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Abstract

The mechanical properties of materials are controlled by their atomic arrangements,

in addition to the intrinsic properties of the constituent atoms. However, chang-

ing mechanical properties solely by atomic, structural control is generally hard

to achieve, since it requires phase changes under harsh environments or chemical

reactions. Recently, artificial materials with a pre-designed microstructure, also

called “metamaterials”, have been receiving increasing attention in the academic

community, thanks to their exotic behaviors derived from their architecture. Most

metamaterials are designed to control energy transport in the form of electromag-

netic, acoustic, and elastic waves, which are of significant importance in modern

technologies. For example, metamaterials have been proposed for perfect lensing

beyond diffraction limit and cloaking of objects. The realization of such structured

materials at different scales has now become possible thanks to the development of

two- and three-dimensional nano- and micro-fabrication techniques.

Acoustic and phononic metamaterials can be used to manipulate acoustic

and elastic waves for various purposes such as wave focusing to a target point,

wave filtering through phononic band gaps, impact mitigation and absorption, and

waveguiding. However, most elastic metamaterials operate in the linear regime,

which usually implies pre-determined wave propagation properties fixed at the

design stages. When mechanical nonlinearities are engineered in the metamateri-

als responses, it is possible to add new dynamic functionalities, more useful for

practical devices. For example, the properties of nonlinear metamaterials become
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ii ABSTRACT

tunable by changing the effective coupling strengths or changing the geometric

parameters through deformation. Furthermore, nonlinear metamaterials can support

the formation and propagation of solitary waves, intrinsic localizations, ampli-

tude dependent absorption and mitigation, and nonlinear energy transfer between

different vibrational modes.

Miniaturization is another crucial aspect in designing new metamaterials for

applications in the sense that 1) they can be implemented in implantable biomedical

devices and signal processing devices with active excitation and sensing units,

possibly together with microprocessors, 2) they have much smaller device foot-print

compared to their electromagnetic counterparts operating at the same frequency,

thus enhancing device integration. Moreover, the reduced dimension of devices

enables to harness small scale interactions such as electrostatic forces, which could

decorate acoustic devices with more functionalities.

Among the first examples of nonlinear acoustic metamaterials are granular

crystals: packing of elastic particles with contact nonlinearities regulating the stress

propagation between them. Granular crystals have been proposed as a platform for

acoustic devices, such as tunable frequency filters, tunable acoustic delay lines for

focusing and non-reciprocal devices. The response of granular metamaterials at the

micro- and nano-scales has not been investigated in detail. For example, dynamic

effects arising from small scale interactions and the effect of fluid environments

are still open research questions. To fabricate devices based on granular crystals,

particles’ manipulation, to achieve desired configurations, as well as excitation and

detection methods need to be redesigned. Addressing these concerns is necessary

to develop functional acoustic devices for high frequency applications.

The ultimate goal of this thesis is to overcome limitations in the miniaturization

of elastic metamaterials, to control ultrasonic waves in functional, ultrasonic acous-

tic devices. We first explore the stress propagation mechanisms in two-dimensional

close-packed colloidal crystals suspended in liquids, which are miniaturized ver-

sions of the better-known macroscale, granular metamaterials (Chapter 2). We

generate localized excitation via pulsed-laser ablation of gold-coated microspheres

and detect the sub-μs dynamic responses at the single particle level. The typical

velocity of moving particles we observe in the experiments are the order of few m/s,

meaning that particle elasticity comes into play. We experimentally demonstrate
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that stress propagation patterns can be efficiently controlled by changing solvent

viscosity and particle configurations.

Although micro-granular systems present a plethora of interesting nonlin-

ear dynamic properties, difficulties in manipulating granular particles, fabrication

constraints and excitation signal variability limit their use in active devices. To

overcome these limitations, we focus on the characterization of chip-scale acoustic

micro-devices, fabricated using conventional micro-lithography methods, including

active excitation units. We show the realization of on-chip systems with tunable

stress propagation, in one-dimensional nonlinear nanoelectromechanical lattices

(NEML), which can be used in tunable frequency filters (2 MHz tuning of band gap

position), delay lines (2-fold tuning of group velocity), and dynamic switches in the

radio frequency domain (Chapter 3). Our NEML consists of periodic arrangements

of overlapped circular membranes freely suspended over a silicon substrate. Fre-

quency dispersion can be statically and dynamically tuned by applying modulation

voltage to tuning electrodes covering the lattice. The planar geometry of these chips

allows harnessing flexural motions of the suspended membranes for active excitation

and tuning, all performed using an applied electrical voltage. We experimentally

measure the dynamic responses via a home-built optical interferometer.

To use these lattices as stable waveguides for information transport with

unidirectionality and defect immunity, we show the development of on-chip two-

dimensional nanoelectromechanical topological phononic devices by employing the

principles of topological insulators and Quantum Spin Hall Effects, first reported in

condensed matter (Chapter 4). The topological phase of nanomechanical lattices

are controlled by the spacing of the centers of unit membranes. The frequency

responses of the lattices show the same qualitative topological behaviors to our

discrete model. We provide experimental confirmation of the existence of edge

states at the interface of topologically trivial and non-trivial phases, by measuring

the localization and dispersion curves. The edge states also present their robustness

to waveguide distortions.

The works we present in this thesis will contribute to the development of

advanced microscale acoustic devices for stable guiding and switching of acoustic

energy propagation in desired ways.





Sommario

Le proprietà meccaniche dei materiali dipendono dalla struttura atomica, oltre che

dalle proprietà intrinsiche degli atomi di cui sono costituiti. Tuttavia, la variazione

delle proprietà meccaniche tramite il controllo della composizione e della struttura

atomica presenta difficoltà significative, in quanto richiede cambiamenti di fase

sotto condizioni critiche o attraverso reazioni chimiche. Recentemente, materiali

artificiali con una microstruttura opportunamente progettata, chiamati “metamate-

riali”, hanno sollevato un crescente interesse nella comunità scientifica, grazie alle

loro proprietà non comuni dipendenti esclusivamente dalla struttura. Gran parte dei

metamateriali sono progettati per controllare il trasporto di energia sotto forma di

onde elettromagnetiche, acustiche ed elastiche, che rivestono grande importanza

nelle moderne tecnologie. Ad esempio, alcune tipologie di metamateriali sono

state proposte per superare il limite di diffrazione nella focalizzazione di onde,

e per rendere “invisibili” degli oggetti, secondo il principio del “cloaking”. La

realizzazione su diverse scale di tali materiali strutturati è attualmente possibile

grazie allo sviluppo di tecniche di microfabbricazione bi- e tri-dimensionali.

I metamateriali acustici e fononici possono essere utilizzati per controllare

le onde acustiche ed elastiche per molteplici scopi, quali la focalizzazione dell’e-

nergia in un punto predefinito, il filtraggio tramite gap di banda, la mitigazione e

l’assorbimento di impatti, e la guida d’onda. Tuttavia, gran parte dei metamateriali

elastici opera in regime lineare, il che tipicamente implica proprietà di propaga-

zione d’onda predeterminate e definite allo stadio di progettazione del materiale.
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Introducendo non-linearità nella risposta dei metamateriali, è possibile aggiungere

nuove funzionalità dinamiche, utili per la realizzazione di dispositivi. Ad esempio,

le proprietà dei metamateriali non lineari possono essere controllate variando le

forze di accoppiamento o variando alcuni dei parametri geometrici attraverso defor-

mazioni. Inoltre, i metamateriali non lineari possono supportare la formazione e la

propagazione di onde solitarie, localizzazioni intrinsiche, assorbimento e mitigazio-

ne delle onde dipendenti dall’ampiezza, e trasferimento non lineare di energia tra

diversi modi vibrazionali.

La miniaturizzazione è un altro aspetto cruciale nella progettazione di nuovi

metamateriali per applicazioni, in quanto gli stessi 1) possono essere introdotti

in dispositivi biomedicali impiantabili ed in dispositivi per il processamento di

segnali con elementi attivi di attuazione e rilevamento, eventualmente accoppiati

a microprocessori, 2) sono caratterizzati da dimensioni molto minori rispetto ai

loro omologhi elettromagnetici che operano alle stesse frequenze, aumentando così

le possibilità di integrazione. In aggiunta, la minore dimensione dei dispositivi

permette di sfruttare interazioni su piccola scala quali forze elettrostatiche, che

possono introdurre ulteriori funzionalità.

I cristalli granulari, ovvero agglomerati di particelle elastiche in cui la propaga-

zione delle tensioni è regolata dalla non-linearità dovuta al contatto tra le particelle

stesse, costituiscono un primo esempio di metamateriali acustici non lineari. I

cristalli granulari sono stati proposti come strumenti per lo sviluppo di dispositivi

acustici, quali filtri a frequenza variabile, “delay lines” per la focalizzazione di

onde acustiche e diodi acustici. Tuttavia, la risposta dei metamateriali granulari

alla micro- e nano-scala necessità ulteriori approfondimenti. Ad esempio, le intera-

zioni dinamiche su piccola scala e la presenza e l’effetto di fluidi interagenti con

le particelle che formano il cristallo stesso, presentano tuttora molteplici quesiti

non risolti. Per realizzare dispositivi basati su cristalli granulari risulta, quindi,

necessario ripensare le tecniche di manipolazione delle particelle, in modo da po-

terle posizionare in maniera controllata, così come riprogettare gli strumenti di

attuazione e rilevazione. Risolvere tali problematiche è di fondamentale importanza

per lo sviluppo di dispositivi acustici funzionali per applicazioni ad alte frequenze.

L’obiettivo ultimo di questa tesi è il superamento delle limitazioni nella minia-

turizzazione di metamateriali elastici, per il controllo di onde acustiche in dispositivi
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ultrasonici. A tal fine, per prima cosa si analizzano i meccanismi di propagazione

delle tensioni in cristalli colloidali bi-dimensionali, “close-packed” in liquido, che

corrispondono alla versione miniaturizzata dei ben più noti metamateriali granu-

lari alla macroscala (Capitolo 2). Tramite ablazione da laser pulsato, si eccitano

localmente delle microsfere ricoperte d’oro e si rileva la risposta dinamica sub-

μs a livello della singola particella colloidale. La velocità tipica delle particelle

osservata sperimentalmente è dell’ordine di pochi m/s; ciò indica che l’elasticità

delle particelle svolge un ruolo fondamentale nel sistema analizzato. Inoltre, si

dimostra sperimentalmente come la propagazione degli sforzi può essere controllata

efficacemente variando la viscosità del solvente e la configurazione spaziale delle

particelle.

Nonostante i sistemi micro-granulari presentino molteplici proprietà dinami-

che non lineari di interesse, le difficoltà nella manipolazione delle particelle, le

limitazioni nella fabbricazione e la variabilità nel segnale usato per eccitare il si-

stema limitano il loro utilizzo in dispositivi attivi. Per superare tali limitazioni, si

propongono micro-dispositivi acustici “on-chip”, fabbricati utilizzando tecniche di

micro-litografia convenzionale, e che comprendono elementi attivi di attuazione.

In dettaglio, si discute la realizzazione di tali sistemi “on-chip” caratterizzati da

una propagazione degli sforzi variabile in un reticolo nano-elettromeccanico mo-

nodimensionale (“nano-electromechanical lattice, NEML), da utilizzare in filtri a

frequenza variabile (banda variabile con traslazione di 2MHz), “delay lines” ad

ampia variazione della velocità di gruppo (fino a due volte), ed interruttori dinamici

alle radio frequenze (Capitolo 3). Il dispositivo NEML qui proposto, è costituito da

un reticolo periodico di membrane circolari sovrapposte, sospese su un substrato di

silicio. Le proprietà di dispersione di tale dispositibo possono essere variate stati-

camente e dinamicamente applicando una tensione di modulazione per modificare

gli elettrodi che ricoprono il reticolo. La geometria planare di questi chip permette

di sfruttare i modi flessionali delle membrane per attuazione e tuning, entrambi

ottenuti applicando una tensione elettrica. Le misure delle risposte dinamiche del

sistema sono ottenute tramite un interferometro ottico appositamente realizzato.

Per utilizzare questi reticoli come guide d’onda con trasporto del segnale mo-

nodirezionale e robusto rispetto alla presenza di difetti nella guida stessa, si presenta

lo sviluppo di dispositivi fononici bi-dimensionali nano-elettromeccanici “topologi-
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ci”, ovvero basati sui principi degli isolanti topologici e dell’effetto Hall quantistico

di spin, originariamente discussi nella fisica dello stato solido (Capitolo 4). La fase

topologica dei reticoli nanomeccanici è controllata tramite la distanza tra i centri

delle membrane. Le risposte in frequenza dei reticoli mostrano qualitativamente il

comportamento topologico predetto tramite modello ad elementi discreti. Inoltre,

viene confermata sperimentalmente l’esistenza di stati di bordo all’interfaccia delle

due diverse fasi topologiche (“trivial” e “non-trivial”) misurando la localizzazione

e le curve di dispersione. Gli stati di bordo osservati presentano inoltre robustezza

alle distorsioni della guida d’onda.

Il lavoro presentato in questa tesi contribuirà allo sviluppo di micro-dispositivi

acustici per il controllo avanzato della propagazione di energia acustica.
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Chapter 1

Introduction

The goal of this thesis is to study linear and nonlinear dynamic phenomena in

periodic arrays of particles and nanoelectromechanical resonators, arranged in peri-

odic lattices, to develop on-chip acoustic devices. The initial motivation for these

studies was the device-size miniaturization of granular metamaterials, a platform

known to present abundant functionalities as a result of mechanical nonlineari-

ties. However, two-dimensional colloidal lattices have many constraints, linked

to difficulties in their manipulation, fabrication, active excitation and sensing. To

meet these challenges, we turned our attention to nanoelectromechanical systems

that utilize various on-chip level transduction methods (e.g., electrostatic forces,

piezoelectricity), which can be fabricated more controllably and can work more

effectively in small scale devices. We fabricate and study one-dimensional nanoelec-

tromechanical lattices that utilize small scale mechanical nonlinearities to achieve

active control of wave propagation by an applied voltage. Due to periodicity, the

nanoelectromechanical lattices present the emergence of tunable, phononic band

gaps and signal propagation velocities. Lastly, we also report the development

of one-dimensional waveguides built in two-dimensional nanoelectromechanical

lattices inspired from topological insulators in condensed matters. The waveguides

demonstrate their robustness to various geometric defects, which is the hallmark of

1



2 CHAPTER 1. INTRODUCTION

topological insulators.

1.1 Motivation and background

Energy propagation in materials is generally governed by the properties of

constituent material, such as dielectric constants for electromagnetic waves, and

density and elastic constants for acoustic and mechanical waves. Such physical

properties are determined by the materials’ atomic structure and the intrinsic nature

of the constitutive atoms. In classical wave propagation problems [1-3], most

materials are considered continua, since the wavelengths of interest are much longer

than the characteristic dimensions determined by atomic distances. The wave nature

of electrons at the atomic scale results in the emergence of electronic band gap that

separates valence and conduction bands, when electrons start to feel the discreteness

and the periodicity of atomic potentials. This band gap ultimately determines

the electrical properties of materials depending on its magnitude. Therefore, the

appropriate use of the discreteness and periodicity might open new avenues for

various applications in photonics [4], acoustics and phononics [5].

Figure 1.1. Phononic crystals at different length scale. From left to right: Col-
loidal hypersonic phononic crystals [6], microlattice metamaterials [7], phononic
bandgap shield [8], acoustic metamaterials for audible sound [9], seismic metama-
terials [10].
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Acoustic and phononic metamaterials are artificial periodic structures, de-

signed to control sound and vibration in various frequency ranges depending

on their length scales (Figure 1.1). Most of phononic metamaterials have pre-

viously explored linear dynamic phenomena shown in the small vibration amplitude

regime, where high-order nonlinear terms are negligible. They have fixed proper-

ties determined during fabrication. Nonlinear phononic metamaterials open new

possibilities with interesting dynamic phenomena unseen in linear metamateri-

als. These include, but not limited to, amplitude dependent phononic band gap

[11–13], tunable phononic dispersion [14,15], high harmonic generations [11,16],

and energy transfer between different vibrational modes [17–19]. There are two

types of mechanical nonlinearities: material nonlinearity and geometric nonlinear-

ity. Material nonlinearity represents nonlinear constitutive relation of stress and

strain(σ = E1ε+E2ε
2 + ...).Geometric nonlinearity describes nonlinear effective

structural stiffness that depends on the amount and the shape of structural deforma-

tion [20]. This nonlinearity stems purely from the geometric constraints even for the

systems composed of linear elastic materials. Nonlinear phononic metamaterials

generally harness their geometric nonlinearities. Granular metamaterials, a famous

platform of nonlinear metamaterials, are composed of periodically arranged spheres

coupled by their mechanical contacts [21,22]. The nonlinear contact mechanics

of two spheres [23] gives rise to many interesting phenomena such as nonlinear

solitary wave [22,24,25], tunable wave velocity [25,26], and tunable phononic band

gaps [14,15], suggesting many possible applications such as tunable filters [14,27],

acoustic diode [28], and acoustic lens [25,26].

Ultrasound has been used in many modern technologies such as non-destructive

testing for structural health monitoring, and ultrasound biomedical imaging. More-

over, many parts of radio frequency (RF) signal processing units in mobile devices

are comprised of mechanical systems such as Surface Acoustic Wave devices

[29,30] (SAW) and Bulk Acoustic Wave [31–33] (BAW) resonators made of piezo-

electric materials. Therefore, phononic metamaterials for high-frequency applica-

tions are expected to contribute to the advancement of such modern technologies.

With the advanced micro and nanofabrication techniques, microscale phononic

metamaterials have been realized in various platforms. For examples, one- and

two-dimensional microscale phononic crystals for 1 MHz – 1 GHz operations can
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be fabricated via conventional lithography-based techniques [8,34–37]. Linear

microscale phononic crystals have been proposed, for examples, to enhance the

quality-factor of nano and micromechanical resonators via phononic band gap

engineering [8,38–44], and to guide acoustic energy propagations with line-defect

waveguides in 2-D phononic crystals [45–47]. These previous works suggest that

microscale phononic metamaterials have the possibility for the integration with

well-established MEMS and CMOS technologies, which properly harness several

energy transduction methods such as electrostatic or piezoelectric excitation and

sensing, for various applications. Capacitive micromachined ultrasonic transducers

[48–52] (CMUT) and piezoelectric micromachined ultrasonic transducers [53–58]

(PMUT) are the representative MEMS-based ultrasonic devices for biomedical

imaging and ultrasound-based sensing. If such devices are equipped with non-

linear microscale phononic metamaterials, the synergetic effects might open new

opportunities for functional acoustic devices.

1.2 Dynamics of particulate systems

Materials composed of conglomerations of macroscopic discrete particles

are called granular matters [59–61]. They are present in various configurations

from crystals to disordered structures, showing diverse dynamic behaviors. When

microscale discrete particles are immersed in a liquid, they are often called col-

loids. Such granular matters and colloids have been a subject of active researches

in soft condensed matter physics. One of the reason is their interesting physical

states. They behave like solid, liquids, or gases depending on how the systems are

driven [62–64]. The other reason is that they are commonly found in materials in

everyday life like clays, blood, milk and also in industrial products like pharmaceu-

tical products, paints, and powders. Therefore, understanding of the fundamental

dynamic behaviors of such discrete systems across the length scale contributes to

the development of novel engineering products.

Dry granular materials at macroscopic scales have been widely studied because

of their intriguing and complex behaviors originated from direct contact interactions

between particles. In two and three-dimensional systems, granular materials form

“force chains”, along which stress transfer mainly occurs [65–67]. Unlike conven-

tional materials, the interaction between the constituents is nonlinearly repulsive
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and tensionless, which can be described by Hertzian contact model [23]. Due to this

nonlinear nature, structured granular materials have recently drawn attentions as

phononic metamaterials [24,68–75], to manipulate energy propagations in desired

ways.

Colloidal systems are also the microscale granular matters. Especially, the

diversity of interaction forces [77] in colloidal systems makes colloidal systems

attractive. The interaction forces include electrostatic, van der Waals, entropic,

hydration, and steric forces which are affected by environmental conditions and

surface functionalization of colloids [77]. Furthermore, the presence of fluid envi-

ronments enriches the interaction forces by adding non-conservative hydrodynamic

forces such as viscous friction governed by Stokes’ law and many-body hydro-

dynamic forces arising from the relative motion of colloids [78–82]. Brownian

dynamics simulations studies, where the motions are driven by entropic thermal

fluctuations and the inertia of colloids is negligible due to over-damped nature, have

generally been performed to understand colloidal phase transitions [83–85], and

crystallization [85–87]. There have been theoretical and experimental attempts to

understand the phonon dynamics in colloidal crystals in over-damping fluid envi-

ronments. These include the investigation of lattice dynamics of colloidal crystals

using photon correlation spectroscopy [88], and dynamic light scattering [89–91],

and video microscopy [92–96] to study the effects of hydrodynamic, confinement,

and light induced local potential. Recently, acoustically reconfigurable phononic

crystal [97] made of microspheres suspended in water has been suggested for MHz-

ultrasound filtering applications. Therefore, understanding of dynamic behaviors

of colloidal systems will pave the way for high strain-rate and high frequency

applications.

1.3 Tunable phononic metamaterials

The frequency and wavelength of a wave are related by, so-called, dispersion

relation ω = f(q), where ω is the angular frequency, and q = 2π/wavelength is

the wave vector. In continuum mechanics, where the wavelength of materials far

exceeds the atomic dimensions, the speed of an elastic wave in an isotropic material

is generally assumed to be constant in all directions. On the other hand, waves are

usually dispersive in periodic systems like phononic metamaterials, meaning that
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a wave velocity depends on its frequency. In one-dimensional systems, velocity

simply represents speed, so only the magnitude is relevant. However, in two- and

three-dimensional systems, the direction of waves also depends on the frequency.

The most distinct feature of phononic metamaterials is a phononic band gap, where

no propagating state is present. As a result, waves at band gap frequencies cannot

propagate through the media, but rather be reflected. There are several mechanisms

of band gap formations, for examples, Bragg scattering [98,99], local resonance [9],

and inertia amplification [100]. Finding novel and effective mechanisms of band

gap is still active in the field of phononic metamaterials.

Tunable phononic metamaterials can alter their frequency dispersion relations

by various means. For instances, the direction and the speed of a propagating wave,

and the position and the magnitude of a phononic band gap can be controlled by

applying some external stimuli. This implies various possibilities for practical

applications. It is possible to actively control, in desired ways, the velocity of a

wave for cloaking an object [101] from unwanted waves and focusing of waves

[25,26] to a target point, and the filtering frequency ranges [14,15,102]. One of

the effective tuning mechanism exploits mechanical compliance of soft materials

[103,104]. Phononic metamaterials made of soft materials have large deformation

capability to change the phononic dispersion under the application of external

forces [102,105–110]. Recent studies [108,109] have demonstrated the use of

mechanical instabilities of unit cell elements to achieve different configurations

under applied strains. Due to their multiple stable states, they are reconfigurable and

programmable depending on the amount of applied strain to change the positions

and the size of band gaps or to completely modify their dispersive behaviors.

Furthermore, origami-based metamaterials have been suggested as an alternative

tuning mechanism with their folding-based structural reconfigurability [111].

Mechanical nonlinearities which have been extensively studied in granular

crystals are the other sources for tunability. Phononic band gaps [14] and wave

velocity [25,26] can be tuned by applying static pre-compression from the end of

the chain. This static compression changes the equilibrium displacement of the

elastic spheres, changing the effective coupling strengths between the spheres. In

addition to that, it is possible to control the transmission of acoustic waves in spiral

metamaterials using a magnetic repulsive force to tune local on-site couplings. They
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are suggested for mechanical logic applications [112], and used to re-direct the

elastic waves by assigning the local couplings at the desired locations [113]. Such

tunable phononic metamaterials have been proposed only in macroscale systems

because of the difficulties in manipulation and fabrication constraints at the small

scale.

