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ABSTRACT: The relation between the bosonic higher spin W4 [A] algebra, the affine Yan-
gian of gl;, and the SH¢ algebra is established in detail. For generic A we find explicit
expressions for the low-lying Wso[A] modes in terms of the affine Yangian generators, and
deduce from this the precise identification between A and the parameters of the affine
Yangian. Furthermore, for the free field cases corresponding to A = 0 and A = 1 we give
closed-form expressions for the affine Yangian generators in terms of the free fields. Inter-
estingly, the relation between the W, modes and those of the affine Yangian is a non-local
one, in general. We also establish the explicit dictionary between the affine Yangian and
the SH¢ generators. Given that Yangian algebras are the hallmark of integrability, these
identifications should pave the way towards uncovering the relation between the integrable
and the higher spin symmetries.
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1 Introduction

The higher spin — CFT duality allows one to get a glimpse at the large symmetry algebra
underlying string theory [1-3]. Indeed, the higher spin symmetry of string theory is believed
to appear at the tensionless point in AdS [4-6], where infinitely many fields of spin greater
than two become massless and give rise to a Vasiliev higher spin theory [7]. A concrete
description of this phenomenon was found for the case of AdSs in [8], and at least for this
specific background, it is now possible to study the large unbroken symmetry algebra of
string theory in detail.



The tensionless point of string theory on AdS is dual to the free limit of the dual
field theory, at which the integrable structure of the field theory should have an explicit
realization. It is then a natural question how the integrable structure relates to the higher
spin and the stringy symmetries. In this paper we begin to explore this question by studying
the relation between the higher spin (and the stringy) symmetry algebra on AdSs, and
certain Yangian algebras. Yangian algebras appear naturally in spin-chain models and are
a hallmark of integrability. More specifically, we shall explore this question for the original
bosonic version of the higher spin — CFT duality [9].

Some time ago it was noted [10, 11] that the affine Yangian of gl; (as defined in [10, 12])
is isomorphic to Wi «[\], the asymptotic symmetry algebra of the bosonic higher spin the-
ory on AdSs3.! This isomorphism arises as the rational limit of the equivalence between the
quantum-deformed W algebra and the quantum toroidal algebra of gl; [10], generaliz-
ing the construction of [13] to the toroidal case. The toroidal isomorphism was first pointed
out in [14], and the definition of the quantum toroidal algebra (or quantum affinization
of the affine Lie algebra) of gl; was inspired by [15]; the toroidal isomorphism was also
independently re-derived in a series of papers [16-18]. More recently, the construction of
the quantum toroidal algebras was generalized further to arbitrary quiver diagrams in [19].

In [11] Prochazka proposed a concrete dictionary for how the parameters of the affine
Yangian of gl; and Wi4[A] are related to each other, and gave circumstantial evidence
for this by comparing the structure of some representations. In this paper we confirm his
claim independently by constructing the low-lying W [\] generators explicitly in terms
of the affine Yangian generators. This allows us to determine the two structure constants
that characterize the W [\] algebra [20] — the central charge ¢ and the OPE coefficient
C4; describing the coupling of two spin-3 fields to the spin-4 field — and thereby check the
proposed dictionary. We also establish this identification for the two free field cases, the
free fermion case corresponding to A = 0 (which was already analysed in [11]) as well as
the the free boson construction leading to the algebra with A = 1.

One of the interesting lessons of our analysis is that in general the modes of the local
fields of the Wuo[\] algebra involve infinite linear combinations of the Yangian generators,
reflecting the inherently non-local structure of the Yangian algebra. Our analysis also
allows us to clarify the way in which the triality symmetry of the Wu,[\] algebra arises in
the affine Yangian description.

The affine Yangian of gl is also believed to be isomorphic to the spherical degenerate
double affine Hecke algebra, also called SH¢ algebra, of [21]. (In fact, the affine Yangian of
gl; was first constructed (in the RTT formulation) by [22] at around the same time as [21],
in the context of proving the AGT correspondence.) While this relation seems to be known
to the experts, an explicit description of the underlying isomorphism does not seem to exist
in the literature, and we have therefore also included an explicit account of it here. Among
other things this allows us to explain how different natural classes of representations are
related to one another.

1Strictly speaking, the actual symmetry algebra is Weo [A], and does not contain the spin-one current,
but the spin-one current can be easily decoupled and does not play an important role in the following.



All of these considerations concern the original higher spin symmetry algebra Ws,
rather than the stringy symmetry algebra, i.e. the Higher Spin Square [23]. This therefore
suggests that the integrable structure should already be visible in terms of the higher spin
theory, and may not require including the stringy degrees of freedom. It would nevertheless
be very interesting to understand how the Higher Spin Square algebra can be brought into
the fold. On the face of it, it also seems to correspond to some Yangian algebra [23], but
this does not seem to be directly related to the Yangian algebras we encounter in this paper.

The paper is organized as follows. In section 2 we briefly review the structure of the
affine Yangian of gl; and the higher spin algebra Ws[A]. Section 3 is concerned with
working out the relation between the two structures. We also explain (in sections 3.4
and 3.5) how the triality symmetry is realized, and how the representations can be identi-
fied. Section 4 deals with the two free field realizations that provide specific incarnations
of the general dictionary, and in section 5 we establish the detailed correspondence with
the SH¢ algebra. Finally, section 6 contains our conclusions. There is one appendix in
which some of the details of the construction of the spin-4 field of Wy, [)\] in terms of affine
Yangian generators is explained in some detail.

2 The affine Yangian and Wi [A]

We begin by reviewing the structure of the affine Yangian in section 2.1, and that of
Wi t+oo[A] in section 2.2.

2.1 The affine Yangian of g,

The affine Yangian of gl; is the associative algebra generated by the generators e;, f;, and
Y with j = 0,1,..., subject to a set of commutation and anti-commutation relations that
are most easily described in terms of the generating functions [10]
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where z is a ‘spectral’ parameter, and o3 = hihohs. Here (hq, ho, h3) is a triplet of param-
eters whose sum is zero
01=h1+hos+h3=0, (2.2)

and we denote their symmetric powers by
09 = h1hg + hohg + hihsg, o3 = h1hshs . (23)

In order to describe the relations we introduce the function

(z+ h1)(z + h2)(z + hs3) . 23+ 09z + 03
(z—=h1)(z—h2)(z—h3) 23 +092—03’

p(z) =
which satisfies the obvious identity

() p(~2) = 1. (2.5)



The relations of the affine Yangian are then

e(z) e(w) ~ @(z —w) e(w) e(2) (2.6)
f(2) f(w) ~ p(w = 2) f(w) f(2) (2.7)
¥(z) e(w) ~ oz —w) e(w) P(z) (2.8)
¥(z) f(w) ~ p(w = 2) f(w) ¥(2), (2.9)

¢ )

where ‘~’ means equality up to terms that are regular at z = 0 or w = 0. (Note that in
eq. (2.1) the generators of the algebra are all associated to singular terms of the spectral
parameter.) In addition we have the identity

1 _
€(2) J(w) = ) e(z) = - U= (2.10)
as well as the Serre relations
> (2n(1) = 22x2) + 22(3)) €(22 (1)) €(Zn(2)) €(2m(3)) =0, (2.11)

TESs

together with the same identity for f(z). This formulation is particularly suited for describ-
ing the representation theory of the affine Yangian as we will see at the end of this section.

