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Abstract
The scramjet (acronym for supersonic-combustion ramjet) belongs to
the category of air-breathing propulsion engines and is often considered
to be the best suited engine for hypersonic flight. Inherent to the flow
in scramjet combustors is the presence of oblique shock waves. They
interact with incoming flow non-uniformities and with fuel/air mixinglayers generated by the fuel injection. Beyond this natural presence
of shock/mixing-layer interactions (SMLIs) in scramjet combustors, targeted SMLIs can be used to enhance the mixing of fuel and air in scramjet
combustors.
The aim of the present thesis is to gain a deeper understanding of the
vorticity jump induced by SMLIs. To this end, an analytical approach
is adopted. This thesis can be regarded as an extension of the work of
Buttsworth (J. Fluid Mech., vol. 306, 1996, pp. 43-57) and considers
the interaction of a steady oblique shock wave with a steady, planar,
inert, supersonic, laminar mixing layer with a continuous Mach number
profile. Although the SMLIs occurring in scramjet combustors are not
necessarily the result of the interaction of an oblique shock wave and
a mixing layer with the previously-stated respective properties, e.g. the
mixing layer is often turbulent and can be partially subsonic, the studied
SMLI configuration presents a model flow-problem for certain aspects of
the flow field in scramjet combustors. The present analysis considers
the flow to be inviscid and treats the refraction of the shock within the
mixing layer as a series of successive and independent refractions at infinitesimal discontinuities resulting from the approximation of the Mach
number profile with a series of streamtubes. Furthermore, this analysis
is performed under the condition of a supersonic post-shock flow. This
condition guarantees that each refraction in the previously-mentioned
series of refractions is regular. Due to the refraction of the incident
oblique shock wave, a curved oblique shock wave develops within the
mixing layer. Across this shock wave a change in vorticity occurs. The
thesis at hand analyses this vorticity change in detail by investigating
the importance of diﬀerent vorticity-production mechanisms contributing to the total shock-induced vorticity in SMLIs. To this end, the total
vorticity production is subdivided into its contributions due to bulk or
volumetric compression, pre-shock density gradients and variable shock
strength, where the sum of the latter two vorticity-production contributions can alternatively be regarded as the vorticity production resulting
from the action of baroclinic torque. The relative magnitudes of these

contributions are analysed for two limiting cases, i.e. for the interaction
of an oblique shock wave with a constant-density shear layer and for the
interaction with a constant-velocity mixing layer with density gradients
only. Results are presented for a wide range of pre-shock Mach numbers M1 (1 < M1 ≤ 10) and for all the shock angles in the domain
of existence of regular refraction. In both limiting cases analysed, the
vorticity-production contribution that is independent of the shock-wave
curvature, i.e. either the vorticity production due to bulk compression
or the vorticity production due to pre-shock density gradients, generally
dominates the overall vorticity production for the typical Mach number
range prevailing in scramjet combustors.

Kurzfassung
Scramjets (Akronym für „supersonic-combustion ramjet“, Staustrahltriebwerk mit Überschallverbrennung) sind luftatmende Antriebe, die als
besonders geeignetes Antriebssystem für den Hyperschallflug gelten. Inhärenter Bestandteil der Strömung in der Brennkammer eines Scramjets
sind schiefe Stösse. Diese können dort mit einer ungleichmässigen Anströmung oder mit der von der Brennstoﬀeinspritzung erzeugten BrennstoﬀLuft-Mischungsschicht wechselwirken. Über diese per se vorkommenden
Stoss-Mischungsschicht-Wechselwirkungen hinaus können solche Wechselwirkungen gezielt eingesetzt werden, um die Vermischung von Brennstoﬀ und Luft in Scramjetbrennkammern zu verbessern.
Ziel der vorliegenden Arbeit ist es ein vertieftes Verständnis
des stossinduzierten Wirbelstärkesprungs in Stoss-MischungsschichtWechselwirkungen zu erlangen. Um dies zu erreichen, wird ein analytischer Ansatz verfolgt. Die vorliegende Dissertation stellt eine Erweiterung der Arbeit von Buttsworth (J. Fluid Mech., Bd. 306, 1996, S.
43-57) dar und betrachtet die Wechselwirkung eines stationären, schiefen Stosses mit einer stationären, ebenen, inerten, supersonischen, laminaren Mischungsschicht mit einem stetigen Machzahlprofil. Obwohl
die in Scramjetbrennkammern auftretenden Stoss-MischungsschichtWechselwirkungen nicht notwendigerweise das Resultat der Wechselwirkung eines schiefen Stosses und einer Mischungsschicht mit den jeweiligen vorher erwähnten Eigenschaften sind (u. a. ist die Mischungsschicht
oft turbulent und kann partiell subsonisch sein), kann die untersuchte
Wechselwirkung als Modellproblem für gewisse Aspekte der Strömung
in der Brennkammer eines Scramjets dienen. Die vorliegende Untersuchung betrachtet die Strömung als reibungsfrei und behandelt die Brechung (Refraktion) der Stosswelle an der Mischungsschicht als Abfolge
von einzelnen, voneinander unabhängigen Brechungen der Stosswelle an
infinitesimalen Diskontinuitäten, die aus der Approximation des Machzahlprofils durch eine Reihe von Stromröhren resultieren. Ferner gilt
diese Untersuchung unter der Bedingung, dass hinter dem Stoss eine
Überschallströmung vorherrscht. Diese Bedingung garantiert, dass jede
einzelne Brechung in der vorgenannten Abfolge von Brechungen regulär ist. Durch die Brechung des einfallenden schiefen Stosses entsteht
ein gekrümmter schiefer Stoss innerhalb der Mischungsschicht. Über diesen Stoss hinweg erfolgt eine Veränderung der Wirbelstärke. Die vorliegende Arbeit betrachtet diese Veränderung der Wirbelstärke im Detail, indem der Stellenwert der Beiträge unterschiedlicher Mechanismen

der Wirbelstärkeproduktion zur totalen stossinduzierten Wirbelstärke
untersucht wird. Zu diesem Zwecke unterteilt die vorliegende Untersuchung die totale Wirbelstärkeproduktion in ihre Beiträge aufgrund von
Kompression, Vorstossdichtegradienten und veränderlicher Stossstärke.
Bei dieser Unterteilung können die beiden letztgenannten Beiträge zusammen als die Wirbelstärkeproduktion aufgrund der Einwirkung des
baroklinen Drehmoments betrachtet werden. Die relativen Anteile der
einzelnen Beiträge zur totalen stossinduzierten Wirbelstärkeproduktion
werden für zwei Grenzfälle untersucht. Beim ersten Grenzfall handelt es
sich um die Wechselwirkung eines schiefen Stosses mit einer Scherschicht
konstanter Dichte. Im zweiten Grenzfall wird die Wechselwirkung mit
einer Mischungsschicht mit variabler Dichte, aber konstanter Anströmgeschwindigkeit untersucht. Ergebnisse werden für einen grossen Bereich
von Vorstossmachzahlen M1 (1 < M1 ≤ 10) und für alle Stosswinkel
im Existenzgebiet regulärer Refraktion dargestellt. In beiden untersuchten Grenzfällen kann beobachtet werden, dass für den in Strömungen
in Scramjetbrennkammern vorherrschenden Machzahlbereich der jeweils
von der Stosskrümmung unabhängige Mechanismus der Wirbelstärkeproduktion die totale Wirbelstärkeproduktion üblicherweise dominiert. Bei
diesem dominierenden Mechanismus handelt es sich entweder um den
Beitrag aufgrund von Kompression oder um den Beitrag aufgrund von
Vorstossdichtegradienten.
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Roman symbols
[ ms ]

a

speed of sound

A

auxiliary variable (see definition on p. 69)

[-]

AC

surface bounded by the curve C

[-]

C

closed curve

[-]

ds

infinitesimal arc length element of curve C

en

unit normal-vector to the OSW

[-]

et

unit tangential-vector to the OSW

[-]

ez

out-of-plane unit vector, i.e. ez ≡ en × et

[m]

[-]

du1
dy

fu

term associated with the contribution of
to the post-shock vorticity ζ2 (see Eq. (3.10))

[-]

fu,Bulk

part of fu related to bulk compression

[-]

fu,VSS

part of fu related to variable shock strength

[-]

dρ1
dy

fρ

term associated with the contribution of
to the post-shock vorticity ζ2 (see Eq. (3.11))

[-]

fρ,DG

part of fρ related to pre-shock density gradients
and independent of shock-wave curvature

[-]

fρ,VSS

part of fρ related to variable shock strength
and dependent of shock-wave curvature

[-]

g M1 , g θ

generic functions describing M1 (y) and θ(y)

[-]

h

specific static enthalpy

J
≡
[ kg

h0

specific total enthalpy

Isp

specific impulse

J
[ kg
≡

L

characteristic length scale of the mixing layer

M

Mach number

[-]

M1

base state of the pre-shock Mach number M1
in the asymptotic analysis presented in Appendix B

[-]

M∞

free-stream Mach number

[-]

m2
s2 ]
m2
s2 ]

[s]
[m]
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Nomenclature

MC

combustor-entrance Mach number

[-]

Mconv

convective Mach number (see Eq. (1.1))

[-]

Mn

normal Mach number

[-]

n

coordinate normal to the OSW (see Figure 2.1)

[m]

[ mN2

kg
s2 m ]

p

static pressure

q

heat addition per unit mass across an ODW

q̄

non-dimensional heat addition, i.e. q̄ := q/a21

Q

refraction point

[-]

r

normalised density change (r := ρ2 /ρ1 − 1)

2

≡

J
[ kg
≡

m2
s2 ]

[-]
[-]

[ kgJK ≡

m
s2 K ]

s

specific entropy

t

coordinate tangential to the OSW (see Figure 2.1)

[m]

T

temperature

[K]

u

streamwise velocity (in x-direction)

[ ms ]

u

velocity vector

[ ms ]

uconv

convective velocity of the large-scale coherent
structures within the mixing layer (see Eq. (1.2))

[ ms ]

un

velocity component normal to the OSW

[ ms ]

ut

velocity component tangential to the OSW

[ ms ]

v

transverse velocity (in y-direction)

[ ms ]

x

streamwise coordinate (see Figure 2.1)

[m]

y

transverse coordinate (see Figure 2.1)

[m]

z

spanwise coordinate (see Figure 2.1)

Z

vorticity-to-density ratio (Z := ζ/ρ)

[m]
3
[ smkg ]

Greek symbols
γ

heat-capacity ratio

[-]

Γ

circulation (see Eq. (3.24))

[ ms ]

δA

area of the surface enclosed by the curve C

[m2 ]

δs

perturbation parameter used in Appendix B

2

[-]

VII
∆

contour-level spacing

[-]

ζ

scalar vorticity (in (en × et )-direction)

[ 1s ]

ζ

vorticity vector defined as ζ := ∇ × u, which
for the analysed 2D SMLI reads ζ ≡ ζ (en × et )

[ 1s ]

θ

shock angle in radians (see Figure 2.1), with θ ≡ θ1,2

[-]

θi,j

shock angle of the OSW separating regions i and j,
with (i, j) ∈ S, expressed in radians (see Figure 2.2)

[-]

θincident

incident shock angle in Zhang et al. (2015)

θmax

shock angle in radians for which ω is maximal

θneut

neutral-transmission angle in radians (see Eq. (2.34)) [-]

θsonic

sonic post-shock angle in radians,
θsonic represents the shock angle for which M2 = 1

κ

shock-wave curvature (see Eq. (2.18))

Λ

auxiliary variable (Λ := γ − 1)

[-]

µ

Mach angle in radians (µ := arcsin (1/M1 ))

[-]

µ

base state of the shock angle θ (in radians)
in the asymptotic analysis presented in Appendix B

[-]

Π

pressure ratio across the OSW

[deg.]
[-]

[-]
1
[m
]

[-]
kg
[m
3]

ρ

density

σM

shock-trajectory parameter (see definition on p. 35)

[-]

τ

time

[s]

Υ

deflection angle across the OSW expressed in radians [-]

ψ

auxiliary variable (see Eq. (2.9))

[-]

ω

flow deflection angle w.r.t. the incoming flow
expressed in radians (see Figure 2.1)

[-]

Ω

auxiliary variable (Ω := γ + 1)

[-]
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Calligraphic and other symbols
D

denominator in Eq. (2.24)

[-]

F

right-hand side of the ODE governing the shock
1)
trajectory, i.e. dθ(M
dM1 = F(M1 , θ(M1 ))

[-]

N

numerator in Eq. (2.24)

[-]

PBulk

non-dimensional VP contribution due to bulk
compression, see definition in Eq. (3.16)

[-]

PDG

non-dimensional VP contribution due to pre-shock
density gradients, see definition in Eq. (3.17)

[-]

PVSS

non-dimensional VP contribution due to variable
shock strength, see definition in Eq. (3.18)

[-]

R

classification parameter of the reflected-wave type,
see definition in Eq. (2.32)

[-]

SA , SB

source terms in the vorticity transport equation,
see Eq. (1.11)

S

mathematical set (see definition on p. 27)

[ s12 ]
[-]

Mathematical notation
b

scalar quantity (regular font-weight)

b

vector quantity (bold font-weight)

δ(·)

indicates an infinitesimal change w.r.t. a reference state
(except for the previously introduced variables δA and δs)

D
Dτ

material derivative, i.e.

O, o

Landau symbols

(·)T

refers to the transpose of a vector

D
Dτ

:=

∂
∂τ

+ (u · ∇)

IX
Subscripts
(·)0

refers to the initial values for θ and M1 in the IVP on p. 35

(·)|0

indicates that the referred derivative is evaluated
for M1 = M1 and θ = µ (see Appendix B)

(·)1

refers to the pre-shock region 1 (see Figure 2.2)

(·)2

refers to the post-shock region 2 (see Figure 2.2)

(·)3

refers to the post-shock region 3 (see Figure 2.2)

(·)4

refers to the post-shock region 4 (see Figure 2.2)

(·)5

refers to the pre-shock region 5 (see Figure 2.2)

(·)I , (·)II

Roman numerals are used in order to distinguish terms
of diﬀerent orders in perturbation series in Appendix B

(·)a

subscript used on p. 47f. (see definition ibidem)

(·)b

subscript used on p. 47f. (see definition ibidem)

(·)C

refers to the combustor-entrance conditions

(·)high

refers to the free-stream value in the high-speed stream

(·)i

refers to a pre-shock region with i ∈ {1, 5}

(·)j
(·)low

refers to a post-shock region with j ∈ {2, 4}

refers to the free-stream value in the low-speed stream

Acronyms and abbreviations
2D

two-dimensional

CCP

combined-cycle propulsion

IVP

initial-value problem

MW

Moeckel-Whitham

ODE

ordinary diﬀerential equation

ODW

oblique detonation wave

ODWMLI

oblique-detonation-wave/mixing-layer interaction

OSW

oblique shock wave

RBCC

rocket-based combined cycle

X

Nomenclature

RHS

right-hand side

SMLI

shock/mixing-layer interaction

VP

vorticity production

WG70

refers to Weinbaum & Goldburg (1970)

Chapter 1

Introduction
This thesis studies planar shock/mixing-layer interactions. These interactions can be regarded as model problem for certain aspects of the
flow field in scramjet combustors. More precisely, this work focusses on
an analysis of the vorticity production induced by the interaction of a
steady oblique shock wave with a steady, planar, supersonic, laminar
mixing layer. In the present analysis, the contributions of the individual
vorticity-production mechanisms to the total shock-induced vorticity are
investigated by means of an analytical study, under the assumption of
an inviscid flow and under the condition of a supersonic post-shock velocity. A discussion of the dominant vorticity-production mechanisms in
the analysed shock/mixing-layer interaction (SMLI) is presented, highlighting especially the dominant mechanisms in the Mach number range
relevant to scramjet combustors.
To assess the implications of the presented results for scramjet engines, this chapter commences in Section 1.1 with a brief introduction
into the scramjet technology. This section explains the functional principle of a scramjet engine and mentions recent successful flight experiments, which re-kindled the interest in the fluid-dynamical problems associated with the scramjet design. Subsequently, this chapter proceeds in
Section 1.2 with the illustration of the need for mixing-enhancement techniques in scramjet combustors. Beyond the fact that shock/mixing-layer
interactions are inherently present in scramjet combustors, the pursuit of
eﬀective mixing-enhancement concepts presents an additional motivation
for studying shock/mixing-layer interactions, as their targeted use represents a potential method for passively enhancing the mixing between
fuel and air in scramjet combustors.
Readers with experience in scramjet technology may continue their
reading in medias res in Section 1.3 where the state-of-the-art knowledge
regarding shock/mixing-layer interactions is reviewed. This chapter concludes with Section 1.4 presenting the objectives of this study and the
outline of the remainder of this thesis.
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Introduction

Specific impulse Isp [s]

8000
hydrogen-fuelled engine

turbojets

6000

hydrocarbon-fuelled engine

ramjets

4000
turbojets

scramjets

ramjets

2000

scramjets
rockets
0

0

10

20

Free-stream Mach number M∞
Figure 1.1: Specific impulse Isp for diﬀerent propulsion technologies, i.e. turbojets,
ramjets, scramjets and rockets, and two fuel types for a wide range of free-stream
Mach numbers M∞ . Adapted from Figure 4 of Fry (2011). Reprinted with permission of Ronald S. Fry, who obtained his figure from the U.S. Air Force Propulsion
Directorate.

Remark: Parts of this thesis (this includes text, figures and equations)
have been published in Tritarelli & Kleiser (2017). A list of publications
of the author is given at the end of this thesis, see p. 81. Furthermore, in
Appendix C a table is introduced, which indicates which of the figures
in the present thesis have a corresponding figure in Tritarelli & Kleiser
(2017).

1.1

Supersonic-combustion ramjets

The scramjet (acronym for supersonic-combustion ramjet) belongs to the
category of air-breathing engines and is often considered to be the best
suited engine for hypersonic flight, cf. Smart (2012). This aptitude is a
direct consequence of the higher specific impulse Isp at hypersonic speeds
compared to other propulsion technologies. This comparison is based on
the specific impulse Isp as engine-performance measure, which, according
to Heiser & Pratt (1994, Chapter 3), is defined for air-breathing engines
(respectively for rockets) as thrust per fuel (respectively per fuel and ox-

1.1 Supersonic-combustion ramjets

3

idiser) weight-flow rate1 ; see also Heiser & Pratt (1994, Chapter 3) for a
discussion of additional engine performance measures. Figure 1.1 shows
the specific impulse Isp of diﬀerent propulsion technologies, i.e. turbojets,
ramjets, scramjets and rockets, for a large range of free-stream (respectively flight) Mach numbers M∞ . If the specific impulse is taken as figure
of merit, scramjets are superior to chemical rockets due to the fact that
only fuel but no oxidiser needs to be carried on board of a scramjet.
This advantage comes at a price, namely that scramjet-powered vehicles
need an auxiliary propulsion system to accelerate them from take-oﬀ to
operating, i.e. hypersonic, speeds.

