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Zusammenfassung

Im Rahmen dieser Doktorarbeit wurde die kollektive Wechselwirkung zwi-
schen einem Bose-Einstein Kondensat und dem Feld eines optischen Re-
sonators mit kleinem Modenvolumen und exzellenter Güte experimentell
realisiert und erforscht. Dieses System erö�net ein neues Forschungsgebiet
innerhalb der Resonator-Quantenelektrodynamik, in welchem eine makro-
skopische Materiewelle eine starke Wechselwirkung mit wenigen Photonen
eingeht. Kernstück des experimentellen Aufbaus bildet ein optischer Trans-
portmechanismus, der es erlaubt, mehrere hunderttausend ultrakalte Atome
in einen optische Resonator zu transferieren, welcher bereits für einzelne
Atome im stark-koppelnden Regime operiert. Erstmals können damit unter
Beteiligung weniger Photonen in der Resonatormode kollektive Phänomene
in den internen und externen Freiheitsgraden eines Bose-Einstein Konden-
sates experimentell untersucht werden. Wie unsere Messungen und theoreti-
schen Überlegungen belegen, lassen sich damit zwei zentrale Modellsysteme
im Bereich der Quantenoptik und der Resonator-Optomechanik realisieren.

Im Bereich der Resonator-Quantenelektrodynamik stellt unser System ei-
ne ideale Realisierung des Tavis-Cummings Modells dar, welches die kollek-
tive Wechselwirkung zwischen N gleichartig gekoppelten zwei-Niveau Syste-
men und einem harmonischen Oszillator beschreibt. Einzelne atomare An-
regungen des gekoppelten Systems verteilen sich in Form einer kohärenten
Quantenüberlagerung auf alle Atome, und wechselwirken deshalb, im Ge-
gensatz zum einzelnen Atom, mit der

√
N -fachen Kopplungsstärke mit dem

Resonatorfeld. Zur Charakterisierung des gekoppelten Systems messen wir
das Energiespektrum aus, und weisen das vorhergesagte Skalierungsverhal-
ten der kollektiven Kopplungsstärke nach. Die Messungen be�nden sich in
sehr guter Übereinstimmung mit unserer theoretischen Modellbeschreibung,
welche die nicht-resonante Kopplung an höhere Resonatormoden mit einbe-
zieht.

Im dispersiven Limes erfährt die kohärente Materiewelle ein optisches Git-
terpotential, welches durch Resonator-Lichtkräfte hervorgerufen wird und
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bereits in der Anwesenheit einzelner Photonen einen signi�kanten Ein�uss
auf die atomare Bewegung hat. Im Gegensatz zu klassischen optische Git-
terpotentialen hängt die Tiefe dieses Gitterpotentials aufgrund der disper-
siven Rückkopplung der Atome auf das Resonatorfeld entscheidend davon
ab, wie sich die Atome innerhalb der Modenstruktur des Resonators anord-
nen. Dies bewirkt eine hochgradig nichtlineare Kopplung zwischen kollek-
tiver atomarer Bewegung und dem Resonatorfeld. Wie in der vorliegenden
Doktorarbeit erstmals erkannt wurde, lässt sich dieses System im Rahmen
der Resonator-Optomechanik beschreiben, wobei kollektive Oszillationen der
Kondensatsdichte die Rolle des mechanischen Freiheitsgrades spielen. Die
auÿerordentliche Kontrolle über die atomaren Bewegungsfreiheitsgrade ul-
trakalter Gase ermöglicht es prinzipiell, mit diesem System in das Quan-
tenregime der Resonator-Optomechanik vorzustossen. Wir beobachten eine
ausgeprägte optische Bistabilität in Anwesenheit einzelner Photonen, her-
vorgerufen durch die kollektive Verschiebung der Atome innerhalb der Mo-
denstruktur des Resonators. Anhand des Lichtfeldes welches den Resonator
verlässt, sind wir erstmals in der Lage, kohärente Dichteoszillationen kleiner
Amplitude innerhalb eines Bose-Einstein Kondensates in Echtzeit zu be-
obachten. Ferner untersuchen wir den Ein�uss eines zusätzlichen statischen
Gitterpotentials auf die kollektive atomare Bewegung, und demonstrieren ei-
ne weitere mögliche Realisierung eines optomechanischen Systems mit stark
lokalisierten ultrakalten Atomen. Unsere Beobachtungen lassen sich quanti-
tativ im Rahmen einer Mean-Field-Theorie erklären.
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Abstract

Collective coupling between a Bose-Einstein condensate and the �eld of a
small-volume ultrahigh-�nesse optical cavity is experimentally achieved and
investigated for the �rst time. This system opens access to a conceptually
new regime of cavity quantum electrodynamics where a macroscopic matter
wave strongly couples to few optical photons. The core of the experimental
setup is given by an optical-transport scheme, that allows to transfer several
hundred thousands of ultracold atoms into an optical resonator, which oper-
ates in the single-atom strong coupling regime. With few photons occupying
the cavity mode, we explore collective phenomena both in the internal and
motional degrees of freedom of a Bose-Einstein condensate. Our measure-
ments and theoretical investigations con�rm that our system realizes two
fundamental model systems in quantum optics as well as cavity optome-
chanics.

In the context of cavity quantum electrodynamics, our system constitutes
an ideal realization of the Tavis-Cummings model, which describes the coher-
ent interaction between a single harmonic oscillator andN two-level systems,
all coupling identically. Single excitations are coherently shared among all
atoms, and exchanged with the cavity �eld at a rate which is enhanced by
a factor of

√
N , compared to the single atom case. To characterize the cou-

pled system, we map out its eigenenergy spectrum, and con�rm the predicted
scaling behavior of the collective coupling strength. These measurements are
in very good agreement with our theoretical model description which addi-
tionally takes into account the o�-resonant coupling to higher-order cavity
modes.

In the dispersive regime, the cavity-induced dipole forces provide an opti-
cal lattice potential which is collectively sensed by the coherent matter-wave.
Furthermore, due to dispersive retroaction on the cavity �eld, the lattice
depth dynamically depends on the atomic density distribution within the
cavity mode. This causes highly nonlinear dynamics of the collective atomic
motion and the cavity �eld intensity. Within the scope of this thesis, it

iii



was established for the �rst time that the system can be described within
the framework of cavity optomechanics, where the role of the mechanical
oscillator is played by a collective density excitation of the condensate. The
tremendous control over the external degrees of freedom of ultracold gases
provides � in principle � a direct access to the quantum regime of cavity
optomechanics. Here, we report on the observation of optical bistability at
the single photon level, caused by the collective displacement of the atoms
within the cavity mode structure. By detecting the light which leaks out of
the optical resonator, we are able to in-situ observe coherent small-amplitude
density oscillations in a Bose-Einstein condensate. We investigate the in�u-
ence of an additional static lattice potential on the collective atomic motion,
and demonstrate yet another realization of cavity optomechanics with tightly
con�ned ultracold atoms. Our measurements are in very good agreement
with a quantitative mean-�eld model.
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1 Introduction

The experimental realization of conceptually simple model systems plays
an important role in physics. It promotes continuous development and in-
vestigation of experimental techniques, allows to test theoretical model de-
scriptions with increasingly better accuracy, and provides opportunities to
realize long standing Gedanken experiments which deepen our understand-
ing of quantum physics. In this spirit, cavity quantum electrodynamics [1, 2]
provides a research �eld which, enabled by technical progress in the fabrica-
tion of resonating structures during the last decades, con�rmed and re�ned
our understanding of the quantum properties of light, and its interaction
with matter at the level of single quanta [3, 4, 5, 6, 7]. Similarly, the �eld of
ultracold quantum gases and Bose-Einstein condensation constitutes a broad
playground for the investigation of various macroscopic quantum phenomena
[8]. Quantum gases are extremely pure and highly controlled quantum sys-
tems, which can be probed [9, 10, 11] and manipulated [12, 13, 14, 15, 16, 17]
with light �elds in di�erent ways. However, the combination of these two
fascinating research �elds � cavity quantum electrodynamics and ultracold
quantum gases � remained an elusive goal. It would enlarge the experimen-
tal possibilities for controlling and sensing the di�erent subsystems with
unprecedented accuracy and possibly non-destructively [18, 19, 20, 21], and
open the route to realize novel and interesting model systems [22, 23, 24, 25].

Within the scope of this thesis, collective strong coupling between a
trapped Bose-Einstein condensate (BEC) and the optical �eld of a small-
volume ultrahigh-�nesse Fabry-Perot cavity has been experimentally achieved
for the �rst time (see also [26, 27]). This novel hybrid system opens access to
a so far unexplored regime of cavity quantum electrodynamics (QED) where
a single light �eld mode is coherently coupled to a macroscopically occupied
matter �eld mode. We experimentally investigate and theoretically analyze
the collective coupling between both electronic and motional degrees of free-
dom of the coherent atomic ensemble and light �elds on the single-photon
level. The tremendous control over atomic motion reached in a Bose-Einstein
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1. INTRODUCTION

condensate allows to achieve identical atom-�eld coupling strengths for all
atoms, representing an ideal realization of the Tavis-Cummings model [28].
In the far-dispersive regime, cavity-enhanced light forces and the collective
atomic dispersion induce a strong coupling between collective atomic mo-
tion and the cavity light intensity. This permits us to explore the �eld of
cavity QED with coherent atomic motion for the �rst time [29, 30, 31]. In
this thesis it was shown both experimentally and theoretically that the dis-
persively coupled BEC-cavity system can be mapped to the framework of
cavity optomechanics [32], with a coherent atomic density excitation acting
as a mesoscopic mechanical element.

Cavity QED studies the coherent interaction between matter and the elec-
tromagnetic �eld con�ned in a resonating structure [1, 2]. In order to over-
come the incoherent decay processes of the cavity �eld and the internal
matter excitations, the matter-light coupling strength has to be larger than
the associated decay rates. In this strong coupling regime, single excita-
tions are coherently exchanged between matter and �eld many times before
dissipation sets in. Cavity QED systems are therefore considered as ideal
key elements for a coherent light-matter interface [33, 34, 35], and for the
implementation of quantum information protocols [36, 37].

Experimentally achieving the regime of strong coupling for a single two-
level system is a challenging task. So far, it has been reached with Rydberg
atoms in microwave resonators [38, 39] and neutral atoms in small-volume
optical Fabry-Perot cavities [40]. More recently, systems involving arti�cial
atoms like quantum dots [41] or superconducting Cooper-pair boxes [42]
have joint this selected group. In the optical domain the desired system
parameters require very high-quality mirrors and a very small cavity mode
volume, a constraint which reduces optical access and sets serious limits
on the experimental combination with highly controlled quantum systems,
like single ions or ultracold quantum gases. Since the atom-light coupling
strength spatially varies on a scale given by the optical wavelength, elaborate
trapping or cooling techniques [43, 44] are necessary, in order to suppress
motional induced decoherence e�ects in optical cavity QED.

Bose-Einstein condensation of dilute atomic gases allows to routinely pre-
pare a macroscopic number of atoms in a single motional quantum state
which is determined by the external trapping potential. Our experimental
setup combines this tremendous control over the atomic motional degrees of
freedom with the coherent light-matter interaction provided by cavity QED
in the strong coupling regime. A key element of our setup is an optical
transport mechanism that allows to transfer ultracold atomic samples into
the �eld of a 180µm-long Fabry-Perot cavity, operating in the single-atom
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strong coupling regime. Within the cavity Bose-Einstein condensation is
achieved in a harmonic dipole trap by means of evaporative cooling.

In parallel to our experiment, Bose-Einstein condensates have been posi-
tioned with high precision inside a �bre-based cavity using atom-chip tech-
nology [27], and ultracold non-condensed atomic samples have been tightly
con�ned within the �eld of a small-volume Fabry-Perot cavity [26, 45]. Pre-
vious experiments bringing together BEC physics and cavities concentrated
on correlation measurements using single-atom counting [46], and studied
collective atomic recoil lasing and cavity enhanced superradiance in a large
volume ring cavity [47]. Progress on combining cavity QED with ion-trap
technology has been achieved very recently [48] by demonstrating collective
strong coupling between an ion Coulomb crystal and the �eld of an optical
cavity.

In general, the coherent coupling of an ensemble of identical two-level
systems to a single cavity mode has been a theme of general interest in
quantum optics. In his pioneering work in 1954 [49], R.H. Dicke studied
the in�uence of collective behavior on the radiative properties of an atomic
ensemble. By treating the entire collection of atoms as a single quantum
system, Dicke pointed out that nontrivial interatomic correlations in an
excited ensemble give rise to enhancement or suppression of the radiative
emission rate. In recent years, the collective interaction between atoms and
light has gained renewed interest in the �eld of quantum information due
to its applicability for realizing a quantum memory [34, 50]. This requires
a large number of atoms in order to minimize possible information losses
due to decoherence, and a large collective atom-light coupling strength for
optimal conversion e�ciency. The �gure of merit for the probability to
convert a collective atomic excitation into a cavity photon is given by the
collective cooperativity, which in our experiments exceeds 106.

Coupling a Bose-Einstein condensate to the �eld of an optical cavity re-
alizes a collective light-matter interface with unique properties. Since all
atoms are prepared in the same motional quantum state, the coupling to
the cavity �eld is identical for all atoms. This situation is described by the
Tavis-Cummings model [28] which considers N two-level systems coupled
identically to a single resonator mode. Due to collectivity single excitations
are coherently shared between all atoms, and exchanged with the cavity �eld
at a rate which is

√
N times larger as compared to the single atom case. A

key characteristic of the Tavis-Cummings model is its eigenenergy spectrum,
which we map out with a single excitation present. Furthermore, we demon-
strate the predicted scaling behavior of the collective coupling strength as a
function of atom number. We perform mean-�eld calculations of the system
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1. INTRODUCTION

which are in very good agreement with our experimental �ndings, con�rming
the high degree of control achieved.

In the dispersive limit of cavity QED, strong coupling between a single
macroscopic matter wave and the �eld of an optical cavity provides an ideal
setting to explore cavity-enhanced light forces and atomic collective motion
with unprecedented accuracy and � in principle � on the quantum level.
Within the scope of this thesis, �rst experiments have been conducted on
a dispersively coupled BEC-cavity system at the single-photon scale, and
analyzed in terms of cavity optomechanics.

The fact that light carries momentum and therefore can exert forces on
matter always fascinated physicists. Starting with J. Kepler's suggestion
that the tail of comets gets de�ected by the sun's light, and the �rst expla-
nation within J.C. Maxwell's theory of electromagnetism, it took until the
invention of the laser [51], that light forces could be actually used for ma-
nipulating small particles within tightly focused light beams [52, 53]. This
development culminated in the invention of atomic laser cooling in 1975
[54], followed by the experimental demonstration in a magneto-optical trap
in 1986 [55]. Nowadays, the conservative dipole force exerted by far-detuned
laser �elds has become a standard tool for trapping and manipulating ultra-
cold atomic gases within tightly focussed laser beams [56] or optical lattices
[57].

In general, optical dipole forces are accompanied by the atomic retroac-
tion onto the light �eld, caused by the atomic index of refraction which shifts
the phase of the outgoing light with respect to the incident one. Inside a
high-�nesse cavity, this e�ect gets enhanced by the number of roundtrips of
light, which can result in a signi�cant change of the cavity resonance fre-
quency, depending on the atomic position. Correspondingly, the cavity light
intensity becomes a dynamic degree of freedom which 'optomechanically'
couples to the atomic motion. This is in contrast to experiments performed
in free space, where the light �elds, used to manipulate and trap atoms, can
be considered as �xed. Nevertheless, the tiny dispersive shift of the lattice
constant caused by cold atoms trapped inside an free-space optical lattice
could be observed in [58, 59].

The interplay between radiation pressure forces and mechanical retroac-
tion upon the light �eld is a general theme of cavity optomechanics. Its
core setting is given by a mechanical oscillator which couples to the �eld
of a cavity via radiation pressure [60]. Mechanical retroaction on the light
�eld is mediated by the optical path length of the cavity, which depends
on the displacement of the mechanical oscillator. Inspired by early work
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of V.B. Braginsky [61] in the context of interferometric gravitational wave
experiments, cavity optomechanical systems have found renewed interest
through the experimental progress of high-quality optical and microwave
cavities and micro- and nanomechanical oscillators. Ongoing research in
cavity optomechanics focuses on radiation pressure cooling of mechanical os-
cillators, heading for ground state preparation [62, 63, 64, 65, 66, 67, 68, 69].
With the preparation of a mechanical oscillator in its motional ground state,
the �eld is expected to enter the quantum regime of cavity optomechanics
[70]. This would open new perspectives to address fundamental questions on
quantum limits of measurements [61], or to explore the quantum-to-classical
boundary.

Coupling a collective motional degree of freedom of an ultracold quantum
gas to the optical �eld of a high-�nesse cavity, o�ers new possibilities for
exploring cavity optomechanics in the quantum regime [71]. As was estab-
lished within the scope of this thesis, a dispersively coupled BEC-cavity sys-
tem constitutes a cavity optomechanical model system: a collective atomic
density excitation matching the cavity mode pro�le serves as a mechanical
oscillator, which retroacts via atomic dispersion onto the cavity �eld in-
tensity. The control over the atomic motional degrees of freedom provided
by Bose-Einstein condensation, places this system well into the quantum
regime, where the mechanical oscillator is prepared in its motional ground
state. Due to collectivity, our system is capable of reaching the strong cou-
pling regime of cavity optomechanics, where �uctuations of the mechanical
and optical oscillator mutually couple. Experimentally, we observe optical
bistability at photon numbers below one, and strongly driven backaction dy-
namics triggered by only a few photons inside the resonator. We explore the
transition from our system to a similar realization of cavity optomechanics
[26, 45] where ultracold atoms are tightly con�ned in a periodic external
potential. Our measurements agree very well with ab-initio calculations,
which we perform in a mean-�eld approximation.

Previous experiments on resonator-induced light forces with cold atomic
ensembles have focused on spatial atomic self-organization [72] and collec-
tive cooling [73] in a large volume Fabry-Perot cavity with moderate �nesse.
The regime of dispersive collective strong coupling has been studied with
laser cooled atoms, trapped within a high-�nesse ring cavity [74]. Here, the
collective cavity resonance shift induced by all atoms was larger than the cav-
ity linewidth, which gave rise to optical bistability and self-induced atomic
oscillations at large cavity light intensities. Much stronger light forces per
cavity photon were attained in small-volume optical cavities, operating in
the single-atom strong coupling regime of cavity QED. Pioneering experi-
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1. INTRODUCTION

ments reported on trapping of single atoms in the light �eld of single cavity
photons [75], as well as continuous sensing [76, 75] and cooling [43, 44] of
atomic motion by means of the cavity �eld.
Our BEC-cavity system (and that reported on in [26, 45]) o�ers new

possibilities for manipulating and sensing the collective motion of ultracold
atomic gases at the quantum limit. On a conceptual level it bridges three ac-
tive research �elds: cavity QED, ultracold quantum gases, and cavity quan-
tum optomechanics [32]. Even if some might consider an ensemble of 105

atoms not as a macroscopic object, the realization of cavity optomechanical
systems with ultracold atoms o�ers intriguing possibilities to contribute to
the development of cavity quantum optomechanics on a fundamental level.
A �rst step along this direction was achieved in [45], where measurement
backaction caused by quantum force �uctuations was quanti�ed in a cavity
optomechanical system for the �rst time.
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Outline:

� Chapter 2 introduces the experimental apparatus at which the exper-
iments presented in this work were carried out.

� The collective coupling between the electronic degrees of freedom of
the BEC and the cavity mode is investigated in Chapter 3. After a
brief introduction into collective cavity QED, the measurements of the
eigenenergy spectrum of the coupled BEC-cavity system are presented.
The data are compared with a quantitative model description, which
takes into account several degrees of freedom of the coupled system.

� In Chapter 4 a novel description of the dispersively coupled BEC-cavity
system in terms of cavity optomechanics is established. It provides the
background for the investigations reported on in Chapters 5 to 7.

� The observation of optical bistability at photon numbers below unity
is presented in Chapter 5. The measurements are compared with ab-

initio calculations in a mean-�eld description.

� Chapter 6 is concerned with the observation of strongly driven back-
action dynamics, triggered by the presence of a few photons inside
the cavity. Quantitative understanding of the nonlinear dynamics is
provided in terms of mean-�eld calculations.

� In Chapter 7 we investigate yet another cavity optomechanical system
where the collective center of mass motion of ultracold atoms couples
to the cavity �eld. Measurements are presented which clarify about
the transition between the two di�erent realizations, in agreement with
a simple quantitative mean-�eld model.
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2 The experimental setup

The experiments described in this thesis were performed on an existing ap-
paratus [77] which was designed in 2001 to combine the research �elds of
ultracold atomic gases and cavity quantum electrodynamics (QED) for the
�rst time. At the heart of the experiment is a small-volume ultrahigh-�nesse
optical cavity, which operates in the single-atom strong coupling regime of
cavity QED. In addition, the apparatus allows to achieve Bose-Einstein con-
densation (BEC) in a dilute gas of 87Rb atoms.
In a �rst series of experiments [46, 78, 79, 80] carried out on this setup,

ultracold atoms were prepared in a magnetic trap, placed a few centimeters
above the cavity. The latter served as a sensitive detector of single atoms,
which were extracted from the magnetic trap and propagated downwards
through the cavity �eld. This minimally invasive probing scheme allowed
to study the correlations and counting statistics of an atom laser [46], to
observe the formation of long-range order during BEC [79], and to explore
the critical behavior of a trapped interacting Bose gas [80].
In order to realize the experiments which were performed within the scope

of this thesis, the experimental setup was modi�ed. We implemented an
optical conveyer belt which allows us to transport ultracold atoms in a con-
trolled way from the magnetic trap into the high-�nesse optical cavity. Once
overlapping with the cavity mode, the atoms are loaded into a crossed-beam
dipole trap where Bose-Einstein condensation is achieved by means of evap-
orative cooling. The physical properties of the mutually coupled BEC-cavity
system are studied by probing the cavity �eld with a weak laser �eld, while
continuously monitoring the transmitted light intensity.
The experimental apparatus was described in detail in the theses of my

predecessors Anton Öttl [81], Stephan Ritter [82] and Tobias Donner [83].
Hence, we will provide the reader in this chapter only with a brief overview
of the main experimental setup and the preparation of ultracold atoms in the
magnetic trap. A more detailed description will be given on the properties of
the high-�nesse cavity, the optical transport and trapping within the cavity,
as well as the optical probing techniques used in the experiments.
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2. THE EXPERIMENTAL SETUP

2.1. Overview of the experimental setup

The experimental setup consists basically of two parts: an ultrahigh-vacuum
system where the actual experiments take place, and a laser setup where
the laser light is generated, used for cooling, manipulating and trapping the
atoms, as well as for probing and stabilizing the high-�nesse cavity. The
whole setup is installed on two separated optical tables which are connected
by several optical �bers, delivering the light from the laser table to the main
experiment table. The experimental cycle is computer controlled with the
help of a software, developed in our research group [84].
The preparation of a Bose-Einstein condensate in dilute atomic gases re-

quires sophisticated vacuum conditions in order to reduce wasteful collisions
with background atoms. At the same time, a su�cient vapor pressure is
needed to e�ciently load a magneto-optical trap (MOT) for pre-cooling the
atoms with laser light. In our setup this problem was solved by means of a
double-vacuum chamber design, with the two chambers being connected by
a di�erential pumping tube (see Figure 2.1).
The MOT chamber operates at a pressure of a few 10−9 mbar and pro-

vides the necessary vapor pressure from a dispenser source [85] for collecting
and laser cooling 87Rb atoms in a three-dimensional MOT. Typically, a few
billion atoms are collected during a loading time of 18 s, and subsequently
sub-Doppler cooled and optically pumped into the low-�eld seeking state
|F = 1,mF = −1⟩. A di�erential pumping tube allows to magnetically
transport [86] the laser cooled atoms afterwards over a distance of 82mm

into the main chamber which is operated at a pressure of a few 10−11 mbar.
Here, the atomic sample is trapped and evaporatively cooled in a magnetic
QUIC (quadrupole Io�e con�guration) [87] trap, and �nally transported into
the optical cavity. All magnetic coils, used for transporting and trapping
the atoms, are installed in vacuum, and are cooled down to −90◦ C in or-
der to prevent unwanted outgassing while operating them at high currents.
The ultrahigh-�nesse optical cavity is placed 36mm below the QUIC trap
inside the main chamber, and can be optically accessed via several vacuum
windows.

