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Abstract The paper presents the experimental investigation and analysis of the non-linear elasto-plastic
stress–strain behaviour of normally consolidated
lacustrine clay. Drained triaxial stress path tests were
performed on natural block samples of Swiss lacustrine clay. Data were analysed using plasticity theory
and the shape and extent of kinematic yield and
bounding surfaces were determined and found to be
elliptical but not congruent. Cross-anisotropic elasticity was used to quantify elastic strains to permit plastic
strain increment vectors and hence a plastic potential
surface to be defined.
Keywords Non-linear  Elasto-plastic 
Yield surface  Bounding surface  Plastic strain
vector  Lacustrine clay  Anisotropy

movements, for example outside excavations in finegrained soils, cannot be described sufficiently by
linear elastic models (e.g. Burland 1989; Burland and
Hancock 1977), irrespective of whether the soils are
normally consolidated or heavily overconsolidated.
Nonetheless, linear elastic perfectly plastic models
are still commonly used for calculations of deformations at working load conditions. This has provided
the motivation to investigate non-linear elasto-plastic
behaviour of deposits of lacustrine clays in Switzerland, which are mainly concentrated in the ‘Mittelland’, between the Alps and the Jura mountains. This
region is also the most densely populated and hence
places complex demands on sustainable, lifelong
performance of key infrastructure.
The objectives of the presented study are:
(a)

1 Introduction
Analyses of soil-structure interaction require the
prediction of deformations, both in the surrounding
soil mass and within the new construction itself. It
has been known for over three decades that ground

to identify the shape and extent of a kinematic
yield and the bounding surface
(b) to determine the plastic potential surfaces.
Before presenting the findings, a brief summary is
given about:
(a) the characteristics of lacustrine clay,
(b) the test data evaluation method and
(c) the assumptions applied.
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2 Lacustrine Clay
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Lacustrine clays are deposits that can be found in
appropriate geological and geomorphological conditions
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Table 1 Classification of Kloten clay

Fig. 1 Sample of Swiss lacustrine clay taken in Wauwil from
a depth of 27 m, showing the typical varved texture of finegrained lacustrine deposits (ruler unit in centimetres)

all around the world e.g. Quigley (1983), DiazRodriguez et al. (1992), DeGroot and Lutenegger
(2003) and, with particular reference to this study, in
the pre-alpine areas of Germany (e.g. Scherzinger
1991), Austria (Schweiger and Breymann 2005) and
Switzerland (Heil et al. 1997; Springman et al. 1999).
A typical characteristic of lacustrine clays is the
distinct stratification (varving1) of thin layers of clay
and silt (Fig. 1), which results in a structurally
anisotropic material (Mitchell 1976).

Plastic limit wP (%)

14.4

Liquid limit wL (%)

26.7

USCS classification

CL

Liquidity index IL (–)

0.98

Grain content \ 0.002 mm (%)

21

Activity IA (–)

0.59

Specific density qs (t/m3)

2.74

Most of these deposits have consolidated under
their own self weight and have not been loaded
temporarily by ice or other sediment since then.
However, a small degree of overconsolidation results
from the increase of the effective stresses due to
changes in the water table and from secondary
consolidation (Bjerrum 1967; Parry and Wroth
1981). Consequently, these post-glacial deposits tend
to be normally consolidated and their fine-grained
fraction is called normally consolidated lacustrine
clay or ‘‘soft Swiss lacustrine clays’’. Their properties
have been described in more detail by Bucher (1975),
Gyger et al. (1976), Scherzinger (1991), Amann et al.
(1992), Rey (1994), Heil et al. (1997), Springman
et al. (1999), Plötze et al. (2003) and Trausch Giudici
(2004).

2.1 Lacustrine Clays in Switzerland
2.2 Kloten Clay
Areas of Switzerland have been covered by glaciers
for several periods during the last 1.5 million years,
and a detailed picture of the occurrence of ice ages
and the extent of the Swiss alpine ice shield is given
in Labhart (1995). The last ice age that caused
extensive glaciation was the Würm period (Penck
1925). Since then, rivers have transported enormous
quantities of sediment and suspended particles into
lakes, where they have been deposited as lacustrine
deposits at a rate dependent upon the rate of flow
through the lakes and their petrology (Van Husen
1987).