In order to get a feeling for what these relations mean, it is useful to write them out
in terms of modes. For example, multiplying the first equation (2.6) by the denominator
of (2.4) we obtain

o3{e(z), e(w)} = ((z —w)? + o9z — w)) le(2),e(w)], (2.12)
which upon expanding out in terms of modes leads to the relation

os{ej, ent = lejs, ex] — 3[ejr2, ehp1] + 3lej1, enta] — [€5, €nss]

+ o2leji1, ex] — o2lej, ept1] . (2.13)

The other cases work similarly, and we find in addition the identities (see also [11])

0= [1), V] (2.14)
—os{fj, fi} = [fi+s, f] = 3lfi+2, frra] + 3[fi41, frro] — [fs frss]

+ o2l fj+1, fil — o2[fs ferl (2.15)
Vitk = [€j, fi] (2.16)

o3{vj, ext = [Vj43, ex] — 3[Vj12, exs1] + 3[Yj11, €] — [¥), €x43]
+ 02[Yj41, €] — 02[), €] (2.17)

—03{¥j, fi} = [Vj13, fr] = 3[Vj12, fur1] + 3[Yj11, fraa] — [y, frral
+ o241, fi] — 020y, frta] s (2.18)

together with the low order relations

[1/}0, ej] = 0, [wl, ej] = 0, [¢2, 6]'] = 26]' s (219)



and

[0, fi] =0, [¥1, fi] =0, [V, fi] = —2f;, (2.20)

as well as the Serre relations

Sym(jl,jg,jg)[eju [ej27 ej3+1]] =0, Sym(j1,j2,j3)[fj1’ [fj27 fj3+1H =0. (2'21)

It is immediate from the above commutation relations that the affine Yangian con-
tains two central elements, namely 1y and ;. In a given representation, the algebra is
therefore characterized by four independent parameters: 1y and 1, together with oo and
o3. However, not all four parameters are independent since the algebra possesses a scaling
symmetry

wj — Oéj_2 1,[)]' s €j — aj_lej R fj —> Oéj_lfj R (222)

under which the above relations remain invariant provided we also scale oy — a0y and
o3 — a303, i.e.

hj — hj . (2.23)

Thus the algebra actually only depends on three of the four parameters o3, 03, ¥y and ¥1;
in particular, we may consider the scale-invariant combinations

o210 o33 and Yyt (2.24)

There is a very natural class of representations of the affine Yangian of gl; which are

of interest in the connection to the W,, algebra.?

These representations are best viewed
in terms of plane partitions, i.e. three-dimensional box stacking configurations.? They are
special in that they have a finite number of states at every level and thus possess infinitely
many null states; they are discussed in some detail in [11, 25], and we only summarize the
salient aspects which we will draw upon later. A generic plane partition representation
is labelled by three Young tableaux. These Young tableaux correspond to the asymptotic
box configurations (along the three positive axes) of a three dimensional box stacking
configuration. A valid stacking is one in which the number of boxes are non-increasing as
one moves from any site to a neighboring site along any of the three positive directions
(see figure 1).

The highest weight state of a representation (labelled by three Young tableaux) is
the plane partition configuration with the minimum number of boxes consistent with the
specified asymptotics (the blue boxes in figure 1). The other states in the representation are
obtained by the repeated action of the Yangian generators on this representation (given by
the yellow boxes in figure 1). This action is given in terms of adding/removing boxes from
a given valid stacking configuration. To be specific, we have the action of the generating

2Strictly speaking, they define representations of Wiy, but as explained below, see section 2.2, the
u(1) part can be easily decoupled.
3For a good introduction on combinatorics of plane partitions, see [24].
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Figure 1. There are four types of plane partition representations, depending on how many of the
three asymptotics are non-trivial.

functions (2.1) [11]

P(2)|A) = ¥a(2)[A), (2.25)
— L Res,,_ w 2
e(z)\A>=D€/§(A)[ 7z Zw_‘};L((DD);/]A( ) |A+0), (2.26)
—-LRes,,_ w :
RN = > = Zw_’;l((DD);M ) A -0, (2.27)
[JeRem(A)

where ‘Res’ denotes the residue. Thus (z) acts diagonally on a plane partition configura-
tion A with eigenvalue

$a(z) = (1 n d’““”) TT (= — (). (2.28)

z
CleA

where

(@) = h1z(D) + hoy(D) + hzz(D) (2.29)

with z(0J) the z-coordinate of the box, etc. The r.h.s. of the second and third lines indicate
that the action of e(z) and f(z) give rise to configurations with one more (or one less) box.
The sum is over all plane partition configurations of this kind.

In this language, the vacuum representation of Wi is the plane partition with trivial
asymptotics, i.e., its highest weight configuration has no boxes. The character of this
representation thus counts all finite plane partitions whose generating function is given by
the MacMahon function. The minimal representation is the next simplest case, which has
a single box Young tableau boundary condition in one of the three directions (and trivial
asymptotic behaviour in the other two). We immediately see that triality, which acts by
interchanging the h; and the three axes, gives rise to two other minimal representations,
which have the same character (up to an overall factor involving the conformal dimension
of the highest weight), in agreement with the prediction of [20].



2.2 The algebra Wi oo[\]

The algebra Wi ~[A] is the W algebra that is generated by one independent field for each
spin s = 1,2,3,.... Since it contains a spin-one field, whose commutator can only contain
a central term and hence define a u(1) algebra,

[Jms In] = MEOm,—n, (2.30)
we can consider the coset of the Wi« [A] algebra by this u(1) field, and hence conclude that
Wit A] Z u(l) & WsolA], (2.31)

see, e.g., the discussion in [26]. Here Wxo[)] is the W algebra generated by one field for
each spin s = 2,3,...; as was shown in [20], this algebra is uniquely characterized by the
value of the central charge ¢ and the OPE coupling constant C§3 describing the coupling
of two spin-3 fields to the spin-4 field. This OPE coefficient is parametrized in terms of ¢
and A as

5 64(c+2)(A=3)(c(A+3) +2(4A +3)(A — 1))

(C33)% = (5C+22)()\—2)(c()\+2)+(3)\+2)()‘_1)) ‘

(2.32)

Since the numerator and denominator of (2.32) are cubic polynomials in A, there are
generically three different values of A (which also depend on ¢ since the coefficients of the
polynomials are functions of ¢) that lead to the same OPE structure constant Cj; and
therefore to the same algebra. This is referred to as the ‘triality’ symmetry of the algebra.

In addition to the two parameters (), ¢), the algebra W[\ is also characterized by
the central term & in (2.30), as well as the eigenvalue of the central generator Jy. (The
coset construction guarantees that Jy commutes with all generators of Wyo[A].) Obviously,
k can be rescaled by rescaling the J,, generators, but this would also modify the value of
Jo; therefore the (scale) invariant quantity is

(Jo)?/k. (2.33)

Hence the Wi [\] algebra is also characterized by three parameters, which we may take
to be A, ¢, and the ratio (2.33).