1.1.1 Thermodynamic cycle analysis and
components of a scramjet engine
From a thermodynamic cycle point of view the scramjet engine can be
regarded as a Brayton-cycle-type engine, see Segal (2009). The Brayton
cycle (respectively the ideal Brayton cycle), discussed by Heiser & Pratt
(1994), is composed of 4 thermodynamic processes, i.e. of (i) an adiabatic
(respectively isentropic) compression, followed by (ii) an isobaric, frictionless heat addition, (iii) an adiabatic (respectively isentropic) expansion
and finally concluded by (iv) an isobaric heat rejection. A schematic
enthalpy-entropy diagram of an ideal Brayton cycle is displayed in Figure 1.2. Whilst designing a scramjet, the above-mentioned processes are
translated into diﬀerent components along the scramjet flow path. This
section continues with a discussion of these components responsible for
the various thermodynamic processes.
In Figure 1.3 a schematic of a typical airframe-integrated scramjet
is depicted. The aforementioned scramjet type refers to a scramjet for
which the vehicle and the engine are fully integrated. The sketched forebody and inlet are responsible for the compression of the incoming flow
(process (i) of the Brayton cycle). This compression is achieved through
the formation of oblique shock waves and through the area contraction
within the inlet. In view of the high free-stream Mach numbers M∞
1 According to Heiser & Pratt (1994, p. 111), the weight-flow rate is defined as
the mass-flow rate multiplied by the standard sea-level value of the gravitational
acceleration of the Earth.
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Figure 1.2: Schematic enthalpy-entropy diagram of an ideal Brayton cycle with
stations I to IV connected by the processes (i) to (iv), defined in Section 1.1.1.
(Schematic diagrams of an ideal Brayton cycle are given in several textbooks,
e.g. Balachandran (2010).)

in scramjet applications, approximately2 in the range of 5 < M∞ < 12,
no compressor is required in order to achieve suﬃciently high compression for a satisfactory thermodynamic cycle eﬃciency. Hence, a turbine
(used to drive the compressor in a turbojet engine) is also not needed.
Accordingly, scramjet engines operate without turbo-machines. This is
a feature the scramjet engine shares with its lower-velocity counterpart,
i.e. the ramjet engine. Finding the optimum level of compression for a
scramjet is a diﬃcult task. An overview of problems and features associated with too little or too much compression has been given by Smart
(2012), including recommendations for an optimum compression level.
After the flow has been compressed, the fluid enters the scramjet combustor at a combustor-entrance Mach number MC . In contrast to the
situation in a ramjet engine, where the flow is decelerated to subsonic velocities before entering the combustor, in a supersonic-combustion ramjet
the flow is supersonic at the combustor entrance. The rationale for preferring supersonic flows in the combustor of a hypersonic propulsion device
2 According to Waltrup (2001), the upper bound for the free-stream Mach number M∞ is around 12 to 16 for hydrogen-fuelled scramjets and around 9 to 10 for
hydrocarbon-fuelled scramjets. Hence, M∞ = 12 serves as a representative value for
the upper bound of M∞ if the fuel type is unknown. The lower bound is chosen
without detailed explanation as M∞ = 5 because scramjets are generally associated
with hypersonic flight, i.e. M∞ ≥ 5.
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ts

Forebody & Inlet

Combustor

5
Nozzle & Afterbody

Fuel injection
Region of interest
5 < M∞ < 12
Shock waves

Figure 1.3: Schematic of an airframe-integrated scramjet with a constant-area combustor and normal fuel injection depicted in its own frame of reference for a freestream Mach number range of 5 < M∞ < 12. The region of interest for the SMLI
analysis presented in this thesis is indicated. Expansion waves are omitted for the
sake of clarity in the present schematic.

can be illustrated (using the arguments of Heiser & Pratt (1994, Section
4.2)) as follows. In order to prevent excessive dissociation of the air
in the exhaust flow, which would reduce the thermodynamic cycle eﬃciency, an upper limit for the combustor-entrance temperature TC needs
to be prescribed. This upper bound for TC obviously translates into
a lower bound for MC for every given free-stream Mach number M∞ .
According to Heiser & Pratt (1994), this lower bound for MC exceeds
unity for most hypersonic free-stream Mach numbers M∞ . This explains
why scramjets are preferred over ramjets as propulsion engine for hypersonic flight. Ultimately, for a scramjet, by definition, MC is bounded by
MC ≥ 1. In addition to this lower bound for MC , an upper bound for
MC can be estimated by combining the rule of thumb of Heiser & Pratt
(1994, p. 159), i.e. MC ≈ 0.38 M∞ , with the knowledge of the maximum
of the free-stream Mach number range. This results in an upper bound
for MC in the range of 4 to 5. The incoming air flow in a scramjet
combustor is, hence, typically supersonic but not hypersonic. Note that,
whereas the incoming air flow is always supersonic, the injected fuel can
flow at subsonic velocities. In Chapter 3, when discussing the relative
magnitudes of the vorticity-production mechanisms contributing to the
overall shock-induced vorticity in SMLIs, this MC -range will be of relevance as special attention will be paid to the Mach number range for
which interactions of oblique shock waves with supersonic mixing layers
can occur in scramjet combustors.
In addition to the MC -range, the range of the combustor-entrance
temperature TC will be of relevance for the discussions in Chapter 3.
As clarified by the immediately-ensuing explanation, this temperature
range can be estimated roughly as 850 K < TC < 1560 K. The reason
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for an upper bound for TC has already been illustrated in the foregoing discussion of the MC -range. The estimate for this upper bound,
i.e. TC < 1560 K, has been taken from Heiser & Pratt (1994, p. 158).
Regarding the lower bound, a minimum temperature is required in order
to have auto-ignition of the fuel-air mixture inside the combustor. For
hydrogen-fuelled scramjets, the lower temperature bound can be fixed by
the crossover temperature; see Sánchez & Williams (2014) or Law (2006)
for a definition of the crossover temperature. Since the crossover temperature is pressure-dependent, a representative temperature needs to
be chosen. We use the same minimum temperature as Ogawa & Boyce
(2012), who in their design optimisation of a scramjet inlet used a minimum combustor-entrance temperature of 850 K as design constraint “so
that local shock-induced hot structures further downstream can result in
autoignition through the eﬀect referred to as radical farming” (see p. 1775
of Ogawa & Boyce (2012)). Note that the ranges given for M∞ , MC and
TC do not represent strict bounds, but merely serve as reference values
for the present discussion.
Returning to the discussion of the thermodynamic cycle analysis of
the scramjet engine, we now focus on the combustor. The latter represents the location where the fuel is typically injected (see Figure 1.3)
and where combustion occurs in a supersonic environment (process (ii)
of the Brayton cycle). Although the classical Rayleigh flow problem
(considering one-dimensional frictionless flow with heat addition through
a constant-area duct) predicts an increase in static pressure due to
heat addition in a supersonic flow, the ideal Brayton cycle assumes
the heat-addition process to be isobaric. The constant-pressure process
could, hence, be thought of as heat addition in a diverging-area combustor. Note that, although fuel is typically injected inside the combustor, scramjets with fuel injection upstream of the combustor also exist.
Scramjets using the so-called radical-farming concept represent one example of a class of scramjets making use of upstream fuel injection. This
concept has been studied, amongst others, by McGuire et al. (2008).
After the heat-addition process has been completed, the expansion
(process (iii) of the Brayton cycle) begins in the exhaust nozzle and continues along the afterbody. During this process, the flow is accelerated
and thrust is produced. Finally, the thermodynamic cycle is closed with
an imaginary process during which heat is rejected from the exhaust to
the surrounding atmosphere (process (iv)).
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1.1.2 Recent scramjet flight experiments
The theoretical concept of a scramjet was put into practice in the recent past and was tested successfully during flight experiments. The
HyShot 2 experiment (Smart et al., 2006) and the HIFiRE Flight 2 project (Jackson et al., 2015) are examples of successful tests of that kind.
Whereas the latter project made use of a hydrocarbon-fuelled engine,
the former operated with hydrogen as fuel of choice. Note in this context that hydrogen is often the preferred fuel for scramjet applications
due to its higher mass-based energy density as well as its fast chemical
kinetics. As pointed out by Daines & Segal (1998), the first-mentioned
property allows hydrogen-fuelled engines to have a better specific impulse
Isp (see Figure 1.1), whereas the second property reduces the required
combustion time and thus the necessary combustor length to complete
combustion.
The recent successful flight experiments re-kindled the interest in
the fluid-mechanical challenges associated with the scramjet technology.
Understanding and solving these problems is of importance for improving the design of scramjets used for sustained hypersonic flight in the
atmosphere.

1.1.3 Related propulsion technologies
The insight gained during the study of the fluid-mechanical aspects
of scramjets is obviously not limited to scramjets, but is potentially
beneficial for other related propulsion technologies with similar fluidmechanical features, e.g. rocket-based combined cycle (RBCC) engines.
These RBCC engines belong to a class of combined-cycle propulsion
(CCP) systems, which can be regarded as single engines operating in
multiple propulsion modes. One example of such an RBCC engine is the
ejector-scramjet3 , which represents a promising propulsion technology
for Earth-to-orbit missions, cf. Daines & Segal (1998).

3 The ejector-scramjet can operate in rocket-ejector, ramjet, scramjet and rocketonly mode. For more details regarding CCP systems used for space-launch applications see Daines & Segal (1998).
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Motivation for the study of
shock/mixing-layer interactions

The previous section has illustrated the functional principle of a scramjet
and has motivated the study of the scramjet as propulsion technology.
The understanding as well as the control of the internal flow within and
the external flow around a scramjet is an essential part of the technological obstacles to overcome when designing a scramjet. One of the
key fluid-mechanical challenges is the improvement of the mixing of fuel
and air, as faster mixing translates into more eﬃcient combustion. The
latter implies shorter combustors and, hence, less skin-friction drag and
reduced vehicle weight. The inference that faster mixing translates into
more eﬃcient combustion relies on the fact that scramjet combustion
is often mixing-controlled, respectively mixing-limited, cf. Ferri (1973),
i.e. the time scale of the chemical reactions is much smaller than the
time scale of the transport processes (diﬀusion and heat conduction).
Several ideas to improve the mixing eﬃciency have been proposed in
the past; all of which exhibit their own strengths and weaknesses. One
possibility to improve the overall mixing is by optimising the fuel injection. For instance, the fuel can be injected upstream of the combustor in
order to increase the available amount of time for the mixing of fuel and
air. This option is taken for example in the so-called radical-farming
concept, studied amongst others by McGuire et al. (2008). This technique improves the overall mixing but needs to avoid premature ignition
in the inlet. In the prevalent scramjet designs, fuel is, however, injected
inside the combustor, either parallel or at an angle (e.g. normal) to the
flow direction. Normal fuel injection typically exhibits good near-field
mixing but suﬀers from large total-pressure losses due to the formation of
a detached bow shock in front of the injection location, cf. Heiser & Pratt
(1994, Section 6.2.7). An example of a scramjet operating with normal fuel injection is the HyShot 2 experiment, cf. Smart et al. (2006).
Parallel fuel injection, on the other hand, generally features little totalpressure losses but suﬀers from poorer mixing, cf. Seiner et al. (2001).
The poor mixing in scramjets with parallel fuel injection is the
result of a basic property of compressible turbulent mixing layers. It is well-known that due to compressibility eﬀects the growth
rate of turbulent mixing layers decreases with increasing convective
Mach number Mconv , as demonstrated in the experimental study of
Papamoschou & Roshko (1988). These authors introduced the para-
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meter Mconv , representing the Mach number of a stream in the frame of
reference moving with the convective velocity uconv , i.e. with the velocity
of the large-scale coherent structures within the mixing layer. For mixing layers with a constant heat-capacity ratio γ throughout the flow, the
convective Mach number Mconv is defined as (Papamoschou & Roshko,
1988)
Mconv :=

uhigh − uconv (a) uconv − ulow (b) uhigh − ulow
,
=
=
ahigh
alow
ahigh + alow

(1.1)

where uhigh , ulow , ahigh and alow are the free-stream values of the streamwise velocity and of the speed of sound in the high-speed and low-speed
stream, respectively. The convective velocity uconv can be determined
(for the case of constant γ) based on relation (a) in Eq. (1.1) and thus
reads
alow uhigh + ahigh ulow
uconv =
.
(1.2)
ahigh + alow
The decrease of the spreading rate of turbulent mixing layers with increasing Mconv constitutes one reason for the slow mixing in scramjet
combustors. In reactive mixing layers between fuel and oxidiser, as
present in scramjets, the heat release with the mixing layer can be an
additional stabilising eﬀect, see Mahle et al. (2007).
Based on the above-mentioned facts it is clear that a mixingenhancement technique is needed in order to achieve eﬃcient mixing in
scramjets with a parallel-fuel-injection configuration. To this end, several
active or passive mixing-enhancement concepts have been developed in
the past, cf. the review of Seiner et al. (2001). The present thesis is motivated by the targeted use of SMLIs as a mixing-enhancement technique
for scramjets with parallel fuel injection and analyses the production of
spanwise vorticity induced by the SMLI. Although the vorticity production is not a direct measure of the shock-induced mixing enhancement,
the post-shock vorticity is one parameter amongst others which influences the post-shock mixing and, hence, makes the shock-induced vorticity production an interesting object of research. In the present thesis,
the interaction of a steady oblique shock wave with a steady, planar, inert, supersonic, laminar mixing layer (see Figure 1.4) is regarded as an
idealised flow model for a potential SMLI in a scramjet with parallel fuel
injection. Although the majority of mixing layers present in scramjets is
highly turbulent, the laminar-mixing-layer configuration already allows
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to gain valuable insight into SMLIs. The interaction of a shock with a
planar mixing layer studied in the present thesis is diﬀerent from the
mixing-enhancement technique proposed by Marble (1994). Marble’s
proposed mixing-enhancement technique is based on the idea of enhancing the rate of mixing via the generation of streamwise vorticity through
the interaction of a weak oblique shock wave with a cylindrical hydrogen
jet, which is surrounded by an air stream.
Beyond this targeted use, SMLIs are omnipresent features of the flow
field in scramjet combustors as shock waves and flow non-uniformities are
inherently present. This statement also applies to scramjets with normal
or upstream fuel injection and makes SMLIs a relevant fluid-mechanical
problem to study in the context of scramjet research. Although our work
focusses on SMLIs in scramjet combustors, shock/mixing-layer interactions obviously also occur in other applications.
The present work continues with a review of the state-of-the-art knowledge about SMLIs and in this review discusses separately the findings
obtained through theoretical studies, numerical simulations and experiments, respectively.

1.3

Background on shock/mixing-layer interactions

The potential of targeted SMLIs as mixing-enhancement technique has
been confirmed through the numerical studies of Génin & Menon (2010b)
and Zhang et al. (2015). Both studies investigated turbulent SMLIs using large-eddy simulations and have found that the mixing-layer growth
rate is increased immediately behind the shock wave. The present work
seeks to obtain a deeper understanding of the vorticity production induced by planar SMLIs. Consequentially, the presented summary of
previous studies on SMLIs focusses on vorticity-production-related aspects of SMLIs. It should be noted that the literature regarding SMLIs
is quite scarce compared to the abundance of papers published in the
closely related field of shock-wave/boundary-layer interactions.
For the herein analysed shock/mixing-layer interaction, for which,
among other assumptions, the post-shock flow is assumed to be supersonic, the following observations can be made. Upon its impingement
on the mixing layer, which consists in a region with a non-uniform preshock Mach number profile M1 (y) (see Figure 1.4), the oblique shock
wave (OSW) is refracted and, as depicted in Figure 1.4, develops into
a curved shock wave. Along with the refraction of the OSW within
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Figure 1.4: Elementary schematic of the analysed shock/mixing-layer interaction,
showing the interaction of a steady oblique shock wave (OSW) with a planar, supersonic, laminar mixing layer. The latter consists in a region with a non-uniform
pre-shock Mach number M1 (y) > 1. The curved part of the OSW ( ), some primary
reflected waves ( ) as well as some secondary reflected waves ( ) are depicted. A
more detailed schematic of the analysed SMLI, which displays additional variables
used to describe the SMLI, is depicted in Figure 2.1.

