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Abstract

A simple yet powerful way to address most questions in physics and information
theory is to ask: “What is possible, and what is impossible, for an agent operating
under a given set of constraints? And what would become possible if the agent had
access to an additional set of resources?” This idea is at the heart of resource theories, a tool that was first introduced in quantum information theory in the context of
entanglement theory, where it gave rise to the well-known concepts of entanglement
of formation and distillation, and has found many applications since. For example,
thermodynamics has long been understood as a theory that imposes fundamental
constraints, like the second law of thermodynamics. Generalising this idea, resource
theories of quantum thermodynamics have now shown that microscopic processes
are governed by a whole family of second laws, which involve single-shot entropies
known from information theory.
While resource theories have greatly advanced our understanding of many areas in
physics, there are a few important aspects that have not yet been addressed explicitly
within existing resource theories; it is the main aim and contribution of this thesis to
fill these gaps. The first aspect concerns the subjective knowledge of agents. In quantum information theory, this is normally represented by means of density matrices
— this does not admit approximate descriptions, coarse-grained descriptions such as
specifying a few observable properties, or other kinds of non-probabilistic knowledge.
This in particular implies that resource theories cannot study exactly how lack of
knowledge influences the way that agents may exploit resources. The second aspect
is that current resource theories cannot model the way that different agents interact
and perceive each other’s actions. Resource theories are lacking tools to include several agents within the same framework, who may differ in their knowledge and their
language to describe resources, such as a macroscopic observer and a microscopic
“demon” in the Maxwell demon thought experiment. The final aspect concerns the
understanding of subsystems and the composition of resources, as well as the way
that one can quantify resources and the cost of transformations. Current resource
theories pursue a bottom-up-approach: individual resources can be composed with
the tensor product, and resources are quantified in terms of copies of resources and
their asymptotic conversion rates. However, with such a model one cannot capture
situations in which there are unknown correlations between subsystems — likewise,
resource theories are lacking tools to quantify resources in the single-shot regime.
This thesis develops the missing tools to address these issues and formalises subjective knowledge as well as the interaction of different agents in resource theories.
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Kurzfassung
Ein einfacher und doch vielversprechender Weg, die meisten Probleme der Physik
und Informationstheorie anzugehen, ist, zu fragen: “Was ist möglich, und was
unmöglich, wenn man unter gewissen Restriktionen arbeitet? Und was könnte man
erreichen, wenn man noch zusätzliche Ressourcen zur Verfügung hätte?”
Diese Idee liegt den sogenannten Ressourcentheorien zugrunde. Ressourcentheorien wurden in der Quanteninformationstheorie als Erstes im Zusammenhang der
Verschränkung durch die LOCC-Theorie betrachtet, welche die berühmten Verschränkungsmasse der ‘entanglement of formation’ und des ‘distillable entanglement’
einführte — Ressourcentheorien allgemein werden bis heute in vielen Bereichen mit
grossem Erfolg angewandt. Ein Beispiel hierfür liefert die Thermodynamik, welche
lange schon als eine Theorie verstanden wurde, die uns fundamentale Grenzen setzt,
wie etwa das zweite Gesetz der Thermodynamik. Nun konnten Ressourcentheorien
für Quanten-Thermodynamik zeigen, dass für mikroskopische Prozesse eine ganze
Familie von “zweiten Hauptsätzen” gelten, die sich mit Hilfe von sogenannten Singleshot Entropien, die wir aus der Informationstheorie kennen, ausdrücken lassen.
Obwohl Ressourcentheorien unser Verständnis in vielen Bereichen der Physik und
Informationstheorie erweitert haben, gibt es eine Reihe wichtiger Aspekte, die bisher
noch nicht explizit von Ressourcentheorien formalisiert wurden oder überhaupt formalisierbar waren — diese Aspekte zu beschreiben ist das Hauptziel, und der grösste
Beitrag, dieser Dissertation. Der erste Punkt bezieht sich auf den Aspekt des subjektiven Wissens. In der Quanteninformationstheorie wird dies üblicherweise mit
Dichtematrizen beschrieben — damit lässt sich kein Teilwissen, z.B. Wissen über
bestimmte Messergebnisse oder makroskopische Eigenschaften des Systems, oder
andere Formen von nicht probabilistischem Wissen darstellen. Zweitens können
Ressourcentheorien momentan nicht modellieren, wie verschiedene Beobachter, die
unterschiedliches Wissen über ein System haben, miteinander interagieren und die
Handlungen der anderen wahrnehmen. Der letzte Aspekt betrifft unser Verständnis
von Subsystemen und das Zusammenbringen von Ressourcen, sowie die Mittel, um
Ressourcen zu bewerten und die Kosten eines Prozesses zu bestimmen. Momentan verwenden Ressourcentheorien einen “bottom-up” Ansatz: einzelne Ressourcen
können mit dem Tensorprodukt kombiniert werden, und Ressourcen werden mit
Hilfe von asymptotischen Konvertierungsraten bewertet. Damit lassen sich allerdings keine Situationen beschreiben, in denen ein Beobachter die Korrelationen zwischen Subsystemen nicht oder nur beschränkt kennt — ebenso fehlen Mittel, um
Ressourcen im Single-shot Limit, also bei einmaliger Verwendung, zu bewerten.
Diese Arbeit entwickelt die nötigen Werkzeuge, um diese Aspekte zu behandeln,
und um subjektives Wissen sowie die Interaktion verschiedener Beobachter zu modellieren.
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Chapter 1

Introduction
1.1

Principle theories, constructive theories, and resource theories

In a famous letter to the London Times in 1919, Einstein [1] argued that there are two important types of physical theories, which he called constructive theories and theories of principle.
Constructive theories, such as the kinetic theory of gases, or yet more detailed models that describe the motion and interactions of individual particles, provide a complete explanation of the
observable phenomena in terms of the underlying microscopic processes that occur. Principle
theories, on the other hand, merely specify rules and guidelines for what may and what may
not occur, without reference to the detailed processes that gives rise to those principles.
Perhaps the most prominent examples for principle theories, which Einstein himself used to
make his argument, are traditional, phenomenological thermodynamics, and Einstein’s very own
relativity theory. The laws of thermodynamics are a collection of empirical and logical principles
that involve loosely defined concepts such as thermal equilibrium, heat and work, and that rest
on the idea that it is impossible to create a ‘perpetuum mobile’, a machine that extracts work
in a cyclic process without consuming other resources. Relativity theory, in Einstein’s view,
is similarly based on a set of underlying principles, such as postulating a constant speed of
light and identical physical laws in all reference frames, isotropy and homogeneity of space, or
equality of inertial and gravitational mass.
While principle theories, in contrast to constructive theories, may not offer a complete
explanation for what we observe, they have various important advantages. Crucially, when
the underlying processes and workings are not yet known exactly, principle theories can offer
guidelines and useful restrictions on how any underlying model must behave. For example,
relativity theory makes no reference to the inner workings of clocks and rods or the forces that
act inside them, yet it tells us precisely how moving objects must contract and how the time on
a moving clock must be dilated. Furthermore, by virtue of their generality and because they rely
solely on empirical principles and logical necessities, principle theories are conceptually simpler
and have a wider scope than constructive theories. We usually attribute a universal character
to their statements, laying out the constraints that any microscopic theory must satisfy. For
example, the principles of thermodynamics have been verified in many different systems and
in the context of different microscopic models; likewise, the non-signalling principle is largely
viewed as a cornerstone of modern and future physical theories.
The search for such fundamental principles is at the heart of so-called resource theories,

3

an approach within information theory that is itself based on earlier work in the fields of
economics, philosophy, mathematics and computer science [2]. Resource theories are formal
models of agents that are subject to certain constraints. These constraints could take very
different forms: they could arise from rules in a game such as chess, Lego or solitaire, describe
trading that can occur in an economy, correspond to experimental constraints in a lab, or
represent the fundamental laws of nature. In any such setting, resource theories can abstract
from an underlying theory, and make statements about what is possible and what is impossible
for the agents they describe. They provide tools to determine what is resourceful and what is
not, separate what is difficult from what is simple to achieve, and specify which processes can
be reversed. Crucially, although sometimes starting from an underlying constructive theory,
resource theories allow us to obtain such results without making reference to an underlying
model that would specify exactly how transformations occur, in much the same way as Einstein’s
principle theories.
An example of a simple resource theory where this can be seen is discussed in [2], where
the author builds a resource theory for chemistry from different chemical substances that can
be brought together, and a description of which reactions can occur between these components.
Without a microscopic model of how the components interact and how exactly the chemical
reactions take place, such a resource theory can derive which substances can be created from a
given set of initial components, specify which reactions are reversible, and quantify which components or additional resources would be required to reach a given final substance. Formalising
the basic empirical principles that can directly be observed, such a resource theory provides the
frame for a more precise theory — it specifies the rules that must be obeyed by any microscopic
model seeking to fill the gaps and explain the reactions in detail.
Another example of resource theories is that of LOCC, the resource theory of local operations
and classical communications [3, 4]. This theory arises from modelling experimental constraints
faced by two cooperating parties Alice and Bob that operate in distant laboratories. They can
perform local operations in their own labs and exchange classical communication, but they cannot send quantum information to each other. This resource theory has become an important
tool in entanglement theory, and has introduced entanglement measures such as the entanglement of formation and the distillable entanglement. Like a resource theory for chemistry, the
resource theory of LOCC can abstract from the underlying model and develop tools for deciding
which transformations are possible and which are not, without making reference to the actual
transformations that take one resource to another. For example, it has been shown that in
bipartite LOCC, whether or not one pure states can be taken to another can be decided purely
by means of the majorization relation between the eigenvalues of the respective marginals [4].
Similarly, entanglement measures and other monotones in LOCC can give simple necessary or
sufficient criteria for resource conversions, revealing fundamental principles of the theory.
In general, resource theories enable us to formalise and extract the principles that lie behind physical theories. This can be of great help when such principles may not yet be fully
understood. For example, information theory and in particular its resource-theoretic approach
has significantly advanced our understanding of the physical principles that may lurk behind
quantum theory — a setup very close to LOCC has for instance revealed the principle of information causality [5]. While without doubt an extremely successful theory, quantum mechanics
is perhaps the prime example of a theory that is heavily based on its mathematical formalism
rather than derived from physical axioms, and it is still the aim of ongoing research to find and
simplify the physical principles that single out quantum theory [6–8]. Given that entanglement
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is one of the most counterintuitive features of quantum mechanics, it is perhaps not surprising
that resource theories in quantum information theory made their debut with LOCC [3, 4].
Since resource theories can help extract and formalise principles behind a theory, it is not
surprising that one can also formulate a resource theory of phenomenological thermodynamics.
This in essence forms the starting point for the axiomatic approach to thermodynamics brought
forward in [9–13], which itself builds upon the ideas of earlier axiomatisations such as [14–16].
Namely, one can study whether or not one thermodynamic state on a given system can be
transformed into another by means of an adiabatic process 1 . As a result, one obtains a pre-order
on the set of thermodynamic states, a reflexive and transitive relation, of so-called adiabatic
accessibility, essentially defining a resource theory [17]. Furthermore, it turns out that the
concept of entropy arises as the unique monotone function along this pre-order that has the
appropriate additivity and scalability properties [9–11], and that the pre-order is in fact fully
characterized by means of this function. The second law of thermodynamics essentially follows
directly from this statement — in other words, a fundamental principle of thermodynamics
can be seen as arising from such a resource theory. What is more, the resource theoretic
perspective can be used to directly connect microscopic models with macroscopic models for
thermodynamics, by showing that the same principles can be used in either case to define
entropy — this link can in fact be extended to information theory and holds also for more
general information theoretic entropy measures [18].
In part, resource theories are so powerful because of the subjective or agent-based approach
they employ. From the perspective of resource theories, any question about a physical theory
ultimately reads: “What can be achieved by an agent subject to certain constraints?” Or, more
specifically: “What are the valuable resources for such an agent, what is accessible and what
is inaccessible to him?” Such an approach allows us to study a physical theory in terms of
tasks set for different agents — these agents can make use of a set of allowed operations to try
and achieve their goals. This makes resource theories perfectly suited for comparing different
theories and resources within. For instance, a resource theory in which separated agents have
access only to local operations (and no classical communication) is well-suited for comparing
the power of classical versus quantum communication, or study how well different resources can
be used for tasks like teleportation or superdense coding. Similarly, within thermodynamics
resource theories can provide a link between macroscopic and microscopic models [18, 19].
While the success of resource theories has been demonstrated in particular examples, there
is a clear need for a systematic framework that formalises the tools developed in those theories
and that can be applied more generally [2,17,20–22]. It is the main aim of this thesis to present
such a general framework 2 , and to show how it can be applied in a number of examples from
quantum thermodynamics and information theory to derive and formalise a set of new and
known results. A major new ingredient in this framework is the idea of explicitly modelling the
subjective knowledge held by different agents.

1

In [9–12], these are defined as processes that leave the environment unchanged, except for a weight having
risen or fallen, as a result of the process.
2
The foundations of this work were laid in [23], and developed further in [21] and [22] (see Section 1.2.4).
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1.2
1.2.1

About this thesis
Main objectives

This thesis presents a framework for resource theories containing four main aspects that extend
traditional resource theories known from quantum thermodynamics and information theory,
and that differentiate it from other models for resource theories proposed recently [2, 17].
The first aspect concerns subjective knowledge, which in this approach is modelled by means
of specifications. Crucially, this framework understands knowledge itself as a resource: the more
precise a description an agent has of a given system, the more he can exploit that system to his
benefit. A famous example of this, which will be discussed later (Chapters 3 and 5), is given by
the Maxwell demon thought experiment, where a microscopic agent (the demon) can seemingly
violate the second law of thermodynamics because he knows the positions and velocities of the
individual particles in a gas. Similarly, in thermodynamics a system in an energy eigenstate
can be used to perform work, but this energy cannot be extracted with certainty if the state of
the system is unknown (such as when the system is thermalised at some temperature).
Traditional resource theories in quantum information theory describe resources by means of
quantum states, which can in many situations only represent an agent’s subjective knowledge
to a limited degree (Chapter 3). In contrast, specifications allow us to formulate essentially
arbitrary descriptions of a system available to the agent. This includes probabilities of error, or
confidence regions around a particular quantum state ρ, e.g. described by an ε-ball B ε (ρ) around
the state with respect to some metric on state space. It further includes local descriptions such
as reduced states, as well as descriptions of resources that specify only a few coarse-grained,
macroscopic properties or measurement results with respect to a restricted set of observables.
This allows us to study how much particular protocols depend on precise knowledge and control
of the underlying systems, and directly treat knowledge as a resource (Chapters 4 and 8).
The second novel aspect of this framework concerns the question of how to relate different
resource theories, or different agents within the same theory. Traditional resource theories rarely
address this question, and within usual models there are no formal tools that allow one to do
this. For example, since there are resource theories for both phenomenological thermodynamics
and quantum thermodynamics, one would expect that such theories can be used to connect
the different pictures. While the different notions of entropy in macroscopic thermodynamics
and information theory can be connected through resource theories on an abstract level [18],
resource theories usually make use of the asymptotic limit of infinitely many identical and
independent copies of resources (the i.i.d. limit) [2, 19, 24] to derive macroscopic results from
a microscopic theory — which however ignores correlations that may be present between the
individual systems. This framework, on the other hand, allows us to take a different approach.
It introduces the concepts of embeddings and restricted agents, which can relate agents and
resource theories that differ in their descriptions of resources as well as in the transformations
available to them. These tools can be used to connect macroscopic and microscopic agents in
resource theories, such as Maxwell’s demon and the macroscopic observer in Maxwell’s thought
experiment, but also global and local agents that operate on subsystems within the global
theory.
Modelling local agents as restricted agents within a global theory then paves the way to a
new understanding of subsystems, the third novel aspect of this framework. Instead of assuming
a pre-defined subsystem structure, where local resources can be combined to yield a resource
on a bigger system, this framework allows us to derive subsystems from a global theory, and
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model restricted agents operating in a global theory (Chapter 6). The idea is that subsystems
really correspond to operational simplifications of the global space: they can be used to find
efficient descriptions of local agents and relate different agents that operate in a global theory,
e.g. through notions of secrecy (Section 7.1), relevant in cryptography and related to the nonsignalling principle. This gives rise to natural generalisations of the tensor product composition
of resources, which can model lack of control over correlations between different systems.
Finally, the fourth main aspect introduced here concerns the concept of currencies in resource theories (Chapter 8). This is a useful tool to quantify resources such as entanglement,
purity or free energy, with respect to a set of resources that are considered a “standard”, and
that are easier to characterise. Such resources could for example be Bell pairs in the resource
theory of LOCC, or the so-called sharp states in noisy operations of [18,25], but more generally
could involve an arbitrary set of resources that happen to be convenient to a particular agent.
Currencies can be used to derive monotones in a particular resource theory, as well as sufficient
conditions for resource transformations. They thus provide further insight into the structure
of the pre-order on resources, which might otherwise not be simple to characterise. While
the general idea of quantifying resources in terms of other resources is not new, most current
applications, such as the concepts of distillable entanglement and entanglement of formation
in LOCC, or the generating pairs of [2], concern the asymptotic limit of many identical and
independent copies of resources. In contrast, the currencies introduced here allow us to derive
results that concern the so-called single-shot regime of individual resources. The definition of
currencies presented here is based on an axiomatic approach to thermodynamic entropy for
systems out of equilibrium set out in [12, 13], and the application of this framework to resource
theories of quantum thermodynamics and information theory [18].
By discussing various examples throughout the thesis, I will try to convince the reader of
the wide range of applicability of the tools presented here and the insight that this framework
provides into different areas of physics and information theory.

1.2.2

Whom this thesis might interest

Because of the many topics touched by the framework and the examples presented here, this
thesis might be of interest to researchers from different communities and backgrounds. To my
eye, the following areas stand out in particular.
• Quantum thermodynamics and information theory:
These areas are the primary focus of this thesis, and the main source of examples that I
discuss. For example, the resource theories of noisy and thermal operations characterise
information processing in a noisy environment and thermodynamics at a microscopic scale;
the resource theory of LOCC characterises entanglement in quantum information theory.
For a reader with a background in thermodynamics, the ideas of specifications, embeddings
and restricted agents presented in this thesis (Chapters 4 and 5) might be of particular
interest, as they allow us to model and relate the knowledge and actions of different agents
within one resource theory. Specifications allow us to formalise arbitrary descriptions of
physical systems, such as a class of states that fit a set of observations but may include
unknown correlations between subsystems. Embeddings and approximation structures
furthermore shed light on new ways to connect the theories of macroscopic and microscopic
thermodynamics without introducing an equal probability postulate or assumptions about
the nature of correlations (see also Chapter 9).
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Finally, from a resource theoretic perspective the most relevant insights could lie in the
specification approach (Chapter 4), as well as the tools developed in Chapters 7 and 8
concerning generalised composition of resources, catalysis and currencies.
• Philosophy, logic and mathematics:
The ideas of specifications, embeddings and approximations (Chapters 4 and 5) bear close
resemblance to concepts and tools developed in epistemic logic (see Chapter 9). To some
extent, one can understand the present framework as introducing epistemics to resource
theories, bringing in a simple model for subjective knowledge. To a reader familiar with
such concepts, it might be interesting to look closely at the definitions of specifications,
embeddings and approximations and compare them to similar notions in epistemic logic.
In particular, the reader may also be interested in the discussion about probabilistic versus
non-probabilistic knowledge (Chapter 3) and the treatment of probability and convexity in
this framework, including the notion of probabilistic equivalence discussed in Appendix F.
The arguments presented here may also challenge, but hopefully appeal to, a reader supporting a Bayesian view on probabilities.
Resource theories themselves connect to various areas in mathematics and computer science such as category theory and linear logic (an excellent outline of these connections can
be found in [2]). A reader familiar with these theories may be interested in how, and to
which extent, resource theories apply very similar tools to physics and information theory
— to this end, Chapter 2, Chapter 4 as well as the various examples discussed throughout
this thesis may be of use.
• Foundations of quantum theory:
Some of the questions raised in this thesis, and some of the tools developed, may be of
interest for the subject of foundations of quantum theory. In particular, the notions of
embeddings, subsystems, secrecy and generalised composition (Chapters 5, 6, and 7) may
find applications in generalised probability theories, and further study of resource theoretic
scenarios may yield further insight into axiomatisations of quantum theory. In particular,
one might hope to introduce a model of measurements into this framework, combine it
with the ideas of subsystems and restricted agents and recover results similar to the recent
work on recovering the Born rule from non-probabilistic models [26] — this would in turn
shed light for example on the (extended) Wigner’s friend thought experiment [27], and
yield interesting results for the foundations of quantum theory. While the ideas here
really constitute a proposal for future work (see Chapter 9), a reader interested in such
foundational aspects may want to keep them in mind when reading this thesis.
• Relativity, field theory and causal relations:
The operational approach to subsystems employed here would be particularly interesting
to apply to field theory, and to compare with similar techniques that are already in use.
In particular, the focus on commutation of transformations and the derivation of subsystems on the level of transformations through the bicommutant presented here resembles
elements of algebraic quantum field theory, but the precise relation between these ideas
is not fully explored; an interested reader is encouraged to also make up his own mind on
this. In addition, the link between secrecy and non-signalling explored in Chapter 7 may
be of interest to a reader looking for connections to relativity theory, as well as the ideas
on defining operational notions of distance, space-time and causal relations from secrecy
relations.
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• Cryptography:
Finally, this framework can bring various ideas and insights into cryptography. The reader
may find the top-down approach employed here (Chapter 6), the notion of secrecy (Chapter 7) and the idea of modelling restricted agents in a global resource theory through
embeddings (Chapter 5) of particular interest, since these tools might allow for a consistent treatment of different (trusted and untrusted) parties and their knowledge in cryptographic setups. The concepts derived in this work could also be taken as a starting point
for a larger program of applying tools and ideas from epistemic logic to cryptography.
I hope that this framework can serve in part as a bridge between these different topics, and
that further connections become apparent as the framework continues to be developed. I also
hope that a reader familiar with other areas may fill some of the gaps that were inevitably left by
the analysis presented here — while I have tried to draw connections to these areas throughout
this thesis, and in particular in Chapter 9, it would be extremely interesting to explore in more
detail the connections between the ideas developed here and similar concepts studied in these
other fields.

1.2.3

Structure and main results of this thesis

The following overview highlights the main results and insights that will be presented in each
chapter of this thesis.
Chapter 2 (Preliminaries): In this chapter, I give an introduction to resource theories, and
show why they have proven so useful in physics and information theory. In particular, I formally
define and give an overview over the different resource theories that have been developed in
quantum thermodynamics, and present the main results that have been derived from them.
Finally, I introduce the basic notation and definitions needed for the remainder of this thesis.
Chapter 3 (Modelling knowledge): Chapter 3 contains a discussion on how one should
model subjective knowledge in physics and informations theory. It contrasts a fully Bayesian
approach with a non-probabilistic model for (lack of) knowledge, and shows with a few examples
how the latter approach sometimes yields significant advantages over probabilistic modelling.
Most importantly, in constrast to a Bayesian approach, modelling non-probabilistic knowldege
is often simpler, and in general independent of subjective choices of prior distributions, thus
valid for different agents. Furthermore, one can more easily keep track of and compare acquired
knowledge between different agents. This is in fact already in use by Bayesians when it comes to
subsystems (hidden within the partial trace, or marginal probability distributions, respectively).
Chapter 4 (Framework): Here, I introduce the concept of specifications to model subjective
and non-probabilistic knowledge in resource theories. Most importantly, specifications can
capture approximate knowledge, uncertainty about probability distributions, or any other kind
of coarse-grained knowledge, all with the same simple formalism. Furthermore, this chapter
shows how the specification formalism gives rise to “resource theories of knowledge”, in which
access to physical transformations and the aspect of subjective knowledge are put on the same
footing: the more an agent knows about a system, the more he can exploit it, and the more
valuable it is to him (Proposition 4.2.3).
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Chapter 5 (Embeddings): This chapter introduces the concept of embeddings, which enables us to relate different agents that describe resources in terms of different state spaces. This
can be used both in the context of thermodynamics, in which one could understand macroscopic
states as equivalence classes of many microscopic states that are compatible with the macroscopic description, as well as in the context of local agents. Approximations and convexity
behave nicely under embeddings (Propositions 5.5.1, 5.5.3 and 5.6.1), and repeated coarsegrainings are combined in nested embeddings (Propositions 5.4.2 and 5.4.3).
Chapter 6 (Subsystems): While traditional resource theories take a bottom-up approach
to subsystems, specifying local resources and how they can be composed to yield joint resources
(usually through the tensor product), this chapter introduces a top-down approach, in which
subsystems and local descriptions of resources can be derived rather than assumed (Propositions 6.5.2, 6.5.3, 6.5.6 and Theorem 6.5.10). Subsystems then correspond to restricted agents
that satisfy a number of additional criteria, which match the operational properties of the resource theory: functions on different subsystems should commute, and it should not be possible
to observe the effects of a transformation on one subsystem from the point of view of an independent subsystem. These properties imply a number of further aspects (Propositions 6.4.2, 6.4.3
and 6.4.4) — most notably, that different local descriptions can be used to model the effect of
local transformations, and later recombined (Theorem 6.4.5). Finally, one can find various criteria for when resources on different subsystems can be composed (Proposition 6.4.8), in which
case one can then essentially recover a bottom-up structure in the resource theory.
Chapter 7 (Applications): In this chapter, I discuss some applications of the tools developed in previous chapters, such as those introduced in Chapter 6: most importantly, this chapter
features a notion of secrecy, which connects to the non-signalling principle (Proposition 7.1.9),
and introduces generalised composition operations for resources that share important properties
of tensor product composition in traditional resource theories, yet allow for correlations that
cannot be fully controlled (Proposition 7.2.4). Furthermore, this chapter provides insight into
how catalysts can be understood within this framework (Section 7.4), introduces the notion of
effective resource theories, and discusses generalised copies and conversion rates in a top-down
approach, incorporating generalised composition of local resources that goes beyond the tensor
product.
Chapter 8 (Quantifying resources): This chapter features some results on how the preorder for general resources can be characterised. On the one hand, it turns out that monotones
from traditional resource theories can be directly carried over to specification space when optimising over the states within the specifications (Theorem 8.1.1). On the other hand, this
chapter introduces the tool of currencies, inspired by a similar idea in axiomatic thermodynamics [12, 13] to characterise the entropy of states out of thermodynamic equilibrium, and by the
concepts of entanglement of formation and distillable entanglement in the resource theory of
LOCC. The main idea is that while the general pre-order may be complex, in many cases one
can find a simpler totally ordered structure within the pre-order, the currency, and quantify
other resources and transformations in terms of the currency. This procedure not only yields
monotones for the resource theory, as well as sufficient conditions for resource transformations
(Theorem 8.2.6), but also helps to find operational measures for the underlying resources in
single-shot scenarios. In this way, it may be possible to find operational measures for multi-
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partite entanglement, asymmetry, or other resources. The last part of Chapter 8 applies the
technique to the resource theory of unital maps in the spirit of [18] and derives expressions
for the cost of creating specifications, and the yield that can be extracted from specifications
(Propositions 8.3.2 and 8.3.3, Theorem 8.3.5). These quantities, analogously to [18], could also
be interpreted as entropies of specifications. The technique of currencies allows us to study
cases where correlations between different systems cannot be excluded, and where the underlying states are only known to some precision, or the agent allows for some probability of failure
in the processes he implements (Propositions 8.3.8, 8.3.9 and 8.3.10).
Chapter 9 (Conclusions): Finally, Chapter 9 gives a summary of the achieved results and
highlights again the most important contributions made in this thesis. Furthermore, I will
discuss the relations to other work and other areas of physics, mathematics and information
theory in more detail. I will also discuss directions for future research on the topics presented in
this thesis — this includes a first set of ideas of how specifications and embeddings might be used
to connect macroscopic and microscopic thermodynamics, and to go beyond the assumption of
free and unlimited Gibbs states in heat baths.

1.2.4

Contributions

Most of the work presented in this thesis is joint work with Lı́dia del Rio, as well as my supervisor
Renato Renner. In particular, the building blocks of this work have already featured in [23],
where the concepts of specifications, embeddings, approximations and some of the ideas on
deriving operational subsystems have been introduced to resource theories 1 . The framework
was then further developed in [21], where in particular the notions of subsystems and local
agents have been revised. This work forms the basis of this thesis; in particular, Chapters 4, 5
and 6, Section 7.3 and Appendix A, B,C, and F have been adapted from [21] 2 .
Chapters 2, 3 and 9 were written for this thesis 3 . Chapter 7 is also mostly new work:
Section 7.1 is adapted from [29]; the remaining sections (except 7.3) were written for this thesis,
but are based on earlier work intended for [22], ultimately tracing back to ideas and definitions
that featured in [23]. They are also joint work with Lı́dia del Rio 4 .
Finally, the concept of currencies, in the way it is treated here in Chapter 8 and Appendix E 5 , is motivated by an axiomatic approach to thermodynamics and entropy [9, 12, 13],
and the work of [18], in which we applied that approach to resource theories. While the actual
work on currencies presented in this thesis is adapted from [22], some of the calculations are
very similar to those performed in [18], and developed in the course of Mirjam Weilenmann’s
Master thesis at ETH 6 . The statements that appear in the last part of Appendix E, concerning
the example of unital maps, are adapted from [30], in which we extend our previous results
of [18] to probabilistic transformations.
1

The idea of specifications traces back to the analogous concept introduced in cryptography in [28].
In the course of writing this thesis, I have however simplified the definitions and statements concerning
embeddings, and reexamined as well as highlighted the operational features of subsystems.
3
Some of the arguments in favour of non-probabilistic knowledge already featured in [21] — the others are
based on discussions with Lı́dia del Rio and Renato Renner.
4
Furthermore, Theorem 8.1.1 was developed together with Martin Lickteig in the course of his Master project,
which I supervised (ongoing at the time of writing).
5
In [23], a notion of cost, yield and balance of resources was introduced in terms of copies of resources — while
most of the terminology is analogous, the underlying concepts, definitions and results have changed significantly.
6
I supervised her work together with Philippe Faist and Renato Renner.
2
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1.3

My work during this PhD

In this section, I will give an overview over the different topics and research papers that I have
worked on during this PhD.
Generalised entropy measures. In the beginning of my PhD, I worked on definitions and
generalisations of smooth entropy measures. The main idea here was to find an operationally
motivated single smooth entropy measure that would interpolate between the smooth min- and
max-entropies, and naturally satisfy important properties like chain rules or asymptotic convergence to the von Neumann entropy. In the context of this project, I have co-authored the
ε (ρ). This entropy
research paper [31], in which we introduced the hypothesis testing entropy HH
ε (ρ||σ) that is itself defined by a hypothesis testing
measure is based on a relative entropy DH
scenario, in which an agent is trying to distinguish between two states ρ and σ. In [31], we
proved chain rules and asymptotic properties for this entropy, and gave bounds that relate it
to the smooth min- and max entropies.
In the context of this project, I also later supervised the Master thesis of Nicola Notari (toε
gether with Philippe Faist and Renato Renner), in which the hypothesis testing entropy HH
ε (ρ||σ). In
was compared to a similar measure Hhε , also derived from the relative entropy DH
ε in [31]
particular, it was shown in Nicola’s thesis that most of the properties proven for HH
could also be proven for Hhε .
Connecting thermodynamic and information theoretic entropies.
I have also coauthored the research paper [18] where we have used an axiomatic framework for thermodynamics and in particular a derivation of thermodynamic entropy (in equilibrium and out-ofequilibrium scenarios) by Lieb and Yngvason [9–12] to derive information theoretic entropy
measures. By showing that the von Neumann entropy, and information theoretic single shot
entropies, directly correspond to thermodynamic entropy for equilibrium states, and bounding
measures for out-of-equilibrium extensions of thermodynamic entropy, we have established a
novel connection between thermodynamics and information theory.
The specification framework for resource theories. Towards the end of the PhD of my
colleague Lı́dia del Rio, I started working with her on the specification framework for resource
theories. She presented a first set of ideas, definitions and results in her PhD thesis [23], which
we then further developed into the research paper [21].
Currencies for resource theories.
I was also the first author of the research paper [22],
in which we introduced the general tool of currencies for resource theories. This tool is inspired
by the ideas of [12, 13] on how to define an entropy function for thermodynamic states out
of equilibrium, and based on the work on information theoretic entropy from thermodynamic
axioms of [18]. It also brings together similar ideas from resource theories like LOCC [4] (the
concept of formation and distillation), or thermal operations (the single shot work cost of
creating a state, or the work that can be extracted from a quantum state, introduced in [32]).
Chapter 8 is mostly adapted from [22].
Further work. In addition to the above projects, I also supervised two more Master theses,
one by Umut Kaya on catalysis in thermodynamics (studying the catalytic coherence reservoir
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introduced in [33]), and the other by Martin Lickteig (ongoing), who is looking at further aspects
of resource theories for specifications (in particular, using tools like monotones or currencies to
find criteria for resource transformations; the result in Theorem 8.1.1 in Chapter 8 was developed
in this context).
The work on secrecy in Chapter 7 is more recent joint work with Lı́dia del Rio, to appear
in [29]. Finally, together with Mirjam Weilenmann, Philippe Faist and Renato Renner, I have
also been working on a generalisation of the work in [18] for smooth transformations, to appear
in [30]. The calculations on the smooth cost and yield for the resource theory of unital maps in
Appendix E are adapted from work I did in this context.
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Chapter 2

Preliminaries
2.1

Resource theories in thermodynamics and information theory

Resource theories describe agents that are subject to a number of constraints, and specify what
is possible and what is impossible for them to achieve. From this, it directly follows that some
resources become more useful to an agent than others, as they may be less easily available to
the agent, and may enable the agent to perform more desired operations. Resource theories
specify when and at which rates such resources can be interconverted, and which additional
resources may be needed to perform an otherwise impossible operation.
This is a natural approach to formalise many problems in thermodynamics and information
theory. In thermodynamics, there is a natural irreversibility that comes in through the second
law: while work can be dissipated, no work can be extracted from a single heat bath in a cyclic
process; in a closed system, the entropy may increase but never decreases. Work can thus be
considered a resource, and we may ask how much work can be extracted in particular processes,
such as a cycle of an engine; likewise, cooling down a system becomes a challenge, and one
may ask how much work or power needs to be supplied to run refrigerators. Such questions
dominate traditional and quantum thermodynamics alike, and as we will see, resource theories
have proven a useful tool to address them.
In information theory, there are also natural constraints that limit the capacity of agents to
perform certain tasks like secure and noise-less communication, or the correct storage, processing
and retrieving of information. In such contexts, availability of noise-less channels, classical and
quantum communication, purity or entanglement are examples for what can be considered
resources. Resource theories such as LOCC [3, 4] or noisy operations [25, 34] can be used
to derive measures for entanglement and information that directly correspond to asymptotic
conversion rates or single-shot conversion properties between resources.
In this section, I will introduce resource theories more formally as they have been characterised in quantum information theory up to now, and show with a few examples more precisely
which kinds of results can be obtained from them. Then I will have a closer look at resource
theories of macroscopic and microscopic thermodynamics, give an overview over the different
theories that have been introduced in recent years by the quantum thermodynamics community,
and present the main results that have been derived from them.
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2.1.1

Defining resource theories

Resource theories are usually characterised through some or all of the following aspects:
• A state space (space of resources):
The state space corresponds to the set of objects that are in principle available to the
agent, or that he would like to study. For example, in bipartite LOCC the state space is
given by all quantum states shared between the two parties Alice and Bob.
• A set of free operations:
The free or allowed operations are transformations that are easy to implement for the
agent, so that the agents considers them “free” (without cost). For example, in bipartite
LOCC local operations on Alice and Bob’s side are allowed, together with unlimited
classical communication between them.1
• A set of free states:
Free states correspond to objects that the agent has readily available and can work with,
so that he considers them “free” (without cost). For example, in bipartite LOCC the set
of free states is given by all separable states between the two parties Alice and Bob.
• Some way of composing and discarding resources:
In many quantum resource theories resources can be composed in tensor product, and
subsystems can be discarded by means of the partial trace. This need not hold in general [2, 21] — depending on the underlying model, discarding and combining resources
may or may not be allowed — but it is rather a common feature among many particular resource theories used in practice (such as resource theories for thermodynamics, or
LOCC).
The above elements loosely define resource theories.2 While they are all common features of
resource theories, they are not all independent (or even necessary) elements. For example, free
resources and free operations are connected: free operations may not transform free resources
into resources that are not considered free. In fact, a resource theory may not specify any free
resources at all — for example, this is the case in a resource theory that formalises the evolution
of closed systems [19]. Likewise, in some resource theories discarding objects is not allowed: for
example, in a resource theory of purity one may require to keep track of any ancillary systems
used in a process, and account for any entropy that is dumped into the environment [35].
Starting from the above elements, a resource theory gives rise to a pre-order relation on the
state space of the theory, that is, a reflexive and transitive relation on the space of resources.3
This pre-order formalises when resources can be converted into other resources by means of an
allowed operation, and essentially encodes all the information contained in the resource theory.
Starting from such a pre-order, resource theories can usually derive a number of results that
include the following:
1

However, there also exist variants of LOCC that limit the number of communication rounds
More recently, resource theories have been formalised more rigorously in various ways [2, 17, 21]; the present
work can be considered one such general framework.
3
With a looser understanding, such a pre-order can in itself be taken to define a resource-theory [17].
2
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Explicit characterisations of the pre-order on state space:
For some resource theories, there exist simple explicit characterisations of the pre-order of the
theory. For example, in the resource theories of noisy operations, unital maps and bipartite pure
state LOCC, an appropriate majorization relation between input and output fully characterises
whether or not one resource can be transformed into another by a free operation. Likewise, in
a resource theory of adiabatic transformations in equilibrium thermodynamics, monotonicity
of the thermodynamic entropy fully characterises the pre-order of adiabatic accessibility [9–11].
For other resource theories, such as the resource theory of thermal operations, explicit criteria
may only be available for a subset of the state space, such as states that are block-diagonal
in the energy-eigenbasis [32] — or, as is the case in the resource theory of Gibbs-preserving
maps [36], the pre-order may be characterised by a semidefinite program rather than direct
analytic criteria.
A set of monotones along the pre-order:
Monotones are functions that are either monotonously increasing or decreasing along the preorder. For example, to be operational, any measure of entanglement should constitute a monotone along the pre-order of LOCC since the allowed operations (local operations and classical
communication) cannot create entanglement between the distant parties. In fact, the resource
theory can be used to derive such measures in an operational way, such as the entanglement
of formation and the distillable entanglement [3, 4]. Furthermore, monotones can also be used
to characterise the pre-order of the theory and provide a useful tool to decide whether or not
one state can be transformed into another. Namely, monotones provide necessary conditions
for state transformations, and they are often simple to compute. This can be particularly helpful when the full pre-order of the resource theory cannot otherwise be explicitly characterised.
Sometimes, monotones can also give rise to sufficient criteria for state transformations. For example, so-called complete sets of monotones provide jointly both necessary and sufficient criteria
for state transformations. This is the case e.g. in catalytic thermal operations, where the full
set of α-Rényi free energies provide a family of “second laws” of microscopic thermodynamics,
which jointly fully characterise the pre-order for states that are block-diagonal in the energy
eigenbasis [37].
Asymptotic behaviour and conversion rates:
In many resource theories, additional results exists in the asymptotic limit of many independent
and identical copies of resources. Most notably, asymptotic conversion rates characterise how
many copies of one resource can be obtained from a number of copies of another resource: for
example, in the resource theory of LOCC, the distillable entanglement and the entanglement of
formation characterise at which rate Bell pairs (maximally entangled qubits) can be extracted
from a given resource in the asymptotic limit, or how many Bell pairs are needed to create a
particular bipartite state asymptotically. Likewise, in the resource theory of noisy operations,
asymptotic conversion rates between any two resources are given by the ratio between the von
Neumann entropies of the respective states. A particularly interesting phenomenon is that
asymptotically the structure of most resource theories simplifies significantly [2, 24, 38]. For
example, it has been shown that resource theories which satisfy a few basic assumptions become
reversible in the asymptotic limit [20], where the rate of conversion can easily be computed in
terms of simple functions on the individual resources.
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Further tools and results:
Recently, there has been an increasing interest in single shot results rather than asymptotic
statements. In particular, concepts like the cost of creating resources and the amount of useful
resources that can be extracted from a state have been studied in the single shot regime.
For example, in the resource theory of noisy operations (unital maps), the purity that can
be extracted from a given resource is related to the information-theoretic max-entropy, while
the cost of creating a particular resource corresponds to the min-entropy of the state [18, 25].
Similarly, within quantum thermodynamics the work cost of creating a state, and the work
that can be extracted from a state, in a single instance of a protocol, are given by single-shot
versions of the Helmholtz free energy [18, 32]. Interestingly, the same concepts [18] have also
been introduced independently within the context of classical thermodynamics to extend the
notion of entropy to systems out of equilibrium [12]. A formal characterisation of these concepts
in the context of general resource theories has been introduced in our recent work [22] under
the name currencies, and is included in Chapter 8 in this thesis. As I will show, these ideas
are particularly useful for resource theories that explicitly model lack of knowledge or control,
which are the main subject of this thesis.

2.1.2

Phenomenological thermodynamics as a resource theory

Although originally formulated in different terms, one can view the starting point of the abstract
approach to phenomenlogical thermodynamics in [9–13] as setting up a resource theory for
adiabatic processes in thermodynamics. More precisely, this approach starts from a state space
of classical thermodynamics, which contains states of some amount of substance (such as a gas
of a certain volume, pressure and temperature, made up of some number of particles) in and
out of thermodynamic equilibrium (where it is assumed that the states are reproducible, thus
controllable, to some extent [12]). The allowed transformations in the theory are adiabatic
operations, defined as processes in which the only effect on the environment is the rising or
falling of a weight. These operations give rise to a pre-order of adiabatic accessibility, which
encodes whether or not one state can be brought into another state by means of an adiabatic
process. Composition is achieved by means of bringing together different substances side by
side; the joint state space is simply the cartesian product Γ1 × Γ2 of the individual spaces Γ1
and Γ2 . However, composing and discarding systems is not in itself allowed as a free operation
in the resource theory: there are no free states that can simply be added to the system in an
adiabatic process, and likewise discarding systems is not generally allowed as it would leave a
trace on the environment other than the rising or falling of a weight.
One of the central results of [9–11] is that under suitable assumptions, the pre-order on the
set of thermodynamic equilibrium states is uniquely characterised by the monotonicity of the
entropy under adiabatic transformations, and in turn the thermodynamic entropy is the unique
such additive and monotonic function along the pre-order, up to affine transformations. Building on this result, the authors showed more recently that when considering also states out of
equilibrium, any monotonic function along the (now more complex) pre-order that extends the
entropy function to the new state space has to lie within two bounding entropy functions [12].
These functions correspond to formation- and distillation-like quantities [18, 22] when the thermodynamic equilibrium states are chosen as a currency [18,22]: they correspond to the entropy
of the neighbouring equilibrium states that can be used to create the state, or that can be
reached from the state, respectively [12]. These considerations give rise to monotones along
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the pre-order, and thus necessary conditions for resource conversions. Furthermore, one can
also formulate a sufficient condition for state transformations in terms of the bounding entropy
measures [12].

2.1.3

Resource theories of quantum thermodynamics

As experimentalists can increasingly control and manipulate microscopic quantum systems and
systems far from equilibrium, challenging traditional notions of heat and work, there has been
a strong demand for a theoretical framework that allows us to study these notions explicitly
in particular protocols. On the one hand, this led to the development of tools in statistical
mechanics such as classical and quantum fluctuation theorems [39–46]. The Crooks fluctuation
theorem treats work as a random variable and relates fluctuations of work in systems that are
driven out of equilibrium to their equilibrium free energies [42]. This gives rise to the Jarzynski
relation [47], which relates the work used in any protocol that takes one equilibrium state to
another to the difference in free energy between those states, he−βw i = e−β∆F , where h·i denotes
the average over many repetitions of the protocol, or equivalently, the statistical average over the
initial distribution. By using the inequality hex i ≥ ehxi , the Jarzynski relation itself can be seen
to directly imply a statement that corresponds to a “statistical” second law of thermodynamics,
hwi ≥ ∆F,
namely, that the average work spent in a protocol that takes an equilibrium state to another
has to be at least the difference in free energy between the final and the initial state.
On the other hand, a competing approach to microscopic and quantum thermodynamics
was developed in terms of resource theories [32, 37, 48, 49]. The main idea behind such resource
theories is to explicitly model all the systems involved in a given thermodynamic process.
This not only includes the main systems of interest and heat baths to which they may be
coupled, but also an explicit model of a weight system, usually taken as a pure energy eigenstate
in a harmonic oscillator potential, and any auxiliary systems needed in the protocol such as
clocks [50–52] or similar control systems [53, 54], or coherence reservoirs [33, 55]. Resource
theories allow us to make second-law like statements that are more precise than mere statistical
descriptions of fluctuations. Namely, taking conservation of energy and unitary evolution as a
primitive, resource theories were used to derive detailed conditions [32] for state transformations,
resulting a whole family of microscopic second laws [20] that hold not only on average, but in
each single run of a protocol. These conditions are tightly connected to single shot information
measures [35,56–59], and can be related to fluctuation relations [60,61]. More recently, the same
resource theoretic models in fact led to the development of more general quantum fluctuation
theorems that extend the classical Crooks and Jarzynski relations [53, 54].
While resource theories can be extended to make statements about probabilistic transformations [30, 62, 63], resource theories primarily allow us to formulate principles like the second
law as precise microscopic laws that govern individual processes, and that give rise to the known
macroscopic relations in the thermodynamic limit [19, 24]. In doing so, resource theories challenge traditional concepts from thermodynamics like heat, work or entropy [64–66] — and as
they clarify the definitions of these familiar concepts, they also enhance our understanding of
out-of-equilibrium-thermodynamics [12, 18].
I will in the following briefly explain the main resource theories that have been formulated
for quantum thermodynamics, and comment on the relation between them, as well as the most
important results that have been obtained.
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Noisy and thermal operations
The resource theory of thermal operations aims at characterising systems that can be put in
contact with a heat bath at a given temperature, interact for some time unitarily, and be
separated again. In order to be very general, the resource theory of thermal operations assumes
full control over the interaction between the system and the bath: the bath is essentially assumed
to be infinite, with an appropriate Hamiltonian [32], and the system may be put in contact with
any part of the bath represented by a Gibbs state of an arbitrary Hamiltonian. This state is
always assumed to be initially uncorrelated with the system at every stage, thus ignoring any
possible previous interactions. The only restriction imposed is that the interaction is unitary,
and conserves the total energy. This ensures that energy in any form, whether it is heat-like,
work-like, fluctuating or even in coherent superposition, is explicitly kept track of. Any energy
supplied by and to the system of interest as well as the bath can then be studied exactly, and
work cost or yield of processes can be modelled by introducing explicit battery or weight storage
systems.
A special case of the resource theory of thermal operations, which is easier to characterise,
is when the system of interest has a fully degenerate Hamiltonian. This then corresponds to
the theory of noisy operations. Formally, this resource theory is characterised as follows [67].
• The state space is given by all quantum states of finite dimensional Hilbert spaces. The
set of free states is made up of all maximally mixed states on any such system.
• The allowed operations in the theory are the composition with any free state in tensor
product, performing a joint unitary operation, and tracing out any subsystem. More
precisely, this gives rise to transformations T : S(Hin ) → S(Hout ) of the form
T (ρin ) = TrA0 (U ρin ⊗ πA U † ),
where πA = dimI A denotes the maximally mixed state on system A, U is a unitary and A0
denotes a subsystem of Hin ⊗ HA such that Hout ⊗ HA0 = Hin ⊗ HA .
• The pre-order → on state space is determined by the allowed operations T ,
ρ → σ ⇐⇒ ∃ T s.t. σ = T (ρ).
For equal input and output systems, Hin = Hout , the pre-order is fully characterised by
the majorization relation ≺,
ρ → σ ⇐⇒ ρ ≺ σ,
defined by
ρ ≺ σ ⇐⇒

k
X

λi (ρ) ≥

i=1

k
X

λi (σ)

i=1

for all 1 ≤ k ≤ dim(Hin ) with λi (·) defined as the i-th eigenvalue of the state, where the
eigenvalues are sorted in decreasing order, λ1 (ρ) ≥ λ2 (ρ) ≥ · · · ≥ λdim(Hin ) .
More generally, for different input and output dimensions, the pre-order → can be characterised by means of Lorenz curves: these correspond to a linear extension and rescaled
version of the majorization criterion. Namely, instead of the discretised spectrum, consider
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the step functions


λ1 (ρ) for 0 ≤ x < 1



λ (ρ) for 1 ≤ x < 2
2
fρ (x) =
. . .



λ (ρ) for (d − 1) ≤ x < d
i
i
d
with di = dim Hi for i = in, out. The Lorenz curves are then defined as the functions
Z di x
fρ (x0 ) dx0 ,
gρ (x) =
0

and the pre-order of noisy operations is determined by the condition
ρ → σ ⇐⇒ gρ (x) ≥ gσ (x), ∀ x ∈ [0, 1)
that generalises the majorization condition above.
• For same input and output dimensions, any Schur-convex function constitutes a monotone
for noisy operations [25], as these are monotones for the majorization relation. More
generally, for different input and output dimensions, such functions can easily be turned
into a monotone. For example, the von Neumann entropy and single-shot variants like the
min- and the max-entropy are monotonically increasing under noisy operations with same
input and output dimensions, and can be turned into general monotones when taking into
account the system dimensions [25].
• A special case of the above monotones are constructed from the 0- and ∞-Rényi entropies
Hmin and Hmax , which correspond to formation- and distillation-like quantities. These
determine the amount of purity that can be extracted from a state, and the cost in terms
of purity of creating a state [18, 25].
• Asymptotically, it can be shown that the resource theory of noisy operations becomes
reversible, and uniquely characterised by the von Neumann entropy of states; the rate of
conversion is given by the ratio of the respective von Neumann entropies [20, 25, 34, 68].
The resource theory of thermal operations extends noisy operations to systems with arbitrary
Hamiltonians. Formally, this resource theory is characterised as follows.
• The state space is again given by all quantum states of finite dimensional Hilbert spaces,
with arbitrary Hamiltonians HS . The set of free states is made up of all Gibbs states at
a given temperature T ,
e−βH
γ=
,
Z
1
the inverse temperature and Z = Tr(e−βH ) the partition function of the
with β = kT
system.
• The allowed operations in the theory can be defined as [69] composition by tensor product
with any free state on an ancillary as well as on the desired output system, performing
a joint unitary that conserves the total energy, and tracing out the ancilla together with
the input system,
T (ρin ) = TrASin (U ρin ⊗ γA ⊗ γout U † ),
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with [U, Hin + Hout + HA ] = 0, γA a Gibbs state of an ancillary system A with arbitrary
Hamiltonian HA , γout a Gibbs state on the output system with Hamiltonian Hout , and
the global Hamiltonian of the form
Hin + Hout + HA = Hin ⊗ Iout ⊗ IA + Hout ⊗ Iin ⊗ IA + HA ⊗ Iin ⊗ Iout .
• The pre-order of thermal operations is fully characterised explicitly only for states that are
block-diagonal in the energy eigenbasis, by the so-called thermo-majorization conditions,
or again, alternatively, by means of Lorenz curves [32], where in this case Lorenz curves
are constructed taking into account the differences in energy levels. Namely, instead of
ordering the eigenvalues of ρ in decreasing order, construct the step functions by ordering
r1 (ρ) := p1 eβE1 ≥ r2 (ρ) := p2 eβE2 ≥ · · · ≥ rd (ρ) := pd eβEd ,
where pi denote the eigenvalues of ρ with associated energy Ei , and d is the dimension of
the system. Then define the step functions as


r1 for 0 ≤ x < e−βE1



r for e−βE1 ≤ x < e−βE1 + e−βE2
2
fρ (x) =

.
.
.



r for e−βE1 + · · · + e−βEd−1 ≤ x ≤ e−βZ .
d
Finally, the Lorenz curve is constructed as
Z

Zx

gρ (x) =

fρ (x0 ) dx0 ,

0

and as for noisy operations, the pre-order for thermal operations on block-diagonal states
is defined by
ρ → σ ⇐⇒ gρ (x) ≥ gσ (x) ∀ x ∈ [0, 1).
For more general states that include coherences, the above condition in terms of Lorenz
curves is still a necessary condition for state transformations [32].
• Like in the case of noisy operations, there are many monotones known for the resource
theory of thermal operations. Most notably, the standard free energy and more generally
all the Rényi α-free energies constitute monotones along the pre-order [32, 37].
• Two particular such α-free energies are given by the min- and max- free energies F∞ and
F0 , as defined in [32]. These correspond to formation and distillation-like quantities: they
are directly related to the work cost of creating a state, and the work that can be extracted
from a particular state [32].
• Asymptotically, the resource theory of thermal operations simplifies considerably, and the
standard free energy turns out to be the unique monotone characterising the theory, where
again asymptotic conversion rates are given by the ratio of the respective free energies [24].
For both the resource theories of noisy and thermal operations, allowing for catalysis changes
the pre-order → of the theory into a new relation →C that is less strict. That is, if the allowed
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operations are extended such that any additional state may be added in tensor product, even
if it is not free, as long as it is preserved in the transformation,
ρ →C σ ⇐⇒ ∃ τC s.t. ρ ⊗ τC → σ ⊗ τC
under thermal or noisy operations respectively.
It has been shown that for the resource theories of noisy and thermal operations, the infinite set of α-Rényi entropies, or the set of all α-free energies respectively, are a complete set
monotones along →C , that is, they fully characterise the pre-order [37]. In this thesis, I will
revisit the subject of catalysis in Section 7.4.
Restricted control and limited access to heat baths
Thermal operations assume a large amount of control over the system and the heat bath: it
is assumed that one can draw arbitrary systems with arbitrary Hamiltonians in a Gibbs state
from the heat bath, and perform any energy-conserving unitary on the joint system.
While one can argue that thermal operations are meant to derive what can in principle be
achieved within thermodynamics, yielding bounds for any practical implementation in which
one has only limited control over the systems that are available, a number of works have also
addressed the question of what can be achieved with more realistic assumptions. For example,
in [70] it has been studied how Landauer’s principle needs to be modified in the presence of
finite heat baths; on the other hand, further restrictions on the available bath interactions have
been examined in [71–74] with mixed results: while allowing for weak thermal contact only
(where it is allowed to replace any subsystem with a Gibbs state) cannot achieve a pre-order
like that of thermal operations [71,73], it does turn out that allowing for just a little bit of more
control renders the theory almost as powerful as the full set of thermal operations [72, 74].
Making resource theories more robust against imperfect implementations and lack of control
is also at the heart of the work presented in this thesis. Namely, approximation structures
introduced in Chapter 4, embeddings (Chapter 5) and the tools of Chapters 6 and 8 can all be
used to formalise and characterise restricted agents in the presence of a global theory.
Unital and Gibbs-preserving maps
Closely connected to the resource theories of noisy and thermal operations are the resource
theories of unital and Gibbs-preserving maps. These theories take as their only constraint that
an agent should not be able to turn a free state into a state that is not free. In the case of
unital maps, free states are all uniform states on finite dimensional systems, and so the allowed
transformations are given by all quantum maps (CPTP maps) that satisfy the condition
T (I) = I.
Assuming equal input and output systems 1 , noisy operations also satisfy this property, and it
is generally the case that noisy operations are a strict subset of unital maps,
{T }NO ⊂ {T }unital .
1
More generally, one can define the allowed operations for a resource theory of unital maps via the condition
T (I/din ) = I/dout , where din and dout denote the input and output dimensions.
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However, remarkably, noisy operations can induce exactly the same state conversions as unital
maps [25,34,35,75,76]. That is, they give rise to the same pre-order on state space, and are hence
also characterised by the majorization conditions, yielding the same monotones and asymptotic
behaviour.
The resource theory of Gibbs-preserving maps [35, 36] analogously takes as a starting point
the idea that free resources, that is, Gibbs states, cannot be turned into resourceful states, and
so the allowed operations are all quantum (CPTP) maps that preserve Gibbs states,
T (γ) = γ.
While again thermal operations are a strict subset of Gibbs-preserving maps,
{T }TO ⊂ {T }GP ,
this time one can also show [36] that the pre-order is different for the two theories, and only
coincides for states that are block-diagonal in the energy basis. The crucial difference between
thermal operations and Gibbs-preserving maps is that they treat coherences in the energy basis
differently. Namely, while thermal operations can in general not increase coherences [77, 78],
coherence can be traded for energy in the resource theory of Gibbs-preserving maps: for example,
it is possible to implement the transformation
|1ih1| → |+ih+|
in a qubit system with Hamiltonian H = E|1ih1| for E > 0, while this cannot be achieved with
thermal operations [36].
Resource theories of coherence, asymmetry and reference frames
Understanding coherent superpositions of different energy levels in the context of quantum
thermodynamics still poses a major challenge. On the one hand, coherences mark the crucial
difference between thermal and Gibbs preserving operations, and the pre-order in thermal operations for states that have coherences is no longer explicitly characterised through majorization
like in the case of block-diagonal states — instead, more generally the pre-order is still only fully
understood in a few special cases [79]. On the other hand, coherences are also intriguing from
a physical perspective: in a world in which processes ultimately conserve energy, coherences
cannot be created from initially incoherent states. Furthermore, as coherence in the energy
basis gives rise to time-translation asymmetry, coherence has close ties with the nature of time
and the workings of quantum clocks [80], as well as the idea of reference frames [81–87].
Given that coherence in the energy basis is such an important issue, how can resource
theories accurately account for coherence in the context of thermodynamics? In order to model
coherence as a resource, various resource theories have been constructed, and their behaviour
examined. Notable examples are the resource theories of asymmetry and reference frames,
and resource theories of incoherent operations [87–89]. Interestingly, it can be seen that the
resource theory of thermal operations forms a special case of such theories [77, 78, 90]. This
means that coherence monotones which can be constructed for incoherent operations will still
hold for thermal operations. Perhaps the most important examples of such monotones are the
relative entropy of the state to its decohered version, and single-shot variants thereof. Another
insight into the behaviour of coherences in the resource theory of thermal operations that can
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be directly taken from coherence resource theories is that coherences come in different “modes”
that cannot be interconverted [78].
While resource theories of coherence promote the idea that coherence is a resource that
can only decrease through the allowed transformations, a rather different perspective has been
brought forward in [33], in which it is proposed that coherence can be supplied to systems
catalytically, that is, without being used up in the process. This idea has been used in [91]
to study the work that can be extracted from systems in coherent superpositions. Since the
results of [33, 91] only hold approximately, there is no contradiction with the other resource
theoretic works; however, deeper understanding of this catalytic process is required in order to
make conclusive statements about the nature of coherence in thermodynamics [92]. I will come
back to this discussion in Section 7.4, where I will examine the issue of catalysis in more detail.
However, the problem of how to model coherence appropriately in quantum thermodynamics is
still very much open to future research.

2.2

Notation and basic formalism

In this thesis, I assume that the reader is familiar with basic concepts in quantum mechanics
and quantum information theory such as quantum states, completely positive trace preserving
(CPTP 1 ) maps, Kraus operators, positive operator-valued measures (POVMs), or the partial
trace (these are well-explained e.g. in [59, 93]). Beyond this, I introduce the relevant concepts
and definitions directly at the place they first appear — exceptions are the definitions and results
concerning (semi-)lattices, Galois insertions and quotient spaces presented in Appendix A, as
well as concerning convexity in Appendix F. These are either explained informally in the relevant
places in the main part, or only become relevant in proofs within the same or other appendices.
Furthermore, the following comprises a short list of recurring notation and definitions that
may be of help to the reader.
1. Let H be a finite dimensional Hilbert space. Then I denote the set of all linear operators
on H by L(H), the set of positive linear operators on H by
P(H) = {A ∈ L(H) : A ≥ 0},
and the set of quantum states (density matrices) on H by
S(H) := {ρ ∈ P(H) : Tr(ρ) = 1}.
Furthermore, I label completely positive, trace preserving maps on quantum states by
E, F ∈ M(S(Hin ), S(Hout )).
2. I frequently make use of ε-balls around quantum states,
B ε (ρ) = {σ ∈ S(H) : δ(ρ, σ) ≤ ε},
where δ(ρ, σ) corresponds to a distance measure on state space, such as the trace distance
δtr (ρ, σ) = ||ρ − σ||1 = max{Tr[A(ρ − σ)] : A ∈ L(H), 0 ≤ A ≤ I},
1

or equivalently, TPCP
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p
where ||X||1 := Tr |X| = Tr (X † X) is the trace norm. Another distance measure frequently used in quantum information is the purified distance,
p
δpur (ρ, σ) = 1 − F 2 (ρ, σ),
√ √
where F 2 (ρ, σ) = || ρ σ||21 is the (squared) fidelity between the states ρ and σ 1 .
3. The von Neumann entropy of a quantum state is given by
H(ρ) = − Tr(ρ log ρ) = −D(ρ||I),
where D(ρ||σ) = Tr(ρ log ρ − ρ log σ) is the relative entropy between two states ρ and σ 2 .
More generally, the conditional entropy of a system A conditioned on a system B for a
state ρAB ∈ S(HAB ) is given by
H(A|B) = H(AB) − H(B) = −D(ρAB || IA ⊗ ρB ),
and the mutual information between A and B is given by
I(A : B) = H(A) − H(A|B) = D(ρAB || ρA ⊗ ρB ).
While these quantities are relevant in the asymptotic limit of identical and independent
copies (the i.i.d. limit), the so-called single-shot entropies become important for individual
systems or single instances of a protocol. The most relevant single-shot entropies that
appear in this thesis are the Rényi entropies
Hα (ρ) =

1
log Tr(ρα )
1−α

defined for α ∈ [0, 1) ∪ (1, ∞), which can be extended to the limit α → 1 (this yields
the von Neumann entropy), and to the limit α → ∞, which yields the min-entropy
Hmin (ρ) := H∞ (ρ) = − log ||ρ||∞ . Another “special” entropy is given by the case α = 0,
which results in the max-entropy 3
Hmax (ρ) := H0 (ρ) = log rank(ρ).
These entropies become most relevant for operational settings when they are equipped
with smoothing,
ε
Hmin
(ρ) = max Hmin (σ)
σ∈Bε (ρ)

ε
Hmax
(ρ)

= min Hmax (σ).
σ∈Bε (ρ)

Finally, another entropy measure that will be used in this thesis is the hypothesis testing
entropy [31]. This will however be introduced in Appendix E.
1

The purified distance is related but not equivalent to the perhaps more widely known Bures distance, defined
as B 2 (ρ, σ) = 2(1 − F (ρ, σ)), see e.g. [58].
2
Here, D(ρ||I) = D(ρ||I/d) − log d.
3
Note that this corresponds to the notation in [56], but differs from e.g. [58], in which the max-entropy was
defined as the Rényi entropy for α = 12 .
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Chapter 3

Modelling knowledge in resource
theories
3.1

Understanding knowledge as a resource

Knowledge and action are intricately connected: the information we have about a physical
system directly affects how we may exploit it. This is particularly obvious in the context of
thermodynamics, where thought experiments like Maxwell’s demon or the Szilard engine show
that knowledge of microscopic details in a thermodynamic system can allow an agent to achieve
otherwise impossible results.
In the famous Maxwell demon thought experiment [94], it is suggested that a microscopic
agent, the demon, who has full knowledge over the positions and velocities of the individual
particles in a gas 1 , can cause a violation of the second law of thermodynamics. Namely, the
thought experiment considers a container filled with a gas and divided into two partitions by a
wall with a small trap door. The demon can control the opening — he can close it whenever fast
particles arrive from the left, and open it whenever such particles arrive from the right side. By
selectively letting particles with higher energy through to the left (and, optionally, also letting
slow particles through to the right), it is suggested that the demon can create a temperature
difference between the gas on the right and on the left side. This enables him to extract work in
a subsequent step, which will lead the gas back to its initial state. It is now suggested that the
demon thus succeeds in extracting work from a single heat bath in a cyclic process, which would
violate the second law of thermodynamics. While it can be shown that the process is in fact
only cyclic from the macroscopic agent’s point of view (see Chapter 5), and so the second law
is not violated here 2 , the demon can undeniably succeed to extract work in one iteration. The
ingredient that allows him to do this is his knowledge about the microscopic details of the gas:
in order to open the trap door at the right time, he needs to know the positions and velocities
of all individual particles. In the same spirit, the Szilard engine [96] essentially constitutes a
simplified version of the Maxwell’s demon thought experiment: instead of a gas made up of
1

Note that different versions of the thought experiment can be formulated. Here I assume the demon has full
knowledge of the gas, rather than acquiring the relevant information through measurement dynamically within
the experiment.
2
For a cyclic process, here the demon would need to measure the positions and velocities again at the end
of the process, and erase his memory of the information about the initial configuration, which will cost him the
equivalent of the extracted work due to Landauer’s principle. For a comprehensive analysis and resolution of the
Maxwell demon thought experiment, see [95].
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many molecules, one considers the container with only a single gas particle inside. Now, if it is
known on which side of the wall the particle is located, one can extract work from the system:
for instance, if it is known that the particle is located in the left half of the container, one can
insert a piston in the middle and let the gas expand, pushing the piston to the edge of the
container and thus extracting mechanical work.
Conversely to these examples, lack of knowledge comes at a price: this is the main subject of
Landauer’s principle, which states that in order to erase unknown information, one inevitably
has to spend some (quantifiable) amount of work that is dissipated as heat. Landauer’s original
example [97] considers a particle in a double-well potential that is located on either side of
the potential barrier. Landauer argues that if we know which side the particle is on, we can
reversibly bring it to the left side, no matter where it started: if the particle is already on the
left, we need not do anything; if it is on the right side, we need to supply energy for the particle
to cross over the barrier to the left side, but then we can extract the energy again fully while
slowing the particle down to stop in the left well. On the other hand, if we do not know which
side the particle is on, there is no way to move it into the left well without a chance of the
particle bouncing back into the right side, unless we invest energy that cannot be recovered,
energy that is dissipated as heat due to a frictional force. Landauer’s principle states that the
amount of energy that needs to be invested to reset an unknown bit (or qubit) into a definite
state “0” amounts to kT ln 2, where k is the Boltzmann constant and T is the temperature of
the surroundings.
The role of information in thermodynamics becomes even stronger in the quantum regime.
It has been shown that not only can the work cost associated with Landauer erasure be reduced
in the presence of correlations, but one can even extract work from correlations when there
is entanglement between the system and a memory [98–100]; likewise, creating correlations
between systems has an associated work cost [101, 102].

