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Abstract. We collect various regularity results regarding solutions
to the second boundary value problem (SBVP) for generated Jacobian
equations (GJEs). First, we present some examples of singular solutions
to the optimal transport problem for quadratic cost, the simplest case of
our problem of interest. Next, motivated by our examples, we prove a
general partial regularity result for the SBVP for GJEs. Finally, we come
back to the simplest case, the SBVP for the Monge–Ampère equation,
and present some specialized regularity estimates. The results herein are
part of several of the author’s works and collaborations, and are either
submitted for publication or published.

Sunto. Raccogliamo vari risultati di regolarità sulle soluzioni al secondo
problema di valori al bordo (SPVB) per equazioni Jacobiane generate
(EJG). Innanzitutto presentiamo alcuni esempi di soluzioni singolari al
problema di trasporto ottimo per il costo quadratico, che rappresenta il
caso più semplice del problema affrontato. Quindi, motivati dai nostri
esempi, dimostriamo un risultato generale di regolarità parziale per il
SPVB per equazioni EJG. Infine ritorniamo al caso più semplice, il
SPVB per l’equazione di Monge–Ampère, e presentiamo alcune stime
di regolarità specializzate a questo caso. I risultati qui contenuti sono
parte di diversi lavori e collaborazioni dell’autore e sono sottoposti per la
pubblicazione o già pubblicati.
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CHAPTER 1

Introduction

Change of variables maps are fundamental objects. In particular,
maps T : Rn → Rn that push-forward a positive (Borel) measure µ
to another ν appear often in analysis, economics, and geometry. For
instance, they arise as solutions to optimal transport problems, stable
matching problems, geometric optics problems, and Minkowski problems.
And determining their regularity is essential.

Denoted by

T#µ = ν,

the push-forward of µ to ν by a map T is characterized by the family of
equalitiesˆ

ϕ(T (x)) dµ(x) =

ˆ
ϕ(y) dν(y) ∀ϕ : Rn → R Borel and bounded.

When µ = f(x) dx and ν = g(y) dy, this family of equalities formally
induces the Jacobian equation

(1.1) |detDT (x)| = f(x)

g(T (x))
.

Indeed, assume that T is a smooth diffeomorphism, and let ϕ ∈ C∞c (Rn)
be an arbitrary test function. Then, by the push-forward condition and
the classical change of variables formula,ˆ

ϕ(T (x))f(x) dx =

ˆ
ϕ(y)g(y) dy

=

ˆ
ϕ(T (x))g(T (x))|detDT (x)|dx.

As ϕ was arbitrary, we find (1.1).
From (1.1), we might hope to prove that T enjoys some regularity

given some regularity of f and g, and conjecture that T has one deriva-
tive more than the quotient f/g. In general, (1.1) is underdetermined;
infinitely many maps T can push-forward f to g, and (1.1) has infinitely

1



2 1. INTRODUCTION

many solutions. In turn, a general regularity statement about change of
variables maps T that push-forward f to g in terms of the regularity of
f and g is rather specious. Yet change of variables maps often appear
with some additional information. And so proving regularity results for
T may be feasible by leveraging the additional information given by the
context in which we are working. Let us consider two example problems:
the optimal transport problem and the reflector shape design problem.

The Optimal Transport Problem. The optimal transport problem
asks whether or not it is possible to find a map that minimizes the total
cost of moving a distribution of mass governed by µ to a distribution of
mass governed by ν given the cost of moving x to y is measured by a cost
function c = c(x, y). Concisely, it is

min

{ˆ
c(x, Y (x)) dµ(x) : Y#µ = ν

}
.

Notice that we have the mass balance condition µ(Rn) = ν(Rn).1

The mathematically simplest cost function is the quadratic cost

c(x, y) =
1

2
|x− y|2,

and when µ = f(x) dx and ν = g(y) dy, for example, the minimizing map
T , called the optimal transport, for the quadratic cost optimal transport
problem is characterized by the equation

∇u(x)− T (x) = 0 f -a.e.

for some convex function u (see [2]). In turn, (1.1) becomes the Monge–
Ampère equation

detD2u(x) = |detD2u(x)| = f(x)

g(∇u(x))
.

Since T = ∇u, we see that understanding the regularity of T is tied to
understanding the regularity of convex solutions to the Monge–Ampère
equation. This equation on convex function is well-studied, and a vast
and deep regularity theory for it has been developed (see [29, 18, 24]

1 Another characterization of the push-forward condition T#µ = ν is given by

the family of equalities

µ(T−1(E)) = ν(E) ∀E Borel.

So taking E = Rn, we have that

µ(Rn) ≤ µ(T−1(T (Rn))) = ν(T (Rn)) ≤ ν(Rn) = µ(T−1(Rn)) ≤ µ(Rn).
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and the many references therein). Whence, we may in fact be able to
prove that T enjoys some regularity.

Similarly, if T solves the optimal transport problem for a general
cost function c, we again find that the regularity of T is determined by
the regularity of a characterizing potential u. This time, however, u is a
c-convex2 function and, at least formally, solves a Monge–Ampère-type
equation. (We will formally derive this equation in Section 2.1.) Indeed,
under certain conditions on c, the optimal transport, T , is characterized
by the equation

(1.3) ∇u(x) +Dxc(x, T (x)) = 0 f -a.e.

for a c-convex function u (see [51, Chapter 10]), and the Jacobian equation
(1.1) becomes the Monge–Ampère-type equation

det(D2u(x) +D2
xc(x, T (x))) = |det(D2

xyc(x, T (x)))| f(x)

g(T (x))
.

(In both of the above equations, Dxc(x, T (x)) denotes the derivative
of c in x evaluated at (x, T (x)), i.e., Dxc(x, y)|(x,y) = (x,T (x)). Similarly,

D2
xyc(x, T (x)) denotes the n× n matrix of the mixed second derivatives

in x and y of c evaluated at the point (x, T (x)).)
In the optimal transport problem, the determining constraint — that

T minimizes the total cost of moving f to g, given the cost of moving x
to y is measured by c(x, y) — is strong enough to ensure that the problem
is well-posed: optimal transports are unique f -a.e. Together with the
characterizing equation (1.3), we find that the c-convex potentials which
determine T differ only by a constant on the support of f . In turn, we
have a notion of uniqueness for characterizing potentials in the optimal

2 A c-convex function u is a function of the form

u(x) = sup
y∈Rn

{−c(x, y)− uc(y)} where uc(y) := sup
x∈spt f

{−c(x, y)− u(y)}.

In Chapter 2, we will see that the cost function c(x, y) = −x · y yields an equivalent

optimal transport problem to the optimal transport problem for quadratic cost. In

this case, uc is, by definition, the Legendre transform u∗ of u, making the above
characterization of c-convexity a natural generalization of convexity. Moreover, just

as the geometry of a convex function u implies the positive semi-definiteness of its

Hessian matrix D2u, the geometry of a c-convex function u implies the positive
semi-definiteness of the symmetric matrix

(1.2) D2u(x) +D2
xc(x, T (x)).

Note that if c(x, y) = −x · y, D2
xc ≡ 0. Hence, the characterization (1.3) of solutions

to the optimal transport problem for cost c in terms of a c-convex potential u and the

positive semi-definiteness of the matrix in (1.2) are quite natural. (See Section 2.1.)
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transport problem. This is not always the case, as we shall see when we
consider the near-field reflector problem with point light source.

The Near-field Reflector Design Problem. Suppose we are given a
source of light emanating from a point in space, say the origin, and assume
that its intensity is determined by an absolutely continuous measure f
on the unit sphere. Suppose further that we are given some surface in
space, called a receiver, upon which we have another measure ν that
determines some illumination capacity or pattern. The near-field reflector
problem with point light source is concerned with the existence of a
perfectly reflective, representable surface that reflects the light emitted
from our point source, the origin, with intensity f to our given receiver
with capacity or illumination pattern ν. A perfectly reflective surface
is one that does not absorb light. In other words, the total amount of
light received is the same as the total amount of light reflected. In turn,
the total intensity of f must match the total illumination capacity of
our receiver ν (cf. the mass balance condition in the optimal transport
problem). And a representable surface is one that can be written as a
radial graph over the region determined by the support of the source
intensity f .

The constraint governing this problem and linking the construction
of our surface to change of variables maps is known as the geometric
optics approximation.3 Under this assumption, we can implicitly de-
termine a reflective surface via a ray tracing map T and a potential u.
Combining T and u, we produce what we call the u-ray tracing map
T (x) = T(x,u(x),∇u(x)). This map gives the end location y in the
support of ν of a beam of light going through a point x in the support
of f and bouncing off our reflector r = 1/u. This map T is our change
of variables; it pushes-forward f to ν. Moreover, u is convex in some
generalized sense, and it solves a Monge–Ampère-type equation.

For example, suppose that our illumination pattern is nothing but a
point y0 in space, i.e., ν = δy0

. In this situation, any ellipsoid of revolution
with foci at 0 and y0 will work. Specifically, for any 0 < v < 2/|y0|, a
unique ellipsoid of revolution exists with foci 0 and y0 whose major axis
has length 2/v and whose surface will illuminate y0 and only y0. In turn,
we have a one-parameter family of reflectors that solves our illumination

3 The geometric optics approximation is a physical simplification that treats light

rays as particles and ignores any wavelike behavior.
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problem:

ry0,v(x) =
1
v2 − 1

4 |y0|2
1
v −

1
2x · y0

for |x| = 1.

In terms of u, we have a one-family parameter family of potentials

uy0,v(x) =
1

ry0,v(x)
.

Notice that as the parameter v changes, the shape of the reflector ry0,v

and the associated potential uy0,v change.
Now suppose that ν = p1δy1 + p2δy2 , i.e., a pair of weighted Dirac

deltas. In this case, for each individual pair (0, yj), j = 1, 2, we have
a one-parameter family of potentials uyj ,v with v ∈ (0, 2/|yj |) whose
corresponding reflector ryj ,v reflects all the light from the origin to yj .
Fixing some v1 ∈ (0, 2/|y1|), we fix a potential uy1,v1

(and a corresponding
reflector ry1,v1). Given v1, there is an appropriate choice v2 such that
u = max{uy1,v1 ,uy2,v2} will correspond to a viable reflector r = 1/u
sending the correct amount of light to y1 and y2. If we were to continue
adding more Dirac deltas, we would simply take the supremum over more
reciprocals of ellipsoids. So our generalized notion of convexity here is
determined not by supremum of planes but by the supremum of the
reciprocal of ellipsoids. (See [42, 31] for more details and discussion.)

Clearly, there are many solutions to the reflector shape design problem.
And so a natural question asks if the regularity of solutions varies? It turns
out that the regularity of solutions may vary dramatically: Karakhanyan
and Wang ([37]) showed that smooth densities f and g, with ν = g(y) dy,
may produce distinct solutions with vastly different regularity.

Generated Jacobian Equations. The optimal transport problem and
the reflector shape design problem are examples of a general class of change
of variables problems: second boundary value problems for generated
Jacobian equations. A generated Jacobian equation (GJE) for a scalar
valued function u defined on an open set Ω ⊂ Rn is

(1.4) det(Dx[T(x,u(x),∇u(x))]) = ψ(x,u(x),∇u(x))

when the map T = T(x, u, p) : dom T ⊂ Ω × R × Rn → Rn is (along
with another V) generated by a function G = G(x, y, v) : dom G ⊂
Rn × Rn × R→ R through the pair of equations

(1.5)

{
DxG(x,T,V) = p

G(x,T,V) = u.
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(Clearly, G must satisfy some basic structure conditions to ensure the
production of T. We defer this discussion to Sections 2.2.1 and 2.2.2.)

In the case of the optimal transport problem for cost c,

G(x, y, v) = −c(x, y)− v,

and (1.5) becomes

(1.6) −Dxc(x,T) = p.

If we compare this with (1.3), we see that the optimal transport problem
can be recast as a search for a c-convex function u such that

−Dxc(x,T(x,∇u(x))) = ∇u(x) f -a.e.

where the map T = T(x, p) is uniquely determined by (1.6) provided, of
course, that the map y 7→ −Dxc(x, y) is injective for all x ∈ Ω = {f >
0}. (Like before, Dxc(x,T(x,∇u(x))) denotes the derivative of c in x
evaluated at the point (x,T(x,∇u(x))).) The optimal transport is thus
given by T (x) = T(x,∇u(x)).

In the case of the reflector shape design problem with point light
source,

G(x, y, v) =
1
v −

1
2x · y

1
v2 − 1

4 |y|2
.

Here, understanding when and where the map T = T(x, u, p) can be
defined is much more challenging. Rather than discussing this question
here, we refer the reader to [42, 37, 49, 31] or Section 2.2.1, wherein we
develop the general case.

GJEs arise in many contexts, both directly and indirectly, as we have
seen. An important collection of contexts considers nondegenerate gener-
ating functions and, quite naturally, the second boundary value problem.
Nondegenerate generating functions are those for which detDpT 6= 0,
making DpT invertible (see Section 2.2.1; E = [DpT]−1). And the second
boundary value problem (SBVP) asks that

(1.7) Tu(Ω) = Υ

for some given open set Υ ⊂ Rn. The map Tu is defined by Tu(x) :=
T(x,u(x),∇u(x)), and we call it the transport map associated to G and
u.

In this thesis, we restrict our attention to G-convex solutions u to
(1.4) (see Section 2.2.2). By the nondegeneracy of G, we can rewrite (1.4)
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as a general Monge–Ampère-type equation (cf. Section 2.2.3):

det(D2u(x)−D2
xG(x,Tu(x),Vu(x)))

= |det E(x,Tu(x),Vu(x))|ψ(x,u(x),∇u(x)),

with Vu(x) := V(x,u(x),∇u(x)). In turn, u is G-convex whenever

D2u(x)−D2
xG(x,Tu(x),Vu(x)) ≥ 0.

This restriction forces ψ det E = |ψ|| det E|. Furthermore, we work in the
specific case that the prescription (1.7) is given through the push-forward
condition

(Tu)#f = g

for two positive densities f and g of equal mass and supported in Ω and
Υ respectively. Whence,

ψ(x,u,∇u) =
f(x)

g ◦T(x,u,∇u)
≥ 0.

For simplicity, from this point forward, when the GJE of concern is
independent of the variable u, we shall write Tu rather than Tu and u
rather than u, for the transport and the potential. This is the case in the
optimal transport problem, but not in the reflector shape design problem.
Sometimes, we shall even suppress the dependence on u and write T for
Tu.

Having an understanding of the regularity of solutions to the SBVP
for GJEs is essential. For instance, regularity estimates for solutions
to the optimal transport problem for quadratic cost aid in proving the
existence of weak and strong solutions to the semigeostrophic equations,
a system of equations modeling large-scale atmospheric and oceanic flows
and dynamics (see [25]). In addition, they help determine the existence
of geometric and functional inequalities of log-Sobolev- or Poincaré-type,
for example. (See Chapter 6 and [9, 10, 14].) On the other hand, if we
consider the geometric optics problems, the regularity of solutions has
deep physical importance. Indeed, nondifferentiability of the solution in
the reflector shape design problem would cause diffraction phenomena,
while nondifferentiability of the solution in light refraction problem would
cause chromatic aberrations.

The SBVP for the Monge–Ampère equation or the optimal transport
problem for quadratic cost will be the focus of much of our study in this
thesis. It is so for two reasons: it reveals many of the subtle regularity
issues which arise in SBVPs for GJEs in the clearest manner and it is
the most well-known GJE of our form of interest.
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That said, the power of GJEs lies in their generality. Until Trudinger
([49]) discovered the GJE framework, problems in geometric optics were
studied in a piecemeal fashion. Now researchers interested in partial
differential equations with a Jacobian structure can take advantage of
the global perspective represented by GJEs to quickly understand generic
properties of solutions, allowing them to delve deeper faster.

Outline. This thesis has five additional chapters.
In Chapter 2, we start by discussing the basics of the regularity theory

for the optimal transport problem. We will focus on the quadratic cost
case. Though, we do present a brief discussion of the general cost case.
The last section of Chapter 2 introduces the basic notation of and some
preliminary results on GJEs, and will only be utilized in Chapter 4. This
section provides the technicalities of generating functions, G-convexity,
and the general Monge–Ampère-type equation of GJEs. They along with
Chapter 4 are the work of [34]. Any reader only interested in regularity
properties of solutions to the SBVP for the Monge–Ampère equation, the
focus of the other chapters, may skip these parts of Chapter 2 and all of
Chapter 4.

Chapter 3 ([35]) presents some examples of singular solutions to the
optimal transport problem for quadratic cost, demonstrating the delicacy
of regularity questions on SBVPs for GJEs. The first two sections of
Chapter 3 motivate the content of Chapter 4, wherein we prove a partial
regularity result for general SBVPs for GJEs.

The final two chapter of this thesis, Chapter 5 and 6 ([26] and
[14]) present answers to some specialized regularity questions motivated
by the appearance of the optimal transport problem in other areas of
mathematics, as briefly discussed above.



CHAPTER 2

Preliminaries

In this chapter, we introduce some preliminary results and notation.
We start with a discussion of the optimal transport problem. Then,
we introduce the technicalities of GJEs and the SBVP. In particular,
we define the basic structure of our generating function G. We visit
the geometry of solutions to the SVBP for GJEs. And we show that
solutions to SVBPs for GJEs satisfy a Monge–Ampère-type equation
almost everywhere.

2.1. The Optimal Transport Problem

2.1.1. Quadratic Cost. As we have mentioned, the optimal trans-
port problem for quadratic cost corresponds to the simplest SBVP for
GJEs. Recall, it is given by

(2.1) min

{ˆ
1

2
|x− Y (x)|2 dµ(x) : Y#µ = ν

}
.

Under certain conditions on µ and ν, the existence of a unique (µ-a.e.)
minimizing map, an optimal transport, was first discovered by Brenier in
[2] — he characterized optimal transports as gradients of convex functions.
More precisely, Brenier’s theorem is

Theorem 2.1. Let µ and ν be two nonnegative Borel measures on
Rn with finite second moments:ˆ

Rn
|x|2 dµ(x) +

ˆ
Rn
|y|2 dν(y) <∞.

If µ = f(x) dx, then there exists a µ-a.e. unique map T minimizing
(2.1). Moreover, T is characterized as the gradient of a convex function:
T = ∇u for some u : Rn → R convex.

If ν = g(y) dy, we have that (∇u)#f = g induces

(2.2) detD2u =
f

g(∇u)
and ∇u(Ω) = Υ,

9
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with Ω = {f > 0} and Υ = {g > 0}. In Section 2.2.3, appealing to [51,
Theorem 11.1], we will prove that u satisfies (2.2) almost everywhere in Ω
from the push-forward condition (∇u)#f = g and the twice differentiablil-
ity of u almost everywhere. A classical result, by Alexandrov, is that
convex functions are twice differentiable almost everywhere (see [21]).
That said, recalling the argument showing (1.1), if (∇u)#f = g and we
assume that ∇u is a smooth diffeomorphism, we find the Monge–Ampère
equation in (2.2) (the second equation follows just by the fact that ∇u
pushes-forward f onto g and the definitions of Ω and Υ). Rigorously,
however, we cannot apply the change of variables formula. Instead, by
[50, Lemma 4.6], using the push-forward condition and the convexity of
u, we can only deduce that

(2.3)

ˆ
E

f(x) dx =

ˆ
∂u(E)

g(y) dy =

ˆ
∂u(E)∩Υ

g(y) dy ∀E ⊂ Rn.

This set of equalities defines what it is to be a Brenier solution to (2.2).
Here, ∂u is just the standard subdifferential of the convex function u:

∂u(x) := {p ∈ Rn : u(z) ≥ u(x) + p · (z − x) ∀z ∈ Rn}

and

∂u(E) =
⋃
x∈E

∂u(x).

If we assume that f and g are bounded from above and below by 1/λ
and λ respectively, we find (2.3) implies

(2.4) λ2|E| ≤ |∂u(E) ∩Υ| ≤ 1

λ2
|E| ∀E ⊂ Ω.

On the other hand, when examining the regularity of u, the “correct”
notion of weak solution to (2.2) is that of Alexandrov:

(2.5)

ˆ
∂u(E)

1 dx =

ˆ
E

f(x)

g(∇u(x))
dx ∀E ⊂ Rn.

Indeed, if u ∈ C2(Rn), by the change of variables formula,

|∂u(E)| = |∇u(E)| =
ˆ
E

detD2u(x) dx ∀E ⊂ Rn.

Again assuming that f and g are bounded from above and below by 1/λ
and λ, we find (2.5) implies

(2.6) λ2|E| ≤ |∂u(E)| ≤ 1

λ2
|E| ∀E ⊂ Ω.



2.1. THE OPTIMAL TRANSPORT PROBLEM 11

(We refer the reader to [18] for a more detailed discussion of the regularity
of Alexandrov solutions to the Monge–Ampère equation, and [24] for an
in depth discussion.)

Turning (2.4) into (2.6) is the challenge of the regularity problem
of solutions to the optimal transport problem for quadratic cost. For
instance, let B+

r := Br ∩ {x1 > 0} and B−r := Br ∩ {x1 < 0}, for r > 0,
and let ∇u0 be the optimal transport taking (the indicator function on)
B1 ⊂ R2 to (the indicator function on) D0 := (B+

1 + e1) ∪ (B−1 − e1).
Observe that

∇u0(x) =

{
x+ e1 if x1 > 0

x− e1 if x1 < 0
with u0(x) :=

1

2
|x|2 + |x1|.

Clearly, ∇u0 is discontinuous and ∂u0({0} × (−1, 1)) = [−1, 1]× (−1, 1),
which is disjoint from D0. While, topologically, the image of a connected
set under a continuous map cannot be a disconnected set, the singularity
of ∇u0 should be seen as a consequence of ∂u0({0}× (−1, 1)) \D0 having
positive measure. Indeed, in [6], Caffarelli showed that the optimal
transport ∇uε taking B1 to the dumbbell Dε := (B+

rε + e1) ∪ (B−rε −
e1) ∪ ([−1, 1] × (−ε, ε)), where rε > 0 is taken so that |Dε| = |B1|, is
discontinuous for all ε > 0 sufficiently small.1 More precisely, by the
stability of optimal transports, up to the addition of constants, the
potentials uε converge locally uniformly (in R2) to u0. So using [24,
Propsition 2.6],

lim inf
ε→0

|∂uε(B1)| ≥ |∂u0(B1)| = |B1|+ 4.

In turn, we see that uε cannot be differentiable for all ε > 0 sufficiently
small; that is, ∇uε is discontinuous for all ε > 0 sufficiently small. (For a
more hands on explication of Caffarelli’s example, one that appeals to
the monotonicity of optimal transports2 , we refer the reader to [13].)

Caffarelli’s example demonstrates the importance of ∂u(Ω)\Υ having
measure zero. One way in which this, i.e., Brenier solutions are Alexandrov

1 In reality, he showed that the optimal transport from B1 to a smoothing of Dε
is discontinuous. Yet the regularity of Dε is irrelevant to the essence of the singular
nature of his example.

2 The monotonicity of optimal maps is as follows: given any finite number of
points {xi}ni=1 ⊂ Ω and any permutation of n letters σ,

−
n∑
i=1

xi · T (xi) ≤ −
n∑
i=1

xi · T (xσ(i)).

This condition characterizes the optimal transport T .
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solutions, is guaranteed is if Υ is convex. In particular, if Υ is convex,
then ∂u(Ω) ⊂ Υ and |∂Υ| = 0. And in this setting, Caffarelli developed
a regularity theory for mappings with convex potentials, part of which
we now recall. Assuming that Υ is convex ([6]):

- If λ ≤ f, g ≤ 1/λ with λ > 0, ∇u ∈ C0,σ
loc (Ω) for some σ ∈ (0, 1).

- If, in addition, f ∈ Ck,αloc (Ω) and g ∈ Ck,αloc (Υ), ∇u ∈ Ck+1,α
loc (Ω),

for k ≥ 0 and α ∈ (0, 1).

Assuming that both Ω and Υ are convex ([7]):

- If λ ≤ f, g ≤ 1/λ with λ > 0, ∇u ∈ C0,σ(Ω) for some σ ∈ (0, 1).

Assuming that both Ω and Υ are smooth and uniformly convex ([8]):

- If f ∈ Ck,α(Ω) and g ∈ Ck,α(Υ) with f, g > 0, ∇u ∈ Ck+1,α(Ω),
for k ≥ 0 and α ∈ (0, 1).

Two natural questions arise upon considering Caffarelli’s theory and
example. First, can we quantify the importance of the target domain’s
convexity in guaranteeing the continuity of the optimal transport? Notice
that Dε is “far” from its convex hull, no matter how the “distance”
between Dε and its convex hull is defined. In Chapter 3, we answer this
question. Second, can we say something about the size and structure
of the closure of the set of points where ∇u is discontinuous, i.e., the
singular set of the solution? In [23, 27, 30], Figalli, Figalli and Kim,
and Goldman and Otto prove the following result.

Theorem 2.2. Let Ω and Υ be two open, bounded subsets of Rn, and
let f : Ω→ R+ and g : Υ→ R+ be two probability densities bounded away
from zero and infinity in Ω and Υ respectively. Let T = ∇u : Ω → Υ
be the unique optimal transport taking f to g. Then, there exist two
relatively closed measure zero sets SΩ ⊂ Ω and SΥ ⊂ Υ such that
T : Ω \ SΩ → Υ \ SΥ is a homeomorphism of class C0,σ

loc for some

σ ∈ (0, 1). In addition, if f ∈ Ck,αloc (Ω) and g ∈ Ck,αloc (Υ) for some k ≥ 0
and α ∈ (0, 1), then T : Ω \SΩ → Υ \SΥ is a diffeomorphism of class

Ck+1,α
loc .

(In [23], Figalli works in R2 and proves more about the structure of
SΩ and SΥ.)

2.1.2. General Cost. In the quadratic cost case, we saw that Bre-
nier’s characterization of solutions as gradients of convex functions was the
first step toward understanding the regularity of solutions: since T = ∇u
and u is convex, (2.1), formally, has a degenerate elliptic Euler-Lagrange
equation. We will see that something similar happens in the general cost
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case. (We assume that c : Ω×Υ→ R has at least as many derivatives as
needed.)

In order to understand the general cost situation, notice that (2.1) is
equivalent to

min

{ˆ
−x · Y (x) dµ(x) : Y#µ = ν

}
.

In other words, the quadratic cost is equivalent to the cost c(x, y) = −x ·y.
Indeed,ˆ

1

2
|x− Y (x)|2 dµ(x)

=

ˆ
1

2
|x|2 dµ(x) +

ˆ
−x · Y (x) dµ(x) +

ˆ
1

2
|Y (x)|2 dµ(x)

=

ˆ
1

2
|x|2 dµ(x) +

ˆ
−x · Y (x) dµ(x) +

ˆ
1

2
|y|2 dν(y)

since Y#µ = ν. As the first and third integrals in the second line above
are independent of Y , we can replace 1

2 |x− y|
2 with −x · y.

Now recall that convex functions in Ω always have the form

u(x) = sup
y∈Rn
{x · y − u∗(y)} where u∗(y) := sup

x∈Ω
{x · y − u(y)},

and note that the quadratic equivalent cost c(x, y) = −x · y appears in
this characterization of u. (See [24] for a list of useful properties of convex
functions when considering them in the context of the regularity of convex
solutions to the Monge–Ampère equation.) Hence, the notion of c-convex
functions u : Ω→ R, i.e., functions of the form

u(x) = sup
y∈Rn
{−c(x, y)− uc(y)} where uc(y) := sup

x∈Ω
{−c(x, y)− uc(y)}

arises naturally, and we might expect that solutions to the optimal
transport problem for cost c are characterized by a relation to the gradient
of a c-convex function. This is true, in fact. But before seeing how exactly,
we shall need some definitions.

Like the subdffierential of a convex function, we can define the c-
subdifferential of a c-convex function. These are points at which the
above supremum is attained:

∂cu(x) := {y ∈ Rn : u(x) + uc(y) + c(x, y) = 0}.

Equivalently,

∂cu(x) = {y ∈ Rn : u(z) ≥ −c(z, y) + c(x, y) + u(x) ∀z ∈ Ω}.
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Whenever y ∈ ∂cu(x), the function

(2.7) z 7→ u(z) + uc(y) + c(z, y)

achieves a minimum at z = x. Hence, if u is differentiable at x, we find
that

(2.8) 0 = ∇u(x) +Dxc(x, y) ∀y ∈ ∂cu(x).

In turn, to ensure that T is well-defined, we need to force that the
c-subdifferential is a singleton at differentiability points of c-convex func-
tions. Thus, we assume that

(c-Twist) y 7→ −Dxc(x, y) is injective ∀x ∈ Ω,

and so y is uniquely identified in terms of x and ∇u(x) in (2.8) (the inverse
of this map is the map T in (1.6)). Under the (c-Twist) assumption, we
have the following existence and uniqueness result (see [51]).

Theorem 2.3. Let f and g be two probability densities supported on
the open, bounded sets Ω and Υ respectively. Let c ∈ C1(Ω×Υ) be such
that (c-Twist) holds. Then, an f -a.e. unique optimal transport T exists.
Moreover, a c-convex potential u : Ω→ R exists such that T (x) ∈ ∂cu(x)
and 0 = ∇u(x) +Dxc(x, T (x)) for f -a.e. x ∈ Ω.

Recalling (2.7), we see that

z 7→ u(z) + uc(T (x)) + c(z, T (x))

achieves a minimum at z = x. In particular, whenever u is twice differen-
tiable at x, we have that

D2u(x) +D2
xc(x, T (x)) ≥ 0.

Hence, differentiating the relation 0 = ∇u(x) +Dxc(x, T (x)) with respect
to x, we find that

D2u(x) +D2
xc(x, T (x)) = −D2

xyc(x, T (x)))DT (x).

Then, taking the determinant of both sides and using the Jacobian
equation induced by T#f = g, we (formally) derive the degenerate elliptic
Euler-Lagrange equation for the optimal transport problem for cost c:

(2.9) det(D2u(x) +D2
xc(x, T (x))) = |det(D2

xyc(x, T (x)))| f(x)

g(T (x))
.

In this setting, the nondegeneracy condition we mentioned in the Intro-
duction corresponds to the invertibility of the matrix D2

xyc(x, y) for all
(x, y) ∈ Ω×Υ.
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Just as in the quadratic cost case, we have a notion of c-convex
Brenier and Alexandrov solutions to (2.9). Moreover, there is also an
appropriate generalization of the convexity assumption on Υ to the general
cost setting. Since understanding these concepts is unnecessary for the
results in this thesis, we refer the reader to [46]. That said, in the general
cost setting, we find a new obstruction to regularity, which we state
for completeness. In order to prove regularity properties of c-convex
solutions to (2.9), we will need to additionally assume what is known as
the Ma–Trudinger–Wang (MTW) condition on c: for all (x, y) ∈ Ω×Υ
and for any ξ, η ∈ Rn such that ξ ⊥ η,

(MTW)
∑

i,j,k,l,p,q,r,s

(cij,pc
p,qcq,rs − cij,rs)cr,kcs,lξiξjηkηl ≥ 0.

Here, cj = ∂xjc, cjk = ∂xjxkc, ci,j = ∂xiyjc, and ci,j = (ci,j)
−1. Notice

that in the quadratic cost setting, (MTW) is automatically satisfied.
Again we do not explain this new obstruction. Rather, we refer the reader
to [46, 44, 18]. However, we remark that if the MTW condition fails at
a single point x ∈ Ω, for some p ∈ −Dxc(x, Y ) and some ξ ⊥ η, then it
is possible to construct smooth densities f and g for which the optimal
transport is discontinuous (see [18, Section 4.1]). In particular, we have
the following general regularity statement proved by Ma, Trudinger, and
Wang in [46]. (See [18, 46] for more on these properties.)

Theorem 2.4. Let f and g be smooth probability densities bounded
away from zero on their supports, which we assume are the smooth, open,
bounded sets Ω and Υ respectively. Let c ∈ C∞(Ω×Υ) be nondegenerate
and such that (c-Twist) and (c*-Twist) hold. If (MTW) holds, Dxc(x,Υ)
is uniformly convex for all x ∈ Ω, and Dyc(Ω, y) is uniformly convex for

all y ∈ Υ, then u ∈ C∞(Ω) and T : Ω→ Υ is a smooth diffeomorphism.

Here, the (c*-Twist) condition simply reverses the roles of x and y
and Ω and Υ in (c-Twist):

(c*-Twist) x 7→ Dyc(x, y) is injective ∀y ∈ Υ.

If the MTW condition or the geometric condition on Ω or Υ fail to
hold, then Theorem 2.4 may not hold, motivating the general partial
regularity result of De Philippis and Figalli ([19]).

Theorem 2.5. Let f and g be smooth probability densities bounded
away from zero on their supports, which we assume are the open, bounded
sets Ω and Υ respectively. Let c ∈ C∞(Ω×Υ) be nondegenerate and such
that (c-Twist) and (c*-Twist) hold. Then, there exist two relatively closed
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measure zero sets SΩ ⊂ Ω and SΥ ⊂ Υ such that T : Ω \SΩ → Υ \SΥ

is a smooth diffeomorphism.

In Chapter 4, we shall prove an analogous partial regularity theorem
for the SBVP for general GJEs.

2.2. Generated Jacobian Equations

Recall that we are interested in GJEs induced by the push-forward
condition

(Tu)#f = g with Tu(x) := T(x,u(x),∇u(x))

for two positive densities f and g of equal mass and supported in the
open, bounded sets Ω and Υ respectively. Here, u : Ω→ R, and the map
T = T(x, u, p) : dom T ⊂ Ω × R × Rn → Rn (along with another V) is
generated by a function G = G(x, y, v) : dom G ⊂ Rn × Rn × R → R
through the pair of equations{

DxG(x,T,V) = p

G(x,T,V) = u.

In particular, we have the equation

det(Dx[T(x,u(x),∇u(x))]) =
f(x)

g(T(x,u(x),∇u(x)))
.

2.2.1. Structure and Duality. We will always assume that dom G
= X×Y ×R where X,Y ⊂ Rn are open and G is of class C2,α

loc (X×Y ×R)
for some α ∈ (0, 1). In addition, we ask that

(G-Mono) DvG(x, y, v) < 0.