the mixing layer, primary and multiply (e.g. secondary) reflected waves
arise in the post-shock flow. As an immediate consequence of these reflected waves, the streamlines downstream of the OSW assume a curved
shape. The curvature of these streamlines (convex or concave) depends
on the type of the reflected waves and is, hence, not universal. For this
reason, Figure 1.4 sketches, for the sake of simplicity, the downstream
streamlines as straight lines. An additional consequence of the presence
of multiply reflected waves is that the curved part of the OSW extends
beyond the non-uniform flow region. In Figure 1.4, however, the curved
part of the OSW is restricted to the non-uniform flow region. This is
consistent with the shock shape predicted by oblique-shock-refraction
theory introduced in Chapter 2.
From a theoretical point of view, the problem of vorticity production
due to SMLIs consists of two subproblems, i.e. the refraction of an oblique
shock wave and the vorticity production across a curved shock wave. In
a first step, the refraction of the OSW needs to be studied in order to
predict the curvature of the OSW. Afterwards, in a second step, the
vorticity production across a curved shock wave in a non-uniform flow
has to be evaluated. A few theoretical studies exist which deal with
either of these two subproblems. Investigations of the coupled problem
are, however, rare. Section 1.3.1 reviews the relevant theoretical studies
in the field, beginning with separate discussions of the theory of oblique-
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shock refraction and of the theory of vorticity production across curved
shock waves. Thereafter, general aspects of vorticity dynamics (e.g. the
vorticity transport equation) are discussed. Last, Section 1.3.1 presents
the findings obtained from studies which combine both aspects of the
vorticity production in SMLIs, i.e. the oblique-shock-refraction theory
and the vorticity-production theory.
When investigating SMLIs by means of numerical simulations or experimental studies, both subproblems are intrinsically coupled. A review of the findings obtained through either simulations or experiments
is presented in Section 1.3.2. It should be noted that in numerical and
experimental investigations the study of the shock-induced vorticity can
not be isolated from other canonical flow problems. For instance, the
results are aﬀected through shock/turbulence interactions, which are neglected in the present study.
Before discussing the results of prior SMLI studies, it should be mentioned that a variety of shock-refraction configurations exist and that
these diﬀerent configurations can result in very diﬀerent wave patterns.
In order to demarcate the present shock-refraction configuration from
others, diﬀerent distinctive features of shock-refraction problems have
to be introduced. First, SMLIs have to be distinguished based on the
type of the mixing layer (e.g. planar or axisymmetric mixing layer) with
which the shock interacts. Furthermore, shocks can interact either with
purely-supersonic or with transonic mixing layers4 . Additionally, the refraction of an OSW in a purely-supersonic flow can either be regular or
irregular. For the latter distinction, a very generic definition has been
given by Henderson & Macpherson (1968, p. 185) for the case of a shock
refracting at a single planar Mach number interface5 : “A regular system
includes those refractions in which all the waves lie along straight rays
that emanate from a well-defined refraction point. Any system that does
not have this property is considered to be irregular.” Note that this definition holds for a single Mach number interface with an arbitrary Mach
number diﬀerence across the interface. The mixing layer with a continu4 The term purely-supersonic mixing layer is used in this study to refer to a mixing
layer with a purely-supersonic velocity upstream of the interaction. Transonic, on the
other hand, is used to refer to mixing layers with a partially-supersonic and partiallysubsonic velocity ahead of the SMLI. Transonic does not refer to mixing layers which
have merely a velocity close to sonic conditions.
5 The term Mach number interface denotes the interface between two streamtubes
with distinct Mach numbers. Hence, a Mach number interface corresponds to a
discontinuity in the Mach number profile.
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ous Mach number profile considered herein and depicted in Figure 1.4
may be regarded as a series of Mach number interfaces with an infinitesimal change in Mach number from one stream to the next. These interfaces are obtained after approximating the Mach number profile with a
series of streamtubes. The definition of Henderson & Macpherson (1968)
applies to each of these interfaces. The refraction point referred to in
the previous definition is denoted as Q and is illustrated in Figure 2.2 for
the case of a regular refraction at a single Mach number interface. The
present analysis (see Chapter 2 for further details) treats the refraction
of the oblique shock within the mixing layer as a series of successive and
independent refractions at the aforementioned series of Mach number
interfaces. The refraction of the oblique shock within the mixing layer
is referred to as regular if each individual refraction in the previouslymentioned series of refractions is regular.
The diversity of existing shock-refraction patterns can be seen in the
study of Génin & Menon (2010a), who studied the turbulent mixing behind a strut injector in a scramjet combustor. The simulations were
performed for a non-reacting as well as a reacting flow field. Totally different refraction patterns have been observed for the two cases. Whereas
for the former case the shock waves are transmitted through the wake
region, in the latter case the shock reflects as expansion waves from the
wake shear-layers.
The present study is limited to the analysis of the regular refraction of
a steady, oblique shock wave within a planar, laminar, purely-supersonic
mixing layer with a continuous Mach number profile. The present analysis is performed under the condition of a supersonic post-shock flow,
which guarantees that the shock refraction remains regular; see Chapter 2
for further explanations. Sections 1.3.1 and 1.3.2 review the existing literature focussing on problems with similar characteristics as the herein
analysed SMLI. Results from other SMLI studies are mentioned for the
sake of completeness.
The present thesis seeks to obtain a deeper understanding of the
vorticity-production induced by SMLIs in scramjet combustors. Although it limits itself to the analysis of oblique shock waves interacting with purely-supersonic mixing layers, this does not imply that all
SMLIs in scramjet combustors are interactions of an OSW with a purelysupersonic mixing layer. In scramjet combustors, oblique shock waves
can also interact with transonic mixing layers. This can be illustrated
by the fact that configurations exist in scramjet combustors for which an
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OSW interacts with a mixing layer that separates a supersonic air stream
and a subsonic fuel stream; see, for instance, the example provided by
Huete et al. (2016). A theoretical analysis of the interaction of a finitestrength oblique shock wave with a transonic mixing layer is a very complicated undertaking and is beyond the scope of the present analysis.

1.3.1 Theoretical studies
Oblique-shock refraction
Early investigations of oblique-shock refraction have been presented by
Moeckel (1952) and Whitham (1958). In their studies the regular6 refraction of an oblique shock wave within a purely-supersonic mixing
layer was analysed under the assumption of a steady and inviscid flow
without discontinuities in the upstream flow variables. It was the aim
of their theoretical analyses to derive a relation for the approximate
spatial variation of the shock angle due to a spatially-varying upstream
Mach number within the mixing layer. In order to achieve this goal,
Moeckel (1952) divided the mixing layer into a series of streamtubes
with infinitesimal changes in the flow variables from one streamtube
to the next and studied the shock refraction at the interface between
two neighbouring streamtubes. In this way, Moeckel (1952) derived, in
a first step, a relation for the variation of the shock angle caused by
multiple spatially-varying upstream flow variables (Mach number, flow
angle, static pressure and heat-capacity ratio). In a second step, this
relation was simplified for the special case of a solely varying upstream
Mach number. Moeckel’s approximate theory is based on the assumption that multiply reflected waves (e.g. secondary waves, see Figure 1.4),
which arise due to internal reflections in the non-uniform post-shock
flow, can be neglected. Whitham (1958) has shown that Moeckel’s relation (for the case of a solely varying upstream Mach number) can
alternatively be obtained using a simple characteristic rule, which in the
literature (see p. 6 of Weinbaum & Goldburg (1970)) since then is referred to as “Whitham’s approximate characteristic rule”. Accordingly,
Whitham (1958) has shown that the assumption of neglecting multiply
reflected waves is equivalent to applying his characteristic rule, which ac6 Moeckel (1952) and Whitham (1958) did not use the terminology “regular refraction”. For the particular refraction problem analysed by Moeckel (1952) and
Whitham (1958), the applied condition of a supersonic post-shock flow is equivalent
to the restriction to regular refraction problems.
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cording to the very concise formulation of Weinbaum & Goldburg (1970,
p. 2) “states that the flow quantities just behind the shock wave should
satisfy the same diﬀerential relation as applies along the characteristic
co-ordinate of the same family as the shock wave”. Due to the fact that
the assumptions of Moeckel (1952) and Whitham (1958) are physically
equivalent, the application of either of them is referred to as MoeckelWhitham (MW) approximation in the remainder of the present thesis.
A criterion under which the MW approximation is justified has been proposed by Weinbaum & Goldburg (1970). In the present thesis, the mathematical formulation of the oblique-shock-refraction theory follows the
line of thought of Moeckel (1952) and will be presented in Chapter 2. The
essential element of the oblique-shock-refraction theory, i.e. the shockangle-variation relation, will be used in Chapter 3 during the study of
the individual vorticity-production mechanisms.
Henderson (1967) studied a problem similar to the one of Moeckel
(1952) and Whitham (1958). In fact, he treated a shock-wave/boundarylayer interaction “as the refraction of a shock by a boundary layer which
is represented by an inviscid shear layer” (see p. 700 of Henderson (1967))
with a continuous Mach number profile. The regular as well as the irregular part of this refraction problem were discussed. A diﬀerent refraction
configuration was considered by Henderson & Macpherson (1968), who
studied the refraction of an OSW at a Mach number interface with a
finite Mach number diﬀerence.
The oblique-shock-refraction studies of Moeckel (1952), Whitham
(1958) and Weinbaum & Goldburg (1970) all considered purelysupersonic mixing layers. In contrast, Riley (1960) presents a theoretical
analysis of the interaction of a weak shock wave with a semi-infinite transonic mixing-layer with a velocity that tends to zero at infinity. Riley’s
study makes use of the linearised equations of motions and provides
some insight into the interaction of shocks with transonic mixing layers. For example, Riley (1960) discusses the upstream influence of a
shock wave in a transonic mixing layer and compares it to the situation
of a shock/boundary-layer interaction. Recently, also Huete et al. (2016)
studied the interaction of weak shock waves with transonic mixing layers.
General aspects of vorticity dynamics
Before discussing the shock-induced vorticity, some general aspects of
vorticity dynamics need to be introduced. For a three-dimensional, in-
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viscid, compressible flow without body forces, the Euler equations (see
Anderson (1982)) read
Du
1
= − ∇p,
(1.3)
Dτ
ρ
where the scalars p, ρ and τ are the static pressure, density and time, respectively. Additionally, the vector (denoted with a bold font-weight) u
is used to denote the velocity vector. By writing out the material derivD
, the Euler equations read
ative Dτ
∂u
1
+ (u · ∇)u = − ∇p.
∂τ
ρ

(1.4)

Taking the curl of the Euler equations results in the vorticity transport
equation for an inviscid, three-dimensional, compressible flow without
body forces, i.e.
1
Dζ
= (ζ · ∇)u − ζ(∇ · u) + 2 (∇ρ × ∇p),
Dτ
ρ

(1.5)

where ζ := ∇ × u denotes the vorticity vector. The source terms on the
right-hand side of Eq. (1.5) represent, from left to right, the eﬀects due to
vortex stretching or vortex tilting, volumetric compression or volumetric
expansion and baroclinic torque, respectively. This physical interpretation of the individual source terms is of importance for the remainder
of the study. Combining Eq. (1.5) with the continuity equation (see
Anderson (1982))
∂ρ
+ ∇ · (ρu) = 0,
(1.6)
∂τ
the vorticity transport equation can be written, see Kundu et al. (2012),
as
! "
1
1
D ζ
= (ζ · ∇)u + 3 (∇ρ × ∇p),
(1.7)
Dτ ρ
ρ
ρ
or, alternatively, by expressing the baroclinic torque in terms of the
entropy gradient, as
! "
D ζ
1
1
= (ζ · ∇)u + (∇T × ∇s),
(1.8)
Dτ ρ
ρ
ρ

where T and s are the temperature and specific entropy, respectively.
Another important relation often used for the study of rotational
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flows is the Crocco-Vazsonyi form of the momentum equation. For an
inviscid, compressible flow without body forces, the latter reads (see
Kundu et al. (2012, Chapter 5) or Anderson (1982, Section 6.6))
∂u
+ ζ × u = T ∇s − ∇h0 ,
∂τ

(1.9)
2

where h0 is the specific total enthalpy defined as h0 := h + |u|2 , with h
being the specific static enthalpy. For a steady and homenthalpic7 flow,
i.e. ∇h0 ≡ 0, Eq. (1.9) reduces to the famous relation of Crocco, i.e. (see
Oswatitsch (1952, Section 4.5))
ζ × u = T ∇s.

(1.10)

Unfortunately for the considered SMLI, Crocco’s theorem (i.e. Eq. (1.10))
is not applicable due to the fact that the upstream flow is nonhomenthalpic.
Vorticity production across curved shock waves
According to Hayes (1957), the first expression for the vorticity jump
across a curved shock was obtained by Truesdell (1952). More specifically, Truesdell (1952) derived a relation for the vorticity jump across a
steady, curved two-dimensional shock wave in a uniform flow by making
use of Crocco’s vorticity theorem, i.e. Eq. (1.10). As Crocco’s vorticity
theorem assumes homenthalpic flows, Truesdell’s relation is not applicable to our SMLI problem. A neat derivation of Truesdell’s relation
is given in Hayes & Probstein (1959). It can be seen that according
to Truesdell’s relation the vorticity jump is proportional to the shock
curvature, see Hayes & Probstein (1959). The latter conclusion does not
hold in non-uniform flows. A general relation for the vorticity jump
across a curved gasdynamic discontinuity of arbitrary three-dimensional
shape in a non-uniform inviscid (steady or unsteady) flow has been derived in the seminal work of Hayes (1957). Hayes’ relation has a wide
range of applicability, as his purely dynamical derivation8 only required
the assumption of an inviscid flow. The relation is, hence, applicable
7 This term implies a constant total enthalpy throughout the flow and is often
referred to as isoenergetic.
8 The derivation employs the relations for mass and momentum conservation but
does not require an energy condition.
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to diﬀerent gasdynamic discontinuities such as shock waves, detonations
and deflagrations. Most importantly, no assumption regarding the upstream flow was made in the derivation of Hayes (1957). This circumstance makes Hayes’ relation applicable to non-uniform flow problems
such as the considered SMLI. In Chapter 3, Hayes’ relation represents
the starting point for the vorticity-production analysis.
Although the majority of studies in the literature focusses on the
vorticity production across curved shocks in uniform flows, e.g. across
the bow shock in front of a blunt body, some authors (e.g. Emanuel
(2011) and Kevlahan (1997)) also investigated the vorticity production
across curved shocks in non-uniform flows. Kevlahan (1997), for instance,
investigated the importance of individual vorticity-production contributions using a subdivision diﬀerent from the one proposed in present thesis.
Kevlahan applied his vorticity-jump relation to a series of problems but
did not consider SMLIs.
Vorticity production induced by SMLIs
Most of the theoretical papers just discussed either studied shock refraction without considering the vorticity production or analysed the vorticity production across a curved shock with an a priori known curvature,
i.e. across a curved shock with an a priori known shock shape. In contrast
to this, Buttsworth (1994, 1996) combined the oblique-shock-refraction
theory9 of Moeckel (1952) and Whitham (1958) with the vorticity-jump
relation of Hayes (1957) and obtained with this approach an analytical
prediction for the vorticity jump caused by the interaction of an oblique
shock with a planar mixing layer. For the considered two-dimensional
SMLI, Buttsworth (1996) highlights that SMLIs do not necessarily increase vorticity if density and velocity gradients have opposite signs.

1.3.2 Numerical and experimental studies
When considering prior experimental studies, the paper of Menon (1989)
is worth mentioning. The author analysed the interaction of an OSW
with a mixing layer formed between a supersonic stream and a sonic jet
injected from a backward-facing step. In Menon (1989), an increase of
the spreading rate of the mixing layer has been observed downstream
9 Buttsworth (1994, 1996) was not aware of the works of Moeckel (1952) and
Whitham (1958) and essentially re-derived their result.
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of the interaction location. This gives an additional aﬃrmation that it
is worthwhile studying SMLIs with regard to their potential application
as mixing-enhancement technique. Note that, in contrast to the present
study, the SMLI in Menon (1989) does not belong to the category of
regular, purely-supersonic SMLIs.
When considering prior numerical studies, the key findings of the
works of Génin & Menon (2010b) and Zhang et al. (2015) should be
discussed. As already mentioned, these authors investigated turbulent
SMLIs using large-eddy simulations. Génin & Menon (2010b) studied
the eﬀect of the simultaneous impingement of two oblique shock waves
(from the upper and the lower side, respectively) on a supersonic mixing
layer. In contrast, Zhang et al. (2015) investigated the interaction of a
single OSW with a turbulent mixing layer. The study of Zhang et al.
(2015) corresponds closest to our problem formulation. In both aforementioned studies it has been observed that SMLIs increase the vorticity
as well as the mixing-layer growth rate behind the SMLI. The increase
in mixing-layer growth rate is most substantial immediately behind the
SMLI location and reduces when moving further downstream of the location of interaction. Génin & Menon (2010b) provide the decrease of the
convective Mach number across the simultaneously impinging OSWs as
one of the reasons for the increased mixing-layer growth rate.
In order to understand the increase in vorticity across the shock in
greater detail, Zhang et al. (2015) investigated the vorticity-production
contributions in their SMLI configuration. Their analysis is based on
the evaluation of the source terms in the vorticity transport equation.
For the case of a two-dimensional flow in the xy-plane (see Figure 2.1),
the vorticity transport equation (Eq. (1.5)) reduces to a relation for ζ,
i.e. the z-component of the vorticity vector ζ ≡ ζ ez , where ez is the unit
vector in z-direction (see Figure 2.1). In this case, the vorticity transport
equation reads (see Zhang et al. (2015))
1
Dζ
= −ζ(∇ · u) + 2 (∇ρ × ∇p) · ez .
Dτ
ρ
$%
&
# $% & #
SA

(1.11)

SB

Out of the three source terms on the right-hand side of Eq. (1.5), the
first term is absent in Eq. (1.11) as the mechanism of vortex stretching/tilting does not exist in two-dimensional flows. The two remaining
source terms in Eq. (1.11) are abbreviated as SA and SB , respectively.
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Whereas SB represents the eﬀect of baroclinic torque, SA represents,
depending on the sign of (∇ · u), either the eﬀect of volumetric compression or the eﬀect of volumetric expansion10 . In the considered SMLI, the
density variations within the flow are essentially due to the compression
across the OSW. The density variations caused by potential compression or expansion waves in the post-shock flow are of minor importance.
Accordingly, in the present analysis, SA can be referred to as vorticity
production due to volumetric compression (bulk compression).
Zhang et al. (2015) evaluated the instantaneous magnitudes of SA
and SB in the vicinity of the refracted shock while a turbulent coherent vortex structure interacts with the OSW. Based on this analysis,
Zhang et al. (2015) concluded that SA , i.e. the vorticity production due
to bulk compression, is the dominant source term. It is important to
note that for their analysed turbulent SMLI the source terms SA and
SB have temporally and spatially varying magnitudes (in a small but finite region in the proximity of the shock). As a consequence, no unique
and unambiguous value can be attributed to the individual source terms.
In addition, Zhang et al. (2015) analysed the change in the vorticityto-density ratio Z := ζ/ρ of a large-scale coherent vortex when crossing
the OSW. The change (increase or decrease) of Z across the OSW can
be related to the sign of the baroclinic torque as for a two-dimensional
flow Eq. (1.7) reduces to
! "
DZ
D ζ
1
≡
= 3 (∇ρ × ∇p) · ez .
(1.12)
Dτ
Dτ ρ
ρ
For the specific problem analysed in Zhang et al. (2015), a decrease of
the instantaneous value of Z has been observed across the OSW. In
Chapter 3, the change in Z across the OSW will be analysed for the
limiting case of a constant-density shear layer (without using the vorticity
transport equation).

1.4

Objectives and outline of the present work

The aim of the present thesis is to gain a deeper understanding of the
vorticity jump induced by SMLIs. This is achieved by investigating the
importance of diﬀerent vorticity-production mechanisms contributing to
the total shock-induced vorticity in SMLIs. In contrast to Zhang et al.
10 Note

that according to the continuity equation (∇ · u) = − ρ1

Dρ
.
Dτ
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(2015), who studied the importance of the vorticity production due to
bulk compression and due to baroclinic torque by resorting to numerical simulations, the present study adopts a theoretical approach. This
approach allows to analyse the vorticity-production mechanisms for a
wide range of Mach numbers and for all shock angles in the domain
of existence of regular refraction. Furthermore, for the herein analysed
SMLI, the present analysis permits to identify the dominant vorticityproduction contributions in the Mach number range relevant to scramjet
combustors11 and facilitates the discussion of the role of shock-wave
curvature on the vorticity jump.
The present analysis can be regarded as an extension of the work of
Buttsworth (1996), who, as discussed previously, derived a relation for
the total vorticity jump induced by SMLIs. However, this vorticity-jump
relation does not reveal the importance of the individual physical mechanisms involved in the vorticity production. Neither the eﬀect of bulk
compression, nor the eﬀect of baroclinic torque can be recognised from
Buttsworth’s vorticity-jump relation. The question of the importance of
diﬀerent vorticity-production mechanisms will be addressed in Chapter 3,
where Buttsworth’s work is extended by deriving a relation which splits
the total vorticity production into its individual contributions.
The remainder of this thesis is structured as follows. First, Chapter 2
presents the mathematical problem formulation of the analysed SMLI
and introduces the oblique-shock-refraction theory which makes use of
the Moeckel-Whitham approximation and which is based on the works of
Moeckel (1952), Whitham (1958) and Buttsworth (1996). Subsequently,
in Chapter 3 the analysis of the vorticity-production contributions is
presented. Chapter 3 contains the derivation, interpretation and numerical evaluation of the vorticity-production contributions, as well as a
discussion of the possible implications of these results for SMLIs occurring in scramjet combustors. Finally, Chapter 4 summarises the findings
of the present thesis and gives an outlook for future worthwhile studies.

