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Space is big. Really big. You just won’t believe how vastly, hugely, mindbogglingly big it is. I mean, you may think it’s a long way down the road
to the chemist, but that’s just peanuts to space.
Douglas Adams
(in The Hitchhiker’s Guide to the Galaxy)

[...] there is an alternative formulation of the many-body problem, i.e.
how many bodies are required before we have a problem? [...] for those
interested in exact solutions, this can be answered by a look at history.
In eighteenth-century Newtonian mechanics, the three-body problem was
insoluble. With the birth of general relativity around 1910, and quantum
electrodynamics around 1930, the two- and one-body problems became
insoluble. And within modem quantum field theory, the problem of zero
bodies (vacuum) is insoluble. So, if we are out after exact solutions, no
bodies at all is already too many!
Richard D. Mattuck
(in A Guide to Feynman Diagrams in the Many-Body Problem)

Getting an education was a bit like a communicable sexual disease.
It made you unsuitable for a lot of jobs and then you had the urge
to pass it on.
Terry Pratchett
(in Discworld #20 – Hogfather)

Abstract

T

HE SUBJECT matter of this thesis is the appearance of various nodal

semimetals in crystalline solids. The valence and the conduction bands of such materials touch at points or along lines in momentum space, and their chemical potential is adjusted to the energy of
this touching. As a consequence, these materials have a vanishing or a
very small density of states at the Fermi level, while not being characterized by an energy gap in the bulk excitation spectrum. This places
nodal semimetals at the fine borderline between metals and insulators.
In this work, we investigate the role of space group symmetries in enabling such band touchings, the so-called nodes, and the way they are
protected by the topology of the electron wave functions, their so-called
topological invariants.
The most famous example of a nodal semimetal is certainly graphene.
In this two-dimensional material, a pair of bands disperses linearly around a touching point. As a consequence, electrons in graphene can be
described by the massless Dirac equation borrowed from high-energy
physics. This analogy is manifested in various transport signatures, for
example in the absence of back-scattering on a certain type of barrier,
known as Klein tunnelling. More recently, three-dimensional cousins
of graphene called Weyl semimetals have been theoretically proposed in
2011 and experimentally observed in TaAs crystals in 2015. These materials allow for a condensed matter realization of another effect originally
considered in high-energy physics, the chiral anomaly, which is responsible for an increase of conductivity if parallel magnetic field is applied
to a sample. Weyl semimetals also exhibit unusual surface states, which
have the form of open-ended Fermi arcs connecting the projections of
bulk Weyl points inside the surface Brillouin zone. Soon after the proposal of Weyl semimetals, a plethora of other three-dimensional nodal
i

semimetals with more intricately structured nodes have been identified
and studied.
This thesis is a collection of three projects concerning nodal semimetals and related gapless materials. In the first project, we focus on Weyl
semimetals. Our strategy to realize this phase is to start with a threedimensional band structure which contains Dirac points at time-reversal
invariant momenta on the Brillouin zone boundary. Such a situation
arises for example in certain pyrochlore iridates due to the non-symmorphic character of their space group. We consider a tight-binding
description of such materials which incorporates the leading coupling
of the electrons to an elastic degree of freedom, and show that such a
model may exhibit a lattice instability at low temperatures. We present
detailed group-theoretical arguments to explain why such a lattice distortion alters the band structure from Dirac semimetal through Weyl
semimetal to an insulator. We numerically investigate the phase diagram
of this model and find that for a certain range of parameters it exhibits
an exotic reentrant behaviour when a symmetry-broken phase can be
reached from a symmetric phase at both higher and lower temperatures.
We further observe that the connectivity of the surface Fermi arcs can
be changed by tuning the model parameters. We call this phenomenon
a Weyl-Lifshitz transition, and we suggest a way for its detection using
quantum oscillation experiments.
The second project is concerned with nodal line semimetals. Such
materials are associated with nearly-flat surface bands, which were predicted to trigger various magnetic or superconducting surface instabilities. After briefly reviewing the previously known realizations of nodal
lines, we show that space group symmetry imposes their existence in
spin-orbit coupled materials with a glide plane and no centre of inversion. Furthermore, this species of nodal lines occurs automatically at the
Fermi level provided that a few simple criteria are met. We study the relation of such nodal lines to the usual massless Dirac spectrum, and use
this to explain their peculiar Landau levels which exhibit a directionselective chiral anomaly. We further show that similar systems with a
pair of glide planes lead to a band touching along two connected loops,
which in the extended momentum space look like an infinite chain. We
thereby call such materials nodal-chain metals. We show that such a phase
might be realized in an existing compound IrF4 . We use group theory
and Wilson operators to explain the complex nature of its surface states.
ii

Finally, in the last project we attempt at more generality. We consider band structures of centrosymmetric systems, and classify them according to their global symmetries (i.e. time-reversal symmetry, particlehole symmetry and chiral symmetry) into ten groups which we call centrosymmetric extensions of the Atland-Zirnbauer classes. We use homotopy theory to show that some of these classes exhibit nodes characterized by a pair of topological charges. As a consequence, such nodes reach
the very high degree of stability similar to that of Weyl points: A continuous evolution of the underlying Hamiltonian can freely move such
nodes throughout the Brillouin zone, but the only way to get rid of them
is a pairwise annihilation. We remark that no further crystalline symmetries beyond the spatial inversion are necessary for the appearance of
such nodes. We describe this property as robustness. We find that robust
nodes appear in four out of the ten centrosymmetric extensions, which
are relevant for both semimetallic and superconducting systems. For example, we predict a qualitatively new species of nodal lines of singlet
superconducting gap in certain topologically non-trivial Fermi surfaces.
As another example, exotic nodal surfaces were very recently identified
in certain time-reversal breaking multiorbital superconductors. We develop a simple tight-binding model and provide a geometric interpretation of the pair of charges for all four species of doubly charged nodes
possible in three spatial dimensions. We indicate how these concepts
generalize to higher spatial dimensions.
The thesis contains an additional chapter in the beginning, which
provides an introduction into topological aspects of band structures.
Furthermore, two mathematical appendices are included at the very end,
one concerning irreducible representations of non-symmorphic space
groups, and the other containing the derivations of the classifying spaces
of the individual Atland-Zirnbauer classes. We conclude with some closing remarks, containing both comments on certain unresolved issues
touched upon in the text as well as possible future directions.
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Zusammenfassung
dieser Dissertation ist das Erscheinen von verschiedenen Knoten-Halbmetallen in kristallinen Festkörpern. Die
Valenz- und die Leitungsbänder von solchen Materialien berühren sich an (bestimmten) Punkten oder entlang (bestimmten) Linien
im Impulsraum, und das chemische Potential liegt an der Energie der
Bandberührung. Als Konsequenz haben diese Substanzen zwar eine verschwindende oder nur sehr geringe Zustandsdichte an der Fermienergie,
jedoch lassen sie sich nicht durch die Grösse der Bandlücke in ihrem Anregungsspektrum charakterisieren. Diese Eigenschaften positionieren
die Knoten-Halbmetalle an die Grenze zwischen Metall und Isolator. In
dieser Arbeit untersuchen wir die Rolle von Raumgruppesymmetrien,
die solche Bandberührungen, sogenannte Knoten, ermöglichen. Wir untersuchen weiter, wie die Knotenpunkte durch die Topologie der elektronischen Wellenfunktionen geschützt sind, also die topologischen Invarianten der Knotenpunkte.
Das wohl bekannteste Beispiel eines Knoten-Halbmetalls ist Graphen.
In diesem zweidimensionalen Material findet man in der Nähe der Knotenpunkte eine lineare Dispersionsrelation. Folglich können Elektronen
in Graphen durch die aus der Hochenergiephysik stammende DiracGleichung für masselose Teilchen beschrieben werden. Diese Analogie
manifestiert sich in verschiedenen Transporteigenschaften, etwa im Fehlen von Rückstreuung an einem bestimmten Barrieretyp, bekannt als
Kleinscher Tunneleffekt. Zu den neueren Beispielen zählen dreidimensionale Verwandte von Graphen, Weylsche Halbmetalle genannt, die 2011
theoretisch vorhergesagt und 4 Jahre später im TaAs Kristall experimentell nachgewiesen wurden. Diese Materialien ermöglichen in der Festkörperphysik eine weitere Realisierung der ursprünglich in der Hochenergiephysik auftauchenden chiralen Anomalie, die für eine Leitfähig-
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keitszunahme im parallel zur Probe ausgerichteten Magnetfeld verantwortlich ist. Weylsche Halbmetalle verfügen auch über ungewöhnliche
Oberflächenzustände in der Form von offenen Fermibögen, welche die
Projektionen der Weylschen Knotenpunkte (in 3D) in der OberflächenBrillouin-Zone verbinden. Kurz nach der theoretischen Arbeit über Weylsche Halbmetalle wurde eine Fülle von anderen dreidimensionalen Knoten-Halbmetallen mit komplizierteren Knotenstrukturen gefunden und
studiert.
Diese Dissertation besteht aus drei Projekten über Knoten-Halbmetalle und verwandte bandlückenfreie Materialien. Im ersten Projekt konzentrieren wir uns auf die Weylschen Halbmetalle. Um Materialkandidaten mit dieser Phase zu identifizieren, beginnen wir mit einer dreidimensionalen Bandstruktur, welche an den zeitumkehr-invarianten Impulsen an der Grenze der Brillouin-Zone Dirac-Punkte hat. Solche Bandstrukturen findet man wegen des nicht-symmorphen Charakters der
Raumgruppe etwa in manchen iridiumhaltigen Pyrochloren. Wir verwenden ein Tight-Binding-Modell mit führender Kopplung zwischen
den Elektronen und den Elastizitätsfreiheitsgraden und zeigen, dass
es bei niedriger Temperatur eine Gitterinstabilität aufweisen kann. Wir
präsentieren detaillierte Gruppen-theoretische Argumente um aufzuklären, warum solche Gitterstörungen die Bandstruktur von Dirac-Halbmetall über Weylsches Halbmetall zu einem Isolator ändern. Numerisch
untersuchen wir das Phasendiagramm dieses Modells und finden, dass
es in einem bestimmten Parameterbereich ein exotisches wiedereintretendes Verhalten aufweist, wo eine symmetriebrechende Phase zugleich von höherer wie auch von niedrigerer Temperatur erreicht wird. Weiter beobachten wir, dass die Konnektivität der Oberflächen-Fermibögen
durch die Modellparameter geändert werden kann. Wir bezeichnen dieses Phänomen als Weyl-Lifshitz-Übergang und schlagen ein Quantenoszillationensexperiment für den Nachweis dieses Übergangs vor.
Das zweite Projekt befasst sich mit Knotenlinien-Halbmetallen. Solche
Materialien haben beinahe flache Oberflächenbänder, welche verschiedene magnetische und supraleitende Oberflächeninstabilitäten ermöglichen könnten. Nach einer kurzen Übersicht bekannter Realisationen
von Knotenlinien in Halbmetallen zeigen wir, dass die Raumgruppensymmetrie in Materialien mit Spin-Bahn-Kopplung und ohne Inversionszentrum aber mit einer Gleitspiegelebene die Existenz der Knotenlinie erzwingt. Ausserdem, wenn wenige einfache Kriterien erfüllt sind,
vi

taucht diese Art von Knotenlinie automatisch an der Fermienergie auf.
Wir untersuchen das Verhältnis solcher Knotenlinien zu dem gewöhnlichen Dirac-Spektrum für masselose Teilchen und nutzen dies, um die
eigenartigen Landau-Niveaus mit richtungsselektiver chiraler Anomalie zu erklären. Ferner zeigen wir, dass ähnliche Systeme mit einem
Paar von Gleitspiegelebenen Bandberührungen entlang zweier gebundenen Schlaufen aufweisen, die im erweiterten Impulsraum wie eine
unendliche Kette ausschauen. Deshalb nennen wir solche Materialien
Knotenketten-Metalle. Wir zeigen, dass diese Phase in der existierenden
Verbindung IrF4 realisiert sein könnte. Mithilfe der Gruppentheorie und
den Wilsonschen Operatoren erläutern wir die komplexe Natur deren
Oberflächenzustände.
Im letzten Projekt bemühen wir uns um eine Verallgemeinerung der
bisherigen Erkenntnisse über Knoten-Halbmetalle. Dazu klassifizieren
wir die Bandstruktur zentrosymmetrischer Systeme anhand ihrer globalen Symmetrien (das heisst, Zeitumkehr-, Teilchen-Loch- und chiralen
Symmetrie) in zehn Gruppen, für welche wir die Bezeichnung zentrosymmetrische Erweiterungen der Klassen von Atland und Zirnbauer gebrauchen. Mittels Homotopietheorie zeigen wir, dass manche von diesen
Klassen Knoten aufweisen, die sich durch ein Paar von topologischen
Ladungen charakterisieren lassen. In der Folge zeigen solche Knoten
eine erhebliche Stabilität, ähnlich den Weylschen Knotenpunkten: bei
einer kontinuierlichen Entwicklung des Hamiltonians können sich die
Knoten zwar frei durch die Brillouin-Zone bewegen, aber einzig die
paarweise Annihilation kann sie vernichten. Wir bemerken, dass für das
Auftauchen der Knotenpunkte ausser der Rauminversion keine weiteren Kristallsymmetrien nötig sind. Knoten mit dieser Eigenschaft bezeichnen wir als robust. Robuste Knoten tauchen in vier der zehn zentrosymmetrischen Erweiterungen auf. Die Erweiterungen sind relevant
für halbmetallische sowie auch für supraleitende Systeme. Zum Beispiel
sagen wir eine qualitativ neue Art von Knotenlinie in Singulett-Supraleitern mit bestimmten topologisch nicht-trivialen Fermi-Flächen voraus.
Als nächstes Beispiel diskutieren wir die neulich identifizierten exotischen Knoten-Flächen in bestimmten Zeitumkehrsymmetrie-brechenden
multiorbitalen Supraleitern. Wir formulieren ein einfaches Tight-BindingModell, das die neuen Knotenarten aufweist, und schaffen eine geometrische Interpretation des Ladungspaares für alle vier Arten von Knoten
mit zwei Ladungsarten, die in drei Dimensionen möglich sind. Wir deuvii

ten auf Verallgemeinerungen dieser Konzepte in höheren Raumdimensionen hin.
Die Dissertation beinhaltet ein zusätzliches Kapitel am Anfang –
die Einführung in die topologischen Aspekte der Bandstrukturen. Am
Ende befinden sich zwei mathematische Anhänge. Der eine widmet sich
den irreduziblen Darstellungen der nicht-symmorphischen Raumgruppen, und in dem anderen leiten wir die klassifizierenden Räume der
einzelnen Klassen von Atland und Zirnbauer ab. Die Arbeit wird mit
einigen Bemerkungen zu offenen Fragen und zu möglichen künftigen
Forschungsrichtungen abgeschlossen.
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Introduction
provides a very broad historical overview of
the topics that meet together in our work. The topics are organized chronologically as they became relevant for condensed
matter physics. After getting acquainted with the leading actors, we outline the contents of the individual chapters.

T

HIS BRIEF PREFACE

Symmetry
Symmetry plays a central role in physics [1]. It brings beauty to the
world around us, and simplifies its mathematical description. While
some symmetries correspond to simple transformations of space and
time [2], other describe more abstract internal degrees of freedom like
particle spins and gauge fields [3]. But symmetries also constrain the
possible dynamics of a system. Breaking of a symmetry facilitates phenomena that would not be possible otherwise [4]. After all, there is not
much symmetry left in a typical living organism, and it would certainly
be wrong to conclude that this makes it less interesting to understand!
In condensed matter systems, the amount of symmetry becomes a
knob that one can turn and observe the consequences. Cool down a
drop of mercury, and it breaks translational and rotational symmetries –
becoming a solid in the process. Cool it down even more, and it breaks
gauge symmetry – turning into a superconductor [5]. In a step-like fashion, crystalline solids allow us to try various combinations of symmetries and observe the consequences. The notion of symmetry is deeply
integrated in the mathematical framework of condensed matter physics.
It has long been recognized that whenever two phases of matter have
different symmetry, they cannot be smoothly evolved into one another
1
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without hitting a phase transition [6]. On the other hand, such a restriction is usually absent for phases with the same symmetry. The most
familiar example is offered by the three common phases of water. While
the liquid phase has continuous rotational and translational symmetry,
the solid phase only preserves a discrete subset of them. As a consequence, the two phases are separated by a transition line in the parameter space. On the other hand, the gaseous and the liquid phase possess
the same symmetry, and one can indeed connect the two without hitting
a phase transition simply by circumventing the critical point.
Another important phenomenon associated with symmetry breaking
is the appearance of new particles. Microscopically, phase transitions
correspond to a rearrangement of the constituent “building blocks” –
electrons and ions in the case of condensed matter systems. This rearrangement modifies the effective low-energy degrees of freedom, which
manifest themselves experimentally as new species of particles. In the
example of water alluded to above, breaking of the translational symmetry leads to the appearance of transverse phonons in the solid phase.
Note that these new particles can be very different from the constituent
matter: Although crystalline solids are composed entirely of fermionic
electrons and nucleons, phonons always come out bosonic.

Topology
A whole new chapter of condensed matter physics was opened with the
experimental discovery of quantum Hall effect [7]. Consequent theoretical studies [8, 9] revealed that this phenomenon has a topological origin.
Topological considerations had not been foreign to condensed matter
physics, for example they had been extensively used in the study of order parameter defects [10]. But the quantum Hall state was different,
because here topology entered the description of the ordered ground
state per se. A decade ago, the study of topological aspects of condensed
matter systems underwent a second revolution with the theoretical proposal [11, 12] and the consequent experimental discovery [13, 14] of
topological insulators.
These breakthrough discoveries revealed that a phase of matter with
a gap in the bulk excitation spectrum is characterized not only by its symmetry, but also by certain topological quantities called topological invariants. Whenever two phases of matter differ in their symmetry or in their
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topological invariants, they cannot be evolved into one another without
hitting a phase transition. This supplements the discussion of the previous section with the notion of topological phase transitions – transitions in
which the symmetry is preserved but a topological invariant is changed.
In such transitions, the gap in the bulk excitation spectrum temporarily
closes, i.e. they are realized via a metallic state.
Today, the notion of ground state topology forms an established part
of condensed matter physics [15–19]. Similar to the case of symmetry
breaking phase transitions, topological phase transitions are also associated with the (dis)appearance of particles in the low-energy degrees of
freedom. These are either boundary states which evade the phenomenon
of Anderson localization [20, 21], or qualitatively new bulk states, often of unusual non-Abelian fractional character [22]. In the latter case
we speak of topological order [23], and examples include phases like fractional quantum Hall states [24, 25] and quantum spin liquids [26]. Both
species of topologically enabled states have promising applications in
quantum computation [27, 28]. In this thesis we will be concerned only
with weakly interacting topological systems which do not exhibit the
more exotic topological order.

Nodal semimetals
The above definition of topological invariants and of topological phase
transitions is applicable only to insulating systems. However, certain
topological properties can also be ascribed to gapless band structures like
that of nodal semimetals. In such systems, several bands can touch each
other at a point, line or surface in momentum space, and such a node may
be protected by some quantity of topological nature. The situation is in a
way reminiscent of the knotted shoelaces on the thesis cover. Nodes can
also appear in superconducting phases where they tie the Bogolyubovde-Gennes bands.
Band structure nodes can be perceived as particles living in momentum space. They can be moved around using continuous evolutions of
the underlying Hamiltonian, they can meet and annihilate in pairs, or
they can split into other species of nodes or even spontaneously disappear if the symmetry of the system is changed. In gapless systems,
topological invariants are not attributed to the overall band structure,
but to the individual nodes. Because of the particle-like interpretation in

4

Introduction

momentum space, we often call these invariants as topological charges.
The low-energy bulk degrees of freedom of such system often exhibit
unusual spectra like Weyl fermions [29] or loop fermions [30]. Nodal
semimetals have also been found to facilitate anomalous transport features like the negative longitudinal magnetoresistance [31, 32], or nonlocal response to applied electromagnetic fields [33]. They are also associated with new species of surface states.

Organization of the thesis
The presented thesis lies at the confluence of the three topics summarized above. The text is structured in the following way: In chapter I
we review the tools used to study topology of band structures in weakly
interacting crystalline solids. Apart from serving as a reference for subsequent chapters, the author also felt compelled to provide his own perspective of this quickly developing field. The vast majority of the information presented in this chapter nevertheless deals with established
results, and we include references pointing the reader to the original articles. This chapter is purposefully ignorant of the chronology in which
the presented results were first derived.
In chapter II we focus on 3D semimetals exhibiting nodal points, i.e.
Weyl semimetals [29] and Dirac semimetals [34, 35]. These materials
are prominently associated with surface Fermi arcs [29] and phenomena emanating from chiral anomaly [31, 32]. After a brief general introduction, we elaborate on our work [36] which considers the appearance of the Weyl semimetallic phase in elastic pyrochlore iridates. Here,
we use group theoretical arguments to describe how a symmetry protected Dirac point splits into multiple Weyl points upon a spontaneous
inversion-breaking lattice distortion. We also investigate how such a
topological transition manifests itself in the surface states. Finally, we
introduce here the notion of a Weyl-Lifshitz transition, in which the surface Fermi arcs reconnect when model parameters are varied. This section is supplemented with a mathematical appendix located at the end
of the thesis.
Afterwards, in chapter III we turn our attention to nodal line (semi)metals [30]. After briefly reviewing the properties and symmetry classification of such systems, we focus on findings of our work [37]. Here, we
distinguish two species of nodal loops in the presence of spin-orbit cou-
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pling, which we dub accidental and non-symmorphic. The latter appear in
non-centrosymmetric systems with a glide plane, and we argue that it is
associated with an unusual direction-selective chiral anomaly. Additionally, we show that in certain space groups with two mutually perpendicular glide plains, a pair of non-symmorphic nodal loops touch, forming
a chain-like structure in the extended momentum space. We also discuss the associated topological characteristics. This work was greatly
complemented with first-principle calculations performed by Dr. QuanSheng Wu from the computational physics group.
Finally, in chapter IV we take a step back and develop a classification
of nodes protected solely by global symmetries (i.e. particle-hole, timereversal and chiral) together with inversion symmetry. It has recently
been noticed that certain nodes of such systems can be characterized
with a pair of topological charges rather than just a single one [38, 39].
Following our work [40], we present here a modified version of the
Atland-Zirnbauer classification [41] better suited for centrosymmetric
systems. We find that in 3D, doubly charged nodes appear in four out of
the ten symmetry classes. One of them includes a novel type of singlet
superconductors appearing in nodal line metals. We develop a simple
tight-binding model and discuss the meaning of the pair of topological
charges for all four cases, and we indicate how the concept of multiply
charged nodes generalizes to higher spatial dimensions.
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introduces the notion of topological invariants as
well as of certain related and useful quantities like Berry connection and Wilson loop operators. As mentioned in the introduction, this chapter contains only a few original results, and mostly serves
as a reference for the methods applied in subsequent chapters. The author took this as an opportunity to lay out his own way of perceiving the
growing body of knowledge about topological band structures.
The chapter is divided into three sections. The first section focuses on
time-reversal symmetry (TRS) breaking two-dimensional (2D) insulators
which are characterized by a Z-valued topological invariant called the
(first) Chern number. We begin with a simple half-filled two-band model
which enables a clear geometric interpretation of the invariant, and then
we generalize the discussion to a general model using the notions of
Berry phase and Berry curvature. We also squeeze in a discussion of the
(±1)2s phase acquired by spin-s particles upon a 2π-rotation, since it can
be understood in the same context. Such a visualization is useful in the
study of certain nodal lines in chapter III.
In the second section we switch to time-reversal symmetric systems.
We show that TRS enforces the Chern number to be trivial. However, a
new Z2 invariant is enabled in spin-orbit coupled systems, which is related to quantum spin Hall effect. We first explain this charge using the
original Pfaffian formulation, and then switch towards the more enlightening Wilson loop formulation. The advantage of the latter approach is
that it allows one to formulate both the Chern number and the Z2 in-
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variant in a unified fashion. This section also includes some comments
about the misleading features of the Pfaffian approach, and about the
geometric interpretation of the Pfaffian invariant in 3D systems.
Finally, in the last section we briefly present the tenfold way classification of topological insulators and superconductors without extraneous
explanations. This section serves as a starting point for the discussion of
multiply charged nodes in centrosymmetric systems in chapter IV.

I.1 Chern insulators
I.1.1 The simplest model
Consider a non-interacting two-dimensional model with two bands. The
Hamiltonian H(k) of such a system is a Hermitian 2 × 2 matrix function
of momentum k that can be decomposed as

H(k) = h0 (k)1σ + h(k) · σ

(I.1)

where h0,x,y,z (k) are real-valued continuous functions of momentum k =
(k x , k y ), σ = (σx , σy , σz ) are the Pauli matrices1 and 1σ is the identity
matrix. The spectrum of such a Hamiltonian is easily found2 to be
ε 1,2 (k) = h0 (k) ± |h(k)| .

(I.3)

A half-filled model described by Hamiltonian (I.1) can be insulating
only if the two bands are non-degenerate throughout the entire Brillouin
zone (BZ), thus requiring ∀k ∈ BZ : |h(k)| > 0. Under such circumstances it is natural to define a mapping from BZ (which is topologically
1 At this point, we are not interested in the microscopic origin of the two-level degree
of freedom associated with every Bravais vector R in real space.
2 Due to the anticommutation relation { σ , σ } = 2δ , the square of the Hamiltonian is
i j
ij


2
H2 (k) = h20 (k) + h (k) 1σ .
(I.2a)

Eigenvalues (I.3) follow from the pair of conditions Eigenvalues (I.3) follow from the pair
of conditions
tr H(k)

=

ε 1 (k) + ε 2 (k) = 2h0 (k)

(I.2b)

tr H2 (k)

=

ε21 (k) + ε22 (k) = 2h20 (k) + 2h2 (k)

(I.2c)

where we used that tr σi = 0.
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I
Figure I.1: Folding of 2D Brillouin zone. (a) Momentum space is periodic with
respect to reciprocal lattice vectors g 1,2 . The tile enclosed by g 1,2 is the first Brillouin
zone (BZ), and the corners A, B, C and D correspond to the same k point. (b) Due to
the periodicity, we identify points k ∼ k + n1 g 1 + n2 g 2 with n1,2 ∈ Z. The outcome
of such orbifolding is a square with identified opposite edges, as indicated by arrows.
(c) Identification of the horizontal edges makes up a cylinder and, (d), identification of
the vertical edges then produces a torus T2 . For a system with D spatial dimensions,
one can similarly argue that RD /ZD ∼
= TD [42].

equivalent to a torus T2 , see Fig. I.1) to a unit sphere S2
T2
k

f :

→ S2
7 → n( k ) =

h(k)
.
kh(k)k

(I.4)

A small patch of size dk x dk y located at k ∈ T2 will map onto a small
patch on S2 covering an (oriented) solid angle


dv = [n(k + dk x ex ) − n(k)] × n(k + dk y ey ) − n(k)


= (∂ x n) × ∂y n dk x dk y + O(dk3 )
(I.5)
where ei is a unit vector in direction ki and ∂i = ∂/∂ki . The crucial observation is that since T2 does not have a boundary, neither does its image
on S2 . As a consequence, the (oriented) solid angle v covered by the
entire BZ on S2 must be an integer multiple of 4π (the area of the unit
sphere), and therefore
c=

1
4π

I
BZ



dk x dk y (∂ x n) × ∂y n ∈ Z.

(I.6)

The value of c corresponds to the number of times BZ wraps around the
sphere [9]. It is called the (first) Chern number, and it is our first example
of a topological invariant.
Clearly, c cannot be changed using only continuous deformations of
n(k). Instead, its change requires “punching a hole” in the torus and
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I
m = {3

m = {1

m = +1

m = +3

Figure I.2: Topological transitions in a simple Chern insulator model. The arrows show n(k) of Eq. (I.4) for the model defined by Eqs. (I.1) and (I.7) and the indicated values of parameter m. The colour of the arrows depends on the z-component
of the arrows. For m = −3 (+3) all the arrows point nearly downward (upward),
corresponding to the vicinity of the south (north) pole of S2 . No wrapping takes place
and therefore c = 0. On the other hand, for m = −1 (+1), unit vectors n(k) cover all
of the sphere once. Taking into account the orientation of the covering, we find that
the Chern number is c = +1 (−1).

pulling the sphere through the opening. At the level of model (I.1), this
corresponds to setting h = 0 at some momentum k0 , such that the mapping (I.4) becomes undefined at k0 . According to Eq. (I.3), this corresponds to leaving the insulating state. We thus conclude that a change
of the Chern number (I.6) is not possible without entering a metallic state.
To make these observations more palpable, we consider a specific
model on a square lattice3 with lattice constant a = 1, for which
h0 ( k ) = 0

and

h(k) = v sin k x , sin k y , m − cos k x − cosk y

>

(I.7)

where m is a tunable parameter and v > 0 has the dimension of velocity.
3 This

is half of the time-reversal symmetric model introduced in Ref. [43].
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As one continuously increases the value of this parameter from large
negative to large positive values, gap closings occur on three occasions:
• For m = −2 at a single point k = (π, π )> .
• For m = 0 at two points k ∈ {(π, 0)> , (0, π )> }.
• For m = +2 at a single point k =

I

(0, 0)> .

These three points separate four topological regions. We plot the field
n(k) for m ∈ {−3, −1, 1, 3} in Fig I.2. We see that while for m = ±3 the
mappings do not wrap around the sphere (such that c = 0), they wrap
around the sphere once for m = ±1 (such that |c| = 1). A more careful
analysis shows that c = +1 for m = −1, while c = −1 for m = +1.
We conclude the discussion of the simple model by showing that
such topological phase transitions are associated with the appearance
or disappearance of an edge mode. For simplicity, we focus on the transition of model (I.7) at m = −2. Assuming m very close to the critical
value, we expand m = −2 + δm. Then we can approximate the spectrum in the vicinity of the BZ corner using a Taylor expansion as
h ((π, π ) + δk) = v (−δk x , −δk y , δm).

(I.8)

We consider a horizontal edge modelled with δm(y) = δm f (y) where
f (y) smoothly interpolates between −1 for y → −∞ and +1 for y →
+∞ [16]. The loss of translational invariance in y-direction means that
we have to replace eigenvalue δk y by operator −i∂y , but the δk x quantum
number remains well defined. Then the resulting effective Hamiltonian
describing the low-energy physics becomes


δm f (y)
−δk x + ∂y
,
(I.9)
H(δk x , y) = v
−δk x − ∂y −δm f (y)
and seemingly has a pair of low-energy solutions


Ry
0
0
1
ψk x ,± ( x, y) = eiδk x x e±δm 0 f (y )dy
with ε k x ,± = ±v k x . (I.10)
∓1
for every k x . These two solutions propagate along the edge with velocity
∂ε k x ,∓ /∂k x = ±v, i.e. in opposite directions. However, only one of the
two solutions is normalizable and therefore physical. More specifically,
for δm > 0 (δm < 0) only the ψ− (ψ+ ) is present, which corresponds
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Figure I.3: Edge modes of a Chern insulator. (a) Hamiltonian (I.9) for δm > 0 has
one edge mode propagating to the left, while (b) for δm < 0 it has one edge mode
propagating to the right. (c) The previous two situations can be understood as the top
and bottom edge of a small Chern insulator island located within a trivial insulator,
such that the edge mode moves around the island in the clockwise direction. Note
that the relative phase between the upper and lower component of ψ(k x ) in Eq. (I.10)
changes from negative on the top edge to positive on the bottom edge. It can be
shown [44] that the relative phase depends on the local slope φ of the boundary
(defined with zero indicated by the arrow) as ψ↓ /ψ↑ = eiφ .

to an edge mode propagating to the left (right). The two situation are
clarified in Fig. I.3.
In the same spirit, every crossing of a topological phase transition creates a new edge mode propagating in one direction or the other. However, a pair of counter-propagating modes can gap out. We illustrate
this in Fig. I.4 where three right-propagating modes meet one mode
propagating in the opposite direction. Since there is no symmetry involved, these modes all belong to the same irreducible representation
and can hybridize. After including the hybridization, only 3 − 1 = 2
right-propagating edge modes remain.

I.1.2 Wilson loop operator and Berry phase
The formulation of the Chern number c developed in the previous subsection is not very useful in practice because it only applies to half-filled
two-band models. In order to generalize this concept to a system with
n occupied and ` unoccupied bands, it is convenient to switch to the
language of Wilson loops and Berry phases.
Consider the adiabatic evolution of an occupied state |u β (kin. )i at
some initial momentum kin. along path γ ⊂ BZ to a final momentum
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k7
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I

Figure I.4: Interaction of counter-propagating edge modes. We consider here
a simple model with three right-propagating and one left-propagating edge modes.
The solid background indicates the bulk spectrum projected into the edge Brillouin
zone. Since all edge modes belong to the same irreducible representation (there is
no symmetry assumed), any crossing can in principle hybridize as indicated in the
right illustration. As a result, only 3 − 1 = 2 right-propagating modes remain, which
corresponds to Chern number |c| = 2.

kfin. with occupied states |uα (kfin. )i. This process can be understood as
a parallel transport, i.e. we choose a set of momenta {ki }iN=1 ⊂ γ and
keep projecting the current state onto the set of occupied state at the
next momentum using projector operators
P( k i ) =

n

∑ |ua (ki )ihua (ki )|

⇐⇒

P ( k i ) = U ( k i )U † ( k i ) .

(I.11)

a =1

where U (ki ) is an (n + `) × n matrix which has columns corresponding
to the occupied states at ki . The amplitude to propagate the initial state
to the final one can be expressed as



W αβ (γ) = lim huα (kfin. )| 
N →∞

∏

P(ki ) |u β (kin. )i

(I.12)

{ki }iN=1 ⊂γ

where the horizontal bar in ∏ indicates path-ordering. The expression
above contains a series of scalar products


hu a (k)|ub (k − dk)i = hu a (k)| |ub (k)i − dk · ∇k |ub (k)i + O(dk2 )

≈ δ ab − dk · hu a (k)|∇k |ub (k)i
h
i
≈ exp −dk · hu a (k)|∇k |ub (k)i
h
i
≡ exp −dk · A ab (k)

(I.13)
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where we include minus sign before dk at the second state because it corresponds to moving backwards along γ. Vector A ab is called the Berry
connection and will be discussed more carefully in the next subsection.
I

If we plug expression (I.13) back to Eq. (I.12), we can write the result
using a path-ordered exponential exp as

W (γ) = lim

N →∞

∏

 Z

(1 − dk · A(k)) ≡ exp − dk · A(k) (I.14)

{ki }iN=1 ⊂γ

where W is now understood as a matrix of transition amplitudes between all occupied states at kin. and all occupied states at kfin. . We will
call such a quantity as a Wilson operator.
The problem with Wilson operator in Eq. (I.14) is that it depends on
gauge. Mixing the occupied states with a matrix X (ki ) ∈ U(n) such that
e (ki ) = U (ki )X (ki )
U

(I.15)

leads to
e ( ki ) = U
e ( k i )U
e † (ki ) = U (ki )X (ki )X † (ki )U † (ki ) = P(ki )
P

(I.16)

i.e. the projector operators in Eq. (I.12) are unaffected. However, the
gauge transformation matrix does not cancel for the end-points of γ,
hence
f(γ) = X (kfin. )W (γ)X † (kin. ).
W

(I.17)

The problem is removed if kfin. = kin. , such that γ is a closed loop. Then
W (γ) becomes a gauge invariant quantity called Wilson loop operator.
This allows us to define a gauge invariant quantity
ϕB (γ) = −i log det W (γ)

(I.18)

called Berry phase. It corresponds to the complex phase acquired by the
occupied states along a closed path γ. Clearly, W (γ) is a unitary matrix with a U(1) determinant, and the “−i log” part extracts its complex
phase. Since determinant is insensitive to the path-ordering in Eq. (I.14),
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we can simplify

ϕB ( γ )



= −i lim log 
N →∞

= −i lim

N →∞

= +i lim

N →∞

∏

det (1 − dk · A(k))

{ki }iN=1 ⊂γ

∑



log 1 − dk · tr A(k) + O(dk)2

∑

dk · tr A(k) = i

I

{ki }iN=1 ⊂γ

I

dk · tr A(k)

(I.19)

{ki }iN=1 ⊂γ

where in the second line we used log(∏i xi ) = ∑i log xi and the identity
det(1 + εM ) = 1 + ε tr M + O(ε2 )

(I.20)

where M is any matrix and ε is an infinitesimally small positive number.
In the last line we used Taylor approximation of the logarithmic function
and assumed the N → ∞ limit.

I.1.3 Berry connection and Berry curvature
Before presenting the generalization of Chern number (I.6) in the next
subsection, we provide here an alternative description of Berry phase
defined in Eq. (I.18). Recall from Eq. (I.13) that in D spatial dimensions,
Berry connection A(k) of a system with n occupied and ` unoccupied
bands is a D-component vector of n × n matrices4 defined as [47, 48]

Aiab (k) = hu a (k)|∂i |ub (k)i = (U ∗ )αa (k)∂i U αb (k)

(I.22)

where a, b are among the n occupied bands, and |u a (k)i are the cellperiodic parts of the Bloch wave functions at k,

|ψ a (k)i = eik·r |u a (k)i.

(I.23)

4 Using the language of differential geometry, we are in fact encountering a U( n ) fiber
bundle with the Brillouin zone BZ ∼
= TD as the base manifold. The Berry connection

A = U † dU,

(I.21)

where d is the exterior derivative, endows the bundle with the notion of parallel transport [45]. Berry connection is then a 1-form usually called the gauge potential [46]. Since the
metric on BZ is flat (Euclidean), we do not distinguish between lower and upper indices
and instead place them to our convenience.
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We can write definition (I.22) equivalently as

A = U † ∇U.

(I.24)

The gauge transformation (I.15) transforms the Berry connection into5

Aei = X † Ai X + X † ∂i X

I

(I.26)

where we suppressed the momentum arguments for brevity.
The second term in Eq. (I.26) can be understood as a gradient. To
see this, note that matrix X (k) is invertible and can therefore be locally
written as a matrix exponential

X (k) = eX(k)

(I.27a)

where X ∈ u(n) is an element of the Lie algebra of skew-Hermitian matrices. Then it becomes clear that
∂i X = X ∂i X

⇒

X † ∂i X = ∂i X.

(I.27b)

Berry phase (I.19) after the gauge transformation becomes
eB
ϕ

I

dki tr Aei (k)
I
I


i dki tr X † Ai X + i dki ∂i tr X.

= i

γ

=

γ

(I.28)

γ

Using the cyclic property of trace we see that the first integral reproduces
ϕB before the gauge transformation.
The second term in Eq. (I.28) is an integral of a gradient on a closed
path, and its nature depends on whether the integration path γ is contractible or not. If it is contractible, then the initial and final value of the
integrand tr X(k) coincide and the term vanishes.
On the other hand, if path γ is not contractible (for example if γ winds
around BZ), only the initial and the final value of X (k) are guaranteed
to coincide, but not their logarithms X(k) = log X (k) which may differ
by a logarithm of the identity matrix 1n . Using the identity
tr log M = log det M
5 In

(I.29)

the language of differential forms,

Ae = X −1 AX + X −1 dX .

(I.25)

The U(n) character of the fiber bundle mentioned in footnote (4) relates to X ∈ U(n).
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which is valid for any invertible square matrix M , we find that
eB − ϕB
ϕ

= i

I

dki ∂i tr log X (k) = i tr log
γ

X |fin.
X |in.

= i tr log 1n = i log det 1n = 2πn

(I.30)

where n ∈ Z, meaning that on non-contractible loops the Berry phase is
well-defined only modulo 2π.
Berry phase can be conveniently expressed using Berry curvature6


Fij = ∂i Aj − ∂j Ai + Ai , Aj

(I.32)

where the square brackets denote matrix commutator, and we left out
the momentum arguments and band indices for brevity. Clearly, Berry
curvature is skew-symmetric, Fji = −Fij . It can be shown7 that thanks
to the commutator in Eq. (I.32) the Berry curvature transforms covariantly
under gauge transformation (I.15), i.e.

Fe = X † F X .

(I.34)

6 Using

the language of differential geometry, F is a 2-form called the gauge field
strength and is obtained simply as

F = dA + A ∧ A

(I.31)

where the “wedge” ∧ is the exterior product.
7 The proof of this statement is more compact in the language of differential forms.
Inserting Eq. (I.25) into Eq. (I.31) gives

Fe

=

dAe + Ae ∧ Ae

=

d(X −1 AX + X −1 dX ) + (X −1 AX + X −1 dX ) ∧ (X −1 AX + X −1 dX )

=

(dX −1 ) ∧ AX + X −1 (dA)X −X −1 A ∧ dX + (dX −1 ) ∧ (dX )
+X

−1

A ∧ AX + X

−1

A ∧ dX + (X

−1

dX ) ∧ X

−1

AX + (X

−1

(I.33a)
dX ) ∧ (X

−1

dX )

where we dropped term X −1 ddX because dd = 0. It further follows from 1 = X −1 X
that (dX −1 )X = −X −1 dX , and the red minus sign in Eq. (I.33a) follows from the graded
Leibniz rule for exterior derivative d. Consequently, most of terms in Eq. (I.33a) cancel
each other in pairs according to the indicated colouring, and only the black ones survive,
thus leading to
Fe = X −1 (dA + A ∧ A)X = X −1 F X .
(I.33b)

I
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On the other hand, the linearity and the cyclic property of trace imply
tr Fij

= tr(∂i Ai − ∂j Ai ) + tr(Ai Aj ) − tr(Aj Ai )
|
{z
}
0

n

= ∂i tr Aj − ∂j tr Ai =

I

∑




∂i Ajaa − ∂j Aiaa .

(I.35)

a =1

For a contractible loop γ = ðD (where ð is the boundary operator and
D a 2D domain), we can apply Stokes theorem to find8
ϕB

= i

D

I
ðD
D

= i∑

dki tr Ai = i ∑

x

x

dki dkj ∂i tr Aj − ∂j tr Ai



i <j D

dki dkj tr Fij

(I.37)

i <j D

where we only sum over i < j to prevent double counting. Clearly, the
cyclic property of trace together with relation (I.34) guarantee the gauge
invariance of ϕB . This also follows from the gauge invariance of Wilson
loop operator W (γ) and from Eq. (I.18) of the previous subsection.
Notice that, the off-diagonal terms of A(k) cancel out after performing the trace in Eq. (I.35). In the case of non-degenerate bands, this allows us to decompose the Berry curvature F (k) into the contributions
of the individual bands,
n

tr Fij =

∑ Fija

with

Fija = h∂i u a |∂j u a i − (i ↔ j ) .

(I.38)

a =1

We conclude this subsection by deriving an alternative expression for
the single-band Berry curvature. This expression is particularly useful
for the analysis of spin rotations. It should be noted that an identical
expression has also been derived by Thouless et al. in Ref. [9] when
analysing the Hall conductance in QHE states. We first expand

h ∂i u a | ∂j u a i − (i ↔ j ) =

∑ h∂i ua |ub ihub |∂j ua i − (i ↔ j )

(I.39)

b6= a
8 The

differential geometry analogue of these equations is remarkably simple, namely
ϕB = i

Z
ðD

A=i

Z
D

dA = i

Z
D

F.

(I.36)

I.1. Chern insulators

19

where ∑b |ub ihub | = 1 sums over all states, but b = a is dropped from
the summation because it cancels upon antisymmetrization in indices i , j
by the virtue of
δ ab = hu a |ub i

⇒

h∂i u a |ub i = −hu a |∂i ub i.

(I.40)
I

Furthermore, for b 6= a : 0 = hu a |H|ub i from which it follows that

hu a |(∂i H)|ub i

=

−h∂i u a |H|ub i − hu a |H|∂i ub i

=

− ε b h ∂i u a | u b i − ε a h u a | ∂i u b i

( I.40)

=

(ε a − εb )h∂i u a |ub i

(I.41)

which upon inserting to Eq. (I.39) leads to
Fija =

hu a |(∂i H)|ub ihub |(∂j H)|u a i − (i ↔ j )
( ε a − ε b )2
b6= a

∑

(I.42)

Note that expression (I.42) is antisymmetric under exchanging ( a ↔ b).
This implies that ∑ a Fija = 0 vanishes identically, i.e. the Chern number
of a complete band structure of any Hamiltonian is trivial.9

I.1.4 Berry curvature in low-dimensional systems
Let us apply the very general discussion of the previous subsection to
systems with low number of spatial dimensions, namely 1D, 2D and 3D.
In D = 1 the language of F does not actually exist.10 In fact, the
only interesting closed path in a 1D BZ corresponds to increasing k from
9 Let us derive here the same conclusion for the case of degenerate bands when the
decomposition (I.38) does not apply. Taking all bands into account, U ∈ U(n + `) becomes
a square matrix which can be expressed as eXU where XU ∈ u(n + `) is a skew-Hermitian
matrix. Then the Berry connection

A = U † ∇U = e−XU eXU ∇X = ∇X

(I.43)

becomes a gradient of X(k). Consequently, it follows from Eq. (I.35) that
n+`

tr Fij =

∑ (∂i ∂j Xaa − ∂j ∂i Xaa ) = 0.

(I.44)

a =1

10 It is not possible to choose two linearly independent directions i and j in definition (I.32). At the level of differential geometry, recall that p-forms correspond to completely antisymmetric tensors of rank p. The space of p-forms with p > D is non-existent.
For 0 ≤ p ≤ D the space has ( Dp) = p!( DD!− p)! dimensions.
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−π/a to +π/a. The result
ϕZak = i
I

Z +π/a
−π/a

dk tr A(k)

mod 2π

(I.45)

is usually called the Zak Phase [49]. It is quantized to ϕZak ∈ {0, π } in the
presence of certain crystalline symmetries as we show in Subsec. I.2.3.
Zak phase also turns out to be a useful construction in more-dimensional
systems as is discussed in Subsec. I.2.5. We will encounter Zak phase in
multiple places throughout the thesis, especially in chapter III.
For D = 2 with coordinates x and y, there is just one independent
component of Berry curvature, F xy = −Fyx . This implies that Berry
curvature behaves as a scalar, and Berry phase can be expressed as
x
ϕB = i
dk x dk y tr F xy .
(I.46)
D

An important application of Eq. (I.46) corresponds to choosing D = BZ.
In fact, this choice leads to the generalization of Chern number (I.6) to
an arbitrary gapped band structure.
However, as BZ is not a contractible manifold, one cannot apply
Stokes theorem (I.37) directly. Especially, BZ ∼
= T2 does not have a
boundary
H (ðBZ = ∅ is an empty set), such Eq. (I.37) would suggest
ϕB ∝ ∅ = 0 always vanishes, which is not true! Instead, one should
imagine cutting BZ back into the parallelogram of Fig. I.1(a) which is
contractible and has a boundary. We decompose the boundary into four
segments AB, BC, CD and DA as indicated in Fig. I.1(a). Then
ϕB (BZ) = ϕB (AB) + ϕB (BC) + ϕB (CD) + ϕB (DA)

(I.47a)

Each of these four segments forms a closed non-contractible loop, meaning that by Eq. (I.30) the corresponding Berry phase is only well-defined
modulo 2π. On the other hand, paths AB and CD correspond to the
same path with opposite orientation, therefore
ϕB (CD) = − ϕB (AB)

mod 2π

(I.47b)

such that the sum of their contributions is 0 modulo 2π. An analogous
conclusion is found for the vertical edges BC and DA. Inserting these
relations to Eq. (I.47a) leads to
ϕB (BZ) = 0

mod 2π,

(I.47c)
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meaning that it equals to an integer multiple of 2π.
We now show that the integer
i x
c=
dk x dk y tr F xy ∈ Z
2π

(I.48)

BZ

is a natural generalization of the Chern number (I.6) to a system with an
arbitrary number of occupied and unoccupied bands. To achieve this,
we show that both methods give the same result for the half-filled twoband model (I.1). Decomposing h = h(sin θh cos φh , sin θh sin φh , cos θh )
in spherical coordinates, the occupied state is11
!
− sin θ2h
occ.
|u i =
(I.49)
eiφh cos θ2h
which leads to Berry connection and Berry curvature
i ∈ { x, y} : Ai

F xy

= i cos2

θh
( ∂ i φh )
2

i
= − sin θh (∂ x θh )(∂y φh ).
2

(I.50)
(I.51)

The integrand in Eq. (I.46) becomes
idk x dk y F xy =

1
sin θh dθh dφh .
2

(I.52)

Up to a multiplicative factor, this is precisely the small solid angle as in
Eq. (I.5). This completes the proof of equivalence.
Finally for D = 3 the Berry curvature contains three independent
components F xy , Fyz and Fzx . This allows us to interpret F as a vector12
through the mapping13
i
Ωi = eijk Fjk
(I.53)
2
where eijk is the Levi-Civita symbol. Inserting (I.31) into Eq. (I.53) leads
to a form
Ω = i∇ × A + iA × A
(I.54)
11 The chosen gauge has a singularity at θ = 0. An alternative gauge is obtained by
h
multiplying (I.49) by e−iφh , which moves the singularity to θh = π. The two gauge choices
lead to different Berry connection A, but the same Berry curvature F , as explained in
Subsec. I.1.3 [50].
12 More precisely as a pseudovector (or an axial vector) because it is unaffected by spatial
inversion, as we show in Subsec. I.2.2
13 In the language of differential forms, Ω = i ? F where ? is the Hodge dual operator.
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where both A and Ω are three-component vectors (with matrix entries).
Following the discussion around Eq. (I.38), for non-degenerate bands
we are allowed to drop the second term in Eq. (I.54) and decompose the
first term into contributions of individual bands as tr Ω = ∑na=1 Ωa with
I

Ωa = ∇ × A a

⇒

∇ · Ωa = 0

(I.55a)

a

where A is a single-band Berry connection, componentwise
Aia (k) = ihu a (k)|∂i |u a (k)i

and

Ωia = −eijk ∂j Aka .