1.4 Topological phononic metamaterials

Topological insulator [114] is a class of insulators with insulating bulk sates

with energy gaps, and topologically protected and gapless conducting edge states.

quantum spin hall effects (QSHE) in graphene [115] and CdTe/HgTe/CdTe quantum

wells [116,117] are the well-known examples for topological insulators in two-

dimensional systems. The edge states present spin-dependent energy propagation,

originated from spin-orbit couplings and a time-reversal symmetry (T-symmetry).

They are also well-known for their robustness with the absence of back-scattering

against non-magnetic defects. In addition to QSHE, such unidirectional edge

transport can be achieved in two-dimensional systems with a broken T-symmetry,

as in quantum hall effect (QHE) [118–120]. Such non-reciprocal nature of the

edge states attributes to rotating electrons in the presence of a strong magnetic field.

QHE can also be described in terms of topological numbers called Chern numbers

[114,118–122].

Classical realization of topological properties began with T-symmetry broken

photonic crystals with magneto-optic effects [123–125]. The first experimental

observation of topological behaviors has been realized in a microwave photonic

crystal made of a gyromagnetic material, which responds to a magnetic field to

break T-symmetry [126]. However, most of photonic materials, made of dielectrics,

hardly respond to magnetic field. Moreover, the use of magnetic materials is

generally not desirable for practical applications. Thus, scientists tried to search

for alternative methods to build topological photonic systems. Photonic systems

with spatio-temporal modulations [127,128] and nonreciprocal photonic devices

using optomechanical couplings [129,130] are the representative examples of the

alternative systems. Beyond the T-symmetry broken systems that generally require

active sources, T-symmetry preserved topological systems also became popular by

exploiting pseudospins [131–133] or valley degree of freedoms [134,135] to mimic
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quantum spin or valley hall effects. Researches on topological photonic insulators

are recently extended to higher dimensional systems like 3D [136], and 4D [137]

topological insulators, suggesting that photonic crystal is an ideal platform to study

topological physics. Moreover, topological photonic systems have been recently

demonstrated as nonreciprocal, and efficient cavities for lasing applications [138].

Along with the development of topological photonics, exploring topological

physics in acoustic and elastic systems has been of great interest for practical appli-

cations such as sound and vibration isolation, wave-guiding, and uni-directional

devices. To imitate the magnetic field that breaks T-symmetry in electronic systems,

acoustic metamaterials with rotating fluids [139] and a spatio-temporal modulation

of acoustic capacitance [140] have also been theoretically proposed. The first topo-

logical mechanical system has employed gyroscopic lattices with rotating motors

[141–143] to break T-symmetry, presenting non-reciprocal edge states. This can

be described with the Haldane tight-binding model [121], which was developed

to explain QHE in a honeycomb lattice. However, this approach requires active

rotating elements like motors, attached to every single unit of the lattices, which

make the systems unpractical for real applications. Scientists and engineers turned

their focuses to lattice engineering to build passive systems and consequently ma-

terials, by making an analogy to QSHE. In 2015, the first experimental study on

the mechanical QSHE analogue has been reported in a periodic mechanical sys-

tem consisting of pendula with complex couplings, demonstrating spin-dependent,

and localized edge states [144]. Topological acoustic insulators also have been

experimentally studied by realizing pseudospins [145–149] in extended honeycomb

lattices, and hexagonal lattices with broken valley-symmetry [150,151], which have

shown robust spin-dependent edge states at the interface of two topologically differ-

ent domains. The same principles can be applied to elastic topological insulators

[152–155], but an experimental realization has not yet been reported even in a

macroscopic system.

1.5 Thesis outline

We discuss three different microscale systems in this thesis: two-dimensional

colloids, one-dimensional nanomechanical lattices, two-dimensional nanoelec-

tromechanical lattices. This thesis is organized as follows.
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In Chapter 2, we report the first direct observation of stress propagation

mechanisms in two-dimensional colloidal suspensions in liquids. We present

extensive experimental and numerical studies to investigate the role of solvent

viscosity, particles’ elasticity, and crystal configuration. The work is significant

because the dynamic regime, observed in this study, has not been previously reported

experimentally in terms of the time scale. The typical velocity of colloids is the

order of a few m/s, which is fast enough to induce direct mechanical contacts

between colloids. In the previous Brownian colloidal systems, such direct contacts

did not occur due to the overdamped nature and negligible inertia. Thus, energy

transport in previous colloidal systems was very diffusive and dissipative. We begin

with describing the experimental methods to access such dynamic regime. These

include colloidal preparations, atomic force microscopy studies on colloidal surfaces

and substrate friction, and the pulsed laser ablation techniques to trigger strong

isotropic pressure wave. Numerical simulations of stress propagations considering

many-particle hydrodynamics and elastic interactions help the understanding of

experimental results.

In Chapter 3, we demonstrate one-dimensional nonlinear nanoelectromechani-

cal lattices for tunable, high frequency stress wave propagation (10-30 MHz). One

of the challenges in phononic metamaterials is how to actively tune the properties

of the materials without a substantial material deformation that can only be induced

by direct contact of an external force. We are motivated from the electrostatic

frequency tuning of nanoelectromechanical resonators, induced by the application

of a DC gate voltage. We theoretically discuss the frequency tuning mechanisms

and the sample fabrication processes. For the experimental setup, we employ a

laser interferometric motion detection with a balanced homodyne method. With

separated excitation and tuning electrodes, we are able to trigger the flexural trav-

eling wave and tune the waveguide properties independently. The results show

the tunability in phononic frequency band gaps and signal propagation velocity

by applying the gate voltage. We also derive an analytical discrete element model

that include the effects of a tension and nonlinear elastic foundations to explain

the tuning mechanisms. The results from the analytical model are qualitatively

compared to the results obtained from numerical simulations using COMSOL multi-

physics simulator. Moreover, we also report a new mechanism of the formation of
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nonlinear band gap as a result from the strong dynamic modulation on the tuning

electrodes. We lastly present qualitative arguments by applying a perturbation

theory to a discrete model, to unveil the mechanism.

Chapter 4 describes the first development of high frequency phononic topolog-

ical insulators with two-dimensional nanoelectromechanical lattices (10-20 MHz)

to realize robust waveguides. We begin with theoretical studies on an extended

honeycomb lattice to discuss topological aspects in the system. We then transfer

the physics from the discrete model to micro-fabricated samples with the aid of

finite element models. The control of coupling strengths in the discrete element

model is simply achieved by changing the spacing of the center of unit membranes,

which consequently determines topological states of the lattice. We demonstrate

the experimental characterizations of the presence of topologically different phases

in the system. We further present the measurements of the frequency dispersion

and the localization of the edge states, formed at the interfaces of two topologically

distinct phases. The robustness of the waveguides to various types of defect is

also experimentally validated. All the experimental measurements show an excel-

lent agreement with the numerical simulations. Our high frequency topological

phononic devices can be used to build compact magnetic free uni-directional radio

frequency components.

In Chapter 5, we summarize and conclude the thesis by suggesting some future

works.



Chapter 2

Impact propagation and
absorption in two-dimensional
dense colloidal monolayers

Dense colloidal suspensions can propagate and absorb large mechanical stresses,

including impacts and shocks. The wave transport stems from the delicate inter-

play between the spatial arrangement of the structural units and solvent-mediated

effects. For dynamic microscopic systems, elastic deformations of the colloids are

usually disregarded due to the damping imposed by the surrounding fluid. Here,

we study the propagation of localized mechanical pulses in aqueous monolayers

of non-Brownian particles of controlled microstructure. We generate extreme lo-

calized deformation rates by exciting a target particle via pulsed-laser ablation. In

crystalline monolayers, stress propagation fronts take place, where fast-moving par-

ticles (V ∼ few m/s) are aligned along the symmetry axes of the lattice. Conversely,

more viscous solvents and disordered structures lead to faster and isotropic energy

absorption. Our results demonstrate the accessibility of a regime where elastic

collisions also become relevant for suspensions of microscopic particles, behaving

11
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as “billiard balls” in a liquid, in analogy with regular packings of macroscopic

spheres. We furthermore quantify the scattering of an impact as a function of the

local structural disorder.

2.1 Introduction

The mechanisms of propagation and absorption of large stresses in particulate

materials can be very different depending on the size of the particles and their

arrangement. For regular packings of macroscopic spheres, e.g. in a Newton’s

cradle, stress pulses, including impacts and shocks, are conveyed through elastic

contacts [21,156,157] (Hertzian interactions). This makes it possible to direct and

focus them, if the material provides specific paths (e.g., linear chains [158,159] or

lattices [160]) for the stress propagation [161,162]. The presence of a dispersing

fluid does not alter this physics, provided that two neighboring grains/particles gain

enough relative inertia to perform elastic scattering, mediated by hydrodynamic

interactions [163–165].

Instead, dense disordered packings of macroscopic grains are materials whose

energy absorption is controlled by local structural rearrangements and dissipation

[66,166]. Absence of inertia in dense suspensions of micro- and nanoparticles

typically prevents elastic collisions and provides similar routes for energy dissipa-

tion [167–170]. At high Peclét numbers, shear dominates the structural response

of the material. For example, at sufficiently high strain rates (up to γ̇ ≈ 103s−1)

and volume fractions, shear establishes highly dissipative particle chains, where

lubrication films break down and the response is dominated by frictional contacts

[171–174], leading to a viscosity increase (discontinuous shear thickening). Addi-

tionally, during impacts, “snow-plough” jammed fronts of non-deformable spheres

propagate through the material and efficiently absorb energy [167,175,176].

Here, we investigate the mechanism of localized stress propagation in two-

dimensional crystalline lattices and disordered ensembles of non-Brownian mi-

croparticles in a liquid. Using pulsed laser ablation (PLA) to excite localized

mechanical pulses [177], we access a regime of extremely high local shear rates,

sufficient to induce inter-particle Hertzian contacts and therefore a response anal-

ogous to the one of regular and disordered collections of macroscopic spheres.

We study the effects of fluid viscosity and microstructural order on the stress
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propagation at the single-particle level.

2.2 Experimental methods

2.2.1 Preparation and characterization of colloidal monolayers

Our model materials consist of SiO2 colloidal particles dispersed in aqueous

solvents. We employ a mixture of light-transparent and light-absorbing particles

with the same size (R = 3.69 μm). The light-transparent particles are commercial

SiO2 microbeads (SiO2-R-1076-2, in aqueous solution; Microparticles GmbH). The

particles have ∼ 3 % polydispersity, corresponding to ± 100 nm in the particle’s

radius. We have performed atomic force microscopy (AFM) measurements to

estimate the surface roughness ξ of the colloids (Fig. 2.1a), which is also a key

input parameter of our numerical simulations: SiO2 particles are first dried on a

silicon substrate and then imaged with an AFM to extract their surface topography

(Fig. 2.1a, Inset); ξ = 8.5 nm is hereby defined as the peak-to-valley height

of the roughness distribution and constitutes the cutoff distance employed in the

numerical simulations. At small separation distances, 2ξ = 17 nm, the interstitial

fluid is trapped between asperities and hardly flows; beyond this limit, the particles

elastically deform.

Light-absorbing particles are metal-coated Janus spheres prepared from the

same SiO2 beads. The colloids are first deposited on a microscope slide. After

drying, we evaporate 5 nm of chromium (adhesion layer) followed by 50 nm of gold

(light absorbing layer) with a 90◦ glancing angle, thus achieving the coating of one

hemisphere. The Janus particles are then redispersed via sonication in deionized

(DI) water (MilliQ), in which the uncoated beads are also added. Suspensions with

larger viscosity are prepared by replacing water with a mixture of DI water/glycerin

(η = 4 mPa·s, Glyc. 40 % wt, η = 10 mPa·s, Glyc. 60% wt) [178].

The mixture of light-absorbing and light-transparent particles is pipetted into

a 1-mm-thick closed glass sample cell (cell 137-QS; Hellma Analytics) where the

particles sediment onto the lower surface. Close-packed monolayers are finally

obtained by tilting the cell by 10◦; the colloids slide on the substrate and accumulate

near a lateral wall forming hexagonal 2D crystals.

To outline the typical interparticle distance of the crystalline monolayer at rest,
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we measure the position of the first peak of the radial distribution function g(r),

which describes the probability of finding two particles at relative center-to-center

distance r. We report the probability distribution of the interparticle gap d = r−2R

showing a mean value of ∼ 400 nm (Fig. 2.1b), which also constitutes an input for

the numerical simulations.

Figure 2.1. Chracterizations of single microspheres.(a) 3D-profile of the parti-
cle surface roughness, as measured from AFM data (inset) after subtracting the
hemispherical profile. (b) Statistical distribution of the inter-particle gap d. p(d)
is extracted directly from the first peak of the pair correlation function g(r) of the
lattice. Small negative values in the distribution of surface-to-surface gaps come
from minor particle size poyldispersity. (c) Force-distance curve measured between
a SiO2 particle (R = 3.69 μm) and a glass surface in DI water. Black and red data
correspond to the approach and the retraction mode, respectively. Inset: Frictional
force versus normal load for sliding velocity V = 2 (black), 4 (red) and 8 (blue)
μm/s.

When 2D disordered structures are investigated (Fig. 2.10c), we use a 50:50

combination of smaller (R1 = 3.14 μm) and larger (R2 = 3.69 μm) light-transparent

particles, instead. The presence of polydispersity prevents the formation of or-

dered lattices. The degree of hexagonal order is quantified by looking at the local

hexagonal order parameter, which, for a given particle m, is defined as [179]

ψl6(m) =
1

N

N∑
n=1

exp(6jθmn ), (2.1)

where N is the number of n nearest neighbors of m and θmn is the angle between the

horizontal axis and the bond linking m to n. The hexagonal order parameter of a

single monolayer, ψL6 =< ψl6 > , is computed as the average of the local parameter
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of the particles lying inside a circular region with a 50 μm radius around the SI; this

region contains more than one hundred particles. When several configurations with

similar disorder are considered, ψ6 is the mathematical average. In this study, we

only consider the absolute value of the order parameters introduced above.

To observe the dynamic behavior of the aqueous mixture of colloidal particles,

we employ a high-speed microscope imaging system, which consists of a high-speed

camera (Vision Research Phantom v1610) and a long working-distance microscope

(Infinity K2/SC). The particle mixtures are imaged at a maximum of 300 kHz, at a

spatial resolution of 0.90 μm per pixel, with a total resolution of 128 x 128 pixels.

The trajectories of the particles are finally obtained by analyzing the acquired

high-speed videos with a MATLAB image-processing toolbox and custom tracking

routines.

2.2.2 Friction between particle and glass substrate

The presence of a glass slide underneath the colloidal monolayer raises natural

questions about possible friction between the particles and the substrate. We glued a

colloidal particle onto a tip-less AFM cantilever and performed colloidal AFM tests

in order to probe any possible adhesion between our microparticles and the glass

substrate. Figure 2.1c shows the force-distance curves during an approach-retraction

(black-red) cycle using a 2 nN load. The overlap of the two curves indicates absence

of adhesion between the colloid and the glass slide. Plots obtained using other

loads (0.5, 10 and 50 nN) show identical behavior. In addition to the static adhesion

test, the inset shows the frictional force versus normal load for three values of

lateral velocity/scan rate (V = 2, 4 and 8 μm/s), as measured by AFM. The curves

cross the origin for all scan rates and applied normal loads, thus suggesting that

the motion of the particle on the substrate always happens within the regime of

hydrodynamic lubrication. The normal load corresponding to the buoyant weight of

one of the particles (∼ 2 pN) is significantly lower than the normal loads applied in

the AFM tests. This implies that a lubricating fluid layer is always present between

the particles and the glass substrate. Moreover, at larger velocities, such as the ones

characteristic of our experiments, the lubricating film becomes even thicker.
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2.2.3 Experimental setup and pulsed laser ablation

Figure 2.2 shows the experimental setup in details. The mechanical excitation

of Janus, Au-coated, microparticles (or “shock-initiators”, SIs) is achieved using a

focused pulsed laser beam that targets the surface of selected particles. The laser is

a 532 nm wavelength, Q-switched Nd:YAG pulsed laser with a pulse duration of

4 ns and diameter of the spot of ∼ 10 μm. The pulse energy is controlled through

a half-wave plate mounted on a motorized stage. The beam comes from below

the glass sample cell and is focused on a single SI. The temperature rise that is

induced by the focused pulsed energy results in the vaporization and removal of

material from the particles’ surface. If the SI is not confined, the momentum of the

ejected Au-plasma causes an abrupt motion of the colloid in the opposite direction

(Fig. 2.3a and 2.3b, before and after illumination, respectively). The particle

displacement, Δr, after PLA grows with the laser pulse energy (Fig. 2.3c). We

report a similar increase of displacements regardless of the solvent viscosity (albeit

the absolute values ofΔr become smaller at larger η). No motion is observed when

the SIs are cap-less. As a consequence of the fast expansion of plasma, a radial

pressure wave develops from the ablated surface with a free-standing gold piece.

Even when the SI is anchored to the substrate, this pressure wave is sufficient to

push the neighboring particles outwards at velocities that decrease with the distance

from the SI, as described in Figure 2.7b.

When laser ablation is induced on the surface of a particle, the energy absorbed

by the surface is expected to be less than 5% of the laser pulse energy due to the

95% reflectivity of gold at 532 nm and other experimental losses. The absorbed

energy is converted into the kinetic energy of the ablated plasma and the particle.

The ablated plasma has highly directional momentum (pointing outward from the

particle surface) and carries most of the energy because of the small mass compared

the particle (Δm/m < 0.1% in this case). For dry particles, it has been observed that

the kinetic energy gained by the particles is much less than the laser energy [180].

In this work, we employ a less direct mechanism of excitation where a pressure

wave (generated due to the ablated mass) is used to drive particles next to SI. We

typically deliver less than 0.5 μJ of energy within a time frame of 4 ns and a much

smaller fraction of energy obtained (∼ 0.01%) is acquired by the particles. In this

system, the majority of the absorbed laser energy is carried by the pressure wave
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Figure 2.2. Experimental setup for pulsed laser ablation and high speed cam-
era detection.

and dispersed away (in the bulk) within short distances from the SI.

PLA is a complex phenomenon, and we recognize the presence of potential

experimental pitfalls in the description of physical events occurring in close prox-

imity to the ablated particle. For example, the temperature increase affects the

medium viscosities and leads to a local burst. We also observe buckling of the

monolayers when large illumination powers are used. Finally, in relation to the

excitation mechanisms described in section 2.4, the pressure shock wave (Fig. 2.7b)

is responsible for the isotropic strain wave propagation, while the propulsion of

the SI following PLA (Fig. 2.3a and 2.3b) may lead asymmetries along specific

directions in the experiments. The isotropic pressure wave is in any case two orders

of magnitude faster than particle motion and its contribution occurs earlier, hence

this can be considered to be the dominant mechanism. A detailed and exhaustive

description of these phenomena goes beyond the scope of this thesis. Fig. 2.7b and

2.7c reveal that the shock wave decays very fast (within 1 to 3 particle diameters)

in the medium and that long-range strain propagations in the monolayer are only

due to particle-particle interactions (Hertzian contact and lubrication forces), which
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also occur on much short time scales. The analysis based on the velocity V of

the first “available” layer around the SI, and the excellent quantitative agreement

with numerical simulations, leave no ambiguity and allow us to neglect, in first

approximation, the details of local phenomena around the SI.

Figure 2.3. Local excitation of Au-coated colloidal particles (SI) via Pulsed
Laser Ablation (PLA). Au-coated Janus particles (SIs) on a glass surface (a) are
selectively excited by a green pulsed laser beam (b). The illuminated particle (red
dashed circle and sketch in the inset) is propelled in one direction (red arrows)
within few microseconds due to the ablation of gold plasma in the opposite direction.
(c) Plot of the distance Δr, normalized by the particle radius R, travelled by the SI
after illumination at various the laser energies LE for η = 1 (black), 4 (red) and 10
(blue) mPa·s.

2.3 Numerical methods

We employ a discrete element method in order to simulate the wave propaga-

tion in the colloidal monolayers. The particles interact via hydrodynamic lubrication

and Hertzian elastic forces [23,163,164,181]. We solve equations of motion de-

pending on the inter-particle distance dij = |rj − ri| − 2R, where ri and rj are the

absolute positions of two colliding particles and R is the particle radius. At large

distances, only lubrication forces are computed. When dij is smaller than a cut-off

distance dcut = 2ξ, elastic interactions [163] are also included. Here,ξ = 8.5 nm is

the peak-to-valley surface roughness of a particle measured by AFM (Fig. 2.1a).

Each particle interacts only with its 6 nearest neighbors. Our minimal model

neglects long-range hydrodynamic forces that play a minor role when a dense

system is confined next to a surface, i.e., the glass slide underneath the monolayer.

When the inter-particle distance dij is larger than the cut-off distance, the
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equations of motion for the translational and rotational motion of the ith particle

with mass mi and inertia Ii are given by

mi
d2ri
dt2

=
nn∑
j

Flub(dij ,Vij) + Fdrag, (2.2)

Ii
d2θi
dt2

=
nn∑
j

Tlub(dij ,Vij , ωij). (2.3)

Here, θi is the rotation angle of the ith particle and ωij is the relative angular

velocity.

The short-range hydrodynamic force and torque (lubrication regime) are de-

fined as [173,182]

Flub(dij ,Vij) =
[

nij tij

] [
FV

(
VN,ij

VT,ij

)
+ Fω

(
0

ωz,ij

)]
, (2.4)

with FV =

 −3πηR2

2dij
12πη

√
2R3/2

5
√
dij

0 πηR ln
(
dij
R

)
, Fω =

[
0 0

0 −πηR2 ln
(
dij
R

) ],

Tlub(dij , Vij) =
(
−πηR2 ln

(
dij
R

)
8πηR3

5 ln
(
dij
R

) )( VT,ij

ωz,ij

)
, (2.5)

where η denotes the fluid viscosity and VN,ij = (Vi − Vj) · nij and VN,ij =

(Vi−Vj) ·tij are the normal and tangential components of the relative velocity Vij

in the local x, y - coordinate system. nij and tij are the normal and tangential unit

vectors in the local coordinates and are defined as ri−rj
|ri−rj| , and

[(ri−rj)y ,−(ri−rj)x]

|ri−rj| ,

respectively.

Our model rigorously accounts for the particles rotation. However, it represents

a negligible contribution: the rotational to translational kinetic energy ratio is

always small, KR = 1/2Iiθ̇
2 � KT = 1/2miV

2
i (Fig. 2.4c), since the particle-

particle interaction is much faster than rotational inertia and the colloids do not gain

significant spin. The friction force on a single particle due to the presence of the

fluid is given by Stokes’ drag formula:

Fdrag(Vi) = −6πηRVi. (2.6)
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Figure 2.4. Numerical simulations of the momentum transfer in single units
with misalignments. (a) Momentum transfer p to a steady colloid (red) due to the
collision with a striking particle (gray) at an initial gap d with initial velocity V0 = 5
m/s and misalignment φ. The sketch refers to the initial condition, before the striker
is set into motion. (b) Momentum transfer after collision of the same striker with
two target colloids. φ is defined with respect to the red particle (see sketch in a). (c)
Energy transfer after three particles collision. K0 is the kinetic energy of the striker,

KT =
2∑
i=1

1
2mV

2
i and KR =

2∑
i=1

1
2Iθ̇

2
i are the translational and rotational kinetic

energies of the targets, where m and I are the mass and the moment of inertia of the
particles, and Vi and θ̇i denote the translational and rotational velocities. d = 400
nm and η = 1 mPa·s. Here, Stokes drag dissipation is not included in the equations
of motions: we focus only on the analysis of particles interaction.

When the inter-particle distance dij becomes smaller than the cut-off distance dcut,

the two spheres start to deform elastically. The equation of motion becomes

mi
d2ri
dt2

=

nn∑
j

Fcontact(δij)+

nn∑
j

Fvisc(δij ,Vij)+Fdrag(Vi), (2.7)

where δij= 2R+dcut− |ri−rj |. The elastic deformation of the particles is related

to the presence of two different forces, Fcontact and Fvisc. The contact force

follows Hertzian mechanics and is given by

Fcontact(δij) =
E

3(1−ν2)

√
2Rδ

3
2
ijnij (2.8)

Here, E and ν are the Young’s modulus and the Poisson’s ratio of silica. We do not

account for a tangential elastic force (e.g. Hertz-Mindlin23): the lubrication film
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between particles prevents dry friction and the duration of the elastic interaction is

shorter than the one stemming from purely viscous repulsion (see above), leading to

a contribution that does not provide relevant rotational accelerations (see Fig. 2.4c).

