the loop L C I'so by Lo if necessary, we can as-
sume that L contains an edge in Eys as well as an edge in Ex:. It follows
that L has starting or ending edge, let us say without loss of generality
starting edge E, = ({zo,2,},brzr = ¢;) € Egxs and accordingly final edge
E, = ({zo,zy}, byzy = ¢y) € Ex¢ for some x,, 2z, € V\ {9, s, z:}. For any
edge E of L different from E, and E,, E does not contain zy as endpoint by
admissibility of L, hence

E € Exo \ (Exs UEsy)

which means that £ has a corresponding edge E* € Eyx; that is labeled by the
same equation as E and that has thus the same endpoints (these are thus differ-
ent from x, and x;). Moreover, by definition of Exu, we have edges E>, E.; €
Eyx, corresponding to E, and E, which satisfy E> = ({x,, z,}, ayz, + byzs = 0)
and B = ({xy, 24}, ayy + buxy = 0). We thus obtain an admissible (simple)
path P C 'y from x5 to ;. The residue inequality of P is then of the form
ars + bxy = 0 and thus C C H, for v := aes + be;. By , it follows that
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la| < |b| and thus by an easy argument C N relint(—sign(b)F;) = (). Since we
assumed that C Nrelint(7F;) # 0, it follows that sign(b) = 7 and thus

C Nrelint(7F;) # 0 = C Nrelint(—7F;).

This proves the induction step and finishes the proof. O
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Chapter IV

Injective Hulls of Infinite
Totally Split-Decomposable
Metric Spaces

IV.1 Introduction

In 1992, Bandelt and Dress (cf. [4]) introduced a decomposition theory for
finite metric spaces which is canonical, namely it is the only one which is, in
a sense, compatible with Isbell’s injective hull.

Our first goal is to extend the canonical decomposition theory to the
class of (possibly) infinite metric spaces with integer-valued totally split-
decomposable metric and possessing an injective hull which has the structure
of a polyhedral complex. For this class, we then provide necessary and suf-
ficient conditions for the injective hull to be combinatorially equivalent to a
CAT(0) cube complex.

The basic definitions of the canonical decomposition theory of Bandelt and
Dress do not need to be modified to suit our more general situation. A split
(also called cut) S = {A, B} of a set X is a pair of non-empty subsets of X
such that ANB = () and X = AUB, or in other words X = ALB. Forz € X,
we denote by S(z) the element of S that contains z. The split (pseudo-)metric
associated to S is then a pseudometric §s on X such that

L S(2) # S(y).

ds(x,y) = {0 if S(z) = S(y).

For a pseudometric d on X, we call S = {A, B} a d-split (of X) if the isolation
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IV.1. INTRODUCTION

index given by ((1.3) satisfies
d
ag > 0.

The pseudometric d is said to be totally split-decomposable if d =3 g g adscsg
where § is the set of all d-splits.

A split subsystem S C S is called octahedral if and only if there is a
partition of X into a disjoint union of six non-empty sets X = Y LI Yfl U
Yo UY, P UV LY, ! such that S consists of the four splits

S ={Vuvduvd,yytuy, tuysty,
Sy = {V{ U uY; Ly Uy, Uy,
Sy={Y{ LY, TUYs, YUY Uyt
Sy ={Vuy, ' uyy Lyt uys uydy.

S is called octahedral-free if it does not contain any octahedral split subsystem.
Two splits S := {A, B} and S’ := {A’, B’} are said to be compatible if A’ C A
(and thus B C B’) or alternatively A C A’ (and thus B’ C B).

For general facts regarding injective hulls, we shall refer to [30]. Injective
hulls can be characterized in several different ways. In the sequel, the injective
hull refers to Isbell’s injective hull construction (X,d) — E(X,d). Recall at
this point that the injective hull E(X,d) of a pseudometric space (X,d) is
given by

E(X,d)={f¢€ RX : f(z) = sup, ey (d(z,y) — f(y)) forall z € X}, (1.1)

The difference between two elements of E(X,d) has finite |-|| ,-norm and
E(X,d) is endowed with the metric

doo(f9) = If — 9lls -

It is easy to see that for f € E(X,d), if d(z,2’) = 0 then f(z) = f(2’). Hence,
if (X,d) is a pseudometric space and (Y,d’) is the associated metric space
obtained by collapsing every maximal set of diameter zero to a single point,
then E(X, d) and E(Y,d’) are isometric. Accordingly, the statements involving
the injective hull will be stated for metric spaces instead of pseudometric
spaces. As it is shown in [30, Theorem 4.5] and as we shall recall later in this
introduction, as soon as (X,d) is a metric space with integer-valued metric
verifying the local rank condition (LRC), which is discussed below, there is a
canonical locally finite dimensional polyhedral structure on E(X, d).

In the case where d is totally split-decomposable, our goal is to provide
necessary and sufficient conditions ensuring that E(X,d) is combinatorially
equivalent to a CAT(0) cube complex. Accordingly, we have:
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1.1 Theorem. Let (X,d) be a metric space with integer-valued totally split-
decomposable metric satisfying the local rank condition. Let S be the set of all
d-splits. Then, the following are equivalent:

(i) S does not contain any octahedral split subsystem S satisfying that for
every S = {A,B} € S\ S, there is S' := {A’, B’} € S such that S and
S’ are compatible.

(ii) Each cell of E(X,d) is a parallelotope.

If () or holds, there is a CAT(0) cube complex K(X,d) and a canonical bi-
jective cell complex isomorphism o: E(X,d) — K(X,d) mapping cells affinely
to cells.

By a parallelotope we mean a Minkowski sum of a finite collection of lin-
early independent closed segments (see for instance [25]). When condition
(if) in Theorem holds, we say that the family of all d-splits of X has no
compatibly octahedral decomposition. If the diameters of the cells of E(X,d)
are uniformly bounded, ¢ in Theorem can be chosen to be bi-Lipschitz.

For a metric space (X,d), let I(z,y) := {z € X : d(z,2) + d(z,y) =
d(z,y)}. (X,d) is called discretely geodesic if the metric is integer-valued
and for every pair of points z,y € X there exists an isometric embedding
~v:4{0,1,...,d(x,y)} — X such that v(0) = z and y(d(x,y)) = y. Moreover,
we say that a discretely geodesic metric space X has (-stable intervals, for
some constant S > 0, if for every triple of points z,y,3’ € X such that
d(y,y’") = 1 we have

du(I(a,y), I(z,y)) < B

where dy denotes the Hausdorff distance in X.

The injective hull has among other features, applications to geometric
group theory. Let I' be a finitely generated group, G a finite generating set,
and let I be equipped with the word metric do with respect to the alphabet
G UG™L Tt is shown in the proof of [30, Theorem 1.1] that if (T',dg) has 3-
stable intervals, then (I, d¢) satisfies the (LRC) as well as E(T', d¢) is proper
and has the structure of a polyhedral complex. The isometric action of I" on
(T',d¢g) given by (x,y) — L,(y) := xy induces consequently a proper action
by cell isometries of I' on E(T', dg) given by

(z,f) = Lo(f) = fo Lt

Moreover, if (I',dg) is d-hyperbolic (in particular it has S-stable intervals),
then E(T',dg) has only finitely many isometry types of cells and the action
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is cocompact. As an immediate consequence of these observations, we thus
obtain:

1.2 Theorem. Let I' be a finitely generated group and (I',dq) the associated
metric space with respect to the alphabet G U G~1. Assume that dg is totally
split-decomposable and @) m Theorem holds. Then, the following hold:

(i) if (U,dg) has 3-stable intervals, there is a proper action of I' on K(I', d¢g)
given by

(z,y) > (0o Lyo 071)(y).

(ii) If (T, dg) is d-hyperbolic, the action of T' on K(I',dg) is proper as well
as cocompact.

We give an outline of the structure of Isbell’s injective hull and describe
when it corresponds to that of a polyhedral complex, following [30]. Given a
pseudometric space (X, d), let us consider the vector space RX of real-valued
functions on X and

A(X,d) = {f e R : f(z) + f(y) > d(z,y) for all z,y € X}.

We call f € A(X,d) extremal if there is no g < f in A(X,d) distinct from
f. The set E(X,d) of extremal functions is equivalently given by . To
be able to describe the structure of E(X,d) further, one can assign to every
f € E(X,d) the undirected graph with vertex set X and edge set

A(f) = {{zy} s,y € X and f(2) + f(y) = d(z,y)}, (1.2)

allowing self-loops {z, x} which correspond to zeros of f. Furthermore, we let
E'(X,d):={feAX,d):JA(f) =X}

Note that if f € E'(X,d), the graph (X, A(f)) has no isolated vertices (al-
though it may be disconnected). A set A of unordered pairs of (possibly equal)
points in X is called admissible if there exists an f € E'(X,d) with A(f) = A,
and we denote by o7 (X) the collection of admissible sets.

To every A € o/ (X), we associate the affine subspace H(A) of R¥ given
by

H(A):={geR*: AcC A(g)}
={g eRY : g(z) + g(y) = d(z,y) for all z,y € A}.

55



IV.1. INTRODUCTION

We define the rank of A to be the dimension of H(A),
rank(A) := dim(H(A4)) € NU{0, c0}.

We can compute rank(A) as follows: if f,g are two elements of H(A) and
{z,y} € A, one has f(z) + f(y) = d(z,y) = g(z) + g(y), hence f(y) — g(y) =
—(f(x) — g(z)), which means that the difference f — g has alternating sign
along all edge paths in the graph (X, A). Therefore, there is either none or
exactly one degree of freedom for the values of f € H(A) on every connected
component of (X, A), depending upon whether or not the component contains
an odd cycle. We call such components (viewed as subsets of X) odd or even
A-components, respectively.

If (X, d) is a finite metric space, E(X, d) is a finite polyhedral complex. If
(X,d) is infinite, we say that (X, d) satisfies the local rank condition (LRC)
if and only if for every f € E(X,d), there exist ¢, N > 0 such that for all
g € E'(X,d) with ||f — g|]lcc < €, one has rank(A(g)) < N. Recall (cf. [30,
Theorem 4.4]) that if (X, d) is a metric space with integer-valued metric and
satisfying the (LRC), then E(X,d) = E/(X,d). In this case, let

P(A) := E/(X,d) N H(A) = E(X,d) N H(A) = A(X,d) N H(A).

The family {P(A)} sc.r(x) then defines a polyhedral structure on E(X, d) and
in particular P(A’) is a face of P(A) if and only if A C A’.

In order to prove Theorem [I.I] we need to be able to decompose any
pseudometric d on a set X in a way that is coherent with the structure of
E(X,d). The isolation index of a pair S := {A, B} of non-empty subsets with
respect to a pseudometric d on X is the non-negative number ag (equivalently
04? A,p} OF simply ag) given by

1
ad = 5 ian {max{d(a, b) + d(a’,V),d(d,b) + d(a,b),d(a,a’) + d(b,b') }
a,a’ €
bb'eB
—d(a,d) — d(b, b/)} :

(1.3)

Moreover, we call a pseudometric dy on X split-prime if adso = 0 for any
split S of X. Note that by Lemma [2.4] there are for any integer-valued
pseudometric only finitely many d-splits separating any pair of points.

1.3 Theorem. Let (X,d) be a pseudometric space with integer-valued pseu-
dometric, let Sx be the set of all splits of X and let S be the set all d-splits.
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Let
As €[0,0d] ifSeS,
Asg =0 if S e€Sx\S.
Then, N
d:=d- ) Asls
Ses
is a pseudometric such that for every split S € Sx, one has

ad =al - \s.
In particular, there is a split-prime pseudometric do such that

d=dy—+ Z agds.
SeS
The decomposition given by Theorem can be characterized uniquely
in a corollary to Theorem [2.10}

1.4 Corollary. Let (X,d) be a metric space with integer-valued metric sat-
isfying the (LRC). Let S be the family of all d-splits of X so that d =
do + D ges@sds and let A\s € [0,ag] for every S € S. Then, setting
di:=d =3 gcs Asds, we have

E(X,d) c RX N (E(X, dy) + ) AE(X, 55)) : (1.4)
Ses
Moreover, for any split S = {A, B} of X and any As > 0 such that d =
dy + Asds, if E(X,d) C E(X,d1) + AsE(X, dg), then the following hold:

(1) S is a d-split of X and
(1) As < ag.

Note that the above relates in particular to the question raised in [3], Sec-
tion 8.3] and regarding the structure of general cellular graphs.

The present chapter is divided into three main parts: Section 2 deals with
the generalization of the decomposition theory of Bandelt and Dress (cf. [4])
to (possibly) infinite metric spaces with integer-valued metric. Section 3 deals
with the proof of Theorem [1.1} we adapt and generalize the arguments of [28]
to infinite metric spaces and infinite split systems. Section 4 starts with the
observation that the Buneman complex B(S, «), which is a well-known object
in discrete mathematics (cf. [I9] and the references there) satisfies the CAT(0)
link condition and continues with the proof that E(X,d) satisfies this same
condition. Finally, Section 5 deals with several examples.
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IV.2 Decomposition Theory

It is easy to see that E(X,d) as defined at the beginning of the Introduction
is a subset of

A(X,d):={f € A(X,d) : f is 1-Lipschitz}.
Note that a function f € RX belongs to A;(X,d) if and only if
|f — dalloo = f(x) forall z € X. (2.1)

The metric doo(f,9) = ||f — glloc on A1(X,d) is thus well-defined since for
any « € X, one has

1f = gl < If = dalloo +[lg = dalloo = f(2) + g(x) < 0.

The set E(X,d) C A1(X,d) is equipped with the induced metric and one has
the canonical isometric map

e: (X,d) - E(X,d), e(z)=d,.

In case (X, d) is a metric space, e is an isometric embedding and Isbell showed
that (e, E(X, d)) is indeed an injective hull of X. That is, E(X, d) is an injective
metric space, and every isometric embedding of X into another injective metric
space factors through e. A metric space (X,d) is called injective if for any
isometric embedding i: Y — Z of metric spaces and any 1-Lipschitz (i.e.,
distance nonincreasing) map f: Y — X there exists a 1-Lipschitz map g: Z —
X, so that goi = f (cf. [I, Section 9] for the general categorical definition).
For a recent survey of injective metric spaces, we refer to [30), Section 2].

Let (X, d) be any pseudometric space. A partial split S = {A, B} of X is a
pair of non-empty subsets of X such that ANB = (). If in addition X = AUB
holds, then S = {A, B} is a split of X. A partial d-split is a partial split
S = {A, B} for which a¢ > 0. For any {a,a’} C A and {b,'} C B (where if
x =1y, {z,y} denotes {z}), let

B oy = % (max{d(a,b) + d(a', 1), d(a’, b) + d(a, ), d(a, a’) + d(b,b')}
—d(a,a’) — d(b, b')]

and when the reference to the pseudometric is unnecessary, we shall omit it and
write simply a4 gy as well as B((q a1 (,7}}- Note that for any pseudometric
d on X, one has

d _ nd
Arshitur) = Blirshitur)- (2.2)
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Indeed,
d(r,t) + d(s,u) —d(r,s) — d(t,u) < d(r,t) + d(u,r) — d(t,u) = ZBf{i{r}’{tm}}
and
d(r,t) +d(s,u) —d(r,s) —d(t,u) < d(r,t) + d(u,r) — d(t,u) <2d(r,t)
= 267040y
The proof of the next lemma follows the one of [4, Theorem 1].

2.1 Lemma. Let (X,d) be a pseudometric space and { Ay, By} a partial d-split
of X. For any {a,d’} C Ay, {b,'} C By and x € X \ (Ag U By), one has

Bllaa} (b0} = Y{aa b b} T ¥laa} (b 2} (2.3)

Proof. Assume that fails for some aq, as, b1, ba, x, then all three quantities
must be positive. For simplicity, we write xzy for d(z,y). Let {i,j} = {1,2}
be so that

Bifara},{brbo}} = %(cnbj +abi — arw — b1bz>-

It follows that
%(albj + xb; — a1z — b1by + max{alac + aob;, a1b; + aga:} —aia2 — :Ebi> =
Bl{ara}(b1.623} T P{araz fabi}y 2

X{ar,az,2},{b1,b2}} T ¥{ar a2}, {b1,b2,a}} >

Bifar,az} {b1,b2}} =

%(max{albl + agbo, a1by + agbl} —ajas — blbg) .

Hence
0 := a1bj — a1z +max{a1x + agb;, a1b; + asx} > max{aibi + agbz, a1bz + azb; }.

The above strict inequality can only hold if a1b; + asx > a1z + asb; which
implies that 6 = a1b; — a1z + a1b; + agx. Therefore, one has

a1by + arbe — a1x + agx = 0 > max{aiby + agba, a1bs + asb; }.
Hence for each k € {1,2}, one has
a1by + asx > arx + asby.

By interchanging the role of a; and ao, we also obtain the reverse strict in-
equality and this is a contradiction. This proves (2.3)). O
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The next theorem corresponds to [4, Theorem 1].

2.2 Theorem. Let (X,d) be a finite pseudometric space and let {Ag, Bo} be
a partial d-split. Then

Z {A,B} < ®{A40,Bo}
{A,B}e&o

where & denotes the set of all d-splits {A, B} extending {Ao, Bo}, namely
d-splits satisfying Ay C A and By C B.

Proof. Note that since X is finite, there are {a,a’} C Ag and {b,b'} C By such
that
40,80} = Pi{aa'} (b1}

and thus we obtain
Q{A9,Bo} = Y AoU{z},Bo} T A9, BoU{z}}- (2.4)
By induction, the desired result follows. ]
We go on with the following more general situation.

2.3 Theorem. Let (X,d) be a pseudometric space such that for every x,y €
X, there are only finitely many d-splits S satisfying S(x) # S(y). Let moreover
{Ap, Bo} be a partial d-split. Then,

Y sy < agagsy)
{A,B}e&y

where & denotes the set of all d-splits { A, B} extending {Ao, Bo}.

Proof. Note that for any ¢ > 0, there are {a,a’} C Ag and {b,V'} C By such
that

Ofao,B0} T € 2 Bi{aat b))
and thus using ([2.3)), we obtain

QL A0,Bo} T € = QagU{a},Bo} T Y Ao, BoU{x}}- (2.5)

Since there are only finitely many d-splits separating any pair of points in
X, there are only finitely many d-splits {S;}icq1,....m) extending {Ao, Bo}, i.e.
such that one has S; := {A;, B;} where Ay C A; and By C B;. For every
1 <i<j<m,choose z;; € X\ (Ag U By) such that either z;; € A; N B; or
xi; € B; N A; (in particular neither x;; € A; N Aj nor z;; € B; N B;). Writing
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Z = (zij)1<i<j<m and applying (2.5)) recursively for each element of Z, we
obtain for some big enough constant C > 0:

Q{A9,Bo} T Ce > Z QL AGUZA,BoU(Z\Z )}
ZACZ

Note that by choice of Z, there is for any {A;, B;} a unique Z4 C Z (namely
Zy = Z N A;) such that {A;, B;} extends {Ayg U Z4, By U (Z \ Z4)} which
implies
QfAgUZA,BoU(Z\Za)} = YfA;,B;}-
It follows that
Qf A9, Bo} T Ce > Z QL A; B}
ie{l,....m}

and letting € tend to zero, this concludes the proof. O

Note now that if (X, d) is a pseudometric space with integer-valued pseu-
dometric, then for any split S, one has

ag € [0,00) N 3Z. (2.6)

2.4 Lemma. Let (X,d) be a pseudometric space with integer-valued pseu-
dometric. For every x,y € X, there are at most 2d(x,y) distinct d-splits S

satisfying S(x) # S(y).

Proof. Assume by contradiction that one can find m := 2d(x,y) + 1 distinct
d-splits S; such that S;(x) # S;(y). For every 1 <i < j < m, choose z;; € X
such that either z;; € S;(x)NS;(y) or z;; € Si(y)NS;(x). Furthermore, setting
Z ={z,y}U{zj : 1 <i < j<m}, one has Si(x)NZ # S;j(z) N Z if i # j,

hence J
1 d X
dey)+3< Y af < Y S ()1 2,5 ()7}
ie{1,...,m} 1e{1,...,m}
and by Theorem applied to the partial split Ay := {z} and By := {y} of

d|Z><Z

the finite set Z, the right-hand side is less than or equal to Uty = d(z,y),
which is a contradiction.

Furthermore, it is easy to see that if S = {A, B} is a d-split of X such
that S(x) # S(y) for some pair of points z,y such that d(z,y) = 1, then one
has C(z,y) := {z € X : d(x,y) + d(y,z) = d(z,2)} C S(y) and C(y,z) C
S(z). Note however that one might have X = C(z,y) U C(y,x) without
{C(z,y),C(y,x)} being a d-split, this is the case for instance if X is the set of
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all vertices of the plane tessellation by hexagons, endowed with the shortest-
path metric. Indeed, in this case, X is bipartite and thus X = C(z, y)UC(y, x).
However, d is in this case a split-prime metric. The next theorem corresponds
to [4, Theorem 2] and the same proof works.

2.5 Lemma. Let (X,d) be a pseudometric space with integer-valued pseudo-
metric. Let S be the set of all d-splits and let SC S be any finite subset.
If \g € (O,ag] for every S € S and Ag = 0 for every other split, then
d:i=d-— ZS€§ Asdg is a pseudometric such that for every split S of X, one
has

ad =al - \s.

Proof. We first prove the assertion for
d:=d— a5

where {Ag, Bp} € S and \ < a‘{i Ao,Bo}+ The result then follows by induction.

We verify that d is indeed a pseudometric by showing the triangle inequality.
Let z,y,2 € X and assume without loss of generality that z,y € Ao. For
simplicity, we shall denote d(z,y) simply by zy. If z,y,z € Ap, then d and d
agree on {z,y, 2z} and we are done. Otherwise, z € By, in which case we get

dz,z) =xz— A <zy+yz—A=d(z,y) +d(y, 2).

On the other side, since A < a‘{iAO’BO} < /B({i{x,y},{z}} = %(xz + yz — xy), we
obtain by rearranging

xy <zz—A+yz—A=d(z, z)+d(y,z).