The remaining structure conditions on G will hold on a subset of the
domain of G:

g := {(x, y, v) : v ∈ Vx,y}
where for each pair (x, y) ∈ X×Y , the set Vx,y is some open interval (pos-
sibly empty). We assume that g is open. Our final structural assumptions
on G are as follows: the maps

(G-Twist) (y, v) 7→ (DxG(x, y, v),G(x, y, v)) on {(y, v) : (x, y, v) ∈ g}

and

(G*-Twist) x 7→ −DyG(x, y, v)

DvG(x, y, v)
on {x : (x, y, v) ∈ g}
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are injective, and

(G-Nondeg) det

(
DxyG−DxvG⊗

DyG

DvG

)
6= 0 on g.

It will be convenient to define the n× n matrix in (G-Nondeg). Set

(2.10) E(x, y, v) :=

[
DxyG−DxvG⊗

DyG

DvG

]
(x, y, v).

Remark 2.6. The assumption that g is open, while not made in
either [49] or [31], is mild. For instance, in the reflector shape design
problem [37], an important model setting for the SBVP for general GJEs —
wherein we have non-uniqueness of solutions and varying regularity among
solutions — the set g is open (see [31, Section 3.1]). More generally, as
far as we know, the set g is open in all explicit examples of GJEs.

Thanks to (G-Mono), there exists a unique function H determined
by the equation

G(x, y,H(x, y, u)) = u,

and H(x, y, ·) is well-defined on the (non-empty) open interval G(x, y,R).
We call H the dual of G. In the optimal transport case, H(x, y, u) =
−c(x, y)−u, and we see that G(x, y,R) = R for all pairs (x, y). Generally,
however, G(x, y,R) maybe not be R for any pair (x, y). In addition, we
define the set

h := {(x, y, u) : u ∈ Ux,y}
with Ux,y := G(x, y, Vx,y). As g is open, (G-Mono) and the continuity of
DvG together imply that the set h is also open. Hence, H is locally C2,α

on h and

(H-Mono) DuH(x, y, u) < 0.

We can see that the maps

(H-Twist) (x, u) 7→ (DyH(x, y, u),H(x, y, u)) on {(x, u) : (x, y, u) ∈ h}

and

(H*-Twist) y 7→ −DxH(x, y, u)

DuH(x, y, u)
on {y : (x, y, u) ∈ h}

are injective, and

(H-Nondeg) det

(
DyxH−DyuH⊗

DxH

DuH

)
6= 0 on h.
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In particular, (G-Twist) and (H*-Twist), (G*-Twist) and (H-Twist), and
(G-Nondeg) and (H-Nondeg) are respectively equivalent (see [31, Remark
9.5] and [49]).

Moreover, with H, we can generate the map S and look to solve the
dual generated Jacobian equation with an H-convex function v:

(2.11) detDSv(y) =
g(y)

f(Sv(y))
.

Here, Sv(y) := S(y,v(y),∇v(y)).
We close this section with some useful identities. Notice that

DxH = −DxG

DvG
, DyH = −DyG

DvG
, and DuH =

1

DvG
.

Additionally, observe that

DxuH = −DxvG +D2
vGDxH

(DvG)2
, DyuH = −DyvG +D2

vGDyH

(DvG)2
,

and

D2
uH = − D2

vG

(DvG)3
.

Here, the derivatives of H are taken at (x, y, u) and the derivatives of G
at (x, y,H(x, y, u)) provided, of course, u ∈ G(x, y,R). These identities
are simple consequences of (G-Mono). Indeed, differentiating the equation
G(x, y,H(x, y, u)) = u in x, we see that

DxG(x, y,H(x, y, u)) +DvG(x, y,H(x, y, u))DxH(x, y, u) = 0,

from which the first first order identity follows. The second follows
differentiating in y, and the third follows differentiating in u. The second
order identities are similarly proved.

2.2.2. G-convexity. Recall that we only consider solutions to the
SBVP for GJEs that make (1.4) degenerate elliptic. The class of functions
to do so are known as G-convex functions. Let us recall the definition of
G-convexity and some related facts, definitions, and characteristics.

We say that a function u : X → R is G-convex if for every x0 ∈ X,
there exists a pair (y0, v0) ∈ Y × R such that

(x0, y0, v0) ∈ g

and

u(x0) = G(x0, y0, v0) and u(x) ≥ G(x, y0, v0) ∀x ∈ X.
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We call this pair a focus. Notice that if (y0, v0) and (y0, v1) are foci for
a G-convex function u at the point x0, then by (G-Mono), v0 = v1 =
H(x0, y0,u(x0)). So we can recast our definition and say that u : X → R
is G-convex if for each x0 ∈ X, there exists a point y0 ∈ Y such that

(x0, y0,H(x0, y0,u(x0))) ∈ g

and

u(x0) = G(x0, y0,H(x0, y0,u(x0)))

and

u(x) ≥ G(x, y0,H(x0, y0,u(x0))) ∀x ∈ X.
For a G-convex function u : X → R, we define its G-subdifferential

at x0 to be the (non-empty) set

(2.12) ∂Gu(x0) := {y ∈ Y : u(x) ≥ G(x, y,H(x0, y,u(x0))) ∀x ∈ X}

provided

(2.13) (x0, y,H(x0, y,u(x0))) ∈ g.

Given y ∈ ∂Gu(x0), we call

Gx0,y,v(·) := G(·, y, v)

with v := H(x0, y,u(x0)) a G-support of u at x0. Recalling the Fréchet
subdifferential of a function u at x0:

∂−u(x0) := {p ∈ Rn : u(x) ≥ u(x0) + p · (x− x0) + o(|x− x0|)},

with o(|x− x0|)→ 0 as x→ x0, we see that

(2.14) y ∈ ∂Gu(x0) ⇒ DxG(x0, y,H(x0, y,u(x0))) ∈ ∂−u(x0).

For E ⊂ X, we set

∂Gu(E) :=
⋃
x∈E

∂Gu(x) and ∂−u(E) :=
⋃
x∈E

∂−u(x).

Remark 2.7. In the optimal transport setting, the geometric con-
dition (2.12) alone dictates whether or not a point y is an element of
the G-subdifferential of u at x0, and the admissibility condition (2.13)
always holds. Yet this is not the case in general. A simple but important
consequence of this is that the G-subdifferential may not be continuous
in the way the c-subdifferential is for c-convex functions. For instance, in
the quadratic cost optimal transport problem, c-convexity is convexity,
and given yk ∈ ∂u(xk) such that yk → y0 and xk → x0, we know that
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y0 ∈ ∂u(x0).3 However, if we replace ∂u with ∂Gu, this implication may
not hold.

Akin to the Legendre transform, we define the G-transform of u to
be the H-convex function given by

(2.15) uG(y) := sup
x∈X

H(x, y,u(x)).

In actuality, the supremum here is taken over those x ∈ X for which
H(x, y,u(x)) is defined; the G-convexity of u implies that u(x) ∈ Ux,y
whenever y ∈ ∂Gu(x), and so the supremum is over a non-empty set.
Moreover,

(2.16) uGH = u

where vH(x) := supy∈Y G(x, y,v(y)) is the H-transform of a given H-
convex function v : Y → R, and

(2.17) y ∈ ∂Gu(x) ⇔ x ∈ ∂HuG(y).

For the H-subdifferential, the analogue of the admissibility condition
(2.13) is

(x, y0,G(x, y0,v(y0))) ∈ h,

for x ∈ ∂Hv(y0). (The equations (2.16) and (2.17) are noted, but
not proved, in [49, Section 4].) Indeed, let y0 ∈ ∂Gu(x0) and v0 :=
H(x0, y0,u(x0)). By definition, (x0, y0,u(x0)) ∈ h. If x0 is the only point
at which H(·, y0,u(·)) is defined, then x0 ∈ ∂HuG(y0) trivially. On the
other hand, let x ∈ X be such that H(x, y0,u(x)) is well-defined. Since
u(x) ≥ G(x, y0, v0) for all x ∈ X, we see that

H(x, y0,u(x)) ≤ H(x, y0,G(x, y0, v0)) = v0 = H(x0, y0,u(x0)).

By construction, H(x, y0, ·) can be evaluated at G(x, y0, v0). Hence, the
supremum in (2.15) is achieved at (x0, y0,u(x0)). That is, if y0 ∈ ∂Gu(x0),
then x0 ∈ ∂HuG(y0) and uG(y0) = H(x0, y0,u(x0)). It then follows that

uGH(x0) ≥ G(x0, y0,uG(y0)) = G(x0, y0,H(x0, y0,u(x0))) = u(x0).

3 This follows by the definition of convexity. Indeed, by convexity,

u(z) ≥ u(xk) + yk · (z − xk) ∀z, k.

Taking the limit as k →∞, we see that

u(z) ≥ u(x0) + y0 · (z − x0) ∀z,

as desired.
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A symmetric argument, taking uG in place of u and uGH in place of uG

above, yields that

x0 ∈ ∂HuG(y0) ⇒ y0 ∈ ∂GuGH(x0)

and u(x0) = G(x0, y0,H(x0, y0,u(x0))) ≥ G(x0, y0,uG(y0)) = uGH(x0),
proving (2.16) and (2.17).

Because we have assumed that G is of class C2
loc(X × Y × R), we

find that G-convex functions are locally semiconvex. (The semiconvexity
constant of u in a set depends only on the C0-norm of D2

xG in that
set.) In particular, G-convex functions are locally uniformly Lipschitz
and twice differentiable at almost every point (see, e.g., [22]). This basic
regularity will be the foundation of our analysis.

Since G satisfies (G-Twist) and (G-Nondeg), we can generate the
maps G-expx,u(·) and Vx(·, ·) from the pair of equations{

DxG(x,G-expx,u(p),Vx(u, p)) = p

G(x,G-expx,u(p),Vx(u, p)) = u,

so long as (p, u) ∈ (DxG,G)({(x, y, v) : (x, y, v) ∈ g}). Here, DxG is
evaluated at the point (x,G-expx,u(p),Vx(u, p)). In other words,

G-expx,u(p) = y ⇔ p = DxG(x, y,H(x, y, u))

and

Vx(u, p) = H(x,G-expx,u(p), u)

so long as (x, y,H(x, y, u)) ∈ g. And so (2.14) can be rewritten as

(2.18) ∂Gu(x0) ⊂ G-expx0,u(x0)(∂
−u(x0)).

When applying G-expx0,u(x0)(·) to p ∈ ∂−u(x0), we only consider those

points p = DxG(x0, y,H(x0, y,u(x0))) such that u(x0) ∈ Ux0,y. Hence,
we see that if u is differentiable at x0, then ∂Gu(x0) is a singleton {y0}
and

(2.19) ∇u(x0) = DxG(x0, y0, v0),

and if u is twice differentiable at x0, then

(2.20) D2u(x0) ≥ D2
xG(x0, y0, v0).

In (2.19) and (2.20), v0 := H(x0, y0,u(x0)). Finally, given a G-convex
function u : X → R, let us define the map (at almost every x ∈ X) Tu

by

Tu(x) := G-expx,u(x)(∇u(x)).
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Even though Tu depends on u and G, we shall often suppress the second
dependence for notational simplicity.

2.2.3. A Monge–Ampère-type Equation. Set v := uG. Then,
v is a solution to the SBVP for (2.11), the dual equation (see [49,
Lemma 4.1]). In particular, by [49, Lemma 4.1] and the remarks just
before it, (Sv)#g = f . Recall that u and v are twice differentiable almost
everywhere; let Ω1 and Υ1 be the full (Lebesgue) measure subsets of Ω
and Υ respectively on which u and v are respectively twice differentiable.
By (2.17) and (2.18), we see Tu and Sv are inverses of one another in
the sense that

(2.21) Sv(Tu(x)) = x ∀x ∈ Ω1 and Tu(Sv(y)) ∀y ∈ Υ1.

Here, of course, Sv(y) := H-expy,v(y)(∇v(y)). Since (Tu)#f = g, we can

apply [51, Theorem 11.1] to deduce that

|detDTu(x)| = f(x)

g(Tu(x))
∀x ∈ Ω1.

Then, (2.19) and (2.20) imply that

det(D2u(x)−D2
xG(x,Tu(x),H(x,Tu(x),u(x)))

= |det(E(x,Tu(x),H(x,Tu(x),u(x))))| f(x)

g(Tu(x))
a.e.

(2.22)

Since by (G-Nondeg), E has non-zero determinant, the sign of the right-
hand side of our Monge–Ampère-type equation (2.22) is preserved. From
the G-convexity of u, we see that (2.22) rewrites (1.4) in a way that
shows that we are working with a degenerate elliptic partial differential
equation.



CHAPTER 3

Singular Solutions in Optimal
Transportation

In this chapter, we consider a pair of questions regarding the fine
regularity or singularity properties of optimal transports. The first ques-
tion is how important is the convexity of the target space in guaranteeing
the regularity of the optimal transport? In this case, we shall see that
small deviations from convexity can break the continuity of an optimal
transport. The second question is given smooth densities on the unit
square in R2, is the optimal transport smooth up to the boundary? Here,
we shall see that densities arbitrarily close in the smooth topology to 1
can produce optimal transports that are singular at the boundary.

3.1. Lipschitz Perturbations

In this section, we present an example of an ε-Lipschitz perturbation
of a square that after smoothing proves the following:

Theorem 3.1. Given any ε > 0, there exists a smooth, convex
domain Ω and a domain Υ that is an ε-small Lipschitz perturbation of Ω
such that the optimal transport taking Ω to Υ is discontinuous.

Proof. Let

Ω := (0, 4)× (−2, 2) and Υ := {(0, 4 + ε/4)× (−2, 2)} \ Γε

where Γε is the interior of the triangle with vertices (ε, 0), (0, 1), and
(0,−1). Notice that Ω and Υ have the same volume and Υ is an ε-Lipschitz
(non-convex) perturbation of Ω. If T = ∇u is the optimal transport taking
Υ to Ω, then from [6, 28], u is a strictly convex Alexandrov solution of

detD2u = 1 in Υ

and of class C∞loc(Υ) ∩ C1(R2).
Let Ω′ and Υ′ be the reflections of Ω and Υ over the lines {x2 = 2}

and {y2 = 2} respectively and T ′ be the optimal transport taking Ω′ to

23
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Υ′. Then, the map S(y) := RT ′(Ry) where R is the reflection over the
line {y2 = 2} (and also over the line {x2 = 2}) is a competing transport
map with equal cost. So S = T ′. Moreover, T ′|Υ = T . It follows that
T ({y2 = 2}) ⊂ {x2 = 2}. Similarly, considering reflections of Ω and Υ
over the lines {x1 = 4} and {y1 = 4 + ε/4} and the lines {x2 = −2} and
{y2 = −2}, reflections of Ω+ := Ω∩{x2 > 0} and Υ+ := Υ∩{y2 > 0} over
the lines {x1 = 0} and {y1 = 0}, and reflections of Ω− := Ω∩{x2 < 0} and
Υ− := Υ∩{y2 < 0} over the lines {x1 = 0} and {y1 = 0}, we deduce that
T = ∇u maps {4+ε/4}× [−2, 2] homeomorphically to {4}× [−2, 2], maps
[0, 4+ε/4]×{±2} homeomorphically to [0, 4]×{±2}, and maps {0}×[1, 2]
and {0} × [−2,−1] homeomorphically to subsegments of {0} × [0, 2] and
{0}× [−2, 0] respectively. Also, by symmetry and restriction, u is strictly
convex on Υ ∩ {y2 ≥ 0} and Υ ∩ {y2 ≤ 0} (see [7]).

There are two possibilities. Either ∇u(∂Υ) = ∂Ω and u is strictly
convex on Υ or some portion (symmetric with respect to the y1-axis) of
the left boundary of Υ will map inside Ω. In particular, in the second
scenario, a symmetric subset of the two segments joining (0, 1), (ε, 0),
and (0,−1) and containing the point (ε, 0) will map to a segment along
X ∩ {x2 = 0}, and the optimal transport ∇u∗, where u∗ is the Legendre
transform of u, taking Ω to Υ will be discontinuous along the segment
joining (0, 0) and (0, tε) where ∇u(ε, 0) = (0, tε).

ε

1

Υ

tε

Ω

∇u∗

∇u

Figure 3.1. Case 2: The optimal transport ∇u∗ splits mass.

Suppose that ∇u(∂Υ) = ∂Ω. Then, taking the partial Legendre
transform of u in the e1-direction (see Theorem 3.9 for more details) and
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setting v = ∂1u
?, we find that
∆v = 0 in Ω

v = h(p) on (0, 4)× {±2}
v = 4 + ε/4 on {4} × (−2, 2)

v = max{0,−ε|x2|+ ε} on {0} × (−2, 2)

.

Here, h is an increasing function such that h(0) = 0 and h(4) = 4 + ε/4.
Consider the harmonic function

b(p, x2) := ε
2

π
<(z log z) + ε+ 2(x2

2 − p2) + 16p

where z = p+ ix2 and <(z log z) denotes the real part of z log z. Observe
that b is an upper barrier for v. Thus, as b(0) = v(0) and b(p, 0)−b(0, 0) <
0 for all p > 0 sufficiently small, we deduce thatˆ p

0

∂1v(t, 0) dt < 0

for all 0 < p� 1. It follows that

∂11u
?(p, 0) = ∂1v(p, 0) < 0

for all sufficiently small p > 0. But this contradicts the convexity of u?

in the e1-direction. �

3.2. C1,α Perturbations

In this section, we extend Theorem 3.1 to small C1,α perturbations,
and prove that this extension is sharp.

Notice that the proof that the optimal transport taking B1 ⊂ R2

to Dε is discontinuous for all ε > 0 sufficient small shows that the
discontinuity of optimal transports is an open condition. More precisely,
by the stability of optimal transports, we have the following lemma:

Lemma 3.2. Let Ω0,Υ0 ⊂ Rn be open, bounded sets and Ωε,Υε ⊂ Rn
be a sequences of open, bounded sets such that

dist(∂Ωε, ∂Ω0) + dist(∂Υε, ∂Υ0)→ 0

as ε→ 0. Let fε and gε be sequences of densities uniformly bounded away
from zero and infinity on Ωε and Υε respectively, satisfying the mass
balance condition ‖fε‖L1(Ωε) = ‖gε‖L1(Υε), and such that fε → f0 and

gε → g0 in L1 as ε→ 0. If the optimal transport ∇u0 taking f0 to g0 is
discontinuous, then there exists an ε0 > 0 such that the optimal transport
∇uε taking fε to gε is discontinuous for all ε < ε0.
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Lemma 3.2 allows us to extend Theorem 3.1 to small C1,α perturba-
tions. In particular, replace the left boundary of the target domain in The-
orem 3.1, which is given by the graph of the function max{0,−ε|y2|+ ε},
with the graph of the function max{0,−ε|y2|1+α + ε}. Then, smooth out
the graph of max{0,−ε|y2|1+α + ε} near y2 = ±1. Now adjust the width
of the lower and upper boundaries of our deformed square so that the
domain has total mass 16. Lemma 3.2 implies that if α = α(ε) > 0 is
sufficiently small, then the optimal transport from our original square to
this new non-convex domain is discontinuous. So after smoothing, we
have the following:

Theorem 3.3. Given any ε > 0, there exists an α = α(ε) > 0, a
smooth, convex domain Ω, and a domain Υ that is an ε-small C1,α pertur-
bation of Ω such that the optimal transport taking Ω to Υ is discontinuous.

That said, C1,α is the borderline topology in which small pertur-
bations can break an optimal transport’s continuity. More precisely,
Theorem 3.3 is sharp in view of Theorem 3.4.

Theorem 3.4. Let Ω be a C1,α domain, Υ be an ε-small C1,α per-
turbation of Ω, and ∇u be the optimal transport taking Ω to Υ. If
ε = ε(α) > 0 is sufficiently small, then ∇u : Ω → Υ is a bi-Hölder
continuous homeomorphism.

Let x = (x0, xn) ∈ Rn−1 × R and BR := {x0 ∈ Rn−1 : |x0| < R} =
BR ∩ {xn = 0}.

Proof. Up to a translation and a rotation, we assume that 0 ∈ ∂X
and {xn = 0} is a supporting plane to X at 0. That is,

X ∩Bρ ⊂ {xn ≥ γ(x0)}, ∂X ∩Bρ = {xn = γ(x0)},

and

γ(0) = ∇γ(0) = 0

where γ ∈ C1,α(Bρ) defines ∂X in Bρ. Up to a translation, we have that
0 ∈ ∂Y . After a shearing (affine) transformation, we may assume that
{yn = 0} is tangent to Y at 0. In particular,

Y ∩Bρ ⊂ {yn ≥ ζ(y0)}, ∂Y ∩Bρ = {yn ≥ ζ(y0)},

and

ζ(0) = ∇ζ(0) = 0
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where ζ ∈ C1,α(Bρ) defines ∂Y in Bρ. By the stability of optimal
transports, up to the addition of a constant, we have that∥∥∥∥u(x)− 1

2
|x|2
∥∥∥∥
L∞(Bρ/8∩{xn≥γ(x0)})

≤ τ

where τ = τ(ε) → 0 as ε → 0. So after quadratically rescaling, i.e.,
considering uh(x) := u(hx)/h2, Xh := X/h, and Yh := Y/h, we find that
(∇uh)#1Xh = 1Yh and∥∥∥∥uh(x)− 1

2
|x|2
∥∥∥∥
L∞(Bρ/8h∩{xn≥γh(x0)})

≤ τ

h2
.

Also,

[∇γh]C0,α(Bρ/h) + [∇ζh]C0,α(Bρ/h) ≤ Chα,
where γh and ζh define the boundaries of Xh and Yh in Bρ/h respectively
and C > 0 is such that [∇γ]C0,α(Bρ) + [∇ζ]C0,α(Bρ) ≤ C. In particular,
γh(x) = γ(hx)/h and ζh(x) = ζ(hx)/h. Now take h > 0 so that Chα ≤ δ.
Next, choose ρ > 0, smaller if needed, so that ρ = 4h. Lastly, take
ε > 0 small enough so that τ/h2 ≤ η. Then, restricting our attention to
C = B1 ∩Xh and K = ∂uh(B1) ∩ Y h, we can apply Theorem 3.5 with
f = 1C and g = 1K to conclude that uh ∈ C1,β(Br ∩ {xn ≥ γh(x0)}).
As 0 represents an arbitrary point on the boundary of X, scaling back
together with a simple covering argument concludes the proof of the
theorem. �

The following theorem, the main ingredient in the proof of Theo-
rem 3.4 above, is a generalization of the ε-regularity theorem at the
boundary for C2 domains proved by Chen and Figalli ([11, Theorem 2.1])
to C1,α domains. Heuristically, since C1,α domains, like C2 domains,
flatten under dilations, we might expect that extending their arguments
to our setting is rather simple. However, in practice, our situation is quite
delicate and some additional details and new ideas must be presented
and developed. That said, for an explanation of any estimate or compu-
tation that does not specifically see the difference between a C2 and C1,α

boundary, we refer the reader to their proof.

Theorem 3.5. Let C and K be two closed subsets of Rn such that

B1/2 ∩ {xn ≥ γ(x0)} ⊂ C ⊂ B2 ∩ {xn ≥ γ(x0)}

and

B1/2 ∩ {yn ≥ ζ(y0)} ⊂ K ⊂ B2 ∩ {yn ≥ ζ(y0)}
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where

(3.1) γ, ζ ∈ C1,α(B4), γ(0) = ζ(0) = 0, and ∇γ(0) = ∇ζ(0) = 0.

Let u be a convex potential such that (∇u)#f = g for two densities f
and g supported on C and K respectively. Given β ∈ (0, 1), there exist
constants r, η, δ > 0, with δ = δ(η) and η = η(α, β, n), such that the
following holds: if

(3.2) [∇γ]C0,α(B4) + [∇ζ]C0,α(B4) ≤ δ,

(3.3) ‖f − 1C‖∞ + ‖g − 1K‖∞ ≤ δ,
and

(3.4)

∥∥∥∥u(x)− 1

2
|x|2
∥∥∥∥
L∞(B1/2∩{xn≥γ(x0)})

≤ η,

then u ∈ C1,β(Br ∩ {xn ≥ γ(x0)}).

In what follows, we let C and c be generic positive constants that
may change from line to line. Their dependencies, if any, will either be
clear from context or explicitly given.

Before proceeding with the proof of Theorem 3.5, let us make a
remark and an associated definition. From the point of view of optimal
transportation, the cost −x · y is the same as −x · y|spt f×spt g. So we
shall often work with the intersection of the subdifferential of our convex
potential with the support of our target measure. In particular, we define

∂∗u(x) := ∂u(x) ∩ spt g and ∂∗u(E) :=
⋃
x∈E

∂∗u(x)

when (∇u)#f = g.

Proof. For clarity’s sake, we divide the proof into several steps.

– Step 1: An initial normalization.

Let

x0 ∈ Br ∩ {xn ≥ γ(x0)} and y0 ∈ ∂∗u(x0).

Thus, using (3.1) and (3.2), we have that

(3.5) y0
n ≥ ζ(y0

0) ≥ −4δ.

Notice that

w(x) := u(x)− 1

2
|x|2 +

1

2
|x− x0|2
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is convex and y0 − x0 ∈ ∂w(x0). Hence, by (3.4), (3.1), and (3.2), we
deduce that for e ∈ Sn−1 such that ∠(e, en) = π/4,

(3.6) (y0 − x0) · e ≤ w(x0 + η1/2e)− w(x0)

η1/2
≤ 5

2
η1/2

provided that r + η1/2 < 1/2. The same estimate holds with e = en. If
x0
n − γ(x0

0) ≥ η1/2, then x0 − η1/2en ∈ B1/2 ∩ {xn ≥ γ(x0)}. So using w
as before, we find that

(y0 − x0) · (−en) ≤ 5

2
η1/2.

If, on the other hand, x0
n − γ(x0

0) < η1/2, then

(y0 − x0) · (−en) ≤ η1/2 + (4 + r)δ ≤ C(η1/2 + δ),

recalling (3.5) and noticing that |γ(x0
0)| ≤ δr by (3.1) and (3.2). As every

θ ∈ Sn−1 can be written as a linear combination of ±en and some e such
that ∠(e, en) = π/4 with positive coefficients, it follows that

(3.7) |y0 − x0| ≤ C(η1/2 + δ).

First, consider the change of variables

x̂ := x− x0 and ŷ := y − y0.

Notice that

γ̂(x̂0) := γ(x̂0 + x0
0)− x0

n and ζ̂(ŷ0) := ζ(ŷ0 + y0
0)− y0

n

define the lower boundaries of Ĉ := C − x0 and K̂ := K − y0 respectively
and, by (3.1), (3.2), and (3.7),

0 ≥ ζ̂(0) > −C(η1/2 + δ).

Furthermore, using (3.4) and (3.7), we have that∥∥∥∥û(x̂)− 1

2
|x̂|2
∥∥∥∥
L∞(B5/12∩{x̂n≥γ̂(x̂0)})

≤ C(η1/2 + δ)

where

û(x̂) := u(x)− u(x0)− y0 · (x− x0).

Also, defining f̂(x̂) := f(x̂ + x0) and ĝ(ŷ) := g(ŷ + y0), it is clear that

(∇û)#f̂ = ĝ.

– Case 1: x0 ∈ {xn = γ(x0)}.
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Let R be the rotation matrix that makes the tangent line to Ĉ at 0
(which is on the lower boundary of Ĉ) horizontal and consider the change
of coordinates

x̄ := Rx̂ and ȳ := (R∗)−1ŷ.

By (3.1) and (3.2), we see that |∇γ̂(0)| ≤ δrα. Therefore, the angle
defining R is smaller than δrα. So letting γ̄ and ζ̄ define the lower
boundaries of C̄ := RĈ and K̄ := (R∗)−1K̂ respectively, it follows that

[∇γ̄]C0,α(B3) + [∇ζ̄]C0,α(B3) ≤ Cδ

and

0 ≥ ζ̄(0) > −C(η1/2 + δ).

Furthermore, letting

ū(x̄) := û(R−1x̄), f̄(x̄) := f̂(R−1x̄), and ḡ(ȳ) := ĝ(R∗ȳ),

we have that∥∥∥∥ū(x̄)− 1

2
|x̄|2
∥∥∥∥
L∞(B5/12∩{x̄n≥γ̄(x̄0)})

≤ C(η1/2 + δ)

and (∇ū)#f̄ = ḡ.
Finally, define the change of variables

x̌ := Nx̄ and y̌ := (N∗)−1ȳ

with

Nz̄ := z̄ + (∇ζ̄(0), 0)z̄n.

If we let γ̌ and ζ̌ define the lower boundaries of Č := N C̄ and Ǩ :=
(N∗)−1K̄ respectively, then

∇γ̌(0) = ∇ζ̌(0) = 0.

Moreover,

[∇γ̌]C0,α(B3) + [∇ζ̌]C0,α(B3) ≤ Cδ.
Also, note that

|N − Id | ≤ Cδ
provided η, δ, and r are sufficiently small.

– Case 2: x0 ∈ {xn > γ(x0)}.

From (3.1) and (3.2), we see that the angle between the x̂n-axis and
the line through the origin that meets {x̂n = γ̂(x̂0)} orthogonally is at
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most 4δ. So let R be the rotation matrix that makes this line vertical
and consider the change of coordinates

x̌ := Rx̂ and y̌ := (R∗)−1ŷ.

Then,

[∇γ̌]C0,α(B3]) + [∇ζ̌]C0,α(B3) ≤ Cδ

where γ̌ and ζ̌ define the lower boundaries of Č := RĈ and Ǩ := (R∗)−1K̂
respectively.

In summary, if we define the potential

ǔ(x̌) := ū(N−1x̌) or ǔ(x̌) := û(R−1x̌)

and the densities

f̌(x̌) := f̄(N−1x̌) and ǧ(y̌) := ḡ(N∗y̌)

or

f̌(x̌) := f̂(R−1x̌) and ǧ(y̌) := ĝ(R∗y̌)

depending on whether we are in Case 1 or Case 2, then

(∇ǔ)#f̌ = ǧ,

and provided that r, δ, and η are sufficiently small,

B1/3 ∩ {x̌n ≥ γ̌(x̌0)} ⊂ Č ⊂ B3 ∩ {x̌n ≥ γ̌(x̌0)}

and

B1/3 ∩ {y̌n ≥ ζ̌(ŷ0)} ⊂ Ǩ ⊂ B3 ∩ {y̌n ≥ ζ̌(y̌0)}
with

[∇γ̌]C0,α(B3) + [∇ζ̌]C0,α(B3) ≤ δ̌.
If x0

n = γ(x0
0), then

γ̌(0) = 0, −(η̌ + δ̌) ≤ ζ̌(0) ≤ 0, and ∇γ̌(0) = ∇ζ̌(0) = 0;

where as if x0
n > γ(x0

0), then

−r < γ̌(0) ≤ 0, −(η̌ + δ̌ + r) < ζ̌(0) ≤ 0, ∇γ̌(0) = 0,

and

|∇ζ̌(0)| ≤ δ̌.
Furthermore,

(3.8)

∥∥∥∥ǔ(x̌)− 1

2
|x̌|2
∥∥∥∥
L∞(B1/3∩{x̌n≥γ̌(x̌0)})

≤ η̌,
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and by (3.3),

‖f̌ − 1Č‖∞ + ‖ǧ − 1Ǩ‖∞ ≤ δ̌.
Here, δ̌ → 0 as δ → 0 and η̌ → 0 as η1/2 + δ → 0.

– Step 2: Finding and estimating a smooth approximation of ǔ.

We begin with an important lemma.

Lemma 3.6. Let C and K be two closed subsets of Rn such that

B1/R ∩ {xn ≥ γ(x0)} ⊂ C ⊂ BR ∩ {xn ≥ γ(x0)}
and

B1/R ∩ {yn ≥ ζ(y0)} ⊂ K ⊂ BR ∩ {yn ≥ ζ(y0)}
where γ and ζ are of class C1,α(BR) and such that

− 1

R3
≤ γ(0), ζ(0) ≤ 0 and |∇γ(0)|, |∇ζ(0)| ≤ δ.

Let
lγ := |γ(0)|+ |∇γ(0)|R+ [∇γ]C0,α(BR)R

2

and
lζ := |ζ(0)|+ |∇ζ(0)|R+ [∇ζ]C0,α(BR)R

2,

and define

C+ := C ∪ (B1/R ∩ {xn ≥ −lγ}) and K+ := K ∪ (B1/R ∩ {yn ≥ −lζ}).
Suppose u is a convex function such that (∇u)#f = g for two densities
f and g supported on C and K respectively. Set λ > 0 be such that
|C+| = |λK+|, where λK+ denotes the dilation of K+ with respect to
the origin, and let v be a convex function such that v(0) = u(0) and
(∇v)#1C+ = 1λK+ . In addition, let u∗ and v∗ be such that u∗(0) = v∗(0),
(∇u∗)#g = f , and (∇v∗)#1λK+ = 1C+ . Then, there exists a nonnegative,
increasing function ω = ω(δ), depending on R, such that ω(δ) ≥ δ,
ω(0+) = 0, and the following holds: if

[∇γ]C0,α(BR) + [∇ζ]C0,α(BR) ≤ δ
and

‖f − 1C‖+ ‖g − 1K‖ ≤ δ,
then

‖u− v‖L∞(B1/R∩C) + ‖u∗ − v∗‖L∞(B1/R2∩K) ≤ ω(δ).

Proof of Lemma 3.6. The proof is identical to the proof of [11,
Lemma 4.1]. �
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Choose λ > 0 such that |Č+| = |λǨ+|, where Č+ and Ǩ+ are defined as
in Lemma 3.6, and let v̌ be a convex function such that (∇v̌)#1Č+ = 1λǨ+

and v̌(0) = ǔ(0) = 0. By Lemma 3.6,

(3.9) ‖ǔ− v̌‖L∞(B1/3∩{x̌n≥γ̌(x̌0)}) ≤ ω(δ̌).

Define Č′+ to be the reflection of Č+ over the hyperplane {x̌n = −lγ̌}
and (λǨ+)′ to be the reflection of λǨ+ over the hyperplane {y̌n = −λlζ̌}.
If ∇v̌′ the optimal transport taking 1Č′+

to 1(λǨ+)′ , then, by symmetry,

∇v̌′|Č+ = ∇v̌. Also,

(3.10) ∇v̌′({x̌n = −lγ̌}) ⊂ {y̌n = −λlζ̌}.