(I.55b)

The dual form of expression (I.42) becomes
Ωa = i

hu a |(∇H)|ub i × hub |(∇H)|u a i
.
( ε a − ε b )2
b6= a

∑

(I.55c)

I.1.5 Spin rotations
We conclude this section by showing that the (±1)2s phase obtained by
spin-s particles upon a 2π-rotation can be understood as a Berry phase
effect [18, Sec. 2.4]. These considerations are relevant for the understanding of time-reversal operator in the next section, as well as for the Berry
phase quantization in certain nodal line semimetals in chapter III.
Consider the Hamiltonian of a spin-s particle in magnetic field B,

H(B) = gB · J s

(I.56)

where J s = ( Jxs , Jys , Jzs ) are spin-s rotation matrices fulfilling [ Jis , Jjs ] =
ieijk Jks , B = (Bx , By , Bz ) is magnetic field,14 and g is a multiplicative factor. As is well-known from the theory of angular momentum,15 Hamiltonian (I.56) has 2s + 1 eigenstates |mi with energies εm = gBm where
14 In subsequent chapters we will encounter a similar Hamiltonian for Weyl semimetals
where B is replaced by momentum k.
15 Recall that one typically adopts the eigenbasis of J s , which consists of states J |mi =
z
z
m|mi with 2s + 1 integers −s ≤ m ≤ s. Natural ordering of the basis then leads to Jzs =
s = J s ± iJ s . It follows from
diag{−s, −s + 1, . . . , s − 1, s}. One then constructs matrices J±
x
y
s ] = ± J s , which further entail J s |mi = cs,m |m ± 1i
the commutation relations that [ Jzs , J±
±
±
±
where cs,m
± are scalar factors. A more careful analysis regarding the boundedness of the
2

operators shows [51] that cs,m
= s(s + 1) − m(m ± 1). The phases of vectors |mi are
±
s
s
then chosen such that cs,m
± are positive real, such that matrix elements ( J± )ij = hmi | J± |mj i
s − J s ) /2i is imaginary.
are also real. Consequently, Jxs = ( J+ + J− )/2 is real, while Jys = ( J+
−

I.1. Chern insulators

23

m ∈ {−s, −s + 1, . . . , s − 1, s} and B = kBk. We will determine the Berry
phase (I.55c) inside the parameter space B. Clearly, ∇B H = gJ s . We see
that factors g2 in the numerator and denominator cancel out, such that
Ωm = i

hm | J s |m0 i × hm0 | J s |m i
.
B2 ( m − m 0 ) 2
m 6 =m

∑
0

(I.58a)

Now we want to analyze the matrix elements hm| Jis |m0 i. At this stage it
is convenient to rotate the coordinates of the vector space such that e
Jzs is
s
s
s
parallel to B while e
Jx and e
Jy are perpendicular to it. Then B · J = B e
Jzs
implies that states |mi are the eigenstates of e
Jzs . We denote the rotated
m
e .
Berry curvature as Ω
s
e
Since Jz is diagonal, m0 6= m summands do not contribute to the
result and we pay attention only to the e
Jxs and e
Jys terms. These lead to
only non-vanishing component
em
Ω
z =i

Jys |mi − ( x ↔ y)
hm| e
Jxs |m0 ihm0 | e
.
∑
B2 (m − m0 )2
m0 6 =m

(I.58b)

According to footnote Eqs. (I.57), only m0 = m ± 1 give non-vanishing
matrix elements, therefore
h
i
i
em
Ω
hm| e
Jxs |m0 ihm0 | e
Jys |mi − ( x ↔ y) .
(I.58c)
∑
z = 2
B m0 =m±1
After inserting here expressions (I.57) and carefully going through the al2
em
gebra, one finds Ω
z = −m/B . Rotating back to the original coordinate
basis leads to
B
(I.58d)
Ωm = − m 3 .
B
One possibility to rotate a spin by 2π is to slowly rotate magnetic field
B by 2π in the x, y-plane. This corresponds to a closed loop γ in the
parameter space which is associated with a Berry phase. This loop is
contractible, i.e. γ = ðD . A convenient choice of D corresponds to a
This also means that the only non-vanishing matrix elements of Jxs and Jys are
q
1
hm ± 1| Jxs |mi =
s(s + 1) − m(m ± 1)
2
q
hm ± 1| Jys |mi = ± 2i1 s(s + 1) − m(m ± 1).

(I.57a)
(I.57b)
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half-sphere that has γ as its “equator”. Since this surface has area 2πB2
and a constant Berry flow density −m/B2 , the acquired Berry phase is
ϕB = −2πm.
I

(I.59)

Since m is (half-)integer for (half-)integer s, the phase acquired upon 2πrotation is

+1 for integer spins
eiϕB = (−1)2s =
(I.60)
−1 for half-integer spins
as we wanted to show.

I.2 Time-reversal symmetric insulators
I.2.1 Time-reversal operator
According to the Wigner theorem [52], every symmetry of a quantum
system is expressed either as a unitary or as an antiunitary operator on
the Hilbert space. Time-reversal symmetry T corresponds to the latter
case. To see this, consider evolving state |ψi according to two scenarios:
1. Evolve the state from t = 0 to t = tfin. , then reverse tfin. 7→ −tfin. by
applying T .
2. Apply T at t = 0 and then backward propagate the state from t = 0
to t = −tfin.
Obviously, these two procedures should result in the same state |ψ0 i
provided that the system respects time-reversal symmetry, i.e. when
T H − HT = [T , H] = 0. The explicit description of the two scenarios above leads to

T e−iH t | ψ i = | ψ 0 i = e+iH t T | ψ i.

(I.61)

Then self-consistency requires antilinearity

T i = −iT ,

(I.62)

which means that T is antiunitary. Alternatively, one may define timereversal symmetry by requiring the physically clear properties T x̂ T −1 =
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x̂ and T p̂ x T −1 = − p̂ x . However, if the commutation relation [ x̂, p̂ x ] = i
is to be preserved under T , then antilinearity (I.62) is necessary again.
An antiunitary operator can be expressed as a product of a unitary
operator and the operator of complex conjugation K, i.e.

T = UT K

(I.63)

For a spinless particle, the wave function does not have any integral
structure and therefore T = K. On the other hand, for a particle with a
spin-s degree of freedom (2s ∈ Z0+ ), we require the time-reversal operator to invert the angular momentum, i.e. i ∈ { x, y, z} : T Jis T −1 = − Jis .
The standard choice fulfilling these criteria is
s

T = e−iπ Jy K ≡ UTs K

(I.64)

To understand this solution, recall from footnote (15) that Jys is imaginary, meaning that it commutes with UTs but anticommutes with K. The
other two components Jxs and Jys are real and commute with K, but UTs
corresponds to a π-rotation around y-axis which inverts the sign of the
x and z coordinates. This completes the explanation of (I.64). We remark
that for s = 21 the exponentiation with Jy1/2 = 12 σy (i.e. half the second
Pauli matrix) leads to
T = −iσy K
(I.65)
which is frequently used throughout the thesis. We will sometimes ignore the minus sign, which corresponds to T defined with a π-rotation
around y-axis in the opposite direction.
Furthermore, iJys is real such that the exponential UTs is also real and
thus commutes with K. The square of T therefore equals
s

T 2 = (UTs )2 = e−i2π Jy = (−1)2s

(I.66)

where in the last step we recognized that this is just the 2π-rotation analysed in Subsec. I.1.5.
Let us analyse result (I.66) more carefully. Let us assume that T has
an eigenstate |ψ1 i, i.e. T |ψ1 i = c|ψ1 i with some c ∈ C. Then by the
antilinearity
T 2 |ψ1 i = |c|2 |ψ1 i.
(I.67)
For integer spins s this implies |c|2 = 1. If we write c = eiϕc , then
eiϕc /2 |ψ1 i is an eigenstate of T with eigenvalue 1.

I
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On the other hand, for half-integer spin the Eq. (I.67) does not have a
solution for any c, because that would require negative absolute value.
However, the same equation implies that every state |ψ1 i is an eigenstate
of the square T 2 with eigenvalue −1. This suggests, that every state |ψ1 i
is associated with a different state |ψ2 i = T |ψ1 i such that the two are
exchanged under time-reversal. This is the well-known Kramers theorem [53].

I.2.2 Berry curvature of time-reversal symmetric bands
In this subsection we investigate the implication of time-reversal symmetry on the Chern number of a system. Consider two momenta k 6= −k
and their small non-overlapping neighbourhoods. Then it is possible to
find a gauge16 such that17

|u a (−k)i = |T u a (k)i.

(I.70)

Following the definition in Eq. (I.22), we derive

Aiab (−k) =
=
=

1
dk
1
dk
1
dk

h

i
hu a (−k)|ub (−k + dkei )i − hu a (−k)|ub (−k)i
h
i
hT u a (k)|T ub (k − dkei )i − δ ab
h
i
(I.71)
hub (k − dkei )|u a (k)i − δ ab = . . .

where in the last line we used that for an antiunitary operator A

hAψ1 |Aψ2 i = hψ1 |ψ2 i∗ = hψ2 |ψ1 i.

(I.72)

16 This is possible for any value of spin. However, the inverse transformation | u a ( k )i =
±|T u a (−k)i then depends on the sign of T 2 .
17 To avoid confusion, we denote the action of antiunitary operators as |Aψ i rather than
A |ψi. The second notation would lead to a problem within bra-ket expressions. While for
a unitary operator U
hU −1 ψ1 |ψ2 i = hψ1 |U |ψ2 i = hψ1 |Uψ2 i
(I.68)

the “sandwiched” operator can be though of as acting in either direction, the same is not
true for an antiunitary operator A when

hA −1 ψ1 |ψ2 i 6= hψ2 |A −1 ψ1 i∗ = hψ1 |Aψ2 i.

(I.69)
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Then using Eq. (I.40) and the definition of Berry connection once again
...

=
=

i
1 h ab
δ − dkh∂i ub (k)|u a (k)i − δ ab
dk
−h∂i ub (k)|u a (k)i = hub (k)|∂i u a (k)i = Aiba (k)

(I.73)

i.e. A(−k) = A> (k) in the chosen gauge (I.70) where > is matrix transpose in the two band indices. But we are really after the gauge-invariant
relation between Berry curvatures Fij (k) and Fij (−k). We do this piecewise. First note that
∂i Aj (−k)

=
=

1
dk
1
dk




Aj (−k + dkei ) − Aj (−k)
h
i
Aj> (k − dkei ) − Aj> (k) = −∂i Aj> (k) (I.74a)

and further that

>
Ai (−k)Aj (−k) = Ai> (k)Aj> (k) = Aj (k)Ai (k)

(I.74b)

Inserting Eqs. (I.74a) and (I.74b) reveals that in time-reversal symmetric
systems

Fij (−k) = −Fij> (k)

⇒

tr Fij (−k) = − tr Fij (k)

(I.75)

meaning that the net Berry curvature is antisymmetric in k. As a consequence, the Chern number (I.48) of a time-reversal symmetric system
equals zero, because the contributions to the integral from momenta k
and −k cancel out. In other words, a Chern insulator is not possible in a
time-reversal symmetric system.
Before moving on, note that we may similarly consider the symmetry of Berry curvature in the presence of spatial inversion symmetry I .
The necessary arguments are analogous to Eqs. (I.70) to (I.75) with the
important difference that I is a unitary operator, and a generic unitary
rotation U preserves scalar products,

hUψ1 |Uψ2 i = hψ1 |ψ2 i.

(I.76)

As a consequence, in a gauge with |u a (−k)i = I|u a (k)i we find Berry
connection A(−k) = −A(k) and Berry curvature

Fij (−k) = Fij (k)

⇒

tr Fij (−k) = tr Fij (k)

(I.77)

I

28

Chapter I. Topological invariants

meaning that the dual Ω of Eq. (I.53) transforms as a pseudovector as
we already remarked in footnote (12). In systems with both T and I ,
Eqs. (I.75) and (I.77) force Berry curvature to vanish identically, and BZ
is said to be flat.
I

I.2.3 Wilson loop operator of 1D systems
We mentioned in Subsec. I.1.4 that in one spatial dimension there is only
one interesting closed loop in k-space, namely the 1D BZ itself. In the
present subsection we derive important results for the Wilson operator
along this loop for a system respecting time-reversal symmetry T or spatial inversion I for systems with s = 12 . The first of these results plays
a central role in understanding the Z2 invariant of topological insulators
in Subsec. I.2.6.
Recall from Subsec. I.1.2 that the (edge-to-edge) Wilson operator
along the 1D BZ, denoted W (−π → +π ) ≡ WBZ , corresponds to


WBZ = lim U † (+π ) 
N →∞



∏

U (ki )U † (ki ) U (−π ).

(I.78)

{ki }iN=1 ⊂BZ

Because of TRS, the occupied states U (ki ) at ki are related to occupied
states U (−ki ) at −ki , namely
U (ki ) = [T U (−ki )] B(ki )

(I.79a)

where [T U (−ki )] correctly spans the basis of occupied states at ki and
B(ki ) ∈ U(n) is a gauge transformation to the correct set of eigenstates
(i.e. the sewing matrix). Applying time-reversal twice constrains
U (ki ) = {T [T U (ki )] B(−ki )} B(ki )

= T 2 U (ki )B ∗ (−ki )B(ki ) ⇒ B ∗ (−ki )B(ki ) = −1. (I.79b)
which will come to play in the end of our analysis. Plugging rela-
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tion (I.79a) into expression (I.78) leads to

WBZ = lim B †(π )[T U (−π )]†
N →∞




[T U (−ki )]B(ki )B † (ki )[T U (−ki )]† [T U (π )]B(−π )
∏
 N

{ki }i=1 ⊂BZ
∗





= lim B † (π ) U † (−π )∏ U (−ki )U † (−ki )U (π ) B(−π )


N →∞
N
{ki }i=1 ⊂BZ

>
= Bπ† WBZ
Bπ

(I.80)

where in the second equation mark we used relation (I.72) valid for
antiunitary operators, and in the last line we realized that B(π ) =
B(−π ) ≡ Bπ and we identified the original Wilson operator in the centre of the expression. Note that because of Eq. (I.79b),

Bπ∗ Bπ = −1.

(I.81)

The Wilson operator WBZ ∈ U(n) describes a unitary rotation among
the occupied states, and as such has eigenvalues lying along the unit circle in complex plane. An important result that we are about to derive is
that for a TRS-preserving system, eigenvalues of WBZ come in pairs [54].
To achieve our goal, assume that |ψi is an eigenvector of WBZ with
eigenvalue eiϕ . First, the unitarity implies that
†
† −iϕ
WBZ
|ψi = WBZ
e WBZ |ψi = e−iϕ |ψi

(I.82a)

†
meaning that |ψi is also an eigenvector of WBZ
with the conjugate eigen−
iϕ
∗
value e . But due to relation (I.80), Bπ |ψi∗ is an eigenvector of WBZ
with eigenvalue eiϕ again, because

WBZ Bπ∗ |ψi∗

( I.80)


∗
( I.81)
†
>
Bπ† WBZ
Bπ Bπ∗ |ψi∗ = −Bπ† WBZ
|ψi

( I.82a)

−Bπ† eiϕ |ψi∗ = eiϕ Bπ∗ |ψi∗ .

=

=

( I.81)

(I.82b)

Importantly, Bπ∗ K is an antiunitary operator squaring to −1, similar to
time-reversal operator T . Consequently, the Kramers theorem implies
that Bπ∗ K|ψi is linearly independent of |ψi. To see this, we apply iden-
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tity (I.72) to derive

hψ|Bπ∗ K ψi = hBπ∗ KBπ∗ K ψ|Bπ∗ K ψi
( I.81)

= hBπ∗ Bπ ψ|Bπ∗ K ψi = −hψ|Bπ∗ K ψi
I

(I.82c)

meaning that the two states are orthogonal. We have thus proved that
eigenvalues of WBZ of a TRS-preserving 1D system come in pairs.
There is a simple physical interpretation of this result related to the
a
fact that eigenvalues eiϕ of WBZ of a 1D system are related to the positions x̄ a of the centres of Wannier orbitals within a unit cell [49, 54, 55].
Specifically,18
x̄ a
ϕa
=
mod 1
(I.84)
a
2π
where “a” is the unit cell dimension of the 1D system.
With this insight, the result about the eigenvalue degeneracies of Wilson loop operator WBZ of TRS-preserving systems can then be understood using the Kramers theorem: Every Wannier orbital (located at x̄ a )
has a time-reversal related partner obtained by complex conjugation and
flipping spin (thus also located at x̄ a ).
An analogous argumentation can be made for inversion symmetric19
systems. We repeat steps (I.79a) to (I.80) with
e ki )
U (ki ) = I U (−ki )B(

(I.85a)

18

For non-degenerate bands, A(k ) of a 1D system becomes diagonal such that we can
drop the path-ordering in Eq. (I.12). The phases of eigenvalues of WBZ are thus trivially
iϕ a = −

Z π
−π

dk hu a (k )|∂k |u a (k)i.

(I.83a)

Recall that the cell-periodic part of Bloch wave functions can be expressed using the Wannier orbitals up to the normalization factor as [55]

h x |u a (k)i ≡ uka ( x ) ∝ ∑ e−ik(x−R) W a ( x − R)

(I.83b)

R

where R are the Bravais vectors and W a ( x − R) is the ath Wannier orbital corresponding to
unit cell labelled by R. Insertion of relation (I.83b) into Eq. (I.83a) after some massaging
yields
Z
2π +∞
2π a
ϕa =
dx |W a ( x )|2 x ≡
x̄ .
(I.83c)
a −∞
a
The generalization to the case of degenerate bands is derived in Appendix D of Ref [56].
19 In fact, the argument applies equally well to system with a mirror symmetric that
related H(k) to H(−k). At the mathematical level, all one needs is a unitary operator
which related the two Hamiltonians for all k ∈ BZ.
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where I is the unitary operator of spatial inversion, and the sewing matrix is constrained by self-consistency to fulfil20
e ki )B(
e ki ) = 1
B(−
One can derive that

⇒

Beπ2 = 1.

† e
WBZ = Beπ† WBZ
Bπ .

(I.85b)
I
(I.86a)

It follows that if |ψi is an eigenstate of WBZ with eigenvalue eiϕ , then
Beπ† |ψi is an eigenstate with eigenvalue e−iϕ because
( I.86a)
( I.82a)
† e e†
WBZ Beπ† |ψi = Beπ† WBZ
Bπ Bπ |ψi = e−iϕ Beπ† |ψi
| {z }

(I.86b)

1

However, since Beπ squares to +1, Kramers theorem does not apply and
the two states |ψi and Beπ† |ψi may be the same states, in which case eiϕ =
±1. Alternatively, the two states are different such that WBZ has a pair
of eigenvalues (eiϕ , e−iϕ ).
This observation can be again interpreted using the relation between
the WBZ eigenvalues and the centres of Wannier orbitals. In an inversion
symmetric system, an inversion symmetric Wannier orbital is either centred at a site (x̄ a = 0 ⇒ ϕ a = 0) or in the middle between neighbouring
sites (x̄ a = a/2 ⇒ ϕ a = π). Alternatively, a Wannier orbital located at a
generic x̄ a is mapped by inversion operator onto another Wannier orbital
a
located at − x̄ a (⇒ e±iϕ ).
Result (I.86a) has another important implication, namely that det WBZ
must be real. Consequently, inversion symmetry quantizes the Zak
phase
ϕZak = −i log det WBZ
(I.87)
to 0 and π [49, 56, 57]. This is our first example of a topological crystalline invariant, i.e. an invariant which is only robust as long as certain
crystalline symmetry is present [58–60]. The non-trivial situation with
ϕZak = π is characterized by the presence of electronic states localized
20 The second equation has a simple physical interpretation. Inversion symmetry requires IH(ki )I † = H(−ki ), therefore IH(π ) − H(π )I = [I , H(π )] = 0 and the two
operators can be diagonalized simultaneously. Additionally, I 2 = 1 because spatial inversion is just a permutation of real space positions unaffecting the integral spin degree of freedom, therefore the possible eigenvalues of I are only ±1. Consequently, I U (π ) = U (π )M
where M is a diagonal matrix of ±1 inversion eigenvalues of states forming the columns of
U (π ). Comparing to Eq. (I.85a) we see that Beπ = M which clearly squares to 1.
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at the system edges. Depending on whether such a state is occupied
or unoccupied, the edge carries a fractional ±e/2 charge [61]. Due to
the absence of a particle-hole symmetry, these edge states are not bound
to lie at zero energy [57] which also leads to a deviation from the exact
±e/2 charge quantization.

I.2.4 Quantum spin Hall insulators
A possible way around the problem of vanishing Chern number in TRSpreserving systems is to consider a system that additionally preserves
sz spin component. Then one may assume that our original model (I.1)
corresponds to spin-up electrons, while the time-reversed image corresponds to spin-down electrons. For example, Hamiltonian

H(k) = [h0 (k)1τ + h(k) · τ ] ⊗ σz

(I.88)

where τi Pauli matrices correspond to an orbital and σi to the spin degree
of freedom, becomes time-reversal symmetric with T = −iσy K when
functions h0,x,z are odd and hy is even in k. Especially, the slightly modified version of (I.7) from Ref. [43]
>
h0 (k) = 0 and h(k) = sin k y , m − cos k x − cosk y , sin k x
(I.89)
is compatible with time-reversal symmetry. The explicit presence of spin
Pauli matrices in the Hamiltonian indicates that the hopping amplitudes
have to be spin-dependent, which means that Hamiltonian (I.88) can
only be realized in spin-orbit coupled systems.
Compatible with the discussion in Subsec. I.2.2, the total Chern number over the lower two bands is zero. However, the conservation of sz
spin component allows us to define a spin Chern number
c1↑ =

1
2π

I
BZ

↑
dk x dk y tr F xy
(k) ∈ Z.

(I.90)

where and F ↑ (k) [and the corresponding A↑ (k)] is defined analogous
to Eqs. (I.22) and (I.32) but where we only collect the spin-up occupied
bands. The spin Chern number of model (I.89) depends on m in the same
way as the (ordinary) Chern number of model (I.7). A system with spin
Chern number c1↑ develops c1↑ spin-up edge modes moving around the
sample in one direction, and the same number of spin-down edge modes
moving in the opposite direction.
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I
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Figure I.5: Edge states of time-reversal symmetric insulators (a) A single pair
of counter-propagating edge states of a TRS-preserving insulator need to cross at a
TRIM. This crossing is protected by Kramers theorem and is therefore robust against
all perturbations that respect TRS. On the other hand, (b), two pairs of edge modes
lead to crossings at generic k-points. These are allowed to hybridize and thus open
a gap in the edge excitation spectrum. This means that a situation with two pairs of
edge modes is equivalent to a situation with no edge modes. The band crossings
protected by Kramers theorem (indicated by arrows) do not affect the argument.

I.2.5 Pfaffian characterization of topological insulators
The problem with invariant (I.90) is that it ceases to be well-defined
whenever the Hamiltonian (I.88) acquires terms proportional to σx or
σy which break the spin-sz conservation. Then it is not possible to label
the bands by their sz quantum number because they become a mixture
of both. However, the breakthrough Refs. [11, 12] showed that Z2 parity
of the invariant continues to be well-defined.
The physical reason for the protection of a Z2 invariant is not hard
to understand and is related to Kramers theorem for half-integer spin:
A single pair of counter-propagating edge modes has to cross at a timereversal invariant momentum (TRIM) and the crossing is protected by
TRS. Because of this degeneracy, there is no way of evolving the situation
illustrated in Fig. I.5(a) into a situation without edge modes (unless we
close the bulk gap). Therefore, a single pair of edge modes is robust,
even if we keep including terms that violate the sz spin conservation.
On the other hand, two pairs of edge modes are not robust. As indicated in Fig. I.5(b), only the crossings occurring at a TRIM (indicated
by arrows) are protected by Kramers theorem. The other two crossings
occur at low-symmetry k-points and are allowed to hybridize. Therefore, a gap opens in the edge spectrum which allows us to remove all
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Figure I.6: Understanding Z2 topological insulators using the Pfaffian invariant. (a) One pair of zeros of P (k) ∈ C (red crosses) located at momenta ±k0
(indicated by thin straight arrows) is characterized by opposite phase windings (curly
black arrows). The two points could in principle meet and annihilate at a TRIM Γ
(black dots), but TRS also enforces |P (Γ)| = 1, rendering such a process impossible. Consequently, a single pair of zeros is robust. On the other hand, (b), two
pairs of zeros can be brought together (wide arrows) and annihilated. This means
that only the parity of the number of pairs of zeros is a topologically robust quantity,
hence manifesting the Z2 classification of time-reversal symmetric insulators.

edge states with an adiabatic evolution without closing the bulk excitation gap. We thus conclude that two pairs of edge modes are equivalent
to no edge modes, hence there is a Z2 topological classification.
Historically, the Z2 charge of topological insulators was first formulated using the matrix
T ab (k) = hu a (k)|T ub (k)i

(I.91)

which can be easily shown to be antisymmetric [11, 62],
T ab (k) = hu a (k)|T ub (k)i = hT 2 ub (k)|T u a (k)i = −T ba (k)

(I.92)

and therefore has a well-defined Pfaffian P (k) = Pf T (k). In the absence
of additional symmetries, P (k) is a complex-valued function, meaning
that two parameters (i.e. momenta) have to be tuned to obtain a zero.
We say that the codimension of roots of P (k) is δ = 2. Such a codimension argument implies that zeros of P (k) in two spatial dimensions
generically occur at points.
A slight complication is that P (k) is not invariant under gauge transformation (I.15). This is seen from
Te (k) = X † (k)T (k)X ∗

⇒

Pe (k) = P (k) det X ∗ (k)

(I.93)
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which is a U(1) phase rotation. However, zeros of P (k) do not have a
phase and are therefore gauge-invariant. Additionally, TRS implies that
if P (k0 ) = 0 then also P (−k0 ) = 0. Finally, TRS also implies that at
time-reversal invariant momenta (TRIMs) k = Γ, the matrix T (Γ) takes
a block-diagonal form

T (Γ) =

n/2
M
a



0
a
−eiϕ

eiϕ
0

a



⇒ |P (Γ)| = 1.

(I.94)

This implies that a pair of TRS-related zeros of P (k) cannot meet and
annihilate at a TRIM.
We show in Fig. I.6 that there are two possible scenarios, corresponding again to the Z2 invariant: Either there are no zeros of P (k) inside
BZ, or there is precisely one pair of TRS-related zeros. Two pairs of zeros
can be brought together and annihilated as shown in Fig. I.6(b), meaning
that such a situation is equivalent to the trivial case. We conclude that
only the parity of the number of pairs of zeros is a robust quantity.
Note that the same codimension argument implies that in 3D the zeros of P (k) occur along lines. Similar to the situation in 2D, these lines
cannot pass through a TRIM, and have to be distributed symmetrically
with respect to TRIMs. A careful analysis reveals that there are 16 = 24
topologically inequivalent possibilities of distributing the lines of zeros
which are compatible with these rules, and we list them in Fig. I.7. They
can be described with four Z2 charges [63, 64]. One of them (the strong
index ν0 ) corresponds to the parity of the number of lines of zero, while
the other three [the weak indices (νx , νy , νz )] describe the way the lines of
zero cross the BZ boundary along the (k x , k y , k z )-directions.21 Insulators
with a non-trivial value of the strong index are associated with an odd
number of surface Dirac22 cones located at TRIMs of the surface BZ.
The Pfaffian formulation of the Z2 invariant is modified in the pres21 Note that the weak indices are absent in continuum models which expand BZ into
RD without a boundary, while the strong index survives such a procedure. The same
dichotomy is predicted for the robustness against Anderson localization in the presence of
disorder [64].
22 In the terminology of the subsequent chapters, we should actually call it surface Weyl
cone because of the absence of spin degeneracy of the surface bands. However, we stick
here to the established terminology which ignores this subtlety.
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ence of spatial inversion symmetry I . Then we find that
T (k)

I

= U † (k)T U (k) = [T T I U (k)]† [T I U (k)]
h
i†
= [T U (k)B(k)]† U (k)B(k) = B > (k) U † (kT U (k) B(k)
= B > (k)T † (k)B(k)

(I.95)

where we used that the composed IT symmetry is antiunitary, that
[T , I] = 0 mutually commute, and we introduced a sewing matrix B(k).
The Kramers theorem applying to (T I)2 = −1 allows us to locally find
a gauge such that

n/2 
M
0 1
B(k) =
(I.96)
−1 0
a =1

which has det B(k) = 1. Then Eq. (I.95) implies that det T (k) is real, and
the codimension of roots of P (k) becomes δ = 1. Consequently, zeros
of P (k) lie on lines in 2D and on surfaces in 3D systems. These lines or
surfaces separate TRIMs with positive and negative inversion eigenvalues of the occupied bands and allow for an alternative expression for the
strong index
!

(−1)ν0 =

∏

k∈TRIMs

n

∏ δka

(I.97)

a =1

where δka is inversion eigenvalue of state |u a (k)i. Similar expressions
(where the first product goes only over TRIMs with ki = π/a) also exist
for weak indices νi [65].
Crystalline symmetries can constrain the possible values of these four
topological indices. For example, in cubic lattices the symmetry enforces
the three weak indices to take the same value [66]. Another example
are 2D systems with a glide-plane symmetry which automatically have
a non-trivial Z2 index in the case of 4n + 2 occupied bands [37] as we
discuss in chapter III. On the other hand, there are also mutiple circumstances when a crystalline symmetry facilitates new species of topological invariants [59, 67–69].
We remark that the Pfaffian formulation of the Z2 invariant of TRSpreserving systems does not offer a particularly deep explanation of
what is really going on. In fact, it becomes misleading if one tries to
apply it to other symmetry classes. For example, in the absence of spinorbit coupling (SOC) one can effectively drop the spin degree of freedom

I.2. Time-reversal symmetric insulators

37

I

Figure I.7: Topological phases of 3D time-reversal symmetric insulators The
blue box is the BZ with periodic boundaries, the black dots indicate TRIMs, and red
lines correspond to zeros of P (k). Each time-reversal symmetric insulator (in the absence of additional symmetries) has zeros of P (k) which can be adiabatically evolved
without closing the bulk gap into one of the sixteen plotted situations. Furthermore,
the sixteen listed situations cannot be adiabatically evolved into one other. This indicates the presence of four Z2 indices. One of them (the strong index) describes the
parity of the number of lines of zero (odd in the upper eight, even in the lower eight),
while the other three (the weak indices) describe the way the lines of zero cross the
BZ boundaries in the (k x , k y , k z )-directions.

and represent T = K (i.e. we treat electrons as spinless particles) which
squares to +1. In this case, the matrix T (k) defined as in Eq. (I.91) becomes symmetric. Then the Pfaffian does not exist, but one may instead
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ky
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Figure I.8: Insulators with T 2 = +1 described by model (I.1) with h0,x,z even and
hy an odd function of k. The red line indicates sign[h x (k)] = 0 and the green line
indicates sign[ hz (k)] = 0 inside BZ (the blue square). Zeros of D (k) occur where
the two lines cross. We argue in the text, that the number of times this happens must
be an integer multiple of 4, indicating the absence of the Z2 invariant in the absence
of SOC.

consider the determinant D (k) = det T (k). In the absence of additional
symmetries, D (k) ∈ C has codimension δ = 2, meaning that in 2D its zeros appear again at points. One might naïvely consider again the parity
of the number of pairs of such zeros as a Z2 invariant.
But this idea does not work. The reason is that it is simply not possible to get a situation with a single pair of zeros (and we already argued
that two pairs of zeros are not robust), such that the sought after “to-betopological” phase is non-existent. We illustrate this on the simplest possible half-filled two-band model (I.1) which preserves T = K if h0,x,z are
even and hy is an odd function of momentum k = (k x , k y ). According to
the solution (I.49), the gauge invariant absolute value |D (k)| becomes

|D (k)| = e2iφh sin2

θh
2

+ cos2

θh
2

.

(I.98)

This vanishes only if θh = π/2 and φh = π2 (mod π ), which is equivalent to h x = hz = 0 (if furthermore hy = 0, the system ceases to be
insulating).
It is useful to plot sign[h x (k)] and sign[hz (k)] throughout BZ as we
do in Fig. I.8. Consider moving along the contour h x (k) = 0 from some
starting point k0 until we reach either −k0 or k0 .
• In the case we come to −k0 first, the symmetry implies that hz (k0 ) =
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hz (−k0 ) have the same sign, meaning that we had to cross hz (k) =
0 an even number of times along the way. Then moving along
the remainder of the contour from −k0 back to k0 we encounter
time-reversed images of these zeros. Altogether, we encountered
4n zeros of D (k).
• If we return back to k0 without passing through −k0 , then there
must be two disjoint contours of hz (k) = 0 that are time-reversed
images of each other. Since we returned to the original point, the
sign of hz (k) had to change an even number of times along each of
the two contours, meaning that there are 4n zeros of D (k) again.

I.2.6 Wilson loop description of 2D systems
We conclude this section with another perspective on the origin of the
Z2 charge in (spinful) TRS-preserving insulators. This approach uses the
notion of Wilson loops, and it is very convenient because it allows for the
characterization of many further topological invariants within a unified
language [56, 70, 71]. Because of the equivalence between Wilson loop
spectra and the Wannier orbital centres, this approach also provides a
clear physical interpretation of what the non-trivial topology microscopically corresponds to.
Consider a two-dimensional system with Hamiltonian H(k x , k y ). We
will fix one momentum (e.g. k x ) and treat the other one (k y ) as describing some 1D system [i.e. we write Hk x(k y )]. Then it is natural to determine the Wilson operators along BZ of the 1D systems, obtaining W (k x ).
For k x = 0 and k x = π, the one-dimensional Hamiltonian Hk x(k y ) becomes time-reversal symmetric, meaning that according to Subsec. I.2.3
its eigenvalues come in doubly-degenerate pairs. These degeneracies
split for the intermediate momenta. Finally, the spectrum of W (k x ) and
W (−k x ) are identical, because the states along one closed loop are timereversed images of states along the other loop, such that the arguments
of Subsec. I.2.3 apply again. This indicates, that all the useful information about the insulating state is already encoded in half of the Wilson
loop spectra, W (k x ) with k x ∈ [0, π ]. As we show in Fig. I.9, there are
basically two possibilities: Either each pair of degenerate states at k x = 0
becomes degenerate again at k x = π/a (trivial case), or the pairs get
mixed (topological case).
A useful interpretation of these connectivities is obtained if we re-
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Figure I.9: Two species of Wilson loop spectra in 2D time-reversal symmetric
(spinful) insulators with six occupied bands. (a) Spectrum with no winding indicates
a trivial Z2 invariant, while (b) a “zig-zag” spectrum indicates a non-trivial value of
the Z2 invariant. The double degeneracies at k x a ∈ {0, π } are protected by TRS
as explained in Subsec. I.2.3. Since there is no symmetry that could protect a band
crossings at a generic 0 6= k x a 6= π , these two options exhaust all the possibilities.
Only spectra for k x a ∈ [0, π ] are plotted, since the spectra for k x a ∈ [−π, 0] are
mirror-symmetric versions of the plotted images.

place momentum k x a by time t. Periodicity in k x is replaced by Ht (k y ) =
Ht+T (k y ), i.e. the 1D Hamiltonian performs periodic cycles in time, and
TRS is translated into Ht (k y ) = H−t (k y ). Then the lines in Fig. I.9 describe the motion of Wannier charge centres between the atomic sites
during one half of the cycle. Completing these spectra with their mirror images for k x a ∈ [π, 2π ], we observe that the situation in Fig. I.9(b)
“pumps” a pair of orbitals in opposite directions, while no such motion
takes place in situation in Fig. I.9(a). This means that Ht (k) describes a
Z2 pump [62] which becomes a spin pump if sz is conserved.
One can similarly interpret the Hamiltonian of a Chern insulator,
e.g. (I.1). In this case, the TRS condition is dropped, meaning that W (0)
and W (π ) do not contain the double degeneracies, and we need to plot
W (k x ) for all k x a ∈ [0, 2π ] to obtain the complete information about
the bands. After one cycle T, the Wannier charge centres reach the original set of positions, but they might have been shifted one-by-one as
shown in Fig. I.10(a). This is associated with pumping one electron
charge across the unit cell.23 However, the Wannier orbitals might as
well have been shifted by any integer number of positions, e.g, by two
23 Since such a shift takes place within each unit cell, one electron charge has, in fact,
been pumped along the entire 1D crystal.
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Figure I.10: Wilson spectra of Chern insulators with four occupied bands. (a)
After one period, the Wannier charge centres return to the original set of positions,
but one electron charge has been pumped across the unit cell, indicating c = 1. (b)
Shifting the Wannier charge centres by two orbital positions indicates c = 2.

as in Fig. I.10(b) which corresponds to two pumped electron charges.
Such a charge pump offers an alternative understanding of the Z-valued
Chern number [72], i.e. c = 1 in Fig. I.10(a) and c = 2 in Fig. I.10(b).

I.3 Tenfold way classification
In this final introductory section we review the complete topological
classification of weakly interacting gapped phases (i.e. insulators and
superconductors) [73] based on the spatial dimension D of the system,
and on its global symmetries, i.e. time-reversal symmetry (TRS, T ),
particle-hole symmetry (PHS, P ) and chiral symmetry (CHS, C ).
The usual crystalline symmetries (i.e. inversion, mirrors, rotations)
are represented by unitary operators that commute with the Hamiltonian H, thus allowing us to block-diagonalize H into sectors of different
operator eigenvalues. The global symmetries act differently – they either anticommute with H (case of CHS), or are antiunitary (case of TRS),
or both (case of PHS), such that the block-diagonalization does not apply. Upon switching to momentum space description with Hamiltonian
H(k), the three global symmetries are defined by the presence of opera-
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Table I.1: Tenfold way classification table. The column CL lists all ten AZ symmetry classes according to their Cartan label. The next three columns indicate the
presence (1) or the absence (×) of time-reversal (T ), particle-hole (P ) and chiral (C )
symmetry in a given class. The ± sign represents the square of the corresponding
operator. The remaining columns list the range of values of the strong topological

I

(D)

invariant νCL for the symmetry classe of arbitrary spatial dimension D. All symmetry
classes exhibit the Bott periodicity [74]. In complex cases (rows A and AIII) this
means that the pattern repeats after two entries, while for the real cases (rows AI to
CI) the period comprises eight entries.

CL
A
AIII
AI
BDI
D
DIII
AII
CII
C
CI

(D)

topological invariant νCL for D = . . .

symmetry

T
×
×
+1
+1
×
−1
−1
−1
×
+1

P
×
×
×
+1
+1
+1
×
−1
−1
−1

C
×
1
×
1
×
1
×
1
×
1

0
Z
0
Z
Z2
Z2
0
Z
0
0
0

1
0
Z
0
Z
Z2
Z2
0
Z
0
0

2
Z
0
0
0
Z
Z2
Z2
0
Z
0

3
0
Z
0
0
0
Z
Z2
Z2
0
Z

4
Z
0
Z
0
0
0
Z
Z2
Z2
0

5
0
Z
0
Z
0
0
0
Z
Z2
Z2

6
Z
0
Z2
0
Z
0
0
0
Z
Z2

7
0
Z
Z2
Z2
0
Z
0
0
0
Z

8
Z
0
Z
Z2
Z2
0
Z
0
0
0

tors fulfilling

T H(k)T −1 = H(−k)
P H(k)P

−1

CH(k)C

−1

= −H(−k)
= −H(k)

T 2 = ±1

(AU)

(I.99a)

2

(AU)

(I.99b)

2

(U)

(I.99c)

P = ±1
C =1

where (AU) indicates antiunitarity and (U) unitarity. The fact that T 2 =
±1 has been explained in Subsec. I.2.1, and we will see in chapter IV
that P 2 = ±1 has a natural realization in triplet/singlet superconductors [21].
We observed in Subsec. I.2.5 that the square T matters for the topological classification. The same dichotomy also appears for P 2 . Because
of the antiunitarity of these operators, the value of their square is unchanged upon a U(1) phase multiplication, i.e.

(eiϕ T )2 = eiϕ T eiϕ T = eiϕ e−iϕ T 2 = T 2

(I.100)

and similarly for P . On the other hand, the square C 2 of the unitary oper-
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ator C can be made to take any complex phase using such a phase multiplication. Furthermore, whenever the system has both T and P , then it
also has C = T P , although C can also be present when both T and P are
absent. Taken together, Eqs. (I.99) define 10 possible Atland-Zirnbauer
(AZ) symmetry classes [41] which we list in Table I.1 alongside their Cartan label.
Using mathematical methods which are beyond the scope of this thesis, a series of Refs. [73, 75, 76] derived the range of values of the strong
(D)

topological invariant νCL for all AZ symmetry classes of arbitrary spatial dimension D. We reproduce this result in Tab. I.1. An accessible
overview of the meaning of most of these topological invariants appears
in chapter 1 of Ref. [77].
Let us locate within this table the three systems discussed explicitly
in previous sections. Chern insulators of Sec. I.1 do not have any of the
global symmetries (I.99), meaning that they belong to class A which indeed has a Z-valued topological invariant in 2D. Topological insulators
of Sec. I.2 have T 2 = −1, meaning that they belong to class AII which
has Z2 classification in both 2D and 3D. Finally, the insulators without
SOC such that effectively T 2 = +1 which we briefly tackled in Subsec. I.2.5 belong to class AI which does not have a topological invariant
in 2D.
Reference [75] used K-theory to go one step further. It showed that
because of the finiteness and periodic boundary conditions of BZ, additional weak indicates can appear. In D spatial dimensions, these indices
describe the d-dimensional hyperplanes winding around BZ in all ( Dd)
possible orientations, for all values of 1 ≤ d ≤ D − 1. Consequently, the
total topological classification becomes
(D)

νeCL =

D 
 D
M
( D ) ⊕( d )

νCL

(I.101)

d =1

This is compatible with our observation of three weak indices appearing
in 3D topological insulators in Subsec. I.2.5, when the direct sum (I.101)
explicitly expands as
(3)

νeAII = 0⊕3 ⊕ Z2⊕3 ⊕ Z2 .

(I.102)
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II

Weyl semimetals

of solids is significantly decreased relative to the Galilean and Poincaré groups. Consequently, many terms are allowed
in the Hamiltonian that are not permissible in high-energy physics
theories. This leads to electron spectra that disperse differently in various directions. Furthermore, the finite size of the unit cell leads to a
natural momentum cut-off – the Brillouin zone (BZ) – causing the spectrum to bend down on the BZ boundary. Furthermore, the multitude of
atomic orbitals and the possibly large number of atoms per unit cell lead
to the presence of many such complicated electron bands. The seemingly
messy band structure “spaghetti” plots that come out of first-principle
calculations can be understood using the remnant symmetry of the crystal – its space group – and the theory of its irreducible representations.
In the following two chapters we discuss how space group symmetries sometimes enforce multiple bands to come together and to become
degenerate at a point or along a line in momentum space. The electron
spectrum in the vicinity of such band structure nodes can be very different
from the dispersion of free particles. If such a node occurs very close
to the Fermi level, the unusual electron dispersion leads to special signature in various physical properties like conductivity or the surface states.
Importantly, since a typical band width is much larger than the room
temperature, one can perform a series expansion (usually called k · p expansion in this context) to derive an effective low-energy theory, which
often becomes very symmetric.
However, sometimes a band structure node cannot be sufficiently
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explained by space group symmetry alone, and one has to start explicitly considering the topology of the underlying electron wave functions.
The most prominent example of such a situation is offered by Weyl
points – touching points of conduction and valence bands which act as
monopoles of the Berry curvature field F (k) in momentum space. Weyl
points, and their close cousins the Dirac points, share certain similarities
with ultrarelativistic particles and have incited much research interest.
They are the main actors of the present chapter.

II

We start the discussion in Sec. II.1 with a brief overview of the current research status of Weyl and Dirac semimetals, i.e. materials having
Weyl or Dirac points in the vicinity of the Fermi level. Among the many
interesting topics within this field, we pay attention only to those that
are directly relevant to our work. We first clarify the topological protection and the role of symmetries in the appearance of Weyl points. We
show that Weyl points are actually closely related to Chern insulators
and we use this connection to explain the presence of Fermi arcs located
on the surfaces of such materials. We further make a few comments on
the chiral anomaly present in such systems, specifically how this leads to
anomalous negative longitudinal magnetoresistance. At various places
we mention known material examples and further predicted candidates
for these semimetallic phases. Numerous references direct the reader to
the original research articles.
In Sec. II.2 we introduce the reader to pyrochlore oxides. These are
materials with a frustrated lattice, hosting 5d electrons with strong spinorbit coupling and intermediate interaction strength. Because of these
features, pyrochlore oxides have been predicted to host numerous exotic electronic phases. We add one more ingredient to the description
of electrons on such a lattice, namely the leading coupling to an elastic degree of freedom. At the same time, we drop electron interactions
to keep the discussion simple. We show that for special integer fillings
of the band structure, such a model may at low temperatures exhibit a
spontaneous lattice distortion. Importantly, the change in the crystalline
structure is accompanied with the evolution of the electron band structure from Dirac semimetal through Weyl semimetal to an insulator.
We dedicate the next Sec. II.3 to theoretically explain the observations of the previous section. We apply the methods of group theory to
explain the presence of three Dirac points in the band structure of undistorted pyrochlore oxides, and in much detail discuss why the inversion-
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breaking lattice distortion splits each Dirac point into four Weyl points.
This section is supplemented with Appendix A which provides a theoretical underpinning of some of the applied mathematical methods. This
section is rather technical, and can be easily skipped without losing understanding of the subsequent text.
We conclude in Sec. II.4 with the analysis of the surface states of the
developed model for various surface terminations, and for various amplitudes of the lattice distortion. We observe that the variation of the
parameters sometimes leads to a reconnection of the surface Fermi arcs.
Alternatively, such a reconnection can also be achieved with the application of a surface gate potential. We refer to such a phenomenon as a
Weyl-Lifshitz transition. We indicate, how this phenomenon might be
observed experimentally by detecting quantum oscillations in a magnetic field.

II.1 Research overview
II.1.1 Topological protection
Let us first state here what we mean by an ideal Weyl and Dirac point,
and we will worry about their possible realizations in crystalline solids
afterwards. Inspired by massless Weyl and massless Dirac particles in
high-energy physics (HEP), we write
ideal
HWeyl
(k) = (±)vk · σ

and

ideal
(k) = vk · Γ,
HDirac

(II.1a)

where σ = (σx , σy , σz ) are anticommuting 2 × 2 Pauli matrices, Γ =
( Γ1 , Γ2 , Γ3 ) are anticommuting 4 × 4 Dirac matrices, and v has dimension of velocity.1 In both cases, the energy spectrum is ε ± (k) = ±k.
The difference is that in the Weyl case the bands are non-degenerate,
while in the Dirac case they are both doubly degenerate. At this level of
discussion we do not bother about the microscopic meaning of the twolevel (four-level) degree of freedom appearing in the Weyl (Dirac) point
Hamiltonian.
In solids, one typically finds anisotropic Weyl and Dirac points. These
1 Our definition of Dirac matrices deviates slightly from the standard HEP definition.
This is related to the different metric tensor. See the discussion at the beginning of chapter III for more details.
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still disperse linearly in all directions; in the most general case

HWeyl (k) =
HDirac (k) =

3

3

i =1

i ,j =1

3

3

i =1

i ,j =1

∑ wi k i 1σ + ∑

∑ wi k i 1 Γ + ∑

Vji ki σj

(II.1b)

Vji ki Γj

(II.1c)

where V is an invertible matrix. In both cases
ε ± ( k ) = w · k ± kV k k
II

(II.1d)

The w terms tilts the conical spectrum, and plays a crucial role in the appearance of the tipped “type-II” points [78, 79]. Double/triple Weyl and
Dirac points which have a quadratic/cubic dispersion in two perpendicular directions are also possible in the presence of certain crystalline
symmetries [35, 80, 81] but we do not consider them in the present work.
Note that the ideal Weyl Hamiltonian is mathematically equivalent to
the Hamiltonian of spin- 12 particle in magnetic field which we analysed
in Subsec. I.1.5. As derived therein, this leads to the appearance of Berry
curvature
k
Ω( k ) = ± 3
(II.2)
2k
which yields a ±2π flow through any closed surface surrounding the
point. This is in a seeming contradiction with the conservation of Berry
field lines in Eq. (I.55a), but there we assumed non-degenerate bands.
We observe that a Weyl point acts as ±2π monopole of the Ω(k) field
in the occupied bands [50]. The sign is tied to the sign in Eq. (II.1a)
and is called the chirality h of the Weyl point. In the most general case
of Eq. (II.1b), the monopole strength can still be shown be 2π, and the
chirality is defined as h = sign[det V ]. The monopole character implies
that Weyl points can be viewed as topological defects in k-space. The
topological stability of a Weyl point can also be seen be adding the most
general2 perturbation a · σ to Hamiltonian (II.1b) which only shifts the
band degeneracy from k = 0 to k = −V −1 a, but cannot remove it.
2

By the “most general” we mean one that does not break translational invariance,
such that the Fourier transformation to H(k) is still meaningful, although the characteristic features of Weyl semimetals can survive quite a lof of disorder too, see e.g. [82]. The
constant (k-independent) term a · σ is dominant in the vicinity of the Weyl point. Another
possibility to gap out a Weyl (semi)metal is through superconductivity, but even this may
require the additional breaking of certain symmetries [83].
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I

a

T

b

(no T)
-k

(no I)
k

-k

k

Figure II.1: Symmetry transformation of Weyl points.(a) In systems with I (and
no T ), the Berry curvature Ω(−k) = Ω(k) [derived in Eq. (I.77)], which is represented by the parallel light blue arrows. Conseuqnetly, a pair of Weyl points related
by I have opposite chiralities. (b) In systems with T (and no I ) the opposite relation
Ω(−k) = −Ω(k) holds [derived in Eq. (I.75)], as exemplified by the antiparallel light
blue arrows. It follows that a pair of Weyl points related by T have the same chirality.

An important observation is that a Weyl point is not possible in a
system respecting both time-reversal T and inversion symmetry I . As
mentioned in Subsec. I.2.5, their composition T I is an antiunitary operator squaring to −1 which preserves momentum. Consequently, states
|u(k)i and T I|u(k)i form a Kramers pair, being located at the same momentum and the same energy. In other words, because of the presence
of the T I -symmetry, all bands are doubly degenerate, which contradicts
the properties of a Weyl point. We say that the Dirac spectrum is spindegenerate, while the Weyl spectrum is spin-split.
This means that to realize a Weyl semimetal, one has to break T or I .
If one breaks T while keeping I , Weyl points appear in pairs of opposite
chiralities located at ±k, as shown in Fig. II.1(a). On the other hand, systems breaking I while keeping T have pairs of Weyl points of the same
chirality located at ±k, as illustrated in Fig. II.1(b). Both scenarios were
investigated in the context of normal insulator vs. topological insulator (NI-TI) multilayers [84–86] early after the concept of Weyl points in
solids was introduced in the context of magnetic pyrochlore iridates [29].
These two realization are also characterized with a different minimal
number of Weyl points. First, note that the net flow of Berry curvature
through the BZ boundary must vanish. This is because the BZ boundary consists of pairs of opposite faces, which are (due to the periodicity
of k-space) the same surfaces of opposite orientations. This implies that
the contributions to the Berry flow through the BZ boundary from these
two faces trivially cancel out. On the other hand, the flow of Berry curvature through the BZ boundary can also by expressed as the sum of
the chiralities of all the contained Weyl points. Hence, the number of
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Weyl points of one chirality must equal the number of Weyl points of
the opposite chirality [87]. Comparing this result to the discussion in the
previous paragraph, we find that the minimal number of Weyl points is
2 in I -symmetric systems, while it is 4 in T -symmetric ones.
One may consider codimension arguments to see how much fine tuning is necessary to obtain a band touching of spin-split bands. In the absence of symmetries, the effective two band model of bands that may potentially touch is (I.1), which we previously considered in the context of
2D Chern insulators. According to the analysis therein, a band touching
occurs at k0 if the three conditions ∀i ∈ { x, y, z} : hi (k0 ) = 0 are simultaneously fulfilled. Setting three real-valued function to zero corresponds
to codimension δ = 3, meaning that the solutions in D = 3 generically
occurs at (0-dimensional) points. This means that Weyl points can easily
occur anywhere inside BZ, making them more difficult to notice.
If the crystal obeys a mirror symmetry Mz (which we choose without
the loss of generality to flip the z-coordinate), then points k = (k x , k y , 0)
[as well as points k = (k x , k y , π )] are mapped by Mz back onto themselves. We say that they form a mirror-invariant plane inside BZ. The relation Mz H(k x , k y , k z ) Mz† = H(k x , k y , −k z ) implies that within the mirrorinvariant plane
[ Mz , H(k x , k y , 0)] = 0
(II.3)
commute, meaning that every band can be labelled by a mirror eigenvalue. If the two bands forming model (I.1) have the same mirror eigenvalue, then Mz ∝ 1σ and no constraints on H(k x , k y , 0) is obtained. However, if their eigenvalues are different, then3 Mz ∝ σz , and relation (II.3)
together with anticommutation relations of Pauli matrices yield

H(k x , k y , 0) = h0 (k x , k y )1σ + hz (k x , k y )σz .