3 Relating Wi o[A] and the affine Yangian of gl

In this section we explain in detail the relation between Wi ~[A] and the affine Yangian
of gl;. We start by identifying the spin-one and spin-two generators.

3.1 Identification of generators
3.1.1 The spin-one and spin-two generators

Following [11] we identify the u(1) algebra of W[\ inside the affine Yangian by setting

J1=—fo, J_1=ep, (3.1)



so that
R = wo . (3.2)

The higher modes of the u(1) algebra can be obtained recursively by using the commutation
relations

Ly Jn] = 1T - (3.3)

(Note that these L,, generators are the full Virasoro generators of the W1 o[A] algebra; in
particular, they do not commute with the u(1) generators.) In fact, it is enough to use the
commutation relations with the Mobius generators Ly (instead of all Virasoro generators
L,,), for which we make the ansatz

L1 = _fl y L,1 —=€1. (34)

Then the scaling operator Lg is

Lo=-[L1,L4] = =9, (3.5)
from which we deduce that Jy equals

Jo = [L1,J-1] = —[f1,e0] = 1. (3.6)

Note that (3.6) is then also equal to ¥y = [e1, fo] = —[L-1, J1], as required by consistency.
The scale-invariant combination from (2.24)

biet = (Jo)? /K, (3.7)

matches then precisely with the invariant combination (2.33).

In order to identify the higher Virasoro generators, we need to specify the form of the
generators Lo, for which we make the ansatz, again following [11]

1 1
L_,= 5([62760] + a3tho [eo, e1]) Ly = —5([f2, fol + o3¢0 [fo, f1]) - (3.8)
Using the commutation relations of the Virasoro algebra, this then determines recursively
all L, generators (upon taking repeated commutators with L; and L_1, respectively). The
resulting generators then satisfy — we have only checked this explicitly for the first few
cases —

(Lo, L] = (M — 1) Loy + —=m(m2 — 1) 6p—n, with = —0oothy — 028,  (3.9)

12

Note that the parameters that appear in the definition of ¢ are indeed scale-invariant, see
eq. (2.24). In addition, the resulting generators are compatible with egs. (3.3) and (2.30).



3.1.2 The spin-three generators

For the wedge modes of the spin-three generator we now make the ansatz

W3, = —[e1, e2] (3.10)
Wél = —€3 — éo‘g’(ﬂo €1 (3.11)
W§ = (=20 — ouoty) (312)
WP = fot sosto i (3.13)
W5 = —[f1, fa] - (3.14)

These modes are constructed so as to have the correct commutation relations with the
Moébius generators

(Lo, W3] = (2m — n)W?3

m-+n

form=10,+1. (3.15)

However, the above ansatz cannot be quite correct since, for [n| < 2, the commutators with
the spin-one modes J,, are

[Jons W3] = —2m Ly, — sign(m) m (m + g) 0300 Im+n (3.16)

and hence are not of the general form predicted by [27] based on the locality of the fields
— the offending term is the sign(m) term that is proportional to os3; it necessarily appears
in the above commutators as one can conclude, for example, from

1
[J_1, W] = 2Lo + 503%0 Jo (3.17)
[J1, W3] = —2L3 — 20310 J3 . (3.18)

Thus the above W2 modes cannot be the modes of a local field. In order to repair this, we
define the (non-local) generators (for n € Z)

~ 1 n 1
W =3 zl: 1= 510U =n)) : Jumtdy = +35 (1l +2) (0] + 1) T o (3.19)

where ©(m) is the step function defined by ©(m) = 0 for m < 0, and ©(m) = 1 for
m > 0. (Note that the O-function term guarantees that the mode numbers of the two
J-modes in the first sum have opposite signs.) The W, generators have the property that,
for m =0, +1

[Lim, Wa] = (2m — n) Wi - (3.20)

Furthermore, for |n| < 2,
[T, Wy] = sign(m) m (m + g) Yo Imtn » (3.21)

which follows from the commutation relations (2.30). Thus we can modify the definition
of W2 by this non-linear correction term to remove the strange term in (3.16). More
specifically, if we define

VE=W3 4+ a3 W3, (3.22)



the redefined modes satisfy
[T, Vi3] = —2m Lyt - (3.23)

This relation in fact remains true for the modes W,? with |n| > 3, provided we define the
outside-the-wedge generators appropriately; a choice that works is

1 o3 1 o
W3 = =z Uor £l + = s Lo 1) = 35 @2+ 0308 + s oo fil + 5 1 S5
(3.24)
and similarly for W3 3, and then determining the remaining outside-the-wedge generators

by recursively considering the commutators with the Mobius generators Li;. Then we can
calculate the commutators with the J,, modes, and find for example

[J_1, W3] = 2L, (3.25)

[J_o, W3] = 4L, (3.26)

[J_3, W3] = 6Lg + 50310 Jo (3.27)
5

[J1, W3] = —2L, — 203%0 1. (3.28)

One can check that the terms proportional to the J-modes are again cancelled by the
commutator with the correction term W33 , so that (3.23) is indeed true for n = 3 and m =
—1,—2,-3,1. Since all the other commutators can be recursively determined from these
using the quasi-primary condition, i.e. the fact that the W3 and W3 modes satisfy (3.15)
and (3.20), it follows that (3.23) holds for all modes.

The V2 modes are the modes of a quasi-primary, but not primary, spin-three field.
Indeed, we find for the commutators with the Virasoro generators

. m(m? —1
(L, V3] = 2m —n)V3 ., + (6) (o2 + 0303) Tntn - (3.29)
While this commutator still contains a correction term proportional to J, the structure
of (3.29) is now compatible with locality [27].

3.1.3 The spin-4 generators and the spin-3 commutators

The analysis for the spin-4 generators is similar. Since the details are somewhat tedious,
we have moved the description of the construction to appendix A. With the definition of
the spin-4 generators at hand, we can then analyse the relevant commutators. First we
determine by direct calculation the commutators of the W?2 modes

(W5, Ws] = —4Wy (3.30)

1
(W§, Wi = 2wy + E(—Ug’tﬁg + dogihr — dog) Ly, (3.31)
where the W4 modes are defined in eqs. (A.2) and (A.3), respectively. Taking into account

the correction terms, one then finds for the commutators of the V3 modes

Ve, V3] = —4V5 + o3 0 > (2m — 2)* o Ja (3.32)
m<0
1 1
Vo, Vi') = =2V + E(—aﬁwﬁ —doa) L1 + 3 a3 Y (2m—1)*Jm 1 m, (3.33)
m<0

~10 -



where the V4 modes are defined in eq. (A.21). These commutators are now of local form
— the JJ bilinear term has spin s = 4.