Thus, dis a pseudometric.
Let {z,y} and {z,w} be two disjoint subsets of X. If {{z,y},{z, w}}
extends to {Ag, By}, then clearly

d _ pd
Bliagyfzatt = Bliagy Lzl — M (2.7)
Now, we prove that if {{x,y}, {z,w}} does not extend to {Ag, By}, then

d _ g
B{{m,y},{z,w}} - B{{x,y},{z,w}} (28)

First, if either Ay or By contains at least three of x,y, z, w, then (2.8) clearly
holds. We may thus assume without loss of generality that x,z € Ay and
Yy, w € By. Since

5?{I7Z}7{y7w}} = %(max{xy + 2w, zw + Yz} — xz — yw) > a({iAo,Bo} > A,
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we obtain that max{zy + zw — 2\, zw + yz — 2A\} > xz + yw. Hence

d
Bita sy )
= %(max{:cz +yw, zw + yz — 2\, xy + 2w — 20} —xy — 2w + 2)\)

= %(max{:rw +yz =2\ 2y + 2w — 2A\} —xy — 2w + 2)\>

= %(max{a:z + yw, zw + yz,xy + 2w} — Y — zw)

_ nd

= Blles) Lz}
as required. Finally, it remains to prove that for every split {A, B} of X, one
has

d

d . O/{iA,B} - if {A’ B} = {A()v BO}a
QraBY = .
Y4 By otherwise.

By (2.7), one has a‘{iAO’BO} = a?Ao,Bo} — A. Let now {A, B} be a split of X
different from {Ap, Bo}. Since the metric d takes only a discrete set of values,
by (2.2) there are a,a’ € A and b,b' € B such that
d _ d _ pd
04,8} = Yoot 0w} = Bltea by

Since {Ag, By} is a d-split, if O‘%A,B} = 0, then {Ap, By} cannot ex-
tend {{a,da’'},{b,0'}}, and if a‘{iAyB > 0, then {Ag, By} cannot extend
{{a,d’},{b,b'}} either by Theorem Hence by (12.8)), one has

d _ nd _ ad d
a8y = Bllaay by = Pllaay.oby) = 4By

To prove the reverse inequality, assume that a,a’ € A and b,b’ € B are such
that

afi _ ac? _ ﬁc'i
{A,B} {{a,a’},{b,b'}} {{a,a’},{b,t'}}"
If {Ap, Bo} does not extend {{a,a’}, {b,b'}}, one has by (2.8]) that
d d _ nd
afa,B} S /B{{a,a’},{b,b’}} - ﬁ{{ava’},{bﬁb’}}‘

Now, if {Ao, Bo} extends {{a,a’},{b,b'}}, it follows from Theorem and
@7) that

d d d d d
alaBy S ¥aBy T a8y — A S Waat oy — A S Bllaay oy — A
oD
= B{ja,a’},{b,b’}}
= a?A7B}.

Using induction, this concludes the case |§ | < o0. O
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We can now proceed to the more general case.

Proof of Theorem[1.3. Let S C S be the set of all d-splits S such that Ag > 0.
For any Y := {x,y,2} C X, we can consider the set Sy C S of all splits in S
that restrict to a split of Y. Since Scs , gy is a finite set by Lemma
We set B
dy ==d— > Agdg. (2.9)
SESy

Now, élv|yXy coincides with glvy‘yxy and the latter satisfies the triangle in-
equality as we proved in the case ]§ | < oo, hence so does the former. It
follows that d is a pseudometric. Let now Sy := {Ag, By} be any split of X,
we consider three cases:

(a) Assume that Sy € S. Note that d is in general not integer-valued. For
any € > 0, we can choose a,a’ € Ag and b,b’ € By such that

d d

d
O A,Bo} 2 Y@an iy &

Moreover, we can choose a,a’ € Ag and b,b' € By such that

d d
QA0,Bo} = M{a,a'}{bb'}}

By Theorem[2.3] {Ao, By} is the unique d-split extending {{a, a’}, {b,'}}.
Furthermore, set .

Y :={a,d,b,b,a,a’,b,b'}.
We can assume without loss of generality that Sy C Sy. We have

d d _ d . _
Aa0,Bo} Z Yaay iy € 2 Yaaaat bbb

dy
= ~—~ — £
{{67El7a7a,}7{b7b/7b7b/}}

g

Note tl~1at d-splits of X that restrict to splits of Y are d|y «y-splits. Since
So C Sy, Sp is a d-split and it is the unique d-split of X that restricts
to {{a,d’,a,a’},{b,V/,b,b'}} on Y, we can apply the Lemma with dy
given by to deduce that

dyly xy L _ dlyxy L _\
{@daa b, bW bt e aa b by by AeBol

Finally, the right-hand side is equal to
d d
a0} b} — MAoBo} = O{Ag,Bo} — MAo.Bo}-
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Hence, a{A Bo} >« ?Ao Bo} A{Ag,Bo} — € Since this holds for any € > 0,

we get O‘{AO,BO} > ?A()’BO} — A{A0,Bo}- The other inequality is obtained
similarly, noting that
of <al . <al 77 +e
{40,Bo} = “{{@a,a}.{(b.0'}} = {{‘d @,a,a'},{b,b/ b,/ }}
dY
{{a a’,a,a’'}, {b b W'}

+e€.
Assume that Sy € S\ S. Let Y and Sy be defined as in the former case.
Similarly to the former case, we have

d d
g5} > {{a Ly 2 {{aa aa}, By by
({@a .} (b5 bb'}}

as well as

d d d
O 4g,Bo} = Y@@y, o) So {{a @ a,a'},{b,b/ ,b,b'}} Te
dY
{{a @ ,a,a’},{b,b' b0’ }} .

Since gy C 5 we have Sy ¢ gy by assumption. Since Sp is the unique
d-split of X that restricts to {{a,d’,a a’} {b,V.b, ,0'}} on Y, it follows
that no element of restricts to { {a a,a,ad'}, {b,/,b,0'}} on Y. We
can apply Lemma 2 with dy given by . ) to obtain

dY|Y><Y d\YxY

YHaaaa}, o b T Yaaaa) bbby
The right-hand side is now equal to

d d
a0} {50} T MHAo,Bo}

Since € > 0 can be taken arbitrarily small, we thus get O‘?Ao, Bol =

d
A{40,Bo}"

Assume that Sy ¢ S, let Y and Sy be defined as in the former case, we
get
d d d
Ya0Boy = Va6 € 2 Yadaat, 50 b))
dy .
{{a a’,a,a’},{b,t/,b,t' }}

— &

—E&.
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as well as

d
L A0,Bo} Sa

?{a,a/},{'z;,'z?}} < O‘?{a,a/,a,a/},{'E,’E/,b,b'}} TE
= a??’d,ﬁ/,a,a’},{g,g’,b,b’}} Te
Note that Sy restricts to {{a,d’,a,d’}, {E, Vb, b'}} on Y and since
ao,Bo} = Wfaary oy = O

it follows that {{a,d’,a,a'}, {b,V/,b,b'}} is not a dly xy-split of Y. Hence
by the finite case with dy given by (2.9), it follows that

dy |y xy _ dlyxy — qf L
{{a,a’,a,a’},{b,b/,b,t' }} {{a,a’,a,a’},{b,b/,b,b'}} {{a,a’,a,a’},{b,b',b,b'} }
_d
= QA0,Bo}
=0.

Since € > 0 can be taken arbitrarily small, we thus get aff{lvAO’ Bol = 0=
{40 50}

This concludes the proof. ]
The next definition is the same as in the finite case.

2.6 Definition. We say that a collection S of splits of X is weakly compatible
if there are no four points {x, x1, z2, 23} C X and three splits {S1, 52,53} C S
such that for any 4,5 € {1,2,3}, one has

Siwo) = Si(ay) <= i = j.

It is clear from ({2.2)) that for a pseudometric space (X, d) and every set of
four different points {xg,x1,x2, 23} C X at least one of

Qao,x1}{z2,23}}s H{zo,z2},{w1,03}} and Q{ao,x3}{z1,22}}

is equal to zero. From Theorem it thus follows that the d-splits with re-
spect to any integer-valued pseudometric d on X are weakly compatible. Now,
for pseudometric spaces with integer-valued pseudometric, the next theorem
is proved as [4, Theorem 3].
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2.7 Theorem. The d-splits with respect to any integer-valued pseudometric
d on a set X are weakly compatible. Conversely, let Sg be any collection of
weakly compatible splits of X. For each S € Sy, choose some \g € (0,00) such
that
d:= Z Asds: X x X = Z N[0, 00).
SeSo

Then, Sg is the set of all d-splits and for each S € Sy, the isolation index
ag = ofé equals Ag.

Proof. Let S :={A, B} € Sy. Pick 2,y € A and z,w € B such that

d _d
Wayhlzw}) — HABY
By weak compatibility of Sy, we can assume that there is no split in Sy ex-
tending (without loss of generality) {{z,w},{y, z}}. Let
S1:={5€S5p: 5 extends {{z,y},{z,w}}},
Sy :={S € 8y : S extends {{z, 2z}, {y, w}}},
noting that S C &;. All splits in Sy \ (S1 U S2) equally contribute to each of

the three distance sums involving z, ¥, z, w in ﬂ?{z Y {zw}} 5O that by (2.2)),
we get

1
a?l{%y},{sz}} = B‘C{l{x,y}v{sz}} =5 (max{zz + yw, zw + yz} — zy — 2w)

= max Z)\S, Z As —Z/\S

Ses SeS1US2 SeS
— Z s
Ses
> A\(A,B}
> 0.
Therefore, {A, B} is a d-split. Let us denote by S the set of all d-splits of

X, we have just proved that So C §. We can decompose d according to
Theorem [L.3] to obtain

d=dy+) a%ds> ) afés> ) Asds=d,
Ses SeSo SeSo

which implies that equality holds throughout. This finally yields dy = 0 as
well as Sp = S. Furthermore, for each S € S, one has ag = Ag and for each
S ¢ S, one has ag = (. This concludes the result. d
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In the next lemma, assumptions ensure that E(X,d) is a polyhedral com-
plex. We denote by Y°(E(X,d)) the set of vertices of the polyhedral complex
E(X,d). Equivalently, it is the set of all functions f € E'(X,d) such that
rank(A(f)) =0.

2.8 Lemma. Let (X, d) be a metric space with integer-valued metric satisfying

the (LRC) and let f € °(E(X,d)). Let Sco be any finite subset of the set S
of all d-splits of X. If for every S € Scoo, one picks Ag € [0,0zds], then there
are functions fs € E(X,dg) such that

f= > AsfseA[X.d— D> Asds

SES<oo SES<oo

Proof. Let S := {A,B} € Sco where Sc is any finite subset S. Since
rank(A(f)) = 0 and thus A(f) is in particular not bipartite, there are a,a’ € X
such that {a,a’} € A(f) and either a,a’ € A or a,a’ € B. Assume without
loss of generality that a,a’ € A. Note that if there are b, b’ € B such that one
has {b,0'} € A(f), then

(a) + f(a') + f(b) + f(V)
(a,a’) + d(b,b),

and thus aflg = 0, which contradicts our assumption. Hence for any b,b’ € B,

one has {b,0'} ¢ A(f). We set

0 if x € A,
fs<x)_{1 if »eB.

max{d(a,b) + d(a’,V'),d(a,b’) +d(a’,b)} < f
=d

We show that f1) := f—\gfg and dV) := d — \gfg satisfy f1) € A (X, d(l)).
We denote distances d(z,y) simply by xy and we distinguish three cases:

(a) if x,y € A, then
fO )+ fD(y) = f(2) + fly) 2 2y = dD(2,y),
(b) if x € A and y € B, then

FO @)+ fD(y) = f(z) + fly) — As = 2y — As = dD(z,y),
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(¢) if x,y € B, there are {a,a’} C A such that
f(@)+ f(@) — ad’ = 0
hence,

FO@) + fD(y) = f@) + fy) - 22s
> [f(2) + f(y) — 2Xs] + [f(a) + f(a') — ad']
> max {xa +yad, zad + ya} —ad —2\g
> xy.

Hence f) € A (X, d(l)) as desired. Now, note that if {z,y} € A%(f), then
either z,y € Aor x € A and y € B. In both cases one sees that equalities
hold in (a) and (b) above and thus that {z,y} € Ad(l)(f(l)) (where Ad(l)(f(l))
refers to those {z,y} such that f((z) + fM(y) = d(z,y)), thus

Ad(f) c A%V (5, (2.10)

hence in particular f(1) € XO(E(X,dM)). For &' := {A",B'} € S\ {S}, we
can proceed as above finding ¢,/ € A’ such that {¢,d} € Ad<1)(f(1)). By
Theorem it follows that ag(,l) = a¢, > 0 which implies that for e, ¢’ € B/,
one has {e, e’} ¢ AV (F1). We set

(1) _ 0 ifze A,
fs'(@) {1 ifz € B

and as before, we obtain f(1) — )\Sff(}) e A (X7 d® — /\5/55/). By (2.10)), it
follows that fgr = fé}) Hence, we obtain

F=Asfs —Asfo = fO - agfP e (X, a — AS,as,) — A (X, d<2>)

where d® = d—\gds—\g/dg. By induction, we now get the desired result. [
The next lemma is proved as the corresponding assertion in [4, Theorem 7].

2.9 Lemma. Let (X, d) be a metric space with integer-valued metric satisfying
the (LRC). For any split S = {A,B} of X and any A\g > 0 such that d =
di + Asds, if A(X,d) = A(X,d1) + AsA(X, dg), then the following hold:

(i) S is a d-split of X and
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(17) As < ag.

Proof. Assume that there is a split S = {A, B} of X and Ag > 0 such that
d=d + Asds. If A(X,d) = A(X,d1) + AsA(X,ds), we show that for any
Ap = {a,d'} € A and By := {b,b'} C B and writing simply zy instead of
d(z,y), one has

%(max{ab +d't,a'b+ab'} —ad — bb’) > Ag.
Note that for any Y C X and any split S of X, one has

Aldlyxy) = A(di|yxy) + AsA(0s|yxy)

and thus in particular for Y := Ag U By and the split S := {Ag, By} of Y.
Define now the map f: Y — R as follows

(aa’ + ab — a'b),
(aad’ + a'b — ab),
(ab+ a'b — ad'),
masc{ab — (@), ¥ — [(a), 0 — f(5)}.

A/-\
\_/
]

N[ D= N[

(
f (b’

It is then easy to see that

\_/\_/\_/
i

fla) + f(d') = ad,
f(a)+f(b):a
)+ f(b) =d'b

Furthermore, f(a), f(a') and f(b) are clearly non-negative. From
ab’ — f(a) +a't' — f(d') = ab/ + a't' —ad’ >0

we deduce that f(b') > 0. Therefore, f € E(Y,d) C A(Y,d). By assumption,
there exist f1 € A(Y,dy) and fs € A(Y,dg) such that

f=h+Asfs.
Since dg(a, a’) = 0, we have
di(a,a') = ad’ = f(a) + f(a') > fi(a) + fi(a')
hence f(a) + f1(a’) = ad’ and thus fs(a) = fs(a’) = 0 which implies

fs(b)>1 and fs(b) > 1.
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Moreover, we have

f1(@) + fi(8) + Asfs(b) = f(a) + F(b) = ab = di(a,b) + As
< fila)+ 1(b) + As.

Therefore
fs(b) =1.
Similarly,
fi(d') 4+ f1(b) + Asfs(b) = f(a') + f(b) = a'b=dyi(d',) + As
Sfl(a,)+ ( )+>\57
and thus

f(@) + f(b) = fi(a') + f1(b) + As = a'b.
Observe that since Agfs(b) = Ag > 0, one has
Fb)+ f() > f1(b) + f1(V) > di(b, ) = b

Since we may interchange the role of a and a’ in the following, we can assume
that f(a) + f(b') = ab/ since f € E(Y,d). Hence

fi(a) + fu(¥) + Asfs(b) = fla) + F(V) = abf = di(a,1)) + As
< fi(a) + A(H) + As.

and therefore
fs(®) =1
Since

J1(b) + f1(V) > di(b,V)) = bV,

we finally obtain

i (max{ab +d't',d'b+ ab'} — ad — bb’)

Y

( b+ ab! — ad’ — b))

F(@) + () + F(a) + F() = fla) = f(a') — b))
)+ Fi) A+ fila) + i) + A= file) = fild) —bY)
b) + f1 () — bb’) + s

Il
y [ IS T w\»—n N[
/‘\/\/‘\

Y

ie. a > Ag and this is the desired result. O
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Note that
A(X,do) + > asA(X,ds) C [0,00%,
Ses

and since S is possibly infinite, we cannot replace [0, 00]* by R¥ in general.

2.10 Theorem. Let (X,d) be a metric space with integer-valued metric sat-
isfying the (LRC). Let S be the family of all d-splits of X so that d =
do+)_ges @s0s, let As € [0, ag] for every S € S and set dy := d—) g5 As0s.
Then

A(X,d) =R¥N (A(X, di) + ) AsA(X, 5S)> .
SeS

Proof. Let S be the set of all d-splits and let S € S. As in the proof of
Lemma for f € XY(E(X,d)), since rank(A(f)) = 0 and thus A(f) is in
particular not bipartite, there are a,a’ € X such that {a,a’} € A(f) and
without loss of generality that a,a’ € A. Then, for any b, € B, one has

{b,b'} ¢ A(f). We set
0 if x€ A,
fS(x):{1 if zeB.

We first show that for every = € X, one has ) g.gAsfs(z) # oo. Note that
for every = € X, there exists 2/ € X such that {z,2'} € A(f). Furthermore,
we have

d(z,2') = do(z,2') + Z adss(z, 2.

Ses
S(@)#S(x')

Since adS € [0,00) N %Z, we deduce that the set
Spar 1 ={5 € §: S(x) # S(a)}

is finite. Moreover, for every S := {A, B} € S\ S,u/, since {z,2'} € A%(f),
one has z,2’ € A and fs(z) = 0 = fg(2/) by definition. It follows that
Y sesAsfs € RX as well as

fri=F=) Xsfs €RY.
Ses

For dy := d — ) gc5 Asds, it now remains to show that f; € A(X,d;). For
every z,y € X, there are 2’, 3 € X such that {z,2'}, {y,9'} € A%(f). Since for
every S € Sgy, one has fg(x)+ fs(y) = 1, it follows that Sy C Sy U Syy =:
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S<oo Where [Sc| < 00. By Lemmaand setting d7™> 1= d—3 gcs_ Asds,
it follows that

Ti= = ) Asfs € A(X,d7)
SES<oo

and thus

file) + fily) = fr2(@) + [77() = di(z,y).

This shows that

»O(E(X, d)) C (A(X, d)+ > AsA(X, 5S)> .

Ses

Now, using that (X, d) satisfies the (LRC), we can take for each cell of E(X,d),
all finite convex combinations of its vertices and by convexity of A(X,d;) and
A(X,d0g) for every S € S, we deduce that

E(X,d) C (A(X, di) + > AsA(X, 5S)> .

Ses

Adding finally [0,00)* on both sides and intersecting with R¥, we get

A(X,d) cR¥ n (A(X, d)+ > AsA(X, 5S)> .
Ses

Since the other inclusion is easy to see, we obtain the desired result. O

Let f € E(X,d) C A(X,d). From

A(X,d) =R¥N <A(X, d)+ > AsA(X, 55)) : (2.11)
Ses

we have a decomposition f = f1 4+ > ¢csAsfs. Note that if there are for
S € 8§, functions fg > gs € A(X,d0s) and f1 > g1 € A(X,d;) where not

all inequalities are equalities, then g := g1 + > g5 Asgs € A(X,d) by (2.11]).
Since g < f € E(X, d), this contradicts the minimality of f. We must therefore
have that

feR¥N (E(X, d)+ > AsE(X, 5s)> .

SeS
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We have thus shown that (2.11]) implies

E(X,d) c RY N <E(X, d) + ) AE(X, 55)> .
SeS

Hence, we obtain:

2.11 Corollary. Let (X,d) be a metric space with integer-valued metric

satisfying the (LRC). Let S be the family of all d-splits of X such that
d = dy + > gesasds and let Ag € [0,a5] for every S € S so that di :=

E(X,d) c R*N <E(X, d)+ > AsB(X, 55)> : (2.12)
Ses

It is also easy to see that implies . Remember that from [30],
there is a 1-Lipschitz map p: A(X,d) — E(X,d) such that for every f €
A(X,d), one has p(f) < f. Then p(f) =: g € E(X,d). From (2.12)), we obtain
a decomposition of g as g := g1 + Y _g.g Asgs. Moreover, [ — g € [0,00)%,
hence g1 + (f — g) € A(X,d;1) and thus

f=g1+(f—9)+> Asgs €R*N (A(X, d)+ Y AsA(X, 6s>>
SeS SeS

which is the desired result.
We continue with a remark relating to the case of finite metric spaces (with
a nonnegative real-valued metric).

2.12 Remark. Consider for any finite metric space (X,d) the sequence of
metric spaces ((X,d"))nen where d”: X x X — 17 is given by

d"(z,2') :==min{t € 1Z:t > d(z,2")}.

It is easy to see that one has d" — d pointwise and d" defines a metric for any
n € N. For any f € E(X,d), let f*:=f+ % One has

freAX,d") = AX,dg) + Y af A(X,5s)
Ses

and thus we can write f" = f +> scs a%n fg where each function appearing
on the right-hand side is bounded by diam(X). From the formula for the
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isolation indices, we see that for S € S, one has adsn — ocfé and by properness

of A(X,ds) endowed with the supremum norm, considering subsequences if
necessary, f& — fs € A(X,dg), similarly fi — fo € A(X,dp). Since f* — f
in the supremum norm, and by uniqueness of the limit, we obtain

f=fo+)_ abfs € A(X,do) + > abA(X,0s).
SeS SeS
But since f € E(X,d), it follows by minimality that
fot+ Y altfs € B(X,do) + > abE(X,ds)
SeSs Ses

and this closes the remark.
We conclude this section with a final remark.

2.13 Remark. Let (X,d) be a metric space with integer-valued metric. By
Theorem one can consider the associated split decomposition

d=do+ > adds.
SesS

Note that the pseudometric ) g g adsés is now only known to be %Z—valued
by (2.6). Nevertheless, it is easy to see that E(X,~vd) = yE(X,d) in R¥ for
any v > 0. Hence

E(X, ) ads) = E(X,D 2adds) C (RX N 204E(X, 55))

Ses Ses SeS

=RY N> afE(X, ds).
Ses

Thus, by rescaling the situation is similar to the integer-valued case.

IV.3 The Buneman Complex and Related Topics

If S is a split system (on a set X) and a: S — (0,00) is any map S — ag,
the weighted split system given by the pair (S, «) is called a split system pair
(of X). If S is weakly compatible as in Definition then (S, «) is called a
weakly compatible split system pair. Let now S be a weakly compatible split
system on a pseudometric space with integer-valued pseudometric (X, d) and

assume that
d=Y " agds.
Ses
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By Theorem S is the set of all d-splits of X and d is thus totally split-
decomposable. The weakly compatible split system pair (S, «) is called the
split system pair associated to (X, d). Unless otherwise stated, this is the split
system pair that we refer to in the sequel, when considering a totally split-
decomposable pseudometric space (X, d). We give some statements that hold
for general cell complexes which we define as follows.

