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Abstract
This thesis deals with topological effects in linear mechanical metamaterials governed by Newton’s equation of motion. Mechanical metamaterials
are artificially designed structures whose behavior arises from a scale much
larger than its constituting units. The topological effects taken into account are the ones known from single-particle condensed matter physics.
While first introduced in the context of quantum mechanics, they are
not bound to it and appear in other contexts as well. As such, the field
of topological mechanical metamaterials is the youngest offspring implementing ideas from topological band theory and beyond. This thesis is
part of this development and its contributions are fourfold.
The first contribution is a systematic approach to import topological
effects from single-particle condensed matter physics to mechanical metamaterials. We show how to bring Newton’s equation of motion into a
form akin the Schrödinger equation. This then allows for a direct import
of the desired physics. Besides, through this transformation we combine
previously unconnected approaches to carry over topological effects, and
set out how further ones transfer.
A central feature of topological materials is the presence of robust surface modes that are of interest in sight of applications. However, some
types of topological effects can only be implemented if classical timereversal symmetry is broken, which in turn can be hard to achieve for
versatile and affordable mechanical metamaterial. We theoretically and
experimentally demonstrate how a passive, time-reversal-invariant topological material can be built, by implementing the topological aspects of
the quantum spin Hall effect in a mechanical metamaterial. We experimentally characterize the edge (surface) modes and discuss their topological protection.
The quantum spin Hall effect is protected by quantum time-reversal
symmetry, which translates into a local symmetry in its mechanical version. By deliberately breaking this symmetry, we show how the topological
edge channels can be switched on and off. Furthermore, we experimentally
show that it is sufficient to break the symmetry in a very small spatial
region of the system to obtain an almost perfect switching behavior.
Taking into account additional energy terms renders topological invariants often ill-defined. Nevertheless, they offer a structured approach to
engineer peculiar surface physics. We create such a metamaterial with
a polar elastic response. When straining the material with a point-like
object on a certain surface, it provides a very soft response, whereas when
poked on the opposite surface the material is hard. The effect is robust,
and in particular not prone to wearing.
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Kurzfassung
Diese Dissertation beschäftigt sich mit topologischen Effekten für lineare mechanische Metamaterialien welche der Newton’schen Bewegungsgleichung genügen. Mechanische Metamaterialien sind künstlich erzeugte Strukturen deren Verhalten aus einer Längenskala hervorgeht die viel
grösser ist als jene des zugrundeliegenden Materials. Die betrachteten topologischen Effekte sind solche die aus der Ein-Teilchen-Festkörperphysik
bekannt sind. Obwohl diese ursprünglich innerhalb der Quantenmechanik
eingeführt wurden, können sie auf andere physikalische Systeme übertragen werden. So finden Konzepte wie die topologische Bandtheorie auch
Anwendung in mechanischen Metamaterialen, und die vorliegende Arbeit
leistet vier Beiträge dazu.
Der erste Beitrag ist eine systematische Herangehensweise wie man EinTeilchen-Effekte aus der Festkörperphysik in mechanische Metamaterialien übertragen kann. Wir zeigen wie die Newton’sche Bewegungsgleichung
auf die Form einer Schrödinger Gleichung gebracht werden kann. Dadurch
können die gewünschten Effekte direkt importiert werden. Zudem verknüpfen wir mit dieser Transformation zuvor unabhängige Strategien zum
Einführen topologischer Effekte und legen dar wie noch weitere übertragen werden können.
Insbesondere im Hinblick auf Anwendungen, sind die robusten Oberflächenmoden von topologischen Materialen eine wichtige Eigenschaft derselben. Für gewisse topologische Effekte muss allerdings die klassische Zeitumkehrsymmetrie gebrochen sein, was schwierig zu erreichen sein kann.
Wir zeigen theoretisch als auch experimentell wie man ein passives, zeitumkehrinvariantes topologisches Metamaterial realisieren kann, indem wir
die Physik des Quanten-Spin-Hall-Effekts in die Mechanik übertragen.
Zudem charakterisieren wir experimentell die Oberflächenmoden und diskutieren ihren topologischen Schutz.
Der Quanten-Spin-Hall-Effekt ist durch die quantenmechanische Zeitumkehrsymmetrie geschützt, welche sich in eine lokale Symmetrie im Metamaterial überträgt. Wir zeigen wie durch gezieltes Brechen dieser Symmetrie die ausgedehnten Randmoden terminiert werden können. Zudem
demonstrieren wir, dass eine sehr lokale Beeinflussung des Systems ausreicht um ein nahezu perfektes Schaltverhalten der entsprechenden Randkanäle zu erreichen.
Durch das Hinzufügen weiterer Energieterme sind topologische Invarianten oft nicht mehr wohldefiniert. Trotzdem bieten sie Zugang zu besonderer Oberflächenphysik. Wir kreieren ein solches Metamaterial mit einer
polaren elastischen Antwort. Für eine punktförmige Last ist das Material
auf einer bestimmten Oberfläche weich, auf der gegenüberliegenden Seite
jedoch hart. Der Effekt ist robust und resistent gegen Abnutzung.
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Introduction
The seeds for topological mechanical metamaterials were
sown in condensed matter physics and many fruitful ideas
were borrowed from it. After introducing mechanical metamaterials, we briefly touch upon topology itself, before we
describe its applications in condensed matter physics. Since
either of the fields is vast, we refrain from attempting to
give a complete overview. Instead we highlight certain aspects relevant to position this thesis in a larger context.
Detailed information can be found in the many excellent
reviews and books such as Refs. [1–8] and Refs. [9–20], as
well as references therein.

1.1 Mechanical Metamaterials
Mechanical metamaterials are artificially designed mechanical structures
to create or enhance functionalities typically related to wave propagation.
The desired behavior emerges from engineered features on a larger scale
than its constituting components [6]. This formulation is a rather broad
definition, tailored towards the mindset engaged in this thesis and does
not further differentiate into subunits such as acoustic [5, 6] or phononic
[3, 4] metamaterials. Instead, the term mechanical refers to any degree of
freedom arising from displacements of masses (mass fields), such as, e.g.,
vibrations in elastic media ranging from phonons up to seismic waves [21],
displacements of membranes or even of pendula, cf. Fig. 1.1. Based on
this interpretation, the field of mechanical metamaterials exist since many
decades [4], including the famous work by Brillouin [22], and probably
going all the way back to Newton [4].
On the other hand, a more stringent definition commonly used is [5]:
“[. . . ] a class of structured composites whose wave functionalities arise as
the collective manifestations of its locally resonant constituent units.” It
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goes back to a work by Liu et al. [23], where they built a sonic crystal from
local resonators in the form of rubber coated metal spheres. The resulting
band structure had gaps at around 400 Hz and 1100 Hz. Creating such
sonic band gaps through Bragg scattering [24] typically involves structures
which are significantly larger [25] than the unit cell size of 1.55 cm used in
Ref. [23], as dictated by the dispersion of sound. Band gap engineering is a
promising strategy for vibration isolation or minimization [4]. Therefore,
the realization of these gaps through sub-wavelength structures [23] gave
the field new momentum.
From the point of view of a condensed matter physicist, periodic locally
resonant structures are very reminiscent of tight-binding models of, e.g.,
electrons in solids. In either case, we can think of some local wave function
or mode structure that corresponds to a certain energy and satisfies certain
symmetries. By periodically coupling many of them, the different local
modes start to mix and band structures emerge. In its simplest form,
when considering only one degree of freedom per site, i.e. one electronic
orbital or one local mode, we obtain a single band. Its average energy
(frequency) is determined by the energy (frequency) of the local degree
of freedom. The width of the band structure is determined through the
coupling strength to its neighbors and the lattice constant sets the spatial
scale, cf. Fig. 1.1. This analogy is the basis to carry over various ideas of
condensed matter physics.
While for many situations this picture is sufficient to understand what
is going on, it can be insightful to also make connection to wave propagation in continua. The key idea is to introduce an effective continuum
model which reproduces the phenomenology observed in the corresponding metamaterial [26]. This is done by defining effective dynamical masses
[27] and effective bulk moduli [23, 28], similar to effective masses in band
structure calculations in solid state physics.
In the static limit, both the mass density and the bulk modulus have
to be positive to sustain a stable material. However, as a function of frequency either of them can become negative. Upon the sign change, the
wave equation might have only evanescent solutions while it supported
extended ones before [26]. If both effective constants turn negative, the
sign changes cancel and propagation of energy is supported again. However, the wave vector of a given plane wave and the direction of energy
transport (the Poynting vector) do not need to be parallel anymore. This
is the basis for negative refraction at interfaces between doubly negative
[29] and doubly positive materials, and gives rise to unconventional lens
designs [30], and even superlenses [31] which overcome the resolution limit
of conventional lenses.
These ideas are based on the interplay of coefficients of the wave equation and are not bound to specific mechanical systems. Indeed, they where

1.1 Mechanical Metamaterials

a

b

c

Figure 1.1: Examples of mechanical metamaterials. (a) A two-dimensional metamaterial consisting of coupled pendula. Each pendulum is a
local resonator and they are coupled through springs (cf. Chapter 3). (b)
An effectively one-dimensional metamaterial of coupled pillars. If the pillars were decoupled, each of them would have the same set of eigenmodes.
The small bridges in between the pillars couple these eigenmodes. (c) A
three-dimensional metamaterial created through additive manufacturing.

first discussed for electromagnetic waves, where the relevant parameters
are the dielectric constant and the magnetic permeability [30]. For linear metamaterials, this is a prototypical example how many interesting
concepts based on wave phenomena are shared between different physical
implementations [4, 5].
In addition to wave guiding and engineering for linear mechanics, there
are as well some very interesting approaches capitalizing on non-linearities.
Examples include again lensing [32], switching or rectification [33] of energy transport, and diodes [34]. For additional uses of (non-)linear metamaterials, including more exotic concepts such as acoustic black holes,
illusion devices, or heat control we refer to Refs. [3–5] and references
therein. Most of the concepts and applications in mechanical metamate-
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rials involve a purposefully influencing of mechanical energy flows.
In this thesis we deal with linear materials only, and focus on how
another concept, namely the one of topology, can be carried over from
condensed matter to mechanical metamaterials. As we will see, it offers
us a very strong handle on shaping energy flows. Before we do so, we take
a step back and look at topology itself.

1.2 About Topology
Topology is a field of mathematics which arose from the study of continuous functions on the real line and Euclidean space [35], and deals mainly
with the classification of topological spaces [36]. A topological space is a
set, e.g. the real numbers, with a definition of open and closed subsets. To
classify mathematical objects, one needs to define an equivalence relation
first, and in topology it is the continuous deformation of spaces [36]: if
one space can be continuously deformed into another, they are, from a
topological point of view, equal.
Intuitively, this means that one may deform an object by stretching,
compressing, or otherwise distorting it, but cutting and gluing is not allowed. For example, one can continuously deform a sheet of paper into a
bended or even arbitrarily crumpled one, but it is not possible to create
a sphere out of it without gluing1 . Mathematically there are varieties of
what is meant by continuous deformations and the most basic form is
the notion of a homeomorphism [35]: a continuous map with an inverse
which is continuous as well. If there exists a homeomorphism between
two topological spaces they are equivalent.
By its very nature, a central question in topology is whether two spaces
are topologically equivalent or not. While this seems to be a simple question, there is no generic answer or strategy to this problem [35]. What
can be done is to introduce topological invariants and whenever the two
spaces give rise to different topological invariants, they have to be topologically distinct. This means that we cannot look at two different spaces
and know in full glory whether they are equivalent or not. We can only
look at all the topological invariants, such as (simple) connectedness or
compactness, and check whether any of them differ [36]. This is of course
a much weaker statement, since there could always be an invariant which
was not considered or which is not known.
One might wonder whether the inability to judge the equivalence of
two spaces is not just because of the generality topology deals with, and
whether this becomes irrelevant upon having a simpler environment as in
1

Another example is the overused equivalence of a donut (torus) with a mug, by
continuously deforming one into the other.

1.3 Aspects of Topology in Condensed Matter Physics

a particular problem in physics. However, even if one restricts oneself to
seemingly simple situations the proof of such equivalences can be arbitrarily hard, as we learned from the Poincaré conjecture [37]. Loosely speaking, its statement is that any closed three-dimensional geometric object
without a hole can be continuously deformed into the three-dimensional
sphere. Despite its fame and its accessible formulation it took almost a
century until a solution [37–40] was found. We therefore conclude, that
the focus on and the comparison of topological invariants is the most
promising strategy.
In applications such as physics, it is convenient to have algebraic expressions for the topological invariants. Algebraic topology, as the corresponding field is called, considers spaces to be equivalent on a broader
formulation than homeomorphic [41]. An example of this type is provided
through the equivalence of homotopy, where the requirement on the inverse is relaxed. This gives, e.g., rise to equivalence with respect to the
Euler characteristic [36]. For a smooth surface, this invariant can be calculated from an integral of the Gauss curvature over a given surface. It
will be similar types of invariants that are going to be important here.
Since physics heavily relies on mathematics, topological spaces are ubiquitous in its formulation and each of them carries all kinds of topological
invariants. However, the central question is do they matter? Are there
observable consequences encoded in these invariants? The answer is yes,
it matters, and there are many ramifications.

1.3 Aspects of Topology in Condensed Matter Physics
Probably the most famous example of a consequence of topological invariants in physics is the quantization of the Hall resistivity (conductivity),
cf. Fig. 1.2. As a function of an external magnetic field, the Hall resistivity
RH of a two-dimensional electron gas features quantized plateaus. While
most of the plateaus look alike, the physics behind them can vary significantly: integer levels can be understood within single-particle physics,
the quantum Hall effect, while for the fractional levels interactions are a
central ingredient, giving rise to the fractional quantum Hall effect. The
physics contained in Fig. 1.2 is acknowledged by three Nobel prizes up to
date. One for the initial observation of the extremely precise quantized
conductivity by von Klitzing [42], one in parts2 for the explanation of
the quantized Hall conductance by Thouless et al. [43], and one for the
discovery [44] and explanation [45] of the fractional quantum Hall effect,
by Tsui, Störmer, and Gossard, and Laughlin likewise.
2

With this prize additional contributions by Thouless, Haldane, and Kosterlitz about
topology in condensed matter physics were acknowledged.
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While interactions in this context give rise to some of the most intriguing effects, we focus on the non-interacting aspects and come back to
interactions only at the end of this section. Before we embark more on
this topic we would like to point out, for the sake of completeness, that
while the quantized Hall conductance is the most famous example, it is
not the first appearance of topology in (condensed matter) physics.
The quantization of the Hall conductance is independent of microscopic
details of the sample and the exact value of the magnetic field [9]. Furthermore, the experimentally observed quantization of ν (cf. Fig. 1.2) is
exact to about 1 part in 1010 , limited by metrology. Thouless et al. realized that this quantization is explained by a topological invariant [43], the
Chern number. The variations in microscopic details, such as disorder,
can be understood as continuous deformations to the model, upon which
the topological invariant does not change. This extreme robustness is a
central element in the phenomenology of topological effects in physics and
one of the main reasons for its success.
In band theory, a common way to formulate the Chern number is as
an integral over the Berry curvature of a given band [12]. The connection between the Hall conductance and the geometric Berry phase [46] is
due to Simon [47] and allows to assign a band, or a collection of bands,
a Chern number. To be well-defined, the bands needs to be isolated in
energy and the bulk of the material ends up to be insulating3 . Hence
this is a property of a periodic system and one might wonder why this is
relevant for finite samples and where the conductivity comes from. This
connection, known as bulk-edge correspondence, is another central ingredient and implies the physical relevance of topological invariants in this
context. Its origin is that a topological invariant cannot change upon continuous transformations; instead a more invasive action is required. For
gapped systems it implies that at the interface of two topological distinct
materials there have to exist states localized at the interface. Since the
vacuum is topologically trivial, this implies the existence of edge states
on finite samples, which give rise to a finite resistivity.
The quantum Hall effect requires the presence of a magnetic field, which
in turn breaks time-reversal symmetry. In fact, the presence of timereversal symmetry requires the Chern number to vanish. This raises the
question whether it is possible to have a topological invariant in the presence of time-reversal symmetry. It was first realized by Haldane [48] that
there is in principle no need for a macroscopic magnetic field. Later,
a quantum spin Hall system was proposed as a time-reversal invariant
version of the quantum Hall effect [49]. However, in real materials spin
symmetry, which in this case is required, is typically broken, which put it
3

Assumed that the Fermi energy lies in a band gap.
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Figure 1.2: Measurement of the resistivity tensor of a two-dimensional
electron gas at low temperature as a function of an external magnetic
field. [44, 54, 55]. The Hall resistivity RH shows plateaus whit values
1 h
, where the diagonal resistivity R drops to zero. The coefficient ν is
ν e2
either an integer or a fraction, as labeled in the figure. Reprinted from
Ref. [55], with permission from Elsevier.

onto shaky grounds. Kane and Mele [50] realized that there is a new topological invariant characterizing the quantum spin Hall effect which does
not rely on spin symmetry. Subsequently, concrete materials featuring the
quantum spin Hall effect were proposed [51, 52] and measured [53].
Symmetries play, as so often, an important role here: The quantum Hall
effect does not rely on symmetries, but time-reversal symmetry makes the
Chern number vanish, while the Kane-Mele invariant is in fact stabilized
by a symmetry. Symmetries restrict the configuration space of a system
and the effectively explorable space is reduced. Hence, the relevant space
is a subspace of the initial one, which then can have different topological properties. As an example, consider the real line R which turns into
a circle upon identifying 0 with 2π, which naturally occurs in the context of translation invariant systems. Importantly, these symmetries then
need to be respected by an actual implementation to preserve the related
invariants.
The two invariants mentioned so far are both defined for two-dimensio-
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nal systems and a natural extension is to ask for invariants in other spatial
dimensions. For three dimensions [15] this was first achieved by Fu, Kane
and Mele [56]. They realized that there are different ways to generalize
the quantum spin Hall invariant in three dimensions. The simpler one is
to stack two-dimensional topological systems periodically [56–58]. While
this gives rise to three-dimensional topological systems, their invariants
depend on periodicity in the third direction. Since this is easily broken
in real materials, these types of invariants are called weak invariants. On
the other hand, they found a topological invariant that only relies on local
symmetries as in the quantum spin Hall effect. These invariants are much
more robust as they do not need spatial periodicity, for which reason they
are referred to as the strong invariants [56]. The first three dimensional
topological insulators were observed shortly after through angle-resolved
photoemission spectroscopy [59, 60].
There are three prominent local symmetries in condensed matter systems: time-reversal symmetry, particle-hole symmetry and the combination of the two, the chiral symmetry. Taking into account these three
symmetries and any spatial dimension the available strong topological invariants (indices) were worked out [61, 62]. While dimensions higher than
three might appear hypothetical, they are, e.g., relevant for the discussion
of defects [20]. The resulting classification is known as the tenfold way
and we will come back to it in Chapter 2.
Together with the invariants, the bulk-edge correspondence starts to
become sensitive to the symmetries as well. Edges or surfaces that do not
respect the symmetry can loose the desired surface states granted otherwise. Local symmetries have the advantage that they need be satisfied
locally only. Nevertheless, there are many symmetries which can be used
to stabilize other topological indices and depending on the situation they
might be favorable for other reasons. As an example, a key ingredient in
many of the strong topological indices is an anti-unitary symmetry which
squares to −1. Such symmetries appear naturally for spin- 21 systems but
not necessarily in others. In contrast, crystalline topological invariants
[18, 63] are based on spatial symmetries such as mirror symmetries. Especially in mechanical metamaterials crystalline symmetries might offer
better access to topological invariants than the aforementioned local symmetries.
In addition to what we strived so far, many more facets of topology in
condensed matter were, and still are [64, 65], discovered and discussed.
Among the most recent developments are Weyl semimetals. Other than
topological edge states in gapped systems, these materials offer unusual
semi-metallic behavior due to topologically protected band touching in
isolated points in the Brioullin zone. The name originates from Hermann
Weyl who predicted a new fermion [66] as solution to the Dirac equation
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for a vanishing mass [19]. While to date it has never been observed as a
free particle, it recently found a realization in condensed matter physics
[67–76]. Instead of having bands touching in single points, there can also
be full touching lines which are protected. These materials are known as
line-node semimetals [77–79].
While many topological phases were proposed, it can be tricky to realize them in electronic systems. Among the reasons are that often very
strong spin-orbit couplings are required and the Fermi-level needs to be
at the right energy [13]. Furthermore, theoretical considerations typically
deal with effective models, which in real experiment have to emerge from
a more complex material. Finally, topological effects are typically considered for ground states, which requires very low temperatures. However,
there are implementations in alternative systems, such as ultra-cold gases
[80], photonic crystals [81], and mechanical metamaterials [8]. While these
systems do not feature all the physics available for fermionic systems,
many of the effects still show up in them.
All the invariants brought up so far can in principle be implemented in
mechanical metamaterials as we will see in Chapter 2. This is no longer
true once interactions become relevant, where a whole new world opens
up [10]. In fact, a lot of research is focused on interacting topological systems since they can give rise to quasi-particles with fractional quantum
numbers, which also lie at the heart of the fractional levels in Fig. 1.2.
What is more, in two dimensions these particles can be non-Abelian and
give rise to anyonic statistics [10]. Such topological systems could in principle solve the coherence problem of quantum computation [11], although
experimental implementations are still far away. Topological order arising
from this context [82, 83] is of a different type than what we discussed
above and will not be relevant for this thesis. The reason why the field
decouples itself from mechanical metamaterials is that entanglement of
particles becomes a key ingredient. While this is not available in classical physics, non-linearities can advance mechanical metamaterials beyond
single-particle topological effects as well [84].

1.4 Topological Mechanical Metamaterials
Topological mechanical metamaterials [8] emerged as the subclass of mechanical metamaterials dealing with topological aspects akin single-particle condensed matter physics. Up to now, most of the interest in the field
is focused on obtaining robust edge or surface modes through topologically non-trivial materials. Surface modes are not unique to topological
metamaterials, but are a rather generic feature of interface physics. However, common surface waves, such as whispering gallery modes [85, 86],
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are very sensitive to the detailed shape of the surface. On the other hand,
topological surface modes are very robust to a variety of perturbations,
cf. Fig. 1.3. We conclude that any application or device that relies on
guiding, shaping or influencing the transport of mechanical energy, as the
ones mentioned in Section 1.1, might potentially profit from topological
mechanical metamaterials.
Coming back to the equivalence of locally resonant structures with
tight-binding problems presented above, it appears almost self-evident
how to import concepts from topological single-particle condensed matter physics. Nevertheless, some peculiarities need special attention. The
most prominent of them are that mass displacements are real and hence a
priori do not offer complex wave amplitudes, which is a central ingredient
in many of the models known from condensed matter physics. Besides,
Newton’s equation of motion is second order in time while the Schrödinger
equation is first order. At the same time, it is this second property that
allows for some attractive manifestations of topology in mechanical metamaterials.
While the relevance of topology in classical materials has been acknowledged before [87], its first application along the line of topological insulator physics was by Prodan and Prodan [88]. They employed topological
band theory to propose an explanation why microtubules in living cells
concentrate energy near their edge. For this purpose, they considered
the microtubule to be arranged in a two-dimensional lattice and argued
why there might be coupling terms that can give rise to non-trivial Chern
numbers. In a subsequent work, Berg et al. [89] applied similar ideas to
one-dimensional filamentary structures also relevant for living cells. In
both of these publications, topology was used to explain why the corresponding structure should have robust edge modes at finite frequencies.
In contrast, Kane and Lubensky [90] employed topological band theory to explain the appearance of zero-frequency modes, so called floppy
modes, in isostatic lattices. It was priorly observed [91] that the properties
of such floppy modes in twisted Kagome frames are reminiscent of edge
modes of topological insulators [87]. Inspired by Dirac’s strategy with
the Klein-Gordon equation, Kane and Lubensky took the square root of
the dynamical matrix to map the classical second order differential equation to a first order quantum-like Hamiltonian problem [90]. This allowed
them to carry over a certain type of a (weak) topological index, which
could explain the observed floppy mode properties. By decomposing the
dynamical matrix into equilibrium and compatibility matrices, not only
floppy modes but also their dual partners, states of self-stress, are accessible. The same discussion used to understand the edge floppy modes
applies to them as well and leads to edge-localized states of self-stress
[90, 92].
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m
Figure 1.3: Energy distribution in the driven topological mechanical
metamaterial shown in Fig. 1.1 (a). Eeach circle represents local modes
that are coupled to their neighbors, and color saturation encodes the
energy per local mode. The modes at the lower left corner, marked with
an m, are driven and the system reached a steady state due to damping.
The energy is solely located at the edge of the sample despite the sharp
corner in its shape. For more details see Chapter 3.