The soft Swiss lacustrine clay investigated in this
paper was sampled at a highway construction site in
Kloten, an industrial suburb to the north-east of
Zurich, close to the international airport. Block
sampling techniques were developed in order to
minimize disturbance. Samples were extracted as
described in Messerklinger (2006) and Messerklinger
and Springman (2009). This Kloten clay is classified
as low plastic Clay, CL, after USCS (Table 1).

3 Triaxial Test Programme
1

Varve: ‘‘A sedimentary lamina or sequence of laminate
deposited in a body of still water within 1 year’s time; specif. a
pair of layers seasonally deposited in a glacial lake. A glacial
varve normally includes a lower ‘‘summer’’ layer consisting of
light-colored sand or silt, which grades upwards into a thinner
‘‘winter’’ layer, consisting of clayey, often organic, dark
sediment.’’ (Bates and Jackson 1984).
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3.1 The Test Setup and Equipment
Twelve Test specimens were trimmed from the block
samples to a diameter of 50 mm and a height of
100 mm and were tested in triaxial stress path test
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250 mm
2

6
7
9

1

(b)

3

1 – back pressure unit
2 – triaxial cell
3 – cell pressure unit
4 – stepping motors
5 – loading frame
6 – load cell
7 – test specimen
8 – external LVDT
9 – laser measurement device

4

4
4

5
8

4

4

(a)

σa' [kPa]

q = σ1 – σ3 [kPa]

112.5

Θ = 97°

Θ = 180°

Θ = 90°
η = 0.75
Θ = 42°
Θ = 37°
Θ = 31°
Θ [°]
B
Θ = 0°

225

Θ = 325°

Θ = 286°
2 x Θ = 270° Θ = 278°

(c)

Θ = 0°

A

Θ = 217°

O

Θ = 42°
Θ = 37°
Θ = 31°

Θ = 90°

150 p' = (σ1' + σ3' )/3 [kPa]

Θ = 180°

225

A

450
Θ = 97°

O - A: Reconsolidation path (the same for each test)
A – B: Unloading path (the same for each test)
from B: Probing path (different for each test)

B
Θ = 286°

Θ = 217°
O

(d)

2 112.5

Θ = 278°
2 x Θ = 270°
2 225

2 σr' [kPa]

Fig. 2 a Test apparatus; b radial displacement measurement device (sketches from Messerklinger
and Springman 2007).
pﬃﬃﬃ
Consolidation and probing stress paths presented in the c q-p0 stress space and in the d r0a  2r0r stress space

apparatuses, equipped with internal LVDTs for local
axial displacement measurement (Messerklinger
2006) and laser transducers for local radial displacement measurement (Messerklinger and Springman 2007; Messerklinger et al. 2004). The triaxial
apparatuses (Fig. 2a and b) were built by the

Institute’s2 workshop and allow automated stress
path testing in compression and extension (Trausch
Giudici 2004).
2

Institute for Geotechnical Engineering at the Swiss Federal
Institute of Technology.
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3.2 The Consolidation Paths
Each specimen was reconsolidated along the stress
ratio of g = q/p0 = 0.75 with a loading rate of
Dp0 = 1.0 kPa/h to a stress state of q = 225 kPa
and p0 = 300 kPa. (Fig. 2c: reconsolidation stress
path from point O to point A, definition of stress
invariants is given in Fig. 2c).
This consolidation path
in effective axial
pﬃﬃﬃwritten
0
0
(r
)
and
radial
stresses
(
2
r
)
gives
a stress ratio of
r
pﬃﬃaﬃ 0 0
2rr =ra ¼ 0:7 and a corresponding
pﬃﬃﬃ consolidation
pﬃﬃﬃ
stress state of r0a ¼ 450kPa and 2r0r ¼ 2  225 ¼
318:2kPa (Fig. 2d). This lies far beyond the preconsolidation stress state of the Kloten clay, which is
about r0v ¼ 135 to 180kPa (Messerklinger 2006).
Subsequently, each specimen was p
unloaded
along
ﬃﬃﬃ
the same stress ratio of g = 0.75 or 2r0r =r0a ¼ 0:7,
with the same loading rate of Dp0 = 1.0 kPa/h, to a
stress state of q = 112.5 kPa and p0 = 150 kPa or
r0a ¼ 225kPa and r0r ¼ 112:5kPa, respectively (Fig. 2
c, d: unloading stress path from point A to point B).
These consolidation and unloading paths were
applied to all 12 test specimens.
3.3 The Probing Stress Path
Subsequently, the probing stress path was applied by
loading each specimen under drained conditions, with
a loading rate of jDp0 j and jDq0 j B 1.0 kPa/h, along a
constant stress ratio until failure or far beyond the
consolidation stress state.
The different probing stress paths applied to the
0
test specimens
pﬃﬃﬃ 0 are shown in Fig. 2c and d in the q-p
0
and ra  2rr stress space, respectively. The name
of the single tests is defined by the angle (H) of the
stress path in the q-p0 space to the horizontal line
(Fig. 2c).

