ETH Library

Identifying topological states in
matter
Master Thesis
Author(s):
Gresch, Dominik
Publication date:
2015-05-28
Permanent link:
https://doi.org/10.3929/ethz-b-000239586
Rights / license:
Creative Commons Attribution 4.0 International

This page was generated automatically upon download from the ETH Zurich Research Collection.
For more information, please consult the Terms of use.

ETH Zurich
Master Thesis

Identifying topological states in matter

Author:
Dominik Gresch

Supervisors:
Prof. Matthias Troyer
Dr. Alexey Soluyanov

May 28, 2015

1

INTRODUCTION

Abstract
The rise of topological insulators, semimetals and superconductors established the topology of
the electronic band structure as a fundamental material property. Topological materials can realize
exotic novel quantum states such as an integer quantum Hall state in the absence of an external
magnetic field, quasiparticle states needed for topological quantum computing, and many more. The
topological nature of these states makes them insensitive to small perturbations, which has profound
practical consequences. Consequently, the ability to reliably identify topological states is crucial in
understanding and predicting many physical effects. In this work, we propose a general approach for
calculating any topological invariant, based on the charge centers of hybrid Wannier functions. The
method is illustrated in the context of Chern insulators, Z2 topological insulators and Weyl semimetals. Most importantly, we present Z2Pack, an easy-to-use software implementing this technique.
It can be used as a post-processing tool for first-principles calculations or as a standalone package for
tight-binding or k.p models. The fully automated calculation of topological invariants makes Z2Pack
ideally suited for both the search for topological states of matter in existing materials and the design
of materials or heterostructures with desirable topology.
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Introduction

Topology is a field of mathematics studying the properties of geometrical objects that are preserved under
smooth deformations such as stretching and bending, but not discontinuous ones like tearing and gluing
[1, 2]. A simple example of a topological property is the number of holes in a closed surface (genus).
Surfaces with one hole, such as a torus or a cup with a handle, are smoothly connectible to each other
but not to a surface without a hole, for example a sphere.

Figure 1: A torus (left) is topologically distinct from a sphere (right) because the two surfaces cannot be
smoothly connected to each other without gluing or tearing.
Recently, the analogy of this was found in crystalline solids, where electronic bands can have a certain
topological characterization [3–6]. For example, in band insulators the occupied states (valence bands)
are separated from the unoccupied states (conduction bands) by an energy gap and form a well-defined
manifold in Hilbert space. Thus, possible topologies of the occupied states in band insulators can be
studied. The physical equivalent of the mathematical notion of smoothly connectible manifolds in this case
is the possibility to go adiabatically from one manifold to another. That is, if two gapped Hamiltonians
can be adiabatically connected without a direct gap closure1 , they belong to the same topological class.
An immediate consequence of such a classification is the existence of metallic states at the boundary
formed by insulators of different topological classes. To see this, consider the Hamiltonians H1 and H2
describing these two materials. In going across the interface, the Hamiltonian describing the composite
system has to change from H1 to H2 . Thus, if the gap remains open, the two Hamiltonians are adiabatically connectible, contradicting our initial assumption that they have different topologies. Hence there
must be a gap closure and thus a conducting state on the interface. Physical vacuum, being insulating, can be considered a trivial topological insulator. Consequently, conducting states must appear on
the surface of insulators that cannot be adiabatically connected to vacuum. These insulators are called
topological insulators.
1 The energy gap is said to have a direct closure if the valence and conduction band touch at a specific point in
reciprocal space. In contrast, indirect gap closure means that the minimum energy of the conduction bands is lower than
the maximum energy of the valence bands, but the two points (minimum / maximum) occur at different points in reciprocal
space, such that valence and conduction bands never touch.
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The classification of topological states can be enriched by additional symmetry constraints on the classified
Hamiltonians. In this case, two systems are considered topologically equivalent if their Hamiltonians can
be adiabatically connected while keeping the gap open and preserving the symmetry. This gives rise
to the symmetry protection of topological states, whereas a state is insensitive to perturbations such
as impurities or defects that preserve these symmetry constraints. Mathematically, the existence of a
non-trivial topological state means that it is not possible to choose Bloch states that are smooth and
periodic in the Brillouin zone whilst also respecting the symmetry.
Unlike other observables, quantum numbers describing the topology of a state are not captured by a
hermitian operator. Instead, a different type of quantum numbers – topological invariants – has to be
defined in such a way that each class is assigned a distinct number. The task of identifying topological
states then reduces to defining sensible topological invariants that discern different classes. Finding ways
to compute these invariants becomes of major importance.
The ability to distinguish distinct topological classes is not only of theoretical interest, but also allows
for prediction of physical phenomena in real materials. While the aforementioned surface/edge states
generally appear at boundaries, their physical properties depend on the topological classes of the materials
forming the interface. For example, a so-called Chern insulator can realize the integer quantum Hall effect
in a two-dimensional system (see Sec. 4.1) without the application of an external magnetic field [7, 8].
The Hall conductance is given by
e2
(1.1)
σxy = C
h
where C is the Chern number [5], the topological invariant classifying Chern insulators. The reason for
this is that topology guarantees the existence of C chiral2 conducting edge states which realize the Hall
conductance [9]. Other physical phenomena arising from band topology include surface Dirac cones [10],
quantized magneto-electric response [11], the realization of the quantum spin Hall effect [12–14], and the
potential realization of quasi-particles necessary for topological quantum computing [15–20]. Many real
material examples of such states have been discovered [10, 12, 21–32].
Metals also allow for topological features, although a direct closure of the band gap may exists. This
seemingly contradicts our definition of topologically distinct states because the manifold formed by the
occupied bands is not well-defined. However, this problem can be avoided by restricting the consideration
to certain surfaces/lines in the Brillouin zone, on which a gap exists. To illustrate this, consider a simple
crossing of two bands with the Fermi level put below the crossing point, shown in Fig. 2. On the
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Figure 2: A crossing between two electronic bands.
The Fermi surface is indicated by a red line.
Fermi surface, there is an energy gap between the two states, and thus each of them forms a well-defined
2A