3.1 Definition. We call K a (real) cell complex if K is a subset of a real vector
space endowed with a family of convex subsets {C;}ier of K such that the
collection Ak := {C;}icr verifies for any C;, C; € Ak that C;NC; € AgU{0}
and | J; C; = K. The sets C; are called the cells of K and the dimension of C;
is the dimension of its affine hull, which might be infinite.

Let now (S, «) be any split system pair on a set X, let
U(S) :={A C X : there is S € S such that A € S}
and for p: U(S) — [0,00), let

supp(s1) i= {A € U(S) : p(A) > 0}.
For A C X, we usually denote its complement X \ A by A. If A € U(S), we
denote the split {4, A} € S by S4. Moreover, we define a (possibly) infinite
dimensional hypercube
H(S,a):={pu: U(S) = [0,00) : for all A € U(S)
one has j(A) + pu(A) = a%}

Note that H(S,«) has a natural cell complex structure, cells are sets of the
form

(1] == {' € H(S, ) : supp(u') C supp(p)}
where p € H(S,a). The cells of H(S, «) are (possibly) infinite dimensional
hypercubes. The Buneman complex is the subcomplex of H(S, a) given by

B(S,a) =
{pe H(S,a):if A,B € supp(p) and AUB = X, then AN B = 0}.

Furthermore, let

T(S,a):=

{,u € H(S,a) :if {A;}ier C supp(p) and UAZ- = X, then mAZ- = (Z)} .

el el
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IV.3. THE BUNEMAN COMPLEX

It is easy to see that T(S,a) is a subcomplex of B(S, ), as in the finite case
[19, Section 4]. Indeed, T(S,a) C B(S,a) and T(S,«) is a subcomplex of
H(S,a) since if p € T(S, ), then for any p’ € H(S,a) such that supp(p') C
supp(u), one obviously has i/ € T(S,a). We can thus denote by [¢] the
smallest cell of H(S, «) containing ¢ € H(S, «) and thus if ¢ € B(S, «), then
[4] C B(S,a) and similarly if ¢ € T(S, ), then [¢)] C T(S, a).

Now, for x € X consider the map ¢, : U(S) — [0, 00) which is defined as

A ifrd A,

._ 2
9o(A) = {o if ¥ € A.

Moreover, let di: RU(S) x RU(S) — [0, 00]X be given by

()= 3 lul4) = v(A)).

A€U(S)
The map x: RUS) — [0, 00]X given by p+— k(1) where for z € X, one has

H(M) (iL') =d (M? ¢m)

The next lemma summarizes several useful properties which follow from
the above definitions.

3.2 Lemma. Let (S,«) be a split system pair on a set X and assume d :=
Y ses @s0s defines a pseudometric on X. It follows easily that the following
hold:

(i) For every z,y € X, one has
d1(¢z, Py) = d(z, y).
(13) For every x € X, one has
¢ € T(S,a) C B(S,a).
(iii) For every u, € RV one has

sup [k (p)(x) — £(Q)(2)] < di(p, @)

zeX

where each side might be infinite.
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For z,y € X and S = {A, A} € S, let S(z) := Aif v € Aand S(x) :== A
if z € A. Define Sy := {S € S: S(x) # S(y)}. Under the assumptions of
Lemma for ¢: S — R one has

R(0)(2) + R (Y) = Y [\1/1(5(93))—%(5(96))}+\¢(5($))—¢y(5($))\

SGSzy

+ [¥(S(@)) = 62(S(@))| + [(S(2)) — dy(S ()|

+ ) [WS(:@) — ¢a(S(@))] + [(S(@)) — dy(S(@))]
S¢Szy

+ [9(S(2)) — ¢2(S(x))|
+ (5 - 6,5 |

Z Z OéSCSS(fUay)
SESyy
s [2\w<s<x>>\ +ofu(5(@) - 2 l],
S¢Szy
Hence, it follows that
SR@ @) —dra) 2 S [lEE] +HoEE) -], 6
Ses
S(x)=S(y)

and equality holds if ¢ € H(S, ).

For simplicity, we denote the injective hull E(X,d) by E(d) when the un-
derlying space X is clear (unlike in [30] where it is denoted by E(X)) and
E'(X,d) by E'(d). Analogously, A(X,d) is denoted by A(d) (it corresponds
to the space A(X) in [30]).

3.3 Lemma. Let (S,a) be a split system pair on a set X and assume that
d = ) ges sds defines a pseudometric on X. For every p € H(S,a), the
following are equivalent:

(i) w(s) € E(d).

(i) p € T(S,a).
Proof. Consider p € H(S,a). Let us first show that (i7) implies (7). Let
pu € H(S,a) and assume that «(u) ¢ E'(d). For 2,y € X we have s(u)(z) +
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s(p)(y) = di(p, dz) + di(p, ¢y) = di(de, dy) = d(z,y), in particular r(p) €
[0,00]%. By our contradiction assumption, there is # € X such that for

every y € X, one has rk(p)(z) + k()(y) > d(x,y) where the left-hand side is
possibly infinite. Since p € H(S,«), equality holds in , hence there is
Sy € S such that Sy(z) = Sy(y) and pu(Sy(z)) > 0. Therefore X = (J,c x Sy(z)
where {Sy}yex C supp(u). Moreover, z € (), cx Sy(z) # 0. It follows that
p ¢ T(S,a). This shows that (ii) implies (7).

To show the other implication, assume that x(u) € E'(d). For every z € X,
there is w € X such that x(u)(z)+k(r)(w) = d(z,w). By (3.1), for any S € S
one has

if S(z) = S(w), then u(S(z)) = 0= p(S(w)). (3.2)
Note that for any A; € supp(u), there exists by definition S; € S as well as
r; € X such that A; = Si(x;). Now, if X = U,c; Ai = Uies Si(w) and if
by contradiction we assume that (),c; Si(x;) # 0, we can pick an arbitrary
z € (e Si(z;). Then, for every i € I one has Si(x;) = Si(z) and thus
X = U,es Si(2). Tt is now easy to see that the existence of z contradicts (3.2).
Indeed, for any y € X, there is S; € {S;}icr C S such that y € S;(z) and
hence

Si(y) = 5;(2). (3-3)

However,
Sj(z) = Sj(xj) = Aj € supp(p) (3-4)
and y can be chosen so that k(u)(2) + k(u)(y) = d(z,y). Thus by and

(3-3), one has u(S;(y)) = 0 = p(S;(z)) which is a contradiction to (3.4). This
ﬁnishes the proof. O

3.4 Lemma. Let (X,d) be a totally split-decomposable metric space
with integer-valued metric satisfying the (LRC). Then, the map k =
El7(s,a) T(S, @) = E(d) is surjective.

Proof. Let f € E(d). By Corollary we have E(d) C ) gc5asE(ds).
Thus, we have a decomposition

F=> asfs

Ses

where fs € E(dg) implies that if S = {4, A}, then for any 2 € A and y € A
one has that fg is constantly equal to fg(x) on A, constantly equal to fs(y)
on A and fs(x), fs(y) > 0 as well as fs(x) + fs(y) = 1. Define the map
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Y U(S) — [0,00) by setting for every S = {A, A} as well as for arbitrarily
chosen z € A and y € A:

Us(4) = T fs(a) and by(d) = T fs(y).

It is clear that 1; is well-defined, i.e., the above definition does not depend
on the particular choice of x and y. Furthermore, it is easy to see that

(a) ¢y € H(S,a) and
(b) k(¢y) = f € E(d) = E'(d).

It then follows from Lemma [3.3|that s € T(S, @) and this finishes the proof.
O

For a map ¢: S — [0,00), let

S(p):={S€S:5 Csupp(e)}.

Let us define for a cell [¢] of T(S,a) and z € X, the map Vi U(S) — [0,00)
given by
s [0elA) i ACTSO)),
”Y[¢]( ) = .
d(A) if AeU(S\S(9)).
Note that one has ¢ € [¢] if and only if supp(v)) C supp(¢) and it follows that
if Ac U(S\ S(¢)), then

B(A) = B(A) = 1 (A).
Hence g € [¢] since supp(v[’fb]) C supp(Q).

3.5 Definition. Let i: (X,dx) — (Y, dy) be an isometric map of pseudomet-
ric spaces. We say that Z C Y is X-gated (for i and with respect to dy) if
and only if for every x € X, there is y, € Z such that for every z € Z, one
has

dY(/L(l‘)u Z) = dY(Z(iU), yx) + dY(yxa Z)'
The proof of the next lemma follows the proof of [28, Lemma 3.1].

3.6 Lemma. Let (S,a) be a split system pair on a set X and assume that
d =3 ges 0sds defines a pseudometric on X. Then, every cell [¢] of T(S,a)
is X -gated with respect to the restriction of di to T'(S, ).
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Proof. We already noted that ¢, € T(S,a) for every x € X and that the
map = — ¢, is an isometric embedding of X into 7(S,a). By Lemma if
¥ € T(S, ), then for any = € X, thereis y € X such that () (z)+r(¥)(y) =
d(x,y) and thus di(¢g, ) = k(¢0)(x) < co. In particular, the restriction of d;
to T(S, a) is a metric. Now, for z € X and v € [¢], one has:

di($e, ) = Y [du(A) —(A)]

A€U(S)

= Y Jgu(A) = (A + D [ea(A) — w(A)|
AcU(8\S(9)) AeU(S(s))

= D (D) =D+ D Iy (A) — (A
AcU(S\S(9)) A€U(S(¢9))

= dl(gbx?ry[wdy]) + dl (’Yﬁﬁ]a 1/)),

which shows that 7[’;)] is a gate for ¢, in [¢] with respect to the metric d;. O

3.7 Lemma. Let (S,a) be a split system pair on a set X and assume that
d =) gc5as0s defines a pseudometric on X. Then, for every ¢ € T(S,a),
the split system S(¢p) C S is antipodal, which means that for any x € X, there
is y € X such that

for every S € S(¢), one has S(x) # S(y). (3.5)

For z,y € X, if d(z,y) = (¢)(x) + £(¢)(y), then x and y satisfy (3.5).

Proof. By Lemmal[3.3] (¢) € E/(d). Thus for any = € X, there is y € X such
that

d(x,y) = K(d)(x) + £(9)(y)

which can be rewritten as

> asds(x,y) = di(¢, ¢a) + di(é, by)- (3.6)

SesS

It is easy to see that for every S € S, one has

asds(@,y) = Y [¢a(A) = ¢y (A)] <D [[02(4) = 6(A)] + [$(A) — ¢y (A)]]

AeS AeS
which together with imply
asds(z,y) =Y [[6:(A) = 6(A)| +6(A) — ¢,(A)[]. (3.7)
AeS
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Assume now that there is S € S(¢) such that S(z) = S(y), then by (3.7)), one
has

0= asds(z,y) = Y [162(A) = ¢(A)] + [$(A) = ¢y (A)]] = 46(S(x)),
AeS

which implies S(z) ¢ supp(¢) and thus S ¢ S(¢), which is a contradiction.
This finishes the proof. O

By Lemmaevery cell [¢] of T(S, ) is X-gated. Let (I'([#]),d1) denote
the set of all X-gates of [¢] endowed with the restriction of d;. A pseudometric
space (X,d) is called antipodal if there exists an involution o: X — X such
that for every x,y € X, one has

d(z,0(z)) = d(z,y) + d(y,o(z)).
The proof of the next lemma follows the proof of [28, Lemma 4.2].

3.8 Lemma. Let (S,a) be a split system pair on a set X and assume that
d = ) gcssds defines a pseudometric on X. Then, for every cell [¢] of
T(S,a), the metric space (T'([¢]),d1) is antipodal.

Proof. Let z € X. Lemma [3.7 implies that there is y € X such that for every
S € S(¢), one has S(x) # S(y). Now, define the map o: I'([¢]) — I'([¢]) by

U

picking for each v € I'([¢]) an arbitrary element
UNS S(u)
5e8(9)
and letting
Ve = Vo
First note that if yjg, = *yﬁ;}, one then has for each A € U(S(¢)):
du(A) = 715 (A) = 15 (A) = dur(A)

that is

Note moreover that o is well-defined since if v # v" are such that S(u) # S(v)
and S(u) # S(V) for all S € S(¢), then S(v) = S(v') for all S € S(¢) and
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thus 7@4 = ’y% by definition of 7E)¢] and 'yf;;]. Hence o is a well-defined map.
It is easy to see that ¢ is also an involution since

v E S(u)
5e8()

implies that for every S € S(¢), one has S(v) = S(u) that is S(v) = S(u) and
thus
u € S(v).
SeS(9)
Furthermore, it is easy to deduce from S(x) # S(y) for all S € S(¢) that for
z€ X and A € U(S(¢)), one has

|02(A) = &y (A)] = [92(A) = ¢=(A)| + |¢=(A) = ¢y (A)]. (3.8)

Indeed, if A = S(x) then both sides are equal to %* and the same happens

if A = S(z). Finally, since 7@],7@],7@)} € [¢], it follows that for every A €
U(S\ S(¢)), one has:

753 (A) = 75y (A) = 7%, (4)
which together with (3.8)) imply
dy (Vg Vi) = AL (Vg V) + A1 (Vi Vy)-

Since xz and z were chosen arbitrarily in X, it follows that (I'([¢]),d1) is
antipodal and this concludes the proof. ]

For ¢ € T(S, ), we know from Lemma that k() € E/(d). Recalling
that H(A) := {g € RX : A C A(g)} from the introduction and setting A :=
A(k(v))), let us then denote by [k(1))] the set H(A) NE'(d). If (X,d) has
integer-valued metric and satisfies the (LRC), E(d) is a cell complex where all
cells are of this form.

3.9 Lemma. Let (S,a) be a split system pair on a set X and assume that
d = ) gessds defines a pseudometric on X. Then, for every cell [{] of
T(S,a), one has

s([Y]) C [k(4)].

Proof. For each x € X, there is y € X such that x(¢)(x) + x(¥)(y) = d(z,y).
It follows from (3.7)) that

Yooasdsy) = Y. [[6a(A) = U(A)] + [¥(A) — ¢y (A)]]

SeS\S(v) AeU(S\S(v))
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and from the definitions of 'y[fb],fyﬂ” it follows that
di(vf ) = D asds(a,y).
Ses(y)

We thus obtain using again the definitions of 'y[fb],fyﬁ/)] for the last equality
below:

d1(¢17 ¢y) = d(.%', y)

= Z 04555' (.’IZ‘, y)
Ses

= Z aS(SS(ﬂ%y)"‘ Z OZS5S(~’Uay)
SeS() SES\S(¥)

— G+ S [16a(4) = A + E(A) — 6, ()]

AeU(S\S(¥))
= (Vg Vi) + A1 V) + dr(By, vy)- (3.9)
Besides, using Lemma [3.7| we obtain for every p € [¢]:

(Vi Vi) = > asés(z,y)
Ses(y)

-3

SeS(y

= > [(u(S(x)—0)+
SeS(vy) +(a57 ( (l‘)

)
= > [I82(4) = u(a)

SeU(S(v))
= d1(Yiy)> 1) + da .y (3.10)

where the last equality follows from the fact that since MW@}»’Y[%/,] € [¢] one
has for every A € U(S\ S(¢ )) that @ZJ( ) = u(A) as well as Vi (A) =¢(A) =
’yﬁb] (A). We thus deduce from (B.9) and (3.10) that

di(ba; dy) = di(dz;Viyy) + di(Vyp 1) + du(p V) + di(Vy Sy)-
It thus follows that

d(l‘,y) = d1(¢$a ¢y) - d1(¢w7:u) + dl(l% ¢y) = H(/,L)(i[f) + H(/J/)(y)

Since {z,y} was an arbitrary edge of A(k(¢))), we obtain that A(k(¢)) C
A(k(p)) and this is equivalent to x(u) € [k(¢)]. This finishes the proof. O

(5 — u(S()))
)+ (1(S(x)) — 0)]
|+ |6y (A) — p(A)]]
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For | X| < oo, it is easy to see using Theorem that E'(d) = E(d) is
a subcomplex of the zonotope ) ¢.sasE(ds). Indeed, for every cell [f] of
E(d), we set H(A(f)) = Nz yyea(s) OH{zyy where OHy, )y == {g € RX :
g(x) + g(y) = d(z,y)} and we have cf. [30]:

[f] = E(d) " H(A(f)) = A(d) N H(A())-

It follows that every cell of E(d) is a face of the convex polyhedron A(d) =
> ses @sA(ds). Thus, we can write [f] := 0H N A(d) for every cell [f] of
E(d), where H C R¥ is a half-space containing A(d). It easily follows that
[f] = O0H N gcsasE(ds) and thus [f] is a face of ) g g asE(ds). In case
| X | = oo, one can make the following observations:

3.10 Remark. Assume (X,d) has integer-valued metric, is totally split-
decomposable, and satisfies the (LRC). In the proof Lemma below, we
only need that every cell [f] of E(d) can be written as

[f1= Y asE@s)+ > asps (3.11)

SESyy SeS\S(y

where for each S € S\ Sy, one has pg € {0, 1}¥. To see that this holds, note
first that as above in the finite case, one has:

[f] = E(d) n HA() = (3 asB(ds)) 0 HA()).

Ses

Set

Zizy) = (Z asE(5s)) NOH{; 4
Ses

where as above
Hiazy) = {9 eRY 1g(a) +g(y) 2 dlx,y)= as}.
Ses
S(x)#S(y)

It is then easy to see that by definition of the sets E(dg) and since one has a
decomposition f = ) ¢ sasfs with fg € E(dg) for every S € S, it follows

that:
Zyy= >, asBE@s)+ Y asps
SEeS SeS
S(x)#S(y) S(x)=5(y)
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where pg|g;) = 0 and ps‘% = 1 and additionally, for every > ¢ 5 asgs €
Zizyy, it follows that gs = pg for every S € S satisfying S(z) = S(y). In
other words, one has the stronger property:

Zinay = (3 asB0)) \ { 3 asgs € D asB(ds)
SeS SeS Ses
3S € S such that S(z) = S(y) and gg # pS}.

Taking repeatedly intersections of Zy, .y with sets of the form OHy,/ ,,, where
{«',y'} € A(f), we obtain after finitely many steps, the set S, = {S €
S : S(z) # S(y)} being finite, and setting S’ := {S € § : for all {z,y} €
A(f) one has S(x) # S(y)} as well as 8" := {S € S : thereis {z,y} €
A(f) so that S(z) = S(y)}

/1= (Z O‘SE(‘SS)> N () OHpy =Y asE@s)+ Y asps (3.12)

Ses {z,y}EA(f) Ses’ Ses”

where pg|g(z) = 0 and p5|% =1 for {z,y} € A(f) satisfying S(z) = S(y).
As before, the following stronger property holds:

= <Z asE(5s)) v U { > asgs €Y asE(ds) :
Ses (zy}EA(f)  SES Ses
38 € S so that S(z) = S(y) and gg # ps}.
(3.13)

We go on with a more concrete description of the representation of the
cells of E(X,d) in the case where each of them is a combinatorial hypercube.

3.11 Remark. It is not difficult to see if (X,d) is as in Remark and if
every cell [f] of E(X, d) is a combinatorial hypercube, then the representation

verifies
k:=dim([f]) = |S[f]]. (3.14)

Indeed, for every 1-cell [g] of E(X, d), one can represent [g] as in , namely:

9= Y asE@s)+ Y aspl.

SES(g) SES\Sg)

Now, note that the affine hull aff([g]) is a 1-dimensional affine subspace of
RX which contains for every S € Sg» a translate of aff(E(ds)). Hence, if
Sig)l = 2, then for S, 5" € Sy with " # S, aff(E(ds/)) and aff(E(ds)) have
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colinear directional vectors. This is however impossible since for any S € S,
the directional vector of E(dg) with S = {A, B} is a scalar multiple of the
function h € RX that satisfies h|4 = 1 and h|g = —1.

It is easy to see by induction that if Z is a sum of finitely many Minkowski
segments which is combinatorially equivalent to an n-hypercube, then for any
vertex z of Z, it follows that Z is the Minkowski sum of translates of all its
edges incident to z. Indeed, assume z is any vertex of Z. By the combinatorial
n-hypercube equivalence of Z, z is incident to exactly n different edges. All
facets of Z incident to z are again zonotopes and are combinatorially equiv-
alent to (n — 1)-hypercubes. There are n such facets and each of them is by
induction the sum of n — 1 edges among those n edges incident to z. Since Z
is a zonotope, it is centrally symmetric. Thus, the symmetric image of each
facet of Z incident to z is again a facet of Z that can be written as a sum of
edges. Hence, there are 2n facets of Z that can be written as a Minkowski
sum of edges of Z. Since Z must have exactly 2n facets, the result follows.

Now, since every cell [f] is a combinatorial hypercube as well as a zonotope,
it is thus equal to the Minkowski sum of its edges which are in turn 1-cells of
E(X,d). It follows that for i € {1,...,k}, we can pick 1-cells [f;] of E(X,d),
so that they all intersect in the vertex fo of [f], and we can write:

fl=fo+ D (il - fo)

ie{1,....k}

Using the representation (3.11)) for [f] and for each [f;], we can thus write:

[f1=fo+ D [esE@s)+ D asps—fo

ie{1,...k} SeS\{S;}

Since fo = D geg @sPs = ZSES\{Sl,--.,Sk} asps +Zi€{1,...,k} ag,ps;, it follows:

[f] = fo+ Z (O‘Sz‘E((SSi) - asipsi)

ie{1,....k}
= > asps+ Y. agE(@s),
SES\{Sl,...,Sk} ie{l,...,k}
which implies that Sj; = {Si}ief1,..x} since it is already clear that

{Sitieq1,.ky C S| and thus they must be equal by the above (i.e., in
aff(P+ P'), if P+ P' = P, then P’ = {0}).
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3.12 Remark. If (X,d) is again as in Remark and if every cell [f] of
E(X,d) is a combinatorial hypercube, it is easy to see that if f =Y ¢ s asfs
as usual with ag > 0 and fg € E(dg) and setting

Sp={SeS: fs(X)C(0,1)},

= > asB(0s)+ > asps,

SeSy 5e8\Sy

ie. Sy = Sy Let [f] be given by its representation as in (3.11). Note
first that for any S € Sy and for any pair of points z,y € X such that
f(z) + f(y) = d(z,y), one has equivalently

D asfs@) + Y asfs(y) = asds(z,y),

Ses Ses Ses

then

hence one necessarily has S(z) # S(y) and thus by (3.12)), it follows that
Sy C Sif)- Now, for the other inclusion, assume that Sy C Sjy. Since [f] is a
hypercube, it follows that

> asE(ds)+ Y asps

SEeSy SeS\Sy

is a strict subcell of [f] containing f and this contradicts the definition of [f].