2.2. The optical high-finesse cavity

The heart of the experimental setup consists of an ultrahigh-�nesse optical
cavity, operating in the single-atom strong coupling regime of cavity QED.
This section collects necessary information about the physical properties of
the cavity, and the way how its resonance frequency is optically probed and
actively stabilized during the experiments.
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Figure 2.1.: Schematic drawing of the vacuum system. Atoms are laser
cooled inside the MOT chamber at a pressure of a few 10−9 mbar and
subsequently transported into the main chamber operating at a pressure
of a few 10−11 mbar. Here, the cold atoms are evaporatively cooled
within a magnetic trap close to quantum degeneracy. 36mm below
the magnetic trap the ultrahigh-�nesse optical cavity is positioned on
a vibration isolation stage. To prepare a BEC inside the cavity mode,
ultracold atoms are optically transported from the magnetic trap into
the cavity. Figure adopted from [77].

2.2.1. General properties and characteristics

Our science cavity consists of two highly re�ecting mirrors facing each other
at a distance of lres = 176µm. With a radius of curvature of R = 75mm,
the mirrors form a near-planar resonator geometry which supports a vari-
ety of di�erent eigenmodes of the electromagnetic �eld. Their spatial �eld
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2. THE EXPERIMENTAL SETUP

distribution is obtained by solving the electromagnetic �eld equations ac-
cording to the boundary conditions imposed by the mirrors [88]. A general
solution is provided by the Hermite-Gaussian modes. The corresponding
electric �eld distribution at the position of the mode waist is given by

Elmn(0, y, z) = E0Hl(
√
2y/w0)Hm(

√
2z/w0)e

− y2+z2

w2
0 (2.1)

with x denoting the cavity axis. Here, Hl denotes the lth Hermite poly-
nomial, and w0 is the waist radius of the transversally fundamental cavity
mode. For a near-planar cavity the corresponding mode frequencies are
given by [89]

νlmn = ∆νFSR

(
n+

1 + l +m

π

√
2lres
R

)
. (2.2)

The transversally fundamental modes (l = m = 0), labelled by the integer n,
are characterized by a Gaussian mode pro�le along the transverse directions,
and are separated in frequency by the free spectral range ∆νFSR = c

2lres
.

For given n, the higher-order transverse modes (TEMlm) di�er in frequency
from the corresponding fundamental mode by an integer multiple of the

transverse mode spacing ∆νT = ∆νFSR
π

√
2lres
R

≪ ∆νFSR. Modes which

ful�ll the condition l+m = const (for given n) are degenerate in frequency
space (see Figure 2.2).

0 1 2
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m
l

(n,0,0)

(n,1,0), (n,0,1)

(n,2,0), (n,1,1), ...)
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∆ν
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∆ν
T

Figure 2.2.: Shown is the intensity distribution of the lowest order
transverse TEMlm-modes (left) as well as their arrangement in fre-
quency space (right). For every longitudinal mode number n there exists
a comb of higher-order transverse modes labelled by (n, l,m).
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2.2. THE OPTICAL HIGH-FINESSE CAVITY

cavity length lres 176µm

free spectral range ∆νFSR 852GHz

transverse mode spacing ∆νT 18.5GHz

linewidth ∆ν 2.4MHz

�nesse F 342× 103

mirror transmission T 2.3 ppm

mirror losses L 6.9 ppm

mirror radius of curvature R 75mm

mode waist radius w0 25.3µm

(fundamental) mode volume V 88× 103 µm3

decay rate of the atomic dipole moment γ 2π × 3.0MHz
decay rate of the intracavity �eld κ 2π × 1.3MHz

(e�ective) atom-cavity coupling constant g0 2π × 10.6MHz

cooperativity parameter C = g20/(2γκ) 14.7

Table 2.1.: Parameters of the ultrahigh-�nesse optical cavity for probe
light at λp = 780 nm. Data taken from [82].

The mirrors, even though among the best available ones, have a �nite
transmittivity and surface roughness which eventually gives rise to a loss of
the stored cavity light. The cavity �nesse F , which determines � up to a
factor of π � the mean number of round trips of light, before it gets lost at
the mirrors, is de�ned by the ratio between free spectral range and cavity
linewidth (FWHM) ∆ν:

F =
∆νFSR

∆ν
. (2.3)

In case of very high mirror re�ectivities, the �nesse relates to the mirror
transmission T and mirror losses L via

F =
2π

2L+ 2T . (2.4)

In our setup we use dielectric Bragg mirrors with a re�ection coating, being
optimized for light with a wavelength of 780 nm. This results in a �nesse
of 3.4 · 105 and a cavity linewidth of 2.4MHz. Possibly due to mounting-
induced strain on the mirror substrates, a slight birefringence splits the
two orthogonal, principal polarization axes of the TEM00 cavity mode by
1.7MHz. A list of relevant cavity parameters is given in Table 2.1.
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2. THE EXPERIMENTAL SETUP

2.2.2. Probing the cavity resonance

Experimentally, we probe the resonance frequency of the coupled BEC-
cavity system by shining a weak laser beam with a wavelength of λp =

780 nm onto one of the cavity mirrors, while monitoring the transmitted
light intensity on a single photon counter. The probe laser beam pro�le is
mode matched to the Gaussian TEM00 mode pro�le. The relative frequency
between the empty cavity resonance and the probe laser is controlled by
means of a stabilization laser which operates at a wavelength of λs = 830 nm.
This laser is frequency stabilized relative to the probe laser via two indepen-
dent Pound-Drever-Hall locks [90] onto a common transfer cavity [91] with
a cavity linewidth of approximately 1MHz (see Figure 2.3). The length of
the science cavity can be controlled with a piezo tube, and is actively stabi-
lized via a Pound-Drever-Hall lock onto the stabilization laser. The relative
frequency between the empty cavity resonance and the probe laser can be
�ne-tuned within the transfer cavity free spectral range of 1GHz, by using
an additional pair of 780 nm and 830 nm lasers onto which the probe and
stabilization lasers are phase-locked, respectively (see Figure 2.3).
This �lock chain� provides us with a relative frequency stability between

empty cavity resonance and probe laser well below the linewidth of the

Master

780 nm

Master

830 nm

Slave

780 nm

Slave

830 nm

transfer

cavity

science

cavity

atomic

resonance/

wavemeter

PDHL PDHL

P
L

P
L

PDHL

probe

light

Figure 2.3.: Simpli�ed schematics of the cavity lock chain. Compo-
nents which are connected by solid lines are frequency stabilized to each
other (PDHL: Pound-Drever-Hall lock, PD: phase lock). The compo-
nent where the arrow points to serves as the frequency reference.
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Figure 2.4.: Characterization of the empty cavity resonance. Shown
is the transmitted light intensity (in arbitrary units) while scanning the
probe laser frequency ωp at a rate of 2MHz/ms across the empty cavity
resonance with a maximum mean intracavity photon number of 1.5. The
data points are obtained by averaging over 41 shots. The solid line is
obtained by �tting a Lorentzian line shape to the data which results in
a cavity linewidth of κ = 2π × 1.2MHz.

science cavity, as we infer from probe frequency scans across the empty cavity
resonance (Figure 2.4). To probe the system in the vicinity of the atomic D2

transition line we additionally frequency stabilize one of the 780 nm lasers via
Doppler-free RF spectroscopy onto an atomic resonance, providing us with
an absolute frequency stability below the MHz scale. For experiments in
the dispersive regime, where the probe laser frequency is detuned by several
tens of GHz from the atomic resonance, we actively frequency stabilize the
cavity lock chain on a wavelength meter (see Figure 2.3).

2.2.3. Cavity QED parameters

With a mode waist radius of w0 = 25.3µm the TEM00 mode of our cavity has
a mode volume of V = 88×103 µm3. Correspondingly, the maximum electric

�eld strength E1 =
√

~ωc
2ϵ0V

of a single intracavity photon with frequency ωc

is su�ciently large to reach the single-atom strong coupling regime of cavity
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2. THE EXPERIMENTAL SETUP

QED. With the e�ective dipole moment deff (isotropic light polarization) for
the |F = 2⟩ → |F ′ = 3⟩ transition of 87Rb we �nd an atom-cavity coupling
rate of g0 = deffE1

~ = 2π × 10.6MHz which exceeds both the decay rate of
the cavity �eld, κ = 2π × 1.2MHz, and the atomic spontaneous decay rate,
γ = 2π × 3.0MHz.

In our experiments, we prepare spin-polarized atomic samples which were
optically pumped into the |F = 1,mF = −1⟩ ground state. Due to a small
magnetic �eld (B ≈ 0.1G) pointing along the cavity axis, probe photons can
only couple to σ+ or σ− transitions. The corresponding coupling strengths
are obtained by summing the relevant Clebsch-Gordan coe�cients [92] in
squares. For a single σ+ or σ− polarized photon we �nd coupling strengths
of g+ = 2π × 14.1MHz and g− = 2π × 10.9MHz, respectively. In the
experimental setup we use polarization optics and two independent single
photon counter modules in order to simultaneously detect the left-handed
and right-handed polarized components in the transmitted cavity light.

2.2.4. Photon detection efficiency

Though unwanted in many cavity QED experiments, the unavoidable loss of
cavity photons through the cavity mirrors provides us with valuable in-situ
information about the intracavity light intensity. The quantitative relation-
ship between the photon count rate rSPCM at the single photon counting
module (SPCM), and the mean number of intracavity photons is determined
by the detection e�ciency ϵ of a single intracavity photon. This probability
depends on the transmission T = 2.3 ppm and the losses L = 6.9 ppm at
the cavity mirrors, the total losses 1 − ϵop ≈ 0.15 at the optics (mirrors,
spatial and spectral �lters) used to direct the light onto the SPCM, and the
quantum e�ciency ϵSPCM ≈ 0.5 of the SPCM itself:

ϵ =
T

2T + 2L ϵop ϵSPCM ≈ 0.05. (2.5)

The count rate rSPCM of the SPCM for a mean intracavity photon number
n̄ is given by

rSPCM = 2κϵn̄. (2.6)

This relationship is only valid as long as saturation e�ects at the SPCM
(which can be corrected for) are negligible. We estimated the overall sys-
tematic uncertainty in determining the intracavity photon number to be
25%.
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2.3. Preparing a Bose-Einstein condensate inside the optical
cavity

With a duty cycle of about 60 s, atoms are pre-cooled and collected in
the magneto-optical trap, optically pumped into the low-�eld seeking state
|F = 1,mF = −1⟩, and magnetically transported into the QUIC trap. Here,
evaporatively cooled samples of typically a few 106 atoms are prepared close
to the critical temperature where Bose-Einstein condensation sets in. Ex-
perimentally we found, that further decreasing the temperature of the gas
within the magnetic trap does not increase the �nal number of condensed
atoms within the cavity.
To transport the atoms in a controlled way into the science cavity, we im-

plemented an optical conveyor belt [93, 94] formed by two counter-propagating,
red-detuned laser beams (Figure 2.1, 2.5). Due to the optical dipole forces,
atoms can be loaded into the antinodes of the vertically aligned standing-
wave potential forming a stack of pancake-shaped atom clouds. By applying
a frequency di�erence between the upwards and the downwards propagating
wave, the optical standing-wave pattern is converted into a moving pattern,
and the con�ned atoms are transported downwards. Once the atoms reached
the position of the cavity mode, they are loaded into a crossed-beam dipole
trap, and evaporatively cooled down to quantum degeneracy.

2.3.1. The optical transport

Optical setup

The light for transporting the atoms into the cavity is provided by two
tapered ampli�ers seeded by a common diode laser operating at a wavelength
of λT = 852 nm. Since the overall transport distance depends linearly on this
wavelength, we frequency stabilize this laser onto an atomic 133Cs resonance.
The frequencies and intensities of the transport beams are controlled using
acousto-optical modulators, which are driven by two home-built, computer
controlled direct digital synthesizers [95].
We use two independent optical �bers to guide the transport light from

the laser table to the main experiment table. To reduce relative phase noise
between the di�erent optical paths, the optical �bers are passively stabilized
by guiding them inside a passively vibration isolated tube. From the beat-
note of the two transport beams (aligned in the �nal transport con�guration)
we infer a residual relative phase jitter below π per second.
After shaping the transport beams with telescopes, they are focused down

to beam waist radii of (wx, wy) = (25, 50)µm at the position of the cavity
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2. THE EXPERIMENTAL SETUP

mode. This beam parameters were chosen in order to minimize cutting of the
beams at the cavity mirror edges and mounting apertures, and to minimize
the beam divergence at the position of the magnetic trap. The beam radii
at the position of the magnetic trap are (Wx,Wy) = (390, 200)µm, and the
maximum available power per transport beam (within the chamber) is about
85mW.

BEC

transport

probe light

dipole trap

detector

x

z
y

150 μmz x

y
BEC between the

cavity mirrors after

8 ms time of flight

A

B

Figure 2.5.: Preparation of a BEC inside the cavity. (A) 36mm above
the cavity, 3.5 × 106 ultracold atoms are loaded into the dipole poten-
tial of a vertically oriented 1D optical lattice. This trumpet shaped
standing wave has its waist inside the ultrahigh-�nesse cavity and is
composed of two counter-propagating laser beams. A translation of the
lattice pattern transports the atoms into the cavity mode. There they
are loaded into a crossed-beam dipole trap formed by a focused beam
oriented along the y-axis and one of the transport beams. (B) Almost
pure condensates with up to 2×105 atoms overlapping with cavity mode
are obtained.
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Transport sequence

After preparing ultracold atoms in the magnetic QUIC trap, we load them
within 100ms into a 7.5Erec deep transport lattice, with the recoil energy

de�ned by Erec =
~2k2

T
2m

, and the wave number kT = 2π/λT. After the
magnetic trap is switched o�, the atoms are transported into the cavity
within T = 100ms. The frequency di�erence δ(t) between the two counter-
propagating waves follows δ(t) = δmax

2
[1−cos (2πt/T )], with a maximum de-

tuning of δmax = 1.7MHz. Correspondingly, the atoms travel at a velocity of
v(t) = λTδ(t)/2, and experience a maximum acceleration of a = 22.4m/s2.
During the transport, the power in the laser beams is kept constant un-
til the maximum light intensity at the position of the atoms has increased
by a factor of 10. Subsequently, this intensity is kept constant by actively
controlling the laser power in the two transport beams. Due to intrinsic
evaporation during the transport, the number of atoms arriving in the cav-
ity is reduced to typically 106. During the transport a small magnetic �eld
serves as a quantization axis which keeps the sample highly spin polarized
in the |F = 1,mF = −1⟩ state. However, due to o�-resonant scattering in
the transport beams, a small fraction of the atoms undergoes spontaneous
transitions into the |F = 2⟩ hyper�ne ground state manifold. The transport
beams are linearly polarized along the cavity axis, which rules out potential
light scattering into the cavity mode [96].

2.3.2. The crossed-beam dipole trap

At the position of the cavity mode, the atoms are loaded into a crossed-
beam dipole trap formed by one of the transport beams and an additional,
horizontally propagating laser beam with a waist radius of wx = wz = 27 µm
(see Figure 2.5). A �nal stage of evaporative cooling is performed by suitably
lowering the laser powers, ending up with an almost pure condensate of up
to 2 × 105 atoms, as we infer from absorption imaging (see Figure 2.5).
The �nal trapping frequencies are (ωx, ωy, ωz) = 2π × (290, 43, 277)Hz. We
adjust the transverse position of the beams forming the dipole trap in order
to optimize the overall coupling strength between the condensate and the
cavity �eld.

2.3.3. The cavity dipole trap

A di�erent far o�-resonant dipole trap is provided by the laser light, which
is used to frequency stabilize the science cavity. Its spatial structure is de-
termined by the TEM00 mode pro�le of the cavity, and can be considered
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to �rst order as a one-dimensional standing-wave potential. At the corre-
sponding wavelength of λt = 830 nm the cavity has a �nesse of 38× 103 and
a linewidth of 22MHz. We determine the depth of the trapping potential
from the light intensity which is transmitted through the cavity, by taking
into account a measured cavity mirror transmittance of 58 ppm.
Usually, we actively control the stabilization light intensity during the

experiments at a minimal value which still allows a robust stabilization of
the cavity resonance. The corresponding lattice potential has a depth which
is on the order of 1Erec. An exception are the experiments performed in
Chapter 7, where the stabilization light is used to tightly con�ne the atoms
in a one-dimensional, periodic lattice potential.
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3 Cavity QED with a Bose-Einstein
condensate

Cavity quantum electrodynamics (cavity QED) describes the coherent in-
teraction between matter and an electromagnetic �eld con�ned within a
resonating structure. By using high-quality resonators, a strong coupling
regime can be reached experimentally in which atoms coherently exchange
energy with a single light-�eld mode many times before dissipation sets in.
This led to fundamental studies with both microwave [39, 38] and optical
resonators [40]. To meet the challenges posed by quantum state engineering
[37] and quantum information processing, recent experiments have focused
on laser cooling and trapping of atoms inside an optical cavity [44, 97, 94].
However, the tremendous degree of control over atomic gases achieved with
Bose-Einstein condensation [98] has so far not been used for cavity QED.
In this chapter we explore the strong coupling between the electronic

degrees of freedom of a Bose-Einstein condensate and the quantized �eld
of an ultrahigh-�nesse optical cavity. We present a measurement of the
eigenenergy spectrum, which is in perfect agreement with a theoretical model
description. This experiment provides access to a conceptually new regime
of cavity QED, in which all atoms occupy a single mode of a matter-wave
�eld and couple identically to the light �eld, sharing a single excitation. It
opens possibilities ranging from quantum communication [33, 34, 35] to a
wealth of new phenomena proposed in the many-body physics of quantum
gases with cavity-mediated interactions [31, 99].
The chapter is organized as follows. After an introduction into cavity

QED with many atoms (Section 3.2), we show in Section 3.3 that the use
of a Bose-Einstein condensate provides an ideal realization of the Tavis-
Cummings model where all atoms are coupled identically to the cavity �eld.
We generalize the generic Tavis-Cummings model to multi-level atoms and
multi-mode cavities in the presence of a single excitation (Section 3.5). A
measurement of the internal excitation spectrum of the coupled condensate-
cavity system is presented in Section 3.6. We �nd very good agreement
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between our data and a quantitative model description (Section 3.7), which
con�rms the excellent control over the experimental system.

The experimental results of this chapter have been published in [100]: F.
Brennecke, T. Donner, S. Ritter, T. Bourdel, M. Köhl, and T. Esslinger.
Cavity QED with a Bose-Einstein condensate. Nature 450, 268 (2007).
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3.1. INTRODUCTION

3.1. Introduction

The coherent coupling of a single two-level atom with a single mode of the
electromagnetic �eld leads to a splitting of the energy eigenstates of the
combined system, and is described by the Jaynes-Cummings model [101].
For its experimental realization the strong coupling regime has to be reached,
where the maximum coupling strength g0 between atom and light �eld is
larger than both the amplitude decay rate of the excited state γ and the
intracavity �eld κ. For a thermal ensemble of atoms coupled to a cavity
mode, the individual, position-dependent coupling strengths of the atoms
have to be taken into account.
To capture the basic physics of a Bose-Einstein condensate (BEC) cou-

pled to the quantized �eld of a cavity, consider N atoms occupying a single
wave function. Since the atoms are in the same motional quantum state,
the single atom coupling g to the cavity mode is identical for all atoms.
Moreover, bosonic stimulation into the macroscopically populated ground
state should largely reduce the scattering of atoms into higher momentum
states during the coherent evolution. This situation is well described by the
Tavis-Cummings model [28], where N two-level atoms are assumed to iden-
tically couple to a single light �eld mode. A single cavity photon resonantly
interacting with the atoms leads to a collective coupling of g

√
N .

An ensemble of thermal atoms would not ful�ll the requirement of identical
coupling, but it shows a similar energy spectrum, which can be modeled
by the Tavis-Cummings Hamiltonian with an e�ective collective coupling
[102]. In previous measurements [103, 104] and also in a very recent report
[27], these eigenenergies have been measured for thermal atoms coupled
to a cavity. Besides the sensitivity of the spectrum to the precise spatial
distribution of the atoms, the di�erences between a BEC and a thermal
cloud, or between a BEC and a Mott-insulator, should be accessible through
the �uctuations of the coupling, i.e. in the width of the resonances [105].

3.2. Collective cavity QED

To understand the physics underlying the collective interaction between an
atomic ensemble and light, we consider N identical two-level atoms with
transition frequency ωa coupled to a single cavity mode with resonance fre-
quency ωc. The atomic ground and excited states are denoted by |g⟩ and
|e⟩, respectively. The individual positions ri of the atoms within the TEM00

cavity mode structure ϕ(r) = E00n(r)/E0 (see Equation (2.1)) are consid-
ered to be �xed. The maximum coupling strength g0 = dE1

~ between one
atom and a single cavity photon is determined by the atomic dipole matrix
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element d = ⟨g|d̂|e⟩ and the �electric �eld strength per photon� E1 =
√

~ωc
2ϵ0V

,

which depends on the cavity mode volume V =
∫
|ϕ(r)|2d3r.

The Hamiltonian describing the coherent coupling between N atoms and
a single cavity mode reads [106, 2]

Ĥ = ~ωcâ
†â+ ~ωa

N∑
i=1

|e⟩ii⟨e|+ ~
N∑
i=1

(
gi|e⟩ii⟨g|â+ g∗i |g⟩ii⟨e|â†

)
, (3.1)

with â(â†) denoting the annihilating (creation) operators of cavity photons,
and gi = g0ϕ(ri) the �eld coupling strength for atom i.

3.2.1. Eigenspectrum for a single excitation

The analysis of the eigenspectrum of Hamiltonian (3.1) is considerably sim-
pli�ed by the fact that Ĥ commutes with the total number of excitations in
the system n̂tot = â†â+

∑N
i=1 |e⟩ii⟨e|. Therefore, the diagonalization can be

performed within the eigenspaces of constant excitation number ntot. The
only eigenstate with ntot = 0 equals the lowest energy state |g . . . g; 0⟩ where
all atoms are in the ground state and the cavity mode contains no photon.
A basis of uncoupled states (bare states) in the state manifold ntot = 1 is

provided by the state |g . . . g; 1⟩ and the N di�erent states |g . . . ei . . . g; 0⟩,
where only atom i is excited. Due to the coherent interaction between light
and atoms the eigenstates of Ĥ are coherent superpositions of the bare states.
Diagonalization of the Hamiltonian in this bare state basis yields the two
eigenstates (dressed states)

|+⟩ = cosϕ |g . . . g; 1⟩+ sinϕ
∑
i

gi

ḡ
√
N

|g . . . ei . . . g; 0⟩

|−⟩ = − sinϕ |g . . . g; 1⟩+ cosϕ
∑
i

gi

ḡ
√
N

|g . . . ei . . . g; 0⟩ (3.2)

with corresponding eigenenergies

E
(1)
± = ~ωa + ωc

2
± ~

√
∆2

ca/4 + ḡ2N. (3.3)

Here, we introduced the cavity-atom detuning ∆ca = ωc −ωa, the collective
coupling constant ḡ =

√∑
i |gi|2/N , and the mixing angle ϕ de�ned by

tan(2ϕ) = 2ḡ
√
N

∆ca
. The remaining N − 1 eigenstates with eigenenergy ~ωa

are antisymmetric combinations of the N bare states |g . . . ei . . . g; 0⟩ without
admixture of state |g, . . . , g; 1⟩. Since these states cannot be excited directly
from the ground state |g, . . . , g; 0⟩ by driving the cavity mode, they are
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Figure 3.1.: (A) Excitation spectrum of the collectively coupled atoms-
cavity system in presence of a single excitation (see Equation 3.1). The
solid lines depict the two coupled resonances |±⟩ which split around the
crossing of the corresponding bare states |g . . . g; 1⟩ and |g . . . ei . . . g; 0⟩
depicted by the angular and horizontal dashed lines, respectively. (B)
Cavity transmission spectrum in the low excitation limit, according to
Equation (3.16). The amount of transmission is a measure for the ad-
mixture of the bare cavity state |g . . . g; 1⟩ in the coupled eigenstates
|±⟩.

usually referred to as dark states [102, 107]. In what follows we will ignore
all dark states.
From Equation (3.3) one infers about an enhanced coupling strength of

the atomic ensemble to the single cavity mode by a factor of
√
N , compared

to the single-atom case with mean coupling strength ḡ. This enhancement,
which is not a consequence of quantum statistics, refers to the fact that a
single atomic excitation is coherently shared between all atoms (see Equation
(3.3)). In particular, collectivity does not require identical coupling strength
of all atoms to the cavity mode. In general, such coherent superposition
states of N identical subsystems are called Dicke states. Their collective
behavior has been theoretically studied for the �rst time by Dicke in 1954
[49], and recently gained renewed interest in the context of the realization
of a quantum memory [34, 50].
The energy spectrum of the coupled system in presence of a single exci-

tation is shown in Figure 3.1A as a function of cavity-atom detuning. The
two dressed states |+⟩ and |−⟩ show a characteristic anti-crossing around
the crossing of the bare state energies. The splitting, which is commonly
referred to as the vacuum Rabi splitting, is given by twice the collective
coupling strength. For large cavity-atom detuning ∆ca the dressed state
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3. CAVITY QED WITH A BOSE-EINSTEIN CONDENSATE

energies converge to the bare state ones, and the excitation is dominantly
found in the corresponding subsystem, as expressed by the mixing angle ϕ
in Equations (3.2).