chiral conducting edge state allows electron transport only in a specific direction (i.e. clockwise or counter-clockwise).
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manifold. It is thus possible to study the topological properties of the bands on the Fermi surface. Nontrivial topology in semi-metals leads to an anomalous electromagnetic response, as was recently verified
for Cd3 As2 [33–37], Na3 Bi [38, 39], and TaAs [40, 41].
In this work, we outline a general strategy for identifying topological states in solids (Sec. 3), utilizing the
concept of hybrid Wannier functions (HWF) [45] and their charge centers (Sec. 2). Our techniques can
be used in the context of first-principles, tight-binding and k.p [42] methods. We illustrate this method
with Chern insulators, Z2 topological insulators, crystalline topological insulators and Weyl semi-metals
(Sec. 4).
Most importantly, we present a specially designed software package for computing these topological
invariants – Z2Pack. It is suited to work with the majority of ab-initio codes, as well as tight-binding
models, making it a powerful tool for both identifying the topology of existing materials and designing
compounds with desired topologies. Furthermore, it minimizes the need for manual intervention by
implementing a wealth of convergence criteria, making it suitable for high-throughput applications (Sec.
5). Thus, it can be used to automatically search for novel topological states in real materials for which
the structure is known from experiments.
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Hybrid Wannier functions

The following section introduces some general definitions and key concepts related to topological invariants. First, the notion of hybrid Wannier functions (HWF) and their charge centers (WCC) [45] is
introduced. The Chern number, which we propose to be a fundamental topological invariant lying hidden
in all topological invariants, is then defined in terms of these WCC. Finally, the concept of topological
invariants is generalized in such a way as to apply not only to insulating, but also to metallic systems.

2.1

General definitions

In the context of crystalline systems, the electronic states are commonly represented by Bloch states |ψn,k i
characterised by a band index n and a pseudo-wavevector k. These states are spatially de-localised and
can be written as a product of a plane wave and a lattice-periodic amplitude function (Bloch Thm.) [43]
ψn,k (r) = eik.r un (r)

(2.1)

un,k (r) = un,k (r + R)

(2.2)

where
for lattice vectors R.
This is not the only possible representation of the states, however. For some purposes, it is more convenient to work in a local basis. Such a basis - called Wannier functions (WF) [44] - can be obtained by
Fourier transforming the Bloch basis:
Z
1
e−ik.R ψn,k dk
(2.3)
|R, ni =
(2π)d
1.BZ

The physical properties of a system remain unchanged when the basis states are rotated or mixed by a
general unitary transformation (gauge transformation). In terms of the Bloch states, such a change of
gauge can be expressed as
X
ψ̃m,k =
Un,m (k)ψn,k
(2.4)
n

The basis of Wannier functions can qualitatively change under a gauge transformation. For example, a
simple change of phase
Un,m (k) = e−ikx
(2.5)
translates each Wannier function along the lattice vector ax .
We use a mixed basis of so-called hybrid Wannier functions (HWF) [45]. Unlike pure WF, for which
the Fourier transformation is performed in all spatial directions, HWF are transformed only along one
specific axis. For example, a HWF transformed along x is given as
Z
1
(Rx , ky , kz ), n =
(2.6)
eikx Rx ψn,k dkx
2π
This allows treating the system as one-dimensional and coupled to external parameters ky and kz , with a
Hamiltonian H(x, ky , kz ). For this reason, we will now consider only 1D systems, and reintroduce higher
dimensions only in Sec. 2.3.

2.2

Wannier charge centers

Let us consider the occupied states in a one-dimensional insulator. The same considerations can be made
for any set of bands isolated from the other bands by an energy gap. Once a gauge choice is made, one
can define a set of 1D Wannier functions. Their charge centers (WCC) can then be defined as
x̄n = h0, n| r̂ |0, ni

(2.7)

This means the n-th WCC is the average charge position of the n-th Wannier function in the R = 0 unit
cell |0, ni. Just like the Wannier functions themselves, the charge centers of individual bands are not
gauge-independent. The sum of all charge centers on the other hand was shown to be gauge-invariant
4
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up to a lattice constant [46]. It corresponds to the electronic contribution to the bulk polarization of a
dielectric:
X
Pe =
x̄n mod a
(2.8)
n

where the electronic charge is set to be one (e = 1). This quantity can be understood as the total average
charge position of occupied states.
In order to numerically compute WCC, it is convenient to first rewrite them in terms of a Berry phase
ϕB [47]:
Zπ
ϕB,n
i
dk hunk | ∂k |unk i =
(2.9)
x̄n =
2π
2π
−π

The numerical evaluation is then done by discretizing the derivative, as we now discuss in detail.
2.2.1

Single-band systems

Numerically, the Berry phase of a single-band system can be computed as a product of overlaps huki |uki+1 i
along a string of k-points ki going through the 1. Brillouin zone, enforcing periodicity (i.e. ukN = |uk0 i).
N
−1
Y

uki |uki+1 = cN · e−iϕ̃B (N ) −−−−→ e−iϕB ;
N →∞

i=0





⇒ ϕ̃B (N ) = − arg 

uki |uki+1 

N
−1
Y

cN ∈ R

(2.10)

(2.11)

i=0

This can be interpreted as a parallel transport along the 1. BZ. In the step from ki to ki+1 , the state
|uki+1 i can be rotated such that it is parallel to |uki i, i.e. their overlap is real and positive:
ũki+1 = e

h
i
−i arg huki |uki+1 i

⇒ uki |ũki+1 ∈ R

|uki+1 i

+

(2.12)
(2.13)

By doing this procedure along the closed loop from k0 to kN (|ukN i = |uk0 i), a total phase ϕ̃B (N ) is
picked up, which converges to the exact Berry phase for large N .
2.2.2

