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Abstract
In the first part of this thesis, we present a variational theory of objective Eulerian coherent structures
(OECSs) in two-dimensional non-autonomous dynamical systems, such as planar turbulent fluid
flows. OECSs uncover the instantaneous skeleton of the overall dynamics, acting as theoretical
centerpieces of short-time trajectory patterns. OECSs are computable at any time instant without
any assumption on time scales, and hence are relevant for flow-control and real-time decision-making
problems.
Hyperbolic OECSs are the instantaneously most attracting and repelling structures in a dynamical system, mimicking the role of stable and unstable manifolds over short times. Parabolic OECSs
are short-term jet-type structures, serving as short-term pathways for material transport. Elliptic
OECSs are short-term vortical structures. In many dynamical systems, these three types of structures co-exist, partitioning the phase-space into regions of distinct short-term behavior. We also
show that OECSs are null geodesics of appropriate Lorentzian metrics defined on the phase space
of the dynamical system. Exploiting the geometry of geodesic flows, we derive a fully automated
procedure for the computation of OECSs, as well as for general null geodesics. These results allow
for systematic and accurate eddy detection and census in large geophysical datasets.
A different type of coherent structure arises in the context of flow separation due to the interaction of a fluid with a solid boundary, such as an airfoil. We present a universal, frame-invariant
theory of material spike formation during flow separation over a no-slip boundary in two-dimensional
flows with arbitrary time dependence. This theory identifies both fixed and moving separation, is
effective even over short-time intervals, and admits a rigorous instantaneous limit. These properties, inaccessible to previous approaches, make our results promising for monitoring and controlling
aerodynamic separation. The separation profile identified here serves as the theoretical centerpiece
for a material spike from its birth to its fully developed Lagrangian structure. The topology of this
spike can be used to rigorously explain the perception of off-wall separation in unsteady flows.
We apply our results to several complex dynamical systems ranging from geophysical flows to separated flows over no-slip boundaries, defined through analytical, numerical or experimental datasets.

Sommario
Nella prima parte di questa tesi deriviamo una teoria variazionale delle strutture coerenti oggettive Euleriane, Objective Eulerian coherent structures (OECSs), in sistemi dinamici bidimensionali tempo varianti, come, ad esempio, fluidi turbolenti bidimensionali. Le OECSs identificano lo
scheletro materiale istantaneo che governa le deformazioni a breve termine nello spazio delle fasi del
sistema dinamico. Le OECSs possono essere calcolate ad ogni istante, indipendentemente dalle scale
temporali del sistema in esame, offrendo così uno strumento essenziale in applicazioni inerenti il
controllo dei flussi, o processi decisionali in risposta a rischi naturali, dove sono necessarie decisioni
tempestive per evitare catastrofi ambientali. Esempi di questo genere includono la fuoriuscita di
sostanze nocive e le missioni di ricerca e salvataggio in mare.
Le OECSs iperboliche sono le strutture istantaneamente più attrattive e repulsive del sistema
dinamico, e agiscono in modo analogo alle varietà stabili ed instabili nel breve termine. Le OECSs
paraboliche agiscono da correnti di trasporto nel breve termine, mentre le OECSs ellittiche sono
strutture coerenti di tipo vorticoso nel breve termine. In molti sistemi dinamici, questi tre tipi
differenti di strutture coesistono, dividendo lo spazio delle fasi in regioni caratterizzate da proprietà
dinamiche differenti nel breve periodo. Dimostriamo, inoltre, che le OECSs sono geodetiche nulle
di metriche Lorentziane definite nello spazio delle fasi. Sfruttando le geometrie dei flussi geodetici,
deriviamo una procedura totalmente automatica per il calcolo delle OECSs e di geodetiche nulle
in generale. Questo risultato permette, ad esempio, di calcolare in modo sistematico ed accurato i
vortici in dataset geofisici di larga scala.
Una tipologia differente di strutture coerenti emerge durante l’interazione di tra fluidi e corpi
solidi. L’esempio per eccellenza riguarda la separazione dei flussi in ambito aerodinamico. In questa
tesi sviluppiamo una teoria universale della separazione del flusso da un corpo solido, soggetto a
condizione di non slittamento, nel caso di flussi bidimensionali con qualsiasi dipendenza temporale.
Questa teoria identifica la separazione del flusso sia nel caso in cui questa avvenga ad un punto
fisso sia se questo punto evolva nel tempo; è effettiva anche su scale temporali brevi, ed ammette
un limite istantaneo rigoroso. Queste proprietà sono assenti nei criteri di separazione di flusso
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esistenti, rendendo la teoria qui proposta promettente per monitorare e controllare la separazione
di flusso. Il profilo di separazione identificato serve da cuore teorico della vena di fluido separata,
dalla nascita del fenomeno di separazione ad uno stadio di separazione avanzato. La topologia del
profilo di separazione proposto, inoltre, può essere utilizzata per spiegare rigorosamente il fenomeno
di separazione disconnessa dal corpo solido, tipica nei flussi tempo varianti.
Dimostriamo l’efficacia delle nostre teorie in diversi sistemi dinamici complessi che variano da
flussi geofisici a flussi separati da corpi solidi con condizioni al contorno di non slittamento. Questi
sistemi dinamici complessi, sono definiti sia analiticamente sia tramite dataset numerici e sperimentali.

Chapter 1

General Introduction
1.1

Motivation and background

Transport and mixing are fundamental phenomena in fluid flows from nanoscales [1] to mesoscales [2].
Geophysical flows are characterized by their ability to transport heat, momentum and material quantities over large distances. Stratospheric currents induce global transport and, on smaller scales, regional circulations that stir and mix nutrients and pollutants in ocean basins and in the troposphere.
Transport and mixing also affect the functioning of marine ecosystems that are responsible for nutrient and plankton advection; in addition, they can determine the primary productivity of entire
oceanic regions. The two basic mechanisms responsible for all these forms of mixing are diffusion
and advection.
Mathematically, the time evolution of a passive scalar of concentration 𝜃(𝑥, 𝑡), being advected
by an incompressible velocity field 𝑣(𝑥, 𝑡) and diffused with a constant diffusivity 𝜈, is governed by
the advection-diffusion equation
𝜕𝑡 𝜃 + 𝑣 · ∇𝜃 = 𝜈∇2 𝜃.

(1.1)

Specifically, the left-hand side of eq. (1.1) describes the total derivative of 𝜃(𝑥, 𝑡) along trajectories
of 𝑣(𝑥, 𝑡), while the right-hand side models the diffusion of 𝜃(𝑥, 𝑡). In several mixing phenomena,
however, molecular diffusion is negligible, and mixing hence is dominated by advection. Examples
include large-scales geophysical flows, or general flows characterized by a high Peclet number, defined
as the ratio of advective transport rate to diffusive transport rate. Under these assumptions, the
problem of transport and mixing simplifies to understanding how different fluid trajectories explore
the fluid domain and separate from each other.
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Fluid trajectories generated by 𝑣(𝑥, 𝑡) are solutions of the ordinary differential equation
𝑥˙ = 𝑣(𝑥, 𝑡),

(1.2)

𝐹𝑡𝑡0 (𝑥0 ) = 𝑥(𝑡; 𝑡0 , 𝑥0 ),

(1.3)

and define the flow map

which maps initial particle positions 𝑥0 at time 𝑡0 to their time-𝑡 positions 𝑥(𝑡; 𝑡0 , 𝑥0 ). These trajectories can exhibit chaotic behavior leading to very complicated mixing patterns, yet material coherence
(i.e., a lack of chaos) also tends to emerge ubiquitously in fluid flows of arbitrary complexity (cf.
Fig. 1.1).

(a)

(b)

(c)

(d)

(e)

(f)

Figure 1.1: (a) Water carried by a tornado off the Florida Keys (Joseph Golden/NOAA). (b) False
color image of ocean water color, from NASA’s Aqua MODIS satellite (NASA-GSFC). The circular
blue in the middle left is approximately 100km in diameter. (c) The polar jet stream. The fastest
winds are colored in red, while slower winds are in blue (NASA/Goddard Space Flight Center). (d)
Von Karman vortex street arising from wind-driven clouds obstructed by Alexander Selkirk Island
(NASA, MISR Team). (e) Jupiter’s Great Red Spot seen from the Voyager 1 mission in February
1979 (NASA/JPL, with image processing by Björn Jónsson). (f) Transport of warm water revealed
by the sea surface temperature distribution around the Gulf Stream in 2005 (NASA).

The study of chaotic Lagrangian dynamics gave birth to the field of chaotic advection, which uses
concepts from nonlinear dynamics to investigate transport and mixing problems in fluid flows. This
term was firstly introduced by Aref in early 1980s [3]. To quote directly from his seminal paper,
Aref wrote "...We have a situation in which an innocuous, fully deterministic velocity field, in the
Eulerian view, produces an essentially stochastic response in the Lagrangian advection characteristics
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of a passive tracer. It is proposed to call this situation or regime chaotic advection." Since then, great
progress has been made towards a better understanding of the mechanisms behind chaotic advection
(see e.g., [4, 5]). Among the different approaches, the geometric theory of dynamical systems has
been one of the main contributors. This theory studies the geometric features of a dynamical system
which shape trajectory patterns in the phase space.
In the case of steady, time-periodic and quasiperiodic dynamical systems, these geometric features
include hyperbolic invariant manifolds [6], invariant Kolmogorov-Arnold-Moser (KAM) tori [7], and
chaotic invariant sets [8]. In the (asymptotic) limit of infinitely long times, these recurrent structures
gain decisive influence over tracer patterns. Specifically, hyperbolic invariant manifolds are transport
barriers that enhance mixing through stretching and folding of nearby material elements, while KAM
tori are transport barriers that inhibit mixing, confining regions of coherent dynamics.
Real-life phenomena such as the ones illustrated in Fig. 1.1, however, are generally time aperiodic.
In aperiodic flows, classic concepts of invariant manifolds are unhelpful because all material surfaces
evolve indefinitely with no particular recurrence pattern. Yet, there appears to be distinguished
material surfaces in the phase space that exert a major influence on nearby trajectories. Furthermore,
many real-life systems are typically given in the form of finite-time velocity fields obtained from
experiments or numerical simulations, and not by analytical expressions. The inapplicability of
classical results to these types of flows, raised the need of a new nonlinear dynamical systems theory
for finite-time flows with arbitrary time dependence. Great progress has been made in this area over
the last twenty years. One may divide existing approaches in three general groups.
(i) Geometric approach: This approach generalizes the notion of invariant manifolds to unsteady
flows. The first attempts in this direction focused on extending the notion of general invariant
manifolds [9, 10], and hyperbolic invariant manifolds [11–13] to unsteady flows. More recent
results extended KAM-type structures as well to unsteady flows [14–20]. Within the geometric
approaches, Haller and Yuan [12] proposed that in unsteady flows one should seek the most
influential material surfaces that shape the mixing patterns in the flow by their distinguished
effect on nearby material elements. They referred to such distinguished material surfaces as
Lagrangian Coherent Structures (LCSs).
Several developments have been made from the first characterization of LCSs over the last
fifteen years, leading to current LCS definitions, extensively reviewed in [21]. Haller [21]
focuses on deconstructing observed types of material coherence, such as those in Fig. 1.1, and
then seeks the exact dynamical structures that create these forms of coherence. Specifically,
Hyperbolic LCSs (generalized stable and unstable manifolds) are the main drivers of chaotic
mixing in the phase space. Elliptic and parabolic LCSs (generalized KAM tori), on the other
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hand, confine coherent patches with regular dynamics.
While LCSs definitions in [21] are based on material-deformation properties within the phase
space, alternative rotation-based definitions of KAM-tori-type structures are also available
[22, 23].
(ii) Set-based approach: A big portion of the methods developed in this direction are primarily
based on ideas from ergodic theory [24]. Examples include methods based on modified PerronFelonious operators [25, 26] and Koopman operators [27, 28], which identify coherent subsets
of the phase space with minimum material leakage. Other methods, based on clustering techniques [29, 30], are also available. While geometric approaches seek the boundaries between
flow regions with distinct behavior, set-based approaches target the interior of coherent flow regions. Furthermore, these approaches are designed to capture only KAM-type, or equivalently,
vortical structures.
(iii) Diagnostic tools: These tools are easy to compute and usually consist of scalar fields whose spatial distributions may roughly suggest the presence of distinguished surfaces that are relevant
for transport and mixing [31–37]. Due to their postulated nature and lack of a mathematical
foundation, however, these methods have been proved to be ineffective even for simple flows
(see, e.g., [21]).
A critical comparison of the most common Lagrangian methods for coherent structures detection
is provided in [38].

1.1.1

From the asymptotic to the instantaneous limit

Figure 1.2: How do fluid trajectories behave over short times?

Finite-time dynamical system approaches successfully overcame the inapplicability of classic asymptotic theories to unsteady flows defined over limited-time windows. These finite-time methods,
however, are intrinsically tied to a preselected finite-time interval (cf. 𝑇 = 𝑡 − 𝑡0 in eq. (1.3)), and
hence to a specific time scale. At the same time, short-term variability in material structures is
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significant in unsteady flows, whose time scales are usually multiple and unknown. Such variability
is of prime interest in many fields ranging from flow control to environmental assessment, where
quick operational decisions need to be made (cf. Fig. 1.3). In these applications, the velocity field
is occasionally available at prior times, and unknown at future times.

(a)

(b)

(c)

Figure 1.3: (a) A sudden extension of the Deepwater Horizon oil spill in the Gulf of Mexico in June
2010 (NASA). (b) Image of a search and rescue operation mission (U.S. Coast Guard) (c) Separating
material spike over a no-slip boundary in a steady flow, visualized using experimental streaklines
(adapted from Weldon et al. [39]).

Existing methods for the identification of the instantaneously most influential structures for
deformation patterns consist of a large number of insightful diagnostic tools developed mainly by
the fluid dynamics community (see [40] for an extensive review). These simple methods, however,
are typically frame-dependent (cf. Section 1.1.2), ineffective [21], and lack a rigorous mathematical
foundation. This, in turn, limits the reliability of the results they provide, and calls for a theory of
infinitesimally short-time coherent structures in flows with arbitrary time dependence.

1.1.2

Objectivity

A fundamental axiom of mechanics is objectivity, which postulates that material response is independent of the observer [41]. Equivalently, material flow features are tied to evolving fluid particles
(trajectories) without any reference to coordinates or parametrization (cf. Fig. 1.4). This is why,
for instance, the Navier-Stokes equations have extra terms such as centrifugal and Coriolis forces
when expressed in a rotating frame:
Inertial frame:
Rotating frame:

𝜕𝑡 𝑣 + 𝑣 · ∇𝑣 = − 𝜌1 ∇𝑝 + 𝜇∇2 𝑣

(1.4)

˜ 𝑣 = − 1 ∇˜
˜
˜ 2 ˜ − Ω × (Ω × 𝑥
𝜕𝑡 𝑣˜ + 𝑣˜ · ∇˜
˜) − 2Ω × 𝑣˜.
𝜌 𝑝 + 𝜇∇ 𝑣

These extra terms are precisely the ones which ensure that trajectories of the velocity fields 𝑣 and
𝑣˜ will be the same (cf. Fig. 1.4).
A statement related to material features of fluid flow is objective if its conclusions are invariant
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Figure 1.4: Frame invariance of fluid trajectories.

under Euclidean coordinate changes of the form
𝑥 = 𝑄(𝑡)˜
𝑥 + 𝑏(𝑡),

(1.5)

where 𝑄(𝑡) is an arbitrary proper orthogonal tensor family generating time-dependent rotations,
and 𝑏(𝑡) is an arbitrary vector family introducing time-dependent translations of the frame [42]. As
an example, assume that observers 1 and 2, illustrated in Fig. 1.4, are observing the same physical
phenomenon, say a moving fluid, and are applying the same vortex identification criterion. If such
a criterion is objective, they will draw consistent conclusions about the existence of a vortex in the
flow, and the coordinates of the vortex’s location for the two observers will be related precisely by
eq. (1.5). Although objectivity is a basic requirement for a self-consistent material assessment of
deforming continua, it is missing in several Lagrangian methods, and in almost all Eulerian methods
(see e.g., [40] for a review).

1.2

Summary of the results and organization of the thesis

In this thesis, we develop objective geometric theories, and corresponding numerical algorithms, for
assessing finite-time and infinitesimally short-time distinguished material features of planar fluid
flows. The following chapters are a collection of author’s results that are published (or are submitted for publication) as research articles. As such, each chapter is self-contained, starting with an
introduction, followed by the problem formulation, results, and conclusions. We apply our theories
to complex dynamical systems ranging from geophysical flows to separated flows over no-slip boundaries. These dynamical systems are defined via analytical, numerical and experimental datasets.
Chapter 2 presents a variational theory of Objective Eulerian Coherent Structures (OECSs),
which uncovers the instantaneous material skeleton of fluid flows shaping trajectory patterns over
short times. OECSs are solutions of variational problems arising from suitably defined stretching-
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based functionals, modeling the short-term deformation of a continuum. We also show that OECSs
coincide with null geodesics of Lorentzian metrics defined on the flow domain.
Depending on the impact they have on nearby particles, OECSs can be of three different types.
Hyperbolic OECSs are the instantaneous most attracting and repelling structures in a dynamical
system, hence mimicking the role of stable and unstable manifolds over short times. Parabolic
OECSs uncover short-term jet-type structures, and serve as short-term pathways for material transport. Elliptic OECSs are short-term vortex-type structures, or equivalently, Eulerian vortices. We
show that the instantaneous material skeleton of fluid flows revealed by OECSs remains hidden to
commonly used frame-dependent Eulerian diagnostics.
Chapter 3 presents an objective non-dimensional metric to assess the persistence in time of elliptic
OECSs, and hence offers a continually updated picture of the coherent vortices in the flow. This
metric detects the instantaneous signature of long-lived Lagrangian vortices, and hence is useful
in short-term transport estimates, and in a number of applications ranging from flow control to
environmental assessment, where quick operational decisions need to be made. Remarkably, we find
that Lagrangian vortex-persistence predictions by our metric significantly outperform those inferred
from other customary Eulerian diagnostics.
Chapter 4 presents a general theory for computing null geodesics of general Lorentzian metrics,
such as LCSs and OECSs, which we call, collectively, Objective Coherent Structures (OCSs). Our
approach is based on a dimensional reduction of geodesic flows, and makes the computation of
OCSs fully automated and parameter free. These results allow for a systematic and accurate eddy
detection and census in large global datasets, as well as for quantifying material transport through
coherent vortices. We also devise a MATLAB implementation of our results, which is available here
https://github.com/MattiaSerra/Closed-Null-Geodesics-2D.
In chapter 5, we use the results of chapter 4 for identifying the boundary of the stratospheric
polar vortex, which plays a crucial role in the formation of the ozone hole and can cause severe
weather anomalies. Using two-dimensional velocity data on isentropic surfaces, we show that elliptic
LCSs identify the correct outermost material surface dividing the coherent vortex core from the
incoherent surf zone. We find a remarkable contrast in temperature and ozone concentration across
the identified vortex boundary, which we show to be optimal by actual material advection. This
boundary is shown to be inaccessible to existing vortex detection methods that misidentify its correct
extent and location.
Chapter 6 presents a universal frame-invariant theory of material spike formation during flow
separation over a no-slip boundary in flows with arbitrary time dependence. This theory identifies
both fixed and moving separation, is effective even over short-time intervals, and admits a rigorous
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instantaneous limit. These properties, inaccessible to previous approaches, make our results promising for monitoring and controlling flow separation. The separating spike uncovered by this theory is
a distinguished material feature arising from the interaction of a fluid with a solid body. Unlike the
structures analyzed in previous chapters, the separation spike does not arise in boundary-free flow
domains, and hence it requires a different approach.
Our theory is based on the curvature evolution of material lines, combining objectively stretchingand rotation-based kinematic quantities. The separation profile identified here serves as the theoretical centerpiece for the material spike from its birth to its fully developed Lagrangian structure, that
remains hidden to existing approaches based exclusively on rotation or stretching. As a byproduct,
we derive explicit formulae for the evolution of material line curvature and curvature rate in general
compressible flows. Finally, our results can be used to rigorously explain the common perception
of off-wall separation in unsteady flows, and more importantly, provide the conditions under which
such a concept is justified.
A list of publications on which each chapter is based is as follows:
∙ Chapter 2: Objective Eulerian coherent structures, M. Serra and G. Haller, Chaos, vol. 26, pp.
053110, 2016 [43]
∙ Chapter 3: Forecasting long-lived Lagrangian vortices from their objective Eulerian footprints,
M. Serra and G. Haller, Journal of Fluid Mechanics, vol. 813, pp. 436–457, 2017 [44]
∙ Chapter 4: Efficient computation of null geodesics with applications to coherent vortex detection, M. Serra and G. Haller, Proceedings of the Royal Society A, n. 2199, pp. 20160807,
2017 [45]
∙ Chapter 5: Uncovering the Edge of the Polar Vortex, M. Serra, P. Sathe, F. Beron-Vera1 and
G. Haller, Journal of the Atmospheric Sciences, 74 (11) 3871–3885, 2017 [46]
∙ Chapter 6: Exact Theory of Material Spike Formation in Flow Separation, M. Serra, J. Vétel2
and G. Haller, Journal of Fluid Mechanics (submitted).
A collection of all supplemental movies available directly via hyperlinks in the text of the thesis
can be found here https://www.dropbox.com/sh/trd01j0uifx9son/AAC-0pxrCkOT5TsPMn7fTdJ8a?dl=0.
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would like to acknowledge Pratik Sathe and Francisco Beron-Vera for their contributions to this chapter.
would like to acknowledge Jérôme Vétel for generating the experimental dataset analyzed in this chapter.

Chapter 2

Objective Eulerian Coherent
Structures
Chapter Summary
We define Objective Eulerian Coherent Structures (OECSs) in two-dimensional, non-autonomous
dynamical systems as the instantaneously most influential material curves. Specifically, OECSs
are stationary curves of the averaged instantaneous material stretching-rate or material shearingrate functionals. From these objective (frame-invariant) variational principles, we obtain explicit
differential equations for hyperbolic, elliptic and parabolic OECSs. As illustration, we compute
OECSs in an unsteady ocean velocity data set. In comparison to structures suggested by other
common Eulerian diagnostic tools, we find OECSs to be the correct short-term cores of observed
trajectory deformation patterns.

2.1

Introduction

Coherent structures behind material pattern formation in unsteady flows have received considerable attention (see, e.g., [47–49], for reviews). Among other mathematical advances ( [17, 50–53]),
variational techniques have been developed to identify Lagrangian Coherent Structures (LCSs),
the most influential cores of material deformation, in experimental and numerical velocity data
( [15, 18, 54–56]).
Specifically, initial positions of hyperbolic LCSs (generalized stable and unstable manifolds),
elliptic LCSs (generalized KAM tori) and parabolic LCSs (generalized jet cores) are now readily
computable as solutions of differential equations defined over the initial configuration of a system [21].
Later positions of these LCSs are then obtained by advecting their initial positions under the flow
map. By the objectivity (frame-invariance) of their underlying variational principles, variational
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LCSs transform properly under coordinate changes 𝑥↦→𝑥
˜ of the form
𝑥 = 𝑄(𝑡)˜
𝑥 + 𝑏(𝑡),

(2.1)

where 𝑄(𝑡) is an arbitrary proper orthogonal tensor family generating time-dependent rotations,
and 𝑏(𝑡) is an arbitrary vector family introducing time-dependent translations of the frame [42].
All LCSs, however, are intrinsically tied to a specific finite time interval over which they exert
their influence on nearby trajectories. This influence is an integrated one, filtering out short-term
anomalies in the flow. Yet short-term variability in material structures is often seen as significant
in highly unsteady flows, explaining the popularity of Eulerian (i.e., instantaneous velocity-based)
diagnostic fields in fluid dynamics (see, e.g., [57, 58], and [59] for reviews).
Eulerian diagnostics generally highlight features of the velocity field in a given frame of reference. Most studies of flows, nevertheless, would ideally want to understand, forecast or control the
evolution and mixing of material trajectories, as well as the transport of the physical properties they
carry. Indeed, the motivation for each commonly used Eulerian diagnostic is invariably grounded in
the desire to understand particle motion over short time scales. Yet the approximations and heuristics employed in deriving these diagnostics, as well as the expectation for simply implementable
results, tends to change the original focus of these approaches from material features to the analysis
of frame-dependent velocity features.
Even short-term identifications of material coherence, however, must be frame-invariant by definition. This is because material coherent structures are composed of trajectories, which do not
depend on coordinates and hence must transform properly under (2.1) from the frame of one observer to the other’s. If a proposed coherent structure criterion labels different material sets as
coherent in different frames, then it either lacks a proper physical foundation, or its physical foundation is implemented through erroneous mathematics. Either way, the criterion cannot be used
reliably in now-casting or real-time decision-making under unsteady flow conditions [53].
The few available objective Eulerian coherent structure diagnostics include that of Tabor and
Klapper [60], who consider a point elliptic (i.e, part of a vortex) if the vorticity expressed in the
basis of the rate-of-strain eigenvectors dominates strain (see also [61,62]). Another objective Eulerian
technique is the recent global approach [23] to rotationally coherent vortices. Identified as outermost
closed level sets of the instantaneous vorticity deviation (IVD) from the spatial mean vorticity, IVDbased vortex boundaries are objective, short-term limits of closed curves obtained from a global
Lagrangian rotational coherence principle.
Here we introduce a more general approach to Objective Eulerian Coherent Structures (OECSs)
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in two dimensions. We effectively seek these structures as short-term limits of LCSs. In contrast
to [23], we use stretching-based variational LCS theories in taking this limit. As a consequence,
we obtain a broader class of OECSs that includes elliptic (vortex-type), hyperbolic (stretching or
contracting) and parabolic (jet-type) structures.
We give an explicit parametrization of all these types of OECSs as solutions of autonomous
ordinary differential equations (ODEs). Our approach is global, eliminating the shortcomings of
local structure identification schemes noted in [63]. All OECSs are computable without dependence
on any chosen time scale. They are also objective, depending solely on invariants of the rate-of-strain
tensor, i.e., the symmetric part of the velocity gradient.

(a)

(b)

(c)

(d)

Figure 2.1: (a) Attracting hyperbolic OECSs (red) with their cores (red dots) and classic saddletype stagnation points (magenta triangles) with their corresponding unstable directions (magenta),
overlaid on streamlines. (b) Advected image of the hyperbolic OECSs and classic saddle-type stagnation points after 1.5 days, and their effect on nearby particles. The complete advection sequence
is available here Video 2.1. (c-d) Same phenomenon shown in (a-b), seen from an observer moving
with constant longitudinal velocity (-0.6 degree/day) relative to the one used in (a-b).
As an illustration of the results we derive here, Fig. 2.1 compares hyperbolic OECSs and the
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classic frame-dependent saddle-type stagnation points computed on an ocean velocity data (see
section 2.7 for more details). The effect of those structures on nearby particles and the instantaneous
streamlines are also shown. In particular, Figs. 2.1a-2.1b show the attracting hyperbolic OECSs
(red) with their cores (red dots) and the saddle-type stagnation points (magenta triangles) with their
unstable directions (magenta) at the initial time, and after short-term advection. In contrast, Figs.
2.1c-2.1d show the same features observed from a frame translating in the longitudinal direction
with constant speed (-0.6 degree/day), relative to the one used in Figs. 2.1a-2.1b.
This example highlights two important facts. First, frame-dependent diagnostics, such as instantaneous stagnation points, are unsuitable for the self-consistent identification of coherent structures:
the three saddle-type stagnation points detected by one observer (Figs. 2.1a-2.1b) disappear when
the same phenomenon is analyzed by another observer in a moving frame (Figs. 2.1c-2.1d). In this
second frame, a single saddle-type stagnation point emerges at an unrelated location and induces
no notable material stretching.
Second, and more important, hyperbolic OECSs capture actual saddle-type material behavior in
several locations with no stagnation points in their vicinities. Similar conclusions hold for elliptic
and parabolic OECSs (cf. section 2.7). Based on this example, we expect OECSs to be useful in a
number of physical situations where reliable now-casting, or short-term forecasting and control of
material transport is critical.
We develop a theoretical foundation for our global variational OECS theory in sections 2.2-2.5.
Readers interested mainly in a practical implementation of automated OECSs detection may proceed
directly to section 2.6, which gives a summary of the results along with corresponding numerical
schemes. In section 2.7, we perform OECSs detection in a two-dimensional ocean velocity data
obtained from satellite altimetry. We show that variational OECSs outperform traditional Eulerian
diagnostics in locating the skeletons of short-term material deformation.

2.2

Set-up and notation

Consider the two-dimensional non-autonomous dynamical system
𝑥˙ = 𝑣(𝑥, 𝑡),

(2.2)

with a twice continuously differentiable velocity field 𝑣(𝑥, 𝑡) defined over an open flow domain 𝑈 ∈ R2 ,
over a time interval 𝑡 ∈ [𝑎, 𝑏]. We recall the customary velocity gradient decomposition
∇𝑣(𝑥, 𝑡) = 𝑆(𝑥, 𝑡) + 𝑊 (𝑥, 𝑡),
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with the rate-of-strain tensor 𝑆 = 12 (∇𝑣 + ∇𝑣 𝑇 ) and the spin tensor 𝑊 = 21 (∇𝑣 − ∇𝑣 𝑇 ). By our
assumptions, 𝑆(𝑥, 𝑡) and 𝑊 (𝑥, 𝑡)are continuously differentiable in 𝑥 and 𝑡. Under an observer change
(2.1), the new rate-of-strain tensor and the new spin tensor are obtained in the form
˜ 𝑥, 𝑡) = 𝑄𝑇 (𝑡)𝑆(𝑥, 𝑡)𝑄(𝑡),
𝑆(˜

(2.3)

˜ (˜
˙
𝑊
𝑥, 𝑡) = 𝑄𝑇 (𝑡)𝑊 (𝑥, 𝑡)𝑄(𝑡) − 𝑄𝑇 (𝑡)𝑄(𝑡),
as shown in classic texts on continuum mechanics (see, e.g., [42]). Therefore, the rate-of-strain tensor
is objective, as it transforms as a linear operator, whereas the spin tensor is not objective.
The eigenvalues 𝑠𝑖 (𝑥, 𝑡) and eigenvectors 𝑒𝑖 (𝑥, 𝑡) of 𝑆(𝑥, 𝑡) are defined, indexed and oriented here
through the relationship
⎛
𝑆𝑒𝑖 = 𝑠𝑖 𝑒𝑖 ,

|𝑒𝑖 | = 1, 𝑖 = 1, 2; 𝑠1 ≤ 𝑠2 ,

𝑒2 = 𝑅𝑒1 ,

𝑅 := ⎝

0

−1

1

0

⎞
⎠.

(2.4)

We also recall that the rate of length change for an infinitesimal material element vector ℓ based at
𝑥 is
1 𝑑 2
|ℓ| = ⟨ℓ, 𝑆(𝑥, 𝑡)ℓ⟩.
2 𝑑𝑡

(2.5)

A further key relationship between the flow map 𝐹𝑡𝑡0 : 𝑥0 ↦→ 𝑥(𝑡; 𝑡0 , 𝑥0 ) of (2.2) and 𝑆(𝑥, 𝑡) is obtained
by considering the right Cauchy–Green strain tensor
[︀
]︀𝑇
𝐶𝑡𝑡0 = ∇𝐹𝑡𝑡0 ∇𝐹𝑡𝑡0 ,

(2.6)

whose temporal Taylor expansion around the initial time can be computed as
)︁
(︁
2
𝐶𝑡𝑡0 (𝑥0 ) = 𝐼 + 2𝑆(𝑥0 , 𝑡0 )(𝑡 − 𝑡0 ) + 𝒪 |𝑡 − 𝑡0 | .

(2.7)

In other words, for small enough times, the leading order Lagrangian deformation is governed by the
Eulerian rate-of-strain tensor. This observation enables us to consider Eulerian coherent structures
as short-time limits of Lagrangian coherent structures.
Although OECSs are instantaneous limits of LCSs, these two families of coherent structures are
not interchangeable. Specifically, OECSs are free from any time scale and reveal the instantaneous
centerpieces of deformation patterns. LCSs computed over short times, instead, are tied to small
but finite time scales which are abundant in general unsteady flows. Furthermore, short-term LCSs
have weak signatures since the Cauchy–Green tensor is close to the identity (cf. eq. (2.7)). By
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contrast, OECSs are computed from the rate-of-strain tensor which is generally far from the identity
tensor, and hence has rich features.

2.3

Objective deformation rates

At an arbitrary time 𝑡, consider a smooth curve 𝛾 ⊂ 𝑈 , parametrized in the form 𝑥(𝑠) by its arclength
′

(𝑠)
𝑠 ∈ [0, 𝜎]. Then the unit vectors 𝑥′ (𝑠) and 𝑛(𝑠) = 𝑅 |𝑥𝑥′ (𝑠)|
, with the rotation matrix 𝑅 appearing in

(2.4), define a local tangent and a local normal to 𝛾 at the point 𝑥(𝑠). The following definition fixes
the notions of instantaneous material shear rate and material stretching rate along 𝛾. While these
quantities are intuitively clear, we also give their detailed derivation in Appendix 2.A as first-order
terms in the temporal Taylor expansion of the analogous finite-time Lagrangian shear and stretching
measures (cf. [21]).
Definition 2.1. Material deformation rates at time 𝑡 along a material curve 𝛾 with arclength
parametrization 𝑥(𝑠):
1. Material stretching rate:
𝑞(𝑥,
˙ 𝑥′ , 𝑡) =

⟨𝑥′ , 𝑆(𝑥, 𝑡)𝑥′ ⟩
⟨𝑥′ , 𝑥′ ⟩

2. Material shear rate:
𝑝(𝑥,
˙ 𝑥′ , 𝑡) =

⟨𝑥′ , [𝑆(𝑥, 𝑡)𝑅 − 𝑅𝑆(𝑥, 𝑡)]𝑥′ ⟩
.
⟨𝑥′ , 𝑥′ ⟩

(2.8)

By smooth dependence of 𝑣(𝑥, 𝑡) on 𝑥 and 𝑡, one expects to see 𝒪(𝜖) variability in the average
material stretch- or shear-rates across an 𝒪(𝜖) strip of material lines surrounding 𝛾. Exceptional
choices of 𝛾, however, defy this trend, displaying only an 𝒪(𝜖2 ) variability of 𝑄˙ 𝑡 (𝛾) or 𝑃˙𝑡 (𝛾) in 𝒪(𝜖)
strips around 𝛾. Such 𝛾 curves will act as centerpieces of coherence in the material stretch-rate or
material shear-rate fields.
This lack of leading order variability in the averaged stretch-rate or shear-rate along 𝛾 is equivalent to the vanishing of the first variation of the functional 𝑄˙ 𝑡 or 𝑃˙𝑡 on 𝛾. The former case occurs on
instantaneous vortex boundaries with no short-term unevenness in their tangential deformation (no
short-term filamentation). Figure 2.2 shows a material curve 𝛾 (black) with a surrounding material
belt 𝛾 + 𝜖ℎ (red) at the current time 𝑡 and at a later time 𝑡 + 𝜏 . The evolution is shown for a
typical material belt and for an atypical (coherent) belt. Specifically, in the limit of 𝜏 → 0, Fig. 2.2
illustrates the meaning of a stationary curve of averaged stretch rate.
The latter case arises for curves that are cores of short-term shear-type deformation (instantaneous jets) or short-term hyperbolic stretching (instantaneous hyperbolic structures). We formalize
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Figure 2.2: A closed material curve 𝛾 (black), at time t, is advected by the flow into its later position
𝐹𝑡𝑡+𝜏 (𝛾), 0 < 𝜏 << 1. The advected curve remains coherent in the limit of 𝜏 → 0 if an initially
uniform material belt (red) around it shows no leading-order variations in the material-line averaged
stretch rate 𝑄˙ 𝑡 .

these definitions below, using the time derivatives of the corresponding global variational LCS definitions reviewed in [21].

Definition 2.2. At time 𝑡

1. A closed curve 𝛾 is an elliptic OECS if it is a stationary curve of the averaged stretch-rate
˙ i.e.,
functional 𝑄,
𝛿 𝑄˙ 𝑡 (𝛾) = 0.

(2.9)

2. A curve 𝛾 is a shearless OECS if it is a stationary curve of the averaged shear-rate functional
𝑃˙𝑡 , i.e.,
𝛿 𝑃˙𝑡 (𝛾) = 0.

(2.10)

The variational problems outlined in (2.9) and (2.10) are equivalent to the weak Euler-Lagrange
equations
1
1
˙ ℎ⟩]𝜎0 +
𝛿 𝑄˙ 𝑡 (𝛾) = [⟨𝜕𝑥′ 𝑞,
𝜎
𝜎

∫︁

1
1
[⟨𝜕𝑥′ 𝑝,
˙ ℎ⟩]𝜎0 +
𝜎
𝜎

∫︁

𝛿 𝑃˙𝑡 (𝛾) =

𝜎

0

𝜎

[︂
]︂
𝑑
𝜕𝑥 𝑞˙ − 𝜕𝑥′ 𝑞˙ ℎ 𝑑𝑠 = 0,
𝑑𝑠
[︂
𝜕𝑥 𝑝˙ −

0

]︂
𝑑
𝜕𝑥′ 𝑝˙ ℎ 𝑑𝑠 = 0,
𝑑𝑠

(2.11)

(2.12)

with ℎ(𝑠) denoting small perturbations to the curve 𝛾. We discuss below the solutions of equations
(2.11-2.12), building on similar ideas developed for LCSs ( [15,18]). This approach will lead to explicit
solutions of(2.9)-(2.10), and enable a further partitioning of shearless OECSs into hyperbolic and
parabolic OECSs.
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2.4

Elliptic OECS

By Definition 2.2, an elliptic OECS is a closed curve, and hence its small perturbation ℎ(𝑠) used
in calculating the first variation of 𝑄˙ 𝑡 along 𝛾 is also periodic with the same period 𝜎. As a
consequence, the first bracketed term in (2.11) vanishes. Then, by the fundamental lemma of the
calculus of variations, equation (2.9) becomes equivalent to the classic Euler–Lagrange equations
𝜕𝑥 𝑞˙ −

𝑑
𝜕𝑥′ 𝑞˙ = 0.
𝑑𝑠

(2.13)

The detailed form of this equation is similar to the Euler–Lagrange equation derived by [15] for
elliptic LCSs (stationary curves of the averaged, finite-time tangential stretch along the material
curve 𝛾). The only difference in the present context is that the expression for 𝑞˙ has no square root,
and contains the rate-of-strain tensor 𝑆(𝑥, 𝑡) instead of the Cauchy–Green strain tensor 𝐶𝑡𝑡0 (𝑥0 )
defined in (2.6). Therefore, following the procedure similar to the one adopted in [15], we obtain the
following full characterization of elliptic OECSs.
Theorem 2.1. Elliptic OECSs at time 𝑡 coincide with limit cycles of the differential equation family
𝑑𝑥
= 𝜒±
𝜇 (𝑥, 𝑡),
𝑑𝑠

𝜒±
𝜇

√︂
=

𝑠2 − 𝜇
𝑒1 ±
𝑠2 − 𝑠1

√︂

𝜇 − 𝑠1
𝑒2 ,
𝑠2 − 𝑠1

(2.14)

defined for any parameter value 𝜇 ∈ R on the set
𝑈𝜇 := {𝑥 ∈ 𝑈 : 𝑠1 ̸= 𝑠2 , 𝑠1 ≤ 𝜇 ≤ 𝑠2 }.
Along any elliptic OECS obtained for a given value of 𝜇, the material stretching rate at time 𝑡 is
pointwise constant and equal to 𝑞˙ ≡ 𝜇.
The right-hand side of the differential equation (2.14) is only locally a vector field in 𝑈𝜇 , because
the rate-of-strain eigenvector fields 𝑒𝑖 are generally not globally orientable in 𝑈 . Local orientability
of 𝜒±
𝜇 (𝑥, 𝑡) in 𝑈𝜇 , however, is always possible. This makes the trajectories, and specifically the limit
cycles, of the differential equation (2.14) well defined. Due to the lack of a well-defined orientation for
eigenvector fields, it is a-priori unknown which one of the 𝜒±
𝜇 fields can have limit cycles. Therefore,
both vector fields should be checked for limit cycles.
Along limit cycles obtained for 𝜇 = 0, we have 𝑞˙ ≡ 0. Such elliptic OECSs are perfectly coherent
in the Eulerian sense, exhibiting uniformly zero pointwise material stretching rate. The direction
field 𝜒±
𝜇 ceases to be well-defined at locations of repeated rate-of-strain eigenvalues (𝑠1 = 𝑠2 ).
Following the terminology used in [15], we refer to such locations as singularities of the tensor field
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𝑆( · , 𝑡). An appropriate extension of Poincaré’s classic index theory implies that there are at least
two singularities of 𝑆 in the interior of any limit cycle of 𝜒±
𝜇 . This in turn leads to an automated
detection algorithm that applies equally to elliptic OECSs. We refer to [64] for a detailed discussion
of this algorithm for elliptic LCSs.
By their hyperbolicity (i.e., strict attraction or repulsion of nearby trajectories of the vector field
𝜒±
𝜇 ), elliptic OECSs are robust with respect to moderate errors and uncertainties in the underlying
velocity field 𝑣(𝑥, 𝑡). Figure 2.3a summarizes the main properties of perfectly coherent elliptic
OECSs. Detailed discussions on the numerical detection of limit cycles of directions fields can be
found in [15] and [64] for LCS. These can be directly applied here after replacing 𝐶𝑡𝑡0 (𝑥0 ) with
𝑆(𝑥, 𝑡).

(a)

(b)

Figure 2.3: (a) Perfectly coherent elliptic OECS at time 𝑡, obtained as a limit cycle 𝛾 of the direction
field 𝜒±
0 (𝑥, 𝑡). The tangential stretching rate (and, in incompressible flows, the normal repulsion rate)
along 𝛾 is pointwise zero. Furthermore, the interior of 𝛾 always contains at least two singularities
of the tensor field 𝑆. (b) Nested family of elliptic OECSs for different values of 𝜇 (in color). A
nearby Lagrangian vortex boundary is shown in black. Black dots represent singularities of the
rate-of-strain tensor used for an automatic placement of the Poincaré Section (PS) in the detection
of limit cycles for the direction field family 𝜒±
𝜇 (𝑥, 𝑡).
Under changes in the parameter 𝜇, limit cycles of 𝜒±
𝜇 arise in continuous, non-intersecting families
(see Appendix 2.C). An Eulerian vortex boundary can then be defined as the outermost member of
such an elliptic OECS family. Given the objectivity of each member of such a limit cycle family,
Eulerian vortex boundaries defined in this fashion are also objective.
Figure 2.3b shows such a family and its outermost member in a flow example analyzed in more
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detail in section 2.7. A nested OECSs family often signals a nearby coherent Lagrangian vortex
boundary, as is the case in Fig. 2.3b. Just as in the case of elliptic LCSs [15], solutions of the
variational principle (2.9) can also be viewed as closed null-geodesics of a Lorentzian metric family
𝑔𝜇 (𝑢, 𝑢) = ⟨𝑢, 𝑆𝜇 𝑢⟩,

𝑆𝜇 (𝑥, 𝑡) = [𝑆(𝑥, 𝑡) − 𝜇𝐼],

(2.15)

which has metric signature (-,+) [65] (cf. Appendix 2.B). The tensor family 𝑆𝜇 denotes a generalized
rate-of-strain tensor and the parameter 𝜇 denotes the instantaneous tangential stretching rate on 𝛾.
In this context, locations of repeated eigenvalues of 𝑆(𝑥, 𝑡) are singularities for the metric 𝑔𝜇 which
becomes degenerate at these points (cf. Fig. 2.3).

2.5

Shearless OECS

By Definition 2.2, a shearless OECS at time 𝑡 is a stationary curve of the averaged shear-rate
functional 𝑃˙𝑡 , and hence satisfies the weak Euler–Lagrange equation (2.12). We can pass to the
strong form of these Euler–Lagrange equation if the first bracketed term in (2.12) vanishes for the
class of admissible perturbations ℎ(𝑠) applied to the parametrization 𝑥(𝑠) of the stationary curve 𝛾
we seek.
Following the procedure developed in [18] for elliptic LCS, we find the following class of admissible
perturbations for which the boundary term ⟨𝜕𝑥′ 𝑝,
˙ ℎ⟩ in (2.12) vanishes:
(BC1) Variable-endpoint boundary conditions: The endpoints of 𝛾 coincide with singularities of
the rate-of-strain tensor field 𝑆(𝑥, 𝑡), i.e., we have 𝑠1 (𝑥(0), 𝑡) = 𝑠2 (𝑥(0), 𝑡) and 𝑠1 (𝑥(𝜎), 𝑡) =
𝑠2 (𝑥(𝜎), 𝑡). In this case, the perturbations ℎ(𝑠) are arbitrary, including arbitrary perturbations
to the endpoints of 𝛾.
(BC2) Fixed-endpoint boundary conditions: The perturbation ℎ(𝑠) is arbitrary for all 𝑠 ∈ (0, 𝜎),
but must leave the endpoints of 𝛾 fixed: ℎ(0) = ℎ(𝜎) = 0.
Under (BC1) or (BC2), the bracketed term in (2.12) vanishes. By the fundamental lemma of the
calculus of variations, a solution curve 𝛾 of (2.12) must then satisfy the Euler–Lagrange equations

𝜕𝑥 𝑝˙ −

𝑑
𝜕𝑥′ 𝑝˙ = 0.
𝑑𝑠

(2.16)

Invoking the results of [18] for shearless LCSs, we obtain that solution curves of (2.16) with exactly
vanishing shear rates are piecewise tangent to one of the eigenvector fields of 𝑆(𝑥, 𝑡).
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Theorem 2.2. Shearless OECSs at time 𝑡 coincide with continuous trajectories of the differential
equation family
𝑑𝑥
= 𝑒𝑖 (𝑥, 𝑡),
𝑑𝑠

𝑆(𝑥, 𝑡)𝑒𝑖 (𝑥, 𝑡) = 𝑠𝑖 (𝑥, 𝑡)𝑒𝑖 (𝑥, 𝑡),

𝑖 = 1, 2.

(2.17)

Along any such shearless OECS, the pointwise material shear rate at time 𝑡 is zero.
We refer to the trajectories of (2.17) as 𝑒1 -lines and 𝑒2 -lines, respectively. We will use the
boundary condition classes (BC1)-(BC2) to further distinguish parabolic and hyperbolic OECSs
within the shearless OECSs satisfying (2.17).
From an argument closely following [18], we obtain that the solutions of (2.16) can also be viewed
as null-geodesics of the Lorentzian metric family

𝑚𝜈 (𝑢, 𝑢) = ⟨𝑢, [2𝑆(𝑥, 𝑡)𝑅 − 𝜈𝐼]𝑢⟩,

𝜈 ∈ R,

which again has metric signature (-,+) [65] (cf. Appendix 2.D), and admits singularities at locations
of repeated eigenvalues of 𝑆(𝑥, 𝑡). In particular, shearless OECSs are null geodesics of 𝑚𝜈 (𝑢, 𝑢) for
𝜈 = 0.

2.5.1

Parabolic OECS

Parabolic OECSs are trajectories of (2.17) that satisfy the free-endpoint boundary conditions (BC1)
and are as close as possible to being neutrally stable, as detailed below. By the nature of (BC1),
such OECSs are stationary curves of the shear-rate functional 𝑃˙𝑡 (𝛾) under the broadest possible
set of perturbations. This makes parabolic OECSs the most observable class of shearless OECSs,
creating short-term pathways that mimic the role of the Lagrangian jet cores identified in [18]. The
higher robustness of parabolic OECSs implies a more pronounced signatures in tracer patterns. This
is consistent with observations of tracers and scalar fields that highlight the details of jet cores more
prominently than those of hyperbolic structures.
Parabolic OECSs are heteroclinic chains of 𝑒1 −lines and 𝑒2 -lines connecting singularities of
𝑆(𝑥, 𝑡). For observability and uniqueness, we only consider alternating chains of 𝑒1 - and 𝑒2 -line
connections that are locally unique and structurally stable. As shown in [66], the only structurally
stable tensorline singularities are trisectors and wedges, shown in Fig. 2.4.
Furthermore, as shown in [18], a structurally stable and unique connection between two such
singularities must necessarily be a wedge-trisector connection, as illustrated in Fig. 2.5. By definition, each segment of an alternating chain of 𝑒1 - and 𝑒2 -lines repels or attracts trajectories over
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Figure 2.4: Local topology of a tensorline field around structurally stable singularities: Wedge and
Trisector.

short enough time intervals. To ensure that neither attraction nor repulsion prevails for the whole
trajectory chain, we require the chain to be as close as possible to being neutrally stable. To this
end, we introduce the pointwise neutrality functions
𝒩𝑒1 (𝑥, 𝑡) = 𝑠22 (𝑥, 𝑡), 𝒩𝑒2 (𝑥) = 𝑠21 (𝑥, 𝑡),

(2.18)

with the function 𝒩𝑒𝑖 (𝑥, 𝑡) measuring how close the squared rate of attraction or repulsion, 𝑠2𝑗 (𝑥, 𝑡),
along an 𝑒𝑖 line is to zero at time 𝑡. In case of incompressible flows, we have 𝒩𝑒1 (𝑥, 𝑡) = 𝒩𝑒2 (𝑥, 𝑡),
given that 𝑠1 (𝑥, 𝑡) + 𝑠2 (𝑥, 𝑡) = 0.
All this follows closely the variational approach developed in [18] for parabolic LCSs, but with
𝑆(𝑥, 𝑡) substituted for 𝐶𝑡𝑡0 (𝑥0 ). As a next step, we introduce the convexity sets
𝒞𝑒𝑖 (𝑡) = {𝑥 ∈ 𝑈 : ⟨𝑒𝑗 (𝑥, 𝑡), 𝜕𝑟2 𝒩𝑒𝑖 (𝑥, 𝑡)𝑒𝑗 (𝑥, 𝑡)⟩ > 0, 𝑖 ̸= 𝑗}, 𝑖 = 1, 2.

(2.19)

Each such set 𝒞𝑒𝑖 (𝑡) is simply the set of points at which the corresponding neutrality 𝒩𝑒𝑖 (𝑥, 𝑡) is a
convex function of 𝑥 at time 𝑡. We say that a compact 𝑒𝑖 -line segment 𝛾 is a weak minimizer of
𝒩𝑒𝑖 at time 𝑡 if both 𝛾 and the nearest trench of the function 𝒩𝑒𝑖 ( · , 𝑡) lie in the same connected
component of 𝒞𝑒𝑖 (𝑡). More precisely, if the arclength parametrization of 𝛾 is 𝑥(𝑠), and the unit
normal along 𝛾 is given by 𝑛(𝑠), then we require

𝑥(𝑠) + 𝜖𝑛(𝑠) ∈ 𝒞𝑒𝑖 (𝑡), 𝑠 ∈ [0, 𝜎],

𝜖 ∈ [0, 𝜖0 (𝑠, 𝑡)],

(2.20)
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Figure 2.5: Parabolic OECSs are alternating chains of 𝑒𝑖 -lines that connect structurally stable
singularities and are weak minimizers of the corresponding neutrality functions 𝒩𝑒𝑖 .
where
𝜖0 (𝑠, 𝑡) = min{|𝜖| ∈ R+ : 𝜕𝜖 𝒩𝑒𝑖 (𝑥(𝑠) + 𝜖𝑛(𝑠), 𝑡) = 0, 𝜕𝜖2 𝒩𝑒𝑖 (𝑥(𝑠) + 𝜖𝑛(𝑠), 𝑡) > 0}.

(2.21)

We summarize our formal definition of parabolic OECSs as follows (cf. Fig. 2.5).
Definition 2.3. A parabolic OECS at time 𝑡 is a shearless OECS composed of alternating chains of
𝑒1 - and 𝑒2 -line segments that connect wedge and trisector singularities of the the rate-of-strain tensor
𝑆(𝑥, 𝑡). Furthermore, each 𝑒𝑖 segment in the chain is a weak minimizer of the neutrality function
𝒩𝑒𝑖 (𝑥, 𝑡).