3.2.2. Nonlinearity and the second excitation manifold

A characteristic property of the Jaynes-Cummings model, which refers to
the single-atom version of Hamiltonian (3.1), is a nonlinearity of the energy
spectrum, which arises when passing to higher excited state manifolds ntot >

1. Basically, it originates from the fact that a single two-level system (in
contrast to a harmonic oscillator) cannot carry more than one excitation at
once. This nonlinearity in the excitation number of the Jaynes-Cummings
model prevents one from climbing the excitation spectrum with a single laser
frequency [7, 108], and leads to collapse and revival phenomena in the cavity
�eld intensity [109, 3].
In the case of N ≫ 1 two-level systems collectively coupled to the cav-

ity mode, this nonlinearity is strongly suppressed. Here, many excitations
can be put into the atomic ensemble until saturation gets relevant. For
low excitation numbers this corresponds to the situation of two mutually
coupled harmonic oscillators � a system which has a purely linear energy
spectrum. Quantitatively, this can be understood from the diagonalization
of the Hamiltonian (3.1) within the second excited state manifold ntot = 2.
For ∆ca = 0, the three relevant eigenstates have eigenenergies given by

E
(2)
± = 2~ωa ± 2~ḡ

√
N − 1/2 (3.4)

E
(2)
0 = 2~ωa. (3.5)

All other eigenstates are dark ones. The result shows that in case of large
atom number N the second excited manifold can be excited resonantly (up
to an error on the order of 1/N) via the �rst excited state manifold, which
holds true for even higher excited state manifolds as along as ntot ≪ N [28].
This is in contrast to the single-atom case, where the splitting between the
two coupled states in the second excited state manifold is given by 2

√
2ḡ.

3.3. Coupling a BEC to a single cavity mode: Tavis-Cummings
model

A substantial simpli�cation of the collective atom-cavity system is intro-
duced by taking all coupling constants to be identical, gi = g, as was origi-
nally considered by Tavis and Cummings in 1968 [28]. A true experimental
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realization of this situation with thermal atoms inside a standing wave op-
tical resonator would require very elaborate trapping techniques. Instead,
using the ultimate control over the external degree of freedom provided by
Bose-Einstein condensation, allows to realize the Tavis-Cummings model
with large atom number N in the optical domain. In a condensate all atoms
are prepared in the same motional quantum state characterized by the wave
function ψ(r). Thus, all atoms share the same spatial overlap with the cavity
mode structure and couple identically to the cavity �eld.

Formally, the coupled BEC-cavity system can be described within a many-
body formalism. Denoting by Ψ̂g and Ψ̂e the matter-�eld operators for
atoms in the ground state and the excited state, respectively, the coherent
coupling between a BEC of two-level atoms and a single cavity mode is
captured by the Hamiltonian [110]

ĤBEC−cav = ~ωcâ
†â+

∫(
~ωaΨ̂

†
e(r)Ψ̂e(r)+~g0

(
Ψ̂†

e(r)Ψ̂g(r)ϕ
∗(r)â+h.c.

))
d3r,

(3.6)
where h.c. denotes the hermitian conjugate. As we are interested in the
internal atom dynamics only, the terms describing atomic motion and the
atom-atom interactions have been omitted.

Within a mean-�eld model, all condensate atoms can be considered to
occupy the same spatial matter-wave mode described by the wave function
ψ(r), which is obtained as the lowest energy solution of the Gross-Pitaevskii
equation [111]. In our experiment, the condensate wave function extends
over about ten optical wavelengths, i.e. the atoms are delocalized over several
nodes and antinodes of the cavity mode structure. In the following we aim to
�nd the relevant bare states of the system in the �rst excited state manifold.

With a single photon occupying the cavity mode, the �rst excited bare
cavity state is denoted by

|1c⟩ ≡ Ψ(r)|g . . . g; 1⟩, (3.7)

with the many-body wave function denoted by Ψ(r) =
∏N

i=1 ψ(ri). Conden-
sate atoms which absorb a photon from the cavity �eld are transferred, ac-
cording to the spatial mode structure ϕ(r), into the spatial mode ψ(r)ϕ∗(r).
The light-matter interaction couples the state |1c⟩ to the coherent superpo-
sition

|1e⟩ ≡ N1

N∑
i=1

ϕ∗(ri)Ψ(r)|g . . . ei . . . g; 0⟩, (3.8)
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3. CAVITY QED WITH A BOSE-EINSTEIN CONDENSATE

where the prefactor N1 accounts for proper normalization. Applying the
interaction term again on the state |1e⟩ yields the state

|1′c⟩ ≡ N2

N∑
i=1

|ϕ(ri)|2Ψ(r)|g . . . g; 1⟩, (3.9)

where all atoms are in their electronic and motional ground state except
one being transferred into the spatial mode ψ(r)|ϕ(r)|2. However, this state
di�ers only up to terms of order 1/

√
N from the initial state |1c⟩

|1′c⟩ = ⟨1c|1′c⟩|1c⟩+O(1/
√
N). (3.10)

This con�rms that for large atom numbers the BEC-cavity excitation spec-
trum in presence of a single excitation can e�ectively be deduced within the
basis spanned by the bare states |1c⟩ and |1e⟩.
To formally show the relationship to the Tavis-Cummings model, we ex-

pand the matter wave operators in the relevant spatial modes

Ψ̂g(r) = ψ∗(r)ĝ

Ψ̂e(r) = ψ∗(r)ϕ(r)ê

with ground and excited state annihilation operators ĝ and ê, respectively.
Accordingly, the many-body Hamiltonian (3.6) simpli�es to

ĤBEC−cav = ~ωcâ
†â+ ~ωaê

†ê+ ~g
(
ê†ĝâ+ h.c.

)
. (3.11)

Thus, every condensate atom couples identically to the cavity �eld with an
average coupling strength given by

g = g0

√∫
|ϕ(r)|2|ψ(r)|2d3r. (3.12)

For large atom number the Bogoliubov approximation ĝ =
√
N applies.

This turns Hamiltonian (3.11) via the identi�cation ê ≡
∑

i |g⟩ii⟨e|/
√
N into

the Tavis-Cummings Hamiltonian

ĤTC = ~ωcâ
†â+ ~ωa

N∑
i=1

|e⟩ii⟨e|+ ~g
( N∑

i=1

|e⟩ii⟨g|â+ h.c.
)
. (3.13)

28



3.4. DISSIPATION

3.4. Dissipation

In any experimental cavity QED realization the unitary Hamiltonian dynam-
ics is accompanied by decoherence processes: both the cavity �eld and the
atomic excited state can decay into vacuum �eld modes which are not sup-
ported by the resonator. The appropriate description of such open quantum
systems is provided by a density matrix formalism. In case of the Tavis-
Cummings model, the density matrix ρ̂ of the coupled system evolves in
time according to the Master equation [112, 113]

˙̂ρ = − i

~
[ĤTC, ρ̂]−

i

~
[Ĥp, ρ̂] + κD[â]ρ̂+ γ

N∑
i=1

D[σ−
i ]ρ̂. (3.14)

Here, γ and κ denote the amplitude decay rates of the atomic excited state
and the cavity �eld, respectively, and the super-operators [114] D[ĉ] (for any
operator ĉ) act on the density matrix according to D[ĉ]ρ̂ = 2ĉρ̂ĉ† − ĉ†ĉρ̂ −
ρ̂ĉ†ĉ. The Tavis-Cummings Hamiltonian ĤTC = −~∆câ

†â−~∆a

∑
i σ̂

+
i σ̂

−
i +

~g
∑

i(σ̂
+
i â+σ̂

−
i â

†) is written in a frame which rotates at the probe frequency
ωp, with probe-cavity detuning∆c = ωp−ωc and probe-atom detuning∆a =

ωp−ωa. Coherently driving the cavity mode at amplitude rate η is described
by the probe term Ĥp = −i~η(â− â†). For notational simplicity, the pseudo-
spin operators σ̂+

i ≡ |e⟩ii⟨g|, σ̂−
i ≡ |g⟩ii⟨e| and σ̂z

i ≡ |e⟩ii⟨e| − |g⟩ii⟨g| for
atom i have been introduced.
According to the Master equation (3.14), the time evolution of the ex-

pectation values of the cavity �eld and the atomic dipoles is determined
by

⟨ ˙̂a⟩ = (i∆c − κ)⟨â⟩+ η − ig
∑
i

⟨σ̂−
i ⟩

⟨ ˙̂σ−
i ⟩ = (i∆a − γ)⟨σ̂−

i ⟩+ ig⟨σ̂z
i â⟩. (3.15)

In the weak-probe limit η ≪ κ the states with more than one excitation
present in the system can be neglected, which implies ⟨σ̂z

i â⟩ = −⟨â⟩ [113].
This allows to analytically solve equations (3.15) for the steady-state cavity
mean-�eld:

⟨â⟩ = η

(κ− i∆c) +Ng2/(γ − i∆a)
. (3.16)

Figure 3.1B shows the cavity transmission ∝ |⟨â⟩|2 in steady state, ac-
cording to Equation (3.16). The dressed cavity transmits light only close to
the eigenfrequencies of the coupled system (shown in Figure 3.1A). Namely,
in the absence of spontaneous emission, γ = 0, the �eld amplitude ⟨â⟩ takes
its local maxima along the lines ωp = E

(1)
± /~ (see Equation (3.3)). The
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3. CAVITY QED WITH A BOSE-EINSTEIN CONDENSATE

corresponding amount of transmission re�ects the probability to �nd the
excitation in the cavity �eld, which in the limit κ = γ = 0 is given by the
mixing factors in the dressed state expansion (Equation (3.2)).

3.5. Multilevel atoms coupled to a multi-mode cavity

To quantitatively describe the internal energy spectrum of 105 Rubidium
atoms coupled to the �eld of an optical Fabry-Perot cavity, we have to con-
sider several generalizations of the model system studied before, in order
to account for the atomic multilevel structure and the di�erent modes sup-
ported by the cavity.
In our experiments the collectively enhanced coupling strength between

condensate and cavity �eld is on the order of several GHz. Therefore, all
optical dipole transitions of the D2 line in 87Rb can potentially contribute
to the energy spectrum [114], and induce a coupling of the two principal
polarizations of the empty cavity �eld.
Furthermore, a spatially inhomogeneous atomic ensemble can signi�cantly

modify the spatial cavity mode structure. This corresponds to the fact that
excited atoms can emit light into di�erent empty cavity modes giving rise
to mode cross coupling. In principle, the new eigenmodes of the coupled
atoms-cavity system are obtained by solving the �eld equations, containing
the atomic polarizability as a source term. In our BEC-cavity system, the
transverse mode structure of the empty cavity gets signi�cantly a�ected
since the collective coupling is comparable to the transverse mode spacing.
This can be viewed as a variant of the superstrong coupling regime studied
in [115], where the atom-light coupling strength was considered to be on the
order of the free spectral range of the cavity.
In order to better understand how these di�erent e�ects in�uence the

BEC-cavity eigenspectrum, we consider in the following several extensions of
the Tavis-Cummings model separately. A model description of the measured
BEC-cavity spectrum which takes into account all e�ects mentioned above,
is summarized in Section 3.7.

3.5.1. Two atomic ground states

The energy spectrum of our BEC-cavity system crucially depends on the
initial population of the hyper�ne ground states in 87Rb. To demonstrate
this, we consider an atomic level structure with only two ground states1 |g1⟩

1In particular, we have in mind the |F = 1⟩ and the |F = 2⟩ state manifolds neglecting
their Zeeman sublevels.
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and |g2⟩, and a single excited state |e⟩. The two ground states are separated
by ∆12, and couple with strength g1 and g2 to the excited state (Figure 3.2).
The collective interaction between N of these three-level atoms and one

cavity mode is described by the generalized Tavis-Cummings Hamiltonian

Ĥ = ~ωcâ
†â+ ~∆12

N∑
i=1

|g2⟩ii⟨g2|+ ~ωa

N∑
i=1

|e⟩ii⟨e|

+ ~
N∑
i=1

(
g1|e⟩ii⟨g1|â+ g2|e⟩ii⟨g2|â+ h.c.

)
, (3.17)

where ωa denotes the transition frequency between |g1⟩ and |e⟩.
Initially the system is prepared in the ground state |g1 . . . g1; g2 . . . g2; 0⟩

with N1 (N2 = N −N1) atoms in state |g1⟩ (|g2⟩), respectively, and without
excitation in the cavity mode. Possible coherences between state |g1⟩ and
|g2⟩, which are present for example in spinor condensates [116], are not cap-
tured by this state description. However, it mimics incoherent spin mixtures
as we deal with in our experiments.
Weakly driving the cavity �eld populates the state |0⟩ = |g1 . . . g1; g2 . . . g2; 1⟩

which owing to the interaction Hamiltonian Ĥint (the last term in Equation
(3.17)) is coupled to the following two Dicke-type states

|1⟩ =
1√
N1

N1∑
i=1

|g1 . . . e
↑
i

. . . g1; g2 . . . g2; 0⟩

|2⟩ =
1√
N2

N2∑
i=1

|g1 . . . g1; g2 . . . e
↑
i

. . . g2; 0⟩. (3.18)

where the excitation is being taken either by a |g1⟩- or a |g2⟩-atom. The
coupling matrix elements between the states |c⟩ and |1⟩ (|2⟩) are given by
g1
√
N1 (g2

√
N2), respectively.

The interaction Hamiltonian couples the states |1⟩ and |2⟩ either back to
the state |c⟩, or to the two states

|0′⟩ =
1√
N1

N1∑
i=1

|g1 . . . g2
↑
i

. . . g1; g2 . . . g2; 1⟩

|0′′⟩ =
1√
N2

N2∑
i=1

|g1 . . . g1; g2 . . . g1
↑
i

. . . g2; 1⟩, (3.19)

where one atom was transferred from |g1⟩ to |g2⟩, or vice versa. Though
these transitions are o�-resonant, they can in principle contribute in terms
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Figure 3.2.: Eigenspectrum in the presence of a single excitation of
a generalized Tavis-Cummings model corresponding to the atomic level
scheme shown to the right. The dressed (bare) states are depicted by the
solid (dashed) lines. The incoherent state populations of the two ground
states |g1⟩ and |g2⟩ are given by N1 and N2 = 0.01N1, respectively.

of virtual photon processes to the �nal energy spectrum. However, since we
assume coherences between the two ground state populations to be negligi-
ble, the corresponding transition probabilities are not collectively enhanced.
This can be shown by calculating the corresponding transition matrix ele-
ments

⟨1|Hint/~|0′⟩ =

g2
N1

N∑
i

N1∑
j

N1∑
k

⟨g1 . . . e
↑
j

. . . g1; g2 . . . g2; 0|e⟩ii⟨g2|â|g1 . . . g2
↑
k

. . . g1; g2 . . . g2; 1⟩

= g2. (3.20)

In summary, we can restrict the calculation of the energy spectrum of
Hamiltonian (3.17) within the �rst excited state manifold to the bare states
basis |0⟩, |1⟩ and |2⟩.
Figure 3.2 shows the resulting energy spectrum for a relative state popu-

lation of N1 = 100N2. As for the case of N two-level atoms, the eigenstates
exhibit vacuum Rabi splittings which are proportional to the square root
of the atom number in the corresponding state. For a strong imbalance
between N1 and N2 the splitting of the minority component is � caused
by dispersive shift of the majority component � horizontally shifted with
respect to the crossing of the corresponding bare states (see Figure 3.2).
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3.5.2. Two orthogonally polarized cavity modes

Our high-�nesse cavity supports two linearly polarized TEM00 modes, la-
belled as horizontal (h) and vertical (v) polarized modes. The cavity bire-
fringence splits their resonance frequencies by about 1.7MHz. In general, the
two bare cavity modes get mixed by their coupling to the di�erent atomic
dipole transitions. Experimentally, we eliminate possible π-transitions by
applying a small magnetic �eld pointing along the cavity axis.
To illustrate the mixing of the two linear polarized bare cavity modes,

we consider a simpli�ed atomic level scheme consisting of a single ground
state and two degenerate excited states |e+⟩ and |e−⟩, that couple to the
ground state via σ+ and σ− transitions, respectively. The corresponding
Hamiltonian reads

Ĥ = ~
∑

p=h,v

ωp
c â

†
pâp + ~ωa

N∑
i=1

(
|e+⟩ii⟨e+|+ |e−⟩ii⟨e−|

)

+ ~
N∑
i=1

(
g+|e+⟩ii⟨g|(âh + iâv)/

√
2 + g−|e−⟩ii⟨g|(âh − iâv)/

√
2 + h.c.

)
(3.21)

with empty cavity frequencies ωh
c and ωv

c and coupling constants g±. Switch-
ing to �eld operators for circular polarized modes â± = (âh ± iâv)/

√
2, one

can rewrite this Hamiltonian as

Ĥ = Ĥ+ + Ĥ− + Ĥcouple (3.22)

with the two-level Tavis-Cummings systems

Ĥ± = ~ω̄c

∑
±

â†±â± + ~ωa

N∑
i=1

|e±⟩ii⟨e±|+ ~
N∑
i=1

(
g±|e±⟩ii⟨g|â± + h.c.

)
,

(3.23)
and a coupling term between the two circular polarized modes

Ĥcouple = ~δ(â†+â− + â†−â+). (3.24)

Here, the mean resonance frequency ω̄c = ωh+ωv

2
and the birefringence split-

ting δ = ωh−ωv

2
have been introduced. For a collective coupling strength

which by far exceeds the birefringence δ the mode coupling term can be
neglected. Therefore, the �nal energy spectrum is given by the superposi-
tion of two Tavis-Cummings spectra with di�erent vacuum Rabi splittings
corresponding to the di�erent coupling strengths g±.
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3.5.3. Higher-order transverse cavity modes

The large collective atom-�eld coupling present in our system causes a sig-
ni�cant coupling between the di�erent transverse cavity modes. In case of
non-degenerate cavity modes this coupling becomes visible in the energy
spectrum as long as the collective atom-light coupling strength is compara-
ble to the frequency di�erence between the cavity modes.

To be more quantitative, we generalize the Master equation approach in
Section 3.4, Equations (3.15), to the case of N two-level atoms and several
cavity modes with bare resonance frequencies ωk, k ≥ 0, and mode functions
ϕk(r). Eliminating the atomic polarizations ⟨ ˙̂σi⟩, the steady-state amplitude
of mode k is determined by [105, 117]

0 = (i∆k − κ)⟨âk⟩+ δk0η +
∑
l

gkgl
i∆a − γ

NOkl⟨âl⟩. (3.25)

Here, ∆k = ωp − ωk is the probe-cavity detuning for mode k, and the
Kronecker symbol δk0 takes into account that only the zero-order mode
(in the experiment the TEM00 mode) is driven with amplitude rate η.
The maximum coupling strengths between a single atom and the individ-

ual cavity modes are given by gk = d
~

√
~ωk

2ϵ0Vk
, and di�er mainly due to

the di�erent cavity mode volumes Vk. All atoms are assumed to occupy
the motional ground state ψ(r) which enters the mode overlap integrals
Okl =

∫
d3r|ψ(r)|2ϕ∗

k(r)ϕl(r).

The set of coupled equations (3.25) is equivalent to the classical �eld
equations, which describe a driven multi-mode cavity containing a polar-
izable medium with density distribution given by |ψ(r)|2 [118]. The cross
coupling between the bare cavity modes is determined by the o�-diagonal
overlap integrals Okl which � due to orthogonality of the modes ϕk � vanish
for the case of a uniform density distribution. In our experiments the mean
transverse size of the condensate is smaller than the cavity mode waist which
results in a signi�cant coupling of the di�erent transverse cavity modes.

In the following we take the detunings of the higher-order modes, k > 0,
from the zero-order mode, ωk −ω0, to be larger than the collective coupling
strength. To lowest order the presence of the higher-order cavity modes then
gives rise to an energy spectrum of the zero-order mode which is dispersively
shifted with respect to the bare atomic transition line. We solve the coupled
set of equations (3.25) in the limit |⟨âk⟩|2 ≪ |⟨â0⟩|2 for all k > 0, and obtain

⟨âk⟩ ≈
g0gk

(∆a − iγ)∆k
Ok0⟨â0⟩ ∀k > 0. (3.26)
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Inserting this result into Equation (3.25), the zero-order mode spectrum is
approximately described by the relation

0 = (i∆0 − κ)⟨â0⟩+ η − Ng20O00

i(∆a + δeff)− γ
⟨â0⟩ (3.27)

with an overall dispersive frequency shift given by δeff = N
O00

∑
k ̸=0

g2kO
2
0k

∆k
.

Correspondingly, the vacuum Rabi splitting of the zero-order mode is shifted
by δeff with respect to the bare atomic transition frequency (see Section 3.6).

3.6. Measurements

To experimentally investigate the internal excitation spectrum of the coupled
BEC-cavity system, we prepare almost pure condensates of up to 2.2× 105

atoms in a crossed-beam dipole trap with trapping frequencies (ωx, ωy, ωz) =

2π × (290, 43, 277)Hz, where x denotes the direction along the cavity axis.
The atoms are prepared in the |F = 1,mF = −1⟩ ground state with respect
to a small magnetic �eld of 0.1G oriented along (within 10%) the cavity
axis. The position of the optical trap is adjusted to optimize the overlap
between the atomic density and the TEM00 mode.
While probing the system, the intensity of the laser light which is used

to stabilize the empty cavity resonance2 is minimized in order to reduce the
e�ect of the corresponding lattice potential on the atoms. This is achieved
by operating the science cavity Pound-Drever-Hall lock on one of the side-
bands of the stabilization light whose phase is modulated at a frequency of
364MHz. This results in a one-dimensional lattice depth of 2.4Erec, with
the recoil energy de�ned by Erec = h2/(2mλ2). The chemical potential
µ = 1.8Erec of 2.2 × 105 trapped atoms is comparable to the depth of this
one-dimensional lattice, so that long-range phase coherence is well estab-
lished in the atomic gas. The 1/e-lifetime of the atoms in the combined trap
was measured to be 2.8 s.

3.6.1. Excitation spectrum in the weak-probe limit

To �nd the eigenenergies of the coupled BEC-cavity system for a single
excitation, we perform transmission spectroscopy using a weak probe laser
with frequency ωp. The probe beam is mode matched to the Gaussian
TEM00 mode pro�le of the empty cavity, and polarization matched to one
of the cavity's principal axis. The stabilized resonance frequency ωc of the

2The overall dispersive shift of the corresponding far-detuned cavity mode, caused by
the presence of the atoms, is below 1MHz.
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Figure 3.3.: Cavity transmission for the σ+ and σ− polarization com-
ponent. The probe laser frequency is scanned at a speed of 25MHz/ms
while the cavity detuning is �xed. The original transmission data,
recorded with a resolution of 0.4µs, is averaged over 2ms using a sliding
average. A single peak for each polarization can clearly be distinguished
from the background of about 60 dark counts per second.

