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Adaptive designs and sparse polynomial chaos expansions
for structural reliability analysis
Stefano Marellia and Bruno Sudreta
a Chair

of Risk, Safety and Uncertainty Quantification, ETH Zürich

Abstract: An adaptive strategy to solve structural reliability problems by means
of sparse polynomial chaos expansions is presented. The experimental design is
iteratively updated based on the current estimation of the limit-state surface in an
active learging algorithm. The greedy algorithm uses bootstrap to provide a local
error measure for the polynomial chaos predictor and subsequently identify the
best candidate set of points to add to the experimental design. The approach is
demonstrated on a well-known analytical benchmark and on a complex realistic
slope-stability problem.

1

Introduction

Structural reliability analysis aims at computing the probability of failure of a system with
respect to some performance criterion when its governing parameters are uncertain. To account
for uncertainties, these parameters are modelled by a random vector X ∈ RM with prescribed
joint probability density function FX . The limit-state function g is defined over the support of
X such that {x : g(x) ≤ 0} defines the failure domain, while {x : g(x) > 0} defines the safe
domain. The limit state surface implicitly defined by g(x) = 0 lies at the boundary between the
two domains. The probability of failure of such a system can be defined as:
Z

PF =

{x:g(x)≤0}

fX (x)dx.

(1)

A straightforward approach to compute the integral in Eq. (1) is by means of Monte Carlo Simulation (MCS). However, standard MCS approaches can often not be used in practice because of
the large number of samples they require to accurately estimate small probabilities (i.e. ∼ 10k+2
for PF ≈ 10−k ). Well-known methods based on local approximation of the limit-state function
close to the failure domain (such as FORM and SORM [21]) can be more efficient, yet they
are usually based on linearization and tend to fail in real-case scenarios with highly non-linear
structural models and in high dimension (≥ 10).
In contrast, methods based on surrogate modelling have gained interest in the last few years.
Most approaches are based on active-learning strategies based on Kriging surrogate models,
as in the EGRA method [2, 1] and active-Kriging MCS (AK-MCS) [8]. Kriging has also been
employed to devise quasi-optimal importance densities in [7, 5]. Amongst other variations,
polynomial-chaos-based Kriging has also been used as an alternative metamodelling technique
[22] to overcome some of the limitations of pure Kriging-based methods.
Polynomial chaos expansions (PCE) are a well-established tool in the context of uncertainty
quantification, with applications in uncertainty propagation [11], sensitivity analysis [14] and,
to a lesser degree, structural reliability [23]. While often considered as an efficient surrogate
modelling technique due to their global convergence behaviour, PCEs have been employed

only seldom in reliability analysis (see, e.g. [20]) due to their lack of accuracy in the tails of the
model response distribution, which are essential in this field.
In addition, active-learning approaches with surrogates require some form of local error estimate
to adaptively enrich an initially small set of model evaluations close to the limit state surface.
Kriging-based methods can rely on the Kriging variance for this task, but PCEs do not provide
a natural equivalent.
In this paper, we leverage on the properties of regression-based sparse-PCE [3] to derive a local
error estimator based on bootstrap resampling. We then use this estimator to construct an activelearning strategy to adaptively approximate the limit-state surface with PCE by minimizing a
misclassification probability at every iteration. The method is then showcased on both standard
benchmark functions and on a realistic slope-stability engineering example.

2
2.1

Methodology
Polynomial Chaos Expansions

Consider a finite variance model Y = M (X) representing the response of some quantity of
interest (QoI) Y to the random input parameters X ∈ RM . Polynomial chaos expansion is the
spectral decomposition of the model onto a set polynomials that are orthonormal with respect
to the input variables given by (see, e.g. [11]):
Y=

∑

yα Ψα (X),

(2)

α∈NM

where the yα are real coefficients and α is a multi-index that identifies the degree of the multivariate polynomial Ψα in each of the input variables Xi :
M

(i)

Ψα = ∏ φαi (Xi ),

(3)

i=1

(i)

where φαi represents a polynomial of degree αi orthogonal to the marginal distribution of Xi ,
FXi . For more details on the construction of such polynomials for both standard and arbitrary
distributions, the reader is referred to [25]. For the sake of notational simplicity and without
loss of generality, throughout this section we will assume independent input variables. Even
in the presence of a complex dependence structure between the input variables it is always
possible to construct isoprobabilistic transforms (e.g. Rosenblatt or Nataf transforms, see [15])
to decorrelate the input variables prior to the expansion.
The series expansion in Eq. (2) is traditionally truncated based on the maximal degree
p of the expansion, thus yielding a set of basis elements identified by the multi-indices
M