Multi-band systems

The same principle of rotating states along a closed path such that they remain parallel to each other
can be applied when more than one band is present. However, the overlap is now defined as a matrix
(ki ,ki+1 )
Mm,n
= um,ki |un,ki+1

(2.14)

and consequently, the states at ki+1 are rotated not by a phase, but by a unitary matrix Ui . This matrix
can be found by means of a singular value decomposition of the overlap matrix
M (ki ,ki+1 ) = Vi Σi Wi† ⇒ Ui = Wi Vi†

(2.15)

Along the closed path, the states will hence pick up a rotation
†
Λ = Wn−1 Vn−1
. . . W0 V0†

(2.16)

whose eigenvalues λi are connected to the WCC by [48]
x̄i = −

arg(λi )
2π

These WCC are of major importance in what follows.
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2.3

Chern number via HWF

Here, we consider an isolated set of bands in a two-dimensional system. Even in the case of higherdimensional systems, the same principles can straightforwardly be applied to any closed (in the periodic
sense) surface in reciprocal space. Using hybrid Wannier functions, this 2D system – described by
H(kx , ky ) – can be viewed as being one-dimensional, coupled to an external parameter (as explained in
Sec. 2.1). Consequently, WCC can also be defined in such a way:
x̄n (ky ) = (Rx = 0, ky ), n r̂x (Rx = 0, ky ), n

(2.18)

Since both direct and reciprocal space are periodic, the WCC are defined on a torus: (x̄, ky ) ∈ [0, 1) ×
[0, 2π), assuming (for simplicity) that the lattice constant a is equal to 1.
As before, the electronic polarization of the bulk can be written in terms of the WCC
X
Pe (ky ) =
x̄n (ky )

(2.19)

n

and is gauge-invariant modulo a lattice constant a = 1. It thus defines a unique line (Pe (ky ), ky ) on the
torus. By periodicity, it must fulfil
Pe (2π) = Pe (0) mod 1
(2.20)
which means that the line Pe (ky ) forms a closed loop on the torus. A topological invariant C – called
Chern number – is defined by the winding number of this loop around the torus (illustrated in Fig. 3). If
1
C=2

C=0

Pe

C=1
0

0

2π
ky

Figure 3: Sketch of some possible evolutions of polarization (Pe (ky )) across the BZ, exhibiting different
Chern numbers C.
the electronic polarization is defined in such a way that it evolves smoothly on the interval ky ∈ [0, 2π],
the Chern number can be defined as the change in polarization across this interval:
C = Pe (2π) − Pe (0)

(2.21)

This invariant is protected by the fundamental properties of a crystalline insulator, translational symmetry and charge conservation.
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General strategy for identifying topological states

In this section, we propose a general route to robust identification of topological states in both real
materials and theoretical models based on the generalized notion of Chern numbers. We first explain
how Chern numbers can be used to calculate general topological invariants, and then discuss the different
types of models and calculations this can be applied to.

3.1

Individual Chern numbers

Here we introduce a general approach to identifying topological classes in insulators. The same principles
can straightforwardly be applied to metals in the above described sense.
Due to the presence of a band gap, the occupied states in an insulating system form a well-defined manifold
with a unique Chern number. This Chern number is an observable quantity and is a gauge-independent
characteristic of the set of bands. While the net Chern number is protected by charge conservation, less
fundamental symmetries can exist and also induce a topological classification. These topological classes
are in general not captured by the net Chern number. However, one can split the occupied Hilbert space
into smaller subspaces
M
Hocc =
Hi
(3.1)
i

that consist of a smaller number of bands, and each have a well-defined individual Chern number C(Hi ).
This disentanglement of occupied bands into smaller groups, however, is not unique, subject only to the
constraint
X
C(Hocc ) =
C(Hi )
(3.2)
i

It is always possible to choose a gauge such that the occupied Hilbert space is split into subspaces
consisting of a single Bloch state. Such a gauge transformation is given for example by the analytical
solution, since in this case the connectivity of bands at the degeneracy points is known. Each of these
Bloch states has a well-defined Chern number.
In the presence of symmetry-protected non-trivial topology, it is not possible to choose Bloch states that
are both smooth and periodic in the Brillouin zone and at the same time respect the symmetry that
protects the topology. This can be understood as a topological obstruction for choosing a smooth and
periodic gauge, meaning that the some of the Bloch states defined above are guaranteed to have non-zero
Chern numbers. When splitting the occupied Hilbert space, the topology arises once at least one of the
individual Chern numbers is non-zero. This will be illustrated in Sec. 4.2.

3.2

Types of calculations and models

Based on the capabilities provided by Z2Pack, we show several approaches to studying electronic structure
topology, either in real materials or in theoretical models.
For the former, ab-initio calculations, based for example on density-functional theory (DFT), provide a
way of obtaining a reasonably accurate electronic structure of many materials. This accuracy however
comes at a very high computational cost, so that it is often useful to use effective models – such as a
tight-binding (TB) or k.p model. Tight-binding models can either be derived from first-principles, for
example by means of a Wannier-function based description [49], or be set up directly from a theoretical
model. These two approaches can also be combined, starting from a first-principles based tight-binding
model and then modifying it to simulate various effects that are not accessible by pure first-principles
calculations.
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Topological Invariants - Examples

In the following section, we apply the general strategy described before to various systems, characterizing
many different topological states. In particular, we show examples of Chern insulators [7, 8, 50], Z2
topological insulators (TI) [13], crystalline TI [51], and topological semi-metals [6].