3.2

Modelling knowledge

Given that knowledge plays such an important role, how do we best model knowledge in the
context of resource theories? In this framework, we will work with a non-probabilistic approach
to modelling knowledge, the so-called specifications (Chapter 4). It is the main purpose of this
chapter to provide an introduction to this approach, and show with a number of examples how
modelling non-probabilistic knowledge may be useful.
Probabilities or no probabilities?
In order to introduce the concept of non-probabilistic knowledge, let us look at a simple toy
example first, before considering more involved examples from quantum information.
Imagine you are given a present by your friend, who is a chess enthusiast, and she tells you
that inside the wrapping you will find a hand-made wooden chess piece. If you were asked to
guess which piece she chose, how would you go about it?
As a Bayesian, you might reason as follows. There are in total six possible choices (we neglect
the color of the piece for the time being): it could be a pawn, a bishop, a knight, a rook, a king
or a queen. Hence, to model the situation, you could assign a probability distribution over a
variable that can take six possible outcomes,
X = {pawn, bishop, knight, rook, king, queen},
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so that your knowledge is represented by a distribution PX over the set X, with
∀ x ∈ X : PX (x) ≥ 0,
6
X

PX (xi ) = 1.

i=1

But which probability distribution accurately represents the situation?
You may argue that in absence of further information, the most reasonable choice would be
a uniform distribution over the different possibilities, i.e. assigning
PX (x) =

1
6

to all the pieces. On the other hand, you may reason that really, each player in a chess game
controls eight pawns, two bishops, knights and rooks, and only one king and one queen. Hence,
you might say, the distribution should actually be

1

 2 : x = pawn
PX (x) = 18 : x ∈ {bishop, knight, rook}

1
16 : x ∈ {king, queen}
Evidently, both of these choices are essentially arbitrary. In the end, other factors might
have influenced your friend’s choice when designing the present, and ultimately, unless we
know something about the procedure according to which the friend decided for the piece, the
probabilities assigned to the different outcomes correspond to an entirely subjective, Bayesian
prior.
There is a simple alternative to assigning probabilities in this situation. What if, instead
of representing our knowledge with a probability distribution PX , we simply state the different
options which we consider possible? That is, we could use the set
X = {pawn, bishop, knight, rook, king, queen}
to represent our knowledge that one of those different alternatives holds true, but that we do
not know which one it might be.
Advantages of non-probabilistic modelling
A non-probabilistic approach, like specifying the set X in the above example, has a number of
advantages. First of all, it is much simpler than modelling a probability distribution over the
entire sample space. For example, the simple description “chess piece” uniquely characterizes
the set X above; in contrast, a Bayesian approach that stores all the information in a probability
distribution may result in an unnecessary over-modelling of the situation, as it would require
large amount of memory to store, and complex calculations to perform Bayesian updates 1 .
We will see other examples of simple set descriptions, such as descriptions based on a distance
measure on state space, further ahead. Set descriptions are also easy to handle: as we will see
in Chapter 4, different pieces of knowledge can be combined with set intersection, and knowledge
1
In particular, this applies to situations where the distribution cannot justifiably be chosen uniform, or
otherwise parametrised in a simple way.
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can be compared. For example, combining “chess piece” with “black” yields the description
“black chess piece”; this is formalised as
{x : x is a chess piece} ∩ {x : x is black} = {x : x is a black chess piece}.
In this way, sets also allow us to reconstruct individual pieces of knowledge: all elements
in the final description {x : x is a black chess piece} are both black and chess pieces, so we can
decompose the description and extract the two individual attributes. In Bayesian updating, on
the other hand, the prior distribution merges with acquired evidence to form a new distribution.
This makes it more difficult to trace back the information that led to the update, or to compare
if two agents have obtained the same or different evidence — we will look at this in a quantum
example later. In contrast, two different descriptions in the set appraoch, like “chess piece” and
“black chess piece” can be compared in a simple way, as one is more specific than the other,
{x : x is a black chess piece} ⊂ {x : x is a chess piece}.
This also means that one can easily turn a complicated set description into a simple one, which
is still accurate, by forgetting knowledge and going to a less specific description.
Another advantage of a non-probabilistic approach is that it is well-suited in adversarial
settings. To see this, imagine sitting down with the friend to an actual game of chess. Here,
the best way to decide each move is to optimize over all possible responses the adversary could
give, and to make sure your strategy does well in the worst case scenario (as the adversary may
be a good player). Hence, here it is not necessary to model probabilities over the adversary’s
next move (which would only be relevant if we were interested in the average response, for
example), but instead we need to check through all possible moves of the adversary and make
out the worst case. This is most evident in chess problems like finding a checkmate in three
moves, in which there is a combination of moves that allows a certain victory in three moves,
regardless of the adversary’s response — here, the player wins the game for all possible choices
of the adversary, even in the worst case scenario.
Despite these arguments, the Bayesian approach to modelling knowledge is of course extremely useful in many scenarios, in particular when the agent is required to make quantitative
predictions — for example, when he is asked to place bets based on his degree of belief about
different alternatives. In such cases, however, we will see ahead that probabilistic knowledge
can also be combined with non-probabilistic knowledge.
Probabilistic state space
Although perhaps at first counterintuitive, modelling non-probabilistic knowledge is particularly
useful in combination with a probabilistic underlying state space, such as quantum mechanics,
that is, modelling knowledge in terms of sets of quantum states that one deems possible.
One might argue that if the underlying state space is already convex, such as in the case of
density operators, then there is no need for non-probabilistic descriptions of knowledge, because
the states already allow for a fully probabilistic approach in a perfectly simple way. Namely,
any measure dµ over state space can be combined to yield a single new quantum state,
Z
ρ=

dµ(σ) σ.
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As such, the Bayesian could argue, the state ρ encodes all the uncertainty about the system in
question, and yields a simpler description than a corresponding non-probabilistic description,
which would be expressed as a set of quantum states.1
However, there are two main arguments why non-probabilistic modelling is still (or perhaps
even more so) an extremely useful concept here:
Firstly, non-probabilistic knowledge can be used to describe knowledge shared by several
different agents, even if they may disagree on their assignment of probabilities, or Bayesian
priors. An excellent example for this is given by the concept of confidence regions in quantum
state tomography, which will be explained in detail below.
Secondly, by integrating all known information about a system into a single state ρ, one may
lose essential information about the system at hand, which can be kept track of by modelling
non-probabilistic knowledge.
For example, this can allow us to separate between probabilities that correspond to acquired
knowledge from arbitrary priors, which may be crucial when we would like to make statements
about probability. In the case of Landauer erasure, suppose we have some additional information
about the process that generated the qubit, and we know for example that the qubit is part of
the entangled state 2
r
r
2
1
|ψi =
|01i +
|10i.
3
3
Suppose further that we receive one of the two qubits, but we do not know which of the two.
Then, using the description


1
1
2
2
|0ih0| + |1ih1|,
|0ih0| + |1ih1| ,
V =
3
3
3
3
one could make the statement that a protocol which consists of a NOT gate achieves an output
state |0i with probability at least 13 , no matter which qubit one was given. Such a statement
would not have been possible if we had assigned a distribution over the two possibilities, resulting
in the state




2
1
1
2
ρ=p
|0ih0| + |1ih1| + (1 − p)
|0ih0| + |1ih1| ,
3
3
3
3
which for example with p =

1
2

yields
ρ=

1
1
|0ih0| + |1ih1|.
2
2

A statement like “erasure succeeds with probability 12 ” would now unavoidably combine the
knowledge of the initial state with the probability assignment of how the particular qubit was
selected.
For another example, suppose that we know for a bipartite system that the reduced state
on A is approximately ρA up to some error ε (according to some measure on state space). We
can express this knowledge as
ρtrue ∈ V := {σAB : d(σA , ρA ) ≤ ε}.
1
This matches the ideas of QBism [103], in which a quantum state is always an expression of subjective
knowledge.
2
Note that entanglement is not necessary here; the same argument can be made whenever probabilities which
are based on some acquired information (knowledge about the process in which a state was created, such as
consolidated knowledge about frequencies, or simply beliefs shared by all agents in question) are mixed with
arbitrary and subjective Bayesian priors.
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Like in the chess example above, since each state in the set V satisfies the reduced state criterion,
this allows us to easily keep track that we have obtained information about system A. If, on the
other hand, we are forced to decide for a measure dµ on the set V (or on the full state space),
and report only one state,
Z
ρguess =

dµ(σ)σ,

then it is not clear exactly how to extract the relevant properties of this state. While we
find TrB (ρguess ) ≈ε ρA , it is also clear that for example TrA (ρguess ) = σB for some state σB
on system B — while the first property corresponds to knowledge acquired from evidence,
the second property may hold largely due to the choice of prior, and thus not reflect relevant
information. We can however no longer separate this information based on ρguess alone. Indeed,
we cannot tell for essentially any property of ρguess to which extent it comes from the information
gained through measurements and to which extent from a subjective prior. What is worse, some
of the properties of the system at hand, such as entanglement, may get lost through convex
combinations. For example, suppose we know that the state of the system is either
1
|ψ+ i = √ (|00i + |11i)
2
or

1
|ψ− i = √ (|00i − |11i).
2

As a set, we can represent this knowledge

1

as

V = {|ψ+ ihψ+ |, |ψ− ihψ− |},
where each σ ∈ V is a pure entangled state, but a probabilistic joint guess such as
1
ρ = (|ψ+ ihψ+ | + |ψ− ihψ− |)
2
1
= (|00ih00| + |11ih11|)
2
no longer displays any entanglement. This can for example be crucial when the entanglement
in the system is used to extract shared secret random bits between two parties Alice and
Bob: regardless of whether the joint quantum state is |ψ+ i or |ψ− i, Alice and Bob can take
measurements in the {|0i, |1i} basis on both sides and they will obtain correlated outcomes.
These outcomes can be used as a shared secret key: the bits cannot be known by an adversary
Eve due to the monogamy of entanglement. Crucially, the protocol the two players implement
to extract the secret key does not depend on whether the state between them is |ψ+ i or |ψ− i,
which means that they can extract the bits from the knowledge V = {|ψ+ ihψ+ |, |ψ− ihψ− |}. On
the other hand, the state ρ = 12 (|00ih00| + |11ih11|) is no longer entangled and thus does not
allow for secret key extraction.2
1

To see how such a situation may come about, suppose two parties Alice and Bob start off with a maximally
entangled state |ψ+ i, but Bob may decide to apply a phase flip on his side to change the state into |ψ− i =
1
√
(|00i − |11i) (or such a phase flip error could occur on his side without propagating outside his lab).
2
2
If the Bayesian nonetheless wants to model the fact that the adversary Eve has no access to the created
randomness, he needs to model explicitly a shielding system B 0 on Bob’s side that carries the information whether
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Examples of non-probabilistic knowledge in quantum mechanics
Although the concept of non-probabilistic knowledge in quantum mechanics may perhaps at
first seem unfamiliar, there are some examples where this is in fact already used in practice. I
will discuss two examples in particular: local states and quantum state tomography.
Local states. The first example concerns our use of local density matrices to describe properties of a given subsystem. Namely, given a global bipartite Hilbert space HAB , density matrices
on the local Hilbert space HA correspond to reduced descriptions of the local properties and
can be calculated by means of the partial trace over the other subsystem,
ρA = TrB (ρAB ).
From a global perspective, a local density matrix ρA simply represents the set
ρbA := {σAB : TrB (σAB ) = ρA }
of all possible global states compatible with the local marginal. We will see in Chapters 5 and 6
how this idea can be used to relate different agents in a resource theory, and define operational
notions of subsystems.
Quantum state tomography. In quantum state tomography, an experimenter would like
determine the quantum state of a physical system given access to a number of independent copies
of the state on which he can perform measurements. 1 This is in fact an excellent example to
contrast the three different ways to express knowledge in quantum mechanics: by means of a
measure on state space, by means of the single state representing that measure, or by means of
non-probabilistic sets of states.
In a Bayesian approach to tomography 2 , one starts off with a prior measure over state
space as an initial guess (e.g. corresponding to the Haar measure). Then, after subsequent
measurements, one performs Bayesian updating, resulting in the end in a final measure that
corresponds to the belief about the underlying states after the tomography.
This measure could now be reported directly as the output of the tomography procedure, or
it could be collapsed into a single state that corresponds to the “best guess”. In either of these
cases, a crucial problem is that usually, after finitely many measurements, the final measure
(and thus the “best guess”) will depend heavily on the chosen prior. As with the chess example
in the beginning of this chapter, the prior is an entirely subjective choice of the experimenter,
and in particular, two different experimenters might opt for different priors. But this means
that if two experimenters performing the same measurements report different final estimates,
it is impossible to tell whether they disagree because they actually had different states to start
or not the phase flip occurred, such as
1
|ψi = √ (|ψ+ iAB |0iB 0 + |ψ− iAB |1iB 0 ).
2
This is both more complicated and artificial, since such an additional physical system might not even exist in his
lab — the arbitrary choice of probability amplitudes is an artefact of this.
1
In an equivalent formulation, the task is to determine the state of a small part of a system given measurements
on the remaining parts in a global permutationally invariant system, see e.g. [104].
2
There are of course other methods, such as maximum likelihood estimation — however, we shall not discuss
them here.
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with, whether it is because they obtained different measurement outcomes (for example, one
experimenter was unlucky and was deceived by unlikely outcomes), or the disagreement is simply
due to different priors. The problem is that the prior and the evidence are so inter-twined that
they are impossible to separate from the final guess alone. This is of course fatal when the
tomography is supposed to make definite statements, such as decide if a device can be used for
quantum computation.
This issue can be avoided by choosing an appropriate method of constructing confidence
regions, such as the one presented in [104]. This procedure returns a region V in state space,
again a set of possible alternatives, for which one can certify that the probability of finding
the final state ρ (resulting from measurement updates applied to an initial global permutation
invariant state representing a Bayesian prior) within this region V will be large,
P (ρ ∈ V ) ≥ 1 − δ,
for small δ. Crucially, this is a statement that is independent of the employed prior — this means
that any Bayesian agent would agree that their final guess will lie within V , when constructed
according to the method of [104], with probability at least 1 − δ, where δ is the same for all
agents. 1
Non-probabilistic knowledge in resource theories
I would like to finish this chapter with another interesting aspect of modelling non-probabilistic
knowledge in the context resource theories. Namely, using sets of quantum states to express
the knowledge one has about a system allows us to study how robust particular protocols are
to lack of knowledge.
As an example of this, let us look again at the Landauer erasure scenario from the very
beginning. From a Bayesian perspective, uncertainty about the state of the system can be
modelled with the quantum state arising from the convex combination
ρ = p |0ih0| + (1 − p) |1ih1|.
The work cost of transforming such a state ρ into the state |0i is then given by kT ln 2.
Interestingly, a protocol that achieves erasure of a state ρ = p |0ih0| + (1 − p) |1ih1| does not
actually depend on the probability p. This can be seen from the fact that such a protocol
actually succeeds in transforming the system described by a set
{p |0ih0| + (1 − p) |0ih0| : 0 ≤ p ≤ 1}
into the state |0i. Similarly, the protocol to extract secret bits through measurement discussed earlier succeeded not just for an initial state |ψ+ i, but for a system described by the set
{|ψ+ ihψ+ |, |ψ− ihψ− |}.
On the other hand, many protocols in resource theories are actually sensitive to the particular
initial state of the system. For example, it has been shown that one can extract work from
quantum correlations [35, 99, 100]. In the case of an erasure protocol, this work has been shown
1

This is in contrast to so-called credibility regions, which result from standard Bayesian updating — these
are merely regions in state space on which the final measure has high support. As such, they depend on the
particular choice of prior, and the degree of confidence of finding the state within such a region is ultimately
subjective.
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to be equal in magnitude to the conditional entropy of the system relative to the memory [35,99].
However, the protocols needed to implement such work extraction heavily depend on the initial
state of the system. In order to study systematically how lack of knowledge about the initial
state would affect our ability to extract work from it, one could now again use sets of states,
e.g. confidence regions B ε (ρ), as initial descriptions of a system, and ask for how much work
can be extracted from this knowledge. That is, instead of e.g. asking for the work that can
be extracted in the process ρ → I/d, one could ask for the work associated with the process
B ε (ρ) → I/d, in which one protocol has to succeed for all initial states σ ∈ B ε (ρ).
In the next chapter, I will introduce the basic tools needed to study such examples more
formally.

35

36

Chapter 4

A framework for subjective
knowledge in resource theories
4.1

The specification formalism

This chapter introduces the basic formalism we will use to characterize non-probabilistic knowledge in resource theories. As we will see, this framework in fact allows us to describe all kinds of
knowledge, from precise descriptions of quantum states to knowledge about a few macroscopic
properties of the system only. The definitions and results presented in this chapter are based
on [21].
Let Ω denote the state space of a theory, that is, the language 1 an agent decides to use to
describe the states that a physical system can assume. These correspond to the most precise
descriptions about the system the agent can make. In traditional resource theories, often Ω
would correspond to the set of all quantum states in a given dimension — it could however
also contain quantum states together with a Hamiltonian that specifies the energy levels of
the system, or could contain different values of macroscopic properties of the system. Either
way, the state space Ω needs not contain the ultimate descriptions of reality, but rather the
most fine-grained statements the agent can or chooses to make about a system. In particular,
different agents could choose different languages to describe the same system: for example, in
thermodynamics we could model a gas by means of a fine-grained state space Ω that contains
the positions and velocities of all the individual particles; on the other hand, a macroscopic
agent would use a coarse-grained description Ω0 that specifies only macroscopic properties like
the volume, pressure and temperature of the gas. Two such pictures can be related by means
of an embedding (Chapter 5) — a state in Ω0 corresponds to a set of microscopic states in Ω
that are compatible with the macroscopic properties.
In general, the knowledge that a particular agent has can be expressed in the language of the
respective agent by means of sets of elements in the underlying state space, called specifications.
Definition 4.1.1 (Specification space). Let Ω denote the state space of an agent to describe a
physical system. Then specifications V ∈ S Ω are non-empty subsets V ⊆ Ω, i.e. sets of states
in Ω; the specification space S Ω is the power set of Ω without the empty set,
S Ω = 2Ω \∅.
1

Note that the word “language” here is used colloquially, equivalent in meaning to “description”.
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Such sets allow the agent to express essentially any kind of knowledge he may have about
the physical system: for example, if the state is not known exactly but only up to some error ε
(according to some metric in state space), this knowledge can be expressed by means of the set
V = B ε (ρ)
that denotes the -ball around a particular quantum state ρ. On the other hand, if the mean
energy of a system S is known up to some precision, we could express this with the set
W = {ρS : Tr(HS ρS ) ∈ [E − δ, E + δ]},
where HS is the Hamiltonian of the system. Finally, another interesting example of specifications
that is of importance both in the context of thermodynamics and cryptography (see Chapter 9)
is given by a bound on the (smooth) min-entropy of a state conditioned on another system E,
ε
V = {ρSE : Hmin
(S|E)ρ ≥ δ}.

Knowing that this min-entropy is large is sometimes sufficient to succeed in a given task — for
example, this is the case in randomness extraction, where it is possible to extract a near-uniform
string, i.e. a specification
1
σS 0 E ≈
IS 0 ⊗ τE ,
dS 0
from V without knowing the actual state in V (with the dimension of S 0 depending on ε, δ) [56].
Crucially, the knowledge specified in V cannot be expressed by means of a probabilistic mixture,
since this would introduce further randomness.
Sets of states in Ω not only allow us to specify all these different kinds of knowledge, they
are also the key to relating different pictures Ω and Ω0 of different agents via embeddings
(Chapter 5). Furthermore, they can often be defined through concise descriptions or properties,
such that in contrast to Bayesian descriptions they require little memory to store or express.
They are also easy to handle: forgetting knowledge corresponds to going to a coarser description,
i.e. a superset, and combining knowledge corresponds to intersecting sets.
Remark 4.1.2. A specification given by a smaller set corresponds to more precise knowledge:
V ⊆ W means that all the properties that hold for W also hold for V ; the description V is
more specific than the description W . The empty set ∅ corresponds to a false description,
a contradiction, and means that the agent is wrong —for simplicity in defining subsequent
homomorphisms, it is excluded from the specification space.
Although the empty set is excluded 1 ; one can consider it as an indicator of some problem
that might have occurred. The precise interpretation of the empty set may vary, but for example,
in the tomography setting of Chapter 3 we have seen that a confidence region may express the
knowledge of an agent up to a probability ε; if this knowledge is later combined with another
piece of knowledge such that it yields the empty set, one knows that the tomography procedure
must have gone wrong (and the unlucky error case has indeed happened).
1

Note that this framework could equivalently have been set up such that the empty set is included in the
specification space, defining S Ω := 2Ω . However, in this case the empty set needs to transform to the empty set
in all transformations, and may never arise otherwise. Although the two versions are mathematically equivalent,
this thesis excludes the empty set as it cannot be considered a “state of knowledge” by an observer.
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Since smaller sets are more specific descriptions than larger sets, forgetting information corresponds to going to a superset — this can happen for example through a so-called inflating
function. One main advantage of such functions is that they may provide much shorter descriptions of the system: while sets in general can have a complicated structure, what is nice about
specifications is that one can always go to a superset that has a simple description, for example
that specifies certain properties of the system.
Definition 4.1.3 (Inflating function). A function f : S Ω → S Ω is called inflating if it takes
specifications V to less specific descriptions, that is, if
∀ V ∈ S Ω , f (V ) ⊇ V.
On the other hand, going from a larger set to a subset can be achieved by combining knowledge, such as knowledge about different properties of a system, or about different subsystems.
Remark 4.1.4. Combining knowledge corresponds to intersecting different sets V and W ;
the joint description V ∩ W , provided it is non-empty, is more specific than the individual
descriptions.
As I will show in Section 7.2, this way of combining knowledge is the key to more general
composition rules for local knowledge that go beyond the tensor product. For example, if
V = {σAB : TrB (σAB ) = ρA } and W = {σAB : TrA (σAB ) = ρB }, then the specification
V ∩ W = {σAB : TrB (σAB ) = ρA , TrA (σAB ) = ρB } 3 ρA ⊗ ρB
contains the tensor product state as well as states that display correlations between A and B
(if ρA and ρB are mixed).
A special case of combining knowledge is when the intersection of two specifications yields
the empty set, like in the tomography example above.
Definition 4.1.5 (Incompatible specifications). Let V, W ∈ S Ω . Then, if V ∩ W = ∅, the two
descriptions V and W are said to be incompatible.
Finally, transformations act element-wise in order to respect the interpretation of a set as lack of
knowledge of the agent, in a way analogous to linear transformations in probabilistic modelling
of knowledge. To this end, one can define specification homomorphisms, or subsequently simply
homomorphisms, as follows 1 :
Definition 4.1.6 (Specification homomorphism). Let S Ω and S Σ be two specification spaces.
Then a function f : S Ω → S Σ is a specification homomorphism if it acts element-wise, that is, if
[
f (V ) =
{f ({ω}) : ω ∈ V }
for all V ∈ S Ω . If furthermore Ω = Σ, then f is called a specification endomorphism.
This means that transformations respect the interpretation of specifications as sets of possible
alternatives: for example, if the state of a bit system is either 0 or 1, then the output of a bit
flip transformation f on V = {0, 1} should be either the bit flip applied to 0, or the bit flip
applied to 1, that is, f (V ) = f ({0}) ∪ f ({1}) = {0, 1}.
1
Specification homomorphisms can also be defined as semilattice homomorphisms between specification
spaces, see Appendix A and [21].
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4.2

Resource theories

As we have seen in Chapter 2, resource theories can be defined through a set of transformations
that are easy to implement for an agent, called the free operations, and a space of resources,
which in our case will be a specification space S Ω . 1 In this framework, the free transformations
correspond to a set T of endomorphisms f : S Ω → S Ω . The set T is furthermore a monoid,
that is, T is closed under concatenation ◦ and contains the identity transformation, I ∈ T ,
∀ V ∈ S Ω , I(V ) = V
f, g ∈ T =⇒ f ◦ g ∈ T with (f ◦ g)(V ) := f (g(V )) ∀ V ∈ S Ω .
These are two very intuitive properties: the first line means that doing nothing is always an
allowed transformation, and leaves the resource invariant. The second line means that applying
two allowed transformations one after the other in sequence is itself an allowed operation.
There may be resource theories where these properties are not natural to assume, such as a
theory in which the allowed operations T = {ft }t≤T correspond to time evolutions for some
limited time t ≤ T — here, ft ◦ gt0 ∈ T only if t + t0 ≤ T , and so monoidal structure for
concatenations might only be given within the time frame T . Similarly, the allowed operations
in a game such as chess may not include the identity transformation: it is not always allowed
to do nothing. However, in both these cases the respective sets T can usually be extended to
a monoid Tb to fit into our framework, such that our definitions do not pose a real restriction
to modelling these cases. Furthermore, assuming monoids T is in line with usual models for
resource theories [3, 4, 20, 25, 32, 37, 48, 77, 81–88, 105–109], and abstract approaches based on a
pre-order relation [110] or symmetric monoidal categories [2].
Definition 4.2.1 (Resource theory). A resource theory is defined by a tuple (S Ω , T ), where S Ω
is a specification space that corresponds to an agent’s description of the systems in question,
and T is a monoid of endomorphisms on S Ω which corresponds to the set of free transformations
of the agent.
In a resource theory, if one resource V can be transformed into another resource W we say
that W is reachable from V , denoted by V → W .
Definition 4.2.2 (Reaching specifications). Let (S Ω , T ) be a resource theory. A specification
W ∈ S Ω can be reached from a specification V ∈ S Ω , denoted V → W , if there is an allowed
transformation f ∈ T such that f (V ) ⊆ W . Then any particular such transformation f is said
f

to reach W from V , denoted by V −→ W .
In particular, this definition means that forgetting information is always allowed. Intuitively,
in any resource theory going to a superset just corresponds to adopting a more coarse-grained
description of the system — something an agent may always choose to do (for example in order
to obtain a simpler description of the system).
The next proposition shows that → in fact corresponds to a pre-order relation on the specification space S Ω .
1

Note that throughout the remainder of this thesis the term resource is generally used almost interchangeably with specification, since specifications are seen as descriptions of an agent’s knowledge of a given system,
which directly represent how resourceful the system is to the agent. Also, note that free resources, such as the
specification Ω, are also included in the usage of the term resources, even though they are not resourceful.
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Proposition 4.2.3 (Pre-order on specification space). Let (S Ω , T ) be a resource theory. Then
the relation →, which holds when one specification can be reached from another, is a pre-order
on specification space S Ω .
Proof. A pre-order is a reflexive and transitive relation. Now, → is reflexive because I ∈ T , and
the relation is transitive because T is closed under concatenation ◦, and because all functions
T are endomorphisms. In short, the fact that → is a pre-order follows from the fact that T is
a monoid of endomorphisms.
For quantum states, this is also the case in traditional resource theories like LOCC or thermal
operations [3, 4, 48, 105], and since all the important structure of the theory is in the pre-order,
one could even directly view a resource theory in terms of the pre-order it determines [110].
However, while in traditional resource theories the pre-order on quantum states arises solely
from the set of allowed transformations, in our case the pre-order on specification space results
from a combination of the transformations and the intrinsic partial order on sets given by the
set inclusion ⊆. This captures the aspect of subjective knowledge about a system and directly
treats this knowledge as a resource just as much as the physical properties of the states included
in a specification. It furthermore allows us to include all kinds of resource descriptions, such as
when an agent has uncertainty about the exact state at hand or only knows a few properties of
the system.
One could in essence turn any traditional resource theory with its pre-order on state space
into a resource theory of the form (S Ω , T ), where the allowed transformations T generate a
pre-order on specification space.
Remark 4.2.4. Let Ω be a state space and T̃ be a monoid of transformations that take states
to states, f˜ : Ω → Ω for f˜ ∈ T̃ . Then this gives rise to a resource theory (S Ω , T ) with the
specification space S Ω = 2Ω \∅ and allowed transformations f ∈ T with f : S Ω → S Ω defined
through
[
f ∈ T ⇐⇒ f (V ) =
{g(ν)}
ν∈V

for some g ∈ T̃ .
One can now also define the set of free resources in a given resource theory. These are
resources V that can be generated freely from any initial resource, that is, from knowing nothing
about the system at hand, and so for such resources Ω → V .
Definition 4.2.5 (Free resources). Let (S Ω , T ) be a resource theory. Then the set of free
resources Vfree is defined as
Vfree = {V : Ω → V }.
This definition directly implies that for all W ∈ S Ω
V ∈ Vfree ⇐⇒ V ↔ Ω,
and that resources which are not free cannot be reached by free resources.
Remark 4.2.6. Free resources have the property that
V ∈ Vfree , V → W =⇒ W ∈ Vfree .
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Example 4.2.7. We can now look at traditional resource theories such as LOCC or thermal
operations, and see how they could be formalized in this framework, analogous to Remark 4.2.4.
In Section 8.3, I will furthermore discuss in more detail how the resource theory of unital maps
looks like in this framework.
1. LOCC:
LOCC is the resource theory of local operations and classical communication. Let us for
simplicity look at two-party LOCC, in which Alice and Bob control a d-dimensional state
space each, so that
HAB = HA ⊗ HB
for dim HA = dim HB = d and Ω is the set of all quantum states on the global Hilbert
space H.
Within the spirit of LOCC, there are now several restrictions that may be studied. Firstly,
when unlimited classical communication is allowed, one may look at the quantum operations on Ω that are possible with traditional LOCC, and construct the set T as in Remark 4.2.4. On the other hand, one could choose to model the communication explicitly
by means of classical channels and classical information stored on the two sides A and
B within a larger state space of dimension d0 ≥ d on either side. In this case then, the
resulting classical communication is upper bounded in dimension, and explicitly kept track
of through the resource theory. The precise structure of this resource theory will depend
on the exact implementation and state space Ω, so I will not discuss it explicitly here.
Given the allowed operations, the pre-order → is in general given as in Proposition 4.2.3. 1
The free resources of the theory are given by all specifications that include at least one separable state on Ω.
2. Thermal operations:
Thermal operations describe thermodynamics on a microscopic scale (see Chapter 2). The
allowed operations are traditionally defined as adding to the main system thermal states of
any dimension and Hamiltonian at a fixed temperature, applying energy preserving unitary
operations on system and heat bath, and tracing out arbitrary subsystems.
Similarly to the case of LOCC, one can again think of different ways of formalizing the
restrictions that apply, yielding different resource theories that match the spirit of thermal
operations. Firstly, one could look at the state transformations on a system S of fixed
dimension d that are possible with thermal operations as defined above, and build the set
T as in Remark 4.2.4 through
[
†
)}
f ∈ T ⇐⇒ f (V ) =
{TrB (USB (νS ⊗ γB )USB
νS ∈V

for some system B with Hamiltonian HB and thermal state γB , and unitary USB on SB
with [USB , HS + HB ] = 0. In this case, the pre-order is again given by Proposition 4.2.3,
and the free states of the theory are Gibbs states on the system at the given temperature.
On the other hand, another more restricted way to model an agent who has access to a heat
bath would be to explicitly keep track of the heat bath within a global state space Ω, with
a global hilbert space H = HS ⊗ HB . The allowed operations could then be only energypreserving unitaries on the global system (keeping track of the thermal bath as in [19]), or
1

For the special case of bipartite pure state singletons, it is given by majorization [4, 111, 112]
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in addition one could allow for weak thermal contact, thermalizing any part of the system
(i.e. to replace it with a thermal state) [73].
Note that in this framework, resource theories are modelled on a given global system of fixed
dimension. This implies that the input and output systems of transformations are that same
global system. We will see later in Chapter 6 how to model subsystems and local states within
the global theory.

4.3

Approximation structures

In many resource theories, the agent has a notion of proximity between different states in the
state space. For example, in quantum mechanics, common notions are the trace distance or
the purified distance based on the fidelity between quantum states (see Chapter 2). While
these examples correspond to metrics on state space [93, 113], there are also other noteworthy
examples, such as the relative entropy (see Chapter 2), which is not symmetric and does not
satisfy the triangle inequality. Even more generally, a notion of distinguishability relative to an
agent could also be based on arbitrary coarse-grainings or properties of the state. For example,
an agent that can only measure the temperature of a given system might define a notion of
proximity in terms of the temperature, based on how well he can distinguish the readings of a
thermometer attached to the system in question.
It turns out that there is a general way in which such notions of proximity can be incorporated into the specification formalism. Namely, one can introduce the concept of an
approximation structure as follows.
Definition 4.3.1 (Approximation structure). Let S Ω be a specification space, and let (E, ≤)
be a partially ordered set. Then an approximation structure B(S Ω , T ) is a family {B ε }ε∈E of
inflating endomorphisms B ε on S Ω that reflect the partial order on E,
0

ε ≥ ε0 =⇒ B ε (V ) ⊇ B ε (V ).
If there is a parameter ε ∈ E such that B ε (V ) = V for all V ∈ S Ω , then the approximation
structure is said to be attainable, and one can for simplicity denote the parameter ε by ε = 0. If
there is a parameter ε ∈ E such that B ε (V ) = Ω for all V ∈ S Ω , it is called a saturating element.
To simplify notation, I will often write the approximation structure simply as ·ε instead of B ε (·).
Note that, as the notation suggests, the notion of ε-balls around a state ρ in quantum
mechanics according to some metric, B ε (ρ), can be seen as approximation structures (applied
to singletons). These metric-based approximation structures are both attainable and have a
saturating element, ε = 1. Similarly, the relative entropy can give rise to an approximation
structure
[
ε
BD
(V ) :=
{σ : D(σ||ρ) ≤ ε}
ρ∈V

which is attainable for ε = 0 since D(σ||ρ) = 0 ⇐⇒ ρ = σ 1 .
1
Alternatively, one could have defined a different approximation structure through the condition D(ρ||σ) ≤ ε
with the arguments flipped.
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A recurring theme in resource theories is that notions of distinguishability are contractive under the allowed transformations. For example, the trace distance cannot increase under general TPCP maps, and likewise the relative entropy between quantum states satisfies
D(σ||ρ) ≥ D(E(σ), E(ρ)) for all TPCP maps E [93]. More generally, one can define the stability
of a resource theory with respect to an approximation structure as follows.
Definition 4.3.2 (Stability). Let (S Ω , T ) be a resource theory equipped with an approximation
structure B relative to the partially ordered set (E, ≤). Then the theory is stable with respect
to B if for all ε ∈ E,
V → W =⇒ V ε → W ε .
To see how this for example captures the contraction of relative entropy under TPCP maps,
note that for a TPCP map T and two states ρ and τ such that τ = T (ρ), using the straightforward union-preserving extension of T on specifications as the allowed transformations in the
theory,
ε
ε
stability ⇐⇒ T (BD
({ρ})) ⊆ BD
({τ })
[
[
⇐⇒
{T (σ) : D(σ||ρ) ≤ ε} ⊆
{γ : D(γ||T (ρ)) ≤ ε}
σ

γ

⇐⇒ D(T (σ)||T (ρ)) ≤ D(σ||ρ).
Finally, some approximation structures, in particular those derived from a metric on state
space, satisfy triangle inequalities. These can be defined generally as follows.
Definition 4.3.3. Let S Ω be a resource theory, (E, ≤) be a partially ordered set equipped with
an operation + : E × E → E and B(S Ω , E) an approximation structure.
Then B is said to satisfy a triangle inequality if
(V ε )δ ⊆ V +(ε,δ) .
In prominent examples, the operation + furthermore satisfies commutativity and (E, +) is
in fact a commutative monoid.
Approximation structures can furthermore be used to define additional relations on specification space that generalise the pre-order of the allowed transformations to incorporate smoothing.
For example, one could define a relation →ε through
V →ε W ⇐⇒ V → W ε .
This no longer constitutes a pre-order (while it is still reflexive, it fails transitivity), but if the
approximation structure satisfies a triangle inequality, and the resource theory is stable under
ε, such a construction nevertheless yields interesting properties and results: for example, the
relation →ε satisfies so-called “additive transitivity” [30],
V →ε W, W →δ X =⇒ V →+(δ,ε) X,
and the larger the smoothing, the easier the transformation,
V →ε W, ε ≤ δ =⇒ V →δ W.
Such more general relations →ε can be used to quantify resources and transformations when
allowing for a probability of failure (see Chapter 8 and [30]), and can be used to study asymptotic
properties of a resource theory [30].
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4.4

Convexity

As I have argued here and in Chapter 3, specifications are a powerful tool to model nonprobabilistic knowledge in a simple and efficient manner. However, an agent may also wish
to express probabilistic knowledge. For example, the density matrix formalism in quantum
mechanics is an elegant way to represent probabilistic knowledge based e.g. on previous measurement statistics 1 . In this framework we incorporate probabilistic knowledge into the state
space of the theory. For example, in quantum resource theories the state space Ω consists
of global density matrices, as we have seen the examples of LOCC and thermal operations
discussed earlier.
However, the state space might be convex for other reasons than to express probabilistic
knowledge: for example, in chemistry we might want to describe mixtures of substances through
convex combinations, such as a solution of 1 gram of salt in 99 grams of water. The structure
of such mixtures will be much the same as the structure of probabilistic mixtures, and so both
types of convexity are treated in this section. In either case, one can define a convex mixture2
of two specifications as
[ [
p V + (1 − p) W :=
{p ν + (1 − p) ω}.
ν∈V ω∈W

Note that with this definition a convex combination of twice the same specification in general
yields a larger specification,
p V + (1 − p) V ⊇ V.
The reason for this is that the convex combination p V + (1 − p) W treats V and W as
independent pieces of knowledge. The easiest way to illustrate the way convex combinations of
specifications behave is in the case of convex mixtures that represent mixtures of substances as
explained above. For example, mixing 1 gram of a white substance, which we know is either
salt or sugar, with 99 grams of a clear liquid, which for all we know could be either water or
vodka, yields a solution which could be any of the combinations, expressed by the specification
0.01 {salt, sugar} + 0.99 {water, vodka} = {0.01 salt + 0.99 water, 0.01 salt + 0.99 vodka,
0.01 sugar + 0.99 water, 0.01 sugar + 0.99 vodka}.
Playing through a similar example in the case where convex combinations represent probabilities,
one can see that convex mixtures of specifications should behave the same way. For example,
suppose there are two closed boxes in front of you, and you know that one of them contains
either sugar or salt, and the other one contains water or vodka. Suppose further that in both
cases you have no reason to attribute probabilities to the different alternatives. Now, imagine
tossing a fair coin, and depending on the outcome receiving one of the two boxes. Your best
description of the content of your box is now, analogously to above, the specification
V = {0.5 salt + 0.5 water, 0.5 salt + 0.5 vodka, 0.5 sugar + 0.5 water, 0.5 sugar + 0.5 vodka}.
Equipped with a notion of convex combinations of resources, we may now look at how
convex combinations behave under transformations. For convex mixtures in general, there need
1

In the approach of QBism [103], density matrices (both mixed and pure states) always ultimately express a
subjective belief of the agent.
2
For more complete results, see Appendix F. In particular, there a generalized notion of convexity is used for
sets that may not have all the structure of a real vector space.

45

not be any particular relation between convex mixtures and transformations. For instance,
in a solution of salt in water the properties of the resulting substance, such as the electrical
conductivity, might not directly reflect the properties of the individual substances. However, in
the case of probabilistic mixtures, the transformations should respect the character of subjective
probabilistic knowledge of mixtures. In this case, one would expect that applying a function to
a probabilistic mixture is not more specific than taking a probabilistic mixture of the function’s
outputs in each case — the more precise knowledge is used to perform a transformation, the more
specific the outcome. Formally, this leads to the definition of convexity-supporting functions.
For some functions, taking a convex mixture before or after applying a function yields exactly
the same result — in this case, we say that the functions are convexity-preserving.
Definition 4.4.1 (Convexity-preserving and convexity-supporting functions). Let Ω, Σ be convex state spaces with associated specification spaces S Ω and S Σ .
Then a function f : S Ω → S Σ is said to support convexity (be convexity-supporting) if
f (p V + (1 − p) W ) ⊇ p f (V ) + (1 − p) f (W ),
and it is said to preserve convexity (be convexity-preserving) if
f (p V + (1 − p) W ) = p f (V ) + (1 − p) f (W ).
For example, in resource theories of quantum mechanics on a fixed dimension, the state
space of density matrices is convex, and quantum operations (TPCP maps) are linear, thus
convexity preserving,
E(p ρ + (1 − p) σ) = p E(ρ) + (1 − p) E(σ).
This guarantees that the same condition is also satisfied for specifications, that is,
f (p V + (1 − p) W ) = p f (V ) + (1 − p) f (W )
for functions f that correspond to CPTP maps and specifications V, W ∈ S Ω .
More generally, quantum operations that involve partial traces are convexity-supporting.
To see this, let us look directly at the function f that corresponds to the partial trace,
f ({ν}) = {ω : TrA (ω) = TrA (ν)}
in a bipartite system AB. If this is indeed convexity-supporting, then any combination of
quantum maps on the same dimension followed by a partial trace is also convexity-supporting,
because CPTP maps on the same global input and output space are convexity-preserving.
Now, we need to check for the partial trace that
f ({p ρ + (1 − p) σ}) ⊇ p f ({ρ}) + (1 − p) f ({σ}).
This amounts to
f ({p ρ + (1 − p) σ}) = {ω : TrA (ω) = p ρB + (1 − p) σB }
⊇ p {ω : TrA (ω) = ρB } + (1 − p) {ν : TrA (ν) = σB }
= p f ({ρ}) + (1 − p) f ({σ}),
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where the second line follows because
TrA (p ω + (1 − p) ν) = p ωB + (1 − p) νB = p ρB + (1 − p) σB
for all ω, ν such that ωB = ρB and νB = σB .
One can easily see that in the case of the partial trace, the inequality defining convexitysupporting functions can be strict, since


 

1
1
1
1
f
|00ih00| + |11ih11|
= ω : TrA (ω) = TrA
|00ih00| + |11ih11|
2
2
2
2


1
1
= ω : TrA (ω) = |0ih0| + |1ih1|
2
2
1
3 (|00i + |11i) (h00| + h11|) ,
2
which is not in
1
1
1
1
f ({|00ih00|}) + f ({|11ih11|}) = {ω : TrA (ω) = |0ih0|} + {ω : TrA (ω) = |1ih1|}.
2
2
2
2
This is because the function takes states to specifications, thus incorporating an intrinsic coarsegraining of knowledge. Since we want to allow for such functions in a resource theory in
which convexity represents probabilistic mixtures, we demand functions to support rather than
preserve convexity in such theories.
Definition 4.4.2 (Convex resource theories). A resource theory (S Ω , T ) is convex if the state
space Ω is convex and the allowed transformations f ∈ T support convexity.
Quantum mechanics is not only a convex resource theory, but in fact what we will call a
doubly convex resource theory. In such theories, not only the convex combination of specifications, but also the convex combination of transformations is well-defined. Convex combinations of transformations furthermore behave naturally, in the sense that applying the mixture
p f +(1−p) g to a specification V can be described by mixing the outputs, p f (V )+(1−p) g(W ).
For example, in quantum mechanics, convex combinations of two TPCP maps E and F behave
as
(p E + (1 − p) F)(ρ) = p E(ρ) + (1 − p) F(ρ).
However, in general, when applied to specifications information may be lost in this description,
since the expression
p f (V ) + (1 − p) g(V )
contains p f ({ν}) + (1 − p) g({ω}) for ν, ω different elements in V , which are not naturally part
of the output of applying p f + (1 − p) g to V . 1
1
To see this, look for example at the case of TPCP maps for which f = g, where V contains to elements,
V = {ν, ω}. Then, p f + (1 − p) f = f , and so

(p f + (1 − p) f )(V ) = f (V ) ⊂ p f (V ) + (1 − p) f (V ),
since in general p f ({ν}) + (1 − p) f ({ω}) + f (V ).
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Definition 4.4.3 (Doubly convex resource theories). The resource theory is doubly convex if,
in addition, the set of transformations T is also convex, and convex combinations of transformations behave naturally with respect to the convex combination of resources (see Appendix F
for a full definition), in particular
(p f + (1 − p) g)(V ) ⊆ p f (V ) + (1 − p) g(V ).
Appendix F characterizes doubly convex resource theories in more detail. The following
result is of particular interest. A proof of this theorem can be found in Appendix F.
Theorem 4.4.4 (Convexity of free resources). Let (S Ω , T ) be a doubly convex resource theory.
Then for any two free resources V and W , p V + (1 − p) W is also a free resource.
In particular, the set of free states is convex: if {ν} and {ω} are free, then {p ν + (1 − p) ω} is
also free.
In case convex mixtures express probabilistic mixtures, one may sometimes choose to interpret specifications also probabilistically, even though I have argued in Chapter 3 that specifications represent non-probabilistic knowledge. Namely, a specification can be understood as
representing uncertainty or ambiguity about the underlying probability distribution over the
individual states included in the specification. For example, the specification V = {ω, ν} can
be interpreted as “the state of the system is either ω or ν, I am unsure which, and I choose not
to assign probabilities”. As such, it is then equivalent to the specification
[
VP =
{p ω + (1 − p) ν},
p∈[0,1]

the convex hull of V , interpreted as “the state of the system is a probabilistic mixture between
ω and ν, where the probability distribution is unknown or arbitrary”. Such an interpretation may be particularly interesting for a Bayesian understanding of probabilities as subjective
uncertainty, e.g. in cases where specifications represent knowledge shared by several Bayesian
agents. In this case, V P really expresses the knowledge that different Bayesian agents (who
assign different distributions over V ) can agree on, since for any 0 ≤ p ≤ 1, it holds that
p ω + (1 − p) ν ∈ V P .
With this interpretation then, an agent chooses to employ probabilistic equivalence, that is,
he may impose the equivalence relation ∼P on S Ω determined by
V ∼P V P
for all V ∈ S Ω 1 . In this picture, the agent may then work in the probabilistic quotient space
S Ω / ∼P ,
which is not a specification space but which can effectively describe knowledge in a fully probabilistic picture. Appendix F further discusses this issue, and derives consistency conditions to
work in this quotient space.
1
generally, the convex hull of V is defined as the smallest convex set that includes V . For precise definitions,
see Appendix F.
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Chapter 5

Embeddings: relating different
agents or views of reality
5.1

Relating specification spaces

A resource theory (S Ω , T ) describes the knowledge and the allowed operations of an agent
that acts on a given physical system. While I have argued that the agent’s knowledge should
accurately be represented by means of specifications (Chapters 3 and 4), that is, sets of states
in an underlying state space Ω, the state space Ω itself corresponds to a subjective choice of
language the agent uses relative to which he describes his knowledge. In Chapter 4, I have
briefly noted that the state space Ω corresponds to the most precise, fine-grained descriptions
that the agent can make about the system.
The motivation here is that the agent can experimentally distinguish different states in Ω
(by some means, either directly or asymptotically, that is, in each run of the experiment with
some non-zero probability), so that he understands two states in Ω as different possible states
the physical system can adopt, and such that he can in principle verify whether or not his
assignment is correct.
From such an interpretation of Ω it becomes clear that different agents might have different
views of reality, thus describe a physical system not just by means of different specifications, but
by means of different state spaces, that is, in terms of different languages. One can understand
the famous Maxwell demon thought experiment [94, 95] (see Chapter 2) as an example for such
a situation 1 . Consider two agents presented with a gas in a box with two partitions separated
by a wall with a small door that can be opened and closed at will. The first, macroscopic,
agent, describes the gas by means of macroscopic properties, such as its entropy, volume and
temperature. For this agent, if the gas is initially on both sides of the wall, opening and closing
the door has no effect: although individual particles will pass through the wall in either direction,
the macroscopic thermodynamic state functions and thus the description available to the agent
will be unchanged. In contrast, the second, microscopic agent — the demon — starts off with a
different description of the gas in the box: instead of macroscopic properties, he knows the exact
1

Note that different formulations exists; the following version is merely one way to set up the paradox. For
convenience in explaining the relevant concepts here, this version furthermore differs slightly from the one in
Chapter 2: instead of letting through only fast particles to create a temperature difference, we here assume the
demon only lets through particles from the left to the right, thus creating a particle number difference between
the two sides.
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positions and velocities of all the individual microscopic gas particles. With this knowledge,
he can choose to open the door whenever a particle is approaching from the left and keep it
closed whenever a particle tries to pass from the right side, thus selectively letting through
particles from left to right. After performing this task for a while, he has managed to increase
the number of particles on the right and reduce the number of particles on the left. For the
macroscopic agent, it will then look as though the entropy of the gas has decreased, so that one
could extract work from the system in a seemingly cyclic process. For the macroscopic agent,
it thus looks as though the second law of thermodynamics had been violated — a worrisome
conclusion since the thought experiment seems in principle feasible.
One can of course solve this apparent paradox. In our language, the difference between the
demon and the macroscopic agent is simply that they use different state spaces to describe the
same physical system: the macroscopic agent uses thermodynamic state variables like entropy,
volume and temperature, whereas the demon can track microscopic details like positions and
velocities of all the particles. Then, what looks to the macroscopic agent like a decrease in
entropy, actually constitutes no entropy change for the demon as he would describe it by a
unitary evolution of the microscopic gas particles. There is hence no violation of the second
law: neither the demon, nor the macroscopic agent, can decrease the entropy of the gas from
their point of view. The apparent paradox emerges when we try to describe the demon’s actions
from the point of view of the macroscopic agent, or when we falsely assume the demon could
extract work from the new constellation without a corresponding increase in entropy in the
system (which would happen in a Szilard-type engine 1 ). As one can see, it is thus crucial in such
examples to be clear about the points of view of different agents, and to know when and how they
can be related. That one can describe the same physical system in terms of different languages
or state spaces is at the heart of the confusion in the Maxwell demon thought experiment as
well as the reason why it allows for many different interpretations or resolutions [95, 114–116].
Thermodynamics with the Maxwell demon thought experiment is just one example for situations in which we would like to relate different resource theories, or different agents that use
different language to describe the same system. In a similar spirit to relating macroscopic and
microscopic agents, one would in general also like to compare quantum and classical agents,
such as agents that are entangled with a physical system versus agents that can keep only classical memory. In particular, one would like to model different points of view in cryptographic
settings, where it is crucial to keep track of who has access to which information. Relating different quantum agents also plays a big role in the Wigner’s friend thought experiment [27, 117].
More examples include agents that have or lack access to reference frames [81–87] or riddles
that concern the knowledge of different agents in epistemics like the muddy children’s paradox 2 [118,119], where one needs to separate common from individual knowledge and understand
the different points of view of the individual agents.
Relating different languages or state spaces in resource theories also has the additional
benefit that choosing a particular state space Ω to model an agent is not in any way restrictive.
Rather than postulating states in Ω as the ultimate states of reality, one merely chooses to
1

If the demon tries to build a cyclic process to extract work, he could let the gas expand with a piston,
extracting work in this stage. But then he loses the correlations of the gas with his memory, so that he would
subsequently need to spend work to erase his memory in order to start measuring the new positions and velocities
of the particles to achieve a cyclic process —in the end, the demon is also unable to extract net work in the
process as the second law of thermodynamics demands. [95]
2
In this puzzle, a group of children, who are not allowed to communicate, are asked to figure out which of
them has mud on their forehead in a number of rounds of being questioned together
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represent the resources available to an agent in this language. Then, by relating different state
spaces, one can understand how one agents would represent the knowledge held by another
agent, or how the effect of actions of one agent would be modelled by another.
In this chapter, I will introduce the concept of specification embeddings (for simplicity sometimes also called just embeddings), which can be used to express resources in different languages,
that is, in terms of different state spaces. This concept does not only capture the setting of
Maxwell’s demon and allow us to relate macroscopic and microscopic thermodynamics, but will
also play a role later on in Chapter 6, where subsystems in a global theory can be expressed
precisely in this way. The notion of secrecy in Section 7.1 furthermore suggests that the concept would be powerful to explore in cryptographic applications. The definitions and results
presented in this chapter are based on [21].
Specification embeddings are a special type of order embedding of one specification space
into another, which map specifications on a smaller state space Ω to specifications on a larger
state space Σ. That is, they essentially translate the knowledge of one agent, who only has access
to coarse-grained descriptions or a limited state space, into the language of another agent with
more detailed descriptions of the system in question. Formally, specification embeddings are
defined as follows.
Definition 5.1.1 (Specification embedding). Let S Ω and S Σ be two specification spaces. Then
a homomorphism e : S Ω → S Σ is called a specification embedding if it is both order-reflecting,
that is,
e(V ) ⊆ e(W ) =⇒ V ⊆ W
(5.1)
and incompatibility-preserving, that is,
V ∩ W = ∅ =⇒ e(V ) ∩ e(W ) = ∅.

(5.2)

The conditions on embedding functions e can be motivated as follows. First of all, since
one is really just translating the knowledge of an agent from one language into another more
fine-grained language, the two representations should agree on whether or not one description
is more specific than another. This essentially amounts to the condition that specification
embeddings should be order embeddings:
V ⊆ W ⇐⇒ e(V ) ⊆ e(W ).
Since the direction =⇒ here is implied by the fact that e is a specification homomorphism,
Definition 5.1.1 only explicitly states that the embedding should be order-reflecting. Note that
because it is an order embedding, e is injective, as the above implies
e(V ) = e(W ) =⇒ V = W.
The fact that the embedding e should be a homomorphism, that is, preserve the set union,
is motivated just like for the allowed transformations in Definition 4.2.1: a specification VΩ =
{ω, ν} ∈ S Ω should be mapped to e(VΩ ) = e({ω}) ∪ e({ν}) ∈ S Σ , since the uncertainty of
an agent with coarser language Ω about which state the system is in should translate into the
more fine-grained language Σ — just like the allowed transformations, e can be written as an
element-wise function.
Finally, the condition that the embedding should be incompatibility-preserving can again be
motivated by the idea that an embedding really translates the knowledge of one agent in terms
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of another, larger specification space — no information should be lost through the embedding
because the larger specification space, S Σ , should be able to specify knowledge more precisely
than S Ω . Hence, if two specifications are incompatible within S Ω so that V ∩ W = ∅, then
they should still be incompatible within S Σ so that also e(V ) ∩ e(W ) = ∅. This condition
expresses a stronger structure-preservation for specification spaces than merely guaranteed by
an order-embedding: on top of being injective, specification embeddings have to map fully
distinguishable (non-overlapping) specifications on S Ω to non-overlapping specifications on S Σ .
Remark 5.1.2. The condition
V ∩ W = ∅ =⇒ e(V ) ∩ e(W ) = ∅
implies that e : S Ω → S Σ maps each element in Ω to disjoint sets in S Σ ,
ω 6= ν =⇒ e({ω}) ∩ e({ν}) = ∅.
There are two kinds of embeddings which emerge as special cases and which are by themselves easier to understand, and from which one can construct arbitrary general specification
embeddings. These are called intensive and extensive embeddings, and will be discussed in the
following sections.

5.2

Intensive embeddings

Intensive embeddings are embeddings in which the state space Σ contains more fine-grained
elements than the state space Ω. In this case, every state in Ω really corresponds to a number
of states in Σ which are compatible with the description in Ω, or indistinguishable from the
point of view of Ω. For example, Ω could be a description of a particle’s spatial wavefunction
which neglects a certain internal property like the spin, since it may not be experimentally
testable by a given agent or relevant to the specific situation he tries to model. In contrast, Σ
would then be a full description of the particle, including the spin.
Similarly, thermodynamics and the Maxwell demon thought experiment explained above
could be understood as an intensive embedding: each thermodynamic state described by the
macroscopic agent through macroscopic variables would really corresponds to a set of microscopic states that are compatible with the macroscopic observations (see also Chapter 9).
Formally, in an intensive embedding the state space Ω corresponds to a grouping of states
in Σ into equivalence classes, where each element in Ω represents one such equivalence class.
Definition 5.2.1 (Intensive embedding). Let S Ω , S Σ be specification spaces connected by an
embedding
e : SΩ → SΣ.
Then e is called an intensive embedding if there is an equivalence relation ∼ on Σ such that Ω
is in one-to-one correspondence with the quotient space Σ/ ∼,
Ω∼
= Σ/ ∼,
and such that e maps each element in Ω to the corresponding equivalence class,
e({i([ν]∼ )}) = [ν]∼
with i : Σ/ ∼ → Ω the bijection between the two spaces.
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Remark 5.2.2. Every equivalence relation ∼ on a state space Σ directly induces an intensive
embedding
e : S Σ/∼ → S Σ
defined by
e(V∼ ) =

[

ν∼

ν∼ ∈V∼

for all V∼ ∈ S Σ/∼ .
Proof. We need to show that e is indeed an embedding, that is, that it is an order-reflecting
and incompatibility-preserving homomorphism.
Because of its definition, e is clearly a homomorphism. To see that it is order-reflecting, note
that equivalence classes on Σ are mutually exclusive,
[ν]∼ = [σ]∼ or [ν]∼ ∩ [σ]∼ = ∅
for all ν, σ ∈ Σ. Hence, if e(V∼ ) ⊆ e(W∼ ), this implies that for all [ν]∼ ∈ V∼ , in fact also
[ν]∼ ∈ W∼ , and so
e(V∼ ) ⊆ e(W∼ ) =⇒ V∼ ⊆ W∼
as required. To see that e is incompatibility-preserving, note that
V∼ ∩ W∼ 6= ∅ ⇐⇒ ∃ [ν]∼ ∈ V∼ s.t. [ν]∼ ∈ W∼ ⇐⇒ e(V∼ ) ∩ e(W∼ ) 6= ∅.
Hence e is indeed a specification embedding. Finally, the conditions to make it intensive are
clearly given since Σ/ ∼ ∼
= Σ/ ∼ with bijection i = I.
Proposition 5.2.3 (Intensive embedding). Let S Ω , S Σ be specification spaces connected by an
embedding
e : SΩ → SΣ.
Then e is an intensive embedding if and only if there exists a homomorphism
h : SΣ → SΩ,
called the adjoint, with
h◦e=I

(5.3)

e ◦ h inflating (Definition 4.1.3)

(5.4)

Proof. This proof treats both directions separately.
1. Definition 5.2.1 implies the existence of an adjoint homomorphism h with the required
properties:
Denote again the bijection from the quotient space Σ/ ∼ to Ω by
i : Σ/ ∼ → Ω,
and let i−1 : Ω → Σ/ ∼ be its inverse. Then, define the adjoint h as
[
h(V ) =
{i([σ]∼ )} .
σ∈V

Now, h is clearly a homomorphism from S Σ to S Ω and one can see that for VΣ ∈ S Σ ,
VΩ ∈ S Ω ,
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• e ◦ h(VΣ ) ⊇ VΣ :
[
{e ◦ h({σ}) : σ ∈ VΣ }
[
= {e({i([σ]∼ )}) : σ ∈ VΣ }
[
= {[σ]∼ : σ ∈ VΣ }

e ◦ h(VΣ ) =

⊇ VΣ ,
• h ◦ e = I:
h ◦ e(VΩ ) =

[

(h ◦ e({ω}))

ω∈VΩ

=

[


h ◦ e({i ◦ i−1 (ω)})

ω∈VΩ

=

[


h(i−1 (ω))

ω∈VΩ

=

[

{i([σ]∼ ) : σ ∈ i−1 (ω)}

ω∈VΩ

=

[

{i ◦ i−1 (ω)}

ω∈VΩ

= VΩ .
2. Adjoint function h induces an equivalence relation ∼ on Σ :
Defined a relation ∼ on Σ by
ν ∼ σ ⇐⇒ h({ν}) = h({σ}).
This definition is trivially symmetric, reflexive and transitive, and thereby ∼ constitutes
an equivalence relation. It is left to show that
• Ω is in one-to-one correspondence with Σ/ ∼:
Define the explicit mapping
j : Ω → Σ/ ∼
by
j(ω) = {σ : h({σ}) = {ω}} ∈ Σ/ ∼
with the inverse
j −1 ([σ]∼ ) = ω ⇐⇒ h([σ]∼ ) = {ω}
To see that j with the inverse j −1 constitutes a bijection, note that j is
– injective: from the definition it is clear that ν 6= ω =⇒ j(ν) 6= j(ω) for all
ν, ω ∈ Ω,
– surjective: we will use that |h({σ})| = 1 for all σ ∈ Σ and that h is a surjective
homomorphism (this is proven in Lemma 5.2.4 below). This implies that the
image of h when restricted to singleton inputs exactly corresponds to the reduced
state space Ω. Hence, for each ω ∈ Ω, it holds that ω = h({σ}) for some σ ∈ Σ,
and then j(ω) = [σ]∼ . In turn, each [σ]∼ satisfies h([σ]∼ ) = {ω} for some ω ∈ Ω
and so j is indeed surjective because then j(ω) = [σ]∼ .
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Now, it is left to check that j −1 is well-defined and indeed the inverse of j. To see
this, note that applying h to different equivalence classes yields different elements in
Ω,
[ν]∼ 6= [σ]∼ =⇒ h([ν]∼ ) 6= h([σ]∼ )
and that the image of h applied to equivalence classes indeed yields singletons in Ω.
Hence j −1 is well-defined. Furthermore,
j ◦ j −1 ([σ]∼ ) = j(ω)
for ω ∈ Ω such that h([σ]∼ ) = {ω} and so
j ◦ j −1 ([σ]∼ ) = [σ]∼
because
j(ω) = {σ : h({σ}) = {ω}} = [σ]∼ .
Finally,
j −1 ◦ j(ω) = ω
because h({σ : h({σ}) = ω}) = {ω}.
• the embedding satisfies
e(VΩ ) =

[

j(νΩ )

νΩ ∈VΩ

with j : Ω → Σ/ ∼ the bijection between the two spaces:
Since e is a homomorphism, it is enough to check that
e({ω}) = j(ω)
for all ω ∈ Ω. To see this, note that
h ◦ e({ω}) = {ω}
implies that
e({ω}) ⊆ {σ : h({σ}) = {ω}} = j(ω).
The other direction follows from the fact that e ◦ h is inflating and so
e ◦ h ◦ j(ω) ⊇ j(ω),
which means that
e({ω}) = e ◦ h({σ : h({σ}) = {ω}}) = e ◦ h ◦ j(ω) ⊇ j(ω).

One can show that intensive embeddings satisfy a number of additional properties. For a
proof of the following lemma, see Appendix B.
Lemma 5.2.4. [Properties of intensive embeddings] An intensive embedding e : S Ω → S Σ and
its associated adjoint function h satisfy the following properties:
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• |h({σ})| = 1 for all σ ∈ Σ,
• h is surjective, that is, for all VΩ ∈ S Ω , VΩ = h(VΣ ) for some (usually not unique)
VΣ ∈ S Σ ,
• e and h map Ω and Σ onto each other,
e(Ω) = Σ, h(Σ) = Ω,
• e ◦ h is an idempotent, inflating specification endomorphism.
In fact, the adjoint function h is uniquely defined (Proposition 5.2.5) through the two
specification spaces together with e and so the pair (e, h), which technically forms a Galois
insertion (Lemma B.1.1), is regularly used in the remainder of this thesis to characterize an
intensive embedding. The proof of the the following propositions can be found in Appendix B.
Proposition 5.2.5. [Adjoint uniquely defined] Let e : S Ω → S Σ be an intensive embedding.
Then the adjoint function h : S Σ → S Ω is uniquely defined through
[
h(VΣ ) =
{i([σ]∼ )}
σ∈VΣ

with i : Σ/ ∼ → Ω the bijection between the quotient space and Ω.
An alternative expression is given by
h(VΣ ) = {ω ∈ Ω : e({ω}) ∩ VΣ 6= 0}
for VΣ ∈ S Σ .
Similarly, in an intensive embedding, the embedding function e is also uniquely defined by
the adjoint h and the two specification spaces.
Proposition 5.2.6. [Embedding uniquely defined] Let e : S Ω → S Σ be an intensive embedding
with its adjoint function h : S Σ → S Ω . Then e is also uniquely defined in terms of its adjoint
through the homomorphism built from
e({ν}) = {σ ∈ Σ : h({σ}) = {ν}}
for ν ∈ Ω.
Corollary 5.2.7. In an intensive embedding, the inflating function e ◦ h maps each singleton
in S Σ to its corresponding equivalence class,
e ◦ h({σ}) = [σ]∼e .
Remark 5.2.8. An intensive embedding e : S Ω → S Σ (or likewise, an equivalence relation ∼
on Σ) also gives rise to an equivalence relation ∼0 on S Σ defined through
V ∼0 W ⇐⇒ h(V ) = h(W )
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for all V, W ∈ S Σ . This equivalence relation furthermore satisfies the property
V ∼0 W =⇒ V ∼0 V ∪ W
and the function e ◦ h maps each element in S Σ to the union over its equivalence class under
∼0 ,
[
[
e ◦ h(V ) = [V ]∼0 = {W ∈ S Σ : W ∼0 V }.
Proof. The relation ∼0 is by definition trivially reflexive, symmetric and transitive. Because h
is a homomorphism, h(V ∪ W ) = h(V ) ∪ h(W ) and so clearly
V ∼0 W =⇒ V ∼0 V ∪ W.
Finally,
e ◦ h(V ) = {σ ∈ Σ : h({σ}) = {ν} for some ν ∈ h(V )}
[
= {W ∈ S Σ : W ∼0 V }
[
= [W ]∼0 .

Corollary 5.2.9. The function e ◦ h corresponding to an intensive embedding e : S Ω → S Σ is
a special case of an approximation structure on S Σ , namely one that contains a single endomorphism, f := e ◦ h, which maps each specification to the union of all the specifications that
are equivalent to it under ∼0 ,
[
[
f (V ) = e ◦ h(V ) = [V ]∼0 = {W ∈ S Σ : W ∼0 V }.

5.3

Extensive embeddings

The second special kind of embeddings, extensive embeddings, arise when one agent merely
includes more elements in his state space than the other: for example, in thermodynamics
one agent could use the state space Ω to describe states in thermodynamic equilibrium, while
another agent works with a larger state space Σ that also includes states out of equilibrium (he
would like to describe more than just equilibrium situations). As another example, consider
the natural and real numbers in mathematics. Here, again one agent could choose to use very
coarse descriptions in terms of natural numbers, using Ω = N, while another agent could work
with the exact real numbers, Σ = R. In such cases, the specification embedding S Ω → S Σ
essentially corresponds to an injective map between the respective state spaces Ω and Σ.
Definition 5.3.1 (Extensive embedding). Let S Ω , S Σ be specification spaces connected by an
embedding
e : SΩ → SΣ.
Then e is an extensive embedding if e maps singletons to singletons,
|e({ω})| = 1
for all ω ∈ Ω, where | · | denotes the size (cardinality) of the enclosed set.
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Remark 5.3.2. An extensive embedding e : S Ω → S Σ corresponds to an injection between the
respective state spaces, e0 : Ω → Σ, with e the homomorphism built as
[
e(VΩ ) =
{e0 (ω)}.
ω∈VΩ

Proof. Starting with an injection e0 on the state spaces, the resulting function e : S Ω → S Σ
is indeed an extensive embedding, because it is an order-reflecting homomorphism, and maps
singletons in S Ω to singletons in S Σ . Similarly, any extensive embedding e gives rise to an
injection e0 on the respective state spaces because e is injective and maps singletons to singletons.

5.4

Combining embeddings

One can now show that all specification embeddings can be constructed as a combination of
intensive and extensive embeddings.
Theorem 5.4.1 (General embeddings). Every specification embedding e : S Ω → S Σ can be
written as a combination of intensive and extensive embeddings in either order, that is
e = eext ◦ eint
as well as
e=e
eint ◦ e
eext ,
where eint , e
eint denote intensive and eext , e
eext denote extensive embeddings respectively.
Before proving the theorem, let us look at a simple example. Consider the reduced space
Ω = {a, b} and the larger space Σ = {a1 , a2 , b1 , b2 , c1 , c2 }, with the obvious embedding
e:

SΩ → SΣ
{a} 7→ {a1 , a2 }
{b} 7→ {b1 , b2 }
{a, b} 7→ {a1 , a2 , b1 , b2 }.

To write e as a concatenation of intensive and extensive embeddings, one needs to define an
intermediate state space, which is different for the two options.
1. To show e = eext ◦ eint , define Γ = {a1 , a2 , b1 , b2 }. Then
SΩ → SΓ

eint :

{a} 7→ {a1 , a2 }
{b} 7→ {b1 , b2 }
{a, b} 7→ {a1 , a2 , b1 , b2 }
is an intensive embedding, and eext :
embedding.