4 Data Evaluation and Analysis
4.1 The Background
The triaxial test data obtained from these twelve
probing stress paths were analysed using plasticity
theory (e.g. Hill 1950), where it is assumed that the
total strains are composed of elastic (recoverable) and
plastic (irrecoverable) components. The boundary
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q

Zone III

Stress path
Y1
Y3 = YB

Zone I

Y2 = YK
Zone II
p'

Fig. 3 Identification of Zones I, II and III in triaxial stress
space after Jardine (1992). Identification of yield surfaces Y1,
Y2 and Y3 in triaxial stress space after Smith et al. (1992). A
kinematic yield (YK) and a bounding (YB) surface are defined

between the elastic and the elasto-plastic space is
described by the bounding3 surface.
As long as the current stress path moves inside the
bounding surface, elastic strains develop, which are
described by the compliance matrix. Stress states
outside the bounding surface are not possible. When
the stress path reaches the bounding surface, the
surface either moves together with the stress path,
which is called kinematic hardening (Prager 1955) or
it expands, which is called isotropic hardening (Hill
1950). Plastic strains (ep) develop with such movements or expansions, which are additional to the
elastic strains (ee), and these accumulate as total
strains (e = ee ? ep), causing a decrease in stiffness.
Nested yield surfaces can be defined inside the
bounding surface, to represent several changes in
elastic stiffness, which provide an opportunity to
model a more realistic non-linear elastic stress–strain
behaviour (e.g. Al-Tabbaa and Wood 1989; Mröz
1967; Prévost 1977; Stallebrass and Taylor 1997).
Jardine (1992) and Smith et al. (1992) divided the
elastic space inside the bounding surface into three
zones:
–
–
–
3

Zone I: linear elastic zone
Zone II: recoverable elastic zone
Zone III: primarily plastic zone

Subsequently, the surface between the elastic and the elastoplastic space will be called bounding surface (YB) and surfaces
situated inside the bounding surface will be named yield
surfaces.

Geotech Geol Eng (2010) 28:93–104
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(a)
174

2 σr [kPa]

These three zones were zoned by two kinematic
yield surfaces (Y1 and Y2 = YK, Fig. 3). However,
the linear elastic Zone I is very small (extending for
approximately Dq = D(r1-r3) = 0.5 kPa and Des =
2D(e1-e3)/3 = 0.001%; Smith et al. 1992 or Dq =
1 kPa and Des = 6.10-4% Teachavorasinskun 1989)
and can not be determined with the used triaxial test
apparatuses. Therefore, the linear elastic zone is not
evaluated from the data and is not discussed further in
this paper.

97

169

YK:

159

4.2 The Data Evaluation Method

0.0

0.1

The purpose of the investigations presented in this
paper is to evaluate:

–
–

the size and shape of the kinematic (YK) and the
bounding surfaces (YB), by identifying changes
in stiffness;
the ratio of the plastic strain increment vectors at
the YK and YB surfaces, respectively, and
the corresponding plastic potential surface by
applying a cross-anisotropic elastic model to
describe the elastic behaviour.