2.5.2

Hyperbolic OECSs

Hyperbolic OECSs are trajectory segments of (2.17) that satisfy the fixed-endpoint boundary conditions (BC2) and contain precisely one point of maximal repulsion-rate or maximal attraction-rate.
This point will then play the role of an instantaneous saddle point, with the OECSs acting as the
short-term stable or unstable manifold for this saddle point. By the nature of (BC2), hyperbolic
OECSs are only stationary curves of the shear-rate functional 𝑃˙𝑡 (𝛾) under variations that leave their
endpoints fixed. This makes individual hyperbolic OECSs less observable than parabolic OECSs.
This is also the case for hyperbolic LCSs, which are generally responsible for the intricate filamentation of tracer patterns. Details of these filaments are generally less observable and robust as those
of Lagrangian jet cores marked by parabolic LCSs (cf. [18]).
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Within the family of hyperbolic OECSs, we distinguish attracting OECSs as material curves
that attract nearby material curves instantaneously. Similarly, we distinguish repelling OECSs
as hyperbolic OECSs that instantaneously repel all nearby material curves. We summarize these
definitions more formally as follows (cf. Fig. 2.6).
Definition 2.4. A repelling OECS at time 𝑡 is an open 𝑒1 -line segment that contains a local
maximum of the function 𝑠2 ( · , 𝑡), but contains no other local extremum point of 𝑠2 ( · , 𝑡). An
attracting OECS at time 𝑡 is an open 𝑒2 -line segment that contains a local minimum of the function
𝑠1 ( · , 𝑡), but contains no other local extremum of 𝑠1 ( · , 𝑡). Finally, a hyperbolic OECS is a shearless
OECS that is either an attracting or a repelling OECS.

Figure 2.6: Attracting (repelling) hyperbolic OECSs as the instantaneous attracting (repelling)
material lines launched from a minimum of 𝑠1 , (maximum of 𝑠2 ). In the circular inset: the local
tangential stretching and normal repulsion.
Remark 2.1. As indicated in Fig. 2.6, the cores of hyperbolic OECSs are defined by a local maximum
of 𝑠2 ( · , 𝑡) along repelling OECSs and by a local minimum of 𝑠1 ( · , 𝑡) along attracting OECSs. We call
these cores objective saddle points, as they represent generalizations of classic saddle-type stagnation
points from steady flows. Close to objective saddle points, hyperbolic OECSs induce the strongest
saddle-type deformation on nearby particles along the directions shown in the circular insets of Fig.
2.6.

Instantaneous stagnation points of an unsteady velocity field are not Galilean invariant, i.e.,

may disappear even under constant-speed translations of the coordinate frame (cf. Fig. 2.1). In
contrast, the objective saddle points introduced here are objective, and hence persist even under
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The local value of 𝑠𝑖 (𝑥, 𝑡) on the objective saddle

quantifies the strength of that saddle objectively.

2.6

Summary of OECSs and their numerical identification

In Table 2.1, we list the OECSs we introduced in the previous section, together with the ODEs and
boundary conditions they satisfy.
Type of OECS
Attracting
Repelling
Parabolic
Elliptic

ODE
𝑥′ = 𝑒2 (𝑥, 𝑡)
𝑥′ = 𝑒1 (𝑥, 𝑡)
𝑥′ = 𝑒𝑖 (𝑥, 𝑡), alternating 𝑖
𝑥′ = 𝜒±
𝜇 (𝑥, 𝑡)

Boundary conditions
arbitrary; A local min. of 𝑠1 ( · , 𝑡) ∈ 𝑥(𝑠)
arbitrary; A local max. of 𝑠2 ( · , 𝑡) ∈ 𝑥(𝑠)
𝑠2 (𝑥, 𝑡) = 𝑠1 (𝑥, 𝑡)
Periodic

Table 2.1: Summary of the different types of OECSs.
Next, we summarize the numerical steps in locating OECSs in a planar unsteady flow. We start
with the common steps, then detail the further steps for different types of OECSs separately.
Algorithm 2.1 Compute the rate-of-strain tensor 𝑆(𝑥, 𝑡), its invariants and singularities
Input: A 2-dimensional velocity field 𝑣(𝑥, 𝑡)
(︁
)︁
𝑇
1. Compute the rate-of-strain tensor 𝑆(𝑥, 𝑡) = 21 ∇𝑣(𝑥, 𝑡) + [∇𝑣(𝑥, 𝑡)]
at the current time 𝑡
on a rectangular grid over the (𝑥1 , 𝑥2 ) coordinates.
2. Detect the singularities of 𝑆 as common, transverse zeros of 𝑆11 ( · , 𝑡) − 𝑆22 ( · , 𝑡) and 𝑆12 ( · , 𝑡),
with 𝑆𝑖𝑗 denoting the entry of 𝑆 at row 𝑖 and column 𝑗.
3. Determine the type of the singularity (trisector or wedge) as described in [18].
4. Compute the eigenvalue fields 𝑠1 (𝑥, 𝑡) < 𝑠2 (𝑥, 𝑡) and the associated unit eigenvector fields
𝑒𝑖 (𝑥, 𝑡) of 𝑆(𝑥, 𝑡) for 𝑖 = 1, 2.
Output: 𝑆(𝑥, 𝑡) as well as 𝑠𝑖 (𝑥, 𝑡) and 𝑒𝑖 (𝑥, 𝑡), for 𝑖 = 1, 2, and the position and type (wedge or
trisector) of the rate-of-strain singularities 𝑥𝑗 (𝑡) satisfying 𝑠1 (𝑥𝑗 (𝑡), 𝑡) = 𝑠2 (𝑥𝑗 (𝑡), 𝑡), 𝑗 = 1, . . . , 𝑁.

2.6.1

Elliptic OECSs

To locate elliptic OECSs automatically as limit cycles of the direction field (2.14), we rely on a
version of Poincaré’s index theory extended to direction fields [64, 67]. A consequence of this theory
is that at least two wedge-type singularities of 𝑆(𝑥, 𝑡) must exist inside any such limit cycle [64]. For
robust limit cycles, we seek nearby wedge pairs surrounded by an annular region of no singularities.
The same procedure arises in elliptic LCS detection, involving the location of singularities of the
tensor field 𝐶𝑡𝑡01 . We refer to [64] for details of this numerical algorithm.
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Algorithm 2.2 Compute Elliptic OECSs
Input: 𝑆(𝑥, 𝑡) as well as 𝑠𝑖 (𝑥, 𝑡) and 𝑒𝑖 (𝑥, 𝑡), for 𝑖 = 1, 2, and the position and type (wedge or
trisector) of the rate-of-strain singularities 𝑥𝑗 (𝑡) satisfying 𝑠1 (𝑥𝑗 (𝑡), 𝑡) = 𝑠2 (𝑥𝑗 (𝑡), 𝑡), 𝑗 = 1, . . . , 𝑁.
1. Locate isolated wedge-type pairs of singularities and place the Poincaré sections at their midpoint.
2. Compute the vector field 𝜒±
𝜇 (𝑥(𝑠), 𝑡) defined in (2.14) for different values of stretching rate 𝜇,
remaining in the range 𝜇 ≈ 0.
3. Use the Poincaré sections as sets of initial conditions in the computation of limit cycles of
⟨
⟩
𝑑𝑥(𝑠−Δ)
𝑥′ (𝑠) = sign 𝜒±
𝜒±
𝜇 (𝑥(𝑠)),
𝜇 (𝑥(𝑠)),
𝑑𝑠
where the factor multiplying 𝜒±
𝜇 (𝑥(𝑠), 𝑡) removes potential orientational discontinuities in the
(𝑥(𝑠),
𝑡)
away
from singularities, and ∆ denotes the integration step in the
direction field 𝜒±
𝜇
independent variable 𝑠.
Output: Elliptic OECSs.

2.6.2

Hyperbolic and Parabolic OECSs

Algorithm 2.3 Compute Hyperbolic OECSs
Input: 𝑆(𝑥, 𝑡) as well as 𝑠𝑖 (𝑥, 𝑡) and 𝑒𝑖 (𝑥, 𝑡), for 𝑖 = 1, 2.
1. Compute the sets 𝒮𝑖𝑚 (𝑡) of isolated local maxima of |𝑠𝑖 ( · , 𝑡)| for 𝑖 = 1, 2.
2. Compute attracting OECSs (𝑒2 –lines) as solutions of the ODE
⎧
⟨
⟩
⎪
⎨𝑥′ (𝑠) = sign 𝑒2 (𝑥(𝑠)), 𝑑𝑥(𝑠−Δ) 𝑒2 (𝑥(𝑠))
𝑑𝑠

⎪
⎩𝑥(0) ∈ 𝒮1𝑚 .
Stop integration when |𝑠1 (𝑥(𝑠))| ceases to be monotone decreasing.
3. Compute repelling OECSs (𝑒1 –lines) as solutions of the ODE
⎧
⟨
⟩
⎪
⎨𝑥′ (𝑠) = sign 𝑒1 (𝑥(𝑠)), 𝑑𝑥(𝑠−Δ) 𝑒1 (𝑥(𝑠))
𝑑𝑠

⎪
⎩𝑥(0) ∈ 𝒮2𝑚 .
Stop integration when |𝑠2 (𝑥(𝑠))| ceases to be monotone decreasing.
Output: Hyperbolic OECSs.
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Algorithm 2.4 Compute Parabolic OECSs
Input: 𝑆(𝑥, 𝑡) as well as 𝑠𝑖 (𝑥, 𝑡) and 𝑒𝑖 (𝑥, 𝑡), for 𝑖 = 1, 2, and the position and type (wedge or
trisector) of the rate-of-strain singularities 𝑥𝑗 (𝑡) satisfying 𝑠1 (𝑥𝑗 (𝑡), 𝑡) = 𝑠2 (𝑥𝑗 (𝑡), 𝑡), 𝑗 = 1, . . . , 𝑁.
1. For each trisector-type singularity 𝑥𝑗 (𝑡), compute the 𝑒1 -lines and 𝑒2 -lines connecting the
trisector to a wedge.
2. Out of these heteroclinic connections, keep only those that are weak minimizers of the corresponding neutrality function 𝒩𝑒𝑖 , 𝑖 = 1, 2. (cf. equations (2.18-2.21)).
3. With the separatrices obtained in this fashion, build alternating chains of heteroclinc 𝑒1 -lines
and 𝑒2 -lines
Output: Parabolic OECSs.

2.7

Example: Mesoscale OECSs in large-scale ocean data

We use Algorithms 2.1-2.4 from section 2.6 to locate OECSs in a two-dimensional ocean surface velocity data set derived from AVISO satellite altimetry measurements (http://www.aviso.
oceanobs.com). The domain of interest is the Agulhas leakage in the Southern Ocean bounded
by longitudes [17∘ 𝑊, 7∘ 𝐸], latitudes [38∘ 𝑆, 22∘ 𝑆] and the time slice we selected correspond to
𝑡 = 24 November 2006.
Under the geostrophic assumptions, the ocean surface height measured by satellites plays the
role of a streamfunction for surface currents. With ℎ denoting the sea surface height, the velocity
field in longitude latitude coordinates, [𝜑, 𝜃], can be expressed as
𝜑˙ = −

𝑔

𝜕𝜃 ℎ(𝜑, 𝜃, 𝑡),
𝑅2 𝑓 (𝜃) cos 𝜃

𝜃˙ =

𝑔

𝜕𝜑 ℎ(𝜑, 𝜃, 𝑡),
𝑅2 𝑓 (𝜃) cos 𝜃

where 𝑓 (𝜃) := 2Ω sin 𝜃 denotes the Coriolis parameter, 𝑔 the constant of gravity, 𝑅 the mean radius
of the earth and Ω its mean angular velocity. The velocity field is available at weekly intervals, with
a spatial longitude-latitude resolution of 0.25∘ . For more details on the data, see [68].

2.7.1

Elliptic OECSs

Following Algorithm 2.1 in section 2.6, we locate singularities of the rate-of-strain tensor 𝑆(𝑥, 𝑡),
and discard isolated wedge singularities whose distance to the closest wedge point is larger than the
typical mesoscale distance of 2∘ ≈ 200𝑘𝑚. The remaining wedge pairs mark candidate regions for
elliptic OECSs.
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Along with elliptic OECSs, we will also show the value of the Okubo–Weiss (OW) parameter
𝑂𝑊 (𝑥, 𝑡) = 𝑠22 (𝑥, 𝑡) − 𝜔 2 (𝑥, 𝑡),
where 𝜔(𝑥, 𝑡) denotes the vorticity. Spatial domains with 𝑂𝑊 (𝑥, 𝑡) < 0 are frequently used indicator
of instantaneous ellipticity in unsteady fluid flows [69,70]. While the OW parameter is not objective
(the vorticity term will change under rotations), its simplicity makes it broadly used in locating
coherent vortices.

(a)

(b)

Figure 2.7: (a) Elliptic OECSs for different values of stretching rate 𝜇 (bottom colorbar) on a
surface representing the magnitude of −𝑂𝑊 (𝑥, 𝑡) (upper colorbar or z-axis). On top, the same
elliptic OECSs are shown over level sets of −𝑂𝑊 . Black numbers label vortical regions foliated by
families of elliptic OECSs. (b) A different view for the bottom-right part of the same domain.
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In the domain of study, we obtain a total of eighteen objectively detected vortical regions,
each filled with families of elliptic OECSs. We plot these families over a two-dimensional graph
of −𝑂𝑊 (𝑥, 𝑡), and also project them onto the level curves of −𝑂𝑊 (𝑥, 𝑡) in the plane (Fig. 2.7).
Note that the objective vortical regions 𝐸#18, 𝐸#8 and 𝐸#2 arise in regions where −𝑂𝑊 (𝑥, 𝑡)
is nearly zero and hence indicates no significant vortical activity. At the same time, at the bottom
right region of the domain, 𝑂𝑊 (𝑥, 𝑡) attains several strong local minima, even though there are no
elliptic OECSs present (cf. Fig. 2.7b). As a representative example, we show in Fig. 2.8 the three

(a)

(b)

(c)

Figure 2.8: (a) Strongest local minima of 𝑂𝑊 (𝑥, 𝑡) in the bottom right region of the domain. (b)
Material blobs of initial conditions centered on local minima of 𝑂𝑊 (𝑥, 𝑡). (c) Deformed material
blobs after six days.
strongest local minima of 𝑂𝑊 (𝑥, 𝑡) in this region along with the deformation of material blobs,
initially centered on those minima, for an integration time of six days. For comparison, Fig. 2.9
shows the deformation experienced by blobs initialized within two elliptic OECSs (𝐸#11, 𝐸#13) for
different integration times, up to six days.
The blobs in Fig. 2.9 barely deform, and hence instantaneously computed elliptic OECSs exhibit
short-term Lagrangian vortex-type behavior, as expected.
Hence, the regions of highest ellipticity for the Okubo-Weiss parameter show significant stretching, while regions identified by elliptic OECSs remain highly coherent over the same time interval.
We have, therefore, clear examples of both false positives and false negatives for Okubo–Weiss-based
vortex detection.
The vortical regions #2, #6, #8, #11, #13, #15, #18 approximate locations where exceptionally
coherent Lagrangian coherent eddies have been found in other studies (see [64], [15]). These Lagrangian studies cover a time interval of three months, with their initial time coinciding with the
time of the present Eulerian analysis. Remarkably, about one third of the elliptic OECSs we find
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(a)

(b)

(c)

(d)

Figure 2.9: Moderate deformation experienced by material blobs of initial conditions released within
the elliptic OECSs 𝐸#11 and 𝐸#13.

are signatures of elliptic LCSs with long-term coherence.
Figure 2.10 underlines this observation by showing the top view of Fig. 2.7a separately, using
a different colormap for the −𝑂𝑊 (𝑥, 𝑡) scalar field, and tagging with red numbers elliptic OECSs
in the coherent Lagrangian eddy domains identified by [15]. Without exception, these regions are
marked by near-zero values of the stretching rate, indicating a high degree of Eulerian coherence
for the elliptic OECSs. A rigorous treatment of short-term Lagrangian forecasting based on OECSs
will appear elsewhere. In the absence of such a treatment, the time scales over which OECS-based
predictions are valid are problem-dependent.
In contrast, most of these highly coherent Lagrangian eddies have very moderate signatures in
the contour plot of the Okubo–Weiss parameter. Taking all regions of closed 𝑂𝑊 (𝑥, 𝑡) level sets
with comparable values as predictions for coherent eddies would results in an order-of-magnitude
over-prediction for vortical regions. This is consistent with the findings of [68], which reports a
roughly tenfold over-prediction of the actual number of coherent Agulhas eddies by the Okubo–
Weiss criterion.

2.7.2

Hyperbolic OECSs

We compute hyperbolic OECSs at the same time used in our elliptic OECSs calculations, on a
subdomain bounded by longitudes [2.5∘ 𝐸, 7∘ 𝐸] and latitudes [38.25∘ 𝑆, 36∘ 𝑆]. Since the velocity
field is incompressible (𝑇 𝑟(𝑆) = 𝑠1 + 𝑠2 = 0), the maxima of 𝑠2 coincide with the minima of 𝑠1 .
Consequently, the same OECS cores arise as starting points in the computation of both attracting
and repelling hyperbolic OECSs. We show all hyperbolic OECSs so obtained in Fig. 2.11. As noted
earlier, the cores of hyperbolic OECSs represent the objective saddle points in the unsteady velocity
field. In a general compressible flow, the cores of attracting and repelling hyperbolic OECSs are
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Figure 2.10: Top view of Fig. 2.7a with a different colormap for the negative 𝑂𝑊 (𝑥, 𝑡) parameter.
Red numbers identify elliptic OECSs located in regions where exceptionally coherent Lagrangian
eddies have been found.

distinct, and the corresponding OECSs, generally, do not intersect each other.
Figure 2.11 shows how hyperbolic OECSs act as instantaneous stable and unstable manifolds for
short-term particle motion. Remarkably, several hyperbolic OECSs cross the local streamlines at
large angles at the initial time (Fig. 2.11a), as well as at later times (Figs. 2.11b-2.11d), explaining
the deformation of nearby blobs of fluid. In particular, the objective saddle point (cf. Remark
1) captured by a hyperbolic OECS (point A in Figs. 2.11a, 2.11d) induces markedly hyperbolic
short-term Lagrangian behavior even though it is located within an area of closed streamlines. In a
similarly surprising fashion, the objective saddle points B and C create significant short-term material
stretching in a direction perpendicular to the local streamlines. Black numbers label objective saddles
in decreasing strength (i.e., decreasing 𝑠2 values). Figure 2.11d shows that this order correlates
strongly with the actual material deformation induced on nearby sets of particles. The complete
advection sequence is available here Video 2.2.
Figure 2.12 presents the same results as Fig. 2.11d but over level sets of the negative Okubo–
Weiss parameter −𝑂𝑊 (𝑥, 𝑡). Note how some hyperbolic OECSs cross closed contours around local

30

CHAPTER 2. OBJECTIVE EULERIAN COHERENT STRUCTURES

(a)

(b)

(c)

(d)

Figure 2.11: (a) Hyperbolic OECSs: attracting (red) and repelling (blue) overlaid on streamlines.
The red dots denote the objective saddle points (cores of the OECSs), i.e., maxima of 𝑠2 , that coincide
with the minima of 𝑠1 in the present incompressible flow. (b-d) Advected images of the hyperbolic
OECSs up to 1.5 days and their effect on nearby particles. Black numbers label hyperbolic OECSs in
decreasing order of 𝑠2 . Magenta letters identify hyperbolic OECSs inducing short-term Lagrangian
stretching completely hidden in the streamline geometry. A: observed hyperbolic behavior within
closed instantaneous streamlines. B,C: hyperbolic OECSs showing significant stretching, with attracting OECSs perpendicular to the streamlines. The complete advection sequence is available here
Video 2.2.

minima of 𝑂𝑊 (𝑥, 𝑡) that are generally believed to signal elliptic regions.
Figure 2.13 illustrates that attracting OECSs continue to shape short-term tracer deformation
patterns in larger distances from their cores, for times up to six days. Over this time interval,
material blobs align with materially advected 𝑒2 -lines, underlining the role of attracting OECSs as
short-term unstable manifolds.
A common Eulerian diagnostic for short-term hyperbolic tracer behavior is the identification of
instantaneous saddle-type stagnation points in the velocity field. For comparison with this diagnostic, we show in Fig. 2.14a the only three saddle-type stagnation points (magenta triangles) that
exist instantaneously in the domain at time 𝑡 = 24 November 2006. Also shown are the corresponding stable (dash blue) and unstable (dash red) directions inferred from streamlines (black lines) for
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Figure 2.12: (a) Same figure as Fig. 2.11d with level sets of −𝑂𝑊 (𝑥, 𝑡) in the background.

(a)

(b)

Figure 2.13: (a) More extended view of an attracting OECS, with blobs of initial conditions placed
along the OECS, overlaid on streamlines. (b) Advected image of the OECS and of the marked initial
conditions for 6 days.

these stagnation points, along with the ten objective saddle points (red dots) found at the same
time instant.
Two of these red dots marking hyperbolic OECS cores in Fig. 2.14 fall near two instantaneous
stagnation points, and give an improved objective prediction for the cores of short-term saddle-type
behavior in Lagrangian particle motion. The improvement is seen by tracking the deformation of
the advected fluid blobs, initially centered on the stagnation points. These blobs must stretch as
they lie close to two objective saddle points. The stretching blobs, however, align more closely
with the advected 𝑒2 -lines shown in Fig. 2.11 when compared to the advected streamline segments
shown in Fig. 2.14. The instantaneous stagnation point on the top left, instead, induces no notable
material stretching on nearby particles since there are no hyperbolic OECS cores in its vicinity.
The remaining eight hyperbolic OECSs remain completely hidden in the instantaneous streamline
picture (cf. Fig. 2.14), even though they induce significant saddle-type material stretching, as we
have already seen in Fig. 2.11.
These results illustrate that an instantaneous forecast strategy based on saddle-type stagnation
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(a)

(b)

(c)

(d)

Figure 2.14: (a) Saddle-type stagnation points of the velocity field (magenta triangles) with their
associated stable (dashed blue) and unstable (dashed red) streamlines. Red dots denote the objective
saddle points at the same time instant. (b-d) Advected images of the stable and unstable streamlines
of saddle-type stagnation points up to 1.5 days and their effects on nearby particles.

points of the velocity field may miss the majority of significant short-term material stretching events
in the flow. Even for the detected stagnation points, there is no guarantee that they signal nearby
Lagrangian hyperbolic behavior correctly, unless the velocity field has slow enough variation in their
vicinity [9]. This mismatch between objective and frame-dependent predictions for saddle points is
generally expected to increase further for highly unsteady flows.

2.7.3

Parabolic OECSs

We now discuss the existence of parabolic OECSs in the full domain used for computing elliptic
OECSs. There is no known persistent Eulerian or Lagrangian jet in this part of the ocean, but we
nevertheless uncover parabolic OECSs in this region that act as short-term pathways for material
transport.
In Fig. 2.15, we show three parabolic OECSs obtained from the application of Algorithm 2.4 to
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the velocity data studied here. These OECSs are, therefore, alternating chains of 𝑒1 -lines (blue) and
𝑒2 -lines (red), connecting trisector-type (blue dots) singularities and wedge-type singularities (black
dots), with the streamlines shown in the background for reference. The three parabolic OECSs are
of approximate sizes 500 km for 𝑃 #1 and 300 km for 𝑃 #2 and 𝑃 #3.

Figure 2.15: (a-c) Parabolic OECSs as alternating heteroclinic connections of 𝑒1 -lines (blue) and
𝑒2 -lines (red) between trisector-type singularities (blue dots) and wedge-type singularities (black
dots). Instantaneous streamlines are shown in the background.

As a representative example, Fig. 2.16 shows the advected positions of the parabolic OECS,
P#3, along with the deformation of material blobs initialized along this OECS, for integration
times up to six days. The advection illustrates the existence of a short-term pathway along which
initial conditions march towards the bottom right. The deformation of the blobs has a characteristic
boomerang shape, which is similar to that observed along persistent Lagrangian jets [18, 71]. The
complete advection sequence is available here Video 2.3. This objective short-term transport route,
therefore, has a clearly verifiable material impact even though it has no clear signature in the
instantaneous streamline geometry.
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(a)

(b)

(c)

(d)

Figure 2.16: (a) Parabolic OECS, P#3, at initial time overlaid on streamlines. (b-d) Advected
images of the Parabolic OECS up to 6 days, and its effect on nearby particles. The complete
advection sequence is available here Video 2.3.

2.8

Conclusions

We have developed a variational theory of objective Eulerian Coherent Structures (OECSs) for
two-dimensional, non-autonomous dynamical systems. In this theory, we define OECSs at time 𝑡
as curves with the lowest instantaneous material stretching rate or shearing rate in the flow. We
defined elliptic OECSs as closed stationary curves of the instantaneous stretching-rate and shearless
OECSs as stationary curves of the instantaneous shearing-rate functional. A further classification
of shearless OECSs divides them into hyperbolic (attracting or repelling) and parabolic (jet-type)
OECSs. The approach we have taken here is objective, i.e., returns the same OECSs in frames
translating and rotating relative to each other.
In our present, instantaneous context, objectivity guarantees a self-consistent detection of shortterm material coherent structures via OECSs in unsteady, two-dimensional fluid flows. Indeed, we
have shown that elliptic OECS provide accurate identification of short-term material vortices; hyperbolic OECSs reveal generalized saddle points with the corresponding stable and unstable manifolds;
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and parabolic OECSs uncover short-term jet-type pathways for material transport. We have verified the accuracy of these OECS-based predictions by actual material advection in our ocean data
example obtained from satellite altimetry.
We have also compared our results to other broadly used instantaneous coherent structure indicators: streamline topology (which is neither Galilean invariant nor objective) and the Okubo–Weiss
criterion (which is Galilean invariant but not objective). Such diagnostics often need an ad hoc selection of threshold parameters, which limits the reliability of the results they provide. In contrast,
our procedure uses no free parameters or thresholds.
We have found examples of false positives and false negatives suggested by these non-objective
Eulerian indicators. For instance, several regions of maximum 𝑂𝑊 – ellipticity turn out to stretch
significantly more than the regions identified by elliptic OECSs. Even when the indicators happen
to suggest an OECS, the objective variational principles developed here give more accurate results,
as confirmed by short-term material advection of the detected sets.
As an alternative, elliptic OECSs can also be sought as closed curves showing short-term rotational coherence, i.e., equal material rotation rate [23]. Obtained as the instantaneous limit of a
Lagrangian rotational coherence principle, rotationally coherent OECSs are also objective. These
OECSs do not restrict stretching rates and hence would generally be expected to give slightly larger
but less coherent Eulerian vortices than the ones detected by the approach developed here. Those
larger vortices display tangential filamentation, while the stretching-rate-based OECSs introduced
here are instantaneous limits of the perfectly coherent, black-hole-type elliptic LCSs derived in [15].
OECS-based forecasting of material transport and mixing is necessarily confined to shorter time
scales. Such shorter time scales, however, are precisely the relevant ones for flow control or environmental assessment where quick operational decisions need to be made. Results on the use of OECSs
in short-term forecasting and an extension to higher dimensions will appear elsewhere.
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Appendix 2.A

Deformation-rate measures for material curves

At time 𝑡0 , consider a smooth curve of initial conditions 𝛾, parametrized as 𝑠 ↦→ 𝑥(𝑠) via its arclength
′

(𝑠)
denote the local tangent and normal vectors to 𝛾 respectively.
𝑠 ∈ [0, 𝜎]. Let 𝑥′ (𝑠) and 𝑛(𝑠) = 𝑅 |𝑥𝑥′ (𝑠)|

While tangent vectors of 𝛾 are mapped into tangent vectors by the linearized flow map ∇𝐹𝑡𝑡0 , initial
normal vectors at time 𝑡0 are not mapped by ∇𝐹𝑡𝑡0 into the normal space at time 𝑡 (Fig. 2.17a).
The local deformation of 𝛾 and its nearby trajectories, over the time interval [𝑡0 , 𝑡], can be expressed
in terms of two Lagrangian quantities: the tangential shear and the tangential strain over the time
interval [𝑡0 , 𝑡] (see [18] and [15]).
Specifically, the tangential shear at point 𝑥(𝑠) is given by
𝑝𝑡𝑡0 (𝑠) = 𝐷𝑡𝑡0 (𝑥(𝑠)) = √︁

⟨𝑥′ (𝑠), 𝐷𝑡𝑡0 (𝑥(𝑠))𝑥′ (𝑠)⟩

,

⟨𝑥′ (𝑠), 𝐶𝑡𝑡0 (𝑥(𝑠))𝑥′ (𝑠)⟩⟨𝑥′ (𝑠), 𝑥′ (𝑠)⟩

𝐷𝑡𝑡0 :=

1 𝑡
[𝐶 𝑅 − 𝑅𝐶𝑡𝑡0 ],
2 𝑡0

and the tangential strain at the same point is give by
√︁
⟨𝑥′ (𝑠), 𝐶𝑡𝑡0 (𝑥(𝑠))𝑥′ (𝑠)⟩
√︀
𝑞𝑡𝑡0 (𝑠) =
.
⟨𝑥′ (𝑠), 𝑥′ (𝑠)⟩

(a)

(b)

Figure 2.17: (a) Evolution of local tangent and normal vectors under the linearized flow map ∇𝐹𝑡𝑡0
in the extended phase space of 𝑥 and 𝑡. (b) Eulerian counterpart letting 𝑥(𝑠) be the unit speed
parametrization of a regular curve at the current time 𝑡.
The quantities 𝑝𝑡𝑡0 and 𝑞𝑡𝑡0 give pointwise information on tangential shear and tangential stretching
experienced by a material curve 𝛾 over the time interval [𝑡0 , 𝑡] in an objective (frame-invariant)
fashion.
The instantaneous rates of shear and tangential stretching along 𝛾 can be obtained by differen-
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tiating 𝑝𝑡𝑡0 and 𝑞𝑡𝑡0 with respect to 𝑡 and setting 𝑡 = 𝑡0 . Specifically, we have
𝑝(𝑠,
˙ 𝑡) :=

𝑑 𝑡+𝜏
(𝑠)|𝜏 =0
𝑑𝜏 𝑝𝑡

and
𝑞(𝑠,
˙ 𝑡) :=

𝑑 𝑡+𝜏
(𝑠)|𝜏 =0
𝑑𝜏 𝑞𝑡

=

⟨𝑥′ (𝑠), [𝑆(𝑥(𝑠), 𝑡)𝑅 − 𝑅𝑆(𝑥(𝑠), 𝑡)]𝑥′ (𝑠)⟩
,
⟨𝑥′ (𝑠), 𝑥′ (𝑠)⟩

⃒
𝑑
⟨𝑥′ (𝑠), 𝑑𝜏
𝐶𝑡𝑡+𝜏 (𝑥(𝑠))⃒𝜏 =0 𝑥′ (𝑠)⟩
√︀
= √︀
⟨𝑥′ (𝑠), 𝑥′ (𝑠)⟩ 2 ⟨𝑥′ (𝑠), 𝐶𝑡𝑡 (𝑥(𝑠))𝑥′ (𝑠)⟩
⟨𝑥′ (𝑠), 𝑆(𝑥(𝑠), 𝑡)𝑥′ (𝑠)⟩
,
=
⟨𝑥′ (𝑠), 𝑥′ (𝑠)⟩
1

where we used the following relations

∇𝐹𝑡𝑡 (𝑥) =𝐼,
⃒
𝑡+𝜏
𝑑
(𝑥)⃒𝜏 =0 =∇𝑣(𝑥, 𝑡)∇𝐹𝑡𝑡 (𝑥)
𝑑𝜏 ∇𝐹𝑡
=∇𝑣(𝑥, 𝑡),
⃒
⃒
𝑡+𝜏
𝑑
˙ 𝑡𝑡+𝜏 (𝑥)⊤ ∇𝐹𝑡𝑡+𝜏 (𝑥) + ∇𝐹𝑡𝑡+𝜏 (𝑥)⊤ ∇𝐹
˙ 𝑡+𝜏
(𝑥))⃒𝜏 =0
(𝑥)⃒𝜏 =0 =(∇𝐹
𝑡
𝑑𝜏 𝐶𝑡

(2.22)

=2𝑆(𝑥, 𝑡),
𝑑
𝑑𝜏

⃒
𝐷𝑡𝑡+𝜏 ⃒

𝜏 =0

(𝑥) =[𝑆(𝑥, 𝑡)𝑅 − 𝑅𝑆(𝑥, 𝑡)],
𝐷𝑡𝑡 =0.

Appendix 2.B

Geodesic formulation of elliptic OECSs

Closed stationary curves, 𝛾, of the variational problem defined in eq. (2.9) satisfy
1
𝛿 𝑄˙ 𝑡 (𝛾) =
𝜎

∫︁
0

𝜎

[︂
]︂
𝑑
𝜕𝑟 𝑞˙ − 𝜕𝑟′ 𝑞˙ ℎ(𝑠)𝑑𝑠 = 0,
𝑑𝑠

(2.23)

since the first term in eq. (2.11) , related to endpoints boundary conditions, is identically zero.
By basic results of calculus of variations, stationary closed curves of 𝑄˙ 𝑡 (𝛾) satisfying (2.23) satisfy
also the related Euler-Lagrange equation [72]:
𝜕𝑟 𝑞˙ −

𝑑
𝜕𝑟′ 𝑞˙ = 0.
𝑑𝑠

Using the shorthand notation
𝐴(𝑟, 𝑟′ ) = ⟨𝑟′ , 𝑆(𝑟(𝑠), 𝑡)𝑟′ ⟩, 𝑁 (𝑟′ ) = ⟨𝑟′ , 𝑟′ ⟩,

(2.24)
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we rewrite eq. (2.24) as
𝜕𝑟

𝐴(𝑟, 𝑟′ )
𝑑
𝐴(𝑟, 𝑟′ )
′
−
𝜕
= 0.
𝑟
𝑁 (𝑟′ )
𝑑𝑠
𝑁 (𝑟′ )

(2.25)

Since the integrand of 𝑄˙ 𝑡 (𝛾) is invariant under shifts of the parameter 𝑠, Noether’s theorem ensures
the existence of a first integral [72], 𝐻𝑄˙ 𝑡 , for (2.25):
𝐻𝑄˙ 𝑡

⟨
⟩
𝐴(𝑟, 𝑟′ )
𝐴(𝑟, 𝑟′ )
𝐴(𝑟, 𝑟′ )
′
′
=
−
𝑟
,
𝜕
=
= 𝜇 = 𝑐𝑜𝑛𝑠𝑡.,
𝑟
𝑁 (𝑟′ )
𝑁 (𝑟′ )
𝑁 (𝑟′ )

(2.26)

since
⟨

⟨𝑟′ , 𝑆(𝑟, 𝑡)𝑟′ ⟩
𝑟 , 𝜕𝑟′
⟨𝑟′ , 𝑟′ ⟩
′

⟩

⟨
=

2𝑆(𝑟, 𝑡)𝑟′
2⟨𝑟′ , 𝑆(𝑟, 𝑡)𝑟′ ⟩ ′
𝑟
𝑟,
−
2
⟨𝑟′ , 𝑟′ ⟩
⟨𝑟′ , 𝑟′ ⟩
′

⟩
= 0.

Using the identity 𝐴(𝑟, 𝑟′ ) ≡ 𝜇𝑁 (𝑟′ ) derived in (2.26), together with 𝜕𝑟 𝑁 (𝑟′ ) = 0, we rewrite the
terms in (2.25) as
(︀
)︀
1
𝐴(𝑟, 𝑟′ )
=
𝜕𝑟 𝐴(𝑟, 𝑟′ ) − 𝜇𝑁 (𝑟′ ) ,
𝑁 (𝑟′ )
𝑁 (𝑟′ )
[︂
]︂
(︀
)︀
𝑑
𝐴(𝑟, 𝑟′ )
𝑑
1
′
′
′
′
𝜕𝑟
=
𝜕𝑟 𝐴(𝑟, 𝑟 ) − 𝜇𝑁 (𝑟 ) .
𝑑𝑠
𝑁 (𝑟′ )
𝑑𝑠 𝑁 (𝑟′ )
𝜕𝑟

(2.27)

We introduce a rescaling of the independent variable 𝑠 in eq. (2.25) via the formula
𝑑˜
𝑠
= 𝑁 (𝑟′ (𝑠)),
𝑑𝑠
which implies, by chain rule,
𝑁 (𝑟′ (𝑠)) =

1
,
𝑁 (𝑟(˜
˙ 𝑠))

(2.28)

˙ denotes differentiation with respect to 𝑠˜. Note that 𝑁 (𝑟′ (𝑠)) is non vanishing on regular
where (·)
curves (i.e. curves with non vanishing tangent vector), and so is also 𝑁 (𝑟).
˙ Applying the rescaling
𝑠 ↦→ 𝑠˜ and substituting eq. (2.28) into eq. (2.27), we obtain
(︀
)︀
𝐴(𝑟, 𝑟′ )
1
=
𝜕𝑟 𝐴(𝑟, 𝑟)
˙ − 𝜇𝑁 (𝑟)
˙ ,
𝑁 (𝑟′ )
𝑁 (𝑟)
˙
[︂
]︂
)︀
𝑑
𝐴(𝑟, 𝑟′ )
1
𝑑 (︀
′
𝜕𝑟
=
𝜕𝑟˙ 𝐴(𝑟, 𝑟)
˙ − 𝜇𝑁 (𝑟)
˙ .
𝑑𝑠
𝑁 (𝑟′ )
𝑁 (𝑟)
˙ 𝑑˜
𝑠
𝜕𝑟

(2.29)

Plugging eq. (2.29) into eq. (2.25), we obtain the Euler-Lagrange equation in the rescaled variable
[︂
]︂
(︀
)︀
)︀
1
𝑑 (︀
𝜕𝑟 𝐴(𝑟, 𝑟)
˙ − 𝜇𝑁 (𝑟)
˙ − 𝜕𝑟˙ 𝐴(𝑟, 𝑟)
˙ − 𝜇𝑁 (𝑟)
˙
= 0.
𝑁 (𝑟)
˙
𝑑˜
𝑠

(2.30)
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From eq. (2.30) we obtain that all solutions of eq. (2.25) must satisfy the Euler-Lagrange equation
derived from the Lagrangian
𝐿𝜇 (𝑟, 𝑟)
˙ = [𝐴(𝑟, 𝑟)
˙ − 𝜇𝑁 (𝑟)].
˙
Therefore, all stationary functions of the functional 𝑄˙ 𝑡 are also stationary functions of the rate of
strain energy functional 𝒬˙ 𝜇 for an appropriate value of 𝜇, and hence satisfy
𝛿 𝒬˙ 𝜇 (𝛾) = 0,

𝒬˙ 𝜇 (𝛾) =

∫︁
𝐿𝜇 (𝑟, 𝑟)𝑑˜
˙ 𝑠.
𝛾

Such value of 𝜇 can be computed from eq. (2.26), that in the 𝑠˜ variable reads
⟨𝑟(˜
˙ 𝑠), 𝑆(𝑟(˜
𝑠), 𝑡)𝑟(˜
˙ 𝑠)⟩ = 𝜇⟨𝑟(˜
˙ 𝑠), 𝑟(˜
˙ 𝑠)⟩.

(2.31)

Therefore, we say that stationary functions of 𝑄˙ 𝑡 are null geodesics of the Lorentzian metric 𝑔𝜇
defined in (2.15) associated with the generalized rate-of-strain tensor 𝑆𝜇 (𝑥, 𝑡) = [𝑆(𝑥, 𝑡) − 𝜇𝐼].
Conversely, assume that 𝑟(˜
𝑠) is a null-geodesic of 𝑔𝜇 , and hence satisfies both eqs. (2.30) and
(2.31). Reversing the steps leading to (2.31), and employing the inverse rescaling of the independent
variable as,
𝑑𝑠
= 𝑁 (𝑟(˜
˙ 𝑠)),
𝑑˜
𝑠
we obtain the rescaled null-geodesic 𝑟(𝑠) is also a solution of the Euler–Lagrange equation (2.24).
Therefore, each null-geodesic of 𝑔𝜇 is also a stationary function of the functional 𝑄˙ 𝑡 (𝛾), lying on the
energy surface 𝐻𝑄˙ 𝑡 (𝑟, 𝑟′ ) = 𝜇, and hence satisfying the identity ⟨𝑟′ , 𝑆𝜇 𝑟′ ⟩ = 0.

Appendix 2.C

𝜒±
𝜇 is a one-parameter family of rotated vector
fields

Assume there exists a limit cycle of (2.14), 𝛾, for one choice of ± and a fixed value of 𝜇. The
hyperbolic nature of limit cycles guarantees their persistence with respect to small changes in the
parameter 𝜇, which leads to a one-parameter family of limit cycles for the vector field 𝜒±
𝜇 . In general,
these limit cycles can deform in an arbitrary fashion and even intersect each other.
In the present case, however, 𝜒±
𝜇 turns out to be as a one-parameter family of rotated vector
fields in the sense of [73]. This means that trajectories of (2.14), for each of the choices ±, cannot
intersect when 𝜇 varies and shrink or expand for monotonic changes of the parameter. Hence, limit
cycles of one-parameter family of rotated vector fields, corresponding to different values of 𝜇, cannot
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intersect each other.
To qualify as a one-parameter family of rotated vector fields, 𝜒±
𝜇 must be locally smooth in a
neighborhood of the limit cycle, and the vector field defined by
orientation with respect to the plane spanned by

𝑑 ±
𝑑𝜇 𝜒𝜇

𝑑 ±
𝑑𝜇 𝜒𝜇

× 𝜒±
𝜇 must keep the same

and 𝜒±
𝜇.

Indeed, 𝜒±
𝜇 is smoothly orientable in the vicinity of limit cycles, although it is not globally
orientable due to orientational discontinuities of the 𝑒𝑖 fields. For the second condition above, it
𝑑 ±
is equivalent to check that sign⟨ 𝑑𝜇
𝜒𝜇 × 𝜒±
𝜇 , 𝑒3 ⟩, with 𝑒3 denoting the planar unit vector, remains

unaltered over the domain 𝑈𝜇 for each of the choices ±.
𝑑 ±
In the [𝑒1 , 𝑒2 , 𝑒3 ] basis, ⟨ 𝑑𝜇
𝜒𝜇 × 𝜒±
𝜇 , 𝑒3 ⟩ can be computed as

𝑂𝜇± (𝑥) =𝜒±
𝜇 ×

𝑑 ±
𝜒 (𝑥) = 𝑜±
𝜇 (𝑥)𝑒3 ,
𝑑𝜇 𝜇

±
±
𝑑 ±
𝑜±
,
𝜇 (𝑥) =⟨ 𝑑𝜇 𝜒𝜇 × 𝜒𝜇 , 𝑒3 ⟩ = √︀
2 (𝜇 − 𝑠1 )(𝑠2 − 𝜇)
therefore,

𝑑 ±
𝑑𝜇 𝜒𝜇

× 𝜒±
𝜇 keeps the same orientation for each of the signs ±, under a monotonic change

of the parameter 𝜇.
With our choice of relative orientation between 𝑒1 and 𝑒2 , (cf. equation (2.4)), the sign of 𝑜±
𝜇 (𝑥)
gives the direction of rotation (positive counterclockwise) of the 𝜒±
𝜇 field when the parameter 𝜇
increases, for each of the choices ±. Finally, the quantity 𝑜±
𝜇 (𝑥) could be used in the computation
of Elliptic OECSs through a systematic change of the parameter 𝜇, as described in [15].

Appendix 2.D

Geodesic formulation of shearless OECS

The Euler-Lagrange equation associated to the variational problem (2.12) is
𝜕𝑟 𝑝˙ −

𝑑
𝜕𝑟′ 𝑝˙ = 0.
𝑑𝑠

as in eq. (2.16). Using the shorthand notation
𝑍(𝑟, 𝑟′ ) = ⟨𝑟′ , 2𝑆(𝑟(𝑠), 𝑡)𝑅𝑟′ ⟩, 𝑁 (𝑟′ ) = ⟨𝑟′ , 𝑟′ ⟩,
we rewrite eq. (2.16) as
𝜕𝑟

𝑍(𝑟, 𝑟′ )
𝑍(𝑟, 𝑟′ )
𝑑
′
−
𝜕
= 0.
𝑟
𝑁 (𝑟′ )
𝑑𝑠
𝑁 (𝑟′ )

(2.32)

By standard results in the calculus of variations [72], since the averaged shear rate functional, 𝑃˙𝑡 (𝛾),
does not have an explicit dependence on 𝑠, Noether’s theorem guarantees the existence of a first

2.D. GEODESIC FORMULATION OF SHEARLESS OECS

41

integral for eq. (2.32), 𝐻𝑃˙𝑡 ,
⟨
⟩
𝑍(𝑟, 𝑟′ )
𝑍(𝑟, 𝑟′ )
′
=
− 𝑟 , 𝜕𝑟′
= 𝜈 = 𝑐𝑜𝑛𝑠𝑡.
𝑁 (𝑟′ )
𝑁 (𝑟′ )

𝐻𝑃˙𝑡
′

)
The derivative 𝜕𝑟′ 𝑍(𝑟,𝑟
𝑁 (𝑟 ′ ) can be computed as

𝜕𝑟 ′

2(𝑆𝑅 − 𝑅𝑆)𝑟′
2⟨𝑟′ , (𝑆𝑅 − 𝑅𝑆)𝑟′ ⟩𝑟′
𝑍(𝑟, 𝑟′ )
,
=
−
𝑁 (𝑟′ )
⟨𝑟′ , 𝑟′ ⟩
⟨𝑟′ , 𝑟′ ⟩2

(2.33)

whose projection along 𝑟′ is identically zero. Thus, the conserved quantity along trajectories of
(2.32) is
𝐻𝑃˙𝑡 =

𝑍(𝑟, 𝑟′ )
⟨𝑟′ , 2𝑆𝑅𝑟′ ⟩
=
= 𝜈 = 𝑐𝑜𝑛𝑠𝑡.
𝑁 (𝑟′ )
⟨𝑟′ , 𝑟′ ⟩

(2.34)

We therefore have the identity
2⟨𝑟′ (𝑠), 𝑆(𝑟(𝑠), 𝑡)𝑅𝑟′ (𝑠)⟩ ≡ 𝜈⟨𝑟′ (𝑠), 𝑟′ (𝑠)⟩,

(2.35)

for any solution of (2.32) and some appropriate value of 𝜈.
Using the identity (2.35), we write the terms in eq. (2.32) as
(︀
)︀
1
𝑍(𝑟, 𝑟′ )
=
𝜕𝑟 𝑍(𝑟, 𝑟′ ) − 𝜈𝑁 (𝑟′ ) ,
𝑁 (𝑟′ )
𝑁 (𝑟′ )
[︂
]︂
(︀
)︀
𝑍(𝑟, 𝑟′ )
𝑑
1
𝑑
′
′
𝜕𝑟′
=
𝜕𝑟′ 𝑍(𝑟, 𝑟 ) − 𝜈𝑁 (𝑟 ) .
𝑑𝑠
𝑁 (𝑟′ )
𝑑𝑠 𝑁 (𝑟′ )
𝜕𝑟

(2.36)

We observe that (2.36) is in the exact same form of (2.27), thus, applying the same change of variable
(2.28), we get the following Euler-Lagrange equation in 𝑠˜:
[︂
]︂
(︀
)︀
)︀
1
𝑑 (︀
𝜕𝑟 𝑍(𝑟, 𝑟)
˙ − 𝜇𝑁 (𝑟)
˙ − 𝜕𝑟˙ 𝑍(𝑟, 𝑟)
˙ − 𝜇𝑁 (𝑟)
˙
= 0.
𝑁 (𝑟)
˙
𝑑˜
𝑠

(2.37)

Since 𝑁 (𝑟)
˙ is non-vanishing, from (2.37) we get that all solutions of (2.32) must satisfy the EulerLagrange equation derived from the Lagrangian
𝐿𝜈 (𝑟, 𝑟)
˙ = [𝑍(𝑟, 𝑟)
˙ − 𝜈𝑁 (𝑟)].
˙
Therefore, all stationary functions of 𝑃˙𝑡 (𝛾) are also stationary functions of the shear rate energy-type
functional 𝒫˙ 𝜈 , and hence satisfy
𝛿 𝒫˙ 𝜈 (𝛾) = 0,

𝒫˙ 𝜈 (𝛾) =

∫︁

𝜎

𝐿𝜈 (𝑟, 𝑟)𝑑˜
˙ 𝑠,
0
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for an appropriate value of 𝜈. This value of 𝜈 can be computed from (2.35), that, in the rescaled 𝑠˜
reads as:
⟨𝑟(˜
˙ 𝑠), 2𝑆(𝑟(˜
𝑠))𝑅𝑟(˜
˙ 𝑠)⟩ = 𝜈⟨𝑟(˜
˙ 𝑠), 𝑟(˜
˙ 𝑠)⟩.

(2.38)

Stationary functions of 𝑃˙𝑡 (𝛾) are, therefore, null geodesics of the Lorentzian metric defined by
𝑚𝜈 (𝑢, 𝑢) = ⟨𝑢, [2𝑆𝑅 − 𝜈𝐼]𝑢⟩,
that, for the case of 𝜈 = 0, simplifies to
𝑚0 (𝑢, 𝑢) = ⟨𝑢, 2𝑆𝑅𝑢⟩.
Conversely, assume that 𝑟(˜
𝑠) is a null-geodesic of 𝑚𝜈 , hence satisfies both (2.37) and (2.38). Reversing the steps leading to (2.38) and using the inverse change of variable, we obtain that any rescaled
solution, 𝑟(𝑠), is also a solution of the Euler-Lagrange equation (2.16). Therefore, each null geodesic
of 𝑚𝜈 is also a stationary curve of the functional 𝑃˙𝑡 (𝛾) lying on the energy surface 𝐻𝑃˙𝑡 (𝑟, 𝑟′ ) = 𝜈 and
hence satisfying (2.35). Within this energy surface, instantaneous shearless barriers are stationary
curves of 𝑃˙𝑡 (𝛾) lying on its zero energy level (𝜈 = 0).

Chapter 3

Forecasting Long-Lived Lagrangian
Vortices from their Objective
Eulerian Footprints
Chapter Summary
We derive a non-dimensional metric to quantify the expected Lagrangian persistence of objectively
defined Eulerian vortices in two-dimensional unsteady flows. This persistence metric is the averaged
deviation of the vorticity from its spatial mean over the Eulerian vortex, normalized by the instantaneous material leakage from the Eulerian vortex. The metric offers a model- and frame-independent
tool for uncovering the instantaneous Eulerian signature of long-lived Lagrangian vortices. Using
satellite-derived ocean velocity data, we show that Lagrangian vortex-persistence predictions by our
metric significantly outperform those inferred from other customary Eulerian diagnostics, such as
the potential vorticity gradient and the Okubo-Weiss criterion.

3.1

Introduction

Coherent Lagrangian vortices [21] are fluid masses enclosed by material boundaries that exhibit
only moderate deformation under advection. Such vortices play a fundamental role in a number of
transport and mixing processes. For instance, coherent mesoscale oceanic eddies are known to carry
water over long distances, influencing global circulation and climate [74].
Frame-invariant methods for the precise identification of coherent Lagrangian vortex boundaries
are now available [15,22,23]. These methods, as any Lagrangian approach, are intrinsically tied to a
preselected finite time interval. Some material vortex boundaries lose their coherence immediately
beyond their extraction times, while others remain coherent over much longer intervals [15,68,75]. It
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is, therefore, of interest to identify a signature of long-lived Lagrangian vortices without an a priori
knowledge of their time scale of existence.
The question we address in the present paper is the following: What instantaneous Eulerian
features of a coherent Lagrangian vortex make it likely to persist over longer time intervals? This
question is relevant, for instance, in environmental forecasting and decision-making, as well as in
assessing the life stage of coherent eddies that influence the general circulation in the ocean. Despite
its importance, however, the question of Lagrangian vortex persistence has received little attention.
Broadly used Eulerian vortex detection methods provide no direct answer, although the motivation
for these Eulerian methods is often precisely the need to capture sustained material transport by
vortices, see e.g., [76]. Clearly, the future of advected water masses in an unsteady flow cannot
be precisely predicted based on just present data. Reasons for this include unforeseeable future
interactions with other vortices, and a priori unknown external forcing on the flow. The most one
can hope for, therefore, is to forecast Lagrangian eddy persistence, with high enough probability,
assuming that these unpredictable effects do not arise.
To this end, we propose here a non-dimensional metric to assess the persistence of Eulerian
vortices identified by elliptic Objective Eulerian Coherent Structures (OECSs), as defined in chapter
2 or [43]. Such OECSs are closed curves with no short-term unevenness in their material deformation
rates (zero short-term filamentation). The objectivity of OECSs ensures the frame-invariance of the
transport estimates they provide, while the non-dimensionality of the persistence metric introduced
here will allow for a comparison of coexisting vortices of various sizes and times scales.
Our persistence metric is the ratio of the rotational coherence strength of an elliptic OECS to
its material leakage. Eulerian vortices with high rotation rates and low material leakage will have
high persistence metric values and will be seen to delineate regions of sustained material coherence.
As a side result, we also derive an explicit formula for the material flux through an elliptic OECS.
This technical result is generally applicable to estimating the deformation of limit cycles in a twodimensional vector field under a change in the system parameters.
The method we devise here is purely kinematic, and hence is independent of the particular
equation governing the underlying fluid. From a kinetic point of view, vortex lifetime is related
to vortex instabilities, (see, e.g., [77] for a brief summary). A kinematic analysis is generally less
specific than a kinetic one, yet tends to have a wider range of applicability and requires considerably
less computational effort.
We illustrate our results on an unsteady satellite altimetry-based velocity field of the South
Atlantic Ocean. Remarkably, we find that elliptic OECSs with high values of the persistence metric
capture, with high probability, the signature of long-lived Lagrangian vortices. At the same time,
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the predictive power of customary Eulerian diagnostics, such as the Okubo-Weiss (𝑂𝑊 ) criterion
[69, 70], the potential vorticity (𝑃 𝑉 ) and the potential vorticity gradient (∇𝑃 𝑉 ) [78], turns out to
be substantially lower, showing correlations below 0.5 with the actual lifetime of Lagrangian eddies.

