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Zusammenfassung 

 

Betonschalentragwerke sind sehr effizient im Materialverbrauch. Die Herstellung ihrer doppelt 

gekrümmten Formen ist jedoch ein arbeitsintensiver Prozess, der oft mit hohen Kosten verbunden ist. In 

den vergangenen Jahrzehnten hat das zunehmende Interesse an geometrisch komplexen Formen in der 

Architektur dieses Problem verstärkt. Als Reaktion auf diese Situation wurden in den letzten Jahren 

umfangreiche Forschungsarbeiten durchgeführt mit dem Ziel, den Bau von geometrisch komplexen 

Strukturen in Beton ökonomischer zu machen. "CASTonCAST" ist ein neu entwickeltes System auf dem 

Gebiet der Bautechnik, das die Gestaltung und Herstellung von gekrümmten architektonischen 

Oberflächen aus vorgefertigten stapelbaren Komponenten ermöglicht. Dieses System bietet Vorteile in 

allen Bauphasen von Rohbauten: Herstellung, Lagerung, Transport der Bauteile zur Baustelle und Montage. 

Die Formen, die mit diesem System erstellt werden können, sind jedoch nicht unbedingt für den Lastabtrag 

optimiert. Ziel dieser Dissertation ist es, tragstrukturelle Überlegungen in das CASTonCAST-System zu 

integrieren. Die Relevanz dieser Dissertation liegt in ihrem Beitrag zur Entwicklung einer kostengünstigen 

und ressourceneffizienten Lösung für den Bau von Betonschalentragwerken. 

Im ersten Schritt der Untersuchung wurde mit einem 1:10 Prototyp die prinzipielle Durchführbarkeit eines 

vorgespannten Schalentragwerks aus stapelbaren Elementen nachgewiesen. Nachdem die Anwendbarkeit 

des Systems für den Bau von Betonschalen validiert worden war, wurde eine Methode zum Entwurf von 

Schalenkonstruktionen aus stapelbaren Komponenten entwickelt. Diese Methode ermöglicht die 

Erforschung von Formen, die mit dem CASTonCAST-System effizient hergestellt werden können und 

ebenso die Reduktion des Materialvolumens. Für eine stärkere Verbindung zwischen Geometrie und 

Tragverhalten, sucht die Methode einen Kompromiss zwischen Entwurfsanforderungen und 

tragstruktureller Effizienz. Dazu schlägt die Methode vor, die Bandbreite realisierbarer Lösungen zwischen 

zwei extremen Entwurfsansätzen zu untersuchen, wobei der erste Ansatz durch Aspekte des Entwurfs 

bestimmt wird und der zweite durch die tragstrukturelle Effizienz. In der vorliegenden Dissertation werden 

drei Versionen des Algorithmus vorgestellt, die in dieser Methode implementiert sind. 

Für die statische Analyse der Schalenstrukturen wurde die "load path network method" entwickelt. Diese 

Methode für den Entwurf und die Analyse von räumlichen Tragwerken basiert auf 

Gleichgewichtszuständen nach dem unteren Grenzwertsatz der Plastizitätstheorie. Im Gegensatz zu 

Methoden, die auf der Elastizitätstheorie basieren, ermöglicht die "load path network method" die 

Untersuchung und Veranschaulichung unterschiedlicher Gleichgewichtszustände von inneren 

Kräfteverläufen innerhalb eines Tragwerks und hilft dadurch das Tragverhalten im Zusammenhang mit der 

Geometrie zu verstehen. Das Potential der entwickelten Methode wird anhand der Analyse der inneren 

Kräfte von Schalentragwerken und der Modellierung von räumlichen Tragwerken gezeigt. 
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Abstract 

 

Concrete shell structures are highly efficient in the consumption of materials. However, the 

building of their double-curved forms is a labour intensive process that often entails high costs. 

During the last decades, the increasing interest in geometrically complex shapes in architecture 

has aggravated this problem. In response to this situation, during the last years extensive research 

has been carried out with the goal of making the construction of geometrically-complex structures 

in concrete more affordable. The CASTonCAST system is a new project in building technology 

that consists in the design and production of curved architectural surfaces from precast stackable 

components. This system presents advantages in all construction phases of shell structures: 

production, storage and transportation of the components to the construction site and assembly. 

However the shapes that can be created using this system are not necessarily structural. The aim 

of this investigation is to integrate structural considerations in the CASTonCAST system. The 

relevance of this dissertation lies in its contribution to the development of a cost-effective and 

resource-efficient solution for the construction of concrete shell structures. 

The first step of the investigation consisted in producing a 1:10 prototype of a post-tensioned 

shell structure from stackable components as a proof of concept. Once the viability of the system 

for the construction of concrete shells was validated, a method for the design of shell structures 

built of stackable components was developed. This method gives priority to the exploration of 

forms that can be produced efficiently with the CASTonCAST system and later aims to reduce 

the material consumption in the shell. In order to strengthen the link between form and structure, 

the method motivates the search of a compromise between design demands and structural 

efficiency. To do this, the method proposes exploring the range of feasible solutions between two 

extreme design approaches, the first one driven by design aspects and the second one by structural 

efficiency aspects. In this dissertation, three versions of the algorithm implementing this method 

are presented.  

To carry out the structural analysis of the shell structures, load path network method, an 

equilibrium-based method for the design and analysis of three-dimensional structures based on 

the lower bound theorem of the theory of plasticity, was developed. As opposed to methods based 

on the theory of elasticity, this method allows exploring multiple flows of internal forces in 

equilibrium within a structural element, which is useful for integrating structure and geometry, 

and visualising the internal forces in structural elements, which helps understanding how the 

structure works. The potential of this method is demonstrated in the analysis of the internal forces 

in shell structures and in the modelling of spatial frame structures. 
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1 Introduction  

 

Throughout history, man has built impressive vaults, domes and shell structures as a structural 

solution for covering large spans. The domes of the Pantheon in Rome (118-126 CE), Hagia 

Sophia (532-537) and Santa Maria del Fiore (1296-1436) are well-known historical examples. With 

the invention of reinforced concrete in the late nineteenth century and better understanding of 

the forces within structures, new structural forms became possible (Addis, 2007). Between the 

1920s and the 1970s, a few creative engineers such as Pier Luigi Nervi, Eduardo Torroja, Félix 

Candela, Eladio Dieste, and Heinz Isler, among others, designed and built expressive thin concrete 

shell structures. This period is considered to be the most creative in the history of structural 

engineering since the late Middle Ages (Ibid.). 

Concrete shell builders integrated all aspects of building into the design process in compliance with 

the philosophy of modern master builders, which was based on three main points: efficiency in 

materials, economy in construction, and appearance of the final form (Moreyra and Billington, 

2008). The design process consisted of searching for those forms capable of distributing the internal 

forces by means of membrane action, since this allows shells to have very thin material thicknesses. 

In addition, shell builders searched for those forms, whose internal forces could be calculated in a 

simple manner. For the construction of their double-curved shapes, shell builders developed 

ingenious techniques for reducing the costs of formwork and scaffolding.  

The success of concrete shells lasted fifty fruitful years. After the 1970s, the construction of shell 

structures declined due to the high costs associated with the intense labour required on the 

construction site, the high costs of formwork and scaffolding and the wider availability of structural 

steel sections, which made other structural solutions be more competitive in cost 

(Chilton, 2000: 12). In addition to these problems, the practice of designing concrete shells faced 

one more difficulty: the vanishing of the link between form and structure in architecture. The 

divergence between architecture and engineering, a process that started at the beginning of the 

Renaissance and increased during the eighteenth and nineteenth centuries with the 

professionalisation of engineering, accelerated during the twentieth century with the increase in 

complexity of built projects and the use of computers. As a consequence of this separation, each 

time, architects had more difficulties integrating technical considerations into the design process and 

engineers focused on structural calculations, abandoning conceptual thinking (Schwartz, 2012). This 

situation led to the rupture of the relationship between the form of the building and its structure. 

One well-known case illustrating this problem is the Sydney Opera House (1957-1973), where the 

mismatch between the form and the chosen structural solution complicated the design and 

construction of the building. 
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The detachment in architecture of the form from the structural and constructional logics was 

definitive with the emergence of deconstructivism during the 1980s, a movement of postmodern 

architecture interested in challenging the idea of a building and often giving the impression that 

the building is being fragmented or even destroyed. Its striking visual aesthetics, based on the total 

freedom of form, have inspired an entire generation of architects to explore geometrically 

complex forms in architecture, in particular the exploration of free-form double-curved surfaces. 

The work of Frank Gehry, Zaha Hadid and David Libeskind has often been related to this 

movement. During the last decades, the development of powerful three-dimensional modelling 

software has allowed the design of complex geometries in an easy manner. However, the ease of 

designing such complex shapes contrasts with the difficulty in materialising them. This trend has 

also affected the design of concrete shell structures, by breaking the relationship between form 

and structure and accentuating the problem of producing curved forms in concrete. Recent 

concrete shell structures such as “Meison no Mori” designed by Toyo Ito & Associates and the 

Rolex Learning Center design by SANAA illustrate some of these problems. 

During the last decade, the fields of architectural geometry, digital fabrication and computational 

structural design have emerged, helping to solve the problems related to the design and 

production of complex forms in architecture. Architectural geometry is interested in the 

development of computational methods for the rationalisation of geometrically complex shapes 

considering fabrication, construction and structural constraints. This approach has also been 

referred to as construction-aware geometric design (Pottmann, 2010). Digital fabrication explores 

the use of digital technologies in the production of buildings. Computational structural design or 

structurally-informed design deals with the development of computational methods for the design 

of complex structures in an intuitive manner. 

A recent project in building technology that combines both advances in fabrication and 

architectural geometry is the CASTonCAST system (Enrique et al., 2011). This consists of the 

design and production of architectural free-form shapes built from precast stackable components. 

The system is composed of two complementary parts: a novel manufacturing technique of 

complex building components, which relies on producing a series of components in stacks using 

the components as moulds, and a new method for the design of free-form shapes by the 

connection of stackable solid tiles. The system reduces the need for costly complex moulds and 

the intense labour at the construction site, making the production of curved surfaces in concrete 

more economic and sustainable (Ibid.). However, the curved shapes that can be created using the 

CASTonCAST geometric method are not necessarily structural. This dissertation studies the 

integration of structural considerations in the system for the design of concrete shell structures 

built of precast stackable components. In order to tackle this problem, first a 1:10 prototype of a 

post-tensioned shell structure composed of stackable components was built to prove the viability 

of the system for the production of concrete shells. Then, a method for the design of shell 



16 
 

structures composed of stackable components based on the CASTonCAST system was 

developed. To carry out the structural analysis of the shell structures, load path network method, 

an equilibrium-based method for the design and analysis of three-dimensional structures based 

on the lower bound theorem of the theory of plasticity, was developed. The potential of this 

method is demonstrated in the analysis of the internal forces in shell structures and in the 

modelling of spatial frame structures. 

The dissertation is structured as follows: Chapter 2 presents a literature review of the main topics. 

Chapter 3 presents the thesis scope of research. Chapter 4 presents the design and production of 

a 1:10 prototype of a post-tensioned shell structure built of stackable components. Chapter 5 

introduces a method for the design of shell structures built of stackable components. 

Furthermore, the first two versions of an algorithm that implements this method are presented; 

Chapter 6 presents load path network method. Chapter 7 presents the third version of an 

algorithm implementing the method presented in Chapter 5. This version uses load path network 

method to carry out the structural analysis of the shell structures. The dissertation is completed 

in Chapter 8 by a discussion of unique contributions, limitations and future work.  
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2 Literature review 

 

2.1 The separation of architecture and engineering 

Architecture and engineering have not always been two separate disciplines. From pre-history, 

during the Egyptian, Greek and Roman empires, up to the end of the Middle Ages, the design 

and construction of buildings were the tasks of a single profession. The term used to describe 

such profession in the Middle Ages is master mason or master builder. This figure integrated 

architectural, structural, constructional and financial aspects with great success. However, at 

the end of the Gothic period and the beginning of the Renaissance, this profession split in 

half giving rise to two new professions with different roles: the architect, educated in liberal 

arts, dealing with the design process, and the craft-based builder dealing with the technical 

aspects of the construction process. Between the sixteenth and nineteenth centuries, the 

transition from medieval to modern philosophy and the shift from an agrarian to a capitalism-

based society during the industrial revolution motivated the establishment of the professions 

of architecture and engineering. With this separation, the design process of buildings became 

linear. Firstly, the architect designed the building and later the engineer searched for the most 

efficient way to make it realisable. This prevented the integration of structural considerations 

at the early design phase. From that time forward, the increasing complexity of building 

projects has demanded the collaboration between both professions. However, the highly 

specialised education, with little overlap of philosophy and knowledge, has complicated the 

communication between both disciplines. 

2.1.1 Theory and design of structures 

In 1826, the French engineer Claude-Louis Navier developed an important investigation into 

the structural analysis of beams, based on the theories of flexure in beams by James Bernoulli 

and Euler (1740) and bending stress in beams by Coulomb (1773), creating the foundations 

of modern theory of elasticity (Charlton, 2002: 14). Analytical methods based on the theory 

of elasticity allowed the calculation of the sizes of structural members required to ensure the 

safety of a structure under its specified loads. This made the planning and construction of 

buildings and infrastructure possible. However, the scientific base of such methods made the 

profession of structural engineering to focus on mathematical calculations, which separated 

it from creative structural design and architecture. (Schwartz, 2012: 243).  

Only a few unorthodox engineers deliberately moved away from the main directions of the 

engineering discipline and showed interest in creative structural design. Among those who 

did are Robert Maillart, Pier Luigi Nervi, Eduardo Torroja, Félix Candela, Eladio Dieste and  
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Figure 2.1: Analysis of the internal forces in trusses using graphic statics. Above: form diagram. Below: force 
diagram (Addis, 2007: 372). 

 

Heinz Isler. Their work, which has been referred to as “structural art” (Billington, 1983), was 

based on a design philosophy supported on three main pillars: efficiency in materials, economy in 

construction, and aesthetic appearance. A further common aspect was their interest in tracking 

the forces within the structure (Schwartz, 2012: 244). In order to do this, they used and also in 

occasions developed methods that, as opposed to analytical methods based on the theory of 

elasticity, required little mathematical calculations. Regarding the use of mathematics in structural 

design Félix Candela stated: “The quality of a structural design is in inverse proportion with the 

amount of calculations necessary for its erection.” 

Some of the methods used by these creative engineers are physical form-finding methods. These 

allowed them creating simultaneously the form of a structure in equilibrium and the paths of 

forces within it. A well-known form-finding method for the design of compression-only 

structures such as arches, vaults, domes, shells and grid-shells is the hanging model. In the 

beginning of the twentieth century, Antoni Gaudí used hanging models in the design of buildings 

such as the church at the Colònia Güell (Huerta, 2003). In the 1960s, Heinz Isler used also hanging 

cloth models for the design of concrete shell structures. Another method used in the design of 

structures is graphic statics, which was developed during the second half of the nineteenth century. 

This method, based on equilibrium, allows the calculation and visualisation of the internal forces 

in structures by means of two reciprocal diagrams: the form diagram, representing the flow of 

forces in equilibrium within the structure, and the force diagram, representing the magnitudes of 

the internal forces. This allows understanding in an intuitive manner the relationship between the 

form of a structure and the internal forces within it. Antoni Gaudí used graphic statics in the 

design of the retaining wall of Parc Güell (1900-1914) (Huerta, 2003). Robert Maillart used 
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frequently graphic statics for the design of buildings and bridges such as Chiasso roof (1924) and 

Salginatobel bridge (1930) (Fivet and Zastavni, 2012). During the 1930s, the mismatch between 

the stresses calculated using available elastic methods and the stresses measured in experimental 

work incited the development of the theory of plasticity. The development of the lower-bound 

theorem of the theory of plasticity provided graphic statics with a solid theoretical base (Schwartz, 

2012: 243).  

Although these outstanding designers have demonstrated that the greatest works in structural 

engineering can be designed with little mathematical calculations, analytic methods of calculation 

have dominated the profession of structural engineering. With the invention of the computer in 

the twentieth century, the development of practical tools for structural analysis based on the 

theory of elasticity became possible, reinforcing the professional role of the structural engineer as 

a technician and increasing its separation from structural design and architecture. 

2.1.2 Structure and form in modern and post-modern architecture 

The idea of architecture as a profession that is taught in schools started in the beginning of the 

nineteenth century at the École Des Beaux-Arts in Paris. The school taught the “Beaux-Arts” 

style, which relied on an eclectic use of historic styles. In this style, the structure of the buildings 

was often the result of a composition of ancient Greek and Roman structural elements such as 

colonnades, arches, vaults and domes. By the end of the nineteenth century, the Beaux-Art style 

integrated the use of new construction materials, but showed no interest in the new structural 

forms that began to arise in France and in other parts of the world. Indifferent to social and 

technological changes, the ideas of the French educational system that had evolved over two-

hundred years were outpaced in the beginning of the twentieth century by the ideas of modernism. 