S Γ → S Σ given by the identity is an extensive
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e = {a, b, c1 , c2 } = Ω ∪ (Σ\Γ). Then
2. To show e = e
eint ◦ e
eext , define Γ
e
eint :

SΓ → SΣ
e

{a} 7→ {a1 , a2 }
{b} 7→ {b1 , b2 }
{c1 } 7→ {c1 }
{c2 } 7→ {c2 }
[
e
eint ({ω})
VΓe 7→
ω∈VΓ
e

is an intensive embedding, and e
eext : S Ω → S Γ given by the identity is an extensive
embedding.
e

The proof below generalises this procedure to arbitrary embeddings.
Proof. I will now prove the two equalities separately.
1. For the first equality, e = eext ◦ eint , define the state space
Γ := {ν ∈ Σ : ν ∈ e({ω}) for some ω ∈ Ω}.
As Γ ⊆ Σ, there is trivially an extensive embedding eext that connects S Γ to S Σ , given by
the identity. One can now define an equivalence relation on Γ as follows:
ν ∼ γ ⇐⇒ ∃ ω ∈ Ω : ν, γ ∈ e({ω}).
This is clearly an equivalence relation: it is reflexive, symmetric and transitive because
e maps different states ω ∈ Ω to disjoint sets of elements of Γ. But then Ω is in one-toone correspondence with the quotient space Γ/ ∼, and so the corresponding specification
spaces are isomorphic, S Ω ∼
= S Γ/∼ . This means that there is an intensive embedding
0
Γ/∼
Γ
e :S
→ S , and so one can define an intensive embedding from S Ω to S Γ analogously,
given by
hint ({γ}) = {ω} ⇐⇒ γ ∈ e({ω}),
[
hint (VΓ ) = {h({γ}) : γ ∈ VΓ }
and
eint (VΩ ) := {γ ∈ Γ : hint ({γ}) ⊆ VΩ } = {γ ∈ Γ : hint ({γ}) = {ω}, ω ∈ VΩ }.
This is clearly an intensive embedding from S Ω to S Γ , and so it is only left to show that
e = eext ◦ eint :
eext ◦ eint (VΩ ) = eext ({γ ∈ Γ : hint ({γ}) = {ω}, ω ∈ VΩ })
= eext ({γ ∈ Γ : γ ∈ e({ω}), ω ∈ VΩ })
[
= {e({ω}) : ω ∈ VΩ }
= e(VΩ ).
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e through
2. To show that e can be also written as e = e
eint ◦ e
eext , define a space Γ
e := Ω0 ∪ (Σ\Γ) = Ω0 ∪ {σ ∈ Σ : σ ∈
Γ
/ e({ω}) for any ω ∈ Ω},
where Γ is defined as before in the first part of this proof, and Ω0 is a copy of Ω. Take e
eext
e
to be the trivial extensive embedding between S Ω and S Γ , determined by the isomorphism
0
i : SΩ → SΩ .
Now, one can define the equivalence relation ∼ on Σ as
e ∃ ω ∈ Ω : σ, ν ∈ e({ω}),
σ ∼ ν ⇐⇒ σ, ν ∈
/ Γ,
which is again reflexive and symmetric, and transitive because e maps different states in
e and
Ω to disjoint sets in S Σ . Then Σ/ ∼ is again in one-to-one correspondence with Γ
e
so analogously to before, there is an intensive embedding e
eint : S Γ → S Σ defined through
the homomorphism
(
e σ ∈ e ◦ i−1 ({γ})
/ Γ,
e int ({σ}) = {γ} if σ ∈
h
e
{σ} if σ ∈ Γ,
with the corresponding embedding e
eint : S Γ → S Σ defined as the homomorphism
(
e int ({σ}) = {γ}} if γ ∈
{σ ∈ Σ : h
/Σ
e
eint ({γ}) :=
{γ} if γ ∈ Σ.
e

This is an intensive embedding by construction. It is also analogous to how we defined
e which are already in Σ.
eint before, but including the additional elements in Γ
It is hence left to show that indeed e = e
eint ◦ e
eext :
[
e
eint ◦ e
eext (VΩ ) =
{e
eint (i({ω})) : ω ∈ VΩ }
o
[n
e int ({σ}) = i({ω}), ω ∈ VΩ
=
σ∈Σ:h
[
=
σ ∈ Σ : σ ∈ e ◦ i−1 ◦ i({ω}), ω ∈ VΩ
[
=
{σ ∈ Σ : σ ∈ e({ω}), ω ∈ VΩ }
= e(VΩ ).

One can also show that in general different specification embeddings can be combined to
construct new embeddings between the respective specification spaces.
Proposition 5.4.2 (Concatenating embeddings). Let S Ω , S Σ , S Γ be specification spaces connected by embeddings eΩ→Σ , eΣ→Γ from S Ω to S Σ and from S Σ to S Γ respectively. Then
eΩ→Γ := eΣ→Γ ◦ eΩ→Σ
is an embedding from S Ω to S Γ .
The concatenation eΣ→Γ ◦ eΩ→Σ of two extensive embeddings is itself extensive, whereas the
combination of two intensive embeddings is intensive.
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Proof. First one can show that the concatenation of two embeddings is an embedding. To this
end, note first that the concatenation of two homomorphisms is itself a homomorphism, that is,
eΣ→Γ ◦ eΩ→Σ (V ∪ W ) = eΣ→Γ (eΩ→Σ (V ) ∪ eΩ→Σ (W ))
= eΣ→Γ ◦ eΩ→Σ (V ) ∪ eΣ→Γ ∪ eΩ→Σ (W ).
Similarly, the concatenation is order-reflecting if the individual functions are, since
eΣ→Γ ◦ eΩ→Σ (V ) ⊆ eΣ→Γ ◦ eΩ→Σ (W ) =⇒ eΩ→Σ (V ) ⊆ eΩ→Σ (W ) =⇒ V ⊆ W.
It is now straightforward to see that the combination of two extensive embeddings is extensive,
because it will still map singletons to singletons, |eΣ→Γ ◦ eΩ→Σ ({ω})| = 1 if the two embeddings
individually satisfy this property.
To show that the concatenation of two intensive embeddings is itself intensive, define the corresponding function hΓ→Ω := hΣ→Ω ◦hΓ→Σ , and show that it satisfies the following two properties.
• hΓ→Ω ◦ eΩ→Γ = I:
hΓ→Ω ◦ eΩ→Γ = hΣ→Ω ◦ hΓ→Σ ◦ eΣ→Γ ◦ eΩ→Σ = hΣ→Ω ◦ eΩ→Σ
• eΩ→Γ = I ◦ hΓ→Ω inflating:
eΩ→Γ ◦ hΓ→Ω (V ) = eΣ→Γ ◦ eΩ→Σ ◦ hΣ→Ω ◦ hΓ→Σ (V )
⊇ eΣ→Γ ◦ hΓ→Σ (V )
⊇ V.

For intensive embeddings, such concatenated embeddings allow for an essentially unique
construction in the following sense.
Proposition 5.4.3 (Nested embeddings). Let eΩ→Γ and eΣ→Γ be two intensive embeddings
between the specification spaces S Ω , S Σ and S Γ respectively with the associated Galois insertions
(eΩ→Γ , hΓ→Ω ) and (eΣ→Γ , hΓ→Σ ) respectively. Then if for all V ∈ S Γ
eΣ→Γ ◦ hΓ→Σ (V ) ⊆ eΩ→Γ ◦ hΓ→Ω (V ),

(5.5)

one can define
eΩ→Σ := hΓ→Σ ◦ eΩ→Γ ,
which constitutes an intensive embedding for which it holds that
eΩ→Γ = eΣ→Γ ◦ eΩ→Σ .
Proof. This proposition can be most easily proven by means of equivalence classes. That is, I
will use that
SΣ ∼
= S Γ/∼Σ
and
SΩ ∼
= S Γ/∼Ω
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for equivalence relations ∼Σ , ∼Ω on Γ defined through
ω ∼Σ σ ⇐⇒ hΓ→Σ ({ω}) = hΓ→Σ ({σ})
and
ω ∼Ω σ ⇐⇒ hΓ→Ω ({ω}) = hΓ→Ω ({σ}).
Instead of the embeddings eΣ→Γ and eΩ→Γ , I can then work with the corresponding embeddings
e0Σ→Γ : S Γ/∼Σ → S Γ
and
e0Ω→Γ : S Γ/∼Ω → S Γ .
Furthermore, the condition
eΣ→Γ ◦ hΓ→Σ ({ω}) ⊆ eΩ→Γ ◦ hΓ→Ω ({ω})
becomes the corresponding condition on the equivalence classes
[ω]Σ ⊆ [ω]Ω
for all ω ∈ Γ. One can then construct an equivalence relation ∼0Ω on Γ/ ∼Σ as:
[ω]Σ ∼0Ω [σ]Σ ⇐⇒ [ω]Ω = [σ]Ω
for all [ω]Σ , [σ]Σ ∈ Γ/ ∼Σ . This relation is clearly symmetric, and it is reflexive and transitive
because [ω]Σ ⊆ [ω]Ω for all ω ∈ Γ. Hence there is an intensive embedding
0

e0Ω→Σ : S Σ/∼Ω → S Σ
as in Remark 5.2.2, and because it is clear that
(Γ/ ∼Σ )/ ∼0Ω ∼
= Γ/ ∼Ω
by construction, the corresponding embeddings satisfy
e0Ω→Γ = e0Σ→Γ ◦ e0Ω→Σ ◦ i,
with

0

i : S Γ/∼Ω → S (Γ/∼Σ )/∼Ω
the isomorphism between the two respective specification spaces.
Translating this into the original embeddings, one gets that
eΩ→Σ := hΓ→Σ ◦ eΩ→Γ
is an intensive embedding with adjoint
hΣ→Ω := hΓ→Ω ◦ eΣ→Γ
and that
eΩ→Γ = eΣ→Γ ◦ eΩ→Σ .
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5.5

Embeddings and approximation structures

Approximation structures can be carried over through intensive embeddings. The following
proposition guarantees that given an approximation structure on a specification space S Ω , we
are able to construct an approximation structure on any smaller specification space S Σ that is
related to S Ω via an intensive embedding.
Proposition 5.5.1 (Reduced approximation structures). Let S Σ be a specification space
equipped with an approximation structure B(S Σ , E). Let there be S Ω intensively embedded
in S Σ via (e, h). Then this gives rise to a reduced approximation structure B(S Ω , E) defined
through
B ε (V ) := h(B ε (e(V ))),
where e and h are the functions defining the intensive embedding between the two spaces; this
approximation structure satisfies e(V ε ) ⊇ (e(V ))ε for all V ∈ S Ω .
Any saturating element max ∈ E is still saturating for the reduced approximation structure.
Similarly, if B(S Σ , E) is attainable, so is B(S Ω , E).
Proof. It directly follows from the fact that e ◦ h is inflating that
e(V  ) ⊇ (e(V ))ε
for all V ∈ S Ω . We need to show the following things:
1. The new functions are inflating specification endomorphisms on S Ω :
This follows from being a composition of homomorphisms, and from the fact that the
homomorphisms in B(S Σ , E) are inflating.
0

2. For all V ∈ S Ω and ε, ε0 ∈ E, ε ≤ ε0 =⇒ V ε ⊆ V ε :
Follows from the facts that e and h are order-preserving and the approximations on S Σ
satisfy the desired property.
3. Any saturating element εmax ∈ E, for which for all V ∈ S Σ ,
This follows because h(Σ) = Ω.

V εmax = Σ, stays saturating:

4. If the original approximation structure is attainable for some 0 ∈ E, so is the new approximation structure:
Since W 0 = W for any W ∈ S Σ , we have that V 0 = h((e(V ))0 ) = h ◦ e(V ) = V for any
V ∈ SΩ.

0

Remark 5.5.2. Note that in the reduced approximation structure, it can happen that · = ·
0
although · 6= · in the original approximation structure.
For example, let Σ = R and Ω = Z be the real and whole numbers respectively, with the embedding
(e, h) such that each whoe number gets mapped to a corresponding interval on R,
e({z}) = {x ∈ R : x ∈ [z, z + 1)}
h({x}) = {z ∈ N : x ∈ [z, z + 1)}.
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Let furthermore the approximation structure on Σ contain functions ·ε that map each number
to the set of all numbers that are ε-close,
{x}ε = {y ∈ R : |y − x| ≤ ε}.
Then for two values ε, ε0 that are close to each other, such as ε = 0.1 and ε0 = 0.2, it holds that
V ε 6= V ε

0

for all V ∈ S Σ , but

0

0

W ε = h((e(W ))ε ) = h((e(W ))ε ) = W ε
for W ∈ S Ω . For example, for V = {0.5} and W = {0}, we find
0

V ε = [0.4, 0.6] 6= [0.3, 0.7] = V ε ,
but
W ε = h([0, 1)ε )
= h([−0.1, 1.1))
= {−1, 0, 1}
= h([−0.2, 1.2))
0

= h([0, 1)ε )
0

= Wε .
The next proposition shows that if an embedding preserves the approximation structure,
then an induced approximation structure inherits any triangle inequality.
Proposition 5.5.3 (Triangle inequality in reduced approximation structures). Let S Σ be a
specification space equipped with an approximation structure B(S Σ , E) that respects a triangle
inequality, and S Ω be a specification space embedded in S Σ with an intensive embedding e that
preserves the endomorphisms of the approximation structure, that is,
h((e ◦ h(V ))ε ) = h(V ε )
for all V ∈ S Σ .
Then the reduced approximation structure B(S Ω , E) on S Ω induced by e and B(S Σ , E) also
respects the triangle inequality.
Proof. Since the embedding preserves the approximation endomorphisms, we find that for , 0 ∈
E
0

0

(V  ) := (h((e(V )) )

0

= h((e ◦ h((e(V )) )) )
0

[e preserves · ] = h(((e(V )) ) )
0

⊆ h((e(V ))+(, ) )
0

= V +(, ) .
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5.6

Embeddings and convexity

We can now check if convexity, like approximation structures, also carries over through intensive
embeddings. That is, if the global state space is convex, can a restricted agent also use a convex
reduced state space in such a way that the adjoint h is convexity preserving? The following
proposition shows that under suitable conditions this is indeed the case. The proof of this
proposition can be found in Appendix F.
Proposition 5.6.1 (Convex embeddings). Let Σ be a convex state space, and let ∼ be an
equivalence relation on Σ. Let a reduced state space Ω be in one-to-one correspondence with
Σ/ ∼, and denote the intensive embedding between S Ω and S Σ by (e, h).
Then if ∼ satisfies
[p ω + (1 − p) σ]∼ ⊇ p [ω]∼ + (1 − p) [σ]∼ ,
then Ω is also convex and h is convexity-preserving,
h(p V + (1 − p) W ) = p h(V ) + (1 − p) h(W ).
In particular, if (S Σ , T ) is a doubly convex resource theory, and general consistency conditions are satisfied between convex combinations and the embedding, then the induced restricted
resource theory (S Ω , Te ) is also doubly convex. For details of this, see Appendix F (Proposition F.4.1).

5.7

Relating resource theories

After introducing embeddings to relate different specification spaces used by different agents
to describe resources, one can go back to the example of Maxwell’s demon introduced at the
beginning of this section. Using the technique of embeddings, one can now finally relate the
macroscopic and the microscopic agents: starting from the microscopic resource theory (S Ω , T )
corresponding to the demon’s point of view, the macroscopic agent is described by a so-called
restricted resource theory emerging from (S Ω , T ). Let us look at this in more detail.
Since (S Ω , T ) is the resource theory of the demon, the state space Ω contains the precise
descriptions of the positions and velocities of the microscopic individual particles making up
the gas. The actions T of the demon correspond to the natural energy-preserving unitary time
evolutions of the gas, together with the operation of opening the door for a given time span and
closing it again afterwards. Relative to the demon, a macroscopic agent A is now in general
restricted in two ways:
• he has access to a smaller, coarse-grained specification space S ΩA connected to S Ω by an
intensive embedding e : S ΩA → S Ω ,
• he may be restricted in his actions — for instance, the macroscopic agent may not be able
to open the door for very short time scales. In general, TA is a submonoid of T , that is,
it is a monoid of transformations that satisfies TA ⊆ T .
The macroscopic resource theory then emerges as a restricted resource theory from the
microscopic theory as follows.
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Definition 5.7.1 (Restricted agent within a global resource theory). A resource theory
(S ΩA , TeA ) represents a restricted agent within an underlying theory (S Ω , T ) if:
1. there is an intensive embedding (e, h) of S ΩA in S Ω , and
2. there is a submonoid of operations TA ⊆ T such that
TeA = cl({h ◦ f ◦ e : f ∈ TA }),
where cl(·) denotes the monoidal closure of the input set of functions, defined by
f ∈ cl(E) ⇐⇒ ∃ n ∈ N, g1 , g2 , . . . , gn ∈ E s.t. f = g1 ◦ g2 ◦ · · · ◦ gn .
From this definition, one can see why the macroscopic agent is indeed limited with respect
to the demon: even if he is given the full set TA = T of the demon’s actions, the reduced version
TA still only acts on the coarse-grained descriptions in S Ω , and thus the agent cannot transform
the gas into a state of lower entropy: by opening the door without knowing at which time this
is beneficial, the macroscopic agent cannot separate the particles and achieve a reduction in
entropy.
In this language, one can furthermore see how the apparent paradox comes about. Namely,
starting from a microscopic picture, the demon can selectively let the particles through to
the right side. After repeating this action for a while, the effect can be observed from the
macroscopic picture,
h ◦ f ({ρ}) 6= h({ρ}) = {(S, V, T )},
such that the second law of thermodynamics seems violated. However, from this analysis it
becomes clear that within their respective points of view, neither the demon nor the macroscopic
agent can violate the second law.
For another example of restricted agents, one can look at how to model a local agent within
a global theory. For instance, imagine that the global theory models thermodynamics in the
presence of a heat bath (allowing agents to thermalize subsystems and apply reversible, energyconserving transformations), and Alice is a local agent who sees and controls an isolated system
HA without access to the heat bath. In this case, again Alice can be modelled as a restricted
agent within the global theory. Namely, there is an embedding of Alice’s specification space
S ΩA in the global one, which I will treat more explicitly in Chapter 6, and her actions can be
derived from a subset of all global allowed operations. If she really only has access to system
HA , her operations are in fact restricted to maps of the form UA ⊗ 1rest , with [UA , HA ] = 0,
excluding both global and thermalizing operations. The set TA would be composed of these
operations, and TeA would have the reduced versions of those operations, from the point of view
of Alice: simply UA . I will treat the subject of local agents as a special case of restricted agents
in more detail in Chapter 6.
At the end of this section, it is worth noting a simple way in which restricted agents can
come about. Namely, in some cases the restricted agent is subject to additional constraints that
further narrow down the allowed operations he has access to. Then, one can understand the
restricted agent as arising from a combination of different resource theories (S Ω , T ) and (S Ω , F)
that correspond to the individual constraints, such that his resource theory is built from the
monoid
T0 =T ∩F ⊆T.
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For example, a restriction to local operations within the resource theory of thermal operations
(such that, in contrast to the agent above, one has access to thermalizing subsystems) gives rise
to the theory of thermal operations under locality restrictions. [120]
Remark 5.7.2. One can show that the set
T0 =T ∩F ⊆T
is indeed a monoid. Also, the pre-order on S Ω arising from T 0 naturally satisfies
V →T 0 W =⇒ V →T W, V →F W,
where the subscripts denote the different pre-orders arising from (S Ω , T 0 ), (S Ω , T ) and (S Ω , F)
respectively.
Proof. To see that T 0 is a monoid, note that
f, g ∈ T 0 =⇒ f, g ∈ T and f, g ∈ F =⇒ f ◦ g ∈ T and f ◦ g ∈ F =⇒ f ◦ g ∈ T 0 .
The necessary condition for the pre-order follows similarly because
∃f ∈ T 0 s.t. f (V ) ⊆ W =⇒ ∃f ∈ T s.t. f (V ) ⊆ W and ∃f ∈ F s.t. f (V ) ⊆ W.

One can hence more generally define combined resource theories as follows.
Definition 5.7.3 (Combined resource theories). Let (S Ω , T ) and (S Ω , F) be two resource theories. The combined resource theory of the two is defined as (S Ω , T ∩ F).
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Chapter 6

Operational subsystems
6.1

Top-down versus bottom-up approaches

Resource theories usually follow a ‘bottom-up’ approach to subsystems: they specify building
blocks, such as local states and resources, that can be composed and discarded at will. For
example, in the resource theory of thermal operations any state ρ may be composed with a
thermal state γ in tensor product as ρ⊗γ, and it is allowed to trace out any subsystem [32,48] 1 .
While this is useful in practice to make relevant statements, it is often just a simplified model
of processes that occur in one global state space. That such an approach is justified is tacitly
assumed in a bottom-up theory and cannot be derived from within.
On the other hand, in many examples in real life a scientist confronted with a global system
does not assume that it contains a clean subsystem structure, but rather tries to find and
characterise operational subsystems. For instance, in genetics, it was not a priori known where
genes started and ended within a strand of DNA. It is only through making experiments and
analysing the effect of transformations (like the replacement of nucleotides, which affects the
encoded proteins) that biologists learn the structure of genes. Another example can be seen
within material physics, where one could e.g. describe the structure of a solid as a collection
of atoms, or alternatively as a continuum, resulting in different models for deriving relevant
properties of the material.
Unlike traditional resource theories, the specification framework is perfectly suited to take
a top-down approach to subsystems. Instead of assuming pre-defined subsystems, the theory
gives a way to derive an operational subsystem structure starting only from a global state space
and global transformations.
This has several advantages over a traditional bottom-up approach. Firstly, the way a
global system may be split into subsystems is in general not unique. This ambiguity is revealed
naturally from a top-down perspective. Furthermore, we will see that the structure of the
allowed transformations in a resource theory can be used to lift the ambiguity and give rise to
a unique split into operational subsystems.
Another interesting consequence of a top-down approach is that one can identify more precisely
what local and non-local information is. For example, the presence or absence of correlations
become explicit in this approach, and one can formalize different kinds of composition that
specify different levels of correlations between the individual subsystems (Section 7.2). This
1
More generally, any resource theory approach based on symmetric monoidal categories [2,17] has an intrinsic
notion of composing resources.
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may yield insight into how to generalize composition in a bottom-up theory, a topic treated for
example in [121].
Finally, analysing the operational subsystems derived within a resource theory, a top-down
approach will allow us to see in which circumstances the usual bottom-up, building-block type
models are justified and known resource theories are recovered.
The structure of this chapter will be as follows.
In Section 6.2, I will show in a simple example that there are many different ways to split a
global theory into subsystems, and that what makes one choice more operational than another
is the way it matches our understanding of local actions.
Then, Section 6.3 builds up on the idea that subsystems are best described in this framework
by means of restricted resource theories, that is, by means of a tuple (S ΩA , TeA ) of local specifications and local transformations.
Section 6.4 then points out that in order for such descriptions to provide a meaningful subsystem
structure, a number of properties need to be satisfied, such as that different local actions commute, and that local actions can be modelled independently within the individual subsystems.
In particular, Section 6.4.1 then shows how to formalise these properties in the specification
framework, and how they can be simplified to a smaller number of basic criteria.
Finally, I will show in Section 6.5 how this framework can be used to identify and derive subsystems that satisfy these criteria within a global resource theory. The definitions and results
presented in this chapter are based on [21].

6.2

Subsystems are not unique

Intuitively, a subsystem arises from a restriction of the global system to a bounded region, such
that all properties of the subsystem can be detected locally within this region. However, quantum mechanics challenges this notion since in principle a particle’s wave-function can stretch
over the entire space. From the point of view of quantum information theory, it becomes clear
that subsystems actually need not have anything to do with spatial locality, and there is in fact
always some ambiguity in how to split a global system into subsystems. For a simple example,
consider a 4-state quantum system, where there is freedom in how to define the ‘local’ bases,
and thus the two qubits that make up the global system: with respect to one representation
H = H1 ⊗ H2 ,
with local bases |0i, |1i, the Bell states
1
1
|Ψ± i = √ (|00i ± |11i), |Φ± i = √ (|01i ± |10i)
2
2
are maximally entangled, whereas the same system could have been written as
H = H± ⊗ HΨΦ
for which the Bell states become product states
|Ψ+ i = |+i ⊗ |Ψi
|Ψ− i = |−i ⊗ |Ψi
|Φ+ i = |+i ⊗ |Φi
|Φ− i = |−i ⊗ |Φi
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with the new ‘local’ bases labels |+i, |−i and |Φi, |Ψi respectively [122]. Another clear example
of such ambiguity is given by the concept of logical qubits in an error correction code, where
each logical qubit may correspond to many physical qubits.
The key is then that some choices of subsystems match more closely the operational requirements set out by an agent operating within the theory. If, for example, in a system of
two atoms local operations on each individual atom are easier to implement than entangling
operations between the two, it makes sense to consider each atom as an individual subsystem.
If, on the other hand, entangling operations between the two particles are more accessible than
addressing the local states individually, the split
H = H± ⊗ HΨΦ
may be more natural.
It becomes clear from this discussion that subsystems are related to agency, namely, which
parts can be addressed separately or which degrees of freedom isolated and controlled by a
‘local agent’. The next section shows that within this framework, subsystems can be modelled
by means of restricted resource theories, which we have encountered in Chapter 5.

6.3

Subsystems as local descriptions and local transformations

Subsystems, when understood as local agents, can be characterised by two aspects: local descriptions of resources, and local transformations. Local descriptions represent limited knowledge:
local agents are unable to distinguish global states that appear identical in their eyes. This
means that local descriptions really correspond to equivalence classes of states on the global
state space that are indistinguishable from the perspective of a local agent — in other words,
local descriptions make up a specification space that is connected to the global space of resources
by an intensive embedding.
For a simple and well-known example, consider a bipartite Hilbert space HAB = HA ⊗ HB
of two agents Alice and Bob in quantum mechanics. While the global state space is made up of
bipartite quantum states ρAB , Alice only has access to the Hilbert space HA . Local resources
on her system then correspond to the equivalence classes
[ρ]A := {σ ∈ Ω : TrB (σ) = TrB (ρ)}
of all global states that are compatible with the marginal TrB (ρ) that she has access to, and so,
perhaps unsurprisingly, her local state space ΩA ∼
= Ω/ ∼A consists of reduced density operators
on HA . In fact, the partial trace corresponds to the adjoint hA of the intensive embedding
eA : S ΩA → S Ω ,
hA ({ρ}) = {TrB (ρ)}.
More generally, one can always build local state spaces from such equivalence classes, even if
one does not know anything about the structure of the global space (for instance that it can
be conveniently split into a tensor form HA ⊗ HB ). This can be done by means of a purely
operational procedure: a local agent Alice tries to distinguish different global states, and the
states that she cannot tell apart from her perspective make up the corresponding equivalence
classes [ρ]A . Conceptually, such a construction is in the spirit of Leibniz principle of identity of
indiscernibles [123], applied from the perspective of a local agent: if two resources are locally
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indistinguishable, then they have the same local description, and are considered the same local
resource.
As will become apparent in Section 7.1, this procedure is meaningful even when limitations
on Alice’s perspective have nothing to do with spatial locality: for example, Alice might only
have access to crude measurement instruments unable to distinguish microscopic details of
states, or might be even colourblind. As another example, Section 7.1 shows that in the case
of probability distributions, Alice’s perspective can correspond to an arbitrary grouping of
individual outcomes into events. More generally, at the end of this chapter we will see explicitly
how local state spaces can be derived within a global resource theory simply from the structure
of allowed transformations.
The second important aspect of subsystems is the concept of local transformations. Here,
the idea is that the set of global transformations T really displays some structure, in which
different transformations can act independently on separate degrees of freedom. Examining
the allowed transformations closely, one could find such groups of independent transformations,
which then correspond to local operations on different subsystems. These should be submonoids
TA ⊆ T , so that they are in themselves closed under concatenation.
Taking these two aspects together, we can see that local resource theories, and thus subsystems, can be modelled in this framework by restricted resource theories (Definition 5.7.1) of the
ΩA contains simplified descriptions of local
form (S ΩA , Tf
A ). Here, the local specification space S
resources, and is connected to the global theory with an intensive embedding (eA , hA ). The
transformations Tf
A in this restricted resource theory are given by local transformations within
the subsystem, acting on the local resources in S ΩA . That is, they are derived from a given
submonoid TA ⊆ T in the global theory, which represents local transformations available to the
agent, through
e
feA ∈ Tf
A ⇐⇒ fA ∈ cl(hA ◦ fA ◦ eA : fA ∈ TA ).
In order to correspond to truly local agents, however, such restricted resource theories furthermore have to satisfy certain consistency requirements with respect to other agents — these
will be the subject of the next section.
In the following, I will use the short-hand notation VbA for the global description of resources
that are local or coarse-grained with respect to an embedding eA ,
VbA := eA (VA ),
while VA ∈ S ΩA denotes a specification in the local specification space S ΩA .

6.4

Operational criteria for local agents

If one looks at traditional resource theories and in particular to quantum information theory,
subsystems display a strong connection between local transformations and local description of
resources. For example, in quantum mechanics local transformations are of the form
EA ⊗ I B
for H = HA ⊗ HB , thus acting on A and leaving the state on system B invariant 1 . In fact,
the Hilbert space formalism yields many further connections between local actions and local
1
More generally, in any model for resource theories based on symmetric monoidal categories [2, 17], local
transformations act as the identity on other objects.
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descriptions, such as the Choi-Jamiolkowski isomorphism [124] or the fact that local transformations are made of local Kraus operators, which are endomorphisms on the local Hilbert space
just like reduced density matrices.
In reality, the breadth of knowledge and the range of action of agents may be decoupled.
For example, a prisoner can acquire global knowledge by reading the news, but their actions are
limited to small subsystems. Conversely, someone locked in a control room may only have local
knowledge of the shapes of different buttons, but pressing one may have global consequences.
Given the stark contrast between the subsystem structure in known resource theories with
the freedom in defining local agents in reality, it is not clear a priori which properties are
essential to characterising local agents in a resource theory. Hence, once again, one can try to
be guided by operational principles, so that the question really becomes the following: what is
the purpose of finding local agents or subsystems, i.e., which aspects or consequences of local
agency are essential?
Reflecting upon the main uses of subsystems in resource theories, three main properties stand
out that are desirable for a consistent modelling of local agents, and that can be understood as
intrinsic properties of subsystems:
Property 1 (Commutation). Transformations on different independent subsystems commute,
that is, the order in which transformations are applied does not matter.
In resource theories, the commutation of transformations on different subsystems is a property
that characterises a form of independence between these systems. This is for example relevant
for the non-signalling principle (see Section 7.1), but also features in field theory as the basic
principle that guarantees causality [125, 126]. Generally it ensures that only local ordering of
local functions matters, so that different local agents can operate independently at the same
time, and thus contributes to the consistent modelling of individual systems and processes.
In quantum information theory, this property is satisfied because
[KiA , KjB ] = 0
for any two Kraus operators KiA , KjB that make up local transformations EA ⊗ IB and IA ⊗ EB
respectively, or likewise by the fact that
(EA ⊗ IB ) ◦ (IA ⊗ EB ) = (IA ⊗ EB ) ◦ (EA ⊗ IB ) = (EA ⊗ EB ).
The second and third properties ensure that subsystems can be consistently discarded and
disregarded in subsequent transformations: no uncontrolled operation on discarded subsystems
can alter the state or the effect of transformations on the subsystem at hand. The next property
is called secrecy, and we will encounter it again in Section 7.1: it says that local actions on one
system A cannot from the point of view of another system B.
Property 2 (Secrecy). Local transformations on one subsystem A do not change local resources
or the effect of local transformations on other independent systems B.
In quantum information theory, for example, this is guaranteed through the fact that local
transformations act as the identity on the other subsystems, and so
TrA (EA ⊗ IB (ρAB )) = TrA (ρAB ) = ρB .
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Furthermore, this holds even when actions on other systems are applied, that is,
TrA (EA ⊗ EB (ρAB )) = TrA (IA ⊗ EB (ρAB )) = EB (ρB ).
The next property says that when several local transformations are applied to different
systems, they can be modelled independently within each subsystem.
Property 3 (Consistent local modelling). Local transformations can be consistently modelled
within the local pictures.
In quantum information theory, this is realized through the fact that
(EA ⊗ I) ◦ (I ⊗ EB )(ρA ⊗ ρB ) = EA (ρA ) ⊗ EB (ρB ).
Apart from these three properties of subsystems, which are needed to use reduced descriptions of local resources in resource theories in the first place, it usually holds in traditional
resource theories that local resources can be composed, and that local resources yield no information about other subsystems. This gives rise to the following two properties.
Property 4 (Local descriptions). Local descriptions yield no information about other independent subsystems.
In quantum information theory, this property holds because the partial trace TrB by definition
traces out all the degrees of freedom on subsystem B — a reduced state on system A tells us
nothing about the state on system B.
Property 5 (Composability). Different local resources can be composed.
In quantum information theory, one can always compose two local states in tensor product,
ρA ⊗ σB , to obtain a new state on HAB = HA ⊗ HB .
While these two properties are normally satisfied in traditional resource theories, one can
easily come up with situations when this is not the case. For example, consider a bipartite
system in quantum mechanics with a state space ΩAB that consists of all pure bipartite states.
Now, if the reduced state on system A is fully mixed, then this yields information about the
state on system B: we automatically know that the state on system B cannot be pure. The
same is true if there is some conserved quantity in the global theory, like a fixed overall energy
E: then two local states of energies E1 and E2 cannot be compatible if both energies are so
high that E1 + E2 > E.
While these examples show that Properties 4 and 5 are not always satisfied, free composition
of local resources is at the heart of many concepts in traditional resource theories, such as
copies of resources, conversion rates and catalysis. Therefore, if one wishes to find one such
resource theory within a physical theory, it is essential to verify that free composition holds on
the systems of interest.
In the following, I will formalize the above properties for general resource theories, and
show that actually only three conditions are enough to derive the others. Namely, one can
show (Proposition 6.4.2) that commutation simplifies Property 2, and that Property 3 in fact
follows from Property 2 (Theorem 6.4.5). Furthermore, the last two properties on locality and
composability of resources (Properties 4 and 5) are really equivalent (Proposition 6.4.8).
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6.4.1

Formalizing and simplifying the criteria

Commutation
Commutation of transformations that act on different subsystems (Property 1), represented by
two submonoids TA , TB ⊆ T , is formulated as follows:
fA ∈ TA , fB ∈ TB =⇒ fA ◦ fB = fB ◦ fA .
As we will see, commutation will play an important role in simplifying Property 2 in this
framework, as well as in deriving operational subsystems from a global theory.
Independence and consistent local modelling
Property 2 said that the description of one subsystem should not be affected by a transformation
on another. That is, one agent Alice’s local knowledge should still be valid after another agent
Bob performs a local operation — this can be formalised in this framework as follows.
Secrecy. Given an intensive embedding (eA , hA ) for Alice, and transformations TA , TB ⊆ T
on Alice and Bob’s side, it should hold that
hA ◦ fA ◦ gB (V ) = hA ◦ fA (V )

(6.1)

for all specifications V ∈ S Ω and all fA ∈ TA , gB ∈ TB .
This condition is necessary for an understanding of operational subsystems, locality or isolated degrees of freedom. It is also particularly important in cryptographic applications, where
Bob could represent some (unpredictable) adversary, or Alice tries to encode secret information
— this is why it corresponds to the formal definition of secrecy (Definition 7.1.1) in Section 7.1.
One can show that this condition is implied by the following simpler requirement of independence together with commutation.
Definition 6.4.1 (Independent agents). Let (S Ω , T ) be a resource theory and TB ⊆ T a submonoid of transformations. Let there be an intensive embedding eA : S ΩA → S Ω with corresponding adjoint hA .
Then an embedding (eA , hA ) with corresponding local specification space S ΩA , or a local agent
Ω
(S ΩA , Tf
A ) are said to be independent of TB if for all specifications V ∈ S and all gB ∈ TB ,
hA ◦ gB (V ) = hA (V ).
ΩB , T
Ω
f
Two local agents (S ΩA , Tf
A ) and (S
B ) in a global theory (S , T ) are said to be independent
Ω
Ω
A
B
if S
is independent of TB , and S
is independent of TA .

Proposition 6.4.2. Independence together with commutation in fact implies the stronger condition of secrecy,
Commutation + independence =⇒ secrecy (Equation 6.1).
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Proof. To show this claim, use commutation together with the fact that one can define V 0 :=
fA (V ). Then
hA ◦ fA ◦ gB (V )
[comm.] = hA ◦ gB ◦ fA (V )
= hA ◦ gB (V 0 )
[indep.] = hA (V 0 )
= hA ◦ fA (V )
for all V ∈ S Ω , fA ∈ TA , gB ∈ TB .
There is actually some freedom in how to formulate independence. This is shown in the following
proposition — a proof can be found in Appendix C.
Proposition 6.4.3 (Equivalent notions of independence). Let eA : S ΩA → S Ω be an intensive
embedding. Then the following alternative definitions of independence between (eA , hA ) and a
submonoid TB ⊆ T are equivalent:
1. ∀ fB ∈ TB , V ∈ S Ω : hA ◦ fB (V ) = hA (V ).
2. ∀ fB ∈ TB , VA ∈ S ΩA : hA ◦ fB ◦ eA (VA ) = VA
3. ∀ fB ∈ TB , VA ∈ S ΩA : hA ◦ fB ◦ eA (VA ) ⊆ VA ,
4. ∀ fB ∈ TB , V ∈ S Ω : hA ◦ fB (V ) ⊆ hA (V )
One can now show that when independence is satisfied, any local knowledge on a system A
can be ignored for the purpose of implementing a transformation in the monoid TB . This will
be used to formalize Property 3.
Proposition 6.4.4 (Independent processing). Let (S Ω , T ) be a resource theory and TB ⊆ T a
submonoid of transformations. Let there be an intensive embedding (eA , hA ) of a specification
space S ΩA in S Ω . If the embedding is independent of TB , then
fB (eA (VA ) ∩ W ) = eA (VA ) ∩ fB (W ),
for any transformation fB ∈ TB , any local specification VA ∈ S ΩA and any other specification
W ∈ S Ω that is compatible with eA (VA ).
Proof. Since eA (VA ) is compatible with W (but not equal to W ), we can write
W = (W ∩ eA (VA )) ∪ Z
for some Z ∈ S Ω such that hA (Z)∩VA = ∅. This is because if it were the case that hA (Z)∩VA 6=
∅, there would be an element z ∈ Z such that hA ({z}) ⊆ VA , and so z ∈ eA (VA ) by definition
of eA (VA ) and we can take it out of Z. Now
eA (VA ) ∩ fB (W ) = eA (VA ) ∩ fB ((W ∩ eA (VA )) ∪ Z)
= (eA (VA ) ∩ fB (W ∩ eA (VA ))) ∪ (eA (VA ) ∩ fB (Z))
[hA ◦ fB (Z) = hA (Z)] = (eA (VA ) ∩ fB (W ∩ eA (VA ))) ∪ ∅
[hA (W ∩ eA (VA )) ⊆ VA ] = fB (W ∩ eA (VA ))
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where we have again used that eA (VA ) =

S

{ω ∈ Ω : hA ({ω}) ⊆ VA }.

Based on this, the following theorem shows that when agents are independent, their respective knowledge can be composed, transformed and treated individually (see also Figure 6.4.1 for
a diagrammatic view). In other words, a local treatment of their individual resource theories is
compatible with the global picture. This guarantees Property 3, formalized in this framework
through Equation 6.2 below.
ΩB , T
f
Theorem 6.4.5 (Independent agents can operate independently). Let (S ΩA , Tf
A ) and (S
B)
Ω
be independent agents within a global theory (S , T ). Then for any local functions fA ∈ TA
and gB ∈ TB , and for any global specification V ∈ S Ω ,

fA ◦ gB (V ) ⊆ eA ◦ f˜A ◦ hA (V ) ∩ eB ◦ g̃B ◦ hB (V ).

(6.2)

Proof. With Proposition 6.4.4, using the independence of the embeddings eA and eB from the
transformations in B and A respectively,
fA ◦ gB (V ) ⊆ fA ◦ gB (eA ◦ hA (V ) ∩ eB ◦ hB (V ))
[Prop. 6.4.4] = fA (eA ◦ hA (V ) ∩ gB ◦ eB ◦ hB (V ))
⊆ fA ◦ eA ◦ hA (V ) ∩ fA ◦ gB ◦ eB ◦ hB (V )
⊆ fA ◦ eA ◦ hA (V ) ∩ eB ◦ hB ◦ fA ◦ gB ◦ eB ◦ hB (V )
⊆ eA ◦ feA ◦ hA (V ) ∩ eB ◦ geB ◦ hB (V )

Note that this theorem says that one may lose some information in going to the local pictures
(for instance about correlations between the two local descriptions), but the statements made,
using only local information, are still correct. It then follows that when local transformations
can achieve local resource conversions, the same can be modelled globally.
ΩB , T
f
Corollary 6.4.6. Let (S ΩA , Tf
A ) and (S
B ) be independent agents within a global theory
Ω
c
(S , T ). Then, when Vc
∩
V
=
6
∅,
A
B

c
d d
VA →A WA , VB →B WB =⇒ Vc
A ∩ V B → WA ∩ WB ,
where →A and →B denote the pre-orders arising from the resource theories (S ΩA , Tf
A ) and
Ω
f
c
B
(S , TB ) respectively and I have used the short-hand notation VA = eA (VA ).
Proof. First of all, note that VA →A WA means that there is a function feA ∈ TeA such that
feA (VA ) ⊆ WA ,
and similarly
VB →B WB =⇒ ∃ feB ∈ TeB s.t. feB (VB ) ⊆ WB .
But then by definition of feA , feB ,
feA ∈ TeA =⇒ ∃ n ∈ N, f1 , f2 , . . . , fn ∈ TA s.t.
feA = hA ◦ f1 ◦ eA ◦ hA ◦ f2 ◦ eA ◦ · · · ◦ hA ◦ fn ◦ eA
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Figure 6.1: This figure graphically explains Equation 6.2, which guarantees that local transformations may be modelled within their local theories separately (Property 3). Namely, in order
to model the effect of applying two local functions fA and gB in sequence to a specification V ,
one may go to the simplified local pictures first, which yields the local specifications VA and VB ,
apply the transformations feA and geB in the restricted resource theories (S ΩA , TeA ) and (S ΩB , TeB )
respectively, and recombine the knowledge into a joint global specification W ⊇ fA ◦ gB (V ).
While in general information is lost through this procedure, this does give a correct description
of the output resource.
and
feB ∈ TeB =⇒ ∃ n ∈ N, g1 , g2 , . . . , gn ∈ TB s.t.
feB = hB ◦ g1 ◦ eB ◦ hB ◦ g2 ◦ eB ◦ · · · ◦ hB ◦ gn ◦ eB .
For any such collection of functions fi and gi one then gets
e e
e
c
f1 ◦ f2 ◦ · · · ◦ fn ◦ g1 ◦ g2 ◦ · · · ◦ gn (Vc
e1 ◦ ge2 ◦ · · · ◦ gen (VB )
A ∩ VB ) ⊆ eA ◦ f1 ◦ f2 ◦ . . . fn (VA ) ∩ eB ◦ g
= eA ◦ feA (VA ) ∩ eB ◦ feB (VB )
d
d
⊆W
A ∩ WB .

Local descriptions and composability
Finally, we can look at the properties which have to do with composition of local resources,
Properties 4 and 5. The first, Property 4, is that specifications in the local specification space
of Alice yield no information about Bob’s local knowledge. For example, in quantum theory a
local state
ρc
A = eA (ρA )
carries no information about the local state in S ΩB , that is, hB (c
ρA ) = ΩB . In contrast, this is
not satisfied in the example of a global energy constraint above: knowing that one system has
a high energy automatically yields information about the other system.
One can now formulate a notion of compatibility between two specification embeddings,
which formalizes Property 4 in this framework.
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Definition 6.4.7 (Compatibility of embeddings). Let eA : S ΩA → S Ω be an intensive embedding of a specification space S ΩA in S Ω . Then a specification V ∈ S Ω is said to be compatible
with the embedding if hA (V ) = ΩA .
Now let there be a second intensive embedding eB : S ΩB → S Ω . Then the two embeddings
are said to be compatible if:
1. for any specification VA ∈ S ΩA , eA (VA ) is compatible with the embedding (eB , hB ), and
2. for any specification WB ∈ S ΩB , eB (WB ) is compatible with the embedding (eA , hA ).
It turns out that embeddings are compatible precisely when two local specifications in the
respective specification spaces are freely composable (Property 5), that is, when
eA (VA ) ∩ eB (WB ) 6= ∅
and this combination leaves local information unchanged, hA (eA (VA ) ∩ eB (WB )) = VA and
hB (eA (VA )∩eB (WB )) = WB . Properties 4 and 5 are furthermore equivalent to a third property,
the fact that for all local states VA and WB , there is a global state that has these marginals.
Proposition 6.4.8 (Free composition of local resources). Let S Ω be a specification space. Let
there be two intensive embeddings eA and eB of specification spaces S ΩA and S ΩB in S Ω . Then
the following are equivalent:
1. the two embeddings are compatible (Definition 6.4.7),
2. for any specifications VA ∈ S ΩA and WB ∈ S ΩB , there exists a specification Z ∈ S Ω such
that hA (Z) = VA and hB (Z) = WB ,
3. any two specifications VA ∈ S ΩA , WB ∈ S ΩB can be composed, eA (VA ) ∩ eB (WB ) 6= ∅,
and this combination leaves local information unchanged, hA (eA (VA ) ∩ eB (WB )) = VA
and hB (eA (VA ) ∩ eB (WB )) = WB .
This proposition can be proven with the following lemma.
Lemma 6.4.9. Let S ΩA be a specification space intensively embedded in S Ω with an (eA , hA ),
and V ∈ S Ω be a specification. The following are equivalent:
1. eA ◦ hA (V ) = Ω,
d
d
d
d
2. For all local specifications W
A , it holds that V ∩ WA 6= ∅ and eA ◦ hA (V ∩ WA ) = WA .
d
Proof. The first statement arises as a special case of the second by taking W
A = eA (ΩA ) = Ω.
To see the other direction, note that
[
hA ({ν}) = ΩA ⊇ WA .
eA ◦ hA (V ) = Ω =⇒ hA ◦ eA ◦ hA (V ) = hA (Ω) ⇐⇒
| {z }
ν∈V

[=I]

This implies that for any ωA ∈ WA there exists ν ∈ V such that hA ({ν}) = {ωA }. Now,
d
W
A = {ω ∈ Ω : hA ({ω}) ⊆ WA } 3 ν,
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d
d
d
which shows that V ∩ W
A = WA 6= ∅, and so WA = hA (V ∩ WA ). But then
d
d
d
d
WA = hA (V ∩ W
A ) =⇒ eA (WA ) = eA ◦ hA (V ∩ WA ) ⇐⇒ WA = eA ◦ hA (V ∩ WA ).

One can now proceed with the actual proof of Proposition 6.4.8.
Proof of Proposition 6.4.8. This can be proven in steps.
d
1 ⇐⇒ 3: The equivalence between 1 and 3 follows from Lemma 6.4.9 with V = W
B . Next one can
prove that 2 =⇒ 3.
2 =⇒ 3: Because Z ⊆ eA ◦ hA (Z) = eA (VA ) and Z ⊆ eB ◦ hB (Z) = eB (WB ), clearly
eA (VA ) ∩ eB (WB ) ⊇ Z 6= ∅.
But then
hA (eA (VA ) ∩ eB (WB )) ⊇ hA (Z) = VA and
hB (eA (VA ) ∩ eB (WB )) ⊇ hB (Z) = WB .
Finally, trivially
hA (eA (VA ) ∩ eB (WB )) ⊆ hA ◦ eA (VA ) = VA and
hB (eA (VA ) ∩ eB (WB )) ⊆ hB ◦ eB (WB ) = WB .
3 =⇒ 2: Since eA (VA ) ∩ eB (WB ) 6= ∅, one can set
Z := eA (VA ) ∩ eB (WB ).
Then as required hA (Z) = VA and hB (Z) = WB .

6.5

Deriving local resources and local transformations

So far, I have explained that subsystems correspond to restricted agents within a global theory
that satisfy a few additional properties. In this section, I will show how such operational
subsystems can be derived within a global theory.

6.5.1

Deriving local resources

The crucial feature that makes a reduced specification space S ΩA local, as explained in the
previous section, is independence: actions TA on other subsystems will leave them invariant.
That is, one is looking for intensive embeddings (eA , hA ) which satisfy
hA (V ) = hA ◦ fA (V )

(6.3)

for all specifications V and functions fA ∈ TA on subsystems other than A (how to identify the
set TA will be the subject of the next section).
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I will now show how to construct such an embedding — in fact, the construction explained
here yields the minimal relation ∼A such that the corresponding intensive embedding (eA , hA )
satisfies the above, giving rise to a local agent (AΩA , Tf
A ).
Now, first observe that for the embedding to satisfy Condition 6.3, at the very least ∼A has
to satisfy
σ ∈ fA ({ρ}) =⇒ ρ ∼A σ.
But then, because ∼A has to be transitive,
fA ({ρ}) ∩ gA ({σ}) 6= ∅ =⇒ ρ ∼A σ.
One can then try and define a relation ∼ directly from this,
ρ ∼ σ ⇐⇒ ∃ fA , gA ∈ TA s.t. fA ({ρ}) ∩ gA ({σ}) 6= ∅.
This relation is by definition clearly reflexive and symmetric, but it is not yet transitive. One
can hence define ∼A as the transitive closure of ∼,
ρ ∼A σ ⇐⇒ ∃ n ∈ N, {τi }ni=1 ⊆ Ω :
ρ ∼ τ1 ∼ τ2 ∼ · · · ∼ τn ∼ σ.
By construction ∼A is transitive, reflexive and symmetric, and is therefore an equivalence relation in Ω. It is also by construction the smallest relation which gives rise to an intensive
embedding (eA , hA ) that is independent of functions TA on other subsystems.
Definition 6.5.1 (Local embedding). Let (S Ω , T ) be a resource theory and TA a submonoid
of transformations. Then an intensive embedding (eA , hA ) is said to be constructed from TA if
it is based on the equivalence relation ∼A on Ω defined by
ρ ∼A σ ⇐⇒ ∃ n ∈ N, {τi }ni=1 ⊆ Ω :
ρ ∼ τ1 ∼ τ2 ∼ · · · ∼ τn ∼ σ,
where
ρ ∼ σ ⇐⇒ ∃ fA , gA ∈ TA s.t. fA ({ρ}) ∩ gA ({σ}) 6= ∅.
Proposition 6.5.2 (Smallest local embedding). Let (S Ω , T ) be a resource theory and TA ⊆ T a
submonoid of transformations. Then the intensive embedding (eA , hA ) constructed from TA as
in Definition 6.5.1 is the smallest embedding that is independent of TA . That is, any embedding
(e, h) that is independent of TA has to induce an equivalence relation ∼e which satisfies
[ρ]e ⊇ [ρ]A
for all ρ ∈ Ω, where [ρ]e , [ρ]A denote the equivalence classes arising from ∼e and ∼A respectively.
Proof. This follows simply from the construction of ∼A above: the transitive closure yields the
equivalence relation on Ω with the smallest equivalence classes such that the embedding is still
independent of TA , and so clearly for any other such embedding (e, h)
[ρ]e ⊇ [ρ]A .
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It turns out that not only is the intensive embedding (eA , hA ) the smallest embedding that
satisfies independence with respect to TA , but also any other intensive embedding independent
of TA has to be built as an embedding on top of eA of the form
e = eA ◦ e0
for some intensive embedding e0 .
Proposition 6.5.3 (General local embeddings). Let (S Ω , T ) be a resource theory, TA ⊆ T a
submonoid of transformations, and let (eA , hA ) be the smallest embedding that is independent
of TA from above.
Then any intensive embedding e that is constructed as
e = eA ◦ e0
where e0 is an intensive embedding, is still independent of TA .
In turn, any embedding that satisfies independence of TA must actually be of the above form.
Proof. From Proposition 5.4.2, the new embedding e = eA ◦ e0 is still an intensive embedding
and has adjoint h = h0 ◦ hA . But then clearly
h ◦ fA (V ) = h0 ◦ hA ◦ fA (V ) = h0 ◦ hA (V ) = h(V ).
To see the second statement, note that any intensive embedding (e, h) that is independent of
TA has to satisfy
[ρ]e ⊇ [ρ]A ,
and so from Proposition 5.4.3 one can define an embedding
e0 := hA ◦ e
with adjoint
h0 := h ◦ eA ,
for which then
e = eA ◦ e0
and
h = h0 ◦ hA .
But now again, because of the first half of this proof, it holds that
h ◦ fA (V ) = h(V ).

Corollary 6.5.4. Let (S Ω , T ) be a resource theory and let A, A0 ⊆ T be two monoids such that
A ⊆ A0 . Then the embeddings e and e0 constructed from A and A0 satisfy
[ρ]e ⊆ [ρ]e0
for all ρ ∈ Ω, and so there is an intensive embedding e
e such that
e0 = e ◦ e
e.
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The following proposition states that in quantum mechanics, constructing local embeddings
(eA , hA ) from a set of transformations on other subsystems B yields the partial trace TrB .
Proposition 6.5.5. Let the resource theory (S Ω , T ) in quantum mechanics be such that the
state space Ω = S(H) contains all density matrices on a Hilbert space H = HA ⊗HB , made up of
subsystems A and B, and the allowed operations T are the homomorphisms built from all quantum operations (CPTP maps) with inputs and outputs on the global space, M(S(H), S(H)),
[
f ∈ T ⇐⇒ ∃ E ∈ M(S(H), S(H)) s.t. f (V ) =
{E(ν)}.
ν∈V

Let furthermore TB ⊂ T consist of all transformations built from local maps on B, of the form
IA ⊗ EB ,
[
f ∈ TB ⇐⇒ ∃ EB ∈ M(S(HB ), S(HB )) s.t. f (V ) =
{(IA ⊗ EB )(ν)}.
ν∈V

Then the embedding (eA , hA ) constructed from TB gives rise to a local specification space ΩA
isomorphic to S(HA ), the space of reduced density matrices on HA , and such that
[
hA (V ) =
{i(TrB (ν))},
ν∈V

where i : HA → ΩA denotes the isomorphism between the two spaces.
Proof. One needs to show that the equivalence relation ∼A constructed from TB yields the
equivalence classes corresponding to the partial trace,
ν ∼A ω ⇐⇒ TrB (ν) = TrB (ω).
The two directions can now be shown separately.
=⇒ : To see this direction, note that by definition of ∼A there has to be a finite number n ∈ N
of states τi ∈ Ω such that
ν ∼ τ1 ∼ τ2 ∼ . . . ∼ τn ∼ ω
with the relation ∼ defined by
ρ ∼ σ ⇐⇒ ∃fB , gB ∈ TB s.t. fB ({ρ}) ∩ gB ({σ}) 6= ∅.
Note that functions fB ∈ TB cannot alter the reduced state on A because
TrB (IA ⊗ EB (ρ)) = TrB (ρ)
for all CPTP maps EB on system B and all global states ρ. This directly implies that
ρ ∼ σ =⇒ TrB (ρ) = TrB (σ),
and so also
ν ∼A ω =⇒ TrB (ν) = TrB (ω).
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⇐= : In the other direction, note that the map EB that replaces the state on B by a fixed
IB
output, such as dim
B , is a CPTP map on system B. Hence
TrB (ν) ⊗ IB
TrB (ω) ⊗ IB
=
dim B
dim B
=⇒ (IA ⊗ EB )(ν) = (IA ⊗ EB )(ω)

TrB (ν) = TrB (ω) =⇒

=⇒ ν ∼ ω
=⇒ ν ∼A ω.

6.5.2

Deriving subsystems of transformations

In the previous section, I have shown how local embeddings can be derived within a global theory.
The idea behind the construction was that one tries to find embeddings that correspond to a
subsystem A and are thus independent of transformations “outside” that subsystem A. To this
end, I showed that given a monoid of transformations TA on such “other” subsystems, one can
construct the desired embeddings.
But what are these “other subsystems”, how can one find the monoid TA ? Assuming that
transformations on independent subsystems commute, the most general way to describe these
other subsystems is by means of the commutant of TA , defined as
T

A

:= {f ∈ T : f ◦ gA = gA ◦ f, ∀ gA ∈ TA }.

This is by construction the largest set of transformations in T that commute with all transformations in TA . It is also a monoid due to Proposition 6.5.6. It thus corresponds to the largest
subsystem independent of A.
In what follows, I will for simplicity of notation drop the letters T in sets of transformations
on subsystems and write e.g. A ⊆ T instead of TA ⊆ T . Similarly, the commutant of A then
becomes A .
Proposition 6.5.6 (Commutant gives monoid). Let T be a monoid of transformations and let
A be a subset of the allowed transformations, A ⊆ T . Then the commutant A of A is a monoid.
Proof. First, observe that I ∈ A because the identity commutes with all functions in T . Then,
assume that fA , fA0 both commute with all functions in A, so that fA , fA0 ∈ A . Then clearly
fA ◦ fA0 ◦ gA = fA ◦ gA ◦ fA0 = gA ◦ fA ◦ fA0 ,
and so fA ◦ fA0 ∈ A . Hence A is a monoid.
Given the above proposition, one can also ask for the largest monoid of transformations that
corresponds to the local agent A. To this end, one can construct the bicommutant of a set A,
defined as
A := {f ∈ T : f ◦ gA = gA ◦ f ∀ gA ∈ A }.
One can then show the following lemma and proposition — the proofs can be found in Appendix C.
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Lemma 6.5.7 (Properties of the commutant). Let A, B ⊆ T be sets of functions. Then the
commutant satisfies:
1. A ⊆ B =⇒ B ⊆ A
2. A ∪ B = A ∩ B
3. A ∩ B ⊇ A ∪ B
Proposition 6.5.8 (Properties of the bicommutant). Let A ⊆ T be a set of transformations.
Then
1. the set A is a monoid,
2. A ⊇ A,
3. A = A .
This proposition showed that the bicommutant of A is a monoid, includes A, and has the
same commutant as A. It is furthermore by construction the largest set of transformations that
commute with all the functions in the commutant of A. For this reason, the bicommutant of a
set A of transformations constitutes a so-called complete subsystem on T .
Definition 6.5.9 (Complete subsystem). Let A ⊆ T be a set of transformations. Then A is
called a complete subsystem if
A=A.
The set of all complete subsystems on T is denoted by Sys(T ).
In fact, complete subsystems make up a nice lattice structure on T , with well-defined joint
and common subsystems. This is formalized in the following theorem — a proof can be found
in Appendix C.
Theorem 6.5.10 (Lattice of subsystems). Let (S Ω , T ) be a resource theory. Then the set
Sys(T ) of complete subsystems in T forms a bounded lattice (Sys(T ), ∨, ∧, T , T ) with bottom
T (the set of transformations which commute with all others), and top T , and join and meet
defined as
A ∨ B := A ∪ B
A ∧ B := A ∩ B.
Furthermore,
B ⊆ A =⇒ A ∧ B = T .
Subsystems A, B for which B ⊆ A are said to be independent.
This theorem is furthermore interesting because it can construct a complex subsystem structure within T simply by starting from subsets A ⊆ T and constructing the corresponding
complete subsystem on which A acts as the bicommutant A . From complete subsystems
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A ∈ Sys(T ), one can then construct embeddings (eA , hA ) through the commutant A of A,
yielding local agents
e
(S ΩA , A)
which satisfy commutation and independence.
Example 6.5.11 (Complete subsystems in quantum mechanics). Consider a resource theory
(S Ω , T ) with Ω = S(H) the set of states on a global Hilbert space H = HA ⊗ HB ⊗ HC of three
qubits, and the allowed operations T made up of unitary operations U ∈ U(H) on the global
system,
[
f ∈ T ⇐⇒ ∃ U ∈ U(H) s.t. f (V ) =
{U νU † }.
ν∈V

Now take the set TA ⊂ T to be a set that contains almost all unitary transformations on
system A (in particular, such that not all operations in TA commute with each other). Then the
commutant A of A contains all unitary operations on BC, and the bicommutant A := T A in
turn contains the set of all unitary transformations on A,
[
f ∈ A ⇐⇒ ∃ UA ∈ U(HA ) s.t. f (V ) =
{UA νUA† }.
ν∈V

Similarly, the joint subsystem
A∨B =A∪B
of the two such complete subsystems A and B naturally corresponds to all unitary operations
on the joint system AB, since A ∪ B =: C corresponds to all unitary operations on system C.
Note that the construction of complete subsystems through the bicommutant resembles the
von Neumann bicommutant theorem [127], where the bicommutant of an algebra M of bounded
operators on Hilbert space yields its topological closure, the von Neumann algebra generated
by M. Like the von Neumann bicommutant, the construction of complete subsystems here can
furthermore in some cases be used to find the expected subsystems in a finite tensor product
Hilbert space (Example 6.5.11) — with appropriate states and transformation, the question of
whether this can work more generally is connected to Tsirelson’s problem [128–130] 1 .

6.6

A remark on the interpretation of local agents

I would like to finish this chapter with a short comment about the interpretation of local agents,
as well as that of restricted agents more generally.
Throughout this chapter, the main focus has been on the relation between local descriptions
of resources VA and transformations TB on other, independent subsystems B — as we have seen,
these are furthermore the key to deriving local embeddings. However, I have not discussed yet
in detail the relation between local embeddings (eA , hA ), and local transformations TA on the
same subsystem, which together make up the restricted resource theory (S ΩA , TeA ).
Here, it may be an intuitive and desirable property that the equivalence classes that make
up local resources [ρ]A are preserved by local transformations fA ∈ TA , that is,
hA ({ρ}) = hA ({σ}) =⇒ hA ◦ fA ({ρ}) = hA ◦ fA ({σ}).
1
see http://web.archive.org/web/20090414083019/http://www.imaph.tu-bs.de/qi/problems/33.html
for an archived copy of the question posed by Tsirelson
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Such a statement could be interpreted as follows: if an agent cannot distinguish two states ρ and
σ so that from his perspective ρ ∼A σ, then he will also not be able to distinguish these states
after applying local transformations fA ∈ TA . If we see equivalence classes as a special kind
of approximation structure, this condition corresponds to stability under local transformations
(see Chapter 4).
It is now an interesting question whether this property should be made an additional requirement for local agents. However, it is not independent of the properties already assumed
— curiously, one can show that local functions indeed preserve local equivalence classes when
e are constructed from a set of
the embeddings (eA , hA ) in a restricted resource theory (S ΩA , A)
transformations B ⊆ A that map singletons in specification space to singletons,
|fB ({ω})| = 1
for all fB ∈ B and ω ∈ Ω, and when local functions fA ∈ A also satisfy this property.
This is in particular true for resource theories in quantum mechanics, for which transformations correspond to CPTP maps M(S(H), S(H)) on the global state space.
Lemma 6.6.1. Let (S Ω , T ) be a resource theory, A ⊆ T a submonoid of transformations, and
let (eA , hA ) be the embedding constructed from A as in Definition 6.5.1.
Then, if furthermore transformations in T take singletons to singletons, that is,
∀ ω ∈ Ω, |f ({ω})| = 1,
then the embedding (eA , hA ) satisfies
hA ({ω}) = hA ({ν}) =⇒ hA ◦ fA ({ω}) = hA ◦ fA ({ν})
for all ω ∈ Ω and fA ∈ A, or equivalently,
hA ◦ fA ◦ eA ◦ hA (V ) = hA ◦ fA (V )
for all fA ∈ A and V ∈ S Ω .
Proof. To show this lemma, it is enough to show that
hA ◦ fA ◦ eA ◦ hA ({ω}) = hA ◦ fA ({ω})
for all fA ∈ A and ω ∈ Ω.
Now, because the embedding eA arises from the equivalence relation ∼A as in Definition 6.5.1,
hA (ρ) = hA ({σ}) ⇐⇒ ρ ∼A σ
⇐⇒ ∃ n ∈ N, {τi }ni=1 ⊆ Ω :
ρ ∼ τ1 ∼ τ2 ∼ · · · ∼ τn ∼ σ,
where
ρ ∼ σ ⇐⇒ ∃ fA , gA ∈ TA s.t. fA ({ρ}) ∩ gA ({σ}) 6= ∅.
Note that, because
|fA ({σ})| = |gA ({σ})| = 1,

87

the latter becomes
ρ ∼ σ ⇐⇒ ∃ fA , gA ∈ TA s.t. fA ({ρ}) = gA ({σ}).
But then
ρ∼σ
⇐⇒ ∃ fA , gA ∈ TA s.t. fA ({ρ}) = gA ({σ})
=⇒ ∃ fA , gA ∈ TA s.t. fA ◦ fA ({ρ}) = fA ◦ gA ({σ})
⇐⇒ ∃ fA , gA ∈ TA s.t. fA ◦ fA ({ρ}) = gA ◦ fA ({σ})
=⇒ fA ({ρ}) ∼ fA ({σ}),
where in the last line ∼ is meant to hold between the states within the singletons on either side.
From the definition of ∼A , it then also follows that
ρ ∼A σ =⇒ fA ({ρ}) ∼A f ({σ}),
where again ∼A here is meant to hold between the states within the singletons. This translates
to
ρ ∼A σ =⇒ hA ◦ fA ({ρ}) = hA ◦ fA ({σ})
and so because
ν ∈ eA ◦ hA ({ω}) =⇒ ν ∼A ω
indeed
hA ◦ fA ◦ eA ◦ hA ({ω}) = hA ◦ fA ({ω}).

e of transformations of a local agent (S ΩA , A)
e furthermore satisfy
In such cases, the set A
e ⇐⇒ feA = hA ◦ fA ◦ eA
feA ∈ A
for some fA ∈ A — monoidal closure, as it appears in the general definition of restricted agents
(Definition 5.7.1) is not needed in this case.
Proposition 6.6.2. Let (S Ω , T ) be a resource theory in which |f ({ω})| = 1 for all f ∈ T , and
let A ⊆ T be a monoid. Then a local agent on A can be defined as a restricted agent
e
(S ΩA , A),
where S ΩA is the specification space that arises from the embedding eA constructed from A ,
and
e ⇐⇒ feA = hA ◦ fA ◦ eA
feA ∈ A
for some fA ∈ A. Monoidal closure is not needed in this case.
e
Proof. From Lemma 6.6.1 it directly follows that for feA , geA ∈ A,
e
feA ◦ geA = hA ◦ fA ◦ eA ◦ hA ◦ gA ◦ eA = hA ◦ fA ◦ gA ◦ eA ∈ A
because fA ◦ gA ∈ A.
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One can now show that in quantum mechanics, the embeddings constructed from local sets
of transformations really correspond to local states on local Hilbert spaces.
Corollary 6.6.3. Let the resource theory (S Ω , T ) in quantum mechanics be such that the state
space Ω = S(H) contains all density matrices on a Hilbert space H = HA ⊗ HB , made up
of subsystems A and B, and the allowed operations T are the homomorphisms built from all
quantum operations (CPTP maps) with inputs and outputs on the global space, M(S(H), S(H))
as in Proposition 6.5.5.
Let furthermore TB ⊂ T consist of all transformations built from local maps on B, of the form
IA ⊗ EB ,
[
f ∈ TB ⇐⇒ ∃ EB ∈ M(S(HB ), S(HB )) s.t. f (V ) =
{(IA ⊗ EB )(ν)},
ν∈V

and likewise TA ⊂ T consist of local maps on A,
f ∈ TA ⇐⇒ ∃ EA ∈ M(S(HA ), S(HA )) s.t. f (V ) =

[

{(EA ⊗ IB )(ν)}.

