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Abstract
Granular systems are inherently complex and their experimental study is
hampered by their opaqueness, which largely prohibits the use of conventional
optical techniques that have been applied with great success in classic ﬂuid dynamics. In view of this, computational techniques, e.g. the discrete element
method (DEM), have emerged as powerful tools to investigate both static and
dynamic phenomena in granular systems. Nonetheless, to date most numerical
studies have concentrated on spherical particles with only very few investigations probing the effect of particle shape on the behaviour of granular systems.
In this work, numerical models were developed and implemented to simulate non-spherical particles with an in-house DEM model. Here, one modelling
approach relied on the use of the three-dimensional super-quadric equation to
describe a non-spherical particle. In a second approach several spheres were
“glued” together to model a non-spherical particle shape.
In the super-quadric-based framework, two numerical approaches to detect
contacts in non-spherical particle systems that are based on a ‘discrete function
representation’ (DFR) and a ‘continuous function representation’ (CFR) were formulated and implemented. The accuracy, stability and efﬁciency of the numerical methods proposed were assessed critically by performing benchmark simulations. The accuracy of the anisotropic DEM simulations was validated further
by simulating a chain of toppling dominoes and comparing the numerically obtained intrinsic collision speed with experimental measurements.
Subsequently, the effect of particle shape on the dynamics of particles in a horizontal, rotating cylinder was studied. The cylinder was ﬁlled with a “monoshaped” or a “bi-shaped” granular material. Here, the focus lies on the following two phenomena: the axial diffusion (often also referred to as dispersion) of
non-spherical particles and particle-shape induced radial segregation. It was observed that the axial dispersion of cubic particles follows Fick’s second law, similar to gases and spherical particles. Similar to the behavior of spheres, the dispersion coefﬁcient of cubes depends on (i) the rotational speed of the cylinder
ω, (ii) gravitational acceleration g and (iii) the particle size d, satisfying the law
Dax ∝ ω1−2λ g λ d2−λ with λ ≈ 0.15 (λ ≈ 0.1 for beds of spheres [J. R. Third, D.
M. Scott, and S. A. Scott. Axial dispersion of granular material in horizontal rotating cylinders. Powder Technology, 203:510 − 517, 2010]). An important ﬁnding
was that for a given ﬁll level of the cylinder, the rate of axial dispersion increases
with increasing particle blockiness, i.e. cubic particles disperse appreciably faster
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than spheres of equal volume, a somewhat counter-intuitive observation. It was
possible to relate the increasing dispersion rate to an increasing dynamic angle
of repose and, thus, a higher kinetic energy of cubic particles in the avalanching
region.
Concerning particle-shape induced radial segregation it was observed that (i)
non-spherical particles accumulate in the core, while volume equivalent spheres
remain largely in the annulus region of the bed and (ii) the aspect ratio of a
particle has a greater inﬂuence on radial segregation than particle blockiness. Importantly, we found that the percolation mechanism that drives size-induced segregation is not the underlying reason for shape-induced segregation. Instead,
we propose that the poorer mobility of non-spherical particles, when compared
to that of spheres, controls radial segregation.
In the last chapter the effect of particle shape on the packing morphology and
the stress transmission within the deposits is evaluated. Straight and curved,
elongated spherocylinders were modelled by the composite spheres method. It
was observed that rough and curved particles of small aspect ratios exhibit a
greater tendency for interlocking, leading to the formation of more crystallized
packing structures and, thus, favoring stress transmission in the gravitational
direction.
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Zusammenfassung
Granulare Systeme sind von Natur aus komplex und können wegen ihrer Undurchsichtigkeit experimentell nur sehr schwierig untersucht werden. Vor allem optische Messverfahren, die erfolgreich in der klassischen Strömungsmechanik angewendet wurden, sind für diese undurchsichtigen Systeme unbrauchbar.
Angesichts dieser Tatsache haben sich numerische Methoden, z.B. die diskrete
Elemente-Methode (DEM), als leistungsstarke Werkzeuge etabliert, um sowohl
statische als auch dynamische Phänomene in granularen Systemen zu untersuchen. Die meisten der bisher durchgeführten numerischen Untersuchungen waren auf kugelförmige Partikel beschränkt. Der Einﬂuss der Partikel-Form auf ihr
dynamisches Verhalten wurde bisher jedoch häuﬁg vernachlässigt.
In dieser Arbeit wurden neue numerische Modelle entwickelt, um Partikeln, welche nicht kugelförmig sind, zu simulieren. Einer dieser ModellierungsAnsätze basiert auf der Verwendung von dreidimensionalen Quadriken, einem
mathematischen Ansatz um räumliche Gebilde parametrisch zu beschreiben.
Beim zweiten Ansatz wurden mehrere Kugeln fest miteinander verbunden um
beliebige Partikelformen zu beschreiben.
Im Ansatz der dreidimensionalen Quariken wurden zwei verschiedene Methoden verwendet um die Berührungen zwischen Partikeln zu detektieren: Ein
Ansatz basiert auf der diskreten Darstellung von Funktionen (Discrete Function
Representation), der andere auf einer kontinuierlichen Darstellung von Funktionen (Continuous Function Representation). Die Genauigkeit, Stabilität und Efﬁzienz der entwickelten numerischen Methoden wurde rigoros an BenchmarkSimulationen analysiert. Zum Beispiel wurde die Genauigkeit der anisotropen
DEM-Simulationen überprüft, indem die simulierte Ausbreitungsgeschwindigkeit einer Reihe umfallender Dominosteine mit experimentellen Messungen verglichen wurden.
Anschliessend wurde die Wirkung der Partikelform auf die Bewegung in einem horizontal rotierenden Zylinder untersucht. Der Zylinder wurde mit Partikeln einer bestimmten Form bzw. mit Partikeln zweier unterschiedlicher Formen
gefüllt. Vor allem zwei Phänomene wurden in diesem Zusammenhang näher untersucht und beschrieben: Partikel-Diffusion in Richtung der Zylinderachse (oft
auch als axiale Dispersion bezeichnet) sowie formabhängige Segregation in radialer Richtung. Es wurde beobachtet, dass die axiale Dispersion von kubischen
Teilchen dem zweiten Fick’schen Gesetz gehorcht, wie es auch in Gasen und
bei kugelförmigen Partikeln der Fall ist. Der Dispersionskoefﬁzient der Würfel
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hängt dabei von der Rotationsgeschwindigkeit des Zylinders ω, der Erdbeschleunigung g und der Partikelgrösse d ab und erfüllt das Gesetz Dax ∝ ω1−2λ g λ d2−λ
mit λ ≈ 0.15 (für kugelförmige Partikel wurde ein Wert von λ ≈ 0.1 erhalten
[J. R. Third, D. M. Scott, and S. A. Scott. Axial dispersion of granular material in
horizontal rotating cylinders. Powder Technology, 203:510 − 517, 2010]). Ein wichtiges Ergebnis dieser Untersuchungen war, dass die Geschwindigkeit der axialen
Dispersion mit zunehmender Abweichung von der Kugelform, zunimmt. So dispergieren für einen gegebenen Füllstandes des Zylinders kubische Partikel deutlich schneller als Kugeln des selben Volumens, was auf den ersten Blick kontraintuitiv erscheint. Es war im Rahmen dieser Dissertation möglich dieses Phänomen
zu erklären: Der dynamische Schüttwinkel für kubische Partikel ist grösser als für
kugelförmige Partikel, wodurch die kinetische Energie im Lawinenbereich und
damit auch die Diffusion der Partikel erhöht wird.
Des weiteren wurde beobachtet, dass es eine radiale Trennung von Partikeln
aufgrund ihrer Partikelform gibt. Nicht- kugelförmigen Partikel sammeln sich dabei im Kernbereich an, während kugelförmige Partikel sich vor allem im äusseren
Ringbereich des Betts ansammeln. Das Verhältnis der Kantenlängen eines Partikels (Formfaktor) hat dabei einen grösseren Einﬂuss auf die radiale Trennung
als die Abweichung von der Kugelform. Ein wichtiges Ergebnis dieser Arbeit
ist des weiteren, dass der Mechanismus des Durchsickerns, der bekannter weise
die grössenabhängige Entmischung verursacht, nicht die Ursache für die beobachtete formabhängige Entmischung ist. Stattdessen schlagen wir vor, dass die
schlechtere Mobilität von nicht-kugelförmigen Teilchen diese radiale Trennung
verursacht.
Im letzten Kapitel wird der Einﬂuss der Form der Partikel auf deren Packungsstrukturen und Übertragungseigenschaften von Spannungen untersucht. Gerade und gebogene Spherozylinder wurden durch das oben beschrieben KugelVerbund Verfahren modelliert. Partikel, die rauh und gekrümmt sind und deren
Seitenverhältnis klein ist, weisen eine stärkere Neigung zur Verzahnung auf. Dies
führt zur Bildung von kristallineren Packungsstrukturen und einer begünstigten
Spannungsübertragung in Richtung der Erdanziehungkraft.
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1 Introduction
1.1 Background

1XPEHURISXEOLFDWLRQV

Granular systems, i.e. assemblies of macroscopic particles, are commonly encountered in nature and industry [1–5]. Thus, obtaining a fundamental understanding of the underlying physics of granular systems is not only of academic
interest, but is also relevant for industrial applications. However, experimental
measurements in full three-dimensional (3D) granular systems are complicated
due to their opaqueness, thus, essentially prohibiting the use of conventional
high speed optical imaging techniques [6, 7]. Instead, computational techniques
such as the discrete element method (DEM), ﬁrst proposed by Cundall and
Strack [8], are now commonly applied as a tool to probe e.g. the particle dynamics
within a bed of grains [9–25]. Conceptually, DEM is related to molecule dynamics (MD) in that it calculates the trajectories of individual particles by evaluating
each contact. In DEM, the positions and velocities of the particles are governed
by Newton’s equations of motion. Granular systems commonly encountered in
industry or nature are often further complicated since they are comprised of non-
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Figure 1.1: Number of publications concerned with discrete element simulations of granular systems composed of non-spherical particles in
the past 20 years, obtained from Google Scholar using the following keywords: ‘discrete element method/model’, or ‘distinct element
method/model’, or ‘discrete particle simulation/method/model’, or
‘granular dynamic simulation’, and ‘non-spherical’.
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1 Introduction
spherical grains [26–29]. It is, however, possible to incorporate this particularity
of granular systems of practical interest into DEM. This ability is important since
there is a common understanding that particle shape has a strong inﬂuence on
the dynamics of these systems [30, 31]. Indeed, recently DEM modelling of granular systems that are composed of non-spherical particles has received signiﬁcant
attention and is gradually becoming the hot topic in DEM as demonstrated in Figure 1.1.

1.2 Numerical complexity speciﬁc to non-spherical DEM
DEM can be divided into two different classes, viz. event-driven (hard sphere) or
time-driven (soft sphere) approaches. In this thesis, this author will concentrate
on time-driven methods since this approach is more suitable for dense granular
ﬂows, i.e. system in which the duration of a collision is on a comparable scale
with the duration of the free ﬂight of particles. It should be highlighted that the
contact detection technique in time-driven methods is often very speciﬁc to the
approach used to represent a non-spherical particle (thus a thorough understanding of the advantages and limitations of each particle representation method is
desirable). Here, this author tries to ﬁrst elaborate generally the numerical complexity speciﬁc to non-spherical DEM.
1.2.1 Particle orientation



Figure 1.2: Deﬁnition of the Euler angles (adapted from [32], with kind permission from the author).

2

1.2 Numerical complexity speciﬁc to non-spherical DEM
For a non-spherical particle, the exact determination of a particle’s orientation
is critical: not only for the determination of its rotational motion, but also for
contact detection. In non-spherical DEM the orientation of a particle is commonly
represented via the Euler angles denoted as (α,β,ϕ). In three-dimensional space,
the Euler angles must be combined with a rotation convention [33]. The most
popular rotation convention is the so-called x-convention. Here, the ﬁrst rotation,
α, is performed around the z-axis, the second rotation, β, is around the new x-axis
and the last rotation, ϕ, is around the new z-axis (Figure 1.2). Thus, the rotation
matrix A can be expressed in terms of the Euler angles as
⎞
cosαcosϕ − sinαcosβsinϕ
sinαcosϕ + cosαcosβsinϕ sinβsinϕ
A = ⎝ −cosαsinϕ − sinαcosβcosϕ −sinαsinϕ + cosαcosβcosϕ sinβcosϕ ⎠
sinαsinβ
−cosαsinβ
cosβ
(1.1)
Consequently, the orientation of a particle can then be updated according to
⎧
sinαcosβ
cosαcosβ
dα
⎪
⎪
⎨ dt = −ωx sinβ + ωy sinβ + ωz
dβ
(1.2)
dt = ωx cosα + ωy sinα
⎪
⎪
⎩ dϕ = ωx sinα − ωy cosα
⎛

sinβ

dt

sinβ

 represents the angular velocity of a particle. However, Equation 1.2
where ω
shows singularities at β = 0 and β = π. This is an intrinsic property of the Euler
angles method and cannot be avoided by using any other rotation conventions.
To circumvent this issue, Evans and Murad [34] proposed a quaternion-based
approach. A quaternion is an array of four scalar quantities, i.e. q = (q0 q1 q2 q3 ),
which meet the following constraint:
q20 + q21 + q22 + q23 = 1

(1.3)

As shown by Evans and Murad [34] a quaternion can be constructed from Euler
angles according to
⎧
q0 = cos 12 βcos 12 (α + ϕ)
⎪
⎪
⎨
q1 = sin 12 βcos 12 (α − ϕ)
(1.4)
⎪ q2 = sin 12 βsin 12 (α − ϕ)
⎪
⎩
q3 = cos 12 βsin 12 (α + ϕ)
whereas the rotational matrix, A, expressed in quaternions becomes
⎛

q20 + q21 − q22 − q23
A = ⎝ 2( q1 q2 − q0 q3 )
2( q1 q3 + q0 q2 )

2( q1 q2 + q0 q3 )
q20 − q21 + q22 − q23
2( q2 q3 − q0 q1 )

⎞
2( q1 q3 − q0 q2 )
2( q2 q3 + q0 q1 ) ⎠
q20 − q21 − q22 + q23

(1.5)
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Thus, the orientation of a particle can be updated every time step using the following expressions [35]:
⎧
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎩

dq0
dt
dq1
dt
dq2
dt
dq3
dt

= − 21 (q1 ωxB + q2 ωyB + q3 ωzB )
= 12 (q0 ωxB − q3 ωyB + q2 ωzB )
= 12 (q3 ωxB + q0 ωyB + q1 ωzB )
= 12 (−q2 ωxB + q1 ωyB + q0 ωzB )

(1.6)

Here, the superscript ‘B’ indicates a body-ﬁxed coordinate system. Equation 1.6
does not contain any singularities and is, therefore, more suitable for practical
DEM implementations. It should be highlighted that any numerical scheme is
only able to provide an approximate solution of Equation 1.6, resulting in an
error accumulation of the updated quaternion. Thus, to avoid a violation of
Equation 1.3, the quaternion is re-normalized every time step [35]. Besides Euler
angles or quaternions alternative, albeit less popular, approaches to calculate the
time-variant orientation of particles exist. The interested reader is referred to
e.g. [14] and [35].
1.2.2 Equations of rotational motion

In DEM rotational motion, unlike the treatment of the translational motion of
particles, is affected by particle shape. Applying Newton’s second law of mo is
tion, the angular acceleration of a particle, γ, due to an external torque, M,
calculated as:

M
γ =
(1.7)
I
where I is the moment of inertia of the particle. Since a sphere possesses perfect
symmetry, I contains non-zero entries only in the diagonal, and is, thus, independent of the chosen coordinate system. On the other hand, for a non-spherical
particle, I depends on the chosen coordinate system, i.e. the tensor, I, has offdiagonal non-zero entries, viz.
⎛

Ixx
⎝
I=
− Iyx
− Izx

− Ixy
Iyy
− Izy

⎞
− Ixz
− Iyz ⎠
Izz

(1.8)

Using a global coordinate system, I is time variant. Thus, to model non-spherical
particles it is common in practice to additionally introduce a body (particle)ﬁxed (or local) coordinate system. Typically, the body-ﬁxed coordinate system is
chosen in such a way that the inertia tensor contains only non-zero entries in its
∗ ,
diagonal. These moments are referred to as the principal moments of inertia Ixx
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∗ and I ∗ . Nonetheless, both a global and a body-ﬁxed coordinate system are
Iyy
zz
required to calculate efﬁciently the rotation of the non-spherical particles. Transformation between the two reference frames is performed via a rotation matrix A
according to:
χB = Aχ, χ = A−1 χB
(1.9)

χ represents a physical parameter (e.g. angular velocity γ) related to the
Here, 
particle, the superscript ‘B’ indicates the body-ﬁxed coordinate system, whereas
the spatially ﬁxed coordinate system does not have a superscript. To compute the
rotational motion of particles in DEM two different approaches can be applied
viz. vector or tensor transformation [36]. In the vector transformation approach,
the torque acting on a particle is ﬁrst converted from the global coordinate system
to the body-ﬁxed coordinate system. The angular acceleration is then determined
in the body-ﬁxed frame and, in the last step, transformed back to the global coordinate system. In the tensor transformation approach, at each time step the
inertia tensor is transformed from the body-ﬁxed coordinate system to the global
coordinate system. The rotational motion is then directly calculated in the global
coordinate system. Using different numerical test cases, Kremmer and Favier [36]
demonstrated that the vector transformation approach is computationally more
efﬁcient than the tensor transformation approach.
1.2.3 Contact deﬁnition

For spherical particles, the determination of the contact point is comparatively
easy due to the symmetry of the overlap between two particles. As shown in
Figure 1.3a, the overlap δ between two colliding spheres (spheres 1 and 2) can
be calculated as δ = R1 + R2 − d, where R1 and R2 is the radius of sphere 1
and sphere 2, respectively, and d is the distance between the centres (C1 and
C2 ) of the two spheres. The contact point P is commonly deﬁned as the mid−−→
point of the line connecting C1 and C2 . The vector C1 C2 deﬁnes also the contact
normal, whereas the tangential direction of the contact is given by the direction of
the relative speed between the two spheres in the plane which is perpendicular
−−→
to C1 C2 . Consequently, for spherical particles the normal contact force cannot
induce any moment and, thus, rotation.
For non-spherical particles, the situation is much more complicated. So far,
there is no common agreement on the deﬁnition of a contact point for nonspherical particle systems. For example, if we, for simplicity, consider twodimensional particles, the contact point between two colliding particles could
be either deﬁned as the geometric centre of the overlapping area or as the midpoint of the line that connects the two points of intersection [14]. This is shown
schematically in Figure 1.3b. However, the second contact deﬁnition introduces a
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Figure 1.3: 2D illustrations showing schematically
the deﬁnition of contact parameters: (a) deﬁnition of contact point, contact normal and tangential,
and contact overlap for two colliding identical spheres (for clarity the
overlap is exaggerated); (b) deﬁnition of the contact point for two
colliding non-spherical particles (adapted from [14], Copyright 2001,
with kind permission from Springer Science and Business Media); (c)
schematic illustration of an issue concerning single-point contact models, viz. the sudden shift of both the contact point and the direction
of the contact force (adapted from [37], Copyright 2008, with kind permission from Elsevier).

dilemma whenever a particle collides with a ﬂat wall, since the contact point will
always lie on the surface of the wall, i.e. the wall does not deform during the contact. The deﬁnition of the contact normal is similarly ambiguous. For example,
the contact normal could be deﬁned as the vector which is perpendicular to the
surfaces of both contacting particles and passes through the contact point. Thus,
for non-spherical particles the contact normal generally does not pass through the
centre of gravity of the contacting particles. Therefore, for non-spherical particles
the normal contact force induces a moment and, in turn, a rotation.
It is worth further noting that for non-spherical particles single-point contact
models can result in unphysical behaviour, viz. the contact force may suddenly
change its direction and magnitude over subsequent DEM timesteps [37]. This
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effect is shown schematically in Figure 1.3c. Here, particle 2 is in contact with
particle 1 (ﬁxed in space) with its two vertices P1 and P2 . If it is assumed that the
contact force only acts at P1 , i.e. the point with the largest overlap between the
two particles, particle 2 rotates in the subsequent timestep and the largest overlap between particle 1 and 2 may move to P2 during the next timestep. Thus, the
point at which the contact force acts suddenly changes from P1 to P2 . To overcome this unphysical behaviour a multi-point contact concept must be applied.
In such a contact algorithm multiple simultaneous contacts are modelled. This
“stabilizes” the collision between two particles and effectively prevents a sudden
change of the contact force (both direction and amplitude) over the contact region [37, 38].
Once the contact point and the contact normal have been determined, the contact forces in both the normal and tangential directions are calculated according
to the implemented force models [39]. One of the most commonly applied force
models is the so-called linear spring-dashpot model [32]. For a pair of colliding
particles (1 and 2), the contact force in the normal direction is given by
Fn = kn12 δn − 2ηn

m12 kn12 vn

(1.10)

where δn is the overlap between the contacting particles, ηn is the damping factor
in the normal direction, vn is the relative velocity between the two particles in the
normal direction, m12 is the effective mass given by 1/m12 = 1/m1 + 1/m2 and
kn12 is the effective normal stiffness deﬁned as 1/kn12 = 1/kn1 + 1/kn2 . In the
tangential direction, the magnitude of the friction force is restricted by Coulomb’s
law, such that:
Ft = min μkn12 δn , kt12 δt − 2ηt

m12 kt12 vt

(1.11)

where μ is the coefﬁcient of friction, ηt is the damping factor in the tangential
direction, and vt is the relative velocity between the two particles in the tangential
direction. The tangential displacement is calculated according to δt = vt dt and
the effective tangential stiffness is deﬁned as 1/kt12 = 1/kt1 + 1/kt2 .

1.3 Goal of this research
The theme of this research is to model non-spherical particles using the DEM,
through which to understand better the underlying physics governing behaviour
of non-spherical particle systems. DEM simulations of rigid particles with regular, but non-spherical shapes have been performed. Work concerning ﬂexible
(e.g. ﬁbres, polymers) or rough particles with surface asperities [40] are not
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covered. Furthermore, stochastic models that have been developed to model
particle-particle and particle-wall collisions [41, 42] are also beyond the scope
of the current research. This author will conclusively demonstrate that the ﬁndings obtained from spherical particle systems cannot be readily extrapolated to
non-spherical particle systems. Consequently, particle shape is an important (if
not even the most important) “parameter” to be considered in DEM simulations
and, thus, has to be captured accurately if DEM is to be used as a predictive tool.
The thesis (each chapter is an article which has been published or submitted for
publication) is organized in the following structure:
In Chapter 2, this author will critically review recent developments in DEM to
model particles of non-spherical shape. Despite a common understanding that
particle shape has a signiﬁcant inﬂuence on the dynamics of these systems, the
work reported on DEM of non-spherical particles has not been systematically reviewed so far. Therefore, this author believes that a thorough and critical review
of DEM modelling of non-spherical particles, which is concerned with advances
of non-spherical DEM in both theoretical aspects and applications, would be a
highly valuable contribution to the ﬁeld. The theoretical part is concerned with
advances in the formulation and implementation of non-spherical particle models; this includes a summary of different approaches for shape representation (e.g.
super-quadrics and composite spheres), algorithms for the efﬁcient detection of
contacts and the determination of contact parameters. In the application part, numerical ‘measurements’ using non-spherical DEM are summarized. The systems
covered include the packings of particles and particle ﬂow (e.g. particle motion
in rotating cylinders). The major ﬁndings are discussed in detail focusing particularly on the effect of particle shape on the dynamics of granular systems.
In Chapter 3, this author will report DEM simulations of super-quadric shaped
particles in which the particles are described using either a continuous function
representation (CFR) or as an array of discrete points (discrete function representation, DFR). For the DFR, techniques of uniform discretization and adaptive
discretization are proposed for spherical and non-spherical particles, respectively.
The concept of a ‘contact candidate list’ is put forward to speedup the stage of
contact detection. For the CFR, a numerical approach is applied to determine the
contact point between colliding particles. The proposed algorithms are employed
to model hoppers, horizontal rotating cylinders and vibrated beds. By analyzing
the dynamics of these systems the number of discrete points required accurately
to describe particles using the DFR is determined. The efﬁciencies of the DFR
and the CFR are measured based on simulations of a horizontal rotating cylinder. The characteristics of both modelling approaches in granular simulations
are highlighted.
In Chapter 4, the propagation speed of a toppling domino wave will be util-
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ized to validate critically the predictive nature of a fully 3D, anisotropic discrete
element modelling approach (soft sphere model, i.e. the contact is temporally resolved). The cuboidal dominoes are modelled using the three-dimensional superquadric equation. Very good agreement is reported between the intrinsic collision
speeds predicted by the simulations and the corresponding experimental results,
demonstrating convincingly the applicability of anisotropic DEM simulations for
various areas in condensed matter physics. Furthermore, the inﬂuence of the
domino shape on its collision wave propagation is investigated numerically using dominoes ranging from ellipsoids to approximately cuboidal particles. Interestingly, it is found that dominoes of a higher “blockiness” have a faster intrinsic
collision speed, highlighting the importance of particle shape on the dynamics of
granular materials.
Chapter 5 will be concerned with the rate of axial dispersion of non-spherical
particles (cubes) in a horizontal, rotating cylinders. Cubic particles are modelled
using the super-quadric equation in a discrete element model (DEM) framework.
This allows the author to model particles of different blockinesses. It is found
that the axial dispersion of cubes obeyed Fick’s second law, similar to gases and
spherical particles. However, particle shape has a signiﬁcant impact on the rate
of axial dispersion with cubic particles dispersing appreciably faster than spheres
of equal volume. Furthermore, the rate of axial dispersion increases with particle
blockiness. Interestingly, for cubic particles, the coefﬁcient of axial dispersion
increases almost linearly with the dynamic angle of repose of the bed. This author postulates that a higher angle of repose leads to a higher potential energy of
the particles. During avalanching the potential energy is converted into kinetic
energy. Particles with a higher kinetic energy reach a more ‘ﬂuidized’ state and
have, in turn, a higher rate of axial dispersion.
In Chapter 6, the parameters governing the coefﬁcient of axial dispersion of
cubic particles in horizontal rotating cylinders will be studied using discrete element modelling (DEM). It is mainly found that, although particle shape inﬂuences signiﬁcantly the rate of axial dispersion (cubes disperse almost twice as fast
as spheres of equal volume), the parameters controlling the coefﬁcient of axial dispersion are independent of particle shape. Similar to the behavior of spheres, the
axial dispersion coefﬁcient of cubes depends on (i) the rotational speed of the
cylinder ω, (ii) the acceleration due to gravity g and (iii) the particle size dp , satisfying the relationship Dax ∝ ω1−2λ g λ dp 2−λ with λ ≈ 0.15 (λ ≈ 0.1 for beds
of spheres) [J. R. Third, D. M. Scott, and S. A. Scott. Axial dispersion of granular
material in horizontal rotating cylinders. Powder Technology, 203:510 − 517, 2010].
This observation suggests that the fundamental law established for describing the
dynamics of spherical particles may still hold for non-spherical particle systems,
a conclusion that can be highly inspiring to a broad engineering community.
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Chapter 7 will employ three-dimensional DEM simulations, investigating
particle-shape induced radial segregation in half-ﬁlled, horizontal, rotating cylinders. The particles (different shapes) are modelled using the super-quadric equation. Both local and global measures are used to quantify radial segregation. The
following observations are made. Non-spherical particles segregate from volume
equivalent spheres, i.e. the non-spherical particles move preferentially to the core
of the bed. Here, the elongation of the particle has a more profound effect on the
segregation dynamics than the blockiness of a particle. The segregation patterns
obtained are stable and robust and occur along the entire length of the bed. In addition this author observes that the degree of segregation is also dependent on the
rotational speed of the cylinder. The segregation of differently shaped particles
is linked to differences in the mobility of non-spherical and spherical particles.
The mobility of non-spherical particles is lower than for spheres. A higher degree of segregation can be observed for particle mixtures with larger mobility
differences. The lower mobility corresponds to a longer residence time of nonspherical particles on the free surface/in the avalanching region of the bed. In
addition, this author determines the projected area of the avalanching particles.
It is found that non-spherical particles do not ﬂow necessarily with their minimal
area parallel to the bed surface while separating to the centre of the bed.
In Chapter 8, discrete element method (DEM) simulations will be employed
to investigate using spherocylindrical particles the effect that the particle surface shape and curvature have on a packing system. First, packing results of
spherocylinders composited by spheres are presented, where the surface shape
is modiﬁed changing the number of spheres that is used to represent a single
particle. Thus, this author elucidates whether or not the micro-scale variation
of the surface shape does affect the packing mechanical properties at the macroscale. Second, the effect of particle curvature in two-dimensional packings of
spherocylinders is systematically examined. The inﬂuence of curvature is investigated for various angles of curvature and aspect ratios. Hence, this author reports both the packing morphology and the contact stress ﬁeld arising from these
speciﬁc particle shapes.
In Chapter 9, the overall conclusions of this dissertation and the suggestions
for the further work will be provided.

Nomenclature
A
C
d
dp

10

Rotational matrix (-)
Centre of particle (-)
Distance (m)
Particle size (m)

1.3 Goal of this research
Dax
F
Fn
Ft
g
∗ , I∗ , I∗
Ixx
yy zz
I
kn
kt
m

M
P
q
R
t
vn
vt
x, y, z

Axial dispersion coefﬁcient (m2 /s)
Particle contact force (N)
Particle contact force in normal direction (N)
Particle contact force in tangential direction (N)
Acceleration due to gravity (m/s2 )
Principal moment of inertia (kg m2 )
Inertia matrix (kg m2 )
Normal stiffness of particle (N/m)
Tangential stiffness of particle (N/m)
Mass of particle (kg)
Torque (Nm)
Point or vertex of particle (-)
Quaternion (-)
Radius (m)
Time (s)
Relative velocity in normal direction (m/s)
Relative velocity in tangential direction (m/s)
Coordinates (m)

Greek letters
α, β, ϕ
γ
δ
δn
δt
ηn
ηt
λ
μ
χ
ω
ω


Euler angles (rad)
Angular acceleration of particle (rad/s2 )
Particle overlap (m)
Overlap in normal direction (m)
Tangential displacement between two colliding particles (m)
Damping factor in normal direction (-)
Damping factor in tangential direction (-)
A constant number (-)
Coefﬁcient of friction (-)
General physical quantity (-)
Rotational speed of cylinder (rad/s)
Angular velocity of particle (rad/s)
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2 Discrete element models for non-spherical particle
systems: From theoretical developments to
applications
This chapter has been published as:
• G. Lu, J. R. Third, and C. R. Müller. Discrete element models for nonspherical particle systems: From theoretical developments to applications.
Chemical Engineering Science, 127:425 − 465, 2015.

Abstract A fundamental understanding of the underlying physics of granular
(particulate) systems is not only of academic interest, but is also highly relevant for industrial applications. Nowadays computational techniques, e.g. the
discrete element method (DEM), are frequently applied as a tool to probe the
behaviour of granular systems. The DEM is a particularly attractive modelling
technique since it can provide both macroscopic and microscopic ‘measurements’
in granular systems and allows particles of non-spherical shape to be modelled.
This ability is important since there is a common understanding that particle
shape has a strong inﬂuence on the dynamics of these systems. Here, we critically review recent developments in DEM to model particles of non-spherical
shape. The ﬁrst section of the review is concerned with advances in the formulation and implementation of non-spherical particle models, including shape
representation (e.g. super-quadrics and composite spheres), algorithms for the
efﬁcient detection of contacts and the determination of contact parameters. In
the second part, we review the main ﬁndings obtained from numerical ‘measurements’ in granular systems containing non-spherical particles using the DEM.
The systems covered in this review include the packing of particles and particle
ﬂow (e.g. particle motion in rotating cylinders). The major ﬁndings are discussed
in detail focusing particularly on the effect of particle shape on the dynamics of
granular systems.
Keywords

Discrete element method (DEM); granular matter; non-spherical
particles; contact detection; particle packing; particulate ﬂow.
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2.1 Introduction
Despite the fact that particle shape is widely recognized to have a strong inﬂuence
on the dynamics of granular systems, so far little effort has been made to comprehensively review the theoretical developments in non-spherical DEM and its
applications to systems of academic and/or industrial interest. Previously, Zhu
et al. [39, 43] have reviewed systematically both the theoretical developments
in DEM and the major applications of discrete particle simulation. However,
these reviews have focused almost exclusively on spherical particles. It is rather
doubtful whether conclusions drawn from spherical particle systems can be easily transferred to non-spherical particle systems. Therefore, we believe that a thorough and critical review of DEM for non-spherical particles is not only timely but
indeed a must.

2.2 Representation of non-spherical particle shapes in the DEM
2.2.1 Super-quadrics

A very general approach to describe mathematically non-spherical particles is
the so-called super-quadric equation that allows the description of particles of
convex and concave shapes [44]. The super-quadric equation is given by [45]:

f ( x, y, z) =

x
a

2
ε2

y
+
b

2
ε2

 εε2
1

z
+
c

2
ε1

−1

(2.1)

or in parametric form as:
⎧
ε
ε
⎨ x = a(sinθ) 1 (cosϑ ) 2
y = b(sinθ)ε1 (sinϑ )ε2
⎩
z = c(cosθ)ε1

(2.2)

where 0 ≤ θ ≤ π and −π ≤ ϑ ≤ π. In Equations 2.1 and 2.2, a, b and c are
the half-lengths of the particle along its principal axes, and ε1 and ε2 control the
blockiness of the particle. The blockiness of the cross-section in the y − z and
x − z planes is controlled by ε1 , whereas ε2 controls the blockiness of the crosssection in the x − y plane. An ellipsoid is obtained for ε1 = ε2 = 1. Figure 2.1
shows a selection of differently shaped super-quadric particles obtained by varying the blockiness parameters ε1 and ε2 in the super-quadric equation.
One of the most important advantages of using the super-quadric equation is
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Figure 2.1: Examples of three dimensional super-quadrics: the exponents range
from 0.3 to 10.0, ε1 increases from left to right and ε2 increases from
top to bottom.

that the surface normal n is readily obtained as:
⎧
1
2− ε
2− ε
⎨ nx = a (cosθ) 1 (cosϑ ) 2
1
2
−
ε
2
n = b (cosθ) 1 (sinϑ ) −ε2
⎩ y
nz = 1c (sinθ)2−ε1

(2.3)

However, the use of a continuous function representation (CFR) for the surface of
a particle requires non-linear and iterative approaches (e.g. a Newton-Raphson
scheme) to detect and evaluate contacts between particles [46–55]. In these iterative approaches, both target and constraint equations are required. The constraint
equations ensure that the contact points identiﬁed are located on the surface of
the particle, whereas the target functions aims at ﬁnding the minimum distance
between the two particles [48, 50], particle surface points sharing a common nor-
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mal [46, 49], or the point with the lowest geometric potential [53–55]. These
schemes are typically computationally expensive and it is not trivial to ensure
convergence of the iterative schemes. Generally, issues concerning the convergence of the iterative methods increase dramatically with increasing blockiness
of the particles [46]. As an alternative, the so-called discrete function representation (DFR) was proposed by Williams and O’Connor [56]. Here, the surface of a
particle is discretized by individual points. In the body-ﬁxed coordinate system
of particle 2, a surface point of particle 1 (x1 , y1 , z1 ) with a geometric potential
energy f2 ( x1 , y1 , z1 ) < 0 lies inside the particle 2, and vice versa. Thus, in this
approach contact detection is reduced to looping through the points on the surface of a particle and evaluating whether any of these surface points lie inside the
second particles [10, 53, 56].
2.2.2 Particles composed of multiple spheres

Apart from the ‘single-particle’ methods such as super-quadrics, approaches that
rely on the assembly of individual primary particles, i.e. the composite spheres
method, to construct a non-spherical particle are seemingly mostly popular in the
DEM community (e.g. [57–100]).
In the composite spheres method, a non-spherical particle is constructed by
‘gluing’ a certain number of spheres together. The size of the primary, spherical particles can be different. If required, the primary spheres can also overlap
with each other. In such a constructed particle, the relative positions between the
primary spheres do not change during contacts. The forces and torques acting
on the primary spheres are accumulated relative to the centre of mass of the composite particle and are subsequently used to calculate its trajectories [58]. One
obvious advantage of the composite spheres method is that the fast and robust
algorithms for contact detection and determination of the contact parameters developed for conventional spherical DEM can be applied. However, depending on
the desired level of surface smoothness, a very large number of primary particles
may be required. Furthermore, due to the intrinsically non-smooth surface there
is a high possibility of multiple contacts between two contacting particles.
The composite spheres method has been commonly used in DEM; however,
the ‘accuracy’ of this modelling to represent non-spherical particles has not been
established. In 2008, Kruggel-Emden et al. [101] assessed the composite spheres
method by studying particle-wall interactions. The composite particle, composed
of many small, primary spheres, approximates a spherical shape as shown in Figure 2.2. The diameter of the primary spheres was either 0.5 mm or 2 mm, and
the total number of the primary spheres used to compose the larger, composite
sphere ranged from 7 to 300. Several collision parameters, e.g. the duration of
the collision, the rotational velocity after collision and the rebound angle of the
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Figure 2.2: Impact of a multi-sphere particle with a ﬂat wall via a (a) single contact, (b) double contact and (c) triple contact (reproduced from [101],
with courtesy of H. Kruggel-Emden, S. Rickelt, S. Wirtz and V. Scherer.
Copyright 2008, with kind permission from Elsevier).

particle were calculated via DEM simulations and compared to the experiments
of Gorham and Kharaz [102]. Gorham and Kharaz [102] studied the collision of
a 5 mm aluminium oxide sphere with a wall. In the ﬁrst set of Kruggel-Emden
et al.’s [101] numerical experiments, a large sphere was constructed from 40 composite spheres of diameter 2 mm. The orientation of the constructed sphere was
varied to allow the simulation of collisions with single, double or triple contacts
(Figure 2.2). Kruggel-Emden et al. [101] found that the results obtained from conventional, spherical DEM simulations matched well the experiments. However,
large deviations from the experimental results were recorded for all simulations
using the composite spheres method, in particular for cases in which single and
double contacts occurred. The main reason for the large deviations from the experimental results was the fact that in the simulations the contact normal did not
necessarily pass through the centre of mass of the particle, introducing an additional rotational moment. This was not the case when the conventional, spherical
DEM approach was used. In the second part of their study, Kruggel-Emden et
al. [101] varied the number and size of the composite spheres to assess the inﬂuence of the surface roughness on the numerical results. A surprising result was
that there was no direct correlation between the accuracy of the numerical predictions and the number of composite spheres. However, despite these observations Kruggel-Emden et al. [101] argued on statistical grounds that the composite
spheres method may still be a worthwhile approach to model large assemblies of
non-spherical particles since the large number of contacts in these systems may
reduce the signiﬁcant errors occurring in single sphere systems.
Indeed, the feasibility of using the composite spheres method to model an assembly of non-spherical particles was demonstrated by Markauskas et al. [103].
In their study the accuracy of the composite spheres method was assessed using the pile formation of 1000 ellipsoidal particles as a test case. The ellipsoidal

17

2 Discrete element models for non-spherical particle systems
particles (aspect ratio 2.35) were modelled using either the composite spheres
method or the analytical equation describing an ellipsoid. In their study 3, 5, 7,
9, 13 or 17 primary spheres were used to construct ellipsoids of varying surface
roughness. Markauskas et al. [103] concluded that by increasing the number of
the primary spheres both the macroscopic parameters of the modelled system
such as the angle of repose and the microscopic parameters, e.g. the porosity of
the pile and the average coordination number of particles in the pile, converged
to the results obtained from the simulations using a continuous, exact representation of an ellipsoid. Speciﬁcally, the angle of repose obtained using exact
ellipsoids had an average value of 22.7◦ (±1.8◦ ). Using the composite spheres approach, the angle of repose decreased from 29.1◦ when three composite spheres
were used to 23.3◦ for the case that 17 composite spheres were used. The larger angles of repose obtained for “rougher” representations of an ellipsoid were
attributed to larger artiﬁcial overlaps between the individual composite spheres.
As mentioned above, an issue associated with the composite spheres method
is the occurrence of multiple contact points. As demonstrated by Kruggel-Emden
et al. [101], these multiple contacts may give rise to an unphysical behaviour during particle collision. To overcome this shortcoming of the composite spheres
method, two different remedies have been proposed. Kodam et al. [104] investigated the inﬂuence of the contact force models on the composite spheres method
by performing numerical particle-wall impact experiments using either a perfect
sphere or a composite sphere. To simplify the problem, only the contact force in
the direction perpendicular to the wall was studied. In the force models applied,
the elastic component was of the form FE = kδm and the velocity-dependent dissipative component was of the form FV = ηδ̇, where k is the particle stiffness, η is
the damping factor, and δ and δ̇ is the overlap and the relative velocity between
the particle and the wall, respectively. For the composite sphere the forces acting
on each of its primary spheres were summed up to obtain the net force acting on
the whole particle. It was found that by simply using the same particle stiffness
k for the composite sphere as for the perfect sphere lead to a contact which is
too stiff. Further, using the same elastic force model for the composite sphere,
i.e. the same exponent ‘m’, resulted in an incorrect relation between the contact
force and the particle deﬂection. Similarly, using the same damping coefﬁcient
for the composite sphere as for the perfect sphere led to excessive damping during a particle-wall contact. Kodam et al. [104] pointed out that the optimal choice
of particle stiffness, damping coefﬁcient and the force model to overcome the
shortcomings of the composite spheres approach strongly depends on the number of the primary spheres “involved” in the contact and the degree of overlap
for each primary sphere. On the other hand, Höhner et al. [105] proposed an
approach which is easier to implement, which does not require a modiﬁcation of
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the force model parameters. Here, the impact between a spherical particle and
a wall was modelled, and the spherical shape was approximated using the composite spheres method. To calculate the contact forces, a linear spring dashpot
model was applied along the normal direction of the contact, whereas in the tangential direction of the contact a simple linear spring model was adopted. The
possibility of a change of the number of contact points during collision was accounted for using “corrections”. In the normal direction, at each DEM timestep
the incremental elastic and dissipative forces were divided by the number of contact points involved and subsequently added to values from the previous DEM
timestep. A similar procedure was employed in the tangential direction of the
contact. It is worth noting that the “corrections” in the tangential direction were
not directly applied to the incremental tangential force since the value of the tangential force is restricted by an upper limit, i.e. the Coulomb force. Using the
above described “contact model”, Höhner et al. [105] could demonstrate that in
the normal direction the deviation from the experimental results previously observed by Kruggel-Emden et al. [101] for a particle-wall collision did not occur
anymore. However, in the tangential direction some deviations from the experimental results could still be observed.