(II.4)

The gap closes when hz = 0 such that the codimension is δ = 1. But
we have two remaining momenta k x , k y that can be tuned, meaning that
solutions in general occur along lines. This is not a Weyl semimetal, but
an example of a nodal line semimetals which are studied in chapter III.
The same symmetry-invariant plane is also obtained in the presence
of combined T C2z symmetry, where T is time-reversal symmetry and
C2z is a rotation around z-axis by π. Obtaining the appropriate operator representation of T C2z is a bit more tricky. We already know from
3 The codimension argument works equally well for any M ∝ n · σ, the choice M = σ
z
z
z
is quite arbitrary.
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Subsec. I.2.1 that within the full lattice model

T = e−i 2 σy ⊗ 1τ K = −iσy ⊗ 1τ K
π

(II.5a)

where σ is the spin and τ is an (unaffected) orbital degree of freedom.
According to the discussion of spin rotations in Subsec. I.1.5,
C2z = e−i 2 σz ⊗ cτ = −iσz ⊗ cτ
π

(II.5b)

where cτ is a possible permutation of orbitals under the spatial rotation,
i.e. a real-valued matrix squaring to +1. The composed symmetry is

T C2z = iσx ⊗ cτ K

(II.5c)

which squares to +1. Hence the representation of T C2z within the effective model (I.1) must also be antiunitary and has to square to +1.
Without the loss of generality, we can set T C2z = K. The condition

[T C2z , H(k x , k y , 0)] = 0

(II.6)

then leads to

H(k x , k y , 0) = h0 (k x , k y )1σ + h x (k x , k y )σx + hz (k x , k y )σz .

(II.7)

This has codimension δ = 2, which within the two-dimensional symmetric plane generically leads to 0-dimensional solutions, i.e. Weyl points.
Such a fixation of Weyl points to a high-symmetry plane occurs for the
four Weyl points of the (type-II) Weyl semimetal MoTe2 [88].
Finally, Weyl points can occur along rotation-invariant lines in systems with rotation or screw symmetries. Such possibilities have been
investigated in Refs. [80, 81]. We remark that the proper analysis of symmetry constraints in the presence of nonsymmorphic screw and glide
symmetries is more complicated and we will present a suitable mathematical apparatus in Sec. II.3.
Weyl semimetals (WSMs) have originally been proposed by Ref. [29]
in magnetic pyrochlore iridates, such as Y2 Ir2 O7 . Most of the subsequent
investigations of Weyl semimetals focused on their realizations in interacting models with broken time-reversal symmetry [29, 89, 90] and
in normal insulator vs. topological insulator (NI-TI) multilayers [84–
86]. Weyl and Dirac semimetals also arise naturally as the intermediate phase in a TI to NI phase transition [91–94]. It was further been

II

52

II

Chapter II. Weyl semimetals

proposed [95, 96] and subsequently confirmed in experiments [97, 98]
that certain non-centrosymmetric transition metal monophosphides are
nonmagnetic WSMs. Our work on Weyl semimetals from spontaneous
lattice distortion presented in subsequent sections has for the most part
been completed before the experimental findings in these materials.
Before moving on with the discussion of the chiral anomaly in WSMs,
we make here a few comments about Dirac semimetals. First note that
one possible realization of Dirac matrices is Γ = σz ⊗ σ, which automatically implies that a Dirac point can be understood as if composed of two
Weyl points of opposite chirality.4 Furthermore, to realize a Dirac point
in the absence of symmetries, many parameters need to be tuned. There
are as many as 15 linearly independent zero-trace Hermitian 4 × 4 matrices, although the relevant number is brought down to5 5 in the presence
of T ◦ I . The model (II.1c) with only three matrices therefore cannot occur just by chance. Nevertheless, with the help of crystalline symmetry,
a Dirac point can be stabilized either at a TRIM on the BZ boundary of a
non-symmorphic space group [34, 101, 102] or along a rotation-invariant
line in systems with a rotation/screw symmetry [35]. The first possibility is realized in the pyrochlore model of Sec. II.2 and has also been proposed for β-cristobalite BiO2 [34] and for distorted spinels [103], while
the latter option is realized in real materials Na3 Bi and Cd3 As2 [104–
109]. A Weyl semimetal can then be obtained by starting with a 3D Dirac
semimetal and then breaking I or T symmetry [30, 84–86]. In fact, this
is our strategy in the developed model on the elastic pyrochlore lattice
described in Sec. II.2.

II.1.2 Chiral anomaly
One of the peculiar properties of Weyl semimetals is that they provide a
condensed matter realization of the chiral anomaly. In this subsection we
keep h̄ explicitly to show the quantum nature of this effect. To derive the
chiral anomaly, we consider the ideal Weyl Hamiltonian (II.1a) in parallel
magnetic and electric fields, which we orient along the z-direction, i.e.
B = (0, 0, B)

and

E = (0, 0, E).

(II.8)

4 Two Weyl points of the same chirality sitting on top of each other are also possible.
Such a node is called a double Weyl point and is suspected to exist in HgCr2 Se4 [99] and
SrSi2 [100]. We will encounter another possible realization of double Weyl points in superconducting systems in chapter IV.
5 This number is derived in chapter IV.
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We model the presence of magnetic field by performing the Peierls substitution,

(h̄k x , h̄k y , h̄k z ) 7→ (−ih̄∂ x + eAx , −ih̄∂y + eAy , h̄k z )
≡

(Πx , Πy , h̄k z )

(II.9a)

so that the commutator



Πx , Πy = ieh̄ ∂y Ax − ∂ x Ay = −ih̄eB.

(II.9b)

This allows
 us to express the Π-operators using the usual ladder operators a, a† = 1 as
r
r


eh̄ |B| 
eh̄ |B| 
†
Πx =
a+a
and Πy = i sign(B)
a − a† . (II.9c)
2
2
Assuming further that B > 0, the Peierls substitution changes the ideal
Weyl Hamiltonian into
!
√
h̄k
2eh̄B
a
z
H(k z ) = hv √
.
(II.10)
2eh̄B a†
−h̄k z
To find eigenvalues of Hamiltonian (II.10), note that the square H2 (k z )
is diagonal,
!
h̄2 k2z + 2eh̄B (a† a + 1)
0
2
H(k z ) = v
.
(II.11)
0
h̄2 k2z + 2eh̄B a† a
But a† a is the number operator, such that we can simply read out the
eigenenergies of H2 (k z ). These are
(once)
= v2 h̄2 k2z


∀n ∈ Z+ : ε2n (k z ) = v2 h̄2 k2z + 2eh̄Bn
ε20 (k z )

(II.12a)
(each twice). (II.12b)

Eigenvalues of (II.10) are obtained by taking square root of (II.12). It
turns out that for (II.12b) both ± roots are physical, but for (II.12a) only
one is physical, namely −hvk z for chirality h [110].6 Put together, the
6 The

corresponding eigenstate in both cases is


0
|ψ0 i =
|0i

(II.13)
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B

E
kz

II
Figure II.2: Chiral anomaly of a single Weyl point in the quantum limit. The
spectrum of a Weyl point in magnetic field B consists of quasi-1D LLs. In the case
of an ideal Weyl point (II.1a), the spectrum takes the simple symmetric form, with the
exception of the chiral LL which only disperses in one direction determined by the
chirality h. The motion of electrons in such bands under the action of electric field
E leads to pumping of electric charge between Weyl points of opposite chirality as
described by Eq. (II.17b)

spectrum of (II.10) is
ε 0 (k z )

= −hvh̄k z

∀n ∈ Z\{0} : ε n (k z ) = sign(n)v

(II.15a)
q

h̄2 k2z + 2eh̄B|n|.

(II.15b)

These are the dispersive Landau levels (LLs) of a Weyl point in a magnetic field. The ε 0 (k z ) mode is called the chiral LL because it does not
have a counterpart dispersing in the opposite direction.
We now include the effect of the electric field semiclassically using
e
∂t k z = − E,
h̄

(II.16)

meaning that electrons will move along the 1D bands (II.15) opposite
to the direction of E. We illustrate the situation in Fig. II.2. Due to the
where |0i is the vacuum of ladder operator a. We also remark that for B < 0, the Hamiltonian takes the Hermitian conjugate form of (II.10). Its spectrum is identical to (II.15) with
the exception of ε̃ 0 = +hvh̄k z with eigenstate


|0i
|ψ0 i =
.
(II.14)
0
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finiteness of the crystal, the spacing between the neighboring k z points
is 2π/Lz where Lz is the length of the crystal in the z-direction. Furthermore, each LL has a degeneracy Φ/Φ0 where Φ = BL x Ly is the magnetic
flux through the crystal and Φ0 = 2πh̄/e is the magnetic flux quantum. Consequently, we deduce from Fig. II.2 that electric charge is being
pumped into the Weyl point at a rate [31]
1 ∂Qe
e3
EB
= −h
V ∂t
(2πh̄)2

(II.17a)

where V = L x Ly Lz is the volume of the crystal. This non-conservation
of electric charge in a single Weyl point is called the chiral anomaly. The
charge conservation is saved by the Nielsen-Ninomiya doubling theorem [87] which states that in a crystal Weyl points of the two chiralities
h = ±1 come in pairs. We remark that using field-theoretical methods it
is possible to derive [111]
1 ∂Qe
e3
= −h
E·B
V ∂t
(2πh̄)2

(II.17b)

for arbitrary direction of the electric and magnetic field.
Note that the chiral anomaly leads to an anomalous behaviour of conductivity σ in a magnetic field. Assuming a system with a single pair of
Weyl points, and a relaxation time τ, the charge imbalance leads to
σ(B) =

e3
Bτ
2π 2 h̄

(II.18)

This is the result in the quantum limit when only the chiral LL contributes
to transport. It remains valid if the Weyl point is partially filled with
electrons/holes provided that
√
(II.19)
|µ| . v 2eh̄B.
We compare result (II.18) to the semiclassical limit when many LLs
are partially occupied. Such a situation was in much detail analyzed
in Ref. [32]. In such a case it is easier to forget about the LL structure and
to treat the magnetic field semiclassically too. Without going too deep
into the subtleties, we reproduce here an overview of the derivation.
The semiclassical equations of motion for a wave packet centred at
position r and at momentum k in the presence of electric and magnetic
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fields for a band with energy ε k with a non-vanishing Berry curvature Ω
are [112]
ṙ

=

h̄k̇

=

1
∇ ε − k̇ × Ω
h̄ k k
−eE − eṙ × B.

(II.20a)
(II.20b)

These equations can be separated, leading to

II

ṙ
k̇

=

v + h̄e E × Ω + h̄e (Ω · v)B
1 + h̄e B · Ω

= −

e
e2
e
h̄ E + h̄ v × B + h̄2 ( E · B )Ω
1 + h̄e B · Ω

(II.21a)
(II.21b)

where we used v = 1h̄ ∇k ε k which can be perceived as a yet another
field (with vanishing curl) characterizing the bands in k-space. Expressions (II.21) enter the Boltzmann equation
ṙ · ∇r n + k̇ · ∇k n + ∂t n = Icoll.

(II.22)

where n = n (r, k, t) is the occupation function in phase space and Icoll. is
the collision integral. The final ingredient for the semiclassical dynamics
is the modified density of states in k-space7 [113]


e
ρ k = ρ0 1 + B · Ω
h̄

(II.24a)

where ρ0 = 1/(2π )3 is the (constant) density of states in the absence
of fields. We also need expression (II.2) for the Berry curvature in the
vicinity of the Weyl point, which can be used to derive the density of
7 A rather painful derivation shows that a phase space volume element ∆V changes
under the semiclassical equations of motion (II.21), namely

d
1 d∆V
log ∆V =
=
dt
∆V dt

∂ ẋi

∑ ∂xi
i

+∑
i



∂k̇i
d
e
= . . . = − log 1 + B · Ω
∂ki
dt
h̄

(II.23)

leading to a violation of the Liouville’s theorem [113]. This influences the density of states
in k-space in the indicated manner.
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states in energy

d3 k 
e
1
+
B
·
Ω
δ(±h̄vk − ε)
∑ (2π )3
h̄
±


Z π
Z ∞
B cos θ
1
2
dk k
dθ sin θ 1 ∓ h
δ(±h̄vk − ε)
=
(2π )2 ∑
2k2
0
± 0

ρ( ε ) =

=

Z

ε2

(II.24b)

2π 2 h̄3 v3

where δ is the Dirac delta function. Note that this quantity is not influenced by the B and Ω fields, opposed to Eq. (II.24a).
Now we put everything together. Since a pair of Weyl points usually
has a large separation in momentum space, the inter-valley relaxation
time τ is assumed much longer than the intra-valley relaxation processes.
Consequently, we can assume that within a single Weyl cone the occupation function n depends only on energy ε k and not on momentum k.
We also assume homogeneity (∇r n = 0) and equilibrium state (∂t n = 0),
such that the Boltzmann equation gives


 −1  e
e
e
e2
− 1+ B · Ω
E + v × B + 2 (E · B)Ω ·∇k n (ε k ) = Icoll. . (II.25)
h̄
h̄
h̄
h̄
We will now use the relaxation time approximation, such that Icoll. (ε) ≈
−δn (ε)/τ where δn (ε) is the deviation of the occupation function relative
to the situation in the absence of E and B fields. Furthermore,

∇k n (ε k ) = h̄v ∂ε n (ε).

(II.26)

Multiplying (II.25) by (1 + h̄e B · Ω)δ(ε k − ε̃) and integrating both side
R d3 k
with (2π
(and flipping the overall sign) leads to
)3
Z
h
i
δn (ε̃)
e
e
3
=
d
k
E
+
v
×
B
+
(
E
·
B
)
Ω
· v ∂ε n (ε)δ(ε − ε̃)
τ
h̄
(2π )3
Z
Z ∞
i ∂n (ε)
h
e π
e
= 2 dθsinθ k2 dk Ev
cos
θ
+(
v
×
B
v
+
E
·
B
Ω
·
v
δ(ε − ε0 )
)·
(
)(
)
|R {z } | {z } h̄
| {z } ∂ε ε̃
4π 0
0

ρ(ε̃)

dθ →0

= − sign (ε̃)h

e2
4π 2 h̄2

=0

(E · B)

− sign(ε̃)h

∂n (ε)
∂ε

v
2k2

(II.27)
ε̃

where the polar angle θ is defined with respect to E, we shortened
ε k ≡ ε for simplicity, and on the LHS we used the result of integration
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in (II.24b). For small enough temperatures we can approximate
∂n (ε)
∂ε

≈
ε̃

∂fFD (ε)
∂ε

≈ −δ(ε0 − µ)

(II.28)

ε̃

where fFD (ε) is the Fermi-Dirac distribution function. Inverting Eq. (II.27)
and using Eqs (II.24b) and (II.28) gives
δn (ε) ≈ sign(µ)h
II

e2 τh̄v3
(E · B) δ(ε − µ)
2µ2

(II.29)

We calculate the current appearing due to δn. Using Eq. (II.21a) and
correcting for the density of states as in Eq. (II.24a) we obtain
j =−e

=−
=

Z

Z

d3 k ρk ṙ δn (k)

i
d3 k h
e
e3 τh̄v3
e
E
×
Ω
+
(
Ω
·
v
)
B
sign(µ)h
v
+
(E · B) δ(ε − µ)
3
h̄
h̄
(2π )
2µ2

e4 v3 τ
(E · B) B
8π 2 h̄µ2

(II.30)

For a pair of Weyl cones for a longitudinal field, we obtain
σ( B ) =

e4 v3 τ 2
B .
4π 2 h̄µ2

(II.31)

√
This results applies away from the quantum limit, i.e. for |µ|  v 2eh̄B.
One should also keep in mind that there are additional contributions to
conductivity for both (II.18) and (II.31) due to redistribution of electrons
by the applied E and B fields within the Weyl cones.
The results for conductivity in both limits indicate negative longitudinal magnetoresistance
MR =

ρ( B ) − ρ(0)
ρ(0)

(II.32)

where ρ is electrical resistance. This result is considered to be one of the
main experimental signatures of WSMs, especially because under very
general assumptions MR of metals can be shown to be negative [114].
Negative longitudinal MR has been confirmed in the most studied Weyl
semimetal material TaAs [115].
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Figure II.3: Surface states of the minimal Weyl semimetal. A pair of Weyl points
(green and red dot) are located inside a box-shaped BZ (pale blue). We divide the
BZ into many 2D sheets (pale violet) by fixing the value of k x . Every such a sheet
corresponds to some 2D insulator (with the exception of the two sheets that pass
through a Weyl point which are metallic). Since these sheets are homeomorphic
to tori T2 , the Berry flow passing through each such a sheet is quantized to an
integer multiple of 2π , cf. Sec. I.1. Since Weyl points act as sources/sinks of 2π
Berry phase, some sheets must necessarily be non-trivial, i.e. characterized by a
finite Chern number. In the illustrated example, we choose the central sheets to be
topologically non-trivial. Consequently, each of these sheets is characterized with an
in-gap edge mode (dark blue dots) in its edge BZ (orange lines). Gluing the individual
edge BZs into the surface BZ (SBZ) reveals the appearance of an arc (dashed blue)
joining the projections (dashed black lines) of the bulk Weyl points – the Fermi arcs.

II.1.3 Surface states
Consider the simplest case of only two Weyl points inside a box-shaped
BZ. We may further imagine “slicing” the 3D BZ into many parallel
sheets, as shown in Fig. II.3. Every such a sheet is homeomorphic to a
torus T2 , meaning that it corresponds to some two-dimensional system.
More precisely, since most of these sheets are gapped, they correspond
to 2D insulators. The only exceptions are the two sheets passing through
one of the two Weyl points.
Recall that Weyl points acts as sources/sinks of 2π Berry phase, and
that this phase has to flow somewhere with zero divergence. This flow
is thus picked up by the pair of parallel 2D sheets lying on the two sides
of the Weyl point. But since these sheets do not have a boundary, their
Berry flow is also quantized to integer multiples of 2π (I.48). The simplest solution is that one sheet picks up all the 2π phase (and has c = 1),
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II
Figure II.4: Quantum oscillations of electrons in Weyl semimetals. In an applied
magnetic field, electrons move along constant energy contours. For electrons at the
Fermi arcs, this indicates motion along the arc. Once the electron reaches the endpoint of the arc, it uses the chiral LL (II.15a) to traverse the bulk. When it reaches
the opposite surface, the electron moves along a surface Fermi arc again, until it
eventually reaches the original position. Such unusual closed orbits lead to special
signatures in the Schubnikov-de Haas and the de Haas-van Alphen effects.

while the other sheet has zero phase (and c = 0). In Fig. II.3 we choose
the non-trivial sheets to lie between the pair of Weyl points. An alternative situation where the outer sheets are topological is also possible.
As we discussed in Subsec. I.1.1, the boundary of a Chern insulator
is characterized with a gapless edge, meaning that an edge mode crosses
the chemical potential µ located within the gap of the bulk band structure. Such a state has to exist in the 1D edge BZ of every topologically
non-trivial sheet between the pair of Weyl points. We can now collect all
the 1D edge BZs of the individual 2D sheets and “glue” them together
into a 2D surface BZ (SBZ). The collection of all the edge modes creates a Fermi arcs which connects the projections of the two Weyl points
into SBZ. The same procedure can be also performed with the bottom
surface, where a complementary arc appears. Such open-ended Fermi
arcs are not possible in truly 2D systems, only on the surfaces of 3D systems. Such Fermi arcs have indeed been reported for Weyl semimetal
TaAs [97, 98, 116].
One of the peculiar phenomena that are linked to the presence of the
surface Fermi arcs in Weyl semimetals occurs when the sample is sub-
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jected to a magnetic field. Electrons on the Fermi arcs are pushed by
the magnetic field to move along constant energy contours, i.e. along
the Fermi arc, similar to the case of electrons in metals which have to
move around the Fermi surface. Once these electrons hit the end-point of
a Fermi arc, they traverse through the bulk via the chiral LL emanating
from the Weyl point. When the electron reaches the opposite surface, it
starts drifting along a Fermi arc again, as illustrated in Fig. II.4. Ref. [117]
derived, that as a consequence, the resistivity (Schubnikov-de Hass effect) and magnetization (de Haas-van Alphen effect) exhibit response
with periodic-in-1/B oscillations, which results from energy levels periodically crossing the chemical potential µ. Within the semiclassical approximation, this happens for the nth energy level if
1
eπv(n + γ)
ecLz
=
.
|cos φ| +
Bn
k0 µ
h̄k0

(II.33)

Here, k0 denotes the Fermi arc length, v the characteristic Fermi velocity,
φ the angle of the magnetic field with respect to the surface normal and
Lz the thickness of the sample. Constant γ is of order unity and incorporates small n quantum effects and 2c denotes the number of bulk crossings, i.e. c = 1 in Fig. II.4. Hence, by measuring the dependence on the
field-direction, one can extract the second term ecLz /h̄k0 of Eq. (II.33).
Such quantum oscillations have not yet been detected for TaAs due to
the complicated nature of its surface states. However, the effect with minor modifications has also been predicted to exists in Dirac semimetals,
and it has indeed been successfully observed in Cd3 As2 [118].

II.2 Model on a pyrochlore lattice
II.2.1 Physics of pyrochlore iridates
Pyrochlore oxides have over the past decade received much interest
as potential hosts of novel electronic phases. Due to the presence of
strong SOC and intermediate strength electron correlation effects, pyrochlore oxides with 5d transition-metal ions have been identified as a
playground for topological phases [119] including exotic spin liquids
[120, 121], topological insulators [122–124], topological crystalline insulators [125], topological semimetals [89, 90] and unusual forms of mag-
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netism [126, 127]. Besides these intrinsic three dimensional phases, heterostructuring of pyrochlore oxides offers the possibility to access twodimensional topological phases, such as quantum spin Hall, integer or
fractional Chern insulators [128–132].
In this work, we add an additional ingredient to the physics of pyrochlore oxides: The leading coupling of the electronic degrees of freedom to the lattice. Our starting point is a general Hamiltonian on the pyrochlore lattice, which, as a consequence of the non-symmorphic space
group symmetry, realizes a Dirac semimetal with three Dirac points at
the Fermi level [34]. We find that for an intermediate stiffness of the crystal, an inversion-symmetry breaking staggered strain can spontaneously
develop. The symmetry-broken phase realizes a Weyl semimetal, whose
Fermi surface consists of twelve Weyl points with linearly dispersing
valence and conduction bands. If the staggered strain reaches a critical
value, the system turns into a fully gapped trivial insulator phase. Our
model exhibits a peculiar phase diagram that includes a reentrant Weyl
semimetal, which can be reached from a more symmetric phase present
at both lower and higher temperatures.

II.2.2 Tight-binding model
We study a system of non-interacting electrons on the lattice of cornersharing tetrahedra called the pyrochlore lattice. These tetrahedra form
a bipartite lattice and can therefore be labelled as even and odd [illustrated in blue and orange in Fig. II.5(d)] in such a way that every even
tetrahedron touches only odd ones and vice versa. The pyrochlore lattice is a face-centred cubic (FCC) lattice belonging to a non-symmorphic
space group #227 (Fd3̄m). Its BZ has the form of a truncated octahedron
illustrated in Fig. II.5(b).
We consider the following Hamiltonian in real space to describe the
dynamics of the electrons on the pyrochlore lattice [90],
H0

=

†

∑ ci

hi,ji

+

∑

hhi,jii


t1 + it2 dij · σ c j +

 
c†i t10 + i t20 Rij + t30 D ij · σ c j .

(II.34)

The electron annihilation operator at site i is given by ci = (ci↑ , ci↓ )> ,
where α =↑, ↓ refers to a (pseudo-)spin- 21 degree of freedom. The first
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Figure II.5: Pyrochlore lattice and its Brillouin zone. (a) Illustration of vectors xc ,
aij , bij , and dij used in the definition of Hamiltonians (II.34) and (II.38). (b) The BZ of
both the pyrochlore and the breatching pyrochlore lattice has the form of a truncated
octahedron. (c) Definition of the high-symmetry points of the FCC lattice within one
eighth of BZ and the path ΓXWLΓKX in the k-space used for plotting energy spectra
in Fig. II.8. The U point can be related to the K point using the system symmetries.
(d) Pyrochlore lattice with differently colored even (blue) and odd (orange) tetrahedra.
(e) The I -broken (breathing) pyrochlore lattice considered in the elastic model.

sum runs over the nearest neighbor (NN) and the second sum over the
next-to-nearest neighbor (NNN) bonds. The Pauli matrices captured by
σ = (σx , σy , σz ) correspond to the spin degree of freedom, and the terms
containing them represent spin-orbit coupling (SOC). The real space vectors appearing in the NN part of H0 are defined via
dij = 2aij × bij
aij =

1
2

(II.35a)


b i + b j − xc

(II.35b)

bij = b j − bi

(II.35d)

1
2

(II.35e)

xc =

( b1 + b2 + b3 + b4 )

and those in the NNN part are defined as

Rij = bik × bkj

and

D ij = dik × dkj

(II.35f)

where k is the common NN of the NNN sites i and j. We further use
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position vectors bi pointing to the site i of the tetrahedron
b1 = a(0, 0, 0), b2 = a(0, 1, 1), b3 = a(1, 0, 1), b4 = a(1, 1, 0) (II.35g)
and position vector xc pointing to the centre of the tetrahedron
xc =

II

1 4
bi
4 i∑
=1

(II.35h)

Example choices of bij , aij and dij are illustrated in Fig. II.5(a). We denote the length of the edge of the cube
√ circumscribed to the tetrahedra
[Fig. II.5(a)] as “a” so that bij = a 2. The edge length of the conventional FCC unit cell is 4a.
Hamiltonian (II.34) is the most general single-orbital Hamiltonian
with SOC up to NNN terms respecting the full symmetry of the pyrochlore lattice8 [124]. Such a situation arises for the five 5d-electrons
coming from each Ir4+ site of the pyrochlore oxides. The crystal field
of the octahedral oxygen cage splits the 5d orbitals into the six t2g states
and the four e g states, the latter being higher in energy. The on-site SOC
further splits the six degenerate t2g states into an effective pseudospin
jeff = 1/2 doublet and an effective jeff = 3/2 quadruplet, the latter being lower in energy. The five 5d-electrons of Ir4+ sites completely fill the
jeff = 3/2 quadruplet and half-fill the jeff = 1/2 doublet [121]. Hamiltonian (II.34) can then be viewed as an effective model for electrons residing in the jeff = 1/2 orbitals. In this way one can relate the parameters
0
t1,2 and t1,2,3
to particular orbital overlaps as is thoroughly explained
in Ref. [90]. This discussion also clarifies why index α in Eq. (II.34) describes a pseudospin rather then spin degree of freedom.
A generic spectrum of Hamiltonian (II.34) is plotted in Fig. II.8(a).
Note that the site fillings n = 1/4 and n = 3/4 correspond to a semimetallic phase. In pyrochlore iridates, such a commensurate filling may be realized by considering alloys of the form A2− x Bx Ir2 O7 where A and B are
nonmagnetic but have different oxidation states [134–136]. For example,
we expect that Y1.5 Ca0.5 Ir2 O7 [134] realizes the site filling n = 1/4 and
the (hypothetical) compound Bi1.5 Se0.5 Ir2 O7 site filling n = 3/4 of our
model. To be concrete, throughout our study we consider
n = 3/4.

(II.36)

8 The d, R and D vectors appearing in the SOC terms are constrained by symmetries
in the same way as the D vector of Ref. [133] in the context of anisotropic superexchange.
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Figure II.6: Splitting of iridium 5d orbitals in pyrochlore oxides. The crystal field
due to the octahedral cage of oxygen atoms splits the 5d orbitals into the higher
energy e g and the lower energy t2g states. On-site SOC further splits the t2g states
into a jeff. = 1/2 doublet and a jeff. = 3/2 quadruplet. The dots indicate electron
occupation of these orbitals in Y2 Ir2 O7 . In our work we consider an effective TB
model for the jeff. = 1/2 states with n = 3/4 filling, which might be realized in a
hypothetical compound Bi1.5 Se0.5 Ir2 O7 .

II.2.3 Elastic lattice
Electron-phonon coupling can lead to a softening of certain phonon
modes (i.e. the Kohn anomaly) and to a distortion of the lattice akin
to the Peierls transition. The leading instabilities can be found by investigating the Lindhard function. We argue that the leading lattice instability of model (II.34) occurs for momentum q = 0. To show this, we
ignore the two occupied bands far from the chemical potential and consider only the conduction and the valence bands. Defining ξ kα = εαk − µ
where α stands for the band index, Fig. II.8(a) indicates an approximate
electron-hole symmetry9 ξ kcon. ≈ −ξ kval. . In the case of a perfect electronhole symmetry ξ kcon. = −ξ kval. ≡ ξ k , the static (ω = 0) Lindhard function
at zero temperature satisfies
0

0 < −χ(q)

=

1
−
Ω

=

1
Ω

≤

1
Ω

∑ ∑

f (ξ kα−q ) − f (ξ kα )

k∈BZ α,α0

ξ kα−q − ξ kα

0

2
ξ
+ ξk
k∈BZ k−q

∑
∑

k∈BZ

1
2ξ k−q

1
+
2ξ k

!

= − χ (0)

(II.37)

9 Note that we understand electron-hole symmetry as a symmetry of eigenenergies,
while particle-hole and chiral symmetries (I.99) are defined on Hamiltonians!
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Figure II.7: Crystal structure of pyrochlore iridate Y2 Ir2 O7 . a Every iridium site
(blue) is surrounded by an octahedral cage (blue) of oxygen atoms (red) with a small
trigonal distortion. The yttrium atoms (grey) do not enter the effective tight-binding
model, only the jeff. = 1/2 doublets originating from the t2g orbitals of iridium 5d
electrons do, cf. Fig. II.6. b The jeff. = 1/2 states located at the Iridium sites form a
pyrochlore lattice which consists of corner-sharing tetrahedra (black). Figures were
plotted using VESTA [139].

where we used the arithmetic-harmonic mean inequality. The equality
sign applies only if q = 0 or if both bands are perfectly flat. The result
indicates that the Lindhard function has a peak at q = 0 which corresponds to the leading instability. We expect this peak to be preserved for
Hamiltonian (II.34) where the electron-hole symmetry is approximately
valid and additional bands are present.
Inspired by this observation, we consider the most symmetric q = 0
phonon mode which corresponds to the simultaneous expansion of the
even and shrinking of the odd tetrahedra as illustrated in Fig. II.5(e).
We call it the breathing mode of the pyrochlore lattice. Similar breathing
pyrochlore lattice has been observed in certain A-site ordered spinel oxides [137, 138].
We treat the breathing mode classically and refer to its amplitude
as staggered strain E . We model its effect on the electron Hamiltonian
by multiplying the NN terms by a factor (1 ± E ) for the short (long)
bonds. We ignore the higher order influence on both the NN and the
NNN terms as these are assumed to have a quantitative but not qualitative effect on the phase diagram of the model. The elastic energy of
the lattice deformation is set to be proportional to the square E 2 . The
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complete Hamiltonian then reads
HE

=


1
ΥV E 2 + ∑ (1 ± E ) c†i t1 + it2 dij · σ c j
2
hi,ji
 
† 0
+ ∑ ci t1 + i t20 Rij + t30 D ij · σ c j

(II.38)

hhi,jii

where Υ is elasticity of the lattice analogous to the Young modulus, and
V is the volume of the sample. The equilibrium value of E is determined by minimizing the energy of the electron-lattice system which,
by the Hellmann–Feynman theorem, corresponds to solving the selfconsistency equation
E =

1
ΥV

†

∑ h Ψ E | ∓ ci

hi,ji


t1 + it2 dij · σ c j |ΨE i

(II.39)

where |ΨE i is the ground state of the electron Hamiltonian for a staggered strain amplitude E .
Hamiltonians (II.34) and (II.38) have many free parameters. To simplify the situation, we reduce the parameter space by setting
R :=

t0
t0
t2
= 20 = 30
t1
t1
t1

(II.40a)

for the relative strength of the spin orbit coupling and
p :=

t10
t0
= 2
t1
t2

(II.40b)

for the relative strength of the NNN terms. We further define a variable
s = sign(t1 ) = ±1.

(II.40c)

These substitutions modify Hamiltonian (II.38) to
n

1
HE =
ΥV E 2 + s ∑ (1 ± E ) c†i 1 + iRdij · σ c j
2
hi,ji

  o
+ p ∑ c†i 1 + iR Rij + D ij · σ c j

(II.41)

hhi,jii

where all energies are now counted in units of |t1 |. We will work with
R = −0.4,

p = −0.1

and

s = +1

(II.42)
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unless stated otherwise. This choice approximately corresponds to the
parameters used in Ref. [90].
It may happen that the energy of the Hamiltonian (II.41) is minimized
for a non-zero value of E . This indicates that the cost of the deformation
is compensated for by the electron energies, thus making the lattice deformation energetically favourable. Such a transition decreases the symmetry of the lattice. In particular, it breaks the inversion symmetry I .
The I -broken lattice still has the FCC Bravais lattice and an unchanged
BZ, but it belongs to a symmorphic space group #216 (F4̄3m).
II

II.2.4 Evolution of the band structure
In this subsection, we describe the evolution of the spectrum of Hamiltonian (II.41) as we tune the staggered strain amplitude E . These observations are based on a direct numerical diagonalization of the Hamiltonian
and are summarized in Fig. II.8. The next Sec. II.3 contains a detailed
group theoretical explanation of the observed behaviour.
In the absence of a staggered strain, i.e. when E = 0 [Fig. II.8(a)],
we find that all bands are doubly degenerate as a consequence of the simultaneous presence of time-reversal T and inversion symmetry I , cf.
Subsec II.1.1. At each X point on the BZ surface, we find two energetically separated Dirac points where four bands reach the same energy
and disperse linearly in all directions. This is similar to the spectrum of
graphene but in 3D rather than just 2D. Since the inequivalent X points
are related by crystal symmetries, all the higher lying (as well as all the
lower lying) Dirac points are realized at the same energy. It is therefore
possible to tune the chemical potential to this value, which corresponds
to a site filling of n = 3/4 (six electrons per unit cell) for the upper and
n = 1/4 (two electrons per unit cell) for the lower Dirac points. Such a
system has a Fermi surface consisting of a discrete set of k-points and is
usually referred to as a Dirac semimetal (DSM) [34].
A non-vanishing staggered strain, i.e. E 6= 0 [Fig. II.8(b)], leads to
a splitting of each Dirac point into four Weyl points. These are points
where only two (rather than four) bands touch each other, and they still
disperse linearly in all directions around the touching. As we increase
the value of E , these Weyl points move along the XW lines. The upper
(or lower) 12 Weyl points of the model are mutually related by crystal
symmetries. As a consequence, they are all realized at the same energy
and the chemical potential resumes to be tuned to them if either n = 1/4
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Figure II.8: Typical band structure of the developed model (II.41). For parameters (II.42) and (a) E = 0, there are Dirac points located at the high-symmetry points
X. For the n = 1/4 and n = 3/4 fillings of the model, they appear the Fermi level
and enable a Dirac semimetal (DSM) phase. We explain the origin of these Dirac
points in Sec. II.3. (b) Value E = 0.08 corresponds to the Weyl semimetal (WSM)
phase with 12 distinct Weyl points. They are all related by symmetries of the system
and therefore occur at the same energy. (c) Value E = 0.13 > Ec of Eq. (II.43) at the
same filling corresponds to a trivial band insulator (INS). Upper row shows the spectra in the three cases along the path indicated in Fig. II.5(c), while the bottom row
shows the spectra over the square face of the BZ. The arrows indicate the position
of one of the Weyl points for the WSM phase, and the place where the Weyl points
have annihilated for the INS phase.

or n = 3/4. Such a phase is called the Weyl semimetal (WSM) [140, 141].
The spectrum in the vicinity of each Weyl point can be approximated by
Eq. (II.1b). As indicated in footnote (2) in Subsec. II.1.1, gapping out the
spectrum requires enlarging of the effective low-energy Hilbert space
and can be achieved either by scattering between different Weyl points
(which breaks translational symmetry) or by forming a superconducting
state (which requires breaking the global U (1) symmetry) [31].
Consistent with the Nielsen-Ninomiya doubling theorem [87], we
find that there are 6 Weyl points of both chiralities. Weyl points related
by TRS or a rotation symmetry are characterized by the same chirality,
while those related by mirror symmetry (which is a rotation composed
with I ) carry opposite chirality, cf. Fig. II.1. At a critical value of the
staggered strain E = Ec , pairs of Weyl points with opposite chirality
meet at the W points where they are about to annihilate. At this stage,
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the spectrum disperses quadratically along the XW lines, which correspond to the direction of motion of the Weyl points [92]. Such a quadratic
band touching point does not carry a topological charge [94]. Finally, for
E > E c, we find a gapped phase, which is a topologically trivial band insulator (INS). For the chosen parameters (II.42) and filling factor (II.36),
the critical staggered strain is
Ec ≈ 0.1112.

(II.43)

II.2.5 Phase diagrams for elastic lattices
II

To find the phase diagrams for the filling factor n = 3/4 at zero temperature, we numerically solve the self-consistency equation (II.39) for
varying hopping parameters and elasticities of the lattice. For finite temperatures, we determine E by minimizing the free energy
F (E ) =

1
ΥV E 2 + ∑ εαk fFD (εαk − µ)
2
α,k

(II.44)

where fFD ( x ) = 1/(1 + ex/T ) is the Fermi-Dirac distribution function,
εαk are the (E -dependent) band energies of Hamiltonian (II.38), and the
chemical potential µ is such that the number of electrons
N=

∑ fFD (εαk − µ)

(II.45)

α,k

is kept constant. In general, we expect that the deformation of a stiff
lattice (i.e. with a large value of Υ) is energetically too costly, so that
the system will remain in the I -preserving DSM phase. Decreasing the
elasticity should allow for a transition to an I -broken state that can be
either a WSM or an INS.
We first study the role of the relative SOC strength R for temperatures
T = 0 and T = 0.5 (expressed in units of |t1 |), see Figs. II.9(a) and (b).
Throughout this subsection, we fix p = −0.1 and s = +1 and we vary
R inside the interval (−0.774, +0.364) for which the undistorted system
realizes a DSM phase. For values of R outside this interval, the valence
bands at Γ rise above the Dirac points at X, leading to a metallic state
with a hole-like Fermi pocket at the Γ point and three electron-like Fermi
pockets at the inequivalent X points. The value R = 0 corresponds to the
absence of SOC. In this case, the spectrum of the symmetric phase does
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Figure II.9: Phase diagrams of Hamiltonian (II.41) in the R, Υ-plane for values of
p and s listed in Eq. (II.42), and for temperatures (a) T = 0, and (b) T = 0.5. The
vertical blue arrow in diagram (b) corresponds to the same set of parameters as the
horizontal blue arrow in Fig. II.10(a). At T = 0 (T = 0.5), the transition from the DSM
phase to the WSM phase is of the first (second) order for the chosen parameters.

not exhibit Dirac nodes, but instead line nodes running along the XW
lines [34]. These line degeneracies are gapped out by any E 6= 0, indicating the instability of such an I -symmetric phase at T = 0 in Fig. II.9(a).
The transition from R < 0 to R > 0 also changes the degeneracies at the
Γ point (bottom-to-top) from 2 − 4 − 2 to 4 − 2 − 2, but this is irrelevant
for the physics at the n = 3/4 filling.
At zero temperature, see Fig. II.9(a), the transition from E = 0 to
E 6= 0 is always first order. Furthermore, for R ∈ (−0.35, 0.28)\{0} a
narrow WSM phase is found by varying the elasticity.10 For values of R
outside of the mentioned interval, the first-order transition goes directly
from DSM into the INS phase, i.e. the staggered strain directly jumps to
a value E > Ec . In an equivalent calculation at T = 0.5, the transition is
found to be second order for all values of R. By reducing Υ, staggered
strain E smoothly increases from 0 in the DSM phase to a value E > Ec
in the INS, leading to a larger WSM region than at zero temperature.
We further study the phase diagram in the Υ, T-plane for fixed SOC
strength R = −0.4, see Fig. II.10(a). The diagram reveals that the WSM
phase is most robust at intermediate temperatures. We further observe
a reentrant phase behaviour: Starting in the symmetric DSM phase at
high temperatures, the system spontaneously breaks the inversion sym10 Our numerical accuracy does not allow a definite conclusion on the presence of the
WSM phase for | R| . 0.02.
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Figure II.10: Phase diagrams of Hamiltonian (II.41) in the Υ, T -plane for parameters in Eq. (II.42). (a) The WSM phase is most robust at intermediate temperatures. The green line indicates the first-order transition between the I -symmetric
DSM phase and the I -broken WSM/INS phases and ends at a tricritical point TP
(green dot). At higher temperatures, the transition is always second order. The horizontal blue arrow corresponds to the same set of parameters as the vertical blue
arrow in Fig. II.9(b). The red rectangle corresponds to the range of temperatures and
elasticities that are used in the three-dimensional diagram on the right. (b) Phase
diagram for the same parameters with included coupling to a symmetry-breaking
staggered stress ΥE0 . In the presence of such a field, the distinction between the
DSM and the WSM phases ceases to have a meaning. Only the structural first-order
transition (the dark green sheet in the back) and the transition between the WSM
and INS phases (the pale blue sheet in the front) are therefore present. Where the
two transitions occur simultaneously, the dark red sheet is plotted. Various 2D slices
through this 3D plot are provided by Fig II.11.

metry upon cooling. But upon further cooling, it returns to the symmetric DSM phase again. For the chosen parameters, we observe this behaviour in the range Υa3 ∈ (0.513, 0.594). The reentrance can be traced
back to the peculiar form of the density of states (DOS) in the symmetric DSM, which vanishes at the Fermi energy. Thermal broadening at
finite T then enhances the effective DOS at the chemical potential, rendering the system more susceptible to a symmetry-breaking transition
at elevated temperatures than at low temperatures. A similar reentrant
phase behaviour has also been observed in models of metallic metamagnetic systems [142]. At low temperatures, the transition between the
I -symmetric and the I -broken phase is first order. The first-order transition line obeys the Clausius-Clapeyron relation, and has to approach
zero temperature vertically. The first-order transition might also lead to
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Figure II.11: Phase diagram in a symmetry-breaking field ΥE0 . (a,b) Horizontal
cuts of the three-dimensional phase diagram in Fig. II.10(b) corresponding to fixed
temperature T , and (c,d) vertical cuts through the same diagram corresponding to
a fixed staggered strain ΥE0 . In these four diagrams, the dotted green lines correspond to the first-order structural transition, the dashed blue lines to the WSM-to-INS
transition, and the solid red lines is drawn where the two transitions coincide.

a hysteretic behaviour with temperature [142]. Slightly below the tip of
the belly-shaped WSM region, there is a tricritical point (TP). For temperatures above the tricritical point, the transition between the I -symmetric
and the I -broken phase is of the second order.
To further explore the interesting structure of the phase diagram,
we study the effect of a symmetry-breaking field, which is conjugate to
the staggered strain (i.e. a staggered stress). We incorporate such an I breaking field in the elastic lattice model (II.41) by modifying the elastic
energy term as
1
1
Υ V E 2 7 → Υ V ( E − E0 ) 2 ,
(II.46)
2
2
where ΥE0 parametrizes the staggered stress. The resulting 3D phase
diagram in the (Υ, E0 , T )-space is shown in Fig. II.10(b). Due to the complexity of this 3D plot, we show in Figs. II.11 several 2D slices at either a
fixed temperature T or at a fixed staggered stress ΥE0 .
A non-vanishing E0 explicitly breaks the inversion symmetry. Therefore, the DSM phase automatically transforms into a WSM phase with
a small separation of the Weyl points proportional to E0 . This means
that the second-order transition line separating DSM from WSM at E0 = 0
ceases to exist in the presence of E0 . However, the first-order line below
the triciritical point survives also for E0 > 0, forming a sheet of firstorder transitions (a so-called Griffiths wing [143]), which extends up to a
finite value of E0 . The Griffiths wing either signals a structural transition within the WSM phase [dark green sheet in Fig. II.10(b)] or between
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the WSM and the INS phases [dark red sheet in Fig. II.10(b)]. Note that
the Griffiths wing takes an unusual form with a “belly" at finite temperatures: the end point at T = 0.1 occurs at E0 ≈ 0.0030 while at T = 0
it occurs at δ0 ≈ 0.0016, see Figs. II.11(a) and (b). Finally, we note that
the boundary between the WSM phase and the INS phase remains welldefined for all values of E0 and T [light blue sheet in Fig. II.10(b)].

II.3 Analysing the space group symmetry
II

II.3.1 The general strategy
In this section, we demonstrate how the symmetry of the pyrochlore lattice inevitably leads to the Dirac spectrum at the X point of the Brillouin
zone, and why this Dirac point has to split into four Weyl points upon
breaking the inversion symmetry I . The pyrochlore lattice belongs to
the same space group as the diamond lattice (#227, Fd3̄m) so the same
reasoning as that of Ref. [34] applies. Further crystal structures belonging to this space group are β-cristobalite and spinel oxides.
Our main tool to determine the spectrum degeneracies at a given kpoint is the relation between representations11 D k ( Ri ) of point group
operations in the vector space spanned by the Bloch wave functions at k,
D k ( Ri )D k ( R j ) = exp (−ig i · t j )D k ( Ri ◦ R j ).

(II.47)

Here, Ri is a point-symmetry operation that maps the considered k-point
onto itself modulo a reciprocal lattice vector g i = ( Ri−1 k) − k, and t i is
the non-symmorphic shift associated with the point operation Ri . The
set of all such k-preserving operations Ri forms a group G
little co-group of k. The function
θ( Ri , R j ) = exp (−ig i · t j )

k

called the
(II.48)

is called the factor system of the representation and it is completely fixed
by the lattice symmetries. A derivation of equation (II.47) can be found
e.g in Ref. [144], and we reproduce it in Appendix A.
In many situations, the factor system in Eq. (II.48) becomes trivial.
This is the case especially for
(i) symmorphic lattices, because then all t j = 0,
11 For

the precise definition of D k ( Ri ), see Appendix A.
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(ii) for momenta k inside BZ, because then all g i = 0.
In these cases, the definition (II.47) reduces to that of an “ordinary”
representation. On the other hand, if the factor system is non-trivial,
Eq. (II.47) defines a projective representation. This situation arises for kpoints on the surface of BZ of non-symmorphic lattices. Interestingly,
irreducible projective representations (IPRs) of a group can be higherdimensional than their ordinary counterparts.
This section is structured in the following way. In Subsec. II.3.2 we
explain how the symmetries of SG #227 of the I -symmetric pyrochlore
lattice protect a fourfold degeneracy at the X-point of BZ and why the
spectrum disperses linearly around it, thus leading to a Dirac point.
In Subsec. II.3.3 we show how the breaking of the inversion symmetry
splits the fourfold degeneracy at X into two linearly dispersing twofold
degeneracies at a higher and a lower energy. The down-dispersing band
of the upper representation crosses the up-dispersing band of the lower
representation along a closed loop in momentum space. In Subsec. II.3.4
we explain why this nodal loop gaps out everywhere except of four points
where it is protected by lattice symmetries. These four points are the
Weyl points of the WSM phase of our model.

II.3.2 The X point in the symmetric pyrochlore lattice
In this juicy subsection12 we use Eq. (II.47) to explain how the symmetries of the non-symmorphic pyrochlore lattice protect the Dirac points
located at the X points on the BZ boundary. Taking SOC into account,
such that the 2π-rotation E differs from the identity operation E, the litX

tle co-group G contains 32 unique elements and is isomorphic to the
double-valued D4h . According to the tables in Ref. [144], the only projective IR compatible with the factor system is four-dimensional. This already explains the four-fold degeneracy observed in Fig. II.8(a). It also
implies that at a commensurate filling with 4n + 2 (n ∈ Z0 ) electrons
per unit cell, a band insulator is not possible. This result complements a
similar result found in Ref. [145] for the case of vanishing SOC but with
arbitrary electron-electron interactions.
X

By considering the generators of G , it is possible to find the factor
system and a symmetry-adapted basis functions that spans the 4D IR.
12 Recommended

to be read on a hot summer day!
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X

Table II.1: Factor system of the generators of the little co-group G . The vector
indicated next to each point operation in the column headers is the non-Bravais lattice
shift associated with it. The vector indicated next to the point operations in the left
column indicates the reciprocal lattice shift of the X point under that point operation.
The column and row with TRS operator T (displayed in gray) are included as they
will come into play when analyzing the spectrum dispersion around the 4D IR.

I
II

+
C2z
+
C4x

T

(g)
(g)
(0)
(g)

I
(t 0 )
−1
−1
+1
−1

+
C2z
(0)
+1
+1
+1
+1

+
C4x
(t 0 )
−1
−1
+1
−1

T
(0)
+1
+1
+1
+1

This is achieved in Eq. (II.53). We further construct the effective lowenergy Hamiltonian, given by Eq. (II.73), which demonstrates that the
spectrum indeed disperses linearly around the 4D IR.
Let us first discuss the factor system constraining the projective IR
at the X point. To be specific, we consider specifically the point with
X

π
coordinates X = 2a
(1, 0, 0). The little co-group G is generated by point
+
+
+
where Cni
is an n-fold rotation around axis i in
operations I , C2z and C4x
the positive (counter-clockwise) direction. We set the point of symmetry
to be the centre of any (but fixed) tetrahedron. Of these generators,

+
• I and C4x
are associated with a non-Bravais shift t 0 = −a(1, 1, 1),
+
• I and C2z
transform the X point to an equivalent point displaced
π
by g = − a (1, 0, 0).

With this information and knowing that e−ig ·t0 = −1, we obtain the
factor system between the group generators listed in Tab. II.1.
An important consequence of the non-trivial factor system in Tab. II.1
is that certain commuting point operations are represented by anticommuting operators and vice versa. We illustrate this fact with the relation
+
between space inversion I and the two-fold rotation C2z
. These point
operations (i.e. ignoring the non-symmorphic translation) commute,
+
+
I ◦ C2z
= C2z
◦ I.

(II.49a)

However, from Table II.1 it follows that their projective representations
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Figure II.12: Action of inversion symmetry {I | t 0 }. The point of symmetries is
indicated by the star in middle of the blue tetrahedron, and t 0 is the non-Bravais
translation vector indicated by the dark blue arrow in the upper left tetrahedron. Symmetry operation {I | t 0 } maps the non-primed sites (1, 2, 3, 4) to the primed ones
(10 , 20 , 30 , 40 ) and is equivalent to the space inversion around site 1. Note that sites 1
and 2 do not change their x-coordinate under the transformation while sites 3 and 4
are shifted by −2a. This means that {I | t 0 } preserves the amplitudes of Bloch wave
π
functions with k = X = 2a
(1, 0, 0) on sites 1 and 2, but it changes the amplitudes
π
on sites 3 and 4 by a factor exp (i 2a
· 2a) = −1. The non-uniformity of these factors
is a consequence of the non-symmorphic character of the lattice.

(which take into account the non-symmorphic translations) anticommute:
+
+
D X (I)D X (C2z
) = −D X (C2z
)D X (I).

(II.49b)

The origin of the sign change can be understood from the geometry of
the pyrochlore lattice. Recall from Fig. II.5 that the primitive unit cell
of the pyrochlore lattice consists of four sites located at the corners of
tetrahedra of one orientation13 (blue in Fig. II.12). As shown in Fig. II.12,
13 The

tetrahedra of the other orientation (shown red in Fig. II.12) are then located in-
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+
Table II.2: Eigenvalues of the states (II.53) under D X (I) and D X (C2x
). Here, P
and Q can both assume values ±i.