Without loss of generality, v̌′(0) = v̌(0) = 0. Therefore, by (3.8) and
(3.9), it follows that∥∥∥∥v̌′(x̃)− 1

2
|x̌|2
∥∥∥∥
L∞(B1/3∩{x̌n≥γ̌(x̌0)})

≤ η̌ + ω(δ̌).

Then, by symmetry and the convexity of v̌′, we deduce that∥∥∥∥v̌′(x̃)− 1

2
|x̌|2
∥∥∥∥
L∞(B1/6)

≤ C0(η̌ + ω(δ̌) + |γ̌(0)|+ |∇γ̌(0)|+ |ζ̌(0)|+ |∇ζ̌(0)|).
(3.11)

So provided η̌, δ̌, and r are sufficiently small (recall the lines just before
(3.8)), arguing as in [19, Theorem 4.3, Step 1], we have that

(3.12) detD2v̌′ = 1 in B1/7,

in the Alexandrov sense, and v̌′ is uniformly convex and smooth inside
B1/8. In particular,

(3.13) ‖v̌′‖C3(B1/8) ≤ C1 and
1

C1
Id ≤ D2v̌′ ≤ C1 Id in B1/8.

Moreover,

(3.14) Zv̌′(h) := {x̌ : v̌′(x̌) ≤ ∇v̌′(0) · x̌+ h} b B1/9 ∀h ≤ ȟ

where ȟ > 0 is a small constant.
From now on, we will not distinguish v̌′ and v̌.
Let us estimate ∇v̌(0) and D2v̌(0). Arguing as we did to prove (3.7),

considering the convex function

w̌(x̌) := ǔ(x̌)− v̌(x̌) +
C1

2
|x̌|2,
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we deduce that

(3.15) |∇v̌(0)| ≤ C2ω(δ̌)1/2.

By (3.10), ∂nv̌ is constant on {x̌n = −lγ̌}, from which we infer that

(3.16) ∂inv̌|{x̌n=−lγ̌} ≡ 0 ∀i = 1, . . . , n− 1.

Also, using (3.13), we find that

(3.17) |∂ij v̌(0)− ∂ij v̌(0,−lγ̌)| ≤ C1lγ̌ .

– Step 3: Estimating the eccentricity of ǔ.

Let
A := [D2v̌(0)]−1/2.

Taylor expanding v̌ around the origin, recalling that v̌(0) = ǔ(0) = 0, and
using (3.9), (3.13), and (3.15), we see that∥∥∥∥ǔ(x̌)− 1

2
|A−1x̌|2

∥∥∥∥
L∞(AB

(16h)1/2∩{x̌n≥γ̌(x̌0)})

≤ ω(δ̌) + 4C
1/2
1 C2ω(δ̌)1/2h1/2 + 64C

5/2
1 h3/2

≤ 1

2
η̌h

(3.18)

first choosing h and then choosing δ̌ also sufficiently small depending on
η̌. Similarly, first choosing h and then choosing δ̌ also sufficiently small
depending on η̌, we find that∥∥∥∥ǔ∗(y̌)− 1

2
|Ay̌|2

∥∥∥∥
L∞(A−1B

(16h)1/2∩{y̌n≥ζ̌(y̌0)})
≤ 1

2
η̌h.

Now notice that the sections of ǔ and v̌ appropriately restricted are
comparable if δ̌ is sufficiently small. In particular, choose h ≤ 2ȟ/3 and
take δ̌ small enough so that (C2 +1)ω(δ̌)1/2 ≤ h/2. Then, recalling (3.14),
we have that

Zv̌(h/2) ∩ {x̌n ≥ γ̌(x̌0)} ⊂ Sǔ(h)

⊂ Zv̌(3h/2) ∩ {x̌n ≥ γ̌(x̌0)} b B1/9

(3.19)

where
Sǔ(h) := {x̌ ∈ Č : ǔ(x̌) ≤ h}.

Furthermore, using (3.13), we deduce that

E(h) ⊂ Zv̌(h+ C1(2C1h)3/2) and Zv̌(h) ⊂ E(h+ C1(2C1h)3/2)
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where

E(h) :=

{
x̌ :

1

2
D2v̌(0)x̌ · x̌ < h

}
= AB(2h)1/2 .

Hence, (3.19) implies that

(3.20) AB(h/7)1/2 ∩ {x̌n ≥ γ̌(x̌0)} ⊂ Sǔ(h) ⊂ AB(7h)1/2 ∩ {x̌n ≥ γ̌(x̌0)}

if δ̌ and h are small enough. In addition, arguing as in the proof of [19,
Theorem 4.3], we see that

A−1B(h/7)1/2 ∩ {y̌n ≥ ζ̌(y̌0)} ⊂ ∂∗ǔ(Sǔ(h))

⊂ A−1B(7h)1/2 ∩ {y̌n ≥ ζ̌(y̌0)},
(3.21)

provided that δ̌ and h are sufficiently small.

– Case 1: x0 ∈ {xn = γ(x0)}, i.e., γ̌(0) = 0.

– Step 4.1: A change of variables.

Recalling that A is symmetric, detA = 1, C
−1/2
1 Id ≤ A ≤ C

1/2
1 ,

(3.16), and (3.17), a simple computation shows that there exists a matrix
M such that

detM = 1,

the matrix M−1A−1 is symmetric,

(M−1A−1)ni = (M−1A−1)in = 0 ∀i = 1, . . . , n− 1,

and

|M − Id | ≤ C3δ̌.

(In this case, the δ̌ factor comes from the Hölder semi-norm of the gradient
of γ̌ only.) Now consider the change of variables

x̃ =
1

h1/2
M−1A−1x̌ and ỹ :=

1

h1/2
M∗Ay̌.

Let

u1(x̃) :=
1

h
ǔ(h1/2AMx̃)

and set

C1 := Su1(1) and K1 := ∂∗u1(Su1(1)).

As detM = detA = 1, we deduce that

(∇u1)#f1 = g1
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with

f1(x̃) := f̌(h1/2AMx̃)1C1 and g1(ỹ) := ǧ(h1/2A−1(M∗)−1ỹ)1K1
.

Then, from (3.20), (3.21), and our estimate on M ,

B1/3 ∩ {x̃n ≥ γ1(x̃0)} ⊂ C1 ⊂ B3 ∩ {x̃n ≥ γ1(x̃0)}

and

B1/3 ∩ {ỹn ≥ ζ1(ỹ0)} ⊂ K1 ⊂ B3 ∩ {ỹn ≥ ζ1(ỹ0)}.
Additionally,

γ1(0) = 0,
1

C4h1/2
|ζ̌(0)| ≤ |ζ1(0)| ≤ C4

h1/2
|ζ̌(0)|,

∇γ1(0) = ∇ζ1(0) = 0, and [∇γ1]C0,α(B3) + [∇ζ1]C0,α(B3) ≤ c0δ̌ =: δ1

for c0 < 1, choosing h and δ̌ small enough so that C4h
α/2 � 1.

– Step 5.1: An iteration scheme.

In order run Steps 2 through 4.1 on u1, C1, K1, γ1, ζ1, f1, and g1, we
need to ensure two things: 1. that the hypotheses of Lemma 3.6 and 2.
that we can ensure the regularity of the convex potential v1 we would
produce after applying Lemma 3.6.

So long as |ζ1(0)| ≤ 1/27, 1. is satisfied.
Now let us move to understanding point 2. By (3.18),∥∥∥∥u1(x̃)− 1

2
|Mx̃|2

∥∥∥∥
L∞(M−1B4∩{x̃n≥γ1(x̃0)})

≤ 1

2
η̌,

from which, using our estimate on M , we find that

(3.22)

∥∥∥∥u1(x̃)− 1

2
|x̃|2
∥∥∥∥
L∞(B3∩{x̃n≥γ1(x̃0)})

≤ 1

2
η̌ + C5δ̌ ≤ η̌.

Applying Lemma 3.6 and arguing as before, (3.11) becomes

(3.23)

∥∥∥∥v1(x̃)− 1

2
|x̃|2
∥∥∥∥
L∞(B1/6)

≤ C0(η̌ + ω(δ̌) + |ζ1(0)|).

Let ρ ≤ 1/27 is the largest replacement for |ζ1(0)| in (3.23) that
permits (3.12) with v1 replacing ṽ′. In order to continue with Step 2, we
need that

|ζ1(0)| ≤ ρ.
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Notice that if we decrease η̌ (and then necessarily δ̌), we can increase ρ.
In particular, we can ensure that

(3.24) ρ� η̌1/2 + δ̌.

So provided that η̌, δ̌, and r are sufficiently small to guarantee 1., we
can indeed continue and find A1 and M1 and define u2, C2, K2, γ2, ζ2,
f2, and g2. Notice that the only differences between this family and its
predecessor is that |ζ2(0)| will increase:

1

C4h1/2
|ζ1(0)| ≤ |ζ2(0)| ≤ C4

h1/2
|ζ1(0)|

and the Hölder semi-norm of the lower boundaries of C2 and K2 will
decrease:

[∇γ2]C0,α(B3) + [∇ζ2]C0,α(B3) ≤ c0δ1 = c20δ̌.

Hence, if |ζ2(0)| ≤ ρ, then we can repeat our procedure again and iterate
further.

Suppose ζ̌(0) 6= 0, i.e., y0 /∈ {yn = ζ(y0)}. Then, there will be a first
time k ≥ 2 at which

|ζk(0)| > ρ,

and we can no longer continue our iterative procedure. That said, recalling
how we proved (3.22), we have that∥∥∥∥uk(x̃)− 1

2
|x̃|2
∥∥∥∥
L∞(B3∩{x̃n≥γk(x̃0)})

≤ η̌.

Consequently,

∂uk(x̃) ⊂
{
ỹn ≥ −4δ̌ − 5

2
η̌1/2

}
for all x̃ ∈ {x̃n ≥ γk(x̃0) + η̌1/2} ∩ Ck (cf. (3.6)). On the other hand,

|Ck \ {x̃n ≥ γk(x̃0) + η̌1/2}| ≤ Cη̌1/2

and, recalling (3.24),∣∣∣∣Kk \{yn ≥ −4δ̌ − 5

2
η̌1/2

}∣∣∣∣ ≥ c(ρ− 8δ̌ − 5

2
η̌1/2

)
> 0.

But if δ̌ and η̌ are sufficiently small, these two inequalities together violate
the transport condition (∇uk)#fk = gk (again, recall (3.24)).

As ζ̌(0) = 0 (that is, y0 ∈ {yn = ζ(y0)}), we can iterate indefinitely.
In turn, for all k ≥ 1, we have determinant one matrices Ak and Mk such
that

1

C4
Id ≤ AkMk ≤ C4 Id
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and

DkBhk/2/71/2 ∩ {x̃n ≥ γ1(x̃0)} ⊂ Su1(hk) ⊂ DkB71/2hk/2 ∩ {x̃n ≥ γ1(x̃0)}

where Dk := A1M1 · · ·Ak−1Mk−1Ak. Hence, for all k ≥ 1,

B(h1/2/3C4)k ∩ {x̃n ≥ γ1(x̃0)} ⊂ Su1
(hk) ⊂ B(3C4h1/2)k ∩ {x̃n ≥ γ1(x̃0)}.

Thus, fixing β ∈ (0, 1) and then choosing h sufficiently small and d :=
h1/2/3C4, it follows that

‖u1‖L∞(B
dk
∩{x̃n≥γ1(x̃0)}) ≤ d(1+β)k.

Since x0 was an arbitrary point on Br ∩ {xn = γ(x0)}, we have that
u ∈ C1,β(Br ∩ {xn = γ(x0)}).

– Case 2: x0 ∈ {xn > γ(x0)}.

– Step 4.2: A change of variables.

Notice that in Case 1, we showed that

∂u(Br∩{xn = γ(x0)}) = ∇u(Br∩{xn = γ(x0)}) ⊂ B1/2∩{yn = ζ(y0)}.

By duality, that is, considering inverse transport ∇u∗, it follows that

(3.25) ∂u(Br ∩ {xn > γ(x0)}) ⊂ B1/2 ∩ {yn > ζ(y0)}.

Just as before, we find a determinant one matrix M such that the
matrix M−1A−1 is symmetric and has eigenvectors {e1, . . . , en−1, en} for
which en · ei = 0 for all i = 1, . . . , n− 1. However, now that γ̌(0) 6= 0, we
find that

(3.26) |M − Id | ≤ C3(|γ̌(0)|+ δ̌) < C3(|γ̌(0)|+ 2δ̌) < C3(ρ+ δ̌).

If we define γ1 and ζ1 as we did in Step 4.1, then

|∇ζ1(0)| ≤ C6|∇ζ̌(0)|.

There are two subcases two consider: 1. C6 ≤ 1 and 2. C6 > 1.
In Subcase 1, we consider the same change of variables as we did in

Step 4.1. Then, from (3.20), (3.21), and construction,

B1/3 ∩ {x̃n ≥ γ1(x̃0)} ⊂ C1 ⊂ B3 ∩ {x̃n ≥ γ1(x̃0)}

and

B1/3 ∩ {ỹn ≥ ζ1(ỹ0)} ⊂ K1 ⊂ B3 ∩ {ỹn ≥ ζ1(ỹ0)}
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provided the right-hand side of (3.26) is sufficiently small. Additionally,

1

C7h1/2
|γ̌(0)| ≤ |γ1(0)| ≤ C7

h1/2
|γ̌(0)|,

1

C7h1/2
|ζ̌(0)| ≤ |ζ1(0)| ≤ C7

h1/2
|ζ̌(0)|,

∇γ1(0) = 0, |∇ζ1(0)| ≤ δ̌,
and

(3.27) [∇γ1]C0,α(B3) + [∇ζ1]C0,α(B3) ≤ c1δ̌
for c1 � 1, taking h smaller.

In Subcase 2, we additionally apply a shearing transformation L∗ to
swap which side has a horizontal tangent at 0 for the function defining the
lower boundary. More precisely, there exists a shearing transformation L
so that

∇ζ1(0) = 0 and |L− Id | ≤ C6δ̌,

defining

ỹ :=
1

h1/2
L∗M∗Ay̌

and letting ζ1 : B3 → R be such that

{ỹn ≥ ζ1(ỹ0)} =
1

h1/2
L∗M∗A{y̌n ≥ ζ̌(y̌0)}.

So considering the change of variables

x̃ :=
1

h1/2
L−1M−1A−1x̌ and ỹ :=

1

h1/2
L∗M∗Ay̌,

we define

u1(x̃) :=
1

h
ǔ(h1/2AMLx̃)

and set
C1 := Su1

(1) and K1 := ∂∗u1(Su1
(1)).

As detL = detM = detA = 1, we deduce that

(∇u1)#f1 = g1

with
f1(x̃) := f̌(h1/2AMLx̃)1C1

and
g1(ỹ) := ǧ(h1/2A−1(M∗)−1(L∗)−1ỹ)1K1

.

From (3.20), (3.21), and our estimates on M and L,

B1/3 ∩ {x̃n ≥ γ1(x̃0)} ⊂ C1 ⊂ B3 ∩ {x̃n ≥ γ1(x̃0)}
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and
B1/3 ∩ {ỹn ≥ ζ1(ỹ0)} ⊂ K1 ⊂ B3 ∩ {ỹn ≥ ζ1(ỹ0)}.

Additionally,
1

C8h1/2
|γ̌(0)| ≤ |γ1(0)| ≤ C8

h1/2
|γ̌(0)|,

1

C8h1/2
|ζ̌(0)| ≤ |ζ1(0)| ≤ C8

h1/2
|ζ̌(0)|,

|∇γ1(0)| ≤ δ̌, ∇ζ1(0) = 0,

and
[∇γ1]C0,α(B3) + [∇ζ1]C0,α(B3) ≤ c1δ̌

where for the inequality |∇γ1(0)| ≤ δ̌, we have used (3.27).

– Step 5.2: An iteration scheme.

In order run Steps 2 through 4.2 on u1, C1, K1, γ1, ζ1, f1, and g1, like
before, we need to ensure two things: 1. that the hypotheses of Lemma 3.6
and 2. that we can ensure the regularity of the convex potential v1 we
would produce after applying Lemma 3.6.

So long as |γ1(0)|, |ζ1(0)| ≤ 1/27, 1. is satisfied.
Now let us move to understanding point 2. By (3.18),∥∥∥∥u1(x̃)− 1

2
|MLx̃|2

∥∥∥∥
L∞(L−1M−1B4∩{x̃n≥γ1(x̃0)})

≤ 1

2
η̌,

from which, using our estimates on M and L, we find that∥∥∥∥u1(x̃)− 1

2
|x̃|2
∥∥∥∥
L∞(B3∩{x̃n≥γ1(x̃0)})

≤ η̌ + C9|γ̌(0)|.

Applying Lemma 3.6 and arguing as before, (3.11) becomes∥∥∥∥v1(x̃)− 1

2
|x̃|2
∥∥∥∥
L∞(B1/6)

≤ C0(η̌ + ω(δ̌) + C9|γ̌(0)|+ |γ1(0)|+ |ζ1(0)|+ δ̌)

≤ C̃0(η̌ + ω(δ̌) + |γ̌(0)|+ |γ1(0)|+ |ζ1(0)|).
In this case, we need

|γ̌(0)|+ |γ1(0)|+ |ζ1(0)| ≤ ρ

to proceed, decreasing ρ to account for the larger factor C̃0. Recall that

(3.28) ρ� η̌1/2 + δ̌.
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Hence, if η̌, δ̌, and r are sufficiently small, we can indeed continue and
find A1 a symmetric, determinant one matrix such that

1

C
1/2
1

Id ≤ A1 ≤ C1/2
1 Id,

A1B(h/7)1/2 ∩ {x̃n ≥ γ1(x̃0)} ⊂ Su1
(h)

⊂ A1B(7h)1/2 ∩ {x̃n ≥ γ1(x̃0)},
A−1

1 B(h/7)1/2 ∩ {ỹn ≥ ζ1(ỹ1)} ⊂ ∂∗u1(Su1
(h))

⊂ A−1
1 B(7h)1/2 ∩ {ỹn ≥ ζ1(ỹ0)},

and ∥∥∥∥u1(x̃)− 1

2
|A−1

1 x̃|2
∥∥∥∥
L∞(A1B(16h)1/2∩{x̃n≥γ1(x̃0)})

+

∥∥∥∥u∗1(ỹ)− 1

2
|A1ỹ|2

∥∥∥∥
L∞(A−1

1 B
(16h)1/2∩{ỹn≥ζ1(ỹ0)})

≤ η̌h.
Using the same construction as before, we build M1 and if needed L1

(this time however L1 will make the tangent plane at 0 to lower boundary
of the source horizontal and the tangent plane at 0 to the lower boundary
of the target smaller than δ̌) and define u2, C2, K2, γ2, ζ2, f2, and g2.
Now

|M1 − Id | ≤ C3(|γ1(0)|+ 2δ̌) < C3(ρ+ δ̌),

[∇γ2]C0,α(B3) + [∇ζ2]C0,α(B3) ≤ c21δ̌,
1

C8h1/2
|γ1(0)| ≤ |γ2(0)| ≤ C8

h1/2
|γ1(0)|,

and
1

C8h1/2
|ζ1(0)| ≤ |ζ2(0)| ≤ C8

h1/2
|ζ1(0)|.

Continuing, there will be a first time k ≥ 2 when

2(|ζk(0)|+ |γk(0)|) ≥ |γk−1(0)|+ |γk(0)|+ |ζk(0)| > ρ.

At this point, we go back to uk−1 and consider

ũ(x̃) :=
1

h
uk−1(h1/2Ak−1x̃)

(and, correspondingly, C̃, K̃, γ̃, and ζ̃) rather than uk, forgetting about
Mk−1 and Lk−1. Notice that

B1/3 ∩ {x̃n ≥ γ̃(x̃0)} ⊂ C1 ⊂ B3 ∩ {x̃n ≥ γ̃(x̃0)},
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B1/3 ∩ {ỹn ≥ ζ̃(ỹ0)} ⊂ K1 ⊂ B3 ∩ {ỹn ≥ ζ̃(ỹ0)},
and ∥∥∥∥ũ(x̃)− 1

2
|x̃|2
∥∥∥∥
L∞(B3∩{x̃n≥γ̃(x̃0)})

+

∥∥∥∥ũ∗(ỹ)− 1

2
|ỹ|2
∥∥∥∥
L∞(B3∩{ỹn≥ζ̃(ỹ0)})

≤ η̌.

(3.29)

Moreover,

C(|γ̃(0)|+ |ζ̃(0)|) ≥ |γk(0)|+ |ζk(0)|.
Hence, using (3.29), arguing as we did to prove (3.7), (3.25), and recalling
that (3.28), we deduce that

Bcρ ⊂ C̃ and Bcρ ⊂ K̃.

So we are in an interior situation, and taking η̌ (and also δ̌) sufficiently
small depending on ρ, we can apply the arguments of [19, Theorem 4.3]
to conclude that u ∈ C1,β(x0). As x0 ∈ Br ∩ {xn > γ(x0)} was arbitrary,
the theorem holds. �

3.3. Optimal Transport on Rectangles

In this chapter, we investigate the following question: given two
densities f, g ∈ C∞(Q) bounded away from zero and satisfying the mass
balance condition ‖f‖L1(Q) = ‖g‖L1(Q) where Q := (0, 1)× (0, 1), is the

optimal transport T taking f to g of class C∞(Q)?
Set

Γb := (0, 1)× {0}, Γt := (0, 1)× {1},

Γl := {0} × (0, 1), and Γr := {1} × (0, 1).

In what follows, we let C be a generic positive constant; it may change
from line to line, and its dependences, if any, will either be clear from
context or explicitly given.

First, notice that T ∈ C∞loc(Q) ∩ C0,σ(Q) for some σ < 1 (see [6, 7]).
So to start, we show, taking advantage of the reflection symmetries of
Q, that the non-uniform convexity of Q does not prohibit C2,α-regularity
given α-Hölder continuous densities on Q bounded away from zero. In
other words, the symmetries of Q allow us to recover the same regularity
up to the boundary of our transport as we would had our source and
target domains been uniformly convex. (See [8].)
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Lemma 3.7. Let f, g ∈ C0,α(Q) be bounded away from zero and
satisfy the mass balance condition ‖f‖L1(Q) = ‖g‖L1(Q). The optimal

transport T is a diffeomorphism of class C1,α(Q). Moreover, T maps
each segment of the boundary of Q diffeomorphically to itself.

Proof. First, by [7], T : Q→ Q is a bi-Hölder continuous homeo-
morphism. Now set

Q′′ := (−1, 1)× (−1, 1),

and let f ′′ be the even reflection of f around the origin to Q′′:

f ′′(x) :=


f(x1, x2) in [0, 1]× [0, 1]

f(x1,−x2) in [0, 1]× (0,−1]

f(−x1, x2) in [−1, 0)× [0, 1]

f(−x1,−x2) in [−1, 0)× (0,−1].

Also, let g′′ be the even reflection of g around the origin to Q′′. By
construction, f ′′ and g′′ are of class C0,α(Q′′); and so, T ′′ ∈ C1,α(B3/4),
by [6], where T ′′ is the optimal transport taking f ′′ to g′′. By symmetry,
T ′′([−1, 1]× {0}) = [−1, 1]× {0}, T ′′({0} × [−1, 1]) = {0} × [−1, 1], and
the restriction of T ′′ to Q is T , the optimal transport taking f to g. It
follows that T ∈ C1,α(B3/4 ∩Q). The lemma then follows after similarly
reflecting f and g evenly around the points (1, 0), (0, 1), and (1, 1). �

Remark 3.8. We can also see that T = ∇u maps each segment of
the boundary of Q to itself and fixes the corners of Q via a local argument.
If, say, ∇u(x) ∈ Γr for some x ∈ Γb, then ∇u(`x) ⊂ Γr for some `x non-
empty subsegment of Γb containing x (possibly as an endpoint). Thus,
∂1u(·, 0) is constant on `x, or, equivalently, u|`x is linear. However, this
contradicts the strict convexity of u along the boundary of Q given by
[7]. Finally, ∇u(x) /∈ Γt for any x ∈ Γb by the monotonicity of ∇u.

As we are working in two dimensions, rather than consider a Monge–
Ampère equation, we can instead consider a quasi-linear, uniformly elliptic
equation for the partial Legendre transform u? of u; and after absorbing
the coefficients’ dependences on u? at the expense of their regularity, we
can consider a linear, uniformly elliptic equation. This observation will
play a key role in answering our question.

Theorem 3.9. Let f, g ∈ C1,α(Q) be bounded away from zero and
satisfy the mass balance condition ‖f‖L1(Q) = ‖g‖L1(Q). The optimal

transport T is a diffeomorphism of class C2,α(Q). Moreover, T maps
each segment of the boundary of Q diffeomorphically to itself.
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Proof. By Lemma 3.7, given any f and g of class C1,α(Q) bounded
away from zero, any convex potential u of the optimal transport T taking
f to g is C2,α(Q). Moreover, because T maps each segment of the
boundary of Q to itself, we see that ∂νu = 0 on Γb ∪ Γl and ∂νu = 1 on
Γt ∪ Γr. In particular, ∇u(0) = 0. Hence,

(3.30)


detD2u = f/g(∇u) in Q

∂νu = 0 on Γb ∪ Γl

∂νu = 1 on Γt ∪ Γr.

Furthermore, u is uniformly convex as f/g > 0. In other words,

(3.31) 0 <
1

C
≤ ∂iiu(x) ≤ C ∀x ∈ Q.

Now let u? be the partial Legendre transform of u in the e1-direction:

u?(p, x2) := sup
x1∈Qx2

{px1 − u(x1, x2)}.

Here, Qx2
is the horizontal slice of Q at height x2. Notice that the point

x1 = X1(p, x2) where this supremum is attained is characterized by the
equation

(3.32) ∂1u(X1(p, x2), x2) = p.

Since u(·, x2) is strictly convex and of class C1(Qx2
), we have that

∂1u(·, x2) is injective and (3.32) is uniquely solvable given a pair (p, x2) ∈
Q. The map (x1, x2) 7→ (∂1u(x1, x2), x2) takes Q to Q as T = ∇u maps
Q to Q. Recall that the first partial derivatives of u? are related to the
first partial derivatives of u by the equations

∂1u
?(p, x2) = X1(p, x2) and ∂2u

?(p, x2) = −∂2u(X1(p, x2), x2),

while the pure second partial derivatives of u? are related to the pure
second partial derivatives of u by the equations

∂11u
?(p, x2) =

1

∂11u(X1(p, x2), x2)

and

∂22u
?(p, y) =

[
(∂12u)2

∂11u
− ∂22u

]
(X1(p, x2), x2).
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Therefore, using (3.30), (3.31), and (3.32), it follows that

(3.33)


f(∂1u

?, x2)∂11u
? + g(p,−∂2u

?)∂22u
? = 0 in Q

∂νu
? = 0 on Γb ∪ Γl

∂νu
? = 1 on Γt ∪ Γr.

Applying Proposition 3.10 to v = u?, a1 = a1(p, x2) = f(∂1u
?(p, x2), x2),

and a2 = a2(p, x2) = g(p,−∂2u
?(p, x2)), we see that u? is of class

C3,α(Q3/4). By symmetry, we can treat each corner as the origin; it

follows that ‖u?‖C3,α(Q) ≤ C.

Finally, as u is uniformly convex ((3.31)), u and u? have the same
regularity on the closure of Q. �

Let Qr := (0, r)× (0, r) = rQ.

Proposition 3.10. Let v ∈ C(Q) be such that ‖v‖L∞(Q) ≤ 1 and{
tr(AD2v) = 0 in Q

∂νv = 0 on Γb ∪ Γl

where

λ Id ≤ A := diag(a1, a2) ≤ Λ Id .

If ‖A‖C1,α(Q) ≤ Λ, then

‖v‖C3,α(Q3/4) ≤ C

for some constant C = C(λ,Λ, α) > 0.

Proof. Up to a diagonal transformation, we can assume that ai(0) =
1 for i = 1, 2. Then, up to zeroth order scaling, i.e., considering vr(x) :=
v(rx) and Ar(x) := A(rx), we can assume that

‖A− Id ‖C1,α(Q) ≤ ε

for some ε > 0 that will be chosen.
Let P be a degree three polynomial such that

∂1P (0, ·) = ∂2P (·, 0) ≡ 0.

Then, P takes the form

P (x) = p0 + p2,1x
2
1 + p2,2x

2
2 + p3,1x

3
1 + p3,2x

3
2.

Set

‖P‖ := max
m,j
|pm,j |.
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Taylor expanding A around the origin, we see that

tr(AD2P ) = P̂ + h

where P̂ is a degree one polynomial with coefficients

(3.34)


d0 = 2p2,1 + 2p2,2

d1,1 = 6p3,1 + 2p2,1∂1a1(0) + 2p2,2∂1a2(0)

d1,2 = 6p3,2 + 2p2,1∂2a1(0) + 2p2,2∂2a2(0)

and h is such that

(3.35) |h(x)| ≤ Cε|x|1+α

with C = C(‖P‖) > 0. Notice that given any triplet (d0, d1,1, d1,2), the
system (3.34) is uniquely solvable after choosing p2,1. Indeed,

2p2,2 = d0 − 2p2,1

6p3,1 = d1,1 − (d0 − 2p2,1)∂1a2(0)− 2p2,1∂1a1(0)

6p3,2 = d1,2 − (d0 − 2p2,1)∂2a2(0)− 2p2,1∂2a1(0).

Definition 3.11. We call a degree three polynomial P approximating
for v at zero if ∂1P (0, ·) = ∂2P (·, 0) ≡ 0 and P̂ ≡ 0.

Recall Q′′ = (−1, 1)× (−1, 1), and let Q′′r := rQ′′.

Lemma 3.12. Assume that for some r ≤ 1 and some approximating
polynomial P for v at zero with ‖P‖ ≤ 1, we have that

‖v − P‖L∞(Qr) ≤ r
3+α.

Then, there exists an approximating polynomial P̄ for v at zero such that

‖v − P̄‖L∞(Qρr) ≤ (ρr)3+α

and

‖P − P̄‖L∞(Q′′r ) ≤ Cr3+α

for some constants ρ = ρ(λ,Λ, α), C = C(λ,Λ, α) > 0.

Proof. Let

ṽ(x) :=
[v − P ](rx)

r3+α
and Ã(x) := A(rx).

Then,

‖ṽ‖L∞(Q) ≤ 1.
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Since P is an approximating polynomial for v at zero, we have that{
tr(ÃD2ṽ) = h̃ in Q

∂ν ṽ = 0 on Υb ∪Υl,

and from (3.35),

|h̃| ≤ Cε.
Now consider the even reflections of Ã, ṽ, and h̃ around the ori-

gin, which we denote by Ã′′, ṽ′′, and h̃′′. It follows that (see, e.g., [45,
Proposition 4.1]),

tr(Ã′′D2ṽ′′) = h̃′′ in Q′′.

Since Ã′′ are uniformly Hölder continuous and ṽ′′ and h̃′′ are uniformly
bounded in Q′′, we deduce that ṽ′′ are locally uniformly Hölder continuous
in Q′′. (Recall all these functions depend on our choice of ε.) By
compactness, as ε converges to zero, we then find that, up to subsequences,
ṽ′′ must converge uniformly in Q′′ρ for every ρ < 1 to a function v0 that
is harmonic in Q′′ and bounded by 1. Thus, since ṽ′′|Qρ = ṽ,

‖ṽ − P0‖L∞(Qρ) ≤ ‖ṽ − v0‖L∞(Qρ) + ‖v0 − P0‖L∞(Qρ)

≤ Cε+ Cρ4 ≤ 2

3
ρ3+α

(3.36)

if ε, ρ > 0 are chosen sufficiently small. Here, P0 is the harmonic degree
three Taylor polynomial of v0 at the origin. Furthermore, ∂1P0(0, ·) =
∂2P0(·, 0) ≡ 0 by symmetry. Hence, P0 has no linear or cubic part, no
mixed two degree part, and the remaining two (pure) second degree
coefficients of P0 are such that

(3.37) 0 = 2(p0)2,1 + 2(p0)2,2

Rescaling, we determine that

‖v − P − r3+αP0(·/r)‖L∞(Qρr) ≤
2

3
(ρr)3+α.

Unfortunately, the polynomial

P (x) + r3+αP0(x/r)

is not necessarily approximating for v at zero. To make it approximating,
we want to replace P0 with a polynomial P̄0 whose coefficients satisfy

(3.38)


0 = 2(p̄0)2,1 + 2(p̄0)2,2

0 = 6(p̄0)3,1 + r2(p̄0)2,1∂1a1(0) + r2(p̄0)2,2∂1a2(0)

0 = 6(p̄0)3,2 + r2(p̄0)2,1∂2a1(0) + r2(p̄0)2,2∂2a2(0).
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Subtracting (3.38) and (3.37), we see that the coefficients for P0 − P̄0

solve the system (3.38) with left-hand side
d0 = 0

d1,1 = r2(p0)2,1∂1a1(0) + r2(p0)2,2∂1a2(0)

d1,2 = r2(p0)2,1∂2a1(0) + r2(p0)2,2∂2a2(0).

Thus, after choosing (p̄0)2,1 = (p0)2,1, since maxm,j |dm,j | ≤ Crε, it
follows that P̄0 can be found so that

‖P0 − P̄0‖L∞(Q′′) ≤ Cε.

Finally, replacing P0 with P̄0 in (3.36), we obtain the desired conclu-
sion. Also, observe that

P̄ (x) := P (x) + r3+αP̄0(x/r)

is such that

‖P̄ − P‖L∞(Q′′r ) ≤ Cr3+α,

as desired. �

After multiplying v be a small constant, the hypotheses of Lemma 3.12
are satisfied with P ≡ 0 and r = r0. Provided r0 is sufficiently small
(depending only on λ,Λ, and α), we can iteratively apply Lemma 3.12
with r = r0ρ

k to determine the existence of a limiting approximating
polynomial P 0 for v at zero such that

‖P 0‖ ≤ C and ‖v − P 0‖L∞(Qr) ≤ Cr
3+α ∀r ≤ r0.