3.2 Decoupling the u(1l) currents

The generators V,2 and V! are the modes of a local spin-3 and spin-4 field of Wi oo,
respectively. However, these fields are neither u(1) nor Virasoro primary, see, e.g. egs. (3.23)
and (3.29), and egs. (A.22) and (A.23), respectively. As a consequence, it is difficult to read
off from their commutators the relevant structure constants directly. On the other hand,
we know on general grounds that we can decouple the u(1) current, see eq. (2.31), and that
the resulting algebra must then be isomorphic to W [A]. Thus it remains to perform this
u(1) decoupling explicitly, following [26]. For the Virasoro generators, the analysis is quite
standard, and we find for the decoupled generators

1
Ly =Ly — 51— : m—l - - 34
2wozl: Ji 1 (3.34)

These generators then give rise to a Virasoro algebra

1% m(m2—=1)0m—n,  [LmJn] =0, (3.35)

[IN/m, f/n] =(m—n)Lpin +
where the central charge equals now, cf. eq. (3.9)
< 2.3
¢=—oahg — o5y — 1. (3.36)

For the u(1) decoupled spin-3 field we find

- 2 ~ 1
Vrir))L = VT?L + % g t Iy +W E tImen—tIndi v (337)
l 0 I,n

This field is then primary with respect to both the u(1) and the decoupled Virasoro
algebra, i.e.

L, VI =2m—-n)V3_ ., V3, J,]=0. (3.38)

The u(1) decoupled primary spin-4 wedge generators are

- 3 - 3 =
V;’LL = Vvi — % Z : V,i_ljl : +72 Z Y DS Y 9 [
l n,l

%0
+ 411#8 lzp;l T t—pg 1Ty g —"220;5% ;(512 —bml+m?+ 1)t Syt :
2,13
wigféi% i ;‘;ﬁz J_r ?)7) (; DLy : —%(m +2)(m + 3)Em) , (3.39)
which satisfy for |n| <3
L, Vi = Bm =)V,  [Jm,Vil]=0. (3.40)

- 11 -



3.3 Determining the structure constant

With these explicit expressions at hand, we can now determine the commutators of these
u(1) decoupled modes and find

s - ~ o 16(—02Y8 —doothg —8) = = =

Ve, Vo] = -4V + S0 t Lin Lo :

[ 0 2] 2 ¢0(5U32)'¢8 + 502’¢0 — 17) m;m 2

~ ~ ~ —_— 2 3 —_ —_— ~

“/03’ V13] — _2‘/14 + ( 0-3/(/}0 40—21/}0 8) Ll (341)

10t

2.3 _ e - - ~
+ 8( O-gwg do2v0 8) Z C Ly Ly +2L1 .
’lﬁo<503’¢0 + 5(72’¢0 — 17) 5

m=—0Q0

This can now be compared with eq. (A.6) of [20]. Comparing (3.32) to the case m = 0,
n =2 of (A.6) in [20], we have the identifications

&= —to(o2 + o3yf) — 1 42
N O+ F 16(05Y8 + 409 +8) 1 (—0ff — doaty — 8) (3.43)
7T 16 (50398 +Boave — 17) 5 Yo | |

In order to determine \ it remains to compute at least one term in the commutator [V,3, V.4];
the simplest case to consider is the coefficient of the @g term in the commutator [V, V}ﬂ,
where ©0 is the u(1) and Virasoro primary composite field of spin 6, whose modes are of

the form

08 = Z (gm — n> : Ln_m V3 : + terms proportional to V3, (3.44)

m

see eq. (A.10) of [20]. From the explicit form of the commutators we can read off the
coefficient of ©¢ in the commutator [V, V3!] to be

18(—27 - 90‘211)0 - ngg’)
51,[)0(17 — 50’2¢0 — 50’%1,08) '

(3.45)

Comparing to eq. (3.4) of [20], this coefficient should equal % — recall that the

central charge ¢ of [20] needs to be identified with ¢ defined by eq. (3.42) — from which

we conclude that
Ny 15(c+2)(—27 — 902109 — 03¢)

— = . 3.46
N3 14409(17 — 5o2thg — 503¢7) (3.46)
Together with the previous expression (3.43), we therefore find
N2 14(8 + doatby + 0393) (17 — Boaby — 5odhd) ‘
This is now to be equated with, see eq. (3.4) of [20],
Ny 75(c+2)(A = 3)(c(A +3) +2(4A + 3)(A — 1)) (3.48)

N2 1405+ 22)(A = 2) (cA +2) + BA+2)(A — 1))
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from which we conclude that

(27 + 9o2tbo + 02¢3) (A —3)(c(A+3) +2(4X +3)(A — 1))
(8 +4dogto +0213)  (A=2)(c(A+2)+BA+2)(A—1))

(3.49)

In order to explain the relation between the two sets of parameters, it is now convenient
to parameterize ¢ and A in terms of the coset labels (N, k) via

C:(N_1)<1_ N(N +1) ) N

(N+E)(N+E+1) A= N R (3.50)

and the o9 and og variables in terms of hy, he and hg, see eq. (2.3). Then one checks
by direct computation that the relations ¢ = ¢ of eq. (3.36) and eq. (3.49) are exactly
compatible with the proposed identification of the parameters [11] as

Yo =N, (3.51)

N+k+1 N +k 1
= -y gy = [ . (352)
N+ k N+Ek+1 \/(N+I<:)(N+k:+1)

This calculation therefore establishes the identification of parameters proposed in [11].

and

3.4 Triality symmetry
Recall from the analysis of [20] that the triality identifications of the (NN, k) parameters are
generated by the two fundamental transformations

m:Ne—N, ke -2N-k—1 (3.53)

and
N k‘&—>1_N
N+k’ N+k’

see eq. (3.10) of [20]. These transformations act on the (N, k) parameters as follows:

my: N — (3.54)

(N, k)

N N+l N N-1
Ntk N+k N+k+1> N+k+1

___ N _ k
N+k+1°  N4k+1
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Under these transformations the structure constant (2.32) remains invariant, and hence
the Wy, algebra does not change. In terms of the A parameters, m; exchanges

N N

M= — Np=
=Nz T N+tk+1’

(3.55)
(while leaving A3 = N invariant), and 7y exchanges Ay <> A3 (while leaving A; invariant).

In this section we want to understand the incarnation of this symmetry in the language
of the affine Yangian. Under the transformation 71, N (and hence 1) does not change, and

m: (N+k+1) e —(N+k), (N+k)——(N+k+1). (3.56)

Writing both signs as e*™

— if we think of the transformation (3.53) as arising from some
analytic continuation of k, both signs have the same form — then under the action of 7y,
hi — —hso, ho — —hy, while hg — —hg. The overall sign of the h; can be absorbed by the
rescaling with a = —1, see eq. (2.23), and this does not modify )9 = N, see eq. (2.22). Thus

we conclude that the transformation w1 acts on the h; parameters of the affine Yangian as
T hy <— ha, (3.57)

while leaving hs invariant, i.e. as the permutation (12).
The analysis for the case of 7 is analogous. Now N is transformed to N/(N + k), and

hence we need to rescale the resulting expressions with a = (N + k)~'/2

, S0 as to bring 1y
back to its original form. If we apply this « transformation also to the h;, then one finds

that w9 corresponds to the transformation
o © hg — hg, (3.58)

while leaving h invariant. (For example, one finds mo(hy) = VN + k + 1, and then rescal-
ing by a = (N + k)~/2 indeed gives back h;.)