In turn, the viscous force arises from the squeeze-out of fluid from the outside of

the contact region [163–165,182] and is given by

Fvisc(δij ,δ̇ij) =
3

2
πηR2 δ̇ij

dcut

(
1+

δij
dcut

)
nij (2.9)

We integrate the equations of motion using the 4th order Runge-Kutta method

with the following system parameters: ρ = 1850 Kg/m3, R = 3.69 μm, d = 400 nm,

dcut = 17 nm, E = 73.1 GPa, ν = 0.17 (bulk silica values) and Tsimulation = 1/camera

frame rate = 3.214 μs. The convergence is controlled by choosing an integration

time step Δt = 0.5 ns equal to one tenth of the fastest event in simulations, i.e., the

collision duration [23]

τc ≈ (2R/c0)(c0/V0)1/5

5 ns, where

c0 ≈
√
E/ρ

is the longitudinal wave speed inside the particles. Energy conservation is fulfilled

with a 10−8 relative error.

The assumptions made in our model are supported by a quantification of

dimensionless numbers that identify the experimental conditions. The typical

velocity of the fluid, Vf ∼
√
R/d · Vp, is defined by the squeeze-out of liquid from

the inter-particle gap [163]. The particle velocity Vp goes up to 1 - 10 m/s, whereas

d ranges between 17 and 400 nm. From Vf , we estimate the following conditions.

1) Fluid incompressibility: the Mach number of the fluid is Ma = Vf/cwater,

where cwater is the sound velocity in water. We find that Ma is always lower than

0.1.

2) Fluid turbulence: the Reynolds number of the fluid is Ref = ρfVfd/η and

goes up to approximately 20, far below the turbulence threshold.

3) Particle inertia: the Stokes number (St = ρpVpR/η) reaches values up 102

for the largest particle velocity (in water). This indicates that inertia effects are

dominant over viscous drag in the early stages of the propagation. In turn, also the

Reynolds number of the particle can be larger than one (Re = St · (ρf/ρp)). This
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leads to deviations from the expression used for the viscous drag (Stokes flow) at

the highest velocities. However, the contribution of the viscous drag is weak and

more accurate models do not affect the details of the propagation mechanisms.

Additional numerical simulations, which explicitly account for colloidal inter-

action forces, show that the wave propagation very weakly depends on the static

pair potential of the particles, which can therefore be safely neglected. In particular,

the data reported in Figure 2.5 show the full wave propagation for two viscosity

values with and without the colloidal interaction potential, which we approximate

potential using DLVO theory [183]:

Fij = k

(
R

2

)
Ze−kdij − HR

12d2
ij

(2.10)

where Z = 64πε0ε(kBT/e)
2tanh2(eφ0/4kBT ) is an interaction constant, k−1 =

35 nm (Debye length), φ0 = -76 mV (surface potential) and H = (2.1)10−21 J

(Hamaker constant).

Figure 2.5. Weak dependence on the inter-particle electrostatic potential. De-
cay of the instantaneous velocity Vp along a particle chain. η: (a) 1, (b) 4 mPa·s.
V0: (a) 12, (b) 26 m/s. The black and red curves are computed by including and
by neglecting the electrostatic interactions between the particles, respectively. The
electrostatic interaction is modelled using DLVO theory. The resulting velocity
decays overlap, showing no detectable difference. (c) Maximum particle velocity
plotted as a function of the normalized distance L/2R from the SI for the sets of
data in (a) and (b).
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2.3.1 Strain-wave simulations in monolayers with controlled
disorder

Colloidal crystalline monolayers are prepared by positioning spherical parti-

cles (radius R = 3.69 μm) separated by a uniform distance (d = 0.4 μm) onto a 2D

regular hexagonal lattice (ψL6 = 1) in water (η = 1 mPa·s). Disordered monolayers

are obtained as perturbations of crystalline configurations. For this, we apply a

random initial velocity (the magnitudes of x and y components of each velocity

vector are extracted from two independent normal distributions with 0 m/s mean

and 1m/s standard deviation) to every particle of the crystal, except the six neigh-

bors of the SI (these degrees of freedom are frozen). This process is iterated to

achieve configurations with different degrees of local order. We ensure that, after

randomization, the colloidal monolayer is at rest: the velocity of all particles is zero

and the particles do not overlap.

The Voronoi tessellation of the structures allows for the local computation of

the particle separation d (average distance between a given particle and its nearest

neighbors), the packing (area) fraction φ (ratio between the cross section of a

particle to the area of a Voronoi cell) and the local order parameter ψl6. These

parameters are averaged within a circular region of 50 μm radius (corresponding

to ∼ 6 time the lattice constant) centered on the SI to obtain the average structural

features of the monolayers. Fig. 2.6a and Fig. 2.6h show two examples: a perfect

crystal (φ = 81%, ψL6 = 1) and an amorphous monolayer ( = 75%, ψL6 = 0.525). The

average ψ6 of the random configurations monotonically decreases with the duration

of the randomization of the initial configurations and is statistically reproducible.

20 configurations are generated for each average value of ψ6, from 0.998 (crystal,

0.02% standard deviation) to 0.514 (amorphous, 16.6% standard deviation).

We mimic PLA by applying an initial radial velocity (red arrows in Fig.

2.6a and 2.6h) to the six neighbors of the SI. We simulate the dynamics (see

the Numerical methods section) of all samples over a time corresponding to one

frame of the movies recorded in the experiments (3.214 μs). This allows us to

determine how the structural features of the monolayers affect the attenuation of

the mechanical perturbation. The post-processing of the data is done in 3 steps.

In step (1) we estimate the global velocity V of each particle (from the overall

displacement over the duration of the simulation; Fig. 2.6b and 2.6i), their trans-
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lation and rotational kinetic energy, KT = (1/2)mV 2
p and KR = (1/2)Iθ̇2, as

a function of time (from the instantaneous particles’ velocity Vp and rotational

motion θ) and the Hertzian elastic potential energy U stored at each contact when

they occur (from the elastic deformation of the particles against the interstitial

fluid). The kinetic energy is computed at the center of mass of every particle

and the potential energy is assigned at the middle position between two particles.

These operations provide the particle trajectories and a Lagrangian description of

the energies inside the lattice. In the following, we neglect KR which typically

provides an insignificant contribution (Fig. 2.4c) to the energy balance in the lattice,

KR/KT < 10−4, within the analyzed timeframe (Fig. 2.6f or 2.6m). In step (2),

we map the energies KT and U (Lagrangian description) of all configurations onto

the Voronoi lattice of the original crystal (Fig. 2.6a). This provides a Eulerian

description of the energy field at the particle scale and a common frame to all our

lattices; the energy flux is revealed by plotting the maximum of the total energy

E = KT + U (Eulerian description) over time as a function of the position in the

lattice, as shown in Fig. 2.6c and 2.6j. In crystalline samples, a plot of the potential

energy versus position in the crystal lattice (Fig. 2.6d) shows that the long-range

propagation along symmetry axes is closely related to the elastic deformation of the

particles, i.e., to the propagation of longitudinal elastic waves. Along one symmetry

axis of the crystal lattice, the ratio between the potential and total energy (Fig.

2.6e) confirms the nonlinear nature of the propagation: the data fulfills the Virial

theorem [184] U/E = 4/9 (red line). In disordered samples, a fraction of the input

perturbation is randomly scattered (Fig. 2.4) and generates an incoherent response.

Averaging over the 20 configurations with similar disorder (Fig. 2.6k and 2.6l)

cancels out the incoherent contribution and reveals the underlying symmetry of

the ballistic coherent pulse [185]. The wave propagation in disordered monolayers

appears hence more isotropic.

In step (3), we extract a 1D description of the total energy E, as a function of

the distance r from the SI and time t, by integrating the mean energy field over the

angular coordinates (Fig. 2.6f and 2.6m). The plot of the maximum of E over t, as a

function of r, reveals an exponential decay (red points in Fig. 2.6g and 2.6n), from

which we extract an attenuation length l̃att, calculated over the first six particles

from the SI. l̃att is smaller in disordered samples (l̃att/2R = 1.124 at ψ6 = 0.514)
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than in the perfect crystals (l̃att/2R = 3.395 at ψ6 = 1). In amorphous samples, the

attenuation length depends both on the viscous dissipation mechanisms previously

described and on the scattering mean free path associated to the multiple scattering

[185] of the elastic perturbation; the later plateaus at the particle size 2R in highly

disordered monolayers. The blue points in Figure 2.6g and 2.6n correspond to the

magnitude (dB) of the particle’s global velocity V along one symmetry axis of the

monolayer (in disordered sample, it corresponds to a symmetry axis of the original

crystal); the slope is consistent with the decay of the total energy (V ∝ E1/2 ,

i.e. latt = 2 · l̃att), demonstrating that measuring the attenuation length from the

global velocity, as done for the experimental data (Fig. 2.9g), provides reliable

information.
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Figure 2.6. Strain waves simulated in monolayers without and with local dis-
order. (a – g) Crystalline monolayer (ψL6 = 1). (a) Initial configurations illustrated
using the Voronoi tessellation of the lattice. The dots indicate the particle centers
and the gray cells correspond to the SI (dark gray) and its 6 nearest neighbors (light
gray) to which an initial radial velocity is applied (red arrows). (b) Global velocity
field V and (c) maximum of the total energy field E in the crystal lattice. All velocity
fields, resp. energy fields, here refer to the Lagrangian, resp. Eulerian, description.
(d) Maximum of the potential energy field and (e) ratio of the potential to the total
energy along one symmetry axis; the red solid line is the Virial theorem prediction
for a Hertzian potential. (f) Total energy averaged over all radial directions and
plotted as a function of time and distance. The layers correspond to the circular
rings shown in (a). (g) Magnitude (in dB re. max) of E (red) or V (blue) as a
function of the non-dimensional distance r/2R; V is arbitrarily shifted by 10 dB for
clarity; the solid lines highlight the exponential fits. (h – n) Disordered monolayer
(ψL6 = 0.525). (h) Initial configurations illustrated using the Voronoi tessellation of
the lattice, same as in (a). (i) Global velocity field V and (j) maximum of the total
energy field E for one numerical configuration. (k) Global velocity field and (l)
maximum of the total energy field averaged over 20 numerical configurations. (m)
Total energy averaged over all radial directions and plotted as a function of time and
distance. The layers correspond to the circular rings shown in (a). (n) Magnitude
(in dB re. max) of E (red) or V (blue) as a function of r/2R; V is arbitrarily shifted
by 10 dB for clarity; the solid lines highlight the exponential fits.
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2.4 Results and discussions

Colloidal monolayers are prepared using a non-Brownian suspension of light-

absorbing (SiO2 half-covered with 50 nm of gold) and light-transparent (SiO2)

particles (radius R = 3.69 μm) that sediment towards the bottom glass surface of an

observation cell (Fig. 2.7a). The coated particles function as “shock-initiators” (SIs).

When a metallic surface is illuminated by pulsed laser light, heat is not dissipated

quickly enough and some material is ablated from the surface. The expansion of

high-pressure plasma generates an isotropic pressure wave that travels away from

the ablated materials [186,187]. SIs that are confined and have the axis that links

the Au-coated and the uncoated hemispheres oriented perpendicular to the substrate

(Fig. 2.7a) behave in the same fashion. Under illumination with pulsed laser light

(laser energy – LE – 0.09 μJ < LE < 0.25 μJ, λ = 532 nm, pulse duration tpulse =

4 ns, radius of the laser spot ∼ 3R), the ablation of the gold coating triggers an

ultrashort (f = 1/2πtpulse MHz) pressure wave. This effect is illustrated in Figure

2.7b. Upon PLA of the gold cap, the SI does not move but a radial pressure wave

develops and pushes the surrounding particles outwards (red arrows). At radial

distances larger than few particle diameters, no motion is observed, suggesting that

the pressure wave, and consequently the particle velocities, have decayed to zero.

Despite this fact, in a semi-diluted monolayer (Fig. 2.7c), some particles that are

located far away from the SI are also set into motion (red circles). Remarkably, the

stress propagates only where the particles are close enough to contact and form

chains. This observation rules out any possible long-distance displacement caused

by the pressure wave or fluid flows associated to the ejected Au-plasma, which are

strictly isotropic (see Fig. 2.7b). Particle-particle interactions are responsible for

the propagation, instead. Further details on PLA are in experimental setup section.

To study these interactions in well-defined structures, we assemble highly

ordered (mean hexagonal order parameter ψ = 0.95 ± 0.05) 2D colloidal lattices of

light-transparent particles (Fig. 2.7d, white particles) with a single light-absorbing

inclusion (Fig. 2.7d, black particle). Under illumination of the SI by a laser pulse,

the pressure wave sets into motion the first surrounding layer of particles. These

particles travel radially due to inertia (Fig. 2.7b) and transmit the stress to the rest

of the lattice. Here, the particles located along the symmetry axes of the monolayer

move more efficiently than the others in the lattice (Fig. 2.7e, red arrows).



28
CHAPTER 2. IMPACT PROPAGATION AND ABSORPTION IN

TWO-DIMENSIONAL DENSE COLLOIDAL MONOLAYERS

Figure 2.7. Local excitation of colloidal monolayers via PLA. (a) Sketch of the
experimental setup: Au-coated particles (SIs) on a glass surface are selectively
excited by a green, pulsed laser beam and simultaneously imaged using a high-speed
camera. (b) If the SI is sintered onto the substrate, the isotropic pressure wave
generated by Au ablation sets into motion close-by particles and vanishes at larger
distances. The arrows mark the particle displacements: the longest arrow denotes a
displacement of 1.9 μm and the others are drawn to scale (the arrows are magnified
by a factor 8 for clarity). Particles with no arrow do not move. (c) Displacements
farther away from the SI (white circle) occur only through interactions between
particles aligned in chains. The red circles mark the moving particles. (d) Optical
image of a colloidal lattice including one SI surrounded by uncoated beads. (e)
High-speed frame after excitation, showing the preferential stress propagation along
the symmetry axes of the crystal (red arrows).
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2.4.1 Laser power dependence

We monitor the propagation of strain through the colloidal crystals by recording

images at 300 kHz and by measuring the global velocity V of the particles from

their overall displacements (Fig. 2.8a to 2.8d). We reach velocities up to few m/s,

far beyond the typical velocities of colloidal particles tracked in shear experiments

[188–190]. The laser pulse energy determines the initial velocity V0 of the first

layer of particles around the SI. The lattice efficiently absorbs small stresses (e.g.,

Fig. 2.8a), whereas more intense perturbations propagate further in the crystals,

travelling primarily along the symmetry axes (e.g., Fig. 2.8d). When the viscosity

of the surrounding fluid is increased, at similar maximum propagation distances,

the propagation becomes less directional, and all particles, including those not on

the crystalline axes, undergo measurable displacements (compare Fig. 2.8e, η = 1

mPa·s and Fig. 2.8f, η = 4 mPa·s).

2.4.2 Comparison between experimental and numerical results

To understand the physics behind the propagation/absorption of local strains,

we perform 2D numerical simulations of discrete particle lattices. We model

the particles’ motion accounting for Stokes’ drag, Hertzian contacts [23] and

hydrodynamic lubrication forces [181]. We also set values for the average inter-

particle gap before excitation (d = 400 nm) and for the particle surface roughness (ξ

= 8.5 nm) that match the experimental conditions (Fig. 2.1a-b). We do not include

contact friction between the particles. Friction between the particles the substrate is

also neglected, since a thin fluid film is always present and prevents direct contact

(Fig. 2.1c). The simulations are initialized by setting the excitation velocity V0.

Numerical results for η = 1 mPas and η = 4 mPas (Fig. 2.8g and 2.8h) faithfully

reproduce the experiments shown in Figure 2.8e and 2.8f and reveal that the more

isotropic propagation at large η stems from increasing lubrication forces, through

which moving neighboring particles drag each other. The propagation depth of

the strain waves into the colloidal lattice is estimated by studying the wave decay

within the directions of maximum propagation, i.e., the symmetry axes around the

SI. Numerical simulations allow the perturbation to be monitored by looking at

the instantaneous particle velocities Vp (Fig. 2.8 i-j) along the alignment direction,
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from the excitation spot (Vp = V0) to the periphery (Vp « V0). The signature of

inter-particle contacts is revealed by a steep wave front radiated from the SI, as

long as the Hertzian elastic potential is involved in the interactions between the

colloids. The data confirm that larger fluid viscosity causes faster dissipation along

symmetry axes. As soon as the momentum is too weak to lead to contact and elastic

deformation, the steep front disappears in favor of a smoother decay (Fig. 2.8j, for t

> 0.2 μs) driven by the diffusion of particle inertia mediated by the fluid viscosity.

The speed of the steep wave fronts (Fig. 2.8i, cw 165 ± 25 m/s and Fig. 2.8j,

cw 275 ± 95 m/s) is at least one order of magnitude larger than the velocity of

the colloids and one order of magnitude smaller than the wave speed in the bulk

material of the particles (c0) or in the solvent (cwater), i.e., V0 « cw « (c0, cwater).

This distinct separation of timescales rules out any effect of flow advection or wave

propagation in the fluid on the elastic wave radiation through the particle network.

At these wave speeds, the wavelength λ = cw/f in the lattice is similar to the size

of the particles and the size of the laser spot ( 10 μm).
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Figure 2.8. Propagation of strain waves in 2D colloidal crystals at different
excitation levels. (a to d) Experimental data in water (η = 1 mPa·s). The stress is
transmitted along the six symmetry axes of the crystals. The global velocities V and
the propagation distance increase with the laser pulse energy (LE). From a to d, LE:
0.09, 0.14, 0.15, 0.16 μJ. The red crosses correspond to the SIs. The surrounding
white particles were not tracked because of their out-of-plane displacement (buck-
ling). The size of the dots does not match the physical size of the particles. (e, f) In
fluids with larger viscosity η, the stress propagation becomes more isotropic. LE:
(e) 0.17, (f) 0.25 μJ. η: (e) 1, (f) 4 mPa·s. (g, h) Numerical simulations (drawn
using Voronoi tessellation; see section 2.3) show the same behavior. η: (g) 1, (h) 4
mPa·s. Excitation velocity V0: (g) 12, (h) 26 m/s. (i, j) Decay of the instantaneous
velocity Vp along a particle chain. η: (i) 1, (j) 4 mPa·s. The colors correspond to
different particles, from black (first particle next to the SI) to red.
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2.4.3 Viscosity dependence

Experimentally, resolving the instantaneous particle velocity or the wave front

speed requires accuracy far beyond the capacity of high-speed optical imaging.

Instead, the energy-absorption properties and the full acoustic features191 of the

monolayers can be quantified from the decay of the global velocity V of the particles,

and compared to the simulations. First, we fix the initial conditions, i.e., the LE in

the experiments (Fig. 2.9, a to c, LE = 0.17 μJ) and the excitation velocity V0 in the

numerical simulations (Fig 2.9, d to f, V0 = 12 m/s), and then increase the viscosity

of the medium. The quantitative agreement between simulations and experiments

indirectly supports the hypothesis that the laser intensity determines the initial

particle velocity. After excitation, the wave propagation is strongly affected by the

solvent viscosity due to the fluid flow induced by the motion of the particles. This

is further quantified by Figure 2.9g, which shows how the global particle velocity

decays along the symmetry axes of the crystal, i.e. along chains of particles j =

1, 2, .., 6, as a function of their distance L from a given particle i with velocity Vi.

A semi-log plot of the data reveals an exponential decay , where the attenuation

length latt measures the penetration depth of the mechanical perturbation. On

average, latt decreases with the viscosity of the dispersing fluid (Fig. 2.9g, inset).

Experiments (solid symbols) and simulations (empty symbols and line) reveal a

similar response of the material to the applied pulse, in agreement with the velocity

maps shown in Figure 2.9a to 2.9f. In the simulations, the attenuation length is

robustly extracted from the decay of the energy field E, l̃att, compatibly with the

decay of the velocity field, latt = 2l̃att (E is proportional to the kinetic energy of

the particles, E(r, t) ∝ exp(−r/l̃att) ∝ V 2(r) ∝ exp(−2r/latt), where r is the

distance from the source).
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Figure 2.9. Average strain-wave
penetration depth in 2D colloidal
crystals dispersed in fluids with dif-
ferent viscosity. A fast dissipation in
highly viscous fluids is revealed by the
(a to c) experimental and (d to f) nu-
merical velocity maps for η = 1 (a and
d), 4 (b and e) and 10 (c and f) mPa·s.
Initial conditions: fixed LE (experi-
ments, LE = 0.17 μJ) and fixed instanta-
neous initial velocity (simulations, V0

= 12 m/s). The average value of ψ6,
calculated over a circular region with a
4-lattice-constants radius centered on
the SIs is 0.98 ± 0.02 for the experi-
ments (a to c) and 1 for the simulations
(d to f). This dissipation is quantified
by the (g) decay of the global velocity
V for any initial velocity Vi of particles
aligned along the symmetry axes of
the crystal, plotted versus the distance
from particle i (in units of 2R). Solids
symbols correspond to experimental
data obtained by averaging over 10
chains. Dashed lines are fits to the ex-
perimental data by an exponential law
with a characteristic attenuation length
latt. The colors correspond to η = 1
(black), 4 (red) and 10 (blue) mPa·s. In-
set: Experimental (solid symbols) and
numerical (empty symbol) attenuation
lengths as a function of the viscosity of
the dispersing medium. The solid line
shows the trend of the numerical data.
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2.4.4 Stress propagation mechanisms

The radial motion of the particles away from the SI is the consequence of

two distinct mechanisms: (i) a radial expansion, driven by inertia and normal

lubrication forces with diffusive momentum transfer; and (ii) a weakly attenuated

propagation, triggered by elastic deformations of the particles [163–165]. The

first regime involves dissipation due to Stokes’ drag and tangential lubrication

interactions. In the second regime, when two colloids reach sufficiently small

separation distances, the strain rate and the stress in the interstitial fluid diverge:

the fluid clamped by its viscosity [165] within the surface roughness behaves in a

"solid-like" manner [163,192] and the particles deform elastically (strain > 10−4)

against the confined liquid layer. The particle surface roughness identifies the

critical cut-off distance for occurrence of elastic deformation [163] (Fig. 2.1a).

The behavior of latt with η can be in fact only explained by taking into account

elastic deformation of the particles, as captured by 2D numerical simulations and

compatibly with an elementary 1D description. These conditions (V ∼ 1 m/s,

γ̇−1 ≈ 10−6 − 10−9s) are in contrast to the case of jamming suspensions under

shear flows (e.g., shear thickening γ̇−1 ≈ 10−1 − 10−3s), in which the fluid has

time to escape upon particle-particle contact [173,174]. These shear rates are also

2-3 orders of magnitude larger than macroscopic shear rates observed for impact-

protection materials employing shear-thickening fluid, but may become relevant for

higher energy projectiles, e.g. in spacecraft shielding.

2.4.5 Effects of local disorders

The data presented were obtained using perfect hexagonal lattices. However,

the stress propagation is drastically affected by particle misalignments (Fig. 2.10)

and by the presence of structural defects in the lattices. We report the velocity maps

of monolayers that include local defects, such as a dislocation (Fig. 2.10a) or a

vacancy (Fig. 2.10b). In both cases the stress propagation is abruptly arrested at the

defect. In the extreme case of disordered (glassy) monolayers (Fig. 2.10c), the wave

propagation becomes very short-ranged, even when the SI is illuminated at high

power (LE = 0.16 μJ). Numerical simulations of aqueous monolayers (η = 1 mPa·s,

V0 = 12 m/s) with a controlled degree of disorder highlight the propagation depth
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of stress pulses as a function of the hexagonal order parameter ψ6 (Fig. 2.10d). The

attenuation length l̃att of the ballistic coherent185 field swiftly drops to 2R, because

of multiple scattering185, within 0.85 < ψ6 < 1 (inset to Fig. 2.10d, red), while the

packing (area) fraction φ of the material remains constant (inset to Fig.2.10d, blue).