Le Corbusier’s manifesto Vers une architecture, published in 1923, advocated for a new architecture 

that would be aligned with the new economic, social, and political environment of the emerging 

industrialised world. Influenced by the efficiency of industrial production processes, the shape of 

the new architecture was like that of a machine, designed to fulfil its intended function. This idea 

was propagated by Le Corbusier’s famous statement: “a house is a machine to live in”. By rejecting 

ornamentation, architecture was left only with the essence, giving great importance to the 

structure of the building. The interest of modern architecture in the new construction materials 

and production technologies motivated the design of innovative structural systems. A well-known 

example is the Dom-Ino House designed by Le Corbusier in 1914-15 as a structural system built 

in reinforced concrete for mass produced housing. He later used this system for the design of the 

Ville Saboye in Poissy, which served to represent the basis of modern architecture and became 

one the most renowned examples of the International Style. 
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The destruction of the Second World War demanded the building of cheap housing rapidly 

pushing modern architecture towards extreme functionalism. However, after the 1960s, architects 

and critics demanded imaginative and expressive forms, not always strictly attached to function. 

Robert Venturi’s influential manifesto Complexity and Contradiction in Architecture, written in the 

period 1962–64, criticised the oversimplification in the name of efficiency and function of modern 

architecture, embracing the contradiction and complexity of the society that architecture 

accommodates. A second manifesto Learning from Las Vegas, written by Robert Venturi, Denise 

Scott Brown, and Steven Izenour in 1972, even more critical of the modern movement, celebrated 

the "decorated shed" giving importance back to ornament in order to convey meaning in 

architecture. The façade of the buildings was given primary emphasis in Postmodern architecture, 

relegating the structure to a secondary position. 

The abandonment of functionalism continued during the 1980s with the emergence of 

deconstructivism. This movement of postmodern architecture renounced all historicising forms. 

Its formal expression relied on the fracturing of the building, neglecting structural and 

constructional aspects. Frank Gehry, Zaha Hadid and David Libeskind are well-known architects 

leading this movement (Figure 2.1a-b). During the last decades, the development of powerful 

computer-aided design software has allowed the rapid design of complex geometries. However, 

the ease of modelling such complex shapes contrasts with the difficulty of materialising them. As 

a reaction to this problem, research is currently being conducted into integrating structural and 

constructional aspects directly into the design process and developing novel production 

technology able to efficiently produce complex geometric forms. 

 

2.2 Concrete shell structures built between the 1920s and the 1970s 

In the 1920s, the need for building fireproof medium and long-span roof structures in an 

economic way motivated the search for innovative structural solutions. In order to be 

economically viable, such solutions had to reduce the use of steel, which was in short supply in 

those times (Chilton, 2000: 12). As a response to this need, a series of creative engineers such as 

Pier Luigi Nervi, Eduardo Torroja and Felix Candela among others used reinforced concrete, a 

strong new material that could be shaped in any three-dimensional form, for the creation of 

expressive thin concrete shell structures. The success of concrete shell structures between the 

1920s and 1970s relied on three main aspects. Firstly, concrete shells could be built using a very 

little amount of construction materials, particularly steel, which reduced their cost. Secondly, their 

construction could be carried out in an economic way thanks to the low costs of labour. Thirdly, 

their expressive appearance, different from any other structure built before, succeeded in 

representing the progress that society demanded during those times.  
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Figure 2.2: Tile vaulting. (a) Queensboro Bridge market place designed by Rafael Guastavino (Guastavino/Collins 
Collection, Avery Library), and (b) “Brick-topia” pavilion designed by MAP13 (Lózar and Barba, 2013). 

2.2.1 Tile vaulting 

Tile vaulting, also known as “volta catalana”, is a traditional Mediterranean construction 

technique for the building of masonry vaults and domes, which consists of laying thin ceramic 

tiles in a flat position and connecting them along their lateral surfaces. Due to the disposition 

of the tiles, the vaults are very thin and, therefore, lightweight. Their reduced weight makes 

the binding of the tiles by means of fast-setting plaster possible without the need to use 

wooden formwork. This increases the speed of erection. To provide additional stiffness in 

the vault, its thickness can be increased by binding one or more layers of tiles to the first layer 

using mortar. As in the building of brick walls, when laying different layers of tiles, the tiles 

of the new layer must be laid over the joints of the previous layer, preventing the formation 

of continuous joints through the different layers of the vault.  

Although the exact origins of tile vaulting are unknown, the earliest known construction is 

the Jofre Chapel in the monastery of Santo Domingo in Valencia, which was designed by Juan 

Franch and built in 1382 (Ochsendorf, 2013). During the fifteenth century it became a 

popular construction technique in Catalonia for the building of popular and monumental 

buildings. Its use also spread to the rest of the Iberian Peninsula, Italy, France and Algeria. 

At the end of the nineteenth and the beginning of the twentieth centuries, this construction 

technique was widely used in Catalonia for the construction of industrial buildings such as 

Vapor Aymerich, Amat i Jover (1907-1908) designed by Lluís Muncunill. At those times, the 

Spanish engineer Rafael Guastavino introduced its use to the United States where he designed 

and built the vaulted roofs of hundreds of buildings such as the Boston Public Library (1890), 

the City Hall Subway Station (1904) and the Queensboro Bridgemarket (1909) (Figure 2.2a). 

In the 1930s the demand for tile vaulting declined due to the emergence of reinforced 

concrete thin-shell structures, which proved to be a more economical solution (Ibid.).  
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Nowadays, interest in tile vaulting is increasing thanks to the work of well-known academics 

such as Professor John Ochsendorf at the Massachusetts Institute of Technology, Professor 

Santiago Huerta at the Superior Technical School of Architecture of Madrid and Professor 

Philippe Block at the Swiss Federal Institute of Technology in Zurich. Furthermore, during 

the last years architectural firms such as Foster+Partners and MAP13 have applied this 

technique for the construction of impressive funicular vaults (Figure 2.2b). 

2.2.2 Design 

Like the shell of an egg or a seashell, shell structures are able to resist loads thanks to their curved form. 

More specifically, shell structures distribute the internal forces created by the action of their self-weight 

along its three-dimensional curvature and along the barycentre axis of its thickness. This distribution 

of forces, referred to as membrane action, allows a considerable reduction of the material thickness. 

Reinforced concrete shell structures have span/thickness ratios that are around 500 to 1 (the 

span/thickness ratio of a hen’s egg is around 100 to 1) (Chilton, 2000: 12). The link between the form 

and the structural capacity of shells is expressed by Eladio Dieste in the following quote: “The resistant 

virtues of the structures that we make depend on their form, it is through their form that they are stable 

and not because of an awkward accumulation of materials. There is nothing more noble and elegant 

from an intellectual point of view than this, resistance through form.” (Eladio Dieste, 1996) 

Since the building of the first concrete shell structures in 1920s, extensive research has been carried 

out to find appropriate shapes for concrete shell structures. The first concrete shell structures had 

regular geometrical forms that could be described by mathematical functions. This allowed simplifying 

both the calculation of the internal forces and the construction process. Examples of this are the 

hemispherical shell of the Zeiss dome (1923) designed by Walter Bauersfeld and Franz Dischinger 

(Figure 2.3a) and the hyperbolic paraboloid shells designed by Felix Candela such as the Chapel Lomas 

de Cuernavaca (1958) and Los Manantiales Restaurant (1958) (Figure 2.3b). Both shapes distribute the 

internal forces by means of compressive and tensile membrane forces and, therefore, for its 

construction the use steel reinforcement is required.  

An alternative to the design of geometric shells consisted in the search for forms of shells only 

subjected to membrane compressive forces by means of experimental physical models. This design 

approach is referred to as form-finding. Probably the most fruitful and popular form-finding method 

is the hanging model, which allows finding the shape of funicular shells. The first stages in the 

development of this form-finding method date back to 1675, when the English scientist and architect 

Robert Hooke discovered that by inverting the shape of a hanging chain supported at its ends and 

working only in tension it was possible to obtain the shape of an arch working only in compression. 

He described this process with the phrase: “As hangs the flexible line, so but inverted will stand the 

rigid arch.” Soon after, this principle was used in the design of the dome of St. Paul’s Cathedral (1675) 
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by Christopher Wren (Addis 2007: 198-208), but it was not until the end of the nineteenth century 

when the Catalan architect Antoni Gaudí exploited its potential for the design of remarkable buildings 

such as La Sagrada Familia and the Colonia Güell Crypt (Figure 2.4a) (Huerta, 2013). Gaudí built large 

highly sophisticated three-dimensional hanging models that allowed him to design new structural 

forms that could be built in masonry. The models consisted of a network of hanging strings 

representing the paths of internal forces within the masonry arches, on which he hung weights 

representing the dead loads of the structure. The points from which the network of strings hung 

represented the supports of the structure. In these models he explored new three-dimensional forms 

by adding or removing strings and weights, and also by modifying the position of the fixations. This 

design process was highly intuitive as the hanging model instantly found the new equilibrium form, 

with every modification (Ibid.). Furthermore, the models were built with a high level of precision, 

which allowed the accurate definition of the structural form and the calculation of the internal forces 

in the structure.  

In the 1960s, the Swiss engineer Heinz Isler developed numerous form-finding methods for thin 

concrete shell structures such as the hanging cloth and the inflated membrane. For his hanging models, 

he first stretched an elastic fabric and then applied plaster to it. During this process, the weight of the 

plaster deformed the fabric, shaping a three-dimensional surface (Figure 2.4b). Once the plaster set, he 

reversed the model to obtain the shape of a compression-only shell. While the hanging models of 

Antoni Gaudí concentrated the internal forces onto a network of arches, the hanging models of Heinz 

Isler were appropriate for finding new shapes capable of dispersing the internal forces by means of 

membrane action. Isler measured the resulting shapes by a mechanical device in order to accurately 

build the wooden formwork used to cast the shells in-situ. Furthermore, he developed a method for 

the assessment of the structural behaviour which allowed the measurement of the deformations with 

the use of electrical gauges. Using this technique, Heinz Isler designed hundreds of thin concrete shell 

structures as roofs for warehouses and commercial spaces. The Kilcher factory (1965) (Figure 2.5) and 

the open-air theatre in Grötzingen (1977) are some of his most remarkable works. 

 

Figure 2.3: Concrete shell structure with a geometric shape: (a) A geodesic structure under construction using the Zeiss-
Dywidag system (Carl Zeiss archives), and (b) Los Manantiales restaurant designed by Felix Candela (RIBA Collections). 



24 
 

 

 

Figure 2.4: Physical form-finding. (a) Hanging model created by Antoni Gaudi for the design of the Colonia Güell 
Church (Taller de escultura, Luis Gueilbert, Colección A. Gaudí). (b) Hanging membrane model generated by self-
setting polyester resin (Heinz Isler). 

 

Figure 2.5: Kilcher factory designed by Heinz Isler (Heinz Isler). 

 

 

Figure 2.6: Construction of in situ concrete shells. (a) Formwork and falsework of Los Manantiales restaurant (Dorothy 
Candela), and (b) Laborers placing the concrete on the shell of the Bacardí Rum Factory (Dorothy Candela).  
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2.2.3 Construction 

Concrete shell structures are highly economical in their consumption of permanent materials. 

However, constructing their curved forms in an economic way was and still is a challenge. Between 

the 1920s and the 1970s, concrete shell structures were generally built in-situ with the use of formwork 

and falsework. The production and assembly of the formwork, often built in wood, was a labour-

intensive process that usually represented around 50% of the total building cost (Chilton, 2000: 19). 

Figure 2.6 illustrates the complex formwork and the labour-intensive in-situ casting process required 

in the construction of the shell of Los Manantiales restaurant designed by Felix Candela. Concrete 

shell builders were aware of the high costs involved in the construction of shells and developed 

different strategies to reduce them. One extended strategy consisted in designing shell structures whose 

form was created by the repetition of a module since this allows reusing both the formwork and 

falsework. Examples of this practice are the shell structure of Zarzuela Hippodrome (1934) designed 

by Eduardo Torroja (Figure 2.7a), the hypar umbrella shells designed by Felix Candela and the bubble 

shell structures designed by Heinz Isler. In the latter case, the timber beams could normally be reused 

between five and ten times, dropping down the costs of construction (Ibid.). Furthermore, every shell 

builder devised a different creative solution to this problem. Pier Luigi Nervi simplified the 

construction of his expressive ribbed domes such as the Agnelli Exhibition Hall in Turin (1948) and 

the Little Sports Palace in Rome (1957) by placing precast diamond-shaped elements side-by-side on 

the scaffold (Figure 2.7b) (Moreyra and Billington, 2008). Felix Candela designed hyperbolic 

paraboloid shell structures, whose shape can be formed from straight lines, avoiding the need for 

curved, more expensive formwork (Figure 2.7c) (Ibid.). Heinz Isler used the thermal insulation of the 

roof as permanent formwork, supported on a light structure of curved timber beams and flexible 

boards (Figure 2.7d) (Chilton, 2000: 19). Finally, Dante Bini developed a method for casting concrete 

shells using fabric inflatable formwork (Figure 2.7e) (Bini, 1969). 

An alternative to in-situ concrete is the construction of concrete shells from precast elements. This 

was a common practice for the construction of industrial buildings in the Soviet Union (Figure 2.7f) 

(Gluckovski, 1966). This approach had numerous advantages that reduced the building costs. Firstly, 

the assembly did not require a wooden formwork. Some shells, such as barrel shells were built without 

scaffolding. Secondly, the erection was rapid compared to in-situ casting process, which reduced the 

labour in the construction site. 36 m x 36 m shells were assembled and made monolithic in around 10 

to 20 days. Thirdly, the production of the precast concrete elements in the controlled environment of 

a precast plant ensured the production to fulfil quality standards. Quality inspection based on electronic 

and acoustical, radiometric and magnetic tests were conducted both in the precast plant and in the 

construction site. These advantages made the production and building of medium span precast 

concrete shells to be more cost competitive than the construction of flat slabs. More specifically, 

precast concrete shells required 25-35 per cent less material than flat slabs and the production costs 

were 14 to 20 per cent cheaper (Ibid.). 
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Figure 2.7: Strategies to reduce the construction costs of concrete shells: (a) reusable formwork (Instituto Eduardo 
Torroja) ; (b) use of precast elements as temporary formwork (Pier Luigi Nervi); (c) formwork composed of straight 
wooden elements (Dorothy Candela); (d) formwork composed of curved wooden beams (Heinz Isler); (e) inflatable 
formwork (Dante Bini); and (f) concrete shells built from precast components (Gluckovski, 1966). 

 

2.3 Recent concrete shell structures 

After the 1970s, the construction of concrete shell structures declined due to the high costs 

associated with the intensive labour required on the construction site, the high costs of formwork 

and scaffolding, and the larger availability of structural steel sections, which enabled more 

competitive costs in other structural solutions (Chilton, 2000: 12). During recent decades, the 

increasing interest in complex geometrical shapes in the field of architecture has led to the 

separation between form, structure and construction in the design process. On the one hand, this 

trend has brought renewed interest in shell structures. On the other hand, it has also affected the 

design of concrete shell structures, by breaking the strong bond between form and structure, and 

aggravating the existing problems of construction. In this section, three contemporary projects 

with different approaches to the design and construction of shell structures are presented.  
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Figure 2.8: Crematorium in Kakamigahara designed by Toyo Ito & Associates. (a) Perspective view of the crematorium 
(© Toyo Ito & Associates, Architects). (b) View of the formwork (© Toyo Ito & Associates, Architects). 

2.3.1 Crematorium in Kakamigahara 

For the design of the Crematorium in Kakamigahara (Figure 2.8a), Toyo Ito envisioned a shell 

roof structure with a free-form shape that would integrate the building in the landscape. In plan, 

the roof has an organic shape that embraces both an existing pond and a hill. The shell also reacts 

to the landscape in the way it is supported.  On the mountain side, it is supported by four bearing 

walls while, on the pond side, it is supported by twelve columns, lifting the roof and casting a 

shadow over the pond. The different gestures the building does in order to adapt to the landscape 

create an interesting scenario to explore the design of a shell with a free-form shape. For the 

design of the form, first Toyo Ito drafted a proposal and later, the engineer Mutsuro Sasaki applied 

a method called sensitivity analysis, which relies on FEM analysis software, to optimize the initial 

shape. The resulting shape takes advantage of its curvature for the distribution of the internal 

forces. The structural analysis shows that the shell distributes the internal forces mainly by 

membrane action and that only bending action appears near the support zones. The shell structure 

was built in reinforced concrete, since this material can withstand both compressive and tensile 

stresses, and can be shaped into any three-dimensional form. Despite the shell’s capability to 

distribute the internal forces by membrane action, the shell was constructed with a thickness of 

20 cm, much thicker than the ultra-thin concrete shells designed by Felix Candela and Heinz Isler. 

For its construction, the shell was cast in-situ using as a mould a complex non-reusable wooden 

formwork supported by a dense grid of wooden beams (Figure 2.8b).  

2.3.2 Rolex Learning Center 

In 2004 the Swiss Federal Institute of Technology in Lausanne (EPFL) organized an international 

architectural competition for the design of the Rolex Learning Center (Figure 2.9a). The 

competition searched for a multifunctional space where the students could access information 

and study, but also as a space for living with potential to promote cross-discipline exchange. The 

jury chose the project by the Japanese firm SANAA. The winning proposal envisioned putting all 

the different programmes on a continuous rectangular surface of a single-story building, covering 
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a large area of the site. This surface was lifted at several points to view both the mountains and 

the lake, strengthening the continuity of the interior space. In addition, this surface was perforated 

with large circular patios to provide illumination to the interior spaces, creating access and 

achieving a strong connection between the interior and exterior spaces. The result of these 

operations was an organic shape, which adapts to the landscape and provides a continuous open 

space that brings all the different programmes together.   