The two triality transformations therefore correspond to the permutations (12) and
(23) acting on the h; parameters, while keeping 1)y invariant; they therefore generate the
full permutation group (acting on the h;). The triality symmetry acts trivially on the
algebra, but exchanges the representations via the natural (geometric) permutation action
of the h;. This explains, from first principles, the observations made in [11].

3.5 The universal enveloping algebra and representations

Finally we should be a bit more precise in how the the affine Yangian of gl; and Wi o[A]
are related to one another. Recall that the former is an associative algebra, while the latter
is a commutator algebra. So far, we have confirmed that at least the first few generators
of Witxo|A] can be expressed in terms of generators of the affine Yangian so that the
commutation relations of Wi yo[A] follow from the defining relations of the affine Yangian.

We have not found a general formula for an arbitrary W o[\] generator in terms of
affine Yangian generators, except for the two free field constructions that will be described
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in section 4. However, we have found identifications (for general A) for the first few Wi oo [A]
generators, and in each case the identification was of the triangular form

es = £V + correction terms with fields of lower spin, (3.59)
fs = £V 1 correction terms with fields of lower spin . (3.60)
In particular, this is the case for fo = —Ji, fi = —L1 (as well as eg = J_; and e; = L_1),
see eqs. (3.1) and (3.4). Similarly, W3, = —ey + lower spin terms, see eq. (3.11), and

W4, = e3 +lower spin terms, see eq. (A.3), and similarly for W3 and Wit. (The correction
terms that lead to the actual local modes V3, and Vi, are also of lower spin.) Thus this
dictionary suggests that we can express recursively not only all Wi .|\ generators in
terms of affine Yangian generators, but also conversely all e; and fs generators (and hence
also all ¢s generators) in terms of Wi o [A] generators. Since the affine Yangian algebra
is the associative algebra generated by the modes eg, fs and g, it then follows that the
affine Yangian is isomorphic to the universal enveloping algebra of Wi [)\].

In particular, it therefore follows that the affine Yangian of gl; and W[\ share the
same representation theory. At least generically, i.e. as long as the vacuum representation
does not possess any non-trivial null-vectors, the representations of the vertex operator
algebra associated to Wi oo[A] are in one-to-one correspondence with those of the universal
enveloping algebra. Indeed, the vertex operator algebra associates a mode to every state of
the vacuum representation, and these can always be described in terms of normal-ordered
products of monomials of the generating modes; conversely, every element of the universal
enveloping algebra can (at least formally) be written as a sum of modes of the vertex
operator algebra. We therefore conclude that the representations of the vertex operator
algebra associated to Wi~[A] are in one-to-one correspondence with those of the affine
Yangian of gl;.

As explained in section 2.1, the set of plane partitions with given asymptotics
(E(I), E(y),E(Z)) furnishes a natural representation of the affine Yangian of gl;. A plane
partition is an eigenstate of 1(z), with eigenvalue given by (2.25), and e(z)/f(2) acting
on it by (legally) adding/removing boxes, see eqgs. (2.26)/(2.27). Therefore the set of
plane partitions with given asymptotics (E(“’),E(y),E(Z)) also defines a representation of
the Wi algebra.

Depending on how many of the three asymptotics are non-trivial, there are four dif-
ferent types of plane partition representations, see figure 1. If at most two boundary
conditions are non-trivial, and applying the triality symmetry if necessary, we may assume
that 2(*) = 0, i.e. that the boundary condition is described by (), Z®) 0). Then the
representation can be identified with a representation of the coset

su(N)p @ su(N);

PR (3.61)

where Z(*) and Z(¥) are representations of the su(N)j and su(N)y,; algebra, respectively.*
In the context of the dual higher spin theory, these three types correspond to the vacuum,

“Here we assume that N and k are sufficiently large so that the truncations that appear at finite N and
k can be ignored.
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the perturbative states in Vasiliev theory, and the non-perturbative states, respectively [20].
The last type, i.e. the one where all three asymptotics are non-trivial, does not seem to have
an interpretation in terms of the coset theory, i.e. it does not arise as the large (NN, k) limit
of a coset representation. As far as we are aware, it defines a new type of representation
of W11~ that has not been constructed via any other method.

The generating function of a plane partition representation (E(m),E(y),E(z)) counts,
at level n, the number of ways to stack n boxes (the yellow ones in figure 1) on top
of the ground state, given by the minimal configuration obeying the boundary condition
(2,2 =)} (the blue configuration of figure 1). For the coset type representations
(ie. for 2(*) = 0), the plane partition generating function is identical to the character
computed via the Kac-Weyl formula [17]. One advantage of the plane partition viewpoint
in describing representations of W, even those of the coset type, is that it is much easier
to compute the character via the combinatorics of box stacking than using the Kac-Weyl
character formula. For example, this idea was used to identify the twisted sector represen-
tations of the symmetric orbifold in [25].

The plane partition representations are quasi-finite, i.e. there are only finitely many
states at each level. We note that the affine Yangian (as well as Wi4s[A]) also possess
larger representations; for example, for A = N there are also representations that are
labelled by N independent Young diagrams. (This follows from the fact that the algebra
SH€, which is isomorphic to the affine Yangian of gl;, see [28] and section 5 below, has such
representations, see e.g. [29].)

4 Free field realizations

For A = 0 and A = 1, the W[\ algebra has a free field construction in terms of free
fermions and free bosons, respectively. Thus we should expect that, for these values of A,
we can find closed-form expressions for the affine Yangian generators in terms of the corre-
sponding free fields. For the case of A = 0 this description was already found in [11] (and
we shall only briefly review it below), while the construction for A = 1 appears to be new.
The fact that at least for these special values of A we can establish a closed-form dictionary
between the affine Yangian and the W, generators gives strong support to the idea that
the partial dictionary we established in section 3 can be generalized to all spin fields.

Before we describe the details for the two cases, we would like to make one general
comment. The case A\ = 0 correspond to taking k — oo at fixed N, while A = 1 is described
by taking N — oo at fixed k. In either case, oo and o3, defined by eq. (2.3), become

og=—1-— ! = -1
(N+E)(N+k+1) ’
1

VN +E)(N+k+1)

2

(4.1)

1%

0.

03 = —

In particular, the non-local correction terms of section 3 and appendix A are absent since
they are proportional to o3, see egs. (3.22) and (A.21). Furthermore, at least formally, the
anti-commutator terms in the definition of the affine Yangian in egs. (2.13), (2.15), (2.17)
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and (2.18) drop out. However, there is one important subtlety: in the relations eqgs. (2.17)
and (2.18), o3 is multiplied by v, and for j = 0, ¥)g = N is taken to infinity for A = 1.
Hence while for A = 0 all of these anti-commutator terms are indeed absent, for A = 1, the
expression 031y becomes

N o~
75%0 = VNt RN+ k+1) L (4.2)

and hence leads to a correction term for the special cases

[V3, ex] = 3[1h2, ext1] — 3[ih1, exr2] + [Yo, ext3] + [Y1, ex] — [Yo, ent1] — 2ex
= beg1 — 2ex, (4.3)

and

[¥3, fie] = 312, ers1] — 3[h1, enta] + [0, ext3] + [¥1, ex] — [Yo, ext1] + 2k
= —0fk+1+2/k- (4.4)

This will be important in our construction below.