α ∈ A : ∑ αi ≤ p, with card(A ) = P. The corresponding expansion coefficients yα can then
i=1

be calculated
efficiently
n
o via least-square analysis based on a sample of the input random vector
(1)
(N)
X = x ,··· ,x
known as the experimental design (ED), and the corresponding model
n
o
(1)
(N)
responses Y = y , · · · , y
as follows:
"
#
1 N (i)
yα = argmin ∑ y − ∑ yα Ψα (x(i) ) .
N i=1
α∈A

(4)

When the number of unknown coefficients P is high (e.g. for high dimensionality or high degree
expansions), sparse regression techniques can be employed to efficiently solve the minimization
in Eq. (4) (e.g., least angle regression [10, 3]).

2.2
2.2.1

Bootstrap-based local error estimation in PCE
Bootstrap in least-square regression

Adopting a least-square regression strategy to calculate the coefficients in Eq. (4) allows one
to use the bootstrap resampling method described in [9] to obtain information on the variability in the estimated coefficients due to the finite size of the experimental
design. o
Suppose
n
(1)
(N)
drawn
that a set of estimators θ is a function of a finite-size sample X = x , · · · , x
from
the random vector
X. Then the bootstrap method consists in drawing B new sample sets
o
n
(1)
(B)
from the original X by resampling with substitution. This is achieved by
X ,··· ,X
randomly assembling B−times N realizations x(i) ∈ X , possibly including repeatedly the same
realization multiple times within each sample. The set of estimated quantities
o
n can then be recalculated from each of the B samples, thus yielding a set of estimators Θ = θ (1) , · · · , θ (B) .
This set of estimators can be used to directly assess the variability of θ due to the finite size
of the experimental design X , at no additional costs, e.g. by calculating statistics, or directly
using each realization separately. An application of the bootstrap method combined with PCE
to provide confidence bounds in the estimated PF in structural reliability applications can be
found in [20].
2.2.2

PC-Bootstrap

We propose to use the bootstrap technique to provide local error estimates to the PCE
predictions. The rationale is the following: the PCE coefficients yα in Eq. (4) are estimated from the experimental design X , therefore they can be resampled through bootstrap.
This
can be achieved by o
first generating a set of bootstrap-resampled experimental designs
n
(b)
(b)
X , Y , b = 1, · · · , B . For each of the generated designs, one can calculate a correspond(b)

ing set of coefficients yα , effectively resulting in a set of B different PCEs. Correspondingly,
the response of each PCE can be evaluated at a point x as follows:
(b)

YPC (x) =

∑

(b)

yα Ψα (x),

(5)

α∈A

n
o
(b)
thus yielding a full response sample at each point YPC (x), b = 1, · · · , B . Therefore, empirical
quantiles can be employed to provide local error bounds on the PCE prediction at each point.

2.3

Adaptive PC-Bootstrap-based reliability analysis

In this section we present an adaptation of the PC-Kriging MCS algorithm in [22] that makes
use of PC-Bootstrap (hereafter referred to as PCB). Consistently with [8, 22], in the following
we will refer to this algorithm as Active polynomial-chaos-bootstrap Monte-Carlo simulation
(APCB-MCS). We follow the original idea of adaptively building a surrogate of the limit-state
function starting from a small initial experimental design and subsequently enriching it to optimize the surrogate performance for structural reliability. The algorithm is summarized in the
following:
0. Initialization:
(a) Generate an initial experimental design and calculate the corresponding PCBootstrap surrogate (see Section 2.3.1).
n
o
(i)
(b) Generate a large reference MCS sample XMCS = xMCS , i = 1, · · · , NMCS of size
NMCS (e.g. NMCS = 106 ).

n
o
(b)
1. Calculate a set of MCS estimators of the probability of failure: PbF , b = 1, · · · , B with
the current PC-Bootstrap surrogate.
(1,··· ,B)
(see Section 2.3.2). If they are met, go to
2. Evaluate the convergence criteria on PbF
Step 5 (terminate the algorithm). Otherwise continue to the next step.