This indicates that local order dictates the propagation of strain. Values of ψ6 <

0.85 unavoidably lower the packing fraction and increase the initial separation d

between the colloids (Fig. 2.10e). Figure 2.10f shows the dependence of l̃att on

d in disordered (any ψ6 < 1, red) and crystalline (ψ6 = 1, black) monolayers. In

the crystalline case, l̃att depends weakly on d, whereas disordered structures cause

stronger attenuations. This observation, in conjunction with Figure 2.10e (ψ6 vs.

d), demonstrates that the decay of strain pulses in samples with randomness is due

to multiple scattering rather than to the packing density.

2.5 Conclusion

All our observations unambiguously show how the propagation of localized

“extreme” strain waves depends on the excitation energy, the local particle arrange-

ment and the solvent viscosity. This mechanism is qualitatively different from direct

(frictional) and indirect (hydrodynamic) contact-based models describing fluids

jamming at lower shear rates. Instead, it sheds light on the mechanical response

to much faster deformation rates, e.g., during impact and shocks, offering new in-

sights on the stress propagation and energy absorption of dense suspensions where

elastic contacts can be specifically designed, e.g. by introducing local defects or by

changing the solvent viscosity.
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Figure 2.10. Strain propagation in the presence of local disorder. (a to c) The
pulse induced by the SI rapidly fades when travelling through (a) dislocations, (b)
vacancies or (c) glassy structures. The circles corresponding to particles are drawn
with a size proportional to their value of ψ6. (d) Attenuation length l̃att (in units
of 2R, numerical data) extracted from the energy decay of the ballistic pulse in
colloidal monolayers excited in water at V0 = 12 m/s. Each point is an average of
20 configurations. Inset: At 0.85 < ψ6 < 1, the packing (area) fraction φ is constant
(blue data) and shows a rapid decrease (red data). φ and are computed within a
disk of radius 50 μm around the SI (i.e., the center of simulating box). (e) At <
0.85, the hexagonal order parameter ψ6 and the initial mean inter-particle distance
d start to be strongly correlated. (f) Attenuation length l̃att as a function of d for a
perfect crystal (black circles) and for disordered structures (red circles) prepared.
The effect of the inter-particle distance on l̃att is weak (black data) and the energy
decay is mostly due to an increase of disorder.
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2.6 Appendix

2.6.1 Data processing

In Fig. 2.9g, we describe the global velocity decay of the particles located

in the 6 symmetry axes of the colloidal lattice. We have considered monolayers

immersed in fluids with three different viscosities: η = 1 mPa·s (black data), η = 4

mPa·s (red data), η = 10 mPa·s (blue data). Experimental and numerical results are

processed as follows. For the first six colloids j = 1, 2,.., 6 that belong to a chain

(symmetry axis) we plot the global velocity Vj>i of the particles further down the

chain as a function of the relative distance L = j-i. Data points that correspond to

the same L are finally averaged to highlight the mean wave decay in the crystal. Fig.

2.9g shows excellent agreement between numerical (dashed lines) and experimental

(symbols) data: we observe that the larger the fluid viscosity is, the steeper is the

decay of the stress pulse.





Chapter 3

Nonlinear phononics with
one-dimensional
nanoelectromechanical lattices

Active manipulation of mechanical waves at high frequencies opens opportunities

in heat management [98,193], radio-frequency (RF) signal processing [34,194,195],

and quantum technologies [42,196–199]. Nanoelectromechanical systems (NEMS)

are appropriate platforms for developing these technologies, offering energy trans-

ducibility between different physical domains, for example, converting optical

or electrical signals into mechanical vibrations and vice-versa. Existing NEMS-

based phononic crystals, however, are mostly linear, passive, and not dynamically

controllable. Here, we report the realization of active manipulation of frequency

band dispersion in one-dimensional (1D) nonlinear nanoelectromechanical lattices

(NEML) in the RF domain (10-30 MHz). Our NEML is comprised of a periodic

arrangement of mechanically coupled free-standing nano-membranes, with circu-

lar clamped boundaries. This design forms a flexural phononic crystals with a

well-defined band gaps, 1.8 MHz wide. The application a DC gate voltage creates

39



40
CHAPTER 3. NONLINEAR PHONONICS WITH ONE-DIMENSIONAL

NANOELECTROMECHANICAL LATTICES

voltage-dependent on-site potentials, which can significantly shift the frequency

bands of the device. Dynamic modulation of the voltage triggers nonlinear effects,

which induce the formation of phononic band gaps in the acoustic branch. These

devices could be used in tunable filters, ultrasonic delay lines and transducers for

implantable medical devices.

3.1 Introduction

Architectured materials, such as photonic, plasmonic, and phononic meta-

materials, control wave propagation with specifically designed geometry of their

building blocks. For application in devices, it is desirable to be able to tune their op-

erational frequencies on demand. Effective tuning mechanisms exploit mechanical

compliance to alter the architecture geometry, including structure and/or periodicity

[107,110,200–202], but this approach is limited to soft materials. Other tuning

mechanisms involve the change of intrinsic properties of constituent materials, e.g.,

changing the dielectric constant by heating in photonic crystal [203] and changing

the charge carrier density or fermi level of materials in plasmonic metamaterials

[204–207]. Phononic metamaterials present an advantage over their optical and

electronic counterparts, in that they can more easily access nonlinear regimes for

tunability. In the small amplitude domain, elements in phononic crystals can be

strongly coupled, enabling controlled energy transfer in space, like in phonon

waveguide [208,209]. At larger amplitudes, mechanical deformations can access

nonlinear regimes that allow energy transfer across different energy states, or

vibration modes, allowing for example phonon cavity dynamics [210–212] and

synchronization [213]. Macroscopic closed-packed granular crystals exploit the

nonlinear contact mechanics between two spheres, to change the effective cou-

pling strengths. The application of a small static pre-compression, can be used

to demonstrate tunable band gaps [14], wave velocity [26], and wave localization

[214]. In other examples, magnetic repulsive forces were used to control the on-site

potential of locally resonant units, thereby realizing phononic transistors [112]

and programmable metamaterials [113]. However, due to scaling constraints such

tunability could not be demonstrated at device relevant frequencies, in the ultrasonic

domain.

Nanoelectromechanical system (NEMS) with voltage induced frequency tun-
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ing [215,216] offer a practical platform to miniaturize phononic devices, making

megahertz and gigahertz transduction accessible with conventional fabrication

methods. The application of a DC voltage to a single resonator demonstrated the

ability to trigger different nonlinearities, depending on the thickness to vacuum

gap ratio. These increased the resonant frequency by tension-induced stiffening

[215,216] or decreased it by electrostatic softening of the resonators [217] (Figure

3.2). Two or three coupled-NEMSs with such tunability have shown interesting

nonlinear dynamic phenomena including cooling and amplification [212]. Recently,

NEMS based phononic crystals consisting of suspended GaAs/AlGaAs heterostruc-

tures [208,209] have been suggested as RF waveguides. They demonstrated Bragg

phononic band gaps, slow phonons, and defect-mediated nonlinear dynamics. Al-

though promising, these devices are still non tunable, meaning that the phononic

properties are pre-determined during fabrication. In addition, the defect-mediated

dynamic control has narrow bandwidth and low modulation efficiency, transmitting

substantial energy to the stop band. In this study, we realize a tunable phononic crys-

tal that harnesses DC/AC electrostatic force exerted on the membranes to control

wave transmission over a broad frequency range.

3.1.1 Device structures

Our NEML consists of Si-rich LPCVD silicon nitride (SiNx) membranes

that form a phononic crystal with periodically corrugated boundaries (Fig. 3.1a

and Fig. 3.12). SiNx, an insulator, is used to electrically separate the excitation

and the tuning electrodes below the membranes. The mechanical coupling of the

membranes is realized by overlapping two neighboring circular membranes with ∼
10 μm diameter (Fig. 3.1b and 3.1c).

We construct membrane arrays with variable numbers of repeating units (Fig.

3.12). The periodicity of the lattice is chosen to be a = 7 μm owing to the expected

frequency dispersion, with prominent acoustic and optical branches separated by

a well-defined phononic band gap (Fig. 3.1d). To characterize the devices, we

measure the frequency response of NEML with and without tuning electrodes

using a laser interferometer. Flexural motion of the membranes is triggered by

simultaneously applying DC and AC voltages (Fig. 3.1a). As shown in Figure

3.1d, the spectra of NEML without and with electrodes present clear stop bands
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below 12 MHz and 11.5 MHz, respectively. The NEML without electrodes has

a band gap from 17 MHz to 19.8 MHz, while the NEML with electrodes has

a gap from 16 MHz to 17.8 MHz, confirming that the gold electrodes do not

significantly change the operating frequencies. Passband spectra show discrete

peaks due to the finite number of unit cells (N = 120). We performed frequency

response measurements with varying number of unit cells (N = 30, 60, 90, and

120) and observed well-defined phononic band gaps even at the lowest unit cell

numbers (see SI). The average quality factor (Q-factor) of the device with (without)

electrodes is 1700 (3700) and it depends on the surface and the intrinsic material

loss due to the evaporated gold [218]. For applications in quantum state transfer that

requires low loss, the Q-factor can be enhanced by replacing the gold electrodes

with graphene [219], increasing the residual stress of the film, and operating in

cryogenic environments.
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Figure 3.1. Nonlinear nanoelectromechanical lattice. (a) Scanning electron
microscope image of the nonlinear nanoelectromechanical lattice. Flexural motion
is electrostatically triggered by simultaneously applying DC (VDC) and AC (VAC)
voltages to the excitation electrode via a bias-tee. VT is a tuning gate voltage applied
to the tuning electrodes to activate on-site electrostatic potentials. The membrane
motions are measured at desired points using a home-built balanced homodyne
interferometer. (b) A cross-section A-B of the device in (a). The thickness of the
metal electrodes and the sacrificial oxide are 50 nm and 140 nm, respectively. In our
numerical model, we consider the partial etching of the silicon nitride. The upper
side of the nitride is assumed to be uniformly etched by 14 nm. The bottom side
of the nitride interfacing with the sacrificial oxide is assumed to be linearly etched
from 14 nm (a center) to 0 nm (boundaries). A highly doped n-type silicon substrate
is used as a electrical ground plane. (c) A magnified image of the dashed-square box
in (c) shows the excitation electrodes. We separate the excitation tuning electrodes
by 4um distance for their electrical separation. (d) Frequency responses of the
lattices with 120 unit cells. The upper (lower) panel presents the responses of the
device without (with) electrodes. The shaded area indicates stop bands.
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3.2 Analytical and numerical methods

3.2.1 Discussion on frequency tuning mechanisms

We qualitatively discuss the frequency tuning mechanism of a single resonator.

We assume the dynamics of a thin circular plate resonator can be described by the

Von-Karman plate theory [220], relevant for thin plates. The equation of motion of

a single resonator can be written as

ρh
∂2W

∂t2
+D∇4W − h∇ · (σ∇W) = Fe (3.1)

where ρ, h, W, and D are the density, the plate thickness, the displacement field,

and bending rigidity D = Eh3/12(1 − ν2). σ is an in-plane stress tensor which

contains the contributions from the intrinsic residual stress σ0 and the induced stress

σinduced by the plate deformation. Fe = ε0V
2/2(d −W )2 is the electrostatic

force per unit area applied to the plate, where V, and d are the applied voltage and a

vacuum gap, respectively. Considering an axis symmetric deformation, the equation

of motion can be reduced to

ρh
∂2W

∂t2
+D

∂4W

∂r4
−
[
∂2W

∂r2

(
∂F

r∂r

)
+
∂W

r∂r

(
∂2F

∂r2

)]
= Fe (3.2)

Here, F is an in-plane stress function that satisfies the following compatibility

equation.

1

Eh

∂4F

∂r4
= −∂

2W

∂r2

(
∂W

r∂r

)
(3.3)

We can express the displacement W (r, t) as the summation a dynamic dis-

placement WD(r, t) and a static displacement W0(r). Provided that the dynamic

displacement is much smaller than the static displacement when subject to an

applied DC voltage, the electrostatic force can be approximated as

Fe ≈
ε0V

2

2(d−W0)2 (1 +
2WD

d−W0
) (3.4)

Therefore, the governing equation can be decomposed into a static part and a

dynamic part.
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D
∂4W0

∂r4
−
[
∂2W0

∂r2

(
∂F

r∂r

)
+
∂W0

r∂r

(
∂2F

∂r2

)]
=

ε0V
2

2(d−W0)2 , (3.5)

with
1

Eh

∂4F

∂r4
= −∂

2W0

∂r2

(
∂W0

r∂r

)
.

ρh
∂2WD

∂t2
+D

∂4WD

∂r4
−
[
∂2WD

∂r2

(
∂F

r∂r

)
+
∂WD

r∂r

(
∂2F

∂r2

)]
− ε0V

2

(d−W0)3WD = 0

(3.6)

If we assume that the dynamic displacement is too small to induce an in-plane

stress, the in-plane stress function F can be assumed to be just a function of the

static displacement field W0(r). Consequently, the static and the dynamic parts

can be decoupled as in Equation 3.5 and 3.6. The static deflection W0(r) and

the in-plane stress function F under any applied DC voltages are first calculated.

Then, the corresponding eigenfrequency can be computed from the dynamic part

with appropriate boundary conditions. The third + fourth term and fifth term in

Equation 3.6 denote the tension induced stiffening and the electrostatic softening,

respectively.

To summarize, an eigenfrequency changes as a DC voltage is applied. The

application of the voltage deflects the plate, changing an equilibrium configuration,

inducing a radial tension inside the plate, and consequently introduce a softening

potential term ε0V
2/(d−W0)3.

To solve the two equations analytically is difficult. Thus, we numerically

solve the problem using COMSOL multi-physics package. Instead of solving the

Von-Karmann equations, COMSOL allows us to solve more general plate equations

obtained from Mindlin-plate theory [220]. The Mindlin-plate theory converges to

the Von-Karmann theory when the thickness of a plate becomes much smaller than

the radius of the plate. Thus, the in-plane inertia of the plate (or displacement) can

be neglected. We perform pre-stress eigenfrequency analyses for a circular plate

with clamped boundary conditions by considering geometric nonlinearity. The

radius of the plate is fixed to 5 μm for all performed simulations and we vary the

thickness t and the vacuum gap distance d at different applied gate voltages.
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As shown in Figure 3.2, thin plates with 5nm and 10nm thickness suspended

with 600 nm vacuum gap present hardening behaviors, increasing the resonance

frequency with the applied gate voltage. In this case, the contribution of the induced

tension overcomes the electrostatic softening potential. The contribution from the

induced tension decreases with thickness increase, because the increased bending

stiffness reduce the magnitude of the induced tension with smaller deformation. In

contrast, thicker plates with 60 nm and 100 nm thickness suspended over 200 nm

vacuum gap present the decrease of the resonance frequency due to the softening

effect.

Figure 3.2. Thickness and vacuum gap dependence of eigenfrequency of the
first normal mode of a circular plate. (a) Schematic of a voltage-gated circular
plate with radius r, thickness t, and vacuum gap d. (b) The resonance frequency
of the fundamental plate mode as a function of the applied DC gate voltage. The
radius r is fixed to 5 μm. Blue solid (dashed) line: t = 5 nm, d = 600 nm (t = 10 nm,
d = 600 nm). Red solid (dashed) line: t = 40 nm, d = 400 nm (t = 80 nm, d = 400
nm). Black solid (dashed) line: t = 60 nm, d = 200 nm (t = 100 nm, d = 200 nm)
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3.2.2 Effective gap distance for electrostatic force model

Due to the presence of a SiNx layer under the tuning electrodes, we should

consider the capacitive effect of the film since the electrostatic force is then not

just a function of vacuum gap d. We define an effective gap distance deff for the

electrostatic force to model a negative elastic foundation in a finite element model.

The electrostatic force per unit area is given by

Fe = −∂Estatic
∂d

= −V
2

2

∂C

∂d
,

C =

(
1

CSiNx

+
1

Cvac

)−1

=
εε0

t+ εd
.

(3.7)

where Estatic are the total electrostatic energy stored in the vacuum gap and the

SiNx layer, V the applied gate voltage, C the total capacitance, d the vacuum gap

distance, CSiNx the capacitance of the SiNx layer, Cvac the capacitance of the

vacuum gap, ε0 the vacuum permittivity, ε the dielectric constant of the SiNx layer,

and t the thickness of the SiNx layer. The electrostatic force applied to the electrode

on the SiNx layer is then given by

Fe = −V
2

2

∂C

∂d
=

ε2ε0V
2

2(t+ εd)2 =
ε0V

2

2(d0 + t
ε −W )

2 =
ε0V

2

2(deff −W )2 , (3.8)

with
∂C

∂d
= − ε2ε0

(t+ εd)2

Equation 3.8 shows that the effective gap distance is defined as deff = d0 + t/ε

here d0 is the initial vacuum gap distance. To quantify the effect of the SiNx layer

to the vacuum gap, we consider the following example. When SiNx with thickness t

= 100 nm and dielectric constant ε = 7 is suspended with vacuum gap d0 = 150 nm,

over the grounded Si substrate, the total distance from the substrate to the tuning

electrode is now 250 nm. The effective gap distance is then calculated as 164 nm,

which is 14 nm thicker than the vacuum gap distance. Therefore, the tunability

can still benefit from the small vacuum gap distance d0. We can express the total

displacement W as the sum of the static WS and the dynamic WD displacements.

The electrostatic force with the effective gap distance is given by

Fe =
ε0V

2

2(deff −W )2 =
ε0V

2

2(deff −Ws)
2

(
1− WD

deff −Ws

)−2

(3.9)
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Assuming that the dynamic displacement is much smaller than deff WS , the force

can be approximated as

Fe =
ε0V

2

2(deff −Ws)
2

∞∑
n=1

n

(
WD

deff −Ws

)n−1

≈ ε0V
2

2(deff −Ws)
2

(
1 +

2WD

deff −Ws

) (3.10)

3.2.3 Numerical simulations

We perform all the numerical calculations of phononic frequency dispersions

using COMSOL multiphysics package. The module pre-stressed eigenfrequency

analysis in 3D-structural mechanics module is employed. We also consider geo-

metric nonlinearity to reflect the effect of membrane deflection and induced stress

under DC gate voltage. Note that DC voltage also introduces the effective softening

potentials. To model the elastic foundation, we use an effective gap distance deff =

147 nm. The circular boundaries are assumed to be fixed. Bloch periodic condition

u(x + a) = u(x)exp(iqa) is applied by using Floquet periodicity in COMSOL.

Here, u(x) is a displacement, q is a wavevector in x-direction, and a is the periodic-

ity. The parameters used for silicon nitride films are 3000kg/m3 density, 290 GPa

Young’s modulus, and 0.27 Poisson ratio. For the properties of the electrodes made

of 45 nm gold and 5 nm chromium, we simply calculate the geometric averages

of the properties and obtain 18100 kg/m3 density, 98 GPa Young’s modulus, and

0.417 Poisson ratio. We impose anisotropic in-plane residual stresses 35 MPa for

the direction perpendicular to the lattice and 125 MPa for the parallel direction,

to match the experimental dispersion. The contributions of both residual stress

components are discussed in the following section.

3.2.4 Analytical model for frequency dispersion

We model our nanoelectromechanical lattice using a discrete element model

consisting of two same rigid plates in a unit cell (Fig. 3.3). Although a number of

membrane modes lead to many frequency bands as a result, this diatomic picture

can be justified since we measure the responses from two frequency branches in the

experiments.
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Figure 3.3. Discrete element model of the NEML for analytical calculation
of frequency dispersion. (a) Top: Scanning electron microscope image (false
colored) showing three unit-cells with the deposited electrodes. Bottom: Schematic
diagram of the mass-spring systems used to solve the dynamic model. (b) Close-up
view of a half unit cell, showing the two rotational springs connected by a rigid
bar, and the elastic foundation. All relevant parameters and degrees of freedom are
indicated.

We assume that the plate elements are mounted on uniformly distributed

nonlinear elastic foundations. The nodal transverse displacement of ith node of

nth unit cell and the beam rotation with respect to ith node of nth unit cell are

denoted by un,i and θn,i. To calculate the frequency dispersion, we consider a

linearized parameter knl of the nonlinear elastic foundations. This term includes

the contributions from the clamped boundaries and the tunable electrostatic on-

site potentials. We also consider on-site rotational potential J . Furthermore, we

also consider the tension T in the model, to investigate the effects of intrinsic and

induced stress along the lattice. The wide and narrow regions of a unit cell of a

real sample are modelled with two rotational springs with coupling strengths G and

H (Fig. 3.3). The presence of the metal electrodes gives rise to an increase of the

bending stiffness (the area moment I = bh3/12 for Euler-Bernoulli beam, where h

is the thickness of a beam) in the narrower region. Thus G is assumed to be larger

than H . To simplify the analysis, we assume that masses are concentrated at the

nodes where the rotational couplers are present. Due to the asymmetry of a half

unit cell in the real samples, we also assign different masses m and M to the nodes.
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We also assume that the dynamic displacement is small enough compared to the

film dimension, so that the rotational inertia is negligible. This assumption is also

valid in the derivation of the Euler-Bernoulli continuous beam model.

This discrete plate model is indeed more accurate than a usual discrete mass-

spring model since the plate model also considers the couplings with next-nearest

neighbors. The rotational couplings are introduced to effectively emulate bending

moments in continuous systems. In the long-wavelength limit of the usual discrete

mass-spring model, the dispersion relation is linear with ω = cq where ω, c,

and q are the frequency, the linear sound velocity, and a wave number. This is

because the nearest neighbor coupling picture leads to d2u/dx2 term in the limit.

Thus, the optical branch of a dimerized discrete mass-spring model can never be

stiffer than its acoustic branch. However, we will see that in the experimental and

numerical dispersion exhibits the stiffer optical branch than the acoustic branch.

Such dispersion curves can be modelled by considering rotational springs with

discrete beam elements, which eventually lead to ω = cq2 dispersion relation in the

long-wavelength limit. This dispersion stems from the dispersive term d4u/dx4.

This q2 dispersion is well-known from the dispersion relation of a continuous

Euler-Bernoulli beam.

We start our modeling by calculating the Lagrangian for a single unit cell.

Ln = (T − U)n

=
1

2
mu̇2

n,1 +
1

2
Mu̇2

n,2

−[
H

2
(θn−1,2 − θn−1,1)2 +

G

2
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+
H

2
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G

2
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+
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2

∫ l

0
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]
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+
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2
θ2
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2
θ2
n,1 +
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2
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+
1

2
T lθ2

n−1,2 +
1

2
T lθ2

n,1 +
1

2
T lθ2

n,2]

(3.11)

The two terms in the second line are the kinetic energy of each node. The third

and fourth lines represent the rotational coupling of two neighboring plates. The

fifth line represents the potential energy stored in the elastic foundations. Here,
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ui/j =
ui−uj
l x+ uj is the geometry of a beam in terms of its nodal displacements

and x is the local coordinate in the beam. The sixth line describes the on-site

rotational coupling. The remaining terms are the effects of tension to single beam

rotations. Since the tension terms have the same form with the on-site rotational

coupling terms, we let Jtot = J + T l. If we assume that the rotational inertia

is negligible, we can obtain the equation of motions for un,1 and un,2 by solving

Lagrange equation d
dt

(
∂L
∂u̇n,k

)
− ∂L

∂un,k
= 0, where k is a node index. Since

the beams are connected by a pin, the rotation can be described in terms of the

nodal displacement as θn,1 = (un,2 − un,1)/l, and θn,2 = (un+1,1 − un,2)/l. The

equation of motions for the displacement un,1 of nth unit cell is

mün,1 = − 1
l2

[Hun−1,1 − 2(G+H)un−1,2 + 2(H + 2G)un,1

−2(G+H)un,2 +Hun+1,1]

+Jtot
l2

(un−1,2 − 2un,1 + un,2)

−knll
6 (un−1,2 + 4un,1 + un,2).