The theory by Kane and Lubensky applies to linear systems. Nevertheless, the effects of topological zero modes can extend significantly further
as demonstrated by Chen et al. [93]. They showed that for a specific
one-dimensional model, upon large deflections the topological zero-mode
evolves into a soliton which can travel freely through the material, while its
initial zero-mode is exponentially localized. Furthermore, worked out by
the Vitelli group as well, topological states of self-stress localized at defects
[94] have been engaged to create selective buckling of a two-dimensional
material under strain [95]. These examples illustrate that non-linear effects might play an important role in advancing ideas from topological
band theory4 [84].
Meanwhile, many more proposals [96–103] and experiments [104–106]
where put forward how topological band theory can appear in mechanical
metamaterials. They include several ideas from condensed matter physics,
such as the manipulation of Dirac cones [107], Zak phases [108], Floquet
topological systems [109–111], analogues of spin-orbit couplings [112], of
Weyl nodes, or of nodal semimetals [113–117]. Many of them focus on
discrete degrees of freedoms [118–120], which simplifies the analysis and
4

This is similarly the case with interactions in condensed matter physics, even though
they are of course of a completely different nature.
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the design. In sight of applications however, implementations in elastic
media [121–128] seem to be more promising. Even though, switching between full continuous models and reduced discrete ones can be challenging
[129].

1.5 Outline and Contributions of this Thesis
This thesis is placed at the interface of topological band theory and mechanical metamaterials. Its content can be divided into four contributions
[120, 130–132], each of which will be discussed subsequently in a separate
chapter.
The first contribution [120], presented in Chapter 3, was an experimental realization of a quantum spin Hall like system in a setup of coupled
pendula, a mechanical topological insulator. The quantum spin Hall effect is stabilized by an anti-unitary symmetry which squares to −1. In
quantum mechanics this symmetry arises naturally due to the spin degree
of freedom. However, in its mechanical version, the symmetry needs to
be engineered artificially by carefully choosing the symmetry properties
of local resonators and their couplings. What is advantageous, on the
other hand, is that classical time-reversal symmetry does not need to be
broken. Hence, the effect can be implemented in the dynamical matrix of
a passive material.
Shortly afterwards, a similar experiment by Nash et al. [118] was published. The authors built a hexagonal lattice of spinning gyroscopes that
act as two-dimensional oscillators. To each of the oscillators a permanent
magnet is attached which makes them interact with each others. This
results in a mechanical Chern insulator similar to the quantum Hall effect. As such, the topological protection is much stronger than in our
setup since they do not rely on any symmetry. The downside, in a sense,
is that each oscillator needs a drive to keep it spinning against damping. Moreover, in their analysis they assumed to be in a limit where the
spinning speed of the gyroscope goes to infinity. This reduced the second
order Newton equation to a first order equation of motion, which enables
identification with a single-particle Schrödinger equation.
Together with the approach by Kane and Lubensky, this meant that
there were three strategies to import topological band theory to mechanical metamaterials: by engineering a dynamical matrix with the appropriate features, by considering certain limiting cases which lead to a firstorder differential equation, and by decomposing the dynamical matrix into
its equilibrium and compatibility matrices and then work only with one of
the two. For us, this raised the question whether these different strategies
can be understood in a unified framework. Furthermore, we wondered
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what types of topological indices known from single-particle condensed
matter physics could find realizations in mechanical metamaterials. This
lead to the second project.
The second project [130] is presented first (in Chapter 2), because it
allows to put what follows into order. The strategy to unify the different
ideas is to write Newton’s equation of motion as a Hermitian eigenvalue
problem. To obtain such a form, a transformation introducing new degrees
of freedom needs to be applied to the formalism. There are different
possible transformations allowing targeting different edge terminations
and physics, including states of self-stress. In this work, we focused on
strong topological indices, even though the symmetries of the tenfold way
appear somewhat less natural in this classical context. Nevertheless, they
are of interest because they only need to be satisfied locally. While we
focused on the strong indices, any of the other single-particle invariants
can be imported the same way.
The third project [131], contained in Chapter 4 and carried out in collaboration with Philipp Zimmermann, is a follow-up work on the mechanical topological insulator. Being the prominent feature, a lot of effort was
put into creating topological materials featuring stable edge modes. However, to use them for an actual application an important aspect is how
to couple in and out of such transport channels and whether they can be
terminated or switched. The problem is, that these channels can be so
robust, that it can be hard to terminate them. However, in case that the
topological material is protected by symmetry, breaking this symmetry
offers a tool to achieve this goal. If in addition, this symmetry is local,
it is straightforward to only affect the system locally. Using this idea we
experimentally demonstrated how one can switch a topological phonon
channel.
In sight of applications, topological band theory is probably predominantly a design principle in the toolbox of mechanical metamaterials [8].
It offers a systematic approach to obtain edge or surface modes that can
then be used further. In many cases the topological invariants may not
be well defined in real implementations due to imperfections breaking the
relevant symmetries. Nevertheless, for applications this does not need to
be a problem because the desired edge or surface modes might remain
close to their initial forms.
Following this line of argumentation, we designed a three-dimensional
material which has a very asymmetric distribution of soft surface modes
[132]. At its heart it is a frame that sustains topological zero modes, while
the rest of its spectrum lies at very high frequencies. This is the case if the
hinges of the frame are ideal. By adding finite bending forces instead, the
zero modes are pushed to finite frequencies. However, due to a separation
in frequency scales the zero modes essentially only mix with each others,
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but not with the remaining modes. This way, the spatial distribution
of them remains similar. The materials elastic response is dominated by
the former zero modes and therefore shows a strong spatial dependence as
well. We verified our deliberations by experiments, confirming the desired
behavior. The results of this work, which was carried out in collaboration
with Osama R. Bilal and Chiara Daraio, are presented in Chapter 5.

Topology in Linear
Mechanical Metamaterials
One of the key elements in the understanding of topology in
electronic systems was the classification of different topological phases according to their symmetry properties [61, 62].
We worked out the corresponding structure for linear mechanical metamaterials [130] and present its discussion in
this chapter, which is a slightly adapted version of the original publication Ref. [130].

2.1 Introduction
At first sight, the dynamics in classical mechanics seems to be rather
different from quantum-mechanical electron systems. Our approach is
therefore to map, under certain restrictions, the first to the second problem. This, in principle, allows us to import the topological indices and
classification [61, 62] from the description of electronic systems. However,
a bare import of this classification is not doing justice to the rich structure
mechanical systems posses by themselves.
We can categorize mechanical metamaterials by two independent properties. First, the targeted functionality can either be at zero or at finite frequencies. Zero-frequency modes define structural properties such
as mechanisms where parts of a material move freely [90, 94]. The dual
partners of freely moving parts are states of self-stress [92], where external
loads on a material can be absorbed and may lead to a local accumulation of stress. Shaping such details of the load bearing properties of a
material are relevant both for smart adaptive materials [95] as well as for
civil engineering applications. The design of finite-frequency properties,
on the other hand, constitutes a quite different field of research. Here, the
goals are to control the propagation, reflection or absorption of mechanical vibrations. This includes, among other things, wave guiding, acoustic
cloaking, or vibration isolation ranging from the seismic all the way to the
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radio-frequency scale.
A second important separation into two distinct classes of materials
arises from the presence or absence of non-reciprocal elements [133]. Typically, non-dissipative mechanical properties are invariant under the reversal of the arrow of time. Non-reciprocal elements, however, transmit
waves asymmetrically between different points in space. The absence of
time-reversal symmetry allows for a topological invariant, the Chern number, which encodes chiral, or uni-directional wave-propagation. We will
see that these two attributes: static vs. dynamic and reciprocal vs. nonreciprocal will be key to understand how the classification for electronic
systems is naturally modified for mechanical systems.
Before we embark on the development of the framework needed for our
classification let us state our goals more precisely. Our aim is to import
and adapt the classification of non-interacting electron systems according to their local symmetries T , C, and S = T ◦ C, i.e., time-reversal,
charge-conjugation, and their combination, respectively [61, 62]. Clearly,
we will have to specify the role of these symmetries in mechanical systems. Moreover, we only cover the strong indices that do not rely on any
spatial symmetry. The extension to weak indices, arising from a stacking
of lower-dimensional systems carrying strong indices, is straightforward
[90]. Finally, there are many recent developments dealing with topological phases stabilized by spatial properties [63, 134–137] such as point
group symmetries. While such spatial symmetries are more easily broken
by disorder, the required ingredients might be very well tailored to the
mechanical setup [138, 139].
The remainder of this chapter is organized as follows: We start by developing a framework to map classical problems to an equation that formally
looks like a Schrödinger equation of a quantum mechanical problem. We
then introduce the three symmetries T , C, and S and discuss their appearance in mechanical problems before we provide the sought classification.
An extensive example section follows which serves two purposes: We illustrate and apply our approach. Moreover, we show a way to construct
new symmetry classes from generic building blocks. Finally, we emphasis
by an example how our ideas apply to elastic materials as well.

2.2 Models and Theoretical Framework
In this chapter we aim at characterizing discrete systems of undamped,
linear mechanical oscillators. While this setup is directly relevant for simple mass-spring systems [120] or magnetically coupled gyroscopes [118],
the scope here is actually considerably broader. Any system that can be
reliably reduced to a discrete linear model is amenable to our treatment.

2.2 Models and Theoretical Framework

This includes one [113], two [122–125], or three-dimensional [113] systems
made from continuous media, where a targeted micro-structuring enables
the description in terms of a discrete model. Once we deal with a discrete model, we have a direct way to import the methods known from
electronic topological insulators. In order to establish this bridge we now
introduce a formal mapping of a classical system of coupled oscillators to
a tight-binding hopping problem of electrons in solids.
We start with the equations of motion of a generalized mass-spring
model given by
ẍi (t) =

N
X

[−Dij xj (t) + Γij ẋj (t)] .

(2.1)

j=1

Here, t denotes time, xi (t) ∈ R one of the N independent displacements,
and ẋi (t) its time derivative. The mass terms are absorbed into the real
and constant coupling elements Dij and Γij . The entries Dij can be
thought of as springs coupling different degrees of freedom, and Γij arise
from velocity dependent forces. Note, that a non-zero Γ implies terms
formally equivalent to the Lorentz force of charged particles in a magnetic
field and hence arise only in metamaterials with non-reciprocal elements.
In addition to constant coupling elements as in Eq. (2.1), one can also
consider periodically driven systems. Such driven system can be cast into
our framework by a suitable (Magnus) expansion of the corresponding
Floquet operator [111, 140, 141].
We aim at rewriting Eq. (2.1), in the form of a Schrödinger equation, or
rather as a Hermitian eigenvalue problem. Therefore, we need the system
to be conservative (non-dissipative). This is achieved by requiring D to be
symmetric positive-definite and Γ to be skew-symmetric. Such matrices
can, e.g., be obtained from a system with Lagrangian
X
L=
ẋi Aij ẋj + xi Bij ẋj − xi Cij xj ,
Aij , Bij , Cij ∈ R ,
(2.2)
i,j

under the condition that D = A−1/2 CA−1/2 > 0, where A = AT and
C = C T without loss of generality.
An eigenvalue problem emerges from Eq. (2.1) via the ansatz xi (t) =
e−iλt xi (0):




0
1
x(0)
,
(2.3)
λy = i
y,
y=
−D Γ
ẋ(0)
where we gathered the indices i in a vector notation x(t). Energy conservation requires all eigenvalues λ to be real, but the ansatz renders the
problem complex. However, a suitable superposition of complex eigensolutions always allows to create real solutions with x(t) ∈ RN .
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While Eq. (2.3) contains all the information about the eigensolutions,
for the topological classification it is advantageous to transform it into a
Hermitian form. To this end, we apply the transformation
T =

√
D
0

0
i



(2.4)

to y. The square root of the matrix D is defined through its spectral
decomposition, where the positive branch of the square root of the eigenvalues is chosen. With this we arrive at
√ 

d
0
D
.
(2.5)
i ψ(t) = Hψ(t) , ψ(t) = e−iλt T y , H = √
dt
D
iΓ
As D is symmetric positive-definite and Γ is skew-symmetric, the matrix
H is Hermitian and the differential equation for ψ has the sought after
form of a Schrödinger equation.
The formulation in Eq. (2.5) is reminiscent of a single-particle tightbinding problem in quantum mechanics. Therefore, the discussion of
topological properties of the eigenvectors ψ can be directly carried over.
Remember that the topological classification is based on the spatial dimensionality of the problem as well as properties of special local symmetries
alone. In particular, the topological properties do not rely on translational symmetries. However, their discussion and definitions are most
conveniently introduced for translationally symmetric systems. In this
case, the D and Γ matrices are periodic and a spatial Fourier transform
block-diagonalizes
them (one block for each wave vector k). It follows
√
that D becomes block diagonal as well, because it shares its eigenvectors with D. Hence we will discuss families H(k) of Hamiltonians of the
form (2.5).
Before turning our attention to the topological classification, we comment on two more points: (i) the influence of damping and (ii) the possibility for alternative Hermitian forms. Every real system is prone to
damping, which in turn affects the eigensolutions in two ways. The eigenvalues acquire an imaginary part and the form of the eigenvectors may
change. While a slight change of the eigenvalues does not influence the
subsequent discussion, the difference in the eigenvectors may alter the
results. Whether or not it obstructs the use or observation of a given
topological effect depends on the details of the specific system.
Now to the second point. The transformation leading to Eq. (2.5) is not
the only way to introduce a Hermitian problem. In fact, any decomposition of the form D = QQT , Q ∈ RN ×M will allow us to achieve this goal.
By introducing the auxiliary variables η(t) = QT x(t), we may express
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Eq. (2.1) as

 


η(t)
η(t)
0 QT
=
.
(2.6)
iẋ(t)
iẋ(t)
Q iΓ
√
√
The particular choice Q = D = QT has the advantage that (i) D has
the same eigenvectors as D, (ii) it uses only as many auxiliary degrees of
freedom as needed, (iii) it allows to directly block-diagonalize the problem
in absence of Γ, and (iv) it offers a canonical way how to choose Q.
Nevertheless, this is not the only useful choice of Q. The starting point
for our choice was a given D and Γ, originating from an effective model. In
certain cases however, there is a natural choice of Q along with a physical
meaning. Such cases have been considered by Kane and Lubensky [90, 92].
In their setup the matrix Q corresponds to the equilibrium matrix of a
mass-spring model, where Q relates spring tensions to displacements of
the attached masses. This allows for a beautiful discussion of (topological)
states of self-stress in isostatic lattices [90, 92]. While such states of selfstress elude our description, the formulation of Kane and Lubensky is only
applicable to the restricted set of isostatic models, which makes it not the
favorite choice for the purpose of our discussion.
i

d
dt



2.3 Symmetries
As mentioned before, the classification of electronic systems is based on
three symmetries: time-reversal symmetry T , particle-hole symmetry C,
and chiral symmetry S. In the quantum mechanical case, these symmetries are represented by (anti-)unitary operators on the single-particle
Hilbert space. For the present context of classical mechanical systems, it
is important to note that these symmetries are merely a set of constraints
on the Bloch Hamiltonians H(k) [62]. We state here the form of these
constraints and discuss their relation to natural symmetries of mechanical
systems below.
We call a system T symmetric if
UT H(k) − H(−k)UT = 0 ,

UT 2 = ±1 ,

(2.7)

for some anti-unitary UT which represents T . For the particle-hole symmetry C, the respective criterion is
UC H(k) + H(−k)UC = 0 ,

UC 2 = ±1 ,

(2.8)

with UC anti-unitary. Finally, for the chiral symmetry S we demand
US H(k) + H(k)US = 0 ,
for a unitary US , cf. Fig. 2.1.

US 2 = 1 ,

(2.9)
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For a generic Hilbert space H there are no additional restrictions on the
representations U , but here the “Hilbert
space” has additional structure.
√
Any eigenvector ψ is of the form [ Dx(0), λx(0)]. Hence, after fixing the
first half of the entries of ψ the remaining half is known as well. It follows
that any (anti-)unitary mapping U : H → H can be written as


W 0
U=
,
(2.10)
0 V
with V and W (anti-)unitary. Let us have a closer look at the three
symmetries Eqns. (2.7−2.9) within this framework.
From the definitions, it follows that H has T symmetry if and only if
we can find V , such that
V Γ(k) + Γ(−k)V = 0 ,

V D(k) − D(−k)V = 0 ,

(2.11)

with W = V . We refer to it as T symmetry, instead of “time-reversal”,
because in the setting of classical mechanics it does no longer correspond
to the reversal of time. In general, the presence of T symmetry relies on
fine-tuning of parameters, whereas in case that Γ = 0 there is a generic T
symmetry


1 0
UT =
κ,
UT 2 = 1 ,
(2.12)
0 1
where κ is the complex conjugation operator. Note that even though Γ
has the potential to break T symmetry, Γ 6= 0 does not imply the absence
of it.
For C symmetry, the conditions to be satisfied are
V Γ(k) − Γ(−k)V = 0 ,

V D(k) − D(−k)V = 0 ,

(2.13)

with W = −V . Therefore, for any D and Γ we can find a particle hole
symmetry


1
0
UC =
κ,
UC 2 = 1 .
(2.14)
0 −1
The existence of this omnipresent particle-hole symmetry is nothing but
the statement that for every eigensolution, its complex conjugate is also
an eigensolution. Its presence is based on D and Γ being real.
In case we have T and particle-hole symmetry, we can combine the
two to obtain a unitary operator US = UC UT . This unitary operator
represents a chiral symmetry. We can therefore conclude, that if Γ = 0
we always have a chiral symmetry


1
0
US =
.
(2.15)
0 −1
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Figure 2.1: Visualization of T , C and S symmetry by three prototypical
band structures. The presence of a symmetry implies a certain symmetry
in the band structure (but not the other way around).

This symmetry is nothing but classical time-reversal symmetry, as every
eigenvector is mapped to itself and the corresponding eigenvalue becomes
minus itself.
So far, particle-hole and chiral symmetries were defined with respect to
ω = 0, meaning that an eigensolution (ψ, λ) is related to an eigensolution
(ψ 0 = U ψ, ω − λ) with ω = 0, cf. Fig. 2.1. However, for the purpose
of topological indices, we can weaken this requirement. A potentially kdependent shift in ω does not change the form of the eigenvectors. Hence,
it is sufficient to require the right-hand side of Eqns. (2.8) and (2.9) to
equal to 2ω(k)UC/S instead of zero. Furthermore, particle-hole and chiral
symmetries can also exist only on parts of the band structure. Which
means that it is possible to have these symmetries on a subspace of all
the solutions only.
These two generalizations of C and S symmetries arise naturally in
the setting of mass-spring models.1 Assume that D, which is a real,
symmetric matrix and therefore Hermitian, has a particle-hole symmetry
with respect to ω 6= 0, and that Γ = 0. Then, all the eigenvectors of H
with positive eigenvalue have a particle hole symmetry with respect to
some ω(k), while all the eigenvectors of H with negative eigenvalue have
one with respect to −ω(k).
√ The matrix H(k) can be made block-diagonal
with the two blocks ± D and each corresponding subspace of solutions
has a particle-hole (and chiral) symmetry with respect to ±ω(k).
We now have all the elements we need to establish a topological classification of generic mechanical systems.
1

Note, that these generalization are not the only ones possible.
emerge naturally in our present discussion.

However, they
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2.4 Classification
With the mapping of the equations of motion to a Hermitian eigenvalue
problem we can in principle directly use the classification scheme of noninteracting electron systems [61, 62]. However, the specific properties of
the local symmetries discussed above warrant a more careful discussion.
To make further progress, we highlight the most important concepts behind the classification of electronic systems. For a more detailed review
we refer the reader to the excellent review by Chiu et al. [20].
For non-interacting electrons, the ground state is given by a Slater
determinant of all states below the chemical potential. The topological properties are then encoded in the projector P (k) onto the filled
bands. Moreover, one can simplify the discussion by introducing a “flattened Hamiltonian” Q(k) = 1 − 2P (k) which assumes the eigenvalues ±1
for filled (empty) bands [20].
The topological indices are now encoded in the mappings from the
Brillouin-zone to an appropriate target space induced by Q(k). In the
absence of any symmetry the target space is the set of complex Grassmanians. In even dimensions, these mappings are characterized by Chern
numbers that lie in Z (marked in blue in Tab. 2.1). In two dimensions
the Chern number can be expressed as a functional of Q by [20]
C=

−i
16π

Z

tr[Q(dQ)2 ] .

(2.16)

BZ

A relation to the more common formulation in terms of Berry connection
can be found in Appendix A.
In case that a chiral symmetry S is present, the Q(k) matrices have
additional structure. This structure can be used to block-off-diagonalize
them [20, 62]


0
q(k)
,
(2.17)
Q(k) =
q † (k)
0
and to obtain a mapping from the Brillouin zone to the space of unitary
matrices. In odd dimensions 2n + 1, the homotopy group of these maps
is described by a winding number (marked in red in Tab. 2.1)
ν2n+1 [q] =

Z

BZ

ω2n+1 [q] ∈ Z ,

(2.18)

with winding number density
ω2n+1 [q] =

i(−i)n n!
tr[(q −1 dq)2n+1 ] .
(2n + 1)!(2π)n+1

(2.19)
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More explicitly, the winding number in one dimensions is given by [62]
Z
i
ν1 =
dk tr[q −1 ∂k q] ,
(2.20)
2π BZ
and by
ν3 =

1
24π 2

Z

dk3 εµνρ tr[(q −1 ∂kµ q)(q −1 ∂kν q)(q −1 ∂kρ q)]

(2.21)

BZ

in three dimensions, where εµνρ denotes the Levi-Civita symbol (see, e.g.,
Ref. [36]).
These two types of indices are called the primary indices. Additional
indices can be derived from the primary ones when more symmetries are
present. By constructing families of (d − 1)- and (d − 2)-dimensional
systems whose interpolation constitute a d-dimensional Hamiltonian with
a primary index, one can establish topologically distinct families of such
lower dimensional band structures through descendant indices. They are
marked in light blue (light red) for descendants of the Chern (winding)
numbers. Moreover, certain symmetries restrict the primary indices to
even values denoted by 2Z in Tab. 2.1. For general formulas for the
descendent indices we refer to [20] and references therein. This overview
concludes our discussion of the classification of electronic systems which
is summarized in Tab. 2.1.
For mechanical systems a few characteristics deserve special attention.
First, in a mechanical system, no Pauli principle is available to allow for
filled bands. However, it is clear that the projector to a given number of
isolated bands encodes the topological properties of the gap above these
bands. For engineering applications in the respective frequency range this
is good enough. Second, before we apply the topological classification of
Tab. 2.1 blindly to a generic mechanical system it is beneficial to first
structure the problems at hand by “non-topological” considerations.
There are two natural properties that divide the mechanical problems
into four different classes: (i) A mechanical system can either be made
from “passive” building blocks, or it can incorporate non-reciprocal elements. In our formulation they distinguish themselves by the absence
or presence of a Γ-term in the Hamiltonian [cf. Eq. (2.5)]. (ii) The obtainable topological indices differ for the case where we target the gap
around ω = 0, which we refer to as low-frequency case, (relevant for thermodynamic or ground state properties) or a gap at finite frequencies, the
high-frequency2 case. In the following we discuss the different combinations of high- versus low-frequency and reciprocal versus non-reciprocal
materials separately.
2

“High” is to be understood as “non-zero”.
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Class
A
AIII
AI
BDI
D
DIII
AII
CII
C
CI

T
0
0
+
+
0
−
−
−
0
+

Symmetries
C
0
0
0
+
+
+
0
−
−
−

S
0
1
0
1
0
1
0
1
0
1

Dimensions
1
2
3
0
Z
0
Z
0
Z
0
0
0
Z
0
0
Z2
Z
0
Z2
Z2
Z
0
Z2
Z2
2Z
0
Z2
0
2Z
0
0
0
2Z

Table 2.1: The tenfold way for electronic systems [62]. The color code
is explained in the main text. This table also applies to high-frequency
problems of non-reciprocal metamaterials. The first column gives the
Cartan names of the symmetry groups [142]. The next three columns
serve to indicate the absence (0) or presence (1, +, −) of a given symmetry.
For the anti-unitary symmetries T and C the ± signals that they square
to ±1. The remaining columns indicate whether the band structures for
a given dimension is characterized by an integer number (Z), an even
integer (2Z) or a binary index (Z2 ).

2.4.1 High-Frequency Non-Reciprocal Metamaterials
The presence of Γ 6= 0 puts the high-frequency problem of non-reciprocal
metamaterials on equal footing with the electronic problem. Therefore,
no further constraints are imposed and the full Tab. 2.1 is explorable.

2.4.2 High-Frequency Reciprocal Metamaterials
For reciprocal high-frequency problems, one can in principle apply the
classification scheme to D rather than H, as already D is a Hermitian
matrix.3 The reality of D ensures the presence of a T symmetry that
squares to +1. One can augment this T symmetry to an anti-unitary
symmetry T ∗ that squares to −1 via an appropriate unitary symmetry
Uaug ,
UT ∗ = Uaug ◦ UT with UT ∗2 = −1 .
(2.22)
However, it is important to note that the simultaneous presence of both a
T and T ∗ symmetry will force certain indices to vanish, as we will argue
3

√
Remember that D and D share the same eigenvectors, even though we continue
with H to keep the discussion unified.
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Class
BDI
DIII
AII
CII
CI

T /T ∗
+
+/−
+/−
+/−
+

Symmetries
C
+
+
0
−
−

S
1
1
0
1
1

Dimensions
1
2
3
Z
0
0
Z2
Z2
0
0
Z2
Z2
0
0
Z2
0
0
2Z

Table 2.2: Indices for high-frequency reciprocal metamaterials. There
is always a T symmetry squaring to +1, which can be augmented to T ∗
squaring to −1.
based on the winding number densities.
For that purpose, let us introduce the “signature” of the symmetry class
(εT , εC ), with εα = ±1 denoting that the respective symmetries square
to εα 1. Different signatures dictate different constraints on the winding
number density. Let us start with εT εC = −1. Here, we have [62, 143]
q T (−k) = εT q(k) ,

(2.23)

giving rise to the constraint
∗
ω2n+1 [q(k)] = (−1)n+1 ω2n+1
[q(−k)]

(2.24)

for the winding number density. This leads to a vanishing winding number
in one dimension. For εT εC = +1 one finds [62, 143]
UT q ∗ (−k)UT−1 = q(k) ,

(2.25)

∗
ω2n+1 [q(k)] = (−1)n ω2n+1
[q(−k)] .