3. Evaluate a suitable learning function on the MCS sample XMCS (see Section 2.3.3).
(i)
Choose one or more additional xMCS ∈ XMCS and add them to the PC-Bootstrap ED
(see Section 2.3.4).
4. Update the PC-Bootstrap surrogate on the new ED and return to Step 1
5. Algorithm termination: return the PbF resulting from the PCE on the current ED, as well
(1,··· ,B)
set.
as the error bounds derived from the empirical quantiles of the current PbF
A detailed description of each step of the algorithm is given in the following sections.
2.3.1

Initial experimental design

The initial experimental design is usually generated by space-filling sampling techniques of the
random vector X, such as latin hypercube sampling (LHS) or pseudo-random sequences (e.g.
Sobol’ sequence). Alternative sampling techniques, such as the uniform sampling of a ball,
have also been proven effective in the context of structural reliability when low probabilities of
failure are expected ([4]).
2.3.2

Convergence criteria

The proposed convergence criterion of choice inspired by [22, 20] and it depends on the stability
of the PF estimate at the current iteration. Defining:


(b)
Pb+ = max Pb
F

F

(6)
PbF−



(b)
= min Pb
.
F

Convergence is achieved when the following condition is satisfied for at least two consecutive
algorithm iterations:
PbF+ − PbF−
≤ εPbF ,
(7)
PbF
with 0.05 ≤ εPbF ≤ 0.15 in typical usage scenarios.
2.3.3

Learning function

A learning function is a function that allows one to rank a set of candidate points based on some
utility criterion that depends on the application context. In this case, we followed the approach
in [22], by using as a learning function the probability of misclassification of the PC-Bootstrap
model on the candidate set given by XMCS .
(1,··· ,B)
Due to the availability of the bootstrap response samples YMCS , it is straightforward to define
the misclassification probability UFBR (where the subscript FBR stands for failed bootstrap
(i)
replicates) at each point xMCS ∈ XMCS as follows:
(i)

(i)
UFBR (xMCS ) =

(i)

BS (xMCS ) − BF (xMCS )
B

(8)

(i)

(i)

where BS (xMCS ) and BF (xMCS ) are the safe (resp. failed) PC-Bootstrap replicates at point
(i)

xMCS . When all the replicates are either in the safe or in the failed domain, UFBR = 1 (minimum misclassification probability), while UFBR = 0 when the replicates are equally distributed
(i)
between the two domains. In the latter case, 50% of the B bootstrap PCEs predict that xMCS
(i)

is in the safe domain, while the other 50% predicts that xMCS belongs to the failure domain.
(i)

Therefore, maximum epistemic uncertainty on the classification of a point xMCS is attained
when UFBR is minimum.
2.3.4

Enrichment of the experimental design

The aim of the iterative algorithm described in Section 2.3 is to obtain a surrogate model that
minimizes the misclassification probability. As a consequence, the learning function in Eq. (8)
can be directly used to obtain a single-point enrichment criterion. The next best candidate point
for the ED x∗ ∈ XMCS is given by:


x∗ = argmin UFBR (x(i) ) .
(9)
(k)

x∈XMCS

Due to the global character of regression-based PCE, it can be beneficial to add multiple points
in each iteration so as to more uniformly sample several interesting regions of the parameter
space simultaneously. The criterion in Eq. (9) can be extended so as to include K distinct points
simultaneously to speed up computation. Following the approach in [22], k-means clustering
techniques
(see, e.g., [26]) can be used at each iteration so as to identify K different regions
n
o
(1,··· ,K)
XMCS
in the parameter space where the probability of misclassification is non zero. Then,
Eq. (9) can be directly applied to each of the subregions to obtain K different enrichment points:


(k)
(i)
x∗k = argmin UFBR (xk ) , k = 1, · · · , K
(10)
(k)

(k)

where x∗k ∈ XMCS is the k−th enrichment sample and UFBR is the learning function evaluated
on the k−th region of the parameter space.
Note that this approach is also convenient when parallel computing facilities are available and
in the presence of computationally expensive objective functions.

3

Results on benchmark applications

All the algorithm development and the final calculations presented in this section were performed within the UQL AB software framework [18, 19].