4.1

Chern insulator

Two-dimensional insulating systems can be classified according to the net Chern number associated with
their valence bands [7, 8, 50]. Since time-reversal symmetry inverts the Chern number of a given band,
having a non-trivial total Chern number requires that time-reversal symmetry be broken. The physical
consequence of a non-zero Chern number is the existence of a protected chiral edge mode, leading to an
integer quantum Hall effect even in the absence of an external field [7].
From Sec. 2.3, we know that the Chern number is the change in the electronic contribution to the bulk
polarization Pe (ky ) across the Brillouin zone. In a continuous picture, the polarization must be defined
smoothly on the Brillouin zone to give the correct Chern number. Numerically, this can be done by
computing the polarization on discrete points ky = ki ∈ [0, 2π]
X
Pei =
x̄n (ki ) mod 1
(4.1)
n

and connecting these in such a way that the change in polarization is minimized in each step. That is,
the Chern number can be computed as
h
i
X
X
C=
∆Pei =
min Pei+1 − Pei + k
(4.2)
i



where min f (x) abs = f
x



i

k∈Z

abs




arg min |f (x)|
denotes the minimum with respect to absolute value. To
x

achieve convergence, the k-points ki must be dense enough such that the electronic polarization does not
change too much between steps.
4.1.1

Example: Haldane model

A model for a Chern insulator was introduced by Haldane in Ref. [7]. This model describes electrons
in a 2D honeycomb lattice as illustrated in Fig. 4. The model contains two sub-lattices, with on-site
energies ±M . Hopping terms t1 between nearest neighbours – which belong to different sub-lattices –
are introduced. Additionally, hopping terms t2 between next-nearest-neighbours (i.e. nearest neighbours
within a sub-lattice) are also included. A microscopic magnetic field is introduced, giving a phase ϕ to
the t2 hopping terms and thus breaking time-reversal symmetry.
The Hamiltonian is





X
X
X
 

cos(k.bi ) I + t1
cos(k.ai )σ x + sin(k.ai )σ y + M − 2t2 
sin(k.bi ) σ z
H(k) = 2t2 cos ϕ 
i

i

i

(4.3)
where ai and bi are the vectors connecting nearest and next-nearest neighbours (solid red / dashed blue
arrows in Fig. 4), respectively, and σ i are the Pauli matrices. The Chern number can be evaluated by
calculating the occupied states directly from the Hamiltonian. Thus the phase can be computed as a
function of the parameters t1 , t2 , M, and ϕ. Fig. 5 shows the result of such a calculation for fixed t1 and
t2 . The phase found by using Z2Pack matches the exact calculations done by Haldane [7].

4.2

Z2 invariant

Even in the absence of a non-zero total Chern number, it is often possible to distinguish topological states
by looking at the Chern numbers associated with subspaces of the occupied space, as described in Sec. 3.
The choice of subspace, and the properties of their individual Chern numbers, depend on the symmetries
8
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6
C=0
M
t2

0

C = −1

−6
−π

Figure 4: Sketch of a honeycomb lattice. The sites
of the two sub-lattices are marked by open / solid
points. A dashed green line indicates the reduced
unit cell. Solid red arrows, corresponding to the
vectors ai in the Hamiltonian (Eq. 4.3), mark the
nearest-neighbour (inter - sub-lattice) hoppings.
Dashed blue arrows, corresponding to the vectors
bi , mark three out of the six next-nearest neighbour (intra - sub-lattice) hoppings.

C=1

0
ϕ

π

Figure 5: The Chern number C of the Haldane
model for t1 = 1, t2 = 13 , mapped as a function of
M and ϕ. The value of C obtained with Z2Pack is
indicated by the colour of a given point (C = −1
- blue; C = 1 - red, C = 0 - white). The exact
phase boundaries – as calculated by Haldane – are
indicated with dashed lines.

of the system. In this section, we will demonstrate this concept in the context of time-reversal symmetry
(TRS).
TRS can be expressed by the following condition on the Hamiltonian:
θ Hk θ−1 = H−k

(4.4)

where θ denotes the time-reversal operator. Applying TRS to an eigenstate un,k of Hk will thus create
an eigenstate of H−k :
Hk un,k = n un,k

(4.5)
−1

⇒ H−k θ un,k = θ Hk θ| {z θ} un,k = n θ un,k

(4.6)

I

Applying TRS a second time gives back the original state, but with a phase of −1:


θ θ un,k = θ2 un,k = − un,k

(4.7)

In other words, TRS connects a state at k to another state at −k. When choosing a gauge that is smooth
within the 1.BZ, these states will deform smoothly under a change of k, remaining connected by TRS.
Consequently, the electronic bands come in pairs connected by TRS. It then makes sense to relabel the
states to reflect this pairing of bands:


n
o
E
J
un,k , n ∈ {1, ..., N } −→ um,k , m ∈ {1, ..., N/2}, J ∈ {I, II}
(4.8)
where the pairing is expressed by the following condition:
E
E
θ uIm,k = uII
m,−k
E
E
I
θ uII
m,k = − um,−k

(4.9)

Let us now go back to considering a two-dimensional system, for which we can define the WCC corresponding to each band:
x̄Jm (ky ), J ∈ I, II
(4.10)
In terms of the WCC, the TRS condition (Eq. 4.9) translates to
x̄Im (ky ) = x̄II
m (−ky )

(4.11)

As a consequence, the individual Chern numbers associated with these two bands must be opposite, and
thus the total Chern number of a time-reversal symmetric system is always zero. However, splitting the
9
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occupied states into subsets according to their pair index {I, II} allows the definition of a topological
invariant which can be non-zero. A partial polarization can be defined [13]
X
PeJ (ky ) =
x̄Jm (ky ), J ∈ {I, II}
(4.12)
m

and can be used to define a ”time-reversal” polarization [13]
Peθ (ky ) = PeI (ky ) − PeI I(ky )

(4.13)

Because the WCC are degenerate at ky = 0 and π (see Eq. 4.11), the change in TR polarization between
these two points will take
E values. However, it is well-defined only modulo 2. To see this, consider
E integer
with opposite Chern numbers ±1. These two bands contribute +1 to
a pair of bands uIm,k , uII
m,k
the change
in TR polarization from ky = 0 to π. A simple change of gauge can be changing the sign of
E
uII
m,k . Eq. 4.9 then reads:

E
E
θ uIm,k = − uII
m,−k
E
E
I
u
=
θ uII
m,k
m,−k

(4.14)

To regain Eq. 4.9, we have to switch the labels {I, II} of these bands, thus changing the sign of their
contribution to the change in TRS polarization and changing its value by 2.
In conclusion, a topological invariant
∆ = P θ (π) − P θ (0) mod 2

(4.15)

called Z2 invariant can be defined. It will be trivial ∆ = 0 if the subsets {I, II} each carry an even Chern
number, and non-trivial else (illustrated in Fig. 6).
1

1

PeJ

0

1

PeJ

0

π
ky

2π

(a) The partial polarizations PeJ
both carry Chern number 0, corresponding to a Z2 trivial state
(∆ = 0).