(2.26)

which in turn leads to

This results in a vanishing winding number in three dimensions. All in
all gives rise to Tab. 2.2, relevant for reciprocal high-frequency problems.

2.4.3 Low-Frequency Reciprocal Metamaterials
Topological band structures with non-trivial gaps around zero frequency
are relevant for floppy modes in static problems [94] or thermodynamic
properties [144] of jammed granular media. As argued above, the structure of the equations of motion imply a C symmetry around ω = 0. In the
absence of Γ, an additional T symmetry is present. Both of these built-in
symmetries canonically square to +1.
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Class
BDI
DIII
CII

T /T ∗
+
+/−
+/−

Symmetries
C/C ∗
+
+
+/−

Dimensions
1
2
3
Z
0
0
Z2
Z2
0
0
0
Z2

S
1
1
1

Table 2.3: Indices for low-frequency reciprocal metamaterials. Both the
C and T symmetry need to be augmented to reach classes where these
symmetries square to −1.
As in the case of high-frequency reciprocal materials, one can augment
these symmetries by unitary symmetries to reach classes where the augmented ones square to −1. For cases where we have multiple signatures, all the related constraints apply and one can lose additional indices.
Tab. 2.3 summarizes the resulting possibilities for topological indices in
this class.
One dimensional materials in class BDI carry a Z index as topological classification. For the low-frequency physics, this index can, e.g., be
relevant for states of self-stress [90, 92] in combination with
√ a specific decomposition D = QQT . However, for our choice of Q = D these states
are not accessible, and in fact we find that the Z index is always trivial,
which can be seen from the following explicit calculation.
Since Γ = 0, the H-matrix is given by
H(k) =



√ 0
D(k)

√


D(k)
,
0

and the eigenfunctions can be found to be


φ
ψ± =
,
Hψ ± = ±λψ ± ,
±φ

√

Dφ = λφ .

The projector onto the negative bands is therefore given by


1 1
−1
P (k) =
,
1
2 −1

(2.27)

(2.28)

(2.29)

and the Q-matrix is obtained to be
Q(k) = 1 − 2P (k) =
which has a trivial Z index.



0
1


1
,
0

(2.30)

2.4 Classification

T
+
0
−
−
0

Class
BDI
D
DIII
CII
C

Symmetries
C/C ∗
+
+
+
+/−
+/−

Dimensions
1
2
3
Z
0
0
Z2
Z
0
Z2
Z2
Z
0
0
Z2
0
2Z
0

S
1
0
1
1
0

Table 2.4: Indices for low-frequency non-reciprocal metamaterials. Here,
only the C symmetry needs to be augmented as no generic T symmetry
is present.

2.4.4 Low-Frequency Non-Reciprocal Metamaterials
Similarly to the high-frequency non-reciprocal metamaterials, the generic
T symmetry is absent here. Hence, there may arise effective T symmetries
that either square to +1 or −1 without the need for augmentation. Given
that we deal with a gap at ω = 0, however, guarantees the generic C
symmetry which in turn can be enriched to one that squares to −1. The
resulting possible topologies are shown in Tab. 2.4.
The fact that the winding number in one dimension vanishes extends
to the current situation where Γ 6= 0. The generalized statement for
arbitrary Γ follows from the fact that Γ cannot induce a gap-closing at
ω = 0, and therefore cannot change the Z index: A gap-closing at ω = 0
requires at least one eigensolution of H with an eigenvalue equal zero, or
equivalently, we need


0 QT
det
= 0.
(2.31)
Q iΓ
From
together with
A=

det A det H = det AH ,

(2.32)



(2.33)

0
1


1
,
0

| det A| = 1 ,

we find
det



0
Q

QT
iΓ



= det



Q
0

iΓ
QT



= det


Q
0

0
QT



,

(2.34)

where the second equality follows from a cofactor expansion (see, e.g.,
Ref. [145]). This shows that the determinant in Eq. (2.31) is independent
of Γ, which proofs the statement.
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2.5 Examples
To clarify and reinforce our approach we provide a set of examples. We
directly consider discrete models. An example on how to extract a discrete
description of a continuum model is provided in the Section 2.6. The
degrees of freedom could be ideal one or two-dimensional pendula. In this
case, the desired D-matrix is obtained by coupling the different pendula
by springs. To encode negative coupling elements, or in case of geometrical
obstructions, it might be required to replace a spring coupling by a more
involved coupling composed of springs and deflection levers, as e.g. in
Ref. [120]. Note, that albeit we consider pendula as our local oscillator,
all examples are generic and can be applied to any set of mechanical
modes.
The last ingredient we need is a Γ 6= 0. One option is to engage the
Lorentz force, which directly provides such a coupling. Another possibility is to use spinning tops, or gyroscopes as in Refs. [118, 119]. We choose
to consider a symmetric gyroscope with a fixed point (different from the
center of mass) about which it can rotate, cf. Fig. 2.2. For our considerations, there will be no external moment along the principal axis passing
through the center of mass, rendering this rotation a conserved quantity.
Hence, there are only two degrees of freedom left.
In a constant gravitational field, we can use the direction of the field to
define a z-axis. The potential energy of the gyroscope has a minimum and
one can linearize the system about this minimum. The resulting problem
has two effective degrees of freedom which we choose to be displacements
along the x- and y-direction. The equation of motion for the linearized
system is then of the form, cf. Appendix B,

  
  
x
0
0
0
1
0
ẋ
  

ẏ   0
0
0
1
 y  +  0  ,
 =
(2.35)
ẍ −µ
0
0
γ  ẋ Mx 
ẏ
My
0
−µ −γ 0
ÿ
where γ is proportional to the spinning speed of the gyroscope and Mx/y
are external moments coupling to it. Such moments arise, e.g., from the
couplings to neighboring degrees of freedom. For multiple gyroscopes, this
allows us to obtain


0
1
Γ=γ
.
(2.36)
−1 0
These are all the elements we need to discuss the following examples.
While every model has a high-frequency and a low-frequency symmetry
part, we are only looking at the former, where the generic particle-hole
symmetry is irrelevant. For a detailed discussion of certain low-frequency
models we refer to Refs. [90, 92].

2.5 Examples

y

x
z

Figure 2.2: Coordinate system for a spinning gyroscope. The orange
arrow indicates the spinning direction and springs attached to the cage
allow coupling it to neighboring gyroscopes.

We start with the simplest possible one-dimensional model with a nontrivial index below. After its discussion, we show how one can combine
several copies of such simple building blocks to reach a number of other
symmetry classes in one dimension. Finally, we provide each an example
of a two-dimensional system with a non-vanishing Chern number and a
model where we employ the idea of symmetry-enrichment.

2.5.1 Class BDI in 1D
Probably the simplest model available is the analogue of the Su-SchriefferHeeger (SSH) model [146]. It can be realized through a chain of onedimensional pendula, coupled through springs with alternating spring
constants t and t0 . Its dynamics is governed by
D(k; t, t0 ) =



µ
−t − t0 eik


−t − t0 e−ik
,
µ

Γ = 0,

(2.37)

and µ > |t| + |t0 | for positive definitness.
The model has a S symmetry (chiral symmetry), which can already be
seen on the level of the D matrix:


1
0
US D(k) + D(k)US = 2µUS ,
US =
.
(2.38)
0 −1
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√
The symmetry translates into a S symmetry of ± D, which are the two
blocks of H(k) after block-diagonalization:
√



1 1
D(k)
0
1
†
√
T H(k)T =
,
T = √
.
(2.39)
0
− D(k)
2 1 −1
In addition, the model has T symmetry and therefore C symmetry as
well, which puts it into symmetry class BDI. This class features a winding
number through its Q(k) matrix


0
q(k)
Q(k) =
,
q(k) = c(k)(t + t0 e−ik ) ,
(2.40)
q ∗ (k)
0
with c(k) ∈ R. The matrix is already in block-off-diagonal form and
hence, the winding number ν1 ∈ Z is given by [cf. Eq. (2.20)]
(
Z
0
t < t0
i
−1 0
ν1 =
.
(2.41)
q(k) q (k)dk =
2π
−1 t > t0
The band structure of the periodic system is shown in Fig. 2.3 (a), and
the eigenfrequencies of the open system are given in panel (b) of the same
figure at the point γ = 0 (see below). Up
√ to here, we were free to discuss
the problem in terms of D(k) instead of D(k). However, this is no longer
possible once Γ 6= 0, as considered in the next example.

2.5.2 Class AIII in 1D
The above model is now supplemented by a non-vanishing Γ-matrix, as in
Eq. (2.36). This breaks the T and the particle-hole symmetry, but the chiral symmetries on the two subspaces (positive/negative eigenfrequencies)
are left invariant. In the case that |γ|  |t − t0 |, all spectral gaps remain
open and hence the topological index will not change. The evolution of
the gap as well as of the edge mode (which stays invariant) for increasing
γ is shown in the middle part of Fig. 2.3. An exemplary band structure
for γ = 1 can be seen in right part of Fig. 2.3.
Breaking T and C symmetry of the BDI model did not change the
topological index, because the index relies on chiral symmetry only.

2.5.3 Class D in 1D
To break the S symmetry while keeping C symmetry we need to add
further degrees of freedom. Starting point are two copies, D(k; t, t0 ) and
D(k; s, s0 ), of the above BDI model


D(k; t, t0 )
0
D(k; t, t0 , s, s0 ) =
.
(2.42)
0
D(k; s, s0 )
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a

b

c
Open

Periodic

Frequency in Hz
0

1

Periodic

γ=1

−1

γ=0

−π

0
Wave vector k

π 0

0.5
γ

1 −π

0
Wave vector k

π

Figure 2.3: Spectra of examples belonging to classes BDI (γ = 0) and
AIII (γ 6= 0). (a) The band structure of the BDI model given in Eq. (2.37).
(b) Spectrum of an open AIII chain as a function of γ. Blue lines denote
edge modes, whereas the gray areas represent the bulk modes. (c) The
bandstructure of the AIII model for γ = 1. Parameters chosen to obtain
the figure are: t = 2 Hz2 , t0 = 10 Hz2 and µ = 14 Hz2 .
We assume that both share the same µ. For Γ = 0, the model belongs to
BDI and the winding number of the lowest two bands is given by


0
ν1 = 1


2

t < t0 and s < s0
(t > t0 and s < s0 ) or (t < t0 and s > s0 ) .
t > t0 and s > s0

(2.43)

By choosing t 6= s or s0 6= t0 , and turning on Γ 6= 0, we break all the
symmetries except for the high-frequency C symmetry


1
0
UC = 
0
0

0
−1
0
0

0
0
1
0


0
0
κ.
0 
−1

This puts the model into symmetry class D.
The Z index gets reduced to a Z2 index,
(
0 (t − t0 )(s − s0 ) > 0
p=
,
1 (t − t0 )(s − s0 ) < 0

(2.44)

(2.45)
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a

b

c
Open
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0

Frequency in Hz

1

Periodic

−π

γ=0
0
Wave vector k

γ=1
π 0

0.5
γ

1 −π

0
Wave vector k

π

Figure 2.4: Spectra of examples belonging to classes BDI (γ = 0) and
D (trivial) (γ 6= 0). (a) The band structure of the periodic BDI model
given in Eq. (2.42). (b) Spectrum of the open D model. The parity of
the winding number is even, therefore the topological edge modes are
not protected upon turning on γ 6= 0. (c) The bandstructure of the D
model for γ = 1. Parameters chosen to obtain the figure are: t = 2 Hz2 ,
t0 = 10 Hz2 , s = 4 Hz2 , s0 = 8 Hz2 and µ = 14 Hz2 .

the parity of the winding number. In the case that p = 0, the breaking
of the S symmetry makes the cases ν1 = 0 and ν1 = 2 equivalent, as the
two edge modes can hybridize and disappear from the gap, see Fig. 2.4.
In case that p = 1, the single edge mode from the BDI model remains, as
displayed in Fig. 2.5.

2.5.4 Class A in 2D
The topology of the discussed one-dimensional models relied on the presence of a S/C symmetry. The next model we look at does not rely on any
symmetry at all and the topological index will be the Chern number. To
obtain a non-vanishing Chern number, we need to break T symmetry by
choosing Γ 6= 0 and therefore we need to have at least two degrees of freedom per unit cell. The Γ matrix can only take the form from Eq. (2.36)
which leaves us with finding a suitable D matrix.
To this end, it is helpful to transform H(k), as in Eq. (2.39), to
T HT † =

√

D + 2i Γ
− 2i Γ


i
√− 2 Γ i
,
− D + 2Γ

(2.46)
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Figure 2.5: Spectra of examples belonging to classes BDI (γ = 0) and D
(non-trivial) (γ 6= 0). Here, the parity of the winding number is odd and
hence the topological edge mode is protected even when γ 6= 0. Parameters chosen to obtain the figure are: t = 2 Hz2 , t0 = 10 Hz2 , s = 8 Hz2 ,
s0 = 4 Hz2 and µ = 14 Hz2 .
and define

√
D + 2i Γ
H̃(kx , ky ; α) =
−α 2i Γ


i
√−α 2 Γ i
.
− D + 2Γ

(2.47)

By varying α ∈ [0, 1], we can continuously
deform H(kx , ky ) into a model
√
with two decoupled blocks ± D + 2i Γ. If the bulk-gaps remain opened
during the interpolation from α = 0 to α = 1, the Chern number of any
subspace will not change, and we can focus on constructing non-trivial
subblocks of H̃(kx , ky ; 0).
√
We now focus on the block characterized by D + 2i Γ. This matrix is
Hermitian and can be written as
√
i
D(kx , ky ) + Γ = µ(kx , ky )1 + d(kx , ky ) · σ ,
(2.48)
2
where σ denotes the vector of Pauli matrices





0 1
0 −i
1
σ1 =
, σ2 =
, σ3 =
1 0
i
0
0


0
,
−1

(2.49)

and d(kx , ky ) ∈ R3 is a vector with real coefficients. The d-vector contains
all the information about the eigensolutions of the problem and therefore
also about the Chern numbers of the bands. In case that |d(kx , ky )| 6= 0
for all kx and ky , we can define n(kx , ky ) = d/|d|. Upon varying kx and
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ky through the Brillouin zone n traces out a closed surface in R3 . It can
be shown, that the number of net encircling of the origin by this surfaces
corresponds to the Chern number of the lower band [17].
A possible choice of coefficients giving rise to a non-trivial band structure is
d1 = cos kx ,
d2 = sin kx + sin ky − γ ,

(2.50)

D(kx , ky ) = µ̃1 + t d(kx , ky ; γ = 0) · σ ,

(2.51)

d3 = cos ky .
√
Owing to the fact that D and D share the same eigenvalues, it is easy
to see that the dynamical matrix is parameterized by

for some suitable µ̃ and t.
The approximate argument at α = 0 is supported by a numerical calculation for α = 1, which confirms the presence of a non-zero Chern number.
In addition, we show the spectrum of a semi-infite cylinder in Fig. 2.6,
revealing the existence of an edge mode within the bulk-gap.
The presented model is a minimal model in the sense of required degrees of freedom. However, it is probably not the simplest model for an
actual implementation. For such a purpose, a simpler one can be found in
Ref. [118], which is based on gyroscopes as well. This model relies on four
degrees of freedom per unit cell, which leads to four bands for positive
(negative) frequencies. In the fast spinning limit of the gyroscopes, these
four bands get separated into pairs of two bands. Two of them are at
1
frequencies ω ≈ |γ|, two of them at ω ≈ |γ|
. Approximately, the bands
at |ω| ≈ |γ| can be neglected, reducing the problem to four bands close
to ω = 0. After integrating out the bands with negative frequencies, it
is possible to reduce it to a two-band model which can be mapped to
the Haldane model [48]. This allows for an (approximate) analytic understanding. However, numerical calculations within our framework show
that the model provides non-vanishing Chern numbers for almost any
value of γ.

2.5.5 Class AII in 2D
Up to here, all examples we looked at where based on symmetries which
square to +1. However, we can also supplement symmetries to obtain
new symmetries which can square to −1. As an example we mention the
quantum spin Hall like system presented in Ref. [120]. We only briefly
touch upon it due to its symmetry properties, while an extensive discussion is provided in Chapter 3. The system mimics a Hofstadter model

−1

Frequency in Hz
0

1
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−π

0
Wave vector k

π

Figure 2.6: Spectrum of the class A model on a semi-infinite cylinder as
a function of the wave vector around the cylinder. Gray areas represent
a continuum of bulk modes, whereas blue lines denote the chiral surface
modes. Parameters chosen to obtain the figure are: t = 5 Hz2 , µ̃ = 16 Hz2
and γ = 1 Hz2 .
[147] at Φ =

1
3

flux plus its time-reversed copy. Its dynamical matrix is


D1 (k)
D2 (k)
,
−D2 (k) D1 (k)

2 cos(ky )
1
D1 (k) = −µ1 + t 
e−ikx

0 0
√
D2 (k) = i 3t sin(ky ) 0 1
0 0
D(k) =



1
− cos(ky )
1

0
0 ,
−1


eikx
,
1
− cos(ky )

(2.52)

and Γ = 0.
The structure of D(k) carries a T symmetry whose anti-unitary representation is just given by the complex conjugation κ, i.e., UT = 1κ.
Therefore this symmetry squares to 1. However, there is an additional
structure which allows to generate an augmented symmetry T ∗ ,


0
1
UT ∗ = Uaug ◦ κ =
κ,
UT ∗ 2 = −1 ,
(2.53)
−1 0
which gets liftet to a T ∗ symmetry of H(k). Otherwise there are no
relevant symmetries present away from ω = 0, which puts the problem
into symmetry class AII. A numerical calculation similar to the one of the
previous model results in Fig. 2.7.
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0
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Figure 2.7: Spectrum of the class AII model on a semi-infinite cylinder
as a function of the wave vector around the cylinder.
Parameters chosen
√
to obtain the figure are: t = 4 Hz2 and µ = (3 + 3)t.

2.6 Simplification of a Continuum Model
We motivated our approach to be relevant for more than only discrete
systems. In the following we give a simple example on how it can be
applied to a continuum model. The example is based on Ref. [121], where
such a reduction was performed, and we discuss how it can be cast into
our classification. The system consists of a chain of dumb-bell-shaped
elements, arranged in a periodic array along the axis of the dumb bells.
For the details of the setup directly consult Ref. [121].
The collective behavior of the full system can be understood from a
constructional point of view. Each unit cell has its eigenmodes, which
get coupled to the eigenmodes of the neighboring unit cell. In general,
couplings between all neighboring modes need to be considered to understand the collective behavior of the full system such as its band structure.
However, parts of the band structure can typically already be understood
by taking only a few local modes into account. By an apt choice of the
geometry of the unit cell [121], one can obtain a band structure which
effectively has only two bands at around 4 kHz, and these two bands originate from two local modes only. Hence, if we are only interested in these
two bands, we can reduce the full problem to a discrete model with only
two modes per unit cell. The most general form of the D-matrix is then
given by
D(k) = ω0 (k)1 + d(k) · σ ,

ω0 (k), di (k) ∈ R ,

where σ is again the vector of Pauli matrices.

(2.54)

2.7 Conclusions

The exact coefficients depend on the details of the implementation.
Nevertheless, the structure of them can already be deduced from the symmetry properties of the modes and their couplings. As it turns out, one
of the two modes is symmetric along the axis, while the other mode is
anti-symmetric. The two modes have different eigenfrequencies and every
symmetric (anti-symmetric) mode couples to its two adjacent symmetric
(anti-symmetric) modes with the same coefficient due to periodicity. This
implies that ω0 (k) = s + s0 cos(k) and d3 (k) = t + t0 cos(k). Within a
unit cell the two modes do not couple (they are eigenmodes after all), but
the symmetric mode on one site couples to the anti-symmetric mode on
the next site. As they have different symmetries, the coupling carries an
alternating sign. From this follows that d1 (k) = 0 and d2 (k) = u sin(k)
and we therefore find that
D(k) = ω0 (k)σ0 + u sin(k)σ2 + [t + t0 cos(k)]σ3 .

(2.55)

The D(k) matrix has the standard T symmetry UT = 1κ and it has a
high-frequency particle-hole and chiral symmetry




0 1
0 1
κ,
US =
.
(2.56)
UC =
1 0
1 0
Because Γ = 0, the symmetries of D(k) get lifted to symmetries of H(k)
and we find that the high-frequency part of the spectrum belongs to class
BDI. The Z topological index is given by the winding number [20]
(
Z π
sign(t0 ) |t| < |t0 |
i
−1
ν=
dk tr(q ∂k q) =
,
(2.57)
2π −π
0
otherwise
where q = d3 (k) − d1 (k).
By connecting two chains with distinct topological coefficients, a localized mode must exist at the interface. Such a configuration has been built
and the localized mode was experimentally observed in Ref. [121].

2.7 Conclusions
In summary, we have developed a framework to map the equations of
motion of a set of coupled linear mechanical oscillators to a quantum
mechanical tight-binding problem. Using this mapping we showed how
one can import the topological classification of non-interacting electron
systems to the realm of classical mechanical metamaterials. Using the
presence or absence of non-reciprocal elements as a key aspect of metamaterials, we further adapted the classification of electronic systems to
mechanical problems. While we focused on the strong topological indices,
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the strategy straightforwardly applies to any topological index based on
single-particle quantum mechanics.
The value of this work is to know which topological indices are at ones
disposal given a certain structure of the desired material. We hope, that
with the extensive example section we provided the reader with the tools
and concepts to construct more topological phonon models using simple
building blocks. Moreover, we help to clarify the recent literature in the
field, where topological phonon modes have been predicted without an
overarching framework.

A Mechanical
Topological Insulator
Up to there, we discussed how to import the ideas of topological band structures to mechanical metamaterials. In this
chapter we narrow down to one specific problem, the mechanical topological insulator in class AII, touched upon in
Section 2.5.5. It is shown how to explicitly carry over the
physics of the quantum spin Hall effect into a mechanical metamaterial, followed by an experimental realization.
A condensed version of this chapter, including parts and
partly adapted figures of it, are published in Ref. [120].

3.1 Introduction
Much of the interest in topological mechanical metamaterials is driven
by the use of their protected edge modes for technological applications.
In this spirit, we are looking for a material offering one-dimensional edge
channels, meaning we aim at creating a two-dimensional topological metamaterial.
Given the knowledge of the classification presented before, we have to
decide whether we target a zero-frequency or a high-frequency regime
and whether we allow for time-reversal symmetry breaking elements. We
choose to target a high-frequency regime and to keep time-reversal symmetry unimpaired. Keeping time-reversal symmetry necessarily restricts
us to symmetry-protected topology. This can be considered as a disadvantage because the topological protection is weaker due to its reliance on
symmetries. However, breaking time-reversal symmetry typically requires
considerable engineering efforts on the level of the unit cell, scaling with
the system size.
After restricting ourselves to reciprocal high-frequency cases we consult
Tab. 2.2 to check our options. We see that in two dimensions only classes
AII and DIII offer non-trivial indices. Both of them require a supple-
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mentation of the time-reversal symmetry. Class DIII needs in addition
particle-hole symmetry, for which reason we choose to work with class
AII, relying on fewer symmetries.
Instead of starting from scratch it is often advantageous to start from
a known model from condensed matter physics and import its ideas to
mechanical metamaterials. The stereotypical model of class AII is the
quantum spin Hall effect [13, 51, 53, 148], protected by quantum timereversal symmetry. In its simplest form, it has an additional symmetry,
conserving the two spin degrees of freedom throughout the system. In
this case the problem can be reduced to two copies of the quantum Hall
effect.
Based on this we pursue to following strategy: We choose the simplest
lattice version of the quantum Hall effect that fits our purposes. By incorporating its time-reversed copy we obtain a quantum spin Hall effect,
which we then massage into a form suitable for our mechanical metamaterial.

3.2 The Hofstadter Model
Arguably the simplest lattice version of the quantum Hall effect is the
Hofstadter model [147]. Hofstadter studied non-interacting electrons confined to a two dimensional square lattice, subject to an external magnetic
field. The field is constant and the direction is perpendicular to the lattice plane. His work is focused on the dependence of the spectrum on the
magnetic field and lead to the well-known Hofstadter butterfly.
In the language of tight-binding problems, the electrons in this model
can hop from site to site with a certain hopping amplitude. In absence of
the magnetic field, the hopping amplitude t is real and identical for every
link connecting two neighboring lattice sites. By turning on the magnetic
field, the hopping amplitudes acquire a complex phase factor, the Peierls
phase [149].
The phase attributed to the link connecting site (r, s) with site (r0 , s0 )
is given by
Z
e rr0 ,s0
φr,s;r0 ,s0 =
A(x)dx ,
(3.1)
~ rr,s
where (r, s) labels the lattice site and A is the magnetic vector potential.
Since the vector potential is a gauge dependent quantity, the same is true
for the assignment of phases to links. However, the total phase acquired
by a particle hopping along a closed path is gauge invariant, and equal to
the magnetic flux piercing through the encircled area. The smallest area
a particle can encircle is the square defining the unit cell of the lattice and
we denote the flux piercing through this square by Φ.