4.1 The free fermion construction

The construction for A = 0 was already given in [11], and hence we shall be brief. We start
with N free complex fermions ¢ and ¢ with i = 1,..., N. The bilinear U(N) singlets
(where we take the v to transform in the fundamental representation of U(N), and the 1’
in the anti-fundamental) generate the linear W ;. algebra [30-32], see also [26]. Thus the
Yangian generators should also be expressed in terms of such bilinears, and one finds that

- 2Bt e

€z+4 =1
N 1\*% _. )
fom X X (emg) st (15)
ez+1 i=1
N 1\° ,
cmm 3 Y (mog) st
meZ+1 i=1

satisfy all the relations of the affine Yangian at 03 = 0, 0o = —1. Note that the definition
of 1y formally vanishes, but that in order to reproduce the correct central charge ¢ = N —1
in (3.42) we should set 99 = N. (Since vy is central and since all anti-commutators drop
out, we are free to set 1y to any value we chose without modifying the defining relations
of the affine Yangian.)

One can also check that the above generators give rise to the correct W-generators using
our general identification between the W,, generators and the affine Yangian generators.
For example, we have from eq. (3.13)

W13:f2+%a31/}0f1 = fa (4.6)
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in the A — 0 limit, leading to
N 1\2 _ A
Wi Y (meg) v (@7

which reproduces the usual free field answer, see e.g. eq. (2.8) of [26]. (Recall that at o3 =0
there is no difference between the V,3 and the W3 generators, see eq. (3.22).)

4.2 The free boson construction

The situation for the free boson case is slightly more subtle. We start again with k free
complex boson fields, whose modes satisfy the commutation relations

[O‘fnv C_t%] =mé" 5m,—n ) (4.8)

while all other commutators vanish. The U(k) singlets (where the af, /ai, transform in
the fundamental/anti-fundamental representation of U(k)) generate now only a linear We,
algebra, and there is no spin-one generator. As a consequence, we should only expect to be
able to express the affine Yangian generators e, f, with r > 1 and ¥, with s > 2 in terms
of these free fields; note that the algebra generated by this subset of fields is a well-defined
subalgebra of the affine Yangian algebra.® For these generators we make the ansatz

J

k
fr=- Z Z(—m + 1)7171 : a%@i_m :

meZ j—l
eT:ZZ cadal (4.9)
meZ j=1
k ) o
e =3 D ((m+ D(=m) 2+ (=m+1)"") ol
meZ j=1
where the 1, modes are determined by the condition [e,, fs] = 1/)r+s, see eq. (2.16). Note
that with respect to the hermitian structure defined by (ozm)T =a’_,,, we have eqt = —fr.

These modes then satisfy all relations of the affine Yangian algebra. In particular, the
commutators of two e, generators are

AR ZZ( —meA1) (—m+2)" " = (mt2) T (cm 1)) adad L, (410)

meZ j=1

and similarly

[er, es] Z Z( (-m—-1)" = (-m-1)" (—m)5_1> : ozfndjdfm s (4.11)

meZ j=1

5Tt is also worth pointing out that this subset of Yangian generators will only correspond to the wedge
subalgebra of Ws, — all the modes below will be from within the wedge.
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It is then straightforward to check that they satisfy the relations (2.14)—(2.17) with o = —1
and o3 = 0, as well as (2.21). One also confirms directly that they indeed give rise to the
correct initial conditions

(o, ful = =2fx, W3, fu] = —6fes1 + 2fk, (4.12)
[1h2, ex] = 2e, [1h3, ] = Begy1 — 2ep, . (4.13)

Here we have used that since the 1, are only defined for s > 2, only the last equation from
eq. (2.19) and (2.20) makes sense, and because of (4.3) and (4.4), the commutator with )3
has indeed the required form.

Again, we can also check that the above generators give rise to the correct W-generators
using our general identification between the W, generators and the affine Yangian gener-
ators. For example, we have from eq. (3.13)

1 1
W13:f2+503¢0f1 =f-5h, (4.14)
where we have taken the A — 1 limit. This leads to

k
1 o
=YY (m _ 2) ol (4.15)
meZ j=1
which reproduces (up to an overall normalization factor) the usual free field answer, see
for example eq. (2.5) of [33]. (Again, at o3 = 0 there is no difference between the V3 and
W32 generators, see eq. (3.22).)

5 The relation to SH¢

The affine Yangian is believed to be isomorphic [11, 28] to the spherical degenerate double
affine Hecke algebra, the so-called SH¢ algebra of [21], although the detailed dictionary
has, to our knowledge, not been written down before. In this section we exhibit this
isomorphism in detail; we also explain how this fits together with the equivalence to the
universal enveloping algebra of Wi o[A].

5.1 The SH€ algebra and its isomorphism to the affine Yangian of gl

The definition of the SH¢ algebra is spelled out in Def. 1.31 of [21]; here we follow the
description of the algebra in terms of generating functions that was worked out in [34, 35].
The definition of SH® is not manifestly triality invariant; in order to rectify this, it is
convenient to choose an arbitrary parameter hi, and define hy and hg, using the parameters
k and & that appear in [21] via

h h
K= h? §:1—m:—ﬁu (5.1)
Then we introduce the generating functions®
oo ; o0 ;
(h1)! D11 (h1)? Do j+1
Dii(z) =) le and  Do(z) =) le . (5.2)
j=0 §=0

The following definition is a slight correction of the conventions used in [35].
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The algebraic relations of SH® are then

[Do(2), Do(w)] =0 (5.3)
[Do(2), Di1(w)] = :FDil(zi : iil(w) (5.4)
[D11(2), Do (w)] = —— L 8], (5.5)

hs Z—w
where £(z) is the generating function of the modes E;

E(z)=1-hs Y (h;?fj , (5.6)
=0

which are related in turn to the Dy ; modes by eq. (1.73) of [21]. To express this relation
more conveniently, we introduce X'(z) via [35]

N .
I ey N z 1 (h1)’ Do j11
X(z) :/ d2' Dy(z') = Dy, log <h1> - ;j — : (5.7)
and then define Y(z) as
«(2) eX(z—hl)eX(z—hg)
V(2) = e 5 werhe (5.8)
where ¢(z) is the generating function of the central charges
> (hl)jC'
o(z) =) i . (5.9)
j=0
Then we have the simple relation
y(z — h3)
E(z) = ———. 5.10
() ="5 (5.10)

It was shown in [35] that, on the N-tuple Young diagram representations (that form
a faithful representation of SH¢ see Corollary 8.7 of [21]) the SH€ relations imply, see
eq. (2.30) of that paper,