ν∈V

Then the embedding (eA , hA ) constructed from TB gives rise to a restricted agent
(S ΩA , TeA )
such that not only is ΩA isomorphic to S(HA ) (Proposition 6.5.5), but also the transformations
TeA are isomorphic to M (S(HA ), S(HA )).
Proof. From Proposition 6.6.2 it follows that
feA ∈ TeA ⇐⇒ feA = hA ◦ fA ◦ eA
for some fA ∈ TA (the set TA is clearly a monoid). But this means that there is a surjective
map
j : M(S(HA ), S(HA )) → TeA
EA 7→ hA ◦ fA ◦ eA
with fA such that fA ({ν}) = {EA (ν)}, which respects the monoidal structures of M(S(HA ), S(HA ))
(or TA respectively) and TeA .
Finally, the map j is also injective: different maps EA , FA ∈ M(S(HA ), S(HA )) give rise to
different functions fA , gA ∈ TA , which in turn give rise to different local functions,
fA 6= gA =⇒ hA ◦ fA ◦ eA 6= hA ◦ gA ◦ eA
for all fA , gA ∈ TA .
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Chapter 7

Examples and applications of
operational subsystems
7.1

Secrecy and non-signalling

When characterizing operational subsystems, one of the key properties was that actions on
one subsystem A could not change local descriptions of resources on another subsystem B. In
quantum mechanics, this is guaranteed because for all states ρAB ,
TrA (EA ⊗ EB (ρAB )) = TrA (IA ⊗ EB (ρAB )) = EB (ρB ).
I have explained in Chapter 6 that within this framework this condition is formalized as
∀ V ∈ S Ω , hB ◦ fB ◦ gA (V ) = hB ◦ fB (V )
for intensive embeddings (eB , hB ) and functions gA ∈ TA , fB ∈ TB with monoids TA , TB ⊆ T .
This condition can be studied more generally than within the context of subsystems. That
is, in the most general form the functions gA ∈ TA , fB ∈ TB and the intensive embedding
hB need not have any interpretation of spatial separation; functions in TA and TB need not
commute or correspond to separate degrees of freedom. The embedding hB could correspond
to an arbitrary coarse-graining of the state space. The condition could hold only for part of
the functions TS ⊆ TA on Alice’s side. At its core then, the condition really formalizes the
notion of secrecy between agents, which captures whether or not actions performed by an agent
Alice can be perceived by another agent Bob and vice-versa. As such, it is a relevant notion
for cryptography — whenever Alice has access to operations that are secret with respect to
Bob, she can encode confidential information that will be undetected by Bob, but could later
be retrieved by herself or another trusted agent.
Given such an interpretation, one can then ask under which conditions there is secrecy
between different agents, when it is preserved or destroyed by further operations, and how
secret operations can be identified. Finally, when secret operations do correspond to actions
in different space-like separated regions, one can draw a connection between secrecy and the
non-signalling principle.

7.1.1

Secrecy

Consider a resource theory (S Ω , T ) with setup of two agents Alice and Bob, who have access
to the monoids TA , TB ⊆ T of transformations, and can only distinguish global states up to
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the equivalence relations ∼A , ∼B on Ω respectively. Now imagine Alice wants to encode some
information into the physical system she controls, but wants to keep this information secret
from Bob, who tries to retrieve it by means of operations fB ∈ TB on his side. This could
be done by choosing a bit, preparing a particular state, or by applying a specific gate to her
system. In either case, this can be modelled by letting Alice apply a local transformation gA
of her choice on an initial specification V ∈ S Ω . The question is now, which functions gA ∈ TA
can she use so that Bob cannot detect the outcome of her operations?
The notion of secrecy of a subset TS ⊆ TA of Alice’s actions with respect to Bob is then
defined as follows.

Definition 7.1.1 (Secrecy). An agent A has access to secret operations TS ⊆ TA with respect
to another agent B if
hB ◦ fB ◦ gA (V ) = hB ◦ fB (V )
for all V ∈ S Ω , gA ∈ TS , fB ∈ TB .

With this definition, an action gA of Alice is secret whenever Bob is insensitive to it for any
initial state of the system.
One may ask if this definition is fully general, that is, if further pre- or post-processing by
Alice and Bob could destroy the secrecy of a choice of action gA ∈ TS given Definition 7.1.1. The
following proposition shows that this is indeed not the case, as long as Alice only implements
transformations in TS : no matter how many transformations Alice implements from the set
TS , and how Bob acts in between to try and recover information, he will not detect any of the
effects of Alice’s actions. In addition, it is easy to see that also pre-processing with a global
function (such as distributing entanglement between the two parties) cannot lift secrecy given
Definition 7.1.1, since secrecy is required to hold for all initial specifications V ∈ S Ω .

Proposition 7.1.2. If A has secret choice with respect to B (according to Definition 7.1.1),
then pre- and post-processing cannot lift the secrecy, that is
N
2
1
hB ◦ fBN ◦ gA
◦ · · · ◦ fB2 ◦ gA
◦ fB1 ◦ gA
◦ f (V )

= hB ◦ fBN ◦ · · · ◦ fB2 ◦ fB1 ◦ f (V ),
i } ⊆ T and {f i } ⊆ T , and global
for all specifications V ∈ S Ω , secret operations {gA
i
S
B
B i
operations f ∈ T .

Proof. To see this, apply the secrecy condition multiple times, and define

V (j) :=



j
i
i=1 fB


i
◦ gA
◦ f (V ).
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Now one may rewrite the left-hand side as
N
i
i=1 fB

hB ◦


i
◦ gA
◦ f (V )

N
= hB ◦ fBN ◦ gA
(V (N −1) )

= hB ◦ fBN (V (N −1) )
N −1
= hB ◦ fB1 ◦ fBN −1 ◦ gA
(V (N −2) )

= hB ◦ fBN ◦ fBN −1 (V (N −3) )
= ...
= hB ◦ fBN ◦ · · · ◦ fB1 ◦ f (V ).

In particular, for the case in which Bob only implements post-processing at the very end,
the above proposition implies that the set TS of secret functions can be extended to a monoid.
Corollary 7.1.3. The set TS of secret functions can be extended to a monoid TbS ⊇ TS , because
1 ∈ TS and
fA , gA ∈ TS =⇒ fA ◦ gA is secret with respect to Bob.

7.1.2

Extended secrecy

In addition to the secrecy discussed so far, we may also ask whether Alice’s actions stay secret
to Bob in the presence of a global transformation f ∈ T . While it is clear that secrecy will break
down when we allow for functions like a swap of the two systems, or functions that implement
a channel from Alice to Bob, there are other cases where secrecy will still be guaranteed, such
as the use of a PR box 1 , or a function that represents global time evolution for some short
amount of time. As we will see later, in these cases such an extended secrecy corresponds to the
non-signalling condition.
We can now define such an extended notion of secrecy in the spirit of Definition 7.1.1. Here,
Alice again tries to encode her information through a function gA on her side, followed by a
post-processing fB0 on Bob’s side. Then, a global function f is applied, after which Bob again
uses a function fB to implement further post-processing in his lab. Extended secrecy (with
respect to f ) then holds if the procedure cannot detect Alice’s action gA .
Definition 7.1.4. Actions gA ∈ TS 0 ⊆ TA of an agent A are secret with respect to the agent B
in the presence of f ∈ T if functions gA ∈ TS 0 are secret operations with respect to B and in
addition
hB ◦ fB ◦ f ◦ fB0 ◦ gA (V ) = hB ◦ fB ◦ f ◦ fB0 (V ),
for all V ∈ S Ω , gA ∈ TS 0 , fB ∈ TB .
If actions of A are secret with respect to B in the presence of f , one can now show in a
proposition analogous to Proposition 7.1.2 that further pre- and post-processing by Alice and
Bob cannot lift the secrecy, as long as Alice only implements secret operations.
1
PR boxes can be seen as transformations that take classical inputs and return classical outputs (see Section 7.1.4).
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Proposition 7.1.5. If an agent A only uses secret operations gA ∈ TS 0 with respect to the
agent B in the presence of f ∈ T , then further pre- and post-processing cannot lift the secrecy,
that is



N
i
i
N
0i
0i
hB ◦
f
◦
g
◦
f
◦
f
◦
g
i=1 B
A
i=1 B
A ◦ g(V )



N
i
N
0i
= hB ◦
i=1 fB ◦ f ◦
i=1 f B ◦ g(V )
i } ⊆ T and {f i } ⊆ T , and global operations
for all specifications V ∈ S Ω , local operations {gA
i
A
B
B i
g∈T.

Proof. The proof is analogous to the proof of Proposition 7.1.2 and uses Definition 7.1.4; also
define


N
0i
0i
Ṽ := f ◦
f
◦
g
i=1 B
A ◦ g(V )
and
V (j) :=



j
0i
i=1 f B


i
◦ g 0 A ◦ g(V ).

Then
hB ◦

N
i
i=1 fB



i
◦ gA
◦f ◦

N
0i
i=1 f B


i
◦ g 0 A ◦ g(V )

[secrecy] = hB ◦ fBN ◦ · · · ◦ fB1 (Ṽ )
N

[Def. 7.1.4] = hB ◦ fBN ◦ · · · ◦ fB1 ◦ f ◦ f 0 B (V (N −1) )
= ...
N

1

= hB ◦ fBN ◦ · · · ◦ fB1 ◦ f ◦ f 0 B ◦ · · · ◦ f 0 B ◦ g(V ).

Again, this implies that the set TS 0 can be extended to a monoid; furthermore, secrecy for
one agent implies secrecy for a more restricted agent.
Corollary 7.1.6. The set TS 0 of secret operations in the presence of a global function f ∈ T
can be extended to a monoid TbS 0 because 1 ∈ TS 0 and
fA , gA ∈ TS 0 =⇒ fA ◦ gA is secret in the presence of f.
Corollary 7.1.7 (Restricted agents and secrecy). Let A, B and C be three agents, such that
C is more restricted than B, that is TC ⊆ TB and [ρ]B ⊆ [ρ]C , for all ρ ∈ Ω.
If TB was secret towards A (in the presence of f ∈ T ), the same is true of TC . If TA was
secret towards B (in the presence of f ), it is still secret towards C (idem).
Proof. Since TC ⊆ TB , it is secret towards A. This also restricts the post-processing that C can
do, and since ρ ∼B σ =⇒ ρ ∼C σ, we have that if TA is secret towards TB , it is also secret
towards C.
Analogously to local embeddings in Chapter 6, one can derive embeddings that satisfy
secrecy with respect to a given monoid TS of transformations and in the presence of a global
function f ∈ T . This is done explicitly in Appendix D, where it is also shown in which sense
the construction given generalises Proposition 6.5.2.
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7.1.3

Commuting transformations and secrecy

In this section, I will explore what happens to the notions of secrecy in case the actions of two
agents A and B commute, that is, when
∀ V ∈ S Ω , fB ◦ gA (V ) = gA ◦ fB (V ).

(7.1)

This is particularly relevant in the context of subsystems and the non-signalling principle,
since actions on different subsystems, and actions at space-like separation, naturally commute.
Motivated by this, the commutation of actions entered as a fundamental building block in
deriving an operational subsystem structure in Chapter 6 — it is an operational property that
can be checked within a global theory prior to a definition of local embeddings.
In case functions commute, one can now see that not only secrecy, but also extended secrecy
in fact follows from simpler conditions, analogous to the independence condition in Chapter 6.
The result in Proposition 6.4.2 is a special case of the following theorem.
Theorem 7.1.8 (Commutation simplifies secrecy). If actions of A and B commute according
to Equation 7.1, then
∀V ∈ S Ω , hB ◦ fB ◦ f ◦ gA (V ) = hB ◦ fB ◦ f (V )
=⇒ secrecy in the presence of f.
Proof. To show secrecy in the presence of f , use commutativity together with defining V 0 =
fB0 (V ). Then
hB ◦ fB ◦ f ◦ fB0 ◦ gA (V )
[comm.] = hB ◦ fB ◦ f ◦ gA ◦ fB0 (V )
= hB ◦ fB ◦ f ◦ gA (V 0 )
= hB ◦ fB ◦ f (V 0 )
= hB ◦ fB ◦ f ◦ fB0 (V )
for all ρ ∈ Ω, gA ∈ TA , fB , fB0 ∈ TB .
As a corollary, the construction of the smallest secret embeddings from transformations
(Proposition D.1.1) simplifies substantially, where in the case f = I the statement of Proposition 6.5.2 is recovered. This is shown explicitly in Proposition D.1.2 in Appendix D.
The simpler condition for secrecy introduced in Theorem 7.1.8 resembles the notion of
terminality introduced in Coecke’s work “Terminality implies non-signalling” [131], where it is
shown that terminality implies the non-signalling principle in a setting of symmetric monoidal
categories [2, 17, 132, 133] (the non-signalling conditions used in [131] roughly correspond to
the notion of secrecy here). These theories are bottom-up theories that assume commutation
of local actions on different systems. Theorem 7.1.8 thus give further weight to the argument
in [131] that terminality is a more fundamental notion than non-signalling or secrecy, and shows
that one does not need the full formalism of symmetric monoidal categories for this: instead,
the argument can be formulated in a top-down theory; the relevant property of local agents
needed for this is commutation.
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7.1.4

Non-signalling

One natural application of the extended notion of secrecy is to define the traditional nonsignalling condition. To this end, imagine now that the two agents Alice and Bob are space-like
separated (so that their actions commute), and that they are cooperating, so that Alice is trying
to communicate information to Bob by means of some action gA ∈ TA on her side. Bob can now
either directly apply post-processing fB ∈ TB , or he can wait for some short amount of time
to pass, represented by a function ut ∈ T that implements global time evolution for some time
t. Now, suppose f = ut for time t less than what is needed for communication, t ≤ c d with d
the distance between the two labs and c the speed of light. Then the definition of secrecy in
the presence of f , if it holds for all of Alice’s actions TA , really says that A cannot transmit
information to B faster than the speed of light, i.e., A cannot signal to B, because Bob cannot
detect her action gA ,
∀ gA ∈ TA , fB ∈ TB : hB ◦ fB ◦ f ◦ gA (V ) = hB ◦ fB ◦ f (V ).

(7.2)

In the following, I will explain explicitly how this condition implies the traditional notion of
non-signalling probability distributions within a two party setup with bit inputs and outputs
on either side.
Note that one here assumes a model in which the monoids TA and TB correspond to functions
on Alice’s and Bob’s side that are implemented essentially instantaneously. Such actions could
be choosing a bit as an input to a measurement, e.g. by pressing a button within their labs. With
this interpretation, TA and TB can consistently be modelled as monoids, because it is assumed
that the concatenation of two instantaneous actions can again be implemented instantaneously.
Here, time evolution is explicitly modelled by global functions ut ∈ T ; one could study how one
may relax these notions in future work.
An interesting application of these ideas is to use them to derive a space-time structure
from a given global theory and secrecy relations. Namely, if two agents cannot signal in the
presence of ut for t ≤ T and in addition can signal in the presence of ut for t > T , this can be
used to define a distance between the two agents, via d ∝ T . The proportionality constant can
be interpreted as the speed of signal propagation, for example the speed of light.
The challenge to obtaining a meaningful distance is two-fold: 1) choosing a “natural” family
of transformations {ut }t to represent time evolutions, and 2) choosing a family of agents that do
not conflate different types of coarse-grainings. For example, locality and macroscopicity each
give rise to a natural notion of distance, relating to the space between agents and to precision
of observation, respectively; the latter could be used to quantify chaos given a family of time
evolutions.
Connection to traditional notions of non-signalling
Basic formalism. The following takes a probabilistic approach to states and processes that
may remind the reader of known models for generalized probabilistic theories (GPT) [134, 135,
135–138]. Although inspired by these works, we take a more simplified approach here, in which
we understand ‘global states’ as probability distributions over a fixed set of (classical) outcomes,
and identify transformations with conditional probability distributions PXf 0 |X that take input
distributions to output distributions, such that f ({PΩ }) = {PΩ0 }, with
X f
PΩ0 (x0 ) =
PX 0 |X (x0 |x)PX (x).
x∈X
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Here, the idea is that global states include all the observable classical random variables, such
as the inputs and outputs to measurements on underlying physical states. The conditional
probability distributions that represent the transformations, on the other hand, really contain all
the information about a particular setting; they are processes that transform the classical inputs
into classical outputs, and encode the probabilities of obtaining particular outcomes for a given
input choice of measurements. 1 In our model then, the conditional probability distributions
correspond to a combination of the underlying states together with the measurement settings
that can be chosen in a given setup. For example, within quantum mechanics a particular
transformation could arise from a set
{{Eki }k }i with i ∈ I a denoting an input choice
Pof POVMs
of measurement setting such that k Eki = I for all i ∈ I, and a state ρ, in such a way that
P
f
f
PK|I
(k|i) = Tr(Eki ρ) and PΩ0 (k) = i∈I PK|I
(k|i)PI (i) denotes the probability of registering
outcome k in the classical register after the measurement procedure, when supplying the input
distribution PI .
Local knowledge. Given such a model, effective spaces ΩB on global probability distributions
are now just arbitrary groupings of outcomes into equivalence classes, i.e. events, representing
an agent who is unable to distinguish or chooses to group together the individual outcomes
within each event. The reduction function hB to the effective state space of the agent then
simply sums over all the probabilities of the individual outcomes x ∈ X in each event Ei and
returns the probability associated with the event,
hB ({PX }) = {PE } with
X
PX (x).
PE (i) =
x∈Ei

The condition of independence, which guarantees secrecy when local functions commute, then
reads:
hB ◦ gA ({PX }) = hB ({PX }), or explicitly
X X g
PY A|X (y|x)QX (x)
∀ QX , i : PE (i) :=
y∈Ei x∈X

=

X

QX (x) =: PE0 (i),

x∈Ei

where for simplicity we take Y and X to be identical random variables that represent the global
state before and after the transformation (so that it matches our definition of a theory of agents,
and hB is well-defined on both X and Y ), and hB is a particular coarse-graining of outcomes
into events. The condition then states that hB is insensitive to the transformation (conditional
probability distribution) PYgA|X from inputs x ∈ X to outcomes y ∈ Y .
Secrecy and non-signalling. One can now express our notion of extended secrecy and nonsignalling in this scenario of probability distributions. To this end, consider a reduction function
1

As such, the transformations in our model are really analogous to the states in [134, 135], where however we
restrict the set of allowed measurements to those accessible to a particular agent in the resource theory — they
can thus be seen as a subset of the fiducial measurements that define a state in those works.
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hB that describes the view of an agent Bob, who cannot see transformations TA on Alice’s side,
fA (ρ) ∼B ρ, or in terms of hB ,
hB ◦ fA (ρ) = hB (ρ)
for all fA ∈ TA . Furthermore, Bob has access to functions TB that commute with TA .
Then the definition of non-signalling (NS) functions f with respect to hB and TA , TB with
the corresponding conditional probability distributions PYA|X and PYB|X reads
f is NS ⇐⇒ hB ◦ fB ◦ f ◦ gA ({PX })
= hB ◦ fB ◦ f ({PX }),
or equivalently,
∀ events b ∈ B, PYA|X , PVB|Z , QX :
X X
f
(z|y)PYA|X (y|x)QX (x)
PB (b) :=
PVB|Z (v|z)PZ|Y
v∈Eb x,y,z

=

XX

f
(z|x)QX (x) =: PB0 (b).
PVB|Z (v|z)PZ|X

v∈Eb x,z

Non-signalling functions are then those that do not let information encoded in PYA|X propagate
to Bob’s perspective ∼B , that is, such that TA is secret with respect to B in the presence of f .
f
f
Here, again for simplicity X, Y, Z, V were chosen as identical random variables, and PZ|X
= PZ|Y
both represent the conditional probability distribution corresponding to f .
Example. Although by itself intuitive, one would like to understand the connection of these
non-signalling functions to the condition of non-signalling encountered traditionally. To this end,
we look at the familiar case of a function of two inputs A, B and two outputs X, Y belonging to
f
Alice and Bob, encoded in a conditional probability distribution PXY
|AB . For simplicity, take
all of A, B, X, Y to be bits: here, Alice and Bob are assumed to choose one of only two possible
measurements, and each obtain one out of only two possible outcomes per input.
In this setup, we use a particularly simple example of a reduction function that traces out
one of the variables,
hB ({PXY }) = {PY }, or
hB ({PAB }) = {PB } respectively.
Then, Alice tries to encode information into her system by means of a function gA on her
side, which (because it is a local function on only Alice’s variable) satisfies
gA ({PAB }) = {PA0 0 B } with
X
PA0 0 B (a0 b) =
PAA0 |AB (a0 |ab)PAB (ab)
a∈{0,1}

=

X

PAA0 |A (a0 |a)PAB (ab).

a∈{0,1}
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Similarly, Bob’s functions fB satisfy
0
fA ({PXY }) = {PXY
0 } with
X
0
0
PYB0 |XY (y 0 |xy)PXY (xy)
PXY
0 (xy ) =
y∈{0,1}

X

=

PYB0 |Y (y 0 |y)PXY (xy).

y∈{0,1}

Then, the condition for non-signalling functions f reads
∀ y 0 ∈ {0, 1}, PAA0 |A , PYB0 |Y , QAB :
X
f
0
PYB0 |Y (y 0 |y)PXY
PY 0 (y 0 ) =
|A0 B (xy|a b)
a,a0 ,b,x,y∈{0,1}

· PAA0 |A (a0 |a)QAB (ab)
=

(7.3)

f
PYB0 |Y (y 0 |y)PXY
|AB (xy|ab)QAB (ab)

X
a,b,x,y∈{0,1}

=: PY0 (y).
One can now compare with the traditional notion of non-signalling in this setting (see e.g. [139]),
X

PXY |AB (xy|b, a = 0)

x=0,1

X

=

PXY |AB (xy|b, a = 1)

(7.4)

x=0,1

= PY |B (y|b).
One can now show formal equivalence between the two notions of non-signalling in the case
of two inputs and two outputs. It is likely that the statement could be extended to an arbitrary
number of inputs and outputs fairly easily; the current version is used for simplicity and proof
of principle.
Proposition 7.1.9 (Equivalence with traditional non-signalling). In the setting of two inputs
and two outputs in generalized probability theories, the condition of non-signalling (7.3) is
equivalent to the traditional notion (7.4).
Proof. To show that Equation (7.3) implies the traditional notion, note that one can choose
PAA0 |A to set a0 = 0 regardless of the input, or a0 = 1 respectively, and one can choose fB = I so
that PYB0 |Y (y 0 |y) = 1 if y 0 = y and 0 otherwise. This directly implies for all QAB
X

f
PXY
|AB (xy|b, a = 0) QB (b)

x=0,1

=

X

f
PXY
|AB (xy|b, a = 1) QB (b),

x=0,1
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and so the traditional notion of non-signalling,
X
PXY |AB (xy|b, a = 0)
x=0,1

=

X

PXY |AB (xy|b, a = 1)

x=0,1

= PY |B (y|b),
follows.
To show the other direction,
∀ y 0 ∈ {0, 1}, PAA0 |A , PYB0 |Y , QAB :
X
f
0
0
A
PYB0 |Y (y 0 |y) · PXY
PY 0 (y 0 ) :=
|A0 B (xy|a b) · PA0 |A (a |a) · QAB (ab)
a,a0 ,b,x,y∈{0,1}

=

f
0
A
PYB0 |Y (y 0 |y) · PXY
|A0 B (xy|b, a = 0) · PA0 |A (0|a) · QAB (ab)

X
a,b,x,y∈{0,1}

f
0
A
+ PYB0 |Y (y 0 |y) · PXY
|A0 B (xy|b, a = 1) · PA0 |A (1|a) · QAB (ab),

from which due to traditional NS (7.4) it follows that
X
f
PY 0 (y 0 ) =
PYB0 |Y (y 0 |y) · PXY
|B (xy|b)
a,b,x,y∈{0,1}

h

i
PAA0 |A (0|a) + PAA0 |A (1|a) · QAB (ab)
X
f
=
PYB0 |Y (y 0 |y) · PXY
|B (xy|b) · QAB (ab)
·

a,b,x,y∈{0,1}

=

X

f
PYB0 |Y (y 0 |y) · PXY
|AB (xy|ab) · QAB (ab)

a,b,x,y∈{0,1}

=: PY0 0 (y 0 ).

This shows that for example PR boxes satisfy our definition of non-signalling functions.
Examples for functions that are signalling are conditional probability distributions that swap
the states on the two systems, or bitwise addition of the inputs a and b on the two sides into
the outputs x and y.

7.2

Generalizing composition in resource theories

Composition of resources is one of the main building blocks of traditional resource theories.
Namely, all the results about asymptotic conversion rates depend on a notion of composition,
and more generally all questions that involve counting resources, such as “How much of a given
resource (such as work in thermodynamics, or Bell pairs in LOCC) needs to be added in order
to perform a particular operation?”.
In quantum resource theories, composition of local states ρA and σA is achieved via the
tensor product, ρA ⊗ σB . However, this type of composition does more than merely bringing
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together the local knowledge that system A is in state ρA , and system B in state σB . Crucially,
it also specifies that are no correlations between the two systems.
This latter property is a strong assumption which may be unjustified in many practical
applications of resource theories, because complete absence of correlations requires very precise
control of the systems in question. Furthermore, often it is not even necessary for the task at
hand: it might be enough to know that the systems are not correlated in a harmful way. For
example, in thermodynamics one might not need to know that two heat baths are completely
independent (and they might not realistically be). It might suffice that an agent does not know
how to exploit existing correlations, or that the correlations are not strong enough to give rise
to unexpected effects such as anomalous heat flows [140, 141].
Ω
This framework allows composition to give rise to specifications such as ρc
c
A ∩ ρ
B ∈ S ,
without the need to specify a precise global global state like the tensor product. As I will explain
in this section, there are furthermore many more ways in which composition of resources, an
important pillar but at the same time a weak point of traditional resource theories, can be
generalised in this framework.

7.2.1

Quantum tensor product

Before looking at more general forms of composition, is insightful to see how one can formalise
the traditional notion of tensor product in this framework. The knowledge that there are
no correlations between different systems can simply be formulated as a specification. In the
quantum case, the specification of tensor product state between HA and HB in a global state
space Ω is [21, 141]
O

:= {ω ∈ Ω : ωAB = ωA ⊗ ωB }

AB

= {ω ∈ Ω : I(A : B)ω = 0}

∈ SΩ,

where I(A : B)ω is the quantum mutual information between A and B. With this
N definition,
the tensor product of two quantum states, like ρA ⊗ σB , then becomes ρc
∩
σ
c
∩
A
B
AB .
One can extend this definition to several subsystems.
DefinitionN
7.2.1 (Quantum tensor product). Let (S Ω , M) be quantum theory in a finite Hilbert
space H = i∈I Hi . Let J ⊆ I denote any collection of independent subsystems. The specification of uncorrelated subsystems across J is defined as
O
\
=
{ρ : I(A : B)ρ = 0},
J

A,B∈J

where I(A : B)ρ denotes the
N quantum mutual information. If J consists of only two subsystems
A and B, one may write AB .
Remark 7.2.2. If A and B are two independent subsystems, the specification
following properties:

N

AB

has the

1. it only contains information aboutN
correlations between
N the two subsystems, not about the
local states on A and B, eA ◦ hA ( AB ) = eB ◦ hB ( AB ) = Ω;
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N
N
2. systems cannot get correlated through local functions, fX ( AB ) ⊆ AB for any transformation fX ∈ X with X a subsystem of transformations outside of either A or B.
3. it is local in the joint system AB, that is eAB ◦ hAB (

N

AB )

=

N

AB .

As I will show in the next section, these properties are really why the tensor product composition is so useful in quantum resource theories. One of the great advantages of this framework
is now that one can study more general ways of how resources can be composed.

7.2.2

Generalizing composition in quantum resource theories

What is composition in resource theories usually good for? And how can the important properties be recovered for more general notions that the quantum tensor product?
While in this section, I will stay within the scope of quantum mechanics, I will use more
generally the notation developed in Chapter 6 of independent agents, intensive embeddings and
monoids A ⊆ T of local transformations. This indicates how the notions developed here would
be generalized to other resource theories beyond quantum mechanics.
Consider then a global quantum resource theory (S Ω , T ) with subsystems Ai ∈ Sys(T ) and
fi ) that are independent whenever they live in independent
corresponding local agents (S ΩAi , A
subsystems, Ai ⊆ Aj . Let the embeddings furthermore be compatible,
Ai ⊆ Aj =⇒ hAj ◦ eAi (VAi ) = ΩAj .
In line with Remark 7.2.2, a general composition operation
can then be defined as follows.

for independent local specifications

Definition 7.2.3 (Generalized composition). Let (S Ω , T ) be a quantum resource theory as
described above, and let
e (S ΩB , B)
e s.t. VA ∈ S ΩA , VB ∈ S ΩB , A ⊆ B }
R = {(VA , VB ) : ∃ local agents (S ΩA , A),
be the set of all ordered pairs of local specifications that live on independent subsystems. Then
an operation
: R → SΩ
is called a generalized composition operation if it satisfies the following properties:
1. for all VA ⊆ S ΩA , VB ⊆ S ΩB ,
[ 
[
VA
WB =
{VA VB : VA ∈ VA } and VA
2. hA (VA

VB ) = VA and hB (VA

3. fA (VA

VB ) ⊆ feA (VA )

4. eAB ◦ hAB (VA

 [
VB =
{VA

VB : VB ∈ VB } ,

VB ) = VB ,

VB and fB (VA

VB ) = VA

[

VB ) ⊆ VA

feB (VB )

VB ,

where for simplicity I have used the notation VA
the embedding eAB : S ΩAB → S Ω .
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VB :=

(VA , VB ), and (eAB , hAB ) denotes

Here, feA (VA ) VB and VA feB (VB ) are well-defined because feA (VA ) ∈ S ΩA and feB (VB ) ∈
S ΩB . Furthermore, in the last condition eAB denotes the embedding corresponding to the joint
subsystem A ∨ B, i.e. eAB = eA∨B . In quantum mechanics, hAB corresponds to the partial
trace over all systems outside the joint subsystem AB. In more general theories, I take the
embeddings eA , eB and eAB to be those constructed from the respective subsystems A , B and
AB .
The conditions required in this definition guarantee that generalized composition satisfies
the following crucial properties.
Proposition 7.2.4. A generalized composition operation

satisfies the following:

1. Local functions can be applied locally and knowledge recombined,
fA ◦ fB (VA

VB ) ⊆ feA (VA )

feB (VB )

and so if within local resource theories, VA →A WA and VB →B WB , then also
VA

V B → WA

WB

within the global theory.
2. The composed object can be further composed with independent subsystems,
A ⊆ B ∨ C =⇒ (VA , VB

VC ) ∈ R.

Proof. Each point can easily be proven using the properties of generalized composition.
1. This follows directly because
fA ◦ fB (VA

VB ) ⊆ fA (VA feB (VB ))
⊆ feA (VA ) feB (VB ).

e such that
Furthermore, VA →A WA means that there is a function feA ∈ A
feA (VA ) ⊆ WA ,
and similarly
e s.t. feB (VB ) ⊆ WB .
VB →B WB =⇒ ∃ feB ∈ B
But then by definition of feA , feB ,
e =⇒ ∃ n ∈ N, f1 , f2 , . . . , fn ∈ A s.t.
feA ∈ A
feA = hA ◦ f1 ◦ eA ◦ hA ◦ f2 ◦ eA ◦ · · · ◦ hA ◦ fn ◦ eA
and
e =⇒ ∃ n ∈ N, g1 , g2 , . . . , gn ∈ B s.t.
feB ∈ B
feB = hB ◦ g1 ◦ eB ◦ hB ◦ g2 ◦ eB ◦ · · · ◦ hB ◦ gn ◦ eB .
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For any such functions fi and gi one then gets
f1 ◦ f2 ◦ · · · ◦ fn ◦ g1 ◦ g2 ◦ · · · ◦ gn (VA

VB ) ⊆ fe1 ◦ fe2 ◦ . . . fen (VA )
= feA (VA ) feB (VB )
⊆ WA

ge1 ◦ ge2 ◦ · · · ◦ gen (VB )

WB ,

where the last line follows because is order-preserving (because it is union-preserving),
and so indeed
VA VB → WA WB .
2. Because eBC ◦ hBC (VB VC ) = VB VC , the composed object is local in S ΩBC . But then,
because A ⊆ B ∨ C , also the composition VA (VB VC ) is well-defined.

It is of course no coincidence that the definition of generalized composition reminds of
Remark 7.2.2, and the statement and proof of this proposition is similar to the statement of
independent agents operating independently (Theorem 6.4.5). Namely, both tensor product
composition and the set intersection are instances of generalized composition.
Proposition 7.2.5. Let (S Ω , T ) be a resource theory with independent and compatible agents
e and (S ΩB , B).
e Then the composition through set intersection
(S ΩA , A)
VB := eA (VA ) ∩ eB (VB )

VA

is a generalized composition operation.
Furthermore, any generalized composition
VA

0

0

satisfies

VB ⊆ eA (VA ) ∩ eB (VB ).

Proof. To see that the set intersection is a generalized composition operation,
1. it is union-preserving: for all VA ⊆ S ΩA ,
[

[ 
eA
VA ∩ eB (VB ) =
{eA (VA ) : VA ∈ VA } ∩ eB (VB )
[
=
{eA (VA ) ∩ eB (VB ) : VA ∈ VA }
S
and likewise for eA (VA ) ∩ eB ( VB ) with VB ⊆ S ΩB .
2. the marginals are the respective local states, because the agents are compatible, i.e.
hA (eA (VA ) ∩ eB (VB )) = VA
and likewise for hB .
3. functions can be applied locally and later recombined,
fA (eA (VA ) ∩ eB (VB )) ⊆ eA ◦ feA (VA ) ∩ eB (VB )
and likewise for fB , because of Theorem 6.4.5.
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4. the composed specification eA (VA ) ∩ eB (VB ) is local in eAB because each of eA (VA ) and
eB (VB ) are — the embeddings eA and eB are by construction coarser than the embedding
eAB because AB is the joint subsystem A ∨ B. Hence directly
eAB ◦ hAB (eA (VA ) ∩ eB (VB )) ⊆ eAB ◦ hAB ◦ eA (VA ) ∩ eAB ◦ hAB ◦ eB (VB )
= eA (VA ) ∩ eB (VB ),
and the other direction follows trivially because eAB ◦ hAB is inflating.
To see that in fact any generalized composition 0 has to yield a subset of the composition by
set intersection, note that hA (VA 0 VB ) = VA and hB (VA 0 VB ) = VB implies that
VA

0

VB ⊆ {ω ∈ Ω : hA (Ω) ⊆ VA , hB (Ω) ⊆ VB } = eA (VA ) ∩ eB (VB )

directly by definition of eA and eB .
Proposition 7.2.6. Tensor product composition ⊗,
VA ⊗ VB := eA (VA ) ∩ eB (VB ) ∩

O
AB

is a generalized composition operation.
Furthermore, for any generalized composition

in quantum mechanics,

VB ⊇ VA ⊗ VB .

VA

Proof. To see that ⊗ is a generalized composition, note that
1. it is union-preserving: for all VA ⊆ S ΩA ,
[ 
[ 
O
VA ⊗ VB = eA
VA ∩ eB (VB ) ∩
AB

=

[

=

[


O
{eA (VA ) : VA ∈ VA } ∩ eB (VB ) ∩
AB

)

(
eA (VA ) ∩ eB (VB ) ∩

O

: VA ∈ VA

AB

=
and likewise for VA ⊗ (

S

[

{VA ⊗ VB : VA ∈ VA } ,

VB ) with VB ⊆ S ΩB .

2. the N
marginals are the respective
local states, because the agents are compatible and
N
hA ( AB ) = ΩA and hB ( AB ) = ΩB , so that
!
hA

eA (VA ) ∩ eB (VB ) ∩

O
AB

and likewise for hB .
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= VA

3. functions can be applied locally and later recombined,
!
O
fA eA (VA ) ∩ eB (VB ) ∩
⊆ fA (eA (VA ) ∩ eB (VB )) ∩ fA

!
O

AB

AB




e
⊆ eA ◦ fA (VA ) ∩ eB (VB ) ∩ fA

!
O
AB

⊆ eA ◦ feA (VA ) ∩ eB (VB ) ∩

O
AB

= feA (VA ) ⊗ VB
and likewise for fB , because of Theorem 6.4.5.
N
N
4. the composed specification eA (VA ) ∩ eB (VB ) ∩ AB is local in eAB because each of AB ,
eA (VA ) and eB (VB ) are — the embeddings eA and eB are by construction coarser than
the embedding eAB because AB is the joint subsystem A ∨ B. Hence directly
!
O
eAB ◦ hAB eA (VA ) ∩ eB (VB ) ∩
AB

!
O

⊆ eAB ◦ hAB ◦ eA (VA ) ∩ eAB ◦ hAB ◦ eB (VB ) ∩ eAB ◦ hAB

AB

= eA (VA ) ∩ eB (VB ) ∩

O

,

AB

and the other direction follows trivially because eAB ◦ hAB is inflating.
To see that in fact any generalized composition
has to yield a superset of the tensor composition, note that one can locally prepare any state ρA through a map EA (·) = ρA , which has
the global effect EA ⊗ 1A (·) = TrA (·) ⊗ ρA . Because by definition of a generalized composition
operation ,
fA (VA VB ) ⊆ feA (VA ) VB ,
this means that choosing fA in this way,
{ρA } ⊗ {σB } = fA ({ρA }

{σB }) ⊆ feA ({ρA })

{σB } = {ρA }

{σB }

for any ρA , σB and so for general specifications
VA

VB ⊇ VA ⊗ VB .

There are also other examples of generalized composition, most notably those which give an
upper bound to correlations between two subsystems.
Proposition 7.2.7. The composition
VA

defined by

VB := eA (VA ) ∩ eB (VB ) ∩ I(A : B)≤ε ,

with
I(A : B)≤ε := {ρAB : I(A : B) ≤ ε}
and I(A : B) the mutual information between A and B, is a generalized composition operation.
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Proof. This is shown as follows.
1. the composition is union-preserving: for all VA ⊆ S ΩA
[ 
[ 
VA
VB = eA
VA ∩ eB (VB ) ∩ I(A : B)≤ε
[

=
{eA (VA ) : VA ∈ VA } ∩ eB (VB ) ∩ I(A : B)≤ε
[
=
{eA (VA ) ∩ eB (VB ) ∩ I(A : B)≤ε : VA ∈ VA }
[
=
{VA VB : VA ∈ VA } ,
and likewise for VA

(

S

VB ) for all VB ⊆ S ΩB .

2. the marginals are the respective local states, because the agents are compatible and
hA (I(A : B)≤ε ) = ΩA and hB (I(A : B)≤ε ) = ΩB , so that
hA (eA (VA ) ∩ eB (VB ) ∩ I(A : B)≤ε ) = VA
and likewise for hB .
3. functions can be applied locally and later recombined,
fA (eA (VA ) ∩ eB (VB ) ∩ I(A : B)≤ε ) ⊆ fA (eA (VA ) ∩ eB (VB )) ∩ fA (I(A : B)≤ε )


⊆ eA ◦ feA (VA ) ∩ eB (VB ) ∩ fA (I(A : B)≤ε )
⊆ eA ◦ feA (VA ) ∩ eB (VB ) ∩ I(A : B)≤ε
= feA (VA ) VB
and likewise for fB , because
of Theorem 6.4.5, and because for I(A : B)≤ε just like for the
N
,
also
fA (I(A : B)≤ε ) ⊆ I(A : B)≤ε and likewise for fB , since
tensor specification
AB
local functions cannot introduce further correlations.
4. the composed specification eA (VA ) ∩ eB (VB ) ∩ I(A : B)≤ε is local in eAB because each of
I(A : B)≤ε , eA (VA ) and eB (VB ) are — the embeddings eA and eB are by construction
coarser than the embedding eAB because AB is the joint subsystem A ∨ B. Hence directly
eAB ◦ hAB (eA (VA ) ∩ eB (VB ) ∩ I(A : B)≤ε )
⊆ eAB ◦ hAB ◦ eA (VA ) ∩ eAB ◦ hAB ◦ eB (VB ) ∩ eAB ◦ hAB (I(A : B)≤ε )
= eA (VA ) ∩ eB (VB ) ∩ I(A : B)≤ε ,
and the other direction follows trivially because eAB ◦ hAB is inflating.

In fact, all the above examples are also commutative and associative. I could have stated
this as an additional requirement for generalized composition —however, it was not necessary to
derive the operational properties of Proposition 7.2.4. It may be interesting to look for examples
in which the order of composition matters.
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7.2.3

Embeddings that keep track of correlations

In quantum mechanics, one may build embeddings which keep information about correlations
with other systems. Specifically, an example for this would be the following:
Remark 7.2.8 (Embeddings with correlations). Let (S Ω , T ) be a quantum resource theory and
e and (S ΩB , B)
e be two independent agents corresponding to subsystems A and B
let (S ΩA , A)
respectively.
Then the pair (eA,ε , hA,ε ) with
hA,ε : S Ω → S ζ
V 7→ {(νA , Iε (ν)) : {νA } = hA ({ν}), ν ∈ V },
where

(
0 if I(A : B)ν ≤ ε
Iε (ν) =
1 otherwise,

I(A : B)ν denotes the mutual information between A and B of the state ν ∈ Ω, ζ = Ω ×
{0, 1}, and the corresponding function eA,ε is defined through Proposition 5.2.6, is an intensive
embedding. This embedding not only encodes local states but also keeps track of correlations.
Proof. The pair (eA,ε , hA,ε ) is an intensive embedding because it is built on the basis of the
equivalence relation
ω ∼ ν ⇐⇒ hA ({ω}) = hA ({ν}) and Iε (ω) = Iε (ν).
This relation is clearly reflexive, symmetric and transitive.
e and (S ΩB , B)
e are independent agents and their
Remark 7.2.9. Note that although (S ΩA , A)
embeddings satisfy composability, this is no longer true for eA,ε and eB,ε . However, all the pairs
(ωA , 0) and (ωB , 0) are compatible,
eA,ε ({(ωA , 0)}) ∩ eB,ε ({(ωB , 0)}) 6= ∅,
and for any state ω ∈ Ω such that Iε (ω) = 0, it holds that
hA,ε ◦ fB ({ω}) ⊆ hA,ε ({ω}).
Hence, analogously to generalized composition scenarios, a limited form of independent processing and agency prevails. In particular,
VA →A WA , VB →B WB =⇒ V → W
with the associated global specifications that contain little correlations,
[
V =
eA,ε ({(ωA , 0)}) ∩ eB,ε ({(ωB , 0)})
ωA ∈VA ,ωB ∈VB

= {ω : hA,ε ({ω}) = {(ωA , 0)}, ωA ∈ VA , hB,ε ({ω}) = {(ωB , 0)}, ωB ∈ VB }
and
W =

[

eA,ε ({(ωA , 0)}) ∩ eB,ε ({(ωB , 0)})

ωA ∈WA ,ωB ∈WB

= {ω : hA,ε ({ω}) = {(ωA , 0)}, ωA ∈ WA , hB,ε ({ω}) = {(ωB , 0)}, ωB ∈ WB }.
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Proof. Composability follows straightforwardly from the fact that ωA ⊗ ωB ∈ Ω. To see why
for any state ω ∈ Ω such that Iε (ω) = 0, it holds that
hA,ε ◦ fB ({ω}) ⊆ hA,ε ({ω}),
note that local functions cannot increase correlations. Finally,
VA →A WA , VB →B WB =⇒ V → W
because



[

fA ◦ fB (V ) = fA ◦ fB 

eA,ε ({(ωA , 0)}) ∩ eB,ε ({(ωB , 0)})

ωA ∈VA ,ωB ∈VB

[

⊆

fA ◦ fB (eA,ε ({(ωA , 0)})) ∩ fA ◦ fB (eB,ε ({(ωB , 0)}))

ωA ∈VA ,ωB ∈VB

[

⊆

eA,ε ◦ hA,ε ◦ fA ◦ fB (eA,ε ({(ωA , 0)})) ∩ eB,ε ◦ hB,ε ◦ fA ◦ fB (eB,ε ({(ωB , 0)}))

ωA ∈VA ,ωB ∈VB

[

⊆

eA,ε ◦ hA,ε ◦ fA (eA,ε ({(ωA , 0)})) ∩ eB,ε ◦ hB,ε ◦ fB (eB,ε ({(ωB , 0)}))

ωA ∈VA ,ωB ∈VB

[

⊆

eA,ε ({(ωA , 0)}) ∩ eB,ε ({(ωB , 0)})

ωA ∈WA ,ωB ∈WB

=W
for fA , fB such that feA (VA ) ⊆ WA and feB (VB ) ⊆ WB .
With the use of such embeddings, then, it becomes clear that ultimately set intersection
can capture all kinds of generalized composition. As I will note later on, this can be used to
understand better the concepts of catalysis and currencies.

7.3

Effective resource theories

As we have seen in Chapter 5, restricted resource theories arise from more general theories
through the limitations in either knowledge or available transformations of a given agent. One
may now ask how the agent’s possibilities could be enhanced by having access to a particular
additional resource, like a heat bath, a laser beam or a catalyst. In traditional resource theories,
we model such an additional resource by a state on a different subsystem, appended to a state
on a given system. However, from a global point of view, the additional resource can be seen
as merely additional knowledge outside the given system. For example, suppose that the agent
is restricted in knowledge to S ΩA , which is embedded in the global space S Ω . His knowledge
on A then corresponds to some specification VA ∈ S ΩA . The additional resource can now be
represented by a global specification K ∈ S Ω that is compatible with the embedding S ΩA (for
example, information about the state of an independent subsystem).
When the joint specification VA ∩ K is used to implement transformations, and observed from
the point of view of S ΩA , this gives rise to a new resource theory on S ΩA , which we call an
effective resource theory. This concept is similar in spirit to the regularized resource theories
of [2]. The following definition is adapted from [21].
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e
Definition 7.3.1 (Effective resource theory). Let (S Ω , T ) be a resource theory, and (S ΩA , A)
Ω
describe a restricted agent within the theory. Now let K ∈ S be a specification compatible
with S ΩA .
eK ) is called an effective resource theory of (S ΩA , A)
e induced
Then the resource theory (S ΩA , A
K
e satisfy
by K if the functions in A
feAK ∈ cl(EeAK )
with
K
geA
∈ EeAK ⇐⇒ ∃ gA ∈ A s.t.
K
geA
(VA ) = hA ◦ gA (eA (VA ) ∩ K),

where cl(·) denotes monoidal closure as in Definition 5.7.1 and (eA , hA ) is the Galois insertion
defining the embedding.
A prominent example is given by the resource theory of thermal operations, which can
be seen as an effective resource theory resulting from the resource theory of unitary, energyconserving operations through access to additional heat baths at a fixed temperature, because
thermal operations M on a system S are of the form
†
)
M(ρS ) = TrB (USB ρS ⊗ γB USB

for USB such that [USB , HS + HB ] = 0 and γB a Gibbs state of an additional bath system B.
In fact, more generally CPTP maps in quantum mechanics are also an example for effective
resource theories. Namely, in this case the specification K can be taken as a pure state |0i
on an ancilla system R, the allowed operations T are all available to the agent, A = T , and
contain all unitary operations on the global space SR (where S is a system of interest and R
the ancilla), and the local state space ΩA corresponds to the reduced states on system S. Then
K are of the form
the operations geA
†
K
)} = {M(ρS )}
geA
({ρS }) = hA ◦ gA ({ρS ⊗ |0ih0|R }) = {TrR (USR (ρS ⊗ |0ih0|R )USR

for USR the unitary corresponding to gA and M the corresponding CPTP map on system S.
Another example for restricted resource theories, as we shall see in the next section, is given
by catalysis.

7.4

Catalysis

In this section, I will discuss the concept of catalysis. As we will see, this receives an elegant
formulation in terms of specifications, which also allows us to study interesting new types of
catalysis.
A catalyst is a resource that can be used to facilitate transformations on other systems that
would otherwise be impossible to implement. At the same time, however, it is not a resource
that is “used up” in the process, but instead is preserved throughout, or more generally, it keeps
its ability to facilitate the same type of transformation. The concept of catalysis comes from
chemistry, and is also well-known in biology, where enzymes can speed up a chemical process,
or otherwise reduce its energy cost.
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In traditional resource theories, the concept of catalysis is discussed in [2,33,37,55,142–144].
In these works we find both a strict notion of exact catalysis, in which the state of the catalyst
is asked to be preserved exactly, as well as more relaxed notions of approximate catalysis or
reusability.
Exact catalysis
Exact catalysis [37, 144] in quantum resource theories is defined as the phenomenon that a
resource transformation from ρS to σS , which is impossible to realize directly, ρS 9 σS , becomes
possible by means of a catalyst ρC in a system C in such a way that
ρS ⊗ ρC → σS ⊗ ρC .
In the context of noisy operations, the structure of the pre-order in the presence of catalysis
has been characterized in [142, 143]. In the framework of thermal operations, exact catalysis
has been studied in [37, 144], where it is shown to give rise to an infinite set of monotones
which are jointly complete, that is, which yield necessary and sufficient conditions for state
transformations — the so-called second laws.
Allowing for exact catalysis in a resource theory is motivated through the fact that the
catalyst does not change its state, and the process also does not introduce correlations between
the system and the catalyst. Hence, the catalyst can be reused an arbitrary number of times,
and for different systems, and it is clear that no resource is drawn from the catalyst, or from
the presence or absence of correlations. However, it is essentially impossible to implement
exact catalysis in practice, as the exact states and the lack of correlations cannot be controlled
precisely. It thus seems natural to try and relax these requirements and study approximate
catalysis, where small amounts of correlations are allowed to build up, or the initial state of the
catalysis may change by a small amount.
Approximate catalysis
In line with the above argument, several notions of approximate catalysis have been studied
within the context of quantum thermodynamics [37, 144]. However, the main difficulty with
such approaches is that when the approximation depends on a distinguishability of states, it
turns out that one can draw a large amount of resources from the catalyst but “hide” it within
a large initial uncertainty 1 . More precisely, one can show that in thermal operations, when
transformations are required to take an initial state
ρi = ρS ⊗ ρC
to a state ρ0f that is ε-close (e.g. with respect to the trace distance) to an ideal output ρf with
ρf = σS ⊗ ρC ,
then in fact any transition on system S can be achieved to arbitrary precision: namely, for any
ε > 0 and any ρS and σS , there is a catalyst state ρC such that
ρi = ρS ⊗ ρC → ρ0f ≈ε σS ⊗ ρC .
1

For example, if the initial state of the catalyst is a work reservoir described by a mixed state over many
energy levels E ≥ E1 , then it is almost impossible to decide if an amount ∆ was drawn from the work reservoir;
however, this amount could be made arbitrarily large, and could be detected from an observer that has more
precise knowledge about the system.
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This phenomenon is known as thermal embezzling 1 [37,144]. It implies that the notion of exact
catalysis is not at all robust: although physically, it seems as though one almost implements
exact catalysis, in fact one has used up a resource and degraded the catalyst.
Thermal embezzling raises an important question: how can approximate catalysis be properly accounted for? In [37, 144], this has been addressed by studying additional assumptions on
the catalyst, to see under which conditions sensible notions of second laws can still be recovered
in approximate catalysis. Most notably, allowing only for errors that scale inversely with the
system size, or catalysts that are bounded in energy, some adapted versions of second laws can
be derived [37, 144]. Another perhaps more promising approach pursued in [37] is to alter the
definition of approximate catalysis to use another notion of distance than the trace distance
or traditional notions of distinguishability. In particular, if approximate catalysis is defined in
terms of a so-called work distance, which captures the amount of work needed to restore exact
catalysis from the output state, then the full set of second laws from exact catalysis can be
recovered.
Reusability
A different approach to catalysis is that of reusability [33, 55].
The idea here is to allow for the state of the catalyst to change as a result of a process, and
to allow for correlations to be built up between the system and the catalyst, but to demand
that the catalyst can be reused for the same purpose on other systems after the transformation
has taken place. In this sense then, no resource is drawn from the catalyst, and the catalyst is
equally useful as it was before.
The concept of reusability seems to provide a promising relaxation of the notion of exact
catalysis. However, while demonstrated in the example of catalytic coherence [33, 55], where it
has been shown that a coherence reservoir can be used catalytically to approximate arbitrary
(non-energy-conserving) unitaries on a system by means of joint energy-preserving operations
on system and catalyst, reusability has not been defined rigorously in more general setups.
Indeed, the notion of reusability always seems tied to a particular task that the catalyst intends
to implement, and the requirement that no resources be used up in the process can only be
inferred from the infinite reusability of the catalyst. Furthermore, the fact that the catalyst
state changes in the process, like in approximate catalysis, is an indication that care has to
be taken to exclude pathological examples like thermal embezzling. The notion of reusability
of the catalytic coherence reservoir of [33] has furthermore received some criticism [92], where
it is argued that the collective asymmetry of all resources taken together cannot increase by
means of energy-preserving operations. Hence, despite the fact that unitaries on each system
individually can be approximated reasonably well, the joint success probability of performing
unitaries on different systems must decrease.
Catalysis in this framework
Within this framework, one can generalise the concept of exact catalysis to cases beyond strict
absence of correlations while still maintaining the operational concept of preserving the description of the catalyst resource at hand. This, in contrast to approximate catalysis, has the
advantage that a reusability property follows straightforwardly from an invariance of the resource, and at the same time no exact tensor product is required for the initial state, which
1

A similar concept is known as embezzling in LOCC.
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makes it more applicable to practical scenarios. Finally, catalytic coherence as in [33, 55] can
be analysed in terms of this language, which helps to understand better the connection of such
reusability to the more traditional idea of catalysis.
Now, making use of the concepts of embeddings and of composition through the intersection
of knowledge, one can think of the following generalisation of exact catalysis.
Definition 7.4.1 (General catalysis). Let (S Ω , T ) be a resource theory and S ΩS be a specification space intensively embedded in S Ω , called the target. Let K be a specification that is
compatible with S ΩS , that is, hS (K) = ΩS .
Then, K acts as a catalyst for a transformation from VS to WS if
1. eS (VS ) 9 eS (WS ), and
2. eS (VS ) ∩ K → eS (WS ) ∩ K.
Remark 7.4.2. Of particular interest may be the case in which K is itself a local specification on
an ancillary subsystem A, such that K = eA (KA ), or where K includes furthermore information
about correlations, such as 1
O
K = eA (KA ) ∩
AS

or
K = eA (KA ) ∩ I(A : B)≤ε .
Evidently, the first case can capture exact catalysis. The second allows for a meaningful relaxation of that concept to cases where slight correlations cannot be ruled out, but the catalysis does
not exploit them.
As the general definition of catalysis proposed here suggests, one can also understand a
catalyst as inducing an effective resource theory (Definition 7.3.1) on the system S ΩS . Hence
one could phrase the two aspects in the definition of catalysis as
• VS 9 WS in the restricted resource theory (S ΩS , TeS ) but
• VS → WS in the effective resource theory in S ΩS induced by the catalyst state K under
the constraint that the description K remains valid for the output 2 .
For the case of exact catalysis, this corresponds to the catalytic regularization of a resource
theory in [2].
One can now study whether the example of catalytic coherence [33, 55] can be captured
by the above definition. This turns out to yield a rather subtle issue; I will discuss it in the
following example.
1

These cases can actually also be captured by a local specification K = eA,ε (KA ) with an embedding that
keeps track of correlations. Alternatively, they could be formalized with a local specification K = eA (KA ) and
generalized composition, allowing for a catalyst that realises
VS
2

KA → WS

KA .

This can most easily made precise when the catalyst is a local state on another subsystem.
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Example 7.4.3 (Catalytic coherence). The general idea behind catalytic coherence [33, 55] is
to implement a general unitary evolution on a system of interest by means of energy-preserving
operations on the system and a coherence reservoir.
To illustrate this, consider a qubit system S with Hamiltonian HS = E|1ih1| in an initial
state ρiS = |1ih1|. Now clearly the unitary US = |−ih0| + |+ih1| that takes the state ρiS = |1ih1|
to the state ρfS = |+ih+| with |+i = √12 (|0i + |1i), is not energy-preserving, [US , HS ] 6= 0. Then,
the result of [33, 55] is that any unitary US on S can nonetheless be simulated by an energypreserving unitary V (US ) that acts on both S and an ancillary system A on which the state has
a large amount of coherence.
To see what the state on this ancillary system and the unitary V (US ) look like, one can
model P
the ancillary system as an infinite system with a doubly infinite ladder Hamiltonian
HA = ∞
−∞ Ek|kihk| (so that it matches the energy spacing on the qubit), and an initial state
P
i
ρA = |ψihψ|A with |ψiA = √1L m+L−1
|iiA for some m ∈ Z and L ∈ N. Note that while a
i=m
doubly infinite Hamiltonian might seem physically troublesome, it is merely a simplified model
that is formally shown in [33, 55] to be equivalent to a Hamiltonian that is bounded from below
when the state |ψi has support sufficiently far above the ground state. In this case, reusability
can be achieved if sufficient energy is provided to the catalyst in each use; crucially, additional
coherence is not required.
Then, the joint energy-preserving unitary V (US ) is given by
X
0
V (US ) =
|nihn|S US |n0 ihn0 |S ⊗ ∆n −n
n,n0 =0,1

with ∆ =

P

j∈Z |j

+ 1ihj|K . For example, in the case of US = |−ih0| + |+ih1|, this becomes

V (US ) = |0ih0|US |0ih0| ⊗ IA + |0ih0|US |1ih1| ⊗ ∆1A + |1ih1|US |0ih0| ⊗ ∆−1
A + |1ih1|US |1ih1| ⊗ IA
1
= √ (IS ⊗ IA + |0ih1|S ⊗ ∆1A − |1ih0|S ⊗ ∆−1
A ).
2
This joint unitary is clearly energy-preserving, since any transitions that change the energy on
the qubit are matched by a corresponding transition on the ancilla. Now, within the qubit example
from above, I will illustrate the following points (for a complete proof of catalytic coherence for
general dimensions and Hamiltonians, see [33, 55]):
1. Applying the unitary V (US ) to an initial joint state ρiSA = ρiS ⊗ ρiA then yields
ρefSA = V (US )ρiSA V † (US ),
where
TrA (e
ρfSA ) ≈ε US ρiS US† = ρfS
for some ε that depends only on the values Tr(∆a ρiA ) for a ∈ {2, 1, −1, −2}:
V (US )ρiSA V † (US )




X
X

0
0
−m 
 ρiS ⊗ ρiA 
=
|nihn|US |n0 ihn0 | ⊗ ∆n−n
|m0 ihm|US∗ |m0 ihm| ⊗ ∆m
A
A
n,n0

=

X

m,m0
n0 m0

hn|UA |n0 ihm|UA∗ |m0 i ρS

0
0
ρkl
A |nihm| ⊗ |k + (n − n )ihl + (m − m )|,

n,n0 ,m,m0 ,k,l
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where ρiS =

nm
n,m ρS |nihm|

P

and ρiA =

P

k,l

ρkl
A |kihl|. Then, it is easy to see that

ρefS = TrA (V (US )ρiSA V † (US ))
X
0 0
0
0
=
hn|US |n0 ihm|US∗ |m0 i ρnS m |nihm| Tr(∆n−n ρiA ∆m −m )
n,n0 ,m,m0
0

X

=

0

0

0

hn|US |n0 ihm|US∗ |m0 i ρnS m |nihm| Tr(∆m +n−n −m ρiA ),

n,n0 ,m,m0

and so the accuracy to which the unitary US is implemented depends only on the values
0
0
of Tr(∆m +n−n −m ρiA ) = Tr(∆a ρiA ) for a ∈ {2, 1, −1, −2}, because
US ρiS US† =

0

X

0

hn|US |n0 ihm|US∗ |m0 i ρnS m |nihm|.

n,n0 ,m,m0
0

0

In particular, since one can take Tr(∆m +n−n −m ρiA ) arbitrarily close to 1 for all m, m0 , n, n0
by choosing L large enough, the accuracy can be arbitrarily close to 1.
2. The values Tr(∆a ρA ) are the same as for the local state on the catalyst after the evolution,
Tr(∆a ρefA ) = Tr(∆a ρiA )
with ρeA = TrS (e
ρfSA ):
To prove this, first calculate


X
0
0
0
0 
ρefA = TrS 
hn|UA |n0 ihm|UA∗ |m0 i ρnS m ρkl
A |nihm| ⊗ |k + (n − n )ihl + (m − m )| ,
n,n0 ,m,m0 ,k,l

from which one obtains
 
Tr(∆a ρefA ) = Tr ∆a 


X

0 0
0
0 
hn|US |n0 ihn|US∗ |m0 i ρnS m ρkl
A |k + (n − n )ihl + (n − m )|

n,n0 ,m0 ,k,l




X

= Tr 

0 0
0
0 
hn|US |n0 ihn|US∗ |m0 i ρnS m ρkl
A |k + (n − n ) + aihl + (n − m )|

n,n0 ,m0 ,k,l

=

X

0

0

0

0

0

0

hn|US |n0 ihn|US∗ |m0 i ρnS m Tr(∆a+n−n ρiA ∆m −n )

n,n0 ,m0

=

X

0

0

hm0 |US† |nihn|US |n0 i ρnS m Tr(∆a+m −n ρiA )

n,n0 ,m0

=

X

0

0

0

0

ρnS ,n Tr(∆a+n −n ρiA )

n0

= Tr(∆a ρiA ).
This shows that no matter how often the catalyst has been used, it does not lose its ability
to facilitate state transformations.
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From the above, it follows that in fact the precise initial state of the ancillary system is not
important. It suffices to know the values of Tr(∆a ρA ), and those stay invariant throughout the
process. Hence one could define a catalyst specification
KA = {ρA : Tr(∆a ρA ) = δa }
for a given set of values {δa }a∈Z . Then, the procedure implements the transformation
ρiS ⊗ KA → eS (e
ρfS ) ∩ eA (KA )
for
ρefS ≈ε ρfS = US ρiS US†
with an accuracy ε that depends on {δa }a . This is indeed an instance of generalized catalysis in
the example of pure initial states on S, because then
ρiS ⊗ KA = eS (ρiS ) ∩ eA (KA )
and so the procedure implements indeed
eS (ρiS ) ∩ eA (KA ) → eS (e
ρfS ) ∩ eA (KA )
as required by Definition 7.4.1 of generalized catalysis. However, more generally this interpretation no longer holds: when an initial state on S is not pure, the procedure seems to depend
on the initial tensor product, which however is not preserved since correlations between system
and ancilla are established.
On the other hand, crucially the catalytic coherence procedure can be repeated several times
even on the same system, despite the fact that correlations have built up, because in fact for two
unitaries U1 and U2 on S,
V (U1 )V (U2 ) = V (U1 U2 ).
Because of this, one could still formulate catalytic coherence for input states that are not pure
through the notion of generalized catalysis, by choosing
K 0 ={ρ ∈ Ω : ∃ σS , n ∈ N, {Ui }i≤n unitaries on S s.t.
ρSK = V (Un ) · V (Un−1 ) · · · · · V (U1 )(σS ⊗ KA )V † (U1 ) · V † (U2 ) · · · · · V † (Un )}
with KA as above. Then the catalytic coherence procedure, if applied to a correlated state that
arises from previous uses of the catalyst, realizes transformations of the form
eS (ρiS ) ∩ K 0 → eS (e
ρfS ) ∩ K 0
and fits into Definition 7.4.1 of generalized catalysis.
Finally, we can connect the notion of general catalysis introduced here to the task of erasing
a system in the presence of a quantum memory studied in [99]. Namely, this memory can like
a catalyst be seen as a resource that can be used to facilitate transformations on a given target
system. In [99] this is achieved due to correlations between the memory and the target system,
which are exploited in the course of the transformation. At the same time, the memory, as well
as its correlations with additional systems, remains unchanged, so that it can be subsequently
used in further processes.
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Example 7.4.4 (Erasure in the presence of a memory). The work of [99] studies the task of
erasing information in a system S which is correlated with a memory M . Here, the aim is to
restore the state of the system in S to |0iS , while leaving both the memory M and its correlations
with additional systems R (which are not acted upon) invariant. Starting from a tripartite pure
state ρSM R , the goal is then to transform it into the state |0ih0| ⊗ ρM R , with the reduced state
ρM R unchanged, by means of an allowed operation acting on system and memory. By making
use of the memory in this way, so as to not affect other information stored in it, it was shown
in [35,99] that erasing S can be achieved at an optimal work cost proportional to the conditional
ε (S|M ) (up to small error terms).
entropy Hmax
One would like to generalize this example in the following ways. Firstly, in practical applications one may not always need to preserve all aspects of the memory and its correlations:
if the memory contains noise or is correlated with another system as a result of uncontrolled
interactions, for example, it is natural to allow the use of the memory to change these properties
— if there is no way for an agent to use the correlations between memory and reference, he
may not need to preserve them. Secondly, above the precise split of the memory into a system
M that can be acted upon, and the “reference” system R, is not necessary in a general resource
theory, as it can nicely be incorporated into the allowed transformations.
Within this framework, these aspects can be phrased in a way that is very similar to general
catalysis. Namely, we can understand the memory through a specification space S Ω that is
embedded in a global space S Σ via (e, h). One can then demand that the memory be preserved
in a global transformation V → W through the condition h(V ) ⊇ h(W ). In the erasure example
of [99], the resource theory can be interpreted as one in which allowed transformations operate
on systems SM (the reference system R lies outside the reach and control of the agent). On
the other hand, the embedding comprises systems M R, that is, the adjoint h corresponds to
tracing out system S (and additional systems, if there are), h ≡ TrM R . Then, for a process
that achieves
{ρSM R } → {σSM R } = {|0ih0| ⊗ σM R }
it holds that
h({ρSM R }) ⊇ h({|0ih0| ⊗ σM R }) ⇐⇒ ρM R = σM R .
One can in fact understand most of the examples of catalysis that I discussed in the last
section (including exact catalysis, when using an embedding that keeps track of correlations)
as a special case of a memory, because the catalyst K in the process
eS (VS ) ∩ K → eS (WS ) ∩ K
corresponded to a local state on a subsystem, K = eA (KA ), for which it holds that
hA (eS (VS ) ∩ eA (KA )) = KA = hA (eS (WS ) ∩ eA (KA )).
This is perhaps at first counter-intuitive, since the purpose of the memory of [99] was to use
information stored in the correlations between a system and the memory, while exact catalysis
requires the complete absence of such correlations. However, the phenomenon of exact catalysis
shows that additional systems can facilitate state transformations on a target system even in
the absence of correlations.
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7.5

Copies and permutations

The notion of copies of local resources have played a great role in traditional resource theories,
since they define the asymptotic regime of resource theories, in which usually the structure of
the theory simplifies greatly [2,19,20]. They can be used to define conversion rates of resources,
which are closely related to monotones in the theory, and thus to quantify the value of resources.
However, while it seems natural to define copies of local resources in the traditional buildingblock structure of resource theories, this is not so obvious in a top-down approach. As will
become clear in this section, there is however an elegant way to define copies in this framework.
Traditionally, copies are defined in terms of states in tensor product, such as ρA ⊗ ρA0 ,
in which ρA and ρA0 are copies of the same state on isomorphic Hilbert spaces HA and HA0 .
Operationally, however, first of all the different systems need not be completely uncorrelated
— it may be enough that the local states are not correlated beyond a given threshold, or that
the precise nature of correlations is not known. Second of all, the state ρA ⊗ ρA0 can be seen
as two copies of the resource ρA not just because the state spaces on A and A0 are isomorphic,
but because the resource theory allows for the same transformations on both subsystems, and
because they can be swapped.
The following definitions are largely adapted from those already introduced in [23]. This
section features a few newer results about copies and permutations, and allows for generalised
compositions .

7.5.1

Identical subsystems and permutations of resources

In this framework, we have seen that subsystems and local resources are derived from a global
theory (S Ω , T ). Then, a natural way to introduce the concept of copies of local resources is to
start from the idea of permutations of identical subsystems.
This approach can be particularly helpful in a theory with an initially unknown structure of
local resources. Starting from commutation relations, the subsystems Sys(T ) emerge naturally,
from which one can define permutations. Then, local embeddings can be derived as in Chapter 6,
and together with permutations they define the concept of copies of local resources.
The first definition that we will need is that of identical subsystems on the level of transformations within Sys(T ).

Definition 7.5.1 (Identical subsystems). Let (S Ω , T ) be a resource theory. Then two subsystems of transformations A, B ∈ Sys(T ) are called identical if they are isomorphic, that is, if
there exists an injective and surjective function i : A → B such that
i(I) = I,
i(fA ◦ gA ) = i(fA ) ◦ i(gA ).