(empty) TEM00 cavity mode is detuned by a variable frequency ∆ca =

ωc−ωa with respect to the frequency ωa of the |F = 1⟩ → |F ′ = 2⟩ transition
of the D2 line of 87Rb. The transmission of the probe laser through the
cavity is monitored as a function of its detuning ∆a = ωp − ωa (see Figure
3.3). The two circular polarization components of the transmitted light are
separated and detected with independent single-photon counting modules.
The overall detection e�ciency for an intracavity photon was determined to
be 5±1%. To probe the system in the weak excitation limit, the probe laser
intensity is adjusted such as to excite a coherent state with mean intracavity
photon number below the critical photon number n0 = γ2/(2g20) = 0.04.
With this the probability to �nd one photon in the cavity is more than
50 times larger than the probability to �nd two photons at once. From
individual recordings of the cavity transmission as shown in Figure 3.3 we
map out the low excitation spectrum of the coupled system as a function
of ∆ca (see Figure 3.4). After single scans across the coupled resonance
we do not detect a signi�cant in�uence on the BEC in absorption imaging
for large atom numbers. For small BECs on the order of 5000 atoms we
observe a loss of 50% of the atoms after resonant probing. The normal
mode splitting at ∆ca = 0 amounts to 7GHz for σ+ polarization, which
results in a collective cooperativity of C = Ng2/(2γκ) = 1.6 × 106. The
splitting for the σ− component is smaller, because the overall dipole matrix
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Figure 3.4.: Energy spectrum of the coupled BEC-cavity system. The
data points are measured detunings of resonances for σ+ (red) and σ−

(black) polarized light. Each data point is the average of three measure-
ments with an uncertainty of about 25MHz. Bare atomic resonances
are depicted by the dashed horizontal lines, whereas the empty cavity
resonance of the TEM00 mode is indicated by a dashed-dotted line. The
solid lines show the result of a theoretical model (see Section 3.7) which
takes into account all relevant dipole transitions and several higher-order
cavity modes. Free �t parameters are the atom numbers NF,mF

in the
|F = 1,mF = −1⟩ state and the Zeeman states in the |F = 2⟩ state
manifold, respectively, as well as a transverse shift r of the trap center
with respect to the cavity axis (for details see Section 3.7). Good agree-
ment with our data is found for N1,−1 = 157×103,

∑
k N2,k = 3.4×103

and r = 7µm. The level of gray indicates the cavity transmission. The
asymmetry in the splitting at ∆ca = 0 is caused by the in�uence of
higher-order transverse modes. Neglecting this in�uence the eigenen-
ergies shown by the dotted lines would be expected, where the free
parameters were adjusted to �t the spectrum for ∆a < 0.

element for transitions starting in state |F = 1,mF = −1⟩ driven by this
polarization is smaller than that for σ+ transitions.
A striking feature of the energy spectrum in Figure 3.4 is a second avoided

crossing at probe frequencies resonant with the bare atomic transitions |F =

2⟩ → |F ′ = 1, 2, 3⟩. It is caused by the presence of atoms in the |F = 2⟩
hyper�ne ground state (see Section 3.5.3). This avoided crossing is located
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at a cavity detuning where the eigenenergy branch of the BEC-cavity system
with no atoms in the |F = 2⟩ would intersect the energy lines of the atomic
transitions |F = 2⟩ → |F ′ = 1, 2, 3⟩. Accordingly the avoided crossing
is shifted by approximately Ng2/∆a = 2π × 1.8GHz with respect to the
intersection of the empty cavity resonance with the bare atomic transition
frequencies. From a theoretical analysis (see Section 3.7), we �nd the atom
number of the |F = 2⟩ minority component to be about 2% of the total
number of atoms.
Our near-planar cavity supports higher-order transverse modes equally

spaced by 18.5GHz, which is on the order of the collective coupling g
√
N

in our system. Due to atom-induced mode coupling (see Section 3.5.3) this
results in a clearly visible asymmetry of the energy spectrum with respect
to the bare atomic transition lines (see Figure 3.4).

3.6.2. Scaling with atom number

To test the square root dependence of the normal mode splitting on the
number of atoms in the BEC, a second measurement was conducted. We
set the cavity frequency to ∆ca = 0 and record the detuning |∆a| of the
lower coupled state from the bare atomic resonance |F = 1⟩ → |F ′ = 2⟩ as a
function of atom number, as displayed in Figure 3.5. The atom number was
varied between 2.5 × 103 and 200 × 103, determined from separately taken
absorption images with an estimated statistical error of ±10%; possible sys-
tematic shifts are not accounted for. Our data is well described by a square
root dependence, as expected from the Tavis-Cummings model. However,
for a weakly interacting BEC the size of the atomic cloud � and thus the
spatial overlap with the cavity mode � also depends on the atom number.
Taking this e�ect into account, as well as the in�uence of higher-order cavity
modes, results in a slightly better description of our data (Figure 3.5). It
yields maximum single-atom couplings of gσ+ = 2π × (14.4± 0.3)MHz and
gσ− = 2π×(11.3±0.2)MHz for the two polarization components. These val-
ues agree within our systematic uncertainties (dominated by atom number
determination) with the expected coupling strengths of gth.σ+ = 2π×14.1MHz

and gth.σ− = 2π×10.9MHz, which have been obtained by adding the coupling
strengths of the di�erent dipole transitions starting from |F = 1,mF = −1⟩
[92] in squares.

3.7. Quantitative modelling of the excitation spectrum

To quantitatively compare the measured energy spectrum with the one ex-
pected from theory, we take into account all optical dipole transitions within
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Figure 3.5.: Shift of the lower resonance of the coupled BEC-cavity
system from the bare atomic resonance. The cavity was locked at ∆ca =
0. σ+ and σ− polarizations are shown as red circles and black triangles,
respectively. Each data point is the average of three measurements. The
atom number was determined separately from absorption images with an
estimated error of ±10%; the vertical statistical error bars are too small
to be resolved. The solid lines are �ts of the square root dependence
on the atom number, as predicted by the Tavis-Cummings model. The
dashed lines correspond to a more detailed theoretical model (see text)
resulting in maximum coupling rates gσ+ = 2π × (14.4± 0.3)MHz and
gσ− = 2π × (11.3 ± 0.2)MHz. The ratio of the two coupling rates,
1.27± 0.03, agrees with the expected ratio of 1.29.

the D2 line which couple to the two linear polarizations of the empty cav-
ity �eld. We label the di�erent atomic states in the 52S1/2 ground and
the 52P3/2 excited state manifold by |F,mF ⟩ and |F ′,m′

F ⟩, respectively.
The transverse cavity modes are referenced by the double index k ≡ (x, y)

and the polarization index p, taking values h (horizontal) and v (vertical).
Generalizing Equations (3.25) to the case of several optical transitions we
arrive at the following set of coupled equations for the expectation values
αj,p ≡ ⟨âj,p⟩

α̇k,p = (i∆k − κ)αk,p + ηk,p −
∑
k′,q

∆k′,p′

k,p αk′,p′ . (3.28)
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Here, the total dispersive and absorptive e�ect of the atoms on the empty
cavity modes is given by

∆k′,p′

k,p =
∑

F,mF

NF,mF

∑
F ′,m′

F

g
F ′,m′

F
F,mF ,p

∗
g
F ′,m′

F
F,mF ,p′

γ − i∆F,F ′
Okk′

V0√
VkVk′

. (3.29)

It depends on the spatial overlap integral Okk′ =
∫
d3r|ψ(r)|2ϕ∗

k(r)ϕk′(r)

between atomic density distribution and cavity mode k and k′, where Vk

is the volume of mode k. g
F ′,m′

F
F,mF ,p denotes the maximum coupling strength

between the TEM00 mode with polarization p and the dipole transition
connecting the states |F,mF ⟩ and |F ′,m′

F ⟩ with transition frequency ωp −
∆F,F ′ . The number of atoms occupying the state |F,mF ⟩ is given by NF,mF .
Due to mode matching between the cavity probe beam and the fundamental
mode in our experiment all driving amplitudes ηk,p except the one with
k = (0, 0) and p = h can be set to zero. The higher-order cavity mode
detuning ∆(x,y) = ∆(0,0) − (x+ y)∆νT di�ers from the zero mode detuning
∆(0,0) by a multiple of the transverse mode spacing ∆νT.

In our trapping geometry the condensate extends along the cavity axis
over about 15 periods of the standing wave �eld intensity. We split the
overlap integrals Okk′ into a product of a longitudinal part which equals
approximately 1/2, and a pure transverse part Otr

kk′ . For a given trapping
geometry the transverse overlap integrals depend only on the total atom
number (which determines the condensate size) and the transverse position r
of the trap center with respect to the cavity axis. For modelling the measured
spectrum we include all transverse modes up to TEMxy with x + y = 4.
The in�uence of even higher transverse modes which are detuned by more
than 90GHz from the fundamental mode was numerically checked to be
minor. Good agreement with our data is achieved by introducing a slight
o�set between condensate and cavity axis of r = 7µm, which is on the
order of our trap alignment accuracy. This increases the coupling to the
closest detuned TEM(0,1) and TEM(1,0) modes, and is necessary to explain
the distinct asymmetry of the splitting around the transition frequencies
starting in |F = 1⟩ (see Figure 3.4).

Starting with the overlap matrix Otr
kk′ , we numerically solve the linear

system of equations (3.28) for steady state of α(0,0),h and α(0,0),v. The solid
curves in Figure 3.4 display the points where the intensity of the two circular
polarizations α(0,0),h ± iα(0,0),v are locally maximal.
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3.8. Summary

We presented a measurement of the internal excitation spectrum of a strongly
coupled BEC-cavity system. Our model description includes several optical
transitions as well as higher-order transverse cavity modes, and provides a
very good understanding of our measurements, con�rming the tremendous
control achieved in this novel system.
The coupling of a single matter-�eld mode to a single cavity mode opens

a route to new experiments. It facilitates the manipulation and study of sta-
tistical properties of quantum-degenerate matter-wave �elds by a quantized
optical �eld, or further the generation of entanglement between these two
�elds [105, 110]. The detection of single atoms falling through the cavity
has already been demonstrated with this setup, providing valuable insight
into the counting statistics of an atom laser [46]. In principle, the detection
of small impurity components embedded in a large BEC presented here can
also be extended to single atoms. This is an important step towards the
realization of schemes aiming at the cooling of qubits immersed in a large
BEC [119].
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4 Cavity optomechanics with a Bose-Einstein
condensate

In the remaining part of this thesis we study the dispersive coupling between
a trapped Bose-Einstein condensate and the optical �eld inside a high-�nesse
Fabry-Perot cavity. In contrast to the near-resonant case where the coupled
BEC-cavity system is dominated by the coherent exchange of excitations
between the atomic internal degrees of freedom and the cavity �eld (see
Chapter 3), here the system is governed by dipole forces and the atoms-
induced phase shift of the cavity �eld. Correspondingly, both atomic motion
and cavity �eld amplitude act as dynamical and mutually coupled degrees
of freedom.
In this chapter we show that the dispersive coupling between condensate

and cavity �eld can be described in the framework of cavity optomechanics.
A collective density excitation of the BEC, matching the cavity mode pro-
�le, serves as a mechanical oscillator which strongly couples to the cavity
�eld. After a brief introduction into cavity optomechanics, we present a
theoretical description of the coupled BEC-cavity system in the dispersive
limit. In a uniform and non-interacting limit the system is directly mapped
to a cavity optomechanical model system. The in�uence of atom-atom in-
teractions and the external trapping potential on the system's dynamics is
discussed. This chapter provides the reader with the necessary background
for understanding the experimental investigations, reported on in Chapters
5 to 7.

The main results of this chapter have been published in [120]: F. Bren-
necke*, S. Ritter*, T. Donner, and T. Esslinger. Cavity Optomechanics with
a Bose-Einstein condensate. Science 322, 235 (2008).
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4.1. A short introduction to cavity optomechanics

Light a�ects the motional degrees of freedom of a mechanical system through
radiation pressure, which is caused by the exchange of momentum between
light and matter. Besides the scattering force which results from momentum
transfer whenever light is re�ected at e.g. a mirror, spatial variations of the
light intensity give rise to the dipole force, which nowadays is routinely used
to trap atoms in optical dipole traps [56] and optical lattices [57, 121], or to
manipulate micro-sized particles with optical tweezers [53].
Radiation pressure sets an ultimate limit on the precision at which the

position of an object (e.g. a mirror) can be measured using light [61, 122].
In general, the tiny wavelength λ of optical �elds is uniquely suited to
measure distances with ultrahigh precision, as it is done in gravitational
wave detectors or in Fabry-Perot cavities with a demonstrated sensitivity of
10−19 m/

√
Hz [123]. Here, the purpose is to determine tiny changes in the

distance between the two end mirrors of a Fabry-Perot interferometer. This
can be achieved, for example, by detecting the phase shift which a resonant
laser beam experiences depending on the mirror distance. For a given rela-
tive displacement dX of the mirrors this phase shift dφ is enhanced by the
cavity �nesse F , which determines the number of photon round trips in the
cavity (see Figure 4.1B).
As was noted already in the 1980s by V.B. Braginsky [124], the radiation-

pressure induced back-action of light on the motion of the cavity mirrors
sets an ultimate limit on the precision of gravitational wave detectors. The
optimum sensitivity is reached at the so called standard quantum limit [70]
(SQL) which is a direct consequence of the Heisenberg principle. The SQL
represents a tradeo� between two sources of imprecision: 1. shot noise at the
detector used for measuring the phase shift in the light �eld, and 2. quantum
back-action which causes mirror-displacement noise due to random momen-
tum kicks of re�ected photons. In principle, the e�ect of the former, to
lower the signal-to-noise ratio, can be arbitrarily reduced by using more
light power. However, this inevitably increases the noise arising from quan-
tum back-action. This results in an optimum operation point where both
noise sources contribute equally to the overall measurement imprecision.
The generic cavity optomechanical model system [60], depicted in Figure

4.1A, consists of a Fabry-Perot cavity with one �xed and one harmonically
bound mirror. The coupling between the mechanical motion and the cavity
light �eld arises from the radiation pressure force acting on the mirror, and
the dependence of the cavity resonance frequency on the mirror displace-
ment. Experimental realizations of this model system range from �bre-
suspended macroscopic mirrors [66], mirror coated AFM-cantilevers [125],
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Figure 4.1.: Cavity optomechanical model system. (A) A Fabry-Perot
cavity with one �xed and one harmonically bound mirror realizes an op-
tomechanical coupling between the cavity light �eld and the mechanical
mirror motion. Intracavity photons impinging on the movable mirror
exert a radiation pressure force which sets the mirror into motion. The
resulting change of the cavity length provides a feedback onto the cavity
�eld. The intrinsically nonlinear coupling gives rise to phenomena like
optical bistability and dynamical backaction, which can be used to am-
plify and cool the mechanical motion. (B) Principle of ultra-sensitive
position measurement. Laser light which is tuned in resonance with
the Fabry-Perot cavity experiences a phase-shift dφ caused by the mir-
ror displacement dX which can be detected on the re�ected light. The
conversion of mechanical displacement to phase modulations of the light
�eld is enhanced by the �nesse F of the cavity which measures the num-
ber of round trips (F/π) a photon undergoes before leaving the cavity.

micro morrors [64, 65], microtoroidal cavities [126], harmonically suspended
SiN3 membranes [67], down to nano-sized beams coupled to coplanar wave-
guides [127, 128]. The corresponding mechanical oscillator masses range
from kilograms to picograms, and the oscillation frequencies from tens of
megahertz down to the hertz level. Yet, the underlying physics of all these
systems basically is described by the same model system.
The broad interest in optomechanical systems originates from their rich

dynamics caused by the mutual coupling between the light �eld and the
mechanical motion. In the limit where the light �eld adiabatically follows
the mechanical motion, the system e�ectively behaves like a cavity with
�xed mirrors containing a nonlinear optical medium. This gives rise to a
mechanical kind of optical bistability, which experimentally was observed
for the �rst time in [129]. At the same time, the radiation pressure force
a�ects the frequency of small mechanical oscillations around the steady-
state displacement. In the literature this e�ect is referred to as the �optical
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4. CAVITY OPTOMECHANICS WITH A BOSE-EINSTEIN CONDENSATE

spring e�ect�, observed for the �rst time in [130]. Retardation e�ects start
to play a dominant role once the lifetime of intracavity photons is com-
parable to or larger than the mechanical oscillator period. The radiation
pressure force then contains a signi�cant component in quadrature with the
mechanical motion. The resulting friction force allows to cool or amplify
the mirror motion in close analogy to atomic laser cooling [131]. Experi-
mentally, radiation pressure cooling, originally proposed by Braginsky, was
observed in recent years in various di�erent optomechanical systems, rang-
ing from kilogram-scale mirrors down to nano-scale mechanical oscillators
[132, 63, 64, 65, 66, 67]. A major goal of these experiments is to reach the
quantum regime of cavity optomechanics, where the mechanical oscillator is
prepared in its quantum mechanical ground state. This would open up the
avenue to observe quantum phenomena of macroscopic objects, and to inves-
tigate the border between classical and quantum physics [32, 70, 133, 134].

Before we return to our BEC-cavity system, we shortly review the Hamil-
tonian description of a generic cavity optomechanical model system, as de-
picted in Figure 4.1A. To this end, we identify how the cavity resonance
frequency ωc(X) changes as a function of the mirror displacement X, con-
sidered to be small compared to the cavity length L. Denoting the bare
cavity frequency by ωc ≡ ωc(0), a linear expansion of the cavity resonance
frequency in the mirror displacement results in

ωc(X) = ωc
L

L+X
≈ ωc(1−

X

L
). (4.1)

The corresponding quantum mechanical system is described by the Hamil-
tonian

Ĥ = ~ωmĉ
†ĉ+ ~(ωc −GX̂)â†â+ Ĥin (4.2)

where ĉ denotes the annihilation operator for the mechanical oscillator mode
with frequency ωm, and â that for the cavity mode. External driving of the
cavity mode is taken into account by the term Ĥin.

The optomechanical coupling between the cavity �eld and the mechanical
oscillator is captured by the term −~GX̂â†â, with the cavity optomechanical
coupling constant G = ωc

L
. Depending on the point of view, this term

quanti�es the change in the cavity resonance frequency as a function of the
mirror displacement, or the radiation pressure force acting with a strength
of ~G per cavity photon on the mirror. This relates to the fact, mentioned
before, that radiation pressure e�ects are inevitably linked to the sensitivity
at which mirror displacements can be observed via the cavity �eld.
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4.2. Dispersive coupling between a BEC and a cavity field

The forces exerted by laser light on atoms have been used extensively in
atomic physics since the invention of laser cooling in 1975 [54]. In the dis-
persive limit, where the laser frequency is far detuned from any atomic
dipole transition, the interaction between the light-induced atomic dipole
and the electric �eld results in the optical dipole force. This conservative
force is commonly used to trap and manipulate cold and ultracold atoms in
various light beam geometries. In contrast to the free space situation, the
dipole forces inside a high-�nesse cavity are accompanied by a signi�cant
phase shift which is imprinted on the cavity �eld by the induced atomic
dipoles. The incidence of dipole forces and the atomic retroaction on the
light �eld originate from a common interaction term, which is at the heart
of the BEC-cavity dynamics in the dispersive regime.

4.2.1. Dispersive atom-light interaction

Before we describe the dispersive coupling between BEC and cavity �eld, we
�rst consider the case of a single two-level atom moving within the �eld of an
optical cavity. In general, this situation is captured by the Jaynes-Cummings
model [101, 106] (see also Chapter 3). In the dispersive limit, where the cav-
ity resonance frequency is far detuned from the atomic transition frequency,
the atomic excited state population is very small and spontaneous emis-
sion can be neglected. Correspondingly, the fast internal state dynamics
can be adiabatically eliminated from the equations of motion, resulting in
an e�ective Hamiltonian which describes the purely dispersive atom-light
interaction [135, 136].

For this to be a valid approximation, the atomic saturation parameter
s = g20n̄/(∆

2
a + γ2) has to be much smaller than one. Here, g0 denotes the

atom-photon coupling strength, γ the atomic spontaneous emission rate,
and n̄ the mean intracavity photon number. The cavity �eld is considered
to be driven by a probe laser at frequency ωp, which also is far detuned
from the atomic transition frequency ωa by ∆a = ωp − ωa. Typically, we
work at a probe-atom detuning of ∆a > 2π × 30GHz ∼ 104γ, and with
a mean intracavity photon number on the order of one. This results in a
saturation parameter of about s ∼ 2 · 10−7. For an atom number of 105,
this corresponds to an overall spontaneous emission rate of N

2
γs (see also

Equation (3.16)), which is about 40 times less than the cavity decay rate κ.
Correspondingly, we will neglect the e�ect of atomic spontaneous emission
in the following.
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Figure 4.2.: Simpli�ed energy diagram of the coupled BEC-cavity sys-
tem. We work in the dispersive regime where the probe laser frequency
ωp is far detuned from the atomic transition frequency ωa. The collec-
tive coupling between the atomic ensemble and the cavity mode leads
to dressed states (solid). In the dispersive regime their energy is shifted
with respect to the bare state energies (dashed) by an amount which is
given by the light shift of a single atom ḡ2/∆a times the atom number
N . Here, the e�ective single atom coupling constant involves the overlap
integral between the atomic density distribution and the cavity mode.
Correspondingly, the atoms are subject to a dynamic lattice potential
whose depth depends non-locally on the atomic density distribution.

In a frame rotating at the pump laser frequency ωp, the e�ective Hamil-
tonian describing the dispersive interaction between atom and light reads
[135]

Ĥ1 = Ĥa + Ĥc + Ĥa−c (4.3)

with

Ĥa =
p̂2

2m
+ Vext(r) (4.4)

Ĥc = −~∆câ
†â− i~η(â− â†) (4.5)

Ĥa−c = ~U0|ϕ(r)|2â†â. (4.6)

The term Ĥa describes atomic motion in the external trapping potential
Vext, which experimentally is provided by a crossed beam dipole trap. The
bare energy of the cavity �eld is accounted for by the �rst term in Ĥc, with
the photon creation operator â† and the pump-cavity detuning∆c = ωp−ωc.
The coherent driving of the cavity �eld at amplitude η by an external probe
laser �eld is described by the second term in Ĥc.
The dispersive interaction term Ĥa−c acts twofold: For the atom it rep-

resents an optical potential whose spatial dependence is determined by the
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standing-wave cavity mode function ϕ(r), and whose potential depth is pro-
portional to the number of cavity photons. Physically, this potential origi-
nates from the spatially dependent light shift experienced by the atom in the
far detuned cavity �eld. From the light �eld point of view, the atom induces
a position-dependent phase shift on the cavity �eld. For the atom sitting at
an antinode of the cavity �eld, this results in a frequency shift of the empty

cavity resonance given by U0 =
g20
∆a

. Correspondingly, the atom moves in a
dynamic lattice potential [135] whose depth depends on the atomic position.

4.2.2. The many-body system

In a many-body description the dispersive interaction of an ensemble of
bosonic atoms with the cavity mode can be described by the Hamiltonian
[137]

Ĥ =

∫
Ψ̂†(r)

(
Ĥa + Ĥa−c

)
Ψ̂(r)d3r + Ĥc + u

∫
Ψ̂†(r)Ψ̂†(r)Ψ̂(r)Ψ̂(r)d3r.

(4.7)
Here, the atomic �eld operators Ψ̂ and Ψ̂† obey the usual bosonic commu-
tation relations. The atom-atom interaction via s-wave scattering is taken
into account by the last term, with the interaction constant u = 4π~2a

m
and

the scattering length a.
If the atomic ensemble is cooled below the critical temperature where

Bose-Einstein condensation sets in, a single quantum state starts to get
macroscopically populated. Within a mean-�eld picture, this is the ground
state of the e�ective potential formed by the external trapping potential and
the mean-�eld potential caused by the repulsive atom-atom interactions.
This situation provides ultimate control over the atomic motion, and serves
as an ideal starting point to study the dispersive interaction between atoms
and the cavity light �eld.