2.3 Applications of the non-spherical DEM
2.3.1 Rotating cylinders and drums

Rotating cylinders or drums are widely applied in industry to mix, dry, mill or
coat particles. Typical phenomena encountered in such systems are avalanching
and segregation. Rotating cylinders were one of the earliest granular systems
studied using the DEM. However, again most numerical and, indeed also experimental, studies have focused on cylinders ﬁlled with spheres. Still very little is
known about the dynamics of non-spherical particles within rotating cylinders.
DEM validation One of the ﬁrst reports investigating the ﬂow in cylinders ﬁlled
with non-spherical particles was by Yamane et al. [106] who used magnetic resonance imaging (MRI) measurements to validate their DEM simulations. The
cylinder used in the experiments, which had a length 49 cm and an inner diameter 6.9 cm, was half-ﬁlled with seeds that had a volume equivalent sphere
diameter of 5.95 mm. The non-spherical particles were modelled using the composite spheres method. The DEM simulations were validated with the following experimental measurements: (i) dynamic angle of repose, (ii) tangential velocity proﬁle and (iii) particulate diffusion coefﬁcient. Generally, good agreement
between the DEM simulations and MRI measurements was observed. Only the
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curvature of the bed surface differed signiﬁcantly, i.e. DEM simulations predicted a less curved bed surface than was experimentally observed. Recently,
Kodam et al. [107] validated their DEM simulations of rotating cylinders ﬁlled
with 250 perfectly cylindrical paticles using experimentally determined measurements of the dynamic angle of repose. The cylinder was rotated with a speed of
25 rpm. The authors reported an appreciable difference between the experimentally (43.9 ± 2.6◦ ) and numerically (39.6 ± 2.8◦ ) determined mean dynamic angle
of repose. Nonetheless, Kodam et al. [107] argued that the DEM predictions were
in the 95% conﬁdence level of the experimental results. A further DEM study concerning the dynamic angle of repose in a rotating bed of non-spherical particles
was reported by Höhner et al. [108]. The particle shapes investigated were icosahedron, dodecahedron and hexahedron. The volume of the different particle
shapes simulated was equal. The cylinder had a 30% ﬁll and was rotated with
a speed of 0.78 rad/s. The dynamic angles of repose obtained numerically for
the differently shaped particles agreed well with the corresponding experiments.
Furthermore, increasing the angularity of the particles resulted in a substantially
increased dynamic angle of repose, e.g. moving from icosahedrons to hexahedron resulted in an increase in the dynamic angle of repose by 6◦ .

Particle ﬂow characteristics

The effect of particle shape on the dynamic angle
of repose observed in rotating cylinders has been the centre of interest for a long
time. Pöschel and Buchholtz [110] performed two-dimensional simulations on a
rotating cylinder that was ﬁlled with either spherical or non-spherical particles.
The non-spherical shape was generated using the composite spheres method, i.e.
four spheres placed at the corners of a square and one sphere in the centre of the
square with a radius chosen such that the spheres touched each other. It was reported that non-spherical particles resulted in an almost two times larger angle
of repose than spheres. The effect of particle squareness on the dynamic angle
of repose of cuboidal particles (super-quadric) was investigated by Mustoe and
Miyata [48] in a 2D rotating cylinder. The results obtained conﬁrmed that the
dynamic angle of repose increased with particle blockiness until an apparently
asymptotic value of approximately 40◦ was reached. Turning now to 3D simulations, Wachs et al. [109] studied the ﬂow dynamics in a horizontally rotating
drum of radius 50 mm containing differently shaped particles, viz. spheres, cylinders, cubes or tetrahedrons (particles were of equal volume). Periodic boundary
conditions were speciﬁed at the axial ends. Figure 2.3 shows the ﬂow patterns
in beds containing spheres, cylinders, cubes or tetrahedrons. In agreement with
previous studies, angular particles gave a higher dynamic angle of repose when
compared to spheres. Wachs et al. [109] demonstrated that the angle of repose
increases with increasing particle angularity. Furthermore, only spheres show a
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Figure 2.3: Rotating drum operated at 65 rpm and ﬁlled with (a) spheres, (b) cylinders, (c) cubes and (d) tetrahedrons. The particles are coloured according to the magnitude of their translational velocity: blue (minimum
velocity), red (maximum velocity) (reproduced from [109], with courtesy of A. Wachs, L. Girolami, G. Vinay and G. Ferrer. Copyright 2012,
with kind permission from Elsevier).

ﬂat bed surface. In a further study Mead et al. [111] systematically investigated
the effect of the aspect ratio and angularity of a particle on the angles of failure
and repose in a 3D rotating cylinder. The cylinder rotated with a speed of 1 rpm,
i.e. operating in the avalanching mode. The angle of failure and the angle of
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repose describe the angle between the bed surface and the horizontal just before
and after an avalanche. The cylinder was ﬁlled (30% volume) with super-quadric
particles which had a mean length of the principal axis of 25 mm. Periodic boundary conditions were employed in the axial direction. Mead et al. [111] found that
depending on the particle aspect ratio, the angularity of the particles affected the
angles of failure and repose differently. For example, for particles with an aspect ratio of 3, particle angularity had only a very small effect on the angles of
failure and repose. However, for isotropic particles (aspect ratio 1) and particles
with an intermediate aspect ratio of 2, the angles of failure and repose increased
with increasing particle angularity due to an increased interlocking between the
particles.
Apart from the dynamic angle of repose, the effect of particle shape on the proﬁles of the particle velocities has also received attention. For example, Third et
al. [112] simulated the ﬂow of 11220 non-spherical particles in a rotating cylinder
(diameter 100 mm, length 152 mm and rotation speed 10 rpm). The non-spherical
shape was modelled using the composite spheres method, i.e. a large sphere of
diameter D and a small sphere of diameter D/2 were glued together. The volumetric ﬁll level of the cylinder was approximately 28%. Third et al. [112] reported
via calculation of tangential velocity proﬁles that a non-spherical particle shape
signiﬁcantly reduced the slip between the bed and the cylindrical wall. Extending this work to super-quadric particles, Lu et al. [53] investigated the inﬂuence
of particle shape on axial dispersion within rotating cylinders, i.e. the random
motion of particles in the direction parallel to the cylinder axis. The cylinder
simulated had the same dimensions as the one modelled by Third et al. [112],
and had a volumetric ﬁll level of approximately 25%. It was found that the rate
of axial dispersion of non-spherical particles also obeyed Fick’s law and particle
shape had a strong inﬂuence on the rate of axial dispersion, i.e. angular particles
dispersed faster.

Mixing and segregation

Mixing and segregation are further phenomena commonly encountered in rotating cylinders. However, currently the effect of
particle-shape on mixing and segregation is only poorly understood. Cleary and
Metcalfe [114] modelled a 2D drum ﬁlled with super-quadric particles (ﬁll level
10 − 60%). The DEM simulations predicted that the rate of mixing of circular
particles was four to seven times slower than that of square particles. This observation was explained by the fact that the bed of spheres showed more slip
at the cylinder wall, reducing the frequency of avalanches and thus the mixing
of particles. In contrast, square-shaped particles showed very little slip at the
wall, resulting in a larger angle of repose which in turn enhanced particle mixing. Geng et al. [115] studied the rate of mixing in a rotating cylinder ﬁlled
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 in a mixture of approximately cubic
Figure 2.4: Snapshots showing segregation
particles (large and low density, light colour) and spheres (small and
high density, dark colour). The parameter ε of the approximately cubic particles was set to (a) ε = 2/2.2, (b) ε = 2/2.5 and (c) ε = 2/3.0
(reproduced from [113], Copyright 2011, with kind permission from
Elsevier).
with cylinder-shaped particles of aspect ratio 20. The cylinder wall contained
circular wall rougheners and had a volumetric ﬁll level of 10%. A drum ﬁlled
with volume equivalent spheres and operated under identical conditions was
modelled for comparison. For both particle shapes studied the rate of mixing
was found to increase with increasing rotational speed. Furthermore, if spatially
resolved, mixing was found to occur more rapidly at the outer regions of the
bed. Surprisingly, the mixing rate of cylinder-shaped particles was faster than for
spheres. Geng et al. [115] observed that the motion of cylinder-shaped particles
was very much affected by the drum wall, the wall rougheners and neighbouring particles. For example, it was observed that cylinder-shaped particles can
be lifted readily by the wall rougheners. Subsequently, cylinders “rained” down
through the cross-section of the drum, favouring a rapid and homogenous mixing of the particles. Apart from mixing, segregation is an equally important process in rotating drums. However, to our knowledge, only preliminary studies
on the effect of particle shape on segregation in rotating cylinders have been
performed. Pereira et al. [113] used differently shaped particles to study numerically the formation of radial streak patterns in a short cylinder. To assess
the effect of particle shape, the larger and less dense particles were modelled
as super-quadrics, whereas the smaller and denser particles were modelled as
spheres. Figure 2.4 plots snapshots of the streak patterns observed in these systems. Using particles with a higher blockiness parameter gave rise to thinner and
longer streak patterns. One explanation was based on the higher shear strength
of blocky granular material. As the blockiness parameter increased, the bed became “stronger” and resulted in a smaller number of avalanches, leading to a
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higher dynamic angle of repose. Thus, as the particles ﬂowed down the surface
of the bed they obtained a higher velocity resulting in the formation of more
evident streak patterns. Since the total volume of the spheres was kept constant,
the streak patterns became thinner. Very recently, Pereira et al. [116] could explain why uniform and stable streak pattern occurred only in mixtures of smaller/denser spheres and larger/less dense cuboidal particles. In such a system,
both the buoyancy and percolation mechanisms lead to an accumulation of smaller/denser particles in the core of the bed. Once a segregated core is formed, the
smaller/denser particles cannot penetrate further through the bed surface, since
this region is already occupied by identical particles. Instead, the smaller/denser
particles ﬂow down the free surface of the bed, resulting in the formation of streak
lines. Pereira et al. [116] demonstrated that a critical requirement for the formation of streak lines is the rapid ﬂow of particles at the free surface, requiring
therefore rather spherical particles than cuboidal shaped particles.
2.3.2 Particle packing

A detailed review of the packing characteristics of spherical particles was given
by Zhu et al. [43]. Due to the opaque nature of granular systems, the extraction of
structural information from particle packings using experimental approaches is
cumbersome. On the other hand, DEM can readily provide structural properties
of particle packings on both macroscopic and microscopic scales, such as packing density or porosity, coordination number (CN), particle orientation distribution, and the radial distribution function (RDF). These structural characteristics
critically inﬂuence the network of contact force in a packing, which can also be
conveniently extracted from DEM simulations.
Packing density

The packing density is the most frequently used macroscopic
parameter to describe the structure of a packing and is deﬁned as the ratio of the
total volume of the particles to the total volume of the packing. Based on this
deﬁnition, the sum of the packing density and the porosity is equal to one. As expected particle shape has a profound effect on the packing density. For example,
focusing on ellipsoidal particles, Zhou et al. [118] simulated three-dimensional
packings formed by dropping 25000 ellipsoids from a certain height, with random initial velocities, into a cylindrical container. The aspect ratio of the particles
was varied from 0.1 to 7.0, but the volume of the particles was kept constant. The
maximum packing density was obtained for aspect ratios of 0.6 and 1.8. Similarly, Delaney and Cleary [117] investigated systematically the packing of 1125
frictionless super-quadric particles in a 3D periodic box. The anisotropy and the
surface curvature of the particles were varied by changing the aspect ratio and
the squareness parameters in the super-quadric equation. Figure 2.5a plots the
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Figure 2.5: Packings of three-dimensional non-spherical super-quadrics: (a) variation in packing fraction as a function of aspect ratio for different
particle squareness parameters, i.e. 2, 3, 4, or 5; (b) visualization of the
packing of 1125 super-quadrics of aspect ratio 1 and particle squareness parameter 5 (reproduced from [117], Copyright 2010, with kind
permission from IOP Publishing).

packing density as a function of the particle blockiness and aspect ratio. It can be
seen that spheres have the lowest packing density of 0.64 among all the particle
shapes investigated. For ellipsoidal particles, two peaks in the packing density
were observed for aspect ratios of 0.7 and 1.5. Decreasing or increasing the aspect ratio further lead to a decrease in the packing density. Similar observations
were reported for moderately blocky particles (i.e. squareness parameter of 3).
Again the highest packing densities were observed for moderate degrees of anisotropy, i.e. for aspect ratios of 0.7 and 1.5. For blockier particles (i.e. squareness
parameters 4 and 5), the highest packing density were always obtained for aspect
ratio 1.0. Delaney and Cleary [117] argued that blocky particles with squareness
parameters 4 or 5 have a larger surface area which has a lower curvature, hence
favouring ‘face-on-face’ inter-particle contacts leading in turn to a highly ordered
packing with a high packing density (Figure 2.5b). Increasing the anisotropy of
these particles reduced their tendency to form ordered structures, resulting in
turn in packings of lower density. This observation made in packings of blocky
super-quadric particles was conﬁrmed by Stenzel et al. [119]. In their study the
probability distribution of the ‘nearest-neighbour distance’, i.e. the distance from
the centre of a selected particle to the centre of its nearest neighbour was calculated. Again, it was observed that particles aligned preferably along their faces.
Very recently, Deng and Davé [120] studied the inﬂuence of the aspect ratio of
spherocylinders on their packing density. Spherocylinders of aspect ratio 1, 2
or 4 were generated using the composite spheres method. In total 5000 particles
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were randomly created in a cylindrical container and were allowed to settle under
gravity in the vertical direction. Periodic boundary conditions were employed
along the horizontal directions. The highest packing density was observed for
spherocylinders of aspect ratio 2, highlighting again the effect of the aspect ratio
on the packing density.
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Figure 2.6: Factors inﬂuencing the macroscopic and microscopic properties of
packings of non-spherical particles (Φ: packing density; Z: coordination number; σ: particle aspect ratio; μ: friction coefﬁcient): (a) packing density as a function of the particle aspect ratio. The dotted line
intersecting the horizontal axis at σ = 1.6 marks the maximum packing density for frictional particle systems. For frictionless particle systems an almost constant packing density was found for σ < 1.6. On
the other hand a decrease of the packing density was observed for
σ > 1.6; (b) particle CN as a function of the particle aspect ratio.
The dotted lines correspond to two systems that have the same average CN but different particle aspect ratios and coefﬁcients of friction
(reproduced from [121], Copyright 2009, with kind permission from
Springer Science and Business Media).

Coordination number

The coordination number (CN) is an important parameter to describe the micro-scale structure of a packing system. The CN is
deﬁned as the average number of contacts a particle possesses in a granular assembly. For packings of ellipsoids and super-quadric particles, Zhou et al. [118]
and Delaney and Cleary [117] found an increase in the CN when the aspect ratio
of the particles deviated from 1. For extremely elongated or ﬂattened particles the
CN decreased again. Additionally, Delaney and Cleary [117] observed that, for
super-quadric particles of aspect ratio 1 and squareness parameter 3, there was
a large jump in the coordination number from 6 (value for spheres) to 7.7. This

26

2.3 Applications of the non-spherical DEM

ߪ

ߪ



Figure 2.7: Ensemble average of (a) the contact
number Z and (b) the packing

fraction Φ as a function of particle aspect ratio σ for dimers () and
ellipses (). The simulations contained 480 particles (reproduced
from [122], Copyright 2010, with kind permission from The Royal Society of Chemistry).

observation was consistent with their ﬁndings concerning the packing density,
i.e. the packing density jumped from approximately 0.64 to 0.72 when the squareness parameter of the particles was changed from 2 (i.e. spheres) to 3 (Figure 2.5a).
To further investigate the relationship between the packing density and the CN,
Guises et al. [121] modelled packings comprising 900 2D elongated ellipses. The
container was of rectangular shape, 6 m in width and 12 m in height. The size
of a typical particle was approximately 20 cm. Particles of different aspect ratios
were simulated and the effect of friction was also evaluated. Figure 2.6 plots both
the packing density and the CN as a function of particle aspect ratio and friction.
It was found that for both frictional and frictionless particle systems the CN always increased with aspect ratios deviating from 1. Interestingly, over the range
of the particle aspect ratios studied the difference in the CN in frictional and frictionless particles systems was almost constant, i.e. 1. Later, Schreck et al. [122]
compared the difference in the packing density and CN in packings of 480 frictionless ellipses (convex) and dimers (concave). The dimers were modelled using the composite spheres method, i.e. ‘gluing’ two identical disks together. The
aspect ratio of each particle shape was varied from 1 to 1.9. It was found that
over the whole range of the aspect ratios studied the dimer packings exhibited
an almost constant CN of about 6, whereas in packings of ellipses the CN increased from approximately 4 to 6 when the particle elongation was increased
as shown in Figure 2.7a. However, for larger aspect ratios (> 1.4), the packing
densities of ellipses and dimers differed substantially (Figure 2.7b). These results
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Figure 2.8: Ordering of elongated particles in a two-dimensional packing: (a) orientation distribution function of particles as a function of aspect ratio.
The inset compares the mean particle orientation as a function of aspect ratio between experiments () and simulations (). The continuous line gives the theoretical prediction assuming frictionless particles
(reproduced from [123], with courtesy of R.C. Hidalgo, I. Zuriguel, D.
Maza and I. Pagonabarraga. Copyright 2009, with kind permission
from American Physical Society); (b-c) radial distribution function for
packings of rods with different aspect ratios: () experimental measurements and (−) DEM simulations. Aspect ratios of (b) σ = 2.4 and
(c) σ = 5.4 were studied (reproduced from [124], with courtesy of R.C.
Hidalgo, I. Zuriguel, D. Maza and I. Pagonabarraga. Copyright 2010,
with kind permission from IOP Publishing).

conﬁrm convincingly that the packing characteristics are not only very sensitive
to particle anisotropy but also to the shape of the surface, i.e. concave versus
convex shapes.
Particle orientation distribution and radial distribution function

The particle
orientation distribution function and the radial distribution function (RDF) are
further important parameters that are commonly used to characterise the struc-
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ture of a packing. The particle orientation distribution function refers to the distribution of the particle orientations with respect to the global reference coordination system, whereas the RDF characterizes the localized relative positions and
orientations of neighbouring particles. In a 2D packing the RDF is deﬁned as
g (d) =< N (d + Δd)/2πdΔdρ >, where ρ = N/A is the average number of
particles per unit area calculated by dividing the total number of particles N by
the whole packing area A. Here, N (d + Δd) is deﬁned as the number of particles
whose centre of mass lies in the differential area ΔA = 2πdΔd located at a distance d relative to the investigated point in the packing. Hidalgo et al. [123, 124]
simulated 2D packings of 4000 identical rectangular particles in a rectangular container. The aspect ratio of the particles was varied from 1 to 7 and the width of the
container was ﬁxed at 32 times the aspect ratio of the particles. Figure 2.8a plots
the particle orientation distribution function f (ξ ). Here ξ is deﬁned as the angle
between the major axis of the particle and the horizontal. Hidalgo et al. [123, 124]
demonstrated that elongated particles tend to align horizontally with their longer
axis perpendicular to the direction of gravity (i.e. ξ = 0); the most unlikely
particle orientation was alignment along the vertical direction (i.e. ξ = π/2). Additionally, elongated particles also tended to form local clusters with their longer
axes aligning with each other, as shown in Figures 2.8b and 2.8c. Thus, the geometry of a particle inﬂuenced signiﬁcantly the (local) structures of the packings.
Subsequently, Hidalgo et al. [125] investigated a similar 2D packing composed of
6000 spherocylinders with particle aspect ratios ranging from 2 to 10. In addition,
cohesive forces were considered. Interestingly, for systems in which cohesive
forces acted the preferred horizontal alignment of elongated particles could not
be observed anymore. As expected, the degree of randomness for the particle orientation increased with increasing strength of the cohesive forces. Turning now
to square-shaped particles, Hidalgo et al. [123, 124] reported that squares preferably align with one of their diagonals along the direction of gravity (i.e. ξ = π/4,
Figure 2.8a). Importantly, it was observed that the feeding rate of non-spherical
particles affected the packing structure. Acevedo et al. [126] simulated packings
of 4000 square particles contained in a rectangular box, the width of which was
36 times the length of a particle. By increasing the feeding rates, the density of the
packing was decreased and particles showed a lower tendency to orientate their
diagonal along the direction of gravity. However, increasing the feeding rate beyond a critical value resulted again in an increase in packing density. Acevedo et
al. [126] argued that for a very low feeding rate square particles have sufﬁcient
time to organize themselves into a well ordered structure. With an increased feeding rate the time allowed for particles to re-orientate is reduced, resulting in more
disordered structures. When the feeding rate exceeded a critical value, such that
prior to feeding the particles were already arranged in a closely packed structure,
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particles seemed to ‘memorize’ their initial conﬁguration leading to denser packings.
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Figure 2.9: The inﬂuence of particle shape
on the stress transmission within a
packing: (a) packings of particles with different aspect ratios, viz.
σ = 1, 2.4, 5.4 and 7. The colour map gives (on a log-scale) the normalized spatially resolved mean value of the contact forces on each
particle (reproduced from [124], Copyright 2010, with kind permission from IOP Publishing); (b) distribution of the contact forces in
packings comprised of particles with different aspect ratios. The lower
inset conﬁrms a Gaussian decay of the distribution of the normal contact forces for elongated particles. The upper inset plots the distribution of the tangential contact forces for different particle aspect ratios
(reproduced from [123], with courtesy of R.C. Hidalgo, I. Zuriguel, D.
Maza and I. Pagonabarraga. Copyright 2009, with kind permission
from American Physical Society).

Force network

A further packing characteristics, viz. the force network or force
chains, is also signiﬁcantly inﬂuenced by particle shape. For example, Guises
et al. [121] reported that an increasing aspect ratio of the particles favoured the
propagation of stresses towards the bottom of the container, which is a fundamentally different behaviour to packings of spheres in which the vertical pressure saturates much earlier with depth [127]. This observation is in agreement
with the work reported by Hidalgo et al. [123, 124] who also assessed the inﬂuence of particle shape on the stress propagation in 2D granular packings. The
DEM simulations of Hidalgo et al. [123, 124] showed that in packings of elongated, rectangular-shaped particles the ‘chain-like’ contact force structures were
less evident than in packings of square-shaped particles (Figure 2.9a). Due to
the preferred horizontal alignment of elongated particles, the vertical force recor-
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ded at the bottom of the container did not saturate with increasing ﬁlling height.
Instead, the vertical stress proﬁle was similar to the classic hydrostatic pressure
proﬁle in liquids (Figure 2.9b). It is worth noting that several phenomena can inﬂuence the stress transmission characteristics in such systems. One phenomenon
is the so-called ‘shear-induced orientation’. Kanzaki et al. [128] simulated twodimensional packings of square-shaped and elongated, rectangular particles in
a ﬂat-bottom container. After the ﬁlling process, an oriﬁce was opened at the
bottom of the silo to allow a partial discharge of the particles. For elongated
particle systems it was observed that the partial discharge destroyed the ordered
packing structure. The lacking horizontal alignment of the particles hindered
signiﬁcantly the force transmission in the gravitational direction, thus, the force
acting in the vertical direction saturated at lower depths. In contrast, squareshaped particles were found to rotate under shear. In their ﬁnal position the
edges of the particles were parallel to the lateral walls of the container. Thus, for
square-shaped particles the force acting in the vertical direction saturated at larger depths. Recently, Acevedo et al. [129] reported experimental and numerical
data on the packing of faceted particles in a two-dimensional container. The aim
of their study was to understand how the feeding rate inﬂuences the transmission of stresses in the bulk. For very low feeding rates, square-shaped particles
packed in an arrangement in which the diagonal is parallel to gravity. This packing structure favours the formation of force chains that extend to the lateral walls
of the container. When the feeding rate was increased, the number of disorderly
packed or horizontally aligned squares increased, impeding a saturation of the
vertical force with depth.

2.4 Conclusions
The accurate modelling of non-spherical particle systems using the DEM is a challenging task. To decide on an adequate modelling approach several factors have
to be considered including ﬂexibility, numerical stability and efﬁciency. Although
one cannot suggest a priori the most suitable modelling approach for a speciﬁc
non-spherical particle system, it is nonetheless possible to summarize the characteristics and potential strengths and weaknesses of the different modelling approaches that have been proposed. This summary should aid modellers to choose
a suitable modelling approach for their particular problem.
• Super-quadrics: A very versatile method that can be used to model particles
of convex or concave shapes. The particle aspect ratio and blockiness can be
easily varied. Contact detection using the discrete function representation
(DFR) is numerically stable. Using the continuous function representation
(CFR) the numerical stability decreases with increasing particle blockiness
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and particle aspect ratios deviating from one. However, the CFR does not
require a pre-determination of discrete surface points on the particle and is,
thus, easier to implement.
• Composite spheres: Arguably the most popular method in non-spherical
DEM since it allows, in principal, the modelling of any complex particle
shape with sufﬁcient accuracy. Most importantly, the contact detection and
evaluating procedures developed for conventional, spherical DEM can be
directly applied. Numerical stability is guaranteed. The contact detection
between two composite particles is decomposed to the contact detection
between the individual primary spheres. The efﬁciency of this modelling
approach strongly depends on the number of primary spheres used to represent a non-spherical particle shape. A large number of primary spheres
decreases the efﬁciency of the method but may, at the same time, not lead necessarily to a more accurate result (at least on the level of a single particle).
DEM simulations of rotating cylinders have shown on the macro-scale, e.g.
angle of repose and micro-scale, e.g. velocity proﬁle level good agreement
with experimental measurements. An interesting ﬁnding was that in a rotating cylinder, non-spherical, but approximately isotropic particles disperse faster
than volume-equivalent spheres. In addition, it was shown that non-spherical
particles are less prone to bed slippage for low ﬁll levels. Particle shape was also
found to inﬂuence mixing and segregation in rotating cylinders.
There is an appreciable difference between the packing of spherical and nonspherical particles. Packings of non-spherical particles exhibit often a higher
packing density and coordination number than packings of spheres. The packing structure of non-spherical particles is inﬂuenced strongly by the blockiness
of the particles and their anisotropy. Elongated or faceted particles can form a
highly ordered packing structure. For example, square-shaped particles tend to
align their diagonal along the direction of gravity, whereas elongated particles
prefer aligning horizontally with each other. In turn, these macroscopic packing
structures affect the microscopic propagation of stresses. For example, the horizontal alignment of elongated rods favours the direct transmission of forces in
the vertical direction, thus, hindering the saturation of pressure with depth.

Nomenclature
a, b, c
A
d
D
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Half-lengths of particle principal axes (m)
Packing area (m2 )
Distance (m)
Diameter of particle (m)

2.4 Conclusions
f
F
FE
FV
k
N
P
x, y, z
Z

Potential function representing particle surface (-)
Particle contact force (N)
Elastic part of contact force (N)
Velocity-dependent dissipative part of contact force (N)
Stiffness (N/m)
Number of characteristic elements considered (-)
Point or vertex of particle (-)
Coordinates (m)
Coordinate number (-)

Greek letters
δ
ε, ε1 , ε2
ξ
η
θ, ϑ
Θ
μ
ρ
σ
Φ

Particle overlap (m)
Particle blockiness parameter (-)
Particle orientational angle (◦ )
Damping factor (-)
Parametric numbers in super-quadric equation (-)
Angle of repose (◦ )
Coefﬁcient of friction (-)
Average number of particles in a unit area (-)
Particle aspect ratio (-)
Packing density (-)
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Abstract

Discrete element method simulations of super-quadric shaped
particles have been performed by describing the particles using either a continuous function representation (CFR) or as an array of discrete points (discrete function representation, DFR). For the DFR, techniques of uniform discretization and
adaptive discretization were proposed for spherical and non-spherical particles,
respectively. The concept of a ‘contact candidate list’ was put forward to speed
up the stage of contact detection. For the CFR, a numerical approach was described to determine the contact point between colliding particles. Points generated through the DFR were used to make the initial guess for the numerical,
Newton Raphson based iterations. The proposed algorithms were employed to
model hoppers, horizontal rotating cylinders and vibrated beds. By analyzing
the dynamics of these systems the number of discrete points required accurately
to describe particles using the DFR was determined. The efﬁciencies of the DFR
and the CFR were measured based on the system of a horizontal rotating cylinder. The characteristics of both modeling approaches in granular simulations
were highlighted.
Keywords

Powder technology; particle; granular materials; computation; discrete element method (DEM).

3.1 Introduction
Granular systems can be found in many industrial systems ranging from rotating
cylinders in the cement industry to ﬂuidized beds in the petrochemical industry.
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To run processes efﬁciently in these reactors the underlying physics of granular
systems have to be well understood. Granular systems are typically opaque, making the acquisition of experimental measurement in such a granular system very
difﬁcult [6, 130, 131]. The discrete element method (DEM) is a modeling approach
which allows the investigation of particle dynamics. Excellent reviews of the recent developments and applications of the DEM approach were given by Zhu et
al. [39, 43]. However, despite the large number of reports of numerical investigations, the underlying physics of granular ﬂows are still only poorly understood.
This poor understanding can partly be attributed to the fact that most numerical studies have used perfect spheres, although in reality particles are typically
of irregular shape [24, 132, 133]. It is unclear whether or not conclusions made
based on measurements in systems composed of spherical particles can easily be
transferred to real, non-spherical particle systems. Therefore, the development of
simulation techniques to model non-spherical particles is crucial for an improved
understanding of real particle systems.
To date, different approaches to model non-spherical particles, such as polygon formulation, composite particles, continuous function representation (CFR),
discrete function representation (DFR) or sphero-cylinders, have been proposed.
In the following these approaches are described in more detail. (1) Polygon formulation: Hogue and Newland [134] discretized particles of arbitrary shapes in
a 2D polar coordinate system using vertices joined by line segments. The particle
contact algorithm was divided into a set of geometric problems. Hogue and
Newland [134] performed simulations of falling dominos and showed very good
agreement with experimental measurements. Feng and Owen [135] proposed
an energy-based polygon contact model in which the contact energy is directly
proportional to the overlap between particles. The normal contact force was assumed to point in the direction along which the contact energy decreases fastest.
Although the method proposed by Feng and Owen [135] was initially developed
for corner-corner contacts, it can be extended easily to more general contact cases.
(2) Composite particles: Spherical particles can be ‘glued’ together to compose
arbitrarily shaped non-spherical particles. For example, Third et al. [112] simulated non-spherical particles by gluing together two spheres of different diameters. They applied this approach to investigate the velocity proﬁle within a
horizontal rotating cylinder. The velocity proﬁle obtained using non-spherical
particles was found to be consistent with the equation proposed by Nakagawa et
al. [136] based on magnetic resonance measurements. In contrast, when spherical
particles were simulated a large amount of slip between the cylinder wall and the
particles was reported. The number of spheres used to compose non-spherical
particles depends on a balance between computational cost and the accuracy of
the shape description (Kruggel-Emden et al. [101]). (3) Continuous function rep-

36

3.1 Introduction
resentation (CFR): Here, a non-spherical particle is represented using an equation.
One commonly used function is the so-called super-quadric equation, which for
three-dimensional particles can be written as [45]:

f ( x, y, z ) =

x
a

2
ε2

+

y
b

2
ε2

 εε2
1

+

z
c

2
ε1

−1

(3.1)

where a, b and c are the half-lengths of the particle along the principle axes, and
ε1 and ε2 control the particle squareness. ε1 determines the shape of the cross
section in the y − z and x − z planes; while ε2 relates to the shape of the cross section in the x − y plane. When a CFR method is employed, non-linear constrained
optimization approaches are required to detect and evaluate contacts between
particles. The convergence difﬁculty of this optimization increases dramatically
as the squareness of the particles is increased (Cleary et al. [46]). Mustoe and
Miyata [48] employed super-quadrics to determine the effect of particle squareness on the dynamic angle of repose of cubic particles within a 2D horizontal rotating cylinder. Their results indicated that the dynamic angle of repose has an upper limit of approximately 40◦ . (4) Discrete function representation (DFR): In this
method, which was proposed by Williams and O’Connor [56], the particle surface
is represented by a number of discrete points called nodes. It has been argued that
DFR might provide an attractive alternative to the approaches described above
due to its computational efﬁciency and because it can be applied to a wide range
of particle shapes (Hogue [10]). The computational load of the DFR approach
scales as O(N), where N is the number of nodes describing the surface of the
particle. Williams and O’Connor [137] proposed contact
√ detection algorithms to
reduce the computational load to approximately O( N). In these algorithms,
an object was distinguished at multiple levels, including a bounding sphere, a
bounding box, a cellular region and surface facets. The bounding sphere is an orientation invariant approximation of a non-spherical particle, while the bounding
box performs better in capturing the aspect ratio of particles. On the subsequent
level of cellular regions, the bounding box was further discritized into a number
of cells of ﬁxed size along the direction of each coordinate axis. The cells which
contained a part of the particle surface were ‘marked’. Finally, at the highest resolution of representation using surface facets, the boundary of the particle was
approximated by a series of facets, which are lines in 2D and triangles in 3D. (5)
Sphero-cylinders: A sphero-cylinder is a cylinder with hemi-spherical ends of the
same radius as the cylinder. Contact detection between two sphero-cylinders can
be sub-divided into three scenarios: sphere-sphere, sphere-cylinder or cylindercylinder contacts. Langston et al. [35] simulated the discharge of sphero-cylinders
from a hopper and found that the aspect ratio of the particles did not have a sig-
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niﬁcant inﬂuence on the fraction discharged (deﬁned as the mass of the particles
discharged divided by the mass of particles initially in the hopper).
So far, the most common approaches of modeling non-spherical particles have
been the use of polygon-shaped particles or the construction of particles as composites of spheres. Contact detection algorithms for the polygon based approach
must consider separately contacts involving vertices, edges or faces. As a result
these algorithms are often complex and time-consuming. The composite particles
approach results in a high computational load in case that a large number of
spheres is used to model a smooth, non-spherical particle. In addition, it has
been demonstrated that if more than one sphere is involved in a contact, the ‘common’ force models have to be modiﬁed to prevent an over-stiff or over-damped
force-deﬂection response (Kodam et al. [104]). Reports of simulations of industrial and geophysical particle ﬂows performed using a CFR modeling approach
(Cleary [20]) remain relatively scarce. Regarding the DFR, certain aspects related
to this technique have to be addressed: (1) How can a particle be discretized conveniently? (2) How many points are required to discretize a particle to guarantee
sufﬁcient resolution? (3) How should the discretized points be distributed on the
surface of a particle? (4) How can the contact point be found efﬁciently based on
the discretized points? (5) How shall the contact point and the contact normal
be determined? In addition, the computational efﬁciencies of both the CFR and
DFR have to be evaluated via benchmark simulations.
In this work we focus on convex particle shapes and examine the feasibility
of the CFR and the DFR schemes using typical granular systems as test cases.
We also aim to highlight the advantages and disadvantages of the two modeling
techniques.

3.2 Simulation methods
3.2.1 Basic concepts of DEM for non-spherical particles

The principles of DEM are well documented in the literature [39] and will not
be repeated except to detail the force laws adopted in this work. In the normal
direction, a damped linear spring model was implemented and attractive forces
between colliding particles were prevented. The contact force in the normal direction was given by:



Fn = max 0, knij δn − 2ηn

mij knij vn

(3.2)

Here δn is the overlap between the colliding particles, ηn is the damping factor
in the normal direction, vn is the relative velocity in the normal direction, mij is
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the effective mass given by 1/mij = 1/mi + 1/mj and knij is the effective normal
stiffness deﬁned as 1/knij = 1/kni + 1/knj . In the tangential direction, the friction
force was modeled as a damped linear spring, and its magnitude was limited by
Coulomb’s law, such that:


Ft = min μknij δn , ktij δt − 2ηt

mij ktij vt

(3.3)

where μ is the coefﬁcient of friction, ηt is the damping factor in the tangential
direction, and vt is the relative velocity in the tangential direction. The tangential
displacement was calculated according to δt = vt dt and the effective tangential
stiffness is deﬁned as 1/ktij = 1/kti + 1/ktj .
In this work we consider spherical particles and non-spherical particles, the
surface of which were described by the super-quadric equation (Equation 2.1).
The contact detection algorithm for super-quadric particles can be divided into
two steps: contact detection and contact evaluation. The ﬁrst stage of contact
detection is to perform a neighbor search by approximating the particles as their
bounding spheres, which are concentric with the super-quadric particles. The
radius R of the√bounding sphere is based on the particle’s half-lengths and is
given by R = a2 + b2 + c2 . Next, a bounding box, with the center and the
principle axes coincident with those of the super-quadric particle, is employed
to identify the contact. Often the bounding sphere is only a rough approximation of the super-quadric particle. In particular for particles with a large aspect
ratio, a bounding box is necessary to rule out contacts for which the bounding
spheres overlap but the two particles are still far away from each other due to
their shapes and orientations. In the contact evaluation step the contact parameters, i.e. the contact point and the contact normal, are established. Owing to its
computational efﬁciency, the geometric potential approach [138, 139] is used to
deﬁne the contact point. Figure 3.1, showing a two-dimensional contact between
two ellipses, illustrates the determination of the contact parameters. First, the
point on the surface of particle 1 which has the lowest geometric potential energy relative to particle 2 is located. In the following we shall denote this point
P1 . Subsequently, it is determined whether P1 lies inside particle 2. For example,
if f2 ( x1 , y1 , z1 ) < 0, where x1 , y1 and z1 are the coordinates of P1 and f2 is the
super-quadric equation of particle 2, particle 1 is in contact with particle 2. Note
that the same process must also be performed for particle 2 to identity the point
on its surface that has the lowest geometric potential energy relative to particle 1.
We denote this point P2 . Finally, the following procedures are performed to calculate the overlap and the contact normal: (1) Compare the geometric potential
energies of the two points P1 and P2 and determine the point which possesses the
lowest potential energy. In the following it is assumed that P2 has a lower poten-
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tial energy than P1 . (2) Calculate the contact normal as the surface normal at P2 .
(3) Connect P1 and P2 and project this line onto the contact normal to calculate
the contact overlap. (4) The contact point is deﬁned as the position obtained by
adding a vector corresponding to half of the overlap in the normal direction to
P2 . (5) Determine the contact forces according to Equations 3.2 and 3.3. In Figure 3.1, the dot in the central part of the penetration zone represents the contact
point, and the numbers on the dashed ellipses are the geometric ratio between
the dashed lines and the real particle surface (solid ellipses).
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Figure 3.1: Deﬁnition of the overlap and the contact normal of super-quadric
particles based on the geometric potential concept.
The deﬁnition of the contact point described above requires a method to locate
the point on a particle’s surface which has the lowest geometrical potential energy with respect to another particle. In this work this problem is solved either
by representing the surface of a particle by a number of discrete points or by
using the super-quadric equation.
3.2.2 Contact resolution based on the discrete function representation (DFR)

The DFR approach requires two steps: (1) the discretization of the surface of a
particle using a sufﬁcient number of points to allow contacts between particles to
be modeled accurately and (2) the computationally efﬁcient determination of the
point of lowest geometric potential energy.
Depending on the particle shape, two different approaches were proposed for
the ﬁrst task. (i) Uniform discretization: Here points are uniformly distributed
on the surface of a particle. This strategy is most suited to particles that are
approximately spherical. In our method, the number of points on the equator
of a sphere is used to control the distance between neighboring points. Points
along the north-south and the east-west directions are generated based on the
appointed spacing along the equator, leading to equally spaced points in these
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two directions. Figure 3.2a shows an example of such a discretized sphere using
40 points on the horizontal equator. (ii) Adaptive discretization: This strategy
can be applied to convex particles described by the super-quadric equation. Normally the contact resolution relies on two factors, namely the total number of
points used to discretize a particle and the distribution of points over the surface
of a particle [10]. Here, a new method was developed to meet the requirement
of accurate contact detection. First, a bounding box is drawn around the particle.
The bounding box is a cuboid with side lengths equal to twice the half-lengths of
the particle. Next, points are generated on the edges of this bounding box. The
number of points and the smallest spacing between neighboring points are set
in advance. Subsequently, the distance between neighboring points is regulated
following a linear rule along the direction from the vertex of the bounding box to
the mid-point of its edge. Thus, the density of the points can be adjusted according to the local curvature of a particle’s surface. After that, the positions of the
points on the surface of the bounding box, i.e. the intersections of lines which are
perpendicular to the edges and pass through the points on the edges, are determined. Finally, the points created are mapped onto the actual surface of the particle
by determining the intersection point between the particle’s super-quadric equation and a line passing through the center of the particle and the point on the
bounding box. Figure 3.2b shows an example of such a discretized super-quadric
particle (squareness parameters ε1 = ε2 = 0.4 and half-length 0.001 m). The
points are generated based on setting 20 points on each edge of the bounding
box.
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Figure 3.2: Discrete function representation of particles through uniform discretization and adaptive discretization: (a) spherical particle (uniform discretization) and (b) super-quadric particle (adaptive discretization).
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For the second task, i.e. the determination of the point of the lowest geometric potential energy, a new concept termed ‘contact candidate list’ that avoids
searching the whole array of nodes at each time step, is proposed here. In this
method each node, P, has a list associated with it, which contains the nodes that
are closest to P (including P itself). This list is arranged in ascending order of
the straight line distance between the nodes and P. The aim of this concept is to
narrow the search for the point of lowest geometric potential energy at the current time step using the information from the previous time step. Since the time
step of DEM simulations is very small and the positions and the orientations of
the particles do not change signiﬁcantly in this short period, it can be anticipated
that the point of lowest geometric potential energy will not move a substantial
distance from one time step to another. In this work the length of the contact
candidate list is set to be 10 − 15. For the discretization schemes employed here,
this means that the contact candidate list of a point contains the points that are
its direct neighbors. The point of lowest geometric potential energy is determined as the point which has a lower geometric potential than any of the points
on its contact candidate list. To ﬁnd this point we ﬁrst compare the energy of the
geometric potential point G1 obtained at the previous time step with those of the
other points in the contact candidate list of G1 . If G1 has the lowest geometric potential energy then it is the point of lowest geometric potential of the current time
step. Otherwise we move to point, G2 , which has the lowest geometric energy of
the points on the contact candidate list of G1 . To reduce the computational load,
the points that have been searched but were found to have a higher geometric
potential energy than G2 are ‘marked’ to indicate that they do not need to be
re-searched. Subsequently, we check the points in the contact candidate list of
G2 that have not been marked to identify the point of lowest geometric potential
energy. This process is repeated until the point is found which has the lowest
geometric potential energy compared to the other points in its contact candidate
list. Since the shape of the particles investigated here is convex, it is guaranteed
that the ﬁnal point obtained using the above described method has the lowest
geometric potential energy. The minimum length of the contact candidate list for
this method only depends on the particle discretization approach used. In this
work the DFR approach using the ‘contact candidate list’ method was employed.