3.2 The Hofstadter Model

a

b
s

s
(0, 0)

(0, 0)
r

r

Figure 3.1: Hofstadter model in Landau gauge. Electrons can hop from
site to site (marked as circles) along the connecting links. The arrows
represent the phase acquired when hopping along the corresponding link:
n arrows represent a phase Φn. Hopping against an arrow results in
a negative phase. (a) Non-commensurate case where periodicity is fully
lost. (b) Example of a commensurate situation where the flux is a rational
multiple of 2π; here Φ = 13 2π.
For a given flux Φ, we can formally describe the problem by a singleparticle Schrödinger equation
E|ψi = HΦ |ψi ,
with
HΦ = t

X
r,s

|r, sihr, s ± 1| + |r, sihr ± 1, s| e±iφs .

(3.2)
(3.3)

In this notation [150], |r, sihr0 , s0 | describes the hopping operator from site
(r0 , s0 ) to (r, s) and φs = Φs are the phase factors in Landau gauge.
In absence of a magnetic field, the model only has one site per unit cell
and therefore the highest possible periodicity. By turning on the magnetic
field, we generically loose this periodicity in the lattice due to the complex
phase factors. However, whenever the flux Φ equals a rational multiple of
2π, periodicity is recovered with an enlarged unit cell [147], cf. Fig. 3.1.
Due to the periodicity this situation still allows for a discussion in terms
of Bloch bands.
For the construction of a mechanical metamaterial, it is preferable to
have the unit cell as small as possible, such that a large number of unit
cells can be fitted into a given material dimension. The smallest unit cell
is a one-site unit cell that corresponds to having no magnetic field, and
therefore no Chern numbers. The next attempt would be a unit cell of
two sites with a flux Φ = π. The Bloch Hamiltonian of this model is


2 cos(kr )
1 + eiks
HΦ=π (kr , ks ) = t
.
(3.4)
1 + e−iks 2 cos(kr − π)
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The band structure is
√ p
E± (kr , ks ) = ±t 2 2 + cos(2kr ) + cos(ks ) ,

(3.5)

which does not offer a band gap. The absence of a band gap renders this
model useless as well.
The next guess of choosing Φ = 31 π, enlarging the unit cell to three
sites turns out to be successful. The Bloch Hamiltonian in this case is


2 cos(kr )
1
eiks
,
1
2 cos(kr − 2π/3)
1
HΦ=2π/3 (kr , ks ) = t 
1
2 cos(kr + 2π/3)
e−iks

(3.6)
which gives rise to the Bloch bands




√
cos(3kr ) + cos(ks )
1
2π
√
En (kr , ks ) = 2 2 t cos
arccos
+
n , (3.7)
3
3
2 2
where n ∈ {1, 2, 3}, and the three bands are separated by band gaps. The
Chern numbers of the lower (n = 1), middle (n = 2) and upper (n = 3)
band can be calculated to be (−1, 2, −1), as demonstrated in Appendix C.
This implies that the two gaps have non-trivial Chern numbers ±1.

3.3 The Doubled Hofstadter Model
We arrived at the desired lattice version of the quantum Hall effect and
incorporate time-reversal symmetry next. Because we are not bound to
any physical implementation yet, we simply define the time-reversed copy
of HΦ to be H−Φ . To obtain a time-reversal invariant system, we extend
the Hilbert space to two particle species and define the full Hamiltonian
to be


HΦ
0
H=
,
(3.8)
0
H−Φ
where each block H±Φ acts on one particle species. Finally, the timereversal operator1 shall be given by


0
1
T ∗ = iσy K =
K.
(3.9)
−1 0
The model obtained in this form is the quantum spin Hall effect. The two
spin sectors are decoupled and correspond to the two particle species.
1

We denote the time-reversal operator by T ∗ here in anticipation that there will be
a classical time-reversal operator which we want to denote by T .

3.4 Mapping to Mechanical System

Each spin sector gives rise to the same band structure, making all the
bands twofold degenerate. The eigenvectors restricted to the two sectors are complex conjugates of each other as H−Φ = HΦ∗ . The complex
conjugate eigenmodes lead to an inverted Berry curvature and therefore
to inverted Chern numbers compared to its time-reversed version (cf. Appendix C). The projector P (k) onto some bands (cf. Section 2.4) separated
through a band gap takes now both spin species into account and the total
Chern number cancels out.
As long as spin is a conserved quantity, the two degenerate bands can
be separated by using the corresponding symmetry
σz Hσz† = H .

(3.10)

For each spin species the projectors onto its bands can be defined as in
the Hofstadter model and each Spin species gives rise to non-trivial Chern
numbers, the so called spin Chern numbers C↑/↓ [151]. In case that spin
symmetry breaks down, this separation is no longer possible und spin
Chern numbers are no longer defined. However, as this model lies in
symmetry class AII (cf. Tab. 2.1), there is still a Z2 index [50] available.
In case spin Chern numbers are defined, the Z2 index ν is related to them
through [151]
C↑ − C↓
ν=
mod 2 .
(3.11)
2
In the specific example of the doubled Hofstadter model at Φ = 13 2π,
the Z2 index for either gap equals 1. Hence, both gaps are topologically
non-trivial even if spin where not a conserved quantity. Finally, bulk-edge
correspondence predicts one chiral edge state per spin species in both gaps
[152].

3.4 Mapping to Mechanical System
By imposing time-reversal symmetry on the Hofstadter model we have
all the elements we need to carry it over to classical mechanics. We aim
at realizing it in the form of a collection of undamped classical harmonic
oscillators described by Newton’s equation of motion,
ζ̈i = −Dij ζj ,

(3.12)

where ζi are the distinct degrees of freedom. The dynamical matrix D is
real, symmetric and positive definite2 .
2

As we keep Γ = 0, we directly work with D instead of

√

D (cf. Chapter 2).
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The above matrix H [cf. Eq. (3.8)] is complex and hence does not comply
with our design goals of a real matrix. However, owing to the timereversal symmetry, we can transform to a real basis by combining the
local Kramers pairs



  ↑ 
√ 1 −i −1 ψr,s
xr,s
:= 2
.
(3.13)
↓
yr,s
1
i
ψr,s
|
{z
}
=:u−1

This transformation yields


Re HΦ Im HΦ
U † HU =
=: D ,
†
Im HΦ
Re HΦ

U = u ⊗ 1lattice ,

(3.14)

which is real, symmetric and can easily be made positive definite through
a constant shift in frequency.
As in the quantum spin Hall system, there are two local degrees of
freedom xr,s and yr,s . Both of them describe a local mode of a harmonic
oscillator at lattice site (r, s). The dynamical matrix now consists of
four blocks which encode the x-x (y-y) couplings through Re HΦ , and the
couplings between x and y via Im HΦ . The resulting equations of motion
read explicitly
X
ẍr,3s = −ω̃02 xr,3s + f
(xr,3s+η + xr+η,3s ) ,
η=±1

ÿr,3s =

−ω̃02 yr,3s

+f

X

(yr,3s+η + yr+η,3s ) ,

η=±1

√

X
1
3
xr,3s+1+η − xr+η,3s+1 + η
yr+η,3s+1 ,
2
2
η=±1
√


X
1
3
2
yr,3s+1+η − yr+η,3s+1 − η
= −ω̃0 yr,3s+1 + f
xr+η,3s+1 ,
2
2
η=±1
√

X
1
3
= −ω̃02 xr,3s+2 + f
xr,3s+2+η − xr+η,3s+2 − η
yr+η,3s+2 ,
2
2
η=±1
√


X
3
1
= −ω̃02 yr,3s+2 + f
xr+η,3s+2 ,
yr,3s+2+η − yr+η,3s+2 + η
2
2
η=±1

ẍr,3s+1 = −ω̃02 xr,3s+1 + f
ÿr,3s+1
ẍr,3s+2
ÿr,3s+2

(3.15)
where ω̃02 is the aforementioned shift in frequency, f is the effective coupling strength, and the moments of inertia are incorporated into these two
parameters.
From the inverse transformation of Eq. (3.13) follows that the superpositions xr,s ± iyr,s correspond to the former spin degrees of freedom ↑

3.4 Mapping to Mechanical System

and ↓ . In what follows we refer to these as right and left polarizations.
Obviously, if we change into polarization basis the full dynamical matrix
decomposes again into two blocks. Since this is just the inverse transformation, the two blocks contain again complex coupling elements, but
that’s alright because we changed into a complex-valued basis.
We now address how the spin and time-reversal symmetries of the quantum mechanical problem relate to symmetries of the classical counterpart.
This is most accessible by using analogous ways to represent a quantum state and a classical eigenmode. To this end, we introduce latitude
ϕ ∈ [−π/2, π/2] and longitude θ = [0, 2π) on the Bloch sphere to describe
a general spin- 12 quantum-state as
ϕ
ϕ
π
π
|ψi = cos
+
|↑i + eiθ sin
+
|↓i .
(3.16)
2
4
2
4
Under time-reversal T ∗ [cf. Eq. (3.9)],
|↑i 7→ − |↓i

and

|↓i 7→ |↑i ,

(3.17)

and therefore
ϕ
ϕ
π
π
T ∗ |ψi = − cos
+
|↓i + e−iθ sin
+
|↑i ,
2
4
 2 4



−ϕ
π
−ϕ
π
= e−iθ cos
+
|↑i + ei(θ+π) sin
+
|↓i .
2
4
2
4

(3.18)

The overall phase factor is not of relevance, making it evident that time
reversal maps a point on the Bloch sphere to its antipodal point
T ∗ : (ϕ, θ) 7→ (−ϕ, θ + π) .

(3.19)

The symmetry s corresponding to the conservation of the spin, s = σz in
spin basis, is represented by a shift π in longitude:
s : (ϕ, θ) 7→ (ϕ, θ + π) .

(3.20)

For the analogous analysis of the classical modes we first need to choose
a suitable representation of a given motion. The equation of motion
Eq. (3.12) can be solved through the ansatz
ζ(t) = eiωt ζ ω ,

(3.21)

where ζ ω is a solution to the eigenvalue problem ω 2 ζ ω = Dζ ω . The motion
of the system is obtained by taking the real part of ζ ω eiωt resulting in
an expression A cos(ωt + α) ∈ R for each degree of freedom. In this case,
xr,s + iyr,s represents the harmonic motion where xr,s is phase delayed
by π/2 with respect to yr,s . On the other hand, for xr,s − iyr,s , the yr,s
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motion is delayed by π/2 with respect to xr,s . This way one can represent
the right and left circular motions in terms of the x-y basis on a given site
by
 
 
1
1 1
1
| i= √
and
|i = √
.
(3.22)
2 −i
2 i
The interpretation of left and right arises from 1 resulting in cos(ωt) and
±i giving rise to ∓ sin(ωt).
In the latter form we write for a harmonic motion on a given site
ϕ
ϕ
π
π
|ψi = cos
+
| i + eiθ sin
+
|i ,
(3.23)
2
4
2
4
where we omitted the amplitude of the motion. The mode is characterized
by the same two angles as in the spin- 12 case meaning we can represent it
on a sphere as well, which in the classical context is referred to as Poincaré
sphere.
As before it is now straightforward to discuss the different symmetry
operators. In classical mechanics time-reversal T corresponds to a simple
inversion of the arrow of time,
T : ζ(t) 7→ ζ(−t)

T : ζ̇(t) 7→ −ζ̇(−t) ,

and

(3.24)

which is here represented as complex conjugation of the coordinates:
T : Re{Aeiα eiωt } = A cos(ωt + α) 7→ A cos(−ωt + α) = Re{Ae−iα eiωt } .
(3.25)
Hence,
T : | i 7→ |i

and

T : |i 7→ | i ,

(3.26)

and considering the Poincaré sphere, this amounts to
T : (ϕ, θ) 7→ (−ϕ, θ) .

(3.27)

This is a mirroring about the equatorial plane, which is different from the
quantum mechanical time reversal.
The symmetry s behind the preservation of the two circular polarizations is, in polarization basis, again σz , and we get
ϕ
ϕ
π
π
+
| i − eiθ sin
+
|i ,
s|ψi = cos
2
4
2  4
(3.28)
ϕ
π
ϕ
π
= cos
+
| i + ei(θ+π) sin
+
|i .
2
4
2
4
As before we find

s : (ϕ, θ) 7→ (ϕ, θ + π) .
In terms of the x-y basis this yields s = σy , or likewise s = iσy .

(3.29)

3.4 Mapping to Mechanical System

From these considerations it is clear which symmetry stabilizes the mechanical analog to the quantum spin Hall effect: The quantum mechanical
time-reversal symmetry translates to
T ∗ = iσy ◦ T

(3.30)

in x-y basis for the classical case. In other words, we need the combination
of classical time-reversal T and the symmetry iσy between the local modes
x and y. On a site-by-site level, there are two scenarios how this symmetry
can be fulfilled: (i) There are no cross-coupling terms between left and
right circular modes. This implies the symmetry s to be present and
hence reduces the requirement of T ∗ to the presence of the classical T
symmetry. It is important to note, that the symmetry s is local. In other
words, the dynamical matrix can vary on longer length-scales, as long as
the local couplings are implemented correctly. (ii) A more exotic scenario
would be where T and s are individually broken, but their combination
s ◦ T remains a symmetry. This corresponds to a quantum mechanical
Rashba term as we will show below.
To conclude this section we make the above considerations more concrete. Conservation of left and right polarizations translates to have only
perturbations which act symmetrically on the x and y degrees of freedom
δD =


A
0


0
,
A

(3.31)

with AT = A = A∗ . This will be s and T conserving even if A is spacedependent.
The second scenario of broken s and T symmetry but preserved s ◦ T
can be better understood from the quantum mechanical viewpoint. We
couple the two spin sectors by
δH =



0
R†


R
.
0

(3.32)

Time-reversal invariance T ∗ requires RT = −R. Consequently R encodes
a coupling over a bond (or sites further apart). Focusing on one pair of
sites, δH explicitly reads


0
 0

δH = 
0
α − iβ

0
0
−α + iβ
0

0
−α − iβ
0
0


α + iβ
0 
,
0 
0

(3.33)
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which is nothing but a Rashba coupling [153]. Transformed to x-y basis
one finds


0
iβ
0
iα
−iβ 0 −iα
0 
.
δD = U † δHU = 
(3.34)
 0
iα
0
−iβ 
−iα 0
iβ
0

Complex coupling elements can only be implemented through first order
time-derivatives, or in the formulation of Chapter 2, in terms of a Γ 6= 0.
The above expressions encode the only mixing terms between left and
right circular modes compatible with the symmetry constraints of the
mechanical system. However, it typically is not obvious how to implement
such coupling terms.
Given the strategy we used to design our equations of motion Eq. (3.15),
we expect both s and T symmetry to be present independently. However,
we will come back to this topic in Section 3.8, where we take into account the consequences of assembling and material inaccuracies of our
experimental implementation introduced next.

3.5 Experimental Implementation
Up to here no explicit choice of an implementation was made. In sight of
applications, a worthwhile implementation would be in an elastic material.
The local degrees of freedom x and y could then be realized through local
oscillations in the material, which are coupled in between different sites.
In a smaller step, a proof of principle implementation can be realized
through coupled pendula.
We implement D using coupled pendula as shown in Fig. 3.2. The total
system consists of 270 pendula in a lattice of Lr × Ls = 9 × 15 sites. The
lattice spacing is 135 mm in r-direction and 120 mm in s-direction. Each
pendulum has a length of about 500 mm and a √
mass of approximately
500 g. The coupling constants are chosen to give f /2π ≈ 1.02 Hz, with
f = M/J, where J ≈ 0.123 kg m2 is the moment of inertia of a pendulum
and M ≈ 5.10 Nm the torque constant of the springs. Gravity gives
rise to a bare frequency
of ω0 /2π ≈ 0.75 Hz, which in total results in
√
ω̃02 = ω02 + (3 + 3)f . The last term is due to the restoring acceleration
arising from the springs.
On every lattice site (r, s) two degrees of freedom are needed as representation for xr,s and yr,s oscillations. One might expect that a twodimensional pendulum would be the ideal candidate for this. Nevertheless,
we choose to work with two one-dimensional pendula per site, because this
facilitates the engineering of the different coupling elements as will become
clearer below. Each of the pendula represents either the x or the y motion.
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Figure 3.2: Experimental setup. (a) Illustration of two one-dimensional
pendula, x and y, embodying one effective site of our lattice model. (b-d)
Schematic view of the couplings between the pendula, consisting of springs
(zigzag lines), lever arms (straight lines), and pivots (circles). The spring
constants and lever geometries are chosen to give rise to the desired effective coupling strengths [cf. Eq. (3.15)]. Note that there are three sites
in one unit cell owing to the three different phases on the transverse couplings. Intensely drawn couplings are part of the unit cell, others visualize
neighboring couplings. (b) The top two layers of springs (magenta and
brown) implement the cross-couplings between x and y pendula. One lever
arm yields a negative coupling whereas two lever arms result in a positive
coupling. (c) The next two layers of springs (green and red) implement
the x-x (y-y) couplings in the transverse direction. (d) The bottom (blue)
springs couple x-x (y-y) with strength f in longitudinal direction.
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Of course we are still free to interpret the resulting motions (xr,s , yr,s ) in
terms of a single two-dimensional pendulum. Indeed that is going to be
insightful as the left and right circular motions introduced in Eq. (3.22)
then literally become left and right circular motions.
According to the equations of motion Eq. (3.15), some of the coupling
elements are positive, while others are negative. Positive coupling elements are given through ordinary springs, while negative couplings need
additional engineering to revert the force on one of the pendula. The
dynamical matrix D inherits its structure from the explicit Landau gauge
Eq. (3.3). As such, the couplings along the s-direction are all positive.
We take advantage of this by aligning the pendula such that they swing
in s-direction. The corresponding couplings can then be realized through
ordinary springs connecting two pendula, as shown in Fig. 3.2 (d).
Landau gauge packs all the non-trivial coupling elements into the rdirection, requiring some more thought for these couplings. By the choice
of alignment of our pendula, the r-direction is perpendicular to the deflection direction of the pendula. For either sign of the coupling elements
a simple spring is no longer enough to implement the couplings and we
have to rely on lever arms to connect them. There are two types of lever
arm couplings employed: consisting of only one arm or two. The one-arm
couplings revert the direction of the force felt by the connected pendula
and hence lead to a negative coupling element. The two-arm couplings
revert it twice, ending in positive coupling elements, cf. Fig. 3.2 (b-c).
The lever arms themselves have non-vanishing moment of inertia and
contribute to the dynamical system. Nevertheless, we neglect their dynamics. This is well justified because their eigenfrequency is well above
the frequency regime of the coupled pendula. To be more precise, consider the pendula to be at rest. The lever arms feel restoring forces due to
the connecting springs, which allow to assign eigenfrequencies to the lever
arms. These frequencies are significantly higher than what we expect from
the band structure of our mechanical topological insulator. This means
they shake off-resonantly and do not change the picture significantly. The
same deliberations apply for the springs.
Another complication arises from the number of required coupling elements. The complex phases in the Hofstadter model results in the requirement to couple not only x (y) with x (y) degrees of freedom along the
r-direction, which is the case along the s-direction, but also x with y motions. To implement up to six different couplings per pendulum, we introduce a height separation for different couplings as indicated in Fig. 3.2 (a).
The height of the layers together with carefully chosen spring constants
then give rise to the desired coupling strengths for all the couplings.

3.6 Data Analysis

3.6 Data Analysis
To analyze the system, we first need a way to excite it. This is achieved
by attaching two drives to the pendula on one specific site. The drives
are rigidly connected to the pendula, which allows imposing any motion
on this specific site and in particular any polarization, while effectively
removing it from the dynamical matrix.
To evaluate the reaction of the system, every pendula is marked by a
red dot which can be tracked optically through two cameras working at
an acquisition rate of 60 Hz. By tracking all the pendula simultaneously,
all the information about the motion of the system is accessible. The appropriate measure for the deflection of the pendula is an angle measure.
However, the relation of the distance measured through the camera and
the angle of deflection is, to a good approximation, linear, allowing us to
use distance instead. Due to the finite resolution of the cameras, the resulting position has an intrinsic error of ∼ 0.2 mm. Typical deflections are
in the range of a few millimeter, which amounts to a relative measurement
error between 10−1 and 10−2 .
By this means, we harmonically excite a lattice site with a well-defined
polarization. At first, the resulting motion is a superposition of all kinds of
eigenstates due to the transient part of the motion, and after about 30 s a
steady state is reached due to damping in the system. In the steady state
only eigenmodes at the excitation frequency contribute and the extracted
two-dimensional traces [xr,s (t), yr,s (t)] can in principle be represented by






ϕ
π  cos(ωt)
xr,s (t)
r,s
= Ar,s cos
+
yr,s (t)
sin(ωt)
2
4


ϕ
π  cos(−ωt − θr,s )
r,s
+ sin
+
.
sin(−ωt − θr,s )
2
4

(3.35)

This is the real-valued version of Eq. (3.23) expanding the traces in left
and right circular polarized motions. By fitting the time trace of every
site to the function in Eq. (3.35), the site amplitude Ar,s ≥ 0 as well as
the polarization, parameterized through ϕr,s , can be extracted.
The resulting amplitudes Ar,s , the polarizations ϕr,s , and the angles θr,s
have typically relative errors of maximally 10−3 owing to the large number
of data points. For this reason error bars are typically omitted in the plots
since they cannot be resolved anyways. Positive (negative) values of ϕr,s
correspond to right (left) circular or elliptic polarizations. For ϕr,s = 0,
the angle θr,s encodes the orientation of the linear polarization. In the
general case ϕr,s and θr,s parameterize the polar and azimuthal angle
on the Poincaré sphere. The process of data extraction is visualized in
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b

2.380 Hz
Figure 3.3: Data analysis. (a) Time traces of two pendula x and y of a
specific site. These can be interpreted as a two-dimensional trajectory, as
shown. Steady state configurations are displayed by colored disks. The
color encodes their polarization ϕ, the radius of the circle corresponds
to the mean deflection A, and the black line indicates the position of the
pendula at a given fixed time. (b) Mode picture of a measured steady state
at 2.380 Hz. The circles, extracted as described in (a), are normalized to
the strongest deflection. The excluded site at the center of the left row,
site (4, 0), is excited left-circularly polarized.
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Figure 3.4: Steady state response. (a) Mean response χ of the system
as a function of the excitation frequency showing an overall bandwidth of
∼ 1.2 Hz. Error bars are smaller than the symbol size. (b) Mean response
of the edge relative to the bulk. In the frequency ranges shaded in gray,
the bulk response dominates. The frequencies marked with dashed lines
correspond to the mode pictures shown in Fig. 3.5 (a) and Fig. 3.3 (b).

Fig. 3.3 (a). Panel (b) shows a mode picture of a steady state, representing
all the essential information to analyze the eigenmodes of the system.

3.7 Edge Band Structure
To establish the existence of the edge states, we linearly3 excite site (4, 0)
and scan the frequency at which the edge site is excited. For every frequency we wait until the system reaches a steady state before we extract
the total mean response
χ=

1 X
Ar,s ,
N r,s

(3.36)

where N is the number of sites. The result, displayed in Fig. 3.4 (a),
shows that the system responds appreciably between 1.7 Hz and 2.9 Hz.
There are two regions with sequences of pronounced peaks. The width
of these peaks is Γ ∼ 0.04 Hz, indicating the damping of the oscillators
and a quality factor Q = ω/2πΓ ≈ 60. The detailed structure of the
mean response depends on the chosen site of excitation because the local
3

We could equally well choose a left or a right polarized excitation or an arbitrary
superposition of the two.
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Figure 3.5: Extraction of wavenumber k. (a) Mode picture of a steady
state at 2.114 Hz [cf. Fig. 3.3 (b)]. (b) For edge-dominated modes, the
evolution of the angle indicated by the black line defines a wavenumber
k.
eigenmode overlap differs for different sites. However, the larger picture
remains comparable.
In order to make the connection to edge modes we separate the system
into three parts: an edge region, a bulk region and a drive region. The
drive region, containing all the sites with a Manhattan distance of at most
two to the drive site, is only defined for technical reasons. In this region
the response is dominated through the motion of the drive, giving rise to
considerable amplitudes even if the system is driven clearly off-resonant.
Of what is left, all the sites at the edge of the system are collected into
the edge region and everything else we consider to be part of the bulk.
For bulk as well as the edge region, we determine the mean responses
1 X
1 X
χe =
Ar,s
and
χb =
Ar,s .
(3.37)
Nedge
Nbulk
edge

bulk
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Figure 3.6: Helical edge mode dispersion. (a) Theoretical prediction [cf.
Chapter 4]. (b) Measured edge dispersion. Colors represent the excitation
polarization and k is the wavenumber, extracted on the level of individual
sites, as explained in Fig. 3.5.