4.3. Uniform limit and equivalence to cavity optomechanics

In order to get an intuitive understanding of the condensate motion in the
dynamic cavity lattice potential, we will focus in this section on a one-
dimensional situation with uniform condensate density along the cavity axis.
This simpli�cation is motivated by the fact that in our experimental realiza-
tion the condensate extends along the cavity axis over more than 15 periods
of the cavity lattice potential. In this limit the system can be mapped di-
rectly onto a cavity optomechanical model system which was introduced in
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Section 4.1. This analogy provides us with qualitative and intuitive interpre-
tations of our experimental observations, and allows to compare the system
to other cavity optomechanical systems.

4.3.1. The two-mode model

The limit of a uniform one-dimensional condensate without atom-atom in-
teractions is describe by the simpli�ed Hamiltonian

Ĥ =

∫ L

0

Ψ̂†(x)
(
− ~2

2m

d2

dx2
+~U0 cos

2(kx)â†â
)
Ψ̂(x)dx−~∆aâ

†â−i~η(â−â†)

(4.8)
with L ≡ π/k and cavity �eld wave number k. Initially, all atoms are pre-
pared in the zero-momentum state |p = 0⟩. Probe light entering the cavity
gives rise to a periodic lattice potential at which condensate atoms are scat-
tered into a discrete set of higher momentum modes |p = ±2n~k⟩, n ∈ N.
This corresponds to virtual photon absorption and emission processes by
the atoms. For moderate lattice depths, only a small percentage of atoms is
transferred out of the zero-momentum state, predominantly into the sym-
metric superposition of the states |p = ±2~k⟩. Correspondingly, we expand
the atomic �eld operator in the linear space spanned by the motional modes
ψ0(x) =

√
1/L and ψ2(x) =

√
2/L cos(2kx),

Ψ̂ = ĉ0ψ0 + ĉ2ψ2, (4.9)

with mode creation operators ĉ†0 and ĉ†2, obeying ĉ
†
0ĉ0 + ĉ†2ĉ2 = N .

After inserting ansatz (4.9) into Hamiltonian (4.8), we �nd the interaction
term to be given by

~U0/
√
8(ĉ†0ĉ2 + ĉ0ĉ

†
2)â

†â. (4.10)

We now introduce collective ladder operators ĉ† = ĉ0ĉ
†
2/
√
N and ĉ = ĉ2ĉ

†
0/
√
N ,

which obey the commutation relation [ĉ, ĉ†] = 1 − 2ĉ2ĉ
†
2/N . In case where

most of the atoms remain in the ground state ĉ†2ĉ2 ≪ N , the collective (spin)
operators ĉ and ĉ† approximately describe a harmonic oscillator mode which
couples via the 'displacement' operator1 X̂ = (ĉ+ ĉ†)/

√
2 to the cavity �eld.

With these de�nitions, the Hamiltonian (4.8) simpli�es to

Ĥ = 4~ωrecĉ
†ĉ− ~(∆̃c −GX̂)â†â− i~η(â− â†), (4.11)

with the e�ective detuning ∆̃c = ∆c− 1
2
U0N and the recoil frequency ωrec =

~k2

2m
.

1Here, the displacement X is de�ned in units of the harmonic oscillator length.
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Figure 4.3.: (A) Cavity optomechanical model system. A mechani-
cal oscillator, here one of the cavity mirrors, is coupled via radiation
pressure to the �eld of the cavity whose length depends on the oscilla-
tor displacement. (B) Coupling a Bose-Einstein condensate dispersively
to the �eld of an optical high-�nesse cavity constitutes an equivalent
optomechanical system. Here, a collective density excitation of the con-
densate acts as the mechanical oscillator which couples via the dipole
force to the cavity �eld. Feedback on the cavity resonance frequency
is accomplished by the refractive index of the atomic density distribu-
tion within the spatially periodic cavity mode structure. In contrast
to opto-mechanical systems presented so far this mechanical oscillator
is not based on the presence of an external harmonic potential (e.g. a
spring). It is rather provided by kinetic evolution of the condensate den-
sity excitation. (C) Matter-wave dynamics in momentum space. Atoms
initially prepared in the zero-momentum state are partially scattered o�
the cavity lattice potential into the higher momentum states |p = ±2~k⟩.
Due to matter-wave interference with the remaining macroscopic zero-
momentum component the relative phase evolution results in collective
density oscillations.

From Equation (4.11) we infer about a direct analogy between the coupled
condensate-cavity system in the uniform limit and the cavity optomechan-
ical model system introduced in Section 4.1. The role of the mechanical
oscillator is played by a collective density oscillation mode of the conden-
sate, which couples to the cavity �eld with optomechanical coupling constant
G = U0

√
N/2. The mechanical oscillation frequency, 4ωrec, is determined

by the relative phase evolution of the two mode operators ĉ0 and ĉ2.

4.3.2. Mean-field description

Intuitively, the equivalence to cavity optomechanics can be understood within
a mean-�eld picture, describing the atomic sample by a single macroscopic
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4. CAVITY OPTOMECHANICS WITH A BOSE-EINSTEIN CONDENSATE

wave function ψ normalized to one (see Figure 4.3). For moderate cavity
lattice potential the condensate wave function is given by the coherent su-
perposition ψ(x, 0) ∝ ψ0(x) + ϵψ2(x), with |ϵ|2 ≪ 1. The resulting atomic
density distribution forms � due to matter-wave interference � a standing
wave pattern which oscillates in time at 4ωrec, owing to the energy di�erence
of the two matter �eld modes ψ0 and ψ2,

|ψ(x, t)|2 ∝ 1 + 2
√
2ϵ cos(4ωrect) cos(2kx) +O(ϵ2). (4.12)

This density oscillation periodically modulates the spatial overlap integral
between matter �eld and cavity �eld according to

O(t) ≡ ⟨ψ(x, t)| cos2(kx)|ψ(x, t)⟩ = 1

2
+

√
2

2
ϵ cos(4ωrect). (4.13)

Therefore, the condensate acts like a wavelike refractive index medium which
periodically modulates the cavity resonance frequency ωc + U0NO(t), sim-
ilar to a harmonically oscillating cavity mirror a�ecting the physical cavity
length (see Figure 4.3).

4.3.3. Equations of motion

The coupled condensate-cavity dynamics is captured by the two mutually
coupled equations of motion

¨̂
X + (4ωrec)

2X̂ = −4ωrecGâ
†â (4.14)

i ˙̂a = −(∆̃c −GX̂ + iκ)â+ iη, (4.15)

obtained from Hamiltonian (4.11), and including the cavity �eld decay with
rate κ. The �rst equation describes the motion of the mechanical oscillator
driven by the radiation pressure force, being proportional to the cavity pho-
ton number. The second equation governs the evolution of the cavity �eld
whose resonance frequency depends linearly on the oscillator's displacement
X̂.
The atomic mean-�eld description, considered before, corresponds to re-

placing the displacement operator X̂ by its classical analog X. It measures
the deviation of the spatial overlap integral between matter �eld and cavity
�eld from its mean value, corresponding to a �at atomic density distribu-
tion. In the following, we will describe the cavity �eld by the coherent
state variable α. This simpli�cation can be justi�ed by the huge di�erence
in timescales governing cavity decay and atomic motion (see Section 5.3).
Thus, we will henceforth replace the photon operator â in the equations of
motion by the classical variable α.
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4.3.4. Cavity quantum optomechanics in the strong coupling regime

The dispersively coupled condensate-cavity system features distinctive prop-
erties which point into a so far unexplored regime of cavity optomechanics.
Using the collective motion of ultracold atoms as a mechanical degree of
freedom, o�ers direct access to the quantum regime where the harmonic
oscillator is prepared in its quantum mechanical ground state. We have
estimated the expectation value for thermal excitations in this mode to be
below 0.01 for a realistic condensate fraction of 90% (see Section 4.4.4). The
ultimate control in preparing our mechanical oscillator serves as an ideal
starting point to explore the motion of an atomic ensemble at the quantum
limit.

A second property which makes our system very di�erent as compared
to previous cavity optomechanical realizations is related to the coupling
strength between the mechanical motion and the cavity �eld. Typically, the
radiation pressure forces of single photons exerted onto a macroscopic object
(like e.g. a micro-sized cantilever) are tiny, even if enhanced by many thou-
sand roundtrips inside the cavity. Realizing an optomechanical system at
the atomic scale, allows us to reach a novel regime of cavity optomechanics,
where the e�ect of single cavity photons on the collective atomic motion be-
comes relevant. Quantitatively, this can be characterized by the �quantum
parameter� ζ = G/κ [138], sometimes also referred to as the �granularity
parameter� [45]. It measures the coupling strength between quantum �uc-
tuations of the collective atomic motion and of the cavity light �eld.

Strong optomechanical coupling is characterized by a quantum parameter
on the order of one. Here, a mechanical displacement of ∆X = 1 (in units of
the harmonic oscillator length) induces a shift of the cavity resonance by κ,
which in principle could be detected on the transmitted or re�ected probe
light �eld. On the other hand, a single cavity photon with a mean life time of
1
2κ

imparts an impulse of 4ωrecG
2κ

on the oscillator, displacing it by X = ζ/2.
Correspondingly, mechanical and optical quantum �uctuations couple in a
non-trivial way for ζ & 1, while in the non-granular regime, ζ ≪ 1, they
can be considered as independent. The dependence of the optomechanical
coupling strength G on the probe-atom detuning ∆a provides tunability of
the quantum parameter over a wide range. This could be used to perform
studies on cavity optomechanics both in a classical and quantum regime.
Experimentally, the strong coupling regime ζ = 1 is reached in our system
with a detuning of∆a = 2π×24GHz and a typical atom number ofN = 105.
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4.4. Beyond the uniform two-mode model

The equivalence to cavity optomechanics shown above provides us with a
simple and intuitive understanding of the coupled BEC-cavity system. In
this section we discuss the in�uence of atom-atom interactions and the ex-
ternal trapping potential onto the dynamics of the system.

4.4.1. Atom-atom interactions

The elementary excitation spectrum of a weakly interacting uniform Bose
gas close to T = 0 is described within the Bogoliubov theory [139]. By in-
troducing quasi-particle operators de�ned as linear combinations of the free
particle operators for momenta ±p the corresponding many-body Hamilto-
nian

Ĥ =

∫
Ψ̂†(r)

(
− ~2∇2

2m
+ uΨ̂†(r)Ψ̂(r)

)
Ψ̂(r)d3r (4.16)

including atom-atom interactions can be diagonalized after separating the
condensate part [111]. Correspondingly, the lowest excitations of a weakly
interacting Bose gas are described in terms of non-interacting quasi-particles,
which obey the Bogoliubov dispersion law

ϵ(p) =

√
c2p2 +

( p2

2m

)2

. (4.17)

Here, c =
√
un/m denotes the sound velocity in the Bose gas with mean

particle density n.
Depending on their momentum p = |p|, one distinguishes between phonon-

like and particle-like excitations (see Figure 4.4). For small momenta, p ≪
mc, the dispersion relation is linear, ϵ(p) = cp, and the elementary excita-
tions behave like sound waves. In the opposite limit, p≫ mc, the dispersion
relation follows ϵ(p) = p2/2m + un, corresponding to particle-like excita-
tions. The energy o�set with respect to the free-particle dispersion law
equals the chemical potential, µ = nu, and re�ects the fact that atoms mov-
ing at large momenta feel twice the mean-�eld energy of those at rest, due
to the exchange term in the interatomic potential [140]. Taking into account
the inhomogeneity of a trapped Bose condensate, one �nds the mean-�eld
shift for particle-like excitations to be approximately given by 4

7
un0, where

n0 denotes the peak density.
With a peak density of ∼ 3 × 1014 cm−3 in our experiment, we deduce

in the trap center a sound velocity of c ∼ 3mm/s, corresponding to a heal-
ing length of ξ = ~√

2mc
∼ 160 nm [111]. The sound velocity being four

times smaller than the velocity of atoms recoiling at two-photon momenta
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v = 2~k
m

∼ 12mm/s, justi�es to treat excitations at p = ±2~k as particle-
like. Accordingly, the atom-atom interactions give rise to an increase of the
bare mechanical oscillation frequency, 4ωrec, by an amount of 4µ

7~ , with the
chemical potential, µ/~ ∼ 2π × 2.4 kHz, calculated in the Thomas-Fermi
limit.
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Figure 4.4.: Bogoliubov dispersion of elementary excitations (solid
line) and free-particle dispersion law (dotted line). The transition be-
tween the phonon regime and the particle regime is indicated by the
vertical dashed line located at momentum ~/ξ, with the healing length
ξ.

4.4.2. Harmonic confinement along the cavity axis

The uniform two-mode model (Section 4.3) predicts the condensate to per-
form density oscillations at a timescale which is set by the two-photon recoil
frequency 4ωrec = 2π × 15.1 kHz. For a harmonically trapped condensate,
one expects an additional superimposed dynamics along the cavity axis, oc-
curring at a timescale which is given by the corresponding trapping frequency
ωx. Namely, scattered atoms with momentum p = ±2~k get re�ected at the
external trapping potential which results in a collapse and revival behavior
of atomic density oscillations.
To study this in more detail, we numerically simulate the free mean-�eld

dynamics of a trapped Bose condensate, described by the time-dependent
1D Gross-Pitaevskii equation [111]

i~ ∂
∂t
ψ(x, t) =

(
− ~2

2m

∂2

∂x2
+ Vext(x) + u1D|ψ(x)|2

)
ψ(x). (4.18)
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Here, the condensate wave function ψ is considered to be normalized to
the total atom number N , and the e�ective atom-atom interaction constant
u1D is determined by the chemical potential in the corresponding three-
dimensional trapping potential [141]. The external trapping potential along
the cavity axis is given by Vext = 1

2
mω2

xx
2, with m denoting the atomic

mass.
To determine the time evolution of free density oscillations of a trapped

condensate, we �rst numerically solve the Gross-Pitaevskii equation (4.18)
in imaginary time in order to obtain the ground state wave function ψ0.
Subsequently, density oscillations at wave vector 2k are excited by multiply-
ing this ground state with the phase factor exp(iK cos2(kx)) with K = 0.3,
corresponding to a transfer of ∼ 2% of the total number of atoms into the

0 1 2 3 4 5

-2

0

2

p
/h

k

0 1 2 3 4 5 6

.45

.50

.55

time (ms)

o
v
e

rl
a

p

0

1

0 1 2 3 4 5

N
2
(a

.u
.)

A

B

C

6

6

Figure 4.5.: Matter-wave dynamics induced by the trapping poten-
tial along the cavity axis. (A) Shown is a series of absorption images
(obtained from single shots) revealing dipole oscillations of the higher-
momentum wave packets in the external dipole trapping potential (see
text). The time axis indicates the holding time in the dipole trap after
a fraction of atoms was transferred into the higher momentum states
|p = ±2~kt⟩ at t = 0. The time interval between adjacent images is
125µs. The dashed lines are sinusoidal curves with an oscillation fre-
quency of 200Hz (close to the trapping frequency ωx) and an oscillation
amplitude, corresponding to the distance which atoms with momentum
p = ±2~kt travel within the free expansion time of 4.5ms. (B) The
number N2 of atoms at momentum p = ±2~kt was extracted from the
absorption images in A, and serves as a measure for the modulation
amplitude of the condensate density at wave vector 2kt. Qualitatively,
this agrees with a numerical simulation of free oscillations of the spatial
overlap between atomic density and cavity intensity pro�le, as shown in
graph C (see text).
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recoiling mode ψ0(x) cos(2kx). Finally, the time evolution of this state is
calculated according to (4.18). Figure 4.5C shows the resulting time depen-
dence of the per-atom mode overlap ⟨ψ(x, t)| cos2(kx)|ψ(x, t)⟩/N . The fast
density modulations at frequency 4ωrec originating from matter-wave inter-
ference are clearly visible. However, in contrast to the uniform situation
we �nd a superimposed amplitude modulation at half the trapping period
2π/2ωx = 2.5ms. This is caused by dipole oscillations performed by the
recoiling matter-wave packets within the harmonic trapping potential.
Experimentally, we observed such dynamics by �ashing on a far-detuned

laser beam at λt = 830 nm for 100µs. The laser frequency was stabilized
to a certain TEM00 mode of the cavity by means of a Pound-Drever-Hall
lock. This generates out of the initial condensate two matter-wave packets
with momentum p = ±2~kt, where kt = 2π/λt. After holding the atoms for
a certain time in the harmonic trapping potential, we suddenly switch o�
the trap and image the atoms after a free expansion time of 4.5ms, getting
directly access to the initial momentum distribution of the atomic sample
(see Figure 4.5A). We observe clear dipole oscillations of the wave packets
in momentum space at the external trapping frequency ωx, corresponding
to collapses and revivals of atomic density oscillations at wave vector ±2k

(Figure 4.5B). In addition, we observe a spreading of the higher-momentum
wave packets at a timescale of about 10ms, probably caused by the presence
of atom-atom interactions. This puts severe limits on the quality factor of
our mechanical oscillator.

4.4.3. Transverse degrees of freedom

Until now we restricted our considerations to the light forces pointing along
the cavity axis. This was justi�ed by the fact that the maximum force
acting along the transverse directions of the Gaussian TEM00 cavity mode
pro�le is about 300 times smaller than the maximum force pointing along
the cavity axis. Therefore, for moderate intracavity photon numbers we can
treat the transverse atomic degrees of freedom as to be una�ected by the
cavity probe light. For larger probe strength, however, the atoms start to
experience a signi�cant change in their transverse trapping potential, which
induces a superimposed dynamics along the directions perpendicular to the
cavity axis.
Concerning our particular experimental situation, such dynamics �rst be-

comes relevant along the weakest con�ning transverse direction, where the
external trapping frequency is about 40Hz. For blue-detuned probe light
the atoms are pushed out of the cavity interaction region which results in a
decrease of the matter-light overlap.
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4.4.4. Ground state preparation of the mechanical oscillator

To estimate the number of thermal excitations in the mechanical oscillator
mode, we calculate the broadening of the operator û =

∫
dx cos2(kx)Ψ̂†(x)Ψ̂(x)

caused by thermal depletion of the condensate, and compare the result with
the zero-point �uctuations of û. We restrict the discussion to the direction
along the cavity axis since only density �uctuations along this axis con-
tribute. The atomic annihilation operator Ψ̂(x) is split into a condensate
part and a thermal part

Ψ̂(x) = ψ0(x)
√
N0 +

∑
i̸=0

ψi(x)âi.

Here ψ0 denotes the condensate wave function obtained in the Thomas-
Fermi approximation forN0 condensed atoms, and ψi the harmonic oscillator
eigenfunctions in the external trapping potential. For simplicity we neglect
the e�ect of atom-atom interactions on the thermal atoms. We evaluate the
variance of û in a thermal state at temperature T where the uncondensed
atoms NT = N −N0 are distributed over the excited state levels according
to a Bose distribution with chemical potential µ = 0. The total number
of atoms N is kept �xed and the condensate fraction is given by N0/N =

1 − (T/Tc)
3, with the critical temperature Tc calculated using the external

trapping frequencies. Apart from trivial autocorrelations, we �nd for the
variance of û

∆u2 ≡ ⟨û2⟩ − ⟨û⟩2 = 2N0

∑
i̸=0

M2
0i⟨â†i âi⟩+

∑
i,j ̸=0

M2
ij⟨â†i âi⟩⟨â

†
j âj⟩, (4.19)

with the matrix elements Mij = 0.5⟨ψi| cos(2kx)|ψj⟩. The �rst term on
the right hand side of Equation (4.19) originates from interference between
thermal atoms and the condensate. For NT < N0 this contribution by far
exceeds the second term which corresponds to purely thermal density �uctu-
ations at wave vector 2k. Comparing ∆u2 with the zero-point �uctuations of
the overlap ⟨0|(û−N/2)2|0⟩ = N/8 at T = 0, provides us with an estimation

of the average number nT = 8∆u2

N
of thermal excitations in the mechanical

oscillator mode. Numerically we �nd a thermal occupation nT below 0.01
for a condensate fraction of 90%.

4.4.5. Atomic multilevel structure

The multilevel structure of 87Rb atoms, and the polarization of the cavity
�eld require a description which goes beyond the simple two-level approxi-
mation assumed in Section 4.2. As for the experiments described in Chapter
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Figure 4.6.: Energy spectrum of 87Rb atoms for the D2 transition line.
The arrows indicate possible σ± transitions starting from the initially
prepared spin state |F = 1,mF = −1⟩. The magnetic Zeeman splitting
is not shown.

3, we prepare a spin polarized condensate in the |F = 1,mF = −1⟩ hyper�ne
state, and suppress π transitions by applying a small magnetic �eld of about
0.1G along the cavity axis. Taking into account all possible transitions for
circular polarized cavity photons (see Figure 4.6), we �nd single-atom cou-
pling constants of g+ = 2π × 14.1MHz for σ+ polarized photons, and of
g− = 2π × 10.9MHz for σ− polarized photons. In order to excite a single
polarization component only, we either probe the cavity �eld with a one
particular circular polarization, or make use of the fact that the two dressed
cavity resonances for σ± transitions are separated by N(g2+ − g2−)/2∆a ≫ κ

(see Section 3.6).

4.5. Summary

A novel and intuitive description of the dispersively coupled, uniform BEC-
cavity system was established in terms of cavity optomechanics. Density os-
cillations of the condensate are excited by the cavity-induced dipole forces,
and provide � via the atomic index of refraction � a retroaction on the cav-
ity resonance frequency. The dynamics of the uniform system gets enriched
by the presence of atom-atom interactions and the external trapping poten-
tial. In the following chapters, the cavity optomechanical interpretation of
the BEC-cavity system will provide us with intuitive and qualitative under-
standing of our experimental observations.
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5 Optical bistability at low photon number

A bistable optical system exhibits two di�erent steady transmission states
for the same input intensity [142, 143]. A typical realization is given by
a Fabry-Perot resonator containing a material whose refractive index is in-
tensity dependent. The simplest case is a Kerr medium, showing a linear
dependence of its refractive index on light �eld intensity. The correspond-
ing input-output characteristics shows di�erential gain and hysteresis which
makes bistable devices desirable for realizing e.g. an optical switch [144].
An extensively studied system which shows bistable behavior is given by an
atomic gas placed within an optical resonator [145]. Here, bistability can
arise either due to saturation of an optical transition (absorptive optical
bistability) or due to a change in the index of refraction with light intensity
(dispersive bistability).

Typically, such nonlinear optical phenomena occur only for very large light
intensities, since the change of the refractive index (or the degree of satura-
tion of an optical transition) per photon circulating in the resonator is tiny.
New possibilities for realizing strong nonlinearities at low photon numbers
opened up by placing atomic ensembles into small-volume high-�nesse opti-
cal resonators, operating in the strong coupling regime of cavity QED. Here,
the atom-photon coupling rate overcomes the rates associated with cavity
�eld decay and spontaneous emission. Correspondingly, the single-atom sat-
uration intensity is reached already with a mean intracavity photon number
below one. This allowed to observe absorptive optical bistability down to a
mean photon number of about 100 [146, 147, 94].

In general, the occurrence of optical bistability at low cavity photon num-
ber requires the alteration in the optical property of the medium induced
by a single photon to be strong enough, and to persist long enough, in order
to a�ect subsequent photons. While the former requirement can be met
by increasing the light �eld per photon using a small-volume resonator, the
latter asks for coherence times of the nonlinear medium which exceed the
cavity photon lifetime.
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The motional degrees of freedom of ultracold atomic gases o�er coherence
times on the order of & 1ms which is much longer than the residence time
(< 1µs) of cavity photons in typical small-volume optical high-�nesse cavi-
ties. Observation of strong optical nonlinearities and bistability with mean
intracavity photon numbers below one was achieved for the �rst time in [26],
where the collective motion of tightly con�ned ultracold atoms was coupled
dispersively to an optical cavity �eld [26]. Here, the optical nonlinearity
arises from the cavity-mediated dipole forces which shift the atoms within
the spatially dependent mode pro�le, thereby inducing a change in their
refractive index properties.
This type of �mechanical� nonlinearity is typical for cavity optomechanical

systems, and was observed with much higher light intensity in [129] for the
�rst time. Instead of changing the e�ective optical path length of the cav-
ity by some nonlinear medium, here the radiation pressure induced motion
of one harmonically bound cavity mirror directly leads to a change of the
physical cavity length.
In this chapter, we study the dispersively coupled BEC-cavity system

under conditions where the atoms can adiabatically follow the su�ciently
slow changes in the cavity light intensity. In this limit the condensate acts
like a Kerr medium. Experimentally, we observe optical bistability and
hysteretic behavior already with mean intracavity photon numbers below
one. We compare our observations with ab-initio calculations in a mean-
�eld approximation.

