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S U M M A R Y
Analysis of Rayleigh waves is an important task in seismology and geotechnical investiga-
tions. In fact, properties of Rayleigh waves such as velocity and polarization are important
observables that carry information about the structure of the subsoil. Applications analysing
Rayleigh waves include active and passive seismic surveys. In active surveys, there is a con-
trolled source of seismic energy and the sensors are typically placed near the source. In passive
surveys, there is not a controlled source, rather, seismic waves from ambient vibrations are
analysed and the sources are assumed to be far outside the array, simplifying the analysis
by the assumption of plane waves. Whenever the source is in the proximity of the array of
sensors or even within the array it is necessary to model the wave propagation accounting for
the circular wavefront. In addition, it is also necessary to model the amplitude decay due to
geometrical spreading. This is the case of active seismic surveys in which sensors are located
near the seismic source. In this work, we propose a maximum likelihood (ML) approach for
the analysis of Rayleigh waves generated at a near source. Our statistical model accounts for
the curvature of the wavefront and amplitude decay due to geometrical spreading. Using our
method, we show applications on real data of the retrieval of Rayleigh wave dispersion and
ellipticity. We employ arrays with arbitrary geometry. Furthermore, we show how it is possible
to combine active and passive surveys. This enables us to enlarge the analysable frequency
range and therefore the depths investigated. We retrieve properties of Rayleigh waves from
both active and passive surveys and show the excellent agreement of the results from the two
surveys. In our approach we use the same array of sensors for both the passive and the active
survey. This greatly simplifies the logistics necessary to perform a survey.

Key words: Time-series analysis; Site effects; Surface waves and free oscillations.

1 I N T RO D U C T I O N

Analysis of Rayleigh waves is an important task in seismology and
geotechnical investigations. It enables us to gather knowledge of ge-
ological and geophysical features of the subsoil. In fact, properties
of Rayleigh waves such as velocity and polarization are important
observables that carry information about the structure of the sub-
soil. The analysis of these properties allows geophysicists to gain
insight into the subsoil avoiding more expensive invasive techniques
(e.g. borehole techniques). For example, seismic surveying meth-
ods represent a valuable tool in oil and gas prospection (Sheriff &
Geldart 1995) and in geophysical investigations (Tokimatsu et al.
1992; Okada 1997).

Applications analysing Rayleigh waves include active and passive
seismic surveys. In active surveys, there is a controlled source of
seismic energy and the sensors are typically placed near the source
(Park et al. 1999). In passive surveys, there is not a controlled
source, rather, seismic waves from ambient vibrations are analysed

(Bonnefoy-Claudet et al. 2006) and the sources are assumed to be
far outside the array. Measurements acquired in active and passive
surveys need to be analysed with array processing methods.

A widely popular assumption in array processing is to consider
the source of energy to be located in the far field. This assumption
enables us to model the wavefront as plane and consider the wave
amplitude as constant, greatly simplifying the analysis of the signals.
A myriad of applications are well suited to this setting and a huge
amount of literature has been produced using this assumption (Krim
& Viberg 1996; Van Trees 2002). In particular, a number of authors
use this assumption in seismological applications, including the
study of earthquake in the far field (Capon 1969) and the analysis
of recordings from passive surveys (Ohrnberger et al. 2004; Poggi
& Fäh 2010; Maranò et al. 2012).

However, whenever the source is in the proximity of the array of
sensors or even within the array it is necessary to model the wave
propagation accounting for the circular wavefront. In addition, it
is also necessary to model the amplitude decay due to geometrical
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spreading. This is the case of active seismic surveys, in which
sensors are located near the seismic source.

This manuscript is primarily concerned with the development of
a method for the analysis of Rayleigh waves recorded from active
surveys. Passive surveys will be considered to show the viability of
performing jointly active and passive surveys with the same array
of sensors. In fact, using the proposed technique, we are able to use
the same array configuration designed for passive surveying also in
the active survey.

In the seminal paper by Park et al. (1999), Rayleigh waves gen-
erated by a near field source are analysed. The method presented
in Park et al. (1998) is used for processing the data. In this approach,
the amplitude decay due to geometrical spreading is accounted for
by multiplying the measured signal by a factor compensating for the
known amplitude reduction at the receiver. Then, all the measure-
ments are transformed in the phase velocity-frequency domain by
using an integral transform. In this approach, a single sensor com-
ponent is processed. We emphasize that multiplying the measured
signal by a given factor is not a robust approach. In fact, while it
addresses the effect of geometrical spreading, it also amplifies any
undesired portion of the signal (e.g. noise).

A cross-correlation method accounting for the circular wavefront
is presented by Almendros et al. (1999). In this work geometrical
spreading is accounted for by dividing the signal amplitude by
a factor of 1/

√
r , where r is the sensor-source distance. Boiero

et al. (2011) consider a source radiating in the near field. The
distances between source and sensors are computed and then a
method for frequency-wavenumber analysis is applied as on a line
of sensors, ignoring the amplitude decay. Strobbia & Foti (2006)
propose a linear regression technique. The phase of the signal is
estimated at each sensor, then the phase at each sensor is used in the
regression as the dependent variable and the sensor offset is used as
the independent variable. A straight line is fitted to the phase-offset
pairs and the velocity is inferred from the slope of the line. The
authors also suggested to include a weighting in the regression, this
indirectly accounts to some extent for the smaller wave energy at
far offset sensors.