In case that only edge states are excited, the mean response on the edge
can be expected to be larger than the mean response in bulk. On the other
hand, if mainly bulk states contribute to a given steady state we expect
χb to dominate over χe . The relative weight χe /(χb + χe ) encoding this
is shown in Fig. 3.4 (b). There are three bands where the response lies
mainly in the bulk, which are separated by two frequency regions where
the response is dominated by the edge. Further illustration of the two
cases is provided through Fig. 3.3 (b) and Fig. 3.5 (a).
The analysis of the relative responses established the presence of edge
modes. We now consider the edges along the s-direction to be infinitely
long, such that the system has translational symmetry. This makes it
possible to introduce a well-defined wavenumber k along the s-direction,
giving rise to the edge dispersion ω(k). The eigenstate amplitudes us on
neighboring unit cells are then related by the translation operator e−ik
and we can write
us = ûk e−iks+iωt .
(3.38)
In this notation, the position variables of the two pendula on each site are
again combined into one complex variable. By comparing the eigenmode
amplitudes on two neighboring unit cells at a fixed time, one can extract
the wavenumber k.
Experimentally, we can extract the wavenumber k and with it the edge
dispersion from a snapshot of the steady state motion as shown in Fig. 3.5.
The figure shows that the phase evolution from site to site along the edge
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is well represented by a linear function in k, despite the finite size of the
system. What is more surprising is the fact the phase evolution is not
only linear from unit cell to unit cell, but already on the level of the
individual sites. Generically, this is not to be expected as periodicity is
only established on the level of the unit cells. For the moment we accept
this as an experimental fact and fathom its cause in Chapter 4.
By fitting a wavenumber to every combination of measured excitation
frequency and polarization, the full edge dispersion is mapped out. From
the explicit calculation of the spin Chern numbers in combination with the
bulk-edge correspondence, we expect the edge modes to be helical. More
precisely, for each polarization we expect a chiral, i.e. uni-directional,
edge band per gap. This is confirmed by the experimentally measured
edge dispersion given in Fig. 3.6, where it is shown in comparison with the
numerically calculated dispersion. How the edge dispersion is evaluated
numerically is discussed in Chapter 4.
Extracting a well defined k-value from a given steady state is only possible if the steady states does not mix different wavenumbers. Here, this
is granted by the fact that the only degeneracy in the gap is due to the
two different polarizations. This is the minimal degeneracy required by
time-reversal symmetry. Since we are able to selectively only excite one
polarization at the time, we can target one single eigenmode. Once the
excitation frequency enters the bulk-regime, the degeneracy increases significantly and the steady state mixes in all kinds of k-values. Fitting a
k-value is then not meaningful anymore and the corresponding regimes
are shaded gray in Fig. 3.6 (b).

3.8 Topological Protection
The helicity of the edge dispersion indicates that the classical system
faithfully implements the quantum spin Hall effect. Hence, for a clean
system, a linearly polarized excitation on a boundary site is split into two
counter-propagating circularly polarized motions. Consequently, these
edge modes act as a polarizing beam splitter. This argumentation is
subject to the presence of T ∗ symmetry, which is typically broken by
disorder on the local couplings. In order to asses the effect of the symmetry
breaking due to disordered spring constants we characterize the efficiency
of our edge modes as a beam splitter.
The setup is the following [cf. Fig. 3.7 (a)]: We use again site (4, 0) to
attach the drive and excite the system at a constant frequency of 2.123 Hz.
By changing the relative amplitude and time lag between the two driven
pendula, we scan all possible polarizations. For each polarization we measure the response along the r = 0 and the r = 8 edge, here dubbed left
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Figure 3.7: Beam splitter. (a) Geometry of the beam splitter. The
system is excited with an arbitrary polarization at the excluded edge site
(4, 0) at 2.123 Hz. The weights A0/8 on the two shaded boxes (R/L) give
rise to a splitting ratio r [cf. Eq. (3.39)]. (b) Splitting ratio on the Poincaré
sphere. The north (south) pole of the sphere corresponds to right (left)
circular polarization of the drive and the color encodes the splitting ratio.
The color map is an interpolation based on 7000 data points. The maximal
splitting is not reached at the poles, but at (ϕ, θ) = (71.2◦ , 328.3◦ ) and
(−79.4◦ , 143.2◦ ) instead, indicating the presence of disorder. The dots
mark measurements along the great circle through the points of maximal
splitting. (c) Splitting ratio along the great circle indicated in (b). The
black line in the background marks a cosine, which is expected for an
optimal beam-splitter.
(L) and right (R) edges, and evaluate their ratio
r=

Ā0
,
Ā0 + Ā8

Ār =

8
X

Ar,s .

(3.39)

s=3

The ratio r encodes to which parts the excitation couples into the two
counter-propagating edge channels. In its definition, the sums only run
over s ∈ {3, . . . , 8}. The reason is of technical nature as outlined next.
As can be seen in Fig. 3.5, a typical steady state edge mode runs around
the full system. Evaluating the splitting ratio in the steady state would
therefore impact the measurement negatively. To build up the steady
state takes about 30 s. Therefore, we wait ∼ 12 s until the oscillations
proliferated almost about half the system and then extract the amplitudes
as mean amplitudes over the next 5 s. By restricting the measurement to
s ≤ 8 we ensure that the transient parts in the signal are minimal. In
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addition, we restrict s ≥ 3 such that the signal is not dominated by corner
effects, cf. Fig. 3.7 (a).
The measured splitting ratios are represented in Fig. 3.7 (b) as a color
map on the Poincaré sphere. The north (south) pole corresponds to right
(left) circular polarization of the drive, respectively. The maximal imbalance between the left and right edge are not reached on the north (south)
pole, but on two approximately antipodal points rotated by ∼ 15 ◦ away
from the poles. This means that, compared to the expectations we built
up so far, there are two deviations we need to address. The first one is
that the two extremal splittings into left and right channels do not lie at
the poles, the second one is that they are not exactly opposite each other.
First assume that the points of maximal imbalance were opposite each
other, but tilted. The fact that the maximal splittings are not at the
poles indicates that the symmetry s is not present: If it was present, then
the separation into left and right circular polarizations would be exact
and each of the helical edge channels could be assigned to one of the
polarizations. This implies that the two edge modes are not pure left and
right circular motions, but rather a superposition of the two. On the other
hand, we have seen in Section 3.4 that on a single site level, we would need
complex couplings between different sites, which rules this explanation
out. The avenue of escape lies in the structure of the implementation,
allowing for more complex deviations by taking into account the full size
of the unit cell, as we elaborate hereinafter.
The couplings implemented in the experiment are of a very specific
type, which narrows the possible perturbations to the desired dynamics.
We expand the actual dynamical matrix as
Dexp (k) = D(k) + δD(k) ,
where
D(k) =



D1 (k)
−D2 (k)


D2 (k)
,
D1 (k)

(3.40)

(3.41)

similar to Eq. (3.14), and
δD(k) =



∆11 (k)
∆12 (k)†


∆12 (k)
,
∆22 (k)

∆ij (k) ∈ C3×3 ,

∆ij (k)∗ = ∆ij (−k) .

(3.42)
The requirement ∆ij (k)∗ = ∆ij (−k) ensures that all the terms are invariant under classical time-reversal symmetry T . The contributions of
δD(k) can be split into s-preserving and s-breaking parts such that
Dexp (k) = D̃(k) + δ D̃(k) ,

(3.43)
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with
D̃(k) =



D̃1 (k)
−D̃2 (k)


D̃2 (k)
D̃1 (k)

and

δ D̃(k) =



H(k)
J(k)


J(k)
.
−H(k)

(3.44)
All the contributions entering D̃(k) do not affect s, neither the augmented time-reversal symmetry T ∗ , and therefore leave the Poincaré
sphere picture unchanged. On the other hand, δ D̃(k) is mapped to minus
itself under s, sδ D̃(k)s† = −δ D̃(k). Due to the presence of T symmetry,
δ D̃ =
6 0 requires the breaking of the T ∗ symmetry. We conclude that the
results from the beam splitter measurements imply the breaking of T ∗
symmetry. This raises the question why after all the experiment works
so well. The answer is that another symmetry, T ∗0 , takes over the role of
T ∗.
To corroborate this statement, let us consider the detailed structure of
δ D̃(k). The couplings between different sites are realized by engineering
explicit couplings. Due to that, the possible elements in δ D̃(k) cannot be
arbitrary. The intended couplings matrices are


2 cos(kr )
1
eiks
,
1
− cos(kr )
1
D1 (k) = −µ1 + t 
1
− cos(kr )
e−iks
(3.45)


0 0
0
√
0 .
D2 (k) = i 3 t sin(kr ) 0 1
0 0 −1
Given the implementation through lever arms and springs it follows that


0
0
0
,
0
J(k) = 0 p2 cos(kr )
(3.46)
0
0
p3 cos(kr )
and


ν1 + q1 cos(kr )
u1
H(k) = 
u3 e−iks

u1
ν2 + q2 cos(kr )
u2


u3 eiks
.
u2
ν3 + q3 cos(kr )

(3.47)

The coefficients ui are due to differences in the couplings between two
x or two y pendula along the s-direction. Since they are all implemented
by the same springs (cf. Fig. 4.1), we neglect their contributions and set
ui = 0. For the qi terms, chances are higher that they deviate because the
couplings of only x and only y degrees of freedom lie on different levels,
and therefore involve different springs as well. Even more delicate are
the sin(kr ) terms, for which it was necessary to pair a positive coupling
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with a negative one, each of them implemented in a different way. This
makes these coupling elements prone to systematic errors which in turn
give rise to pi 6= 0. From the symmetry in the setup it is plausible, albeit
not necessary, that p2 = −p3 = p which we want to assume. Finally, the
νi are dominated by deviations of the spring couplings over the different
bare eigenfrequencies of the pendula. The choice p3 = −p2 , does not give
rise to νi 6= 0 and we want to assume that ν1 = 0, q1 = 0, ν2 = −ν3 = ν,
and q2 = −q3 = q, in the spirit that for the moment we only take int
account such terms.
Following the above selection we find


0 0
0
H(k) = [ν + q cos(ky )]K ,
0 .
K = 0 1
(3.48)
J(k) = p cos(ky )K ,
0 0 −1
Transforming D(k)exp into polarization eigenbasis explicitly reveals the
coupling of the two polarization sectors:


D̃1 (k) + iD̃2 (k)
H(k) − iJ(k)
Hexp (k) = U Dexp (k)U † =
,
H(k) + iJ(k)
D̃1 (k) − iD̃2 (k)

 

D̃1 (k)
0
−a(k)
b(k)eiβ(k)
=
+
⊗K,
−iβ(k)
0
D̃1 (k)
b(k)e
a(k)
(3.49)
where
√
a(k) = 3 t̃ sin(kr ) ,
(3.50)
iβ(k)
b(k)e
= ν + q cos(kr ) − ip cos(kr ) .

Due to the particular structure of Hexp (k) we can block-diagonalize it by
a unitary transformation
 −iβ



b(k)
1
e
cos(χ)
sin(χ)
V =
⊗
1
,
χ
=
−
arctan
, (3.51)
− sin(χ)
eiβ cos(χ)
2
a(k)
resulting in
V Hexp (k)V † =


D̃1 (k) − c(k)K
0


0
.
D̃1 (k) + c(k)K

(3.52)

The block-diagonal form looks promising, as it is still possible to divide
the problem into two decoupled sectors. However, more work needs to
be done to show that the problem still has a time-reversal symmetry T ∗0
squaring to −1. For this purpose, note that
p
c(k) = − sign[a(k)] a(k)2 + b(k)2
(3.53)
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maps to −c(k) under k 7→ −k, from what follows that iσy κ is a symmetry
of V Hexp (k)V † . Thanks to β 7→ β and χ 7→ −χ under k 7→ k, the
transformed symmetry

 iβ
e sin(2χ)
cos(2χ)
κ
(3.54)
T ∗0 = V † iσy κV =
−iβ
− cos(2χ) e
sin(2χ)
is a valid augmented time-reversal symmetry squaring to −1 as needed.
Furthermore, for ν → 0, q → 0, and p → 0, we find χ → 0 and T ∗0 → T ∗ ,
showing that T ∗0 is not a new symmetry we missed in our considerations
before, but arises from T ∗ upon certain perturbations.
The above discussion showed that a tilted Poincaré sphere does not imply the absence of a time-reversal symmetry. The tilt arises from terms
mixing the two polarizations and breaking the initial T ∗ symmetry by
breaking its unitary part, which used to be a symmetry on its own. In
case the Poincearé sphere is only tilted, some structure of the problem is
preserved and the mixture of the polarizations cannot be arbitrary. Especially, an augmented time-reversal symmetry T ∗0 enabling a topological
Z2 index is compatible. To figure out the parameters of the considered
perturbation terms, more measurements about the k-dependent mixing
of the polarizations would be needed.
We come back to the second issue of having the extremal points on the
Poincaré sphere not opposite each other. Due to general manufacturing
and assembly inaccuracies, it is to be expected that terms neglected so far
(ui ,q1 ,ν1 , . . . ) are non-zero as well. These will break any time-reversal
symmetry, as can be seen by considering the spectrum at the time-reversal
invariant points becoming non-degenerate. Nevertheless, we experimentally reach splitting fidelities of 99.80(4) % and 0.40(4) % at the optimal
points. Furthermore, the cut through the Poincaré sphere along the great
circle, tuned close the extremal points, shows that the splitting behavior
is close to the expectations, cf. Fig. 3.7 (c). All this indicates that timereversal symmetry is broken “weakly”, meaning that on the length-scale
of our system, only disorder symmetric under augmented time reversal is
relevant. We further strengthen this point in Appendix D, and assume
for the rest of the thesis that T ∗ symmetry is present.
Much of the interest in topological mechanical systems is due to their
edge modes, granted through bulk-edge correspondence, which exist at the
interface of topologically distinct materials. Of course, edge modes are not
unique to such interfaces but are a common feature of interface physics.
What distinguished the topological edge modes from others is their robustness against distortions and their independence of surface shapes. To
demonstrate that our edge modes are not mere whispering gallery modes
[85, 86], we remove a sequence of sites from the dynamical problem, effectively creating a convex boundary. This can be achieved by simply
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Figure 3.8: Topological protection. (a-d) Steady states with a sequence
of removed sites illustrating the stability of the edge states against boundary roughness. The bottom left site (8, 0) is driven with linear polarization
at a frequency of 2.576 Hz, which lies in the upper bulk gap.
clamping the pendula on the corresponding sites. In Fig. 3.8, we show
the resulting mode structure for a linear excitation at 2.576 Hz lying in
the upper band gap. The results demonstrate that the exact shape of the
boundary has no influence on the stability of the edge states.
To further strengthen the point that the edge states are topological
rather than imposed by the finite-size geometry, we create a domain wall
between two different topological sectors. We invert the effective flux seen
by the two polarizations on six rows of the system. This switches the roles
of the two polarizations on the two parts of the system, while keeping the
polarization symmetry throughout the system. At the boundary between
the two sectors, the spin Chern numbers change their values by ±2, which
requires the presence of two topological in-gap modes.
We illustrate these modes along the sector boundaries by exciting a
linearly polarized wave packet on the short edge (s = 0) of the larger
sector. As shown in Fig. 3.9, the wave packet splits into two circularly
polarized packets, each traveling along one edge due to the beam splitting
property. At the boundary to the second sector, they are deflected into
the interior of the lattice before they each travel independently along the
physical edge of the second sector in reversed directions.
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Figure 3.9: Traveling wave along a topological zone boundary. (a) wave
packet launched at the excluded edge site (4, 0) with linear polarization at
2.098 Hz, a frequency in the lower bulk gap. The motion of each edge site
is represented as a clock on which the colored wedges are centered at the
time t0 when the wave packet traverses the site. The opening angle of the
wedge indicates the width σ of the wave packet as illustrated in (b). The
color represents its polarization and the intensity of the color encodes the
relative amplitude. From these clocks one can read off the propagation
of the wave packets throughout the system. The solid lines are guides to
the eye, indicating the path of the wave packet. (b) Analysis of the wave
packet at a given site from which the passing time t0 , the width of the
wave packet σ, and the amplitude (not shown) are extracted.
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In Fig. 3.9, only the edge sites are shown while all the others are blanked
out. Of course there is additional motion on the interior of the system
due to the finite extend of the edge states into the interior. However,
we established before that the edge states, as their name suggests, are
concentrated on the edge of the system. This allows us to restrict the
figure onto the essential parts, which is what we have done.

3.9 Conclusions
We have experimentally characterized a mechanical “topological insulator” displaying the phenomenology of the quantum spin Hall effect. Our
measured edge spectrum (Fig. 3.6), the efficiency of the edge states as a
beam splitter (Fig. 3.7), and their immunity to surface roughness (Fig. 3.8)
corroborate that the quantum spin Hall effect phenomenology can be implemented in an imperfect mechanical system. Our findings indicate the
robustness of our proposal against interactions, in particular against cubic
(Duffing) non-linearities [154] inherent to pendula. We indeed find that
these non-linear effects are present in our setup, cf. Appendix D, however,
they do not obstruct our results.
In addition, unavoidable damping leads to the dissipation of the mechanical energy injected into the edge channels. However, owing to their
chirality, one expects a linear scaling of the decay length ξ ∼ Q with the
quality factor of the modes. For applications where one is interested in
the controlled transmission of phonons in one-dimensional channels, this
is an improvement
over a standard bi-directional wave guide where one
√
expects ξ ∼ Q in analogy to a random walk, cf. Appendix D.

Switching a Topological
Phonon Channel
So far we mainly focused on the question how to harvest
topological band theory to obtain stable mechanical wave
guides. In sight of applications a wave guide is only one
part of the toolbox needed to capitalize on topological materials. What is required as well are elements to couple in
and out of channels as well as switches to shut channels
off. Based on the setup presented in the last chapter, we
use symmetry breaking edge potentials to implement such
a switch. The experimental parts of this work were carried out in collaboration with Philipp Zimmermann, and
the content of this chapter, including parts and figures of it
are published in Ref. [131].

4.1 Introduction
As illustrated by the previous chapter, the concept of topological phonon
bands emerged recently as a new design principle in mechanical metamaterials [8, 90, 92, 94, 95, 104, 105, 130]. Like its ancestral electronic
counterparts [14, 16], it offers a new approach to shape the transport of
energy in materials, which is typically directional and free of backscattering. Furthermore, the channels for the energy transport are extremely
stable against a broad range of disorders.
The stability of these channels is granted by the nature of the underlying topology invariant. Consequently, the kinds of disorder the energy
transport is immune to depends on the type of topological protection
[61, 62]. Some types rely on symmetries [50, 53], while others exist independently of them [42, 43]. There are many realizations of symmetry
protected topological effects [14, 16], but all of them share the property
that once the symmetry is broken, quantities building upon the topology
loose their stability.
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In case that no symmetry is needed, the stability of the edge channels
is typically stronger as a larger set of distortions is allowed [118]. For
applications this seemingly offers more promising candidates than their
symmetry protected counterparts [120–122]. However, the superior stability can become a disadvantage once we want to terminate or temporarily
close a channel to influence an energy flow. Here, the symmetry-protected
systems offer us a more flexible alternative.
By deliberately breaking the symmetry, we have a tool to remove or terminate channels. This is a significant advantage over systems not relying
on symmetry, while the price to pay is a reduced stability. We demonstrate theoretically and experimentally how to use this backdoor to switch
on and off a topological phonon channel. While our analysis is based on
a specific model, the conclusions carry over to any other implementation.
This chapter is structured as follows. We first introduce and discuss
the system we are working with (Section 4.2), followed by a theoretical
analysis of its eigensolutions (Section 4.3). In a next step (Section 4.4),
we verify that our setup reproduces the key properties needed for the
subsequent experimental implementation of the switch, presented in Section 4.5.

4.2 Model
As starting point for our studies we use the same setup as in Chapter 3: a
mechanical version of the quantum spin Hall effect on a discrete periodic
square lattice. The measurements are carried out on a finite system with
fixed boundaries, as shown in Fig. 4.1. The experimental realization is
described in Section 3.5, with the difference that the system size is now
9 × 15 sites, minus the four cornering sites which we removed for technical
reasons.
In comparison to the former equations of motion Eq. (3.15), we allow for
a more general set of couplings between the different pendula. This will
give us the freedom to create specific edge potentials needed to realize the
switch. More specifically, the construction is chosen to obtain equations
of motion of the form
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where z r,3s = (zr,3s , zr,3s+1 , zr,3s+2 )T , for z ∈ {x, y}, correspond to the
displacements of the six modes per unit cell. The coupling matrices are
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Figure 4.1: Scheme of the experimental setup, including indication of rand s-directions. Each circle represents a site of the system and connecting
lines indicate couplings between sites. The corner sites are not part of the
dynamical system, but allow us to attach a drive (m) to induce a specific
motion. The edge row of the system is divided into different sectors σc/e/m
needed in the analysis of the experiments. The shaded part marks a region
in which the system will be selectively distorted to realize a switch.
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The numerical values of the parameters ω02 and f are identical to the ones
presented in Section 3.5 and Eq. (4.1) reduces to Eq. (3.15) whenever
fr x/y = f . In the present form, the equations of motion apply to an
infinite, periodic or finite system. For the latter we simply set zr,s = 0 if
site (r, s) is not part of the system.
In case that fr x = fr = fr y , the structure of the coupling elements
ensures that


0
13×3
S=
⊗ 1lattice ,
(4.3)
−13×3
0
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is still a symmetry of the equations of motion. As before, this symmetry
allows us to block-diagonalize the system by transforming the x and y
degrees of freedom into left and right polarizations p± , defined by
1
p±,r,s = √ (xr,s ± iyr,s ) .
2

(4.4)

Through this transformation the equations of motion become block-diagonal and can then be expressed as
p̈±,r,3s = (Ω + fr A)p±,r,3s + fr Bp±,r,3(s+1) + fr B T p±,r,3(s−1)
+ f (C ∓ iD)p±,r+1,3s + f (C ± iD)p±,r−1,3s .

(4.5)

The two polarization sectors are related by complex conjugation and are
degenerate.
While the system can always be described in a polarization basis, the
presence of the symmetry is crucial for the decoupling of the polarization
sectors. Without it, the different polarization sectors will couple. The
symmetry on the other hand relies on the structure of the equations of
motion. More precisely, it depends on the fact that x and y degrees of
freedom “see” the same local coupling matrices Ω, fr x/y A, fr x/y B, C and
D. If this is no longer given, in particular if fr x 6= fr y , the two sectors
start to mix and the separation breaks down.

4.3 The (Semi-)Periodic Problem
We start by studying the fully periodic system with fr x = f = fr y . In this
case there are no additional edge potentials and the Bloch-wave ansatz
p±,r,3s = e−i(ks s+kr r)+iωt p± further simplifies the problem, leading to the
dispersion relations
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n ∈ {1, 2, 3}. This dispersion we already know from the (doubled) Hofstadter model in Section 3.2. There are three doubly degenerate bands
(due to the two polarizations), which are separated by bulk band gaps.
By focusing on one polarization only, one can find that the three bands
have non-trivial Chern numbers [43]. Therefore, by cutting the fully periodic system open, edge states must appear in the bulk band gaps due
to the bulk-edge correspondence [152, 155], as we already established in
Chapter 3.

4.3 The (Semi-)Periodic Problem

To create an edge, we consider a system periodic in s-direction and semiinfinite in r-direction, such that p±,r,s = 0 for r < 0.1 This way, there
is a single edge along which a wavenumber k can again be introduced
due to the periodicity of the system. We then use the ansatz p±,r,s =
e−is(k±2πnr /3)+iωt p±,r with nr+1 = nr − 1 and n0 ∈ {0, 1, 2}. In the
symmetry-preserving case, this simplifies the equations of motion to
p±,r h±,r (ω, k) = p±,r+1 + p±,r−1 ,
h±,r (ω, k) = (ω02 − ω 2 )/f + 1 +

√

3 + 2fr /f [1 − cos(k ± 2πnr /3)] .