3.2.3 Contact resolution based on the continuous function representation
(CFR)

In the CFR approach, numerical optimization techniques are employed to solve
for the point of lowest geometric potential energy of contacting particles. An
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auxiliary potential function is established as
Π = f1 ( x, y, z ) + λ f2 ( x, y, z )

(3.4)

Here f1 and f2 are the super-quadric equations of particle 1 and particle 2, respectively, and λ is the Lagrange multiplier. Π is minimized with respect to the
variables x, y, z and λ. That is, we solve for a point which is on the surface of
particle 2 and has the lowest geometric potential energy relative to particle 1, and
vise versa.
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Figure 3.3: Points on the surface of a super-quadric particle that provide the initial guess for the Newton-Raphson iterations.
The Newton-Raphson approach is used to solve numerically the set of equations described above. The DFR approach described previously is used to
provide an initial guess for x, y, z and λ. Suppose that a set of points is generated
on the surface of a particle. On the initial contact moment, when the bounding
boxes of two particles are in contact, all the points on one particle are checked
to determine the point of lowest geometric potential energy relative to the other
particle. The coordinates of this point are then used as the ﬁrst guess for the
Newton-Raphson method. In the work proposed here we used 26 points as the
basis for the ﬁrst guess. These points include the vertices and the centers of the
faces and the edges of the super-quadric particle, as shown in Figure 3.3. A ﬁxed
value is used as the initial estimate of λ. For the subsequent time steps, the solutions of the Newton-Raphson method obtained from the previous time step are
used as the initial guess.
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Figure 3.4: Snapshots of the discharge of spherical particles from a hopper of rectangular cross-section: (a) ‘standard’ DEM for spherical particles; (b)
200 points on the equator of a sphere using the DFR approach and (c)
the CFR approach.
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The DEM algorithms described above were validated by performing benchmark
simulations of granular ﬂows composed of either spherical or non-spherical
particles. We consider three systems: hopper, vibrated bed and horizontal rotating cylinder.
3.3.1 Simulations of spherical particles

First, we study the discharging behavior of a 3D hopper of rectangular crosssection. The dimensions of the hopper are 0.12 m × 0.03 m × 0.16 m in terms of
length × width × height. In total, 12000 spherical particles of average diameter 3
mm (the particle size distribution is ±5% of the average diameter) are generated
inside the hopper with random initial velocities and are allowed to settle under
gravity. The density of the particle used is 2500 kg/m3 , the stiffness is 2000 N/m
and the damping factors in the normal and tangential directions are chosen as
0.22 and 0.2, respectively. The coefﬁcient of friction for both particle-particle and
particle-wall contacts is set to 0.7. Discharge of the hopper is initiated by opening
a square oriﬁce of length 0.018 m (six times of the average particle diameter) in
the center of its base. Simulations were performed using the ‘standard’ DEM, the
DFR approach using 50, 200 or 400 points on the equator of a sphere (corresponding to 835, 12779 or 51026 points on the surface of a sphere in total), and the CFR
approach. Figure 3.4 shows selected snapshots of the particle positions during
hopper discharge simulated using the three different modeling techniques.
From the snapshots shown in Figure 3.4 it can be seen that the three modeling
techniques predict that a ‘V’-shaped wedge of material remains in the hopper
after discharge. The angle of this ‘V’-shaped geometry is the angle of repose of
the spheres. The change in the number of particles within the hopper with time
is plotted in Figure 3.5a. From Figure 3.5a it can be seen that the DFR simulation
employing 50 points on the equator of a sphere leads to a faster discharging rate,
whereas the curves for the DFR approach using a larger number of nodes are very
close to each other and are in good agreement with the ‘standard’ DEM. These
data suggest that, for the spherical particles used here, representing the particles
using 200 points on the equator is sufﬁcient to capture the particulate behavior
accurately. In addition, the CFR approach gives very good agreement with the
‘standard’ DEM. To assess the signiﬁcance of the results presented in Figure 3.5a,
each simulation was performed a further 4 times using different initial conditions
(initial particle velocities). We test the null hypothesis, H0 , that there is no statistically signiﬁcant difference between the results obtained using the DFR with
50 points on the equator and the ‘standard’ DEM. It is assumed that the results
produced by both the ‘standard’ DEM and the DFR with 50 points on the equator
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are normally distributed. It is anticipated that the variance of the two modeling
approaches may be different so H0 will be evaluated using a two-tailed Welch’s
T-test. The analysis was performed based on the number of particles remaining
in the hopper after 7 s of simulated time and a signiﬁcance level of 1% shall be
adopted. For the ‘standard’ DEM the mean number of particles remaining in
the hopper was 2195.8 and the standard deviation was 39.52. The DFR with 50
points on the equator gave a mean of 1941.6 and a standard deviation of 34.11.
The sample size is 5 for both simulation methods. Assuming H0 , the probability
of obtaining a discrepancy at least as large as the observed discrepancy is approximately 1 × 10−5. Therefore there is evidence to reject H0 at the 1% signiﬁcance
level.
In order to test whether the size of the oriﬁce has an inﬂuence on the number of
points required accurately to represent a sphere, simulations with a larger oriﬁce
(0.06 m × 0.018 m) were performed. Figure 3.5b compares the discharge behavior of particles discretized by a different number of points. Since the oriﬁce is
enlarged, the ﬂow rate is greatly increased. The inset in Figure 3.5b shows the
deviation between the different DFR approaches in more detail. Following the
methodology described above, each of the simulations for the large oriﬁce size
was performed 5 times with different initial conditions. The mean number of
particles remaining in the hopper after 3.5 s of simulated time was found to be
919 for the ‘standard’ DEM and 844.8 for the DFR with 50 points on the equator of
a sphere. The standard deviations were, respectively, 20.6 and 7.4. A two-tailed
Welch’s T-test with 1% signiﬁcance has been applied to these data to assess the
null hypothesis stated above. This analysis predicted that the probability of obtaining a discrepancy at least as large as the observed discrepancy if H0 were true
would be approximately 1 × 10−3. Consequently, there is evidence to reject H0 at
the 1% signiﬁcance level. Thus, the system with enlarged oriﬁce dimensions also
requires 200 points on the equator of a sphere to model its discharge dynamics
accurately.
As a second test case, the particle motion inside a horizontal rotating cylinder
was investigated. The length and diameter of the cylinder were 0.152 m and 0.1
m, respectively [140]. The cylinder contains 11220 spherical particles of average
diameter 3 mm (the particle size distribution is ±5% of the average diameter),
corresponding to a ﬁll level of approximately 25%. Here, the ﬁll level is deﬁned
as the fraction taken up by the particles and the voids between particles while the
cylinder is rotating. Wall rougheners are employed to suppress the slip between
the particles and the cylinder wall. The wall rougheners are composed of spherical particles of diameter 3 mm, running along the direction of the cylinder axis.
In total 52 equally-spaced lines of wall rougheners are created around the cylinder circumference. The centers of the spheres making up the wall rougheners
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Figure 3.5: Discharge curves for hoppers containing 12000 spherical particles simulated using the ‘standard’ DEM, the DFR and the CFR approaches:
(a) hopper with a small oriﬁce and (b) hopper with a large oriﬁce.

are located on the surface of the cylinder. Figure 3.6a shows a typical snapshot
of the cylinder investigated. To quantify the particle motion within the cylinder,
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the velocity proﬁle along a radius perpendicular to the free surface of the bed
(tangential velocity proﬁle, TVP) was calculated. The TVP shows the spatially
resolved average particle velocity parallel to the surface of the bed for particles
located in a narrow section between the dashed lines AB and CD marked in Figure 3.6b. The system operates in the rolling mode with a rotation speed of 10 rpm,
thus the dynamic angle of repose, θ, is given by the angle between the surface of
the bed and the horizontal line. After initialization of the cylinder rotation, 10 s
was allowed for the system to reach steady state. The rate of axial dispersion can
be reﬂected by the mean squared deviation of particle positions along the axial
2
direction of a cylinder, namely ∑tot
k =1 ( zk ( t ) − zk (0)) /tot, where zk is the axial
position of a particle k and tot is the total number of particles considered. The
mean squared deviation of particle positions is calculated using the particle positions between 10 s and 100 s, using 10 s as a time segment. In order to prevent the
inﬂuence of end plates due to the ﬁnite axial length of a cylinder, the analysis is
performed to particles in a pulse centered half way along the cylinder. Here, the
length of the pulse is chosen as 10 cm, which was demonstrated to be free from
the end plates restriction for the time range considered [140]. Simulations were
performed using the ‘standard’ DEM for spherical particles, the DFR approach
using 50, 100 or 200 points on the equator of a sphere and the CFR approach.
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Figure 3.6: (a) Conﬁguration of a horizontal
rotating cylinder containing spher
ical particles; (b) schematic drawing showing the sample particles
chosen for the calculation of tangential velocity proﬁle (TVP).
To calculate the dynamic angle of repose, we divide the cylinder into 10 sections of equal width, as shown in Figure 3.6b. For each section, the particle with
the highest y coordinate is identiﬁed. The free surface of the bed is approximated
by ﬁtting a straight line through the coordinates of the particles selected in this
way. The dynamic angle of repose is calculated as the angle formed between this
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Figure 3.7: Comparison of tangential velocity proﬁles and rates of axial dispersion of 11220 spherical particles within a horizontal, rotating cylinder
based on the ‘standard’ DEM, the DFR and the CFR: (a) tangential
velocity proﬁles and (b) rates of axial dispersion.

line and the x axis. The dynamic angles of repose, averaged over 90 s, are 28.6◦ ,
25.3◦, 28.7◦ , 28.6◦ and 28.7◦ for the ‘standard’ DEM, the DFR using 50, 100 and 200
points on the equator of a sphere and the CFR, respectively. Results obtained for

49

3 Contacts between super-quadric shaped particles in DEM simulations
the TVP and for the mean squared deviation in the axial positions of the particles
are shown in Figure 3.7. In the active region, i.e. near the surface of the particle
bed, negative velocities are encountered; whereas the particles close to the cylindrical wall have positive velocities. Turning now to the axial dispersion rates,
all simulations indicate that the mean squared deviation in the axial positions of
the particles increased linearly with time, thus following Fick’s second law. For
both dynamic properties of a rotating cylinder, the DFR approach using 50 points
on the equator of a sphere is insufﬁcient to model the particles accurately. The
axial dispersion coefﬁcient predicted using 50 points on the equator of a sphere is
2.45 × 10−6 m2 /s and the standard deviation between different time segments is
7.57 × 10−8 m2 /s. For the ‘standard’ DEM, the mean axial dispersion coefﬁcient
is 2.97 × 10−6 m2 /s and the standard deviation is 3.4 × 10−8 m2 /s. Increasing the
number of points to 100 on the particle equator, however, gives very good agreement with the ‘standard’ DEM approach. The TVP predicted using 100 discrete
points on the equator of a sphere is indistinguishable from the TVP calculated by
the ‘standard’ DEM and the error in the axial dispersion coefﬁcient, Dax, is only
2%, which is less than the standard deviation between different time segments.
Using the CFR the simulation results are indistinguishable from those obtained
using the ‘standard’ DEM.
3.3.2 Simulations of non-spherical particles

The DEM algorithms proposed here are further validated using non-spherical
particle systems. Using the DFR and CFR methods the dynamics of cubic
particles in a horizontal, rotating cylinder were studied. The characteristic dimensions of the system are identical to those used for spheres. The cylinder contained
11220 cubic particles with squareness parameters ε1 = ε2 = 0.4. The length of
the principal axis is 2.42 mm, resulting in a cube of equal volume to the spheres
simulated previously. The particle size distribution is ±5% of the average length.
The ﬁll level of the cylinder is approximately 24%, which is very similar to the
ﬁll level of the system containing spheres. Wall rougheners are not employed
since the non-sphericity of the particles signiﬁcantly reduces the slip between the
particles and the cylinder wall. Figure 3.8a gives a snapshot of the system simulated. Simulations were performed based on the DFR using 10, 20, 40 or 60 points
on the edge of a cube, which corresponds to, respectively, 602, 2402, 9602 or 21602
points in total. Simulations were also performed using the CFR method. For the
DFR an inhomogeneous distribution of points is employed such that more points
are generated around the particle’s vertices. The cylinder is rotated with a speed
of 10 rpm. The system is allowed to reach a steady state during the initial 11 s.
From time 11 to 60.5 s, subsequent time segments of 5.5 s length are averaged to
calculate the rate of axial dispersion.
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Figure 3.8: (a) Conﬁguration of a horizontal rotating cylinder containing cubic
particles; (b) comparison of tangential velocity proﬁles of 11220 cubic particles within a horizontal rotating cylinder based on the DFR
and the CFR; (c) comparison of rates of axial dispersion of 11220 cubic
particles within a horizontal rotating cylinder based on the DFR and
the CFR.
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Figure 3.9: (a) Snapshots of B/4 waves formed by 2000 cubic particles inside a
2D vibrated bed; (b) probability density of particle velocities in the
horizontal direction based on the DFR and the CFR; (c) probability
density of particle velocities in the vertical direction based on the DFR
and the CFR.
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3.3 Results and discussion
In addition, the dynamic angle of repose, based on the simulation data from
time 11 to 60.5 s, was calculated using the procedure introduced previously for
spherical particles. The angles of repose obtained are 34.2◦ , 37.3◦ , 36.7◦ , 36.5◦
and 36.2◦ for the DFR using 10, 20, 40 or 60 points on the edge of a cube and the
CFR, respectively. The tangential velocity proﬁles and the rates of axial dispersion obtained are shown in Figures 3.8b and 3.8c. With regards to the rate of axial
dispersion, all simulations show that the mean squared deviation of the axial position of the particles increased linearly with time, thus following Fick’s second
law. However, from both Figures 3.8b and 3.8c it is clear that the DFR method
using 10 points on the edge of a cube is insufﬁcient to model the particles accurately. The simulation results for both the tangential velocity proﬁle and the rate
of axial dispersion deviate signiﬁcantly from the other simulation results. The
axial dispersion coefﬁcient predicted using 10 points on the edge of a cube is
3.38 × 10−6 m2 /s and the standard deviation between different time segments is
1.67 × 10−7 m2 /s. This is substantially smaller than the dispersion coefﬁcients
predicted by the other simulations. For example, the CFR approach gave a dispersion coefﬁcient of 5.7 × 10−6 m2 /s and a standard deviation of 1.67 × 10−7
m2 /s. Using 20 points on the edge of a cube provides a good prediction of the
rate of axial dispersion, but fails to predict satisfactorily the tangential velocity
proﬁle. However, increasing the number of points on the edge of a cube to 40 appears to be sufﬁcient to predict the TVP accurately. On the other hand, the results
of the CFR approach agree very well with the simulation results obtained from
the DFR method using a sufﬁcient number of points. An interesting result of this
simulation is that the rate of axial dispersion of cubic particles is approximately
1.9 times larger than that of spherical particles of the same volume. The underlying physics for this faster transportation of non-spherical particles along the axial
direction of a horizontal rotating cylinder will be addressed in a separate study.
Finally, a 2D vibrated bed with dimensions 0.1 m × 0.15 m (width × height)
was simulated. In total 2000 square particles are generated with squareness parameters ε1 = ε2 = 0.5 and average length 1 mm along the principal axis, leading to
a dimensionless ﬁlling height (deﬁned as the actual height of the bed divided by
the average length of the particle used) of approximately 20. A particle size distribution of ±10% of the average length was employed. Here, we change the squareness parameters of particles used in the previous simulation to evaluate the performances of the proposed DEM algorithms on a different non-spherical shape.
The bed is vibrated with a frequency B = 20 Hz and an amplitude A = 0.0043
m, resulting in a dimensionless acceleration parameter of Γ = A(2πB)2 /g = 7.0.
The density of particles is 2500 kg/m3 , and their stiffness is 10580 N/m. The
coefﬁcients of restitution and friction (particle-particle and particle-wall) are set
to 0.8 and 0.1, respectively. Simulations were conducted using the CFR approach

53

3 Contacts between super-quadric shaped particles in DEM simulations
and the DFR approach with 6, 10, 20, 40 or 60 points on the edge of a cube (corresponding to 24, 40, 80, 160 or 240 points in total, respectively). The dynamics
of the vibrated bed are determined 10 s after the start of the simulation. Simulation data obtained from 10 to 60 s are used to calculate the probability density
functions of the particle velocities.
Figure 3.9a shows snapshots of the vibrated bed during a vibrating cycle. The
formation of surface waves can be seen clearly. The frequency of the waves is
one quarter of the external driving frequency. In order to evaluate the accuracy
of the different modeling approaches, a statistical analysis of the horizontal and
vertical velocities of the particles, based on a 50 s time segment, was performed.
The probability density functions of the horizontal and vertical velocities are plotted in Figures 3.9b and 3.9c, respectively. From Figure 3.9b it can be seen that the
distributions of velocities in the x −direction are symmetric around vx = 0 m/s.
The velocities lie mostly in the range of ±0.4 m/s. Combined with Figure 3.9c,
it was found that using the DFR approach with 6 points on the edge of a cube
is not sufﬁcient to predict the dynamics of the system accurately. If the number
of points is increased to 10, the probability density function of particle velocities
in the vertical direction is in good agreement with those predicted using a large
number of points. However, in the probability density function of the velocities
in the horizontal direction a large deviation can still be observed. For example,
the simulation with 10 points on the edge of a cube predicts that the fraction of
particles having horizontal velocities in the range −0.04 m/s < vx < −0.02 m/s
is 0.0677, while the CFR approach predicts 0.06. To allow the signiﬁcance of this
discrepancy to be estimated, probability densities have also been calculated by
dividing the simulated time into 5 time segments of 10 s. The standard deviation
between those time segments for the fraction of particles with horizontal velocities in the range −0.04 m/s < vx < −0.02 m/s was found to be 8.2 × 10−4
for the simulation with 10 points on the edge of a cube, and 9.75 × 10−4 for the
CFR. This inconformity can be eliminated by increasing further the number of
points on the edge of a cube to 20. The numerical results obtained using the CFR
method are very close to the predictions of the DFR methods using a sufﬁciently
large number of points.
3.3.3 Efﬁciency test on the DFR and CFR

To evaluate the efﬁciencies of the DFR and CFR approaches, benchmark simulations that are based on the horizontal, rotating cylinder described above have
been performed. The cylinder contains 11220 particles and tests have been performed using either spherical or non-spherical particles. For spherical particles
wall rougheners are employed and the simulations are run until 10 s of rotation
have been simulated. For non-spherical particles 11 s of rotation is simulated and

54

3.4 Conclusions
wall rougheners are not used. The benchmark simulations were performed on a
desktop computer running Linux (64 bit). The elapsed system time required by
the simulations was recorded automatically and no data were written to the hard
disk by the benchmark simulations. Table 3.1 shows the simulation time obtained
under these conditions. These data indicate that, for spherical particles, both the
DFR and CFR employed in this work are substantially slower than the ‘standard’
DEM. The DFR using 100 points on the equator of a sphere has an efﬁciency of
about 20% of the ‘standard’ DEM, while the DFR using 200 points and the CFR
both have efﬁciencies of approximately 7% of the ‘standard’ DEM. It was found
that for the DFR method the scaling relation between the computational time
and the number of points employed to represent a particle is not linear. The data
for spherical particles presented in Table 3.1 suggest that the computational time
increases as N 0.65. The computational load increases signiﬁcantly when cubic
particles are simulated, but the efﬁciencies of the CFR and DFR remain comparable.
Table 3.1: Comparison of computational times for a horizontal rotating cylinder
simulated using the ‘standard’ DEM, DFR and CFR approaches.
Particle type

DEM scheme

Simulation time (s)

Elapsed time (h)

sphere
sphere

‘standard’ DEM
DFR: 100 points
on the equator
(3203 points in total)
DFR: 200 points
on the equator
(12779 points in total)
CFR
DFR: 40 points
on the edge
(9602 points in total)
CFR

10
10

2:18
11:40

10

28:45

10
11

35:50
169:16

11

150:44

sphere

sphere
cube

cube

3.4 Conclusions
Two different approaches to model super-quadric particles using the DEM have
been investigated: continuous function representation (CFR) and discrete function representation (DFR). These algorithms have been evaluated through simulations of hoppers, horizontal rotating cylinders and vibrated beds. The main
conclusions of this work are:
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• For spherical particles there is excellent agreement between simulations performed using the CFR and the ‘standard’ DEM. The performance of the
DFR depends on the number of points used to discretize the particles: good
agreement is obtained using 100 points on the equator of a sphere, while the
results are indistinguishable from the ‘standard’ DEM when 200 points are
used on the equator.
• For simulations of non-spherical particles there is excellent agreement
between the predictions of the CFR and the DFR if a sufﬁcient number of
discretizing points are used. The agreement between these two methods
suggests that both of these models are able accurately to model the motion of super-quadric particles. For two granular systems containing superquadric cubes studied here it was found that the DFR required 40 points on
the edge of a cube to achieve sufﬁcient contact accuracy.
• While the codes employed in this work have not been fully optimized, the
efﬁciencies of the CFR and DFR appear to be comparable.
• Both continuous function representation and discrete function representation are feasible methods for modeling non-spherical particles using the
DEM.

Nomenclature
a, b, c
A
B
Dax
f
Fn
Ft
g
G, P
k ni
knij
k nj
k ti
ktij
k tj
mi
mij
mj

56

Half lengths of a particle along its principle axes (m)
Vibrating amplitude (m)
Vibrating frequency (Hz)
Axial dispersion coefﬁcient (m2 /s)
Super-quadric equation of a particle (-)
Contact force in normal direction (N)
Contact force in tangential direction (N)
Gravitational acceleration (m/s2 )
Discrete points on the surface of a particle (-)
Normal stiffness of particle i (N/m)
Effective normal stiffness (N/m)
Normal stiffness of particle j (N/m)
Tangential stiffness of particle i (N/m)
Effective tangential stiffness (N/m)
Tangential stiffness of particle j (N/m)
Mass of particle i (kg)
Effective mass (kg)
Mass of particle j (kg)

3.4 Conclusions
N
r
R
t
T
tot
v
vx
vy
vn
vt
x, y, z

Number of nodes describing the surface of a particle (-)
Radial distance from cylinder center (-)
Radius of a bounding sphere (-)
Simulation time (s)
Vibrating cycle (s)
Total number of particles (-)
Tangential velocity (m/s)
Horizontal velocity (m/s)
Vertical velocity (m/s)
Relative velocity in normal direction (m/s)
Relative velocity in tangential direction (m/s)
Coordinates (m)

Greek letters
Γ
δn
δt
ε1 , ε2
ηn
ηt
θ
λ
μ
Π
ω

Dimensionless acceleration (-)
Overlap between the colliding particles (m)
Tangential displacement between the colliding particles (m)
Squareness parameters of a super-quadric particle (-)
Damping factor in normal direction (-)
Damping factor in tangential direction (-)
Dynamic angle of repose (◦ )
Lagrange multiplier (-)
Coefﬁcient of friction (-)
Auxiliary potential function (-)
Angular velocity of a rotating cylinder (rad/s)
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4 Effect of particle shape on domino wave
propagation - A perspective from 3D, anisotropic
discrete element simulations
This chapter has been published as:
• G. Lu, J. R. Third, and C. R. Müller. Effect of particle shape on domino
wave propagation - A perspective from 3D, anisotropic discrete element
simulations. Granular Matter, 16:107 − 114, 2014.

Abstract A fundamental understanding of the underlying physics of granular
systems is not only of academic interest, but is also relevant for industrial applications. One speciﬁc aspect that is currently only poorly understood is the effect of
particle shape on the dynamics of such systems. In this work the effect of particle
shape on domino wave propagation was studied using 3D, anisotropic discrete
element simulations. The dominoes were modelled using the three-dimensional
super-quadric equation and very good agreement between the intrinsic collision
speeds predicted by the simulations and the corresponding experimental data
was observed. Furthermore, the inﬂuence of particle blockiness on the collision
dynamics of dominoes was investigated numerically using particle shapes ranging from ellipsoids to almost cuboid particles. It was found that the intrinsic
collision speed increased with increasing particle blockiness. It was also shown
that a higher initial contact point favours the transmission of kinetic energy in the
direction of the wave propagation, leading to a higher intrinsic collision speed for
dominoes of higher blockiness.
Keywords

Discrete element model; anisotropic particles; granular material; contact mechanics; propagating wave.

4.1 Introduction
At ﬁrst sight granular systems, i.e. assemblies of macroscopic particles, appear
simple. However, under external excitation, e.g. rotation or vibration, a pleth-
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ora of intriguing phenomena, including segregation or the formation of surface waves, can be observed [3, 5, 7]. Granular systems that are frequently encountered in industry or nature are further complicated since they are comprised
of non-spherical grains, whereas most numerical and laboratory studies have
been restricted to spheres [43]. Thus, the effect of particle shape on the dynamics,
and indeed statics [123], of granular systems is currently only poorly understood.
So far, discrete computational methods, such as the discrete element method
(DEM), have been employed to provide both macroscopic and microscopic ‘measurements’ in granular systems [112, 141–144]. Recent developments in the DEM
have enabled the modelling of various non-spherical particle shapes [53, 125, 145–
147]. However, model validation and indeed systematic studies critically assessing the effect of particle shape on the dynamics of granular systems are lacking. In this study we utilize the propagation of domino waves to address the
above mentioned issues. The toppling of an array of dominoes may produce a
propagating wave characterized by successive destabilizing collisions between
neighbouring dominoes [148]. If the spacing between neighbouring dominoes is
sufﬁciently large, a so-called intrinsic or natural collision speed can be reached
after a transient phase. This intrinsic collision speed is independent of the initial
perturbation exerted on the ﬁrst domino [149] and is predominantly governed
by the domino spacing, the sliding friction and the coefﬁcient of restitution of the
domino-domino contacts [150, 151]. Experimental measurements of the intrinsic
speed of colliding dominoes have demonstrated the effectiveness of theoretical
predictions based on either the single collision theory [150] or the cooperative
group theory [151]. The distinguishing feature of the cooperative group theory
is that it considers the effect of the toppled dominoes leaning against each other
at the front of the propagating wave. Hence, for the case that the dominoes are
narrowly spaced this model provides a more accurate prediction of the intrinsic
speed of domino wave propagation compared to the single collision theory.
So far studies concerned with contacts between dominoes and the colliding
wave propagation have been restricted to 2D approaches, which are, of course,
an over-simpliﬁcation of reality [134, 152]. In those studies the dominoes were
modelled as perfect rectangles with sharp corners. In contrast, this study aims to
identify the inﬂuence of particle blockiness on domino wave propagation using
3D DEM simulations. Particles of non-spherical shape were represented using
the 3D super-quadric equation, viz. ( x/a)m + (y/b)n + (z/c) p = 1 (a, b and c
are the half lengths of the principal axes and m, n and p are indices controlling
the sharpness of the edges). For a speciﬁed particle blockiness, we ﬁrst veriﬁed
the accuracy of our DEM simulations by using experimental measurements of the
intrinsic collision speeds of domino arrays. Subsequently, the blockiness of the
dominoes was varied to highlight its inﬂuence on the domino wave propagation.
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4.2 Experimental and numerical set-up
In the experiments reported here, commercial plastic dominoes with dimensions
of 43.2 mm × 21.9 mm × 7.7 mm were used. In total 30 dominoes were arranged
in a linear array on a horizontal table. The dominoes were placed on a thin
rubber sheet of thickness 1 mm to suppress sliding during the toppling of the
dominoes. The spacing, λ, was deﬁned as the ‘face-to-face’ separation between
neighbouring dominoes in the domino array. The dominoes were arranged with
their greatest linear dimension (H = 43.2 mm) perpendicular to the table and
their smallest linear dimension (T = 7.7 mm) parallel to λ. The domino wave
was initiated by applying an impulse to the ﬁrst domino and the propagation of
the wave was recorded using a high-speed CCD camera (Nikon, 496RC2) using
a capture rate of 500 frames per second. The intrinsic collision speed, V, was
deﬁned as the speed at which the wave propagates from one domino to the next
and was calculated by averaging the speeds obtained from 10 experiments. Here,
the moment at which the ﬁrst domino collides with the second domino was regarded as the starting time. Since it is challenging to identify the exact moment
at which two dominoes make contact, the collision speeds reported here have
been calculated based on the time required for the domino wave to propagate a
distance of 2λ. Calculating the velocity in this way reduces the sensitivity of the
results to inaccurately identiﬁed contacts.
The coefﬁcients of friction and restitution of the dominoes were measured experimentally. The coefﬁcients of friction for domino-domino and domino-rubber
contacts were measured by sliding the edge of a domino on the faces of other
dominoes and the surface of the rubber, respectively. A mass of between 195 g
and 730 g was placed on top of the sliding domino to vary the normal force
applied to the sliding contact. The pulling force required to slide the domino
at a constant speed was measured using a forcemeter with a maximum scale
of 5 N and a resolution of 0.05 N. The average coefﬁcients of friction obtained
for the domino-domino and the domino-rubber contacts were 0.11 ± 0.01 and
0.90 ± 0.02, respectively. To measure the coefﬁcient of normal restitution, a domino was dropped from a certain height such that its edge collided with the face of
a second domino that was immobilised on a horizontal surface. The initial height
of the domino was chosen such that collision speeds in the range of 0.5 − 1.0 m/s
were obtained, i.e. values that approximately cover the linear velocity at which
the edge of one domino collides with the face of the other domino during the
domino wave propagation considered in this work. The vertical component of
the velocity of the falling domino at the contact point was determined immediately before and after the collision with the stationary dominoes using particle image velocimetry (MATPIV) [153]. The coefﬁcient of normal restitution obtained
using this method was 0.54 ± 0.10.
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In the DEM simulations the dominoes were modelled as 3D super-quadrics.
Contact detection and the determination of the contact properties for superquadric particles were addressed in detail by Lu et al. [53] and will not be repeated here except to describe the force laws adopted in this work. A linear
spring and dashpot model was employed to describe the contact mechanics of
the particles and attractive forces between colliding particles were prevented. For
a pair of colliding particles i and j, the contact force in the normal direction was
given by
Fn = max 0, knij δn − 2ηn

mij knij vn

(4.1)

Here δn is the overlap between the contacting particles, ηn is the damping factor
in the normal direction, vn is the relative velocity in the normal direction, mij is
the effective mass given by 1/mij = 1/mi + 1/mj and knij is the effective normal stiffness deﬁned as 1/knij = 1/kni + 1/knj . In the tangential direction, the
magnitude of the friction force was restricted by Coulomb’s law, such that:
Ft = min μknij δn , ktij δt − 2ηt

mij ktij vt

(4.2)

where μ is the coefﬁcient of friction, ηt is the damping factor in the tangential
direction, and vt is the relative velocity in the tangential direction. The tangential
displacement was calculated according to δt = vt dt and the effective tangential stiffness is deﬁned as 1/ktij = 1/kti + 1/ktj . Interactions between particles

Table 4.1: Shapes of the real and simulated dominoes and the mechanical properties of the particles simulated.
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Real domino

Super-quadric particle

Mechanical property

Numerical value

Particle density, ρ
Normal spring stiffness, kn
Tangential spring stiffness, kt
Normal damping factor, ηn
Tangential damping factor, ηt
Coefﬁcient of normal restitution, en

631 kg/m3
10000 N/m
5000 N/m
0.194
0.194
0.54

4.2 Experimental and numerical set-up
W 



W V



W V



W V



W V



W V
D
W 







W V




W V




W V




W V




W V
E 



Figure 4.1: Snapshots of the toppling of a domino array separated by a spacing of
λ/T = 1.8 (The start time of the snapshots is chosen as the moment
when the eleventh domino forms a contact with the twelfth domino):
(a) experiment and (b) DEM simulation.

and the bottom surface were modelled in the same way as interactions between
particles. The bottom surface was modelled as having an inﬁnite mass and the
same normal and tangential stiffnesses as the particles. The time step dt used for
the DEM simulations was 5 × 10−5 s, which is approximately one thirtieth of the
duration of a binary collision between particles. A third order Adams-Bashforth
integration scheme was employed to update the particle velocities and positions.
The same integration scheme was applied to update the orientation of particles
based on the concept of quaternions [35].
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Figure 4.2: Comparison of the intrinsic collision speeds of toppling dominoes separated by different spacings obtained using experiments and DEM
simulations: (a) λ/T = 1.0; (b) λ/T = 1.8; (c) λ/T = 2.6.
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4.3 Results and discussion
To reproduce more accurately the experimental conditions, random deviations
were applied to the initial positions of the simulated dominoes in both horizontal
directions. The maximum magnitude of these deviations was 0.5 mm. In total
30 dominoes were simulated and 10 independent simulations were performed
with different initial angular velocities for the ﬁrst domino and different initial
positions for all the dominoes. The time at which a contact formed between
neighbouring dominoes was identiﬁed by the DEM code. The dominoes were
modelled as super-quadrics with squareness parameters [7 7 7]. Table 4.1 shows
the shapes of the real and simulated dominoes and the mechanical properties of
the particles simulated.

4.3 Results and discussion
Figure 4.1 shows snapshots of toppling dominoes separated by a spacing of
λ/T = 1.8 obtained from both an experiment and a DEM simulation. Due to
the different initial perturbations applied to the two systems, the start time of the
snapshots, t = 0, is deﬁned as the moment when the eleventh domino forms
a contact with the twelfth domino. It can be observed that the characteristics
of the domino wave propagation are very similar for the experiment and the
simulation. Since the dominoes in this case are separated by a comparatively
small spacing, the toppled dominoes lean against each other in the experiment,
an effect which was reproduced very accurately in the DEM simulation using
super-quadric particles. To compare further the intrinsic collision speeds of the
domino arrays, we studied three spacings, i.e. λ/T = 1.0, 1.8 and 2.6, corresponding to ‘face-to-face’ separations between neighbouring dominoes of 7.7 mm,
13.86 mm and 20.02 mm, respectively. A comparison between the intrinsic collision speeds obtained from the experiments and numerical simulations is plotted
in Figure 4.2. Very good agreement between the simulations and the experiments
can be observed in all the cases tested. For the three spacings studied the propaga-



Figure 4.3: Schematic diagram showing the wave-front edge and the inclined
angle of a toppling domino.
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tion speed of the toppling domino wave approached a steady state value. With
increasing domino spacing, fewer dominoes were required before the speed of
the wave front approached an asymptotic value. On the other hand, the average
intrinsic collision speed increased with increasing spacing between the dominoes. These results demonstrate the effectiveness of our 3D DEM simulations in
capturing accurately the wave propagation of toppling dominoes.
Apart from the intrinsic collision speed, other physical quantities can be extracted from the experimental data for comparison with the numerical simulations.
Here, the inclined angle of an individual domino during collision was chosen.
The variation of this angle is plotted as a function of time. To this end, the time at
which two dominoes ﬁrst contact with each other is regarded as the starting moment of record. In the experiments, the inclined angle of a domino was obtained
by simply marking two points on the wave-front edge and then calculating the inclination of this linear section with respect to the horizontal (see Figure 4.3). The
results were averaged for each spacing using 10 different dominoes in the experiments and 100 different dominoes in the simulations. It can be seen in Figure 4.4
that the inclined angle of toppling dominoes follows the same trend for the simulations and the experiments. However, a small deviation can be observed. This
deviation may be due to the accuracy limitation in the experimental measurement, and also the geometry difference between the experimental and numerical
dominoes (see Table 4.1, a real domino actually has a non-smooth surface).
In order to show the dependence of the wave propagation speed of dominoes with respect to the force models and parameters employed in our DEM simulations, the following more tests were performed. First, the domino-domino
friction coefﬁcient was varied using the following values 0.11, 0.2 and 0.5. The
friction coefﬁcient between dominoes and the bottom surface was kept ﬁxed at
0.90 to prevent slippage. The results obtained for different spacings are shown in
Figure 4.5. It can be seen that the domino-domino friction coefﬁcient had a signiﬁcant inﬂuence on the speed of domino wave propagation. The wave speed
decreased dramatically with increasing friction coefﬁcient for all domino spacings considered. Furthermore, the different coefﬁcients of restitution for dominodomino and domino-surface collisions were used, viz. en = 0.34, 0.54 and 0.74.
We found that the coefﬁcient of restitution did not have a strong inﬂuence on
the speed of domino wave propagation. Finally, the inﬂuence of the force models employed on the domino wave propagation was studied. We modelled the
particle contacts using a simple dynamic friction model, i.e. setting the term ktij δt
(Equation 4.2) to zero. The results were compared with those obtained using the
initially implemented force models using domino arrays of different spacings. It
was observed that the average intrinsic collision speed for this model was indistinguishable from those shown in Figure 4.2.
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Figure 4.4: Comparison of the inclined angle of toppling dominoes separated by
different spacings obtained using experiments and DEM simulations:
(a) λ/T = 1.0; (b) λ/T = 1.8; (c) λ/T = 2.6.
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Figure 4.5: Comparison of the collision speed of toppling dominoes separated by
different spacings with different friction coefﬁcients: (a) λ/T = 1.0;
(b) λ/T = 1.8; (c) λ/T = 2.6.
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Figure 4.6: Effect of particle blockiness on domino wave propagation: (a) intrinsic
collision speeds of an array of dominoes as a function of particle blockiness: () m = n = p = 2; () m = n = p = 3; (×) m = n = p = 4;
(♦) m = n = p = 7; () m = n = p = 10. In the inset the steady state
collision speed is plotted as a function of particle blockiness. (b) side
and top views of the toppled dominoes obtained using super-quadric
particles with different blockinesses.
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Figure 4.7: Effect of the particle blockiness on the characteristics of the domino
wave propagation: (a) height of the contact point between neighbouring dominoes as a function of particle blockiness: () m = n = p = 2;
() m = n = p = 3; (×) m = n = p = 4; (♦) m = n = p = 7;
() m = n = p = 10. The inset plots the steady state collision speed
as a function of the height of the contact point. (b) 2D schematic diagram showing the effect of the contact position on the transmission
of kinetic energy in the direction of the domino wave (for comparison,
the dotted rectangles around the ellipsoidal dominoes show the initial
contact position between cuboid dominoes).
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4.3 Results and discussion
Previous numerical studies investigating the toppling of dominoes have been
restricted to 2D approaches in which a domino was assumed to be a perfect rectangle with sharp edges and vertices. However, it is conceivable that the blockiness of the particles may affect the wave propagation speed since the particle
shape inﬂuences the contact forces between neighbouring dominoes. Thus, we
varied the blockiness of the super-quadric particles by employing squareness
parameters of [2 2 2], [3 3 3], [4 4 4], [7 7 7] and [10 10 10], i.e. changing the
particle shape from an ellipsoid to an approximate cuboid. To allow the effect
of particle blockiness to be isolated, the mass and inertia tensor of the different
domino shapes were set to be identical, i.e. equivalent to those of a perfect cuboid
with the same linear dimensions. The spacing of the domino array was ﬁxed as
λ/T = 1.8. Again, 10 independent simulations were performed for each domino shape and the same set of random perturbations were applied. The average
intrinsic collision speeds obtained are plotted in Figure 4.6a. It can be seen that,
independent of the blockiness of the particles, a steady state collision speed was
reached after the wave front passed approximately 14 dominoes. However, the
particle blockiness did affect the magnitude of the intrinsic collision speed, i.e.
the intrinsic collision speed increased with increasing particle blockiness, in particular for small values of the squareness parameters (see the inset of Figure 4.6a).
The side and top views of the toppled dominoes using different squareness parameters are shown in Figure 4.6b. Signiﬁcant slip in the transverse direction occurred for particles with relatively small squareness parameters, i.e. in the range
[2 2 2] to [4 4 4]. On the other hand, dominoes with squareness parameters [7 7 7]
and [10 10 10] did not show any appreciable slip in the transverse direction.
The position of the contact between neighbouring dominoes is believed to inﬂuence the transmission of kinetic energy in the direction of the domino array
and, thus, the wave propagation speed. The heights of the initial contact points
between neighbouring dominoes are plotted in Figure 4.7a for each domino blockiness considered. It can be seen that the height of the contact point did not change
appreciably along the domino array, regardless of whether the intrinsic collision
speed had been reached or not. It was also observed that the height of the contact
point increased with increasing particle blockiness, following the same trend as
the intrinsic collision speed (see the inset of Figure 4.7a). Figure 4.7b illustrates
the positions of the contact points for ellipsoidal and cuboid dominoes based
on a simple 2D representation. Though the spacing is identical for both particle
shapes, the angle through which the ellipsoidal particle rotates prior to collision,
θ1 , is larger than the corresponding angle for approximately cuboid particle, θ2 .
The difference between θ1 and θ2 is due to the higher contact point position of
approximately cuboid dominoes and results in a larger projection of the linear
velocity, uc , onto the direction of the domino wave. In other words, dominoes
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of larger blockiness possess a higher intrinsic collision speed because the kinetic
energy is favourably transmitted in the direction of the wave propagation. Our
simulations demonstrated that this mechanism is also valid for 3D dominoes.

4.4 Conclusions
The toppling of dominoes has been studied using 3D DEM simulations. The dominoes were modelled as super-quadric particles, allowing the particle blockiness
to be adjusted by varying the squareness parameters of the super-quadric equation. First, the accuracy of the DEM approach to modelling the propagation of
domino waves was veriﬁed using experiments performed using commercially
available dominoes and three different spacings. Very good agreement was observed for the intrinsic collision speeds obtained from the simulations and experiments, demonstrating that anisotropic DEM simulations are an attractive modelling strategy in condensed matter physics. Second, the inﬂuence of the particle
blockiness on the domino wave propagation was investigated numerically using particles ranging from ellipsoids to approximately cuboid dominoes. It was
found that the intrinsic collision speed increased with increasing particle blockiness, an effect which was most pronounced for particle squareness parameters
between [2 2 2] and [4 4 4]. Additionally, it was shown that the height of the
contact point between neighbouring dominoes increased with increasing particle
blockiness, thus favoring the transmission of kinetic energy in the direction of the
domino wave. Therefore, at a speciﬁed spacing, dominoes of higher blockiness
possess a higher intrinsic collision speed, highlighting the importance of particle
shape on the physics of granular materials.

Nomenclature
a, b, c
dt
en
Fn
Ft
h
H
kn
knij
kt
ktij
m, n, p
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Half lengths of particle principal axes (m)
Time step of DEM simulations (s)
Coefﬁcient of normal restitution (-)
Normal force between colliding particles (N)
Tangential force between colliding particles (N)
Height of contact point (m)
Height of domino (m)
Normal spring stiffness (N/m)
Effective normal spring stiffness between particles i and j (N/m)
Tangential spring stiffness (N/m)
Effective tangential spring stiffness between particles i and j (N/m)
Squareness parameters of particle (-)

4.4 Conclusions
mij
S
t
T
uc
vn
vt
V
x, y, z

Effective mass between particles i and j (kg)
Domino sequence number (-)
Simulation time (s)
Thickness of domino (m)
Colliding velocity between two dominoes (m/s)
Relative velocity in normal direction (m/s)
Relative velocity in tangential direction (m/s)
Intrinsic collision speed (m/s)
Coordinates (m)

Greek letters
δn
δt
ηn
ηt
θ
λ
μ
ρ

Particle overlap (m)
Tangential displacement (m)
Normal damping factor (-)
Tangential damping factor (-)
Rotation angle of domino (◦)
Domino spacing (m)
Coefﬁcient of friction (-)
Particle density (kg/m3 )

Copyright permission
This chapter is reprinted from: Granular Matter, Effect of particle shape on domino wave propagation - A perspective from 3D, anisotropic discrete element simulations, 16, 2014, 107 − 114, G. Lu, J. R. Third, and C. R. Müller, Copyright (2013),
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5 Axial dispersion of cubic particles in horizontal
rotating cylinders
This chapter will be submitted as:
• G. Lu, J. R. Third, and C. R. Müller. Axial dispersion of cubic particles in
horizontal rotating cylinders.

Abstract Discrete element modelling (DEM) simulations were performed to investigate the axial dispersion of cubic particles in horizontal, rotating cylinders.
The particles were modelled using the three-dimensional super-quadric equation.
The axial dispersion of non-spherical particles was found to obey Fick’s second
law. However, it was found that particle shape had a signiﬁcant impact on the
rate of axial dispersion with cubic particles dispersing faster than spheres of equal
volume. Furthermore, the rate of axial dispersion increased with particle blockiness. Interestingly it was found that for approximately cubic particles, the coefﬁcient of axial dispersion increased almost linearly with the dynamic angle of
repose. It is proposed that a higher angle of repose leads to a higher potential energy of the particles. During avalanching the potential energy is converted into
kinetic energy. Particles with a higher kinetic energy possess a more ‘ﬂuidized’
state and have, in turn, a higher rate of axial dispersion.
Keywords Granular ﬂow; non-spherical particle; rotating cylinder; axial dispersion; discrete element modelling (DEM).