3.2

Set-up and notation

We consider an unsteady velocity field 𝑣(𝑥, 𝑡) defined on a spatial domain 𝑈 ⊂ R2 over a finite time
interval [𝑡0 , 𝑡1 ]. We recall the velocity gradient decomposition
∇𝑣(𝑥, 𝑡) = 𝑆(𝑥, 𝑡) + 𝑊 (𝑥, 𝑡),

(3.1)

where 𝑆 = 12 (∇𝑣 + ∇𝑣 ⊤ ) and 𝑊 = 12 (∇𝑣 − ∇𝑣 ⊤ ) are the rate-of-strain tensor and the spin tensor,
respectively.
The spin tensor 𝑊 is skew-symmetric while 𝑆 is symmetric, with its eigenvalues 𝑠𝑖 (𝑥) and
eigenvectors 𝑒𝑖 (𝑥) satisfying
⎡
0
𝑒2 𝑆𝑒𝑖 = 𝑠𝑖 𝑒𝑖 , |𝑒𝑖 | = 1, 𝑖 = 1, 2; 𝑠1 ≤ 𝑠2 , 𝑒2 = 𝑅𝑒1 = ⎣
1

−1
0

⎤
⎦ 𝑒1 .

Fluid particle trajectories generated by 𝑣(𝑥, 𝑡) are solutions of the differential equation 𝑥˙ = 𝑣(𝑥, 𝑡),
defining the flow map

𝐹𝑡𝑡0 (𝑥0 ) = 𝑥(𝑡; 𝑡0 , 𝑥0 ),

𝑥0 ∈ 𝑈,

𝑡 ∈ [𝑡0, 𝑡1 ],

which maps initial particle positions 𝑥0 at time 𝑡0 to their time-𝑡 positions, 𝑥(𝑡; 𝑡0 , 𝑥0 ). A key
relationship between the flow map 𝐹𝑡𝑡0 (𝑥0 ) and 𝑆(𝑥, 𝑡) is obtained by considering the right Cauchy–
Green strain tensor
[︀
]︀𝑇
𝐶𝑡𝑡0 = ∇𝐹𝑡𝑡0 ∇𝐹𝑡𝑡0 ,

(3.2)

whose temporal Taylor expansion around the initial time can be computed as
(︁
)︁
2
𝐶𝑡𝑡0 (𝑥0 ) = 𝐼 + 2𝑆(𝑥0 , 𝑡0 )(𝑡 − 𝑡0 ) + 𝒪 |𝑡 − 𝑡0 | .

(3.3)

In other words, for small enough times, the leading order Lagrangian deformation is governed by
the Eulerian rate-of-strain tensor.
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3.3

Vortices as elliptic OECSs

A typical set of fluid particles is subject to significant stretching under advection in an unsteady flow.
Even in the limit of zero advection time, fluid elements generally experience considerable stretching
rates. Motivated by eq. (3.3), one may look for the Eulerian signatures of coherent material vortices
as exceptional sets of fluid trajectories that defy this general trend. Specifically, [43] seek boundaries
of Eulerian coherent vortices as closed instantaneous curves across which the averaged material
stretching rate shows no leading-order variability.

Coherent Lagrangian vortex boundary

Nested sequence of elliptic OECSs

(a)

(b)

Figure 3.1: (a) A closed material curve 𝛾 (black) at time 𝑡 is advected by the flow into its later
position 𝐹𝑡𝑡+𝜏 (𝛾), with 𝜏 ≈ 0. The advected curve remains coherent if an initially uniform material
belt (magenta) around it shows no leading-order variations in stretching rate. (b) Nested family of
elliptic OECSs in a flow example, analyzed in more detail in section 3.6, for different values of 𝜇 (in
color). The elliptic OECS family fills a region that also turns out to contain a persistent Lagrangian
vortex in this example [15].
Mathematically, this is equivalent to seeking closed curves 𝛾 whose 𝒪(𝜖) perturbations show no
𝒪(𝜖) variability in the averaged strain-rate functional 𝑄˙ 𝑡 (𝛾), defined as
1
𝑄˙ 𝑡 (𝛾) =
𝜎

∮︁
𝛾

⟨𝑥′ (𝑠), 𝑆(𝑥(𝑠), 𝑡)𝑥′ (𝑠)⟩
𝑑𝑠.
⟨𝑥′ (𝑠), 𝑥′ (𝑠)⟩

Here 𝑥(𝑠), 𝑠 ∈ [0, 𝜎], denotes the arclength parametrization of 𝛾 at time 𝑡, and 𝑥′ (𝑠) denotes its local
tangent vector. Stationary curves of 𝑄˙ 𝑡 (𝛾) are cores of exceptional material belts showing perfect
short-term coherence (Fig. 3.1a). Serra and Haller [43] show that closed stationary curves of 𝑄˙ 𝑡 (𝛾)
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are precisely the closed null-geodesics of a suitably defined Lorentzian metric. Along these curves,
the tangential stretching rate 𝜇 is constant.
The closed stationary curves of 𝑄˙ 𝑡 (𝛾) turn out to be computable as limit cycles of the direction
field family
√︃
′

𝑥 =

𝜒±
𝜇 (𝑥),

𝜒±
𝜇 (𝑥)

=

𝑠2 (𝑥) − 𝜇
𝑒1 (𝑥) ±
𝑠2 (𝑥) − 𝑠1 (𝑥)

√︃

𝜇 − 𝑠1 (𝑥)
𝑒2 (𝑥),
𝑠2 (𝑥) − 𝑠1 (𝑥)

(3.4)

within the domain 𝑈𝜇 ⊂ 𝑈 defined as
𝑈𝜇 = {𝑥 ∈ 𝑈 | 𝑠2 − 𝑠1 ̸= 0, 𝑠1 ≤ 𝜇 ≤ 𝑠2 }.
The direction field family (3.4) depends on the choice of the sign parameter ±, as well as on the
parameter 𝜇 ∈ R. We define elliptic OECSs as limit cycles of (3.4) for each value of the parameter
𝜇 ≈ 0. The 𝜇 = 0 member of this one-parameter family of nested curves represents a perfect
instantaneously coherent vortex boundary [43]. Such a closed curve is highly atypical, exhibiting no
instantaneous stretching rate.
Members of limit cycles families of 𝜒±
𝜇 cannot intersect. Each limit cycle either grows or shrinks
under changes in 𝜇, forming a smooth annular belt of non-intersecting loops (see [43] for details).
This annular Eulerian belt often surrounds a persistent Lagrangian vortex boundary, as shown in
Fig. 3.1b for a flow example analyzed in more detail in section 3.6.

3.4

Material flux through elliptic OECSs

In this section, we derive an explicit formula for the material flux through an elliptic OECS to
quantify the degree to which the OECS is Lagrangian. As a byproduct, we obtain an expression for
the short-term continuation of elliptic OECSs under varying time.
Let 𝛾(𝑡) be a time-varying, closed curve family parametrized by a function 𝑥(𝑠, 𝑡). The pointwise
instantaneous material flux density through 𝛾(𝑡) is then given by
⟨︀
⟩︀
𝑑
𝜙(𝑥(𝑠, 𝑡), 𝑡) = 𝑣(𝑥(𝑠, 𝑡), 𝑡) − 𝑑𝑡
𝑥(𝑠, 𝑡), 𝑛(𝑥(𝑠, 𝑡), 𝑡)
⟨︀
⟩︀ [︀ 𝑑
]︀⊥
𝑥(𝑠, 𝑡) ,
= 𝑣(𝑥(𝑠, 𝑡), 𝑡), 𝑛(𝑥(𝑠, 𝑡), 𝑡) − 𝑑𝑡

(3.5)

i.e., by the curve-normal projection ⟨·, 𝑛(𝑥(𝑠, 𝑡), 𝑡)⟩ of the Lagrangian velocity 𝑣(𝑥(𝑠, 𝑡), 𝑡) of a trajectory relative to the velocity of 𝛾(𝑡).
In our context, 𝑥(𝑠, 𝑡) represents a limit cycle of the ODE (3.4), thus we have 𝑛(𝑥(𝑠, 𝑡), 𝑡) =
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⊥
±
[𝜒±
𝜇 (𝑥(𝑠, 𝑡), 𝑡)] = 𝑅𝜒𝜇 (𝑥(𝑠, 𝑡), 𝑡). In Appendix 3.A, we derive and solve an ODE for the unknown
[︀ 𝑑
]︀⊥
term 𝑑𝑡
𝑥(𝑠, 𝑡) in (3.5), obtaining the final formula

]︀⊥
[︀ 𝑑
]︀⊥
= Φ𝑠0 (𝑡) 𝑑𝑡
𝑥(0, 𝑡) + Π(𝑠, 𝑡), Π(𝑠, 𝑡) := Φ𝑠0 (𝑡)
𝑑𝑡 𝑥(𝑠, 𝑡)

[︀ 𝑑

∫︁

𝑠

(Φ𝜗0 (𝑡))−1 𝑐˜(𝜗, 𝑡)𝑑𝜗,

(3.6)

0

with Φ𝑠0 (𝑡) denoting the matrix
⎡
1
Φ𝑠0 (𝑡) = ⎣
0

∫︀ 𝑠
0

𝑒

∫︀ 𝜗
0

∇·𝜒±
𝜇 (𝑥(𝜗,𝑡),𝑡)𝑑𝜗

𝑒

∫︀ 𝑠
0

𝜅(𝑥(𝜗, 𝑡))𝑑𝜗

∇·𝜒±
𝜇 (𝑥(𝜗,𝑡),𝑡)𝑑𝜗

⎤
⎦,

(3.7)

and
𝑐˜(𝑠, 𝑡) = [0, 𝜓(𝑥(𝑠, 𝑡), 𝑡)]⊤ ,
𝜓(𝑥(𝑠, 𝑡), 𝑡) =

±
−⟨𝜒±
𝜇 (𝑠, 𝑡), 𝜕𝑡 𝑆(𝑠, 𝑡)𝜒𝜇 (𝑠, 𝑡)⟩
±
⊥
2⟨𝜒±
𝜇 (𝑠, 𝑡), 𝑆(𝑠, 𝑡)𝜒𝜇 (𝑠, 𝑡) ⟩

(3.8)

,

±
±
𝜅(𝑥(𝑠, 𝑡)) = ⟨∇𝜒±
𝜇 (𝑠, 𝑡)𝜒𝜇 (𝑠, 𝑡), 𝑅𝜒𝜇 (𝑠, 𝑡)⟩.

Note that 𝜅 represents the pointwise curvature along the elliptic OECS with respect to the normal
⊥
±
vector defined as [𝜒±
𝜇 ] = 𝑅𝜒𝜇 .

In Appendix 3.A, we also derive the following equation for the correct initial condition of
]︀⊥
:
𝑑𝑡 𝑥(𝑠, 𝑡)

[︀ 𝑑

[︀ 𝑑

𝑑𝑡 𝑥(0, 𝑡)

]︀⊥

⟨Π(𝜎, 𝑡), 𝑑⟩
,
=
1 − 𝜌2 (𝑡)

⎡
𝜌2 (𝑡) = 𝑒

∇·𝜒±
𝜇 (𝑥(𝜗,𝑡),𝑡)𝑑𝜗
0

∫︀ 𝜎

,

𝑑 := ⎣

0
1

⎤
⎦.

(3.9)

This initial condition represents the ratio between the magnitude of the perturbation needed to
destroy the limit cycle due to the unsteadiness of the flow, and the strength of the hyperbolicity of
the limit cycle. For steady flows, we have Π⊥ (𝑠, 𝑡) = 0 since 𝑐˜(𝑠, 𝑡) = 0. In that case, the robustness
of the limit cycle is determined by 𝜌2 (𝑡) ≡ 𝜌2 = 𝑐𝑜𝑛𝑠𝑡., which corresponds to the second Floquet
multiplier [8] of the 𝜎−periodic limit cycle 𝛾 of the ODE (3.4).
[︀ 𝑑
]︀⊥
Once 𝑑𝑡
𝑥(0, 𝑡) is known, we evaluate the pointwise flux density introduced in (3.5). For a coun⊥
terclockwise parametrization of 𝛾(𝑡), and for our definition of [𝜒±
𝜇 ] , positive values of 𝜙(𝑥(𝑠, 𝑡), 𝑡)

represents inward material flux.
Figure 3.2a illustrates an elliptic OECS 𝛾(𝑡) (black) at time 𝑡, for a fixed value of 𝜇, with its
advected image over the time window [𝑡, 𝑡𝜖 ] in the extended phase space of position and time.
Figures 3.2a-b show the initial and final time slices of Fig. 3.2a. The materially advected image of
𝛾 at time 𝑡𝜖 , 𝐹𝑡𝑡𝜖 (𝛾), is shown in green while the elliptic OECS 𝛾(𝑡𝜖 ) computed at time 𝑡𝜖 , is shown
in red. Figures 3.2a-b show the instantaneous pointwise material flux density through 𝛾(𝑡), given by

3.4. MATERIAL FLUX THROUGH ELLIPTIC OECSS

49

Figure 3.2: (a) Initial elliptic OECS 𝛾 (black) and its advected image under the flow in the extended
phase space over [𝑡, 𝑡𝜖 ], where 𝑡𝜖 = 𝑡 + 𝜖∆𝑡. At time 𝑡, the flow velocity perpendicular to the curve
and the corresponding elliptic OECS velocity are reported by the green and red arrows, respectively.
At time 𝑡𝜖 , the advected image, 𝐹𝑡𝑡𝜖 (𝛾), is shown in green while the recomputed elliptic OECS 𝛾(𝑡𝜖 )
in red. (b) Slice of (a) at time 𝑡. (c) Slice of (a) at time 𝑡𝜖 . The blue and black areas represent the
actual inward and outward material flux across 𝛾 over [𝑡, 𝑡𝜖 ], respectively.

the difference between the flow velocity normal to the curve (green arrows) and the corresponding
continuation velocity (red arrows). Given formula (3.5), the total instantaneous material flux across
𝛾(𝑡) is
∮︁
𝜙𝛾(𝑡) =

𝜙(𝑥(𝑠, 𝑡), 𝑡)𝑑𝑠,
𝛾(𝑡)

with

⎧
[︀ 𝑑
]︀⊥
± ⊥
𝑠
⎪
𝑥(0, 𝑡) + Π(𝑠, 𝑡), 𝑑⟩,
⎨ 𝜙(𝑥(𝑠, 𝑡), 𝑡) =⟨𝑣(𝑥(𝑠, 𝑡), 𝑡), [𝜒𝜇 ] (𝑥(𝑠, 𝑡), 𝑡)⟩ − ⟨Φ0 (𝑡) 𝑑𝑡
[︀ 𝑑
]︀⊥
⟨Π(𝜎, 𝑡), 𝑑⟩
⎪
⎩ 𝑑𝑡
∫︀ 𝜎
𝑥(0, 𝑡) =
.
±
1 − 𝑒 0 ∇·𝜒𝜇 (𝑥(𝜗,𝑡),𝑡)𝑑𝜗
The instantaneous total material flux 𝜙𝛾(𝑡) , multiplied by 𝜖∆𝑡, approximates the actual material
flux given by the inward (blue) area minus the outward (black) area shown in Fig. 3.2c.
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3.5

Persistence metric for elliptic OECSs

We now propose an instantaneous, non-dimensional and objective metric that classifies elliptic
OECSs based on their expected persistence in time. We first define the two ingredients needed
for this metric: the rotational coherence and the relative material leakage.
Definition 3.1. The rotational coherence of an elliptic OECS 𝛾(𝑡) is
|

∫︀

𝜔𝛾 (𝑡) :=

𝐴𝛾(𝑡)

[𝜔(𝑥, 𝑡) − 𝜔(𝑡)]𝑑𝐴|
,

𝐴𝛾(𝑡)

(3.10)

where 𝜔(𝑥, 𝑡) denotes the vorticity, 𝐴𝛾(𝑡) is the area enclosed by 𝛾(𝑡), and
∫︀
𝜔(𝑡) =

𝐴𝜕𝑈

𝜔(𝑥, 𝑡)𝑑𝐴
𝐴𝜕𝑈

is the mean spatial vorticity over the domain 𝑈 with boundary 𝜕𝑈 .
The rotational coherence 𝜔𝛾 represents the normed mean vorticity deviation within 𝛾(𝑡), inspired
by related quantities defined in [23]. Specifically, the rotational coherence measures the strength of a
vortical structure arising from its rotational speed. The classic measure of vortex strength, also called
circulation [79], relies solely on the vorticity 𝜔(𝑥, 𝑡), and is therefore frame-dependent. The rotational
coherence 𝜔𝛾 , instead, involves the vorticity deviation, which is frame-independent (Appendix 3.B).
The rotational coherence 𝜔𝛾 (𝑡) depends on the size of the domain, and should be computed on a
large enough domain so that the averaged vorticity is representative of the overall mean rotation of
the flow. In geophysical flows, this mean rotation is expected to be zero, which is confirmed by our
calculations in section 3.6. Elliptic OECSs with high rotational coherence are shielded by locally
high levels of shear, and hence are expected to persist in time.
Definition 3.2. The relative material leakage of an elliptic OECSs 𝛾(𝑡) is
∮︀
Γ𝛾 (𝑡) :=

𝛾(𝑡)

|𝜙(𝑥(𝑠, 𝑡), 𝑡)|𝑑𝑠
𝐴𝛾(𝑡)

.

(3.11)

The relative material leakage measures the rate of material area leaking out of 𝛾(𝑡) due to its
non-Lagrangian evolution, divided by the initial area of 𝛾(𝑡). A 𝛾(𝑡) with low Γ𝛾 (𝑡) identifies an
exceptional curve that exhibits low inhomogeneity in its stretching rates both in its initial position
and in its short-term advected position. The absolute value in (3.11) prevents the cancellation of
opposite-sign material flux contributions. Note that both 𝜔𝛾 and Γ𝛾 have the dimension [𝑡𝑖𝑚𝑒−1 ].
We expect elliptic OECSs with high rotational coherence and low material leakage to be the
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best candidate locations for Lagrangian vortices. To this end, we define the persistence metric of an
elliptic OECS as the following objective, non-dimensional quantity:
Definition 3.3. The persistence metric of elliptic OECS 𝛾(𝑡) is
∫︀
| 𝐴𝛾(𝑡) [𝜔(𝑥, 𝑡) − 𝜔(𝑡)]𝑑𝐴|
rotational coherence
𝜔𝛾 (𝑡)
∮︀
Θ𝛾 (𝑡) :=
=
=
.
relative material leakage
Γ𝛾 (𝑡)
|𝜙(𝑥(𝑠, 𝑡), 𝑡)|𝑑𝑠
𝛾(𝑡)

(3.12)

The non-dimensional nature of Θ𝛾 is immediate from equation (3.12), while its frame-invariance
follows from the objectivity of the scalar quantities involved in its definition (cf. Appendix 3.B).
The non-dimensionality of Θ𝛾 allows us to characterize the persistence of vortices regardless of the
their spatial and temporal scales, which are often abundant and unknown. The objectivity of Θ𝛾
ensures a persistence assessment independent of the frame of reference.
In case of zero relative material leakage, we have Θ𝛾 = ∞, as indeed desired for a perfectly
material elliptic OECSs. In this rare case, 𝐹𝑡𝑡𝜖 (𝛾(𝑡)) = 𝛾(𝑡𝜖 ) and hence the green and the red curves
in Fig. 3.2c coincide. In the case of irrotational flows, the relative material leakage of elliptic OECSs
is the only necessary quantity to address eddy persistence over time. For these flows, the persistence
metric should simply be the inverse of the relative material leakage.
In Appendix 3.C, we summarize the numerical algorithms for the identification of likely long-lived
Lagrangian vortices from their objective Eulerian features. Specifically, Algorithm 3.1 summarizes
the computation of elliptic OECSs and Algorithm 3.2 describes the computation of the corresponding
persistence metric Θ𝛾 .

3.6

Example: Forecasting persistent Lagrangian vortices

We apply our OECS-based vortex-coherence forecasting scheme to a two-dimensional unsteady ocean
dataset obtained from AVISO satellite altimetry measurements (http://www.aviso.oceanobs.
com). The domain of interest is the Agulhas leakage in the Southern Atlantic Ocean bounded by
longitudes [17∘ 𝑊, 7∘ 𝐸] and latitudes [38∘ 𝑆, 22∘ 𝑆]. The Agulhas Current is a narrow western boundary current of the southwest Indian Ocean, whose interaction with the strong Antarctic Circumpolar
Current gives rise to Agulhas rings, the largest mesoscale eddies in the ocean.
Agulhas rings are considered important in the global circulation due to the large amount of water
they carry over considerable distances [74]. For comparison with earlier Lagrangian analysis [15],
we consider the same initial time 𝑡 = 24 𝑁 𝑜𝑣𝑒𝑚𝑏𝑒𝑟 2006 and a similar but slightly larger spatial
domain. For more detail on the dataset and the numerical method, see Appendices (3.C-3.D).
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As mentioned earlier, the 𝑂𝑊 parameter
𝑂𝑊 (𝑥, 𝑡) = 𝑠22 (𝑥, 𝑡) − 𝜔 2 (𝑥, 𝑡),
is a frequently used indicator of instantaneous ellipticity in unsteady fluid flows [69, 70]. Spatial
domains with 𝑂𝑊 (𝑥, 𝑡) < 0 (rotation prevailing over strain) are generally considered vortical. The
𝑂𝑊 parameter is not objective (the vorticity term will change under rotations), and hence no
objective threshold level can be defined for this scalar field to identify vortices unambiguously. This
ambiguity significantly impacts the overall number and geometry of the vortical structures inferred
from the 𝑂𝑊 parameter (Appendix 3.E). Among other applications, 𝑂𝑊 has been used to study
eddies in the Gulf of Alaska [80], in the Mediterranean Sea [81–83], in the Tasman Sea [84], and in
the global ocean [85].

Figure 3.3: Elliptic OECSs with the highest persistence metric Θ𝛾 on a surface representing the negative 𝑂𝑊 [𝑑𝑎𝑦 −1 ] parameter (horizontal colorbar or z-axis). The color of Elliptic OECSs represents
the corresponding stretching-rate value 𝜇 [𝑑𝑎𝑦 −1 ] (right colorbar). Black numbers identify different
vortical regions detected by elliptic OECSs. In magenta, the classification of the most persistent
vortical regions in decreasing order of Θ𝛾 .

In Fig. 3.3, we show elliptic OECSs with the highest persistence metric Θ𝛾 for each vortical
region, on a surface representing the negative 𝑂𝑊 parameter. The plane of the figure also shows
the level curves of the 𝑂𝑊 parameter. The black numbers in Fig. 3.3 label the different vortical
structures, while the magenta numbers classify them in decreasing order of Θ𝛾 . We find elliptic
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OECSs in locations of the flow where the 𝑂𝑊 parameter is close to zero and hence signals no
vortices (see, e.g., 𝐸#7, 𝐸#8, 𝐸#18). In contrast, close to the tip of Africa, 𝑂𝑊 signals several
strong vortical regions, even though we only detect two belts of elliptic OECSs (𝐸#6, 𝐸#16).
To assess these discrepancies between the 𝑂𝑊 parameter and our persistence metric Θ𝛾 , we
compare the coherence strength suggested by Θ𝛾 to the actual lifetime of Lagrangian vortices computed over a time window of four months with initial time 𝑡 = 24 𝑁 𝑜𝑣𝑒𝑚𝑏𝑒𝑟 2006. We compute the Lagrangian lifetime of elliptic OECS’s as the maximum integration time for which nonfilamenting Lagrangian vortices (cf. [15]) exist nearby. Specifically, using the automated detection
scheme of [64], we compute coherent Lagrangian eddies for the discrete set of integration times:
𝑇 = [7, 15, 30, 60, 90, 120] days. For each such integration time, there are several vortex boundaries
with lifetime 𝑇 . The Lagrangian lifetime of an elliptic OECSs is then the largest 𝑇 from this sequence for which there exists a nearby Lagrangian eddy. We consider a Lagrangian eddy to be near
to an elliptic OECS if it is contained within a circle of radius 3∘ (∼1.5 times the radius of a mesoscale
eddy) centered at the elliptic OECS. We do not consider larger 𝑇 due to the sensitivity of numerical
errors with respect to increasing integration times.

(a)

(b)

Figure 3.4: (a) Values of the persistence metric Θ𝛾 (blue) for the different vortical regions identified by elliptic OECSs compared with their Lagrangian lifetime (red). (b-d) Spatial average of
−𝑂𝑊 [𝑑𝑎𝑦 −1 ], |∇𝑃 𝑉 | [(𝑑𝑒𝑔 · 𝑑𝑎𝑦)−1 ] and |𝑃 𝑉 | [𝑑𝑎𝑦 −1 ] within elliptic OECSs compared with their
Lagrangian lifetime (red). The parameter 𝜌 indicates the correlation coefficient between the instantaneous prediction given by each metric and the actual Lagrangian lifetime of the underlying vortical
region.
Figure 3.4a shows the Θ𝛾 values (blue) associated with each vortical region (𝐸#𝑖) in descending
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order of Θ𝛾 . Figures 3.4b-d, in contrast, show alternative instantaneous metrics, such as the average
of −𝑂𝑊 , |∇𝑃 𝑉 | and |𝑃 𝑉 |, respectively, within the elliptic OECSs shown in Fig. 3.3. For this
dataset, we compute 𝑃 𝑉 as in [86] (cf. Appendix 3.F). The actual Lagrangian lifetime of the
underlying vortical regions is shown in red in all the plots, along with its correlations with the
different instantaneous metrics.
The instantaneous persistence metric Θ𝛾 shows a distinct correlation (𝜌 ≈ 0.7) with the lifetime of
long-lived Lagrangian eddies in our study domain. This includes eddies #6, #11, #13, #15, #18, #8, #23
and #3, previously identified as exceptionally coherent Lagrangian eddy regions in [15] and [64]. Figure 3.4a shows that out of the ten elliptic OECSs with the highest Θ𝛾 values, eight are long-lived
Lagrangian vortices.
Instantaneous forecasting tools, however, cannot predict unforeseeable future interactions with
other vortices, or a priori unknown external forcing on the flow. This explains the weaker forecast
for some eddies compared to the others e.g., eddies #16 and #8 in Fig. 4a. Updating Θ𝛾 in time,
however, we obtain more robust predictive information. As an example, in Fig. 3.5 we show the
persistence metric of eddies #16 and #8 at four consecutive times one week apart from each other,
with 𝑡 = 1 referring to the current time 24 𝑁 𝑜𝑣𝑒𝑚𝑏𝑒𝑟 2006. While Θ𝛾 of 𝐸#16 decreases in time,
Θ𝛾 of 𝐸#8 slightly increase in time, in agreement with their actual lifetimes. We also note that
Θ𝛾 of eddy #6 (cf. Fig. 4a) is high compared with the other eddies. Indeed, the elliptic LCSs
corresponding to eddy 6, constructed from four months of data, shows no sign of disintegration up
to one year and a half, consistent with the findings in [68].

Θγ (t)

3

E#16

2.5

E#8

2

1.5
1

2

3
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t
Figure 3.5: Persistence metric of eddies 𝐸#16 and 𝐸#8 recomputed at four consecutive times one
week apart from each other. The initial time 𝑡 = 1 refers the current time 24 𝑁 𝑜𝑣𝑒𝑚𝑏𝑒𝑟 2006.

At the same time, Figs. 3.4b-d, reveal a global weak predictive power for other instantaneous
Eulerian diagnostics, each of which has significantly lower correlation with the Lagrangian lifetime
of eddies. Figures 3.4b-c show that long-lived mesoscale eddies, such as 𝐸#2 and 𝐸#18, have
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surprisingly weak signatures in the 𝑂𝑊 and |∇𝑃 𝑉 | fields, while the vortex #16, which has a
relatively low Lagrangian lifetime, has the strongest signature in these two fields. The correlation
coefficients of these diagnostics is even lower if the candidate vortical regions are identified from the
usual ad hoc threshold values for these methods, instead of elliptic OECSs.
As an example, Fig. 3.7 (cf. Appendix 3.E) shows a total of sixty-one vortex boundaries identified
by the 𝑂𝑊 parameter with a threshold value equal to its spatial standard deviation, as in [87].
Quantifying the vortex persistence with the averaged −𝑂𝑊 in its interior, we obtain markedly low
correlation (𝜌 ≈ 0.01) with the actual lifetime of the underlying vortex. Indeed, within the vortical
regions strongly signaled by 𝑂𝑊 in the southeast of the domain, only one (𝐸#43 in Fig. 3.7)
predicts correctly a long-lived mesoscale eddy. The significant overestimation of coherent vorties
signaled by the 𝑂𝑊 parameter is consistent with the findings in [81], [88], [68] and [75], to name a
few.
Regions of high 𝑃 𝑉 gradient are also frequently used as indicators of instantaneous ellipticity in
unsteady fluid flows. Accordingly, in Appendix 3.E, we plot the Elliptic OECSs of Fig. 3.3 again
over the |∇𝑃 𝑉 | scalar field. Similarly to the the 𝑂𝑊 -criterion, the |∇𝑃 𝑉 | diagnostic highlights
regions where no long-lived Lagrangian eddies are present, while it misses regions where such eddies
are known to be present.
One may alternatively compute the Lagrangian lifetime of eddies from other objective elliptic
LCS detection methods, such as the Polar Rotation Angle (PRA) [22] or the Lagrangian-averaged
vorticity deviation (LAVD) [23]. The results (not shown here) obtained in this fashion are close to
those in Fig. 3.4.

3.7

Conclusions

We have introduced a frame-invariant, non-dimensional metric to assess the ability of elliptic objective Eulerian coherent structures (OECS) to identify vortical regions with sustained material
coherence. Our metric Θ𝛾 is the ratio between a rotational coherence measure of the vortex and the
material leakage out of the vortex.
We have tested the Θ𝛾 metric on satellite-derived ocean velocity data, where we found that
Elliptic OECSs with high Θ𝛾 values tend to forecast the exceptionally coherent Lagrangian vortices
found in [15] with high probability. To our knowledge, this is the first Eulerian eddy census method
that is shown to display a clear correlation with the actual lifetime of nearby Lagrangian vortices.
In contrast, we have found other available Eulerian vortex diagnostics to show a distinct lack of
correlation with long-term Lagrangian coherence. This is perhaps unsurprising because none of
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them is non-dimensional or objective, and none of them is inferred from the infinitesimally shorttime limit of a mathematically exact Lagrangian coherence criterion. The lack of correlation of
classic Eulerian vortex diagnostics with Lagrangian eddy lifetimes is consistent with the findings
in [68] and [75], who show that these diagnostics overestimate the number of materially coherent
vortices significantly.
Our proposed vortex persistence metric is purely kinematic, and hence offers a model-independent
instantaneous forecasting tool. This tool is free from kinetic assumptions, such as conservation or
near-conservation of vorticity or potential vorticity.
Based on the results presented here, we expect our approach to be useful in real-time transport
predictions, environmental decision making and hazard assessment. The purpose of this study has
been to demonstrate the predictive power of the proposed persistence metric. A more detailed
statistical analysis is planned for future work.
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Material flux through elliptic OECSs

Here we derive a formula for the instantaneous material flux through an elliptic OECS 𝛾(𝑡), whose
arclength parametrization is denoted by 𝑥 : 𝑠 ↦→ 𝑥(𝑠), with 𝑠 ∈ [0, 𝜎] ⊂ R. The closed curve 𝛾(𝑡)
is a limit cycle of (3.4), parametrized by 𝑠, that depends smoothly on the time 𝑡. We first observe
that 𝛾(𝑡 + 𝜖∆𝑡) persists for small 𝜖∆𝑡. This is guaranteed by the structural stability of limit cycles
of (3.4) together with the smoothness of the underlying flow map. For small enough 𝜖∆𝑡, therefore
there exists a nearby elliptic OECS, 𝛾(𝑡 + 𝜖∆𝑡), that is a smooth deformation of 𝛾(𝑡).
Specifically, we can locally represent the perturbed limit cycle as
𝑥(𝑠, 𝑡 + 𝜖∆𝑡) =𝑥(𝑠, 𝑡) + 𝑔(𝑠, 𝑡; 𝜖∆𝑡)𝜒⊥ (𝑥(𝑠, 𝑡), 𝑡)
(3.13)
=𝑥(𝑠, 𝑡) + 𝜖∆𝑡𝑔1 (𝑠, 𝑡)𝜒⊥ (𝑠, 𝑡) + 𝒪((𝜖∆𝑡)2 ),
where, 𝑔 and 𝑔1 are two smooth scalar functions, and 𝜒⊥ (𝑥(𝑠, 𝑡), 𝑡) is the local normal to the limit
cycle at the point 𝑥(𝑠, 𝑡) ∈ 𝛾(𝑡). (For notational simplicity we have used 𝜒 instead of 𝜒±
𝜇 ). The
period of the perturbed limit cycle is of the form 𝜎𝜖 = 𝜎 + 𝜖𝜎1 + 𝒪(𝜖2 ), leading to the periodicity
condition
𝑥(0, 𝑡 + 𝜖∆𝑡) = 𝑥(𝜎𝜖 , 𝑡 + 𝜖∆𝑡).
Taylor expanding this expression with respect to 𝜖 and comparing the 𝒪(𝜖) terms gives
𝑥(𝜎,
˙
𝑡) = 𝑥(0,
˙ 𝑡) − 𝜒(𝑥(𝜎, 𝑡), 𝑡)

𝜎1
,
∆𝑡

(3.14)

where the dot denotes the derivative with respect to 𝑡. This relation shows that the difference
between the perturbation to 𝛾(𝑡) at 𝑠 = 0 and at 𝑠 = 𝜎, should be in the direction tangential to the
limit cycle 𝛾(𝑡) in order to ensure its persistence as a 𝒞 1 closed curve.
In order to compute the term 𝑥(𝑠,
˙ 𝑡) (in equation (3.5)), as well as the unknown quantities in
(3.14), we write the equation of variations for the ODE (3.4) with respect to changes in the parameter
𝑡, leading to
(𝑥(𝑠,
˙ 𝑡))′ = ∇𝜒(𝑥(𝑠, 𝑡), 𝑡)𝑥(𝑠,
˙ 𝑡) + 𝜕𝑡 𝜒(𝑥(𝑠, 𝑡), 𝑡),

(3.15)

where the prime denotes the derivative with respect to the parameter 𝑠. Equation (3.15) is a nonautonomous linear ODE for 𝑥(𝑠,
˙ 𝑡). In the classic theory of dependence of solutions on parameters,
𝑥(0,
˙ 𝑡) is generally zero since initial conditions do not depend on the parameters. In the present case,
however, the initial condition, 𝑥(0, 𝑡) does depend on 𝑡. This dependence determines where the limit
cycle is and how it deforms as 𝑡 varies. We rewrite the ODE (3.15) using the following shorthand
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notation:
𝑦 ′ (𝑠) = 𝐴(𝑠)𝑦(𝑠) + 𝑐(𝑠),

(3.16)

where
𝑦(𝑠) =𝑥(𝑠,
˙ 𝑡),

𝐴(𝑠) = ∇𝜒(𝑥(𝑠, 𝑡), 𝑡),

𝑐(𝑠) = 𝜕𝑡 𝜒(𝑥(𝑠, 𝑡), 𝑡),

(3.17)

with the time argument 𝑡 suppressed in 𝑦, 𝐴 and 𝑐 for brevity.

Note that 𝑦(𝑠) = 𝜒(𝑥(𝑠, 𝑡), 𝑡) is a solution to the homogeneous part of (3.16). As in [89], we solve
(3.16) explicitly in the basis [𝜒(𝑥(𝑠, 𝑡), 𝑡), 𝜒⊥ (𝑥(𝑠, 𝑡), 𝑡)]. With the change of coordinates
𝑦(𝑠) = 𝑇 (𝑠)𝑧(𝑠), 𝑇 (𝑠) = [𝜒(𝑥(𝑠, 𝑡), 𝑡), 𝜒⊥ (𝑥(𝑠, 𝑡), 𝑡)],

(3.18)

(3.16) can be written as
˜
𝑧 ′ (𝑠) = 𝐴(𝑠)𝑧(𝑠)
+ 𝑐˜(𝑠).

(3.19)

Substituting the change of coordinates (3.18) into (3.16) gives
𝑇 ′ (𝑠)𝑧(𝑠) + 𝑇 (𝑠)𝑧 ′ (𝑠) = 𝐴(𝑠)𝑇 (𝑠)𝑧(𝑠) + 𝑐(𝑠).

(3.20)

Since 𝑇 (𝑠) ∈ 𝑆𝑂(2), equation (3.20) can be written as
𝑧 ′ (𝑠) = [𝑇 ⊤ (𝑠)𝐴(𝑠)𝑇 (𝑠) − 𝑇 ⊤ (𝑠)𝑇 ′ (𝑠)]𝑧(𝑠) + 𝑇 ⊤ (𝑠)𝑐(𝑠).

(3.21)

Using equations (3.17-3.18), we can write 𝑇 ⊤ (𝑠)𝐴(𝑠)𝑇 (𝑠) and 𝑇 ⊤ (𝑠)𝑇 ′ (𝑠) as

⎡

⟨𝜒, ∇𝜒𝜒⟩

𝑇 ⊤ (𝑠)𝐴(𝑠)𝑇 (𝑠) = ⎣
⟨𝜒⊥ , ∇𝜒𝜒⟩

⎡

⟨𝜒, ∇𝜒𝜒⟩

𝑇 ⊤ (𝑠)𝑇 ′ (𝑠) = ⎣
⟨𝜒⊥ , ∇𝜒𝜒⟩

⟨𝜒, ∇𝜒𝜒⊥ ⟩
⟨𝜒⊥ , ∇𝜒𝜒⊥ ⟩

⟨𝜒, 𝑅∇𝜒𝜒⟩

⎤
⎦,

(3.22)

⎤

⎦.
⟨𝜒⊥ , 𝑅∇𝜒𝜒⟩

(3.23)
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Differentiating the identity ⟨𝜒, 𝜒⟩ = 1 with respect to 𝑥, we obtain the following relations
(∇𝜒)⊤ 𝜒 = 0,

⟨𝜒, (∇𝜒)⊤ 𝜒⟩ = 0,

⟨𝜒, ∇𝜒𝜒⟩ = 0,

(3.24)

∇𝜒𝜒 ⊥ 𝜒,

⟨𝜒⊥ , ∇𝜒𝜒⟩ = 𝜅,

𝑅∇𝜒𝜒 = −𝜅𝜒,

where 𝜅 denotes the pointwise scalar curvature along the elliptic OECS with respect to the normal
vector defined as 𝜒⊥ = 𝑅𝜒. Substituting (3.22-3.24) into (3.21) leads to
⎡
0
˜
𝐴(𝑠)
= [𝑇 ⊤ (𝑠)𝐴(𝑠)𝑇 (𝑠) − 𝑇 ⊤ (𝑠)𝑇 ′ (𝑠)] = ⎣
0

𝜅(𝑠)

⎤

⎦.
⟨𝜒⊥ , ∇𝜒𝜒⊥ ⟩

The invariance property of the trace of a matrix under orthonormal transformations implies that
𝑇 𝑟(∇𝜒) = 𝑇 𝑟(𝑇 ⊤ ∇𝜒𝑇 ). Recalling that 𝐴 = ∇𝜒, and using equation (3.22) and equation (3.24), we
obtain
∇ · 𝜒 =𝑇 𝑟(∇𝜒)
=𝑇 𝑟(𝑇 ⊤ ∇𝜒𝑇 )
=⟨𝜒, ∇𝜒𝜒⟩ + ⟨𝜒⊥ , ∇𝜒𝜒⊥ ⟩
=⟨𝜒⊥ , ∇𝜒𝜒⊥ ⟩,
˜
leading to the final form of 𝐴(𝑠):
⎡
0
˜
𝐴(𝑠)
=⎣
0

𝜅(𝑥(𝑠, 𝑡), 𝑡)
∇ · 𝜒(𝑥(𝑠, 𝑡), 𝑡)

⎤
⎦.

(3.25)

Now we derive a simplified expression for the forcing term of the ODE (3.19), i.e., for
⎡

⟨𝜒, 𝜕𝑡 𝜒⟩

⎤

⎦.
𝑐˜(𝑠) = 𝑇 ⊤ (𝑠)𝑐(𝑠) = ⎣
⟨𝜒⊥ , 𝜕𝑡 𝜒⟩

(3.26)

To compute 𝜕𝑡 𝜒, we take the partial derivative of the implicit ODE defining elliptic OECSs with
respect to 𝑡 to obtain
𝜕𝑡 ⟨𝜒(𝑥(𝑠, 𝑡), 𝑡), [𝑆(𝑟, 𝑡) − 𝜇𝐼]𝜒(𝑥(𝑠, 𝑡), 𝑡)⟩ = 0.

(3.27)

Dropping the arguments, we find equation (3.27) equivalent to
⟨𝜒, 𝑆𝜕𝑡 𝜒⟩ = −

⟨𝜒, 𝜕𝑡 𝑆𝜒⟩
.
2

(3.28)
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Since the direction field 𝜒 is normalized, we have 𝜕𝑡 𝜒(𝑥, 𝑡) ⊥ 𝜒(𝑥, 𝑡), and hence we can write
𝜕𝑡 𝜒(𝑥, 𝑡) = 𝜓(𝑥, 𝑡)𝜒⊥ (𝑥, 𝑡), 𝜓(𝑥, 𝑡) ∈ R.

(3.29)

Substituting (3.29) into (3.28) leads to
𝜓(𝑥(𝑠, 𝑡), 𝑡) = −

⟨𝜒, 𝜕𝑡 𝑆𝜒⟩
,
2⟨𝜒, 𝑆𝜒⊥ ⟩

(3.30)

which is always defined in the domain 𝑈𝜇 , unless 𝜒 ≡ 𝑒𝑖 , 𝑖 = 1, 2, in which case ⟨𝑒𝑖 , 𝑆𝑒⊥
𝑖 ⟩=0 .
We are interested in evaluating the instantaneous material flux through elliptic OECSs. Along
these curves, the constant instantaneous stretching rate 𝜇 is approximately zero, and hence the 𝜒±
𝜇
directions are far from the 𝑒𝑖 directions. Specifically, for incompressible flows, the directions 𝜒±
0
exactly bisect the 𝑒𝑖 directions. Therefore, equation (3.30) is always well-defined on elliptic OECSs.
Substituting (3.29) and (3.30) into (3.26) leads to
⎡

⎤

0

⎦,
𝑐˜(𝑠) = ⎣
𝜓(𝑥(𝑠, 𝑡), 𝑡)

(3.31)

as in (3.8).
Using the variation of constants formula (see e.g., [90]), we can write the solution of (3.19) as
𝑧(𝑠)

=Φ𝑠0 𝑧(0)

+

Φ𝑠0

∫︁

𝑠

(Φ𝜗0 )−1 𝑐˜(𝜗)𝑑𝜗

0

=Φ𝑠0 𝑧(0) + Π(𝑠),
with Φ𝑠0 being the normalized fundamental matrix solution to the homogeneous problem
˜
𝑧 ′ (𝑠) = 𝐴(𝑠)𝑧(𝑠).

(3.32)

By direct integration of (3.32) we obtain
⎡
1
Φ𝑠0 = ⎣
0

∫︀ 𝑠
0

𝑒

∫︀ 𝜗
0

∇·𝜒±
𝜇 (𝑥(𝜗,𝑡),𝑡)𝑑𝜗

𝑒

∫︀ 𝑠
0

⎤
𝜅(𝑥(𝜗, 𝑡))𝑑𝜗
⎦,

∇·𝜒±
𝜇 (𝑥(𝜗,𝑡),𝑡)𝑑𝜗

as in (3.7).
Once this fundamental matrix solution is computed, the only missing quantity in (3.6) is the
initial condition 𝑧(0). To obtain that, we rewrite (3.14) in the 𝑧 coordinates. This, together with
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(3.6), leads to the system
⎧
⎪
⎨𝑧(𝜎) = 𝑧(0) − 𝑑 𝜎1 , 𝑑 := [0, 1]⊤
∆𝑡
⎪
⎩𝑧(𝜎) = Φ𝜎 𝑧(0) + Π(𝜎).

(3.33)

0

Although this system of equations is undetermined (𝑧(𝜎), 𝑧(0) and 𝜎1 are unknown), it is sufficient
to determine the component of 𝑧(0) along the 𝜒⊥ direction, 𝑧 ⊥ (0). Substituting (3.6) and (3.7) into
(3.33), we obtain
⎡
0
⎣
0
where, 𝑒

∫︀ 𝜎
0

∫︀ 𝜎
0

𝑒

∫︀ 𝑦
0

𝑒

∇·𝜒±
𝜇 (𝑥(𝜗,𝑡),𝑡)𝑑𝜗
∫︀ 𝜎
0

∇·𝜒±
𝜇 (𝑥(𝜗,𝑡),𝑡)𝑑𝜗

𝜅(𝑥(𝑦, 𝑡))𝑑𝑦

∇·𝜒±
𝜇 (𝑥(𝜗,𝑡),𝑡)𝑑𝜗

−1

⎤⎡

⎡ ⎤
1
⎦⎣
⎦ = −⎣
⎦ − ⎣ ⎦ 𝜎1 ,
𝑧 ⊥ (0)
Π⊥ (𝜎)
0 ∆𝑡
𝑧 ‖ (0)

⎤

⎡

Π‖ (𝜎)

⎤

= 𝜌1 𝜌2 = 𝜌2 , with 𝜌1 and 𝜌2 denoting the Floquet multipliers [8] of the

𝜎−periodic limit cycle 𝛾 of the ODE (3.4). Solving this system, we obtain
⎧
Π⊥ (𝜎)
⎪
⎨𝑧 ⊥ (0) =
1 − 𝜌2
(︁
)︁
∫︀
⎪
⎩𝜎 = ∆𝑡 Π‖ (𝜎) + 𝑧 ⊥ (0) ∫︀ 𝜎 𝑒 0𝑦 ∇·𝜒±
𝜇 (𝑥(𝜗,𝑡),𝑡)𝑑𝜗 𝜅(𝑥(𝑦, 𝑡))𝑑𝑦 ,
1
0

(3.34)

where the first equation is the same as equation (3.9). The equations in (3.34) are independent
of the value of 𝑧 ‖ (0) due to the invariance of material flux under a shift of the parameter 𝑠. The
hyperbolic nature of limit cycles ensures that 𝜌1 𝜌2 = 𝜌2 ̸= 1, and thus, both expressions in (3.34) are
well-defined on elliptic OECSs. Observe that the denominator (1 − 𝜌2 ) is equal to the slope of the
Poincaré return map along 𝛾, as shown in [91]. The first equation of (3.34) is the only component
of 𝑧(0) needed for the computation of the instantaneous material flux 𝜙𝛾(𝑡) .
Although 𝜎1 is not strictly necessary for computing 𝜙𝛾(𝑡) , it gives the 𝒪(𝜖) variation of the period
𝜎𝜖 of to the deformed elliptic OECSs, as the parameter 𝑡 is perturbed to 𝑡𝜖 = 𝑡 + 𝜖∆𝑡.

Appendix 3.B

Objectivity of the persistence metric

Here we show that the non-dimensional metric Θ𝛾 (𝑡) is objective i.e., invariant under all coordinate
changes of the form
𝑥 = 𝑄(𝑡)˜
𝑥 + 𝑏(𝑡),

(3.35)

where 𝑄(𝑡) ∈ 𝑆𝑂(2) and 𝑏(𝑡) ∈ R2 are smooth functions of time. Since the Θ𝛾 (𝑡) is a scalar quantity,
in order for it to be objective [42], at every point it must have the same value independent of the
actual coordinates chosen, 𝑥 or 𝑥
˜, as long as they are linked by equation (3.35). To see this, we
check objectivity separately for the numerator and denominator of (3.12).
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The spin tensor 𝑊 introduced in (3.1) is well known to be non-objective [42], as it transforms as
˜ = 𝑄⊤ 𝑊 𝑄 − 𝑄⊤ 𝑄.
˙
𝑊
Correspondingly, the plane-normal component 𝜔 of the vorticity transforms under (3.35) as
𝜔
˜ = 𝜔 − 𝜔𝑄 ,
where, 𝜔𝑄 is such that 𝑄⊤ 𝑄˙ = 𝜔𝑄 𝑅. The deviation of the vorticity from its spatial mean transforms
as

∫︁
1
˜ =𝜔 − 𝜔𝑄 −
(𝜔 − 𝜔𝑄 )𝑑𝐴
𝜔
˜ −𝜔
𝐴𝜕𝑈 𝐴𝜕𝑈
∫︁
1
=𝜔 −
𝜔𝑑𝐴 = 𝜔 − 𝜔,
𝐴𝜕𝑈 𝐴𝜕𝑈

(3.36)

where, in the second line we used the fact that the domain 𝑈 is time independent and 𝜔𝑄 is space
independent. Formula (3.36) proves the objectivity of 𝜔𝛾(𝑡) defined in (3.10).
To show the objectivity of the relative material leakage defined in (3.11), we rewrite the pointwise
material flux density (3.5) in the simplified form:
𝜙 = ⟨𝑥˙ 𝑎1 − 𝑥˙ 𝑎2 , ∆𝑥⟩,

(3.37)

where, 𝑥˙ 𝑎1 and 𝑥˙ 𝑎2 represent two general velocity vectors which have the same base point 𝑥𝑎 , and
∆𝑥 = 𝑥𝑎 − 𝑥𝑏 is a simple distance vector between two points. Representing these quantities in the
𝑥
˜ frame, we obtain
˙ 𝑖 = 1, 2,
˙ 𝑥𝑎𝑖 − 𝑄⊤ 𝑏,
˜˙𝑎𝑖 =𝑄⊤ 𝑥˙ 𝑎𝑖 − 𝑄⊤ 𝑄˜
𝑥
̃︁ =𝑄⊤ ∆𝑥,
∆𝑥
that, together with (3.37) leads to
˙ 𝑥𝑎1 − 𝑥
𝜙˜ =⟨−𝑄⊤ 𝑄(˜
˜𝑎2 ) + 𝑄⊤ (𝑥˙ 𝑎1 − 𝑥˙ 𝑎2 ), 𝑄⊤ ∆𝑥⟩,
=⟨𝑄⊤ (𝑥˙ 𝑎1 − 𝑥˙ 𝑎2 ), 𝑄⊤ ∆𝑥⟩,
=𝜙,
where, we used the properties of 𝑄 and that 𝑥
˜𝑎1 = 𝑥
˜𝑎2 = 𝑥
˜𝑎 in any coordinate frame since they
represent the same base point for the two velocity vectors involved in the material flux computation.
We have therefore shown that 𝜔𝛾 and Γ𝛾 are both objective quantities, and hence so is the vortex
persistence metric, Θ𝛾 , introduced in Definition 3.3.