(4.7)
We note that while ks and k are along the same direction they differ by a
factor of three. The origin of this difference is that the ansatz of the fully
periodic problem and the ansatz used in the semi-periodic problem are
related by a gauge transformation in the language of the quantum spin
Hall effect (cf. Appendix E). The solutions we are looking for have now a
periodicity of one unit cell in direction of s at the price of a larger unit
cell in the direction of r.
Choosing an edge potential fr /f = αδr,0 + (1 − δr,0 ), changing only the
row at the very edge, provides a handle on the eigensolutions close to the
edge. To calculate the spectra we employ the transfer matrix formalism:
We reformulate Eq. (4.7) as




p±,r
= T± (ω, k, nr )
,
r > 0,
p±,r−1


h±,r [h±,r+1 h±,r+2 − 1] − h±,r+2 1 − h±,r+1 h±,r+2
T± (ω, k, nr ) =
,
h±,r h±,r+1 − 1
−h±,r+1
p±,r+3
p±,r+2



(4.8)
where T± (ω, k, nr ) = T± (ω, k, nr+3 ) denotes the transfer matrix. The
requirement r > 0 is due to the edge potential which makes the row r = 0
distinct from all the others. The transfer matrix T± (ω, k, n1 ) encodes how
an eventual solution on the edge (p±,0 and p±,1 ) evolves into the system.
The determinant of the transfer matrix equals one, for which reason its
two eigenvalues are related by their inverse. Whenever the two eigenvalues
are of modulus one, the combination (ω, k) belongs to a bulk state: any
configuration (p±,1 , p±,0 ), can be continued to an extended eigenmode.
However, in case one of the eigenvalues has modulus smaller than one and
the corresponding eigenvector is compatible with the edge we are looking
at, the combination (ω, k) represents an edge state [156–158]. For details
we refer to Appendix E.
1

We could equally well look at an edge in r-direction. The choice in our case is due
to technical reasons in the experiment.
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This way, the symmetry-preserved edge dispersions shown in Fig. 3.6
(a) and Fig. 4.2 (a-b) are calculated. In contrast to the fully periodic
case, the spectrum is no longer gapped. In each bulk band gap there
are two edge bands, one for each polarization. The group velocity of
each edge band is predominantly either positive or negative. Therefore,
the direction of propagation is linked to the polarization of the mode.
Through selectively exciting one polarization only, a directional energy
transport can be realized.
Whenever a symmetry breaking potential, fr x/y /f = αx/y δr,0 +(1−δr,0 )
with αx 6= αy , is applied, the two polarizations are coupled. However, the
process of obtaining the edge spectra did not explicitly rely on having the
symmetries preserved and can be straightforwardly repeated in absence
of the symmetry. The transfer matrix Eq. (4.8) then becomes a 4 × 4
matrix representing the fact that the polarizations cannot be treated independently anymore. We repeated the calculation (cf. Appendix E) for
the two symmetry-broken cases shown in Fig. 4.2 (c-d).
The edge band structure can be manipulated through the edge potential. By changing the couplings to lower α < 1 the crossing points of the
edge dispersion can be brought into the bulk band gap. By adding on
top a symmetry breaking term, the two polarizations start to mix and we
open an edge band gap within the bulk band gap. At frequencies in the
total band gap there are no solutions anymore that could support a transport of energy through the system. Combining the symmetry-preserved
and the symmetry-broken systems into one device will eventually lead to
the desired switch. Before we turn our attention to that, we look at the
experimental implementation of the above band structures.

4.4 Observation of the Edge Band Gap
The experimental setup is shown in Fig. 4.1. The system is finite in all
directions in contrast to the above analysis. It provides one big edge,
which we further divide into multiple segments. The two short edges σc
along the r-direction build a segment and the two long edges σe along the
s-direction build one. On top of that, all the sites which have a Manhattan
distance of less than three to the drive m are separated into σm . All the
unlabeled sites we consider as bulk sites σb .
To access the dispersion relation of the system we harmonically drive
it at a given frequency ω. Once a steady state emerged, we measure the
time-resolved displacements of all the pendula. Based on the motion we
observe, we can calculate the time-averaged energy on every site and with
it the mean energy for all sectors. By comparing the energies of different
sectors, we can distinguish edge states from bulk states and find gaps in
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Figure 4.2: Calculated band dispersions for a semi-periodic system.
Gray areas represent bulk bands, while blue (red) lines represent right
(left) polarization encoded edge dispersions. (a-b) Dispersions for different symmetry-preserving edge potentials. The chosen potentials are
(a) α = 0.81 and (b) α = 0.24. In addition, Fig. 3.6 (a) belongs to
this sequence with α = 1. (c-d) Dispersions for symmetry-breaking edge
potentials, mixing the two polarizations and opening an edge band gap
highlighted in yellow. The edge potentials are (c) αx = 0.40, αy = 0.24
and (d) αx = 0.81, αy = 0.24.
the bulk or edge spectra, similar to what we did in Fig. 3.4. Whenever
we find an edge state with significant weight in σe , we fit a wavenumber
k to the propagation along the edge as in Section 3.7.
The drive can generate any motion on the driven site, in particular
polarized excitations. Depending on the polarization, the edge channels
transport energy only in one direction due to their chirality. Therefore,
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we apply the edge potential not only to the r = 0 but also to the r = 8
row and drive the experiment once on site (0, 0) as shown in Fig. 4.1
and once on site (8, 0). This procedure allows carrying out the spectrum
measurements polarization resolved. The results are shown in Fig. 4.3.
The three panels correspond to the calculated band structures shown in
Fig. 4.2 (b-d).
The results show that we can recover bulk bands, bulk band gaps, edge
bands and edge band gaps. The bulk band gaps were determined in the
symmetry-preserving configuration α = 0.81, while the edge band gaps
where analyzed for each configuration separately. In addition, for the edge
bands we extract the dispersion relations, sensitive to what polarization
we used to excite the system. The experiments are restricted to the lower
part of the spectrum because that is sufficient for what follows.

4.5 Switching a Topological Phonon Channel
The previous two sections showed how to choose the edge potential to
specifically shape the edge dispersions. In a next step we mean to combine
two different potentials to engineer the desired switch. The basic idea is
the following: Assume that we combine two semi-infinite systems, such
that they have one single edge along the s-direction. For sites s < 0,
i.e., on the negative half space, we apply an edge potential of the form
αx/y = α, while on sites s ≥ 0, the positive half space, we choose an edge
potential αx 6= αy .
From the band structure calculations we know that for frequencies
within the edge band gap of the positive half space there are no states
that could transport energy through the system. If we have an incident
wave coming from the negative half space towards the boundary, it has to
be reflected at the interface. Furthermore, because the sign of the group
velocity of the edge channels is bound to specific polarizations, the wave
has to switch polarization while being reflected.
Instead of considering two semi-infinite systems, we adapt the setup for
practical purposes. We start with a system that has a symmetry-preserved
edge potential featuring no edge band gap. Within this system, to n consecutive edge sites a symmetry-breaking potential is applied, opening an
‘edge band gap’ locally. Due to the finite extend of the symmetry breaking
potential, the reflection of incoming waves is not perfect anymore: evanescent waves can pierce through. However, the transmission is exponentially
suppressed.
By selectively preserving or breaking the symmetry on this finite region,
we can switch channels on and off. For the application as a switch it is
desirable to have the region that needs to be modified as small as possible.
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Figure 4.3: Measured band dispersions. Bulk bands are shaded in gray
and total band gaps in yellow. Data points are plotted as ellipses representing their confidence. The lighter shaded areas show the frequency
uncertainty due to damping. The blue (red) color encodes the right (left)
polarization of the drive during the excitation. (a) Edge dispersion for a
symmetry-preserving potential as in Fig. 4.2 (b). (b-c) Edge dispersions
with potential as in Fig. 4.2 (c-d), in which polarization of the eigenstates
is not well-defined.

In our experimental setup, we have chosen this region to be only about
four sites long while we still keep an almost perfect suppression. Along
the long edges (r ∈ {0, 8}) we implement α = 0.81 on all sites. We
then selectively change the couplings connecting sites (0, 5 − 9), shaded in
Fig. 4.1, to be αx = 0.81, αy = 0.24. This locally breaks the protecting
symmetry.
To measure the performance of our switch we induce a polarized Gaus-
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Figure 4.4: Propagation of a Gaussian wave packet along the r = 0 edge.
The wave packet is induced on site (0, 0) and starts to propagate along the
positive s-direction due to the chosen polarization. (a-b) Time, site and
polarization resolved kinetic energies for the locally symmetry-preserved
(a) and symmetry-broken (b) edge potentials. The results of the left (red)
polarization are scaled by a factor of 2 with respect to the right (blue)
polarization to enhance visibility, and in (a) only the right polarization is
shown.

sian wave packet along the r = 0 edge of the system. Its carrier frequency
is chosen to be 2.22 Hz, such that it lies well in the edge band gap of the
symmetry-broken configuration. First we leave the symmetry intact, and
then we break it as described above. In either case we track the timeresolved motion of all the sites. On every site we separate the motion
into the two polarizations.2 The time resolved kinetic energies per site
and polarization along the r = 0 edge are shown in Fig. 4.4. Without
the symmetry breaking part, the wave packet travels along the full edge.
Once the symmetry is broken locally, the wave packet is scattered into
2

The two polarizations always offer a basis to describe the motion, whether the
symmetry is preserved or not.
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Figure 4.5: Working principle of the switch. A Gaussian wave packet is
induced on site (0, 0) and starts to propagate along the positive s-direction
due to the chosen polarization. (a) Schematics of the expected behavior.
Depending on the local edge potential, the wave packet passes through or
is reflected. (b-d) Site and polarization resolved kinetic energy integrated
over time for the open (b) and the closed (c-d) switch. The results of the
left (red) polarization is scaled by a factor of 2 with respect to the right
(blue) polarization to enhance visibility.

the other polarization channel while being reflected.
The effectiveness of the switch can be assessed by its transmission coefficient T . In case of a normalized incoming wave packet, T is given by
the squared wave packet amplitudes after the switch. For the open switch
nothing gets reflected and hence we get full transmission. To disentangle
damping from the effect of the switch, we take the transmitted signal of
the open switch as reference value for full transmission. The average ratio
between the maximal wave packet amplitudes on sites (0, 11 − 13) for the
opened and closed switch is 0.07(2), leading to a transmission coefficient
of T = Tclosed /Topen = 0.005(3) for the closed switch.
The transmission process can be understood as a tunneling process
through the potential barrier, based on the evanescent solution within
the switch. Therefore, the transmission coefficient exponentially depends
on the strength of the symmetry breaking potential ∝ |fr x − fr y | and
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the length of the perturbed region. By increasing either of the two the
transmission gets further suppressed. The details, including exact numbers, depend on the desired implementation and need to be worked out
for each implementation separately.
Figure 4.4 shows the time resolved motion of the r = 0 edge, but none
of the other sites. To show that nothing is missing on the other sites, we
integrated the kinetic energy per site and polarization over the time span
of the experiment and show the result in Fig. 4.5. For the symmetrypreserved situation we only show one polarization, as the other one is not
excited. From these panels we see that the restriction to the edge sites is
well justified.

4.6 Conclusions
We have demonstrated the implementation of a switch for topological
phonon channels. The channels were realized as topological edge modes
of a two dimensional analogue of the quantum spin Hall effect. A crucial
ingredient was that the underlying topology is protected by a local symmetry. By applying an edge potential, the edge dispersion can be altered,
and in case that the potential breaks the protecting symmetry, a total
band gap is opened. For frequencies within the total band gap, it is not
possible to transport energy through the system.
At an interface between a symmetry-breaking and a symmetry-preserving potential, waves at frequencies in the total band gap will be reflected. This is the basic idea underlying the switch. The picture we
engaged to explain our approach is based on band theory of infinite systems. However, we experimentally demonstrated that it is sufficient to
apply the symmetry breaking potential on a very small region in space,
being only of the order of one unit cell. Albeit our experiments where
carried out in a mass spring model, the concept and strategy presented
carry over to any physical implementation.

An Intrinsically Polar
Elastic Metamaterial
According to the classification of Chapter 2, the system presented in the previous two chapters belongs to the class of
high-frequency reciprocal metamaterials. In this fourth and
final part of this thesis we turn our attention to a lowfrequency reciprocal material. The content of this chapter,
including parts and figures of it, are published in [132]. This
work was carried out in collaboration with Osama R. Bilal
and Chiara Daraio, who contributed the experimental parts.

5.1 Introduction
The ability to design and fabricate materials with tailored mechanical
properties, combined with immunity to damage, is a frontier of materials
engineering. For example, materials which are characterized by elastic
properties that depend on the position inside a medium [159, 160] are required in applications where structural stability has to be combined with
a soft and compliant surface, like in impact protection and cushioning. A
gradient in the elastic properties can be built from a single material, varying gradually the bulk porosity of the material or its geometrical structure
[161]. However, if such a gradient is built into the material at production
[162–165], damage or wearing over time might expose unwanted elastic
properties.
We pursue an alternative approach to circumvent this issue: We implement a design principle for a spatially inhomogeneous material based on
topological band-theory for mechanical systems. By creating a periodic
elastic material with topological properties, one can create an intrinsically
polar behavior, where a face with a given surface normal is stiff while its
opposing face is soft. The resulting inhomogeneity is stable against wearing and even cutting the material in half.
The characteristic properties of periodic materials are captured in their
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phononic spectrum, i.e., their dispersion relation, which contains information ranging from the material’s quasi-static elastic response (at very low
frequencies) to its thermal conductivity (at higher frequencies). In topological (polar) materials, the phonon spectrum, and with it the linked
material properties can be very different on two opposing surfaces of the
material. Uniquely to topological materials, the polar behavior is stable
and remains preserved when these materials are cut or fractured, as shown
in Fig. 5.1 (a-b): No matter how much of our material is lost to a fracture, or wearing during use, the asymmetry in the mechanical response
remains the same. Since these topological features are linked to surface
modes whose penetration depth introduces a new length-scale, the stability with respect to wearing and fracturing is not bound to the microscopic
unit cell size. This similarity to the polarity of a dielectric motivates the
term of an intrinsically polar elastic metamaterial.
The chapter is built up following the logical structure of our work.
We start by introducing topological polarization in the context of (ideal)
frames, followed by Section 5.3 in which we discuss the details of our
chosen lattice structure. Up to this point, we solely focus on designing
suitable zero modes that do not give rise to an elastic response yet. In Section 5.4 we lift these zero modes to finite frequencies, giving the material
the desired elasticity. Lastly, we discuss the experimental implementation
and results (Section 5.5).

5.2 Topological Polarization and Zero Modes
We design our polar elastic material as a truss-like, periodic lattice, constituted by a system of rods connected by hinges (a frame). In the classical
description of frames, one balances the number of degrees of freedom Nf
of the hinges with the number of constraints Nc imposed by the rods.
Their difference yields the number of zero modes N0 , where parts of the
system can move freely without a restoring force. More precisely, the
counting due to Maxwell [166] and Calladine [167]
N0 − Ns = Nf − Nc

(5.1)

accounts also for the number of states of self-stress Ns . A state of selfstress corresponds to a combination of stresses on the rods that do not
exert net forces on the hinges. In isostatic frames, where Nf = Nc ,
one might still find pairs of zero modes and states of self-stress due to
“misplaced” rods.
In the theory of Kane and Lubensky for periodic isostatic lattices [90],
there are two sources for zero modes. The first one arises from a local mismatch between degrees of freedom, while the second one has a topological
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Figure 5.1: Intrinsically polar elastic metamaterial. (a) Schematic representation of an elastically polarized mechanical metamaterial with varying
stiffness from top to bottom surface. (b) Due to the intrinsic programmability of its elastic properties, whenever a cut is performed through the
material, the polarity of the surfaces are protected by means of topology,
retaining the variation of stiffness from top to bottom. (c) Schematic of
the basic building block of the employed distorted pyrochlore lattice. (d)
A 5 × 5 × 5 (enlarged) unit cell block of the realized metamaterial by
means of additive manufacturing.

origin. By construction, the lattice type we are interested in has its zero
modes close to the surface of the material. In this case, it is most convenient to set up the zero mode count with respect to a unit cell. While
doing so, we use that the framework of Kane and Lubensky [90] is not
restricted to frames, but applies to more general lattice systems. It will be
insightful to work with a mass spring system built up from sites (masses)
and bonds (springs). From this, the ideal frame is eventually obtained
by taking the spring constants to infinity, in which case the bonds (sites)
turn into stiff rods (ideal hinges). For a given lattice, the unit cell can be
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defined by specifying the position vectors of the sites r is and the position
of the center of the bonds r ib which belong the a given unit cell [90].
The zero mode count per unit cell ν depends on the surface orientation.
Therefore, the choice of the unit cell has to be compatible with the surface
of interest: sticking together identical unit cells has to give rise to the full
lattice including the surface. For a surface normal equal to a reciprocal
lattice vector q, the number of zero modes per unit cell is given by [90]
ν = νL + νT ,

νL/T =

1
q · RL/T ∈ Z ,
2π

(5.2)

X

X

(5.3)

with the local dipole moment
RL = 3

i

r is −

r ib

i

and the topological polarization RT . The latter is defined by [90]
RT =

3
X
i=1

1
mi =
2πi

mi T i ,
Z

(5.4)
1
0

d
dξ
log det Q(ξbi + k⊥ ) ,
dξ

where Q(k) is the equilibrium matrix, T i are the lattice vectors, bi are the
reciprocal lattice vectors defined through bi · T j = 2πδij , and k⊥ · bi = 0.
From Eq. (5.2), we see that the polarization RT and the moment RL
indicate how the zero modes are distributed over the different surfaces.
The topology engaged in the definition of RT fits the classification of
Chapter 2 through a decomposition of the type presented in Eq. (2.6):
The dynamical matrix D = QQT is decomposed through its equilibrium
matrix Q, which relates forces F to spring tensions T , F = QT . In the
framework of mass spring models its transpose C = QT , the compatibility
matrix, relates bond extensions e to site displacements u, e = Cu. The
topological index is a one-dimensional winding number belonging to class
BDI. It exists in three dimensions in the form of a weak index, which is
the reason why the integral in Eq. (5.4) is one-dimensional.
When using the Fourier transform to obtain Q(k) there is a (gauge)
freedom in its definition. Namely, one can assign all the sites and bonds in
one unit cell the same phase factor eiruc k , depending only on the position
of the unit cell r uc . Alternatively, one can use independent phase factors
b/s
eiri k , determined by the individual position of the elements r ib/s . In
the context of quantum mechanics and in the decomposition we used by
applying Eq. (2.4), either choice will lead to the same winding numbers
mi . The reason is that the elements of the Hamiltonian or dynamical
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Figure 5.2: Unit cells of the pyrochlore lattices. (a) Geometry of a
regular pyrochlore lattice. Points pi together with the twelve bonds shown
constitute a unit cell. (b) The distorted pyrochlore lattice. The angle θ0
indicates the equilibrium angle between two neighboring tetrahedra. (c)
In a zero mode of the perfect frame no bonds are contracted or stretched.
However, the angle between rigid tetrahedra can change from θ0 → θ and
we model non-perfect hinges by a linear force ∝ θ0 − θ.
matrix map only quantities into each other that share the same gauge.
In contrast, here the equilibrium (compatibility) matrix connects bonds
with sites and one can choose their phase factors independently.
Due to this freedom, the local dipole moment, the winding numbers,
and the topological polarization depend on the gauge choice. However, the
total zero mode count is independent of the choice [90]. The convention
we use here is to assign every site and bond the phase with respect to its
absolute position. While this can lead to non-integer winding numbers, it
guarantees that the zero mode count νT arises solely from topology and
does not mix in local zero modes.

5.3 Design Principle and Material
Isostaticity of a periodic lattice in three dimensions requires each site to be
connected to six bonds. The simplest regular lattice with this coordination
is the pyrochlore lattice, which is built from corner sharing tetrahedrons.
The unit cell of the pyrochlore lattice [cf. Fig. 5.2 (a)] consists of four sites
s
s
s
p1 = (1, 1, 0) ,
p2 = (0, 1, 1) ,
p3 = (1, 0, 1) ,
p4 = 0 ,
2
2
2
(5.5)
and twelve bonds ai , six of which are within the unit cell
a1 = p2 − p1 ,

a4 = p1 − p4 ,

a2 = p3 − p2 ,

a5 = p2 − p4 ,

a3 = p1 − p3 ,

a6 = p3 − p4 ,

(5.6)
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and six connecting to neighboring unit cells,
a7 = −T 1 + T 2 + p1 − p2 ,
a9 = T 1 − T 3 + p3 − p1 ,

a11 = T 2 + p4 − p2 ,

a8 = −T 2 + T 3 + p2 − p3 ,

a10 = T 1 + p4 − p1 ,

(5.7)

a12 = T 3 + p4 − p1 .

The full lattice is obtained through a periodic continuation of the unit cell
by the primitive lattice vectors T i = 2pi for i ∈ {1, 2, 3}, and s defines
the overall scale.
In order to leverage a polar response and to use the topological theory
by Kane and Lubensky [90], we distort the lattice following Ref. [116].
The unit cell of the distorted pyrochlore lattice [cf. Fig. 5.2 (b)] is simply
obtained by distorting the ordinary one. Its lattice sites r is are defined
according to
√
r 1s = p1 + x1 3ê1 − x2 â3 ,
√
r 2s = p2 + x2 3ê2 − x3 â1 ,
(5.8)
√
r 3s = p3 + x3 3ê3 − x1 â2 ,
r 4s = p4 − z n̂ ,

where
ei = ai × n̂ ,

n = (1, 1, 1) ,

v̂ = v/|v| ,

(5.9)

with X = (x1 , x2 , x3 , z) the parameterization, which we chose to be
X = 0.15 s(−1, 1, 1, −1). The lattice vectors remain the same as for the
undistorted lattice.
As it turns out, the distorted pyrochlore lattice has an additional feature in its phononic spectrum: Lines of zero-frequency excitation that
span throughout the whole Brillouin zone and which cannot be gapped
out [114]. Such nodal, or Weyl lines [19, 114–117] are of considerable recent interest in electronic systems [19] as they mediate non-local magnetotransport. In principle, these Weyl lines render the topological polarization RT ill-defined and in turn give rise to a number of zero modes on
the surface that depends on the surface momentum k⊥ [116]. However,
by designing the distortion in a way that some of the flat planes of the
original pyrochlore lattice prevail, one can force the two Weyl lines to lie
on top of each other along the (1, 1, 1)-direction, cf. Fig. 5.3. This eliminates their effect on RT and we can still achieve a maximal polarization
between two opposing faces. In particular, for our choice of distortion,
RT = s(−1, 0, 2).
For our further considerations, we restrict ourselves to six different surfaces, labeled by x/y/z and ± according to their surface normals
nx,± = (±1, 0, 0) ,

ny,± = (0, ±1, 0) ,

nz,± = (0, 0, ±1) . (5.10)
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Γ
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Figure 5.3: Brillouin zones of the pyrochlore lattices. Bulk (blue) and
surface (green) Brillouin zones for a surface plane with a surface normal
ẑ. The red line shows the doubly degenerate nodal Weyl lines in the bulk
spectrum.

For each surface, we determine RL to find the total zero mode count
[cf. Eq. (5.2)]. Going through the different configurations compatible with
the different surfaces, we find
RLx,+ = s(2, −1, 0) ,

RLy,+ = s(0, 2, −1) ,
z,+

RL

= s(−1, 0, 2) ,

RLx,− = s(−2, −1, 0) ,

RLy,− = s(0, −2, −1) ,
z,−

RL

(5.11)

= s(−1, 0, −2) .

All in all, this results in a polarization where a face with a surface normal
in the positive (negative) z-direction hosts four (no) zero modes per unit
cell. For faces normal to the y-direction there is a balance of two and
two zero modes per unit cell, while for the x-direction we find one zero
mode for the upper surface and three for the lower one. For either surface
pair, the total number of zero modes equals four and the polarization
characterizes how they are distributed. Note that the penetration depth
of the surface zero-modes decreases with the amount of distortion and can
be much larger than the size of a unit cell [116].
For the effective model analysis presented in the next section and the
manufacturing of the samples, it is convenient to work with an enlarged
unit cell in combination with lattice vectors T̃ 1 = s(2, 0, 0), T̃ 2 = s(0, 2, 0)
and T̃ 3 = s(0, 0, 2). This allows to use one single unit cell which is compatible with all six boundaries simultaneously. Compared to the primitive
unit cell, this one is four times larger and hosts two initial surface unit
cells for any of the six surfaces, leading to a doubling of the zero mode
count.
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5.4 Elasticity and Low-Energy Theory
The design principle engaged so far relied on rotating degrees of freedom,
i.e., perfect hinges, at each intersection point between bonds. This idealized description of a lattice as made out of perfect hinges will always be
an approximation. The connections between the bonds typically induce
further constraints due to friction or elastic forces that favor a certain angle between them. We take advantage of such additional forces to obtain
an elastic response. In our metamaterial, we use a stiff polymer to fabricate the rods, and soft, elastic rubber spheres for the hinges, cf. Fig. 5.1
(c). This resolves the issue that a zero-mode does not lead to any elasticity due to the absence of restoring forces, and eventually, results in the
asymmetric elastic response we are aiming for.
The adding of the bending forces due to the rubber hinges shifts the
zero modes to finite frequencies and mixes them with other eigenmodes.
However, the use of two materials with very different stiffnesses and similar
densities ρ, leads to a separation of energy scales in the phonon spectrum.
The formerly non-zero spectrum scales with the Young’s modulus of the
stiff polymer Estiff , while the bending energy of the (former) zero modes
is based on the soft rubber (Young’s modulus Esoft ). Neglecting that the
acoustic branches of the phonon spectrum touch ω = 0 at the Γ-point,
this leads to a separation of frequency scales. Hence, in a first order
approximation, we assume the larger frequency scale to go to infinity,
leaving us with the low-energy sector only, which brings us back to the
description of frames with additional bending forces.
To find the effective elastic theory in the low-energy sector, we first find
the zero frequency excitations for the idealized case of perfect hinges. The
equations of motion read
ẍ = Dideal x ,
(5.12)
where the vector x contains the degrees of freedom of the hinges and
Dideal encodes the effect of the rods and is proportional to Estiff /ρ. The
eigenvectors of Dideal separate into two classes
M0 = {v1 , v2 , . . . , vz }

and

M⊥ = {vz+1 , vz+2 , . . . },

(5.13)

of z zero modes in M0 and its complement M⊥ . Any distortion of the
lattice involving modes from M⊥ stretches or compresses the bonds. For
the derivation of the low-frequency sector, we now proceed by projecting
the angle-restoring forces Dangle onto the zero mode subspace
Deff = M0T Dangle M0 ,

(5.14)

of the idealized frame. Note that any small deformation of the lattice is
now giving rise to an elastic response encoded by Deff , which is proportional to Esoft /ρ  Estiff /ρ.
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Figure 5.4: Effective phonon spectrum of the former zero mode sector
due to bending forces. (a-c) The spectrum is shown along high symmetry
lines in the Brillouin zone (cf. Fig. 5.3) for a system which is periodic
in two directions. In the third one, which is (a) the x-direction, (b) the
y-direction and (c) the z-direction, it has open boundaries and a finite
extend of five enlarged unit cells. The colors indicate where the “center
of mass” of the eigenmode is situated (see legend).
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The resulting low-energy phonon spectrum is shown in Fig. 5.4. In panel
(b), we show the effective low-frequency spectrum for a system periodic
in x- and z-direction and of finite extent in the y-direction. From the
color code we read off that besides the Weyl bulk modes (lifted to finite
frequencies as well) we have as many low-energy states on the bottom as on
the top face. In panel (c) the same situation is shown where now x- and ydirection are periodic. Clearly, all surface zero modes are concentrated on
the upper face. Lastly, in panel (a) the y- and z-direction remain periodic
and we find once more surface modes on either side. The count exactly
fits the zero mode count found in the previous section, meaning that the
bending forces did not change the spatial distribution of the zero modes
appreciably. Due to the separation of energy scales, the deformation of the
material upon an external force is determined by the reaction of the lowenergy modes predominantly. In consequence of their spatial distribution
we expect the material response to have similar dependencies.