Physical transformations that realise a permutation of subsystems are called swaps. They
can be defined as follows, solely in terms of identical subsystems and without making reference
to local resources.
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Definition 7.5.2 (Swaps). Let (S Ω , T ) be a resource theory, and let A, B ∈ Sys(T ) be identical
and independent subsystems connected by the isomorphism i : A → B. Then a function
uAB ∈ A ∨ B is a swap between A and B if
uAB ◦ fA ◦ gB ◦ uAB = i(fA ) ◦ i−1 (gB )
for all fA ∈ A, gB ∈ B, where i−1 : B → A denotes the inverse of the isomorphism i.
Two subsystems A, B ∈ Sys(T ) are called swappable if they are independent and identical and
if there is a swap uAB ∈ A ∨ B.
Remark 7.5.3. In particular, the above definition implies that uAB is its own inverse,
uAB ◦ uAB = I.
Furthermore, uAB is an endomorphism and it is invertible, and so
• uAB is injective,
• ∀ ω ∈ Ω, |uAB ({ω})| = 1,
• uAB (Ω) = Ω.
Given functions that swap different systems, it is straightforward to define permutations of
specifications and permutation-invariant specifications.
Definition 7.5.4 (Permutations of specifications). Let (S Ω , T ) be a resource theory, and let
A ∈ Sys(T ), V ∈ S Ω .
Then the specification V 0 is a permutation of V if there is a subsystem A0 ∈ T that is independent
and identical to A such that
V 0 = uAA0 (V )
with uAA0 a swap between A and A0 .
A specification V is permutation-invariant over a collection A of identical and independent
subsystems if for all A, A0 ∈ A, V = uAA0 (V ).
We would now expect that permutations of specifications can be used to identify the different
local embeddings that correspond to swappable subsystems, and that embeddings which are
generated from subsystems of transformations are consistent under swaps. With the following
propositions, one can now draw this link between swaps and local specification spaces. Namely,
given one local embedding and swaps, one can define new embeddings that arise from the swaps;
local resources with respect to one embedding are then indeed swapped over to resources that
are local with respect to the other embeddings. Furthermore, local resource theories that arise
from identical subsystems and permuted embeddings are isomorphic. Finally, if embeddings are
constructed from swappable subsystems, then these embeddings are related by the swaps.
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Proposition 7.5.5 (Embeddings through swapping). Let (S Ω , T ) be a resource theory, A, B ∈
Sys(T ) swappable subsystems with swap uAB , and let eA : S ΩA → S Ω be an intensive embedding.
Then the swap uAB together with (eA , hA ) gives rise to a new intensive embedding
eB : S ΩB → S Ω
where S ΩB ∼
= S ΩA and
eB ∼
= uAB ◦ eA ,
∼ hA ◦ uAB .
hB =
Furthermore, if eA is independent of B, then eB is independent of A.
Proof. The intensive embedding eA corresponds to an equivalence relation ∼A on Ω,
ω ∼A ν ⇐⇒ hA ({ω}) = hA ({ν}).
Then one can define a new equivalence relation ∼B as
ω ∼B ν ⇐⇒ hA ◦ uAB ({ω}) = hA ◦ uAB ({ν}).
Because uAB is an invertible endomorphism and maps singletons to singletons, ∼B is as required
an equivalence relation on Ω, and thus gives rise to an intensive embedding
eB : S ΩB → S Ω
with ΩB = Ω/ ∼B . Furthermore, the equivalence classes [·]A and [·]B are mapped onto each
other through uAB , and so
ΩA ∼
= Ω/ ∼A ∼
= Ω/ ∼B ,
Ω
Ω
∼ S A . The embeddings then satisfy
which directly implies S B =
eA ◦ hA (V ) = uAB ◦ eB ◦ hB ◦ uAB (V ),
and the isomorphism i : S ΩA → S ΩB is given by
i = hB ◦ uAB ◦ eA
with inverse
i−1 = hA ◦ uAB ◦ eB .
Conversely,
eA (VA ) = uAB ◦ eB ◦ i(VA ),
hB (V ) = i ◦ hA ◦ uAB (V ).
Finally, if eA is independent from B, then for all V ∈ S Ω , fA ∈ A,
hB ◦ fA (V ) = i ◦ hA ◦ uAB ◦ fA (V )
= i ◦ hA ◦ uAB ◦ fA ◦ uAB ◦uAB (V )
|
{z
}
∈B

= i ◦ hA ◦ uAB (V )
= hB (V ).
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ΩB , that is, W = e ◦h (W ).
Remark 7.5.6. A permutation W = uAB (Vc
A ) is indeed local in S
B
B

Proof. This follows directly by substituting eB ◦ hB = uAB ◦ eA ◦ hA ◦ uAB , yielding

eB ◦ hB (W ) = uAB ◦ eA ◦ hA ◦ uAB (W )
= uAB ◦ eA ◦ hA ◦ uAB ◦ uAB (Vc
A)
= uAB ◦ eA ◦ hA (Vc
A)
= uAB (Vc
A)
= W.

Proposition 7.5.7 (Isomorphic local resource theories). Let (S Ω , T ) be a resource theory,
A, B ∈ Sys(T ) swappable subsystems with swap uAB , and let eA and eB be two embeddings
that are related through swapping as in the proposition above.
e and (S ΩB , B)
e are isomorphic with respect to their
Then the local resource theories (S ΩA , A)
induced pre-order, and the isomorphism is determined by uAB . That is,
VA →A WA ⇐⇒ VB →B WB
in the respective resource theories, where
VB = hB ◦ uAB ◦ eA (VA )
and likewise for WB and WA .

Proof. To see this, note that

eA ◦ hA (V ) = uAB ◦ eB ◦ hB ◦ uAB (V )
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and so
VA →A WA
=⇒ ∃ n ∈ N, fA1 , fA2 , . . . fAn s.t.
hA ◦ fA1 ◦ eA ◦ hA ◦ fA2 ◦ eA ◦ · · · ◦ hA ◦ fAn ◦ eA (VA ) ⊆ WA
⇐⇒ eA ◦ hA ◦ fA1 ◦ eA ◦ hA ◦ fA2 ◦ eA ◦ · · · ◦ hA ◦ fAn ◦ eA (VA ) ⊆ eA (WA )
⇐⇒

◦fA1 ◦

eA ◦ hA
| {z }

[uAB ◦eB ◦hB ◦uAB ]

⊆

e ◦h
| A {z A}

eA ◦ hA
| {z }

◦fA2 ◦ · · · ◦ fAn ◦

[=uAB ◦eB ◦hB ◦uAB ]

eA ◦ hA
| {z }

◦ eA (VA )

[=uAB ◦eB ◦hB ◦uAB ]

◦ eA (WA )

[=uAB ◦eB ◦hB ◦uAB ]

⇐⇒ uAB ◦ eB ◦ hB ◦ uAB ◦ fA1 ◦ uAB ◦eB ◦ · · · ◦ hB ◦ uAB ◦ fAn ◦ uAB ◦eB ◦ hB ◦ uAB ◦ eA (VA )
{z
}
|
{z
}
|
n ∈ B]
[=fB

1 ∈ B]
[=fB

⊆ uAB ◦ eB ◦ hB ◦ uAB ◦ eA (WA )
⇐⇒ uAB ◦ eB ◦ hB ◦ fB1 ◦ eB ◦ · · · ◦ hB ◦ fBn ◦ eB ◦ hB ◦ uAB ◦ eA (VA )
⊆ uAB ◦ eB ◦ hB ◦ uAB ◦ eA (WA )
⇐⇒ hB ◦ fB1 ◦ eB ◦ · · · ◦ hB ◦ fBn ◦ eB ◦ hB ◦ uAB ◦ eA (VA )
|
{z
}
[=VB ∈ S ΩB ]

⊆ hB ◦ uAB ◦ eA (WA )
|
{z
}
[=WB ∈ S ΩB ]

=⇒ VB →B WB ,
and analogously in the other direction.
Proposition 7.5.8 (Generated embeddings and swaps). Let (S Ω , T ) be a resource theory,
A, B ∈ Sys(T ) subsystems swappable with uAB , and let ∼A and ∼B be the equivalence relations
on Ω generated by A and B respectively (Definition 6.5.1).
Then
ω ∼B ν ⇐⇒ ∃ ω 0 , ν 0 ∈ Ω s.t. ω 0 ∼A ν 0 , {ω 0 } = uAB ({ω}), {ν 0 } = uAB ({ν}).
Proof. Recall the definitions of ∼A , ∼B as the transitive closures of the relations
ω ∼0A ν ⇐⇒ ∃ fA , gA ∈ A s.t. fA ({ω}) ∩ gA ({ν}) 6= ∅
and
ω ∼0B ν ⇐⇒ ∃ fB , gB ∈ A s.t. fB ({ω}) ∩ gB ({ν}) 6= ∅
respectively. Now, because
fA ∈ A ⇐⇒ uAB ◦ fA ◦ uAB ∈ B,
fB ∈ B ⇐⇒ uAB ◦ fB ◦ uAB ∈ A,
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one directly obtains
ω ∼0B ν ⇐⇒ ∃ fB , gB ∈ B s.t. fB ({ω}) ∩ gB ({ν}) 6= ∅
=⇒ ∃ fB , gB ∈ B s.t. uAB ◦ fB ({ω}) ∩ uAB ◦ gB ({ν}) 6= ∅
⇐⇒ ∃ fB , gB ∈ B s.t. uAB ◦ fB ◦ uAB ◦ uAB ({ω}) ∩ uAB ◦ gB ◦ uAB ◦ uAB ({ν}) 6= ∅
⇐⇒ ∃ fA , gA ∈ A s.t. fA ◦ uAB ({ω}) ∩ gA ◦ uAB ({ν}) 6= ∅
⇐⇒ ω 0 ∼0A ν 0 , {ω 0 } = uAB ({ω 0 }), {ν} = uAB ({ν}).
The other direction follows from an analogous calculation starting from ω 0 ∼A ν 0 .
Corollary 7.5.9. Two local specification spaces S ΩA and S ΩB that are derived from swappable
subsystems A, B ∈ Sys(T ) are isomorphic, and related as in Proposition 7.5.5.

7.5.2

Copies of local resources and asymptotic conversion rates

Using the idea of permutations, local resources can be swapped over to other systems, and
if the respective local specifications are compatible, they can be composed. As I have shown
in Section 7.2, this can be done in many ways: either directly through set intersection ∩, or
through more general composition operations , one example of which is the traditional tensor
product ⊗.
One can then define a specification of n copies of a local resource VA as follows.
Definition 7.5.10 (Copies of specifications). Let (S Ω , T ) be a resource theory, and let
{Ai }i≤n ⊆ Sys(T ) be a set of n mutually swappable subsystems, with corresponding embeddings eAi related by swaps as in Proposition 7.5.5. Let eAi be mutually compatible and let
there be a commutative and associative generalized composition operation .
Then the specification of n copies of a local specification VA1 ∈ S ΩA1 is defined by
VAn = VA1

VA2

···

V An ,

with
Vi = hAi ◦ uA1 Ai ◦ eA1 (VA1 )
the local permutation of VA1 in S ΩAi .
For n = 0, define VA0 = Ω.
Remark 7.5.11. This definition includes both traditional tensor product copies,
VA⊗n = VA1 ⊗ VA2 ⊗ · · · ⊗ VAn ,
as well as the more general
d
d
d
Vn =V
A1 ∩ uA1 A2 (VA1 ) ∩ · · · ∩ uA1 An (VA1 ).
One of the main advantages of this approach is that it does not require the notion of
exact uncorrelated systems (the tensor product) as it is built on the composition approach of
Section 7.2. It thus relies on fewer assumptions: it is not dependent on the quantum formalism,
and more generally not on an experimenter’s ability to exactly control the properties of the
system.
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Equipped with a general definition of copies of resources, one can now look at the traditional
notion of conversion rates, and see how these can be generalized in this framework. Conversion
rates study how many copies VAm of one resource VA are needed asymptotically to create n copies
of another resource WA . Although in familiar quantum resource theories, these conversion rates
always exist and are tightly connected to monotones of the resource theory [2, 20], this may
not generally be the case in resource theories. Furthermore, this framework with its top-down
approach to subsystems may impose a restriction to the number of copies that can be taken
due to a limitation in the size of the global state space.
Definition 7.5.12 (Asymptotically convertible). Let (S Ω , T ) be a resource theory, let A ∈
Sys(T ) be a subsystem, eA : S ΩA → S Ω be an intensive embedding and VA ∈ S ΩA , W ∈ S Ω .
Then VA is asymptotically convertible into W if some finite number n ∈ N of copies of VA can
be converted into W ,
∃ n ∈ N : VAn → W.
Similarly, if S Ω is equipped with an approximation structure B : (S Ω , E) → S Ω , then VA is
said to be asymptotically ε-convertible into W if a finite number n ∈ N of copies of VA can be
converted into W ε ,
VAn → W ε .
One can then define the rate of conversion between two local resources VA and WB as follows.
Definition 7.5.13 (Conversion rates). Let (S Ω , T ) be a resource theory, A, B ∈ Sys(T ) and
eA : S ΩA → S Ω , eB : S ΩB be two intensive embeddings. Let VA ∈ S ΩA , WB ∈ S ΩB be such that
VA can be asymptotically converted into WBm for some m ∈ N.
Then the exact conversion rate of VA into WB is defined as
nm
o
Rate(VA → WB ) = sup
: VAn → WBm .
n
n,m
Similarly, if the resource theory is equipped with an approximation structure B(S Ω , E) and if
VA is asymptotically ε-convertible into WBm for some m ∈ N, then the approximate conversion
rate with precision  ∈ E is defined as
nm
o
Rateε (VA → WB ) = sup
: VAn → (WBm )ε .
n
n,m
The notions of asymptotic convertibility will be used again in Chapter 8, when we will see
that copies of resources can be used as a currency to quantify the value of other resources.
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Chapter 8

Quantifying realistic resources
As we have seen in Chapter 4, resource theories start from a set of allowed transformations that
an agent is able to implement, and derive a pre-order structure that encodes which resources
can be converted into which other resources under such transformations. While this pre-order
essentially carries all the information of the resource theory, it is often difficult to compute
relevant properties. For example, it can be hard to decide for any two given resources V and W
whether or not V → W . Similarly, if it is not the case that V → W , which additional resources
would the agent have to supply in order to generate the resource W ? Or if it is the case that
V → W , what kind of additional resources could be extracted along the way?
This is where the concept of assigning value to resources comes in. The idea is to quantify
in a simple way how much can be done with a particular resource, and how difficult it is to
transform one resource into another. This concept is hence central to resource theories: if we
can determine a good characterization of value, then we can answer important questions in the
theory.

8.1
8.1.1

Monotones
Monotones in traditional resource theories

A prominent way to measure the value of resources in traditional resource theories is by means
of monotones. In equilibrium thermodynamics, for example, the free energy of a state is a
monotone under isothermal transformations, and quantifies the work that can be extracted
from the state. Likewise, in the resource theory of LOCC entanglement measures such as the
distillable entanglement or the entanglement of formation are monotones.
Monotones are an extremely useful concept in traditional resource theories, since they provide necessary conditions for state transformations. For example, a function f that always
increases under the allowed operations of a resource theory (such as the entropy in a theory of
thermodynamics which allows for adiabatic transformations), yields the condition
X → Y =⇒ f (X) ≤ f (Y )
for all resources X and Y . While in classical thermodynamics, the pre-order on equilibrium
states is in fact completely characterised by the entropy [9–11],
X → Y ⇐⇒ S(X) ≤ S(Y ),
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more generally only sets of monotones can collectively yield sufficient conditions for state transformations, such as the set of all α-Rényi entropies or free energies in catalytic noisy and
thermal operations respectively [37]. In addition to characterising the pre-order of the resource
theory, monotones often describe operational properties of the theory, such as asymptotic conversion rates, or similar concepts in single-shot settings (for instance, when they are derived
from currencies — this will be explained in Section 8.2).
A central question is then: how can we find monotones in a resource theory? In particular
theories, such as noisy or thermal operations, LOCC or resource theories of coherence, a large
number of monotones are known for state conversions. For example, since the allowed operations
in a resource theory cannot generate resourceful states from free states, many known monotones
can be expressed in terms of a contractive function C (e.g. a metric) that measures the “distance”
to the set F of free states in a theory [20],
f (ρ) = inf C(ρ, σ).
σ∈F

A prominent example for a contractive function (that is not a metric) is the relative entropy D,
since
D(E(ρ)||E(σ)) ≤ D(ρ||σ)
for all quantum (CPTP) maps E. It is easy to see that the corresponding function fD given by
fD (ρ) = inf D(ρ||σ)
σ∈F

is a monotone in quantum resource theories,
ρ → σ =⇒ fD (ρ) ≥ fD (σ),
because for all σ ∈ F, it holds that E(σ) ∈ F. Now, for example, in the resource theory of noisy
operations, the only free state is the maximally mixed state I/d, and so fD (ρ) = log d − H(ρ),
where d is the dimension of the system and H(ρ) = − Tr(ρ log ρ) is the von Neumann entropy
of the state.

8.1.2

Monotones on specification space

Characterising the pre-order of a resource theory by means of monotones becomes even more
important in this framework, where resources can be described by arbitrary specifications.
Namely, while for traditional resource theories often an explicit characterisation of the preorder is known (such as the majorization condition in noisy operations), the structure of the
corresponding pre-order on specification space is in general much more complicated. For example, in noisy operations, it may be that each state within an input specification majorizes
a particular output state, ρ ≺ σ for all ρ ∈ V , yet V 9 {σ}. This is the case for instance for
V = {|0ih0|, |1ih1|} and σ = |0ih0|: while for each ρ ∈ V , there is a noisy operation that takes
ρ to σ, the transformation that needs to be implemented depends on the input state ρ — there
is no transformation that works in both cases.
In order to characterise the pre-order on specification space for known resource theories,
such as noisy or thermal operations, one can then ask if still at least some of the properties
of the pre-order on quantum states can be carried over to specifications. This is indeed the
case for the monotones of the theory: it turns out that any known monotone for a traditional
resource theory can be promoted to a monotone for the pre-order on specification space (arising
as in Remark 4.2.4) [145].
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Theorem 8.1.1 (Monotones on specification space). Let (S Ω , T ) be a resource theory with
allowed transformation such that
[
f ∈ T ⇐⇒ ∃ g ∈ G s.t. f (V ) =
{g(ρ)}
ρ∈V

for a given set G of functions g : Ω → Ω, and let S : Ω → R be a monotone along the pre-order
generated by G,
S(ρ) ≥ S(g(ρ))
for all g ∈ G.
Then the function Se : S Ω → R given by
e ) := inf (S(ρ))
S(V
ρ∈V

is monotonic along →,
e ) ≥ S(W
e ).
V → W =⇒ S(V
Proof. The proof is straightforward: since S is monotonic along functions g ∈ G,
e )
ρ ∈ V, V → W =⇒ S(ρ) ≥ S(g(ρ)) ≥ S(W
e ) ≥ S(W
e ).
and so directly S(V
An example of such a monotone is given in Section 8.3, where the cost of a specification in
the resource theory of unital maps is given by the infimum over the cost of all states within the
specification.
It would be interesting to see if other, similar such constructions can yield different monotones. For example, the expression for the yield of resources in the theory of unital maps
(Section 8.3) suggests that in some theories, or for some monotones, an optimisation over the
convex hull of specifications yields another monotone,
Se0 (V ) := inf S(ρ).
ρ∈V P

This could be helpful when specifications are difficult to optimise over. Similarly, it would be
useful if one could derive further monotones from optimisations over embeddings or approximation structures, such as
Se00 (V ) := inf S(ρ)
ρ∈e◦h(V )

or
Se000 (V ) := inf ε S(ρ).
ρ∈V

Whether such expressions can in fact yield monotones in some cases, or otherwise useful criteria
for resource transformations between specifications, is an open question for further research.

8.2

Currencies

Looking at particular resource theories, we can find another common and powerful tool that is
used to characterise the value of resources, and thus the pre-order of the theory, in an operational
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way. Namely, there is usually a special class of standard or reference resources that one can
measure or quantify more easily, and that can be used to determine the value of other resources.
These special resources are usually universal in the sense that, when given enough of them, they
allow an agent to generate any other resource from them, or implement any transformation.
They are thus particularly useful to characterise the pre-order of the theory since one can
always convert back and forth between the resources of interest and the universal reference
resources. Such reference resources constitute a currency—they provide a natural operational
interpretation of value. This section will introduce and explore this concept of currencies — it
is adapted from [22].
In real life, money constitutes a currency, since we can use it to trade against essentially
any resource. For a more physical example, note that we can also identify a currency in twoparty LOCC: maximally entangled pairs of qubits (Bell pairs) can be used to teleport half
of any quantum state [3], and so the value of resources like bipartite states can be defined in
terms of how many Bell pairs are needed to create, or how many can be extracted from, a
resource. Such considerations are at the heart of the well-known concepts of entanglement of
formation and distillable entanglement 1 . Similarly, work in traditional thermodynamics can be
considered a currency that allows to implement essentially any transformation if given enough
of it. Finally, the concept of currencies is also underlying the ideas in Lieb and Yngvason’s
approach to defining entropy in thermodynamics [9–13]; there, the set of equilibrium states
forms a currency.
Now, if a resource theory has a currency, we can use it to find monotones, sufficient conditions
for resource transformations, and determine the cost of transformations. For instance, if the
yield of “selling” the initial resource is larger than the cost of creating the final one, then a
transformation is possible: we simply sell the initial resource and use some of the coins to buy
the final one. The cost and yield of resources are also themselves monotones on the pre-order
→ of the theory.
While currencies serve the same purpose in many resource theories, they are traditionally
built on a number of different assumptions. For example, counting Bell pairs in LOCC relies on the concept of copies of resources, while work in (quantum) thermodynamics can be
modelled as a pure state on an energy ladder, often satisfying a requirement of translational
invariance [33, 49, 54, 146]. In contrast, the currency or “reference states” in the axiomatic
approach to thermodynamics in [9–13] satisfy special comparability and scalability properties.
This section provides an abstract characterization of currencies and identifies minimal key
assumptions needed to derive useful notions of value of resources and transformations. It shows
that one can make relevant statements without many of the properties that are taken for granted
in other works. The tools developed here apply to general settings where we may not have a
known subsystem structure, a precise description of resources, and uncorrelated systems. This
paves the way to studying currencies that are themselves made up of more general resources,
such as approximate Bell pairs or systems where slight correlations cannot be ruled out, and
that lack properties like scalability as assumed in [9–13]. Finally, Section 8.3 presents a concrete
application of these tools to the resource theory of unital maps, where it is shown how the cost,
yield and balance for general resources and transformations can be quantified in terms of a
particular currency. Because of the choice of currency, these quantities correspond to notions
of entropy for specifications, and yield direct results for the questions of work extraction and
1
This concept is generalised in [2], where copies of special resources, the “generating pairs”, are used to
generate, or are distilled from, arbitrary resources.
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transformation balance for general resources.

8.2.1

Definition of currencies

Currencies are a collection of ‘standard’ or ‘reference’ resources relative to which we can quantify
other resources. They are ordered along the pre-order → of the resource theory, and have a
well-defined associated value function.
Definition 8.2.1 (Currency). Let (S Ω , T ) be a resource theory. A subset of specifications
C ⊆ S Ω forms a currency if it satisfies
1. Order. C is ordered (up to equivalences), that is for all C, C 0 ∈ C, either C → C 0 or
C 0 → C.
2. Well-defined value. The order on C is such that it admits a monotonous function
Val : C → R,
assigning value to resources in C.
Remark 8.2.2. Due to monotonicity of value and the order assumption, it holds that in fact
Val C ≥ Val C 0 ⇐⇒ C → C 0 .
While order may seem like a strong requirement at first, essentially all of the examples of
currencies one finds in resource theories satisfy this order requirement. The order condition in
Definition 8.2.1 is also reminiscent of the comparability requirement in axiomatic approaches to
thermodynamics [10–13, 15], where it is demanded for the set of reference states (‘equilibrium
states’ or ‘entropy meter’). Finally, note that one can always start from the whole pre-order
structure of the resource theory and build a currency by selecting a maximal subset of resources
that is totally ordered (plus equivalences); any monotone function to R on this set is a valid
value function 1 .
Let us now see how a currency can be used to quantify other resources. The following
discussion is structured as follows: in a first stage, I will show under which assumptions a
currency can be used to quantify the cost and the yield of resources. The relevant condition for
this is stage I universality. Then, I will discuss another kind of universality, which enables the
currency to be used alongside other resources and quantify the cost of resource transformations,
dubbed stage II universality.

8.2.2

Stage I: a universal standard

Let us now introduce the notion of stage I universality of a currency C for a given set of resources
called the target.
Definition 8.2.3 (Stage I universality). Let (S Ω , T ) be a resource theory equipped with a
currency C.
Then C is said to be stage I universal for a target S1 ⊆ S Ω if for all target specifications V ∈ S1 ,
there exists an element of the currency C ∈ C such that C → V , and a currency element C 0 ∈ C
such that V → C 0 .
1

This of course requires that the order on C can be embedded into the order on R.
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Note that here, universality is only required to hold for a given target S1 ⊆ S Ω rather than for
all resources in the theory. One can in principle define a stage I target as the largest set S1 ⊆ S Ω
for which the currency is stage I universal. In the axiomatic approach to thermodynamics of [12],
the universality property also features as an axiom that states out of thermodynamic equilibrium
satisfy with respect to the set of equilibrium states.
One can easily show that a currency of high value is really strictly more powerful than one
with a lower value in order to create and distill resources in the target.
Proposition 8.2.4 (Higher values are more powerful). For any C, C 0 ∈ C such that Val(C) ≥
Val(C 0 ) and any V ∈ S1 , it holds that
C 0 → V =⇒ C → V
V → C =⇒ V → C 0 .
Proof. This result follows straightforwardly from Val(C) ≥ Val(C 0 ), which implies that C → C 0 ,
together with the transitivity of →, since we can concatenate individual processes to get
C → C 0 , C 0 → V =⇒ C → C 0 → V
V → C, C → C 0 =⇒ V → C → C 0 .

Cost and yield of resources
The basic notions of currencies and stage I universality already allow for a definition of cost
and yield of all target resources, from which we may derive necessary and sufficient conditions
for general resource transformations.
Definition 8.2.5 (Cost and yield of resources). Let (S Ω , T ) be a resource theory with the
currency C that is stage I universal for the target S1 . The cost and yield of a target resource
V ∈ S1 in terms of the currency C are defined as
Cost (V )C := inf (Val C : C → V ),
C∈C

Yield (V )C := sup (Val C : V → C).
C∈C

The following theorem shows why currencies are so useful in resource theories. Namely, they
allow us to derive necessary and sufficient conditions for resource conversion. This theorem also
recovers the results of [9–13] more generally for all resource theories equipped with a currency.
Theorem 8.2.6 (Conditions for resource conversion in terms of a currency). Let (S Ω , T ) be a
resource theory with a currency C that is stage I universal for a target S1 . Let V, W ∈ S1 . Then
1. if Yield (V )C > Cost (W )C then V → W , and
2. Cost and Yield are monotones, that is, if V → W , then
Cost (V )C ≥ Cost (W )C
Yield (V )C ≥ Yield (W )C .
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Proof. For the first statement, note that Yield (V )C > Cost (W )C implies that there are some
Cy , Cc ∈ C with
Yield (V )C ≥ Val(Cy ) > Val(Cc ) ≥ Cost (W )C
such that V → Cy and Cc → W (they are achievable selling and buying currency values). Then
we can compose the processes
V → Cy → Cc → W.
To show monotonicity of cost and yield, note that we can again employ transitivity to get that,
for any C, C 0 ∈ C, if V → W then
C → V =⇒ C → W and
W → C 0 =⇒ V → C 0 ,
and so the statement follows directly from the definitions of Cost and Yield as
Cost (V )C := inf (Val C : C → V ),
C∈C

Yield (V )C := sup (Val C : V → C).
C∈C

in Definition 8.2.5.
One can then also show that the cost of a resource is always bigger than its yield: if this was
not the case, one could generate currency for free, which is ruled out by the order assumption.
Proposition 8.2.7 (Cost is bigger than yield). Let (S Ω , T ) be a resource theory with a currency
C that is stage I universal for a target S1 . Then, for any resource V ∈ S1 ,
Cost (V )C ≥ Yield (V )C .
Proof. Suppose that Yield (V )C > Cost (V )C . Then we can find currency resources Cy , Cc ∈ C
with
Yield (V )C ≥ Val(Cy ) > Val(Cc ) ≥ Cost (V )C
such that V → Cy and Cc → V. But then we can compose the processes to get Cc → V → Cy
and so due to monotonicity of value we would need Val(Cc ) ≥ Val(Cy ), contradicting our initial
assumption that Yield (V )C > Cost (V )C .
Tight currencies
We can now look at the special case when the cost and the yield of a resource V are equal, and
when they are furthermore achievable by a currency resource C. This is called tightness.
Definition 8.2.8 (Tightness). A currency C that is stage I universal for the target S1 is called
tight for a resource V ∈ S1 if Cost (V )C = Yield (V )C , and if the cost and yield of V are
achievable. We then denote the set of resources for which the currency is tight by S= ⊆ S1 .
Remark 8.2.9. Alternatively, tightness of C for a resource V ∈ S1 could have been defined as
∃ C ∈ C s.t. C ↔ V.
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One can now show that when considering resources for which the currency is tight, Theorem 8.2.6 becomes much stronger: the monotonicity of cost and yield become necessary and
sufficient conditions for resource transformations.
Theorem 8.2.10 (Tightness yields necessary and sufficient condition). For two resources
V, W ∈ S= for which a currency C is tight,
V → W ⇐⇒ Cost (V )C ≥ Cost (W )C .
The pre-order on the set S= then becomes a full order (up to equivalences), that is,
∀ V, W ∈ S= , either V → W or W → V.
Proof. This statement follows directly from Remark 8.2.9: the full order (up to equivalences) and
monotonicity of Cost and Yield on S= then follows directly from the corresponding properties
of C and its value function (or equivalently, the full order on R).
In particular, currency resources are also in S= if they are in the target, and in turn, resources
in S= could always be added to the currency without changing the theory.
Unfortunately, it is rare that a tight currency can be found in a resource theory for the whole
target. However, an example for tightness is given by the resource theory of noisy operations
(or unital maps) when restricting to uniform states on some support (that is, states for which
all non-zero eigenvalues are equal) [18]; we will see another example for tightness in Section 8.3
with the alternative currency C2 introduced in Proposition 8.3.6.

8.2.3

Stage II: independent currency

We might also want to use a currency to determine the balance of general resource transformations: if resource V is more valuable than W , how much currency can be extracted in the
process V → W ? Or how much currency needs to be supplied to transform W into V ?
Stage II universality: composition and independence
In order to answer these questions, we need the currency to satisfy a slightly different kind of
universality towards a target, dubbed stage II universality. While stage II universality often
implies stage I universality (Remark 8.2.14), we shall see that this need not always the case (as
an example, see the currency defined in Proposition 8.2.15). Stage II universality, in contrast to
stage I, assumes that one can add currency resources to target resources, and manipulate them
independently to some degree.
Composing currency and target resources
In order to define stage II universality and quantify the balance of resource transformations, we
first need to introduce a notion of composition between resources V on a target and currency
resources C ∈ C, where I will denote the composed resource by (V, C). The usual interpretation
of such composition would be that the currency resources lie in a different subsystem than the
target resources, like coins in a separate wallet. For example, work in quantum thermodynamics
can be defined in terms of the energy drawn from a separate weight system, like a battery in
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a pure state on an energy ladder, that can be used to facilitate transformations on a target
system. This could be modelled by a joint Hilbert space
Hglobal = HW ⊗ HS .
|{z} |{z}
wallet

target

The case of LOCC, where a standard currency consists of different numbers of copies of Bell
pairs, is a little more complex but works analogously. The Bell pairs can again be stored in a
wallet system, shared by two agents Alice and Bob: in this case, we may think of a decomposition
of the global Hilbert space as
!
N
O
0
Hglobal =
(Ai ⊗ Bi ) ⊗ A
⊗ B̃}0 ,
(8.1)
| {z
i=1
target
|
{z
}
wallet

where each Ai and Bi is a qubit. We will see later (Propositions 8.2.15 and 8.2.16) how the
obvious currencies for both these systems can be defined.
Traditionally, when currency and target correspond to local resources on the respective
subsystems, they would be modelled by means of local quantum states that are composed in
tensor product at the beginning of a protocol, e.g. of the form ρSW = ρS ⊗ ρW . However, this
is often difficult to justify: there might be slight correlations between the two subsystems that
cannot be ruled out, in particular if the two subsystems have interacted before. Similarly, at the
end of a protocol one can often not guarantee perfect independence between the target system
and the currency.
In the specification approach, one can in fact circumvent these issues very easily. As already
introduced in Section 7.2, a simple and general way of composing resources is by means of
the set intersection ∩. That is, one can interpret a composition (V, C) of resources as the
composition of the two pieces of knowledge about target and currency, V ∩ C. Alternatively,
bW on different subsystems S and W , the
if both resources correspond to local states VbS and C
bW ) could denote any form of generalised composition VS CW (Section 7.2).
composition (VbS , C
Independence between currency and target
Specifications and the set intersection can capture a notion of composition of resources without
the need to talk of subsystems at all. However, in order to use a currency alongside a target,
one needs to ensure that the currency and the target resources satisfy some basic independence
properties.
The first requirement for independence is that all states of the currency can coexist with
all states of the target — that is, if one combines the knowledge C about the currency and the
knowledge V about the target, the resulting specification (V, C) contains at least one global state
compatible with this knowledge. For the example of set intersection V ∩ C, this corresponds to
the notion of compatibility (Chapter 4).
The second key idea is that one can manipulate the currency without disturbing the target.
In the specification language, this means that if one can transform C → C 0 , then one can also
act on the composed resource of currency and target as (V, C) → (V, C 0 ), for all target resources
V ∈ S.
In quantum theory, for example, independence is trivially guaranteed if the currency and
the target resources live in different subsystems which are composed via the tensor product,
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and the allowed transformations in the theory let us address their respective degrees of freedom
individually. More generally, these conditions can be satisfied even when correlations between
currency and target cannot be ruled out — in quantum theory, they do not need to be in a
tensor product. Indeed, local knowledge such as ρc
c
A∩σ
B is sufficient to ensure independence,
as is any other type of generalized composition ρA σB (see Chapter 6).
Definition 8.2.11 (Currency independent of target). Let (S Ω , T ) be a resource theory equipped
with a currency C ⊆ S Ω . Then the currency C is called independent of a target S2 ⊆ S Ω if
1. all specifications C ∈ C are compatible with all specifications V ∈ S2 , i.e. (V, C) 6= ∅, and
2. if one can transform C → C 0 , then one can do it without disturbing the target, that is,
C → C 0 =⇒ (V, C) → (V, C 0 )
for all V ∈ S2 .
We can then define stage II universality as follows.
Definition 8.2.12 (Stage II universality). Let (S Ω , T ) be a resource theory with a currency C.
Then the currency is said to be stage II universal for a target S2 ⊆ S Ω if C is independent of
S2 and
∀ V, W ∈ S2 ∃ C, C 0 ∈ C s.t. (V, C) → (W, C 0 ).
The following proposition shows how a currency resource with higher value can implement
all the resource transformations that a lower currency value can achieve.
Proposition 8.2.13 (Higher values are more powerful (stage II)). Let (S Ω , T ) be a resource
theory with a currency C that is stage II universal towards a target S2 . Then, for C, C 0 , C 00 ∈ C
and V, W ∈ S2 , if Val(C 0 ) ≥ Val(C), then
(V, C) → (W, C 00 ) =⇒ (V, C 0 ) → (W, C 00 )
(V, C 00 ) → (W, C 0 ) =⇒ (V, C 00 ) → (W, C).
Proof. This statement follows from transitivity together with independence. Independence
means that Val(C 0 ) ≥ Val(C) =⇒ (V, C 0 ) → (V, C) for all V ∈ S2 , and so one finds that
(V, C) → (W, C 00 ) =⇒ (V, C 0 ) → (V, C) → (W, C 00 ),
(V, C 00 ) → (W, C 0 ) =⇒ (V, C 00 ) → (W, C 0 ) → (W, C),
which guarantees the result due to transitivity.
In the case when the trivial resource Ω is both in the currency and in the target, stage
II universality implies stage I universality for appropriate notions of composition (such as set
intersection). In many settings, such as when a currency is made up of copies of resources as in
Proposition 8.2.17 this is naturally the case; otherwise, we may often without loss of generality
add Ω to the currency and target to obtain a stage I currency.
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Remark 8.2.14 (Stage II implies stage I). Let C be a currency, and consider a target S. If
there are elements S0 ∈ S and C0 ∈ C such that
V → S0 ,

C → C0

and
(S0 , C) ↔ C,

(V, C0 ) ↔ V

for all C ∈ C, V ∈ S, then if C is stage II universal towards S, then it is also stage I universal
towards S.
This is for example the case when Ω ∈ S, C and composition is given by set intersection, (V, C) =
V ∩ C.
On the other hand, if C is stage I universal towards S, and the currency is independent with
respect to the target S, then it is also stage II universal towards S.
Proof. Setting V = S0 in the definition of stage II universality implies
∃ C, C 0 ∈ C s.t. (S0 , C) → (W, C 0 ) =⇒ ∃ C s.t. C → W
because (W, C 0 ) → (W, C0 ) → W for all C 0 ∈ C. In the other direction,
∃ C, C 0 ∈ C s.t. (V, C) → (S0 , C 0 ) =⇒ V → C0 =⇒ ∃ C ∈ C s.t. V → C
because (V, C) → (V, C0 ) → V → S0 → (S0 , C0 ) → C0 for all C ∈ C.
For S0 , C0 = Ω and composition through set intersection ∩, trivially V → Ω, C → Ω and
V ∩ Ω ↔ V as well as Ω ∩ C ↔ C for all V ∈ S, C ∈ C.
Finally, if independence between currency and target is satisfied, then
∃ C ∈ C s.t. C → W =⇒ ∃ C, C 0 ∈ C s.t. (V, C) → (W, C 0 )
because (V, C) → C → W → (W, C0 ) — here, the first transformation (V, C) → C holds
because (V, C) ⊆ C, which is true for set intersection ∩ as well as other kinds of generalised
composition, including ⊗. Hence stage I universality also implies stage II universality.

In such cases, Proposition 8.2.13 extends Proposition 8.2.4, implying its result by setting
V = S0 , C 00 = C0 or W = S0 , C 00 = C0 respectively.
Traditional examples
One can show that the usual notion of work in thermal operations (for block-diagonal states)
is a stage II currency. This is an example of a currency that is not made of copies of individual
states, that is, a currency without a subsystem structure inside the wallet. The following
statement constitutes merely an example to show how for a specific target system one can
construct a currency, and so it does not constitute a rigorous analysis of the most general cases
of currencies in this theory. For example, it would be interesting to study a currency made out
of confidence regions around fixed values of energy [64].
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Proposition 8.2.15 (Stage II currency in quantum thermodynamics). Consider the resource
theory of thermal operations in a global Hilbert space HS ⊗ HW ,P
with dimensions dS << dW
and individual Hamiltonians with equal energy spacings, Hi =
k k ∆ |Ek ihEk |i . Then the
currency C = {C k }k , with
C k = {σW S : TrS (σW S ) = |Ek ihEk |W }
is a stage II currency for the target made out of local block-diagonal states on S, with the value
function Val(C k ) = Ek .
Proof. For block-diagonal states in the energy eigenbasis, whether or not two states can be
transformed into one another in the resource theory of thermal operations can be determined
by means of the thermo-majorization condition, which amounts to comparing the corresponding
Lorenz curves of the quantum states [25, 105]. One may check the following points:
1. Order and monotonicity of value: ∀ C, C 0 ∈ C, either C → C 0 or C 0 → C, and Val C ≥
Val C 0 ⇐⇒ C → C 0 .
Thermo-majorization guarantees that Ei ≥ Ej if and only if C i → C j .
2. Compatibility: all C ∈ C can be composed with any target resource. One could define
composition through set intersection, (V, C) := V ∩ C, or in terms of generalised composition,
cS , C
d
(V, C) = (V
CW .
W ) := VS
Compatibility holds because C and S are different subsystems, and so any state on C is
compatible with any state on S (at the very least, one can combine any two states on C
cS ∩ C
d
and S with the tensor product, and VS ⊗ CW ⊆ VS CW ⊆ V
W = V ∩ C).
3. Non-disturbance: for C, C 0 ∈ C, one has that C → C 0 implies one can do so without
disturbing the target.
Transformations on system C do not affect the states in the target system S since local
quantum maps are of the form EC ⊗ 1S .
4. Stage II universality: for all target specifications V, W ∈ S, there are C, C 0 ∈ C such that
(V, C) → (W, C 0 ).
One way to implement the transformation (V, C) → (W, C 0 ) within thermal operations is
to first let the system S thermalise into a Gibbs state, and then to create any of the states
in the specification W on S. The amount of work Ei − Ej the currency needs to supply
for this process is then given by the max-relative entropy of the chosen state ρ ∈ W to
the thermal state γ on system S [32], Ei − Ej ≥ kT Dmax (ρ||γ).

The above currency is an example for a stage II currency that is not automatically stage I
universal for its target: namely, it may not be possible for some V ∈ S to extract a currency
state C, so that V 9 C. However, this can be made possible by including the specification Ω
into S and C. Note that in this case, the value function needs to be such that Val |0ih0| > Val Ω.
An operational choice would be Val Ω = 0 and Val C i = Ei + F (|0ih0|), with F the free energy,
so that the work stored in the lowest pure state |0ih0| of the currency is accounted for.
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As another example, one can show that the familiar example of Bell pairs in LOCC can be
understood as a stage II currency, which is naturally also stage I.
Proposition 8.2.16 (Bell pairs are aN
stage II currency).
NN Consider the resource theory of two0⊗(
A
)kB
party LOCC over the partition A0 ⊗ ( N
i
i Bi ), in a global Hilbert space
i
N
O

Hglobal =

i

|

!
0
(Ai ⊗ Bi ) ⊗ A
⊗ B̃}0 ,
| {z
target
{z
}
wallet

where each Ai and Bi is a qubit, and A0 , B 0 are composed of N qubits each.
Take the currency C composed of specifications of a certain number n of copies of Bell pairs
n N
0
n
⊗n
in the wallet, C = {Ψ
√ }n=1 ∪ {Ψ = Ω}, with Ψ = {σglobal : σA1 B1 ...An Bn = |ψihψ| }, and
|ψi = (|00i + |11i)/ 2.
Take the target S to be any set of specifications that are local in A0 ⊗ B 0 , for example S =
{ρ[
A0 B 0 }ρ , with
ρ[
A0 B 0 = {σglobal : σA0 B 0 = ρA0 B 0 }.
Then C forms a stage II (and stage I) currency for target S.
Proof. We need to check the following things:
1. Order: ∀ Ψn , Ψm ∈ C, either Ψn → Ψm or Ψm → Ψn .
This is true since for n ≥ m, Ψn ⊆ Ψm , and so trivially by mere forgetting of information
on some of the qubits Ψn → Ψm . The other direction is not possible since Bell pairs are
not free resources, and so
n ≥ m ⇐⇒ Ψn → Ψm .
This means that we can assign the value function Val(Ψn ) = n since n ≥ m is a necessary
and sufficient condition for the transformation Ψn → Ψm .
Physically, any allowed transformation on the wallet can only degrade the currency resource and result in a loss of available maximally entangled qubits.
2. Composability: Since the currency Bell pairs and then target live in different subsystems,
any two specifications can be combined, through set intersection ∩, tensor product, or
any other kind of generalised composition.
3. Non-disturbance: this is true since obviously merely forgetting information about some of
the qubits in the wallet does not affect the state on the systems A0 B 0 . More generally, any
transformation in the wallet (such as one that replaces the maximally entangled state on
some of the qubits by the state |00i) on the two parties leaves the state on A0 B 0 invariant.
4. Universality: we need to show that for all target specifications V, W ∈ S, there are
currency resources Ψn , Ψm ∈ C such that
(V, Ψn ) → (W, Ψm ).
Due to teleportation, any bipartite state ρA0 B 0 on a certain number of qubits can be
generated from a corresponding amount of maximally entangled qubits under LOCC [95].
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Going to a more general specification containing at least one local state is just a matter
of forgetting. Hence, one can achieve any transformation
(V, Ψn ) → (W, Ω) = (W, Ψ0 )
as required (this works for composition through set intersection, but also for other forms
of generalised composition 1 ). From this argument, one can easily see that C is also stage
I universal.

In fact, more generally any resource that is asymptotically convertible (Section 7.5) into any
other resource constitutes a currency.
Proposition 8.2.17 (Currency from copies of resources). Let (S Ω , T ) be a resource theory,
S ΩC and S ΩS be specification spaces intensively embedded in S Ω , and VC ∈ S ΩC . If VC
ΩS by means of taking
d
can asymptotically be converted into any resource W
S for WS ∈ S
n ∈ N ⊆ N copies (using arbitrary generalized composition from Section 7.5), and if all {VCn }n∈N
are compatible with S ΩS (under set intersection), then
C = {VCn }n∈N
can serve as a (stage I and stage II) currency for the target
S = {eS (VS ) : VS ∈ S ΩS }
of all local states in S ΩS , with Val VCn = n, and composition between target and currency given
by set intersection.
Proof. For {VCn }n∈N to serve as a currency, one needs to check the following things:
0

1. Order and monotonicity of value: this is trivially given since VCn ⊆ VCn for n ≥ n0 .
2. All VCn are compatible with the target (under set intersection): this is true by assumption.
0

3. VCn → VCn implies we can do so without disturbing the target: this is true since the
transformation occurs by mere forgetting.
4. For all specifications V, W ∈ S, there are VCn , VCm ∈ {VCn }n∈N such that V ∩VCn → W ∩VCm :
d
this holds since by assumption VC can asymptotically be converted into W = W
S and so
for some n ∈ N one can implement
0
cS ∩ VCn → VCn → W
d
d
V ∩ VCn = V
S = WS ∩ Ω = W ∩ Ω = W ∩ V C .

Since Ω ∈ S, C one can easily see that C is also stage I universal for S (Remark 8.2.14).

1
to prove this technically, one could use that local operations that achieve the first conversion through
teleportation allow us to keep the other N − n currency systems uncorrelated with the target
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Balance of resource conversions
Composition of resources makes it possible to define the balance of a transformation from
resource A to resource B in the target, conditioned on available currency C.
Definition 8.2.18 (Balance). Let (S Ω , T ) be a resource theory with a stage II currency C for a
target S. Then the balance of transforming a resource V into another resource W on the target
when having access to the currency resource C ∈ C is defined as
Balance(V → W |C)C := sup {Val(C 0 ) − Val(C) : (V, C) → (W, C 0 )}.
C 0 ∈C

In particular, if the balance is negative, it corresponds to minimal cost of transforming V
into W given access to a currency C. Of course, this quantity is only defined if the value of C
is actually large enough to afford the transformation.
The independence condition ensures that the balance is meaningful, because it guarantees
that the value of currencies is connected to how helpful they are at facilitating transitions in
the target (Proposition 8.2.13).1
Note that in general this definition will depend on the available currency resource C at the
start of the transaction. This dependency could in principle be arbitrary: on the one hand,
having access to additional currency in the wallet might facilitate the transformation and act
partially like a catalyst, such that the balance of a transformation becomes larger the more
currency is used to implement the transformation. In real life, for example, a client with more
money may receive a special discount for a transaction (e.g. offered in the hope of acquiring a
returning, rich loyal customer). On the other hand, however, having additional money might
occasionally make the transaction more expensive: if instead of paying the exact amount of
coins, one tries to pay with a larger note, one might end up paying more for an object or service
(e.g. if the selling party cannot give change).
As a last remark, note that one could have defined an analogous notion of balance,
Balance∗ (V → W |C)
= sup (Val(C) − Val(C 0 ) : (V, C 0 ) → (W, C)),
C 0 ∈C

where instead of conditioning on a starting resource C in the currency, we demand that a final
resource C is reached at the end of the transformation. While I work with the first definition
of balance here, all the results could also be formulated with respect to this adapted notion.

8.2.4

Fair currencies

In a stage II currency, the balance of a resource transformation can in principle depend on
the available currency C in the wallet. If that is not the case, the currency is fair, a property
composed of two aspects. On the one hand, it implies that there are no discounts for the poor,
colloquially speaking: a transformation does not become cheaper to implement just because one
has less available currency. On the other hand, having access to more currency does not make
a transformation cheaper either — in a sense, the currency does not act as a catalyst. Fairness,
when it holds in both these directions, implies that the absolute values of currency resources
1
The symmetric independence condition V → W =⇒ (V, C) → (W, C) would guarantee that V → W =⇒
Balance(V → W |C)C ≥ 0, but does not seem to have a big impact otherwise.
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are not important, but only differences in such values, which are used to measure the balance
of transformations.
In many familiar resource theories in physics, fairness of the currency is either taken for
granted or imposed as a fundamental restriction on good currencies. In thermodynamics, for
example, it appears under the name of translational invariance: transformations are not allowed
to depend on the initial state of the energy storage system [13, 33, 49, 54, 146]. These storage
systems are modeled as harmonic oscillators that mimic a classical weight; work, or the balance
of a transformation, is counted as the difference between the energy of initial and final states.
The underlying assumption required is that the weight system has many evenly spread energy
levels and is far from the ground state. Fairness is also implicitly assumed in the article by
Gallego et al. on defining work in quantum thermodynamics from operational principles [66].
Cast in a setting of two players Arthur and Merlin, this paper studies how a set of axioms
motivated by the second law of thermodynamics influences possible definitions of cost or balance
of resource transformations. There, fairness is tightly connected to these axioms, which are
aimed at deriving a unique notion of balance.
I will discuss the property of fairness explicitly in Appendix E, where we will see which
aspects of fairness are important to guarantee common properties of currencies. Most notably,
when a stage II currency is also stage I universal for its target, the balance of a transformation
can be related to the cost and yield of the input and output resources,
Balance(V → W )C & Yield (V )C − Cost (W )C
for the unique balance that does not depend on the available resource C in the currency.

8.2.5

Approximations

Specifications can be particularly useful when a theory has a known currency Cideal that cannot
be implemented experimentally — it may rely on idealizations like pure or perfectly uncorrelated
states, for example. The experimenter may instead have access to coarser specifications of
resources, for example ε-neighbourhoods of the currency states Creal = {B ε (ρ)}ρ∈Cideal . If Creal is
ordered (up to equivalences), it automatically forms a currency for some target space. Otherwise
(for example, if two elements overlap too much), one could remove or replace some of the
elements with other accessible resources until we obtain an ordered set. Naturally, one would not
expect Creal to be as powerful a currency as Cideal : it might not reach the entire state space (e.g.
because the agent does not have access to pure states), or it might offer a coarser quantification
(because the currency has some elements removed). Nevertheless, one can always identify a
maximal target set of specifications for which Creal is universal. The target of Creal would
include the set of ε-neighbourhoods of all states reached by Cideal (if the theory is stable, e.g.
linear, under these neighbourhoods, as explained in Section 4.3). Once one finds the appropriate
target for Creal , one can use all the tools of currencies, like cost, yield and checking for fairness,
which apply to transformations between specifications, not only between states.
One can also address questions about approximate transformations, of the sort ‘what is the
cost of reaching a final state, if one allows for a small error tolerance?’ The agent encodes that
error tolerance in an operational notion of closeness on the state space (like the trace distance),
and uses it to build specifications of ε-balls, V ε ⊇ V (Section 4.3).
For such resources, one immediately finds that the larger the smoothing one introduces, the
smaller the cost,
 0 
ε ≥ ε0 =⇒ Cost (B ε (ρ))C ≤ Cost B ε (ρ) ,
C
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and similarly for the yield,
 0 
ε ≥ ε0 =⇒ Yield (B ε (ρ))C ≤ Yield B ε (ρ) ,
C

where we have assumed that the target is large enough to include the approximate states
respectively.
The exact result will depend on the theory [4, 35]; in the upcoming example of unital maps,
the cost of approximations is characterized by smooth entropy measures (Proposition 8.3.8).
Similarly, with a stage II currency one can talk about the balance of transitions between two
approximate resources V ε and W ε 1 . For such resources, one immediate statement one can
make for the balance is that for δ ≥ 0,
0

0

Balance(V ε → W ε |C)C ≥ Balance(V ε+δ → W ε |C)C
0

0

Balance(V ε → W ε |C)C ≤ Balance(V ε → W ε +δ |C)C .
Another way to introduce smoothing into the theory, as we have seen in Chapter 4, is by
defining additional relations →ε on top of the pre-order → of the theory,
V →ε W ⇐⇒ V → W ε .
One can then in particular define the smooth cost and yield directly in terms of such relations,
Costε (V ) := inf (Val C : C →ε V ) = Cost (V ε )C ,
C∈C

Yieldε (V ) := sup (Val C : V →ε C),
C∈C

which naturally satisfy Costε (V ) ≤ Costδ (V ) and Yieldε (V ) ≥ Yieldδ (V ) for ε ≥ δ.
While the smooth cost of a specification, Costε (V ), is the same as the cost of the approximate
specification V ε , this is not the case for the yield. Namely,
Yieldε (V ) = sup (Val C : V → C ε ) 6= sup (Val C : V ε → C) = Yield (V ε )C .
C∈C

C∈C

The smooth yield corresponds to the yield of the resource V when allowing for a probability of
failure in the process, so that the desired output specification C is only reached approximately,
V → C ε . On the other hand, the yield of V ε is determined by the currency resource C that can
be extracted from V ε in an exact process, where the lack of precise knowledge in V ε has to be
compensated for by a more costly transformation. Hence, in general Yieldε (V ) ≥ Yield (V ε )C ,
and in fact the difference between these two quantities can be large. This point will be discussed
in more detail in the upcoming example of unital maps (Section 8.3.4).

8.2.6

Pathological cases

For stage I currencies, all resources V in the target satisfy Yield (V )C ≤ Cost (V )C . This can be
read as an impossibility statement that says that one cannot increase the amount of currency
for free in the process of buying and re-selling a resource V — this would collapse the order in
the currency and render the theory trivial. In a stage II currency, there might however exist
1

again, assuming the smooth resources still lie within the target
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resources for which Balance(V → V |C)C > 0 for some C ∈ C, that is, resources V which allow
the agent to generate a little bit of currency for free if he has access to V and some particular
value C in the currency. Then, V would essentially act like a catalyst in a process on the
currency that is otherwise forbidden.
The existence of such a resource V does not make the theory trivial because the condition
Balance(V → V |C)C > 0 depends on the exact currency C one starts with. For example, it
could require a valuable currency resource C, or could hold only for a very expensive resource
V that is hard to buy in the first place. In real life, for example, a house that is rented to
a reliable tenant generates rent money every month, but requires a large investment to start
with. However, if the currency is fair, one can show that such a pathological resource would
again collapse the order in the currency. Pathological cases are discussed in more detail in
Appendix E.

8.3

Example: unital maps

Let us look at the particular example of a resource theory in which the allowed operations are
given by unital, completely positive trace preserving maps on quantum states [76]. On the level
of state transformations and for classical systems, this resource theory also coincides with the
resource theory of noisy operations1 [25, 34, 35, 75, 76] (see Chapter 2). As such, it characterizes
a range of physical situations from an agent processing information in a noisy environment
to thermodynamics on degenerate energy eigenstates. Recent work in the context of general
probabilistic theories furthermore indicates that this class of operations lies at the heart of a
deep connection between entanglement theory and thermodynamics [147].
On the level of quantum state transformations, the resource theory of unital maps is well
understood: the pre-order on quantum states is given by majorization2 [25,34,35,112,148–158],
and we can quantify resources through smooth entropies [18, 35, 37, 56, 58, 159, 160] 3 .
However, for specifications the situation is not so clear: how can we assign value to general
resources V ∈ S Ω ? Are there simple necessary and sufficient conditions for resource transformations V → W ? Solving these questions would allow us to characterize the pre-order for realistic
descriptions of resources, including approximations around quantum states and specifications of
a few selected properties of the system. Furthermore, it would give us insight into how to define
entropy of specifications, study how much work is needed to erase the information encoded in
a specification (analogous to Landauer’s principle [35, 95, 97]), and how to draw a link between
microscopic and macroscopic thermodynamics. Finally, the question of when a specification can
be transformed into another bears resemblance to the question of the work cost of a general
process [35] as well as to the question of when a set of states can be transformed into another
set [162–165].
This section introduces three alternative currencies for the resource theory of unital maps
on specifications. First, we define a stage I currency and compute the cost and yield of specifications, which already gives necessary and sufficient conditions for resource transformations.
Then we give a similar stage II currency, and discuss examples of alternative currencies that
make use of specifications more explicitly. Finally, we study smooth transformations between
1

The actual set of unital maps is a superset of the maps achievable by noisy operations.
For simplicity, we restrict our analysis to the case of same input and output dimensions.
3
Interestingly, the majorization condition has been shown to be relevant also in the context of general probabilistic theories for corresponding classes of operations [161].
2
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ε-neighbourhoods of states. The choice of currency here is inspired by Ref. [18], where entropies
for quantum states were derived from similar considerations — the results in this section could
hence be interpreted as a step towards understanding entropies for specifications.

8.3.1

Stage I currency

Let the global state space Ω of the theory be all quantum states on a d-dimensional Hilbert
space. Specifications V ∈ S Ω are then sets of such states. The following proposition shows that
one can define a universal currency as the set of uniform states of different ranks.
Proposition 8.3.1 (Currency for unital maps). The set
C = {C k }k∈{1,...d} ∪ {Ω}
with
(
Ck =

)  
k
Πk
1X
,
|iihi| =
k
k
i=1

where Πk denotes the projector onto the first k vectors in a given basis, and value function
Val(C k ) = log(d) − log k,
Val(Ω) = Val(C d ) = 0,
forms a currency under unital maps that is stage I universal for all specifications on a Hilbert
space of dimension d.
Proof. Under unital maps, the pre-order on states is given by majorization [18, 25, 75, 76, 148].
One needs to check the following things:
1. Ordered by the value function: this holds because the states in C are ordered by the rank
(there is a clear order given by majorization coming from unital maps on C, see e.g. [18]).
Note that Ω ↔ C d .
2. Universality: for all target specifications V (in this case all specifications on the whole
d-dimensional system), there exists an element of the currency C ∈ C such that C → V
and an element of the currency C 0 ∈ C such that V → C 0 .
To see why the first statement holds, note that in order to prepare V , it is enough to
prepare any one state ρ ∈ V , such as the state with the smallest maximum eigenvalue.
As majorization tells us (see e.g. Ref. [18]), this will always be possible with unital maps
from a currency state with small enough rank (in the worst case, from the pure state).
To show the second statement, note that Ω ∈ C, and one can always achieve V → Ω.

In terms of this currency, one can now determine the cost of a specification as follows.
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Proposition 8.3.2 (Cost for unital maps). The cost of a specification V under unital maps in
terms of the currency C as above is given by
Cost (V )C = inf log m(ρ),
ρ∈V

where
m(ρ) =

d
bλ−1
max (ρ)c

=

d
b2Hmin (ρ) c

with λmax (ρ) the largest eigenvalue of ρ and b·c denoting the nearest integer (from below) to
the enclosed expression.
Proof. This proof consists of two parts: first, we reduce the problem of finding the cost of a
specification V to an optimization over simple state transformations. Then we apply known
results on majorization and follow the results in Ref. [18] to solve it.
Since unital maps take quantum states to quantum states,
 k
Π
→V
k
n ko
is true if and only if there is a state ρ ∈ V such that Πk → {ρ}. Then one can employ the
majorization condition, which states that under unital maps
ρ → σ ⇐⇒ ∀j ≤ d,

j
X

λiρ

≥

j
X

i=1

λiσ ,

i=1

where λiρ denotes the i-th eigenvalue of ρ (where we number the eigenvalues in decreasing order).
Since the currency state

Πk
k

is uniform, we can implement
Πk
→ρ
k

with unital maps if and only if
1
≥ λmax (ρ).
k
Hence one finds that indeed








→ {ρ}


1
= inf
log d − log k : ≥ λmax (ρ)
ρ∈V,k≤d
k

−1
= inf log d − logbλmax (ρ)c .

Cost (V )C =

inf

ρ∈V,k≤d

log d − log k :

Πk
k

ρ∈V

This result can be seen as an analogue to the lower bound for entropy of quantum states
ρ found in Ref. [18], which obtained exactly Hmin (ρ) as a monotone. Here, we see that more
generally there is an optimization over the states in the specification.
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Note that as one evaluates the cost, one needs to round down λ−1
max (ρ), because there is a
limit to how well one can approximate λmax by means of a rational n1 . For example, in a twolevel system, the currency introduced here would only contain elements of two different values:
1 (pure state), and 0 (fully mixed state). Then, the cost of a single-qubit specification is either
0 (for all specifications containing the fully mixed state) or 1 (for all others), but nothing in
between. This is a finite-size effect that is not critical for large systems; it nevertheless tells us
that this choice of currency, while universal, is not very fine-grained. An alternative currency
1/2
for single qubits could be for example C 0 = {Cp }p=0 ∪ {Ω}, with Cp = {p |0ih0| + (1 − p) |1ih1|},
which would recover Cost(V )C 0 = log d − supρ∈V Hmin (ρ).1
As for the yield of specifications in terms of C, let us first look at the single-qubit example.
Suppose that one starts from the specification V = {|0ih0|, |1ih1|}. While for any individual
pure state the yield is 1 since one can always generate the pure currency state from it, the same
is not true for the specification V . The reason is that there is no single protocol that achieves
the pure currency state for both states |0ih0| and |1ih1|, so that it could be applied without
knowing which one is actually the case. Instead, in the case of V one can only generate the
fully mixed currency state, which can be done with a single process that works for both cases
(the discard-and-prepare map E(ρ) = 1/2, which is unital). The yield of V is hence 0 — the
same as the yield for a general convex mixture of the two pure states in V .
In general, one finds the following result for the yield of a specification in terms of C.
Proposition 8.3.3 (Yield for unital maps). The yield of a specification V under unital maps
in terms of the currency C as above satisfies
Yield (V )C = log d − max H0 (ρ),
ρ∈V P

where V P denotes the convex hull of V , and H0 (ρ) is the order zero quantum Rényi entropy
defined as H0 (ρ) = log rank(ρ).
Proof. First one can show that maxρ∈V P H0 (ρ) = log deff , where deff ≤ d is the smallest number
such that there exists a basis {|ii}di=1 such that Tr(ρ Πdeff ) = 1 for all ρ ∈ V , with
Πdeff =

deff
X

|iihi|.

i=1

In other words, deff is defined such that each element ρ ∈ V can be expressed in the basis
{|ii}di=1 as






ρ=




ρeff
0
..
.
0

1

0 ···
0
..

.

0



,



0

In [18], we have circumvented this rounding issue by extending the state space from density matrices to
continuous step functions. On the level of state transformations, the theory of unital maps (or noisy operations)
boils down to a simple majorization condition, which can easily be extended to such step functions. However,
here one would like to be a little more careful, especially since the objects under consideration are specifications
V in general, for which the pre-order structure is more complicated and not fully characterized by majorization.
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where ρeff acts on a Hilbert space of dimension deff . In particular, this means that all elements
eff
of V can be expressed in the deff −dimensional basis {|ii}di=1
. This implies that V itself lives in
2
a vector space Γ of dimension deff − 1, because it is composed of density matrices that can be
expressed using only deff basis elements.
Now one can look at the cone of positive semi-definite matrices on Hilbert spaces of dimension
deff (of which normalized density matrices form an affine slice). The extremal faces of this
cone are formed by low-rank matrices, and the interior of the cone is made of all full-rank
matrices, [166, Chapter II, Proposition 12.3]. The density matrices in the set V cannot all lie
on the same face of the cone, as this would contradict the definition of deff (because then we
would be able to project all points of V onto the same lower-dimensional space). This implies
that after taking the convex hull of V , some points will lie in the interior of the cone and
therefore have full rank, which implies
∃ρ ∈ V P :

H0 (ρ) = log deff .

This is also the maximal entropy for deff −dimensional density matrices, and so indeed
max H0 (ρ) = log deff .

ρ∈V P

To show that Yield (V )C ≥ log d − log deff , apply the unital map
E(ρ) =

Tr(ρ Πdeff ) deff
Π + (1d − Πdeff ) ρ (1d − Πdeff )
deff

to each element ρ ∈ V . Because of the way Πdeff was defined, one obtains
E(V ) =

Πdeff
∈ C deff ,
deff

which is a currency element, and therefore
Yield (V )C ≥ Val(C deff ) = log d − log deff .
To show that Yield (V )C ≤ log d − log deff , suppose that there exists a number k < deff such
that V → C k . That is, there is some unital map E 0 that maps every element in V to the state
Πk /k. In particular, E 0 maps all elements of V to the same face of the cone. But then, by
linearity E 0 also maps convex combinations of states in V , which was shown before lie in the
interior of the cone (unless V was already on a face, which would contradict the definition of
deff ), to Πk /k. This is however not possible, because the rank of a state cannot decrease under
unital maps (due to the majorization condition), and states in the interior have full rank deff
while rank(Πk /k) = k < deff by assumption. Hence one reaches a contradiction, and so it has
to be true that also
Yield (V )C ≤ log d − log deff .
But then indeed
Yield (V )C = log d − max H0 (ρ)
ρ∈V P

as required.
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8.3.2

Stage II currency

Let us now analyse an independent currency that lives in a different subsystem to the target
specifications. Consider a global state space of density matrices on two systems HW ⊗ HS ,
with dimensions dW ≥ dS . Then one can construct a stage II currency for resources on system
S which consists of local resources on W , and take a composition of resources in terms of
set intersection ∩ (although one could in fact also show the subsequent results for arbitrary
generalised composition ).
Proposition 8.3.4 (Stage II currency for unital maps). Consider the resource theory of unital
maps in a global Hilbert space HW ⊗ HS , with dW := dim W ≥ dim S =: dS . The set
C = {C k }k∈{1,...dW } ∪ {Ω}
with
k



C =

σW S

Πk
: TrS (σW S ) = W
k


,

where ΠkW denotes the projector onto k states in a given basis on system W , and value function
Val(C k ) = log dW − log k
Val(Ω) = Val(C dW ) = 0.
forms a currency that is stage II (and stage I) universal for the target defined through
V ∈ S ⇐⇒ V = {σW S : TrW (σW S ) ∈ VS }
for some set VS of reduced density matrices on system S a .
a

Note that this means most elements of the currency are not in a tensor product with target resources.

Proof. One needs to check the following things:
1. Order: the set C of the currency is ordered (up to equivalence) by →.
For the specification C k , it holds that


k

C ↔ {ρ̃SW } :=

ΠkW
1S
⊗
k
dS



since ρ̃SW ∈ C k and one can always use unital operations to replace the state on S by
the fully mixed state. But then, the majorization condition for unital maps on system W
says that
0
ΠkW
ΠkW
1S
1S
0
⊗
→ 0 ⊗
.
k ≥k
⇐⇒
k
dS
k
dS
Since these states are interchangeable with the respective currencies, one gets that C k →
0
C k if and only if k 0 ≥ k. Finally, C k → Ω for any k, and also Ω → C dW , since one can
always replace the state in W by a fully mixed state by means of a unital operation.
Hence the currency resources are ordered (up to the equivalence of C dW to Ω).
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2. Stage I and stage II universality: I will here show that the currency is stage I universal.
Since the currency satisfies independence with respect to the target, it then follows from
Remark 8.2.14 that it is also stage II universal.
We need to show that for all target specifications V ∈ S, there exists an element of the
currency C ∈ C such that C → V , and an element C 0 ∈ C such that V → C 0 .
To see why the former holds, note that given dW = dim(W ) ≥ dim(S) = dS , one can
always start from the currency resource C 1 = {σSW : TrS (σSW ) = |1ih1|W } and apply
the unitary
dS
dW
X
X
USW =
|ijihji|SW +
IS ⊗ |iihi|W ,
i6=j;i,j=1

i=dS +1

where the second sum vanishes if dS = dW . This unitary essentially achieves a swap of
the state on system S with part of W of the same size. In particular, the reduced state
on S is now |1ih1|S , and so one can reach the specification
Y = {σSW : TrW (σSW ) = |1ih1|}.
Now one can use the idea from the proof of order, namely that Y is interconvertible with
the following state,


1W
.
Y ↔ {τSW } = |1ih1|S ⊗
dW
Then one can prepare any state in VS in system S from the pure state in S by means of a
unital map on S (since the pure state majorizes every other state, this is possible), that
is, for any ρS ∈ VS ,


{τSW } →

ρS ⊗

1W
dW

.