11 Note

that not all SMLIs in scramjet combustors are of the herein analysed type.

Chapter 2
Problem Formulation and
Oblique-Shock-Refraction Theory
This section presents the mathematical problem formulation of
the analysed SMLI depicted in Figure 2.1. Furthermore, this section
introduces the oblique-shock-refraction theory, which is used to predict
the approximate spatial variation of the shock angle within the mixing
layer. The latter will be needed in Chapter 3 for the analysis of the
vorticity-production mechanisms contributing to the shock-induced
vorticity caused by the SMLI. The presented oblique-shock-refraction
theory is identical to the mutually-equivalent theories of Moeckel
(1952), Whitham (1958) and Buttsworth (1996). The assumptions
underlying their analyses, which are also the assumptions of the present
analysis, are repeated in this section in order to create awareness of the
limitations of the presented conclusions, as some of the assumptions
have a direct impact on the vorticity production. Moreover, a synopsis
of the results of Buttsworth’s shock-refraction analysis is given to the
extent required to understand the results and conclusions in Chapter 3.

Remark: Parts of this
Tritarelli & Kleiser (2017).

2.1

chapter

have

been

published

in

Mathematical problem formulation

An elementary schematic of the analysed SMLI has already been presented in Figure 1.4. A more detailed schematic, whose essential elements
are, however, identical to the schematic in Figure 1.4, is depicted in
Figure 2.1. The discussion of Figure 1.4 in Section 1.3 also applies to
Figure 2.1, which introduces and displays additional variables used to
describe the SMLI, e.g. the Cartesian coordinates x, y and z. x corresponds to the streamwise coordinate and is aligned with the incoming-flow
direction, y corresponds to the transverse coordinate, and z corresponds
to the out-of-plane direction. In addition to the Cartesian coordinate
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M1 (y)

Streamtube
approximation

t

Non-uniform
flow region

n
Streamlines

Incident OSW
y
z⊙ x

Primary reflected wave
θ
ω

Secondary reflected wave

Figure 2.1: Schematic of the analysed shock/mixing-layer interaction, showing the
interaction of a steady oblique shock wave (OSW) with a planar, supersonic, laminar
mixing layer. The latter consists in a region with a non-uniform pre-shock Mach
number M1 (y) > 1. The schematic illustrates the regular refraction of the OSW,
which is characterised by the shock angle θ(y) and the flow-deflection angle ω(y).
The curved part of the OSW ( ), some primary reflected waves ( ) as well as
some secondary reflected waves ( ) are depicted. For the sake of simplicity the
curvature of the post-shock streamlines is ignored and the curved part of the shock is
limited to the non-uniform flow region in this schematical representation. The latter
is consistent with the shock shape obtained by applying the MW approximation.

system, a local coordinate system attached to the curved shock, with
coordinates n and t (see Figure 2.1), is needed during the present study.
The coordinates n and t correspond to the normal and tangential coordinate to the shock, respectively. The local coordinate system is oriented
such that en × et = ez , with en , et and ez being the unit vectors in n,
t and z-direction, respectively.
In addition to the flow variables p, ρ, u, ζ and ζ, i.e. the static
pressure, the density, the velocity vector, the vorticity vector and the
scalar spanwise (out-of-plane) vorticity already defined in Section 1.3,
the speed of'sound a is defined according to the relation for a perfect
gas as a := γp/ρ, where γ represents the heat-capacity ratio. Additionally, the length scale L, characteristic of the mixing-layer thickness,
is introduced. Furthermore, the oblique shock wave is characterised by
the shock angle θ and the post-shock flow is characterised by the flowdeflection angle ω, see Figure 2.1. Both angles are measured with respect
to the incoming flow in counter-clockwise direction. In the remainder of
this study the subscripts (·)1 and (·)2 are used to denote pre-shock and
post-shock flow variables, respectively. Whereas (·)1 is used to refer
to the entire flow ahead of the OSW, (·)2 only refers to flow variables
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immediately downstream of the shock.
In the following, the assumptions underlying the oblique-shockrefraction theory, which predicts the spatial variation of the shock
angle θ(y), are given. The theory considers the interaction of a steady
oblique shock wave with a steady, planar, purely-supersonic, inert, laminar mixing layer and assumes that the flow can be treated inviscidly
throughout. External waves, i.e. waves that are not a result of the refraction of the OSW, are absent. The mixing layer is assumed to have
a uniform static pressure p1 upstream of the SMLI. Furthermore, the
flow upstream of the SMLI is assumed to be parallel. The pre-shock
velocity vector u1 can, hence, be written as u1 ≡ (u1 , v1 , 0)T with a vanishing transverse velocity component v1 = 0, and with (·)T indicating
the transpose of a vector. The pre-shock streamwise velocity u1 , as well
as all other pre-shock flow variables, is assumed to have no streamwise
variation, i.e. u1 ≡ u1 (y). Furthermore, a perfect gas with a constant
heat-capacity ratio γ is assumed throughout the flow. Whereas the static
pressure p1 is assumed to be uniform, the streamwise velocity u1 (y) and
density ρ1 (y) are allowed to vary in the non-uniform flow region upstream
of the OSW. The variations of u1 (y) and ρ1 (y) can be arbitrary under
the condition that the profiles remain continuous1 . Accordingly, as depicted in Figure 2.1, the OSW interacts with a continuous non-uniform
supersonic pre-shock Mach number profile M1 (y) > 1, with M1 defined
as M1 := u1 /a1 .
On top of the already mentioned assumptions, the shock-refraction
analysis is performed under the condition that the post-shock flow remains supersonic (or sonic), i.e.2 M2 (y) ≥ 1. This condition guarantees
(for the considered continuous Mach number profile) that the shock refraction is regular. The terminology of regular (respectively irregular)
refraction was not used in the works of Moeckel (1952), Whitham (1958)
and Buttsworth (1996) and has already been introduced in Section 1.3.
The condition of a supersonic post-shock flow, additionally, implies that
all the considered OSWs belong to the family of weak shock solutions.
To predict the spatial variation of the shock angle θ(y), the obliqueshock-refraction theory divides the flow into a series of streamtubes
1 Strictly speaking, only the upstream Mach number profile M (y) is required to
1
be continuous in the oblique-shock-refraction theory.
2 Note that M only refers to the Mach number immediately downstream of the
2
OSW. This allows to express M2 as M2 (y). Additionally, it should be pointed out
that the Mach number in the entire post-shock region is, however, a function of x
and y.
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(see Figure 2.1) with an infinitesimal change in Mach number from one
streamtube to the next. When the incident OSW impinges on the dividing streamline between two adjacent streamtubes the shock wave is
partially transmitted and partially reflected as indicated in Figure 2.1.
Due to the small change in pre-shock Mach number from one streamtube
to the next, the primary reflected wave is assumed to be an isentropic
expansion or compression wave. The nature of the reflected isentropic
wave depends on the local parameters of the problem, i.e. M1 and θ.
A close-up view of the oblique-shock refraction is shown in Figure 2.2,
which displays a schematic of the refraction of the incident OSW at the
interface separating two neighbouring streamtubes. This schematic displays the incident OSW, the transmitted OSW, as well as the primaryreflected isentropic wave. Unlike in Figure 2.1, secondary reflected waves,
which arise due to the reflection of primary reflected waves in the nonuniform post-shock flow, are omitted in the schematic presented in Figure 2.2. This is consistent with the Moeckel-Whitham approximation,
which has been introduced in Section 1.3.1 and which will be applied
in Section 2.2 to facilitate the mathematical description of the obliqueshock refraction. Figure 2.2, hence, describes the refraction process in
suﬃcient detail to serve as reference figure during the derivation3 of the
relation describing the spatial variation of the shock angle within the mixing layer. Additionally, Figure 2.2 indicates the location of the refraction
point Q. This refraction point has been employed in the definition of
the criterion (on p. 12) used to classify shock refractions as regular or
irregular. On the basis of the wave system (incident, transmitted and reflected wave) and of the location of the refraction point Q, the refraction
depicted in Figure 2.2 belongs (according to the classification on p. 12)
to the category of regular refractions.
In comparison with Figure 2.1, additional regions and variables are
introduced in Figure 2.2. Whereas region 1 represents the streamtube
upstream of the incident OSW, region 5 represents the streamtube upstream of the transmitted OSW. On the other hand, regions 2, 3 and 4
represent regions downstream of the OSW. Analogously to the already
3 This chapter introduces the implicit form of the shock-angle-variation relation
derived independently by Moeckel (1952) and Whitham (1958), as well as the explicit form derived by Buttsworth (1996). The derivation of the implicit form of the
shock-angle-variation relation presented in this chapter is analogous to the derivation
by Moeckel (1952). The aforementioned derivation is, hence, not a novelty but is
simply presented in order to illustrate in detail the assumptions of the oblique-shockrefraction theory.

Streamtube approximation of M1 (y)
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Transmitted OSW
Region 5
M5 , p 5

θ5,4

M5 ≡ M1 + δM1
p5 ≡ p1

Q

ω3
Region 3
M 3 , p 3 , ω3

Dividing streamline
Region 1
M1 , p 1
y
z⊙ x

Region 4
M 4 , p 4 , ω4

θ1,2

Region 2
M2 , p 2 , ω2

Primary-reflected
isentropic wave

Incident OSW

Figure 2.2: Schematic of the regular refraction of an incident OSW at the Machnumber interface between two neighbouring streamtubes with an infinitesimal change
in Mach number δM1 from one streamtube to the other. This schematic represents
a close-up view of the SMLI depicted in Figure 2.1, sketches the streamtube approximation of the incoming flow with a Mach number profile M1 (y) and indicates the
location of the refraction point Q.

introduced subscripts (·)1 and (·)2 , (·)3 , (·)4 and (·)5 refer to the flow
variables in the respective region. For the definition of the oblique-shockrefraction theory additional generic subscripts need to be introduced. In
the remainder, the subscripts (·)i and (·)j are used to denote pre-shock
and post-shock variables in juxtaposed regions, which are only separated by an OSW with a shock angle θi,j , see Figure 2.2. This definition
implies for the tupel (i, j) that (i, j) ∈ S := {(1, 2), (5, 4)}. Note that
region 3 is excluded from this notation as it is not separated from any
other region via an OSW. It is pointed out that in each of the regions 1
to 5 the flow variables are constant over the respective region and that
changes in pressure and flow direction only occur across the sketched (incident, transmitted and reflected) waves. The circumstance that M1 (as
well as all other flow variables) is constant across region 1 results from
the fact that the schematic in Figure 2.2 corresponds to a close-up view
of Figure 2.1 for a specific transverse coordinate y after the streamtube
approximation has been applied. In general, however, M1 ≡ M1 (y).
The same remark applies to the post-shock flow variables in region 2,
e.g. M2 (y).
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Oblique-shock-refraction theory

In a first stage, the oblique-shock-refraction theory determines the
change in shock angle δθ between two neighbouring streamtubes as
a function of the change in upstream Mach number δM1 , where
δθ := θ5,4 − θ1,2 and δM1 := M5 − M1 . This can be achieved by applying the conditions of matched deflection and pressure across the slip line,
i.e.
(2.1)
(2.2)

ω3 = ω4 ,
p3 = p4 .

Due to the small change in upstream Mach number between two neighbouring streamtubes, the pressure and the deflection angle in regions 3
and 4 deviate only slightly from the values in region 2. We can, hence,
introduce δp3 := p3 −p2 , δp4 := p4 −p2 , δω3 := ω3 −ω2 and δω4 := ω4 −ω2
and rewrite the conditions of matched deflection and pressure as
δω3 = δω4 ,

(2.3)

δp3 = δp4 .

(2.4)

The pressure and the deflection angle in regions 2 and 4 can be determined using the classical Rankine-Hugoniot relations for an oblique shock
wave in a calorically-perfect gas. These relations can be written as
pj
= Π(Mi , θi,j )
pi

∀(i, j) ∈ S,

(2.5)

ωj = Υ (Mi , θi,j )

∀(i, j) ∈ S,

(2.6)

and
where Π(Mi , θi,j ) and Υ (Mi , θi,j ) are the functions determining the
pressure ratio and the deflection angle, respectively. The functions
Π(Mi , θi,j ) and Υ (Mi , θi,j ) are written as functions of the two variables
Mi and θi,j . Constant parameters, in this case the constant heat-capacity
ratio γ, are omitted in the list of variables. Explicit expressions for
Π(Mi , θi,j ) and Υ (Mi , θi,j ) will be given at a later stage and are not
required for the derivation of the shock-angle-variation relation in the
form presented by Moeckel (1952) and Whitham (1958). These explicit expressions are, however, required in the derivation of shock-anglevariation relation in the form it has been presented by Buttsworth (1996).
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For the sake of readability, in the remainder of the analysis the notation
ω ≡ ω2 and θ ≡ θ1,2 is used. Similarly, if the functional arguments of
Π and Υ are omitted, then Π and Υ refer to Π(M1 , θ) and Υ (M1 , θ),
respectively.

The derivation starts by relating the deflection angle increment δω4
and the pressure increment δp4 in region 4 to each other. Making use of
Eqs. (2.3) – (2.5) as well as of the fact that p1 = p5 , we obtain
δp4
δp4
δp4 p2
δp3
=
=
=
Π = −Π ψ δω3 = −Π ψ δω4 .
p5
p1
p2 p1
p2

(2.7)

In the penultimate equality of Eq. (2.7), we made use of the relation
δp3
γM 2
δω3 = −ψ δω3 ,
= −' 22
p2
M2 − 1

(2.8)

and of the definition of ψ as

ψ := '

γM22
M22 − 1

.

(2.9)

Equation (2.8), which is applicable for weak waves, relates the relative
pressure change across the primary reflected wave to the deflection angle
induced by the same wave (see equation (4.15) of Liepmann & Roshko
(2001)). In order to relate the change in shock angle δθ to the change in
Mach number δM1 , δp4 /p5 and δω4 , both appearing in Eq. (2.7), have
to be expressed in terms of δM1 and δθ. The latter can be achieved by
expressing the pressure in region 4 as
p4
= Π(M5 , θ5,4 ) = Π(M1 + δM1 , θ + δθ).
p5

(2.10)

Expanding the right-hand side of Eq. (2.10) and neglecting higher order
terms yields a relation for δp4 /p5 , i.e.
∂Π
∂Π
δp4
=
δM1 +
δθ.
p5
∂M1
∂θ

(2.11)

Similarly, a relation for the deflection angle increment δω4 can be ob-
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tained by neglecting higher order terms, i.e.
δω4 =

∂Υ
∂Υ
δM1 +
δθ.
∂M1
∂θ

(2.12)

Substituting Eqs. (2.11) and (2.12) in Eq. (2.7) results in a relation which
describes the change in shock angle δθ due to a single and isolated Mach
number jump δM1 , i.e.
1 ∂Π
∂Υ
+ ψ ∂M
δθ
1
1
= − Π1∂M
=: F(M1 , θ),
∂Π
∂Υ
δM1
+
ψ
Π ∂θ
∂θ

(2.13)

where F(M1 , θ) is defined as the right-hand side of Eq. (2.13). For a
given constant heat-capacity ratio γ, F(M1 , θ) is a function of the sole
variables M1 and θ as the post-shock Mach number M2 appearing in the
definition of ψ (see Eq. (2.9)) can be expressed (as shown later) in terms
of M1 and θ by using the classical oblique-shock relations. Note that
Eq. (2.13) holds for propagation in both higher and lower Mach number
regions. As the derivation of Eq. (2.13) already assumed an infinitesimal
Mach number change δM1 and an infinitesimal change in shock angle δθ,
we have
∂θ
= F(M1 , θ).
(2.14)
∂M1

So far, the analysis only considered the interaction of a shock with
a single and isolated Mach number jump. In order to obtain a relation
for the spatial variation of the shock angle θ(y), additional assumptions
need to be made. This is a consequence of the fact that in reality the
shock angle changes due to a varying upstream Mach number M1 as
well as due to multiply reflected waves impacting on the OSW from behind. At this point the MW approximation (introduced in Section 1.3.1)
is applied, i.e. multiply (e.g. secondary) reflected waves are neglected.
This approximation facilitates the task of predicting the shock refraction tremendously as it implies that successive interactions of the OSW
with Mach number interfaces between two neighbouring streamtubes become independent. Under this assumption, the shock angle θ(y) does
not depend explicitly on the transverse coordinate y but only implicitly
through the spatial variation of M1 (y). The functional dependence of the
shock angle θ(y) can, hence, under the MW approximation, be expressed
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which implies that

with

(MW)
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θ(y) ≡ θ(M1 (y)),

(2.15)

dθ
dθ dM1
=
dy
dM1 dy

(2.16)

dθ
= F(M1 , θ).
dM1

(2.17)