D X (I)
+
D X (C2x
)

II

|ψ1 i
+P
+Q

|ψ2 i
−P
−Q

|ψ3 i
−P
+Q

|ψ4 i
+P
−Q

inversion {I , t 0 } maps three out of four sites in one unit cell to neighbouring unit cells. As a result, when inversion acts on Bloch wave functions
at X, non-uniform exponential factors exp (iX · r ) have to be taken into
account. Indeed, in the convention of Fig. II.12, the amplitudes at sites
1 and 2 are unchanged, while the amplitudes at sites 3 and 4 acquire a
factor
exp (−iX · 2b13 ) = −1 = exp (−iX · 2b14 ).
(II.50)
+
However, the operation C2z
exchanges sites 1, 2 with sites 3, 4 i.e. those
that change sign under D X (I) with those that do not. Consequently, the
amplitudes at the four sites transform under the two symmetry operations as
C+

I

2z
(−ψ4 , −ψ3 , ψ2 , ψ1 )
(ψ1 , ψ2 , ψ3 , ψ4 ) → (ψ1 , ψ2 , −ψ3 , −ψ4 ) →

+
C2z

I

(ψ1 , ψ2 , ψ3 , ψ4 ) → (ψ4 , ψ3 , ψ2 , ψ1 ) → (ψ4 , ψ3 , −ψ2 , −ψ1 )

(II.51)
(II.52)

thus manifesting the anticommutation in Eq. (II.49b).
We now move on with the explanation of the four-fold degeneracy
appearing at the X point. To do so, we explicitly construct the four states
that span the representation space of the corresponding 4D IR. Note that
+
+ 2
the representation D X (C2x
) = D X (C4x
) commutes with the representa+
tion D X (I). They also both naturally commute with H(X) since C4x
and
X

I are elements of the little co-group G . Hence, a basis can be found that
diagonalizes these three operators simultaneously.
+ 2
) = D X (E ) = −1,
Because D X (I)2 = −1 (see Table II.1) and D X (C2x
+
both D X (I) and D X (C2x ) have imaginary eigenvalues ±i. Let
|ψ1 i

(II.53a)

be an eigenvector of H( X ) with eigenvalue P = ±i under D X (I) and
between the unit cells, and do not contain new sites entering the model.
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+
eigenvalue Q = ±i under D X (C2x
). Then, the states
+
)|ψ1 i
|ψ2 i =D X (C2z

(II.53b)

+
)|ψ1 i
|ψ3 i =D X (C4x

(II.53c)

+
+
)D X (C4x
)|ψ1 i
|ψ4 i =D X (C2z

(II.53d)

are eigenvectors at the same energy. A careful application of the factor system in Tab. II.1 reveals that these four states have distinct pairs of
+
eigenvalues under D X (I) and D X (C2x
), which we list in Tab. II.2. Hence,
the four states (II.53) are mutually orthogonal and span the (projective)
4D IR at the X point. We also see that the 4D IR splits, if any of the
+
+
| 0} is removed from the
symmetry elements { I | t 0 }, {C4x
| t 0 } and {C2z
space group symmetry. Note that the presence of time-reversal symmetry T is not relevant for the existence of the 4D IR. However, we will see
in the following pages, that T is essential to get a Dirac dispersion around
this four-fold degeneracy.
We continue with the analysis of the spectrum dispersion around the
identified Dirac point. We present a reasoning that explicitly reveals the
role of symmetries. Using the symmetry-adapted basis (II.53), the spectrum to the linear order in momentum displacement p is given by
h

X
Hpert.
( p)


∂H(k)
· p |ψj i
∂k X
hψi | [H(X + p) − H(X)] |ψj i.


i
ij

= hψi |
≈

(II.54)

If for a given direction of p some of the matrix elements (II.54) are nonvanishing, then the spectrum may disperse linearly in that direction.
Otherwise, the spectrum disperses at least quadratically along p.
Symmetries pose constraints on the matrix elements (II.54). To identify them, we use the transformation laws of the Bloch functions (II.53)
deduced from Tabs. II.1 and II.2 together with the fact that the k · p
Hamiltonian (II.54) transforms according to a (co-)vector representation

R:

∂H(k)
∂k



·p
X



7→

∂H(k)
∂k



· R
X

−1

p



,

(II.55a)
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X

under a point operation R ∈ G . Equation (II.55a) follows from


∂H(k)
· p R−1 = R [H( X + p) − H( X ))] R−1
R
∂k X

= H( R−1 X + R−1 p) − H( R−1 X)
= H(X + R−1 p) − H(X)


∂H(k)
=
· R −1 p .
∂k X

II

(II.55b)

We start by considering I , which flips the sign of all components of
the vector p. If the Bloch functions hψi | and |ψj i have D X (I) eigenvalues
Pi∗ and P j , then


h
i
∂H(k)
X
Hpert. ( p) = hψi |
· p |ψj i
∂k X
ij


∂H(k)
†
= hψi |D X (I) D X (I)
· p D X (I)† D X (I)|ψj i
∂k X


∂H(k)
∗
· (− p) |ψj i
= Pi P j hψi |
∂k X
h
i

X
= −Pi∗ P j Hpert.
( p) .
(II.56)
ij

Pi∗

−Pi∗ P j

If
= −P j , then
= −1 and the corresponding matrix element
(II.54) must be zero. This reasoning forces the matrix elements indicated
in Tab. II.3 by the crossed font “ pi " to vanish.
+
We further consider the operation C2x
which flips the sign of py and
pz , and preserves the sign of p x . According to a calculation analogous to
Eq. (II.56), if the Bloch functions hψi | and |ψj i have the same eigenvalue
+
Q i∗ = Q j under D X (C2x
), they produce a factor (±Q )2 = −1 under that
transformation. This means that the corresponding p x matrix element
maps to minus itself and has to vanish. On the other hand, if the two
Bloch functions have opposite eigenvalues, they produce a factor +1, and
the corresponding py and pz matrix elements are forced to be zero. Both
of these constraints are indicated in Tab. II.3 by the back-crossed terms
+
+
“@
pi ". It turns out that the remaining symmetry generators C4x
, C2z
and T
do not force any of the remaining matrix elements to be zero. Since there
are p x , py and pz terms left uncrossed for some pair of wave functions in
Tab. II.3, the spectrum disperses linearly in all directions.
The remaining 12 terms in Tab. II.3 are not all independent, but some
of them are related by symmetries. In fact, a careful analysis shows that
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Table II.3: Determining the matrix elements (II.54) using symmetries. The two
+
terms in brackets indicate the eigenvalues of the states under D X (I) and D X (C2x
),
respectively, where we took care of the complex conjugation for the bra-states. The
crossed “ pi " terms (shown in red and green) indicate matrix elements (II.54) that
vanish due to I , and the back-crossed terms “@
pi " (shown in blue and green) indicate
+
those that vanish due to C2x
symmetry. Since all p x , py and pz remain uncrossed for
some pair of states, the spectrum disperses linearly in all directions around X.

hψ1 | (−P , −Q )
hψ2 | (+P , +Q )
hψ3 | (+P , −Q )
hψ4 | (−P , +Q )

|ψ1 i
(+P , +Q )
p
py , 
p
x,@
Zz

@ Z
p
,
p
,
p
x
y
z
Z
Z
px , @
py , Z
pZz
@
p
pz
x , py , 
Z

Z

|ψ2 i
(−P , −Q )
pZ
x , py , pz
Z
p
py , 
pZ
x
, @
z

@ Z
p
,
p
,
p
x
y 
Z

z

Z
px , @
py , Z
pZz
@

|ψ3 i
(−P , +Q )
px , @
py , Z
p
@ Zz
p
,
p
,
pz
x
y
 @

@ 
p
,
p
,
pZ
x @y 

z

@ Z
pZ
x , py , pz
Z

|ψ4 i
(+P , −Q )
p
pz
x , py , 
Z

Z
px , @
py , Z
pZz
@
pZ
x , py , pz
Z
p
py , 
p
x,@
Zz

@ Z

the k · p Hamiltonian (II.54) has only two free parameters. To
+
these constraints, we first analyse rotation C2z
. This leads to14
h
i
h
i
X
X
Hpert.
( px )
= − Hpert.
( px )
h
i13
h
i 24
X
X
Hpert. ( py )
= + Hpert. ( py )
h
i12
h
i 21
X
X
Hpert.
( pz )
= − Hpert.
( pz ) .
12

21

identify

(II.58a)
(II.58b)
(II.58c)

Additional three constraints are obtained if we permute (1, 2, 3, 4) 7→
+
(3, 4, 1, 2). Similarly, the little co-group generator C4x
leads to
h
i
h
i
X
X
Hpert.
( py )
= (−Q ) Hpert.
( pz )
(II.59a)
12
i
i34
h
h
X
X
( pz )
( py )
Hpert.
= (+Q ) Hpert.
(II.59b)
h
i12
h
i34
X
X
( px )
( px )
Hpert.
= (+Q ) Hpert.
(II.59c)
13

14

31

Here is an example derivation of one of these constraints,


h
i
∂H(k)
X
Hpert.
( px )
= hψ1 |
p x |ψ3 i
∂k x X
13


+ †
+ ∂ H( k )
+ †
+
= hψ1 |D X (C2z
) D X (C2z
)
p x D X (C2z
) D X (C2z
)|ψ3 i
∂k x X


h
i
∂H(k)
X
= hψ2 |
(− p x ) |ψ4 i = − Hpert.
( px ) .
(II.57)
∂k x X
24
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and opposite sign relations15 with (1, 2, 3, 4) 7→ (4, 3, 2, 1). However, only
nine of the twelve derived constraints are linearly independent, meaning
that the most general admissible Hamiltonian at this stage of the derivation has three free parameters. Taking hermiticity into account, the most
general Hamiltonian without time-reversal is


√a (1 + Q ) p x
0
bpy + icpz
0
2


0
0
− √a (1 + Q ) p x
 bpy − icpz
X
2

 (II.66)
e
Hpert.( p)= a
0
0
Q (bpz − icpy )
√2 (1 − Q ) p x

0
− √a (1 − Q ) p x −Q (bpz + icpy )
0
2

II

where a, b, c ∈ R. This is not yet a Dirac Hamiltonian. The 4D IR splits
into four separate bands away from the X point.
15

As an example, we show here a derivation of Eq. (II.59a). First, note that
+
+
+
+
+
C4x
◦ C2z
= C2x
◦ C2z
◦ C4x
.

(II.60)

This is best seen by looking at the transformation of spin degree of freedom, for which the
+
representation of Cn,i
is
π
π
2π
1 − iσi sin
(II.61)
e−i 2n σ ·ei = cos
n
n
and the proof of Eq. (II.60) follows from checking that
1
1
√ (1 − iσx ) (−iσz ) = (−iσx ) (−iσz ) √ (1 − iσx ) .
2
2

(II.62)

We use this to show that
+
D X (C4x
)|ψ2 i

+
+
D X (C4x
)D X (C2z
)|ψ1 i

( I I.60)

+
+
+
◦ C2z
◦ C4x
)|ψ1 i
D X (C2x

( I I.53d)

+
)|ψ4 i
−D X (C2x

=

=

=

On the other end,
h

X
Hpert.
( py )

( I I.47)

( I I.53b)

Tab. II.2

=

+
+
= D X (C4x
◦ C2z
)|ψ1 i
2×( I I.47)

=

+
+
+
−D X (C2x
)D X (C2z
)D X (C4x
)|ψ1 i

Q |ψ4 i.

(II.63)

+ †
hψ1 |D X (C4x
)

= hψ3 |, therefore

∂H(k)
hψ1 |
py |ψ2 i
∂k y X


∂H(k)
+ †
+
+ †
+
hψ1 |D X (C4x
) D X (C4x
)
py D X (C4x
) D X (C4x
)|ψ2 i
∂k y X


h
i
∂H(k)
X
(− pz ) Q |ψ4 i = +Q Hpert.
( pz )
hψ3 |
(II.64)
∂k z X
34


i
12

=
=
=

where in the last step we used [cf. Eq. (II.55b)] that
+ −1
(C4x
) : (0, py , 0) 7→ (0, 0, − py ).

(II.65)
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We finally incorporate time-reversal symmetry T . This is an antiunitary operator, which commutes with all point group symmetries. We
find that16

D X (I) D X (T )|ψi i

 2×Tab. II.1
=
−D X (T )D X (I)|ψi i

=
−D X (T )Pi |ψi i = Pi D X (T )|ψi i

4×Tab. II.1
+
+
D X (C2x
) D X (T )|ψi i
=
D X (T )D X (C2x
)|ψi i
=

(II.67)

D X (T )Q i |ψi i = −Q i D X (T )|ψi i (II.68)
II

where we used the fact that the eigenvalues Pi and Q i are imaginary and
therefore switch sign when commuted with D X (T ). The way that timereversal symmetry changes the eigenvalues indicates that D X (T )|ψ1 i ∝
|ψ4 i, D X (T )|ψ2 i ∝ |ψ3 i and vice versa. More specifically, if D X (T )|ψ1 i =
eiϕ1 |ψ4 i, then17 D X (T )|ψ2 i = −eiϕ1 |ψ3 i.

16

A careful reader may get confused at this point: How come that TRS does not conjugate both of the eigenvalues, but instead keeps that imaginary eigenvalue of D X (I) intact? The superficial answer is that the factor system θ does it, but that does not provide
a physical understanding. In reality, the physical inversion operation {I | t 0 } squares to
+1, meaning that it has eigenvalues ±1 and these are left invariant under the action of
TRS. However, as explained in Appendix A, when switching from the language of little
group representations ρeX to projective representations DX in Eq. (A.9), we multiply these
two eigenvalues by eiX ·t0 = i which means that eigenvalues of D X (I) become ±i. But
this multiplication with a constant does not change the objective fact, that the eigenvalue
is invariant under commutation with TRS. The factor system captures this well. This is
+
in contrast with {C2x
| 0} which has imaginary eigenvalues ±i to start with, which there+
), we multiply by
fore anticommute with TRS. When switching to the language of D X (C2x
iX
·
0
e
= 1, meaning that the eigenvalues are unaffected, still imaginary.
17 To derive this,

D X (T )|ψ2 i

=

+
D X (T )D X (C2z
)|ψ1 i

=

+ iϕ1
D X (C2z
)e |ψ4 i

Tab. II.1

=

2×Tab. II.1

(II.53d)

=

=

+
D X (C2z
)D X (T )|ψ1 i

+
+
eiϕ1 D X (C2z
)D X (C2z
)|ψ3 i

eiϕ1 D X (E )|ψ3 i = −eiϕ1 |ψ3 i.

(II.69)
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It follows18 that
h

II

X
Hpert.
( py )

i
12

h
i
X
= Hpert.
( py )

(II.71)

34

such that we are down to only two free parameters. Combining these
results with hermiticity, which determines the phase of the two free parameters, we obtain


0
b( py + Q pz) √a (1 + Q ) p x
0
2


0
0
− √a (1 + Q ) p x
b( py − Q pz)
X
2

 (II.72)
Hpert.( p)= a
0
0
b( py + Q pz) 
√2 (1 − Q ) p x

0
− √a (1 − Q ) p x b( py − Q pz)
0
2

where a, b ∈ R. This is just the Hamiltonian (II.66) with c = ibQ . The
k · p Hamiltonian (II.72) can be written compactly as

X
( p) = ε(X)1 + ap x Γ1 + b py Γ2 + pz Γ3
(II.73)
HDirac
where ε(X) is the energy of the 4D IR at point X, and the Dirac matrices
Γi are given by


Γ1 = √1 ρ x + iQ ρy ⊗ τz ,
Γ5 = √1 iQ ρ x − ρy ⊗ τz ,
2

2

Γ2 = 1ρ ⊗ τx ,

Γ3 = iQ 1ρ ⊗ τy ,

Γ4 = ρz ⊗ τz

and

(II.74)

where the ρi Pauli matrices act on the 2 × 2 blocks of the matrix Hamiltonian (II.73), and the τi Pauli matrices act within these blocks19 and fulfill
18

h

To see this,

X
Hpert.
( py )

i
12

= hψ1 |

∂H(k)
∂k y

!

|ψ2 i

py
X

"

∂H(k)
∂k y

= hψ1 |D X (T )−1 D X (T )
∂H(k)
∂k y

= hψ1 |D X (T )−1
(I.72)

= e−iϕ1 hψ3 |
= hψ3 |

19 Note

∂H(k)
∂k y

∂H(k)
∂k y

X

X

!

(− py )

#
D X (T )−1 D X (T )|ψ2 i



−|ψ3 ieiϕ1



X

!
py

D X (T )|ψ1 i

X

!
py

!
py

h
i
X
|ψ4 i = Hpert.
( py ) .
34

(II.70)

+
also that according to Tab. II.2, D X (I) = P ρz ⊗ τz and D X (C2x
) = Q 1ρ ⊗ τz .
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the anticommutation relation Γi , Γj = 2δij . Diagonalizing the Dirac
Hamiltonian (II.73) leads to a spectrum with two doubly degenerate linearly dispersing bands
q
(II.75)
ε( X + p) = ε( X ) ± ( ap x )2 + b2 ( p2y + p2z ).

II.3.3 The X point in the breathing pyrochlore lattice
In this subsection we show that breaking of the inversion symmetry decreases the allowed degeneracy at the X point from 4 to 2, i.e. the 4D
IR splits into two 2D IRs with the chemical potential located in-between.
The dispersion around each of these nodes is linear within the square
face of the BZ, and quadratic20 in the perpendicular p x direction.
We do not have to start from scratch – we can adopt the rather
painfully derived k · p Hamiltonian (II.73). As explained in Ref. [30],
an I -breaking perturbation21 of a Dirac Hamiltonian compatible with T
can only be a combination of Γ4 , Γ14 , Γ24 , Γ34 and Γ45 where the doubleindexed Dirac matrices are defined by
Γij = −


i 
Γi , Γj .
2

(II.76)

We only have to check which of the five matrices are compatible with the
point-group generators.
The little co-group at the X point of the I -broken pyrochlore lattice is
isomorphic to the double-valued D2d crystallographic point group. It is
+
generated by the rotation C2z
and the improper rotation
−
+
S4x
= I ◦ C4x
: ( x, y, z) 7→ (− x, z, −y),

(II.77)


− 2
+
that satisfies S4x
= C2x
. With the information already obtained about
the states (II.53), it is relatively easy to check that


0

1
+
D X (C2z
)=
 0
0
20 This

−1
0
0
0

0
0
0
1


0
0 
 = 1ρ ⊗ (−iτy )
−1 
0

(II.78a)

indicates that these two degeneracies are not Weyl points!
precisely, this is true for zeroth order (i.e. k-independent) perturbation. Analysis
of higher-order perturbations is more complicated.
21 More
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Table II.4: Determining the symmetry-compatible I -breaking perturbations.
As explained in Ref. [30], only perturbations proportional to the five listed Dirac matrices are compatible with TRS. This is because they commute (C) with D X (T ). Of the
five matrices, only Γ14 also commutes with the representation of the little co-group
+
−
generators D X (C2z
). The other other four matrices either anticommute
) and D X (S4x
with one of the generators (A), or do not have a simple commutation relation (×)

D X (T )
+
D X (C2z
)
−
D X (S4x )

II

Γ4
C
A
A

Γ14
C
C
C

Γ24
C
C
×

Γ34
C
A
×

Γ45
C
C
A

and

0 0 −PQ 0
0 0
0 −P 
−
= P (ρ x − iQ ρy )⊗(τz − Q 1τ ).
) =
D X (S4x
P
0
0
0  2
0 −PQ 0
0


(II.78b)

With Eqs. (II.74) and (II.78) it is straightforward to check the necessary
commutation relations. We list them in Tab. II.4. We see that the only
symmetry-compatible I -breaking perturbation is wΓ14 . The spectrum of
the resulting Hamiltonian can be shown to be
q
h
i1/2
ε( X + p) = ± ( ap x )2 + (w ± b p2y + p2z )2

(II.79)

which disperses linearly in the py , pz -plane and quadratically in the p x direction.
If we do not include higher-order corrections to the perturbation
Hamiltonian, energies (II.79) cross along a circular nodal loop with radius |w/b|. We argue in the following subsection that the crystalline
symmetries gap out this nodal loop everywhere except for four discrete
points.

II.3.4 Appearance of the Weyl points
A generic point lying on the nodal line described by Eq. (II.79) has only
+
a single symmetry in its little co-group, namely the antiunitary C2x
◦T.
This symmetry squares to +1 (hence it does not enforce Kramers degeneracy) and has only a single IR. We therefore expect the band crossing
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to be gapped out at such a low-symmetry k-point. Potential exceptions
are the XU and the XW lines which have more symmetries. In this subsection we show that the spectrum along the XU opens a gap, but the
band crossings along the XW lines are protected and therefore imply the
presence of Weyl points.
We first discuss the XU ≡ Σ high-symmetry line. Its little co-group
is generated by a diagonal mirror symmetry Md = I ◦ C2d and the an+
tiunitary C2x
◦ T symmetry. We first show that such a symmetry group
has only 1D IRs. To see this, note that states can be labelled by their
±i eigenvalue22 of D Σ ( Md ). But this operator anticommutes23 with the
+
antiunitary D Σ (C2x
◦ T ) which implies that if |ψ0 i is an eigenstate of
+
D Σ ( Md ) with eigenvalue P , then D Σ (C2x
◦ T )|ψ0 i has the same eigen+
2
value. Since D Σ (C2x ◦ T ) = +1, this is the same state that we started
with. After checking all the symmetries, we see that there are two 1D IRs
which differ by their D Σ ( Md ) eigenvalue.
We want to see whether the two crossing bands of spectrum (II.79)
along the Σ line belong to the same or to different 1D IRs. This can be
deduced with a pair of considerations. First, if we restore the inversion
symmetry, then T ◦ I enters the little co-group, and the bands 1 and 2
in Fig. II.13(a) become degenerate. This symmetry commutes with Md .
Furthermore, both T ◦ I and Md are associated with zero shift g = 0 in
momentum space, leading to a trivial factor system, therefore



D Σ (T ◦ I), D Σ ( Md ) = 0.

(II.83)

22 Since I commutes will all point operation and the factor system of the symmorphic
I -broken phase is trivial, we find that

D Σ ( Md ) 2

=

D Σ (I)D Σ (C2d )D Σ (I)D Σ (C2d )

=

D Σ (I)2 D Σ (C2d )2 = D Σ (E )D Σ (E ) = −1

(II.80)

meaning that the eigenvalues of D Σ ( Md ) are ±i.
23 To see this, we use the decomposition M = I ◦ C . Recall that two-fold rotations
d
2d
C2i , C2j with respect to perpendicular axes fulfil C2i ◦ C2j = C2j ◦ C2i E as a conseuqence
of the half-integer spin rotation matrices. Furthermore, T and I commute with all point
symmetry operations. Because of the trivial factor system, we find that
+
D Σ ( Md )D Σ (C2x
◦T )

=

+
D Σ (I)D Σ (C2d )D Σ (C2x
)D Σ (T )

=

+
D Σ (E )D Σ (C2x
)D Σ (I)D Σ (T )D Σ (I)

(II.81)

=

+
−D Σ (C2x
◦ T ) D Σ ( Md ) .

(II.82)

The sign of D Σ ( Md ) eigenvalues is switched twice. Once upon anticommutation, and once
+
because of antiunitary of C2x
◦ T and their imaginary character.
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Figure II.13: Searching for Weyl point vestiges of the nodal loop. (a) A schematic
Σ

II

sketch of the four bands (II.79) along the XU ≡ Σ lines. The little co-group G admits
two 1D IRs, indicated in the plot with the dashed red and solid blue lines. We argue
in the text that the crossing bands belong to the same 1D IR and therefore gap
out. (b) Analogous analysis along the XW ≡ Z line reveals that in this case the
crossing bands belong to different representations. Such a crossing is protected by
the symmetry and acts as a Weyl point. Four such Weyl points emanate from every
Dirac point upon breaking the inversion symmetry.

But D Σ (T ◦ I) is antiunitary, meaning that it changes the sign of the
D Σ ( Md ) eigenvalue. Conseuqnetly, bands 1 and 2 belong to different 1D
IRs, and are plotted with a different colour in Fig. II.13(a). The same
reasoning also applies to bands 3 and 4.
As a second step, consider the I -broken system and move along the
Σ line to the X point. When we reach the X point, a perpendicular mirror
symmetry Md0 enters the little co-group, which fulfils24
Md ◦ Md 0 = E ◦ Md 0 ◦ Md .

(II.84)

But because of the trivial factor system of the I -broken phase,
D X ( Md ) D X ( Md 0 ) = − D X ( Md 0 ) D X ( Md ) ,

(II.85)

meaning that D X ( Md0 )|ψ0 i has a different D X ( Md ) eigenvalue than |ψ0 i.
This implies that bands 1 and 3 of Fig. II.13(a) belong to different 1D IRs.
The same conclusion can be found for bands 2 and 4. Combining the
arguments of the last two paragraphs, we find that the crossing bands
belong to the same IR along the Σ line. Such a crossing is not protected
by symmetry, and hybridization opens an energy gap.
24 See

footnote (23) again.
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Table II.5: Factor system of little co-group G in the inversion symmetric phase.
We use these to understand the spectrum along the XW ≡ Z line.

+
C2z
Mx
My
TI

(g)
(g)
(0)
(0)

+
C2z
(0)
+1
+1
+1
+1

Mx
(t 0 )
−1
−1
+1
+1

My
(t 0 )
−1
−1
+1
+1

TI
(t 0 )
−1
−1
+1
+1

We finally investigate the crossing along the XW ≡ Z lines. For concreteness, we consider the Z-line parallel to the z-axis passing through
π
X = 2a
(1, 0, 0). The little co-group is generated by a two-fold rotation
+
+
◦ T as before. The same argumenC2z and an antiunitary symmetry C2x
tation as in the case of the Σ-lines reveals that this symmetry supports
+
two 1D IRs which are characterized by the ±i eigenvalues of D Z (C2z
).
Now we perform again an analogous pair of consideration to assign
the four bands in Fig. II.13(b) to the two IRs. First, if we restore the inversion symmetry, then T ◦ I as well as mirror symmetries Mx and My
appear in the little co-group, and bands 1 and 2 become degenerate. Furthermore, the system restores non-symmorphicity and the factor system
is non-trivial, see Tab. II.5. A careful calculation reveals25 that represen+
tations D Z (C2z
), D Z ( Mx ) and D Z ( My ) mutually commute, hence a basis
can be found that diagonalizes all of them simultaneously. Let |ψ1 i be
an element of such a basis with eigenvalues26 Q = ±i, Px = ±1, Py = ±i,
25 Recall from footnote (23) that two rotations with respect to perpendicular axes anticommute (i.e. they have to composed with the 2π rotation E). The same is true if one or
both of the rotations is replaced by a mirror symmetry, which is just a composition of the
rotation with spatial inversion. The reason for this is that spatial inversion commutes with
all point operations. Combining this knowledge with the factor system in Tab. II.5 gives

D Z ( Mx )D Z ( My ) = −D Z ( Mx ◦ My ) = D Z ( My ◦ Mx ) = D Z ( My )D Z ( Mx ) (II.86a)
+
+
+
+
D Z ( Mx )D Z (C2z
) = D Z ( Mx ◦ C2z
) = −D Z (C2z
◦ Mx ) = D Z (C2z
)D Z ( Mx ) (II.86b)
+
+
+
+
D Z ( My )D Z (C2z
) = D Z ( My ◦ C2z
) = −D Z (C2z
◦ My ) = D Z (C2z
)D Z ( My ). (II.86c)
26

To understand why these eigenvalues are real or imaginary, we use Tab. II.5 to show
+ 2
D Z (C2z
)

=

D Z ( Mx )

2

D Z ( My ) 2

+D Z (E ) = −1

(II.87a)

=

−D Z (E ) = +1

(II.87b)

=

+D Z (E ) = −1

(II.87c)

II

90

Chapter II. Weyl semimetals

respectively, which corresponds to band 1. Since
+
DXW (σx ) DXW (σy ) = − DXW (C2z
)

II

(II.88)

the eigenvalues are constrained by Px Py = −Q . It turns out that the
state D Z (T ◦ I)|ψ1 i from band 2 has the same energy and eigenvalues
(Q , −Px , −Py ), respectively. The unchanged sign of the eigenvalue of
+
D Z (C2z
) implies that bands 1 and 2 in Fig. II.13(b) belong to the same
1D IR of the I -broken phase. Analogous statement can be made about
bands 3 and 4.
+
Second, if we move towards the X point, then C2y
enters the little co+
+
+
= E ◦ C2y
◦ C2y
group and bands 1 and 3 become degenerate. Since C2x
◦
+
C2x
, we find that
+
+
+
+
DX (C2x
) DX (C2y
) = − DX (C2y
) DX (C2x
).

(II.89)

+
This means that the state DX (C2y
)|ψ1 i from band 3 is an eigenstate at
+
X degenerate with |ψ1 i and with eigenvalue −Q under DX (C2z
). This
implies that bands 1 and 3 in Fig. II.13(b) belong to different representations. Analogous conclusion can be derived for the pair of bands 2 and
4. Note that the bands crossing along the Z line belong to different representations. This means that the crossing is protected and corresponds
to a Weyl point. There are four such Weyl points emanating from each
Dirac point upon breaking the inversion symmetry. This completes the
explanation of our observations in Fig. II.8.

II.4 Surface states and Weyl-Lifshitz transitions
II.4.1 Terminations of a (111) slab
The topological nature of the WSM phase is manifested in the exotic surface states that have the form of open-ended Fermi arcs and that are robust against all local perturbations [29, 31]. As discussed in Subsec. II.1.3,
the endpoints of the Fermi arcs are given by the projections of the bulk
Weyl points into the surface BZ (SBZ).
Throughout this section, we focus on the {111} and {111̄} surfaces as
these are the natural cleavage planes of the pyrochlore oxides. Besides
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triangular – weak (TW)
kagome – strong (KS)

kagome – weak (KW)

triangular – strong (TS)

II
Figure II.14: Four natural terminations of a (111) slab. The crystal can terminate
either at the triangular (T) or the kagome (K) lattice, and for E 6= 0 we further have
to specify whether the bonds connecting the outermost layer of sites to the next
one are strong (S) or weak (W). In the considered slab geometry, only TW and KS
terminations are possible on the top, and only TS and KW are possible on the bottom.

the topological surface states exhibited by the WSM of model (II.41),
we also identify non-topological surface states in the DSM and the INS
phase for certain terminations of the pyrochlore lattice.
Along the {111} directions, the pyrochlore lattice can be viewed as
a stack of alternating layers of triangular and kagome lattices. Hence,
the two simplest open boundary conditions correspond to terminating
the crystal at sites making up either the kagome lattice (K) or the triangular lattice (T). Note that the kagome termination splits the outermost
tetrahedra. This observation will help us interpret some of the observed
surface states in Subsec. (II.4.2).
Because of the inequivalent bonds in the I -broken state, we further
have to specify whether the bonds connecting the outermost layer of
sites to the next layer are strong (S) or weak (W). This gives four possible
terminations illustrated in Fig. II.14. For the DSM phase, the labels S and
W are redundant and can be dropped. A suitable geometry for experimental studies is a thin slab with large lateral dimensions [117]. If we
set the (111) surface on the top and we limit our attention to E > 0, then
only KS and TW can be realized on the top, and only KW and TS can be
realized on the bottom surface, as illustrated in Fig. II.14.
The SBZ has the shape of a regular hexagon and its construction is in-
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Figure II.15: The surface Brillouin zone of a (111) slab. (a) The TRIMs of the
surface Brillouin zone (SBZ) are obtained by projecting (brown dashed lines) pairs
of bulk TRIMs on top of each other. The chirality of the twelve Weyl points located
on the BZ boundary is indicated by the red vs. green dots. (b) Definition of the
high-symmetry points Γ, M and K of SBZ. The three inequivalent M points and the
Γ point are TRIMs. The solid red and dashed green lines indicate the trajectories of
the projections of Weyl points of the two chiralities upon increasing the value of E .
The crosses indicate where the Weyl points annihilate for the critical value Ec . (c)
and (d) The DSM phase develops a tiny gap for finite thickness of the slab. The Z2
invariant of the insulating phase depends on the number of TRIMs encircled by the
surface Fermi lines. Situation (c) corresponds to a NI and situation (d) to a TI.

dicated in Fig. II.15(a). Since the twelve Weyl points project onto distinct
locations, six Fermi arcs are expected. Upon increasing the staggered
strain E , the projections of the Weyl points move inside the SBZ along
the trajectories shown in Fig. II.15(b). A summary of the surface states
for the four different terminations of Fig. II.14 and for varying values of
E [with the TB parameters listed in Eq. (II.42)] is provided in Fig. II.16,
where we show density plots of the surface spectral function.

II.4.2 Strain dependent surface states
In this subsection we provide a detailed discussion of the surface states
plotted in Fig. II.16. The organization is such that we sequentially increase the value of E ≥ 0, and for each value we discuss all the relevant
surface terminations.
We begin with the case E = 0 which corresponds to the DSM phase.
We find no surface states for the triangular termination. For the kagome
termination, we find a single non-degenerate Fermi line connecting the
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top surface
traingular weak

kagome strong
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bottom surface

traingular strong

kagome weak

DSM
E=0

E = 0.05

II
WSM

E = 0.08

E = 0.10

Ec =
0.1112

INS

E = 0.13

Figure II.16: Surface states for various surface terminations as a function of E .
The surface spectral function is plotted within the hexagonal SBZ constructed in
Fig. II.15(a). The blue circles in the DSM row indicate the projections of the bulk
Dirac points into SBZ. In the same way, the red square and the green triangle markers in the WSM rows indicate the projection of Weyl points of the two chiralities, and
the pale crosses in the Ec row represent the k-points where pairs of Weyl points
annihilate. In the INS phase, the chemical potential is set to the middle of the bulk
gap. The detailed discussion of the surface states for the individual terminations as
a function of E is provided in Subsec. II.4.2.
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M points of the hexagonal SBZ, which are the projections of the bulk
Dirac points. However, since the surface explicitly violates some of
the symmetries that protect the bulk Dirac points, a small gap (which
shrinks with an increasing slab width) opens in the (111) film. As a
consequence, the surface states for the kagome termination of the DSM
phase do not pass exactly through the M points but slightly circumvent
them.
In general for band insulators, the surface Fermi line has to avoid the
time-reversal invariant momenta (TRIMs) of SBZ. The parity of the number of enclosed TRIMs depends on the strong Z2 invariant of the band
structure [16, 17]. Because of the threefold rotation symmetry of the slab,
we expect that either the situation shown in Fig. II.15(c) (normal insulator, NI) or in Fig. II.15(d) (topological insulator, TI) occurs. We numerically find that the NI possibility is realized. This is consistent with the
fact that there are no surface states for the triangular termination.
We proceed with the discussion of the WSM phase. In this case, the
surface states form Fermi arcs connecting the projections of Weyl points
(WPs) of opposite chirality. Interestingly, the connectivity of the Fermi
arcs, i.e. the way the WPs are paired into the arcs, depends on the termination of the sample. In Ref. [146], a similar dependence appears naturally in a toy model consisting of a stack of alternating electron and hole
Fermi surfaces. Here, we directly observe this phenomena in a microscopic model. Let us be more specific:
• For the TW termination, we observe six Fermi arcs developing between the projections of WPs in neighbouring SBZs as E increases
from zero. At the critical Ec , three Fermi arcs surrounding a K point
form a closed Fermi line. For even larger values of E , all surface
bands are shifted away from the bulk chemical potential.
• For the KS termination, the very opposite happens. The closed
Fermi line present in the DSM phase splits into six Fermi arcs upon
breaking the inversion symmetry. Increasing the staggered strain
E leads to a shrinkage of the Fermi arcs and to a complete disappearance of the surface states at Ec .
• For the TS termination when E & 0.04, the same pairs of WPs as
for the KS termination are connected but with opposite curvature.
They also disappear at Ec . In Subsec. II.4.3, we separately discuss
the interesting parameter range 0 < E . 0.04.
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• For the KW termination, additional Fermi arcs appear very close
to the Fermi lines present in the DSM phase. This fact makes their
observation obscured in Fig. II.16. For the INS phase we find a pair
of closed Fermi lines encircling the Γ point.
We further investigate the surface states of the INS phase. In this
case we observe no surface states for the TS, TW and KS terminations.
However, for the KW termination, there are two surface bands crossing
the bulk chemical potential that encircle the Γ point. These observations
are in accordance with the trivial Z2 invariant of the INS phase.
One possibility to understand the non-topological surface states of
the KW termination is to consider the (unphysical) limit E → 1 and
p → 0 which corresponds to a lattice of isolated tetrahedra. Such a lattice is reminiscent of the atomic limit and exhibits only flat bands. The
boundary of such a lattice consists of
(i) isolated tetrahedra for the TS and KS terminations,
(ii) isolated triangles for the KW termination,
(iii) isolated points for the TW termination.
In situation (i), the bulk and the surface have identical spectra so the
chemical potential lies in the gap of both. For sufficiently weak coupling
between the tetrahedra, this observation has to remain valid and we do
not expect surface states for the TS and KS terminations.
For the other two situations, we need to know the eigenenergies of
the corresponding boundary objects. Focusing on s = +1, the states of
an isolated tetrahedron with SOC parametrized by R lie at energies
(4)

ε 1 = 6,

(4)

ε 2 = −2(1 − 4R),

(4)

ε 3,4 = −2(1 + 2R).

(II.90a)

Due to TRS, all levels are doubly degenerate. It follows that for R = −0.4
(as in the calculation of Fig. II.16), the chemical potential satisfies
(4)

(4)

(4)

ε 2 < ε 3,4 < µ < ε 1 .

(II.90b)

On the other hand, the energy levels of an isolated triangle appearing at
the KW termination are
q
(3)
ε ± = 1 + 2R ± 3 [3 + 4( R − 1) R],
(II.91)
(3)

ε 3 = −2(1 + 2R).

(II.92)
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(3)

The highest energy level ε + also satisfies
(4)

(3)

(4)

ε 3,4 < ε + < ε 1

(II.93)

(3)

which pins µ at ε + for T = 0 in a charge neutral system. The eigenenergy of an isolated point appearing at the TW termination is simply
(1)

ε 1 = 0,
(4)

II

(II.94)

(4)

which too lies between ε 3,4 and ε 1 for R = −0.4. We therefore expect
that there are surface states in the bulk gap both for the KW and the TW
termination, even if we reintroduce the coupling between the tetrahedra.
We indeed do observe this. In Fig. II.16, we fixed the chemical potential
in the INS phase at the bulk value. For the KW termination, the surface
states cross the bulk chemical potential, for the TW termination they lie
below it.

II.4.3 Weyl-Lifshitz transitions
We observed in Fig. II.16 that the connectivity and the shape of Fermi
arcs in the WSM phase depend on the termination of the sample. For the
studied surfaces of our model, there are three possible connectivities that
respect the symmetries of the system, see Fig. II.17(a-c). Interestingly, it is
possible to continuously move from one connectivity to another, giving
rise to a Lifshitz transition of the Fermi arcs that we dub Weyl-Lifshitz
transition. More precisely, the Weyl-Lifishitz transition is characterized
by a topological change of the closed Fermi lines formed by joining the
Fermi arcs on the top and bottom surface. A similar transition was also
observed and discussed in Ref. [147].
We have observed such a transition for the TS termination when
varying the amplitude of staggered strain E . For small E , the connectivity of the Fermi arcs is identical to that of the TW termination, see
Fig. II.16. At E ≈ 0.015, a part of the topological surface band crosses
the chemical potential from below at the two K points. The corresponding Fermi lines grow and at E ≈ 0.04 they touch the original Fermi arcs.
A reconnection of the Fermi arcs from situation in Fig. II.17(b) to that of
Fig. II.17(a) occurs.
Another possibility is to tune the shape and connectivity of the Fermi
arcs by applying a surface gate potential. We model such an experiment
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Figure II.17: Symmetry compatible connectivities of the surface Fermi arcs.
(a,b,c) The three Fermi arc connectivities that preserve the symmetry of the system. The dark red and pale green points indicate the projections of the bulk WPs
of opposite chiralities. The bending bright blue arrows connecting the WPs indicate
the direction of motion of the electrons in the quantum oscillations experiment proposed in Ref. [117] when a magnetic field is applied perpendicular to the surface.
(d) The oriented vertical lines correspond to the chiral Landau levels emanating from
the WPs, cf. Subsec II.1.2, and act as “conveyor belts” transporting the electrons
between the top and bottom surfaces of the slab. If the indicated connectivity of the
Fermi arcs is realized on the bottom surface (pale red), the electron orbits traverse
the bulk 2, 6 and 12 times, respectively, if connectivities (a),(b) and (c) are realized
on the top surface (pale blue). Realizing the situations (b) and (c) on the opposite
surfaces leads to electron orbits traversing the bulk 4 times.

in a simplified manner by adding an on-site potential V to the outermost
layer of atoms. This effectively shifts the energy of the surface states, and
those that were originally away from the Fermi level can be tuned to
cross it. The surface states are then allowed to hybridize with the Fermi
arcs, leading to a reconnection of the Weyl points. Fig. II.18(a) shows
the transition between the connectivities shown in Fig. II.17(a) and (b)
by applying a positive surface potential to the KS termination. Similarly,
we observe a transition between the situations shown in Fig. II.17(a) and
(c) if we apply a negative surface potential.
An interesting aspect of the Weyl-Lifshitz transition is that it changes
the number of times an electron crosses the bulk in order to complete
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Figure II.18: Example Weyl-Lifshitz transitions for the KS termination. For fixed
E = 0.08 we observe a Weyl-Lifshitz transition by changing the on-site potential on
the outermost layer of atoms by applying a surface gate. Assuming the TS termination on the opposite surface as in Fig. II.17(d), we find that (a) the transition at
positive V = 0.93 changes the number of times the electron orbits cross the bulk
from 2 to 6, and (b) the transition at negative V = −0.82 changes the same number
from 2 to 12.

its semiclassical orbit in an external magnetic field. For example, if we
assume the TS termination on the bottom and the KS termination on the
top surfaces, the transitions shown in Fig. II.18 change the number of
bulk crossings from 2 to 6 in example (a) and from 2 to 12 in case (b).
Such a dramatic change might be observable in quantum oscillation
experiments in very clean samples for which the mean-free path λ exceeds the system width Lz . As metioned in Subsec. II.1.3, according to
Ref. [117] the surface-state response shows periodic-in-1/B oscillations
forboth the resistivity and the magnetization. An energy level periodically crosses the chemical potential µ when condition (II.33) is fulfilled
for some n ∈ Z+ (in Ref. [117], only c = 1 corresponding to 2 bulk crossings has been considered). Hence, by measuring the dependence on the
field-direction, one can extract the second term ecLz /h̄k0 of Eq. (II.33).
In an experiment with a surface gate potential similar to Fig. II.18, the
ecL
originates both from the change of the length of the Fermi
change in h̄k
0
arcs k0 , and from the change in the number of bulk crossings 2c.

III

Nodal line semimetals

encountered in Eq. (II.4) of Sec. II.1 the possibility
of creating a nodal line – i.e. a one-dimensional touching of
the conduction and valence bands inside the Brillouin zone.
At that stage, we treated such a node only as a curiosity, and did not
pay much attention to it. In this chapter, we return to these objects and
examine them in much detail.
We begin in Sec. III.1 with a discussion of the symmetry requirements
to realize a nodal line (semi-)metal. While the only conditions on the
possible occurrence of Weyl semimetals were the absence of T ◦ I symmetry and the presence of SOC, we find that nodal lines can appear in
systems with a very differing level of symmetry. We follow (and slightly
supplement) here Ref. [148] in an attempt to organize all these various
realizations into several categories. We observe that the unifying feature
of all known nodal lines is a topological Z2 charge corresponding to a
quantized Berry phase on a loop enclosing the nodal line, although an
additional protection is sometimes also present. We further use this introductory section to explain the origin of the nearly-flat “drumhead”
surface bands appearing in systems exhibiting a nodal line.
The rest of the chapter contains our original results. While in Sec. II.3
we discussed how non-symmorphic symmetry may enforce high-order
degeneracies on the BZ boundary via the non-trivial factor system, in
Sec. III.2 we show that non-symmorphicity may also impose band degeneracies along high-symmetry lines or planes inside BZ via the nontrivial compatibility relations between the IRs at high-symmetry points.
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We apply these arguments to spin-orbit coupled systems with a glide
plane and no inversion centre to show that such materials are automatically furnished with nodal lines. We refer to such symmetry-imposed
nodal lines as non-symmorphic nodal lines and contrast them to accidental nodal lines which need certain degree of luck on the band structure
side to be realized. In spite of the differences, both species of nodal lines
are characterized with the same Z2 invariant. We further show that if a
system respects a pair of glide planes, space group symmetry enforces
the presence of a pair of touching nodal loops (i.e. circular nodal lines)
which stretch all the way across BZ. Consequently, the node looks like a
chain in the extended k-space. We thereby dub materials exhibiting such
a feature near the Fermi level nodal-chain metals. By systematically going
through all non-magnetic space groups, we develop a complete catalog
of possible nodal chains.

III

It turns out, that the addition of the spatial inversion to the space
group of a non-symmorphic nodal line (NSNL) leads to the contraction
of the NSNL into a Dirac point located at a TRIM on the BZ boundary.
We use Sec. III.3 to comment on the relation between Dirac points and
NSNLs. This connection helps us to understand the peculiar structure of
Landau levels (LLs) of a NSNL which is very sensitive to the direction of
the applied magnetic field. Based on the character of the LLs, we hypothesize that NSNLs exhibit a direction-selective chiral anomaly manifested
by a very anisotropic magnetoresistance. However, we fail to reproduce
such a result in the semiclassical limit. We make a few remarks on this
disagreement, but we ultimately conclude that a more careful analysis
which takes into account non-adiabatic corrections is necessary to determine the nature of magnetoresistance in materials with a NSNL in the
vicinity of the Fermi level.
In Sec. III.4 we present the results of numerical calculations performed by our colleague Dr. Quan-Sheng Wu, which indicate that the
existing material IrF4 might be a nodal-chain metal. We present the
calculated surface spectral function, develop an effective tight-binding
model, and use group theory and Wilson loop operators to explain the
presence of all the surface bands of this material. A situation with detached NSNLs can be obtained by applying the appropriate strain to a
nodal-chain metal.
To completely comprehend the surface states predicted for IrF4 , we
make use of the sublattice structure of this material. It turns out that

III.1. Research Overview

101

in the presence of a perfect sublattice symmetry (i.e. in a model with
only NN hopings included), the symmetries impose the presence of a
third nodal loop. This additional loop touches both of the glide-imposed
nodal loops, thus forming a peculiar three-dimensional nodal net structure. We present the symmetry arguments explaining the appearance
of this complex nodal structure in Sec. III.5. The sublattice symmetry is
only mildly broken in realistic IrF4 , such that we observe a small vestigial gap in its band structure where the third nodal loop would have
appeared in an idealized scenario.

III.1 Research Overview
III.1.1 Weyl lines in spin-orbit coupled systems
We begin with a reformulation of the nodal lines encountered in Sec. II.1.
We consider a mirror-symmetric system breaking the T ◦ I symmetry,
such that the bands are spin-split. Then a pair of non-degenerate bands
with different mirror eigenvalues may cross within a mirror-invariant
plane, thus forming a nodal line. To see this, consider a mirror symmetry
that flips the orientation of the z-axis, represented by1 Mz = −iσz , acting
on the effective two-band Hamiltonian

H(k) = h0 (k)1σ + h(k) · σ

(III.1a)

where h0,x,y,z are real-valued functions of momentum. The invariance
under the mirror symmetry

H(k x , k y , −k z ) = Mz H(k x , k y , k z ) Mz−1

(III.1b)

implies that h x,y are odd in k z while h0,z are even in k z . The first pair of conditions imply that on the mirror-invariant plane k z = 0 the Hamiltonian
reduces to that of Eq. (II.4) which closes the band gap with codimension
δ = 1 and therefore enables the appearance of nodal lines.
We wish to formulate a topological invariant that protects such a
nodal line. To do so, note that the spinor character of Hamiltonian (III.1a)
+
form of the operator is motivated by the action of Mz = C2z
◦ I on the spin
degree of freedom. Inversion symmetry leaves spin unaffected, I = 1σ , and the rotation
+
part is represented by C2z
= e−iπσz = −iσz . Nevertheless, the microscopic meaning of the
two-level degree of freedom described by Pauli matrices σi is irrelevant for the argument.
In fact, the argument proceeds equally well for any Mz = eiα (n · σ ) where n is an arbitrary
unit vector in R3 .
1 This
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allows us to harbour the discussion of spin rotations in Subsec. I.1.5. More
specifically, consider a closed path γ ⊂ BZ with a gapped spectrum,
and interpret h(k) as a magnetic field B acting on a spin- 12 particle. The
magnetic field evolves in time, which corresponds to the dependence of
vector h(k) on the momentum along the path. We have discussed in the
introductory chapter that the geometric phase picked up by such a system equals half the area of the (oriented) solid angle spanned by the unit
vectors
h(k)
n( k ) =
.
(III.2)
kh(k)k

III

Not much can be deduced about the phase ϕB (γ) for a generic closed
path. However, for a mirror-symmetric closed path, i.e. Mz γ = −γ
(where the minus sign takes care of the orientation), the spanned solid
angle becomes quantized.
To see the quantization, notice that for momenta within the mirrorinvariant plane, there are only two possible unit vectors n = (0, 0, ±1)
which we call the north (N) and the south (S) pole. This corresponds to a
positive vs. negative value of hz (k x , k y , 0), meaning that the two regions
are separated by the nodal line. We illustrate these regions with a different colour in Fig. III.1(a). Note that a path γ1 which encloses the nodal
line has to pass through both the north and the south pole. Because
of the symmetry of functions hi , the pair of points (k x , k y , ±k z ) ∈ γ1
are represented by unit vectors (±nx , ±ny , nz ) which are related by a πrotation around the vertical axis. This implies that the differential area
spanned by momentum increments dk and − Mz dk is proportional to
half the circumference of the local parallel of the unit sphere “globe”,
see Fig. III.1(b). Since γ1 passes through both of the poles, the net area
it spans corresponds to the integral of the half-circumferences, which is
simply half the area of the unit sphere. This corresponds to Berry phase
ϕB = 21 2π = π. On the other hand, a mirror-symmetric path γ2 that
does not contain the nodal line passes twice through one of the poles.
As illustrated in Fig. III.1(c)., in such case the trajectory of n(k) encloses
two regions of the same area but of opposite orientation, meaning that the
spanned oriented angle is v = 0, corresponding to ϕB = 0.
The geometric arguments of the previous paragraph can be formalized using the results of Subsec. I.2.3. We derived in Eq. (I.87) that the
Berry phase of a 1D system with a unitary symmetry relating H(k ) to
H(−k) quantizes the Zak phase to ϕZak ∈ {0, π }. This applies regardless
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Figure III.1: Quantization of Berry phase acquired on a mirror-symmetric path.
(a) Within the mirror-invariant plane (parallelogram), the unit vector n(k) points either
to the north (N, blue) or to the south (S, red) pole. The two regions are separated
by the nodal line (NL, black). (b) The trajectory of n(k) corresponding to a path γ1
which encloses the nodal line has to pass through both N and S. As explained in
the text, because of the mirror symmetry (III.1b) the images of the parts of γ1 in the
upper and in the lower half-space are related by a π -rotation around the vertical axis.
Consequently, the trajectory of n(k) spans half the unit sphere surface, which leads
to Berry phase ϕB = π . (c) The same analysis for a path γ2 that does not enclose
the nodal line. In this case, n(k) spans two regions of the same area but opposite
orientation, hence the net oriented solid angle vanishes. The solid angle orientation
is best seen by assigning explicit orientation to γ2 , which we indicate be the arrows,
and then applying the right-hand rule. The thumb points inward vs. outward for the
two regions.

of the number of bands. Obviously, if we define a one-component momentum running along a mirror-symmetric closed path γ, such a symmetry is present, hence the quantization is guaranteed. A non-trivial
value of such a Z2 invariant indicates that the corresponding path is not
contractible without encountering a band degeneracy, i.e. that it encloses
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Figure III.2: The incompleteness of the Berry phase invariant. Example band
structures that exhibit a pair of nodal lines protected by a mirror symmetry. The red
and blue lines indicate bands with even vs. odd mirror eigenvalue, meaning that all
the drawn band crossings are protected by the mirror symmetry. In both cases, we
consider a (mirror-symmetric) path γ that encloses both nodal lines. The locations
where γ intersects the mirror-invariant plane are indicated with the black crosses. In
case (a), the Berry phase ϕB = 0 is trivial and the two nodal lines can indeed be
annihilated by shifting the two bands in energy in opposite directions. On the other
hand, the Berry phase in case (b) is again trivial, but the bands cannot be separated.
This is because the Z-valued invariant (III.4b) remains non-trivial. The background
colours in both plots indicate the value of quantity (III.4a) which is used to determine
the Z-valued invariant (III.4b).

a nodal line. We formally write for this invariant
z2 (γ) =

ϕB ( γ )
π

mod 2.