3.C. NUMERICAL STEPS FOR THE COMPUTATION OF ELLIPTIC OECSS AND Θ𝛾

Appendix 3.C

63

Numerical steps for the computation of elliptic
OECSs and Θ𝛾

Algorithm 3.1 Compute elliptic OECSs [43]
Input: A 2-dimensional velocity field.
1. Compute the rate-of-strain tensor 𝑆(𝑥, 𝑡) =

1
2

(︁

𝑇

∇𝑣(𝑥, 𝑡) + [∇𝑣(𝑥, 𝑡)]

)︁

at the current time 𝑡

on a rectangular grid over the (𝑥1 , 𝑥2 ) coordinates.
2. Detect the singularities of 𝑆 as common, transverse zeros of 𝑆11 ( · , 𝑡) − 𝑆22 ( · , 𝑡) and 𝑆12 ( · , 𝑡),
with 𝑆𝑖𝑗 denoting the entry of 𝑆 at row 𝑖 and column 𝑗.
3. Determine the type of the singularity (trisector or wedge) as described in [18].
4. Locate isolated wedge-type pairs of singularities and place the Poincaré sections at their midpoint.
5. Compute the eigenvalue fields 𝑠1 (𝑥, 𝑡) < 𝑠2 (𝑥, 𝑡) and the associated unit eigenvector fields
𝑒𝑖 (𝑥, 𝑡) of 𝑆(𝑥, 𝑡) for 𝑖 = 1, 2.
√︂
√︂
𝑠2 − 𝜇
𝜇 − 𝑠1
±
6. Compute the vector field 𝜒𝜇 (𝑟(𝑠)) =
𝑒1 ±
𝑒2 for different values of stretch𝑠2 − 𝑠1
𝑠2 − 𝑠1
ing rate 𝜇, remaining in the range 𝜇 ≈ 0.
7. Use the Poincaré sections as sets of initial conditions in the computation of limit cycles of
⟨
⟩
𝑑𝑥(𝑠−Δ)
𝑥′ (𝑠) = sign 𝜒±
(𝑥(𝑠)),
𝜒±
𝜇
𝜇 (𝑥(𝑠)),
𝑑𝑠
where the factor multiplying 𝜒±
𝜇 (𝑥(𝑠), 𝑡) removes potential orientation discontinuities in the
(𝑥(𝑠),
𝑡)
away
from singularities, and ∆ denotes the integration step in the
direction field 𝜒±
𝜇
independent variable 𝑠.
Output: Elliptic OECSs, related 𝜒±
𝜇 tangent field and rate of strain tensor field (𝑆(𝑥, 𝑡)).
Here we propose a systematic way to monitor the accuracy of numerical differentiation involved
in equations (3.7-3.8). Specifically, equation (3.7) requires spatial differentiation for the computation
of ∇ · 𝜒 (step (ii)a), while equation (3.8) requires differentiation in time to compute 𝜕𝑡 𝑆 (step (ii)b).
For the computation of 𝜕𝑡 𝑆, we employ a backward finite-difference scheme.
To select the appropriate stepsize for the spatial differentiation of the 𝜒 field, we turn the relation
(∇𝜒)⊤ 𝜒 = 0, shown in Appendix 3.A, into the scalar equation ⟨𝜒, ∇𝜒(∇𝜒)⊤ 𝜒⟩ = 0. The deviation
of ⟨𝜒, ∇𝜒(∇𝜒)⊤ 𝜒⟩ from zero allows to quantitatively monitor the entity of the error due to spatial
differentiation in the material flux computation. For instance, a complex geometry of the elliptic
OECS would require a finer grid for the accurate computation of ∇𝜒. This refinement, however,
is needed only to handle sharp changes in the elliptic OECSs, which are signaled by high values of
the curvature scalar 𝜅. Therefore, it is possible to fix a desired maximum allowable deviation of
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Algorithm 3.2 Compute the persistence metric for each elliptic OECS
Input: A 2-dimensional velocity field, elliptic OECSs, related 𝜒±
𝜇 tangent fields and 𝑆(𝑥, 𝑡).
1. For each elliptic OECS 𝛾, compute the rotational coherence 𝜔𝛾 (𝑡).
a) Compute vorticity scalar field 𝜔(𝑥, 𝑡).
b) Compute 𝜔𝛾 (𝑡) as:
|
𝜔𝛾 (𝑡) =

∫︀
𝐴𝛾(𝑡)

[𝜔(𝑥, 𝑡) − 𝜔(𝑡)]𝑑𝐴|
,

𝐴𝛾(𝑡)
∫︀

where 𝐴𝛾(𝑡) is the area enclosed by 𝛾(𝑡) and 𝜔(𝑡) =

𝐴𝜕𝑈

𝜔(𝑥,𝑡)𝑑𝐴
𝐴𝜕𝑈

.

2. For each elliptic OECS, 𝛾, compute the relative material leakage , Γ𝛾 (𝑡):
a) Compute the curvature scalar 𝜅 and the divergence ∇ · 𝜒 of the 𝜒±
𝜇 tangent field along
elliptic OECSs.
b) Compute 𝜕𝑡 𝑆 along elliptic OECSs using a backward finite differencing scheme.
c) Using equations (3.5-3.9), compute Γ𝛾 (𝑡) as
∮︀
|𝜙(𝑥(𝑠, 𝑡), 𝑡)|𝑑𝑠
𝛾(𝑡)
Γ𝛾 (𝑡) =
.
𝐴𝛾(𝑡)
3. For each elliptic OECS, 𝛾, compute Θ𝛾 (𝑡) =

𝜔𝛾 (𝑡)
Γ𝛾 (𝑡) .

4. Within each elliptic OECSs belt (candidate eddy region), select the one with the maximal
Θ𝛾 (𝑡).
Output: List of coexisting elliptic OECSs with their correspondent metric value Θ𝛾 (𝑡).
⟨𝜒, ∇𝜒(∇𝜒)⊤ 𝜒⟩ from zero and select the spatial resolution accordingly.
In a similar fashion, we monitor also the accuracy of numerical finite differencing in the time
direction used to compute 𝜕𝑡 𝑆 in (3.8). Since the direction field 𝜒 is normalized, differentiating
the identity ⟨𝜒𝜇 , 𝜒𝜇 ⟩ = 1 with respect to time leads to 𝜕𝑡 𝜒𝜇 ⊥ 𝜒𝜇 . Monitoring the deviation of
𝜕 𝜒

|⟨ |𝜕𝑡𝑡 𝜒𝜇𝜇 | , 𝜒𝜇 ⟩| from zero allows a systematic assessment of the appropriate time step required to
compute 𝜕𝑡 𝑆.
𝜕 𝜒

The quantities ⟨𝜒, ∇𝜒(∇𝜒)⊤ 𝜒⟩ and |⟨ |𝜕𝑡𝑡 𝜒𝜇𝜇 | , 𝜒𝜇 ⟩| play the role of numerical reliability parameters
and allow us to compute the material flux through any elliptic OECS in an efficient and accurate
fashion.

Appendix 3.D

Ocean surface flow dataset

Under the geostrophic assumption, the ocean surface topology measured by satellites plays the role
of a stream function for the related surface currents. With ℎ denoting the sea surface height, the
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velocity field in longitude-latitude coordinates [𝜑, 𝜃], can be expressed as
𝜑˙ = −

𝑔
𝜕𝜃 ℎ(𝜑, 𝜃, 𝑡),
𝑅2 𝑓 (𝜃) cos 𝜃

and 𝜃˙ =

𝑔
𝜕𝜑 ℎ(𝜑, 𝜃, 𝑡),
𝑅2 𝑓 (𝜃) cos 𝜃

where 𝑓 (𝜃) := 2Ω sin 𝜃 denotes the Coriolis parameter, 𝑔 the constant of gravity, 𝑅 the mean radius
of the earth and Ω its mean angular velocity. The velocity field is available at weekly intervals, with
a spatial longitude-latitude resolution of 0.25∘ . For more detail on the data, see [68].

Appendix 3.E

Thresholding requirement for common Eulerian
diagnostics

Vortex definitions based on scalar fields (e.g., 𝑂𝑊 ) are often ambiguous due to their dependence
on ad hoc of thresholding parameters. For the 𝑂𝑊 -criterion, this threshold value is typically −𝛼𝜎,
with 𝜎 being the spatial standard deviation of the 𝑂𝑊 parameter, and 𝛼 ∈ R selected as a problemdependent constant. Figure 3.6 shows the 𝑂𝑊 level sets for two different values of 𝛼: 0.2 and 1, as
suggested in [80] and [87], respectively. Note how the values of 𝛼 can significantly change the overall
number and geometry of vortices identified.
Figure 3.7 shows a total of sixty-one vortex boundaries (black curves) identified by the 𝑂𝑊 = −𝜎
level set (𝛼 = 1), along with the 𝑂𝑊 contours. Black numbers denote different vortical regions,
while magenta numbers classify their strength in decreasing order of −𝑂𝑊 .
In Fig. 3.8, we show the elliptic OECSs with highest vortex persistence metric Θ𝛾 , shown in
Fig. 3.3, on a scalar field representing the |∇𝑃 𝑉 | where 𝑃 𝑉 is computed with the formula shown
in Appendix 3.F. Regions of high 𝑃 𝑉 gradient are frequently used indicators of instantaneous ellipticity in unsteady fluid flows. In the south-east of the domain ([1∘ 𝐸, 7∘ 𝐸], [31∘ 𝑆, 38∘ 𝑆]), although
there are several regions of high |∇𝑃 𝑉 |, only one long-lived Lagrangian eddy is present. At the
same time, |∇𝑃 𝑉 | fails to signal several other regions captured by elliptic OECSs (see e.g., eddies
#2, #8, and #18), where long-lived Lagrangian eddies are present. Therefore, a prediction based
only on |∇𝑃 𝑉 |, i.e., choosing an ad hoc threshold parameter to locate vortices instead of using
elliptic OECSs, would be even weaker than the one shown in Fig. 3.4c. A similar conclusion holds
for the 𝑂𝑊 -criterion, as discussed in section 3.6.
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Figure 3.6: 𝑂𝑊 [𝑑𝑎𝑦 −1 ] parameter and two specified level sets corresponding to 𝑂𝑊 = −𝜎 (black)
and 𝑂𝑊 = −0.2𝜎 (red) with 𝜎 being the 𝑂𝑊 spatial standard deviation.

Appendix 3.F

Potential Vorticity for quasigeostrophic SSH flows

In the setting of quasigeostrophic theory in a reduced-gravity shallow-water model, we follow [92]
and [86] to compute potential vorticity from the sea surface height (SSH) 𝜂 as
𝑔
𝑔
𝜂
∆𝜂 + 𝛽0 𝑦 −
𝑓0
𝑓0 𝐿2𝐷
(︂
)︂
𝑔
1
1 2
𝑔
2
=
𝜕
+
𝜕
𝜂(𝜑, 𝜃) + 2Ω cos 𝜃0 (𝜃 − 𝜃0 ) −
𝜂(𝜑, 𝜃),
𝑓0 𝑅2 cos 𝜃2 𝜑 𝑅2 𝜃
𝑓0 𝐿2𝐷

𝑃𝑉 =

where 𝜃0 is the reference latitude for the 𝛽− plane; 𝑓0 = 2Ω sin 𝜃0 is the constant Coriolis parameter
at 𝜃0 ; and 𝐿𝐷 is the Rossby deformation radius, which can be inferred from [93], Fig. 6, or from http:
//www-po.coas.oregonstate.edu/research/po/research/rossby_radius. In our analysis, we
used 𝜃0 = −30∘ which is the mean latitude in the domain, and 𝐿𝐷 = 35 km. We have also observed
that the spatial structure of the 𝑃 𝑉 field is insensitive to small changes in 𝐿𝐷 , and small variations
in 𝜃0 .
The computation of 𝑃 𝑉 from SSH observations alone, is a topic of ongoing research in physical
oceanography. Specifically, there is no straightforward way to estimate the stretching component of
the 𝑃 𝑉 (see e.g., [94] for more details).
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Figure 3.7: Black contours represent vortex boundaries identified by the Okubo-Weiss level set
𝑂𝑊 = −𝜎, with 𝜎 being the 𝑂𝑊 spatial standard deviation. Black numbers denote different
vortical regions, while magenta numbers classify their strength in decreasing order of −𝑂𝑊 .
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Figure 3.8: Elliptic OECSs with highest vortex persistence metric Θ𝛾 , plotted over |∇𝑃 𝑉 | [(𝑑𝑒𝑔 ·
𝑑𝑎𝑦)−1 ] (horizontal colorbar). Elliptic OECSs are encoded with a color representing their stretchingrate value 𝜇 [𝑑𝑎𝑦 −1 ] (right colorbar). Black numbers label different vortical regions encircled by
elliptic OECSs.

Chapter 4

Efficient Computation of Null
Geodesics with Applications to
Coherent Vortex Detection
Chapter Summary
Recent results suggest that boundaries of coherent fluid vortices (elliptic coherent structures) can
be identified as closed null-geodesics of appropriate Lorentzian metrics defined on the flow domain.
Here we derive an automated method for computing such null-geodesics based on the geometry of the
underlying geodesic flow. Our approach simplifies and improves existing procedures for computing
variationally defined Eulerian and Lagrangian vortex boundaries. As an illustration, we compute
objective vortex boundaries from satellite-inferred ocean velocity data. A MATLAB implementation
of our method is available as supplementary material.

4.1

Introduction

Typical trajectories of general unsteady flows show complex paths, yet, their phase space often contains regions of organized behavior. In light of this, several methods for the identification of Coherent
Structures (CSs) have been developed (see, e.g., [47, 58, 59, 69, 70, 95]). Only, recent mathematical
results [15, 16, 18, 19, 43, 96], however, offer a rigorous and objective (frame-invariant) definition of
CSs, uncovering the skeletons behind these well-organized regions.
Objective Coherent Structures (OCSs) can be classified as Lagrangian Coherent Structures
(LCSs) and Objective Eulerian Coherent Structures (OECSs), depending on the time interval over
which they organize nearby trajectories. Specifically, LCSs [21] are influential over a finite time
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interval, while OECSs (cf. chapter 2, or [43]) are infinitesimally short-term limits of LCSs. LCSs
are suitable for understanding and quantifying finite-time transport and mixing in fluid flows, intrinsically tied to a preselected time interval.
OECSs, in contrast, can be computed at any time instant, and hence are free from any assumptions on time scales. They are, therefore, promising tools for flow-control and real-time decisionmaking problems [44]. Among the different types of coherent structures, vortex-type (elliptic) structures are perhaps the most relevant for transport prediction and estimation, as they carry the same
fluid mass without filamentation or stretching over extended distances.
Lagrangian coherent vortices, in the sense of [15], are encircled by elliptic LCSs, i.e., exceptional
material barriers that exhibit no appreciable stretching or folding over a finite time interval. In
contrast, Eulerian coherent vortex boundaries (elliptic OECSs), in the sense of [43], are the instantaneous limits of elliptic LCSs. As such, elliptic OECSs are distinguished curves characterized by
a lack of short-term filamentation. We will refer to elliptic LCSs and elliptic OECSs collectively
as elliptic OCSs. An alternative method for the identification of Lagrangian coherent vortices can
be found in [20]. Specifically, the method devised in [20] computes vortex boundaries as stationary
curves of the underlying stretching-based variational problem numerically, as opposed to [15] in
which the variational problem is solved exactly.
Variational arguments show that elliptic OCSs can be located as null-geodesics of suitably defined
Lorentzian metrics [15, 43]. Their computation, however, requires a number of non-standard steps
that complicate its implementation. These steps include (i) an accurate computation of eigenvalues
and eigenvectors of tensor fields [56]; (ii) trajectory integration for direction fields as opposed to
vector fields [97]; (iii) detection of singularities (regions of repeated eigenvalues) of tensor fields and
identification of their topological type [18]; (iv) selection of Poincaré sections for locating closed
direction-field trajectories (cf. [64] or Appendix 4.A).
We develop here a simple and accurate method for the computation of closed null-geodesics in
two dimensions as periodic solutions of the initial value problem
⎡ ⎤
⎧
⎪
⎪
𝑥⎥
⎪
⎪
⎨𝑟′ = ℱ(𝑟, 𝐴(𝑟), ∇𝐴(𝑟)), 𝑟 := ⎢
⎣ ⎦ ∈ 𝑈 × S1 , 𝑈 ⊂ R2 , S1 := [0, 2𝜋),
𝜑
⎪
⎪
⎪
⎪
⎩𝑟(0) ∈ ℛ ,
0

(4.1)

where ℱ(𝑟, 𝐴, ∇𝐴) denotes a three-dimensional vector field, 𝑥 denotes the parametrization of the
null-geodesic, 𝜑 the angle enclosed by its tangent direction and the horizontal axis, and 𝐴 ∈ R2×2 the
metric tensor associated with the particular type of elliptic OCSs. Based on topological properties
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of planar closed curves, we also derive the set of admissible initial conditions ℛ0 for null-geodesics.
Seeking periodic orbits of the initial value problem (4.1) is a significant simplification over previous
approaches that were designed to locate closed null-geodesics as closed orbits of non-orientable
direction fields with a large number of singularities (see e.g, [15, 64] or Appendix 4.A). Specifically,
Karrash et al. [64] devised an automated scheme for the detection of closed null-geodesics that relies
on locating tensor-field singularities [67], and requires user-input parameters (cf. Appendix 4.A).
Furthermore, the detection of such singularities is a sensitive process. This sensitivity increases with
the integration time, leading to artificial clusters of singularities (cf. [64] or Fig. 4.6), which in turns
precludes the detection of the outermost coherent vortex boundaries. Our method overcomes these
limitations and identifies closed null-geodesics of a general Lorentzian metric without restrictions on
their geometry, or on the number and type of singularities present in their interior (cf. Fig. 4.7).
The global orientability of ℱ(𝑟, 𝐴, ∇𝐴) also allows for cubic or spline interpolation schemes. This
leads to more accurate computations compared with the integration of direction fields, for which
the lack of global orientability necessitates the use of linear interpolation. These simplifications
enable a fully automated and accurate detection of variationally defined vortex boundaries in any
two-dimensional unsteady velocity field without reliance on user inputs. The integration of the threedimensional vector field (4.1), as well as the computation of the admissible set of initial conditions
ℛ0 , uses standard built-in MATLAB functions available as supplementary material to this paper.
Finally, the ODE in (4.1) can be used to compute null-geodesics of general Lorentzian metrics, and
hence is also relevant for hyperbolic and parabolic OCSs defined from variational principles in [18]
and [43].

4.2

Formulation of the problem

We consider a variational problem

𝑄[𝛾(𝑠)] =

∫︀
𝛾

𝐿(𝑥(𝑠), 𝑥′ (𝑠)) 𝑑𝑠,

𝛿

∫︀
𝛾

𝐿(𝑥(𝑠), 𝑥′ (𝑠)) 𝑑𝑠 = 0,

(4.2)

with a quadratic Lagrangian
𝐿(𝑥, 𝑥′ ) =

1 ′
⟨𝑥 , 𝐴(𝑥)𝑥′ ⟩ ,
2

(4.3)

where 𝐴(𝑥) is a tensor for all 𝑥 ∈ 𝑈 ⊂ R2 , and ⟨·, ·⟩ denotes the Euclidean inner product. Let
𝑥 : 𝑠 ↦→ 𝑥(𝑠), 𝑠 ∈ [0, 𝜎] ⊂ R, denote the parametrization of a geodesic 𝛾 of the metric
𝑔𝑥 (𝑥′ , 𝑥′ ) =

1 ′
⟨𝑥 , 𝐴(𝑥)𝑥′ ⟩ ,
2

(4.4)
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and 𝑥′ (𝑠) :=

𝑑𝑥
𝑑𝑠

its local tangent vector.

The Euler–Lagrange equations [72] associated with (4.2) are
1
𝑑
∇𝑥 ⟨𝑥′ , 𝐴(𝑥)𝑥′ ⟩ −
[𝐴(𝑥)𝑥′ ] = 0,
2
𝑑𝑠
with the equivalent four-dimensional first-order formulation
𝑥′ =𝑣,
1
𝑣 ′ = 𝐴−1 (𝑥)[∇𝑥 ⟨𝑥′ , 𝐴(𝑥)𝑥′ ⟩] − 𝐴−1 (𝑥)[(∇𝑥 𝐴(𝑥)𝑣)𝑣].
2

(4.5)

Here, in tensor notation and with summation implied over repeated indices,
𝑣𝑖′ =

1 −1
𝐴 (𝑥)𝑣𝑘 𝐴𝑘𝑙,𝑗 (𝑥)𝑣𝑙 − 𝐴−1
𝑖𝑗 𝐴𝑗𝑘,𝑙 (𝑥)𝑣𝑙 𝑣𝑘 , 𝑖, 𝑗, 𝑘, 𝑙 ∈ {1, 2}.
2 𝑖𝑗

The functional 𝐿(𝑥, 𝑥′ ) in (4.3) has no explicit dependence on the parameter 𝑠. By Noether’s
theorem [72], the metric 𝑔𝑥 (𝑣, 𝑣) is a first integral for (4.5), i.e.,
𝑔𝑥(𝑠) (𝑣(𝑠), 𝑣(𝑠)) =

1
⟨𝑣(𝑠), 𝐴(𝑥(𝑠))𝑣(𝑠)⟩ = 𝑔0 = const..
2

(4.6)

Any nondegenerate level surface satisfying 𝑔𝑥 (𝑣, 𝑣) = 𝑔0 defines a three-dimensional invariant manifold for (4.5) in the four-dimensional space coordinatized by (𝑥, 𝑣). Differentiation with respect to
𝑠 along trajectories in this manifold gives
𝑑𝑔𝑥
= ⟨∇(𝑥,𝑣) 𝑔𝑥(𝑠) (𝑣(𝑠), 𝑣(𝑠)), (𝑥′ , 𝑣 ′ )⟩ = 0,
𝑑𝑠
which is equivalent to
2 ⟨𝑣 ′ , 𝐴(𝑥)𝑣⟩ = − ⟨𝑣, (∇𝑥 𝐴(𝑥)𝑣)𝑣⟩ ,

(4.7)

= −𝑣𝑖 𝐴𝑖𝑗,𝑘 (𝑥)𝑣𝑘 𝑣𝑗 , 𝑖, 𝑗, 𝑘 ∈ {1, 2}.
We denote with (·)‖ and (·)⊥ the components of (·) along 𝑣 and 𝑣 ⊥ = 𝑅𝑣 respectively, where 𝑅 is a
′
counterclockwise ninety-degree rotation matrix. Expressing 𝑣 ′ = 𝑣‖′ + 𝑣⊥
, we rewrite equation (4.7)

as:

⟨
⟩
′
2 𝑣‖′ , 𝐴(𝑥)𝑣 + 2 ⟨𝑣⊥
, 𝐴(𝑥)𝑣⟩ = − ⟨𝑣, (∇𝑥 𝐴(𝑥)𝑣)𝑣⟩ .

(4.8)

Of particular interest for us are null-geodesics of 𝑔𝑥 (𝑣, 𝑣). Such curves satisfy 𝑔𝑥 (𝑣, 𝑣) ≡ 0. In this
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case, eq. (4.8) simplifies to
′
2 ⟨𝑣⊥
, 𝐴(𝑥)𝑣⟩ = − ⟨𝑣, (∇𝑥 𝐴(𝑥)𝑣)𝑣⟩ .

(4.9)

Geometrically, this means that that null-geodesics on (𝑈, 𝑔𝑥 ) do not depend on their parametrization,
only on their geometry. Equation (4.9) holds in any dimension (𝑥 ∈ R𝑛 ), but we keep our discussion
two-dimensional to focus on coherent-structure detections in planar flows.

4.3
4.3.1

Reduced three-dimensional null-geodesic flow
Flow reduction

We introduce polar coordinates in the 𝑣 direction by letting
𝑣 = 𝜌𝑒𝜑 ,

⊤

𝜌 ∈ R+ ,

𝑒𝜑 = (cos 𝜑, sin 𝜑) ,

𝜑 ∈ S1 ,

(4.10)

𝑥 ∈ 𝑈, 𝜑 ∈ S1 .

(4.11)

and rewrite eq. (4.6) along null-geodesics as

𝑔𝑥 (𝜌𝑒𝜑 , 𝜌𝑒𝜑 ) = 𝜌2 𝑔𝑥 (𝑒𝜑 , 𝑒𝜑 ) = 𝑔0 ≡ 0 ⇐⇒

1
⟨𝑒𝜑 , 𝐴(𝑥)𝑒𝜑 ⟩ = 0,
2

We also define the zero surface of 𝑔𝑥 as
{︂
ℳ=

}︂
1
(𝑥, 𝜑) ∈ 𝑈 × S : 𝑔𝑥 (𝑒𝜑 , 𝑒𝜑 ) = ⟨𝑒𝜑 , 𝐴(𝑥)𝑒𝜑 ⟩ = 0 .
2
1

(4.12)

In addition, we rewrite eq. (4.9) as
⎛
2𝜑′ ⟨𝑅𝑒𝜑 , 𝐴(𝑥)𝑒𝜑 ⟩ = −𝜌 ⟨𝑒𝜑 , (∇𝑥 𝐴(𝑥)𝑒𝜑 )𝑒𝜑 ⟩ ,

𝑅 := ⎝

0

−1

1

0

⎞
⎠,

(4.13)

or equivalently,
𝑥′ = 𝜌𝑒𝜑 ,
𝜑′ = −𝜌

⟨𝑒𝜑 , (∇𝑥 𝐴(𝑥)𝑒𝜑 )𝑒𝜑 ⟩
.
2 ⟨𝑒𝜑 , 𝑅⊤ 𝐴(𝑥)𝑒𝜑 ⟩

(4.14)

Next, we rescale time along each trajectory (𝑥(𝑠), 𝜌(𝑠), 𝜑(𝑠)) of (4.14) by letting
∫︁
𝑠¯ =

𝑠

𝜌(𝜎)𝑑𝜎,
0

(4.15)
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which gives

𝑑𝑥
𝑑¯
𝑠

= 𝑒𝜑 ,

𝑑𝜑
𝑑¯
𝑠

=−

⟨𝑒𝜑 ,(∇𝑥 𝐴(𝑥)𝑒𝜑 )𝑒𝜑 ⟩
.
2⟨𝑒𝜑 ,𝑅⊤ 𝐴(𝑥)𝑒𝜑 ⟩

We then drop the bar on 𝑠 to obtain the final form

𝑑𝑥
= 𝑒𝜑 ,
𝑑𝑠
⟨𝑒𝜑 , (∇𝑥 𝐴(𝑥)𝑒𝜑 )𝑒𝜑 ⟩
𝑑𝜑
=−
,
𝑑𝑠
2 ⟨𝑒𝜑 , 𝑅⊤ 𝐴(𝑥)𝑒𝜑 ⟩

(4.16)

for the reduced three-dimensional null-geodesic flow, which is defined on the set
{︀
}︀
𝑉 = (𝑥, 𝜑) ∈ 𝑈 × S1 : 𝐴(𝑥)𝑒𝜑 ∦ 𝑒𝜑 , 𝐴(𝑥) ̸= 0 ,
where 0 ∈ R2×2 denotes the null tensor (cf. Appendix 4.C). In words, 𝑉 is the set of points in
𝑈 × S1 where 𝐴(𝑥) is nondegenerate and 𝑒𝜑 is not aligned with the eigenvectors of 𝐴(𝑥). Note that
by construction, 𝜑′ (𝑠) is the pointwise curvature of 𝛾. An equation related to eq. (4.16) appears
in [98] for the geodesic flow associated with the Riemannian metric on a general manifold, defined
as the zero set of a smooth function 𝐹 (𝑥).
As a consequence of eqs. (4.8-4.9), the ODE (4.16) has one dimension less than eq. (4.5), and
the 𝑥−projection of its integral curves coincide with null-geodesics on (𝑈, 𝑔𝑥 ). This follows from the
equivalence of null-surfaces and null-geodesics in two dimensions (cf. Appendix 4.D). In Appendix
4.E, using the Hamiltonian formalism, we derive an equivalent reduced geodesic flow in the (𝑥, 𝑝)
variables, with 𝑝 denoting the generalized momentum.
Figure 4.1 shows a closed null-geodesic 𝛾 of the metric 𝑔𝑥 (𝑣, 𝑣) both in the 𝑥−subspace (Fig.
4.1a) and in the 𝑈 × S1 −space (Fig. 4.1b). Specifically, Fig. 4.1b shows a closed integral curve of
(4.16) on the manifold ℳ.

(a)

(b)

Figure 4.1: (a) Closed null-geodesic of 𝑔𝑥 (𝑣, 𝑣) in the 𝑥−subspace. (b) Closed null-geodesic of
𝑔𝑥 (𝑢, 𝑢) in 𝑈 × S1 on the zero level surface of 𝑔𝑥 (𝑒𝜑 , 𝑒𝜑 ). In this space, a closed null-geodesics is an
integral curve of (4.16) satisfying the boundary conditions: 𝑥(𝜎) = 𝑥(0), and 𝜑(𝜎) = 𝜑(0) ± 2𝜋.

4.3. REDUCED THREE-DIMENSIONAL NULL-GEODESIC FLOW

4.3.2

75

Dependence on parameters

In applications to coherent vortex detection (cf. Section 4.4), the tensor field 𝐴(𝑥) depends on a
parameter 𝛼 ∈ R, leading to a specific Lorentzian metric family of the form

𝑔𝑥,𝛼 =

1
⟨𝑣, 𝐴𝛼 (𝑥)𝑣⟩,
2

𝐴𝛼 = 𝐴(𝑥) − 𝛼𝐼.

(4.17)

The zero level set of the metric family is defined by 𝑔𝑥,𝛼 (𝑒𝜑 , 𝑒𝜑 ) = 0. Interestingly, however, plugging
in formula (4.17) into eq. (4.16), we find out that the reduced ODE (4.16) remains independent of
𝛼, i.e.,
⟨𝑒𝜑 , (∇𝑥 𝐴(𝑥)𝑒𝜑 )𝑒𝜑 ⟩
⟨𝑒𝜑 , (∇𝑥 𝐴𝛼 (𝑥)𝑒𝜑 )𝑒𝜑 ⟩
=
.
(4.18)
⊤
2 ⟨𝑒𝜑 , 𝑅 𝐴𝛼 (𝑥)𝑒𝜑 ⟩
2 ⟨𝑒𝜑 , 𝑅⊤ 𝐴(𝑥)𝑒𝜑 ⟩
⟨︀
⟩︀
This is because ∇𝑥 𝛼𝐼 = 0 since 𝛼𝐼 does not depend on 𝑥, and 𝑒𝜑 , 𝛼𝑅⊤ 𝐼𝑒𝜑 = 0 because 𝑅⊤ 𝐼 is
skew-symmetric. We summarize this result in the following theorem.
Theorem 4.1. The reduced three dimensional null-geodesic flow of the Lorentzian metric family
𝑔𝑥,𝛼 (𝑣, 𝑣) =

1
2

⟨𝑣, 𝐴𝛼 (𝑥)𝑣⟩ , 𝐴𝛼 (𝑥) = 𝐴(𝑥) − 𝛼𝐼,

𝛼 ∈ R, is independent of 𝛼 and satisfies the

differential equation
𝑥′ = 𝑒𝜑 ,
𝜑′ = −

⟨𝑒𝜑 , (∇𝑥 𝐴(𝑥)𝑒𝜑 )𝑒𝜑 ⟩
,
2 ⟨𝑒𝜑 , 𝑅⊤ 𝐴(𝑥)𝑒𝜑 ⟩

defined on the set
{︀
}︀
𝑉 = (𝑥, 𝜑) ∈ 𝑈 × S1 : 𝐴(𝑥)𝑒𝜑 ∦ 𝑒𝜑 , 𝐴(𝑥) ̸= 0 .
The ODE (4.16) is independent of 𝛼, and hence all null-geodesics of the metric family 𝑔𝑥,𝛼 can
be integrated under the same vector field, as opposed to available direction field formulations that
depend on 𝛼 (cf. Appendix 4.A, eq. (4.40)). This property of the ODE (4.16) further simplifies the
computation of null-geodesics of 𝑔𝑥,𝛼 (𝑣, 𝑣).

4.3.3

Initial conditions for closed null geodesics

The only missing ingredient for computing closed null-geodesics of 𝑔𝑥,𝛼 , is a set of initial conditions
for the reduced null-geodesic flow (4.16). Here we derive the set of initial conditions ℛ0 ⊂ 𝑉 , such
that any closed null-geodesic of 𝑔𝑥,𝛼 , necessarily contains a point in ℛ0 . According to Sections 4.24.3, for any fixed value of 𝛼, null-geodesics of 𝑔𝑥,𝛼 must lie on the zero level surface of 𝑔𝑥,𝛼 (𝑒𝜑 , 𝑒𝜑 ),
i.e., on
{︀
}︀
ℳ𝛼 = (𝑥, 𝜑) ∈ 𝑈 × S1 : 𝑔𝑥,𝛼 (𝑒𝜑 , 𝑒𝜑 ) = 0 .
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Furthermore, for every closed planar curve 𝛾, the angle 𝜑 between its local tangent vector and
an arbitrary fixed direction (cf. Fig. 4.1a) assumes all vales in the interval [0, 2𝜋]. This simple
topological property of closed regular planar curves allows us to define the admissible set of initial
conditions for (4.16) as follows.
For any fixed 𝛼 ∈ R and any fixed 𝜑0 ∈ S1 , we compute the set of initial conditions ℛ𝛼,𝜑0 (0) as
ℛ𝛼,𝜑0 (0) = {(𝑥0 (𝛼, 𝜑0 ), 𝜑0 ) ∈ 𝑉 : 𝑔𝑥0 ,𝛼 (𝑒𝜑0 , 𝑒𝜑0 ) = 0} .

α

x2

(4.19)

x1
(a)

(b)

Figure 4.2: (a) Section (𝜑 ∈ [−𝜋/6, 𝜋/6]) of ℳ𝛼 for different values of 𝛼, in a flow example analyzed
in more detail in Section 4.5. The black plane corresponds to 𝜑(𝑥) = 𝜑0 = 0. (b) Set of points
𝑥0 (𝛼, 𝜑0 ) ∈ 𝑈 satisfying 𝑔𝑥0 ,𝛼 (𝑒0 , 𝑒0 ) = 0 i.e., ℳ𝛼 ∩ 𝜑(𝑥) = 𝜑0 = 0, for different values of 𝛼.

Figure 4.2 illustrates formula (4.19) in a flow example analyzed in more detail in Section 4.5. Specifically, Fig. 4.2a shows a section (𝜑 ∈ [−𝜋/6, 𝜋/6]) of ℳ𝛼 for different values of 𝛼. The 𝜑(𝑥) = 𝜑0 = 0
plane is shown in black. Figure 4.2b shows the set points 𝑥0 (𝛼, 𝜑0 ) ∈ 𝑈 satisfying 𝑔𝑥0 ,𝛼 (𝑒0 , 𝑒0 ) = 0.
For any fixed 𝛼, the points within the set of initial conditions ℛ𝛼,𝜑0 (0) that lie on closed nullgeodesics are the ones for which the reduced ODE (4.16) admits a closed orbit (see, e.g., the green
dot in Fig. 4.3c).

4.3.4

The initial value problem for closed null geodesics

Putting together the results from Section 4.3, we obtain our main result, already summarized briefly
in eq. (4.1).
Theorem 4.2. For any fixed parameter value 𝛼 ∈ R, and any fixed 𝜑0 ∈ S1 , define the set of initial
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conditions
{︂
(𝑥0 , 𝜑0 )𝛼 =

}︂
1
⟨𝑒𝜑 , (𝐴(𝑥0 ) − 𝛼𝐼)𝑒𝜑0 ⟩ = 0 .
2 0

(𝑥0 (𝛼, 𝜑0 ), 𝜑0 ) ∈ 𝑉 :

Closed null-geodesics of the Lorentzian metric family 𝑔𝑥,𝛼 (𝑣, 𝑣) =

1
2

(4.20)

⟨𝑣, 𝐴𝛼 (𝑥)𝑣⟩ , 𝐴𝛼 (𝑥) = 𝐴(𝑥)−𝛼𝐼,

coincide with the 𝑥−projection of closed orbits of the initial value problem
𝑥′ = 𝑒𝜑 ,
𝜑′ = −

⟨𝑒𝜑 , (∇𝑥 𝐴(𝑥)𝑒𝜑 )𝑒𝜑 ⟩
,
2 ⟨𝑒𝜑 , 𝑅⊤ 𝐴(𝑥)𝑒𝜑 ⟩

𝑥(0) = 𝑥0 (𝛼, 𝜑0 ),

(4.21)

𝜑(0) = 𝜑0 ,

defined for any parameter value 𝛼 ∈ R on the set
𝑉 = {𝑥 ∈ 𝑈, 𝜑 ∈ S1 :

⟨︀
⟩︀
𝑒𝜑 , 𝑅⊤ 𝐴(𝑥)𝑒𝜑 ̸= 0}.

(4.22)

Null-geodesics for a given value of 𝛼, lie on the zero level surface of 𝑔𝑥,𝛼 (𝑒𝜑 , 𝑒𝜑 ) defined as
{︂
ℳ𝛼 =

(𝑥, 𝜑) ∈ 𝑉 :

}︂
1
⟨𝑒𝜑 , (𝐴(𝑥) − 𝛼𝐼)𝑒𝜑 ⟩ = 0 .
2

(4.23)

For any fixed valued of 𝛼, the surface ℳ𝛼 is a graph of the form 𝜑(𝑥, 𝛼). Differentiating now
𝑔𝑥,𝛼 (𝑒𝜑(𝑥,𝛼) , 𝑒𝜑(𝑥,𝛼) ) with respect to 𝛼, we obtain 𝜕𝛼 𝜑(𝑥, 𝛼) = ⟨𝑒𝜑 , 𝑅⊤ 𝐴(𝑥)𝑒𝜑 ⟩−1 . This result, together with (4.22) implies that closed null-geodesics of 𝑔𝑥,𝛼 cannot intersect for different values of 𝛼,
in agreement with the findings of [15, 43]. Finally, closed null-geodesics on (𝑈, 𝑔𝑥,𝛼 ) are structurally
stable structures, and hence will persist under small perturbations to 𝑔𝑥,𝛼 . In the case of OCSs
detection (cf. Section 4.4), therefore, elliptic OCSs persist under small perturbation (e.g., noise) to
the velocity field (4.24). In the following applications of Theorem 4.2, we select 𝜑0 = 0 in formula
(4.20).

4.4

Null Geodesics and the computation of Objective Coherent Structures

In the next section we recall the terminology used for the definition of LCSs [21] and OECSs [43] in
two-dimensional flows. Variational definitions of LCSs are now available also for three-dimensional
flows [19], but these definitions do not lead to geodesic problems, and hence are not covered by the
computational approach developed here. A similar conclusion holds for OECSs definitions obtained
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as short-term limits of 3D LCS definitions.

4.4.1

Set-up and notation

Consider the two-dimensional non-autonomous dynamical system
𝑥˙ = 𝑢(𝑥, 𝑡),

(4.24)

with a twice continuously differentiable velocity field 𝑢(𝑥, 𝑡) defined over the open flow domain
𝑈 ∈ R2 , over a time interval 𝑡 ∈ [𝑎, 𝑏]. We recall the customary velocity gradient decomposition
∇𝑢(𝑥, 𝑡) = 𝑆(𝑥, 𝑡) + 𝑊 (𝑥, 𝑡),
with the rate-of-strain tensor 𝑆 = 21 (∇𝑢 + ∇𝑢⊤ ) and the spin tensor 𝑊 = 21 (∇𝑢 − ∇𝑢⊤ ). By our
assumptions, both 𝑆 and 𝑊 are continuously differentiable in 𝑥 and 𝑡.
The rate-of-strain tensor is objective (i.e., frame-indifferent), whereas the spin tensor is not
objective as shown is classic texts on continuum mechanics (see, e.g., [42]). The eigenvalues 𝑠𝑖 (𝑥, 𝑡)
and eigenvectors 𝑒𝑖 (𝑥, 𝑡) of 𝑆(𝑥, 𝑡) are defined, indexed and oriented here through the relationship
𝑆𝑒𝑖 = 𝑠𝑖 𝑒𝑖 ,

|𝑒𝑖 | = 1, 𝑖 = 1, 2; 𝑠1 ≤ 𝑠2 ,

𝑒2 = 𝑅𝑒1 .

Fluid particles trajectories generated by 𝑢(𝑥, 𝑡) are solutions of the differential equation 𝑥˙ = 𝑢(𝑥, 𝑡),
and define the flow map

𝐹𝑡𝑡0 (𝑥0 ) = 𝑥(𝑡; 𝑡0 , 𝑥0 ),

𝑥0 ∈ 𝑈,

𝑡 ∈ [𝑡0, 𝑡1 ] ⊂ [𝑎, 𝑏],

which maps initial particle positions 𝑥0 at time 𝑡0 to their time-𝑡 positions 𝑥(𝑡; 𝑡0 , 𝑥0 ).
The deformation gradient ∇𝐹𝑡𝑡0 governs the infinitesimal deformations of the phase space 𝑈 . In
particular, an infinitesimal perturbation 𝜁0 at point 𝑥0 and time 𝑡0 is mapped, under the system
(4.24) to its time-𝑡 position, 𝜁𝑡 = ∇𝐹𝑡𝑡0 (𝑥0 )𝜁0 . The squared magnitude of the evolving perturbation
is governed by

⟨𝜁𝑡 , 𝜁𝑡 ⟩ = ⟨𝜁0 , 𝐶𝑡𝑡0 (𝑥0 )𝜁0 ⟩,

[︀
]︀⊤
𝐶𝑡𝑡0 (𝑥0 ) = ∇𝐹𝑡𝑡0 (𝑥0 ) ∇𝐹𝑡𝑡0 (𝑥0 ),

(4.25)

where 𝐶 𝑡𝑡0 denotes the right Cauchy–Green strain tensor [42]. The eigenvalues 𝜆𝑖 (𝑥0 ) and eigenvec-
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tors 𝜉𝑖 (𝑥0 ) of 𝐶𝑡𝑡0 (𝑥0 ) are defined, indexed and oriented here through the relationship
𝐶𝑡𝑡0 (𝑥0 )𝜆𝑖 (𝑥0 ) = 𝜆𝑖 (𝑥0 )𝜉𝑖 (𝑥0 ),

|𝜉𝑖 | = 1, 𝑖 = 1, 2; 𝜆1 ≤ 𝜆2 ,

𝜉2 = 𝑅𝜉1 .

For notational simplicity, we omit the dependence of 𝜆𝑖 (𝑥0 ) and 𝜉𝑖 (𝑥0 ) on 𝑡0 and 𝑡.
Objective coherent structures are defined as stationary curves of objective (frame-invariant)
variational principles, and can be viewed also as null-geodesics of suitably defined Lorentzian metrics,
with specific boundary conditions [21, 43]. These metrics are summarized in Table 4.1.
Table 4.1: Lorentzian metrics whose null-geodesics define various coherent structures [21, 43].
Type of OCS
Hyperbolic & Parabolic
Elliptic

Metric : 𝑔(𝑣, 𝑣) = ⟨𝑣, 𝐴𝑣⟩
LCS
OECS
𝐴 = 12 [𝐶𝑡𝑡0 𝑅 − 𝑅𝐶𝑡𝑡0 ]

𝐴 = 2𝑆𝑅

𝐴𝜆 = 12 [𝐶𝑡𝑡0 − 𝜆2 𝐼], 𝜆 ∈ R

𝐴𝜇 = 𝑆 − 𝜇𝐼, 𝜇 ∈ R

Although eq. (4.21) can generally be applied to compute all the coherent structures listed in
Table 4.1, here we focus on elliptic OCSs. Elliptic OCSs are closed null-geodesics of the corresponding Lorentzian metric families shown in Table 4.1. In fluid dynamics terms, elliptic LCSs are
exceptionally coherent vortex boundaries that show no unevenness in their tangential deformation.
Similarly, elliptic OECSs are exceptionally coherent vortex boundaries that show no infinitesimally
short-term unevenness in their tangential deformation. The parameter 𝜆 represents the tangential
stretching experienced by an elliptic LCS over the time interval [𝑡0 , 𝑡], while 𝜇 denotes the tangential
stretch rate along an elliptic OECS. In the next two sections, applying Theorem 4.2 to the Lorentzian
metric families 𝐴𝜇 and 𝐴𝜆 , we derive initial value problems (ODEs and initial conditions) for the
computation of Eulerian and Lagrangian vortex boundaries.

4.4.2

Elliptic OECSs

Elliptic OECSs are closed null-geodesics of the one-parameter family of Lorentzian metrics (cf. Table
4.1)
𝐴𝜇 (𝑥, 𝑡) = 𝑆(𝑥, 𝑡) − 𝜇𝐼.
We denote by 𝑆 𝑖𝑗 (𝑥) the entry at row 𝑖 and column 𝑗 of 𝑆(𝑥, 𝑡) at a fixed time 𝑡, and its derivatives
𝑖𝑗
𝜕(·) 𝑆 𝑖𝑗 (𝑥) by 𝑆(·)
(𝑥). A direct application of Theorem 4.2, leads to the the following result.

At each time 𝑡 and for a given value of 𝜇, elliptic OECSs satisfy the pointwise condition
𝑆 11 (𝑥, 𝑡) cos2 𝜑 + 𝑆 12 (𝑥, 𝑡) sin 2𝜑 + 𝑆 22 (𝑥, 𝑡) sin2 𝜑 − 𝜇 = 0,

(𝑥, 𝜑) ∈ 𝑉𝑡 ,

(4.26)
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with the set 𝑉𝑡 defined as
𝑉𝑡 = {𝑥 ∈ 𝑈, 𝜑 ∈ S1 : sin 2𝜑[𝑆 22 (𝑥, 𝑡) − 𝑆 11 (𝑥, 𝑡)] + 2 cos 2𝜑𝑆 12 (𝑥, 𝑡) ̸= 0}.

(4.27)

Elliptic OECSs coincide with the 𝑥−projection of closed orbits of the initial value problem
𝑥′ = 𝑒𝜑 ,
𝜑′ = −

cos2 𝜑⟨∇𝑥 𝑆 11 (𝑥, 𝑡), 𝑒𝜑 ⟩ + sin 2𝜑⟨∇𝑥 𝑆 12 (𝑥, 𝑡), 𝑒𝜑 ⟩ + sin2 𝜑⟨∇𝑥 𝑆 22 (𝑥, 𝑡), 𝑒𝜑 ⟩
,
sin 2𝜑[𝑆 22 (𝑥, 𝑡) − 𝑆 11 (𝑥, 𝑡)] + 2 cos 2𝜑𝑆 12 (𝑥, 𝑡)

{︀
}︀
(𝑥0 , 𝜑0 )𝜇 = (𝑥0 (𝜇, 0), 0) ∈ 𝑉𝑡 : 𝑆 11 (𝑥0 ) − 𝜇 = 0 .

(4.28)

(4.29)

In the case of incompressible flows (∇ · 𝑢 ≡ 0), eq. (4.28) simplifies to
𝑥′ = 𝑒𝜑 ,
𝜑′ = −

[𝑆𝑥111 (𝑥, 𝑡) cos 𝜑 + 𝑆𝑥112 (𝑥, 𝑡) sin 𝜑] cos 2𝜑 + [𝑆𝑥121 (𝑥, 𝑡) cos 𝜑 + 𝑆𝑥122 (𝑥, 𝑡) sin 𝜑] sin 2𝜑
.
2[𝑆 12 (𝑥, 𝑡) cos 2𝜑 − 𝑆 11 (𝑥, 𝑡) sin 2𝜑]

(4.30)

Elliptic OECSs: streamfunction formulation

In case the velocity field is derived from a time-dependent streamfunction 𝜓(𝑥, 𝑡), the ODE (4.24)
is of the form
𝑥˙ 1 = −𝜓𝑥2 (𝑥1 , 𝑥2 , 𝑡)

(4.31)

𝑥˙ 2 = 𝜓𝑥1 (𝑥1 , 𝑥2 , 𝑡).
Denoting the partial derivative 𝜕𝑥𝑖 𝜓(𝑥) by 𝜓𝑖 (𝑥), 𝑖 ∈{1,2}, we reformulate our results in terms of
the time-dependent streamfunction as follows.
For a velocity field generated by the time-dependent streamfunction 𝜓(𝑥1 , 𝑥2 , 𝑡), at each time 𝑡
and for a given value of 𝜇, elliptic OECSs satisfy the pointwise condition
𝜓21 (𝑥, 𝑡) cos 2𝜑 + 21 [𝜓22 (𝑥, 𝑡) − 𝜓11 (𝑥, 𝑡)] sin 2𝜑 + 𝜇 = 0,

(𝑥, 𝜑) ∈ 𝑉𝑡 ,

(4.32)

within the set 𝑉𝑡 defined as
𝑉𝑡 = {𝑥 ∈ 𝑈, 𝜑 ∈ S1 : [𝜓11 (𝑥, 𝑡) − 𝜓22 (𝑥, 𝑡)] cos 2𝜑 + 2𝜓21 (𝑥, 𝑡) sin 2𝜑 ̸= 0}.

(4.33)

Furthermore, elliptic OECSs coincide with the 𝑥−projection of closed orbits of the initial value
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problem
𝑥′ = 𝑒𝜑 ,
𝜑′ = −

⟨∇𝑥 𝜓21 (𝑥, 𝑡), 𝑒𝜑 ⟩ cos 2𝜑 + 12 ⟨∇𝑥 [𝜓11 (𝑥, 𝑡) − 𝜓22 (𝑥, 𝑡)], 𝑒𝜑 ⟩ sin 2𝜑
,
[𝜓11 (𝑥, 𝑡) − 𝜓22 (𝑥, 𝑡)] cos 2𝜑 + 2𝜓21 (𝑥, 𝑡) sin 2𝜑
(𝑥0 , 𝜑0 )𝜇 = {(𝑥0 (𝜇, 0), 0) ∈ 𝑉𝑡 : 𝜓21 (𝑥0 , 𝑡) − 𝜇 = 0} .

4.4.3

(4.34)

(4.35)

Elliptic LCSs

For Lagrangian vortex boundaries (elliptic LCSs), the underlying Lorentzian metric is (cf. Table
4.1)
𝐴𝜆 (𝑥) = 𝐶𝑡𝑡0 (𝑥) − 𝜆2 𝐼.
To avoid confusion with the initial conditions of the reduced null-geodesic flow (cf. eq. (4.20)), here
we denote the spatial dependence of the Cauchy-Green by 𝑥 instead of 𝑥0 . Applying Theorem 4.2,
and denoting by 𝐶 𝑖𝑗 (𝑥) the entry at row 𝑖 and column 𝑗 of 𝐶𝑡𝑡0 (𝑥) we obtain the following result.
For a fixed time interval [𝑡0 , 𝑡1 ] and for a given value of 𝜆, elliptic LCSs satisfies pointwise the
condition
𝐶 11 (𝑥) cos2 𝜑 + 𝐶 12 (𝑥) sin 2𝜑 + 𝐶 22 (𝑥) sin2 𝜑 − 𝜆2 = 0,

(𝑥, 𝜑) ∈ 𝑉,

(4.36)

within the set 𝑉 defined as
𝑉 = {𝑥 ∈ 𝑈, 𝜑 ∈ S1 : sin 2𝜑[𝐶 22 (𝑥) − 𝐶 11 (𝑥)] + 2 cos 2𝜑𝐶 12 (𝑥) ̸= 0}.

(4.37)

Furthermore, elliptic LCSs coincide with the 𝑥−projection of closed orbits of the initial value problem
𝑥′ = 𝑒𝜑 ,
𝜑′ = −

cos2 𝜑⟨∇𝑥 𝐶 11 (𝑥), 𝑒𝜑 ⟩ + sin 2𝜑⟨∇𝑥 𝐶 12 (𝑥), 𝑒𝜑 ⟩ + sin2 𝜑⟨∇𝑥 𝐶 22 (𝑥), 𝑒𝜑 ⟩
,
sin 2𝜑[𝐶 22 (𝑥) − 𝐶 11 (𝑥)] + 2 cos 2𝜑𝐶 12 (𝑥)
{︀
}︀
(𝑥0 , 𝜑0 )𝜆 = (𝑥0 (𝜆, 0), 0) ∈ 𝑉 : 𝐶 11 (𝑥0 ) − 𝜆2 = 0 .

4.5

(4.38)

(4.39)

Example: Mesoscale coherent vortices in the ocean

We now use the results of Section 4.4 to locate coherent vortex boundaries in a two-dimensional
ocean-surface-velocity dataset derived from AVISO satellite altimetry measurements (http://www.
aviso.oceanobs.com). The domain of interest is the Agulhas leakage in the Southern Ocean,
bounded by longitudes [3∘ 𝑊, 1∘ 𝐸], latitudes [32∘ 𝑆, 24∘ 𝑆] and the time slice we selected correspond
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to 𝑡 = 24 November 2006. This dataset has also been used in the vortex detection studies [14,43,99],
which provide a benchmark for comparison with the approach developed here.
Under the geostrophic assumption, the ocean surface height measured by satellites plays the role
of a streamfunction for surface currents. With ℎ denoting the sea surface height, the velocity field
in longitude-latitude coordinates, [𝜙, 𝜃], can be expressed as
𝜙˙ = −

𝑔
2 𝑓 (𝜃) cos 𝜃 𝜕𝜃 ℎ(𝜙, 𝜃, 𝑡),
𝑅𝐸
𝑐

𝜃˙ =

𝑔
2 𝑓 (𝜃) cos 𝜃 𝜕𝜙 ℎ(𝜙, 𝜃, 𝑡),
𝑅𝐸
𝑐

where 𝑓𝑐 (𝜃) := 2Ω sin 𝜃 denotes the Coriolis parameter, 𝑔 the constant of gravity, 𝑅𝐸 the mean radius
of the earth and Ω its mean angular velocity. The velocity field is available at weekly intervals, with
a spatial longitude-latitude resolution of 0.25∘ . For more detail on the data, see [68].