In this manuscript, we propose a maximum likelihood (ML)
method for the analysis of Rayleigh waves generated by a seismic
source in the proximity of the sensors. We construct a statistical
model accounting for the curved wavefront and the amplitude de-
cay due to geometrical spreading. The proposed method, models
exactly the Rayleigh wave equation at arbitrary distance from the
source. In our approach, we model all the three sensor components
jointly and retrieve Rayleigh wave velocity and Rayleigh wave el-
lipticity for the fundamental mode and, when possible, for higher
modes. We consider arrays with arbitrary geometry.

Park et al. (2005) highlight the advantages of combining passive
and active surveys. Indeed, it is possible to enlarge the analysable
frequency range and therefore the depths investigated with the sur-
veys. Being able to observe properties of surface wave over a broader
frequency range, enables us to reduce the uncertainty in the inver-
sion for a structural model. In our work, we show how it is possible
to combine active and passive surveys employing the same array
of sensors and therefore greatly simplifying the logistic required
in performing the survey. In previous works combining active and
passive surveys two distinct sets of hardware are needed (Park et al.
2005; Moro et al. 2015).

To summarize, the contribution of this paper is twofold

(i) We propose an ML approach for the analysis of Rayleigh
waves. Our statistical model accounts for the curvature of the wave-

front and amplitude decay due to geometrical spreading. Using
our method, we show applications on real data of the retrieval of
Rayleigh wave dispersion and ellipticity. We employ arrays with
arbitrary geometry.

(ii) We show how it is possible to combine active surveys and
passive surveys. We retrieve properties of Rayleigh waves from
both types of surveys and show the excellent agreement of the
results from the two surveys. In our approach we use the same array
of sensors for both the passive and the active survey. This greatly
simplifies the logistics necessary to perform a survey.

The remainder of this paper is organized as follow. In
Section 2, we describe the equations we use to describe the ground
motion induced by a single Rayleigh wave with circular wavefront.
The proposed approached is presented in Section 3. Applications of
our method to real sites are presented in Section 4. The combination
of both passive and active surveys at the same site is considered.
Concluding remarks are found in Section 5.

2 S Y S T E M M O D E L

We consider the analysis of Rayleigh waves measured by seismic
sensors in the vicinity of the source. We account for the source
being near or even within the array of sensors measuring the waves.
Therefore, it is clear that the common assumption of plane wave-
front widely used in array processing is not valid and it is necessary
to model the curvature of the wavefront. In addition, it is also nec-
essary to account for the wave amplitude decay due to geometrical
spreading.

Our algorithm relies on wave equations describing the Rayleigh
wave particle motion at arbitrary distance from the source. There-
fore, the model presented in this section is valid both near the source
and far away from the source. In addition, the proposed method over-
comes the common limitation requiring the sensors to be distanced
from the source to allow the Rayleigh wave to fully develop (Stokoe
et al. 1994). In this work, we restrict our interest on the analysis of
Rayleigh waves measured at the surface.

Let ũx (ω, p), ũ y(ω, p) and ũz(ω, p) be the spectral displacement
along the three Cartesian axes at angular frequency ω and position
p ∈ R

2. We use a right-handed coordinate system with the vertical
z-axis pointing upwards.

In this work, we consider a point source with a vertical force.
Using such a compressional wave source, more than two thirds
of the seismic energy generated is converted to Rayleigh waves
(Richart et al. 1970). Therefore, due to the nature of the source and
the different polarization of Love and Rayleigh waves, we will not
consider Love waves in this work.

The radiation pattern of Rayleigh waves for vertically hetero-
geneous media was derived by Saito (1967). Considering a point
source and a single force in the direction of the z-axis, the displace-
ment field at arbitrary position depends on the distance from the
source. Let ps denote the source position, then r = ‖ p − ps‖ is
the distance between an arbitrary position p and the source, with
‖x‖ being the norm of the vector x. The three-components spectral
displacement at position p, induced by a single Rayleigh wave is

ũx (ω, p) = − sin ξ cos ψ H (2)
1 (κr ) s(ω) (1a)

ũ y(ω, p) = − sin ξ sin ψ H (2)
1 (κr ) s(ω) (1b)

ũz(ω, p) = cos ξ H (2)
0 (κr ) s(ω) , (1c)
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Figure 1. Depiction of the Rayleigh wave particle motion, valid for large κr, for several values of the ellipticity angle ξ . (a) The elliptical particle motion for
a retrograde Rayleigh wave. The quantities ξ , α, H and V are shown. (b) The Rayleigh wave is horizontally polarized for ξ = ±π/2. (c) Retrograde particle
motion for ξ = −π/6. (d) Retrograde particle motion for ξ = −π/3. (e) The Rayleigh wave is vertically polarized for ξ = 0. (f) Prograde particle motion for
ξ = π/6. (g) Prograde particle motion for ξ = π/3.

for ω > 0 and where ξ is the ellipticity angle of the Rayleigh wave,
ψ is the azimuth angle formed by the vector p − ps and measured
counter-clockwise from the x-axis, κ = 2π/λ is the wavenumber,
and λ is the wavelength. With H (2)

ν we denote Hankel functions
of the second kind of order ν (Abramowitz & Stegun 1964). The
quantity s(ω) is the spectrum of the source function.