3.13 Remark. For (X, d) as in Remark let us define the map
A E(X,d) = T(S,a)

by the assignement f — 1y where v; (as defined in the proof of Lemma is
depending on a choice of a representation ) ¢ s asfs for f, and this choice is
not unique in general. Furthermore, note that one always has koA = idg(x q)-
It follows that r is surjective. In general however, Aok # idj(g 4)-

We go on with a more concrete description of the maps x and A:

3.14 Remark. Again, if (X,d) is as in Remark and if every cell [f] of
E(X,d) is a combinatorial hypercube, note that x: T(S,a) — E(X, d) is given
by

¢H<H(¢):x922¢(s =Y as w =Y agfs(x > (3.15)

Ses Ses Ses
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and \: E(X,d) — T(S,«) is given by f ~ 1) where recall that ¢ is given
for any A € U(S) and for an arbitrarily chosen z € A by

wf A — a%fSA(.%).

By Remark it follows that one has:

k@)= Y asB@s)+ Y. asps?

S€S(y) SES\S(y)

and thus:

(b)

| k()] = (ko A)([K()]) = &([&])

where the first equality was already noted in Remark and the second
equality follows from (a).

To see that « is injective, assume g := k(¢) = k(¢') =: ¢’. Then, in partic-
ular, one has [g] = [¢]. Thus, by (3.13)) one has Sy = Sy as well as pl, = p?,
for each S € S\ S;. It follows that ZSESg asgs = ZSeSg/ asgs. Since
Y ose S, asE(dg) is a finite dimensional zonotope combinatorially equiva-

lent to a hypercube, it follows that gs = g for every S € S; and thus
by (3.15)), it follows ) = 1’. Hence together with Remark it follows

that x is bijective with inverse \.

In addition:

AD = Al 0 A ()]) = Ao m)A)] = AS)]

where the first equality was already noted in Remark the second
equality follows from (b) and the last equality follows from (c).

By Remarks and we have that dim([f]) = k implies
dim([A(f)]) = k.
Finally, if dim([¢)]) = k, then dim([x(¢))]) = k since if we assume that

dim([x(¢)]) > k, it then follows as in (e) from Remarks and
that dim(A([x()])) > k and by (a) it follows that dim([¢)]) > k which is

a contradiction.
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Hence, the map B
k:T(S,a) = E(X,d)

defines a bijection as well as an isomorphism of cell complexes.

In view of Remark we have:

3.15 Lemma. Let (X,d) be a totally split-decomposable metric space with
integer-valued metric which satisfies the (LRC). For every cell [f] of E(d),
there is f € [f] such that [f] = [f] and so that for Y7 € T(S,a) as defined in
the proof of Lemmal[3.4, one has

[k(¥p)] € m([¥7])-
Proof. By the above remark, there is Sjy) C S such that

(/1= Y asE@s)+ > asps

SeSiy SES\Syy)

where for each S € S\ Sy}, one has ps € {0, 1}X. We can thus write

f=> asfs+ Y, asps

SGS[f] SES\S[f]
where for every S € S, one has fg € E(dg). Let us moreover define
Sp = {SeS: fs(X)C(0,1)}.

It is clear that Sy C Sjy). Moreover, S(1py) = Sy for )5 defined as in the proof
of Lemma Let us now define f € [f] as

f= Z asfs + Z asps
SESf) SeS\Sip

such that for any S € Sy, fs is constantly equal to % on X. It is then clear

that S§ = Sjy). Since S(¢5) = S§ = Sy D Sy = S(¢r) and because for every
AeUS\Sy) =U(S\ ), one has

Yr(A) = ¥r(A),

it follows that supp(1y) C supp(¢¢) and thus ¢y € [t)]. Now for any g € [f],
one similarly has

S(hg) = Sy C Sy = S(ty)
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as well as for every A € U(S\ Spy) = U(S\ S(¢y))
¢9(A) = wf(A>

Thus, supp(vy) C supp(¢5) and thus 9y € [thf], that is g = x(g) € K([1f]).
It follows that

[k(v5)] = [f] = [f] € k([e5]),
which finishes the proof. O

Consider the isometric embedding e: X — E(d) given by
z = (dg: y = d(z,y))

where E(d) is endowed with the metric doo(f,9) := || f — gl|co. Assume that
(X,d) satisfies the assumptions of Lemma We say that E(d) is cell-
decomposable if every cell C of E(d) is X-gated (cf. Definition [3.5). Now, we
have the following:

3.16 Lemma. Let (X,d) be a totally split-decomposable metric space with
integer-valued metric satisfying the (LRC). Then, E(d) is cell-decomposable.

Proof. Let C be a cell of E(d) = E'(d). By Lemmas and there is
f € C such that [f] = C and such that ¢; € T(S, ) (as defined in the proof
of Lemma satisfies

C =[] = [x(p)] = s([wy).

as well as for every g € [f]:

supp(¢g) C supp(y). (3.16)

Let © € X be chosen arbitrarily. We want to show that
/{('y[”fbf,]) is a gate for d, in [f].

For an arbitrarily chosen f € [f], let us set ¢ := 1)y which by (3.16)) satisfies
vy € ¢ f]. Now, by Lemma there must exist y € X such that

K(p) (@) + 6(Wp)(y) = fz) + fy) = d(z,y).
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Since k(vy) = f € [f], one has A(f) C A(f), cf. and thus x(¢)(x) +
k(¥)(y) = d(x,y), hence

- d1(¢x7w) + d1(¢7 st)
= du(Pw: Yy ) + (0 ¥) + da(W gy ) +dilogy g dy) - (317)

and since k is 1-Lipschitz, it follows that

15(92) = 56l < ||(62) = waE, ||+ 56,0 — )|
* HK’(UJ) B K(Wﬁl’f])Hoo + Hﬂ(ﬁﬁf]) B K(%)Hm
< di(bas 2y ) + (Vg ¥)
+ d1 (9, Vgpf]) + dl(’y[gi/jﬂa ¢y)
=d(z,y). (3.18)

It is easy to see that k(¢,) = d, and k(¢y) = dy as well as ||d; —dy| =
d(z,y) which implies that both inequalities above are actual equalities. Since
k(1r) = f, we thus obtain

Iz = dy|

dy — m(v@f]))‘oo + H”(V[fﬁf]) - fHoo

o0 o ‘

_l’_

LI Nes LCME I

In particular

de = ()| + w0t = 7] = e = Fll

and this proves that m(y@f]) is a gate for d, in [f]. This is the desired result.
O

It is easy to see that [27, Theorem 1.1] generalizes to the case where | X| =
oo as long as E'(X,d) = E(X,d). To be self-contained, we give a proof of the
theorem.

3.17 Theorem. Let (X, d) be a metric space with integer-valued metric satis-
fying the (LRC). If f € E(X,d) is such that [f] is X -gated, then the following
hold:
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(i) (G([f]),dxo) is a finite antipodal metric space.
(ii) The map @ ([f],dc) — BG((f]),doc) given by

g (7@] = g(x) = (w)> (3.19)
1s a bijective isometry as well as an isomorphism of polytopes.

Proof. If rank(A(f)) = 0, the result clearly holds, hence let f € E(d) be such
that rank(A(f)) > 1.

We first show that (G([f]),dx) is an antipodal metric space. For each
x € X, consider

o(x) :={y € X : {x,y} € A(f)}-
We define the map o: G([f]) = G([f]) by sending every gate 7y to the gate
’yEJﬁ where y € o(z) is chosen arbitrarily. To see that o is well-defined, note
that for every g € [f] and if {z,y} € A(g), one has

doo (g, dy) = d(2,y)
=g(x) +9(y)

= doo(da, 9) + doo(dy, 9)

= doo(da; Vj) + doo (’ym 9) + doo(9:7) + doo (Y, dy) - (3.20)

which rearranging and using the triangle inequality gives that for any y € o(x)
and any g € [f], one has

dos (Yip15Vp) = dos(Vpy> 9) + doc(9:7(})- (3.21)

It follows in particular from (3.21)) that (X, A(f)) has no odd A( f)-component.
Now, let ' € X be such that V) = [y- For any y' € o(z'), one can use (3.21)
to obtain

doo (7@]’7%]) = do ('7[330]"7[%) =

which implies that 'y[% = ﬁf}’ and this is the desired result. This proves that o
is well-defined. It is now clear that o is an involution which turns (G([f]), dso)
into an antipodal metric space. It is finite since (X, A(f)) has only finitely
many even A(f)-components.
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We now show that ® defines a bijective isometry. Note that ® can also be
expressed as

(I)(g) : ’7[930] = doo(ga d:r) - doo('y[lf}7dx) (3'22)
and also as
D(g) = dZ 1 = dool9, 7)) (3.23)
It is easy to see by - ) that ® is Well defined, i.e. it does not depend
on the choice of z or z’ as long as M = f] Moreover, for every g € [ f] one
clearly has ®(g) € A(G([f]),d) by (3 . As a consequence of (| and
(3.23)), for every € X one has
(9) (7)) + 2(9) (e (1)) = d(vp (V)
which shows that ®(g) € E(G([f]),dx). To see that ® is surjective, let us
define for any h € E(G([f]), dw), the associated function
gtz h(f) + (@)
We clearly have ®(¢g’) = h and thus we only need to show that ¢’ € [f]. We
have
(@) +9'(y) = h(vp) + (@) + k) + ()
z Y
> dm(’Y[f]fY[f]) + doo (7 [f]adz) + doo(”y[fpdy>
> doo(du, dy)
=d(z,y), (3.24)
hence in particular ¢’ € A(d). If {z,y} € A(f), one has by (3.21])

doo('Y[m]a [ ]) +dso ('7[?}76196) +doo('>’[1}]ady)
:doo(’}/[ ]7f) oo(fa’y[yf])+doo('7[$f]adx)+doo(’7[yfpdy)

and since h € E(G([f]), dx), one has

h(7{) + (e (7)) = deo (V1> o (4py))

(recall that for any extremal function f, if {z,y} € A(f) and zy + yz = zz,
then {z,z} € A(f)). Hence if {z,y} € A(f), one can replace all inequalities in
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(3.24) by equalities. This shows that ¢’ € [f] and thus ® is surjective. Now,
it is easy to see that ® preserves distances since for every g, h € [f], one has

by that
g(@) — hlx) = g(x) = 7 (@) = (h(2) =7 (2)) = D9)(35)) — DM (fy)

and thus ® is a bijective isometry. Note now that by [30] there is an affine
isometry a: ([f], dso) — I and since E(G([f]), dxo) consists of a unique max-
imal cell, another affine isometry §: E(G([f]),dx) — {%. It follows that the
map

Bodoat: al([f]) = BE(G([f]), d))

is a bijective isometry between convex subsets (with non-empty interior) of
finite dimensional normed spaces. It follows by an extension of Mazur-Ulam
Theorem (cf. [33]) that 30 ® o a™! is the restriction of an affine bijective
isometry. It follows that ® has the same property and is thus in particular a
polytope isomorphism. O

Let (X, d) be a totally split-decomposable metric space with integer-valued
metric satisfying the (LRC). By Lemma we know that every cell [f] C
E'(d) = E(d) is X-gated. Hence if (G([f]), ds) denotes the set of all X-gates
of [f], and if ds denotes the metric dos(f, g) = || f — 9|l (Wwe adopt the same
notation for restrictions of d,), we obtain by Theorem that the following
hold:

1) (G([f]),ds) is an antipodal metric space.
2) [f] and E(G([f]),d) are combinatorially equivalent polytopes.

If we assume that dim([f]) = n, then since G([f]) C [f], it follows (cf. [30}
Proposition 3.5 and Theorem 4.3 (1)]) that E(G([f]), dso) isometrically embeds
into ([f], dso) through

E(G([f]); deo) = E([f]) = [£]-

Thus in particular, one has
dim(E(G([f]), de)) < n (3.25)
Finally, this implies by [27, Theorem 1.2] that

[G(/DI < 2n.
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Indeed, if |G([f])| > 2(n+ 1) (possibly |G([f])| = o), then since (G([f]), dxo)
is antipodal, we can select (n+ 1) pairs of antipodal points in G([f]) to obtain
an antipodal metric space (4, ds) with A C G([f]) and |A| = 2(n + 1). It
follows by [30, Proposition 3.5] that E(A, dw) is isometrically embedded in
E(G([f]), dw) and thus again by [27, Theorem 1.2], one has

n+1 < dim(E(4, dw)) < dim(E(G([f]), dx)
which contradicts (3.25). Hence, with (2) above, this proves that
IG([fD] < 2dim([f]).
From Lemma the following follows.

3.18 Lemma. Let k: (A,d) — (A',d") be a map of metric spaces such that
the following hold:

(i) K is 1-Lipschitz,
(ii) K is surjective,
(iii) (A,d) is an antipodal metric space and

(iv) for any x € A, there is y € A antipodal to x such that
d(z,y) = d'(r(x), 5(y))-

Then, it follows that k is an isometry.

Proof. Let x,z € A be chosen arbitrarily. By (iv), there is y antipodal to x
such that d(z,y) = d'(k(z), k(y)). Hence, one has:

d(z,2) +d(z,y) = d(z,y)
= d'(k(x), K(y))
< d'(k(x), k(2)) + d'(r(2), K(y))
<d(z,z) +d(z,y)
=d(z,y).

It follows that the above inequalities are actual equalities and using again that
k is 1-Lipschitz, it follows that

d (k(x),k(2)) = d(z, 2).

Since x and z were chosen arbitrarily, this proves the result. O
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3.19 Lemma. Let (X,d) be a totally split-decomposable metric space with
integer-valued metric satisfying the (LRC). Let [f] be any positive dimensional
cell of E(d) and let Y as well as f be defined as in the proofs of Lemmas
and[3.15 Then, the map

Ri= Elr( ) s (DY), di) = (G([f]), doo)
s an isometry.

Proof. We already know that & is 1-Lipschitz and it is surjective by the proof
of Lemma Now, for any x € X, there is y € X such that

fz) + = d(z,y).
By the proofs of Lemmas [3.7] . 7 and |3 1t follows (by definition x(17) = f)
G-D

that 'y[ ] and 'y[ 7] are antipodal in . Furthermore, by and

, one has

¥y Yy
SR MES e ETC ]
We can thus apply Lemma to deduce that & is an isometry. ]

Under the assumptions of Lemma For x,y € X arbitrarily chosen, it
follows from the definitions of 'yffm and Vﬁbf]’ that one has

A0y Vpp) = ) % )asés(«r, Y) (3.26)
colyy

where S(1)7) is weakly compatible. It follows by Theorem that
(I'([17]), d1) is a totally split-decomposable metric space.

Moreover, for any metric space (X, d), the underlying graph UG(X, d) of (X, d)
is the graph (X, E) where {z,y} € F if and only if d(x, z) + d(z,y) > d(z,y)
for any z € X \ {z,y}. Furthermore, let Cg denote the 6-cycle metric graph
and let K349 denote the complete graph on six vertices with 3 disjoint edges
taken away (i.e., the 1-skeleton of the octahedron).

3.20 Remark. Note that if S is an antipodal split system on (X, d), then
for any (Aj)ier, if U;c; Ai = X, it follows that (),c; 4; = 0. Indeed, if
x € [\;es Ai, there is a subsystem of pairwise different splits {S;}icr C S such
that A; = S;(z). Now, thereis y € X such that y € (Ngeg S(x) C e Si(x) =
Nicr A5 = (U;er 4i)¢, which implies that (J;c; A; # X. The octahedral split
system is an example of antipodal split system.
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We conclude this section with a proof.

Proof of Theorem [1.1] The second part of Theorem namely the existence
of K(X,d) and o follows immediately from Theorem (which is proved in
the next section). Indeed, Theorem implies that if we remetrize E(X, d) by
identifying each cell (which is a parallelotope by the first part of Theorem 1.1
with a corresponding unit hypercube (of same dimension) endowed with the
euclidean metric, and considering the induced length metric, we obtain a com-
plex K(X,d) which satisfies the CAT(0) link condition. Since (X, d) satisfies
the (LRC), it follows that K(X, d) is complete and locally CAT(0) (analogue to
1.7.13 Theorem and I1.5.2 Theorem in [7]). By the (LRC), it also follows that
K(X,d) is locally bi-Lipschitz equivalent to E(X,d), the topology induced by
the length metric on K(X, d) is therefore the same as the topology on E(X, d)
and thus K(X,d) is contractible as well. By Cartan-Hadamard Theorem, it
follows that K(X,d) is globally CAT(0).

We now prove the first part of Theorem As an introductory remark,
note that by Lemma 3.8 Lemma[3.19]and (3.26)), it follows that (G([f]), do) is
an antipodal totally split-decomposable metric space with 2dim([f]) elements.
By Theorem ([f],ds) is combinatorially equivalent to E(G([f]),d),
which is by [27, Theorem 1.2] an n-dimensional combinatorial hypercube if
|IG([f])] = 2n > 8. Moreover, if |G([f])| < 4, then E(G([f]),dw) is clearly
a combinatorial hypercube as well. Now, assume that |G([f])] = 6. Since
(G([f]), dx) is antipodal, it follows by [26, Corollary 3.3] that UG(G([f]), ds)
is either K3x2 or Cg. If UG(G([f]),dx) = Cs, then by [27, Theorem 1.2 (a)],
E(G([f]),d) is a 3-dimensional combinatorial hypercube.

Assume now that E(G([f]), dx) is a combinatorial rhombic dodecahedron,
i.e. (i) in Theorem does not hold, then UG(G([f]),dsx) = K3x2 and it
follows by the proof of |26, Theorem 5.1, Case 2] that

doo(ﬁ(/)/ﬁpf]))ﬁ(/}/ﬁbf])) = Z 5555(3379)
56{51,52,53754}
where {S7,S2,S53,54} is weakly compatible and the coefficients [g are all
positive. Moreover, by (3.26) and Lemma we have
doo (5(Yiy ) 5V ) = D asds(x,y)
SES(y)

where S(t)¢) is weakly compatible and consists of d-splits of X. Note that the
metric do on G([f]) induces a pseudometric d on X by setting

d(w,y) := doo((f51)s £ (1))
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It follows by Theorem [2.7] and approximation by rescalings of integer-valued
pseudometrics that the split systems S(¢) and {S1, S2, S3, Sa} each consist of
all the d-splits of X, which implies that S(wf) = {51, 52,53, 54}. Therefore,
the split system S := {51, 52, 53,5,} consists of d-splits of X and thus it is
an octahedral split subsystem of S. We can write the splits in S as

Sy = {Yll U YQ1 U Y317Y1_1 U YQ_1 U YS_I}a
Sy ={Viuviuy; Ly tuy, tuyyy,
S3 1= {Yll U YQ_I U Yzilv Yl_1 U YZl U YS_I}’
Sy ={vituv,tuyy Ly tuvd uyyy, (3.27)

where X = YUY, 'UY UY, ' U Ys U Yt and all sets being non-empty.
From our introductory remark and since we have assumed that [f] is a com-
binatorial rhombic dodecahedron, then [f] must be a maximal cell since as
we have already seen, in dimensions strictly higher than three, a cell must be
a hypercube and the same holds for all of its faces. Since our assumptions
imply E(d) = E/(d) and [f] is a three dimensional maximal cell, it follows from
Theorem that the graph (X, A(f)) consists of three complete bipartite
connected components that are given by their respective partitions, namely
ViU YUY, and Y3 U Y, ! For each S := {A, B} € S\ S, there is
{z,y} € A(f) such that S(x) = S(y) by bipartiteness, let us say {z,y} C A.
It follows from that ¢ := 15 € T(S,a) (where ¢7 is as defined in the
proof of Lemma in particular [f] = [f] where n(w) = f) satisfies then
Y(A) = 0. Hence, ¢(B) = % and thus for every further {z’,3'} € A(f), one
has {z/,y'} ¢ B. This implies by bipartite completeness of YU Y,L._1 that
there are o, 7,0 € {£1} such that Y7 U Yy U Y3 C A which is equivalent to
{A,B} and {A', B'} = {YFUYSUY? Y, (’UYQ UY; ?} € S being compatible
(i.e., A’ C A). It follows that () in Theorem [L.1] does not hold.

Conversely, assume that (i . ) does not hold and thus there exists such a split
subsystem S with the properties stated in . Deﬁne Y € H(S,a) so that
S() = S and S consists of four splits as given in and is a converse to
(i)). We can choose v so that for any S := {A4, B} € S \' S, one additionally
has ¢(4) =0 for Y UYJ UYY C A and accordingly (B) = %5. One has
Y € T(S, a) since for any (C;)ier C supp(¢), we can consider for each i € I,
a corresponding S = {A’, B/} € S such that C; C B! =: D;. It follows that
if Uie;C; = X, then U;erD; = X and thus by Remark it follows that
NierD; = O which implies N;c;C; = (0. Tt is then easy to see that [k(¢)] is
a combinatorial thombic dodecahedron since for any (z,y) € Y;* x Y;*, one

7

has that S(x) = S(y) implies that S € S\ S(¢») and by definition of ¢ we

99



IV.4. THE CAT(0) LINK CONDITION

have ¢(S(z)) = 0 = ¢(S(y)) but since ¢ € H(S, a), we have equality in (3.1)),
which implies that {z,y} € A(k(¢)). This means that (X, A(x(¢)))) consists of
the three complete bipartite connected components X = Uie{17273}()/;1 L Yi_l)
which implies that dim([k(¢)]) = 3. Setting f := k(1)) € E(d), it is easy to see
that we have the decomposition f := ) g.g s fs so that for S := {4, B} € S,

one has

YO i 2 e 4,

fs(z) = (3.28)
B p ¢ B,
ag/2

and 1y = 1 holds (5 is defined in the proof of Lemma [3.4]). By (3.12) and
(3.13), we have (in the notation of the proof of Lemma (3.15) that Sy C S

and [Sy| = 4. But shows that [Sy| = 4 since [S(¢)[ = 4. It follows that
Sy = S|y and thus we can set f:= f. We then have ¢7 = ¢y = ¢ and with
Lemma we obtain that [f] is a combinatorial rhombic dodecahedron and
thus in Theorem does not hold either. This finishes the proof. ]

IV.4 The CAT(0) Link Condition for the
Buneman Complex and the Cubical Injective
Hull

We start by considering B(S,«) which displays some similarities with the
CAT(0) cube complex that is constructed in [11] and denoted by X. The next
definition is a combinatorial characterization of the local CAT(0) condition
for cube complexes, cf. [12].

4.1 Definition. A cell complex K as in Definition [3.1] whose finite dimen-
sional cells are combinatorial hypercubes, is said to satisfy the CAT(0) link
condition if for every set of seven cells C,Cf,C%,C3,C3,C3,C3 of K, such
that the following hold:

(A) C=Nicq123) 3,
(B) ¢f = Nicqr2.3 (3 Ct

(C) dim(C) = k > 0 and for each i € {1,2,3}, one has dim(C}) = k + 1 as
well as dim(C%) = k + 2,

there exists a cell C' of K such that dim(C) = k + 3 and Uieg1.2,3) cicC.
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We proceed to the next observation which is a direct consequence of the
definitions.