The experimental results of this chapter have been published in [148]: S.
Ritter, F. Brennecke, K. Baumann, T. Donner, C. Guerlin, and T. Esslinger.
Dynamical coupling between a Bose-Einstein condensate and a cavity optical

lattice. Appl. Phys. B 95, 213 (2009).
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5.1. Optical Kerr nonlinearity

In Section 4.3 we showed that a condensate which is coupled dispersively to
the �eld of a high-�nesse optical cavity in the uniform limit is equivalent to
a generic cavity optomechanical system, describing the radiation pressure
coupling between a mechanical oscillator and a cavity �eld. Here, density
oscillations on top of the �at condensate play the role of the mechanical
element and couple to the standing wave cavity �eld via the optical dipole
force. In a mean-�eld description neglecting atom-atom interactions, the
corresponding equations of motion read

Ẍ + (4ωrec)
2X = −4ωrecG|α|2 (5.1)

iα̇ = −(∆̃c −GX + iκ)α+ iη. (5.2)

The oscillator amplitude X measures the spatial overlap of the atomic den-
sity with the cavity light intensity. In the following, the cavity �eld will
be assumed to be in a coherent state α. Nonclassical correlations such as
entanglement between the cavity �eld and atomic motion, or light squeezing
are not taken into account by this description.

5.1.1. Adiabatic limit

We are interested in the limiting case where the intracavity light intensity
∼ |α|2 changes slowly compared to atomic motion, such that the conden-
sate density adiabatically follows the corresponding change in the optical
potential1. Since the cavity �eld decay rate κ is two orders of magnitude
larger than the mechanical oscillation frequency 4ωrec this implies that both
light �eld and mechanical oscillator are in their steady state. Taking Ẍ = 0

in (5.1) we �nd the steady state displacement X to depend linearly on the
mean intracavity photon number n̄ = |α|2,

X = − G

4ωrec
n̄. (5.3)

After inserting this relation into the steady state solution of (5.2), we obtain
a conditional equation for the mean photon number n̄

n̄ =
η2

κ2 + (∆̃c +
G2

4ωrec
n̄)2

. (5.4)

1The �nite retardation between mechanical motion and cavity �eld which is responsible
for cooling and ampli�cation e�ects will be discussed later on (see Section 6.5).
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Using ∆̃c = ∆c − U0N/2 and G = U0

√
N/2 (see Section 4.3), this equation

can be written as follows

n̄ =
η2

κ2 +
(
∆c − U0N

2
(1 + U0

8ωrec
n̄)

)2 . (5.5)

From Equation (5.5) we infer about motional-induced Kerr nonlinearity of
the condensate, with a refractive index given by 1− U0N

2ωp
(1+ U0

8ωrec
n̄). Here,

the constant term corresponds to the refractive index of atoms which are
homogeneously distributed over the standing-wave cavity mode. The term
which is linear in n̄ describes the change in the refractive index due to
atomic density modulations. For typical experimental parameters of ∆a =

2π × 50GHz and N = 105 the dispersive change of the cavity optical path
length for one cavity photon on average n̄ = 1 is about 10 pm, which is well
within our length sensitivity determined by λ

2F ∼ 1 pm (see Section 4.1).

5.1.2. Bistability

From the equivalence to Kerr nonlinearity we can anticipate bistable be-
havior of the coupled BEC-cavity system. Being of third order in n̄, Equa-
tion (5.4) can have three di�erent, real-valued solutions, which correspond
to di�erent steady-state con�gurations. Exemplary steady-state resonance
curves versus cavity-probe detuning ∆c, obtained from a numerical solu-
tion of Equation (5.4), are shown in Figure 5.1A. With increasing cavity
probe strength η the cavity resonance pro�le deviates more and more from
a Lorentzian shape, and exhibits bistable behavior above a certain critical
value ηcr. A detailed analysis of Equation (5.4) results in an analytic ex-
pression for the critical probe strength ηcr, at which bistability is about to

occur. In terms of the maximum intracavity photon number, n̄cr =
η2
cr
κ2 , the

condition for bistability reads

n̄cr =
8

3
√
3

4ωrecκ

G2
. (5.6)

From this one expects bistability at the single photon level to occur in our
system for G = 0.13κ, which corresponds to a probe-atom detuning of ∆a =

2π × 130GHz. Here, the in�uence of atom-atom interactions is not taken
into account (see below).
Qualitatively, the asymmetry of the bistable resonance curves in Figure

5.1A can be understood from the fact that the atoms move within a dynamic
optical lattice potential [135]: probe light entering the cavity gives rise to
an optical lattice potential, which pushes the atoms � depending on the sign
of the probe-atom detuning ∆a � to places of higher or lower cavity �eld
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Figure 5.1.: (A) Mean intracavity photon number n̄ = |α|2 versus
cavity-probe detuning ∆c calculated for three di�erent probe strengths
η = (0.7, 1, 2)ηcr (bottom to top curve). The cavity light �eld, taken to
be blue-detuned from the atomic resonance, pushes the atoms to regions
of lower coupling strength giving rise to bistability. For increasing probe
strength the initially (η → 0) symmetric resonance curve centered at
∆c = U0N/2 develops above a critical probe strength ηcr a bistable
region with two stable (solid lines) and one unstable branch (dashed).
(B) Mean intracavity photon number of the bistable system versus probe
strength for �xed cavity probe detuning ∆c = U0N/2− 5κ. Again, the
dashed line indicates the instable steady state solutions.

intensity. Due to the spatial dependence of the atom-light coupling this leads
to an overall change of the dispersive shift of the empty cavity resonance
frequency. Depending on its frequency, this either tunes the probe laser
closer to or further apart from resonance, providing a positive or negative
feedback on the intracavity light intensity. This results in asymmetric cavity
transmission pro�les.

5.1.3. Higher-order Kerr nonlinearity

Due to occupation of higher-order momentum components beyond |p =

±2~k⟩ corrections to the Kerr nonlinearity, described above, can be ex-
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Figure 5.2.: Higher-order Kerr nonlinearity. Shown is the spatial over-
lap integral ⟨ψn̄| cos2(kx)|ψn̄⟩ (per atom) as a function of mean intra-
cavity photon number n̄ for a 1D model including external con�nement
and atom-atom interactions (closed circles). Here, ψn̄ corresponds to the
ground state wave function according to the Gross-Pitaevskii equation
(5.7). For comparison, open circles depict the overlap integral in the 1D
non-interacting case, including higher-order momentum modes which,
in the limit of low photon number, resembles the cavity optomechanical
two-mode model (solid line), corresponding to normal Kerr nonlinear-
ity. The parameters used for the plots correspond to the experimental
settings in Section 5.2.

pected for larger probe light intensity. In addition, atom-atom interactions,
which try to �atten out density modulations, will in�uence the nonlinear
response of the atoms upon probing. To be quantitative, we determine
the ground state wave function of the condensate according to the Gross-
Pitaevskii equation, taking into account the combined potential of the har-
monic dipole trap and the dynamic cavity lattice potential. For simplicity
we restrict ourselves to a 1D situation along the cavity axis, described by

(
− ~2

2m

d2

dx2
+ Vext(x) + ~U0n̄ cos

2(kx) + u1D|ψ(x)|2
)
ψ(x) = µψ(x) (5.7)

with e�ective atom-atom interaction constant u1D. From the family of
ground state solutions {ψn̄}n̄ we can deduce the dependence of the overlap
integral O(n̄) = ⟨ψn̄| cos2(kx)|ψn̄⟩, which determines the index of refraction
as a function of mean intracavity photon number n̄ (see Figure 5.2). Direct
comparison with a non-interacting model, including higher-order momentum
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components (up to p = ±10~k), clearly shows the tendency of atom-atom in-
teractions to avoid density modulations, thereby lowering the e�ective Kerr
index of the condensate. For low intracavity photon numbers n̄ ≤ 2, which
for the chosen parameter settings corresponds to an optical lattice depth
of about 2Erec, the numerical simulation resembles the linear dependence
of the refractive index on photon number, though with a di�erent slope
as compared to the non-interacting case. For deeper lattice potentials the
occupation of higher-momentum components gives rise to higher-order non-
linearity, which goes beyond the normal Kerr nonlinearity. This causes an
additional bending of the bistable resonance curves for large probe strength,
and re�ects the fact that the per-atom overlap integral O is bounded within
the interval [0, 1].

5.2. Experimental observation of optical bistability

To observe bistable behavior in our system, we probe the cavity �eld with
a weak circularly polarized laser beam, whose frequency is blue-detuned by
∆a = 2π × 58GHz from the atomic transition frequency ωa. Due to a
weak magnetic �eld oriented along the cavity axis, probe photons induce
σ+ transitions starting form the initial ground state |F = 1,mF = −1⟩.
Taking into account all accessible hyper�ne levels in the 5P3/2 excited state
manifold, we obtain a maximum coupling strength between a single atom
and a σ+ polarized intracavity photon of g0 = 2π × 14.1MHz. We prepare
almost pure condensates containing typically N = 105 atoms in a harmonic
dipole trap with trapping frequencies (ωx, ωy, ωz) = 2π × (220, 48, 202)Hz,
where x denotes the cavity axis and z the vertical axis. From this we deduce
Thomas-Fermi radii of (Rx, Ry, Rz) = (3.2, 19.3, 3.4)µm.

After preparing a condensate, the probe laser frequency is scanned at a
rate of ω̇p = 2π × 1MHz/ms across the coupled resonance, while recording
the cavity transmission on a single photon counter. The scan speed is chosen
to be slow compared to the timescale of atomic motion, in order to guar-
antee adiabaticity, but still fast compared to the atom loss rate. Typical
resonance curves obtained for di�erent probe strengths are shown in Fig-
ure 5.3. For maximum intracavity photon numbers well below the critical
photon number n̄cr the resonance curve is Lorentzian shaped and does not
depend on the scan direction of the probe laser (A). When increasing the
probe strength beyond the critical value, we observe a pronounced asym-
metry of the resonance and hysteretic behavior which indicates bistability
of the system (B). The frequency range over which bistability occurs gets
enlarged by further increasing the probe strength (C).
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Figure 5.3.: Bistable behavior at low photon number. The traces
show the mean intracavity photon number |α|2 versus the cavity-probe
detuning ∆c. Traces A, B and C correspond to probe strengths of
η = (0.22, 0.78, 1.51)κ, respectively. The intracavity photon number
is deduced from the detector count rate. Each graph corresponds to
a single experimental sequence during which the probe laser frequency
was scanned twice across the resonance, �rst with increasing detuning
∆c (blue curve) and then with decreasing detuning (green curve). The
scan speed was 2π×1MHz/ms and the raw data has been averaged over
400µs (A) and 100 µs (B and C). We corrected for a drift of the resonance
caused by an atom loss rate assumed to be constant during the mea-
surement. The theoretically expected stable resonance branches (red)
have been calculated for 105 atoms taking a transverse mode overlap at
maximum of 0.6 into account. The inset of C shows photon-photon cor-
relations of the green trace calculated from the last 400µs right before
the system transits to the lower stable branch. Due to averaging these
oscillations are not visible in the main graph.
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Qualitatively, hysteretic behavior is anticipated from the bistable reso-
nance curves shown in Figure 5.1A. If the probe laser frequency is varied, the
system adiabatically moves along the steady state branch. Once the cavity-
probe detuning reaches the upper or lower turning point of the bistable
resonance curve, the system gets unstable and is forced to pass into the
remaining stable state2. Quantitatively, we compare our experimental data
with resonance curves (red lines in Figure 5.3), which are obtained from a
self-consistent numerical solution of equation

n̄ =
η2

κ2 +
(
∆c − U0O(n̄)

)2 , (5.8)

using the overlap integrals O(n̄) of the ground state solutions ψn̄ of Equation
(5.7).
From this analysis we �nd a critical photon number of n̄cr = 0.21, in

accordance with our experimental observations within the systematic uncer-
tainties. The inclusion of atom-atom interactions results in a critical photon
number which is slightly larger than the value 0.18, expected from the an-
alytical interaction-free model. For very low photon numbers (Figure 5.3
A and B) we �nd good agreement between the measured and calculated
resonance curves.
For larger probe strengths our data signi�cantly deviate from the pre-

dicted steady state curves (Figure 5.3 C). This is visible in a precipitate
transition from the upper branch to the lower one while scanning the probe
laser frequency with decreasing ∆c. Such deviations indicate a superposed
non-steady state dynamics. Due to the atomic inertia of our refractive in-
dex medium this dynamics goes beyond the physics of a pure Kerr medium
[149]. Experimentally, this is supported by detecting regular oscillations
in the second-order correlation function g(2)(τ) which was evaluated from
the transmission signal right before the system leaves the upper resonance
branch (Figure 5.3C inset).
To observe higher-order nonlinearity due to occupation of higher-order

momentum states, we conducted a series of resonance scans (with decreasing
∆c), using up to 20 times more probe light power than in Figure 5.3C.
Our observations are shown in Figure 5.4. For increasing input power the
observed bistable region extends more and more towards the empty cavity
resonance (dashed line), indicating a decrease of the spatial overlap integral
almost down to zero. Deviations from the pure Kerr nonlinearity, which is
characterized by a linear dependence of the refractive index on light intensity,

2Transient oscillations which are excited during this non-adiabatic transition are the
subject of Chapter 6.
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Figure 5.4.: Strong bistable behavior and higher-order Kerr nonlin-
earity. Shown are scans across the bistable resonance with decreasing
∆c at large input powers, inducing a bistable region which approaches
the empty cavity resonance (dashed line). The dressed cavity resonance
(dotted line) corresponding to a uniform condensate density was de-
duced by scanning across the resonance with increasing ∆c. Each res-
onance curve corresponds to a di�erent atomic sample with estimated
shot-to-shot atom number �uctuations of 10%. Curves with di�erent
input power have been o�set for better visibility. The rate at which the
probe frequency was scanned was −2π×2MHz/ms for the input powers
up to 2 (a.u.), and −2π × 3MHz/ms for the higher input powers. The
photon count rates were corrected for saturation occurring at the single
photon counter module. The mean atom number was 1.2×105, and the
probe-atom detuning ∆a = 2π × 58GHz.

are clearly visible in a pronounced bending of the resonance curves close to
the empty cavity resonance. This observation directly re�ects the nonlinear
behavior of the overlap integral shown in Figure 5.2.

To quantitatively understand the observed resonance curves at large probe
power, the 1D model studied above is not su�cient anymore. Additional
dipole forces caused by the blue-detuned probe light start to push the atoms
also transversally out of the Gaussian cavity mode pro�le (mainly along the
weak trapping axis y), as was con�rmed by a numerical simulation based on
the full 3D Gross-Pitaevskii equation. This results in an additional decrease
of the spatial overlap integral with increasing probe input power. For su�-
ciently large probe intensities the combined potential provided by the har-
monic dipole trap and the repulsive probe potential develops a double-well
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structure along the y-axis, which experimentally could be directly observed
on the atomic density distribution using absorption imaging.
From the perspective of optical lattice physics with ultracold gases, the

presented measurements demonstrate the ability to adiabatically load a con-
densate into a deep dynamic lattice potential, which is supported by a high-
�nesse optical cavity. This opens interesting possibilities for studying the
super�uid to Mott insulator transition [17] in a situation where the con�ning
lattice potential itself acts as a dynamic degree of freedom. As was stud-
ied in the literature, this can give rise to novel overlapping stability regions
[22], corresponding to competing insulator-like states, as well as novel lattice
physics with cavity-mediated long-range interactions [150, 137].

5.3. Photon number fluctuations and mean-field approximation

The observation of optical bistability with mean intracavity photon numbers
n̄ below one rises the question about to what extend intracavity photon
number �uctuations in�uence the atomic motion. In order to distinguish
between the classical regime, where the cavity �eld can be described in
terms of a coherent state, and the quantum regime, we have to compare the
inherent timescales of the coupled system.
The typical response time for atomic motion is given by the mechanical

oscillation period, Tm = 2π
4ωrec

∼ 66µs, which is three orders of magnitude
larger than the typical residence time of photons in the cavity, determined
by Tc = 1

2κ
∼ 61 ns. For a mean intracavity photon number of n̄ = 1

this corresponds to about 103 photons on average, passing the cavity within
one mechanical oscillation period. The relative �uctuations of the resulting
light forces, averaged over Tm, are far below one. This justi�es a classical
description of the coupled system, even for mean photon numbers on the
order of one.
A di�erent regime is attained once the mean intracavity photon number

n̄ is further reduced such that only a few photons pass the cavity during one
mechanical oscillation period, while the cavity-optomechanical coupling rate
G is appropriately increased in order to induce nonlinearity, n̄ ∼ n̄cr. This
corresponds to the strong coupling regime of cavity optomechanics where the
coupling rate G is on the order of the cavity decay rate κ (see Section 4.3.4).
Here, single photons entering the cavity imprint a density modulation in
the condensate which is strong enough to tune the system out of resonance.
In this regime, the coupling between �uctuations of the cavity �eld and
the atomic motion becomes dominant, which requires a full density matrix
description based on the cavity optomechanical Hamiltonian (4.11).
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5.4. Summary

The steady-state behavior of a condensate in a dynamic optical lattice po-
tential, supported by a high-�nesse optical cavity, was studied theoretically
and experimentally. We have observed strong optical nonlinearity at the
single-photon level, manifested by bistable and hysteretic behavior. In prin-
ciple, the strength of nonlinearity could be further increased, by tuning the
probe laser frequency closer to atomic resonance, however, with an upper
limit provided by the vacuum Rabi splitting on resonance (see Chapter 3)
and decoherence due to spontaneous emission. An increased nonlinearity
may allow for observation of non-trivial light statistics, or ponderomotive
light squeezing in the probe light �eld [151, 149].
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6 Collective atomic motion in a dynamic
optical lattice

Optical light �elds have been used to measure the position of particles with
very high accuracy. For example, the motion of atoms, which are coupled to
the �eld of a high-�nesse optical cavity, can be continuously sensed by means
of a probe laser �eld which experiences, depending on the atomic position,
a di�erent phase shift. Experimentally, this was realized with single atoms
trapped within a small-volume optical high-�nesse cavity, operating in the
strong coupling regime [76, 75].
Here, we use the dispersive coupling between a condensate and a high-

�nesse optical cavity to continuously monitor small amplitude density oscil-
lations in the condensate for the �rst time. Additional dipole forces caused
by the probe light, which is used to monitor the dynamically changing cavity
resonance, render these oscillations highly nonlinear. A qualitative under-
standing of the observed dynamics is obtained from a simple cavity op-
tomechanical model, introduced in Chapter 4. We perform mean-�eld cal-
culations in the adiabatic cavity limit, and �nd good agreement with our
observations. Finally, we discuss the impact of retardation e�ects, caused
by the �nite cavity-decay time, on the system's dynamics.

The experimental results of this chapter have been published in [120]: F.
Brennecke*, S. Ritter*, T. Donner, and T. Esslinger. Cavity Optomechanics
with a Bose-Einstein condensate. Science 322, 235 (2008).
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6.1. Adiabatic elimination of the cavity field dynamics

The dynamics of our dispersively coupled BEC-cavity system is governed
by two important timescales. The time at which the cavity �eld decays,
τc = 1

2κ
, determines the typical response time after which the cavity �eld

has reached a new steady state upon a sudden change in the cavity frequency
or the input power. In our system this time scale is about three orders
of magnitude shorter than the mechanical oscillation period, Tm = 2π

4ωrec
.

Correspondingly, the cavity �eld quasi-adiabatically follows the changes in
cavity resonance frequency, caused by atomic motion. This allows to perform
a Born-Oppenheimer type of approximation, which greatly simpli�es the
analysis of the system's dynamics. In particular, one can eliminate the
cavity �eld degree of freedom from the coupled equations of motion, and
derive an e�ective equation of motion for the atomic degrees of freedom.
Due to their spatially dependent dispersion, the atoms e�ectively move

in a dynamic optical lattice potential provided by the probe light driving
the cavity �eld. In contrast to a normal optical lattice potential, its depth
depends non-locally on the spatial atomic distribution which introduces non-
linear behavior and cavity-mediated atom-atom interactions. To some ex-
tent, this is comparable to electrons moving within the lattice structure of
a crystal. Here, the lattice spacing being determined by the local electron
density, provides a dynamical feedback onto the motion of the electrons.

6.2. The optomechanical potential

In order to get a �rst insight into the non-steady state dynamics of the
coupled BEC-cavity system, we start with the classical equations of motion
for the equivalent cavity optomechanical system (see Equations (4.14) and
(4.15) in Section 4.3)

Ẍ + (4ωrec)
2X = −4ωrecG|α|2 (6.1)

iα̇ = −(∆̃c −GX + iκ)α+ iη. (6.2)

In contrast to Section 5.1, we now consider X as a dynamical variable chang-
ing over time. After inserting the adiabatic solution of Equation (6.2)

α =
iη

∆̃c −GX + iκ
(6.3)

into Equation (6.1), the following e�ective equation of motion for the me-
chanical degree of freedom is derived:

Ẍ + (4ωrec)
2X +

4ωrecgη
2

κ2 + (∆̃c −GX)2
= 0, (6.4)
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with e�ective detuning ∆̃c = ∆c − U0N/2 and optomechanical coupling
constant G = U0

√
N/2. The last term in Equation (6.4) corresponds to the

radiation pressure force, which mainly acts if X is within a window of width
∆X = 2κ/G centered aroundX0 = ∆̃c/G. From the total �mechanical force�
in Equation (6.4) we can deduce via integration alongX the �optomechanical
potential�

Vopt(X) = 2~ωrecX
2 − ~η2

κ
arctan

( ∆̃c −GX

κ

)
. (6.5)

This potential provides us with an intuitive picture of the mechanical oscil-
lator dynamics when probing the cavity �eld with probe strength η.
Exemplary potential curves for di�erent values of the probe-cavity de-

tuning ∆c are shown in Figure 6.1A-D, according to the dashed lines in
the steady-state resonance plot, shown in 6.1E. Depending on the partic-
ular probe-cavity detuning the optomechanical potential exhibits either a
single well or double well structure. The corresponding stable (instable)
steady-state solutions are discovered at the points where the optomechani-
cal potential Vopt exhibits a local minimum (maximum), as indicated by the
closed (open) circles in Figure 6.1B. For probe strengths below the critical
value ηcr the optomechanical potential always exhibits a single minimum.

6.3. Energy functional for a dynamic optical lattice

Before we proceed with the discussion on the non-steady state dynamics, we
elucidate the relationship between the optomechanical potential Vopt and
the total energy functional of the atomic system, without relying on the
cavity optomechanical equations of motion. As before, we can adiabatically
solve the cavity light �eld for its steady state

α =
iη

∆c − U0O + iκ
, (6.6)

with spatial overlap integral O = ⟨ψ| cos2(kx)|ψ⟩ and condensate wave func-
tion ψ, normalized to the total atom number N . Within a mean-�eld ap-
proximation, the condensate motion in the dynamic cavity lattice potential
is described by the time-dependent Gross-Pitaevskii equation

i~ψ̇(x, t) =
(
− ~2

2m

d2

dx2
+Vext(x)+~U0|α|2 cos2(kx)+u1D|ψ|2

)
ψ(x, t). (6.7)

Here, the spatial overlap integral O introduces, besides the usual atom-atom
interaction with strength u1D, an additional nonlinear (and nonlocal) term
into the Gross-Pitaevskii equation.
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Figure 6.1.: (A-D) Shown are plots of the optomechanical potential
Vopt (see Equation (6.5)) for di�erent probe-cavity detunings corre-
sponding to the dashed lines in the steady state resonance plot E. The
yellow bars indicate the resonance pro�le where maximum cavity trans-
mission occurs. Within the bistable region (detuning A to C) the poten-
tial exhibits a double well structure revealing bistability of the system.
At the borders of the bistable region (A and C) one of the two local
minima changes into a saddle point and the system becomes instable.
The parameters used for the plots are G = 0.42κ and η =

√
5n̄crκ.