4.3 Yield Stress States of the Kinematic Yield
and Bounding Surface
4.3.1 Data Evaluation
The data evaluation method is highlighted on the
stress–strain data of the probing stress path of test
H = 270° (Fig. 2), which are plotted at different
scales for the determination of the yield and bounding
surface (Fig. 4). The origin of stresses in these plots
is the post-consolidation
stress (r0a ¼ 225kPa; r0r ¼
pﬃﬃﬃ 0
112:5kPa and 2rr ¼ 159kPa, respectively) and the
strains are set to zero. Figure 4a presents the stress–
strain curvep
atﬃﬃﬃthe start of the probing path for a stress
range from 2r0r ¼ 159 to 179kPap
and
ﬃﬃﬃ a corresponding radial strain increment range of 2Der = 0–0.3%.
The curve indicates a change in gradient, when fitted
with two lines,4 at a radial effective stress of

4

Methods for defining the yield stress (e.g. Casagrande, 1936;
Tavenas et al., 1979) were reviewed by Messerklinger (2001)
for use in numerical simulations with elasto-plastic constitutive
models. Methods that could be implemented were summarized
and it was concluded that the intersection of two straight lines

0.2

2

0.3

∆εr [%]

(b)
249

2 σr [kPa]

–

2 σr = 167.5 kPa

2 ∆εr = 0.065 %

164

219

YB:
2 σr = 236 kPa
2 ∆εr = 1.24 %

189

159
0

1

2

2

3

∆εr [%]

Fig. 4 Yield point evaluation
pﬃﬃﬃ presented on the data
pﬃﬃﬃ of
pﬃﬃﬃ method
a test with H = 270° a 2r0r  2Der plot for r0a  2r0r ,
determination
atﬃﬃﬃa kinematic surface
pﬃﬃﬃ ofpaﬃﬃﬃ possible yield state p
YK; b 2r0r  2Der plot for 159  2r0r  269kPa, determination of a yield state at a bounding surface YB

pﬃﬃﬃ 0
2rr ¼ 167:5kPa,
pﬃﬃﬃ with a corresponding radial strain
increment of
2Der = 0.065%. This is the first
detectable kink in the stress–strain curve and is
selected to represent the stress state on the yield
surface (YK). This point is added to Fig. 5 (red p
open
ﬃﬃﬃ 0
0
square) where
the
data
are
presented
in
the
r

2rr
a
pﬃﬃﬃ
and ea- 2er space, respectively, to analyse the plastic
potential surface from the plastic strain increment
Footnote 4 continued
approximating the test results was the best method for evaluating the yield stress, when the data are used for elasto-plastic
models. Therefore, a simple bi-linear approach was applied for
the data evaluation, which was also used by Koskinen et al.
(2002) and Özbas et al. (2004).
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600
start
YK from σa
YK from 2 σr
YB from σa
YB from 2 σr

σa [kPa]

400

kinematic
yield surface (YK)

bounding
surface (YB)

200

0
100

300
2

500

σr [kPa]

Fig. 5 Summary of yield stress states of a kinematic yield and
a bounding surface. The open squares represent the first yield
stress state detected from the radial effective stress versus radial
strain plot. The open rhombuses represent the first yield stress
state detected from the axial effective versus axial strain plot.
These first yield stress states are interpreted as the kinematic
yield surface (YK). The closed squares represent the second
yield stress state detected from the radial effective stress versus
radial strain plot. The closed rhombuses represent the second
yield stress state detected from the axial effective versus axial
strain plot. These second yield stress states are at the bounding
yield surface (YB). This plot is presented in the more common
stress invariant q-p0 stress space in Messerklinger (2006)