The architectural concept of the proposal had the potential to be strengthened by using the 

curvature of shape as a way to provide stiffness to the structure. However, despite of the vaulted 

form, the construction used large amounts of concrete and steel reinforcement. The thickness of 

the shell ranges from 60 cm to 80 cm, the arches were reinforced with steel frames and large 

amounts of steel reinforcement were used to construct a structure that works mainly under 

compression. In the book Rolex Learning Center, Francesco Della Casa says:  

“The arches were reinforced using metallic frameworks of up to 470 kilograms for each cubic 

meter of concrete – four times as much as is normally required. In all, the arches contain 2800 

tons of metal, of which 820 tons are comprised of 50 mm rods – an unusual diameter – that were 

soldered together lengthwise using 6000 soldering points of which 1800 function under tension. 

Before the concrete was poured, the construction site looked like a collection of upside-down 

metal baskets. “ 

While the spans of this project are larger than the largest shell structure ever built and the design 

of the shell structure should take into consideration the asymmetric effect of live loads, the 

materialisation of the shell as a very thick and heavy curved slab shows that the opportunity of 

integrating the architectural and structural concepts was missed. The most questionable aspect of 

the building is its construction. To build the shell, a complex formwork consisting of more than 

1,400 different wooden boxes had to be fabricated, transported and installed (Figure 2.9b). 

Furthermore, this temporary structure was supported by a dense wooden scaffolding. Once the 

casting process was finished and the decentering terminated, the formwork resulted in waste. 

 

Figure 2.9: EPFL Learning Center designed by SANAA and completed in 2009. (a) Exterior view (Thomas Jantscher); 
and (b) Assembly and placement of formwork on the construction site (Design-to-Production). 
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2.3.3 The Jubilee Church 

While concrete shells have often been built by means of an in-situ casting process, the advantages 

of prefabrication in construction have in some occasions motivated the building of shells from 

precast concrete panels. An example of this is the Jubilee Church in Rome designed by Richard 

Meier and completed in 2003 (Figure 2.10a). The church has three double-curved walls resembling 

ship’s sails. The initial proposal for materialising the curved walls made by Meier’s technical team 

relied upon constructing them as a steel frame covered by a cladding system made of precast 

concrete panels. However, in the end, the concept of Antonio Michetti, which proposed 

assembling the precast load-bearing concrete segments using post-tensioning tendons, was 

chosen.  The solution consists in a conventional bi-directional network of post-tensioning cables 

that compresses and connects the precast concrete segments.  

 
Figure 2.10:  Jubilee Church designed by Richard Meier and completed in 2003. (a) Perspective view of the Church 
(Scott Frances). (b) Placement and assembly of precast formwork on the construction site (Scott Frances). 
 
2.4 Recent developments 

The advent of the computer has transformed the discipline of architecture: its practice, theory and 

culture. During the 1990s, the availability of Computer-aided design software allowed the rapid 

creation and modification of two-dimensional drawings, replacing the manual production of 

building plans. CAD software such as AutoCAD soon became a central tool in architectural and 

engineering companies, increasing the quality and productivity of building planning. The use of 

the computer as an architectural design tool started to be possible with the development of 3D 

modelling and rendering software, where the massing of the building could be modelled, sculpted 

and visualised. These features soon had a great impact in architectural design. Greg Lynn’s book 

Animate Form published in 1999 inspired a whole generation of architects to use computer 

animation software to inform architectural design and explore architectural form. The interest in 

geometrically-complex forms in architecture, in particular of free-form surfaces and “blobs”, soon 

manifested the challenge of constructing such digital forms. This forced the architects interested 

in such complex geometries to consider fabrication and construction aspects during the design 

phase, taking a step towards integrated design (Kolarevic, 2009).  
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Over the last decades, a significant amount of research has been carried out with the aim of 

bringing closer architectural design and realisation. A central development is Building Information 

Modelling software, which has the ambition of extending geometrical modelling with two more 

dimensions: time and construction costs. In this manner, the tool informs the designer in real time 

about the significance of the design decisions. BIM also has the aim of serving as a platform that 

brings together all different disciplines involved in building design: architects, landscape architects, 

structural and building services engineers, etc., by means of a single common model, where each 

professional can add discipline-specific data. Regarding the design, production and construction 

of complex geometrical forms, during the last two decades three new research fields have 

emerged: architectural geometry, computational structural design and digital fabrication. 

2.4.1 Architectural geometry  

Since the 2000s, the increasing interest in architecture in complex geometrical forms that are 

expensive to build has motivated the search for ways of optimizing such forms taking into account 

diverse constraints such as fabrication, material economy, construction and statics, with the goal 

of reducing the building costs. The exploration of this research niche, which lies between 

mathematics, applied geometry, computational design, and manufacturing, has led to the 

establishment of a new research field called Architectural Geometry. This field focuses in the 

development of useful algorithms and computational tools for the design, analysis, and 

manufacturing of complex shapes. Since 2008, the biennial conference Advances in Architectural 

Geometry (AAG), which brings together architects, engineers, computer scientists, 

mathematicians, software and algorithms designers and contractors, has contributed to popularise 

this emerging research field. Well-known investigations in the field of Architectural Geometry are 

modelling techniques of free-form shapes based on conical meshes (Liu et al., 2006), which are 

particularly suitable for the design of free-form glass structures; studies on parallel meshes 

(Pottmann et al., 2007), which admit a multi-layered geometric support structure; panelization 

techniques of freeform surfaces from single curved panels (Pottmann et al., 2008); and research 

that seeks to minimize the number of double-curved custom panels in a given shape 

(Eigensatz et al., 2010). 

2.4.2 Computational structural design  

With the advent of the computer, it started to be possible the computing of numerical and 

analytical form-finding. In 1965, Day developed Dynamic Relaxation, a numerical method that, 

among other applications, can be used in the form-finding of funicular shells and pre-stressed 

membranes (Day, 1965). This method has been recently used as the solver of form-finding engines 

such as Kangaroo. In 1971, Linkwitz and Schek developed the Force Density Method (FDM) for 

the form-finding of funicular shells and pre-stressed membranes (Schek, 1974). This method was 

used to calculate the precise geometry of the Multihalle Mannheim in Germany. During the last 
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decades, computational form-finding methods aiming to improve the design experience of 

funicular forms have been developed. In 2006, Kilian developed a form-finding method based on 

particle spring systems for the exploration of funicular forms (Kilian 2006). A few years later, 

Block developed Thrust Network Analysis (TNA) for the form-finding of compression-only 

funicular shells based on Graphic Statics (Block, 2009). This method has been implemented in 

the interactive design tool RhinoVAULT (Rippmann et. al. 2012).  

In recent years, a few academic institutions such as ETH Zürich, EPFL, MIT, UCL Louvain and 

Accademia di Architettura di Mendrisio have reintroduced Graphic Statics in the teaching 

curriculum. This has motivated the development of computational equilibrium-based methods 

for the design, form-finding, modelling and exploration of three-dimensional compression-

tension structures in equilibrium. Some of these are Interactive Equilibrium Modelling for the 

interactive modelling of compression-tension equilibrium structures (Lachauer, 2012), research 

on three-dimensional polyhedral reciprocal diagrams for the form-finding of spatial structures 

(Akbarzadeh et al., 2013), an integrated computational approach for creative conceptual structural 

design (Mueller and Ochsendorf, 2013), research on the design of spatial frame structures based 

on grammar-based graphic statics (Lee et al., 2015), Combinatorial Equilibrium Modelling for the 

form-finding of three-dimensional structures based on graph theory and graphic statics (Ohlbrock 

and Schwartz, 2016), load path network method for the design and analysis of three-dimensional 

structures (Enrique and Schwartz, 2017), research on vector-based 3D Graphic Statics (Schrems, 

2016) (D’Acunto et al. 2017), and research on the design of shell structures composed of 

hyperbolic paraboloids based on Graphic Statics (Cao et al., 2017).  

2.4.3 Digital fabrication  

The next stop in the progress of digital technologies in building industry after the development 

of architectural design, planning and imaging software was the digital production and assembly of 

buildings. The development of digital manufacturing technologies in the building industry such 

as subtractive, additive, and formative manufacturing, has given architects the opportunity to learn 

the capabilities and limitations of the digitally-driven fabrication equipment and design according 

to them. This has led to the emergence of a new architectural expression, which has been 

denominated by Fabio Gramazio and Matthias Kohler as digital materiality. This new expression 

is based on the capability of digital fabrication to deal with mass customization. In their book 

Digital Materiality in Architecture, Fabio Gramazio and Matthias Kohler say: “Through digital 

materiality, architecture becomes increasingly rich and diversified….Variation emerges as it 

becomes possible to design large numbers of elements in differentiated ways using digital means. 

Such designs would have made very little sense before the availability of computers and digital 

fabrication, but their realisation has now become a matter of course.”  
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Among the relevant research in digital fabrication, it is worth mentioning the novel techniques 

for casting concrete building elements using Additive Manufacturing technologies (AM) such as 

D-Shape , Contour Crafting , Concrete Printing  and Smart Dynamic Casting ; Subtractive 

Manufacturing technologies (SM) such as CNC milling  and 3d-cutting; and novel technologies 

for deforming flat panels into a desired shape such as glass bending technology , flexible molding 

systems and CNC-fabrication of curved steel panels. 

Figure 2.11: (a) Force density method (Linkwitz 2014); (b) Thrust network analysis (Block et al. 2014); (c) Interactive 
equilibrium modelling (Lachauer); (d) Combinatorial equilibrium modelling (Ohlbrock and Schwartz 2016); (e) 
Modelling with force patterns (Lee et al. 2015); (f) equilibrium modelling with force polyhedral (Akbarzadeh et al. 2015); 
(g) design of folding structures with tetrahedral grids (D’Acunto 2014); and (h) design of hyperbolic paraboloid shells 
with graphic statics (Cao et al., 2016). 
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2.5 The CASTonCAST system 

The CASTonCAST system was designed in the Design Research Laboratory (DRL) master 

program at the Architectural Association (AA) in London by Lluís Enrique, Povilas Cepaitis, 

Diego Ordoñez and Carlos Piles between 2009 and 2011. In 2011 and 2012, the results of the 

master thesis were awarded by LafargeHolcim Foundation in Sustainable Construction with the 

1st Next Generation award and the 3rd Innovation award respectively. 

The CASTonCAST system is a project in building technology that has the aim of producing 

curved architectural surfaces in concrete in a cost-effective and resource-efficient way. The system 

deals with the design and production of curved architectural surfaces from stackable components 

(Figure 2.12) (Enrique et al., 2016). The project is composed of two complementary parts: 

 A manufacturing technique of curved building components that relies on producing a 

series of components in stacks by using the previous component as the bottom mould 

for the next one. 

 A geometric method for the modelling of curved surfaces composed of stackable solid tiles. 

The system has advantages at all phases of the realization process: first, the fabrication system 

does not require costly complex moulds since each component serves as the bottom mould for 

the next component. Second, the method allows storing and transporting the components to the 

construction site efficiently in stacks. This avoids the need to manufacture supporting structures 

for each component. This feature also decreases the number of deliveries of the building elements 

to the construction site due to a more efficient use of the transportation volume of the vehicles. 

Finally, the labour at the construction site consists in placing the components on a standard 

reusable scaffolding and assembling them using post-tensioning cables. This drops down the 

labour at the construction site which is normally an expensive factor in high-wage economies 

(Enrique et al., 2016). 

  

Figure 2.12: Prototypes produced using the CASTonCAST system. Left: Components in stacks. Right: Stackable 
components assembled together giving shape to a curved shell (Enrique et al., 2016). 
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Figure 2.13: CASTonCAST fabrication technique (Enrique et al., 2016).  

 

2.5.1 Fabrication Technique 

The CASTonCAST fabrication technique consists in producing a series of components one 

on top of another in stacks by using the previous component as the bottom mould of the 

next component. In (Enrique et al., 2016), the steps of the fabrication technique are described 

in detail. These steps are: first the lateral moulds of the components are produced by cutting 

their stackable parts from flat sheets of a rigid material (Figure 2.13a). Second, the base of 

the stack is produced. Then, the first component is cast by filling with concrete the lateral 

mould (Figure 3.2b). The top surface of the components is shaped manually using simple 

tools, such as a bricklaying trowel. Once the top surface of the component is hardened, a thin 

separation layer is placed on top in order to prevent the material of the next component from 

adhering to the previous one (Figure 2.13c). This separation layer can be a plastic layer or a 

layer of a demoulding spray. Then, on top of this separation layer, the next component is cast 

(Figure 2.13d). Following this procedure the rest of components of the stack are cast (Figure 

2.13e). After the casting, the lateral moulds are removed and the components are separated 

from each other (Figure 2.13f). This fabrication technique can be applied using low-

technology or high-technology.  

After the production process, the components are transported to the construction site in 

stacks. There, the components are assembled together. The choice of the assembly method 

depends on the function and scale of the curved surface. If this is cladding, the components 

can simply be supported by a substructure, generally built in steel. If this is a shell structure, 

the components can be assembled together by means of steel pin joints and/or post-

tensioning cables. The assembly increases considerably the speed of erection at the 

construction site and avoids the need of costly non-reusable formwork. 
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Figure 2.14: stack-to-strip modelling process. 

2.5.2 Geometric Method 

The CASTonCAST geometric method is based on the following constraint: “for two tiles to be joined 

in two different clusters, both tiles must have two congruent surfaces between them” (Enrique et al., 

2016). In (Ibid.), the stack-to-strip modelling technique based on this constraint is presented. This 

consists in modelling a stack of solid tiles and later arranging them in order to construct the resulting 

surface, referred to as strip (Figure 2.14). This modelling technique has the following steps: 

1. A polyhedron P with a front and back congruent faces, the “generating surfaces” of the stack, 

is modelled. Rectangular and triangular prisms are suitable polyhedrons often used in this 

technique. In a rectangular prism, the generating surfaces are located in two opposite faces of 

the prism. The shortest distance between these faces is referred to as the “width” of the stack. 

In a triangular prism, the generating surfaces are placed between two of its three rectangular 

faces. The angle α between these two faces influences the curvature along the strip. 

2. A set of non-intersecting curves μi, the “generating curves”, are drawn on the front generating 

surface and a copy of this set of curves, λi, is placed on the back generating surface. The 

generating curves represent a series of transversal sections of the shell and, therefore, they 

define the thickness of the shell and the curvature across the strips.    

3. The sets of curves are linked by means of non-intersecting surfaces Si contained inside P in a 

way µi gets connected to  λi+1 for i ∈ {0, . . . , n − 1}. These surfaces are the top and bottom 

surfaces of the tiles.  

4. The surfaces Si split P into a series of solids Ti. Keeping Ti for i ∈ {1, . . . , n − 1}, the tiles 

arranged in the stack cluster are obtained.  

5. The stack may be split by a series of transversal planes Vi into multiple stacks with smaller 

tiles.  

6. The strip is modelled by gluing the front face of a tile with the back face of the tile below it.   
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3 Scope of research  

 

3.1 Research objectives  

Between the 1920s and the 1970s, impressive reinforced concrete shell structures were built as an 

economic structural solution for the building of fireproof mid span and large span roof structures. 

Their elegant forms and structural efficiency have inspired generations of engineers and architects. 

After this period, the construction of reinforced concrete shells declined due to the high costs 

associated to the intense labour required in the construction site and the high costs of formwork 

and scaffolding (Chilton, 2000: 12). During the last decades, the increasing interest on freeform 

shapes in architecture has accentuated these problems, making the production of such curved 

structures in concrete inefficient and unsustainable. In order to solve this problem, during the last 

years extensive research has been carried out with the goal of making the construction of 

geometrically-complex structures in concrete more affordable. The CASTonCAST system is a new 

project in building technology that consists in the design and production of curved architectural 

surfaces from precast stackable components. This system presents advantages in all construction 

phases of shell structures: production, storage, transportation of the components to the construction 

site and assembly. However the shapes that can be created using this system are not necessarily 

structural. The goal of this dissertation is to develop a method for the shell structures built of stackable 

components. 

The success of concrete shell structures built between the 1920s and the 1970s relied on the fact 

that the building of their forms required little amount of construction materials, which were scarce 

and expensive in those times (Chilton, 2000: 12). Structural efficiency, therefore, was the main 

driver defining the form of a shell. This led to the construction of very thin and expressive shell 

structures. Since the 1970s, the main limitation in the building of shell structures is no longer the 

cost of the building materials, but the high costs of construction. Nowadays, therefore, so that 

the construction of concrete shell structures to be cost-effective, the design process must ensure, 

in first place, the form of a shell to be constructed in an economical manner. The conventional 

approach to the design of concrete shell structures consists in first designing an efficient structural 

form working under membrane action, and later finding the most cost-effective solution to build 

such form. The present method will reverse this order, giving priority first to the exploration of 

forms that can be produced efficiently with the CASTonCAST system, and later integrating 

structural considerations into the chosen form to guarantee structural safety and pursue structural 

efficiency. 
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3.2 Research approach  

This dissertation has the aim of developing a method for the design of shell structures. Since the 

method is meant to be used at an early design phase, graphical methods of calculation based on 

equilibrium, such as graphic statics, will be used. Graphic statics, which is grounded on the lower 

bound theorem of the theory of plasticity, has the following advantages:  

 It allows visualising the internal forces in structures, making the relationship between 

form and structure transparent.  Compared to analytic methods of calculations, which 

provide representations of quantitative data such as how large the deformations in a 

structure are or have much material is required, the visualization of the internal forces 

provides qualitative data informing not only about whether the structure is well or poorly 

designed, but also how to improve it.   