The angle ξ ∈ [−π/2; +π/2] is called ellipticity angle of the
Rayleigh wave. For sufficiently large values of κr, it determines the
eccentricity and the sense of rotation of the particle motion. More
details are provided below.

In eq. (1), the Hankel functions model the dependency of the
measured spectrum as a function of the sensor-source distance r.
The trigonometric functions of ψ and ξ account for the different
amplitudes of the Rayleigh wave on the different sensor components
due to the sensor orientation and to the peculiar elliptical particle
motion of the Rayleigh wave, respectively.

We now consider the asymptotic expression for eq. (1), valid
for large κr. Using the asymptotic expansions for H (2)

0 and H (2)
1

(Abramowitz & Stegun 1964) we obtain the following expressions

ũx (ω, p) ∼
√

2

πκr
sin ξ cos ψ exp

(
i
(
−π

4
− κr

))
s(ω) (2a)

ũ y(ω, p) ∼
√

2

πκr
sin ξ sin ψ exp

(
i
(
−π

4
− κr

))
s(ω) (2b)

ũz(ω, p) ∼
√

2

πκr
cos ξ exp

(
i
(π

4
− κr

))
s(ω) , (2c)

which are valid for κr → ∞.
Eqs (2a)–(2c) are analogous to the plane wavefront equations used

in many array processing methods. In particular, they are compatible
with the equations used in previous work by the authors (Maranò
et al. 2012; Maranò et al. 2017). The amplitude decay proportional
to 1/

√
r is typically omitted in plane wavefront models, in fact

its effect is negligible for small arrays at large distances from the
source. We observe that the π/2 phase shift between the vertical
and the horizontal components is immediately evident in (2).

From eqs (2a)–(2c) we are able to provide a simple interpretation
of the Rayleigh wave ellipticity angle ξ and of the particle motion
of the wave. Fig. 1(a) depicts the particle motion of a Rayleigh
wave and how the ellipticity angle is defined. Rayleigh wave parti-

cle motion is depicted with a black ellipse and the sense of rotation
with the black arrows on the ellipse. The z axis is vertical to the
surface. The x axis lies on the surface and is parallel to the wavevec-
tor κ . The ellipticity angle ξ has the vertex at the topmost intersec-
tion between the z axis and the particle motion ellipse. The first side
of the ellipticity angle is the z axis. The second side is the line con-
necting the vertex with the intersection of the x axis and the particle
motion ellipse (the intersection is chosen such that the particle mo-
tion at the intersection has a +π/2 radians shift with respect to the
vertex). This parametrization to describe Rayleigh wave ellipticity
was first introduced in Maranò et al. (2012) and further investigated
in Maranò et al. (2017).

In Fig. 1(a), the quantities H and V are defined. They represent
the amplitude of the horizontal and the vertical motion, respec-
tively. The quantity H/V = |tan ξ | is known as the ellipticity of
the Rayleigh wave. Fig. 1(a) also provides a graphical interpreta-
tion of the amplitude α. From eqs (2a)–(2c) we understand that
the amplitude depends on the source and on the distance from the
source.

In the Supporting Information, we briefly discuss how the dis-
tance from the source affects the particle motion.

When ξ ∈ (−π/2, 0), the Rayleigh wave particle motion is said
to be retrograde (i.e. the oscillation on the vertical component (uz)
is shifted by +π/2 radians with respect to the oscillation on the
direction of propagation). Two possible retrograde particle motions
and corresponding ellipticity angles are shown in Figs 1(c) and (d).
When ξ ∈ (0, π/2) the particle motion is said to be prograde,
cf. Figs 1(f) and (g). For ξ =±π/2 (cf. Fig. 1b) and ξ = 0 (cf. Fig. 1e)
the particle motion polarization is horizontal and vertical, respec-
tively.

The real-valued time domain signals ux (t, p), uy(t, p), uz(t, p)
describe the ground motion induced by a Rayleigh wave.
They are related to their frequency domain counterparts
ũx (ω, p), ũ y(ω, p), ũz(ω, p) of eqs (1) and (2) by an inverse Fourier
transform.