As a result, one can reach a specification
X = {σSW : TrW (σSW ) = ρS }
for any particular ρS ∈ VS . But then clearly C1 → V.
To see why the second statement holds, note that Ω ∈ C and clearly V → Ω for any V ∈ S.
3. Compatibility: all specifications C k ∈ C (including Ω) can be composed with any specification V in the target S.
Πk

This holds since one can trivially compose any state ρS ∈ VS in S with any state kW in
W via the tensor product. Since both V and C k contain only local information about the
Πk
systems S and W respectively, at the very least kW ⊗ ρS ∈ V ∩ C k .
4. Non-disturbance: for two currency resources C k , C l ∈ C, if one can transform C k → C l ,
then one can do this without disturbing the target, i.e.
C k → C l =⇒ V ∩ C k → V ∩ C l .
This holds because a unital map on W used in order to convert between the currency
states only involves system W and leaves the target space unchanged.
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One can easily see that the currency is not fair, because of the finite-size effects discussed
previously, but in the limit of large wallet dimension dW , one can show that
Cost (V )C ≈ log dS − sup log Hmin (ρS ),
ρS ∈VS

to an arbitrarily good approximation.1 The yield of specifications in terms of the stage II
currency stays the same as before.
Theorem 8.3.5 (Cost and yield for unital maps with stage II currency). Let S ⊗ W be a
bipartite system with dW ≥ dS . Then, in terms of the currency C of Proposition 8.3.4, the cost
and yield of resources V ∈ S satisfy


dS
inf log dS − Hmin (ρS ) ≤ Cost (V )C ≤ inf log
ρS ∈VS
ρS ∈VS
b2Hmin (ρS ) c
and
Yield (V )C = log dS − max H0 (ρS ).
ρS ∈VSP

Furthermore, in the limit of large currency dimension dW , the cost of a resource V can approximate the value inf ρS ∈VS log dS − Hmin (ρS ) arbitrarily closely. That is, for any ε > 0 and any
target dimension dS , we can find a currency dimension dW ≥ dS such that
inf log dS − Hmin (ρS ) ≥ Cost (V )C ≥ inf log dS − Hmin (ρS ) − ε.

ρS ∈VS

ρS ∈VS

Proof. Let us start from the definitions of cost and yield for this currency, which can be expressed
as
Cost (V )C = inf {Val C : C → V } = log dW −
C∈C

Yield (V )C = sup {Val C : V → C} = log dW −
C∈C

sup {log k : C k → V }
1≤k≤dW

inf

1≤k≤dW

{log k : V → C k },

for integer values of k. Note that the currency elements are actually inter-convertible with
simpler ones,


 k

ΠkW
ΠW
1S
k
C = σW S : TrS (σW S ) =
↔
⊗
=: C̃ k ,
k
k
dS
because under unital maps it is always allowed to replace the state on S by the maximally
mixed state that is uncorrelated with W , and in the other direction C̃ k ⊆ C k . Similarly, V is
inter-convertible with


1W
Ṽ = ρS ⊗
: ρS ∈ VS
dW
1
This issue has also been discussed in [18], where it was noted that access to large ancilla systems can help
approximate the step functions arbitrarily well.
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as one can always replace the state in W by the maximally mixed state and in the other direction
again Ṽ ⊆ V . The definitions of cost and yield become





1W
1S ΠkW
⊗
→ ρS ⊗
: ρS ∈ VS
Cost (V )C = log dW − sup log k :
dS
k
dW
k≤dW





1W
1S ΠkW
Yield (V )C = log dW − inf log k : ρS ⊗
: ρS ∈ VS →
⊗
.
k≤dW
dW
dS
k
For the cost, one can now argue analogously to Proposition 8.3.2: since unital maps take
states to states, the cost above is equivalent to the expression





1S ΠkW
1W
Cost (V )C = log dW −
sup
log k :
⊗
→ ρS ⊗
.
dS
k
dW
k≤dW ,ρS ∈VS
Majorization then gives a necessary and sufficient condition for this state transformation,

1S
dS

⊗

ΠkW
1W
→ ρS ⊗
k
dW

1
λmax (ρS )
≥
k dS
dW

⇐⇒

and so for the optimal k,

k = sup
ρS ∈VS




dW
dW
≥
sup λ−1
max (ρS ) .
dS λmax (ρS )
dS ρS ∈VS

Hence
Cost (V )C = log dW − log k ≤ log dS − sup logbλ−1
max (ρ)c
ρS ∈VS

k
= inf log dS − log 2Hmin (ρS ) ,
j

ρS ∈VS

while in the other direction
Cost (V )C ≥ log dS + inf log λmax (ρ)
ρS ∈VS

= log dS − sup Hmin (ρS ).
ρS ∈VS

Finally, note that in the limit of large dW , the real number dS ·λmax (ρS ) ≥ 1 can be approximated
arbitrarily closely by a rational dkW for dW , k ∈ N with k ≤ dW . In particular, for any ε > 0,
one can choose dW , k ∈ N such that for the optimal ρS
log dS − Hmin (ρS ) ≥ log dW − log k ≥ log dS − Hmin (ρS ) − ε.
But this implies that indeed
inf log dS − Hmin (ρS ) ≥ Cost (V )C ≥ inf log dS − Hmin (ρS ) − ε.

ρS ∈VS

ρS ∈VS

For the yield, one can employ the same technique as in Proposition 8.3.3 because the output
of the transformation




1W
1S ΠkW
ρS ⊗
: ρS ∈ VS →
⊗
dW
dS
k
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from the expression for the yield above is a uniform
n state of rank dSo· k (one could see it as a
W
currency state in d = dS · dW ). Hence, with Ṽ = ρS ⊗ 1dW
: ρS ∈ VS , one finds
Yield (V )C = log dS + log dW − log deff (Ṽ ).
Then note that deff (Ṽ ) = dW · deff (VS ) and, again from Proposition 8.3.3, log deff (VS ) =
maxρS ∈VS H0 (ρS ), and so
Yield (V )C = log dS − max H0 (ρS )
ρS ∈VS

as required.

8.3.3

Alternative stage I currency

One can see from above that there are in general many options for a currency within a resource
theory, and the ultimate choice is up to the user (for example, whether they will be treating
small or large systems, or whether they can easily distinguish states that are close). Let us
finalize this example with a currency that makes more explicit use of specifications to formalize
lack of knowledge. The idea is to model an agent who knows only that the system could be in
any mixture of k pure states — weaker than knowing that the system is in a uniform mixture
of those k states. Consider C2 = {C2k }k ∪ {Ω}, with
P


C2k = 

[

{|iihi|} ,

1≤i≤k

where instead of taking maximally mixed states of different ranks like C before, one takes the
convex hull of differently sized sets of orthogonal pure states on the currency system. Then, in
comparison to the original stage I currency C, note that for each k, C k ⊆ C2k .
The set C2 forms again a stage I currency for the target S Ω , and is in fact equivalent to
the currency C before since, under unital operations, C k → C2k and C2k → C k for all k. In
particular, one can take the usual value function Val(C2k ) = log d − log k and obtain the same
expressions for cost and yield.
Proposition 8.3.6 (Equivalent currency for unital maps). The currency C of uniform states of
different ranks is equivalent to the currency C2 = {C2k }k ∪ {Ω} made out of the convex hull of
differently sized sets of orthogonal pure states,
C2k = ({|iihi|}1≤i≤k )P ,
in the sense that
∀ C k ∈ C, C2k ∈ C2 ,

C k → C2k and C2k → C k .

Proof. With
Val(C2k ) := log d − log k
it is easy to see that for C k ∈ C,
Val(C k ) = Val(C2k ) =⇒ C k → C2k
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since C k ⊆ C2k . The other direction, C2k → C k , can be easily established from a unital map
that replaces the currency state by a uniform state of rank of the effective dimension of C2k as
in the proof of Proposition 8.3.3, yielding precisely C k .
The convex hull in the expression for C2k is crucial — without it, one would still get a
currency but with different results for the cost and yield of resources.
Proposition 8.3.7 (Nonequivalent currency). The statement of Proposition 8.3.6 does not hold
for a set C3 = {C3k }k ∪ {Ω} made of differently sized sets of orthogonal states without the convex
hull,
C3k = {|iihi|}1≤i≤k ,
since (as a counterexample)


12
2


9 {|1ih1|, |2ih2|},

i.e. C 2 9 C32 . The set C3 does nevertheless form a currency for S Ω .
Proof. To see that it is indeed true that in a qubit S
 
12
2
C =
9 {|1ih1|, |2ih2|} = C22 ,
2
it is enough to employ Proposition 8.3.2: one can see that in terms of the currency C,
Cost ({|1ih1|, |2ih2|})C
[log 2 − logb2Hmin (ρ) c]
 
12
= 1 > 0 = Cost
,
2
C

and so since Cost (·)C is a monotone along the pre-order, 122 9 {|1ih1|, |2ih2|}.
To see that C3 is still a currency, note that it satisfies order and stage I universality for
S Ω : universality holds because under unital maps, C31 = {|1ih1|} can be transformed into any
state ρ (this follows from simple majorization), and so for any V ∈ S Ω , C31 → V . In the other
direction, V → Ω for any V ∈ S Ω and Ω ∈ C3 .
0
0
To see why order holds, note that for k 0 ≥ k, simply C3k ⊆ C3k and so C3k → C3k . To see that
0
this only holds in one direction, that is, that C3k 9 C3k for k 0 > k, note that if there was a map
0
0
that takes C3k to C3k , then it would have to take all states in C3k into some state in C3k . But
such a map would then also take the uniform state over the first k 0 eigenvalues to something
that has support only on the first k eigenvalues, so that
( 0)
Πk
k0
π :=
→ {τ }
k0
=

inf

ρ∈{|1ih1|,|2ih2|}

0

for some τ such that Tr(Πk τ ) = 1. But then H0 (τ ) ≤ H0 (π k ), which contradicts the fact that
H0 is a monotone under unital maps (this follows from the majorization condition). Hence
0

k 0 ≥ k ⇐⇒ C3k → C3k .
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8.3.4

Smooth transformations

We can now come back to the issue of approximations within the example of unital maps, and
look at scenarios where one allows for some error probability in the output of a transformation,
or where we need to make sure that our protocol is robust against errors in the initial resources.
As noted before, in the first case, the transformation will become cheaper to implement since one
can save some currency by betting on a successful outcome. In the second case, the error makes
it harder to still achieve the final resource, so that the transformation becomes more expensive.
To illustrate this, one can look at resources that correspond to approximate quantum states,
B ε (ρ), according to some metric like the trace distance or the purified distance based on the
fidelity (a particular case of approximation structures).
One can now introduce such smoothing both at the input and the output of transformations,
to address the two types of error probability. In the case where smoothing is introduced in the
output, one recovers the smooth-min entropy [56, 58, 59] as a monotone through the cost of
approximate states.
Proposition 8.3.8 (Cost of approximations for unital maps). In terms of the Stage I currency
C introduced before, the specification B ε (ρ) for some 0 ≤ ε ≤ 1 (where the smoothing is taken
according to some metric on state space such as the trace distance or the fidelity) satisfies
Cost (B ε (ρ))C = log d − sup logb2Hmin (σ) c
σ∈B ε (ρ)

ε

= log d − logb2Hmin (ρ) c
ε
Proof. The proof of this follows directly from the definition of Hmin
as
ε
Hmin
(ρ) = sup Hmin (σ),
σ∈Bε (ρ)

since then one immediately gets
Cost (B ε (ρ))C = log d − sup logb2Hmin (σ) c
σ∈Bε (ρ)

= log d − logb2supσ∈Bε (ρ) Hmin (σ) c
ε

= log d − logb2Hmin (ρ) c.

Again, the floor function in this expression could be eliminated with a corresponding stage
II currency (analogously to Theorem 8.3.5).
Let us now look at the yield of resources in the presence of smoothing. To this end, consider
a particular example where we are interested in the yield of B ε (|1ih1|) in a d-dimensional system
for 0 < ε < 1, where smoothing is taken with respect to the trace distance. In this case, the
resource in principle has full support on the whole basis, since for example
!
d
X
ε
σ = (1 − ε)|1ih1| +
|iihi| ∈ B ε (|1ih1|)
d−1
i=2

and
Yield (σ)C = 0.
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But then clearly the only resource (except Ω) in the currency C that can be reached from
B ε (|1ih1|) is C d = { 1dd }, and so
Yield (B ε (|1ih1|))C = 0.
More generally in the resource theory of unital maps, due to the same reasoning, the yield
of an approximate state as specified by an error parameter ε > 0 without further limitations
(such as additional knowledge about the state) or further relaxations (such as allowing to reach
an approximate currency resource) will be zero for this currency C.
In the light of this, it may be more interesting to compute the smooth yield Yieldε ({ρ})
of quantum states, where smoothing takes place at the output, such that the smoothing can
be interpreted as “allowing for a probability of failure”. In this case, one can show that the
smooth yield of a quantum state ρ is given in terms of the smooth max entropy by log d−H0ε (ρ).
Furthermore, it turns out that for a corresponding stage II currency, the yield can be improved
to
1−ε
Yieldε ({ρ}) ≈ log d − HH
(ρ) − log(1 − ε) ≥ log d − H0ε (ρ),
1−ε
where HH
(ρ) is the hypothesis testing entropy defined in [31] (see Appendix E for the definition
1−ε
of HH (ρ) and proofs of the following propositions).

Proposition 8.3.9 (Smooth yield for unital maps). In the resource theory of unital maps, the
smooth yield of a resource {ρ} in terms of the currency C introduced in Proposition 8.3.1 is
given by
Yieldε ({ρ}) = log d − H0ε (ρ).
In terms of a stage II currency, one obtains the following result.
Proposition 8.3.10 (Smooth yield for unital maps). Let S ⊗ W be a bipartite system with
dW ≥ dS . Then, in terms of the currency C of Proposition 8.3.4 and in the limit of large
[
currency dimension dW , the smooth yield of resources {ρ
S } ∈ S can approximate the value
1−ε
log dS − HH (ρS ) − log(1 − ε) arbitrary closely.
That is, for any δ > 0 and any target dimension dS , we can find a currency dimension dW ≥ dS
such that
1−ε
1−ε
[
log dS − HH
(ρS ) − log(1 − ε) ≥ Yieldε ({ρ
S }) ≥ log dS − HH (ρS ) − log(1 − ε) − δ.

If instead of a single state ρS , the smooth yield would be evaluated for general specifications V ∈ S, I conjecture it would result in an optimisation over the convex hull of V as in
Proposition 8.3.3.
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Chapter 9

Conclusions
9.1

Summary

In the following, I will highlight the most important ideas and results presented in this thesis,
and the insights that we have gained from them. I will group them into the following topics: (i)
the specification formalism, which allows us to treat non-probabilistic knowledge in the context
of resource theories, (ii) the concept of embeddings, which enables us to relate different languages that describe resources, (iii) the ideas of deriving operational subsystems and formalising
generalised composition of local resources as well as secrecy between different agents, and (iv)
the concept of currencies in resource theories.

9.1.1

Specification formalism

The starting point of this work is the idea of explicitly treating the knowledge one has about a
system as a resource. To describe such knowledge, I have argued in Chapter 3 that we should
go beyond quantum states, and consider the simple model of specifications to formalise nonprobabilistic knowledge. Specifications correspond to sets of underlying states that an agent
considers possible, or compatible with the information he has about a system. Using specifications, i.e. sets of states, one can formalise essentially all kinds of knowledge about a system
by means of simple descriptions: for example, if a quantum state is only known approximately,
this is represented by a specification B ε (ρ); partial knowledge about correlations between different systems is captured by specifications like I(A : B)≥ε and generalised forms of composition
encountered in Chapter 7. Local knowledge is represented by means of specifications such as
ρc
A = {σAB : TrB (σAB ) = ρA },
and knowledge about the statistics of a particular measurement can be formalised e.g. with a
specification
V = {ρ : Tr(Ak ρ) = αk },
P
for some POVM {Ak }k∈K with k∈K Ak = I and outcome probabilities 0 ≤ αk ≤ 1 that sum
to 1.
One can then construct a resource theory in which resources are described by specifications.
This has been formalised in Chapter 4: a resource theory is defined by a pair (S Ω , T ) that
contains a specification space S Ω , the set of resources, and a set T of transformations that
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act as specification endomorphisms on S Ω . Allowing for coarse-graining specifications into less
specific descriptions, this results in a pre-order on specification space,
V → W ⇐⇒ ∃ f ∈ T s.t. f (V ) ⊆ W.
This resource theory allows us to study general resource conversions between specifications,
which can be used in particular to address issues like imprecise knowledge of quantum states,
approximate conversions and implementation errors, or situations where slight correlations between resources cannot be ruled out.

9.1.2

Embeddings

The second main subject of this work is to relate different agents that use different languages,
that is, different state spaces to describe resources. Namely, what to one agent may be the
most precise description of a system he could make (an element of a state space Ω), may look
to another agent just like a specification V ∈ S Σ , a whole set of more precise underlying states
in a different state space Σ, compatible with that description. Formally, this correspondence is
expressed by means of embeddings, which are characterised in Chapter 5 — essentially, embeddings map coarse-grained descriptions to equivalence classes on a finer state space, ρΩ ∼
= [ρΣ ]∼
where ρΩ ∈ Ω, ρΣ ∈ Σ and ∼ an equivalence relation on Σ.
Embeddings can be used both to connect local to global agents, as well as to connect macroscopic and microscopic pictures (e.g. different agents in Maxwell’s thought experiment). Embeddings can be combined to yield new embeddings; approximations and convex combinations
carry over through embeddings.
Embeddings are especially useful to study the effect of transformations from the point of view
of different agents. This can help better understand the Maxwell’s demon thought experiment,
and is at the heart of operational notions of subsystems and the concept of secrecy developed
in Chapters 6 and 7.

9.1.3

Operational subsystems

Based on the concept of embeddings, this work takes a top-down approach to subsystems:
rather than starting from a well-defined subsystem structure, the aim here is to characterise
the operational properties that local descriptions of resources and local transformations satisfy,
and then develop techniques to derive subsystems from a global theory.
This is done in Chapter 6, where I analyse three crucial properties, commutation, independence and composability. One can show that commutation together with independence implies
the stronger condition of secrecy, which captures when one agent cannot observe the actions
of another even after local post-processing. Commutation and independence also imply that
the effect of transformations implemented by independent agents can be modelled locally, and
later recombined into the global theory (Theorem 6.4.5). In particular, it follows from this
that whenever transformations are possible locally, they can also be modelled globally (Corollary 6.4.6),
c
d d
VA →A WA , VB →B WB =⇒ Vc
A ∩ V B → WA ∩ WB .
Furthermore, Chapter 6 shows that one can find commuting sets of transformations within the
global theory, which give rise to a structure Sys(T ) on T . Local descriptions of resources can
then be derived from this structure, and local agents defined accordingly.
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Once suitable subsystems have been found, one can then study generalised composition of
resources. I have shown in Chapter 7 that reasonable definitions
of such composition yield
sets which are lower and upper bounded by the sets arising from tensor product and direct set
intersection,
c
VA ⊗ VB ⊆ VA VB ⊆ Vc
A ∩ VB ,
and include knowledge about an upper bound on the correlations between the systems. For such
definitions, it is again possible to jointly perform local transformations on different systems,
VA →A WA , VB →B WB =⇒ VA

VB → WA

WB .

The condition of secrecy that different local agents should satisfy is also closely connected to
the non-signalling principle; in Chapter 7 I have shown how to obtain a direct correspondence
between an extended secrecy condition and the notion of non-signalling. Finally, specifications,
operational subsystems and generalised composition yield a new perspective on copies of resources which does not rule out correlations, as well as generalised notions of catalysis in the
spirit of reusability [33, 55].

9.1.4

Currencies and quantifying resources

For many traditional resource theories, explicit conditions are known for when one state can
be transformed into another by means of an allowed operation. For example, this is the case
in bipartite LOCC, where the majorization condition determines the pre-order on pure states;
likewise, noisy and thermal operations (on block-diagonal states in the energy eigenbasis) are
also fully characterised by the majorization and thermo-majorization conditions respectively.
In contrast, the pre-order that a resource theory imposes on specification space is in general
much more complex. It can however still be partially characterised by means of monotones,
which directly give necessary conditions for resource conversions. Theorem 8.1.1 shows that
monotones on specification space can be directly derived from monotones on state space in a
resource theory that is based on state transformations as in Remark 4.2.4.
The main purpose of Chapter 8, however, is to introduce the tool of currencies, which can
be used to derive monotones as well as sufficient conditions for resource conversion. This tool is
inspired by an axiomatic approach to thermodynamic entropy that can characterise also states
out of equilibrium [12,13], as well as by our work in [18] which applied the same technique to the
resource theories of noisy and thermal operations. Chapter 8 stresses that any arbitrary subset
of the pre-order can be used as a currency to quantify other resources in a given target as long
as the currency is well-ordered, and likewise, any monotonic value function associated with the
currency gives rise to corresponding monotones on the target, as well as sufficient conditions
for resource transformations (Theorem 8.2.6).
Chapter 8 gives a few examples of currencies in the familiar resource theory of unital maps,
including such that contain a lack of knowledge about correlations; this allows us to quantify
resources in the absence of perfect knowledge or control over transformations. However, the tool
of currencies could be particularly interesting for resource theories that are even less understood,
such as multipartite LOCC. For such theories, currencies might give rise to interesting insights
into the structure of the theory, and define useful measures for the underlying resources (such
as multipartite entanglement).
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9.2

Influences and relation to other work

Throughout this thesis, I have provided examples from specific resource theories, such as thermodynamics or LOCC, to explain the concepts and results that were derived here, and to discuss
their relevance in the context of recent developments in quantum information theory. It is the
aim of this section to draw further connections to different areas which I feel have not yet been
treated sufficiently; it would be particularly interesting to explore these in more detail in future
work.

9.2.1

Formalising subjective knowledge

Possible worlds, modal and epistemic logic. Modelling subjective knowledge of agents
is one of the central building blocks of the resource theory framework presented in this thesis.
Here, this is achieved by means of specifications: given a particular state space Ω, which contains
the most fine-grained descriptions an agent can make about a system, specifications V ∈ S Ω
formalise an agent’s knowledge as a set of states that he considers possible. This resembles
the idea of possible worlds dating back to Leibniz [167], and the field of modal logic, pioneered
e.g. by C. I. Lewis [168, 169] and Rudolf Carnap [170], which introduces statements about
what is possible or necessary, into formal logic systems (see [171] for a review on modal logic).
Modal logic was further studied most prominently by Kripke [172], who developed the complete
semantics for modal logic, as well as von Wright [173], Hintikka [174] and D. Lewis [175]. The
main idea here is to understand statements like “necessarily, X” (formalised: X) or “possibly,
X” (formalised: ♦X) in terms of possible worlds: a proposition is necessarily true if it is true
in all possible worlds (given the actual world), and possible if it is true in some possible world
(given the actual world). This can be used also to describe the knowledge of agents, since one
can understand “possible worlds” as those states that an agent considers possible given his
information about the actual state. This is the aim of epistemic logic [118, 119, 173, 176], which
can hence be seen as a type of modal logic.
These approaches start from a set W of overall possible worlds (comparable to the global
state space Ω in the specification framework), and use relations R on W , called possibility or
accessibility relations, in order to define the knowledge of agents, or the possible worlds ω ∈ W
that are relevant relative to a given “actual world”. Together, W and R form so-called Kripke
frames hW, Ri.
In epistemic logic, for example, each agent c has their own accessibility relation Rc that specifies
which states the agent considers possible relative to the actual state. This means that given a
particular actual state ν ∈ W , the knowledge of a particular agent c corresponds to a set
Vc,ν = {ω ∈ W : (ν, ω) ∈ Rc }.
As such, these accessibility relations could be formalised by approximation structures introduced
in the specification framework, where the “actual state” would correspond to a particular element ρ ∈ Ω; furthermore, the formal system S5 of modal logic [169] imposes equivalence classes
on the relation R in a Kripke frame, which makes them in fact analogous to intensive embeddings. However, while modal and epistemic logic put emphasis on the “actual state” (actual
world), this concept is not necessary in the specification framework — approximations and embeddings act on specifications more generally, and the state space Ω is itself understood as a
relative concept here, merely corresponding to the most fine-grained descriptions available to
an agent and not to an ultimate reality.

158

It would be of particular interest to introduce further ideas and concepts from epistemic logic
into the resource theory framework developed here, especially recent developments in dynamic
epistemic logic [177, 178] (DEL), which studies the interaction of different agents as well as
knowledge about other agents’ knowledge and common knowledge. Insights from DEL could
be brought together and compared with the tools developed here to describe local agents, the
relations between them such as secrecy, and the generalised composition rules of Chapter 7 to
combine local knowledge. A first step here could be to try and study paradoxes that are at the
heart of DEL, such as the muddy children paradox [118, 119], from the perspective of resource
theories. One might then also try and apply the insights gained from such examples to settings
in cryptography, and to explore also the connections to game theory and multi-agent systems
in computer science.
Probabilities, belief and fuzzy sets. As I have argued in Chapter 3, the specification formalism is especially powerful to avoid Bayesian over-modelling and arbitrary subjective priors,
to make statements that hold true for several agents, as well as to specify rough probability distributions. An interesting generalisation of Bayesian probabilities that relies on weaker
axioms, and with which one can compare the specification framework, is Dempster-Shafer theory [179, 180] (DST). Like the specification framework, Dempster-Shafer theory works with the
power set 2Ω of a given state space Ω. However, in DST each set X ⊆ Ω represents a particular proposition: namely, the set X corresponds to a complete list of states in which the given
proposition is true. DST then assigns a degree of belief and of plausibility for each proposition,
which essentially represent lower and upper approximations to the probability a Bayesian might
want to assign to the proposition. DST also gives rules for how the belief and plausibility of
propositions update as agents collect additional information or forget knowledge — see [181]
for a good review on DST, and [182] for a recent application of these ideas within the quantum
logic community.
Another approach to modelling subjective belief in a way that goes beyond Bayesian probabilities is that of subjective logic [183], which assigns to propositions a level of belief b, of
disbelief d and an uncertainty 1 − b − d, and characterises update rules for these variables under
combination and manipulation of knowledge, as well as the interaction of different agents and
the establishment of trust networks [184]. Finally, similar concepts can be found in fuzzy logic
and fuzzy set theory [185–187], which allow for an assignment of fuzzy truth values, or fuzzy
set membership, that can take any value between 0 and 1. These concepts can also be used to
formulate the basic elements of possibility theory [188], which can be seen as a variant of DST.
It would be interesting to apply the ideas of DST, subjective logic, as well as fuzzy logic
and set theory, to the specification framework and study the behaviour of belief functions or
fuzzy membership on specifications under embeddings and approximation structures, as well as
for independent subsystems. One could then compare the resulting insights to the behaviour of
rough assignments of probabilities in specifications on underlying convex state spaces.
Rough sets. Another concept that is closely connected to the specification framework is that
of rough sets [189, 190]. The basic idea behind this approach is to approximate sets of objects
(analogous to our specifications), which have a number of attributes, in terms of these attributes.
Namely, in this approach each collection A of attributes gives rise to equivalence classes [·]A
of objects that are indistinguishable with respect to the given attributes. These equivalence
classes can then be used to build lower and upper approximations for any set of objects. For
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example, when applied to specifications, the lower approximation of a specification V ∈ S Ω
would correspond to {ω ∈ Ω : [ω]A ⊆ V }, while the upper approximation would be given by
{ω ∈ Ω : [ω]A ∩ V 6= ∅}. The upper approximation hence corresponds to the closure e ◦ h of
an embedding in the specification framework; it would be interesting to study further parallels
between these approaches.

9.2.2

Abstract formulations of resource theories.

There has recently been a growing interest in the development of abstract frameworks for
resource theories, and to characterise the structure of resource theories on a general level.
For example, the work in [20] showed that under suitable assumptions, resource theories are
asymptotically reversible if they are maximal with respect to the allowed operations, i.e. if
the only restriction on the operations are that they cannot create resourceful states from free
states. On the other hand, the work of [17] formulates resource theories as symmetric monoidal
categories; this results in theories of resource objects and processes on those objects, which
allow for parallel and sequential composition of processes on different objects. In particular, it
is assumed that
• any two objects A and B can be put in parallel, and the composite object is denoted by
A ⊗ B,
• any two processes f taking A to A0 and g taking B to B 0 can be composed to yield a
process f ⊗ g which takes A and B to A0 and B 0 satisfying
(f ⊗ g)(A ⊗ B) = f (A) ⊗ f (B),

(9.1)

• processes with matching output and input systems can be composed sequentially, that is,
a process f taking A to A0 can be composed with a process g taking A0 to A00 , such that
g ◦ f (A) = g(f (A)).
The more recent paper of [2] builds up on this approach and draws connections to known
theories and concepts in mathematics and computer science such as linear logic [191, 192], as
well as the framework of constructor theory [193] (see Chapter 10 of [2] for a detailed discussion
of this). In relation to [2], it should be mentioned that the concept of generating pairs is used
to quantify resources in a way analogous to currencies which are based on copies of resources.
The main differences between the framework presented here and the approach based on
symmetric monoidal categories in [2, 17], as well as the work of [20] are (i) the representation
of subjective knowledge through specifications, rather than density matrices, and (ii) the topdown approach to subsystems, in contrast to the emphasis on copies of resources and asymptotic
behaviour of the theory.

9.2.3

Cryptography

As I have mentioned in Chapter 1, the concept of specifications is based on earlier work in
cryptography [28], in which specifications correspond to levels of abstraction in formulating
cryptographic resources such as communication channels or systems that generate a secret key
between two parties. For example, the description “secure channel between Alice and Bob”,

160

which leaks only the length but not the content of a message to an adversary Eve, can in
particular be achieved by the combination of an authenticated channel together with a device
that generates a secret key between Alice and Bob [28] — it is thus an abstraction of the
latter. Crucially, then, all the results that apply to secure channels should in particular also
apply to the specific implementation. In the language developed here, a secure channel could
be represented as a set of all particular implementations using more basic notions (such as the
one described), which is a specification (in this particular case, it can also be understood as an
embedding).
Modelling the knowledge of different agents is of crucial importance in cryptography. As
such, one would expect the specification formalism and the tools derived in this thesis to yield
insights into various cryptographic scenarios. One example that can already be phrased nicely
in terms of specifications is the task of randomness extraction, that is, the task of extracting
a (nearly) uniformly distributed bit string from a more general distribution, relative to an
adversary Eve. It has been shown that this can be achieved as long as the conditional minentropy relative to Eve is large — crucially, a protocol that achieves this does not depend on
the actual initial distribution. Using specifications, this translates to the statement that there
exists a protocol that achieves the transformation
0

ε
{ρAE ⊗ |0ih0|S : Hmin
(A|E)ρ ≥ δ} → {σAES : ∃ τE s.t. TrA (σAES ) ≈ε

1
IS ⊗ τE }
dS

for suitable δ, ε, an initial fixed state |0ih0| on S, and the dimension of S depending on δ, ε, ε0 (see
also Chapter 4). It would now be interesting to look at similar examples where specifications
can clarify existing results, and see if also the concept of embeddings, secrecy, or other tools
developed in this thesis, can be applied. In this context, one could in particular check for
connections with the recent framework for cryptography developed in [194].

9.3

Directions and future work

This thesis provides a basic framework for modelling different agents and their subjective knowledge in resource theories; several aspects leave room to further development in future work. On
the one hand, one could explore more deeply the relation to other fields of physics, mathematics and information theory, and to approaches similar to resource theories in philosophy and
economics. On the other hand, one may try to further develop the framework itself, and in
particular aspects concerning copies and permutations of resources, as well as the formalisation
and interpretation of convexity in specifications and resource theories. Finally, one could apply
the specification framework in different settings and examples, and in particular in the context
of thermodynamics. Specifically, one could try and spell out precisely macroscopic thermodynamic descriptions of particular systems (such as gases or simple magnetic systems described
by e.g. the Ising model) in terms of specifications or embeddings on an underlying microscopic
state space. Towards the end of this section, I will give a first set of ideas on how specifications
may be used in thermodynamics, motivated by the interpretation of Maxwell’s demon in terms
of embeddings, by Boltzmann’s understanding of entropy in terms of a phase space volume
Ω that is itself a specification, and by recent progress in quantum thermodynamics, such as
results on closed system equilibration using typicality [195, 196], relative thermalisation [141]
and observable thermalisation [197].
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9.3.1

Drawing further and deeper connections

I have already earlier spelled out some of the connections between this work and other approaches in areas such as philosophy, physics and information theory. One could study these
relations in more detail in future work — in particular, one could try and apply the specification
formalism in puzzles such as the muddy children’s paradox studied within dynamic epistemic
logic [118, 119], in cryptographic setups, in game theory [198] or in other economic scenarios 1 .
Given the direct parallels between utility theory and resource theories, such as the emergence
of a unique entropy function in [9–11] compared with a unique utility function in [198,199] (and
their generalisations on representation theorems in [37, 142, 143] and [200, 201]), it would be of
particular interest to introduce the idea of specifications to theoretical economics, and to see if
the tools and results obtained in this thesis could be used to define utility for non-probabilistic
prospects expressed in terms of specifications.
The muddy children’s paradox. The muddy children’s paradox is an interesting problem
to study the concept of knowledge as a resource, and provides an excellent testing ground for
the model of agents and their knowledge developed in this thesis. Although simple to state, the
problem turns out to involve complex statements about knowledge, where in particular knowledge about other agents’ knowledge becomes relevant. Applying the specification framework to
this puzzle may provide relevant insight into how to model such higher-order knowledge, which
could then be applied in cryptographic or adversarial settings.
The paradox goes as follows: a group of children, who can all see one another, but cannot
communicate, is told that some children have mud on their forehead. They are then given the
task to find out who of them: in several rounds, they will be asked to raise their hands if they
know they have mud on their forehead.
In this setting, it is known that if N children are affected, it will take them N rounds to find out;
this can easily be seen as follows. If there is 1 child with mud, this child will find out through
the statement that someone has mud on their forehead: by looking around it will realise that
noone else could have been addressed, and so the child will raise its hand in the first round.
If there are two children, they will each expect the other child to react in the first round, but
since nothing happens, they know that they too are affected, and will raise their hands in the
second round. More generally, if N children are affected, each child with mud on its forehead
will know that if the N − 1 children it sees do not raise their hands in round N − 1, they too
must be affected. Hence the children will solve the puzzle in round N .
The intriguing aspect of this puzzle, or “paradox”, as it is often also referred to, is that if there is
more than one child with mud, none of the children seem to learn any new information through
the initial statement. Likewise, up until round N − 1 again no direct new information seems to
be gained by the children — yet, the puzzle takes them N rounds to solve. The crucial aspect
here is that not only does the knowledge matter that each child has about who has mud on
their foreheads, but also the knowledge a child has about other children’s knowledge, and higher
orders of such knowledge about knowledge.
Using the specification framework, one could now for example try to formalise this puzzle
as follows. If there are M children, out of which N children have mud on their foreheads, we
could define a state space Ω = {0, 1}⊗M , which describes each child either with 0 (no mud) or
1
For example, one could study if it is possible to apply the concept of specifications and embeddings to
connect micro- and macro-economics in simple models.
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1 (mud) — the actual state of the system (in which N children have mud on their foreheads) is
then described by an element ω ∈ Ω (an M -tuple with N times the number 1).
Furthermore, given a state ν ∈ Ω, we know that each child can see other children, but not
itself, and so their knowledge of the state can be described by a coarse-graining e ◦ h({ν}), a
specification. Finally, knowledge about other children’s knowledge can be similarly described
by means of such embeddings.
Let us look at the example of three children, Alice, Bob and Charlie, with M = 3 and N = 2.
Without loss of generality, let us assume Alice and Bob have muddy foreheads. Since both Alice
and Bob’s knowledge is symmetric, and since they will be the first to figure out that they have
mud on their foreheads in round 2 (Charlie will only know he has no mud once Alice and Bob
proclaim their knowledge), we can restrict the problem to simply modelling Alice’s knowledge,
both about the actual state ω ∈ Ω, and about her knowledge of other children’s knowledge.
e A defined as
In this case, we can see that it is sufficient to consider a state space Ω
e A := Ω × S Ω ,
Ω
where the first part represents a state of the system that Alice considers possible, and the
second part denotes Bob’s knowledge about such a state, again as considered by Alice. We then
e
describe Alice’s knowledge by means of specifications V ∈ S ΩA .
We can now construct Alice’s initial knowledge as follows. We know that if both Alice and Bob
have mud on their foreheads, the state of the system is (1, 1, 0) ∈ Ω. Alice will thus consider both
the state (0, 1, 0) ∈ eA ◦hA ({(1, 1, 0)}) and the actual state (1, 1, 0) ∈ eA ◦hA ({(1, 1, 0)}) possible.
Now, she can reason that in case the state is (0, 1, 0), Bob will really see the specification
eB ◦hB ({(0, 1, 0)}) = {(0, 0, 0), (0, 1, 0)}, and if the state is (1, 1, 0), Bob will see the specification
eB ◦ hB ({(1, 1, 0)}) = {(1, 0, 0), (1, 1, 0)}. Hence Alice’s knowledge can be described by the
e
specification V ∈ S ΩA given by
V = {((0, 1, 0),

{(0, 0, 0), (0, 1, 0)}
|
{z
}

[A’s knowledge of B’s knowledge]

|

{z

[first possibility according to A]

), ((1, 1, 0), {(1, 0, 0), (1, 1, 0)})}.
|
{z
}
[second possibility according to A]

}

As we shall see, it is not necessary in this case for the purpose of this puzzle to describe higher
orders of knowledge, or Alice’s knowledge of Charlie’s knowledge.
Namely, in the beginning, the statement that some children have mud on their forehead eliminates the possibility that the state is (0, 0, 0). Not only is this true directly for Alice’s knowledge
of the system, but she now also knows that Bob cannot allow the possibility (0, 0, 0). This means
that the statement causes Alice to eliminate the possibility (0, 0, 0) everywhere in her knowledge.
It thus causes the transformation
V → V 0 := {((0, 1, 0), {(0, 1, 0)}), ((1, 1, 0), {(1, 0, 0), (1, 1, 0)})}.
Following the statement, the children are asked in a first round who it is that has mud on their
forehead. Now, although Alice does not know if she has mud on her forehead, she knows that
Bob might be in a position to know, since
{(0, 1, 0), {(0, 1, 0)}) ∈ V 0 ,
which models Bob’s knowledge as a singleton. Now, if Bob does not raise his hand in this first
round, Alice learns that Bob cannot have known that he has mud on his forehead. This means
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that any possibility in which Bob’s knowledge is described by a singleton must be eliminated
— and hence, her knowledge transforms as
V 0 → V 00 := {((1, 1, 0), {(1, 0, 0), (1, 1, 0)})}.
This is now a singleton, and so in the next, second, round, Alice will solve the puzzle. 1
One can easily see that the above analysis breaks down in the case when also Charlie has
mud on his forehead, that is, when N = 3, M = 3. However, the problem can be described in
a similar way as above, where we not only model Alice’s knowledge of Bob’s knowledge of the
state of the system, but also model Alice’s knowledge of Bob’s knowledge of Charlie’s knowledge
— that is, when we include one more level of knowledge about knowledge.
In the specific case of the state (1, 1, 1), we can hence start our analysis using a state space
e 0 = Ω × S Ω×S Ω ,
Ω
A
e0

in which Alice’s initial knowledge is described by the specification V ∈ S ΩA given by
V = {e
µ, νe}
with
µ
e = ((0, 1, 1), {((0, 0, 1),

e 0A
), ((0, 1, 1), {(0, 1, 0), (0, 1, 1)})}) ∈ Ω

{(0, 0, 0), (0, 0, 1)}
|
{z
}

A’s knowl. of B’s knowl. of C’s knowl.

|

{z

A’s knowledge of B’s knowledge

}

and
e 0A
νe = ((1, 1, 1), {((1, 0, 1), {(1, 0, 0), (1, 0, 1)}), ((1, 1, 1), {(1, 1, 0), (1, 1, 1)})}) ∈ Ω
respectively.
The statement that there are children with mud now again eliminates the possibility (0, 0, 0),
turning the specification V into V 0 given by
V 0 = {e
µ0 , νe}
with
µ
e0 = ((0, 1, 1), {((0, 0, 1), {(0, 0, 1)}), ((0, 1, 1), {(0, 1, 0), (0, 1, 1)})}).
Since Charlie does not raise his hand in the first round, Alice then knows that Bob must then
know that Charlie cannot know he is the only child with mud, and so V 0 transforms to V 00 given
by
V 00 = {e
µ00 , νe}
with
µ
e00 = ((0, 1, 1), {((0, 1, 1), {(0, 1, 0), (0, 1, 1)})}),
1
Note that the specification V 00 is sufficient to model how Alice will solve the paradox in the second round,
but is not a fully accurate description of her knowledge at this point. For example, in round 2 she is actually also in a position to know that Bob knows the solution, and so her knowledge could really be written as
{((1, 1, 0), {(1, 1, 0)})}. In order to model how Alice’s knowledge of Bob’s knowledge evolves, however, we would
really need to model also Alice’s knowledge of Bob’s knowledge of Alice’s knowledge, and thus require one further
level of higher order knowledge.
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eliminating the singleton {(0, 0, 1)} representing Alice’s knowledge of Bob’s knowledge of Charlie’s knowledge within µ0 .
Finally, in the second round Bob does not raise his hand, and so Alice can eliminate again any
singletons in V 00 , thus eliminating the possibility µ00 (in which Bob’s knowledge is a singleton)
and turning V 00 into the specification
V 000 = {ν}.
Thus she will solve the puzzle in round 3, and by symmetry of the problem, so will Bob and
Charlie.
More generally, we can see that such a model requires N − 1 levels of higher-order knowledge
in a problem of M total children and N muddy children —one level for each additional child
with mud (on top of Alice).
Although the above model captures the solution to the paradox, one may argue that it is
neither perfectly accurate nor the most elegant model to describe the muddy children’s puzzle.
For example, as indicated above, this model allows us to predict for each agent individually
when they will discover whether or not they have mud on their forehead. However, it does not
show that in round N Alice not only knows she has mud on her forehead, but she also knows
that Bob knows he has mud on his forehead, and so on. In order to model this correctly, it seems
that we need to employ a more complex state space, including higher order of knowledge such as
Alice’s knowledge of Bob’s knowledge of Alice’s knowledge —this would clearly make the model
more complicated. Similarly, one might object to the way transformations are being employed
to model the updating of Alice’s knowledge. One may have hoped that the process of learning
in each round is achieved by means of set intersection as advocated in Chapter 4. It indeed
seems that this is possible — yet again at the cost of making the model more complicated.
Namely, instead of modelling Alice’s knowledge of Bob’s knowledge for each possible state ν
simply through eB ◦ hB ({ν}), we could have modelled her uncertainty of Bob’s knowledge by
allowing also subsets of eB ◦ hB ({ν}) as states of Bob’s knowledge that Alice considers possible,
if they are compatible with ν. In the case of N = 2, for example, Alice’s initial knowledge
would then be described by
V = { ((0, 1, 0),

{(0, 0, 0), (0, 1, 0)}
|
{z
}

), ((0, 1, 0),

[A’s knowledge of B’s knowledge]

|

{z

((1, 1, 0), {(1, 0, 0), (1, 1, 0)}),
|
{z
}
[third possibility according to A]

),

{z

}

[A’s knowledge of B’s knowledge]

} |

[first possibility according to A]

{(0, 1, 0)}
| {z }

[second possibility according to A]

((1, 1, 0), {(1, 1, 0)})
|
{z
}

}.

[fourth possibility according to A]

Then, the statement that there are children with mud eliminates the first possibility
α := ((0, 1, 0), {(0, 0, 0), (0, 1, 0)})
since Alice knows that Bob cannot consider the state (0, 0, 0) possible, and so her knowledge
transforms as
e A \{α}).
V → V 0 := V ∩ (Ω
Then, if Bob does not raise his hand in the first round, Alice knows that the second and fourth
possibilities
β := ((0, 1, 0), {(0, 1, 0)})
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and
γ := ((1, 1, 0), {(1, 1, 0)})
are actually void because they contain singletons for Bob’s knowledge, and so Alice’s knowledge
updates as
V 0 → V 00 := V 0 ∩ W = {((1, 1, 0), {(1, 0, 0), (1, 1, 0)})}
e A \{β, γ}. She is now in a position to solve the paradox in the following round.
with W := Ω
Such an adapted model is again more complicated, in particular as the number of children with
mud increases. This shows that it may not be clear more generally in which cases one should
use set intersection, and in which cases the updating of knowledge through transformations, in
order to model the effect of learning, or the dynamic evolution of knowledge.
It would now be interesting for the future to explore alternatives of the above, and ultimately
find a better model for the muddy children’s paradox using this framework. These models
could then be compared to existing solutions of the paradox in the literature, where the benefit
could be two-fold: on the one hand, concepts like common knowledge (i.e. facts that everyone
knows and everyone knows that everyone knows, and so on) known from epistemic logic may
simplify models in our framework, and may for example allow Alice to predict when Bob will
solve the paradox without modelling explicitly many higher levels of knowledge. On the other
hand, we may find in turn that concepts from the specification framework such as embeddings,
transformations or set intersection learning can enhance existing solutions in epistemics.
Finally, the paradox and its solution in terms of the model above show that specifications
and embeddings can be used to model knowledge of other agent’s knowledge. This can be
particularly useful in cryptographic settings, when one tries to show security of a protocol
through the lack of knowledge of an adversary Eve about particular variables or outcomes. One
could now try to make use of this and explicitly model higher-order knowledge in cryptographic
and adversarial scenarios such as games through the specification formalism. In particular, it
would be interesting to connect this idea with the notion of secrecy developed in Chapter 7,
and explore whether one can also define higher-order secrecy relations (e.g. actions that do not
affect A’s knowledge of B’s knowledge, and so on).
Mathematical characterisation. As another future direction, one could draw connections
to constructor theory [193] and linear logic [191, 192], which are both models relatively similar
to resource theories. One could then see if concepts and results derived in this thesis (in particular concerning specifications or subsystems) could be carried over to these other models, or
likewise if concepts from constructor theory or linear logic might be adapted to this framework.
The work of [2] might be particularly helpful in this context, as it relates resource theoretic
concepts like catalysis or asymptotic conversion rates to known mathematical structures, and
discusses the relation between traditional, bottom-up resource theories and linear logic as well
as constructor theory in some detail. With respect to [2], one could furthermore see if the
specification framework developed here can be cast in the language of category theory and
its model of resource theories. As the category theoretic descriptions are bottom-up, it may
be possible to link the notion of generalised composition developed here to the mathematical
concepts developed in [2]. This may provide the first steps to unifying the approaches, and to
studying under which assumptions a bottom-up and a top-down approach ultimately become
equivalent.
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Secrecy, GPTs and causality. Finally, one could explore if the techniques developed in
this work to derive subsystems, and the notion of secrecy introduced here, can be applied
to generalised probabilistic theories. To this end, one could for example try and generalise
the relation between secrecy and non-signalling discussed in Chapter 7, e.g. using the formalism
of [134]. In particular, one could use the notion of independence between subsystems to formally
generalise the proof of [131] that terminality implies non-signalling to the setting of independent
and commuting agents, going beyond the assumptions of a strict subsystem structure behind
the category theoretic approach. In this context, it would be particularly interesting to see how
secrecy and the model for local agents developed here connect to the topic of causal structures
and causal inference [202–206]. Chapter 7 and in particular our work of [29] provide a first step
for both these endeavours.

9.3.2

Developing the framework

There are several ways in which the framework presented here could be extended. These include deriving general results about monotones, transformations or copies of resources, but also
studying the specification framework within particular resource theories to obtain more specific
statements — these can also provide insight into which results we might expect more generally.
I will discuss the different directions separately here.
Characterising particular resource theories. For many particular traditional resource
theories, such as noisy or thermal operations, one can derive explicit criteria for when one
resource can be converted into another, such as the majorization or thermo-majorization conditions. However, when resources are given by specifications, the structure of the pre-order
becomes more complex, and we can no longer apply the same criteria to decide if a resource
V ∈ S Ω can be transformed into another resource W ∈ S Ω .
One direction of further work would then be to study the pre-order on specification space
that results from particular resource theories like noisy or thermal operations, LOCC or resource
theories of coherence or asymmetry. A way to approach this task could be to first look at special
classes of specifications, such as finite or convex specifications, or specifications with simple
descriptions like approximate quantum states according to some metric or relative entropy
distance, and see if explicit criteria like majorization and thermo-majorization can be adapted
to specifications. 1 Using the partial order on specification space, one could then extend results
on special classes of specifications to specifications that are more or less specific, that is, sub- or
supersets of those specifications, accordingly. Alternatively, one could try out different choices
of currencies to derive further monotones and sufficient conditions for resource conversions 2 . In
Chapter 8, smooth min and max entropies have been derived as monotones as well as shown to
provide sufficient conditions for resource conversion in the case of noisy operations. If applied
to the resource theory of thermal operations, one would expect to recover smooth min and max
free energies for a suitable choice of currencies. This is currently work in progress developed
in [30]. In addition, one might expect that in many known resource theories the (smooth) cost
of a resource V corresponds to an optimisation over the (smooth) cost of states within V , and
that the (smooth) yield of a resource V can be expressed as an optimisation over the (smooth)
yield of states in the convex hull of V , analogous to Theorem 8.3.5.
1

At the time of writing, I am supervising an ongoing master project by Martin Lickteig on this topic.
This could in particular be interesting also in the context of multipartite LOCC, as it could allow us to
obtain measures for multipartite entanglement.
2
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Finally, one could try and generalise results about complete sets of monotones from traditional resources, such as the Rényi entropies and α free energies for catalytic noisy and thermal
operations [37].
Monotones and sufficient conditions for resource conversion. In Chapter 8, it was
shown that monotones for resource theories on specification space can be derived from monotones in traditional resource theories. This result could be extended in future work — for
example, it may be possible to optimize over the convex hull of a specification instead of the
specification itself in the expression in Theorem 8.1.1, or to find other criteria for resource
conversion based on known monotones.
One might furthermore be able to prove results like the uniqueness and sufficiency of monotones in a certain class of resource theories or in the asymptotic limit [9–11, 20, 38, 105]. An
interesting setting to analyse here would be the asymptotic limit of the theory of noisy operations
for specifications. While for quantum states, we know that the von Neumann entropy arises
as the unique entropy function characterising resource conversion [18], this result may not be
straightforward to extend to the case of specification. For example, the specification V = {0, 1}
becomes merely a collection of 0 and 1 in the asymptotic limit (in all possible constellations),
V n = {000....00, 000...01, 000...10, 000...11, ..., 111...11}, and there is no typical subspace that
can be identified here. However, noisy operations allows us to turn the specification V into a
fully mixed state I/2. This property, which is guaranteed by the availability of an unlimited
source of randomness in noisy operations, together with additional assumptions like permutation invariance, may be sufficient to recover asymptotic results and provide interesting insight
into how macroscopic thermodynamics can emerge from an underlying microscopic theory.
Specification space for transformations. Another possibility for future research on the
specification framework would be to formally introduce not only a specification space for resources, but also for transformations. That is, one could extend the allowed operations to
describe also lack of knowledge about which particular transformation was implemented, which
could be done by explicitly considering function specifications F ∈ S T acting as
[
F (V ) :=
f (V ).
f ∈F

One may then also study embeddings and approximation structures on transformations, and
obtain an alternative description for how different agents view the respective operations they
perform. This should then naturally yield appropriate relations between embeddings or approximation structures on transformations and the corresponding concepts on resources, such
as relations between F ε (V ), F (V ε ) and (F (V ))ε . In particular, one might expect that uncertainty about the transformations that are applied could equivalently be modelled by means of
a definite transformation conditioned on an unknown control system, so that specifications of
transformations can actually be reduced to specifications of resources.
Copies and permutation of resources. The concept of permutations and copies of resources has been introduced in Chapter 7. With the basic definitions in place, it would be
interesting to extend known results on asymptotic resource conversion to more general forms of
composition. Importantly, it may turn out that taking many almost independent copies (up to
an error ε in trace distance, or if correlations between the systems are upper bounded) may be
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enough to recover limited results on typicality and simplify the problem of asymptotic resource
conversion in settings beyond i.i.d. copies. Such a result would be relevant for example in thermodynamics, but also in cryptography and information theory more generally, where the i.i.d.
assumption allows for powerful results, yet remains conceptually unjustified and is not satisfied
in realistic scenarios. As already mentioned above, one may furthermore gain important insight
by exploring the role of permutation invariance of specifications. In particular, one could study
the relation between permutation invariant specifications and permutation invariant states, and
draw a link to de Finetti theorems [207]. One observation that might be relevant in this context
is that permutation invariant specifications such as V = {ρA ⊗ σB , σA ⊗ ρB } generally contain
states that are not permutation invariant (in this case, ρA ⊗ σB ), but for convex spaces it should
hold that there is a permutation invariant state in the convex hull of V , such as in this case
τ = 12 (ρA ⊗ σB + σA ⊗ ρB ) ∈ V P . This could for example be used in the theory of noisy operations, where it is always possible to turn a specification into its convex hull, and any finite
specification into a uniform mixture over the states within that specification. For a permutation
invariant specification, such a state would itself be permutation invariant, for which known de
Finetti results can be applied.

Measurements and non-probabilistic knowledge. While we have worked with specifications to represent non-probabilistic knowledge in this framework, we have so far not modelled
explicitly how agents obtain the information about the systems they operate on. In order to
treat measurements and the acquiring of information, one would for now resort to an internal
quantum mechanical treatment, introducing explicit systems that represent measuring devices,
and later using acquired information from measurement through processes that include and condition on the state of the measuring device, much like the erasure protocol of [99] that makes
use of memories.
However, it might be desirable to combine the specification formalism, which captures nonprobabilistic knowledge, with an explicit model for measurements, in a way similar to the work
in [26] which introduced tools and ideas towards a fully non-probabilistic model of quantum
mechanics. One might then combine the tools and results derived in this thesis with the idea
of [26] to explicitly introduce time and the history of a system in an experimental setup, and
study examples like the extended Wigner’s friend experiment from such a combined theory; this
may result in a more powerful model of restricted agents in resource theories.

Time and indefinite order of transformations. The tools of [26] to model measurements
and the acquiring of non-probabilistic knowledge explicitly make use of descriptions of systems
that include information about the time and history of measurements. Introducing timing and
time ordering information into specifications then naturally raises the question if one could
also formalise indefinite causal orders such as those studied in [208–215], or different agents
that disagree on the time ordering of transformations, within the specification framework for
resource theories. Similarly, one could study embeddings and approximation structures that
explicitly include and manipulate timing information. This could help understanding to which
extent timing information can be seen as a resource, and may reveal further connections between
the concept of causal structures and the notion of secrecy between different agents developed
here.
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9.3.3

Specifications and embeddings in thermodynamics

An strong motivation for the framework presented in thesis was to gain a better understanding
of the role of subjective knowledge of different agents in thermodynamics. We have seen that
both macroscopic and microscopic thermodynamics can be phrased as resource theories (see
Chapter 2), which however use different state spaces to describe resources. Remarkably, the
structure of these theories is much the same, a fact that we have used in a separate paper
to relate macroscopic and microscopic entropy [18] based on a formal set of axioms [9–13].
However, we would like to make this formal connection even stronger than this, and identify the
relation not only between the two entropies, but also the state spaces themselves, to understand
how macroscopic thermodynamics emerges from microscopic models. To some extent, this can
be achieved by making use of the asymptotic limit [2, 19, 20, 24, 25, 30, 32, 105]. While this
approach can provide an explanation for why macroscopically only a few properties are relevant
to describe systems in equilibrium, it only works under the premise that macroscopic states can
be identified with systems consisting of a large number of independent copies of single systems
— however, we can never rule out correlations between individual subsystems that make up a
thermodynamic system, and so the i.i.d. assumption is not justified.
One would now hope that the specification formalism can help resolve such issues, and allow
further insight into the problem of partial knowledge in thermodynamics. In the example of
Maxwell’s demon, I have argued in Chapter 5 that the state space of macroscopic thermodynamics may be understood as a coarse-graining on a microscopic state space, so that the two
spaces could be connected by an embedding. More generally, in between the extremes of the
microscopic Maxwell demon and a macroscopic observer, one would hope to formalise different degrees of microscopic knowledge as specifications of underlying states, such as knowledge
about particular observable quantities, or global properties like total energy or magnetization
of a system containing smaller parts. In the following, I will discuss a first set of ideas for
the use of specifications in thermodynamics. A particular focus here will be how the model of
independent Gibbs states in a thermal bath could be generalised by means of specifications.
Limited measurement results. An interesting approach to modelling states at equilibrium
is treated in [197, 216–219], which discuss the issue that from the perspective of a few limited
observables, many different states may be indistinguishable form the Gibbs state and thus
appear to be at thermal equilibrium to an observer who only has access to these observables.
For example, in [197] the authors show that this in particular holds for a set of so-called “thermal
observables”, that is, observables for which the distribution of measurement outcomes maximises
the Shannon entropy for a given average energy Tr(Hρ) ≈ E. It is then shown that for such
observables, the measurement statistics do not change over time.
Inspired by these results, one could consider the specification
n
o
[ρ]A := σ ∈ Ω : Tr(Aki i σ) = Tr(Aki i ρ) for all i, ki ,
where
A = {Ai }i≤n;i,n∈N
denotes a set of measurements represented by POVMs, such that Ai = {Aki i } corresponds to
measurement i 1 . This essentially groups states into equivalence classes that each give rise to
1

Note that the work of [197] considers the case of projective measurements
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the same distribution on a set of measurement outcomes. One could now ask whether such
equivalence classes may be used in resource theories to represent thermal states instead of the
Gibbs state, and whether such an approach may successfully describe the perspective of an agent
limited in knowledge and observations. In particular, it would be interesting to see if results on
monotones like the free energy can be generalised to the case where the free resources are not
given by the thermal state, but by specifications V . Here, one might expect that monotones
analogous to the free energy, expressed in terms of a relative entropy distance to free resources
as in [20], can be recovered through an optimisation over the convex hull of the free resource V .
Relative thermalisation. Another interesting statement, which can nicely be phrased in
terms of specifications, was derived in [141]. In this work, it was shown that if the conditional
ε (S|R) of a system S relative to another system R is large enough, most joint
min-entropy Hmin
e such as an energy subspace)
unitary evolutions of system S and E (confined to a subspace Ω,
will lead to relative thermalisation of S with respect to R. Using specifications, this statement
(Theorem 1 of [141]) can be phrased roughly as follows: for any parameters ε, δ > 0, the
specification
e ⊗ HR ) : H ε (S|R) > α(Ω,
e ε, δ)}
V = {ρSRE ∈ S(Ω
min
e reach δ-thermalisation, that
will, under most unitary evolutions on S and E confined to Ω,
δ
is, a specification B (πS ⊗ ρR ), where πS denotes the fully mixed state on S and the δ-ball
is taken with respect to the trace distance 1 . The converse statement of this, which is also
proven in [141], can be formulated analogously; this is likely also the case for other results on
equilibration and thermalisation [220].
Approximate Gibbs states and temperature equivalence classes. In the resource theory of thermal operations, which describes the interaction of a system with a heat bath at a
given temperature, the heat bath is modelled by a collection of many independent Gibbs states
with arbitrary Hamiltonians. However, the above results indicate that one can often only guarantee that states in a heat bath are ε-close to Gibbs states, or indistinguishable from Gibbs
states with respect to a certain set of observables. One natural idea then would be to explore
the use of approximate Gibbs states in a resource theory of thermal operations, which can be
naturally modelled by means of specifications through an ε-ball B ε (γ). Furthermore, uncertainty about the absence of correlations could be included by means of generalised composition,
upper bounding the mutual information between system and heat bath through a specification
such as I(A : B)≤ε 2 (see Chapter 7). As mentioned earlier, it would then be interesting to see if
results on monotones can be extended to such a new resource theory. This could provide a first
step to showing how the free energy emerges as a monotone in macroscopic thermodynamics
without employing the i.i.d. assumption.
A different approach to modelling heat baths could be defining the temperature of a heat
bath through the performance of heat engines coupled to the bath as in [221]. Such an approach
1

e and the parameters ε, δ. Here, this statement
For appropriate α depending on the size of the subspace Ω
could either be made for a particular state ρR on system R, or more generally with the union over all reduced
states ρR .
2
Such specifications, which express uncertainty over a probability distribution, are useful if probabilities are
assumed to have some meaningful interpretation in the theory, such as if they are agreed upon by different agents
(see Chapter 3). Then specifications avoid that this probability is combined with a subjective and meaningless
prior over possible distributions.
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has been pursued in [222], where the main idea is to construct equivalence classes of states that
behave in the same way (e.g. yield the same efficiency) when acted on by an engine. It would
now again be interesting to see if such equivalence classes can replace thermal states in the
resource theory of thermal operations, and whether meaningful results such as monotones can
be obtained from this approach.
Knowledge of global properties. Another way to introduce specifications into thermodynamics is by formulating knowledge about global properties, such as the total energy or
total magnetization of a system. Namely, knowledge of such properties can be formulated as a
specification, such as
VE = {ρ : Tr(ΠE ρ) ≥ 1 − ε},
which describes the set of all states for which the majority of weight lies in the subspace with
energy between E and E + δE (here, ΠE denotes the projector onto that subspace).
Such a specification essentially lies within the phase space region occupied by the thermodynamic state described by the total energy E. In statistical mechanics, this is for example used
to derive the canonical ensemble from the microcanonical ensemble, in which the probabilities
of the reduced state on the system coupled to a larger reservoir are computed by means of
calculating the corresponding phase space volumes. In fact, the same derivation can be applied
to the specification VE above; in order to obtain the correct probabilities, one could now use
additional assumptions like a random choice of subsystem, or appeal to quantum typicality
arguments [195, 196] 1 .
One could now try and formally associate a thermodynamic equilibrium state with a specification like VE above. An adiabatic process could then be modelled by the implementation of
a unitary process, followed by a subsequent coarse-graining, or forgetting of knowledge, which
results in a new state of the above form that occupies a larger phase space region. 2 One could
then for example show that such a new state has a higher entropy as defined by a microscopic
theory like noisy operations, with the choice of alternative currency
C2k = ({|iihi|}1≤i≤k )P
introduced in Chapter 8. It would now be interesting to check if Lieb and Yngvason’s axioms
for thermodynamic equilibrium states hold for such specifications, resulting in a unique entropy
function that corresponds precisely to the entropy of the corresponding microcanonical ensemble. This would provide and formalise an intuitive description of the second law [223], in which
one avoids the assumption on equal probabilities in the microcanonical ensemble.

1

Since VE contains also pure states with a definite allocation of energy to the individual subsystems, such
additional considerations are necessary to obtain a reduced Gibbs state. This is not necessary in classical
statistical mechanics, in which the microcanonical ensemble, and thus equal probabilities, is assumed on the
global system.
2
This idea is similar to Jaynes’ discussion of the second law of thermodynamics in [223].
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Appendix A

Algebraic definitions and results
This appendix provides additional definitions and results concerning specification spaces and
the more general algebraic structures of (semi-) lattices, which are necessary for some of the
concepts and proofs in later appendices. I will also introduce the tool of Galois insertions, which
can be used to relate different specification spaces (and, more generally, partially ordered sets),
and thus generalises the concept of intensive embeddings introduced in this thesis. In particular,
Galois insertions will be used in Appendix F to relate a convex resource theory to its probabilistic
quotient space. As some of the results of this thesis concerning intensive embeddings hold in
fact more generally for Galois insertions, I will prove them for such more general structures
here. Most of the definitions and results in this appendix are adapted from [21, 23].

A.1

Semilattices, lattices and their basic algebraic properties

First, we shall introduce the notions of lattices, join- and meet-semilattices.

Definition A.1.1 (Join semilattice). Let (S, ≤) be a partially ordered set. Then it is a joinsemilattice if every non-empty finite subset X ⊆ S has a join, that is, a least upper bound,
denoted ∨X. It is furthermore called a complete join-semilattice if in fact every non-empty
subset X 0 ⊆ S has a join.
A meet-semilattice is the dual structure of a join-semilattice. It is defined as follows.
Definition A.1.2 (Meet semilattice). Let (S, ≤) be a partially ordered set. Then it is a meetsemilattice if every non-empty finite subset X ⊆ S has a meet, that is, a greatest lower bound,
denoted ∧X. It is furthermore called a complete meet-semilattice if in fact every non-empty
subset X 0 ⊆ S has a join.
A lattice is a structure that is both a join-semilattice and a meet-semilattice.
Definition A.1.3 (Lattice). Let (S, ≤) be a partially ordered set. Then it is a lattice if it is
both a join- and a meet-semilattice, and it is a complete lattice if it is both a complete joinand a complete meet-semilattice.
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Remark A.1.4. One can alternatively define a join-semilattice as a structure (S, ∨) for which
∨ denotes a binary join on S. Likewise, a meet-semilattice can be denoted by (S, ∧), where ∧
is a binary meet. Finally, a lattice is then denoted by (S, ∨, ∧) for binary join ∨ and meet ∧.
With respect to the partial order on S, the binary join and meet satisfy

x ≤ y ⇐⇒ x ∨ y = y
x ≤ y ⇐⇒ x ∧ y = x.

Finally, note that complete join-semilattices are essentially also complete meet-semilattices (and
vice versa), which may however lack a bottom (or a top respectively). This is what happens in
specification spaces S Ω : for both the union and the intersection,

[

X ∈ SΩ,

\

X ∈ SΩ,

T
unless the latter becomes the empty set, X = ∅. Specification spaces can thus also be seen as
complete lattices without the empty set, 2Ω \∅. However, note that specification homomorphisms
correspond to join-semilattice homomorphisms (as they preserve the set union, see below), but
they are in general not meet-semilattice homomorphisms (as they do not preserve set intersection).

A.2

Homomorphisms and quasi-homomorphisms on specification spaces

We now review the definition of homomorphisms and introduce a related definition of quasihomomorphisms on join-semilattices. These can be seen as generalisations of specification homomorphisms introduced in Chapter 4.
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Definition A.2.1 (Join-semilattice homomorphisms and quasi-homomorphisms). Let (S, ∨),
(T, ∨) be two join-semilattices. A homomorphism between the two is a function f : S → T that
preserves binary joins,
f (x ∨ y) = f (x) ∨ f (y),
for all x, y ∈ S. For complete join semilattices, we demand that
_
f (∨X) =
f (x),
x∈X

for any non-empty subset X ⊆ S. A semilattice endomorphism is a semilattice homomorphism
from a semilattice to itself. A semilattice isomorphism is a surjective semilattice homomorphism.
A join-semilattice quasi-homomorphism is a function f : S → T such that
f (x ∨ y) ≥ f (x) ∨ f (y)
for all x, y ∈ S, and again we demand for complete semilattices that
_
f (∨X) ≥ {f (x) : x ∈ X}
for all non-empty X ⊆ S. A join-semilattice quasi-endomorphism is a quasi-homomorphism
from a join-semilattice S to itself.
Remark A.2.2. Specification homomorphisms and specification endomorphisms are semilattice
homomorphisms and endomorphisms on specification spaces, which are complete join-semilattices.
Remark A.2.3. We could define meet-semilattice homomorphisms in the obvious way, replacing the join with the meet.
In fact, semilattice quasi-homomorphisms are just order-preserving functions between semilattices. This is shown in the following lemma.
Lemma A.2.4. A function f : S → T between two semilattices (S, ∨) and (T, ∨) is a quasihomomorphism if and only if it is order-preserving.
Proof. Each direction can be shown separately.
=⇒ Let x, y ∈ S such that x ≤ y, and let f : S → T be a quasi-homomorphism. Then
f (y) = f (x ∨ y) ≥ f (x) ∨ f (y)
and so directly f (y) ≥ f (x).
⇐= Let f : S → T be an order-preserving function, and let X ⊆ S be a non-empty subset of
S. Then
f (∨X) ≥ f (x)
for all x ∈ X, and so directly
f (∨X) ≥

_
{f (x) : x ∈ X}.
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Corollary A.2.5. Let (S, ∨), (T, ∨) be two join-semilattices, and f : S → T be a quasihomomorphism. Let x, y ∈ S. If x ≤ y, then f (x) ∨ f (y) = f (x ∨ y).
Proof. Since f is order-preserving,
x ≤ y =⇒ f (x) ≤ f (y) ⇐⇒ f (x) ∨ f (y) = f (y) = f (x ∨ y).