 It allows exploring the indeterminacy of a structure. This helps finding structural 

solutions that respond and strengthen the design concept.  

 

.  
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4 Prototype  

In previous research, a series of prototypes were built using the CASTonCAST system. These were 

built from stackable components produced in plaster. The assembly consisted in joining the 

components by means of female-male wooden pin joints and glue. In order to test the feasibility of 

the CASTonCAST system for the design and production of concrete shell structures, a 1:10 prototype 

of a shell structure composed of stackable components was produced in concrete as a proof of concept 

(Figure 4.1). For assembling and making monolithic the shell, post-tensioning cables were used. In this 

section, the design, production and construction of the prototype is presented.1  

 

 
Figure 4.1: 1:10 Prototype of a post-tensioned shell structure built from precast stackable components. Above: stacks 
of components. Below: post-tensioned shell. 

                                                            
1   Parts of this chapter are based on the publication by Enrique and Schwartz (2016). 
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Figure 4.2: Geometric modelling of the shell: (a) two-dimensional generating curves; (b) generating curves over the 
generating surfaces of the stack; (c) stacks of components; (d) final shell. 

 

 4.1 Design 

The shell was given a free-form shape with the aim of exhibiting the potentials of the 

CASTonCAST system to produce efficiently non-standard geometries. The prototype is 

supported on four points by a steel frame. The size of the prototype is 140 x 140 x 2.5-6 cm and 

its weight is approximately 135 kg. It is composed of 60 stackable concrete components of size 

25 x 8-12 x 2.5-6 cm, arranged in a matrix of 5 by 12. All the components are different from each 

other. The shell was pre-stressed by means of 17 post-tensioning steel cables of 4 mm diameter.  

At real scale, the components may have different sizes depending on the total size of the shell, its 

curvature, the size of the trucks that would transport them to the construction site, the lifting 

equipment used for the erection of the shell, etc. One possible size would be around 2.5 x 1.2 x 

0.05-0.25 m. In that case, we can say that the scale of the prototype presented in this section is 

approximately 1:10. For the building of this prototype, however, the minimum thickness had to 

be 2.5 cm to allow placing the post-tensioning cables through the components.  
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4.1.1 Geometry 

The shell was designed using the CASTonCAST geometric method, which is described in 

subsection 2.5.2. In order to achieve an expressive free-form shell, a shape with both positive and 

negative Gaussian curvature was designed. During the design process of the shape it was 

important to control two aspects in order to fulfil fabrication and construction requirements. 

Firstly, the thickness of the shell had to be between 2.5 and 6 cm. Secondly, in order to make the 

production of the components easy, the top surface of the components had to be gently double 

curved. To control these two aspects, a stack-to-strip modelling process was followed. This 

consists in modelling first a stack of solid tiles and later arranging them in order to construct the 

resulting strip or shell. To model the stack the steps followed were:  

1. A series of two-dimensional curves, the generating curves, were sketched (Figure 4.2a). 

A simple way of doing this is by first creating the initial and last generating curves and 

later the intermediate ones. The generating curves represent a series of transversal 

sections of the shell and, therefore, they define both the curvature and the thickness of 

the shell. This shows that there is an interesting relationship between the global curvature 

of the shell and its thickness. Furthermore, the number of generating curves defines the 

number of stackable components the shell is composed of. While sketching the 

generating curves it was necessary to respect the range of thickness previously defined. 

2. The angle between the generating surfaces of the stack was defined (Figure 4.2b). This 

affects the curvature of the shell along the strip. In order to get more variation of 

curvature along the strip, the shell was constructed from two stacks with different angle 

between their generating surfaces. As Figure 4.2c shows, both stacks are linked. For this, 

the back face of the last tile of the first stack and the front face of the first tile of the 

second stack must be congruent. This allowed joining the two shell patches 

corresponding to each of the stacks.  

3. The stackable components were rearranged giving shape to the shell by connecting the 

back face of a component with the front face of the component on top (Figure 4.2d). 

Figure 4.3 shows the location in of the stackable components in the shell.  During the 

design process, both the generating curves and the generating surfaces were manipulated 

until the desired shape was obtained.  

4. Once the shape of the shell was defined, the tiles were subdivided by a series of 

transversal planes into smaller tiles. This step allowed controlling the appropriate size of 

the components and the curvature of its top surface. With the aim of simplifying the 

production of the components, these planes were all vertical. However, these do not 

necessarily need to be vertical.  
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Figure 4.3: Location of the stackable components in the shell 

4.1.2 Structure 

A study of the internal forces in the shell was made in order to find out the required prestressing 

forces. In this study, two conditions had to be met. Firstly, the effect of prestressing had to prevent 

internal tensile forces from appearing in the shell’s mass of concrete. This is important to make 

the shell monolithic and to prevent cracks from appearing. Secondly, the magnitude of the internal 

forces had to respect the yield condition of the materials. To achieve this, the available parameters 

were: the shape of the shell, the thickness, the position of the supports and the amount of 

prestressing force. Using load path network method (Enrique and Schwartz, 2017), a scheme of 

a possible configuration of the internal forces in equilibrium within the designed shape was 

modelled (Figure 4.4). The steps followed were: 

1. A possible load path of the self-weight was modelled. This path of internal forces showed 

that the shell took advantage of its three-dimensional shape for distributing the internal 

forces by means of a network of compressive and tensile axial forces. In this step, the 

initial shape and the position of the supports had to be slightly modified in order to 

reduce the magnitude of the internal forces.  

2. A simplified network of prestressing cables was modelled. In order to fulfil the conditions 

defined previously, the magnitude of the tensile force in the cables needed to be larger 

than the largest tensile force of the first load path, and, at the same time, it had to respect 

the yield strength of the section of concrete. In this case, the largest required prestressing 

force was equivalent to 40% of the admissible tensile strength of a steel cable of 4 mm 

diameter.  

3. Both systems of forces were superimposed. In this manner, the mass of concrete of the 

shell remained only under compressive forces.  

The chosen equilibrium solution might not be the one describing the real structural behaviour of 

the shell, however, according to the lower-bound theorem of the theory of plasticity, the modelled 

solution of internal forces guarantees the structural safety (Muttoni et al., 1997). 
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Figure 4.4: Study of the internal forces in the shell using the Load Path Network Method. 

4.2 Fabrication 

The precast concrete components of the prototype were produced using the CASTonCAST 

fabrication technique, which is described in subsection 2.5.1. The steps followed were: 

1. The lateral moulds were produced by cutting their flat parts from sheets of timber (Figure 

4.5 a). To do this, first the shape of these parts was engraved on the timber sheet using a 

laser cutting machine and then, the parts were cut using a band saw in order to avoid the 

characteristic laser cutting burning marks. Since the precast concrete components were 

stackable, their lateral moulds were stackable too. Thanks to this, their parts could be 

compacted, which reduced material waste and production time. A total of ten flat sheets 

of timber of size 0.83 x 0.45 x 0.01 m, one for each stack, were required for producing 

the lateral moulds of sixty components and ten stack bases. 

2. Two types of elements required for the assembly of the components were fixed into the 

lateral moulds. Firstly, female-male steel joints were fixed into the lateral moulds to help 

connecting the components during the assembly and provide the shell with additional 

stiffness against point loads (Figure 4.5 b-c). Secondly, plastic tubes were fixed into the 

lateral moulds in order to create a void in the mass of concrete through which to pass the 

post-tensioning cables. (Figure 4.5 d). 

3. A mould built in lean concrete was produced to give shape to the bottom surface of the 

first component of the stack (Figure 4.5 d).  

4. The components were cast (Figure 4.6). To do this, first the mould was filled with 

concrete (Figure 4.6 a) and later the top surface of the component was shaped manually 

using a bricklaying trowel (Figure 4.6 b). In this step it was important to control the 

concrete rheology and workability. The concrete mixture used contained a cement-sand 
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ratio of 1:2 and a water-cement ratio of 0.6. Due to the small scale of the components, 

neither gravel nor steel reinforcement were used. However, polypropylene fibres were 

added to the mixture in order to reduce the width of the cracks and improve the resistance 

to shrinkage during the curing.  

5. Once the concrete of the component hardened, a thin plastic layer was placed over its 

top surface in order to prevent the next component from adhering to the previous one 

(Figure 4.6 c). Then, the next lateral mould was fixed in order to start the casting of the 

next component (Figure 4.6 d). Each new component could be cast approximately twelve 

hours after casting the previous one. In order to reduce the production time, the stacks 

were cast by layers, starting by casting the first component for all the stacks, then, the 

second one for all the stacks, and so on. Once the casting was completed, the lateral 

moulds were removed (Figure 4.7). 

Due to the manual production of the top surface of the components, which at real scale 

production must be carried out by skilled workers or machines depending on the size of the 

components, the finish was less perfect than the one obtained when using a mould. However, 

these imperfections provided the shell with a changing tone of grey that enhanced the expressivity 

of the material.  

 

Figure 4.5: Production of the lateral moulds. (a) The shape of the lateral moulds was engraved on the timber plates 
using a laser cutting machine. (b-c) Steel female-male joints were fixed into the lateral mould. (d) Plastic tubes were 
fixed into the lateral moulds.  
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Figure 4.6: Production of the components. (a) Filing the mould with concrete, (b) shaping the top surface of the 
component, (c) placing the separation layer, and (d) placing the next lateral mould. 

 

 
Figure 4.7: Two of the ten stacks of components. 
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Figure 4.8: Longitudinal post-tensioning. 

4.3 Construction 

The assembly of the components was solved by means of two systems: female-male steel pin 

joints located in the lateral faces of the components and a bidirectional network of post-tensioning 

cables. The steel pin joints served to match the components precisely during the assembly process 

and made the shell stiff against point loads. The bidirectional network of post-tensioning cables 

made the shell monolithic and prevented cracks from appearing. 

The post-tensioning was done in two phases: longitudinal and transversal. Firstly, the longitudinal 

post-tensioning was carried out. This consisted in assembling the components of adjacent stacks 

belonging to the same level (Figure 4.8). This process shaped two large stacks composed of six 

post-tensioned stackable elements each (Figure 4.9). Since the elements were stackable, the first 

element could be post-tensioned directly on top of the bases and the subsequent elements could 

be post-tensioned on top of the previous ones. Thanks to this, there was no need of building 

supporting structures.  

After, the twelve elements were assembled together on top of a simple scaffolding (Figure 4.10). 

This was composed of four MDF panels of 2 cm thickness, which were produced using a CNC 

machine. Two of these panels had a curved edge following the curvature of the shell in order to 

help placing the elements in their exact position. The elements were assembled by joining the back 

face of each element with the front face of the next one. Due to inaccuracies during the fabrication 

process, it was required to slightly sand the steel pin joints with an electric circular saw. After 

connecting all the elements, these were connected by means of five transversal post-tensioning 

cables. Finally, the shell was decentred and supported by a steel frame (Figure 4.12).   



46 
 

At a real scale, the longitudinal post-tensioning would, when possible, take place at the precast 

plant in order to reduce to time of erection at the construction site. Then, the stacks would be 

transported to the construction site where the shell would be assembled. One of the two stacks 

of post-tensioned cuved beams of the prototype, without the bases, built at a real scale would 

weight around 20-30 tons and would be 12.5 m long. This means that a four-axis trailer 14-16 m 

long with a valid loading capacity of 30-50 tons could transport the full shell to the construction 

site in two trips, carrying in each trip one full stack composed of 30 components. Once at the 

construction site, the curved beams would be placed on a scaffolding built from standard reusable 

elements. In this way, the construction of costly non-reusable scaffolding is avoided.  

 

 

Figure 4.9: Longitudinal post-tensioning of the components 
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Figure 4.10: Assembly sequence 

Figure 4.11: Detail of the post-tensioning heads  
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Figure 4.12: Post-tensioned shell built from precast stackable components 
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5 Method for the design of CASTonCAST shell structures 

 

As presented in the previous chapter, a structural analysis of the shell was carried out in order to 

check its structural behaviour and safety. This structural evaluation, however, did not influence 

the design of the form of the shell. This chapter introduces the concept and first developments 

of a method for integrating structural considerations at an early phase of the design of 

CASTonCAST shell structures.2 

5.1 Concept 

The conventional approach to the design of concrete shell structures consists in first designing an 

efficient structural form working under membrane action, and later finding the most cost-effective 

solution to build such form. The present method will reverse this order, giving priority first to the 

exploration of forms that can be produced efficiently with the CASTonCAST system, and later 

integrating structural considerations into the chosen form to guarantee structural safety and 

pursue structural efficiency.  

In the present method there is a special constraint: the material thickness of a shell structure 

composed of stackable components depends on the form of the shell due to structural and 

fabrication reasons (Figure 5.1). As described in subsection 2.5.2, in the geometric method of the 

CASTonCAST system there is a special relationship between the curvature of the shell and its 

material thickness. Due to the fabrication constraint, the variation of curvature in the shell may 

create variations of material thickness. In order to control the material thickness in the shell, the 

method first calculates the material needed for fulfilling structural safety. Then, it guides the 

designer to modify or correct the form of the shell in order to reduce the material that is 

accumulated as a consequence of the design demands. In this manner, the method helps finding 

a compromise between design demands and structural efficiency. 

 

Figure 5.1: Diagram showing the double bond between form and material thickness in the method. 

 

                                                            
2     Parts of this chapter are based on the publication by Enrique and Schwartz (2017b). 
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Figure 5.2: Method steps: (a) generating curves of initial modelled shell. (b) Fulfilling the fabrication requirement. (c) 
Adjustment of the top generating curve. (d) Fulfilling design requirement.  

 

5.2 Process 

The method begins with a shell composed of stackable components created by means of the 

stack-to-strip modelling approach, which is described in subsection 2.5.2. To do this, the user 

defines the following inputs: the angle of the stack α, the rotation axis X if α≠0 or the width of 

the stack w if α=0, and the generating curves µi . The decision on how to distribute the material in 

the pre-defined shell, controlled by the position and curvature of the intermediate generating 

curves and the position of the top generating curve, is treated as a variable. Then, the steps of the 

method, illustrated in Figure 5.2, are:  

1. Fulfilment of the structural requirement  

A structural analysis of the pre-defined shell is carried out in order to calculate the areas 

of material that the shell requires to withstand its self-weight.  

 

2. Fulfilment of the fabrication requirement 

The new material thicknesses allow the shell fulfilling the structural requirement, but they 

do not respect the fabrication requirement that obliges the precast components to be 

stackable. Therefore, the thicknesses of the components are stacked using as a base the 

bottom generating curve. This process defines a new set of generating curves 

(Figure 5.2b). 
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3. Fulfilment of the design requirement 

The new material thicknesses respect now the fabrication requirement, but not the design 

requirement that obliges the components to fit to the top generating curve. Therefore, 

the top generating curve of the initial design is first adjusted to the top generating curve 

obtained in step 2 (Figure 5.2c). Then, the material thicknesses of the components are 

proportionally adjusted to the initial top generating curve (Figure 5.2d). This creates a 

new shell. 

 

4. Loop  

The results of the structural analysis obtained in step 1 are no longer valid for the new 

shell. Therefore, the algorithm must run a loop repeating steps 1 to 3 until a solution that 

fulfils structural, fabrication, design requirements is found. 

 

The method allows finding solutions that fulfil structural, fabrication and design requirements. 

However, depending on the form of the initial shell, the results may accumulate large quantities 

of material. In this situation it is necessary to find a compromise between design demands and 

structural efficiency, which means that the user must modify the form of the input shell. To do 

this, the user must know in which regions of the shell the material is accumulated due to design 

reasons. To obtain this information, the method is used again skipping step 3, which obliges the 

components of the shell to fit the initial top generating curve. In this manner, the design 

requirement is less dominant and, therefore, the required areas of material in the shell respond 

mainly to structural requirements. The first approach will be referred to as analysis approach and 

the second one to as form-finding approach. Comparing the solutions from both approaches is 

useful for understanding how the shape of input shell must be modified in order to reduce the 

material thickness. To develop and test the method, this was expressed in an algorithm. In the 

next two sections, the first two versions of this algorithm are presented. 

 

5.3 Version 1 

The first version of the algorithm had the goal of applying the method in a basic scenario where 

the concept of the method could be quickly validated. For simplicity reasons this test had the 

following limitations: 

 Each stackable component was regarded as an arch supported at its extremes by fixed 

supports. Therefore, the structural behaviour of the shell was that of a vault. 

 The applied load was a uniformly distributed load, whose value was a constant and did 

not depend on the components self-weight. 