3 P RO P O S E D M E T H O D

Our goal is to perform ML estimation of the wave parame-
ters θ from noisy observations y. Wave parameters include the
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frequency-dependent wavenumber κ and ellipticity angle ξ , that is,
θ = (κ, ξ )T. In addition, the source function s(ω) and the noise level
at the different sensors are also estimated. The source position ps

is known.
First, we seek an efficient way to compute the likelihood of the

observations y for a wave parameter vector θ . Second, a maximiza-
tion of the likelihood function enables us to perform ML estimation
and to obtain an estimate θ̂ of the parameter vector. We now pro-
vide a self-contained and high-level description of the method. We
provide some additional technical details in the following section.

We rely on noisy measurements from L channels. In the case of
N three-component sensors, we have L = 3N. In particular, on the

th channel the measurements Y (
)

k at discrete instants tk are

Y (
)
k = u(tk, p
) + Z (
)

k for k = 1, . . . , K , (3)

where u( p
, tk) is a deterministic function with unknown wave pa-
rameters (as in eq. 1) and Z (
)

k is zero-mean additive white Gaussian
noise with variance σ 2


 . With this signal model, the probability den-
sity function (PDF) of the measurements Y is

pY ( y|θ ) =
L∏


=1

K∏
k=1

1√
2πσ 2




e
−

(
y

(
)
k −u

(
)
k

)2
/2σ 2


 , (4)

where we grouped all the measurement as y � {y(
)
k }k=1,...,K

l=1,...L and

defined u(
)
k � u(tk, p
).

In the proposed technique, instead of computing the likelihood
of the observation directly from (4), we model it by means of a
factor graph (Loeliger et al. 2007). This enables the algorithm a
more efficient computation of the likelihood. Details of the factor
graph are provided in the following.

Given observations y of Y , we call the likelihood of the obser-
vation f (θ ) � pY ( y = Y |θ ). An ML estimate θ̂ is found by maxi-
mizing the likelihood

θ̂ = argmax
θ

f (θ ) . (5)

This maximization is performed analytically for the parameter s(ω).
It is performed numerically for the remaining parameters using a
grid search first and then a numerical optimization routine (Byrd
et al. 1995).

In an actual survey, multiple Rayleigh waves may be present
simultaneously. This happens, for example, in presence of multiple
modes of propagation. For model selection, that is, the choice of the
number of waves to consider in the model, we employ a variant of
the Bayesian information criterion (BIC; Schwarz 1978). We use a
penalized version of BIC where a scalar γ allows us to control the
complexity of the model. The penalized BIC is defined as

BICγ = −2 f (θ̂ ) + γ Np ln(L K ) , (6)

where Np denotes the number of parameters of the statistical model
and LK is the number of measurements. The parameter γ ≥ 0
enables us to follow a pure BIC model selection strategy for γ = 1,
an ML approach (which will result in overfitting) for γ = 0, or any
intermediate strategy for different values γ ∈ (0, 1). This approach
for model selection was first used by the authors in the analysis of
ambient vibration recordings Maranò et al. (2017).

3.1 Factor graph and likelihood computation

In this section, we detail the machinery behind the computation of
the likelihood of the observations f (θ ). The derivation of the algo-
rithm relies on a specific type of graphical model called factor graph

Figure 2. Overall factor graph.

(Loeliger et al. 2007). Graphical models provide a framework for
modelling complex systems and solve inference problems involv-
ing a large number of random variables. Using a factor graph it is
possible to represent the factorization of a PDF of random variables
and parameters. Relationships among the variables on the graph
are made explicit by the structure of the graph itself. Using sum-
product message passing (a.k.a. belief propagation) it is possible
to efficiently compute the marginal probability of any random vari-
able and to compute the likelihood of the observations (Kschischang
et al. 2001).

We now describe in detail the construction of the factor graph.
The overall view of the factor graph is given in Fig. 2. There are L
horizontal state-space models (SSMs) connecting the measurements
y. On the left, the glue factor g links together the SSMs. We now
describe the construction of each SSM and then of the glue factor.

For every channel 
, we consider a discrete time SSM with state
X (
)

k ∈ C in order to relate the measurements {Y (
)
k }k=1,...,K with their

Fourier transform V
. For k = 1, . . . , K

X (
)
k+1 = F X (
)

k (7a)

Y (
)
k = Re

(
X (
)

k

)
+ Z (
)

k , (7b)

with F = exp (iωt) and t being the uniform temporal sampling
step. The quantity V
 � X (
)

K can be interpreted as the Fourier trans-
form of the measurements on channel 
. Fig. 3 depicts a part of the
factor graph of (7) for a single measurement Y (
)

k .

Figure 3. Factor graph of (7).

Figure 4. Glue factor g cf. (8).
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The effect of the SSM (7) is akin to the effect of a discrete Fourier
transform. More details are available in Reller et al. (2011).

As the next step, we wish to couple the state vector of all the
channels {V
}
 = 1, . . . , L with

V
 = c
S , (8)

for 
 = 1, . . . , L where c
 ∈ C reflects the amplitude decays and
phase delays prescribed by eq. (1) and S is representative of the
complex amplitude of the source signal s(ω) at frequency ω.