5.1 Introduction
Axial dispersion in rotating cylinders (i.e., the random motion of particles parallel
to the cylinder axis [154]), is particularly relevant for industrial applications, as
the rate of dispersion controls the width of the residence time distribution (RTD),
which in turn has implications for heat transfer, rate of reaction, and product
homogeneity and quality [155, 156]. Furthermore, it has been hypothesized that
axial dispersion is linked to axial segregation; however, an accurate description
of this relationship has not been reported yet [2, 157–159].
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To date, axial dispersion in horizontal, rotating cylinders composed of monodisperse, spherical particles has received considerable attention [3, 5]. In this
context, the discrete element modelling (DEM) of rotating cylinders is particularly attractive since particle position, velocity, and contact forces are obtained
for each time step [8, 39, 43, 160, 161]. For example, Third et al. [140] reported a
DEM study concerning the axial dispersion of approximately mono-sized spheres
in rotating cylinders. The axial dispersion coefﬁcient was found to scale with the
particle diameter d, gravity g, and the rotational speed of the cylinder ω accordλ

ing to Dax ∝ (ωd2 )( g/ω2 d) , where λ ≈ 0.1. The validity of this relationship
was recently demonstrated by experiments [162]. In a further study, Third and
Müller [163] investigated numerically the rate of axial dispersion of 3 mm spheres
for a wide range of cylinder diameters (0.1 m to 1 m). For all diameters, Fickian
diffusion behavior was found, i.e. the mean squared displacement of the particles
was a linear function of time. Furthermore, Third and Müller [163] observed that
the local shear rate did not vary with the cylinder diameter, which could explain
the independence of the dispersion coefﬁcient from the drum diameter.
Apart from mono-disperse, spherical particles, several experimental and numerical studies have also investigated bi-disperse, spherical particle systems [3,
5]. For example, Khan and Morris [164] studied the axial dispersion of an initial pulse of 177 − 212 μm particles in a bed of 300 − 420 μm particles. A lightprojection technique was used to distinguish the smaller grains from the larger
ones. Somewhat surprisingly, Khan and Morris [164] reported a sub-diffusive
dispersion process. In a further study, Fischer et al. [165] investigated the axial
dispersion of an initial pulse of 2 mm spheres into a bed of 4 mm spheres, and an
initial pulse of 4 mm spheres into a bed of 1.5 mm spheres using magnetic resonance imaging. It was reported that the dispersion process was diffusive for the
smaller spheres, but sub-diffusive for the larger particles. Fischer et al. [165] attributed this intriguing observation to a concentration-dependent diffusion coefﬁcient, since the rate of dispersion of the larger particles increased with local concentration. However, it was not clear why a concentration-dependent dispersion
coefﬁcient was found only for the large, but not the small particles. Taberlet and
Richard [166] applied DEM to study axial dispersion in bi-disperse cylinders. In
their work several rotating cylinders (length 300 − 2100 mm, diameter 100 mm,
and rotational speed 0.5 revolutions per second) that contained binary spheres
(5 mm and 10 mm diameter) were modeled (37% ﬁll fraction). An axial pulse
of length 125 mm was tracked with time. Taberlet and Richard [166] found that
the axial dispersion of 5 mm particles was diffusive. Recently, Third et al. [167]
performed DEM simulations to examine the effect of the initial conditions on
axial dispersion in bi-disperse systems (drum diameter 48 mm, drum length 240
mm, rotational speed of 30 revolutions per minute). Two different initial con-
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ditions, viz. an axial pulse (1 mm spheres in a bed of 2.2 mm spheres) and a
homogeneously mixed bed were modelled. It was found that after an initial transient period, dispersion followed a Fickian diffusion model, independent of the
initial condition.
Although, as outlined above, there is substantial work on the axial dispersion
of spherical particles, non-spherical particle systems have received considerably
less attention [30, 31, 168]. Thus, this work is concerned with the axial dispersion
of approximately cubic particles and tries to explain why cubic particles disperse
faster than spheres.

5.2 Numerical system set-up
In this work cubic particles were modeled using the three-dimensional superquadric equation, viz. ( x/a)m + (y/b)n + (z/c) p = 1, where a, b, and c are the
half lengths of the principal particle axes and m, n, and p are parameters controlling the blockiness of the particles [53, 54]. Algorithms for contact detection
and contact mechanics for super-quadric particles were reported previously by
Lu et al. [53] and will not be repeated here except to describe the force laws adopted in this work. A linear spring and dash-pot model was implemented to model
the contact mechanics of the particles. For a pair of colliding particles i and j, the
contact force in the normal direction was given by
Fn = max 0, knij δn − 2ηn

mij knij vn

(5.1)

where δn is the overlap between the contacting particles, ηn is the damping factor
in the normal direction, vn is the relative velocity in the normal direction, mij is
the effective mass given by 1/mij = 1/mi + 1/mj , and knij is the effective normal stiffness deﬁned as 1/knij = 1/kni + 1/knj . In the tangential direction, the
magnitude of the friction force was restricted by Coulomb’s law, such that:
Ft = min μknij δn , ktij δt − 2ηt

mij ktij vt

(5.2)

where μ is the coefﬁcient of friction, ηt is the damping factor in the tangential
direction, and vt is the relative velocity in the tangential direction. The tangential
displacement was calculated according to δt = vt dt, and the effective tangential
stiffness was deﬁned as 1/ktij = 1/kti + 1/ktj . Interactions between particles and
the drum walls were modeled in the same way as interactions between particles.
The curved cylinder wall was modeled as 180 ﬂat planes [55], and also the two
end plates of the cylinder were modeled as ﬂat planes. The physical properties
of the drum walls were identical to those of the particles, except that the coefﬁ-
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Table 5.1: Mechanical properties of the particles simulated.
Mechanical property

Value

Particle density ρ
Normal spring stiffness kn
Tangential spring stiffness kt
Normal damping factor ηn
Tangential damping factor ηt
Coefﬁcient of friction μ

2500 kg/m3
2000 N/m
1000 N/m
0.22
0.2
0.7

cient of friction of the two end walls was set to zero, thus, minimizing the effect
of the end walls on the bed dynamics [169]. The time step dt used for the DEM
simulations was set to 1.1 × 10−5 s. In this work the time step chosen satisﬁed
tcol /dt > 25 [170, 171], where the duration of a collision tcol between two contacting particles i and j was estimated by
tcol =

π
kn
2
mij (1 − ηn )

(5.3)

A third-order Adams-Bashforth integration scheme was employed to update the
particle velocities, positions and orientations (using quaternions [35]). Table 5.1
summarizes the mechanical parameters used in this work.
The rotating cylinder (length 0.152 m and diameter 0.1 m) contained 11220
particles. For all particle shapes simulated, the particle volume was ﬁxed to the
volume of a sphere with a diameter of 3 mm. A bed containing 3 mm spheres

D

E





Figure 5.1: Snapshots showing horizontal, rotating cylinders loaded with 11220
(a) spheres (m = n = p = 2) and (b) cubic particles (m = n = p = 8).
The grey, spherical particles are the wall rougheners.
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Table 5.2: Shape, blockiness parameters [m n p], and lengths of the principal axes
[2a 2b 2c] of the particles modelled.
Particle shape






























[m n p]

[2a 2b 2c] (mm)

[2 2 2]

[3.000 3.000 3.000]

[2 2 3]

[2.886 2.886 2.886]

[2 3 3]

[2.788 2.788 2.788]

[3 3 3]

[2.710 2.710 2.710]

[3 3 4]

[2.666 2.666 2.666]

[3 4 4]

[2.628 2.628 2.628]

[4 4 4]

[2.594 2.594 2.594]

[4 4 5]

[2.574 2.574 2.574]

[4 5 5]

[2.556 2.556 2.556]

[5 5 5]

[2.538 2.538 2.538]

[5 5 6]

[2.528 2.528 2.528]

[5 6 6]

[2.516 2.516 2.516]

[6 6 6]

[2.508 2.508 2.508]

[7 7 7]

[2.486 2.486 2.486]

[8 8 8]

[2.474 2.474 2.474]

(size distribution ±5%) was chosen as the reference case. The size distribution
of the non-spherical particles was ±5%. The approximately constant volumetric
ﬁll level of the drum was 25%. In the simulations reported here, wall rougheners
were used to prevent slippage between the bed and the cylinder wall. Each wall
roughener comprised a line of 51 spheres running parallel to the axis of the cylinder. The diameter of these spheres was 3 mm, and their centers were located on
the surface of the cylinder wall. The center-to-center separation between adjacent
spheres in the axial direction was 3 mm; 45 equally spaced wall rougheners were
positioned around the circumference of the cylinder, resulting in 2295 spheres in
total.
The rotating cylinder was operated in the rolling regime (rotational speed 10
rpm) [172]. For initialization, particles with random velocities were generated
on a regular lattice within the cylinder and were subsequently allowed to settle
under gravity. The ﬁrst 11 s of the simulations were used to reach a steady-state.
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Only data recorded after 11 s were analyzed. The rate of axial dispersion was
determined by calculating the mean squared displacement (MSD) of the particles
along the axial direction of the cylinder. A Fickian model of axial dispersion
predicts that the MSD increases linearly with time, i.e.
N

∑

k =1

zk ( t ) − zk (0)

2

/N = 2Dax t

(5.4)

where zk is the axial position of particle k, N is the total number of particles, Dax
is the axial dispersion coefﬁcient, and t is the observation time. The MSD was
calculated every 11 s for times ranging from 11 − 110 s. To avoid any effect of
the end plates, only particles that were initially located in a 0.06 m thick axial
pulse, centered halfway along the cylinder, were considered. Using this protocol
we ensured that the MSDs calculated were unaffected by the pulse length. Figure 5.1 shows snapshots of the rotating cylinders studied, loaded with spheres
(m = n = p = 2) and cubic particles (m = n = p = 8).
In this work we assess the effect of particle blockiness on the rate of axial dispersion. Table 5.2 provides an overview of all particle shapes modeled. For particles
with an aspect ratio equal to 1 (2a = 2b = 2c), the blockiness parameters [m n p]
were varied between [2 2 2] and [8 8 8].

5.3 Results and discussion
Figure 5.2a shows the dispersion of particles of different particle blockiness that
were initially located in a central, 0.06 m wide pulse. From Figure 5.2a, it is
already clear by visual inspection that cubic particles disperse faster than spheres.
This effect is quantiﬁed in Figure 5.2b, in which the MSDs are plotted as a function of time. Both spheres and cubic particles show a linear increase of the MSD
with observation time, i.e., all particle shapes show a Fickian dispersion behaviour. Cubic particles with blockiness parameters [8 8 8] disperse almost twice
as fast as spheres of the same volume. We also observe that an increase in blockiness leads to an increase in MSD, i.e. a faster dispersion. In Figure 5.2c the axial
dispersion coefﬁcients of the differently shaped particles are plotted as a function of the length of the principal particle axis. As the volume of the differently
shaped particles was kept constant, a shorter length of the principal particle axis
corresponds to a higher particle blockiness. The rate of axial dispersion increased
monotonically with increasing particle blockiness from approximately 3 × 10−6
m2 /s for spheres to 6 × 10−6 m2 /s for cubic particles with blockiness parameters
[8 8 8 ].
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Figure 5.2: Inﬂuence of particle blockiness on the rate of axial dispersion: (a) snapshots showing the dispersion of particles (particles that were initially
located in the central 0.06 m thick pulse are coloured) for differently
shaped particles (m = n = p = 2, 5, 8); (b) MSDs as a function of
time for differently shaped particles; (c) axial dispersion coefﬁcient as
a function of the length of the principal particle axis.
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Figure 5.3: Schematic diagram sketching the method used to determine the dynamic angle of repose, θ. Here, H is the bed depth, δ is the depth
of the active region, and δ is the depth of the avalanching region, i.e.
the maximum depth below the free surface of the bed at which the
tangential velocity is zero.
As the ﬁll level of the cylinder was kept constant in our simulations, an increasing angle of repose would lead to a higher potential energy of the particle bed.
During avalanching, the potential energy of the particles is converted into kinetic
energy. It is conceivable that particles with a higher kinetic energy have a higher
rate of axial dispersion. To probe whether there exists a relationship between the
axial dispersion coefﬁcient, Dax, and the dynamic angle of repose of the bed, θ,
θ was calculated for all particle shapes simulated. The dynamic angle of repose,
θ, was obtained by dividing the cross-section of the cylinder into ten vertical sections of equal width, as shown in Figure 5.3. The free surface of the bed was approximated by ﬁtting a straight line through the particles that possess the highest
vertical position in each segment. The dynamic angle of repose was determined
as the angle between the approximated bed surface and the horizontal. In total,
data covering 99 s of simulations were used to obtain the average dynamic angle
of repose. Figure 5.4a plots the axial dispersion coefﬁcient as a function of θ,
with the inset illustrating the dependence of the dynamic angle of repose with
the length of the principal particle axis. The dynamic angle of repose increases
monotonically with increasing particle blockiness and an increasing angle of repose corresponds to increasing axial dispersion coefﬁcients.
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Figure 5.4: Plot of (a) dispersion coefﬁcient
as a function of dynamic angle of repose, θ (the inset plots θ as a function of the length of the principal
particle axis), and (b) dispersion coefﬁcient as a function of granular
temperature, Txy C (the inset plots Txy C as a function of the length of
the principal particle axis).

To assess whether there exists also a relationship between the dynamic angle
of repose and the random motion of particles, the spatially resolved (square
lattice with a side length of 2 mm) granular temperature (cross-sectional, xy,
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Figure 5.5: Spatially resolved granular temperatures (a, c, e) Txy C and (b, d, f) Tz C
for beds containing (a, b) spheres and cubic particles with blockiness
parameters (c, d) [5 5 5] and (e, f) [8 8 8].
plane) was calculated. Here, granular temperature served as a measure for random particle motion. The granular temperature in the xy plane is given as
2

Txy = ux + uy
viz.

2

/2, where ux and uy are the ﬂuctuations of the particle velocity,

N

ux =  ∑ ui − < ux >
i =1
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2

/N

(5.5)
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N

uy =  ∑ uj − < uy >

and

2

/N

(5.6)

j =1

where < u > is the time-averaged, local mean velocity and N is the total number of particles. The particles used to calculate the granular temperature were
located in a 0.1 m thick axial slice centered halfway along the cylinder axis. In
addition, the spatially resolved number of particles in each square lattice C ( x, y)
was also determined. Figure 5.4b plots Dax as a function of Txy C for the different particle shapes modeled, whereas the inset relates Txy C to the length of the
principal particle axis. We observe that Txy C increases with increasing particle
blockiness and Dax increases with increasing Txy C. This observation is in line
with the previously stated argument that an increase in particle blockiness leads
to a bed with a higher angle of repose (higher potential energy), a higher kinetic energy of the particles during avalanching and, thus, a higher rate of axial
dispersion.
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Figure 5.6: Plot showing Tz C as a function
of Txy C (red: spheres; blue: cubic particles with [m n p] = [5 5 5]; black: cubic particles with
[m n p] = [8 8 8]). The plots of Tz C as a function of Txy C, and Dax
as a function of Tz C for varying particle blockiness values are also
shown.
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This argument is supported further by Figure 5.5, which plots the spatially
resolved Txy C and Tz C for spheres and cubes of different blockiness. Here Tz
refers to the spatially resolved granular temperature measured along the axial (z)
2

direction of the cylinder, and is deﬁned as Tz = ∑kN=1 uk − < uz > /N. We
observe that regions of high Tz C (the bed surface) show also high values of Txy C.
In addition, the values of Tz C increase with increasing particle blockiness. As
shown in Figure 5.6, there exists an almost linear relationship between Tz C and
Txy C. For spheres, the values of Txy C and Tz C fall in a narrow band (Txy C < 0.02
m2 /s2 and Tz C < 0.011 m2 /s2 ). On the other hand, signiﬁcantly larger values
for Txy C and Tz C are obtained for non-spherical particles, i.e. Txy C < 0.04 m2 /s2
and Tz C < 0.018 m2 /s2 for cubic particles with blockiness parameters [8 8 8].
The insets of Figure 5.6 indicate that large velocity ﬂuctuations in the xy plane
“propagate” into large velocity ﬂuctuations in the axial (z) direction and lead, in
turn, to comparatively high values for the axial dispersion coefﬁcient.

5.4 Conclusions
The axial dispersion of cubic particles in horizontal, rotating cylinders was studied numerically using the discrete element model. The non-spherical particles
were modelled using the three-dimensional super-quadric equation. Our simulations demonstrated that particle shape has a signiﬁcant inﬂuence on the rate of
axial dispersion. The main conclusions that can be drawn from this study are:
• Axial dispersion obeys Fick’s second law for all particle shapes considered.
• Cubic particles were found to disperse much faster than volume-equivalent
spheres, and the rate of axial dispersion depends strongly on the particle
blockiness, i.e. more angular particles disperse faster.
• The axial dispersion coefﬁcient scales almost linearly with the dynamic
angle of repose of the bed. A larger angle of repose increases the potential and kinetic energy of the system, which, in turn, enhances incoherent
particle motion (granular temperature), and thus, leads to a higher rate of
axial dispersion.

Nomenclature
a, b, c
C
d
Dax
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Half lengths of principal particle axes (m)
Spatially resolved number of particles (-)
Particle diameter (m)
Axial dispersion coefﬁcient (m2 /s)
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dt
Fn
Ft
g
H
kn
knij
kt
ktij
L
m, n, p
mij
N
t
tcol
Txy
Tz
ux
uy
<u>
vn
vt
x, y, z
zk

Time step of DEM simulations (s)
Normal force between colliding particles (N)
Tangential force between colliding particles (N)
Acceleration due to gravity (m/s2 )
Bed depth (m)
Normal spring stiffness (N/m)
Effective normal spring stiffness between particles i and j (N/m)
Tangential spring stiffness (N/m)
Effective tangential spring stiffness between particles i and j (N/m)
Length of the principal particle axis (m)
Squareness parameters of particle (-)
Effective mass between particles i and j (kg)
Total number of particles (-)
Time (s)
Duration of a collision (s)
Granular temperature in the xy plane (m2 /s2 )
Granular temperature in the axial (z) direction (m2 /s2 )
Fluctuation of particle velocity in x direction (m/s)
Fluctuation of particle velocity in y direction (m/s)
Time-averaged, local mean velocity (m/s)
Relative velocity in normal direction (m/s)
Relative velocity in tangential direction (m/s)
Coordinates (m)
Axial position of particle k (m)

Greek letters
δ
δn
δt
δ
ηn
ηt
θ
λ
μ
ρ
ω

Depth of the avalanching region (m)
Particle overlap (m)
Tangential displacement (m)
Depth of the active region (m)
Normal damping factor (-)
Tangential damping factor (-)
Dynamic angle of repose (◦)
Constant number (-)
Coefﬁcient of friction (-)
Particle density (kg/m3 )
Rotational speed of cylinder (rpm)
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6 The parameters governing the coefﬁcient of
dispersion of cubes in rotating cylinders
This chapter has been submitted for publication as:
• G. Lu, J. R. Third, and C. R. Müller. The parameters governing the coefﬁcient of dispersion of cubes in rotating cylinders. Granular Matter, under
review.

Abstract

Axial dispersion of cubic particles in horizontal, rotating cylinders
was investigated using discrete element modelling (DEM) simulations. We
found that, similar to the behavior of spheres, the axial dispersion coefﬁcient
of cubes depends on (i) the rotational speed of the cylinder ω, (ii) the acceleration due to gravity g and (iii) the particle size d, satisfying the relationship
Dax ∝ ω1−2λ g λ d2−λ with λ ≈ 0.15 (λ ≈ 0.1 for beds of spheres) [J. R. Third, D. M.
Scott, and S. A. Scott. Axial dispersion of granular material in horizontal rotating
cylinders. Powder Technology, 203:510 − 517, 2010]. This observation suggested
that, although particle shape inﬂuences signiﬁcantly the rate of axial dispersion
(cubes disperse almost twice as fast as spheres of equal volume), the parameters
controlling the coefﬁcient of dispersion are independent of particle shape.
Keywords

Granular ﬂow; non-spherical particle; axial dispersion; rotating cylinder; discrete element modelling (DEM).

6.1 Introduction
The axial dispersion of particles (sometimes also referred to as diffusion) in rotating cylinders describes the random motion of particles in the axial direction of
the cylinder [154]. A thorough understanding of axial dispersion is not only of
academic interest, but also relevant for engineering applications. This is because
axial dispersion is directly correlated with the residence time distribution (RTD)
of the particles, which, in turn, inﬂuences the rate of reaction, heat transfer and
product quality [173].
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So far, efforts to study the axial dispersion of particles in horizontal, rotating
cylinders have focused predominately on beds comprised of spheres [5]. For
such systems, both experiments and discrete element modelling (DEM) simulations have shown that the axial dispersion of mono-disperse spheres in rotating
cylinders obeys Fick’s second law, i.e. the mean squared displacement (MSD) of
the particle positions is linearly proportional to the observation time [140, 174].
Furthermore, the dispersion coefﬁcient Dax was found to be a function of the rotational speed ω of the drum, gravitational acceleration g and particle diameter
d. Dimensional analysis yielded the following expression Dax ∝ ω1−2λ g λ d2−λ ,
where λ was determined as ∼ 0.1 both experimentally and numerically [140, 162].
Studies investigating the dispersion of non-spherical particles in horizontal, rotating cylinders are relatively scarce [30, 31, 168]. One of the few reports concerning the axial dispersion of non-spherical particles was communicated recently
by Dubé et al. [175]. In their study the experimentally determined rates of axial
dispersion of spheres and non-spherical particles (i.e. tablets of varying aspect ratios) were compared. It was observed that particle elongation decreased the rate
of axial dispersion; however, in these experiments the volumes of the spheres
and the non-spherical particles were not equal. Dubé et al. [175] explained the
lower rates of axial dispersion of elongated particles by their tendency to slide
along their major axis during avalanching, which reduces their ﬂowability [176]
and, thus, leads to a lower rate of axial dispersion.
To shed some light on the axial dispersion of non-spherical particles, i.e. cubes,
this communication reports the axial dispersion of mono-disperse, cubic particles
for different operating conditions (i.e. rotational speed ω, gravitational acceleration g) and particle sizes (i.e. volume equivalent diameter d) in horizontal, rotating cylinders. We probe whether the expression for the dispersion coefﬁcient for
spheres proposed by Third et al. [140] is also valid for cubes.

6.2 Numerical system set-up
In the DEM simulation reported here, non-spherical particles were
modelled using the three-dimensional super-quadric equation, viz.
( x/a)m + (y/b)n + (z/c) p = 1, where a, b, and c are the half lengths of
the particle’s principal axes and m, n, and p are parameters controlling the
blockiness of the particle [53]. To model an approximately cubic particle shape,
the blockiness parameters m, n, and p were set to 5. In this work we used
the particle tracking, contact detection and contact mechanics algorithms for
super-quadric particles reported by Lu et al. [53]. These models will not be
described in detail, except for the force laws implemented. In the work reported
here, a linear spring and dash-pot approach was implemented to model the
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particle contact mechanics. Attractive forces between colliding particles were
prevented such that for a pair of colliding particles i and j, the contact force in
the normal direction was given by
Fn = max 0, knij δn − 2ηn

mij knij vn

(6.1)

where δn is the overlap between the contacting particles, ηn is the damping factor
in the normal direction, vn is the relative velocity in the normal direction, mij is
the effective mass given by 1/mij = 1/mi + 1/mj , and knij is the effective normal stiffness deﬁned as 1/knij = 1/kni + 1/knj . In the tangential direction, the
magnitude of the friction force was restricted by Coulomb’s law, such that:
Ft = min μknij δn , ktij δt − 2ηt

mij ktij vt

(6.2)

where μ is the coefﬁcient of friction, ηt is the damping factor in the tangential
direction, and vt is the relative velocity in the tangential direction. The effective
tangential stiffness is deﬁned as 1/ktij = 1/kti + 1/ktj . The tangential displacement was obtained by calculating δt = vt dt. Interactions between particles
and the cylinder walls were modelled in the same way as interactions between
particles. The physical properties of the cylinder walls were the same as those of
the particles except that the coefﬁcient of friction at the two end plates was set
to zero, thus, minimizing the effect of end plates on the bed dynamics [169]. The
time step dt (depending on particle size, ∼ 10−5 s) used for the DEM simulations
satisﬁed tcol /dt > 25 [171], where the duration of a collision tcol between two
contacting particles i and j was estimated by
tcol =

π
kn
2
mij (1 − ηn )

(6.3)

A third-order Adams-Bashforth integration scheme was employed to update
the velocities, positions and orientation of the particles (using quaternions [35]).
Table 6.1 lists the mechanical properties of the particles used in this work (the values of the parameters were determined to match those used by Third et al. [140]
for spherical particles).
The cylinder modelled in this work was very similar to the set-up employed by Third et al. [140]. As a reference case, a bed composed of 11220
cubic particles (volume equivalent to a 3 mm sphere) and contained in a horizontal, rotating cylinder (length 0.152 m, diameter 0.1 m, and rotational
speed 10 rpm) was used. The size distribution of the particles was ±5%


(d = dmin dmax / dmax − ϑ (dmax − dmin ) , where dmax = 1.05d, dmin = 0.95d,
and ϑ is a random number between 0 and 1). To initialize the system, random
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Table 6.1: Mechanical properties of the particles employed in the DEM
simulations.
Parameter symbol

Numerical value

Particle density ρ
Normal spring stiffness kn
Tangential spring stiffness kt
Normal damping factor ηn
Tangential damping factor ηt
Coefﬁcient of friction μ

2500 kg/m3
2000 N/m
1000 N/m
0.22
0.2
0.7

velocities were allocated to particles located on a regular lattice within the cylinder. Subsequently, the particles were allowed to settle under gravity. The ﬁrst
11 s of simulated data were disregarded ensuring that a steady-state system was
studied. The volumetric ﬁll level of the cylinder was approximately 24.5%. The
cylinder was operated in the rolling regime [172]. In our simulations, the curved,
cylindrical wall was modelled by 180 ﬂat planes [55]; also the two end plates of
the cylinder were modelled as ﬂat planes. Wall rougheners were included to suppress slippage between the bed and the cylinder wall [55]. Each wall roughener
consisted of a line of 51 spheres (3 mm) running parallel to the cylinder’s axis.
The centres of these spheres were located on the surface of the cylinder wall. The
centre-to-centre distance between adjacent spheres along the axial direction was
3 mm. Overall 45 equally spaced wall rougheners were positioned around the
circumference of the cylinder, resulting in 2295 spheres in total. Figure 6.1 shows
a snapshot of a rotating cylinder loaded with cubic particles.

6.3 Quantifying the rate of axial dispersion
The rate of axial dispersion was quantiﬁed by calculating the mean squared displacement (MSD) in the direction of the cylinder axis of the particles. A Fickian
dispersion model would predict a linear relationship between the MSD and the
2

observation time, viz. ∑kN=1 zk (t ) − zk (0) /N = 2Daxt, where zk is the axial
position of particle k, N is the total number of particles tracked, Dax is the axial
dispersion coefﬁcient and t is the observation time. For the reference case, the
simulation time from 11 to 110 s was divided into 11 s time segments, resulting
in 9 data sets in total. For each data set, particles that were initially located in
an axial slice of width 0.06 m, centred halfway along the cylinder (e.g. approximately 4500 particles in the reference case) were tracked over 11 s. Subsequently,
MSDs measured from the 9 data sets were averaged to obtain the mean rate of
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Figure 6.1: Snapshot of the horizontal, rotating cylinder loaded with 11220 cubic
particles (red). The grey spheres located on the cylindrical wall (yellow) are wall rougheners.

dispersion. Following this procedure ensured that the MSDs calculated were independent of the width of the axial pulse.
Table 6.2: Simulation parameters used.
Edge length
L (mm)

Gravitational acceleration
g (m/s2 )

Rotational speed
ω (rpm)

2.538
2.538
2.538
2.538
2.538
2.538
2.538
2.538
2.538
1.692
2.115
2.961
3.384

9.81
9.81
9.81
9.81
9.81
1
5
20
50
9.81
9.81
9.81
9.81

2.5
5
10
20
30
10
10
10
10
10
10
10
10
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Figure 6.2: MSDs of cubes using different cylinder
diameters. The edge lengths

of the cubes are (a) 2.538 mm, (b) 2.961 mm, and (c) 3.384 mm.
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6.4 Results and discussion

We assessed whether the expression for the dispersion coefﬁcient of spheres, originally proposed by Third et al. [140] also holds for cubic particles of equal
volume. Table 6.2 summarizes the range of particle sizes, gravitational accelerations and rotational speeds modelled in this work. The edge lengths of the
cube, i.e. 1.692 mm, 2.115 mm, 2.538 mm, 2.961 mm, and .384 mm correspond
to equal-volume spheres of diameter 2 mm, 2.5 mm, 3 mm, 3.5 mm, and 4 mm,
respectively. The number of particles was adjusted to ensure an approximately
constant ﬁll level of 24.5% (±0.6%). As a result, the total number of the data sets
required to calculate the MSDs was different. For example, consider the simulation sets in which the particle size was varied. For the ﬁxed length of the axial
slice selected for analysis (0.06 m), a smaller (larger) particle size leads to a larger
(smaller) number of particles located in the pulse. This increases (decreases) the
quantity of particles in each data set analysed and, thus, decreases (increases) the
total number of data sets required to calculate the MSDs [140]. Using this procedure, it is guaranteed that the total numbers of particles analysed to extract a
dispersion coefﬁcient were comparable to the quantity used in the reference case.
Before studying in detail the coefﬁcient of dispersion as a function of the operating parameters, the effect of the ratio of the cylinder diameter to the particle
diameter R = D/d has to be established. Third et al. [140] demonstrated that
there is a critical ratio, Rc , above which the cylinder diameter has a negligible
inﬂuence on the rate of axial dispersion. Based on their simulations (30% ﬁll, 3
mm spheres), Third et al. [140] proposed Rc ∼ 25. In this work we employed
typically a cylinder of D = 0.1 m. To assess, whether D = 0.1 m is sufﬁciently
large for the cubic particles modelled, several simulations with varying cylinder
and particle diameters were performed. The cylinders were rotated with 10 rpm
and the quantity of the particles was adjusted to maintain an approximately constant ﬁll level of 24.5%. The data obtained are plotted in Figure 6.2. We observe
that, independent of the value of R, the axial dispersion of cubes follows Fick’s
second law. Using a cube with an edge length of 2.538 mm (volume equivalent
to a 3 mm sphere), a dispersion coefﬁcient of 4.66 × 10−6 m2 /s, 5.18 × 10−6 m2 /s
and 5.38 × 10−6 m2 /s was determined for cylinders with D = 0.06 m, 0.1 m and
0.2 m, respectively. The difference in the coefﬁcient of dispersion obtained for
D = 0.1 and 0.2 m is fairly small, i.e. < 4%; thus D = 0.1 m was considered to
be sufﬁciently large for cubes with an edge length of 2.538 mm (R = 33.3). For
larger cubes, i.e. edge length of 2.961 mm and 3.384 mm, cylinders with D = 0.2
m were sufﬁciently large to exclude any effect of R = D/d on the coefﬁcient of
dispersion calculated.
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Figure 6.3: Axial coefﬁcient of dispersion D ax as a function of (a) rotational speed
ω, (b) gravitational acceleration g and (c) volume equivalent diameter
d obtained using () cubes or () spheres. The data points for spheres
are reproduced from Third et al. [140].
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Figure 6.4: MSDs as a function of the cylinder
diameter and the number of wall

rougheners for cubes with d = 3.5 mm or d = 4 mm. The inset plots
the axial dispersion coefﬁcient Dax as a function of the volume equivalent diameter d (45 wall rougheners).

Figure 6.3 plots the coefﬁcient of dispersion of cubes as a function of rotational
speed ω, gravitational acceleration g, and the volume equivalent diameter d. The
corresponding values for spheres of equal volume, reproduced from Third et
al. [140], are also included. We observe that the rate of axial dispersion of cubes
is higher than that of spheres of equal volume. We attribute this to the larger
dynamic angle of repose θ of cubes than spheres (e.g. for the reference case θ
was 28.6◦ for spheres but 35.0◦ for cubes [55]). A higher dynamic angle of repose
θ implies a greater potential energy of the cubes, leading to a higher kinetic energy and, thus, also higher axial dispersion during avalanching. According to
Third et al. [140], varying d, g, and ω gave, respectively, λ = 0.1, 0.15, and 0.13
for spheres. The small discrepancies in λ were attributed to small variations in
the ﬁll level. In the simulations reported here, we obtained for cubes λ = 0.20,
0.15, and 0.15 when varying d, g, and ω respectively. Thus, our results indicate

97

6 The coefﬁcient of dispersion of cubes in rotating cylinders
that the correlation proposed by Third et al. [140] using dimensional analysis, i.e.
Dax ∝ ω1−2λ g λ d2−λ , also holds for cubes.
The slight discrepancy in λ as determined from simulations that vary the
volume equivalent diameter d compared to λ determined by varying ω and g,
may be due to differences in the total number of wall rougheners for different cylinder diameters. In total 45 wall rougheners were used for cylinders with D = 0.1
m, whereas 90 wall rougheners were used for cylinders with D = 0.2 m. Lu et
al. [55] reported that in a bed of cubic particles the addition of wall rougheners
reduces the dynamic angle of repose θ. Wall rougheners “disrupt” the formation
of a crystalline packing structure of cubes near the wall, resulting in turn, in a
lower θ [55]. A lower dynamic angle of repose yields a lower potential energy of
the particles which translates to a lower kinetic energy during avalanching, and
thus a slower rate of axial dispersion. Therefore, when compared to varying ω
and g, a lower value of 2 − λ (i.e. a higher value of λ) is expected for varying the
volume equivalent diameter d. To assess this effect in more detail, we performed
additional simulations for cubes with an edge length of 2.961 mm (d = 3.5 mm) or
3.384 mm (d = 4 mm) in a cylinder with D = 0.2 m, however, using only 45 wall
rougheners (instead of the previously used 90 wall rougheners). For these simulation settings an angle of repose of 33.4◦ and 33.8◦ was determined for d = 3.5
mm and d = 4 mm, respectively. These values are somewhat higher than the corresponding values for the case when 90 wall rougheners were used, i.e. 33.1◦ and
33.5◦ , respectively. Figure 6.4 plots the mean squared displacement of cubes in a
cylinder with D = 0.2 m for a varying number of wall rougheners. For reference,
the MSD of cubes (d = 4 mm) in a cylinder with D = 0.3 m (45 wall rougheners)
is also shown. For both cube sizes modelled, we observe an increase in the MSDs
(by 2.8% and 2.5% compared to the values obtained using 90 wall rougheners) for
a reducing number of wall rougheners. Indeed, keeping the total number of wall
rougheners ﬁxed, instead of ﬁxing the spacing between wall rougheners, gave
λ = 0.16 for varying d, a value that is very close to λ = 0.15 for varying g and
ω. Thus, it can be argued that the dispersion relationship Dax ∝ ω1−2λ g λ d2−λ
proposed originally by Third et al. [140] for spheres holds also for cubes whereby
λ ≈ 0.15 for cubes and λ ≈ 0.1 for spheres.

6.5 Conclusions
Axial dispersion of cubic particles in horizontal, rotating cylinders was studied
using the discrete element modelling (DEM) simulations. Cubic particles were
found to disperse almost two times faster than volume equivalent spheres. We
found that the correlation for the coefﬁcient of dispersion proposed by Third et
al. [140] for spheres, viz. Dax ∝ ω1−2λ g λ d2−λ also holds for cubes with λ ≈ 0.15

98

6.5 Conclusions
(λ ≈ 0.1 for spheres). This ﬁnding suggested that the shape of the particles affects
the rate of axial dispersion; nonetheless, the dispersion of cubes still follows a
Fickian dispersion law.

Nomenclature
a, b, c
d
dmax , dmin
D
Dax
dt
Fn , Ft
g
kn , kt
knij
ktij
L
m, n, p
mij
N
R
Rc
t
tcol
vn , vt
x, y, z
zk

Half lengths of principal particle axes (m)
Volume equivalent diameter (m)
Maximum/Minimum particle diameter (m)
Cylinder diameter (m)
Axial dispersion coefﬁcient (m2 /s)
Time step of DEM simulations (s)
Normal/Tangential force between colliding particles (N)
Acceleration due to gravity (m/s2 )
Normal/Tangential spring stiffness (N/m)
Effective normal spring stiffness between particles i and j (N/m)
Effective tangential spring stiffness between particles i and j (N/m)
Length of the principal particle axis (m)
Squareness parameters of particle (-)
Effective mass between particles i and j (kg)
Total number of particles (-)
Ratio of cylinder to particle diameter (-)
Critical ratio above which D has no inﬂuence on Dax (-)
Time (s)
Duration of a collision (s)
Relative velocity in normal/tangential direction (m/s)
Coordinates (m)
Axial position of particle k (m)

Greek letters
δn
δt
ηn , ηt
θ
ϑ
λ
μ
ρ
ω

Particle overlap (m)
Tangential displacement (m)
Normal/Tangential damping factor (-)
Dynamic angle of repose (◦)
Random number between 0 and 1 (-)
Constant number (-)
Coefﬁcient of friction (-)
Particle density (kg/m3 )
Rotational speed of cylinder (rpm)
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7 Particle-shape induced radial segregation in a
horizontal, rotating cylinder: Pattern and the
segregation mechanism
This chapter will be submitted as:
• G. Lu and C. R. Müller. Particle-shape induced radial segregation in a horizontal, rotating cylinder: Pattern and the segregation mechanism.

Abstract In this work we assess whether particle shape can induced radial segregation in a horizontal, rotating cylinder. To this end mixtures of spheres and
non-spherical particles of equal-volume were modelled using the super-quadric
equation in the discrete element modelling (DEM) framework. Using superquadric particles allowed us also to study in detail the effect of particle blockiness and elongation on the segregation dynamics. We could observe that particleshape (alone) can induce radial segregation with the non-spherical particles accumulating in the centre of the cylinder. In addition, it was found that segregation is more affected by particle elongation when compared to particle blockiness. Concerning the effect of operating parameters segregation seems to be
favoured at low rotation speeds of the cylinder. To probe the underlying segregation mechanism, a large number of particle trajectories and orientations were analysed. Somewhat surprisingly we observed that non-spherical particles, when
segregating towards the centre of the bed, did not necessarily orientate themselves such that their projected area (in the sinking direction) was smaller than
that of spheres. Instead, we found that there was a high probability that the
avalanching, non-spherical particles are orientated such that their projected area
in the direction perpendicular to the bed surface is signiﬁcantly larger than the
cross-section of equal-volume spheres. These observations led to the conclusion
that particle-shape induced segregation cannot be explained by the conventional
percolation mechanism. Instead, we propose that shape-induced segregation originates from the lower mobility of the non-spherical particles when compared
to spheres. Consequently, in the avalanching region, non-spherical particles are
‘ﬂooded’ by faster-moving spheres leading to their accumulation in the centre of
the bed. We explain the lower mobility of non-spherical particles by their larger
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radius of gyration when compared to equal-volume spheres, leading to an increased number of collisions and, hence, a more rapid dissipation of their kinetic
energy.
Keywords Segregation; non-spherical particle; granular ﬂow; rotating cylinder;
discrete element modelling (DEM).

7.1 Introduction
In sheared granular media differences in particle size and/or density can lead
to segregation [2, 3, 5, 177]. A typical example for a granular system in which
particle segregation occurs readily is a rotating cylinder. In rotating cylinders
two types of segregation can be observed: radial and axial segregation. Unlike
axial segregation [178–183], radial segregation can be observed already after a
few rotations [141, 184–188].
Size-driven radial segregation is explained commonly by the so-called percolation mechanism, i.e. in the avalanching/ﬂowing layer smaller particles percolate
through the voids between the larger particles [189]. As the bed moves with rigid
body rotation in the vicinity of the cylinder walls, the small particles are trapped
between the active and the passive regions of the bed, leading to a high concentration of small particles in the centre of the bed. On the other hand, density-driven
radial segregation, in which heavier particles accumulate in the centre of the bed,
is explained by the “ﬂoating” of the lighter particles on the surface of the ﬂowing
layer, and the “sinking” of the heavier particles [190].
Compared to size and density induced segregation, particle-shape induced segregation has received little attention so far (see recent reviews [30, 31, 168]). One
of the few studies reported is the work of Pereira et al. [113, 116], who, using
DEM simulations, observed the formation of a radial “streak pattern” [191–193]
in a short rotating cylinder. To investigate the effect of particle shape on pattern
formation, the cylinder was ﬁlled with a mixture of approximately cubic particles
of varying blockiness (density 2595 kg/m3 , volume equivalent to a 3 mm sphere)
and spheres (density 7707 kg/m3 , diameter 2 mm). Here, “blockiness” refers
to the sharpness of edges and vertices of a particle. Pereira et al. [113, 116]
observed that increasing the blockiness of cubic particles decreased the thickness and increased the length of the streak lines. The increasing length of the
streak lines was explained by a higher angle of repose of the bed of cubes leading in turn to a higher potential energy and, hence, a higher kinetic energy of
the particles during avalanching. However, in Pereira et al.’s [113, 116] work
the density and the volume of the cubic particles and spheres were not equal,
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leaving the effect of particle shape alone on the segregation pattern largely unexplored. Using radioactive particle tracking (RPT), Dubé et al. [175] reported the
motion of differently shaped pharmaceutical tablets of various aspect ratios, AR
(AR was deﬁned as the ratio of the length of the major to the minor particle principal axis), in a rotating cylinder (diameter 0.2413 m and length 0.3556 m). Two
different bi-disperse particle systems were investigated: a mixture of particles
with (i) AR = 2.48 and 1.07 (volume ratio 1.1, density ratio 0.94, and mass ratio 1.01), and (ii) AR = 1.84 and 1.07 (volume ratio 1.3, density ratio 0.79, and
mass ratio 1.02). Dubé et al. [175] reported that, counter-intuitively, the smaller and denser particles (AR = 1.07) stayed primarily in the periphery of the
bed, while the larger and less dense particles (AR = 2.48 or 1.84) were found
to accumulate in the centre of the bed. It was argued that the “buoyancy” of
the less dense particles and “percolation” of the smaller particles were counterbalanced by particle shape effects, e.g. elongated tablets (larger and less dense)
were observed to align with each other and slide with their longest edge aligned
to the avalanching direction. This preferential alignment minimized the void
space between the particles, thus, providing very little space for the smaller and
denser particles to move to the centre of the bed. However, these particle-shape
induced effects were not elaborated any further by Dubé et al. [175], possibly due
to the fact that using the currently available experimental techniques important
information concerning particle collisions and contact forces cannot be extracted
easily from experimental measurements.
Thus, the aim of this work is to assess in detail whether particle-shape (alone)
can induced radial segregation in a horizontal, rotating cylinder using discrete
element modelling (DEM). Speciﬁcally, we assess the effect of particle blockiness
and elongation on segregation. This work attempts to address the following questions: (i) Can particle-shape alone induce radial segregation in granular systems
and if, yes, what segregation patterns form and (ii) what underlying mechanism
drives shape-induced segregation?