Repeating a similar procedure at every point in x ∈ Q3/4, we find
approximating polynomials P x such that the above inequalities holds
with the same constant C > 0, which implies that v ∈ C3,α(Q3/4), as
desired. �

At this point, we might hope to prove higher order Schauder estimates
and then bootstrap to show that u ∈ C∞(Q). Recalling (3.33), the
regularity of the coefficients of our equation is limited by the regularity
of ∇u? up the boundary of Q. However, this strategy falls short at
the next stage. The system of equations governing the existence of an
approximating polynomial is degenerate; the normal derivative condition
is too restrictive. A simple manifestation of this is seen by considering

∆v = x1x2 in Q and ∂1v(0, x2) = ∂2v(x1, 0) ≡ 0.
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A solution to this equation cannot be C4(Q). Indeed, if it were, taking
∂12, we see that

∂1112v(0) + ∂2221v(0) = 1.

Yet from the boundary data, we have that

∂1112v(0) + ∂2221v(0) = 0.

This is impossible. An adaptation of this example shows that optimal
transport maps from Q to itself may not be C3(Q) for generic (smooth)
densities.

Theorem 3.13. There exist f, g : Q → R two smooth densities
bounded away from zero and satisfying the mass balance condition ‖f‖L1(Q)

= ‖g‖L1(Q) such that the optimal transport T taking f to g is of class

C2,α(Q) for every α < 1 but not C3(Q).

Proof. Let f(x) := 1 + x1x2 and g(y) := 5/4. By Theorem 3.9,
a convex potential u defining T is of class C3,α(Q) for all α < 1. Now
suppose, to the contrary, that u ∈ C4(Q). Then, u? ∈ C4(Q), and the
first equation in (3.33) becomes

∂11u
? +

5

4
∂22u

? = −x2∂1u
?∂11u

?.

So differentiating in the e1-direction and then in the e2-direction, we see
that

∂1112u
? +

5

4
∂2221u

? = −((∂11u
?)2 + 2x2∂11u

?∂112u
? + ∂1u

?∂111u
?

+ x2∂12u
?∂111u

? + x2∂1u
?∂1112u

?).

By the boundary conditions in (3.33) and recalling that ∂1u
?(0) = 0, we

deduce that
0 = ∂11u

?(0).

Yet this is impossible: by (3.31),

∂11u
?(0) =

1

∂11u(0)
≥ 1

C
> 0.

�

Remark 3.14. Replacing f and g with fε(x) := 1 + εx1x2 and
gε(y) := 1+ε/4 yields the same contradiction as above, but with densities
arbitrarily close (in C∞) to 1.





CHAPTER 4

Partial Regularity for Generated Jacobian
Equations

In the previous chapter, we saw that the convexity of the target
domain, Υ, implies the regularity of a solution to the SBVP for the
Monge–Ampère equation. In general, however, an analogous G-convexity
condition on Υ is insufficient (see [49, 31] for the definitions of a G-convex
domains). For instance, the generating function defining the optimal
transport problem for cost c, G(x, y, v) = −c(x, y) − v, must obey a
special structure condition to ensure regular solutions. This condition
is known as the MTW condition, and if it is not satisfied, it is possible
to construct two smooth densities such that the optimal map between
them is discontinuous. (See [46, 44].) However, in the most general
setting, wherein T = T(x, u, p) and not just T = T(x, p), even the correct
generalization of the MTW condition is not enough. Recall that in the
reflector shape design problem, for example, Karakhanyan and Wang
([37]) showed that smooth data may produce distinct solutions with vastly
different regularity.1

Therefore, we are led to questions of the partial regularity flavor. For
instance, is it possible to show that outside some (closed) subset of Ω
solutions are as regular as expected without any geometric assumptions on
Υ or structure conditions, beyond those needed to produce a reasonable
T, on G? Furthermore, can we say anything about the size and structure
of this set of singular points?

In this chapter, we answer these questions in the affirmative. We
show that solutions to the SBVP for general GJEs are smooth outside a
closed set of measure zero regardless of the geometry of Υ and assuming

1 In the optimal transport problem, potentials u are unique up to the addition of
a constant. In the near-field reflector problem, however, we find that solutions may

not be unique in any natural sense.

51
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only the most basic structure conditions on G. More precisely, we prove
the following:

Theorem 4.1. Let G and g be as in Section 2.2.1 and Ω ⊂ X and
Υ ⊂ Y be two open, bounded sets. Suppose f : Ω→ R+ and g : Υ→ R+

are two continuous probability densities bounded away from zero and
infinity and u : Ω → R is a G-convex function such that (Tu)#f = g.
Then, for every β < 1, there exist two relatively closed sets SΩ ⊂ Ω
and SΥ ⊂ Υ of measure zero such that Tu : Ω \ SΩ → Υ \ SΥ is a

homeomorphism of class C0,β
loc . If, in addition, G ∈ Ck+2,α

loc (Ω×Υ× R),

f ∈ Ck,αloc (Ω), and g ∈ Ck,αloc (Υ) for some k ≥ 0 and α ∈ (0, 1), then

Tu : Ω \SΩ → Υ \SΥ is a diffeomorphism of class Ck+1,α
loc .

In the optimal transport setting for quadratic cost, the first partial
regularity result of this type was proved by Figalli in two dimensions
in [23]. This two dimensional, quadratic cost result was subsequently
pushed to arbitrary dimension by Figalli and Kim in [27] and then again
by Goldman and Otto in [30]. Finally, in [19], De Philippis and Figalli
extended these last quadratic cost results to general cost, while Chen and
Figalli proved a partial Sobolev regularity result for general cost in [12].
(We remark that in [23], more on the structure and size of the singular
set is shown than we show here.)

4.1. Proof of Theorem 4.1

Set v to be the G-transform of u and let Ω1, Υ1, and Sv be as in
(2.21). Consider the set

Ω2 := Ω1 ∩T−1
u (Υ1) ⊂ Ω,

and observe that |Ω \ Ω2| = 0 since (Tu)#f = g and the densities f and
g are bounded away from zero and infinity. Recall that (Sv)#g = f .

Fix x′ ∈ Ω2. Since x′ is a point of differentiability for u, the G-
subdifferential of u at x′ is a singleton (see (2.18)): ∂Gu(x′) = {Tu(x′)}.
Set y′ := Tu(x′) and v′ := H(x′,Tu(x′),u(x′))). Note that y′ ∈ Υ1. Up
to a translation, we can assume that (x′, y′, v′) = (0, 0, 0). Furthermore,
up to subtracting G(·, 0, 0), we can assume that u(0) = 0 and its G-
support at (0, 0, 0) is identically zero; that is, G0,0,0(x) = 0 and u(x) ≥ 0
for all x ∈ Ω. In turn,

(4.1) DxG(·, 0, 0) = 0.

With these normalizations in hand, define

Ĝ(x, y, v) := G(x, y, v + H(0, y, 0)) and û(x) := u(x).
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Notice that H(0, y, 0) may not be defined at all points y ∈ Y or even all
points y ∈ Υ. However, it is well-defined in Bε ⊂ Υ for some ε > 0 by
the implicit function theorem and (G-Mono). Furthermore, as u is twice
differentiable at the origin and ∇u(0) = 0, [51, Theorem 14.25] implies
that

∂−u(x) = D2u(0)x+ o(|x|).
So using (2.18), we can find an ε > 0 such that

(4.2) ∂Gu(Bε) ⊂ Bε ⊂ Υ.

Here, ε and ε are not necessarily equal. For each (x, y) ∈ Bε × Bε, let

V̂x,y := Vx,y −H(0, y, 0). Define

ĝ := {(x, y, v) : (x, y) ∈ Bε ×Bε and v ∈ V̂x,y}.

Observe that Ĝ satisfies (G-Twist), (G*-Twist), and (G-Nondeg) on

ĝ (also (G-Mono)). In Bε, we find that û is Ĝ-convex. Indeed, let
x0 ∈ Bε, y0 ∈ ∂Gu(x0), and v̂0 := H(x0, y0,u(x0)) −H(0, y0, 0). Then,
(x0, y0, v̂0) ∈ ĝ and

Ĝ(x, y0, v̂0) = G(x, y0,H(x0, y0,u(x0))) ≤ u(x) = û(x) ∀x ∈ Bε
with equality at x = x0. In particular,

(4.3) ∂Ĝû(x) = ∂Gu(x) ∀x ∈ Bε.

Setting

(4.4) f̂ := f1Bε and ĝ := g1∂Ĝû(Bε),

we claim that

(4.5) (Tû)#f̂ = ĝ.

Note that the dual of Ĝ is

Ĥ(x, y, u) := H(x, y, u)−H(0, y, 0).

And so using (4.3) and recalling (2.18), we see that Tu|Bε = Tû. Thus,
recalling (4.3), it suffices to show that T−1

u (∂Gu(Bε)) \Bε has measure
zero. To this end, observe that if x ∈ T−1

u (∂Gu(Bε)) \ Bε, then there
exists an xε ∈ Bε such that ∂Gu(x) ∩ ∂Gu(xε) is non-empty. Therefore,
as x 6= xε and recalling (2.17), we see that

T−1
u (∂Gu(Bε)) \Bε ⊂ T−1

u ({non-differentiability points of v}).

Since

|T−1
u ({non-differentiability points of v})| = 0,
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because v is semiconvex and f is bounded away from zero, the claim
holds.

By construction, Ĝ is such that

Ĝ(·, 0, 0) = Ĝ(0, ·, 0) ≡ 0,

and û is such that

û(0) = ∇u(0) = 0.

Thus, Taylor expanding Ĝ and û around the origin yields

Ĝ(x, y, v) = DvĜ(0, 0, 0)v +DxyĜ(0, 0, 0)x · y

+DxvĜ(0, 0, 0) · vx+DyvĜ(0, 0, 0) · vy

+
1

2
D2
vĜ(0, 0, 0)v2 +O(|x|2+α + |y|2+α + |v|2+α)

and

û(x) =
1

2
D2û(0)x · x+ o(|x|2).

Let

a := −DvĜ(0, 0, 0) > 0, M := DxyĜ(0, 0, 0), and P := D2û(0).

As M = E(0, 0, 0), with E defined in (2.10), detM 6= 0. Hence, using
(2.22) and (4.1), we find that detP = detD2u(0) > 0; that is, P is positive
definite and symmetric. Therefore, after the change of coordinates

(x, y, v) 7→ (x̃, ỹ, ṽ) := (P 1/2x, P−1/2M ty, av),

we see that

G̃(x̃, ỹ, ṽ) := Ĝ(x, y, v) = −ṽ + x̃ · ỹ
+ b1 · ṽx̃+ b2 · ṽỹ + c3ṽ

2

+O(|x̃|2+α + |ỹ|2+α + |ṽ|2+α),

(4.6)

with

b1 :=
1

a
DxvĜ(0, 0, 0)P−1/2, b2 :=

1

a
DyvĜ(0, 0, 0)[M t]−1P 1/2,

and

c3 :=
1

2a2
D2
vĜ(0, 0, 0).

Also,

(4.7) ũ(x̃) := û(x) =
1

2
|x̃|2 + o(|x̃|2)
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and is G̃-convex in P 1/2Bε. In particular,

∂G̃ũ(x̃) = P−1/2M t∂Ĝû(x) with x = P−1/2x̃.

Now admissibility is with respect to

g̃ := {(x̃, ỹ, ṽ) : (x̃, ỹ) ∈ P 1/2Bε × P−1/2M tBε

and ṽ ∈ aV̂P−1/2x̃,[Mt]−1P 1/2ỹ}.

Additionally, letting H̃ be the dual of G̃, we see that

H̃(x̃, ỹ, ũ) = −ũ+ x̃ · ỹ
− b1 · ũx̃− b2 · ũỹ − c3ũ2

+O(|x̃|2+α + |ỹ|2+α + |ũ|2+α).

(4.8)

By construction,

H̃(·, 0, 0) = H̃(0, ·, 0) ≡ 0.

Here, ũ := u. Furthermore, if we set

f̃(x̃) := detP−1/2f̂(P−1/2x̃)

and

g̃(ỹ) := |det[M t]−1P 1/2|ĝ([M t]−1P 1/2ỹ),

then from (4.4), (2.22), and (4.1), we deduce that

(4.9)
f̃(0)

g̃(0)
=

detP−1/2

|det[M t]−1P 1/2|
f(0)

g(0)
=

detP−1

|detM−1|
detD2u(0)

|det E(0, 0, 0)|
= 1.

Moreover, (Tũ)#f̃ = g̃ by (4.5) and construction.
Consider the rescalings2

Gr(x̃, ỹ, ṽ) :=
G̃(rx̃, rỹ, r2ṽ)

r2
, Hr(x̃, ỹ, ṽ) :=

H̃(rx̃, rỹ, r2ũ)

r2
,

and

ur(x̃) :=
ũ(rx̃)

r2
.

2 The most basic generating function, coming from the optimal transport problem
with quadratic cost, is invariant under parabolically quadratic rescalings, thinking of
v as time: set

Gr(x, y, v) :=
G(rx, ry, r2v)

r2
;

if G(x, y, v) = x · y− v, then Gr = G. Rescaling in this way suggests that Ĝ need not

account for DxvG(0, 0, 0), DyvG(0, 0, 0), or D2
vG(0, 0, 0) being non-zero, a heuristic

confirmation of our choice for Ĝ.
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Since g and h are open and G is of class C2
loc, we have that B8 ×

B8 × (−64, 64) ⊂ gr, hr for all r sufficiently small. In addition to the
openness of g, using (4.6) and the C2 regularity of G, we can ensure that
B8 × (−64, 64)× B8 ⊂ dom Gr-exp for all r small enough.3 Here, gr is
the set on which Gr satisfies (G-Twist), (G*-Twist), and (G-Nondeg);
and Hr and hr are as expected. Also, define

fr(x̃) :=
f̃(rx̃)

f̃(0)
and gr(ỹ) :=

g̃(rỹ)

g̃(0)
.

Since f and g are bounded away from zero and infinity, (4.9) implies that

f̃(0) = g̃(0). Therefore, from the continuity of f and g, we deduce that

‖fr − 1‖L∞(B4) + ‖gr − 1‖L∞(B4) ≤ δ

with δ = δ(r)→ 0 as r → 0. Using the push-forward condition (Tũ)#f̃ =
g̃, we find that (Tur)#fr = gr. Moreover, from (4.6) and (4.8), we
determine that

‖Gr − x̃ · ỹ + ṽ‖C2,α(B8×B8×(−64,64))

+ ‖Hr − x̃ · ỹ + ũ‖C2,α(B8×B8×(−64,64)) ≤ δ
(4.10)

where δ = δ(r)→ 0 as r → 0. Furthermore, from (4.7), we see that∥∥∥∥ur − 1

2
|x̃|2
∥∥∥∥
C0(B4)

≤ η

where η = η(r)→ 0 as r → 0.
As we proved (4.2), we deduce that

(4.11) ∂−ur(x̃) ⊂ B%(x̃) ∀x̃ ∈ B3

where % = %(r)→ 0 as r → 0. Additionally, from (4.10), we find that

‖Gr-expx̃,ũ(p̃)− p̃‖C1(B8×(−64,64)×B8) ≤ δ.

Therefore, using (2.18) and (4.11), we obtain that

(4.12) ∂Grur(x̃) ⊂ Bρ(x̃) ∀x̃ ∈ B2

where ρ = ρ(r) → 0 as r → 0. Since ûĜ is twice differentiable at 0,
the Gr-transform of ur is also twice differentiable at 0; let vr be the

3 By the C2 regularity of G, the openness of g, and the inverse function theorem

(recall (G-Twist)), we find that the family functions {Fx := (G-expx,Vx)}x∈O varies

in a C1 fashion (in x) in some open set O. Hence, by continuity and the openness of
g, we can find an open subset of the origin in R2n+1 on which G-exp is well-defined.

The rescaling (x, u, p) 7→ (x/r, u/r2, p/r), therefore, permits this inclusion.
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Gr-transform of ur. In addition, D2vr(0) = Id. Indeed, we can see this
by differentiating the equations

∇ur(x̃) = Dx̃Gr(x̃,Tur (x̃),Hr(x̃,Tur (x̃),ur(x̃)))

and
∇vr(ỹ) = DỹHr(Svr (ỹ), ỹ,Gr(Svr (ỹ), ỹ,vr(ỹ)))

at 0 and using (4.6), (4.8), and that [DTur (0)]−1 = DSvr (0). So arguing
as we did to prove (4.12), we find that

(4.13) ∂Hrvr(ỹ) ⊂ Bρ∗(ỹ) ∀ỹ ∈ B2

where ρ∗ = ρ∗(r)→ 0 as r → 0. Hence, if

C := B1 and K := ∂Gr
ur(B1)

and r is sufficiently small, then we can force

(4.14) B1/2 ⊂ K ⊂ B2

thanks to (4.12), (4.13), and duality. Observe that C is convex by con-
struction and K is closed being the Gr-subdifferential of a compact set
and recalling (4.14), (4.10), and the inclusion B8 ×B8 × (−64, 64) ⊂ gr.
Finally, recalling (4.9) and arguing as we did to prove (4.5), we have that

(Tur )#(fr1C) = gr1K.

Hence, for every β < 1, we see that the hypothesis of Theorem 4.2
are satisfied provided that r > 0 is sufficiently small. If, in addition,

G ∈ Ck+2,α
loc (Ω×Υ×R), f ∈ Ck+α

loc (Ω), and g ∈ Ck+α
loc (Υ) for some k ≥ 0

and α ∈ (0, 1), the assumptions of Theorem 4.13 are also satisfied. So
applying Theorem 4.2 (respectively Theorem 4.13), we deduce that ur ∈
C1,β(B1/6) (respectively ur ∈ Ck+2,α(B1/8)). In our original coordinates,

we find that u ∈ C1,β(Ux′) (respectively u ∈ Ck+2,α(Ux′)) for some
open neighborhood Ux′ of x′, which, in turn, implies that Tu ∈ C0,β(Ux′)
(respectively Tu ∈ Ck+1,α(Ux′)). Using Corollary 4.8, we see that Tu(Ux′)
contains an open neighborhood of y′. By symmetry, applying Theorem 4.2
(respectively Theorem 4.13) to vr, there exists an open neighborhood Vy′
of y′ such that Sv ∈ C0,β(Vy′) (respectively Sv ∈ Ck+1,α(Vy′)). Since
Sv and Tu are inverses of each other (recall (2.21)), after shrinking Ux′
if necessary, we determine that Tu is a homeomorphism (respectively
diffeomorphism) between Ux′ and its image Tu(Ux′).

Finally, let

Ω3 :=
⋃

x′∈Ω2

Ux′ and SΩ := Ω \ Ω3,
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and define

Υ3 :=
⋃

x′∈Ω2

Tu(Ux′) and SΥ := Υ \Υ3.

By definition, SΩ and SΥ are relatively closed. Clearly, |SΩ| = 0 as
Ω3 ⊃ Ω2. Moreover, since SΥ ⊂ Υ \ Tu(Ω2) and Tu(Ω2) also has full
measure, we have that |SΥ| = 0. Finally, by construction, Tu : Ω\SΩ →
Υ \SΥ is a local homeomorphism (respectively diffeomorphism), which
combined with (2.21) implies that Tu : Ω \SΩ → Υ \SΥ is actually a
global homeomorphism (respectively diffeomorphism), as desired.

4.2. C1,β-regularity and Strict G-convexity

In this section, we prove an ε-regularity result and exhibit some of
its consequences. Before stating it, let us introduce some notation. Set

BR := B2R ×B2R × (−R3, R3) ⊂ R2n+1.

Furthermore, we let

‖ · ‖Ck,α for k = 1, 2 with α ∈ (0, 1)

be the parabolic Ck,α-norm. That is, a function is of class C k,α if it is
k times continuously differentiable in x and y with α-Hölder continuous
kth-order derivatives and k− 1 times continuously differentiable in v with
α/2-Hölder continuous (k − 1)th-order derivatives. Finally, we say a set
E is C-semiconvex if every point on the boundary of E can be touched
from outside by a ball of radius 1/C.

Theorem 4.2. Let C be a closed, (C2δ)-semiconvex set and K be a
closed set such that

(4.15) B1/2 ⊂ C,K ⊂ B2,

f and g be two densities supported on C and K respectively, and u be a
G-convex function such that ∂Gu(C) ⊂ B2 and (Tu)#f = g. In addition,
suppose that B4 ⊂ g, h. For every β ∈ (0, 1), there exist constants
δ0, η0 ∈ (0, 1) such that the follow holds: if

(4.16) ‖f − 1C‖L∞(B4) + ‖g − 1K‖L∞(B4) ≤ δ0,
‖G− x · y + v‖C 2,α(B4) + ‖H− x · y + u‖C 2,α(B4)

+ ‖E− Id ‖C0,α(B4) ≤ δ0,
(4.17)

and

(4.18)

∥∥∥∥u− 1

2
|x|2
∥∥∥∥
C0(B4)

≤ η0,
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then u ∈ C1,β(B1/6).

Theorem 4.2 will follow from its pointwise version Proposition 4.3.

Proposition 4.3. Let C be a closed, (C3δ)-semiconvex set and K be
a closed set such that

B1/3 ⊂ C,K ⊂ B3,

f and g be two densities supported on C and K respectively, and u be a
G-convex function such that u(0) = 0, ∂Gu(C) ⊂ B3, and (Tu)#f = g.
In addition, suppose that B3 ⊂ g, h,

(4.19) G(·, 0, 0) = G(0, ·, 0) = H(·, 0, 0) = H(0, ·, 0) ≡ 0,

and

DvG(0, 0, 0) = DuH(0, 0, 0) = −1

and

DxyG(0, 0, 0) = DxyH(0, 0, 0) = Id .

(4.20)

For every β ∈ (0, 1), there exist constants δ, η ∈ (0, 1) such that the follow
holds: if

‖f − 1‖L∞(C) + ‖g − 1‖L∞(K) ≤ δ,(4.21)

‖G− x · y + v‖C 2,α(B3) + ‖H− x · y + u‖C 2,α(B3) ≤ δ,(4.22)

and

(4.23)

∥∥∥∥u− 1

2
|x|2
∥∥∥∥
C0(B3)

≤ η,

then u ∈ C1,β(0).

The proof of Proposition 4.3 makes use of two lemmas. The first is
a compactness result that allows us to approximate u with a solution
to an optimal transport problem with quadratic cost. The second is an
estimate on the G-subdifferential of u in terms of the gradient map of
the convex potential that approximates u found in the first lemma.

Lemma 4.4. Let C be a closed, (CRδ)-semiconvex set and K be a
closed set such that

(4.24) B1/R ⊂ C,K ⊂ BR
for some R ≥ 3, f and g be two densities supported on C and K re-
spectively, and u : BR → (−R2, R2) be a G-convex function such that
∂Gu(C) ⊂ BR and (Tu)#f = g. In addition, suppose that BR ⊂ g. Also,
let ρ > 0 be such that |C| = |ρK| and w be a convex function such that
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(∇w)#1C = 1ρK with w(0) = u(0). Then, there exists an increasing
function ω : R+ → R+, depending only on R, satisfying ω(δ) ≥ δ and
ω(0+) = 0 such that if

(4.25) ‖f − 1‖L∞(C) + ‖g − 1‖L∞(K) ≤ δ
and

(4.26) ‖G− x · y + v‖C 2(BR) + ‖H− x · y + u‖C 2(BR) ≤ δ,
then

(4.27) ‖u−w‖C0(B1/R) ≤ ω(δ).

Proof. Suppose, to the contrary, that the lemma is false. Then,
there exists an ε0 > 0 and sequences of closed sets Cj and Kj satisfying
(4.24) with Cj being (CR/j)-semiconvex, functions fj and gj satisfying
(4.25) with δ = 1/j, and generating functions Gj satisfying (4.26) also
with δ = 1/j such that

(4.28) uj(0) = wj(0) = 0 and ‖uj −wj‖C0(B1/R) ≥ ε0

where uj and wj are as in the statement of the lemma. Moreover,
BR ⊂ gj .

Using the push-forward condition (Tuj )#fj = gj , (4.24), and (4.25),
we find that

(4.29) ρj = (|Cj |/|Kj |)1/n → 1

as j → ∞. Now let us extend each wj |Cj to a convex function on BR,
setting

wj(x) := sup
z∈Cj , p∈∂−wj(z)

wj(z) + p · (x− z).

From (4.29), we see that

∂−wj(BR) ⊂ BρjR ⊂ B2R

for j � 1. Hence, the family wj is uniformly Lipschitz (recall the equality
in (4.28)), and so, up to a subsequence, wj converges uniformly in BR to
some convex function w∞. Similarly, let us extend uj |Cj to BR:

uj(x) := sup
z∈Cj , y∈∂Gjuj(z)

Gj(x, y,Hj(z, y,uj(z))).

Given x0 ∈ BR, let (z0, y0) be a pair at which the above supremum
is attained. Then, using (4.26), we see that v0 := Hj(z0, y0,uj(z0)) ∈
(−R3, R3), and it follows that (x0, y0, v0) ∈ gj . Consequently, these
extensions are Gj-convex in BR. So from (4.26), in particular, since the
C1-norms of Gj are uniformly bounded, and as ∂Gj

uj(BR) ⊂ BR, taking
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j � 1, we determine that the collection uj is uniformly (R+ 1)-Lipschitz
(again, recall that uj(0) = 0). Thus, up to a subsequence, uj converges
uniformly in BR to some convex function u∞. Moreover, by (4.28),

(4.30) u∞(0) = w∞(0) = 0 and ‖u∞ −w∞‖C0(B1/R) ≥ ε0.

Up to subsequences, the sets Cj converge in the Hausdorff sense to some

B1/R ⊂ C∞ ⊂ BR.
Also, since each Cj is (CR/j)-semiconvex, it follows that C∞ is convex
and

dist(∂Cj , ∂C∞) + dist(∂C∞, ∂Cj)→ 0.

Then, arguing exactly as is [1, Theorem], we find that |Cj∆C∞| → 0,
or, equivalently, that 1Cj converges in L1 to 1C∞ . Furthermore, using

(4.25) and as ρj → 1, we see that fj and 1ρjCj converge in L1 to 1C∞ . In
addition, up to subsequences, gj and 1ρjKj converge weakly-* in L∞ to a
density g∞.

By [51, Theorem 5.20] and the uniqueness of optimal transports, we
see that ∇w∞ is the optimal transport for the quadratic cost −x ·y taking
1C∞ to g∞. If ∇u∞ = ∇w∞ almost everywhere in C∞, then the equality
in (4.30) implies that u∞ = w∞, contradicting the inequality in (4.30).
It then follows that there exists an increasing function ωR : R+ → R+,
depending only on R, such that ωR(0+) = 0 and (4.27) holds. Taking
ω(δ) := max{ωR(δ), δ} concludes the proof.

Define πj := (Id,Tuj )#fj . By construction, this family of measures
is tight and

sptπj ⊂
⋃
x∈Cj

{(x, y) : y ∈ ∂Gjuj(x)}.

So πj converges weakly to some measure π∞ whose marginals are 1C∞ and
g∞. Furthermore, for any {(xk.yk)}Nk=1 ⊂ sptπ∞, there exist sequences

{(xjk, y
j
k)}Nk=1 ⊂ sptπj such that (xjk, y

j
k)→ (xk, yk) for each k = 1, . . . , N

and
N∑
k=1

uj(x
j
k+1) ≥

∑
Gj(x

j
k+1, y

j
k,Hj(x

j
k, y

j
k,uj(x

j
k)))

with (xjN+1, y
j
N+1) = (xj1, y

j
1). This is just the Gj-convexity of uj . Re-

calling (4.26) and that uj converges uniformly to u∞, taking the limit as
j →∞, we deduce that

0 ≥
N∑
k=1

(xk+1 − xk) · yk.
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In other words, the support of π∞ is c-cyclically monotone for the qua-
dratic cost. Therefore,

π∞ = (Id,∇u0)#1C∞ ,

and ∇u0 is the optimal transport for the quadratic cost −x · y taking
1C∞ to g∞. In particular, ∇u0 = ∇w∞ almost everywhere in C∞. Using
that fj converges in L1 to 1C∞ and arguing as in the proof of [51,
Corollary 5.23], we see that Tuj converges to ∇u0 in measure in BR and
as distributions, up to a further subsequence. By (4.26) and since uj
converges to u∞ uniformly, we have that Tuj also converges to ∇u∞ as
distributions in BR. Hence, by the local integrability of ∇u0 and ∇u∞,
we determine that ∇u∞ = ∇u0 almost everywhere in C∞, as desired. �

Remark 4.5 (A remark on the regularity of C and the proof of
Lemma 4.4). In the optimal transportation setting, De Philippis and
Figalli appeal to the strong stability results available for solutions, thanks
to the Kantorovich formulation of the problem, to show that ∇u∞ =
∇w∞ almost everywhere. Here, however, the set C has to have some
regularity to deduce L1 convergence of the contradiction sequence’s source
densities and, in turn, prove the same equality. An inspection of the
proof of [1, Theorem] shows that |Cj∆C∞| goes to zero, i.e., 1Cj converges

in L1 to 1C∞ , provided that the boundaries ∂Cj converge uniformly to
the boundary ∂C∞ and have (n-dimensional Lebesgue) measure zero.
Therefore, Lemma 4.4 can be applied, by Arzelà-Ascoli, if C is a Lipschitz
set whose boundary’s Lipschitz constant depends only on R, for example.
So the regularity assumption on C in Theorem 4.2 and the following
lemmas, propositions, and theorems, that C is (Cδ)-semiconvex, can be
weakened. Indeed, in the course of the proof of Proposition 4.3, every
application of Lemma 4.4 after the first will be to the (C3δ)-semiconvex

sets {uk < 1}. With respect to our main theorem, C = B1 − x0, which is
as nice as imaginable.

From this point forward, let Nr(E) denote the r-neighborhood of a
set E.

Lemma 4.6. Let R ≥ 3, u : B1/R → (−R,R) be a G-convex function

such that ∂Gu(B1/R) ⊂ BR, and w ∈ C1(B1/R) be convex. Suppose that

BR ⊂ g. Fix A ∈ Rn×n to be a symmetric matrix such that

(4.31)
1

K
Id ≤ A ≤ K Id
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for some K ≥ 1. Define the ellipsoid

E(x0, h) :=

{
x :

1

2
A(x− x0) · (x− x0) ≤ h

}
,

and assume that E(x0, h) ⊂ B1/R. If

‖u−w‖C0(E(x0,h)) ≤ ε

and

‖G− x · y + v‖C 2(BR) + ‖H− x · y + u‖C 2(BR) ≤ δ
for small constants ε, δ > 0, then

∂Gu(E(x0, h− ε1/2)) ⊂ Nδ+K′(hε)1/2(∇w(E(x0, h))) ∀0 < ε < h2 � 1

where K ′ = K ′(K) > 0.

Proof. Up to a change of coordinates, we can assume that x0 = 0.
Let E(h) = E(0, h) and define

w̄(x) := w(x) + ε+ ε1/2(Ax · x− 2h).

By construction, w̄ ≥ u outside E(h) and w̄ ≤ u inside E(h − ε1/2).
Therefore, if Gx,y,v is a G-support for u at x ∈ E(h− ε1/2), then Gx,y,v̄
will touch w̄ from below at a point x̄ ∈ E(h) for some v̄ ≥ v. Moreover,
(x̄, y, v̄) ∈ g since v̄ = H(x̄, y, w̄(x̄)) ∈ (−R2, R2). Hence,

(4.32) ∂Gu(E(h− ε1/2)) ⊂ ∂Gw̄(E(h)).

Note that even though w̄ may not be G-convex, we can still con-
sider its G-subdifferential; it just might be empty at some points. In
particular, ∂Gw̄(x) = G-expx,w̄(x)(∇w̄(x)) still holds. Thus, since

|G-expx,w̄(x)(∇w̄(x))−∇w̄(x)| ≤ δ by assumption, we find that

(4.33) ∂Gw̄(E(h)) ⊂ Nδ(∇w̄(E(h)).

From (4.31), we determine that E(h) ⊂ B(2Kh)1/2 . And so since

|∇w̄(x)| ≤ |∇w(x)|+ 2ε1/2K|x|,

recalling (4.31), it follows that

(4.34) Nδ(∇w̄(E(h))) ⊂ Nδ+4K(Khε)1/2(∇w(E(h))).

Finally, combining (4.32), (4.33), and (4.34), we deduce that

∂Gu(E(h− ε1/2)) ⊂ Nδ+K′(hε)1/2(∇w(E(h)))

with K ′ = 4K3/2, as desired. �
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Proof of Proposition 4.3. The proof will be done in four steps.

– Step 1: u and its G-sections are close to a strictly convex solution
of a Monge–Ampère equation and its sections.

Using Lemma 4.4 and arguing exactly as in the proof of [19], we find
the existence of a strictly convex function w such that w(0) = u(0) = 0,

(4.35) ‖u−w‖C0(B1/3) ≤ ω(δ),

and

(4.36) detD2w = 1 in B1/4

in the Alexandrov sense. Furthermore, there exists a constant K0 =
K0(n) > 0 such that

(4.37) ‖w‖C3(B1/5) ≤ K0 and
1

K0
Id ≤ D2w ≤ K0 Id in B1/5.

And so

(4.38) S(w, h) := {x : w(x) ≤ ∇w(0) · x+ h} ⊂ B(2K0h)1/2 .

(Precisely, this is Step 1 in the proof of [19, Theorem 4.3], which uses
(4.23).) By (4.37) and as u is semiconvex with a semiconvexity constant
depending only on ‖D2

xG‖C0(B3), i.e., δ, we have that u−w is semiconvex
with a semiconvexity constant depending on dimension (recall that δ � 1).
So using (4.35), we deduce that

(4.39) |∇w(0)| ≤ K1ω(δ)1/2

for some constant K1 = K1(n) > 0 (cf. (4.53), noticing that −∇w(0) ∈
∂−(u−w + c| · |2)(0) for some c > 0 depending on n).

Define

SG(u, h) := {x : u(x) < h}.