(3.12)

The equation of motions for the displacement un,2 of nth unit cell is

Mün,2 = − 1
l2

[Gun−1,2 − 2(G+H)un,1 + 2(2H +G)un,2

−2(G+H)un+1,1 +Gun+1,2]

+Jtot
l2

(un,1 − 2un,2 + un+1,1)

−knll
6 (un,1 + 4un,2 + un+1,1).

(3.13)

We consider traveling solutions un,1 = Ue−jωt+jqna, un,2 = V e−jωt+jqna,

which satisfy the Bloch theorem. By inserting the solutions, we obtain an eigenvalue

equation ω2Mu = D(q)u. The mass and the stiffness matrix are given by

M =

[
m 0

0 M

]
,D(q) =

[
D11(q) D12(q)

D21(q) D22(q)

]
with

D11(q) = 2H cos qa+2(H+2G)
l2

+ (2knll
3 + 2Jtot

l2
)

D12(q) = D̄21(q) = −2(G
l2

+ H
l2

+ Jtot
2l2
− knll

12 )(1 + e−jqa)

D22(q) = 2G cos qa+2(2H+G)
l2

+ (2knll
3 + 2Jtot

l2
)

The dispersion relation w(q) can be obtained by solving the eigenvalue problem.

ω(q)2 =
[mD11(q)+MD22(q)]±

√
[mD11(q)−MD22(q)]2+4mMD12(q)D21(q)

2mM (3.14)
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Based this analytical model, we can qualitatively investigate the contributions of the

experimental parameters, such as residual stress and the electrostatic gate tuning, on

the frequency dispersion. We now use this model to examine the effects of tension

and the on-site potential on the dispersion curves. To match the frequency regions

in the experiments, we use manually chosen parameters: m = (3.5)10−14 kg/m3,

M = 1.1m, Jtot = (5)10−10 N·m, l = 3.5 μm, and a = 2l.

Figure 3.4a shows the numerical frequency dispersions for different values of

axial tensile residual stress in the lattice. The corresponding analytical dispersions

are shown in Figure 3.5a. We set a constant on-site potential knl = (50)106

N/m2. An increasing axial residual stress induces the shifting of the dispersion

curves, reducing the size of the band gap between acoustic and optical branches.

The reduction of the band gap stems from the reduced contrast of the rotational

couplings, G andH as described in Figure 3.5a. One interesting point is the pinning

at q = 0 in the acoustic branch. The infinite wavelength mode of the lattice at q = 0

shows the in-phase oscillations of all the rigid plate without rotation. In this case,

the tension does not play a role.

Figure 3.4b shows shows the numerical dispersion when varying the lattice-

perpendicular residual stress. Figure 3.5b shows the effect of the on-site potential

at constant values of the rotational couplings. The increased on-site potential

shifts all the branches upward. The width of acoustic branch also decreases as the

contributions of the local potential becomes significant compared to the rotational

couplings. The contributions of the residual stress are almost equivalent to the on-

site of potentials in the analytical model. Such variation of the frequency dispersion

is also observed when varying the gate voltage as shown in Figure 3.9 of the

manuscript.
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Figure 3.4. Effects of residual stress in the finite element model. (a) Numerical
dispersion curves for different axial residual stress, T. T varies from 0 (dark blue) to
120 MPa (dark red) with 20 MPa steps. A constant residual radial stress of 35 MPa
is assigned in the direction perpendicular to the lattice. (b) Numerical dispersion
curves at different lattice-perpendicular residual stresses T. T varies from 0 (dark
blue) to 120 MPa (dark red) with 20 MPa steps.
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Figure 3.5. Effects of rotational couplings and on-site potential in the analyti-
cal model. (a) Analytical dispersion curves for different rotational couplings, G
and H . G vary from (7.3)10−10 N·m (dark blue) to (8.3)10−10 N·m (dark red) with
(0.2)10−10 N·m steps, and H from from (5.8)10−10 N·m(dark blue) to (7.8)10−10

N·m (dark red) with (0.4)10−10 N·m steps with knl = (50)106 N/m2. (b) Analytical
dispersion curves for different on-site potentials, knl. knl varies from (50)106 N/m2

(dark blue) to (65)106 N/m2 (dark red) with (3)106 N/m2 steps. G=(7.3)10−10 N·m
and H=(5.8)10−10 N·m are fixed.
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3.3 Experimental methods

3.3.1 Sample fabrication

Figure 3.6. Schematics of sample fabrication processes

The fabrication of the nanoelectromechanical lattices begins with low pressure

chemical vapor deposition (LPCVD) of 100 nm low-stressed Si-rich silicon nitride

(SiNx) on the both sides of a SiO2(140 nm)/Si(525 μm) wafer (Step 1, Fig. 3.6).

The sacrificial thermal oxide underneath the SiNx layer defines the vacuum gap

distance when the device is released in the HF etching step. The wafer is then

cleaned with acetone and iso-proylalchol (IPA). We then spin-coat 495K A4 and

950K A2 Poly-methly-methacrylate(PMMA) at 2400 rpm and 2000 rpm for 45

secs, respectively (Step 2, Fig. 3.6). The electrode patterns are transferred using

an electron-beam (e-beam) lithography, and the PMMA resists are developed in a

MIBK and IPA mixture with a ratio MIBK:IPA = 3:1 (Step 3, Fig. 3.6). 45 nm-gold

and 5 nm-chromium layers for e-beam alignment markers, excitation and tuning

electrodes are then deposited using an e-beam evaporator with a deposition rate

of 0.1 nm/s (Step 4, Fig. 3.6). Then, the samples are immersed in acetone for 2

hours to lift of the remaining PMMA resists covered by the metals (Step 5, Fig.



56
CHAPTER 3. NONLINEAR PHONONICS WITH ONE-DIMENSIONAL

NANOELECTROMECHANICAL LATTICES

3.6). For the next e-beam exposure, we spin-coat 500 nm ZEP520 e-beam resist at

2000 rpm for 40 secs to serve as an etch mask for the following reactive ion etching

process (Step 6, Fig. 3.6). The second e-beam lithography is then performed to

pattern the arrays of the etch holes with 500 nm diameter and the exposed resist is

developed in a ZED-N50 developer (Step 7, Fig. 3.6). We employ an inductively

coupled plasma (ICP) dry etching with 45 sccm-SF6/ 5 sccm-Ar, 100 W RF power

and 1500 W ICP power to drill the holes in SiNx device layer (Step 8, Fig. 3.6).

The remaining resist is dissolved in a N-Methyl-2-pyrrolidone (NMP) based solvent

(Step 9, Fig. 3.6). The wafer is then scribed into 3 mm x 3 mm dies and the dies

are immersed in Buffered Oxide (BOE) solution to etch the sacrificial SiO2 layer

through the etch holes. After the etching process, we use a critical point dryer

to avoid the adhesion of the released free-standing membranes to the substrates

and obtain perfectly isotropic circular membranes (Step 10, Fig. 3.6). The Si-rich

SiNx is hardly etched by buffered HF (etch rate of 0.3 nm/min). Furthermore,

the LPCVD process leads to minimal disorders and structural defects, ensuring

uniform adhesion to the sacrificial layer, and low residual stress ( 100 MPa). The

relative high dielectric constant of SiNx (εSiN ∼ 6 – 7) significantly reduces the

contributions of the SiNx to the tuning electrostatic forces, by realizing similar

effective gap distance deff = d + tSiN / εSiN to the vacuum gap d.

3.3.2 Experimental setups

We employ a HeNe laser with 633 nm wavelength and 17 mW power. The

beam diameter of the laser is expanded three times at the initial stage, to tightly

focus the laser beam onto a sample. The intensity of the laser light is then 100

times reduced via a neutral density filter with 2 optical-density. The light then

passes the first half-wave plate to rotate the polarization to achieve 50:50 beam

splitting in the first polarized beam splitter. One of the split beam is incident to

the sample and the other beam is incident to a reference mirror mounted on a

piezoelectric actuator. The piezoelectric actuator moving at 1.5 kHz frequency is

stabilized by a PID controller (Stanford Research Systems, SIM960) to lock the

phase difference between the light reflected from the sample and the reference arm.

The reference input for PID controller comes from the low frequency output of

a balanced photodetector (Thorlabs, PDA 415A, 100 MHz RF bandwidth). The
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polarizations of two laser lights from the sample and the reference mirror are

orthogonal to each other. The orthogonal beams then pass through the second

half-wave plate to rotate each polarization by 45o. The second polarizing beam

splitter splits the lights with decomposing the polarization to make interferences at

two output ports from the beam splitter. The interfered lights from two output ports

of the polarizing beam splitter are incident to the positive and negative inputs of

the detector. Then, we measured the difference of the two inputs from the detector

using a lock-in amplifier (Zurich Instrument, UHFLI). This balanced homodyne

detection scheme gives a better signal-to-noise ratio by cancelling the common

noise from the laser.

Figure 3.7. Schematic of experimental setup for membrane motion detection

The laser is positioned on the sample by moving a vacuum chamber mounted

on a XY-piezoelectric stage and monitored by a CMOS camera connected to a PC

(Inset, Fig 3.7). The pressure of the vacuum chamber is smaller than 10−6 bar to

minimize the effects of air damping.

The excitation is realized by simultaneously applying a DC voltage from

a power source and a AC voltage from the lock-in amplifier, to the excitation

electrode, via a bias Tee (Mini Circuits, ZFBT-6GW+). To minimize internal

parasitic couplings in the lock-in amplifier, we amplify a small ac-signal from

the lock-in amplifier using a radio frequency pre-amplifier (Mini Circuits, ZFL-
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1000LN+).

3.3.3 Measurement of frequency dispersion

The dispersion curves are obtained from the frequency responses at different

positions obtained by spatially scanning the laser along the lattice. The scan step is

the same as the periodicity of the lattice, a = 7 μm. The number of scanned unit

cell is 40. The lock-in amplifier enables the measurements of both the amplitude,

and the phase with respect to the phase of the excitation source. To obtain the

dispersion curves, we first multiply sin(phase) or cos(phase) to the amplitude data

(Fig. 3.8a for VT = 0 V and 3.8c VT = 20 V) in the frequency domain and then

we apply fast Fourier transform to the processed data. Figure 3.8 shows a clear

difference between the amplitude only data and the phase-considered data. We

can observe the different spatial oscillation periods at different frequencies. For

the acoustic branch, the lower frequency has the longer spatial period. The spatial

period becomes shorter as the frequency approaches to the band edge (∼ 16 MHz

in Fig.3.8a and ∼ 15 MHz in Fig. 3.8c) of the acoustic branch. In Figure 3.8b and

3.8d, we also observe the evanescent behaviors in the band gap region, meaning

that some energy still propagates into several unit cells of the lattice. The lowest

frequency of the optical branches exhibits the shortest spatial period. This means

that the frequency is located at the zone boundary (q = π/a) of the Brillouin zone.

Such information cannot be obtained from only the amplitude responses.

3.3.4 Measurement of group velocity

To measure a group velocity in the lattice, we use an oscilloscope (Tektronix,

DPO3034) instead of the lock-in amplifier. The oscilloscope allows us to directly

measure waves in time-domain. However, the noise floor of the photodetector makes

the wave signals invisible if the amplitude is very low. Thus, it is better to pre-filter

the RF-output signals from the detector using a passive band-pass filter with 6 MHz

– 22 MHz bandwidth. We then average 512 data in time-domain. To excite the

system, we send a chirped signal with a frequency spectrum ranging from 8MHz to

22MHz, using an arbitrary wave generator implemented in the lock-in amplifier. The

frequency range of the chirped signal is enough to cover the broad frequency ranges
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that include the acoustic branches and the optical branches of our NEML. We apply

VDC = 20 V, and Vchirp,peak = 375 mV to the excitation electrode. We measure

the transient motion of the ent unit of the lattice. The transient responses contain

broad-band signals covering all the phononic modes within the frequency spectrum

(Fig. 3.10a and 3.10b). To examine the group velocities at single frequencies, we

apply a Burtterworth filter with 200 kHz bandwidth to the frequency responses.

Figure 3.8. Spatial scanning data. The frequency responses of 40 unit cells at (a)
VT = 0 V and (c) VT= 20 V. Amplitudetimes sin(phase) frequency spectra at (b)
VT = 0 V and (d) VT = 20 V.
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3.4 Results and discussions

3.4.1 Tunable phononic band gap

To inform our experiments, we perform numerical simulations using Comsol

Multiphysics c© with Floquet periodic boundary condition, considering geomet-

ric nonlinearity. The experimental dispersion curves, obtained from fast-Fourier

transformation of the spatially scanned data, capture the phononic behavior of our

NEML. The experimental results show good agreement with numerical simulations

(Fig. 3.9a to 3.9d) at gating voltages (VT ) ranging from 0 V to 22 V, capturing

correctly the location and the size of pass and stop bands. Flat band regions exist

near the band edges, at q = 0 and π/a, suggesting slow, near zero group velocities.

The locally clamped boundaries, acting as grounding springs, cause the acoustic

band edge at q = 0 to start from finite frequencies. To systematically investigate the

dependence of the transmission properties on the applied gate voltage, we measure

the frequency response of the last resonator (located on the opposite boundary from

the excitation) while varying the gate voltage from 0 V to 25 V (Fig. 3.9f). We note

a broadening of the acoustic branch from 4.5 MHz at VT = 0 V to 6 MHz at VT =

25 V and a decreases of the band gap size from 1.8 MHz at VT = 0 V to 1.3 MHz at

VT =25 V.

To elaborate the experimental observations, we developed an analytical re-

duced order model of the finite samples based on discrete interconnected masses.

This model clarifies the interplay of the experimental parameters and their effect

on the dispersion response of the NEML. The presence of a gate voltage below the

membrane acts as an on-site potential that tunes the transmission. An increase of

the electrostatic force applied by the tuning electrodes softens the on-site potentials

and consequently down-shifts the frequency bands. In addition, the presence of

clamped boundaries causes the development of an axial tension along the lattice. In

the discrete model this tension decreases the contrast of the rotational couplings,

reducing band gap size. The boundary effect is not captured by the finite element

model that assumes periodic boundary conditions. The experimentally measured

variations of the center frequency and the band size match well the numerical data

(Fig. 3.9f and 3.9h) below VT =23 V. We characterize the Q-factor as a function

of the gating voltage of the NEML and show that it decreases quadratically due to
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dielectric losses (Fig. 3.9i).

Figure 3.9. Static tuning with a DC gate voltage. (a), (c) Experimental frequency
dispersions at VDC = 2 V, VAC = 40 mV, (a) VT = 0 V, and (c) VT = 20 V. Two white
arrows in (a) and (c) in the gap region indicate the defect mode of the excitation
unit in the front-end of the lattice. The bottom white arrow in (c) indicates several
lowest modes excited by parasitic couplings between the excitation and tuning
electrodes. (b), (d) The corresponding numerical frequency dispersions to (a) and
(c). The light yellow regions indicate stop bands. (e) Mode shapes of a unit cell
at different frequencies A, B, C, and D marked in (b) or (c). (f) Experimental
frequency responses of the NEML at a different applied gate voltage ranging from
VT = 0 V to 25 V. We keep VDCVAC = 0.08 V2 constant. The white dots denote
numerically obtained frequencies of band edges at q = 0 and q = π/a. (g) The
frequency responses at VT = 5 V to 25 V with 5 V step. The black arrows indicate
the lowest modes that stem from the parasitic couplings between the excitation and
tuning electrodes. (h) The changes of the band gap center and the band gap size
as a function of the applied gate voltage VT . (i) The averaged quality-factor from
the frequency responses as a function of the gate voltage. The quality-factor show
Q ∼ −V 2

T scaling with fitting parameters a = 1717, b = 0.9670.
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3.4.2 Tunable group velocity

The tunability of the dispersion response means that the transmissible frequen-

cies can be dynamically selected, but also that the group velocity can be controlled.

This is evident from the transient responses of the lattice at VT = 0 V and 24 V (Fig.

3.10a and 3.10b). We send a chirped pulse with frequencies between 8 MHz - 22

MHz through the lattice, and measure the responses of the end unit. The measured

response contains several displacement pulses, which originate from boundary

reflections. To analyze the dispersive behaviors at single frequencies, we apply

a Burtterworth filter with 200 kHz bandwidth to the broadband responses. We

then plot the envelope of the filtered pulses in time domain, at each frequency (Fig.

3.10d and 3.10f). The time-of-flight of the wave near the band edges is much longer

than that in the middle of pass bands, confirming the strong dispersion near the

band edges. The experimental group velocity is obtained calculating the velocity of

the traveling pulses (vs) at each frequency, using vs =2Na/∆t (Figure 3.10c and

3.10e). Here, N = 120 is the number of unit cells, a is the periodicity and Δt is

the time-of-flight. The factor 2 accounts for the reflected pulses. The experimental

group velocities show excellent agreement with the numerical group velocities. The

small discrepancy found in the group velocities at VT = 24 V (Fig. 3.10e) originates

from boundary effects. As shown in Figure 3.10h, The envelope of waves near the

acoustic band edge (14.5 MHz) broadens due to dispersion. Propagation losses are

deduced from the amplitude decay of two neighboring pulses at 13.5 MHz and are

found to be around 25% in voltages or 44% in energy per 1.68 mm travelled, which

is equivalent to 2.6 dB/mm. At 12 MHz, the pulse speed at VT = 24 V is about

twice than the pulse speed at VT = 0 V, showing the group velocity tuning. This

observation important for signal processing applications, e.g., in tunable delays

line.
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Figure 3.10. Tunable phonon propagation velocity (a), (b) Transient responses
of the displacement of the end resonator at (a) VT = 0 V and (b) 24 V prior to
the signal filtering. The chirped signal with a frequency spectrum ranging from 8
MHz to 22 MHz is sent to the excitation electrode with VDC = 20 V, Vchirp,peak
= 375 mV. (c), (e) Group velocity as a function of the center frequency of an
enveloped pulse at (c) VT = 0 V and (e) 24 V. The solid blue and red lines in (c)
and (e) represent the group velocities for the acoustic and optical branches obtained
from the numerical simulations. The dotted open squares are the corresponding
experimental group velocities by calculating the time of flight of a single round-trip
of a single pulse (vs = 2Na/∆t) at different frequencies. (d), (f) The color maps
represent the amplitudes of signal envelopes at different frequencies in the time
domain, for (a) VT = 0 V and (b) 24 V. Butterworth filter at single frequencies with
200 kHz bandwidth is applied to filter out the broadband transient signals in (a)
and (b). Due to the increased ac coupling, several lowest modes are parasitically
excited as shown in (f). (g), (h) The time-domain pulse envelopes at 12.5 MHz,
13.5 MHz, and 14.5 MHz, yellow-dashed lines in figure (d) and (f). Here, Δt is the
time of flight of an envelope.
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3.4.3 Dynamic modulation and nonlinear band gap

Metamaterials under dynamic environments have shown many interesting

features, e.g., non-reciprocity [221] and non-equilibrium phenomena [222]. We

investigate the behavior of our system under dynamic AC tuning. In addition to

the AC voltage, we apply a 5 V DC voltage to the tuning electrode to increase the

modulation amplitude. This DC voltage is small enough not to induce significant

softening effect. Since the tuning electrode simultaneously excites the entire lat-

tice, we expect their modulation to predominantly affect the lowest modes in the

phononic band. We note that the AC tuning triggers nonlinear dynamic phenomena

in the NEML leading to a classical hysteretic behavior (Fig. 3.11a). The resonance

curves show a hardening behavior, due to tension induced nonlinearity. Beyond the

bifurcation point, at modulation frequencies (ωp) above 11.3 MHz, a small band

gap emerges in the acoustic branches (Fig. 3.11b and 3.11c). The gap size increases

with increasing modulation frequency, changing its position. The shift of band gap

originates from the up-shift of entire dispersion curves, due to stronger tension

induced at higher modulation frequencies. The presence of the modulation-induced

band gap is also evident in the real space scanning data obtained at ωp = 11.5

MHz, with 2a = 14 m scanning step (Fig. 3.11d). Analysis of the corresponding

dispersion curve confirms the effective “dimerization” of the unit cell, with a gap at

the new band edge q = π/2a (Fig. 3.11e), at a center frequency around 12.7 MHz.

Accordingly, the nonlinear second harmonics of the modulation frequency (Fig.

A3.3) lies at q = π/2a in the dispersion relation and the modes’ amplitudes at q =

π/2a have 2a periodicity (Fig. A3.4).
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Figure 3.11. Dynamic modulation and the formation of nonlinear band gap.
(a) Nonlinear dynamic responses when the tuning electrodes are nonlinearly driven
at VDC = VT,DC = 5 V, VAC = 0 mV, VT,AC = 100 mV. The blue (red) solid line
denotes a forward (backward) frequency sweep. The modes in the pass bands
can be excited due to the ac coupling to the excitation electrode. The inset shows
the broad band spectrums ranging from 10 MHz to 18MHz. (b) The top panel
shows the frequency responses of the lattice under a dynamic modulation with a
modulation frequency ωp = 11.5 MHz. VDC = VT,DC = 5 V, VAC = 10 mV, VT,AC
= 100 mV are applied. The yellow regions are the original band gaps and the pink
region indicates the dynamically induced band gaps. The color map shows the
frequency responses for different modulation frequencies ranging from 11 MHz to
11.5 MHz. We perform a forward and backward sweep of the modulation frequency
to check the hysteresis. (c) The zoomed-in data in the white dashed box in (b)
and the corresponding frequency responses. (d) The spatially scanned data along
the lattice. 28 sites are scanned in the middle of the lattice. The global existence
of the induce band gap is highlighted by two white arrows. The bright regions at
low frequency regions originates from the strong dynamic modulation. (e) The
corresponding frequency dispersion to the scanned data in (d). White arrows at q =
π/2a indicate the band gap.
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3.5 Conclusion

Here, we demonstrate the static and dynamic control of nanoelectromechanical

lattices by electrostatic forces. Their frequency dispersion can be tuned over a wide

range by applying DC gate voltage. The DC tuning can be used to shift the band

edges, reduce the width of the band gap, and control the group velocity. Dynamic

AC modulation of the gate shows a new mechanism for band gap formation, induced

by nonlinear resonances. This NEML contributes to the development of miniatur-

ized high-frequency components, such as tunable filters and delay lines for signal

processing applications, with smaller foot-print compared to the electromagnetic

counterparts.
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3.6 Appendix

3.6.1 Effects of lattice spacing

To examine the effects of lattice spacing a, we experimentally measure the

frequency responses of several lattices without electrodes (Fig. 3.12). The frequency

response for a = 7 μm presents a clear band gap that separates acoustic and optical

branches. Due to the periodic clamping boundaries, the acoustic branch starts at

12 MHz. A decrease of lattice periodicity leads to a reduction of the size of band

gap, broadening acoustic and optical branches as seen in a = 6 μm and 5 μm. The

starting frequencies of the acoustic branch are 11 MHz for a = 6 μm and 10 MHz

for a = 5 μm. This shows that the effects of clamping boundaries become weaker

due to the decrease of corrugation. The up-shift and the decrease of the band gap

size also originates from the decrease of mass, an increase of bending stiffness and

a decrease of the contrast of the equivalent rotational couplings G and H due to the

reduction of the corrugation (See analytical modeling section). Further decrease

of the periodicity leads to the vanishing band gap in the measurement range and

constant acoustic band edge frequencies around 9.8 MHz. The increase of the

distances between the resonance peaks is a clear evidence of the broadening of the

acoustic branch as the strip width becomes more uniform.
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Figure 3.12. Frequency spectra for different lattice spacing. (a) Frequency
responses of lattices with different periodicity ranging from a = 2 μm to 7 μm,
measured at the end unit of each lattice. Here no tuning electrode is deposited. (b)
Optical microscope images correspond to the frequency spectra in (a).