vectors assuming the energy function to be dW ¼
dr0a depa þ 2dr0r depr (e.g. after Schofield and Wroth
1968; or Gudehus 1979).
Figure 4b presents the stress–strain curve over a
larger range. The plot shows the transition from
pﬃﬃﬃ the
elastic to the elasto-plastic state at around 2r0r ¼
236kPa
pﬃﬃﬃ (with a corresponding radial strain increment
of 2Der = 1.24%), which was selected to represent
the stress state at the bounding surface (YB) This
point is as well added to Fig. 5 (red square). The
same evaluation was done with the test data plotted in
the r0a  Dea -space.
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Data from all of the twelve triaxial stress path tests
were evaluated in this way, with further details
available in Messerklinger (2006). Yield points at YK
and YB were not visible in every stress–strain curve
and for all tests, so further analysis was restricted
only to those stress points for which a significant
change in gradient was detected. These were added to
Fig. 5 and used for further comparative studies.
The
pﬃﬃﬃyield stress points were summarized in a
r0a  2r0r plot (Fig. 5), with those derived from the
r0a  Dea plot
r0a ’’ and those obtained
pﬃﬃnamed
ﬃ 0 p‘‘from
ﬃﬃﬃ
from
2rr  2Der plot described ‘‘from
pﬃﬃﬃ 0 the
2rr ’’. The crosses in Fig. 5 indicate the starting
point of the probing stress path (at r0a ¼ 225kPa and
r0r ¼ 112:5kPa), and the pre-consolidation stress state
(at r0a ¼ 450kPa and r0r ¼ 225kPa).
The results obtained for the yield stress states
delineating the kinematic surface (YK) and the
bounding surface
from the r0a  Dea
pﬃﬃﬃ 0(YB)
pﬃﬃdetermined
ﬃ
plot and the 2rr  2Der plot are quite consistent.
The only two points that are slightly inconsistent are
the yield points of the boundary surface for the two
stress path tests in extension (h = 270°, Fig. 3), where
one point lies within the implied surface and two are
located beyond it. The yield stress state at the bounding
surface is already close to, or at, the failure stress state,
whereby the varving strongly influences the response
at failure with abrupt shearing along a horizontal silt
layer in the necking zone (Messerklinger 2006).
Therefore, the failure stress state of the extension tests
was observed to be highly dependent on the number
and thickness of the silt layers located in the necking
zone. Consequently, some variation in stress states
representing a predicted bounding surface was
expected for stress path tests in extension, with yield
stress states close to failure.
4.3.2 Data Analysis
Yield stress points defining a kinematic surface (YK)
can be fitted by a curve with an elliptical
with
pﬃﬃﬃ shape,
0
an extension of Dr0a ¼ 56 and
2
Dr
¼
70kPa,
r
pﬃﬃﬃ
inclined at about 37° to the 2r0r axis (Fig. 5).
Another curve was fitted through yield stress points
representing a bounding surface (YB). The shape of
this curve (Fig. 5) forms almost a quarter of an
ellipse, which is not quite congruent with the ellipse
indicated by the yield points of the kinematic yield
surface (YK).

Geotech Geol Eng (2010) 28:93–104

99

Neither surface passes through the crosses describing the initial extreme stress state following stress
reversal since each surface extends in the direction of
the preceding stress path. This might be explained by
creep, accompanying some fabric destructuration, as
noticed e.g. by Clayton and Heymann (2001), who
allowed rest periods of up to 12 days between
consolidation and subsequent stress paths for accurate
measurement of very small strains following stress
reversal. The rest period between the consolidation,
swelling and subsequent shearing in the tests presented in this paper was only 24 h, whereas
 0  the
Dr  &
loading
rate
applied
during
the
stress
path
of
a
 0
Dr   1:5 kPa/h, designed to represent drained
r
conditions, led to a test duration of more than

3 2
1=Ea
Dea
6 Der 7 6 m0ar =Ea
7 6
6
6 Der 7 6 m0ar =Ea
7 6
6
6 Dcar 7 ¼ 6
7 6
6
4 Dcra 5 4
Dcrr
2

m0ar =Ea
1=Er
m0rr =Er

Consequently, the elastic stress–strain behaviour
needs to be determined to be able to calculate the
plastic strain vector from the total strain vector.
The stiffness decreases with increasing strain since
the stress–strain behaviour is non-linear and highly
dependent on the strain magnitude applied. The
elastic stiffness at the ‘‘very small’’5 strain range is of
interest here.
4.4.2 Elastic Strain Component
A cross-anisotropic elastic model e.g. after Barden
(1963), defined by five independent material parameters as given in the compliance matrix in Eq. 1 for
the triaxial stress space, was applied:

32

m0ar =Ea
m0rr =Er
1=Er
1=Gar

35 days. Although the low plasticity Kloten clay
(Table 1) is not particularly susceptible to creep,
some time effects may have occurred during this
comparably long test period, which were not investigated at this stage.
4.4 Plastic Potential at the Kinematic Yield and
Bounding Surface
4.4.1 Data Evaluation
The shape of the plastic potential surface is identified
from the plastic strain vector at the yield stress state,
which can be derived from the total strain vector
(sum of plastic and elastic components) measured
during the triaxial tests. Some authors assume that the
elastic component of strains is small enough during
plastic straining, compared to the plastic component,
to be ignored. This might be acceptable for straining
beyond the bounding surface, but it can not be
applied for straining between the kinematic and the
bounding surface.