0

PeJ

0

π
ky

2π

(b) The partial polarizations PeJ
both carry Chern numbers ±1,
corresponding to a non-trivial Z2
invariant (∆ = 1).

0

0

π
ky

2π

(c) The partial polarizations
PeJ carry Chern numbers ±2.
The system is adiabatically connectible (dashed line) to the one
from Fig. 6a because the crossing
off ky = 0, π is not protected by
symmetry. Thus the system is Z2
trivial (∆ = 0).

Figure 6: Evolution of PeJ , J ∈ {I, II} (red / blue line), corresponding to different Chern numbers
carried by the subsets {I, II}.
For systems with inversion symmetry, the Z2 invariant can be computed by simply taking the product
of parities of occupied Kramers pairs [52] at certain high-symmetry k-points. When inversion symmetry
is absent, the calculation becomes more complicated. The most convenient way of calculating the Z2
invariant is then to consider a cut xcut (ky ) from ky = 0 to π and count the number of times N this cut
crosses a WCC line. This number will be odd iff the system is in a Z2 non-trivial state [48], hence the
Z2 invariant is simply
∆ = N mod 2
(4.16)
For numerical reasons, it is best to choose xcut (ky ) to be the largest gap between any two WCC (see Fig.
7).
Using the method described above, the Z2 invariant can be calculated for two-dimensional systems or
for a 2D surface in reciprocal space for three-dimensional systems. Classifying 3D materials according to
10
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a

a

x̄

0

0

0

π

0

π

ky

ky

(a) Continuous picture. The cut (solid blue line)
crosses the WCC (dashed lines) exactly once (red dot).

(b) Discrete picture. The crossing between WCC (circles) and the largest gap (blue rhombi) is found by
searching for a WCC lying between neighbouring gaps.

Figure 7: Calculating the Z2 invariant by choosing a cut from ky = 0 to π and counting the number of
WCC crossings.
their Z2 state is then done by considering a specific set of planes in reciprocal space. These planes are
located at ki = 0 and 0.5 for i ∈ x, y, z (assuming ki to be normalised to [0, 1)). The topological state of
the material is then classified by a set of indices
ν; (νx , νy , νz )

(4.17)

calculated from the Z2 invariants of these planes
ν = ∆(ki = 0) + ∆(ki = 0.5) mod 2;
νi = ∆(ki = 0.5);

i ∈ x, y, z

∀i

(4.18)
(4.19)

A system is called a weak topological insulator if any of the νi is non-zero, and a strong topological
insulator if ν = 1.
4.2.1

Example: Tight-binding model

As an example of a tight-binding model exhibiting a non-trivial Z2 invariant, we will consider a twodimensional system consisting of two interleaved square lattices A and B each carrying one electron per
unit cell (see Fig. 8). Let us take into account nearest and next-nearest neighbour hopping terms, with
strength t1 and t2 , respectively. Each lattice site has two possible states (spin up/down), both carrying
equal on-site energies +1 for sub-lattice A, and −1 for sub-lattice B.
Including only hopping terms between orbitals of the same spin direction, let the nearest-neighbour
hopping terms from sub-lattice A to B have phases {1, i, −i, −1} (counter-clockwise) for the spin-up, and
{1, −i, i, −1} for the spin-down orbitals. The next-nearest neighbour hopping terms do not carry a phase,
but are positive (+t2 ) for sub-lattice A and negative (−t2 ) for sub-lattice B.
The band gap of such a system is gapped everywhere, unless the hopping parameters take critical values
t∗2 = ±0.25, or t∗1 . Consequently, changing the hopping parameters can only induce a topological phase
transition if one of these three lines (namely t2 = −0.25, t2 = 0.25 and t1 = 0) is crossed.
In going from |t2 | < 0.25 to |t2 | > 0.25, the system goes from a Z2 trivial to a non-trivial state. Conversely,
changing t1 does not produce a topological phase transition. While the Z2 invariant is ill-defined on the
t1 = 0 line due to the closing of the gap, it turns back to its previous value after crossing the line.
In conclusion, such a system is in a Z2 non-trivial state whenever |t2 | > 0.25 and t1 6= 0, as illustrated in
Fig. 9.
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1.00
∆=1
0.25
t2
−0.25

∆=1
∆=0

∆=1

∆=1

−1.00
−1

Figure 8: Sketch of a two sub-lattice model, each
sub-lattice being quadratic. The reduced unit cell
is marked with a dotted green line. Solid red
vectors correspond to nearest-neighbour hopping
terms, which involve both sub-lattices. Dashed
blue arrows represent next-nearest-neighbour hopping terms, which occur within a given sub-lattice.
4.2.2

0
t1

1

Figure 9: Phase diagram of the two sub-lattice
square model. The dashed lines mark the critical
values for t2 where the band gap closes, t∗2 = ±0.25.