Together with the definition of F(M1 , θ) in Eq. (2.13), Eq. (2.17) represents the shock-angle-variation relation as obtained by Moeckel (1952)
and Whitham (1958). The derivation of this relation presented in this
thesis is analogous to the derivation of Moeckel (1952). Whitham (1958)
presented an alternative derivation and has shown that this relation can
also be obtained by what today is referred to as Whitham’s approximate
characteristic rule (see Section 1.3.1 for further details).
Note that Eq. (2.17) can be interpreted as a relation for the shockwave curvature κ. The shock-wave curvature can be defined (cf. Casey
(1996, Chapter 10)) as4
dθ
,
(2.18)
κ :=
dt
and can be expressed for the present SMLI (under the MW approximation) as
dθ
dθ dM1
dθ
= sin θ
= sin θ
.
(2.19)
κ≡
dt
dy
dM1 dy
The shock-wave curvature κ is, hence, proportional to the shock-angle
dθ
variation dM
.
1
Primarily, Eq. (2.17) is a first-order non-linear ordinary diﬀerential
equation (ODE), which predicts the variation of the shock angle with
the spatially-varying upstream Mach number M1 . This ODE can be
integrated, given an initial condition for the shock angle. This initial
condition is of the form θ(M1,0 ) = θ0 , where θ0 and M1,0 are the initial
values for the shock angle θ and the pre-shock Mach number M1 , respectively. After integration one obtains θ(M1 )|θ(M1,0 )=θ0 as solution to this
4 Note that the curvature κ, defined according to Eq. (2.18), in combination with
the choice of the normal vector en does not fulfil the first Frenet-Serret formula,
t
t
t
= κ en , for the curvature vector de
. Instead, we have de
= −κ en . This
i.e. de
dt
dt
dt
results from the fact that en does not correspond to the principal unit normal vector.
Refer to Casey (1996) for further details.
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initial-value problem. Combined with the given Mach number profile
M1 (y), this results (within the MW approximation) in the shape of the
curved shock, i.e. θ(y). As a direct consequence of the MW approximation, the ODE can be solved independently of any specific Mach number
profile M1 (y) and only requires for its solution an initial condition for
M1 and θ. Consequentially, if two oblique-shock-refraction problems are
characterised by the same initial values θ0 and M1,0 , and if the pre-shock
Mach number profile can be described in both cases by the same function gM1 (y/L), i.e. M1 (y) = gM1 (y/L), but with distinct length scales L,
then the shock shape θ(y) is given in both cases by the same function
gθ , i.e. θ(y) = gθ (y/L), independent of the length scale L. In this regard
self-similar mixing-layer profiles generate self-similar shock shapes. The
functional dependence of the shock angle in Eq. (2.15) illustrates that under the MW approximation the curved part of the OSW is limited to the
non-uniform flow region. This feature deviates from reality, where the
curved part of the OSW extends beyond the non-uniform flow region as
multiply reflected waves impacting on the OSW from behind will deflect
the OSW after it completely traversed the non-uniform flow region.
Up until now, the MW approximation has been introduced and the
resulting shock-angle-variation relation has been presented. However,
the accuracy of the MW approximation has not yet been discussed. To
resolve this issue, the work of Weinbaum & Goldburg (1970) (hereafter
also referred as WG70) is introduced. Weinbaum & Goldburg (1970)
have derived a criterion under which multiply reflected waves can be
neglected in the study of oblique-shock refractions. This criterion gives
an indication of the range of validity of the MW approximation. This
criterion can be interpreted as such that the MW approximation predicts the shock refraction accurately within the non-uniform flow region
if a by WG70 introduced interaction parameter (denoted as Φ in WG70)
is small and/or a likewise by WG70 introduced geometrical factor (denoted5 as σ in WG70) is small. In the previous description of the criterion, the interaction parameter is, according to Weinbaum & Goldburg
(1970, p. 1), “the local ratio of the pressure gradients along the Mach wave
characteristic directions at the rear of the shock front” and is, hence, (see
Weinbaum & Goldburg (1970, p. 10)) “a measure of the relative strength
of the incident [e.g. secondary] and emitted [e.g. primary] waves”. According to Weinbaum & Goldburg (1970), the above-mentioned criterion
5 The geometrical factor is not related and is not to be confused with the later on
defined shock-trajectory parameter σM (see definition on p. 35).
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is always fulfilled for very weak shocks (i.e. for shocks with a pre-shock
normal Mach number only slightly larger than unity) due to the fact that
in this situation the incident waves at the rear of the shock and the very
weak shock wave have nearly parallel directions of propagation and that,
hence, the geometrical factor is small. For very weak shock waves the
accuracy of the MW approximation within the non-uniform flow region
is therefore guaranteed.
Qualitative statements regarding the impact of multiply reflected
waves on the shape of the refracted OSW can be made based on the
theoretical analysis of Weinbaum & Goldburg (1970). General quantitative statements are, however, not possible. The latter is a consequence
of the fact that the shock shape depends on the specific mixing-layer
profile if multiply reflected waves are included, i.e. the oblique-shockrefraction problem ceases to be a local problem in that case. Nevertheless, Buttsworth (1994) studied the cumulative eﬀect of all the multiply
reflected waves by alternately including respectively excluding in his calculations isentropic waves which are impinging on the shock from behind.
Buttsworth (1994) observed, for the specific configuration he analysed,
that the multiply reflected waves have a little impact on the solution
of the shock-refraction problem, see Figure 3.33 of Buttsworth (1994, p.
97). Their most prominent eﬀect arises after the OSW has completely
traversed the mixing layer. In this particular situation, no primary waves
are emitted as the pre-shock Mach number remains constant, but secondary waves are impinging on the OSW from behind. This part of the
shock is, however, of little interest for the vorticity-production analysis.
So far, an implicit expression for F(M1 , θ) has been given in
Eq. (2.13). In order to obtain an explicit expression for F(M1 , θ) in
terms of M1 and θ, the functions Π(M1 , θ) and Υ (M1 , θ) need to be
specified. To this end, Liepmann & Roshko (2001), which provide the
oblique-shock relations for a calorically perfect gas, can be consulted.
The pressure ratio across the OSW reads
)
p2
2γ ( 2
= Π(M1 , θ) = 1 +
Mn,1 − 1 ,
p1
γ+1

(2.20)

where the normal Mach number is defined as Mn,1 := M1 sin θ. Furthermore, for the deflection angle the following relation is given, i.e.
"
!
tan θ
,
(2.21)
ω = Υ (M1 , θ) = θ − arctan
ρ2 /ρ1
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where the density ratio across the OSW, i.e. ρ2 /ρ1 , reads
2
(γ + 1)Mn,1
ρ2
=
2 + 2.
ρ1
(γ − 1)Mn,1

(2.22)

In addition to the explicit expressions for Π(M1 , θ) and Υ (M1 , θ), an
expression for the post-shock Mach number M2 is needed for the evaluation of F(M1 , θ) as ψ is a function of M2 , see Eq. (2.9). The relation
for the post-shock Mach number M2 reads
*
+
2
+ 1 + γ−1
1
Mn,2
2 Mn,1
,
=
M2 =
.
(2.23)
2 − γ−1
sin(θ − ω)
sin(θ − ω) γMn,1
2
Using the above-mentioned oblique-shock relations, Buttsworth (1996)
derived an explicit relation for the shock-angle variation. The latter
reads
N
dθ
=
≡ F(M1 , θ),
(2.24)
dM1
D

where N and D are given6 in Appendix A. Note that Buttsworth (1996)
was unaware of the earlier studies of Moeckel (1952) and Whitham (1958)
and derived Eq. (2.24) without deriving the intermediate result given
in Eq. (2.13). The explicit relation given in Eq. (2.24) is used in the
remainder to evaluate the shock-angle variation.
So far, the domain of definition of Eq. (2.24) has not yet been discussed. The Mach angle µ(M1 ) := arcsin (1/M1 ) and the sonic postshock angle θsonic (M1 ), i.e. the shock angle for which M2 = 1, constitute the lower and the upper bound of this domain of definition, respectively. Both are displayed in Figure 2.3 together with the neutraltransmission angle θneut (M1 ) (defined in Eq. (2.34)) for the heat-capacity
ratio γ = 9/7. This value corresponds to the high-temperature limit of
the heat-capacity ratio of a diatomic molecule (i.e. to the heat-capacity
ratio a vibrationally-excited diatomic molecule) and is chosen as representative value for the conditions in a scramjet combustor. Unless
mentioned otherwise, this value is used for all subsequent results. The
domain of definition of Eq. (2.24) is simply the domain of existence of
regular refraction for the refraction of an oblique shock at a Mach num6 The relations contained in the appendix correct the typographical mistakes contained in Buttsworth (1996).
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ber interface with an infinitesimal change in Mach number from one
stream to the next. This means that for µ ≤ θ ≤ θsonic we have a regular
refraction and Eq. (2.24) applies, while for θ > θsonic the refraction becomes irregular and Eq. (2.24) is not applicable. It is important to note
that for the case of the refraction of an oblique shock at a Mach number
interface with a finite Mach number diﬀerence across the interface the
domain of existence of regular refraction is diﬀerent. Unless otherwise
mentioned, the term “domain of existence of regular refraction” refers in
this thesis always to the domain described by the relation µ ≤ θ ≤ θsonic .
It should be noted that θsonic is included in the domain of definition of
Eq. (2.24). Concerning this matter, it is of great interest to point out
dθ
that dM
= F(M1 , θ) does not become singular at the upper boundary
1
of the domain of existence of regular refraction. In order to support this
statement, F(M1 , θ) (defined in Eq. (2.13)) can be analysed for θ = θsonic ,
i.e.
∂Υ/∂M1
(2.25)
F(M1 , θsonic (M1 )) = −
∂Υ/∂θ
can be scrutinised. The right-hand side of Eq. (2.25) becomes singular
only if ∂Υ/∂θ = 0. This would occur for θ = θmax with θmax (M1 ) being
the shock angle corresponding to the maximum deflection angle. Due to
the fact that θsonic < θmax , i.e. that the domain of existence of regular
refraction is entirely included in the domain of existence of weak shock
solutions, we can conclude that F(M1 , θsonic ) does not become singular.

2.3

Initial-value problem

The integral curves of the ODE given in Eq. (2.24) can be obtained by
solving the initial-value problem given by Eqs. (2.26) – (2.28), i.e. by
integrating numerically the ODE7
dθ(M1 )
= F(M1 , θ(M1 ))
dM1

(2.26)

subject to an initial condition of the form θ(M1,0 ) = θ0 . For each integral
curve, this numerical integration is performed for the Mach number range
M1 ≥ σ M ,

(2.27)

7 The right-hand side of Eq. (2.26) is computed by evaluating the explicit relation
for F (M1 , θ(M1 )) given in Eq. (2.24) applying the definitions provided in Appendix A.
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where σM is referred to as shock-trajectory parameter and corresponds
to the initial value for the Mach number M1 , i.e. M1,0 ≡ σM . The
initial value for the shock angle is chosen to correspond to the sonic
post-shock angle, i.e. θ0 ≡ θsonic (σM ). The initial condition of the form
θ(M1,0 ) = θ0 , hence, reads
θ(σM ) = θsonic (σM ).

(2.28)

Solutions of this initial-value problem are referred to as shock trajectories. Given the initial condition in Eq. (2.28), σM is the only parameter required for parametrising the integral curves of the ODE given
in Eq. (2.26), i.e. the shock trajectories. The need for using σM as
defining parameter of the shock trajectories has been pointed8 out by
Buttsworth (1996) and arises from the fact that other parameters, e.g.
the pressure ratio across the shock, vary along the shock trajectory and
are therefore not suited for parametrising it. The numerical integration of the initial-value problem was performed using the solver ode45
of MATLAB, which uses the Dormand-Prince method to integrate the
ODE. The Dormand-Prince method belongs to the category of explicit
Runge-Kutta methods and makes use of an adaptive step size based on
a local error estimate.
Some of the shock trajectories are displayed in Figure 2.3 for diﬀerent values of the shock-trajectory parameter σM , together with lines of
constant normal Mach number Mn,1 . For each of these lines of constant
normal Mach number Mn,1 , the respective normal Mach number Mn,1 is
chosen such that Mn,1 = σM sin (θsonic (σM )). The diﬀerent behaviour
of the two types of curves for increasing M1 gives an indication of the
change in shock strength along the shock trajectory. This will be of
importance for the analysis of the vorticity-production contributions in
Chapter 3.
Figure 2.3 presents several shock trajectories, but does not indicate the type of the primary reflected waves. The dependence of the
primary-reflected-wave type on M1 and θ has already been discussed by
Buttsworth (1996). In the present work, a parameter determining the
reflected-wave type is introduced, which will be useful for the discussion
of the vorticity-production mechanisms in Chapter 3. The nature of the
8 Note that, analogous to the present study, Buttsworth (1996), who also computed
the integral curves of the ODE given in Eq. (2.24), distinguishes the individual integral
curves based on the parameter σM .
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Figure 2.3: Shock trajectories obtained as solutions to the initial-value problem given
by Eqs. (2.26) - (2.28) for the shock-trajectory parameter σM ∈ {2, 4, 6} ( ). Lines
of constant normal Mach number Mn,1 = σM sin(θsonic (σM )) ( ), Mach angle µ,
sonic post-shock angle θsonic and neutral-transmission angle θneut ( ); γ = 9/7.
5

reflected wave can be deduced from the sign of δp3 , where
sgn(δp3 ) = sgn(δp4 ) = sgn(δMn,1 ),

(2.29)

with δMn,1 := Mn,5 − Mn,1 . By neglecting higher order terms we can
express δMn,1 as
!
"
δθ
tan θ
δMn,1 = M1 cos θ
+
δM1 .
(2.30)
δM1
M1
For Mach number interfaces with an infinitesimal change in Mach number δM1 from one streamtube to the other, we have9
sgn(δp3 ) = sgn(R δM1 ),

(2.31)

9 Equation (2.31) is obtained by combining Eq. (2.29) with Eq. (2.30) and by
dθ
δθ
with dM
. This can be done, as we are considering the limit of
replacing δM
1
1
δM1 → 0.
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where the classification parameter R is defined as
R :=

dθ
tan θ
tan θ
+
≡ F(M1 , θ) +
.
dM1
M1
M1

(2.32)

With the definition of the parameter R, given an incident finitestrength oblique shock wave in the domain of existence of regular refraction (i.e. µ < θ ≤ θsonic ), the type of the primary reflected wave can
be classified as follows
⎧
⎪
for R δM1 > 0,
⎨compression wave
reflected wave = neutral transmission
for R = 0,
⎪
⎩
expansion wave
for R δM1 < 0.
For R = 0 no reflected wave is observed. The condition R = 0 is
fulfilled for two diﬀerent scenarios, either if θ = µ, i.e. if a Mach wave
propagates through the mixing layer, or if neutral transmission occurs,
i.e. if no primary reflected wave is observed although the incident OSW
is of finite strength. For the first scenario, i.e. θ = µ, R vanishes because
for Mach waves
dµ
−1
dθ
tan µ
'
=
=
.
=−
2
dM1
dM1
M1
M1 M1 − 1

(2.33)

The second scenario, on the other hand, occurs if the neutraltransmission condition θ = θneut is fulfilled. In this condition the neutraltransmission angle θneut (M1 ) is defined according to Buttsworth (1996)
as10
3
12
1
γ+1
−
.
(2.34)
θneut (M1 ) = arcsin
2γ
γM12
√
Note first that, independent of the heat-capacity ratio γ, for M1 = 2
the Mach angle µ and the neutral-transmission angle
√ θneut always
coincide, i.e. θneut = µ = 45◦ . Secondly, for M1 > 2, the neutraltransmission angle θneut is always larger
than the Mach angle µ, i.e.
√
θneut > µ. Consequentially, for M1 > 2 neutral transmission can occur.
The classification parameter R and the neutral-transmission angle θneut
are displayed in Figure 2.4 for the entire domain of existence of regular
10 Buttsworth (1996) based his derivation of the neutral-transmission angle θ
neut
on the neutral-transmission condition of Henderson (1967).
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Figure 2.4: Classification parameter R; contour-level spacing of ∆ = 0.02; θneut (
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refraction. By analysing the results presented in Figure 2.4, under
the condition that the sign of δM1 is known, the type of the primary
reflected wave can be determined for a given pre-shock Mach number M1
based on the shock angle θ. In this paragraph, the discussion of the
primary-reflected-wave type concentrates on shock angles θ for which
µ < θ ≤ θsonic . For a shock wave propagating into a region of higher
Mach number (i.e. δM1 > 0), the reflected wave is a compression wave
if R > 0, i.e. if θ < θneut (see Figure 2.4), and an expansion √
wave if
R < 0, i.e. if θ > θneut (see Figure 2.4). Note that for M1 < 2 the
condition θ > θneut is fulfilled by every finite-strength oblique shock
wave in the domain of existence of regular refraction as θ > µ > θneut .
In addition to the use as classification parameter, R can be interpreted
as the diﬀerence between the slope of the shock trajectory and the slope
of the constant-Mn,1 lines and is therefore an indicator for the local
shock-strength variation along the shock trajectory.

Chapter 3
Vorticity-Production Contributions in
Shock/Mixing-Layer Interactions
After having discussed the oblique-shock-refraction theory in the
previous chapter, the shock-induced vorticity production can be evaluated in this chapter using, as in Buttsworth (1996), the shock-angle
dθ
as an input parameter in the vorticity-jump relation.
variation dM
1
This chapter is structured as follows. First, Section 3.1.1 presents the
vorticity-jump relation used by Buttsworth (1996). Second, in the same
section, the splitting of the total vorticity production into its individual
contributions is derived by using Buttsworth’s vorticity-jump relation as
starting point. Next, Section 3.1.2 presents the physical interpretation
of the individual vorticity-production contributions and compares them
with the source terms in the vorticity transport equation. Subsequently,
in Sections 3.2 and 3.4, numerical results showing the relative magnitude
of the individual vorticity-production contributions are presented for the
two limiting cases of a shock interacting with a constant-density shear
layer and with a constant-velocity mixing layer with density gradients
only, respectively. Between Sections 3.2 and 3.4, Section 3.3 discusses
the influence of the heat-capacity ratio γ on some of the presented results.
Finally, in Section 3.5 possible implications of the presented analysis for
SMLIs occurring in scramjet combustors are discussed.
Remark: Parts of this
Tritarelli & Kleiser (2017).

3.1

chapter

have

been

published

in

Derivation and interpretation of
the vorticity-production contributions

3.1.1 Derivation
The present analysis of the vorticity-production mechanisms is based
on the results of Buttsworth (1996), who combined the relation for the
shock-angle variation, i.e. Eq. (2.24), with Hayes’ relation (Hayes, 1957)
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for the vorticity jump across a curved gasdynamic discontinuity of arbitrary three-dimensional shape. A detailed discussion of the range of
applicability of Hayes’ vorticity-jump relation has already been given
in Section 1.3.1. For a planar problem, Hayes’ relation for the vorticity jump in steady flows, i.e. equation (17) of Hayes (1957), predicts
the vorticity jump ζ2 − ζ1 across the OSW, where the scalar vorticity ζ
has been defined as ζ := (∇ × u) · ez . According to Buttsworth (1996),
Hayes’ relation for a steady flow reduces for a planar problem to
"
!
!
"
1 ∂ρ1 un,1
ut,1 ρ2
1
∂ut,1
ζ2 − ζ1 =
−
−
−1
,
(3.1)
ρ2
ρ1
∂t
un,1 ρ1
∂t
where un,1 and ut,1 represent the upstream velocity normal respectively
tangential to the OSW. Furthermore, t represents the coordinate tangential to the OSW (see Figure 2.1, where the local coordinate system is
depicted). Note that the tangential derivatives appearing in Eq. (3.1) are
taken with respect to quantities (mass flow across the shock wave and
tangential velocity) which are continuous across the shock wave. Due
to the fact that the upstream flow is parallel, the normal and tangential
velocity in Eq. (3.1) can be expressed as follows
un,1 = u1 sin θ,

(3.2)

ut,1 = u1 cos θ.

(3.3)

For a parallel, uniform and, hence, irrotational flow ahead of the gasdynamic discontinuity, i.e. for u1 = const., ρ1 = const. and consequentially
ζ1 = 0, Eq. (3.1) in combination with Eqs. (3.2) and (3.3) reduces to1
ζ2 = u1 cos θ

ρ2
ρ1

!