4.2 Lemma. Let (S, a) be a split system pair on a set X. Then, the Buneman
complexr B(S, «) satisfies the CAT(0) link condition.

Proof. Let
[, [, (3], (13, (2] (3], 3] € B(S, )
be cells of B(S, ) such that the following hold:

(i) supp(n) = MNieq1,2,3 SUPP(H3),
(ii) supp(u]) = Nic(1.2,30\(7) SUPP(K5),
(iii) dim([u]) = [S(u)| =k > 0 and for each j € {1,2,3}, one has
dim () = [S() | =k + 1,

as well as . '
dim (1)) = ()| = b+ 2.

This implies that there are splits {S1, S2, 53} C S\ S(u) such that
(i) for j € {1,2,3}, one has supp(u{) = supp(p) U S; and
(i) for i € {1,2,3}, supp(ub) = supp(k) U U eq1 231 i1 Si-

But now, pick ¢ € H(S, ) such that

supp(¢) =supp(m) U | S;= |J supp(s)).

je{1,2,3} je{1,2,3}

It is then very easy to check that ¢ € B(S, «) and thus [¢/] is a cell of B(S, «).
Moreover, one has by definition:

(1) Uieqr,2.3) [15] C [¢] and
(if) dim([¢]) = [S(¥)| =k + 3.
This finishes the proof of the CAT(0) link condition for B(S, ). O

Recall that a split system S is called antipodal if for every z € X, there is
y € X such that for every S € S, one has

S(x) # S(y).
As a preliminary to the proof of Theorem [4.4] we have the following:
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4.3 Lemma. Let S be a split system on a set X. Then,

(i) Assume that S is a weakly compatible split system and assume that for
all i € {1,2,3}, the split system S(ub) = S(p) U [{S1, 52,53} \ {Si}] is
antipodal. Then, S(v) := S(u) U {S1, S2, S3} is antipodal as well.

(ii) Let (X,d) be a totally split-decomposable metric space (hence in partic-
ular, S is weakly compatible). Let {fé}i€{17273} C E'(d) be such that for
the split systems given in (i), one has: S(ub) = 5(¢’f2i)- Then, for every
x € X, one can find y € X so that the following hold:

(a) For some i € {1,2,3}, one has {x,y} € A(f3).
(b) For every S € S(¢), one has S(x) # S(y).

Proof. Let x € X be arbitrarily chosen. Since for every i € {1,2,3}, S(ub) is
antipodal, there is y5 € X such that for every S € S(ub), one has

S(x) # S(y3).

Note now that if S;(z) # S;(y3), then for every S € S(¢)), one has

S(x) # S(y3).
Moreover, if yb = y% with i # j, then
Si(x) # Si(v3) = Si(v3)
and hence as above it follows that for every S € S(¢), one has

S(x) # S(y3).

If we now assume that there are pairwise different points {z, y%, y%, yg’} such
that ‘

Si(x) = Si(yp) =i =1,
then it follows that the points {x, 33,53, 553} and the splits {51, 52,53} con-
tradict the weak compatibility of S. This proves the first assertion.

The second assertion follows from the fact that by the last part of the
statement of Lemma if for each i € {1,2,3}, we pick yi € X such that
{x,y5} € A(fS), then S(z) # S(yb) for every S € S(ub), and thus by the
above proof, we deduce that for some i € {1,2,3}, one has S(z) # S(y3) for
every S € S(¢) which implies that if we set y := y3, the second assertion
follows. O
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We now have:

4.4 Theorem. Let (X,d) be a metric space with integer-valued totally split-
decomposable metric satisfying the (LRC) and such that each cell of E(X,d) is
a combinatorial hypercube. Then, E(X,d) satisfies the CAT(0) link condition.

Proof. Assume that there are cells

L1 LA LR LA L2), L2), [F2] € E(d)

such that
(@) [f]= ni€{1,2,3} supp|f3],

(12) [ff] = mie{1,2,3}\{j} supplf3],

(ii7) dim([f]) = k > 0 and for each i € {1,2,3}, one has dim([f!]) = k + 1 as
well as dim([f3]) = k + 2.

Since all cells of E'(d) are hypercubes, it is easy to see (using Remark to
see that dim([¢p¢]) = [S(¢¢)| = k as well as for the other similar equalities in
(7i7)) that one has

(i) [yl = ﬂie{1,2,3} SUPPWfQi],
(i7) Wf.lf] = mie{1,2,3}\{j} SUpprQiL

(¢43) dim([¢p¢]) = |S(¢f)| = k and for each j € {1,2,3}, one has dim([qpf{]) =
|S(¢f{')| =k+1 as well as dim([qpf%]) = |S(¢f2i)| — k42

By Lemma there is ¢ € B(S, a) such that
(a) supp(¥) = supp(¢y) UU;eq1,2,3) Si and
(b) S(p) = S(vyp) U{S1, 52, S3}-

Let x € X be chosen arbitrarily, by Lemma there is y € X such that
for every S € S(¢), one has S(z) # S(y) and without loss of generality
{x,y} € A(f}). For the sake of simplicity, we set g := fi. It follows from

(3.9) that

di(bas dy) = di(ba; Viy,1) + di(Vy,1 Vi, ) + (V) by)
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which is easily seen to imply

> asds(a,y) = di(das Vi) + d1(Dy, vy, p)- (4.1)
SeS\S(¥yg)

On the other hand, starting from the definition of ¢, and 'y[fpg], we have

ORI DI (RSP E DR S
AeU(8\S(¥y)) AeU(8\S(¢y))
€A z¢A

and analogously

blopl,) = Y 0-wAl+ Y T,
A€U(S\S(¥y)) AeU(S\S(¢g))
yeA y¢A

Hence, using the fact that ¢ € E/(d) and thus ¢, € H(S,a), cf. proof of
Lemma we obtain a second expression for the right-hand side of (4.1)),
namely

di (s Vi) + di(dy, y,) = Z 2hg(A)

AeU(S\S(¢yg))
z,y€A

Loy e
AU (S\S(¢yg))
z€Ay¢A

Py
AeU(S\S(¢yg))
¢ AycA

+ > 2
AcU(S\S(¢g))
z,y¢ A

S -vA)]. (42

Since the sum of the second and third term of the right-hand side of (4.2))
amounts to ESES\S(%) agds(z,y), comparing (4.1)) and (4.2) we obtain

S+ Y 2% - y(a) =0
AcU(8\S(¢y)) A€U(S\S(¢yg))
z,yeA xzy¢A

hence for every A € U(S\ S(1)4)) such that z,y € A, one has ¢4(A) =0 or in
other words, for any S € S\ S(1)y) such that S(x) = S(y), one has ¥4 (S(z)) =
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0 =14(S(y)). Now, note that by definition of ¢, one has supp(y) C supp(?)
as well as S\ S(¥) C S\ S(¢y) and thus for every S € S\ S(¢) such that
S(z) = S(y), one has 1(S(z)) = 0. It is easy to see that this implies that for
every S € S\ S(v), since ¢ € H(S, a), one has

asds(z,y) = 2[(S(x)) + |y (S(x)) — ¥ (S(2))]]. (4.3)

Moreover, one easily obtains

Yo 2[0(S(@) + 16y (S(2) — $(S(x))]]

SeS\S(y)

= Y [82(8() = 9(S(@))] + |6y (S(x)) — $(S(2))|

SESNSW) 11y (S()) — w(S(@))| + oy (S(@)) — 9 (S())]]

= > [a(A) = w(A)] + l6,(A) — v(A)]]. (4.9)

ACU(S\S(¥))

Furthermore, y was chosen so that for every S € S(¢), one has S(z) # S(y).
Thus for every ¢ € [¢], one obtains:

asds(w,y)
= ag
= [0+ ¢ (S(x ))] + [QTS —(S(x))] + [% — ¥(S(x)] + [ (S(x)) — 0]
= AZ% [[62(A) = (A)| + |py(A) — ¥ (A)] (4.5)

and thus since dl(v[fp],’y[%]) = > ses(y) ¥s9s(w,y) together with (4.5) and
since for every A € U(S \ S(v)), one has 9)(A) = 1(A), it follows that

GOft) = S [6a(A) = B(A)] +16,(4) —D(A)]

AeU(S(¥))
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Hence
dy (o, dy) = Y asds(a,y)
SeS
= Z asds(z,y) + Z asos(x,y)
SeS(v) SeS\S(v)
—dGEl) S 2[E(S() + 16,(S(@) — $(S(@))]

SeS\S(¥)

— G+ S [16a(A) = B(A)] + (6, (4) — w(A)]

AcU(S\S(¥))
= di (b2, ¢]) + dl( V> 'Y[w]) + dl(’YMv by)- (4.7)

where the third equality follows from (4.3)), the fourth one from (4.4) and the
last one by our definitions. Hence, inserting (4.6)) into (4.7]), one has:

(¢1’7 (z)y) - dl (¢xa ) + dl (’Y[Qp] ¢) + dl (1/} ’Y[w]) + dl( 7¢y)‘ (48)

It follows from d(z,y) = di (¢, ¢y) and (4.8)) that

d(x,y) = di(¢e, V) + d1(h, dy) = K(¥)(2) + K()(y). (4.9)

Since for any = € X, there is such an y € X, it follows that «(¢) € E'(d).
Moreover, by definition of 1, one has

U Fu(wﬁ])m( U [%])m([w)c[m(wn
3}

1€{1,2, 1€{1,2,3}

where the last inclusion follows from Lemma Now, since [k(v)] is a
hypercube, this proves that E(d) = E/(d) satisfies the CAT(0) link condition.
O

Two splits S := {A, B} and ' = {4', B’} of X are called incompatible if
ANA AnB ,BnA,BnNnB #0.
A split system S is called incompatible if any pair of splits in S is incompatible.

4.5 Remark. For particular split system pairs (S,«) and particular sets
X, the Buneman complex B(S, «) displays some similarities with the CAT(0)
cube complex that is constructed in [I1]. There, a split system pair is obtained
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by considering a wall space W (corresponding to S) on a set Y (corresponding
to X) and taking the function o chosen to be constantly equal to one on S.

For a Coxeter group, its Cayley graph is endowed with the standard word
metric and there is a canonical decomposition (in general not weakly com-
patible, e.g. the tessellation of the plane by hexagons) of this metric given
by the splits of the form S := {C(xz,y),C(y,x)} where C(z,y) := {z € X :
d(z,y) + d(y,z) = d(x, 2)} and where {z,y} is an edge in the Cayley graph,
together with a constantly equal to one.

The set KV (denoted by X in [I1]) is defined to be consisting of all the
admissible sections, i.e. the maps o: S — U(S) such that for any S # S”:
o(S) Nao(S") # 0. Next, K! is the graph with vertex set K°, where two
vertices o and ¢’ are connected by an edge if and only if there is a unique
S € S such that o(S) # ¢/(S). For an arbitrarily fixed point p € X, one then
lets T', be the path-connected component of o, in K! where for any S, one
lets 0,,(S) :== S(p).

Let us define BP(S,a) := {¢p € B(S,a) : di(¢),¢,) < oo}, let X0(T,) be
the O-skeleton of 'y, and let ¥°(BP(S,a)) and X}(BP(S,a)) be the 0- and
1-skeleton of BP(S, ). We define

M: (3°(T,),dy) — (Z°(BP(S,a)),d)

by sending every admissible section o: S — U(S) to a function M (o0): U(S) —
R defined by assigning (recall that Sy := {A, A°}):

US4 e 4 (qye
Ao it A=o(9)°,
0 if A=o(9).

Now assume that {0, 7} is an edge of I') which means that there is a unique
S = {A',B'} € § such that o(S") # 7(S’). This is equivalent to the fact
that M(c)(A") = M(7)(B’), M(o)(B') = M(7)(A") and for any A € U(S\
{S'}), one has M(o)(A) = M(7)(A). It is easy to see, that this is in turn
equivalent to the fact that there is a function ¢ € X!(BP(S,a)) such that
dim([¢)]) = 1, " C supp(¥)) and so that for every A € U(S \ {S'}), one
has M(o)(A) = ¥(A) = M(1)(A). Therefore, M extends bijectively to an

isometric isomorphism of cell complexes
Mi: (Tp,dr) — (SH(BP(S, ), d1).

Let us denote an edge e; of I', by its corresponding labeling split S; (the unique
one on which the endpoints of e; differ). Now, k-corners (o,{e1,...,ex}) (in
the terminology of [I1]) are simply pairs of the form (o, {S1,...,Sk}) where
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o € I'y, and where the split system {Si,..., Sk} is incompatible. The complex
K is then obtained by gluing a k-cube to every k-corner (one shows that the
existence of a k-corner implies the existence of the 1-skeleton of a k-hypercube
contained in I'y, and containing this k-corner as a vertex). It is now easy to
see that there is an isomorphism of cell complexes

i: K— BP(S,a)

which extends Mj. To any k-dimensional cube C giving rise to a cell of K
corresponds by construction a k-corner (o,{S1,...,S;}). It is then easy to see
that defining ¢ € H(S, «) so that {(A) := o(A) for A € U(S\ {S1,...,Sk})
and Y(A) = a% otherwise, we obtain that ¢ € BP(S,«) and [¢] is a k-
dimensional cell of BP(S, «r), hence a k-dimensional combinatorial hypercube.
We can thus extend M; and map bijectively C to [¢)] with i. Conversely, let
o € Y9(BP(S,a)) be a vertex of a k-dimensional cell [¢] of BP(S,a). The
pair (o,S(¢)) has to be a k-corner in I', by incompatiblity of S(¢) and thus
the inverse image of [¢)] under i is the k-dimensional cube in K glued to the

k-corner (o,S(%))).

IV.5 Examples

5.1 Example. Let (X,d) be an infinite connected graph endowed with the
shortest-path metric. It is easy to see that if X is bipartite, then the system S
of all d-splits of (X, d) is octahedral-free. Indeed, assume on the contrary that
X =Y!u Yl_1 UY3 U Y2_1 UY3u Y3_1 is a partition of X into six non-empty
subsets such that

S={Y Uy uvs, v uy, tuyy

Syi={Y] UY, UYL YUYyt uysh,

Sy = {VuYy,tuy), vyt uv uysty,

Si= YUY UYLy Uy Uy, (5.1)
and {S1,...,54} C S. Since X is a connected graph, there must be an edge
{z,y} between two non-antipodal sets in the partition, for instance an edge
joining € Yi! to y € Y'. Now, we see that both S3(x) # S3(y) and
Sa(x) # Sa(y). This is a contradiction to the fact that since X is bipartite,
there is for any edge {x,y} in X, at most one d-split S separating z and y (i.e.

such that S(z) # S(y)) namely the split given by {C(z,y),C(y,x)} where
C(z,y) :=={z € X :d(z,y) + d(y,2) = d(z,2)}.
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5.2 Example. For n € N, let

Cony1:= ({x1, .., woni1}, {{mi, Tiva Y ieqr,. 2n41)) Where Topio = 21,

The graph Co,41 is the odd cycle with 2n + 1 vertices and we endow it with
the shortest path metric d. We use the fact that the metric d is totally split-
decomposable to give an explicit description of the injective hull E(Coy41, d).

One can easily verify that d = % > ses 0s where S is the set of all d-splits
of X, hence a: § — (0, 00) can be chosen to be constantly equal to % One has
S ={51,...,52+1} where for i € {1,...,2n + 1}, with indices taken modulo
2n+ 1, S; is given by where

Si - {Al7 B’L} - {{x’i-f—la ... 7xi+n}7 {$i+n+17 .. 7$’L}}

It is now not difficult to prove that the assumptions of Theorem are
fulfilled for (X,d) = (Cap+1,d). Since we are in the case of a finite metric
space, the (LRC) is trivially satisfied. Moreover,

dz%ZéS,

Ses

where S is the family of all d-splits of X. Finally, it is not difficult to see that
S is octahedral-free and thus that ({il) in Theorem holds as well. Indeed, if
a subsystem S := {51, 5,,53,5,} C S is octahedral, that is, it is induced by
a partition into six non-empty subsets

Cop =YV LY UV LY, P U uyy

as in , then for any z € Y7, for any y € Y, and for every S € S, one
has S(z) # S(y) (we say that S cuts the edge {z,y}). In order for such a pair
{z,y} to exist for every z € Coy41, it follows that if §; € Swith 1 <j <n+1
(the case n+2 < j < 2n+1 is similar), then Sjin, Sjtnt1 ¢ S. Indeed, there
are exactly two splits that cut one of the edges {{z;,zj+1}, {Zj4n, Tjtnt+1}}
which are cut by S;, namely S;j;, which cuts {;n,2jint1} and Sjini1
which cuts {zj,zj41}. Since we are considering Ca,, 41, it follows that S must
induce a partition into eight non-empty subsets

Coni=2ZiUzZ'uzauzyytuzivz;tuziuz!

such that S(z) # S(y) for every S € S if and only if x € ZZ and y € Z; °.
It follows that S is not octahedral and thus S must be octahedral-free, which
shows in particular that ({ij) in Theorem holds. We deduce that for every
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n € NU{0}, E(Cap+1,d) is a finite cube complex satisfying the CAT(0) link-
condition (and simply connected since it is an injective hull).

We can furthermore describe explicitely the dimension and gluing pattern
of the maximal cells of E(Cy,,41,d) by studying the different split susbsystems
of S. Note first that by finiteness, we have B(S,a) = T(S,a) (see [19]) and

by Remark the map
K: T(S, Oé) — E(C2n+1’ d)

is in particular an isomorphism of cell complexes. The family of maximal
cells of E(Cap41,d) is thus in bijection with the family of maximal cells of
B(S, a) which in turn bijectively corresponds with the family 9t of maximal
incompatible split subsystems M C S.

Observe that for any such M € 91, we can consider a corresponding
element 1 € T'(S, a) such that S(¢) = M. We have

() (@) + K(Y)(y) = d(z,y)

if and only if S(z) # S(y) for every S € M. Since M is a maximal incompat-
ible split subsystem of S, it follows that for any S = {A, B} € § \ M where
|A| =k and |B| = k + 1, one has ¢(4) = % = 1 and 1(B) = 0.

For the gluing pattern, we have for any two maximal cells [¢],[u] C
T(S,a), [{] N[u] # 0 if and only if 1 (A) = u(A) for every A € U(S\ (S(x) U
S(w))) and in this case, [1)]N[u] is the set of all functions ¢ € B(S, a) such that
¢(A) =(A) for A€ U(S(¥) \ S(u))), #(A) = p(A) for A € U(S(u) \ S(¥)))
and S(6) = S(6) N S().

Note that for any S; € S, the only two splits that are not incompatible
with S'j are the only two splits that cut an edge already cut by 5’]-.

To compute |9, it is easier to describe the split system S in a different
way, by assigning for ¢ € {1,...,n + 1}, to every edge {z;,zit1} of Copt1,
the pair of splits S} = {A}, B}} and S;' = {A4; !, B;'} which cut the edge
{zi, w11} (e. SHw;) # SH(wip1) and S; () # S; ' (2441)) and which are
determined by the requirements z; € A} and [A}| = n+1 as well as z; € A; !
and |A; | = n. Moreover, S} = S;il.

We divide the family M of maximal incompatible split subsystems of S
into three subfamilies

M = M UM UME
so that for
M = {87! S7kY e M

PATRRRY
with 1 < 71 < jo < -+ < jk—1 < Jk < 2n + 1, one has the following three

cases:
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(a)

M € M* if and only if ST' = Si. In this case, we have
’ma| = E?nfl,nfl) + z:?nfl,n)

where Yn-1n-1) = Z((ln—l,n—l)

En—1m) = L) for the case where Sj?'k’f = S-!. The notation

stands for the case where S7F = Sl and

E((ln—l,n—l)
refers to the fact that
]B;.Tll ﬂA?’“\ =n-1

k

and
]A‘;ll ﬂB}’k\ =n-—1

k

(i.e., starting with o and going counterclockwise we count n — 1 points
until we hit the line representing S}T:, similarly when starting with x, 2
we count n — 1 points as well until we hit the line representing S;k")

M e MC if and only if ST =51 ! In this case, we have
’mb‘ = Zl()nfl,nfl) + 2l(yn,nfl)

where by symmetry
b
Yln—1,n—1) = Z(n—1,n—1)

stands for the case where S7F = S L and

b
2(n,nfl) = E("*Ln)

for the case where S7F = S,
M € M€ if and only if ST' = S3. In this case, we have
‘fmc| = Efn—l,n—l)

where by symmetry
Efnflrnfl) - E(n_lvn_l)

ok _ gl
stands for the case where S;" =5, ;.
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Figure IV.1: E‘(ln_l n—1) corresponds to the number of maximal incompatible
split systems {S7',...,S7"} with S7' = St and Sk = St X1, is the

number of those with S7* = S} and S7% = S,L.
j1 Jk
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Sir =81 Sie =S
Figure IV.2: El(’n_l n—1) corresponds to the number of maximal incompatible
split systems {S7',... ’S;'T:} with S7' = St and S’;:c’“ =S5 El(’n n_1) 18 the

~ —1
number of those with S7' =S and S7* = Spiq
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or _ Q1
Sjx = Sn1

Figure IV.3: Efn_l n—1) corresponds to the number of maximal incompatible

split systems {S7',...,S7F} with S7! = S) and Sok = S
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Summing up, we obtain the formula
Dﬁ‘ =0, = 32(71—1,71—1) + 2E(n—l,n)

and it is easy to see that we furthermore have the following recurrence re-
lations: E(n—l,n—l) = E(n—Q,n—Q) + E(77,—3,71—2) and E(n—l,n) = E(77,—2,71—1) +
Y (n—2,n—2) and the initial conditions ¥ g) := 1, ¥(g1) := 0 and ¥y 1) := 1. If
one considers the three roots {o1, 02,03} of the equation 2% — 2 — 1 = 0 given
by

1(27 M)i (4 (9+V69)*

e T
1 o7 3vE9\°  (1—iv3) (L (9+v69))*
7 =5 (1+iv3) (2_2> R ’
1 7 39\ (1—1—@'[)(%(9—1—\/@))%
o=~ (1-1V3) (22) - .

and the three roots {71, 72, 73} of the equation 23 — 222 + z — 1 = 0 given by

1 1
1 25 369 )\° 1 ~—\\ 3

7’222—%(14-2'\/3) (25—3\ﬁ> é(1—z‘\/§) (225+3\/@>3

3 2 2

1 1

2 1 25 3v69\° 1 25 3v69)\°

S5 (507) g (T07)
o= 2 o) (2 2) 2 () (2 20)

one can verify that
O, = 017" + 0375 + 0273

Note that ©q is one. The first values of ©,, for n > 1 are listed in the following
table:

n 1 2 3 4 5 6 7 8 9 10
Copnt1 | C3 | C5 | C7 | Cg | Cr1 | Ci3 | C15 | Ci7 | Crg | Con
O, 3 5 7 12 | 22 39 68 119 | 209 | 367
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Ty X9 T T9

I3 X7 I3 X7

Figure IV.4: List of all 12 maximal incompatible split subsystems for Co,4+1 =
Cy. The first three lines correspond to the nine 4-dimensional maximal cells
of E(C2p41) and the last line corresponds to the three 3-dimensional maximal
cells.
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The numbers ©,, can also be proved to correspond to the coefficient of z"
in the power series expansion in a neighborhood of the origin of the analytic

function

3z — 22

1—22+22—2%

Finally, it is not difficult to compute the number of k-dimensional cells of
E(C9,41) as a function of k and n as it is done in [40]. Indeed, note that for
a 0-cell ¢ € T(S, ), it is easy to see that ¢ is in the maximal cell [u] if and
only if for any split S = {A, B} € S where |[A| =n+ 1 and A € supp(¢), one
has S € S(u). More generally, for every k € {0,...,n}, there is a bijection
between the k-dimensional cells of E(Cy,,41) and the set of pairs (S, S’) where
S is a split subsystem of S with k elements and S C &’. The correspondence
between [¢] and (S,S’) is given by picking for every S = {A, B} € S where
|A| = n + 1, the function v in such a way that S(¢) := S, ¥(B) = 0 if
SeS\Sand ¥(A)=0if S€S\S.