We claim that if δ and h are sufficiently small, then

(4.40) S(w, h−K2ω(δ)1/2) ⊂ SG(u, h) ⊂ S(w, h+K2ω(δ)1/2) b B1/6

where K2 = K2(n) > 0. First, by (4.38), we can choose δ and h sufficiently
small so that the last inclusion holds. To conclude, let x ∈ S(w, h −
K2ω(δ)1/2). Then, by (4.35), recalling that u(0) = 0, and from (4.39),
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we deduce that

u(x) ≤ ∇w(0) · x+ h−K2ω(δ)1/2 + ω(δ)

≤ h+K1ω(δ)1/2 −K2ω(δ)1/2 + ω(δ)

≤ h
taking K2 = K1 + 1. This proves the first inclusion; the proof of the
second is analogous.

– Step 2: The G-sections of u and their images under ∂Gu are close
to ellipsoids with controlled eccentricity, and u is close to a quadratic
parabaloid.

We claim that for every small η > 0, there exist constants h0 =
h0(η, n) > 0 and δ = δ(h0, η, n) > 0 such that the following holds: there
exists a symmetric matrix satisfying

(4.41)
1

K3
Id ≤ A ≤ K3 Id,

(4.42) detA = 1,

(4.43) AB
h

1/2
0 /3

⊂ SG(u, h0) ⊂ AB
3h

1/2
0
,

and

(4.44) A−1B
h

1/2
0 /3

⊂ ∂Gu(SG(u, h0)) ⊂ A−1B
3h

1/2
0
.

Moreover,

(4.45)

∥∥∥∥u− 1

2
|A−1x|2

∥∥∥∥
C0
(
AB

3h
1/2
0

) ≤ ηh0.

Here, K3 = K3(n) > 0.
Let

A := [D2w(0)]−1/2.

With A defined in this way, using (4.37) and (4.36), we see that (4.41)
and (4.42) hold.

Notice that (4.43) is equivalent to

E(h0/18) ⊂ SG(u, h0) ⊂ E(9h0/2)

where

E(h) :=

{
x :

1

2
D2w(0)x · x ≤ h

}
.
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Now from (4.37), we deduce

(4.46) E(h) ⊂ B(2K0h)1/2 .

Consequently,

E(h) ⊂ S(w, h+K0(2K0h)3/2) and S(w, h) ⊂ E(h+K0(2K0h)3/2).

The second inclusion follows from (4.38). Thus, applying (4.40), we see
that

E(h0/18) ⊂ SG(u, h0)

provided that h0 and δ are sufficiently small depending only on n. On
the other hand, applying (4.40), we see that

SG(u, h0) ⊂ E(9h0/2)

so long as δ and h0 are sufficiently small, again, depending only on n.
Whence, (4.43) holds, as desired. More generally, for every c < 1 and
C > 1, we can find δ and h0 sufficiently small so that

(4.47) E(ch0) ⊂ SG(u, h0) ⊂ E(Ch0).

Let us now prove (4.44). To do this, we consider the G-transform of
u and the Legendre transform of w. Specifically,

v(y) := sup
x∈B1/5

H(x, y,u(x)) and w∗(y) := sup
x∈B1/5

{x · y −w(x)}.

Notice that by (4.22) and (4.35),

‖v −w∗‖C0(B1/3) ≤ ω(δ) + δ ≤ 2ω(δ).

Also, observe that

(4.48) ∇w∗ = [∇w]−1 and D2w∗(∇w(x)) = [D2w(x)]−1.

Moreover, from (4.37), w∗ is uniformly convex and of class C3 in the
open set ∇w(B1/5). Let

E∗(h) :=

{
y :

1

2
D2w∗(∇w(0))(y −∇w(0)) · (y −∇w(0)) ≤ h

}
.

Thanks to (4.37), for every c < 1 and C > 1, we can find h0 sufficiently
small so that

(4.49) ∇w(E(ch0)) ⊂ E∗(h0) ⊂ ∇w(E(Ch0)).

Indeed, using (4.48) and (4.37), we find that

|D2w∗(∇w(0))(∇w(x)−∇w(0)) · (∇w(x)−∇w(0))−D2w(0)x · x|
≤ 2K0|x|3 +K3

0 |x|4
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and that |x| ≤ K0(2K0h)1/2 whenever ∇w(x) ∈ E∗(h). Combining these
last two inequalities and (4.46) proves (4.49). Then, by (4.47) with
C = 3/2, Lemma 4.6 applied with h = 3h0/2 + ω(δ)1/2, and (4.49), we
determine that

∂Gu(SG(u, h0)) ⊂ NK′′0 ω(δ)1/2(∇w(E(2h0))) ⊂ E∗(7h0/2)

for δ and h0 sufficiently small, depending only on dimension. Hence,
recalling (4.39) and choosing δ sufficiently small, we find that the second
inclusion in (4.44) holds. In order to conclude, we must show that

E∗(h0/16) ⊂ ∂Gu(SG(u, h0)).

The first inclusion in (4.44) then follows, again, by (4.39) and choosing δ
sufficiently small. Since

E ⊂ ∂Gu(∂Hv(E)) ∀E,
considering (4.47), we see it suffices to show that

∂Hv(E∗(h0/16)) ⊂ E(h0/3).

Applying Lemma 4.6 to v and w∗, provided that δ is small enough, we
determine that

∂Hv(E∗(h0/16)) ⊂ NK′′′0 ω(δ)1/2(∇w∗(E∗(h0/8))) ⊂ E(h0/3).

Here, we have used (4.49) and (4.48) for the second inclusion. Thus,
(4.44) indeed holds after taking δ and h0 sufficiently small.

Finally, from (4.35), (4.37), (4.39), and (4.41), we see that∥∥∥∥u− 1

2
|A−1x|2

∥∥∥∥
C0
(
AB

3h
1/2
0

)
≤ ‖u−w‖

C0
(
AB

3h
1/2
0

) +

∥∥∥∥w − 1

2
|A−1x|2

∥∥∥∥
C0
(
AB

3h
1/2
0

)
≤ ω(δ) + ‖∇w(0) · x‖

C0
(
AB

3h
1/2
0

) + ‖K0|x|3‖
C0
(
AB

3h
1/2
0

)
≤ ω(δ) + 3K1K3ω(δ)1/2h

1/2
0 + 27K0K

3
3h

3/2
0

≤ ηh0

where the last inequality follows after first choosing h0 sufficiently small
and then choosing δ even smaller.

– Step 3: An iterative construction.
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Set

x̃ :=
1

h
1/2
0

A−1x, ỹ :=
1

h
1/2
0

Ay, ṽ :=
1

h0
v, and ũ :=

1

h0
u.

Define

G1(x̃, ỹ, ṽ) :=
G(h

1/2
0 Ax̃, h

1/2
0 A−1ỹ, h0ṽ)

h0
and u1(x̃) :=

u(h
1/2
0 Ax̃)

h0
.

Similarly, let

H1(x̃, ỹ, ũ) :=
H(h

1/2
0 Ax̃, h

1/2
0 A−1ỹ, h0ũ)

h0
.

By (4.19), (4.20), and (4.22), we see that

‖G1 − x̃ · ỹ + ṽ‖C 2,α(B3) + ‖H1 − x̃ · ỹ + ũ‖C 2,α(B3) ≤ δ
provided h0 = h0(K3, α)� 1. (This is the only place where we use the
Hölder modulus of continuity of the derivatives of G and H, as opposed
to an arbitrary modulus of continuity.) In addition, thanks to (4.43) and
(4.44), we have the inclusions

B1/3 ⊂ C1,K1 ⊂ B3

where, recalling that G1(·, 0, 0) ≡ 0,

C1 := SG1
(u1, 1) = {u1 < 1} and K1 := ∂G1

u1(SG1
(u1, 1)).

Arguing as in Proposition 4.11, we find that C1 is a closed, (C3δ)-
semiconvex set. Furthermore, rewriting (4.45) yields∥∥∥∥u1 −

1

2
|x̃|2
∥∥∥∥
C0(B3)

≤ η.

Now let

f1(x̃) := f(h
1/2
0 Ax̃)1C1 and g1(ỹ) := g(h

1/2
0 A−1ỹ)1K1

.

Recalling that detA = 1 and arguing as in the proof of Theorem 4.1, we
determine that

(Tu1
)#f1 = g1.

Finally, using (4.21), it follows that

‖f1 − 1‖L∞(C1) + ‖g1 − 1‖L∞(K1) ≤ δ.
Hence, we can apply Steps 1 and 2 to u1 and find a symmetric matrix
A1 such that

1

K3
Id ≤ A1 ≤ K3 Id,
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detA1 = 1,

A1Bh1/2
0 /3

⊂ SG1
(u1, h0) ⊂ A1B3h

1/2
0
,

A−1
1 B

h
1/2
0 /3

⊂ ∂G1
u(SG1

(u1, h0)) ⊂ A−1
1 B

3h
1/2
0
,

and ∥∥∥∥u1 −
1

2
|A−1

1 x̃|2
∥∥∥∥
C0
(
A1B

3h
1/2
0

) ≤ ηh0.

(The set SG1
(u1, h) = {u1 ≤ h}.)

We can continue, iteratively constructing

Gk+1(x̃, ỹ, ṽ) :=
Gk(h

1/2
0 Akx̃, h

1/2
0 A−1

k ỹ, h0ṽ)

h0

and

uk+1(x̃) :=
uk(h

1/2
0 Akx̃)

h0

where Ak is the symmetric matrix constructed in the the k-th iteration.
In turn, setting

Mk := A1 · . . . ·Ak,
we have a sequence of symmetric matrices such that

(4.50)
1

Kk
3

Id ≤Mk ≤ Kk
3 Id,

detMk = 1,

and

(4.51) MkBhk/2
0 /3

⊂ SG1(u1, h
k
0) ⊂MkB3h

k/2
0
.

– Step 4: C1,β(0)-regularity.

Let β ∈ (0, 1). By (4.50) and (4.51), we find that

(4.52) B
(h

1/2
0 /3K3)k

⊂ SG1
(u1, h

k
0) ⊂ B

(3K3h
1/2
0 )k

.

Defining r0 := h
1/2
0 /3K3 and recalling that G1(·, 0, 0) ≡ 0, it follows that

‖u1‖C0(B
rk0

) ≤ hk0 = (3K3r0)2k ≤ r(1+β)k
0

provided h0 (and so r0) is sufficiently small. In other words, u1 and u
are C1,β at the origin. �

With Proposition 4.3 in hand, let us now prove Theorem 4.2. The
proof amounts to a change of variables.
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Proof of Theorem 4.2. Let x0 ∈ B1/6 and y0 ∈ ∂Gu(x0). By
(4.17), observe that

|x0 − y0| ≤ |x0 − p0|+ |p0 − y0| ≤ |x0 − p0|+ δ0

where
p0 := DxG(x0, y0,H(x0, y0,u(x0))).

As u is semiconvex with a semiconvexity constant depending only on
‖D2

xG‖C0(B4), there exists a c > 0 such that

w(x) := u(x)− 1

2
|x|2 + c|x− x0|2

is convex. By construction, p0 − x0 ∈ ∂−w(x0). And so using (4.18) and

since x0 + η
1/2
0 e ∈ C provided that η0 < 1/9, for example, we find that

(p0 − x0) · e ≤ w(x0 + η
1/2
0 e)−w(x0)

η
1/2
0

≤ (2 + c)η
1/2
0 ∀e ∈ Sn−1.

In turn,

(4.53) |x0 − y0| ≤ C(δ0 + η
1/2
0 ).

Set
u0 := u(x0) and v0 := H(x0, y0,u(x0)).

From (4.18) and using (4.17) and (4.15), we deduce that

(4.54) |u0| ≤
1

72
+ η0 and |v0| ≤

1

3
+

1

72
+ η0 + δ0.

Define

M0 := E(x0, y0, v0) and a0 := −DvG(x0, y0, v0),

where E is as defined in (2.10). Observe that (4.17) implies that

(4.55) |a0 − 1|, |a−1
0 − 1| ≤ δ0 and |M0 − Id |, |M−1

0 − Id | ≤ 2δ0.

Now consider the change of variables

x̄ := x− x0, ȳ := M0(y − y0), v̄ := a0(v − v0), and ū := u− u0.

Define
C̄ := C − x0 and K̄ := M0(K − y0);

also, set

f̄(x̄) := f(x̄+ x0) and ḡ(ȳ) := detM−1
0 g(M−1

0 ȳ + y0).

Then, from (4.15), (4.53), and (4.55), we see that

B1/3 ⊂ C̄, K̄ ⊂ B3
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if δ0 and η0 are sufficiently small. From (4.55), we have that |det(M0)−
1| ≤ (1 + 4n)δ0 if δ0 is sufficiently small. Thus,

‖f̄ − 1‖L∞(C̄) + ‖ḡ − 1‖L∞(K̄) ≤ 4(1 + n)δ0,

recalling (4.16). Let

Ḡ(x̄, ȳ, v̄) := G(x, y, v − v0 + H(x0, y, u0))−G(x, y0, v0).

Notice that the dual of Ḡ is

H̄(x̄, ȳ, ū) = a0(H(x, y, u− u0 + G(x, y0, v0))−H(x0, y, u0)),

and H̄ is well-defined on B3 by the assumption that B4 ⊂ h and our
estimates on x0, y0, u0, v0, a0, and M0. Similarly, from (4.17), (4.53),
(4.54), and (4.55), it follows that

‖Ḡ− x̄ · ȳ + v̄‖C 2,α(B3) + ‖H̄− x̄ · ȳ + ū‖C 2,α(B3) ≤ C0δ0.

In particular,

Ḡ(·, 0, 0) = Ḡ(0, ·, 0) = H̄(·, 0, 0) = H̄(0, ·, 0) ≡ 0.

Also, computations show that

Dv̄Ḡ(0, 0, 0) = DūH̄(0, 0, 0) = −1

and

Dx̄ȳḠ(0, 0, 0) = Dx̄ȳH̄(0, 0, 0) = Id .

Set

δ̄ := min{4(1 + n)δ0, C0δ0}.
Finally, define

ū(x̄) := u(x)−G(x, y0, v0).

Arguing as in the proof of Theorem 4.1, we see that ū is Ḡ-convex and
(Tū)#f̄ = ḡ. Furthermore, from (4.18), (4.17), and (4.53), observe that∣∣∣∣ū− 1

2
|x̄|2
∣∣∣∣ =

∣∣∣∣u(x)−G(x, y0, v0)− 1

2
x · x+ x · x0 + u(x0)

− u(x0) +
1

2
x0 · x0 − x0 · x0

∣∣∣∣
≤ 2η0 + | −G(x, y0, v0) + x · x0 + u(x0)− x0 · x0|
= 2η0 + |x · y0 − v0 −G(x, y0, v0)− x · y0 + v0

− x0 · y0 + u(x0) + x0 · y0 + x · x0 − x0 · x0|
≤ 2η0 + 2δ0 + (|x|+ |x0|)|x0 − y0|

≤ 2η0 + 2δ0 + C(δ0 + η
1/2
0 ).
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(Recall, v0 := H(x0, y0,u(x0)).) Hence,∥∥∥∥ū− 1

2
|x̄|2
∥∥∥∥
C0(B3)

≤ 2η0 + 2δ0 + C(δ0 + η
1/2
0 ) =: η̄.

In summary, we see that ū, Ḡ, H̄, f̄ , ḡ, C̄, and K̄ satisfy the hypotheses
of Proposition 4.3. Hence, taking δ0 and η0, in turn, δ̄ and η̄, sufficiently
small, we find that u ∈ C1,β(B1/6), as desired. �

An important corollary of Theorem 4.2 is a strict G-convexity esti-
mate for u in B1/6.

Corollary 4.7. Under the hypotheses of Theorem 4.2, we find that
u is strictly G-convex in B1/6. More precisely, for all σ > 2, there exist
constants η0, δ0 > 0, depending on σ and dimension, such that for all
x0 ∈ B1/6, we have that

(4.56) inf
∂Bd(x0)

{u− Gx0,y0,v0
} ≥ c0dσ ∀d ≤ dist(x0, ∂B1/6)

for some constant c0 = c0(σ, n) > 0. Here, y0 ∈ ∂Gu(x0) and v0 :=
H(x0, y0,u(x0)).

Proof. Let u1 be as in Proposition 4.3 and set d0 := 3K3h
1/2
0 . Then,

from (4.52), we deduce that

inf
∂Bd

u1 ≥ dσ0dσ ∀d ≤ d0

provided d0 is sufficiently small depending on σ and dimension. In turn,

inf
∂Bd(x0)

{u− Gx0,y0,v0
} ≥ h0d

σ
0

(
h

1/2
0 d

K3

)σ
≥ c0dσ ∀d ≤ dist(x0, ∂B1/6)

taking c0 = c0(σ, n) > 0 sufficiently small, as desired. �

From the strict G-convexity of u in B1/6, we deduce that Tu(B1/6)
is open, a key fact used in the proof of Theorem 4.1.

Corollary 4.8. Under the hypotheses of Theorem 4.2, we have that
Tu(B1/6) is open.

Proof. Since u is differentiable in B1/6, we have that Tu(B1/6) =
∂Gu(B1/6). We show that for each x0 ∈ B1/6, there exists an ε0 > 0 such
that for any y ∈ Bε0(y0), the map

z 7→ H(z, y,u(z))
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has a local maximum at some point x ∈ B1/6. Here, {y0} := ∂Gu(x0). If
so, then

∇u(x) = DxG(x, y,H(x, y,u(x)));

that is, {y} = ∂Gu(x) and Bε0(y0) ⊂ Tu(B1/6), as desired. To this end,
let d > 0 be such that Bd(x0) ⊂ B1/6 and

x ∈ argmax
z∈Bd(x0)

H(z, y,u(z)).

Since u(x) = G(x, y,H(x, y,u(x))) and G is decreasing in v, we observe
(by adding and subtracting G(x, y0,H(x0, y,u(x0)))) that

u(x)− Gx0,y0,v0
(x)

≤ G(x, y,H(x0, y,u(x0)))−G(x, y0,H(x0, y0,u(x0)))

≤ Cε0

with C := ‖G‖C 1(B4)(1 + 2‖H‖C 1(B4)). Hence, taking ε0 < c0d
σ/C, we

see that
u(x)− Gx0,y0,v0(x) < c0d

σ,

which, recalling (4.56), implies that x lives inside Bd(x0) and not on its
boundary. �

4.3. C2,α-regularity

Here, we prove a higher regularity version of Theorem 4.2. To do
this, we will need a more refined comparison-type principle than the
one established in Lemma 4.4. The comparison-type principle in this
section makes use of a change of variables formula for the G-exponential
map, Lemma 4.9, and the coincidence of the G-subdifferential of u at x
and the G-exponential map at (x,u(x),∇u(x)) when u is differentiable,
Remark 4.10.

Recall that we have defined the map Tw(x) := G-expx,w(x)(∇w(x))
for a given a G-convex function w. Yet even when w is not G-convex, we
may still consider Tw(x) if {(x,w(x),∇w(x)) : x ∈ O} ⊂ dom G-exp.

Lemma 4.9. Let O ⊂ Rn be open and w ∈ C2(O). Suppose that
{(x,w(x),∇w(x)) : x ∈ O} ⊂ dom G-exp. If

D2w(x)−D2
xG(x,Tw(x),H(x,Tw(x),w(x))) ≥ 0 ∀x ∈ O,

then for every Borel set E ⊂ O,

|Tw(E)| ≤
ˆ
E

det(D2w(x)−D2
xG(x,Tw(x),H(x,Tw(x),w(x))))

|det(E(x,Tw(x),H(x,Tw(x),w(x))))|
dx.

In addition, if the map Tw is injective, then equality holds.
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Proof. After differentiating the identity

∇w(x) = DxG(x,Tw(x),H(x,Tw(x),w(x))),

we see that the Jacobian determinant of the C1 map x 7→ Tw(x) is
the integrand above. Thus, applying the Area Formula (see, e.g., [21])
concludes the proof. �

Remark 4.10. Recall, by (2.18), that if u is differentiable at x and
G-convex, then

∂Gu(x) = {G-expx,u(x)(∇u(x))} = {Tu(x)}.

Let co[E] denote the convex hull of the set E. Also, recall that Nr(E)
denotes the r-neighborhood of a set E. The following comparison-type
principle compares G-convex functions of class C1 and smooth solutions
of a Monge–Ampère equation.

Proposition 4.11. Let u ≥ 0 be a G-convex function of class C1

such that u(0) = 0 and

(4.57) B1/R ⊂ S := {u < 1} ⊂ BR
for some R ≥ 3. In addition, assume that B(R,S) := B2R × Tu(S) ×
(−R3, R3) ⊂ g, h and B2R × (−R3, R3)×∇u(S) b dom G-exp. Suppose
that f and g are two densities such that (Tu)#f = g and

(4.58)

∥∥∥∥ fλ1
− 1

∥∥∥∥
C0(S)

+

∥∥∥∥ gλ2
− 1

∥∥∥∥
C0(Tu(S))

≤ ε

for some constants λ1/λ2 ∈ (1/2, 2) and ε ∈ (0, 1/4). Furthermore,
assume that

‖G− x · y + v‖C 2(B(R,S)) + ‖H− x · y + u‖C 2(B(R,S))

+ ‖E− Id ‖C0(B(R,S)) ≤ δ.
(4.59)

Then, there exists constants γ = γ(n,R) ∈ (0, 1) and δ1 = δ1(n,R) > 0
such that the following holds: if w is convex and satisfies{

detD2w = λ1/λ2 in Nδγ (co[S])

w = 1 on ∂Nδγ (co[S]),

then

(4.60) ‖u−w‖C0(S) ≤ K(ε+ δγ/n)

provided δ ≤ δ1. Here, K = K(n,R) > 0.
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The proof of Proposition 4.11 follows the proof of [19, Proposition 5.2].
Yet because the map Tu depends on x, u, and ∇u and not just on x and
∇u, the argument is more delicate.

Proof. Recall that u + δ|x|2 is convex by (4.59). Thus, as u(0) = 0,
u = 1 on ∂S, and S ⊂ BR, using (2.19), for all x ∈ ∂S,

|DxG(x, y, v)| ≥ |∇u(x) + 2δx| − 2δ|x|

≥ 1

R
− 2δR

≥ 1

2R

(4.61)

if δ is small enough. Here, {y} := ∂Gu(x) and v := H(x, y,u(x)). Now
consider

S :=
⋂
x∈∂S

Ex

where

Ex := {z ∈ BR : Gx,y,v(z) ≤ 1}.
Clearly, S ⊂ S. Let z /∈ S and x ∈ ∂S be a point such that dist(z, ∂S) =
|x− z| > 0. If |z − x| < 1/δR, then using (4.61), we find that

G(z, y, v)− 1 ≥ |∇u(x)||z − x| − δ

2
|z − x|2 > 0,

and z /∈ S. On the other hand, if |z − x| ≥ 1/δR, then by (4.59) and
(4.61), we have that

G(z, y, v)− 1 ≥ |z − x||∇u(x)|+ (z − x) · (y −DxG(x, y, v))− 2δ

≥ 1

2δR2
−Rδ − 2δ.

And so G(z, y, v)− 1 > 0 and z /∈ S provided that δ is sufficiently small.
In turn,

S = S

if δ > 0 is sufficiently small depending only on R. It follows that S is a
(CRδ)-semiconvex set. Now arguing exactly as in [19, Proposition 5.2],
we have that

(4.62) osc
S

w ≤ KR,n,

(4.63) 1−KR,nδ
γ/n ≤ w < 1 on ∂S,
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and

(4.64) D2w ≥ δγ/τ

KR,n
Id in co[S]

for some constants KR,n and τ > 0 depending only on dimension and R.
Define

w+ := (1 + 3ε+ 2δ1/2)w − 3ε− 2δ1/2

and

w− :=

(
1− 3ε− δ1/2

2

)
w + 3ε+

δ1/2

2
+KR,nδ

γ/n.

We claim that if γ is sufficiently small, then w− ≥ u ≥ w+ in S. If so,
then (4.62) will imply (4.60), as desired.

Choose γ := τ/4. By (4.63), we have that w− > u > w+ on ∂S. We
first show that u ≥ w+ in S. Suppose not. Then, as u > w+ on ∂S, we
see that

∅ 6= Z := {u < w+} b S.
Thanks to (4.64) and (4.59), in co[S],

(4.65) D2w+ > D2w ≥ δ1/4

KR,n
Id > δ Id ≥ ‖D2

xG‖C0(B(R,S)) Id

provided that δ is sufficiently small depending on R and n. Notice that
w+(Z) ⊂ (−2R2, 1). Indeed, by (4.63) and the convexity of w+, we see
that w+ < 1 in Z ⊂ S. The inclusion w+(Z) ⊂ (−2R2, 1) then follows
from considering the lower barrier (for w)

λ
1/n
1

2λ
1/n
2

(|x|2 − (R+ δγ)2) + 1

and taking δ smaller if needed. Moving any supporting plane to w+ in Z
down and then up until it touches u from below, we see that

∇w+(Z) ⊂ ∇u(Z)

(the second inclusion holds by (4.57) and (4.59)). It follows that

{(x,w+(x),∇w+(x)) : x ∈ Z} ⊂ dom G-exp.

Let x+
0 ∈ Z, y0 := Tw+(x+

0 ), and v+
0 := H(x+

0 , y0,w
+(x+

0 )). Increase
and then decrease v+

0 to v0 so that G(·, y0, v0) touches u from below at x0.
Recall that Tw+(x+

0 ) = y0 if and only if ∇w+(x+
0 ) = DxG(x+

0 , y0, v
+
0 ).
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(See Section 2.2.2.) Hence, from (4.65) and as G(x+
0 , y0, v

+
0 ) = w+(x+

0 ),
for all x ∈ co[S],

G(x, y0, v
+
0 ) ≤ w+(x+

0 ) +∇w+(x+
0 ) · (x− x+

0 ) +
δ

2
|x− x+

0 |2 ≤ w+(x).

In turn, x0 ∈ Z. Indeed, if not, then

G(x0, y0, v0) = u(x0) ≥ w+(x0) ≥ G(x0, y0, v
+
0 ),

from which, using (G-Mono), it follows that

w+(x+
0 ) > u(x+

0 ) ≥ G(x+
0 , y0, v0) ≥ G(x+

0 , y0, v
+
0 ) = w+(x+

0 ).

Impossible; and we deduce that

(4.66) Tw+(Z) ⊂ Tu(Z).

Now for any x ∈ Z, from (4.64) and taking δ even smaller, we compute
that

D2w+(x)−D2
xG(x,Tw+(x),H(x,Tw+(x),w+(x)))

≥ (1 + 3ε+ δ1/2)D2w(x).

And so by (4.59), we see that

det(D2w+(x)−D2
xG(x,Tw+(x),H(x,Tw+(x),w+(x))))

|det(E(x,Tw+(x),H(x,Tw+(x),w+(x))))|

≥ (1 + 3ε+ δ1/2)n

(1 + δ)n
λ1

λ2
.

Moreover, from (4.65), for any x, z ∈ Z with x 6= z, setting y := Tw+(x)
and v := H(x, y,w+(x)), by Taylor’s theorem,

w+(z)−G(z, y, v) > 0.

In other words, the function G(·, y, v) only touches w+ at x, and the
map x 7→ Tw+(x) is injective in Z. Therefore, Lemma 4.9 yields

|Tw+(x)| ≥ (1 + 3ε+ δ1/2)n

(1 + δ)n
λ1

λ2
|Z| > (1 + 3ε)

λ1

λ2
|Z|

if δ is small enough depending only on R and n. On the other hand, since
u is C1 in S, the push-forward condition and (4.58) imply that

|Tu(Z)| =
ˆ
Z

f(x)

g(Tu(x))
dx ≤ 1 + ε

1− ε
λ1

λ2
|Z|.

Combining these last two inequalities, we find that (4.66) is impossible
unless Z is empty. That is, w+ ≤ u in S.
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The argument showing that u ≤ w− in S is similar to the one just
presented, showing that u ≥ w+ in S. So we only provide a sketch.
Again, suppose, to the contrary, that W := {u > w−} is non-empty. Now
we can find a positive constant µ so that u touches w− + µ from below
in S. As both u and w− are C1, it follows that ∇u = ∇w− on the set
{u = w− + µ}. Therefore, if η > 0 is sufficiently small, then the set
Wη := {u > w− + µ− η} is non-empty and ∇w−(Wη) is contained in a
small neighborhood of ∇u(Wη).

Set w−η := w− + µ − η. Then, using the same barrier as before,

we find that w−η ∈ (−R2, 2). Hence, {(x,w−η (x),∇w−η (x)) : x ∈ Wη} ⊂
dom G-exp. Let G(·, y0, v

−
0 ) be the G-support for u at x−0 ∈Wη. Increase

and then decrease v−0 to v0 so that G(·, y0, v0) touches w−η from below, and

let x0 be the point at which G(·, y0, v0) touches w−η from below. Notice

that x0 ∈Wη and v0 = H(x0, y0,w
−
η (x0)). Therefore, DxG(x0, y0, v0) =

∇w−η (x0); that is, y0 ∈ Tw−η
(Wη) or

Tu(Wη) ⊂ Tw−η
(Wη).

Observe that from (4.64),

(1− 3ε− δ1/2)D2w(x)

≤ D2w−η (x)−D2
xG(x,Tw−η

(x),H(x,Tw−η
(x),w−η (x)))

if δ3/4 ≥ 2KR,nδ. Also, taking δ even smaller (so that δ3/4 ≥ 4KR,nδ or,

equivalently, δ1/2 ≥ 4KR,nδ
3/4), we find that

D2w−η (x)−D2
xG(x,Tw−η

(x),H(x,Tw−η
(x),w−η (x)))

≤
(

1− 3ε− δ1/2

4

)
D2w.

Without loss of generality, we assume that δ1/2 ≤ 1/4; whence, 1− 3ε−
δ1/2 ≥ 0. Hence, by Lemma 4.9,

|Tw−η
(Wη)| ≤ (1− 3ε− δ1/2/4)n

(1− δ)n
λ2

λ2
|Wη| < (1− 3ε)

λ2

λ2
|Wη|.

Moreover,

|Tu(Wη)| ≥ 1− ε
1 + ε

λ1

λ2
|Wη|.

Like before, combining these last two inequalities, we arrive at a contra-
diction unless |Wη| = 0, so long as δ is sufficiently small depending on R
and dimension. �
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With Proposition 4.11 in hand, our next proposition is a higher
regularity version of Proposition 4.3.

Proposition 4.12. In addition to the hypotheses of Proposition 4.3,
suppose that B6 × (−27, 27) × B6 ⊂ dom G-exp, f ∈ C0,α(C), and g ∈
C0,α(K). There exist positive constants δ and η such that the following
holds: if

(4.67) ‖f − 1‖L∞(C) + ‖g − 1‖L∞(K) ≤ δ,

(4.68) ‖G−x ·y+v‖C 2(B3) +‖H−x ·y+v‖C 2(B3) +‖E− Id ‖C0(B3) ≤ δ,

and

(4.69)

∥∥∥∥u− 1

2
|x|2
∥∥∥∥
C0(B3)

≤ η,

then u ∈ C2,α′(0) for some α′ < α.

The proof of Proposition 4.12 follows arguing exactly as in the proof of
[19, Theorem 5.3]. That said, let us make some remarks. An inspection of
the proof of [19, Theorem 5.3] reveals that, apart from a comparison-type
principle like Proposition 4.11, we will need that the sum of the norms in
(4.68) decays under parabolically quadratic rescalings. (The remainder of
the proof uses classical estimates for the Monge–Ampère equation.) The
assumptions G,H ∈ C 2,α(B3) and E is α-Hölder continuous plus (4.19)
and (4.20) guarantee this decay. Notice that (4.19) and (4.20) imply that
E(0, 0, 0) = Id, taking care of the third term. Finally, since the domain of
the G-exp map includes the product of three open sets at the beginning,
the third of which compactly contains ∇u(B1/3), the set inclusions in
the hypotheses of Proposition 4.11 will be satisfied at each stage of the
iteration by construction; we are zooming in with the correct rescaling.
So applying Proposition 4.12 at every point in B1/7 and then classical
Schauder estimates, we obtain our final theorem.

Theorem 4.13. In addition to the hypotheses of Theorem 4.2, suppose
that G,H ∈ Ck,α(B4), B8 × (−64, 64)× B8 ⊂ dom G-exp, f ∈ Ck,α(C),
and g ∈ Ck,α(K), for some k ≥ 0 and α ∈ (0, 1). There exist positive
constants δ1 ≤ δ0 and η1 ≤ η0 such that the following holds: if

‖f − 1C‖L∞(B4) + ‖g − 1K‖L∞(B4) ≤ δ1,

‖G− x · y + v‖C 2(B4) + ‖H− x · y + v‖C 2(B4) + ‖E− Id ‖C0(B4) ≤ δ1,
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and ∥∥∥∥u− 1

2
|x|2
∥∥∥∥
C0(B4)

≤ η1,

then u ∈ Ck+2,α(B1/8).

For completeness, we provide the details of the proof of Proposi-
tion 4.12. We will need the following lemma.

Lemma 4.14. Let w be a convex function such that w(0) ≥ 0 and Z
be a convex set. If {

detD2w = λ1/λ2 in Z

w = 1 on ∂Z

and
|D2w(0)| ≤M,

then there exists an R = R(M,λ1, λ2, n) > 0 such that

B1/R ⊂ Z ⊂ BR.

Proof. Let µi(w) with i = 1, . . . , n be the eigenvalues of D2w(0).
Then,

λ1λ
−1
2 M1−n ≤ µi(w) ≤M.

By John’s lemma ([36]), there exists a matrix L such that

B1 ⊂ L(Z) =: S ⊂ Bn.
Now let w̄(x) := (detL)2/n[w(L−1x)− 1]. Then,{

detD2w̄ = λ1/λ2 in S

w̄ = 0 on ∂S.

By Pogorelov’s interior estimates ([47]),

|D2w̄(0)| ≤ C = C(n, λ1, λ2).

So
λ1λ

−1
2 C1−n ≤ µi(w̄) ≤ C,

µi(ū) with i = 1, . . . , n are the eigenvalues of D2w̄(0). Observe that

D2w̄(0) = L−1D2w(0)L−1.

Hence,

|L−1|2 ≤ CMn−1λ1λ
−1
2 and |L|2 ≤MCn−1λ1λ

−1
2 .