3.1

Four branch function

A common benchmark for reliability analysis functions is given by the four-branch function,
originally proposed in [24]. Although it is a simple analytical function, it shows multiple failure
regions and a complex limit-state surface. Its two-dimensional limit state function reads:



3 + 0.1(x1 + x2 )2 − x1√+x2 2 





3 + 0.1(x1 + x2 )2 + x1√+x2 

2
g(x) = min
(11)
(x1 − x2 ) + √62










(x2 − x1 ) + √62
where the two random input variables X1 ∼ N (0, 1) and X2 ∼ N (0, 1) are modelled as independent standard normals. Failure occurs when g(x) ≤ 0.

Due to the complex, multi-failure shape of the limit-state surface (represented as a solid black
line in Figure 1), classic methods like FORM/SORM and importance sampling tend to fail with
this benchmark. The reference failure probability of PF = 4.460 · 10−3 is obtained through an
extremely large MCS (NMCS = 108 ).

a. Initial experimental design

b. Final experimental design

Figure 1: Four branch function: limit state surface (black line) and experimental design before and after
enrichment

The initial experimental design for the APCB-MCS algorithm was obtained with a space-filling
LHS sample consisting of Nini = 30 points drawn from the input distributions (black dots in
Figure 1). Three points at a time were added to the experimental design during the enrichment
phase of the algorithm. The number of replications for the APCB-MCS algorithm is set to B =
100. For comparison, a similar analysis was performed on the same initial ED with the AK-MCS
module of UQL AB [17, 13], with an anisotropic ellipsoidal multivariate Kriging correlation
function. The convergence criterion in Eq. (7) was set to εPbF = 0.05 for both the AK-MCS and
APCB-MCS algorithms.
Convergence was achieved after 49 iterations, resulting in a total cost (including the initial
experimental design) of Ntot = 177 model evaluations. The experimental design points added
during the iterations are marked by red crosses on panel (b) of Figure 1. As expected, the
adaptive algorithm tends to enrich the experimental design close to the limit state surface as it
is adaptively learned during the iterations. A graphical representation of the convergence of the
algorithm is shown in Figure 2, where the estimated PbF is plotted against the total number of
model evaluations Ntot . The shaded area represents the 95% confidence bounds based on the
empirical quantiles as estimated from the bootstrap sample.
The final results of the analysis are summarized in Table 1, where the Hasofer-Lindt reliability
index β = −Φ−1 (PF ) is also given for reference. For comparison, the reference MCS probability as well as a converged AK-MCS estimate [8, 17] are also given. The latter converged to
a comparably accurate estimate of PF , at the cost of a slightly higher number of model evaluations.

3.2

Slope reliability

In this example, the realistic slope stability problem sketched in Figure 3a is considered. The
soil mass consists of two layers connected by a random interface I(x). The depth of the interface

Figure 2: Convergence curve of the four-branch function. The reference PF is shown by a dotted line.
Table 1: Comparison of different reliability analysis methods for the four branch function

Algorithm

PF

MCS (ref.)
AK-MCS
APCB-MCS

4.46 · 10−3
4.52 · 10−3
4.53 · 10−3

β

Ntot

2.62 108
2.61 200
2.61 177

is spatially varying as a Gaussian random field with mean value µI = −9m (measured from the
top of the embankment), standard deviation σI = 2m and Gaussian autocorrelation function with
correlation length lI = 20m. To discretize the random field, the EOLE method [16] is chosen,
resulting in a total of nz = 15 random coefficients ξ1,··· ,nz ∼ N (0, 1) to represent 99% of the
field variance. Figure 3b shows graphically several realizations of the random interface. The
soil is assumed undrained, hence its failure is modelled following to the Tresca failure criterion.
The two layers are characterized by their undrained shear strengths cu,l (upper layer) and cu,u
(lower layer). Additional elastic properties of the entire soil mass include the random Young’s
modulus E and the deterministic Poisson ratio ν and soil density ρ. Table 2 summarizes the
distributions of all the 20 input parameters of this problem.
For each realization of the random input variables in Table 2, the soil properties are used as an
input to the freely available finite element slope-modelling software slope64 to calculate the
factor of safety via the shear strength reduction method [12] on the resulting configuration.
As opposed to the previous example, in this case the numerical solution of the calculation does

y [m]

10

cu,u

0
cu,l

I(x)

-10
0

20

40

60

80

x [m]

a. Slope model

b. Realizations of the random interface

Figure 3: Graphical representation of the slope model (a.) and realizations of the random interface (b.).
The model is vertically translated so as to guarantee that the interface I(x) is centred.