Z =

5.3 Example. Let (X,d) be an infinite connected bipartite (4,4)-graph as
defined in [3] endowed with the shortest-path metric. Let S = {A, B} be an
alternating split on X (cf. [3]). Assume by contradiction that S has isolation
index ad € {0,4}. We show that a,g = 1. Since all isolation indices of splits
on X are in %Z, it follows that one can find four points r,s,u,v € X such
that r,s € A, u,v € B and a‘{i{r’s}{u’v}} = ag. We can now consider a finite
subgraph Y of X such that

(a) Y is a bipartite (4,4)-graph and
(b) I(r,s)UI(r,u)UI(r,v)Ul(s,u)UIl(s,v)UIl(u,v)CY.

In general, the restriction d|yxy does not coincide with the shortest path
metric dy on Y. However, by (b), it follows that for any a,b € {r, s,u,v}, one
has dy (a,b) = d|yxy(a,b). Note that Sy := {ANY,BNY} is an alternating
split of Y (restrictions of alternating splits to (4,4)-subgraphs are easily seen
to be alternating again) and

dy dy _ d|Y><Y _d
gy S Ve fuohy = Ylrsh{ue}y = @S S

DO

However, by (a), (Y, dy) is a finite bipartite (4, 4)-graph and thus by [3, Propo-
sition 8.8], it follows that adsf, = 1 which contradicts the above. If now Sy
denotes the system of all alternating splits of (X, d), note that for any x,y € X
such that d(x,y) = 1, there is a unique S € S4 such that S(x) # S(y). Note
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that do := d — > g 5, 0s is a pseudometric by Theorem Hence for any

a,b € X, consider a path a = zg, x1, ..., Tm—1, Tm = b 1n (X,d), we have
m—1
do(a,b) < Z do(zi, zi41) = 0.
i=0

It follows that dy is identically zero and thus d is totally split-decomposable.
Moreover, (X, d) satisfies the (LRC). Indeed, the isometric cycles in (X, d) are
gated (cf. [3l Theorem 8.7]), it follows that (X,d) has 1-stable intervals and
thus by the proof of [30, Theorem 1.1}, we obtain the desired result. Examples
of such infinite bipartite (4,4)-graphs are given for m > 4, for o any element
of the symmetric group &,, and for {rq(;)s(i+1)tie(1,..my € NN [2,00) U {co}
by the Cayley graph of Coxeter groups of the form

C= <Sl, SR Sm‘ (50(1)50(2))TU(1>0(2) =1,... (Sa(m—l)Sa(m))ra(m_l)a(m) =1,

(So(m)sa(l))rdm)g(l) =1 > .

The restriction on the number of relations ensures that the Cayley graph is
planar, m > 4 ensures that the degree is at least four and the condition
To(i)o(i+1) = 2 for every i ensures that each face contains at least four vertices.
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Chapter V

Further Results on Metric
Injectivity

V.1 Introduction

The goal of this chapter is to develop structural tools for Isbell’s injective hull
of infinite metric spaces with integer valued-metric. In case X is separable,
E(X) isometrically embeds into /o (N). With this in mind, we obtain criteria
for the injectivity of subsets of I (N).

Recall that a metric space (X, d) is called injective if for any isometric em-
bedding i: A — B of metric spaces and any 1-Lipschitz (equivalently distance-
nonincreasing) map f: A — Y, there exists a 1-Lipschitz extension g: B — X
of f, sothat goi = f. Examples of injective metric spaces include the real line
R, loo(I) for any index set I, and all complete metric trees. Isbell showed that
every metric space X possesses an injective hull (e, E(X)) which means that
two properties hold: E(X) is an injective metric space and e: X — E(X) is
an isometric embedding such that every isometric embedding of X into some
injective metric space factors through e. Following [30], we start with an out-
line of the construction of Isbell’s injective hull. Later, we use injective and
hyperconvex indifferently, they are equivalent properties.

Given a metric space (X,d), let us consider the vector space R of real-
valued functions on X and

A(X):={f eRY: f(x) + f(y) > d(z,y) for all z,y € X}.

We call f € A(X) extremal if there is no g < f in A(X) distinct from f. The
set E(X) of extremal functions is equivalently given by

E(X)={f¢€ RY : f(z) = sup,ex(d(z,y) — f(y)) forallz € X}.  (1.1)
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The difference between two elements of E(X) has finite supremum norm and
E(X) is endowed with the metric

doo(f9) = If — 9lls -

To be able to describe the structure of E(X) in further details, one can assign
to every f € R¥ the undirected graph with vertex set X and edge set

A(f) = {{z,y} s 2,y € X and f(z) + f(y) = d(z,y)}, (1.2)

allowing self-loops {z,x} which correspond to zeros of f. Furthermore, one
lets

E'(X):={feAX):UA(f)=X}.

Note that whenever f € E'(X), the graph (X, A(f)) has no isolated vertices
(although it may be disconnected). A set A of unordered pairs of (possibly
equal) points in X is called admissible if there exists an f € E/(X) with
A(f) = A, and we denote by &7 (X) the collection of admissible sets. To every
A € o/(X), we associate the affine subspace H(A) of RX given by

H(A):={geR*: AcC A(g)}
={g e R¥ : g(zx) + g(y) = d(z,y) for all {z,y} € A}.
We define the rank of A to be the dimension of H(A), namely
rank(A) := dim(H(A4)) € NU{0, o0}.

Furthermore, let

PA)=E(X)NH(A) ={geE(X): AcC A(g)}
and note that

P(A)=EX)NH(A) =A(X)NH(A).

If (X,d) is a finite metric space, E(X) is a finite polyhedral complex and its
dimension is the maximum of the dimensions of its cells. The combinatorial
dimension dimcomp(X) of a metric space (X, d) is the supremum of the di-
mensions of the polyhedral complexes E(Y') over all finite subsets Y C X. For
any set S such that |S| < 2, let Sy denote the collection of all subsets of S
of cardinality exactly two. For Z a set of even cardinality, every involution
i: Z — Z selects a subset Z; := {{z,i(2)} : z € Z} of Zy of |Z|/2 disjoint
pairs. Using the main theorem of [39], we obtain the following criterion in the
spirit of Dress’ Theorem, cf. [16, Theorem 4.1].
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1.1 Theorem. Let (X,d) be a metric space and let n € N. The inequality
dimeomp(X) < n holds if and only if for every set Z C X satisfying |Z| =
2(n 4+ 1) and for every fized-point free involution i: Z — Z, there exists a
weight function w: Zs — 370 [—2,2] such that the following hold:

(1) w#0, w<0onZ ={{2,i(2)}:2€Z} andw >0 on Z3 \ Z;,
(2) for every z € Z, one has 3 e 1 w({z,2'}) = 0 and

() S(w) = Yz onez, wl{z 7 }d(z. ) > 0.

Now, an A-path in X of length [ € NU{0} is an (I+ 1)-tuple (vg,...,v;) €
XA with {v;_1,v;} € A for i € {1,...,1}. An A-cycle is an A-path
(vo,...,v;) with vy = vg. Note that (z, z) is an A-cycle of length 1if {z,x} € A.
We define the A-component [z]? of a point 2 € X to be the set

(2] := {y € X : there exists an A-path from z to y}.

Later, if no ambiguity arises, we write simply [z] instead of [z]4. Now, if g and
h are two elements in H(A) and {v,v'} € A, we have g(v)+ g(v') = d(v,v) =
h(v) + h(v") hence g(v') — h(v') = —(g(v) — h(v)), it thus follows that

9(y) = h(y) = (=1)'(g(z) - h(z)) (1.3)

whenever there is an A-path of length [ from x to y. As a consequence, if
there exists an A-cycle of odd length in [z]4, for all g, h € H(A), one then has

9liza = hljga. (1.4)

We call [z]* an odd A-component in this case. In the other case, i.e. if
[2]4 contains no A-cycle of odd length, [2]? is called an even A-component.
We have the following important property holding for integer-valued metric
spaces, which is due to Urs Lang and which we prove in Section

1.2 Theorem. Let (X,d) be a metric space with integer-valued metric and
let A € o/ (X) be such that 1 < k := rank(A) < co. Then, P(A) is mazimal
in the sense that there is no A 2 A" € &/ (X) if and only if all connected
components of (X, A) are complete bipartite, in particular, (X, A) has no odd
A-component.

Back to a general metric space (X,d), we note that the set {g\mA 1 g €
H(A)} is a one-dimensional real parameter family. In fact, every even A-
component admits a unique partition

o] = (2] U 2] (1.5)
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such that z € [2]{' and every edge {v,v'} € A with {v,v'} C [2]? connects [z]4

and [z]4,, in other words, the subgraph of (X, A) induced by [z]? is bipar-
tite. If one chooses reference points 1, ..., 2, € X such that [21]4,.. ., [z,]?
are precisely the n even A-components of X, there is then a unique induced
canonical partition associated to A, namely

X =xg ol (i U lwl) (1.6)

where X' (which we will simply denote by X§' if no ambiguity arises) is
the union of all non-bipartite components of (X, A). Later, for each (i,0) €
{1,...,n} x {1} we denote by (z7)? a choice of a reference point in [z;]2 in
which case we can rewrite as

X =XgulJ (@) u(z; ). (1.7)

7
=1

By (L.3), g(y) — h(y) = o(g(x) — h(z)) whenever g,h € H(A), o € {1,—1},
and y € [2]2. Tt is now clear that rank(A) is exactly the number of even
A-components of X. If rank(A) = 0, H(A) consists of a single function. This
occurs in particular if A = A(d,) for some x € X in which case {z,y} € A for
every y € X, so X is A-connected, and (z, z) is an A-cycle of length 1. Now, a
metric space (X, d) is called discretely path-connected if it has integer-valued
metric and if for every pair of points x,y € X, there exists a discrete path
v:40,1,...,l} — X from z to y namely ~ satisfies 7(0) = z, v(I) = y and
d(y(k —1),v(k)) =1 for every k € {1,...,l}. If v can in addition be chosen
to be an isometric embedding v: {0,1,...,d(z,y)} — X, then (X, d) is called
discretely geodesic. In the theorem below, let

diam(P(A)) := sup{|[f — gl : f,9 € P(A)}
which is finite. In this case, one has

1.3 Theorem. Let (X,d) be a discretely path-connected metric space, A €
o (X) and let X = XoU U?:ﬂxj] be the associated decomposition with refer-
ence points {x1,...,x} as defined in (1.6)). Then, the following hold:

(i) If Xo =0, then diam(P(A)) < 2dim(P(A)) — 1.
(i1) If Xo # 0, then diam(P(A)) < 2dim(P(A)).
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We also exhibit metric spaces showing that the above bounds are optimal.
If X has integer-valued metric, and if y € X¢ := X \ Uy [xx], then there is an
A-path from y to itself of odd length, so f(y) € Z — f(y) and thus f(y) € 3Z.
Hence, if rank(f) = 0, then X = X, and therefore

f(X) c %Z- (1.8)

For (X,d) a general metric space again, suppose now that A € &/ (X), and
1 < n :=rank(A) < co. Then, the difference of any two elements of H(A)
is uniformly bounded on X, so the supremum norm gives a metric on H(A),
and there exists an affine isometry from H(A) onto [%. In particular H(A) is
injective. Indeed, let I: H(A) — I7% be the affine map defined by

I(g) == (9(z1),- -, 9(zn)). (1.9)

It follows from (T3) that [lg — hlloe = max;<ien [g(zx) — h(ax)| = I1(g) -
I(h)||so for all g,h € H(A).
Finally, we switch to metric spaces with bicombings and subsets of [, (N).

1.4 Definition. A metric space (X, d) with a bicombing is a geodesic metric
space with a map
o: X x X x[0,1] - X

such that for any z,y € X, the map o4y := o(x,y,-): [0,1] = X satisfies the
following three properties:

(i) oy is a geodesic from x to y. This namely means that o,,(0) = z,
0zy(1) =y, and d(ogy(t), 02y (t') = |t — t'| d(z,y) for ¢,t' € [0, 1],

(02
(i) oyz(t) = 0gy(1 —1t) for t € [0,1],
(iii) d(ogy(t), oy (t)) < (1 —t)d(z,2") +td(y,y’) for t € [0,1].
A map o with those properties is called a bicombing.

Note that separable metric spaces embed isometrically via the Kuratowski
embedding into I (N). Now, recall from [30] that every injective metric space
admits a bicombing and remember that hyperconvexity and injectivity are
equivalent. Recall that the dual I;1(N)* and [ (N) are isomorphic as normed
spaces. Note that a weak* closed subset of I,(N) is norm closed and thus
complete for the standard metric of I (N). From Section we obtain
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1.5 Theorem. Let (X,d) be a proper metric space or a weak® closed subset
of lo(N) endowed with standard metric of lo(N). Then, the following are
equivalent:

(i) X is a hyperconvex metric space,
(i) X is a 4-hyperconvex metric space with a bicombing.

In the above, a metric space X is proper if closed bounded subsets are
compact. Finally, we note that the constant four in the above statement
cannot be decreased.

V.2 Dress’ Theorem

In order for this chapter to be self-contained, we describe the same construc-
tion as in Section [[II.7| and which was introduced in [39]. Let ¥ be a linear

system of inequalities of the form
Y= {ayi +bizi = citier

where the generic notation > is used to regroup both > and > under a common
symbol. For i € {1,...,n}, each variable y; and z; is drawn from a finite
set {wg,w1,...,w,} . As a matter of convention, we can require for every
i € {1,...,n} that a; # 0 unless y; = wyp, in which case a; := 0 where
wq is the zero variable, similarly b; # 0 if z; # wg and b; := 0 otherwise.
We can associate to ¥ an undirected labeled multigraph without self-loops
Iy := (Vy,Ex) where the vertex set Vy is given by {wq, w1, ..., w,} and the
set Ex, := {F;}icsr consists of all the labeled edges E; = ({yi,zi}, Ei) where
Y; denotes the inequality a;y; + b;2; = ¢;. Note that ', does not contain
any self-loop since we require y; # z;, that is all equations in ¥ contain two
different variables. Equations that contain only one variable different from wg
are given by edges connecting to wg. Note that by definition, 3 does neither
contain any trivial inequalities like for example 1 > 0 nor trivial inequalities
of the other type like for instance —% > 0. A path P in I'y is then given by

((vl,...,vm+1),E1,...,Em) (21)

where (v1,...,Umyt1) is a sequence of vertices in Vy and (Fy,...,Ep) a se-
quence of labeled edges in Ex such that for each [ € {1,...,m}, one has

Ep = ({v, vi1}, aqop + bpoggr = )
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We call P admissible if for each | € {1,...,m — 1}, the coefficients b; and
aj+1 have opposite signs (i.e., one is strictly positive and the other one is
strictly negative). Note that if P is admissible, one has v; # wq for each
l € {2,...,m — 1} since wp only appears with zero coefficient. Admissible
paths correspond to sequences of inequalities that form transitivity chains. A
path is called a loop if its first and last vertices are identical and a loop is
said to be simple as soon as its intermediate vertices are distinct. The reverse
of an admissible loop is admissible and cyclic permutations of a loop P given
by are admissible if and only if a; and b,, have opposite signs, in which
case P is called permutable. Note also that since wgy only appears with zero
coefficient, no admissible loop with initial vertex wg is permutable.

For an admissible path P given again by , let us define the residue
inequality of P to be the inequality obtained by applying transitivity to the
inequalities labeling the edges of P. The residue inequality of P is thus of the
form avi + bv,+1 = ¢, where > denotes a strict inequality if and only if at
least one of the inequalities labeling the edges of P is strict.

In the case where P is a loop with initial vertex v, its residue inequality is
of the form (a+b)v = c. If it happens that (a+b)v > ¢, a+b=0and ¢ > 0 or
(a+b)v > ¢, a+b=0and ¢ > 0, the residue inequality of P is false and we say
that P is an infeasible loop. By definition, infeasibility implies admissibility.
We define a closure T's; := (Vi, Ex) of T's; to be a graph I's; containing I's; and
having the same vertex set, such that Ey is obtained from Esx; by adding for
each simple admissible loop P (modulo permutations and reversals) of I's;, a
residue edge, that is a new edge labeled with the residue inequality of P. Let
moreover Nontrivial(Ey) denote all the elements of Ex; that are no self-loop
at wp. Note that a closure is not necessarily unique since the initial vertex of
each permutable loop can be chosen arbitrarily. We can now state the main
theorem of [39]:

2.1 Theorem. X is unsatisfiable if and only if I's has an infeasible simple
loop.

In the proof of Theorem we will use the correspondence between ad-
missible loops and weight functions satisfying properties like (1)-(3) in Theo-
rem Later, we often use the shorthand notations w;, and d;, to denote
w({z,y}) and d(x,y) respectively.

Proof of Theorem[I.1l Let us first assume that such a weight function w sat-
isfying the assumptions of the theorem exists. Let Z; := {{z,i(2)} : z € Z}.
Let F C Z3 and let w be any weight function on Zy, we define the map
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o'%: Z — R by the assignment
Z Z Wy
{z,2'}eE

By (2) in Theorem one has oy (2) = 0. Hence in particular for every
z € Z, since i is an involution, one has

Oz, (2) = 07°(2) = —wai(z) = 07°(i(2)) = 02,7, (i(2)) (2.2)

Assume now that f € A(Z) and Z; C A(f), one has f(z) + f(2') > d,,/ for
any {z,2'} € Zy and

f(2) + f(i(2)) = d.iz) for any {z,i(2)} € Z;. (2.3)
Now,
Z U%\Z,-(Z)f(z) = Z Wz [f(z)—i—f(z/)] > Z Wprdyyr (2.4)
2€Z {z,2'}YeZ2\Z; {2,2'}€Z2\Z;

We can thus apply (3) in Theorem to obtain that the last quan-
tity is bounded below by > (2.2Ve 2 —W,,d,,» which is again the same as
Yoz O\ (2)f(2) by and by (2.3). It follows that the inequality in
is an actual equality, which implies

F(Z") + f(Z") = dyiun for every {7, 2"} € Zy \ Z; such that w,/,» # 0.

Now, since w # 0, there is {z,i(2)} € Z; such that wzz) < 0 and there is
therefore {7/, 2"} € Zy\ Z; such that w,/.» > 0. Hence, if f € A(Z) and Z; C
A(f) then Z; C A(f) and thus rank(f) < n. It follows that dimeomb(X) < n.

Conversely, assume that dimeomp(X) < n and let Z C X with |Z] =
2(n 4 1). Let moreover i: Z — Z be a fixed-point free involution. Let ¥ be
the linear system of inequalities associated to A(Z) and to the edge set Z;, in
other words f € R¥ is a solution to ¥ if and only if f € A(X) and A(f) = Z.
We now want to apply Theorem and proceed as follows.

The system Y induces an associated self-loop free labeled multigraph
Iy :== ({f(20), f(21), .-, f(22n+2) }, Ex) as in Table where the zero vari-
able is denoted by f(z9). By assumption, the system ¥ is unsatisfiable and
thus the arbitrarily chosen closure I's; contains an infeasible simple loop L by
Theorem[2.1] It is easy to see that by admissibility, L cannot contain any of the
labeled edges in (b) which are of the form ({f(z:), f(z;)}, f(z:) + f(25) > dij).
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3 Es
(a) f(zi) + f(= )>dw 7 (({)f(zé)v{}(zj)}éfgzz)ﬂ? ()Zj>>d2])')
_ f(z), f(z;)}, —f(2) — f(zj) > —d;;) and
©) 7=1) + 7z5) = (L Clb £ ) + £(25) = diy)
(¢) f(zi)) >dis =0 {f(20), f(2)}, f(z:) > 0)

Table V.1: Description of assignments of labeled edges in I's; to inequalities
3.

Furthermore, we can assume without loss of generality that L is not a self-loop
at f(z0). We introduce now

Bz 1= {({F(2), fi(2)} —F(2) = £(0(2)) 2 —di) |

and

Ez\z = {({f(zi)’f(zj}7f(zi) + f(z5) > dij)}

We distinguish two cases:

{Zi,Zj}GZZ\Zi ’

Case 1: L does not contain the variable f(zg).

Then by admissibility, there is a permutation # such that L is a simple loop
given by ((f(z@(l)), oo [(zo2m)))s By ,E2k> and we can assume without
loss of generality that

By = ({f(z001))s f(z002))}, = [ (zo1)) — [(202)) = —do1ya(2)) € Bz

and

Eor = {f(20021))s f(201)) }s f(zo2k)) + f(2601)) > dogaryoq)) € Ezo\ 2,5

therefore in particular i(zgor—1)) = 2(2k), that is Fox 1 € Ez,. Hence, the
residue inequality of L is of the form

0> Z dﬁ(ﬂ 0(j+1)-

It follows by infeasibility of L that zjzl(—l)jdg(j)g(j+1) > 0. Setting now

=1 if {z,2'} € {{zo-1)20020)  hieqr,.. k}»
We,z! *= 1 if {22} € {{249(2l)26(2l+1)}}le{l,...,k}>
0 otherwise.
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we obtain the desired weight function w.
Case 2: L contains the variable f(z0).