1=Gar

3
Dr0a
76 Dr0r 7
76
7
76 Dr0 7
r 7
76
76 Dsar 7
76
7
54 Dsra 5
2ð1 þ m0rr Þ=Er
Dsrr

ð1Þ

5

In general, elastic strains for which elastic parameters are
more or less independent of axial strain (c.\10-3%) are defined
as being ‘‘very small’’ (Atkinson and Sällfors 1991) compared
to ‘‘small’’ strains of the order of 10-2%. The accuracy of the
axial strain measurement system falls between both values at
4 9 10-3% (Messerklinger 2006).
Despite progress in measurement of very small strains in
triaxial devices (Jardine et al. 1984; Clayton and Khatrush
1986; Hird and Yung 1989; Goto et al. 1991), Atkinson and
Sällfors (1991) among others contend that even special triaxial
apparatuses and local strain measurement devices are not able
to measure the ‘‘very small’’ strain stiffness. The ‘‘very small’’
elastic shear modulus can be measured, for example, by using a
piezoceramic bender element to generate shear waves at one
end of a specimen, and determine their travel time through the
soil to the other end of the specimen by a second bender
element (e.g. Dyvik and Madshus 1985; Viggiani and Atkinson
1995 or Mohsin and Airey 2003). Although some authors
maintain that the elastic stiffness determined from bender
element tests is lower than the theoretical elastic stiffness
(Jardine 1992), which is due to slipping and fretting at particle
contacts even at very small strains, as pointed out by Bowden
and Tabor (1964) and Johnson (1985), this remains difficult to
quantify. The assumption made in this paper is that the shear
modulus determined from bender element measurements
represents the ‘‘very small strain’’ elastic stiffness.
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m0ar ¼ 0:52

Ea ¼ 120 MPa

b ¼ 8:7 106 ½1=kPa:

.
These values represent the stiffness at ‘‘small’’
strains corresponding to the accuracy of the displacement measurement devices in the triaxial test
apparatus.
Bender element tests, which apply shear strains of
less than 10-3% (Dyvik and Madshus 1985), were
performed at the consolidation stress state of r0a ¼
225kPa and r0r ¼ 112:5kPa and the shear modulus at
the ‘‘very small’’ strain range was determined to be
Gar = 98 MPa.
Unfortunately, the shear modulus can not be
determined directly from triaxial test data. Therefore,
the modified cross-anisotropic stiffness matrix after
Graham and Houlsby (1983) was used, which introduces an anisotropy factor a relating the two Young’s
moduli (Er/Ea = a2) and the two Poisson’s ratios
(m0rr =m0ar ¼ a) to each other. The shear modulus was
then calculated from m0ar = 0.52; Ea = 120 MPa and
b = 8.7 10-6 [1/kPa]) to be Gar = 32.7 MPa.
The elastic shear modulus derived from the triaxial
test data in the ‘‘small’’ strain range (Gar,
Triax = 32.7 MPa) is a factor of 3 smaller compared
to the ‘‘very small’’ strain shear modulus obtained
from the bender element tests (Gar, Bender = 98 MPa).
This factor was applied to upscale the stiffness
parameters derived from the triaxial test data.
–
–

primarily with plastic straining and the plastic
strain component at a shear strain magnitude of
10-3% is zero or so small that this still remains a
reasonable assumption.
The parameter b was downscaled by the factor of
3 to b = 2.9 10-6 [1/kPa] Er by the same amount,
while m0rr stays constant.