4.5.1

Elliptic OECSs

Applying the results in Section 4.4, we obtain three objectively detected vortical regions in the
domain under study, each filled with families of elliptic OECSs (cf. Fig. 4.3). Figure 4.3a shows
elliptic OECSs for different values of stretching rate 𝜇 (in color), along with the 𝑥−component of
the initial conditions 𝑥0 (𝜇, 𝜑0 ) for 𝜑0 = 0 (cf. eq. (4.35) or Fig. 4.2). Figure 4.3b shows the same
elliptic OECSs of Fig. 4.3a along with level sets of the Okubo–Weiss (OW) parameter
𝑂𝑊 (𝑥, 𝑡) = 𝑠22 (𝑥, 𝑡) − 𝜔 2 (𝑥, 𝑡),
where 𝜔(𝑥, 𝑡) denotes the vorticity. Spatial domains with 𝑂𝑊 (𝑥, 𝑡) < 0 are frequently used indicators
of instantaneous ellipticity in unsteady fluid flows [69, 70]. The OW parameter, however, is not
objective (the vorticity term will change under rotations), and can hence generate both false positives
and false negatives in vortex detection (see e.g., [43]).
Figure 4.3c shows the elliptic OECS in correspondence of Eddy #2 (cf. Fig 4.3a), for 𝜇 = 0,
in the R2 × S1 space. Specifically, the green surface represent the zero set described by eq. (4.32),
the green curves show the set of initial conditions (𝑥0 (0, 0), 0) computed with eq. (4.35), the solid
black curve represents the closed integral curve of the ODE (4.34), and the dashed black curve
shows the corresponding elliptic OECS, i.e., the 𝑥−projection of the solid black curve. The green
dot represents the initial condition, within the set (𝑥0 (0, 0), 0), for which the ODE (4.34) admits a
closed orbit. The red circle represents the final point of the closed orbit. The domain analyzed in
Fig. 4.3c is identical to the one used for illustration in Fig. 4.2.
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Figure 4.3: (a) Elliptic OECSs for different values of the stretching rate 𝜇 (in color) along with
the 𝑥−component of the initial conditions 𝑥0 (𝜇, 0), as defined in eq. (4.35). (b) The same elliptic
OECSs of Fig. 4.3a on level sets of the OW parameter encoded with the gray colormap. (c) Elliptic
OECS for 𝜇 = 0 corresponding to the vortical region denoted by E#2 (cf. Fig 4.3a), in the R2 × S1
space. The green surface represents the zero set defined by eq. (4.32), the green curves show the
set of initial conditions (𝑥0 (0, 0), 0) computed with eq. (4.35), the solid black curve is the periodic
orbit of the ODE (4.34) with initial and final points represented by the green dot and the red circle,
respectively. The dashed black curve is the corresponding elliptic OECSs. Figure 4.3c has been
features on the cover page of the Proceedings of the Royal Society A, available here PRSA Cover
Image.

4.5.2

Elliptic LCSs

In our Lagrangian analysis, we consider the time interval [𝑡0 , 𝑡0 +𝑇 ], with 𝑡0 = 24 November 2006 and
𝑇 = 30 days. Applying the results in Section 4.4, we obtain three objectively detected Lagrangian
coherent vortices in the domain under study, each filled with families of elliptic LCSs (cf. Fig. 4.4).
Figure 4.4a shows elliptic LCSs for different values of the stretching ratio 𝜆 (right colorbar),
along with the finite time Lyapunov exponent (FTLE) field
Λ(𝑥0 , 𝑡0 , 𝑇 ) =

1
log(𝜆2 (𝑥0 , 𝑡0 , 𝑡0 + 𝑇 )),
2𝑇

encoded with the left colorbar. The FTLE measures the maximal local separation of nearby initial
conditions over the time interval [𝑡0, 𝑡0 + 𝑇 ]. FTLE ridges are usually used as a visual diagnostic to
distinguish coherent regions from the surrounding chaotic regions. The FTLE field, however, does
not give any vortex boundary, and can incorrectly indicate the presence of LCSs [21]. Moreover, the
extraction of FTLE ridges requires sophisticated post-processing algorithms (see e.g., [100]). This
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Figure 4.4: (a) Elliptic LCSs for different values of stretching ratio 𝜆 (right colorbar) along with the
FTLE field at 𝑡0 (left colorbar). (b) Advected images of the elliptic LCSs of Fig. 4.4a at 𝑡0 + 30 days
on the FTLE field at 𝑡0 . (c) Outermost elliptic LCSs of Fig. 4.4a (solid lines), together with their
corresponding advected images at 𝑡0 + 30 days (dashed lines), on the FTLE field at 𝑡0 . The red
square highlights a region where the local FTLE ridge crosses the elliptic LCS corresponding to
Eddy #2.

is mainly because ridges separate regions of the phase space with different behaviors, increasing
considerably the sensitivity of any numerical computation in their vicinity. Examples include the
detection of Cauchy–Green singularities, which plays a crucial role in direction-field-based procedure
for the computation of elliptic LCSs (cf. Appendix 4.A or [64]). Specifically, near FTLE ridges,
singularities tend to artificially cluster (cf. Fig. 4.6) preventing, possibly, the identification of the
outermost elliptic LCSs.
On this note, Fig. 4.4c shows that the initial position (solid line) of the outermost elliptic LCSs
in correspondence of Eddies #1 and #3, almost overlap with nearby FTLE ridges. In contrary, the
outermost elliptic LCSs in correspondence of Eddy #2 crosses the local FTLE ridge (cf. red square
in Fig. 4.4c). The dashed lines represent the final position of the outermost elliptic LCSs. This
highlights two important facts. First, elliptic LCSs computed with the present scheme are insensitive
to artificial clusters of singularities, and hence identify the correct boundary of coherent Lagrangian
vortices. Second, FTLE ridges do not signal correct Lagrangian vortex boundaries.
Figure 4.4b shows the advected images of elliptic LCSs of Fig. 4.4a at time 𝑡0 + 30 days, along
with the FTLE field at 𝑡0 . All vortex boundaries remain perfectly coherent for a time interval equal
to the extraction time 𝑇 , as expected.
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Conclusions

Recently developed variational methods offer exact definitions for Objective Coherent Structures
(OCSs) as centerpieces of observed trajectory patterns. OCSs can be classified into Lagrangian
Coherent Structures (LCSs) [21] and Objective Eulerian Coherent Structures (OECSs) [43], depending on the time interval over which they shape trajectory patterns. LCSs are intrinsically tied to
a specific finite time interval over which they are influential, while OECSs are computable at any
time instant, with their influence confined to short-time scales. Both types of OCSs can be computed as null-geodesics of suitably defined Lorentzian metrics defined on the physical domain of the
underlying fluid.
Prior numerical procedures for the computation of such vortex boundaries require significant
numerical effort to overcome the sensitivity of the steps involved. Here we have derived and tested
a simplified and more accurate numerical method. Our method is based on a direct solution of a
reduced, three-dimensional version of the underlying ODEs for null-geodesics. Based on topological
properties of simple planar closed curves, we also derive the admissible set of initial conditions for
the reduced ODEs overcoming the limitation of the existing procedure, and making the detection
of closed null-geodesics fully automated. Specifically, the method we present here does not rely
on problem-dependent user-input parameters, and identifies closed null-geodesics regardless of the
number and type of the metric tensor singularities contained in their interior. In the supplementary
material, we provide a MATLAB implementation of this method, with further explanation in Appendix 4.B. We have illustrated the present method on mesoscale eddy-boundary extraction from
satellite-inferred ocean velocity data.

Supplementary material
A MATLAB code for the computation of closed null-geodesics is available at https://github.
com/MattiaSerra/Closed-Null-Geodesics-2D. Specifically, the MATLAB code computes elliptic
LCSs (cf. Section 4.4). Appendix 4.B summarizes the different steps of the main code with explicit
references to the different subfunctions.
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Appendix 4.A

Direction field approach for computing elliptic
OCSs

Using the notation introduced in Section 4.4, we summarize here the direction-field approach for the
computation of elliptic LCSs derived in [15]. The initial position of elliptic LCSs coincide with limit
cycles of the differential equation family
𝑑𝑥
= 𝜂𝜆± (𝑥),
𝑑𝑠

√︃
𝜂𝜆± =

𝜆2 − 𝜆2
𝜉1 ±
𝜆2 − 𝜆1

√︃

𝜆2 − 𝜆1
𝜉2 .
𝜆2 − 𝜆1

(4.40)

The direction field 𝜂𝜆± (𝑥) depend explicitly on 𝜆, and due to the lack of a well-defined orientation
for eigenvector fields, it is a-priori unknown which one of the 𝜂𝜆± (𝑥) fields can have limit cycles.
Therefore, both direction fields (±) should be checked. Similar arguments and expressions hold for
elliptic OECSs [43].

4.A.1

Selection of initial conditions

Here we summarize an automated method for the selection of initial conditions (or Poincaré sections)
of (4.40), developed in [64]. Such method is based on the location of Cauchy-Green singularities.

(a)

(b)

Figure 4.5: (a) Material deformation in the neighborhood of a generic point 𝑥𝑝 , and of a singularity
of the Cauchy-Green tensor 𝑥𝑠 , over a finite time interval [𝑡0 , 𝑡]. (b) Identification of the topological
type of tensor-line singularities, and definition of the Poincaré section (PS) for the direction field
integration, as in [64]. The user-input parameters 𝑟, 𝑙, 𝑑1𝑚 , 𝑑1𝑀 , 𝑑2𝑚 are used to locate the PS, and
depend on the specific problem. Specifically, 𝑟 is the radius of the testing circle used to identify the
singularity type, 𝑙 is the length of the PS, and 𝑑1𝑚 , 𝑑1𝑀 , 𝑑2𝑚 bounds the distances of the first two
closest singularities from the selected one.
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Singularities of the Cauchy-Green tensor are exceptional points in the initial configuration of
the fluid domain where no distinguished stretching directions exist, and hence an initially circular
neighborhood around them will remain undeformed under the action of the flow map. Figure 4.5a
shows the material deformation in the neighborhood of a generic point 𝑥𝑝 , and of a singularity of the
Cauchy-Green tensor 𝑥𝑠 , over a finite time interval [𝑡0 , 𝑡]. In a typical turbulent flow, one expects
that the occurrence of these points decreases with longer time interval due to the increased mixing in
the flow. The detection of tensor field singularities, however, is a particularly sensitive process, and
this sensitivity increases with longer integration times, leading to artificial clusters of singularities
(cf. Fig. 4.6 or [64]).
In Fig. 4.5b, we illustrate the main steps used in [64] to locate the Poincaré section (PS) for
closed null-geodesics computations with the direction field approach. First, Karrash et al. identify
the topological type of each singularity using a testing circle of radius 𝑟. When singularities are too
close to each other (i.e., distance smaller than 𝑟), their topological type cannot be identified and
they remain unclassified. Applying an index theory argument to direction fields, Karrash et al. [64]
show that structurally stable singularities contained in the interior of any closed null-geodesic on
(𝑈, 𝑔𝑥 ) satisfy the following relation
𝑊 = 𝑇 + 2,

(4.41)

where 𝑊 and 𝑇 denote the number of wedge-type and trisector-type singularities. Therefore, they
conclude that each closed null-geodesic contains at least two wedge-type singularities in its interior.
Relying on this necessary condition, they seek isolated wedge-pairs and set a PS of length 𝑙 from theirs
mid points. Specifically, an isolated wedge pair exists if the distance 𝑑1 between the current wedge
and the closest one is such that 𝑑1𝑚 < 𝑑1 < 𝑑1𝑀 , and the second closest singularity is a trisector,
whose distance 𝑑2 > 𝑑2𝑚 . This procedure requires user-input parameters 𝑟, 𝑙, 𝑑1𝑚 , 𝑑1𝑀 , 𝑑2𝑚 , which
depend not only on the problem, but also on the specific region analyzed and on the integration
time 𝑇 .
Figure 4.6 shows the singularities of 𝐶𝑡𝑡00 +𝑇 (𝑥0 ) (green dots), along with the corresponding
FTLE field, in the flow domain bounded by longitudes [8∘ 𝑊, 8∘ 𝐸], latitudes [38∘ 𝑆, 28∘ 𝑆], with
𝑡0 = 24 November 2006. Specifically, in Fig. 4.6a the integration time 𝑇 = 2 months, while in
Fig. 4.6b 𝑇 = 3 months. This figure shows an artificial clustering of singularities with increasing integration times, which makes singularity-based methods for detecting closed null-geodesics
non-optimal.
Even if no such clustering of singularities occurs (e.g., in the detection of elliptic OECSs), a
parameter-free method, such as the one developed here, is necessary to avoid all possible false
negatives in coherent structures detection. More specifically, the algorithm developed by Karrash et

88

CHAPTER 4. NULL-GEODESIC FLOWS
-28

0.15

-29
-30
-31
0.1

Lat[◦ ]

F T LE

-32
-33
-34
0.05
-35
-36
-37
0

-38
-8

-6

-4

-2

0
Lon[◦ ]

2

4

6

8

0
Lon[◦ ]

2

4

6

8

(a)
-28
0.1
-29
0.09
-30
0.08
-31
0.07

0.05

Lat[◦ ]

F T LE

-32
0.06
-33
-34
0.04
0.03

-35

0.02

-36

0.01

-37

0

-38
-8

-6

-4

-2

(b)

Figure 4.6: (a) Cauchy-Green singularities (green dots) along with the FTLE field for an integration
time of two months. (b) Cauchy-Green singularities (green dots) along with the FTLE field for an
integration time of three months.

al. [64] limits the admissible number of singularities within any closed null-geodesic to a maximal
number defined by the user. A closed null-geodesic not satisfying this condition will not be detected.

As an illustration, Fig. 4.7a shows elliptic OECSs identified from equations (4.34-4.35), in the
Southern Ocean (longitudes [3∘ 𝑊, 0∘ 𝐸], latitudes [38∘ 𝑆, 35∘ 𝑆]) at time 𝑡 = 24 November 2006, along
with the 𝑥−component of the initial conditions 𝑥0 (𝜇, 0). Figure 4.7b shows the same null-geodesics
of Fig. 4.7a, along with the singularities of the underlying tensor field 𝑆(𝑥, 𝑡). Even thought formula
(4.41) is satisfied, the automated method proposed in [64] would miss these closed null-geodesics
since they contain more than two wedges in their interiors. In contrast, they are identified by the
method we developed here.
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Figure 4.7: (a) Elliptic OECSs for different values of the stretching rate 𝜇 (in color) identified from
equations (4.34-4.35), in the Southern Ocean (longitudes [3∘ 𝑊, 0∘ 𝐸], latitudes [38∘ 𝑆, 35∘ 𝑆]) at time
𝑡 = 24 November 2006, along with the 𝑥−component of the initial conditions 𝑥0 (𝜇, 0). (b) Same
elliptic OECSs of (a), along with the singularities of the underlying tensor field 𝑆(𝑥, 𝑡).

Appendix 4.B

Steps for the computation of closed null geodesics

Algorithm 4.1 provides a brief summary of the main steps performed by the MATLAB code (cf.
supplementary material) for the computation of closed null-geodesics. Specifically, Algorithm 4.1
computes elliptic LCSs. We list the MATLAB subfunctions used to compute the formulas in Section
4.4.

Algorithm 4.1 is general and can be used to compute elliptic OECSs (cf. Section 4.4) or

Algorithm 4.1 Compute elliptic LCSs (cf. section 4.4)
Input: (i) Entries of the Cauchy-Green tensor field 𝐶 𝑖𝑗 (𝑥) and their spatial derivatives
𝐶𝑥𝑖𝑗𝑘 (𝑥), 𝑖, 𝑗, 𝑘 ∈ {1, 2}, along with the corresponding spatial grid vectors 𝑥𝑖_𝑔, 𝑖 ∈ {1, 2}. (ii)
A vector 𝑙𝑎𝑚𝑉 containing the desired values of the parameter 𝜆.
1. Compute ℛ𝜆 (0) (cf. eq. (4.39)): r0_lam.m
2. Compute 𝜑′ (𝑥1 , 𝑥2 , 𝜑) (cf. eq. (4.38)): Phi_prime.m
3. Find closed null-geodesics (cf. eq. (4.38)-(4.39)): FindClosedNullGeod.m
4. Find outermost closed null-geodesics: FindOutermost.m
Output: Elliptic LCSs corresponding to the different values of 𝜆.
any general closed null-geodesics as defined in Theorem 4.2, where 𝐶 𝑖𝑗 (𝑥) = 𝐴𝑖𝑗 (𝑥), 𝑖, 𝑗 ∈ {1, 2}.
Steps (ii) and (iii) of Algorithm 4.1 can be used to compute general non-closed null-geodesics of
Lorentzian metrics of the form 𝐴𝛼 = 𝐴(𝑥) − 𝛼𝐼, such as Hyperbolic and Parabolic CSs, from given
initial conditions.
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Appendix 4.C

Domain of existence of the reduced geodesic
flow

Equation (4.16) only admits non-degenerate 𝑟(𝑠) = (𝑥(𝑠), 𝜑(𝑠))⊤ solutions in the set 𝑉 ⊂ 𝑈 × S1 :
⟨︀
⟩︀
𝐵(𝑥, 𝜑) := 𝑒𝜑 , 𝑅⊤ 𝐴(𝑥)𝑒𝜑 ̸= 0. Note that in the set 𝑉 where 𝐵(𝑥, 𝜑) = 0, equation 𝑔𝑥 (𝑒𝜑 , 𝑒𝜑 ) = 0
(cf. eq. (4.11)) does not define locally a 2-dimensional manifold parametrized by (𝑥, 𝜑(𝑥)). In
fact, by the implicit function theorem, 𝜑(𝑥) is defined only if 𝑔𝑥 (𝑒𝜑 , 𝑒𝜑 ) = 0 admits a solution and
𝜕𝜑 𝑔𝑥 (𝑒𝜑 , 𝑒𝜑 ) ̸= 0, where
𝜕𝜑 𝑔𝑥 (𝑒𝜑 , 𝑒𝜑 ) =

⟨︀
⟩︀ ⟨︀
⟩︀
⟩︀ 1
1 ⟨︀
𝑒𝜑 , 𝑅⊤ 𝐴(𝑥)𝑒𝜑 + ⟨𝑒𝜑 , 𝐴(𝑥)𝑅𝑒𝜑 ⟩ = 𝑒𝜑 , Sym(𝑅⊤ 𝐴(𝑥))𝑒𝜑 = 𝑒𝜑 , 𝑅⊤ 𝐴(𝑥)𝑒𝜑 .
2
2

Therefore, the set 𝑉 is the union of points that satisfy at least one of the two following conditions
⎧
⎪
⎨𝐵(·, 𝜑) = 0 ⇐⇒ 𝑒𝜑 ≡ 𝜁𝑖 (·),

𝐴(·)𝜁𝑖 (·) = 𝛼𝑖 (·)𝜁𝑖 (·), 𝛼𝑖 (𝑥) ∈ R, 𝑖 = {1, 2},

⎪
⎩𝐵(𝜑, ·) = 0 ⇐⇒ 𝐴(·) is degenerate.
Equivalently,
{︀
}︀
𝑉 = (𝑥, 𝜑) ∈ 𝑈 × S1 : 𝐴(𝑥)𝑒𝜑 ∦ 𝑒𝜑 , 𝐴(𝑥) ̸= 0 .
Geometrically this means that in 𝑉 , there cannot be a transverse zero of the function 𝑔𝑥 (𝑒𝜑 , 𝑒𝜑 ).
Specifically, when the first condition holds, such zero in non transverse at 𝑥 only for the directions
𝜑(𝑥) aligned with the eigenvectors of 𝐴(𝑥). When the second condition holds, there cannot be any
transverse zero at 𝑥 for all 𝜑, since 𝐴(𝑥) is degenerate and no distinguished directions exist.

Appendix 4.D

Equivalence of null surfaces and null geodesics
in two dimensions

Here we sketch a geometric proof of the equivalence of null-surfaces and null-geodesics in two dimensions. This equivalence has been used already in Haller & Beron-Vera [15]. Using polar coordinates
(cf. eq. (4.10)), the phase space of the Euler-Lagrange equations is coordinatized by (𝑥, 𝜑, 𝜌), where
𝑥 = (𝑥1 , 𝑥2 )⊤ . To show the equivalence of null-surfaces and null-geodesics, it suffices to show that
integral curves of the Euler-Lagrange eq. (4.5) and the ones of the reduced geodesic flow (4.16) have
the same (𝑥, 𝜑) projection. If this holds, any solution of (4.5) with 𝜌 > 0, would admit a projected
flow of the form (4.16), regardless of the evolution of their 𝜌 coordinate. Therefore, closed orbits of
(4.16) would coincide with closed geodesics on (𝑈, 𝑔𝑥 ), even though they may not be closed orbits
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of the full (4.5).
In polar coordinates, the conserved quantity derived from Noether’s theorem (cf. eq. (4.6)),
evaluated on 𝑔0 = 0, defines locally a 2−dimensional manifold ℳ (cf. eq. (4.12))
{︀
}︀
ℳ = (𝑥, 𝜑) ∈ 𝑈 × S1 : 𝑔𝑥 (𝑒𝜑 , 𝑒𝜑 ) = 0 ,
and hence 𝜑 can be expressed as a function of 𝑥 as 𝜑 : 𝑥 ↦→ 𝜑(𝑥), 𝑥 ∈ 𝑈, 𝜑 ∈ S1 as shown in Fig.
4.8. Let 𝑟(𝑠) = (𝑥(𝑠), 𝜑(𝑠))⊤ denote the coordinates of a point on ℳ, i.e., such that 𝜑(𝑠) = 𝜑(𝑥(𝑠)).

f
P r (s)

r '( s ) f '( s )

x2

r (s)

x '( s )

x1

x(s )

f (s)

Figure 4.8: Euler–Lagrange equations restricted on ℳ.

By Noether’s theorem, ℳ is an invariant set for the Euler–Lagrange equations (4.5). Therefore,
regardless of the evolution of 𝜌, if we advect the point 𝑟(𝑠) under eq. (4.5), its tangent vector 𝑟′ (𝑠) is
in the tangent space 𝑇𝑟(𝑠) ℳ, (red plane in Fig. 4.8). However, at every point 𝑟(𝑠), the first equation
of (4.5) defines a contact plane Π𝑟(𝑠) [101] (blue plane in Fig. 4.8), which determines 𝑥′ (𝑠). Hence,
𝑟′ (𝑠) = (𝑥′ (𝑠), 𝜑′ (𝑠))⊤ , given by eq. (4.5), must lie in the intersection of 𝑇𝑟(𝑠) ℳ and Π𝑟(𝑠) .
In the derivation of (4.16), we start imposing that 𝑟′ (𝑠) ∈ 𝑇𝑟(𝑠) ℳ to ensure that 𝑔𝑥(𝑠) (𝑒𝜑(𝑠) , 𝑒𝜑(𝑠) ) ≡
0, (cf. eq. (4.11)). At the same time, 𝑥′ (𝑠), which defines the contact plane Π𝑟(𝑠) , is automatically
determined by the definition of polar coordinates, together with the position 𝑟(𝑠) = (𝑥(𝑠), 𝜑(𝑥(𝑠)))⊤
on ℳ. Therefore, also in this case 𝑟′ (𝑠) must lie in the intersection of 𝑇𝑟(𝑠) ℳ and Π𝑟(𝑠) . Finally,
in both cases only one of the two possible directions identified by 𝑇𝑟(𝑠) ℳ ∩ Π𝑟(𝑠) is consistent with
the current 𝜑(𝑠), and hence eqs. (4.5) and (4.16) have the same (𝑥, 𝜑) projection on ℳ.
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Appendix 4.E

Hamiltonian reduction of the geodesic flow

Here we use the Hamiltonian formalism to derive a reduced geodesic flow which is equivalent to the
one derived in sections 4.2-4.3. With the generalized momentum 𝑝 defined as
𝑝=

𝜕𝐿
= 𝐴(𝑥)𝑥′ ,
𝜕𝑥′

the parametrization 𝑥(𝑠) of a geodesic 𝛾 of the metric 𝑔𝑥 (𝑣, 𝑣) =

(4.42)
1
2

⟨𝑣, 𝐴(𝑥)𝑣⟩ satisfies the first-order

system of differential equations
𝑥′ = 𝐴−1 (𝑥)𝑝,
⟨︀
⟩︀
1
𝑝′ = − ∇𝑥 𝑝, 𝐴−1 (𝑥)𝑝 ,
2

(4.43)

which is a canonical Hamiltonian system with Hamiltonian
𝐻(𝑥, 𝑝) =

⟩︀
1 ⟨︀
𝑝, 𝐴−1 (𝑥)𝑝 = 𝐿(𝑥, 𝑥′ ).
2

(4.44)

This Hamiltonian is constant along all geodesics of the metric 𝑔𝑥 . In particular, if 𝑔𝑥 is Lorentzian,
then null-geodesics of 𝑔𝑥 lie in the zero level surface of 𝐻(𝑥, 𝑝). As in Section 4.3, we derive a reduced
form of the Hamiltonian flow (4.43), which is often referred to as the co-geodesic flow [102].

4.E.1

Hamiltonian reduction to a three-dimensional geodesic flow

We introduce polar coordinates in the 𝑝 direction by letting
𝑝 = 𝜌𝑒𝜑 ,

𝜌 ∈ R+ ,

⊤

𝑒𝜑 = (cos 𝜑, sin 𝜑) ,

𝜑 ∈ S1 .

We then rewrite eq. (4.43) as
𝑥′ = 𝜌𝐴−1 (𝑥)𝑒𝜑 ,
⟨︀
⟩︀
1
𝜌′ 𝑒𝜑 + 𝜑′ 𝜌𝑅𝑒𝜑 = −𝜌2 ∇𝑥 𝑒𝜑 , 𝐴−1 (𝑥)𝑒𝜑 ,
2

(4.45)

that, together with the rescaling (4.15), gives
𝑑𝑥
= 𝐴−1 (𝑥)𝑒𝜑 ,
𝑑¯
𝑠
⟨︀
⟩︀
𝑑𝜌
𝑑𝜑 2
1
𝜌𝑒𝜑 +
𝜌 𝑅𝑒 = −𝜌2 ∇𝑥 𝑒𝜑 , 𝐴−1 (𝑥)𝑒𝜑 ,
𝑑¯
𝑠
𝑑¯
𝑠
2

(4.46)
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or, equivalently,
𝑑𝑥
= 𝐴−1 (𝑥)𝑒𝜑 ,
𝑑¯
𝑠
⟨︀
⟩︀
1
𝑑𝜑
= − ⟨∇𝑥 𝑒𝜑 , 𝐴−1 (𝑥)𝑒𝜑 , 𝑅𝑒𝜑 ⟩,
𝑑¯
𝑠
2
⟨︀
⟩︀
1
𝑑𝜌
= −𝜌 ⟨∇𝑥 𝑒𝜑 , 𝐴−1 (𝑥)𝑒𝜑 , 𝑒𝜑 ⟩.
𝑑¯
𝑠
2

(4.47)

For any 𝜌 > 0, system (4.47) has a three-dimensional reduced flow
𝑑𝑥
= 𝐴−1 (𝑥)𝑒𝜑 ,
𝑑¯
𝑠
⟨︀
⟩︀
1
𝑑𝜑
= − ⟨∇𝑥 𝑒𝜑 , 𝐴−1 (𝑥)𝑒𝜑 , 𝑅𝑒𝜑 ⟩.
𝑑¯
𝑠
2

(4.48)

Therefore, any solution of (4.43) with 𝜌 > 0 admits a projected flow of the form (4.48). This is
due to the existence of a global invariant foliation in (4.47) that renders the (𝑥, 𝜑) coordinates of
solutions independent of the evolution of their 𝜌 coordinate. Closed orbits of (4.48) are, therefore,
closed geodesics on (𝑈, 𝑔𝑥 ), even though they may not be closed orbits of the full (4.47). Note that
the 𝜑 component in eq. (4.48) is the polar angle of the generalized momentum (cf. eq. (4.42)),
which is different than the 𝜑 in eq. (4.16). Equation (4.48) does not appear to be available in the
literature. The use of the energy (as opposed to the momentum 𝑝) as a coordinate appears in [103]
in the context of perturbations of closed geodesics by time-periodic potentials. The reduced flow
(4.48) in the (𝑥, 𝑝) coordinates is equivalent to the reduced flow (4.16) in the (𝑥, 𝑣) coordinates.
Geodesics can also be viewed as trajectories of (4.43) contained in a constant level surface of the
Hamiltonian 𝐻(𝑥, 𝑝). Null-geodesics, in particular, are contained in the level surface
{︀
}︀
𝐸0 = (𝑥, 𝑝) ∈ 𝑈 × R2 : 𝐻(𝑥, 𝑝) = 0 ,
which in polar coordinates, for any 𝜌 > 0, can be rewritten as
{︂
𝐸0 =

}︂
⟩︀
1 ⟨︀
−1
𝑒𝜑 , 𝐴 (𝑥)𝑒𝜑 = 0 .
(𝑥, 𝜑) ∈ 𝑈 × S : 𝐻(𝑥, 𝜑) =
2
1

Finally, one should select the initial conditions for the ODE (4.48) as 𝑥(0) = 𝑥0 and 𝜑(0) = 𝜑0 on
⟨︀
⟩︀
𝐸0 to satisfy 𝑒𝜑0 , 𝐴−1 (𝑥0 )𝑒𝜑0 = 0.

Chapter 5

Uncovering the Edge of the Polar
Vortex
Chapter Summary
The polar vortices play a crucial role in the formation of the ozone hole and can cause severe weather
anomalies. Their boundaries, known as the vortex ‘edges’, are typically identified via methods
that are either frame-dependent or return non-material structures, and hence are unsuitable for
assessing material transport barriers. Using two-dimensional velocity data on isentropic surfaces in
the northern hemisphere, we show that elliptic Lagrangian Coherent Structures (LCSs) identify the
correct outermost material surface dividing the coherent vortex core from the surrounding incoherent
surf zone. Despite the purely kinematic construction of LCSs, we find a remarkable contrast in
temperature and ozone concentration across the identified vortex boundary. We also show that
potential vorticity-based methods, despite their simplicity, misidentify the correct extent of the
vortex edge. Finally, exploiting the shrinkage of the vortex at various isentropic levels, we observe a
trend in the magnitude of vertical motion inside the vortex which is consistent with previous results.

5.1

Introduction

The formation, deformation and break-down of the polar vortices play an influential role in stratospheric circulation, both in the northern and the southern hemispheres. The beginning of winter
is characterized by a rise in circumpolar wind velocities in the stratosphere, resulting in a vortical
motion delineated by a transport barrier that isolates polar air from the tropical stratospheric air.
This coherent air mass is commonly referred to as the main vortex, while its enclosing barrier is
known as the vortex ‘edge’ [104, 105].
The spatial extent and strength of the vortex edge determine the severity, location and size of
the ozone hole in the stratosphere [106–109], which is more prominent in the southern hemisphere.
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The chemical composition of the polar stratospheric air differs significantly from the mid-latitudinal
air [110–113], and the dynamics of the polar vortex profoundly affect such composition [114–116].
The chemical isolation and low temperatures inside the polar vortex are necessary for the formation
of Polar Stratospheric Clouds (PSCs), the main factor responsible for the rapid stratospheric ozone
loss during spring.
The material deformation of the vortex edge also exerts a major influence on Earth’s surface
weather [117]. Except during vortex break-off events, the cold air in the vortex-interior remains
well-isolated from its exterior [118–122]. Therefore, the exact spatial extent of the polar vortex
edge, its material deformation and the vertical motion of air within the vortex [123] are crucial for
understanding the vortex dynamics and its impact on earth’s climate, ozone hole variability and the
composition of stratospheric air.

(a)

(b)

Figure 5.1: (a) Sketch of the polar vortex and its two dynamically distinct regions: the coherent
main vortex enclosed by the vortex edge, and the incoherent surrounding surf zone. The main vortex
retains cold air while the highly mixing surf zone sheds filaments of warmer air to lower latitudes. (b)
Cross section of the polar vortex on an isentropic surface (𝜃 =const.), where 𝜃 denotes the potential
temperature.

Remark 5.1. Broadly used methods developed for locating the polar vortex edge agree that the
polar vortex consists of two distinct regions: (a) the main vortex which represents the coherent polar
vortex core, and (b) the surf zone which is a wide surrounding incoherent region interacting with
lower latitudes (cf. Fig. 5.1). To quote directly from the seminal paper by Juckes and McIntyre [124]
"...remind us of the likely importance of considering the main vortex as a material entity or isolated
airmass, for dynamical as well as chemical purposes."
All this suggests the presence of a distinguished material surface confining the coherent evolu-
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tion of the main vortex from the incoherent pattern of the surf zone. However, the most popular
approaches to locating the vortex edge are Eulerian, returning non-material structures based on
non-material coherence principles. We summarize these approaches below.
From a meteorological perspective, heuristic methods for assessing the shape and movement of
the polar vortex are based on the area diagnostic [125, 126] and later extensions, termed elliptic
diagnostics [127–129], which are mainly based on Potential Vorticity (PV). The vortex edge is then
routinely identified by locating steep gradients of PV [105,116,130,131]. Inspired by these heuristics,
Nash et. al. [105] define the vortex edge as the closed PV contour with the highest gradient relative
to the area it encloses. Other popular methods include effective diffusivity [132–135] and minimallystretching PV contours [136–138]. From a chemical perspective, various other heuristic methods
have been developed based on the chemical composition of the vortex-interior [139–141].
Lagrangian methods have also been used to locate the polar vortex edge. Bowman [142] was the
first to use the Finite Time Lyapunov Exponent (FTLE) for studying the Antarctic polar vortex.
Beron-Vera et al. [143] identify zonal jets in the lower stratosphere as transport barriers using
locally minimizing curves of FTLE fields. Several papers describe the connection between meridional
transport barriers and stratospheric zonal jets [114, 143–146] often based on identifying trenches of
FTLE. De la Camara et al. [147] investigate the austral spring vortex breakup in 2005 based on high
FTLE values, while Lekien and Ross [148] develop FTLE computation technique over non-Euclidean
manifolds, and use it to identify the 2002 Antarctic polar vortex breakup. Koh and Legras [149]
compute the Finite Size Lyapunov Exponent (FSLE) field over 500 K isentropic data from the
European Centre for Medium-Range Weather Forecasts (ECMWF) to identify transport barriers.
Joseph and Legras [150] conclude that high values of FSLE do not correctly identify the vortex
boundary, but rather delineate a highly mixing region outside the boundary called the ‘stochastic
layer’. Other Lagrangian analyses are based on optimally coherent sets [151] and trajectory length
[152–154]. These methods, however, either lack objectivity (frame-invariance), or identify nonmaterial structures. Furthermore, none of them give a rigorous parameter-free definition of the
vortex edge but rather a visual indication of its approximate location through steep gradients of
appropriate scalar fields.
Here we apply the recently developed mathematical theory of geodesic LCS to locate the polar
vortex edge. LCSs are distinguished surfaces in a dynamical system that invariably create coherent
trajectory patterns over a finite-time interval [21]. This kinematic (model-independent) theory
has already been applied to detect coherent structures in various atmospheric and oceanic flows
[15, 18, 44, 64, 71]. Specifically, elliptic LCSs are frame-independent distinguished material surfaces
that attain exceptionally low deformation over a finite-time interval [21]. This physical principle
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seems to be tailored precisely to identify the polar vortex edge (cf. Remark 5.1 and Fig. 5.1).
We compute elliptic LCSs on various isentropic surfaces in the northern middle stratosphere in
late December 2013 and early January 2014, when an exceptional cold weather was recorded in the
northeast United States. We show that a geodesic vortex boundary, defined as the outermost elliptic
LCS around the polar vortex region, forms an optimal, non-filamenting transport barrier dividing
the vortex core from the surf zone, and hence identifies the exact theoretical location of the polar
vortex edge. We prove this optimality by materially advecting the geodesic vortex boundary along
with a family of small perturbations to this boundary. Remarkably, despite the smallness of the
perturbations, we find all of them to undergo significant deformations while the geodesic vortex
boundary shows no filamentation.
We also find that in late December 2013, the polar vortex edge is initially centered and undeformed, while in the early January 2014, it materially deforms towards the Northeastern US,
consistently with the severe weather phenomena recorded over that time period. The deformation of
the polar vortex is typically visualized through the non-material evolution of the PV field. We show,
however, that the PV field misidentifies the correct extent of the vortex edge. Finally, we calculate
the change in the area enclosed by the vortex edge with time, on various isentropic levels. This
indicates a trend in the magnitude of vertical motion inside the vortex with respect to the altitude,
in agreement with the results of [123].

5.2
5.2.1

Geodesic LCS theory
Set-up and notation

Consider a two-dimensional unsteady velocity field
𝑥˙ = 𝑣(𝑥, 𝑡),

𝑥 ∈ 𝑈 ⊂ R2 ,

𝑡 ∈ [𝑡0 , 𝑡1 ].

(5.1)

where 𝑈 denotes a flow domain of interest. The trajectories of fluid elements define a flow map
𝐹𝑡𝑡0 (𝑥0 ) := 𝑥(𝑡; 𝑡0 , 𝑥0 ),

(5.2)

which takes every point 𝑥0 at time 𝑡0 to its position 𝐹𝑡𝑡0 (𝑥0 ) at time 𝑡. The right Cauchy-Green
strain tensor is often used to characterize Lagrangian strain generated by the flow map, defined
as [42]
𝐶𝑡𝑡0 (𝑥0 ) = [∇𝐹𝑡𝑡0 (𝑥0 )]⊤ ∇𝐹𝑡𝑡0 (𝑥0 ),

(5.3)
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where ∇𝐹𝑡𝑡0 is the gradient of the flow map and and ⊤ denotes matrix transposition. The tensor
𝐶𝑡𝑡0 is symmetric and positive definite, with eigenvalues 0 < 𝜆1 ≤ 𝜆2 and an orthogonal eigenbasis
{𝜉1 , 𝜉2 }, which satisfy
⎛
𝐶𝑡𝑡0 (𝑥0 )𝜆𝑖 (𝑥0 ) = 𝜆𝑖 (𝑥0 )𝜉𝑖 (𝑥0 ),

|𝜉𝑖 | = 1, 𝑖 = 1, 2;

𝜉2 = ⎝

0

−1

1

0

⎞
⎠ 𝜉1 .

(5.4)

A common diagnostic for hyperbolic (i.e., attracting and repelling) LCSs in the flow is the FTLE
field Λ𝑡𝑡0 [21], defined as
Λ𝑡𝑡0 (𝑥0 ) =

√︀
1
log 𝜆2 (𝑥0 ).
𝑡 − 𝑡0

(5.5)

The FTLE measures the maximum separation exponent of initially close particles over the time
interval [𝑡0 , 𝑡]. Its high values provide an intuitive idea of the location of most repelling material lines
in the flow. The FTLE, however, does not carry information about the type of deformation causing
particle separation, and hence the underlying LCSs need further post-processing to be identified
reliably [32].
A more precise variational approach classifies LCSs into three different types depending on the
distinguished impact they have on nearby deformation patterns. Specifically, initial positions of
hyperbolic LCSs (generalized stable and unstable manifolds), elliptic LCSs (generalized KAM tori)
and parabolic LCSs (generalized jet cores) are computable as solutions of specific variational principles [21, 45]. Later positions of these LCSs are then obtained by advecting their initial positions
under the flow map. We now briefly recap the theory of elliptic LCSs used in this paper.

5.2.2

Elliptic LCSs

A typical set of fluid particles deforms significantly when advected under the flow map 𝐹𝑡𝑡0 (·). One
may seek coherent material vortices as atypical sets of fluid trajectories that defy this trend by
preserving their overall shape. These shapes should be bounded by closed material lines that rotate
and translate, but show no appreciable stretching or folding. Motivated by this observation, Haller
and Beron-Vera [15] seek Lagrangian vortex boundaries as the outermost closed material lines across
which the averaged material stretching shows no leading-order variability.
Mathematically, consider a closed smooth curve 𝛾 ⊂ 𝑈 , parametrized in the form 𝑥(𝑠) by its
arclength 𝑠 ∈ [0, 𝜎]. The averaged material strain along 𝛾, computed between the times 𝑡0 and 𝑡, is
given by [15]
1
𝑄=
𝜎

∫︁
0

𝜎

√︃

⟨𝑥′ (𝑠), 𝐶𝑡𝑡0 (𝑥(𝑠))𝑥′ (𝑠)⟩
d𝑠,
⟨𝑥′ (𝑠), 𝑥′ (𝑠)⟩

(5.6)
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where ⟨·, ·⟩ denotes the Eulerian inner product and (·)′ denotes differentiation with respect to 𝑠. By
the smoothness of the velocity field, 𝒪(𝜖) perturbations to the material line 𝛾 will typically lead to
𝒪(𝜖) variability in the averaged tangential stretching 𝑄 [90]. Elliptic LCSs, in contrast, are sought
as exceptional closed material lines whose 𝒪(𝜖) perturbations show 𝒪(𝜖2 ) variability in the averaged
tangential stretching, i.e., 𝛿𝑄 = 0.
Haller and Beron-Vera [15] show that closed material lines 𝛾 satisfying 𝛿𝑄(𝛾) = 0 coincide with
closed null-geodesics of the Lorentzian metric
𝑔𝑥,𝜆 := ⟨𝑥′ , 𝐸𝜆 (𝑥)𝑥′ ⟩,

𝐸𝜆 (𝑥) =

1 𝑡
[𝐶 (𝑥0 ) − 𝜆2 𝐼],
2 𝑡0

(5.7)

for some constant 𝜆 > 0. Adopting recently developed results for a fully-automated computation
of closed null-geodesics (cf. chapter 4 or [45]), we compute the initial (time-𝑡0 ) position of elliptic
LCSs (𝛾) as the 𝑥−projection of closed orbits of the initial value problem family
𝑥′ = 𝑒𝜑 := [cos 𝜑, sin 𝜑]⊤ ,
cos2 𝜑⟨∇𝑥 𝐶 11 (𝑥), 𝑒𝜑 ⟩ + sin 2𝜑⟨∇𝑥 𝐶 12 (𝑥), 𝑒𝜑 ⟩ + sin2 𝜑⟨∇𝑥 𝐶 22 (𝑥), 𝑒𝜑 ⟩
,
sin 2𝜑[𝐶 22 (𝑥) − 𝐶 11 (𝑥)] + 2 cos 2𝜑𝐶 12 (𝑥)
{︀
}︀
𝑥(0) = 𝑥 ∈ 𝑈 : 𝐶 11 (𝑥) − 𝜆2 = 0 , 𝜑(0) = 0.
𝜑′ = −

(5.8)

Here 𝜑 denotes the angle enclosed by the 𝑥′ direction and the horizontal axis, and 𝐶 𝑖𝑗 (𝑥) denotes the
entry at row 𝑖 and column 𝑗 of the matrix 𝐶𝑡𝑡0 (𝑥). Elliptic LCSs are closed curves whose arbitrarily
small subsets stretch uniformly by the same factor of 𝜆. The time-𝑡 positions of these LCSs can be
obtained by advecting their initial position under the flow map 𝐹𝑡𝑡0 (𝛾). Geodesic vortex boundaries
can then be identified as the outermost elliptic LCSs computed over a set of lambdas ranging from
the weakly contracting (𝜆 < 1) to the weakly stretching (𝜆 > 1) curves.

5.3

Data and numerical methods

Synoptic scale stratospheric mixing is quasi-layer-wise and stratified, hence, most of the analyses are
done on isentropic surfaces. For purely adiabatic flows, atmospheric motion is restricted to isentropic
surfaces, an approximation which holds true over a period of 7-10 days in the stratosphere [155,156],
consistently with the time interval considered in our analysis.
Using isentropic surface data from the ECMWF global reanalysis [157], we compute elliptic LCSs
on the sequence of isentropic levels 850, 700, 600, 530 and 475K using a range of 𝜆-values from 0.8
to 1.2 in 0.1 steps. The wind velocity and potential vorticity on each isentropic surface are available
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on a 0.75∘ latitude ×0.75∘ longitude mesh-grid, with a time resolution of 6 hours. We focus on the
time period from 28𝑡ℎ December 2013 to 8𝑡ℎ January 2014, when exceptionally severe cold weather
affected the northeastern coast in the US.
Our region of interest is the northern polar region. In a standard spherical coordinate system (cf.
Fig. 5.2a), the zonal (longitudinal) wind velocity (in 𝑑𝑒𝑔./𝑑𝑎𝑦) tends to infinity at the north pole,
making trajectory calculations intractable in its vicinity. To this end, using a change of coordinates,
we shift this singularity to a different location, far from the region we intend to analyze (cf. Fig.
5.2b).

(a)

(b)

Figure 5.2: (a) Original coordinate system. (b) New of coordinate system suitable for Lagrangian
analysis close to the North Pole. Magenta circles mark the computationally intractable region for
trajectory calculations.
We use cubic interpolation of the velocity field for trajectory integration and compute ∇𝐹𝑡𝑡0 (𝑥0 )
according to [158]. Specifically, we compute trajectories of 4 initial conditions (on an auxiliary grid)
surrounding every point of the main grid, with the auxiliary grid size equal to 1% of the main grid
size. We carry out the trajectory integration and the LCS calculations from (5.8) using ODE45 in
MATLAB, with absolute and relative tolerances set to 10−6 .

5.4
5.4.1

Results
Elliptic LCSs identify the polar vortex edge

We perform a backward time analysis over a time interval [𝑡0 , 𝑡1 ] of 10 days, with 𝑡0 = 7𝑡ℎ January
2014 and 𝑡1 = 28𝑡ℎ December 2013. From the positions of the outermost elliptic LCSs (i.e., geodesic
vortex boundaries) on the five isentropic surfaces, we construct a 3D visualization of the geodesic
polar vortex edge spanning the middle and lower stratosphere (cf. Fig. 5.3). Such a 3D visualization
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enables us to make conclusions about the overall material deformation of the main vortex over the
time interval we analyze. Specifically, Fig. 5.3a shows the vortex edge on 28𝑡ℎ Dec. 2013, which has
an almost undeformed circular shape, while Fig. 5.3b shows the deformed vortex edge on 7𝑡ℎ Jan.
2014.

(a)

(b)

Figure 5.3: Reconstructed 3D visualization of geodesic polar vortex edges obtained on all isentropic
surfaces under consideration, (a) on 28𝑡ℎ Dec. 2013 and (b) on 7𝑡ℎ Jan. 2014. (Figures not to scale
along the radial direction). PV on the 475 K isentropic surface is plotted over the Earth’s surface.
The full evolution on the vortex boundary over the 10-day time window is available here Video 5.1.

Note that the vortex edge deforms towards the northeastern coast of the US, consistent with the
exceptional cold recorded there over the early January 2014. A video showing the evolution of the
3D geodesic vortex edge over the 10-days time window is available here Video 5.1.
Optimal coherent transport barrier
Recall that the vortex edge is thought as the outermost closed material line dividing the main vortex
from the surf zone (cf. Remark 5.1). Here we show the optimality of the geodesic vortex boundary
obtained as the outermost elliptic LCS. The optimal boundary of a coherent vortex can be defined
as a closed material surface that encloses the largest possible area around the vortex and undergoes
no filamentation over the observational time period. To this end, we consider a class of small normal
perturbations to the geodesic vortex boundaries. The amount of perturbation ranges between 2∘
and 5∘ (i.e., 5% to 10% of the equivalent diameter of the outermost elliptic LCSs). We then advect
the geodesic vortex boundary and its perturbations over the time window under study.
As an illustration, Fig. 5.4a shows the initial positions of the geodesic vortex edge and its
perturbations on the 600K isentropic surface. Figures 5.4b-5.4f, instead, show the advected images
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of the geodesic vortex and their perturbations on different isentropic surfaces. The geodesic vortex
edge remains coherent under advection in all cases, in sharp contrast to the perturbations which
undergo substantial filamentation over the 10-day time window.

(a)

(b)

(c)

(d)

(e)

(f)

Figure 5.4: (a) The position of the geodesic vortex edge (blue) on the 600K isentropic surface on
28th Dec. 2013, along with its outward perturbations. Advected images of the geodesic vortex edge
and its perturbations on 7𝑡ℎ Jan. 2014, for isentropic surfaces (b) 475K, (c) 530K, (d) 600K, (e)
700K and 850K.
Figure 5.5 shows a combined visualization of the initial positions of the geodesic vortex (blue)
together with their perturbations (Fig. 5.5a), and their evolved positions (Fig. 5.5b) for all isentropic
surfaces. A video showing the complete advection sequence over the 10-day time window is available
here Video 5.2.
The main vortex-surf zone distinction [159] divides the polar vortex into a coherent vortical
air mass, and its weakly coherent surrounding air, which gets eroded by planetary wave-breaking.
Thus, ideally, the polar vortex edge should enclose the coherent vortical air mass optimally. Such an
optimality necessitates that the immediate exterior of the vortex edge, being a part of the surf zone,
exhibit substantial advective mixing with the tropical air. This is because Rossby wave breaking
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(a)

(b)

Figure 5.5: (a) Geodesic vortex (blue) along with its perturbations on 28𝑡ℎ Dec. 2013 on different isentropic surfaces. (b) Advected position of the geodesic vortex and its perturbations on 7𝑡ℎ
Jan. 2014. (Figures not to scale along the radial direction). This 3D visualization shows that the
perturbations to the geodesic vortex edge undergo substantial filamentation consistently across all
isentropic surfaces. A video showing the complete advection sequence over the 10-days time window
is available here Video 5.2.

irreversibly erodes the polar vortex, with long filaments of stratospheric air getting pulled off the
surf zone, and into the tropical regions [130, 159]. In Fig. 5.5, we observe precisely this behavior in
the immediate vicinity of the geodesic vortex edge on each isentropic layer.

5.4.2

Elliptic LCS and the Nash-method

Here we compare the geodesic polar vortex edge with the one obtained using the Nash-method, i.e.,
the PV isoline possessing the maximum gradient of PV with respect to the equivalent latitude [105].
PV contours are frequently used because in the idealized case of adiabatic and inviscid flows, isentropic PV is conserved, with strong PV gradients generating a restoring force inhibiting meridional
transport [160]. However, even under these idealistic assumptions, the vortex edge returned by the
Nash-method is frame-dependent and non-material, and hence a priori unsuitable for a self-consistent
detection of coherent transport barriers.
Despite our analysis being purely kinematic, we obtain an overall qualitative agreement between
the geodesic vortex boundary and the ones obtained by the Nash-method. However, the Nashmethod fails to capture the optimal vortex edge accurately, sometimes underestimating (Fig. 5.6a)
and sometimes overestimating (Fig. 5.6b) it. The blue areas in Fig. 5.4b and Fig. 5.4e show
the advected images of the geodesic vortices in Fig. 5.6a and Fig. 5.6b, respectively. Invariably,
these areas remain coherent without mixing with warmer air at lower latitudes, as opposed to their
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slight perturbations. This shows that the outermost materially coherent boundary can either enclose
or be enclosed by the one indicated by the Nash method. Although PV generally decreases with
increasing distance from the poles, often small pockets of high PV appear far away from the polar
region. Hence, without further filtering, the vortex edge identified by the Nash-method could also
include small patches of tropical air (cf. Fig. 5.6a).

(a)

(b)

Figure 5.6: Potential vorticity on (a) the 475K and (b) the 700K isentropic surfaces in units of
(𝐾 𝑚2 )/(𝑘𝑔 𝑠) on 28𝑡ℎ Dec 2013. The Nash-edge, i.e., the PV contour with the highest gradient of
PV with respect to the equivalent latitude, is shown by dashed curves; the geodesic vortex boundary
is shown by thick black curves. Small pockets of high PV air are also enclosed by the Nash-edge
in Fig. (a). The evolution of the Nash-edge and the geodesic vortex edge during the 10-days time
window is available here Video 5.3.
Given its Eulerian (non-material) nature, the Nash-edge evolves discontinuously, with visible
jumps in position and shape over time. In contrast, the geodesic vortex edge we extract evolves
smoothly because of its material nature. A video comparing the geodesic vortex boundary with the
Nash-edge is available here Video 5.3. The video shows that sometimes the jumps in the vortex edge
identified by the Nash-method are dramatic and include high-value PV arms, which is inconsistent
with how the main vortex is envisioned (cf. Remark 5.1).
A video with the three-dimensional evolution of the Nash-edge computed over different isentropic
surfaces is available here Video 5.4 (to be compared with Video 5.1). Video 5.4 shows substantial
jumps in the bounding surface from one time step to another, due to the non-material nature of the
vortex boundaries returned by this method.