3.6.2 Effects of the number of unit cells

Figure 3.13 shows the frequency responses of the lattices with different num-

bers of unit cells N = 30, 60, 90, and 120 for gate voltages VT = 0 V and 20 V. The

lattice with N = 30 already shows a clear band gap ranging from 16 MHz to 17.8

MHz at VT = 0 V, from 15 MHz to 16.8 MHz at VT = 20 V. For the lattice with N

= 30, we are able to detect the defect mode from the excitation unit around 17.6

MHz at VT = 0 (16.4 MHz at VT = 20 V) which appears near the band edge of the

optical branch. This is because the penetration depth of an evanescent wave near the

band edge is long enough to reach the end unit of the lattice. However, this defect

mode disappears in the lattice with N = 60, meaning that the length of the lattice

is longer than the decay length of the evanescent wave. The spectrum becomes

more compact with an increased number of resonance peaks as we increase the

number of unit cells. One surprising fact is that the frequency ranges of the all

the spectra are almost identical in the lattices on different sites. This suggest an

extreme uniformity of the film properties and HF etching.
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Figure 3.13. Freuqency responses for lattices with different cell numbers (a),
(b) Frequency responses of lattices with different number of unit cells N = 30,
60, 90, and 120 and the corresponding samples under an optical microscope. The
applied gate voltages are 0 V for (a), and 20 V for (b).

3.6.3 Discussion on dynamic modulation

Figure 3.11a shows a hardening nonlinear dynamic response with hysteresis.

Similar nonlinear behaviors have been observed in nanoelectromechanical systems

with clamped boundary conditions [20]. The hardening behavior mostly stems from

an increase of the tension under a strong dynamic excitation, which can be modeled

with a cubic nonlinearity in an equivalent mass-spring system [20]. Moreover,

the application of the DC tuning voltage leads to deflection-induced quadratic

nonlinearity due to the broken inversion symmetry in equilibrium configurations.

Thus, we assume that the quadratic and cubic nonlinearities are present in the elastic

foundation, by replacing knlu with k1u+ k2u
2 + k3u

3.

We analyze frequency responses of the lattice when subject to AC modulations.

Figure 3.14a and 3.14b show the first harmonics and the second harmonics at

different modulation frequencies. As seen in Figure 3.11a, the amplitude of the first

harmonics increases with the modulation frequency ωp. At ωp = 11.4 MHz and 11.5

MHz, two side-band responses start to appear. These peaks come from nonlinear

resonances [223]. The nonlinear resonances occur when a driving frequency equals
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the sum of a pair of normal modes in the lattice. We note that the sum of two side-

band frequencys equals 2ωp (Fig. 3.14a). We conclude that the second harmonics

of the modulation (Fig. 3.14b) due to the inherent square nonlinearity in the lattice

excites the side band of the corresponding first harmonics by nonlinear resonances.

Figure 3.14. Frequency responses of the omtion of the lattices under dynamic
modulation (a) The first harmonic components of AC modulation. The sweep
direction is indicated by an arrow. (b) The corresponding second harmonic compo-
nents.

Here, we focus on the second harmonic component, to unveil the origin of

the nonlinear band gap. For this discussion, we study the analytical frequency

dispersion curve (Fig. 3.15a). We note that the second harmonic of the modulation

frequency lies around q = π/2a Fig. 3.15a). The corresponding mode shape at q =

π/2a (Fig. 3.15c and 3.15d) has the wavelength of 4a. However, if the amplitude of

the oscillation is only considered neglecting the phase of the mode, the wavelength

of the amplitude is 2a. Thus, the difference in the amplitudes (light green and red

ellipses in Fig. 3.15c and 3.15d) within the extended unit cell with 2a periodicity

(Fig. 3.15d) induce the dimerization of the lattice, by having dimerized nonlinear

elastic foundations. Consequently, the dispersion curves fold at new Brillouin zone

boundary, q = π/2a. In our experiemnts, we observe the emergence of the nonlinear

band gap in the acoustic branch (Fig. 3.11b and 3.11c).
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Figure 3.15. Mechanism of the nonlinear band gap formation (a) Schematic
dispersion curves obtained from the analytical discrete model. The first harmonic
and the second harmonic components of the modulation frequency are marked
by red solid circles. (b) Mode shape of the first harmonic and (c) the second
harmonic components in an infinite lattice model. The blue (red) solid circles
represent the first (second) node in a unit cell. Note that the unit cell contains two
nodal points. (d) The real mode shape. Each black solid line represents the rigid
plate connecting two neighboring nodes. a is the original periodicity and 2a is the
modified periodicity due to the nonlinearity. The light red and green ellipses denote
the two different amplitude components dimerizing the lattice.
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Figure 3.16. Nonlinear dynamically induced Brillouin zone folding of the
acoustic branch. Dispersion curves for the acoustic branch from the analyti-
cal model. The green shaded area represents the new Brillouin zone, with a gap
opening point marked by a red dot.
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3.6.4 Perturbation theory for nonlinear band gap

Figure 3.17. One-dimensional discrete beam lattice for modeling an acoustic
branch.

To theoretically study the nonlinear band gap, we perform a classical per-

turbation analysis of the frequency dispersion. To simplify the problem, we only

consider the acoustic branch with a discrete element model consisting of connected

rigid beams, of length l, on a nonlinear elastic foundation (Fig. 3.17). Since the

experimental results show a band gap opening mechanism at q = π/2a (Fig. 3.11e),

we perform our analysis considering a «super-cell» with a 2a periodicity. To further

simplify, here we neglect the contributions from the axial tension and the on-site

rotational coupling. We model the nonlinear elastic foundations including an addi-

tional quadratic and cubic nonlinearities, k1u+ k2u
2 + k3u

3. We now show how

the nonlinearity in the foundation opens a band gap at the zone-boundary q = π/2a.

The Lagrangian for a unit cell is given by ∑
i

L =
∑
i

(T − U)

=
1

2
mu̇2

n,1 +
1

2
mu̇2

n,2

−[
G

2
(θn−1,2 − θn−1,1)2 +

G

2
(θn,1 − θn−1,2)2

+
G

2
(θn,2 − θn,1)2 +

G

2
(θn+1,1 − θn,2)2

+
k1l

2

∫ l

0

[
u2
n,1/n−1,2(x) + u2

n,2/n,1(x) + u2
n+1,1/n,2(x)

]
dx

+
k2l

3

∫ l

0

[
u3
n,1/n−1,2(x) + u3

n,2/n,1(x) + u3
n+1,1/n,2(x)

]
dx

+
k3l

4

∫ l

0

[
u4
n,1/n−1,2(x) + u4

n,2/n,1(x) + u4
n+1,1/n,2(x)

]
dx].

(3.15)
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Here, we skip the detailed description of each term. Using the Lagrange equation

of motion, we derive the following equations for the two beams in a unit cell:

d

dt

(
∂L

∂u̇i,1

)
− ∂L

∂ui,1
= 0

müi,1 = − 1

l2
[Gui−1,1 − 4Gui−1,2 + 6Gui,1 − 4Gui,2 +Gui+1,1]

−k1l

6
(un−1,2 + 4un,1 + un,2)

−k2l

12
(u2

n−1,2 + 2un−1,2un,1 + 6u2
n,1 + 2un,1un,2 + u2

n,2)

−k3l

20
(u3

n−1,2 + 2u2
n−1,2un,1 + 3un−1,2u

2
n,1 + 8u3

n,1 + 3u2
n,1un,2

+2un,1u
2
n,2 + u3

n,2),

(3.16)

d

dt

(
∂L

∂u̇i,2

)
− ∂L

∂ui,2
= 0

müi,2 = − 1

l2
[Gui−1,2 − 4Gui,1 + 6Gui,2 − 4Gui+1,1 +Gui+1,2]

−k1l

6
(un,1 + 4un,2 + un+1,1)

−k2l

12
(u2

n,1 + 2un,1un,2 + 6u2
n,2 + 2un,2un+1,1 + u2

n+1,1)

−k3l

20
(u3

n,1 + 2u2
n,1un,2 + 3un,1u

2
n,2 + 8u3

n,2 + 3u2
n,2un+1,1

+2un,2u
2
n+1,1 + u3

n+1,1).

(3.17)

Here, we consider the nonlinear terms as a perturbation, which can be scaled

by a scaling parameter ε. or the perturbation analysis, we employ the Poincare-

Lindstedt method [12,224]. We express the eigenfrequency and the displacement as

ω = ω0 + εω1 and u = u(0) + εu(1), where ω0 and u(0) are the eigenfrequency

and the corresponding eigenvectors for the unperturbed or linear system. We also

introduce a new time variable, τ = ωt which leads to d2

dt2
= ω2 d2

dτ2
. In a matrix

form, the equation of motion can be described as

Mü = D(q)u + εKnl(u), (3.18)

with

D(q) =

[
−G
l2

[e−iq2a + eiq2a + 6]− 2k1l
3 (4G

l2
− k1l

6 )[e−iq2a + 1]

(4G
l2
− k1l

6 )[eiq2a + 1] −G
l2

[e−iq2a + eiq2a + 6]− 2k1l
3

]
,
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with

Knl(u) = K1(u) + K2(u),

K1(u) = −k2l

12

[
u2
n−1,2 + 2un−1,2un,1 + 6u2

n,1 + 2un,1un,2 + u2
n,2

u2
n,1 + 2un,1un,2 + 6u2

n,2 + 2un,2un+1,1 + u2
n+1,1

]
,

and

K2(u) = −k3l

20


u3
n−1,2 + 2u2

n−1,2un,1 + 3un−1,2u
2
n,1 + 8u3

n,1

+3u2
n,1un,2 + 2un,1u

2
n,2 + u3

n,2

u3
n,1 + 2u2

n,1un,2 + 3un,1u
2
n,2 + 8u3

n,2

+3u2
n,2un+1,1 + 2un,2u

2
n+1,1 + u3

n+1,1

 .

After the perturbation analysis, we set ε = 1 so that we can recover to the original

equations of motion. By inserting the perturbed eigenfrequency, ω, and the dis-

placement, u(0), and organizing equations according to the order of the perturbation

parameter, we have

O(ε0) : ω0
2M

d2u(0)

dτ2
= D(q)u(0), (3.19)

O(ε1) : ω0
2M

d2u(1)

dτ2
−D(q)u(1)

= −2ω0ω1M
d2u(0)

dτ2
+ K1(u(0)) + K2(u(0))

(3.20)

The solution to Equation 3.19 can be assumed as

u(0)
n =

1

2
[Uei(2qna+τ) + Ue−i(2qna+τ)] = U cos(2qna+ τ) , U =

[
x

y

]

By inserting the solution to Equation 3.20, we have static and second harmonic terms

from the quadratic nonlinearity, and the first harmonic and third harmonic terms

from the cubic nonlinarity. These terms act as source terms in the nonhomogeneous

ordinary differential equation, Equation 3.20. However, the eigenfrequencies of the

equation are identical to those of the unperturbed equation (Eq. 3.19). Therefore,

the first order frequency shift can be obtained by setting the secular term, soely
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originated from the cubic nonlinearity, to be zero. At the folded zone boundary,

q = π/2a, the condition can be written as

2ω0ω1M

[
x

y

]
− k3l

20

[
3x3 + 3xy2

2

3y3 + 3x2y
2

]
= 0.

Thus, there are two solutions for the first order perturbation frequency,

ω1 =
3k3l

40ω0m
[3x2 +

3y2

2
],

and

ω1 =
3k3l

40ω0m
[3y2 +

3x2

2
].

The difference of the two perturbation frequencies is the nonlinear band gap, which

is expressed as

∆ω =
9k3l

80ω0m

∣∣x2 − y2
∣∣ .

This equation states that the new band gap ∆ω is amplitude dependent and can

be opened if nonlinearities are present in the system. As seen in the mode shapes

(Fig. 3.15), the band gap can be opened when there is an asymmetry in the nodal

displacements x (red ellipses) and y (green ellipses). Also, the size of the band gap

depends on the nonlinear coefficient k3.



Chapter 4

Phononic topological insulators
with two-dimensional
nanoelectromechanical lattices

Spin-dependent energy transport and the back-scattering immunity to imperfec-

tions are the most appealing characteristics of topological insulators. Topological

phononic metamaterials have been used to demonstrate the quantum mechanical

phenomena in classical systems as well as proposed for acoustic device applica-

tions for vibration isolation and mitigation, and stable elastic wave-guiding. In

this chapter, we report the first experimental realization of on-chip topological

nanoelectromechanical lattices operating at high frequencies (10-20 MHz). We

fabricate our devices with well-controlled HF etching of sacrificial thermal oxide

under a silicon nitride layer through patterned etch holes. These etch holes are

periodically arranged in extended honeycomb lattices to exploit the pseudospin

states, introduced by Brillouin-zone folding. The spacing between the etch holes

changes effective mechanical couplings between neighboring membrane units and

consequently determines the topological phases of a lattice. We experimentally

77
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characterize the topological edge states and find their robustness to waveguide

imperfections. The results from this work contribute to the realization of compact

topological acoustic devices for high-frequency information processing devices like

robust signal delay lines.

4.1 Introduction

Wave-guiding via a stable physical channel is strongly demanded for reliable

information and energy transport. However, imperfections present in waveguides

like sharp corners or defects cause substantial undesirable back-scattering. In this

regard, the physics of two-dimensional topological insulators possibly open up new

opportunities to achieve this ultimate goal. They have demonstrated robust and

spin-dependent energy transport at the edges, which are the remarkable hallmarks

of quantum spin hall effect (QSHE). Recent development of architectured mate-

rials called metamaterials have allowed the realization of topological physics in

various classical systems [126,131,132,134,136,141–145,147,152,225]. Especially,

topological acoustic and mechanical metamaterials have recently been proposed in

gyroscopic lattices with broken time-reversal symmetry [141–143], arrays of acous-

tic cavities with rotating fluids [139] and spatio-temporal modulation [140], periodic

arrays of pendula with negative couplings [144], engineered acoustic lattices with

pseudospins [145,147,149,151,155], and perturbative topological metamaterials

[226,227].

The majority of mobile devices indeed have been harnessing mechanical com-

ponents for their radio-frequency signal processing. Surface acoustic waves [29,30]

(SAW) and bulk acoustic wave [31,33] (BAW) resonators are the representative

devices, which are fabricated using conventional microfabrication techniques. They

possess active excitation and sensing units realized by piezoelectric materials that

enable energy transduction between electrical and mechanical domains. Devices

that harness elastic waves have a striking advantage over the electromagnetic coun-

terparts in terms of device footprint. This is because the wavelength of an elastic

wave is usually five orders of magnitude smaller than that of the electromagnetic

wave at the same operating frequency. Considering wavelength determines the

characteristic length scales of devices, this tremendous reduction of footprint can

improve device integration with more functionalities.
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Topological mechanical metamaterials made of nano and microelectromechani-

cal systems [208,209,215,216] (NEMS and MEMS) can potentially be used to build

stable transport channels for classical [208,209] and quantum information [197]

processing, with their electrical transduction of mechanical motions. This platform

will enable the realization of practical, topological acoustic devices beyond the

proof of concept demonstration of topological properties in large scale mechanical

metamaterials. Here, we experimentally demonstrate that high-frequency phononic

topological insulators can be realized in two-dimensional nanoelectromechani-

cal lattices. We build pseudotime-reversal symmetry preserved, topological edge

waveguides. We exploit pseudospin states introduced as a result of Brillouin-zone

folding of honeycomb lattices. As topological photonic insulators have recently

shown their promises by demonstrating topological lasers [138,228,229] and robust

quantum emitters [230], these high-frequency topological mechanical insulators

will show their applications in the future.
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4.2 Analytical methods

4.2.1 Discrete element model

Figure 4.1. Honeycomb lattices and Brillouin zones (BZ). (a) An extended
graphene lattice (blue hexagon) with lattice translational vectors ~A1 and ~A2. The
masses with mass M (grey circles) are mechanically connected by an intra-cell cou-
pling t (black solid line) and an inter-cell coupling t′ (red solid line) constant. The
diamond with two masses denotes the unit cell of the original graphene honeycomb
lattice when t = t′. ~a1 and ~a1 are the corresponding lattice translational vectors. (b)
The Brillouin zones of the original lattice (outer hexagon) and the extended lattice
(inner hexagon) with their symmetry points of interest. The scissors and arrows
represent cutting and folding processes to describe Brillouin zone-folding from the
original Brillouin zone to the extended one. The extended unit cell has smaller
Brillouin zone due to the reciprocal nature of wavevector space.

We begin with considering a honeycomb lattice, consisting of discrete mass-

spring elements (Fig. 4.1). A single unit cell, enclosed by the blue hexagon in

Figure 4.1a, is composed of six particles with mass M , which are assumed to

oscillate in a transverse or out of plane direction. The particles inside a unit cell

are coupled to their nearest neighbors, by intra-cell coupling constant t between

the particles in the same unit cell, and inter-cell coupling constant t′ between the

particles in neighboring unit cells. If t equals t′, the lattice has a smaller unit cell
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(diamond in Fig. 4.1), which contains two particles as shown in Figure 4.1a. This

is the well-known graphene honeycomb lattice where the light-like behaviors of

electrons have been observed due to the Dirac dispersions at Ka and Ka′ points in

the Brillouin zone (Fig. 4.1b). Here, a is the periodicity of the graphene honeycomb

lattice.

4.2.2 Dispersion relation of graphene honeycomb lattice

To understand Brillouin-zone fonding method later, we first consider the

frequency dispersion of the honeycomb lattice. The equations of motion for the

two basis particles in a unit cell (red diamond in Fig. 4.1a) can be derived from the

Euler-Lagrange equation. The lattice is periodic with two primitive lattice vectors

~a1 =
√

3a
2 x̂ + a

2 ŷ and ~a2 = −
√

3a
2 x̂ + a

2 ŷ. The Lagrangian for a single unit cell at

a lattice point ~r = n~a1 +m~a2 can be written as

Ln,m = Tn,m − Un,m

=

2∑
k

1

2
Mku̇

2
n,m,k −

∑
〈nn〉

1

2
t(u〈nn〉 − un,m,k)2 −

∑
〈〈nn〉〉

1

2
t(u〈〈nn〉〉 − un,m,k)2 − εk

2
u2
n,m,k


=

2∑
k

1

2
Mku̇

2
n,m,k

− t
2

(un,m,2 − un,m,1)2

− t
2

[(un,m+1,2 − un,m,1)2 + t(un−1,m+1,2 − un,m,1)2

+(un+1,m−1,1 − un,m,2)2 + (un,m−1,1 − un,m,2)2]

+
1

2
[ε1u

2
n,m,1 + ε2u

2
n,m,2].

(4.1)

Note that we are considering for t = t′. Here, Tn,m is the kinetic energy, Un,m
is the potential energy, Mk is the mass of kth particle in the unit cell, un,m,k is

the transverse displacement of kth particle, u<nn> is the transverse displacement

of nearest neighbor particles of kth particle in the same unit cell, u<<nn>> is

the transverse displacement of nearest neighbor particles of kth particle in the

neighboring unit cells, t is the coupling constant, and εk is the local on-site potential

of kth particle. By solving the Lagrange equation ∂Ln,m

∂un,m,k
− d

dt
∂Ln,m

∂u̇n,m,k
= 0, we

obtain the following equations of motion for two basis particles in a unit cell:
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M1ün,m,1 = t(un,m,2 − un,m,1) + t′(un,m+1,2 − un,m,1)

+t′(un−1,m+1,2 − un,m,1)− ε1un,m,1,
(4.2)

M2ün,m,2 = t(un,m,1 − un,m,2) + t′(un+1,m−1,1 − un,m,2)

+t′(un,m−1,1 − un,m,2)− ε2un,m,2.
(4.3)

Here, we consider traveling wave solutions with a wave vector ~q and a harmonic

frequency ω, we can write the displacement solutions for the two masses at ~r =

n~a1 +m~a2 in the following forms:

un,m,1 = U1(~q)ei(~q·~r−ωt), un,m,2 = U2(~q)ei(~q·~r−ωt). (4.4)

These displacement solutions satisfy the Bloch periodic boundary condition u
~r+

⇀
R

(~q) =

u~r(~q)e
i~q·

⇀
R . Here, ~R = p~a1 + l~a2 is a lattice translation vector, where p and l are

arbitrary integers. By inserting the solutions (Eq. 4.4) to the equations of motion

(Eq. 4.2 and 4.3), we obtain a generalized eigenvalue equation.

ω2

[
M1 0

0 M2

][
U1(~q)

U2(~q)

]
=

[
3t+ ε1 −t(1 + ei~q·~a2 + e−i~q·(~a1−~a2))

−t(1 + e−i~q·~a2 + ei~q·(~a1−~a2)) 3t+ ε2

][
U1(~q)

U2(~q)

]
. (4.5)

When an inversion symmetry of the unit cell is preserved (M1 = M2= M , and ε1 =

ε2 = ε0), the dispersion relation is given by

ω2(~q) = 3t+ε0
M ± t

M

√
3 + 2 cos(~q · ~a1) + 2 cos(~q · ~a2) + 2 cos[~q · (~a1 − ~a2)]. (4.6)

This equation is the well-known graphene dispersion relation in condensed

matter. Figure 4.2 shows the dispersion curves along the boundary of the irreducible

Brillouin zone ΔMaΓaKa (Fig. 4.1b). The Dirac points are located at Ka and K′a
symmetry points of the Brillouin zone (Red hexagon in Fig. 4.1b). The dispersion

relations around the symmetry points are linear. These relations represent light-like

massless behaviors of electrons in graphene [231]. The inversion symmetry can be

broken either by assigning different masses (M1 6= M2) or local on-site potentials

(ε1 6= ε2), which eventually leads to the formation of a band gap at Ka points (Fig.

4.2b and 4.2c). However, a band gap formed by broken inversion symmetry is

always topologically trivial. To have a non-trivial topological band gap, one can, for

example, break time-reversal symmetry in the graphene lattice by introducing next
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nearest neighbor terms with phase dependent complex coupling constants. This

is the Haldane model [121] that theoretically shows quantum hall effect (QHE) in

a honeycomb lattice. An analogous time-reversal symmetry broken mechanical

system has recently been demonstrated in gyroscopic lattices with rotating motors

[141].

Figure 4.2. Dispersion relation of graphene lattice and the effect of broken
inversion symmetry. (a) The dispersion relation without a broken inversion sym-
metry (M1 = M2 = 1, and ε1 = ε2 = ε0 = 1). The grey shaded areas indicate the stop
bands. (b) The dispersion relation with a broken inversion symmetry with different
two different masses (M1 = 1.1, M2 = 0.9, and ε1 = ε2 = ε0 = 1). The yellow shaded
area represents the induced band gap. (c) The dispersion relation with a broken
inversion symmetry with different two different on-site potentials (M1 = M2 = 1,
and ε1 =1.1, ε2 = 0.9). The red shaded area represents the induced band gap. The
parameters used to plot these dispersion curves are t = a = 1, otherwise indicated
above.
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4.2.3 Dispersion relation of extended graphene lattice

Understanding of the dispersion relation of the honeycomb lattice is essential

to grasp the idea of the Brillouin zone folding method. The Briliouin zone of the

extended honeycomb lattice is illustrated in Figure 4.1a. Here, thee two primitive

lattice vectors are given by ~A1 = A
2 x̂ +

√
3A
2 ŷ, and ~A2 = −A

2 x̂ +
√

3A
2 ŷ, with

A =
√

3. The increase of a lattice spacing leads to the decrease of the size of

a Brillouin zone (inner hexagon, Fig. 4.1b), because the wavevector is inversely

proportional to the lattice spacing. To explain the zone-folding method, we begin

with the derivation of the equations of motion for the extended honeycomb lattice

(hexagon, Fig. 4.1a). In this case, we assume constant mass M and on-site potential

ε0 of the particles to examine the effect of the coupling constants t and t′. The

Lagrangian of a single unit cell is given by

Ln,m = Tn,m − Un,m

=

6∑
k

1

2
Mu̇2

n,m,k −
∑
〈nn〉

1

2
t(u〈nn〉 − un,m,k)2 −

∑
〈〈nn〉〉

1

2
t′(u〈〈nn〉〉 − un,m,k)2 − ε0

2
u2
n,m,k


=

2∑
k

1

2
Mku̇

2
n,m,k

− t
2

[(un,m,2 − un,m,1)2 + (un,m,3 − un,m,2)2 + (un,m,4 − un,m,3)2

+(un,m,5 − un,m,4)2 + (un,m,6 − un,m,5)2 + (un,m,1 − un,m,6)2]

− t
′

2
[(un+1,m,4 − un,m,1)2 + (un,m+1,5 − un,m,2)2 + (un−1,m+1,6 − un,m,3)2

+(un−1,m,1 − un,m,4)2 + (un,m−1,2 − un,m,5)2 + (un+1,m−1,3 − un,m,6)2]

−ε0

2
[u2
n,m,1 + u2

n,m,2 + u2
n,m,3 + u2

n,m,4 + u2
n,m,5 + u2

n,m,6].