–

Consequently, the cross-anisotropic elastic parameters adopted for the determination m0ar ¼ 0:52of the
plastic strain vector are: Ea = 360 MPa, and b = 2.9
10-6 [1/kPa].
Having applied the modified cross-anisotropic
stiffness matrix after Graham and Houlsby (1983)
already for the shear modulus, it can also be used to
calculate the ratio between the axial and radial
Young’s moduli to be Ea/Er = 1.73. Finally, the
value of the parameter b determined from the crossanisotropic elastic model is compared to the corresponding value from an isotropic elastic model, by
matching up the stiffness matrices against each
other. The results are summarized in Fig. 6 and
show that all materials with a b value larger than the
corresponding isotropic elastic value b ¼ ð1  m0 Þ=E
are stiffer axially than radially, which is the case
here, assuming the modified cross-anisotropic stiffness matrix after Graham and Houlsby (1983) to be
valid.

1.E-05

Kloten clay

b [1/kPa]

where Ea is the stiffness in the axial, Er is the stiffness
in radial direction, m0ar is the Poisson’s ratio between
the axial and radial directions, m0rr is the Poisson’s
ratio between two radial directions and Gar is the
shear modulus.
Three parameters (m0ar and b6) were determined
from the stress strain curves at the start of the probing
stress path to be (for more details see Messerklinger
(2006)):

The axial stiffness (Ea,) was up-scaled by the
factor of 3 to Ea = 360 MPa.
Both Poisson’s ratios (m0rr and m0ar ) were kept the
same as anisotropy is expected to change

6

If cell pressure is applied to a specimen under triaxial
loading conditions, the parameters m0rr , Er and Gar can not be
determined explicitly from the resulting triaxial test data.
0
Therefore,
 mrr0 and
 Er are summarised as a composite parameter
b ¼ 1  mrr Er

123

b > biso → Ea > Er
biso: isotropic

b < biso → Ea < Er

0.E+00
0.E+00

5.E-06

1.E-05

(1-ν ′ar)/Ea [1/kPa]
Fig. 6 Comparison of the cross-anisotropic value of the
parameter b to the corresponding isotropic value biso
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4.4.3 Plastic Strain Increment Vector
Finally, the plastic strain vectors at the corresponding
yield stress states (YK & YB respectively, Fig. 8) can
be determined from the total strain vectors by
applying the cross-anisotropic elastic compliance
matrix in the ‘‘very small’’ strain range derived
above. An incremental response envelope, as originally introduced by Gudehus (1979), was used to
present the size of the plastic strain increment vector.
Results are examined
for a unit stress increment of a
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

02 ¼ 10kPa) applied
fixed magnitude ( Dr02
a þ 2Drr
at the yield points, but varying in direction (corresponding to the stress path).
The method adopted to evaluate data and to
determine the plastic strain increment vector at the
kinematic yield point is highlighted below, using the
test data of the probing stress path of test H = 270°
(Fig. 2). Figure 7a presents the stress–strain curve at
the start of the probing stress ppath.
The curve
ﬃﬃﬃ
indicates a change in gradient at 2r0r ¼ 167:5kPa,
which represents the stress state at the kinematic
yield surface (YK, see Chap. 4.3.1). The unit stress
increment of 10 kPa is applied starting at the yield
point and following along the probing stress path of

test H = 270°, which is Dr0a =Dr0r ¼ minus; 2. Consequently, the component of the unit stress increment
pﬃﬃﬃ
along the r0r axis is calculated to be 2Dr0r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rn
h
2 io
ð200=
Dr0a =Dr0r þ2
¼ 5:77kPa and the
corresponding radial plastic strain increment
is
pﬃﬃﬃ
determined from the test data to be D 2Depr =
0.11% (Fig. 7a).
In the axial versus radial plastic strain plot
(Fig. 7b), the corresponding plastic axial strain
increment was determined as D Depa = -0.017 [%].
Therefore,
the plastic strain increment vector D Depa/D
p
ﬃﬃﬃ p
2Der (for a unit stress vector of 10 kPa) is known
and can be added to the yield point (red line, Fig. 8a).
This procedure was repeated for all YK and YB
points. Results from all of the twelve stress path tests
are summarised in Fig. 8.
The plastic strain increment vector (Fig. 8b) would
be drawn perpendicular to a tangent to the plastic
potential surface, which would indicate that the shape
of such a plastic potential surface must be similar to
that of the presumed boundary surface that has been
drawn with a dashed line. The same analysis is done
for the YK yield points (Fig. 8a). The plastic strain
vectors at the YK have significant variations in the

at the YK for ∆ 2 σr = 5.77 kPa
∆ 2 ∆εrp = 0.11 %

164
159
0.0

YK: 0.065

0.11
0.1

0.2
2

0.3

∆ε [%]