 The test was only carried out according to the analysis approach. 
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Figure 5.3 shows some of the results obtained with the first version of the algorithm. In the case 

illustrated, the input shell had a bottom and top generating curves that were a parabolic curve and 

a straight line respectively, the angle of the stack was zero and the width of the stack was a 

constant. The steps taken by the algorithm were: 

 

1. Fulfilment of the structural requirement 

The structural analysis consisted in calculating the internal forces in the arches by means 

of graphic statics. Due to the curvature of the bottom and top generating curves, the 

arches near the bottom generating curve had a larger static rise than those near the top 

generating curve. Therefore, the magnitude of the internal forces in the arches with higher 

rise was smaller than in those with lower rise. The resulting magnitudes were used to 

calculate the required area of material in the central and lateral sections of the 

components. 

 

2. Fulfilment of the fabrication requirement 

The new thicknesses fulfilled the structural requirements, but these did not respect the 

fabrication requirement. For this reason, the new thicknesses were stacked on the 

parabolic bottom generating curve. This created a set of provisional generating curves.  

 

3. Fulfilment of the design requirement 

The top generating curve of the initial shell was stacked on the provisional top 

generating curve created in the previous step. To do this, the region with less material 

thickness, the central section of the shell in this case, was respected. Then, the material 

thicknesses of the components in the lateral sections were proportionally scaled until 

they reached the top generating curve. This created a new set of generating curves, 

which modelled a new shell.  

 

4. Loop 

The results of the structural analysis obtained in step 1 were no longer valid for the new 

shell. Therefore, the algorithm had to run a loop repeating steps 1 to 3 until a solution 

that fulfils structural, fabrication, design requirements was found. As shown in Figure 5.3, 

a solution was found after five iterations. As expected, the solution showed that the arches 

with lower rise require larger material cross sections than those with higher rises. 

Furthermore, the test also revealed that the final shell required more material than the 

estimated by the initial shell. 
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Figure 5.3: First model test showing the iterations of the algorithm until a stable solution is found.  
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Figure 5.4: Relationship between the funicular arch and bending action: (a) Funicular arch. (b) Bending action due to 
deviation from the funicular arch. (c) Bending action.  

 

 

 
Figure 5.5: Analysis of the internal forces in a curved element using a funicular arch. 
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5.4 Version 2 

The second version of the algorithm had the goal of improving the structural analysis in order to allow 

the components to withstand bending action. Furthermore, in this version both the analysis and form-

finding approaches were tested. This version had the following simplifications: 

 All the components were supported by fixed supports located at their extremes. Due to this, 

they were structurally independent from each other. Therefore, the curved structure could not 

distribute the internal forces along its three-dimensional shape like a shell structure.  

 The applied load was a uniformly distributed load, whose value was a constant and, therefore, 

it did not depend on the material self-weight. 

 

5.4.1 Structural analysis 

The bending effect in a beam supported at its extremes by fixed supports can be understood as the 

deviation of the internal forces from their ideal path, the funicular arch (Figure 5.4). Based on this, it is 

possible to analyse the internal forces in a curved beam (Figure 5.5). To do this, a funicular arch subjected 

to the same load as the curved beam and supported by the same fixed supports is created. Both the 

funicular arch and the curved beam share the same reaction forces in the supports, but their internal 

forces have different paths. By defining the rise of the funicular arch, the reaction forces in the supports 

can be calculated. The funicular arch is used for the calculation of the internal forces in the curved 

structural element, which is analysed in sections from left to right (Figure 5.5a). The force F with action 

line f is statically equivalent to the system consisting of the force F with action line f’ and the moment 

MF(0) = d x F. Furthermore, the force F is the resultant of the normal force N and the shear force V, 

which act in the directions x and y respectively (Figure 5.5a). Therefore, by decomposition of F in the 

directions x and y it is possible to obtain the forces N and V. In addition, in the analysed section there are 

also two forces, A and B that act in the directions x’ and x’’ respectively (Figure 5.5b). The force A with 

action line x’ is statically equivalent to the system consisting of the force A with action line x and the 

moment MA(0)  = dA x A. The force B with action line x’’ is statically equivalent to the system consisting 

of the force B with action line x and the moment MB(0) = dB x B. Therefore, we obtain the following 

system of equations: 

N = A + B 

d x F = dA x A + dB x B  

 

With this system of two linear equations and two unknowns it is now possible to calculate the forces A 

and B in the analysed section of the curved beam. Then the required areas of material are calculated using 

the resulting magnitudes. In the case of a compressive force the yield strength used is that of concrete 

(17 N/mm2) and in the case of a tensile force the yield strength used is that of steel (235 N/mm2). 
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5.4.2 Results 

Figure 5.6 illustrates the results of three studies carried out using the second version of the 

algorithm. These studies were carried out according to both the analysis and form-finding 

approaches. In these studies the inputs were: the angle of the stack, whose value was zero; the 

width of the stack; the generating curves; and the rise of the funicular arch, which was created to 

carry out the structural analysis in each component. The total amount of material in the curved 

structure and its distribution, controlled by the position of the top generating curve and the 

curvature and position of the intermediate generating curves, were treated as variables. In the 

figure, the bottom and top generating curves are represented in orange, the intermediate 

generating curves are represented in black and the funicular arch is represented in blue. For clarity, 

only the funicular arch of the last component is shown. 

In Figure 5.6 a1, the generating curves of a curved structure designed following the analysis 

approach are shown. The input bottom and top generating curves are a horizontal line and a 

parabolic curve respectively. This gives shape to a surface structure that has more material in its 

central part than near the supports. By setting the arch’s rise to one-fourth of the span, the 

curvature of the funicular arch becomes equal to that of the top generating curve. This makes the 

lower components, which shape diverges from that of the ideal path, to work in bending and the 

upper ones, which shape is equal to the ideal path, to behave as arches. Due to this, the lower 

components have a large cross-section and the upper ones a small one. In Figure 5.7 a2, the same 

case is designed following the form-finding approach. The generating curves show that, as 

opposed to the previous result, all the components work in bending. Despite of this, their cross-

sections are smaller than those of the previous result. This shows that in the result obtained 

following the analysis approach some of the components have a large cross-section due to 

structural, but also design reasons. If the rise of the funicular arch is decreased to one-twelfth of 

the span (Figure 5.7 a3), the upper components behave as arches and therefore their cross sections 

are reduced. This solution finds a compromise between structural efficiency and design demands. 

In the second study, Figures 5.6 b1-b3, the curvature of the bottom generating curve is different 

from that of the first study. The results of Figure 5.6 b1 are similar to those of Figures 5.6 a1. 

However, in the form-finding approach (Figure 5.6 b2) something interesting occurs. The left part 

of the bottom generating curve gets near to the funicular arch, while the right part separates from 

it. Due to this, the left part of the components work mainly in compression, while their right part 

works in bending. As in the first study, the result of the form-finding approach reveals that in the 

analysis approach the components have a large cross-section due to structural, but also design 

reasons. If the rise of the funicular arch is decreased to one-twelfth of the span (Figure 5.6 b3), 

the curvature of the left part of the components diverges from that of the funicular arch. Due to 

this, this part works in bending and requires larger cross-sections. This creates an interesting flow 
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of internal forces in the components. The left part of the components is above the funicular arch, 

while the central and right parts are below the funicular arch. This means that in the left sections 

the tensile forces are located above and the compressive forces below, while in the central and 

right sections the tensile forces are located below and the compressive forces above. 

In Figure 5.6 c1, the curvatures of the bottom and top generating curves are parabolic curves. By 

setting the arch’s rise to one-fourth of the span, the curvature of the funicular arch becomes equal 

to that of the bottom and top generating curves. This makes all the components to follow the 

ideal path of the funicular arch. Therefore the components behave like arches and require a small 

cross-section. It is interesting to observe that the form-finding approach (Figure 5.6 c2), finds the 

same exact solution, which means that in the analysis approach the components have only the 

material required for structural reasons. If the rise of the funicular arch is decreased to one-twelfth 

of the span (Figure 5.6 c3), the curvature of the components separates from that of the funicular 

arch. Due to this, the components stop behaving like arches and work in bending. This makes the 

central part of the components to require a large cross-section. 

Figure 5.6: Results from three studies carried out using the second version of the algorithm.  
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6 Load path network method 

 

In the previous chapter, a method for the design of shell structures built of stackable components was 

introduced. Furthermore, the first two versions of an algorithm that implements this method were 

presented. In the second version, the structural analysis uses a funicular arch for calculating the internal 

forces in the components. By interactively changing the rise of the arch it is possible to define how the 

internal forces flow within the components. This directly influences the amount of required material and, 

ultimately, the form of the curved structure. This shows that exploring the static indeterminacy of a 

structure helps bring together its form and structural behaviour. However, this structural analysis has also 

an important limitation: every component is structurally independent from each other and therefore the 

shell cannot take advantage of its three-dimensional shape for distributing the internal forces. In order to 

overcome this limitation, the method requires a more sophisticated structural analysis. This chapter 

presents load path network method, an equilibrium-based method for the design and analysis of three-

dimensional structures based on the lower bound theorem of the theory of plasticity (Enrique and 

Schwartz, 2017). In the following sections, the concept of the method, its main steps and its application 

in the analysis and modelling of structures are presented.3 

6.1 Introduction 

Most existing methods for analysing structures, especially the ones based on the theory of elasticity such 

as the well-known finite element method, are conceived for finding a unique solution of the internal 

stresses in a statically indeterminate structure. Finding a unique solution is convenient at a late phase of 

the design process of a building project since at this phase the goal is to dimension the analysed structure 

and prepare the necessary documentation to start the realization phase. However, using methods that 

provide a unique solution at an early phase of the design process is limiting. For the design process, it is 

convenient to explore the indeterminacy of a structure and search for structural solutions that respond 

and strengthen the design concept. In this way, it is possible to integrate structural concerns within the 

architectural design and smoothen the transition between the design and realization phases of a building 

project. The lower bound theorem of the theory of plasticity states that when considering a rigid plastic 

material behaviour, if the equilibrium and yield conditions are fulfilled, the corresponding load will be a 

lower bound of the collapse load. As opposed to methods based on the theory of elasticity, the application 

of the lower bound theorem of the theory of plasticity allows first exploring multiple equilibrium 

solutions and later fulfilling the yield condition by dimensioning the loadbearing elements in the chosen 

equilibrium solution. Using strut-and-tie models and graphic statics it is possible to construct different 

equilibrium solutions for two-dimensional cases (Figure 6.1).  

                                                            
3 Parts of this chapter are based on the publication by Enrique and Schwartz (2017a). 
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Figure 6.1: Two different load paths in a beam created using graphic statics. Compression in blue and tension in red. 
Left: form diagram illustrating the load path within the beam. Right: force diagram showing the magnitudes of the 
internal forces. 

 

 

Figure 6.2: Analysis of a single-node three-dimensional structure using graphic statics. Compression in blue and tension 
in red. (a) Form diagram and (b) force diagram. 
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6.2 Method 

Load path network method is an equilibrium-based method for the design and analysis of three-

dimensional structures based on the lower bound theorem of the theory of plasticity. The goal of 

this method is to stimulate the exploration of possible equilibrium solutions in a structure in order 

to help the integration of structural concerns during the design process of a building project. Since 

the elastic compatibility has no relevance in the determination of the lower bound of the collapse 

load, multiple states of stress can be developed in a static indeterminate structure. These states of 

stress are called flow of internal forces or load paths in this dissertation. For creating a possible 

load path, the method constructs a special network by connecting in a particular manner a given 

set of points in three-dimensional space. This network is statically determinate and non-kinematic. 

The construction process of such networks may be controlled in order to obtain suitable load 

paths. Note that the developed elements in compression or tension can be interpreted as resultants 

of discontinuous stress fields in the structure. In this section, a method for constructing three-

dimensional load paths is presented. For explaining this, it is necessary first to study the conditions 

for a single-node structure to be statically determinate. 

6.2.1 Static determinacy of a single-node three-dimensional structure 

Using statics it is possible to find states of equilibrium of bodies subjected to forces. A structure 

is statically determinate if one single state of equilibrium of the internal forces can be determined 

using the equilibrium conditions, or statically indeterminate, if multiple states of equilibrium of 

the internal forces can be found. Let us study this question in a simple scenario: a three-

dimensional structure composed of a single node (Figure 6.2). In this structure, three struts are 

fixed to two walls at points P1, P2 and P3 and connected together in a point P0 away from the walls 

defining a cantilever. The load Q is applied at P0 and the self-weight of the struts is neglected. The 

magnitude and sign of the internal forces within the struts can be calculated applying the condition 

of equilibrium: 

0F   

This condition is applied to study the global equilibrium of the structure. This involves the input 

load Q and the reaction forces at the supports: A, B and C. By splitting this problem into the x, y 

and z coordinates, we obtain: 
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Ax, Ay and Az can be written as a factor of the reaction forces A: 
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Doing the same for B and C the system of equations turns into: 
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The system of equations has three equations and three unknowns and therefore it can be solved 

using linear algebra for finding the values of the forces A, B and C. In Figure 6.2 the solution is 

represented using graphic statics, where tension is shown in red and compression in blue. If one 

more strut would be added in the node of this structure, a system with three equations but with four 

unknowns would be obtained, turning the structure into a statically indeterminate one. For this 

reason, in order to find a unique solution, there should be a maximum of three unknown forces 

with a known line of action but with an unknown magnitude and sign. 

Furthermore, for a single-node three-dimensional structure to be statically determinate, the lines of 

action of the three unknown internal forces must not lie on the same plane. The reason for this is 

that, in this case,  if the line of action of the applied load also lies on the same plane, the structure is 

two-dimensional static indeterminate, and if not, the internal forces at the bar elements are infinitely 

large. The latter case can be visualized in Figure 6.2. If P3 is moved downwards bringing the strut 3 

closer to the plane defined by the struts 1 and 2, the internal forces in the struts grow considerably 

in the force diagram. If this movement continues, the magnitude of the internal forces would keep 

on growing until they would get infinitely large once P3 would reach the mentioned plane.  
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6.2.2 Construction of three-dimensional load paths 

For creating a three-dimensional load path, the method constructs a special network in which, when 

analysing it following a sequence of nodes, each node fulfils the conditions for a single-node three-

dimensional structure to be statically determinate. These are:  

 The node must be connected to three bar elements in which the axial forces running through 

them must have a known line of action, but an unknown magnitude and sign. 

 The lines of action of the three forces must not lie in the same plane. 

6.2.2.1 Fulfilment of the first condition 

For constructing a network that fulfils the first condition it is necessary to define a special connectivity. 

Generally speaking, in this connectivity the nodes of the network must be ordered in a sequence and 

each internal node must connect its three assigned bar elements to any internal node appearing later in 

the sequence or to any support node. This will ensure that, when analysing the network following the 

defined sequence, each node is connected to three bar elements in which the axial forces running 

through them have a known line of action, but an unknown magnitude and sign. 

For creating such connectivity a directed acyclic graph (DAG) is constructed (Figure 6.3), since this 

kind of graph is appropriate for representing a series of tasks that must be ordered into a sequence. A 

directed graph is a set of vertices connected by edges, where the edges, called directed edges or arrows, 

have a direction associated with them. A directed graph is acyclic if it does not have any directed cycles. 

This means that there is no way to start at any vertex of the graph and follow a sequence of arrows 

that eventually loops back to the initial vertex. Due to this, the graph allows a topological sorting. This 

is an ordering of its vertices such that for every directed edge xy from vertex x to vertex y, x comes 

before y in the ordering.  

In a directed graph the number of arrows pointing at a vertex is called the indegree of the vertex and 

the number of arrows emanating from a vertex is called the outdegree of the vertex. In every DAG 

there is at least one source and one sink. The source is a kind of vertex whose indegree equals to zero, 

which means that no arrow points at it. The sink is a kind of vertex which has an outdegree equals to 

zero, which means that no arrow emanates from it. The first vertex of the graph is an example of a 

source and the last vertex of the graph is an example of a sink. 

In the present method, a DAG representing a possible connectivity has the following characteristics:  

 The vertices and arrows represent respectively the nodes and bars of the network.  

 All the vertices representing the internal nodes must have a variable indegree and a constant 

outdegree equal to three. 
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 The vertices representing the support nodes have a variable indegree and an outdegree equal 

to zero, one or two. The rest of arrows required to reach a total of three are the reaction 

forces. These are not represented in the DAG.  

 It must have at least three sinks.  

The connectivity graph shows the path in which the forces are transferred from one node to 

another. In order to visualise and control the relationship between the connectivity graph and the 

resulting distribution of the internal forces, the DAG is constructed by placing its vertices in the 

same location as the nodes they represent. The graph, therefore, not only contains the connectivity 

information, but also contains geometric information. Due to this, the final network is built by 

simply converting the vertices and arrows of the graph in the nodes and bar elements respectively 

of the network. 

6.2.2.2 Fulfilment of the second condition 

After constructing the connectivity graph it is necessary to check at every internal node of the 

network whether the lines of action of the three unknown forces acting on it are coplanar. In case 

they are, this undesired coplanarity can be broken in two main ways. The first way relies on moving 

slightly the affected node. The second way consists in changing the connectivity of the affected 

node. 

6.2.2.3 Optimising the load path 

Once the network fulfils the two conditions, its nodes can be loaded and the internal forces in the 

bar elements can be calculated. This kind of network is non-kinematic and therefore it is possible 

to apply any kind of load case in the nodes. In Figure 6.3, two different networks have been 

constructed by connecting in different ways the same set of points in three-dimensional space. 