In other words, the smallest principle axis of the ellipsoid defined by
L−1 is controlled from below by 1/R and the largest principle axis of the
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ellipsoid defined by L−1 is controlled R for some R = R(M,λ1, λ2, n) > 0,
as desired. �

Proof of Proposition 4.12. This proof has two steps.

– Step 1: C1,1(0)-regularity.

Without loss of generality, we assume that u ∈ C1,β(0). Let

S(h) := {u < h}.
Notice that by (4.69), for any h, there exists an η such that

(4.70) Bh1/2/2 ⊂ S(h) ⊂ B2h1/2 .

So

(4.71) Bh1/2/3 ⊂ ∂Nδγh1/2(co[S(h)]) ⊂ B3h1/2

provided that η = η(h) > 0 is sufficiently small. Here, γ ∈ (0, 1) is the
exponent from Proposition 4.11. Let

hj :=
h

2j
.

We prove that

(4.72) B
h

1/2
j /K

⊂ S(hj) ⊂ BKh1/2
j

∀j = 0, 1, 2, . . .

for some h = h(n) > 0 and K = K(n) > 0. In turn, u ∈ C1,1(0).
Consider the rescalings

ũj(x) :=
u(h

1/2
j x)

hj
,

G̃j(x, y, v) :=
G(h

1/2
j x, h

1/2
j y, hjv)

hj
,

H̃j(x, y, u) :=
H(h

1/2
j x, h

1/2
j y, hju)

hj
,

Ẽj(x, y, v) :=
E(h

1/2
j x, h

1/2
j y, hjv)

hj
,

f̃j(x) := f(h
1/2
j x), and g̃j(y) := g(h

1/2
j y).

Furthermore, set

S̃j := {ũj < 1}
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and

δj := ‖G̃j − x · y + v‖C 2(B(K,S̃j))
+ ‖H̃j − x · y + u‖C 2(B(K,S̃j))

+ ‖Ẽj − Id ‖C0(B(K,S̃j))
.

Let wj be the convex function that solvesdetD2wj = f(0)/g(0) in N
δγj h

1/2
j

(co[S(hj)])

wj = hj on ∂N
δγj h

1/2
j

(co[S(hj)]).

Set

w̃j(x) :=
wj(h

1/2
j x)

hj
.

By (4.71), taking δ0 = δ, we see that

B1/3 ⊂
1

h
1/2
0

N
δγ0 h

1/2
0

(co[S(h0)]) ⊂ B3.

Thus, by Pogorelov’s interior estimates applied to w̃0, we find that

|D2w̃0(0)| ≤ C0

for some C0 = C0(n) > 0 (recall (4.67)).
Now let M = C0 + 1 and R0 = R0(n) ≥ 3 be the largest constant

given by Lemma 4.14 (again recall (4.67)).
We proceed by induction. By (4.70), the base case j = 0 holds for

any h and K = 3, and so with K = 2R0. Assume that (4.72) holds for
all j ≤ k and K = 2R0. We need to show that (4.72) holds for j = k + 1
and K = 2R0.

By the inductive hypothesis,

B
h

1/2
k /K

⊂ S(hk) ⊂ B
Kh

1/2
k

.

Thus,

B1/K ⊂ S̃k ⊂ BK ;

whence, we can apply Proposition 4.11 to ũk and w̃k. Recall that
Tu(0) = 0. And so (4.67), (4.72), the C1,β(0) regularity of u (which
implies that Tu ∈ C0,β(0)), and the C0,α regularity of f and g, imply
that∥∥∥∥ f̃j

f(0)
− 1

∥∥∥∥
C0(S̃j)

+

∥∥∥∥ g̃j
g(0)

− 1

∥∥∥∥
C0(T̃ũj

(S̃j))

≤ osc
S(hj)

f + osc
Tu(S(hj))

g

≤ Chαβ/2j .
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Moreover, similarly, we find that

δj ≤ Chα
2β/2.

(The extra factor of α arises as T̃ũj (S̃j) = h
−1/2
j Tu(S(hj)) ⊂ BCh(αβ−1)/2 .)

That is,

osc
S(hj)

f + osc
Tu(S(hj))

+ δ
γ/n
j ≤ Chσj with σ :=

α2βγ

2n
.

So we deduce that

(4.73) ‖ũk − w̃k‖C0(S̃k) ≤ C̃Kh
σ
k .

Hence, if h is sufficiently small,

B1/2K ⊂ {w̃k ≤ 1} ⊂ B2K .

By classical estimates on the sections of solutions to Monge–Ampère
equations, there exists a constant N = N(K,n) > 1 such that

B1/NK ⊂ {w̃k ≤ 1/2} ⊂ BNK
and

dist({w̃k ≤ 1/4}, ∂{w̃k ≤ 1/2}) ≥ 1

NK
.

Thus, from (4.73), we find that

B1/2NK ⊂ {ũk ≤ 1/2} ⊂ B2NK

and

dist({ũk ≤ 1/4}, ∂{ũk ≤ 1/2}) ≥ 1

2NK
.

In turn,

B
h

1/2
k+1/2NK

⊂ S(hk+1) ⊂ B
2NKh

1/2
k+1

and

dist(S(hk+2), ∂S(hk+1)) ≥
h

1/2
k

2NK
.

Thus, we may apply Proposition 4.11 to ũk+1 and w̃k+1, which yields

(4.74) ‖ũk+1 − w̃k+1‖C0(S̃k+1) ≤ C̃2NKh
σ
k+1.

When we apply Proposition 4.11 this time, we replace δk+1 with

δ̃k+1 := ‖G̃k+1 − x · y + v‖C 2(B(R,S̃k+1))

+ ‖H̃k+1 − x · y + u‖|C 2(B(R,S̃k+1))

+ ‖Ẽk+1 − Id ‖|C0(B(R,S̃k+1))
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and K with R = 2NK. And so by (4.73) and (4.74),

‖wk −wk+1‖C0(S(hk+1))

≤ hk‖ũk − w̃k‖C0(S̃k) + hk+1‖ũk+1 − w̃k+1‖C0(S̃k+1)

≤ (C̃K + C̃2NK)h1+σ
k .

Since wk and wk+1 are two strictly convex solutions of Monge–Ampère
equations with constant right-hand side in S(hk+1) and the distance

between S(hk+2) and ∂S(hk+1)) is greater than or equal to h
1/2
k /2NK,

by classical Pogorelov and Schauder estimates, we have that

(4.75) ‖D2wk −D2wk+1‖C0(S(hk+2)) ≤ C ′Khσk
and

(4.76) ‖D3wk −D3wk+1‖C0(S(hk+2)) ≤ C ′Kh
σ−1/2
k .

By our induction hypothesis, these two estimates hold for all j ≤ k.
Therefore, by (4.75),

|D2w̃k+1(0)| = |D2wk+1(0)|

≤ |D2w0(0)|+
k∑
j=0

|D2wj(0)−D2wj+1(0)|

≤ C0 + C ′Kh
σ

k∑
j=0

1

2jσ

≤M

provided h is taken small enough. By Lemma 4.14, we see that

B1/R0
⊂ Nδγk+1

(co[S̃k+1]) ⊂ BR0
.

Clearly, recalling that K = 2R0,

S̃k+1 ⊂ BK .

Moreover, using that S̃k+1 is (Cδk+1)-semiconvex, we know that

Nδγk+1
(co[S̃k+1]) ⊂ NC̃δγk+1

(S̃k+1).

So

B1/K ⊂ S̃k+1

provided that δ is sufficiently small. Scaling back proves that (4.72) holds
for j = k + 1 and K = 2R0, as desired.



4.3. C2,α-REGULARITY 85

– Step 1: C2,α′(0)-regularity.

We prove the existence of a sequence of paraboloids Pj such

sup
Br/C

|u− Pj | ≤ Crj(2+α′)

for some r, C > 0. To this end, let wj be as in Step 1 and Pj the their
second order Taylor polynomials at 0. Thanks to (4.72), we have that

‖wk − Pk‖C0(B
h

1/2
k+2

/K
) ≤ ‖wk − Pk‖C0(S(hk+2))

≤ 1

6
‖D3wk‖C0(S(hk+2))h

3/2
k+2.

By (4.76) applied to j = 0, . . . , k and as 2σ < 1, we have that

‖D3wk‖C0(S(hk+2)) ≤ Ch
σ−1/2
k .

Hence,

‖wk − Pk‖C0(B
h

1/2
k+2

/K
) ≤ ‖wk − Pk‖C0(S(hk+2)) + ‖wk − u‖C0(S(hk+2))

≤ Ch1+σ
k .

Taking r = 2−1 and α′ = 2σ concludes the proof. �





CHAPTER 5

Nonlinear Bounds in Hölder Spaces for the
Monge–Ampère Equation

In this chapter, we come back to the simplest GJE, the Monge–
Ampère equation. Yet now the regularity properties of solutions we prove
are motived by questions regarding the semigeostrophic equations, a sys-
tem of equations that describes large-scale atmospheric and oceanic flows
([17]). These equations have typically been studied in “dual variables1,”
just as the incompressible Euler equations have been studied in vorticity
form. In fact, in these variables, the semigeostrophic equations have
the structure of a fully nonlinear version of the two-dimensional Euler
equations. Indeed, the two-dimensional Euler equations and the dual
semigeostrophic equations are

(5.1)


∂twt +∇ · (φtwt) = 0

φt(x) = (∇ut(x))⊥

∆ut = wt

w(x, 0) = w0

and


∂twt +∇ · (φtwt) = 0

φt(x) = (x−∇ut(x))⊥

detD2ut = wt

w(x, 0) = w0

respectively. (See also [44].)
A classical result in two dimensions is the existence of smooth solutions

globally in time to the Euler equations. The proof of this fact relies on
regularity estimates for solutions to the Poisson equation and is in a sense
sharp (see [54, 39].) So considering (5.1), we may hope to prove that
global smooth solutions to the dual semigeostrophic system also exist,
provided, of course, that the Monge–Ampère equation enjoys the same
quantitative regularity properties as the Poisson equation.

By Caffarelli’s C2,α interior estimates for Monge–Ampère (see [5])
and a compactness argument, given a strictly convex function u such that

1 These variables are determined by a change of coordinates through the push-
forward of a probability density by the gradient of a convex potential (see, e.g.,

[25, 43]); that is, through an optimal transport.

87
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0 < λ ≤ detD2u =: f ≤ Λ <∞, we can find a function ω : R+ × R+ →
R+, depending on dimension, λ,Λ, and the modulus of strict convexity
of u, such that the estimate

(5.2) ‖D2u‖C0,α(B1/2) ≤ ω(1/α, ‖f‖C0,α(B1))

holds. Thus, the question becomes is the modulus ω in (5.2) linear in its
variables, as it is for the Poisson equation?

In this chapter, we shall see that ω is highly nonlinear. It grows
polynomially in ‖f‖C0,α(B1) and at least exponentially in 1/α as α→ 0.
In particular, we first prove the following two results:

Theorem 5.1. Let u be a strictly convex solution to

detD2u = f in B1

with 0 < λ ≤ f ≤ Λ < ∞ and f ∈ C0,α(B1). Then, there exist two
constants C > 0, depending only on λ,Λ, α, dimension, and the modulus
of strict convexity of u, and ρ > 1, depending only on λ,Λ, dimension,
and α, such that

‖D2u‖C0,α(B1/2) ≤ C‖f‖ρC0,α(B1).

Theorem 5.2. Let u be a strictly convex solution to

detD2u = f in B1

with 0 < λ ≤ f ≤ Λ < ∞ and f ∈ C0,α(B1). Also, assume that
‖f‖C0,α(B1) = 1. Then, there exists a constant C > 0, depending on λ,Λ,
dimension, and the modulus of strict convexity of u, such that

‖D2u‖C0,α(B1/2) ≤ e
C
α log 1

α .

We then show the sharpness of these estimates by constructing a
family of solutions in two dimensions with a fixed modulus of strict
convexity for which ω behaves in a highly nonlinear way in both its
arguments.

Theorem 5.3. For any α ∈ (0, 1), there exist a family ur : R2 → R
of C2,α convex functions with a uniform modulus of strict convexity and
a family fr : R2 → R of C0,α functions such that

0 < λ ≤ detD2ur = fr ≤ Λ <∞

with

lim
r→0
‖fr‖C0,α(B1) =∞ and ‖D2ur‖C0,α(B1/2) ≥ c‖fr‖ρCα(B1)
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for some ρ > 1. Furthermore, there exist a family uα : R2 → R of C2,α

convex functions with a uniform modulus of strict convexity and a family
fα : R2 → R of C0,α functions, with α ∈ (0, 1/2], such that

0 < λ ≤ detD2uα = fα ≤ Λ <∞

with

‖fα‖C0,α(B1) ≤ C and ‖D2uα‖C0,α(B1/2) ≥ e
c
α .

The basic reason for the lack of linearity of ω can be explained as
follows. Using strict convexity and the affine invariance of detD2u = f ,
we can rescale to a situation in which u is very close to | · |2/2. Then,
the linearized equation (around this paraboloid) behaves like the Poisson
equation. However, because of the degeneracy of the Monge–Ampère
equation (see [24, Section 1.1] for a general discussion on this point), the
geometry of a solution may become very eccentric before linearity kicks in,
and even if one fixes a modulus of strict convexity, heuristic computations
suggest that the eccentricity of the solution where f is close to 1 depends
in a nonlinear way on ‖f‖C0,α(B1).

Our examples in two dimensions will show that this indeed happens —
the strategy here is based on constructing solutions u that are invariant
under rescalings that change the axes by different powers:

(5.3) u(x1, x2) =
1

κγ+1
u(κx1, κ

γx2) for γ > 1

(see [48], [52], and [53] for similar constructions). The geometry of
such a u near the origin is very eccentric, and one can see that D2u
oscillates much more than f := detD2u at comparable scales. However,
f is invariant under the same rescaling as u and is, thus, discontinuous
at the origin. To correct for this and complete the example, we make a
small perturbation of f near the origin to make it Hölder continuous and
approximate u by a solution with the perturbed right-hand side.

5.1. Proof of Theorem 5.1

Before proceeding with the proof of Theorem 5.1, we remark that u
has a polynomial modulus of strict convexity. Indeed, since normalized
solutions (see [24, Section 4.1] for more details on normalized solutions)
have a polynomial modulus of strict convexity with exponent σ > 1
depending only on λ,Λ, and n (see [4] or [24, Theorem 4.2.7]), it follows
from John’s lemma [36] and the affine invariance of the Monge–Ampère
equation (see, e.g., [24, Section 4.1.2]) that there exists a constant c0 > 0,
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depending only on n, λ,Λ, and the modulus of strict convexity of u, such
that given any x ∈ B1/2,

(5.4) u(z) ≥ u(x) + 〈∇u(x), (z − x)〉+ c0|z − x|σ ∀z ∈ B1/4(x).

From now on, we call “universal” any positive constant depending only
on λ,Λ, n, and c0.

Up to subtracting an affine function, we assume that u(0) = 0 is the
minimum of u. Let

Zh := {u < h}.
Then, by (5.4), the sublevel sets Zh are compactly contained in B1 for

all h ≤ ĥ with ĥ� 1 universal. Also, there exist ellipsoids Eh centered
at the origin (the John ellipsoids for Zh) and a universal constant Ĉ ≥ 1
such that

Ĉ−1Eh ⊂ Zh ⊂ ĈEh and |Eh| = hn/2

(see [4] or [24, Lemmas A.3.6 and 4.1.6]). In particular, since Ĉ−1Eĥ ⊂
Zĥ ⊂ B1, the volume estimate |Eĥ| = ĥn/2 implies that

ĉĥn/2B1 ⊂ Eĥ ⊂ ĈZĥ
for some positive universal constant ĉ. As Zh ⊃ hĥ−1Zĥ for any 0 < h ≤ ĥ
(by the convexity of u) and by (5.4), we deduce that

(5.5) Ĉ−1ĉĥ
n
2−1hB1 ⊂ Zh ⊂ c−1

0 h1/σB1.

Moreover,

Ĉ−2ĉĥ
n
2−1hB1 ⊂ Eh ⊂ Ĉc−1

0 h1/σB1,

and letting Lh be affine maps such that Lh(B1) = Eh, we find that

(5.6) ‖Lh‖ ≤ c̄h1/σ and ‖L−1
h ‖ ≤ C̄h

−1

with c̄ = Ĉc−1
0 and C̄ = Ĉ2ĉ−1ĥ1−n2 .

Define

Sh := L−1
h (Zh) and uh(z) :=

1

h
u(Lhz).

Clearly, uh solves {
detD2uh = fh in Sh

uh = 1 on ∂Sh

where fh(z) := f(Lhz). Observe that by the first inequality in (5.6), we
have that

[fh]C0,α(Sh) ≤ ‖Lh‖α[f ]C0,α(Zh) ≤ c̄αhα/σ[f ]C0,α(B1).
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Similarly, the second inequality in (5.6) implies that

‖D2u‖C0,α(Zh/2) ≤ h‖L−1
h ‖

2+α‖D2uh‖C0,α(Sh/2)

≤ C̄2+αh−(1+α)‖D2uh‖C0,α(Sh/2).
(5.7)

Hence, setting

(5.8) h̄ := ‖f‖−σ/αC0,α(B1),

we deduce that

[fh̄]C0,α(Sh̄) ≤ c̄α.

(Without loss of generality, we assume that h̄ ≤ ĥ as ĥ is universal.) Since
the sets Sh are equivalent to B1 up to dilations by universal constants, it
follows by [5] that ‖D2uh̄‖C0,α(Sh̄/2) is bounded by a constant depending
on λ,Λ, n, α, and c0. Hence, recalling (5.7) and (5.8), we conclude that

(5.9) ‖D2u‖C0,α(Zh̄/2) ≤ C̃‖f‖
σ(1+α)
α

C0,α(B1)

for a positive constant C̃ depending on λ,Λ, n, α, and c0. Notice that the
same argument can be used at any other point x ∈ B1/2 to show that the
above estimate holds with the section

Zh̄(x) := {z : u(z) < u(x) + 〈∇u(x), z − x〉+ h̄}

in place of Zh̄ = Zh̄(0).
To conclude the proof we notice that, given any two points x, y ∈ B1/2,

for every N > 1, we can find a sequence of points {xi}Ni=0 on the segment
joining x and y such that

x0 = x, xN = y, and |xi+1 − xi| =
|x− y|
N

<
1

N
.

In particular, if we choose N = 2Ĉ/(ĉĥ
n
2−1h̄), it follows by (5.5) that the

sections Zh̄(xi)/2 cover the segment [x, y]. And so applying (5.9) to each
of these sections and recalling our choice of h̄ (see (5.8)), we obtain that

|D2u(x)−D2u(y)| ≤
N−1∑
i=0

|D2u(xi+1)−D2u(xi)|

≤ C̃‖f‖
σ(1+α)
α

C0,α(B1)

N−1∑
i=0

|xi+1 − xi|α

≤ C̃(2Ĉ)1−α

(ĉĥ
n
2−1)1−α

‖f‖2σ/αC0,α(B1)|x− y|
α,
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which proves that

‖D2u‖C0,α(B1/2) ≤ C‖f‖
2σ/α
C0,α(B1)

for some positive constant C depending on λ,Λ, n, α, and the modulus of
strict convexity of u, as desired.

5.2. Proof of Theorem 5.2

We begin with a pair of lemmas in which we assume that u is a
strictly convex solution to

detD2u = f in B1

with f ∈ C0,α(B1). As we are interested in the behavior of the C2,α-norm
of solutions as α→ 0, we assume that α ∈ (0, 1/2].

In the following, we let Cn denote a positive dimensional constant
that may change from line to line.

Lemma 5.4. Let δ̂ ≤ 10−2. Assume that u(0) = 0 is the minimum of
u. There exists a positive dimensional constant ε̂ such that the following
holds: if P̂ is a convex quadratic polynomial with detD2P̂ = 1 such that

(5.10) |D2P̂ − Id | ≤ 1/2,

(5.11) ‖u− P̂‖L∞(B1) ≤ δ̂,

and

(5.12) ‖f − 1‖L∞(B1) ≤ δ̂ε̂,

then there exists a convex quadratic polynomial Q̂ with detD2Q̂ = 1 such
that

|D2Q̂−D2P̂ | ≤ Ĉδ̂
and

‖u− Q̂‖L∞(Br̂) ≤ δ̂r̂2+α

for some positive dimensional constants Ĉ and r̂.

Proof. Since by assumption δ̂ ≤ 10−2, by (5.10) and (5.11), there

exist positive dimensional constants r̃ and h̃ such that Br̃ ⊂ Zh̃ := {u <
h̃} ⊂ B1. Let w solve {

detD2w = 1 in Zh̃
w = h̃ on ∂Zh̃.
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Then, considering the sub and supersolutions (1 ± δ̂ε̂)1/n[w − h̃], the
comparison principle (see, e.g., [24, Theorem 2.3.2]) implies that

(1 + δ̂ε̂)[w − h̃] ≤ u− h̃ ≤ (1− δ̂ε̂)[w − h̃] in Zh̃.

Therefore,

(5.13) ‖u− w‖L∞(Zh̃) ≤ Cnδ̂ε̂.

Also, it follows by (5.10) and Pogorelov’s interior regularity estimates
(see [47] or [24, Theorems 3.3.1 and 3.3.2]) that w is uniformly convex
and C∞ inside Br̃ ⊂ Zh̃ with bounds depending only on dimension inside
Br̃/2.

We now observe that, since detD2P̂ = 1 and defining vt := tw+ (1−
t)P̂ ,

0 = detD2w − detD2P̂ =

ˆ 1

0

d

dt
detD2vt dt = tr

(
A ·D2(w − P̂ )

)
with

A :=

ˆ 1

0

detD2vt(D
2vt)

−1 dt.

That is, w − P̂ solves the linear equation tr
(
A ·D2(w − P̂ )

)
= 0 in Zh̃.

Since the matrix A is smooth and uniformly elliptic inside Br̃/2, it follows
by elliptic regularity that

‖w − P̂‖C3(Br̃/4) ≤ Cn‖w − P̂‖L∞(Br̃/2)

(see [29, Chapter 6]). From (5.11) and (5.13), we notice that

‖w − P̂‖L∞(Br̃/2) ≤ ‖u− P̂‖L∞(Br̃/2) + ‖u− w‖L∞(Br̃/2) ≤ Cnδ̂,

and so

‖w − P̂‖C3(Br̃/4) ≤ Cnδ̂.

Let Q̂ be the second order Taylor polynomial of w centered at the origin.
Then, for all r ≤ r̃/4,

‖w − Q̂‖L∞(Br) ≤ ‖D3w −D3P̂‖L∞(Br)r
3 ≤ Cnδ̂r3.(5.14)

Also,

|D2Q̂−D2P̂ | = |D2w(0)−D2P̂ | ≤ ‖D2w −D2P̂‖L∞(Br̃/4) ≤ Cnδ̂.

Therefore, by (5.13) and (5.14), for all r ≤ r̃/4,

‖u− Q̂‖L∞(Br) ≤ ‖u− w‖L∞(Br) + ‖w − Q̂‖L∞(Br) ≤ Cnδ̂
(
ε̂+ r3

)
.
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Recalling that by assumption α ≤ 1/2, taking r̂ = min{r̃/4, 1/(2Cn)2}
and then ε̂ = r̂3 proves the result. �

Lemma 5.5. Assume that f(0) = 1 and u(0) = 0 is the minimum of
u. There exist positive dimensional constants C̄, ε̄, and δ̄ such that if

‖u− |x|2/2‖L∞(B1) ≤ δ̄α,

and

‖f − 1‖C0,α(B1) ≤ δ̄αε̄,
then there exists a convex quadratic polynomial Q with detD2Q = 1 such
that

|D2Q| ≤ C̄
and

‖u−Q‖L∞(Br) ≤ C̄δ̄r2+α ∀r < 1.

Proof. Let δ̄ ≤ 10−2 to be chosen. Taking P̂ = |x|2/2, we apply

Lemma 5.4 with δ̂ = δ̄α to obtain positive dimensional constants Ĉ, r̂,
and ε̂ and a convex quadratic polynomial Q̂1 with detD2Q̂1 = 1 such
that

|D2Q̂1 − Id | ≤ Ĉδ̄α
and

(5.15) ‖u− Q̂1‖L∞(Br̂) ≤ δ̄αr̂2+α

provided ‖f − 1‖L∞(B1) ≤ ‖f − 1‖C0,α(B1) ≤ δ̄αε̂.
Let f2(x) := f(r̂x), u2 and P̂2 be the quadratic rescalings of u and

Q̂1 by r̂ respectively; that is,

u2(x) :=
1

r̂2
u(r̂x) and P̂2(x) :=

1

r̂2
Q̂1(r̂x),

and choose δ̄ = min{10−2, 1/2Ĉ}. Observe that u2, P̂2, and f2 satisfy

the hypotheses of Lemma 5.4 with δ̂ = δ̄αr̂α. Indeed, (5.10) is satisfied

as we have chosen Ĉδ̄α ≤ 1/2, detD2P̂2 = 1 holds by construction,
(5.11) follows from (5.15), and (5.12) follows since we have assumed that
‖f − 1‖C0,α(B1) ≤ δ̄αε̂ and as f(0) = 1. So applying Lemma 5.4, we find

a convex quadratic polynomial Q̂2 with detD2Q̂2 = 1 such that

|D2Q̂2 −D2P̂2| ≤ Ĉδ̄αr̂α

and

‖u2 − Q̂2‖L∞(Br̂) ≤ δ̄αr̂αr̂2+α.
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Also, we see that

|D2Q̂2 − Id | ≤ |D2Q̂2 −D2P̂2|+ |D2P̂2 − Id | ≤ Ĉδ̄α(1 + r̂α)

and

‖u− r̂2Q̂2(·/r̂)‖L∞(Br̂2 ) ≤ δ̄αr̂2(2+α).

Hence, for any k ≥ 1, we let fk(x) := fk−1(r̂x) and uk and P̂k be the

quadratic rescalings of uk−1 and Q̂k−1 by r̂ respectively. Then, provided
that ε̄ ≤ ε̂ and

Ĉδ̄α(1 + r̂α + · · ·+ r̂kα) ≤ Ĉδ̄α

1− r̂α
≤ 1

2
,

we can iteratively find convex quadratic polynomials Q̂k with detD2Q̂k =
1 such that

|D2Q̂k −D2P̂k| ≤ Ĉδ̄αr̂(k−1)α,

|D2Q̂k − Id | ≤ 1

2
,

and

(5.16) ‖u− r̂2(k−1)Q̂k(·/r̂k−1)‖L∞(B
r̂k

) ≤ δ̄αr̂k(2+α).

In particular, we can simply choose ε̄ = ε̂.
We claim that the sequence

Qk(x) := r̂2(k−1)Q̂k(x/r̂k−1)

converges to the desired Q. Indeed, since each Qk is a quadratic poly-
nomial, there exist triplets (ck, bk, Ak) ∈ R × Rn × Rn×n such that
Qk(x) = ck + 〈bk, x〉+ 〈Akx, x〉. By (5.16), we see that

‖Qk −Qk+1‖L∞(B
r̂k+1 ) ≤ ‖u−Qk‖L∞(B

r̂k
) + ‖u−Qk+1‖L∞(B

r̂k+1 )

≤ 2δ̄αr̂k(2+α),

which implies that

|ck − ck+1|, r̂k|bk − bk+1|, r̂2k|Ak −Ak+1| ≤ Cnδ̄αr̂k(2+α).

Hence,

‖Qk −Qk+1‖L∞(Br) ≤ Cnδ̄αr̂kα max
{
r̂2k, r2

}
∀r ≤ 1.

Summing these estimates we obtain that, for any j ≥ 1,

‖u−Q‖L∞(Br̂j ) ≤ ‖u−Qj‖L∞(Br̂j ) +
∑
k≥j

‖Qk −Qk+1‖L∞(Br̂j )

≤ Cnδ̄r̂j(2+α),
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which proves the desired result. �

In the following proof, we call “universal” any positive constant
depending only on λ,Λ, n, and the modulus of strict convexity of u. In
particular, we let C denote a positive universal constant that may change
from line to line.

Proof of Theorem 5.2. Without loss of generality, we assume
that f(0) = 1 and u(0) = 0 is the minimum of u. Let Zh, Lh, Sh, uh, and
fh be defined as in the proof of Theorem 5.1, and via a similar argument
to that in Theorem 5.1, observe that for h > 0 such that Zh b B1, we
have

‖fh − 1‖C0,α(Sh) ≤ Chα/σ.
Here σ > 1 depends only on n, λ, and Λ, and C ≥ 1 is universal (see [4]).

Let wh be the solutions to{
detD2wh = 1 in Sh

wh = 1 on ∂Sh

and Qh be the second order Taylor polynomials of wh centered at the
origin. By the same techniques used in Lemma 5.4, we deduce that

‖uh −Qh‖L∞(Br) < C(hα/σ + r3).

If we let ur,h and Qr,h be the quadratic rescalings of uh and Qh by r,
then

‖ur,h −Qr,h‖L∞(B1) < C

(
hα/σ

r2
+ r

)
.

After an affine transformation taking Qr,h to | · |2/2, we are in the

setting of Lemma 5.5 provided that r = δ̄α/2C and hα/σ = (δ̄α/2C)3.
Consequently,

‖D2ur,h‖C0,α(B1/2) ≤ C.
Scaling back we obtain that

‖D2u‖C0,α(Zh/2) ≤ Cr−αh‖L−1
h ‖

2+α ≤ Cr−αh−(1+α) ≤
(

1

α

)Cσ
α

.

Then, a covering argument like the one in the proof of Theorem 5.1 yields

‖D2u‖C0,α(B1/2) ≤
(

1

α

)Cσ
α

,

which implies the claimed estimate. �
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5.3. Proof of Theorem 5.3

5.3.1. Notation. It is natural to work in a geometry suited to the
scaling invariance of the model solution (5.3). Hence, we define the linear
transformation Ar by

Ar(x1, x2) :=
(
r

1
γ+1x1, r

γ
γ+1x2

)
.

Furthermore, let I := [−1, 1], Q1 := I × I, and define the rectangles Qr
by

Qr := Ar(Q1).

Note that the area of Qr is 4r, and that Qr is much longer horizontally
than vertically for r small.

For a convex function u with homogeneity (5.3), we have that

(5.17) u(x) =
1

r
u(Arx).

Thus, we see that Ar({u < τ}) = {u < rτ}, and so the sublevel set of u
of height r is equivalent to Qr up to dilations. More precisely,

cQr ⊆ {u < r} ⊆ CQr ∀r > 0 whenever cQ1 ⊆ {u < 1} ⊆ CQ1,

for positive constants c and C.
We use the convention sβ = |s|β for all s, β ∈ R.
In the following sections, any constant called “universal” is one

depending only on γ. From this point forward we let c and C be positive
universal constants, and note that they may change from line to line.

5.3.2. Construction of u. We construct a solution u defined with
the homogeneity (5.3):

u(x1, x2) =
1

κγ+1
u(κx1, κ

γx2) for γ > 1.

It is immediate to check that detD2u is constant along curves x2 = mxγ1
for m ∈ R, and it is uniquely determined once understood along horizontal
or vertical lines. Thus, we have two choices:

u(x1, x2) = x
γ+1
γ

2 g
(
x
−1/γ
2 x1

)
or u(x1, x2) = xγ+1

1 g̃
(
x−γ1 x2

)
where g, g̃ : R→ R+ are convex, even functions. This can be seen using
the homogeneity enjoyed by u and setting

u(t,±1) = g(t) and u(±1, t) = g̃(t)
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with t = x
−1/γ
2 x1 in the first case and t = x−γ1 x2 in the second. Conse-

quently, we see that either

detD2u(x1, x2) = F [g, γ](t) if t = x
−1/γ
2 x1

or

detD2u(x1, x2) = F̃ [g̃, γ](t) if t = x−γ1 x2

where

F [g, γ](t) := γ−2g′′(t)
(

(γ + 1)g(t) + (γ − 1)tg′(t)
)
− g′(t)2

and

F̃ [g̃, γ](t) := γg̃′′(t)
(

(γ + 1)g̃(t)− (γ − 1)tg̃′(t)
)
− g̃′(t)2.

Notice that once either g or g̃ is prescribed the other is determined.
Indeed,

(5.18) g̃(t) = t
γ+1
γ g
(
t−1/γ

)
.

With this in mind, we restrict our attention to g : R→ R+ and let

u(x1, x2) = x
γ+1
γ

2 g
(
x
−1/γ
2 x1

)
.

We build g so that detD2u is strictly positive, smooth away from
the origin, and has a universal Lipschitz constant outside Q1. Define

g0(t) :=
1

γ + 1

(
1 + |t|γ+1

)
.

A simple computation shows that

F [g0, γ](t) = γ−1|t|γ−1,

which is nonnegative.
First, we modify g0 near zero to make F strictly positive. We do this

by replacing g0 by a parabola on a small interval [−t0, t0]. Thus, define

g1(t) :=

{
g0(t) in R \ [−t0, t0]

1
γ+1 (a+ bt2) in [−t0, t0]

with

a = 1− γ − 1

2
tγ+1
0 and b =

γ + 1

2
tγ−1
0 .
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Choosing a and b in this way, we have that g1 is locally C1,1. Moreover,
in [−t0, t0],

F [g1, γ](t) =
2(γ + 1)ab− 2(2γ − 1)(γ − 1)b2t2

γ2(γ + 1)2

≥ ctγ−1
0

[
1− Ctγ+1

0

]
.

In particular, choosing t0 sufficiently small makes F [g1, γ] strictly positive.
Second, we modify g1 at infinity so that F is bounded. By (5.18),

modifying g1 at infinity corresponds to modifying

g̃1(t) = g̃0(t) =
1

γ + 1

(
1 + |t|

γ+1
γ

)
∀|t| < t−γ0

at the origin. To this end, we replace g̃1 by a parabola on a small interval
[−t̃0, t̃0] and match the functions and derivatives at ±t̃0. More specifically,
define

g̃1(t) :=
1

γ + 1

(
ã+ b̃t2

)
∀t ∈ [−t̃0, t̃0]

with

ã = 1 +
γ − 1

2γ
t̃
γ+1
γ

0 and b̃ =
γ + 1

2γ
t̃
− γ−1

γ

0 .