(4.7)

In the second line of the equation, the first term represents kinetic energies, the

second term is the nearest neighbor couplings between the particles within the same

unit cell <nn>, the third term indicates the nearest neighbor couplings between

the particles in the neighboring unit cells «nn»,and the fourth term is the on-site

coupling. The equations of motion can be derived using the Lagrange equation
∂Ln,m

∂un,m,k
− d

dt
∂Ln,m

∂u̇n,m,k
= 0 for kth particle in a unit cell. The equations of motion are

given by



4.2. ANALYTICAL METHODS 85

Mün,m,1 = t(un,m,2 − un,m,1) + t(un,m,6 − un,m,1) + t′(un+1,m,4 − un,m,1)− ε0un,m,1

Mün,m,2 = t(un,m,1 − un,m,2) + t(un,m,3 − un,m,2) + t′(un,m+1,5 − un,m,2)− ε0un,m,2

Mün,m,3 = t(un,m,2 − un,m,3) + t(un,m,4 − un,m,3) + t′(un−1,m+1,6 − un,m,3)− ε0un,m,3

Mün,m,4 = t(un,m,3 − un,m,4) + t(un,m,5 − un,m,4) + t′(un−1,m,1 − un,m,4)− ε0un,m,4

Mün,m,5 = t(un,m,4 − un,m,5) + t(un,m,6 − un,m,5) + t′(un,m−1,2 − un,m,5)− ε0un,m,5

Mün,m,6 = t(un,m,5 − un,m,6) + t(un,m,1 − un,m,6) + t′(un+1,m−1,3 − un,m,6)− ε0un,m,6

. (4.8)

We consider travelling wave solutions as we did in the original honeycomb

lattices. The solution
[
un,m,1 un,m,2 un,m,3 un,m,4 un,m,5 un,m,6

]T
=

[ U1 U2 U3 U4 U5 U6 ]T ei(~q·~r−ωt) also satisfies the Bloch periodic condi-

tion. The eigenvalue equation is expressed as

ω2MIu = D(~q)u. (4.9)

Here, I is a 6 × 6 idensity matrix, and u = [ U1 U2 U3 U4 U5 U6 ]T is the

displacement vector. D(~q) represents a dynamic matrix, which contains all the

information about coupling. The dynamic matrix is expressed as

D(~q) =



2t+ t′ + ε0 −t 0 −t′ei~q· ~A1 0 −t
−t 2t+ t′ + ε0 −t 0 −t′ei~q· ~A2 0

0 −t 2t+ t′ + ε0 −t 0 −t′e−i~q·( ~A1− ~A2)

−t′e−i~q· ~A2 0 −t 2t+ t′ + ε0 −t 0

0 −t′e−i~q· ~A2 0 −t 2t+ t′ + ε0 −t
−t 0 −t′ei~q·( ~A1− ~A2) 0 −t 2t+ t′ + ε0


(4.10)
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4.2.4 Brillouin zone folding mechanisms and double Dirac-cone

The folding process starts with cutting the three MaKA and three MaK′A (Red

dashed-lines with a scissors in Fig. 4.1b) in the Brillouin zone of the graphene

honeycomb lattice (outer hexagon, Fig. 4.1b). The next step is the folding of the

triangles ΔKaMaK’A and ΔKaMaKA (light-blue areas in Fig 4.1b) to the adjacent

trianglesΔKAKaK’A (light-orange areas in Fig. 4.1b) along the black-dashed lines

that belong to the triangles ΔKAKaK’A. The folding process causes the Dirac

cone in the dispersion curves along MaKa to lie on MAKa. The segment MAKa,

which is a part of ΓaKa, also has the other half of the Dirac cone. Thus, the half

of two Dirac cones from MaKa and MAKa forms a Dirac point at Ka (a curved

arrow along K′AKA in Fig. 4.1b). The last step is the folding of the six triangles

ΔKAKaK’A along the lines K′AKa. Due to this folding process, the dispersion

curves along MAKa lie on MAΓA, having their Diract point at ΓA point. Note that

the Dirac point are previously present at Ka and K’a. In addition to this, the Dirac

cone dispersion curves on KAKa and KAK′a are folded onto ΓAKA that did not

have Dirac cone before the folding. Consequently, a double Dirac-cone are formed

near ΓA point of the extended honeycomb lattice as shown in Figure 4.3a.

Figure 4.3a shows the dispersion curves of the extended honeycomb lattices,

obtained by solving the eigenvalue equation (Eq. 4.9), along the lines connecting

the symmetry points MA, ΓA, and KA of the irreducible Brillouin zone (Fig. 4.1b).

If t = t′, The dispersion curves exhibit a double Dirac-cone at ΓA point, which

cannot be seen in the original honeycomb lattice with two-particle unit cell, where

the Dirac cones existed at K and K’ points. The number of dispersion branches

also increases from 2 to 6, due to the increase of the degree of freedom in a unit

cell. The importance of the double Dirac-cone is related to Kramers degeneracy

theorem. This theorem states that a double degeneracy of eigenstates must exists

in a time reversal symmetric system with half-interger spins [114]. The double

Dirac-cone allows to form pseudospin eigenstates, satisfying the Kramers theorem,

which we can derive from the original eigenstates. The details will be discussed in

the following section.
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Figure 4.3. Dispersion curves of the extended graphene lattice and the topo-
logical band gap. (a) The dispersion curves for identical inter- and intra-cell
coupling constants (t = t′). A double Dirac-cone is formed at ΓA point. The dis-
persion relation for (b) t = 1.1 > t′ = 0.9, the topologically trivial phase and (c) t =
0.9 < t′ = 1.1, the topologically non-trivial phase. The red shaded area indicates the
topological band gap. The green shaded areas indicate non-topological band gaps.
The blue and red solid lines represent the band inversion. The parameters used to
plot these dispersion curves are M = ε0 = a = 1, otherwise indicated above.

4.2.5 Topological band gap and band inversion at Γ point

Electrons have intrinsic spin 1/2, which is one of the distinct fermionic natures

of electrons when compared to bosons like photons and phonon with spin 1. Chern

insulators (Quantum Hall insulators) have chiral edge state dispersions that connect

a valance band to a conduction band across the band gap in between (Figure

4.6b). The band gap is opened due to, for example, an applied external magnetic

field, which breaks the time-reversal symmetry. The asymmetry in the dispersion

stems from the broken time-reversal symmetry, representing the unidirectional

propagation of the edge state. On the contrary, there are two edge states in quantum

spin hall insulators or two-dimensional topological insulators, counter-propagating

to each other. In topological insulators, the spins of electrons interact with the

internal magnetic fields, generated by relative motions of electrons to nuclei, which

lift the spin degeneracy as a result. The propagation direction depends on the

spin-state (up and down). These edge states are symmetric about zero wavevector

(q = 0) in a Brillouin zone (Fig. 4.7c). However, due to the lack of spin 1/2 in

light and sound, recent studies on time-reversal-symmetry invariant topological

metamaterials have proposed the idea of pseudospin states by engineering the
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symmetry of lattices [145,147,149,151,155]. The extended honeycomb lattice

employed in our work is known to support the pseudospin states. We will now

show the topological properties of this lattice by controlling the intra- and inter-cell

coupling constants t and t′.

In the extended honeycomb lattice, a band gap is introduced when there is a

difference between intra- and inter-cell coupling constants. The dispersion curves

for t > t′ (Fig. 4.3b) and t < t′ (Fig. 4.3c) have a band gap opened in the middle of the

dispersion curves (red shaded area, Fig. 4.3b and 4.3c). To theoretically investigate

the difference of the two cases, we first calculate the eigenvalues and eigenvectors at

Γa point (q = 0), when t = t′. We can transform the generalized eigenvalue equation,

ω2MIu = D(~q)u, to a simple eigenvalue equation, ω2x(~q) = H(~q)x(~q), by using

a Cholesky decomposition of mass matrix, M = M1/2M1/2, and introducing a

new basis vector, x(q̃), from u(~q) = M− 1
2 x(~q). This transformation allows us to

deal with a hermitzian dynamic matrix, H(~q) = M− 1
2 D(~q)M− 1

2 = D(~q)
M , so that

the eigenvectors, x(~q), are all orthonormal to each other. The eigenvalues of H(~q)

at Γa point are given by

ω2
s = 1

M (3t+ ε0)− 3t
M

ω2
px

= ω2
py

= ω2
dx2−y2

= ω2
dxy

= 1
M (3t+ ε0)

ω2
fy(3x2−y2)

= 1
M (3t+ ε0) + 3t

M

We have six eigenvalues and four of the eigenvalues, ω2
px

, ω2
py

, ω2
dx2−y2

, and ω2
dxy

,

are degenerate at the ΓA point. The corresponding eigenvectors are given by

x1 = s = 1√
6
[ 1 1 1 1 1 1 ]T

x2 = px = 1
2 [ 1 1 0 −1 −1 0 ]T

x3 = py = 1
2
√

3
[ 1 −1 −2 −1 1 2 ]T

x4 = dx2−y2 = 1
2
√

3
[ 1 1 −2 1 1 −2 ]T

x5 = dxy = 1
2 [ 1 −1 0 1 −1 0 ]T

x6 = fy(3x2−y2) = 1√
6
[ 1 −1 1 −1 1 −1 ]T

Here, the eigenvectors are labelled with s,p,d, and f due to their similarity with the

corresponding atomic orbitals (Fig. 4.4). The transformed dynamic matrix can be

expressed in an alternative form as

H(~q) =
1

M

[
(3t+ ε0)I + tHt(~q) + (t′ − t)I + (t− t′)Hp(~q)

]
, (4.11)
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with

Ht(~q) =



0 −1 0 −ei~q· ~A1 0 −1

−1 0 −1 0 −ei~q· ~A2 0

0 −1 0 −1 0 −e−i~q·( ~A1− ~A2)

−e−i~q· ~A1 0 −1 0 −1 0

0 −e−i~q· ~A2 0 −1 0 −1

−1 0 −ei~q·( ~A1− ~A2) 0 −1 0


,

and

Hp(~q) =



0 0 0 ei~q·
~A1 0 0

0 0 0 0 ei~q·
~A2 0

0 0 0 0 0 e−i~q·(
~A1− ~A2)

e−i~q·
~A1 0 0 0 0 0

0 e−i~q·
~A2 0 0 0 0

0 0 ei~q·(
~A1− ~A2) 0 0 0


.

The sum of the first and second term in the right hand side of Equation 4.11 are

the dynamic matrix for t = t′. The sum of the third and the fourth terms are

the additional terms introduced when t 6= t′. The dynamic matrix at ΓA point is

given by HΓ(~q = 0) = H0 + H′ with H0 = 1
M [(3t+ ε0)I + tHt(~q = 0)] and

H′ = (t′−t)
M [I−Hp(~q = 0)]. H′ represents a small perturbation to the dynamic

matrix. We employ the degenerate perturbation theory widely used in quantum

mechanics [232], to study the effect of the difference in coupling constants t and

t′ on the four degenerate states. In short, the degenerate perturbation says that the

eigenvalues of a perturbed dynamic matrix HΓ(~q = 0) can be calculated using the

eigenvectors of the degenerate eigenvalues of the unperturbed dynamic matrix H0.

With HΓ = H0 + λH′, ω2 = ωo
2 + λω1

2, and ψ = ψ0 + λψ1, we can obtain

another eigenvalue equation for the perturbation eigenvalue ω1
2 from HΓψ = ω2ψ.

Using the orthonormality of the eigenvectors, the eigenvalue equation is written as
pTxH′px pTxH′py pTxH′dx2−y2 pTxH′dxy

pTy H′px pTy H′py pTy H′dx2−y2 pTy H′dxy

dT x2−y2H
′px dT x2−y2H

′py dT x2−y2H
′dx2−y2 dT x2−y2H

′dxy

dT xyH
′px dT xyH

′py dT xyH
′dx2−y2 dT xyH

′dxy



a

b

c

d

 = ω2
1


a

b

c

d

 . (4.12)

Note that H0ψ0 = ω0
2ψ0, where ψ0 = apx + bpy + cdx2−y2 + ddxy. By



90
CHAPTER 4. PHONONIC TOPOLOGICAL INSULATORS WITH

TWO-DIMENSIONAL NANOELECTROMECHANICAL LATTICES

calculating each matrix element, we finally obtain

t− t′

M


−2 0 0 0

0 −2 0 0

0 0 0 0

0 0 0 0



a

b

c

d

 = ω2
1


a

b

c

d

 .

This eigenvalue equation has eigenvalues, ω2
1 = −2 t−t

′

M with the eigenvectors

[abcd]T = [1000]T , [0100]T , and ω2
1 = 0 with the eigenvectors [abcd]T = [0010]T ,

[0001]T . This tells that the perturbation term breaks the degeneracy of the four

eigenvalues by shifting the eigenvalues that corresponds to eigenvectors px and py.

Consequently, the corrected eigenvalues are given by

ω2
px

= ω2
py

= 1
M (3t+ ε0)− 2(t−t′)

M

ω2
dx2−y2

= ω2
dxy

= 1
M (3t+ ε0)

.

Here, the frequency band gap can be written as
∣∣∣∣√ 1

M (3t+ ε0)− 2(t−t′)
M −

√
1
M (3t+ ε0)

∣∣∣∣.
If t > t′ (trivial case), px and py vibrational states have lower frequencies than

the dxy and dx2−y2 vibrational states. However, for t < t′ (non-trivial phase),

the eigenfrequencies of px and py vibrational states are higher than the dxy and

dx2−y2 vibrational states. This process is called band inversion, which is one of the

distinct characteristics of topological band gaps. The band inversion is illustrated in

Figure 4.4.



4.2. ANALYTICAL METHODS 91

Figure 4.4. Band inversion in the extended graphene lattice. The schematic
representation of the eigenvectors for six bands at ΓA point for three different cases:
(a) t > t′, (b) t = t′, (c) t < t′. The lowest and highest black solid lines represent
the dispersion curves for the lowest and the highest bands. The middle four bands
(two red and blue solid lines) show the topological behaviors. The red, blue, and
white circles represent positive, negative, and zero values. The dark red (blue)
circles indicate the higher (lower) value than the normal red (blue) circles. The four
degenerate states px, py, dxy, and dx2−y2 in (a) are broken for t 6= t′, as shown in
(b) and (c). The band inversion process is shown in (c).

4.2.6 Brief discussion on topological properties

Conventional states of materials can be classified into three different states:

insulators, semiconductors, and conductors. Such classification relies on the magni-

tude of the electronic band gap and occupation of filled bands, which can readily be
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obtained from the energy dispersion relation or E - k relation [1, 2]. In this regard,

electronic band theory has been successful to classify the state of materials.

Beyond the energy dispersion, there is another important property to character-

ize phases of insulators, which we can also take from the band theory. That is the

topological property. Topology is one of branches in mathematics, which explores

geometrical aspects of objects under continuous (or smooth) deformation. There

is a preserved geometric property in spite of the deformation, called topological
invariant. Topological invariant in band theory is associated with the Hamiltonian

matrix (dynamic matrix in our case) in a wavevector space or a reciprocal space

[114]. Two topologically different phases can have similar band structures. How-

ever, when two materials with different topological properties form an interface,

unique, gapless localized states (edge states for 2D, surface sates for 3D) emerge.

To discuss a little more details about topological aspects of the band theory,

some essential concepts can be introduced: Berry phase, Berry connection, Berry
curvature, Chern number, and Bulk-Boundary correspondence. Berry phase

is defined as a phase obtained over the course of cycle due to the geometry of an

object (Fig. 4.5). To depict this concept, we start with a simple classical example

with a sphere. Let’s consider an arrow (red, Fig. 4.5a) starting from a north pole

A of the sphere. This arrow moves along a closed path A -> B -> C -> A as

illustrated in Figure 4.5a. After this cycle, the arrow eventually rotates by angle γ.

We can pictorially see how the arrow acquires the phase in the three-dimensional

picture (Fig. 4.5a). Assume that we only have the information of two-dimensional

geometry of the sphere, a circle, as shown in Figure 4.5b. The movement of

the arrow looks like the top view in Figure 4.5b. Since we do not exactly know

how the three-dimensional geometry looks like, we can assume that there is a

source (or a singularity) that makes the arrow rotates over the cycle. The angle

or the accumulated phase γ is called Berry phase, which can be mathematically

calculated by summing over all the infinitesimal sources (Blue, curved arrows in

Fig.4.5c) over the area or surface enclosed by the closed path A ->B ->C ->A

(orange lines in Figure 4.5). An infinitesimal rotation source purely arising from the

geometry of an object (blue, curved arrow in Fig. 4.5c) is called Berry curvature.

The change of angle dθ between the two perpendicular lines of two arrows separated

by infinitesimally small distance dr is defined as Berry connection. A number that
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characterizes the geometry of object is called Chern number, which is defined as

Berry phase/2π

Figure 4.5. Conceptual pictures for Berry phase. (a) The red arrow moves
along the yellow closed-path A-B-C-A on a sphere. There is no rotation about the
perpendicular axis to the arrow. dθ1 represents an infinitesimal angle change of the
arrows over the small displacement dr. γ is the final rotation angle of the arrow
after a cycle. (b) The top view of the sphere (a). The curved black arrow represents
the direction of the movement of the arrow. (c) The magnified view of the region
enclosed by the closed-path. The blue curved arrows indicate rotational sources
that the infinitesimal areas (small rectangles) produce. The rotation angle γ, or the
accumulated phase, is called Berry phase. The change rate of the angle at a point
in the closed-path is Berry connection. From Stokes theorem, one can change the
line-integral of a vector to the area integral of the curl of the vector. The curl of the
vector indicates the sources (Blue arrows in (c)), which can be regarded as Berry
curvatures.

In the band theory, we use the concepts of topology to characterize the topolog-

ical properties of matters. However, we do not deal with the topological properties

in a real space which we can directly see with our eyes. Rather, we deal with the

topological properties in the Brillouin zone of a reciprocal space. To understand the

mathematics, we consider the topological properties of each band with band index

m. A Berry connection in the reciprocal space is mathematically expressed as

~Am = iu†m(~q)∇~qum(~q). (4.13)
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Here, u†m(~q) is the conjugate transpose of the eigenvectors um(~q) of mth band at

wavevector ~q. Berry connection is the projection of the gradient of the eigenvectors

in the reciprocal space on their complex conjugate. A Berry curvature in the

reciprocal space is mathematically expressed as ∇k̃ × Ãm. A Berry phase can

be considered the phase that an eigenvector um(~q) acquires over a cycle along the

boundary of the Brillouin zone. This can be mathematically expressed as

γ =

∫
∂BZ
∇~q × ~Am d2~q =

∮
∂BZ

~Am · d~q. (4.14)

Lastly, Chern number of mth band can be calculated from the Berry phase.

Cm =
1

2π
γ =

1

2π

∮
∂BZ

~Am · d~q =
1

2πi

∂BZ∑
d~q

ln[u†m(~q)um(~q + d~q)], (4.15)

with
ln[u†m(~q)um(~q + d~q)]

= ln
{
u†m(~q)[um(~q) +∇~qum(~q) + ...]

}
= ln[1 + d~q · u†m(~q)∇~qum(~q) + ...]

= d~q · u†m(~q)∇~qum(~q)

= −i ~Am · d~q

.

To summarize, we have learned that if there is a singularity or a phase source

(Berry curvature) due to the geometry of the Brillouin zone, there is a phase

accumulation which can be quantified by Chern number (Berry phase/2π). If this

Chern number of mth band is zero, the phase is topologically trivial, whereas the

phase is topologically non-trivial, if there is a finite Chern number. However, Chern

number-based classification is only valid for systems with broken time-reversal

symmetry. To characterize the topological properties of time-reversal symmetry

invariant systems, other topological invariants such as spin-Chern numbers or Z2

numbers need to be considered.
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Figure 4.6. Chern number in a Brillouin zone and Bulk-boundary correspon-
dence. (a) Schematic of Chern number calculation in the Brillouin zone. The black
arrow indicates the direction of the integral. The red arrows represent eigenvectors
and the angle change represents the obtained phase during the movement. (b)
Schematic dispersion of an edge state (blue-solid line) between two bulk bands
in a time-symmetry broken system. (b) Schematic dispersion of edge states in a
time-symmetry invariant system. Spin-up and -down states have the right- and left-
propagating solutions, respectively. The difference of the Chern numbers of the
upper and the lower bands are zero. However, the system has non-zero spin-Chern
numbers.

Bulk-boundary (or edge) correspondence [114] states that the difference of

the Chern number of two bands (upper and lower) of a bulk lattice with a finite

band gap is equal to the number of boundary modes ∆nedge as illustrated in Figure

4.6. This can be expressed as

Cupper − Clower = ∆nedge. (4.16)

Furthermore, the sign of ∆nedge determines the direction of the group velocities

of the edge modes. ∆nedge is also the same as the difference of the number of

right-propagatingNR and left-propagating edge modesNL, which can be expressed

as

NR −NL = ∆nedge. (4.17)

However, the Chern number can have non-zero values only when time-reversal

symmetry in broken as in quantum hall effect (QHE). In QHE, the magnetic field

breaks the time-reversal symmetry by opening energy gaps between discrete energy

levels called Landau levels [119, 120]
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4.2.7 Spin-Chern number in the extended honeycomb lattice

The most distinct feature of topological insulators compared to the quantum

hall insulators is that they support gapless edge states without breaking time-reversal

symmetry. In electronic topological insulators, these edge states exist at boundaries

or domain walls due to topological properties arising intrinsic spin-orbit coupling

in the materials. They eventually demonstrate the spin-dependent edge states as

shown in Figure 4.6c. However, due to the time-reversal symmetry, there are two

edge states, a right-propagating and a left-propagating states.

To validate the presence of spin-dependent edge states in the extened hon-

eycomb lattice, we calculate the spin-Chern number instead. It is worth noting

that the Berry curvatures are concentrated at ΓA point, where the inverted bands

are preesnt. This means that the phase rotation sources (Fig.4.5c) exist near that

point. Therefore, we can use a model called the Bernevig-Hughes-Zhang (BHZ)

model [116] to theoretical evaluate spin-Chern numbers without having complicated

numerical calculations.

To calculate the spin-Chern number, we first project the dynamic matrix,

H(~q) = 1
M [(3t+ ε0)I + tHt(~q) + (t′ − t)I + (t− t′)Hp(~q)], to the subspace

spanned by pseudospin vectors p± and d±, which are still orthonormal. Here,

+ and – denote the up and down states of the pseudospins. The pseudospin vectors

are given by

p± =
1√
2

(px ± ipy),d± =
1√
2

(dx2−y2 ± idxy).

Note that they are just the sums of eigenvectors of the dynamic matrix. Therefore,

they are still the eigenvectors of the dynamic matrix, but with different eigenvalues.

To project the dynamic matrix to the subspace, we should construct a transformation

matrix P = [p+; d+; p−; d−]. Since we are interested near ΓA point, we can

approximate the dynamic matrix with the Taylor expansion around q = 0. Thus, the

exponential terms in the dynamic matrix can be expanded up to the second order

(e±i~q· ~A1 = 1± i~q · ~A1 − (~q· ~A1)
2

2 ). The projected dynamic matrix is then given by

Heff (~q) = PTH(~q)P =
2t+ t′ + ε0

M
I +

1

2M

[
Ω(~q) 0

0 Ω ∗ (−~q)

]
, (4.18)
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with

Ω(~q) =

[
2(t′ − t)− t′

2A
2(q2

x + q2
y) −t′A(qx + iqy)

−t′A(qx − iqy) −2(t′ − t) + t′A
2

2 (q2
x + q2

y)

]
.