As a concrete example, let us consider the channels 
, 
 + 1,

 + 2 referring to measurements taken at distance r from the source
on the x, y, z sensor components, respectively. The corresponding
values for c
 are

c
 = − sin ξ cos ψ H (2)
1 (κr ) (9a)

c
+1 = − sin ξ sin ψ H (2)
1 (κr ) (9b)

c
+2 = cos ξ H (2)
0 (κr ) , (9c)

cf. eq. (1).
Eqs (7) and (8) precisely describe the relationships between all

the quantities involved, from the measurements {Y (
)
k }k=1,...,K

l=1,...L to the
Fourier transform of the measurements {V
}
 = 1, . . . , L, and to the
wave at the source signal S. We emphasize that the presented sta-
tistical model is linear. We model such relationships using a factor
graph (Loeliger et al. 2007) and use the sum-product algorithm to
compute the likelihood of the observations. The sum-product algo-
rithm is a message passing algorithm that enables us to compute, in
this instance, the likelihood of the observations.

We consider message passing on the factor graph using scaled
Gaussian messages. The message on the edge X, in the direction of
the arrow, has the form of a scaled Gaussian PDF

−→μ X (x) = −→γ X e−xT−→WX x/2+xT−→WX
−→m X , (10)

and is parametrized by scale factor −→γ X , mean vector −→mX , and
inverse covariance matrix −→WX . For the sake of exposition, so far we
considered complex vectors and matrices. For the actual message
passing implementation we consider their real equivalent and use
the message passing rules for Gaussian messages given in Loeliger
et al. (2007).

First, we apply message passing rules to L separate SSMs de-
scribed by (7) and obtain the messages ←−μ

X
(
)
K

(x) for 
 = 1, . . . , L.

Second, we apply message passing to the glue factor described by
(8) and obtain the message ←−μ S(s).

The likelihood is computed by evaluating the backward message
on the edge S at the value of the mean ←−mS . It can be shown that the
log-likelihood is

ln f (θ ) = ←−μ S(←−mS) = 1

2
←−m T

S
←−
W S

←−mS + ln ←−γ S . (11)

We observe that the messages pertaining the SSM in (7) do not
depend on the wave parameters θ , that is, are sufficient statistics,
and can be computed only once. In contrast, the message passing
for (8) needs to be repeated for different values of θ .

Likelihood computation in presence of multiple waves (e.g. mul-
tiple modes of propagation of the Rayleigh wave) may require an
iterative approach such as what is used by the authors in Maranò
et al. (2012).

In an alternative development, would be possible to model di-
rectly the partial differential equations the wave equation in circular
coordinates, following the approach suggested in Maranò et al.
(2015).

4 A P P L I C AT I O N S

In order to validate the effectiveness of the proposed approach we
performed measurements at three different sites and we compare the
Rayleigh wave dispersion curve and Rayleigh wave ellipticity curves
retrieved with different methods and instrumentation. Specifically,
at each site we perform the following analyses:

(i) Using the approach proposed in this manuscript, we processed
measurements from active surveys using both a two-dimensional
array of triaxial velocimeters and a line of triaxial geophones. In
this section, these two settings are referred to as Active 2D and
Active 1D. Rayleigh wave dispersion and ellipticity angle curves
are retrieved.

(ii) We analyse ambient vibrations recordings using the method
proposed in Maranò et al. (2012). Ambient vibrations are recorded
using the same array deployment and instrumentation used for the
Active 2D setting. We refer to this setting as Passive. Rayleigh wave
dispersion and ellipticity angle curves are retrieved.

(iii) The geophone line is also processed with FK analysis, a
standard and widely used processing technique for active surface
wave data (Socco et al. 2010). This offers a benchmark of the
proposed method with existing techniques. This setting is referred to
as FK Vertical and/or FK Longitudinal, depending on the processed
component. Rayleigh wave dispersion is retrieved.

The aforementioned analyses enable us to validate the proposed
technique in two ways. First, we compare Rayleigh wave dispersion
and ellipticity angle curves obtained with the same 2-D array geom-
etry analysing passive and active recordings. Second, we compare
the Rayleigh wave dispersion curves retrieved with the technique
presented in this paper with the curve retrieved using a comparison
approach, that is, FK analysis.

Fig. 5(a) shows a map of Switzerland with the locations of the
sites considered in this manuscript. At each site both a passive
and an active survey are performed. Figs 5(b)–(d) show the detail
of the surveys at each site. Yellow triangles show the locations of
the sensors of the 2-D array used in the Active 2D and Passive
processing. Each sensor is a triaxial Lennartz 5s velocimeter and
the recording is digitized with a Quanterra Q330 digitizer with a
sampling rate of 200 Hz. The line of triaxial geophones is depicted
with a solid green line. Geophones have a corner frequency of 4.5 Hz
and are digitized with a sampling rate of around 16 kHz. Geophone
recordings are used for the Active 1D and FK processing. Shooting
locations, that is, the different locations where the hammering was
performed, are pinpointed with red stars.