1−

ρ1
ρ2

"2

dθ
.
dt

(3.4)

Based on Eq. (3.4), it can be concluded that in uniform flows the vorticity
jump is proportional to the shock-wave curvature κ ≡ dθ
dt , defined in
Eq. (2.18). This property does not hold for non-uniform flow problems
such as the considered SMLI. This will become apparent in the remainder
of the analysis, when the role of shock-wave curvature in the vorticityjump relation (for the considered SMLI) will be discussed.
For the considered SMLI, where the streamwise variation of the up1 Note

that the equivalence

∂θ
∂t

≡

dθ
dt

has been used in order to obtain Eq. (3.4).
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stream flow properties is neglected, the tangential derivative can be expressed as
∂
d
= sin θ .
(3.5)
∂t
dy
Furthermore, according to the definition of the scalar vorticity, the upstream vorticity reads
du1
ζ1 = −
.
(3.6)
dy
Moreover, if the MW approximation is applied, θ(y) is equivalent to
θ(M1 (y)) and, hence, we have
dθ
dθ dM1
=
,
dy
dM1 dy

(3.7)

where the Mach number gradient can be expressed as
a1

dM1
du1
u1 dρ1
=
+
,
dy
dy
2ρ1 dy

(3.8)

dγ
1
where, according to the assumptions of Section 2.1, dp
dy ≡ 0 and dy ≡ 0
has been used. By combining Eqs. (3.1) – (3.3) and Eqs. (3.5) – (3.8),
Buttsworth (1996) showed that the relation for the post-shock vorticity
ζ2 can be written as a function of the pre-shock velocity gradient and
pre-shock density gradient, i.e.

ζ2 = f u

u1
dρ1
du1
+
fρ
.
dy
2ρ1
dy

(3.9)

The terms fu and fρ in Eq. (3.9) have been defined in Buttsworth (1996)
as
ρ1
ρ2
fu := fρ −
sin2 θ −
cos2 θ
(3.10)
ρ2
ρ1
and
fρ :=

r2
dθ
M1 cos θ sin θ
+2
1+r
dM1

!

"
ρ1
− 1 sin2 θ,
ρ2

(3.11)

where we introduced r, i.e. the normalised density change across the
OSW, as
r := ρ2 /ρ1 − 1.
(3.12)
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Note that the normalised density change r as well as the density ratio ρ2 /ρ1 appearing in Eqs. (3.10) – (3.11) can be evaluated using the
Rankine-Hugoniot relation for the density jump, i.e. Eq. (2.22).
Under the assumptions made, the considered SMLI has the special
feature that the local post-shock vorticity ζ2 (see Eqs. (3.9) – (3.11)) can
be expressed (using Eqs. (2.22) and (2.24)) in terms of local quantities
only, i.e. the local pre-shock flow variables, the local shock angle and the
local pre-shock gradients. It follows that Eqs. (3.9) – (3.11) as well as all
the subsequent results regarding the vorticity production due to SMLIs
are independent of the mixing-layer thickness, under the condition that
the thickness remains finite. In the limiting case of a zero mixing-layer
thickness, however, the assumption of a continuous Mach number profile,
which the oblique-shock-refraction theory is based on, would be violated.
Note that Eqs. (3.9) – (3.11) predict the immediate post-shock vorticity,
however, these relations do not predict the downstream evolution of the
vorticity. The knowledge of this evolution would be beneficial for the assessment of targeted SMLIs as mixing-enhancement technique and could
be obtained via numerical simulations of SMLIs.
Although Buttsworth’s formulation predicts the vorticity jump across
the OSW, it does not reveal the importance of the individual physical
mechanisms involved in the vorticity production. Neither the eﬀect of
bulk compression, nor the eﬀect of baroclinic torque can be recognised
from this formulation. A comparison with the conclusions drawn from
an evaluation of the source terms in the vorticity transport equation, see
Eq. (1.7), are, hence, impossible. Furthermore, the vorticity production
due to variable shock strength along the shock trajectory cannot be
inferred from Eqs. (3.9) – (3.11).
dθ
θ
dθ
with dM
= R − tan
Replacing dM
M1 , see Eq. (2.32), permits to re1
1
formulate and subdivide the terms fu and fρ into components which are
either dependent or independent of the shock-angle variation, respectively of R. We obtain

fu = −1

r2
M1 R cos θ sin θ
−r +
1+r
#
#$%&
$%
&

=:fu,Bulk

=:fu,VSS

(3.13)
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and

r2 + 2r
r2
sin2 θ +
M1 R cos θ sin θ,
fρ = −
1+r
1+r
#
$%
& #
$%
&
=:fρ,DG
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(3.14)

=:fρ,VSS

where we have defined the contributions fu,Bulk , fu,VSS , fρ,DG and
fρ,VSS ≡ fu,VSS with the subscripts Bulk, VSS and DG referring to bulk
compression, variable shock strength and density gradients, respectively.

By introducing Eqs. (3.13) – (3.14) into Eq. (3.9) and by making use
of Eq. (3.6) and Eq. (3.8), we obtain a relation which subdivides the
total vorticity jump ζ2 − ζ1 into its individual physical contributions, i.e.
ζ2 − ζ1 = PBulk ζ1 − PDG

u1 dρ1
dM1
− PVSS a1
.
2ρ1 dy
dy

(3.15)

The non-dimensional vorticity-production contributions PBulk , PDG and
PVSS , which for a given heat-capacity ratio γ can be expressed as sole
functions of M1 and θ, are defined as
PBulk (M1 , θ) := −fu,Bulk = r,

(3.16)

PDG (M1 , θ) := −fρ,DG =

(3.17)

PVSS (M1 , θ) := −fu,VSS

(3.18)

2

r + 2r
sin2 θ,
1+r
r2
M1 R cos θ sin θ,
=−
1+r

where the definition of PVSS is possible because fρ,VSS ≡ fu,VSS .
Eqs. (3.16) – (3.18) rely on the previously-given definitions of r and
R, i.e.
r := ρ2 /ρ1 − 1,
(3.12)
and

R :=

tan θ
tan θ
dθ
+
≡ F(M1 , θ) +
.
dM1
M1
M1

(2.32)

Equation (3.15) together with Eqs. (3.16) – (3.18) constitutes the starting point for the remainder of our analysis, which begins with the physical interpretation of the three individual terms on the right-hand side
of Eq. (3.15).
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3.1.2 Physical interpretation
In contrast to Eq. (3.9), Eq. (3.15) allows to discern the individual physical mechanisms responsible for the vorticity production. The first term
on the right-hand side of Eq. (3.15) can be interpreted as vorticity production due to bulk or volumetric compression. To demonstrate that this
interpretation is correct, Eq. (3.15) can be analysed for a situation for
which the second and the third term on the right-hand side of Eq. (3.15)
vanish. Such a situation occurs, for example, if an oblique shock wave
interacts with a constant-density shear layer and if locally the shock
angle fulfils the neutral-transmission condition2 , i.e. θ = θneut . In such
a situation, Eq. (3.15) can be re-written as
ρ2
ζ2
= ,
ζ1
ρ1

(3.19)

or, using the definition of the vorticity-to-density ratio Z, as
Z2 = Z1 .

(3.20)

In order to identify in the vorticity transport equation the mechanism
that represents the same eﬀect as the first term on the right-hand side
of Eq. (3.15), the vorticity transport equation, i.e. Eq. (1.7), can be simplified for the hypothetical case of a two-dimensional, barotropic flow3 ,
which results in
! "
D ζ
= 0.
(3.21)
Dτ ρ
For a steady problem, Eq. (3.21) implies that ζ/ρ is constant along a
streamline. For the steady, two-dimensional SMLI analysed in this thesis,
under the assumption that the flow can be treated as a barotropic flow,
i.e. under the assumption that the baroclinic torque can be neglected, the
vorticity transport equation, i.e. Eq. (3.21), is applicable and predicts
that4
ζ2
ρ2
= .
(3.22)
ζ1
ρ1
2 Note

that R = 0 for θ = θneut and that, hence, PVSS = 0 for θ = θneut .
that flows which contain curved shocks are generally not barotropic. Thinking of the shock as a region of finite thickness instead of a discontinuity, it can be
said that for curved shocks baroclinic torque is typically not vanishing in this region.
4 (·) and (·) denote the pre-shock state and post-shock state that lie along the
1
2
same streamline, respectively.
3 Note
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This relation is identical to the vorticity jump predicted by Eq. (3.19).
Furthermore, it can be deduced from Eq. (1.5) that, under the assumption that baroclinic torque can be neglected, bulk compression is the only
source of vorticity for the considered SMLI, which is a steady, inviscid,
two-dimensional flow without body forces. Accordingly, the change in
vorticity predicted by Eq. (3.22) and thus also by Eq. (3.19) must be a
direct consequence of bulk compression. The identification of PBulk ζ1
(the only term on the right-hand side of Eq. (3.15) which was not assumed to vanish in the derivation of Eq. (3.19)) as vorticity production
due to bulk compression is, consequently, appropriate.
In order to improve the intuitive understanding of the eﬀect of bulk
compression on the vorticity, this eﬀect can be analysed for the hypothetical case of an inviscid, two-dimensional, compressible, barotropic flow
without body forces (and without shock waves) by applying Kelvin’s circulation theorem. This theorem (see Kundu et al. (2012, pp. 176-179))
reads: “In an inviscid, barotropic flow with conservative body forces, the
circulation around a closed curve moving with the fluid remains constant
with time”. A curve C enclosing a fluid element at two diﬀerent instants
in time, i.e. τa and τb , is considered. The curve C encloses at τ = τa
a fluid element before undergoing compression and encloses at τ = τb
the same fluid element after undergoing compression. In this situation,
according to Kelvin’s circulation theorem
Γa = Γb ,

(3.23)

where Γa and Γb are the circulations with respect to the curve C at
τ = τa and τ = τb , respectively. The circulation in Eq. (3.23) is defined
according to the usual conventions as
4
5
Γ :=
u · ds =
ζ dAC ,
(3.24)
C

AC

where AC is the surface bounded by the curve C and ds is an infinitesimal arc length element of the curve C oriented in the mathematically
positive direction. Note that the second equality in Eq. (3.24) holds under the conditions of Stokes’ theorem for a two-dimensional problem. If
the curve C encloses an infinitesimal fluid element, the vorticity can be
assumed to be constant over the enclosed area. Equation (3.23) can, in
this case, be written as
ζa δAa = ζb δAb ,
(3.25)
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where δAa and δAb are the infinitesimal areas enclosed by the curve C
at the instants τa and τb , respectively. Additionally, ζa (respectively ζb )
denotes the vorticity of the infinitesimal fluid element at the instant τa
(respectively τb ). For the considered two-dimensional problem, the eﬀect
of vortex stretching is absent. Hence, a diﬀerence between the enclosed
areas δAa and δAb must be the result of a compression or an expansion.
Due to the fact that the mass of a fluid element is conserved when it
undergoes compression, we have
ρa δAa = ρb δAb .

(3.26)

Combining Eq. (3.25) with Eq. (3.26) results in
ζb
ρb
=
.
ζa
ρa

(3.27)

In conclusion, according to Kelvin’s circulation theorem, for the considered hypothetical case, i.e. for a two-dimensional and barotropic flow,
bulk compression has the eﬀect of inducing a relative vorticity change
which is equal to the relative density change.
After having presented the meaning of the first term on the righthand side (RHS) of Eq. (3.15), the correct interpretation of the second
and the third term on the RHS of this equation needs to be given. To
this end, it is important to note that, for the present SMLI (a twodimensional but not generally barotropic flow), the vorticity transport
equation (Eq. (1.7)) reduces to
! "
1
D ζ
= 3 (∇ρ × ∇p) · ez .
(3.28)
Dτ ρ
ρ
In comparison with Eq. (3.28), the only source of vorticity absent in
Eq. (3.21) is the baroclinic torque. In the absence of baroclinic torque,
the vorticity transport equation, i.e. Eq. (3.21), predicts for the SMLI
the same vorticity jump as Eq. (3.15) in the absence of the second and
the third term on the RHS. We can, hence, conclude indirectly that the
sum of the second and the third term on the RHS of Eq. (3.15) can be
regarded as vorticity production due to baroclinic torque. If regarded
individually, the second term represents the vorticity production which is
caused by pre-shock density gradients. The last term can be interpreted
as the vorticity production due to variable shock strength. To show that
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this interpretation is applicable, we can write
PVSS a1

dM1
r2 ∂Mn,1
= −a1
,
dy
1 + r ∂t

(3.29)

where we have expressed the transverse derivative in terms of the tangential derivative, see Eq. (3.5), and where we made use of Eq. (3.7).
Consequentially, the last term in Eq. (3.15) can be interpreted as the
vorticity jump due to variable shock strength as it is proportional to the
tangential gradient of the normal Mach number.
It is important to note that the first and second term on the RHS of
dθ
Eq. (3.15) are locally independent of dM
. In contrast, the third term
1
dθ
depends locally on dM1 . Consequentially, the vorticity production due
to variable shock strength is the only vorticity-production contribution
which is locally dependent on the shock-wave curvature. (Remember
that for the considered SMLI the shock-wave curvature κ is proportional
dθ
, see Eq. (2.19).) The vorticity jump induced by the SMLI beto dM
1
haves, hence, very diﬀerently from the vorticity jump across a curved
shock in a uniform flow. The latter, as it has already been discussed,
is proportional to the shock-wave curvature (see Eq. (3.4)). Note that
although the vorticity production due to bulk compression and the vorticity production due to pre-shock density gradients are independent of
shock-wave curvature, the evaluation of these vorticity-production contributions within a mixing layer requires the solution of the initial-value
problem given in Eqs. (2.26) – (2.28) in order to determine the local
shock angle.
In order to grasp intuitively the relation between baroclinic torque
and vorticity production due to variable shock strength, Eq. (3.15) can
be analysed for the case of a finite-strength oblique shock wave (θ > µ
and, hence, r > 0) interacting with a constant-density shear layer. In
this case, the third term on the RHS of Eq. (3.15) is the only remaining source of vorticity which results from the action of baroclinic torque.
This source vanishes if PVSS = 0, i.e. (since θ > µ) if the neutral transmission condition is fulfilled. If, in a constant-density shear layer, the
condition PVSS = 0 is fulfilled, which according to Eq. (3.29) implies for a
∂M
finite-strength OSW (r > 0) that ∂tn,1 = 0, then it follows immediately
that in this situation the density gradient and the pressure gradient at
the shock are normal to the OSW. Under these circumstances, the baroclinic torque obviously vanishes as the pressure gradient and the density
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gradient are parallel. Hence, for the considered case of a finite-strength
OSW interacting with a constant-density shear layer the vanishing of
PVSS is equivalent to the absence of baroclinic torque.
Note that although we refer to the three terms on the RHS of
Eq. (3.15) as vorticity-production terms, these terms are not necessarily
increasing the vorticity magnitude. For the following discussion (in this
paragraph) regarding the impact of these three terms on the vorticity
magnitude, we assume that the sign of the pre-shock and post-shock vorticity is identical and that the OSW interacting with the mixing layer
is of finite strength (µ < θ ≤ θsonic and, hence, r > 0). Under these
assumptions, PBulk is always positive, i.e. PBulk > 0, and, hence, the
vorticity magnitude is always5 increased by the first term on the RHS of
Eq. (3.15). On the other hand, although PDG > 0 for µ < θ ≤ θsonic , the
second term can increase or decrease6 the pre-shock vorticity magnitude.
This depends on the sign of the pre-shock density gradient and of the
pre-shock velocity gradient, respectively of the pre-shock vorticity. If
the pre-shock density gradient and the pre-shock velocity gradient have
identical (respectively opposite) sign, then the second term on the RHS
of Eq. (3.15) increases (respectively decreases) the pre-shock vorticity
magnitude7 . With respect to the third term on the RHS of Eq. (3.15)
it can be said that PVSS can be positive, negative or vanish, as R appearing in Eq. (3.18) can be negative, positive or vanish. Furthermore,
dρ1
dM1
1
for the case that du
dy and dy have opposite signs, dy can have the
sign of either of the two derivatives or vanish. Accordingly, the vorticity
magnitude can increase, decrease or remain unaltered due to the eﬀect
of the third term on the RHS of Eq. (3.15).
To the best of the author’s knowledge, the present study presents the
first theoretical analysis of the vorticity production (VP) induced by the
interaction of a finite-strength oblique shock wave with a mixing layer
that allows to quantify the eﬀects of bulk compression and baroclinic
torque on the vorticity production. Nevertheless, other authors, such
as Emanuel (2011) or Kevlahan (1997), also analysed the vorticity production across shock waves in non-uniform flows. Kevlahan (1997), for
5 With the exception that the first term on the RHS of Eq. (3.15) vanishes for
ζ1 = 0.
6 With the exception that this term does not alter the vorticity magnitude for
dρ1
= 0.
dy

1
̸= 0, the second term on the RHS of Eq. (3.15) generates
For ζ1 = 0 and dρ
dy
vorticity in a previously irrotational flow.

7
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example, investigated the individual VP contributions induced by the interaction of a shock wave with a non-uniform flow. Although Eq. (3.15)
is similar to equation (2.16) of Kevlahan (1997), the subdivision proposed in Eq. (3.15) is diﬀerent and appears to be better suited for the
present analysis. Kevlahan’s subdivision, on the other hand, is more
general than our relation. Comparing Eq. (3.15) with Kevlahan’s result,
we observe that analogously to Eq. (3.15) Kevlahan’s relation also contains the VP due to bulk compression. The nomenclature of Kevlahan,
however, diﬀers from ours and he refers to this as a term arising due
to angular momentum conservation. For a steady problem, we observe
that in equation (2.16) of Kevlahan (1997) the VP due to variable shock
strength is assumed proportional to the gradient of the velocity normal
to the shock. In our analysis, however, this VP term (due to variable
shock strength) is associated with a gradient of the normal Mach number,
see Eq. (3.15) and Eq. (3.29). Because of these contrasting definitions of
the VP due to variable shock strength, the remaining VP contribution
is also diﬀerent in our analysis. It turns out that, if applied to our SMLI
problem, Kevlahan’s relation (equation (2.16)) is identical to Eq. (3.15)
for constant-density flows only. Furthermore, Kevlahan (1997) did not
apply his vorticity-jump relation to the problem of a SMLI and, hence,
for the SMLI problem at hand, no theoretical analysis of the vorticity
production which allows to quantify the eﬀects of bulk compression and
baroclinic torque on the vorticity production seems to exist.
Following this physical interpretation of the individual terms on the
RHS of Eq. (3.15), the relative magnitudes of these terms will now be
analysed for the two special cases of a shock interacting with a constantdensity shear layer (Section 3.2) and with a constant-velocity mixing
layer (Section 3.4), respectively. Between Sections 3.2 and 3.4, Section 3.3 discusses the influence of the heat-capacity ratio γ on some
of the presented results.