The corresponding time-independent Gross-Pitaevskii equation is obtained
from extremalization of the following energy functional

EGP(ψ,ψ
∗) =∫ [ ~2

2m
|ψ′(x)|2+Vext(x)|ψ(x)|2+

1

2
u1D|ψ(x)|4

]
dx−~η2

κ
arctan

(∆c − U0O
κ

)
.

In order to get a rough idea of the characteristics of this energy functional,
we restrict the discussion to the uniform density limit, neglecting atom-
atom interactions. After expanding the condensate wave function as ψ(x) =
c0 + c2

√
2 cos(2kx) with |c2|2 ≪ |c0|2 ∼ N , we obtain from Equation (??)

EGP(c2, c
∗
2) = 4~ωrec|c2|2 −

~η2

κ
arctan

( ∆̃c −G(c2 + c∗2)/
√
2

κ

)
. (6.8)

The coupling constant G and the e�ective detuning ∆̃c are de�ned as before.
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Figure 6.2.: (A) Contour plot of the Gross-Pitaevskii energy func-
tional Equation (6.9) in the mechanical �phase space� spanned by the
two quadratures X and P . Stable (instable) stationary states are de-
picted as closed (open) circles. (B) A section of the Gross-Pitaevskii
functional along the line P = 0 reveals the optomechanical potential
Vopt. Parameters used for the plots are the same as in Figure 6.1.

In terms of the two quadratures X =
c2+c∗2√

2
and P =

c2−c∗2√
2i

(the position
and momentum variables of the equivalent mechanical oscillator) the energy
functional can be related to the optomechanical potential Vopt:

EGP(X,P ) = 4~ωrec
P 2

2
+ Vopt(X). (6.9)

According to the Bloch theorem, the eigenfunctions in a periodic potential at
zero quasi-momentum can always chosen as real functions. Correspondingly,
the steady state solutions of (6.9) ful�ll the constraint P = 0, and the local
minima of the optomechanical potential Vopt (6.1) agree with the lowest
lying energy states of the Gross-Pitaevskii energy functional EGP. Figure
6.2 shows a contour plot of the energy functional (6.9) for the parameters
used in Figure 6.1B, as well as the corresponding section at P = 0, which
agrees with the optomechanical potential Vopt.

A swallowtail catastrophe

From the total energy functional EGP, Equation (6.9), one can directly ex-
tract the energy of the lowest lying stationary state(s) by means of local
minimization. The resulting energy spectrum as a function of the control
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parameter∆c is plotted in Figure 6.3. It consists of two branches (solid lines)
which cross each other and both terminate at the borders of the bistable re-
gion, depicted in gray. If the control parameter ∆c is tuned slowly enough
across the bistable region, the system will be able to adiabatically follow one
of the two energy branches. However, adiabaticity breaks down, no matter
how slowly the control parameter is varied, once the terminus of the energy
branch is reached. Such behavior is well known from catastrophe theory
which studies and classi�es the critical behavior of nonlinear systems under
small changes of some control parameter. Here, we are concerned with a
variant of the so called �swallowtail catastrophe�, according to the shape
of the energy diagram. A similar phenomenon was predicted to occur for
an interacting Bose-Einstein condensate in a static one-dimensional optical
lattice [152]. For densities exceeding a critical value the lowest energy band
develops a swallowtail structure at the edge of the �rst Brillouin zone, which
e.g. leads to nonlinear Landau-Zener transitions into higher bands [153].
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Figure 6.3.: Energy landscape of the local extrema of the energy func-
tional EGP, Equation (6.9), versus probe-cavity detuning. The two solid
lines crossing each other correspond to the upper and lower stable state
branch in the bistable resonance curve shown in Figure 6.1E. The dashed
line indicates the energy of the instable state branch. Parameters used
for the plot are the same as in Figure 6.1.

6.4. Experimental observation of transient oscillations

To experimentally study the non-steady state dynamics of our system, Bose-
Einstein condensates of typically 1.2 × 105 atoms in the |F = 1,mF = −1⟩
ground state are prepared. Circularly polarized probe photons couple the
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Figure 6.4.: (A-C) Response of the continuously driven BEC-cavity
system. Shown is a single trace of the cavity transmission (averaged
over 2µs) while scanning the cavity-probe detuning at a rate of +2π ×
2.9MHz/ms across its σ− resonance [100]. The mean intracavity photon
number on resonance was 7.3± 1.8 (A and detail B) and 1.5± 0.4 (C).
The photon count rate for one mean intracavity photon is 0.8±0.2MHz,
and the dead time of the single-photon counter is 50 ns which leads to
a saturation of high photon count rates. The probe laser frequency was
blue detuned by∆a = 2π×32GHz with respect to the atomic resonance.
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ground state solely to the |F ′ = 2,m′
F = −2⟩ excited state with a single

photon Rabi frequency of g0 = 2π × 10.9MHz. Trapping the condensate
within the cavity is accomplished by a crossed-beam dipole trap with trap
frequencies (ωx, ωy, ωz) = 2π× (222, 37, 210)Hz, where x denotes the cavity
axis and z the vertical axis. The cavity mode maximally overlaps with the
condensate having Thomas-Fermi radii of (Rx, Ry, Rz) = (3.3, 20.0, 3.5)µm

which are deduced from a mean �eld approximation. All experiments pre-
sented in this section were performed without active stabilization of the
cavity length, which would give rise to an additional weak standing wave
potential for the atoms (see Chapter 7).
The cavity �eld is driven by continuously applying a weak probe laser �eld

along the cavity axis. The light transmitted through the cavity is monitored
using a single-photon counter and serves as a probe for the dynamics of
the system. With the probe laser frequency ωp being blue detuned from
the atomic resonance frequency ωa by ∆a = ωp − ωa ≥ 104γ, spontaneous
emission can be mostly neglected.
Figure 6.4 shows the response of the system while scanning the probe fre-

quency (with increasing ∆c) across the optical resonance. The transmission
signal (A) exhibits a sharp rising edge and subsequently regular and fully
modulated oscillations (B) lasting for about 2.5ms. These oscillations start
at a frequency of about 37 kHz which slightly decreases over the train of
oscillations and does not depend on the speed at which the probe frequency
is varied. Similar responses of the system were measured for lower probe
strengths at the same detuning (C) as well as for probe-atom detunings of
up to ∆a = 2π×300GHz, provided the probe rate was increased su�ciently.
Moreover, when continuing the probe frequency scan we observe a further
train of oscillations appearing in the vicinity of a second resonance which is
driven by σ+ polarized photons (see Section 3.6). This is in accordance with
the observation that the condensate remains intact during probing, which is
directly inferred from absorption images taken subsequent to probing. The
observed oscillatory behavior is obviously in strong contrast to a Lorentzian
shaped resonance curve which would be expected for an atomic ensemble
frozen inside the cavity, i.e. when the atomic external degree of freedom is
neglected. From absorption images revealing the momentum distribution of
the atomic cloud during the oscillatory dynamics, we infer about the occu-
pation of momentum components |p = ±2~k⟩, where k denotes the wave
number of the probe light (see Figure 6.5).
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Figure 6.5.: Absorption image revealing the population in the |p =
±2~k⟩ momentum components during transient oscillations, see Figure
6.4. Once the coherent dynamics was excited, both trapping poten-
tial and probe laser were switched o�, and the cloud was imaged after
4ms free expansion. To clearly detect the small |p = ±2~k⟩ population
we averaged over 9 independent images and subtracted the average of
9 di�erent images without excitation (taken after the oscillations had
stopped). The maximum intracavity photon number on resonance was
9.5. The distance between the cavity mirrors and the cavity mode waist
are drawn to scale.

Qualitative interpretation

With the optomechanical potential Vopt (see Figure 6.2) at hand we gain
a direct understanding of the systems response upon an adiabatic scan of
the probe laser frequency across resonance. Imagine the system initially is
prepared in the steady state X = 0 (Figure 6.1A), and the probe laser is
subsequently scanned with increasing ∆c across the resonance curve, shown
in Figure 6.1E. Until the terminus of the lower stable branch is reached (C)
the system adiabatically follows the changes in the optomechanical potential
landscape (A and B). Right at the turning point of the lower branch (C), the
system gets unstable and, while scanning the probe laser further, starts to
perform transient oscillations within the lower lying potential valley of the
optomechanical potential. In doing so it periodically crosses (or strikes) the
resonance condition where cavity and probe laser are in resonance, giving
rise to a strongly modulated cavity transmission signal (see Figure 6.4).
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Figure 6.6.: Steady state and dynamical behavior of the BEC-cavity
system in the two-mode model. (A) Mean intracavity photon number
and corresponding oscillator displacement X versus the cavity-probe de-
tuning ∆c for the steady state solutions of Equations (6.1) and (6.2).
The curves correspond to mean intracavity photon numbers on reso-
nance of η2/κ2 = 0.02, 0.07, 1 and 7.3, and a probe-atom detuning of
∆a = 2π× 32GHz. The inset highlights the bistable behavior for probe
amplitudes larger than ηcr ≈ 0.27κ. (C-E) Evolution of the system
in the mechanical phase space depicted for three subsequent situations
(∆c = 2π × (200, 209.7, 215)MHz) corresponding to the markers in A
and η2/κ2 = 7.3. The stable and unstable steady state con�gurations
are displayed as �lled and open circles respectively. Dashed lines show
representative evolutions for di�erent starting conditions. Coloring indi-
cates the modulus of the time evolution �eld (Ẋ, Ṗ ). The solid lines in D
and E correspond to the experimental situation in Fig. 2A and show the
evolution of the system while scanning ∆c at a rate of 2π×2.9MHz/ms
across the resonance with the system initially prepared in the lower sta-
ble solution. (B) Intracavity photon number |α|2 and corresponding
transmission count rate r (including detection shot noise and averaging
over 2 µs) for the system circling along the solid line in E.
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Further insight is gained by examining the dynamics in the phase space
of the mechanical oscillator, spanned by X and P (Figure 6.6C-E). Without
cavity �eld the time evolution would simply correspond to a clockwise rota-
tion at 4ωrec. Yet, when photons enter the cavity the evolution is a�ected
by light forces. This is the case along the vertical resonance line determined
by the resonance condition ∆̃c − GX = 0, as shown in Figure 6.6C-E (red
line). Initially the condensed atoms are prepared at the stable phase-space
point (X,P ) = 0, see Figure 6.6C. Increasing the detuning ∆c across the
resonance renders the system instable and excites transient oscillations, as
indicated by the solid line in Figure 6.6D. The evolution along this path
is dominated by the free oscillator dynamics which gets periodically inter-
rupted by the interaction with the cavity light �eld, Figure 6.6D and E.
This behavior is closely related to the matter-wave dynamics of a kicked
rotor which is operated at an antiresonance where the accumulated phase
factor between two kicks inhibits occupation of higher momentum modes
[154].

The frequency of transient oscillations decreases continuously over obser-
vation time (see Figure 6.7). This is expected when actively scanning the
cavity-probe detuning ∆c which shifts the resonance line in the phase space
diagram, and leads to an adiabatic change of the system's circling path
(compare Figure 6.6D and E).

Quantitative modelling

A precise quantitative understanding of the observed frequency and its de-
crease is obtained when taking atom-atom interactions, the external trap-
ping potential and atom losses into account. The atom-atom interactions
result in a shift of the bare oscillation frequency 4ωrec = 2π × 15.1 kHz by
the mean �eld energy, which in the Thomas-Fermi limit equals 4/7 times the
chemical potential µ = 2π×2.4 kHz [11]. The trapping potential gives rise to
a Fourier-limited broadening of the initial momentum distribution and ac-
cordingly introduces a damping of the free running oscillator dynamics. This
suppresses a double peak structure in the transmitted light which would be
expected at the onset of oscillations for the homogeneous two-mode model
(see Figure 6.6D). An additional decrease in the e�ectively coupled atom
number, possibly caused by optical forces along the transverse directions,
accelerates the observed frequency shift by a factor of ∼ 2. The numerical
integration of the full 1D model (Equations (6.6) and (6.7)) yields very good
agreement with our data (Figure 6.7).
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Figure 6.7.: Transient oscillation frequency while scanning ∆c across
resonance. The frequency within time bins of 50µs was obtained from
a peak-detection routine applied to the cavity transmission data aver-
aged over 10µs. The data (�lled circles) is an average over 23 traces
referenced to the start of the oscillations. The error bars indicate the
standard deviation of the mean. Open circles show the result of a numer-
ical integration of the 1D system taking atomic interactions and external
trapping into account (Equations (6.6) and (6.7)). The mean intracavity
photon number on resonance was 3.6± 0.9. To �t the slope of the data,
the e�ect of transverse dipole forces during the time of oscillations was
taken into account via an e�ective atom loss of 1.5 · 103 /ms which was
added to the experimental frequency chirp of ∆̇c = 2.9MHz/ms. The
background rate of atom loss was measured to be 45/ms, and an atom
number of (116± 18)× 103 was deduced from absorption images taken
after the oscillations.

6.5. Finite cavity lifetime and retardation effects

Until now, the light intensity in the cavity was considered to adiabatically
follow the collective motion of the atoms, which corresponds to treating the
cavity �eld decay as in�nitely fast. This approximation was justi�ed by
the di�erent timescales which underly atomic motion and cavity damping,
corresponding to the non-resolved sideband regime of cavity optomechanics.
This allowed us to model the atomic dynamics in terms of a conservative
potential Vopt, in which the e�ective mechanical element is moving.

In the following, we will be concerned with the �rst order correction terms
to the adiabatic approximation which take into account �nite retardation
e�ects between the cavity light intensity and atomic motion. In addition to
the conservative light force, these give rise to friction forces, which either
stabilize (cool) or destabilize (amplify) atomic motion in the optomechanical
potential [60].
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Linear analysis around the steady state solutions

To understand the in�uence of retardation e�ects on the steady state be-
havior studied in Chapter 5, we perform a linear analysis around the steady
state solutions of the coupled equations of motion (5.1) and (5.2) [155, 60].
Denoting the steady state values as α0 and X0, we consider the ansatz

α = α0 + δα

X = X0 + δX.

We expand the equations of motion to lowest order in δα and δX and arrive
at the linearized set of equations

δẌ + (4ωrec)
2δX = −4ωrecG(α0δα

∗ + α∗
0δα) (6.10)

iδα̇ = −(∆0 + iκ)δα+Gα0δX. (6.11)

To approximately solve the light �eld equation, we perform an expansion in
orders of retardation. Terminating the expansion at �rst order retardation
terms, we obtain

δα ≈ Gα0

∆0 + iκ
δX − iGα0

(∆0 + iκ)2
δẊ (6.12)

with ∆0 = ∆̃c − GX0. After plugging this into equation (6.10), we �nd a
harmonic oscillator equation of motion including a friction force term,

δẌ + 2γδẊ + ω2δX = 0, (6.13)

with oscillation frequency ω, determined by

ω2 − (4ωrec)
2 = − G2∆0

2ωrecη2
|α0|4, (6.14)

and friction coe�cient

γ = 4ωrec
2G2κ∆0

η4
|α0|6. (6.15)

Correspondingly, small amplitude oscillations of the system around the
steady state (α0, X0) occur with a frequency which di�ers from the bare os-
cillation frequency 4ωrec. This e�ect, known under the term 'optical spring',
was experimentally observed for the �rst time in a cavity optomechanical
setup involving a mirror mounted on a cantilever [130]. It originates from
the conservative part of the radiation pressure force which deforms the har-
monic oscillator potential into the optomechanical potential Vopt, derived in
Section 6.2.
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Figure 6.8.: Stability analysis in the bistable regime. Displayed are
the oscillation frequency (B) and the friction coe�cient (C) of small
oscillations around the steady state solutions, according to the resonance
curve shown in A (see text). The oscillation frequency is obtained from
a harmonic analysis of the optomechanical potential (shown in Figure
6.1) around the local minima. The vanishing of ω at the borders of the
bistable region indicate the onset of instability.

In contrast, the velocity dependent term in (6.13) relies on the �nite re-
sponse time of the cavity, and causes � depending on whether the probe
laser frequency is blue or red detuned with respect to the shifted cavity
resonance � ampli�cation or damping of mechanical motion. The behavior
of the oscillation frequency ω and the friction coe�cient γ as a function of
probe frequency is shown in Figure 6.8B and C, corresponding to the steady
state curve shown in Figure 6.8A.
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From the linear analysis, presented above, we can infer about a dynamical
instability of the upper steady state branch, once the ampli�cation rate
δ overcomes the intrinsic losses of the mechanical oscillator. Here, tiny
oscillations of the system around steady state grow exponentially in time due
to positive feedback from the delayed cavity light �eld. This in particular
can induce a precipitate transition from the upper steady state to the lower
one, as indicated by the observations in shown Figure 5.3C, and also was
veri�ed directly by numerical simulation.
Experimentally, we observed the optical spring e�ect by scanning the

probe laser frequency slowly across the bistable resonance with decreas-
ing probe-cavity detuning, see Figure 6.9. A typical cavity transmission
trace, exhibiting the well known abrupt transition from the upper to the
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Figure 6.9.: Observation of the optical spring e�ect. (A) Shown is
an exemplary trace of the transmitted light intensity while scanning
the probe laser with decreasing probe-cavity detuning at a speed of
∆̇c = −2π × 1MHz/ms across resonance. The probe laser is blue-
detuned by ∆a = 2π × 58GHz with respect to the atomic resonance,
and the maximum intracavity photon number on resonance is about
5 ± 1. (B) Local frequency analysis of the raw data shown in A. The
dots display the oscillation frequency at which the Fourier transform of
the transmission data performed within time windows of length 2ms is
maximal. Adjacent time windows overlap by 50%. The gray shading
indicates the corresponding Fourier amplitude in arbitrary linear units.
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lower steady state, is shown in Figure 6.9. In the Fourier analysis of the
photon data, displayed in B, one clearly notices the onset of oscillations at
t = 20ms, as well as a subsequent increase of the oscillation frequency up to
55 kHz, which is more than three times larger than the bare oscillation fre-
quency 4ωrec. Qualitatively, this observation is in line with the expectations
based on the simple cavity optomechanical model discussed above. How-
ever, for a quantitative understanding of the observed frequency response a
linear analysis of the full Gross-Pitaevskii equation (6.7) including higher-
order momentum modes as well as atom-atom interactions would have to be
performed (see e.g. [155]).

6.6. Summary

By coupling a Bose-Einstein condensate dispersively to the �eld of an optical
cavity, we are able to in-situ observe small-amplitude condensate density os-
cillations. The strong collective coupling between atomic motion and cavity
�eld renders these oscillations highly nonlinear, as can be intuitively un-
derstood in terms of cavity optomechanics. Due to its high sensitivity to
atomic displacement, the system seems to be well suited for sensing collec-
tive atomic motion down to the quantum limit. With a mean excitation
number of about 103, the experiments presented in this chapter are still far
away from the quantum regime. In order to decrease the e�ect of probe
light forces, it might be favorable to choose a larger probe-atom detuning,
which comes with the expense of a lower displacement sensitivity. Further
perspectives to detect small-amplitude oscillations of the condensate density
may arise by implementing a phase-sensitive detection method (e.g. a het-
erodyne detection scheme) for the transmitted or re�ected probe light into
our setup.
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7 Cavity optomechanics with tightly confined
ultracold atoms

We have shown in the preceding chapters, that a uniform matter-wave cou-
pled to a standing-wave cavity mode constitutes a cavity optomechanical
model system. The role of the mechanical element is played by a density ex-
citation whose eigenfrequency is determined by the matter-wave dispersion
relation.
Recently, a di�erent realization of cavity optomechanics with ultracold

gases was investigated in the group of D. Stamper-Kurn [26, 45, 71]. Here,
non-condensed ultracold atoms are tightly con�ned within several sites of
a static periodic lattice potential, where they perform collective oscillations
which strongly couple to the cavity �eld. In contrast to the uniform sit-
uation, the mechanical oscillation frequency, which is determined by the
harmonic potential of the individual sites, can be tuned over a wide range.
This provides the opportunity, to approach the resolved sideband regime of
cavity optomechanics where retardation e�ects between the optical and the
mechanical dynamics play a dominant role [60].
This chapter is concerned with the transition between these two realiza-

tions of cavity optomechanics. By loading a condensate into an external
optical lattice with variable depth, we are able to continuously pass from
the quasi-uniform to the tightly con�ned regime. We measure the frequency
spectrum of transient oscillations, and compare our observations with a sim-
ple non-interacting band model. We demonstrate the in situ observation of
collective atomic oscillations in the tightly con�ned regime, with an ampli-
tude of about 30 harmonic oscillator lengths.
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7.1. Collective motion of tightly confined ultracold atoms

In the following we consider an ultracold gas which is tightly con�ned at
the sites of a one-dimensional lattice potential. This potential is provided
by an externally driven TEM00 mode of the high-�nesse cavity at a wave
length of λt = 830 nm. Retraction of the atoms upon the trapping light
can be neglected. The atoms strongly couple to a di�erent TEM00 cavity
mode at frequency ωc which is tuned several tens of GHz from the atomic
resonance frequency, and coherently driven by a probe laser with wavelength
λp = 780 nm. The mismatch between the wavelengths used for trapping and
probing the atoms results in a spatial beating between the atomic structure
and the probe intensity pro�le, with a period of about 6µm (see Figure 7.1).