(III.3)

However, as pointed out in Sec. 2 of Ref. [148], the Berry phase invariant is incomplete. Since it is a Z2 -valued quantity, it suggests that a
pair of nodal lines is always able to annihilate. But this is not true. Consider the pair of situations in Fig. III.2 where we plot two simple band
structures along a mirror-invariant momentum. The red and blue colour
indicate the two possible mirror eigenvalues, and the black crosses indicate where the mirror-symmetric path γ crosses the high-symmetry
plane. In both situations, γ encloses a pair of nodal lines, meaning that
ϕB (γ) = 0 is trivial. However, while the pair of nodal lines contained
by γ in Fig. III.2(a) can be trivially removed, the pair of nodal lines in
Fig. III.2(b) cannot. The reason is that the number of occupied bands of
a prescribed eigenvalue is different at the two crosses. More precisely we
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define a quantity
n M (k) =

∑

huα (k)| Mz |uα (k)i

(III.4a)

α∈occ.

which counts the sum of mirror eigenvalues of all the occupied bands
at a mirror-invariant momentum k. We further denote the two points
where γ intersects the mirror-invariant plane as k1,2 . Then
c({k1 , k2 }) =

n M ( k2 ) − n M ( k1 )
∈Z
2

(III.4b)

defines an integer topological invariant. The invariant is indeed trivial for
the situation in Fig. III.2(a) and equals +2 for the situation in Fig. III.2(b).
We observe that
ϕ (γ)
c({k1 , k2 }) = B
mod 2.
(III.4c)
π
Note that the expression on the left of Eq. (III.4c) correctly expresses that
the precise choice of path γ is irrelevant. In chapter IV we will encounter
a few more invariants defined on a pair of k points, and we will refer to
such a pair as a zero-dimensional sphere S0 .
On the other hand, the surface states are only sensitive to the parity
of invariant (III.4b), i.e. only to the Z2 Berry phase again. To understand
this, note that topologically protected surface states of semimetals can be
understood through a dimensional reduction to gapped systems. Similar to the explanation of Fermi arcs in Weyl semimetals by cutting the
3D BZ into 2D slices characterized by a Z-valued Chern number, we can
now divide the BZ into vertical 1D “fibers” characterized by a Z2 -valued
Zak phase. This quantization appears due to the mirror symmetry of
the 1D fibers [49]. As discussed in Subsec. I.2.3, ϕZak = π is associated
with the presence of an edge state [57].2 The nodal line separates fibers
with a trivial vs. non-trivial Zak phase, as is explained in the caption to
Fig. III.3. Collecting all the edge modes of the fibers which pass through
the interior of the nodal line, we find a “drumhead” surface band living inside the projection of the NL inside the surface BZ (SBZ). Since
the Z-valued invariant (III.4b) does not have a direct equivalent in 1D
insulators, we cannot use it to construct edge states.
2 In the presence of an electron-hole symmetry, this edge state occurs at zero energy
and leads to a ±e/2 excess charge located at the edge of the system. This is especially
relevant for the chiral symmetry models discussed in Subsec. III.1.4.
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Figure III.3: Explanation of the surface “drumhead” states. We consider a mirrorinvariant plane (red) inside the bulk BZ (blue) hosting a nodal line (dark red loop), and
a path γ which encloses the nodal line (implying that ϕB (γ) = π ), which is composed
of two vertical segments inside the BZ and of two horizontal segments on the BZ
boundary. The Berry phases along the vertical segments can be interpreted as the
Zak phases of some 1D mirror-symmetric systems, and they are quantized to 0 and
π . The contributions to ϕB (γ) from the horizontal segments cancel out. This implies
that one vertical segment must have a trivial Zak phase, while the other one must be
non-trivial. We choose the non-trivial vertical segment to be the one passing through
the interior of the nodal line, but the alternative option is also feasible. Consequently,
the inner fiber is characterized by an edge mode (filled dot), while the outer fiber is
not (empty dot). Gluing all the edges into the surface BZ (SBZ, pale yellow), we find
a surface band (red region) inside the projection of the nodal line.

This species of nodal lines, together with the associated surface states,
have been experimentally observed in TlTaSe2 [149] and PbTaSe2 [150].
The non-symmorphic nodal lines (NSNLs) introduced in Sec. III.2 can
also be understood as members of this class. However, the non-symmorphic character of NSNLs leads to certain special properties including a relation to a massless Dirac Hamiltonian, such that the expected
experimental signatures are quite different.

III.1.2 Dirac lines in spin-orbit coupled systems
In spinful systems with T ◦ I symmetry, the Kramers theorem implies a
double degeneracy of all bands. We have already mentioned in Subsec. II.1.1 that the codimension to create a gap closing in such a system without additional symmetries is too high, but that such a touching
point can be stabilized with the help of certain crystalline symmetries.
We call such a touching a Dirac point. Stabilizing a Dirac line sounds even
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more daunting, but Ref. [38] showed that it is possible with the help of
non-symmorphic symmetries. Here, we briefly review their proof reformulated into the mathematical language of Subsec. II.3.
We consider a primitive orthogonal space group, meaning that the
unit cell consists of a simple block with sides a, b and c and BZ is a
2π
2π
box with dimensions 2π
a , b and c . We assume the presence of a symmorphic3 inversion symmetry I and time-reversal symmetry T , and a
non-symmorphic two-fold rotation around the z-axis. We require the
square of the rotation to yield a shift by one unit cell along the z-axis.
Such a non-symmorphic rotation symmetry is commonly referred to as
+
a screw axis. This forces the non-symmorphic shift associated with C2z
to
+
c
4
be ( x0 , y0 , 2 ). Then the composition I ◦ C2z is a non-symmorphic mirror, leading to a pair of mirror-invariant planes at k z c = 0 and k z c = π.
Furthermore, the composition I ◦ T also belongs to the little co-group of
points lying in these planes. One can therefore construct a factor system
in a way similar to Tab. II.1, which we do in Tab. III.1.
+
Operator D kz c (I ◦ C2z
) which properly represents the non-symmor+
phic mirror I ◦ C2z in the high-symmetry plane k z c has to be unitary. To
find its eigenvalues, we calculate the square
+
+
= e−ikz c D kz c (I ◦ C2z
◦ I ◦ C2z
)

+ 2
D kz c (I ◦ C2z
)

= e−ikz c D kz c (E ) = −e−ikz c

(III.6)

where we used the information in Tab. III.1 and the fact that I commutes
with all other point operations. We see that the mirror eigenvalues are
imaginary in the k z c = 0 plane, and real in the k z c = π plane.
+
) with eigenvalue P . Since
Let |ψ1 i be an eigenstate of D kz c (I ◦ C2z
D kz c (T ◦ I) is an antiunitary operator squaring to −1, D kz c (T ◦ I)|ψ1 i
3 It

is always possible to find such a point of symmetry that I is symmorphic. If
I : r 7→ (−r + t ), then I : ( 2t + r ) 7→ ( 2t − r ), meaning that the spatial inversion acts
symmorphically with respect to point t/2.
4 Let the screw axis transform the real space as
+
C2z
: ( x, y, z) 7→ (− x + x0 , −y + y0 , z + z0 ).

Applying

+
C2z

(III.5a)

twice leads to
+
C2z

2

: ( x, y, z) 7→ ( x, y, z + 2z0 ).

(III.5b)

Since we demand this to be a translation by one unit cell in the z-direction, we conclude
that z0 = c/2. Crystalline symmetry further implies that x0 = nx a2 and y0 = ny b2 where
ni ∈ Z, but these finer constraints do not enter the argument.
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Table III.1: Factor system for momenta in mirror-invariant planes. The little co+
group is generated by only two point operations R, namely T ◦ I and I ◦ C2z
. The
vectors in the column headers indicate the associated shift t j in real space, and the
vectors in rows indicate a reciprocal lattice vector g i = ( R−1 k) − k. The four values
in the table are the structure factors e−ig i ·t j which depend on the choice of the highsymmetry plane. Only the plane on the BZ boundary (k z c = π ) has a non-trivial
factor system because of the non-symmorphic symmetry.

T ◦I
+
I ◦ C2z

III

(0, 0, 0)
(0, 0, −2k z )

T ◦I
(0, 0, 0)
+1
+1

+
I ◦ C2z
(− x0 , −y0 , − 2c )
+1
e−ikz c

is a different state degenerate with |ψ1 i. It is also an eigenstate of the
non-symmorphic mirror with eigenvalue P ∗ .5 Since a generic k point
in the mirror-invariant planes does not have additional symmetries, we
collected all the information necessary to describe all the irreducible representations:
• For k z c = 0, there is only one 2D IR with mirror eigenvalues (i, −i).
• For k z c = π plane, there are two 2D IRs with mirror eigenvalues
(1, 1) and (−1, −1).
The latter result indicates, that a crossing of the two 2D IRs may occur
within the mirror-invariant plane on the BZ boundary, which facilitates
four-fold degenerate Dirac lines. Such a nodal line has been predicted for
a perovskite material SrIrO3 [151, 152].
Dirac lines are associated with a Z2 topological invariant which corresponds to the Berry phase in one6 spin sector ϕBσ . This invariant pro5 To

see this,
+
D kz c (I ◦ C2z
)D kz c (T ◦ I)|ψ1 i

=

+
D kz c (I ◦ C2z
◦ T ◦ I)|ψ1 i

=

+
D kz c (T ◦ I ◦ I ◦ C2z
)|ψ1 i

=

+
D kz c (T ◦ I)D kz c (I ◦ C2z
)|ψ1 i

=

D kz c (T ◦ I)P |ψ1 i

=

P ∗ D kz c (T ◦ I)|ψ1 i

(III.7)

where we used Tab. III.1, the fact that both I and T commute with all other point symmetries, and the antiunitary of T ◦ I . The non-trivial elements of the factor system did not
enter this calculation.
6 Taking both spins into account leads to ϕ ( γ ) = 0 on all mirror-invariant paths.
B
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tects spin-degenerate drumhead surface band inside the projection of the
nodal line. One can also define a Z-valued topological invariant analogous to (III.4b), but it does not enable additional states on the surface.

III.1.3 Nodal lines without spin-orbit coupling
A further kind of nodal lines exists in materials without spin-orbit coupling (SOC) which respect composed T ◦ I symmetry. The absence of
SOC implies that H(k) ∝ 1σ in the spin degree of freedom, meaning that
it is natural to drop spin out from the problem description altogether. At
the level of time-reversal symmetry, this is achieved by considering its
composition with a π rotation in spin space around arbitrary axis. If we
choose7 this to be the negative y-axis, then such a composition is
π

Te = ei 2 σy −iσy K = K.

(III.8)

This operator squares to +1 and preserves spin, as expected for “spinless electrons”. Furthermore, I commutes with both T and spin rotations, and also squares to +1. This implies that the composition I ◦ Te is
an antiunitary operator squaring to +1 and mapping any k-point back
to itself. With a suitable rotation of the basis, such an operator can be
always represented simply as the complex conjugation K, meaning that
H(k) can be brought into a real form.
We now check that such symmetry constraints indeed allow for nodal
lines. To see this, we can again consider the effective two-band model
Eq. (III.1a) expanded using a set of Pauli matrices. The reality condition
implies that we cannot use the imaginary Pauli matrix, therefore δ = 2,
which allows for nodal lines in a 3D BZ [38]. Note that this species of
nodal lines is not constrained to a high-symmetry plane.
We wish to derive the topological invariant characterizing these nodal
lines. Since H(k) is now a real symmetric matrix, its eigenstates |u a (k)i
can be chosen real, meaning that the Wilson loop operator on any closed
path W (γ) is an orthogonal matrix. According to Eq. (I.18), this leads
to the quantization of Berry phase into 0 vs π. This is similar to Subsec. III.1.1 with the important difference that in the presence case we
admit paths of arbitrary shape. The Berry phase reaches the non-trivial
value whenever the path contains a nodal line. In chapter IV we will
look at this topological invariant again from a different perspective.
7 The

e2 = +1 does not depend on the specific choice of the rotation axis.
fact that T
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To find these species of nodal lines in real systems, one has to consider light elements, such that the condition on the absence of SOC is
well satisfied. For example, multiple nodal lines of this kind were predicted to exist in certain 3D graphene networks [153]. Four nodal lines
also exist in common graphite (also called alpha, hexagonal, or Bernal
graphite) [154]. These four nodal lines are connected along a high-symmetry line, forming a complex nexus structure [155].8 The less frequent
allotrope of graphite (called beta or rhombohedral graphite) exhibits a
pair of nodal lines with a peculiar spiral structure [160]. A plethora of
other, more recently discovered nodal line materials belonging to this
class is listed in “Type B” row of Tab. 1 in Ref. [148].
The surface states of these nodal line semimetals can be understood
in the same way as those in Subsec. III.1.1. We remark here, that if the
effective model describing a nodal line exhibits an approximate electronhole symmetry, then the topological surface band has a tendency to flatten, leading to a huge density of states at zero energy. Ref. [160] considered the effect of such surface flat bands on the enhancement of superconductivity. More recent Ref. [161] studied the competition between
superconducting, magnetic, and charge density instabilities in such surface flat band systems, and found the superconducting order becomes
more stable if the chemical potential is moved slightly away from the
flat band energy through doping.

III.1.4 Nodal lines from chiral symmetry
The final category of nodal line materials corresponds to systems with
the chiral symmetry defined in Eq. (I.99c). Although such a situation
more naturally arises in superconductors, it may in principle also appear in non-superconducting systems with a bipartite lattice and nearest-neighbour hoppings only. In realistic crystals, such a symmetry is
usually only approximately valid, hence we are not able to mention here
any material examples. We nevertheless include this possibility in our
list, because it will help us to understand the surface states of IrF4 in
Sec. III.5. These nodal lines will also appear in the more general classification of nodal objects developed in chapter IV.
If we represent chiral symmetry as σz , then H(k) can according to
Eq. (I.99c) only contain terms proportional to σx and σy , meaning that it
8 This

is also reminiscent of the triple point metals [156–159].
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has a block-off-diagonal form


H(k) =

0
h † (k)

h (k)
0


.

(III.9)

where h (k) ∈ GL(n, C). Hamiltonian (III.9) has a zero energy state (indicating the presence of a node) whenever the complex-valued determinant of h (k) vanishes, meaning that the codimension is δ = 2. Consequently, nodes of this symmetry classes in 3D take the form of lines
that are not constrained to a high-symmetry plane, similar to the case of
Subsec. III.1.3.
The invariant defined on a closed path γ is a Z-valued winding number of det h (k), that means
w( γ ) =

1
2πi

I

dk · ∇k log det h (k).

(III.10a)

γ

III

It was proved in Ref. [73] that
w ( γ ) = z2 ( γ )

mod 2

(III.10b)

meaning that the Z2 Berry phase corresponds to the parity of the winding
number. Since their derivation is rather technical, we provide in this
thesis a somewhat simplified version of it. However, we postpone that
until footnote (5) in chapter IV, after we get to know certain properties
of chiral-symmetric systems.
The surface states in this class can be understood in the same way
as presented in Fig III.3 with the important difference that the 1D fibers
are characterized by a Z-valued winding number. As a consequence,
this class of nodal line metals is able to protect an integer number of
coinciding surface bands. We will see an example in Sec. III.5.

III.2 Nodes imposed by non-symmorphicity
All the nodal-line semimetals encountered in Sec. III.1 needed some degree of “luck” for the occurrence of the band crossing. In this section,
we show that non-symmorphic symmetries can impose nodal lines to appear in the band structure automatically, regardless of any further material details. We begin with demonstrating the existence of the so-called
non-symmorphic nodal lines (NSNLs) in non-centrosymmetric spin-orbit
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coupled systems with a glide-plane symmetry. The presence of timereversal (TRS) is also assumed. We then show that a pair of glides can
similarly enforce two circular nodal lines (i.e. nodal loops) that have to
touch, and that together look like an infinite chain in the extended kspace.

III.2.1 Non-symmorphic nodal lines
We first recall a few definitions, which we need for the presented arguments. Reciprocal lattice vectors g fulfil
g·R = 0

III

mod 2π

(III.11a)

for every Bravais vector R. Two momenta are called equivalent if they
differ by a reciprocal lattice vector g. Especially, time-reversal invariant
momenta (TRIMs) Γ are equivalent to their time-reversed images, Γ =
−Γ + g. Combining this relation with equation (III.11a), we obtain
Γ·R = 0

mod π.

(III.11b)

Similarly, in a mirror-symmetric crystal, a mirror-invariant momentum
k is equivalent to its mirror image Mn k if
2n (k · n) = 0

mod g,

(III.11c)

where n is the normal vector of the mirror plane.
A mirror invariant plane contains four inequivalent TRIMs. To see
this, pick two arbitrary reciprocal lattice vectors g 1,2 such that they both
have non-zero in-plane components ( g i,k 6= 0) which are mutually noncollinear ( g 1,k ∦ g 2,k ). By symmetry, the mirror images Mn g i are also reciprocal lattice vectors, and hence 2g i,k = g i + Mn g i are in-plane reciprocal lattice vectors. Let e
g i be the shortest reciprocal lattice vector in the direction of g i,k . Then, by taking all linear combinations n1 e
g 1 + n2 e
g 2 , n1,2 ∈
Z, we construct all in-plane reciprocal lattice vectors. These vectors form
a grid of equivalent k-points. The midpoints of these vectors form a
four-times denser mesh of all the in-plane TRIMs. Thus, there are four
inequivalent in-plane TRIMs.
We further become more specific. We consider a spin-orbit coupled
(SOC) system with only two symmetries: Time-reversal T and a glide
plane Gn = { Mn |t }, i.e. a mirror symmetry Mn followed by a uniform
translation by vector t. Such a system supports only 1D IRs everywhere
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except for TRIMs, where the Kramers theorem implies double degeneracies. The square of the glide plane is
n
o
2
Gn
= E |2t k
(III.12)
where t k = 21 (t + Mn t ) is the in-plane component of the translation
vector, and E is a 2π-rotation, represented by −1 in SOC systems. Result
(III.12) corresponds to a pure translation, which implies that 2t k is a Bra2 is represented at any k ∈ BZ by −e−ik·2t k ,
vais vector. Consequently, Gn
from which we conclude that the possible glide eigenvalues are [101]

ηk,± = ±ie−ik·t k .

(III.13)

Since 2t k is a Bravais vector, we find from (III.11b) that
Γ · tk = 0

mod

π
.
2

(III.14a)
III

Relation (III.14a) enables two possibilities. Either Γ · t k = 0 (mod π )
at all four mirror-invariant TRIMs, in which case the glide eigenvalues (III.13) are imaginary at all TRIMs and no band crossings are enforced. The second possibility is that
Γ1 · t k = 0

mod π

and

Γ2 · t k =

π
2

mod π

(III.14b)

for two TRIMs Γ1,2 inside the mirror-invariant plane. We argue that in
such a case Γ1 and Γ2 have to be separated by a nodal line (NL) lying
within the mirror-invariant plane.
To see how conditions (III.14b) impose a NL, consider any in-plane
path γ that connects Γ1 to Γ2 . The Kramers theorem forces the bands
to be doubly degenerate at Γ1,2 , and the trivial commutator [ Gn , T ] = 0
makes the glide eigenvalues of a Kramers doublet complex conjugate.
According to equations (III.13) and (III.14b), the glide eigenvalues of a
Kramers doublet at k = Γ1 are (+i, −i). As one moves along γ, the
phase of the eigenvalues has to change by

( Γ1 − Γ2 ) · t k =

π
2

mod π,

(III.15)

so they evolve into (+1, −1) at Γ2 . However, these are not complex
conjugate anymore and hence belong to different Kramers doublets. We
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n
G1
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g
G2

-1

E
-i,i
1
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1
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Figure III.4: Non-symmorphic nodal line. (a) Any path γ connecting a pair of
TRIMs Γ1,2 in a glide-invariant plane (blue) fulfilling conditions (III.14b) must exhibit
a gap closing point, which lies on a non-symmorphic nodal line (red). (b) A generic
spectrum along an in-plane path γ that connects Γ1,2 . The evolution of the glide
eigenvalues along the path is shown in colour for all bands.

III

therefore infer that Kramers doublets have to switch partners along γ,
and a band crossing has to appear in the glide-invariant plane. Since
the argument holds for any in-plane path γ, there is a line of band crossings separating Γ1,2 within the plane: the non-symmorphic nodal line
(NSNL). We illustrate the argument in Fig. III.4.
In the absence of additional symmetries, the band structure consists
of the quadruplets illustrated in Fig. III.4(b). Simple electron counting
suggests that the NSNL is formed between a conduction and a valence
band whenever there are
n = 4ν + 2,

ν ∈ Z0+ ,

(III.16)

filled bands. Additional symmetries may lead to additional spectrum
degeneracies and change the above filling criterion. For example, in the
presence of inversion symmetry I the whole argument ceases to be applicable, since T ◦ I enforces the spin degeneracy of all bands throughout BZ. We will pursue considerations along these lines in Subsec. III.3.
In Tab. III.2 we list all the 47 non-centrosymmetric space groups (SGs)
that contain a glide plane fulfilling criterion of Eq. (III.14b).

III.2.2 Nodal chains
We further narrow down to non-centrosymmetric spin-orbit coupled
systems with (1) two mutually orthogonal glide planes G1,2 = { M1,2 |t 1,2 }.
According to the discussion above, each of them may create a NSNL in a
mirror-invariant plane. These NSNLs necessarily touch if (2) the choice of
TRIMs Γ1,2 fulfilling Eq. (III.14b) for both t 1,2 coincides with the TRIMs
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Table III.2: Non-centrosymmetric SGs with a suitable glide-plane symmetry. For
every Bravais lattice we identified all non-centrosymmetric SGs furnished with a glide
plane fulfilling criterion (III.14b). Column P indicates the corresponding point group.
The color scheme indicates the number of such glide planes: One = green, two =
blue, three = violet, four = red, six = orange.

Bravais lattice

P

non-centrosymmetric + glide plane

Monoclinic P
Monoclinic C

Cs
Cs

#7
#9
#26, #27, #28, #29, #30, #31
#32, #33, #34
#36, #37, #39, #40, #41
#43
#45, #46
#100, #101, #102, #103, #104
#105, #106
#112, #114, #116, #117, #118
#120, #122
#108, #109, #110
#161
#158, #159
#184, #185, #186
#188, #190
#218
#219
#220

Orthorhombic P
Orthorhombic A,C
Orthorhombic F
Orthorhombic I
Tetragonal P

C2v

C4v
D2d

Tetragonal I

C4v

Trigonal R
Trigonal P

C3v

Hexagonal

C6v
D3h

Cubic P
Cubic F
Cubic I

Td

along an intersection of the two mirror-invariant planes. Moreover, (3)
the high-symmetry line connecting Γ1 and Γ2 should support only 1D
IRs in the T -symmetric case for the eigenvalue argument to remain
valid.
Of the SGs listed in Table III.2, only nine satisfy criteria (1-3). Eight
of them also lead to the filling condition of Eq. (III.16) and are listed
in Fig. III.5. The additional space group #110 (I41 cd) is more complicated since the minimal number of detached bands is eight rather than
four [162, 163], and because it supports only 2D IRs at high-symmetry
point P = (Γ1 + Γ2 )/2 [144]. This leads to a rather complicated nodal
line structure clarified in the caption to Fig. III.6(b).
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a

b

#30 (Pnc2)
#104 (P4nc)
c

P

P

III

d

#34 (Pnn2)
#43 (Fdd2)
#109 (I41md) #122 (I42d)

#102 (P42nm)
#118 (P4n2)

Figure III.5: Catalog of nodal chain metals. A nodal chain appears in metals
with these space groups whenever there are 4ν + 2 electrons per primitive unit cell.
The blue and red lines show the nodal loops (NLs) located in mutually orthogonal
planes. The additional 4D IRs are marked with green circles. The high-symmetry
lines supporting a two-fold degeneracy of valence (conduction) bands are highlighted
in orange. In space groups 109 and 122 the NLs touching point is at the point P.

The presence of a pair of glide planes has an additional effect on the
band structure. It can be shown using the mathematical tools of Subsec. II.3 that if condition (III.14b) is valid for both glide planes, then their
representations D Γe ( M1 ) and D Γe ( M2 ) anticommute at some other TRIM
e This leads to the appearance of a four-fold degeneracy at point Γ.
e BeΓ.
cause of the absence of I , the spectrum dispersion around these 4D IRs
does not have the Dirac form. We indicate the location of such degeneracies for the space groups supporting nodal chains with green circles
in Fig. III.5.
While the appearance of NSNLs and nodal chains formed by conduction and valence bands requires the filling of Eq. (III.16), the experimen-
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1,2

1,3

3,4

2,4

G1

P

G2

1,2

1,3

1,2

1,3

3,4

2,4

3,4

2,4

G1

P

G2

Figure III.6: Nodal chain spectra along the high-symmetry line from Γ1 to Γ2 .
(a) The generic spectrum along the high-symmetry line for space groups listed in
Fig. III.5. The labels 1 to 4 (also distinguished by colours) correspond to four different
irreducible representations (IRs) characterized by pairs of glide eigenvalues. Bands
appear in quadruplets, and Kramers doublets at Γ1,2 have switched partners. The
imposed band crossing corresponds to the touching point of the two NSNLs. In
groups #109 and #122, the crossing is pinned to P = (Γ1 + Γ2 )/2. (b) Space group
#110 also supports only 1D IRs along the high-symmetry line, but forces pairs of IRs
1 + 1, 2 + 3 and 4 + 4 to become degenerate at P, leading to band octuplets. As
a consequence, there are multiple imposed nodal lines: The squares indicate single
NLs, the circles correspond to crossing of straight NLs along high-symmetry lines,
and triangles correspond to a pair of NSNLs crossed by a pair of straight NLs along
high-symmetry lines, i.e. a nexus of four NLs.

tal observation of the transport properties of NSNLs and nodal chains
requires their proximity to the Fermi level. Notice that in general in metals the condition of Eq. (III.16) does not guarantee this proximity. Especially, any additional carrier pockets has to be charge-compensated,
meaning that chemical potential may be away from the node even at
integer fillings (III.16). For example, in nodal chain metals such pocket
automatically arises around the unavoidable 4D IRs. Thus, candidate
materials for experimental probes of nodal chains and NSNLs should
be chosen such that the nodal loops are realized reasonably close to the
Fermi level.
On the other hand, in materials with additional Fermi pockets a
nodal chain or a NSNL can be probed experimentally even when the
condition of Eq. (III.16) is not fulfilled. For n = 4ν a NSNL or a nodal
chain formed within the conduction (or within the valence) bands can
still have significant effects on transport provided that it appears sufficiently close to the Fermi level. Examples of such materials are provided
by the CuTlSe2 material class of space group #122 (I41 md). These materials were recently predicted to host Weyl points occurring between
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the valence and conduction bands [164], but the presence of the NSNLs
formed by conduction or valence bands was missed. Since in many of
these compounds the NSNLs are located close to the Fermi level, we
expect both the Weyl points and the NSNLs to be relevant for transport
properties of these materials.

III.3 Relation to Dirac semimetals

III

Introducing inversion symmetry I into a time-reversal symmetric spinorbit coupled system results in spin degeneracy of all bands. Thus, if
the inversion-breaking terms in the Hamiltonian of a NSNL are taken
to zero, the NSNL shrinks into a four-fold degeneracy at either Γ1 or
Γ2 . In a system with time-reversal and glide-plane symmetries this fourfold degeneracy corresponds to a Dirac points on the BZ boundary, or
to a Dirac line running along a high-symmetry axis. We thus observe a
direct connection between NSNLs and Dirac Hamiltonians. This section
investigates the similarities between these two species of semimetals.
Possible antiferromagnetic ordering with TN . 100 K was reported
for IrF4 in magnetic susceptibility measurements [165]. A paramagnetic
phase is expected to occur at temperatures above TN , still accessible for
an angle resolved photoemission spectroscopy (ARPES). We first discuss
the paramagnetic phase, in which the crystal symmetries and band filling guarantee the presence of a nodal chain corresponding to Fig. III.5c.

III.3.1 k · p models
We start by considering the inverse of the last statement: Is it always
possible to obtain a NSNL by a suitable distortion of a system exhibiting
a Dirac points on the BZ boundary? We show in this subsection that
there are situations when it is not possible to distort a NSDP into a NSNL.
Along the way we manage to derive a k · p Hamiltonian of NSNL which
will be used to study its Landau levels in the next subsection.
As shown in Ref. [129], a Dirac point at a TRIM on the BZ boundary
requires a simultaneous presence of time-reversal T , inversion I , and
+ (set along the
an even n-fold non-symmorphic rotational symmetry Cnz
z-axis by convention). In general, non-symmorphic symmetries have to
be represented by k-dependent operators, but this k-dependence can be
dropped in local k · p expansions, as we observed in Subsec. II.3.
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The point group corresponding to the specified system contains a
twofold rotational symmetry
+
C2z
= (Cnz+ )n/2

(III.17a)

+
Mz = I ◦ C2z
.

(III.17b)

and a mirror symmetry
The Dirac point appears in the mirror-invariant plane. Breaking C2z and
I while keeping their non-symmorphic composition Mz allows for the
appearance of a NSNL. To find how such a crystal distortion modifies
the spectrum, we look for terms compatible with the remaining Mz and
T symmetries.
According to Ref. [129], the Dirac Hamiltonian is


i(ks− −ks+ )
(ks− +ks+ )
(s)
HDirac = h̄ v x
Γ1 + vy
Γ2 + vz k z Γ3
(III.18)
2
2
s
where ks± = k x ± ik y , and Γ1 to Γ5 are mutually anticommuting Hermitian matrices squaring to 1. Together with the commutators


(III.19)
Γij = − 2i Γi , Γj ,
these matrices form a basis of traceless 4 × 4 Hermitian matrices. The
value of the parameter s = 1 (s = 3) corresponds to linear (cubic) Dirac
Hamiltonians.
Terms in the Hamiltonian that are independent of k and consistent
with T and Mz can only be proportional to those of the 15 Dirac matrices
that commute with both of the symmetries. For T , Ref. [30] shows

[T , Γa ] = 0 for a ∈ {4, 14, 24, 34, 45}

(III.20)

and {T , Γa } = 0 for the remaining Dirac matrices. The classification developed in Ref. [129] allows us to check the anti-/commutation relations
of the operator Mz for all possible non-symmorphic Dirac points, which
we present in Tab. III.3.
We find that for a Dirac point located along a 2-fold or 6-fold rotation
axes, the only symmetry-compatible zeroth order perturbation is
(n=2,6)

Hpert.

= wγ34 ,

(III.21)

leading to a NSNL in the mirror-invariant plane [30]. The bands forming the NSNL have different eigenvalues of Mz , hence the nodal loop
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Table III.3: Relation of non-symmorphic nodal loops to Dirac points. The first
three columns reproduce the classification of non-symmorphic Dirac points developed in Ref. [129], where u A↑ encodes Cnz eigenvalues of the four states degenerate
at the nodal point and the third column indicates the type of dispersion around the
nodal point. We used the k · p models developed in Ref. [129] to check which of the
T -symmetric matrices (III.20), displayed in orange, are also Mz -symmetric. Those
labelled C (A) (anti)commute with the mirror and are therefore (not) present in the
non-centrosymmetric k · p expansions (III.21) and (III.22).

Cnz
C2z
C4z
C6z
C6z
III

u A↑
 
± exp i π2 
± exp ±i π4 
± exp ±i π6
± exp i π2

type
linear
linear
linear
cubic

γ1
C
C
C
C

γ2
C
C
C
C

anti-/commutes with σz
γ3 γ4 γ5 γ14 γ24
A A
C A A
A
C
A C C
A A
C A A
A A
C A A

γ34
C
A
C
C

γ45
A
A
A
A

is stable against including higher-order symmetry-preserving perturbations to the Hamiltonian. Such a situation corresponds for example
to the Dirac points of β-cristobalite BiO2 [34] and of distorted spinels
BaXSiO4 [103].
On the other hand, for Dirac points occurring along a 4-fold rotation
axis, the symmetry compatible perturbation is
(n=4)

Hpert. = mγ4 + u x γ14 + uy γ24

(III.22)

and the spectrum is gapped whenever m 6= 0, therefore not leading to
a NSNL in general [30]. In the presence of an additional mirror plane
parallel to the rotation axis, like in the case of β-cristobalite BiO2 [34],
a NSNL can still appear in this plane. However, the existence of such
a mirror is not guaranteed, examples being the A and Z points of the
simple tetragonal SG #84.
From now on, we will focus on linear Dirac points (s = 1) in situations leading to a NSNL. Combining Eqs. (III.18) and (III.21) we find a
k · p description of a NSNL,


HNSNL (k) = h̄ v x k x Γ1 + vy k y Γ2 + vz k z Γ3 + wΓ34 .
(III.23)
Using this Hamiltonian we can explicitly calculate the topological Z2
Berry phase carried by the NSNL, i.e.
ϕB ( γ )
i
=
π
π

I
c

dk · tr A (k)

mod 2.

(III.24)
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Here, γ is a mirror-symmetric path enclosing the NSNL and A(k) is the
Berry connection of the occupied bands, c.f. Subsec. I.1.2. For this purpose, we choose a specific set of Dirac matrices
Γ1 = −σy ⊗ τz

Γ2 = σx ⊗ τz

Γ4 = 1σ ⊗ τx

Γ3 = 1σ ⊗ τy

Γ5 = σz ⊗ τz .

(III.25)

consistent with T = iσy ⊗ 1τ K and Mz = 1σ ⊗ τz , and a path enclosing
the NSNL



w + u cos α
u sin α
γ=
α ∈ [0, 2π ) .
, 0,
(III.26)
h̄v x
h̄vz
where u is the radius of path γ.
The spectrum along path γ is non-degenerate. The lower of the two
occupied bands is contractible to a point without encountering a band
degeneracy, it therefore carries zero Berry phase. On the other hand, the
band that participates in the formation of the NSNL in smooth gauge is

|ψ(α)i =

>
e−iα/2
√
− sin α2 , i cos α2 , i sin α2 , cos α2 .
2

(III.27)

The corresponding Berry connection is

Aα = hψ(α)|∂α |ψ(α)i = −

i
2

(III.28)

which, upon integration over α, yields the topologically non-trivial value
ϕB (γ) = π, as expected for a NSNL.

III.3.2 Landau levels in a perpendicular field
The rest of this section is analogous to the treatment of Weyl points
in Subsec. II.1.2. We use the derived k · p Hamiltonian of a NSNL in
Eq. (III.23) to study the Landau levels in a magnetic field. We first consider a perpendicular magnetic field B = (0, 0, B) with B > 0. We perform
the Peierls substitution (II.9a) again, but this time we fulfil the commutation relation (II.9b) using
s
Πx =


eh̄vy B 
a + a†
2v x

s
and

Πy = i


eh̄v x B 
a − a† .
2vy

(III.29)
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Adopting Dirac matrices of Eq. (III.25) and representing Pauli matrices τi
by 2 × 2 blocks and matrices σi as elements within the blocks, we obtain
the matrix Hamiltonian


√
−
w
i ba −ih̄vz k z
0
√


−w
0
−ih̄v
 −i ba†
√z k z 
(III.30)
H(k z ) = 

 ih̄vz k z
0
−i ba 
√w
w
0
ih̄vz k z i ba†
where we introduced a rescaled magnetic field b = 2vy vz eh̄B. When
squared, this Hamiltonian has a block-diagonal form


√

0
0
b a†√
a + 1 −2iw ba


2iw ba†
ba† a
0
0√ 
e2 = 

H


†

0
0
b a√
a + 1 −2iw ba 
ba† a
0
0
2iw ba†
III



e 2 = H2 (k z ) − w2 + h̄2 v2z k2z 1τ ⊗ 1σ . Clearly, the egeinvalues
where H
e 2 are related through ε2 (k z ) = e
of H(k z ) and of H
ε2 + w2 + h̄2 v2z k2z .
e 2 in the form
We look for the eigenstates of H
en+,+ |ni
∑n+=∞0 ψ
 ∑+∞ ψ
e+,−
n=0 n | n i
|ψei = 
 ∑+∞ ψ
e−,+
n=0 n | n i
+∞ e−,−
∑n=0 ψn |ni




 ..


(III.31)

where |ni is the eigenstate of the number operator a† a|ni = n|ni. Using
the standard algebra of ladder operators
√
√
a|ni = n|n − 1i, a† |ni = n + 1|n + 1i,
(III.32)
e 2 corresponding to the eigenvalue e
we find the eigenstates of H
ε2 to satisfy conditions
√ √
ens,+ − 2iw b n + 1ψ
es,− = e
ens,+
b (n + 1) ψ
ε2 ψ
(III.33)
n+1
√ √ s,+
s,
−
2
s,
−
e
e
2iw b nψ
= eε ψen
(III.34)
n−1 + bnψn
where n ≥ 0 and s = +, −. This leads to solutions of the form
0

|0i 0 0

>

and

0

0

0

|0i

>

(III.35)
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Figure III.7: Landau levels of a non-symmorphic nodal loop. (a-c) Landau levels
of Hamiltonian (III.23) for a perpendicular magnetic field are always gapped except
when condition (III.40) is fulfilled, which is the case for diagram (b). (d-f) Gapless
Landau levels for an in-plane magnetic field. The zero energy crossing is symmetry
protected and present for all values of b/w2 .

for the lowest eigenvalue e
ε2 = 0, and to solutions




|ni
0


1  ±i|n + 1i 
0
 and √1 

√ 
(III.36)




0
|ni
2
2
0
±i|n + 1i
√ √
with eigenvalues e
ε2 = b(n + 1) ± 2w b n + 1, where n ∈ Z0+ . It is now
easy to check that suitable linear combinations of states in Eq. (III.35)
form eigenstates of H with the corresponding Landau level energies
q
ε 0,± = ± (h̄vz k z )2 + w2
(III.37)
while the appropriate linear combinations of states in Eq. (III.36) give the
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eigenstates of H with the Landau level energies
r

√ √ 2
ε ±n,± = ± (h̄vz k z )2 + w ± n b

(III.38)

where n ∈ Z+ . Results of Eqs. (III.37)-(III.38) can be written compactly
in a single equation
"
2



ε n,± (k z ) = ± (h̄vz k z ) + w ± sign n

q

2 # 12

|n| b

(III.39)

where n ∈ Z. Sample spectra are plotted in Fig. III.7(a-c)
The spectrum (III.39) is gapped unless w2 /b ∈ Z, i.e. the gap closes
for magnetic fields
Bc =
III

w2
,
2eh̄v x vy n

n ∈ Z\{0}.

(III.40)

These gap closings correspond to topological phase transitions, in which
a charge e/2 is topologically pumped to the surface of the sample, orthogonal to the direction of the field. To see this, notice that the perturbation of Eq. (III.21) is proportional to the mirror operator Mz ∝ γ34 .
As a consequence, tuning the magnitude of the perturbation w shifts the
energy of the eigenstates with different mirror eigenvalues in opposite
directions, and thus a gap closure in the LL spectrum interchanges “valence” and “conduction” LLs with different mirror eigenvalues. This
gap closing corresponds to a 1D topological phase transition, in which
the Zak phase (I.45) changes by π. This change corresponds to pumping a charge of e/2 to the surface of the sample parallel to the plane of
NSNL [55]. For this reason, a change in the Hall response of the metallic
surface states is expected to occur at the critical values of the magnetic
field (III.40).

III.3.3 Landau levels in an in-plane field
We proceed with the discussion of an in-plane magnetic field B =
(B, 0, 0) with B > 0. In this case, the appropriate Peierls substitution is


h̄k x , h̄k y , h̄k z
7→ h̄k x , −ih̄∂y + eAy , −ih̄∂z + eAz

≡

(h̄k x , Πy , Πz )

(III.41)
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with the commutation relationship



Πy , Πz = ih̄e ∂z Ay − ∂y Az = −ih̄eB.

(III.42)

We express the Π operators as
s
s


eh̄vy B 
eh̄vz B 
†
Πy =
a + a , Πz = i
a − a† .
2vy
2vz

(III.43)

Substituting this into the Hamiltonian of Eq. (III.23) and using a different
set of Dirac matrices
Γ1 = 1σ ⊗ τy ,

Γ2 = σx ⊗ τz ,

Γ4 = 1σ ⊗ τx

Γ3 = σy ⊗ τz

Γ5 = σz ⊗ τz

we arrive at the Hamiltonian matrix

√
0
ba −ih̄v x k x
 √ †
ba
0
w

H(k x ) = 
 ih̄v x k x
w
√0
−w
ih̄v x k x − ba†

,
(III.44)

−w
−ih̄v
√x kx
− ba
0




.


III
(III.45)

We were not able to diagonalize Hamiltonian (III.3.3) analytically,
we therefore proceed with some interesting special cases. Applying the
parametrization of Eq. (III.31) and setting k x = 0, we find recurrence
equations for the eigenstates of H(k x = 0) with zero energy
√
√
b
s,+
−s,+
ψn+1 = −ψn
n+1
(III.46a)
w
w
−
−s,− √ 1
√ .
ψns,+
(III.46b)
1 = ψn
n+1 b
We can construct four linearly independent solutions for the system of
Eqs. (III.46). Starting with a single non-trivial component, ψ0s,r = 1. The
solutions generated for r √
= + are not normalizable because of a cumulative divergent factor n!, and are therefore non-physical. The two
normalized physical solutions for r = − are

|ψ+,− i = e− 2b

w2



0

w2



0

|ψ−,− i = e− 2b


 †
>
√ |0i
|0i 0 sinh wa
(III.47)
b
 †
 †
>
√ |0i 0 cosh wa
√ |0i
sinh wa
(III.48)
cosh



†
wa
√
b

b

b
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2
1 w2n
= ew /b
n
n! b
n=0

∑

(III.49)

to obtain the normalization factor.
For k x 6= 0, the first order (linear) correction to zero energy can be
obtained by diagonalizing the matrix
Mrs = h̄v x k x hψr,− | Γ1 |ψs,− i.

(III.50)

Evaluating the matrix leads to
M = h̄v x k x e

− 2wb

2



0
i

−i
0


(III.51)

and the linear correction to the LL energy is
III

∆ε(k x ) = ±h̄v x k x e−

2w2
b

.

(III.52)

We see that the dispersion of zeroth LLs is exponentially suppressed for
weak magnetic fields b . w2 , and it saturates at ±h̄v x k x for b  w2 . This
behaviour is confirmed by the numerical results in Fig. III.7(d-f).
We argue that the crossing of the lowest LLs is protected by system
symmetries. Notice that the composition of the time-reversal and the
glide plane


S = Gz ◦ T = Mz T t M
(III.53)
remains a symmetry of the system even in the presence of an in-plane
magnetic field,9 even though both T and Gz are violated. The square of
this operation
n
o
2

S 2 = E |2t k ∼ e−2ik·t k

(III.54)

which is according to Eq. (III.14b) represented at the centre of our k · p
expansion by −1. Additionally, S is an antiunitary operator, meaning
that enforces Kramers eigenstate doublets. One can then understand the
zero-energy LLs of a NSNL in an in-plane field as a remnant of the chiral
LLs of a Dirac Hamiltonian. These exist in the Dirac Hamiltonian with
9 Since magnetic field B is an axial vector, its in-plane components flip sign under the
mirror symmetry. Time-reversal also flips direction of B, hence the composition (III.53)
brings an in-plane magnetic field back onto itself.
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w = 0, and including an S -compatible wΓ34 perturbation preserves this
property. This result should be contrasted with accidental nodal loops
(ANLs) such as those of Subsec III.1.1. ANLs do not have a symmetry
that can protect a zero-energy Landau level crossing, hence they do not
produce chiral LLs and therefore should have transport properties qualitatively different from those of NSNLs.

III.3.4 Semiclassical description
The results of the two previous subsections suggest the presence of a
direction-selective chiral anomaly, which only exists if the applied magnetic
field does not have a perpendicular component. Of course, the physical
magnetoresistance response should not have such a singular behaviour!
To consider this problem a bit more, we present here the semiclassical description of the magnetoresistance of k · p model (III.23). Unfortunately,
we will arrive at another singularity.
To simplify the discussion, we define coordinates10 k, φ and θ as
kx

=

ky

=

kz

=

1
h̄v x
1
h̄vy

(w + k sin θ ) cos φ
(w + k sin θ ) sin φ

(III.55)

1
h̄vz k cos θ,

where θ ∈ [0, 2π ), φ ∈ [0, 2π ) and k ∈ [0, ∞), together with an additional
constraint on k, namely
w + k sin θ > 0,
(III.56)
to prevent non-uniqueness. Assuming that the chemical potential µ is
close to the NSNL, we only need to determine the Berry curvature of the
two bands forming the NSNL. We further rotate to a yet another Dirac
basis
Γ1 = −σy ⊗ τy ,

Γ2 = σx ⊗ τy ,

Γ4 = 1σ ⊗ τz

Γ3 = σz ⊗ τy

Γ5 = 1σ ⊗ τx .

,
(III.57)

such that Γ34 = σz ⊗ τx . Then Hamiltonian (III.23) becomes


0
0
w − ikC (w + kS) e−iφ

0
0
− (w + kS) eiφ −w + ikC 
,
Hk,θ,φ =
 w + ikC − (w + kS) e−iφ

0
0
iφ
−w − ikC
0
0
(w + kS) e
10 For

w = 0 they correspond to spherical coordinates.
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where C, S are shorthand notations for cos θ and sin θ. Then the two
states forming the NSNL are

III

|ψc (k, θ, φ)i = 12



|ψv (k, θ, φ)i = 12



i ieiφ −eiθ ei(θ +φ)
i ieiφ eiθ −ei(θ +φ)

>
>

with

εc = k,

(III.58a)

with

εv = −k,

(III.58b)

which do not depend on coordinate k. The non-vanishing components
of the single-band Berry connection are Acφ = Avφ = Acθ = Avθ = i/2,
which lead to vanishing Ωc = Ωv = 0. In fact, the same result can also
be found for the two bands further away from the Fermi level.
In other words, Berry curvature is flat. On the other hand, there is a
singular π Berry curvature flow along the NSNL, which corresponds to a
diverging Ω(k) at the line. The first of these results indicate a zero magnetoresistance at µ 6= 0 because of the vanishing (E · B) Ω, cf. Eq. (II.27),
while the semiclassical description suddenly breaks down for µ = 0 because of the infinitely strong field Ω. We see, that the problem of magnetoresistance of NSNLs cannot be treated well semiclassically.
As a possible solution to this problem, we suggest to study the magnetoresistance using the Landau level formalism, but with explicit corrections to the adiabatic dynamics. Such corrections should be able to
remove the singular behaviour predicted previously: Since the gap between the lowest energy LLs is very small for a very small B⊥ , there is a
chance that the electrons would be able to tunnel across the gap. Amplitude of such a process should decrease with increasing B⊥ , until at some
point the signatures of the chiral anomaly disappears altogether. However, the finite length of the doctoral studies did not allow us to pursue
this direction further, and we leave it for future studies.

III.4 Iridium tetrafluoride
Our colleague Dr. Quan-Sheng Wu performed an exhaustive search using the Inorganic Crystal Structure Database [166] and discovered the
presence of a nodal chain in an existing compound IrF4 . We spend this
section discussing the predicted properties of this material. These results
were published in Ref. [37], together with predictions of other nodal
chain materials belonging to the same material class, which we do not
discuss in this thesis.
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Figure III.8: Crystal structure of IrF4 . (a) The iridium atoms are surrounded by an
octahedron of six fluorine atoms. Four of the six fluorines on each octahedron are
shared with neighbouring octahedra. The IrF6 octahedra form two symmetry-related
sublattices, coloured in green and orange. (b) The same structure viewed along the
z-direction. The crystal structures were plotted using VESTA 3 [139].

III.4.1 Crystal structure and symmetry

III

The face-centred orthorhombic crystal structure of this compound belongs to space group #43 (Fdd2). The conventional unit cell parameters
are [165]
a = 9.64(1) Å,

b = 9.25(1) Å,

c = 5.67(1) Å.

(III.59)

and the primitive unit cell contains two formula units, so that the number of electrons satisfies Eq. (III.16). Each Ir site is surrounded by an
octahedron of six F atoms, four of which are shared with the neighbouring octahedra. The IrF6 octahedra form a bipartite lattice as shown
in Fig. III.8. The space group contains two mutually orthogonal glide
planes: Gx and Gy formed by the reflection with respect to the (100)
and (010) planes, followed by a translation of ( 41 , 14 , 14 ) in the reduced
coordinates. Possible antiferromagnetic ordering with TN . 100 K was
reported for IrF4 in magnetic susceptibility measurements [165]. A paramagnetic phase is expected to occur at temperatures above TN , still
accessible for an angle resolved photoemission spectroscopy (ARPES).
Throughout the thesis, we discuss only the paramagnetic phase, in which
the crystal symmetries and band filling guarantee the presence of a nodal
chain corresponding to Fig. III.5(c). Some comments on the possible antiferromagnetic phase are included in Ref. [37].
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Figure III.9: Band structure of IrF4 . (a) The band structure along the highsymmetry lines. The solid red line corresponds to the first-principle calculations as
described in the text. The dashed blue line represents the TB model (III.60) with
five free parameters (III.61) fitted to the first-principle results. The dotted green line
corresponds to the chiral TB model with two free parameters (III.62) which we use
to explain the surface states of IrF4 , which are presented in Fig. III.11. The orange
arrows indicate cross-sections with the two loops of the nodal chain. The pink arrow indicates the 4D IR at the Z point where the entire band quadruplet collapses
onto a single energy. (b) Fermi surface of IrF4 consists of touching electron pockets
(cyan) and hole pockets (red & dark blue). They touch where the energy of the nodal
chain equals the chemical potential, indicated by green arrows. The approximately
torical electron pocket in the centre does not correspond to a nodal line, and appears because of the approximate sublattice symmetry, as discussed in the following
subsections.

III.4.2 Band structure
In this subsection we present two complementary approaches to describe the band structure of IrF4 : First-principles calculations and tightbinding (TB) modelling. The first was performed by Dr. Quan-Sheng
Wu, and the latter was performed by the author of the thesis.
The first-principles calculations have been performed within the framework of density functional theory (DFT) [167], using the generalized
gradient approximation [168] with the projector augmented-wave [169]
implemented in the VASP simulation program [170, 171]. Spin-orbit
coupling was included into considerations via pseudopotentials. Further numerical specifications appear in the Supplementary Information
File to Ref. [37]. The calculated band structure around the Fermi level
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is plotted along high-symmetry lines in Fig. III.9(a). The corresponding
Fermi surface is shown in Fig. III.9(b).
We now complement the first-principle calculations with a short-ranged symmetry-based TB model of IrF4 . The DFT calculations predict the
set of bands originating from the 5d Ir orbitals to be separated from the
5s Ir orbitals above and the 2p F orbitals below. Analogous to Fig. II.6 in
the context of pyrochlore iridates, the local octahedral crystal field splits
the 5d Ir orbitals into a partially filled lower-lying t2g manifold and an
empty higher-energy e g states. SOC further splits the t2g orbitals into a
filled Jeff = 32 quadruplet11 , and a half-filled Jeff = 12 doublet, which are
well separated in energy – see the additional red lines in Fig. III.9(a).
Since there are two Ir sites per primitive unit cell, each carrying a
2-level degree of freedom well-separated in energy from the other orbitals, it is possible to formulate an effective four-band TB model. To
simplify the analysis, we assume a perfect C4z screw rotational symmetry, which is very weakly broken in IrF4 – see the orientation of green
and orange octahedra in Fig. III.8(b). Such simplification changes the
relevant SG from the face-centred orthorhombic #43 (Fdd2) to the bodycentred tetragonal #109 (I41 md). According to Fig. III.5(c), these two SGs
are characterized with nodal chains of the same geometry.
We construct such a symmetry-based TB model, which reproduces
the central four bands of IrF4 to better than 4% fraction of the overall
bandwidth.12 It contains five independent real parameters, t1 , T1 , t2 , T3 , t4 ,
where the small letters indicate spin-independent hopping amplitudes,
and the capital ones the SOC processes. The subscript of the amplitudes
indicates the relative position of pairs of sites connected by the corresponding hopping process according to the legend in Fig III.10.
The resultant TB Hamiltonian can be written compactly, using a set
of Pauli matrices σi for the pseudospin degree of freedom. The electron annihilation operator at site i with position vector r i is given by
>
ci = ci↑ , ci,↓ . The constructed real space Hamiltonian in the second

fact, the NNN crystal field further splits Jeff = 23 into two doublets, but that is not
relevant for the construction of the TB model.
12 This number is determined as root-mean-square average of the difference between
the original bands and the fit.
11 In

III

132

Chapter III. Nodal line semimetals

2
c

4
3

1

a

a

Figure III.10: Construction of the tight-binding model. The lattice of iridium atoms
(green spheres) inside IrF4 looks like a vertically compressed diamond lattice. The
numbers along the bonds and arrows coincide with the subscripts of the corresponding hopping amplitudes in Hamiltonian (III.60). We warn the reader that this illustration is misleading when it comes to symmetry analysis, because the omitted fluorine
octahedra break some of the symmetries exhibited by the displayed lattice of iridium
atoms.