Table 2: Probabilistic model of the input parameters for the slope reliability problem

Parameter
Description
E
Young’s modulus
ν
Poisson’s ratio
ρ
Soil density
cu,u
Undrained shear strength upper layer
cu,u
Undrained shear strength lower layer
ξ1,··· ,15
EOLE discretization coefficients

Distribution
µ
Lognormal
50 MPa
Constant
0.3
Constant
2 · 103 Kg/m3
Lognormal
40 kPa
Lognormal
60 kPa
Gaussian
0

σ
2.5 MPa
8 kPa
12 kPa
1

Table 3: Comparison of standard AK-MCS and APCB-MCS on the slope stability model

Algorithm

PF
6.1 · 10−3

AK-MCS (ref.)
APCB-MCS
6.7 · 10−3

β

Ntot

2.51 230
2.47 248

not allow one to create reference results based on a large-size MCS, since a single run of the
code takes about 3 minutes on an Intel Xeon E3-1275 (3.5GHz) desktop CPU. Therefore, the
results from APCB-MCS are compared to those of classical AK-MCS [8] on the same starting
experimental design. Both algorithms are initialized with Nini = 50 samples generated from a
uniform sampling of a ball of radius r = 5σ in the quantile space of the input distributions
(for details, see e.g. [4]). The number of replications for the APCB-MCS algorithm was set
to B = 100, with 3 points added at every iteration, while the Kriging correlation function for
AK-MCS was set to Gaussian, with an anisotropic ellipsoidal multivariate kernel [17, 13]. Due
to the high computational costs of the model and the relatively high complexity of the problem,
the convergence criterion in Eq. (7) was set to εPbF = 0.15.
Table 3 summarizes the results of the analysis for both AK-MCS and APCB-MCS after convergence of both algorithms. With the given convergence criterion, the two algorithms converged
within Ntot < 250 total model runs to PF ≈ 6 · 10−3 (with a ∼ 2% discrepancy on the related
reliability indices β ). Albeit APCB-MCS estimated a slightly higher probability of failure, the
results of both algorithms are comparable within the given convergence criterion.

4

Conclusions and outlook

A novel approach to solving reliability problems with polynomial chaos expansions has been
proposed. The combination of the bootstrap method and sparse regression enabled us to introduce local error estimation in the standard PCE predictor. In turn, this allows one to construct
active learning algorithms similar to AK-MCS to greedily enrich a relatively small initial experimental design so as to efficiently estimate the probability of failure of complex systems.
This approach has shown comparable performance w.r.t. to the well established activelearning-based method AK-MCS on both a simple analytical benchmark and a complex highdimensional engineering application.
Extensions to this approach can be envisioned in two main directions:
• advanced simulation-based reliability analysis methods (e.g. importance sampling [7]
and subset simulation [6]) could substitute the brute-force MCS phase of APCB-MCS
to achieve better PbF estimates at each iteration
• parallel computing facilities may be used during the enrichment phase of the algorithms
with expensive computational models when adding more than one point at a time.

Additionally, the PCB approach itself introduced in this work can be used also outside of a
purely reliability analysis context, as it provides an effective local error estimate for PCE that
has somewhat hindered its usage in more advanced active-learning applications.

References
[1] B. Bichon, J. McFarland, and S. Mahadevan. “Efficient surrogate models for reliability analysis of systems with multiple failure modes”. In: Reliab. Eng. Sys. Safety 96.10
(2011), pp. 1386–1395.
[2] B. Bichon et al. “Efficient global reliability analysis for nonlinear implicit performance
functions”. In: AIAA Journal 46.10 (2008), pp. 2459–2468.
[3] G Blatman and B Sudret. “Adaptive sparse polynomial chaos expansion based on Least
Angle Regression”. In: J. Comput. Phys 230 (2011), pp. 2345–2367.
[4] V. Dubourg. “Adaptive surrogate models for reliability analysis and reliability-based
design optimization”. PhD thesis. Université Blaise Pascal, Clermont-Ferrand, France,
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