5.4.3

Elliptic LCSs and the FTLE field

Backward-time FTLE ridges are popular diagnostics for locating generalized unstable manifolds
[161, 162]. Although the FTLE might incorrectly identify even finite-time generalized stable and
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unstable manifolds [21, 163, 164], it is still used as a diagnostic for locating vortex-type structures,
believed to be marked by low FTLE values surrounded by FTLE ridges. In addition to all these
caveats, out of the numerous FTLE ridges, there is no clear strategy to filter and extract them as
parametrized curves.
Figure 5.7 shows the geodesic vortex edge (black) on the 7𝑡ℎ Jan. 2014 on two different isentropic
levels, along with the corresponding backward-time FTLE fields. On each isentropic surface, the
FTLE field has a complex filamentary structure, and such complexity increases in surfaces at lower
altitudes since the atmospheric motion becomes more chaotic close to the tropopause. Specifically,
Fig. 5.7a corresponds to 475K, and Fig. 5.7b to 530K which is closer to the tropopause, and have
numerous strands of high FTLE values emanating towards the equator.

(a)

(b)

Figure 5.7: Positions of geodesic vortex boundaries (thick black curves) on 7𝑡ℎ Jan. 2014, plotted
over the backward-time FTLE field on isentropic surfaces (a) 530K and (b) 475K.

Figure 5.7 shows that parts of some FTLE ridges approximate the optimal location of the polar
vortex boundary, but there is no clearly defined, single FTLE ridge marking this boundary. Analogous results would be obtained by computing FTLE over non-Euclidean manifolds with the method
developed by Lekien and Ross [148] (cf. Fig. 9 in [148]). Similar conclusions about the forward-time
FSLE were been made in [150], with the corresponding FSLE ridges penetrating the surf zone and
forming a highly mixing ‘stochastic layer’, rather than identifying a coherent transport barrier. In
contrast, the geodesic vortex boundary returns the exact location of the coherent vortex edge, as we
demonstrated by actual material advection in section 5.4.1.
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5.4.4

Elliptic LCS and the ozone concentration field

The location and shape of the geodesic vortex edge is consistent with the ozone concentration (cf.
Fig. 5.8), in agreement with the chemical composition expected within the main vortex. Ozone concentration behaves approximately like a passive tracer in the stratosphere over several weeks [165],
and thus evolves with the vortex. Ozone hole formation is anti-correlated to the planetary wave
activity [166, 167], and thus depends on the strength of the meridional transport barrier enclosing
the polar vortex. For example, it has been shown that the polar night jet, a barrier to stratospheric meridional transport of passive tracers such as ozone, accounts for the sharp boundary of
the Antarctic ozone hole [145]. Despite the lower subsistence of the Arctic vortex compared to the
Antractic vortex [128], the geodesic vortex edge shadows closely the boundary separating regions of
contrasting ozone concentrations over the time window we analyze at every isentropic layer.

(a)

(b)

Figure 5.8: Nearby sharp contrast in the ozone concentration is observed along the geodesic vortex
boundary of each isentropic surface. Shown here are the ozone mass mixing ratios in units of
(𝑘𝑔)/(𝑘𝑔) on (a) the 850K and (b) the 600K isentropic surfaces on 7𝑡ℎ Jan. 2014.
As an illustrative example, Figs. 5.8a-5.8b show the vortex edge (black) on 7𝑡ℎ Jan 2014 on
850K and 600K, along with their corresponding ozone concentration. Note the relatively lower and
higher ozone concentrations in the polar vortex compared with the surrounding air, are a result of
the Brewer-Dobson circulation [168]. In this mechanism, ozone created in the tropical stratosphere
is transported polewards in the lower stratosphere.

5.4.5

Elliptic LCS and the temperature field

Temperature does not behave like a passive tracer on isentropic surfaces, hence it is not expected
to advect as air particles. However, curiously, we generally find that geodesic vortex boundaries
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on isentropic surfaces turn out to match remarkably well with the temperature fields available on
isobaric surfaces roughly 10 km lower in altitude. As an illustration, we show that the geodesic
boundaries of the 850K and 700K isentropic surfaces match well with the temperature fields of
the 30hPa and 50hPa isobaric surfaces (cf. Fig. 5.9). Note that we use temperature fields on
isobaric surfaces available at [169] because they are not directly available on isentropic surfaces in
the ECMWF database.

(a)

(b)

Figure 5.9: Temperature fields (in Kelvin) of (a) 30hPa and (b) 50hPa isobaric surfaces and geodesic
vortex boundaries on (a) 850K and (b) 700K isentropic surfaces.

Despite their purely kinematic nature, LCSs show a close match with instantaneous temperature
and ozone concentration fields, bringing further evidence that the geodesic vortex boundary correctly
identifies the physically observable polar vortex edge.

5.4.6

Vortex shrinkage and vertical motion inside the vortex

The assumption of adiabatic and frictionless motion implies the restriction of atmospheric dynamics
to quasi-horizontal isentropic surfaces. In reality, however, radiative heating and cooling effects
invariably arise, resulting in cross-isentropic vertical motion inside the vortex. The well-known
Brewer-Dobson circulation [160] posits a vertically downward and horizontally poleward movement
of air in the winter stratosphere. Cross-isentropic vertical motion, in the form of diabatic descent, has
been calculated in various studies. Based on diabatic heating computations using a radiation model,
Rosenfield et al. [123] conclude that the amount of descent in the middle and upper stratosphere is
substantially larger than in the lower stratosphere. Mankin et al. [170] and Shroeberl et al. [119]
also conclude that the magnitude of descent increases with altitude.
The shrinkage of the vortex area on a cross-sectional surface is an indicator of the magnitude of
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the vertical motion inside the full three-dimensional vortex. Over the 10-day time window, the area
enclosed by the geodesic vortex edge decreased on each of the five isentropic surfaces (Fig. 5.10).
Moreover, the magnitude of this shrinkage is consistently higher for surfaces with higher potential
temperatures (which are at higher altitudes; cf. Fig. 5.10f). The shrinkage of the vortex on the 850
K isentropic surface is substantially higher than the rest, in agreement with the diabatic descent
trend observed in [123].

(a)

(b)

(c)

(d)

(e)

(f)

Figure 5.10: (a-e) The geodesic vortex area evolution with time, on (a) 475K, (b) 530K, (c) 600K,
(d) 700K and (e) 850K isentropic surfaces in the units of percentage of Earth’s surface area. (f)
10-days vortex area shrinkage in units of percentage of Earth’s surface area as a function of potential
temperature.
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Conclusions

The two polar vortices are dominant dynamical features of stratospheric circulation. During fall
and winter, they exemplify coherent vortical motion, with a delineating transport barrier commonly
referred to as the ‘vortex edge’, outside which lies the highly mixing ‘surf zone’. Recent interest in the
polar vortices has been motivated by the central role they play in the ozone hole formation [106,107],
as well as by their influence over tropospheric weather [171, 172].
Using the recently developed geodesic theory of Lagrangian coherent structures [21, 45], we have
computed geodesic vortex boundaries on various isentropic surfaces during the late December 2013
and early January 2014, when an exceptional cold wave was recorded in the Northeastern US.
Geodesic LCS theory enables us to identify the polar vortex edge as a smooth parametrized material
surface. In comparison to other diagnostics used for the vortex edge identification, the geodesic
LCS method uniquely identifies a materially optimal (i.e., maximal and non-filamenting) vortex
boundary, dividing the main vortex from the surf zone. We verify this optimality by actual material
advection of the geodesic vortex edge and its normal perturbations. Remarkably, we find that even
slightly normally perturbed surfaces exhibit substantial advective mixing with the tropical air, while
the geodesic edge remains perfectly coherent, conforming to the original idea for a vortex edge. We
find that the polar vortex is initially roughly symmetrically placed in late December 2013, while it
deforms towards the Northeast coast of the US in early January 2014, consistent with the severe
cold registered over this period.
Isentropic PV was instrumental in realizing the ‘main vortex-surf zone’ [124, 130, 159] distinction
in the stratospheric polar vortex. A popular PV-based method posits the vortex edge as the PV
contour with the highest PV gradient with respect to equivalent latitude [105]. We have observed
that despite its simplicity, this method sometimes underestimates while at other times overestimates
the extent of the coherent vortex core. Furthermore, due to their Eulerian nature, PV-based methods
are inherently sub-optimal for material assessments. The geodesic LCS theory used here is purely
kinematic, and hence model-independent. Not only it is immune to model-dependent fallibility of
diagnostics, such as PV, but it is also objective (i.e. frame-independent). Despite its kinematic
nature, the method renders a vortex edge that closely match sharp gradients in the temperature
field and ozone concentration.
Using the shrinkage of the coherent vortical area on different isentropic surfaces, we obtain a
good agreement with the trend of increasing diabatic descent with increasing altitude, observed also
in several other studies [119, 123, 170].

Chapter 6

Exact Theory of Material Spike
Formation in Flow Separation
Chapter Summary
We develop a frame-invariant theory of material spike formation during flow separation over a no-slip
boundary in two-dimensional flows with arbitrary time dependence. Based on the exact curvature
evolution of near-wall material lines, our theory identifies both fixed and moving flow separation, is
effective also over short-time intervals, and admits a rigorous instantaneous limit. As a byproduct,
we derive explicit formulae for the evolution of material line curvature and the curvature rate for
general compressible flows. The material backbone we identify acts as the first precursor, and the
latter centerpiece, of unsteady Lagrangian flow separation. We also discover a previously undetected
spiking point where the backbone of separation connects to the boundary, and derive wall-based
analytical formulae for its location. Finally, our theory explains the perception of off-wall separation
in unsteady flows and provides conditions under which such a perception is justified. We illustrate
our results in several analytical and experimental flows.

6.1

Introduction

Fluid flow separation is generally regarded as the detachment of fluid from a no-slip boundary. It
is the root cause of several complex flow phenomena, such as vortex formation, wake flow and stall,
all of which invariably reduce the performance of engineering flow devices. Following the pioneering
work of Prandtl [173] on two-dimensional steady flows, a number of advances have been made towards
a better understanding of flow separation. These studies can be divided into two main categories
(cf. Section 6.1.1). The first category views separation as the appearance of a singularity in the
boundary-layer equation [174, 175]. As examples of both separation without such singularities and
singularities without separation are known [176], this view practically associates separation with ones
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inability to solve the boundary-layer equations accurately. The second category views separation as
ejection of material from the boundary due to the presence of wall-based nonhyperbolic invariant
manifolds in the Lagrangian dynamics [177]. This theory is mathematically exact, and focuses
more on longer-term particle dynamics, as opposed to the appearance of separation triggered by the
formation of a material spike.
To illustrate the difference between short-term material spikes and longer-term material ejection
along unstable manifolds, Fig. 6.1 shows the evolution of material lines initially close to the wall in
a steady flow analyzed in more detail in Section 6.6.1. While fluid particles released within the black
box in Fig. 6.1a approach asymptotically the singular streamline (unstable manifold) emanating
from the Prandtl point 𝑥 = 𝑝 (cf. eq. (6.1)), the birth of a material spike takes place at a different
upstream location, as shown in Figs. 6.1b-6.1c. A video showing the full time evolution of the
material lines is available here Video 1.

(a)

(b)

(c)

Figure 6.1: (a) Streamlines of a steady flow analyzed in more detail in Section 6.6.1. The green dot
represents the Prandtl separation point defined by eq. (6.1). (b, c) Zoom of Fig. 6.1a in the region
enclosed by the bottom right rectangle, along with the evolution of material lines shown in black.
The full evolution of material lines is available here Video 1.

6.1.1

Prior work on flow separation

Prandtl [173] derived a separation criterion for two-dimensional, steady, incompressible velocity
fields 𝑓 (𝑥, 𝑦) = [𝑢(𝑥, 𝑦), 𝑣(𝑥, 𝑦)] that satisfy the no-slip boundary condition 𝑓 (𝑥, 0) = 0, where 𝑥 is
the coordinate parallel to the wall, 𝑦 is normal to the wall, and (𝑢, 𝑣) are the components of the
velocity field 𝑓 in the (𝑥, 𝑦) directions. He showed that streamlines in such a flow separate from the
boundary where the skin friction 𝜏 vanishes and admits a negative derivative (cf. Fig. 6.1). Thus,

112

CHAPTER 6. MATERIAL SPIKE FORMATION IN FLOW SEPARATION

according to Prandtl’s criterion, flow separation takes place at a point (𝑝, 0) if
⎧
⎪
⎨𝜏 (𝑝) = 𝜈𝜌𝑢𝑦 (𝑝, 0) = 0,

(6.1)

⎪
⎩𝜏 ′ (𝑝) = 𝜈𝜌𝑢𝑥𝑦 (𝑝, 0) < 0,
where 𝜈 and 𝜌 are the kinematic viscosity and the density of the fluid, and (·)𝑦 :=

𝑑
𝑑𝑦 (·).

While this separation criterion is still often considered to be valid for unsteady flows, several
studies have shown this view to be incorrect [174, 178, 179]. Specifically, Sears and Telionis [175]
observed that vanishing wall shear "does not denote separation in any meaningful sense in unsteady
flow", and proposed the Moore–Root–Sears (MRS) criterion. This criterion states that in the limit
of infinite Reynolds numbers, unsteady separation takes place at a point off the boundary where 𝑢𝑦
vanishes and the streamwise velocity equals the velocity of the separation structure. The restriction
to 𝑅𝑒 → ∞ together with the reliance on the a priori unknown velocity of the separation structure,
however, makes the MRS principle practically inapplicable [180, 181].
A large number of numerical studies have focused on solving the boundary-layer equations,
defining the separation point as the location where the solution of these equations becomes singular
[174,175]. Subsequently, by using Lagrangian coordinates, Van Dommelen [181] and Van Dommelen
and Shen [182] overcame the computational difficulties seen earlier in the Eulerian frame. Analytic
results show, however, that separation in the boundary-layer equations has no direct connection with
velocity singularities [176]. Furthermore, these methods are inapplicable to physical two-dimensional
Navier-Stokes flows, which do not exhibit singularities. This problem has been partially solved by the
triple-deck theory, which models the interaction between the viscous boundary layer and the outer
inviscid region (see e.g., [183]). The triple-deck theory, however, as the MRS criterion, assumes an
infinite Reynolds number (see also the recent reviews [184, 185]).
Using dynamical systems theory, Shariff et al. [186] and Yuster and Hackborn [187] proposed a
rigorous criterion for the existence of a material-spike on a no-slip boundary in near-steady timeperiodic incompressible flows. In particular, they defined the separation profile in such flows as the
unstable manifold of a non-hyperbolic fixed point on the wall. Extending this idea, Haller [177]
developed a general theory of separation for a broader class of unsteady flows, defining two types
of separation: fixed and moving separation. Fixed separation occurs in flows with a well-defined
asymptotic mean [188], such as periodic and quasiperiodic flows, as well as aperiodic flows with a
mean component. In this case, the separation point on the boundary is fixed at a location where the
backward-time average of the skin friction vanishes, and the angle of separation is generally time
dependent. In the case of compressible flows, the skin-friction average in this criterion is weighted
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by a function of the flow density. These results have also been extended to three-dimensional
flows [189, 190].
To define moving separation points, Haller [177] used finite-time unstable manifold ideas from [11]
that are mathematically rigorous but give non-unique results. In a later contribution, Surana and
Haller [191] derived an exact separation criterion for slow-fast flows (i.e., unsteady flows where the
mean and fluctuating components have different time scales). The separation point then arises at
a location where the time-varying mean skin friction vanishes. This criterion, however, relies on a
precise extraction of a slow mean-flow component of the velocity field.
Recently, using the theory of Lagrangian Coherent Structures (LCSs), Miron and Vétel [192]
proposed a different approach to moving separation. They defined the separation point as an offwall Lagrangian saddle-type trajectory whose finite-time unstable manifold acts as the observed
separation profile. This separation profile is an attracting LCS [56] initiated from a set of points
satisfying suitable attraction properties. Among all attracting LCSs, they select a particular subset
on which the backward Finite Time Lyapunov Exponent (FTLE) achieves a relative maximum within
a prescribed neighborhood. Finally, the separation point along the remaining LCSs is selected as
the point where the time-averaged normal repulsion rate is maximal after long-enough time.
One may look for truly off-wall separation but it may not exist. At the same time, not being
able to find an on-wall signature of a given separation phenomenon does not imply that it has
none. For instance, although commonly thought otherwise (see, e.g., [192]), in the classic example
of flow separation over a moving boundary, the separation point does have a clear on-wall Eulerian
signature in a frame co-moving with the boundary (see [191], Fig. 7). Therefore, the existence of a
truly off-wall separation point in real-life flows has been an unsettled question.
Similar to Fig. 6.1, Fig. 6.2 shows the evolution of material lines (black) in the von Kármán
vortex street flow analyzed in more detail in Section 6.6.3 over the time interval [0, 0.1]. The
instantaneous streamlines and Prandt separation point are shown in blue and green, respectively.
Although this flow is time periodic with period 𝑇𝑝 ≈ 1.1, within the finite-time interval we used,
the flow appears aperiodic. Even over this short-time interval, however, one observes a clear spike
formation exactly as in the steady flow example of Fig. 6.1. This highlights two important facts.
First, the spike formation shows a qualitatively similar behavior in both steady and unsteady flows.
Second, and more important, existing criteria would be unable to detect such spike formation over
these short-time intervals because they are either inapplicable or are designed to capture the longterm (asymptotic) separation profile.
Both from a phenomenological and a flow-control perspective, one would ideally need a universal
definition of the evolving theoretical centerpiece (backbone) of the material spike irrespective of
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Figure 6.2: (a) Initial position of material lines (black) in a time-periodic flow analyzed in more
detail in section 6.6.3. The instantaneous streamlines and Prandtl separation points (cf. eq. (6.1))
are shown in blue and green respectively. (b, d) Advected images of material lines within the time
interval [0, 0.1]. The full evolution of material lines is available here Video 2.

the time dependence, the asymptotic properties, and the time scales of the separating flow. Such
definition should be effective also over short-time intervals, and ideally admit a rigorous instantaneous limit. In summary, despite significant advances in the long-term phenomenological study of
flow separation, a rigorous general theory for the material spike formation universally observed in
separation experiments has still been missing.

6.1.2

Main results

In this paper, we derive a general frame-independent theory of material spike formation over a noslip boundary in two-dimensional flows with arbitrary time dependence. Our theory identifies both
fixed and moving separation, and is effective also over short-time intervals, inaccessible to previous
theories.
Our results are based on explicit formulae for the evolution of material line curvature. Material
spike formation can then be captured as the emergence of the locus of curvature maxima near
the boundary. If such a ridge of the material curvature field emanates from a fixed point on the
boundary, we spear a fixed separation. Otherwise, we identify the separation as moving.
Although in the boundary layer equation community the spike formation has exclusively been
associated with unsteady separation [181,182], Fig. 6.1 shows that the same phenomenon also exists
in steady flows, as noted above. Using the flow of Fig. 6.1, in Fig. 6.3 we show the backbone of
the material spike in red, along with the streamlines in blue, and the material lines initially parallel
to the wall in black. Most importantly, we uncover a previously undocumented spiking point 𝑠𝑝 , at
which the backbone of the separation spike connects to the wall. Remarkably, even in steady flows,
the spiking point differs from the classic zero skin-friction point 𝑝 identified by Prandtl.
In Table 6.1, we summarize the general formulae we will derive later for the Lagrangian spiking
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(a)

(b)

Figure 6.3: Backbone of separation (red curve) in a steady flow (cf. section 6.6.1) at two different
times, along with the streamlines (blue), and material lines initially parallel to the wall (black). The
green dot represents the Prandtl separation point (cf. eq. (6.1)), while the red dot marks the spiking
point (cf. Table 6.1) where the backbone connects to the wall.

point in the case of incompressible flows analyzed over a time interval [𝑡0 , 𝑡0 + 𝑇 ] (see Section 6.4
for compressible flows).
Lagrangian spiking point : (𝑠𝑝 , 0)
Steady flow
⎧
⎪
⎪𝑣𝑥𝑥𝑥𝑦𝑦 (𝑠𝑝 , 0) = 0
⎪
⎪
⎨
𝑣𝑥𝑥𝑥𝑥𝑦𝑦 (𝑠𝑝 , 0) < 0
⎪
⎪
⎪
⎪
⎩𝑣
𝑥𝑥𝑦𝑦 (𝑠𝑝 , 0) > 0

Time-periodic flow (period 𝑇𝑝 )
𝑇 = 𝑛𝑇𝑝 , 𝑛 ∈ N+
⎧∫︀
⎪
⎪ 𝑡𝑡0 +𝑇𝑝 𝑣𝑥𝑥𝑥𝑦𝑦 (𝑠𝑝 , 0, 𝑡)𝑑𝑡 = 0
⎪
⎪
⎨ 0
∫︀ 𝑡0 +𝑇𝑝
𝑣𝑥𝑥𝑥𝑥𝑦𝑦 (𝑠𝑝 , 0, 𝑡)𝑑𝑡 < 0
𝑡0
⎪
⎪
⎪
∫︀
⎪
⎩ 𝑡0 +𝑇𝑝 𝑣
(𝑠 , 0, 𝑡)𝑑𝑡 > 0
𝑡0

𝑥𝑥𝑦𝑦

𝑝

Temporally aperiodic flow
⎧∫︀
⎪
⎪ 𝑡𝑡0 +𝑇 𝑣𝑥𝑥𝑥𝑦𝑦 (𝑠𝑝 , 0, 𝑡)𝑑𝑡 = 0
⎪
⎪
⎨ 0
∫︀ 𝑡0 +𝑇
𝑣𝑥𝑥𝑥𝑥𝑦𝑦 (𝑠𝑝 , 0, 𝑡)𝑑𝑡 < 0
𝑡0
⎪
⎪
⎪
∫︀
⎪
⎩ 𝑡0 +𝑇 𝑣
𝑥𝑥𝑦𝑦 (𝑠𝑝 , 0, 𝑡)𝑑𝑡 > 0
𝑡0

Table 6.1: Exact criteria for the location of the Lagrangian spiking point on a flat no-slip boundary
in the case of an incompressible flow observed over the time interval [𝑡0 , 𝑡0 + 𝑇 ].

In Section 6.4, we show that for steady flows and time-periodic flows analyzed over a multiple of
their period, the spiking point is fixed, as is the classic asymptotic separation point [173, 177]. The
backbone of the separation spike, however, evolves even in steady flows, serving as the theoretical
centerpiece of the developing material spike. In contrast, the corresponding asymptotic separation
profiles are fixed. Although our main interest is to capture the birth of the material spike, in
Appendix 6.D.3 we also derive explicit formulae for the asymptotic (𝑇 → ∞) mean location of the
spiking point in the case of unsteady velocity fields with a finite mean component such as quasiperiodic velocity fields. These formulae apply to canonical separation problems, such as separation
behind a cylinder or a backward facing step, which admit a finite number of dominant frequencies
in their Fourier spectra.
The spiking point in Table 6.1 involve higher-order derivatives of the velocity field. These can
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be computed spectrally in direct numerical simulations, but would be challenging to measure experimentally. In Section 6.4, however, we derive an alternative topological definition of spiking points
without higher derivatives. In the case of incompressible flows, our spiking point criteria can also be
computed from an approximate velocity field reconstructed from wall-based quantities (cf. Appendix
6.F).
Our theory also explains the perception of off-wall separation in unsteady flows, providing conditions under which such a perception is correct. Additionally, in the limit of zero advection time, our
Lagrangian definition of the backbone of separation turns into a frame-invariant Eulerian definition.
We believe that this objective Eulerian identification of the birth of a separation spike will be useful
in active flow-control applications.
The paper is organized as follows. We first develop our theoretical results in Sections 6.2-6.4, then
we give an algorithmic summary of our Lagrangian and Eulerian backbones of separation in Section
6.5. In Section 6.6, we illustrate our results on several examples, including steady, time-periodic and
unsteady analytic velocity fields with flat and curved boundaries, as well as an experimental velocity
dataset.

6.2

Set-up and notation

Consider the two-dimensional non-autonomous dynamical system
𝑧˙ = 𝑓 (𝑧, 𝑡), 𝑓 (𝑧, 𝑡) = [𝑢(𝑧, 𝑡), 𝑣(𝑧, 𝑡)]⊤ , 𝑧 = [𝑥, 𝑦]⊤ ∈ 𝑈 ⊂ R2 ,

(6.2)

with a smooth velocity field 𝑓 (𝑧, 𝑡) defined on an open flow domain 𝑈 ⊂ R2 , over a time interval
𝑡 ∈ [𝑎, 𝑏]. We denote the vorticity of 𝑓 (𝑧, 𝑡) by 𝜔(𝑧, 𝑡), and recall the customary velocity gradient
decomposition
∇𝑓 (𝑧, 𝑡) = 𝑆(𝑧, 𝑡) + 𝑊 (𝑧, 𝑡),

(6.3)

with the rate-of-strain tensor 𝑆 and the spin tensor 𝑊 defined as
⎛
1
𝑆 = (∇𝑓 + ∇𝑓 ⊤ ),
2

1
𝜔
𝑊 = (∇𝑓 − ∇𝑓 ⊤ ) ≡ − 𝑅,
2
2

𝑅 := ⎝

0

1

−1

0

⎞
⎠.

(6.4)

Trajectories 𝑧(𝑡; 𝑡0 , 𝑥0 ) of (6.2) define the flow map
𝐹𝑡𝑡0 (𝑧0 ) : 𝑧0 ↦→ 𝑧(𝑡; 𝑡0 , 𝑥0 ),

(6.5)
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which takes an initial condition 𝑧0 at time 𝑡0 to its position 𝐹𝑡𝑡0 (𝑧0 ) at time 𝑡, [𝑡0 , 𝑡] ⊆ [𝑎, 𝑏]. The
right Cauchy-Green strain tensor 𝐶𝑡𝑡0 [42] is often used to characterize Lagrangian strain generated
by 𝐹𝑡𝑡0 , defined as
[︀
]︀⊤
𝐶𝑡𝑡0 = ∇𝐹𝑡𝑡0 ∇𝐹𝑡𝑡0 .

(6.6)

A common diagnostic for identifying the location of maximum separation of initially close particles over the time interval [𝑡0 , 𝑡] is the forward Finite Time Lyapunov Field (FTLE)
Λ𝑡𝑡0 (𝑧0 ) =

√︀
1
log 𝜆2 (𝑧0 ),
𝑡 − 𝑡0

(6.7)

where 𝜆2 (𝑧0 ) denotes the highest eigenvalue of 𝐶𝑡𝑡0 (𝑧0 ). Similarly, the backward FTLE is used to
identify the location of maximum attraction of initially distant particles over [𝑡0 , 𝑡]. For a discussion
on results connecting the FTLE field to flow features, see [21].

6.3

Curvature evolution along a material line

In this section, we derive an explicit formula for the curvature evolution along a material line 𝛾 as a
function of its parametrization at the initial time 𝑡0 . Denote with 𝑟 : 𝑠 ↦→ 𝑟(𝑠), 𝑠 ∈ [𝑠1 , 𝑠2 ] ⊂ R the
parametrization of a material curve 𝛾 at 𝑡0 , and with (·)′ differentiation respect to 𝑠 (see Fig. 6.4
for illustration). The normalized tangent vector to the advected curve 𝐹𝑡𝑡0 (𝛾), as a function of 𝑟(𝑠),

Figure 6.4: Curvature evolution along a material line 𝛾 in the extended phase space of position and
time.

118

CHAPTER 6. MATERIAL SPIKE FORMATION IN FLOW SEPARATION

can be computed as
𝑟˜′ (𝑠) =

∇𝐹𝑡𝑡0 (𝑟(𝑠))𝑟′ (𝑠)
∇𝐹𝑡𝑡0 (𝑟(𝑠))𝑟′ (𝑠)
,
= √︁
𝑡
′
|∇𝐹𝑡0 (𝑟(𝑠))𝑟 (𝑠)|
⟨𝑟′ (𝑠), 𝐶𝑡𝑡0 (𝑟(𝑠))𝑟′ (𝑠)⟩

(6.8)

and the arclength of 𝐹𝑡𝑡0 (𝛾) from 𝐹𝑡𝑡0 (𝑟(𝑠1 )) to 𝐹𝑡𝑡0 (𝑟(𝑠)), is
∫︁

𝑠

𝑠˜ =
𝑠1

√︁

⟨𝑟′ (𝜏 ), 𝐶𝑡𝑡0 (𝑟(𝜏 ))𝑟′ (𝜏 )⟩𝑑𝜏,

(6.9)

where ⟨·, ·⟩ denotes the Euclidean inner product. Using eqs. (6.8-6.9), we obtain the curvature vector
of 𝐹𝑡𝑡0 (𝛾) in the form
𝜅
˜ (𝑠) =

𝑑𝑠 𝑑 ′
𝑟˜′′ (𝑠)
𝑑 ′
.
𝑟˜ =
𝑟˜ = √︁
𝑑˜
𝑠
𝑑˜
𝑠 𝑑𝑠
⟨𝑟′ (𝑠), 𝐶𝑡𝑡0 (𝑟(𝑠))𝑟′ (𝑠)⟩

(6.10)

Finally, projecting 𝜅
˜ (𝑠) onto the curve-normal direction, we obtain the material evolution of the
curvature scalar 𝜅𝑡𝑡0 (𝑠) along 𝛾, as a function of its parametrization at the initial time, in the form
𝜅𝑡𝑡0 (𝑠) = ⟨˜
𝜅(𝑠), 𝑅˜
𝑟′ (𝑠)⟩.

(6.11)

Similarly, the material curvature rate 𝜅˙ 𝑡0 (𝑠) along 𝛾 advected under the flow 𝐹𝑡𝑡0 (𝛾), at the initial
time 𝑡0 , can be computed as
𝜅˙ 𝑡0 (𝑠) =

𝑑 𝑡
𝜅 (𝑠)|𝑡=𝑡0 .
𝑑𝑡 𝑡0

(6.12)

Figure 6.4 illustrates formula (6.11). Using the formulae derived in Appendix 6.A together with the
results of this section, we obtain the following result.

Theorem 6.1. Consider a smooth material curve 𝛾 ⊂ 𝑈 parametrized at 𝑡0 in the form 𝑟(𝑠),
𝑠 ∈ [𝑠1 , 𝑠2 ] ⊂ R, and denote its local tangent vector by 𝑟′ (𝑠) and curvature scalar by 𝜅0 (𝑠) :=
⟨𝑟
𝜅𝑡𝑡00 (𝑠) = √

′′

(𝑠),𝑅𝑟 ′ (𝑠)⟩

⟨𝑟 ′ (𝑠),𝑟 ′ (𝑠)⟩

3

. The curvature evolution along 𝛾, under the action of the flow map 𝐹𝑡𝑡0 can

then be computed as

𝜅𝑡𝑡0

=

⟨(∇2 𝐹𝑡𝑡0 (𝑟)𝑟′ )𝑟′ , 𝑅∇𝐹𝑡𝑡0 (𝑟)𝑟′ ⟩
3

⟨𝑟′ , 𝐶𝑡𝑡0 (𝑟)𝑟′ ⟩ 2

3

+

𝜅0 det[∇𝐹𝑡𝑡0 (𝑟)]

⟨𝑟′ , 𝑟′ ⟩ 2

3

⟨𝑟′ , 𝐶𝑡𝑡0 (𝑟)𝑟′ ⟩ 2

,

(6.13)
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and the material curvature rate as
𝜅˙ 𝑡0 =

⟨𝑅𝑟′ , (∇𝑆(𝑟, 𝑡0 )𝑟′ )𝑟′ ⟩
3

⏟

⟨𝑟′ , 𝑟′ ⟩ 2
⏞
𝜅˙ 𝐼

where (∇𝑆(𝑟, 𝑡0 )𝑟′ )𝑖𝑗 =

2
∑︀
𝑘=1

−

⟨∇𝜔(𝑟, 𝑡0 ), 𝑟′ ⟩
1

2⟨𝑟′ , 𝑟′ ⟩ 2
⏞
⏟

[︂
]︂
⟨𝑟′ , 𝑆(𝑟, 𝑡0 )𝑟′ ⟩
+ 𝜅0 ∇ · 𝑓 (𝑟, 𝑡0 ) − 3
,
⟨𝑟′ , 𝑟′ ⟩
⏞
⏟

(6.14)

𝜅˙ 𝐼𝐼𝐼

𝜅˙ 𝐼𝐼

𝑆𝑖𝑗,𝑘 (𝑟, 𝑡0 )𝑟𝑘′ , 𝑖, 𝑗 ∈ {1, 2}. For incompressible flows (i.e., ∇ · 𝑓 = 0)

and under arclength parametrization of 𝛾 (i.e., ⟨𝑟′ , 𝑟′ ⟩ = 1), eqs. (6.13) and (6.14) simplify to
𝜅𝑡𝑡0 =

⟨(∇2 𝐹𝑡𝑡0 (𝑟)𝑟′ )𝑟′ , 𝑅∇𝐹𝑡𝑡0 (𝑟)𝑟′ ⟩
3
⟨𝑟′ , 𝐶𝑡𝑡0 (𝑟)𝑟′ ⟩ 2

+

𝜅0
3
𝑡
⟨𝑟′ , 𝐶𝑡0 (𝑟)𝑟′ ⟩ 2

,

𝜅˙ 𝑡0 = ⟨(∇𝑆(𝑟, 𝑡0 )𝑟′ )𝑟′ , 𝑅𝑟′ ⟩ − 12 ⟨∇𝜔(𝑟, 𝑡0 ), 𝑟′ ⟩ − 3𝜅0 ⟨𝑟′ , 𝑆(𝑟, 𝑡0 )𝑟′ ⟩.

(6.15)

(6.16)

Proof. See Appendix 6.A.



Equation (6.14) shows that the curvature rate 𝜅˙ 𝑡0 (𝑠) along 𝛾 consists of three terms: the topology
of the stretching rate (𝜅˙ 𝐼 ), the topology of the rigid-body rotation rate described by the vorticity
(𝜅˙ 𝐼𝐼 ) and the compressibility of 𝑓 together with the stretching rate along 𝛾, weighted by its current
curvature (𝜅˙ 𝐼𝐼𝐼 ). Therefore, the curvature rate 𝜅,
˙ and hence also the curvature map 𝜅𝑡𝑡0 , combine
stretching- and rotation-based quantities.
The computation of spatial derivatives of 𝐹𝑡𝑡0 in eq. (6.13) is a numerically sensitive procedure.
To this end, in Appendix 6.B, we derive general identities that allow us to compute 𝜅𝑡𝑡0 without taking
spatial derivatives of 𝐹𝑡𝑡0 numerically. In Appendix 6.C, we show that 𝜅˙ and 𝜅𝑡𝑡0 are independent of
the parametrization of 𝛾 and are objective, i.e., remain unchanged under time-dependent rotations
and translations of the coordinate frame. This follows from the objectivity of the rate-of-strain
tensor, and the objectivity of the vorticity gradient. Remarkably, although vorticity is not objective,
its topology described by the vorticity gradient is objective. We summarize these results as follows.
Proposition 6.2. The curvature rate 𝜅˙ 𝑡0 (cf. (6.14)) and the curvature map 𝜅𝑡𝑡0 (cf. (6.13)):
(a) are independent of the parametrization 𝑟(𝑠), 𝑠 ∈ [𝑠1 , 𝑠2 ] ⊂ R;
(b) are objective, i.e., invariant under coordinate changes of the form
𝑥 = 𝑄(𝑡)˜
𝑥 + 𝑏(𝑡),

(6.17)

where 𝑄(𝑡) ∈ 𝑆𝑂(2) and 𝑏(𝑡) ∈ R2 are smooth functions of time.
Proof. See Appendix 6.C.
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Proposition 6.2 guarantees that flow features inferred from 𝜅˙ and 𝜅𝑡𝑡0 are tied to evolving fluid

particles without any reference to coordinates or parametrization. This frame-invariance property is
a basic axiom of continuum mechanics [41], insuring that material response of a deforming continuum,
including the formation of a material spike driving flow separation, is independent of the observer.

6.4

The backbone of flow separation

As illustrated in Figs. 6.1 and 6.3, the birth of flow separation occurs at a location different from
the separation point identified by earlier asymptotic theories, even in steady flows. Here we seek to
describe how an initial upwelling along the boundary turns into a material spike that later converges
to a long-term separation profile predicted by Prandtl’s theory for steady flows [173], and by the
kinematic theory of separation for unsteady flows [177].

(a)

(b)

(c)

Figure 6.5: (a) Sketch of the typical shape of initially boundary-parallel material lines (black) in
the proximity of a wing profile before and after flow separation. Red lines show the backbone of the
evolving material spike. (b) Sketch of the typical topology of the curvature change map defined by
eq. (6.19) in a neighborhood of the backbone of separation ℬ(𝑡0 ) at the initial time. (c) Advected
time-𝑡 position of the features in Fig. 6.5b for 𝑡 ∈ [𝑡0 , 𝑡0 + 𝑇 ].
The observed backbone of separation is characterized by points of maximal curvature change
(relative to the initial curvature) along boundary-parallel material lines in a neighborhood of the
no-slip boundary over the time interval [𝑡0 , 𝑡] (cf. Fig. 6.5a). To express this coherence principle
mathematically, we consider a curved wall and a curvilinear coordinate system (𝑠, 𝜂), in which the
wall is defined as
𝒲 := {(𝑠, 𝜂) ∈ [𝑠1 , 𝑠2 ] × [0, 𝜂1 ] : 𝜂 = 0}.

(6.18)

Next, we consider a foliation of a neighborhood of the boundary by material curves parallel to the
wall at the initial time, parametrized in the form 𝑟𝜂 (𝑠), where 𝑠 ∈ [𝑠1 , 𝑠2 ] ⊂ R, 𝜂 ∈ [0, 𝜂1 ], 𝜂1 > 0.
We denote the tangent vectors and curvature scalars of these curves by 𝑟𝜂′ (𝑠) and 𝜅0𝜂 (𝑠). With our
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definition of 𝑅 in eq. (6.4), together with the clockwise parametrization of the boundary (cf. Fig.
6.5a), the curvature scalar defined by eq. (6.11) is taken with respect to normal vectors pointing
towards the boundary.
Substituting 𝑟𝜂′ and 𝜅0𝜂 into eq. (6.13) and subtracting the initial curvature, we obtain the
curvature change 𝜅𝑡𝑡0 (𝑠, 𝜂) of the foliation over [𝑡0 , 𝑡]:

𝜅𝑡𝑡0

:=

𝜅𝑡𝑡0

− 𝜅0 =

⟨(∇2 𝐹𝑡𝑡0 (𝑟𝜂 )𝑟𝜂′ )𝑟𝜂′ , 𝑅∇𝐹𝑡𝑡0 (𝑟𝜂 )𝑟𝜂′ ⟩
3

[︃
+ 𝜅0𝜂

3

det(∇𝐹𝑡𝑡0 (𝑟𝜂 ))⟨𝑟𝜂′ , 𝑟𝜂′ ⟩ 2
3

⟨𝑟𝜂′ , 𝐶𝑡𝑡0 (𝑟𝜂 )𝑟𝜂′ ⟩ 2

]︃
−1 .

(6.19)

⟨𝑟𝜂′ , 𝐶𝑡𝑡0 (𝑟𝜂 )𝑟𝜂′ ⟩ 2

From this definition of 𝜅𝑡𝑡00 +𝑇 , it follows that
𝑑 𝑡0 +𝑇
𝜅
(𝑠, 𝜂)|𝑇 =0 = 𝜅˙ 𝑡0 (𝑠, 𝜂).
𝑑𝑡 𝑡0

(6.20)

Thus, the time derivative of the Lagrangian curvature change coincides with the curvature rate
defined by eq. (6.14). Because of the no-slip condition, the wall is an invariant set of (6.2), which
implies
𝜅𝑡𝑡00 +𝑇 (𝑠, 0) ≡0,
𝜅˙ 𝑡0 (𝑠, 0) ≡0,

𝜕𝑠𝑖 𝜅𝑡𝑡00 +𝑇 (𝑠, 0),
𝜕𝑠𝑖 𝜅˙ 𝑡0 (𝑠, 0),

𝜕𝑠𝑖 :=

𝜕𝑖
𝜕𝑠𝑖 ,

(6.21)

along the wall, for any positive integer 𝑖.

6.4.1

The Lagrangian backbone of the separation spike

We now use the curvature change 𝜅𝑡𝑡0 to define the Lagrangian backbone of a material spike as its
theoretical centerpiece over a fixed time interval [𝑡0 , 𝑡0 + 𝑇 ], as illustrated in Fig. 6.5a.
Definition 6.1. The Lagrangian backbone ℬ(𝑡) of separation is an evolving material line whose
initial position ℬ(𝑡0 ) is a positive-valued, wall-transverse ridge of the 𝜅𝑡𝑡00 +𝑇 field.
In this context, a ridge is a set of points that are positive local maxima of 𝜅𝑡𝑡00 +𝑇 along 𝜂 =const.
curves, and can be computed as described in Proposition 6.3.
Figure 6.5b illustrates the topology of 𝜅𝑡𝑡00 +𝑇 (𝑠, 𝜂) in a neighborhood of the wall, with the loci
of maximal curvature change along each 𝜂 =const. line forming the curve ℬ(𝑡0 ). The backbone
is typically located between two curves of minimal negative curvature change, shown in blue. By
continuity of 𝜅𝑡𝑡00 +𝑇 , there also exists a zero curve of 𝜅𝑡𝑡00 +𝑇 in the vicinity of ℬ(𝑡0 ), as shown in
dashed black. Figure 6.5c shows the advected images of the material curves shown in Fig. 6.5b,
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under the action of the flow map 𝐹𝑡𝑡0 . The material spike geometry sketched in Fig. 6.5 is consistent
with the ones observed numerically in Figs. 6.1-6.2.
Of particular interest to us is the Lagrangian spiking point
(𝑠𝑝 , 0) := ℬ(𝑡0 ) ∩ 𝒲,

(6.22)

the point where the backbone of separation connects to the wall (cf. Fig. 6.5). Because 𝜅𝑡𝑡00 +𝑇 (𝑠, 0) ≡
0 at the wall, (𝑠𝑝 , 0) is a distinguished point on the wall with positive maximal curvature change
in the limit of 𝜂 → 0. In Appendix 6.D, we derive explicit formulae for the spiking point on a flat
no-slip boundary in the case of compressible and incompressible flows. We summarize our results
in Tables 6.2-6.4. Specifically, Table 6.2 describes the location of (𝑠𝑝 , 0) in terms of the curvature
change function.
Lagrangian spiking point : (𝑠𝑝 , 0)
∇
· 𝑓 ̸= 0
∇·𝑓 =0
⎧
⎧
𝑡0 +𝑇
𝑡0 +𝑇
⎪
⎪
⎨𝜕𝜂𝑠 𝜅𝑡0 (𝑠𝑝 , 0) = 0
⎨𝜕𝜂𝜂𝑠 𝜅𝑡0 (𝑠𝑝 , 0) = 0
𝜕𝜂𝑠𝑠 𝜅𝑡𝑡00 +𝑇 (𝑠𝑝 , 0) < 0
𝜕𝜂𝜂𝑠𝑠 𝜅𝑡𝑡00 +𝑇 (𝑠𝑝 , 0) < 0
⎪
⎪
⎩
⎩
𝜕𝜂 𝜅𝑡𝑡00 +𝑇 (𝑠𝑝 , 0) > 0
𝜕𝜂𝜂 𝜅𝑡𝑡00 +𝑇 (𝑠𝑝 , 0) > 0
Table 6.2: Equations determining the Lagrangian spiking point on a flat no-slip boundary in terms
of the Lagrangian curvature change 𝜅𝑡𝑡00 +𝑇 for compressible and incompressible flows, over the time
interval [𝑡0 , 𝑡0 + 𝑇 ].
In Tables 6.3-6.4, we give an equivalent formulation of the results in Table 6.2 in terms of averaged
Eulerian quantities in the case of steady, time-periodic and unsteady flows. We briefly introduced
the results of Table 6.4 already in Section 6.1.2.

Steady
⎧
⎪
⎨𝑣𝑠𝑠𝑠𝜂 (𝑠𝑝 , 0) = 0
𝑣𝑠𝑠𝑠𝑠𝜂 (𝑠𝑝 , 0) < 0
⎪
⎩
𝑣𝑠𝑠𝜂 (𝑠𝑝 , 0) > 0

∇ · 𝑓 ̸= 0. Lagrangian spiking point : (𝑠𝑝 , 0)
Time-periodic: 𝑓 (𝑧, 𝑡 + 𝑇𝑝 ) = 𝑓 (𝑧, 𝑡)
Temporally aperiodic
𝑇 = 𝑛𝑇𝑝 , 𝑛 ∈ N+
⎧∫︀ 𝑡0 +𝑇𝑝
⎧∫︀ 𝑡0 +𝑇
𝑣𝑠𝑠𝑠𝜂 (𝑠𝑝 , 0, 𝑡)𝑑𝑡 = 0
𝑣𝑠𝑠𝑠𝜂 (𝑠𝑝 , 0, 𝑡)𝑑𝑡 = 0
⎪
⎪
⎨∫︀𝑡0
⎨∫︀𝑡0
𝑡0 +𝑇
𝑡0 +𝑇𝑝
𝑣𝑠𝑠𝑠𝑠𝜂 (𝑠𝑝 , 0, 𝑡)𝑑𝑡 < 0
𝑣𝑠𝑠𝑠𝑠𝜂 (𝑠𝑝 , 0, 𝑡)𝑑𝑡 < 0
𝑡
𝑡
⎪
⎪
⎩∫︀ 𝑡00 +𝑇𝑝
⎩∫︀ 𝑡00 +𝑇
𝑣𝑠𝑠𝜂 (𝑠𝑝 , 0, 𝑡)𝑑𝑡 > 0
𝑣𝑠𝑠𝜂 (𝑠𝑝 , 0, 𝑡)𝑑𝑡 > 0
𝑡0
𝑡0

Table 6.3: Same as the left column of Table 6.2, but expressed in terms of averaged Eulerian
quantities.
In our definition of (𝑠𝑝 , 0), the first two conditions ensure that (𝑠𝑝 , 0) is a maximum of the curvature
change 𝜅𝑡𝑡00 +𝑇 , and the third one ensures that the curvature change at (𝑠𝑝 , 0) is positive, i.e., wallparallel material lines undergo upwelling-type deformation.
The formulae in Tables 6.3-6.4 highlight three important facts. First, in the case of steady flows,
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Steady
⎧
⎪
⎨𝑣𝑠𝑠𝑠𝜂𝜂 (𝑠𝑝 , 0) = 0
𝑣𝑠𝑠𝑠𝑠𝜂𝜂 (𝑠𝑝 , 0) < 0
⎪
⎩
𝑣𝑠𝑠𝜂𝜂 (𝑠𝑝 , 0) > 0
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∇ · 𝑓 = 0. Lagrangian spiking point : (𝑠𝑝 , 0)
Time-periodic: 𝑓 (𝑧, 𝑡 + 𝑇𝑝 ) = 𝑓 (𝑧, 𝑡)
Temporally aperiodic
𝑇 = 𝑛𝑇𝑝 , 𝑛 ∈ N+
⎧∫︀ 𝑡0 +𝑇𝑝
⎧∫︀ 𝑡0 +𝑇
𝑣𝑠𝑠𝑠𝜂𝜂 (𝑠𝑝 , 0, 𝑡)𝑑𝑡 = 0
𝑣𝑠𝑠𝑠𝜂𝜂 (𝑠𝑝 , 0, 𝑡)𝑑𝑡 = 0
⎪ 𝑡0
⎪ 𝑡0
⎨
⎨
∫︀ 𝑡0 +𝑇𝑝
∫︀ 𝑡0 +𝑇
𝑣
(𝑠
,
0,
𝑡)𝑑𝑡
<
0
𝑣𝑠𝑠𝑠𝑠𝜂𝜂 (𝑠𝑝 , 0, 𝑡)𝑑𝑡 < 0
𝑠𝑠𝑠𝑠𝜂𝜂 𝑝
𝑡
𝑡
⎪
⎪
⎩∫︀ 𝑡00 +𝑇𝑝
⎩∫︀ 𝑡00 +𝑇
𝑣𝑠𝑠𝜂𝜂 (𝑠𝑝 , 0, 𝑡)𝑑𝑡 > 0
𝑣𝑠𝑠𝜂𝜂 (𝑠𝑝 , 0, 𝑡)𝑑𝑡 > 0
𝑡0
𝑡0

Table 6.4: Same as the right column of Table 6.2, but expressed in terms of averaged Eulerian
quantities.

the spiking pointy is fixed, independent of 𝑇 , and can be computed from derivatives of the velocity
field on the wall. Second, in the case of 𝑇𝑝 -periodic flows, with 𝑇 equal to any arbitrary multiple of
𝑇𝑝 , the spiking point is fixed, independent of 𝑡0 , and can be computed by averaging derivatives of the
velocity field on the wall over one period. Third, for general unsteady flows or time-periodic flows
with 𝑇 ̸= 𝑛𝑇𝑝 , 𝑛 ∈ N+ , the spiking point moves depending on 𝑡0 and 𝑇 , and can be computed by
averaging derivatives of the velocity field over [𝑡0 , 𝑡0 + 𝑇 ]. We summarize the results of this section
in the following Proposition.

Proposition 6.3. Over the finite-time interval [𝑡0 , 𝑡0 + 𝑇 ] :

(i) the initial position ℬ(𝑡0 ) of the Lagrangian backbone of separation can be computed as the set
of points 𝑠 ∈ [𝑠1 , 𝑠2 ], 𝜂 ∈ [0, 𝜂1 ]:

ℬ(𝑡0 ) :=

⎧
⎪
⎪
𝜕𝑠 𝜅𝑡𝑡00 +𝑇 (𝑠, 𝜂) = 0,
⎪
⎪
⎪
⎪
⎪
⎪
⎨𝜕𝑠𝑠 𝜅𝑡𝑡0 +𝑇 (𝑠, 𝜂) < 0,
0
⎪
⎪
⎪
𝜅𝑡𝑡00 +𝑇 (𝑠, 𝜂) > 0,
⎪
⎪
⎪
⎪
⎪
⎩(𝑠 , 𝜂),
𝑝

𝜂 ∈ (0, 𝜂1 ]
𝜂 ∈ (0, 𝜂1 ]

(6.23)

𝜂 ∈ (0, 𝜂1 ]
𝜂 = 0.

The Lagrangian spiking point (𝑠𝑝 , 0) can be computed in terms of Lagrangian quantities using
the formulae in Table 6.2, in terms of averaged Eulerian quantities using the formulae in Tables
6.3-6.4, or as the intersection of ℬ(𝑡0 ) with the no-slip boundary (cf. eq. (6.22)).

(ii) Later positions ℬ(𝑡) of the Lagrangian backbone of separation can be computed as ℬ(𝑡) =
𝐹𝑡𝑡0 (ℬ(𝑡0 )), 𝑡 ∈ [𝑡0 , 𝑡0 + 𝑇 ].

(iii) The Lagrangian spiking point (𝑠𝑝 , 0)
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Steady flow

Time-periodic flow: 𝑓 (𝑧, 𝑡 + 𝑇𝑝 ) = 𝑓 (𝑧, 𝑡)

Aperiodic flow

is fixed

if 𝑇 = 𝑛𝑇𝑝 , 𝑛 ∈ N+ ; is fixed

moves

and independent of 𝑡0 , 𝑇

and independent of 𝑡0 , 𝑛

depending on 𝑡0 , 𝑇

By Proposition 6.2, the Lagrangian backbone of separation is objective. Although the analytic
formulae in Tables 6.3-6.4 involve higher derivatives of the velocity field, the spiking point can also
be identified as the intersection of ℬ(𝑡0 ) with the wall (cf. eq. (6.22)) with low numerical effort.
While our main interest is to capture the birth of material spikes, in Appendix 6.D.3, we also
derive explicit formulae for the asymptotic (𝑇 → ∞) mean location of the Lagrangian spiking point
in the case of general unsteady velocity fields that admit a finite asymptotic mean, such as periodic
and quasi-periodic velocity fields. The latter is relevant for several separation problems, such as
separation behind a cylinder or a backward facing step, which admit a finite number of dominant
frequencies in their Fourier spectra. In these flows, we find that the asymptotic Lagrangian spiking
point oscillates with respect to a well-defined mean position. We summarize these formulae in Table
6.6. In the case of steady and time-periodic velocity fields, we recover the formulae in Tables 6.3-6.4
because the Lagrangian spiking point is fixed, as noted in Proposition 6.3.
For incompressible flows, we derive in Appendix 6.F an approximate velocity field 𝑓 (𝑧, 𝑡) near
the boundary. With the help of this approximate velocity field, we express 𝑓 (𝑧, 𝑡) in terms of the
wall pressure, skin friction, their temporal derivatives and their spatial derivatives along the wall.
Therefore, replacing 𝑓 (𝑧, 𝑡) (cf. eq. (6.2)) with 𝑓 (𝑧, 𝑡) (cf. eq. (6.86)) allows us to compute the
backbone of separation in the proximity of the boundary from wall-based quantities. For more
advanced velocity estimation techniques, such as adjoint-based methods and reduced-rank extended
Kalman filters, see e.g., [193].