III
quantized form is13
H=

∑

{i,j}∈1


 
c†i t1 + iT1 r ij × ez · σ c j

+ t2

∑

{i,j}∈2

+iT3

∑

c†i c j + t4

{i,j}∈3


c†i (ez

∑

{i,j}∈4

c†i c j


· r ij )(ez × dij ) · σ c j ,

(III.60)

where dij = r ik + r jk with k being the shared NN of sites {i, j} ∈ 3,
r ik = r k − r i , and dve = v/ |v| is the unit vector in a prescribed direction.
The values of the TB parameters fitted to the first-principle results
together with the chemical potential corresponding to the half-filling are
t1 = 0.0548,
T3 = 0.0071,

T1 = −0.0577,
t4 = −0.0068,

t2 = −0.0153
µ = 0.0179.

(III.61)

where all the value are listed in eV. The fitted TB band structure is plotted with dashed blue line in Fig. III.9(a).
13 Additional hopping processes and SOC terms up to the considered distance are possible, but we found their fitted amplitudes to be small compared to the terms already present
in Eq. (III.60). We therefore decided to drop them out from the Hamiltonian altogether.
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The hopping amplitudes between the two sublattices (t1 , T1 ) strongly
dominate over intra-sublattice ones (t2 , T3 , t4 ). This indicates that the
sublattice realization of the chiral symmetry, defined in Eq. (I.99c), is
only weakly broken. Indeed, turning off the intra-sublattice hoppings
altogether leads to an ideal chiral symmetry in the model, while still
producing a reasonable fit to the band structure, see the dotted green
line in Fig. III.9(a). The parameters of such a chiral-symmetric TB model
are
t1 = 0.0548,
T3 = 0,

T1 = −0.0577,
t4 = 0,

t2 = 0

µ = 0.

(III.62)

The chiral symmetry (CHS) operator is

C = τz ,

(III.63)

where Pauli matrices τi correspond to the sublattice degree of freedom.

III.4.3 Surface states
We only focus on the (100) surface throughout this and the following
subsections. The nodal chain produces topological surface states on such
a surface of IrF4 , which are plotted in Fig. III.11(a,b). On this surface, the
projection of (010) and of the (100) NSNL is a line and an oval, respectively, which are indicated with black dashed lines in Fig. III.11b.
Fermi arcs arise from the touching points of the electron and hole
Fermi pockets. For the projection of the (100) NSNL14 a single such arc,
produced by the drumhead states clarified in Fig. III.3, emerges from the
touching point. However, the touching points that appear on a linear
projection of the (010) NSNL produce two Fermi arcs, consistent with
the fact that there are two such Fermi pocket touchings that project onto
the same point in the surface BZ (SBZ).
The arcs originating on different NSNLs are connected either directly,
or through a carrier pocket. Moreover, the Z2 invariant computed on
the gapped T -symmetric plane15 projected onto the magenta path in
Fig. III.11(b) is non-trivial. Therefore, the path corresponds to an edge
of a 2D TI, and has to host an odd number of Kramers pairs of edge
14 Also

shown as region 1 in Fig. III.11d.
M and T correspond to a projection of a pair of bulk TRIMs into SBZ, see also
Fig. III.12(b).
15 Points
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Figure III.11: Surface density of states of IrF4 . (a) The (100) surface density of
states along the high-symmetry lines of the surface BZ (SBZ). Various number of
surface bands is clearly visible along the individual segments of the path. (b) The cut
of the surface density of states in (a) at the Fermi energy, plotted in the (100) SBZ.
End points of the surface Fermi arcs coincide with the projections of the bulk touching
points of the electron and hole Fermi pockets. The dashed black lines indicate the
projection of the nodal chain into the SBZ. The magenta line is the projection of the
curved plane in Fig. III.12(b), which is used to determine the bulk Z2 invariant. The
meaning of (c,d) is analogous to (a,b) but for the chiral TB model. The white numbers
in (d) indicate the number of topological surface bands in the corresponding region,
and the thick black lines correspond to the projection of the additional nodal loop
imposed by CHS, as we discuss in Subsec. III.5. Calculations were performed and
results plotted by Dr. Quan-Sheng Wu.

states [11]. In agreement with the observed connectivity of the Fermi
arcs, there is a single Kramers pair of such edge states, see Fig. III.12(a).
In fact, we reason in Subsec. III.4.4 that the glide symmetry enforces the
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Z2 invariant to be non-trivial, regardless of the model details.
To understand why both Fermi arcs of the (010) NSNL appear on
the same side of its projection onto the (100) surface, we take use of the
approximate chiral symmetry (CHS) present in the material, which we
explained above Eq. (III.62). It turns out that the avoided crossing along
the ZΓ line in Fig. III.9(a) originates from intra-sublattice hoppings. If we
restore perfect CHS by setting the intra-sublattice hopping amplitudes to
zero, i.e. by the choice of parameters (III.62), we obtain the band structure plotted with dotted green lines in Fig. III.9(a). One can see that now
the gap along the ZΓ line vanishes, and an additional NL appears. It
connects to the nodal chain, thus creating a nodal net, which we plot in
Fig. III.13. The projection of the additional NL onto the (100) surface is
indicated with the thick black lines in Fig. III.11(d).
Endowed with the CHS, the Hamiltonian allows for a richer topological classification, as discussed in Subsec. III.5, which predicts two/one/zero surface modes to exist in regions marked as 2/1/0 in Fig. III.11(d).
In the presence of the CHS, all these regions are topologically distinct
and separated by NLs. When the CHS is weakly broken, only the parity of the number of surface states remains topologically protected, cf.
Eq. (III.10b). This gaps out the additional NL in Fig. III.11(d), which
separates regions “two” and “zero”. However, since the breaking of the
CHS in realistic IrF4 is weak, the location of surface modes in the SBZ of
IrF4 is inherited from the chiral symmetric structure. This explains the
position of the Fermi arcs originating from the (010) NSNL.

III.4.4 Z2 invariant on a curved plane
In the previous subsection, we alluded to a Z2 invariant on a T -symmetric
curved plane, the projection of which onto the (100) surface is given by
the magenta line in Fig. III.11(b). We claimed that the invariant is nontrivial, suggesting an odd number of Kramers pairs of edge states to
cross the bulk gap along the magenta line. The corresponding surface
spectral function shown in Fig. III.12(a) confirms this prediction.
Let us be more precise now. We claim that the value of the topological Z2 invariant is, in fact, constrained to be non-trivial by the crystalline
symmetries. To motivate this assertion, we apply the established technique of Refs. [172, 173] to compute the value of the topological invariant
by tracking the changes in the Wannier charge centre (WCC) positions –
or, equivalently, in the Wilson loop operator spectrum. In particular, we
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Figure III.12: Finding the Z2 invariant on the curved plane. (a) The surface spectral function along the magenta line in Fig. III.11(b) reveals a non-trivial Z2 invariant.
Points T and M are projections of pairs of bulk TRIMs, and P corresponds to the point
where the magenta line crosses the SBZ boundary. (b) The curved magenta cut K
through bulk BZ is T -symmetric. The projection of K to the right (with points T,P,M)
corresponds to the magenta line in III.11(b), while the projection to the top (with
points A,B,C) does not correspond to any physical surface. The dashed yellow lines
indicate two paths in k-space related by glide reflection Gx . The dark points on the
sheet correspond to bulk TRIMs. The green plane is mirror-invariant with respect to
Gx . (c) Wannier charge centres (WCCs) along vertical threads of the magenta sheet
¯ k x ) computed from ab initio for IrF4 . The vertical shift associated with Gx leads to
`(
glide symmetry of the WCC plot with respect to the central dashed line. This enforces
the Z2 invariant of a system with 4ν + 2 occupied bands to be non-trivial [70].

consider a cut K = (k x , k ` ), shown as a magenta plane in Fig. III.12(b).
The cut is formed by momentum k x and a curved line parametrized by
k ` . The plane contains four inequivalent bulk TRIMs, and exhibits a
gapped spectrum. The projection of this cut onto the (100) surface is
the magenta line in Fig. III.11(b).
We determine the WCCs `¯ a (k x ) by carrying out the non-Abelian parallel transport (I.13) along k ` at different values of k x . The k ` lines that
connect TRIMs at k x = A or k x = C of Fig. III.12(b) are mapped onto
themselves by TRS, and hence the WCCs at these values of k x should
appear in Kramers degenerate pairs [62, 172], as we explained in Subsec. I.2.6. At values of k x other than A and C the degeneracies have to
split, as is indeed observed in Fig. III.12(c).
However, since the lines located at B ± δk x [like the pair of dashed
yellow lines in Fig. III.12(b)] are related by Gx which contains a vertical
shift by half-unit cell, the WCCs `¯ a at B ± δk x must also be displaced
by half-unit cell along `, as is confirmed by Fig. III.12(c). Because of
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this shift, the connectivity of the WCCs between k x = A and k x = C is
constrained in such a way that the Z2 invariant is trivial (non-trivial) if
there are 4ν (4ν + 2) occupied bands [70], meaning that the WCCs do not
exchange (do exchange) partners when k x increases from A to C.

III.5 Nodal nets
In this section, we explain the appearance of the third nodal loop in
the chiral TB model of IrF4 . As explained in Subsec. III.1.4, the presence of CHS enables the block-off-diagonal form (III.9) of the Hamiltonian, which facilitates a Z-valued winding number (III.10a). We claimed
therein [and we prove it in footnote (5) of chapter IV], that the winding
number w(γ) and the (rescaled) Berry phase z2 (γ) on a mirror-invariant
path γ are related by [73]
w ( γ ) = z2 ( γ )

mod 2.

(III.64)

Two paths γa,b with w(γa,b ) = ±1 are topologically distinct in the chiralsymmetric case, but the distinction is lost once the CHS is broken. In
the spirit of Fig. (III.3), if a pair of vertical 1D fibers have distinct chiral
charges, they need to be separated by a gapless nodal line in the bulk BZ.
However, if the chiral charge of the two fibers differs by a multiple of 2,
the gapless nodal line separating the two fibers becomes unstable upon
breaking the chiral symmetry. This is precisely what happens when going from Fig. III.11(d) to Fig. III.11(b).
To explain the appearance of the third nodal loop, we use that in a
crystal with a symmetry S , the winding numbers w(γ) and w(S γ) are
not independent. Specifically, we derive that
w (S γ) = ζ w(γ) +

n
2π

I

dk · ∇k [arg (vk )] ,

(III.65)

γ

where n is the dimension of the off-diagonal block h (k) (i.e. the number
of occupied bands of the TB model), and the appropriate form of vk ∈
U(1) and ζ for various operators S are listed in Table III.4. The integral
in (III.65) vanishes if γ does not wind around the BZ torus.16
To outline the derivation of (III.65), we explicitly discuss the case of
a unitary symmetry S that exchanges the two sublattices, corresponding
16 The quantity v ∈ U(1) is well-defined also at NLs, meaning that a NL does not pose
k
a topological obstacle for the integral in Eq. (III.65).
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Figure III.13: Nodal chain and nodal net of IrF4 . (a) Nodal chain structure of IrF4 .
(b) Nodal net in the chiral-symmetric TB model of IrF4 plotted in the same region. (c)
The form of the nodal net in the extended k-space. Different colours correspond to
different orientations of the nodal loops.

III

Table III.4: Transformation of chiral winding number under crystal symmetries.
The four rows characterize the possible crystal symmetries S as commuting (C) vs.
anticommuting (AC) with the chiral symmetry C , and as being unitary (U) vs. antiunitary (AU). The third column indicates the most general form of such an operator S(k),
where K is the complex conjugation. The columns ζ and vk indicate the appropriate choice of variables in relation (III.65). The last column categorizes all symmetry
operations of IrF4 into the four defined classes.

SLS
AC
C
AC
C

type
S(k)
U Uk ⊗( ak τ x + bk τ y )
U Uk ⊗( ak 1τ + bk τ z )
AU Uk ⊗( ak 1τ + bk τ z ) K
AU Uk ⊗( ak 1τ + bk τ z ) K

ζ
vk
in IrF4

− a∗k − ibk∗ ( ak − ibk )
Gx , Gy
+
+
a∗k − bk∗ ( ak + bk )
C2z

+ a∗k − ibk∗ (ak − ibk ) T ◦ Gx , T ◦ Gy
+
−
a∗k − bk∗ ( ak + bk )
T , T ◦ C2z

to the first row of Table III.4. Such a symmetry is off-diagonal in the
sublattice basis, hence

SUAC (k) = Uk ⊗ ( ak τ x + bk τ y )

(III.66)

where Uk captures any other degree of freedom besides sublattice, i.e.
pseudospin in the case of IrF4 . The k-dependence of Uk ∈ U(n) and
ak , bk ∈ C is continuous, and non-trivial for non-symmorphic space
groups. The unitarity of (III.66) implies | ak |2 + |bk |2 = 1 and ak bk∗ −
bk a∗k = 0.
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Since for symmetries in general

H(S k) = S(k)H(k)S −1 (k),

(III.67)

we find that operator (III.66) alters the upper right block of (III.9) as
h (S k) = vk U (k)h † (k)U † (k)

where vk = a∗k − ibk∗ ( ak − ibk ) ∈ U(1). Consequently
det h (S1 k) = (vk )n [det h (k)]∗ ,

(III.68)

(III.69)

from which we conclude the relation (III.65) with ζ and vk given in the
first row of Table III.4. In the same fashion, we find ζ and vk for symmetries that do not exchange the two sublattices and for antiunitary symmetries that commute or anticommute with C .
Before explaining the origin of the nodal chain, we do a quick sanity
check of relation (III.65). We consider two loops γ1,2 in Fig. III.14 related
+
γ1 = Gx γ1 where we are careful to capture the orientaby γ2 = −C2z
tion properly. The relation (III.65) implies w(γ2 ) = −w(γ1 ). Loops γ1,2
enclose a NL so that z2 (γ2 ) = z2 (γ1 ) = 1. The last two relations imply17

|w(γ2 ) − w(γ1 )| = 2.

(III.70)

This means that within the chiral-symmetric TB model, deforming γ1
onto γ2 must be associated with encountering at least two NLs. This
is indeed true: The red NL in Fig. III.14 needs to be intersected twice.
We can analogously consider loops γ3,4 in Fig. III.14 related by γ4 =
+
−C2z
γ3 = Gy γ3 , and infer

|w(γ4 ) − w(γ3 )| = 2.

(III.71)

Therefore, deforming γ3 onto γ4 is associated with encountering at least
two NLs in the CHS case. This time it is the blue NL in Fig. III.14 that
needs to be intersected twice to relate the two loops.
After the warm-up exercise, let us explain the appearance of the additional NL imposed by CHS. Consider a pair of horizontal loops γ5,6
in Fig. III.14 related by γ6 = − ( Gx ◦ T ) γ5 . The relation (III.65) implies
that w(γ6 ) = −w(γ5 ). But since both γ5,6 encircle the red NL, we obtain

|w(γ6 ) − w(γ5 )| = 2.

(III.72)

17 More precisely, they imply w( γ ) − w( γ )| = 4n + 2 with n ∈ Z+ , but we expect
|
2
1
0
small values.
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g1 g2
kz
kx

ky
g5
g6

g3

g4
Figure III.14: Paths considered in the analysis of the chiral symmetric model I.
The difference (III.70) between w(γ1 ) and w(γ2 ) can be explained by the red NL
separating them. Similarly, the blue NL explains the difference (III.71) between w(γ3 )
and w(γ4 ). However, the nodal chain alone does not explain the difference (III.72)
between w(γ5 ) and w(γ6 ). This implies the presence of an additional NL in the
k z = 0 plane of the chiral symmetric TB model, which has to touch the red NL.

III
Consequently, a deformation of γ5 into γ6 must be accompanied by
crossing two nodal lines. In this case, the the nodal chain alone is not
able to explain the obstacle. Therefore, we must conclude that CHS imposes an additional NL located in the k z = 0 plane, such that γ5,6 become separated. We indicate such possible NLs by dashed green lines in
Fig. III.14.
We can go one step further: A suitable choice of considered paths can
explain the actual topology of the nodal net. First, note that Eq. (III.72) implies that the additional NL cannot terminate at the red NL, because that
would correspond to just a single gap closing between γ5 and γ6 , such
that it would not be possible to change the topological invariant by 2.
This implies that the additional NL really has to pass through the red NL.
Because of the periodicity of k-space, this leaves us with only two possibilities indicated by the dashed green and magenta lines in Fig III.15.
We argue below that the first option is realized.
+
Consider a path γ7 = C2z
γ5 , such that w(γ7 ) = w(γ5 ). The paths
γ5,7 can be merged into γ8 with |w(γ8 )| = 2. If we finally consider a path
γ9 = − ( Gx ◦ T ) γ8 , we conclude using Eq. (III.65) that

|w(γ9 ) − w(γ8 )| = 4.

(III.73)

Therefore, deforming γ8 onto γ9 is accompanied by crossing of four NLs.
This implies that the topology of the nodal net cannot take the form (2) of
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kz
kx

ky
g5
g9

g8
g7
(1)
(2)

Figure III.15: Paths considered in the analysis of the chiral symmetric model II.
The invariants for paths γ8,9 are related by Eq. (III.73), which is consistent with the
green NL (1), but not with the magenta NL (2). This uniquely determines the topology
of the nodal net in the extended k-space as plotted in Fig. III.13(c).

Fig. III.15. Consequently, the topology of the nodal net in the extended
k-space is fixed to take the form plotted in Fig. III.13(c). We expect
analogous findings for all the eight space groups listed in the catalog
of Fig. III.5, although we did not check this explicitly.
Let us finally tackle the distinction of the regions labelled by “0” and
“2” in Fig. III.11(d). The labels correspond to the winding numbers of
straight paths (“fibers”) traversing the Brillouin zone in the [100] direc+
tion. The two regions are related by C2z
(which also reverses the orientation of the fibers). Since these loops are non-contractible, we have
to take into account the integral term in Eq. (III.65). We adopt the tightbinding convention with phase factors eik· R where R are the Bravais vec+
tors. With such a choice, H(k) = H(k + G ). The representation of C2z
in
this convention is
!
e−i(kz −ky )/2
0
+
C2z (k) = −iσz ⊗
(III.74)
0
e−i(kz +k x )/2
and the phase vk in Eq. (III.65) becomes
vk = ( a∗k − bk∗ ) ( ak + bk ) = ei(k x +ky )/2 ,

(III.75)

which winds once for any one-dimensional path threading the Brillouin
zone in the [100] direction. Since in our case n = 2, we obtain from
Eq. (III.65) that
c(k y , k z ) = −c(−k y , k z ) + 2,
(III.76)

III

142

Chapter III. Nodal line semimetals

where we also took into account the reversed orientation of the two
+
fibers related by C2z
. This condition is compatible with the region labels
in Fig. III.11(d).

III

IV

Nodes from spatial inversion

two chapters, we studied how space group symmetry facilitates the appearance of nodes in band structures. Such
nodes are typically constrained to lie at high-symmetry lines or
planes in momentum space. Specifically, the Dirac points of pyrochlore
iridates in chapter II lie at TRIMs on the BZ boundary, and the Weyl
points they produce upon breaking I move along rotation invariant
axes. In chapter III, we observed the formation of nodal lines in mirrorinvariant planes. Similar confinement to a lower-dimensional subspace
of momentum space is also present for other nodes recently discussed
in the literature, e.g. hyper-Dirac points [174], emergent spin-1 fermions [175], and nexus of nodal lines [155–159], which are not explicitly
discussed in this thesis.
However, we also went across a few examples where such a confinement is absent. First, we discussed in Subsec. II.1.1 that Weyl points
are robust against essentially all perturbation, especially all those that
break point group symmetries [29, 31]. This means that breaking all the
remnant rotation and mirror symmetries of the breathing pyrochlore lattice does not gap out the observed Weyl points, but only moves them
away from the rotation-symmetric axes. Second, we mentioned in Subsec. III.1.3 that in systems preserving both T and I in the absence of
SOC, nodal lines may appear which can take arbitrary shape [38]. Electrons in such systems are described as effectively spinless. As a nontrivial example of such nodal lines, we mentioned the nodal spiral in
rhombohedral graphite [160]. Finally, the three nodal loops observed

I
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in the chiral-symmetric TB model of Subsec. III.5 would start traversing
the momentum space if point group symmetries were removed, because
they are protected by the winding number invariant of Eq. (III.10a).
While Weyl points do not require the presence of any symmetry for
their appearance, the common property of the latter two examples is that
they exhibit a symmetry local in k space, i.e. one posing a constraint on
H(k) for all k ∈ BZ. Such local constraints influence the codimension
δ of the node formation at such a generic k-point. In the case of the
spinless nodal line semimetals, such a symmetry is eiπσy /2 ◦ T ◦ I , i.e. a
composition of space inversion, time-reversal and a spin-rotation symmetry [38]. In the case of the nodal net, the local symmetry corresponds
to the sublattice realization of the chiral symmetry C of Eq. (III.63). In
both cases, the codimension is decreased from δ = 3 in the absence of
symmmetries (leading in 3D to Weyl points), to a lower δ = 2 (leading in
3D to the mentioned nodal lines).

IV

The confinement of the other mentioned nodes to a lower-dimensional part of k-space stems from the fact, that a typical point group
symmetry R relates H(k) to H( Rk), which is not a local condition for
a generic k. However, the example of the spinless nodal line semimetals
suggest a viable generalization: A composition of spatial inversion I
(which flips k to −k) with a time reversal T or particle-hole symmetry
P (which also flip k to −k) becomes local in k-space. This motivates us to
develop a modified version of the Atland-Zirnbauer (AZ) classification
based on the presence of such global symmetries (i.e. T , P and C ) which
would be better tailored for centrosymmetric systems.
We develop such a modified classification scheme, which we call the
AZ+I classification, in Sec. IV.1. We refer to the ten symmetry possibilities of this scheme as the centrosymmetrically extended AZ classes, or just
AZ+I classes, for short. The generalization is done in such a way, that
non-centrosymmetric systems can also be assigned into one of the ten
extensions. We then apply codimension arguments to determine the dimension of the nodes exhibited by the individual AZ+I classes in an arbitrary spatial dimension, and we apply homotopy theory to determine
their topological characteristics, which we call topological charges.
One of the interesting findings of Sec. IV.1 is the observation of nodes
characterized by multiple topological charges. More specifically, we show
that in three spatial dimension, four of the ten centrosymmetrically extended AZ classes support nodes characterized with a pair of charges [40].
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Two of these have been previously known, namely the spinless nodal
lines1 of AZ+I class AI [38], and the Bogolyubov Fermi surfaces appearing in certain time-reversal breaking multiorbital superconductors [39],
which correspond to AZ+I class D. The second example forms a nodal
surface in the sense that a pair of Bogolyubov-de Gennes (BdG) bands
touches along a 2D manifold inside 3D k-space. The further two examples include doubly charge nodal lines of AZ+I class CI, and doubly
charged nodal surfaces of AZ+I class BDI.
Such multiply-charged nodes may reach the very high degree of stability usually associated with Weyl points: Continuous deformation of
the underlying Hamiltonian can move these nodes across the k-space,
but the only way to remove them is through a pairwise annihilation.
Since I is preserved in the usual straining experiments and since no further point group symmetries are necessary for the appearance of these
nodes, they are robust against a very wide range of perturbation. We
describe this property as robustness. Of all the nodes alluded to in the
previous chapters, only Weyl points are robust in this sense.
In Sec. IV.2, we follow the logic of Ref. [21] in order to relate the abstractly defined AZ+I classes to various physical systems. For systems
characterized by a particle-hole symmetry, we divide the discussion into
systems with a sublattice symmetry (treated in Subsec. IV.2.1) and into
superconducting systems (treated in Subsec. IV.2.2). The developed classification applies beyond semimetals. For example, it captures nodes
of the gap function of various superconductors [178–180], of excitation
spectra of superfluids [15] and even of magnon bands [181].
In the remaining sections, we discuss individually the four AZ+I
classes supporting doubly charged nodes in three spatial dimensions.
We develop a simple TB model on a hexagonal SrPtAs-like lattice [182]
for each class, and provide a geometric interpretation of both of the two
topological charges of the nodes exhibited by the TB models. We sequentially go through: The AZ+I class D exhibiting Z2 ⊕ 2Z nodal surfaces in
Sec. IV.3, class BDI with Z2 ⊕ Z2 nodal surfaces in Sec. IV.4, class CI with
Z ⊕ Z2 nodal lines in Sec. IV.5, and finally class AI with Z2 ⊕ Z2 nodal
lines in Sec. IV.6. While most of the formulated charges are in some way
already present in the ten-fold way classification [73], on three occasions
1 Up until now, we only exposed one of the two charges, namely the Z Berry phase
2
in Eq. (III.3). The other charge is also Z2 -valued and has been identified by Ref. [38]. We
will explain this additional charge in Sec. IV.6. This Z2 invariant has been more recently
investigated also by Refs. [176, 177].
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we encounter a somewhat unusual Z2 charge corresponding to a closed
path winding inside Lie group SO(n) [38], which we formalize using
Wilson loop spectra [70, 183].

IV.1 Mathematical considerations
In this section we derive most of the main results of the present chapter.
The later sections mostly serve to strengthen our claims by providing
explicit tight-binding (TB) models that exhibit the doubly charged nodes.
They also explain in more detail the geometric meaning of the pair of
topological charges.
To derive the results, which are summarized in Tab. IV.1, we begin
in Subsec. IV.1.1 by developing the centrosymmetrically extended Atland-Zirnbauer (AZ+I ) classification. We use codimension arguments
to determine the dimension of the nodes of the individual AZ+I classes
in Subsec. IV.1.2. Finally, in Subsec. IV.1.3 we apply the homotopy theory to derive the topological charges of the nodes. The last subsection
is supplemented by Appendix B which presents the derivation of the
classifying spaces relevant for the individual AZ+I classes.
IV

IV.1.1 Symmetry classification
A classification of Hamiltonians according to their global symmetries
was developed in Ref. [41]. By these we mean time-reversal (T ), particlehole (P ) and chiral (C ) symmetry. They are defined by Eqs. (I.99) as
presented in the introductory Sec. I.3. There are ten possibilities which
are listed alongside their Cartan label (CL) in the first four columns of
Tab. I.1 in the same section. This classification is reproduced again in the
left part of Tab. IV.1.
Apart from the discrete set of 2D time-reversal invariant momenta
(TRIMs), where D is the number of spatial dimensions, T and P relate Hamiltonians at two different k-points. These non-local constraints
have to be incorporated when developing the ten-fold way classification
of gapped topological insulators and superconductors [73, 75, 76, 184].
However, when characterizing nodes of a gapless system, one only needs
to know the Hamiltonian in the vicinity of the node, which is typically
not constrained by conditions (I.99a) and (I.99b). Consequently, a D = 3
system exhibits nodal points (lines) in the absence (presence) of C , as is

A
AIII
AI
BDI
D
DIII
AII
CII
C
CI

CL

T P
(T P
× ×
× ×
+1 ×
+1 +1
× +1
−1 +1
−1 ×
−1 −1
× −1
+1 −1

C
classifying space MCL
C)
×
U(n + `)/U(n)× U(`)
1
U( n )
×
O(n + `)/O(n)× O(`)
1
O( n )
×
O(2n)/U(n)
1
U(2n)/Sp(n)(‡)
× Sp(n + `)/Sp(n)× Sp(`)(‡)
1
Sp(n)(‡)
×
Sp(n)/U(n)
1
U(n)/O(n)

homotopy group π p (MCL ) for p
0 1 2 3 4 5 6 7
0 0 Z 0 Z 0 Z 0
0 Z 0 Z 0 Z 0 Z
0 Z2 Z2 0 2Z 0 0 0
Z2 Z2 0 2Z 0 0 0 Z
Z2 0 2Z 0 0 0 Z Z2
0 2Z 0 0 0 Z Z2 Z2
0 0 0 0 Z Z2 Z2 0
0 0 0 Z Z2 Z2 0 2Z
0 0 Z Z2 Z2 0 2Z 0
0 Z Z2 Z2 0 2Z 0 0

=
8
Z
0
Z
Z2
Z2
0
2Z
0
0
0

topological charge cCL (S p )
p=0
p=1
p=2
R
−
−
F
R −1
−
q dq
−
R
−
A
π1 [SO(n)]
sign Pf π1 [SO(n)]
R−
sign Pf
−
F
R −1
−
q dq
−
−
−
−
−
−
R−
−
−
F
R −1
−
q dq π1 [SO(n)]

Table IV.1: Summary of the main results of chapter IV. The first four columns list the ten possible symmetry classes together with
their Cartan label (CL). The headers T , P , C (in gray) correspond to the AZ classification [41], while the headers T, P, C correspond
to the AZ+I classification developed in Subsec. IV.1.1 and considered throughout the following sections. The rest of the table applies
to the AZ+I case only. The fifth column lists the classifying spaces MCL [75] relevant for each symmetry class as explained in
Subsec. IV.1.2. Here, n, ` indicate the number of occupied and unoccupied bands (n = ` whenever P or C is present), except
cases labelled by (‡) when we denote these as 2n, 2` instead. The next block of the table lists the large n, ` limit homotopy groups
of MCL which exhibit the Bott periodicity πd+8 (MCL ) = πd (MCL ) [74] with the exception of π0 (MCL ) which counts the number of
connected components of MCL . As discussed in Subsec. IV.1.3, the homotopy groups π p (MCL ) that determine the charges of a
node are those with δCL − 1 ≤ p ≤ D − 1 where δCL is the node codimension listed for all AZ+I classes in Tab. IV.2, and D is the
spatial dimension. The homotopy groups relevant for D = 3 are typesetted in bold. We observe that AZ+I classes AI, BDI, D and
CI support
topological charges,
R doubly charged nodes in thisRspatial dimension. The last three columns indicate the corresponding
R
namely F is the (first) Chern number, q−1 dq is the winding of the off-diagonal block of Q(k), A is the Berry phase, sign Pf is
the sign of the Pfaffian of the Hamiltonian, and π1 [SO(n)] is the homotopy class of a closed path inside the orthogonal group.
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shown using homotopy theory in the subsequent sections. These two
scenarios correspond precisely to the Weyl points and to nodal lines
characterized by the winding number, which were mentioned in the introduction to this chapter. Further nodal points imposed by conditions
(I.99a) and (I.99b) may be imposed at TRIMs, but these are unremovable
and immobile, and thus not of relevance to us.
The conclusion that T and P do not affect the classification of nodes
is changed in the presence of crystalline symmetries [185]. In this chapter, we consider the presence of inversion symmetry (I ) which is typically robust against simple straining. It fulfils

IH(k)I −1 = H(−k)

I 2 = 1 (U)

(IV.1)

PI = P

(IV.2)

such that compositions

TI =T

and

impose local antiunitary constraints in k-space [38, 176] and become relevant for the characterization of nodes. Apart from the (non-)locality in
k-space, the set of operators T, P, C is mathematically equivalent to the
set T , P , C . It is therefore natural to define ten symmetry classes based
on the presence of operators fulfilling
IV

TH(k)T−1

= H(k)

T2 = ±1

(AU)

(IV.3a)

−1

= −H(k)

P2 = ± 1

(AU)

(IV.3b)

CH(k)C −1

= −H(k)

C2 = 1

(U).

(IV.3c)

PH(k)P

We call them the centrosymmetrically extended AZ classes, or just AZ+I
classes for brevity. We list them together with their CL in the first four
columns of Tab. IV.1.
We remark that CLs of the AZ class and of the AZ+I class corresponding to a given system may be different – a subtlety that is more
carefully explained in Sec. IV.2. Furthermore, classification (IV.3) also applies to systems without spatial inversion. Especially, symmetries (IV.2)
can be present even when T , P , I themselves are absent.

IV.1.2 Node dimensionality
In this subsection we systematically determine the dimension of nodes
supported by the individual AZ+I classes in arbitrary spatial dimension

CL
A
AIII
AI
BDI
D
DIII
AII
CII
C
CI

T
×
×
K
K
×
iσy K
iσy K
iτy K
×
K

P
×
×
×
σz K
K
σx K
×
−iσz ⊗ τy K
iσy K
iσy K

C
×
σz
×
σz
×
σz
×
σz
×
iσy

basis of H2×2
{1, σx , σy , σz }
{σx , σy }
{1, σx , σz }
{σx }
{σy }
∅
{1}
∅
{σx , σy , σz }
{σx , σz }

basis of H4×4
{1, σx , σy , σz } ⊗ {1, τx , τy , τz }
{σx , σy } ⊗ {1, τx , τy , τz }
{1, σx , σz } ⊗ {1, τx , τz } ∪ {σy ⊗ τy }
σx ⊗ {1, τx , τz } ∪ {σy ⊗ τy }
σy ⊗ {1, τx , τz } ∪ {1, σx , σz } ⊗ τy
{σx , σy } ⊗ τy
1 ⊗ {1, τx , τz } ∪ {σx , σy , σz } ⊗ τy
{σx ⊗ 1} ∪ σy ⊗ {τx , τy , τz }
{σx , σy , σz } ⊗ {1, τx , τz } ∪ {1 ⊗ τy }
{σx , σz } ⊗ {1, τx , τz }

δCL
3
2
2
1
1
2
5
4
3
2

nodes in D = 3
point
line
line [38]
surface
surface [39]
line
(none)
(none)
point
line

CII, Kramers degeneracy associated with T2 = −1 together with the presence of P necessitates a minimum of four bands, such that
H2×2 is non-existent (∅). Similarly, T2 = −1 of class AII implies a double degeneracy of bands for all k, meaning that a minimum
of four bands is necessary to obtain a node formed by touching valence and conduction bands. The column δCL indicates the node
codimension for each AZ+I class. It is obtained by counting the number of traceless basis elements of the minimal model (typesetted
in black). As explained in Subsec. IV.1.2, stable nodes exist when D ≥ δCL and their dimension is given by the difference D − δCL .
We list the node type appearing in D = 3 explicitly in the last column.

Table IV.2: Determining the node codimension δCL . The first four columns indicate for every AZ+I class our representation of T,
P and C , if present. The fifth column lists the basis matrices σi of a two-band Hamiltonian H2×2 that are compatible with the listed
operators, and the sixth column achieves the same for basis matrices σi ⊗ τj of a four-band Hamiltonian H4×4 . For classes DIII and
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D. To achieve this, we fix canonical representations of operators (IV.3)
and use them to determine the codimension δCL of the node formation,
i.e. the number of conditions to be fulfilled to make two bands touch.
Provided that D ≥ δCL , nodes of dimension D − δCL occur.
Our choice of representing operators T, P, C is shown in Tab. IV.2
where K indicates complex conjugation, and σi and τi are Pauli matrices
corresponding to two different degrees of freedom. The choice is rather
arbitrary, but this freedom does not influence the analysis of the node
codimension and of the node charges in the subsequent text. Specifically,
we apply the following rules:

(i ) Set C = σz to enforce a block-off-diagonal form (IV.6) of the Hamiltonian.
(ii ) Represent antiunitary operators squaring to +1 by K, and those
squaring to −1 by iσy K.
These requirements are incompatible if all T, P and C are present, hence
classes BDI, DIII, CII and CI contain some exceptions. Finally, we always
apply the rule:

(iii ) Set TP = C if all three symmetries are present.
IV

Having fixed the representations of T, P and C , the node codimension δCL is determined by considering the minimal model capturing degeneracies between the valence and the conduction bands. This is either
a two-band Hamiltonian
3

H2×2 ( k ) =

∑ fi (k)σi

(IV.4a)

i =0

where σi are Pauli matrices, or a four-band model
3

H4×4 ( k ) =

∑

gij (k) σi ⊗ τj

(IV.4b)

i,j=0

expanded using product of pairs of Pauli matrices (i.e. Dirac matrices)
σi ⊗ τj , and f i and gij are real-valued functions. Model (IV.4) can be always locally obtained by projecting out bands that do not participate in
the node formation. By Kramers theorem, the minimal model is (IV.4b)
whenever the symmetry class contains T2 = −1, and (IV.4a) otherwise.
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Local constraints (IV.3) forbid the presence of some of the basis matrices in expansions (IV.4). For the representation of operators given in
Tab. IV.2 we systematically analyse these constraints, and we list the
symmetry-compatible basis matrices and their number δCL further in
Tab. IV.2. The unit matrix is not relevant for the node dimension (although it may be relevant for its experimental signatures [78]) and is
therefore not counted in δCL . We observe that the remaining basis matrices of the minimal model are always anticommuting, which implies that
a node occurs at k0 whenever the δCL function values f i (k0 ) [or gij (k0 )]
vanish. Solutions to δCL equations in D dimensions generically occur on
a ( D − δLC )-dimensional manifold – the node dimension of the corresponding AZ+I class. We provide the explicit outcome of the analysis
for D = 3 in the last column of Tab. IV.2.
We remark that for classes with P or C the presented arguments only
work for zero energy (i.e. Fermi level) nodes. For nodes located at a
non-zero energy (i.e. ones formed entirely within the valence or within
the conduction bands), symmetries P and C do not restrict the effective
model (IV.4) and can be dropped from the AZ+I description. This a
rather trivial observation and we do not return to it again.

IV.1.3 Topological charges
Knowing the dimensionality of the nodes for all the AZ+I classes, we now
determine the corresponding topological charges by considering p-spheres
S p wrapping around them. The largest sphere fitting into the Brillouin
zone (BZ) is SD−1 , and by S0 we mean a pair of points (rather than just
a single one). However, not all of these come into play. For example,
all circles S1 ⊂ BZ in a class supporting nodal points are continuously
contractible to a single point without encountering a gap closing, and
therefore cannot host any topological obstruction. The same is true for
S0 in such a system, and a few more similar examples are illustrated in
Fig. IV.1. Simple counting reveals that only p-spheres with δCL − 1 ≤
p ≤ D − 1 can be non-contractible and may therefore accommodate a
topological charge.
To find the topological charge supported by S p , we first perform spectral flattening [73]. For a system with n occupied and ` unoccupied
bands, we decompose the Hamiltonian H(k) on S p using the eigensys-
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+`
tem {ε a (k), |u a (k)i}na=
1 as
n+`

H(k) =

∑ |ua (k)iεa (k)hua (k)|

(IV.5a)

a =1

which can be continuously deformed without closing the gap on S p into
a flat-band Hamiltonian
n+`

Q(k) =

∑ |ua (k)i sign [εa (k)] hua (k)|.

(IV.5b)

a =1

IV

+`
Note that the description using {|u a (k)i}na=
1 ∈ U( n + `) is redundant
because rotating the occupied (unoccupied) states by a U(n) [U(`)] matrix leaves Q(k) invariant, meaning that Q(k) is an element of U(n +
`)/U(n)× U(`) ≡ MA [or, alternatively, Q(k) corresponds to a fiber in
U(n + `)] which is the classifying space in the absence of AZ+I symmetries. The decompositions (IV.5) may not be achieved with a smooth
gauge in the case of Chern bands, nevertheless, the flat-band Hamiltonian Q(k) ∈ MA is still smooth within the fiber bundle M A .
Conditions (IV.3) of a given symmetry class CL constrain Q(k) to
be an element of a smaller classifying space MCL ⊆ MA . For example,
C = σz leads to


0
q( k )
Q(k) =
(IV.6)
q† ( k )
0

with q(k) ∈ U(n) ≡ MAIII . All relevant classifying spaces appeared in
Ref. [75] and we reproduce them in Tab. IV.1. A curious reader can find
the derivation of all the classifying spaces in Appendix B.
Every S p ⊂ BZ with a gapped spectrum is associated with a continuous map F : S p → MCL . Continuous deformations of S p as well as of
H(k) (such that the spectrum on S p is kept gapped) lead to continuous
changes of F . One may thus consider the class [F ] of maps continuously
reachable from F . Especially, if a constant map Fm : S p → m with a fixed
element m ∈ MCL cannot be reached from F , then S p cannot be shrunk
to a single point k0 ∈ BZ. This implies that S p contains an unremovable
node. We therefore deduce a connection between the class [F ] and the
charge cCL (S p ) accommodated by the p-sphere. The order of the charge
for p ≥ 1 corresponds to the number of inequivalent classes [F ], which
is captured by the homotopy group π p (MCL ) [42]. The charge on S p is then
some element
cCL (S p ) ∈ π p (MCL ).
(IV.7a)
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Table IV.3: Relevant few-band homotopy groups I. We list here the homotopy
groups π p (MCL ) for AZ+I symmetry classes supporting doubly charged nodes in
D = 3 for systems not reaching the large n limit. Class AI contains more special
cases and is treated separately in Tab. IV.4. The exceptional values are typesetted in
a bold font, while the values following the large n result of Tab. IV.1 are displayed in
gray. Note that in all cases a minimum of four bands (n = 2) is necessary to realize
a node with a pair of non-trivial topological charges.

n = 1 (2 bands)
n = 2 (4 bands)
n≥3

π0
Z2
Z2
Z2

BDI
π1 π2
0
0
Z
0
Z2 0

π0
Z2
Z2
Z2

D
π1
0
0
0

CI
π2
0
2Z
2Z

π1
Z
Z
Z

π2
0
Z
Z2

Homotopy groups of MCL for large n, ` can be found in Ref. [74], and
we reproduce them in Tab. IV.1. The special p = 0 case π0 (MCL ) counts
the number of connected components of MCL and also happens to have
a group structure (although this is not true about π0 (M) for a general
manifold M).
Collecting the charges supported by all p-spheres enclosing a node
of a given AZ+I class, the complete topological charge of the node is
(D)

cCL ∈

D
−1
M

IV
π p (MCL ).

(IV.7b)

p = δCL −1

A node is termed multiply charged whenever more than one of the groups
in the direct sum (IV.7b) are non-trivial. We read from Tabs. IV.1 and IV.2
that for D = 3 in the large n, ` limit, doubly charged nodal lines appear
in AZ+I classes AI and CI, and doubly charged nodal surfaces exist in
classes BDI and D.
More care is required if one studies few-band models not reaching the
large n, ` limit of Ref. [74]. In that case, the homotopy groups may differ
from those listed in Tab. IV.1. If MCL is a Lie group (classes AIII, BDI
and CII), the homotopy groups can be readily found in various sources
(e.g. [186]), while if MCL is a fiber bundle, MCL = E/F (all other classes),
one can determine π p (MCL ) from the long exact sequence of homomorphisms [187]
. . . → π p (E) → π p (MCL ) → π p−1 (F) → π p−1 (E) → . . .

(IV.8)
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Table IV.4: Relevant few-band homotopy groups II. We list here the relevant homotopy groups π p (MAI ) for systems not reaching the large n, ` limit. They contain
multiple exceptions (displayed in bold) differing from the large n, ` limit (displayed in
gray) of Tab. IV.1. We briefly tackle these exceptions in Sec. IV.6.

π1 ( MAI )
`=1
`≥2

IV

n=1
Z
Z2

n≥2
Z2
Z2

π2 ( MAI )
`=1
`=2
`≥3

n=1
0
2Z
0

n=2
2Z
Z⊕Z
Z

n≥3
0
Z
Z2

We carried out the analysis for the classes supporting doubly charged
nodes in D = 3, and we list the results in Tabs. IV.3 and IV.4. We find that
in all four instances, the minimal half-filled model with doubly charged
nodes contains four bands.
Let us briefly discuss the concept of node robustness, which is characterized by the presence of such a charge that a set of nodes can mutually annihilate only if their net charge vanishes. Clearly, the nodal loop
in Fig. IV.1(e) with a non-trivial c(S1 ) and trivial c(S2 ) is not robust: It
can be shrunk to a single point, and since at that stage c(S1 ) ceases to
be defined (there is no “loop interior”), nothing prevents us from gapping out the spectrum entirely. The result would be different if c(S2 )
were non-trivial too, because then the nodal point is enclosed with a
non-contractible sphere carrying a topological obstruction [38]. On the
other hand, the winding nodal line in Fig. IV.1(e) cannot be shrunk to a
point and thus c(S1 ) never ceases to be meaningful. Such winding nodal
lines are robust regardless of c(S2 ).
An analogous dichotomy exists for the nodal torus and the nodal
cylinder with non-trivial c(S1 ) and trivial c(S2 ) that are illustrated in
Fig. IV.1(d): The cylinder is robust while the torus is not. In the same
spirit, a nodal surface with a non-trivial c(S0 ) also becomes robust if both
of its dimensions wind around BZ. Generally, if the highest non-trivial
homotopy group in expansion (IV.7b) corresponds to p̃-sphere, the nodal
object has to possess D − p̃ − 1 winding coordinates to become robust.

IV.2 Realizations of AZ+I classes
We have already warned the reader that the Cartan labels of the AZ and
of the AZ+I class corresponding to a given centrosymmetric system

IV.2. Realizations of AZ+I classes
a

d
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b

c

e

Figure IV.1: Enclosing nodes (red) by p-spheres S p (blue) for D = 3. (a) The
only non-contractible S p wrapping around a nodal point is S2 . Any S1 would be trivially
shrinkable to a point, as indicated, and similarly for a pair of points S0 . (b) A nodal
line can be wrapped by both S1 and S2 , but not by S0 . It follows that nodal lines
may be doubly charged. (c) A spherical nodal surface can be clearly encased by S2
(shown), as well as by a pair of points S0 located on the opposite sides of the surface.
(d) If the nodal surface takes the form of a cylinder winding around BZ (black frame)
or of a torus, it can be wrapped by S1 , too. If the nodal cylinder is characterized
by a non-trivial charge on S1 , it becomes robust and a Nielsen-Ninomiya type of
argument [110] implies the presence of another such a cylinder. The same is not
true for torical nodal surface which can be gapped out by itself. The pair of points
indicated by arrows is an example of S0 “enclosing” the cylinder. (e) Two kinds of
nodal lines. The dashed ones wind around BZ, while the solid one does not and is
hence called a nodal loop. Similar to the previous case, a non-trivial charge on S1
makes only the winding loops robust.

may be different. In this section we explain that this disagreement occurs when IP 6= P I , and we further discuss how the individual AZ+I
classes are realized as various semimetallic and superconducting phases.
Throughout the section we focus on centrosymmetric systems only. The
generalization to non-centrosymmetric cases is straightforward.
Before delving into the scrutiny of operators P and P, let us show
that time-reversal behaves “nicely” in the sense that always T 2 = T2 ,
thus not leading to a Cartan label difference. The reason is that T and
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I act on different degrees of freedom (flipping the sign of time vs. position), therefore the commutator [T , I] = 0 and
T2 = T IT I = T 2 I 2 = T 2

(IV.9)

where I 2 = 1 is true for any system.
In the following two subsections we show that always P2 = ±P 2 ,
where the sign depends on the specific system realization. The discussion is split into Subsec. IV.2.1 dealing with non-superconducting systems with sublattice symmetry (SLS), and Subsec. IV.2.2 dealing with
superconducting (SC) systems. A visual summary of the entire Sec. IV.2
is provided by Fig. IV.3.

IV.2.1 P from sublattice symmetry
The sublattice realization of C corresponds to acting on the two sets of
sites with opposite sign, therefore C 2 = 1. Furthermore, this operation
is insensitive to spin, such that C and T commute. The composition
P = T C fulfills
P 2 = T CT C = T 2 C 2 = T 2 .
(IV.10)

IV

This subsection is thus relevant only to AZ classes BDI and CII, which
are themselves distinguished by the presence or absence of spin-orbit
coupling (SOC). We want to find the associated AZ+I classes.
Let us begin with the example of the graphene lattice which contains two sublattices [red and blue in Fig IV.2(a)]. Within the nearestneighbour (NN) TB description, electrons only hop between the two sublattices, meaning that the Hamiltonian is block-off-diagonal in the sublattice (orbital) basis captured by Pauli matrices τi . The Hamiltonian
therefore anticommutes with C = τz . On the other hand, inversion
symmetry switches the two sublattices, such that I(a) = τx and I(a) C =
−CI(a) . It follows that P = P I(a) obeys
P2(a) = T CI(a) T CI(a) = −(T C)2 I(2a) = −P 2

(IV.11a)

meaning that the AZ + I class relevant for graphene differs from the underlying AZ class. We refer to this situation as having I -odd SLS. The
Cartan labels are changed as
+I

BDI −→ CI

and

+I

CII −→ DIII.

(IV.11b)
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Figure IV.2: Two species of sublattice symmetry. The two displayed bipartite
lattices are characterized with a different representation of the inversion operator
I . The red and blue discs represent atoms on the two sublattices – each unit cell
contains one atom of each colour. The black dots in lattice (b) indicate atoms that
do not enter the effective TB model, but that still influence the hopping amplitudes by
distorting the crystal field. The atoms of both colours are identical in all respects, such
that the Hamiltonian is block-off-diagonal in the sublattice basis, leading to C = τz .
While in (a) the inversion symmetry I(a) = τx anticommutes with C (I -odd SLS), in
(b) the inversion operator I(b) = 1τ commutes with it (I -even SLS). In case (a), the
Cartan labels of the relevant AZ and AZ+I classes are different.

On the other hand, the lattice in Fig. IV.2(b) has C = τz and I(b) = 1τ
which commute (I -even SLS). In this case
P2(b)

= T CI(b) T CI(b) = (T

C)2 I(2b)

2

=P ,

(IV.11c)

meaning that the AZ and AZ+I Cartan labels coincide. Such a situation
arises in various non-symmorphic lattices including various distorted
perovskites with doubled unit cells [188, 189].

IV.2.2 P from superconductivity
The commutation relation of P and I in SC systems depends on the
parity of the gap function ∆k . Furthermore, the relevant AZ and AZ+I
classes finely depend on the presence of time-reversal symmetry (TRS)
and on the degree of spin-rotation symmetry (SRS). To systematically
treat all the possibilities, we largely follow Sec. II.C of Ref. [21] which
similarly treats the case of AZ classification. For simplicity, we only consider SC with zero momentum and even frequency pairing.
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The most general SC Hamiltonian takes form [41]


cbk
1  a† a  ab
H (k) =
ck c−k HBdG (k)  b† 
2
c− k

(IV.12a)

where indices a and b encode both the spin and the orbital degree of
freedom, and


Ξkab
∆kab
ab
HBdG
(k) =
(IV.12b)
ab∗ − Ξba
−∆−
k
−k
is the Bololyubov-de Gennes (BdG) Hamiltonian, in which Ξk = Ξ†k describes the underlying normal metal band structure, and ∆k = −∆>
−k
due to the fermionic statistics. Hamiltonian (IV.12b) is automatically furnished with particle-hole operator

Pt = s x K

IV

(IV.13)

where Pauli matrices si act on the particle-hole degree of freedom. Operator (IV.13) squares to Pt2 = +1.
The system described by (IV.12) is assumed to be centrosymmetric.
We can decompose the inversion operator of the normal metal state
as I0 = Iτ ⊗ 1σ where Iτ is the orbital component, Pauli matrices σi
represent the spin degree of freedom, and the 1σ part follows because
spin is an axial vector, i.e. it is unaffected by I . The symmetry relates
I0 Ξk I0−1 = Ξ−k . Operator I0 is real because it only permutes the orbitals. Furthermore, inversion symmetry does not mix electrons and
holes, hence the inversion operator of (IV.12b) is diagonal in s, leaving
only two options

IBdG = I0 ⊕ (±I0 ) ∈ {I0 ⊗ 1s , I0 ⊗ sz } .