At the site of SLUB, cf. Fig. 5(d), the two-dimensional array
was not recording during the active experiment, therefore active
measurements are analysed with a line of vertical-component geo-
phones, depicted with a green line, and with a line of Lennartz 5s
sensors, depicted with blue circles.

Concerning the Active 2D analysis, the instruments are continu-
ously recording and no triggering instrumentation is used during the
active measurements. At each shooting location multiple shots are
performed. The timing of each shot is identified with human inter-
vention by inspecting the recordings visually. For the Passive exper-
iment, the same array is recording the ambient vibrations wavefield
for around two hours.

Recordings from sensors too close to the active source are dis-
carded whenever the waveform exhibits clipping or long-period
disturbances induced by the hammering and tilt. Few shooting posi-
tions which did not deliver usable results were also discarded during
the processing.
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Figure 5. (a) Location of the sites considered within Switzerland. Red triangles mark the sites presented in this manuscript. (b) Array layout of Zurich Airport
(SKLW). Yellow triangles show the locations of the sensors of the 2-D array. The green line depicts the line of geophones. The red stars depict the shooting
locations. (c) Array layout of Gampel (SGAK). (d) Array layout of Bramberg (SLUB). Coordinates use the Swiss coordinate system CH1903. Reproduced by
permission of swisstopo (JA100120).

The H/V ratios at each site are shown in Fig. 6(d). Each light
red line depicts the H/V ratio computed at each station of the array.
The darker red line depicts the H/V ratio averaged over all stations.
These plots enable us to evaluate qualitatively the variability of the
subsurface at each site. H/V peaks and troughs are also closely
related to the ellipticity of the Rayleigh wave (Maranò et al. 2017).

In the following sections we show the results for the three sites
considered. In the pictures, we depict with blue dots the estimates
obtained from the passive survey, in red the estimates obtained from
the Active 2D survey, in magenta the Active 1D, in black and green
the estimates from FK analysis. Curves of the retrieved Rayleigh
wave wavenumber and Rayleigh wave ellipticity angle are depicted.
The Rayleigh wave wavenumber is expressed in 1/m and therefore
is scaled of a 2π factor with respect to the wavenumber κ appearing
in eq. (1). The Rayleigh wave ellipticity angle is the parameter ξ

appearing in eq. (1).
Wavenumber and ellipticity angle curves depict the median of

the estimated parameters. Uncertainty of the retrieved curves is de-
scribed by the standard deviation of the estimates and it is depicted
with error bars. For passive surveys, the standard deviation is com-
puted over the entire recording. For active surveys, several curves
are present. Each curve is representative of a distinct shooting lo-
cation. The standard deviation is computed for the multiple shots at
each location.

4.1 Zurich airport (SKLW)

The site SKLW in Kloten, Canton of Zurich is located on a large
glacial gravel terrace in a wide, but shallow basin. The array is
located in close vicinity of the airport of Zurich.

The array is composed of 16 sensors and has an aperture of 50 m,
the array layout is shown in Fig. 5(b). The array layout is designed to
reduce the occurrence of outliers following the approach presented
in Maranò et al. (2014).

For the passive experiment, the duration of the recording is
135 min. More details on the analysis of this site are provided
in Maranò et al. (2017).

For the Active 2D experiment, sensors are left in their original
position, thus the same 2-D array is used. Ten shooting locations
are chosen within and around the array (Fig. 5b). Seismic energy
is generated by hitting a metallic plate with a sledgehammer. Ham-
mering is repeated about 10 times at each shooting location. For the
Active 1D experiment and the FK comparison the geophone line
depicted in Fig. 5(b) with the green solid line is used.

The H/V curve of Fig. 6(a) shows a peak at 2.45 Hz due to the
sediment-rock interface.

In Fig. 7(a) the retrieved Rayleigh wave wavenumber is shown,
Fig. 7(c) depicts the estimated Rayleigh wave velocity. Multiples
modes of propagation are retrieved. The results of the passive anal-
ysis refer to the whole recording. Concerning active measurements,
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Figure 6. H/V ratios computed at different sites. (a) Zurich Airport (SKLW).
(b) Gampel (SGAK). (c) Bramberg (SLUB).

the many estimates refer to several shooting locations and process-
ing techniques.

In Fig. 7(c), we observe that the fundamental mode extends from
below 5 Hz until 90 Hz and is retrieved by several processing
methods. At low frequency, the fundamental mode is retrieved solely
with the passive analysis (blue). From around 10 Hz and higher
frequencies all the methods considered retrieve the fundamental
mode and the estimated values are in good agreement among the
different methods and shooting locations. Above 50 Hz only the

Active 1D and the FK methods are able to retrieve the fundamental
mode, possibly due to the higher sampling frequency.

A higher mode, extending from 25 to 100 Hz, is also found using
different techniques. The estimated wavenumbers estimated with
the different techniques are mostly consistent. Additional higher
modes are found with the Active 2D analysis between 40 and 60 Hz.