Under this assumption, L is a simple loop given by

((f(zo)» f(zo1)), -5 f(z028)))s By - e E2k+1)-

We can assume without loss of generality that the starting and ending edges
of L have labels induced by simple admissible loops

17 = (/o) FCotamn)) B - B, )

and
L7 = (P Frtoraen))- B 3y,

instead of having starting and ending edges of the form

({f(20), f(201))}, f(20(1)) > 0) and ({f(20), f(z0(2x))}> f(20(2k)) > 0).

Indeed, since if for instance L' := ((f(z1), f(22), f(23)), E1, E2, E3) is an ad-
missible loop with Ey € Ez,, then by the triangle inequality, we can replace
the edge ({f(20), f(21)}, f(21) > 0) by substituting the label f(z1) > 0 by the
residue equation 2f(z1) > dia — dog + dy3 of L'. By the triangle inequality,
L' remains infeasible after this replacement. Note that since Z; is a set of
disjoint edges and since the variable f (20(1)) must appear with the same sign
in both E{ and EJ, and f(2;(1)) with the same sign in both E] and Ej, ,
one must have EY, E5, , ET, B, € Egz, 7. Hence, the residue inequality of
L is without loss of generality of the form

2k1 1 2k— 2k2 1
5 E: Yo (j)o(i+1) E:( 1) dy(j0 J+1+ E: (e 20
7j=1
(2.5)
with

(A) 0(2k1) =0(1) =0(1) and 7(2k2) = 7(1) = 6(2k) as well as

(B) i(z021-1)) = 2921 "(2o(21)) = Zo(214+1) a0d (27 (21)) = 2r(2041)-

If w,,, is defined as the coefficient of d;; in (2.5)), then (1) in the statement
of the Theorem holds by (b) in Table Furthermore, we have

~1=0

D=

— _ 1
Z wze(l)z - wza(l)za(z) + wza(lefl)Za@kl) + wze(l)zeu) -2 +
2€Z\{zo(1) }
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and similarly

Z Waganyz = Wepap—1)zocar) T Waryzr(2) T Werahy—1)2r(2ky) — 0.
2€Z\{zg(2r) }

Moreover, for 2’ € Z \ {z9(1), 29(2r)}, it is clear that our definition implies
> cen(» Woz = 0, thus (2) in the statement of the Theorem holds. By
definition of w, is equivalent to S(w) > 0 and thus (3) holds as well.
This concludes the proof. ]

Finally, we have the following variant of Dress’ Theorem. The equiva-
lence between the first two properties is [16, Theorem 4.1]. Our proof uses
Theorem [L.11

2.2 Theorem. Let (X,d) be a metric space and let n > 1 be an integer. The
following are equivalent:

(Z) dimcomb(X) <n.

(13) For every set Z C X satisfying |Z| = 2(n + 1) and for every fized-
point free involution i: Z — Z, there exists a fized-point free bijection
j: Z — Z different from i such that

S d(zi(=) < 3z, (2)). (2.6

z€Z z€Z

(13i) For Z C X with |Z] =2(n+ 1) and for every fized-point free involution
i: Z — Z, there exists a weight function w: Zy — {—2,-1,0,1,2} such
that properties (1) — (3) in Theorem[I.1] hold.

Proof. Recall that Z; := {{z,i(z)} : z € Z}. We start by showing the equiv-
alence between (i7) and (i7i). Assume first that (i7) holds. Define w,, to be
the coefficient of d,, in the expression

Z dzg(z) - Z dzz(z)

z2€Z z€Z

It is easy to see that w then satisfies (ii7). Conversely, assume that (4i7) holds.
We define the undirected edge sets F; and E; by giving weight —1 to each
edge of IJ; and weight 1 to each edge of F; and choosing multiplicity in order
for the sum to match the weights given by w following Table Since w
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satisfies (2) in Theorem it follows that the graph (Z, E;) has degree zero
or two at each vertex since

Z Wy = — Z Wzt = —Wyi(z) <2

2'eZ\{z}:{z,2' €22\ 2 Z'ez\{z}{z2'}eZi

and thus we can decompose it into disjoint cycles by Veblen’s theorem for
multigraphs, cf. [23]. Finally, on each of these cycles, we can pick an arbitrary
orientation which induces then a bijection j: Z — Z . It is then easy to see
that j satisfies the requirement of (i7) and this concludes the proof.

Wyy | =2 | =1 | w,yy =0and 2’ =i(2) | w,,y =0and 2/ #i(z) | 1 | 2
E; 2 2 2 0
E; | 0] 1 2 0 12

)

Table V.2: Multiplicity choices according to weights.

The fact that (i) implies (7) is the easy implication in the statement [16),
Theorem 4.1]. To be self-contained, we repeat the proof. Let Y C X be a
finite set. If |Y'| < 2n+1, then dim(E(Y')) < n. Suppose now that |Y| > 2n+2
as well as f € E(Y), and let Z C Y be a set with |Z| = 2n + 2 so that there
is a fixed point free involution ¢: Z — Z such that for every z € Z, one
has {z,i(z)} € A(f). By assumption, there exists a fixed point free bijection
j: Z — Z such that j # i and

Z d(z,i(z)) < Z d(z,7(2))-

2€Z 2€Z
Since f(z) + f(i(z)) = d(z,i(2)) and d(z,j(2)) < f(z) + f(j(2)), this gives

D )+ F(2) D0 F(2) + FU(2)

z2€Z z2€Z

Since both ¢ and j are bijections, these two sums agree so that each of the
inequalities d(z, j(2)) < f(2) + f(j(2)) must in fact be an equality. Therefore
{#2,7(2)} € A(f). There is at least one z € Z such that j(z) # i(z), so the
graph with vertex set Z and edge set {{z,i(2)}}.cz U {{2,/(2)}}.ez has at
most n connected components. As this holds for every Z and ¢ as above, we
conclude that the graph (Y, A(f)) has no more than n components. Since
f € E(Y) was chosen arbitrarily, this shows that the dimension of E(Y") is less
than or equal to n.

We now show that (i) implies (¢4). With the help of Theorem we
obtain a shorter and more natural argument than the one given in the proof

130



V.2. DRESS’ THEOREM

of [16, Theorem 4.1]. Thus, assume that (i) holds. Let us consider the set
W(0) of all w: Zs — R such that w <0 on Z;, w >0 on Zy \ Z;, and

Z Wyy = 0

2'eZ\{z}

for all z € Z. By Theorem [1.1] it follows that we can pick w € W(0) \ {0}
such that S(w) := > ¢, ez, wzzxd(z, z') > 0 and so that no w’ € W(0) \ {0}
with S(w') > 0 has strictly smaller support (edges where the weight function
is nonzero). It follows that

{v e W(0) : spt(v) C spt(w)} C {veW(0):S(v) > 0}. (2.7)

To see that holds, let A > 0 be the maximal number with the property
that |Av| < |w|. Then, v' := w — v belongs to W(0) and spt(v’) is a strict
subset of spt(w). If either v’ # 0, then S(v') < 0 and AS(v) = S(w)—S(v') >0
and otherwise v' = 0 which implies S(v") = 0 and thus AS(v) = S(w)—S(v') =
S(w) > 0. This proves (2.7).

Now we can proceed as just as in [16]. Since for fixed z, the sum of the
weights w,,s is zero, we claim that there exist m € N and pairwise distinct
points {zo, 21, ..., zm } such that for each k € {0,...,m}, one has

Wepi(zk) <0< Wi (zy,)

Zk+1

where 2,41 := 29. We do not exclude that for [ > k one might for instance
have z; = i(zy). To see that such points {zp, z1, ..., zm } exist, one can proceed
inductively starting with z{ € Z such that Wyri(z) < 0. Therefore, there is
21 € Z such that wj(z1)z, > 0. Since |Z] < oo, we can continue this process
until we eventually reach z; € Z with Wyrizy <0 and so that the only z € Z
such that w;(, nz >0 satisfies z = 2} for some 0 < k <[ — 1. In this case, the
result follows by setting zp := 2, 21 := Zk+17 ..., Zm = 2, and this proves the
claim.
Finally, the function

m

Z( Ofznsi(a)} T OfiCar), Zk+1}>

k=0
defined on Zs belongs to W(0) \ {0} and spt(v) C spt(w). Hence S(v) > 0 by
. This means that

m m
D> (i) < 3 d(i(z), 2e)
k=0 k=0
and (i7) easily follows, extending j by ¢ if necessary. O
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V.3 Barriers, Graphs of Maximal Elements and
Applications

Let (X,d) be a metric space. For A € o/ (X), let P(A) be called a barrier if
X) \ P(A) is disconnected. In the proposition below, we use the notation

E(X)
I(f, ') == {g € E(X) : do(f, 9) + doo(g, [') = doo(f, [)}-

3.1 Proposition. Let (X,d) be a metric space with integer-valued metric.
Let A € o/ (X) be such that 0 < rank(A) < oo and let X' := X \ e~ }(P(A)).
Then, P(A) is a barrier if and only if the following hold:

(i) There are ) # B,C C X' with BNC =0 and X' = BUC so that
for every b € B and for every ¢ € C, there is h € P(A) such that
{b,c} € A(h) or equivalently

I(dy, de) N P(A) # 0.

(ii) For every g € E(X,d) \ P(A) and for some Y € {B,C}, one has for
every y € Y that
I(g,d,) N P(A) £0.

Proof. 1t is not difficult to see that if P(A) is a barrier, then (i) and (i)
follow. Assume now that (i) and (i7) hold. Since P(A) is injective by [30,
Theorem 4.3], there is a 1-Lipschitz retraction p: E(X,d) — P(A). For any
z € e71(P(A)), we have

do(0(9), d=) = deo(0(9), 0(d2)) < doo(g, dz).
Now, by (i%), there is for any y € Y, an element h, € I(g,d,)NP(A). Therefore

dos(0(9), hy) + doo(hy, dy)
dso(0(9), Q(hy)) + dOO(hyv dy)
< doo(g, hy) + doo(hy, dy)
doo(
9(y)

For each Y € {B,C}, we set K(Y) := Fy,*((—o0,0]) where Fy : E(X,d) — R
is the Lipschitz function defined by

g sup (o(g)(z) —g(2)).
zeX\Y
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The set K(Y) is closed by continuity of Fy. Furthermore, we have d; € K(B)
and d. € K(C) and thus K(B),K(C) # 0. In addition,

E(X,d)\ P(A) = (E(X,d) \ K(B)) U (E(X,d) \ K(C))

Moreover, K(B) N K(C) C P(A) since Fp(g), Fc(g) < 0 implies o(g) < g on
all of X and thus o(g) = ¢g by minimality of g, which implies that g € P(A).
It follows that E(X,d) \ K(B) and E(X,d) \ K(C) induce a disjoint open
non-empty partition of E(X,d) \ P(A) which is thus disconnected. O

Now we proceed to

Proof of Theorem|[1.9. We know by [30, Theorem 4.3], that P(A) is a k-
dimensional polytope. Consider the family {f,},ev C P(A) of all vertices
of P(A), i.e. for every v € V, one has rank(A(f,)) = 0. Since P(A) is a
finite dimensional polytope, one has |V| < oco. Furthermore, by , we
already know that f,(X) C %Z for every v € V. It follows that the convex

combination )
veV
satisfies f € E/(X) and f(X) C ﬁl as well as A(f) = A. Hence in particular
1
6:= = min + f(y) —d(y,y)| > 0. 3.2
3{y’y,}¢A\f(y) ) —d(y.y)l (3:2)

Assume that A € o/(X) is such that 1 < k = rank(A) < oo and that P(A)
is maximal. Assume by contradiction that there is a bipartite component
[w] = [w]; U [w]—_1 of (X, A) (with w € [w];) which is not complete bipartite,
hence there is (z,Z) € [w]; x [w]_1 such that {z,z} ¢ A. Let us define

YV={y € [w]-1:{z,y} € A}
as well as
Z :={z€w]:forall zew_1\Y, {2z} ¢ A}.

Hence [w] = Y U ([w]-1 \ Y) U Z U ([w]; \ Z) noting that each of these four
sets is non-empty, z € Z and T € [w]_1 \ Y. For f € E/(X) and § as above,
we can now set

fly)=¢ it ye 2
9(y) == fy)+6 if yey,
f(y) otherwise.

It is easy to see that g € E/(X), since
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(a) ity € Z, then {y,y} € A(g) for some y € Y,

)

(b) if y €Y, then {z,y} € A(g) and we already noted that x € Z,

(c) if y € [w]1 \ Z, then {y,y} € A(g) for some g € [w]_1 \ Y and finally

(d) ify € [w]_1\ 'Y, then {y,y} € A(g) for some § € [w]; \ Z by definition of
Z.

It follows that A(g) € A(f) = A and this contradicts the maximality of P(A).

Now, assume again that A € &7(X) is such that 1 < k = rank(A) < oo
and that P(A) is maximal. Suppose by contradiction that there is at least
one odd A-component, in other words, Xy as in satisfies Xo # 0. Pick
x € Xo such that A # A(d,). Let X§ be the connected component of Xy
containing x. Define

S:={S C X :x €S and for every a,b € S one has {a,b} ¢ A}.

The set S is non-empty since it contains {z} and it is endowed with a partial
ordering given by the inclusion. Moreover, if {T;};cs is a totally ordered subset
of S, then it is easy to see that T := U;cT; satisfies x € T and if a,b € T
then {a,b} ¢ A, therefore T' € S. Finally, one easily sees that 7' is an upper
bound for {T;};cr. It follows that we can apply Zorn’s lemma to deduce that
S contains a maximal element M. By maximality of M, it is easy to see that
for every y € X§ \ M, there is z € M such that {y,z} € A. Altogether, M
satisfies

1) If a,b € M then {a,b} ¢ A.
2) For every y € X§ \ M, there is z € M such that {y,z} € A.

Hence we can let f € E/(X) be defined by (3.1) so that A(f) = A and let
0 > 0 be given by (13.2)), we can set

if ye M,
if ye X3\ M,
f(y) if yeX\Xg.
It is easy to see that g € E/(X) and A(g) € A(f) = A. Hence, this contradicts
the maximality of P(A). So we must have Xy = 0.

Conversely, assume now that all connected components of (X, A) are com-
plete bipartite. This implies that for every connected component [w] of X, for
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every pairs (z,Z), (y,7) € [w]1 X [w]—-1 and for f € E'(X) such that A(f) = A,
one has

d(x,z) +d(y,y) = f(x) + f(2) + f(y) + f(9) = d(z,9) +d(z,y).  (3.3)

Let now g € E'(X) be such that A(g) C A. Pick arbitrarily (u,u) € [w]; X

[w]_1. Either {u,u} € A(g) or there is (v,v) € ([w]; \ {u}) x (Jw]-1 \ {a})

such that {u,v},{u,v} € A(g) C A which implies together with (3.3) that
9(u) + g(v) + g(@) + g(v) = d(u, ) +d(u,v) = d(u, @) + d(v, )

and thus {u, u}, {v,0} € A(g) since d(u,u) < g(u)+ g(ua) and d(v,v) < g(v) +
g(v). Consequently, we have A(g) = A. It follows that P(A) is maximal and
this concludes the proof. O

Let (X,d) be a metric space with integer-valued metric as well as A €
o/(X) and assume that its associated decomposition (|1.7) with reference
points (7)(; o)ef1,...n}x{+1} satisfies Xo = . Define

Vo= {zf,...,ab, 27", at b X (3.4)

rno r'n

and let Y5 denote the family of subsets of cardinality two of Y. Note that A
induces a perfect matching in Y given by

Ay = {{ot a0} o, 201
Let us set
Yy = {{xf,x; :(i,0),(4,7) € {1,...,n} x {£1} and i # j}

Furthermore, for all (,0), (§,7) € {1,...,n} x {1} so that {z7,2]} € Y7,
let

c(x; %, x.7) = min d(z,z;7) +d(y,z; ") —d(z,y)|. 3.5
@)= i deal) + da ) - deg)] @)

Similarly, for all (¢,0) € {1,...,n} x {£1}, let further

1
c(x; %) == min d(z,z;7) +d(y,z;7) —d(x,y)|. 3.6
@)= g i [ ) —dwy)] (36)
3.2 Proposition. Let (X,d) be a metric space with integer-valued metric.
Let A € o/ (X) be such that 1 < n := rank(A) < oco. Then, there is no
AD A e &(X) if and only if the decomposition of X given by (1.7) satisfies
Xo = 0 and the following hold:
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(¢) For all (i,0) € I, x {1}, x € (27) and y € (x; 7), one has
d(z,y) + d(x; 7, 7)) = d(z, z77) + d(y, z7). (3.7)

(ii) There is a solution g € RY to the system of linear inequalities with at
most two variables per inequality given by

g(@}) + gla; ") =d(xj, =" for ie{l,...,n}, (3.8)
g(x7) + g(x]) < c(xf,x}) for {z],2]} € Yy, (3.9)

g(x?) < c(xf)  for (i,0) € {1,...,n} x {£1}. (3.10)

Proof. First, remember that by Theorem if Ae o/(X), P(A) is maximal
if and only if all connected components of (X, A) are complete bipartite, in
particular Xy = (0. As argued at the beginning of the proof of Theorem
there is by definition a function f € E/(X) such that A(f) = A and such that
f(X) C 5%Z where N denotes the number of vertices of P(A4). Considering
then the restriction Ay := Ay (fy) and g := fy, it is easy to see that (i)
and (ii) are fulfilled. Conversely, assume that (i) and (i7) hold. It follows
in particular that g € P(Ay). Now, for every (i,0) € I, x {£1} and every
z € (z7), let g € R¥ be the function given by

g(x) =d(x,z;7) — g(z; 7).
By (3.7) and (3.8), one has for all (z,y) € (z7) x (z;7), that
9(x) +g(y) = d(z, 2;77) — g(x77) + d(y, 27) — g(27) = d(z,y).
For all (i,0), (j,7) € I, x {£1} satisfying either i # j or satisfying i = j and
o =7, one has for all (z,y) € (¥7) x (z7) by (b):
9(x) +g(y) = d(z, ;%) — g(z;7) + d(y,z;7) — g(z;7)
> d(z,z;7) +d(y, ;)

— min d(z,2; %)+ d(w,z; ") —d(z,w
e ) w7 = )

> d(z,y).
Furthermore, for every (i,0) € I, x {£1} and x € (z7), one has by (c):
29(x) = 2(d(x,z;7) — g(x; 7))

> 2d(x,z;7) — min [d(z, z; %) +dw,z;7) —d(z,w)| > 0.
(z;w)€ (@) x (x7)

Hence, equations (3.8), (3.9) and (3.10) ensure that g € E'(X) as well as
A(g) = A. This finishes the proof. O
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The next example shows in particular that the system of linear inequalities
given in Proposition is minimal in dimension two (it is trivially minimal in
dimension one). Indeed, we exhibit a maximal cell P(A) for which I(P(A)) is
the solution set of a system where each inequality corresponds to a supporting
half-space of I(P(A)) containing a facet in its boundary.

3.3 Example. Consider the finite metric space X := {x;}1<i<a U {2} }1<i<a
given by d(z;,z}) := 2 as well as

d(z;, $i+1) = d(x, 33§+1) = d(ﬂféa xz‘+1) = d(aféa 90;+1) =3

and d(x;, z;4+2) := 6. The function f constantly equal to three on all of X gen-
erates a cell P(A(f)) of dimension two which is isometric to an octagon in [2,
with four sides of length two and parallel to the coordinate axes and four diag-
onal sides of length one. The complex E(X) consists of a central cell P(A(f))
and each side of length two is parametrized by a pair {z;, 2}}. Along each such
side, two triangles isometric to the convex hull conv((0,0), (1,1),(2,0)) C 12,
are glued along their longer side. The first is P(A(f;)), containing d,, and
generated by the function

1.5 if y=ua),
5.5 if y e {x¢+2,$§+2},
3 otherwise.

fily) ==

The second triangle being P(A(f!)), containing d,; and generated by the func-
tion f; defined by interchanging the roles of x; and 2’ for every j in the
definition of f;. Define further

1 ifye {z;,},
9i(y) =95 ifye€{ziy2, 2} 5},
3 otherwise.

and
1.5 if ye {xi,x;,mm,x;H},

4.5 otherwise.

hiit1(y) == {

It is easy to see that F := GUH = {g1,92,93, 94} U {h12, haz, haa, har} C
P(A(f)). For every g € F, one has rank(A(g)) = 1 and for every further
h € F such that g # h, one has A(g) # A(h). It follows that P(A(f)) has eight
different one-dimensional faces. Furthermore, if g € G, then diam(P(A(g))) =
2 and if h € H, then diam(P(A(h))) = 1.
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For any metric space (X, d), since f € R¥ is extremal if and only if for all
x € X, one has

f(x) = sup(d(z,y) = f(y)), (3.11)

yeX

it follows that each d, is extremal. Applying (3.11)) twice one obtains

fz) < ;g}g(d(% o) +d(@',y) - fy)) = d(z,2) + f(2)

for all z, 2’ € X, so every f € E(X) is 1-Lipschitz and thus
E(X) Cc A(X) NnLip;(X,R). (3.12)
Moreover, for any f € E(X), one has

1f = dsllec = f(2) (3.13)

since a function f € R¥ belongs to A(X) N Lip,(X,R) if and only if for all
xz,y € X, one has |f(x) — d(z,y)| < f(y). Moreover, note that if f € E(X)
satisfies f(x) = 0, then f = d, as can easily be seen from the inequalities

d(x,y) — f(z) < f(y) < d(z,y) + f()

which hold for any y € X. We can now conclude this section by two remarks
regarding the zero rank elements of E(X).

3.4 Remark. Let (X,d) be any integer-valued metric space. Let A €
o/(X) be such that rank(A) = k. Moreover, let f € E'(X) be such that
A = A(f) and finally assume that d, € P(A). Consider arbitrary ref-
erence points z1,...,z; € X for the decomposition associated to A.
Furthermore, let I;: H(A) — I¥. denote the affine isometry defined by
g = (g(x1) = f(z1),...,9(zk) — flzg)). Let g € P(A), if z € Xo, then
by (L.4), one has d,|x, = g|x,, we thus obtain g(z) = dy(z) = 0 and hence
g = d; by the above observation. Hence, assume now that g # d, and thus
x ¢ Xo, there is j € {1,...,k} such that « € [z;],. Further, pick z € [z;]_»
so that {z,z} € A(f) C A(g). One has

lg = dallo = 9(x) = d(z,T) — g(Z) = da(T) — 9(). (3.14)
By , one obtains
do (%) — 9(2) = —(da(x;) — 9(x;)) = —7;(de(Z) — 9(2))- (3.15)
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where 7; is the j-th coordinate map ;: ¥ — R given by y y;. Let us
define the cone C; = {z € I¥ : z; = ||z||._}. We obtain from (3.14) and

that
I;(P(A)) € {I;(de)} = C;

where the right-hand side is a Minkowski sum of subsets of IX_.