3.2

Results for a constant-density shear layer

For a constant-density (isopycnal) shear layer with an arbitrary pre1
shock velocity profile, i.e. u1 ≡ u1 (y) and dρ
dy ≡ 0, Eq. (3.15) reduces
to a relation for the non-dimensional vorticity production, which for the
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Figure 3.1: Vorticity ratio across an oblique shock wave interacting with a constantdensity shear layer, i.e. ζ2 /ζ1 |ρ1 =const. ; contour-level spacing of ∆ = 0.25; θneut ( )
and θsonic ( ); γ = 9/7.

case of a non-vanishing velocity gradient, i.e. ζ1 ̸= 0, reads
6
ζ2 − ζ1 66
= PBulk + PVSS .
ζ1 6ρ1 =const.

(3.30)

Based on Eq. (3.30), the vorticity ratio across an OSW interacting
with a constant-density shear layer, i.e. ζ2 /ζ1 |ρ1 =const. , can be computed.
The latter is displayed in Figure 3.1 for a range of Mach numbers M1
and for all the shock angles θ in the domain of existence of regular
refraction, i.e. in the domain of definition of Eq. (3.30)8 . We would like
to point out once more that, under the assumptions made, Figure 3.1
and all upcoming results are independent of the choice of the specific
velocity profile u1 (y). For weak shock waves, i.e. for OSWs with a preshock normal Mach number Mn,1 only slightly larger than unity, the
contour lines of the density ratio ρ2 /ρ1 (Figure 3.2) have similar shapes
as the contour lines of ζ2 /ζ1 |ρ1 =const. . This is an indication that bulk
compression dominates the vorticity production in this parameter range.
8 The domain of definition of Eq. (3.30) is obviously identical to the domain of
definition of Eq. (2.24).
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Figure 3.2: Density ratio ρ2 /ρ1 across an oblique shock wave; contour-level spacing
of ∆ = 0.5; θneut ( ) and θsonic ( ); γ = 9/7.

On the other hand, for large Mn,1 the contour lines of ζ2 /ζ1 |ρ1 =const.
have very diﬀerent shapes compared to the contour lines of ρ2 /ρ1 . This
results from the fact that for large Mn,1 the vorticity production due to
variable shock strength can have a sizeable contribution to the overall
vorticity production.
To analyse this behaviour in greater detail, Figure 3.3 displays the
relative importance of the two vorticity-production contributions appearing in Eq. (3.30), i.e. PVSS /PBulk . Note that whereas Figure 3.3 depicts PVSS /PBulk in the entire domain of definition, Figure 3.7 shows
PVSS /PBulk along parts of the shock trajectories depicted in Figure 2.3.
Based on Figure 3.3 and on the asymptotic behaviour of PBulk and PVSS
as r → 0, it is clear that PBulk is dominant for weak shock waves. As
r → 0, we have PBulk = O(r) and PVSS = O(r3 ). The latter is due to
the fact that R = O(r) as r → 0. The asymptotic behaviour of R as
r → 0 can partially be explained by the fact that R vanishes for a Mach
wave, i.e. for r = 0. (The given asymptotic behaviours of R and√PVSS
hold everywhere, but can be written more restrictively if M1 = 2 for
r = 0.) Further details regarding the asymptotic behaviour of R, PBulk ,
PDG and PVSS as r → 0 can be found in Appendix B. In addition to
these asymptotic behaviours, we would like to point out that PVSS van-
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Figure 3.3: PVSS /PBulk for the heat-capacity γ = 9/7; contour-level spacing of
∆ = 0.025; θneut ( ) and θsonic ( ). PVSS /PBulk = 0 ⇔ (θ = θneut or θ = µ).

ishes for θ = θneut due to the fact that R vanishes in that situation. The
above-mentioned asymptotic behaviours as r → 0 and the vanishing of
PVSS for θneut clarify the shapes of the contour lines in Figure 3.3.
Based on Figure 3.3 it can be concluded that for SMLIs with a moderate pre-shock Mach number, roughly M1 < 4, the vorticity-production
contribution due to variable shock strength plays a minor role. Note that
this conclusion does not necessarily apply for shock angles in the immediate vicinity of θsonic . For many shock angles in the Mach number range
M1 < 4, the vorticity-production contribution due to variable shock
strength is nearly an order of magnitude smaller than the contribution
due to bulk compression, i.e. |PVSS | ≪ PBulk . Furthermore, the observation that |PVSS | ≪ PBulk is not limited to moderate pre-shock Mach numbers M1 but also applies for weak shocks at higher Mach numbers. For
the considered constant-density shear layer, the vorticity-production contribution due to variable shock strength is the only vorticity-production
contribution resulting from the action of baroclinic torque. In conclusion,
for the considered case, for all the parameter combinations (M1 and θ)
for which |PVSS | ≪ PBulk , the vorticity production due to bulk compression is dominant in comparison with the vorticity production due
to baroclinic torque. The observation that, for the considered case, at
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moderate pre-shock Mach numbers the vorticity production due to bulk
compression is typically the dominant vorticity-production contribution,
will be of importance in Section 3.5 for the discussion of the vorticity
induced by SMLIs occurring in scramjet combustors.
It would be of value to compare the present observations based on
a simplified theoretical analysis with results from numerical simulations.
However, no study for which a one-to-one comparison with the present
analysis is possible has been reported in the literature. The study which
closest resembles the case analysed in the present section has been reported by Zhang et al. (2015), who investigated a turbulent SMLI by means
of a large-eddy simulation. In Zhang et al. (2015) the SMLI consists in
the interaction of an OSW with a turbulent mixing layer, which develops between two streams of identical density but with diﬀerent Mach
numbers (M1 = 2.4 and M1 = 1.8), i.e. diﬀerent velocities. Furthermore,
the incident OSW has a shock angle of θincident = 36◦ in the high-speed
stream and impinges from the latter onto the mixing layer. Based on
these parameters the SMLI analysed in Zhang et al. (2015) can be regarded as the interaction of a relatively weak shock wave with a mixing
layer with a moderate Mach number M1 . For this parameter range, it
has been observed in the present analysis that, for the interaction of
an OSW with a constant-density shear layer, bulk compression is the
dominant vorticity-production contribution (cf. Figure 3.3). The same
observation has been made by Zhang et al. (2015) for their specific SMLI
by evaluating the source terms in the vorticity-transport equation (see
Section 1.3.2 for further details). However, although the mixing layer
in Zhang et al. (2015) develops between two streams of identical density,
the mixing layer in Zhang et al. (2015) cannot be regarded as a constantdensity flow. This results from the fact that the heating due to viscous
dissipation causes a density variation within the mixing layer. Because
of this eﬀect, in Zhang et al. (2015) the vorticity production due to preshock density gradients contributes to the vorticity production due to
baroclinic torque. As the vorticity-production contribution due to preshock density gradients is absent in the analysis of the present section, a
one-to-one comparison is impossible. Furthermore, in turbulent SMLIs,
such as studied by Zhang et al. (2015) or Génin & Menon (2010b), other
eﬀects which are neglected in the present thesis may aﬀect the vorticity
production, e.g. the formation of turbulent coherent structures or the oscillation of the shock front which has been observed by Génin & Menon
(2010b).
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The following paragraph is devoted to the discussion of the signs of
PBulk and PVSS . This discussion concentrates on shock angles for which
µ < θ ≤ θsonic . (θ = µ is excluded from this discussion as for θ = µ, due
to fact that r = 0, we have PBulk = 0 and PVSS = 0.) Based on the
definition of PBulk it can be observed that PBulk is always positive for
the shock angles of interest, i.e. PBulk > 0. It follows that bulk compression always increases the magnitude of vorticity. In contrast to PBulk ,
PVSS vanishes (for θ = θneut ) or assumes positive (for θ > θneut ) or
negative (for θ < θneut ) values. The sign of PVSS can be determined
(cf. Eq. (3.18)) based on the sign of R, e.g. for θ < θneut , PVSS < 0 as
R > 0 for this range of shock angles (cf. Figure 2.4, where R is depicted).
For the considered constant-density shear layer, the vorticity production
due to variable shock strength increases (respectively decreases) the vorticity magnitude if PVSS > 0 (respectively PVSS < 0). For the general
case of a flow with a variable velocity and a variable density, PVSS > 0
(respectively PVSS < 0) does not necessarily translate into an increase
(respectively decrease) of the vorticity magnitude, as the Mach number
gradient and the velocity gradient in this case do not necessarily have
equal signs. Based on the analysis of the signs of PBulk and PVSS , it
can be easily deduced, for the considered interaction of an OSW with
a constant-density shear layer, for which parameter combinations of M1
and θ the vorticity-to-density ratio, i.e. Z ≡ ζ/ρ, is increased (respectively decreased) across the OSW. To this end, Eq. (3.30) can be rewritten
in terms of Z as
6
PVSS
Z2 66
=1+
.
(3.31)
Z1 6ρ1 =const.
1 + PBulk
It is clear that for θ < θneut the vorticity-to-density ratio is reduced,
i.e. Z2 /Z1 |ρ1 =const. < 1, whereas an increase in Z is observed for
θ > θneut , i.e. Z2 /Z1 |ρ1 =const. > 1. Note that the present analysis is
purely local and that in reality the very same OSW propagating through
a given shear layer can have parts with θ < θneut as well as parts with
θ > θneut . In that case, parts of the shear layer will undergo a decrease
and others an increase in Z, respectively.
At this point it is worth mentioning that Zhang et al. (2015) also
analysed the change in Z across the OSW (see Section 1.3.2 for further
details). In their analysis, a decrease of Z across the OSW has been
observed for the specific SMLI studied. Note, however, that due to the
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reason mentioned above (see the discussion of the eﬀect of viscous dissipation) a one-to-one comparison between the present theoretical analysis
and the numerically obtained result of Zhang et al. (2015) is not possible.

3.3

Influence of the heat-capacity ratio γ

So far, results have only been discussed for the heat-capacity ratio γ = 9/7. This value may be considered representative of the conditions in a scramjet combustor. Nonetheless, in the temperature range relevant to scramjet combustors (see Section 1.1.1), nitrogen – the primary
component of air – undergoes transition from a vibrationally-inactive
(γ = 7/5) to a vibrationally-excited (γ = 9/7) diatomic molecule. It is,
hence, of interest to study the relative magnitudes of the non-dimensional
vorticity-production contributions PBulk , PDG and PVSS for diﬀerent
heat-capacity ratios γ. Therefore, Figure 3.4 shows PVSS /PBulk for two
additional heat-capacity ratios, i.e. for γ = 7/5 (a vibrationally-inactive
diatomic gas) and γ = 5/3 (a monoatomic gas). The conclusions previously drawn for the case of γ = 9/7 remain qualitatively unaltered by
the change of the heat-capacity ratio. By analysing the results presented
in Figures 3.3 and 3.4, it can be seen that the minimum of PVSS /PBulk
in the considered parameter range, i.e. (PVSS /PBulk )min , increases9 with
increasing γ. Similarly, in Figure 3.5, PVSS /PBulk increases with increasing γ if the shock angle θ = 20◦ is kept constant while γ is varied. On
the other hand, PVSS /PBulk decreases with increasing γ when instead
of the shock angle θ the deflection angle ω is kept constant while γ is
varied. The results in Figure 3.5 are depicted for a specific Mach number
M1 = 4 and for a specific shock angle θ, respectively a specific deflection
angle ω. Note that, for the parameters chosen, in both cases analysed
in Figure 3.5 (where either θ or ω is kept constant while γ is varied)
the shock angle θ is smaller than θneut . For other parameters, e.g. for
θ > θneut , the eﬀect of a change in γ on PVSS /PBulk may be diﬀerent.
Overall, no unique trend can be discerned for the eﬀect a change in γ
has on PVSS /PBulk . A similar observation can be made for the eﬀect of
a change in γ on PVSS /PDG . This term, i.e. PVSS /PDG , is also depicted
in Figure 3.5 for diﬀerent heat-capacity ratios γ.
!
!
that !(PVSS /PBulk )min ! decreases with increasing γ due to the fact that
(PVSS /PBulk )min < 0.
9 Note
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Figure 3.4: PVSS /PBulk for two additional heat-capacity ratios γ. PVSS /PBulk for
a monoatomic gas with γ = 5/3 (top) and for a non-vibrating diatomic molecule
γ = 7/5 (bottom); contour-level spacing of ∆ = 0.025; θneut ( ) and θsonic ( ).
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θ = 20◦ (solid), ω = const. (dashed)
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Figure 3.5: PVSS /PBulk ( ) and PVSS /PDG ( ) for M1 = 4.0 and varying γ. Two
cases are analysed which vary the heat-capacity ratio γ under diﬀerent constraints;
constraint of case 1: shock angle θ = 20◦ (solid); constraint of case 2: deflection
angle ω = const. (dashed). The constant deflection angle ω in case 2 is chosen such
that case 1 and case 2 have the same shock angle for γ = 7/5.

3.4

Results for a constant-velocity mixing-layer

In this section we investigate the role of the vorticity production due
to variable shock strength in a constant-velocity mixing layer with an
1
arbitrary pre-shock density profile, i.e. du
dy ≡ 0 and ρ1 ≡ ρ1 (y). For
this case, for a non-vanishing pre-shock density gradient, by simplifying
Eq. (3.15), the non-dimensional post-shock vorticity can be written as
6
6
ζ2
6
= PDG + PVSS .
(3.32)
6
u1 dρ1 6
− 2 ρ1 dy
u1 =const.

In order to analyse the relative importance of the two vorticityproduction contributions appearing in Eq. (3.32), Figure 3.6 displays
PVSS /PDG in the domain of existence of regular refraction. In Figure 3.6,
it can be observed that the contour lines of PVSS /PDG have a similar
shape as the contour lines of PVSS /PBulk in Figure 3.3. Note that, as
r → 0, the asymptotic behaviour of PDG is identical to the asymptotic
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Figure 3.6: PVSS /PDG for the heat-capacity ratio γ = 9/7; contour-level spacing of
∆ = 0.025; θneut ( ) and θsonic ( ). PVSS /PDG = 0 ⇔ (θ = θneut or θ = µ).

behaviour of PBulk , i.e. PDG = O(r) as r → 0. However, by comparing
Figure 3.3 with Figure 3.6 for θ < θneut , it can be recognised that in
this part of the domain of existence of regular refraction the vorticity
production due to variable shock strength is of greater importance in
the constant-velocity mixing-layer case than in the isopycnal shear-layer
case. This is due to the fact that for a finite-strength oblique shock wave
in the domain of existence of regular refraction, i.e. for µ < θ ≤ θsonic ,
PDG < PBulk for θ < θneut , whereas PDG > PBulk for θ > θneut .
Another diﬀerence between the constant-velocity mixing-layer case
and the isopycnal shear-layer case can be observed in Figure 3.7, which
shows PVSS /PBulk and PVSS /PDG along parts of the shock trajectories depicted in Figure 2.3 with θ ≤ θneut . Whereas PVSS /PBulk has a
minimum along the trajectory, PVSS /PDG continuously decreases with
increasing Mach number M1 . This implies that for the constant-velocity
mixing-layer case the vorticity production due to variable shock strength
gains in importance as the shock propagates into higher Mach number
(respectively higher density) regions. Nevertheless, it should be noted
that, for the analysed constant-velocity mixing-layer case, for many
shock angles at moderate pre-shock Mach numbers, the vorticity production due to variable shock strength is of much lesser importance than

3.4 Results for a constant-velocity mixing-layer

61

PVSS /PDG ,

PVSS /PBulk

0

-0.1

-0.2

-0.3

-0.4

-0.5

2

3

4

5

6
7
9
10
8
M1
Figure 3.7: PVSS /PDG ( ) and PVSS /PBulk ( ) along the parts of the shock
trajectories with θ ≤ θneut ; shock trajectories, as shown in Figure 2.3, obtained as
solution to the initial-value problem given by Eqs. (2.26) – (2.28) with the shocktrajectory parameter σM ∈ {2, 4, 6}; γ = 9/7.

the vorticity production due to pre-shock density gradients. This is analogous to the observations made for the isopycnal shear-layer case in
Section 3.2 and is of relevance for SMLIs in scramjet combustors.
It is concluded that for many shock angles at moderate pre-shock
Mach numbers |PVSS | ≪ PBulk and |PVSS | ≪ PDG . Note, however,
that these conclusions do not necessarily apply for shock angles in the
immediate vicinity of θsonic .
This section is concluded with a final note. Although the discussion
of the presented numerical results in this chapter has been based on the
analysis of two limiting cases, i.e. the case of a constant-density shear
layer and the case of a constant-velocity mixing layer, most of the figures
in this chapter also hold for the general case of a mixing layer with a
non-uniform velocity and a non-uniform density profile. Indeed, with
exception of Figure 3.1, which depicts ζ2 /ζ1 |ρ1 =const. and, hence, only
represents the vorticity ratio for the case of a constant-density shear
layer, all other figures in this chapter, i.e. Figures 3.2 – 3.7, as well as
Figures 2.3 and 2.4 also hold for this general case. Note, however, that
the interpretation of these figures can be diﬀerent if applied to diﬀerent cases. This is the case, for example, for Figure 3.3 which displays
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PVSS /PBulk . For the case of a constant-density shear layer PVSS /PBulk
represents the ratio of the vorticity production due to variable shock
strength and the vorticity production due to bulk compression. For the
general case, on the other hand, PVSS /PBulk simply represents the ratio
of the terms PVSS and PBulk . In this general case the terms PBulk and
PVSS are multiplied in Eq. (3.15) with gradients of diﬀerent pre-shock
variables and, hence, contribute diﬀerently to the overall vorticity production. This diﬀerence needs to be kept in mind when examining the
individual figures of this chapter.

3.5

Implications for shock/mixing-layer interactions
in scramjet combustors

Based on the results discussed in this chapter, possible implications for
the shock-induced vorticity production in SMLIs occurring in scramjet
combustors can be examined. Evidently, these conclusions do not hold
for all SMLIs occurring in scramjet combustors, but hold only for those
which are of the herein analysed type. Chapter 1 mentions potential
diﬀerences between SMLIs in scramjet combustors and the model flowproblem analysed in this thesis.
In scramjet combustors, the interactions between shock waves and
mixing layers typically occur at moderate pre-shock Mach numbers, often M1 < 4 (see Section 1.1.1, where we discussed the typical range of
the combustor-entrance Mach number MC ). Due to these moderate preshock Mach numbers, it can be concluded based on Figure 3.3 that in
scramjet combustors the vorticity production due to bulk compression
is generally the dominant vorticity-production contribution if pre-shock
density gradients can be neglected. In hydrogen-fuelled scramjets, however, large density diﬀerences between fuel and oxidiser exist. For this
reason, it is important to note that also for the constant-velocity mixinglayer case we observed that the vorticity production due to variable shock
strength has generally a minor contribution to the total vorticity production in the Mach number range of interest for scramjet combustors,
see Figure 3.6. Hence, in both limiting cases analysed, the vorticityproduction contribution that is independent of the shock-wave curvature,
i.e. either the vorticity production due to bulk compression or the vorticity production due to pre-shock density gradients, generally dominates
the overall vorticity production for the typical Mach number range prevailing in scramjet combustors.