Here, we neglect the quadratic terms in the off-diagonal elements since they are

relatively small compared to those in the diagonal terms. The matrix in the second

term of Equation 4.18 has the same form with BHZ model, which is expressed as

Heff (~q) =


M −B(q2

x + q2
y) A(qx + iqy) 0 0

A∗(qx − iqy) −M +B(q2
x + q2

y) 0 0

0 0 M −B(q2
x + q2

y) A(qx − iqy)
0 0 A∗(qx + iqy) −M +B(q2

x + q2
y)

 . (4.19)

We can calculate the spin-Chern number using the formula given below.

C± =
1

2π

∮
BZ

~A± · d~q = ±1

2
[sgn(M) + sgn(B)] (4.20)

Here, we skip the detailed derivation of Equation (4.20). The spin-Chern numbers

are used to prove the behaviors of the spin-depedent edge staes as in normal

Chern number calculated from the original eigenvectors. For t > t′ (topologically

trivial), the spin-Chern number is C± = ±1
2 [−1 + 1] = 0. In contrast, for t < t′

(topologically non-trivial), the spin-Chern number is C± = ±1
2 [1 + 1] = ±1. Note

that the effective dynamic matrix has two separated dynamic matrices Ω(~q) and

Ω(−~q) in the block-diagonal terms in Equation 4.19, which corresponds to C+ and

C−, respectively. Thus, these spin-Chern numbers confirms the presence of two

edge states from a up- and a down-pseudo spins and they are counter-propagating

to each other as shown in Figure 4.6c.
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4.3 Experimental realization

From the analytical model in the previous sections, we have shown that the

extended honeycomb lattice with 6-particle unit cell presents topological behaviors

depending on the difference of intra- and inter-cell coupling constants t and t′. The

band gap opens at Γ point of the Brillouin zone when t 6= t′, and the band inversion

between px, py states and dxy, dx2−y2 occurs, if t′ > t. Although the Chern num-

bers are zero due to the Bulk-edge correspondence, the spin Chern numbers have

non-zero values (+1 for up-pseudospin and -1 for down-pseudospin), meaning that

the two spin-dependent edge states are present. Based on this idea, our goal is to re-

alize the extended honeycomb lattice in an array of coupled nanoelectromechanical

resonators.

4.3.1 Fabrication strategy for topological nanoelectromechanical
lattices

The fabrication strategy is to exploit the extremely isotropic etching of thermal

oxide (SiO2) in a HF etchant (Fig. 4.7a). Nanoelectromechanical phononic crystals

proposed in Chapter 3, have used this fabrication method to build one-dimensional

phonon waveguides with extremely uniform circular periodic boundaries. The

fabrication process begins with the deposition of Au (45 nm)/ Cr (5 nm) layer

on a 100nm-LPCVD silicon nitride (SiNx)/140 nm-thermal SiO2/500 μm-highly

doped Si wafer (Fig. 4.7a). The deposited metal layers are used to trigger flexural

vibrations by using an electrostatic force. We transfer the patterns of etch holes,

with 500 nm diameters, arranged in the extended honeycomb lattices, via electron-

beam lithography (Fig. 4.7a). We then use a reactive ion etching to drill the holes.

After we finish drilling the holes, we immerse the samples in a Buffered Oxide

Etchant (BOE) solution for ∼ 47 minutes to etch the thermal SiO2 underneath the

SiNx device layer. The etching paths of the thermal SiO2 are described with brown

circles in Figure 4.7b. The etching duration controls the radius of an etching circle,

r (Fig. 4.7b). We speculate that the amount of an overlap between two etching

circles (Fig. 4.7b) might determine the coupling constants, t and t′, in the discrete

mass-spring model we discussed in section 4.3. Consequently, the topological

phase of the lattices can be manipulated by controlling the distance, w, between two
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neighboring etch holes (Fig. 4.7a) with the fixed lattice spacing, a. For example, if

w < a/3, the overlaps between the etching circles within the same unit cell increase,

whereas the overlaps between two circles in other neighboring unit cells decrease.

This is equivalent to the case, t > t′, in the discrete element model, which is a

topologically trivial phase of the lattice. On the other hand, w > a/3 equivalently

results in t < t′ in the discrete model, causing topologically non-trivial phase of the

lattice.

Figure 4.7. Fabrication to control the coupling constants. The etch holes are
periodically arranged in the extended honeycomb lattice. The periodicity of the
lattice is a. The coupling can be controlled by adjusting the unit cell center to hole
distance, w, which equals to the spacing of the etch holes in the same unit cell.
After immersing the samples with drilled holes to a HF solution, the thermal SiO2

is radially etched from the holes. The etching paths are illustrated by brown circles
with radius r. The overlap between two etching circles affect the coupling.

4.3.2 Finite element model for topological phase transition and edge
states

To validate our assumptions in the fabrication methods, we perform finite-

element simulations to calculate the frequency dispersion using COMSOL multi-
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physics package. The expected unit cell geometries for three different cases, w =

5.5 μm < a/3, w = 6 μm = a/3,and w = 6.5 μm > a/3, are shown in Figure 4.8. The

physical properties of SiNx we use in the simulations are 3000 kg/m3 density, 290

GPa Young’s modulus, 0.27 Poisson ratio, and 50 MPa isotropic in-place residual

stress. We keep the periodicity a = 18 μm constant and just vary the center to hole

distance, w, to control the topological phases. The radius and thickness of SiNx

membrane are assumed to be r = 4.9 μm, and 79 nm, considering the partial etching

of SiNx in BOE etchant (etch rate of SiNx is ∼ 0.3 nm/min) during the releasing

of the device layer. The six small etch holes in a unit cell are modelled as free

boundaries. However, the boundaries of the center hexagon and the six corners are

considered to be fixed due to the presence of non-etched SiO2 (purple, Fig. 4.7b),

which can be modeled as clamped boundaries. We apply Floquet periodic boundary

conditions (or Bloch periodic conditions), considering the geometric nonlinearity to

reflect the effect of the in-plane residual stress. We carry out the simulations along

the boundary of irreducible Brilluoin zone ΔMAΓA_KA (Fig. 4.1b).

Figure 4.8. Unit cell structures for topological phase transitions. Unit cell
geometries for (a) w = 5.5 μm, (b) w = 6.0 μm, (c) w = 6.5 μm. r = 4.9 μm is the
etching distance. The center hexagon and the six corners represent the unetched
thermal SiO2 which SiNx layer is present on. dt and dt′ denote intra- and inter-nodal
distances, which equivalently represent the coupling constants. If the intra-coupling
is stronger (w = 5.5 μm, dt > dt′), the size of the center hexagon becomes smaller,
whereas the center hexagon becomes larger when the inter-cell coupling (w = 5.5
μm, dt < dt′) is stronger.
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The numerically computed frequency dispersion curves for the three different

cases (w = 5.5 μm, 6 μm, 6.5 μm) are illustrated in Figure 4.9a to 4.9c. A double

Dirac-cone exists at Γ point in the Brillouin zone (Fig. 4.9b), as we predict from

the discrete element model (Fig. 4.3a). The frequency dispersion starts from a

finite frequency, 12 MHz, which attributes to the clamped boundaries at the center

hexagon and the corners of a unit cell. The frequency dispersion curves for w =

5.5 μm and 6.5 μm present the emergence of 1.8 MHz-wide band gaps at Γ point,

approximately ranging from 14 MHz to 15.8 MHz. Interestingly, the lattice with w

= 5.5 μm shows two additional band gaps below and above the topological band gap,

which do not exist in the lattice with w = 6.5 μm (Figure 4.9c). One of the distinct

feature of the topological band gap is the band inversion at Γ point we predict in

section 4.3. To investigate the band inversion, we examine the mode shapes of

the membranes at Γ point for the three different lattices, which are presented in

Figure 4.9d. For w = 6 μm, the four flexural modes px, py, dxy, and dx2−y2 are

degenerated at the Dirac point (14.7 MHz in Fig 4.9b). The four degenerate modes

are split in the case of w = 6.5 μm and 5.5 μm. For the lattice with w = 6.5 μm the

px and py flexural modes have the frequencies of 13.9 MHz and dxy and dx2−y2

modes have the frequencies of 15.8 MHz. In contrast, the px and py modes have

higher frequencies (15.7 MHz) than those of dxy and dx2−y2 modes (14 MHz)

for the lattice with w = 5.5 μm. The band inversion process can be discussed by

considering the relative change of the widths of two nodal lines: (1) a line that

connects the unit-cell center to corner (related to intra-coupling constant t, we

call this intra-nodal line, dt in Fig. 4.8). (2) a line that connects two neighboring

corners (related to inter-cell coupling constant t′, we call this inter-nodal line, dt′

in Fig. 4.8). The lattice with w = 6.5 μm has the shorter intra-nodal lines than the

inter-nodal lines. Thus, the symmetric flexural modes across the inter-nodal lines

are energetically favorable than the symmetric flexural modes across the intra-nodal

lines. As a consequence, the dxy and dx2−y2 modes (the higher antisymmetric

unit cell modes) have smaller eigenfrequencies than px and py modes.
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Figure 4.9. Numerical frequency dispersions and band inversion. The fre-
quency dispersions for the (a) w = 5.5 μm, (b) w = 6 μm, (c) w = 6.5 μm lattices. A
double Dirac cone is formed and show the four degenerate states at Γ point. w 6= 6
μm breaks the degeneracy at Γ point, opening topological band gaps (red shaded
regions) both in (a) and (c). However, non-topological band gaps (green shaded
regions) are only present in (a). Unlike the dispersions from the discrete model (Fig.
4.3), the slopes of the dispersion curves of these lattices increase as the frequency
increases. This is attributed to the intrinsic dispersive behaviors of flexural systems,
which cause ω ∝ q2 in a continuum limit. (d) The band inversion occurs as w
increases.
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We also perform additional finite element simulations to calculate the fre-

quency dispersion curves of the edge states to validate the topological behaviors.

Since we are interested in one-dimensional dispersion along the interface, we build

a super cell with 18 μm periodicity. The interface, so-called domain wall, has two

topologically different lattices (w = 5.5 μm and 6.5 μm) on its both sides (Fig.

4.10b). We calculate the frequency dispersion by applying one-dimensional Bloch

periodic condition. We also consider geometric nonlinearity 50 MPa to implement

the effect of residual in-plane stress. The edge states exhibit the sole presence of

two crossing frequency dispersion curves which resemble a Dirac-cone. This is the

hallmark of topological insulators. The two edge states (orange and light blue in

Fig. 4.10a) connects the lower and the upper bands, interpolating the lower band

of a trivial domain to the upper band of non-trivial domain or vice versa, due to

the band inversion (Fig. 4.9d). The frequency range from 14.1 MHz to 15.8 MHz

matches topological band gaps in both trivial and non-trivial lattices (Fig. 4.9a and

4.9c). We can also see many dispersion curves from the bulk states above and below

the edge states. A 140 kHz-wide, small band gap (blue strip in Fig. 4.10a) is present

at the crossing point due to the broken C6 symmetry at the interface. This band

gap originates from the hybridization of the pseudospin edge states [155, 233]. The

mode shapes at point A and B in Figure 4.10a present a p-orbital like asymmetric

mode and a d-orbital like symmetric mode and exhibit strong localization at the

interface (Fig. 4.10a). To investigate the spin-dependent transport, we examine

the real and imaginary parts of the mode shapes for the frequencies at q = π/10a

and π/10a (Points 1,2,3,and 4 in Fig. 4.10a) as shown in Figure 4.10c and 4.10d.

The real parts of the eigenvectors at the same frequencies are identical, whereas the

corresponding imaginary parts have 180o phase difference. To identify the roles of

real and imaginary parts of the eigenvectors, we consider the time-domain motion

by multiplying exp(iωt) to the eigenvectors. We first simplify the eigenvectors

considering the mode shapes described in Figure 4.10c and 4.10d. Letting Re(w1)

= Re(w3) = S1, Re(w2) = Re(w4) = S2, and Im(w1) = Im(w2) = Im(w3) = Im(w4)

= A, the total eigenvectors for points 1,2,3, and 4 with the time dependent term

exp(iωt) are given by (S1 – iA)exp(iωt), (S2 – iA)exp(iωt), (S1 + iA)exp(iωt),

and (S2 + iA)exp(iωt). We then analyze the eigenvectors at four time steps t =

0,π/2ω, π/ω, and 3π/2ω. The real parts of the eigenvectors are the observables in
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experiments. Their changes over a period T = 2π/ω are given by S1 => A => S1

=> A => S1 (point 1 in Fig. 4.10a), S2 => A => S2 => A => S2 (point 2 in Fig.

4.10a), S1 => A => S1 => A => S1 (point 3 in Fig. 4.10a), and S2 => A => S2 =>

A => S2 (point 4 in Fig. 4.10a). These results confirm that the real parts at the same

eigenfrequencies (1 and 2, 3 and 4 in Fig. 4.10a) show the opposite cycle over a

period, showing spin-like behaviors of the flexural motions. Furthermore, one can

also easily notice that the eigenvectors belong to the same dispersion curve (1 and 2

to the blue curve and 3 and 4 to the orange curve in Fig. 4.10a) present the same

cycling direction, confirming the edge states are pseudospin dependent.
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Figure 4.10. Edge states from the finite element model. (a) The one-dimensional
frequency dispersion curves of the edge states. The orange and blue dots represent
the dispersion of edge states for up-pseudospin and down-pseudospin, respectively.
(b) The mode shapes of edge states at point A and B in (a). The real and imaginary
parts of the displacements of the mode shapes at (c) point 1 (w1) and point 2 (w2),
and (d) point 3 (w3) and point 4 (w4) in (a).

4.3.3 Characterizations of topological edge waveguides

We first fabricate a straight topological edge waveguide by following the

fabrication strategy discussed previously. The edge waveguide is formed at the
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interface of the topologically trivial and the non-trivial lattices (Figure 4.11b). The

number of unit cells of each topological phase is approximately 200 so that the

edge waveguide has 20 supercells with 18 μm one-dimensional periodicity. Note

that recent experimental topological phononic systems [144, 145, 227] never had

such large number of unit cells due to the fabrication constraints arising from

the large system size. Figure 4.11a and 4.11c show magnified scanning electron

microscope image of the trivial and non-trivial lattices, respectively. Fortunately,

the two lattices have the same geometry as we predict in the finite models (Figure

4.8). The samples show the extreme uniformity in the etching patterns as seen in

the unetched regions (pink hexagons), meaning that the etch rate is not influenced

by the distance between holes. This is possible due to the uniform distributions of

the film residual stress and surface adhesions to the thermal SiO2.

Figure 4.11. Fabrication of a topological edge waveguide. False colored scan-
ning electron microscope images of an edge waveguide. (b) The red and blue
shaded regions represent the topologically (a) trivial domain with w = 6.5 μm, and
(c) non-trivial domain with w = 5.5 μm, respectively. The brown and pink shaded
regions indicate the free-standing membranes and the unreleased SiO2 hexagon
posts. The unreleased SiO2 regions show almost the same geometry of the bound-
aries we modelled in Figure 4.9. The yellow strip in (b) represents the domain wall
formed at the interface of the two topologically different domains. The white bars
at the bottom of (a) and (c) represents the scale (10 μm).

To characterize the edge states, we trigger the flexural motion of the membrane

by simultaneously applying DC and AC biases between the excitation electrode

and the substrate (Fig. 4.12a). The measurements are performed using a home-built

Michelson interferometer with a balanced homodyne detection as described in

Chapter 3. To obtain the dispersion curves of the edge states, we measure the

frequency response by spatially scanning the measurement positions along the
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edge waveguide (yellow region, Fig. 4.12b) with 18 μm step size. Fast-Fourier

transform (FFT) of the scanning data is used to construct the dispersion curves

shown in Figure 4.12c. The two Dirac-like edge states, which spans from 14.1 MHz

to 15.8 MHz (Fig. 4.12c), show the excellent agreement with the numerical results

(Fig. 4.10a). The two crossing dispersion curves also confirm the time-reversal

symmetry of the edge states. We observe a distinct defect mode at the crossing

point of the edge state dispersion curves. This might stem from the defect mode

near the excitation region. As aforementioned, the broken C6 symmetry at the

interfaces introduce a very small non-topological band gap in the middle of edge

state dispersion [233]. Despite the band gap, the defect mode is allowed to transmit

to the end of the waveguide owing to the long decay length of the evanescent mode.

This evanescent mode is inversely proportional to the band gap size. Thus, a small

Bragg band gap has long evanescent modes. In this measurements, we are not able

to measure spin-dependent edge states because the steady state responses are the

mixture of two pseudospin states arising from the reflection from the fixed boundary

at the end of the waveguide. This boundary reflection can be suppressed by putting

absorbing materials like polymers at the end of waveguide.

We also characterize the localization of the edge states by scanning the mea-

surement points across the waveguides (yellow dashed-line AB in Fig. 4.12a) with

18 μm step size. The edge states are strongly localized within 36 μm distance

from the edge waveguide to the both ends of trivial and non-trivial lattices (Fig.

4.12c). Beyond this range, the frequency responses start to show the clear band gaps

from ± 36 to ± 162 μm with the very similar magnitude obtained in the numerical

simulations. The two frequency responses at ± 162 μm clearly exhibit the band

gaps. The trivial lattice side presents three band gaps (Fig. 4.9a and 4.12d) and the

non-trivial lattice side shows only one topological band gap (Fig. 4.9c and 4.12f),

as predicted in the numerical simulations. Although we did not directly measure the

topological properties from experiments, the frequency responses for two different

lattices confirm that the waveguides are topological.
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Figure 4.12. Characterizations of
topological edge states. (a) Scanning
electron microscope image of the topo-
logical edge waveguide. Flexural mem-
brane motions are electrostatically ex-
cited by applying DC (VDC = 2 V) and
AC (VAC = 20 mV) voltages to the ex-
citation electrode via a bias-tee. The
motion of the membranes measured at
desired points using a home-built bal-
anced homodyne interferometer. Red
and blue shaded regions represent the
topologically trivial- and non-trivial
domains. A yellow shaded strip in-
dicates the edge waveguide. (b) Fre-
quency responses obtained from a spa-
tial scanning of 20 points in the edge
waveguide. The intensity decay of a
mode around 15 MHz represent the
characteristics of a defect mode. (c)
The frequency dispersion curves ob-
tained from Fourier transformation of
the spatially scanned data in (b). The
mode at∼ 15 MHz represent the defect
mode. The frequency responses ob-
tained from scanning 19 points along
yellow-dashed AB are shown in (d),
(e), and (f). In (d), The frequency re-
sponse at point A show the presence
of a topological (Red-shaded) and non-
topological band gaps (Green shaded)
as shown in Fig. 4.11a. In (f), The fre-
quency response at point A show only
the topological band gap (Fig. 4.9c).
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4.3.4 Characterizations of the robustness against distortions and
defects

Figure 4.13. Robustness to waveguide distortions and defects. (a) False colored
scanning electron microscope images of three types of edge waveguides: straight,
cavity-embeded, and zig-zag distortion. The flexural motions are triggered at the
front-end resonators marked by yellow thunders by applying VDC = 2 V and VAC
= 20 mV. The frequency responses are measured at the other end unit. (b) The
frequency responses of the three waveguides. The red and green shaded regions
indicate the band gaps in the non-trivial and trivial lattices.

Topological edge states are also known for their robustness against defect-

induced backscattering. To validate their robustness, we additionally fabricate

two types of waveguides to compare the frequency responses with the straight

waveguide (Fig. 4.13a). The first one is a zig-zag distorted waveguide and the other

one is a cavity-embedded waveguide. The frequency responses for all the three

cases still present significant signal transmission in the topological band gap regions

(Fig. 4.13b). Especially, the straight and the distorted waveguides demonstrate the
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similarity in the frequency responses, showing the robustness to the distortion. For

the cavity-embedded waveguide, we observe the amplitude enhancement in the

frequency range of 14.8 to 15.3 MHz (Fig. 4.13b), which might originate from the

resonant transmission from the cavity. However, at the same time, the decrease of

the peak amplitudes in the frequency range of 14.2 to 14.8 MHz and 15.3 to 15.8

MHz are observed. This might attribute to the mixing of the pseudospins at the

cavity. The cavity plays the equivalent role of magnetic defects, which affect the

spin states of electrons. Recent studies have shown that such spin-mixing defects

does not prevent the back-scattering [145, 155]. We expect that the time-domain

analysis with a pulsed excitation, performed in Chapter 3, can be used to further

investigate the robustness.

4.4 Conclusion

In this chapter, we report the experimental realization of on-chip radio fre-

quency phononic topological insulators made of two-dimensional nanoelectrome-

chanical lattices. The isotropic nature of HF etching of thermal SiO2 enables

successful fabrications of the topologically different lattices, by controlling the

spacing of etch holes. The finite element simulations are performed to study the

topological behaviors of the lattices, and the characteristics edge states, which are

faithfully validated by experimental measurements of the frequency dispersion,

the localization, the robustness of the edge states. In the future, further studies

on pseudospin-dependent transport should be performed to realize uni-directional

device. Our finding in this work can pave the way for the applications in stable

ultrasound and radio frequency signal processing devices as well as studying various

lattice-based condensed matter phenomena.



Chapter 5

Summary, conclusion and future
works

5.1 Summary and conclusion

This thesis presented experimental, analytical, and numerical studies to ef-

ficiently control the propagation of mechanical energy in different microscale

periodic systems. The work started with the investigation of the propagation and

absorption mechanisms of localized mechanical pulses in two-dimensional colloidal

monolayers immersed in viscous liquids. We showed how the anisotropy of the

stress propagation is influenced by the excitation power, solvent viscosity, and

crystal configurations. Beyond this passive system, we demonstrated dynamically

tunable, phononic frequency dispersion in one-dimensional nanoelectromechanical

lattices. To achieve this, we actively controlled the electromechanical nonlinearity

induced by the application of electrostatic force. Lastly, we experimentally realized

on-chip phononic topological insulators built in two-dimensional nanoelectrome-

chanical lattices. We also characterized experimentally the frequency dispersion,

localization, and the robustness of edge states. The findings in this work can poten-

tially contribute to the management of high strain-rate impacts and the development

111
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of high-frequency, functional acoustic devices for ultrasound and radio-frequency

signal processing applications.

5.2 Future works

The work presented in this thesis can be extended considering the following

aspects. The results on two-dimensional colloidal crystals elucidated the effects of

solvent viscosity, particle elasticity, and crystal structures on the stress propagation

mechanisms. Engineering different intermolecular interactions (e.g., electrostatic,

van der Waals, and steric interactions) will potentially open many new possibilities.

Such intermolecular interactions can be engineered by controlling, for example,

ionic strengths and pH of solvents, to change colloidal crystal structure. More-

over, the use of shape-anisotropic colloids, differently sized colloids, hierarchical

colloidal lattices with nanoparticles, and surface functionalization with various

ligands and DNAs will also influence the initial crystal configurations, which can

eventually lead to diverse responses to applied stresses. Especially, the surface

engineering via morphology control and functionalization is expected to change the

elastic properties of colloids.

The one-dimensional nanoelectromechanical lattices we introduced in this

dissertation have presented the global tuning of the electromechanical nonlinearity,

meaning that only the positions and the size of the existing band gaps could be

changed. However, it is also possible to control the on-site potentials of individual

lattice points by assigning different electrostatic forces. As a simple example, these

individual control methods will allow us to switch on/off the band gaps by actively

dimerizing or trimerizing the lattices. Furthermore, the application of arbitrary

voltages to each lattice point will enable tunable disorders to control the wave

localization and propagation. In the end, the interactions and communications of

distant nano-mechanical resonators via these tunable phonon waveguides can be

studied.

The topological edge-waveguides in two-dimensional nanoelectromechanical

lattices have already demonstrated their robustness against waveguide distortions.

However, the experimental characterization of spin-dependent transport phenomena

still needs to be performed. Furthermore, it is necessary to realize the excitation of

single-pseudo spin modes, to build passive uni-directional wave-guiding devices
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without breaking time-reversal symmetry. This can be achieved by carefully engi-

neering the electrode shapes or the resonator configurations at the excitation points.

Besides that, it is also possible to exploit electromechanical nonlinearities, to build

tunable topological lattices. This will allow to tune the on-site potential and control

the operational frequency ranges of topological waveguides. Lastly, tunable cou-

pling constants will dynamically manipulate the topological phases of the lattices,

enabling switchable and reconfigurable topological channel waveguides.
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