7.2 Numerical system set-up
In this work particles were modelled using the super-quadric equation. The threedimensional super-quadric equation is deﬁned as ( x/a)m + (y/b)n + (z/c) p = 1,
where a, b, and c are the half-lengths of a particle’s principal axes and m, n, and
p are parameters controlling the blockiness of the particle (i.e. the shape of the
particle changes from a sphere to a cube when m, n, and p increase from 2 to
∞) [53–55]. A linear spring and dash-pot model was implemented to model the
collisional forces between particles in the contact normal and tangential directions. For a pair of colliding particles, i and j, the contact force in the normal
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direction was given by
Fn = max 0, knij δn − 2ηn

mij knij vn

(7.1)

where δn is the overlap between the contacting particles, ηn is the damping factor
in the normal direction, vn is the relative velocity in the normal direction, mij
is the effective mass, given by 1/mij = 1/mi + 1/mj , and knij is the effective
normal stiffness, deﬁned as 1/knij = 1/kni + 1/knj . In the tangential direction,
the friction force was restricted by Coulomb’s law, according to
Ft = min μknij δn , ktij δt − 2ηt

mij ktij vt

(7.2)

where μ is the coefﬁcient of friction, ηt is the damping factor in the tangential
direction, vt is the relative velocity in the tangential direction, and ktij is the effective tangential stiffness, deﬁned as 1/ktij = 1/kti + 1/ktj . The tangential displacement was calculated as δt = vt dt. Interactions between the particles and
the walls were modelled in the same way as the interactions between individual
particles. The cylinder wall was approximated by 180 ﬂat planes [55] and the two
end plates of the cylinder were modelled as ﬂat walls. The physical properties
of the walls were identical to those of the particles except that the coefﬁcient of
friction of the two end plates was set to zero to minimize the inﬂuence of the
end plates on the bed dynamics [169]. The size of the time step, dt, was set to
1.1 × 10−5 s. Here, the duration of a collision, tcol , between the two contacting
particles i and j was estimated by modelling the contact as a damped harmonic
motion:
π
tcol =
(7.3)
kn
2
mij (1 − ηn )
In this work the time step chosen satisﬁed tcol /dt > 25 [170, 171]. A third-order
Adams-Bashforth integration scheme was used to update the velocities, positions
and orientations (quaternions [35]) of the particles. The mechanical parameters
of the particles are summarised in Table 7.1.
The length (L) and diameter (D) of the rotating cylinder was 0.1 m and 0.1
m, respectively. The bed was composed of a mixture of spheres of average diameter dp = 3 mm and equal-volume, non-spherical particles (Table 7.2). In the
simulations the blockiness and/or the elongation of the non-spherical particles
were varied. To minimise crystallisation effects a distribution of the particle size


(±5%) was used (d = dmin dmax / dmax − ϑ (dmax − dmin ) ), where dmax = 1.05dp ,
dmin = 0.95dp , and ϑ is a random number in the range [0 1]). To initialise the
system, homogeneously mixed particles were generated on a rectangular lattice
within the cylinder and allowed to settle under gravity. The total number of the
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Table 7.1: Mechanical properties of the particles simulated.
Mechanical property

Numerical value

Particle density ρ
Normal spring stiffness kn
Tangential spring stiffness kt
Normal damping factor ηn
Tangential damping factor ηt
Coefﬁcient of friction μ

2500 kg/m3
2000 N/m
1000 N/m
0.22
0.2
0.3

Table 7.2: Numerically determined ﬁll level , segregation index Is , angle of repose θ and thickness of the avalanching region λ for different particleshape combinations.
Particle 1

Particle 2

Sphere
dp = 3 mm
Sphere
dp = 3 mm
Sphere
dp = 3 mm

Cube, [m n p] = [3 3 3]
a = b = c = 1.355 mm
Cube, [m n p] = [5 5 5]
a = b = c = 1.269 mm
Cube, [m n p] = [7 7 7]
a = b = c = 1.243 mm

Sphere
dp = 3 mm
Sphere
dp = 3 mm
Sphere
dp = 3 mm

Ellipsoid, [m n p] = [2 2 2]
a = b = 2.0c = 1.890 mm
Ellipsoid, [m n p] = [2 2 2]
1.2a = 1.2b = c = 1.694 mm
Ellipsoid, [m n p] = [2 2 2]
2.0a = 2.0b = c = 2.382 mm

Sphere
dp = 3 mm
Sphere
dp = 3 mm

Cuboid, [m n p] = [5 5 5]
a = b = 2.0c = 1.599 mm
Cuboid, [m n p] = [5 5 5]
2.0a = 2.0b = c = 2.015 mm

Sphere
dp = 3 mm
Sphere
dp = 3 mm
Sphere
dp = 3 mm

Sphere, V = 1.26Vp
d = 3.24 mm
Sphere, V = 1.42Vp
d = 3.37 mm
Sphere, V = 2.0Vp
d = 3.78 mm



Is

θ

λ

50.5%

0.119

29.2◦

0.0141 m

50.1%

0.147

31.1◦

0.0138 m

50.2%

0.149

31.4◦

0.0140 m

51.1%

0.174

27.5◦

0.0147 m

50.6%

0.128

27.6◦

0.0146 m

50.8%

0.215

28.3◦

0.0142 m

50.8%

0.190

30.4◦

0.0135 m

50.6%

0.203

30.8◦

0.0131 m

52.0%

0.166

26.5◦

0.0154 m

51.9%

0.204

26.6◦

0.0154 m

51.8%

0.332

26.7◦

0.0156 m

particles simulated was ∼ 16350. The ratio of the number of spheres to the number of non-spherical particles was set to 1 : 1. The ﬁll level of the bed was ∼ 50%
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(Table 7.2). To prevent slippage between the bed and the wall, wall rougheners
were generated on the surface of the cylinder [55]. Each wall roughener consisted
of a line of 34 spheres of diameter 3 mm, running parallel to the axis of the cylinder. The centre-to-centre separation between the adjacent spheres in the axial
direction was 3 mm. In total, 45 equally spaced wall rougheners were positioned
around the circumference of the cylinder. The cylinder operated in the rolling
regime [172]; the rotational speed ω was ﬁxed to 10 rpm.
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Figure 7.1: Quantiﬁcation of segregation: (a) schematic showing the ﬁve radial
segments used in this work; (b) temporal evolution of size-induced segregation (mixture of 2 mm and 3 mm spheres); (c) snapshot of a DEM
simulation showing radial segregation in a mixture of 2 mm (green)
and 3 mm (red) spheres.
In this work, segregation was quantiﬁed by calculating the spatially-resolved
number fraction of each particle type. To this end, the cross-sectional area of
the cylinder was uniformly divided into ﬁve annular segments (Figure 7.1a).
To eliminate the effect of the end-plates, segregation was quantiﬁed only in
the central axial slice (thickness 0.06 m). The (number) fraction of a particle
type (resolved for each segment) was determined as fri = Nri /( Nri + Ngi ) and
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fgi = Ngi /( Nri + Ngi ), where i = 1, 2, . . . , 5. Here, the subscripts r and g refer
to red and green particles, respectively. Nri is the total number of red particles in
segment i and Ngi is the total number of green particles in segment i. A particle
belongs to segment i if the centre of the particle falls into segment i. As an example, Figure 7.1b plots fg in the ﬁve segments analysed, as a function of time
for a mixture of large (3 mm, red) and small (2 mm, green) spheres.
Besides calculating the spatially-resolved particle number fractions, a global
segregation index, Is , was determined [190, 194]. Here, the cross-sectional area of
the cylinder (only particles that were located in the central, 0.06 m thick axial slice
were considered) was divided into squares of dimension lx = ly = 10 mm. In
each square the number of each type of particle was determined. The segregation
index was calculated as Is = ∑kN=c 1 ( fk − favg )2 /( Nc − 1), where Nc is the total
number of the sampling boxes, fk is the number fraction of the particle type assessed in the sample box k, and favg is the overall number fraction of the particle
type considered (in the work reported here favg = 0.5). Thus, if the system is
perfectly mixed, Is = 0. If the system is completely segregated, Is = 0.5. For
example, the value of Is for the bed shown in Figure 7.1c is 0.41, indicative of a
fairly segregated system.

7.3 Results and discussion
7.3.1 Degree of segregation for mixtures of spheres and non-spherical
particles of equal volume

To examine whether particle-shape alone can induce radial segregation in rotating cylinders, mixtures of 3.0 mm diameter spheres and volume-equivalent, nonspherical particles were simulated. A summary of the numerical experiments
performed is given in Table 7.2. In the ﬁrst set of experiments, the blockiness parameters (m, n, and p in the super-quadric equation) of the non-spherical particles
were varied from [3 3 3] to [7 7 7], while the lengths of the principal particle axes
were set to 2.0a = 2.0b = 2.0c (cubes). In the second set of experiments, the
lengths of the principal particle axes of the non-spherical particles were varied
(2.0a = 2.0b = 2.0c), while the blockiness parameters were kept constant, i.e.
[2 2 2] (ellipsoids). In the ﬁnal set of experiments, the blockiness parameters of
the non-spherical particles were set to [5 5 5], while the lengths of the principal
particle axes were varied (2.0a = 2.0b = 2.0c) (cuboids). The sphericity of a nonspherical particle was quantiﬁed via the so-called major (minor) crosswise sphericity ϕ+ (ϕ− ), which is deﬁned as the ratio of the maximum (minimum) principal,
cross-sectional area of the (non-spherical) particle to the cross-sectional area of a
volume-equivalent sphere. For spheres and cubes, the maximum and minimum
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Table 7.3: Major and minor crosswise sphericity (ϕ+ , ϕ− ) of the particle shapes
simulated.
Particle shape

ϕ+

ϕ−

Sphere, dp = 3 mm

1

1

Cube, [m n p] = [3 3 3], a = b = c = 1.355 mm
Cube, [m n p] = [5 5 5], a = b = c = 1.269 mm
Cube, [m n p] = [7 7 7], a = b = c = 1.243 mm

0.92
0.87
0.85

0.92
0.87
0.85

Ellipsoid, [m n p] = [2 2 2], a = b = 2.0c = 1.890 mm
Ellipsoid, [m n p] = [2 2 2], 1.2a = 1.2b = c = 1.694 mm
Ellipsoid, [m n p] = [2 2 2], 2.0a = 2.0b = c = 2.382 mm

1.59
1.06
1.26

0.79
0.89
0.63

Cuboid, [m n p] = [5 5 5], a = b = 2.0c = 1.599 mm
Cuboid, [m n p] = [5 5 5], 2.0a = 2.0b = c = 2.015 mm

1.37
1.09

0.69
0.55

principal, cross-sectional areas are identical, i.e. ϕ+ = ϕ− . The sphericity parameters of the particles considered here are listed in Table 7.3.
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Figure 7.2: Evolution of fg with time for (a) 3 mm and 3.24 mm (V = 1.26Vp)
spheres (), 3 mm and 3.37 mm (V = 1.42Vp ) spheres (), and 3 mm
and 3.78 mm (V = 2.0Vp ) spheres (), (b) 3 mm spheres and volumeequivalent cubes with () ϕ+ = ϕ− = 0.92, () ϕ+ = ϕ− = 0.87
and () ϕ+ = ϕ− = 0.85, (c) 3 mm spheres and volume-equivalent
ellipsoids with () ϕ+ , ϕ− = 0.79, () ϕ+ = 1.06, ϕ− = 0.89, and ()
ϕ+ = 1.26, ϕ− = 0.63, and (d) 3 mm spheres and volume-equivalent
cuboids with () ϕ+ = 1.37, ϕ− = 0.69, () ϕ+ = ϕ− = 0.87,
and () ϕ+ = 1.09, ϕ− = 0.55. Snapshots of the segregation patterns are shown for (central plane of cylinders after 71.5 s of rotation):
(a) bi-disperse, spherical particle system with V = 2.0Vp , (b) cubes
(ϕ+ = ϕ− = 0.87) with dp = 3 mm spheres, (c) ellipsoids (ϕ+ = 1.26,
ϕ− = 0.63) with dp = 3 mm spheres, and (d) cuboids (ϕ+ = 1.37,
ϕ− = 0.69) with dp = 3 mm spheres. Here 3 mm spheres (a) and the
non-spherical particles (b-d) are coloured in green.

To follow the degree of segregation as a function of time, the spatially-resolved
number fractions in segments 2 and 5, which represent well the core and annular region of the bed (Figure 7.1a), respectively, are plotted in Figure 7.2. For
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reference, Figure 7.2a plots the segregation behaviour of a bi-disperse, spherical
particle system, i.e. a mixture of spheres with diameter dp = 3 mm and spheres
with a volume V that is 1.26 (d = 3.24 mm), 1.42 (d = 3.37 mm) or 2.0 (d = 3.78
mm) times larger than that of a 3 mm sphere (Vp ). We have chosen these speciﬁc reference systems because spheres with V = 1.26Vp and V = 1.42Vp possess
a cross-sectional area that is equal to the maximal cross-sectional area of cubes
(ϕ+ = ϕ− = 0.87) and ellipsoids (ϕ+ = 1.26, ϕ− = 0.63), respectively. In Figure 7.2, each data point was obtained by averaging the number fractions of 3 mm
spheres (Figure 7.2a) or non-spherical particles (Figures 7.2b-d) over 1.1 s. At the
beginning of the simulations, fg = 0.5, i.e. the bed was homogeneously mixed.
Upon drum rotation, the 3 mm spheres (Figure 7.2a for the sphere-sphere mixtures) or the non-spherical particles (Figures 7.2b-d for the sphere - non-spherical
particle mixtures) concentrate in the centre of the bed. For bi-spherical mixtures,
the degree of segregation depends on the size difference between the spheres. It
is worth noting, that for mixtures of spheres and non-spherical particles, segregation occurred along the entire length of the cylinder and the segregation patterns
were stable and repeatable (see supporting information Figures 7.S1 and 7.S2).
For mixtures of volume-equivalent spheres and cubes, the degree of segregation
is smaller than in a mixture of 3 mm and 3.24 mm (V = 1.26Vp ) spheres. The
degree of segregation seems to be largely independent of the blockiness parameter of cubic particles (Figure 7.2b). Interestingly, we observe signiﬁcantly
more pronounced segregation patterns for mixtures of spheres and ellipsoids. In
these systems, the degree of segregation increases in the following order: slightly
elongated ellipsoids (ϕ+ = 1.06, ϕ− = 0.89) < ﬂattened ellipsoids (ϕ+ = 1.59,
ϕ− = 0.79) < elongated ellipsoids (ϕ+ = 1.26, ϕ− = 0.63). For a mixture of 3
mm spheres and ellipsoids (ϕ+ = 1.26, ϕ− = 0.63), the degree of segregation is
comparable to a bed containing a mixture of 3 mm and 3.37 mm (V = 1.42Vp )
spheres. Similarly, we also observe that in mixtures of spheres and cuboidal
particles (blockiness parameters [5 5 5] and a = b = c) the degree of segregation is appreciably higher than in mixtures of spheres and cubes (Figure 7.2d).
Generally, the elongation of a particle seems to affect segregation signiﬁcantly
more than particle blockiness (see also the values of segregation index Is listed in
Table 7.2).
7.3.2 Effect of drum speed on shape-induced segregation

Subsequently, we assessed the effect of the rotational speed of the drum, ω, on
shape-induced segregation for mixtures of spheres and cubes (ϕ+ = ϕ− = 0.87)
or spheres and ellipsoids (ϕ+ = 1.26, ϕ− = 0.63) (Table 7.4). A bi-disperse, spherical particle system (V = 2.0Vp , dp = 3 mm, d = 3.78 mm) was modelled for
comparison. Figure 7.3a plots the temporal evolution of fg (segments i = 2 and
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 3 mm spheres mixed with spheres
Figure 7.3: Evolution of fg with time for (a)
of V = 2.0Vp (d = 3.78 mm), and (b) cubes (ϕ+ = ϕ− = 0.87) and
(c) ellipsoids (ϕ+ = 1.26, ϕ− = 0.63) mixed with volume-equivalent
spheres. The cylinder was rotated with () ω = 5 rpm, (×) ω = 10
rpm, and () ω = 20 rpm.

5) of the 3 mm spheres in the bi-disperse, spherical particle system as a function of
the rotational speed ω. In these systems the segregation index Is (averaged over
the last 5.5 s) increases from 5 to 10 rpm, but decreases if the rotational speed
is increased further to 20 rpm (Table 7.4). This is in line with previous observations [189], and is probably due to a change in the operating regime, i.e. from
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Table 7.4: Fill level , segregation index Is , angle of repose θ and thickness of the
avalanching region λ as a function of rotational speed ω and particle
shape.
Particle shape
Sphere, dp = 3 mm;
Cube, [m n p] = [5 5 5],
a = b = c = 1.269 mm
Sphere, dp = 3 mm;
Cube, [m n p] = [5 5 5],
a = b = c = 1.269 mm
Sphere, dp = 3 mm;
Cube, [m n p] = [5 5 5],
a = b = c = 1.269 mm
Sphere, dp = 3 mm;
Ellipsoid, [m n p] = [2 2 2],
2.0a = 2.0b = c = 2.382 mm
Sphere, dp = 3 mm;
Ellipsoid, [m n p] = [2 2 2],
2.0a = 2.0b = c = 2.382 mm
Sphere, dp = 3 mm;
Ellipsoid, [m n p] = [2 2 2],
2.0a = 2.0b = c = 2.382 mm
Sphere, dp = 3 mm;
Sphere, V = 2.0Vp , d = 3.78 mm
Sphere, dp = 3 mm;
Sphere, V = 2.0Vp , d = 3.78 mm
Sphere, dp = 3 mm;
Sphere, V = 2.0Vp , d = 3.78 mm

ω (rpm)



Is

θ

λ (m)

5

49.4%

0.174

30.6◦

0.0123

10

50.1%

0.158

31.1◦

0.0138

20

51.2%

0.145

32.5◦

0.0165

5

50.3%

0.228

27.8◦

0.0127

10

50.8%

0.213

28.4◦

0.0142

20

51.6%

0.198

29.6◦

0.0165

5

51.2%

0.321

25.6◦

0.0138

10

51.8%

0.332

26.7◦

0.0156

20

52.7%

0.309

28.7◦

0.0180

rolling mode (ω = 5 and 10 rpm, Fr = ω2 R/g < 0.0056) to the cascading mode
for ω = 20 rpm (Fr ≈ 0.02) [172]. We also found that increasing ω from 5 to 20
rpm increased the thickness of the avalanching region λ (from 0.0138 to 0.0180
m) and the apparent ﬁll level  (from 51.2% to 52.7%). The increasing apparent
ﬁll level is due to an increase in bed void which leads to a less selective (with
regards to particle size) percolation mechanism and hence a reduced degree of
segregation [189]. On the other hand, for mixtures of spherical and non-spherical
particles the degree of segregation decreased continuously with increasing ω (Figures 7.3b-c, each data point was obtained by averaging the number fractions of
non-spherical particles over 5.5 s, Figure 7.S3 and Table 7.4).
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7.3.3 Identiﬁcation of the mechanism driving shape-induced segregation

Based on the numerical results presented above, we can state that (i) particleshape alone can induce segregation and (ii) (equal-volume) non-spherical
particles segregate to the core of the bed (at least for the particle shapes reported here). Thus, the question remaining is: What drives particle-shape induced
segregation?



Figure 7.4: Schematic sketching the directions used to track the motion of
particles: the sinking direction S (perpendicular to the surface of the
bed), the tangential direction T (parallel to the surface of the bed) and
the direction parallel to the gravitational force G. Here, λ is the thickness of the avalanching region and θ is the dynamic angle of repose
of the bed [53]. In addition, the tangential position lt (in the direction
T; the centre of the cylinder O corresponds to lt = 0) and the sinking depth hs (in the direction S) of a particle are used to describe the
position of a particle in the cross-sectional plane of the bed.
To unravel the driving mechanism of shape-induced segregation, we analysed
the trajectories of a large number of non-spherical particles. Particle tracking started once a (non-spherical) particle entered segment 5 (Figure 7.1a, central axial
slice of the bed of 0.02 m thickness). The particle was tracked until the end of
the simulation (71.5 s). In total 200 trajectories of non-spherical particles were
analysed. In the following three directions are used to describe the motion of a
particle (Figure 7.4): (i) the sinking direction S that is perpendicular to the surface
of the bed, (ii) the tangential direction T that is parallel to the surface of the bed
and (iii) the direction parallel to the gravitational force G. Furthermore, the thickness of the avalanching region, λ, is deﬁned as the maximal distance between
the free surface of the bed and the location where the (time-averaged) tangential
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particle velocity is zero (Figure 7.4) [55]. It is important to note that segregation
occurs only in the avalanching region as the remainder of the bed is governed by
rigid body rotation [5]. To locate the position of a particle the tangential position
lt and the sinking depth hs are introduced as well (Figure 7.4).
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Figure 7.5: Plot of typical trajectories of ellipsoids (ϕ+ = 1.26, ϕ− = 0.63) that
are initially located in a 0.02 m thick, central axial slice of the cylinder
(viewed in a cross-sectional cut; the centre of the cylinder O is marked
‘×’). The total observation time is 71.5 s. The colour of the trajectories
indicates the time elapsed, i.e. red for early times and violet for late
times. The two dashed, black lines, parallel to the bed surface, mark
the boundaries of the avalanching region. The part of the trajector1 and 
4 indicates the
ies that lies between the black circles marked 
region in which the ellipsoid tracked sinks towards the centre of the
2 indicates the start of the sinking process
bed. The position marked 
(the ellipsoids tracked has reached the “highest” point in the direction
2 and at position 
3 the ellipsoid tracked has sunk a
S at position ),
distance of λ/2 in the direction S. The orientations of the ellipsoids
tracked (blue) and its neighbouring (within a 5 mm distance) ellips4
1 − .
oids (green) and spheres (red) particles are shown at positions 
When the projected area (in the direction S, T or G) of the ellipsoid
tracked is smaller than the cross-sectional area of a 3 mm sphere, the
position is marked with (i) ‘+’ (S), (ii) ‘•’ (T), or (iii) ‘’ (G).
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Figure 7.6: (a, c) Plot of the sinking velocity vs as a function of the tangential position lt and (b, d) plot of the tangential velocity vt as a function of the
3 in Figure 7.5.
sinking depth hs for the particles shown at position 
The particle velocities are averaged over 0.11 s (centred around po3 and the error bars indicate the standard deviation). The
sition 
dashed, red (blue) lines specify the mean velocity of the spheres (ellipsoids) in the direction S or T. To distinguish the spherical and nonspherical particles, the following symbols are used: ellipsoid tracked
‘’, neighbouring ellipsoids ‘’ and neighbouring spheres ‘’. When
the projected area (in the direction S) of the ellipsoids was predominantly smaller (i.e. ≥ 0.055 s during the 0.11 s observation time)
than the cross-sectional area of a 3 mm sphere, the following velocity
markers were used ‘’ (or ‘’) for the tracked (or the neighbouring)
ellipsoids.

Using the particle trajectories (and orientations) recorded, ﬁrst we investigate
the evolution of the particles’ projected area and velocity in the directions S and
T and compare these quantities to those of the neighbouring particles. As an
example, Figure 7.5 plots the trajectories of ellipsoids (ϕ+ = 1.26, ϕ− = 0.63).
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The mixture of spheres and ellipsoids (ϕ+ = 1.26, ϕ− = 0.63) was chosen as it
showed the highest degree of segregation. The colour scheme used for the trajectories reﬂects the time elapsed, i.e. red for early times and violet for late times. The
two dashed, black lines mark the boundaries of the avalanching region. The slope
of these lines indicates the dynamic angle of repose, θ, of the bed (Figure 7.4). In
the following, we focus on the part of the trajectory that lies between the points
1 and ,
4 i.e. the region in which the ellipsoid tracked sinks towards the
marked 
2 indicates the time when the ellipsoid
centre of the bed. The position marked 
tracked started to sink, i.e. the ellipsoid tracked had reached its “highest” point
3 corresponds to the time when the elin the direction S. The position marked 
lipsoid tracked had sunk a distance of λ/2 in the direction S. The orientations of
the ellipsoid tracked (blue) and of its neighbouring particles (within a distance of
5 mm of the ellipsoid tracked; green: ellipsoids; red: 3 mm spheres) are shown
1 − .
4 When the projected area (in the direction S, T or G) of the
for positions 
ellipsoid tracked was smaller than the cross-sectional area of a 3 mm sphere (in
the avalanching region), the position is marked with (i) ‘+’(S), (ii) ‘•’ (T), or (iii)
‘’ (G). In addition, the velocities of the particles (in the directions S and T) (eval3 in Figure 7.5) are shown in Figure 7.6. Figure 7.6 plots the
uated for position 
sinking velocity vs as a function of the tangential position lt , and the tangential velocity vt as a function of the sinking depth hs , for the particles shown in Figure 7.5.
3 The
The particle velocities are averaged over 0.11 s (centred around position ).
dashed, red (blue) lines in Figure 7.6 plot the mean velocity of the spheres (ellipsoids) in the direction S or T. To distinguish the spherical and non-spherical
particles, different symbols are used (ellipsoid tracked: ‘’; neighbouring ellipsoids: ‘’; neighbouring spheres: ‘’). When the projected area (in the direction
S) of the ellipsoids was predominantly smaller (i.e. for ≥ 0.055 s during the 0.11
s observation time) than the cross-sectional area of a 3 mm sphere, the velocity is
marked with ‘’ (or a ‘’) for the tracked (or the neighbouring) ellipsoids.
The trajectories plotted in Figure 7.5 conﬁrm that ellipsoids tend to move towards the centre of the bed, in agreement with the overall segregation pattern. In
total 106 (out of 200) ellipsoids tracked (i.e. originally being located in segment
5) were found in segments 1 − 3 (Figure 7.1a) after 71.5 simulations, i.e. these
ellipsoids accumulated in the centre of the bed. Interestingly, during the sinking
motion of the ellipsoids their projected area (in the direction S) can reveal different patterns. For example, the ellipsoid tracked in Figure 7.5a starts to sink at
2 when its projected area (in the direction S) is smaller than that of a 3
position 
2 and 
4 the ellipsoid tracked keeps its relatively
mm sphere. Between positions 
3 the ellipsoid tracked is
small projected area (in the direction S). At position ,
surrounded by twelve other ellipsoids, and ten of these neighbouring ellipsoids
exhibit a similar orientation as the ellipsoid tracked, i.e. their projected area in

117

7 Particle-shape induced radial segregation in rotating cylinders
the direction S is smaller than that of a 3 mm sphere. Evaluating the velocity
(Figures 7.6a-b) of this cluster of ellipsoids reveals that the ellipsoids tend to sink
3 i.e. vs,NS > vs,S and vt,NS < vt,S (S: sphere; NS: non-spherical
at position ,
particle). Figure 7.5b shows a case in which the orientation of the segregating el2 and )
4 compared to Figure 7.5a,
lipsoid is rather different (between positions 
i.e. during the sinking motion the projected area in the direction S is typically
larger than that of a 3 mm sphere. Unlike for the ellipsoid tracked in Figure 7.5a,
2 and 
4 the ellipsoid tracked is frequently orientated such
between positions 
that its area projected in the direction T is smaller than that of a 3 mm sphere.
This implies that the ellipsoid tracked slides with its longest axis aligned in the
direction T in the avalanching region while it sinks to the centre of the bed. At
3 the ellipsoid tracked is surrounded by eight other ellipsoids; all of
position ,
these neighbouring ellipsoids have an area projected in the direction S that is larger than that of a 3 mm sphere. Inspecting in more detail the orientation of the
individual particles of this cluster of ellipsoids over 0.11 s (centred around posi3 conﬁrms that the orientation of the ellipsoids changes only slightly over
tion ),
the observation time. Nonetheless, the ellipsoids of the cluster exhibit a higher
sinking velocity and a lower velocity in the tangential direction when compared
to the neighbouring spheres (Figures 7.6c-d). Thus, also in this case the ellipsoids
tend to migrate to the centre of the bed, despite their “unfavourable” orientation
for “percolation”. In total, 62 out of the 106 segregating ellipsoids sink when
their area projected in the direction S is signiﬁcantly larger than the cross-section
of equal-volume spheres. Based on these observations we speculate that particleshape induced segregation does not rely on the area of a non-spherical particle
projected in the direction S to be smaller than that of an equal-volume sphere.
Instead, it seems that a key characteristic of the segregating ellipsoids is their tangential velocity to be smaller than that of neighbouring spheres, independent of
their projected area (in the direction T).
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Figure 7.7: Orientation of non-spherical particles
in the avalanching region: (a)
deﬁnition of the angles α and β. The xy plane spans the cross-sectional
area of the rotating cylinder, whereas the z axis points in the direction
of the cylinder axis. To determine a particle’s orientation, the ξ axis
(marked with a dashed line) was pre-selected for each non-spherical
particle. (b-c) plot of the probability density function (pdf) of (b) angle
α and (c) angle β as a function of particle shape: (•) sphere, () cube
with ϕ+ = ϕ− = 0.87, () ellipsoid with ϕ+ = 1.59, ϕ− = 0.79, (♦)
ellipsoid with ϕ+ = 1.26, ϕ− = 0.63, (×) cuboid with ϕ+ = 1.37,
ϕ− = 0.69, and (+) cuboid with ϕ+ = 1.09, ϕ− = 0.55. The
data points for spheres are obtained from a bed of spheres and cubes
(ϕ+ = ϕ− = 0.87). The red, solid lines represent the theoretically
predicted pdf of angles α and β for spherical particles.
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Figure 7.8: Probability density function
(pdf) of the projected areas (At and As )
and particle velocities (vt and vs ) in the sampling region (marked
green in Figure 7.4) for direction (a-e) T and (f-j) S: (a, f) cube with
ϕ+ = ϕ− = 0.87, (b, g) ellipsoid with ϕ+ = 1.59, ϕ− = 0.79, (c, h)
ellipsoid with ϕ+ = 1.26, ϕ− = 0.63, (d, i) cuboid with ϕ+ = 1.37,
ϕ− = 0.69, and (e, j) cuboid with ϕ+ = 1.09, ϕ− = 0.55. The vertical and the horizontal black lines mark the mean velocity and the
projected area of spheres (in the directions T and S). There exists a signiﬁcant probability that non-spherical particles orientate themselves
such that a very large projected area is exposed to direction S.
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To understand better whether shape-induced segregation is linked to a preferred particle orientation in the avalanching region, the numerical data was analysed further. To this end, the coordinate system sketched in Figure 7.7a is used:
the plane xy spans the cross-sectional area of the rotating cylinder, whereas the
z axis points in the direction of the cylinder axis. For each non-spherical particle
(except cubes), we select ﬁrst a particle principal axis ξ (marked in Figure 7.7a by
a dashed line). For cubes, ξ is the line that passes through the centres of two, opposite faces. This approach allowed us to characterize the orientation of a particle
via the angles α (between ξ and the z axis) and β (between the x axis and the projection of ξ onto the xy plane). Figure 7.7b plots the probability density function
(pdf) of the angle α as a function of particle shape. The pdf of α for spheres (here α
is the angle formed between the z axis and a pre-selected axis through the sphere)
in a mixture of spheres and cubes (ϕ+ = ϕ− = 0.87) is plotted for comparison.
As the angle α is deﬁned in a spherical coordinate system, a homogeneous distribution of the angle α would result in a sin−shaped pdf, i.e. the pdf reaches a
maximum at α = 90◦ and is 0 for α = 0◦ and 180◦ . We observe that in a mixture
of spheres and cubes, cubes do not exhibit any orientational preference with respect to the z axis as the pdf of α is almost identical to that of spheres in the same
system. On the other hand, elongated (ﬂattened) particles (i.e. ellipsoids and
cuboids) have a tendency to orient themselves with their maximum (minimum)
cross-sectional area perpendicular to the z axis. For all particle shapes the pdfs
of angle β (Figure 7.7c) show no orientational preference in the cross-sectional
plane of the rotating cylinder. The pdfs of angle β ﬂuctuate only slightly around
the theoretically predicted value of 8.3 × 10−3 (over [0◦ 360◦ ]).
In the next step we aim to establish a correlation between a particle’s orientation and its velocity in the directions T and S in the avalanching region. To
this end, we calculated the probability density functions (pdfs) for the particles’
area projected in the directions T and S (At and As ) and velocities vt and vs .
The sampling region used to calculate the pdfs is marked green in Figure 7.4
(width 0.06 m, axial length 0.06 m and thickness λ). The pdfs obtained for the
non-spherical particles (using data from 2.2 − 71.5 s) are plotted in Figure 7.8.
The vertical and the horizontal black lines mark the mean velocities and projected areas (in the directions T and S) for spheres. The ﬁrst observation that can
be made readily from Figures 7.8a-e is that the mean tangential velocity of nonspherical particles is signiﬁcantly lower than that of spheres. This is due to the
fact that non-spherical particles concentrate preferably in the centre of the bed, i.e.
in a region in which the (time-averaged) tangential velocity of particles is smaller
when compared to the bed surface [195] (Figure 7.4). In addition, the mean area
projected in the direction T of non-spherical particles is signiﬁcantly larger than
the cross-sectional area of spheres (Table 7.5 summarizes the probability P of non-
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Table 7.5: Probability P of non-spherical particles to orientate such that the projected area (in the direction T, S, or G) is smaller than that of spheres.
Particle shape and cylinder rotational speed
Cube, [m n p] = [5 5 5]
a = b = c = 1.269 mm, ω = 5 rpm
Cube, [m n p] = [5 5 5]
a = b = c = 1.269 mm, ω = 10 rpm
Cube, [m n p] = [5 5 5]
a = b = c = 1.269 mm, ω = 20 rpm
Ellipsoid, [m n p] = [2 2 2]
a = b = 2.0c = 1.890 mm, ω = 10 rpm

T

S

G

0.218

0.219

0.203

0.218

0.218

0.202

0.219

0.219

0.206

0.333

0.332

0.333

Ellipsoid, [m n p] = [2 2 2]
2.0a = 2.0b = c = 2.382 mm, ω = 5 rpm
Ellipsoid, [m n p] = [2 2 2]
2.0a = 2.0b = c = 2.382 mm, ω = 10 rpm
Ellipsoid, [m n p] = [2 2 2]
2.0a = 2.0b = c = 2.382 mm, ω = 20 rpm

0.415

0.407

0.415

0.412

0.411

0.413

0.405

0.406

0.407

Cuboid, [m n p] = [5 5 5]
a = b = 2.0c = 1.599 mm, ω = 10 rpm

0.266

0.266

0.265

Cuboid, [m n p] = [5 5 5]
2.0a = 2.0b = c = 2.015 mm, ω = 10 rpm

0.243

0.240

0.240

spherical particles to orientate such that the projected area (in the direction T, S,
or G) is smaller than that of spheres). Turning now to Figures 7.8f-j, we also observe that for non-spherical particles the mean area projected in the direction S is
larger than the cross-sectional area of spheres. In addition, the pdfs show a peak
located above the horizontal, black line, indicating that there exists a high probability that for non-spherical particles the area projected in the direction S is signiﬁcantly larger than the cross-section of equal-volume spheres (similar observations
can be obtained in the direction G, see the supporting information Figure 7.S4).
The observations obtained above were found to be independent of the sampling
region selected (Figure 7.4), e.g. changing the thickness of the sampling region
from λ to λ/2 led to very similar results. To summarize, the data presented in
Figure 7.8 indicate strongly that non-spherical particles do not segregate radially
via a percolation mechanism that prevails in bi-disperse spherical systems.
Instead, we speculate that shape-induced segregation is driven by differences
in the mobility (sometimes also referred to as “ﬂowability”) in the direction T
of the differently-shaped particles. We hypothesize that in the avalanching re-
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gion non-spherical particles ﬂow with a lower speed than spheres, resulting in
a “ﬂooding” of the non-spherical particles by faster-moving spheres. Hence, the
non-spherical particles are “pushed” to the core of the bed (i.e. to the top of the
passive region, which is governed by solid body rotation). Hence, we quantiﬁed differences in the particle mobility by introducing a mobility ratio RS that
is deﬁned as the ratio of the distances travelled by non-spherical and spherical
particles from an identical position in a given time. The calculation of the distance
travelled was started when the centre of a spherical or non-spherical particle
entered the region highlighted in green in Figure 7.4. The maximal deviation (in
the direction S or T) between the different starting points was 1 mm. Figure 7.9a
plots the mean trajectories of the spherical and non-spherical particles (ellipsoids
with ϕ+ = 1.26, ϕ− = 0.63). Each point was obtained by averaging more than
1000 particles. Figure 7.9a shows that, on average, non-spherical particles move
in the direction T slower than spheres, i.e. RS < 1. The mobility ratio, RS , as
a function of the segregation index, Is , for the “bi-shaped” particle systems is
plotted in Figure 7.9b (values of Is are listed in Table 7.2). Albeit we see a general trend that the segregation index, Is , increases with decreasing mobility ratio,
RS , it is not possible to establish a clear correlation between the mobility ratio of
the particles and their segregation index. This lack of an unequivocal relationship may not be completely surprising as particle shape also affects the dynamic
angle of repose and the thickness of the avalanching region (Table 7.2). It is conceivable that both parameters will also affect the segregation dynamics. Nonetheless, the inset of Figure 7.9b conﬁrms that Is increases with decreasing RS for
a given particle-shape combination when the rotational speed of the cylinder is
decreased from 20 to 5 rpm (Table 7.4). This observation cannot be explained
by a percolation mechanism, since the probability P, for non-spherical particles
having an area projected in the direction S that is smaller than that of spheres is
independent of the rotational speed of the cylinder (Table 7.5). Instead, we ﬁnd
that for a given particle shape mixture increasing the rotational speed leads to a
greater dynamic angle of repose θ and a thicker avalanching region λ (Table 7.4).
The higher angle of repose leads to a higher kinetic energy of the avalanching
particles, decreasing the mobility difference between non-spherical and spherical particles and leading thus to a smaller degree of segregation. Hence, it can
be argued that differences in the mobility between spherical and non-spherical
particles account, at least partially, for the shape-induced radial segregation.
Particle mobility was found to link closely with the mean number of collisions
experienced by a particle in a given time [196, 197]. To understand better why the
mobility of non-spherical particles is lower than that of equal-volume spheres,
we analysed in more detail the number of contacts and the contact forces acting
between particles in the avalanching region. The projected particle areas given
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in Figure 7.8 would point to a larger “effective size” of non-spherical particle
when compared to sphere. Here, the √
“effective size” of a particle was quantiﬁed by the radius of gyration rg =
I/M (where I is the moment of inertia and M is the particle mass), averaged over the three principal particle axes
rg = (r1 + r2 + r3 )/3 [198–200]. Table 7.6 lists the radii of gyration for each
particle shape studied. It is conceivable that a larger “effective size” of a particle
leads to a larger number of inter-particle collisions and a higher rate of kinetic energy dissipation which would translate into a lower mobility. Figure 7.10a plots
the mean contact number C that one particle experiences (in the region marked
green in Figure 7.4) as a function of the segregation index Is . Indeed, we can
observe that in the avalanching region non-spherical particles experience more
collisions than spheres. Figure 7.10b plots the ratio of contact forces RF = FNS /FS
as a function of the segregation index Is , where Fα (α = S: sphere; α = NS: nonspherical particle) gives the averaged magnitude of the net contact force acting
on particle α. The fact that RF < 1, i.e. FNS < FS conﬁrms that the larger number
of collisions for non-spherical particles leads to a lower mobility when compared
to equal-volume spheres.
Table 7.6: Radii of gyration calculated for spherical and non-spherical particles.
Particle shape

r1 (mm)

r2 (mm)

r3 (mm)

rg (mm)

Sphere, dp = 3 mm

0.949

0.949

0.949

0.949

0.954

0.954

0.954

0.954

0.966

0.966

0.966

0.966

0.973

0.973

0.973

0.973

0.945

0.945

1.195

1.028

0.986

0.986

0.893

0.955

1.191

1.191

0.753

1.045

0.962

0.962

1.217

1.047

1.212

1.212

0.767

1.064

Cube, [m n p] = [3 3 3]
a = b = c = 1.355 mm
Cube, [m n p] = [5 5 5]
a = b = c = 1.269 mm
Cube, [m n p] = [7 7 7]
a = b = c = 1.243 mm
Ellipsoid, [m n p] = [2 2 2]
a = b = 2.0c = 1.890 mm
Ellipsoid, [m n p] = [2 2 2]
1.2a = 1.2b = c = 1.694 mm
Ellipsoid, [m n p] = [2 2 2]
2.0a = 2.0b = c = 2.382 mm
Cuboid, [m n p] = [5 5 5]
a = b = 2.0c = 1.599 mm
Cuboid, [m n p] = [5 5 5]
2.0a = 2.0b = c = 2.015 mm
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Figure 7.9: Quantiﬁcation of the difference in the mobility of spheres and volumeequivalent, non-spherical particles: (a) mean trajectories of spherical and non-spherical particles (each point is averaged over more
than 1000 particles) in a bed of spheres and ellipsoids (ϕ+ = 1.26,
ϕ− = 0.63). The tracking of particles started when the centre of a
sphere or non-spherical particle entered the region marked green in
Figure 7.4 and lasted until the sphere left the sampling region. The
error bars show the standard deviation of the averaged particle positions in both the x and y directions (Figure 7.4). The dashed, black
line marks the free surface of the bed; (b) plot of particle mobility ratio RS as a function of the segregation index Is for different bed mixtures. The inset plots RS against Is for (i) a mixture of spheres and
cubes (ϕ+ = ϕ− = 0.87) and (ii) a mixture of spheres and ellipsoids
(ϕ+ = 1.26, ϕ− = 0.63) as a function of the rotational speed of the
drum.
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Figure 7.10: Evaluation of the number of contacts and the contact forces for different particle mixtures: (i) cubes (ϕ+ = ϕ− = 0.87), (ii) ellipsoids
(ϕ+ = 1.59, ϕ− = 0.79), (iii) ellipsoids (ϕ+ = 1.26, ϕ− = 0.63),
(iv) cuboids (ϕ+ = 1.37, ϕ− = 0.69), and (v) cuboids (ϕ+ = 1.09,
ϕ− = 0.55) mixed with equal-volume spheres: (a) plot of the mean
number of particle contacts C (obtained in the region marked green,
Figure 7.4) as a function of the segregation index Is ; (b) plot of the ratio of contact forces RF = FNS /FS as a function of the segregation index Is . Here, Fα (α = S: sphere; α = NS: non-spherical particle) gives
the average magnitude of the net contact force acting on particle α
(obtained in the region marked green in Figure 7.4).

7.4 Conclusions
Particle-shape induced radial segregation was studied in a horizontal, rotating
cylinder using discrete element modelling (DEM) simulations. The particles were
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modelled using the super-quadric equation providing a simple route to vary their
blockiness and elongation. The main ﬁndings of this work are:
(i) Particle-shape (alone) can induce radial segregation. In a mixture with equalvolume spheres, non-spherical particles tend to segregate to the centre of the bed.
Compared to particle blockiness, particle elongation affects segregation more signiﬁcantly. In addition, it was found that decreasing the rotational speed of the
cylinder leads to a higher degree of segregation.
(ii) Shape-induced segregation cannot be explained by the conventional percolation mechanism. Non-spherical particles, while segregating to the centre of the
bed, do not necessarily move with an area projected in the sinking direction that
is smaller than the cross-sectional area of a sphere. Instead, there is a signiﬁcant probability that non-spherical particles segregate with a relatively large area
projected in the sinking direction.
(iii) We propose that shape-induced segregation is, at least partially, explained
by the lower mobility of the non-spherical particles when compared to spheres.
Hence, the non-spherical particles are ‘ﬂooded’ by faster-moving spheres, “pushing” the non-spherical particles to the boundary between the avalanching region
and the region in which rigid body rotation prevails. For a given sphere - nonspherical particle combination, a decrease in the rotational speed increases the degree of segregation, as higher rotating velocities reduce differences in the particle
mobility. The lower mobility of non-spherical particles is attributed to their larger
radius of gyration, which results in a higher number of collisions.