Examples: Real materials

In the following, we apply our method to materials with known Z2 invariants, in order to demonstrate
its capabilities in the context of first-principles calculations. First, we investigate inversion symmetric
materials Bi and Bi2 Se3 , for which the results can be compared with methods based on parity eigenvalues.
The method is then applied to non-centrosymmetric strained HgTe, for which the parity eigenvalue
approach is not possible. All three examples were computed with Z2Pack’s standard settings, showing
that the need for manual intervention has greatly decreased thanks to Z2Pack. For all three materials,
the Z2 invariant was calculated for the planes at k2 = 0 and k2 = 0.5, with strings along k3 and k1 acting
as a pumping parameter. Because the materials are symmetric with respect to permutations of the unit
cell vectors, this is sufficient to determine their topological state.
All calculations were done with the VASP code package [53], using local-density approximation in the
context of density-functional theory. We used the PBE [54] projector-augmented-wave potentials [55]
supplied by VASP [56, 57].
For Bismuth, the self-consistent-field (SCF) calculations were executed on a 10x10x10 k-mesh, with a
cut-off energy of 260 eV and first-principles lattice parameters [58]. The results (shown in Fig. 10a) show
Bi to be topologically trivial, which is supported by both previous calculations with this method [48] and
parity-eigenvalue considerations [52]. The SCF calculations for Bi2 Se3 were performed with a 12x12x12
1

1

1

x̄3

x̄3

x̄3

0

0

0.5 0
k1

0.5
k1

(a) Bismuth: Both planes are
topologically trivial (∆ = 0).

0

0

0.5 0
k1

0.5
k1

(b) Bi2 Se3 : Only the plane at
k2 = 0 is topologically non-trivial.

0

0

0.5 0
k1

0.5
k1

(c) HgTe: The Z2 invariant is
non-trivial at k2 = 0, but trivial
at k2 = 0.5.

Figure 10: Evolution of WCC (circles) and their largest gap (blue rhombus) at k2 = 0 (left) and k2 = 0.5
(right) for Bi, Bi2 Se3 and HgTe.
k-mesh, an energy cut-off of 300 eV and experimental lattice parameters [59]. The results (shown in Fig.
12
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10b) show a non-trivial plane at k2 = 0 and a trivial one at k2 = 0.5, making it a strong topological
insulator. Again, this agrees with previous calculations [48] and parity-eigenvalue methods [10]. It can
be seen that additional k-point strings have been added automatically between the first two regular
strings. The first string that was added was due to both the tolerance with respect to movement of WCC
between neighbouring strings (move tol) and the tolerance for the distance between the largest gap and
neighbouring WCC (gap tol) (explained in Sec. 5.6.1). In this case, this means that the calculation
would have converged with either the move tol or the gap tol check turned off, but not both.
The HgTe example was calculated with a 18x15x9 k-mesh in the SCF calculation and an energy cut-off of
260 eV. The unit cell (from experimental lattice parameters[60]) was compressed by 2% along the [111]
direction, making the material a narrow-gap semiconductor. As for Bi2 Se3 , the results show a non-trivial
plane at k2 = 0 and a trivial one at k2 = 0.5, making it a strong topological insulator. The additional
k-points added between the first two steps were required by the move tol only. While the calculation
would still converge – and with less computational effort – for a lower move tol, turning the move tol
check off completely would have led to a false result.

4.3

Topological semimetals - Invariants on a plane

An example of a topological state in semi-metals is the so-called Weyl node (or Weyl Fermion). It is
characterized by the closing of the band gap in a single point, around which there is a phase-winding in
the wave-functions. Such a winding is protected in the sense that it can only be annihilated by a winding
of opposite chirality. Locally, a Weyl point can be described by a Hamiltonian
X
H(k) =
ki Ai,j σ j
(4.20)
i,j

where i ∈ {1, 2, 3}, j ∈ {0, x, y, z}, σ j are the identity matrix and the Pauli matrices, and A is a 3 × 4
matrix characterizing the Weyl point.
One method of identifying these topological states in semi-metals is by calculating the invariants associated with surfaces in reciprocal space. This is possible under the condition that there be no gap closing
within said surface.
4.3.1

Example: WTe2

In this section and Sec. 4.4.2, the ways in which Z2Pack was used to identify the topological nature of
WTe2 in Ref. [61] are briefly mentioned. A detailed description of the system and its topology is available
there.
Using first-principles calculations, we were able to show that two point-like gap closings exist in each
quadrant of the kz = 0 plane. In order to show that these points are in fact Weyl nodes, the topology
associated with a TR invariant surface passing through the two nodes was calculated. The projection of
this surface onto the kz = 0 plane shown in Fig. 12. The fact that this plane carries a non-trivial Z2
invariant (see Fig. 11), whilst for the usual ki = 0, π planes, the Z2 invariant was either trivial or not
well-defined (for kz = 0), is a strong indicator that these nodes have a topological nature.

4.4

Existence and chirality of Weyl Fermions

Here we provide the method for computing the chirality of a Weyl node described in Ref. [62]. The Hamiltonian for an isotropic (upon possibly rescaling and rotations) 3D Weyl Fermion located (for simplicity)
at the origin is:
3
X
H(k) =
ki σi
(4.21)
i=1

with two energy states ±k. The lower-energy eigenstate (E = −k) as a function of the momentum
(kx , ky , kz ) = k(sin θ cos φ, sin θ sin φ, cos θ) is:
!
1
1 − cos θ
ψk = p
(4.22)
− sin θeiφ
2(1 − cos(θ))
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1

0.5

ky

x̄

0
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1
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t

Figure 12: Curve C (blue line) defining the
plane on which the Z2 invariant was calculated.
The positions of the Weyl points are indicated
(red and green dots). The symmetric extension
of C to the full BZ defines a TR invariant plane.

Figure 11: The evolution of WCC (blue dots)
along the curve shown in Fig. 12. The surface
carries a non-trivial Z2 invariant, which is illustrated by the red line crossing exactly one
WCC.