5.5 Experimental Implementation
To design a material following the above ideas, one needs to carry out
a nontrivial assembly process on the macroscopic scale. Moreover, the
miniaturization of such procedure is tedious and impractical. In order to
avoid these difficulties, while retaining the desired combination of materials, both rods and hinges (spheres) are fabricated using additive manufacturing technology (Polyjet 3D printing), which enables the realization
of a single structure with multiple materials simultaneously. We harness
this technology to obtain the hinge-like performance the theory requires,
by printing each of the different objects (spheres and beams) out of different materials. In order to ensure flexibility at the hinge, the spheres
are printed in TangoBlack (density ρ = 1.15 g/cm3 and Young’s modulus
ETB = 1.8 MPa), a much softer material than VeroWhite (ρ = 1.5 g/cm3 ,
EVW = 2 GPa), which we used for the beams. The stiffness ratio is about
103 and densities are comparable. The rods are designed as beams of varying length and constant square cross section of width 1.125 mm, while the
hinges are realized by spheres of radius 1.5 mm. The overall scale is set
to s = 7.5 mm.
In a cube made out of an isotropic material, such as most metals, the
stiffnesses measured on its different faces are identical. If the material
is anisotropic, such as wood or fibers, one should expect directional dependence in stiffness (i.e., much stronger along the fiber than across it).
In either case, isotropic or anisotropic, the stiffness along opposing faces
is the same, in other words the material response along the same axis
is symmetric. In order to test the asymmetric response of the proposed

87

5.5 Experimental Implementation

bb

FF

3.0

3

a
a

(-1, 0, 0)
( 1, 0, 0)
( 0, 0, 1)
( 0, 0,-1)

Loadin[N]
Load
N
2
1

2.5
2.0
1.5
1.0

0

0.5
0.0

x

0.4

0.35

Load [N]

0.30

d

(0 , 0, 1)
(0 , 0, − 1)
(+1,
0, 0)
(−1, 0, 0)

0.20

1

1

2
3
4
5
2
3
4
5
Indentation
in
mm
Indentation [mm]
e

0.40
0.35
0.30
0.25

Load in N
0.2

0.25

d

0.4

c 0.40

LoadLoad
in N[N]
0.2

c

0

0

(1 , 0, 0)
( − 1, 0, 0)
(0, +1,
0)
(0, −1, 0)

0.20

0.15

6

6

0.40
0.35
0.30
0.25

(0 , 1, 0)
(0 , − 1, 0)
(0, 0,
+1)
(0, 0, −1)

0.20

0.15

0.10

e

0.4

y

LoadLoad
in N[N]
0.2

z

0.15

0.10

0.10

0.00
0.0
0.4 0.6 0.811.0 1.2
1.4
0 0.2 0.5
1.5

Indentation in mm

Indentation in mm

Indentation [mm]

Indentation [mm]

0

0.05

0.00
0.0
1.4
0 0.2 0.4
0.50.6 0.811.0 1.21.5

0

0.05

0.00
0.0
1.4
0.6 0.8 1.0
0 0.2 0.4
0.5
1 1.21.5

0

0.05

Indentation [mm]

Indentation in mm

Figure 5.5: Measured elastic response. (a) Schematic representation of
the experimental setup for an asymmetric load indentation. (b) Measured
response of a cube made out of 5 × 5 × 5 enlarged unit cells to indentation
on faces along x, y and z axes. The legend is given in (c-e) and only
every 40th data point is shown to enhance readability. The gray region
highlights the range of linear response. (c-e) Measured linear responses
of the six faces of the cube in (c) x-direction, (d) y-direction, and (e)
z-direction. Only every 7th data point is shown to enhance readability.
The red (blue) lines are linear fits to the data points of the upper (lower)
faces.
metamaterial, we fabricate a cubic sample made of 5 × 5 × 5 enlarged
unit cells, cf. Fig. 5.1 (d). Using a standard compression testing machine
(Instron E3000), we indent the cube at the center of a particular face
with a cylindrical probe (16 mm in diameter) moving for a fixed distance,
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while measuring the reaction force on the opposing face, cf. Fig. 5.5 (a).
We repeat the same process for all the faces of the cube, resulting in
Fig. 5.5 (b).
For the two faces along the x- and y-axis respectively, (±1, 0, 0) and
(0, ±1, 0), the material response to the same compression is almost identical, cf. Fig. 5.5 (b). On the contrary, for the two z-axis faces, (0, 0, ±1),
where we expect the asymmetry, the response to the indentation is very
different at the linear scale, and keeps on diverging with increasing indentation value, even in the nonlinear range, as shown in Fig. 5.5 (b). Since
the theory is only concerned with linear responses, we focus on the small
indentation region, marked as gray area in Fig. 5.5 (b). The data for this
region is shown separately in Fig. 5.5 (c-e) for the different surface axes.
The slopes of the response curves are identical along the x- and y-axis,
while along the z-axis a discrepancy in stiffness of ∼ 80 % is observed.
This provides experimental evidence of the realization of an intrinsically
polarized mechanical metamaterial with an asymmetric elastic response.
Knowing that the two y-surfaces each have two zero modes, it is not
surprising that we obtain similar results for their stiffnesses. In the case
of the x-surfaces, this might be more surprising because the distribution
of zero modes is one to three. However, the number of zero modes is not
the only relevant parameter. For example, one also needs to take into
account the mode overlap with the given load. As it seems, the entirety
of all parameters balances out.
Let us change the topic somewhat and take up the Weyl nodal lines
again. We can experimentally observe their effect by measuring the material response on the two opposing faces perpendicular to the z-axis1
by indenting with different planes parallel to this z-axis, cf. Fig. 5.6 (a).
When indenting with a line load, we pick up an elastic response from all
modes with surface momenta k⊥ perpendicular to that plane, whereas
along the plane direction one only gets weight from kk = 0. Therefore,
when the plane of indentation is oriented perpendicular to the projection
of the Weyl lines onto the surface Brillouin zone [the (1, 1)-direction], we
expect maximal participation of the bulk modes and hence a minimal difference between the two faces. Conversely, when indenting parallel to the
Weyl lines, we should find a maximally different response.
In order to characterize this peculiar phenomenon of plane dependence,
we print a lattice consisting of 7 × 7 × 5 enlarged unit cells following
the same fabrication process as before. We indent the printed lattice at
the center with a rectangular wedge (10 mm × 80 mm) perpendicular to
the z-axis, where the centers of both the wedge and the lattice top face
coincide. After performing the compression test along the principle axis
1

One could as well choose any of the other two axis.
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Figure 5.6: Observation of the Weyl lines. (a) Schematic representation
of the experimental setup for wedge-load indentation. (b) Relative difference between the Young’s moduli extracted from the bottom and top
surfaces. For small strains many low-energy modes contribute while large
strain data is dominated by Weyl modes. (c-d) Young’s moduli extracted
from bottom and top surfaces indented at different angles spanning 360◦ .
Young’s moduli are extracted from small strain (c) and large strain (d)
data.
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x = 0, we rotate the wedge with an angle θ in a counterclockwise fashion
in increments of 45◦ and repeat the test until we reach a full circle in
rotation. We carry out the same experiment for either face of the sample
along the z-axis.
We post-process the compression-test data for the different angles, by
calculating the slopes of the indentation-load curves, to obtain the Young’s
moduli2 of the material for both top and bottom faces in the z-direction.
We execute this evaluation twice: Once we do it in the linear regime (small
strain), presented in a polar plot in Fig. 5.6 (c), and once we extract
the values from the indentation curves between 6 mm and 6.5 mm shown
in Fig. 5.6 (d) (large strain). For either case, the normalized difference
between the stiffness of the top and bottom surfaces,
2

Etop (θ) − Ebottom (θ)
,
Etop (θ) + Ebottom (θ)

(5.15)

at each angle is given in Fig. 5.6 (b).
It is evident, that the small strain data does not comply with our understanding of the Weyl lines. The reason might be that the surface modes
mitigate the anticipated effect. Under stress, we expect the surface modes
to be activated stronger than the bulk modes based on their spatial structure. Therefore, in the large strain limit, the response is dominated by
bulk modes, which in this case are exactly the Weyl lines. Indeed, the
large strain data reveals that the stiffness on both surfaces at the same
angle are similar, except for the plane along 45◦ and 225◦ . The measured
differential stiffness in different planes across the lattice shows more than
a factor five of variation on top and bottom surfaces along this axis. This
hints at an experimental observation of nodal Weyl lines for phonons.

5.6 Conclusions
We presented an example of a lattice material with measurable intrinsic
polarity in elasticity. By taking advantage of an adept choice of lattice
geometry we obtained a nontrivial topological polarization. This in turn
shifted all the zero modes from local mismatches from the lower z surface
to the upper one, leaving us with a frame with spatially imbalanced zero
mode distribution. The addition of bending forces to the previously ideal
hinges lifted the zero modes to finite frequencies, while a separation in
energy scales made sure not to mix in high-frequency modes. This in turn
maintained the desired spatial shape of the zero modes.
2

Strictly speaking the quantity is not equal to the Young’s modulus. However, it
represents a similar quantity.

5.6 Conclusions

The bending forces allow for an elastic response, which we investigated
by two experiments. The point-load compression test showed clear evidence for an asymmetric elastic response with one surface being significantly stiffer than its opposing one. In the second experiment we used
a line-load to test the presence of the expected Weyl nodal lines for this
particular lattice. While the linear response is dominated by other modes,
we see evidence for the Weyl lines in the large strain data.
The proposed lattice is material (metal, ceramic or polymer) and scale
(micro or macro) independent, as it retains its property from structure
instead of chemical compound. The aim for future works should be to
couple the elastic polarity to dynamical, thermal, optical or electronic
properties leading to the discovery of new materials with unprecedented
properties.
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Conclusion and Outlook
In this work, we provide an overarching framework connecting different
approaches to introduce topological effects in mechanical metamaterials.
By doing so, we shed light on the question which invariants can be carried over and which ones cannot. While our focus lies on the tenfold way
of strong topological indices, it can be used for any other topological invariant known from single-particle condensed matter physics. The key
ingredient is the mapping of the Newton equation to a Hermitian eigenvalue problem akin the Schrödinger equation. As this mapping involves
taking the square root of the dynamical matrix, its use might become
tricky for analytical uses. However, for numerical calculations this should
not offer any problems and other decompositions are possible as well.
Furthermore, we proposed and carried out the first experimental observation of a quantum spin Hall like analogue in a mechanical metamaterial,
thereby providing an explicit example. Thanks to time-reversal symmetry, the problem can be formulated on a purely real basis, even though
we started out from a quantum mechanical tight-binding problem with
complex hopping amplitudes. What is more, it does not rely on active
components and can therefore be implemented in a passive material. Its
key features are topologically protected helical edge modes in the bulk
gaps of the band structure. These, in contrast to other edge modes, are
extremely robust, giving rise to scattering-free waveguides independent of
their shape.
The topological invariant of this mechanical topological insulator is
symmetry protected and typically broken in real implementations. However, in applications the system size is finite and, depending on the details, localization on these length scales may be irrelevant. Furthermore,
the local symmetry can be used to manipulate the edge channels: By
adding edge potentials, the edge dispersion relation can be altered. Upon
breaking the protecting symmetry locally, a switch can be realized for
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topological edge channels. We experimentally realized such a switch and
demonstrated that a switch size of very few unit cells is sufficient to obtain
a nearly perfect switching behavior.
The two experiments show that, even if the topological indices are not
well defined in real implementations, topology serves as an excellent design principle to engineer energy transport. However, it is not bound to
transport phenomena alone. We engaged the design principle to create a
material with a polar elastic response. Starting out from topological zero
modes we added a perturbative energy term, shifting the zero modes to
finite frequencies. This gives rise to an overall elastic response of the previously unstable material, but at the same time the topological protection
is lost. Nevertheless the spatial distribution of the soft modes is similar to
the one of the initial zero modes which results in a polar elastic response.
In all of our contributions we focused on discrete systems with a finite
number of degrees of freedom. While this might be appropriate for some
applications, as for example the polar material, an important step is to
go to continuous elastic media. While already actively pursued [121–128],
this will be an central element in sight of applications and more structured
design approaches are needed [129]. Apart from that, we see five more
key areas in which progress can significantly advance the field: threedimensional topological materials, manufacturing technologies for these,
how to deal with damping, active materials, and non-linear elements. In
the remainder we briefly address each of these points.
As in other fields, dealing with one- and two-dimensional models is
easier than with their three-dimensional counterparts. In parts, this is
because the topological indices become a bit harder to handle, but also
because the fine-tuning sometimes needed in creating new models seems
to be more involved. A promising route is to exploit indices that are better
suited for mechanical systems, such as crystalline topological invariants.
In addition, it might be sufficient to capitalize on weak topological indices,
which can be understood more easily. Either of them are not as robust
as other types, but the material involves fine-tuning and artificial design
of its structures anyway. It is therefore a question of the manufacturing
process how easily the corresponding symmetries, such as translational
symmetry, can be preserved. Keeping such additional symmetries might
in the end of the day not be a real-life restriction.
Another issue in creating three-dimensional materials is the extent to
which some of these metamaterials need to be fine-structured. For twodimensional materials, techniques like laser cutting, water jet cutting,
electrical discharge machining, and even conventional cutting offer a variety of well-established tools. For three-dimensional materials it gets much
more involved, however. There, the best tool is probably additive manufacturing which itself is still a comparably new technology. Creating

95

durable and affordable materials is likely going to be key in making mechanical metamaterials widespread available. This in turn is bound to the
progress made in additive manufacturing.
Passive materials can be considered advantageous because they are simpler, likely cheaper and fully scalable. However, damping is ubiquitous
and can alter the situation significantly. For problems related to vibration
isolation and suppression, damping is a welcome element. In other cases,
damping can give rise to interesting physics, such as in the dissipative
Hofstadter model [168]. Whereas when focused on guiding signals, it can
pose a serious restriction, especially in the context of downscaling. In any
case, the effects of damping need to be taken into account and understood
better [169].
In case damping is unwanted, driven [106, 124, 125] or active materials
[170–172] offer a way out. Having said this, there is much more to be
gained from them than that. A beautiful example how an active material
based on self-propelled particles can be realized was recently presented
in Ref. [170]. The particles are confined to a two-dimensional lattice
and a topological material emerges as a steady state. Interactions play a
central role to obtain this configuration, and this is an example of the rich
physics available in active and interacting media, well beyond trivially
counteracting dissipation.
Like interactions, non-linearities are another known resource widening
up the possibilities. Besides, they appear naturally in many contexts. As
an example consider the proliferation of solitons [84] in a one-dimensional
topological material. How non-linearities can be further combined with
ideas from topology might offer a plethora of interesting advances.
In the end, albeit being an important driving force, to which degree
applications will profit from the design principle of topological mechanical
metamaterials remains to be seen. Up to now the focus is mainly set to
exploring the new possibilities, and we look forward to them.
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Equivalence of Chern
Number Formulations
In this appendix we provide a relation between two different formulations of the Chern number. One of them,
Eq. (2.16), we use in this thesis, while the other one is the
most common one, based on Berry curvature.
The expression for the Chern number we used [cf. Eq. (2.16)] is
Z
−i
dkx dky tr[Q(∂kx Q)(∂ky Q) − Q(∂ky Q)(∂kx Q)] ,
C=
16π BZ
whereas a more common formulation is given by [17]
Z
1
C=
dkx dky Fxy (k) ,
2π BZ

(A.1)

(A.2)

where
∂Ay (k)
∂Ax (k)
−
,
∂kx
∂ky
X
Ai = −i
hun (k)|∂ki |un (k)i .

Fxy (k) =

(A.3)

n

In this latter formulation, Fxy (k) is the Berry curvature [46], un (k) denotes the Bloch-periodic part of the single-particle wave function obtained
from a Bloch decomposition [173], n labels the band index, and the sum
over n runs over all occupied bands. In the case of mechanical metamaterials, or bosonic systems, the occupied bands is to be replaced by the
selection of bands one is interested in.
Our strategy to show the equivalence of Eq. (A.1) and Eq. (A.2) is to
write the Berry curvature as
X
X
Fxy (k) = −i(
h∂kx un (k)|∂ky un (k)i−
h∂ky un (k)|∂kx un (k)i) (A.4)
n

n

A
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and show that the integrand of Eq. (A.1) equals this form.
Using the projector P onto the filled bands (cf. Section 2.4), we note
that
(A.5)
(∂ku Q) = −2(∂ku P ) ,
and find
εµν tr[Q(∂kµ Q)(∂kν Q)] = 8εµν tr[P (∂kµ P )(∂kν P )] ,
where, ε
more,

µν

(A.6)

denotes the Levi-Civita symbol (see, e.g., Ref. [36]). Further-

∂kν P =

X
n

|∂kν un (k)ihun (k)| +

X
n

|un (k)ih∂kν un (k)|

(A.7)

and hence
tr[P (∂kµ P )(∂kν P )] =
=

X

p,n,m

+

X

p,n,m

+

X

p,n,m

+

X

p,n,m

X
p

hup (k)|(∂kµ P )(∂kν P )|up (k)i ,

hup (k)|∂kµ un (k)ihun (k)|∂kν um (k)ihum (k)|up (k)i
hup (k)|∂kµ un (k)ihun (k)|um (k)ih∂kν um (k)|up (k)i
hup (k)|un (k)ih∂kµ un (k)|∂kν um (k)ihum (k)|up (k)i
hup (k)|un (k)ih∂kµ un (k)|um (k)ih∂kν um (k)|up (k)i ,
(A.8)

where, again, all sums only run over the selected bands.
Using that hum (k)|up (k)i = δmp , we find
X
tr[P (∂kµ P )(∂kν P )] =
hum (k)|∂kµ un (k)ihun (k)|∂kν um (k)i
n,m

+

X
p,n

+

X
n

+

X

n,m

hup (k)|∂kµ un (k)ih∂kν un (k)|up (k)i
(A.9)
h∂kµ un (k)|∂kν un (k)i
h∂kµ un (k)|um (k)ih∂kν um (k)|un (k)i .

Now note that the first and the last sum are symmetric in µ ↔ ν because
of the sum over n and m. For the second term we can use that
0 = ∂kµ hum (k)|un (k)i = h∂kµ um (k)|un (k)i + hum (k)|∂kµ un (k)i (A.10)
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to express it as
−

X
p,n

hup (k)|∂kµ un (k)ihun (k)|∂kν up (k)i ,

which is also symmetric in µ ↔ ν. Hence we arrive at
X
h∂kµ un (k)|∂kν un (k)i ,
εµν tr[P (∂kµ P )(∂kν P )] = εµν
n

which concludes the proof.

(A.11)

(A.12)
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Linearized Equations of
Motion of a Gyroscope
Here we give details on the derivation of Eq. (2.35), the
effective equation of motion for a gyroscope as used in Section 2.5.
We intend to describe the motion of the gyroscope close to its potential
minimum, such that the motion of the tip can be described by two Cartesian coordinates x and y. To give a general expression for the Lagrangian
of the gyroscope, we start from a description in Euler angles θ, φ and ψ,
(see, e.g., Ref. [174]), such that
x = R sin θ cos φ ,
y = R sin θ sin φ ,

(B.1)

and ψ describes the rotation with respect to the axis through the center
of mass, cf. Fig. B.1.
In terms of the principal axes of the gyroscope, its Lagrangian is given
by
1
1
L = I1 (Ω21 + Ω22 ) + I3 Ω23 − V ,
(B.2)
2
2
where V denotes potential energy due to gravity and couplings to neighboring gyroscopes. Ωi are the angular velocities with respect to the principle axes and Ii the corresponding moments of inertia. The gyroscope
is assumed to be symmetric, such that I1 = I2 and I3 is associated with
the rotation with respect to the axis through the center of mass. In Euler
angles the Lagrangian takes the form
L=

I1 2
I3
(θ̇ + φ̇2 sin2 θ) + (ψ̇ + φ̇ cos θ)2 − V .
2
2

(B.3)

In case that ∂V
= 0, which is the case we consider, the Euler-Lagrange
∂ψ
equation for ψ reads
d
[I3 (ψ̇ + φ̇ cos θ)] = 0
(B.4)
dt

B
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ψ

φ

θ
y

x
z

Figure B.1: Extended Coordinate Systems for a Spinning Gyroscope.
and we find the conserved quantity Ω = ψ̇ + φ̇ cos θ.
The remaining Euler-Lagrange equations are, for the variable θ,
I0 θ̈ − I0 cos θ sin θφ̇2 + I3 Ω sin θφ̇ +

∂V
= 0,
∂θ

(B.5)

and for φ,
I0 sin2 θφ̈ + sin θθ̇(2I0 cos θφ̇ − I3 Ω) +

∂V
= 0.
∂φ

(B.6)

In these two equations, we change variables to x and y, make use of Ω̇ = 0,
and make a lowest-order expansion in x and y. As a result, the equation
for φ becomes
∂V
I0
I3
∂V
(xÿ − yẍ) − 2 Ω(xẋ + y ẏ) −
y+
x = 0,
R2
R
∂x
∂y

(B.7)

while for the one of θ we find
I0
I3
∂V
∂V
(xẍ + y ÿ) + 2 Ω(xẏ − y ẋ) +
x+
y = 0.
R2
R
∂x
∂y

(B.8)

Linearized Equations of Motion of a Gyroscope

We can further simplify these equations by adding x times Eq. (B.7) to
y times Eq. (B.8) to obtain
I0
I3
∂V
= 0.
ÿ − 2 Ωẋ +
R2
R
∂y

(B.9)

Similarly, by subtracting y times Eq. (B.7) from x times Eq. (B.8) we find
I0
I3
∂V
ẍ + 2 Ωẏ +
= 0.
R2
R
∂x
These last two equations can be summed up as

  

 
I3
0
1
ẋ
∂x V
ẍ
+
,
= Ω
−1 0
ẏ
∂y V
ÿ
I0
which is the desired form as used in Eq. (2.35).

(B.10)

(B.11)
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Chern Numbers in
the Hofstadter Model
This appendix contains a detailed calculation of the Chern
numbers of the Hofstadter model for Φ = ± 13 2 π flux.
While there are different approaches on how to carry out
this calculation, we choose the one engaging projectors onto
parts of the band-structure, to be consistent with Chapter 2.
Alternative strategies are mentioned at the of the calculation.

We mean to use Eq. (A.1) to calculate the Chern numbers in the Hofstadter model. For this we need to write down the projector onto a given
set of bands, meaning we need to first find the eigenfunctions of the Hamiltonian, cf. Eq. (3.6),

2 cos(kr )
1
HΦ=2π/3 (kr , ks ) = t 
e−iks

1
2 cos(kr − 2π/3)
1


eiks
.
1
2 cos(kr + 2π/3)

(C.1)

The eigensolutions are obtained from
[HΦ=2π/3 (kr , ks ) − En (kr , ks )1]un (kr , ks ) = 0 ,

(C.2)

where the Bloch bands are given by Eq. (3.7). As a possible solution for
the eigenvectors we obtain



un (kr , ks ) = 



2 cos kr +

2π
3




− En (kr , ks ) eiks − 1




2 cos(kr ) − En (kr , ks ) − eiks
.