Another kind of function that we will need later on is a so-called semilattice lumping. These
essentially correspond to closure functions on semilattices, and are generalisations of the closures
e ◦ h of intensive embeddings (which however need not give rise to equivalence classes like
intensive embeddings, even on specification space).
Definition A.2.6 (Semilattice lumping). Let (S, ∨) be a join-semilattice. Then a function
Lump : S → S is called a semilattice lumping if it is an idempotent inflating endomorphism,
that is, an endomorphism satisfying f (x) ≥ x and f (f (x)) = f (x).
If it is an idempotent inflating quasi-endomorphism, we call it a quasi-lumping.
Lemma A.2.7. Let (S, ∨) be a join-semilattice and Lump a semilattice quasi-lumping on S.
Let x, y ∈ S. Then
1. Lump(Lump(x) ∨ Lump(y)) = Lump(x ∨ y),
2. if (S, ≤) is part of a lattice (T, ∨, ∧) with S ⊆ T , and x, y, x ∧ y, Lump(x) ∧ Lump(y) ∈ S,
Lump(x) ∧ Lump(y) ≥ Lump(x ∧ y),
3. if (S, ≤) is part of a lattice (T, ∨, ∧) with S ⊆ T , and x, y, x ∧ y, Lump(x) ∧ Lump(y) ∈ S,
Lump(Lump(x) ∧ Lump(y)) = Lump(x) ∧ Lump(y).
Proof. The properties can be proven as follows.
1. Since Lump is an idempotent quasi-endomorphism, thus also order-preserving, directly
Lump(Lump(x) ∨ Lump(y)) ≤ Lump ◦ Lump(x ∨ y) = Lump(x ∨ y).
To see the other direction, note that Lump is order-preserving and inflating, Lump(x) ≥ x,
and so
Lump(Lump(x) ∨ Lump(y)) ≥ Lump(x ∨ y).
2. Since x ∧ y ≤ x and Lump is order-preserving,
Lump(x) ∧ Lump(y) ≥ Lump(x ∧ y) ∧ Lump(x ∧ y) = Lump(x ∧ y).
3. Similarly to 1., direction ≥ follows from the fact that Lump is inflating. The other direction
follows from 2. together with the fact that Lump is idempotent,
Lump(Lump(x) ∧ Lump(y)) ≥ Lump ◦ Lump(x ∧ y) = Lump(x ∧ y).
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A.3

Galois connections

This section explains the concept of Galois connections, which can be used to relate different
partially ordered sets —we can understand them as generalisations of intensive embeddings.
They will in particular be used in Appendix F to relate a convex specification space to its
probabilistic quotient space.
Definition A.3.1 (Galois connection). Let (S, ≤), (T, ≤) be two partially ordered sets. A
(antitone) Galois connection between them is a set of two functions, g : S → T and h : T → S
such that
y ≤ g(x) ⇔ h(y) ≤ x,
for all x ∈ S, y ∈ T . The functions g an h are called adjoints. The composition g ◦ h : S → S is
called the associated closure operator, while h ◦ g : T → T is the associated kernel operator.
If h ◦ g = 1S , we say that the connection is a Galois insertion of S in T .
Remark A.3.2. If (g, h) is a Galois connection between (S, ≤) and (T, ≤), then
• h ◦ g(x) ≤ x, and g ◦ h(y) ≥ y, for all x ∈ S and y ∈ T ;
• h, g, h ◦ g and g ◦ h are order-preserving;
• h ◦ g and g ◦ h are idempotent.
Proof. The points can be proven individually. Let x, x0 ∈ S and y, y 0 ∈ T throughout.
• From g(x) = g(x) it follows that h ◦ g(x) ≤ x. Similarly, from h(y) = h(y) it follows that
y ≤ g ◦ h(y).
• It is enough to show that both h and g are order-preserving. Now, using the above
properties,
x ≤ x0 =⇒ h ◦ g(x) ≤ x0 =⇒ g(x) ≤ g(x0 )
and
y ≤ y 0 =⇒ y ≤ g ◦ h(y 0 ) =⇒ h(y) ≤ h(y 0 ).
• From the properties of Galois connections, it follows directly that
h ◦ g(x) ≤ h ◦ g ◦ h ◦ g(x) ⇐⇒ g(x) ≤ g ◦ h ◦ g ◦ h ◦ g(x) and
g ◦ h ◦ g ◦ h(y) ≤ g ◦ h(y) ⇐⇒ h ◦ g ◦ h ◦ g ◦ h(y) ≤ h(y).
The right hand sides are satisfied because of the first property above, and the other
directions of the inequalities follow from the fact that h and g are order-preserving.

Corollary A.3.3. In a Galois connection between join-semilattices, the closure Lump := g ◦ h
is a quasi-lumping.
Lemma A.3.4. In a Galois insertion, h is surjective.
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Proof. In a Galois insertion of T in S, h(g(x)) = x for all x ∈ T . Hence for any x ∈ T , there
exists an element y in the domain S of h such that h(y) = x, namely y = g(x).
Remark A.3.5 (Composition of Galois connections). If (g1 , h1 ) is a Galois connection between
(R, ≤) and (S, ≤) and (g2 , h2 ) is a Galois connection between (S, ≤) and (T, ≤), then the composition (g2 ◦ g1 , h1 ◦ h2 ) is a Galois connection between (R, ≤) and (T, ≤). If they were both
Galois insertions, then the composed connection is also a Galois insertion.

A.4

Quotient spaces

We can now look at equivalence classes, quotient spaces and their relation to semilattice lumpings and Galois connections. In particular, we will prove a general proposition that will be
invoked in proofs in later appendices.
For completeness, we first define equivalence relations, equivalence classes and quotient
spaces.
Definition A.4.1 (Equivalence class and quotient space). Let S be a set. An equivalence
relation ∼ on S is a binary relation that is reflexive, transitive and symmetric. Equivalence
classes induced by an equivalence relation are the sets [x] := {y ∈ S : x ∼ y}. The quotient
space of S under the equivalence relation ∼ is defined as the set of all equivalence classes,
S/ ∼:= {[x], x ∈ S}.
A particular way to construct equivalence classes on semilattices is by means of functions:
namely, one can group all elements into an equivalence class for which the outcomes of applying
a particular function to them coincide.
Definition A.4.2 (Induced equivalence relations). Let (S, ≤) and (T, ≤) be two joinsemilattices and let f : S → T . We define the equivalence relation induced by f as
x ∼ y ⇐⇒ f (x) = f (y).
When an equivalence relation is induced by a lumping or quasi-lumping, one can show that
it satisfies a few interesting properties, such as the following.
Lemma A.4.3. Let (S, ≤) be a complete join-semilattice and Lump be a quasi-lumping in S.
The relation ∼ induced by Lump has the following properties:
1. [Lump(x)] = [x].
2. If x ∼ y, then Lump(x) ∨ y = Lump(x); more generally

W

y∈[x] y

= Lump(x).

3. ∼ is cumulative, that is, x ∼ y =⇒ x ∼ x ∨ y.
If, in addition, Lump is an endomorphism (and therefore a lumping), then also
x ∼ y, w ∼ z =⇒ x ∨ w ∼ y ∨ z.
Proof. For quasi-lumpings, we have:
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1. [Lump(x)] = [x]: Since Lump is idempotent, Lump(Lump(x)) = Lump(x).
2. If x ∼ y, then y ≤ Lump(y) = Lump(x) and so
W Lump(x) ∨ y = Lump(x). In general,
since Lump(x) ∈ [x], it follows that Lump(x) ≤ y∈[x] y; the other direction follows from
the fact that Lump is inflating and ∀ y ∈ [x], Lump(y) = Lump(x).
3. If x ∼ y, then f (x) = f (y) and so
f (x) = f ◦ f (x) = f (f (x) ∨ f (y)) ≥ f (x ∨ y);
the other direction follows trivially since f is order-preserving.
For endomorphisms, we have in addition:
Since Lump is a homomorphism and x ∼ y as well as w ∼ z, Lump(x ∨ w) = Lump(x) ∨
Lump(w) = Lump(y) ∨ Lump(z) = Lump(y ∨ z).

One can now show that the quotient space under induced equivalence relations from a
semilattice lumping gives is also a semilattice, which is connected to the original semilattice by
means of a Galois insertion.
Proposition A.4.4 (Galois connection induced by a lumping or quasi-lumping). Let (S, ≤) be
a complete join-semilattice, let Lump be a quasi-lumping in S and ∼ be the equivalence relation
induced by Lump.
Then there is a Galois insertion of S/ ∼ in S defined by the pair (g, h), where
S/ ∼ → S
_
[x] 7→
y,

g:

y∈[x]

h:

S → S/ ∼
x 7→ [x].

Also, (S/ ∼, ) is a complete join-semilattice with the induced partial order
[y]  [x] :

g([y]) ≤ g([x]),

and the join
_

X := h

_

{g([x]) : [x] ∈ X }

for all non-empty X ⊆ S/ ∼.
Furthermore, Lump = g ◦ h, g is an order-embedding (and thus also a semilattice quasihomomorphism), and h is a quasi-homomorphism. If Lump is a lumping in S, then g and
h are also semilattice homomorphisms.
Finally, if (S, ≤) is a complete lattice, then so is (S/ ∼, ), with the meet defined as
^

^
X := h
{g([x]) : [x] ∈ X }
for all non-empty X ⊆ S/ ∼.
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Proof. Before we begin, observe that
g([x]) = g([y]) ⇔

_

x0 =

_

y 0 ⇔ Lump(x) = Lump(y) ⇔ [x] = [y].

y 0 ∈[y]

x0 ∈[x]

Also note that by definition, any element of S/ ∼ can be written as [x] for some x ∈ S.
First we show that h ◦ g is the identity in S/ ∼ and that g ◦ h = Lump.
1. To
W show that g ◦ h = Lump, we use the fact that Lump is inflating, g ◦ h(x) = g([x]) =
y∈[x] y = Lump(x) (Lemma A.4.3).
2. We now have h ◦ g([x]) = h(Lump(x)) = [x].
Now we show that (S/ ∼, ) is a poset:
1.  is reflexive by definition: g([x]) ≤ g([x]) ⇔ [x]  [x].
2. Transitivity of  follows from transitivity of ≤,
g([x]) ≤ g([y])
⇔

and g([y]) ≤ g([z]) =⇒ g([x]) ≤ g([z])

[x]  [y]

and

⇔

[y]  [z] =⇒ [x]  [z].

3.  is antisymmetric:
[x]  [y]

and

[y]  [x]

⇔

⇔

g([x]) ≤ g([y])

and g([y]) ≤ g([x])

⇔

g([x]) = g([y])

⇔

⇔

[x] = [y].

Note that g is an order embedding by definition of the partial order in the reduced space.
It is thus also a quasi-homomorphism. Now we show that h is order-preserving. To see that
this has to be the case, note that Lump is order-preserving because it is a semilattice quasihomomorphism. Since g is an order-embedding, now also h has to be order-preserving since
Lump = g ◦ h.
To prove that (g, h) is a Galois insertion, it remains to show that it is a Galois connection:
1. First we show that [y]  [x] =⇒ y ≤ g([x]). We have that [y]  [x] ⇐⇒ g([y]) ≤ g([x]),
so we just need to show that y ≤ g([y]). This comes directly from the definition of join in
the semilattice S.
2. Now we show y ≤ g([x]) =⇒ [y]  [x]: this directly comes from the fact that h is
order-preserving, since [y] = h(y) and h ◦ g is the identity.
Next we show that (S/ ∼, ) is indeed a complete semilattice, and that  and ∨ are related
in the usual way. Namely, we will show that for all non-empty subsets X ⊆ S/ ∼, the element
_

X := h

_

{g([x]) : [x] ∈ X }
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is indeed the least upper bound on X according to the partial order . To this end, suppose
that there is an element [y] ∈ S/ ∼ such that [x]  [y] for all [x] ∈ X . Then
[x]  [y] ∀ [x] ∈ X
⇐⇒ g([x]) ≤ g([y]) ∀ [x] ∈ X
_
⇐⇒
{g([x]) : [x] ∈ X } ≤ g([y])
_

[h order-preserving] =⇒ h
{g([x]) : [x] ∈ X }  h ◦ g([y])
_

⇐⇒ h
{g([x]) : [x] ∈ X }  [y]
_
⇐⇒
X  [y]
as required. Note that the above proofs hold analogously for the meet in a complete lattice.
If Lump is a semilattice homomorphism, furthermore for any non-empty X ⊆ S,
h (∨X) = h ◦ g ◦ h (∨X)
= h ◦ Lump (∨X)
_

[Lump homomorphism] = h
{Lump(x) : x ∈ X}
_

{g(h(x)) : x ∈ X}
=h
_
=: {h(x) : x ∈ X},
and so h is a semilattice homomorphism as well. The same then also holds for g, since for any
X ⊆ S/ ∼,
_

_

g
{[x] : [x] ∈ X } = g
{h ◦ g([x]) : [x] ∈ X }
 _

=g h
{g([x]) : [x] ∈ X }
_

= Lump
{g([x]) : [x] ∈ X }
_
=
{Lump ◦g([x]) : [x] ∈ X }
_
=
{g([x]) : [x] ∈ X } .

A.5

Commutant and bicommutant

Finally, we define the commutant and bicommutant more precisely, and show a few properties
these objects satisfy.
Definition A.5.1 (Commutant and bicommutant). Let (S, ·) be a semigroup. We say that a
and b ∈ S commute if a · b = b · a. We say that two subsets A and B of S commute if every two
elements a ∈ A, b ∈ B commute.
The commutant of a subset A ⊆ S is the set of all elements that commute with A; we denote
it A . The bicommutant or completion of A, denoted A , is the commutant of the commutant
of A. If A = A, we say that A is complete.
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Lemma A.5.2. Let (S, ·) be a semigroup. Then the following properties hold for all subsets
A, B ⊆ S:
1. A ⊆ A ;
2. if A ⊆ B, then B ⊆ A ;
3. if A = A , then A is complete;
4. A is complete; as a corollary, A is complete;
5. A ∩ B = A ∪ B ;
6. A ∪ B ⊆ A ∩ B ;
7. if A and B are complete, then A ∩ B is complete.
Proof.

1. Every a ∈ A commutes with A , so a ∈ A .

2. Every element b ∈ B commutes with B, and in particular with A, therefore b ∈ A .
3. A = A =⇒ A = A = A;
4. First we use property 1, with A = C . We obtain C ⊆ C . Then we use property 2, taking
A = C and B = C . We obtain C ⊆ C .
5. A ∩ B = {y : ay = ya, ∀a ∈ A} ∩ {y : by = yb, ∀b ∈ B} = {y : ay = ya, ∀a ∈ A ∪ B} =
A∪B ;
6. Using the second property, A, B ⊇ A ∩ B =⇒ A , B ⊆ A ∩ B =⇒ A ∪ B ⊆ A ∩ B .
7. Using property 5, we have A ∩ B = A ∩ B = A ∩ B , which is complete by property 4.
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Appendix B

Embeddings
B.1

Proofs of statements from the main text

This appendix contains proofs of some of the statements in Chapter 5 of the main text. It is
adapted from [21].

Proposition 5.2.5. [Adjoint uniquely defined] Let e : S Ω → S Σ be an intensive embedding.
Then the adjoint function h : S Σ → S Ω is uniquely defined through
[
h(VΣ ) =
{i([σ]∼ )}
σ∈VΣ

with i : Σ/ ∼ → Ω the bijection between the quotient space and Ω.
An alternative expression is given by
h(VΣ ) = {ω ∈ Ω : e({ω}) ∩ VΣ 6= 0}
for VΣ ∈ S Σ .
Proof. The formulation in terms of the equivalence class follows from the proof of Proposition 5.2.3. For the second expression, one can show that h as constructed above indeed satisfies
the requirements of an intensive embedding, that is, that
• h is a homomorphism:
h(VΣ ) = {ω ∈ Ω : e({ω}) ∩ VΣ 6= 0}
= {ω ∈ Ω : e({ω}) ∩ {ν : ν ∈ VΣ } =
6 0}
[
=
{ω ∈ Ω : e({ω}) ∩ {ν} =
6 0}
ν∈VΣ

=

[

h({ν}).

ν∈VΣ
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• e ◦ h is inflating:
e ◦ h(VΣ ) = {e(ω) : ω ∈ Ω, e({ω}) ∩ VΣ 6= 0}
n
o
[
= e(ω) : ω ∈ Ω, e({ω}) ∩ {{σ} : σ ∈ VΣ } 6= 0}
[Lemma 5.2.4] ⊇ VΣ ,
where the last line follows because each element σ ∈ Σ is also an element of e({ω}) for
some ω ∈ Ω since e(Ω) = Σ and e is a homomorphism so that
[
Σ = e(Ω) =
{e({ω}) : ω ∈ Ω} .
• h ◦ e = I:
h ◦ e(VΩ ) = {ω ∈ Ω : e({ω}) ∩ e(VΩ ) 6= 0}
n
o
[
= ω ∈ Ω : e({ω}) ∩ {e({ν}) : ν ∈ VΩ } =
6 0
[Lemma 5.2.4] = VΩ ,
where the last line follows because e maps different elements in Ω to disjoint sets in S Σ .
It is left to show that this function h is really unique. To this end, imagine that there was a
function h0 : S Σ → S Ω that is also adjoint to e. But then, because h and h0 are homomorphisms
and |h0 ({σ})| = 1 = |h({σ})|, in order for h0 and h to be different functions there must be one
element σ ∈ Σ for which h({σ}) 6= h0 ({σ}). But then one obtains a contradiction between the
fact that e ◦ h and e ◦ h0 are inflating, and the fact that e maps different singletons in S Ω to
disjoint subsets:
e ◦ h({σ}) ⊇ {σ}
[Lemma 5.2.4] =⇒ e ◦ h0 ({σ}) + {σ}.

Proposition 5.2.6. [Embedding uniquely defined] Let e : S Ω → S Σ be an intensive embedding
with its adjoint function h : S Σ → S Ω . Then e is also uniquely defined in terms of its adjoint
through the homomorphism built from
e({ν}) = {σ ∈ Σ : h({σ}) = {ν}}
for ν ∈ Ω.
Proof. Since h is an adjoint of an intensive embedding, h◦e = 1 implies that for any embedding
e for which h is adjoint, h ◦ e({ν}) = {ν} for all ν ∈ Ω and so
e({ν}) ⊆ {σ ∈ Σ : h({σ}) = {ν}}.
To see the other direction, VΣ ⊆ e ◦ h(VΣ ) for all VΣ ∈ S Ω implies that
{σ ∈ Σ : h({σ}) = {ν}} ⊆ e ◦ h({σ ∈ Σ : h({σ}) = {ν}}) = e({ν}).
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Lemma 5.2.4. [Properties of intensive embeddings] An intensive embedding e : S Ω → S Σ and
its associated adjoint function h satisfy the following properties:
• |h({σ})| = 1 for all σ ∈ Σ,
• h is surjective, that is, for all VΩ ∈ S Ω , VΩ = h(VΣ ) for some (usually not unique)
VΣ ∈ S Σ ,
• e and h map Ω and Σ onto each other,
e(Ω) = Σ, h(Σ) = Ω,
• e ◦ h is an idempotent, inflating specification endomorphism.
Proof. The proofs go as follows.
• |h({σ})| = 1 for all σ ∈ Σ:
Suppose that |h({σ})| > 1. Then h({σ}) = {ω} ∪ VΩ for some ω ∈ Ω and VΩ ∈ S Ω such
that ω ∈
/ VΩ . But then, since e ◦ h is inflating and e is a homomorphism,
{σ} ⊆ e ◦ h({σ}) = e({ω} ∪ VΩ ) = e({ω}) ∪ e(VΩ ).
This implies that either {σ} ⊆ e({ω}) or {σ} ⊆ e(VΩ ). But then, because h is orderpreserving and h ◦ e = I, this implies that
h({σ}) ⊆ h ◦ e({ω}) = {ω} or h({σ}) ⊆ h ◦ e(VΩ ) = VΩ .
Hence one obtains a contradiction: by assumption neither of the two can be true — the
first would imply that the output of h is a singleton, whereas the second would imply that
ω ∈ VΩ .
• h is surjective:
For any VΩ ∈ S Ω ,
h ◦ e(VΩ ) = VΩ
and so VΩ is the output of h for the input e(VΩ ) =: VΣ ∈ S Σ .
• e and h map Ω and Σ onto each other:
That h(Σ) = Ω follows straightforwardly from the fact that h is surjective and orderpreserving and Ω and Σ are the largest elements of the two specification spaces. Then,
because e ◦ h is inflating, this implies that e(Ω) = Σ.
• e ◦ h is an idempotent, inflating endomorphism:
The function is idempotent, e ◦ h ◦ e ◦ h = e ◦ h, because h ◦ e = I. It is inflating by
definition of an intensive embedding and an endomorphism because both e and h are
homomorphisms.

Lemma B.1.1. A pair of functions (e, h) that characterizes an intensive embedding forms a
Galois insertion.
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Proof. With X and Y two specification spaces S Ω and S Σ and the partial order given by
set inclusion ⊇, the conditions one needs to prove for the functions e and h of an intensive
embedding are (Definition A.3.1)
h◦e=I
e(VΩ ) ⊇ WΣ ⇐⇒ VΩ ⊇ h(WΣ )
for all VΩ ∈ S Ω and WΣ ∈ S Σ .
The first condition is explicitly satisfied by intensive embeddings. Now, since h is orderpreserving, one finds
e(VΩ ) ⊇ WΣ
=⇒ h ◦ e(VΩ ) ⊇ h(WΣ )
=⇒ VΩ ⊇ h(WΣ ).
The other direction holds because e is order-preserving and e ◦ h(WΣ ) ⊇ WΣ for all WΣ ∈ S Σ ,
and so
VΩ ⊇ h(WΣ ) =⇒ e(VΩ ) ⊇ e ◦ h(WΣ ) ⊇ WΣ .
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Appendix C

Operational subsystems
This appendix contains proofs for propositions and theorems in Chapter 6 the main text. This
appendix is adapted from [21].
Proposition 6.4.3 (Equivalent notions of independence). Let eA : S ΩA → S Ω be an intensive
embedding. Then the following alternative definitions of independence between (eA , hA ) and a
submonoid TB ⊆ T are equivalent:
1. ∀ fB ∈ TB , V ∈ S Ω : hA ◦ fB (V ) = hA (V ).
2. ∀ fB ∈ TB , VA ∈ S ΩA : hA ◦ fB ◦ eA (VA ) = VA
3. ∀ fB ∈ TB , VA ∈ S ΩA : hA ◦ fB ◦ eA (VA ) ⊆ VA ,
4. ∀ fB ∈ TB , V ∈ S Ω : hA ◦ fB (V ) ⊆ hA (V )
Proof. One can go by steps, showing that each condition implies the subsequent one:
1 → 2: This follows because eA (VA ) ∈ S Ω for all VA ∈ S ΩA and hA ◦ eA (VA ) = VA .
2 → 3: This holds simply because equality is a stronger constraint than ⊆.
3 → 4: For each V ∈ S Ω , it holds that hA (V ) ∈ S ΩA , and V ⊆ eA ◦ hA (V ). Since all functions
are order-preserving, then given
hA ◦ fB ◦ eA (VA ) ⊆ VA ,
it indeed follows that
hA ◦ fB (V ) ⊆ hA ◦ fB ◦ eA ◦ hA (V ) ⊆ hA (V ).
4 → 1: For singletons, hA ({ω}) is a singleton, and so
∀ fB ∈ TB , ω ∈ Ω : hA ◦ fB ({ω}) ⊆ hA ({ω})
=⇒ ∀ fB ∈ TB , ω ∈ Ω : hA ◦ fB ({ω}) = hA ({ω}).
Then, because both fB and hA are homomorphisms, equality holds for arbitrary specifications V .
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Lemma 6.5.7 (Properties of the commutant). Let A, B ⊆ T be sets of functions. Then the
commutant satisfies:
1. A ⊆ B =⇒ B ⊆ A
2. A ∪ B = A ∩ B
3. A ∩ B ⊇ A ∪ B
Proof. The proof is straightforward:
1. If A ⊆ B, then all the functions that commute with all functions in B also commute with
all functions in A, and so B ⊆ A .
2. Everything that commutes with all functions in A ∪ B commutes with all functions in A
and all functions in B at the same time:
A ∪ B = {f ∈ T : f ◦ g = g ◦ f ∀ g ∈ A ∪ B}
= {f ∈ T : f ◦ g = g ◦ f ∀ g ∈ A} ∩ {f ∈ T : f ◦ g = g ◦ f ∀ g ∈ B}
=A ∩B.
3. Using the first property,
A ∩ B ⊆ A =⇒ A ∩ B ⊇ A ,
and likewise
A ∩ B ⊆ B =⇒ A ∩ B ⊇ B .
From this it follows that also
A∩B ⊇A ∪B.

Proposition 6.5.8 (Properties of the bicommutant). Let A ⊆ T be a set of transformations.
Then
1. the set A is a monoid,
2. A ⊇ A,
3. A = A .
Proof. The proof is straightforward:
1. This follows simply from the fact that the bicommutant is the commutant of the commutant, and therefore a monoid according to Proposition 6.5.6.
2. This follows trivially from the definition of the commutant: functions in A clearly commute
with functions in A , and are thus part of the bicommutant A , that is, A ⊆ A .

188

3. The “tricommutant” of a set A is equal to the commutant, because in one direction, from
the second property,
A ⊆A ,
and in the other direction
A ⊆ A =⇒ A ⊆ A
because of Lemma 6.5.7.

Theorem 6.5.10 (Lattice of subsystems). Let (S Ω , T ) be a resource theory. Then the set
Sys(T ) of complete subsystems in T forms a bounded lattice (Sys(T ), ∨, ∧, T , T ) with bottom
T (the set of transformations which commute with all others), and top T , and join and meet
defined as
A ∨ B := A ∪ B
A ∧ B := A ∩ B.
Furthermore,
B ⊆ A =⇒ A ∧ B = T .
Subsystems A, B for which B ⊆ A are said to be independent.
Proof. This theorem follows in fact directly from Proposition A.4.4 since the bicommutant is a
semilattice lumping. However, for completeness we include a different, more explicit, proof here,
which may be easier to follow. First, note that A ∨ B ∈ Sys(T ), T ∈ Sys(T ) and T ∈ Sys(T ) by
construction (this follows from Proposition 6.5.8), and that indeed T ∨ A = A and A ∧ T = A
because T ⊆ A ⊆ T for all A ∈ Sys(T ). To see why A ∧ B ∈ Sys(T ), note that
A ∩ B = A ∩ B [A, B complete]
[Lemma 6.5.7] = A ∪ B
[Prop. 6.5.8] = A ∪ B
[Lemma 6.5.7] = A ∩ B
[A, B complete] = A ∩ B .
Then, one needs to show the following properties of the binary operations ∨ and ∧:
1. Commutative:
A∨B =A∪B =B∪A =B∨A
A ∧ B = A ∩ B = B ∩ A = B ∧ A.
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2. Associative:


A ∨ (B ∨ C) = A ∨ B ∪ C


=A∪ B∪C
[Lemma 6.5.7] = A ∩ B ∪ C
[Prop. 6.5.8] = A ∩ B ∪ C
[Lemma 6.5.7] = A ∩ B ∩ C

= A ∩B ∩C
= ...
= (A ∨ B) ∨ C
and
A ∧ (B ∧ C) = A ∩ (B ∩ C)
= (A ∩ B) ∩ C
= (A ∧ B) ∧ C.
3. Absorption:
A ∨ (A ∧ B) = A ∪ (A ∩ B)
=A
and
A ∧ (A ∨ B) = A ∩ (A ∪ B )
=A
because A ∪ B ⊇ A and so by repeated application of Lemma 6.5.7 also A ∪ B ⊇ A = A.
Finally, it is left to show that
B ⊆ A =⇒ A ∧ B = T .
By definition of T ,
T = A ∩ A = A ∩ A = A ∧ A,
and so clearly
B ⊆ A =⇒ A ∧ B ⊆ T .
The other direction then follows from the fact that T is the bottom of the lattice, T ⊆ A, B
for all subsystems A and B.
Note that the definition of independent subsystems is symmetric,
B ⊆ A ⇐⇒ A ⊆ B .
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Appendix D

Applications: secrecy
D.1

Constructing secret embeddings

We will now see how, analogously to the construction of local embeddings (Definition 6.5.1),
one can derive embeddings for which a given monoid TS is secret. For simplicity, consider here
a resource theory in which transformations map states to states, |g({ω})| = 1 for all g ∈ T and
ω ∈ Ω.
Proposition D.1.1 (Constructing secret embeddings). Let (S Ω , T ) be a resource theory in
which |g({ω})| = 1 for all g ∈ T , let TS , TB ⊆ T be two monoids of transformations, and let
f ∈T.
Then the smallest equivalence class ∼S on Ω for which the corresponding embedding hB satisfies
secrecy from TS in the presence of f ,
hB ◦ fB ◦ f ◦ fB0 ◦ gS (V ) = hB ◦ fB ◦ f ◦ fB0 (V ),
for all V ∈ S Ω , gS ∈ TS , fB ∈ TB , is built as follows:
Define the relation ∼ on Ω as
ρ ∼ σ ⇐⇒ ∃ fS , gS ∈ TS s.t. fS ({ρ}) = gS ({σ}).
Then define another relation ∼0 as


ρ ∼ σ or
0
ρ ∼ σ ⇐⇒ ∃ ρ0 , σ 0 ∈ Ω, fB ∈ TB s.t. {ρ} = fB ({ρ0 }), {σ} = fB ({σ 0 }), ρ0 ∼ σ 0 or

 0 0
∃ ρ , σ ∈ Ω, fB , fB0 ∈ TB s.t. {ρ} = fB ◦ f ◦ fB0 ({ρ0 }), {σ} = fB ◦ f ◦ fB0 ({σ 0 }), ρ0 ∼ σ 0 .
Finally, the relation ∼S on Ω is the transitive closure of ∼0 , namely through
ρ ∼S σ ⇐⇒ ∃n ∈ N, τ1 , . . . , τn ∈ Ω s.t. ρ ∼0 τ1 , τ1 ∼0 τ2 , . . . , τn ∼0 σ.
Proof. Both the relation ∼ and ∼0 are by construction reflexive and symmetric. The relation
∼S is then by construction also transitive, and thus constitutes an equivalence relation. The
relation ∼S furthermore gives rise to the smallest embedding which satisfies secrecy in the
presence of f :
{ω} = gS ({ρ}) =⇒ ρ ∼S ω
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and by construction then also
hB ◦ fB ◦ f ◦ fB0 ◦ gA ({ω}) = hB ◦ fB ◦ f ◦ fB0 ({ω})
and
hB ◦ fB ◦ gS ({ω}) = hB ◦ fB ({ω})
for all ω ∈ Ω, fB , fB0 ∈ TB , gS ∈ TS .
In the case of commuting functions, the construction simplifies as follows.
Proposition D.1.2. In the case of commuting TA , TB ⊆ T , the equivalence relation ∼S constructed in Proposition D.1.1 that gives rise to secrecy in the presence of f simplifies accordingly
and can be constructed as follows.
Define the relation ∼ on Ω as
ρ ∼ σ ⇐⇒ ∃ fS , gS ∈ TS s.t. fS ({ρ}) = gS ({σ}).
Then define another relation ∼0 as
(
ρ ∼ σ or
ρ ∼0 σ ⇐⇒
∃ ρ0 , σ 0 ∈ Ω, fB ∈ TB s.t. {ρ} = fB ◦ f ({ρ0 }), {σ} = fB ◦ f ({σ 0 }), ρ0 ∼ σ 0 .
Then, the relation ∼S on Ω is the transitive closure of ∼0 , namely through
ρ ∼S σ ⇐⇒ ∃ n ∈ N, τ1 , . . . , τn ∈ Ω s.t. ρ ∼0 τ1 , τ1 ∼0 τ2 , . . . , τn ∼0 σ.
If in addition f = I, the relation ∼S simplifies to
ρ ∼S σ ⇐⇒ ∃ n ∈ N, τ1 , . . . , τn ∈ Ω s.t. ρ ∼ τ1 , τ1 ∼ τ2 , . . . , τn ∼ σ
with ∼ as above. This recovers the statement of Proposition 6.5.2.
Proof. In case functions in TA and TB commute, it is easy to see that
ρ ∼ σ ⇐⇒ ∃ fS , gS ∈ TS s.t. fS ({ρ}) = gS ({σ})
=⇒ ∃ fS , gS ∈ TS s.t. fB ◦ fS ({ρ}) = fB ◦ gS ({σ})
⇐⇒ ∃ fS , gS ∈ TS s.t. fS ◦ fB ({ρ}) = gS ◦ fB ({σ})
⇐⇒ fB ({ρ}) ∼ fB ({σ})
for all fB ∈ TB . This implies the respective simplifications of the relation ∼B .
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Appendix E

Currencies
This Appendix is adapted from [22]. Throughout this Appendix, I will assume composition of
target and currency resources in terms of set intersection ∩, and that Ω ∈ C, S. Then, naturally
stage II currencies are also stage I.
Furthermore, I will use the notation csup := supC∈C Val C and the convention Val Ω = 0.

E.1

Fairness

In this section, we will analyse the two directions of fairness and their implications separately,
and we will motivate when to expect fairness in a currency. Most interestingly, fairness guarantees a unique notion of balance which can be related to the cost and yield of the resources
involved, but even if it does not hold, or only holds in one direction, meaningful results can be
derived.
Now, for both directions of fairness, the starting point is the same: suppose that we have
resources V and W in the target, and we can perform the transformation
(V, C1 ) → (W, C2 )
for some currency C1 , C2 ∈ C, with
∆ := Val(C2 ) − Val(C1 ).
Fairness then determines what happens if we start from a different currency C3 . Namely, if the
theory is good for the rich, it means that if C3 is more valuable than C1 , we can always find a
final C4 ∈ C with the same difference Val(C4 ) − Val(C3 ) = ∆ that achieves the transformation
(V, C3 ) → (W, C4 ) (and vice-versa: we can first fix C4 with Val C4 ≥ Val C2 and look for an
appropriate C3 ).
On the other hand, if the theory is good for the poor, it means that if the initial currency
C3 is less valuable than C1 , we can again always find a C4 ∈ C with the same difference
Val(C4 ) − Val(C3 ) = Val(C2 ) − Val(C1 ) that achieves the transformation (V, C3 ) → (W, C4 )
(and also vice-versa: we can first fix C4 with Val C4 ≤ Val C2 and look for an appropriate C3 ).
Fairness now means that the theory is both good for the rich and good for the poor, and it
guarantees that, within suitable bounds, whether or not a transformation can be facilitated with
currency in the wallet only depends on the difference in value between initial and final currency
resource, but not on the absolute values of currency in the wallet. In terms of composition
defined as set intersection, one arrives at the following formal definition for fairness.
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Definition E.1.1 (Fair currency). A currency C with target S and value function Val : C → R+
is called fair if for any C1 , C2 ∈ C with ∆ := Val(C2 ) − Val(C1 ) and V, W ∈ S such that
V ∩ C1 → W ∩ C2 ,
the following holds:
1. for any C3 ∈ C with −∆ ≤ Val(C3 ) < csup − ∆, there exists a C4 ∈ C such that
V ∩ C3 → W ∩ C4
and Val(C4 ) − Val(C3 ) = ∆.
2. for any C4 ∈ C with ∆ ≤ Val(C4 ), there exists a C3 ∈ C such that
V ∩ C3 → W ∩ C4
and Val(C4 ) − Val(C3 ) = ∆.
We say that a currency is good for the rich (having less does not help) if the above two conditions
hold for Val(C3 ) ≥ Val(C1 ) and Val(C4 ) ≥ Val(C2 ) respectively.
Similarly, we call a currency good for the poor (having more does not help) if they hold for
Val(C3 ) ≤ Val(C1 ) and Val(C4 ) ≤ Val(C2 ).
Looking at the boundaries from fairness more precisely, we see that the left-hand ones,
−∆ ≤ Val(C3 ) and ∆ ≤ Val(C4 ), simply make sure that the values of C3 and C4 are not too
low, e.g. so that one can actually afford the transformation with C3 . The right-hand condition
Val(C3 ) < csup − ∆ concerns large currency values and transformations that allow us to extract
extra currency: it makes sure that one does not hit the top boundary of the currency (if it
exists).

E.1.1

Having less does not help

Let us now discuss the implications of a currency that is good for the rich. For such a currency,
having less does not help — there are no discounts for the poor, and so the balance of a
transformation cannot decrease just because one has access to more currency.
Proposition E.1.2 (Balance non-decreasing with available currency). Let C be a currency that
is good for the rich. Then, for C3 within the bounds specified by fairness in Definition E.1.1,
Val(C1 ) ≤ Val(C3 ) =⇒ Balance(V → W |C1 )C ≤ Balance(V → W |C3 )C .
Proof. If the currency is good for the rich, then if Val(C1 ) ≤ Val(C3 ), anything that can be
implemented with C1 can also be implemented with C3 while inducing the same difference in
value on the currency (within the bounds specified by Definition E.1.1). But then from the
expression for the balance in Definition 8.2.18,
Balance(V → W |C1 )C := sup {Val C2 − Val C1 : V ∩ C1 → W ∩ C2 },
C2 ∈C

194

it follows that
Balance(V → W |C1 )C ≤ Balance(V → W |C3 )C .

In many familiar resource theories, currency resources can be composed to yield resources
of higher value, such as an increasing number of Bell pairs in LOCC or a higher number of
coins in real life. When these individual resources can be acted upon without disturbing the
others, we can always ignore some of the currency and bring it back after the transaction. In
these cases, more currency can never make a transaction more expensive; if anything, it can
be cheaper when having access to more. Formally, what guarantees fairness in this direction
in such cases is a condition of independence, like the one we introduced between currency
and target, but extended to individual subsystems within the currency. For example, this is
implied when currency resources are seen as a collection of objects in the paradigm of symmetric
monoidal categories (one can understand copies of Bell pairs in LOCC as an example, see
e.g. [2]). 1 In resource-theoretical approaches to macro and microscopic thermodynamics we
also find this condition: it is expressed through the composition axiom in Ref. [12], and is
assumed in some models for quantum thermodynamics where work is stored in pure states on
a number of individual qubits [32]. In fact, because this assumption is so common in resource
theories, it is rarely questioned or exposed in this way. However, this framework for resource
theories can work with more general currencies than tensor product copies of individual states,
and so one needs to check this aspect of fairness explicitly for the resources at hand.

E.1.2

Having more does not help

In a theory that is good for the poor, having more does not help — there are no discounts for
the rich. The balance of a transformation can then not increase given access to more currency.
Proposition E.1.3 (Balance non-increasing with available currency). Let C be a currency that
is good for the poor. Then for C3 within the bounds specified by fairness in Definition E.1.1,
Val(C1 ) ≥ Val(C3 ) =⇒ Balance(V → W |C1 )C ≤ Balance(V → W |C3 )C .
Proof. If the currency is good for the poor, then if Val(C1 ) ≥ Val(C3 ), anything that can be
done with C1 can also be implemented with C3 (within the bounds specified by Definition E.1.1).
But then from the expression for the balance in Definition 8.2.18 it follows that
Val(C1 ) ≥ Val(C3 ) =⇒ Balance(V → W |C1 )C ≤ Balance(V → W |C3 )C .

Operationally, this direction of fairness makes sure that transformations are not easier to
implement just because one has access to more currency — that is, the currency does not act
like a catalyst. This would be guaranteed for example in a theory in which one is always able
to ‘borrow’ extra currency for free. Since this is in general not the case (for example due to
finite-size effects), fairness in this direction is more common to fail than in the other.
1

Then, transformations are defined on individual objects and when two objects A, B are composed, local transformations f, g can also be combined and applied to the composed object such that (f (A), g(B)) = (f, g)(A, B)
(see e.g. [110]). Choosing one of the functions as the identity, this ensures that we can put extra currency on the
side for the purpose of a transformation and re-introduce it again later.
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E.1.3

Both directions

Fairness guarantees that, within suitable bounds, whether or not a transformation can be facilitated by means of some currency only depends on the difference in value between initial and
final currency resource, but not on their absolute values. This of course implies that the balance
of a resource transformation only depends on this difference and not on the available currency
C in the wallet, as stated in the following proposition.
Proposition E.1.4 (Fairness: balance is independent of available currency). Let (S Ω , T ) be a
resource theory equipped with a fair currency C for a target S. Then, for any two resources
V, W ∈ S and all C, C 0 ∈ C within suitable bounds (as specified by fairness),
Balance(V → W |C)C = Balance(V → W |C 0 )C ,
and we can define
Balance(V → W )C := sup Balance(V → W |C)C
C∈C

as the unique balance of the transformation from V to W in terms of the currency (up to
boundary effects).
Proof. It follows directly from Propositions E.1.2 and E.1.3 that for any two resources V, W ∈ S
and all C, C 0 ∈ C, within suitable bounds (as specified by fairness)
Balance(V → W |C)C = Balance(V → W |C 0 )C .
Then, since the balance of transforming V into W always exists for some initial C (at worst, it
corresponds to the cost of W ), the quantity
Balance(V → W )C := sup Balance(V → W |C)C
C∈C

is always well-defined.
The cost and the yield of resources are then related to this new single notion of balance.
Firstly, we can express the cost and yield of resources in terms of the balance as follows.
Theorem E.1.5 (Cost and yield in terms of balance, for fair currencies). Let (S Ω , T ) be a
resource theory equipped with a fair currency C for a target S. Then, for any resource V ∈ S,
Cost (V )C = − Balance(Ω → V )C ,
Yield (V )C = Balance(V → Ω)C .
Proof. To show the first statement, note that Ω ∈ C and so for any C ∈ C and V ∈ S,
Cost (V )C := inf (Val(C) : C → V )
C∈C

[fairness] = inf0 (Val(C) − Val(C 0 ) : C → V ∩ C 0 )
C,C ∈C

= − Balance(Ω → V )C .
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For the second statement, note that Ω is the least valuable currency resource, and Yield (V )C ≥
0. This means that boundary conditions are not relevant and so fairness guarantees that
Yield (V )C = Balance(V → Ω|Ω)C = Balance(V → Ω)C .

Secondly, one can also relate the balance for an arbitrary resource transformation to the
yield and cost of the initial and final resource respectively.
Theorem E.1.6 (Balance bounds in terms of cost and yield, for fair currencies). Let there be
a resource theory with a fair currency C for a target S. Then for any V, W ∈ S and δ > 0 a ,
Balance(V → W )C ≥ Yield (V )C − Cost (W )C − δ.
If the currency is tight for resources V, W , furthermore
Balance(V → W )C = Yield (V )C − Cost (W )C = Cost (V )C − Cost (W )C .
a

when the cost and yield are achievable, one can actually set δ = 0

Proof. This proof is split as follows:
1. General fair currency
(a) Case Cost (W )C < Yield (V )C
(b) Case Cost (W )C ≥ Yield (V )C
2. Tight currency
(a) Case Balance(V → W )C > 0
(b) Case Balance(V → W )C ≤ 0
Before we dive in, note that since the cost is defined as Cost (W )C = inf C∈C {Val(C) : C →
W }, there will be a currency element C ∈ C such that Val(C) = Cost (W )C + ε for an arbitrarily
small ε > 0 and C → W (or ε = 0 if the cost may is attainable). The same reasoning holds for
the yield and balance. For fair currencies, these quantities are all attainable and as such ε = 0.
1. General fair currency.
(a) Case Cost (W )C < Yield (V )C
In this case, there exist elements Cy , Cc ∈ C such that V → Cy → Cc → W and
Yield (V )C ≥ Val(Cy ) > Val(Cc ) ≥ Cost (W )C ,
with Val(Cy ) = Yield (V )C − ε and Val(Cc ) = Cost (W )C + ε0 for some arbitrarily
small ε, ε0 > 0 (if Yield (V )C and Cost (W )C are achievable, ε, ε0 = 0 respectively).
Then, by fairness, there exists another currency resource Cα such that V → Cy →
W ∩ Cα and
0 < Val(Cα ) = Val(Cy ) − Val(Cc )
= Yield (V )C − ε − (Cost (W )C + ε0 ).
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One obtains for the balance
Balance(V → W )C = sup {Val(C) − Val(C 00 ) : C 00 ∩ V → C ∩ W }
C,C 00

≥ Val(Cα ) = Yield (V )C − Cost (W )C − (ε + ε0 ) .
| {z }
ε̃

(b) Case Cost (W )C ≥ Yield (V )C
Let Cc ∈ C be an achievable cost value of W with Cc → W and Val(Cc ) =
Cost (W )C + ε for arbitrarily small ε > 0 (or again ε = 0 in the case of achievability). Then, due to fairness,
Yield (V )C = Balance(V → Ω)C
= sup{Val(Cc ) − Val(C 00 ) : C 00 ∩ V → Cc ∩ Ω}
C 00

= Val(Cc ) − Val(C 0 ) + ε0
for some C 0 ∈ C such that C 0 ∩ V → Cc and for an arbitrarily small (or zero in case
of achievability) ε0 . But then one can implement V ∩ C 0 → Cc → W , and so
Balance(V → W )C ≥ − Val(C 0 ) = Yield (V )C − Cost (W )C − ε − ε0
for arbitrarily small ε, ε0 > 0 (or ε, ε0 = 0 in case of achievability).
2. Currency is tight for V and W .
Note that in this case, the yield and cost are attainable.
(a) Case Balance(V → W )C > 0
In this case
Balance(V → W )C =

sup (Val C1 − Val C2 : V ∩ C2 → W ∩ C1 )
C1 ,C2 ∈C

[fairness, Balance(V → W )C > 0] = sup (Val C1 : V → W ∩ C1 )
C1 ∈C

[Cost (W )C = Yield (W )C ] = sup (Val C − Cost (W )C : V → C)
C∈C

= Yield (V )C − Cost (W )C ,
where the third line uses that for a fair currency that is tight for W , W ∩ C1 ↔ C
when Val C = Val C1 + Cost (W )C .
(b) Case Balance(V → W )C ≤ 0
In this case,
Balance(V → W )C =

sup (Val C2 − Val C1 : V ∩ C1 → W ∩ C2 )
C1 ,C2 ∈C

[fairness, Balance(V → W )C ≤ 0] = sup (− Val C1 : V ∩ C1 → W )
C1 ∈C

[Cost (V )C = Yield (V )C ] = sup (− Val C + Yield (V )C : C → W )
C∈C

= Yield (V )C − Cost (W )C ,
where the third line uses that V ∩ C1 ↔ C with Val C = Val C1 + Yield (V )C .
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E.2
E.2.1

Pathological cases
Main ideas and statements

Here the aim is to get a better understanding of pathological resources, that is resources for
which Balance(V → V |C)C > 0 for some C ∈ C, and see why such resources cannot exist if the
currency is fair. To this end, it is instructive to weaken the definition of currencies by dropping
monotonicity of value, that is, to allow for two currency resources C1 and C2 that C1 → C2 even
though Val C1 < Val C2 . This allows for a more precise study on how pathological resources can
help to generate more from less currency and when one can use them — under such a relaxed
currency, one may also get resources V ∈ S for which Cost (V )C < Yield (V )C . In the end, note
that one can recover the full order (up to equivalences) on the currency by “renormalizing” the
value function, that is, by identifying all the values of inter-convertible currency resources, thus
guaranteeing monotonicity of value and eliminating resources with Cost (V )C < Yield (V )C .1
Let us now look at the impact of fairness in one or both directions on resources V with
Balance(V → V |C)C > 0
for some C ∈ C, as well as their relation to resources for which Cost (V )C < Yield (V )C . We
will also discuss what happens if we put back in monotonicity of value, and when this leads
to a contradiction, that is, when the theory excludes pathological resources with Balance(V →
V |C)C > 0.
Fairness in one direction
Good for the rich. In a stage II currency that is good for the rich, it turns out that if
there are resources for which Balance(V → V |C)C > 0, then the theory allows the agent to
generate arbitrary amounts of currency as soon as the agent has access to V and C. More
precisely, one can show that if Balance(V → V |C)C > 0 for some V ∈ S and C ∈ C, the theory
essentially becomes trivial after a threshold of having access to V and C, in the sense that
(Proposition E.2.1)
Balance(V → V |C)C ≈ csup − Val C.
This also means that if one would put back in monotonicity of value at this point (as long as
the currency is not also fair in the other direction, one may do this), one would get that the cost
of such a resource V together with C would essentially have to reach the top of the currency
(Proposition E.2.2),
Cost (V )C & csup − Val C.
This is because when one has enough currency to buy the resource V and still keep the currency
C on the side, then one could generate arbitrary amounts of currency, so the theory needs to
make sure that Cost (V )C + Val(C) essentially already corresponds to the highest possible value
in the currency.
Finally, one can also look at how this relates to resources for which Cost (V )C < Yield (V )C
(if one were to allow them). One can show that if the theory is good for the rich, then
Cost (V )C < Yield (V )C =⇒ Balance(V → V |C)C > 0
1

In fact, monotonicity of value is not essential for most of the proofs in the currency chapter. One could also
start from a weaker (if less intuitive) definition of currency without a monotonous value, and check when that
becomes relevant.
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for all currency resources C ∈ C (Proposition E.2.3). In particular Balance(V → V |Ω)C > 0,
which would imply that
Yield (V )C ≈ csup .
Good for the poor. When the currency is good for the poor, one can show that a resource
for which Balance(V → V |C)C > 0 for some C ∈ C must also satisfy Yield (V )C > Cost (V )C .
Namely, one gets from Balance(V → V |C)C > 0 that (Proposition E.2.4)
Yield (V )C ≥ Balance(V → V |C)C > 0 = Cost (V )C .
This of course would directly contradict the order on the currency as shown in Proposition 8.2.7,
and so one may not reintroduce monotonicity here without obtaining a contradiction (see below).
Fairness in both directions
For a currency that is fair in both directions, one can show that (Corollary E.2.5)
Cost (V )C < Yield (V )C ⇐⇒ Balance(V → V )C > 0.
If such a resource exists, one can furthermore see that the theory becomes essentially trivial,
because
Cost (V )C = 0

and

Yield (V )C = Balance(V → V )C = csup

for any target resource V ∈ S (Corollary E.2.6). Since such a theory allows the agent to generate
arbitrary money for free like king Midas (because in particular Balance(Ω → Ω)C > 0), we call
such a pathological theory a Midas theory and the resource V a Midas resource.
As fair theories are in particular good for the poor, it is easy to see that one obtains a
contradiction when introducing back the monotonicity on value into the currency. Namely, all
currency resources are inter-convertible, and one would have to set the value of all to be equal
— but then one could not get Cost (V )C > Yield (V )C or Balance(V → V )C > 0 in the first
place.

E.2.2

Formal statements and proofs

Having less does not help (good for the rich)
Proposition E.2.1 (Pathological case I). Let C be a currency that is fair for the rich. Then,
if the theory has a pathological resource V ∈ S such that Balance(V → V |C)C > 0 for some
C ∈ C, then
csup − Val(C) ≥ Balance(V → V |C)C ≥ csup − Val(C) − α
for some margin α that corresponds to the difference between C and the next higher currency
resource C 0 a , α = Val(C 0 ) − Val(C).
a

if there is no one next higher resource, one can choose a resource arbitrarily close to C

Proof. Let Balance(V → V |C)C > 0. Then for the next higher resource C 0 ∈ C
α := Val(C 0 ) − Val(C) > 0
2

if there is no one next higher resource, one may choose a resource arbitrarily close to C
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2

with

it holds that
V ∩ C → V ∩ C 0.
But then, since the currency is good for the rich, this can be repeated starting from C 0 and all
higher values above until one reaches the top of the currency (as one can go in steps of α, the
top means csup − α), and so
Balance(V → V |C)C ≥ csup − Val(C) − α.
In the special case where csup = ∞, note that by the same rationale as above one can reach any
resource in the currency, and so in this case Balance(V → V |C)C = csup − Val(C) = ∞.
Finally, note that the balance starting from C is trivially upper bounded by csup − Val(C)
or else one could exceed the currency limit by performing the operation, that is, trivially
csup − Val(C) ≥ Balance(V → V |C)C .

Proposition E.2.2 (Cost reaches the top). In a resource theory with a currency C ∈ C that is
good for the rich, a resource V ∈ S such that Balance(V → V |C)C > 0 for some C ∈ C satisfies
Cost (V )C ≥ csup − Val C − β
for some β ≥ α + ε + ε0 with α as in Proposition E.2.1 and ε, ε0 > 0 arbitrarily small (they can
be set to ε, ε0 = 0 when the Cost (V )C and csup are achievable).
Proof. Let Cc be a resource such that
Cc → V
and Val(Cc ) = Cost (V )C + ε for some arbitrarily small ε > 0, or ε = 0 when the cost of V is
achievable. Then, because the theory is fair for the rich, if Val(Cc ) + Val C < csup then there is
a resource C 0 ∈ C such that
C0 → C ∩ V
and Val(C 0 ) = Val(Cc ) + Val(C). But then one can use the fact that
Balance(V → V |C)C ≥ csup − Val(C) − α
to see that (unless csup = ∞) then in fact
C 0 → V ∩ C → V ∩ C 00
for some C 00 ∈ C satisfying
Val(C 00 ) ≥ csup − α − ε0
for arbitrarily small ε0 > 0 (or ε0 = 0 if csup is achievable by a currency resource). But then since
in particular C 0 → C 00 , one must have that Val(C 0 ) ≥ Val C 00 and so Val(C 0 ) ≥ csup − α − ε0 .
But then
Cost (V )C + ε + Val(C) = Val(Cc ) + Val(C) = Val(C 0 ) ≥ csup − α − ε0
and so
Cost (V )C ≥ csup − Val(C) − α − ε − ε0 .
Finally, if csup = ∞ then it has to be the case that also Cost (V )C = ∞, because otherwise one
could follow the rationale above, and starting from Cc generate arbitrarily large currency values
larger than Val(Cc ), which together with the monotonicity of value yields a contradiction.
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Proposition E.2.3 (Resources with smaller cost than yield). In a theory with a currency C
that is good for the rich, for any resource V ∈ S
Cost (V )C < Yield (V )C
=⇒ Balance(V → V |C)C > 0
for all C ∈ C. Furthermore, if Cost (V )C < Yield (V )C , then also
Yield (V )C ≥ csup − α
for α equal to the value of the smallest currency above 0 a .
a

if there is no one smallest, one may choose one arbitrarily close to zero

Proof. Let V be a resource such that Cost (V )C < Yield (V )C . Then there are currency resources
Cc , Cy ∈ C with achievable cost and yield values such that
Cost (V )C ≤ Val Cc < Val Cy ≤ Yield (V )C
and
Cc → V, V → Cy
are possible processes. But then, because anything that can be done with Cc can still be done
with Cy , in particular, one can buy V and have some currency resource left over. This means
that there is also a currency resource Cε with Val Cε = ε = Val Cy − Val Cc > 0 such that
V → Cy → V ∩ Cε
is a possible process.
Then clearly Balance(V → V |Ω)C ≥ ε > 0 and so because the currency is fair for the rich,
Balance(V → V |C)C ≥ ε > 0
for all C ∈ C.
Furthermore, due to Proposition E.2.1 and Val(Ω) = 0, then in fact
Balance(V → V |Ω)C ≥ csup − α
for α equal to the value of the smallest currency value above 0 (if there is no one smallest, it
could be any arbitrarily small resource). But then
Yield (V )C ≥ Balance(V → V |Ω)C ≥ csup − α.

Having more does not help (good for the poor)
Proposition E.2.4 (Pathological case II). Let C be a currency that is fair for the poor. Then
for pathological resources V such that Balance(V → V |C)C > 0 for some C ∈ C,
Yield (V )C ≥ Balance(V → V |C)C > 0 = Cost (V )C .
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Proof. We will first show that if the currency is good for the poor and Balance(V → V |C)C > 0
for some C ∈ C, then Cost (V )C = 0.
Namely, let Cc be a currency resource such that Cc → V . But then, if Balance(V →
V |C)C > 0 for some C ∈ C, then also Balance(V → V |Ω)C > 0 due to fairness for the poor.
This means that there is a Cε with Val Cε = ε > 0 such that one finds
Cc → V → V ∩ Cε .
Hence, because the theory is good for the poor in fact there is a resource Cc0 ∈ C with Val Cc0 =
Val Cc − ε such that
Cc0 → V.
One can repeat the argument many times until one reaches Val(Cc0 ) < ε. In this case Balance(Ω →
V |Cc0 )C > 0 and so clearly also Cost (V )C = 0.
To see that Yield (V )C ≥ Balance(V → V |C)C , again use that Balance(V → V |Ω)C ≥
Balance(V → V |C)C > 0, and also that V → V ∩ C 0 is more difficult to perform than V → C 0
for any V and C 0 — so trivially Yield (V )C ≥ Balance(V → V |C)C .

Both directions
Corollary E.2.5 (Pathological resources in a Midas theory). In a theory with a fair currency,
for any resource V in the target
Cost (V )C < Yield (V )C ⇐⇒ Balance(V → V )C > 0.
Proof. This follows directly from Propositions E.2.4 and E.2.3.
Corollary E.2.6. In a theory with a fair currency and a Midas resource V , it holds that
Yield (V )C ≥ csup − α
and
Balance(V → V )C ≥ csup − α
for some margin α that can be chosen as α = Val Cα for any currency resource Cα with very
small value (but above zero).
Furthermore, such a theory is essentially trivial in the sense that also
Balance(Ω → Ω)C ≥ csup − α.
Proof. The first two statements follow immediately from Proposition E.2.3 and Proposition E.2.1
by choosing C = Ω. For the last statement, note that since one can find Cc , Cy ∈ C such that
Cc → V → Cy
with Val Cc < Val Cy ,
Balance(Ω → Ω|Cc )C > 0.
But then due to fairness this is true for the unique balance,
Balance(Ω → Ω)C > 0.
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E.3

Example: unital maps

The following lemma will be used in order to determine the smooth yield of resources for unital
maps. The lemma as well as the proofs for the smooth yield themselves are adapted from [30].
Lemma E.3.1 (Equivalent smoothings in majorization). The following statements are equivalent for the majorization relation ≺ and two quantum states ρ, σ on the same system.
1. ∃ ρ0 s.t. ρ0 ≺ σ and ρ0 ∈ B  (ρ), with B  defined with respect to the trace distance,
2. ∃ σ 0 s.t. ρ ≺ σ 0 and σ 0 ∈ B  (σ), with B  defined with respect to the trace distance,
0

00

3. ∃ ρ0 , σ 0 s.t. ρ0 ≺ σ 0 and ρ0 ∈ B  (ρ), σ 0 ∈ B  (σ) with 0 + 00 ≤  and B  defined with
respect to the trace distance,
Rx
Rx
4. 0 fρ (x0 ) dx0 ≥ 0 fσ (x0 ) dx0 −  ∀x ≥ 0, where fρ and fσ are the step functions of the
spectrum of ρ and σ respectively (see Chapter 2).
Proof. We shall prove this proposition in steps.
1 =⇒ 2 Note that ρ0 ≺ σ for ρ0 ∈ B  implies that there exists a unital map E such that E(ρ0 ) = σ
[25]. Since the trace distance is monotonically decreasing under general CPTP maps [93],
we automatically get that σ 0 = E(ρ) ∈ B (σ) and so ρ ≺ σ 0 ∈ B  (σ), that is, we have
shown that 1 =⇒ 2.
2 =⇒ 3 This trivially holds since we can set ρ0 = ρ (that is, 0 = 0) and 00 = .
3 =⇒ 4 To see this, note that
00

Z

0

x

σ ∈ B (σ ) =⇒

|fσ (x0 ) − fσ0 (x0 )|+ dx0 ≤ 00

0

for all x ≥ 0, where | · |+ denotes taking only the positive part of the enclosed expression,
|fσ (x0 ) − fσ0 (x0 )|+ = max(0, fσ (x0 ) − fσ0 (x0 )).
But then, since
ρ0 ≺ σ 0 =⇒

Z

x

fσ0 (x0 ) dx0 ≤

0

Z

x

fρ0 (x0 ) dx0

0

for all x we have
Z

x

0

0

Z

0

x

(fσ (x ) − fρ0 (x )) dx ≤
0

(fσ (x0 ) − fσ0 (x0 )) dx0

0

Z

x

≤

|fσ (x0 ) − fσ0 (x0 )|+ dx0

0

≤ 00 .
Similarly,
0

0

Z

ρ ∈ B (ρ ) =⇒

x

|fρ0 (x0 ) − fρ (x0 )|+ dx0 ≤ 0

0
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for all x ≥ 0, and so
Z x
Z x
(fσ (x0 ) − fρ (x0 )) dx0 =
(fσ (x0 ) − fρ0 (x0 )) + (fρ0 (x0 ) − fρ (x0 )) dx0
0
0
Z x
00
|fρ0 (x0 ) − fρ (x0 )|+ dx0
≤ +
0

≤ 0 + 00
≤
which proves that indeed 3 =⇒ 4.
4 =⇒ 1 Finally, we shall construct a state ρ0 ∈ B  (ρ) by adding  to the largest eigenvalue of ρ,
λ1 (ρ0 ) = min (1, λ1 (ρ) + ε),
and, to keep things normalized, subtracting  from the smallest eigenvalues of ρ,
λi (ρ0 ) = λi (ρ) − εi
for 1 ≤ i ≤ d with
(
min (λ
 for i = d,
 d (ρ), ε) P
εi =
d
otherwise.
min λi (ρ), ε − j=i+1 εj
Then ρ0 ∈ B  (ρ) and
Z x
fρ (x0 ) dx0 ≥
fσ (x0 ) dx0 −  ∀x ≥ 0
0
0
Z x
Z x
0
0
=⇒
fρ0 (x ) dx ≥
fσ (x0 ) dx0 ∀x ≥ 0

Z

x

0

0

=⇒ ρ0 ≺ σ.
Here, the second line follows because fρ , fσ and fρ0 are constant on the range of the largest
eigenvalue (that is, for x ∈ [0, 1)), which means that from the first line one gets
fρ (x) ≥ fσ (x) − ε for 0 ≤ x < 1.
But if we now add ε to the largest eigenvalue of ρ0 (or setting it to 1 if it would exceed 1),
this guarantees that the second line is true for all 0 ≤ x < 1, and then directly also for
all 0 ≤ x ≤ rank(σ), rank(ρ0 ) (in the case λ1 (ρ0 ) = 1, the second line follows due to the
normalization of σ). Hence we have shown that 4 =⇒ 1, and so the four definitions are
equivalent.

Proposition 8.3.9 (Smooth yield for unital maps). In the resource theory of unital maps, the
smooth yield of a resource {ρ} in terms of the currency C introduced in Proposition 8.3.1 is
given by
Yieldε ({ρ}) = log d − H0ε (ρ).
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Proof. We need to calculate
Yieldε ({ρ}) = sup (log d − log k : {ρ} → (C k )ε ).
C k ∈C

Since unital maps take input states to exact output states, this means that we need to find the
smallest k such that there exists a σ ∈ B ε (C k ) for which ρ ≺ σ. From Lemma E.3.1 above it
follows that
Πk
∃ σ ∈ B ε (C k ) s.t. ρ ≺ σ ⇐⇒ ∃ τ ∈ B ε (ρ) s.t. τ ≺
.
k
Since the output state on the left hand side is flat, this means that one needs to optimise the
rank of τ . From this one straightforwardly gets
Yieldε ({ρ}) = log d − H0ε (ρ)
as required.
Proposition 8.3.10 (Smooth yield for unital maps). Let S ⊗ W be a bipartite system with
dW ≥ dS . Then, in terms of the currency C of Proposition 8.3.4 and in the limit of large
[
currency dimension dW , the smooth yield of resources {ρ
S } ∈ S can approximate the value
1−ε
log dS − HH (ρS ) − log(1 − ε) arbitrary closely.
That is, for any δ > 0 and any target dimension dS , we can find a currency dimension dW ≥ dS
such that
1−ε
1−ε
[
(ρS ) − log(1 − ε) ≥ Yieldε ({ρ
log dS − HH
S }) ≥ log dS − HH (ρS ) − log(1 − ε) − δ.

Proof. We need to calculate
k ε
[
[
Yieldε ({ρ
S }) = sup (log dW − log k : {ρS } → (C ) ).
C k ∈C

[
First, note that under unital maps, {ρ
S } ↔ {ρS ⊗

I
dW

}. This means that

k ε
[
Yieldε ({ρ
S }) = sup (log dW − log k : {ρS ⊗ (I/dW )} → (C ) ).
C k ∈C

But now note that, for Πk the projector onto k states in W that represents the local state of
the currency C k ,
((IS /dS ) ⊗ (Πk /k))ε ↔ (C k )ε
because
((IS /dS ) ⊗ (Πk /k))ε ⊆ (C k )ε ,
and in the other direction, there is a CPTP map E that takes all states in C k to (IS /dS )⊗(Πk /k),
and the trace distance is decreasing under CPTP maps, thus
(C k )ε → ((IS /dS ) ⊗ (Πk /k))ε .
This means that in fact
k
ε
[
Yieldε ({ρ
S }) = sup (log dW − log k : ∃ τ ∈ ((IS /dS ) ⊗ (Π /k)) s.t. ρS ⊗ (I/dW ) ≺ τ ),
C k ∈C
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because the input is a singleton, and unital maps take states to states.
But now we can employ Lemma E.3.1 to take the smoothing into the input state, and so
ε
k
[
Yieldε ({ρ
S }) = sup (log dW − log k : ∃ τ ∈ (ρS ⊗ (I/dW )) s.t. τ ≺ (IS /dS ) ⊗ (Π /k)).
C k ∈C

We note that the right hand side has a flat step function of rank kdS , and so the important
quantity to optimize is the rank of ρS ⊗ (I/dW ) relative to kdS . Let us now look at the optimal
dW and k for this problem.
Allowing, for now, arbitrary real values for dW and k, we can see from Figure E.3 that the
optimal solutions are attained for d∗W , k ∗ such that the smoothing is used entirely to reduce the
rank of the “state” τ ∈ B ε (ρS ⊗ (I/d∗W )). Then we find
k ∗ dS = (a + 1)d∗W −

ε2 ∗
d
h(ε) W

with a, ε2 and h(ε) as in the figure, and so
∗

log(k dS ) − log dW



ε2
= log a + 1 −
.
h(ε)

For k, dW natural numbers, we can see that in the limit of large dW this result can be approximated to arbitrary precision, and so indeed


ε2
ε [
∗
∗
Yield ({ρS }) ≈ (log dW − log k ) = log dS − log a + 1 −
h(ε)
arbitrarily closely.
Having calculated the smooth yield, we now need to see that the smoothing employed here
1−ε
(ρS ). 1
also characterises the optimal solution for HH
1−ε
Recall the definition of 2HH (ρ) , which reads
min
s.t.