Since they have a different connectivity, when they are loaded with the same load case, two 

different load paths emerge. The diameter of the bar elements represents the magnitude of the 

axial internal force in the bar. For conducting the analysis, the nodes of the network are analysed 

following the same sequence used for the construction of the connectivity graph.  

The results obtained may contain undesired accumulations of internal forces. This situation can 

be solved by geometric means. In Figure 6.2 it can be observed that when the three bar elements 

are near to be coplanar, the internal forces at the bar elements are larger than when they are not. 

In this case, therefore, it will be convenient to move the node P3 away from the plane defined by 

the struts 1 and 2. The process of finding the position of the node that reduces the magnitudes 

of the internal forces in the bar elements can be applied to the nodes that create large 

accumulations of internal forces. In Figure 6.4 this process is applied to the load path from Figure 

6.3a. Since in this process, the initial geometry is modified, the user must assess to what extent it 

is appropriate to apply such optimization. 
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Figure 6.3: Two different three-dimensional load paths constructed within the same set of points. Left: directed acyclic 
graph representing both the connectivity and the geometry of the network. The four vertices of the graph represent the 
internal nodes of the structure. The rest of the nodes represent the supports of the structure. Right: resulting distribution 
of the internal forces when external vertical loads act at the nodes.  

 

 
Figure 6.4: Optimization process of the load path from Figure 4.4a. (a) Iteration zero. (b) Iteration two. (c) Iteration 
four. (d) Superposition of the lines of action from the first four iterations. 
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6.3 Analysis 

The method described in the previous point allows generating three-dimensional load paths. This 

can be used for analysing the internal forces within structures supported on fixed supports such 

as spatial frame structures and shell structures. Conventional methods of structural analysis based 

on the theory of elasticity have as main parameters the load condition, the support condition, the 

geometry of the analysed structure and the material properties. Load path network method has 

also as parameters the load condition, the support condition and the geometry of the structure. 

However, this method does not require material specifications. Due to this, the method serves 

only for the analysis of structures whose material is able to be stressed both under compression 

and tension such as reinforced concrete or steel structures. Furthermore, the method relies on a 

special parameter, the connectivity of the load path. In this point, the analysis of structures using 

load path network method is presented. For this, first the influence of the load path is explained. 

Then, the influence of the load condition and the form are discussed. 

6.3.1 Load path 

The main characteristic of the method is that it allows exploring multiple possible paths of internal 

forces in equilibrium. However, it is common that within the large range of solutions, not all of 

them are always interesting. It is therefore necessary to control the method in order to obtain 

suitable distributions of the internal forces. One important step in this process is selecting which 

supports of the structure must receive loads. Indeed, the construction of the load path highly 

depends on the support condition. Further constraints may be useful to limit the range of 

solutions such as obliging the nodes to connect only to its nearest neighbours or avoiding crossing 

diagonals as examples. However, under these constraints there will still be a large variety of 

possible solutions. In order to control the method to obtain suitable results two intuitive strategies 

may be followed: directing the load path and superposing load paths.  

Figure 6.5 illustrates the analysis process of a freeform shell structure in which both strategies are 

used. The starting point of the analysis is a scenario in which the geometry of the shell, the support 

condition and the external load case are defined. In the example, the shell has regions with positive 

and negative Gaussian curvature. The shape of the shell resembles a hyperbolic paraboloid whose 

four corners are curved. The shell is supported along its perimeter by twenty fixed supports 

separated uniformly. The load case represents the dead loads of the shell structure. Then, two 

different three-dimensional load paths, A and B, are modelled by directing the construction 

process of the network. Both solutions are completely different from each other. Load path A 

distributes the internal forces towards the supports placed in its perimeter, while load path B 

distributes the internal forces only to the supports placed in two adjacent sides of the shell defining 

a large three-dimensional cantilever. 
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Figure 6.5: Analysis of a shell structure showing two strategies for controlling the method. Above: directing the load 
path. Below: superposing load paths. 
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Figure 6.6: Analysis of a shell structure showing two strategies for controlling the method. 

It is interesting to observe that both solutions distribute the internal forces by means of a network of 

membrane forces under compression and tension. This means that the shell is able to take advantage of 

its three-dimensional shape for the distribution of the internal forces and therefore no bending action is 

needed. Finally, both resulting load paths are superposed in order to explore further solutions. The 

following text explains how to direct load paths and superpose load paths.  

Let us first study with the help of an example how the connectivity influences the distribution of the 

internal forces. In Figure 6.6, the network of the load path A from Figure 6.5 is loaded with a single point 

load at three different nodes of the network. In the first case (Figure 6.6a) the force is applied at the first 

node of the connectivity graph, located in one of the shell corners. However, instead of creating a force 

flow that travels directly to the supports near to it, the network spreads the internal forces towards the 

other extreme of the shell creating a large accumulation of the internal forces in this region. In the second 

case (Figure 6.6b) the point load is applied in a node located in the centre of the shell. In this case, the 

network distributes the internal forces defining a three-dimensional cantilever. In the third case (Figure 

6.6c), the point load is applied at one of the last nodes of the sequence. In this case, the network distributes 

the internal forces towards the nearest supports. These three figures show how the network spreads the 

internal forces towards the end of the sequence of the connectivity graph creating larger accumulations 

of internal forces always in the same corner of the shell. 

For directing the load path, we will construct a connectivity that contains one or more previously defined 

directed paths. In graph theory, a directed path (dipath) is a sequence of vertices and edges whose terms 

alternate between vertices and edges, all its elements are distinct from one another and all the edges are 

directed in the same direction. As an example, the graph of Figure 6.3a contains the directed path: v1,e1-

2,v2,e2-4,v4 .  If such directed path would have been defined before constructing the connectivity graph 

the connectivity of Figure 6.3b would not be among the available solutions, since this connectivity does 

not contain such directed path. Directing the load path then serves to guide the construction process of 

the connectivity graph and therefore influence the distribution of the internal forces in an intuitive way. 

Note that when multiple directed paths are defined, it is required that these do not create cycles and that 

no more than three arrows emanate from one vertex. 



68 
 

6.3.1.1 Directing the load path 

Figure 6.7 shows a catalogue of possible load paths within the shell structure illustrated in Figure 

6.5. For doing this analysis, first the support condition and one or more dipaths are defined. 

Based on these constraints, a possible connectivity is constructed. Finally the resulting force 

flow is obtained.  

In Figures 6.7a and 6.7b, the connectivity of the shell is constrained by the same support 

condition and dipath. However the resulting load paths are quite different from each other. In 

the load path of 6.7a it is possible to observe two main arches crossing the shell and two hanging 

cables in the lower points of the shell. In the load path of Figure 6.7b the internal force flow 

results in a network that distributes the compression and tension internal forces in a rather 

uniform way. The clear difference between the resulting force flow of both cases shows that 

the defined support and dipath are not enough to limit the range of solutions. It is necessary, 

therefore, to constrain the connectivity by means of additional dipaths. 

In Figures 6.7c and 6.7d, the connectivity of the shell is constrained by the same support 

condition but different dipaths. In the first case, the dipaths force the internal force flow to 

climb the curvature towards the two highest corners of the shell. Due to this a force flow 

dominated by a network of tensile membrane forces emerges in the central part of the shell. In 

the second case, however, the dipaths force the internal force flow to drain down to the lowest 

corners of the shell. Due to this a force flow dominated by a network of compressive membrane 

forces emerges in the central part of the shell. Because the central part of the shell has a 

curvature similar to a hyperbolic parabolic, the shell is able to spread the internal by means of 

a series of hanging cables in one direction and arches in the other one. However, due to the fact 

the curvature at the corners does not follow anymore the shape of a hyperbolic paraboloid, in 

both cases cantilevers in the four corners appear creating large accumulations of the internal 

forces.  

In Figure 6.7e, the support condition and the dipaths are the same as those in Figure 6.7d. 

However, the connectivity allows crossing diagonals. In this method, when analysing shell 

structures, distributions of the internal forces by means of crossing diagonals are normally not 

suitable. The reason for this is that two crossing diagonals do not often intersect and therefore 

they create a zone where the internal forces distribute in a three-dimensional way giving rise to 

a bending effect. Therefore, in order to obtain distributions of the internal forces by means of 

membrane action, crossing diagonals will be minimized. 
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Figure 6.7 (1): Analysis of a shell structure distributing the internal forces along different load paths. 
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Figure 6.7 (2): Analysis of a shell structure distributing the internal forces along different load paths. 
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As in the previous cases, in Figure 6.7f, the connectivity of the shell has the possibility to use all 

the supports located in the perimeter. However, in this case, the connectivity is highly constrained 

by twelve dipaths connecting the central nodes to their nearest supports. Indeed, the central nodes 

(nodes 1, 5, 9 and 13 in the connectivity diagram) are so constrained by the dipaths that there is 

no other possible connectivity for them since three arrows emanate already from them. If the rest 

of nodes are forced to connect only to its nearest neighbours, then a unique connectivity is found. 

The resulting force flow distributes the internal forces by means of four three-dimensional 

cantilevering structures. Due to the curvature of the shell, this connectivity creates large 

accumulations of the internal forces. 

In Figures 6.7g to 6.7j, only some of the possible supports can receive loads. This limits the range 

of possible load paths. In the first case, one of the four corners of the shell cannot receive loads. 

Furthermore, multiple dipaths direct the internal forces to the other three corners. The resulting 

load path shows how the cantilevering effect of the unsupported corner influences the internal 

forces in the shell. The magnitude of the internal forces is low and it only increases in two corners 

due to the flatter curvature of the shell in these areas. 

In Figure 6.7h, the support condition does not allow one of the edges of the shell perimeter to 

receive loads. The dipaths drive the forces towards the opposite edge. Considering these 

constraints, the range of possible solutions is still large. The chosen connectivity drives first the 

forces to the central region and from there to the edges without creating crossing diagonals. The 

magnitudes of the internal forces are rather large showing that this support constraint is not 

actually appropriate for such shape. 

In Figures 6.7i and 6.7j, the support condition is limited to two adjacent edges of the shell. This 

support constrain is so restrictive that, if the connectivity forces the nodes to connect only to their 

nearest neighbours, only one connectivity is possible. The same result can be found sketching 

some dipaths connecting the first node of the connectivity with the supports. It is interesting to 

observe that the curvature of the shell is capable of distributing the internal forces only by 

membrane action. In a cantilever structure the internal forces accumulate and get larger near the 

supports. In both of these cases, this accumulation also increases near the supports due to the 

changes of curvature of the shell. 

Figure 6.7 shows that there are multiple possible equilibrium solutions and that these may be 

completely different from each other. Constraining the support condition and defining dipaths 

helps limiting the range of possible solutions for the connectivity graph. In the next point, it is 

described how by superposing equilibrium solution it is possible to obtain easily hybrid results. 
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Figure 6.8: Three different forms under the same load path. 

6.3.1.2 Superposing load paths 

In some cases it is convenient to first explore several possible load paths and later superpose them 

in order to find a suitable hybrid load path. To do this, the problem of equilibrium of the structure 

is split in several subsystems that are responsible for the equilibrium of some of the loads acting 

on the structure. The user may decide how many subsystems the structure is composed of. In the 

bottom part of Figure 6.5, the load paths A and B are superposed in different ways. In the left 

figure, load path A is responsible for the 80% of the loads and load path B for the other 20%. In 

the right figure, load path B is responsible for the 80% of the loads and load path A for the other 

20%. In the central figure, load path A and B are responsible for the 50% of the load each. These 

figures show that superposing load paths can be a convenient strategy to obtain a more uniform 

distribution of the internal forces in the shell structure.  

6.3.2 Form 

Shell structures are capable to withstand loads thanks to their double-curved form. In Figure 6.8, 

the influence of the form is illustrated in three cases. For comparison purposes, in these three 

cases only the form of the shell varies. The shells are supported on its perimeter by fixed supports, 

the load case considered consists in a series of vertical forces representing the dead loads of the 

shell and the connectivity is the same as that of Figure 6.7e. Figure 6.8a, which is the same as 

Figure 6.7e, shows a freeform shell whose shape has regions with positive and negative Gaussian 

curvature. The double-curved shape of the shell prevents large internal forces from appearing. In 

Figure 6.8b, the form of the shell from Figure 6.8a is flattened. Due to this, the shell loses its 

ability to distribute the internal forces efficiently and, therefore, the magnitudes of the internal 

forces increase. Since the rise of the shell is one quarter of the rise of the shell shown in Figure 

6.8a, the magnitudes of the internal forces are four times larger. In Figure 6.8c, the curvature of 

the shell is that of a funicular shell. Thanks to this form, the internal forces are spread by means 

of a network of uniform compression forces with low magnitudes. The form also cancels the 

possible bending effect imposed by the connectivity graph since in this case the crossing diagonals 

intersect in their middle point. 
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Figure 6.9: Three different load conditions. (a) Point vertical loads representing the deal load of the shell. (b) Horizontal 
loads. (c) Vertical asymmetric load. 

 

6.3.3 Load  

Since the present method constructs non-kinematic networks, these can be loaded with 

different load cases. In Figure 6.9, the influence of the load case in a shell structure is illustrated. 

For comparison purposes, in the three cases shown only the load case varies. The shells are 

supported on its perimeter by fixed supports, the form of the shell has regions with positive 

and negative Gaussian curvature and the connectivity is the same as that of Figure 6.7c. In 

Figure 6.9a, which is the same as Figure 6.7c, the shell is loaded with vertical loads representing 

the dead loads of the shell. The resulting force flow resembles to that of a prestressed tensile 

network where the change of curvature of the shell at the corners creates four elements in 

compression. Figure 6.9b shows how the shell reacts against horizontal forces whose magnitude 

is the same as the vertical loads of the previous figure. It is interesting to observe that the shell 

is able to distribute the horizontal loads in a more efficient way than the vertical loads. 

Furthermore, the horizontal loads define a region of the shell mainly under tension and the 

other one mainly under compression. This force flow resembles to that created by a point 

vertical load on a cantilevering beam. In Figure 5.9c, the shell is loaded by a single asymmetric 

point load whose magnitude is equal to the sum of the magnitudes of the vertical forces from 

the first case. In this case, the load path directs the internal forces by means of a tensile network 

supported by the four corners of the shell. 

6.4 Design of post-tensioned shell structures  

In this section, a method for the design of post-tensioned shell structures based on load path 

network method is presented. The goal of this method is to find the correct layout of prestressing 

cables and the necessary amount of prestressing force in such cables in order to keep the mass of 

concrete of a given shell structure only or mainly under compressive forces. Before presenting the 

method, the concept of prestressing is studied with the help of graphic statics. 
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Figure 6.10: Analysis of the effect of prestressing in a beam using graphic statics. 
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6.4.1 Prestressing 

Prestressing consists in applying an external compressive force in the mass of a structural 

element, often built in concrete, before this supports any load. This compressive force is 

produced by tensioning high-strength steel cables located within or adjacent to the concrete 

volume. One of the main advantages of prestressing a concrete element is that it prevents 

the mass of concrete from being stressed in tension, which prevents cracks from appearing. 

Furthermore, prestressing can be used to oblige the internal compressive forces to flow 

along the barycentre axis of a structural element, ensuring a uniform distribution of the 

forces along the cross-section and, therefore, making the concrete mass to deform 

uniformly. 

Let us now study in more detail the effect of prestressing using graphic statics in the beam 

represented in Figure 6.10. In the beam, first the cable is stressed in tension. By doing this, 

an internal compressive force is applied from the prestressing heads into the mass of 

concrete (Figure 6.10a). This compressive force follows the layout of the cable inside the 

mass of concrete. Since the cable has a V shape, the deviatoric force P3 appearing in the 

subsystem cable is in equilibrium with the deviatoric force P3 appearing in the mass of 

concrete. Both subsystems of forces are, therefore, in equilibrium. Then, the load Q is 

applied to the beam (Figure 6.10b-f). Depending on the proportion between the magnitudes 

of the prestressing force and the applied load, the following different situations may take 

place: 

 If the magnitude of the applied load is small in relation to that of the prestressing 

force (Figure 6.10b), the path of internal compressive forces will move slightly 

upwards in order to find a new state of equilibrium able to direct the applied load 

to the supports. 

 If the magnitude of the applied load is a bit higher and equals the deviatoric force 

P3 (Figure 6.10c), the compressive force in the mass of concrete will run along the 

barycentric axis of the beam. Thanks to this, the compressive force is distributed 

uniformly in each section of the beam and, therefore, the deformations are also 

uniform. This convenient situation can be achieved by first making an estimation 

of the loads acting on the beam and then applying the right amount of prestressing 

force. 

 If the magnitude of the applied load is higher, the path of compressive forces in 

the mass of concrete will keep on separating from the position of the cable defining 

an arch (Figure 6.10d).   

 If the magnitude of the applied load Q is two times that of P3, the arch will reach 

its maximum rise within the mass of concrete of the beam (Figure 6.10e). 
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 If the magnitude of the applied load Q is higher than two times the prestressing 

force P3, first tensile stresses appear in the mass of concrete, causing the appearance 

of cracks, and then the additional loads N3 act on the steel cable increasing the 

internal tensile forces on it (Figure 6.10f). This situation is possible as long as the 

yield strength of the steel and concrete are respected.  