6.4.2

The Eulerian backbone of the separation spike

Over an infinitesimally short-time interval, we now introduce the instantaneous notion of the backbone of separation. This Eulerian concept follows by taking the time derivative of the Lagrangian
backbone of separation and evaluating it at 𝑇 = 0.
Definition 6.2. At a time instant 𝑡 ∈ [𝑡0 , 𝑡0 + 𝑇 ], the Eulerian backbone of separation ℬ̇(𝑡) is the
theoretical centerpiece of the material spike over an infinitesimally-short time interval. The Eulerian
backbone of separation is a positive-valued, wall-transverse maximum ridge of the 𝜅˙ 𝑡 field.
In other words, ℬ̇(𝑡) consists of the set of points where the instantaneous curvature rate is positive
and attains a local maximum along each 𝜂 =const. curve, and can be computed as described in
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Proposition 6.4.
Similar to the Lagrangian case, we define the Eulerian spiking point as
(𝑠˙ 𝑝 , 0) := ℬ̇(𝑡) ∩ 𝒲,

(6.24)

i.e the point where the Eulerian backbone of separation connects to the wall. Because 𝜅˙ 𝑡 (𝑠, 0) ≡ 0,
(𝑠˙ 𝑝 , 0) is a distinguished point on the wall with positive maximal curvature rate in the limit of 𝜂 → 0.
For a flat wall, we derive analytic expressions for (𝑠˙ 𝑝 , 0) in Appendix 6.E, which are summarized in
Table 6.5.
Eulerian spiking point : (𝑠˙ 𝑝 , 0)
∇ · 𝑓 ̸= 0
⎧
⎪
⎪
𝑣𝑠𝑠𝑠𝜂 (𝑠˙ 𝑝 , 0, 𝑡) = 0
⎪
⎪
⎨
𝑣𝑠𝑠𝑠𝑠𝜂 (𝑠˙ 𝑝 , 0, 𝑡) < 0
⎪
⎪
⎪
⎪
⎩𝑣 (𝑠˙ , 0, 𝑡) > 0.
𝑠𝑠𝜂 𝑝

∇·𝑓 =0
⎧
⎪
⎪
𝑣𝑠𝑠𝑠𝜂𝜂 (𝑠˙ 𝑝 , 0, 𝑡) = 0
⎪
⎪
⎨
𝑣𝑠𝑠𝑠𝑠𝜂𝜂 (𝑠˙ 𝑝 , 0, 𝑡) < 0
⎪
⎪
⎪
⎪
⎩𝑣
𝑠𝑠𝜂𝜂 (𝑠˙ 𝑝 , 0, 𝑡) > 0.

Table 6.5: Exact criteria for the Eulerian spiking point on a flat no-slip boundary at a time instance
𝑡, for compressible and incompressible flows.

For steady flows, comparing the formula of (𝑠˙ 𝑝 , 0) (cf. Table 6.5) with the one of (𝑠𝑝 , 0) (cf.
Tables 6.3-6.4), we obtain that the Lagrangian and the Eulerian backbones of separation connect
to the wall at the same location, i.e., 𝑠˙ 𝑝 ≡ 𝑠𝑝 (see e.g., Fig. 6.7). We summarize the results of this
section in the following Proposition.
Proposition 6.4. At a time instance 𝑡 ∈ [𝑡0 , 𝑡0 + 𝑇 ]:
(i) the Eulerian backbone of separation ℬ̇(𝑡) can be computed as the set of points 𝑠 ∈ [𝑠1 , 𝑠2 ],
𝜂 ∈ [0, 𝜂1 ]:

ℬ̇(𝑡) :=

⎧
⎪
⎪
𝜕𝑠 𝜅˙ 𝑡 (𝑠, 𝜂) = 0,
⎪
⎪
⎪
⎪
⎪
⎪
⎨𝜕𝑠𝑠 𝜅˙ 𝑡 (𝑠, 𝜂) < 0,
⎪
⎪
⎪
𝜅˙ 𝑡 (𝑠, 𝜂) > 0,
⎪
⎪
⎪
⎪
⎪
⎩(𝑠˙ , 𝜂),
𝑝

𝜂 ∈ (0, 𝜂1 ]
𝜂 ∈ (0, 𝜂1 ]

(6.25)

𝜂 ∈ (0, 𝜂1 ]
𝜂 = 0.

The Eulerian spiking point (𝑠˙ 𝑝 , 0) can be computed from the formulae in Table 6.5, or as the
intersection of ℬ̇(𝑡) with the no-slip boundary (cf. eq. (6.24)).
(ii) The Eulerian spiking point coincides with the Lagrangian spiking point in steady flows.
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By Proposition 6.2, the Eulerian backbone of separation is objective. Following the same argument of Section 6.4.1, although the analytic formulae in Table 6.5 involve higher derivatives of the
velocity field, the spiking point can also be identified with low numerical effort, directly from eq.
(6.24), as the intersection of ℬ̇(𝑡) with the wall.

6.5

Numerical schemes

Here we summarize the numerical steps in locating the Lagrangian and the Eulerian backbones of
separation in a general two-dimensional compressible flow. For a MATLAB implementation of our
method, we also indicate the relevant built-in functions we use.

Algorithm 6.1 Compute the Lagrangian backbone ℬ(𝑡) of separation (cf. Proposition 6.3)
Input: (i) A two-dimensional velocity field 𝑓 (𝑧, 𝑡) around a no-slip boundary over a finite-time
interval [𝑡0 , 𝑡0 + 𝑇 ]. (ii) Geometry of the no-slip boundary parametrized by 𝑟(𝑠), 𝑠 ∈ [𝑠1 , 𝑠2 ] ⊂ R.
1. Initialize a set of material lines parallel to the wall, parametrized in the form 𝑟𝜂 (𝑠), where
𝑠 ∈ [𝑠1 , 𝑠2 ], 𝜂 ∈ [0, 𝜂1 ], 𝜂1 ∈ R+ ; and compute their tangent vectors 𝑟𝜂′ (𝑠) :=
′′
′
⟨𝑟𝜂
(𝑠),𝑅𝑟𝜂
(𝑠)⟩
′ (𝑠),𝑟 ′ (𝑠)⟩3
⟨𝑟𝜂
𝜂

scalars 𝜅0𝜂 (𝑠) := √

𝑑𝑟
𝑑𝑠

and curvature

with respect to normals pointing towards the boundary.

2. Compute the Lagrangian curvature change 𝜅𝑡𝑡00 +𝑇 (𝑠, 𝜂) (cf. eq. (6.19)). Equations (6.42-6.43)
in Appendix 6.B can be used to compute 𝜅𝑡𝑡00 +𝑇 (𝑠, 𝜂) without taking spatial derivatives of the
flow map 𝐹𝑡𝑡00 +𝑇 numerically. MATLAB function: ODE45.m, gradient.m, interp2.m.
3. Compute the initial position of the Lagrangian backbone of separation ℬ(𝑡0 ) as a positive
ridge of the 𝜅𝑡𝑡00 +𝑇 field, transverse to 𝜂 = 𝑐𝑜𝑛𝑠𝑡. curves (cf. eq. (6.23)). MATLAB functions:
contour.m., gradient.m, interp2.m.
4. Compute later positions of the the Lagrangian backbone of separation ℬ(𝑡) by advecting its
initial position under the flow map 𝐹𝑡𝑡0 , 𝑡 ∈ [𝑡0 , 𝑡0 + 𝑇 ]. MATLAB function: ODE45.m.
Output: Lagrangian backbone of separation ℬ(𝑡), 𝑡 ∈ [𝑡0 , 𝑡0 + 𝑇 ].

6.6. EXAMPLES

127

Algorithm 6.2 Compute the Eulerian backbone ℬ̇(𝑡) of separation (cf. Proposition 6.4)
Input: (i) A two-dimensional velocity field 𝑓 (𝑧, 𝑡) around a no-slip boundary at time 𝑡. (ii) Geometry
of the no-slip boundary parametrized in the form 𝑟(𝑠), 𝑠 ∈ [𝑠1 , 𝑠2 ] ⊂ R.
1. Initialize a set of material lines parallel to the wall, parametrized in the form 𝑟𝜂 (𝑠), where
𝑠 ∈ [𝑠1 , 𝑠2 ], 𝜂 ∈ [0, 𝜂1 ], 𝜂1 ∈ R+ ; and compute their tangent vectors 𝑟𝜂′ (𝑠) :=
′′
′
⟨𝑟𝜂
(𝑠),𝑅𝑟𝜂
(𝑠)⟩
3
′
′
⟨𝑟𝜂 (𝑠),𝑟𝜂 (𝑠)⟩

ture scalars 𝜅0𝜂 (𝑠) := √

𝑑𝑟
𝑑𝑠

and curva-

with respect to normal directions pointing towards the

boundary.
2. Compute the Eulerian curvature rate 𝜅˙ 𝑡 (𝑠, 𝜂) := 𝜅˙ 𝑡 (𝑟𝜂 (𝑠)) (cf. eq. (6.14)). MATLAB function:
gradient.m, interp2.m.
3. Compute the Eulerian backbone of separation ℬ̇(𝑡) as a positive ridge of the 𝜅˙ 𝑡 field, transverse
to 𝜂 = 𝑐𝑜𝑛𝑠𝑡. curves (cf. eq. (6.25)). MATLAB functions: contour.m., gradient.m, interp2.m.
Output: Eulerian backbone ℬ̇𝑡 of separation at time 𝑡.

6.6

Examples

We now use Algorithms 6.1-6.2 from Section 6.5 to locate the Lagrangian and the Eulerian backbones
of separation in two-dimensional analytical and experimental velocity fields with flat and curved noslip boundaries.

6.6.1

Separation induced by a rotating and translating cylinder

We consider the creeping flow developing around a rotating and translating circular cylinder moving
close to a plane wall [192, 194]. We summarize the details of this flow in Appendix 6.G, and sketch
the flow set-up in Fig. 6.6. A cylinder of radius 𝑅𝑐 , whose center is initially at position (0, 𝑦𝑐 ),
rotates about its axis at a constant angular velocity Ω, and translates in the 𝑥−direction with
velocity 𝑥˙ 𝑐 = 𝑈𝑐 = 𝑈0 + 𝛽 cos(𝜔𝑐 𝑡). Depending on the parameters Ω, 𝑈0 , 𝛽 and 𝜔𝑐 , this simple set-up
allows us to generate steady, time-periodic and unsteady flows, and hence simulate fixed and moving
separation on the wall downstream of the cylinder. Throughout this section, we use 𝑅𝑐 = 1 and
𝑦𝑐 = 2.
Steady flow
We first let Ω = 20, and 𝑈0 = 𝛽 = 0, therefore assume that the cylinder rotates without translation
(𝑈𝑐 = 0), generating a steady flow. Figure 6.1 shows the streamlines of this flow. Figure 6.7 shows the
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Figure 6.6: Separation induced by a rotating and translating cylinder: flow set-up and parameters.

initial positions of the Lagrangian backbone of separation for two different integration times, as well
as the Eulerian backbones of separation. Specifically, the top panels show the Lagrangian curvature
˙
which corresponds to
change fields 𝜅𝑡𝑡00 +𝑇 (𝑧) for 𝑇 = 2 and 𝑇 = 3, and the curvature rate field 𝜅(𝑧)
the time derivative of 𝜅𝑡𝑡00 +𝑇 (𝑧), evaluated at 𝑇 = 0. The panels below show the contour plots of the
corresponding scalar fields. The initial position ℬ(0) of the Lagrangian backbone of separation, i.e.,
the positive ridge of 𝜅𝑡𝑡00 +𝑇 (𝑧), is shown in red; the loci of minimal signed curvature in the vicinity
of ℬ(0) are shown in blue; and the zero set of 𝜅𝑡𝑡00 +𝑇 (𝑧) is shown in black, as sketched in Fig. 6.5b.
Similarly, the Eulerian backbone of separation ℬ̇(0) is shown in dashed red, and the locus of minimal
signed curvature rate in dashed blue.
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Figure 6.7: (a) Lagrangian curvature change field 𝜅𝑡𝑡00 +𝑇 (𝑧) for 𝑇 = 2. (b) Same as (a) for 𝑇 = 3.
(c) Time derivative of 𝜅𝑡𝑡00 +𝑇 (𝑧) evaluated at 𝑇 = 0, which corresponds to the curvature rate field
𝜅(𝑧)
˙
(cf. eq. (6.20)). (d − f) Contour plots of the scalar fields in the above figures. (d − e) The red
curves show the initial position of the Lagrangian backbone of separation ℬ(0), the blue curves show
the sets of minimal signed curvature in the vicinity of ℬ(0), and the black curves represent the zero
set of 𝜅𝑡𝑡00 +𝑇 (𝑧), as sketched in Fig. 6.5b. (f) The red dashed curve shows the Eulerian backbone of
separation ℬ̇(0), while the blue dashed curves show the sets of minimal signed curvature rate in the
vicinity of ℬ̇(0).
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As described in Propositions 6.3-6.4, and illustrated by Figs. 6.7d-6.7f, the Lagrangian spiking
point 𝑠𝑝 is fixed (i.e., does not depend on 𝑡0 and 𝑇 ), and coincides with the Eulerian spiking point
𝑠˙ 𝑝 . Equivalently, the Lagrangian and the Eulerian backbones of separation connect to the wall at
the same location even though their shapes depend on 𝑇 . More generally, the sets of Lagrangian
maximum and minimum curvature change connect to the wall at the same locations where the
instantaneous maximum and minimum curvature rate connect to the wall, as shown in Appendix
6.E.

Figure 6.8: Lagrangian backbone ℬ(𝑡) of separation (red) computed over the time interval [0, 2]
(cf. Fig. 6.7d) at different times, along with the streamlines (blue) and the material lines initially
parallel to the wall (black). The green dot represents the Prandtl separation point defined by eq.
(6.1). The full material evolution is available here Video 3.

Figure 6.8 shows the Lagrangian backbone ℬ(𝑡) of separation extracted from 𝜅20 (𝑧) (cf. Fig. 6.7d)
at later times, along with the streamlines (blue) and the material lines initially parallel to the wall
(black). The green dot represents the Prandtl separation point (or zero-skin-friction point) defined
by eq. (6.1). The full material evolution is available here Video 3. As already noted in Section 6.1.2,
the backbone ℬ(𝑡) of separation acts as the theoretical centerpiece of the material spike from its
birth to its fully developed Lagrangian shape. Remarkably, even in steady flows, the material spike
forms at a location different from the Prandtl point, and its backbone converges to the unstable
manifold (singular streamline connected to the wall at the Prandtl point) only as 𝑇 → ∞. The full
material evolution of the Lagrangian backbone of separation computed for 𝑇 = 3 (cf. Fig. 6.7e) is
available here Video 4.
Figure 6.9 shows the backward FTLE computed for an integration time 𝑇 = 2, equal to the
extent of the time interval used in Fig. 6.7d. Specifically, Fig. 6.9a shows the three-dimensional plot
of the FTLE field, and Fig. 6.9b the corresponding two-dimensional plot along with the FTLE ridge
shown in dashed black. As described in Section 6.2, ridges of the backward FTLE are frequently

130

CHAPTER 6. MATERIAL SPIKE FORMATION IN FLOW SEPARATION

(a)

(b)

Figure 6.9: (a) Three-dimensional plot of the backward FTLE field computed for an integration
time 𝑇 = 2, equal to the extent of the time interval used in Fig. 6.7d. (b) Top view of (a) along
with a nearby FTLE ridge shown in dashed black.

used diagnostics for the most attracting material lines in the flow, and have already been used to
describe flow separation (see e.g., [192, 195–197]).
Remarkably, the Lagrangian backbone ℬ(𝑡0 ) of separation (cf. Fig. 6.7d) remains completely
hidden in the FTLE plot. Indeed, even though also the FTLE plot in Fig. 6.9b admits a ridge
emanating from the wall, this ridge has a shape and a basepoint that differ substantially from the
backbone profile and the spiking point identified in Fig. 6.7d. This confirms that the material spike
formation in flow separation is not a purely stretching-based phenomenon. Rather, it is characterized
by an interplay of stretching and rotation, encoded objectively in the curvature field.

Time-periodic flow
Here we consider the moving cylinder flow with Ω = 5, 𝑈0 = 0, 𝛽 = 6, and 𝜔𝑐 = 2𝜋. These
parameter values generate a time-periodic flow with period 𝑇𝑝 = 1. Figure 6.10 shows the 𝑡0 = 0
positions of the Lagrangian backbone of separation for two different integration times. The top
panels show the Lagrangian curvature change fields 𝜅𝑡𝑡00 +𝑇 (𝑧) for 𝑇 = 10 and 𝑇 = 15. The bottom
panels show the corresponding contour plots of these two scalar fields. The initial position ℬ(0) of
the Lagrangian backbone of separation is shown in red; the sets of minimal signed curvature in the
vicinity of ℬ(0) are shown in blue; the zero set of 𝜅𝑡𝑡00 +𝑇 (𝑧) is shown in black, as sketched in Fig.
6.5b. Similar to the steady case, for time-periodic flows with period 𝑇𝑝 analyzed over a time interval
[𝑡0 , 𝑡0 + 𝑇 ], 𝑇 = 𝑛𝑇𝑝 , 𝑛 ∈ N+ , the initial position of the Lagrangian backbone ℬ(0) of separation
does not depend on 𝑡0 .
Figures 6.10c-6.10d illustrate that the Lagrangian spiking point 𝑠𝑝 is the same when computed
over an integer multiple of the flow period 𝑇𝑝 = 1 (cf. Proposition 6.3). The shape of the backbone
of separation, however, depends on 𝑇 . Similar to the case of steady flows, the sets of Lagrangian
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maximum and minimum curvature change connect to the wall at the same locations, as long as 𝑇
is an integer multiple of 𝑇𝑝 , as discussed in Appendix 6.D.
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Figure 6.10: (a) Lagrangian curvature change field 𝜅𝑡𝑡00 +𝑇 (𝑧) for 𝑡0 = 0 and 𝑇 = 10. (b) Same as
(a) for 𝑇 = 15. (c − d) Contour plots of the scalar fields in the above figures. The red curves show
the initial position ℬ(0) of the Lagrangian backbone of separation; the blue curves show the sets of
minimal signed curvature change in the vicinity of ℬ(0); the black curves represent the zero set of
𝜅𝑡𝑡00 +𝑇 (𝑧), as sketched in Fig. 6.5b.

Figure 6.11 shows the Lagrangian backbone ℬ(𝑡) of separation extracted from 𝜅15
0 (𝑧) (cf. Fig.
6.10d) at different times, along with the streamlines (blue) and the material lines initially parallel to
the wall (black). The full material evolution is available here Video 5. The backbone curve we locate
acts as the theoretical centerpiece of the material spike from its birth to its developed Lagrangian
shape. Figure 6.11 confirms also that the Prandtl point (i.e., where a singular streamline connects
to the wall) is unrelated to flow separation in unsteady flows.
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Figure 6.11: Lagrangian backbone ℬ(𝑡) of the separation spike (red) extracted from 𝜅15
0 (𝑧) (cf. Fig.
6.10d) at different times, along with the streamlines (blue) and with material lines initially parallel
to the wall (black). The full material evolution is available here Video 5.

6.6.2

Time-aperiodic flow

Here we consider the general time-aperiodic rotating-translating cylinder flow with the parameter
values Ω = 3.5, 𝑈0 = 0.3, 𝛽 = 0.5 and 𝜔𝑐 = 2𝜋/5, which appears to create moving separation.
From the classic asymptotic perspective, therefore, separation is believed to be off-wall in this case.
Therefore, prior separation criteria seek an off-wall separation point in the flow.
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(a)

(c)

(b)

(d)

Figure 6.12: (a) Lagrangian curvature change field 𝜅𝑡𝑡00 +𝑇 (𝑧) for 𝑡0 = 0 and 𝑇 = 7. (b) Same as (a)
for 𝑇 = 8. (c − d) Contour plots of the scalar fields in the above figures. The red curves show the
initial position ℬ(0) of the Lagrangian backbone of separation.

Figure 6.12 shows the initial position ℬ(𝑡0 ) of the Lagrangian backbone of separation for two
different integration times. The top panels show the Lagrangian curvature change fields 𝜅𝑡𝑡00 +𝑇 (𝑧)
for 𝑡0 = 0, 𝑇 = 7 and 𝑇 = 8. The bottom panels show the contours of these two scalar fields. The
initial position ℬ(0) of the backbone of separation is shown in red, and the zero set of 𝜅𝑡𝑡00 +𝑇 (𝑧) is
shown in black. Remarkably, the Lagrangian backbone of separation connects to the wall, consistent
with the findings in [191] in an appropriate frame, with the Lagrangian spiking point satisfying the
formulae in Proposition 6.3.
Figure 6.13 confirms that ℬ(𝑡) indeed acts as the evolving centerpiece of a forming material spike.
This is the case even though the upwelling in the lower material layers is barely visible yet. The full
material evolution is available here Video 6.

Off-wall perception of separation
Although we are primarily interested in the birth of separation, rather than its long-term behavior,
we now analyze the same unsteady flow of Section 6.6.2 for a longer time interval. Similar to Fig.
6.12, Fig. 6.14 shows the initial position of the Lagrangian backbone of separation extracted from
10
𝜅10
0 (𝑧). Figure 6.14a shows the Lagrangian curvature change field 𝜅0 (𝑧) and Fig. 6.14b shows the
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Figure 6.13: Lagrangian backbone ℬ(𝑡) of separation extracted from 𝜅80 (𝑧) (cf. Fig. 6.12d) at
different times, and the material lines initially parallel to the wall (black). The full material evolution
is available here Video 6.

(a)

(b)

Figure 6.14: Same as Fig. 6.12 for larger 𝑇 . (a) Lagrangian curvature change field 𝜅𝑡𝑡00 +𝑇 (𝑧) for
𝑇 = 10. (b) Contour plots of the scalar fields in (a). The red curves show the initial position ℬ(0)
of the Lagrangian backbone of separation.
contours of the same field along with the initial position ℬ(0) of the backbone of separation in red.
In contrast to Fig. 6.12, for 𝑇 = 10 the backbone has two disconnected components. Namely,
an upper part connected to the highest value of 𝜅𝑡𝑡00 +𝑇 (𝑧), and a lower part connected to the wall.
This suggests that for this longer time interval, the observed material spike is dominated by an
off-wall separation process, which coexists with a more localized upwelling phenomenon at the wall.
This prediction is consistent with Fig. 6.15, which shows the evolving Lagrangian backbone ℬ(𝑡) at
different times in red, along with evolving material lines initially parallel to the wall shown in black.
The full material evolution is available here Video 7.
For shorter observation times, material upwelling starting at the wall can be traced all the way
to the tip of the separation spike along a single backbone curve. As 𝑇 increases, a bifurcation takes
place in which the local, wall-based upwelling decouples from the globally observable spike, whose
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Figure 6.15: Lagrangian backbone ℬ(𝑡) of separation (red) extracted from 𝜅10
0 (𝑧) (cf. Fig. 6.14b) at
different times, along with the evolution of material lines initially parallel to the wall (black). The
full evolution of material lines is available here Video 7.

base point is now off the wall. We emphasize that this result does not rely on a priori heuristic
assumptions such as the existence of an off-wall separation point. The presence of an on-wall or
off-wall separation, instead, is a result of our theory, encoded in the topology of the Lagrangian
backbone of separation.
Previous approaches to unsteady separation would miss this spike structure. In particular, the
spike formation criteria of Van Dommelen and Shen [181, 182] would fail to detect a spike in this
example as this flow develops no finite-time singularities. The ghost-manifold based approach of
Surana and Haller [191] would also be inapplicable due to the lack of a clear decomposition of the
present flow into a slow mean and faster oscillations.

6.6.3

Von Kármán vortex street

Here we consider the von Kármán vortex street model [198] which describes the flow pattern of
swirling vortices caused by the flow separation around a cylinder. We summarize the details of this
flow in Appendix 6.H. As in [198], we choose a set of parameters for which the model approximates
the Navier–Stokes solution for this geometry with 𝑅𝑒 ≈ 250, leading to a time-periodic flow with
period 𝑇𝑝 = 1.107. We show a representative snapshot of the corresponding streamlines in Fig.
6.16. In the present example, we compute the two highest positive ridges of the the Lagrangian
curvature change field, showing that our method is able to promptly capture both the separation
profiles present in the von Kármán vortex street model.
Figure 6.17 shows the initial positions of the Lagrangian backbones of separation for 𝑡0 = 0 and
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Figure 6.16: Streamlines of the von Kármán vortex street model at 𝑡 = 0.

𝑇 = 0.1. Specifically, 6.17a shows the Lagrangian curvature change field 𝜅𝑡𝑡00 +𝑇 (𝑧), and 6.17b shows
the contours of 𝜅𝑡𝑡00 +𝑇 (𝑧), along with the Lagrangian backbones ℬ(0) of separation shown in red. Our
theory, not only identifies both separation profiles, but also objectively distinguishes them through
the value of 𝜅𝑡𝑡00 +𝑇 (𝑧), and hence signals where the spike formation takes place first.

(a)

(b)

Figure 6.17: (a) Lagrangian curvature change field 𝜅𝑡𝑡00 +𝑇 (𝑧) for 𝑡0 = 0 and 𝑇 = 0.1. (b) Contour
plot of 𝜅0.1
0 . The red curves show the initial position of the Lagrangian backbones ℬ(0) of separation.

(a)

(b)

(c)

(d)

Figure 6.18: (a) Lagrangian backbones ℬ(𝑡) of separation (red) extracted from 𝜅0.1
0 (𝑧) (cf. Fig.
6.17b) at different times, along with the streamlines (blue) and the material lines initially parallel to
the cylinder (black). The green dot represents the instantaneous Prandtl point (i.e., zero-skin-friction
point) defined by eq. (6.1). The full material evolution is available here Video 8.
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Figure 6.18 shows in red the Lagrangian backbones ℬ(𝑡) of separation extracted from 𝜅0.1
0 (𝑧)
(cf. Fig. 6.17b) at different times, along with the streamlines (blue), and the material lines initially
parallel to the wall (black). The green dot represents the instantaneous Prandtl point (i.e., the
zero-skin-friction point) defined by eq. (6.1). The full material evolution is available here Video 8.
As already observed in the previous examples, Fig. 6.18 confirms again that the birth of the material
spike is unrelated to the instantaneous Prandtl point. Figures 6.19-6.20 show the same results of
Figs. 6.17-6.18 for a longer time interval 𝑇 = 0.15.

(a)

(b)

Figure 6.19: Same as Fig. 6.17 but for a longer 𝑇 = 0.15. (a) Lagrangian curvature change field
. The red curves show the initial position of the
𝜅𝑡𝑡00 +𝑇 (𝑧) for 𝑇 = 0.15. (b) Contour plots of 𝜅0.15
0
Lagrangian backbones ℬ(𝑡0 ) of separation.

(a)

(b)

(c)

(d)

Figure 6.20: Same as Fig. 6.18 but for a longer 𝑇 = 0.15. Lagrangian backbones ℬ(𝑡) of separation
(red) extracted from 𝜅0.15
(𝑧) (cf. Fig. 6.19b) at different times, along with the streamlines (blue) and
0
the material lines initially parallel to the cylinder (black). The green dot represents the instantaneous
Prandtl point defined by eq. (6.1). The full material evolution is available here Video 9.
We observe that although the time intervals considered here 𝑇 = 0.1 and 𝑇 = 0.15 are significantly shorter that one period of the flow 𝑇𝑝 = 1.107, our theory still accurately uncovers the
backbones of separation spikes. Unlike available long-term [192] and asymptotic [177] Lagrangian
separation theories, our theory does not need velocity information over a full period of the flow in
order to locate spike formation.
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6.6.4

Experimental time-aperiodic flow: separation induced by a rototranslating cylinder

In this section, we apply our results to an unsteady dataset obtained from an experimental set-up
similar to that of Weldon et al. [39]. A horizontal cylinder rotates and translates parallel to a wall
of a transparent tank filled with glycerin, as shown in Fig. 6.21. A particle image velocimetry (PIV)
technique is used in a horizontal plane to measure the two velocity components in a region where
the flow is approximately two-dimensional. For the case considered here, the cylinder radius is 𝑅𝑐 =
1.27 cm, the cylinder rotation velocity is Ω = 60 rpm; its translation velocity is 𝑈𝑐 = 𝑈0 + 𝛽 cos(𝜔𝑐 𝑡),
with 𝑈0 = 1 cm/sec, 𝛽 = 8 cm/sec and 𝜔𝑐 = 𝜋 rad/sec; the initial position of the cylinder is at
𝑥𝑐0 = 7.5 cm, 𝑦𝑐 = 𝑦𝑐0 = 5.75 cm.

Figure 6.21: Experimental setup.

The velocity field is available over a time interval 𝑡 ∈ [0 sec, 3 sec] every 1/15 sec on a uniform spatial
grid bounded by 𝑥 ∈ [−0.5 cm, 12.5 cm] and 𝑦 ∈ [0 cm, 10 cm], with a grid size of 0.08 cm in both
directions.
Figure 6.22 shows the initial position of the Lagrangian backbone ℬ(𝑡0 ) of separation extracted
from 𝜅𝑇𝑡0 (𝑧) for 𝑡0 = 0 sec, 𝑇 = 2.5 sec. Specifically, Fig. 6.22a shows the Lagrangian curvature
change field 𝜅𝑡𝑡00 +𝑇 (𝑧), and Fig. 6.22b shows the contours of 𝜅𝑡𝑡00 +𝑇 (𝑧), along with the Lagrangian
backbone ℬ(0) of separation in red.
As we already noted in Section 6.6.2, while this flow setting separation is generally believed
to generate off-wall separation, the Lagrangian backbone still connects to the wall. Figure 6.23
shows snapshots of the corresponding material evolution in the separation process. The full material
evolution is available here Video 10.
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(b)

Figure 6.22: (a) Lagrangian curvature change field 𝜅𝑡𝑡00 +𝑇 (𝑧) for 𝑡0 = 0 and 𝑇 = 2.5 sec. (b) Contours
of the scalar fields in (a). The red curve shows the initial position ℬ(𝑡0 ) of the Lagrangian backbone
of separation.

Figure 6.23: Lagrangian backbone ℬ(𝑡) of separation (red) extracted from 𝜅2.5
0 (𝑧) (cf. Fig. 6.22b) at
different times, along with the material lines initially parallel to the wall (black). The full evolution
of material lines is available here Video 10.

6.7

Conclusions

We have developed a frame-independent theory of material spike formation during flow separation
over a no-slip boundary in two-dimensional flows with arbitrary time dependence. Based on the
curvature evolution of material lines, our theory uncovers the centerpiece of the material spike from
its birth to its fully developed Lagrangian structure.
Curvature objectively combines stretching- and rotation-based kinematic quantities, and hence
reveals flow features that remain hidden to criteria based only on stretching or rotation. As a
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byproduct, we have derived analytical formulae for the Lagrangian curvature evolution and the
instantaneous curvature rate along a material line that is advected under a general compressible
flow. Our purely kinematic theory can be applied to arbitrary numerical, experimental or model
velocity fields.
We have also identified a previously undetected spiking point where the backbone of a material
spike connects to the boundary. We have shown that this spiking point can be computed from
averaged wall-based quantities. Remarkably, even in steady flows, the spiking point differs from the
classic Prandtl separation point. Although in the aerodynamic community the spike formation was
generally associated exclusively to unsteady separation [181,182], here we have shown that the same
phenomenon exists also in steady flows. This underlines that material spike formation is a universal
phenomenon that is unrelated to the time-dependence of the flow and to the presence of singularities
in the flow.
Similar to the asymptotic Lagrangian definition of the separation point [177, 188], the spiking
point identified here is constant in steady flows and in time-periodic flows analyzed over a time
interval that is a multiple of their period, while it moves in general unsteady flows. Our backbone of
separation, instead, evolves materially under all flow conditions, serving as the core of the separating
spike. Our theory is effective also over short time intervals and admits a rigorous instantaneous
limit. These properties, inaccessible to existing criteria, make the present approach promising for
monitoring and controlling separation.
We have also illustrated how our curvature-based approach explains the perception of off-wall
separation in unsteady flows, and provided conditions under which such perception is justified.
Specifically, we have found that for a relatively short-time interval 𝑇 , the backbone of separation
consists of a single connected component joining the off-wall portion of the material spike to the
spiking point. For longer 𝑇 , instead, the backbone bifurcates into two disconnected components:
one passing through the off-wall region characterized by the highest curvature change, and the other
one connected to the wall at the new spiking point location. This suggests that for longer 𝑇 , the
Lagrangian spike is driven by off-wall dynamics, loosing its connection with its original on-wall
signature. This analysis offers a way to identify the limiting 𝑇 at which transition from on-wall to
off-wall separation occurs.
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Proof of Theorem 6.1

Here we derive a formula for the time evolution of curvature and curvature rate along a material
curve 𝛾 advected under the flow map 𝐹𝑡𝑡0 . We denote the parametrization of 𝛾 at the initial time by
𝑟(𝑠), 𝑠 ∈ [𝑠1 , 𝑠2 ], and its local tangent vector by 𝑟′ (𝑠) :=

6.A.1

𝑑𝑟
𝑑𝑠 .

Curvature along a material curve

Substituting eqs. (6.8,6.10) into (6.11), we obtain the following expression for the curvature of 𝛾
advected by the flow 𝐹𝑡𝑡0
𝜅𝑡𝑡0 (𝑠) =

⟨˜
𝑟′′ (𝑠), 𝑅∇𝐹𝑡𝑡0 (𝑟(𝑠))𝑟′ (𝑠)⟩
.
⟨𝑟′ (𝑠), 𝐶𝑡𝑡0 (𝑟(𝑠))𝑟′ (𝑠)⟩

(6.26)

The only missing quantity to evaluate 𝜅𝑡𝑡0 (𝑠) is the term 𝑟˜′′ . Differentiating eq. (6.8) with respect
to 𝑠 gives
𝑟˜𝑖′′ (𝑠) = 𝑝1𝑖 (𝑠) + 𝑝2𝑖 (𝑠), 𝑖 ∈ {1, 2},
where
𝑝1𝑖 =

(6.27)

∇𝐹𝑡𝑡0𝑖𝑗,𝑛 𝑟𝑛′ 𝑟𝑗′ + ∇𝐹𝑡𝑡0𝑖𝑝 𝑟𝑝′′
√︁
,
′
𝑟𝑘′ 𝐶𝑡𝑡0𝑘𝑚 𝑟𝑚

𝑝2𝑖 = −

∇𝐹𝑡𝑡0 𝑖𝑗 𝑟𝑗′ [2𝐶𝑡𝑡0𝑝𝑞 𝑟𝑝′ 𝑟𝑞′′ + 𝑟𝑙′ 𝐶𝑡𝑡0𝑙𝑛,ℎ 𝑟𝑛′ 𝑟ℎ′ ]
3

(6.28)
.

′ (𝑠)) 2
2(𝑟𝑘′ (𝑠)𝐶𝑡𝑡0 𝑘𝑚 (𝑠)𝑟𝑚

In eq. (6.28) as well as in the rest of the manuscript, summation is implied over repeated indices, all
the indices varies from 1,2, and commas in subscripts denote partial differentiation, i.e., 𝑇𝑖𝑗,𝑘 (𝑧) :=
𝜕𝑧𝑘 𝑇𝑖𝑗 (𝑧), where 𝑇 denotes a two-dimensional tensor field. Substituting eqs. (6.27-6.28) into eq.
(6.26), we obtain
𝜅𝑡𝑡0 (𝑠) =

⟨𝑝1 (𝑠) + 𝑝2 (𝑠), 𝑅∇𝐹𝑡𝑡0 (𝑟(𝑠))𝑟′ (𝑠)⟩
= 𝜅1 (𝑠) + 𝜅2 (𝑠) − 𝜅3 (𝑠) − 𝜅4 (𝑠),
⟨𝑟′ (𝑠), 𝐶𝑡𝑡0 (𝑟(𝑠))𝑟′ (𝑠)⟩

(6.29)
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where, dropping the dependence on 𝑠,

𝜅1 =

∇𝐹𝑡𝑡0 𝑖𝑗,𝑛 𝑟𝑛′ 𝑟𝑗′ 𝑅𝑖𝑙 ∇𝐹𝑡𝑡0𝑙𝑝 𝑟𝑝′
3

,

′ )2
(𝑟𝑘′ 𝐶𝑡𝑡0𝑘𝑚 𝑟𝑚

𝜅2 =

∇𝐹𝑡𝑡0 𝑖𝑗 𝑟𝑗′′ 𝑅𝑖𝑙 ∇𝐹𝑡𝑡0 𝑙𝑝 𝑟𝑝′
3

,

′ )2
(𝑟𝑘′ 𝐶𝑡𝑡0𝑘𝑚 𝑟𝑚

𝜅3 =

∇𝐹𝑡𝑡0 𝑖𝑗 𝑟𝑗′ 𝑅𝑖𝑙 ∇𝐹𝑡𝑡0𝑙𝑛 𝑟𝑛′ 𝐴
5

(6.30)
, 𝐴=

′ )2
(𝑟𝑘′ 𝐶𝑡𝑡0𝑘𝑚 𝑟𝑚

𝜅4 =

∇𝐹𝑡𝑡0 𝑖𝑗 𝑟𝑗′ 𝑅𝑖𝑙 ∇𝐹𝑡𝑡0𝑙𝑝 𝑟𝑝′ 𝐵
5
′ )2
2(𝑟𝑘′ 𝐶𝑡𝑡0𝑘𝑚 𝑟𝑚

′′
𝑟𝑘′ 𝐶𝑡𝑡0 𝑘𝑚 𝑟𝑚
,

, 𝐵 = 𝑟𝑙′ 𝐶𝑡𝑡0𝑙𝑛,ℎ 𝑟𝑛′ 𝑟ℎ′ .

Note that ∇𝐹𝑡𝑡0𝑖𝑗 𝑟𝑗′ 𝑅𝑖𝑙 ∇𝐹𝑡𝑡0𝑙𝑛 𝑟𝑛′ ≡ ⟨∇𝐹𝑡𝑡0 𝑟′ , 𝑅∇𝐹𝑡𝑡0 𝑟′ ⟩ ≡ 0, hence 𝜅3 = 𝜅4 ≡ 0. Therefore, we rewrite
eq. (6.29) in compact form as
𝜅𝑡𝑡0 =

⟨(∇2 𝐹𝑡𝑡0 (𝑟)𝑟′ )𝑟′ , 𝑅∇𝐹𝑡𝑡0 (𝑟)𝑟′ ⟩
3

+

⟨∇𝐹𝑡𝑡0 (𝑟)𝑟′′ , 𝑅∇𝐹𝑡𝑡0 (𝑟)𝑟′ ⟩
3

⟨𝑟′ , 𝐶𝑡𝑡0 (𝑟)𝑟′ ⟩ 2

= 𝜅1 + 𝜅2 ,

⟨𝑟′ , 𝐶𝑡𝑡0 (𝑟)𝑟′ ⟩ 2

where (∇2 𝐹𝑡𝑡0 (𝑟)𝑟′ )𝑖𝑗 := 𝐹𝑡𝑡0𝑖,𝑗𝑘 (𝑟)𝑟𝑘′ . Denoting the components of 𝑟′′ along the directions 𝑟′ /|𝑟′ | and
′′
respectively, and observing that ⟨∇𝐹𝑡𝑡0 (𝑟)𝑟‖′′ , 𝑅∇𝐹𝑡𝑡0 (𝑟)𝑟′ ⟩ = 0, the expression
𝑅𝑟′ /|𝑟′ | by 𝑟‖′′ and 𝑟⊥

for 𝜅2 simplifies to
𝜅2 =

′′
⟨∇𝐹𝑡𝑡0 (𝑟)𝑟⊥
, 𝑅∇𝐹𝑡𝑡0 (𝑟)𝑟′ ⟩
3

⟨𝑟′ , 𝐶𝑡𝑡0 (𝑟)𝑟′ ⟩ 2
=

⟨𝑟′′ , 𝑅𝑟′ ⟩ ⟨∇𝐹𝑡𝑡0 (𝑟)𝑅𝑟′ , 𝑅∇𝐹𝑡𝑡0 (𝑟)𝑟′ ⟩
3
|𝑟′ |2
⟨𝑟′ , 𝐶𝑡𝑡0 (𝑟)𝑟′ ⟩ 2

(6.31)

⟨𝑟′′ , 𝑅𝑟′ ⟩ det[∇𝐹𝑡𝑡0 (𝑟)]|𝑟′ |2
=
3
|𝑟′ |2
⟨𝑟′ , 𝐶𝑡𝑡0 (𝑟)𝑟′ ⟩ 2
=

⟨𝑟′′ , 𝑅𝑟′ ⟩ det[∇𝐹𝑡𝑡0 (𝑟)]
3

.

⟨𝑟′ , 𝐶𝑡𝑡0 (𝑟)𝑟′ ⟩ 2
The final formula for 𝜅𝑡𝑡0 is then given by
𝜅𝑡𝑡0 =

⟨(∇2 𝐹𝑡𝑡0 (𝑟)𝑟′ )𝑟′ , 𝑅∇𝐹𝑡𝑡0 (𝑟)𝑟′ ⟩
3
⟨𝑟′ , 𝐶𝑡𝑡0 (𝑟)𝑟′ ⟩ 2

+

⟨𝑟′′ , 𝑅𝑟′ ⟩ det[∇𝐹𝑡𝑡0 (𝑟)]
3

,

(6.32)

⟨𝑟′ , 𝐶𝑡𝑡0 (𝑟)𝑟′ ⟩ 2

which can be also rewritten as

𝜅𝑡𝑡0

=

⟨(∇2 𝐹𝑡𝑡0 (𝑟)𝑟′ )𝑟′ , 𝑅∇𝐹𝑡𝑡0 (𝑟)𝑟′ ⟩
3
⟨𝑟′ , 𝐶𝑡𝑡0 (𝑟)𝑟′ ⟩ 2

(︂

+

𝜅0 det[∇𝐹𝑡𝑡0 (𝑟)]

⟨𝑟′ , 𝑟′ ⟩
⟨𝑟′ , 𝐶𝑡𝑡0 (𝑟)𝑟′ ⟩

)︂ 3
2

,

(6.33)
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where 𝜅0 := 𝜅𝑡𝑡00 denotes the curvature of 𝛾 at time 𝑡0 . In the case of arclength parametrization of 𝛾
(i.e., ⟨𝑟′ , 𝑟′ ⟩ ≡ 1), and of incompressible flows (i.e., ∇ · 𝑓 ≡ 0, det[∇𝐹𝑡𝑡0 ] ≡ 1), eq. (6.33) simplifies to
𝜅𝑡𝑡0 =

⟨(∇2 𝐹𝑡𝑡0 (𝑟)𝑟′ )𝑟′ , 𝑅∇𝐹𝑡𝑡0 (𝑟)𝑟′ ⟩
3
⟨𝑟′ , 𝐶𝑡𝑡0 (𝑟)𝑟′ ⟩ 2

𝜅0

+

3

.

⟨𝑟′ , 𝐶𝑡𝑡0 (𝑟)𝑟′ ⟩ 2

This completes the proof of formulae (6.13,6.15) in Theorem 6.1.

6.A.2

Curvature rate along a material curve

𝑑
˙ and evaluating it at 𝑡 = 𝑡0 , we obtain
(·) := (·)),
Differentiating eq. (6.32) with respect to time ( 𝑑𝑡

𝜅˙ 𝑡0 (𝑠) = 𝜅˙ 1 (𝑠, 𝑡0 ) + 𝜅˙ 2 (𝑠, 𝑡0 ),

(6.34)

where
𝜅˙ 1 =

˙
∇𝐹𝑡𝑡

˙
𝑟 ′ 𝑟 ′ 𝑅 ∇𝐹𝑡𝑡 𝑟𝑝′ +∇𝐹𝑡𝑡
𝑟 ′ 𝑟 ′ 𝑅 ∇𝐹𝑡𝑡 𝑟𝑝′
0𝑙𝑝
0𝑖𝑗,𝑛 𝑛 𝑗 𝑖𝑙
0 𝑖𝑗,𝑛 𝑛 𝑗 𝑖𝑙
0𝑙𝑝
3
′ 𝐶𝑡
(𝑟𝑘
𝑡

𝑟′ ) 2
0𝑘𝑚 𝑚

=

−
𝑡=𝑡0

˙
′
𝐶𝑡𝑡
𝑟′
𝑟 ′ 𝑟 ′ 𝑅 ∇𝐹𝑡𝑡 𝑟𝑝′ )3𝑟𝑛
0𝑖𝑗,𝑛 𝑛 𝑗 𝑖𝑙
0𝑙𝑝
0𝑛𝑗 𝑗

(∇𝐹𝑡𝑡

5
′ 𝐶𝑡
2(𝑟𝑘
𝑡

𝑟′ ) 2
0𝑘𝑚 𝑚

⃒
⃒
⃒
⃒

𝑡=𝑡0

′ ′
∇𝑓𝑖𝑗,𝑛 (𝑡0 )𝑟𝑛
𝑟𝑗 𝑅𝑖𝑙 𝑟𝑙′

3
′ 𝑟′ ) 2
(𝑟𝑘
𝑘
2

= ⟨(∇

𝑓 (𝑡0 )𝑟 ′ )𝑟 ′ ,𝑅𝑟 ′ ⟩
,
3
⟨𝑟 ′ ,𝑟 ′ ⟩ 2

˙
𝑟𝑖′′ 𝑅𝑖𝑝 𝑟𝑝′ det[∇𝐹𝑡𝑡 ] ⃒
0 ⃒
3 ⃒
′
𝑡
′
𝑡=𝑡0
(𝑟𝑘 𝐶𝑡
𝑟𝑚 ) 2

⃒

𝜅˙ 2 =

⃒
⃒
⃒
⃒

−

′
3𝑟𝑖′′ 𝑅𝑖𝑝 𝑟𝑝′ det[∇𝐹𝑡𝑡 ]𝑟𝑛
𝐶𝑡𝑡

0𝑘𝑚

𝑟 ′′ 𝑅𝑖𝑝 𝑟𝑝′ ∇·𝑓 (𝑡0 )
= 𝑖
3
′ 𝑟′ ) 2
(𝑟𝑘
𝑘

−

0

5
′ 𝐶𝑡
2(𝑟𝑘
𝑡

˙

0𝑛𝑗

𝑟′ ) 2
0𝑘𝑚 𝑚

⃒
⃒
⃒

𝑟𝑗′ ⃒
𝑡=𝑡0

′
3𝑟𝑖′′ 𝑅𝑖𝑝 𝑟𝑝′ 𝑟𝑛
2𝑆𝑛𝑗 (𝑡0 )𝑟𝑗′
5
′ 𝑟′ ) 2
2(𝑟𝑘
𝑘

𝑟 ′ 𝑆𝑛𝑗 (𝑡0 )𝑟 ′

=𝜅0 ∇ · 𝑓 (𝑡0 ) − 3𝜅0 𝑛 (𝑟′ 𝑟′ ) 𝑗
𝑘 𝑘
]︂
[︂
⟨𝑟 ′ ,𝑆(𝑡0 )𝑟 ′ ⟩
=𝜅0 ∇ · 𝑓 (𝑡0 ) − 3 ⟨𝑟′ ,𝑟′ ⟩
.
(6.35)
In eq. (6.35) we used the following relations
˙
0
0
∇𝐹𝑡𝑡0 𝑖𝑗,𝑘 |𝑡=𝑡0 = ∇𝑓𝑖𝑗,𝑘 (𝑡0 ), ∇𝐹𝑡𝑡0𝑖𝑗,𝑘
= 0, ∇𝐹𝑡𝑡0𝑖𝑗
≡ 𝛿𝑖𝑗 ,
˙
˙
𝐶𝑡𝑡0𝑖𝑗 |𝑡=𝑡0 = 2𝑆𝑖𝑗 (𝑡0 ), det[∇𝐹𝑡𝑡0 ]|𝑡=𝑡0 = ∇ · 𝑓 (𝑡0 ), ∀𝑖, 𝑗, 𝑘 ∈ {1, 2},

(6.36)
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with 𝛿𝑖𝑗 being the Kronecker delta. Using the velocity gradient decomposition defined in eqs. (6.36.4), we rewrite 𝜅˙ 1 as
𝜅˙ 1 =
=

′ ′
[𝑆𝑖𝑗,𝑛 (𝑡0 )+𝑊𝑖𝑗,𝑛 (𝑡0 )]𝑟𝑛
𝑟𝑗 𝑅𝑖𝑙 𝑟𝑙′
3
′ 𝑟′ ) 2
(𝑟𝑘
𝑘

1
′ ′
𝑆𝑖𝑗,𝑛 (𝑡0 )𝑟𝑛
𝑟𝑗 𝑅𝑖𝑙 𝑟𝑙′ − 2 ∇𝜔𝑙 (𝑡0 )𝑟𝑙′ 𝑅𝑖𝑗 𝑟𝑗′ 𝑅𝑖𝑙 𝑟𝑙′
3
′ 𝑟′ ) 2
(𝑟𝑘
𝑘
′

′

′

= ⟨(∇𝑆(𝑡0 )𝑟 )𝑟3 ,𝑅𝑟 ⟩ −
⟨𝑟 ′ ,𝑟 ′ ⟩ 2

(6.37)

⟨∇𝜔(𝑡0 ),𝑟 ′ ⟩
1 .
2⟨𝑟 ′ ,𝑟 ′ ⟩ 2

Substituting eqs. (6.35,6.37) into eq. (6.34), we obtain the final formula for the instantaneous
curvature rate along 𝛾
𝜅˙ 𝑡0 =

⟨(∇𝑆(𝑟,𝑡0 )𝑟 ′ )𝑟 ′ ,𝑅𝑟 ′ ⟩
3
⟨𝑟 ′ ,𝑟 ′ ⟩ 2

−

⟨∇𝜔(𝑟,𝑡0 ),𝑟 ′ ⟩
1
2⟨𝑟 ′ ,𝑟 ′ ⟩ 2

]︂
[︂
′
′
0 )𝑟 ⟩
+ 𝜅0 ∇ · 𝑓 (𝑟, 𝑡0 ) − 3 ⟨𝑟 ,𝑆(𝑟,𝑡
.
⟨𝑟 ′ ,𝑟 ′ ⟩

(6.38)

If 𝑟(𝑠) is the arclength parametrization of 𝛾, and the flow is incompressible, eq. (6.38) simplifies to
𝜅˙ 𝑡0 = ⟨(∇𝑆(𝑟, 𝑡0 )𝑟′ )𝑟′ , 𝑅𝑟′ ⟩ − 12 ⟨∇𝜔(𝑟, 𝑡0 ), 𝑟′ ⟩ − 3𝜅0 ⟨𝑟′ , 𝑆(𝑟, 𝑡0 )𝑟′ ⟩.
This completes the proof of eqs. (6.14,6.16) in Theorem 6.1.