(IV.14)

These translate to a constraint on the gap function

± I0 ∆k I0−1 = ∆−k = −∆>
k

(IV.15a)

where in the second step we used the fermionic statistics.
In single-orbital SCs, Eq. (IV.15a) contains 2 × 2 matrices in the spindegree of freedom with I0 = 1σ . Eq. (IV.15a) therefore simplifies to

± ∆k = −∆>
k

(IV.15b)
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Figure IV.3: A schematic summary of Sec. IV.2. Here, T , P , C are the usual
AZ symmetries, while the assigned Cartan labels correspond to the AZ+I classes
characterized by symmetries T, P, C . The even/odd sublattice corresponds to IC =
±CI (where I is the inversion operator), and the even/odd gap function corresponds
to I0 ∆k = ±∆−k I0 (where I0 is the normal state inversion operator). Symbol “(m)”
indicates that the superconducting phase requires multiple orbitals to be realized.
The fields highlighted in green indicate the example models discussed explicitly in
Secs. IV.3 to IV.6. Only the classification of centrosymmetric systems is given.

where the ± sign is inherited from Eq. (IV.15a). We see that singleorbital SCs have to follow one of two scenarios. Either “+” is realized in
Eq. (IV.15b) (singlet, I -even ∆k ), such that ∆k = ψk (iσy ) with a complexvalued scalar function ψk even in k. In this case IBdG = I0 ⊗ 1s commutes with Pt , such that P2 = Pt2 = +1. Alternatively, the “−” sign
in Eq. (IV.15b) is realized (triplet, I -odd ∆k ), and the gap function takes
the form ∆k = (dk · σ ) (iσy ) with a complex-valued vector function dk
odd in k. In this case IBdG = I0 ⊗ sz anticommutes with Pt , such that
P2 = −Pt2 = −1. However, as explained in Ref. [21], the presence
of SRS renders description (IV.12) redundant and a finer examination is
necessary. We do so below after first commenting on the case of multiorbital superconductivity.
In multi-orbital SCs, the presence of inversion symmetry may be insuf-
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ficient to enforce the singlet/triplet separation. The gap function can be a
mixture of both, provided that the parity in the spin degree of freedom is
compensated by the parity in the orbital one. Let us illustrate this on the
graphene lattice of Fig. IV.2(a) with I0 = τx ⊗ 1σ . The symmetry group
permits two mixed representations. First, the even one (I -even ∆k ) with
∆+
k =

∑

j=0,x,y

j

ψk (iσy ) ⊗ τj +

∑

diz
k σi (iσy ) ⊗ τz

(IV.16a)

i = x,y,z

y

where ψ0k , ψkx are even and ψk , diz
k are odd functions of k. In this case
IBdG = I0 ⊗ 1s commutes with Pt such that P2 = Pt2 = +1. The second
options is the odd representation (I -odd ∆k )
z
∆−
k = ψk (iσy ) ⊗ τz +

∑

i = x,y,z
j=0,x,y

ij

dk σi (iσy ) ⊗ τj

(IV.16b)

iy

IV

ix
where ψzk , dk are even and di0
k , dk are odd in k. In this case IBdG = I0 ⊗ sz
anticommutes with Pt such that P2 = −Pt2 = −1. Contrastingly, the lattice of Fig. IV.2(b) has a trivial I0 = 1τ ⊗ 1σ , such that the simplification
to Eq. (IV.15b) becomes valid, and the singlet/triplet separation of the
previous paragraphs applies again.
We now combine the obtained information with the arguments of
Ref. [21]. We begin with systems without SRS. If the system breaks TRS,
the only AZ symmetry is Pt2 = +1 which corresponds to AZ class D.
Depending on the inversion-parity of ∆k in Eq. (IV.15a) we obtain P2 =
±Pt2 = ±1. The positive sign (I -even ∆k ) leads to AZ+I class D while
the negative sign (I -odd ∆k ) moves us to AZ+I class C. On the other
hand, a system respecting TRS has additional

T = iσy K

(IV.17)

squaring to −1, and belongs to AZ class DIII. The corresponding AZ+I
class for I -even ∆k remains DIII, while I -odd ∆k leads to AZ+I class
CII. Note that such realizations of AZ+I classes D and DIII are only possible in multi-orbital SCs, because I -even ∆k in single-orbital case indicates a pure singlet state having the full SU(2) SRS, which contradicts
the original assumption.
We further consider SCs with a U(1) SRS. As shown in Ref. [21], the
Hamiltonian (IV.12b) now canonically decouples into two blocks, rendering the original description redundant. If we rotate the coordinates
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Table IV.5: Overview of the sets of Pauli matrices used in this chapter. The last
two entries are only relevant for Secs. IV.4 to IV.6 when developing TB models on a
SrPtAs-like lattice. We use the words “orbital” and “sublattice” interchangeably if the
orbitals reside at different lattice sites.

symbol

corresponding two-level degree of freedom

σ
s
ς

spin (↑ ↔ ↓)
particle-hole (p ↑ ↔ h ↑)
reduced particle-hole (p ↑ ↔ h ↓)
orbital
[same colour interlayer (A ↔ B) in Fig. IV.5]
orbital
(intralayer red ↔ blue in Fig. IV.5)
orbital
(interlayer red ↔ blue in Fig. IV.5)

τ
r
$

such that the conserved spin component is σz , then one of the blocks
becomes
!
β

ck ↑
1  α†
αβ
α
(IV.18a)
H1/2 (k) =
ck↑ c−k↓ H1/2 (k)
β†
2
c
−k↓

IV

where α, β stand for the orbital degree of freedom, and
Ξk,↑↑

∆k↑↓

−∆−k↓↑

−Ξ−k↓↓

αβ

αβ
H1/2 (k)

=

αβ∗

αβ

βα

!
(IV.18b)

is the reduced BdG Hamiltonian. Operator Pt of Eq. (IV.13) relates the two
blocks, and in the absence of TRS the single block (IV.18b) contains none
of the AZ symmetries (I.99). We thus end up in AZ class A which corresponds to the same AZ+I class. The additional presence of TRS manifests
within a single block as chiral symmetry C = ς y where Pauli matrices ς i
correspond to the particle-hole degree of freedom of Eqs. (IV.18). Consequently, such SCs correspond to AZ and AZ+I class AIII.
Finally, we tackle SCs with the complete SU(2) SRS. These are automatically of pure singlet character. In this case, the block (IV.18b) develops particle-hole symmetry

Ps = iς y K

(IV.19)
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squaring to −1. In the absence of TRS, this corresponds to AZ class C.
Depending on the inversion-parity of ∆k in Eq. (IV.15a), the inversion
operator induced into the block (IV.18b) from IBdG is

I1/2 = Iτ ⊕ (±Iτ ) ∈ {Iτ ⊗ 1ς , Iτ ⊗ ς z } .

(IV.20)

The “+” sign of Eq. (IV.20) corresponds to I -even ∆k , when Ps and
I1/2 commute and the AZ+I class remains C. This is the case of singleorbital singlet SCs, and of multi-orbital SC in which the three diz
k terms in
Eq. (IV.16a) vanish. On the other hand, the “−” sign relates to the I -odd
case ∆k with P2 = −Ps2 = +1 such that the AZ+I class switches to D.
This situation corresponds to a very fine-tuned multi-orbital case when
ij
the nine dk of Eq. (IV.16b) vanish, and as such may be relevant only to
certain artificially engineered systems. Ultimately, if the singlet SC preserves TRS, the block (IV.18b) develops Ts = K squaring to +1 leading
to AZ class CI. Then the I -even ∆k case keeps AZ+I class CI, while the
I -odd ∆k case moves us to AZ+I class BDI.

IV.3 Z2 ⊕ 2Z nodal surfaces in class D
IV

In the remainder of the manuscript we individually discuss each of the
four AZ+I symmetry classes supporting doubly charged nodes in D =
3. As shown in Tabs. IV.3 and IV.4, the minimal half-filled model capable of supporting doubly charged nodes always contains four bands,
hence we begin each section by introducing the most general four-band
Hamiltonian compatible with the AZ+I symmetries (IV.3). We continue
with an explanation of the two topological charges, and conclude by constructing a concrete TB model on a SrPtAs-like lattice.
The present section focuses on AZ+I class D. According to Tabs. IV.1
and IV.2, its zero-energy nodes take the form of surfaces characterized
by a pair of topological charges
(3)

cD ∈ π0 (MD ) ⊕ π2 (MD ) = Z2 ⊕ 2Z.

(IV.21)

We show that the π0 -charge can be understood as the sign of the Pfaffian
of the Hamiltonian and the π2 -charge as the (first) Chern number, as is
indicated in the rightmost block of Tab. IV.1. In the last subsection we
discuss how such nodal surfaces naturally appear in TRS breaking multiorbital superconductors [39].
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IV.3.1 General 4-band Hamiltonian
The six 4 × 4 matrices compatible with P = K which appear in Tab. IV.2
can be arranged into a pair of vectors

v =
σx ⊗ τy , σy ⊗ 1, σz ⊗ τy
(IV.22a)

w =
σy ⊗ τx , 1 ⊗ τy , σy ⊗ τz
(IV.22b)
such that {vi , vj } = {wi , wj } = 2δij and [vi , wj ] = 0. The most general
four-band Hamiltonian of this class is

H(k) = a(k) · v + b(k) · w

(IV.23a)

where a(k) and b(k) are real-valued vector functions. The spectrum of
(IV.23a) is easily found to be
ε(k) = ±k a(k)k ± kb(k)k.

(IV.23b)

The gap closes whenever k a(k)k = kb(k)k. This is a single condition,
manifesting the codimension δD = 1 listed in Tab. IV.2.
Although the 4 × 4 matrices vi (as well as wi ) are anticommuting, they
do not form a Dirac basis because their algebra is closed under commutator, [vi , v j ] = 2ieijk vk . Following Ref. [176], we refer to such a it as
a double Weyl basis. An important characteristic is that a double Weyl
Hamiltonian Hd.W. ∝ k · v describes two superimposed Weyl points of
the same chirality (which can be separated in energy using terms ∝ wi ).
This is to be contrasted with a Dirac Hamiltonian HD. ∝ k · Γ which creates two superimposed Weyl points of opposite chirality (which can be
separated in energy using a term ∝ Γ45 ). Consequently, a double Weyl
point is a source of two Berry phase quanta, while the Chern number of
a Dirac point vanishes.

IV.3.2 Interpretation of π0 (MD ) = Z2
The six matrices (IV.22) are antisymmetric and imaginary. The hermiticity of H(k) along with P = K entail

H> (k) = H∗ (k) = PH(k)P−1 = −H(k).

(IV.24)

As a consequence, iH(k) is a skew-symmetric and even-dimensional
matrix with real entries. One can therefore construct a non-vanishing
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Pfaffian Pf[iH(k)] which is a real-valued function of k. Specifically, for
(IV.23a) one finds
Pf[iH(k)] = b2 (k) − a2 (k)
(IV.25)
which changes sign at the nodal surface. This observation generalizes to
an arbitrary class D model: The presence of a node at k0 is revealed by a
pair of zero energy states. This enforces det[H(k)] = ∏ a ε a (k) to vanish
at k0 and to depend quadratically on (k − k0 ). By the identity
det[H(k)] = Pf[H(k)]2 = (−1)n Pf[iH(k)]2 ,

(IV.26)

the Pfaffian also vanishes at k0 , but it varies linearly with (k − k0 ). This
implies that Pf[iH(k)] has a different sign at two points {k1 , k2 } ∼
= S0
located on the opposite sides of the nodal surface. We can therefore formulate the zeroth homotopy charge as
(
)
cD (S0 ) = sign

∏

Pf [iH(k)]

∈ {+1, −1} .

(IV.27)

k∈S0

This charge has very recently also been identified in Ref. [39].

IV.3.3 Interpretation of π2 (MD ) = 2Z
IV

A natural candidate for an integer topological charge on a 2-sphere is the
(first) Chern number. We show below that this is indeed the case here,
and we explain why the particle-hole symmetry enforces it to be even.
We explained in Subsec. I.1.4 that in D = 3 there is a canonical isomorphism which allows us to formulate Berry curvature as an (axial)
vector Ω, defined using Eqs. (I.54) and (I.22). The Chern number is then
defined as [73]
cD (S2 ) =

i
2π

I
S2

d2 k · tr Ω(k) ∈ Z

(IV.28)

We also discussed in that section, that in the case of locally non-degenerate
bands, Ω separates into the contributions of individual bands,
tr Ω(k) =

n

n

a =1

a =1

∑ h∇k ua (k)|×|∇k ua (k)i ≡ ∑ Ωa (k)

(IV.29)

where a labels the occupied bands. One can similarly determine the
Berry curvature and the Chern number of the unoccupied bands.
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Figure IV.4: Double Weyl vs. Dirac Hamiltonian. (a) Spectrum of Hamiltonian
(IV.33) consists of two Weyl points (black dots) of the same chirality with energy offset
±m, crossing on a nodal sphere with radius |m|. The two species of lines indicate
Berry curvatures of opposite signs, which integrate to opposite Chern numbers ±1
on a closed surface surrounding k = 0. The total Chern number over the occupied
states is 0 inside, while it equals ±2 outside the nodal sphere, meaning that the nodal
sphere is a source of a pair of Berry phase quanta. (b) Spectrum of Dirac Hamiltonian
with mΓ45 perturbation creates identical spectrum, but with different Berry curvature.
The total Chern number vanishes both inside and outside of the spherical crossing,
and the nodal sphere is not topologically protected.

The Berry curvature of an occupied band |u a (k)i and the Berry curvature of a particle-hole related unoccupied band |uea (k)i = K|u a (k)i
differ only by the overall sign. To see this, recall from Eq. (I.40) that the
Berry connection A(k) is skew-Hermitian,
0 = ∇k δ

ab

a

b

ab

ba ∗

= ∇k hu (k)|u (k)i = A + (A ) ,

(IV.30)

such that its diagonal terms are imaginary. Taking the curl in Eq. (I.54)
preserves this property, hence the single-band Berry curvatures that appear in Eq. (IV.29) are imaginary, too. It follows that
e a (k)
Ω

= h∇k uea (k)| × |∇k uea (k)i

= [h∇k u a (k)| × |∇k u a (k)i]∗ = −Ωa (k)

(IV.31)

as we wanted to show.
Relation (IV.31) readily explains why the Chern number (IV.28) takes
only even values: Consider a nodal surface S2node , together with a surface S2in inside of it and a surface S2out enclosing it. Since S2in can be
trivially shrunk to a point without encountering a node, cD (S2in ) = 0.
The node S2node is created by switching one occupied and one empty
band, which by Eq. (IV.31) carry opposite Berry curvatures, which integrate to opposite Chern numbers c and −c. Consequently, the charge
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cD (S2out ) = cD (S2in ) + c − (−c) = 2c is indeed even. These considerations give the nodal surface a peculiar interpretation as an inflated double
Weyl point [39]. The reason is that S2node is a source of an even number
of Berry phase quanta, reminiscent of double Weyl points. This is consistent with our discussion of the double Weyl basis in Subsec. IV.3.1.
Work [39] also dubbed these objects as Bogolyubov Fermi surfaces, which
is in line with our findings in Sec. IV.2 that AZ+I class D is relevant for
certain superconducting phases.
We demonstrate these observations by setting a(k) = (0, m, 0) and
b(k) = k in the general 4-band model (IV.23a). This produces a nodal
sphere with radius |m|. We further rotate the basis as σx 7→ σy 7→ σz 7→
σx using Uσ , where


1
1 −i
U= √
.
(IV.32)
1 i
2
This is accompanied by a transformation P = K 7→ σx K. Then, the
Hamiltonian decouples into two blocks, H(k) = H1 (k) ⊕ H2 (k), with

IV

H1 (k) = +m1τ + k x τx + k y τy + k z τz

(IV.33a)

H2 (k) = −m1τ − k x τx + k y τy − k z τz .

(IV.33b)

Clearly, this is a pair of Weyl points of the same chirality with energy
offset ±m, as illustrated in Fig. IV.4(a). We observe that indeed cD (S2in ) =
0 and cD (S2out ) = 2. We remark for completeness, that Ref. [39] also
presents torical nodal surfaces that are characterized with a non-trivial
cD (S0 ) but trivial cD (S2 ), which are interpreted as inflated nodal lines.

IV.3.4 Example class D model
We provide the reader with a simple way of testing the presented ideas
by introducing a tight-binding (TB) model on a SrPtAs-like lattice adapted from Ref. [182]. This work observed the appearance of nodal surfaces
in a multi-orbital d ± id SC phase [180] with an admixed p-wave component. These nodal surfaces correspond precisely to the doubly charged
nodes of AZ+I class D.
As illustrated in Fig. IV.5(a), the centrosymmetric structure of SrPtAs
consists of graphene-like layers with platinum (Pt) and arsenic (As)
atoms on the two sublattices, and of intercalated strontium (Sr) atoms.
Our goal here is not to provide a realistic description of SrPtAs, but
to demonstrate the possible appearance of the doubly charged nodal
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Figure IV.5: Crystalline structure of SrPtAs. (a) The crystal consists of three elements: Strontium (Sr – large, bright gray), platinum (Pt – large, red), and arsenic (As
– small, blue). The TB model of the present Sec. IV.3 considers s-like orbitals located
at the Pt sites, while the TB models of the subsequent Secs. IV.4 to IV.6 assume
s-like orbitals at both the Pt and the As sites. The thick green arrows R1,2,3 indicate
Bravais vectors (IV.34a), while the thin arrows a, c indicate unit cell dimensions. Six
atoms (2 × Sr, 2 × Pt, 2 × As) belonging to a single Bravais vector are highlighted
with black thick circles in the left part of the panel. (b) Top view of a single hexagonal
layer of SrPtAs. The triplets of vectors t 1,2,3 (solid purple) and T 1,2,3 (dashed orange)
are used to achieve a compact formulation of the TB Hamiltonians.

surfaces in a superconducting phase on this lattice for the properly set
values of the TB parameters.
We assume that s-like orbitals located at the Pt sites enter the TB
model. The primitive Bravais vectors are


√1 , 0
and R3 = (0, 0, 2c)
(IV.34a)
R1,2 = 3a
1,
∓
2
3

and the positions of the two orbitals corresponding to a given Bravais
vectors are


√
r A = (0, 0, 0) and r B = 2a , − a 2 3 , c .
(IV.34b)
To write the Hamiltonian compactly, we use vectors


√
t 1,2 = a − 21 , ∓ 23 , 0
and t 3 = a (1, 0, 0)

(IV.34c)


that are indicated in Fig. IV.5(b), and their differences T i = 21 ∑jk eijk t k − t j .
We further define complex numbers ωn = ei2πn/3 , and functionals
p,v

S f (k) =

3

∑ ( ωn ) p f ( k · v n )

n=1

(IV.34d)
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where the subscript f is a function on R, the first superscript p ∈ Z, and
the second superscript indicates a set of three vectors, v = {vn }3n=1 . We
will specifically use the sets
t = {t n }3n=1

and

T = { T n }3n=1 .

(IV.35)

The NN intra-layer hopping with amplitude t0 /2 and the intra-orbital
hopping across two layers with amplitude t0z /2 produce
h
i
0,T
H1 (k) = t0 Scos
(k) + t0z cos(2k z c) 1σ ⊗ 1τ ,
(IV.36a)
while the inter-layer hopping with amplitude tz /2 gives
h
i
0,t
0,t
(k)τy .
H2 (k) = tz cos(k z c)1σ ⊗ Scos
(k)τx + Ssin

(IV.36b)

We further include the intra-layer SOC term
0,T
(k)σz ⊗ τz .
H3 (k) = αso Ssin

(IV.36c)

which reduces the SRS of H(k) down to U(1). The meaning of Pauli
matrices σi and τi follows Tab. IV.5.
We set the parameters of TB model (IV.36) to
IV

tz = −1,

t = 1,

t0z = 1,

αso = −1

and

µ = −3.5

(IV.37)

where µ is the chemical potential. Then the Fermi surface consists of a
pair of pockets centred on the corners of BZ as shown in Fig. IV.6(a). We
further let the system develop a SC d + id order parameter
1,T
∆dk = ψ0 Scos
(k)(iσy ) ⊗ 1τ

(IV.38a)

which is I -even.2 Order parameter (IV.38a) vanishes along the vertical
edges of the BZ, meaning that nodal points are formed where these edges
cross the Fermi pockets. This is compatible with the scheme in Fig. IV.3:
The complexity of the order parameter breaks TRS, and the combined
Eqs. (IV.36) and (IV.38a) preserve U(1) SRS. This locates the system in
AZ+I class A, which according to Tab IV.2 in D = 3 indeed exhibits
nodal points. In fact, because of the underlying spin degeneracy of the
bands,3 these are precisely the previously discussed double Weyl points
– not yet inflated!
2 More
3 This

exactly, it belongs to the E2g representation of the D6h point group [182].
is due to the block reduction (IV.18) of the BdG Hamiltonian.
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Figure IV.6: Doubly charged nodal surfaces of AZ+I class D. (a) Fermi surface
of TB model (IV.36) with parameters (IV.37) consists of a pair of pockets centred
on the corners of BZ. (b) The d + id order parameter (IV.38a) creates double Weyl
points where the vertical BZ edges cross the Fermi pockets. Admixing a p-wave order
parameter (IV.38b) inflates them into tiny nodal surfaces. (c) Plot of sign Pf [iH(k)]
for a horizontal slice through the nodal surface at the indicated value of k z c. (d) Flow
of the Berry curvature across an ellipsoid described in the text, which encloses the
nodal surface. Integration reveals that the nodal surface is a source of two Berry
phase quanta.

IV
However, the multi-orbital character of the SrPtAs lattice allows us
to admix a p-wave order parameter [182]

p
∆k = d−z sin(2k z c) σx − iσy (iσy ) ⊗ τz ,

(IV.38b)

which preserves the even parity4 of ∆k and that does not vanish along
the vertical BZ edges. Importantly, (IV.38b) breaks SRS altogether, such
that the system is moved to AZ+I class D, which can exhibit doubly
charged nodal surfaces according to Tab. IV.1. To check this, we set
ψz = 0.2

and

d−z = 0.2

(IV.39)

and find tiny nodal surfaces at the expected positions, plotted in Fig. IV.6(b).
Rotating the basis by Us† ⊗ 1σ ⊗ Uτ† with matrix U from (IV.32) leads to
P = K, such that we can check the sign of Pf [iH(k)] on a plane crossing
4 It

also preserves the E2g representation of D6h , meaning that it admixes naturally.
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the nodal surface, plotted in Fig. IV.6(c). Finally, we calculate the Berry
1 1 1 1
curvature over the occupied states on an ellipsoid with radii 10
(a, a, c)
centred on the nodal surface, which is plotted in Fig. IV.6(d). Numerical
integration of (IV.28) reveals that indeed cD (S2out ) = 2.

IV.4 Z2 ⊕ Z2 nodal surfaces in class BDI
The AZ+I class BDI is the only one that supports doubly charged nodes
already in D = 2, namely
(2,3)

cBDI ∈ π0 (MBDI ) ⊕ π1 (MBDI ) = Z2 ⊕ Z2 .

IV

(IV.40)

Most of our discussion applies equally well to both cases, although all
the explicit examples are provided for D = 3. In the following subsections we first construct the most general 4-band Hamiltonian of this
symmetry class and determine its spectrum. We show that the π0 -charge
is again the Pfaffian invariant (IV.27), although an alternative determinant formulation becomes applicable too. On the other hand, the π1 charge is new and corresponds to the winding of a closed path inside
SO(n) 3 q(k). We develop a way to determine this charge by plotting the
spectrum of π along the path. In the last subsection we develop a non-SC
model on a lattice consisting of dimerized AAA-stacked graphene layers, which belongs to symmetry class BDI and that exhibits robust nodal
surfaces.

IV.4.1 General 4-band Hamiltonian
We order the four basis matrices of Tab. IV.2 into a pair of two-component
vectors
v

= (σx ⊗ 1, −σy ⊗ τy )

(IV.41a)

w

= (σx ⊗ τz , −σx ⊗ τx )

(IV.41b)

fulfilling {vi , vj } = {wi , wj } = 2δij and [vi , wj ] = 0. We encode the
general 4-band Hamiltonian using a pair of real-valued vector functions
a = ( a1 , a2 ), b = (b1 , b2 ) as

H(k) = a(k) · v + b(k) · w.

(IV.42a)
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Diagonalizing the Hamiltonian reveals the spectrum,
ε(k) = ±k a(k)k ± kb(k)k.

(IV.42b)

The gap closes whenever k a(k)k = kb(k)k. Since this is a single scalar
constraint, we deduce the codimension δBDI = 1, thus confirming again
that AZ+I class BDI in D = 3 supports nodal surfaces.

IV.4.2 Interpretation of π0 (MBDI ) = Z2
The presence of C = σz guarantees a block-off-diagonal form of H(k),
while T = K makes it real. Consequently,


H(k) =

0
h > (k)

h (k)
0


with h (k) ∈ GL(n, R).

(IV.43)

For the n = 2 model (IV.42a) explicitly
h (k) = a1 (k)1τ − b2 (k)τx + a2 (k)iτy + b1 (k)τz .

(IV.44)

Since P fixes nodes to zero energy, their presence is exposed by
IV
0 = det H(k) = i2n [det h (k)]2 .

(IV.45)

Nodal surfaces separate regions with opposite sign of det h (k). This implies that for S0 = {k1 , k2 } there is
"
cBDI (S0 ) = sign

∏

#
det h (k) ∈ {+1, −1}.

(IV.46)

k∈S0

In fact, this is just the Pfaffian invariant (IV.27) in disguise. Rotating
the basis by Uσ leads to T = σx K, P = K and C = σx , such that the
e k) is antisymmetric and has
transformed Hamiltonian Uσ H(k)Uσ† ≡ H(
a well-defined Pfaffian. It follows that
e k)]2
[det h (k)]2 = Pf[iH(

(IV.47)

such that formula (IV.27) is also applicable for calculating cBDI (S0 ).

172

Chapter IV. Nodes from spatial inversion

IV.4.3 Interpretation of π1 (MBDI ) = Z2
We first explain why MBDI = O(n). Note that C = σz relates pairs of
states with energies ±ε a ,
!
a,1
|
u
i
k
|u a,+ (k)i =
with ε a (k) > 0
(IV.48a)
|uka,2 i

|u a,− (k)i = σz |u a,+ (k)i with −ε a (k) < 0

(IV.48b)

where ( a, +) and ( a, −) label a pair of bands. It follows from the orthogonality of states (IV.48) that5
D
E
D
E
a,2 b,2
(IV.50a)
uka,1 ub,1
=
u
u
= 21 δ ab
k
k
k

∑ |uka,1 ihuka,1 |

∑ |uka,2 ihuka,2 | = 21 1.

=

(IV.50b)

a

a

Furthermore, all the eigenstates are real because of T = K. It follows that
the flat-band Hamiltonian Q(k) acquires the block-off-diagonal form (IV.6)
with
q(k) = 2 ∑ |u a,1 (k)ihu a,2 (k)| ∈ O(n).
(IV.51)
a

S1

IV

Every
⊂ BZ with a gapped spectrum therefore traces a closed path
image in O(n). The charge cBDI (S1 ) corresponds to the homotopy equivalence class of this image.
5 We use this occasion to fill in a gap left from Subsec. III.1.4. We want to prove relation (III.10b) between the Berry phase and the winding number in systems with CHS. First,
we comment on the nature of gauge transformations (I.15) in chiral-symmetric systems.
Obviously, such a gauge transformation multiples the matrix U 1 (k) of the upper components and the matrix U 2 (k) of the lower components of states (IV.48b) with the same unitary matrix X (k) ∈ U(n). Further, note that we can write q(k + dk) = q(k) [1 + dk · s(k)].
Since (in general) q(k) ∈ U(n), the small correction can be expressed as
(IV.51)

1 + dk · s(k) = q† (k)q(k + dk) = 4∑ |u a,2 (k)ihu a,1 (k)|ub,1 (k + dk)ihub,2 (k + dk)|
a,b

(IV.50a)

= 4∑ |u (k)i
a,2

a,b



a,1
b,1
1 ab
2 δ + dk · h u ( k )|∇k u ( k )i



hub,2 (k)|+ dk · h∇k ub,2 (k)|

= 2∑ |u a,2 (k)ihu a,2 (k)| +dk · 2 ∑ |u a,2 (k)ih∇k u a,2 (k)|
a

|

a

{z

1 by Eq. (IV.50b)

}
!

+4 ∑ |u a,2 (k)ihu a,1 (k)|∇k ub,1 (k)ihub,2 (k)| .
a,b



(IV.49a)
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The space O(n) consists of two separate components characterized
by det q(k) = ±1. This is just the π0 -charge (IV.46), i.e. the sign of
det h (k) = det q(k) is fixed unless one crosses a nodal surface. This
implies that the image of a gapped S1 ⊂ BZ lies entirely within one of
the two components. If det[q(k)] = −1, we replace q(k) by its composition with a mirror symmetry with respect to the nth coordinate, while we
keep it unchanged otherwise. Then the analysed q(k) ∈ SO(n), and we
formally write down the π1 -charge as the homotopy equivalence class
h
i
cBDI (S1 ) = q : S1 → SO(n) .
(IV.52)
within the special orthogonal group. In the subsequent sections we will
encounter a similar charge appearing also in the case of nodal lines of
AZ+I classes CI and AI.
Determining the homotopy class (IV.52) can be achieved by tracking
the eigenvalues of q(k). For n even, the eigenvalues come in complex
conjugate pairs e±iα , while for n odd there is an additional eigenstate
Using identity (I.29), we obtain
det [1 + dk · s(k)] = 1 + dk ·

2 ∑h∇k u a,2 (k)|u a,2 (k)i
a

+4 ∑hu (k)|u (k)ihu (k)|∇k u (k)i
b,2

a,2

a,1

!

b,1

(IV.49b)

a,b



= 1 + 2dk · ∑ hu a,1 (k)|∇k u a,1 (k)i − hu a,2 (k)|∇k u a,2 (k)i .
a

It follows that
1
∇ log det q(k) =
2 k

∑




hu a,1 (k)|∇k u a,1 (k)i − hu a,2 (k)|∇k u a,2 (k)i .

(IV.49c)

a

This is a gauge-invariant quantity, because the two non-covariant terms X † ∇k X and
−X † ∇k X [cf. Eq. (I.26)] cancel each other. On the other hand, the trace of the Berry
connection over the occupied states is
tr A(k) = ∑hu a,− (k)|∇k u a,− (k)i
a



= ∑ hu a,1 (k)|∇k u a,1 (k)i + hu a,2 (k)|∇k u a,2 (k)i .

(IV.49d)

a

This is obviously different from expression (IV.49c), but it is not gauge invariant. Finally,
we show that there is a guage in which expressions (IV.49c) and (IV.49d) coincide. This is
e 2 (k) = 1 has zero
easy, we can simply rotate with X (k) = [U 2 (k)]† , such that the rotated U
derivatives in both of the equations (IV.49c) and (IV.49d). Since there is a gauge in which
the two expressions coincide, their integrals (I.19) and (III.10b) have to coincide, too.
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(axis of rotation) with eigenvalue 1. The charge cBDI (S1 ) may be nontrivial if the eigenvalue phases αi contain a non-trivial winding along S1 .
More specifically, one has to count the number of eigenvalue crossings
at α = ±π. This number is a robust π1 [SO(2)] = Z quantity for n = 2,
while for n ≥ 3 only the parity π1 [SO(n)] = Z2 is conserved since then
a pair of ±π crossings is allowed to annihilate. For n = 1 there is just
the static unit eigenvalue and the topological charge π1 [SO(1)] = 0 is
absent. These observations are in agreement with the exceptional entries
in Tab. IV.3.
We demonstrate this procedure on model (IV.42a). The off-diagonal
block q ∈ SO(2) can be shown to be




1
1
a1 a2
b1 −b2
q=
or
(IV.53)
− a2 a1
b2 b1
k ak
kbk
where the first expression applies if k ak > kbk, and the second one
otherwise. Let us be more specific by setting a(k) = (k x , k y ) and b(k) =
q
(m, 0). Then the spectrum ε(k) = ±m ± k2x + k2y exhibits a zero-energy

IV

nodal cylinder at k2x + k2y = m2 , as well as a pair of nodal lines with
energies ±m coexisting at k x = 0 = k y . These nodal lines tie the pair
of occupied (and the pair of unoccupied) bands in a way that makes the
nodal cylinder robust: One can at best shrink the cylinder to a line by
setting m = 0, but it reappears for both m > 0 and m < 0.
To check the topological charge of the nodal cylinder exhibited by
this simple model, we consider a circular path
S1 : k(φ) = (k cos φ, k sin φ, 0)
We find


q( φ ) =

cos φ
− sin φ

sin φ
cos φ

with


φ ∈ [0, 2π ].


or

1
0

0
1

(IV.54)


(IV.55)

where the first expression applies for k > m (i.e. when S1 encloses the
nodal cylinder), and the second one otherwise. We observe that the invariant (IV.52) is trivial inside and non-trivial outside the nodal surface.
We remark that invariant (IV.52) does not correspond to the Berry
phase (I.19). Although the nodal lines at energies ±m of the considered
model both carry Berry π-phase, their pairwise appearance (imposed
by P) leads to net Berry 2π-phase both outside and inside of the nodal
cylinder. This doubling is similar to the presence of an even Chern number in AZ+I class D. The difference here is that Berry phases 2π and 0 on
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non-contractible loops are indistinguishable [cf. Eq. (I.30)] and therefore
both trivial.

IV.4.4 Example class BDI model
As an example realization of the doubly charged nodal surfaces of AZ+I
class BDI, we consider AAA-stacked6 graphene layers, obtained by identifying the Pt and As sites in Fig. IV.5. The layers are further assumed
dimerized into nearby pairs at distance c, the pairs being separated by
larger gaps rc with r > 1. Importantly, we require the presence of a sublattice realization of C which is usually only approximately present in
realistic systems.
Adhering to the Pauli matrix notation of Tab. IV.5, we consider intralayer NN hoppings
h
i
0,t
0,t
H1 (k) = t1 1$ ⊗ Scos
(k)rx − Ssin
( k )ry
(IV.56a)
and vertical hoppings of different amplitude within and between the
dimerized layers


H2 (k) = t2 eikz c + t3 e−ikz rc $+ ⊗ 1r + h.c.
(IV.56b)
where $± = 21 ($ x ± i$y ), and h.c. denotes the Hermitian conjugation.
The spatial inversion of the system I = $ x ⊗ rx commutes with the sublattice symmetry C = $z ⊗ rz , making this an I -even SLS model. Since
the Hamiltonian respects TRS and does not contain SOC, the scheme of
Fig. IV.3 locates us in AZ+I class BDI.
To be specific, we consider parameter values
t1 = 1,

t2 = 0.5,

t3 = 0.1

and

r=2

(IV.57)

which create a pair of nodal cylinders centred on the vertical BZ edges,
see Fig. IV.7(a). Rotating the basis by





1
1 0
0 1
V = √ 1$ ⊗
+ $x ⊗
(IV.58)
i 0 r
0 −i r
2
6 Such an allotrope of graphite does not exist. The most abundant graphite allotrope
has stacking ABA (hexagonal), and the ABC (rhombohedral) form is also stable, although
less common. We mentioned both allotropes in Subsec. III.1.3 as examples of spinless nodal
line semimetals.
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Figure IV.7: Doubly charged nodal surfaces of AZ+I class BDI. (a) Fermi surface of model (IV.56) with parameters (IV.57) consists of a pair of nodal cylinders
centred on the vertical BZ edges. (b,c) Evolution of the q(k) ∈ SO(2) eigenvalues
along a path encircling the nodal surface (green) and a path inside of it (red) indicate
a non-trivial π1 -charge (IV.52). (d,e) Plot of sign det [q(k)] for horizontal planes at
the indicated values of k z c demonstrate the non-trivial value of π0 -charge (IV.46).

IV

leads to C = $z ⊗ 1r and T = K, as has been required for the calculation of the topological charges. In Figs. IV.7(b,c) we check the q(k)
eigenvalue winding (IV.52) along a path that encloses (green) and a path
that is enclosed by (red) the nodal cylinder. In Fig. IV.7(d) we plot the
sign of det[q(k)] within the horizontal high-symmetry planes of the BZ.
These two calculations confirm that both charges (IV.46) and (IV.52) of
the nodal cylinders are non-trivial.

IV.5 Z ⊕ Z2 nodal lines in class CI
The AZ+I class CI in D = 3 exhibits nodal lines characterized by a pair
of topological charges
(3)

cCI ∈ π1 (MCI ) ⊕ π2 (MCI ) = Z ⊕ Z2 .

(IV.59)

According to Tab. IV.3, the minimal model supporting a non-trivial value
of the higher charge contains four bands. In the following subsections,
we first introduce the general 4-band Hamiltonian belonging to this symmetry class and determine its spectrum. We show that the π1 -charge cor-
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responds to the winding of the determinant of q(k) – the off-diagonal
block of the flat-band Hamiltonian Q(k). We further show that the π2 charge corresponds to the homotopy equivalence class inside SO(n) just
like for the π1 -charge of the AZ+I class BDI. The difference is that the
role of the Hamiltonian block q(k) is replaced by Wilson loop operators
W (S1 ). In the last subsection we show how such doubly charged nodal
lines may appear in TRS preserving singlet SC phase of nodal line metals, provided that the gap function changes sign along the Fermi surface.
A viable route to realize such a phase experimentally might be through
the proximity effect.

IV.5.1 General 4-band Hamiltonian
We order the six symmetry-compatible basis matrices of Tab. IV.2 into a
pair of three-component vectors
v

= (σz ⊗ τz , −σz ⊗ τx , σx ⊗ 1)

(IV.60a)

w

= (−σx ⊗ τz , σx ⊗ τx , σz ⊗ 1),

(IV.60b)

such that {vi , vj } = {wi , wj } = 2δij and [vi , wj ] = −iδij σy ⊗ 1τ . A general
4-band Hamiltonian is expressed using two real-valued vector functions
a(k) and b(k) as
H(k) = a(k) · v + b(k) · w.
(IV.61a)
and has spectrum
ε(k) = ±

q

a2 + b2 ± 2k a × b k.

(IV.61b)

The gap closes whenever simultaneously k a(k)k = kb(k)k and a(k) ·
b(k) = 0. This is a pair of scalar constraints, compatible with δCI = 2
that has been determined independently in Tab. IV.2. This means that
the nodal objects in D = 3 are one-dimensional lines.

IV.5.2 Interpretation of π1 (MCI ) = Z
The presence of C implies a natural interpretation of the Z-valued π1 charge as the usual winding number of Eq. (III.10a), with I not playing
a role. Rotating the basis of Tab. IV.2 by Uσ of Eq. (IV.32) leads to the
canonical form C ∝ σz , when the off-diagonal block q(k) of the flat-band
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Hamiltonian (IV.5b) acquires an integer winding
cCI (S1 ) = w(S1 ) =

i
2π

I
S1

h
i
dk · tr q† (k)∇k q(k) ∈ Z.

(IV.62)

Formula (IV.62) remains valid if we replace q(k) by the off-diagonal
block of the rotated H(k), as we do in Eq. (III.10a).

IV.5.3 Interpretation of π2 (MCI ) = Z2
The π2 -charge of AZ+I class CI can be understood in the way presented
in the supplemental material to Ref. [38]. Here we apply a slight modification to that procedure which replaces the gauge-dependent Wilson
operators on open-ended paths by gauge-invariant ones on closed loops.
The invariant is also related to the π1 -charge of AZ+I class BDI.
To determine the charge on a gapped S2 , we proceed as follows: We
pick two arbitrary (but different) points N,S ∈ S2 and consider a set of
continuously varying closed paths S1 (θ ) ⊂ S2 with θ ∈ [0, π ] such that:

(i ) S1 (0) = N and S1 (π ) = S are single points,
(ii ) for 0 < θ < π : S1 (θ ) are homeomorphic to a circle (not to a point),
IV

(iii ) for θ1 6= θ2 : S1 (θ1 ) ∩ S1 (θ2 ) = ∅.
One can visualize loops S1 (θ ) as the parallels on a globe with N,S the
geographic poles, although any other choice is equally good. The union
∪θ S1 (θ ) = S2 reproduces the original sphere.
We further consider the Wilson operators [48, 70, 183] as we defined
them in Eqs. (I.12) and (I.14). Wilson operator W (γ) describes the adiabatic evolution of the occupied states along γ, and as such has to be
unitary, W † W = 1. However, the AZ+I class CI respects T = K which
allows us to find a real set of eigenvectors. It follows from the definition (I.12) that W (S1 ) in this symmetry classes is real unitary, i.e. an
element of O(n).
To obtain the π2 -charge, we determine W [S1 (θ )] ≡ W (θ ) which depends continuously on θ. Since W (0) = W (π ) = 1, the Wilson loop
W (θ ) traces a closed path in SO(n), and cCI (S2 ) is expressed as the homotopy equivalence class of loops in the special orthogonal group,
cCI (S2 ) = [W : θ → SO(n)]

(IV.63)
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The topological classification for various n follows

for n = 1
 0
π1 [SO(n)] =
Z for n = 2

Z2 for n ≥ 3.

(IV.64)

This agrees with π2 [U(n)/O(n)], which we used to determine the entries
in Tab. IV.3
A more illustrative geometric interpretation of charge (IV.63) exists
for the n = 2 case (IV.61). To keep the discussion simple, we consider a
specific choice
a(k) = k and b = (0, 0, m).
(IV.65)
This creates a nodal loop at
k2x + k2y − m2 = 0 = k z

(IV.66)

which has a non-trivial π2 -charge (IV.63) as is checked by calculating the
Wilson operator eigenvalues in Fig. IV.8(a).
The nodal loop (IV.66) of model (IV.65.) lies on a surface
n
o
S2a,b = k k2x + k2y + k2z = m2
(IV.67)
defined by k a(k)k = kb(k)k. Note that while vector field b(k) has a
fixed direction, field a(k) has a hedgehog structure on S2a,b . The map
S2a,b 3 k 7−→ na (k) =

a(k)
∈ S2
k a(k)k

(IV.68)

is characterized by the second homotopy group π2 (S2 ) = Z, and the
hedgehog structure of the considered a(k) corresponds to a non-trivial
element of π2 (S2 ). By virtue of Eq. (IV.61b), the nodal loop separates the
“northern hemisphere” of S2a,b (with a(k) · b(k) > 0) from the “southern
hemisphere” (with a(k) · b(k) < 0). Because of the non-trivial winding of map (IV.68), the two “geographic poles” with parallel vectors
a(k) × b(k) = 0 must appear somewhere on S2a,b . Since a(k) varies
continuously on S2a,b , the presence of the two “poles” makes the equator
separating the two hemispheres – i.e. the nodal loop – robust.
We compare these observations to a model with
q
e k z ) and b = (0, 0, m)
e
a(k) = ( k2x + k2y , m,
(IV.69)

IV

180
0

a

Chapter IV. Nodes from spatial inversion
4

2

4

c
2

2
0

0

2
3

0
4

2

4

2

4

d

4

0

b

e

2

2
0

0

2
3

0
4

IV

2

4

Figure IV.8: Nodal lines of AZ+I class CI. (a) Non-trivial eigenvalue winding of
Wilson loop operators (IV.63) for the nodal loop exhibited by model (IV.65), and (b)
the trivial winding for the nodal loop of model (IV.69). Both spectra were calculated
on a sphere with radius 2m centred at k = 0. (c) Torical Fermi surface of a nodal
loop metal. If the system develops a singlet SC order parameter with a gap function
∆k that changes sign (red and blue regions) along the torus, a pair of SC nodal
loops appear (cyan). By locally adjusting the energy of the metallic nodal loop to the
chemical potential, it is possible to shrink the SC node to a single point. However,
further energy variation of the metallic node leads to a regrowth of the SC nodal loop,
thus manifesting its non-trivial π2 -charge. (d) The same consideration for a torical
Fermi surface without an underlying nodal loop lead to removable nodal loops of the
singlet gap function, i.e. their π2 -charge is trivial. (e) Both torical Fermi surfaces
admit a more complicated geometry of the SC nodal loops. Interpenetrating loops
were argued to exhibit anomalous gravitomagnetoelectric response in Ref. [190].

e = 0 produces a nodal line at the same location as the prewhich for m
vious model (IV.65) but with a trivial π2 -charge (IV.63) as checked in
Fig. IV.8(b). In this case, the surface S2ea,b = S2a,b remains unchanged,
but the winding (IV.68) of nea (k) is trivial because it lies on a circle with
e from zero to ±m shrinks the nodal line to a
ny = 0. Indeed, increasing m
e | > |m|, thus manifesting the trivial nature
point, and a gap opens for |m
of its π2 -charge.

IV.5.4 Example class CI model
In Sec. IV.2 we identified two qualitatively different realizations of AZ+I
class CI. Here we focus on the case of a TRS-preserving singlet SC in
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the absence of SOC. First, we show how such a class of systems relates
to k · p models (IV.65) and (IV.69). Afterwards, we develop a concrete
TB model of a nodal line metal on a SrPtAs-like lattice of Fig. IV.5, and
we show that its singlet SC phase exhibits doubly charged nodal loops
whenever the gap function changes sign along the Fermi surface. The SC
order parameter may either appear spontaneously at low enough temperatures, or it is induced at an interface through the proximity effect.
Consider a two-orbital system with I = 1τ . According to the discussion in Subsec. IV.2.2, its singlet SC phase acquires AZ+I symmetries P = iς y ⊗ 1τ K and T = K. These are precisely the forms listed
in Tab. IV.2, meaning that the symmetry-compatible basis matrices of
the reduced BdG Hamiltonian (IV.18) are those organized in Eqs. (IV.60)
(with replaced σi 7→ ς i ). More specifically, model (IV.65) corresponds to
the (non-reduced) BdG Hamiltonian (IV.12b) with

Ξk = 1σ ⊗ k x τz − k y τx + m1τ
(IV.70a)

∆k = k z iσy ⊗ 1τ .
(IV.70b)
The metallic state described by Ξk exhibits a cylindrical Fermi surface
n
o
FS = k|k2x + k2y = m2
(IV.70c)
connected to a nodal line at energy m, hence we call this system a nodal
line metal. Additionally, the gap function ∆k changes sign from negative
at k z < 0 to positive at k z > 0, leading to a zero-energy nodal loop
located at k z = 0 of the SC phase. If one imagines warping the cylindrical
Fermi surface into a torus, then such SC nodal loops have to come in
pairs as shown in Fig. IV.8(c).
The underlying nodal line of the metallic band structure (IV.70a) makes nodal loops of the SC phase (IV.70b) robust: One can at best shrink
the loop to a point by setting m = 0, but a 1D loop reappears for m 6= 0 of
both signs. The reason is that the underlying electron-like FS (for m < 0)
evolves directly into a hole-like FS (for m > 0) through the nodal line that
glues the two bands together. This touching is protected by the Berry πphase invariant. We illustrate such a band evolution and the robustness
of such SC nodal loops in Fig. IV.8(c).
We compare this to model (IV.69) which arises from
q

e k = 1σ ⊗
e x + m1τ .
Ξ
k2x + k2y τz − mτ
(IV.71a)
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Figure IV.9: Doubly charged nodal lines of AZ+I class CI. (a) Fermi surface
of the developed TB model with parameters (IV.72) consists of touching electron
(blue) and hole (red) pockets. The pockets are topologically non-trivial because of
nodal lines running along the vertical BZ edges. The SC order parameter (IV.73)
creates two pairs of SC nodal loops when |∆| < 1. (b) Winding of W (θ ) eigenvalues
on an ellipsoid described in the text which contains a pair of SC nodal loops, and
(c) the same calculation on an ellipsoid containing a single SC nodal loop. These
calculations indicate that both SC nodal loops carry a non-trivial value of the π2 charge (IV.63).

This leads to a cylindrical
o
n
f = k|k2x + k2y = m2 − m
e2
FS

(IV.71b)

e =0
without an underlying nodal line (apart from the fine-tuned case m
which is accidental and does not carry a topological charge). This makes
f by setting |m
e | > |m|, which also eliminates
it possible to remove FS
the nodal loop of the SC phase (IV.70b) as illustrated in Fig. IV.8(d). We
infer that doubly charged nodes of the gap function are bound to SC
phase of nodal line metals. This observation supplements the previously
known unusual SC phases enabled in topologically non-trivial Fermi
surfaces [83, 191].
We now develop a concrete TB model belonging to this symmetry
class to make our ideas more tangible. We consider again the lattice of
Subsec. IV.4.4 but without dimerization. There are two orbitals per unit
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cell that lead to I = rx and C = rz . We consider parameters
t1 = 1

and

t2 = 0.4,

(IV.72)

and further t3 = t2 , r = 1 and µ = 0. The hexagonal crystalline symmetry imposes nodal lines running along the vertical BZ edges. This are the
“spinless” nodal lines discussed in Subsec. III.1.3. The chosen TB parameters (IV.72) lead to touching electron and hole Fermi pockets as shown
in Fig. IV.9(a). We further assume that the system acquires a singlet SC
order parameter
∆k = ψ0 [∆ + cos(k z c)] (iσy ) ⊗ 1r .

(IV.73)

The AZ+I symmetries of this model are T = rx K, P = irx ⊗ ς y K and
C = iς y . These can be modified to the choice of Tab. IV.2 if one rotates

the basis by Ur† with the matrix given in Eq. (IV.32).
The developed model exhibits four SC nodal loops for |∆| < 1 [one
pair at heights k z c = ± arccos(−∆) at both BZ edges] which move along
the touching Fermi pockets when varying ∆. These nodes annihilate in
pairs at k z = 0 (k z = π) for ∆ = −1 (∆ = +1). They shrink to points
for ∆ = 0 when they coincide with the touching points of the Fermi
pockets. To√check the π2 -charge of these nodal loops, we set ψ0 = 0.2
and ∆ = − 3/2 which locates them at k z c = ±π/4.
We plot in Fig. IV.9(b) the trivial eigenvalue winding on an ellipsoid
4π
π π π
, 0) which contains a pair
with radii ( 3a
, 3a , 3a ) centred at kc = (0, √
3 3a
of the SC nodal loops. On the other hand, in Fig. IV.9(c) we plot the
non-trivial eigenvalue winding for an ellipsoid of the same dimensions
4π
centred at k̃c = (0, √
, π ) which contains a single SC nodal loop. These
3 3a 4c
observations imply a non-trivial value of the π2 -charge (IV.63). The π1 charge (IV.62) is non-trivial for every (non-accidental) SC nodal line of
this symmetry class, e.g. for the well-known d-wave superconductors.

IV.6 Z2 ⊕ Z2 nodal lines in class AI
We finally discuss the AZ+I class AI in D = 3, which has been to varying
degree considered in Refs [38, 176, 177]. This symmetry class supports
nodal lines with charge
(3)

cAI ∈ π1 (MAI ) ⊕ π2 (MAI ) = Z2 ⊕ Z2 .

(IV.74)
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According to Tab. IV.4, the minimal half-filled model supporting a nontrivial π2 -charge contains four bands. The nine basis matrices of Tab. IV.2
can be organized into three vectors (called real Dirac basis by Ref. [177])
v (1)

= (σz ⊗ τz , −σz ⊗ τx , σx ⊗ 1)

(IV.75a)

v

(2)

= (1 ⊗ τx , 1 ⊗ τz , σy ⊗ τy )

(IV.75b)

v

(3)

= (−σx ⊗ τz , σx ⊗ τx , σz ⊗ 1)

(IV.75c)

which fulfil an elegant anticommutation relation
i
h
( a) (b)
(c)
{vi , vj } = 2 δij δ ab 1 + eijk e abc vk .