Let us now reduce the mass of concrete of this beam, keeping only a section of material 

surrounding the steel cable as if it is the section of a shell structure, and study the effect of 

prestressing on it using graphic statics (Figure 6.11). As in the previous beam, first, the 

cable is stressed and a prestressing force is introduced in the mass of concrete (Figure 

6.11a). Since the layout of the cable and the magnitude of the prestressing force is the same 

as in the previous case, the equilibrium of forces represented by the force diagrams of 

Figure 6.10a and 6.11a are also the same. Then, the load Q is applied to the structural 

element (Figure 6.11b-d). Depending on the proportion between the magnitudes of the 

prestressing force and the applied load, the following different situations may take place: 

 If the magnitude of the applied load Q is smaller than that of P3, the compressive 

force in the structural element is reduced (Figure 6.11b). 

 If the magnitude of the applied load Q is equal to that of P3, the compressive force 

in the structural element disappears completely (Figure 6.11c). 

 If the magnitude of the applied load Q is higher than that of P3, first tensile stresses 

appear in the mass of concrete, causing the appearance of cracks, and then the 

additional loads N1 act on the steel cable increasing the internal tensile forces on it 

(Figure 6.11d). This situation is possible as long as the yield strength of the steel is 

respected. 

In this example, the ideal scenario is that of Figure 6.11b since in this case the mass of 

concrete keeps internal compressive forces, which help withstand additional loads and 

prevent cracks from appearing in the mass of concrete. Since the magnitude of the applied 

load can be estimated, the required magnitude of the prestressing force can be calculated 

in advance. 

Another important aspect about prestressing, which can be observed from the cases studied 

in Figure 6.10a and Figure 6.11a, is that the prestressing effect, without considering other 

external loads, does not depend on the geometry of the structural element. In Figure 6.12 

this feature is illustrated more clearly. In this example, a cable is inserted in the mass of a 

thin structural element with a changing curvature. By stressing the cable, the compressive 

force introduced by the prestressing heads follows the curved layout of the cable. 
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Figure 6.11: Analysis of the effect of prestressing in a hanging element using graphic statics 

 

 

Figure 6.12: Prestressing a structural element with a changing curvature 
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Figure 6.13:  Design of a schematic prestressed shell structure using load path network method. 

6.4.2 Method  

The goal of this method is to find a suitable layout of post-tensioning cables and the necessary 

amount of prestressing force in such cables in order to keep the mass of concrete of a given shell 

structure only or mainly under compressive forces. Therefore, the method aims to reproduce in a 

shell structure the scenario shown in Figure 6.11b. The method has the following steps: 

1. A structural analysis of the shell structure loaded by its self-weight is carried out using 

load path network method.  

2. The layout of the post-tensioning cables is defined. In order to prevent internal tensile 

forces from appearing in the mass of concrete, the post-tensioning cables must be located 

along the flows of tensile forces in the shell structure. In addition, the magnitude of the 

prestressing forces in the cables must be larger than the tensile forces they aim to cancel. 

3. Both systems of forces in equilibrium are summed. The result of this operation shows 

that the mass of concrete of the shell remains only under compressive forces. 

4. The magnitudes of the internal forces obtained are used to dimension the required cross-

section of both the steel cables and the concrete shell. In this process, the yield condition 

of the lower bound theorem of the theory of plasticity is fulfilled.  

The chosen equilibrium solution might not be the one describing the real structural behaviour of 

the shell, however, according to the lower-bound theorem of the theory of plasticity, the modelled 

solution of internal forces guarantees the structural safety (Muttoni et al., 1997). 
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Figure 6.14: Two-dimensional force flow designed qualitatively.  

6.5 Modelling  

As shown in Figure 6.1, graphic statics is a suitable method for the analysis of the internal forces in 

structural elements, which is based on two diagrams: the form and force diagrams. This is referred to as 

quantitative approach. Furthermore, using graphic statics it is possible to create sketches of forces without 

using the force diagram (Figure 6.14). This is referred to as qualitative approach. Qualitative force flows 

are not strictly in equilibrium, but they can be used to explore rapidly and in an intuitive manner structural 

concepts. However, sketching by hand three-dimensional systems of forces in equilibrium is a challenging 

task. Load path network method has a great potential for designing three-dimensional structures in 

equilibrium since this method is highly intuitive and relies on simple rules. Figures 6.15 to 6.18 illustrate 

the use of load path network method for the design of three-dimensional structures. 

In Figure 6.15 and 6.16 the modelling process of a schematic stadium roof is illustrated. For this, first a 

three-dimensional cantilevering frame structure is modelled by defining a possible load path within a set 

of points in three-dimensional space (Figure 6.15a-c). In Figure 6.15d an alternative load path is explored. 

We can observe that this second design distributes the internal forces in a more efficient way than the 

one of Figure 6.15c. Then, the structure from Figure 6.15d is transformed into the one of Figure 6.16a 

by moving the position of the nodes in space. In this manner, a cantilevering module of the stadium roof 

is modelled. In this interactive modelling process, the internal forces also change and respond to the new 

geometry. By repeating this module a complete roof structure for the stadium is modelled. In Figure 

6.16b a prestressed tensile ring connects all the modules transforming the initial cantilevering roof 

structure in a three-dimensional prestressed network. Finally, the structure is dimensioned and its 

materialization designed (Figure 6.17). Figure 6.18 shows the structure of a more complex stadium roof 

designed following the same process. These examples show that with a reduced number of steps it is 

possible to model complex spatial structures. 
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Figure 6.15: Interactive modelling of a cantilevering frame structure. Connectivity graph in the left and resulting load 
path on the right. (a) Construction of the first node. (b) Construction of the second node. (c) First design. (d) Second 
design. 
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Figure 6.16: Interactive modelling of a stadium roof. (a)  The geometry of the cantilevering module from Figure 4.18d 
is transformed by moving the position of the nodes. Later the module is being repeated to create a complete roof 
structure. (b) A tensile ring which connects together all the modules is modeled. This transform the initial cantilevering 
roof structure in a three-dimensional prestressed network. 

 

 

Figure 6.17: Rendering of the final stadium roof structure. 
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Figure 6.18: Design of a stadium roof structure with load path network method. 
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7 Method for the design of CASTonCAST shell structures 

based on load path network method  

 

In Chapter 5, a method for the design of shell structures built of stackable components was 

introduced. Furthermore, the first two versions of an algorithm that implements this method were 

presented. In this chapter, the third version of this algorithm is presented. This uses load path 

network method, presented in Chapter 6, for the analysis of the internal forces in the shell 

structures.4 

7.1 Introduction 

The third version of the algorithm presented in this chapter overcomes the following limitations 

from the previous two versions: 

 The fixed supports can be located at any point in the shell and not necessarily in the 

extremes of each component. This allows the shell structure to take advantage of its 

three-dimensional shape for the distribution of the internal forces.  

 The value of the applied load depends on the material self-weight calculated using the 

thickness of the material. 

The advantages of using load path network method are:  

 When the support condition allows it, the method distributes the internal forces in the 

shell structures by means of membrane action. This allows reducing the required material 

thickness in the shell. 

 It allows directing the internal forces within the shell in an intuitive manner. This is useful 

for integrating design and structural aspects.     

 It allows visualizing the internal forces in the shell. 

The parameters involved in the present method are those of the CASTonCAST modelling 

technique and also those of load path network method. The first set of parameters are the material 

thickness, which is defined and controlled by the curvature and position of the generating curves, 

the angle of the stack (prismatic stack if the angle equals zero and wedge stack if the angle is 

different than zero), the rotation axis (if the angle of the stack is different than zero) and the width 

of the stack (if the angle of the stack equals zero) (Figure 2.8). The second set of parameters are 

the load, the supports and the load path. 

                                                            
4 Parts of this chapter are based on the publication by Enrique and Schwartz (2017b). 
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As in the second version of the algorithm, the third version of the algorithm has been put into 

practice according to the analysis and form-finding approaches, the first one driven by design aspects 

and the second one by structural efficiency aspects. 

7.2 Analysis approach 

The goal of the analysis approach is to optimise the material thickness of a pre-modelled shell by 

removing all the material that is not required to fulfil design and structural requirements. The method 

begins with a shell composed of stackable components created by means of the stack-to-strip 

modelling approach (Figure 7.1a-b). To do this, the user defines the following inputs: the angle of 

the stack α, the rotation axis X if α≠0 or the width of the stack w if α=0, and the generating curves 

µi .The decision on how to distribute the material in the pre-defined shell, controlled by the position 

and curvature of the intermediate generating curves and the position of the top generating curve, is 

treated as a variable. Then, the steps of the method, illustrated in Figure 7.1, are: 

1. Fulfilment of the structural requirement  

The initial shell is analysed using load path network method (Figure 7.1c-d). To do this, 

first the loads are defined. The loads considered correspond to the self-weight of the shell, 

which is calculated in relation to the material distribution defined by the generating curves.  

Second, the supports are defined. Load path network method requires the shell to be 

supported on at least three fixed supports. As shown in Chapter 6, the location of the 

supports greatly influences the possibility of generating a load path able to distribute the 

internal forces under membrane action.  

Then, the load path of the internal forces in the shell is defined. In this step the user has 

the opportunity to control the way the internal forces flow in the shell. Later in this section, 

it will be shown how this feature allows a stronger integration between design and structural 

aspects. As described in Chapter 6, load path network method constructs a special kind of 

network by means of a directed acyclic graph (DAG) whose vertices and arrows represent 

respectively the nodes and bar elements of the network. This connectivity graph shows the 

path along which the forces are transferred from one node to another. In order to facilitate 

the creation of the load path, the user may guide the construction process of the 

connectivity by drawing paths directly on the structure. These paths are later converted into 

dipaths (alternating sequence of vertices and edges), which constrain the connectivity of the 

network. Once the connectivity graph is constructed, the method calculates the internal 

forces in the shell.  

Finally, using the resulting magnitudes, the required material thicknesses in the shell are 

calculated. In this step the yield condition of the lower bound theorem of the theory of 

plasticity is automatically fulfilled. 
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Figure 7.1: Design of a shell structure from stackable components following the analysis approach: (a) and (b) initial 
generating curves and shell; (c) and (d) connectivity graph of the load path and final state of the internal forces in the 
shell;  (e) and (f) final generating curves and shell.  
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In the example of Figure 7.1 the shell spans an area of ten by ten meters. The shell is supported 

along two opposite edges by a series of fixed supports. In this case, the connectivity graph of 

the load path directs the internal forces mainly towards the supporting edge on the left side 

of the shell. More specifically, the connectivity graph shows that the loads acting at the non-

supported edges of the shell are first directed towards the centre of the shell, and from there 

they are mainly distributed towards the supports located in the left side of the shell. Two 

crossing diagonals in the connectivity graph are often a sign of bending. However, in this case, 

these undesirable effect does not take place since the nodes connected to the pair of crossing 

diagonals are lying all on the same plane. The shell therefore distributes the forces by means 

of membrane action. The magnitudes of the internal forces are relatively uniform (between 

20 to 30kN), and only increase up to 60 kN near the supports of the left edge. The network 

has been optimized by moving slightly the position of the nodes in space with the goal of 

reducing the magnitudes of the internal forces. 

 

2. Fulfilling the fabrication requirement 

The new thicknesses fulfil the structural requirements, but these do not respect the fabrication 

requirement, which obliges the components to be stackable. For this reason, the new 

thicknesses are stacked as shown in Figure 7.2b. To do this, first the set of material thicknesses 

belonging to the first component are stacked on the bottom generating curve. This defines 

the first intermediate generating curve. Then, this new curve is used as a base to stack the 

material thicknesses of the second component. This process is repeated for all the 

components of the shell. 

 

3. Fulfilling the design requirement 

The new material thicknesses respect now the fabrication requirement, but not the design 

requirement that obliges the components to fit to the top generating curve. Therefore, the 

top generating curve of the initial design is first adjusted to the top generating curve obtained 

in step 2 (Figure 7.2c). The light grey region in Figure 7.2c shows in which regions the amount 

of material needs to be increased to fulfil the design requirement. Then, the material 

thicknesses of the components are proportionally adjusted to the initial top generating curve 

(Figure 7.2d). This creates a new shell. 

 

4. Loop 

The results of the structural analysis obtained in step 1 are no longer valid for the new shell. 

Therefore, the algorithm must run a loop repeating steps 1 to 3 until a solution that fulfils 

structural, fabrication, design requirements is found. In the example of Figure 7.1, a shell 

fulfilling both fabrication and structural requirements was found after seven iterations. The 

solution found shows that the shell required around 60% of the initially material estimation. 
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 Figure 7.2: Algorithm steps: (a) Initial generating curves; (b) Stacking of the material thickness on the bottom generating 
curve; (c) Stacking the top generating curve; (d) Adjustment to the top generating curve of the intermediate generating 
curves. 
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7.2.1 Influence of the form 

Shell structures are able to resist loads thanks to their curved form. Due to this, these structures 

require very thin sections of material. In the present method, the material thickness of a shell 

structure depends on the form of the shell due to structural and fabrication reasons. Figure 7.3 

illustrates the influence of the form of the shell in the present method. For comparison reasons, 

in the four figures shown, only the form of the shell varies. In the four cases the shells span an 

area of ten by ten meters, have the same number of stackable components, the same angle of the 

stack, the same rotation axis, are supported by a series of fixed supports located along two 

opposite edges of the shells, distribute the internal forces along the same load path and are loaded 

by its own self weight. 

In Figure 7.3a, both the bottom and top generating curves are straight lines. This defines a shell 

with single curvature. In addition, the shell is curved along the same direction as the supporting 

edges and, therefore, the curvature does not help much in the distribution of the internal forces. 

Due to this, the internal forces are large and the shell requires thick sections of material. In this 

case, the volume of material of the entire shell is 17 m3 and the material thickness varies between 

16 and 19 cm. The volume of a slab covering the same area would have a volume of material 

between 35 and 40 m3 and a thickness between 35 and 40 cm. 

In Figure 7.3b, both the bottom and top generating curves are two congruent parabolic arches. 

This defines a shell with a double curvature that allows distributing the internal forces in a three-

dimensional way along its surface. Due to this, the magnitude of the internal forces is very small 

and the shell requires only a very thin section of material to withstand its own weight. In this case, 

the volume of material of the entire shell is 6 m3 and the material thickness varies between 5 and 

6 cm. 

In Figure 7.3c, both the bottom and top generating curves are two congruent curves. This defines 

a shell with double curvature. In this case also, the shell is able to distribute the internal forces by 

means of membrane action. It can be observed that the internal forces have small magnitudes 

there where the shell resembles to a vault and when this vault hits the lower part of the shell the 

magnitude of the internal forces increases. Compared to the previous case, the change of curvature 

creates larger internal forces and therefore the shell requires larger sections of material. In this 

case, the volume of material of the entire shell is 12.3 m3 and the material thickness varies between 

6 and 18 cm.  

In Figure 7.3d, the curvature of the bottom and top generating curves of Figure 7.3c have been 

modified with the goal of changing the initial design. The result of this process is again a shell with  



89 
 

 

Figure 7.3: Influence of the form in the analysis approach: (a) congruent almost straight top and bottom generating 
curves; (b) congruent parabolic top and bottom generating curves; (c) congruent freeform top and bottom generating 
curves; (d) two different freeform top and bottom generating curves.  
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double curvature, but, as opposed to the previous cases, in this case the curvature of the top and 

bottom generating curves define regions in the shell with different material thickness. In this case, the 

volume of material of the entire shell is 18 m3 and the material thickness varies between 10 and 25 cm. 

These four tests show that in order to control the material thickness during the design process of the 

shell it is important to avoid flat areas which create large internal forces and also extreme variations of 

curvature between the bottom and top generating curves. 

7.2.2 Influence of the load path 

As shown in the previous point, the material thickness in the shell is defined by the internal forces and 

also by the form due to the CASTonCAST fabrication constraints. The design and structural 

requirements may not always want the same material distribution and, therefore, this causes thicker 

sections of material in the shell. The use of load path network method for the analysis of the internal 

forces in the shell allows the exploration of multiple paths of internal forces in equilibrium. This allows 

directing the internal forces towards the areas of the shell where, for design reasons, there are greater 

accumulations of material. This allows bringing structural and design aspects together, which reduces 

the material thickness of the shell. 

Figure 7.4 shows the influence that four different load paths have in the same shell. For comparison 

reasons in these four figures only the load path varies. In the four cases the shells span an area of ten 

by ten meters, have the same number of stackable components, the same top and bottom generating 

curves, the same angle of the stack, the same rotation axis and are loaded by its own self weight. Due 

to the generating curves, the shell has more material in the left side of the shell than in the right one. 

In the case shown in Figure 7.4a, the load path distributes the internal forces in a uniform way towards 

both supporting edges by means of a network of membrane forces. More specifically, the connectivity 

graph shows that the loads acting at the non-supported edges of the shell are first directed towards the 

centre of the shell, and from there they are distributed towards both supporting edges. Thanks to this 

distribution of the internal forces, the magnitudes of the forces are low and uniform. Only near the 

supports of the left edge larger internal forces appear, which creates a larger accumulation of material 

in this region. In this case, the volume of material of the entire shell is 14.8 m3 and the material thickness 

varies between 6 and 36 cm. 