Nomenclature
a, b, c
AR
Ag , As , At
C
d, dp
dmax , dmin
D
dt
favg
fg , fr
fk
Fn , Ft
Fr
Fα
g
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Half lengths of principal particle axes (m)
Particle aspect ratio (-)
Projected area in the gravitational/sinking/tangential direction
Number of contacts (-)
Diameter of sphere (m)
Maximum/Minimum particle diameter (m)
Diameter of cylinder (m)
Time step of DEM simulations (s)
Overall number fraction of a particle type (-)
Number fraction of green/red particle (-)
Number fraction of a particle type in the sample box k (-)
Normal/Tangential force between colliding particles (N)
Froude number (-)
Contact force acting on particle α (N)
Acceleration due to gravity (m/s2 )

7.4 Conclusions
G
hs
I
Is
kn , kt
knij
ktij
lt
lx , ly
L
m, n, p
mij
M
Nc
Ng , Nr
p, P
rg
R
RF
RS
S
t
tcol
T
vg
vn , vt
vs
V, Vp
x, y, z

Direction parallel to the gravitational force (-)
Sinking depth (m)
Moment of inertia (kg m2 )
Segregation index (-)
Normal/Tangential spring stiffness (N/m)
Effective normal spring stiffness between particles i and j (N/m)
Effective tangential spring stiffness between particles i and j (N/m)
Tangential position (m)
Dimension of lattices (m)
Length of cylinder (m)
Squareness parameters of particle (-)
Effective mass between particles i and j (kg)
Particle mass (kg)
Number of sampling box (-)
Number of green/red particle (-)
Probability (-)
Radius of gyration (m)
Radius of cylinder (m)
Ratio of particle contact force (-)
Ratio of particle mobility (-)
Direction that is perpendicular to the surface of the bed (-)
Time (s)
Duration of a collision (s)
Direction that is parallel to the surface of the bed (-)
Velocity in gravitational direction (m/s)
Velocity in normal/tangential direction (m/s)
Velocity in sinking direction (m/s)
Volume of sphere (m3 )
Coordinates (m)

Greek letters
α, β
δn
δt

ηn , ηt
θ
ϑ
λ
μ

Angles quantifying the orientation of a particle (◦)
Particle overlap (m)
Tangential displacement (m)
Fill level (-)
Normal/Tangential damping factor (-)
Dynamic angle of repose (◦)
Random number between 0 and 1 (-)
Thickness of the avalanching region (m)
Coefﬁcient of friction (-)

129

7 Particle-shape induced radial segregation in rotating cylinders
ξ
ρ
ϕ+ , ϕ−
ω

Particle principal axis (-)
Particle density (kg/m3 )
Major/minor crosswise sphericity of particle (-)
Rotational speed of cylinder (rpm)

Supporting information
S1: To assess the inﬂuence of the end plates on the segregation pattern, the distribution of non-spherical particles along the axial direction of the cylinder was
determined (Figure 7.S1a). For mixtures of spheres and cubes (ϕ+ = ϕ− = 0.87
and ϕ+ = ϕ− = 0.85), Figures 7.S1c-d, and mixtures of spheres and cuboids
(ϕ+ = 1.37, ϕ− = 0.69 and ϕ+ = 1.09, ϕ− = 0.55), Figures 7.S1h-i, the nonspherical particles seem to accumulate to some extent near the end-plates. This
can be explained by the crystallisation of cubes or cuboids at the end-plates, forming ordered and stable clusters (Figures 7.S1j-k). In contrast, we could not observe
any accumulation of ellipsoids near the end plates (Figures 7.S1e-g). Instead, ellipsoids with ϕ+ = 1.59, ϕ− = 0.79 are rarely found directly at the end plates.
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Figure 7.S1: Radial segregation of a mixture of spheres and non-spherical
particles: (a) segment of the bed that was used to calculate the
number fraction fg ; (b-i) number fraction fg of cubes with (b)
ϕ+ = ϕ− = 0.92, (c) ϕ+ = ϕ− = 0.87, and (d) ϕ+ = ϕ− = 0.85,
ellipsoids with (e) ϕ+ = 1.59, ϕ− = 0.79, (f) ϕ+ = 1.06, ϕ− = 0.89,
and (g) ϕ+ = 1.26, ϕ− = 0.63, and cuboids with (h) ϕ+ = 1.37,
ϕ− = 0.69 and (i) ϕ+ = 1.09, ϕ− = 0.55 in the selected axial segment; (j-k) snapshots showing crystallisation of (j) cubes (green) with
ϕ+ = ϕ− = 0.87 and (k) cuboids (green) with ϕ+ = 1.09, ϕ− = 0.55
at the end plates.
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Figure 7.S2: Evolution of fg with time for (a) cubes (ϕ+ = ϕ− = 0.87) and (b)
ellipsoids (ϕ+ = 1.26, ϕ− = 0.63) mixed with volume-equivalent
spheres. For each particle mixture, four simulations were performed
in which the initial velocities of the particles were varied (simulations marked by ×, , , and ).
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S2: To evaluate whether the initial particle conﬁguration affects the segregation
patterns obtained, additional simulations with different initial conditions, i.e. the
initial velocities of the particles were varied, were performed. Figure 7.S2 shows
the number fraction fg as a function of time for cubes with ϕ+ = ϕ− = 0.87 and
ellipsoids with ϕ+ = 1.26, ϕ− = 0.63 mixed with volume-equivalent spheres.
The results plotted in Figure 7.S2 demonstrate that particle-shape induced segregation is not affected by the initial conﬁguration of the simulation.
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Figure 7.S3: Number fraction fg for (a) 3 mm spheres mixed with spheres
with V = 2.0Vp (dp = 3 mm, d = 3.78 mm), and (b) cubes
(ϕ+ = ϕ− = 0.87) and (c) ellipsoids (ϕ+ = 1.26, ϕ− = 0.63) mixed
with volume-equivalent spheres. The cylinder was rotated with 5, 10,
and 20 rpm, respectively.

133

7 Particle-shape induced radial segregation in rotating cylinders
 
3















[



ܣ  ൈ ͳͲି P 













D

ݒ  PV 



 
3













ܣ  ൈ ͳͲି P 




[









 



E

ݒ  PV 



 
3



ܣ  ൈ ͳͲି P 










[












F

ݒ  PV 



 
3











G

134










[



ܣ  ൈ ͳͲି P 






ݒ  PV 









D  '
E  '
F  '

7.4 Conclusions

G  '
 
3









[





ܣ  ൈ ͳͲି P 









H






ݒ  PV 




Figure 7.S4: Probability density
function (pdf) of the area projected in the direction G (Ag ) and particle velocity (vg ) in the sampling region that is
marked green in Figure 7.4: (a) cubes with ϕ+ = ϕ− = 0.87; (b) ellipsoids with ϕ+ = 1.59, ϕ− = 0.79; (c) ellipsoids with ϕ+ = 1.26,
ϕ− = 0.63; (d) cuboids with ϕ+ = 1.37, ϕ− = 0.69; (e) cuboids with
ϕ+ = 1.09, ϕ− = 0.55. The vertical and the horizontal black lines
mark the mean velocity and the area of spheres projected in the direction G. A signiﬁcant probability exists that non-spherical particles
orientate such that the area projected in the direction G is signiﬁcantly larger than the cross-section of equal-volume spheres.

S3: To visualize the inﬂuence of rotational speed ω on the degree of segregation better, the spatially resolved fg (cross-sectional plane, 0.06 m thick central
axial slice, averaged over the last 5.5 s of the simulation data) of 3 mm spheres
(Figure 7.S3a, bi-disperse, spherical particle system) and non-spherical particles
(Figures 7.S3b-c) is plotted. Figure 7.S3a shows that for the bi-disperse, spherical
particle system the degree of segregation is highest at ω = 10 rpm. Figures 7.S3bc conﬁrm that for mixtures of spheres and non-spherical particles the degree of
segregation decreased continuously with increasing ω.
S4: We also evaluated the pdf of the particles’ area projected in the direction G
(Ag ) and velocity vg , and found that the results are very comparable to those obtained for the direction S. In Figure 7.S4, the mean velocity of the non-spherical
particles, vg , is smaller than that of spheres. Besides, there is a high probability
for non-spherical particles that their area projected in the direction G is signiﬁcantly larger than the cross-section of equal-volume spheres. This observation
supports the hypothesis that particle-shape induced segregation is not due to the
percolation of non-spherical particles in a bed of equal-volume spheres.
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8 Ordering and stress transmission in packings of
straight and curved spherocylinders
This chapter has been published as:
• G. Lu, R. C. Hidalgo, J. R. Third, and C. R. Müller. Ordering and stress
transmission in packings of straight and curved spherocylinders. Granular Matter, 18:34, 2016.

Abstract

In this work we apply the discrete element method (DEM) to model
packings of spherocylinders. The so-called composite spheres method was used
to construct particles of different aspect ratio, surface shape and curvature. Using
the DEM we probe in detail the effect of particle curvature and surface shape on
packing morphology and stress transmission. We ﬁnd that particle shape has a
remarkable inﬂuence on both the packing morphology (quantiﬁed via the solid
fraction, particle orientation distribution and radial distribution function) and
stress transmission. Speciﬁcally, elongated particles have a high preference for
horizontal alignment, whereas an increasing particle curvature leads to a more
continuous (i.e. less discrete) particle orientation distribution. Generally, we observe that rough and curved particles have a stronger tendency for interlocking
(in particular for small particle aspect ratios, i.e. AR = 2 and 3) leading to the
formation of dense packing structures. In addition packings of rough and curved
particles of small aspect ratios favor stress transmission in the gravitational direction, thus, limiting stress saturation with depth.
Keywords Particle packing; non-spherical particles; particle ordering; stress
transmission; discrete element method (DEM).

8.1 Introduction
Granular packings are frequently encountered in nature and industry [4]. However, experimental studies on granular packings are inherently difﬁcult due to
their opacity, thus, making the use of optical measurement techniques largely impossible [6]. On the other hand, the advancement of computational techniques,
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in particular the so-called discrete element method (DEM) [8] has opened new
routes to probe the physics of granular packings [39, 43]. DEM allows us to perform numerical ‘measurements’ in granular system, providing e.g. information
about the contact forces acting between particles. Importantly, DEM is capable
of modelling particles of non-spherical shape [53–55]; a crucial aspect, considering that the morphology and the mechanical properties of packings are strongly
affected by particle shape [30, 168].
So far, the majority of both experimental and numerical studies have considered packings of spherical particles only [43]. However, the appropriate description of packings composed of non-spherical particles is of signiﬁcant importance for practical applications such as the handling of rocks, rice, wheat or tablets [201]. Hence, in recent years packings of highly anisotropic particles have
received increasing attention [35, 120, 123–125, 145, 202–209]. These studies have
revealed that most structural properties displayed by packings of isotropic granular media cannot be extrapolated easily to (highly) anisotropic particle system.
For example, it is well known that elongated particles can pack more densely
when compared to spheres [168]. However, the packing density reaches also a
maximum at a certain aspect ratio [203]. A similar trend was observed for the coordination number, viz. the mean number of contact points of a particle. In addition, in packings of elongated particles a preferred particle alignment along their
major axis was shown experimentally [123] and numerically [124, 203]. These
ordered structures are believed to affect notably the transmission of stress in the
packing. For example, Azéma and Radjaï [208, 209] performed two-dimensional,
bi-axial compression tests on packings composed of cylinder-shaped particles.
They observed a linear increase of the shear strength of the material with increasing particle elongation. This phenomenon was attributed to the ordering
of particles on a mesoscopic scale. Similarly, Hidalgo et al. [123, 124] found a preferred particle alignment in the horizontal direction for quasi-2D packings of steel
rods. In such packings, the authors could not observe a saturating stress with increasing packing height. Instead, a stress proﬁle similar to the linear hydrostatic
stress proﬁle was recorded. However, the ordered structures disappeared when
cohesive forces were introduced and the conventional stress proﬁle (i.e. saturation with packing height) was recovered [125].
Despite recent advances in our understanding of packings composed of anisotropic particles, several questions concerning their mechanical properties are still
open. For example, it is still unclear how the surface shape of the particles inﬂuences a packing’s morphology and stress transmission. A better understanding
of this effect is important as most granular media possess uneven surfaces, e.g.
gravel, rocks or agricultural goods. In addition, the effect of particle curvature on
the packing properties is also not well understood. This is particularly important
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for the handling of ﬁbrous materials, e.g. cellulose ﬁbers. Thus, this work addresses the question how particle surface shape and curvature affect a packing’s
structure and stress transmission.

8.2 Numerical system setup
In this work, we examined two-dimensional granular packings using the DEM.
The composite spheres method was used to simulate non-spherical particles [168].
A linear spring and dash-pot model was implemented to model the contact forces.
For two colliding particles (i and j) the contact force acting in the normal direction
was given by
Fn = max 0, knij δn − 2ηn

mij knij vn

(8.1)

Here δn is the overlap between the contacting spheres, ηn is the normal damping
factor, vn is the relative velocity in the normal direction and mij is the effective
mass given by 1/mij = 1/mi + 1/mj . The effective normal stiffness was calculated as 1/knij = 1/kni + 1/knj . In the tangential direction, the maximal contact
force was limited by Coulomb’s law of friction, viz.
Ft = min μknij δn , ktij δt − 2ηt

mij ktij vt

(8.2)

where μ, ηt and vt are the coefﬁcient of friction, the tangential damping factor
and the relative velocity in the tangential direction, respectively. The tangential
displacement, δt , was given by δt = vt dt and the effective tangential stiffness
was determined as 1/ktij = 1/kti + 1/ktj . The time step dt employed in the
DEM simulations was set to 1.1 × 10−5 s, which is less than one thirtieth of the
duration of a binary collision between particles. A third order Adams-Bashforth
integration scheme was implemented to update the particle velocities and positions. Table 8.1 shows the mechanical parameters of the particles modelled in
this work. We have performed additional simulations to assess the sensitivity of
our conclusions drawn to the mechanical parameters of the particles. We found
that varying kn in the range 1000 − 4000 N/m (correspondingly kt in the range
500 − 2000 N/m), ηn and ηt in the range 0.1 − 0.4, and μ in the range 0.1 − 0.5 did
not affect the conclusions drawn in this work.
Elongated spherocylinders composed of several primary spheres were considered. The aspect ratio of a straight spherocylinder was deﬁned as the ratio
between its axial length and the diameter of a primary sphere, i.e. AR = laxial /dp
as shown in Figure 8.1a. A uniform size distribution of ±5% was applied to the
primary spheres (average diameter 3 mm) used to model non-spherical particles.
The simulations were purely two-dimensional, i.e. the particles cannot move in
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Table 8.1: Mechanical parameters of the particles modelled.
Parameter

Symbol

Value

Particle density
Normal spring stiffness
Tangential spring stiffness
Normal damping factor
Tangential damping factor
Coefﬁcient of friction
Primary sphere diameter

ρp
kn
kt
ηn
ηt
μ
dp

2500 kg/m3
2000 N/m
1000 N/m
0.2
0.2
0.3
3 × 10−3 m

the z direction and cannot rotate about any axis in the xy plane (Figure 8.1). The
height of the container was H = 2.0 m. In order to compare the numerical results
of the systems containing particles of different aspect ratios, the width of the container, W, was set to 20 times the major axis of the particle laxial , i.e. W = 20laxial.
The walls of the container had the same normal and tangential stiffness as the
particles. In total 9000 particles were simulated.
Packings were generated by initializing ﬁrst horizontal lines of particles, located 1.985 m above the bottom of the container. Each particle was initialized
with a random orientation angle and a random horizontal velocity (in the range
−0.025 − +0.025 m/s). A new line of particles was generated, once the previous
line of particles had settled 0.021 m under gravity. The ﬁlling rate was approximately 270 particles per second. Once all particles had settled, the system was
allowed to relax until its mean kinetic energy Ek was at least ﬁve orders of magnitude lower than its elastic potential energy (Ep = ∑ 21 kδ2 ). Subsequently, the
morphology of the consolidated packing was analyzed. For each conﬁguration,
30 repetitions were performed using different initial conditions, i.e. different initial velocities and particle orientations.
In the ﬁrst set of numerical experiments the effect of the particle aspect ratio
(AR = 2, 3, 5, and 7) and surface shape on the packing morphology and stress
transmission through the bed was studied. Here, the packing of spheres served
as a reference case. The surface shape of the spherocylinders was manipulated
by varying the overlap of the primary spheres (zero overlap or 50% overlap) as
shown in Figures 8.1a and 8.1b. Since our aim was to study the effect of surface
shape on the packing characteristics, it was ensured that the mass and the inertia
tensor of the smooth and coarse particles were identical. During the initialization
step the mass of the coarse particles was set to the mass of the smooth particles
with the same aspect ratio. In addition the inertia tensor of the coarse particles
was calculated in a body (particle)-ﬁxed (or local) coordinate system, chosen such
that the inertia tensor contained non-zero values only along its diagonal. The
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values of the inertia tensor of the smooth particles (in the body-ﬁxed coordinate
system) were set to the same values as the inertia tensor of the coarse particles
of identical aspect ratio. A side effect of this approach was that the density of
the primary spheres varied, resulting in a non-uniform density distribution in
smooth particles.
In the second set of numerical experiments, the effect of particle curvature on
the packing morphology and stress transmission was assessed. Here, smooth
spherocylinders of aspect ratios AR = 3, 5, and 7 were used (in the packings
simulated the aspect ratios had a distribution in the range 95.2% − 105.3%). The
curved particles were modelled as proposed by Nan et al. [206]. A curved spherocylinder, Figure 8.1c, was characterized by two parameters viz. its aspect ratio
and angle of curvature. The aspect ratio was the ratio between the axial length
of the particle to the diameter of a primary sphere. The angle of curvature, θ,
was deﬁned as the ratio of the length of the particle torus (measured along the
curved axis of the particle) and the curvature radius (Figure 8.1c). As limiting
cases, θ = 0◦ corresponds to a straight particle, while θ = 180◦ represents a semicircle. The angle of curvature was varied from 30◦ to 120◦ using a step size of 30◦ .
The mass of a curved spherocylinder was equal to the mass of the corresponding straight spherocylinder of identical aspect ratio. However, due to the particle
curvature, the inertia tensor of a curved spherocylinder was different to that of a
straight spherocylinder of the same aspect ratio.

8.3 Results and discussion
8.3.1 Effect of surface shape on packing morphology and stress transmission

Figure 8.1 shows packings of straight spherocylinders (aspect ratio AR = 5) of
different surface shape. For comparison, the packing of curved spherocylinders
(aspect ratio AR = 5, angle of curvature θ = 60◦ ) is also illustrated. The colour of the particles indicates the magnitude of the contact forces acting on the
individual particles. Note that due to a larger number of primary spheres, the
volume of a straight, smooth particle is larger compared to its coarse counterpart
(see Table 8.2, particle cross-sectional area A). From Figure 8.1 it is also noticeable that coarse particles form highly ordered structures. In addition, curved
spherocylinders lead to higher and looser deposits when compared to the corresponding straight particle systems. This observation can be attributed to a more
pronounced ‘excluded volume’ effect for curved particles. The ‘excluded volume’
in a deposit refers to the void region around a particle that cannot be occupied by
other particles of the same size and shape [204].
The packings obtained were ﬁrst characterized by calculating the spatially resolved solid fraction. Here, we have implemented a coarse-grain averaging tech-
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Figure 8.1: Packings of (a) straight, coarse spherocylinders of AR = 5, (b) straight,
smooth spherocylinders of AR = 5, and (c) curved spherocylinders
(angle of curvature: θ = 60◦ ) of AR = 5. The colour indicates the
magnitude of the contact forces acting on the primary spheres (including contact forces between particles and walls (the bottom and the
lateral walls)). The shapes of the particles simulated can be related to
for example different types of pastaa .
a

https://upload.wikimedia.org/wikipedia/commons/a/aa/Fusilli_pasta.jpg;
http://www.casabufala.it/wp-content/uploads/2014/11/bg_mezzani-tagliati-rigati1.jpg;
http://dreamlandapparel.com/wp-content/uploads/2011/08/Macaroni-noodles.jpg.

nique to examine the solid fraction (as well as the stress ﬁelds) of the packing. The
coarse-grained solid fraction was obtained as φ(r ) = ∑iN=1 Aiϕ(r −ri ), where
Ai is the cross-sectional area of a particle. In this context, a Gaussian coarse-
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Table 8.2: Mean solid fraction φ obtained in packings of particles with different
aspect ratios and surface shapes.
Aspect ratio AR

Coarse particle A

Coarse particle φ

2
3
5
7

1.41 × 10−5 m2
2.12 × 10−5 m2
3.53 × 10−5 m2
4.95 × 10−5 m2

0.87 ± 0.0021
0.81 ± 0.0009
0.76 ± 0.0013
0.73 ± 0.0015

Aspect ratio AR

Smooth particle A

Smooth particle φ

2
3
5
7

1.57 × 10−5 m2
2.43 × 10−5 m2
4.15 × 10−5 m2
5.87 × 10−5 m2

0.88 ± 0.0007
0.87 ± 0.0009
0.85 ± 0.0015
0.82 ± 0.0020

√

1
−(r/ 2ω) , with a coarse-graining scale ω
graining (CG) function ϕ(r ) = 2πω
2e
was applied [210]. In all cases, ω was set to 3 × AR × dp (dp is the diameter of
the primary spheres), which was consistent with the value chosen by Acevedo
et al. [129] for rod-shaped particles. The spatially resolved solid fractions φ(r )
obtained are plotted in Figure 8.2. Note that the value of ω is sufﬁciently small
to capture accurately the spatial variation of the solid. In all packings assessed,
the color maps show a rather uniform solid fraction in the centre of the bed
(only a slight increase towards the bottom of the container is observed). Figure 8.2 also shows that coarse spherocylinders (AR = 5) pack less densely than
straight, smooth spherocylinders of the same aspect ratio. Furthermore, packings of curved, smooth spherocylinders show a lower solid fraction than their
straight counterparts. The further analysis of the structure of the different packings is now restricted to the central vertical section (Δ = 2 × AR × dp wide) of
the bed (see Figure 8.2d), which is located 3ω away from the lateral and bottom
walls [211]. The mean solid fractions obtained in this region are summarized in
Table 8.2. Here we observe that the solid fraction decreases with increasing aspect
ratio, independent of the surface shape. This observation is consistent with experimental ﬁndings in packings of two-dimensional rods [124] and is attributed to
an increasing resistance to particle re-arrangement for increasing particle aspect
ratios [212].
2

The morphology of the packings was characterized in more detail by determining the particle orientation distributions (Figure 8.3). The particle orientation
angle γ was deﬁned as the angle formed by the principal axis of the particle and
the horizontal axis of the system. Figure 8.3 plots the distribution of the orienta-
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Figure 8.2: Spatially resolved solid fractions of different packings: (a) straight,
coarse spherocylinders with AR = 5, (b) straight, smooth spherocylinders with AR = 5, and (c) curved spherocylinders (angle of curvature
θ = 60◦ ) with AR = 5; (d) schematic showing the central vertical slice
that was used for further analysis of the packing structure.

tion of spherocylinders of different aspect ratios and surface shapes. To exclude
wall effects, only the central section of the packing was used for data analysis, i.e.
particles located within the distance AR × dp from the walls were disregarded.
Figure 8.3 shows clearly that an increase in particle aspect ratio enhances the tendency of particles to align horizontally (γ = 0◦ and 180◦ ). This observation is in
agreement with experimental measurements obtained in packings of elongated,
faceted particles [123, 124]. However, in our simulations we could also observe
that the particle surface shape has a notably inﬂuence on the particle orientation distribution. For instance, coarse particles with AR = 2 (dimers) orientated
largely at speciﬁc angles, viz. γ = 0◦ , 30◦ , 90◦ , 150◦ , and 180◦ . These characteristic orientations indicate the existence of locally ordered structures. Interestingly,
we could not observe any peak in the particle orientation distribution at 60 ◦ and
120◦ , implying that these more vertically-oriented positions are not stable for the
dimers. On the other hand, smooth particles with AR = 2 did not show such
highly anisotropic behaviour, i.e. an appreciably less discrete particle orientation
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Figure 8.3: Distribution of particle orientation
for spherocylinders with (a)
AR = 2, (b) AR = 3, (c) AR = 5, and (d) AR = 7 (‘+’: coarse particles;
‘’: smooth particles).

distribution was observed. Similarly, for AR = 3, the surface shape affected notably the particle orientation distribution. Coarse particles show local maxima
in their orientation distribution at γ = 30◦ and 150◦ , whereas smooth particles
align with the horizontal axis with the highest probability. For AR > 3, the differences in the orientation distribution between coarse and smooth particles largely
disappear. Nonetheless, for AR = 7, coarse particles still align slightly more favorably with the horizontal axis (γ = 0◦ and 180◦ ). This effect was not observed
for AR = 5.
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Figure 8.4: Radial distribution function (RDF) of packings of spherocylinders: (a)
AR = 2, (b) AR = 3, (c) AR = 5, and (d)AR = 7 (‘+’: coarse particle;
‘’: smooth particle). Packing conﬁgurations that correspond to speciﬁc peaks in the RDFs are illustrated. To aid the reader, the central primary sphere of each spherocylinder is marked in red (coarse
spherocylinder) or blue (smooth spherocylinder).
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Figure 8.5: Stress proﬁle in a packing of spheres or spherocylinders:
P0 = (σv + σh )/2 as a function of the normalized packing depth h
(normalized by dp ) for packings of (a) spheres and (b-e) elongated,
coarse and smooth spherocylinders with (b) AR = 2, (c) AR = 3, (d)
AR = 5, and (e) AR = 7. For the packing of spheres, the numerical
data is ﬁtted to P0 = Pj (1 − e−h/hc ).
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The packings were characterized further by calculating their radial distribution
function (RDF), given as G (r ) =< N (r + Δr )/2πrΔrρ >. Here, ρ is the number of particles per unit area averaged over the analysis region and N (r + Δr )
accounts for the number of particles with their mass centers located in the differential area 2πrΔr relative to a measuring point. For a random packing of monodisperse spheres G (r ) equals to 1. In this analysis, only particles that are located
in the central area of the packing were considered, i.e. only particles with a distance larger than (10 + AR) × dp from the walls were analyzed. In this work
an incremental radius of Δr = 0.3 mm was used. In Figure 8.4, the RDFs of the
different packings studied are plotted. Several packing conﬁgurations that correspond to distinct peaks in the RDFs are drawn to aid the reader. A general
observation that can be made from the data plotted in Figure 8.4 is that G (r )
approaches asymptotically G (r ) = 1. A further observation from Figure 8.4 is
that coarse particles possess more pronounced peaks in their RDF, indicative of
a higher tendency to form crystalized structures. This effect can be explained
by the facile interlocking of multiple coarse particles. For example, for coarse
particles with AR = 2, G (r ) exhibits several distinct peaks that correlate with
speciﬁc packing arrangements as illustrated in Figure 8.4a. In contrast, smooth
particles with AR = 2 show fewer peaks in their RDF and the peaks observed
are due to particle alignment along the principal axis only. In line with this observation is the fact that for smooth particles the RDF approaches 1 faster (when
compared to coarse particle packings). A further evidence of particle interlocking is the fact that the peaks in the RDF of coarse particles are shifted to lower r
values compared to smooth particles. Similar observations can be made for elongated particles, i.e. AR > 2. For instance, for AR = 5 the RDF of smooth particles
exhibits peaks at r/dp ≈ 1, 2, 3, etc., which correspond to structures in which 2, 3,
4, etc. particles align horizontally with each other. In packings of coarse particles
the peaks are shifted to smaller values of r owing to the interlocking of the highly
concave surfaces. As shown in the inset of Figure 8.4c, the voids in the proximity
of the concave surface of a coarse particle can be readily occupied by neighbouring particles, thus leading to a pronounced peak at e.g. r/dp = 1.7 (besides
the peak formed at r/dp = 2). From the RDFs plotted it is clear that the surface shape of a particle inﬂuences critically local particle structures and particle
alignments. Furthermore, comparing the peak heights of the RDFs of packings
of coarse and smooth particles it can be concluded that crystalized structures are
more pronounced in packings of coarse particles than for smooth particles.

Next we examined the micromechanical properties of the granular packings
allowing us to gain additional insight into the relationship between the microstructure of a packing and stress transmission. To this end, the mean stress tensor
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σ αβ (r ) as deﬁned by Goldhirsch [210] was calculated:
σ αβ (r ) = −

1
∑ fijα rijβ
2 i,j;i
=j

 1
0

dsϕ(r −ri + srij )

(8.3)

In Equation 8.3 the sum runs over all contacting particles i and j whose center of
mass is located at ri and rj , respectively. Here, rij ≡ rj −ri is the vector joining
the two centers of mass of two colliding particles. The contact force exerted by
particle j on particle i is given by fij , which points from particle j to particle i.
ϕ(r ) is the coarse-grained function. In all cases studied ω = 3 × AR × dp . Additional analyses using ω = 2 × AR × dp showed that the stress, σ, obtained using
different coarse-graining scales ω were very similar. To avoid wall effects, the
analysis was restricted to the central vertical section located 3ω away from both
the bottom and the lateral walls (see Figure 8.2d). In regions close to the walls a
more accurate coarse-graining description should be used [211].
For reference, in Figure 8.5a the stress P0 = (σv + σh )/2, obtained in a packing
of spheres, is also plotted (σv and σh are, respectively, the major (vertical direction) and the minor (horizontal direction) eigenvalues of the mean stress tensor
σ αβ (r )). The packing depth h is deﬁned as the vertical distance ranging from the
surface of the packing to a certain position in the packing. The packing depth is
normalized by dp . Here “surface” refers to the highest surface level recorded in
30 simulation repetitions. Note that the differences in the packing height were
very small i.e. generally less than 5 × dp . As expected a Janssen-type stress proﬁle [213] was obtained in a packing of spheres and the numerical data can be


ﬁtted well by P0 = Pj 1 − e−h/hc , where Pj is the saturation stress and hc is
the characteristic depth of the packing. Figures 8.5b-e plot P0 = (σv + σh )/2 as
a function of the dimensionless depth h for elongated particles of different surface shape. Our simulation results show a reduced Janssen effect for elongated
particles. For example, for particles with AR = 2, P0 saturates with packing
depth, however, P0 increases continuously for particles with AR = 7. The reduced Janssen effect is due to the preferred horizontal alignment of highly elongated particles (Figure 8.3), resulting in a preferred vertical stress transmission. In
addition, for a given aspect ratio coarse particle surface shape leads to higher values of P0 and a retardation in stress saturation. This effect is more pronounced
for smaller aspect ratios, i.e. AR = 2, 3, whereas for AR = 7 the stress proﬁles obtained do not differ appreciably for the different surface shapes modelled. These
results correlate well with the structural morphologies determined for packings
of coarse and smooth particles (Figures 8.3 and 8.4). The peaks in the RDFs (Figure 8.4) of coarse particles indicate interlocking during deposition, resulting in
very ordered and compact local structures. This interlocking effect is particularly
strong for short particles i.e. AR = 2, 3, which exhibit a strong preference for
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speciﬁc orientation angles e.g. 30◦ and 150◦ (Figure 8.3). In packings of such
materials P0 converges slower to the saturation value when compared to smooth
particles with the same aspect ratio. In packings of smooth particles the internal
disorder induces an isotropic stress transmission resulting in a faster stress saturation. For packings of highly elongated particles i.e. AR = 5, 7, particle elongation
dominates the stress transmission characteristics whereas surface shape plays a
minor role.



¶  











D



T q








 ܴܣൌ ǡ ߠ ൌ Ͳι

 ܴܣൌ ǡ ߠ ൌ Ͳι 

E



 ܴܣൌ ǡ ߠ ൌ ͳʹͲι 







Figure 8.6: Packing morphology of curved spherocylinders: (a) mean solid fraction, φ, as a function of curvature using spherocylinders of different
aspect ratios: () AR = 3; () AR = 5; (♦) AR = 7; (b) typical pack
ing structures of cylinders with different curvatures (AR = 7, θ = 0◦ ,
 red circles mark voids between local
60◦ , or 120◦ ). For illustration, the
clusters, the green circles mark voids between two contacting particles
facing each other with their concave sides and the blue circles mark
the voids formed between convexly aligning particles.
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Figure 8.7: Particle orientation distribution for curved spherocylinders: (a)
AR = 3, (b) AR = 5, and (c) AR = 7. Packings of particles with
the following angles of curvature were analyzed: θ = 0◦ (×), 60◦ (×),
and 120◦ (×).
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8.3.2 Effect of particle curvature on packing morphology and stress
transmission

In the second part of this work, we examine the effect of particle curvature on
packing morphology and stress transmission in packings of elongated spherocylinders. Figure 8.6a plots the mean solid fraction of the packings, φ, (in the central
section of the bed, Figure 8.2d) as a function of angle of curvature θ for different
particle aspect ratios. For very elongated particles (AR = 5 and 7) the solid fraction decreases with increasing curvature. Also for particles with AR = 3, the
solid fraction decreases with increasing curvature (up to θ ≤ 60◦ ). However, for
θ > 60◦ , the solid fraction becomes nearly invariant to particle curvatures. To
understand better these observations, we conﬁrmed ﬁrst that curvature does not
affect signiﬁcantly the cross-sectional area A of the spherocylinders. For example,
increasing θ from 0◦ to 120◦ resulted in a decrease in A by only 0.77%, 0.22%, and
0.13% for AR = 3, 5, and 7, respectively. Therefore, we can argue that the change
of solid fraction with curvature is primarily due to different packing morphologies. Figure 8.6b shows exemplary packings of spherocylinders (AR = 7) with
different curvatures. Straight spherocylinders show a strong tendency for local
alignment, thus reducing appreciably the void fraction of the packing. In these
packings voids occur predominantly between local clusters. For an intermediate angle of curvature e.g. θ = 60◦ , local clusters can be still observed, albeit
consisting typically only of a small number of aligned particles (∼ 3 particles).
Large voids are formed between local clusters, or when two contacting particles
face each other with their concave sides. On the other hand, small voids form
between convexly aligning particles. For packings of particles with a high angle
of curvature e.g. θ = 120◦ , voids are mainly formed between particles that face
each other with their concave sides or between convexly aligning particles, resulting in packings with a low solid fraction.
The structure of packings composed of curved spherocylinders was analyzed
further by calculating the particle orientation distribution and the radial distribution function (RDF). Figure 8.7 plots the particle orientation distribution for
AR = 3, 5, and 7 and θ = 0◦ , 60◦ , and 120◦ . Here, for curved spherocylinders
the orientation angle γ is deﬁned as the angle that is formed by the line joining
the centers of the two primary spheres at the ends of the particle and the horizontal axis of the system (for the particle sketched in Figure 8.1c γ = 0◦ ). When
compared to packings of straight particles, particle curvature reduces the preference for horizontal particle alignment and increases instead the likelihood for
vertical alignment, in particular for higher aspect ratios. For curved spherocylinders the particle orientation distribution is not symmetric around the vertical
axis, although the horizontal orientation (0◦ or 180◦ ) is always favored. Note, we
can observe generally that curved particles have a higher probability for particle
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Figure 8.8: Schematic sketches showing the interlocking of two particles for
curved spherocylinders (AR = 3, θ = 120◦ ): (a) particle B (γ = 45◦ )
approaches the previously deposited particle A (γ = 180◦ ) located
at the top of the pile; (b) the spherical-shaped “end” of particle B is
trapped in the “cavity” of particle A; (c) particle B rotates until a stable
conﬁguration is obtained, i.e. γ = 0◦ . The central primary sphere
of the individual spherocylinder is marked in blue, and the center of
mass of the spherocylinder is marked with a ‘×’.
orientations in the yellow region (centered at 300◦ and 60◦ ) than in the green region (centered at 120◦ and 240◦ ). We speculate that this asymmetry is due to the
sequential deposition process used here. Let us assume that particle A is located
at the top of the pile (Figure 8.8a), i.e. its concave side faces upwards (γ = 180◦ ).
If a depositing particle B approaches now the top of the pile with its concave side
facing downwards (e.g. γ = 45◦ ), the spherical-shaped “end” of particle B can
get trapped into the “cavity” of particle A (Figure 8.8b). Subsequently, Particle B
rotates until it ﬁnds a stable local conﬁguration, resulting in an orientation angle
close to γ = 0◦ (Figure 8.8c). Such a conﬁguration is more likely for particles
with a high angle of curvature (i.e. θ = 180◦ ). Indeed, in particles with a high
angle of curvature this asymmetry in the particle orientation distribution is more
noticeable (Figure 8.7). For other “depositioning angles”, i.e. 90◦ − 270◦ , particle
B rotates until it has obtained an orientation angle close to 180◦ . For an intermediate angle of curvature i.e. θ = 60◦ , we observe a higher tendency for a 180◦ orientation than a 0◦ alignment for curved spherocylinders. This can be explained
by a reduced interlocking effect. As the center of mass does not lie on the axis
of the particle, under gravity a vertically standing particle has a high probability
to rotate such that the convex side of the particle faces downwards. This would
explain the preferred 180◦ orientation for such particles.
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Figure 8.9: Radial distribution function (RDF) for packings of curved spherocylinders: (a) AR = 3, (b) AR = 5, and (c) AR = 7 (‘’: θ = 0◦ ; ‘’:
θ = 60◦ ; ‘♦’: θ = 120◦ ). Speciﬁc packing conﬁgurations that correspond to peaks in the RDFs are sketched. The central primary sphere
of the individual spherocylinder is marked in blue, and the center of
mass of the spherocylinder is marked with a ‘×’. For AR = 3 and
θ = 120◦ also a section of the packing simulated is shown. Packing
conﬁgurations that correspond to peaks in the RDF at r/dp = 1.2 and
1.5 can be observed in this inset.
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Figure 8.10: P0 = (σv + σh )/2 as a function of the dimensionless packing depth
h (normalized by dp ) for packings of straight and curved spherocylinders: (a) AR = 3, (b) AR = 5, and (c) AR = 7.
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In ﬁgure 8.9 the RDFs for AR = 3, 5, and 7 and θ = 0◦ , 60◦ , and 120◦ are
plotted. Sketches exemplifying local packing conﬁgurations (corresponding to
peaks in the RDFs) are included for visualization. Our numerical results indicate
that short range ordering is prevented by particle’s curvature. This observation is
consistent with the shape of the particle orientation distribution (Figure 8.7), and
conﬁrms that curvature hinders the alignment of elongated spherocylinders in
the horizontal direction. Consequently, large voids are generated between local
clusters, reducing, in turn, signiﬁcantly the solid fraction in the bed. For higher aspect ratios viz. AR = 5 and 7, voids form also around convex particle alignments,
as shown in the insets of Figures 8.9b and 8.9c. In particular, for particles with
AR = 7 the peaks in the RDFs indicate that clusters comprising three aligned
particles are commonly encountered. On the other hand, in packings composed
of particles with AR = 3 and a large angle of curvature viz. θ = 120◦ , the space
on the concave side of the particles is readily occupied by the spherical cap of
a neighbouring particle (see Figure 8.9a, peaks in the RDF at r/dp = 1.2 and
1.5). Therefore, dense packings are obtained in such beds. This observation is in
line with the average solid fraction obtained in packings of spherocylinders with
AR = 3 and large curvature angles (Figure 8.6a).
Finally we evaluate stress transmission in packings of curved spherocylinders.
Figure 8.10 plots P0 = (σv + σh )/2 as a function of packing depth h (normalized
by dp ). For AR = 3 (Figure 8.10a) we observe increasing saturation stresses for increasing curvature angles. This can be attributed to particle interlocking and the
preferential horizontal alignment of elongated particles. As shown in Figure 8.9a,
these packings comprise of densely packed clusters in which the space on the
concave side of a particle is readily occupied by the spherical cap of a neighboring particle. Such packing arrangements favor a vertical stress transmission
leading to a reduced stress saturation with packing depth. For spherocylinders
with AR = 5, curvatures seem to have very little inﬂuence on stress transmission, although there seems to be some trend for decreasing saturation stresses
with increasing curvature angles. This trend holds also for particles with the
highest aspect ratio simulated, i.e. AR = 7. We attribute this effect to a broader
particle orientation distribution for curved spherocylinders with AR = 7, i.e.
these particles do not align horizontally as preferably as do their straight counterparts (Figure 8.7c). Thus, a direct, vertical, stress transmission is less favorable.

8.4 Conclusions and outlook
Two-dimensional packings of spherocylinders with different aspect ratios, surface shapes and curvatures were modelled using non-spherical DEM. The effect
of surface shape and curvature on packing morphology and stress transmission
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was assessed in detail. The following conclusions can be drawn from this work:

• In a packing of spherocylinders surface shape inﬂuences appreciably the
particle orientation distribution. For example, straight, rough spherocylinders with AR = 2 exhibit a distinct preference for particle orientations
γ = 0◦ , 30◦ , 90◦ , 150◦ , and 180◦ . These characteristic orientation angles
indicate the presence of locally ordered structures. In contrast, packings
of smooth particles gave a more continuous particle orientation distribution. A general ﬁnding was that elongated particles tend to align horizontally leading to a direct, vertical stress transmission. In addition, due to
enhanced particle interlocking effects, coarse particles favor a direct vertical stress transmission when compared to smooth particles of identical
aspect ratio. However, the inﬂuence of surface shape on packing morphology and stress transmission becomes almost negligible for highly elongated particles, i.e. particles with AR = 5 or 7.
• Particle curvature leads to a fairly continuous particle orientation distribution. This is in contrast to the preference for horizontal alignment commonly observed for straight, elongated particles. In addition, curvature
enhances the probability for particles facing each other with their concave
sides and convex particle alignment (“excluded volume” effect). Owing
to the less likely horizontal alignment of elongated and curved particles
(AR = 5 and 7), stress transmission is directed to a smaller extent into the
vertical direction. However, for AR = 3, an increasing curvature leads to
an increasing saturation stresses. This is due to an increased tendency for
particle interlocking.
To increase the practical relevance of this work further, its extension to 3D is required. In addition, the formation of a granular packing by discharging through
an oriﬁce or an inclined surface will be an interesting extension of this work. It
is expected that also for such systems the surface shape and the curvature of the
particles will inﬂuence appreciably the packing’s morphology and stress transmission characteristics.

Nomenclature
A
AR
dp
dt
Ek
Ep

Particle cross-sectional area (m2 )
Particle aspect ratio (-)
Primary sphere diameter (m)
Time step of DEM simulations (s)
Kinetic energy (J)
Elastic potential energy (J)
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fij
Fn
Ft
G (r )
h
hc
H
kn
knij
kt
ktij
laxial
m
N
P0
Pj
r, r
Δr
vn
vt
W
X, Y

Contact force between particles i and j (N)
Normal force (N)
Tangential force (N)
Radial distribution function (-)
Dimensionless packing depth (-)
Characteristic depth of packing (-)
Height of container (m)
Normal spring stiffness (N/m)
Effective normal spring stiffness between particles i and j (N/m)
Tangential spring stiffness (N/m)
Effective tangential spring stiffness between particles i and j (N/m)
Length of particle major axis (m)
Particle mass (kg)
Number of particles (-)
Stress (N/m)
Saturation stress (N/m)
Distance/vector relative to a point (m)
Differential distance (m)
Relative normal velocity (m/s)
Relative tangential velocity (m/s)
Width of container (m)
Coordinates (m)

Greek letters
γ
δn
δt
ηn
ηt
θ
μ
ρ
ρp
σv
σh
σ αβ (r )
ϕ(r )
φ
ω

Particle orientation angle (◦ )
Particle overlap (m)
Tangential displacement (m)
Normal damping factor (-)
Tangential damping factor (-)
Angle of curvature (◦ )
Coefﬁcient of friction (-)
Number of particles per unit area (1/m2 )
Particle density (kg/m3 )
Major eigenvalue of stress tensor (N/m)
Minor eigenvalue of stress tensor (N/m)
Mean stress tensor (N/m)
Gaussian coarse-graining function (1/m2 )
Solid fraction (-)
Coarse-graining scale (-)
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9.1 Conclusions
In this work non-spherical particle systems have been studied by anisotropic
DEM. The following main conclusions were drawn:
Modelling non-spherical particles with DEM

Using benchmark simulations it
was demonstrated that both the discrete function representation (DFR) and the
continuous function representation (CFR) of a non-spherical particle have comparable computational efﬁciencies. Using the propagation speed of a toppling
array of dominos as a validation test case, a very good agreement between the
experimentally and numerically determined collision speeds was observed.
Axial dispersion of cubic particles in rotating cylinders

The axial dispersion
of cubic particles was found to obey Fick’s second law. Comparable to the behavior of spheres, the dispersion coefﬁcient of cubes depends on (i) the rotational
speed of the cylinder ω, (ii) gravitational acceleration g and (iii) the particle size
d, satisfying the law Dax ∝ ω1−2λ g λ d2−λ with λ ≈ 0.15 (for spheres we had
λ ≈ 0.1 [140]). Particle shape was found to have a strong inﬂuence on the rate
of axial dispersion. For a given ﬁll level, cubic particles dispersed appreciably
faster than spheres of equal volume. In addition, the rate of dispersion increased
with particle blockiness. This observation was explained by the fact that increasing the blockiness of a particle increased also the dynamic angle of repose of the
bed. Particles in beds of a higher dynamic angle of repose have (on average) a
higher potential energy. The potential energy is dissipated during avalanching.
The higher potential/kinetic energy of the particles leads, in turn, to a higher rate
of axial dispersion.
Particle-shape induced radial segregation in rotating cylinders

It was observed that the non-spherical particles segregated from volume-equivalent
spheres and accumulated in the core of the bed. The elongation of the particle was
found to have a more pronounced effect on the segregation dynamics than the
particle blockiness. The segregation patterns occurred along the entire length of
the bed. Importantly, it was also observed that non-spherical particles do not ﬂow
necessarily with their minimal area parallel to the bed surface while separating
to the centre of the bed. Instead, the segregation of differently shaped particles
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was linked to differences in the mobility of non-spherical and spherical particles,
i.e. the mobility of non-spherical particles is lower than that of spheres. A lower
mobility corresponds to a longer residence time of non-spherical particles in the
avalanching region where they are readily ‘ﬂooded’ by rapidly ﬂowing spheres.
Packings of straight and curved spherocylinders

Two-dimensional packings
of elongated spherocylinders of different aspect ratios, surface shapes and
curvatures were modelled using a composite spheres method. It was found that
the particle curvature and surface shape have a signiﬁcant inﬂuence on a packing’s morphology and stress transmission. Generally, rough and curved particles
(in particular for small particle aspect ratios) showed an increased particle interlocking effect, leading, in turn, to a higher degree of crystallization and denser
structures and, thus, favoring a direct vertical stress transmission.