Chapter 4
Summary and Outlook

4.1

Summary of the results

In the present thesis, the interaction of a steady oblique shock wave with
a steady, planar, inert, supersonic, laminar mixing layer (with a continuous Mach number profile M1 (y)) is studied under the condition of a
supersonic post-shock flow. This condition, together with the MoeckelWhitham approximation, allows to treat the refraction of the oblique
shock wave within the mixing layer as a series of successive and independent regular refractions at infinitesimal discontinuities resulting from the
approximation of the Mach number profile with a series of streamtubes.
The refraction within the mixing layer is, hence, described using the theory of Moeckel (1952) and Whitham (1958), which predicts the approximate shock-angle variation within the mixing layer. This shock-angle
dθ
, is used in this thesis, as in Buttsworth (1996), as an
variation, i.e. dM
1
input parameter in the relation predicting the vorticity jump induced by
the SMLI.
The key contribution of this thesis is that an extension of Buttsworth
(1996) is presented, consisting in the identification of diﬀerent contributions to the total vorticity production and the analysis of their relative magnitudes for a wide range of pre-shock Mach numbers M1
(1 < M1 ≤ 10) and for all shock angles θ in the domain of existence of
regular refraction. More specifically, the present analysis subdivides the
total vorticity production into its contributions due to bulk or volumetric compression, due to pre-shock density gradients and due to variable
shock strength. The relation between the source terms in the vorticity
transport equation and the individual vorticity-production contributions
in the vorticity-jump relation is analysed. This allows to identify the sum
of the vorticity production due to pre-shock density gradients and the
vorticity production due to variable shock strength as vorticity production due to baroclinic torque.
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For SMLIs of the herein analysed type1 , the following conclusions can
be drawn. For many SMLIs occurring in the Mach number range prevailing in scramjet combustors (roughly M1 < 4, i.e. moderate pre-shock
Mach numbers) we find that |PVSS | ≪ PBulk and |PVSS | ≪ PDG , i.e. the
non-dimensional vorticity-production contributions that are locally independent of the shock-angle variation, and accordingly independent of
the shock-wave curvature, i.e. PBulk and PDG , are observed to be largely
dominant in comparison to the non-dimensional vorticity-production contribution due to variable shock strength, i.e. PVSS . At higher Mach numbers M1 , however, PVSS can have a considerable magnitude compared to
both PBulk and PDG . Additionally, it can be concluded, for the special
case of an oblique shock wave interacting with a constant-density shear
layer, that for all the parameter combinations (M1 and θ) for which
|PVSS | ≪ PBulk , the vorticity production due to bulk compression is
dominant in comparison with the vorticity production due to baroclinic
torque. Furthermore, for the same special case of a constant-density
shear layer, parameter combinations of M1 and θ have been identified
for which the vorticity-to-density ratio Z ≡ ζ/ρ is increased respectively
decreased due to shock/mixing-layer interactions.
8
7
Moreover, it is observed that at least for γ ∈ 97 , 75 , 53 the qualitative
results are more or less independent of the specific choice of the heatcapacity ratio γ.
Remark: Parts of this
Tritarelli & Kleiser (2017).

4.2

thesis

have

been

published

in

Outlook

The present thesis has studied SMLIs. The study of a related physical problem, i.e. the oblique-detonation-wave/mixing-layer interaction
(ODWMLI) problem, can profit from the knowledge gained during SMLI
studies, as the SMLI problem can be regarded as a special case of the
ODWMLI problem2 . Studying ODWMLIs is beneficial, amongst others,
for the understanding of certain flow features in oblique-detonation-wave
1 Note

that not all SMLIs in scramjet combustors are of the herein analysed type.
a vanishing heat addition across the oblique detonation wave the ODWMLI
problem reverts to the SMLI problem.
2 For
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engines3 , such as the eﬀect of incoming flow non-uniformities on the
shape of the oblique detonation wave (ODW).
Consequently, a theoretical investigation of ODWMLIs would be a
possible extension of the present work. However, in general the study of
the refraction of an ODW within a mixing layer is a very complicated
physical problem. For this reason, the proposed extension would need
to describe the ODW with a single-front model in order to simplify the
task at hand. This model represents the limit of infinitely-fast chemistry and therefore assumes a vanishing induction length between the
shock wave and the heat-release front, i.e. treats the ODW as a single
discontinuity. Using this description of the ODW, the present analysis
can be extended to study the vorticity induced by the interaction of a
steady, weak overdriven4 ODW with a steady, planar, supersonic, laminar mixing layer under the condition of supersonic post-detonative flow.
By making use of the Moeckel-Whitham approximation, the refraction
of the ODW can be solved analogously to the oblique-shock refraction.
Additionally, by combining the result of the ODW-refraction analysis
with Hayes’ vorticity jump relation (Hayes, 1957), the vorticity induced
by the ODWMLI can be obtained in a similar manner as the vorticity
generated by the SMLI. At this point, it is important to notice that
Hayes’ vorticity-jump relation, i.e. Eq. (3.1), also holds across curved
detonation waves. This is a consequence of the purely dynamical derivation of this vorticity-jump relation. Note that Huete et al. (2015), who
studied the ignition triggered by the interaction of an oblique shock wave
with a purely-supersonic mixing layer and discussed several post-ignition
scenarios, also mentioned the usefulness of the Moeckel-Whitham approximation for the study of the refraction of an ODW within a mixing layer.
A possible extension of the present work could, hence, elucidate two
aspects of ODWMLIs. In a first phase, a detailed analysis of the ODWrefraction can be performed, highlighting the eﬀect of a non-uniform
Mach number profile and the eﬀect of non-uniform heat addition on
the shape of the ODW. In a second phase, the vorticity induced by an
ODWMLI can be analysed and compared with the vorticity induced by
a SMLI.
At this point, it is worth mentioning that the shock-angle-variation
3 Refer to Heiser & Pratt (1994, Section 9.9) for a very brief introduction into the
concept of oblique-detonation-wave engines.
4 A discussion of the classification of oblique detonation waves is given in Bartlmä
(1975) and Pratt et al. (1991).
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relation (i.e. Eq. (2.17) in combination with the definition of F(M1 , θ)
in Eq. (2.13)), i.e.
1 ∂Π
∂Υ
+ ψ ∂M
dθ
1
1
= − Π1∂M
,
(4.1)
∂Π
∂Υ
dM1
Π ∂θ + ψ ∂θ
derived for the refraction of adiabatic oblique shock waves is not limited
to the latter but can also be applied to study the refraction of other types
of gasdynamic discontinuities, for which Π and Υ can be written (for an
arbitrary number of given constant parameters) as functions of the sole
variables M1 and θ. Under certain conditions, Eq. (4.1) can, hence,
also be applied to study the refraction of ODWs. (Note that in this
case θ evidently represents the ODW-angle.) Obviously, in order to be
describable with Eq. (4.1), the refraction of the ODW within the mixing
layer needs to fulfil the same conditions as the oblique-shock refraction,
e.g. the post-detonative flow needs to be supersonic, the upstream static
pressure has to be uniform, etc. Additional conditions specifically apply
for the refraction of the ODW. For instance, the ODW needs to be
described using the previously-mentioned single-front model in order for
Eq. (4.1) to be applicable. Furthermore, for an ODW the functions Π
and Υ can generally not be written in terms of the sole variables M1 and
θ. For an ODW with a given constant heat-capacity ratio γ the functions
Π and Υ are functions of M1 , θ and q̄ (see Bartlmä (1975, Chapter 4)),
where q̄ := q/a21 is the non-dimensional heat-addition parameter, i.e. the
ratio of the heat addition per unit mass q and the squared pre-shock
speed of sound a21 . A direct application of Eq. (4.1) for the study of ODWrefraction is, hence, only possible under the condition that dq̄/dy ≡ 0.
For the latter condition to be fulfilled in a non-uniform flow with a
constant heat addition q, i.e. with dq/dy ≡ 0, the pre-shock density
gradient needs to vanish, i.e. dρ1 /dy ≡ 0. Consequentially, for a flow
with a spatially-constant heat addition, Eq. (4.1) predicts the change of
the ODW-angle due to a change in pre-shock Mach number (caused by
a change in pre-shock velocity)5 . Equation (4.1) can, hence, be used to
study the refraction of an ODW with a spatially-constant heat addition
within a constant-density shear layer. A relation for the variation of the
ODW-angle due to a spatially-varying heat addition and/or a spatiallyvarying Mach number which is caused by variations of the pre-shock
5 Note that for the oblique-shock-refraction case, Eq. (4.1) holds regardless of the
way the change in pre-shock Mach number is brought about (pre-shock density variations or pre-shock velocity variations or a combination of both).
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density can be derived analogously to Eq. (4.1) and would be of use for
the study of the eﬀect of flow non-uniformities on the shape of ODWs.

Appendix A
Definition of the Variables N and D
√ 2
M −1
Using Λ := γ − 1, Ω := γ + 1 and A := M22 , the numerator in
2
Eq. (2.24), i.e. in
N
dθ
=
≡ F(M1 , θ),
(2.24)
dM1
D
can be written as

9
:
N := 4M15 A sin4 θ 4γ sin2 θ − Ω 2

− 8M13 sin3 θ [γΩ cos θ + 2AΛ sin θ]
9
:
− 4M1 sin θ 4A sin θ − (γ 2 − 1) cos θ ,

(A.1)

while the denominator reads

D := 4M16 sin3 θ D6 + 2M14 sin2 θ D4 + 2M12 D2 + D0 ,

(A.2)

with D6 , D4 , D2 and D0 defined as
D6 := γ sin θ(Ω − 2γ sin2 θ) − A cos θ(4γ sin2 θ − Ω 2 ),
2

2

D4 := 2γ(Ω − 4 sin θ) − Λ(Ω − 2γ sin θ) + 8AΛ sin θ cos θ,
2

2

D2 := 8A sin θ cos θ + 4γ sin θ − Λ(Ω − 4 sin θ),
D0 := −4Λ.

(A.3)
(A.4)
(A.5)
(A.6)

The combination of Eq. (2.24) with Eqs. (A.1) - (A.6) corrects the typographical errors contained in equation (9) of Buttsworth (1996) (erroneous sign of the right-hand side of equation (9) in Buttsworth (1996)
and a missing parenthesis).

Appendix B

Asymptotic Behaviour of
R, PBulk , PDG and PVSS as r → 0
The asymptotic behaviour of R, PBulk , PDG and PVSS as r → 0 is
presented in this appendix, which is structured as follows. In a first step,
the asymptotic behaviour of R is derived, which is needed in order to
identify, in a second step, the asymptotic behaviour of PVSS . In a third
and last step, the asymptotic behaviour of PBulk and PDG is given.
In the limit of r = 0, the shock wave becomes a Mach wave and the
shock angle is equal to the Mach angle. The above-mentioned asymptotic behaviours can, therefore, be derived by perturbing a base state
composed of a pre-shock Mach number
M
(
) 1 > 1 and of the corresponding Mach angle µ with µ := arcsin 1/M1 . Accordingly, the Mach number M1 and the shock angle θ can be expressed in the vicinity of the
perturbed base state as
M1 = M1 + M1,I δs

(B.1)

θ = µ + θI δs,

(B.2)

and
respectively. In Eqs. (B.1) and (B.2), δs with 0 ≤ δs ≪ 1 is a small
perturbation parameter and M1,I and θI are constants defining the perturbation. Constraints regarding M1,I and θI are imposed at a later
stage. As in Eqs. (B.1) and (B.2), in the remainder of this appendix,
Roman numerals are used as subscripts in order to distinguish terms of
diﬀerent orders in perturbation series. By using this nomenclature and
by combining the definition of the normal pre-shock Mach number Mn,1 ,
i.e. Mn,1 ≡ M1 sin θ, with the relations given in Eqs. (B.1) and (B.2),
Mn,1 can be expressed as
Mn,1 = 1 + Mn,1,I δs + Mn,1,II δs2 + O(δs3 )

as δs → 0,

(B.3)

or, since second-order terms with respect to δs will not be important in
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the remainder, as
Mn,1 = 1 + Mn,1,I δs + O(δs2 )

as δs → 0,

(B.4)

with
Mn,1,I = M1 θI cos µ + M1,I sin µ.

(B.5)

At this point, it is worth mentioning that the constant M1,I and θI have
to be chosen such that
Mn,1,I > 0,
(B.6)
in order to have a shock wave of finite strength, i.e. Mn,1 > 1.
By making use of the Rankine-Hugoniot relation for the density
jump ρ2 /ρ1 across an oblique shock wave, i.e. Eq. (2.22), the perturbation series for the normalised density change r (with r = 0 for the base
state) can be expressed as
r = rI δs + O(δs2 )
with
rI =

as δs → 0,

4Mn,1,I
> 0.
γ+1

(B.7)

(B.8)

In addition to the perturbation series for r, a perturbation series for R
can be formulated. To this end, it is important to remember that, for a
Mach wave, the classification parameter R vanishes. Under the assumption that R is diﬀerentiable with respect to δs for M1 = M1 > 1 and
θ = µ, the classification parameter R can be expressed, in the vicinity
of the base state, as
R = RI δs + o(δs)

as δs → 0,

(B.9)

with1 |RI | < ∞ and
6
6
∂R 66
∂R 66
RI =
θI .
M1,I +
∂M1 60
∂θ 60

(B.10)

The notation (·)|0 indicates that the derivatives are evaluated for
M1 = M1 and θ = µ. Note that the gradient of R (evaluated for
1 The diﬀerentiability of R with respect to δs and the fact that the relation
|RI | < ∞ holds (which is a consequence of the diﬀerentiability) will be shown in
the remainder.
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M1 = M1 and θ = µ) in the (M1 ,θ)-plane is always normal to the curve
depicting the Mach angle µ. It follows that
6
6
tan µ ∂R 66
∂R 66
.
(B.11)
=
∂M1 60
M1 ∂θ 60

By combining Eq. (B.10) with Eq. (B.11) and by making use of the
relation given in Eq. (B.5), RI can alternatively be expressed as
6
6
∂R 66 Mn,1,I
∂R 66 Mn,1,I
RI =
=
.
(B.12)
∂θ 60 M1 cos µ
∂M1 60 sin µ
# $% &
# $% &
>0

>0

In order to deduce the asymptotic behaviour of R as δs → 0, the following condition can be stated. The asymptotic behaviour of R is R=O(r)
as δs → 0, if and only if
6 6
6 R 6 |RI |
lim 66 66 =
< ∞.
(B.13)
rI
δs → 0 r
6
6
∂R 6
∂R 6
and
By numerically evaluating the derivatives ∂M
6
6 , it can be
∂θ
0
6
6 6
6
6 6 1 0
6 ∂R 6 6
6 ∂R 6 6
2
deduced that 6 ∂M1 6 6 < ∞ and that 6 ∂θ 6 6 < ∞ for all Mach num0

0

bers M1 > 1. Based on this observation, it can be concluded that R is
diﬀerentiable with respect to δs for M1 = M1 > 1 and θ = µ and that
|RI | < ∞ for all M1 > 1. It follows that the condition in Eq. (B.13) is
fulfilled (since rI > 0). Consequentially, for√all M1 > 1, R = O(r) as
δs → 0, respectively as r → 0. For M1 = 2, this asymptotic behaviour6 can be 6written more restrictively, since (as observed numerically)
√
√
∂R 6
∂R 6
2 and, hence, RI = 0 for M1 = 2. For
∂M1 6 = ∂θ 6 = 0 for M1 =
0
0
6
√
∂R 6
all other Mach numbers, i.e. 1 < M1 ̸= 2, the derivatives ∂M
6 and
1
0

2 By

numerically evaluating the derivatives

!

∂R !
∂M1 !0

and

as M1 → 1 and as M1 → ∞ can be observed, i.e.:
!
∂R !!
lim
lim
! = −∞,
M1 →1 ∂M1 0
M1 →1
!
∂R !!
and
lim
lim
! = 0,
M1 →∞ ∂M1 0
M1 →∞

!

∂R !
,
∂θ !0

the following limits

!
∂R !!
= −∞,
∂θ !0
!
∂R !!
= 0.
∂θ !
0

(B.14)
(B.15)
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6

∂R 6
∂θ 6

assume non-zero values and, hence, RI does not vanish. It can be
concluded that
√
RI = 0 ⇔ M1 = 2.
0

It follows that for
√
M1 ̸= 2 : R = O(r)

as δs → 0, respectively, as r → 0,

(B.16)

and that for3
√
M1 = 2 : R = o(r)

as δs → 0, respectively, as r → 0.
(B.17)
√
At this point, it is worth to remember that for M1 = 2, the neutral◦
transmission angle θneut
√ = µ = 45 . This explains the asymptotic behaviour of R for M1 = 2.
Based on the asymptotic behaviour of R, the asymptotic behaviour
of PVSS can be easily deduced. It follows that for
√
M1 ̸= 2 : PVSS = O(r3 ) as δs → 0, respectively, as r → 0, (B.18)
and that for
√
M1 = 2 : PVSS = o(r3 )

as δs → 0, respectively, as r → 0. (B.19)

The asymptotic behaviour of PBulk and PDG can be derived independently of the asymptotic behaviour of R and PVSS . It follows that
for all M1 > 1
PBulk = O(r)

as δs → 0, respectively, as r → 0,

(B.20)

PDG = O(r)

as δs → 0, respectively, as r → 0.

(B.21)

and

3 Note that the set of functions o(r) is a subset of the set of functions O(r). The
asymptotic behaviour of R can, hence, alternatively be expressed as follows. For all
M1 > 1
R = O(r) as δs → 0, respectively, as r → 0.

Appendix C
Additional Remarks
This appendix introduces a table, i.e. Table C.1, which indicates
which of the figures1 in the present thesis have a corresponding figure in
Tritarelli & Kleiser (2017).
Figure in the
present thesis
Figure 2.3
Figure 2.4
Figure 3.3
Figure 3.6
Figure 3.7

Corresponding figure
in Tritarelli & Kleiser (2017)
Fig. 2
Fig. 3
Fig. 4
Fig. 5
Fig. 6

Table C.1: A table which indicates which of the figures in the present thesis have a
corresponding figure in Tritarelli & Kleiser (2017).

1 Only those figures that are based on numerical computations (not schematics)
are listed in Table C.1.
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