The case shown in Figure 7.4b is the same as the one of Figure 7.1. In this shell structure, the 

connectivity graph of the load path directs the internal forces mainly towards the supporting edge on 

the left side of the shell. More specifically, the connectivity graph shows that the loads acting at the 

non-supported edges of the shell are first directed towards the centre of the shell structure, and from 

there they are mainly distributed towards the fixed supports located in the left side of the shell structure. 
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Figure 7.4: Influence of the load path in the analysis approach. 
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In this case, the crossing diagonals do not create a bending effect since the nodes connected to the 

pair of crossing diagonals are lying all on the same plane. The shell, therefore, distributes the forces by 

means of membrane action. Compared to the previous case, this load path is able to reduce the 

thickness of the right side of the shell by directing the internal forces towards the parts of the shell 

where the material thicknesses are bigger due to design reasons. Thanks to this, the total material of 

the shell is reduced. In this case, the volume of material of the entire shell is 12.2 m3 and the material 

thickness varies between 6 and 32 cm. 

In Figure 7.4c, the load path distributes the internal forces to the left supporting edge and to two 

supports on the right side of the shell. More specifically, the connectivity graph shows that the loads 

acting in the three non-supported edges are first directed towards the centre of the shell, and from 

there they are distributed towards the different supports. Due to this, the magnitude of the internal 

forces in the right side of the shell increases and, therefore, the material thickness increases too. In this 

case, the volume of material of the entire shell is 18.8 m3 and the material thickness varies between 6 

and 34 cm.  

In Figure 7.4d, the load path distributes the internal forces only to the right supporting edge creating 

a large three-dimensional cantilever. This load path creates bending action and large internal forces in 

the regions where, for design reasons, there is less material in the shell. This increases the thickness of 

the shell. In this case, the volume of material of the entire shell is 29.7 m3 and the material thickness 

varies between 12 and 35 cm.  

These four tests show that in order to control the material thickness during the design process of the shell 

it is important to integrate structural, design and fabrication constraints by directing the internal forces 

towards the regions of the shell where, for design reasons, there are larger accumulations of material. 

7.3 Form-finding approach 

The results obtained in the analysis approach must fulfil three different objectives: satisfying structural, 

fabrication and design requirements. In some cases, fulfilling design requirements may only be possible 

provided that thicker sections of material are allowed. In these cases, therefore, the material 

consumption will not be the most efficient. If the design constraints are relaxed by forcing the results 

to be constrained only to the bottom generating curve, a more efficient solution regarding material 

consumption will be found. This alternative, referred to as form-finding approach, can be easily 

achieved by skipping the step four of point 7.1, which relates to the adjustment of the material 

thicknesses to a top generating curve. Figure 7.5 shows the results of the form-finding approach in the 

same cases illustrated in Figure 7.4. 
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Figure 7.5: Influence of the load path in the form-finding approach. 
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In Figure 7.5a, the load path distributes the internal forces towards both supporting edges by means of a 

network of membrane forces. The low and uniform magnitudes of the internal forces allow the shell to 

have a thin and rather uniform material thickness. Compared to Figure 7.4a, the shell reduces substantially 

the material accumulated for design reasons. In this case, the volume of material of the entire shell is 8.7 m3 

and the material thickness varies between 6 and 12 cm. 

In Figure 7.5b, the load path distributes the internal forces mainly towards the supporting edge on the left 

side of the shell. This creates large accumulations of the internal forces in this side of the shell, which result 

in larger material thicknesses. Compared to Figure 7.4b, the shell has larger internal forces due to the fact 

the curvature of the shell is not as convenient for the distribution of the internal forces. Despite of this, the 

volume of material of the entire shell is slightly reduced. In this case, the volume of material of the entire 

shell is 10.6 m3 and the material thickness varies between 6 and 18 cm. 

In Figure 7.5c, the load path distributes the internal forces to the left supporting edge and to two 

supports on the right side of the shell. Compared to Figure 7.4c, the shell curvature creates an 

accumulation of the internal forces in the central area of the shell, increasing the material thickness 

in this area. Despite of this, the volume of material is reduced. In this case, the volume of material 

of the entire shell is 11.8 m3 and the material thickness varies between 6 and 20 cm. 

In Figure 7.5d, the load path distributes the internal forces only to the right supporting edge 

creating a large three-dimensional cantilever. Compared to Figure 7.4d, the shell curvature is able 

to reduce the internal forces in the shell but, more importantly, it reduces substantially the material 

accumulated in the shell due to design reasons. In this case, the volume of material of the entire 

shell is 16.6 m3 and the material thickness varies between 6 and 20 cm. 

These four tests show that by relaxing the design constraints it is possible to obtain a more 

efficient solution regarding material consumption. Furthemore, it shows that, in some cases, when 

the design requirement is relaxed, the resulting form of the shell is less suitable for the distribution 

of the internal forces. It is also interesting to observe how the form of the shell reacts to the 

chosen path of internal forces, achieving a stronger link between form and forces.  

7.4 Design exploration 

Keeping the analysis and form-finding approaches as two extreme solutions, the first one more 

dominated by the design requirements and the second one by structural efficiency, a range of 

compromised solutions can also be explored in between. This can be achieved by defining as the 

top generating an interpolated curve extracted from the top generating curves of both approaches 

depending on an interpolation parameter that is in range [0, 1]. If the top generating curve is more 

faithful to the one of the analysis approach, the final solution will be more guided by design 

requirements. If, on the contrary, the new curve is more faithful to the one obtained in the form-

finding approach, the final solution will be more guided by structural efficiency.  
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Figure 7.6: Design exploration: (a) shell designed following the analysis approach; (b) top generating curve more faithful 
to that of the analysis approach; (c) top generating curve more faithful to that of the form-finding approach; (d) shell 
designed following the form-finding approach. 
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Figure 7.6 illustrates the exploration of solutions ranging between the analysis and form-finding 

approach. In this process, only the top generating curve is modified. In the four cases the shells 

span an area of ten by ten meters, have the same number of stackable components, the same 

bottom generating curve, the same angle of the stack, the same rotation axis, are supported by a 

series of fixed supports located along two opposite edges of the shells, distribute the internal 

forces along the same load path and are loaded by its own self weight. 

Figure 7.6a, the same as Figure 7.4a, illustrates a shell designed following the analysis approach, 

while Figure 7.6d, the same as Figure 7.5a, illustrates the same shell designed following the form-

finding approach. Comparing the results of both approaches it can be observed the first shell 

fulfils the design constraints but requires rather large material thickness in the left side of the shell, 

while the second is more efficient in the consumption of material but it generates a shape which 

approximates less the initial design. 

In Figure 7.6b and 7.6c, the top generating curves are an interpolated curve between the top 

generating curves of both analysis and form-finding approaches. In the first case, the top 

generating curve is more faithful to the one of the analysis approach. This allows finding a solution 

whose shape is close to the one of Figure 7.6a but which requires less material. In this case, the 

volume of material of the entire shell is 12.6 m3 and the material thickness varies between 6 and 

30 cm. In the second case, the top generating curve is more faithful to the one of the form-finding 

approach. This allows finding a solution whose shape still resembles that of the Figure 7.6a and at 

the same time it reduces substantially the amount of material in the shell. In this case, the volume of 

material of the entire shell is 10.5 m3 and the material thickness varies between 6 and 20 cm. 
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8 Conclusions 

 

In this chapter, the contributions of this dissertation are summarized. Furthermore, the 

limitations of the developed approaches and suggestions for future work are discussed. At the 

end of this chapter, final conclusions are drawn.  

8.1 Overview 

This dissertation contributes to the field of structural design, in particular to the design of shell 

structures. The following main contributions were made:  

 The design and production of a 1:10 prototype of a post-tensioned shell structure built 

of precast stackable components based on the CASTonCAST system (Chapter 4). 

 A method for the design of shell structures built of precast stackable components based 

on the CASTonCAST system and three versions of an algorithm implementing this 

method (Chapters 5 and 7). 

In addition, this dissertation contributes to the field of structural design, in particular to the 

development of equilibrium-based computer-aided modelling approaches with:   

 Load path network method: an equilibrium-based method for the design and analysis of 

three-dimensional structures, which is based on the lower bound theory of the theory of 

plasticity (Chapter 6).  

8.2 Prototype 

In previous research, a series of small-scale prototypes of shell structures were built using the 

CASTonCAST system. In these prototypes, the components had a reduced size, were built in 

plaster and were assembled by means of glue. These prototypes, therefore, could not confirm the 

feasibility of the system for the production of concrete shell structures. For this reason, a 1:10 

prototype of a shell structures built of stackable components using the CASTonCAST system was 

built as a proof of concept. The building of this prototype had the goal of testing the production 

technique in concrete and finding a suitable solution for the assembly of the components. Since 

the forms designed using this system are not necessarily funicular, the shells may have internal 

tensile forces and even bending action. In this case, the shell cannot be constructed by simply 

placing one component aside the other one. It is necessary to use an assembly device that allows 

internal tensile forces to flow through the components. The chosen solution consisted in the use 

of post-tensioning cables. These had two main functions: preventing internal forces from 

appearing in the shell and creating a dominant state of compression that ensures that the 

components are pushed against each other making the shell monolithic. Furthermore, in order to 
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make the shell stiffer against the action of point loads, male-female pin joints were located in the 

lateral sides of the components. These helped also matching the components during the assembly 

process.  

The production of the prototype was successful and no major problems were encountered. The 

fabrication technique of the CASTonCAST system has multiple advantages, most of which were 

known before producing this prototype. However, the following unexpected advantages were 

found:  

 The fabrication technique can be carried out using a conventional concrete mixture, 

which does not require special additives.   

 The concrete mixture requires a low water-cement ratio, which helps preventing 

shrinkage from appearing.  

 The longitudinal post-tensioning of the components can be done using the previous 

components as support. This avoided the construction of additional supporting devices. 

8.2.1 Limitations and future work 

During the production and construction of the prototype the following limitations were found: 

 The fabrication process requires a high level of precision in order to ensure that the 

components fit well together during the assembly. To achieve this, the lateral moulds 

must be produced with high precision. These must also be built from a stiff material and 

must be fixed to a frame during the casting process in order to prevent deformations. 

 The assembly devices must be fixed to the lateral moulds with a high precision.  

 In order to successfully shape the top surface of the components, it is necessary to control 

the rheology of concrete. A concrete mixture that is too fluid would not allow shaping 

the surface and a concrete mixture that is too thick would not adequately fill the corners 

and edges of the lateral mould. 

 The process of shaping the top surface of the components depends on its local curvature. 

If the local curvature of the top surface is too complex it may be difficult to produce.  

 In future work, the bases of the stacks will be built from a reusable material in order to 

reduce material waste. 

 A fully reusable scaffolding system must be used to reduce material waste. 
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8.3 Design of CASTonCAST shell structures 

The goal of this dissertation is to integrate structural considerations in the design of 

CASTonCAST shell structures. To do this, a method for the design of shell structures built of 

stackable components was developed. In this dissertation, three versions of an algorithm 

implementing this method are presented. The method proposes a new approach to the design of 

concrete shell structures, which responds to the high costs involved in the construction of curved 

shapes in concrete. The conventional approach to the design of concrete shell structures consists 

in first designing an efficient structural form working under membrane action, and later finding 

the most cost-effective solution to build such form. The present method reverses this order, giving 

priority first to the exploration of forms that can be produced efficiently with the CASTonCAST 

system, and later integrating structural considerations into the chosen form to guarantee structural 

safety and pursue structural efficiency. 

In the CASTonCAST system there is a special constraint: the material thickness of the shell 

depends on the form of the shell due to structural and fabrication reasons. As described in 

subsection 2.5.2, in the geometric method of this system there is a special relationship between 

the curvature of the shell and its material thickness. Due to the fabrication constraint, the variation 

of curvature in the shell may create variations of material thickness. Since the priority of the 

method is to allow the exploration of forms that can be produced with the CASTonCAST system, 

in order to strengthen the link between form and structure, the method motivates the search for 

compromise solutions between design demands and structural efficiency. 

The main contributions in the design of shell structures built of stackable components are:  

 A method that provides a shell modelled with the CASTonCAST geometric method with 

the required material to withstand its own weight. This method also removes the material 

that is not required for design or structural purposes. 

 An intuitive design process to pursue structural efficiency, which consists in comparing 

the solutions obtained following two opposed design approaches, the first one driven by 

design requirements and the second one by structural efficiency. Keeping both solutions 

as two extremes, it is possible to explore solutions that find a compromise between 

design and structural efficiency. 

 The use of load path network method in the analysis of the internal forces in shell 

structures. This method allows defining the way the internal forces flow within the shell. 

This allows the user to direct the flows of internal forces to the areas of the shell where 

material is accumulated due to design reasons. In this manner, a stronger link between 

form and structure is achieved, leading to material savings. 
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8.3.1 Limitations and future work 

In this dissertation, three versions of an algorithm implementing the method are presented. The 

limitations found in the third and most developed version of the algorithm are:  

 The algorithm is limited to the design of shell structures whose components belong to 

the same stack. In future work this limitation must be overcome to allow the design of 

more complex shells such as the one presented in Chapter 4. 

 The convergence of the algorithm was achieved in most of the cases that were considered. 

In the cases where convergence was not achieved in a reasonable number of iterations, a 

solution was normally found by relaxing the constraints. In future work this question 

must be addressed. 

 The use of load path network method for the analysis of the internal forces allows a 

stronger integration between form and structure. However, the limitations of this 

method, discussed in subsection 8.4.1, have also limited the results.   

8.4 Load path network method 

In this dissertation, an equilibrium-based method for the design and analysis of three-dimensional 

structures based on the lower bound theorem of the theory of plasticity is presented. The method 

is intended to be used at an early design phase. The main advantages of this method are:   

 It allows the visualisation of the internal forces in structures, making the relationship 

between form and forces transparent. This provides qualitative data informing not only 

about whether the structure is well or poorly designed, but also how to improve it.   

 As opposed to analytical methods for structural analysis based on the theory of elasticity, 

such as finite element analysis, this method allows the exploration of multiple equilibrium 

solutions in a structure. This helps finding structural solutions that respond and 

strengthen the architectural design concept.  

 It enables a highly intuitive node-by-node approach that allows controlling the 

construction of the load path. This feature is especially convenient in the creative 

modelling of three-dimensional structures. 

 It includes an intuitive strategy to constrain the connectivity network with the aim of 

finding suitable load paths. 

 It generates solvable and non-kinematic networks considering the internal forces. 

 Material and scale independency. 

 While the method was initially developed to be applied in the analysis of the internal 

forces in three-dimensional structures, in particular shell structures, this method has a 

greater potential when applied as a modelling technique of spatial structures.  
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8.4.1  Limitations and future work 

The limitations of the method are different depending on whether the method is applied in the 

analysis or modelling of structures. In the analysis of structures, the method has the following 

limitations:  

 Due to the connectivity constraint of the method, only a range of possible solutions can 

be created within a statically indeterminate structure. Furthermore, the analysed structure 

must have at least a group of three supports where to terminate the load path. If these 

three supports are not near to each other, a suitable path of forces may not be found. In 

future work, this limitation can be addressed by allowing cycles in the connectivity graph. 

 In this dissertation, two strategies to help finding suitable load paths in structures are 

presented. These are very useful for analysing networks with a reduced number of nodes. 

In future work, an algorithm for finding in a rapid way suitable paths of internal forces 

in networks with large number of nodes must be developed. 

In the modelling of structures, the method has the following limitations:  

 Due to the connectivity constraint of the method, which obliges each internal node to be 

connected by three bar elements to any internal node appearing later in the connectivity 

graph or to any support node, not all possible networks can be modelled. In future work, 

this limitation can be addressed by allowing cycles in the connectivity graph. 

 The method consists in connecting nodes with bar elements. Depending on the 

geometry, some connections may lead to large magnitudes of internal forces. In future 

work, it would be convenient to develop an algorithm that guides the user towards 

efficient distributions of the internal forces. 

8.5 Final reflections 

This dissertation contributes to the development of a cost-effective and resource-efficient 

solution for the construction of concrete shell structures. The method presented in this 

dissertation adds an additional value to the CASTonCAST system, by integrating structural 

constraints in the design process of shell structures built of stackable components. The method 

proposes an alternative to the prevailing design approach of concrete shell structures by putting 

the focus on the relationship between form and production instead of form and material 

efficiency. To do this, the method gives priority to the exploration of forms that can be produced 

with the CASTonCAST system, and later integrates structural considerations into the designed 

form to guarantee structural safety and pursue structural efficiency. In order to strengthen the link 

between form and structure, the method motivates the search for compromise solutions between 

design demands and structural efficiency. This is achieved by means of a new design strategy, 
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which helps exploring the range of feasible solutions between two extreme design approaches, 

the first one driven by design aspects and the second one by structural efficiency aspects. In 

addition, a new equilibrium-based method for the design and analysis of three-dimensional 

structures was developed, with the aim of deciding how the internal forces flow within a structure 

in order to achieve a stronger integration between form and structure. This dissertation has aimed 

to demonstrate that the challenges in the design and production of concrete shell structures will 

be overcome by means of integrative design. 
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