3.5 Remark. Note that in general, (3° o E')(X) # e(X) where (X° 0 E/)(X)
denotes the 0O-skeleton of E'(X), namely the set of function f € E/(X) such
that rank(A(f)) = 0. The preceding remark only applies to vertices in e(X).
It is a natural question to ask under which conditions on X, one has (X° o
E)(X) = e(X). The following example shows that even if X is a median
metric space, (X°oE’)(X) # e(X) in general. First, looking at modular spaces
is justified by noticing that if there is a triple of different points z,y,z € X
such that I(x,y) N 1I(z,2) N I(y,z) =0, then e(X) # (X° o B')(X) = 0.

The function f: {z,y,2} — R defined by f(z) := (y[2)z, f(y) == (2]|2)y
and f(z) := (z]y), can be extended to an element of g € E(X) by [30, Propo-
sition 3.5]. For g € E/(X), it follows that {z,y},{z, 2}, {y, 2} € A(g) and thus
all points in P(A(g)) are median points in E'(X) for z,y, z. Hence, any vertex
of P(A(g)) is in (3° o E')(X) \ e(X). The contrary is however not true, as
one can see by letting X be the vertex set of the 3-cube [0,1]3 C I3 with the
induced metric. Indeed, it is easy to see that the function

f@) =

1 if x4+ x9 + z3 = 0(mod 2),
2 otherwise

verifies f € (XY o E')(X) \ e(X).

V.4 The Diameter of Cells of E(X)

We begin by summarizing a couple of properties which are proved in [30),
Section 4].

4.1 Lemma. Let A € &/(X) and let X = Xo U U?Zl[xj] be the associated
decomposition with reference points {x1,...,x} as defined (1.6). Now, for
any pair (g,h) € P(A) x P(A), set Fyp, := g — h. Then, the following hold

(i) Fyy is constant on each [;],.
(ii) For any pair (z,y) € [zl X [2j]—5, one has

th($) = - gh(y)'

139



V.4. THE DIAMETER OF CELLS OF E(X)

(i1t) For any x € Xo, one has Fgp(x) = 0.
(iv) Fy, € Lipy(X,R).

Proof. Recall from (1.3) that if there is an A-path (yi,...,yn) € XV, ie.
{Yi,yi+1} € Aforeachi € {1,...,N—1} and (y1,yn) = (x,y), then it follows
that g(y1) — h(y1) = (=1)¥ " (g(yn) — h(yn)), that is

Fyn(z) = (=) Fon(y) (4.1)

and note that N — 1 denotes the number of A-edges of (y1,...,yn). Hence if
z,y € [zj]s, since [z;] is a bipartite component, N — 1 can be chosen to be
even and thus Fyp(x) = Fyp(y) which implies (i).

If (z,y) € [zj]o X [7;]-s, one can choose N —1 to be odd and thus Fy(z) =
—Fyh(y), which shows (7).

If x € Xp, then we may set x = y in and N — 1 can be chosen to be
odd, so (ii7) follows easily.

To see that (iv) holds, note that g, h € E(X) C Lip,(X,R) by and
thus (iv) follows. O

Recall that in the notation of , for any z € X \ X, there is j €

{1,...,k} and o € {£1} such that z € [z],. We then set [z]; := [zj], and
(21 = [o]a-
Proof of Theorem[1.3. We first prove (i). We set k := dim(P(A)) and assume
that Xg = (. Pick any x € X and assume without loss of generality that
x € [x1]+, pick now y € [z;]_.. By discrete path-connectedness of X, there is a
path (y1,...,yn) € XV (i.e. d(yi,yir1) =1 fori € {1,...,N —1}) such that
(y1,yn) = (x,y). Now, for any pair (g,h) € P(A) x P(A), set Fy := g — h.

From (7) and (i7) in Lemma it is easy to see that there are

{’217 s 7ZM} - {y17 SRR yN} with (Zla ZM) - (wvy) - (ylayN) having the
following two properties:

(1) For any 4,5 € {1,..., M}, if i # j, then Fyu(z;) # Fyn(2;) or equivalently
[z:]1 = [5]0 # [2m]y = [2i]1-

(2) For any j € {1,..., M — 1} there is (wj,w;+1) € [2j]1 X [2j+1]1 such that
d(wj,wjt1) = 1 or equivalently

d([zj]1, [zj41]1) = 1

where d(A, B) := infocapep d(a,b).
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Note that M < 2k by (1) above. Besides, Fy, is a 2-Lipschitz function (iv) in
Lemma It follows from (2) above that

[ Fgn(25) — Fgn(zj+1)| = [Fgn(wj) — Fon(wj1)| < 2.
Hence, one has:

M—-1
()| = | Fyua) — Fpl)] = | 3 {Fguzj) ~ Fpzie)
j=1

A

2

M-1
J

—_

<22k —1).

It follows that |[Fyp| < 2k — 1 since the same procedure applies for every
x € X. Since g and h were chosen arbitrarily in P(A), we obtain that

diam(P(A)) < 2dim(P(A)) — 1.

Now, to prove (2) assume Xy # (). From (iv) in Lemma[4.1] we know that
Fyp, is constantly equal to zero on Xg. Proceeding in a way similar to the
above, we obtain ||Fyp|| < 2k. It follows that

diam(P(A)) < 2dim(P(A)),
as required. ]

We now present the two examples showing that the above bounds are
optimal. Both examples are not only discretely path-connected, but even
discretely geodesic. This means that the above bounds remain optimal when
restricting to the class of discretely geodesic metric spaces.

4.2 Example. For n € N, let (X,d) be given by the graph (X, F) endowed
with the shortest-path metric where the vertex set | X| = 6n — 4 consists of
the union X :=V; UV, U V3 with

Vi i= {v,vl,0h, ... vb 5 0}
and the edge set E is given by E := Fy U Ey U E3 where

E; := {v,v{} U {0,04, 5} U {{vé,v§+1} 11 <j<2n-3}
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Let now f: X — R stand for the constant function equal to 2"2_ L Tt is easy

to see that f € E(X) and that

1

Note now that dim(P(A(f))) = n. Indeed, the set of all n even A(f)-
components of the graph (X, A(f)) consists of the component

[v] = [v]y U [v] -1 = {v} U{v}
together with the n — 1 components given by

[Ujl} = [vjl']l U [vjl']—l = {Ujl'v /U]Z) ’U?} U {v%n—l—jv U%’n—l—jv vgn—l—j}

for j € {1,...,n — 1}. On the other side, remark that d,,dy € P(A(f)) and
lldy — dpl| o, = 2n — 1, thus diam(P(A(f))) > 2n — 1. Therefore

diam(P(A(f))) =2n—1

since diam(P(A(f))) < diam(E(X)) = diam(X) = 2n — 1. This proves that
(1) in Theorem is optimal.

4.3 Example. For n € N, let (X,d) be given by the graph (X, F) endowed
with the shortest-path metric where the vertex set |X| = 6n — 1 consists of
the union X := V; U VL U V3 with

- A ) 7 —
‘/;; = {U,Ul,vz, .. .,U2n_1,1}},

noting that unlike Example the sets V; have odd cardinality and the edge
set F is given by F := E1 U FEy U E3 where

E; := {v,v{} U {o,04, {}U {{vé,v;+1} 11 <j<2n-—2}

Let now f: X — R stand for the function constantly equal to n. It is easy to
see that f € E(X) and that

1
[ = §(dv + dy).

Note now that dim(P(A(f))) = n. Indeed, the set of all n even A(f)-
components of the graph (X, A(f)) consists of the component

[v] = [y U [v]-1 = {v} U {0}
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together with the n — 1 components given by

[vj] = [l U [vj]-1 = {v], v}, 0]} U {v3,_j, 03—, 0305}

for 5 € {1,...,n — 1}. Unlike Example there is in addition an odd
A(f)-component given by the three vertices {v},v2,v3}. Finally, remark that
similarly to the above, one has d,,dy € P(A(f)) and ||dy, — dg||, = 2n hence
diam(P(A(f))) = 2n. This proves that (i) in Theorem is optimal.

Finally, we exhibit an example of a discretely geodesic metric space show-
ing that there is no counterpart to Theorem namely, there is no function
f: R — R such that for any cell P(A) of E(X), one has

dim(P(A)) < f(diam(P(A))).

4.4 Example. For n € N, let (X,d) be given by the graph (X, F) endowed
with the shortest-path metric, where the vertex set | X| = 2n + 2 is given by
the union

X:={}u{afuWwuw

with W = {wq,...,w,} and W := {w1,...,w,}. The edge set E is then
given by
E = {U,@}UE1UE2UE3

where F := {{w;,v}:1<i<n}, Ey:={{w;,v}:1<i<n}and
B3 = Ui<i<n{{wi, w;} : 1 < j <nand j #i}.

It is easy to see that (X, E) is a bipartite graph of diameter equal to three
since for instance d(wj,w;) = 3. Let us now define f: X — R by setting

fw):=3%—3: and f(v):=14+
as well as setting for every i € {1,...,n},
fw) =3 —-L% and f(w;) =3+ 4.

It is then easy to see that f € E(X). Moreover, dim(P(A(f))) = n since the
graph (X, A(f)) consists of the two even A(f)-components:

Wl

[wi] = [wi]1 U [wi]-1 = {w1} U {w1, 0},

[wn] = [wn]1 U [wn]-1 = {wn, v} U {wy,},

as well as the n — 2 even A(f)-components:

[wi] = [wily U [wi]—1 = {wi} U{@;} for i € {2,...,n— 1},
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We continue with a further example. Note that by Theorem the graph
associated to a maximal cell is a disjoint union of complete bipartite graphs,
hence in particular Xy = ). Therefore, the bound in (i) of Theorem is
never attained in maximal cells. In the next example, it is shown that the
bound in (7) of Theorem is in maximal cells in general not attained either.

4.5 Example. Let (X, d) be a finite discretely path-connected metric space
and let A € &/(X) be such that P(A) is a maximal cell of E(X) and
dim(P(A)) = 2. Let

X = U([%‘]l U [z5]-1)

be the associated decomposition Assume now by contradiction that there
are g,h € P(A) such that ||g — k||, = 3, i.e. by (i) Theorem one has
diam(P(A4)) = 3. By (ii) in Lemma one has for Fy, := g — h and
(z,w) € [x5]s X [wi]—o that Fgp(2) = —Fyp(w). We can assume without loss
of generality that Fy, is constantly equal to 3 on [z2]; and thus it is con-
stantly equal to —3 on [z2]_1. Moreover, since Fy, is 2-Lipschitz by (iv) in
Lemma it follows that Fyy, is constantly equal to 1 on [z1]; and constantly
equal to —1 on [x1]_1. Furthermore, since (X, d) is discretely path connected
and again because Fyj, is 2-Lipschitz, there are y € [z1]; and y' € [21]—;
such that d(y,y’) = 1. Since A has complete bipartite components, one has
{y,y'} € A. Since both g and h are 1-Lipschitz functions, it follows from

2= |Fyn(y) — Fou(y)| < lg(y) — 9" ) + |h(y) — h(y')] <2

that each above inequality is an equality, hence

9() =g(y) —1=gy) —dy,y') = —9(¢/)

which implies g(y') = 0 and thus g = d,. Analogously, h(y') = h(y) +
1 = h(y) + d(y,y") = 2h(y) + h(y’) implies that h(y) = 0 and thus h = d,,.
Hence, |lg —hllo, = ||dy —dy||,, = d(y,%') = 1 and this is a contradiction
to our assumption. It follows that if P(A) is a maximal cell of E(X) and
dim(P(A)) = 2, then diam(P(A)) < 3.

Example shows together with [£.2] that the isometry classes realized as
cells of Isbell’s injective hull is different from the isometry classes realized as
maximal cells. In particular, Example shows for instance that the regular
octagon with unit edge-length in lgo which has a diameter equal to three,
cannot arise as a maximal cell in the injective hull of any finite discretely
geodesic metric space. Similarly, the cells we construct in Example do not
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arise as maximal cells in dimension two. It is already known [26] that if (X, d)
is a finite metric space, the polyhedral structure of E(X) consists of a single
maximal cell if and only if (X, d) is an antipodal metric space. It follows that
the regular octagon with unit edge-length in (2, cannot be realized as Isbell’s
injective hull of a finite discretely geodesic metric space.

V.5 Bicombings

The following theorem is stated in [I7]. Below, &,, denotes the symmetric
group of order m. Recall that we define bicombings in Definition [1.4]

5.1 Theorem. Let (X,d) be a complete metric space with a bicombing o.
Then, for m € N, there exists a map bary,: X™ — X such that the following
hold:

(i) bary,(x1,...,xy) lies in the closed o-convex hull of {x1,...,xm};

(ZZ) d(barm(xlv s ,.Z‘m), barn(yla e 7ym)) < minﬂEGm % Z;’ll d(xla yﬂ'(l)))

(iii) p(bary,(x1,...,Tm)) = bary,(p(x1),...,¢(xm)) whenever ¢ is an isom-
etry of X and o is such that for any (x,y) € X x X one has ¢ 0 05y =
Tp(z)ply)s L€ O 1S @-equivariant.

We then call bar,, a barycenter map.

The construction satisfies bari(z) := 2 and bars(z,y) 1= 04y (3) = 0ya(3)
as well as for m > 3,

bar, (1, ..., Tm) = bary, (bar,_1(z1),..., bar,_1 (&™),
where :i'l = (:L'l, s i1, Li41y - - ,{L‘m).

5.2 Definition. A metric space (X, d) is said to be n-hyperconvez if for any
collection {(zi,7:) }ieq1,..., ,00) satisfying r; +r; > d(z;, z;) for all
i,j € {1,...,n}, one has

2
N
<
X

(| Blzi,r) #0.

1e{1,...,n}

where B(z,r) := {y € X : d(z,y) < r}. If the same holds when replacing
{1,...,n} by any index set I, then (X,d) is said to be hyperconvez. (X,d) is
said to be n-hyperconvex up to « respectively hyperconvex up to a for some
a € [0, 00) if the above properties hold for balls with radii bounded from above
by a.
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The following proposition is a direct adaptation of [5, Lemma 2.13], see
also [32]:

5.3 Proposition. Let (X,d) be a complete 4-hyperconvex metric space with
a bicombing o. Then (X, d) is n-hyperconvex for any n € N.

Proof. We prove by induction for n > 4 that if collections of n mutually
intersecting balls have a common point, then the same is true for collections
of n+1 balls. Let {B;}ieq1,....n+1} De a collection of n+1 mutually intersecting
closed balls. Fix any point zg € X and let

Ag:= max d(xg,B;).
1<i<n+1 (w0, Bi)

We show that there is a point 1 € X such that

e ) 4
Al = 1§r§1§a1i{+1 d(.ﬁl,Bl) S 5A0
and such that
d(:Eo,iL’l) S Ao.

Iterating this procedure we obtain a sequence {xj}ren such that

Pp— 4 k
Ay = | Jnax d(zr, Bi) < (3)" Ao
and such that k
(g, ry1) < (3)" Ao,

It follows that {x}ren is a Cauchy sequence and its limit must be contained
in mie{l,...,n+1} B; since A, — 0.

Let N := (ZJ_FD and let A := {A41,..., Ay} be an enumeration of the
collection of subsets A C {1,...,n+ 1} of cardinality n — 1. By the induction
hypothesis, the collection of n balls consisting of B(zg, Ag) and {B;};c4 has a
common point y4. By Theorem there is a barycenter map bary: XV —
X. We set

x1 :=barn(ya,,...,Yay)-

Since B(xo,Ag) is o-convex by (7ii) in Definition and since {ya}aeca C
B(zp,Ag), we have x1 € B(xg,Ap) by (i) in Theorem and hence
d(zo,z1) < Ag. Let i € {1,...,n + 1} be chosen arbitrarily, in order to
estimate d(z1, B;), note first that

d(ya, Bi) < d(ya,zo) + d(zo, B;) < 2Ay.
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For any y4, choose z4 € B; such that d(ya,za) < d(ya,B;) +¢. If ya € B,
set z4 := y4. Moreover, define

z:=barn(za,,.--,24y)-
By (7) in Theorem applied to bary: XV — X, we have

N N
1 1
d(z1, B;) < d(z1,2) < N min d(yAuzAam NZ: (ya,;, 24;)
1

ceG N
Z d(ya, B

=1
AEA Jg¢A

| /\

Since there are exactly N’ := (n’_‘2) sets A € A such that 7 € A, we obtain

4 4
Z dyA, <5+f(N—N/)2A0:6+7A0§6+*A0.
N n+1 5
AGAZ%A

Since this holds for any € > 0 and 7 € {1,...,n + 1} was chosen arbitrarily,
we obtain maxj<j<n+1 d(x1, B;) < %AO. This concludes the proof. O

It is noted in [5] that 4-hyperconvex in Proposition is optimal. Indeed,
note that it is not difficult to see that if (X, d) is a proper metric space, then
(X, d) is hyperconvex if and only if it is hyperconvex for every n € N. Consider
now [} with n > 1, it is not difficult to see that (] is a proper 3-hyperconvex
metric space. However, [} is not hyperconvex for n > 3. Now,

5.4 Lemma. Let (X,d) be a metric space. Assume there is a > 0 such that
for any x € X, the closed ball B(z, «) is hyperconvex. Then, X is hyperconvex
up to §

Proof. Let {(xs,r;)}ier C X x [0, 5] be such that d(z;,z;) < r; + r;, hence
in particular d(z;,z;) < a. Fixing an i € I, it follows that for any j € I,

one has x; € B(x;,a). By hyperconvexity of B(xz;,«), it thus follows that
Nicr B(xi, §) # 0 and thus the result follows. O

Conversely, it is easy to see that if X is hyperconvex up to «, then for any
x € X the closed ball B(z, §) is hyperconvex. An analogue of the next lemma
appears in [34].

5.5 Lemma. Let (X, d) be a metric space with a bicombing o and hyperconvex
up to § > 0. Then, (X,d) is hyperconvez up to c.
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Proof. Let {(x;,r;)}ier C X % [0,a] be such that d(x;,z;) < r;y + ;. For
any ¢ € I, note that by (¢i7) in Definition one has d(axixj(%), Orian(3)) <

M and thus since {3 };er C [0, 5], we can pick

x; € ﬂ B(UIixj(%)v %J)

jel
noticing that in particular
x; € B(Uﬂﬁzﬂﬁz(%)ﬂ%) :B(x“%) (51)
Now, we have by (ii) in Definition that O'xixj(%) = ijxi(%) and thus

together with the triangle inequality, one has

d(z},2}) < d(@}, 0p,a; (3)) + d(00g, (3),25) < 2+ 2.

Therefore, we can pick

T € ﬂ B(x}, %)

and together with (5.1)), it follows that for any ¢ € I, one has d(z,z;) < r;.
Consequently

x € ﬂ B(x, 1)
el
and this concludes the proof. O

From Lemma |5.5| we immediately obtain:

5.6 Corollary. Let (X,d) be a metric space with bicombing and hyperconvex
up to a > 0. Then, (X,d) is n-hyperconvex for any n € N.

Recall that [1(N)* and [ (N) are isomorphic in the category of normed
spaces and thus so are 11 (N)** and I (N)*. There is a canonical linear embed-
ding A’: I;(N) — 1;(N)** given by the evaluation map f — (¢ — ©(f)) and
let

A:H(N) = lo(N)* (5.2)

be the associated linear embedding.

5.7 Lemma. Let A be a weak™ closed subset of loo(N). If A is n-hyperconvex
for any n € N, then A is hyperconvex.
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Proof. Consider now {(x;,7;)}icr C A x [0, 00) such that ||z; — 2| < 75475
Fix i € I. By Banach-Alaoglu, B(z;,7;) is weak® compact and since A is
weak® closed, it follows that A N B(x;,r;) is weak™ compact. Now, for any
finite index subset J of I and for any j € J, the set AN B(x;,r;) N B(zj,7;5)
is weak* closed in S. Furthermore,

AN B(xi,ri) N () Blaj,ry) # 0.
Jj€J

By the closed set criterion for compactness, we finally obtain that

Aﬂ mB(xz,m) 7'5 (D

i€l
This concludes the proof. O

From the above observation and an analogue one in the proper case as
well as with Proposition [5.3] one easily obtains Theorem Now, note that
if {(fy,C)}yer C Li(N) x R, then the convex set

Pi= () A(f) ' ([Cy,00)) C loo(N) (5.3)

vyel
is weak™ closed in [oo(N).

5.8 Lemma. Let P be given by (5.3). If P is hyperconvez, then for anyp € P,
the tangent cone

T,P:= | J (p+n(P -p))
neN

s hyperconvex.

Proof. Since
TP = (] AT 0)
v€l(p)
where I'(p) := {y € ' : A(fy)(p) = C,}, it suffices to show by Lemma
that T}, P is n-hyperconvex for any n € N. Let {(xz;,7;)}icr C TpP x [0,00) be
such that |I| < oo and ||z; — 2j|lec < i + rj. There is then n € N such that
{zi}icr C p+ n(P — p). By hyperconvexity of the latter, it follows that

(p+n(P—p) N[ )Blair) # 0
el

hence a fortiori T,P N(;c; B(zi, i) # 0 and the result follows. O

el
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Since every convex subset of [ (N) is endowed with a bicombing given by
the linear geodesics, we deduce the following consequence:

5.9 Theorem. Let P be given by (5.3) assuming additionally that |T'| < oc.
Then, P is hyperconvex if and only if for every p € P, the tangent cone TP
s hyperconvex.

Proof. Necessity follows from Lemma Now, assume that for every p € P,
the tangent cone T, P is hyperconvex. Similarly to the procedure involved in
finding 6 in the proof of Theorem one can find € > 0 such that for any
p € P, there is ¢ € P such that

B(p,e) N P = B(p,e) N T,P.

By hyperconvexity of TyP, it follows that B(p,e) N TP is hyperconvex as
well, and thus so is B(p,e) N P. It follows from Lemma Lemma and
Corollary that every finite collection of mutually intersecting closed balls
in P has a common point in P. It finally follows from Lemma that P is
hyperconvex. This concludes the proof. ]

From Lemma applied to each tangent cone and using that in this
particular case, the usual barycenter of a finite point set from [o(N) can be
used in the proof of Proposition we obtain

5.10 Corollary. Let {(fy,Cy)}yeqi,....m} C l1(N) xR and consider the convex
subset

P:= () Afy) ([Cy,00)) Cls(N).

Then, P is hyperconvex if and only if for every p € P, the tangent cone T\, P
1s 4-hyperconvez.
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