7.1.1. Hamiltonian description

To obtain a quantitative description of the system, we generalize the dis-
persive interaction between a single two-level atom and the cavity �eld (see
Section 4.2) to the case of N atoms located at positions ri. The overall
dispersive shift of the cavity resonance frequency ωc induced by the atomic
refractive index is given by [45, 156]

∆ =

N∑
i=1

g2(ri)

∆a
, (7.1)

with spatially dependent light-atom coupling g(r) = g0ϕ(r) and cavity mode
pro�le ϕ(r).
The experimental trap geometry permits several approximations, which

�nally reduces the position dependence of ∆ to a single collective variable.
The atomic distribution extends along the transverse directions of the cavity
much less than the width of the Gaussian mode structure. Accordingly, the
position dependence of ∆ can be reduced to the direction along the cavity
axis x. The trapping frequency ωm along this direction within a single site
of the con�ning lattice potential is given by

ωm = 2
√
s ωrec,t, (7.2)

where s denotes the lattice depth in units of Erec,t ≡ ~ωrec,t =
~2k2

t
2m

, and
kt =

2π
λt

is the wave number of the trapping light. For a typical experimental
lattice depth of s = 50 the elementary excitation energy ~ωm within a
single site is about one order of magnitude larger than the thermal energy
kBT of the atomic cloud. Correspondingly, the atoms are well prepared
in their motional ground state along the cavity axis. The width of the
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7.1. COLLECTIVE MOTION OF TIGHTLY CONFINED ULTRACOLD ATOMS

atomic distribution is determined by the harmonic oscillator length xho =√
~

2mωm
, which is about one order of magnitude smaller than the periodicity

of the cavity probe lattice. This justi�es a linear expansion of the dispersive
frequency shift ∆ around the atomic equilibrium positions x̄i

∆ =

N∑
i=1

U0 cos
2(kpxi) ≃ U0N/2−

N∑
i=1

U0 sin(2kpx̄i)kpδxi (7.3)

with displacement variables δxi = xi − x̄i, and dispersive coupling constant

U0 =
g20
∆a

. The �rst term in Equation (7.3) accounts for the refractive index
of the atoms in equlibrium. The second term quanti�es its change when
atoms depart from their equilibrium positions x̄i experiencing, depending
on x̄i, a di�erent gradient in probe light intensity (see Figure 7.1).
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Figure 7.1.: Two di�erent realizations of a cavity optomechanical
model system using ultracold atoms which are dispersively coupled to
a single cavity mode (red solid line). (A) Atoms are tightly con�ned to
the sites of a deep one-dimensional optical lattice potential (dashed) and
couple via a particular collective oscillation mode (indicated by arrows)
strongly to the cavity �eld. (B) A uniform matter-wave with initial mo-
mentum state p = 0 is excited by the periodic cavity �eld to a coherent
density oscillation which periodically changes the cavity optical path
length. In contrast to situation A, harmonic �mechanical� oscillation
is due to the relative phase evolution of the matter-wave constituents.
The atomic density is depicted by the solid black line.
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According to Equation (7.3), the cavity-induced dipole forces excite one
particular collective motional mode, with the atoms oscillating like δxi ∝
sin(2kpx̄i). Any other mode, δxi ∝ βi, which is orthogonal to the considered
one,

∑
i βi sin(2kpx̄i) = 0, decouples from the cavity �eld. In fact, the

corresponding dispersive cavity shift vanishes due to orthogonality

N∑
i=1

U0 sin(2kpx̄i)kpδxi ∝
N∑
i=1

sin(2kpx̄i)βi = 0. (7.4)

This motivates to introduce the collective displacement variable

X =
1√
Neff

N∑
i=1

sin(2kpx̄i)δxi (7.5)

together with its conjugate momentum

P =
1√
Neff

N∑
i=1

sin(2kpx̄i)pi. (7.6)

The normalization factor Neff =
∑N

i=1 sin
2(2kpx̄i) ≈ N/2 guarantees that

the usual commutation relation

[X̂, P̂ ] = i~ (7.7)

holds true for the corresponding quantum operators. With these de�nitions
the total cavity resonance shift reduces to

∆ = U0N/2− G̃X, (7.8)

where the cavity optomechanical coupling constant G̃ = U0kp
√
Neff was

intruduced.
Passing now from classical variables to quantum operators, we can write

down the total Hamiltonian of the coupled atoms-cavity system in 1D (ne-
glecting atom-atom interactions)

Ĥtot =

N∑
i=1

~ωmĉ
†
i ĉi − ~(∆c −∆)â†â− i~η(â− â†) (7.9)

with harmonic creation operator ĉ†i for atom i, and cavity photon creation
operator â†. De�ning collective mode operators ĉ, ĉ†, according to X̂ =

xho(ĉ+ ĉ†), the total Hamiltonian can be split into two parts. The �rst one
involves the collective mode X̂ only

Ĥ = ~ωmĉ
†ĉ− ~(∆̃c +GX̂)â†â− i~η(â− â†), (7.10)
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and is again of cavity optomechanical type (see Section 4.1). As before,
the e�ective detuning between probe laser and dressed cavity resonance is
denoted by ∆̃c = ∆c − U0N/2. The second part of Ĥtot describes the
free harmonic motion of the remaining N − 1 orthogonal eigenmodes of the
atomic system. Since their motion decouples from the cavity �eld, we can
omit them from the following analysis (see also [156]).

7.1.2. Characteristic properties of the system

The realization of a cavity optomechanical system with tightly con�ned
atoms coupled to the cavity �eld exhibits similarities but also distinct di�er-
ences in comparison with the previously studied case of a uniform conden-
sate (Section 4.3). In the following we brie�y mention the most important
di�erences.
In the uniform limit, mechanical oscillations originate from matter-wave

interference, and happen at a characteristic frequency determined by the free
matter-wave dispersion relation. Con�ning the atom in an external trapping
potential allows to tune the mechanical oscillation frequency over a wide
range by changing the lattice depth. This could be used to approach the
resolved-sideband regime of cavity optomechanics where retardation e�ects
between mechanical motion and the cavity �eld evolution become dominant.
Working with a tightly con�ned atomic ensemble relaxes the need for

temperatures far below the BEC transition temperature for preparing atomic
motion in its ground state. The �rst excited state energy within a single site
of a 50Erec,t deep lattice potential corresponds to a temperature of about
2µK which is large compared to a BEC transition temperature of about
270 nK in our experiment.
It is instructive to compare the strengths at which mechanical motion

and cavity �eld couple in the two regimes. This is quanti�ed by the cavity
resonance shift caused by a mechanical displacement on the order of the
harmonic oscillator length1. For their ratio we �nd

G

G̃xho
=

U0

√
N/2

U0kp
√
N/2

√
~/2mωm

=
λp

λt
s1/4. (7.11)

Correspondingly, in the tightly con�ned situation the coupling strength de-
pends only weakly on lattice depth. In particular, in the parameter regime
of our experiments, 50 < s < 150, it is, compared to the uniform case s = 0,
smaller by a factor of about three.

1In the uniform BEC case, the displacement operator was de�ned in units of the har-
monic oscillator length.
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7.2. The transition from weak to strong confinement

We considered two limiting cases of a dispersively coupled atoms-cavity sys-
tem, both representing di�erent realizations of cavity optomechanics. In
the �rst case the atom cloud is quasi-homogeneously distributed over many
sites of the cavity probe lattice, while in the second case atoms are tightly
con�ned to the intensity maxima of a static optical lattice.
In this section, we investigate the transition between these two regimes

by loading a BEC in an external lattice of variable depth. In particular
we aim to understand the intermediate regime where the atomic density is
already modulated by the con�ning periodic potential but tunneling between
neighboring lattice sites is still present. To this end, we have to introduce
the matter-wave dispersion relation of atoms moving in a periodic trapping
potential, which in solid-state physics is referred to as the band structure
[157].

7.2.1. Band structure

Consider a particle with mass m moving in a one-dimensional periodic po-
tential of depth s in units of the recoil energy Erec,t. The corresponding
time-independent Schrödinger equation with eigenenergy E reads(

− ~2

2m

d2

dx2
+
s

2
Erec,t cos(2ktx)

)
ψ(x) = Eψ(x). (7.12)

The stationary states of the system can be found by applying Bloch's theo-
rem [158], which states that the eigenfunctions of equation (7.12) are λt/2-
periodic, up to a phase factor that can be parameterized by the quasi-
momentum q,

ψn,q(x) = eiqxun,q(x) (7.13)

with
un,q(x) =

∑
m∈Z

cmn,qe
i2mkpx. (7.14)

The complex coe�cients cmn,q are obtained by diagonalization of the Hamil-
tonian underlying Equation (7.12) in the free-space momentum basis. The
corresponding eigenenergies, En(q), form di�erent energy bands which are
labelled by the discrete band index n ≥ 0.
In the limit of vanishing lattice depth, s→ 0, the band structure equals the

free-space quadratic dispersion relation E(q) = q2/2m (see the dashed lines
in Figure 7.2A). For a deep lattice potential, tunneling between neighboring
lattice sites is suppressed, and the band structure reveals the harmonic ex-
citation spectrum of a single lattice site. The energy bands become �at and
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Figure 7.2.: Band structure (solid lines) of non-interacting particles in
a periodic lattice potential with a depth of 3Erec (A) and 50Erec(B),
respectively. The dashed lines in A indicate the free-space dispersion re-
lation. Particles which initially are prepared in the lowest energy band at
zero quasi-momentum are transferred by the non-commensurable probe
lattice potential to states with quasi-momentum ±2~kp, indicated by
the dashed-dotted line (see text).

equally spaced by the single site excitation energy ~ωm = 2
√
sErec,t (see

Figure 7.2A).

7.2.2. Interaction with the probe light

We now consider an atomic ensemble which initially is prepared in the lowest
energy band, n = 0, at quasi-momentum q = 0 of the external lattice po-
tential. Experimentally, this is realized by loading a harmonically trapped
condensate into an optical lattice of variable depth. The in�uence of the
cavity probe light on the atomic motion is governed by the additional po-
tential term ~U0|α|2 cos2(kpx). To lowest order, it induces transitions from

95



7. CAVITY OPTOMECHANICS WITH TIGHTLY CONFINED ULTRACOLD ATOMS

the initial state q = 0 to the quasi-momentum states q = ±2~kp. In the limit
of vanishing lattice depth, s = 0, atoms are scattered o� the probe lattice
and transferred into states with kinetic energy 4Erec,p (with the probe light

recoil energy Erec,p =
~2k2

p

2m
). However, in case of a �nite lattice depth, s ̸= 0,

several excitation channels exist according to the merging Band structure
(see Figure 7.2).
In order to understand this excitation process in more detail, we calculate

the transition probabilities pn into the lowest three energy bands (n = 0, 1, 2)

pn = |⟨ψ0,0(x)| cos2(kpx)|ψn,2~kp(x)⟩|
2 (7.15)

as a function of lattice depth s (see Figure 7.3B). As expected from the free
matter-wave dispersion, only transitions to the second excited band (n = 2)
can occur in the uniform case s = 0. Increasing the lattice depth renders
this excitation channel more and more improbable in favor of transitions to
the zeroth order and �rst excited band. In the limit of a very deep lattice
potential, the transition probability to the �rst excited band vanishes asymp-
totically, as expected from the scaling behavior of the cavity optomechanical
coupling strength in (7.11).
The transition energy spectrum corresponding to excitations into the low-

est two excited bands (n = 1, 2) is plotted in Figure 7.3B (solid and dashed
lines). For deep lattices one recognizes the square root dependence on the
lattice depth s, re�ecting the harmonic excitation spectrum of a single site.

7.2.3. Measurement of the collective excitation spectrum

In order to experimentally investigate the dispersively coupled BEC-cavity
system for variable depth of the con�ning lattice potential, we prepare a
Bose-Einstein condensate of typically 1.2× 105 atoms in a harmonic dipole
trap with trapping frequencies (ωx, ωy, ωz) = 2π × (220, 48, 202)Hz. The
one-dimensional lattice con�nement is provided by a laser beam with wave-
length λt = 830 nm which pumps a particular TEM00 mode of the high-
�nesse optical cavity. The relative frequency between laser and cavity res-
onance is actively controlled via a Pound-Drever-Hall lock (see Chapter 2).
After preparing the condensate in the dipole trap, the power of the trap-
ping light is ramped within 50ms from its initially small value, needed for
keeping the relative frequency stabilization, to some variable end value. We
experimentally deduce the trapping lattice depth from the light intensity be-
ing transmitted through the cavity, taking into account the independently
measured transmittivity of the cavity mirrors at λt = 830 nm.
To measure the excitation spectrum of the system, we non-adiabatically

excite atomic transient oscillations, and continuously monitor the corre-
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Figure 7.3.: Excitation spectrum of the atoms-cavity system. (A)
Shown are the Fourier spectra of single frequency scans across the cou-
pled resonance for variable lattice depth (Fourier amplitude increases
form black to white). (B) The dots display the frequencies with max-
imum Fourier amplitude, extracted from the spectra in A. The gray
shading indicates the corresponding Fourier amplitude, increasing from
white to black. The expected transition frequencies according to the
non-interacting band model (see text) are shown by the solid (�rst ex-
cited band) and dashed (second excited band) lines in A and B. The
dotted line indicates the doubled transition frequency into the second
excited band. The only free parameter in this model is the measured
mirror transmittivity, which deviates by 10% from the independently
measured value. (C) Transition probabilities pn from the initial ground
state q = 0 into the ground (0th), �rst excited (1st) and second ex-
cited (2nd) band as a function of lattice depth (see Equation (7.15)).
Transitions to higher excited energy bands are negligible.
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7. CAVITY OPTOMECHANICS WITH TIGHTLY CONFINED ULTRACOLD ATOMS

sponding dynamical change in cavity resonance. To this end, we probe
the cavity resonance frequency with a laser beam which is blue detuned
from the atomic D2 resonance by ∆a = 2π × 58GHz, while monitoring the
transmitted light intensity on a single photon counter. The mean intracav-
ity photon number on resonance is 10 ± 2, which is large compared to the
critical photon number where bistability occurs (see Section 5.1). Therefore,
transient oscillations are excited while scanning the probe laser frequency
across the resonance (see Section 6.4).
From the transmission data we extract the collective oscillation frequen-

cies as a function of lattice depth s (see Figure 7.3A and B). For s & 50

clear transient oscillations are observed with a frequency that increases with
lattice depth, in agreement with the transition energy spectrum into the
�rst excited band (solid curve). In the opposite limit of very shallow lattice
potential we observe a rather broad Fourier distribution around twice the
expected transition frequency into the second excited band. This refers to
probe-induced dipole forces which strongly a�ect the bare collective atomic
oscillations, described by the simple energy band model (see Section 6.4 and
the discussion below). From s = 0 to about s = 12 a clear increase in the
oscillation frequency of these driven oscillations can be observed, accompa-
nied by a decrease in Fourier amplitude. This re�ects the pronounced drop
in the transition probability p2 into the second excited band (Figure 7.3C).
In the intermediate regime, 12 . s . 30, the coupling strengths to the �rst
and second excited band are comparable, which suggests a multi-mode dy-
namics with the appearance of certain combinations (like e.g. the arithmetic
mean) of the bare excitation frequencies. An indication of such dynamics
is provided by the hardly visible oscillation branch in between the �rst and
second excited band transition branches (see Figure 7.3A).

7.2.4. Influence of probe light on the collective motion

A direct measurement of the bare excitation spectrum, as presented above,
is hindered by the fact that probe-induced dipole forces render atomic mo-
tion nonlinear. In the limiting cases in which the atomic collective motion
can be described in terms of a single harmonic oscillator, this nonlinearity
is expressed by the e�ective potential Vopt, introduced in Section 6.2. From
comparing the e�ective potentials for the two cases s = 0 and s = 80 (Fig-
ure 7.4 A and C), one can expect harmonic oscillations in the uniform case
to be much stronger a�ected by probe light relative to the tightly con�ned
case. Qualitatively, this is in agreement with our observation of well de�ned
oscillation frequencies in the deep lattice situation (Figure 7.4D) compared
to the weak lattice case, where the dynamic change of the e�ective potential
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Figure 7.4.: Comparison of the optomechanical potentials Vopt in the
uniform s = 0 (A) and the tightly con�ned situation s = 80 (C) for a
maximum intracavity photon number of 1.4. The free harmonic poten-
tial landscape is indicated by the dashed line. (B and D) Fourier spectra
of experimentally obtained photon traces corresponding to situation A
and C, respectively (taken from Figure 7.3A).

landscape with probe-cavity detuning results in a varying oscillation fre-
quency around twice the bare harmonic oscillation frequency (Figure 7.4B).

7.3. In-situ observation of collective motion

From the above discussion we presume the tightly con�ned regime to be
well suited for continuous observation of quasi-free collective atomic mo-
tion via the cavity probe �eld. For demonstration, we performed resonance
scans (like the ones in Figure 7.3) for a lattice depth of s = 90 and a max-
imum intracavity photon number of 4.5 ± 0.9. Non-adiabatically excited
transient oscillations modulate the transmitted light intensity as shown in
Figure 7.5A. To resolve the dynamics of the system over time, we look at
the intensity autocorrelations of the transmitted light, within a moving time
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Figure 7.5.: Observation of quasi-free collective atomic motion. (A)
Shown is a single cavity transmission trace where the probe frequency
is scanned across resonance at a speed of ∆̇c = +3MHz/ms. The maxi-
mum intracavity photon number is 1.4± 0.3. The probe laser frequency
is blue-detuned by ∆a = 2π × 58GHz from the atomic resonance. (B)
Density plot of local intensity autocorrelations within a moving time
window of 200µs width, deduced from the photon data shown in A. Ad-
jacent windows overlap by 100µs. (C) Intensity autocorrelations (ob-
tained as in B) from numerically generated photon transmission data
assuming undamped and harmonic mechanical oscillations as shown in
D, taking into account a detection e�ciency of 5% and shot noise. The
cavity resonance depicted by the gray shaded line was taken to move in
X-space across the oscillations region starting at X = 0 for t = 0.
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window of length T = 200µs, as shown in Figure 7.5B. The distinct structure
in the autocorrelations (Figure 7.5B) refers to a moving resonance condition
caused by scanning the probe laser frequency at a rate of 3MHz/ms. The
transient oscillations are excited about when the probe laser is close to the
non-displaced cavity resonanceX = 0. Correspondingly, the probe laser is in
resonance with the coupled system after every half oscillation period (Figure
7.5D). Subsequently, the transmission signal develops am over-period given
by the single oscillation frequency until the resonance condition is reached
only once per oscillation period.
In order to infer from such in-situ measurements about the principle ex-

perimental limitations, we compare our data (Figure 7.5B) with a simula-
tion of the expected intensity correlations assuming an undamped harmonic
oscillation (Figure 7.5D), including shot-noise and our limited detection ef-
�ciency. The qualitative agreement between data and simulations con�rms
our ability to continuously monitor quasi-free collective atomic motion quite
close to the shot-noise limit. Taking into account the optomechanical cou-
pling strength and the speed at which the probe laser frequency was scanned
in Figure 7.5A, we conclude about a mechanical oscillation amplitude of
about 30xho (Figure 7.5B).

7.4. Summary

We have investigated the dispersively coupled BEC-cavity system in pres-
ence of an underlying periodic trapping potential with variable depth. For
tightly con�ned atoms, this constitutes another realization of cavity optome-
chanics which o�ers tunability of the mechanical oscillation frequency. By
exciting transient oscillations, we measured the excitation spectrum of the
system as a function of lattice depth, and found good agreement with a
simple band model. The tightly con�ned regime was found to be well suited
for sensing quasi-free collective oscillations. Future improvements on the
signal-to-noise ratio might allow for sensing collective atomic motion close
to the quantum limit.
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8 Conclusions and outlook

Within the scope of this thesis, the coherent coupling between a Bose-
Einstein condensate and the optical �eld of a small-volume ultrahigh-�nesse
cavity was experimentally realized for the �rst time. We investigated the
collective interaction between the cavity �eld and the internal and motional
degrees of freedom of a quantum gas both experimentally and theoretically.
These experiments are among the �rst ones [27, 45], which allow to control
and sense collective degrees of freedom of ultracold atoms, using coherent
optical light �elds at the single-photon scale.

Coupling a quantized light �eld to a single macroscopic matter-wave real-
izes a novel regime of cavity quantum electrodynamics, where the atom-light
coupling strength is highly controllable and identical for all atoms. This sit-
uation is described by the Tavis-Cummings model [28], which considers the
atomic ensemble as a single quantum system that interacts collectively with
the light �eld. Experimentally, this was con�rmed by measuring the energy
spectrum of the coupled system, and observing a square-root dependence of
the vacuum Rabi splitting on the number of atoms. We developed a the-
oretical model description of the system which is in very good agreement
with our experimental �ndings.

The large cooperativity inherent in our BEC-cavity system, opens the
route to a matter-light interface for quantum information processing or
quantum information storage in the atomic internal degrees of freedom. The
tremendous control over the external degrees of freedom present in a Bose-
Einstein condensate not only reduces motional-induced decoherence e�ects,
but also o�ers the possibility to e�ciently load the atoms into a three-
dimensional optical lattice potential. In such a crystalline arrangement, the
storage of quantum information, the implementation of local addressability
of single qubits via magnetic �eld gradients, or the coherent cavity-mediated
interaction between separated qubits can be envisaged with our experimen-
tal setup.
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The collective enhancement of the coupling strength between light and the
atomic ensemble comes at the expense of the desirable nonlinearity in the
excitation number, exhibited by a single two-level system coupled to a single
cavity mode. The linear excitation spectrum of our system prevents the
study of intrinsic quantum e�ects, like the generation of non-classical �eld
states, or the implementation of a photon blockade. Possibilities to introduce
a nonlinearity at the single-photon level into a collective atoms-cavity system
have been discussed in the literature [159, 160, 161], and could be realized
by coupling the atomic excited state (5P3/2) to a high-lying Rydberg state
[162]. Atoms which are excited to the Rydberg state strongly interact via
long-ranged dipole-dipole forces. The induced level shifts associated with
these interactions prevent the excitation of more than one Rydberg atom
within a certain blockade region, which introduces a strong nonlinearity
into the excitation spectrum of mesoscopic atomic samples [163]. Providing
this nonlinearity exceeds the collective atom-light coupling strength, the
atomic ensemble couples like a two-level �super-atom� to the cavity, and the
system exhibits a Jaynes-Cummings-type nonlinearity at the single-photon
level. Experimentally, we are currently integrating a laser system into our
experimental setup for implementing this promising scheme.

In the dispersive regime, the coupled BEC-cavity system allows to ma-
nipulate and sense collective motional degrees of freedom of a quantum gas
with unprecedented accuracy and � in principle � at the quantum level.
The small mode volume of our ultrahigh-�nesse cavity results � even at the
single photon scale � in large cavity-induced dipole forces. At the same
time, single collective density excitations of the atomic ensemble induce a
refractive cavity shift on the order of the cavity linewidth, which provides
a strong backaction onto the cavity �eld intensity. Within the scope of this
thesis, it was noticed for the �rst time that this dynamic optical lattice
con�guration can be mapped onto a cavity optomechanical model system:
collective density excitations, matching the cavity mode pro�le, act like a
mechanical element which optomechanically couples to the �eld intensity.
Experimentally, we observed motional-induced optical nonlinearities at the
single-photon level. Collective anharmonic density oscillations, triggered by
the presence of a few photons in the resonator, have been observed in-situ

via the transmitted cavity light �eld. Finally, an additional static lattice po-
tential has been applied, in order to tailor the properties of collective atomic
motion, and to tune important system parameters. Our measurements have
been compared with quantitative ab-initio calculations performed in a mean-
�eld framework. These experiments represent �rst studies on the interac-

104



tion between a macroscopic matter-wave and far-detuned light �elds at the
single-photon scale.

Using collective motional degrees of freedom of an ultracold quantum gas
as an optomechanical element [71] opens new possibilities for exploring cav-
ity optomechanics in the quantum regime. The controlled preparation of
the mechanical element in its motional ground state, and the ability to tune
various system parameters, like the optomechanical coupling strength, the
mechanical oscillation frequency, or the oscillator mass over a wide range,
make these systems to be well suited for the investigation of harmonic os-
cillators in the quantum regime or the quantum-to-classical boundary.

The interaction induced entanglement between collective atomic motion
and the cavity �eld o�ers a novel playground for generating nonclassical
motional states, like Schrödinger cat states or squeezed states. As originally
proposed in [164], superposition states in the incoming light �eld could be
transferred via the coherent light-matter interaction into a macroscopic su-
perposition of atomic motion. To prevent the intermediate, highly entangled
state from decoherence due to cavity �eld decay, a fast and e�cient method
for erasing the which-path information of the cavity �eld is required, which
poses challenging limitations on the cavity linewidth [164]. Furthermore,
situations can be envisaged where the cavity �eld induces a strong interac-
tion between motional and electronic degrees of freedom in the quantum gas
[165].

A dramatic change in the collective behavior of the coupled BEC-cavity
system is caused by � instead of driving the cavity �eld � directly illumi-
nating the atoms with a far-detuned laser �eld, which propagates perpen-
dicular to the cavity axis. This induces phase-coherent light scattering by
the atoms into the cavity mode at a rate which is enhanced by the Purcell
factor [166]. However, due to interference of scatterers, the state of the cav-
ity �eld crucially depends on the atomic distribution within the resonator
mode structure. As was originally proposed by H. Ritsch and P. Domokos
[96], and later observed with laser cooled atoms in the group of V. Vuletic
[72], this system features � above a certain driving intensity � spontaneous
self-organization of the atoms in a checkerboard pattern accompanied by
superradiant light scattering. In case of a quantum gas at zero temperature,
this phenomenon constitutes a dynamic quantum phase transition from a
super�uid phase into a supersolid-type phase, where translational symmetry
is spontaneously broken. As we noticed recently, the underlying physics can
be shown to be equivalent to the Dicke model which describes an ensemble
of two-level atoms interacting with a single light mode. This fundamen-
tal model system in quantum optics was shown to exhibit a quantum phase
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transition at a critical dipole coupling strength from a normal into a superra-
diant phase [167, 168]. In experiments currently under progress, we directly
observed the formation of the self-organized phase within our BEC-cavity
system, by monitoring the cavity light �eld and detecting a characteristic
momentum distribution of the atomic ensemble. Besides its great interest
in its own, this result paves the way to use o�-resonant light scattering
into a high-�nesse cavity for a non-demolition detection method of di�erent
quantum many-body states and novel phases of ultracold gases [105, 19, 21].
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A Physical constants

All physical constants used in this thesis have been published in [169] which
can be accessed via http://physics.nist.gov/constants.
All data concerning the physical properties of 87Rb have been taken from
[92] and can be accessed via http://steck.us/alkalidata/.
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