Note that the eigenstate is smooth and well-defined everywhere except for θ = 0. Since
lim+ √

θ→0

√
sin θ
= 2
1 − cos θ

(4.23)

the eigenstate takes the following form at the north pole k = (0, 0, 1):
!
0
ψk=(0,0,1) =
−eiφ

(4.24)

which means it is multi-valued. In other words, different values of φ, although describing the same
momentum, correspond to unequal values for the wave function. The wave function is thus ill-defined
in this gauge at exactly the north pole, and this is also the point where the Dirac string between the
monopole (Weyl Fermion) in the center of the sphere and infinity crosses the Fermi surface. Of course,
this is just a gauge choice - by making a gauge transformation we can move the position of the intersection
of the Fermi surface with the Dirac string to wherever we want on the sphere.
The existence of a Weyl fermion can be verified by calculating the flux of Berry curvature through a
surface enclosing it. Choosing a sphere of unit radius, the Berry vector potential is given by
A(θ, φ) = i hψk | ∇k |ψk i = −

sin θ
eφ
2(1 − cos θ)

(4.25)

The Chern number is thus given by
C=

1
2π

Z
[∇ × A] .dS =

1
2π

Z2π
dφ
0

Ω

Zπ


dθ 

∂
∂θ

2

−

!

sin θ
=1
2(1 − cos θ)

(4.26)

0

Obviously, this Chern number can also be computed numerically by calculating Wannier charge centers
on loops around a sphere enclosing the Weyl Fermion, as illustrated in Fig. 13. The Chern number is
then evaluated exactly as in Sec. 4.1, and is equal to the total chirality of Weyl Fermions enclosed by the
sphere.
4.4.1

Weyl node in effective Models

As a simple example, let us consider an effective Hamiltonian
n
Heff (k) = k+
σ+ − kz σz

14
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1

Pe

0
−π

Figure 13: Loops around a sphere on which WCC
are computed. Each loop circles the sphere in
mathematically positive direction at a constant azimuthal angle θ. The loops go from the south pole
(θ = −π) to the north pole (θ = 0).

0 −π

θ

θ

0 −π

0
θ

Figure 14: The evolution of polarization around
linear (n = 1, left panel), quadratic (n = 2, middle
panel) and cubic (n = 3, right panel) touching
points in Heff .

where n ∈ N, k+ = kx + iky and σ+ = σx + iσy . The two bands will have an n-th order touching point
at the origin in the kz = 0 plane, while the crossing is linear in the kz direction. The results for linear,
quadratic and cubic touching points are illustrated in Fig.14. We found that the Chern number for such
an effective Hamiltonian is C = n, which agrees with theoretical considerations from Ref. [63].
4.4.2

Weyl node in WTe2

This method of finding the chirality of a Weyl point – and thus verifying the Weyl node’s existence – has
been applied successfully in the case of WTe2 [61]. This material has two Weyl nodes in each quadrant of
the kz = 0 plane (see Sec. 4.3.1).

1

Pe

0
−π

θ

0 −π

0
θ

Figure 15: Change in polarization on a sphere surrounding the
Weyl point, indicating its chirality.
Left panel: Sphere of radius r = 0.005 around a Weyl point of
negative chirality at k = (0.1203, 0.05232, 0.).
Right panel: Sphere of radius r = 0.005 around a Weyl point
of positive chirality at k = (0.1211, 0.02887, 0.).
Fig. 15 shows the evolution of polarization on a sphere around two of these points. The WCC were
calculated from a tight-binding model derived from first-principles, with full spin-orbit coupling.
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4.5

Crystalline topological materials

Crystalline topological insulators are defined by having a non-trivial topology which is protected by a
symmetry of the crystal. Z2Pack has also been used to calculate the topological invariants for such
systems, the results of which will be reported elsewhere [62].
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5

Implementation – Z2Pack

Having seen how calculating WCC can be used to describe a myriad of topological states, we will now
discuss its implementation in Z2Pack. After outlining the general structure of the package, we will show
how it handles the different use cases described in Sec. 3. Subsequently, the convergence options –
which make a high-throughput application possible by eliminating the need for manual intervention – are
discussed. And finally, an example setup is shown. A detailed tutorial explaining all the functions and
options mentioned here can be found online (http://z2pack.ethz.ch/doc/tutorial.html).

5.1

Program summary

Program title: Z2Pack 1.1.7
Documentation URL: http://z2pack.ethz.ch/doc
Distribution URL: https://pypi.python.org/pypi/z2pack (Python Package Index)
Licensing provisions: GPLv3
Distribution format: tar.gz
Programming language: Python (2.6 or higher)
Operating system: Recent version of Linux/UNIX
External routines: numpy [64], scipy [65], decorator; optional: matplotlib [66]
Nature of problem: Computing topological invariants.
Solution Method: Tracking the evolution of Wannier charge centers calculated from overlap matrices.

5.2

Overall structure

At its core, Z2Pack is divided into two classes: System and Surface.
on one hand is used to describe any kind of material or model, be it from first-principles or with a
tight-binding model. As such, it has two subclasses governing these cases: fp.System for first-principles
calculations (described in Sec. 5.3) and tb.System for tight-binding models (see Sec. 5.4). The only
requirement for these subclasses is that they provide a method which computes overlap matrices. It is
thus also easily possible to extend Z2Pack by adding a subclass of System.
System

on the other hand describes the surface on which to compute the topological invariants (see
Sec.5.5). Each instance of Surface is created from the System it is meant to describe. Since it thus
contains all the necessary information for computing Wannier charge centers, Surface also contains all
the functions related to the calculation and evaluation of WCC (see Sec. 5.6).
Surface

5.3

First-principles calculations

For first-principles calculations, the calculation of overlap matrices is performed by exploiting the setup
routine for the Wannier90 [67] code package. Because many first-principles code packages already interface
to Wannier90, this makes it possible to use them for Z2Pack calculations with little additional effort.
As of version 2.0.1, the flag skip B1 tests can be set in Wannier90, which makes it compatible with
Z2Pack. However, since many first-principles codes do not work with the latest Wannier90 version yet,
adaptations of older Wannier90 versions are available as well (http://z2pack.ethz.ch/doc/tutorial_fp.
html).
In order to perform a first-principles calculation, the user has to specify the input files used. Since
the k-points are decided upon at runtime, the corresponding input has to be available from a Python
function. Z2Pack will then copy all input files into a working folder and run the first-principles code
using a user-specified command. This setup ensures maximum flexibility and has already been tested
with ABINIT [56, 57], Quantum Espresso [68] and VASP [53].
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5.4

Tight-binding models

Tight-binding models can be described as a system of orbitals α ∈ {1, . . . , N } with positions Rα and
(free atom) energies Eα , as well as hoppings between such orbitals. A hopping between orbitals α and β
with strength s ∈ C can be represented by a matrix with entries at (α, β) and (β, α):
A(α, β, s) = (seik.Tα,β δα,i δβ,j )i,j + h.c.