9.2 Future work
Despite the progress achieved in this work there are several aspects concerning
non-spherical DEM that still require attention.
For example, the super-quadric equation allows the modelling of smooth
particle surfaces. However, in practice solids often contain sharp vertices, edges
and/or faces. In addition, super-quadric particles are symmetric, a feature that
is again not very common in granular materials of practical use. To model more
complex and less “regular” shapes, the shape of a particle would have to be represented by polygons and polyhedrons [214–225]. Thus, it is recommended to
implement particle shape representation through polygon/polyhedrons into the
in-house DEM code. In addition polygon/polyhedron-based DEM would possess a high numerical stability. The computational efﬁciency of the contact evaluation procedure would depend on the number of edges (faces) of the polygons
(polyhedrons).
It is also important to improve further the computational efﬁciency of the inhouse super-quadric DEM code for highly anisotropic particle shapes (e.g. very
elongated particles). For such particle systems the DEM contact-search box is
very large (the DEM boxing routine requires the size of the box to be larger than
the diameter of the particle’s bounding sphere). Hence, each box contains several particles, which increases signiﬁcantly the computational load during the
contact evaluation step. One possibility to speed up contact detection is to divide
the elongated particle into a number of elements (Figure 9.1b), each of which
are approximated by circumscribing spheres (red) and boxes (blue) [226]. To
identify the contacts between neighbouring particles, the circumscribing boxes
are mapped onto the background domain (small lattices, green). Subsequently,
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the lattices with which the circumscribing boxes intersect are identiﬁed. Only
particles that contain circumscribing boxes that occupy the same lattice are subject to further contact checks. Therefore, for the situation sketched in Figure 9.1
and unlike for the conventional contact detection step (Figure 9.1a), no contact
evaluation would have to be performed if the new approach proposed is used
(Figure 9.1b).

D   E 




Figure 9.1: Mapping of elongated, faceted particles onto a background lattice using (a) the whole particle and (b) building blocks of the particle (black:
particle; red: circumscribing sphere; blue: circumscribing box; green:
background lattice).
In the current non-spherical DEM code the force law implemented does not distinguish between different contact categories i.e. it is not differentiated whether a
contact occurs between edge-edge, edge-vertice or vertice-face. It is conceivable
that different contacting “geometries” lead to different deformations (overlaps)
and, thus, contact forces. It is suggested to evaluate different force laws e.g. assuming that the elastic energy of a contact is proportional to the overlapping area
(volume) and that the normal force acts in the direction in which the contact “energy” decreases with the maximal rate [135]. The accuracy of these alternative
contact force models should be validated by benchmark experiments using well
deﬁned geometries.
With regards to the axial dispersion of non-spherical particles in rotating cylinders, it would be interesting to probe the effect of particle elongation on their
ﬂow and diffusion characteristics. The author has already performed some preliminary simulations and observed that also the axial dispersion of ellipsoids
and cuboids obeys Fick’s second law. However, spheres (cubes) seem to disperse faster than ellipsoids (cuboids) of equal volume. It seems that in elongated
particle systems not only the dynamic angle of repose of the bed but also particle
alignment (and crystallization effects) play an important role for axial dispersion.
Whether and to what extent particle-shape can induce segregation is still very
unclear. The DEM simulations reported here seem to support the hypothesis that
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particle shape can induce radial particle segregation in a rotating cylinder. However, the underlying physics that drive this process remain elusive. Based on the
preliminary work reported here, it is speculated that differences in the “mobility” of the differently shaped particles may be the driving force for segregation.
This explanation seems to be in line with previous observations of particle-shape
induced segregation in vibro-ﬂuidized beds [200]. Thus, for future work it will
be important to examine in more detail the “source” of the poor “mobility” of
non-spherical particles to understand better this intriguing phenomenon. On the
other hand, it is interesting to ﬁnd out why particle elongation has a more signiﬁcant inﬂuence on shape-induced segregation than particle blockiness. To this
end, additional beds loaded with “bi-shaped” particles but of different volumes
have been simulated. The volume of the particle was adjusted such that either
the maximum or the minimum cross-sectional area of the non-spherical particle
equals the cross-sectional area of the sphere. The segregation was compared with
the “bi-sized” beds of spheres whose volumes are equal to the two granular species in the correspondingly “bi-shaped” beds. So far this author has seen that the
elongation, rather than the blockiness of a particle, can affect more signiﬁcantly
the degree of radial segregation that develops in a “bi-sized” and “bi-shaped”
system.
So far there has been little progress in the modelling of concave-shaped
particles. Here, a particular issue is the accurate modelling of multiple contacts
that occur in such systems. For the modelling of packings of elongated, straight
and curved spherocylinders the current simulations are only limited to 2D systems. To properly understand the effect of particle shape on the statics of packings, it is critical to take into account their full degree of freedom/orientations.
Thus, it is required to extend these DEM simulations to full 3D systems including their validation against non-intrusive experimental measurements [227]. In
addition, we feel that a better understanding of the relationship between particle
packing/orientation and their outﬂow characteristics is required. Some preliminary studies in this direction have already been reported e.g. Liu et al. [228]. In
this context a particularly important aspect is how the initial packing structure
inﬂuences the relative motion between particles upon discharge. Also, a better
understanding on how the initial stress distribution affects the ﬂowability of nonspherical particles is required. In those cases, it can be expected that both particle
surface shape and curvature will inﬂuence notably the dynamics of the granular
ﬂow.

Nomenclature
d
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Particle size (m)

9.2 Future work
Dax
g

Axial dispersion coefﬁcient (m2 /s)
Gravitational acceleration (m/s2 )

Greek letters
λ
Constant number (-)
ω
Rotational speed of cylinder (rad/s)
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A Effect of wall rougheners on cross-sectional ﬂow
characteristics for non-spherical particles in a
horizontal rotating cylinder
This appendix has been published as:
• G. Lu, J. R. Third, and C. R. Müller. Effect of wall rougheners on crosssectional ﬂow characteristics for non-spherical particles in a horizontal rotating cylinder. Particuology, 12:44 − 53, 2014.

Abstract

Discrete-element-method (DEM) simulations have been performed to
investigate the cross-sectional ﬂow of non-spherical particles in horizontal rotating cylinders with and without wall rougheners. The nonspherical particles were
modeled using the three-dimensional super-quadric equation. The inﬂuence of
wall rougheners on ﬂow behavior of grains was studied for increasing particle
blockiness. Moreover, for approximately cubic particles (squareness parameters
[5 5 5]), the rotational speed, gravitational acceleration and particle size were
altered to investigate the effect of wall rougheners under a range of operating
conditions. For spherical and near-spherical particles (approximately up to the
squareness parameters [3 3 4]), wall rougheners are necessary to prevent slippage of the bed against the cylinder wall. For highly cubic particle geometries
(squareness parameters larger than [3 3 4]), wall rougheners resulted in a counterintuitive decrease in the angle of repose of the bed. In addition, wall rougheners
employed in this study were demonstrated to have a higher impact on bed dynamics at higher rotational speeds and lower gravitational accelerations. Nevertheless, using wall rougheners had a comparatively small inﬂuence on particleﬂow characteristics for a bed composed of ﬁner grains.

Keywords Granular ﬂow; non-spherical particles; rotating cylinder; discrete element method (DEM); kiln.
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A.1 Introduction
Rotating cylinders or kilns are widely employed in industry, ranging from the
pharmaceutical, food, and agricultural industries to the chemical industry [229–
234]. A fundamental understanding of the underlying physics of such systems
is therefore not only of academic interest, but also relevant for industrial applications. Granular materials are typically opaque, however, making the acquisition
of experimental measurements in such systems, e.g. using conventional high
speed optical imaging techniques, very challenging [130, 131, 140, 235]. As an alternative, computational techniques, such as the discrete element method (DEM),
can be applied as a tool to investigate the underlying physics of particle interactions and the dynamics within a bed of grains [236, 237]. The DEM is a particularly attractive modeling technique as it can provide both macroscopic and
microscopic ‘measurements’ in granular systems and, importantly, enables the
modeling of particles of various non-spherical shapes [20].
So far, So far, studies investigating the dynamics of horizontal rotating cylinders have mostly been devoted to beds composed of spherical particles [5, 43].
For example, Lim et al. [238] applied positron emission particle tracking (PEPT)
techniques to measure how particles move in the active surface region during
avalanches in a slowly rotating cylinder. The mean number of avalanches required for particles to traverse the active region of the bed were observed to vary
with the rotational speed of the drum and ranged from approximately 4 at a low
rotational speed to 1 at a high rotational speed. As the angular velocity of the
rotating cylinder is increased, the bed enters the rolling ﬂow regime, characterized by particles continuously ﬂowing downward along the top layer of the bed
and subsequently being transported upward along the periphery of the bed. The
particle motion described here is widely believed to be categorizable into two
regions: an active region, in which shear motion between neighboring layers of
particles dominates, and a passive region, in which particles undergo rigid body
rotation. Mellmann et al. [239] proposed a mathematical model of this regime by
considering mass and momentum balances and the speciﬁed initial conditions.
This model predicts the main characteristics of rotating beds, i.e. the thickness
of the ﬂowing layer, the shape of the interface between the active and passive
regions, the mass ﬂow rates of both ﬂow regions, and the velocity at the bed surface, as a function of rotational speed, ﬁll level and cylinder diameter. Results
from the model agreed well with experimental measurements performed over a
wide range of bed materials, bed geometries, and operating conditions.
An important aspect of rotating cylinder that has received very little attention
is the wall-slip condition close to the wall of rotating cylinders. Previously, Parker
et al. [174] carried out PEPT experiments using 1.5 mm glass spheres in a cylinder of 136 mm diameter, and 3 mm glass spheres in cylinders of 100 and 144 mm
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diameters rotating with a speed in the range of 10 − 65 rpm. In most experiments,
the velocity of the outermost layer of particles was considerably lower than that
of the cylinder wall. Parker et al. [174] attributed this ‘slip’ to the ability of the outermost particles to roll. Boateng and Barr [240] performed an experimental study
of the granular ﬂow in a partially ﬁlled rotating cylinder using high-density polyethylene pellets, long grain rice, and commercial grade limestone. To prevent
particle slippage near the wall, the cylinder wall was roughened with a coating
of epoxy paint uniformly sprinkled with coarse Ottawa sand with an average
size of 3.2 mm. The ﬂow in the transverse plane was investigated for the three
particle types and a range of ﬁll levels and rotational speeds. At a speed of 3 rpm,
the shapes of the tangential velocity proﬁles for beds of polyethylene pellets with
a ﬁll level of 3.3% and of long grain rice with a ﬁll level of 10% were found to
be comparable. However, because of particle slippage close to the wall, the measured velocity proﬁle deviated considerably from the expected rigid body rotation
in the passive region of the bed ﬁlled with long grain rice to a ﬁll level of 10% operated at a rotational speed of 5 rpm. Furthermore, the extent of the shear layer increased with increasing rotational speed and decreased with increasing ﬁll level.
Using the DEM, Yamane et al. [106] studied steady-state particulate ﬂow in a horizontal rotating cylinder ﬁlled with non-spherical particles. The non-spherical
particles were modeled by ‘gluing’ together two spheres of equal diameter. The
predicted tangential velocity proﬁles showed good agreement with MRI measurements. In a further study, Mustoe and Miyata [48] employed super-quadrics to
determine the effect of particle squareness on the dynamic angle of repose formed
by cubic particles within a 2D horizontal rotating cylinder. The results showed
that the dynamic angle of repose increases monotonically with particle squareness, having an upper limit of approximately 40◦ . Recently, Third et al. [112]
also investigated the tangential velocity proﬁle of non-spherical particles within
a horizontal rotating cylinder using the DEM by gluing spheres together. The
tangential velocity proﬁle obtained using non-spherical particles matched well
with the expressions proposed by Nakagawa et al. [136] on the basis of magnetic
resonance measurements, i.e. the tangential velocity proﬁle along a radius perpendicular to the surface of the bed follows a quadratic relationship with the
radial position in the active region and increases linearly in the passive region. In
contrast, when spherical particles were simulated, a substantial slip between the
particles and the cylinder wall was observed. Therefore, to prevent slippage, use
of either wall rougheners or non-spherical particle shapes was proposed.
This study investigated the effect of wall rougheners on the dynamics of rotating cylinders ﬁlled with non-spherical particles. Additionally, we study the
inﬂuence of wall rougheners on the macroscopic particle dynamics under different rotational speeds, gravitational accelerations, and particle sizes. The aim of
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this study is to highlight wall roughness and also particle shape on the dynamics
of beds within rotating cylinders. As non-spherical particles are frequently encountered in industrial area and bed slippage has been vastly considered in the
design of reactors, the study performed here is highly relevant to applications
and thus of industrial importance.

A.2 DEM simulations set-up
In this work, the DEM, originally developed by Cundall and Strack [8], was
used to simulate particle dynamics in rotating cylinders. Non-spherical particles
were represented using the three-dimensional super-quadric equation, viz.
( x/a)m + (y/b)n + (z/c) p = 1 (a, b and c are the half-lengths of the principal
axes, and m, n and p are the squareness parameter, indices controlling the sharpness of the edges). The set m = n = p = 2 corresponds to a particle of spherical
shape; more blocky particles, or approximately cubic particles, can be obtained
by increasing the values of the squareness parameters. In this work, the aspect
ratio of the particles was kept constant and equal to 1 (i.e. a = b = c) and the effect of particle blockiness was studied by varying m, n, and p. For non-spherical
particles, various deﬁnitions of the particle size exist. Here, we deﬁne the particle
size to be the diameter of a volume-equivalent sphere. Except where stated otherwise, the half-lengths of the particles have been adjusted such that the volume
of an individual particle is equal to that of a 3 mm sphere.
Contact detection and contact mechanics of super-quadric particles were addressed previously by Lu et al. [53] and will not be repeated here except to describe the force laws adopted in this work. A linear spring and dashpot model
was implemented to model the contact mechanics of the particles; attractive
forces between colliding particles were neglected. For a pair of colliding particles
i and j, the contact force in the normal direction was given by
Fn = max 0, knij δn − 2ηn

mij knij vn

(A.1)

Here, δn is the overlap between the contacting particles, ηn the damping factor
in the normal direction, vn the relative velocity in the normal direction, mij the
effective mass given by 1/mij = 1/mi + 1/mj , and knij the effective normal stiffness deﬁned as 1/knij = 1/kni + 1/knj . In the tangential direction, the magnitude
of the friction force was restricted by Coulomb’s law, such that:
Ft = min μknij δn , ktij δt − 2ηt

mij ktij vt

(A.2)

where μ is the coefﬁcient of friction, ηt the damping factor in the tangential dir-
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ection, and vt the relative velocity in the tangential direction. The tangential displacement was calculated according to δt = vt dt and the effective tangential
stiffness is deﬁned as 1/ktij = 1/kti + 1/ktj . Table A.1 lists the mechanical parameters used in this work.
Table A.1: Mechanical properties of the particles used in the DEM simulations.
Parameter

Value

Particle density, ρ
Normal spring stiffness, kn
Tangential spring stiffness, kt
Normal damping factor, ηn
Tangential damping factor, ηt
Coefﬁcient of friction, μ

2500 kg/m3
2000 N/m
1000 N/m
0.22
0.2
0.7

Table A.2: Non-spherical particle geometries used to assess particle shape and
wall roughener effects on bed dynamics.
Particle geometry

Squareness index [m n p]

Length of principal axis (mm)

[2 2 2]

3.000

[2 2 3]

2.886

[2 3 3]

2.788

[3 3 3]

2.710

[3 3 4]

2.666

[3 4 4]

2.628

[4 4 4]

2.594

[4 4 5]

2.574

[4 5 5]

2.556

[5 5 5]

2.538

[5 5 6]

2.528

[5 6 6]

2.516

[6 6 6]

2.508

[7 7 7]

2.486

[8 8 8]

2.474
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Table A.3: Non-spherical particle geometries used to assess particle shape and
wall roughener effects on bed dynamics.
Length of principal axis
(mm)

Gravitational acceleration
(m/s2 )

Rotational speed
(rpm)

2.538
2.538
2.538
2.538
2.538
2.538
2.538
2.538
2.538
2.538
1.692
2.115
2.538
2.961
3.384

9.81
9.81
9.81
9.81
9.81
1
5
9.81
20
50
9.81
9.81
9.81
9.81
9.81

2.5
5
10
20
30
10
10
10
10
10
10
10
10
10
10

In the ﬁrst group of simulations, trajectories of 11220 particles were tracked
in a horizontal rotating cylinder of length 0.152 m, diameter 0.1 m and rotational speed 10 rpm for various squareness parameters. In each case, the average volume of the particles was set to the volume of a 3 mm-diameter sphere,
thus resulting in different lengths of the principal axis for each particle geometry
(Table A.2). A particle size distribution of ±5% relative to the nominal particle
size was introduced to prevent crystallization effects. The ﬁll level of the rotating cylinder was approximately constant, i.e. 24%. Here, the ﬁll level is deﬁned
as the fraction of the cylinder occupied by all particles and the voids between
them while the cylinder is rotating. For simulation, the curved cylinder wall was
partitioned longitudinally into 180 narrow planes capped by planes at both ends
of the cylinder. The physical properties of the cylinder were identical to those
of the particles except for the end-walls where the coefﬁcient of friction was set
to zero. It has been demonstrated previously that these end-walls had an effect
on the dynamic angle of repose of nearby particles [169]; nullifying the friction
at the end-walls minimizes their effect on the bed dynamics. Rotating cylinders
with and without wall rougheners were simulated for each particle shape (Figure A.1). Each wall roughener consisted of a line of 51 spheres running parallel
to the axis of the cylinder; each sphere was 3 mm in diameter and centered on the
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surface of the cylinder wall. The center-to-center separation between adjacent
spheres in the axial direction was 3 mm. Forty-ﬁve equally spaced wall rougheners were positioned around the circumference of the cylinder, corresponding to
2295 particles in total. Modeling wall roughening in this way is a simple means
to roughen the cylinder wall on a scale that is comparable with the diameter of
the simulated particles.

D

 E



F

 G



Figure A.1: Snapshots of the horizontal rotating cylinder loaded with 11220
particles: (a) spheres with wall rougheners; (b) spheres without
wall rougheners; (c) super-quadric particles of squareness parameters
[5 5 5] with wall rougheners; (d) super-quadric particles of squareness
parameters [5 5 5] without wall rougheners.
In the second group of simulations, we selected a non-spherical particle shape
(i.e. m = n = p = 5) and varied the rotational speed, gravitational acceleration, and particle size (Table A.3) using cylinders with and without wall rougheners. The cylinder dimensions remained unchanged. The system operated in the
rolling regime for all rotational speeds considered. The ﬁll level of the system
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was approximately constant (24%). The particles were initialized on a regular
lattice with random initial velocities and then settled under gravity. The system
was allowed to rotate for 11 s after start-up to reach a steady state. The duration
of each simulation was 110 s, and the data for the period 11 to 110 s were used to
analyze the particle dynamics within the bed. Averaging over a long simulation
period suppresses the effect of statistical ﬂuctuation on the ﬁnal results obtained.
In addition, to mitigate end-wall inﬂuences on particle motion, the analysis was
restricted to particles in an axial pulse centered halfway along the cylinder; the
pulse length chosen was 0.1 m unless otherwise speciﬁed.

A.3 Results and discussion
A.3.1 Effect of particle shape on particle ﬂow characteristics

In general, the cross-sectional ﬂow behavior of non-spherical particles within the
cylinder is characterized by the dynamic angle of repose of the bed, the tangential
velocity proﬁle, the relative thickness of the ﬂowing layer, the shear rate, and the
granular temperature. The deﬁnitions of these parameters are given as follows:
(1) The dynamic angle of repose, θ, is deﬁned as the angle between the surface of the bed and a horizontal line (Figure A.2a). In practice, we calculated the
dynamic angle of repose based on particles within a 10 mm axial pulse centered
at the mid-point of the cylinder. The cylinder was divided into 10 vertical sections of equal width, as shown in Figure A.2a, and the particle with the highest y
coordinate in each section was identiﬁed. The free surface of the bed was approximated by ﬁtting a straight line through the coordinates of the particles selected
in this way. The dynamic angle of repose was calculated as the angle formed
between this line and the positive x-axis. Output frames from 99 s of simulations
(output every 0.011 s) were used to obtain an average value of θ.
(2) The tangential velocity proﬁle (TVP), i.e. the velocity proﬁle along a radius
perpendicular to the free surface of the bed, shows the spatially resolved average
particle velocity parallel to the surface of the bed. Here, we only used particles
in a narrow section of width 5 mm, as marked by the dashed lines AB and CD in
Figure A.2a. The interface between active and passive regions is also marked in
Figure A.2a.
(3) The relative thickness of the ﬂowing layer is denoted δ/H; the deﬁnitions of
δ and H are indicated in Figure A.2a. H is the ﬁlling height of the bed measured
along a radius perpendicular to the surface of the bed, and δ is the depth below
the free surface of the bed at which the tangential velocity is zero. Note that the
thickness of the ﬂowing layer is smaller than that of the active region of the bed.
The thickness of the ﬂowing layer is of interest because it provides an indication
of the rate of transverse mixing in the bed.
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Figure A.2: Dynamic angle of repose: (a) schematic showing features of the
particle motion within a horizontal rotating cylinder operating in
the rolling mode; (b) variation of the dynamic angle of repose with
particle shape for cylinders with and without wall rougheners. The
insets show the local bed structures for beds containing approximately cubic particles with squareness parameters [5 5 5] and principal
axis length of 2.538 mm.
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Figure A.3: Tangential velocity proﬁles (TVPs) obtained for different particle
shapes within rotating cylinders: (a) with wall rougheners and (b)
without wall rougheners.
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(4) To calculate the shear rate and the granular temperature of the system, we
focused on the particle motion within the cross-sectional plane of the bed. The
shear rate is deﬁned as γ =

∂ux
∂y

∂u

+ ∂xy , which is a measure of the velocity
gradient in a ﬂowing material. The shear rate is an important parameter within
rotating cylinders because it inﬂuences the rate of mixing in the transverse plane
and has been shown to be related to the rate of axial dispersion [163]. The gran1
2

ular temperature was deﬁned as T =

ux2 + uy2 /2, where ux and uy are the

ﬂuctuations
of the velocities in the horizontal
 and vertical directions, given as

ux =

∑iN=1 ui − < ux >

2

/N and uy =

∑N
j =1 uj − < uy >

2

/N, respect-

ively. Both the shear rate and the granular temperature were spatially resolved
by dividing an area of 0.1 m × 0.1 m, the center of which coincides with the
center of the rotating cylinder, into 50 × 50 equal-sized square lattices. Additionally, the particle concentration C in each lattice was also determined. The particle
concentration was obtained as the total number of particles appearing in one lattice over the entire simulation (99 s), devided by the total number of the sample
frames. Here, the particle concentration acts as a weighting factor for the shear
rate and the granular temperature obtained.
The dynamic angle of repose of the bed was determined for rotating cylinders with and without wall rougheners containing various non-spherical particle
shapes. Figure A.2b plots θ as a function of the length of particle principal axis.
Note that a shorter length of the particle principal axis corresponds to a blockier particle shape. The dynamic angle of repose obviously increases monotonically with particle blockiness. When wall rougheners are employed, θ changes
smoothly from spheres to very angular particles. Without wall rougheners, there
is a sharp transition between particles of squareness parameters [2 3 3] and [3 4 4].
Spherical and near-spherical particles are expected to have a relatively high ﬂow
capability; thus, slippage may occur as the cylinder rotates, resulting in a lower
θ for a smooth wall compared with a rough wall. In contrast, a very angular
particle shape can signiﬁcantly reduce slippage. However, it was found that values of θ obtained for particle squareness parameters above [3 3 4] in smooth wall
simulations were about 1 − 1.5 degrees higher than the corresponding angles acquired from rough-wall simulations. One explanation for this observation is that
wall rougheners disrupt the particle packing structures close to the wall, assisting
the collapse of particles along the surface of the bed and, thus lowering θ.
Next, we quantiﬁed particle motion by calculating the TVPs obtained with and
without wall rougheners (Figure A.3). With rough walls, all proﬁles for different particle shapes almost overlap with each other, whereas for smooth walls,
spherical and near-spherical particles (up to squareness parameters [3 3 4]) show
obvious slippage in the passive region.
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Figure A.4: Variation of the relative thickness of the ﬂowing layer, δ/H, with
particle shape for cylinders with and without wall rougheners.
As a further step, we calculated the relative thickness of the ﬂowing layer, δ/H.
The results obtained for each particle shape with and without wall rougheners
(Figure A.4) show that all δ/H obtained for a smooth wall are higher than those
obtained for rough walls, especially for spherical and near-spherical particles.
However, as mentioned previously, signiﬁcant slippage at the outermost layers
of the bed typically occurs for these particle shapes. Thus, a large thickness in the
ﬂowing layer is not necessarily equivalent to high relative motion between neighboring particle layers. As demonstrated in Figure A.4, there is a sharp transition
in the functional form of δ/H for particles with squareness parameters [3 3 4]
in the absence of wall rougheners. Above squareness paremeters [3 3 4], δ/H
exhibits a slight ﬂuctuation only. In contrast, the variation of δ/H with particle
shape is relatively small if wall rougheners are employed. Meanwhile, δ/H decreases monotonically with increasing particle blockiness. Comparing the two
cylinder conﬁgurations, we see that higher δ/H for very angular particles correlates well with larger dynamic angle of repose (see Figure A.2b, where particles
above squareness paremeters [3 3 4] show larger θ in the smooth cylinder than in
the rough cylinder). In turn, for a given particle shape, a larger dynamic angle
of repose implies that particles have a higher potential energy as they rotate with
the cylinder. Therefore, as particles ﬂow down the free surface of the bed, the
kinetic energy, and hence the energy dissipated, is also higher.
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Figure A.5: Characterization of motion intensity of various particle shapes: (a)
shear rate obtained for a bed composed of particles with squareness
parameters [5 5 5] with wall rougheners; (b) granular temperature
obtained for a bed composed of particles with squareness parameters
[5 5 5] with wall rougheners; (c) total shear rate for the bed with and
without wall rougheners; (d) total granular temperature for the bed
with and without wall rougheners.
To quantify the granular dynamics of various particle shapes within horizontal
rotating cylinders with or without wall rougheners, we calculated the shear rate
and granular temperature of the system (Figures A.5a and A.5b, respectively)
and analyzed the effect of rough walls on these two parameters. In Figure A.5,
the fully resolved shear rate and granular temperature are weighted by the local
particle concentration. It can be seen that, with particle squareness parameters
set at [5 5 5], both the particle velocity gradient and motion intensity appear
with much higher values in the ﬂowing layer than at the bottom of the bed.
Similarly, Figures A.5c and A.5d shows the total shear rate and granular temperature, respectively. With regards to shear rate, beds of spherical and nearspherical particles (up to squareness parameters [3 3 4]) exhibit much lower shear
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Figure A.6: Characterization of motion intensity
of various particle shapes (the
labels used are the same as in Figure A.3): (a) shear rate around a
central slice for the bed with wall rougheners; (b) shear rate around
a central slice for the bed without wall rougheners; (c) granular temperature around a central slice for the bed with wall rougheners; (d)
granular temperature around a central slice for the bed without wall
rougheners.

rates for smooth walls than for rough walls. For highly angular particles (above
squareness parameters [3 3 4]), smooth wall simulations predicted a slightly
higher shear rate compared with beds conﬁned within rough walls. Using wall
rougheners, the shear rate decreases monotonically with particle blockiness. A
similar trend is observed for granular temperature. The motion is much reduced for spherical and near-spherical particles (up to squareness parameters
[3 4 4]) if constrained within smooth walls. For blockier particles, smooth walls
favour a slightly larger granular temperature in the bed compared to rough walls.
Comparing Figure A.5 and Figure A.2, we found an almost direct relationship
between granular temperature and dynamic angle of repose of the bed. Indeed,
a higher dynamic angle of repose indicates that more potential energy is present
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and is dissipated by particles in sliding down the bed surface, resulting in higher
intensity collisions between particles. Thus, the ﬂuctuation of velocities in the
transverse plane of the bed is also increased, leading to a higher granular temperature.
We further investigated the shear rate and the granular temperature along a
central slice of width 10 mm, illustrated in Figures A.6a-A.6d. Here, the distance
from the bed surface, h, is normalized by the bed ﬁlling height, H. The spherical and near-spherical particles (up to the squareness parameters [3 3 4]) show
lower shear rates and granular temperatures for a smooth wall than for rough
walls, which agrees with trends shown in Figures A.5c and A.5d. It can be seen
that Figures A.6c and A.6d are directly linked to Figures A.3a and A.3b. For
rough-walled cylinders, a lower tangential velocity in the active region of the
bed means reduced particle ﬂow and less ‘intense’ collisions, leading to a lower
granular temperature. For smooth-walled cylinders, beds composed of spherical
and near-spherical particles exhibit signiﬁcant slip, which decreases the relative
motion between different layers of particles along the tangential direction of the
bed. Thus, the granular temperatures under these conditions are lower than those
observed in rough-walled cylinders.
A.3.2 Effect of operating condition on particle ﬂow characteristics

Above, we have shown that particle shape has a signiﬁcant effect on the crosssectional ﬂow behavior of grains within a horizontal rotating cylinder. Generally,
for spherical and near-spherical particles (up to the squareness parameters [3 3 4]),
wall rougheners are necessary to prevent slippage between bed and cylinder. In
contrast, for very angular particles (above the squareness parameters [3 3 4]), the
non-spherical particle shape can suppress the slippage effectively. However, using wall rougheners for these particles may result in unexpected bed behavior,
such as reducing the values of the dynamic angle of repose, the relative thickness of the ﬂowing layer, the shear rate, and the granular temperature of the bed,
compared with the cases without wall rougheners. In this section, we focus on cubic particles of squareness parameters [5 5 5] to check the inﬂuence of operating
conditions (Table A.3) on the particle motion within a rotating cylinder with and
without wall rougheners. The cross-sectional granular ﬂow behavior is characterized by the dynamic angle of repose of the bed, the tangential velocity proﬁle,
and the relative thickness of the ﬂowing layer.
The dynamic angle of repose for each combination of rotational speed, gravitational acceleration, and particle size is plotted in Figures A.7a-A.7c. These data
were calculated using the method described in the previous section. The immediate observation is that the values of the dynamic angle of repose without wall
rougheners are always higher than the corresponding angles with wall roughen-
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Figure A.7: Dynamic angle of repose as a function of (a) rotational speed of the
cylinder, (b) acceleration due to gravity, and (c) particle size (represented by the diameter of volume-equivalent sphere) for a bed composed of non-spherical particles of squareness parameters [5 5 5] (:
with wall rougheners; : without wall rougheners).

ers, agreeing with the results reported previously for this particle shape. If the
rotational speed of the cylinder is increased, the dynamic angle of repose ﬁrst
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decreases and then increases, whether wall rougheners are employed or not. The
difference between the angles of repose obtained with and without wall rougheners continuously increases with increasing rotational speed. It is thought that
the wall rougheners used here may disrupt the motion of the granular bed more
intensely at a higher rotational speed. Nevertheless, if the gravitational acceleration is increased, irrespective of whether the wall rougheners are present or not,
the dynamic angle of repose decreases continuously until it levels off at a gravitational acceleration of 20 m/s2 . The difference in the angle of repose ﬁrst increases
from 1 to 5 m/s2 and then continuously decreases with increasing gravitational
acceleration, indicating that the wall rougheners employed here have a smaller
effect on the dynamic angle of repose for higher gravitational accelerations. At
the particle scale, a higher gravitational acceleration leads to a denser packing of
the particle bed. However, at a very high gravitational acceleration, e.g. above 20
m/s2 , the packing of the bed is inﬂuenced little by a further increase in the gravitational acceleration, resulting in an almost constant dynamic angle of repose.
Further, if the particle size is increased, the dynamic angle of repose increases
monotonically, regardless of whether wall rougheners are used or not. Note, the
difference between the dynamic angle of repose in beds with and without wall
rougheners increases monotonically with particle size, demonstrating that the
wall rougheners used here have a smaller effect on the dynamic angle of repose
for beds composed of ﬁner grains.
The tangential velocity proﬁle (TVP) for each combination of rotational speed,
gravitational acceleration, and particle size with and without wall rougheners is
plotted in Figure A.8. The sample particles were chosen using the procedure introduced previously. It can be observed that without wall rougheners, slippage
of the whole bed occurred at some conditions, i.e. the TVP in the passive region
of the bed deviates considerably from the expected velocity for rigid body rotation. For example, a small amount of slip can be observed at 20 rpm and the slip
is more pronounced for a rotational speed of 30 rpm. Similarly, when the effect
of the acceleration due to gravity was examined, slip occurred for a gravitational
acceleration of 1 m/s2 . To prevent bed slippage, wall rougheners are recommended. On the other hand, changing the particle size does not have a signiﬁcant
inﬂuence on the TVPs in smooth- or rough-walled cylinders.
The relative thickness of the ﬂowing layer δ/H was calculated for each combination of rotational speed, gravitational acceleration, and particle size with and
without wall rougheners. The results are plotted in Figures A.9a-A.9c. Regarding the effect of rotational speed, again δ/H is observed to be always higher for
beds without wall rougheners. Further, with respect to gravitational acceleration,
δ/H is much higher at 1 m/s2 without wall rougheners than with wall rougheners. These results agree to some extent with the analysis of proﬁles for the tan-
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Figure A.8: Tangential velocity proﬁles (TVPs) showing the inﬂuence of (a) rotational speed of the cylinder (: 2.5 rpm; : 5 rpm; ×/+: 10 rpm; ♦:
20 rpm; : 30 rpm), (b) acceleration due to gravity (: 1 m/s2 ; : 5
m/s2 ; ×/+: 9.81 m/s2 ; ♦: 20 m/s2 ; : 50 m/s2 ), and (c) particle size
(represented by the diameter of volume-equivalent sphere: : 2 mm;
: 2.5 mm; ×/+: 3 mm; ♦: 3.5 mm; : 4 mm) for a bed composed
of non-spherical particles of squareness parameters [5 5 5] (hollow
marks and ×: with wall rougheners; ﬁlled marks and +: without
wall rougheners).

gential velocity of the bed, demonstrating that for a higher rotational speed or
a lower gravitational acceleration, the wall rougheners have a larger inﬂuence
on the granular dynamics. In contrast, the corresponding δ/H from particle
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size variations are always higher for beds without wall rougheners. This result matches well with the relations between the dynamic angle of repose of the
beds composed of these particle sizes with and without wall rougheners. As mentioned previously, a higher dynamic angle of repose means that extra potential
energy has to be dissipated as particles slide down the surface of the bed, leading
to a larger relative thickness of the ﬂowing layer. Moreover, the wall rougheners
have a comparatively small effect on δ/H for beds composed of ﬁne particles.

A.4 Conclusions
DEM simulations have been performed to investigate cross-sectional ﬂow characteristics of non-spherical particles within horizontal rotating cylinders with or
without wall rougheners. 11220 non-spherical particles, resulting in a ﬁll level of
approximately 24% of the bed, were modeled using the three-dimensional superquadric equation. First, the inﬂuence of wall rougheners on the cross-sectional
ﬂow behavior was investigated for particles of increasing blockiness. For one
non-spherical particle shape (i.e. squareness parameters [5 5 5]), the rotational
speed, gravitational acceleration, and particle size, a distinct change is seen. The
main conclusions from this work can be summarized as follows:
For spherical and near-spherical particles (approximately up to the squareness
parameters [3 3 4]), wall rougheners are necessary to prevent slippage of the bed
near the cylinder wall. The dynamic angle of repose formed by these particle
shapes is much lower with smooth walls than for roughened walls. Although
a much higher relative thickness of the ﬂowing layer can be obtained for these
particle shapes in the absence of wall rougheners, the lower shear rate and granular temperature displayed in these systems show a less intense relative motion
between particle layers.
Very angular particle geometries (e.g. above the squareness parameters [3 3 4])
can signiﬁcantly reduce slippage of the bed in a rotating cylinder. For these
particles, wall rougheners play a ‘negative’ role in bed behavior and may not
be necessary. For example, the use of wall rougheners in such systems can reduce the dynamic angle of repose, the relative thickness of the ﬂowing layer, the
shear rate, and the granular temperature of the whole bed.
The effect of wall rougheners on particle motion within rotating cylinders depends on operating conditions. Their impact on the dynamic angle of repose and
the relative thickness of the ﬂowing layer is more pronounced for higher rotational speeds or lower gravitational accelerations. Meanwhile, wall rougheners
help to suppress the slippage of the bed under these operating conditions. Their
use has a smaller inﬂuence on the dynamic angle of repose and the relative thickness of the ﬂowing layer for a bed composed of ﬁne grains. Changing the size of
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the particles does not have a signiﬁcant effect on the tangential velocity proﬁles,
irrespective of the presence of wall rougheners.
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Figure A.9: Relative thickness of the ﬂowing layer as a function of (a) rotational
speed of the cylinder, (b) acceleration due to gravity, and (c) particle
size (represented by the diameter of volume-equivalent sphere) for
a bed composed of non-spherical particles of squareness parameters
[5 5 5] (: with wall rougheners; : without wall rougheners).
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Nomenclature
a, b, c
C
d
g
h
H
kn
knij
kt
ktij
l
m, n, p
N
r
R
T
ux
ux
< ux >
uy
uy
< uy >
v
vn
vt
x, y

Half lengths of particle principal axes (m)
Particle concentration (-)
Diameter of volume equivalent sphere (mm)
Gravitational acceleration (m/s2 )
Distance from the surface of a bed (m)
Filling height of a bed (m)
Normal spring stiffness (N/m)
Effective normal stiffness (N/m)
Tangential spring stiffness (N/m)
Effective tangential stiffness (N/m)
Length of principal particle axes (m)
Squareness parameters of a super-quadric particle (-)
Total number of particles considered (-)
Radial distance from cylinder center (m)
Radius of a rotating cylinder (m)
Granular temperature (m2 /s2 )
Particle horizontal velocity (m/s)
Fluctuation of particle horizontal velocity (m/s)
Averaged particle horizontal velocity (m/s)
Particle vertical velocity (m/s)
Fluctuation of particle vertical velocity (m/s)
Averaged particle vertical velocity (m/s)
Tangential velocity (m/s)
Relative velocity in normal direction (m/s)
Relative velocity in tangential direction (m/s)
coordinates (m)

Greek letters
γ
δ
δ’
δn
δt
ηn
ηt
θ
μ
ρ

Shear rate (s−1 )
Thickness of the ﬂowing layer of a bed (m)
Thickness of the active region of a bed (m)
Overlap between two colliding particles (m)
Tangential displacement between two colliding particles (m)
Damping factor in normal direction (-)
Damping factor in tangential direction (-)
Dynamic angle of repose (◦ )
Coefﬁcient of friction (-)
Particle density (kg/m3 )
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ω

Rotational speed of cylinder (rpm)

Copyright permission
This appendix is reprinted from: Particuology, 12, G. Lu, J. R. Third, and C. R.
Müller, Effect of wall rougheners on cross-sectional ﬂow characteristics for nonspherical particles in a horizontal rotating cylinder, 44 − 53, Copyright (2014),
with permission from Elsevier.
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B DEM-CFD studies of the dynamics of gas-ﬂuidized
beds and pneumatic conveying pipes comprised of
non-spherical particles

Abstract

DEM-CFD simulations were performed to study the dynamics of gasﬂuidized beds and pneumatic conveying pipes comprised of either spheres or
non-spherical particles of equal volume. The simulations were used to elaborate
the differences in the ﬂuidization dynamics (e.g. bed expansion, particle velocity proﬁle and pressure ﬂuctuations for gas-ﬂuidized beds, and ﬂow patterns
for pneumatic conveying pipes) of systems containing spherical or non-spherical
particles.

B.1 Introduction
The DEM-CFD model, i.e. the discrete element method (DEM) coupled with a ﬁnite volume computational ﬂuid dynamics solver (CFD) has become increasingly
popular to simulate gas-solid systems [241]. However, so far most numerical
studies concerned with gas-solid ﬂows have been restricted to spherical particles.
The coupling of DEM with CFD to simulate non-spherical gas-solid systems has
only been proposed very recently (e.g. [242]). Arguably, the main obstacle to
simulate non-spherical, gas-solid systems is the lack of accurate drag force correlations for assemblies of non-spherical particles [243].
Owing to their excellent heat and mass transfer characteristics, ﬂuidized bed reactors are widely used in industry [244]. One of the few non-spherical DEM-CFD
studies of ﬂuidized beds was reported by Hilton et al. [242]. In their studies threedimensional ﬂuidized beds (0.1 m × 0.1 m × 0.3 m and 0.05 m × 0.05 m × 0.3
m) that were ﬁlled with super-quadric particles were simulated. The following
particle shapes were modelled: spheres, cuboids of blockiness 4, and ellipsoids of
aspect ratio 2.5 (prolate 1), 1.25 (prolate 2) and 0.4 (oblate). The differently shaped
particles were of equal volume. In their studies Hilton et al. [242] used the drag
force correlation of Hölzer and Sommerfeld [245]. First, using spherical particles,
Hilton et al. [242] compared the numerically obtained pressure drops with the
pressure drops predicted by the Ergun equation [246]. For spherical particles
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a good agreement was observed, however, the pressure drop in non-spherical
particle systems was poorly predicted by the Ergun equation. The pressure drop
obtained in beds of non-spherical particles was higher than that in beds containing volume equivalent spheres. Hilton et al. [242] argued that the higher pressure
drop in non-spherical particle systems was due to a reduced voidage and a larger
particle area in the ﬂow direction.
Pneumatic conveying is a widely applied approach to rapidly transport large
volumes of solid in ducts by imposing a gas ﬂow. The ﬂow of granular materials in pneumatic conveying can be separated into two phases: (i) Dilute phase:
Particles are transported as a suspension in the conveying gas; (ii) Dense phase:
Densely packed particles move in a bulk and are governed by multiple, longlasting collisions. Transition between the different modes can be achieved e.g.
by adjusting the gas ﬂow. Hilton and Cleary [247] simulated the pneumatic conveying of non-spherical particles in a 0.1 m long rectangular duct. The particles
(spheres, cuboids, elongated and ﬂattened ellipsoids) were modelled via the
super-quadric equation. It was found that particle shape inﬂuenced signiﬁcantly the ﬂow mode (at a given pressure gradient). For spheres, the ﬂow mode
transitioned with increasing pressure gradient from a stationary bed to a sheared
bed and ﬁnally slugs. In contrast, non-spherical particles transited directly to
dilute ﬂows. Hilton and Cleary [247] found that non-spherical particle systems
were characterized by larger solid fraction when compared to spheres. This resulted in larger pressure drops across the bed which in turn de-stabilized the slugs.
In this study, we have attempted to couple our DEM simulations with the CFD
to investigate gas-ﬂuidized beds and pneumatic conveying pipes comprised of
non-spherical particles. The non-spherical particles were modelled using the
three-dimensional super-quadric equation, viz. ( x/a)m + (y/b)n + (z/c)q = 1,
where a, b and c are the half lengths of the principle axes and m, n and q are
indices controlling the particle blockiness. To obtain the drag forces acting on
the non-spherical particles, we employed a correlation for the drag coefﬁcient
proposed by Hölzer and Sommerfeld [245].