IV

(IV.76)

We failed to derive analytic conditions for the occurrence of a gap
closing in the most general four-band model, so we proceed directly with
the discussion of the topological charges. The π1 -charge is just the Berry
phase, which is for closed paths quantized to {0, π } by T, as explained
in the partial coverage of this symmetry class in Subsec. III.1.3. The π2 charge is again the π1 [SO(n)] homotopy equivalence class of Wilson loop
operators that has been explained for AZ+I class CI in Subsec. IV.5.3. In
the last subsection we develop a TB model on a SrPtAs-like lattice that
exhibits either singly or doubly charged nodal loops, depending on the
chosen parameter values.

IV.6.1 Interpretation of π1 (MAI ) = Z2
The π1 -charge cAI (S1 ) of AZ+I class AI corresponds to the Berry phase
acquired along S1 , which is defined as the phase of det[W (S1 )], as has
been discussed in Subsec. I.1.2. We can equivalently write
e
cAI (S1 ) =

i
π

I
S1

dk · tr A(k)

mod 2

(IV.77)

The Berry phase is quantized because T = K makes it possible to find
a real set of eigenvectors |u a (k)i, such that W (S1 ) ∈ O(n) has a realvalued determinant ±1.
Note that according to Tab. IV.4 there is an exception to the order
of the π1 -charge in half-filed 2-band models. In this case, the basis of
symmetry-compatible Hamiltonians is two-dimensional (spanned by σx
and σz ) and thus allows for a richer Z-valued winding number.
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IV.6.2 Interpretation of π2 (MAI ) = Z2
The π2 -charge of this symmetry class is
cAI (S2 ) = [W : θ → SO(n)],

(IV.78)

i.e. it corresponds to the homotopy equivalence class of Wilson loop
operators W (θ ) ∈ SO(n) for a set of closed paths S1 (θ ) covering S2 , just
like for the AZ+I class CI. However, we see from Tab. IV.4 that the order
of charge (IV.78) is modified whenever min{n, `} ≤ 2. Such exceptions
were absent in symmetry class CI. We use the rest of this subsection to
clarify this complication.
The key observation is that the homotopy class (IV.78) can be determined for two Wilson loop operators, W occ. ∈ SO(n) over the occupied
and W un. ∈ SO(`) over the unoccupied bands. The presence of P in
class CI enforces the two Wilson operators to have identical spectra, so
nothing is gained by considering both. On the other hand, particle-hole
symmetry is absent in class AI which allows the Wilson spectra to be different. As with the other topological charges, we expect the sum of the
two charges to be trivial, but the sum has to be perceived in the sense of
π1 [SO(n + `)], which may differ from groups π1 [SO(n)] and π1 [SO(`)],
cf. (IV.64). In fact, the latter two may themselves be different.
For example, for n = 2 and ` = 1 the two occupied bands ad2
mit cocc.
AI (S ) ∈ SO(2) = Z, while the unoccupied band has a trivial
2
cun.
AI (S ) ∈ SO(1) = 0. The sum of the two has to be trivial within
2
π1 [SO(2 + 1)] = Z2 which only percieves the parity, hence cocc.
AI (S ) must
be an even integer as indicated in Tab. IV.4. An example Hamiltonian
with a prescribed charge 2ν ∈ 2Z is
i
h
(2,1)
(IV.79)
H2ν (k) = k 2n(θ,νφ) · n>
(θ,νφ) − 1
where k = kn(θ,φ) is expressed using spherical coordinates (k, θ, φ) and
n>
(α,β) = (sin α cos β, sin α sin β, cos α )

(IV.80)

with α ∈ [0, π ] and β ∈ [0, 2π ) is the unit vector in a specified direction,
expanded in Cartesian coordinates. The Wilson loop spectra W occ. and
W un. of model (IV.79) with 2ν = 2 are plotted in Figs. IV.10(a,b). This
enrichment to 2Z is in a stark contrast to models with n ≥ 3 and ` =
1 when the only consistent choice of charges summing to 0 (mod 2) is
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Figure IV.10: Wilson loop spectra of exceptional class AI few-band models.
(a) Wilson loop spectrum over the occupied and (b) the unoccupied states of the
(2+1)-band Hamiltonian (IV.79) with ν = 1. The pair of plots looks identical for the
(2+2)-band Hamiltonian (IV.81) with the same ν. (c,d) The corresponding Wilson
loop spectra for the (2+2)-band Hamiltonian (IV.82), also with ν = 1.
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2
un. 2
cocc.
AI (S ) = 0 (∈ Z2 ) and cAI (S ) = 0 (∈ 0), such that no topological
classification remains. The same conclusion is also found for n = ` = 1.
Clearly, the order of the charge is unchanged if we exchange n ↔ `,
which is manifested by the diagonal symmetry of Tab. IV.4.
For n = 2 and ` ≥ 3 we find Z topologically inequivalent classes:
2
un. 2
Charges cocc.
AI (S ) ∈ Z and cAI (S ) ∈ Z2 have to sum up to 0 (mod 2).
2
occ. 2
Clearly, there is a unique solution to cun.
AI (S ) for any cAI (S ). Finally, in
the case n = ` = 2 we have to pick two integers that sum up to 0 (mod 2),
meaning they are either both even or both odd. This corresponds to the
Z ⊕ Z entry in the middle of Tab. IV.4. As a non-trivial example, consider

(2,2)

(2,1)

H(2ν,0) (k) = H2ν (k) ⊕ (k)

(IV.81)

i.e. where we just increase the dimension of Hamiltonian (IV.79) by
adding “k” in its bottom-right corner, which produces an additional trivial unoccupied state. As indicated by the subscripts, Hamiltonian (IV.81)
2
un. 2
has charges cocc.
AI (S ) = 2ν and cAI (S ) = 0 on any surface S enclosing
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k = 0, manifested again by the Wilson loop spectra in Fig. IV.10(a,b). On
the other hand, the two charges of [177]
h
i
(2,2)
( a)
H(ν,−ν) = Re (k x + sign(ν) ik y )|ν| v1
h
i
( a)
( a)
+ Im (k x + sign(ν) ik y )|ν| v2 + k z v3
(IV.82)
with a real Dirac basis (IV.75) are ν and −ν. We plot the corresponding
spectra of W occ. and W un. for ν = 1 in Fig. IV.10(c,d). The somewhat
unusual charge for n = ` = 2 stems from the fact that O(4)/O(2)× O(2)
is double covered by S2 × S2 [192, 193].7
We remark that Hamiltonians (IV.79), (IV.81) and (IV.82) are fine-tuned such that the node is contracted to a single point at k = 0. We did
2
un. 2
not investigate how the exceptional charges cocc.
AI (S ) and cAI (S ) manifest themselves in the few-band spectra when the Hamiltonian becomes
detuned from this simple setting.

IV.6.3 Example class AI model
We consider a SrPtAs-like lattice with s-like orbitals at both the Pt and
the As sites (in this case assumed inequivalent), both contributing to a
TB model. In the absence of SOC, the hexagonal lattice symmetry enforces nodal lines running along the vertical BZ edges. A single unit cell
extends over two layers and contains a pair of orbitals in each.
We stick to the Pauli matrix notation of Tab. IV.5, such that the two
orbitals of the same species [same colour in Fig. IV.5(a)] are exchanged
by I = $ x ⊗ rx . We consider intralayer hoppings with amplitude t1
h
i
0,t
0,t
H1 (k) = t1 1$ ⊗ Scos
(k)rx − Ssin
( k )ry ,
(IV.84a)
and vertical interlayer hoppings with amplitude t2

H2 (k) = 2t2 cos(k z c)$ x ⊗ 1r .
7 More

(IV.84b)

appropriately,
f (2, 2) ≡
Gr

SO(4)
∼
= S2 × S2 .
SO(2) × SO(2)

(IV.83)

f (2, 2) is the space of oriented 2D planes passing though r = 0 in 4D real Euclidean
where Gr
space. This is a very peculiar statement. Unfortunately, the author remains unaware of a
simple visualization of this homeomorphism.
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Figure IV.11: Doubly charged nodal loops of AZ+I class AI. (a) The transparent
green sheets indicate the trajectory traced out by nodal loops of TB model (IV.84)
for parameters (IV.86a) and m ∈ [−2, 2]. Snapshots of these nodal loops for
m ∈ {−2, −1.6, −0.8, 0, 0.8, 1.6, 2} are shown in various shades of blue to red. The
large circular grey loops inside the BZ correspond to nodes of the same model with
t2 = 1.5. (b) The Wilson Loop spectrum for one of the nodal lines for parameters (IV.86) exposes the non-trivial value of their π2 -charge defined in Eq. (IV.78). This
observation is related to the underlying nodal lines formed within the (un)occupied
bands along the vertical BZ edges, running through the interior of the plotted nodal
loops. (c) The π2 -charge is trivial for nodal loops with t2 = 1.5 on the other side of
the topological phase transition (IV.87).

We further consider vertical hoppings to the second nearest layer with
amplitudes t0 ± t3 , and a staggered on-site potential ±m on the two elemental sublattices,

H3 (k) = [m + 2t3 cos(2k z c)] $z ⊗ rz
+ 2t0 cos(2k z c)1$ ⊗ 1r .

(IV.84c)

The representation T = $ x ⊗ rx K in the employed basis differs from that
of Tab. IV.2, but there is no need for a basis transformation as the Wilson
loop formulation of charges (IV.77) and (IV.78) applies to any basis.
Model (IV.84) exhibits a gap closing at momentum k with energy
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−mt0 /t3 whenever the pair of conditions

h

2t3 cos(2k z c) + m
i2
i2 h
0,t
0,t
(k)
Scos
(k) + Ssin

= 0
=

(IV.85a)

t2
2 22
t1


1−

m
2t3


.

(IV.85b)

are fulfilled. Nodal loops appear in the model for |m| < 2 and a small
enough ratio |t2 /t1 |. These loops annihilate in pairs at the k z c = 0 plane
for m = −2, and at the k z c = π/2 plane for m = 2. We plot their trace
for the intermediate values of m and for parameters
t1 = 1,

t2 = 0.4,

and

t3 = 1

(IV.86a)

in Fig. IV.11(a).
We determine the π2 -charge (IV.78) of these nodal loops for
m=0

(IV.86b)

which sets their vertical location to k z c = π/4. In Fig. IV.11(b) we plot
the Wilson loop
 spectrum
 for an ellipsoid with radii (1/a, 1/a, 1/c) cen-

4π
tred at kc = 0, √
, π which contains a single nodal loop. The spec3 3a 4c
trum has a non-trivial winding, thus exposing the non-trivial value of
the π2 -charge.
Interestingly, a topological transition occurs for

1=2

t22
t21


1−

m
2t3


(IV.87)

in which pairs of the doubly charged nodal loops merge together, thus
forming nodal loops with a trivial value of the π2 -charge. For the values
√
of t1 , t3 , m listed in Eqs. (IV.86), the transition occurs for t2c = 1/ 2.
Choosing t2 = 1.5 > t2c , we find the nearly circular nodal loops drawn
in grey in Fig. IV.11(a). In Fig. IV.11(c), we plot the Wilson loop spectrum
on an ellipsoid with radii (3/2a, 3/2a, 3/2c) centred at k̃c = (0, 0, π/4c)
which encloses a single such a nodal loop. The spectrum has a trivial winding, thus confirming the trivial value of the√π2 -charge. Indeed,
these loops disappear from the spectrum for t2 > 3/ 2, thus once again
confirming their trivial (non-robust) nature.
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Chapter IV. Nodes from spatial inversion

Conclusions and outlook
theme of this thesis is the interplay of symmetry and topology in nodal semimetals, with occasional digressions that are also applicable to nodal superconductors. We attempted to provide sufficient introduction and to organize the text in
such a way, that it would serve as a practical exposition of the topic for
non-experts. Especially, the entire chapter I serves as a summary of the
mathematical tools frequently used in the study of topological aspects of
band structures more generally, and were all developed elsewhere.
In chapter II, we considered the possible appearance of Weyl semimetals (WSM) due to a spontaneous structural phase transition in nonsymmorphic Dirac semimetals (DSM). Such a transition may be energetically favourable in soft lattices at low temperatures, because the Dirac
cone splitting decreases the kinetic energy of the electrons. However,
opening a full insulator gap (INS) in the band structure leads to an even
larger decrease of the electron energy. Consequently, we observed that
only a very narrow WSM region exists in the phase diagram of the developed model between the DSM and INS phases. This suggests that,
although the model allowed us to study interesting phenomena like the
Weyl-Lifhsitz transitions and the reentrant appearance of the symmetric
phase at low temperatures, the setting is probably not of a direct experimental relevance. Furthermore, non-symmorphic DSMs which serve as
the starting point of our reasoning have still not been found in real materials, even after five years since their original prediction [34]. The WSM
phase has meanwhile been identified in tantalum arsenide (TaAs) [96–
98], but the large number of exhibited Weyl points and the complicated
nature of its surface states obscure many of the predicted phenomena
characterizing this phase. The search for more ideal WSMs is still on.
We turned our attention to nodal line semimetals in chapter III. More
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specifically, we showed that non-centrosymmetric crystalline solids with
a glide plane symmetry and strong enough spin-orbit interaction necessarily contain nodal lines in their band structure. Additionally, these
nodal lines are automatically tuned to the Fermi level in materials with
4ν + 2 electrons per primitive unit cell, and with no additional Fermi surfaces. We explained that such species of nodal lines can be understood
as perturbed non-symmorphic Dirac points, and we used this connection to predict a special anisotropy in magnetoresistance measurements.
The presence of a pair of glide planes was argued to facilitate the appearance of a pair of touching nodal loops, which we call nodal chains.
While searching for such non-symmorphic nodal lines (NSNLs) by sifting through the very exhaustive material database ICSD [166], we noticed that the required 4ν + 2 filling is extremely disfavoured in crystals with the specified space group symmetry. This left us wondering
whether there is some intrinsic instability associated with NSNL materials, e.g. a spontaneous structural distortion similar to the scenario we
previously considered for non-symmorphic DSMs. In fact, we did not
find any existing material exhibiting reasonably flat NSNLs at the Fermi
level except the discussed compound iridium tetrafluoride (IrF4 ) which
hosts a nodal chain. Powder of IrF4 has been first synthesized already
four decades ago [165]. However, to probe the electron band structure
using angle-resolved photoemission experiments, single crystals of IrF4
are necessary and those seem to be challenging to grow. We are therefore
still awaiting the experimental examination of our predictions. Our colleague, Dr. Quan-Sheng Wu, used first-principles calculations to predict
the presence of nodal chains in a wider class of newly-predicted materials crystallizing in the same structure type as IrF4 [40], which should be
easier to grow.
We also left unanswered certain questions about the magnetoresistance
(MR) of these materials. The adiabatic description of electrons occupying the Landau levels suggests the presence of the chiral anomaly, but
only if the magnetic field is applied in the plane of the glide symmetry.
A perpendicular component of the magnetic field is shown to open a gap
in the Landau level spectrum. Furthermore, the semiclassical treatment
for chemical potential away from the nodal line energy suggests a vanishing MR. These observations suggests a very complicated and anisotropic
dependence of MR of NSNL materials on the direction of the applied
magnetic field and on doping. Unfortunately, we did not have the time
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to consider this problem more carefully. We also do not make specific
predictions about MR of nodal chains. In this case, the main obstacle is
the infinite extent of the node, which makes it impossible to describe by
a finite-order k · p expansion. We hope to fill in these gaps in the future.
Finally, in chapter IV we discussed nodes protected solely by inversion symmetry and the global symmetries. We argued that such nodes
can reach the very high degree of stability usually associated with Weyl
points. Robust nodes carrying a pair of topological charges were shown
to exist in four out of the ten centrosymmetrically extended AtlandZirnbauer (AZ+I ) classes in 3D, and we indicated how such nodes may
be relevant for various semimetallic as well as superconducting (SC) systems. Two of these possibilities have been previously reported [38, 39],
while the other two are new. One of them, namely the robust nodal
lines of the singlet SC order parameter in nodal-line metals, nicely supplements the list of recently predicted exotic SC phases that are only
possible in topologically non-trivial Fermi surfaces [83, 191].
We made effort to provide the complete description of the topological protection of such doubly charged nodes, as well as of their relevance
to realistic systems. On the other hand, we left out all the other possibly interesting aspects. Especially, we did not study whether the pair
of charges lead to some novel type of topologically protected surface
states, or whether they induce characteristic signatures in transport. For
example, very recent Ref. [194] argued that a small inversion-breaking
perturbation of class AI semimetallic nodal lines leads to an anomalous
Hall response. Since the mathematical description of these nodes is similar that of the SC phase mentioned in the previous paragraph, we expect
that an anomalous response to such a perturbation also exists in these
SCs. Similarly, the nodal “Bogolyubov-Fermi” surfaces possible in timereversal breaking multiorbital SCs act as sources of Berry phase quanta
in k-space, similar to Weyl points. We are wondering whether phenomena related to chiral anomaly may also exist in such SC systems.
The complete classification of possible band structure nodes is still
missing, although certain steps have recently been done in this direction [195]. On the other hand, the majority of the theoretically proposed
nodes have not yet been observed experimentally. One of the obstacles is
the need for time-consuming first-principles calculations for a large list
of material candidates. We therefore greet with excitement the recent
successful attempts at predicting stable new materials using machine
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learning algorithms trained on databases such as ICSD [196]. Such algorithms, once properly trained, may provide computational shortcuts
and allow for a high-throughput analysis of band structures. We believe
that such endeavours will in the coming years greatly speed up the rate
of discovering new topological materials.

Appendix

A Projective representations of space groups
Here, we provide a derivation of Eq. (II.47) that is heavily used to analyse
the spectrum degeneracies of pyrochlore iridates in Sec. II.3. A more
complete discussion can be found in Ref. [144]. For brevity, we write
IR for an irreducible representation and nD IR for an n-dimensional IR
throughout the appendix.
Every element of a space group S can be expressed as a point operation R followed by a uniform translation by some vector t, which we
write compactly as { R | t }, i.e.

{ R | t } : r 7→ Rr + t

(A.1a)

Action of this symmetry operation on functions in real space, including
Bloch wave functions, is

{ R | t } : f (r ) 7→ f [ R−1 (r − t )]

(A.1b)

and the composition rule is

{ R2 | t 2 } ◦ { R1 | t 1 } = { R2 ◦ R1 | R2 t 1 + t 2 }.

(A.1c)

The identity element is {E | 0}.
The set T of all pure translations by Bravais lattice vectors R is a
subset of S . It and can be used to list all elements of G compactly as
S = T ◦ { R1 | t 1 }

[

...

[

T ◦ { Rn | t n }

(A.2)

where the point operations R1 , . . . , Rn act with respect to the same point
in real space and are all different, and for every point operation Ri we
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fixed one possible8 translation vector t i . The pair { Ri | t i } is called a coset
representative. If the vectors t i can all be made zero by a proper choice of
the point of symmetry, the lattice is called symmorphic. If this cannot be
done, the lattice is dubbed non-symmorphic. Note also that the set
F = { R1 , . . . , R n }

(A.3)

of the point operations is always a group, called the isogonal point group
of S . On the other hand, the coset representatives { Ri | t i } form a group
if and only if the space group S is symmorphic, i.e. when all t i can be
removed by a proper choice of the point of symmetry.
If we take SOC into account, a 2π-rotation of a wave function in real
space is accompanied by a 2π-rotation of the electron spin which results
in a sign change of the wave function. This operation is not equivalent
2
to identity and we denote it as E, but for a 4π-rotation E = E.
We adopt the periodic boundary conditions. Then the group T is
Abelian and as such it has only 1D IRs ρk labelled by momenta k. Its
representation space is spanned by (any) Bloch wave function at k
ψkα (r ) = exp(ik · r )uαk (r )

(A.4)

where uαk (r ) is the cell-periodic part of the Bloch wave function. The
representations of a pure translation by a Bravais vector R is
ρk ({E | R}) = exp(−ik · R).

(A.5)

The IRs of the space group S can be more than one-dimensional, but
they decompose into the 1D IRs (A.5) on the subgroup T . Let us consider a representation ρ of S that contains ρk in its decomposition on
subgroup T , i.e. it contains ψkα (r ) as one of the basis vectors in its representation space. Then according to Eq. (A.1b), element { R | t } transforms
a Bloch function at k into
h
i
{ R | t } : exp(ik · r )uαk (r ) 7→ exp ik ·( R−1 r ) − ik · t uαk ( R−1 r − t ). (A.6)
But since k · ( R−1 r ) = ( Rk) · r, this can be identified as a Bloch function
at Rk. This means that representation ρ necessarily also contains ρ Rk in
its decomposition on T .
8 Remember that if { R | t } is a symmetry of the lattice, then for any Bravais vector R
i
i
the operation { Ri | t i + R} is also a symmetry.
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To find the allowed spectrum degeneracies at k we have to consider
only those symmetry operations that leave the momentum of a Bloch
function invariant (modulo reciprocal lattice vectors). We construct it as
follows. Let us denote the subgroup of point operations F that leave k
k

invariant (called the little co-group of k) as G . Then the group we are
looking for is
Gk =

[

T ◦ { R i | t i },

k

Ri ∈ G .

(A.7)

i

It is a subgroup of S called the little group of k.
The IRs ρek of G k reduce on the subgroup T to 1D IRs labelled by the
same momentum k, so according to Eq. (A.5) for a Bravais vector R
ρek ({E | R}) = exp(−ik · R)1

(A.8)

where 1 is the unit matrix. This trivial form indicates that representations of Bravais translations commute with representations of all other
elements of G k .
It is useful to perform a substitution
ρek ({ R | t }) = exp(−ik · t )Dk ({ R | t }).

(A.9)

The composition rule (A.1c) and the representation of Bravais translations (A.8) imply that
Dk ({ Ri | t i })Dk ({ R j | t j }) = exp(−ig i · t j )Dk ({ Rk | t k })

(A.10)

where g i = ( Ri−1 k) − k is a reciprocal lattice vector, Rk = Ri ◦ R j is a
k

point group operation from G , and t k is a vector appearing together
with Rk in a coset representative of expansion (A.2). Note that instead
of considering the function Dk on elements of G k , we might restrict our
k

attention to its values on elements of G by defining
D k ( Ri ) := Dk ({ Ri | t i }),

(A.11)

D k ( Ri )D k ( R j ) = exp(−ig i · t j )D k ( Ri ◦ R j ).

(A.12)

such that
This completes the derivation of equation (II.47).
The factors exp(−ig i · t j ) are completely fixed by the crystal symmetry and are referred to as the factor system of the projective representation.
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The projective representations of group G can be found as ordinary representation of some larger group that we refer to as the extension group
k

of G . One only has to pick up those representations of the extension
group that are compatible with the factor system. Ref. [144] goes through
all high symmetry points and high-symmetry lines of all (non-magnetic)
SGs, indicates the appropriate extension of the corresponding little cogroup, provides a complete list of their representations, and picks up
those that are compatible with the factor system.

B Classifying spaces
In this appendix, we derive the classifying spaces MCL for the individual
AZ+I classes which are listed in Tab. IV.1 of the main text. The classifying spaces appeared in the context of the tenfold way classification of
gapped band structures already in Refs. [21, 75]. However, we are not
aware of a publication which provides their systematic derivation. We
decided to satiate the curious reader by filling in the gap here.
For each symmetry class CL, we wish to identify a space of all the
symmetry-compatible Hamiltonians H(k), i.e. those that fulfil criteria (IV.3), with a prescribed number of occupied (n) and unoccupied
(`) states. However, if defined in this way, the space of Hamiltonians is unnecessarily too big. The standard procedure is to first perform the spectral decomposition (IV.5a), which can consequently be deformed into the flat-band Hamiltonian (IV.5b) without encountering a
gap closing. In topological terms, the space of flat-band Hamiltonian
corresponds to a deformation retraction of the original space of symmetrypreserving Hamiltonians, therefore maps H(k) and Q(k) from any basemanifold are homotopy equivalent and no topological information has
been lost [187]. We thus define the classifying space MCL as follows:
1. The classifying space MCL is a space of all symmetry-compatible
flat-band Hamiltonians with a prescribed number of occupied and
unoccupied states.
Often it is convenient to express a flat-band Hamiltonian using the pro-
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jectors onto the occupied and unoccupied bands as
n

Q = −

∑

|u a ihu a | +

a =1

≡

`

∑ |ub ihub |

b =1

†
−Uocc. Uocc.

†
†
+ Uun. Uun.
= 1 − 2Uocc. Uocc.

(B.1)

where matrices Uocc. and Uun. are formed by stacking the occupied or the
unoccupied states, respectively, in a row. In the the last step we used the
†
†
completeness relation Uocc. Uocc.
+ Uun. Uun.
= 1. Hence, relation (B.1)
leads us to an equivalent definition of the classifying space:
2. The classifying space MCL is a space of all symmetry-preserving
†
projectors Uocc. Uocc.
≡ P with a prescribed number of bands.
Importantly, it follows from the form (IV.5b) that Q2 = 1, which in combination with the hermiticity Q† = Q leads to unitarity

Q† Q = QQ† = 1.

(B.2)

We can therefore reformulate the definition as follows:
3. The classifying space MCL is a space of all symmetry-compatible
Hermitian unitary matrices with a prescribed number of +1 and
−1 eigenvalues.
Finally, note that by stacking matrices Uocc. and Uun. next to each other
we obtain a unitary matrix U of all eigenstates of Q. The flat-band
Hamiltonian is uniquely determined by this unitary matrix via Eq. (B.1).
However, the converse is not true, because there are gauge transformations of U which keep Q invariant, leading to a fiber-bundle structure.
Furthermore, sometimes symmetries constrain U to lie within some subgroup of unitary matrices. This leads us to our last definition:
4. The classifying space MCL is a fiber bundle of all matrices U =
(Uocc. Uun. ) such that Hamiltonian Q as defined in (B.1) preserves
all symmetries, with a fiber defined by gauge transformations that
leave Q invariant.
In the rest of the appendix we go individually through all ten symmetry
classes and derive the classifying space for each. Since the four definitions of MCL are all equivalent, we will use them interchangeably.
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Class A: We apply definition (4). Because of the orthogonality of the
eigenstates, matrices Uocc. and Uun. taken together form a matrix U ∈
U(n + `). However, relabelling the occupied (or the unoccupied) states
corresponds to the same system. More generally, one can mix the occupied states by any Xocc. ∈ U(n) and the unoccupied states by any
Xun. ∈ U(`), while preserving the flat-band Hamiltonian, explicitly
†
†
e = −U
e occ. U
e occ.
e un. U
e un.
Q
+U

†
†
†
†
= −Uocc. Xocc. Xocc.
Uocc.
+ Uun. Xun. Xun.
Uun.

†
†
= −Uocc. Uocc.
+ Uun. Uun.
= Q.

(B.3)

This implies, that every flat-band Hamiltonian Q can be perceived as
a U(n) × U(`) fiber within the larger group U(n + `), i.e. the flat-band
Hamiltonians are elements of the fiber bundle
MA = U(n + `)/U(n) × U(`) ≡ GrC (n, `).

(B.4)

The resulting manifold is also called the complex Grassmanian.
Class AIII: We apply definition (4). We argued in Subsec. IV.4.3 that in
the presence of chiral symmetry C = σz ⊗ 1n (class AIII), the matrices of
(un)occupied states take the form




1
1
U1
U1
Uocc. = √
and
Uun. = √
(B.5)
−U2
U2
2
2
where U1,2 ∈ U(n), meaning that Uocc. and Uun. are specified by an element in U(n) × U(n). But we have to take care of gauge transformations
again, which in this case take the form
e occ. = Uocc. X
U

and

e un. = Uun. X
U

(B.6)

with X ∈ U(n) rotating both occupied and unoccupied states, because
we fix Uun. = C Uocc. as implemented in (B.5). Factoring out the fibers,
we obtain
MAIII = U(n) × U(n)/U(n) ∼
(B.7)
= U( n ).
Equivalently, starting with definition (1) we find that the most general
symmetry-compatible flat-Hamiltonian is


0 q
Q=
with q = U1 U2† ∈ U(n),
(B.8)
q† 0
thus leading to result (B.10) again.
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Class AI: This class is characterized by the presence of T2 = +1. We
can represent T = 1n+` K, which presents a reality condition on the
Hamiltonian, as well as on the eigenstates. As a consequence, the matrices Uocc. and Uun. taken together form an element of O(n + `), i.e. of
the orthogonal (real) subgroup of U(n + `). Similarly, the gauge transformations compatible with the reality condition are Xocc. ∈ O(n) and
Xun. ∈ O(`), such that according to definition (4)
MAI = O(n + `)/O(n) × O(`) ≡ GrR (n, `)

(B.9)

which is also called the real Grassmanian.
Class BDI: Assuming n = ` and the additional presence of chiral symmetry C = σz ⊗ 1n (class BDI) in a class AI Hamiltonian, we can repeat
the arguments presented for classes A/AIII above to find
MBDI = O(n) × O(n)/O(n) ∼
= O( n )

(B.10)

using either definition (1) or (4).
Class AII: In systems with T2 = −1, we represent T = −0n+` K where
the real antisymmetric matrix
0n+` = iσy ⊗ 1n+`

(B.11)

is the so-called symplectic form. Note that Kramers theorem implies there
is an even number of both the occupied and the unoccupied bands,
hence we denote these as 2n, 2`. To derive the classifying space MAII ,
we start with definition (4). However, we organize the eigenstates of Q
slightly differently, namely we first take n + ` (both occupied and unoccupied) states without their Kramers partners, and then their n + `
Kramers partners in the same order. Then


M −N ∗
U=
∈ U(2n + 2`)
(B.12)
N
M∗
where the second column is obtained by acting with T on the first one,
and both M , N are (n + `) × (n + `) matrices over C (not necessarily
elements of any interesting group). From the unitarity of U

 

1 0
M †M +N †N
−M † N ∗ + N † M ∗
!
†
U U=
(B.13)
=
0 1
−N > M + M > N N > N ∗ + M > M ∗
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we directly obtain

−N > M + M > N
U > 0n+` U =
−M † M − N † N

 

N > N ∗ +M > M ∗
0 1
=
= 0n+`
−1 0
M †N ∗ −N †M ∗

meaning that U is an element of symplectic group Sp(2n + 2`, C) [197].
But since U is also unitary, it is an element of the compact symplectic
group [197]
U ∈ Sp(n + `) = Sp(2n + 2`, C) ∩ U(2n + 2`).

(B.14)

We further need to identify the set of all unitary transformations that
keep the form (B.12) as well as the Hamiltonian Q invariant. To do so, we
split M = (Mocc. Mun. ) (and similarly for the N matrix). The gauge transformation cannot mix the occupied and the unoccupied states, hence we
need to find all Xocc. ∈ U(2n) such that
!


∗
∗
e occ. −N
eocc.
Mocc. −Nocc.
M
Xocc. =
(B.15)
∗
e∗
eocc. M
Nocc. Mocc.
N
occ.
and similarly for the unoccupied states. From the first line



∗
∗
e occ. −N
eocc.
Xocc. = M
Mocc. −Nocc.

(B.16)

we obtain that
Nocc.

∗
Mocc.



Xocc.

=



=



=
=
=

K

∗
Nocc.

Mocc.



∗
−Nocc.

Xocc.

0n Xocc.

i
†
Xocc.
0n Xocc.

K Mocc.
h 
∗
e occ. −N
eocc.
K M


>
e∗
e
Xocc.
0n Xocc.
M
occ. −Nocc.


>
e∗
− Neocc. M
0n Xocc.
0n Xocc. (B.17)
occ.

where now 0n = iσy ⊗ 1n . For the second line of (B.15) to be true, Xocc.
must fulfil
>
Xocc.
0n Xocc. = 0n .
(B.18)
Taking into account the unitary, we are led to conclude that Xocc. ∈
Sp(n). Analogous arguments can be presented for the unoccupied states,
such that the fiber leading to an invariant value of Q is homeomorphic
to Sp(n) × Sp(`). Therefore, the classifying space is
MAII = Sp(n + `)/Sp(n) × Sp(`) ≡ GrH (n, `)
also called the quaternion Grassmanian.

(B.19)
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Class CII: We apply definition (1). Gapped systems belonging to this
symmetry class must have 4n bands – one doubling comes from the
Kramers theorem, while the other is a consequence of the particle-hole
symmetry. We represent C = σz ⊗ 12n such that the flat-band Hamiltonian takes the block-off-diagonal form


0 q
Q=
with q ∈ U(2n),
(B.20)
q† 0
We further represent time-reversal symmetry as T = −1σ ⊗ 0n K with
the symplectic form 0n . The condition [T, Q] = 0 constrains q by
q† 0 n = 0 n q >

=⇒

q> 0n q = 0n

(B.21)

where we used the unitary of q. Conditions (B.20) and (B.21) together
mean that the space of Hamiltonians Q is homeomorphic to the compact
symplectic group,
MCII = Sp(n).
(B.22)
Class CI: We use definition (3). Because of the particle-hole symmetry,
gapped Hamiltonians of this symmetry class have 2n bands. For the
purpose of this derivation, we represent C = σz ⊗ 1n and T = σx ⊗ 1n K.
Note that their composition CT = iσy ⊗ 1n K squares to −1 while T 2 =
1, as required. Because of the chiral symmetry, Q takes form (B.8) with
q ∈ U(n), while time-reversal symmetry leads to

 



0 q
0 q∗
0 1
0 1
=
(B.23)
1 0
1 0
q> 0
q† 0
from where q = q> . Hence q is a symmetric unitary matrix. We will label
the space of such matrices as US (n). Following [198, p. 58], we prove
US ( n ) ∼
= U(n)/O(n)

(B.24)

where on the right-hand side two elements u1,2 ∈ U(n) are deemed
equivalent (u1 ∼ u2 ) if u1 = u2 o for some o ∈ O( N ). To show (B.24),
we first demonstrate that
u1 ∼ u2

⇔

u1 u1> = u2 u2> .

(B.25)

The “⇒” part follows from u1 u1> = u2 oo > u2> = u2 u2> . For the “⇐” part
we use the unitarity of u1,2 to express the right-hand side of (B.25) as

204

Appendix

(u†2 u1 )(u†2 u1 )> = 1. This implies that u†2 u1 ∈ O( N ) such that indeed
u1 = u2 o for some o ∈ O(n), and therefore u1 ∼ u2 . We have thus shown
that matrices uu> build up U(n)/O(n). Furthermore, uu> is clearly unitary and symmetric, meaning that uu> ∈ US ( N ). It only remains to be
shown that every element of US ( N ) can be expressed in the form uu> .
To achieve this, we consider the spectral decomposition of a symmetric
unitary matrix q is [199, Prop. 4.4.13]
q = mΛm>

(B.26)

where m ∈ O(n) is the matrix of eigenvectors of q and Λ = diag{eiϕ j }nϕ=1
is the corresponding matrix of its unimodular eigenvalues. Clearly, the
decomposition q = uu> is achieved with u = m diag{eiϕ j /2 }nϕ=1 , thus
completing the proof of homeomorphism (B.24). Therefore,
MCI = U(n)/O(n)

(B.27)

which is also called the real Lagrangian Grassmanian.
Class DIII: We apply definition (3). Due to Kramers theorem and
particle-hole symmetry, the minimal number of bands in symmetry class
DIII is 4n . We represent C = σz ⊗ 12n and T = iσy ⊗ 12n K. Because of
the chiral symmetry, Q takes form (B.20) with q ∈ U(2n). Time-reversal
symmetry further constrains



 

0 q
0 q∗
0 1
0 −1
=
(B.28)
−1 0
1 0
q> 0
q† 0
from where q = −q> , meaning that q is an antisymmetric unitary matrix.
We denote the space of such matrices as UA (2n). We prove that
UA (2n) ∼
= U(2n)/Sp(n).

(B.29)

where two elements u1,2 ∈ U(2n) are deemed equivalent if u1 = u2 s>
for some s ∈ Sp(n).9 To prove isomorphism (B.29), first note that
u1 ∼ u2

⇔

u1 0n u1> = u2 0n u2>

(B.30)

where 0n = iσy 1n is the symplectic form. The “⇒” part follows from
u1 0n u1> = u2 s> 0n su2> = u2 0n u2> . For the “⇐” part, we use the unitarity of u1,2 to rewrite the right-hand side of (B.30) as (u†2 u1 )0(u†2 u1 )> = 0,

9 Since any two unitary matrices are automatically related by a unitary matrix, we really only need to request that s ∈ Sp(2n, C), cf. relation (B.14).
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meaning that u†2 u1 ∈ Sp(2n, C). However, u1 u†2 is also unitary, hence
u†2 u1 ∈ Sp(n) and therefore u1 ∼ u2 . As the next step of the proof, note
that u0n u> is unitary and antisymmetric, i.e. an element of UA (2N ). It
remains to be shown, that every element q of UA (2N ) can be written in
such a form. To that end, note that every antisymmetric unitary matrix q
has a spectral decomposition [199, p. 217]10
q = mΣm>

(B.31)

where m ∈ O(2n) and Σ is an antisymmetric matrix that can be expressed as a direct sum of 2 × 2 blocks as
Σ=

N
M
i =1



0
− λi

λi
0



≡

N
M

Σi

(B.32)

i =1

where λi = eiϕi are unimodular. We can rewrite




Σi = eiϕi /2 12 01 eiϕi /2 12 .

(B.33)

We observe that q can be written in the form u0n u> with
!
u=m

N
M

eiϕi /2 12

∈ U(2n).

(B.34)

i =1

This completes the proof of (B.29). We therefore conclude that
MDIII = U(2n)/Sp(n).

(B.35)

Class D: We apply definition (3). We consider a system with n occupied and n unoccupied states. We represent the particle-hole operator as
P = K, such that Q∗ = −Q is purely imaginary. However, it is more
e = iQ. Then the Hermiticity and
convenient to work with real matrix Q
e , i.e. the
the unitarity of Q imply antisymmetry and orthogonality of Q
classifying space MD is homeomorphic to the space of antisymmetric
orthogonal matrices OA (2n). We prove that
OA (2n) ∼
= O(2n)/U(n).

(B.36)

10 In Ref. [199], the space M stands for the space of n × n matrices with values in C, i.e.
n
Cn×n . Furthermore, normal matrix A is a matric fulfilling [ A, A† ] = AA† − A† A = 0. The
space of normal matrices includes all unitary, Hermitian and antiHermitian matrices.
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This relation may seem strange at first, because U(n) does not look like
a subgroup of O(2n). However, by writing the representation space Cn
of unitary matrices as R2n , it is possible to show that

M ∈ U( n )

⇔

<[M ] =[M ]
−=[M ] <[M ]



∈ O(2n)

(B.37)

meaning that U(n) matrices can be represented as O(2n) matrices with
a special block structure. We will denote the space of such orthogonal
2n × 2n matrices [right-hand side of (B.37)] as UR (n). Importantly,11
UR (n) = O(2n) ∩ Sp(2n, R).

(B.38)

which will come in handy in a moment. Then by (B.36) two elements
o1,2 ∈ O(2n) are equivalent if o1 = o2 u for some u ∈ UR (n). We show
that this is equivalent to
o1 ∼ o2

⇔

o1 0n o1> = o2 0n o2> .

(B.39)

The “⇒” part follows easily from the symplectic property (B.38) of UR (n).
For the “⇐” part, we rewrite the left-hand side of (B.39) as

(o2> o1 )0n (o2> o1 )> = 0n ,

(B.40)

e = mΣm>
Q

(B.41)

implying that o2> o1 ∈ Sp(2n, R). But by construction o2> o1 is also orthogonal, such that by (B.38) we have o2> o1 ∈ UR (n). This completes
the proof of (B.39). Furthermore, matrices o0n o > with o ∈ O(2n) are
easily shown to be antisymmetric orthogonal, i.e. elements of OA (2n).
The converse is also true, i.e. any antisymmetric orthogonal matrix can
be expressed as o0n o > with o ∈ O(2n). This is because antisymmetric
orthogonal matrices can be spectrally decomposed as [200]

11 We have already argued that U ( n ) ⊂ O(2n ). It is further easy to check that for
R
u ∈ UR (n) : u> 0n u = 0n such that UR (n) ⊂ Sp(2n, R) too. To prove equality in (B.38), we
also need to show the subset relation in the opposite direction. To that end, let us assume
that u belongs to both O(2n) (such that u> u = 1) and Sp(2n, R) (such that u> 0n u = 0n ). A
combination of these two conditions leads to 0n u = u0n , which implies a block structure
identical to the right-hand side of (B.37), implying that O(2n) ∩ Sp(2n, R) ⊂ UR (n). We
have thus proved equality (B.38).
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with m ∈ O(2n) and Σ as in Eq. (B.32). Repeating the same steps as
e = o0n o > with o as in Eq. (B.34). In sumfor class DIII, we find that Q
mary, we showed that OA (2n) matrices can be represented as equivalence classes of orthogonal matrices up to an element of UR (n) ∼
= U( n ),
therefore
MD = O(2n)/U(n).
(B.42)
Class C: We finally consider class C with n occupied and n unoccupied
bands. We use closely related definitions (2) and (3), and represent P =
−0n K. Then the occupied and unoccupied states can be collected into
two 2n × n matrices




M
−N ∗
Uocc. =
and
Uun. = PUocc. =
(B.43)
N
M∗
i.e. the latter is completely specified by the first. The space of projectors
†
P = Uocc. Uocc.
is therefore homeomorphic to the space of U(2n) matrices
of the form



M −N ∗
U = Uocc. Uun. =
(B.44)
N
M∗
up to gauge transformations. Note that 0n U = U ∗ 0n , from where by
the unitarity U > U ∗ = 1 follows U > 0n U = 0n , therefore
U ∈ U(2n) ∩ Sp(2n, C) = Sp(n).

(B.45)

However, we have to factor out gauge transformations that preserve
†
both Q = 1 − 2Uocc. Uocc.
as well as the relation between matrices (B.43).
e occ. = Uocc. X and U
e un. =
This corresponds to a simultaneous rotation U
e un. X ∗ with X ∈ U(n). Therefore
U
MC = Sp(n)/U(n)

(B.46)

which is also called the complex Lagrangian Grassmanian. Note that for
U(n) in relation (B.46) to be a subgroup of Sp(n), we need to understand
the latter as the unitary matrices with values in Hn×n . Then U(n) is a
subgroup of such matrices in which two of the three imaginary units
happen to be absent. In this regards, result (B.46) is analogous to (B.27)
obtained for class CI.
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Notations

∅
?
∗
>

†

|0i
˙
e
|. . .|
k. . .k
[·, ·]
[· → ·]
{·, ·}
h·, ·i
hh·, ·ii
∧
⊕
⊗
S

0
1, 1n
a, b, α, β
a, b, c
a† , a
a ( k ), b ( k )
Å
A
A, Aiab

empty set
Hodge dual operator
complex conjugation
matrix transpose
Hermitian conjugation
vacuum for ladder operators
indicates time derivative
indicates gauge-transformed or rotated variables
absolute value of a scalar, or the order of a group
vector norm
commutator
homotopy equivalence class
anticommutator
nearest neighbor sites in a lattice
next-to-nearest neighbor sites in a lattice
exterior product
direct sum
direct/tensor/Kronecker product
union of sets
trivial one-element group
unit matrix (identity operator) of a given dimension
band indices
unit cell dimensions
raising and lowering ladder operator
(vector) functions used to decompose H(k) into basis
Ångstrom 10−10 m
antiunitary operator
Berry-Wilczek-Zee connection and its components
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A, Aia
A, Ai
b
B, Bi
B
c
c
cCL (M)
c† , c
Cni
C
C
c`
γ
d
d
d
δij , δ ab
δ( x )
δ
δ
D
D
D
Dk
Dk
∆k
∂i
ð
∇, ∇ k
e
e
ei
exp
E, Ei
eijk
ε, ε a (k)
ε

Notations
single-band Berry connection and its components
EM vector potential and its components
rescaled magnetic field
magnetic field
sewing matrix between two gauge choices
a generic complex number
value of topological invariant (charge)
charge value in symmetry class CL on manifold M
fermionic creation and annihilation operator
operator of n-fold rotation around coordinate i
complex numbers
chiral symmetry
class of a group
path in parameter space
exterior derivative
superconducting triplet order parameter (changed!!)
differential
Kronecker symbol
Dirac delta function
variation of a parameter
codimension
number of spatial dimensions
domain (e.g. of integration)
dimension of a group representation
projective (ray) representation of little group G k
k
projective (ray) representation of little co-group G
gap function of a superconducting state
partial derivative with respect to coordinate i or k i
boundary operator
del (nabla) operator in real/momentum space
Euler’s number 2.71828182 . . .
charge of a proton, e > 0
unit vector along coordinate axis i
path-ordered exponential
electric field and its components
Levi-Civita symbol
band energy
infinitesimaly small positive number
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E
E
E
f
fFD
F
F, Fija

identity element of a group
2π-rotation in half-integer spin systems
staggered strain
function, map
Fermi-Dirac distribution function
free energy
single-band Berry curvature for non-degenerate bands

F , Fijab
F
F
fin.
g
g
G
Gi
k
G k, G
GrF (n, `)
Γ
Γi , Γij
h(k)
h (k)
H
H
H
h̄
ηk,±
h
θ
θ
i, j, k, l
i, j, k , l
i
I
Icoll.
=
in.
j
Jis

Berry curvature (2-form) and its components
algebraic field (we encounter Z2 , Z, R, C and H)
isogonal point group of a given space group
for “final”
group element
reciprocal lattice vector
a group
operator of glide plane perpendicular to coordinate i
little group and little co-group of k
Grassmannian space over field F
time-reversal invariant momenta (TRIMs)
Dirac matrices, { Γi , Γj } = 2δij and Γij = − 2i [ Γi , Γj ]
(vector) function used to decompose H(k) into basis
off-diagonal block of a chiral-symmetric Hamiltonian
Hamiltonian in second quantization form
quaternions
Hamiltonian matrix
(reduced) Planck constant 1.0545718 × 10−35 J.s
glide eigenvalues
chirality of a Weyl point
factor system of a projective representation
azimuthal angle in spherical coordinates
enumerate elements of something
generic vector and tensor indices
imaginary unit, i2 = −1
spatial inversion operator
collision integral
imaginary part of a complex expression
for “initial”
current density
spin s rotation matrices, i ∈ { x, y, z}
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k = (k x , k y , k z )
K
K
`
λ
Li
m
m
m
Mi
M,N
M
µ
µ, ν, ρ, σ
n
n
n
n
N
ξ
Ξk
o
O( n )
O
O
p̂, p̂i
p
P
P
P
P, Q
P( k )
℘
π
π D (M)
v
∏
Π, Πi

Notations
momentum space coordinates
operator of complex conjugation
2D cut in 3D momentum space
number of unoccupied bands
mean free path of an electron
length of the crystal in direction i
mass, tunable parameter in tight-binding model
eigenvalues (and labels of states) of Jz spin operator
a generic point of a manifold M
mirror reflection with respect to coordinate i
generic matrices
manifold
Fermi level (chemical potential at zero temperature)
enumerate irreducible representations of a group
number of occupied bands
any integer, n ∈ Z
occupation function
unit vector
a generic large integer
energy with respect to Fermi level, ξ = ε − µ
normal state kinetic matrix in BdG Hamiltonian
a generic orthogonal matrix
orthogonal Lie group
a generic operator on Hilbert space
big O notation to describe limiting behavior
momentum operator and its components
order of a differential form
point group
particle-hole symmetry
composition of particle-hole with inversion, P = P I
eigenvalues of various operators in Subsec. II.3
projector onto occupied bands at k
character of a group representation
Ludolph’s number 3.14159265 . . .
Dth homotopy group of manifold M
solid angle in three spatial dimensions
path-ordered product
canonical momentum in EM fields and its components

Notations
q = (q x , qy , qz )
q
Qe
Q
r = ( x, y, z)
r̂ = ( x̂, ŷ, ẑ)
r = (r x , ry , rz )
R
{ R|t }
R
R
R
<
$ = ($ x , $, $z )
ρ
ρ
ρ
s = (s x , sy , sz )
s
s
Sn,i
p,v
S f (k)
S
SO(n)
Sp(2n, F), Sp(n)
SU(n)
SD
σ = (σx , σy , σz )
ς = (ς x , ς y , ς z )
σ
t
t
t = {t1 , t2 , t3 }
t
T
T = { T i }3i =1
TD
T
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momentum displacement
off-diagonal component of Q in the presence of C
electric charge
flat-band Hamiltonian
real-space coordinates
position operator and its components
additional set of orbital Pauli matrices
point group operation (rotation)
affine transformation with rotation R and shift v
Bravais vectors in 1D
Bravais vectors in 2D and higher
real numbers
real part of a complex expression
layer Pauli matrices
group representation
density of states
electrical resistance
particle-hole Pauli matrices
sign, s = ±1
spin magnitude, 2s ∈ Z
operator of n-fold screw rotation around coordinate i
functional in the description of SrPtAs lattice
space group
special orthogonal Lie group
symplectic group over F, and compact symplectic group
special unitary Lie group
D-dimensional sphere
spin Pauli matrices
reduced particle-hole spin Pauli matrices
electrical conductivity
time
spin-independent hopping amplitude in a TB model
set of vectors used in the description of SrPtAs lattice
translation associated with non-symmorphic symmetry
spin-dependent hopping amplitude (SOC) in a TB model
set of vectors used in the description of SrPtAs lattice
D-dimensional torus
time-reversal symmetry
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T
T
τ = (τx , τy , τz )
τ
u
|uka i , uka (r )
hu a | , uka∗ (r )
u( n )
U
U( n )
U
U
φ
v
v, w
V
V
ϕB , ϕZak
Φ
Φ0
w
W
W
X
X
χ
Υ
ψ
|ψka i , ψka (r )
ψ
z2
Z
Zp
Z+ , Z0+
ωn
Ω, Ωiab
Ω, Ωia
0n

Notations
composition of time-reversal with inversion, T = T I
translation group of a crystalline lattice
Pauli matrices of orbital degree of freedom
relaxation time
a generic unitary matrix
cell-periodic part of Bloch ket-state in band a at k
the corresponding bra-state
Lie algebra of skew-Hermitian matrices
(n + `) × n matrix of occupied states (form columns)
Lie group of unitary matrices
a generic unitary matrix or operator, U ∈ U(n)
matrix permuting Pauli matrices
polar angle of spherical/polar coordinates
velocity
vectors of basis matrices for various symmetry classes
phase space volume
(real space) volume
geometric Berry/Zak phase
magnetic flux
magnetic flux quantum, Φ0 = 2πh̄/e
winding number
Wilson loop operator
Wannier orbitals
element of a Lie algebra
gauge transformation matrix, element of U(n)
susceptibility, Lindhard function
Young modulus
wave function
Bloch wave function in band a with momentum k
superconducting singlet order parameter
value of a Z2 invariant
integers
cyclic group of order p with binary operation “+”
positive integers, and non-negative integers
special complex numbers in the description of SrPtAs
dual Berry curvature for D = 3 systems
dual single-band Berry curvature in D = 3
symplectic form of dimensions 2n × 2n
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accidental nodal line/loop
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Atland-Zirnbauer
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centrosymmetrically extended AZ symmetry class

BdG

Bogolyubov-de-Gennes

BZ

Brillouin zone

CHS

chiral symmetry

CL

Cartan label

DFT

density functional theory

DOS

density of states

DSM

Dirac semimetal

FCC

face-centred cubic

HEP

high energy physics

INS

insulator

IPR

irreducible projective representation

IR
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left-hand side

LL

Landau level

MR

magnetoresistance

NI

normal (non-topological) insulator
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PHS

particle-hole symmetry
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quantum Hall effect

SBZ

surface Brillouin zone

SC

superconductor/superconducting
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space group
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SOC

spin-orbit coupling

SRS

spin-rotation symmetry

TI

topological insulator

TRIM
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TRS
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WCC

Wannier charge center

WSM

Weyl semimetal
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