1 hihe | Di1(z+h Diq(z
:g(z—w+h3)D+1(w)+ 172 +1( 3)— +1()

V(2) Dy1(w) , (5.11)

V(2) hs | z—w+ hs z—w
where ¢(z) is defined via
_ (z+h)(z+ho)
g9(z) = - (5.12)

Note that the second term in (5.11) only corrects for the poles that are explicitly introduced
by the function g(z); in particular, multiplying the whole equation by (z — w + h3)(z — w)

we obtain
(z —w+ h3)(z —w) Y(2) Di1(w) y(lz) =(z—w—ho)(z—w—h1)Dyi(w)
+ h;l’” (2= w) D1 (= + hs) (5.13)
3
il

h (z—w+ h3)Di1(2).
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The left-hand-side vanishes for z = w, while the right-hand-side then becomes

hiho
hs3

(=h2)(=h1)D1(w) — hs Di1(2)],—, =0, (5.14)

because of the second term. The other correction term similarly guarantees that the equa-
tions holds for z = w — h3. Using (5.10), eq. (5.11) then leads to the identity

E(2) D1 (w) g(lz) — (e w) Doy (w)
2h1hohs Di1(z — )
’ (h1 — h2)(h — h3)(hs — h1) (ha = h3)m (5.15)
+(hs — hl)iw_h]f) + (hy — hQ)DH(Z_Z?’) '
z—w — ho s —w_hs

Again, the terms of the second and third line only correct for the poles that are explicitly
introduced by ¢(z —w) at z = w+ h;. Since these do not contribute to the terms that have
both negative Fourier coefficients in z and w, which are the only terms we are interested in,
given the definition of the generating functions (5.2) and (5.6), we can write this identity as

E(z) Dy1(w) ~ ¢(z —w) Dya(w) £(2) (5.16)

where ¢(z — w) is the same function as defined in (2.4). Similarly, we find for D_;
the relation
E(2)D_1(w) ~ p(w—2)D_1(w)E(z). (5.17)

These identities now look very similar to the relations that appear in the definition of
the affine Yangian, see in particular egs. (2.8) and (2.9). (The relation eq. (5.5) is also
essentially the same as eq. (2.10). On the other hand, the relations egs. (2.6) and (2.7) give
rise to commutation relations for the higher modes that are implicitly defined in eq. (2.4)
of [35].) Thus the isomorphism of the two algebras simply amounts to the identification

1 1

e(z) = WDH(Z% f(z) = NI

In terms of modes, this means that we have the identification

Doi(z),  ¥(2)=£&(2). (5.18)

(h1)? (h1)’ (h1)?
;= Dy, = D_ij, = E;. 5.19
K hlhg Ly fj hlhg L d)] h1h2 ! ( )

5.2 The relation to Wi oo[A]

It is argued in [21], see Remark 8.28, that the SH€ algebra is isomorphic to the universal
enveloping algebra of Wy realized via a Drinfeld-Sokolov construction with level

kps =k — N, (5.20)

where « is the parameter that appears in the definition of the SH¢. The relation of the DS
level kpg and the usual coset level k is, see e.g., [36, eq. (7.52)]

1 1
sz+N_k+N+

L, (5.21)
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from which we conclude that the x parameter in SH® equals, in terms of the (N, k)

parametrization
k+ N ho

AN
where we have used (3.52) in the last step. This then precisely agrees with (5.1). In terms

(5.22)

of the parameters of the affine Yangian, the translation of the parameters is

(h3)?
hihs

k+r1-2= (5.23)
Note that the expression on the r.h.s. is invariant under the scaling symmetry (2.23).

The triality symmetry of the affine Yangian, which we studied in section 3.4, has also
an incarnation for the case of SH; this was already studied in [37].

5.3 N-tuple Young diagram representation of SH€¢

The SH¢ algebra acts naturally on a vector space whose basis vectors are labelled by an
N-tuple of Young diagrams )= (A1,...,An). Here each ); is a Young diagram, and the
representation is characterized by a vector of complex numbers @ = (ai,...,an). More
specifically, each N-tuple Young diagram X is an eigenvector of the operator £(z)

£(2)[N)a = Ex(2) [Nz, (5.24)

where the eigenvalue equals

&= ]I <1_z—h<Z(D)> 1T <1+%). (5.25)

OeAdd(X) OeRem(X)

-

Here Add()) is the set of boxes that can be added to the N Young diagrams (so that the

resulting configuration still describes an N-tuple of Young diagrams), while Rem(\) is the
set of boxes that can be consistently removed. Furthermore, the function ¢(0) is defined via

¢(O) = a; ) + haz (D) + hey(D), (5.26)

where ¢(0J) denotes which of the N Young diagram the box is associated to, while z(0)
and y(O) are its (x,y) coordinate — here the Young diagrams lie in the zy-plane, with the
first box having coordinates (x,y) = (0,0), and the different Young diagrams are lined up
along the z-direction. (The alert reader will notice that this is a generalization of (2.29),
to which it reduces if a; = hg(i — 1).) With these conventions, the action of D1;(z) on
these states is defined as

1
5 [~ 75 Resu—pE5(w)] 2 o

Dyi(2) |N)a = ) X+ Oz, (5.27)
OeAdd(X)
1 ()] 2
PTAD I o [~ Resy,— ) Ex(w)] 5o, (5.28)

z—¢(0)

CJeRem(X)
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where Res is the residue, while Dy(z) acts diagonally as

- 1 -
Do(2) [Nz =Y ——Na- (5.29)
OeX G

Here the a; are treated as formal (independent) variables, and it follows by the same
arguments as in [21] (see also [35]) that this defines a representation of SH€.

For generic a;, there are N states at level one. To obtain more special representa-
tions, in particular those with many null states, we need to choose special a;. The most
extreme example of this is the vacuum representation of Wi, for which we choose (cf.
the comment below eq. (5.26))

a; =a—+ hg(i — 1) . (5.30)

It is not difficult to see that the numerator factor in (5.27) guarantees that one cannot
add a box to the (i + 1)™ Young diagram at position (x,%), if one could also add a box

at position (x,y) to the i*h.

Thus, starting from the configuration of N empty Young
diagrams, one can only add a box to the (i + 1) Young diagram if the corresponding
position is already occupied in the i**. The resulting configurations are therefore precisely
the plane partitions, whose counting function agrees with the MacMahon function (and

thus the vacuum character of Wi ).