1
Tr(Q)
1−ε
Tr(Qρ) ≥ 1 − ε
Q≤1

with the corresponding dual program
Tr(X)
1−ε
s.t. αρ ≤ I + X
min α −

for positive Q, X and α.
1−ε
Now, first we will show that the solution for the yield is achievable for 2HH (ρ)+log(1−ε) . To
see this, choose the variables
Q=

a+1
X

|iihi| −

i=1

ε2
|a + 1iha + 1|
h(ε)

1
ε
The optimal solutions for the unconditional entropy HH
were also characterised in Nicola Notari’s master
thesis at ETH (which I supervised).
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ε2
1
1
and note that 1−ε
Tr(Q) = 1−ε
a + 1 − h(ε)
, and Tr(Qρ) = 1 − ε as required. If this value
can be shown to be optimal, it directly follows that to arbitrary precision,


ε2
1−ε
[
≈ log dS − Yieldε ({ρ
HH (ρ) + log(1 − ε) = log Tr(Q) = log a + 1 −
S }).
h(ε)
Hence, it is only left to show optimality. To this end, note that the dual program, with
1
h(ε)

a 
X
ρi
X=
− 1 |iihi|,
h(ε)
α=

i=1

yields the same value as our primal choice,
1
1
Tr(X)
=
−
α−
1−ε
h(ε) 1 − ε

1
h(ε)

a
X

!
ρi

!
−a

i=1



1
1
1
=
−
(1 − ε − (h(ε) − ε2 )) − a
h(ε) 1 − ε h(ε)


ε2
1
1−
+a ,
=
1−ε
h(ε)
where ρi denotes the i-th eigenvalue of ρ and we have calculated
!
a
X
ρi = 1 − ε − (h(ε) − ε2 ).
i=1

Since 0 ≤ Q ≤ I and X ≥ 0 we have picked feasible choices. Hence the solution is indeed
optimal.
Hence, for any δ > 0 and any target dimension dS , we can indeed find a currency dimension
dW ≥ dS such that
1−ε
1−ε
[
(ρS ) − log(1 − ε) ≥ Yieldε ({ρ
log dS − HH
S }) ≥ log dS − HH (ρS ) − log(1 − ε) − δ.
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Figure E.1: Strategy for the optimal smooth Yield in a stage II currency.
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Appendix F

Convexity
In this Appendix, which is adapted from [21], we explore the structure that arises from convex
state spaces for specifications. This convexity can sometimes be interpreted as probabilistic
mixtures, such as in the case of quantum mechanics. On the other hand, convexity can also
have a different meaning, such as a mixture of liquids in chemistry. Here, we shall not separate
these two cases, since they induce the same structure on state space and specification space.
In the case where convexity does represent probabilities, we introduce more formally the
notion of probabilistic equivalence and we show in which sense it can be applied. This notion
will be of particular interest for a Bayesian approach to probability.

F.1
F.1.1

General definitions and results
Convexity

Since we leave the interpretation of convex mixtures open, we do not assume a particular structure on the state space other than that it may allow for convex mixtures. This implies that we
require an approach to convexity that is more general than standard definitions based on vector
spaces. To this end, we shall define convexity solely based on a convex combination operation
satisfying a certain set of axioms. There have been several similar proposals to generalize the
concept of convexity [224–226].1 The following definition is adapted from Ref. [226].

1
See https://golem.ph.utexas.edu/category/2009/04/convex_spaces.html for a discussion. A very different approach (with some terminology clashes) is followed e.g. in Ref. [227].
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Definition F.1.1 (Convex structure [226]). A convex structure is a set Ω equipped with a map
f : [0, 1] × Ω × Ω → Ω
(p, ν, ω) 7→ fp (ν, ω)
satisfying:
1. f1 (ν, ω) = ν (extremicity),
2. fp (ν, ω) = f1−p (ω, ν) (parametric commutativity),


3. fp (fq (ν, ω) , τ ) = fp q ν, f 1−p (τ, ω) , for p q 6= 1 (parametric associativity),
1−p q

4. fp (ν, ν) = ν (idempotence).
We call fp (ν, ω) the convex mixture of the two elements, and may represent the convex structure
as (Ω, f ). A pair (Ω, f ) that satisfies all the above properties except idempotence is called a
quasi-convex structure.
A subset V ⊆ Ω of a quasi-convex structure (Ω, f ) is called a (quasi-)convex subset if
(V, fp ) is itself a (quasi-)convex structure. (In particular, V should be closed under f , that is
ν, ω ∈ V =⇒ fp (ν, ω) ∈ V, ∀ p ∈ [0, 1].)
For parametric associativity, note that for p q = 1 the second coefficient is irrelevant due to
extremicity. The usual convex vector spaces are a special case of convex structures.
Lemma F.1.2 (Convex vector spaces.). Let Ω be a subset of a real vector space such that for
any two elements ω, ν ∈ Ω and any p ∈ [0, 1], the element p ν + (1 − p) ω =: fp (ν, ω) is also in
Ω. Then (Ω, f ) is an idempotent convex structure.
Proof. We have to prove:
1. Extremicity, f1 (ν, ω) = ν.
Follows directly from the fact that 0 ω = 0 is the identity element of addition in a real
vector space, and 1 is the identity element of multiplication, so 1 ν + 0 ω = ν.
2. Commutativity, fp (ν, ω) = f1−p (ω, ν).
Follows from commutativity of addition, p ν + (1 − p) ω = (1 − p) ω + pν.


3. Associativity, fp (fq (ν, ω) , τ ) = fp q ν, f 1−p (τ, ω) , for p q 6= 1.
1−p q

We have
p(qν + (1 − q)ω) + (1 − p)τ = pq ν + p (1 − q) ω + (1 − p)τ
1 − pq
1 − pq
= pq ν +
p (1 − q) ω +
(1 − p) τ
1 − pq
1 − pq


1−p
p (1 − q)
= pq ν + (1 − pq)
τ+
ω
1 − pq
1 − pq


 
1−p
1−p
= pq ν + (1 − pq)
τ + 1−
ω ,
1 − pq
1 − pq
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where we used distributivity, commutativity of addition, and the identity element of multiplication—we can see you rolling your eyes.
4. Idempotence, fp (ν, ν) = ν.
Follows from distributivity of scalar multiplication with respect to vector addition, p ν +
(1 − p) ν = (p + 1 − p) ν.

We can iterate the convex mixture of two elements to create a probabilistic mixture over a
finite subset of elements, according to any finite probability distribution.
Definition F.1.3 (Mixture over finite sets). Let (Ω, f ) be a convex structure and V =
(ν1 , ν2 , . . . , νn ) a finite vector of elements of Ω. Finally, let P = (p1P
, . . . , pn ) be a vector whose
elements form a probability distribution (that is, all pi ≥ 0 and i pi = 1). We define the
mixture over V given by P as



fP (V) := fp01 ν1 , fp02 ν2 , fp03 (ν3 , . . . ) ∈ Ω,
where the innermost nested term is fp0n−1 (νn−1 , νn ), and the coefficients are given by p01 = p1
Q
and p0k = pk /( i<k (1 − p0i )), for 1 < k < n.
Lemma F.1.4. If Ω is a convex subset of a vector space then the above definition gives us the
usual convex mixture, fP (V) = p1 ν1 + p2 ν2 + · · · + pn νn .
Proof. We prove this by induction. First suppose that V2 = (ν1 , ν2 ) and P = (p1 , p2 ). Then
fP (V) = fp1 (ν1 , ν2 ) = p1 ν1 + (1 − p1 ) ν2 = p1 ν1 + p2 ν2 .
P0
1
Now suppose that for vectors V0 = (νk+1 , . . . , νn ) and 1−p
= 1−p
(pk+1 , . . . , pn ) it holds
k
k
P
n
p
0
i
0
that fP (V ) = i=k+1 1−pk νi . Consider the extension to vectors V = (νk , νk+1 , . . . , νn ) and
P = (pk , pk+1 , . . . , pn ). Then we have
n
X

pi νi = pk νk +

n
X

pi νi

i=k+1

i=k

= pk νk + (1 − pk )

n
X
i=k+1

pi
νi
1 − pk

= pk νk + (1 − pk )f P0 (V0 )
1−pk


0
= fpk νk , f P0 (V )
1−pk


= fpk νk , f pk+1 νk+1 , f
1−pk

pk+2
(1−pk )(1−pk+1 )


νk+2 , f

pk+2
(1−pk )(1−pk+1 )(1−pk+2 )


(ν3 , . . . )

= fP (V).

Finally, we may define convexity-preserving and convexity-supporting maps between two
quasi-convex structures.
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Definition F.1.5 (Convexity-supporting and convexity-supporting preserving maps). Let
(Ω, f ) and (Σ, f 0 ) be two quasi-convex structures. We say that a map g : Ω → Σ is convexitysupporting if
g ◦ fp (ν, ω) ⊇ fp0 (g(ν), g(ω)) ,
and it is convexity-preserving if
g ◦ fp (ν, ω) = fp0 (g(ν), g(ω))
for all ν, ω ∈ Ω.

F.1.2

Properties of convex mixtures

Here we show that convex mixtures over finite sets behave well as expected.
Lemma F.1.6 (Combining mixtures). Let (Ω, f ) be a convex structure, let ν, ω, τ ∈ Ω, and let
r, p, q ∈ [0, 1]. Then
fr (fp (ν, ω) , fq (ν, τ )) = fr p+(1−r) q (ν, fα (ω, τ )) ,
r(1−p)
with α = 1−(rp+(1−r)q)
(whenever rp + (1 − r)q 6= 1, otherwise we can take α = 0 or anything
else, as it does not matter).

Proof. We use associativity and commutativity of convex mixtures,


fr (fp (ν, ω) , fq (ν, τ )) = frp ν, f 1−r (fq (ν, τ ) , ω)
1−rp








= frp ν, f q(1−r) ν, f 1− (1−r) (ω, τ )
1−rp

1−rp
q(1−r)
1− 1−rp





= frp ν, f q(1−r) ν, f r(1−p) (ω, τ )
1−rp
1−rp−q+qr

 

= f1−rp f1− q(1−r) f r(1−p) (ω, τ ) , ν , ν
1−rp
1−rp−q+qr


= f(1−rp)1− q(1−r)  f r(1−p) (ω, τ ) , f... (ν, ν)
1−rp−q+qr
1−rp


= f1−(rp+(1−r)q) f r(1−p)
(ω, τ ) , ν
1−(rp+(1−r)q)


(ω, τ ) .
= frp+(1−r)q ν, f r(1−p)
1−(rp+(1−r)q)

Remark F.1.7. For vector spaces, Lemma F.1.6 simply expresses that
r(p ν + (1 − p) ω) + (1 − r)(q ν + (1 − q) τ ) = (r p + (1 − r) q) ν + r (1 − p) ω + (1 − r) (1 − q) τ.
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Lemma F.1.8 (Mixture is convexity-preserving). Let (Ω, f ) be a convex structure, let ν, ω, τ ∈
Ω, and let r, p ∈ [0, 1]. Then
fr (fp (ν, ω) , fp (ν, τ )) = fp (ν, fr (ω, τ )) .
In other words, the function
fp (ν, ·) : Ω → Ω
ω 7→ fp (ν, ω) ,
parameterized by any ν ∈ Ω and p ∈ [0, 1], is convexity-preserving.
Proof. Follows from Lemma F.1.6 when p = q,

fr (fp (ν, ω) , fp (ν, τ )) = frp+(1−r)p ν, f

r(1−p)
1−(rp+(1−r)p)


(ω, τ )

= fp (ν, fr (ω, τ )) .

The following lemma really tells us that the vector V in Definition F.1.3 can be re-ordered
together with P at will.
Lemma F.1.9 (Permuting mixtures). Let (Ω, f ) be a convex structure and V = (ν1 , ν2 , . . . , νn )
a finite vector of elements of Ω. Finally, let P = (p1 , . . .P
, pn ) be a vector whose elements form
a probability distribution over V (that is, all pi ≥ 0 and i pi = 1). Then
fP (V) = fπ(P) (π(V)),
where π denotes any permutation of elements in V and P.
Proof. We will show that we can always swap two neighbouring elements, that is fP (V) =
fπi (P) (πi (V)), for permutations πi that swap the i-th and the i + 1-th element. By repeated
such swaps, we can then realize any permutation π and so fP (V) = fπ(P) (π(V)) in general. We
have




fP (V) = fp01 ν1 , fp02 ν2 , . . . fp0i νi , fp0i+1 (νi+1 , . . . )




[commutativity] = fp01 ν1 , fp02 ν2 , . . . f1−p0i fp0i+1 (νi+1 , . . . ) , νi





[associativity] = fp01 ν1 , fp02 ν2 , . . . f(1−p0i )p0i+1 νi+1 , fp0i /(1−p0i+1 (1−p0i )) νi , fp0i+2 (νi+2 , . . . )
,

We need to show that the new coefficients correspond to those of πi (P). Indeed we find
(1 − p0i )p0i+1 =

(1 − p0i )pi+1
pi+1
=
= [πi (P)]0i
Πj<i+1 (1 − p0j )
Πj<i (1 − p0j )

and
pi
p0i
=
= [πi (P)]0i+1 .
0
0
0
1 − pi+1 (1 − pi )
Πj<i (1 − pj )(1 − [πi (P)]0i )
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Since order does not matter, we may sometimes denote fP (V ) = fP (V) for a subset V ⊂ Ω
and a probability distribution P over elements in V .
Lemma F.1.10. Let (Ω, f ) be a convex structure and V = (ν1 , ν2 , . . . , νn ) a finite vector of
elements of Ω. Let P = (p1 , . . . , pn ) and Q = (q1 , . . . , qn ) be two probability distributions over
V, and let r ∈ [0, 1]. Then
fr (fP (V), fQ (V)) = fR (V),
where R = (r1 , r2 , . . . , rn ) is a probability distribution given by ri = r pi + (1 − r) qi .
Proof. We prove this by induction. For two-element vectors, the claim follows directly from
Lemma F.1.6.
Now assume that the claim holds for
V = (νk+1 , . . . , νn ),

P = (pk+1 , . . . , pn ),

Q = (qk+1 , . . . , qn ).

Then we have, for the extended vectors
V0 = (νk , νk+1 , . . . , νn ),
P0 = (pk , (1 − pk ) pk+1 , . . . , (1 − pk ) pn )
Q0 = (qk , (1 − qk ) qk+1 , . . . , (1 − qk ) qn ),
that

fr fP0 (V0 ), fQ0 (V0 ) = fr (fpk (νk , fP (V)) , fqk (νk , fQ (V)))


(fP (V), fQ (V))
[Lemma F.1.6] = fr pk +(1−r) qk νk , f
r (1−pk )
1−(r pk +(1−r) qk )


[rk := r pk + (1 − r) qk ] = frk νk , f r (1−pk ) (fP (V), fQ (V))
1−rk


r (1 − pk )
r (1 − pk )
[induction hypothesis] = frk (νk , fR (V)) ,
P+ 1−
Q]
[R =
1 − rk
1 − rk
= fR0 (V0 ),
[R0 = r P0 + (1 − r) Q0 ]
where the last line follows because


r(1 − pk )
(1 − rk )
P = r(1 − pk ) P and
1 − rk


r(1 − pk )
(1 − rk ) 1 −
Q = (1 − (rpk + (1 − r)qk ) − r(1 − pk )) Q = (1 − r)(1 − qk ) Q
1 − rk
as required.
Lemma F.1.11 (Nested mixtures as probability distributions). Let (Ω, f ) be a convex structure
and V = (ν1 , ν2 , . . . , νn ) a finite vector of elements of Ω. Then, for any p01 , p02 , ..., p0n−1 ∈ [0, 1],
there exists a probability distribution vector P = (p1 , p2 , . . . , pn ) such that



fp01 ν1 , fp02 ν2 , . . . fp0n−1 (νn−1 , νn ) . . .
= fP (V).
0
0
0
The terms of the
P probability vector are given by pk = pk (Πi<k (1 − pi )) for 1 < k < n, p1 = p1 ,
all pi ≥ 0 and i pi = 1.
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Proof. We prove the lemma by induction. For V2 = (ν1 , ν2 ) we trivially find that fp01 (ν1 , ν2 ) =
fP (V) where p1 = p01 and p2 = 1 − p01 as required. Now assume that the claim holds for
V0 = (ν2 , . . . νn ), and coefficients p02 , . . . , p0n−1 , that is


fp02 ν2 , . . . fp0n−1 (νn−1 , νn ) . . . = fP∗ (V0 ),
0
with P∗ = (p2 , . . . , pn ), where pk = p0k (Πi<k (1 − p0i )) for 2 < k < n and
 p2 = p2 . We will show 
that it also holds for the extensions V = (ν1 , ν2 , . . . , νn ) and fp01 ν1 , fp02 ν2 , . . . fp0n−1 (νn−1 , νn ) . . . .
To see this, note that




fp01 ν1 , fp02 ν2 , . . . fp0n−1 (νn−1 , νn ) . . .
= fp01 ν1 , fP∗ (V0 )

[Q = (1, 0, . . . , 0), Q0 = (0, p2 , . . . , pn )] = fp01 fQ (V), fQ0 (V)

[Lemma F.1.10] = fR (V),
where
R = p01 Q + (1 − p01 )Q0 = (p01 , (1 − p01 )p02 , . . . , (1 − p01 )pn ). Note that by construction
P
0
0
i r1 = 1 and rk = pk /(Πi<k (1 − pi )).
Lemma F.1.12 (Repetitions in convex mixtures). Let (Ω, f ) be a convex structure and V =
(ν1 , ν2 , . . . , νn−2 , ν, ν) a finite vector of elements of Ω. Finally, let P = (p1 , . . . , pn ) be a probability distribution vector. Then
fP (V) = fP̃ (Ṽ),

P̃ = (p1 , p2 , . . . , pn−2 , pn−1 + pn ),
Ṽ = (ν1 , ν2 , . . . , νn−2 , ν).

Proof. We have




fP (V) = fp01 ν1 , fp02 ν2 , . . . , fp0n−2 νn−2 , fp0n−1 (ν, ν)



[idempotence] = fp̃01 ν1 , fp̃02 ν2 , . . . , fp̃0n−2 (νn−2 , ν)
[Lemma F.1.11] = fP̃ (Ṽ),
for p̃0i as in Definition F.1.3. That the last element of P̃ is indeed pn−1 + pn can be seen directly
from the construction of P̃ through a normalized probability distribution.
Lemma F.1.13. Let (Ω, f ) be a convex structure, V = (ν1 , ν2 , . . . , νn−1 , fr (ν, ω)) a finite vector
of elements of Ω and P = (p1 , . . . , pn ) be a probability distribution vector. Then
fP (V) = fP̃ (Ṽ)
with Ṽ = (ν1 , ν2 , . . . , νn−1 , ν, ω) and P̃ = (p1 , p2 , . . . , pn−1 , rpn , (1 − r)pn ).
Proof. We have



fP (V) = fp01 ν1 , fp02 ν2 , . . . fp0n−1 (νn−1 , fr (ν, ω))
[Lemma F.1.11] = fP̃ (Ṽ ),
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where the only thing left to check is that indeed the last two entries of P̃ are p̃n = rpn and
p̃n+1 = (1 − r)pn respectively. This can easily seen since by the above construction according
to Definition F.1.3 p0k = pk /(Πi<k (1 − p0i )), and so by Lemma F.1.11
p̃n = r(Πi<n (1 − p0i )) = rpn ,
which guarantees by construction that p̃n+1 = (1 − r)pn due to normalization.

F.1.3

Convex hull

Taking the convex hull is essentially closing a subset under the operation of convex mixtures.
Definition F.1.14 (Convex hull). Let (Ω, f ) be a quasi-convex structure and V a subset of Ω.
The convex hull V P of V is the smallest quasi-convex subset of Ω that contains V .
Remark F.1.15. Let (Ω, f ) be a quasi-convex structure, and V, W ⊆ Ω. The operation of
taking the convex hull has the following properties with respect to the partial order given by
inclusion:
1. inflating, V ⊆ V P ,
2. order-preserving, V ⊆ W =⇒ V P ⊆ W P ,
3. V P = V ⇐⇒ V is convex,
4. it is thus idempotent, (V P )P = V P ,
5. for any ν, ω ∈ V and any p ∈ [0, 1], fp (ν, ω) ∈ V P .
Lemma F.1.16. Let (Ω, f ) be a convex structure and V = {ν1 , ν2 , . . . , νn } ⊆ Ω a finite subset.
Then the convex hull of V has the form
[
VP =
{fP (V )},
P ∈PV

where PV is the set of all valid probability distributions
over V (that is, all n-element vectors
P
P = (p1 , p2 , . . . , pn ) satisfying all pi ≥ 0 and i pi = 1).
Proof. First we prove direction ⊇, that is we show that if V P is a quasi-convex set that contains
V , it must contain the right-hand side. For any valid probability distribution P ∈ PV , fP (V ) ∈
V P . To see this, observe firstly that all pi ∈ [0, 1]. Now xn−1 = fpn−1 (νn−1 , νn ) ∈ V P , because
it is the convex mixture of two elements of V . But then xn−2 = fpn−2 (νn−2 , xn−1 ) is also in V P ,
because it is the convex mixture of two elements of V P . The same is true for fpn−3 (νn−3 , xn−3 )
and so on until we reach x1 = fp1 (ν1 , x2 ) = fP (V ).
To prove direction ⊆, we need to show that the right-hand side is convex. This is immediately
given by Lemma F.1.10. Indeed, for all r ∈ [0, 1] and any two elements fP (V ), fQ (V ), there exists
a valid probability distribution R = (r1 , r2 , . . . , rn ) ∈ PV such that fr (fP (V ), fQ (V )) = fR (V ).
The coefficients of the new distribution are ri = r pi + (r − 1) qi .
The following proposition will be used ahead to prove desirable properties of the convex
hull.
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Proposition F.1.17 (Finite cover for convex hull). Let (Ω, f ) be a quasi-convex structure and
V ⊆ Ω. We can take the convex hull of V over a cover composed only of finite sets, that is
[
[
[
{fP (Ve )}.
VP =
Ve P =
Ve ⊆V, Ve finite P ∈PVe

Ve ⊆V, Ve finite

Proof. As a first step, we show that the set on the right-hand side is convex. A convex combination of two elements on the right-hand side can be written as ω = fp (ν, ν 0 ), with ν ∈ Ve1P and
ν 0 ∈ Ve2P , where Ve1 , Ve2 ⊆ V are finite subsets. It follows that ω ∈ (Ve1 ∪ Ve2 )P . But Ve1 ∪ Ve2 is also
S
finite, so ω ∈ Ve ⊆V,Ve finite Ve P .
Now we may prove direction ⊆. We have
[

V =

Ve

Ve ⊆V,Ve finite

[·P inflating]

[

⊆

Ve P

Ve ⊆V, Ve finite

P


[·P order-preserving] =⇒ V P ⊆ 

[

Ve P 

Ve ⊆V, Ve finite

[right-hand side convex]

[

=

Ve P .

Ve ⊆V, Ve finite

Direction ⊇ is straight-forward as any element ω of the right-hand side has to satisfy ω ∈ Ve P
for some finite Ve ⊆ V . But then, because the convex hull is order-preserving, also ω ∈ V P .

F.1.4

Connecting convex structures

One can check whether a set is convex by mapping it to a known convex structure. The same
works more generally for quasi-convex structures.
Proposition F.1.18 (Connecting convex structures). Let (Σ, f ) be a quasi-convex structure,
and let Ω be a set. If there are two maps e : Ω → Σ and h : Σ → Ω satisfying the two conditions
h ◦ e (µ) = µ,

h ◦ fp (e ◦ h(ν), ω) = h ◦ fp (ν, ω) ,

then (Ω, f 0 ) is a quasi-convex structure, where we defined
f 0 : [0, 1] × Ω × Ω → Ω
(p, ν, ω) 7→ h ◦ fp (e(ν), e(ω)) =: fp0 (ν, ω) .
Furthermore, h is convexity-preserving, h ◦ fp (ν, ω) = fp0 (h(ν), h(ω)). If (Σ, f ) is a convex
structure, then so is (Ω, fe).
Proof. Firstly, f 0 is well defined, because Σ is convex, so fp (e(ν), e(ω)) ∈ Σ. The remaining
properties follow directly from definition:
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1. extremicity,
f10 (ν, ω) = h ◦ f1 (e(ν), e(ω)) = h ◦ e(ν) = ν;
2. commutativity,
0
fp0 (ν, ω) = h ◦ fp (e(ν), e(ω)) = h ◦ f1−p (e(ω), e(ν)) = f1−p
(ω, ν) ;

3. associativity,

fp0 fq0 (ν, ω) , τ = h ◦ fp (e ◦ h ◦ fq (e(ν), e(ω)) , e(τ ))
= h ◦ fp (fq (e(ν), e(ω)) , e(τ ))


= h ◦ fp q e(ν), f 1−p (e(τ ), e(ω))
1−p q


= h ◦ f1−pq f 1−p (e(τ ), e(ω)) , e(ν)
1−p q


0
= h ◦ f1−pq e ◦ f 1−p (τ, ω) , e(ν)
1−p q


0
0
= f1−pq f 1−p (τ, ω) , ν
1−p q


0
0
= fp q ν, f 1−p (τ, ω) ,
1−p q

for p q 6= 1.
4. idempotency,
fp0 (ν, ν) = h ◦ fp (e(ν), e(ν)) = h ◦ e(ν) = ν;
Showing that h is convexity-preserving is also direct
fp0 (h(ν), h(ω)) = h ◦ fp (e ◦ h(ν), e ◦ h(ω))
= h ◦ fp (ν, e ◦ h(ω))
= h ◦ f1−p (e ◦ h(ω), ν)
= h ◦ f1−p (ω, ν)
= h ◦ fp (ν, ω) .

F.1.5

Convexity in specification spaces

Proposition F.1.19 (Quasi-convex specification spaces). Let (Ω, f ) be a convex structure.
Then (S Ω , fe) is quasi-convex, with the convex mixture of any two specifications V, W ∈ S Ω
defined as
[
fep (V, W ) :=
{fp (ν, ω)}.
ν∈V,ω∈W
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Proof. Firstly, it is clear that fe is well-defined, because Ω is convex. Now, to show the properties:
1. extremity,
[

fe1 (V, W ) =

{f1 (ν, ω)} =

ν∈V,ω∈W

[

{ν} = V ;

ν∈V

2. commutativity,
fep (V, W ) = =

[

{fp (ν, ω)} =

ν∈V,ω∈Ω

[

{f1−p (ω, ν)} = fe1−p (W, V ) ;

ν∈V,ω∈Ω

3. associativity,







[

fep feq (V, W ) , Z = fep 

{fq (ν, ω)}, Z 

ν∈V,ω∈Ω

=

[ [ [

{fp (fq (ν, ω) , τ )}

ν∈V ω∈Ω τ ∈Z

=


[ [ [n
fp q ν, f
ν∈V ω∈Ω τ ∈Z

1−p
1−p q

o
(τ, ω)



= fep q V, fe 1−p (Z, W ) ,
1−p q

for p q 6= 1.

Remark F.1.20. Specification spaces of convex state spaces are not idempotent. However,
fep (V, V ) ⊆ V P .
Proof. We have
fep (V, V ) =

[ [
ν∈V ω∈V

{fp (ν, ω)} ⊆ V P .
| {z }
[∈V P ]

Lemma F.1.21. Let (Ω, f ) be a convex structure, and (S Ω , fe) the corresponding convex specification space. Then fe is order-preserving: V ⊆ W =⇒ fep (V, Z) ⊆ fep (W, Z) .
Proof. Follows directly from definition, as
[ [
[ [
fep (V, Z) =
{fp (ν, ω)} ⊆
{fp (ν, ω)} = fep (W, Z) .
ν∈V ω∈Z

ν∈W ω∈Z

Lemma F.1.22. Let (S Ω , fe) be a convex specification space and V, W ∈ S Ω two specifications.
Then
fep (V, W ) ⊆ (V ∪ W )P .
Proof. We use the fact that fe is order-preserving,
fep (V, W ) ⊆ fep (V ∪ W, V ∪ W ) ⊆ (V ∪ W )P .
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F.1.6

Convex resource theories

We can now introduce the relevant definitions of convex and doubly convex resource theories.
Definition F.1.23 (Convex resource theories). We say that a resource theory (S Ω , T ) is convex
if (Ω, f ) is a convex structure and the transformations in T are convexity-supporting,
fep (g(V ), g(W )) ⊆ g(fep (V, W )),
for all V, W ∈ S Ω and g ∈ T .
Lemma F.1.24. Let (S Ω , T ) be a resource theory in which functions f ∈ T are convexitypreserving, let V, W, Z ∈ S Ω , and let 0 ≤ p ≤ 1. Then (V ∪ W ) → Z implies fep (V, W ) → Z P .
Proof. It follows from fep (V, W ) ⊆ (V ∪ W )P together with Corollary F.3.5.
Definition F.1.25 (Doubly convex resource theory). We say that a resource theory (S Ω , T ) is
doubly convex if (S Ω , T ) is convex and (T , c) is a convex structure, where c stands for a family
of functions {cp }p∈[0,1] ,
cp : T × T → T

(g, g ) → cp g, g 0 ,
0

which in addition to the properties of a convex structure, satisfy


cp g, g 0 (V ) ⊆ fep g(V ), g 0 (V )
for all V ∈ S Ω , and respect the monoid structure of transformations as


cp f ◦ g, f ◦ g 0 ⊆ f ◦ cp g, g 0


cp g ◦ f, g 0 ◦ f ⊇ cp g, g 0 ◦ f.
Lemma F.1.26. Let (S Ω , T ) be a doubly convex resource theory, let V, W, Z ∈ S Ω , and let
0 ≤ p ≤ 1. Then V → W and V → Z implies V → fep (W, Z).
Proof. Let f be the transformation that achieves f (V ) ⊆ W and g the transformation that
achieves g(V ) ⊆ Z. Then
cp (f, g) (V ) ⊆ fep (f (V ), g(V )) ⊆ fep (W, Z) .

F.2

Proofs of convexity claims from the main part of this thesis

Proposition F.2.1 (Quantum theory is doubly convex). The resource theory of quantum mechanics, when restricting to CPTP maps on same input and output spaces, is doubly convex.
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Proof. We first show that the specification space S Ω for a state space Ω of density matrices on
a finite-dimensional Hilbert space is convex. To see this, we take the usual convex combination
fp (ρ, σ) = p ρ + (1 − p) σ,
and note that, because density matrices form a subspace of a real vector space, (Ω, f ) is a convex
structure as required, with (S Ω , fe) the corresponding quasi-convex structure on specification
space. Next, we show that the allowed transformations in quantum mechanics are convexity
preserving (and thus in particular convexity supporting as required):
E(p ρ + (1 − p) σ) = p E(ρ) + (1 − p) E(σ)
e
by
S linearity for any CPTP map E. Therefore the extensions on the specification space, E(V ) =
ρ∈V {E(ρ)}, also satisfy


[
[
e fep (V, W )) =
e ), E(W
e )
E(
{E(fp (ν, ω))} =
{fp (E(ν), E(ω))} = fep E(V
ν∈V,ω∈W

ν∈V,ω∈W

which is even stronger than the required inequality. Finally, we need to show that the transformations are themselves convex, and that their convex combinations satisfy




e Ee0 (V ) ⊆ fep E(V
e ), Ee0 (V )
cp E,
for all V ∈ S Ω , and respect the monoidal structure. Since by assumption the CPTP maps that
make up T take quantum states to quantum states on the same space, we can simply take the
convex combination c of transformations through


e Ee0 ({ρ}) = {p E(ρ) + (1 − p) E 0 (ρ)}.
cp E,
This clearly gives a convex structure since Ω is a subset of a vector space (a convex structure),
and one directly obtains


[
e Ee0 (V ) =
{p E(ρ) + (1 − p) E 0 (ρ)}
cp E,
ρ∈V



e ), Ee0 (V ) .
⊆ fep E(V

as required. Now, by linearity




cp Ee ◦ Ee0 , Ee ◦ Ee00 ({ρ}) = Ee ◦ cp Ee0 , Ee00 ({ρ})




e Ee00 ◦ Ee ({ρ}) = cp E,
e Ee00 ◦ E({ρ})
e
cp Ee0 ◦ E,
for all ρ ∈ Ω, and so



[ 
cp Ee ◦ Ee0 , Ee ◦ Ee00 (V ) =
cp Ee ◦ Ee0 , Ee ◦ Ee00 ({ρ})
ρ∈V

[

=



Ee ◦ cp Ee0 , Ee00 ({ρ})

ρ∈V



= Ee ◦ cp Ee0 , Ee00 (V ),
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and likewise



[ 
e Ee00 ◦ Ee (V ) =
e Ee00 ◦ Ee ({ρ})
cp Ee0 ◦ E,
cp Ee0 ◦ E,
ρ∈V

=

[



e Ee00 ◦ E({ρ})
e
cp E,

ρ∈V

= cp




00
e
e
e ),
E, E ◦ E(V

which is both stronger than the respective required inequalities.
Theorem 4.4.4 (Convexity of free resources). Let (S Ω , T ) be a doubly convex resource theory.
Then for any two free resources V and W , p V + (1 − p) W is also a free resource.
In particular, the set of free states is convex: if {ν} and {ω} are free, then {p ν + (1 − p) ω} is
also free.
Proof. Since by assumption Ω → V and Ω → W , Lemma F.1.26 tells us that Ω → fep (V, W ).
For the special case of free states, this becomes Ω → fep ({ν}, {ω}) = {fp (ν, ω)}.
The next proposition corresponds to Proposition 5.6.1 but is stated more formally in terms
of convex structures.
Proposition F.2.2 (Convex embeddings). Let (Σ, f ) be a convex structure and (S Σ , fe) the
corresponding quasi-convex specification space. Let S Ω be a specification space embedded in
S Σ , with intensive embedding (e, h) and ∼ the corresponding equivalence class on Ω, and let
us define the family of functions {fep }p∈[0,1]
fep0 : S Ω × S Ω → S Ω
(V, W ) 7→ h ◦ fep (e(V ), e(W )) =: fep0 (V, W ) .
Then the following are equivalent:
1. [fp (ν, ω)]∼ ⊇ fep ([ν]∼ , [ω]∼ ),
2. (S Ω , fe0 ) is a quasi-convex structure and h is convexity-preserving,
h ◦ fep (V, W ) = fep0 (h(V ), h(W )) ,
with fep0 (VΩ , WΩ ) := h ◦ fep (e(VΩ ), e(WΩ )) for all VΩ , WΩ ∈ S Ω .
Furthermore, given the above, (Ω, f 0 ) is a convex structure, with
{fp0 (ω, ν)} = fep0 ({ω}, {ν})
for all ν, ω ∈ Ω.
Proof. To show 1 =⇒ 2, we will simply show that we are in the conditions of Proposition F.1.18,
that is, that h ◦ fep (e ◦ h(V ), W ) = h ◦ fep (V, W ) — the other condition, h ◦ e(V ) = V , trivially
holds for all V ∈ S Ω because (e, h) is an intensive embedding.
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To see this, note 1 implies that for specifications V, W ∈ S Σ
[
[
[
[fp (ν, ω)]∼ ⊇
fep ([ν]∼ , [ω]∼ ) =
fep (h ◦ e({ν}), e ◦ h({ω})) ,
ν∈V,ω∈W

ν∈V,ω∈W

ν∈V,ω∈W

and so, by applying h on both sides,

h ◦ fep (V, W ) = h 


[

{fp (ν, ω)}

ν∈V,ω∈W


⊇ h


[

fep (h ◦ e({ν}), e ◦ h({ω}))

ν∈V,ω∈W

⊇ h ◦ fep (e ◦ h(V ), e ◦ h(W ))
⊇ h ◦ fep (e ◦ h(V ), W )
⊇ h ◦ fep (V, W )
as required.
To show 2 =⇒ 1, we apply e on both sides,
h ◦ fep (V, W ) = fep0 (h(V ), h(W )) = h ◦ fep (e ◦ h(V ), e ◦ h(W ))
=⇒ e ◦ h ◦ fep (V, W ) = e ◦ h ◦ fep (e ◦ h(V ), e ◦ h(W ))
=⇒ e ◦ h ◦ fep ({ν}, {ω}) = e ◦ h ◦ fep (e ◦ h({ν}), e ◦ h({ω}))
=⇒ [fp (ν, ω)]∼ = e ◦ h ◦ fep ([ν]∼ , [ω]∼ ) ⊇ fep ([ν]∼ , [ω]∼ ) .
It thus follows by Proposition F.1.18 that
h ◦ fep (V, W ) = fep0 (h(V ), h(W ))

(F.1)

with fep0 (VΩ , WΩ ) := h ◦ fep (e(VΩ ), e(WΩ )) for all VΩ , WΩ ∈ S Ω .
It is left to show that Ω is indeed a convex structure. To see this, note that by construction
of the embedding, singletons are reduced into singletons: for all σ ∈ Σ, h({σ}) = {ω} for some
ω ∈ Ω, and in turn, ω ∈ Ω ⇐⇒ {ω} = h({σ}) for some σ ∈ Σ.
Therefore, the right-hand side of Equation F.1, for singletons ν, σ ∈ Σ, equals
fep0 (h({ν}), h({σ})) = fep0 ({ω}, {ω 0 })
with {ω} = h({ν}), {ω 0 } = h({σ}).
On the left-hand side, convexity of Σ implies fep ({ν}, {σ}) = {µ} for some µ ∈ Σ, so the lefthand side of Equation F.1 is also a singleton. It thus follows that fep0 maps singletons in Ω to
singletons in Ω. Furthermore, it is idempotent on singletons,
fep0 ({ω}, {ω}) = h(fep ({σ}, {σ})) = h({σ}) = {ω}
for σ ∈ Σ such that h({σ}) = {ω}.
Hence (Ω, f 0 ) is a convex structure with
{fp0 (ω, ω 0 )} = fep0 ({ω}, {ω 0 })
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for all ω, ω 0 ∈ Ω.
Finally,
fep0 (VΩ , WΩ ) = h ◦ fep (V, W )
for V, W such that h(V ) = VΩ , h(W ) = WΩ , and so
fep0 (VΩ , WΩ ) = h ◦ fep (V, W )
[
=
h({fp (ν, σ)})
ν∈V,σ∈W

=

[

fep0 (h({ν}), h({σ}))

ν∈V,σ∈W

[

=

{fp0 (ω, ω 0 )}.

ω∈VΩ ,ω 0 ∈WΩ

F.3

Probabilistic equivalence

In this section, I will discuss again in more detail the idea of probabilistic equivalence. Since one
agent may not be able to distinguish a specification from its convex hull, one might add to the
pre-order the equivalence
V ∼P V P ,
that is, in terms of the pre-order →,
V ↔VP
for all V ∈ S Ω . This of course changes the resource theory: for example, under this new preorder some resource transformations may be possible that are otherwise not allowed, such as,
in the resource theory of noisy operations (unital maps), the qubit transition
 
1
→ {|0i, |1i},
2
which becomes possible under probabilistic equivalence because
 
1
⊆ ({|0i, |1i})P .
2
This may for example also change the cost of specifications (see Chapter 8 1 ).
Given probabilistic equivalence, one may choose to work in the probabilistic quotient space
S Ω / ∼P . Here, I show that there is a Galois insertion between a specification space S Ω and its
quotient space S Ω / ∼P . As we will see, this quotient space can be thought of as taking V P as
a representative for the equivalence class [V ]P .
The quotient space S Ω / ∼P is of course not a specification space, but in this section I
show that it still has a well-defined pre-order based on →, well-defined approximations arising
from approximations B ε on S Ω , convex combinations arising from convex combinations on
S Ω . Finally, even intensive embeddings (e, h) in S Ω have a corresponding counterpart in the
probabilistic quotient space.
1

For instance, the cost of the specification
V = {|0i, |1i} under unital maps with currency C from Chapter 8

d
.
b2Hmin (ρ) c

would become Cost (V )C = inf ρ∈V P log
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F.3.1

Probabilistic equivalence and convex quotient space

The following lemma, which is directly taken from [21, 23], shows that taking the convex hull
induces a cumulative equivalence relation ∼P on S Ω . This implies the subsequent corollary (also
taken from [21,23]) stating that there is a Galois insertion between a specification space and its
quotient space under probabilistic equivalence.
Lemma F.3.1. Let (Ω, f ) be a convex structure and (S Ω , fe) the corresponding quasi-convex
specification space. The function that takes specifications to their convex hulls,
·P : S Ω → S Ω
V 7→ V P ,
is an idempotent, inflating quasi-endomorphism on S Ω inducing a cumulative equivalence relation ∼P .
Proof. Idempotence and inflation follow from the definition of convex hull (see Remark F.1.15).
It is also a quasi-endomorphism because it is order-preserving, and it follows that (V ∪ W )P =
(V P ∪ W P )P , as
[·P inflating and order-preserving]

(V ∪ W )P ⊆ (V P ∪ W P )P

[·P idempotent]

(V ∪ W )P = ((V ∪ W )P )P

[·P quasi-endomorphism]

⊇ (V P ∪ W P )P .

It remains to show that ∼P is cumulative, that is V P = W P =⇒ V P = (V ∪ W )P . Using the
above, we find
(V ∪ W )P = (V P ∪ W P )P
[V P = W P ]

= (V P )P = V P .

Corollary F.3.2. There is a Galois insertion (gP , hP ) of the quotient space S Ω / ∼P into S Ω ,
with
gP :

S Ω / ∼P → S Ω
[V ]P 7→ V P

and
hP :

S Ω → S Ω / ∼P
V 7→ [V ]P ,

and both gP and hP are quasi-homomorphisms. Furthermore, S Ω / ∼P is a join-semilattice, with
the join induced by the Galois insertion.
Proof. Follows from Lemma F.3.1 and Theorem A.4.4.
Using Lemmas F.3.1 and A.2.7 one directly obtains the following properties [21, 23].

227

Corollary F.3.3. Let (Ω, f ) be a convex structure and let V, W ∈ S Ω . Then
1. (V P ∪ W P )P = (V ∪ W )P , [we already showed this in Lemma F.3.1]
2. if V ∩ W 6= ∅, then V P ∩ W P ⊇ (V ∩ W )P ,
3. if V ∩ W 6= ∅, then (V P ∩ W P )P = V P ∩ W P .

F.3.2

Consistency of the probabilistic equivalence

Here, I will show that one can consistently work in the quotient space S Ω / ∼P using the Galois
insertion of Corollary F.3.2, or equivalently use the convex hull of resources as a representative
of the corresponding equivalence class. The first proposition concerns the allowed operations
f ∈ T , and will thus show how the pre-order on specification space carries over to a pre-order on
the quotient space. It also shows that approximation structures can be defined on the quotient
space based on approximation structures on specification space.
We will see that when functions in resource theory are convexity-preserving (rather than
merely convexity-supporting), such as is the case for quantum theory on same input and output
spaces, then one can show stricter results for the probabilistic quotient space.
Proposition F.3.4 (Convex hull and convexity-preserving and convexity-supporting homomorphisms). Let (Ω, f ) and (Σ, f 0 ) be two convex structures and (S Ω , fe), (S Σ , fe0 ) the respective
quasi-convex specification spaces. Let g be a convexity-preserving homomorphism from S Ω to
SΣ.
Then g(V P ) = (g(V ))P for any specification V ∈ S Ω . If g is convexity-supporting, then
g(V P ) ⊇ (g(V ))P .
Proof. First we will show ⊆, which holds for convexity-preserving homomorphisms, using Proposition F.1.17 (that is, by reducing to the case of finite covers of a set V ). We find



[

g(V P ) = g 

[

{fP (Ve )}

[Proposition F.1.17 ]

Ve ⊆V,Ve finite P ∈PVe

[g homomorphism] =

[

[

g ◦ fP (Ve )

Ve ⊆V,Ve finite P ∈PVe

[Ve = {ν1 , . . . , νn }] =

[

[


g({fp1 ν1 , . . . , fpn−1 (νn−1 , νn ) })

Ve ⊆V,Ve finite P ∈PVe

[g convexity-preserving] =

[

[

fep0 1 (g({ν1 }), . . . , fep0 n−1 (g({νn−1 }), g({νn )))

Ve ⊆V,Ve finite P ∈PVe

=

[
Ve ⊆V,Ve finite

⊆

[

[

P ∈PVe ν10 ∈g(ν1 )

[

Ve P

Ve ⊆g(V ),Ve finite

= (g(V ))P
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···

[

0
{fp0 1 (ν10 , . . . , fp0 n−1 (νn−1
, νn0 ))}

0 ∈g(ν )
νn
n

To see that the direction ⊇ holds for both convexity-preserving and convexity-supporting functions, note that g(V P ) is convex: take any two elements
[

xP , xP 0 ∈ g(V P ) =

[

g ◦ fP (Ve )

Ve ⊆V,Ve finite P ∈PVe

and consider their convex combination, fr (xP , xP 0 ), which for some finite Ṽ1 , Ṽ2 ⊆ V satisfies
fr0 (xP , xP 0 ) ∈ fer0 (g ◦ fP (Ṽ1 ), g ◦ fP 0 (Ṽ2 ))


[g convexity-supporting] ⊆ g ◦ fr fP (Ṽ1 ), fP 0 (Ṽ2 )
f0 ),
[Lemma F.1.10] = g ◦ fR (V
where Ṽ1 = {ν1 , . . . , νn }, Ṽ2 = {ω1 , . . . , ωm }, Ṽ0 := (ν1 , . . . νn , ω1 , . . . ωm ), ri = rp̃i + (1 − r)q̃i ,
f0 (such that P̃
and P̃ , Q̃ ∈ PVf0 are extensions of the original probability distributions on V
restricted to Ṽ1 equals P , and is zero for elements ωi of Ṽ2 , and vice-versa for Q̃). This element
f0 ) ⊆ V P . Then, g(V P ) = (g(V P ))P ⊇ (g(V ))P .
is again in g(V P ) because fR (V
Corollary F.3.5 (Pre-order under convex hull equivalence). Let (S Ω , T ) be a convex resource
theory in which functions f ∈ T are convexity-preserving, and let V, W ∈ S Ω . Then V → W
implies V P → W P .
Proof. Let g ∈ T be the transformation that achieves g(V ) ⊆ W . Then g(V P ) = g(V )P ⊆
W P.
Corollary F.3.6 (Pre-order on quotient space). Let (S Ω , T ) be a convex resource theory, and
let V, W ∈ S Ω . Let (g, h) denote the Galois insertion of S Ω / ∼P into S Ω .
P

Then there is a well-defined pre-order → on S Ω / ∼P induced by → on S Ω given by
P

[V ]P → [W ]P ⇐⇒ V P → W P .
When functions in T are convexity-preserving, furthermore
[V ]P → [W ]P ⇐⇒ ∃ V 0 ∈ [V ]P , W 0 ∈ [W ]P s.t. V 0 → W 0 ,
P

for all [V ]P , [W ]P ∈ S Ω / ∼P .
Proof. Since V ∼P V 0 ⇐⇒ V P = V 0P , this implies that → is reflexive and transitive because
→ is. Furthermore, when functions are convexity-preserving, the second relation holds due to
V P ∈ [V ]P for all V ∈ S Ω and Corollary F.3.5.
P

This implies of course that when functions in the resource theory preserve convexity the
pre-order on the quotient space (or on the representative convex specifications V P ) is less strict
that the pre-order on S Ω .
The next proposition shows that approximation structures carry through to the quotient
space.
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Proposition F.3.7 (Convex hull and approximations). If the endomorphisms (·)ε making up
an approximation structure B(S Ω , E) are convexity-preserving, then for any V ∈ S Ω ,  ∈ E,
(V  )P = (V P ) .
If the functions are convexity-supporting, then
(V  )P ⊆ (V P ) .

Proof. This follows as a direct corollary from Proposition F.3.4.

Corollary F.3.8. An approximation structure B(S Ω , E) with convexity-supporting endomorphisms (·)ε can be carried over to the quotient space as
[V ]εP := [(V P )ε ]P
for all V ∈ S Ω and corresponding [V ]P ∈ S Ω / ∼P . If the homomorphisms are convexitypreserving, then furthermore
[V ]εP = [V ε ]P
Proof. The approximation structure is well-defined because V P = V 0P for all V 0 ∈ [V ]P .
For convexity-preserving homomorphisms, Proposition F.3.7 furthermore implies that [V ε ]P =
[(V 0 )ε ]P ∈ S Ω / ∼P for all V 0 ∈ [V ]P .

The next proposition ensures that the convex quotient space is also consistent with taking
convex combinations of resources, because
(p V + (1 − p) W )P = p V P + (1 − p) W P .

Proposition F.3.9 (Consistency of convex hull with convex combination). Let (Ω, f ) be a
convex structure and (S Ω , fe) the corresponding convex specification space. Then


fer (V, W )P = fer V P , W P ,
for any V, W ∈ S Ω and r ∈ [0, 1].

Proof. For the case of finite specifications V and W of size n and m respectively, we find
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!P
[ [

fer (V, W )P =

{fr (ν, ω)}

ν∈V ω∈W

= {fr (ν1 , ω1 ) , fr (ν1 , ω2 ) , . . . , fr (νn , ωm )}P
[

[∗] =
fP (fr (ν1 , ω1 ) , fr (ν1 , ω2 ) , . . . , fr (νn , ωm ))
P ∈PV ×W

[

[∗∗] =

fP̃ (Z)

P ∈PV ×W

[

[∗ ∗ ∗] =

fπ(P̃) (π(Z))

P ∈PV ×W

[

[∗ ∗ ∗∗] =

fQ (X)

P ∈PV ×W

[

=

fer (fPV (V ), fPW (W ))

PV ∈PV ,PW ∈PW




[

= fer 

[

fPV (V ),

PW ∈PW

PV ∈PV



fPW (W )



= fer V P , W P ,

where in [∗] we technically need Lemma F.1.12 as the elements fr (ν, ω) need not be different
for different ν and ω, and take P = (p1,1 , p1,2 , . . . , pn,m ). For [**] we combine the distributions,
defining
Z = (ν1 ,

ω1 ,

ν1 ,

ω2 ,

...,

νn ,

ωm

),

P̃ = (r p1,1 ,

(1 − r) p1,1 ,

r p1,2 ,

(1 − r) p1,2 ,

...,

r pn,m ,

(1 − r) pn,m

).

For [***] we take a permutation that orders all the identical elements together,
π(Z) = (ν1 , . . . , ν1 , ν2 , . . . , ν2 , . . . , νn , . . . , νn , ω1 , . . . , ω1 , ω2 , . . . , ω2 , . . . , ωm , . . . , ωm ),
| {z } | {z } | {z }
|
{z
}
| {z } | {z }
[m terms]

[m terms]

[m terms]

[n terms]

[n terms]

[n terms]

π(P̃) = (r p1,1 , . . . , r p1,m , . . . , r pn,1 , . . . , r pn,m ,
|
{z
}
|
{z
}
[m terms]

[m terms]

(1 − r) p1,1 , . . . , (1 − r) pn,1 , . . . , (1 − r) p1,m , . . . , (1 − r) pn,m ).
|
{z
}
|
{z
}
[n terms]

[n terms]

For [****] we use Lemma F.1.12 to sum over the probabilities of the repeated elements, such
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that
X = (ν1 , ν2 , . . . , νn , ω1 , ω2 , . . . , ωm ),






m
m
n
n
n
m

 X
X
X
X
X
X


p2,j , . . . , r
pn,j , (1 − r)
Q = r
pi,1 , (1 − r)
pi,2 , . . . , (1 − r)
pi,m  ,
p1,j , r


j=1
j=1
 j=1
{zi=1 } |
{zi=1 }
|
{zi=1
}
| {z } |
| {z } | {z }
[r pV
1 ]

[r pV
2 ]

PV = (pV1 , pV2 , . . . , pVn ),

[r pV
n]

[(1−r) pW
1 ]

[(1−r) pW
2 ]

[(1−r) pW
m]

W
W
PW = (pW
1 , p2 , . . . , pm ).


For the infinite case, we first show that (fep (V, W ))P ⊆ fep V P , W P . To see this, note that the
expression on the right-hand side describes a convex set, because


[
{fp (ν, ω)},
fep V P , W P =
ν∈V P ,ω∈W P


and so for any γ, τ ∈ fep V P , W P , and any r ∈ [0, 1], there exist ν, ν 0 ∈ V P and ω, ω 0 ∈ W P
such that
fr (γ, τ ) = fr fp (ν, ω) , fp ν 0 , ω 0



[Lemma F.1.13] = fR (X)


[Lemma F.1.13] = fp fr ν, ν 0 , fr ω, ω 0


∈ fep V P , W P ,
where
X = (ν, ν 0 , ω, ω 0 ),

R = (pr, p(1 − r), (1 − p)r, (1 − p)(1 − r)).



Next, we can use convexity of fep V P , W P to conclude that (fep (V, W ))P ⊆ fep V P , W P , as
taking the convex hull is order-preserving:




(fep (V, W ))P ⊆ (fep V P , W P )P = fep V P , W P .
To show the other direction, we use Proposition F.1.17 and find


[
[
fep V P , W P =



fep V 0P , W 0P

V 0 ⊆V,V 0 finite W 0 ⊆W,W 0 finite

[

[finite proof applies] =

[

V 0 ⊆V,V 0 finite W 0 ⊆W,W 0 finite

[fep V 0 , W


0

[

finite subset of fep (V, W )] ⊆

X⊆fep (V,W ),X finite

= (fep (V, W ))P
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XP


(fep V 0 , W 0 )P

Corollary F.3.10. Convex combinations can be defined on the quotient space S Ω / ∼P as
fer0 ([V ]∼ , [W ]∼ ) := [fer (V, W )]P
for any V, W ∈ S Ω with the corresponding equivalence classes [V ]∼ , [W ]∼ ∈ S Ω / ∼P and any
r ∈ [0, 1].
Proof. The convex combination operation fer0 on S Ω / ∼P is well-defined because

[fer (V, W )]P = [fer V 0 , W 0 ]P
for all V 0 ∈ [V ]P , W 0 ∈ [W ]P due to Proposition F.3.9.
Finally, embeddings carry through to the quotient space as follows.
Proposition F.3.11 (Consistency of convex hull with embeddings). Let S Σ be a convex specification space and let there be an intensive embedding (e, h) of another specification space S Ω
in S Σ induced by the equivalence class ∼ on Σ.
Then, if ∼ satisfies
[p ν + (1 − p) σ]∼ ⊇ p [ν]∼ + (1 − p) [σ]∼
for all ν, σ ∈ Σ, then the embedding adjoint preserves taking the convex hull:
h(V P ) = (h(V ))P .
Proof. From Proposition F.2.2, we know that h is convexity-preserving. By Proposition F.3.4
this immediately implies h(V P ) = (h(V ))P .
Corollary F.3.12. In terms of the probabilistic quotient space, this implies that there is a
well-defined mapping
e
h : S Σ / ∼P → S Ω / ∼P ,
given by
e
h([V ]P ) := [h(V )]P
for all V ∈ S Σ and corresponding [V ]P ∈ S Σ / ∼P .
Proof. The right-hand side is well-defined because
(h(V ))P = (h(V 0 ))P
if V 0 ∈ [V ]P .
Corollary F.3.13. The intensive embedding (e, h) from above satisfies
e ◦ h(V P ) ⊇ (e ◦ h(V ))P .
Proof. This directly follows from Proposition F.3.11 together with the fact that
e(VΩP ) ⊇ (e(VΩ ))P
for all VΩ ∈ S Ω . The latter can be shown as follows. First, note that
[p ν + (1 − p) σ]∼ ⊇ p [ν]∼ + (1 − p) [σ]∼
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for all ν, σ ∈ Σ implies that
e(p VΩ + (1 − p) WΩ ) ⊇ p e(VΩ ) + (1 − p) e(WΩ )

(F.2)

because
e(p VΩ + (1 − p) WΩ ) =

[

e({p νΩ + (1 − p) ωΩ })

νΩ ∈VΩ ,ωΩ ∈WΩ

[

=

e({p h(ν) + (1 − p) h(ω)})

ν∈e(VΩ ),ω∈e(WΩ )

[

=

e ◦ h({p ν + (1 − p) ω})

ν∈e(VΩ ),ω∈e(WΩ )

[

⊇

p e ◦ h({ν}) + (1 − p) e ◦ h({ω})

ν∈e(VΩ ),ω∈e(WΩ )

=

[

p e({νΩ }) + (1 − p) e({ωΩ })

νΩ ∈VΩ ,ωΩ ∈WΩ

= p e(VΩ ) + (1 − p) e(WΩ ).
Then, one can show that e(VΩP ) is convex: take any two elements
xP , xP 0 ∈ e(VΩP ) =

[
VeΩ ⊆VΩP ,VeΩ

[

e ◦ fP (VeΩ )

finite P ∈PVeΩ

and consider their convex combination, fr (xP , xP 0 ), which for some finite Ve1,Ω , Ve2,Ω ⊆ VΩP
satisfies
fr (xP , xP 0 ) ∈ fer (e ◦ fP (Ve1,Ω ), e ◦ fP 0 (Ve2,Ω ))


[Eq. F.2] ⊆ e ◦ fr fP (Ve1,Ω ), fP 0 (Ve2,Ω )
f0 Ω ),
[Lemma F.1.10] = e ◦ fR (V
f0 Ω := (ν1 , . . . νn , ω1 , . . . ωm ), ri = rp̃i + (1 −
where Ve1,Ω = {ν1 , . . . , νn }, Ve2,Ω = {ω1 , . . . , ωm }, V
f0 Ω (such that
r)q̃i , and P̃ , Q̃ ∈ PVf0 are extensions of the original probability distributions on V
P̃ restricted to Ve1,Ω equals P , and is zero for elements ωi of Ve2,Ω , and vice-versa for Q̃). This
f0 ) ⊆ V P , and so e(V P ) is indeed convex.
element is again in e(VΩP ) because fR (V
Ω
Ω
Finally, it then follows that
e ◦ h(V P ) = e(VΩP ) = (e(VΩP ))P ⊇ (e(VΩ ))P = (e ◦ h(V ))P
as required.
Remark F.3.14. When working in the probabilistic quotient space, note that taking the convex
hull of a specification might make us lose information about the larger picture, and in particular
about correlations. This is because of the relation
e ◦ h(V P ) = e((h(V ))P ) ⊇ (e ◦ h(V ))P .
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For example, imagine that S Ω is the specification space of all two-qubit density matrices, and
S ΩA the reduced space of the first qubit. Now imagine that we had the local specification
VA = ‘first qubit is in a pure state’,
corresponding to the surface of a Bloch sphere. The global version of this specification is
eA (VA ) = ‘first qubit is in a pure state, and so in particular it is uncorrelated with the other’.
Now, if we took the convex hull of the local specification we would obtain all mixtures of pure
states, that is the whole Bloch sphere, VAP = ΩA . Taking the global version of this specification
yields eA (VAP ) = Ω, because now we allow for correlated states that purify (or more generally
extend) mixed states on the first qubit. In taking the convex hull we lose the information that
this qubit was uncorrelated: the new global specification Ω allows for classical correlations as
well as entanglement. While we might have also obtained classical correlations by taking the
convex hull of the initial global specification eA (VA ), and so we could understand them as lack
of knowledge already inherent in eA (VA ), we are now also including physical correlations, i.e.
entanglement, into the specification. Operationally, this is due to the dual character of convexity
in quantum theory: the density matrix formalism may reflect both a probabilistic, subjective lack
of knowledge as well as physical correlations, i.e. entanglement, with external systems.

F.4

Additional results

The following proposition shows that, under suitable conditions, not only is the reduced state
space of a convex state space also convex, but also we can find restricted resource theories
(S T , Fe) that are also doubly convex. The condition imposed on the embedding guarantees that
we can define the convex combination of reduced transformations uniquely.
Proposition F.4.1 (Doubly convex embeddings). Let (S Σ , T ) be a doubly convex resource
theory, let ∼ be an equivalence relation on Σ inducing a reduced specification space S Ω with
Ω∼
= Σ/ ∼ with an intensive embedding e that preserves a convex set of endomorphisms G ⊆ T ,
that is,
h ◦ g ◦ e ◦ h(V ) = h ◦ g(V )
for all g ∈ G.
Then if ∼ satisfies
[fp (ω, σ)]∼ ⊇ fep ([ω]∼ , [σ]∼ ) ,
and the convex combinations of functions satisfies

h ◦ f ◦ e = h ◦ f 0 ◦ e =⇒ h ◦ cp (f, g) ◦ e = h ◦ cp f 0 , g ◦ e
e is also doubly convex.
for all f, f 0 , g ∈ G, then the restricted resource theory (S T , G)
Proof. It follows from Proposition F.2.2 that Ω is convex. It is left to show that
e for g ∈ G support convexity,
1. the operations ge = h ◦ g ◦ e ∈ G
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e is convex,
2. the set of functions ge ∈ G
e e
3. the convex structure (G,
c) satisfies the additional property




e
cp fe, ge (VΩ ) ⊆ fep0 fe(VΩ ), ge(VΩ ) ,
e
4. convex combinations e
c respect the monoidal structure of G,



e
cp fe ◦ ge, fe ◦ ge0 ⊆ fe ◦ e
cp ge, ge0 ,



e
cp ge ◦ fe, ge0 ◦ fe ⊇ e
cp ge, ge0 ◦ fe.
We will now prove the above points.
1. Since ge(VΩ ) = h ◦ g ◦ e(VΩ ), we have
ge(fep0 (VΩ , WΩ )) = h ◦ g ◦ e ◦ h(fep (e(VΩ ), e(WΩ )))
[Embedding preserves G] = h ◦ g ◦ fep (e(VΩ ), e(WΩ ))
[g convexity supporting] ⊇ h ◦ fep (g ◦ e(VΩ ), g ◦ e(WΩ ))
[h convexity preserving, Proposition F.2.2] = fep0 (h ◦ g ◦ e(VΩ ), h ◦ g ◦ e(WΩ ))
= fe0 (e
g (VΩ ), ge(WΩ )).
p

2. Let f, g ∈ G. Since G is convex, cp (f, g) ∈ G.
Now, since we require that

h ◦ f ◦ e = h ◦ f 0 ◦ e =⇒ h ◦ cp (f, g) ◦ e = h ◦ cp f 0 , g ◦ e
e through
for all f, f 0 , g ∈ G, we can define the convex combination of elements in G
e×G
e→G
e
e
cp : G
(fe, ge) 7→ h ◦ cp (f, g) ◦ e
for any f, g ∈ G such that h ◦ f ◦ e = fe and h ◦ g ◦ e = ge. Now, we have to show that
e e
(G,
c) is idempotent, extremal, commutative and associative.
Idempotence, commutativity and extremicity follow directly from the same properties in
c,


e
cp fe, fe = h ◦ cp (f, f ) ◦ e = h ◦ f ◦ e = fe,




c1−p ge, fe ,
e
cp fe, ge = h ◦ cp (f, g) ◦ e = h ◦ c1−p (g, f ) ◦ e = e


e
c1 fe, ge = h ◦ c1 (f, g) ◦ e = h ◦ f ◦ e = fe.
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For associativity, we have
 
 

e
cp e
cq fe, ge , e
t =e
cp h ◦ cq (f, g) ◦ e, e
t
= h ◦ cp (cq (f, g) , t) ◦ e


= h ◦ c1−pq f, c 1−p (t, g) ◦ e
1−pq


=e
c1−pq h ◦ f ◦ e, h ◦ c 1−p (t, g) ◦ e
1−pq


t, ge .
=e
c1−pq fe, e
c 1−p e
1−pq

e e
3. Next we show that (G,
c) satisfies the additional propoerty




e
cp fe, ge (VΩ ) ⊆ fep0 fe(VΩ ), ge(VΩ ) .
To see that this condition is satisfied, we calculate


e
cp fe, ge (VΩ ) = h ◦ cp (f, g) ◦ e(VΩ )


⊆ h fep (f ◦ e(VΩ ), g ◦ e(VΩ ))
[Proposition F.2.2] = fep0 (h ◦ f ◦ e(VΩ ), h ◦ g ◦ e(VΩ ))


= fep0 fe(VΩ ), ge(VΩ ) .
e we take the equivalent property
4. Finally, to see that e
c respects the monoidal structure of G,
from c and compute



e
cp fe ◦ ge, fe ◦ ge0 = h ◦ cp f ◦ g, f ◦ g 0 ◦ e

⊆ h ◦ f ◦ cp g, g 0 ◦ e

= h ◦ f ◦ e ◦ h ◦ cp g, g 0 ◦ e

= fe ◦ e
cp ge, ge0 ,
where in the first line we used
h ◦ f ◦ g ◦ e(VΩ ) = h ◦ f ◦ e ◦ h ◦ g ◦ e(VΩ ) = fe ◦ ge(VΩ )
and likewise for f ◦ g 0 . Similarly,



e
cp ge ◦ fe, ge0 ◦ fe = h ◦ cp g ◦ f, g 0 ◦ f ◦ e

⊇ h ◦ cp g, g 0 ◦ f ◦ e

= h ◦ cp g, g 0 ◦ e ◦ h ◦ f ◦ e

=e
cp ge, ge0 ◦ fe.
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The above is in particular true for embeddings that preserve subsystems of specifications,
that is, for which G = A ∈ Sys(T ).
Lemma F.4.2. Let (S Ω , T ) be a doubly convex resource theory, for which in addition for all
g, g 0 , g 00 ∈ T ,


cp g ◦ g 0 , g ◦ g 00 (V ) = g ◦ cp g 0 , g 00 (V )
and


cp g ◦ g 00 , g 0 ◦ g 00 (V ) = cp g, g 0 ◦ g 00 (V ).
Then every subsystem A ∈ Sys(T ) is convex.
0 ∈ A. We need to show that c (g , g 0 ) ∈ A. Let f ∈ A . Then, we have
Proof. Let gA , gA
p A A
A


0
0
fA ◦ cp gA , gA
(V ) = cp fA ◦ gA , fA ◦ gA
(V )

0
= cp gA ◦ fA , gA ◦ fA (V )

0
= (cp gA , gA
) ◦ fA (V ).
0 ) ∈ A = A.
So we have cp (gA , gA

Corollary F.4.3. Let (S Ω , T ) be a doubly convex resource theory that satisfies the monoidal
equalities of Lemma F.4.2. Let (eA , hA ) be an intensive embedding inducing a specification space
S ΩA that preserves a subsystem A ∈ Sys(T ),
hA ◦ g ◦ eA ◦ hA (V ) = hA ◦ g(V )
for all g ∈ A, with a corresponding equivalence relation ∼ on Ω.
Then if ∼ satisfies
[fp (ω, σ)]∼ ⊇ fep ([ω]∼ , [σ]∼ )
for all ω, σ ∈ Ω, and for all f, f 0 , g ∈ A

hA ◦ f ◦ eA = hA ◦ f 0 ◦ eA =⇒ hA ◦ cp (f, g) ◦ eA = hA ◦ cp f 0 , g ◦ eA ,
e is also doubly convex.
the corresponding restricted resource theory (S ΩA , A)
When we trace out a subsystem in quantum theory quantum mechanics, local state spaces
and transformations are convex.
Proposition F.4.4 (Partial trace induces doubly convex local theories). Let (S ΩAB , T ) be
quantum theory on a bipartite Hilbert space HA ⊗ HB , on which transformations in T are
CPTP maps on the same global input and output space, and A ∈ Sys(T ) the submonoid of
transformations acting on the first space. The embedding determined by the partial trace over
a subsystem,
eA (VA ) = {σ ∈ ΩAB : σA ∈ VA },

hA (V ) = {σA : σ ∈ V },

e
with σA = TrB (σ), induces a doubly convex local resource theory (S ΩA , A).
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Proof. We use the same definitions as in Proposition F.2.1 for the convex combinations of CPTP
maps E and their counterparts Ee on the specification space. We will show that the conditions
of Corollary F.4.3 are satisfied. Firstly, note that
hA ◦ g ◦ eA ◦ hA (V ) = hA ◦ g(V )
because
TrA (EA (ρAA )) = EA (ρA )
for all ρAA such that TrA (ρ) = ρA (here we have used the short-hand notation EA for EA ⊗ IA
— all functions in A are of this form). Next,
[fp (ω, σ)]∼ ⊇ fep ([ω]∼ , [σ]∼ )
because
0
TrA (p ρAA + (1 − p) σAA
) = p ρA + (1 − p) σA

and so any state in fep ([ω]∼ , [σ]∼ ) in particular has marginal p ωA + (1 − p) σA on A and thus
lies within the left hand side.
Finally, the monoidal equalities are satisfied (see Proposition F.2.1), and furthermore

hA ◦ f ◦ eA = hA ◦ f 0 ◦ eA =⇒ hA ◦ cp (f, g) ◦ eA = hA ◦ cp f 0 , g ◦ eA
for all f, f 0 , g ∈ A because
hA ◦ EA ◦ eA (ρA ) = EA (ρA )
and
hA ◦ cp (EA , FA ) ◦ eA (ρA ) = p EA (ρA ) + (1 − p) FA (ρA ).
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