(5.1)

where Tα,β = Rα − Rβ is the vector connecting the positions of the two orbitals.
The total matrix Hamiltonian can then be written in terms of the orbital energies and hopping terms:
X
H(k) = diag(E1 , . . . , EN ) +
A(αi , βi , si )
(5.2)
i

Given this Hamiltonian, its eigenvectors cα (k) can be computed. An overlap matrix element is then given
by
occ
X
(k,k+b)
Mm,n
=
(5.3)
c∗α,m (k)cα,n (k + b)e−ib.Rα
α

In Z2Pack, there are two ways of specifying a tight-binding system: The orbitals and overlaps can either
be entered manually (using the tb.Hamilton class) or read directly from the seedname hr.dat file created
by Wannier90 (using tb.HrHamilton). While the former is useful mainly for simple models, the latter can
be used for tight-binding models derived from first-principles.

5.5

Surface in reciprocal space

Any surface on which topological invariants are to be computed can be seen as being composed of a
series of strings – reflecting the way the WCC are computed numerically. Restrictions on which kinds of
surfaces are possible, then, are directly related to which types of k-point strings can be computed.
In principle, the only two conditions a k-point string must fulfil are smoothness and periodicity (up to
an inverse lattice vector G). However, first-principles calculations only allow for k-point strings along
straight lines in reciprocal space. Some first-principles codes (e.g. VASP) even restrict this further to
allow only k-point strings along an inverse lattice vector. Nevertheless, most applications seen in 4 are
still possible for first-principles calculations. Also, we are currently working on overcoming this limitation.
In conclusion, there are two types of surfaces that can be used within Z2Pack, depending on the use case.
For tight-binding models, any smooth surface parametrized by
{k(s, t) | s, t ∈ [0, 1]; ∀s ∃G s.t. k(s, 0) = k(s, 1) + G}

(5.4)

is allowed. First-principles calculations though are limited to surfaces described by
{k(s, t) = k0 (s) + t · G | s, t ∈ [0, 1]}

(5.5)

where k0 (s) describes the edge of the surface.
Corresponding to these two types of surfaces, there are two ways the surface can be specified in Z2Pack:
Either by supplying k(s, t), or by giving k0 (s) and G.

5.6

Calculating topological invariants

Having set up a system and chosen a surface in reciprocal space, calculating topological invariants is
straightforward: The Surface’s member function wcc calc() is used to calculate the Wannier charge
centers as described in Sec. 2.2, making use of numpy [64] and scipy [65] for singular value decomposition
and eigenvalue calculation. Once this is completed, the WCC can be evaluated using the functions chern()
for the Chern number and z2() for the Z2 invariant, or inspected using chern plot() and wcc plot().
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5.6.1

Convergence options

For the WCC calculation, Z2Pack implements two types of convergence test: Within a given string of
k-points, and between neighbouring strings. The former increases the number of k-points within a string
until the change in WCC positions is below a certain tolerance pos tol while the latter adds additional
strings where needed.
In order to determine whether additional strings are necessary, two tests are used:
Firstly, the distance between the largest gap in a string and the WCC in its neighbouring strings should
be more than a given value gap tol.
Secondly, the movement of WCC between the two strings should not be too great. The reason for this
second test is that a WCC might cross the gap in between steps without being registered if the strings
are too far apart or the WCC moves too quickly (see Fig. 16). An example of a material showing this
problem is HgTe (see Fig. 10c). For this reason, the tolerance for WCC movement between strings is
determined by the size of the largest gap, scaled by a factor move tol.

Figure 16: The sampling of WCC (circles) from their
exact locations (dashed lines) leads to an incorrect
calculation of the Z2 invariant. In the third step,
the lower WCC branch crosses the gap (solid line,
diamond markers), but there is no sampling in the
relevant region (green box).

5.6.2

Saving and restarting

The results of a WCC calculation can be saved using Python’s built-in pickle module. This happens
automatically each time the WCC along a string have converged. It is thus easily possible to restart
a calculation from such a checkpoint. Furthermore, this can even be used to change the convergence
options and restart the calculation, whilst keeping the previously computed WCC.
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Conclusions and Outlook

We have introduced a generic way of calculating topological invariants, and illustrated this approach with
both real materials and effective models. The tool for calculation of these invariants from first-principles
calculations, tight-binding models and k.p models – Z2Pack – is provided. We have thus offered a simple
way of identifying topological states in matter.
The source code of Z2Pack is available at https://github.com/Z2PackDev/Z2Pack. Releases are distributed
through the Python package index https://pypi.python.org/pypi/z2pack, which means it can be easily
installed through any Python package management system, such as pip. Tutorials, examples and up-todate documentation can be found at http://z2pack.ethz.ch/doc.
We think that the method can be improved by implementing a way to calculate generic surfaces in the
context of first-principles calculations, allowing the use of a high-performance (parallellized) back-end
for setting up tight-binding models and calculating WCC, and automating the calculation of topological
invariants in the presence of generic symmetries, eliminating the need to manually choose an appropriate
subset of the occupied states. These topics are left for future research.
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