Similarly, the representations whose non-trivial asymptotics are described by the single
Young diagram Z*) are obtained upon choosing

aiy1=a; +hg—hy <E@(m) - Ez(f-)l) ) (5.31)

where ng) is the number of boxes in the j*™ row of Z(*). Indeed, then the numerator
factor in (5.27) guarantees that one cannot add a box to the (i 4+ 1) Young diagram at
position (z,y), if one could also add a box at position (x —n,y) to the i'" Young diagram,
where n = El(x) — Egi)l. For n > 0 it is therefore possible to add a box to the (i + 1)
Young diagram at (z,y), even if the corresponding position has not yet been filled in the
ith: effectively, this is equivalent to imposing a non-trivial asymptotic (described by E(m))
for the first few Young diagrams, i.e., the resulting configurations are counted by plane
partitions with boundary condition =(*). By the same reasoning, for the case where there
are non-trivial boundary conditions both in the z- and the y-direction (described by the

Young diagrams Z(*) and Z¥), respectively), the relevant formula becomes

a; =a+ha(i — 1) — hy B — hyEW (5.32)
We should note that the action of Di1(z), see eq. (5.27), is essentially the same as that
for the corresponding operator e(z), see eq. (2.26); in particular, apart from the hi- and

ha-terms that effectively implement the non-trivial asymptotics (see above), (5.26) with a;
being defined by (5.32) agrees with (2.29).
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6 Discussion

In this work we have spelled out some of the relations between the Wy, algebra and certain
novel algebraic structures that have been studied in recent years such as the affine Yangian
of gl; and the SH€ algebra. We expect these alternative viewpoints to shed new light on
both the W, algebra as well as the Yangians. We have already seen that the triality
symmetry of W, which is not obvious in any of its conventional formulations, is manifest
in the Yangian description. The Yangian picture is also very natural in the study of the
degenerate representations of Wy, in terms of plane partitions.

We can also expect insight in the reverse direction. Yangian symmetries have played
a role in understanding the two-dimensional integrable structures underlying planar gauge
theories such as N' = 4 super Yang-Mills. These symmetries act non-locally on the dual
worldsheet description, which makes it difficult to tease out their consequences. As noted
above, the map (3.59) between generic Yangian generators and those of Wy, is non-local.
This suggests that we might be able to use (an analogue of) this relation, or rather, its
inverse, to search for an alternative, local worldsheet description to the Yangians that
appear in integrable spin chains [38]. It would also be particularly interesting to connect
this to the work on integrability in AdSz/CFTy [39-42].

One of the original motivations for this work was to get a better handle on the unbroken
stringy symmetries of AdSs backgrounds, as captured by dual symmetric product CFTs,
which are much bigger than Ws,. It was shown in [23] that for A = 0 and A = 1 the bosonic
Wao|A] algebra can be extended to a much larger symmetry algebra, the analogue of the
stringy W-algebra of the N/ = 4 superconformal case [8]. Given that the stringy W-algebra
contains the Ws, algebra as a subalgebra, it is natural to ask how it is related to the affine
Yangian (or the SH¢ algebra). Unfortunately, we have not been able to find a direct relation
between these structures so far. The stringy symmetry algebra is equivalent to the universal
enveloping algebra of a complex boson theory — this is simply the familiar fact that the
symmetry algebra of a symmetric orbifold is generated, in the large N limit, by the (single-
particle) generators that are in one-to-one correspondence with all the states (including
the multi-particle states) of the underlying seed theory. However, this identification does
not seem to give rise to any simple relation between the stringy symmetry algebra and the
universal enveloping algebra of Wi, i.e., the affine Yangian. On the other hand, the
structure of the stringy symmetry algebra is fairly reminiscent of a Yangian algebra [23],
and this could be a sign that yet another Yangian algebra plays an important role here.
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A The construction of the local spin-4 field

For the wedge modes of the spin-4 field we make the ansatz

Wi, — —%[61, lex, es] (A1)
W, — —%([el, es] + ostioler, ea]) (A.2)
W4, = e3 4 a3tboes — é(@ — o311 — o2PR)ey (A.3)
Wi = 1+ Joubots — oo (02 — oatn — o3uR)s (A4)
Wi = —fs — ostols + (02— osth — 3R (4.5)
Wi = 2 (Uf1. s + ostolfi, 1) (A6)
Wi = U U fall. (A7)

Again, they satisfy the correct commutation relations with the wedge modes of the Virasoro
algebra
(Lo, W = (3m — n)W2

m—+n

for m =0,£1. (A.8)

Some examples of their commutators with the spin-one generators are

[J_1, Wy] = 3W3 (A.9)
[J_2, W3] = 6W} — 30340 L (A.10)
[J_3, W3] = OW§ — 9a31p0 Lo + 3(09 — 022 — o311)Jo (A.11)
[J_1, Wy] = 3W} — %agwoLl (A.12)
[J_o, W] = 6W§ — 4o3tpoLo + (02 — 03p3 — o311).Jo (A.13)
[J_3, Wy] = 9W?, — %UswoL—1 +6(0n — o395 — o31h1)J 1 (A.14)
[J_1, Wi] = 3W§ — o3thoLo + %(02 — o315 — 031h1)Jo (A.15)
[J_o, W3] = 6W?3, — BogipoL_1 + 1—52(02 — o2 — o3iby)J 1 (A.16)
[J_3, W] = 9W3, — 120319 L_5 + 45—8(02 — o2 — o31)J_a—603(J_1J_1 — JoJ_2)
[J_1, W5 =3W3, — gawoL,l + g(ag — o2 — o3i)J (A.17)
[J_a, W] = 6W3, — 603thgL_o + 2—51(02 — 032 — o391)J_o—303(J_1J_1 — JoJ_2)
[J_1, W] = 3W3, — 203¢pgL_o + g(@ — o2t — o3) T a—03(J_1J_1 — JoJ_3).
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If J,, and W2 are the modes of local quasi-primary operators, it follows from the general
analysis of [27] that their commutator has to take the form

o, Wil = =3mW L, = 05 0 o (8m 4 1) L + = (3m + m)ALL,
— (02 =503 — o301) 15 (5m” + 5mn + 1 4+ 1) Sy (A.18)

where A(®) =: J.J : is the normal ordered product of the spin-one current with itself. (In
principle, also a normal ordered field at s = 3 could have appeared, but this does not seem
to be the case.) In any case, the bilinear contribution of the J-modes is not of the correct
form — in particular, one would have expected an infinite sum of bilinear J modes, and
the coefficient in front of it does not have the correct (m,n) dependence — and it therefore
follows that the W4 modes cannot be the modes of a local field. In order to correct for this
we define, for |n| < 3,

-, 1 1
Wi = 3 S Bl=n| Loy Ji: + =(3- 2n2)0(2 — |n|) Jo Ly, . (A.19)
l

For |n| < 3, these modes then satisfy the quasi-primary condition,

(L, Wil = (3m —n)Wp ., m=0+1. (A.20)
The modified s = 4 generators
Vi =W — oW, (A.21)
then satisfy for [n| < 3 and all m € Z,
4 3 o2 — o3 2 2
[Jm, Vo] = =3mV> . — ———=—=m(5bm* + 5mn+n°+ 1)Jpnmin - (A.22)

m—+n 10
Their commutators with the Virasoro modes can be similarly determined to be

m(m? — 1
(L, V)] = (3m —n)Vihy), — (10)(7(;2 + 30242) Luntn (A.23)

where we have again assumed |n| < 3. Both of these commutators are then of the local
form predicted by [27].

It should also be possible to extend the local modes V* beyond the wedge, i.e. for
|n| > 4. However, we have not found a closed formula for these modes. In any case, for the
determination of the relevant structure constant, it suffices to consider the modes inside
the wedge, see the discussion in section 3.3.
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