Appendix 6.B

Identities to compute 𝜅𝑡𝑡0 without taking spatial
derivatives of 𝐹𝑡𝑡0 numerically

Here we derive an alternative formula for the computation of 𝜅𝑡𝑡0 (𝛾) (cf. eq. (6.13)) that does not
require to compute spatial derivatives of 𝐹𝑡𝑡0 numerically, which is usually a sensitive procedure.
Dropping the spatial dependence on 𝑠, we rewrite the initial value problem governing the curvature
evolution along 𝛾 as
[︂
]︂
⎧
⟨𝑟𝑡′ , 𝑆(𝑟𝑡 , 𝑡)𝑟𝑡′ ⟩
⟨𝑅𝑟𝑡′ , (∇𝑆(𝑟𝑡 , 𝑡)𝑟𝑡′ )𝑟𝑡′ ⟩ ⟨∇𝜔(𝑟𝑡 , 𝑡), 𝑟𝑡′ ⟩
⎪
⎪
𝜅
˙
=
∇
·
𝑓
(𝑟
,
𝑡)
−
3
𝜅
+
,
−
⎪
𝑡
𝑡
𝑡
3
1
⎪
⟨𝑟𝑡′ , 𝑟𝑡′ ⟩
⎪
′ , 𝑟′ ⟩ 2
′ , 𝑟′ ⟩ 2
⎪
⟨𝑟
2⟨𝑟
⎪
⏟
⏞
𝑡 𝑡
𝑡 𝑡
⎪
⏞
⏟
⎪
⎪
𝑎(𝑡)
⎪
𝑏(𝑡)
⎪
⎨
𝑟𝑡 = 𝐹𝑡𝑡0 (𝑟),
⎪
⎪
⎪
⎪
⎪
⎪
⎪
𝑟𝑡′ = ∇𝐹𝑡𝑡0 (𝑟)𝑟′ ,
⎪
⎪
⎪
⎪
⎪
⎩𝜅 = 𝜅 ,
𝑡0
0

(6.39)
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which, by the variation of constants formula [90], admits the solution
𝜅𝑡𝑡0 = 𝜅0 𝑒

∫︀ 𝑡
𝑡0

𝑎(𝜏 )𝑑𝜏

+𝑒

∫︀ 𝑡
𝑡0

𝑎(𝜏 )𝑑𝜏

∫︁

𝑡

−

𝑏(𝜏 )𝑒

∫︀ 𝜏
𝑡0

𝑎(˜
𝜏 )𝑑˜
𝜏

𝑑𝜏.

(6.40)

𝑡0

We recall that the gradient of the flow map ∇𝐹𝑡𝑡0 is the fundamental matrix solution of the equation
of variations
˙
∇𝐹𝑡𝑡0 (𝑧0 ) = ∇𝑓 (𝐹𝑡𝑡0 (𝑧0 ), 𝑡)∇𝐹𝑡𝑡0 (𝑧0 ).

(6.41)

By Liouville’s theorem [90], ∇𝐹𝑡𝑡0 satisfies the relationship
det ∇𝐹𝑡𝑡0 (𝑧0 ) = 𝑒

∫︀ 𝑡
𝑡0

∇·𝑓 (𝐹𝑡𝜏 (𝑧0 ),𝜏 )𝑑𝜏
0

.

(6.42)

Comparing eqs. (6.13) and (6.40), and using eqs. (6.39,6.42), we obtain the following identities
∫︀ ⟨𝑟𝜏′ ,𝑆(𝑟𝜏 ,𝜏 )𝑟𝜏′ ⟩
⟨𝑟′ , 𝐶𝑡𝑡0 (𝑟)𝑟′ ⟩
2 𝑡𝑡
𝑑𝜏
′ ,𝑟 ′ ⟩
⟨𝑟𝜏
0
𝜏
=𝑒
,
⟨𝑟′ , 𝑟′ ⟩
∫︁ 𝑡 [︂
′ ⟩
∫︀ 𝑡
⟨𝑟 ′ ,𝑆(𝑟𝜏 ,𝜏 )𝑟𝜏
⟨(∇2 𝐹𝑡𝑡0 𝑟′ )𝑟′ , 𝑅∇𝐹𝑡𝑡0 𝑟′ ⟩
⟨𝑅𝑟𝜏′ , (∇𝑆(𝑟𝜏 , 𝜏 )𝑟𝜏′ )𝑟𝜏′ ⟩
∇·𝑓 (𝑟𝜏 ,𝜏 )−3 𝜏 ⟨𝑟′ ,𝑟
𝑑𝜏
′ ⟩
𝑡0
𝜏
𝜏
=𝑒
−
3
3
𝑡0
⟨𝑟′ , 𝐶𝑡𝑡0 (𝑟)𝑟′ ⟩ 2
⟨𝑟𝜏′ , 𝑟𝜏′ ⟩ 2
]︂
′
′
𝜖 ,𝜖)𝑟𝜖 ⟩
⟨∇𝜔(𝑟𝜏 , 𝜏 ), 𝑟𝜏′ ⟩ − ∫︀𝑡𝜏0 ∇·𝑓 (𝑟𝜖 ,𝜖)−3 ⟨𝑟𝜖 ,𝑆(𝑟
𝑑𝜖
′ ,𝑟 ′ ⟩
⟨𝑟𝜖
𝜖
𝑒
𝑑𝜏.
1
′
′
2⟨𝑟𝜏 , 𝑟𝜏 ⟩ 2

(6.43)

In the case of incompressible flows, simplified identities can be obtained by substituting ∇ · 𝑓 = 0
into eqs. (6.42-6.43).

Appendix 6.C

6.C.1

Proof of Proposition 6.2

The curvature map 𝜅𝑡𝑡0 and the curvature rate 𝜅˙ 𝑡0 are independent
of parametrization

We consider two different parameterizations of 𝛾: 𝑟(𝑠), 𝑠 ∈ [𝑠1 , 𝑠2 ] ⊂ R, and 𝑞(𝜏 ), 𝜏 ∈ [𝜏1 , 𝜏2 ] ⊂ R
such that
𝑟(𝑠) =𝑞(𝑔(𝑠)), 𝑔 : R → R,
=𝑞(𝜏 ), 𝜏 := 𝑔(𝑠).

(6.44)

146

CHAPTER 6. MATERIAL SPIKE FORMATION IN FLOW SEPARATION
∘

Denoting the differentiation with respect to 𝑠 and 𝜏 by (·)′ and (·) respectively, and differentiating
the first equation in (6.44) with respect to 𝑠, we obtain
∘

𝑟′ =𝑞𝑔 ′ ,
∘∘

∘

(6.45)

𝑟′′ = 𝑞 (𝑔 ′ )2 + 𝑞𝑔 ′′ .
Substituting formulae (6.44-6.45) into eq. (6.32), we obtain
⟨(∇2 𝐹𝑡𝑡0 (𝑟)𝑟′ )𝑟′ , 𝑅∇𝐹𝑡𝑡0 (𝑟)𝑟′ ⟩

⟨𝑟′′ , 𝑅𝑟′ ⟩ det[∇𝐹𝑡𝑡0 (𝑟)]
+
3
3
⟨𝑟′ , 𝐶𝑡𝑡0 (𝑟)𝑟′ ⟩ 2
⟨𝑟′ , 𝐶𝑡𝑡0 (𝑟)𝑟′ ⟩ 2
∘ ∘
∘
∘∘
∘
∘
(𝑔 ′ )3 ⟨(∇2 𝐹𝑡𝑡0 (𝑞)𝑞)𝑞, 𝑅∇𝐹𝑡𝑡0 (𝑞)𝑞⟩ ⟨ 𝑞 (𝑔 ′ )2 + 𝑞𝑔 ′′ , 𝑅𝑞𝑔 ′ ⟩ det[∇𝐹𝑡𝑡0 (𝑞)]
=
+
∘
∘ 3
∘
∘ 3
(𝑔 ′ )3 ⟨𝑞, 𝐶𝑡𝑡0 (𝑞)𝑞⟩ 2
(𝑔 ′ )3 ⟨𝑞, 𝐶𝑡𝑡0 (𝑞)𝑞⟩ 2
∘
∘ ∘
∘∘
∘
⟨(∇2 𝐹𝑡𝑡0 (𝑞)𝑞)𝑞, 𝑅∇𝐹𝑡𝑡0 (𝑞)𝑞⟩ (𝑔 ′ )3 ⟨ 𝑞 , 𝑅𝑞⟩ det[∇𝐹𝑡𝑡0 (𝑞)]
=
+
∘
∘ 3
∘
∘ 3
⟨𝑞, 𝐶𝑡𝑡0 (𝑞)𝑞⟩ 2
(𝑔 ′ )3 ⟨𝑞, 𝐶𝑡𝑡0 (𝑞)𝑞⟩ 2

𝜅𝑡𝑡0 (𝑟) =

(6.46)

=𝜅𝑡𝑡0 (𝑞),
i.e., the curvature map 𝜅𝑡𝑡0 is independent of parametrization.
Evaluating eq. (6.46) at 𝑡 = 𝑡0 , we obtain that 𝑘0 (𝑟) := 𝜅𝑡𝑡00 (𝑟) = 𝑘0 (𝑞). Using this result, and
plugging in eqs. (6.44-6.45) into eq. (6.14), we obtain that

𝜅˙ 𝑡0 (𝑟) = 𝜅˙ 𝑡0 (𝑞),

(6.47)

i.e., the curvature rate 𝜅˙ 𝑡0 is independent of parametrization. This completes the proof of Proposition
6.2(𝑎).

6.C.2

The curvature evolution along a material curve is objective

Here we show that the curvature rate 𝜅˙ 𝑡 (cf. eq. (6.14)), is objective i.e., invariant under all
coordinate changes of the form
𝑧 = 𝑄(𝑡)˜
𝑧 + 𝑏(𝑡),

(6.48)

where 𝑄(𝑡) ∈ 𝑆𝑂(2) and 𝑏(𝑡) ∈ R2 are smooth functions of time. Since the 𝜅˙ 𝑡 is a scalar quantity,
in order for it to be objective [42], at every point it must have the same value independent of the
actual coordinates chosen, 𝑧 or 𝑧˜, as long as they are linked by eq. (6.48). To see this, we check
objectivity separately for all the terms (𝜅˙ 𝐼 , 𝜅˙ 𝐼𝐼 and 𝜅˙ 𝐼𝐼𝐼 ) in eq. (6.14). In the rest of this section,
˜ denotes quantities expressed as a function of the new 𝑧˜−coordinate, and (·) the same quantity
(·)
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expressed in terms of the original 𝑧−coordinate.

The vectors 𝑟′ and 𝑟′′ and the curvature at the initial time 𝜅0 transform as
𝑟˜′ =𝑄⊤ (𝑡)𝑟′ ,

𝑟˜′′ = 𝑄⊤ (𝑡)𝑟′′ ,

⟨˜
𝑟′′ , 𝑅˜
𝑟′ ⟩
𝜅
˜ 0 = √︀
3
⟨˜
𝑟′ , 𝑟˜′ ⟩
⟨𝑟′′ , 𝑄(𝑡)𝑅𝑄⊤ (𝑡)𝑟′ ⟩
= √︀
3
⟨𝑄(𝑡)⊤ 𝑟′ , 𝑄⊤ (𝑡)𝑟′ ⟩
⟨𝑟′′ , 𝑅𝑟′ ⟩
= √︀
3 = 𝜅0 .
⟨𝑟′ , 𝑟′ ⟩

(6.49)

The rate of strain tensor 𝑆 and spin tensor 𝑊 introduced in (6.4) transform as
˜ 𝑧 , 𝑡) =𝑄⊤ (𝑡)𝑆(𝑧, 𝑡)𝑄(𝑡),
𝑆(˜
˙
˜ (˜
𝑊
𝑧 , 𝑡) =𝑄⊤ (𝑡)𝑊 (𝑧, 𝑡)𝑄(𝑡) − 𝑄⊤ (𝑡)𝑄(𝑡),

(6.50)

[42]. Therefore, the rate-of-strain tensor is objective, as it transforms as a linear operator, whereas
the spin tensor is not objective. The spin tensor admits the following equivalent reformulation
˜ (˜
𝑊
𝑧 , 𝑡) =

(︂

)︂
𝜔(𝑧, 𝑡)
−
+ 𝜔𝑞 (𝑡) 𝑅,
2

(6.51)

where 𝜔(𝑧, 𝑡) denotes the vorticity of the vector field (6.2), and 𝜔𝑞 (𝑡) the angular velocity of the new
frame relative to the original one. From eq. (6.51), it follows that
𝜔
˜ (˜
𝑧 , 𝑡) = 𝜔(𝑄(𝑡)˜
𝑧 + 𝑏(𝑡), 𝑡) − 2𝜔𝑞 (𝑡),

(6.52)

which shows that vorticity is not objective. Differentiating eq. (6.52) with respect to 𝑧˜ we obtain
˜ 𝜔 (˜
∇˜
𝑧 , 𝑡) = 𝑄⊤ (𝑡)∇𝜔(𝑧, 𝑡),

(6.53)

and hence ∇𝜔(𝑧, 𝑡) is objective as it transforms as a linear operator. This result highlights an
important fact. Despite 𝜔(𝑧, 𝑡) not being objective because its value changes depending on the
frame (cf. (6.52)), its topology, described by ∇𝜔(𝑧, 𝑡), is objective.
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The divergence of the vector field (6.2) transforms as
˜ · 𝑓˜(˜
∇
𝑧 , 𝑡) =Trace[𝑄⊤ (𝑡)𝑆(𝑧, 𝑡)𝑄(𝑡)]
(6.54)

=Trace[𝑆(𝑧, 𝑡)]
=∇ · 𝑓 (𝑧, 𝑡),
and hence is also objective.

The only missing ingredient for evaluation the objectivity of 𝜅˙ 𝑡 is the matrix (∇𝑆(𝑟, 𝑡)𝑟′ ), which
represents the derivative of 𝑆(𝑟, 𝑡) along 𝑟(𝑠), i.e.,

𝑑
𝑑𝑠 (𝑆(𝑟(𝑠), 𝑡)).

Using eqs. (6.49,6.50), we get

𝑑 ˜
𝑑
(𝑆(˜
𝑟, 𝑡)) = 𝑄⊤ (𝑡)𝑆(𝑄(𝑡)˜
𝑟 + 𝑏(𝑡), 𝑡)𝑄(𝑡)
𝑑𝑠
𝑑𝑠
𝑑
=𝑄⊤ (𝑡) 𝑆(𝑄(𝑡)˜
𝑟 + 𝑏(𝑡), 𝑡)𝑄(𝑡)
𝑑𝑠
𝜕𝑆 𝜕𝑟 𝜕 𝑟˜
=𝑄⊤ (𝑡)
𝑄(𝑡)
𝜕𝑟 𝜕 𝑟˜ 𝜕𝑠
𝜕𝑆 𝜕𝑟 𝜕 𝑟˜ 𝜕𝑟
=𝑄⊤ (𝑡)
𝑄(𝑡)
𝜕𝑟 𝜕 𝑟˜ 𝜕𝑟 𝜕𝑠
𝜕𝑆 𝜕𝑟
=𝑄⊤ (𝑡)
𝑄(𝑡)
𝜕𝑟 𝜕𝑠
𝑑
=𝑄⊤ (𝑡) (𝑆(𝑟, 𝑡))𝑄(𝑡) = 𝑄⊤ (𝑡)(∇𝑆(𝑟, 𝑡)𝑟′ )𝑄(𝑡),
𝑑𝑠

(6.55)

hence (∇𝑆(𝑟, 𝑡)𝑟′ ) is objective as it transforms as a linear operator. Substituting eqs. (6.49-6.55)

6.D. LAGRANGIAN SPIKING POINT

149

into each term of eq. (6.14), we obtain
˜ 𝑆(˜
˜ 𝑟, 𝑡0 )˜
𝑟′ , (∇
𝑟′ )˜
𝑟′ ⟩
˜˙ 𝐼 = ⟨𝑅˜
𝜅
3
⟨˜
𝑟′ , 𝑟˜′ ⟩ 2
⟨𝑅𝑄⊤ (𝑡)𝑟′ , 𝑄⊤ (𝑡)(∇𝑆(𝑟, 𝑡)𝑟′ )𝑄(𝑡)𝑄⊤ (𝑡)𝑟′ ⟩
=
3
⟨𝑄⊤ (𝑡)𝑟′ , 𝑄⊤ (𝑡)𝑟′ ⟩ 2
⟨𝑅𝑟′ , (∇𝑆(𝑟, 𝑡0 )𝑟′ )𝑟′ ⟩
=
= 𝜅˙ 𝐼 ,
3
⟨𝑟′ , 𝑟′ ⟩ 2
˜ 𝜔 (˜
𝑟, 𝑡0 ), 𝑟˜′ ⟩
˜˙ 𝐼𝐼 = ⟨∇˜
𝜅
1
2⟨˜
𝑟′ , 𝑟˜′ ⟩ 2
⟨𝑄⊤ (𝑡)∇𝜔(𝑟, 𝑡), 𝑄⊤ (𝑡)𝑟′ ⟩
=
1
2⟨𝑄⊤ (𝑡)𝑟′ , 𝑄⊤ (𝑡)𝑟′ ⟩ 2
⟨∇𝜔(𝑟, 𝑡), 𝑟′ ⟩
=
= 𝜅˙ 𝐼𝐼 ,
1
2⟨𝑟′ , 𝑟′ ⟩ 2
[︂
˜ 𝑟, 𝑡0 )𝑟′ ⟩ ]︂
⟨˜
𝑟′ , 𝑆(˜
˜
˜
˜
𝜅˙ 𝐼𝐼𝐼 =˜
𝜅0 ∇ · 𝑓 (˜
𝑟 , 𝑡0 ) − 3
⟨˜
𝑟′ , 𝑟˜′ ⟩
[︂
]︂
⊤
⟨𝑄 (𝑡)𝑟′ , 𝑄⊤ (𝑡)𝑆(𝑟, 𝑡0 )𝑄(𝑡)𝑄⊤ (𝑡)𝑟′ ⟩
=𝜅0 ∇ · 𝑓 (𝑟, 𝑡0 ) − 3
⟨𝑄⊤ (𝑡)𝑟′ , 𝑄⊤ (𝑡)𝑟′ ⟩
]︂
[︂
′
⟨𝑟 , 𝑆(𝑟, 𝑡0 )𝑟′ ⟩
=𝜅0 ∇ · 𝑓 (𝑟, 𝑡0 ) − 3
= 𝜅˙ 𝐼𝐼𝐼 .
⟨𝑟′ , 𝑟′ ⟩

(6.56)

˜˙ 𝑡0 = 𝜅
˜˙ 𝐼 + 𝜅
˜˙ 𝐼𝐼 + 𝜅
˜˙ 𝐼𝐼𝐼 = 𝜅˙ 𝐼 + 𝜅˙ 𝐼𝐼 + 𝜅˙ 𝐼𝐼𝐼 = 𝜅˙ 𝑡0 , and hence the curvature rate is objective.
Therefore, 𝜅
The objectivity of the curvature map 𝜅𝑡𝑡0 (cf. (6.13)) then follows from the objectivity of 𝜅˙ 𝑡 , because
𝜅𝑡𝑡0 is the integral of 𝜅˙ 𝑡 along trajectories of (6.2). This completes the proof of Proposition 6.2(𝑏).

Appendix 6.D

Lagrangian spiking point

Here we derive analytical formulae for the location of the Lagrangian spiking point, i.e., where the
Lagrangian backbone of separation ℬ(𝑡0 ) connects to the wall. By definition of ℬ(𝑡0 ) (cf. eq. (6.23)),
the following conditions are satisfied
𝜕𝑠 𝜅𝑡𝑡00 +𝑇 (ℬ(𝑡0 )) = 0, 𝜂 ∈ [0, 𝜂1 ],

(6.57)

𝜕𝑠𝑠 𝜅𝑡𝑡00 +𝑇 (ℬ(𝑡0 )) < 0, 𝜅𝑡𝑡00 +𝑇 (ℬ(𝑡0 )) > 0, 𝜂 ∈ (0, 𝜂1 ].

(6.58)
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Thus, according to eqs. (6.21,6.57), the wall and ℬ(𝑡0 ) are both contained in the zero level set of
𝜕𝑠 𝜅𝑡𝑡00 +𝑇 (𝑠, 𝜂), defined as
𝒵 := {(𝑠, 𝜂) ∈ [𝑠1 , 𝑠2 ] × [0, 𝜂1 ] : 𝜕𝑠 𝜅𝑡𝑡00 +𝑇 (𝑠, 𝜂) = 0},

(6.59)

and sketched in Fig. 6.24. The magenta curves located at the opposite sides of ℬ(𝑡0 ) in Fig. 6.24
correspond to the set of minimal negative curvature change sketched in blue in Fig. 6.5b.

Figure 6.24: Magenta curves illustrate the set 𝒵 defined by eq. (6.59). The set 𝒵 contains the
initial position of the separation profile ℬ(𝑡0 ) defined by eq. (6.23). Elements of 𝒵 can intersect
transversally the wall at the set of points 𝒵𝑐 defined by eqs. (6.63,6.67).
We now derive a condition to identify the set of points 𝒵𝑐 ⊂ 𝒵 where elements of 𝒵 connect
transversally to the wall (cf. Fig. 6.24). Using a Taylor expansion of 𝐺(𝑠, 𝜂) := 𝜕𝑠 𝜅𝑡𝑡00 +𝑇 (𝑠, 𝜂) on the
wall, together with eq. (6.21), we obtain

𝐺(𝑠 + 𝛿𝑠 , 𝛿𝜂 ) = 𝜕𝜂 𝐺(𝑠, 𝜂)|𝜂=0 𝛿𝜂 + 𝜕𝜂𝑠 𝐺(𝑠, 𝜂)|𝜂=0

𝛿𝜂2
𝛿𝜂 𝛿𝑠
+ 𝜕𝜂𝜂 𝐺(𝑠, 𝜂)|𝜂=0 + 𝒪(𝛿 3 ),
2
2

(6.60)

where [𝛿𝑠 , 𝛿𝜂 ]⊤ := [𝛿 cos 𝜃, 𝛿 sin 𝜃]⊤ , 0 < 𝛿 ≪ 1 denotes a small perturbation enclosing an angle
𝜃 ∈ (0, 𝜋) with the wall. Therefore, 𝒵𝑐 can be defined as the zero set of the leading order term in
(6.60).
To gain further insights about eq. (6.60), using formula (6.20), we express the spatial derivatives
of 𝐺 in terms of Eulerian quantities. Specifically, the function 𝜅𝑡𝑡00 +𝑇 (𝑠, 𝜂) and its spatial derivatives
along the wall can be expressed as
𝜕𝑠𝑖 𝜂𝑗 𝜅𝑡𝑡00 +𝑇 (𝑠, 𝜂)|𝜂=0 = 𝜕𝑠𝑖 𝜂𝑗

where 𝜕𝑠𝑖 𝜂𝑗 (·) :=

𝑗
𝜕 𝑖 𝜕 (·)
𝜕𝑠𝑖 ( 𝜕𝜂 𝑗 ),

[︂ ∫︁

𝑡0 +𝑇

𝑡0

]︂
𝜅˙ 𝑡 (𝑠, 𝜂)𝑑𝑡
𝜂=0

∫︁

𝑡0 +𝑇

=

𝜕𝑠𝑖 𝜂𝑗 𝜅˙ 𝑡 (𝑠, 𝜂)|𝜂=0 𝑑𝑡,

𝑖, 𝑗 ∈ N0 , (6.61)

𝑡0

and 𝜅˙ 𝑡 is evaluated along trajectories of (6.2) as described by eq. (6.39).

The term 𝜕𝑠𝑖 𝜂𝑗 𝜅˙ 𝑡 (𝑠, 𝜂), therefore, is generally time dependent. Because of the no-slip condition on
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the wall, however, the convective term in the material derivative 𝜅˙ 𝑡 is identically zero at 𝜂 = 0, and
hence 𝜕𝜂𝑠 𝜅˙ 𝑡 (𝑠, 𝜂)|𝜂=0 inherits the time dependence of the velocity field (6.2). Using eq. (6.14), and
assuming a flat no-slip wall, we obtain
𝜕𝑠𝜂 𝜅˙ 𝑡 (𝑠, 0) = 𝜕𝑠𝑠𝑠𝜂 𝑣(𝑠, 0, 𝑡).

(6.62)

A similar expression can be obtained for curved boundaries.

6.D.1

Compressible flows

In the case of compressible flows, the set 𝒵𝑐 coincides with the zero set of the function 𝜕𝜂 𝐺(𝑠, 𝜂)|𝜂=0 .
Using eqs. (6.61-6.62), we rewrite 𝒵𝑐 as
𝒵𝑐 :={𝑠 ∈ [𝑠1 , 𝑠2 ] : 𝜕𝜂𝑠 𝜅𝑡𝑡00 +𝑇 (𝑠, 𝜂)|𝜂=0 = 0, 𝜂 = 0}
{︂
}︂
∫︁ 𝑡0 +𝑇
= 𝑠 ∈ [𝑠1 , 𝑠2 ] :
𝜕𝑠𝑠𝑠𝜂 𝑣(𝑠, 0, 𝑡)𝑑𝑡 = 0, 𝜂 = 0 ,

(6.63)

𝑡0

as sketched in Fig. 6.25a.

(a)

(b)

Figure 6.25: (a) Sketch of the transverse intersection of a zero level sets of 𝐺 (cf. eq. (6.60))
with the no-slip boundary for the case of general compressible flows (cf. eq. (6.63)). (b) Sketch
of the transverse intersection of a zero level sets of 𝐺 with the no-slip boundary for the case of
incompressible flows (cf. eq. (6.65)).

Of particular interest for us is the spiking point (𝑠𝑝 , 0), i.e the point where the backbone of
separation connects to the wall (cf. Fig. 6.24). As explained in Section 6.4.1, (𝑠𝑝 , 0) is a distinguished point on the wall with positive maximal curvature change in the limit of 𝜂 → 0. Using
eqs. (6.61,6.63), we then define the spiking point on the wall (𝑠𝑝 , 0) in terms of both Lagrangian
and Eulerian quantities, as the point in 𝒵𝑐 where the curvature change 𝜅𝑡𝑡00 +𝑇 attains a positive
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maximum at leading order
⎧
⎪
⎪
𝜕𝜂𝑠 𝜅𝑡𝑡00 +𝑇 (𝑠𝑝 , 0) = 0
⎪
⎪
⎨
𝜕𝜂𝑠𝑠 𝜅𝑡𝑡00 +𝑇 (𝑠𝑝 , 0) < 0
⎪
⎪
⎪
⎪
⎩𝜕 𝜅𝑡0 +𝑇 (𝑠 , 0) > 0
𝜂 𝑡0
𝑝

⎧∫︀
𝑡0 +𝑇
⎪
⎪
𝜕𝑠𝑠𝑠𝜂 𝑣(𝑠𝑝 , 0, 𝑡)𝑑𝑡 = 0
⎪
𝑡0
⎪
⎨
∫︀ 𝑡0 +𝑇
⇐⇒
𝜕𝑠𝑠𝑠𝑠𝜂 𝑣(𝑠𝑝 , 0, 𝑡)𝑑𝑡 < 0
𝑡0
⎪
⎪
⎪
∫︀
⎪
⎩ 𝑡0 +𝑇 𝜕 𝑣(𝑠 , 0, 𝑡)𝑑𝑡 > 0.
𝑠𝑠𝜂
𝑝
𝑡0

(6.64)

The first condition follows from eq. (6.63), the second condition ensures that (𝑠𝑝 , 0) is a maximum
of curvature change, and the third one ensures that the curvature change at (𝑠𝑝 , 0) is positive, i.e.,
such that material lines undergo upwelling-type deformation.

6.D.2

Incompressible flows

In the case of incompressible flows, differentiating the continuity equation and using the no-slip
condition on the wall, we obtain
𝜕𝑠𝑠𝑠 (𝜕𝑠 𝑢(𝑠, 𝜂, 𝑡) + 𝜕𝜂 𝑣(𝑠, 𝜂, 𝑡))|𝜂=0 = 0 =⇒ 𝜕𝑠𝑠𝑠𝜂 𝑣(·, 0, 𝑡) ≡ 0.

(6.65)

Using eqs. (6.60,6.61,6.62,6.65), we obtain

𝜕𝜂 𝐺(·, 𝜂)|𝜂=0 ≡ 0 =⇒ 𝜕𝜂𝑠 𝐺(·, 𝜂)|𝜂=0 ≡ 0 =⇒ 𝐺(𝑠 + 𝛿𝑠 , 𝛿𝜂 ) = 𝜕𝜂𝜂 𝐺(𝑠, 𝜂)|𝜂=0

𝛿𝜂2
+ 𝒪(𝛿 3 ). (6.66)
2

Therefore, at leading order, the set 𝒵𝑐 coincides with the zero set of the function 𝜕𝜂𝜂 𝐺(𝑠, 𝜂)|𝜂=0 ,
which can be defined as
𝒵𝑐 :={𝑠 ∈ [𝑠1 , 𝑠2 ]𝜕𝜂𝜂𝑠 𝜅𝑡𝑡00 +𝑇 (𝑠, 𝜂)|𝜂=0 = 0, 𝜂 = 0}
{︂
}︂
∫︁ 𝑡0 +𝑇
= 𝑠 ∈ [𝑠1 , 𝑠2 ] :
𝜕𝑠𝑠𝑠𝜂𝜂 𝑣(𝑠, 0, 𝑡)𝑑𝑡 = 0, 𝜂 = 0 ,

(6.67)

𝑡0

as sketched in Fig. 6.25b. Using a similar argument to the one adopted for compressible flows, we
then define the spiking point on the wall (𝑠𝑝 , 0) in terms of Lagrangian and Eulerian quantities as
⎧
𝑡0 +𝑇
⎪
⎪
⎪𝜕𝜂𝜂𝑠 𝜅𝑡0 (𝑠𝑝 , 0) = 0
⎪
⎨
𝜕𝜂𝜂𝑠𝑠 𝜅𝑡𝑡00 +𝑇 (𝑠𝑝 , 0) < 0
⎪
⎪
⎪
⎪
⎩𝜕 𝜅𝑡0 +𝑇 (𝑠 , 0) > 0
𝜂𝜂 𝑡0
𝑝

⎧∫︀
𝑡0 +𝑇
⎪
⎪
𝜕𝑠𝑠𝑠𝜂𝜂 𝑣(𝑠𝑝 , 0, 𝑡)𝑑𝑡 = 0
⎪ 𝑡0
⎪
⎨
∫︀ 𝑡0 +𝑇
⇐⇒
𝜕𝑠𝑠𝑠𝑠𝜂𝜂 𝑣(𝑠𝑝 , 0, 𝑡)𝑑𝑡 < 0
⎪ 𝑡0
⎪
⎪
⎪
⎩∫︀ 𝑡0 +𝑇 𝜕
𝑠𝑠𝜂𝜂 𝑣(𝑠𝑝 , 0, 𝑡)𝑑𝑡 > 0.
𝑡0

(6.68)

Formulae (6.64,6.68) allow us to characterize the location of the spiking point on the wall, and
study its dependence on 𝑡0 and 𝑇 in the case of steady, time-periodic and generally unsteady flows,
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as summarized in Tables 6.3-6.4.

Asymptotic mean location of 𝑠𝑝 for velocity fields with a well-

6.D.3

defined mean
Here we derive explicit formulae for the asymptotic (𝑇 → ∞) mean location of the Lagrangian
spiking point in the case of unsteady velocity fields that admit a finite asymptotic mean
1
𝑇 →∞ 𝑇

𝑓 0 (𝑧) = lim

∫︁

𝑡0 +𝑇

𝑓 (𝑧, 𝑡)𝑑𝑡.

(6.69)

𝑡0

We also assume that spatial derivatives 𝜕𝑠𝑗 𝜂𝑘 𝑓, 𝑗, 𝑘 ∈ N0 admit a finite asymptotic mean, and that
the function
𝑡0 +𝑇

∫︁

[𝑓 (𝑧, 𝑡) − 𝑓 0 (𝑧)]𝑑𝑡

∆𝑓 (𝑧, 𝑡0 , 𝑇 ) =

(6.70)

𝑡0

and its spatial derivatives 𝜕𝑠𝑗 𝜂𝑘 ∆𝑓 remain bounded for any 𝑡0 and 𝑇 . Under these assumptions, we
obtain that
1
𝑇 →∞ 𝑇

∫︁

𝑡0 +𝑇

lim

1
𝑇 →∞ 𝑇

𝜕𝑠𝑗 𝜂𝑘 𝑓 (𝑠, 𝜂, 𝑡)𝑑𝑡 =𝜕𝑠𝑗 𝜂𝑘 𝑓 0 (𝑠, 𝜂) + lim

𝑡0

∫︁

𝑡0 +𝑇

𝜕𝑠𝑗 𝜂𝑘 ∆𝑓 (𝑠, 𝜂, 𝑡)𝑑𝑡
(6.71)

𝑡0

0

=𝜕𝑠𝑗 𝜂𝑘 𝑓 (𝑠, 𝜂),
where 𝜕𝑠𝑗 𝜂𝑘 (·) :=

𝑘
𝜕 𝑗 𝜕 (·)
𝜕𝑠𝑗 ( 𝜕𝜂 𝑘 ).

Using eq. (6.71) together with eqs. (6.64,6.68), we summarize the

formulae for the mean asymptotic location of the Lagrangian spiking point in Table 6.6,
Asymptotic Lagrangian spiking point : (𝑠𝑝 , 0)
∇ · 𝑓 ̸= 0
⎧
⎪
⎪
𝜕𝑠𝑠𝑠𝜂 𝑣 0 (𝑠𝑝 , 0) = 0
⎪
⎪
⎨
𝜕𝑠𝑠𝑠𝑠𝜂 𝑣 0 (𝑠𝑝 , 0) < 0
⎪
⎪
⎪
⎪
⎩𝜕 𝑣 0 (𝑠 , 0) > 0
𝑠𝑠𝜂
𝑝

∇·𝑓 =0
⎧
⎪
⎪
𝜕𝑠𝑠𝑠𝜂𝜂 𝑣 0 (𝑠𝑝 , 0) = 0
⎪
⎪
⎨
𝜕𝑠𝑠𝑠𝑠𝜂𝜂 𝑣 0 (𝑠𝑝 , 0) < 0
⎪
⎪
⎪
⎪
⎩𝜕
0
𝑠𝑠𝜂𝜂 𝑣 (𝑠𝑝 , 0) > 0

Table 6.6: Equations determining the asymptotic (𝑇 → ∞) mean location of the Lagrangian spiking
point on a flat no-slip boundary in the case of velocity fields that admit a finite asymptotic mean.

where
1
𝑇 →∞ 𝑇

𝜕𝑠𝑗 𝜂𝑘 𝑣 0 (𝑠, 0) = lim

∫︁

𝑡0 +𝑇

𝜕𝑠𝑗 𝜂𝑘 𝑣(𝑠, 0, 𝑡)𝑑𝑡,

𝑗, 𝑘 ∈ N.

(6.72)

𝑡0

Note that in the case of steady and time-periodic velocity fields, the formulae in Table 6.6 are
equivalent to the ones in Tables (6.3-6.4).
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Asymptotic mean location of 𝑠𝑝 for quasi-periodic velocity fields
Quasi-periodic velocity fields are a special case of those that admit a finite asymptotic mean, and can
be used to approximate many canonical separated flows which admit a finite number of dominant
frequencies in their Fourier spectrum. Here we derive explicit formulae for the asymptotic mean
location of the Lagrangian spiking point for this class of flows.
Let 𝜔1 , 𝜔2 , ..., 𝜔𝑚 be 𝑚 numbers that are rationally independent, i.e. admit no vanishing linear
combination with rational coefficients. We say that a velocity field 𝑓 (𝑧, 𝑡) = [𝑢(𝑧, 𝑡), 𝑣(𝑧, 𝑡)] is quasiperiodic in time with frequencies 𝜔1 , 𝜔2 , ..., 𝜔𝑚 , if we can write
⎧
⎪
⎨𝑢(𝑧, 𝑡) = 𝑈 (𝑧, 𝜔1 𝑡, ..., 𝜔𝑚 𝑡)

(6.73)

⎪
⎩𝑣(𝑧, 𝑡) = 𝑉 (𝑧, 𝜔1 𝑡, ..., 𝜔𝑚 𝑡),
where the functions 𝑈 (𝑧, 𝜑1 , ..., 𝜑𝑚 ), and 𝑉 (𝑧, 𝜑1 , ..., 𝜑𝑚 ) are 2𝜋−periodic in each of the arguments
𝜑1 , ..., 𝜑𝑚 . Quasi-periodic velocity fields, as well as their spatial derivatives, can be Fourier expanded
in terms of the angular arguments 𝜑𝑖 , thus we can write
⎧
⎪
⎨𝑢(𝑧, 𝑡) = 𝑢0 (𝑧) + ∆𝑢(𝑧, 𝑡)

(6.74)

⎪
⎩𝑣(𝑧, 𝑡) = 𝑣 0 (𝑧) + ∆𝑣(𝑧, 𝑡),
where

⎧
⎪
⎨𝑢0 (𝑧) =
⎪
⎩𝑣 0 (𝑧) =

1
(2𝜋)𝑚

∫︀ 2𝜋

1
(2𝜋)𝑚

∫︀ 2𝜋

0
0

...

∫︀ 2𝜋

...

∫︀ 2𝜋

0
0

𝑈 (𝑧, 𝜔1 𝑡, ..., 𝜔𝑚 𝑡)𝑑𝜑1 ...𝑑𝜑𝑚

(6.75)

𝑉 (𝑧, 𝜔1 𝑡, ..., 𝜔𝑚 𝑡)𝑑𝜑1 ...𝑑𝜑𝑚 ,

and [∆𝑢(𝑧, 𝑡), ∆𝑣(𝑧, 𝑡)] denote the bounded oscillatory part of the velocity. For quasi-periodic velocity fields, using eq. (6.75), formulae in Table 6.6 can be computed as
∫︁
1 𝑡0 +𝑇
𝜕𝑠𝑗 𝜂𝑘 𝑣(𝑠, 0, 𝑡)𝑑𝑡, 𝑗, 𝑘 ∈ N
𝑇 →∞ 𝑇 𝑡
0
∫︁ 2𝜋 ∫︁ 2𝜋
1
=
...
𝜕𝑠𝑗 𝜂𝑘 𝑉 (𝑠, 0, 𝜑1 , ..., 𝜑𝑚 )𝑑𝜑1 ...𝑑𝜑𝑚 .
(2𝜋)𝑚 0
0

𝜕𝑠𝑗 𝜂𝑘 𝑣 0 (𝑠, 0) = lim

Appendix 6.E

(6.76)

Eulerian spiking point

Similar to the Lagrangian case, here we derive analytical formulae for the location of the Eulerian
spiking point, i.e., where the Eulerian backbone of separation ℬ̇(𝑡) (cf. eq. (6.25)) connects to the
wall. By taking the time derivatives of the sets 𝒵 and 𝒵𝑐 defined in Appendix 6.D, and evaluating
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them at 𝑡 = 𝑡0 , we obtain
𝒵˙ := {(𝑠, 𝜂) ∈ [𝑠1 , 𝑠2 ] × [0, 𝜂1 ] : 𝜕𝑠 𝜅˙ 𝑡 (𝑠, 𝜂) = 0},

(6.77)

and
∇ · 𝑓 ̸= 0.

𝒵˙ 𝑐 :={𝑠 ∈ [𝑠1 , 𝑠2 ] : 𝜕𝜂𝑠 𝜅˙ 𝑡 (𝑠, 𝜂)|𝜂=0 = 0, 𝜂 = 0}

∇ · 𝑓 = 0.

𝒵˙ 𝑐 :={𝑠 ∈ [𝑠1 , 𝑠2 ] : 𝜕𝜂𝜂𝑠 𝜅˙ 𝑡 (𝑠, 𝜂)|𝜂=0 = 0, 𝜂 = 0},

(6.78)

where 𝒵˙ 𝑐 denotes the union of points where the set of instantaneous maximum and minimum curvature rate connects to the wall. Comparing eq. (6.78) with eqs. (6.63,6.67), it follows that for steady
flows 𝒵𝑐 ≡ 𝒵˙ 𝑐 , i.e., the set of Lagrangian maximum and minimum curvature change and the set of
instantaneous maximum and minimum curvature rate connect to the wall at the same locations (see
e.g., Fig. 6.7).

Appendix 6.F

Approximate velocity field near the wall

Here we derive an expression for the approximated velocity field in the proximity of a flat no-slip
boundary. Specifically, we focus on the case of incompressible flows, in which the approximated
velocity field can be expressed in terms of only wall-based measurements [193]. Consider the NavierStokes equations
(𝜕𝑡 + 𝑓 · ∇)𝑓 = −

∇𝑝
+ 𝜈∆𝑓,
𝜌

(6.79)

whose components are
𝑝𝑥 (𝑧, 𝑡)
+ 𝜈(𝑢𝑥𝑥 (𝑧, 𝑡) + 𝑢𝑦𝑦 (𝑧, 𝑡))
𝜌
𝑝𝑦 (𝑧, 𝑡)
𝑣𝑡 (𝑧, 𝑡) + 𝑣𝑥 (𝑧, 𝑡)𝑢(𝑧, 𝑡) + 𝑣𝑦 (𝑧, 𝑡)𝑣(𝑧, 𝑡) = −
+ 𝜈(𝑣𝑥𝑥 (𝑧, 𝑡) + 𝑣𝑦𝑦 (𝑧, 𝑡)),
𝜌

𝑢𝑡 (𝑧, 𝑡) + 𝑢𝑥 (𝑧, 𝑡)𝑢(𝑧, 𝑡) + 𝑢𝑦 (𝑧, 𝑡)𝑣(𝑧, 𝑡) = −

(6.80)

where 𝑓 denotes an unsteady two-dimensional velocity field (cf. eq. (6.2)), 𝑝 denotes the pressure
field, and 𝜈 =

𝜇
𝜌

the kinematic viscosity, which is the ratio of the dynamic viscosity to the density.

Using the no-slip boundary condition, we obtain
𝜕𝑥𝑖 𝑓 (𝑥, 𝑦, 𝑡)|𝑦=0 = 0,
where 𝜕𝑥𝑖 :=

𝜕𝑖
𝜕𝑥𝑖 .

∀𝑖 ∈ N0 ,

(6.81)

In the case of incompressible flows (∇ · 𝑓 = 0), differentiating the continuity
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equation we get
𝜕𝑥𝑖 (𝑢𝑥 (𝑧, 𝑡) + 𝑣𝑦 (𝑧, 𝑡)) = 0,

𝜕𝑦𝑖 (𝑢𝑥 (𝑧, 𝑡) + 𝑣𝑦 (𝑧, 𝑡)) = 0,

∀𝑖 ∈ N0 .

(6.82)

Using eq. (6.81), the Taylor-expansion near the wall can be computed as
𝑢(𝑥, 𝑦, 𝑡) =𝑎1 (𝑥, 𝑡)𝑦 + 𝑎2 (𝑥, 𝑡)𝑦 2 + 𝑎3 (𝑥, 𝑡)𝑦 3 + 𝒪(4)
=𝑢(𝑥, 𝑦, 𝑡) + 𝒪(4)
𝑣(𝑥, 𝑦, 𝑡) =𝑏1 (𝑥, 𝑡)𝑦 + 𝑏2 (𝑥, 𝑡)𝑦 2 + 𝑏3 (𝑥, 𝑡)𝑦 3 + 𝒪(4)

(6.83)

=𝑣(𝑥, 𝑦, 𝑡) + 𝒪(4)

where 𝒪(4) := 𝒪(|𝑦|4 ). Following [193], in the case of incompressible flows, all coefficients of the
Taylor expansion (6.83), at any order, can be expressed as a function of on-wall quantities such as
pressure, skin friction, their temporal derivatives and their spatial derivatives in the wall direction.
We recall here that the skin friction is defined as
𝜏 (𝑥, 𝑡) := 𝜇𝑢𝑦 (𝑥, 0, 𝑡).

(6.84)

Differentiating the Navier-Stokes equations (6.80), evaluating the resulting expression on the wall,
and using eqs. (6.81-6.84), we obtain the following relations
𝑎1 (𝑥, 𝑡) :=𝑢𝑦 (𝑥, 0, 𝑡) =
𝑎2 (𝑥, 𝑡) :=

𝑢𝑦𝑦 (𝑥,0,𝑡)
2

𝑎3 (𝑥, 𝑡) :=

𝑢𝑦𝑦𝑦 (𝑥,0,𝑡)
6

=
=

𝜏 (𝑥,𝑡)
𝜇
𝑝𝑥 (𝑥,𝑡)
2𝜇
𝜏𝑡 (𝑥,𝑡)
6𝜈𝜇

−

𝜏𝑥𝑥 (𝑥,𝑡)
3𝜇

(6.85)

𝑏1 (𝑥, 𝑡) :=𝑣𝑦 (𝑥, 0, 𝑡) = 0
𝑏2 (𝑥, 𝑡) :=

𝑣𝑦𝑦 (𝑥,0,𝑡)
2

(𝑥,𝑡)
= − 𝜏𝑥2𝜇

𝑏3 (𝑥, 𝑡) :=

𝑣𝑦𝑦𝑦 (𝑥,𝑡)
6

(𝑥,𝑡)
= − 𝑝𝑥𝑥6𝜇
.

Therefore, the approximate velocity field near the wall up to 𝒪(3) can be expressed in terms of
wall-based quantities as
⎡
⎤ ⎡
⎤
𝜏 (𝑥,𝑡)
𝑝𝑥 (𝑥,𝑡) 2
𝜏𝑡 (𝑥,𝑡)
𝜏𝑥𝑥 (𝑥,𝑡) 3
𝑢(𝑧, 𝑡)
𝑦
+
𝑦
+
(
−
)𝑦
2𝜇
6𝜈𝜇
3𝜇
⎦=⎣ 𝜇
⎦.
𝑓 (𝑧, 𝑡) = ⎣
𝜏𝑥 (𝑥,𝑡) 2
𝑝𝑥𝑥 (𝑥,𝑡) 3
𝑣(𝑧, 𝑡)
− 2𝜇 𝑦 − 6𝜇 𝑦

(6.86)
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[193] show that higher order terms in (6.83) improve the correlation of the truncated Taylor series
expansion with the Direct Numerical Simulations of a turbulent flow near the wall. However, such
polynomial approximation amplifies measurement noise, as they require differentiation of measured
quantities, which in turns decreases the radius of convergence of the Taylor series. To overcome these
limitations, they propose model-based state estimation techniques as adjoint-based or Riccati-based
methods which uses the underlying unsteady Navier-Stokes equations as a filter. Specifically, relying
only on on-wall measured quantities, they show numerically that adjoint-based methods significantly
improves the flow reconstruction not only in the vicinity of the wall.

Appendix 6.G

Creeping flow around a rotating cylinder

[194] derived an analytical solution of a creeping flow around a fixed rotating circular cylinder close
to an infinite plane wall moving at a constant velocity. If 𝑢 and 𝑣 denote the velocity components
along and normal to the wall, the solution is given by the following complex function
[︂
]︂
𝑈𝑤
|𝜙|
𝜇 *
2
𝑢(𝜁) − 𝑖𝑣(𝜁) = −
2 log
+
(𝜁 − 𝜁)(𝜙 − 1)
2 log 𝑎
𝑎
2𝜙
[︂
(︂
)︂
(︂
)︂
(︂
)︂]︂
*
𝑎
1
1
1
1 𝑎2
2 𝑖𝜇𝜁
+ 𝜎(𝜙 − 1)
+
−
𝑎+
+
−1
2
𝜙2
𝑎
𝜙
𝑎
2𝑎 𝜙2
[︂
(︂
)︂]︂
1
𝑎
𝜙*
+𝜎 𝑎+ +𝑖
−
,
𝑎
𝜙*
𝑎

(6.87)

where
𝑖=

√

−1, 𝜁 = 𝑥 + 𝑖𝑦, 𝜙 = 𝜙(𝜁) =

1 + 𝑖𝜇𝜁
,
1 + 𝜇𝜁

(6.88)

with (·)* denoting the complex conjugate operator. The constants 𝑎, 𝜇 and 𝜎 describe the geometry
and the kinematics of the cylinder, and are defined as
𝑅𝑐 + 𝑦𝑐 −

√︀

𝑦𝑐2 − 𝑅𝑐2

1
𝑎
√︀
𝑎=
, 𝜇 = √︀
, 𝜎= 2
2
2
2
2
𝑎 −1
𝑅𝑐 + 𝑦𝑐 + 𝑦𝑐 − 𝑅𝑐
𝑦𝑐 − 𝑅𝑐

(︂

)︂
𝑈𝑤
2Ω𝑎2
−
+
.
2 log 𝑎 𝜇(𝑎2 − 1)2

(6.89)

In eq. (6.89) 𝑈𝑤 denotes the velocity of the wall and 𝑅𝑐 the radius of the cylinder initially centered
at (0, 𝑦𝑐 ), and rotating about its axis with angular velocity Ω. Following the procedure described
in [192], by the linearity of Stokes flows, substituting 𝑥 and 𝑢 in eq. (6.87) with 𝑥 − 𝑈𝑤 𝑡 − 𝜔𝛽𝑐 cos(𝜔𝑐 𝑡)
and 𝑢 − 𝑈𝑤 , we obtain the velocity field developing close to a rotating cylinder, whose centers moves
parallel to a fixed wall with velocity 𝑈𝑐 = 𝑈0 + 𝛽 cos(𝜔𝑡), where 𝑈0 = −𝑈𝑤 .
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Appendix 6.H

Von Kármán vortex street model

In the von Kármán vortex street model, Jung et al. [198] assume a stream function in the form
Ψ(𝑥, 𝑦, 𝑡) = 𝛼(𝑥, 𝑦)𝑔(𝑥, 𝑦, 𝑡),
with
(︂
𝛼(𝑥, 𝑦) = 1 − exp

(6.90)

(︂
)︂2 )︂
1
1
− 𝑎− 2 (𝑥2 + 𝑦 2 ) 2 − 1
.

(6.91)

This form of 𝛼(𝑥, 𝑦) ensures the no-slip condition on the cylinder surface that satisfies 𝑥2 + 𝑦 2 =
1. The coefficient 𝑎−1/2 represents the width of the boundary layer, and 𝑔 in (6.90) models the
contributions of the shed vortices and the background flow 𝑢0 to the full flow. Specifically,
𝑔(𝑥, 𝑦, 𝑡) = −𝑤ℎ1 (𝑡)𝑔1 (𝑥, 𝑦, 𝑡) + 𝑤ℎ2 (𝑡)𝑔2 (𝑥, 𝑦, 𝑡) + 𝑢0 𝑦𝑠(𝑥, 𝑦).

(6.92)

The first two terms in (6.92) describe the alternating creation, evolution and damping of two vortices
of equal strength. The quantities 𝑤 and ℎ𝑖 (𝑡) represent the overall vortex strength and amplitudes,
respectively. Because of the alternating nature of the vortices, we have a constant phase difference
of half-period 𝑇𝑝 /2 between the strength of the two vortices, i.e. ℎ2 (𝑡) = ℎ1 (𝑡 −

𝑇𝑝
2 ).

To describe

the time evolution of the vortex strengths, we choose
⃒
(︂ )︂⃒
⃒
𝜋𝑡 ⃒⃒
⃒
.
ℎ1 (𝑡) = ⃒ sin
𝑇𝑝 ⃒

(6.93)

The vortex centers are assumed to move parallel to the 𝑥−axis at a constant speed, satisfying
𝑥1 (𝑡) =1 + 𝐿[(𝑡 − 𝑇𝑝 )mod1],

(︀
𝑥2 (𝑡) = 𝑥1 𝑡 −

𝑇𝑝
2 ),

𝑦1 (𝑡) = − 𝑦2 (𝑡) ≡ 𝑦0 .
The shape of the shed vortices is controlled by the factor
(︂
𝑔𝑖 (𝑥, 𝑦, 𝑡) = exp
1/2

where 𝑅0

[︂
]︂)︂
− 𝑅0 (𝑥 − 𝑥𝑖 (𝑡))2 + 𝛽 2 (𝑦 − 𝑦𝑖 (𝑡))2 ,

(6.94)

is the characteristic vortex size, and 𝛽 is an aspect ratio parameter. The last term in eq.

(6.92) represents the contribution of the background flow of uniform velocity 𝑢0 . The factor 𝑠(𝑥, 𝑡)
simulates the shielding of the background flow just behind the cylinder, and is of the form
(︂
𝑠(𝑥, 𝑦) = 1 − exp

−

)︂
(𝑥 − 1)2
2
−
𝑦
.
𝛽2

(6.95)
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As in [198], we choose a set of parameters for which the model has been shown to approximate
the Navier–Stokes solution for this geometry with 𝑅𝑒 ≈ 250. More specifically, we use the nondimensional parameter values 𝛽 = 2, 𝑅0 = 0.35, 𝐿 = 2, 𝑎 = 1 and 𝑦0 = 2. For the background flow
velocity, we choose 𝑢0 = 14/𝑇𝑝 , while the average strength of the vortices is taken to be 𝑤 = 8×24/𝜋
as in [199]. The above set of parameters leads to a periodic flow of period 𝑇𝑝 = 1.107, as shown by
Jung et al. [198]. We show a representative snapshot of the flow streamlines in Fig. 6.16.
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