0.017

∆εa; ∆εae; ∆εap [%]

174
169
YK: 167.5

0.0

0.11
0.1

0.2

0.3

0.4

0.5

0.00

(a)

5.77

√2 σr [kPa]

179

∆εr; 2 ∆εre; 2 ∆εrp [%]

YK: 0.065

2

plastic
elastic
total

-0.02
-0.04

∆εp
-0.06
-0.08

∆εe

(b)

∆ε

at the YK: ∆ ∆εap = -0.017 %

p
r

Fig. 7 Determination of the plastic strain increment vector on
the kinematic yield surface (YK) presented
for the test data
pﬃﬃﬃ
with H = 270°: a determination of D 2 Depr at the YK for a

unit stress increment of 10 kPa;pbﬃﬃﬃ determination of D Depa at the
YK for the strain increment D 2 Depr = 0.11% (determined in
Fig. 7a)
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2 ∆εrp [%]

0.0
350

2 ∆εrp [%]

0.13
start
YK from σa'

0.27
0.27

0.0

0.2

0.4

600

(a)

(b)

start
YB from σa'
YB from 2 σ 'r
Plastic strain
vector

YK from 2 σr'
Plastic strain vector

∆εap [%]

0.4

σ'a [kPa]

0.13

250

∆εap [%]

σa' [kPa]

400

χ [°]
200

150
70

170
2

0.0
270

0.2

0.0

0
100

σr' [kPa]

Fig.
8 Plastic strain vector, for a unit stress increment of
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
02
( ðr02
a þ 2rr Þ ¼ 10 [kPa], at the corresponding yield stress
states of a the kinematic yield surface (N.B.: non-zero origin)

Table 2 Comparison for
the flow rule

0.6

300
2

500

σr' [kPa]

and
surface, presented in the r0a ðDea Þ 
pﬃﬃﬃ 0 bpthe
ﬃﬃﬃ bounding

2rr 2Der stress (plastic strain increment) space

Sector/yield surface

YK

YB

0 \ v \ 90°

Partly associated

Mainly associated

90 \ v \ 180°

Partly associated

No values obtained

180 \ v \ 270°

Partly associated

No values obtained

270 \ v \ 0°

Mainly non-associated

Mainly associated

(?Depr is relatively larger
than-Depa in most cases)

direction and only about half of them would imply
associated flow.
A comparison of the tangents to the plastic
potential surface to the shape of the proposed yield
surface is shown in Table 2.

5 Conclusion
This analysis of the twelve drained triaxial stress path
tests on natural lacustrine clay investigated the
deformation response of varved soils. Yield points,
and the direction of the total strain increment ratio at
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these yield points, were determined from the relevant
stress–strain plots. The shape of the kinematic yield
surface and the bounding surface was established. It
was found that the bounding surface has an elliptical
shape within boundaries constrained by failure in
compression and extension, which is not congruent
with the elliptical shape of the kinematic surface, but
inclined from the radial effective stress axis towards
the positive axial effective stress axis.
The total strains at yield were split into the elastic
and the plastic components for the identification of
the shape of the plastic potential from the plastic
strain increment ratios, by applying a cross-
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anisotropic elastic compliance matrix. Three stiffness
parameters were calculated from the triaxial strain
measurement data for ‘‘small’’ strains from which the
shear modulus was estimated by applying the simplified cross-anisotropic elastic compliance matrix (Graham
and Houlsby 1983). This shear modulus was compared to the value obtained from measurements with
bender elements, which gave a scaling factor for the
elastic parameters of 3, based on the assumption that
the anisotropy is unaffected by shearing up to ‘‘very
small’’ strains.
Consequently, the shape of the plastic potential
was determined. The comparison between the plastic
potential surface derived, and the proposed yield
surfaces, showed that an associated flow rule is
appropriate for the kinematic and
pﬃﬃﬃ bounding surfaces
in those quadrants of the r0a  2r0r stress space that
were removed from failure occurring in compression
or extension.
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