B.2 The drag force model for non-spherical particles
The drag force FD0 experienced by an isolated particle in a ﬂuid is deﬁned as
 
CD ρf A⊥ ur u
r
FD0 =
2

(B.1)

 is the relative velocity between the particle
where CD is the drag coefﬁcient, u
r
and the ﬂuid, ρf is the ﬂuid density and A⊥ is the cross-sectional area of the
particle perpendicular to the relative velocity. For non-isolated particles Equa-
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tion B.1 has to be modiﬁed to account for the local ﬂow structure around a
particle. Here, we used the voidage correlation function proposed by Di Felice [248], i.e. FD = FD0 ε−χ , where ε is the local bed voidage and χ is
2
given by χ = 3.7 − 0.65e−(1.5−logRep ) /2 . The Reynolds number is deﬁned as
Rep = ρf dp ur /η, where η is the ﬂuid viscosity and dp is the particle diameter
or the diameter of the volume equivalent sphere for non-spherical particles. The
 = εu − v , where
relative velocity between the ﬂuid and particle is deﬁned as u
r
u is the interstitial ﬂuid velocity, i.e. the velocity of the ﬂuid between the particles,
and v is the particle velocity. The interstitial ﬂuid velocity u can be related to the
 , i.e. the average ﬂuid velocity over the whole cross
superﬁcial ﬂuid velocity u
 = εu. Thus, the drag force acting on a particle in a
section of the bed, through u
multi-particle system can be expressed as



CD ρf A⊥ ε2−χ u − v u − v
FD =
2

(B.2)

The correlation for the drag coefﬁcient CD proposed by Hölzer and Sommerfeld [245] was adopted in this work due to its applicability over a wide range
of Rep :
CD =

0.2 1
8
1
16 1
3
1
√
√ +
+
+ 0.42 × 100.4(−logφ)
3/4
Rep φ⊥
Rep φ
φ⊥
Rep φ

(B.3)

where φ is the regular sphericity, viz. the ratio between the surface area of the
volume equivalent sphere and the surface area of the non-spherical particle, and
φ⊥ is the crosswise sphericity, viz. the ratio between the cross-sectional area of
the volume equivalent sphere and the projected cross-sectional area of the nonspherical particle perpendicular to the relative ﬂow.
In this work, the contribution of each particle to the local solid volume fraction was calculated by dividing a bounding box containing the particle into
10 × 10 × 10 small boxes (Figure B.1a). The bounding box has the same centre,
principal axis length and orientation as the particle it contains. Each sub-box is
tested to determine whether its centre lies within the particle. The volume of the
sub-boxes whose centre lies inside the particle is added to a running total of the
total particle volume in the corresponding ﬂuid cell. The local solids volume fraction can then be obtained by dividing the total volume of the particles in each
cell by the volume of the cell. Note, these calculations have been variﬁed to be
equivalent to the method proposed by [242], where the computational cells were
recursively divided to obtain the local bed voidage.
The cross-sectional area of a non-spherical particle perpendicular to the relative
velocity vector was calculated using the method proposed by [242]. Consider the
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normal vector at a certain point on the surface of a particle, n, and the relative
 , the set of points on the surface of the particle which is visible
ﬂow velocity, u
r
 must satisfy n · u . In total 100 points were identiﬁed in this way and were
to u
r

r

 . The area of this projected shape
projected onto a 2D plane perpendicular to u
r
was approximated as a number of triangles formed by connecting the points on
the perimeter of the projection with the point formed by projecting the centre
of the particle onto the same 2D plane. This process is shown schematically in
Figure B.1b.
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Figure B.1: Schematic diagram showing the method used to calculate (a) the local
solid volume fraction (the particle size is exaggerated) and (b) the
cross-sectional area of a non-spherical particle perpendicular to the
relative velocity vector.
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Figure B.2: Particle dynamics and bed expansion
characteristics: (a) snapshots
showing the ﬂuidization behavior of spheres over 0.5 s; (b) snapshots
showing the ﬂuidization behavior of approximately cubic particles
with squareness parameters [5 5 5] over 0.5 s; (c) averaged bed height
of unﬂuidized and ﬂuidized beds; (d) bed expansion as a function of
the length of the principal axis.
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Figure B.3: Time averaged ﬂuidized bed dynamics for differently shaped
particles: (a-d) particle velocity vectors superimposed on the velocity
magnitude for beds of (a) spheres and approximately cubic particles
with squareness parameters (b) [3 3 3], (c) [4 4 4] and (d) [5 5 5]; (eh) gas-solid voidage proﬁle obtained for beds of (e) spheres and approximately cubic particles with squareness parameters (f) [3 3 3], (g)
[4 4 4] and (h) [5 5 5].
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B.3 Simulation of gas-solid ﬂuidized beds
For the simulation of gas-solid ﬂuidized beds, we started our calculation using
a ﬂuidized bed containing 10000 spheres. Subsequently, the blockiness of the
particles was increased to check the effect of particle shape on the ﬂuidization
behavior of particles of the same volume. Note, a shorter length of the particle
principal axis corresponds to a particle with a higher blockiness. No-slip boundary conditions were applied for the ﬂuid on the vertical walls of the bed. The
size of the bed and the physical properties of the particles and ﬂuid are shown in
Table B.1.
Table B.1: Bed dimensions and physical properties of the particles and ﬂuid.
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The particles were ﬁrst initialized on a regular lattice within the bed and allowed to settle under gravity for 1 s. As a rough estimation of the minimum
ﬂuidization velocity for the beds containing different particles, the Ergun equation incorporating the regular sphericity φ was employed [246]:
K1 Re2p,mf + K2 Rep,mf = Ga

(B.4)

where K1 = 1.75/ε3 φ, K2 = 150(1 − εmf )/ε3 φ2 , Ga = d3p ρf (ρ − ρf ) g/η2 is the
Galileo number and Rep,mf = dp ρf umf /η is the Reynolds number at the minimum ﬂuidization velocity. Here, we approximated the voidage of the bed at
the onset of ﬂuidization (εmf ) using the data obtained from the randomly packed
bed (ε). Subsequently, Equation B.4 was solved to obtain the minimum ﬂuidization velocity for each particle shape, as shown in Table B.1. In this work, the
superﬁcial ﬂuid velocity was increased from 0 to 2 m/s over 0.42 s and was then
kept constant for 25 s. For analysis data was output every 0.005 s during this
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observation time.
First, Figures B.2a and B.2b show snapshots of the dynamics of the ﬂuidized
beds containing spheres and approximately cubic particles with squareness parameters [5 5 5], respectively. The time between subsequent snapshots is 0.1 s. Both
series of snapshots show a bubble forming in the centre of the bed. However, a
signiﬁcant difference is that the expansion of the bed during the bubble eruption
process is much higher for approximately cubic particles than for spheres. We
calculated the average heights of the unﬂuidized and ﬂuidized beds and the bed
expansion for each particle shape (Figures B.2c and B.2d). From Figure B.2c it can
be seen that for increasing particle blockiness the bed can be packed more densely
prior to ﬂuidization. Furthermore, beds containing non-spherical particles undergo a greater expansion once they are ﬂuidized. Indeed, the expansion of
a bed increases monotonically with increasing particle blockiness (Figure B.2d),
i.e. from an expansion of approximately 40% for spheres to more than 120% for
particles with squareness parameters [5 5 5].
Next, we calculated the time averaged velocity proﬁles for beds composed of
spheres or cubes by averaging the particle velocities over 25 s. Only particles
within a slice of thickness 0.0264 m, centered half way along the z direction of
the bed were considered in the calculation of the time-average quantities. From
Figure B.3 it can be seen that convection cells were formed by both spheres and
approximately cubic particles, i.e. the particles moved upwards in the center
of the bed and downwards along the side walls, forming two convection cells
which are symmetric about the central plane of the bed in the x direction. The position of the centers of the two convection cells does not change signiﬁcantly with
particle blockiness. For spheres the convection motion of the particles dominates
the entire bed, whereas with increasing particle blockiness particle circulation
was limited to the low part of the bed. A possible explanation for this behavior
may be that the higher angularity of the approximately cubic particles decreases
their ﬂowability relative to each other, making it difﬁcult to circulate the entire
bed. Figures B.3e-B.3h show the voidage proﬁles for the different ﬂuidized beds.
It can be observed that the bubbles formed in the spherical particle system are
smaller and more concentrated in the center of the bed. In contrast, for highly angular particles the bubbles comprised almost the entire cross-section of the bed,
causing the bed to operate in the slugging regime.
Finally, we measured the pressure ﬂuctuations at the bottom of the bed (Figure B.4). In Figure B.4 the pressure is plotted as a function of time for 2 s. The
beds were fully ﬂuidized throughout this time. One signiﬁcant feature which
can be observed from Figure B.4 is that the pressure ﬂuctuations obtained using spheres are comparatively smooth, i.e. the periodicity of the pressure ﬂuctuations is high and the amplitude of the peaks is comparatively low. However,
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Figure B.4: Pressure ﬂuctuations at the bottom of the ﬂuidized beds composed of
spheres or approximately cubic particles.
with increasing particle blockiness, the pressure ﬂuctuations become more irregular. However, it is worth noting that the magnitude of the pressure ﬂuctuations
obtained using approximately cubic particles with squareness parameters [5 5 5]
is not signiﬁcantly higher than the ﬂuctuations observed in beds containing cubic
particles with squareness parameters [4 4 4], indicating that at this “level” of nonsphericity the inﬂuence of the particle blockiness on its ﬂuidization behavior is
negligible. This observation matches well with the bed expansion and the particle
velocity proﬁles reported above.

B.4 Modelling of pneumatic conveying pipes
We continued investigating the ﬂow dynamics of spherical and non-spherical
particles in horizontal, pneumatic conveying pipes. Figure B.5 shows the numerical setup of the system and deﬁnes the Cartesian coordinate system used. For
conveying of spheres, we started our calculation using a duct with a square crosssection of area 10 × 10 mm2 . The duct had a length of 100 mm along the conveying direction, which is parallel with the global x axis. In total 13310, 9317 and 5324
particles were simulated respectively, corresponding to a system ﬁll level of 50%,
35% and 20%. Here, the ﬁll level was deﬁned as the volume ratio between the
static packed bed and the whole duct. For conveying of non-spherical particles,
i.e. approximately cubic particles with squareness parameters [5 5 5] and ellipsoids of aspect ratio 2.0, the dimensions of the duct were modiﬁed a little to accommodate the size of the computational ﬂuid cells. Nonetheless, the total number of
particles was also changed to ensure a consistant ﬁll level, viz. 50%, 35% or 20%.
Note, all the simulated particles had the same volume, which is equivalent to a
sphere of diameter 0.8 mm. Table B.2 lists the mechanical parameters employed
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in this work.



ݖ

ݔ

ݕ

PP

Figure B.5: Schematic diagram showing the numerical setup of the pneumatic
conveying system. The boundary condition in the x direction is speciﬁed as periodic boundary, and in the y and z directions is set as
no-slip wall.

Table B.2: Mechanical parameters employed in the simulations of pneumatic
conveying.
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For the duct, periodic boundary condition was applied along the x direction,
whereas in the y and z directions no-slip wall condition was used. PBC is frequently applied when the actual system is too large and beyond the computational capacity. In principle the PBC allows a more efﬁcient study of gas-solid
ﬂow modes in pneumatic conveying systems. Initially, particles having random
velocities were generated on a regular lattice within the duct, and were then allowed to settle under gravity along the z direction. Once a stable packed bed
was formed, a pressure gradient was applied in the x direction on the gas phase
such that the particles started moving. The pressure gradient was varied from
300 Pa/m to 7000 Pa/m, leading to different ﬂow regimes of the particles. In
total at least 2 s simulation was performed for each bed conﬁguration. The analyses were only restricted to the simulations by when the ﬂow pattern of the
particles was sufﬁciently stable. The stability of the ﬂow pattern was checked by
calculating the total kinetic energy of the particles in the system, which reached
approximately a constant value after a sufﬁciently long time.
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Figure B.6: Flow patterns of (a) spheres, (b) approximately cubic particles with
squareness parameters [5 5 5] and (c) ellipsoids of aspect ratio 2.0 under various pressure gradients in a pneumatic conveying duct.
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Figure B.7: Flow mode as a function of (a) particle shape under a ﬁll level of 50%,
and ﬁll level for (b) cuboidal and (c) ellipsoidal bed. The characters
represent: ‘A’-Stationary bed; ‘B’-Sheared bed; ‘C’-Slug formation;
‘D’-Dilute ﬂow.

Figure B.6 shows snapshots of the ﬂow patterns (after 1.5 s simulation) formed
by differently shaped particles under various pressure gradients in our pneu-
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matic conveying duct. It can be seen clearly that, depending on the external gas
pressure gradient, different ﬂow modes were resulted. For example, for spheres
(Figure B.6a) at very low pressure gradient, e.g. ΔP = 300 Pa/m, the bed was
overall in a stationary state, i.e. only few number of particles were lifted off and
transported by the gas on top of a ﬁxed bed. As the pressure gradient increased
to ΔP = 1000 Pa/m, the bed started to shear instead of being stationary, viz. the
neighbouring, horizontal layers of particles in the bulk moved relative to each
other along the conveying direction. Moveover, more particles were suspended
and carried along by the gas phase. Once the pressure gradient increased to a
very high value, e.g. ΔP = 2000 Pa/m, the bed exhibited the so-called slug ﬂow
mode, i.e. particles were rolled continuously over the bed surface by the gas ﬂow
and formed a blockage travelling down the duct.
On the other hand, particle shape inﬂuenced signiﬁcantly the ﬂow modes
obtained. For example, the spherical bed started to shear at a lower pressure
gradient compared to non-spherical bed, which was also observed by Hilton
and Cleary [247]. Slug ﬂow was observed for spheres and approximately cubic
particles, but not for ellipsoids. Instead, ellipsoidal bed transited from sheared
ﬂow to dilute ﬂow directly. Figure B.7a shows the ﬂow mode as a function of
particle shape. Indeed, the ﬂowing dynamics in conveying pipes is strongly correlated with the shape of particles. Moveover, Figures B.7b and B.7c highlight the
effect of ﬁll level on ﬂow regimes of approximately cubic particles and ellipsoids,
respectively. Gray characters represent the corresponding ﬂow modes for spherical systems. Depending on the ﬁll level, the ﬂow pattern can be quite different.
For instance, using the current pressure gradients, stationary bed was never observed for a 20% ﬁll regardless of particle shape. For a 35% ﬁll under a pressure
gradient ΔP = 2000 Pa/m, all the beds exhibited sheared ﬂows. Nonethess, comparing to a ﬁll level of 50%, the relatively sheared motion was extended to layers
of particles close to the bottom of the duct. Similarly, further increasing pressure
gradient resulted in slug formations for spherical and cuboidal beds, but not for
ellipsoidal bed.
The slug formation is a very distinctive ﬂow mode in the pneumatic conveying
systems. Here, we compared our data (50% ﬁll level) with the existing experimental and numerical measurements obtained by Wen and Simons [249], Woods
et al. [250] and Hilton and cleary [247]. Figure B.8 plots the non-dimensionalized
 1/4

parameter K = ρ1g ΔP dDp
against the non-dimensionalized parameter
|v√mean |
,
gD

b

where D is the side length of the duct cross-section, g is the gravFr =
itational acceleration, ρb is the bulk density measured within the slug, and vmean
is the mean velocity of all particles along the conveying direction. In this work,
vmean was calculated by averaging the velocities of the particles passing by a
3 mm wide pulse centred halfway along the conveying direction of the duct. In
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Figure B.8 the ﬁtting curve, given by Wen and Simons [249], was calculated using
the actual duct size (10 mm). It can be seen that the DEM-CFD simulations in this
work agreed reasonably well with the previous data, demonstrating the validity
of our modelling strategy.
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Figure B.8: Comparison of DEM-CFD simulation data on the slug ﬂow formation
with the experimental and numerical measurements obtained by Wen
and Simons [249], Woods et al. [250] and Hilton and Cleary [247].

B.5 Conclusions
First, DEM-CFD simulations were performed to study the dynamics of gasﬂuidized beds comprised of 10000 either spheres or approximately cubic particles
of equal volume. Particle shape had a signiﬁcant inﬂuence on the bed ﬂuidization
behavior. With increasing particle blockiness the expansion of the bed increased
monotonically. Additionally, the characteristics of the convection cells changed
from comprising the entire bed to being located in the bottom part of the bed.
Furthermore, in beds of particles with higher angularity the pressure ﬂuctuations
became less periodic and contained larger peaks.
Next, pneumatic conveying of spheres, cuboids and ellipsoids along a rectangular duct was investigated using DEM-CFD simulations under a wide range of
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pressure gradients. The transport mode in a pneumatic conveying system was
strongly dependent on the imposed gas ﬂow, the particle shape and the ﬁll level.
Using spheres and cubes, the formation of slug ﬂow was observed. However,
it was not the case for ellipsoids. It is worth noting that in all these DEM-CFD
simulations of pneumatic conveying, periodic boundary conditions (PBCs) were
applied along the conveying direction. Nonetheless, despite its wide application,
the validity of the PBCs in capturing the real granular ﬂow dynamics has to be
particularly tested in the next step.
Finally, the coupling of non-spherical particles to ﬂuid ﬂow is still a formidable challenge. This task requires the development of drag force correlations
for assemblies of non-spherical particles, similar to the work done by Beetstra
et al. [251] for spherical particles. A drag law for non-spherical particles is highly
convoluted, since the orientation of the particles with regards to the direction of
the ﬂuid ﬂow has to be taken into account. Research in this area has only just
started [252] and merits further attention.

Nomenclature
a, b, c
A⊥
CD
dp
D
e
FD0 , FD
g
Ga
H
k
L
m, n, q
n
p
ΔP
Rep , Rep,mf
t
u
u , umf
ur
v

Half lengths of principal particle axes (m)
Particle cross-sectional area incident to ﬂow (m2 )
Drag coefﬁcient (-)
Diameter of a volume equivalent sphere (m)
Side length of a duct cross-section (m)
Coefﬁcient of restitution (-)
Drag forces (N)
Gravitational acceleration (m/s2 )
Galileo number (-)
Bed height (m)
Spring stiffness (N/m)
Length of particle principal axis (m)
Indices controlling the blockiness of a particle (-)
Normal vector at a point on the surface of a particle (-)
Fluid pressure (Pa)
Pressure gradient (Pa/m)
Reynolds number and its value at minimum ﬂuidization (-)
Observation time (s)
Interstitial ﬂuid velocity (m/s)
Superﬁcial ﬂuid velocity and its value at minimum ﬂuidization (m/s)
Relative velocity between a particle and the ﬂuid (m/s)
Velocity of particles (m/s)
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vmean
x, y, z

Mean velocity of particles (m/s)
Coordinates (m)

Greek letters
δ
ε, εmf
η
μ
ρ
ρb
ρf
φ
φ⊥

Bed expansion (-)
Local voidage and its value at minimum ﬂuidization (-)
Fluid viscosity (Pa·s)
Friction coefﬁcient (-)
Particle density (kg/m3 )
Bulk density (kg/m3 )
Fluid density (kg/m3 )
Regular sphericity (-)
Crosswise sphericity (-)
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C Experimental studies of polygon-shaped patterns in
vibrated cylindrical granular beds
Parts of this appendix have been published as:
• G. Lu, J. R. Third, M. H. Köhl, and C. R. Müller. On the occurrence of polygon-shaped patterns in vibrated cylindrical granular beds.
The European Physical Journal E, 35:90, 2012.

Abstract

We report experimental observations of polygon-shaped patterns
formed in a vertically vibrated bed of circular cross-section.
A phase
map is determined, showing that the polygon pattern is established for
Γ = A(2π f )2 /g  10. The sensitivity of the polygon structure to bed parameters was tested by studying beds of different particle sizes and ﬁll levels. It was
hypothesized that the polygon pattern observed in cylindrical beds is the corresponding pattern to the formation of arches in square-shaped beds. The close
relationship between these two patterns was demonstrated by two observations:
(i) the radii of the arches of a corresponding square bed and the inner radius of
the cylindrical bed were found to be very similar and (ii) the boundary lengths
of the two patterns were in good agreement. To probe further the underlying
physics of the formation of the polygon pattern, particle image velocimetry (PIV)
was employed to probe the motion of particles within a quasi-2D vibrated bed of
circular cross-section. Using PIV a signiﬁcant difference in the velocity proﬁles in
the polygon and the arching patterns was observed. At each node, irrespective of
the pattern, particle streams from opposite directions moved towards each other
and ‘collided’, resulting in the formation of a node. However, whereas in the arching structure the velocity proﬁle around nodes was highly symmetric, this was
not the case in the polygon structure. Using cylindrical beds of different diameters ﬁlled with a constant number of particles, we could conﬁrm that the spatially
varying ﬁlling height of cylindrical beds was the main cause of the asymmetric
velocity proﬁles within such systems.
Keywords

Granular system; vibrated bed; polygon pattern; arching; particle
image velocimetry (PIV).
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C.1 Introduction
Granular systems are assemblies of macroscopic particles, which under external
excitation, e.g. rotation or vibration, can display a plethora of intriguing phenomena including segregation or the formation of surface waves [1–3, 5]. In
particular, the different structures formed if a bed of particles is vibrated have
attracted signiﬁcant attention [253–260]. As an example, if a monolayer of spherical beads is excited by vertical vibrations of a large vibrational amplitude, the
grains behave like a gas. Upon cooling of the system, i.e. reducing the amplitude
of the vibrations, clusters of particles are observed to coexist with the granular
gas [261]. In addition, for quasi-2D vibrated beds that contain multiple layers of
spherical beads, heaping is observed due to the so called block-slip-motion at the
walls [262]. The formation of patterns of sub-harmonic undulations, e.g. arching and surface waves, have also been demonstrated in quasi-2D beds [263, 264].
Fine particles (e.g. diameter 0.2 mm) vibrated vertically in 3D beds revealed a
plethora of well-deﬁned surface structures. Depending on the vibrational acceleration, strips, hexagons, kinks, squares and localized oscillations, so called oscillons, were observed [265–267]. Recently, patterns formed in beds composed
of non-spherical particles have received considerable attention. In vibrated beds
containing long rods, it was found that the large aspect-ratio of the particles induced a dense, highly ordered, crystalline state, viz. the rods aligned vertically
to form clusters [268, 269]. Subsequently, it was observed that such clusters undergo collective motion in the form of vortices [270, 271]. In addition, a vibrated
monolayer of long rods showed large density ﬂuctuations, probably arising from
curvature induced currents [272, 273].
So far, most studies concerned with the dynamics of 2D vibrated beds have
only considered beds of rectangular geometries. Only very little attention has
been paid to the effect of the shape of the vessel containing the granular material
on the particle dynamics. However, it has been reported that the convection pattern and, thus, the segregation behavior reverses when the shape of a 3D vibrated
bed was changed from a cylinder to a cone [274]. This work is concerned with
the motion of particles within a quasi-2D vibrated bed of circular cross-section.
In this geometry, we report new polygon-shaped patterns and demonstrate how
these patterns are related to the arching structure which has been observed previously in quasi-2D beds of rectangular cross-section [275]. On the other hand, to
understand further the characteristics of polygon-shaped patterns formed in a vibrated, cylindrical granular bed, we used particle image velocimetry (PIV) to analyze the velocity of the particles in the bed and compared it with the particle dynamics in a vibrated, rectangular bed forming arches. We found that in the arching structure the velocity proﬁle around a node was highly symmetric, whereas
this was not the case for the polygon structure.
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Figure C.1: Snapshots of granular patterns observed in a quasi-2D, cylindrical
vibrated bed (particle diameter 0.5 − 0.75 mm; ﬁll level 1/4): (a)
faraday tilting ( f = 18 Hz, Γ = 2.0), (b) symmetric convection pattern
( f = 18 Hz, Γ = 3.3), (c) 1/2 f surface waves ( f = 15 Hz, Γ = 3.6),
(d) 1/4 f surface waves ( f = 26 Hz, Γ = 6.8), (e) kinks ( f = 25 Hz,
Γ = 8.8), (f) polygon mode 1, i.e. non-symmetric about the central
plane of the bed ( f = 35 Hz, Γ = 12.3), and (g) polygon mode 2, i.e.
symmetric about the central plane of the bed ( f = 40 Hz, Γ = 19.3).
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C.2 Observations on the occurrence of polygon-shaped patterns
Experimental measurements were ﬁrst performed in a quasi-2D bed comprising
a brass cylinder of internal diameter 110 mm and thickness 9 mm with two sheets
of anti-static Perspex being placed at its front and rear. A small oriﬁce at the top
of the cylinder allowed particles to be added or removed from the bed. The bed
was bolted onto an electrodynamic shaker (Labworks Inc., ET − 139). A controller
(Labworks Inc., VL − 144), ampliﬁer (Labworks Inc., PA − 138 − 1) and accelerometer (PCB Piezotronics Inc., J352C33) were used to generate regular, sinusoidal
oscillations. Spherical glass beads of density 2.5 g/cm2 (Sigmund Lindner, Germany) were used as the granular material. The particles were imaged using a
high-speed CCD camera (Nikon, 496RC2). In this work the ﬁlling height of the
bed, H, is deﬁned as the height of the material above the lowest point of the cylindrical wall. The ﬁll level, h, is deﬁned as the ratio of the ﬁlling height to the
internal diameter of the cylinder.
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Figure C.2: Phase map of patterns formed in a quasi-2D, cylindrical vibrated bed
(particle diameter 0.5 − 0.75 mm; ﬁll level h = 1/4).
First a bed of ﬁll level h = 1/4 containing spheres with diameters in the size
range of 0.5 − 0.75 mm was studied. Depending on the value of the dimensionless
acceleration, Γ = A(2π f )2 /g, where A and f are the amplitude and frequency
of the vibration, respectively, a variety of well-deﬁned granular patterns were observed. Snapshots of these patterns are shown in Figure C.1 and a phase map that
correlates the occurrence of each pattern with Γ and f is shown in Figure C.2. For
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1 Γ 3, a convection pattern is established, i.e. particles are transported in an
ordered fashion within the bulk of the material, and for Γ 2 Faraday tilting prevails [276]. Here, particles roll down at the surface of the bed and are transported
back to the top of the bed inside the bulk. Increasing Γ to ≈ 2, the surface of the
bed becomes horizontal. At this stage, the convection pattern is dominated by
particles moving downward in the center and moving upward close to the walls,
similar to the particle ﬂow within a vibrated conical container [274]. Increasing Γ
further to ≈ 3 weakens the convection. Indeed, the bed starts to detach from the
bottom of the wall during most of the oscillation cycle, resulting in the formation
of surface waves. This regime can be split into three sub-regimes depending on
the frequency of the surface waves: 1/2 f and 1/4 f surface waves are formed for
Γ in the range of 3 − 4.5 and 6.5 − 7, respectively. Between these two regimes a
transition zone is observed. However, these patterns are not as clearly deﬁned as
they are in rectangular beds and the waves were only found to form in the central
part of the bed surface.
Increasing Γ further to about 7.5 leads to the formation of kinks, viz. neighboring sections of the bed oscillate out-of-phase. Starting from Γ ≈ 10, we observed
a new pattern, which has never been reported previously, viz. the formation of
a polygon structure. The free surface of the bed is fairly ﬂat with no evident
surface waves, while the bottom of the bed clearly shows vertices and edges, giving rise to a polygon inscribed within the cylindrical wall. Once a vertex of the
polygon impacts with the curved wall, the particles colliding with the wall move
sideways in opposite directions, away from the original vertex. Thus, a new vertex forms when particle ﬂows originally moving in opposite directions from two
neighboring vertices meet. Typically, in the polygons formed, the lengths of the
polygon edges are different. Close to the bottom of the bed the edges are longer
compared to the edges generated higher up in the bed. For the case that a symmetric polygon is formed (Figure C.1g), the two symmetric edges are, of course,
of equal length. However, it is worth mentioning that we found no clear relationship between the formation of a symmetric polygon and Γ. For the case of a
symmetric polygon, the number of edges was occasionally observed to increase
or decrease in successive oscillation cycles. The maximum and the minimum
number of edges observed were, respectively, 6 and 3.
Changing to particles with a size range of 0.3 − 0.4 mm while keeping a ﬁll
level of h = 1/4, the patterns observed previously still occurred. However, the
formation of surface waves was almost impossible to identify. Nonetheless, we
could still observe two different modes of polygon formation, i.e. polygons with
or without symmetry with respect to the central plane of the bed. In order to
test the sensitivity of the formation of the polygon pattern to further bed parameters, beds with a ﬁll level of h = 1/2 were studied for both particle sizes,
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i.e. 0.5 − 0.75 mm and 0.3 − 0.4 mm. For particles of diameter 0.5 − 0.75 mm
no polygon regime was observed in the tested Γ − f −space. On the other hand,
for particles of diameter 0.3 − 0.4 mm the polygon structure was still observable
and its location on the phase map was very similar to that using a ﬁll level of
h = 1/4, i.e. Γ  8. However, contrary to our expectations, the number of polygon edges did not increase with ﬁll level. For a ﬁll level of h = 1/2, the locations
of straight edges and sharp vertices were constrained to the bottom section of the
bed, while the upper region of the bed remained curved, following the curvature
of the periphery of the cylindrical wall.
The phase map plotted in Figure C.2 suggests that there might be a connection
between the polygon structure observed in a cylindrical bed and the arching pattern observed in beds of rectangular cross section, since both patterns occur at
high values of Γ [275]. In addition, for both patterns the top surface of the bed is
relatively ﬂat with no evident waves, while the bottom of the bed shows either
straight edges or curved arches. We speculated that the curvature of the arches
with respect to the ﬂat wall is compensated by the curvature of the cylindrical
wall, thus leading to straight edges. In order to validate this assumption, we
used the previous cylindrical bed ﬁlled with particles of diameter 0.5 − 0.75 mm
to give a ﬁll level of h = 1/4. In addition, two square beds were constructed. The
length of the ﬁrst bed, L1 = 115 mm, corresponded to the circumference of the
section of the cylindrical wall that is covered by particles for a ﬁll level of h = 1/4.
The length of the second bed, L2 = 95 mm, was equal to the projection of the circumference of the section of the cylindrical wall that is covered by particles for a
ﬁll level of h = 1/4 onto a horizontal plane. The spacing between the front and
the rear wall was equal to the thickness of the cylindrical bed (9 mm). Thus, different ﬁlling heights were obtained when the same volume of the particles was
poured into the two square beds, i.e. H1 = 20 mm for the bed of length L1 and
H2 = 26 mm for the bed of length L2 .
To determine which square bed design is the best representation of a cylindrical
bed of ﬁll level h = 1/4, we investigated the transition from kinks to the arching
patterns in the square beds. As shown in Figure C.3a, for the bed of length L1 ,
the transition from kinks to the arching pattern matched well the transition from
kinks to the polygon pattern in the vibrated cylindrical bed for the Γ − f −space
studied. On the other hand, for the bed of length L2 , no arching pattern could be
observed in the whole Γ − f −space tested. Thus, with regards to pattern formation, it appears that the square bed of length L1 provided a better representation
of a cylindrical bed of ﬁll level h = 1/4. Figure C.3b further shows a typical set
of snapshots obtained from these two systems. Both patterns are centrally nonsymmetric and are mirrored about the central plane of the bed during subsequent
vibrating cycles.
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Figure C.3: Comparison of the characteristics of the polygon and arching patterns: (a) the transition from kinks to the arching or the polygon
patterns formed within either a square-shaped or cylinder-shaped
bed; (b) snapshots of the arching and the polygon patterns formed
at f = 50 Hz and Γ = 20.1 (the circles highlight the positions of the
nodes formed).

In order to evaluate further the relationship between the polygon and arching
patterns, two additional experiments were performed. First, we used the square
bed (L1 = 115 mm) and measured the radii of the arches formed, which were
anticipated to be close to the inner radius of the cylindrical bed (55 mm). For this
study, A ranged between 1.5 mm and 3 mm and f was varied between 31 Hz
to 50 Hz. Note that only images capturing the fully developed patterns were
employed. The fully developed states were deﬁned as the moment when the
bed as a whole reaches the highest position relative to the container itself. For
such images only complete arches were chosen. The radii of the arches were
averaged over 1 s of measurement for each Γ (approximately 30 − 75 arches per
Γ), and the results are plotted in Figure C.4a as a function of Γ. It can be seen that
for Γ ranging from 13 to 19, the arch radii determined were in close agreement
with the inner radius of the cylindrical bed (55 mm). Additionally, we compared
the boundary length of both the polygon pattern (i.e. the edge length) and the
arching structure (i.e. the length of the curved segment). In Figure C.4b, the
boundary lengths determined are plotted as a function of Γ. For both patterns
the boundary lengths were in close agreement and also independent of Γ.

211



"

!  "    
l 



  
r 

C Polygon-shaped patterns in vibrated cylindrical granular beds










 
   













  
 











   r 

































!  "     l 


















Figure C.4: Comparison of the characteristics of the polygon and arching patterns
(in Figures C.4c and C.4d the following symbols are used: () Ls1 ,
() Ls2 , (♦) Ls3 , (−) R1 , (−−) R2 , (−·) R3 ): (a) comparison between
the radii of the arches and the radius of the brass cylindrical bed, (b)
comparison between the lengths of the boundaries of the polygon (using the brass cylindrical bed) and the arching patterns, (c) comparison
between the radii of the arches and the radii of the PMMA-made cylindrical beds of different dimensions, and (d) comparison between
the lengths of the boundaries of the polygon (using the PMMA-made
cylindrical beds) and the arching patterns.
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C.3 Measurements on the velocity proﬁle of polygon-shaped patterns
Finally, to support further the hypothesis that the formation of polygon patterns in cylindrical beds is the geometrical equivalent of the formation of arching
structures in square beds, the radii of the arches and the boundary length of both
patterns were determined in additional cylinder-shaped beds and square-shaped
beds of different dimensions. The beds were constructed of PMMA and the spacing between the front and the rear wall was set to 15 mm. The inner radii of the
additional cylindrical beds were R1 = 55 mm, R2 = 75 mm and R3 = 95 mm.
A ﬁll level of h = 1/4 was used for each bed, resulting in the following lengths
of the corresponding square-shaped beds: Ls1 = 115 mm, Ls2 = 157 mm and
Ls3 = 199 mm, respectively. The ﬁlling heights of these three square beds were,
thus, Hs1 = 17 mm, Hs2 = 22 mm and Hs3 = 29 mm, respectively. In Figures C.4c
and C.4d, the experimentally determined radii of the arches and the length of the
pattern boundaries are plotted as a function of Γ. Again, the radii of the arches
are in close agreement with the inner radius of the cylindrical beds. Also, the
boundary lengths of both patterns are, as previously observed, independent of Γ
and in close agreement with each other.

C.3 Measurements on the velocity proﬁle of polygon-shaped
patterns

W 7

W 7

W 7

D

E

Figure C.5: Snapshots of the polygon and arching patterns formed within, respectively, either a cylinder-shaped or a square-shaped quasi-2D bed
(A = 0.002 m, f = 40 Hz). T is the period of the external excitation.
The arrows highlight the positions of nodes. (a) Polygon pattern; (b)
arching pattern.
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Figure C.6: Comparison of polygon and arching patterns formed within either
a cylinder-shaped or a square-shaped quasi-2D bed (t = 0,
A = 0.002 m, f = 40 Hz): (a) horizontal velocity magnitude; (b)
vertical velocity magnitude; (c) velocity vectors superimposed on the
velocity magnitude.
214

C.3 Measurements on the velocity proﬁle of polygon-shaped patterns
To understand further the characteristics of polygon-shaped patterns formed in
a vibrated, cylindrical granular bed, we used particle image velocimetry (PIV) to
analyze the velocity of the particles in the bed and compared it with the particle
dynamics in a vibrated, rectangular bed forming arches. To aid the PIV analysis, a
homogeneous mixture of white and orange particles was employed. The particles
were imaged using the high-speed CCD camera (Nikon, 496RC2), from which
the data were automatically transferred to a computer. The frame rate of the
camera was set to 400 Hz, which is ten times the vibration frequency. The size of
the image obtained was 1024 × 1024 pixels. The bed was illuminated using two
lamps placed in front of the bed.
Here, the ﬁll level of the cylindrical bed was set to h = 1/4. Figure C.5 compares the dynamics of the two patterns for a duration of 0.0625 s. Both patterns were generated using the same agitation conditions of A = 0.002 m and
f = 40 Hz. Here the polygon pattern is non-symmetric and during subsequent
vibrating cycles the pattern is mirrored about the central plane of the bed. The
bed always displays two nodes. On the other hand, the arching pattern is symmetric about the central plane and the number of nodes alternates between two
and three during subsequent vibrating cycles. We deﬁne a node as the boundary between neighboring arches or edges, or between an arch and the sidewall.
Once a node of a polygon or an arch impacts with the bottom wall, the particles
colliding with the wall move sideways in opposite directions, away from the original node. Subsequently, a new node forms when particles moving in opposite
directions from two neighboring nodes meet.
Velocity proﬁles were obtained via particle image velocimetry (PIV) by averaging the particle velocities at one speciﬁc point of a vibrating cycle over 1 second,
i.e. only images capturing the fully developed patterns were analyzed. Fully developed patterns were deﬁned as the moment when the granular matter as a
whole reaches the highest position relative to the container itself, i.e. at t = 0
and t = 1.2T as shown in Figure C.5. Using the patterns exhibited at t = 0, Figures C.6a-C.6c compare the particle velocity proﬁles of the polygon and arching
structures formed within a cylinder-shaped and a square-shaped quasi-2D bed,
respectively. One signiﬁcant difference between the velocity proﬁles of the two
patterns is that the velocities around the nodes are symmetric for the arches but
asymmetric for the polygons. Considering a line that passes through the center
of the cylinder and intersects a node, dividing the local structure into two parts,
we deﬁne the material below this line as zone A and the material above this line
as zone B (Figure C.7). The particle velocity within each zone can be calculated
based on the local particles around a node, which are inside a rectangular box of
length 15 mm and width 10 mm. It can be concluded that the particles within
zone A have higher horizontal velocities but lower vertical velocities than the
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particles within zone B. In total, the particles within zone A have slightly higher
velocities than the particles within zone B. We compared further the velocity features of the polygon and arching patterns for the patterns exhibited at t = 1.2T.
As expected, the asymmetry of the velocity proﬁles around the polygon nodes
remained, whereas the arching pattern still displayed highly symmetric velocity
structures at the nodes.
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Figure C.7: Schematic diagram showing the positions of zone A and zone B: (a)
non-symmetric polygon; (b) symmetric polygon.
Subsequently, velocity proﬁles of a symmetric polygon pattern formed within
the same vibrated cylindrical bed (A = 0.003 m, f = 40 Hz) were obtained using
the PIV (Figure C.8). The times analyzed, i.e. t = 0 and t = 1.2T, correspond to
the fully developed patterns that are shown in Figure C.1g. At t = 0, there are
two nodes located approximately equal-distant from the central plane of the bed.
It can be calculated that around the nodes the particles in zone A have higher velocities than those in zone B. At t = 1.2T, the system displays three nodes. One
node is located at the bottom of the bed, and the other two are located approximately equal distance from the central plane of the bed. It can be observed that the
velocity is highly symmetric about the node located at the bottom of the bed. At
the other nodes the particle motion is asymmetric with particles in zone A moving faster than those in zone B in both horizontal and vertical directions. Note
that, as expected, the velocity proﬁle as a whole is symmetric about the central
plane of the bed.
One feature of cylinder-shaped beds that is not shared by square-shaped beds
is that the ﬁlling height varies spatially. To understand better the inﬂuence of this
spatially varying ﬁlling height on the asymmetry of the velocity proﬁles around
the nodes in the polygon pattern, we constructed a new cylindrical bed with an
inner diameter of 150 mm. Except for its larger diameter, the larger cylinder was
identical to the smaller cylindrical bed. We ﬁlled the same quantity of particles
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Figure C.8: Velocity proﬁles of symmetric polygon patterns formed within a
cylinder-shaped quasi-2D bed (A = 0.003 m, f = 40 Hz; Left column:
t = 0; Right column: t = 1.2T): (a) horizontal velocity magnitude; (b)
vertical velocity magnitude.

into the bed, i.e. the particles corresponding to a ﬁll level of h = 1/4 in the bed
of inner diameter 110 mm, resulting in a ﬁlling height of H = 26 mm (h = 0.173)
in the new bed. Here, the length along the top surface of the particles is approximately 114 mm, which is close to the length of the square-shaped bed used
previously (115 mm). The external vibration conditions were the same as before
(A = 0.002 m, f = 40 Hz) and the velocity proﬁles of the fully developed polygon
patterns were again obtained by averaging the particle velocities over 1 second.
Figure C.9 shows snapshots of the polygon patterns for this larger bed and the
corresponding velocity ﬁelds. From Figure C.9a it can be seen that the lengths of
the polygon edges are more similar to one another than for the smaller cylinder.
Though it was still demonstrated that the particles in zone A have higher horizontal velocities but lower vertical velocities than those in zone B, the velocity
proﬁles of these two zones are more symmetric to each other (Figures C.9b-C.9c).
Since the spatial variation of the ﬁlling height in the larger cylinder is smaller
when compared to the smaller cylindrical bed, it is believed that the spatially
varying ﬁlling height in cylindrical beds is the main cause of the asymmetric velocity proﬁles in such systems. In other words, for nodes formed in a polygon
pattern, if the ﬁlling heights on both sides of the node are different, asymmetric
velocity proﬁles can be expected around the node, and this asymmetry is particu-
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larly pronounced for beds in which the local variation of the ﬁlling height is large.
On the other hand, if the ﬁlling heights on both sides of the node are the same,
the velocity proﬁle will be symmetric about the node.
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Figure C.9: Velocity proﬁles of polygon patterns formed within a cylinder-shaped
quasi-2D bed of inner diameter 150 mm (A = 0.002 m, f = 40 Hz;
Left column: t = 0; Right column: t = 1.2T): (a) snapshots of the
fully developed polygon patterns; (b) horizontal velocity magnitude;
(c) vertical velocity magnitude.

C.4 Conclusions
To summarize, a previously unreported polygon-shaped pattern, formed in a
vertically vibrated quasi-2D cylindrical bed, is reported. We propose that the
polygons formed inside a cylinder-shaped bed are a geometrical transformation
of the arching structure typically encountered in square-shaped vibrated beds.
Evaluation of characteristics of the patterns, such as the radii of the arches and
the lengths of the polygon and arching boundaries, conﬁrmed the close relationship between the two patterns. However, using particle image velocimetry (PIV),
we found a signiﬁcant difference in the velocity proﬁles of the polygon and the
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C.4 Conclusions
arching patterns formed, i.e. the velocity ﬁelds around the nodes of the polygon
structure were not symmetric, whereas the arching pattern showed highly symmetric velocity proﬁles. We speculate that the spatially varying ﬁlling height of
the cylindrical bed is the main cause of the asymmetric velocity proﬁles within
such systems. Studies in a cylindrical bed with a larger diameter were consistent
with this explanation.

Nomenclature
A
f
g
h
H
l
L
r
R
t
T
V
Vx
Vy
X, Y

Vibration amplitude (m)
Vibration frequency (Hz)
Gravitational acceleration (m/s2 )
Fill level (-)
Filling height (m)
Length of boundary (m)
Length of bed (m)
Radius of arch (m)
Inner radius of cylindrical bed (m)
Time (s)
Period of external vibration (s)
Velocity (m/s)
Horizontal velocity (m/s)
Vertical velocity (m/s)
Coordinates (m)

Greek letters
Γ
Dimensionless acceleration (-)
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permission of Springer. (ii) Proceedings of the 7th International Conference on
Micromechanics of Granular Media, The formation of polygon-shaped patterns
in vibrated, cylindrical granular beds, 1542, 2013, 759 − 762, G. Lu, J. R. Third, M.
H. Köhl, and C. R. Müller, Copyright (2013), with the permission of AIP Publishing.
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