In Fig. 7(c), we observe that the FK Vertical and the FK Longitu-
dinal techniques over and underestimate the velocity of the Rayleigh
wave at certain frequency ranges. This is observed for the funda-
mental mode around 20 Hz and for the higher mode just above
60 Hz. The Active 1D method, which is relying on exactly the same
data, appears to follow more reliably the velocity of the mode. The
robustness of the proposed method can be explained by the joint
use of the three components.

Fig. 7(b) depicts the retrieved Rayleigh wave ellipticity angle of
the fundamental mode. There is a very good agreement between the
ellipticity angle curve retrieved in the Passive analysis (blue), the
Active 2D (red) and Active 1D (magenta) analyses. Between 2 and
3 Hz, there is a singularity where the particle motion is horizontally
polarized, this is visible from the ellipticity curve (i.e. ξ = π/2)
and the peak of the H/V ratio, cf. Fig. 6(a). The particle motion of
the fundamental mode is prograde until 6 Hz (i.e. ξ > 0) and it is
retrograde at higher frequencies (i.e. ξ < 0). The retrieved ellipticity
angle shows a retrograde particle motion at high frequencies, with
the ellipticity angle becoming smaller and reflecting a polarization
more horizontal.

Fig. 7(b) depicts the ellipticity angle of the higher mode, retrieved
with the Active 2D and Active 1D analyses. The particle motion is
prograde over all the observed frequency range.

4.2 Gampel (SGAK)

The site SGAK in Gampel, Canton of Valais is located on creek
sediments on the northern edge of the deep sedimentary plain of
the Rhône river.

Concerning the passive survey, ambient vibrations are recorded
by a 2-D array of 16 sensors with an aperture of 300 m. Fig. 5(c) de-
picts the inner part of the array. Four shooting locations are depicted
with a red star and the line of geophones with the solid green line.
For the passive experiment, the array records ambient vibrations for
185 min.

The H/V curve of Fig. 6(b) shows a peak at 2 Hz due to the
sediment-rock interface. We observe the great variability of the
curves above 10 Hz, reflecting shallow heterogeneities at the site.

Fig. 8(a) depicts the wavenumber estimated using different meth-
ods. Fig. 8(b) depicts the corresponding velocity estimates. The
fundamental mode is retrieved correctly by all methods until 25 Hz.
In particular, there is a good agreement between the passive and the
active results.

The ellipticity angle of the fundamental mode is shown in
Fig. 8(c). In the frequency range accessible by the active measure-
ments, the particle motion is retrograde as indicated by the negative
ellipticity angle. The passive method shows a possible change to
prograde particle motion below 4 Hz, but this result does not seem
reliable with respect to the H/V measurement (cf. Fig. 6b). First,
the H/V peak is around 2 Hz, that is, at a significantly lower fre-
quency. Second, if there is a real change of the sense of particle
motion, there has to be a singular ellipticity peak (with ellipticity
angle ±π/2) at a lower frequency and a singular ellipticity trough
(with ellipticity angle 0) at a higher frequency. This is the opposite
of what the passive array measurement seems to indicate in this
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Figure 7. Zurich Airport (SKLW). (a) Rayleigh wave wavenumber. (b) Rayleigh wave ellipticity angle of the fundamental mode. (c) Rayleigh wave velocity.
(d) Rayleigh wave ellipticity angle of the higher mode.

case. Third, further investigations show that the H/V peak is likely
to be a non-singular one, that is, that the velocity contrast is not
high enough to produce a singularity, even if the H/V peak is well
pronounced. Therefore, we conclude that the apparent change of
particle motion of the passive measurement is a misestimation at
the border of the array resolution.

Fig. 8(a) also shows wavenumber estimates belonging to higher
modes of propagation. There is some degree of agreement among
the active modes used, but an exact mode addressing is not straight-
forward. Such difficulty at high frequency may be due to the het-
erogeneities of the site, also visible from the H/V curve.

4.3 Bramberg (SLUB)

The site SLUB in Bramberg, Canton of Lucerne is located on a
molassic hill. Previous site characterization found that the site is
located on a layer of sandstone over a rock layer. The estimated Vs30

is close to 1100 m s−1 (Michel et al. 2014).
Concerning the passive survey, ambient vibrations are recorded

by a 2-D array of 13 sensors with an aperture of 84 m. The layout of
the array is depicted with yellow triangles in Fig. 5(d). The duration
of the recording is 98 min.

For the active survey, 10 triaxial velocimeters are arranged on
a straight line. Sensors are spaced 4 m apart, with a wider gap
in correspondence of two malfunctioning sensors. The layout is
shown in Fig. 5(d) with blue circles. A line of vertical-component
geophones is also placed next to the velocimeters and is depicted
with a solid green line. Seismic energy is generated by dropping
a 120 kg mass from a height of 1.2 m. The mass is dropped at a
location 42 m away from the first sensor, aligned with the line of
sensors. The mass is dropped 20 times and each shot is analysed
independently.