2π
1− 2 cos kr + 3 − En (kr , ks ) [2 cos(kr ) −En (kr , ks )]


(C.3)

C
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However, un (kr , ks ) has zeros at k ∈ Knu , with
 2π 
 π   2π 
−3
−3
3
K1u =
,
K2u =
,
,
0
0
π

K3u =

 π 
3

π

,

(C.4)
where it is not a proper eigenvector.
We can resolve this by choosing a second set of eigenvectors:




 
1− 2 cos kr − 2π
−En (kr , ks ) 2 cos kr + 2π
−En (kr , ks )
3
3



−En (kr , ks ) − e−iks
2 cos kr − 2π
v n (kr , ks ) =
.
3


 −iks
2π
2 cos kr + 3 −En (kr , ks ) e
−1
(C.5)

This vector v n (kr , ks ) is zero at k ∈ Knv , with
 
   
0
π
0
K1v =
,
K2v =
,
,
0
0
π

K3v =

 
π
,
π

(C.6)
but Knu ∩ Kmv = ∅, ∀n, m.
This means we can combine the two sets of eigenvectors to define the
projectors
Pn (k) =

n
X

m=1

ûm (kr , ks ) · ûm (kr , ks )† ,

v̂ =

v
,
|v|

(C.7)

for k not in a neighborhood of K0u , K1u , or K2u , and
Pn (k) =

n
X

m=1

v̂ m (kr , ks ) · v̂ m (kr , ks )†

(C.8)

otherwise.
Using Eq. (A.1) piecewise, we find for the Chern numbers in the lower
and upper gap
gap
gap
Clower
= −1 ,
Cupper
= 1.
(C.9)
Or equivalently, we could calculate the Chern number of the three bands,
which are then
band
Clower
= −1 ,

band
Cmiddle
= 2,

band
Cupper
= −1 .

(C.10)

If we had chosen the opposite flux, Φ = − 13 2π, all the Chern numbers
would switch signs. This can be best seen by writing (cf. Appendix A)
Z
X
−i
C=
dk2 εµν
h∂kµ un (k)|∂kν un (k)i
(C.11)
2π BZ
n

Chern Numbers in the Hofstadter Model

and using that
h∂kµ un (k)|∂kν un (k)i∗ = h∂kν un (k)|∂kµ un (k)i .

(C.12)

We have used one specific strategy to calculate the Chern numbers of
our model. As promised at the beginning, we now hint at some alternative
approaches, (i) using Berry curvature, (ii) using the Diophantine equation,
and (iii) using transfer matrices. The first one we have already seen in
Appendix A and we leave it at that. This strategy as well as the one we
used above both involve the computation of the eigenvectors, which is an
‘expensive’ calculation. The remaining two approaches are, in this sense,
more efficient.
In their seminal work [43], where Thouless, Kohmoto, Nightingale, and
den Nijs showed that the Hall conductance is quantized in the spectral
gaps of the Hofstadter butterfly, they used the Diophantine equation to
determine the value of the Hall conductance. The general formula deter2
mining the Hall conductance eh σn in the nth gap modulo q is [43]
n = sq + σn p ,

(C.13)

p
2π,
q

where Φ =
with q and q primes. A natural window condition, such
as σn ∈ [−q/2, q/2) makes σn unique. In our case, we obtain for p = 1
and q = 3 the equation
n = 3s + σn ,
(C.14)
with solutions
(n, s, σn ) = (1, 0, 1)

and

(n, s, σn ) = (2, 0, −1) .

(C.15)

− 31 2π.

This is exactly what we found for Φ =
The difference in the signs
is due to our ‘unconventional’ choice of what we call positive flux. The
Chern numbers of the nth band Cn can be reconstructed from the Chern
numbers of the gaps through
Cn = σn − σn−1

(C.16)

with σ0 = 0.
Not for every lattice geometry it is possible to find the proper solution
for the Hall conductivities through a Diophantine equation with natural
window condition [158]. Alternatively, one can use the bulk-edge correspondence in combination with transfer matrix techniques to extract the
Chern numbers from winding numbers of the edge states [158]. Either
of the two latter strategies are much more efficient than going through
the eigemodes of the system, and have successfully been used to calculate colored Hofstadter butterflies [158, 175, 176]. The colored Hofstadter
butterfly is obtained by coloring each gap in the Hofstadter butterfly by
assigning different Chern numbers different colors.
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Further Aspects of
the Pendula Setup
This appendix contains three parts. First, we elaborate
on the statement that disorder in the experimental system
presented in Chapter 3 breaks its augmented time-reversal
symmetry only weakly. Second, we comment on damping
in this setup, and third we look at its non-linearities.

D.1 Disorder
As pointed out in Section 3.4, the protecting symmetry is a combination
of classical time-reversal symmetry and the exchange of x and y degrees
of freedom locally. Due to production tolerances, the spring constants
deviate from their nominal values, having an uncertainty of ∼ 4 % in
their stiffnesses. In order to assess the resulting effect of T ∗ symmetry
breaking, we calculate the localization length ξ of the modes due to these
deviations. We assume Eq. (3.15) to be disordered accordingly, transform
back to the quantum mechanical problem H and use the Kwant package
[177] to determine the longitudinal conductivity σ(L) of H on a finite
system of length L under the influence of disorder. Finally, we extract
ξ from the scaling behavior of σ(L) with system size. The resulting localization length depends on energy. For states in the bulk gaps we find
the localization length of the edge states to be ξ ≈ 1000 lattice constants.
Hence, for our system with a maximal distance along the edge of 46 sites,
T ∗ symmetry breaking plays no essential role for the edge channels.

D.2 Damping
Our system of coupled pendula suffers from damping. The measured
width of the resonance peaks in Fig. 3.4 (a) of Γ ∼ 0.04 Hz gives rise to
a quality factor Q = ω/2πΓ ≈ 60 for the edge modes in the lower band.
Such a loss of mechanical energy gives rise to a length scale over which
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Figure D.1: Effect of damping. Mean amplitude A in logarithmic scale
along the edge in the steady state excited by a left circular polarized
motion in the lower gap. The amplitude is exponentially decaying with a
decay length ξ = 32.0 ± 1.3 sites. The blue band indicates the uncertainty
of the fit. The yellow outliers are corner sites whereas the green outliers
are located a distance of two lattice constants from a corner site. Their
shift arises from finite-size effects.

phonons can travel along the edge. Using a simple rate model one can
estimate the probability ρn to find a phonon at site n as
ρ̇n = vρn−1 − (v + Γ)ρn ,

(D.1)

1
where v = 2π
∂k ω(k) is the rate in Hz to hop to the next site and Γ is
the damping rate. In a steady state (ρ̇n = 0) the solution to the above
equation is
ρn = ρ0 e−n/ξ ,
(D.2)

which leads to
ξ=

1
Q
 ≈
≈ 30 .
Γ
2
log 1 + v

(D.3)

In the last equality we made use of the fact that in our system v ≈ 1 Hz
and we obtain a decay length of about 30 sites. This estimate corresponds
well with the measured decay along the edge shown in Fig. D.1.
The scaling of this localization length has to be contrasted with the
case of a non-chiral, one-dimensional channel for which the above rate
equation changes to
ρ̇n = v(ρn−1 + ρn+1 ) − (2v + Γ)ρn ,

(D.4)

Mean response in mm
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Figure D.2: Presence of non-linearities. Shift of an edge mode resonance
peak of Fig. 3.4 (a) as a function of driving strength (5 mm, 7 mm and
10 mm). All peaks are asymmetric with a steep shoulder towards lower
frequencies, indicating a softening (cubic) non-linearity [154].
resulting in
ξ≈

p

Q,

(D.5)

which scales much less favorable with damping.

D.3 Non-Linearities
Non-linearities are inevitably present in a system of coupled pendula. For
the purpose of this work it is important that the proposed effects, based on
a non-interacting quantum problem, survive these non-linearities. Given
our results on the edge spectrum (Fig. 3.6), the beam splitter (Fig. 3.7)
and the stability to surface roughness (Fig. 3.8) this is apparently the
case. In Fig. D.2 we show a representative peak in the spectrum for
various driving strengths. The shift towards higher frequencies (and their
asymmetry) down to the smallest driving amplitudes we can measure
indicates that non-linearities are indeed present in our system.
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Edge States Through
Transfer Matrices
This appendix contains details on the calculation of edge
band structures presented in Chapter 3 and Chapter 4. It
begins by discussing the ansatz chosen to perform the calculation of the edge dispersion and its interpretation. This is
followed by three parts, repeating three times the edge dispersion calculation with increasing complexity. First, the
calculation without an edge potential is carried out which
results in Fig. 3.6 (a). In the second part, a symmetry preserving edge potential is added as considered in Fig. 4.2 (ab), and in the last part a symmetry breaking edge potential
is taken into account, giving rise to Fig. 4.2 (c-d). While
this leads to a certain redundancy, it allows for a more accessible explanation.

E.1 Gauge Choice in Edge Dispersion Calculation
In Section 4.3 the ansatz
p±,r,s = e−is(k±2πnr /3)+iωt p±,r

(E.1)

is used to obtain a transfer matrix formulation. In principle, this is not
needed and one could work with the usual Bloch decomposition instead.
However, this straightforward approach would lead to a higher dimensional transfer matrix and therefore to a more complex problem. Here we
provide an interpretation of this ansatz and explain why the initial ks is
replaced by a k which differs by a factor three.
The basic idea is that in the framework of the doubled Hofstadter model,
the ansatz Eq. (E.1) can be understood as a gauge transformation of the
vector potential. To see this, consider the equations of motion Eq. (4.5)
of the fully periodic system with frx/y = f . Using Bloch periodicity in
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both directions, p±,r,3s+m = e−ikr r e−iks s p±,0,m , we find
p̈±,0,0 /f = −ω̃02 /f p±,0,0 + p±,0,1 + eiks p±,0,2 + 2 cos(kr )p±,0,0 ,


2π
p̈±,0,1 /f = −ω̃02 /f p±,0,1 + p±,0,0 + p±,0,2 + 2 cos kr ±
p±,0,1 ,
3


2π
2
−iks
p±,0,0 + p±,0,1 + 2 cos kr ∓
p±,0,2 .
p̈±,0,2 /f = −ω̃0 /f p±,0,2 + e
3
(E.2)
On the other hand, when using p±,r,s = e−is(ks ±2πnr /3) p±,r,0 , with nr+1 =
nr − 1, we find


2πnr
p±,r,0 + p±,r+1,0 + p±,r−1,0 .
p̈±,r,0 /f = −ω̃02 /f p±,r,0 + 2 cos ks ±
3
(E.3)
However, nr+1 = nr − 1 increased the unit cell size in r-direction to three.
Using periodicity in r-direction, in the form p±,3r+m,0 = p±,m,0 e−ikr r , we
get, with n0 = 0,
p̈±,0,0 /f = −ω̃02 /f p±,0,0 + p±,1,0 + eikr p±,2,0 + 2 cos(−ks )p±,0,0 ,


2π
p̈±,1,0 /f = −ω̃02 /f p±,1,0 + p±,0,0 + p±,2,0 + 2 cos −ks ±
p±,1,0 ,
3


2π
p̈±,2,0 /f = −ω̃02 /f p±,2,0 + e−ikr p±,0,0 + p±,1,0 + 2 cos −ks ∓
p±,2,0 ,
3
(E.4)
which is exactly the same as Eq. (E.2) upon replacing (ks , kr ) 7→ (kr , −ks ).
This can be understood as a rotation of the system, which is equivalent to assigning fluxes along the s-direction instead of the r-direction
(cf. Fig. 3.1), which in turn can be understood as a gauge transformation.
Obviously, instead of working on an edge along the s-direction, we could
equally well have worked with an edge along the r-direction. In this case,
all the above transformations would not have been necessary. However,
the experimental setup has a system size of 15 × 9 sites and switching to
an edge along the r-direction would have meant to switch to the shorter
edge, which would have brought us even farther away from a semi-infinite
system.
The choice n0 = 0 is arbitrary and determines to which rows we assign
flux zero. In the fully periodic system it doesn’t matter, but it becomes
relevant again when cutting the system, as it determines the fluxes along
the cut. Presenting the edge spectrum with respect to k instead of the
initial ks amounts to unfolding the edge spectrum. There are multiple
possible choices where to put the origin while unfolding. By changing the
value of n0 , the edge spectrum can be shifted by 2πn0 /3 in k-space as
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expected from Peierls substitution [149]. The choice made here is such
that the edge spectrum remains symmetric with respect to k 7→ −k, i.e.
such that there is no flux along the outermost edge.

E.2 Edge Dispersion Through Transfer Matrices
To calculate the edge dispersion we follow the ideas presented in [156–
158]. Using the ansatz Eq. (E.1), with nr+1 = nr − 1, we rewrote the
equations of motion Eq. (4.5) as [cf. Eqns. (4.7−4.8)]




p±,r
p±,r+3
,
r > 0,
= T± (ω, k, nr )
p±,r−1
p±,r+2


h±,r [h±,r+1 h±,r+2 − 1] − h±,r+2 1 − h±,r+1 h±,r+2
,
T± (ω, k, nr ) =
h±,r h±,r+1 − 1
−h±,r+1
(E.5)
with
√
h±,r (ω, k) = {(ω02 − ω 2 )/f + 1 + 3 + 2fr /f [1 − cos(k ± 2πnr /3)]} . (E.6)
Here, T± (ω, k, nr ) denotes the transfer matrix, which encodes how the
amplitudes on different sites of an eigenmode are related. Given amplitudes (p±,r , p±,r−1 ), the amplitudes (p±,r+3n , p±,r+3n−1 ) must be equal to
T± (ω, k, nr )n (p±,r , p±,r−1 ) such that the resulting mode is a valid eigenmode for parameters (ω, k, nr ). The restriction r > 0 arises from having
an edge in between r = 0 and r = −1 and allowing for an additional edge
potential on the row r = 0.
We first restrict the discussion to the case where no edge potential is
present, i.e., fr = f . In this case Eq. (E.5) is valid for r = 0 as well. Due
to the termination p±,−1 = 0, we are only interested in solutions which
are compatibly with this edge. Explicitly, this means that we request
(p±,0 , p±,−1 ) = (1, 0), where the choice of p±,0 = 1 defines some normalization. Hence the question is whether or not it is possible to promote
(p±,0 , p±,−1 ) = (1, 0) to a valid eigenmode for given (ω, k, nr ). Being a
valid eigenmode simply means that the mode is normalizable, in the sense
that the energy in the mode scales at most linear with the system size.
Conveniently, this can be judged by the eigensolutions
of the transfer
P
matrix [156–158]. By expanding (p±,r , p±,r−1 ) = i αi v i in eigenvectors
v i of the transfer matrix, we can write
 X



p±,r
p±,r+3n
n
= T± (ω, k, nr )
=
λn
(E.7)
i αi v i .
p±,r+3n−1
p±,r−1
i

From this we see, that the eigenvalues λi , together with the mode overlap
αi decide over the fate of the eigenmodes. In case that αi 6= 0, we need
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that |λi | ≤ 1 to construct a valid solution. Otherwise, we would find an
exponential growth as a function of n. What is more, whenever |λi | < 1
the mode amplitudes decay exponentially with n, meaning we look at
an edge state. On the other hand if |λi | = 1 the associated mode is an
extended one, that is, a bulk mode.
The eigensolutions of the transfer matrix are
1
[−hr − hr+1 − hr+2 + hr hr+1 hr+2 ± D] ,
2


−hr + hr+1 − hr+2 + hr hr+1 hr+2 ± D
v 1,2 ∝
,
2(−1 + hr hr+1 )
p
D = −4 + (hr + hr+1 + hr+2 − hr hr+1 hr+2 )2 ,
λ1,2 =

(E.8)

where we omitted the ± index to enhance readability. In order to find a
state compatible with our edge termination, we require
hr hr+1 = 1 ,

(E.9)

λ1,2 = −hr±1 ,
 −1

hr − hr±1
v 1,2 ∝
,
0

(E.10)

λ1,2 = −hr ,
 
1
v 1,2 ∝
.
0

(E.11)

leading to

and therefore to

In the last step we assumed that hr 6= ±1, which is granted by |hr | < 1
for edge modes.
The requirement Eq. (E.9) together with |hr | < 1 determines the possible combinations of ω, k and nr . From Eq. (E.9) it follows that



2πnr+2
− 4f 2
0 = ω 4 − 2ω 2 ω02 + f A + f cos k ±
3


2

2
2πnr+2
2πnr+2
+ ω02 + f A + f cos k ±
+ 3f 2 cos k ±
,
3
3
(E.12)
where we used
cos(x) + cos(x ± 2π/3) + cos(x ± 4π/3) = 0 ,

(E.13)

and
3
cos(x±2πn/3) cos(x±2π(n+1)/3) = − +cos(x±2π(n+2)/3)2 . (E.14)
4
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Solving for ω we find
s



2
ω02
2πnr+2
2πnr+2
ω =f
+ A + cos k ±
± f 4 − 3 cos k ±
.
f
3
3
2



(E.15)
For every k and nr we arrived at solutions for ω 2 which are compatible
with our edge termination. If, in addition, this combination gives rise
to an associated eigenvalue of the transfer matrix with modulus smaller
than one, |hr (ω 2 , k, nr )| < 1, we found a valid edge mode. By numerical
evaluation of this, Fig. 3.6 (a) was obtained with the choice n0 = 0 as
pointed out in Section E.1.

E.3 Edge Dispersion with Symmetry-Preserving
Edge Potential
Consider now the previous problem with and additional symmetry preserving edge potential of the form fr /f = αδr,0 + (1 − δr,0 ). The transfer
matrix formulation Eq. (4.5) takes such a configuration already into account and is still valid. Compared to the previous section we now need to
strictly require r > 0 in Eq. (4.5), because h0 differs from h3r for r > 0.
This brings two changes. First, the relevant transfer matrix is no longer
T (ω, k, n0 ) but T (ω, k, n1 ) instead, and second the termination seen by
the periodic part of the system changed.
For the second point, rewrite the recursion Eq. (4.7) as

 


p±,r+1
h±,r −1
p±,r
=
.
(E.16)
p±,r
1
0
p±,r−1
The termination



p±,0
p±,−1



∝

 
1
,
0

(E.17)

remains the same as before and the termination seen by the periodic part
of the system is therefore

 
  

p±,1
h±,0 −1
1
h±,0
∝
=
.
(E.18)
p±,0
1
0
0
1
With that, the previous condition Eq. (E.9) is to be replaced by
−h1 + h2 − h3 + h1 h2 h3 ± D
= h±,0 .
2(−1 + h1 h2 )

(E.19)

After some algebra we find the equivalent condition
0 = aC(ω)3 + bC(ω)2 + cC(ω) + d ,

(E.20)
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where
a = B0 ,
b = 1 + B0 2 ,
c = 2g2 + 2B0 2 g3 − 4B0 ,

(E.21)

d = −2B0 [2g1 + cos(3k)] + 4(g2 2 − 1) + 4B0 2 [g3 2 − 1] ,
and

√
ω02 − ω 2
+ 3 + 3,
f
fr − f
Br = 2
[1 − gr ] ,
f


2πnr
gr = cos k ±
.
3

C(ω) =

(E.22)

For fr → f we have B0 → 0 and one recovers Eq. (E.9) in the form
0 = C(ω)2 + 2g2 C(ω) + 4(g2 2 − 1) ,
as it should be.
The generic solution of Eq. (E.20) is [178]
r

 r


−p
1
3q
3
2πj
b
C(ω) = 2
cos arccos
−
−
−
,
3
3
2p
p
3
3a
3ac − b2
,
3a2
2b3 − 9abc + 27a2 d
q=
,
27a3

(E.23)

j ∈ {0, 1, 2} ,

p=

in case that

 3  2
p
q
+
< 0.
3
2

(E.24)
(E.25)

It turns out (numerics) that this condition is always satisfied in our case.
Again, Eq. (E.24) provides for every k all the ω 2 -values compatible with
the boundary termination. For every combination we then need to check
whether the corresponding eigenvalue of the transfer matrix has modulus
smaller than one, as before. Using this result we calculated Fig. 4.2 (a-b).

E.4 Edge Dispersion with Symmetry-Breaking Edge
Potential
In a last step, we now consider the case where the edge potential may
break the polarization symmetry. The equations of motion does no longer
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separate into polarization sectors and we need to start from the generic
formulation of Eq. (4.1). It will still be useful to work in polarization basis
for which reason we define
fr =

frx + fry
,
2

fr∆ =

frx − fry
.
2

(E.26)

Together with the ansatz p±,r,s = e−is(k±2πn±,r )/3 p±,r , and
n−,0 = −n+,0 ,

n±,r = n±,r+1 + 1 ,

fr∆ ∝ δr,0 ,

(E.27)

we write the equations of motion as
p̈±,r,0 = {−[ω02 + (1 +

√
3)f ] + 2fr [1 − cos(k ± 2πn±,r /3)]}p±,r,0

+ f p±,r+1,0 + f p±,r−1,0 − 2fr∆ [1 − cos(k ± 2πn±,r /3)]p∓,r,0 .
(E.28)

After introducing
s±,r = −2fr∆ /f [1 − cos(k ± 2πn±,r /3)] ,

(E.29)

and using h±,r as in Eq. (E.6) with nr 7→ n±,r , the recursion relation
becomes

 


p+,r+1
h+,r
−1 −s+,r
0
p+,r
 p+,r   1


0
0
0 

 
 p+,r−1  .
(E.30)
p−,r+1  = −s−,r
0
h−,r
−1  p−,r 
p−,r
0
0
1
0
p−,r−1
For r > 0, the edge potential vanishes and the full transfer matrix for
both polarizations T (ω, k, nr ) can be written in terms of T± (ω, k, nr ) as
T (ω, k, nr ) =



T+ (ω, k, nr )
02×2


02×2
.
T− (ω, k, nr )

(E.31)

Away from the edge, the transfer matrix stayed exactly the same and
could still be separated into the two different polarizations. This is different for the termination vector at the edge. The physical edge of the
system is characterized by


  
p+,0
w1
p+,−1   0 

 =  ,
 p−,0  w2 
p−,−1
0

(E.32)
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and hence we are looking for eigenvectors of the transfer matrix of the
form

 


h+,0
−1 −s+,0
0
w1
h+,0 − ws+,0
 1
 


0
0
0
1
  0  = w1 

v=
−s−,0
−s−,0 + wh−,0  ,
0
h−,0
−1 w2 
0
0
1
0
0
w

(E.33)
where w = w2 /w1 .
The eigensolutions (λ±,σ , v ±,σ ) of T , indexed by σ = ±1 and the
polarization ±, are

p
1
α + σ −4 + α2 ,
λ±,σ =
2
α = −h±,r − h±,r+1 − h±,r+2 + h±,r h±,r+1 h±,r+2 ,
√


2h+,r+1 + α + σ −4 + α2


2(−1 + h+,r h+,1 )
,
v +,σ = 


0
(E.34)
0


0


0 √

v −,σ = 
2h−,r+1 + α + σ −4 + α2  .
2(−1 + h−,r t−,r+1 )

As the ± solutions have the same eigenvalues, we find that we can only
combine v +,1 and v −,1 or v +,−1 and v −,−1 to obtain a decaying solution.
Therefore, the generic eigenvector to be considered is
√


2h+,r+1 + α + σ −4 + α2


2(−1 + h+,r h

√+,1 )
d+,σ v +,σ + d−,σ v −,σ = d+,σ 
z[2h−,r+1 + α + σ −4 + α2 ] (E.35)
2z(−1 + h−,r t−,r+1 )
with z = d−,σ /d+,σ the relative weight between the two different polarizations.
To find ω 2 , z and w we equate Eq. (E.33) with Eq. (E.35) and obtain
the equations
√
(2h+,2 + α) + σ −4 + α2
h+,0 − ws+,0 =
,
2(−1 + h+,1 t+,2 )
√
(2h−,2 + α) + σ −4 + α2
(E.36)
−s−,0 + wh−,0 = z
,
2(−1 + h+,1 t+,2 )
−1 + t−,1 t−,2
w=z
.
−1 + t+,1 t+,2
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These are equivalent to
0 = 4s+,0 s−,0 (−1 + t−,1 t−,2 )(−1 + t+,1 t+,2 )
p
− [2t+,1 + α − σ −4 + α2 + 2B+,0 (−1 + t+,1 t+,2 )]
p
· [2t−,1 + α − σ −4 + α2 + 2B−,0 (1 − t−,1 t−,2 )] ,
2s−,0 (−1 + t+,1 t+,2 )
√
,
2t−,1 + α − σ −4 + α2 + 2B−,0 (−1 + t−,1 t−,2 )
2s−,0 (−1 + t−,1 t−,2 )
√
w=
.
2t−,1 + α − σ −4 + α2 + 2B−,0 (−1 + t−,1 t−,2 )

(E.37)

z=

(E.38)

The first equality, Eq. (E.37), determines ω 2 . Once solved, Eq. (E.38)
determines z and w. Using
h−,1 = h+,2 ,

h−,2 = h+,1 ,

h−,0 = h+,0 ,

s = s−,0 = s+,0 , (E.39)

and reintroducing B0 , we can rewrite Eq. (E.37) as
0 = (h+,0 2 + 4B02 ) − B02 α2 + (2 + αh+,0 )(B02 − s2 )(−1 + h+,2 h+,1 )
+ 1 + αh+,0 + B0 h+,0 [α(h1 + h2 ) + 2(1 + h1 h2 )]

+ (B0 h+,0 + B02 − s2 )2 (−1 + h+,2 h+,1 )2 .

(E.40)

This is a polynomial equation of degree six in ω 2 , leading to six solutions
for every k. That is the minimal degree of the polynomial we can expect,
as we now treat the two polarization sectors simultaneously and each of
them gives us three solutions. To arrive at this equation, we squared it
at some point and lost track of σ. Hence, after working out a valid ω 2 we
need to check which of the two solutions σ = ±1 is the valid one for the
given ω 2 .
That is what we used to obtain the edge band structures in Fig. 4.2 (cd). Finally, the color code of the polarization is obtained from
c=

1
∈ [0, 1] .
z2 + 1

(E.41)
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