It follows that in [−t̃0, t̃0],

F̃ [g̃1, γ](t) ≥ ct̃−
γ−1
γ

0

[
1− Ct̃

γ+1
γ

0

]
,

and if we take t̃0 small enough, then F̃ [g̃1, γ] is strictly positive. Therefore,
if we define

g2(t) :=

{
g1(t) in

[
− t̃−1/γ

0 , t̃
−1/γ
0

]
1

γ+1

(
ã|t|γ+1 + b̃|t|−(γ−1)

)
in R \

[
− t̃−1/γ

0 , t̃
−1/γ
0

]
,

then we have that F [g2, γ] is strictly positive and bounded. Moreover, g2

is C1,1.
Finally, we modify g2 to make F [g2, γ] smooth. At the moment, the

second derivative of g2 jumps on the set

D :=
{
± t0,±t̃−1/γ

0

}
.

Let η be a smooth cutoff that is identically one around the points in D
and zero otherwise, let gε2 be a standard mollification of g2, and define

g := g2 + η(gε2 − g2).



100 5. NONLINEAR BOUNDS

When we do this,

|g(t)− g2(t)|, |g′(t)− g′2(t)| ≤ Cε ∀t ∈ R

since g2 and g′2 are Lipschitz and only differ from g and g′ respectively
in a neighborhood of D. Moreover, away from D the same is true for
the second derivatives of g2 and g. Furthermore, the smaller value of
g′′2 immediately to the left or right of a discontinuity improves under
smoothing. So, near a discontinuity the values of F [g, γ] are at least
the smaller value of F [g2, γ] up to small error from ‖g − g2‖L∞(R) and

‖g′ − g′2‖L∞(R).

With this choice of g we obtain a solution u with the desired ho-
mogeneity and such that f := detD2u is smooth away from the origin,
strictly positive, bounded, Lipschitz on ∂Q1, and invariant under Ar:

f(Arx) = f(x).

5.3.3. Heuristic Computations. Noticing that ‖f‖C0,α(R2\Q1) ≤
C and ∂22u ∼ 1 in Q2 \Q1, it follows by scaling that

‖f‖C0,α(Q1\Qr) . r
− αγ
γ+1 ∀r ∈ (0, 1)

and

‖D2u‖C0,α(Qτ\Qτ/2) ∼ τ−
γ−1+αγ
γ+1 ∀τ ∈ (0, 1)

(see the next section for details).
Now given r > 0 small, we will see that we can well-approximate u

by a solution ur with right-hand side fr that coincides with f outside Qr
and is a smoothed version of f inside Qr. We will be able to prove that u
and ur are close on the scale τ ∼ r1/2. In particular, ur will still satisfy

‖D2ur‖C0,α(B1/2) ≥ ‖D2ur‖C0,α(Q√r\Q√r/2) & r
− γ−1+αγ

2(γ+1) .

Now by fixing γ such that
γ − 1

γ
> α

and then taking r → 0, we expect ‖D2ur‖C0,α(B1/2) to grow faster than
a polynomial of degree

1

2

(
1 +

γ − 1

αγ

)
> 1

in ‖fr‖C0,α(B1). Similarly, if we fix γ of order 1 and take

α ∼ 1

| log r|
so that ‖f‖C0,α(B1) ∼ 1,
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computations suggest that ‖D2ur‖C0,α(B1/2) grows exponentially in 1/α.
We now provide all the details.

5.3.4. Construction of ur and fr. We first construct fr as follows:
we set fr = f outside of Qr, while inside Qr we take fr to be an
appropriate rescaling of F̃ [g̃, γ] on vertical lines in Qr defined by

fr(x1, x2) :=
1

F̃ (1)
F
(
r−

1
γ+1x1

)
F̃
(
r−

γ
γ+1x2

)
∀(x1, x2) ∈ Qr,

where F = F [g, γ] and F̃ = F̃ [g̃, γ]. (Recall that F (1) = F̃ (1).) By
scaling, we have that

(5.19) ‖fr‖C0,α(Q1) ≤ Cr−
αγ
γ+1 .

Indeed, notice that fr(Aκx) = fr/κ(x) and ‖f1‖C0,α(R2) ≤ C by the
invariance of f under Ar. Thus, for p, q ∈ Q1, we have that

|fr(p)− fr(q)| = |f1(A1/rp)− f1(A1/rq)| ≤ Cr−
γα
γ+1 |p− q|α,

verifying inequality (5.19).
Next, let ur be the solution to{

detD2ur = fr in B1

ur = u on ∂B1.

Then, ϕ := ur − u solves the linear equation{
tr
(
A ·D2ϕ

)
= fr − f in B1

ϕ = 0 on ∂B1

where

A :=

ˆ 1

0

detD2vt(D
2vt)

−1 dt and vt := tur + (1− t)u.

By the concavity of (det)1/2 on symmetric, positive semi-definite 2× 2
matrices, we have

(detA)1/2 ≥
ˆ 1

0

(
t
(
detD2ur

)1/2
+ (1− t)

(
detD2u

)1/2)
dt ≥ c.

Since |fr − f | ≤ C1Qr , the ABP estimate (see [29, Chapter 9]) implies
that

(5.20) ‖u− ur‖L∞(B1) ≤ C‖f − fr‖L2(B1) ≤ Cr1/2.
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Remark 5.6. Once we fix γ, the positive lower and upper bounds
on f and fr are also fixed independently of r. In particular, the solutions
ur have uniform modulus of strict convexity (see [4]).

5.3.5. Nonlinear Dependence and Conclusion of the Proof.
Given K > 1, let

ur,K(x) :=
1

Kr1/2
ur(AKr1/2x).

By the homogeneity (5.17) and (5.20), if Kr1/2 ≤ 1, then

sup
x2∈I
|ur,K(0, x2)− u(0, x2)| ≤ 1

Kr1/2
sup
x2∈I
|ur(0, x2)− u(0, x2)| ≤ C

K
.

Hence, since u(0, ·) is homogeneous of degree γ+1
γ < 2, taking K large

enough (the largeness depending only on γ) implies that

osc
I/2

∂22ur,K(0, ·) ≥ c > 0,

and so by scaling, we conclude that[
∂22ur(0, ·)

]
Cα(I/2)

≥ K−
γ−1+αγ
γ+1 r−

γ−1+αγ
2(γ+1)

[
∂22ur,K(0, ·)

]
Cα(I/2)

≥ cr−
γ−1+αγ
2(γ+1) .

Thus,

(5.21) ‖D2ur‖C0,α(B1/2) ≥ cr−
γ−1+αγ
2(γ+1) .

Recalling (5.19), we then see that

‖D2ur‖C0,α(B1/2) ≥ c
(‖fr‖C0,α(B1)

C

) 1
2 (1+ γ−1

αγ )
.

In particular, given any α ∈ (0, 1), we have superlinear dependence on
‖fr‖C0,α(B1) by choosing γ > 1

1−α .

Finally, fix γ = 2, for example. Taking α = c/| log r| in (5.19),
we have that ‖fr‖C0,α(B1) ≤ C. Furthermore, by (5.21) we see that

‖D2ur‖C0,α(B1/2) grows faster than a negative power of r, independent of

α. Therefore, we have at least exponential dependence on 1/α.
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5.4. Fully Nonlinear Uniformly Elliptic Equations

The goal of this section is to stress that the degeneracy and affine
invariance of the Monge–Ampère equation — and not its nonlinearity —
forces ω to depend in a nonlinear fashion on 1/α as α→ 0 and ‖f‖C0,α(B1).

To show this, let us consider a fully nonlinear uniformly elliptic
equation comparable to the Monge–Ampère equation. In particular, let
Sn denote the space of real, symmetric n× n matrices, let F : Sn → R
be a uniformly elliptic operator with ellipticity constants 0 < λ ≤ Λ <∞,
and assume that u is a solution of the equation

(5.22) F (D2u(x)) = f(x) in B1

where f ∈ Cα(B1). Without loss of generality, we let F (0) = f(0) = 0.
The key assumption we make to place ourselves in a comparable setting
to the Monge–Ampère equation is to ensure that our operator F has
basic existence and regularity properties: there exist constants C̃ > 0
and α̃ ∈ (0, 1] such that for any M ∈ Sn with F (M) = 0 and for every
w̃ ∈ C(∂B1), there exists a unique solution w to the equation

(5.23)

{
F (D2w(x) +M) = 0 in B1

w = w̃ on ∂B1

and

(5.24) ‖w‖C2,α̃(B1/2) ≤ C̃‖w‖L∞(B1).

Indeed, for the Monge–Ampère equation, (5.23) holds more appropriately
replacing the right-hand side 0 with the natural right-hand side 1, w̃ with
an affine function, and (5.24) holds with α̃ = 1 thanks to [47].

We remark that by Evans-Krylov (see [20, 41]), if F is concave on
Sn, then the above assumptions are satisfied with some α̃ depending on
λ,Λ, and n.

Analogous to what we have done in Section 5.2, since we want to
understand the behavior of our estimates in α when α→ 0, we fix η > 0
and we assume that α ≤ α̃ − η. Hence, here we call “universal” any
constant depending only on λ,Λ, n, C̃, α̃, and η.

Using (5.23) and (5.24), if ‖u‖L∞(B1) ≤ 1 and ‖f‖L∞(B1) is suffi-

ciently small, we can find a quadratic polynomial Q̂ with F (D2Q̂) = 0
that approximates u at order r̂2+α in Br̂ for some small, universal r̂ > 0.
Then, if in addition ‖f‖C0,α(B1) is small, one can iterate this statement
as in Lemma 5.5 to produce the second order Taylor polynomial of u
centered at the origin and show that its Hessian is of order 1/α. (This
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follows from a careful reading of the C2,α regularity result in [3].) With
this one deduces the following estimate:

Theorem 5.7. Fix η > 0 and let α ∈ (0, α̃− η]. There exist positive
universal constants ε̄ and C̄ such that if u : B1 → R is a solution of
(5.22) with

(5.25) ‖u‖L∞(B1) ≤ 1 and ‖f‖Cα(B1) ≤ ε̄,
then

‖u‖C2,α(B1/2) ≤
C̄

α
.

To remove the smallness assumptions ((5.25)) on u and f , given a
general solution u of (5.22), we define

ε :=
ε̄

‖u‖L∞(B1) + ‖f‖Cα(B1)
, v := εu, g := εf,

and
G(M) := εF (M/ε).

As defined, G is a uniformly elliptic operator with ellipticity constants
λ ≤ Λ such that G(0) = 0 and satisfies (5.23) and (5.24). Furthermore,
G(D2v) = g, g(0) = 0, ‖v‖L∞(B1) ≤ 1, and ‖g‖Cα(B1) ≤ ε̄. Hence,
applying Theorem 5.7 to v, g, and G, we obtain

‖v‖C2,α(B1/2) ≤
C̄

α
,

or equivalently

‖u‖C2,α(B1/2) ≤
C̄

αε̄

(
‖u‖L∞(B1) + ‖f‖Cα(B1)

)
,

as desired.
Notice that, in contrast, for the Monge–Ampère equation, the key

step Lemma 5.4 requires u to be close to a “round” quadratic polynomial
due to the degeneracy of the equation. To make sure this holds through
the iteration we must start α-close to such a quadratic polynomial. In
turn, to guarantee this we must rescale by a (possibly very eccentric)
affine function, which explains the nonlinear dependence.



CHAPTER 6

Lipschitz Changes of Variables between
Perturbations of Log-concave Measures

In this final chapter, we continue proving regularity properties of
solutions to the optimal transport problem for quadratic cost with appli-
cations in mind. In particular, we extend an important result of Caffarelli:
the existence of a Lipschitz change of variables between log-concave dis-
tributions (see [9, Theorem 11] and [10]). More precisely, he showed

that if V,W ∈ C1,1
loc (Rn) are convex functions with D2V ≤ ΛV Id and

λW Id ≤ D2W almost everywhere with 0 < ΛV , λW < ∞, then there
exists a Lipschitz map T : Rn → Rn such that T#e

−V = e−W and

(6.1) ‖DT‖L∞(Rn) ≤ (ΛV /λW )1/2.

Here, T is the optimal transport for quadratic cost taking e−V to e−W .
(See [38] for a completely different construction of a Lipschitz change of
variables in this setting). We note that a particularly important feature of
Caffarelli’s result is that the bound (6.1) is independent of the dimension
n.

A consequence of Caffarelli’s result is the deduction of certain func-
tional inequalities (such as log-Sobolev or Poincaré-type inequalities) for
log-concave measures from their corresponding Gaussian versions. For
instance, denoting the standard Gaussian measure on Rn by γn, consider
the Gaussian log-Sobolev inequality

ˆ
Rn
f2 log f dγn ≤

ˆ
Rn
|∇f |2 dγn +

(ˆ
Rn
f2 dγn

)
log

(ˆ
Rn
f2 dγn

)
,

which holds for every function f ∈W 1,2(Rn). For any measure ν such that
there exists a Lipschitz change of variables between ν and the Gaussian
measure, namely ν = T#γn, we deduce, applying the change of variable

105
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formula twice, thatˆ
Rn
f2 log f dν = ‖DT‖2L∞(Rn)

ˆ
Rn
|∇f |2 dν

+

(ˆ
Rn
f2 dν

)
log

(ˆ
Rn
f2 dν

)
.

Therefore, ν enjoys a log-Sobolev inequality with constant ‖DT‖2L∞(Rn).

Besides the natural consequences described in [9] and above, Caf-
farelli’s theorem has found numerous applications in various fields: indeed,
it can be used to transfer isoperimetric inequalities, to obtain correlation
inequalities, and more (see, e.g., [15, 16, 33, 40]).

In this chapter, we extend Caffarelli’s result by building Lipschitz
changes of variables between perturbations of V and W that are not
necessarily convex.

Theorem 6.1. Let V ∈ C1,1
loc (Rn) be such that e−V is a probability

density. Suppose that V (0) = infRn V and there exist constants 0 < λ,Λ <
∞ for which λ Id ≤ D2V ≤ Λ Id for almost everywhere. Moreover, let
R > 0, q ∈ C0

c (BR), and cq ∈ R be such that e−V+cq−q is also a probability
density. Assume that −λq Id ≤ D2q in the sense of distributions for some
constant λq ≥ 0. Then, there exists a constant C = C(R, λ,Λ, λq) > 0,
independent of n, such that the optimal transport map T that takes e−V

to e−V+cq−q satisfies

(6.2) ‖DT‖L∞(Rn) ≤ C.

The crucial point here is that the estimate on the Lipschitz constant
of the optimal transport map is independent of dimension, as it is in
Caffarelli’s results for log-concave measures.

In the case of spherically symmetric measures, we are able to weaken
the assumptions on both the log-concave measure and its perturbation
and still obtain a global Lipschitz change of variables. In particular, the
Lipschitz constant is controlled only by the L∞-norm of the positive
and negative parts of the perturbation q, denoted by q+ and q−. In the
following theorem, we first analyze the one-dimensional problem:

Theorem 6.2. Let V : R → R ∪ {∞} be a convex function and
q : R→ R be a bounded function such that e−V and e−V−q are probability
densities. Then, the optimal transport T that takes e−V to e−V−q is
Lipschitz and satisfies

(6.3) ‖ log T ′‖L∞(R) ≤ ‖q+‖L∞(R) + ‖q−‖L∞(R).
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We remark that while the map T in Theorem 6.2 is only unique up
to sets of e−V -measure zero, arguing by approximation, we can find a
particular transport T for which the estimate on log T ′ in (6.3) is satisfied
almost everywhere in R. Applying this one-dimensional result to radially
symmetric densities, we obtain the following:

Theorem 6.3. Let V : Rn → R∪{∞} be a convex, radially symmetric
function and q : Rn → R be a bounded, radially symmetric function such
that e−V and e−V−q are probability densities. Then, the optimal transport
T that takes e−V to e−V−q is Lipschitz and satisfies

(6.4) e−‖q
+‖L∞(Rn)−‖q−‖L∞(Rn) Id ≤ DT ≤ e‖q

+‖L∞(Rn)+‖q−‖L∞(Rn) Id .

Note that the assumption e−V−q is a probability density in Theo-
rems 6.2 and 6.3, unlike in Theorem 6.1, is nonrestrictive. Since q is not
required to be compactly supported, the normalization constant making
e−V−q a probability density if it were not already can simply be absorbed
into q.

We further remark that the one-dimensional estimate in Theorem 6.2
is false in higher dimensions when one does not assume that the densities
are radially symmetric. More specifically, taking the reference measure
e−V (x) dx to be the standard Gaussian measure, the estimate

(6.5) ‖DT − Id ‖L∞(Rn) = ‖D2u− Id ‖L∞(Rn) ≤ C‖q‖L∞(Rn)

cannot be true for n > 1 (see Remark 6.12 to understand the relationship
between (6.3) and (6.5) for n = 1). This is manifest if we recall that
the Monge–Ampère equation linearizes to the Poisson equation, which
does not enjoy C1,1

loc estimates for bounded right-hand side. In other
words, given V and q to be chosen, letting uε be the potential such
that ∇uε takes e−V to e−V−εq (for simplicity, we omit the normalization
constant that makes e−V−εq a probability density) and setting vε(x) =
(uε(x)− |x|2/2)/ε, we have that

∆vε +O(ε) =
log detD2uε

ε

=
−V + V (∇uε) + εq(∇uε)

ε
= 〈x,∇vε〉+ q(∇uε) +O(ε)

for every ε > 0. The estimate (6.5) implies supε>0 ‖D2vε‖L∞(Rn) < C

and, therefore, the existence of a C1,1
loc solution to the Poisson equation

with bounded right-hand side, which may not be true in higher dimensions.
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Although this heuristic argument is convincing, the details of the
proof are rather delicate, and we give them in the at the end of the
chapter for completeness.

6.1. Lipschitz Changes of Variables between Log-concave
Measures

We begin with two useful results of Caffarelli (see [9]). They provide
some motivation, and we briefly recall their proofs both for completeness
and because we shall need them later.

Lemma 6.4. Let µ = f(x) dx, ν = g(x) dx be probability measures
with finite second moments and ∇u = T be the optimal transport taking
µ to ν. Assume that log f ∈ L∞loc(Rn) and that g is bounded away from
zero in the ball Bj for some j > 0 and vanishes outside Bj. Then,

T (x)→ j
x

|x|
uniformly as |x| → ∞.

In particular, for any fixed ε > 0 and for all α ∈ Sn−1, the function

u(x+ εα) + u(x− εα)− 2u(x)→ 0 as |x| → ∞.
Proof. We begin by noticing that as a consequence of [6], T is

continuous on Rn, and, in particular, the map T is well defined at every
point.

Let x0 ∈ Rn and θ ∈ (0, π/4) be fixed, and consider the cone with
vertex at T (x0) and pointing in the x0-direction

Γ :=

{
y ∈ Rn : ∠(x0, y − T (x0)) ≤ π

2
− θ
}
.

By the monotonicity of the optimal transport, we see that

∠(x− x0, T (x)− T (x0)) ≤ π

2
;

hence, for all x such that T (x) ∈ Γ,

∠(x− x0, x0) ≤ ∠(x− x0, T (x)− T (x0)) + ∠(x0, T (x)− T (x0))

≤ π − θ.
And so, up to a set of measure zero, the preimage of Γ under T is contained
in the (concave) cone

Π := {x ∈ Rn : ∠(x0, x− x0) ≤ π − θ}.
Moreover, since T#µ = ν,

inf
x∈Bj

g(x) |Γ ∩Bj| ≤ ν(Γ ∩Bj) = ν(Γ) ≤ µ(Π).
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Let B = B(|x0| tan θ)/2, and notice that Π ⊂ Rn \ B. This proves that
µ(Π) ≤ µ(Rn \B).

Now µ(Rn \ B) → 0 as |x0| → ∞ since B covers Rn as |x0| → ∞.
Recalling that g is bounded away from zero in Bj, we have that

lim
|x0|→∞

|Γ ∩Bj| = 0.

Letting θ → 0, we see that T (x0) → j x0

|x0| . As the point x0 was fixed

arbitrarily,

∇u(x) = T (x)→ j
x

|x|
uniformly as |x| → ∞. Thus, u behaves like the cone j|x| at infinity.
In particular, for any fixed ε > 0 and for all α ∈ Sn−1, the function
u(x+ εα) + u(x− εα)− 2u(x)→ 0 as |x| → ∞. �

Thanks to Lemma 6.4, in [9, 10], Caffarelli proved the following
result.

Theorem 6.5. Let V,W ∈ C1,1
loc (Rn) be such that e−V and e−W are

probability densities. Suppose there exist constants 0 < λW ,ΛV < ∞
such that D2V ≤ ΛV Id and λW Id ≤ D2W almost everywhere. Then,
the optimal transport T that takes e−V to e−W is globally Lipschitz and
satisfies

(6.6) ‖DT‖L∞(Rn) ≤ (ΛV /λW )1/2.

Proof. By the stability of optimal transports, we may assume that
W is equal to infinity outside the ball Bj for some fixed j > 0. Indeed,
define

W j :=

{
W in Bj

∞ in Rn \Bj

and cj ∈ (0,∞) such thatˆ
Rn
ecj−W

j(x) dx = 1.

Clearly, ecj−W
j → e−W in L1(Rn) as j → ∞. Hence, if we prove (6.6)

for the optimal transport T j that takes e−V to ecj−W
j

, letting j→∞ we
obtain the same estimate for T .

Also, by [6], the convex potential u : Rn → R associated to the
optimal transport T is of class C3; therefore, u satisfies the Monge–
Ampère equation

detD2u(x) =
e−V (x)

e−W (∇u(x))
,
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or, equivalently,

(6.7) log detD2u(x) = −V (x) +W (∇u(x)).

For fixed ε > 0, we define the incremental quotient of a function f : Rn →
R at (x, α) ∈ Rn × Sn−1 by

fε(x, α) := f(x+ εα) + f(x− εα)− 2f(x).

By convexity of u we see that uε ≥ 0. Also, it follows by Lemma 6.4
that uε → 0 as |x| → ∞. Thus uε attains a global maximum at some
(x0, α0) ∈ Rn × Sn−1. Up to a rotation, we assume that α0 = e1. Thus,

(6.8) 0 = ∇uε(x0, e1) = ∇u(x0 + εe1) +∇u(x0 − εe1)− 2∇u(x0).

Moreover, because e1 is the maximal direction,

0 = ∂βφ
ε(x0, e1) = ε〈∇u(x0 + εe1)−∇u(x0 − εe1), β〉 ∀β ⊥ e1.

Taking β = ei for i 6= 1 and utilizing (6.8), we see that all the components
but the first of ∇u(x0 + εe1), ∇u(x0 − εe1), and ∇u(x0) are equal. Let
δ := 〈∇u(x0 + εe1)−∇u(x0 − εe1), e1〉/2, and observe that by (6.8),

〈∇u(x0), e1〉 ± δ =
1

2
〈∇u(x0 + εe1) +∇u(x0 − εe1), e1〉

± 1

2
〈∇u(x0 + εe1)−∇u(x0 − εe1), e1〉

= 〈∇u(x0 ± εe1), e1〉.
Hence, we conclude that

(6.9) ∇u(x0 ± εe1) = ∇u(x0)± δe1.

Another consequence of uε achieving a maximum at x0 is

(6.10) D2u(x0 + εe1) +D2u(x0 − εe1)− 2D2u(x0) ≤ 0.

We recall that

(6.11) lim
ε→0+

det (A+ εB)− det(A)

ε
= det (A) tr (A−1B)

for all square matrices A and B with A invertible. Also, if we set
F (A) := log detA, since F is concave on the space of positive semidefinite
n× n matrices and recalling (6.11), we have

DF (D2u(x0)) = (D2u(x0))−1

and

F (D2u(x0 ± εe1)) ≤ F (D2u(x0))

+ 〈(D2u(x0))−1, D2u(x0 ± εe1)−D2u(x0)〉.
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In particular, from (6.10) and the convexity of u, we deduce that

F (D2u(x0 + εe1)) + F (D2u(x0 − εe1))− 2F (D2u(x0)) ≤ 0.

Now let us, for fixed ε > 0, consider the incremental quotient of (6.7)
at (x0, e1). Using (6.9), we realize that

(6.12) V ε(x0, e1) ≥W δ(∇u(x0), e1).

Observe that

V ε(x0, e1) =

ˆ ε

0

(ˆ t

−t
〈D2V (x0 + se1)e1, e1〉ds

)
dt;

hence,

(6.13) V ε(x0, e1) ≤ ΛV ε
2.

Furthermore, from (6.9), we similarly see that

λW δ
2 ≤W δ(∇u(x0), e1).

Combining this estimate with (6.13) and (6.12), we get

(6.14) ε(ΛV /λW )1/2 ≥ δ.

Set C := (ΛV /λW )1/2. Since

uε(x0, e1) =

ˆ ε

0

〈∇u(x0 + te1)−∇u(x0 − te1), e1〉dt,

the convexity of u, (6.9), and (6.14) give us that

uε(x0, e1) = 2δε ≤ 2Cε2,

and so

‖DT‖L∞(Rn) = ‖D2u‖L∞(Rn) ≤ 2C.

Notice that this is the desired estimate up to a factor 2. We use
a bootstrapping argument to remove this factor. Suppose that 0 ≤
‖D2u‖L∞(Rn) ≤ a0 for some a0 > C. For any 0 ≤ t ≤ ε, by (6.9) and
(6.14),

|〈∇u(x0 + te1)−∇u(x0 − te1), e1〉| ≤ min{2εC, 2a0t}.

Thus,

uε(x0, e1) ≤
ˆ εC

a0

0

2a0tdt+

ˆ ε

εC
a0

2εC dt = ε2 (2Ca0 − C2)

a0
.
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In other words, if ‖D2u‖L∞(Rn) ≤ a0 with a0 > C, then

‖D2u‖L∞(Rn) ≤
(2Ca0 − C2)

a0
.

Starting with a0 = 2C and repeating the above procedure an infinite
number of times, we prove (6.6) since C uniquely solves (2Ca− C2)/a =
a. �

Remark 6.6. Notice that the above proof relies only on the local
behavior of our densities e−V and e−W . In particular, the bounds on
the Hessians of V and W are only used near the maximum point x0

and its image ∇u(x0) respectively. This simple observation will play an
important role in the proof of Theorem 6.1.

Remark 6.7. The above result is not ideal. Indeed, if V = W , then
T = Id, and we would like to have the bound ‖DT‖L∞(Rn) ≤ 1 instead

of ‖DT‖L∞(Rn) ≤ (ΛV /λV )1/2.

6.2. Proof of Theorem 6.1

In the following lemma, we prove an upper bound on how far points
travel under the transport map when the source measure is perturbed in
a certain fixed ball BP . We capture and quantify that our perturbations
are compactly supported. Lemma 6.8 will be applied in the proof of
Theorem 6.1 to the inverse transport.

Furthermore, given our convex function V , we consider, for j ∈ N,

(6.15) V j :=

{
V in Bj

∞ in Rn \Bj,

and we approximate e−V with compactly supported densities ecj−V
j

. This
approximation is in the spirit of Caffarelli’s approximation in the proof of
Theorem 6.5. In the proof of Theorem 6.1, it allows us to find maximum
points of a suitable function and guarantees that they do not escape to
infinity. This approximation procedure is purely technical. Hence, on a
first reading of Lemma 6.8, the reader may just take j =∞.

Lemma 6.8. Let V ∈ C∞(Rn) be such that µ := e−V (x) dx is a prob-
ability measure. Suppose that V (0) = infRn V and there exist constants
0 < λ,Λ < ∞ such that λ Id ≤ D2V ≤ Λ Id. Moreover, let P > 0,
p ∈ C∞c (BP ), and cp ∈ R be such that e−V+cp−p defines a probability
density. Given j > P , set V j as in (6.15) and choose cp,j ∈ (0,∞) such

that µp,j := ecp,j−V
j(x)+cp−p(x) dx is a probability measure. If T is the
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optimal transport map that takes µp,j to µ, then there exist constants P ′ =
P ′(P, λ,Λ, ‖p‖L∞(Rn)) > 0 and j′ = j′(n, V (0), P, λ,Λ, ‖p‖L∞(Rn)) > P
such that for all j ∈ [j′,∞],

(6.16) T (BP ) ⊆ BP ′ .

Even though this lemma is not independent of dimension as written
(specifically, j′ depends on n), the dimensional dependence does not affect
the constant P ′ and disappears in the limit as j → ∞. Thus, we can
indeed prove a global estimate on the optimal transport taking e−V to
e−V+cq−q that is independent of dimension.

Lemma 6.8 is written under slightly different assumptions than The-
orem 6.1. In particular, besides the obvious additional regularity assump-
tions on V and its perturbation, made only for simplicity, we have not
required that the perturbation be semiconvex. That said, if we assume
the the distributional Hessian of p is indeed bounded below by −λp Id,
then we can replace the dependence on ‖p‖L∞(Rn) with a dependence on
λp, as explained in the following remark.

Remark 6.9. Let p be a function compactly supported in BP that
satisfies the semiconvexity condition D2p ≥ −λp Id in the sense of distri-
butions. Then, its L∞-norm is controlled by a constant depending only
on P and λp (in particular, it is independent of dimension):

(6.17) ‖p‖L∞(Rn) ≤ 4λpP
2.

First, up to convolving p with a standard convolution kernel, we can
assume that p is smooth. Then, we observe that every one-dimensional
restriction fα(t) = p(tα), for t ∈ R and α ∈ Sn−1, is compactly supported
in [−P, P ] and has second derivative bounded below by −λp. This implies
that

(6.18) ‖f ′α‖L∞(R) ≤ 2λpP.

Indeed, suppose to the contrary that f ′α(t0) > 2λpP for some t0 ∈ [−P, P ].
Integrating, we would get

0 = f ′α(P ) ≥ f ′α(t0) +

ˆ P

t0

f ′′α(τ) dτ > 2λpP + λp(P − t0) > 0.

Impossible. This proves (6.18), and (6.17) holds by integrating.

Before proceeding with the proof of Lemma 6.8, we recall a Talagrand-
type transport inequality. Given two probability measures µ1 and µ2, we
denote the squared Wasserstein distance between µ1 and µ2 by W 2

2 (µ1, µ2)
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(see [51, Chapter 6] for the general definition), and we consider their
relative entropy

Ent(µ2|µ1) :=


ˆ
Rn

log

(
dµ2

dµ1

)
dµ2 if µ2 � µ1

∞ otherwise.

Here, dµ2/dµ1 is the relative density of µ2 with respect to µ1. If µ1 =
e−V (x) dx for some V ∈ C2(Rn) such that D2V ≥ λV Id, we have that
(see [15], applied in the particular case when µ1 and µ2 are probability
measures)

(6.19) W 2
2 (µ1, µ2) ≤ 2

λV
Ent(µ2|µ1).

In our applications, W 2
2 (µ1, µ2) coincides with the cost of the optimal

transport taking µ2 to µ1, i.e., given and map Y such that Y#µ2 = µ1,

W 2
2 (µ1, µ2) = cost(Y ) :=

ˆ
|x− Y (x)|2 dµ2(x).

Proof of Lemma 6.8. Notice first that as a consequence of [6], T
is continuous.

Assume there exists a point x0 ∈ BP with T (x0) /∈ B10P (otherwise,
the statement is true with P ′ = 10P ). We show that T (x0) ∈ BP ′ for
some P ′ = P ′(P, λ,Λ, ‖p‖L∞(Rn)) > 0 that will be chosen later. Let

x̄ := x0 + 3P
T (x0)− x0

|T (x0)− x0|
,

and define the constant C0 and ball B by C0P = |T (x0) − x0| and
B := BP (x̄). Also, let F : B → Rn be the projection of a point y ∈ B
onto the hyperplane through T (x0) and perpendicular to y − x0. The
map F is well-defined because x0 /∈ B (see Figure 6.1). Let us assume
that j′ > 6P , so that B ⊆ Bj.

By the monotonicity of optimal transports, we have that

〈y − x0, T (y)− T (x0)〉 ≥ 0 ∀y ∈ B,

and as F (y) is the closest point to y in the set {z ∈ Rn : 〈y − x0, z −
T (x0)〉 ≥ 0},

|T (y)− x0| ≥ |F (y)− x0| ∀y ∈ B
(see Figure 6.1). Given any y ∈ B, either x0, y, and x̄ determine a plane,
call it Γy, within which x0, F (y), and T (x0) determine a right triangle,
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Figure 6.1. The optimal transport sends B far away.

or x0, y, and x̄ are collinear. Thus,

|F (y)− x0| = C0P cos θy

where θy is the angle between F (y)−x0 and T (x0)−x0. Now, Γy ∩∂B is
a circle of radius P centered at x̄. Letting θtan be the angle between the
line through x0 and tangent to Γy ∩ ∂B and the line through T (x0) and
x0, we see that θy ≤ θtan. (While there are two such tangent lines, the
angles they determine with the line through T (x0) and x0 are the same.

Again, see Figure 6.1.) Moreover, |x0 − x̄| = 3P and cos θtan = 2
√

2/3.
Consequently,

|F (y)− x0| ≥ C0P cos θtan ≥
C02
√

2P

3

and

|T (y)− y| ≥ |T (y)− x0| − |y − x0| >
C02
√

2P

3
− 4P ∀y ∈ B.

Since V (0) = infRn V (x) and λId ≤ D2V (x) ≤ Λ Id, by restricting V to
one-dimensional lines through the origin we have that

(6.20) V (0) +
λ

2
|x|2 ≤ V (x) ≤ V (0) +

Λ

2
|x|2 ∀x ∈ Rn;

hence, as B ⊆ B6P ,

V (x) ≤ V (0) + 18ΛP 2 ∀x ∈ B.
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We now estimate cost(T ). Since BP ∩B = ∅ and B ⊆ Bj, we have

cost(T ) ≥
ˆ
B

|T (x)− x|2ecp,j−V
j(x)+cp dx

≥

[
C02
√

2P

3
− 4P

]2

ecp,j−V (0)−18ΛP 2+cp |BP |.
(6.21)

Furthermore, we claim that the following upper bound on cost(T ) holds:

(6.22) cost(T ) ≤ 6

λ
‖p‖L∞(Rn)e

cp,j+cp+‖p‖L∞(Rn)µ(BP ).

To see this, first, apply the Talagrand-type transport inequality (6.19)
with µ1 = µ and µ2 = µp,j to find that

(6.23) cost(T ) ≤ 2

λ

ˆ
Rn

(cp,j + cp − p(x))ecp,j−V
j(x)+cp−p(x) dx.