The H/V curve of Fig. 6(c) shows a first peak around 0.6 Hz due
to the rock-rock interface. This singularity is not resolved neither
with the passive or the active survey. Around 40 Hz a peak due to
the sediment-rock interface is visible.

In Fig. 9(a), the retrieved Rayleigh wave wavenumber is shown.
Fig. 9(b) depicts the corresponding velocity estimates. In blue, the
estimated wavenumber obtained from the passive survey. The blue
dots are representative of the results of the processing of the entire
recording. In magenta, the estimated wavenumber obtained from
the active survey using the method proposed in this article and the
line of triaxial sensors, that is, Active 1D. The magenta dots are
representative of the results of processing the 20 shots. We observe
that there is a good agreement in the wavenumber estimated in
the passive and in the active surveys for the fundamental mode.
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Figure 8. Gampel (SGAK). (a) Rayleigh wave wavenumber. (b) Rayleigh
wave velocity. (c) Rayleigh wave ellipticity angle.

In the active survey, it is not possible to identify at frequencies
above 31 Hz the fundamental mode. The H/V peak around 30 Hz,
see Fig. 6(c), shows significant variability. This variability reflects
the heterogeneities of the most shallow layer and explains why the
fundamental mode does not propagate at these frequencies.

Figure 9. Bramberg (SLUB). (a) Rayleigh wave wavenumber. (a) Rayleigh
wave velocity. (c) Rayleigh wave ellipticity angle.

Fig. 9(c) depicts the retrieved Rayleigh wave ellipticity angle.
Again we observe that there is a good agreement of the results of
the passive and active survey. Particle motion of the Rayleigh wave
is retrograde (i.e. ξ < 0) for frequencies below 33 Hz, which has
to be expected for rock sites. Between 37 and 42 Hz the particle
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motion is horizontally polarized. This reflects the presence of a
shallow layer of soft material and is also visible on the H/V peak
of Fig. 6(c).

In Fig. 9(a) is also visible the wavenumber estimated by pro-
cessing the geophone line with FK analysis. At 25 Hz the retrieved
wavenumber begins to significantly deviate from the curve retrieved
using the Active 1D analysis. We observe that at these frequencies,
the Rayleigh wave fundamental mode is almost horizontally polar-
ized, cf. Fig. 9(c). Therefore little energy is measured with vertical-
component geophones and the analysis produces an incorrect result
while the three-components analysis is able to capture all the energy
of the Rayleigh wave.

5 D I S C U S S I O N A N D F I NA L R E M A R K S

In this paper, we proposed a method for the analysis of Rayleigh
waves generated at a nearby source relying on measurements from
an array with arbitrary geometry. In such a scenario it is necessary
to model the circular wavefront and consider the amplitude decay
due to geometrical spreading. In the proposed approach, we use the
model derived in Saito (1967) and account exactly for the geomet-
rical spreading as described by the Hankel functions. Our approach
follows an ML criterion and models all the measurements and all
the wave parameters jointly.

The proposed method provides ML estimates of wave parameters
including Rayleigh wave wavenumber and Rayleigh wave ellipticity
angle. It is therefore possible to retrieve wavenumber and ellipticity
angle curves. To the best of our knowledge, there are no methods
for the retrieval of Rayleigh wave ellipticity from active surveys
available in literature.

Using the proposed method, it is possible to conveniently combine
passive and active surveys. This enables us to enlarge the analysable
frequency range and the depths investigated to better constrain the
inverted model near the surface. We emphasize that our method
enables us to perform extremely time efficient surveys. In fact, we
suggest to use the same hardware and array layout for both the
passive and the active survey. This approach greatly reduces the
logistic effort needed in the organization of the survey.

We have demonstrated the applicability of our method at three
different sites in Switzerland. At each site we performed a passive
survey measuring the ambient vibration wavefield and an active sur-
vey using a controlled source at known locations. We successfully
retrieved Rayleigh wave wavenumber and Rayleigh wave elliptic-
ity angle curves for both the fundamental and higher modes using
the measurements from both types of survey. We showed that the
joint analysis of passive and active surveys yields the parameters
of interest over a broad range of frequencies. As expected, passive
measurements allow us to investigate lower frequencies and active
measurements to investigate higher frequencies. At the considered
sites we always found a good agreement between the results from
the two surveys.

We compared the dispersion curve retrieved with the proposed
method and with a common processing method for active data, FK
analysis. We observed that, by modelling the three sensor compo-
nents jointly, the proposed method is more robust than the single-
component FK method.

Future work will include the extension of our methodology to
the analysis of Love waves. The dispersion curve of Love waves is
an additional observable that can carry important information on
the structure of the subsoil. In an active survey, in order to generate
Love sources, it is necessary to employ an appropriate source able to

excite SH waves. Concerning the processing it is necessary to adapt
the model proposed in this paper to account for the polarization of
Love waves and include a model for the radiation pattern.

The software developed in this work is available from the authors
upon request.
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Figure S1. A numerical comparison between the radial and the
vertical components of a Rayleigh wave. (a) Amplitude ratio. (b)
Phase difference.
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