Second, choose j′ > 6P , so that

ˆ
Rn\Bj′

e−V (0)−λ2 |x|
2+‖p‖L∞(Rn) dx

≤ 1− exp

(
− ‖p‖L∞(Rn)

ˆ
BP

e−V (0)−Λ
2 |x|

2

dx

)
.

Notice that |cp| ≤ ‖p‖L∞(Rn) since

(6.24) e−cp =

ˆ
Rn
e−p(x) dµ(x).

So for every j ≥ j′, observe that

e−cp,j =

ˆ
Bj

e−V (x)+cp−p(x) dx

= 1−
ˆ
Rn\Bj

e−V (x)+cp dx

≥ 1−
ˆ
Rn\Bj′

e−V (0)−λ2 |x|
2+‖p‖L∞(Rn) dx

≥ exp
(
− ‖p‖L∞(Rn)

ˆ
BP

e−V (0)−Λ
2 |x|

2

dx
)
,
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and then, recalling that cp,j > 0, note

cp,j ≤ ‖p‖L∞(Rn)

ˆ
BP

e−V (0)−Λ
2 |x|

2

dx

≤ ‖p‖L∞(Rn)e
cp,j+cp+‖p‖L∞(Rn)µ(BP ).

(6.25)

Now by Jensen’s inequality applied to (6.24) and as p is supported in BP ,
we deduce that

cp −
ˆ
BP

p(x) ecp,j−V
j(x)+cp−p(x) dx

≤
ˆ
BP

p(x) ecp,j+cp
[
e−cp,j−cp − e−p(x)

]
dµ(x)

≤ 2‖p‖L∞(Rn)e
cp,j+cp+‖p‖L∞(Rn)µ(BP ).

(6.26)

Finally, combining (6.23), (6.25), and (6.26) , we see that (6.22) holds as
claimed.

In particular, since µ(BP ) ≤ e−V (0)|BP |, we have that

(6.27) cost(T ) ≤ 6

λ
‖p‖L∞(Rn)e

cp,j−V (0)+cp+‖p‖L∞(Rn) |BP |,

provided that j ≥ j′. Thus, (6.21) and (6.27) imply that

C0 ≤ C ′ := 3
√

2 +
9e9ΛP 2+

‖p‖L∞(Rn)
2

2P

[
‖p‖L∞(Rn)

λ

]1/2

.

This proves the existence of an upper bound on C0 depending only on
P, λ,Λ, and ‖p‖L∞(Rn).

Taking P ′ := (C ′ + 1)P , we deduce that

|T (x0)| ≤ |T (x0)− x0|+ |x0| ≤ C0P + P ≤ P ′,
which proves (6.16). �

The following result is a Pogorelov-type a priori estimate on pure
second derivatives of the potential associated to our optimal transport.
This technique is inspired by Pogorelov’s original argument for the classical
Monge–Ampère equation [47]. In our case, we face the additional difficulty
of constructing an auxiliary function h that compensates for the concavity
of our perturbation and the growth of our convex function at infinity.
Assuming that our auxiliary function attains a finite maximum, we provide
a quantitative estimate on the value of h at its finite maximum. This
result contains and overcomes the primary obstacles to demonstrating
that our optimal transport is globally Lipschitz.
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Before stating the result, we introduce some constants and an auxiliary
function ψ, all depending only on the constants R, λ,Λ, and λq that appear
in Theorem 6.1. Define the constants P > 0 and Q > 0 by

(6.28) P :=
2λq + 4λqR

λ
+ 1 +R and Q :=

λ

2λq
+ 1 +R;

let ψ ∈ C2([0,∞)) be given by

ψ(t) :=

ˆ t

0

ˆ s

0

ϑ(r) dr ds

with

ϑ(r) :=


λq r ∈ [0, R]

−λqr + λq + λqR r ∈ [R,Q]
λqλ

2r
4λ2
q+8λ2

qR−λ2 −
2λ2
qλ+4λ2

qλR+λqλ
2+λqλ

2R

4λ2
q+8λ2

qR−λ2 r ∈ [Q,P ]

0 r ∈ [P,∞);

(6.29)

and let ψ ∈ C2(Rn) be defined by

(6.30) ψ(y) := ψ(|y|).

Observe that the function ψ is defined in such a way that ψ
′′ ≥ −λ/2 in

[0,∞), ψ = λq| · |2/2 on [0, R], and ψ
′

is supported in BP (see Figure 6.2).

R P

ψ(t)

Figure 6.2. The graph of ψ.
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Proposition 6.10. Let V, λ,Λ, R, q, λq, and cq be defined as in The-

orem 6.1. Assume, additionally, that V and q are smooth. Let P,ψ,
and ψ be defined as in (6.28), (6.29), and (6.30). Given j > P , set V j

as in (6.15) and choose cq,j ∈ (0,∞) such that ecq,j−V
j+cq−q defines a

probability density. Also, let u ∈ C∞(Rn) solve

detD2u =
e−V

ecq,j−V
j(∇u)+cq−q(∇u)

,

and assume that there exist constants j′, P ′ > 0 such that for all j ∈ [j′,∞],

(6.31) ∇u(Rn \BP ′) ⊂ Rn \BP ,
or, equivalently, that [∇u]−1(BP ) ⊂ BP ′ . If

(6.32) h(x, α) := φαα(x)eψ(∇u(x))

attains a maximum at some point (x0, α0) among all possible (x, α) ∈
Rn × Sn−1, then there exists a constant C = C(R,P ′, λ,Λ, λq) > 0, yet
independent of n, such that

h(x0, α0) ≤ C.

Proof. Since, by assumption, (x0, α0) is a maximum point of h, we
have

sup
|α|=1

uαα(x0) = uα0α0
(x0).

This implies that α0 is an eigenvector of D2u(x0). Therefore, up to
a rotation, we assume that α0 = e1 and that D2u is diagonal at x0.
Throughout this proof, the function h is seen as a function of the variable
x with α0 fixed. Then, at x0 we compute that

(6.33) 0 = (log h)i =
u11i

u11
+ ψk(∇u)uki,

for all 1 ≤ i ≤ n, and

0 ≥ uij(log h)ij

= uij
[
u11ij

u11
− u11iu11j

u2
11

+ ψk(∇u)ukij + ψkl(∇u)uikujl

]
(6.34)

where we denote the inverse matrix of (uij) by (uij).
Let

Ṽ j := V j − cq,j + q − cq.
Using (6.11), we differentiate the equation

(6.35) log detD2u = −V + Ṽ j(∇u)
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in the e1-direction twice to obtain

uiju1ij = −V1 + Ṽ j
i (∇u)u1i

and

(6.36) uiju11ij − uilukju1iju1kl = −V11 + Ṽ j
i (∇u)u11i + Ṽ j

ij(∇u)u1iφ1j .

By (6.34) and (6.36), we deduce that at x0

0 ≥uilukju1iju1kl − V11 + Ṽ j
i (∇u)u11i + Ṽ j

ij(∇u)u1iu1j

− uiju11iu11j

u11
+ u11u

ijψk(∇u)ukij + u11u
ijψkl(∇u)uikujl.

(6.37)

We estimate each term in (6.37) from below. Recall that (uij) and
(uij) are diagonal at x0. Therefore, uii = 1/uii, and we see that

uilukju1iju1kl −
uiju11iu11j

u11
=

n∑
i=1

n∑
k=2

uiiukku2
1ik ≥ 0

and

Ṽ j
ij(∇u)u1iu1j = Ṽ j

11(∇u)u2
11.

Because h has a maximum at e1 among all directions,

(6.38) u11(x0) ≥ uii(x0),

and so

u11u
ijψkl(∇u)uikujl = u11ψii(∇u)uii ≥ ψii(∇u)u2

ii.

Additionally, differentiating (6.35) in the ek-direction, we have that

uijukij = −Vk + Ṽ j
i (∇u)uki.

By (6.33), it then follows that

Ṽ j
i (∇u)u11i + u11u

ijψk(∇u)ukij

= Ṽ j
i (∇u)u11i + ψk(∇u)(−Vk + Ṽ j

i (∇u)uki)u11

= −ψk(∇u)Vku11,

and consequently, (6.37) becomes

(6.39) 0 ≥ Ṽ j
11(∇u)u2

11 +

n∑
i=1

ψii(∇u)u2
ii − ψk(∇u)Vku11 − Λ.
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If x0 ∈ Rn \ BP ′ , (6.31) implies that ∇u(x0) ∈ Rn \ BP . Then,
ψk(∇u)Vku11 = 0 since the gradient of ψ is zero outside BP by construc-
tion. If, on the other hand, x0 ∈ BP ′ , then

ψk(∇u)Vku11 ≤ ΛP ′‖∇ψ‖L∞(Rn)u11.

(Here, we have used that V (0) = infRn V and that D2V ≤ Λ Id to show
Vk is bounded above by ΛP ′.) In both cases, we deduce that

ψk(∇u)Vku11 ≤ C̃u11

for a constant C̃ depending only on R, P ′, λ, Λ, and λq. Thus, by (6.39),
we have that

(6.40) 0 ≥ Ṽ j
11(∇u)u2

11 +

n∑
i=1

ψii(∇u)u2
ii − C̃u11 − Λ.

We claim that

(6.41) Ṽ j
11(∇u)u2

11 +

n∑
i=1

ψii(∇u)u2
ii ≥

λ

2
u2

11.

Indeed, let us consider two cases, according to whether or not ∇u(x0)
belongs to BR. If ∇u(x0) ∈ BR, then

Ṽ j
11(∇u)u2

11 +

n∑
i=1

ψii(∇u)u2
ii ≥ λu2

11 − λqu2
11 + λqu

2
11 = λu2

11,

and (6.41) follows. In the case that ∇u(x0) /∈ BR, we compute the
derivatives of ψ in terms of the derivatives of ψ. Observe that

ψi(y) =
ψ
′
(|y|)yi
|y|

and ψii(y) = ψ
′′
(|y|) y

2
i

|y|2
+
ψ
′
(|y|)
|y|

(
1− y2

i

|y|2

)
.

Thus,

ψii(∇u) ≥ ψ′′(|∇u|) u2
i

|∇u|2
≥ −λ

2

u2
i

|∇u|2

since ψ
′′ ≥ −λ/2 in [0,∞) and ψ

′ ≥ 0. Then, (6.38) implies that

n∑
i=1

ψii(∇u)u2
ii ≥ −

λ

2

n∑
i=1

u2
i

|∇u|2
u2
ii

≥ −λ
2
u2

11

n∑
i=1

u2
i

|∇u|2
= −λ

2
u2

11.

(6.42)
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As ∇u(x0) /∈ BR, we know Ṽ j
11(∇u(x0)) = V j

11(∇u(x0)). It follows that

(6.43) Ṽ j
11(∇u)u2

11 ≥ λu2
11.

By (6.42) and (6.43), we deduce that (6.41) holds in this case as well.
Combining (6.40) and (6.41), we observe that

(6.44) 0 ≥ λ

2
u2

11 − C̃u11 − Λ.

Solving the quadratic equation in (6.44), we find that

u11(x0) ≤ C̃ +
√
C̃2 + 2λΛ

λ
≤ 2C̃/λ+

√
2Λ/λ.

As ψ is bounded in Rn by definition, it follows that

h(x) ≤ h(x0) ≤ u11(x0)e‖ψ‖L∞(Rn) ≤ C

for a constant C depending on R, P ′, λ, Λ, and λq, yet independent of n,
as desired. �

Notice that if λq = 0, then ψ = 0. In this case, the constant C̃ found
in the proof above is zero, and we recover the global Lipschitz constant
obtained by Caffarelli in Theorem 6.5 up to a factor of

√
2 (this is a

better bound than the one provided by the proof of Theorem 6.5 before
the final bootstrapping argument).

Proof of Theorem 6.1. We first prove the statement assuming
that V and q are smooth. For every j > R set V j as in (6.15), and choose

cq,j ∈ (0,∞) such that ecq,j−V
j+cq−q is a probability density. Let T j be

the optimal transport map that takes e−V to ecq,j−V
j+cq−q. Since the

density ecq,j−V
j+cq−q is supported in a convex set, smooth on its support,

and is bounded from above and below by positive constants, we deduce
that T j ∈ C∞(Rn) (see [6]). By the stability of optimal transport maps,
it suffices to show that for all j ≥ j′ (j′ to be chosen possibly depending
on n) we have that

(6.45) ‖DT j‖L∞(Rn) ≤ C

for some constant C > 0 depending only on R, λ, Λ, and λq.
Let P,ψ, and h be defined as in (6.28), (6.30), and (6.32). Applying

Lemma 6.8 to the optimal transport [T j]−1, we see that there exist
constants j′ and P ′ = P ′(R, λ,Λ, λq) > 0 (see Remark 6.9) such that
[T j]−1(BP ) ⊂ BP ′ for all j ∈ [j′,∞]; that is, letting∇u = T j (for simplicity
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we omit the dependence on j in notating the potential u, which can be
any number greater than j′ in the following),

(6.46) ∇u(Rn \BP ′) ⊂ Rn \BP .

We split the proof in two cases, according whether or not h achieves
a maximum in Ω = Rn × Sn−1. If there exists (x0, α0) ∈ Ω such that

h(x0, α0) = sup
Ω
h(x, α),

then we apply Proposition 6.10 and see that

sup
Sn−1

‖uαα‖L∞(Rn) ≤ ‖h‖L∞(Ω) ≤ C,

which proves (6.45).
Otherwise, we consider the maxima of h in Ωm := Bm × Sn−1 with

m ∈ N. Let

h(xm, αm) = sup
Ωm

h(x, α).

Notice that h(xm, αm) is nondecreasing (and not definitively constant)
and |xm| ↑ ∞ as m→∞. Now consider the functions hε approximating
h defined by

hε(x, α) := [u(x+ εα) + u(x− εα)− 2u(x)]eψ(∇u(x)) ∀(x, α) ∈ Ω.

Since u is smooth, we know that hε → h locally uniformly in Ω as ε→ 0.
Furthermore, by Lemma 6.4,

(6.47) lim
|x|→∞

hε(x, α) = 0

uniformly with respect to x and α. Since hε ≥ 0 (by the convexity of u),
the function hε(x, α) has a finite maximum point (xε, αε).

We claim that for sufficiently small ε (possibly depending on n and
on the sequence {(xm, αm)}m∈N)

(6.48) xε /∈ BP ′ .

Indeed, let m0 and m1 be such that xm0 /∈ BP ′ and h(xm1 , αm1) >
h(xm0 , αm0). Since hε converges to h locally uniformly, there exists
ε0 > 0 such that

|hε(x, α)− h(x, α)| ≤ h(xm1
, αm1

)− h(xm0
, αm0

)

4
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for every x ∈ B|xm1
|+1, α ∈ Sn−1, and ε ≤ ε0. So for every ε ≤ ε0, we

have that

hε(xm1
, αm1

) ≥ h(xm1
, αm1

)− |hε(xm1
, αm1

)− h(xm1
, αm1

)|

≥ 3h(xm1 , αm1) + h(xm0 , αm0)

4
.

(6.49)

Thus,

hε(x, α) ≤ h(x, α) + |hε(x, α)− h(x, α)|

≤ h(xm0 , αm0) +
h(xm1 , αm1)− h(xm0 , αm0)

4

=
h(xm1 , αm1) + 3h(xm0 , αm0)

4

<
3h(xm1

, αm1
) + h(xm0

, αm0
)

4

(6.50)

for every x ∈ B|xm0 |, α ∈ Sn−1, and ε ≤ ε0. Since BP ′ ⊆ B|xm0 |, (6.49)

and (6.50) imply that hε(x, α) ≤ hε(xm1
, αm1

) in BP ′ . Therefore, hε

satisfies (6.48) for every ε ≤ ε0.
Recall that ψ is constant outside BP . Then, by (6.46) and (6.48),

we know that for every ε ≤ ε0, the function eψ(∇u(x)) is locally constant
around xε. Therefore, (xε, αε) is also a local maximum point for the
incremental quotient u(x+εα)+u(x−εα)−2u(x). Moreover, outside BR
the function V j−cq,j+q−cq is convex as it coincides with V j−cq,j−cq. So
proceeding as in the proof of Theorem 6.5 (cf. Remark 6.6), we conclude
that (6.45) is also proved in the case that h is not guaranteed to achieve
a maximum in Ω.

In order to remove the smoothness assumptions on V and q, we
approximate V and q by convolution (adding a small constant to ensure
these approximations define probability measures). Then, from what
we have shown above, the approximate transports are all globally and
uniformly Lipschitz. Thanks to the stability of optimal transports, passing
to the limit, we prove (6.2). �

6.3. Proofs of Theorems 6.2 and 6.3

Our goal now is to produce optimal global Lipschitz estimates under
strong symmetry but weak regularity assumptions on our log-concave
measures. Notice that when our perturbation is zero, we recover that
our optimal transport is the identity map (cf. Remark 6.7). We begin in
one dimension and with a technical lemma relating the behavior of our
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convex base and the cumulative distribution function of the log-concave
probability measure it defines.

Lemma 6.11. Let V : R→ R be a convex function such that e−V is
a probability density and x0 ∈ R be such that V (x0) = infR V . Define Φ,
Ψ : R→ (0, 1) by

(6.51) Φ(x) :=

ˆ x

−∞
e−V (t) dt and Ψ(x) :=

ˆ ∞
x

e−V (t) dt = 1−Φ(x).

Then,

(6.52) V (x)− V (y) ≤ log Φ(y)− log Φ(x) ∀x ≤ y ≤ x0

and

(6.53) V (x)− V (y) ≥ log Ψ(y)− log Ψ(x) ∀x0 ≤ x ≤ y.

Proof. Since an analogous argument proves (6.53), we only show
(6.52); in other words, we prove that the function log Φ + V is nonde-
creasing in (−∞, x0]. Let x̂ = inf{x : V (x) = V (x0)}. The function
log Φ + V is clearly nondecreasing in [x̂, x0], whenever this interval is
not a single point. Moreover, it is locally Lipschitz and its derivative is
e−V /Φ + V ′. Hence, it suffices to show that the derivative is nonnegative
in (−∞, x̂). Since V ′ is nonincreasing in (−∞, x̂) and by the change of
variables formula, we have that for almost every x ∈ (−∞, x̂)

V ′(x)Φ(x) ≥
ˆ x

−∞
V ′(t)e−V (t) dt = −e−V (x),

which proves our claim. �

Proof of Theorem 6.2. By approximating V with a sequence of
convex functions Vj → V that are finite on R and such that e−Vj define
probability densities, we can assume that V <∞ on R. This reduction
follows from the stability of optimal transport maps. Recall that, as a
consequence of the push-forward condition T#e

−V = e−V−q, T satisfies
the mass balance equation

(6.54)

ˆ x

−∞
e−V (t) dt =

ˆ T (x)

−∞
e−V (t)−q(t) dt,

which can be also written as

(6.55)

ˆ ∞
x

e−V (t) dt =

ˆ ∞
T (x)

e−V (t)−q(t) dt
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since e−V and e−V−q are probability densities. From (6.54), we deduce
that T is differentiable. Indeed, both the functions

F (x) :=

ˆ x

−∞
e−V (t) dt and G(x) :=

ˆ x

−∞
e−V (t)−q(t) dt

are differentiable and their derivatives do not vanish. So T (x) = G−1◦F (x)
is differentiable as well. Thus, differentiating with respect to x and then
taking the logarithm shows that

log(T ′(x)) = −V (x) + V (T (x)) + q(T (x)) ∀x ∈ R.
Consequently,

V (T (x))− V (x)− ‖q−‖L∞(R) ≤ log(T ′(x))

≤ V (T (x))− V (x) + ‖q+‖L∞(R).
(6.56)

On the other hand, (6.54) implies that

e−‖q
+‖L∞(R)

ˆ T (x)

−∞
e−V (t) dt ≤

ˆ x

−∞
e−V (t) dt

≤ e‖q
−‖L∞(R)

ˆ T (x)

−∞
e−V (t) dt

since q ∈ L∞(R). Taking the logarithm and defining Φ as in (6.51), we
see that

(6.57) −‖q+‖L∞(R) ≤ log Φ(x)− log Φ(T (x)) ≤ ‖q−‖L∞(R).

Analogously, from (6.55), we deduce that

(6.58) −‖q+‖L∞(R) ≤ log Ψ(x)− log Ψ(T (x)) ≤ ‖q−‖L∞(R).

We claim that

(6.59) −‖q+‖L∞(R) ≤ V (T (x))− V (x) ≤ ‖q−‖L∞(R) ∀x ∈ R.
To prove this claim, let x0 ∈ R be such that V (x0) = infR V and consider
the sets

E1 := {x : x ≤ x0 and T (x) ≤ x0}
and

E2 := {x : x ≥ x0 and T (x) ≥ x0}.
Applying (6.52) in E1 yields that

0 ≤ V (T (x))− V (x) ≤ log Φ(x)− log Φ(T (x))

if T (x) ≤ x ≤ x0 and

log Φ(x)− log Φ(T (x)) ≤ V (T (x))− V (x) ≤ 0
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whenever x ≤ T (x) ≤ x0. Therefore, (6.59) holds in E1 by (6.57).
Similarly, applying (6.53) gives us that (6.59) holds in E2 by (6.58). Now
we consider three cases:

1. If T (x0) = x0, the monotonicity of T implies that E1 ∪ E2 = R,
and (6.59) holds in all of R.

2. If T (x0) > x0, then E1 ∪ E2 ∪ E+ = R where, thanks to the
monotonicity of T , we have

E+ = {x : x ≤ x0 and T (x) ≥ x0} = [T−1(x0), x0].

Since V attains its minimum at x0, V is decreasing on (−∞, x0] and
increasing on [x0,∞). Consequently, for all x ∈ E+,

V (T−1(x0))− V (x0) ≤ V (x)− V (T (x)) ≤ V (T (x0))− V (x0).

As T−1(x0) ∈ E1 and x0 ∈ E2, our above analysis shows that (6.59) holds
in E+.

3. If T (x0) < x0, an analogous argument to one used to prove case
2 demonstrates that E1 ∪ E2 ∪ E− = R where E− = [x0, T

−1(x0)] and
proves (6.59) also in E−.

Therefore, by (6.56) and (6.59), we deduce (6.3). �

Remark 6.12. From the numerical inequality | log(x)| ≥ x−1, which
holds for x ∈ [0, e2], we see that if u is the potential associated to T in
Theorem 6.2, then provided that ‖q‖L∞(R) ≤ 1, there exists a constant
C > 0 such that

‖u′′ − 1‖L∞(R) ≤ C‖q‖L∞(R).

We now move to the radially symmetric case in n dimensions.

Proof of Theorem 6.3. Let V , q : R→ R∪{∞} be two functions
such that V = q =∞ on (−∞, 0), and V (x) = V (|x|) and q(x) = q(|x|)
for every x ∈ Rn. Now consider the function

T (x) := T̃ (|x|) x
|x|

where T̃ : R → R is the optimal transport that takes e−V (r)rn−1 to

e−V (r)−q(r)rn−1.
Set R+ := [0,∞). We first claim that the optimal transport T̃ is

Lipschitz and satisfies

(6.60) ‖ log T̃ ′‖L∞(R+) ≤ ‖q+‖L∞(R+) + ‖q−‖L∞(R+).

Indeed, let Ṽ : R → R ∪ {∞} be defined by Ṽ (r) := V (r) − (n −
1) log r on R+ and infinity otherwise, and let q̃ = q on R+ and zero
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elsewhere. Observe that Ṽ is convex and q̃ is bounded. Hence, applying
Proposition 6.2 with V = Ṽ and q = q̃ proves (6.60).

We now conclude the proof. Notice that T is continuous. Furthermore,
T is an admissible change of variables from e−V (x) dx to e−V (x)−q(x) dx.
To see this, we show that for every bounded, Borel function ϕ : Rn → R,

(6.61)

ˆ
Rn
ϕ(T (x))e−V (x) dx =

ˆ
Rn
ϕ(x)e−V (x)−q(x) dx.

The formula (6.61) can be rewritten, using polar coordinates and the
definition of T , asˆ ∞

0

ˆ
Sn−1

ϕ(T̃ (r)α) dHn−1(α) e−V (r)rn−1 dr

=

ˆ ∞
0

ˆ
Sn−1

ϕ(rα) dHn−1(α) e−V (r)−q(r)rn−1 dr,

which is, in turn, satisfied if we use the test function

ϕ(r) =

ˆ
Sn−1

ϕ(rα) dHn−1(α)

and recall the definition of T .
Now let ξ ∈ Sn−1 and x ∈ Rn \ {0}. Since T̃ (0) = 0, we observe that

DT (x)[ξ] =
[
ξ|x|−1 − x|x|−3〈x, ξ〉

]
T̃ (|x|) + x|x|−2T̃ ′(|x|)〈x, ξ〉

=
[
ξ − x|x|−2〈x, ξ〉

]
T̃ ′(t) + x|x|−2T̃ ′(|x|)〈x, ξ〉

where t ∈ (0, |x|). By (6.60), we deduce that

e−‖q
+‖L∞(Rn)−‖q−‖L∞(Rn) ≤ 〈ξ,DT (x)[ξ]〉 ≤ e‖q

+‖L∞(Rn)+‖q−‖L∞(Rn) ,

which proves (6.4). To conclude, we show that T is the optimal transport
taking e−V to e−V−q. Let ũ : R+ → R+ be the convex potential associated
to T̃ . By construction, T (x) = ∇(ũ(|x|)) and ũ(|x|) is a convex function.
Since optimal transports are characterized by being gradients of convex
functions, T is the optimal transport taking e−V to e−V−q. �

6.4. n Dimensions versus 1 Dimension

We now show that the linear bound in Remark 6.12 is specific to the
one-dimensional case.

Proposition 6.13. Let n ∈ N and V (x) = |x|2/2 + (n/2) log(2π), so
that e−V is the standard Gaussian density in Rn. Then, for every C > 0,
there exists a bounded, continuous perturbation p such that ‖p‖L∞(Rn) ≤ 1,
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e−V−p is a probability density, and the optimal transport T = ∇u that
takes e−V to e−V−p satisfies

‖D2u− Id ‖L∞(Rn) > C‖p‖L∞(Rn).

Proof. Suppose, to the contrary, that for every bounded, continuous
function p : Rn → R with ‖p‖L∞(Rn) ≤ 1, the optimal transport T = ∇u
that takes e−V to e−V−p satisfies

(6.62) ‖D2u− Id ‖L∞(Rn) ≤ C0‖p‖L∞(Rn)

for some C0 > 0. In particular, let q ∈ L∞(Rn) ∩ C0(Rn), and for all
ε ≥ 0, define cε by

ecε =

ˆ
Rn
e−V (x)−εq(x) dx.

By construction, e−V−εq−cε is a probability density. Thus, let uε be
the potential for the optimal transport taking e−V to e−V−εq−cε , and
remember that uε solves the Monge–Ampère equation

(6.63) detD2uε = e−V+V (∇φε)+εq(∇uε)+cε .

Note that cε → 0 as ε→ 0. Also, since

|c′ε| =
∣∣∣∣ (ecε)′ecε

∣∣∣∣ =

∣∣∣∣ˆ
Rn
−q(x)e−V (x)−εq(x)−cε dx

∣∣∣∣ ≤ ‖q‖L∞(Rn),

cε is Lipschitz as a function of ε and

(6.64)
|cε|
ε
≤ ‖q‖L∞(Rn).

In addition, by the dominated convergence theorem,

(6.65) c′ε → ιq :=

ˆ
Rn
−q(x)e−V (x) dx as ε→ 0.

Without loss of generality, we assume that uε(0) = 0. Now, define

vε(x) :=
uε(x)− |x|2/2

ε
.

By (6.62) applied to p = εq + cε and (6.64), if ε ≤ 1
2‖q‖L∞(Rn)

, then

(6.66) ‖D2vε‖L∞(Rn) ≤ (C0 + 1)‖q‖L∞(Rn).

Recall that, for any n×n matrix A, there exists a K > 0, depending only
on ‖A‖, such that for all ε sufficiently small | log det(Id +εA)− ε trA| ≤
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ε2K. Therefore, there exist an ε0 > 0 and a collection of functions gε
with

(6.67) sup
ε≤ε0
‖gε‖L∞(Rn) <∞

such that for all ε ≤ ε0,

ε∆vε(x) + ε2gε(x) = log det(Id +εD2vε) = log detD2uε.

Thus, by (6.63) and our choice of V ,

∆vε(x) + εgε(x) =
V (∇uε(x))− V (x) + εq(∇uε(x)) + cε

ε

=

ˆ 1

0

〈(1− t)∇uε(x) + tx,∇vε(x)〉dt

+ q(∇uε(x)) +
cε
ε

= 〈x,∇vε(x)〉+
ε

2
|∇vε(x)|2 + q(∇uε(x)) +

cε
ε
.

(6.68)

We claim that, up to a subsequence, there exists a function v0 ∈
C1,1

loc (Rn) such that vε → v0 in C1
loc(Rn) and D2vε ⇀ D2v0 weakly-∗ in

L∞(Rn) as ε→ 0. To this end, by Arzelà-Ascoli, it suffices to show that
vε are locally bounded in C1,1. Since vε(0) = 0, by (6.66), it is enough to
prove that

(6.69) lim inf
ε→0

|∇vε(0)| <∞.

Assume, to the contrary, that limε→0 |∇vε(0)| = ∞. Notice that (6.68)
implies that for all ε ≤ ε0 and x ∈ Rn,∣∣∣∣ˆ 1

0

〈(1− t)∇uε(x) + tx,∇vε(0)〉dt
∣∣∣∣

≤
∣∣∣∣ˆ 1

0

〈(1− t)∇uε(x) + tx,∇vε(x)〉dt
∣∣∣∣

+
(
|∇uε(x)|+ |x|

)
|∇vε(0)−∇vε(x)|

≤ |∆vε(x)|+ ε|gε(x)|+ |q(∇uε(x))|+ |cε|
ε

+
(
|∇uε(x)|+ |x|

)
|x| sup

ε≤ε0
‖D2vε‖L∞(Rn).

Let αε = ∇vε(0)/|∇vε(0)| ∈ Sn−1, and note that up to subsequences
αε → α0 ∈ Sn−1 as ε → 0. Furthermore, let η ∈ C∞c (B1/2(α0)) be a
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nonnegative function that integrates to one. Then, by (6.64), we deduce
that

|∇vε(0)|
ˆ
Rn

∣∣∣∣ˆ 1

0

〈(1− t)∇uε(x) + tx, αε〉dt
∣∣∣∣η(x) dx

=

ˆ
Rn

∣∣∣∣ ˆ 1

0

〈(1− t)∇uε(x) + tx,∇vε(0)〉dt
∣∣∣∣η(x) dx

≤ sup
ε≤ε0

ε‖gε‖L∞(Rn) + 2‖q‖L∞(Rn)

+ sup
ε≤ε0
‖D2vε‖L∞(Rn)

ˆ
Rn

(
|∇uε(x)||x|+ |x|2 + 1

)
η(x) dx.

(6.70)

Recall that D2uε converges uniformly to the identity matrix by (6.62)
applied to uε and εq. By the stability and uniqueness of optimal trans-
ports, ∇uε converges locally uniformly to the identity map as ε→ 0. In
particular, |∇uε(x)| ≤ 2 for every x ∈ B1/2(α0) and ε sufficiently small,
and we obtain that

lim
ε→0

ˆ
Rn

∣∣∣∣ˆ 1

0

〈(1− t)∇uε(x) + tx, αε〉dt
∣∣∣∣η(x) dx =

ˆ
Rn
〈x, α0〉η(x) dx

≥ 1

2

by dominated convergence. Thus, taking the limit in (6.70) and noticing
that the right-hand side is bounded as ε→ 0 thanks to (6.66) and (6.67),
we see that

∞ = lim
ε→0
|∇vε(0)|

∣∣∣∣ˆ 1

0

〈(1− t)∇uε(x) + tx, αε〉dt
∣∣∣∣ <∞,

which, being impossible, proves (6.69) and shows that vε → v0 in C1
loc(Rn)

and D2vε ⇀ D2v0 weakly-∗ in L∞(Rn) as ε → 0 for some function

v0 ∈ C1,1
loc (Rn).

Now, reformulating (6.68), we see that for any η ∈ C∞c (Rn),ˆ
Rn

(
∆vε(x) + εgε(x)− q(∇uε(x))− cε

ε

)
η(x) dx

=

ˆ
Rn

(
〈x,∇vε(x)〉+

ε

2
|∇vε(x)|2

)
η(x) dx.

(6.71)

Thus, recalling (6.65) and that q is continuous, we can pass to the limit
and obtain thatˆ

Rn

(
∆v0(x)− 〈x,∇v0(x)〉

)
η(x) dx =

ˆ
Rn

(
q(x) + ιq

)
η(x) dx
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for all η ∈ C∞c (Rn). Since q was arbitrary, we have shown that for every

q ∈ L∞(Rn) ∩ C0(Rn), there exists a function v0 ∈ C1,1
loc (Rn) that solves

(6.72) ∆v0(x)− 〈x,∇v0(x)〉 = q(x) + ιq.

We now show that this is impossible. Recall that there exists a
bounded, continuous g and v ∈ C1,α

loc (B2) ∩ C∞(B2 \ {0}), for any α ∈
(0, 1), such that ∆v(x) = g(x) in B2, yet v /∈ C1,1(B2). In particular,
limx→0 |D2v(x)| =∞. (See [32, Chapter 3].) Define

h(x) :=

{
g(x)− 〈x,∇v(x)〉 x ∈ B1

g(x/|x|)− 〈x/|x|,∇v(x/|x|)〉 x ∈ Rn \B1,

and observe that, since v ∈ C1,α
loc (B2) and g is bounded and continuous,

h ∈ L∞(Rn) ∩ C0(Rn). By construction, there exists a v0 ∈ C1,1
loc (Rn)

that solves (6.72) with q = h. Then, for v1 := v0 − v, we have that
∆v1(x)−〈x,∇v1(x)〉 = ιh in B1. Thus, v1 ∈ C∞(B1) by elliptic regularity,

a contradiction since v /∈ C1,1
loc (B1) and v0 ∈ C1,1(B1). �
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